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Magnetohydrodynamics couples the Navier–Stokes and Maxwell equations to describe
flows in electrically conducting fluids. The divergence of the magnetic field must vanish, but
numerical algorithms typically do not preserve this condition exactly. Artifacts can then arise in
solutions, such as spurious forces parallel to the magnetic field. These artifacts can be alleviated
by using extended sets of Maxwell’s equations that include magnetic charges and currents,
and hence are invariant under duality rotations that interchange the electric and magnetic
fields. The 8-wave formulation supposes that the magnetic current arises from magnetic charges
being advected by the fluid. The magnetohydrodynamic equations are then Galilean invariant
even when the divergence of the magnetic field is non-zero. The evolution equation for the
magnetic field resembles Jeffery’s equation that describes the orientations of a suspension of
axisymmetric particles. The ideal electric field is invariant under the extra terms proportional to
the divergence of the magnetic field. This property leads to particularly simple lattice Boltzmann
formulations for two of the three variants, with different treatments of the momentum equation,
that are constructed and compared. The formulation that implements the Lorentz force directly,
rather than via the Maxwell stress, proves more stable in numerical experiments.
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I. Introduction

Magnetohydrodynamics (MHD) describes flows of electrically conducting fluids in magnetic fields by coupling
the Navier–Stokes and Maxwell equations. The magnetic field B has the important property of having zero

divergence. This can be treated as an initial condition that is preserved by the subsequent evolution. The divergence of
Faraday’s law, 𝜕𝑡B + ∇×E = 0, implies 𝜕𝑡∇·B = 0 for any electric field E. However, ∇·B = 0 is typically not preserved
exactly in numerical simulations. A non-vanishing ∇·B can create artifacts because structural properties of the MHD
equations fail to hold [1–3]. For example, the divergence of the Maxwell stress BB − 1

2 |B|2I is no longer equal to the
Lorentz force (∇×B)×B, and no longer perpendicular to B. More generally, when ∇·B ≠ 0, the magnetic force cannot
be always perpendicular to the magnetic field in any numerical scheme that conserves momentum [2].

One can solve this problem by projecting the evolving magnetic field back onto a divergence-free vector field at every
timestep [1, 4]. This projection is computationally expensive as it requires the solution of an elliptic equation. Instead,
one can design special finite difference schemes that exactly preserve a particular discrete approximation to ∇·B = 0
[2, 5, 6]. These are the ancestors of more recent mimetic discretisations [7]. They use discrete differential operators that
satisfy an exact discrete analog of ∇·(∇×E) ≡ 0 for all vector fields E. Alternatively, one can extend the MHD equations
so that ∇·B evolves in time, and hence improve the structural properties of the MHD equations when ∇·B is not exactly
zero. One can use this extra freedom to formulate a continuous-time analog of the discrete projection steps. This leads
to the parabolic and hyperbolic divergence-cleaning formulations that introduce an additional scalar field into Faraday’s
law [8–12]. Powell’s 8-wave formulation instead just advects ∇·B with the fluid velocity [13, 14]. This restores Galilean
invariance to the MHD equations when ∇·B ≠ 0. The name “8-wave” comes from the additional contact discontinuity



that appears in the solution of the Riemann problem for compressible ideal MHD with this modification. These two
approaches have been combined to evolve ∇·B using an extended telegraph equation that includes advection with the
local fluid velocity [15, 16].

The lattice Boltzmann approach to simulating hydrodynamics uses a simplified Boltzmann equation with a discrete
velocity space. The particle velocities are constrained to belong to a finite set, such that they propagate exactly from
one lattice point to another over a fixed timestep [17–20]. Collisions between particles at lattice points are modeled
by a linear relaxation towards a local equilibrium distribution that is a prescribed function of the local fluid density
and velocity. The discrete velocity set and equilibrium distribution are constructed so that solutions that vary slowly
compared with the timescale of collisions satisfy the isothermal Navier–Stokes equations, to within an error proportional
to the cube of the Mach number. This error arises because the discrete velocity set is typically too small to capture
the complete third moment of the continuous Maxwell–Boltzmann distribution, see Sec. III.B for details. The earlier
discrete velocity models [21, 22] retain more qualitative properties of the real Boltzmann equation, such as binary
collisions between pairs of particles, but their slowly varying solutions do not satisfy the Navier–Stokes equations, even
for small Mach numbers. Models with larger numbers of discrete velocities merely approximate the Navier–Stokes
equations more closely.

The lattice Boltzmann approach was soon extended to simulate two-dimensional MHD, using either a component of
the magnetic vector potential [17], or a set of tensor-valued distribution functions [23, 24]. In both cases the fluid and
the magnetic field were represented by one set of distribution functions. A later formulation adopted a more modular
approach: a conventional hydrodynamic lattice Boltzmann formulation using scalar distribution functions coupled
to a second set of vector-valued distribution functions for the magnetic field [25–27]. The two were coupled only
through macroscopic variables, the fluid velocity and magnetic field, at lattice points. This formulation extended much
more easily into three dimensions [28]. It has been used to perform what were then some of the largest simulations of
three-dimensional MHD turbulence on an 18003 lattice [29], and to simulate liquid metal flows in bounded domains
relevant to cooling systems for fusion reactors [28, 30, 31].

The vector lattice Boltzmann formulation of MHD includes parabolic divergence cleaning. The divergence of the
magnetic field evolves according to 𝜕𝑡∇·B = 𝜂∇2∇·B for slowly varying solutions, where 𝜂 is the resistivity. This
has recently been extended to include hyperbolic divergence cleaning, either by adjusting the collision operator [32]
or by explicitly introducing an additional scalar field [33]. A variant using a particular “magic” two-relaxation-time
collision operator [34] has the mimetic property of exactly preserving a particular discrete approximation to ∇·B = 0.
The purpose of this paper is to implement Powell’s 8-wave formulation in lattice Boltzmann MHD, exploiting its
structural similarities with Jeffery’s equation that describes the evolution of the orientation vectors in a suspension
of axisymmetric particles [35–38]. This also leads naturally to a direct implementation of the Lorentz force in the
momentum equation as an alternative to including the Maxwell stress in the momentum flux [28, 30].

II. Extended Maxwell equations for 8-wave magnetohydrodynamics
Maxwell’s equations govern the evolution of the electric field E and magnetic field B. They can be written in

suitable electromagnetic units as [39, 40]

∇·E = 𝜌𝑒, ∇·B = 0, 𝜕𝑡B + ∇×E = 0, −(1/𝑐2)𝜕𝑡E + ∇×B = J𝑒, (1)

for media without significant polarisation or magnetisation effects. Maxwell’s equations support wave-like solutions
that propagate with the speed of light 𝑐. There are sources of electric charge 𝜌𝑒 and electric current J𝑒 in the equations
for ∇·E and 𝜕𝑡E respectively, but no corresponding sources in the equations for ∇·B and 𝜕𝑡B.

The source-free Maxwell equations with 𝜌𝑒 = 0 and J𝑒 = 0 are invariant under duality rotations by a constant angle

2



𝜑 that transform E and B according to [40–42]

E ↦→ E cos 𝜑 + 𝑐B sin 𝜑, B ↦→ B cos 𝜑 − (1/𝑐) E sin 𝜑. (2)

It is natural to consider an extended set of Maxwell equations with sources that remains invariant under duality rotations
by introducing two extra sources: a magnetic charge 𝜌𝑚 and a magnetic current J𝑚 [40–42]

∇·E = 𝜌𝑒, ∇·B = 𝜌𝑚, 𝜕𝑡B + ∇×E = −J𝑚, −(1/𝑐2)𝜕𝑡E + ∇×B = J𝑒 . (3)

These extended Maxwell equations reduce to the original Maxwell equations (1) when 𝜌𝑚 and J𝑚 both vanish.
To derive a closed set of equations we must relate the magnetic current vector J𝑚 to the magnetic charge scalar 𝜌𝑚.

Powell [13, 14] used the fluid velocity vector u to set J𝑚 = u 𝜌𝑚 = u∇·B. This modification restores Galilean invariance
to the MHD equations when ∇·B ≠ 0. The solution of the associated Riemann problem for compressible ideal MHD
contains an additional “8th wave” contact discontinuity that advects ∇·B with the fluid velocity normal to the initial
discontinuity.

However, a lattice Boltzmann formulation naturally targets resistive MHD instead of ideal MHD. It is then more
natural to take

J𝑚 = u𝜌𝑚 − 𝜂∇𝜌𝑚, (4)

where 𝜂 is a constant resistivity, just as the electric field is given by Ohm’s law

E = −u×B + 𝜂∇×B. (5)

The induction equation for evolving B with these two fields E and J𝑚 then becomes

𝜕𝑡B = ∇×(u×B − 𝜂∇×B) − u∇·B + 𝜂∇∇·B,

= ∇×(u×B) − u∇·B + 𝜂∇2B. (6)

Taking the divergence of this induction equation gives

𝜕𝑡 (∇·B) + ∇·(u∇·B) = 𝜂∇2 (∇·B). (7)

The magnetic charge density advects with the fluid velocity u, and diffuses with the resistivity 𝜂. The right-hand side
was already present in the lattice Boltzmann MHD formulation, which implements the equivalent of J𝑚 = −𝜂∇(∇·B),
and thus supports parabolic divergence cleaning [8, 10, 25, 32]. The extra u∇·B term on the left-hand side implements
Powell’s 8-wave formulation [13, 14].

