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We study the statistics of matrix elements of local operators in the basis of energy eigenstates in a
paradigmatic, integrable, many-particle quantum theory, the Lieb-Liniger model of bosons with repulsive
delta-function interactions. Using methods of quantum integrability, we determine the scaling of matrix
elements with system size. As a consequence of the extensive number of conservation laws, the structure of
matrix elements is fundamentally different from, and much more intricate than, the predictions of the
eigenstate thermalization hypothesis for generic models. We uncover an interesting connection between
this structure for local operators in interacting integrable models and the one for local operators that are not
local with respect to the elementary excitations in free theories. We find that typical off-diagonal matrix
elements hμjOjλi in the same macrostate scale as exp ( − cOL lnðLÞ − LMO

μ;λ), where the probability

distribution function forMO
μ;λ is well described by Fréchet distributions and c

O depends only on macrostate

information. In contrast, typical off-diagonal matrix elements between two different macrostates scale as
expð−dOL2Þ, where dO depends only on macrostate information. Diagonal matrix elements depend only
on macrostate information up to finite-size corrections.
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I. INTRODUCTION

Fully characterizing the mechanism that underlies the
emergence of equilibrium statistical mechanics from the
nonequilibrium evolution of many-particle quantum sys-
tems has been a long-standing challenge in theoretical
physics. A key element of our current understanding is the
eigenstate thermalization hypothesis (ETH) [1–4], which
relates thermalization in “generic” quantum systems to the
statistical properties of matrix elements of (local) operators
in energy eigenstates. Here, the term “generic” refers, in
particular, to the absence of conservation laws with local
densities other than the energy itself. The ETH is a
conjecture for the matrix elements Onm ¼ hnjOjmi in
the energy eigenbasis Hjni ¼ Enjni, and it reads

Onm ¼ OðĒÞδn;m þ e−
1
2
SðĒÞfOðĒ;ωÞRnm: ð1Þ

Here, Ē ¼ ðEn þ EmÞ=2, ω ¼ En − Em, SðĒÞ is the
thermodynamic entropy at energy Ē, Rnm are random
variables with zero mean and unit variance, and OðĒÞ

and fOðĒ;ωÞ are smooth functions of their arguments.
The ETH implies that time averages of observables after a
quantum quench from an initial state with subextensive
energy fluctuations converge to a steady state, which is
equivalent to the microcanonical ensemble. The ETH
conjecture is consistent with numerous numerical studies
[5–15]. A recent focus has been to clarify the statistical
properties of the random variables Rnm [16]. By construc-
tion, ETH only applies to generic models, and it needs to be
modified in the presence of conservation laws. In particular,
it clearly does not hold in noninteracting theories, which, in
turn, generated significant interest [17–25] in the question
of what takes the place of the ETH in integrable models
[26–29] that are characterized by having an extensive
number of mutually compatible conserved quantities with
good spatial locality properties. Curiously, most studies of
the statistics of matrix elements in integrable models have
not utilized the available analytic results of the structure of
these matrix elements [26,30–34], and as a result, they have
been restricted to very small system sizes or low particle
numbers. This finding, in particular, has precluded a study
of how matrix elements scale with system size, which is a
serious shortcoming as one is, of course, ultimately
interested in understanding how the thermodynamic limit
is approached. The purpose of this work is to fully utilize
the available information from integrability in order to
understand the statistics of matrix elements of local
operators in interacting integrable models. We will focus

*Contact author: fab@thphys.ox.ac.uk

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW X 14, 031048 (2024)

2160-3308=24=14(3)=031048(29) 031048-1 Published by the American Physical Society

https://orcid.org/0000-0003-4073-6146
https://ror.org/052gg0110
https://ror.org/04dkp9463
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevX.14.031048&domain=pdf&date_stamp=2024-09-17
https://doi.org/10.1103/PhysRevX.14.031048
https://doi.org/10.1103/PhysRevX.14.031048
https://doi.org/10.1103/PhysRevX.14.031048
https://doi.org/10.1103/PhysRevX.14.031048
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


on a particular model—the Lieb-Liniger model of bosons
with delta-function interactions [26,35]—but we believe
our results will carry over to other integrable models. Our
choice is based on the following two requirements:
(1) We must be able to compute matrix elements for

large systems sizes or particle numbers for energy
eigenstates at finite energy densities above the
ground state.

(2) We seek an integrable model with free parameters
that is equivalent to a noninteracting theory at
particular points in parameter space.

Among these requirements, the first point is a much more
serious restriction. Almost all integrable models feature
hierarchies of multiparticle bound states called “strings”
[26–29,36], and it is well understood that the most
prevalent (thermal) states at a given energy density involve
finite densities of strings. On the one hand, sampling
such states in a large finite volume is very challenging;
however, more importantly, the corresponding matrix
elements become highly singular already for very moderate
system sizes, and their numerical evaluation remains an
unsolved problem. Thus, for integrable models like the
spin-1=2 XXZ chain, matrix elements involving thermal
states, i.e., the most likely states at a given energy density,
cannot be computed for large system sizes or particle
numbers. We avoid this issue by focusing on the repulsive
Lieb-Liniger model, where bound states are absent and
matrix elements involving thermal states can be readily
investigated for large system sizes.

A. Lieb-Liniger model

The Lieb-Liniger model of bosons with δ-function
interactions [26,35] is described by the second-quantized
Hamiltonian

H ¼
Z

dx(−Φ†ðxÞ∂2xΦðxÞ þ cðΦ†ðxÞÞ2ðΦðxÞÞ2); ð2Þ

where ΦðxÞ is a complex bosonic field obeying canonical
commutation relations

½ΦðxÞ;Φ†ðyÞ� ¼ δðx − yÞ: ð3Þ

The Hamiltonian has a U(1) symmetry related to particle-
number conservation, and its first quantized form in the
N-particle sector reads

Ĥ ¼
XN
j¼1

−
∂

∂x2j
þ 2c

X
i<j

δðxi − xjÞ: ð4Þ

The Lieb-Liniger model is not only a key paradigm for
integrable many-particle quantum models [26], but it has
also been (approximately) realized in cold atom experi-
ments; see, e.g., the reviews [37,38]. Thus, there has been
an intense effort in recent years aimed at understanding

dynamical properties of the model both in [33,39–46] and
out of equilibrium [47–55].
The outline of this work is as follows. In Sec. II, we

briefly review some important properties of energy eigen-
states in integrable models. In particular, we introduce the
notion of macrostates as families of energy eigenstates
characterized by the same densities of the conservation
laws, which lies at the heart of our analysis of matrix
elements. In Sec. III, we discuss how to efficiently sample
energy eigenstates belonging to a given macrostate, which
is crucial as the total number of energy eigenstates grows
exponentially with the particle number if we impose a
momentum cutoff. In Sec. IV, we introduce the operators
whose matrix elements we consider in this work, as well
as the notion of locality of an operator relative to the
elementary excitations of the model considered. In Secs. V
and VI, we analyze matrix elements in free theories by
considering the example of the impenetrable Bose gas
c ¼ ∞. While these are simple for operators that are local
with respect to the elementary excitations, we reveal an
intricate structure of matrix elements of the Bose field,
which is the simplest example of a local operator that is not
local with respect to the fermionic elementary excitation. In
Sec. VII, we then turn to the statistics of matrix elements in
the interacting case 0 < c < ∞ and show that their quali-
tative behavior is the same as the one we found for the Bose
field in the impenetrable limit, i.e., local operator in free
theories that are not local with respect to the elementary
excitation. We summarize our results in Sec. VIII. Various
technical aspects of analytic calculations and methods for
sampling eigenstates are presented in two appendixes.

II. ENERGY EIGENSTATES
IN INTEGRABLE MODELS

As we are concerned with properties of energy eigen-
states in integrable models, we begin by recalling their
construction in both free and interacting theories. We draw
particular attention to the thermodynamic limit descrip-
tion in terms of macrostates and how these are related to
energy eigenstates in very large systems. By virtue of the
presence of an extensive number of conservation laws,
these have a much more complicated structure than in the
generic models to which the ETH applies. Our discussion
follows Refs. [56,57].

A. Free theories

Free (noninteracting) theories are the simplest integrable
models. In order to be as close as possible to the interacting
theory discussed later, we focus on the example of the
impenetrable Bose gas [26], i.e., the limit c → ∞ in Eq. (2).
This example is well known to be equivalent to a theory of
free fermions [58] by the mapping

Φ†ðxÞ ¼ Ψ†ðxÞeiπ
R

x

−∞
dzΨ†ðzÞΨðzÞ; ð5Þ
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where ΨðxÞ is a complex fermion field obeying canonical
anticommutation relations fΨðxÞ;Ψ†ðyÞg ¼ δðx − yÞ.
The second-quantized Hamiltonian then becomes block-
diagonal in the sectors with even or odd fermion number,
and each block takes the simple form

Hð∞Þ ¼ −
Z

dxΨ†ðxÞ∂2xΨðxÞ: ð6Þ

The wave functions of energy eigenstates of the bosonic
and fermionic realizations are related by the celebrated
Girardeau formula [59]

χFðz1;…; zNÞ ¼
Y
i<j

sgnðzj − ziÞχBðz1;…; zNÞ: ð7Þ

Having in mind this simple relationship, we will therefore
focus on the construction of energy eigenstates in the
free fermion representation. The Hamiltonian on a ring of
circumference L is diagonalized by going to Fourier space,

Hð∞Þ ¼
X
p

p2Ψ†
pΨp; ð8Þ

where p ¼ 2πIn=L, with In half-odd integers (integers) in
the sector with even (odd) fermion number and

Ψp ¼ 1ffiffiffiffi
L

p
Z

L

0

dx e−ipxΨðxÞ: ð9Þ

There is an extensive number of mutually compatible
conservation laws with local densities