An equation very like (6) arises in another context to describe dilute suspensions of axisymmetric particles in
viscous fluids. The field p of orientation vectors for the particles evolves according to Jeffery’s equation [35–37]

𝜕𝑡p + u · ∇p = p · ∇u + ( 𝛽 − 1) E · p − 𝛽 p p · E · p, (8)

where E = (∇u) + (∇u)T is the symmetric strain rate tensor. The dependence on the particle shape is expressed by the
Bretherton parameter 𝛽. In particular, 𝛽 → 1 as the particles become more elongated. The nonlinear term involving
p · E · p preserves the normalisation |p| = 1. The vector field P = 𝜌p in a compressible fluid thus evolves according to
[38]

𝜕𝑡P = ∇×(u×P) − u∇·P + ( 𝛽 − 1) E · P − ( 𝛽/𝜌2) P P · E · P. (9)

The first two terms on the right-hand side match the corresponding terms in (6) above. For very elongated particles with
𝛽 = 1, the only differences are the extra normalisation term to preserve |p| = 1, and the lack of diffusion.
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A. Symmetric hyperbolic structure
The discussion above only involved the induction equation for evolving the magnetic field. The ∇·B = 0 condition is

an involution of the MHD equations [3, 43, 44]. This condition is preserved by the subsequent evolution if it holds
initially. We can therefore add terms proportional to ∇·B to the momentum equation as well. Powell [13, 14] used this
freedom to add an extra source term in the momentum equation. The complete system, for compressible ideal MHD
with constant temperature and no independent energy equation, is

𝜕

𝜕𝑡

©­­­­­­­«

𝜌

𝜌u

B

ª®®®®®®®¬
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©­­­­­­­«
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𝜌uu + 𝜌𝜃I + 1
2 |B|2I − BB

uB − Bu

ª®®®®®®®¬
= −∇·B

©­­­­­­­«

0

B

u

ª®®®®®®®¬
. (10)

The gas pressure is 𝑝 = 𝜌𝜃, where 𝜃 is the temperature in the so-called energy units that absorb the gas constant into 𝜃.
The Newtonian sound speed for small isothermal density perturbations is

√
𝜃 in these units. We use a dyadic notation in

which uu denotes the rank-2 tensor with components 𝑢𝛼𝑢𝛽 , and uB − Bu denotes the rank-2 tensor with components
𝑢𝛼𝐵𝛽 − 𝐵𝛼𝑢𝛽 . We use Greek indices for vector and tensor components, reserving Roman indices for labelling discrete
velocities.

The system (10) coincides with the isentropic version of the system constructed by Godunov [45] to transform the
ideal MHD equations into a hyperbolic system that is symmetrisable in the sense of Friedrichs, and hence benefits
from local well-posedness results for systems of this form [46, 47]. Godunov’s formulation included a separate energy
equation, and used the gas-dynamic entropy as the symmetrising variable [45]. The isentropic system (10) is more
similar to the symmetrisable form of the shallow water MHD equations [48].

The momentum equation in (10) can be rewritten as

𝜕𝑡 (𝜌u) + ∇·(𝜌uu + 𝜌𝜃I) = (∇×B)×B (11)

even when ∇·B ≠ 0. We have the standard definition of the Lorentz force on the right-hand side, so the force exerted by
the magnetic field is always perpendicular to B. This avoids the artifacts due to magnetic charges experiencing forces
parallel to the magnetic field identified in [1]. However, this evolution equation for linear momentum cannot be written
solely in terms of the divergence of a momentum flux when ∇·B ≠ 0.

B. Hamiltonian structure
The ideal MHD equations have other structural properties that one might want to preserve when ∇·B ≠ 0. In

particular, the ideal MHD equations can be expressed as a non-canonical Hamiltonian field theory [49, 50]. This
formalism abstracts the geometrical properties of Hamiltonian particle mechanics to accommodate ideal continuum
mechanics using Eulerian variables. The evolution of any functional F of the field variables 𝜌, u, B is given by

¤F = {F ,H}, (12)

where H is the Hamiltonian functional. The Poisson bracket {·, ·} is an antisymmetric bilinear form that satisfies the
Jacobi identity {{F ,G},K} + {{G,K}, F } + {{K, F },G} = 0 for all functionals F , G, and K . The canonical Poisson
bracket from Hamiltonian particle mechanics has all these properties.

The Poisson bracket that yields isothermal compressible magnetohydrodynamics is [49, 51]

{F ,G} =
∫

𝑚𝛼

(
𝛿G
𝛿𝑚𝛽

𝜕𝛽
𝛿F
𝛿𝑚𝛼

− 𝛿F
𝛿𝑚𝛽

𝜕𝛽
𝛿G
𝛿𝑚𝛼

)
+ 𝜌

(
𝛿G
𝛿𝑚𝛼

𝜕𝛼
𝛿F
𝛿𝜌

− 𝛿F
𝛿𝑚𝛼

𝜕𝛼
𝛿G
𝛿𝜌

)

+ 𝐵𝛼

(
𝛿G
𝛿𝑚𝛽

𝜕𝛽
𝛿F
𝛿𝐵𝛼

− 𝛿F
𝛿𝑚𝛽

𝜕𝛽
𝛿G
𝛿𝐵𝛼

)
− 𝐵𝛽

(
𝛿G
𝛿𝐵𝛼

𝜕𝛽
𝛿F
𝛿𝑚𝛼

− 𝛿F
𝛿𝐵𝛼

𝜕𝛽
𝛿G
𝛿𝑚𝛼

)
d𝑉, (13)
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where m = 𝜌u is the momentum density. This Poisson bracket has the special property that each term is linear in one
of the field variables 𝜌, m, B, so the Jacobi identity can be established relatively easily [49, 50]. The Hamiltonian
functional is the integral of the kinetic, internal, and magnetic energy densities,

H =
∫

1
2
𝜌 |u|2 + U(𝜌) + 1

2
|B|2d𝑉. (14)

The internal energy density is U(𝜌) = 𝜃𝜌 log(𝜌/𝜌0) for an isothermal equation of state with 𝑝 = 𝜌𝜃. The constant 𝜌0

is needed for dimensional correctness but does not appear in the evolution equations. Changing 𝜌0 changes H by a
multiple of the total mass, which is separately conserved.

The momentum equation obtained from (12) and (13) can be written in divergence form as

𝜕𝑡𝑚𝛽 + 𝜕𝛼Π𝛼𝛽 = 0, (15)

using the momentum flux tensor [52]

Π𝛼𝛽 = 𝑚𝛽
𝛿H
𝛿𝑚𝛼

− 𝐵𝛼
𝛿H
𝛿𝐵𝛽

+ 𝛿𝛼𝛽

(
𝑚𝛾

𝛿H
𝛿𝑚𝛾

+ 𝜌
𝛿H
𝛿𝜌

+ 𝐵𝛾
𝛿H
𝛿𝐵𝛾

− 𝐻

)
. (16)

This holds for any Hamiltonian functional H =
∫
𝐻 d𝑉 whose integrand 𝐻 is an algebraic function of 𝜌, m, B. It

follows from the invariance of the Hamiltonian and Poisson bracket under spatial translations via Noether’s theorem.
Conversely, the evolution equation for B obtained fom (12) and (13) contains the curl of the electric field vector, and a
second term proportional to ∇·B that cannot be written as a divergence of a flux,

𝜕𝑡B + ∇×
(
−𝛿H
𝛿m ×B

)
+ 𝛿H
𝛿m ∇·B = 0. (17)

This matches the ideal (𝜂 = 0) version of the induction equation (6) above, as 𝛿H/𝛿m = u for the Hamiltonian in (14).
Another argument [53] for seeking a momentum evolution equation in the divergence form (15) when ∇·B ≠ 0 notes

that the full electromagnetic Maxwell stress [39, 40]

BB + 1
𝑐2 EE − 1

2

(
|B|2 + 1

𝑐2 |E|2
)

I (18)

is invariant under duality rotations. The force exerted by an electric field is the divergence of the electric part of
the Maxwell stress even when ∇·E ≠ 0. One might therefore expect the force exerted by a magnetic field to be the
divergence of the magnetic part of the Maxwell stress even when ∇·B ≠ 0.