QðnÞ ¼
X
p

pnΨ†
pΨp; ½QðnÞ; QðmÞ� ¼ 0: ð10Þ

A complete set of simultaneous N-particle eigenstates of all
the QðnÞ is given by the momentum-space Fock states

jpi ¼
YN
j¼1

Ψ†
pj j0i; p1 < p2 � � � < pN; ð11Þ

which have eigenvalues

QðnÞjpi ¼
XN
j¼1

pn
j jpi: ð12Þ

1. Macrostates

Local properties in the thermodynamic limit

N;L → ∞; D ¼ N
L

fixed ð13Þ

are conveniently described in terms of macrostates.
These families of energy eigenstates have the same local
properties. The latter are, in turn, fully encoded in the
extensive parts of the eigenvalues (12) of the conservation
laws. These observations lead us to consider families of
Fock states fjk1;…; kNig for asymptotically large L and
N ¼ DL, which are characterized by a positive function
0 ≤ ρðkÞ ≤ ð1=2πÞ termed the root density through

LρðkÞΔk ¼ number of kj in ½k; kþ Δk�: ð14Þ

It is then straightforward to see that any microstate
fjk1;…; kNig associated with the same root density ρðλÞ
has the same extensive parts of the eigenvalues (12) of the
conservation laws QðnÞ,

1

L

XN
j¼1

knj ¼
Z

∞

−∞
dk ρðkÞkn þ oðL0Þ: ð15Þ

(a) Counting microstates. For a given ρðkÞ, there are
generally exponentially many (in the system size L)
eigenstates satisfying Eq. (14). In the interval
½k; kþ Δk�, a momentum kj can take Δnvac ¼
bLΔk=2πc possible values (here, bxc denotes the
integer part of x). The root density determines
how many of these “vacancies” (possible values)
are occupied, with the occupation number given by
Δnp ¼ bρðkÞLΔkc. The Δnp occupied momenta can
be distributed over the Δnvac vacancies in
CðΔnvac;ΔnpÞ possible ways, where Cðn;mÞ denotes
a binomial coefficient. The entropy of our macro-
states is given by S ¼ lnð# of microstatesÞ, where
reordering of momenta in a given interval ½k; kþ Δk�
contributes ΔS ¼ ln½CðΔnvac;ΔnpÞ�. Using Stirling’s
approximation under the assumption that Δnvac
and Δnp scale with L, we then have, in the large
volume limit,

S½ρ� ¼ s½ρ�L ¼ L
Z

∞

−∞
dk½(ρðkÞ þ ρhðkÞ) ln (ρðkÞ þ ρhðkÞ) − ρðkÞ ln (ρðkÞ) − ρhðkÞ ln (ρhðkÞ)� þ oðLÞ: ð16Þ

Here, we have defined a hole density by

ρhðkÞ ¼
1

2π
− ρðkÞ: ð17Þ
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(b) Typical vs atypical states. Let us consider energy
eigenstates at energy density e and particle density D.
Clearly, there will be infinitely many macrostates
satisfying these conditions: All we require is a positive
function ρðkÞ such that

e ¼
Z

∞

−∞
dkρðkÞk2; D ¼

Z
∞

−∞
dkρðkÞ: ð18Þ

Generically, these macrostates will have finite entropy
densities in the thermodynamic limit [see Eq. (16)],
and importantly, they will generally not be thermal.
Indeed, thermal macrostates are obtained by minimiz-
ing the free energy per site:

f½ρ� ¼
Z

∞

−∞
dkðk2 − μÞρðkÞ − Ts½ρ�; ð19Þ

where μ is a chemical potential that determinesD. This
process leads to the root density taking the form of a
Fermi distribution at temperature T,

δf½ρ�
δρðkÞ ¼ 0 ⇒ ρthðkÞ ¼

1

2π

1

eðk2−μÞ=T þ 1
: ð20Þ

Fixing the chemical potential and temperature by
inserting Eq. (20) into Eq. (18) provides us with a
root density of thermal states. By construction, thermal
states are maximal entropy states for given e and D;
i.e., they are the most likely states. As we have seen
above, other macrostates will exist at the same energy
density with entropies that are smaller than those of
the thermal state. If at a given energy density we select
a microstate at random, it will be thermal, with a
probability that is exponentially close (in system size)
to one. We call such states “typical,” while noting that
there are exponentially many microstates that are
“atypical,” which differ from thermal microstates in
the values of the higher conservation laws QðnÞ and
hence have different local properties (as the densities
of QðnÞ are local operators and macrostates are
homogeneous).

The situation with typical and atypical microstates
generalizes to the case of integrable models with inter-
actions [56], and atypical states within these models
can have very interesting properties (see, for example,
Refs. [52,60,61]).

B. Interacting theories: Lieb-Liniger model
at 0 < c < ∞

The Lieb-Liniger model is famously solvable by a
coordinate Bethe ansatz [35], and we now briefly summa-
rize the key steps following Ref. [26]. The eigenvalue
equation for the first quantized Hamiltonian (4) reads

Ĥχðx1;…; xNÞ ¼ Eχðx1;…; xNÞ; ð21Þ

where the wave functions fulfill periodic boundary
conditions

χλðx1;…; xj þ L; xNÞ ¼ χλðx1;…xNÞ: ð22Þ

The (unnormalized) solutions take the Bethe ansatz form

χλðx1;…xNÞ ¼
X
P∈ SN

sgnðPÞei
P

N
j¼1

λPj xj

×
Y
j>k

½λPj
− λPk

− ic�; ð23Þ

where the rapidities λ ¼ fλ1;…; λNg satisfy nontrivial
quantization conditions known as Bethe equations,

eiλjL ¼ −
YN
k¼1

λj − λk þ ic

λj − λk − ic
; j ¼ 1;…; N: ð24Þ

The energy and momentum eigenvalues of these states are

Eλ ¼
XN
j¼1

λ2j ; Pμ ¼
XN
j¼1

λj: ð25Þ

The states are, in fact, simultaneous eigenstates of an
infinite number of mutually compatible higher conservation
laws QðnÞ [26,62],

QðnÞχλðx1;…; xNÞ ¼ νðnÞλ χλðx1;…; xNÞ;

νðnÞλ ¼
XN
j¼1

λnj : ð26Þ

In practice, we will use the set of equations known as the
logarithmic Bethe equations, which are obtained by taking
the logarithm of Eq. (24):

λjLþ
XN
k¼1

θðλj − λkÞ ¼ 2πIj;

θðxÞ ¼ 2 arctan

�
x
c

�
: ð27Þ

In taking the logarithm, we introduce Ij, which is an integer
(half-odd integer) for N odd (even). Each solution of the
Bethe equations (24) is in one-to-one correspondence with
a set of distinct (half-odd) integers fIjg, and hence the set
of distinct integers defines a wave function χλðx1;…; xNÞ
that is a simultaneous eigenstate of the Hamiltonian and the
conservation laws.
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1. Solutions of the Bethe equations

An important simplification that occurs for the Lieb-
Liniger model is that all solutions to the Bethe equations are
in fact real [26]. This finding greatly simplifies the task of
solving the Bethe equations numerically. In other interact-
ing integrable models, the solutions are typically complex
and form regular patterns known as “strings” [27,28]. As
noted above, solutions of the Bethe equations involving
strings are numerically very difficult to obtain because
some of the differences between the corresponding rap-
idities lie exponentially (in system size) close to poles of
the Bethe equations.

2. Macrostates

Given the above description of energy eigenstates in
terms of the solutions of the Bethe equations, we now turn
to the construction of macrostates. The main complication
here, as compared to the process for the free theory
(described in Sec. II A 1), is that the quantization conditions
described in Eqs. (24) and (27) are nontrivial, so the set
of rapidities λ are state dependent. However, we can avoid
this complication by instead working with the (half-odd)
integers fIjg—in analogy with Eq. (14), we can define a
density for νj ¼ Ij=L through

LϱðνÞΔν ¼ number of
Ij
L

in ½ν; νþ Δν�: ð28Þ

As in the free theory, a positive function ϱðνÞ specifies a
macrostate, and corresponding microstates can be con-
structed by choosing fIjg distributed according to ϱðνÞ.
In practice, it is useful to have a formulation in terms of
the distribution function ρðλÞ—called root density—of the
rapidities λj that satisfy Eq. (24), defined via

LρðλÞΔλ ¼ number of λj in ½λ; λþ Δλ�: ð29Þ

The relationship between ρðλÞ and ϱðνÞ can be obtained
from Eq. (27) by converting the sum over rapidities to an
integral over ρðλÞ in the thermodynamic limit

zj ¼
Ij
L
¼ λj

2π
þ 1

2πL

XN
k¼1

θðλj − λkÞ

≃
λj
2π

þ 1

2π

Z
∞

−∞
dμ θðλj − μÞρðμÞ: ð30Þ

Thus, in the thermodynamic limit, we have

zðλÞ ¼ λ

2π
þ 1

2π

Z
∞

−∞
dμ θðλ − μÞρðμÞ: ð31Þ

The strictly monotonically increasing function zðλÞ is
known as the counting function. It is useful to define a

so-called hole density ρhðλÞ associated with a macrostate
by taking the derivative of Eq. (31),

ρðλÞ þ ρhðλÞ ¼
1

2π
þ
Z

dμ
2π

Kðλ − μÞρðμÞ; ð32Þ

KðλÞ ¼ 2c
c2 þ λ2

: ð33Þ

The relationship between ϱðzÞ and ρðλÞ is obtained by
equating the number of rapidities and integers within each
interval dλ,

ϱðνÞ ¼ ρ(λðνÞ) dλ
dν

: ð34Þ

Given that ν ¼ z(λðνÞ), we have

dz
dν

¼ 1 ¼ dz
dλ

dλ
dν

¼ (ρðλÞ þ ρhðλÞ)
dλ
dν

; ð35Þ

and hence

ϱðνÞ ¼ ρðλÞ
ρðλÞ þ ρhðλÞ

¼ 1

1þ ρh(z−1ðνÞ)
ρ(z−1ðνÞ)

: ð36Þ

3. Thermal macrostates

Thermal macrostates are obtained by maximizing the
entropy for fixed energy and particle densities [27]. The
entropy density is given by the same expression (16) as
in the noninteracting case, with the important proviso that
ρhðλÞ is now obtained from Eq. (32). Extremizing the
entropy for fixed energy and particle densities fixes the
corresponding root density in terms of the (nonlinear)
integral equations,