III. Lattice Boltzmann hydrodynamics
The Boltzmann equation describes the evolution of the distribution 𝑓 (x, 𝝃, 𝑡) of particles at position x at time 𝑡

moving with velocity 𝝃 in a dilute monatomic gas [54]

𝜕𝑡 𝑓 + 𝝃 · ∇ 𝑓 + a · ∇𝝃 𝑓 = 𝐶 [ 𝑓 , 𝑓 ] . (19)

The left-hand side includes an external acceleration a exerted on the particles, for instance by gravity. The right-hand
side denotes Boltzmann’s binary collision operator. Taking moments of (19) yields the hydrodynamic equations

𝜕𝑡 𝜌 + ∇·(𝜌u) = 0, 𝜕𝑡 (𝜌u) + ∇·𝚷 = F, (20a)

𝜕𝑡𝚷 + ∇·Q = −1
𝜏

(
𝚷 −𝚷 (0)

)
+ Fu + uF, (20b)

where F = 𝜌a is the force density due to the external acceleration. We write F on the right-hand sides because the
contributions from a · ∇𝝃 𝑓 become algebraic terms after integration in 𝝃. The quantities appearing in (20a,b) are the
fluid density 𝜌 and velocity u, the momentum flux 𝚷, and the third moment Q, defined in terms of 𝑓 by

𝜌 =
∫

𝑓 d𝝃, 𝜌u =
∫

𝝃 𝑓 d𝝃, 𝚷 =
∫

𝝃𝝃 𝑓 d𝝃, Q =
∫

𝝃𝝃𝝃 𝑓 d𝝃 . (21)
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The collision operator does not contribute to the mass and momentum conservation equations in (20a) as binary
collisions between pairs of particles conserve particle number and momentum. However, collisions have the effect of
relaxing the momentum flux 𝚷 towards its equilibrium value 𝚷 (0) = 𝜌𝜃I + 𝜌uu over a timescale 𝜏. This is an exact
property of the linearised Boltzmann collision operator for Maxwell molecules, hypothetical particles that interact via
an inverse fifth-power repulsion, and otherwise a good approximation.

A. Recovering hydrodynamics
For solutions that evolve very slowly on timescales 𝑇 much longer than the collision time 𝜏, we can set 𝚷 equal to

𝚷 (0) at leading order. The temperature 𝜃 is commonly taken to be constant when constructing a discrete kinetic theory
for nearly incompressible flows for which the Mach number Ma = |u|/√𝜃 is small. The system (21) then describes the
compressible Euler equations with constant temperature 𝜃. To proceed further, we pose a multiple-scales expansion of
𝚷, Q and the time derivative 𝜕𝑡 as

𝚷 = 𝚷 (1) +𝚷 (1) + · · · , Q = Q(0) + Q(1) + · · · , 𝜕𝑡 = 𝜕𝑡0 + 𝜕𝑡1 + · · · , (22)

while leaving 𝜌 and u unexpanded. These expansions should in principle be written explicitly using powers of the
dimensionless small parameter 𝜖 = 𝜏/𝑇 , the Knudsen number, but it is common to absorb the powers of 𝜏 into the terms
of the series, as in the expression (26) for 𝚷 (1) below.

The leading-order approximation to the evolution equation (20b) for 𝚷 is then

𝜕𝑡0𝚷
(0) + ∇·Q(0) = −1

𝜏
𝚷 (1) + Fu + uF. (23)

The multiple-scales expansion of the time derivative allows us to evaluate

𝜕𝑡0𝚷
(0) = 𝜕𝑡0 (𝜌𝜃I + 𝜌uu),

= u𝜕𝑡0 (𝜌u) + 𝜕𝑡0 (𝜌u)u + (𝜃I − uu)𝜕𝑡0𝜌,

= uF − u(∇·𝚷 (0) ) + Fu − (∇·𝚷 (0) )u − (𝜃I − uu)∇·(𝜌u), (24)

using the Euler equations 𝜕𝑡0𝜌 + ∇·(𝜌u) = 0 and 𝜕𝑡0 (𝜌u) + ∇·𝚷 (0) = F. The Fu + uF contribution from a · ∇𝝃 𝑓 in
(23) exactly cancels with the contribution from 𝜕𝑡0𝚷

(0) in (24). The third moment Q(0) of the Maxwell–Boltzmann
distribution has components

𝑄 (0)
𝛼𝛽𝛾 = 𝜌𝑢𝛼𝑢𝛽𝑢𝛾 + 𝜌𝜃

(
𝑢𝛼𝛿𝛽𝛾 + 𝑢𝛽𝛿𝛾𝛼 + 𝑢𝛾𝛿𝛼𝛽

)
. (25)

We thus obtain the Newtonian viscous stress

𝚷 (1) = −𝜏𝜌𝜃
(
(∇u) + (∇u)T

)
(26)

for a fluid with dynamic viscosity 𝜇 = 𝜏𝜌𝜃. The viscous stress is unaffected by the external acceleration a. Comparing
this expression with 𝚷 (0) = 𝜌𝜃I + 𝜌uu shows that 𝚷 (1) = 𝑂 (𝜖𝚷 (0) ) with 𝜖 = 𝜏/𝑇 , and determines the hydrodynamic
timescale 𝑇 from the fluid velocity gradient via | |∇u| | = 𝑂 (1/𝑇).

B. Discrete kinetic theory
We formulate a discrete kinetic theory by restricting the particle velocity 𝝃 to a discrete set of 𝑁 velocities

𝝃0, . . . , 𝝃𝑁−1 and replacing 𝑓 (x, 𝝃, 𝑡) by a discrete set of functions 𝑓𝑖 (x, 𝑡). The hydrodynamic variables are now given
by the discrete moments

𝜌 =
𝑁−1∑︁
𝑖=0

𝑓𝑖 , 𝜌u =
𝑁−1∑︁
𝑖=0

𝝃𝑖 𝑓𝑖 , 𝚷 =
𝑁−1∑︁
𝑖=0

𝝃𝑖𝝃𝑖 𝑓𝑖 , Q =
𝑁−1∑︁
𝑖=0

𝝃𝑖𝝃𝑖𝝃𝑖 𝑓𝑖 . (27)
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The 𝑓𝑖 are postulated to evolve according to a discrete velocity Boltzmann equation,

𝜕𝑡 𝑓𝑖 + 𝝃𝑖 · ∇ 𝑓𝑖 = −
𝑁−1∑︁
𝑗=0

Ω𝑖 𝑗

(
𝑓 𝑗 − 𝑓 (0)𝑗

)
+ 𝑅𝑖 . (28)

The first term on the right-hand side represents a general linear collision operator that relaxes the 𝑓𝑖 towards some
equilibrium values 𝑓 (0)𝑗 with a relaxation matrix 𝛀. The matrix elements Ω𝑖 𝑗 are usually constants, but we will later
take them to be functions of the macroscopic variables u and B. The 𝑓 (0)𝑗 are prescribed functions of the fluid density
and velocity. They are the discrete analog of the Maxwell–Boltzmann distribution.

A common choice is [55]

𝑓 (0)𝑖 = 𝑤𝑖

(
𝜌 + 1

𝜃
𝝃𝑖 · (𝜌u) + 1

2𝜃2 (𝝃𝑖𝝃𝑖 − 𝜃I) : (𝚷 (0) − 𝜌𝜃I)
)
, (29)

with 𝜃 = 1/3 in so-called lattice units in which the components of the discrete velocities 𝝃𝑖 take the values −1, 0, 1.
The expressions 1, 𝝃𝑖 and 𝝃𝑖𝝃𝑖 − 𝜃I are three of Grad’s tensor Hermite polynomials, and the weights 𝑤𝑖 arise from a
Gauss–Hermite quadrature [56]. These weights are 𝑤0 = 4/9, 𝑤1,2,3,4 = 1/9 and 𝑤5,6,7,8 = 1/36 for the nine discrete
velocities 𝝃𝑖 shown in Fig. 1.

The second term 𝑅𝑖 on the right-hand side of (28) approximates the a · ∇𝝃 𝑓 term in the Boltzmann equation (19).
The same reasoning that leads to (29) as an expansion in tensor Hermite polynomials gives [57]

𝑅𝑖 = 𝑤𝑖

(
1
𝜃
𝝃𝑖 · F + 1

2𝜃2 (𝝃𝑖𝝃𝑖 − 𝜃I) : (Fu + uF)
)
. (30)

For suitable choices of the matrix 𝛀, we can derive the same evolution equation for 𝚷 that appeared in (20b). This
requires

𝑁−1∑︁
𝑖=0

𝝃𝑖𝝃𝑖
©­«
−

𝑁−1∑︁
𝑗=0

Ω𝑖 𝑗

(
𝑓 𝑗 − 𝑓 (0)𝑗

)ª®
¬
= −1

𝜏

(
𝚷 −𝚷 (0)

)
, (31)

for some relaxation time 𝜏, so 𝚷 is an eigenfunction of the collision operator on the right-hand side of (28) with
eigenvalue −1/𝜏. We can then apply the exact same steps from Sec. III.A to the discrete Boltzmann equation (28) and
recover the same compressible Navier–Stokes equations with a body force F. The only difference is that the equilibrium
third moment Q(0) calculated from (29) is missing the 𝜌uuu term that is present in the corresponding moment (25) of
the Maxwell–Boltzmann distribution. The viscous stress thus contains an error term proportional to |u|3 [58]. This
term is 𝑂 (Ma2) smaller than the Newtonian viscous stress, and hence negligible for nearly incompressible flows.