ρðλÞ ¼ 1

2πð1þ e
ϵðλÞ
T Þ

þ
Z

∞

−∞
dμ

Kðλ − μÞ
2πð1þ e

ϵðλÞ
T Þ

ρðμÞ;

ϵðλÞ ¼ λ2 − h −
T
2π

Z
dμKðλ − μÞ ln

h
1 − e−

ϵðμÞ
T

i
: ð37Þ

Here, T is the temperature, and h is a chemical potential
that fixes the particle density. The corresponding function
ϱðνÞ is obtained by determining zðλÞ from Eq. (31), and
then using Eq. (36),

ϱðνÞ ¼ 1

1þ eϵðz−1ðνÞÞ=T
: ð38Þ
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III. GENERATING MICROSTATES
FOR A GIVEN MACROSTATE

We now turn to the problem of generating microstates
(in a large but finite system) associated with a macrostate
characterized by a root density ρðxÞ in the thermodynamic
limit. We start our discussion by considering what we call
smooth microstates of N particles in a system of size L.
Let us assume, for definiteness, that our state is charac-
terized by half-odd integers Ij. We define a “particle
counting function” by

zpðxÞ ¼
Z

x

−∞
dyρðyÞ; ð39Þ

and then numerically solve the equations

zpðλð0Þj Þ ¼ j
L
; j ¼ 1; 2;…; N: ð40Þ

This method provides us with a set fλð0Þj g of rapidities, from
which we generate a set of half-odd integers Ij as

Ij ¼ L Round(zðλð0Þj Þ)þ 1

2
sgn(zðλð0Þj Þ); ð41Þ

where zðλÞ is the counting function in the thermodynamic
limit defined in Eq. (31). Having determined our set of half-
odd integers fI1;…; INg, we then obtain the corresponding
rapidities for a system of size L by numerically solving the
logarithmic form of the Bethe equations (27). The histo-
gram of the corresponding integers or rapidities is, by
construction, fairly smooth and closely tracks the thermo-
dynamic root density. An example in the particularly
simple case c ¼ ∞ is shown in Fig. 1. The rationale
behind considering this state is that it can be scaled up
in system size, which will allow us to consider the
probability distribution function (PDF) of matrix elements
between the smooth state and energy eigenstates belonging
to the same or another macrostate.

A. Sampling microstates for a given macrostate

As we are interested in statistical properties of matrix
elements of local operators between energy eigenstates, we
require a method for randomly sampling given classes of
eigenstates. This method is a necessity because the number
of microstates corresponding to a given macrostate grows
extremely rapidly with system size, cf. the discussion
in Sec. II. The basic principle is to sample the (half-odd)
integers Ij that specify micro-states in such a way that they
are distributed according to the distribution function ϱðνÞ
that defines the macrostate of interest. The difficulty is
knowing how close the resulting histogram for a finite
system of a few hundred particles should be to the
thermodynamic limit distribution ϱðνÞ in order for a
microstate characterized by a set fIjg to “belong” to the
macrostate defined by ϱðνÞ. A detailed discussion of this
issue and its resolution is given in Appendix B. The upshot
is that we employ the following “simplified random
sampling” algorithm:
(1) Introduce a cutoff Imax, and define a set of (half-odd)

integers S ¼ f−Imax;−Imax þ 1;…; Imaxg and an
empty set S.

(2) Impose that the Ij are distributed according to a
PDF PðνÞ.

(3) Determine the inverse Z−1ðνÞ of the cumulative
distribution function,

ZðνÞ ¼
Z

ν

0

dν0Pðν0Þ; −
1

2
≤ ZðνÞ ≤ 1

2
: ð42Þ

(4) Generate a random number jrj ≤ 1
2
, and use it to

generate a random integer

I ¼ Round(LZ−1ðrÞ): ð43Þ

(5) Then, update the sets S and S according to the rule

If I ∈S ∧ I ∉ S

then S → S ∪ fIg; S → S − fIg: ð44Þ

(6) Repeat steps 4 and 5 until we arrive at a set
fI1;…; INg of distinct integers.

The PDF PðνÞ is chosen such that this random sampling
process on average reproduces the thermodynamic distri-
bution ϱðνÞ, which can be achieved through an iterative
numerical procedure. We show the resulting PDF for
T ¼ 10, D ¼ 1, and c ¼ ∞ in Fig. 2.

IV. LOCAL OPERATORS

Some representative, spatially local operators in the
Lieb-Liniger model are as follows:

(i) Density operator,

ρðxÞ ¼ Φ†ðxÞΦðxÞ: ð45Þ
FIG. 1. Normalized histogram for the distribution of integers
for L ¼ N ¼ 512 and the smooth microstate corresponding to a
thermal macrostate with c ¼ ∞, β ¼ 0.1, and D ¼ 1.
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(ii) Interaction,

g2ðxÞ ¼ (Φ†ðxÞ)2(ΦðxÞ)2: ð46Þ
(iii) Bose field,

ΦðxÞ: ð47Þ

As discussed earlier, in the limit c → ∞, the model
becomes equivalent to free fermions, and in this limit,
additional local operators become of interest:

(i) Fermi field at c ¼ ∞,

Ψ†ðxÞ ¼ Φ†ðxÞeiπ
R

x

−∞
dzΦ†ðzÞΦðzÞ: ð48Þ

(ii) Operator products involving the Fermi field at
c ¼ ∞, e.g.,

JnðxÞ ¼ ð−iÞnΨ†ðxÞ∂nxΨðxÞ;
F†
nðxÞ ¼ Ψ†ðxÞ(∂nxΨ†ðxÞ)ΨðxÞ: ð49Þ

All of the above operators are, by construction, spatially
local (for finite values of n). However, in integrable models,
the existence of stable particle and hole excitations (at all
energy densities) leads to an additional notion of locality.
The stable excitations themselves have good spatial locality
properties in the sense that they represent a local disturb-
ance of the macrostate under consideration. It is then
natural to ask whether a given local operator, say, ρ̂ðxÞ,
is local with respect to the operator that creates a local
stable excitation. In relativistic integrable QFTs (at zero
density), related notions of locality are known to have
far-reaching consequences for matrix elements of local
operators between energy eigenstates [30,63].
In the impenetrable limit, the situation becomes particu-

larly simple. Here, the elementary excitations are fermions,
and they are created by Ψ†ðxÞ. Operators like ρðxÞ, g2ðxÞ,
JnðxÞ, and, of course, also Ψ†ðxÞ itself are local relative to
Ψ†ðxÞ and, in particular, (anti)commute at a distance. On
the other hand, the Bose field itself is not local relative to
Ψ†ðxÞ as it involves a Jordan-Wigner-like string operator.

As is discussed below, this fact leads to a dramatic
difference in the structure of matrix elements in energy
eigenstates.

V. DIAGONAL MATRIX ELEMENTS OF LOCAL
OPERATORS IN FREE THEORIES

We first consider matrix elements of local operators
in noninteracting theories. The naive expectation might
be that they are trivial, but as we will see, this is not the
case for operators that are not local with respect to the
elementary excitations. At c ¼ ∞, energy eigenstates can
be expressed as fermionic Fock states. Given a macrostate
described by a root density ρðkÞ, we can construct a
corresponding microstate jki ¼ jk1;…; kNi following the
procedure outlined in Sec. III. Expectation values of local
operators can then be straightforwardly calculated. Let us
start with the single-fermion Green’s function at a fixed
separation x − y ¼ OðL0Þ,

hkjΨ†ðxÞΨðyÞjki ¼ 1

L

X
p;q

hkjΨ†
pΨqjkieiyq−ipx

¼
Z

∞

−∞
dkeikðy−xÞρðkÞ þ oðL0Þ: ð50Þ

Importantly, up to finite-size corrections, this expectation
value only depends on the root density ρðkÞ characterizing
the macrostate of interest. It is straightforward to extend
this calculation to more complicated expectation values of
the form

hkjΨ†ðx1Þ…Ψ†ðxnÞΨðynÞ…Ψðy1Þjki; ð51Þ

where we take n to be fixed and all xj and all yl to lie in an
interval of fixed size OðL0Þ. Applying Wick’s theorem and
using Eq. (50), we conclude that expectation values of any
multipoint correlation function involving a fixed, finite
number of fermion operators on a finite interval can be
expressed solely in terms of the macrostate, up to finite-size
corrections. It then follows in turn that expectation values
of any finite number of fermion operators calculated
between different microstates corresponding to the same
macrostate differ only by finite-size corrections that go to
zero in the thermodynamic limit. Expectation values of
local operators involving the Bose field at c ¼ ∞, such as

hkjΦ†ðxÞ∂xΦðxÞjki; ð52Þ

can be obtained from these results by using the Bose-Fermi
mapping, as the latter involves only a finite number
of Fermi fields. This case is in contrast to expectation
values like

hkjΦ†ðxÞΦðyÞjki¼hkjΨ†ðxÞeiπ
R

x

y
dzΨ†ðzÞΨðzÞΨðyÞjki; ð53Þ

FIG. 2. PDF PðνÞ (solid blue line) and ϱðνÞ (dashed red line) for
T ¼ 10, D ¼ 1, and c ¼ ∞.
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which can no longer be evaluated by using Wick’s theorem
for a finite number of Fermi fields. This finding is intimately
related to the fact that the Bose and Fermi fields are not
mutually local. In order to assess how quickly the diagonal
matrix elements approach their thermodynamic value with
increasing L, we have considered the expectation values
of the operators Jnð0Þ [Eq. (49)] for n ¼ 1, 3 in thermal
microstates jki at temperature T ¼ 10 and density D ¼ 1,

JnðkÞ ¼ hkjJnð0Þjki: ð54Þ

We determine the PDF of JnðkÞ when the thermal micro-
states jki are sampled in a microcanonical window
jE − e∞Lj < 10, where e∞ is the thermal energy density
in the thermodynamic limit and E the energy eigenvalue
of the microstate. The PDFs are well described by normal
distributions, and their standard deviations as functions of
system size are shown in Fig. 3. As the data are well
described by simple linear fits, we conclude that the standard
deviations scale to zero as L−1=2. This finding is in agree-
ment with results on free theories in the literature [21].