C. Discretisation by Strang splitting
We now discretise the discrete Boltzmann equation (28) in space and time to construct a lattice Boltzmann equation

for hydrodynamics. We do this using Strang splitting to treat the left and right-hand sides of (28) separately [59, 60].
The left-hand side alone, 𝜕𝑡 𝑓𝑖 + 𝝃𝑖 · ∇ 𝑓𝑖 = 0, describes the advection of each 𝑓𝑖 along a straight characteristic with
constant velocity 𝝃𝑖 . The exact solution over a timestep Δ𝑡 is given by the shift operator S defined by

(S 𝑓𝑖) (x, 𝑡) = 𝑓𝑖 (x − 𝝃𝑖Δ𝑡, 𝑡). (32)

The remaining part of the evolution comprises a system of ordinary differential equations in time,

𝜕𝑡 𝑓𝑖 = −
𝑁−1∑︁
𝑗=0

Ω𝑖 𝑗

(
𝑓 𝑗 − 𝑓 (0)𝑗

)
+ 𝑅𝑖 . (33)

These can be discretised using the Crank–Nicolson method [61] with second-order accuracy in Δ𝑡 to define a collision
operator C. Writing f = ( 𝑓0, . . . , 𝑓𝑁−1)T as a column vector for ease of notation, the Crank–Nicolson [61] discretisation
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Fig. 1 The nine discrete velocities 𝝃0, . . . , 𝝃8 that form the D2Q9 lattice used for the 𝑓𝑖 , and the five discrete
velocities 𝝃0, . . . , 𝝃4 shown in red with thicker lines that form the D2Q5 lattice used for the g𝑖 .

of (33) is
f′ − f = − 1

2Δ𝑡𝛀
(
f + f′ − f (0) − f′ (0)

)
+ 1

2Δ𝑡 (R + R′) , (34)

where a prime denotes a post-collisional quantity evaluated at time 𝑡 + Δ𝑡. An unprimed quantity is evaluated at time 𝑡.
The post-collisional equilibrium distributions in the vector f′ (0) are known functions of 𝜌 and u. In the simplest case
with no body force, f′ (0) = f (0) and R vanishes, so we can easily solve for

f′ = f −
(
I + 1

2Δ𝑡𝛀
)−1

Δ𝑡𝛀
(
f − f (0)

)
. (35)

This defines the collision operator C. The matrix 𝛀 = (1/𝜏)I is a scalar multiple of the identity matrix for the
Bhatnagar–Gross–Krook [62] collision operator with a single relaxation time 𝜏, so we can solve separately for each 𝑓𝑖 ,

𝑓 ′𝑖 = 𝑓𝑖 − Δ𝑡
𝜏 + Δ𝑡/2

(
𝑓𝑖 − 𝑓 (0)𝑖

)
(36)

for 𝑖 = 0, . . . , 𝑁 − 1. This resembles a forward Euler discretisation of the ordinary differential equations, except 𝜏 has
been replaced by 𝜏 + Δ𝑡/2 in the denominator. The overall numerical scheme simulates a fluid with viscosity 𝜇 = 𝜏𝜌𝜃

but the discrete relaxation time is 𝜏 + Δ𝑡/2 rather than 𝜏. This so-called Hénon correction [63] of the relaxation time
raises the accuracy from first order to second order in Δ𝑡. The case with a body force is best dealt with using a basis of
moments, as in the next section, but proceeding from (34) by expressing f′ (0) in terms of 𝜌, u and the body force leads
to exactly the same result [64].

Using Strang splitting [59] we can approximate the solution of (28) by∗

𝑓𝑖 (x, 𝑡 + Δ𝑡) = S1/2 C S1/2 𝑓𝑖 (x, 𝑡), (37)

where S1/2 denotes the action of the streaming operator for a half timestep,

(S1/2 𝑓𝑖) (x, 𝑡) = 𝑓𝑖 (x − 1
2𝝃𝑖Δ𝑡, 𝑡). (38)

This symmetric composition of S1/2CS1/2 in (37) gives second-order accuracy in Δ𝑡 by eliminating the leading-order
splitting error [59]. Applying this formula for 𝑛 timesteps gives

𝑓𝑖 (x, 𝑡 + 𝑛Δ𝑡) = S1/2 C S1/2 S1/2 C S1/2 . . . S1/2 C S1/2 𝑓𝑖 (x, 𝑡). (39)
∗Martin Geier, 2024, personal communication
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Using S1/2 S1/2 = S to combine the intermediate stages gives

𝑓𝑖 (x, 𝑡 + 𝑛Δ𝑡) = S−1/2 S C S C S . . . C S C S1/2 𝑓𝑖 (x, 𝑡). (40)

We can rewrite this in the conventional lattice Boltzmann form

𝑓𝑖 (x, 𝑡 + 𝑛Δ𝑡) = S C S C . . . S C S C 𝑓𝑖 (x, 𝑡) (41)

by defining the translated distribution functions

𝑓𝑖 (x, 𝑡) = (S1/2 𝑓𝑖) (x, 𝑡) = 𝑓𝑖 (x − 1
2𝝃𝑖Δ𝑡, 𝑡). (42)

In a concrete implementation, we evaluate the macrosopic initial conditions at the half-points x − 1
2𝝃𝑖Δ𝑡 of the lattice,

then translate the initial distributions onto the lattice points before performing a sequence of collision and streaming
steps. This is easily done when the initial conditions are known analytic functions of x, or could otherwise be done
using linear interpolation. Finally, the distributions are linearly interpolated from the half points back to the lattice
points, then summed to compute the macroscopic fields 𝜌, u, B at lattice points for output. Interpolation is performed at
most twice, regardless of the number of timesteps taken, so we can tolerate 𝑂 (Δ𝑡2) interpolation errors while retaining
global second-order accuracy.

Dellar [60] used the opposite splitting C1/2SC1/2 and defined C1/2 = 1
2 (I + C) to sufficient accuracy. The

transformation 𝑓 𝑖 = C−1/2 𝑓𝑖 is then the same change of variables introduced by He et al. [65] to construct an explicit
scheme after integrating the unsplit discrete Boltzmann equation (28) along its characteristics for a time Δ𝑡. This
alternative splitting requires no spatial interpolation, but instead requires the forward and backward half collision
operators C±1/2. The four lattice Boltzmann schemes described in this paper involve four different collision operators,
and would hence require four different implementations of C±1/2, while the linear interpolation of the distribution
functions is common to them all. The two different splittings S1/2 C S1/2 and C1/2SC1/2 produced similar numerical
results, but the S1/2 C S1/2 splitting was much simpler to implement.

This construction of a lattice Boltzmann scheme from a discrete Boltzmann equation via Strang splitting is a standard
piece of numerical analysis when taking Δ𝑡 to zero for a fixed relaxation time 𝜏. However, the lattice Boltzmann scheme
remains a viable discretisation, in the sense that it still computes slowly-varying solutions of the discrete Boltzmann
equation with second-order accuracy in Δ𝑡, when 𝜏 ≪ Δ𝑡. This relies on the Hénon correction, or equivalently the
Crank–Nicholson discretisation, to keep the discrete collision step linearly stable when 𝜏 ≪ Δ𝑡, and a fortuitous
cancellation between the Crank–Nicholson truncation error and the splitting error [60, 66].

D. Implementing collisions using moments
The streaming steps are naturally performed by moving the 𝑓𝑖 values to adjacent lattice points. However, the collision

steps is more easily performed using a basis of moments, such as 𝜌, u, 𝚷, followed by reconstructing the post-collisional
𝑓𝑖 from the post-collisional moments using the analogue of (29). In fact, we do not need to form the 𝑓 (0)𝑖 , 𝑅𝑖 , or Ω𝑖 𝑗

explicitly. If a prime denotes a post-collisional value, as before, and we treat the body force F as independent of time for
simplicity, then the post-collisional density and momentum are given by

𝜌′ = 𝜌, 𝜌′u′ = 𝜌u + Δ𝑡F. (43)

Taking the second moment of (33) gives

𝜕𝑡𝚷 = −1
𝜏

(
𝚷 −𝚷 (0)

)
+ Fu + uF (44)

by construction. We can now decompose 𝚷 = 𝚷 (0) +𝚷 (neq) into its equilibrium and non-equilibrium parts. We know
that 𝜕𝑡𝚷 (0) = Fu + uF for evolution under (33), which leaves

𝜕𝑡𝚷
(neq) = −1

𝜏
𝚷 (neq) . (45)

9



Solving this with the Crank–Nicolson discretisation

𝚷′ (neq) −𝚷 (neq) = −Δ𝑡
2𝜏

(
𝚷′ (neq) +𝚷 (neq)

)
(46)

gives

𝚷′ (neq) =
𝜏 − Δ𝑡/2
𝜏 + Δ𝑡/2 𝚷 (neq) . (47)

The complete post-collisional momentum flux is

𝚷′ = 𝚷′ (0) + 𝜏 − Δ𝑡/2
𝜏 + Δ𝑡/2

(
𝚷 −𝚷 (0) ) . (48)

This corresponds to the second moment of Kupershtokh’s exact difference method for implementing body forces [67, 68].
One can also derive (48) directly from a Crank–Nicolson discretisation of (44) without forming (45) analytically [64].
Finally, we relax the remaining degrees of freedom using the relaxation time 𝜏, and then reconstruct the post-collisional
distribution functions from the post-collisional moments [69].

IV. Lattice Boltzmann magnetohydrodynamics
To construct a lattice Boltzmann scheme for magnetohydrodynamics we need to incorporate the effect of the

magnetic field on the fluid, and also evolve the magnetic field. We can incorporate the Maxwell stress from (10) by
changing the equilibrium momentum flux to

𝚷 (0) = 𝜃𝜌I + 𝜌uu + 1
2
|B|2 I − BB. (49)

The 𝑓 (0)𝑖 given by(29) now depend on 𝜌, u, and B. This hydrodynamic lattice Boltzmann scheme will reproduce the
ideal MHD momentum equation in its momentum-conserving form at leading order. There will be small errors in the
viscous stress from the extra terms in ∇·𝚷 (0) in (24). These will be comparable to the existing ∇·(𝜌uuu) error when
the Alfvén speed |B|/√𝜌 is comparable to |u|.

The evolution of the magnetic field is more difficult to simulate using a kinetic formulation. We can rewrite Faraday’s
law in divergence form as

𝜕𝑡B + ∇·𝚲 = 0 (50)

by introducing a tensor 𝚲 with components Λ𝛼𝛽 = −𝜖𝛼𝛽𝛾𝐸𝛾 . This now resembles the momentum equation in
(20a), except the momentum flux tensor 𝚷 is symmetric by construction, while the electric field tensor 𝚲 should be
antisymmetric. It is thus impossible to recover (50) by representing B as the first moment of some scalar distribution
functions, analogous to our representation of the momentum vector 𝜌u in (27).

Instead, we introduce a set of 𝑀 vector-valued distribution functions g𝑖 (x, 𝑡), and represent B and 𝚲 by [25]

B =
𝑀−1∑︁
𝑖=0

g𝑖 , 𝚲 =
𝑀−1∑︁
𝑖=0

𝝃𝑖g𝑖 . (51)

This representation of 𝚲 is not constrained to be either symmetric or antisymmetric. We can typically choose 𝑀 smaller
than 𝑁 , and so use fewer discrete velocities to represent the magnetic field than we used in sect. III to represent the
hydrodynamic variables. For example, Fig. 1 shows the discrete velocities used in a two-dimensional formulation with
nine velocities for the hydrodynamic variables, but just five velocities for the electromagnetic variables.

We postulate that the g𝑖 evolve according to a kinetic equation of the form

𝜕𝑡g𝑖 + 𝝃𝑖 · ∇g𝑖 = −
𝑀−1∑︁
𝑗=0

L𝑖 𝑗

(
g 𝑗 − g(0)

𝑗

)
. (52)

This collision operator involves an indexed set of 3 × 3 matrices L𝑖 𝑗 because g𝑖 and g 𝑗 are themselves 3-component
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vectors. We choose the g(0)
𝑖 and the L𝑖 𝑗 so that taking the zeroth and first moments of (52) gives (50) and

𝜕𝑡𝚲 + ∇·M = − 1
𝜏𝚲

(
𝚲 − 𝚲(0)

)
, (53)

where the second moment of the g𝑖 is

M =
𝑀−1∑︁
𝑖=0

𝝃𝑖𝝃𝑖g𝑖 . (54)

In other words, 𝚲 is an eigenfunction of the collision operator on the right-hand side of (52) with eigenvalue −1/𝜏𝚲, just
as we required 𝚷 to be an eigenfunction of the hydrodynamic collision operator with eigenvalue −1/𝜏 in deriving (23).

If we choose 𝚲(0) = uB − Bu and the equilibrium distributions

g(0)
𝑖 = 𝑊𝑖

(
B + Θ−1𝝃𝑖 · 𝚲(0)

)
, (55)

with suitable weights 𝑊𝑖 , we recover the ideal MHD induction equation 𝜕𝑡B = ∇×(u×B) at leading order for solutions
that vary slowly on timescales much longer than 𝜏𝚲. The lattice constant Θ is defined by the isotropy condition

𝑀−1∑︁
𝑖=0

𝑊𝑖𝝃𝑖𝝃𝑖 = ΘI (56)

for the discrete velocities 𝝃𝑖 . The components of the second moment of the equilibrium distributions are then

𝑀 (0)
𝛼𝛽𝛾 =

𝑀−1∑︁
𝑖=0

𝜉𝑖𝛼𝜉𝑖𝛽𝑔
(0)
𝑖𝛾 = Θ𝛿𝛼𝛽𝐵𝛾 . (57)

The weights for the five discrete velocities shown in Fig. 1 are 𝑊0 = 1/3, and 𝑊𝑖 = 1/6 for 𝑖 = 1, 2, 3, 4. These weights
give Θ = 1/3.

Posing a multiple-scales expansion of 𝚲 = 𝚲(0) + 𝚲(1) + · · · , M = M(0) + M(0) + · · · , and 𝜕𝑡 = 𝜕𝑡0 + 𝜕𝑡1 + · · · as in
Sec. III in the evolution equation (53) for 𝚲 gives at leading order:

𝚲(1) = −𝜏𝚲
(
∇·M(0) + 𝜕𝑡0𝚲

(0)
)
= −𝜏𝚲Θ

(
∇B +𝑂 (Ma3)

)
. (58)

The 𝑂 (Ma3) estimate for 𝜕𝑡0𝚲
(0) comes from assuming that the Alfvén velocity B/√𝜌 is comparable to the fluid velocity

u. Neglecting the 𝑂 (Ma3) error term in (58) leads to a resistive MHD induction equation in the form

𝜕𝑡B = ∇×(u×B) + 𝜏𝚲Θ∇2B. (59)

This agrees with (6) with resistivity 𝜂 = 𝜏𝚲Θ, but without the u∇·B term.
The expression (58) for 𝚲(1) is not antisymmetric. The symmetric part leads to the parabolic divergence-cleaning

term ∇(𝜂∇·B) in (6). Moreover, since 𝚲(0) is antisymmetric, and hence has trace zero, we can use

Tr𝚲 = Tr𝚲(0) + Tr𝚲(1) + · · · = −𝜏𝚲Θ∇·B +𝑂 (𝜏𝚲3) (60)

as a consistent approximation for ∇·B that is compatible with the kinetic representation of the magnetic field [25, 27].
The 𝑂 (Ma3) contribution from 𝜕𝑡0𝚲

(0) in (58) and the 𝑂 (𝜏𝚲2) contribution from 𝚲(2) both have trace zero, so neither
appears in (60).

More generally, we can specify the matrices L𝑖 𝑗 implicitly by specifying how the right hand side of (52) should act
on a basis of moments of the g𝑖 . For the five discrete velocites in two dimensions shown in Fig. 1, or the analogous set
of seven discrete velocities in three dimensions, the moments B, 𝚲, M form a basis [26, 27]. The components 𝑀𝛼𝛽𝛾

are identically zero unless 𝛼 = 𝛽 for these sets of discrete velocities, so B, 𝚲, M comprise 2 + 4 + 4 = 10 degrees of
freedom in two dimensions, and 3 + 9 + 9 = 21 degrees of freedom in three dimensions. We can thus implement the
collision operator appearing on the right-hand side of (52) by relaxing these different moments, then reconstructing the
post-collisional distributions using [26, 27]

𝑔𝑖𝛽 = 1
2
(
𝜉𝑖𝛼Λ𝛼𝛽 + 𝜉𝑖𝛾𝜉𝑖𝛼𝑀𝛾𝛼𝛽

)
for 𝑖 ≠ 0, 𝑔0𝛽 = 𝐵𝛽 − 𝑀𝛼𝛼𝛽 , (61)
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with an implied summation over repeated Greek indices. There is no need to construct the matrices L𝑖 𝑗 explicitly.

V. Implementing 8-wave magnetohydrodynamics
To implement the various formulations of 8-wave magnetohydrodynamics we need to add source terms proportional

to ∇·B to the induction equation, and sometimes also to the momentum equation, so they become

𝜕𝑡 (𝜌u) + ∇·𝚷 = F, 𝜕𝑡B + ∇·𝚲 = G. (62)

There are now source terms F and G as well as divergences of fluxes 𝚷 and 𝚲. As in Sec. III, we need to add
corresponding source terms to the evolution equations for these fluxes,

𝜕𝑡𝚷 + ∇·Q = −1
𝜏

(
𝚷 −𝚷 (0)

)
+ Fu + uF, (63a)

𝜕𝑡𝚲 + ∇·M = − 1
𝜏𝚲

(
𝚲 − 𝚲(0)

)
+ 1
𝜌
(FB − BF) + uG − Gu, (63b)

so that the contributions from the source terms F and G cancel in the evolution equations for 𝚷 (neq) and 𝚲(neq) that
determine the viscous stress and the resistive electric field. The right-hand side of the evolution equation for 𝚲 in (63b)
comes from considering 𝜕𝑡𝚲

(0) . This calculation is slightly neater if we use the alternating tensor 𝝐 with components
𝜖𝛼𝛽𝛾 to form the antisymmetric tensor 𝚲(0) = uB−Bu = 𝝐 · (u×B) from the vector u×B. We then just need to consider

𝜕𝑡 (u×B) = (𝜕𝑡u)×B + u×(𝜕𝑡B) = 1
𝜌
(F − ∇·𝚷) ×B + u×(G − ∇·𝚲), (64)

and contract with 𝝐 to form the right-hand side of (63b). As in Sec. III, these algebraic terms can be elegantly
implemented in a discrete approximation to (63a,b) using the moment form of the exact different method [64, 67, 68]

𝚷′ = 𝚷′ (0) + 𝜏 − Δ𝑡/2
𝜏 + Δ𝑡/2

(
𝚷 −𝚷 (0) ) , (65)

and
𝚲′ = 𝚲′ (0) + 𝜏𝚲 − Δ𝑡/2

𝜏𝚲 + Δ𝑡/2
(
𝚲 − 𝚲(0) ) , (66)

where a prime denotes the post-collisional value of a variable. Moreover, the source contributions to the evolution
equation for 𝚲 in (64) vanish exactly for the two simplest 8-wave variants, because G is parallel to u, and F is either zero
or parallel to B. A good discretisation will preserve this qualitative property, leaving 𝚲′ (0) = 𝚲(0) exactly unchanged.