VI. OFF-DIAGONAL MATRIX ELEMENTS
IN FREE THEORIES

Our example for a free theory is again the c ¼ ∞ limit of
the Lieb-Liniger model. As we will see, the structure of off-
diagonal matrix elements depends strongly on the locality
properties of local operatorsO relative to the Fermi fieldΨ.
As before, we considerN particles on a ring of length L and
are interested in the thermodynamic limit N;L → ∞ at
fixed D ¼ N=L.

A. Local operators that are local relative
to the Fermi field

The density operator ρðxÞ is spatially local as well as
local with respect to the elementary fermion excitations of
the Lieb-Liniger model at c ¼ ∞. Let jλi, jμi be energy

eigenstates with corresponding sets of (half-odd) integers
fIjg and fJkg. The matrix elements of the density operator
vanish unless fIjg and fJkg differ by precisely one
particle-hole excitation

∀ j ≠ a Ij ¼ Jj; Ja ¼ Ia þ n ∉ fIjg: ð55Þ

For such one-particle-hole excitations, we have the
simple result

jhμjρð0Þjλij2
hλjλihμjμi

����
1ph

¼ 1

L2
: ð56Þ

If we introduce a cutoff Λ in momentum, the total number
Nph of states jμi that lead to nonvanishing off-diagonal
matrix elements scales polynomially with system size,

Nph ¼ N
�
2LΛ
2π

− N
�
: ð57Þ

The structure of matrix elements of other local operators
that are mutually local with the Fermi field is analogous:
Only a very small fraction of all off-diagonal matrix
elements are nonzero.

B. Local operators that are not local relative
to the Fermi field

As an example of a local operator that is not local relative
to the Fermi field, we consider the Bose field operator,
which fulfills

ΦðxÞΨðyÞ ¼ sgnðx − yÞΨðyÞΦðxÞ: ð58Þ

A convenient representation for the matrix elements of the
Bose field operator at positive values of c was derived in
Ref. [33]. In the impenetrable limit, the matrix element
between a state jλi with N particles and a state jμi is
nonvanishing only if the latter has N − 1 particles; it
then reads

jhμjΦð0Þjλij2
hλjλihμjμi ¼ 22N−2

L2N−1

YN
j¼1

YN−1

k¼1

1

ðλj − μkÞ2

×
YN
j>k

ðλj − λkÞ2
YN−1

j>k

ðμj − μkÞ2: ð59Þ

This result already shows that all matrix elements com-
patible with the simple particle-number selection rule—that
Φð0Þ changes particle number by one—are nonvanishing.
This finding is in marked contrast to what we have for
spatially local operators that are local relative to the
Fermi field.

FIG. 3. Standard deviations of the PDFs PðJnðkÞÞ for n ¼ 1, 3
and thermal microstates jki at T ¼ 10, D ¼ 1 sampled in a
microcanonical window jE − e∞Lj < 10.
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1. Matrix elements involving different macrostates

If jλi and jμi belong to different macrostates, say, with root densities ρ0ðλÞ and ρ1ðμÞ, respectively, it is straightforward to
determine the leading contribution (in L) for large system sizes by noting that

1

L2
ln

�jhμjΦð0Þjλij2
hλjλihμjμi

�
¼ −

1

L2

X
j;k

lnðλj − μkÞ2 þ
1

L2

XN
j>k

lnðλj − λkÞ2 þ
1

L2

XN−1

j>k

lnðμj − μkÞ2 þ oðL0Þ: ð60Þ

Turning sums into integrals, we obtain

1

L2
ln

�jhμjΦð0Þjλij2
hλjλihμjμi

�
¼ 1

2

Z
∞

−∞
dλdμ½ρ0ðλÞ − ρ1ðλÞ�½ρ0ðμÞ − ρ1ðμÞ� lnðλ − μÞ2 þ oðL0Þ: ð61Þ

Thus, we see that the matrix elements involving two
different macrostates are extremely small,

jhμjΦð0Þjλij2
hλjλihμjμi ∝ e−cρ0 ;ρ1L

2

: ð62Þ

This behavior is in stark contrast to the behavior of off-
diagonal matrix elements in different macrostates in non-
integrable models as predicted by the ETH. We note that
the subleading terms (in system size) in Eq. (60) depend on
the details of the microstates jμi and jλi and not only on the
macrostate information encoded in ρ0;1ðλÞ.

2. Typical matrix elements in the
same thermal macrostate

When jλi and jμi belong to the same macrostate, the
leading (in L) term [Eq. (62)] vanishes, as can be seen by
taking ρ1ðλÞ ¼ ρ0ðλÞ.
In order to understand the structure of the subleading

terms, we first fix jλi to correspond to a thermal state at
temperature T ¼ 10 and density D ¼ 1 and then numeri-
cally determine the probability distribution of

Mλ;μ ¼ −
1

L
ln

�jhμjΦð0Þjλij2
hλjλihμjμi

�
; ð63Þ

where jμi are microstates corresponding to the same
thermal macrostate and are taken to have energy eigen-
values such that jEðμÞ − EðλÞj < 25. When jλi has L
rapidities, the states jμi must have L − 1 particles in order
for Mλ;μ to be nonvanishing.
In Fig. 4, we plot the probability distributions, obtained

by sampling hμj, for three different choices of the micro-
state jλi. Here, all states belong to the same thermal
macrostate with temperature T ¼ 10 and L ¼ N ¼ 512.
We see that the probability distributions are very sensitive
to the details of the microstate jλi and not only macrostate
information encoded in ρ0ðλÞ. The smallest mean value of
Mλ;μ (corresponding to the largest average absolute value

of the matrix elements) is obtained when jλi corresponds to
the smooth microstate, cf. the green histogram in Fig. 1.
The yellow histogram in Fig. 4, corresponding to the
second-smallest mean of the distribution, is obtained by
choosing a microstate with the distribution of half-odd
integers shown in Fig. 5. We see that the distribution of
integers in Fig. 5 does not reproduce the thermodynamic
root density as well as the smooth state does. This notion

FIG. 4. Normalized histograms of jMλ;μj for three different
microstates jλi (see text) and 50,000 states jμiwith L ¼ N ¼ 512
(respectively in yellow, blue, green, and red), where jλi and jμi
are microstates corresponding to the thermal macrostate at
temperature T ¼ 10. The solid lines are fits to Fréchet distribu-
tion functions.

FIG. 5. Normalized histogram for the distribution of integers
for L ¼ N ¼ 512 and a microstate corresponding to a thermal
macrostate with c ¼ ∞, β ¼ 0.1, and D ¼ 1.
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can be quantified by computing the mean-squared distance
between the histograms with bins ½ν1;…; νnbinþ1� to the
thermodynamic result

Δ ¼
Xnbin
j¼1

�
nj −

Z
νjþ1

νj

dν
2π

L
ρ

�
2π

L
ν

��
2

: ð64Þ

Here, nj is the occupation of bin j and ρðxÞ the thermo-
dynamic root density describing the macrostate under
consideration. The third microstate considered in Fig. 4
(blue histogram) has the largest distance, in this sense, to
the thermodynamic root density. This finding suggests
that the larger the deviations of the root distribution of
jλi from the thermodynamic root density, the smaller the
typical matrix elements Mλ;μ (sampled over hμj) become.
The solid lines in Fig. 4 are fits to Fréchet distribution

functions,

Pα;β;νðxÞ¼
(

α
βðx−νβ Þ−α−1 exp

h
−
�
x−ν
β

	
−α
i
if x>ν

0 else:
ð65Þ

We find that fits to Pα;β;νðxÞ provide excellent descriptions
of our numerical PDFs in all the cases we have considered.
The parameters α, β, ν depend not only on macrostate
information but also on details of the microstate jλi, i.e.,

α ¼ αλ; β ¼ βλ; ν ¼ νλ: ð66Þ
The next question we want to address is how the PDFs

of Mλ;μ scale with system size. To address this issue, we
work with the smooth state because it can be readily scaled
up with system size. We observe that we can achieve
excellent data collapse if we shift the matrix elements by an
L-dependent constant

Mλ;μ ¼ Mλ;μ − c0 lnðLÞ: ð67Þ
In Fig. 6, we show the histograms of Mλ;μ when sampled
over the states hμj for a thermal macrostate with temper-
ature T ¼ 10 and density D ¼ N=L ¼ 1 for four different
values of L and c0 ¼ 0.375801. We observe that the
data for different system sizes collapse very nicely.
Other microstates are more difficult to scale up in system
size, but supposedly an analogous data collapse of shifted
distributions occurs.
In order to remove the explicit dependence of PðMλ;μÞ on

the ket microstate jλi, we may sample the latter in the same
energy window as the bra states hμj. Denoting the energy
density in the thermodynamic limit by e∞, we take this
window to be jE − Le∞j < 7.5. The resulting probability
distributions of appropriately shifted matrix elements (67)
are shown in Fig. 7 for a range of system sizes. Fixing the
constant in Eq. (67) to be c0 ¼ 0.755474 leads to an
excellent data collapse, and the resulting probability dis-
tribution is again well described by a Fréchet distribution.

3. Typical matrix elements
in the same nonthermal macrostate

We have also considered typical matrix elements in
atypical macrostates. As a particular example, we present
results for the distribution function of integers shown in
Fig. 8. These results correspond to a generalized Gibbs
ensemble with momentum distribution function

ρðλÞ ¼ 1

2π
h
1þ eðλ2−μÞ=Tþμ3λ

4þμ4λ
6
i ; ð68Þ

where T¼20, μ¼32.0846, μ3¼−0.01, and μ4 ¼ 0.00015.
The densities of energy and the fourth and sixth conserva-
tion laws of the Lieb-Liniger model for this macrostate in
the thermodynamic limit are, respectively,

e∞¼32.0846; qð4Þ ¼1270.96; qð6Þ ¼55027.1: ð69Þ

FIG. 6. Normalized histograms of Mλ;μ for the smooth micro-
state jλi (see text) and 50 000 states jμiwith L ¼ N ¼ 128, 256,
512, 1024 (respectively in yellow, blue, green, and red), where
jλi and jμi are microstates corresponding to the thermal
macrostate at temperature T ¼ 10. The solid line is a Fréchet
distribution function with fitted parameters α ¼ 12.8894,
β ¼ 5.04354, and ν ¼ −4.66742.