A. Hamiltonian 8-wave formulation
The Hamiltonian 8-wave formulation changes the induction equation to

𝜕𝑡B + ∇·𝚲 = −u∇·B, (67)

while leaving the momentum equation unchanged. The equilibrium electric field tensor 𝚲(0) has trace zero, so we can
define Λ = Tr(𝚲 −𝚲(0) ) = Tr𝚲 to give a consistent approximation to ∇·B ≈ −(Tr𝚲)/(𝜏𝚲Θ) without knowing u and B.
We can thus approximate (67) by

𝜕𝑡B + ∇·𝚲 =
1

𝜏𝚲Θ
u Tr𝚲. (68)

Using the Strang splitting approach, we just need to incorporate this right-hand side in the discrete collision step. The
Crank–Nicolson discretisation for colliding Λ is

1
Δ𝑡

(Λ′ − Λ) = − 1
2𝜏𝚲

(Λ′ + Λ) , (69)
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where Λ′ = Λ(𝑡 + Δ𝑡) is the post-collisional value, and Λ without an argument is the pre-collisional value Λ(𝑡). We can
solve this for

Λ′ =
𝜏𝚲 − Δ𝑡/2
𝜏𝚲 + Δ𝑡/2 Λ, (70)

and then form an approximation for Λ(𝑡 + Δ𝑡/2) at the mid-point of the timestep,

Λ̃ =
1
2
(Λ′ + Λ) = 𝜏𝚲

𝜏𝚲 + Δ𝑡/2 Λ. (71)

There is no source term in the momentum equation in the Hamiltonian 8-wave formulation, so the fluid velocity u
remains unchanged in the collision step. The Crank–Nicolson discretisation of the right-hand side of (68) is thus

1
Δ𝑡

(B′ − B) = 1
𝜏𝚲Θ

Λ̃u, (72)

with solution
B′ = B + Δ𝑡

𝜏𝚲Θ
Λ̃u = B + Δ𝑡

𝜏𝚲 + Δ𝑡/2 (Tr𝚲)u. (73)

This leaves 𝚲(0) unchanged, because u′×B′ = u×B′ = u×B.

B. Symmetrisable 8-wave formulation
In Powell’s and Godunov’s symmetrisable 8-wave formulation we also add a source term to the momentum equation,

𝜕𝑡B + ∇·𝚲 = −u∇·B, 𝜕𝑡 (𝜌u) + ∇·𝚷 = −B∇·B, (74)

and approximate ∇·B by −(Tr𝚲)/(𝜏𝚲Θ) as before. We discretise the coupled evolution under the right-hand sides of
(74) using

1
Δ𝑡

(B′ − B) = 1
2𝜏𝚲Θ

Λ̃(u′ + u), 1
Δ𝑡

(u′ − u) = 1
2𝜏𝚲Θ

1
𝜌
Λ̃(B′ + B), (75)

where Λ̃ = 1
2 (Λ′ + Λ) as above. This factorised Crank–Nicolson discretisation is a convenient consistent approximation

to the standard Crank–Nicolson discretisation, because
1
2
(Λ′ B′ + ΛB) = 1

2
(Λ′ + Λ) 1

2
(B′ + B) +𝑂 (Δ𝑡2), (76)

and similarly for u. We can rewrite (75) more compactly as

B′ − B = 𝜆(u′ + u), 𝜌(u′ − u) = 𝜆(B′ + B), (77)

by introducing the scaled divergence 𝜆 = Λ̃Δ𝑡/(2𝜏𝚲Θ), and solve for

B′ = B + 2𝜆
𝜌u + 𝜆B
𝜌 − 𝜆2 , u′ = u + 2𝜆

B + 𝜆u
𝜌 − 𝜆2 . (78)

This solution also satisfies u′×B′ = u×B so 𝚲′ (0) = 𝚲(0) is unchanged. This exact property of the solution is one
reason to prefer the factorised Crank–Nicolson discretisation on the right-hand side of (76) over the more conventional
discretisation on the left-hand side of (76).

C. Full Lorentz force through collisions
The third variant that we consider implements the full Lorentz force (∇×B)×B through the collision operator using

∇×B obtained from the non-equilibrium part of the magnetic distribution functions [28, 30]. We previously included
the Maxwell stress in the equilibrium momentum flux, and just added the correction term −B∇·B through the collision
operator. The third variant solves

𝜕𝑡B + ∇·𝚲 =
1

𝜏𝚲Θ
u Tr𝚲, 𝜕𝑡 (𝜌u) + ∇·𝚷 = − 1

𝜏𝚲Θ

(
𝝐 : 𝚲(neq)

)
×B, (79)
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where 𝚷 now omits the Maxwell stress. In index notation, the right-hand side of the momentum equation is
1

𝜏𝚲Θ

(
Λ(neq)

𝛼𝛽 − Λ(neq)
𝛽𝛼

)
𝐵𝛽 = [(∇×B)×B]𝛼

(
1 +𝑂 (Ma2)

)
. (80)

The 𝑂 (Ma2) relative error is due to 𝜕𝑡0𝚲
(0) as described in Sec. IV and at the end of this section.

We evolve u and B together in the collision step using the factorised Crank–Nicolson discretisation
1
Δ𝑡

(B′ − B) = 1
2𝜏𝚲Θ

Λ̃(u′ + u), 1
Δ𝑡

(u′ − u) = 1
2

1
𝜌

J̃×(B′ + B), (81)

with Λ̃ as before, and the approximate current at the mid-point of the timestep

J̃ = − 1
2Θ𝜏𝚲

𝝐 :
(
𝚲′ (neq) + 𝚲(neq)

)
= − 1

Θ
𝜏𝚲

𝜏𝚲 + Δ𝑡/2 𝝐 :
(
𝚲 − 𝚲(0)

)
. (82)

We can write (81) more compactly as

B′ − B = 𝜆(u′ + u), u′ − u = J×(B′ + B), (83)

by introducing 𝜆 = Λ̃Δ𝑡/(2𝜏𝚲Θ) as before, and also the rescaled current J = J̃Δ𝑡/(2𝜌). Eliminating B′ gives the single
equation

u′ − u = 2J×B + 𝜆J×(u′ + u). (84)

This equation coincides with the mid-point rule discretisation in the Boris pusher algorithm [4] for a non-relativistic
charged particle subjected to an effective electric field 2J×B and an effective magnetic field 𝜆J. Its analytical solution
is [4]

u′ = u + 2
1 + 𝜆2 |J |2 J×(B + 𝜆u + 𝜆J×(B + 𝜆u)). (85)

Taking the inner product of (84) with u′ + u leads to [4]

|u′ − J×B|2 = |u + J×B|2, (86)

so the solution u′ is equal to J×B plus a norm-preserving exact rotation of u + J×B. The exact solution of (84) thus
equals the result of a Strang splitting that adds J×B twice, once before and once after solving the simplified version of
(84) with B = 0. These exact results arise from the factorised form of the Crank–Nicolson discretisation with a single 𝜆
and J evaluated at the mid-point of the time interval.

This formulation that includes the Lorentz force as a body force has the advantage that it leaves the viscous stress
completely unchanged. The earlier formulations that include the Maxwell stress in 𝚷 (0) introduce small errors into
𝚷 (1) via the u(∇·𝚷 (0) ) and (∇·𝚷 (0) )u terms in (24). These errors are comparable to the ∇·(𝜌uuu) error in 𝚷 (1) due
to the missing 𝜌uuu in the third moment Q(0) of the discrete equilibria (29) on standard lattices.

However, the approximation of ∇×B using 𝚲(neq) = 𝚲(1) + 𝑂 (𝜏𝚲2) introduces larger errors elsewhere. The
contribution from 𝜕𝑡0𝚲

(0) vanishes in Tr𝚲, but does not vanish in

𝝐 : 𝚲(1) = −𝜏𝚲𝝐 :
(
Θ∇B + 𝜕𝑡0𝚲

(0)
)
,

= −𝜏𝚲
(
Θ∇×B + 2𝜕𝑡0 (u×B)) ,

= −𝜏𝚲Θ∇×B − 2𝜏𝚲
((𝜕𝑡0u)×B + u×(𝜕𝑡0B)

)
,

= −𝜏𝚲Θ∇×B
(
1 +𝑂 (Ma2)

)
. (87)

The relative error in the current, and hence the Lorentz force, is 𝑂 (Ma2), the same as the relative error in the viscous
stress. However, the contribution from the viscous stress is divided by the Reynolds number, the ratio of inertial to
viscous effects, which is typically large.

14



A more accurate implementation of the Lorentz force would include the Maxwell stress in 𝚷 (0) , but include
compensating u(J×B) and (J×B)u terms in the evolution equation (44) for 𝚷. These small corrections to the viscous
stress can be evaluated to sufficient accuracy using 𝚲(neq) .

D. Summary
Table 1 summarises the key differences between the three different schemes presented in the previous three

subsections and the original vector lattice Boltzmann MHD scheme [25]. The schemes differ in whether they include
a u∇·B term in the induction equation to restore Galilean invariance, and in how they implement the action of the
magnetic field on the fluid. The original scheme included the Maxwell stress in the equilibrium distributions. This is
modified in the symmetrisable scheme, and completely replaced in the Lorentz force scheme. Two of the schemes are
named “Hamiltonian” and “symmetrisable” for brevity, although these properties only apply to their ideal forms with
zero resistivity and zero viscosity.

Table 1 Summary of the different schemes

brief name reference Galilean momentum equation
invariant

original [25] no Maxwell stress
Hamiltonian V.A yes Maxwell stress
symmetrisable V.B yes Maxwell stress plus B∇·B
Lorentz force V.C yes Lorentz force J×B

VI. Numerical Experiments
The following numerical experiments establish firstly that the symmetrisable and Lorentz force schemes correctly

implement the Lorentz force J×B, which differs from the divergence of the Maxwell stress when ∇·B ≠ 0, and secondly
that the divergence of the magnetic field is advected with the fluid velocity. We also simulate the Orszag–Tang vortex to
demonstrate the robustness of Lorentz force scheme that use gradient information from the non-equilibrium magnetic
distribution functions to implement the complete Lorentz force in the collision operator. In all cases, the magnetic
distribution functions were initialised with 𝚲 = 𝚲(0) − 𝜏𝚲Θ∇B using the gradient of the initial magnetic field. The
hydrodynamic and magnetic distribution functions were evaluated using the initial conditions at the half points, as
described in Sec. III.C. The output distribution functions were later interpolated back onto lattice points before being
summed to reconstruct the macroscopic fields. All the numerical experiments were performed using periodic boundary
conditions.

A. A purely divergent magnetic field
We consider initial conditions with the fluid at rest with uniform density 𝜌 = 𝜌0, and an initial magnetic field

B = 𝐵(𝑥)x̂. This is a completely artificial magnetic field that is purely divergent, designed to test this aspect of the
various numerical schemes. The divergence of the Maxwell stress for this field creates a magnetic tension −𝐵𝐵′ in the
𝑥-direction that generates a flow, although the current ∇×B and Lorentz force (∇×B)×B are identically zero.

For small perturbations to a uniform field, the MHD equations as solved by the original lattice Boltzmann scheme
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Fig. 2 Evolution of the density in the original scheme due to the non-vanishing Maxwell stress.

have an analytical solution of the form

𝜌(𝑥, 𝑡) = 𝜌0 (1 + 𝜖𝑅(𝑡) sin(𝑘𝑥)) +𝑂 (𝜖2), (88a)

u(𝑥, 𝑡) = 𝜖𝑈 (𝑡) cos(𝑘𝑥)x̂ +𝑂 (𝜖2), (88b)

B(𝑥, 𝑡) = 𝐵0

(
1 + 𝜖 sin(𝑘𝑥) exp(−𝜂𝑘2𝑡)

)
x̂. (88c)

These perturbations have constant wavenumber 𝑘 and amplitude 𝜖 ≪ 1. The lattice Boltzmann schemes all include a
parabolic divergence-cleaning term 𝜂∇∇·B so this purely divergent magnetic field decays even though the current ∇×B
is identically zero. The advective term ∇×(u×B) is also identically zero, so (88c) holds exactly. The functions 𝑅(𝑡) and
𝑈 (𝑡) satisfy the coupled ordinary differential equations

d𝑅
d𝑡

= 𝑘𝑈, (89a)

d𝑈
d𝑡

= −𝑘𝜃𝑅 − 2𝜈𝑘2𝑈 + 𝑘 exp(−𝜈𝑘2𝑡)𝐵2
0/𝜌0, (89b)

where 𝜈 = 𝜇/𝜌 is the kinematic viscosity. We choose initial conditions with 𝑅(0) = 0 and 𝑈 (0) = 0. These linear,
constant coefficient ordinary differential equations have an analytical solution. When 𝜈 = 𝜂, this solution takes the
particularly simple form

𝑅(𝑡) = 𝐵2
0

𝜌0 (𝜃 − 𝑘2𝜈2)
(
1 − cos

(
𝑘𝑡
√︁
𝜃 − 𝑘2𝜈2

))
exp(−𝜈𝑘2𝑡). (90)

Figure 2 shows the evolution of the density perturbations over time in a numerical experiment using the original
lattice Boltzmann scheme in the domain [0, 1] with 512 lattice points, and the parameter values 𝑘 = 2𝜋, 𝜖 = 10−6,
𝜈 = 𝜂 = 1/100, 𝐵0 = 𝜌0 = 1, and Mach number Ma =

√
3/4. The evolution of the rescaled spatial maximum of the

density profile
max

𝑥 ∈ [0, 1]

(
1
𝜖

���� 𝜌(𝑥, 𝑡)𝜌0
− 1

����
)

(91)

is in good agreement with the analytical solution 𝑅(𝑡) in (90).
Figure 3 shows the equivalent time series computed with the symmetrisable scheme. In theory, the divergence of the

Maxwell stress for this magnetic field should exactly balance the −B∇·B term in the momentum equation. However,
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Fig. 3 Evolution of the density in the symmetrisable scheme with a compensating body force. Note the factor of
10−4 multiplying the vertical axis labels.

this balance is not perfect in the numerical experiment, because the product rule for differentiation only holds discretely
to within the spatial truncation error, but the perturbations driven by the imbalance are about a factor of 500 smaller
than those without the compensating −B∇·B term. They also have twice the frequency, reflecting their artificial origin.
These perturbations have the same origin as the spurious mass currents in multiphase lattice Boltzmann simulations
that are due to an imbalance between the pressure gradient ∇𝑝 and the product 𝜌∇𝜇 of the density and the chemical
potential gradient [70, 71]. The Lorentz force is identically zero for this magnetic field geometry, so the velocity and
density perturbations remained zero to machine precision in numerical experiments with the Lorentz force scheme.

B. DeVore current-carrying cylinder
To see the behavior of a nonzero ∇·B in a more realistic scenario, we adopt a smoothed version of DeVore’s [6]

benchmark for a two-dimensional current-carrying cylinder. A magnetic field of the form

𝐵𝑥 = −𝑦 𝑓 (𝑟), 𝐵𝑦 = 𝑥 𝑓 (𝑟), 𝑟 =
√︃
𝑥2 + 𝑦2, (92)

corresponds to an axisymmetric current 𝐽 = ẑ · ∇×B = 𝑟 𝑓 ′ (𝑟) + 2 𝑓 (𝑟) in the 𝑧 direction. This magnetic field satisfies
∇·B = 0 analytically, but any discrete approximation to ∇·B will be nonzero due to the spatial truncation error. We take
𝑓 to be the smooth hperbolic tangent profile

𝑓 (𝑟) = 𝐵0
2𝑟max

(
1 + tanh

( 𝑟max − 𝑟

𝛿𝑟

))
. (93)

DeVore [6] used a step function profile, and a scheme with flux limiters that could accommodate discontinuous initial
conditions. All our lattice Boltzmann schemes solve the viscous and resistive MHD equations for smooth velocity
and magnetic fields. All but the original scheme obtain information about the gradient of the magnetic field from the
non-equilibrium parts of the magnetic distribution functions, so the initial magnetic field should be differentiable.

Figure 4 shows some results from numerical experiments with this initial magnetic field for the parameters 𝐵0 = 0.001,
𝑟max = 16 and 𝛿𝑟 = 1 in a square domain with side length 100. The fluid velocity was set to be u = x̂, a uniform
stream in the 𝑥-direction. The viscosity and resistivity were 𝜈 = 𝜂 = 0.001, the Mach number 𝑀𝑎 =

√
3 × 0.0256,

and the lattice size 1024 × 1024. This weak magnetic field is approximately passive and exerts a negligible Lorentz
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Fig. 4 Evolution of the current (left) and divergence (right) for an advected current-carrying cylinder. The
top row shows the initial conditions. The middle and bottom rows show the solution at t = 25 using the orginal
scheme (middle row) and the Hamiltonian scheme (bottom row).



force. The first row of plots show the initial current and divergence, computed using 𝐽 and Λ̃ as defined in Sec. V. The
current appears axisymmetric as expected. The divergence, which is solely due to the spatial truncation error, shows an
octopolar pattern due to the 4-fold rotational symmetry of the lattice.

The second row of plots in Fig. 4 shows the current and divergence at 𝑡 = 25 computed using the original scheme.
The current has been advected right by 25 spatial units, and slightly diffused through resistivity. The divergence has
been diffused but not advected. The third row of plots shows the current and divergence at 𝑡 = 25 computed using the
Hamiltonian scheme. They confirm that the Hamiltonian scheme advects the divergence as well as the current.