FIG. 7. Normalized histograms of Mλ;μ, where both jλi and jμi
are sampled from a thermal macrostate at T ¼ 10, D ¼ 1 in a
fixed energy window jE − Le∞j < 7.5 with L ¼ N ¼ 64, 128,
256, 512 (respectively in yellow, blue, green, and orange). The
solid line is a Fréchet distribution function with fitted parameters
α ¼ 13.0393, β ¼ 10.1444, and ν ¼ −10.3779.
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In order to sample the macrostate, we have chosen windows
for the eigenvalues jE − Le∞j < 20, jνð4Þ − Lqð4Þj < 800,
and jνð6Þ − Lqð6Þj < 34300. We note that if we do not
restrict the eigenvalues, the probability distribution shifts
by a small amount. The PDF of Mλ;μ, where both jλi and
jμi are sampled from the atypical macrostate constructed
in this way and the constant shift is taken to be
c0 ¼ 0.680685, is shown for a range of system sizes
64 ≤ N ≤ 256 in Fig. 9. We observe an excellent data
collapse to a PDF that is well described by a Fréchet
distribution function with fitted parameters α ¼ 8.99436,
β ¼ 6.22114, and ν ¼ −6.50698.
Our results in this subsection can be summarized as

follows.
(i) If we fix the ket state jλi, then typical off-diagonal

matrix elements in the same macrostate scale with
system size as

jhμjΦð0Þjλij2
hλjλihμjμi ∝ e−c0L lnðLÞ−c1L: ð70Þ

The corresponding probability distribution depends
on details of jλi, i.e., the multivariate distribution
function on (half-odd) integers and not only on
macrostate information. In particular, the two con-
stants c0;1 depend on the choice of jλi.

(ii) The probability distribution is well fitted by a
Fréchet distribution, where the parameters depend
on the choice of jλi.

(iii) If we sample both the bra and ket states over the
same energy window, typical matrix elements again
scale with system size as Eq. (70), and the resulting
probability distribution is again well fitted by a
Fréchet distribution. In this case, we expect c0 to
depend only on macrostate information.

An immediate consequence of the e−c0L lnðLÞ factor in
Eq. (70) is that typical matrix elements will not contribute
to correlation functions of local operators in the thermo-
dynamic limit. To see this consequence, let us consider a
two-point function in an energy eigenstate (generalized
microcanonical ensemble, cf. Ref. [64]) corresponding to a
macrostate characterized by the density ϱ0ðzÞ,

Fðx; tÞ ¼ hλjΦ†ðx; tÞΦð0; 0Þjλi: ð71Þ

Employing a Lehmann representation and using the fact
that matrix elements involving eigenstates corresponding to
different macrostates ϱ1 scale as e−cϱ0 ;ϱ1L

2

, we have

Fðx; tÞ ¼
X
μ

jhλjΦ†ð0; 0Þjμij2e−itðEμ−EλÞþixðPμ−PλÞ þ oðL0Þ;

ð72Þ

where the sum is over all solutions to the Bethe ansatz
equations that correspond to the macrostate characterized
by ϱ0ðzÞ. Typical matrix elements cannot contribute to this
sum because they scale with system size like Eq. (70),
while their number scales as eLsϱ0 , where sϱ0 is the
thermodynamic entropy density of the macrostate under
consideration. The spectral sum (72) must therefore be
determined by “anomalously large” matrix elements in the
“nose” of the probability distribution function. We now turn
to the question of how to characterize them.

4. Rare large matrix elements in the same macrostate

Which states hμj give anomalously large matrix elements
jhμjΦð0; 0Þjλij for a given ket state jλij? A natural guess is
that each of the rapidities μj should be very close to one the
rapidities λk of the state jλi, so that the factor ðλk − μjÞ−2 in
the expression of the matrix element (59) becomes very
large. This intuition is indeed correct, as was shown for
the case of the transverse-field Ising model in Ref. [65]
(see also Refs. [66–68]). In Fig. 10, we present histograms
of matrix elements (63) for a smooth thermal state jλi

FIG. 9. Normalized histograms of Mλ;μ, where both jλi and jμi
are sampled from the atypical macrostate described by the root
density (68) in fixed windows of the energy and relevant higher
conservation laws (see text) with L ¼ N ¼ 64, 128, 192, 256
(respectively in yellow, blue, green, and orange). The solid line is
a Fréchet distribution function with fitted parameters
α ¼ 8.99436, β ¼ 6.22114, and ν ¼ −6.50698.

FIG. 8. Distribution function of Ij=L for a nonthermal
macrostate.
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at density D ¼ 1 and inverse temperature β ¼ 0.1, and a
class of states hμj selected as follows:

(i) We randomly remove one of the rapidities in
fλ1;…; λNg.

(ii) In the remaining set, we randomly shift each λj by
�π=L under the constraint that all rapidities in the
resulting set fμ1;…; μN−1g must be different. In this
way, each μn is “paired” with one of the λj in the
sense that their difference is as small as possible.

The setS0ðλÞ of states hμj constructed in this way is clearly
exponentially large in system size. We may characterize
S0ðλÞ in terms of a distance (λj ¼ 2πIj=L, μk ¼ 2πJk=L),

dðλ; μÞ≡minP∈ SN

XN−1

j¼1

ðJj − IPj
Þ2; ð73Þ

as the set of all eigenstates such that

dðλ; μÞ ¼ N − 1

4
: ð74Þ

We observe that the matrix elements for this class of states
are indeed much larger than for typical thermal states,
cf. Fig. 4. As the system size is increased, the probability
distribution narrows and shifts towards smaller values
(i.e., large matrix elements). We find that PðMλ;μÞ is well
described by a normal distribution.
While the matrix elements constructed in this way are

large, their contribution to local correlation functions
vanishes in the thermodynamic limit. This finding is most
easily seen by considering the low-density regime. Here,
the distance between neighboring integers in a thermal state
is typically much larger than 1, which makes it easy to
count states.
(1) The number of states in S0ðλÞ is N2N−1 in the low-

density limit. The magnitude of the corresponding
matrix elements with the smooth thermal state can be
estimated as

Mλ;μ ≈ −D ln

�
4

π2

�
þ lnðLÞ

L
−
2 lnðπ=2Þ

L
: ð75Þ

Hence,

jhμjΦð0Þjλij2
hλjλihμjμi ∝ eLD ln½ 4

π2
�; ð76Þ

while the number of states in S0ðλÞ scales expo-
nentially with system size,

jS0ðλÞj ∝ eDL lnð2Þ: ð77Þ

Concomitantly, the contribution of such states to
two-point functions vanishes in the thermodynamic
limit as eLD lnð8=π2Þ.

(2) We next consider the set of states S1 that differs
from S0 by adding a single “soft mode,” by which
we refer to one of the Jj differing from its corre-
sponding Ik by �ðmþ 1

2
Þ rather than � 1

2
[where we

keep m ¼ OðL0Þ]. States in S1 have

dðλ; μÞ ¼ N − 1

4
þ ð2mþ 1Þ2 − 1

4
: ð78Þ

The same kind of argument as before now gives

Mλ;μ ∼ −D ln

�
4

π2

�
þ lnðLÞ

L
þ
2 ln

�
2ð2mþ1Þ

π

	
L

ð79Þ

while the number of states increases to

NðN − 1Þ2N−1: ð80Þ

This result shows that the contribution of such states
to two-point functions again vanishes in the thermo-
dynamic limit.

(3) The above considerations generalize to a finite
number of soft modes. The rare states of interest
therefore involve an extensive number of soft modes,
cf. Refs. [65–68]. It was shown in Ref. [46] how to
sum over soft modes in an arbitrary macrostate at
low particle density and obtain an explicit expres-
sion for the single-boson Green’s function.

VII. MATRIX ELEMENTS
IN INTERACTING THEORIES

The matrix elements of local operators between
two normalized Bethe states have been derived in
Refs. [31–34]. In the case of the density operator, the

FIG. 10. Normalized histograms of the matrix elements of the
field operator between a smooth thermal state with D ¼ 1 and
β ¼ 0.1 and the atypical states in the set S0 described in the text
for L ¼ 128 (yellow) and L ¼ 256 (blue). The solid lines are fits
to normal distributions.
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square of the matrix element between two normalized eigenstates jλi; jμi with respective numbers of Bethe roots
N, N0 reads

jhλjρ̂ð0Þjμij2
hλjλihμjμi ¼ δN;N0

ðPN
i¼1 μi − λiÞ2

L2NN λN μ

Q
i≠jðλi − λjÞðμi − μjÞQ

i;jðλi − μjÞ2
Y
i≠j

λi − λj þ ic

μi − μj þ ic

×

���� deti;j≠p

�
ðVþ

i − V−
i Þδij þ iðμi − λiÞ

Y
k≠i

μk − λi
λk − λi

�
2c

ðλi − λjÞ2 þ c2
−

2c
ðλp − λjÞ2 þ c2

������2: ð81Þ

Here, p∈ f1;…; Ng can be freely chosen,

V�
i ¼

YN
k¼1

μk − λi � ic
λk − λi � ic

; ð82Þ

and N λ is given by

N λ ¼ det

�
δij

�
1þ 1

L

XN
k¼1

2c
c2 þ λ2i;k

�
−
1

L
2c

c2 þ λ2i;j

�
: ð83Þ

When presenting results for the statistics of such matrix
elements, we consider logarithmic expressions like

Mρ
λ;μ ¼ −

1

L
ln

�jhμjρð0Þjλij2
hλjλihμjμi

�
: ð84Þ

In the following, we also use the explicit expressions for
the matrix elements of g2 given in Ref. [34]. In the case
Pλ ≠ Pμ, the following relation holds:

jhλjg2ð0Þjμij2
hλjλihμjμi ¼ jhλjρ̂ð0Þjμij2

hλjλihμjμi
�

J λ;μ

6cðPλ − PμÞ2
�

2

; ð85Þ

where

J λ;μ ¼ ðPλ − PμÞ4 − 4ðPλ − PμÞ
�
νð3Þλ − νð3Þμ

	
þ 3ðEλ − EμÞ2: ð86Þ

The relation (85) has important consequences because,
by construction, we have

Pλ; Eλ; ν
ð3Þ
λ ∼ L: ð87Þ

This result allows us to conclude that

Mg2
λ;μ ¼ Mρ

λ;μ þO
�
lnðLÞ
L

�
; ð88Þ

which means that, up to finite-size corrections, the stat-
istical properties ofMg2

λ;μ andM
ρ
λ;μ should be identical. We

verify this by explicit numerical computations below.