C. Orszag–Tang vortex
The Orszag–Tang [72] vortex is a standard benchmark problem for two-dimensional incompressible MHD. The

smooth initial conditions

𝑢𝑥 = 2 sin(𝑦), 𝑢𝑦 = −2 sin(𝑥), 𝑏𝑥 = 2 sin(2𝑦), 𝑏𝑦 = −2 sin(𝑥), (94)

satisfy ∇·B = 0 analytically. This flow evolves to create an intense current sheet surrounded by a vortex quadrupole.
It occupies the domain 0 ≤ 𝑥, 𝑦 ≤ 2𝜋 with periodic boundary conditions. The initial density field that ensures
∇∇ : 𝚷 (0) = 0 for an initially non-divergent fluid flow is

𝜌 = 1 + 1
𝜃

{
4 cos(𝑥)

(
4
5

cos(2𝑦) − cos(𝑦)
)
− 1

2
|b|2

}
. (95)

Figure 5 shows the evolution of the vorticity and current for a numerical experiment with diffusivities 𝜂 = 𝜈 = 1/200
and Mach number Ma =

√
3 × 256 × 10−4/𝜋 ≈ 0.014. The fluid and magnetic Reynolds numbers based on the domain

size are thus both equal to 400𝜋 ≈ 1257. These plots were created from the velocity and magnetic fields computed
on a 1024 × 1024 lattice using the Lorentz force scheme. The vorticity 𝜔 = ẑ · ∇ × u and current 𝐽 = ẑ · ∇ × B were
computed by spectrally differentiating the u and B fields at lattice points.

Figure 6 shows the evolution of the maximum vorticity and maximum current over time. The results from the
Lorentz force scheme and the original scheme are visually indistinguishable. The Lorentz force scheme was stable for
simulating the same flow on a 512 × 512 lattice, while the other three scheme using the Maxwell stress were not.

Figure 7 shows that solutions computed with the symmetrisable and the Lorentz force schemes converge with
second-order spatial accuracy towards reference solutions of the incompressible MHD equations under a diffusive
scaling that lowers the Mach number with increasing spatial resolution. To be concrete, the numerical experiments with
an 𝑛×𝑛 lattice was run with a Mach number Ma =

√
3×218 ×10−4/(𝑛𝜋), giving Ma ≈ 0.0035 on the finest 4096×4096

lattice. A diffusive scaling is commonly used to approach the incompressible limit. The 𝑂 (Ma2) compressibility error
then becomes 𝑂 (𝑛−2) like the spatial truncation error. The prefactor in the Mach number was chosen to roughly balance
the compressibility error with the truncation error, and to produce output at dimensionless time increments of 0.1
after an integer number of timesteps. Highly accurate reference solutions of the incompressible MHD equations were
computed using a Fourier pseudo-spectral scheme on a 2048× 2048 lattice with fourth-order Runge–Kutta timestepping.
The maximum difference between these solutions and Fourier pseudo-spectral solutions on a coarser 1024× 1024 lattice
was less than 3 × 10−11, much smaller than the differences shown in Fig. 7.

However, establishing second-order spatial convergence under diffusive scaling does not establish that the scheme is
second-order accurate in time, because the timestep Δ𝑡 scales like Δ𝑥2. Tables 2 and 3 show the ℓ2 and ℓ∞ norms of the
differences between the currents and vorticities computed by numerical experiments with different spatial resolutions at
fixed Mach number Ma =

√
3 × 0.0256/𝜋 ≈ 0.014, and fixed fluid and magnetic Reynolds numbers. The empirical

convergence order is defined by

log2

( | |𝐹1024 − 𝐹2048 | |
| |𝐹2048 − 𝐹49096 | |

)
, (96)

where 𝐹𝑛 is a field, either current or vorticity, computed on an 𝑛 × 𝑛 lattice, and | | · · · | | is either the ℓ2 or the ℓ∞ norm.
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Fig. 5 Evolution of the vorticity and current in the Orszag–Tang vortex simulated with the Lorentz force
scheme.
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Fig. 6 Evolution of the peak vorticity and peak current in the Orszag–Tang vortex simulated using the Lorentz
force scheme (lines) and the original scheme (circles).

The empirical convergence orders shown in Tables 2 and 3 are all consistent with the Hamiltonian, symmetrisable and
Lorentz force schemes each having second-order accuracy in time. For these smooth initial conditions, and hence a very
small initial discrete divergence, the data for the Hamiltonian and symmetrisable schemes were identical to the precision
shown. The maximal differences in the vorticity and current fields were below 6 × 10−8 on the 1024 × 1024 lattice,
dropping to below 3 × 10−9 on the 4096 × 4096 lattice.

However, the solution computed with the Lorentz force scheme does not converge to the same solution as the other
three schemes under spatial refinement at fixed Mach number and fixed fluid and magnetic Reynolds numbers. Small
differences persist around regions of high current and high vorticity, even for numerical experiments on 4096 × 4096
lattices, as shown in Fig. 8. This is consistent with the 𝑂 (Ma2) relative error in the current computed from 𝝐 : 𝚲(neq)

described in Sec. V.C. Compared with the other three schemes, the Lorentz force scheme has larger errors in the current
but smaller errors in the vorticity.

Table 2 Convergence of the Hamiltonian and symmetrisable schemes

| |Δ𝐽 | |2 | |Δ𝐽 | |∞ | |Δ𝜔 | |2 | |Δ𝜔 | |∞
1024 vs 2048 0.01522 0.28210 0.024591 0.75173
2048 vs 4096 0.00380 0.07017 0.006157 0.18903
empirical order 2.0032 2.0073 1.9978 1.9916

Table 3 Convergence of the Lorentz force scheme

| |Δ𝐽 | |2 | |Δ𝐽 | |∞ | |Δ𝜔 | |2 | |Δ𝜔 | |∞
1024 vs 2048 0.02218 0.46647 0.01400 0.32015
2048 vs 4096 0.00549 0.11681 0.00348 0.07869
empirical order 2.0137 1.9976 2.0106 2.0246
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Fig. 7 ℓ2 and ℓ∞ differences in vorticity 𝝎 and current 𝑱 between the symmetrisable scheme (left) or Lorentz
force scheme (right) and the spectral reference solutions under diffusive scaling.

VII. Conclusions
Numerical algorithms for simulating MHD typically do not exactly preserve ∇·B = 0. This can lead to artifacts in

the computed solutions as structural properties of the MHD equations cease to hold [1–3]. There have been several
approaches to include extra terms involving ∇·B to improve the structural properties of the MHD equations when
∇·B ≠ 0. These approaches are all based on an extended set of Maxwell equations that includes magnetic charges
and magnetic currents. Dedner et al. [12] proposed that ∇·B should propagate and decay isotropically according to a
telegraph equation, while Powell [13, 14] proposed that ∇·B should advect with the fluid velocity u. The latter change
brings the evolution equation for the magnetic field closer to a compressible variant of Jeffery’s equation [35, 36] for
evolving the orientations of axisymmetric particles in a suspension [38].

We have constructed lattice Boltzmann schems for several different variants of the MHD equations. They approximate
∇·B using the trace of the electric field tensor 𝚲 constructed from the magnetic distribution functions. They all amend
Faraday’s law so that ∇·B advects with the fluid velocity u, thus restoring Galilean invariance. The Hamiltonian variant
makes this change alone. The symmetrisable hyperbolic variant also includes a −B∇·B force in the momentum equation,
so that the force exerted by the magnetic field is the usual Lorentz force (∇×B)×B even when ∇·B ≠ 0. Finally, the
Lorentz force variant omits the Maxwell stress from 𝚷 (0) and includes the entire Lorentz force through the collision
operator, approximating ∇×B using the non-equilibrium part of 𝚲, as in [28]. The implementations of the symmetrisable
and Lorentz force variants use a factorised Crank–Nicolson discretisation in the collision operator that exactly preserves
qualitative properties. The symmetrisable variant exactly preserves the equilibrium electric field tensor 𝚷 (0) , consistent
with the analytical properties of the source terms in the continuous time formulation (63b), and the Lorentz force variant
exactly preserves the norm of the fluid velocity offset by the scaled Lorentz force, as in (86).

Numerical experiments confirm that ∇·B advects with the fluid velocity for all variants, and that the force exterted
by the magnetic field is perpendicular to the magnetic field for the symmetrisable and Lorentz force variants. This holds
exactly for the Lorentz force variant, and to a good approximation for the symmetrisable variant. The latter relies upon a
cancellation between a term in the divergence of the Maxwell stress and the B∇·B term implemented in the collision
operator. Having previously been employed for steady Hartmann flow [28], the Lorentz force scheme is stable enough to
simulate the Orszag–Tang vortex [72], with results virtually indistinguishable from the original lattice Boltzmann MHD
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Fig. 8 Differences in the vorticity and current at t = 1.0 in the Orszag–Tang vortex simulated with the original
scheme and the Lorentz force schemes on lattices with 4096 × 4096 points.

scheme [25]. The latter already includes a parabolic divergence cleaning term to diffuse ∇·B, so the main improvement
is the restoration of Galilean invariance, and a noticeable improvement in stability from using the Lorentz force scheme.
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