A. Diagonal matrix elements in interacting theories

In order to determine the statistical properties of diagonal
matrix elements for c < ∞, we focus on the interaction
potential g2ðxÞ [Eq. (46)] because diagonal matrix elements
of the density operator ρðxÞ are trivial due to particle-
number conservation. We further restrict our analysis to
thermal macrostates. We determine the probability distri-
bution of

g2ðμÞ ¼
hμjg2ð0Þjμi

hμjμi ; ð89Þ

where jμi are thermal microstates with energy Eμ, which we
sample in an energy window ω ¼ Eμ − Esmooth ∈ ½−50; 50�.
Here, Esmooth is the energy of the smooth thermal microstate
at a given temperature and system size. In Fig. 11, we show
the resulting probability distribution for T ¼ 10, L ¼ 512,
and c ¼ 4. As we increase the system size, the average of
the PDF converges, as expected, to the thermodynamic
limit result. What is of interest is the scaling of the standard
deviation of the PDF with system size. This scaling is
shown for three different values of c and thermal micro-
states at temperature T ¼ 10 and density D ¼ 1 in Fig. 12
for system sizes L ¼ 64, 128, 256, 512. We see that the
standard deviation collapses to zero. Motivated by the
results in the c ¼ ∞ limit, we have fitted the data to second-
order polynomials in x ¼ L−1

2,

fðxÞ ¼ a1xþ a2x2: ð90Þ

FIG. 11. Probability distribution of g2ðμÞ for thermal micro-
states at T ¼ 10, L ¼ 512, and c ¼ 4, where we sample in an
energy window as described in the main text.
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The good quality of the fits suggests that, for large system
sizes, the standard deviation scales as L−1=2, as was
previously observed for nonthermal states in the spin-1=2
XXZ chain [19,69]. The situation is very different in
nonintegrable models, where the scaling of the standard
deviation is exponential in system size [7–9].

B. Off-diagonal matrix elements in interacting theories

We now turn to our main topic of interest, off-diagonal
matrix elements in interacting theories. We start by con-
sidering matrix elements of local operators between two
different macrostates. On physical grounds, these matrix
elements are expected to be very small, and our aim is to
ascertain their scaling with system size at a fixed density.

1. Off-diagonal matrix elements between
two different thermal macrostates

Motivated by our results for matrix elements between
two different macrostates in the noninteracting case, we
examine the probability distributions of

1

L
MO

λ;μ ¼
1

L2
ln

�jhμjOð0Þjλij2
hλjλihμjμi

�
; O ¼ ρ̂; g2: ð91Þ

In particular, we focus on the medians mO and standard
deviations sO of the respective PDFs as functions of
particle number N, which, for simplicity, is taken to be
equal to L throughout. We generate random samples of
1000 microstates hμj and jλi that belong to thermal
macrostates at two different temperatures T1 and T2,
and we use them to numerically compute 20 000 matrix
elements. Some results from this analysis are shown in
Figs. 13 (for g2) and 14 (for ρ̂).
We observe the following:
(i) The standard deviations of the PDFs narrow with

increasing L.
(ii) The medians mg2 and mρ approach finite limiting

values for large system sizes that depend on the
macrostates but appear to be independent of which

local operator, g2ð0Þ or ρ̂ð0Þ, we consider. Numerical
extrapolations in L−1 give limiting values that are
close to the values we obtained for the Bose field in
the impenetrable case,

1

L
MO

λ;μ ≈
1

2

Z
∞

−∞
dλdμ½ρ0ðλÞ − ρ1ðλÞ�½ρ0ðμÞ − ρ1ðμÞ�

× lnðλ − μÞ2 þ oðL0Þ: ð92Þ

Here, ρ0ðλÞ and ρ1ðλÞ are the root densities of the
two macrostates under consideration. The fact that
the extrapolated values for mg2 and mρ are the same
is easy to understand from the explicit relation (85)
between their matrix elements, which implies that,
for Pλ ≠ Pμ,

1

L
½Mg2

λ;μ −Mρ̂
λ;μ� ¼

1

L2
ln

�
J 2

λ;μ

6cðPλ − PμÞ2
�2
: ð93Þ

The right-hand side scales with system size as
lnðLÞ=L2 and hence vanishes in the thermodynamic
limit.

FIG. 13. Medians (dots) mg2 and standard deviations sg2 (error
bars) of the PDFs of Mg2

λ;μ=L, where jλi and jμi are sampled,
respectively, from thermal macrostates at T1 ¼ 10, T2 ¼ 5 (blue
symbols) and T1 ¼ 10, T2 ¼ 7.5 (red symbols) for D ¼ 1 in a
fixed energy window jE − Le∞j < 25. The solid lines are
polynomial fits.

FIG. 14. Same as Fig. 13 for matrix elements of the density
operator ρ̂.

FIG. 12. Standard deviations of Pðg2ðμÞÞ for thermal micro-
states at T ¼ 10, D ¼ 1, and at c ¼ 1 (blue), c ¼ 4 (yellow), and
c ¼ 16 (green). The lines are fits as described in the main text.
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The results of this section are summarized in the
following conjecture: Matrix elements involving micro-
states belonging to two different macrostates scale with
system size as

jhμjOð0Þjλij2
hλjλihμjμi ∝ e−c

O
ρ0 ;ρ1

L2

: ð94Þ

Here, cOρ0;ρ1 is a constant that depends on the macrostates
under consideration and a priori on the operator O. The
numerical results presented above are consistent with cOρ0;ρ1
being independent of O and given by minus the right-hand
side of Eq. (92). This behavior is in stark contrast to
the behavior of off-diagonal matrix elements in different
macrostate nonintegrable models as predicted by the ETH.

2. Off-diagonal matrix elements between microstates
belonging to the same thermal macrostates

We now turn to matrix elements involving microstates
that belong to the same macrostate. The question we want
to address is how the corresponding PDFs scale with
system size. In order to remove the sensitive dependence
on the ket microstate, we sample the ket states jλi over the
same energy window as the bra state hμj. Denoting the
energy density in the thermodynamic limit by e∞, we take
this window to be jE − Le∞j < 25 in the figures shown
below. For simplicity, we focus on thermal macrostates. We
observe that we can achieve excellent data collapse for the
PDFs for different system sizes if we shift the matrix
elements by an L-dependent constant

MO
λ;μ ¼ MO

λ;μ − cO0 lnðLÞ; O ¼ ρ̂; g2: ð95Þ

The resulting probability distributions of appropriately
shifted matrix elements (95) of the interaction operator
g2ð0Þ in a thermal macrostate at T ¼ 5,D ¼ 1 are shown in
Fig. 15 for L ¼ N ¼ 64, 96, 160, 224. Here, we have fixed
the constant in Eq. (95) to be cg20 ¼ 0.754585, which leads
to a very good data collapse. The resulting probability
distribution is well described by a Fréchet distribution
with fitted parameters α ¼ 16.1378, β ¼ 14.2188, and
ν ¼ −14.2223.
The choice cρ0 ¼ cg20 leads to a good data collapse, as

shown in Fig. 16, and the resulting PDF is well described
by a Fréchet distribution with fitted parameters
α ¼ 17.3467, β ¼ 15.536, and ν ¼ −15.5163. The fact
that the fitted Fréchet distributions differ slightly for ρ̂ and
g2 is a result of the finite-size effects that scale as lnðLÞ=L,
cf. the discussion surrounding Eq. (88).
In Fig. 17, we show the probability distributions of

appropriately shifted matrix elements [Eq. (95)] of the
interaction operator g2ð0Þ in a thermal macrostate at
T ¼ 10, D ¼ 1 for L ¼ N ¼ 64, 96, 128, 192, 224. Our
choice of shift parameter cg2 ¼ −0.995755 is again seen to

FIG. 15. Normalized histograms of Mg2
λ;μ, where both jλi and

jμi are sampled from a thermal macrostate at T ¼ 5, D ¼ 1 in a
fixed energy window jE − Le∞j < 25, with L ¼ N ¼ 64, 96,
160, 224 (respectively in yellow, blue, green, and orange). The
solid line is a Fréchet distribution function with fitted parameters
α ¼ 16.1378, β ¼ 14.2188, and ν ¼ −14.2223.

FIG. 16. Normalized histograms of Mρ
λ;μ, where both jλi and

jμi are sampled from a thermal macrostate at T ¼ 5, D ¼ 1 in a
fixed energy window jE − Le∞j < 25, with L ¼ N ¼ 64, 96,
160, 224 (respectively in yellow, blue, green, and orange).The
solid line is a Fréchet distribution function with fitted parameters
α ¼ 17.3467, β ¼ 15.536, and ν ¼ −15.5163.

FIG. 17. Normalized histograms of Mg2
λ;μ, where both jλi and

jμi are sampled from a thermal macrostate at T ¼ 10, D ¼ 1 in a
fixed energy window jE − Le∞j < 25, with L ¼ N ¼ 64, 96,
128, 192, 224 (respectively in yellow, blue, green, orange, and
purple). The solid line is a Fréchet distribution function with
fitted parameters α ¼ 25.9405, β ¼ 27.2261, and ν ¼ −27.0405.
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give a good data collapse for the histograms corresponding
to different system sizes and to be well described by a fitted
Fréchet distribution.
The results of this subsection are summarized in the

following conjecture: Matrix elements involving microstates
belonging to the same macrostate scale with system size as

jhμjOð0Þjλij2
hλjλihμjμi ∝ e−c

O
0
L lnðLÞ−LMO

λ;μ ; ð96Þ

where cO0 depends on the macrostates under consideration as
well as (a priori) on the operator O. The PDF for MO

λ;μ,
wherewe sample both λ and μ, is well described by a Fréchet
distribution.

C. Atypically large matrix elements

As we have seen in the previous section, typical matrix
elements of local operators scale with system size as
Eq. (94) or (96). Even though there are exponentially
many typical states, they cannot contribute to the Lehmann
representation of two-point functions, for the same reasons
as discussed below Eq. (72). Hence, the matrix elements
that matter in spectral representations must be in the “nose”
of the PDF and concomitantly be atypically large and scale
exponentially in system size. These matrix elements
involve Bethe states that differ by a finite number of
“particle-hole” excitations of their associated (half-odd)
integers. The example of a single-particle-hole excitation is
shown in Fig. 18. Given an eigenstate characterized by the

set fIjg (shown as solid circles at the bottom), we construct
an eigenstate characterized by fJjg, obtained by changing a
single half-odd integer Ia (red empty circle) to Ja (red solid
circle). Carrying out a finite number of particle-hole
excitations leads to matrix elements that are atypically
large. The PDF of matrix elements involving a single-
particle-hole excitation can be determined analytically in
the large-c limit, as we show next.

1. Matrix elements of one-particle-hole states
from a 1=c expansion

In Refs. [45,55], it was shown how to carry out a 1=c
expansion of one-particle-hole and two-particle-hole
matrix elements. In order to address statistical properties
of matrix elements, we require higher orders in this
expansion. In the following, we carry out such an analysis
for the one-particle-hole matrix element of the density
operator. Interestingly, we find a novel “infrared singular-
ity.” We show that these contributions can be exponenti-
ated, which in turn allows us to obtain an explicit
expression for the probability distribution of (the logarithm
of) matrix elements in the thermodynamic limit.
Let λ and μ be solutions to the Bethe ansatz equations

with corresponding sets of (distinct) integers fIjg and fJjg,
respectively, where

Jj ¼ Ij; j ≠ a; Ja ¼ Ia þ n: ð97Þ

These solutions correspond to a hole with integer Ia
(rapidity λa) and a particle with integer Ia þ n (rapidity
μa), see Fig. 19.
The momentum difference between the two states is

P ¼ 2πn
L

: ð98Þ

In the large-c limit, the following expression for the one-
particle-hole matrix element of the density operator was
derived in Ref. [55],

jhλjρ̂ð0Þjμij2
hλjλihμjμi

����
1ph

¼ α2

ð1þ 2
cLÞ2

1

L2

�
1þ 4P0

cL

X
i≠a

�
1

λi;a − P0 −
1

λi;a

�
þ 4P2

c2L2

�
−
L2

12

X
i≠a

1þ
X
i≠j
j≠a

1

λ2i;j

þ 2

�X
i≠a

1

λi;a − P0 −
1

λi;a

�
2

þ
X
i≠a

1

ðλi;a − P0Þ2
��

þOðc−3Þ: ð99Þ

Here, we have defined

λi;j ¼ λi − λj; α ¼ 1þ 2D
c

; P0 ¼ P
α
: ð100Þ

The leading term is 1=L2, but at Oðc−2Þ, there is in fact an
infrared divergence

−
DP2

3c2L
þ 4P2

c2L

�
1

L3

X
i≠j
i;j≠a

1

λ2i;j

�
: ð101Þ

FIG. 18. Top: Bethe state that corresponds to a single-particle-
hole excitation over the microstate with half-odd integers (shown
at the bottom).
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This contribution scales as L−1 whereas the leading term in
the 1=c expansion scales as L−2. This finding suggests the
following form for the matrix elements:

jhλjρ̂ð0Þjμij2
hλjλihμjμi

����
1ph

¼ h1ðλa; P; λÞ
L2

e−Lf1ðλa;P;λÞ; ð102Þ

where both h1 and f1 have regular expansions in 1=c,

f1 ¼
a1
cL

þ a2
c2

þ…; h1 ¼ 1þ b1
c
þ…: ð103Þ

The leading terms in these expansions are then fixed by
Eq. (99), and in particular, we have

a2 ¼
DP2

3
− 4P2

Z
∞

−∞
dμ γ−2ðμÞ: ð104Þ

Here, the pair distribution function γ−2ðμÞ is defined as
follows (cf. Ref. [45]):

lim
L→∞

1

L3

X
i≠j

gðλi; λjÞ
ðλi − λjÞ2

¼
Z

∞

−∞
dλ gðλ; λÞγ−2ðλÞ; ð105Þ

where gðλ; μÞ is any smooth function. Importantly, this
quantity depends on details of the state jλi beyond its root
density, namely, the joint PDF of pairs of Bethe roots. The
simplest way of determining it is by reverting to the sum in
Eq. (101). The fact that the expression for a2 [Eq. (104)]
involves the pair distribution function shows explicitly that
the matrix elements (102) depend on details of the micro-
state jλi beyond the macrostate information encoded in the
particle root density.
In order to exhibit the structure (102) more fully, we

have determined the square of the one-particle-hole matrix
elements up to Oðc−4Þ in Appendix A. Exponentiating the
resulting infrared divergences using the conjecture (102)
results in

jhλjρ̂ð0Þjμij2
hλjλihμjμi

����
1ph;res

≈
α2

L2ð1þ 2
cLÞ2

�
1−

4P0

cL
ðΓ−1 − Γ̃−1Þþ

8ðP0Þ2
c2L2

ðΓ−1 − Γ̃−1Þ2þ
4ðP0Þ2
c2L2

ðΓ−2þ Γ̃−2Þ

−
4Γ2

c3L
−
12P2

c3L
þ 4P3

3c3L
ðΓ−1− Γ̃−1Þ−

16P3

3c3L3
½2ðΓ−1− Γ̃−1Þ3þ 3ðΓ−1− Γ̃−1ÞðΓ−2þ Γ̃−2Þþ ðΓ−3− Γ̃−3Þ

�

×exp

�
−
P2ðN − 1Þ

3c2
þ 4ðP0Þ2

c2L2

X
i≠j
i;j≠a

1

λ2ij
þ 4P2DðN − 1Þ

c3
−
4PDΓ1

c3
−

8

c3L
ðΓ2

1−NΓ2Þ
�
: ð106Þ

Here, we have introduced shorthand notations,

Γn ¼
X
i≠a

ðλi;aÞn; Γ̃n ¼
X
i≠a

ðλi;a − P0Þn: ð107Þ

We have verified numerically that the expression (106)
provides a good approximation to the exact matrix element
at large values of c in the regime L > c. This finding
supports the conjecture (102). Some of this evidence is
presented in Appendix A.
Comparing Eq. (106) with Eq. (102) and dropping terms

that vanish in the thermodynamic limit, we have

f1ðλa; P; λÞ ¼
P2D
3c2

−
4P02

c2L3

X
i≠j

1

λ2ij
−
4P2D2

c3

þ 4PDΓ1

Lc3
þ 8

c3L2
ðΓ2

1 − NΓ2Þ þ…: ð108Þ

In order to consider asymptotically large systems, it is
useful to express f1 in terms of the particle and hole
rapidities using

λp ¼ λh þ P0
�
1þ 2

cL

�
þOðc−3Þ: ð109Þ

Assuming, for simplicity, that the root distribution function
ρðλÞ of the rapidities λ is an even function from here on,
we have

f1ðλh; λp; λÞ ¼
P2

c2

�
D
3
−
4D2

c
−

4

α2

Z
dμγ−2ðμÞ

�

−
4D2

c3
λhðλp − λhÞ −

8D
c3

Z
dμμ2ρðμÞ

þ oðL0Þ: ð110Þ

FIG. 19. Set of (half-odd) integers Jj (solid circles) correspond-
ing to a single-particle-hole excitation over a given microstate
characterized by fIjg. One (half-odd) integer is changed from Ia
(red empty circle) to Ia þ n (red solid circle).
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Here, we retain the label λ in order to indicate that f1
depends on properties of the ket jλi beyond those encoded
in its root density ρðλÞ. In the large-L limit, the logarithm of
the matrix elements (84) for our one-particle-hole excita-
tion then becomes

Mρ
λ;μ ¼ f1ðλh; λp; λÞ þ oðL0Þ: ð111Þ

We can now determine the probability distribution Pðz;QÞ
of Mρ

λ;μj1ph at a fixed momentum transfer Q between the
two states. To that end, we introduce a rapidity cutoff Λ that

translates into a cutoff IðLÞmax for our Bethe integers; i.e., we
consider only solutions of the Bethe equations such that all

(half-odd) integers fulfill jIjj < IðLÞmax. We then define

Pη
Lðz;QÞ ¼ 1

N1

X
Ip;Ih

δηðz −Mρ
λ;μÞδη

�
Q −

2πðIp − IhÞ
L

�
;

ð112Þ

where N1 is the total number of one-particle-hole excita-

tions given the state jλi and IðLÞmax. We are interested in the
joint PDF

Pðz;QÞ ¼ lim
η→0

lim
L→∞

Pη
Lðz;QÞ: ð113Þ

Turning sums into integrals in the thermodynamic limit
gives

Pðz;QÞ ¼ 1

N Λ

Z
Λ

−Λ
dλρðλÞ

Z
Λ

−Λ
dμρhðμÞ

× δðz − f1ðλ; μ; λÞÞ δðQ − 2π½zðμÞ þ zðλÞ�Þ;
ð114Þ

where zðλÞ is the counting function defined in Eq. (31) and

N Λ ¼
Z

Λ

−Λ
dλρðλÞ

Z
Λ

−Λ
dμρhðμÞ: ð115Þ

In order to proceed, we now use the approximation

2π½zðμÞ − zðλÞ� ¼ ðμ − λÞαþOðc−3Þ; ð116Þ

which allows us to carry out the integral over μ in an
elementary fashion,

Pðz;QÞ ≈ 1

αN Λ

X
n

ρpðxnÞρhðxn þQ=αÞ
jf01ðxn; xn þQ=αÞj ; ð117Þ

where the sum is over solutions jxnj < Λ to the equation

z − f1ðxn; xn þQ=α; λÞ ¼ 0: ð118Þ

In our case, there is only a single solution,

x1ðz;QÞ ¼ −
zc3α
4D2Q

−
2α

DQ

Z
dμμ2ρðμÞ

þ Qc
4D2α

�
D
3
−
4D2

c
−

4

α2

Z
dμγ−2ðμÞ

�
; ð119Þ

so we arrive at a very simple answer,

Pðz;QÞ ≈ c3

4D2N Λ

ρðx1Þρhðx1 þQ=αÞ
jQj : ð120Þ

The probability distribution functions Pðz;Q ¼ πÞ for
smooth microstates corresponding to a thermal macrostate
with D ¼ 0.25, β ¼ 0.25 and two values of c are shown in
Fig. 20. We see that, as expected, the probability distribu-
tion function narrows and peaks at smaller values of z as c
is increased. In the limit c → ∞, we know that f1 → 0.
Here, we have computed

R
dμγ−2ðμÞ by considering the

scaling of its finite-size expression with L for large systems
of up to L ¼ 4096. It is important to stress that the
thermodynamic limit result shown in Fig. 20 is approached
only for very large L such that Lf1 ≫ 1. The results of this
subsection are summarized as follows:

(i) Matrix elements involving a single-particle-hole
excitation over a given microstate at a finite energy
density relative to the ground state are exponentially
small in system size,

jhλjρ̂ð0Þjμij2
hλjλihμjμi

����
1ph

¼ h1ðλa; P; λÞ
L2

e−Lf1ðλa;P;λÞ; ð121Þ

where the function f1 depends on details of the
microstate beyond the root density ρðλÞ that spec-
ifies the macrostate to which it belongs. Above,
we have derived explicit expressions for the 1=c
expansions of the functions h1 and f1.

(ii) These matrix elements are very large compared to
typical matrix elements in the same macrostate,
which scale as Eq. (96).

FIG. 20. Probability distribution functions Pðz; Q ¼ πÞ for
smooth microstates corresponding to thermal macrostates with
D ¼ 0.25, β ¼ 0.25, c ¼ 100 (blue), and c ¼ 110 (red dashed).
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(iii) If we introduce a momentum cutoff, there are only
polynomially many (in system size) single-particle-
hole excitations, which means that they do not
contribute to the thermodynamic limit of Lehmann
representations of two-point functions for the same
reasons as discussed below Eq. (72).

2. Multiple-particle-hole excitations

We have verified numerically that making a fixed
number of particle-hole excitations over a microstate
belonging to a thermal macrostate again leads to matrix
elements that are exponentially small in system size.
Hence, such matrix elements are also anomalously large
compared to typical ones. However, given a momentum
cutoff, there are only polynomially many (in system size)
m-particle-hole excitations (where m is fixed), which
means that they do not contribute to the thermodynamic
limit of Lehmann representations of two-point functions for
the same reasons as discussed below Eq. (72). The states
that contribute to such Lehmann representations involve an
extensive number of particle-hole excitations.

VIII. SUMMARY AND CONCLUSIONS

In this work, we have used integrability methods to
determine the structure of matrix elements of local oper-
ators in energy eigenstates of the Lieb-Liniger model.
The latter is a key paradigm of integrable many-particle
quantum systems and has the distinctive property that
energy eigenstates at an arbitrary energy density can be
understood in terms of a single species of elementary
excitations, which greatly simplifies the task of numeri-
cally determining matrix elements for large system sizes.
The existence of an extensive number of mutually
compatible conserved charges affects the structure of
energy eigenstates at finite energy densities: In addition
to thermal states, we can have other macrostates that
differ in their values of the densities of some of the
conserved charges. Our results for the structure of matrix
elements of local operators in the Lieb-Liniger model can
be summarized as follows.

(i) Typical diagonal matrix elements in a macrostate
characterized by a root density ρðλÞ depend only on
macrostate information up to finite-size corrections,

hμjOð0Þjμi
hμjμi ¼ fOðρÞ þOðL−1

2Þ: ð122Þ

Here, fOðρÞ is a function that depends smoothly on
the densities of the conserved charges, which can be
thought of as a natural generalization of the eigen-
state thermalization hypothesis for diagonal matrix
elements. Our findings are in agreement with pre-
vious work on diagonal matrix elements in non-
thermal states in the spin-1=2 XXZ chain [19].

(ii) Typical off-diagonal matrix elements involving mi-
crostates belonging to two different macrostates
scale with system size as

jhμjOð0Þjλij2
hλjλihμjμi ∝ e−c

O
ρ0 ;ρ1

L2

: ð123Þ

Here, cOρ0;ρ1 is a constant that depends on the
macrostates under consideration and a priori on
the operator O.

(iii) Typical off-diagonal matrix elements involving
microstates belonging to the same macrostate scale
with system size as

jhμjOð0Þjλij2
hλjλihμjμi ∝ e−c

O
0
L lnðLÞ−LMO

λ;μ ; ð124Þ

where cO0 depends on the macrostates under con-
sideration as well as (a priori) on the operator O.
The PDF forMO

λ;μ, where we sample both λ and μ, is
well described by a Fréchet distribution. If we fix the
ket state jλi and consider the PDF of matrix elements
obtained by sampling jμi, we observe a strong
dependence on the details of jλi, i.e., the multivariate
probability distribution of half-odd integers. Never-
theless, if we fix jλi to be the smooth thermal state,
the PDF for MO

λ;μ is well characterized by a Fréchet
distribution (with different parameters compared to
the case where we sample both λ and μ).

(iv) There are rare, but still exponentially many
(in particle number, given a momentum cutoff),
matrix elements between eigenstates that belong
to the same macrostate that are much larger than
Eq. (124) but are instead merely exponentially small
in system size,

jhμjOð0Þjλij2
hλjλihμjμi

����
rare

∝ e−LM
O
λ;μ : ð125Þ

These matrix elements can be characterized by the
property that the sets of (half-odd) integers corre-
sponding to the Bethe roots λ and μ are atypically
close to one another. For the case of the density
operator, we obtain explicit results for the simplest
such matrix elements by generalizing the 1=c-
expansion method pioneered in Refs. [45,55].

(v) The observed structure of off-diagonal matrix ele-
ments in interacting theories is very similar to the
one we find for the Bose field in the c → ∞ limit, in
which the Lieb-Liniger model can be mapped to
free fermions. The origin of this similarity is the
structure of the singularities of the matrix elements
when viewed as functions of the spectral parameters
(in a large finite volume, the fact that the spectral
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parameters must fulfill the Bethe equations regu-
larizes these singularities).

Our work poses a number of important questions that
should be addressed in future work. First and foremost, it
should be clarified whether the results obtained here
indeed carry over to all local operators in the Lieb-Liniger
model, and to other integrable models, as we conjecture.
To that end, it would be useful to consider nonthermal
macrostates in the spin-1=2 XXZ chain as was done in
Ref. [19] and check whether the same kind of scaling
behavior of matrix elements with system size reported
here occurs. An analysis of the matrix elements of the
Bose field in the Lieb-Liniger model for 0 < c < ∞ will
be reported elsewhere [70]. Second, one should attempt to
conduct an analogous study in models that feature bound
states (string solutions to the Bethe equations). This case
appears difficult at present and will require better control
of matrix elements involving strings than is available in
the literature. Third, the statistical properties of the rare,
large matrix elements should be investigated in more
detail in the case where one has a finite but low density
of particle-hole excitations. Here, the hope is to find a
way to randomly sample the large matrix elements that
dominate the Lehmann representations of two-point
functions and related quantities of interest [71].
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APPENDIX A: 1=c EXPANSION OF THE
ONE-PARTICLE-HOLE MATRIX ELEMENT

In this appendix, we present some details regarding the
1=c expansion of the density matrix element (84) between
two Bethe states differing by a single-particle-hole excita-
tion, cf. Sec. VII C 1 of the main text. For convenience, we
first recall some of the notations introduced in the main
text. We consider two solutions, λ and μ, to the Bethe ansatz
equations, with corresponding sets of (distinct) integers
fIjg and fJjg, where

Jj ¼ Ij; j ≠ a; Ja ¼ Ia þ n: ðA1Þ

This case corresponds to a hole with integer Ia (rapidity λa)
and a particle with integer Ia þ n (rapidity μa). The momen-
tum difference between the two states is P ¼ 2πn=L.
In order to simply the expression for the matrix element
in the 1=c expansion, it is useful to introduce short-hand
notation,

λi;j ¼ λi − λj; α ¼ 1þ 2D
c

; P0 ¼ P
α
;

Γn ¼
X
i≠a

ðλi;aÞn; Γ̃n ¼
X
i≠a

ðλi;a − P0Þn: ðA2Þ

Solving the Bethe equations in the framework of the 1=c
expansion gives

λi ¼
2πIi
αL

þ 4π

cL2α

XN
j¼1

Ij þ
ð2πÞ4

3πc3ðαLÞ4
XN
j¼1

ðIi − IjÞ3

þOðc−4Þ: ðA3Þ

Then, we can express the rapidities μk in terms of λj as

μi ¼ λi þ
2P0

cL

�
1 −

ðλi;aÞ2
c2

þ Pλi;a
c2

−
P2

3c2

�
þOðc−4Þ;

μa ¼ λa þ P0
�
1þ 2

cL

�
þ 2

3c3L

X
k≠a

½ðλa;k þ PÞ3 − λ3a;k�

þOðc−4Þ: ðA4Þ

Wenow extend the analysis of Ref. [45] by carrying out a 1=c
expansion of the various factors in the expression (81) of the
matrix elements of the density operator up to order Oðc−4Þ.
As in Ref. [45], we retain certain contributions to all orders.
We find

A1 ≡
Y
i≠j

λi;j þ ic

μi;j þ ic
≃ 1 −

P02ðN − 1Þ
c2

þ 2P0

c2
Γ1ðλaÞ;

A2≡
����Y
i≠a

ðVþ
i − V−

i Þ
����2 ≃

�
2P
c

�
2N−2

�
1 −

2

c2
Γ2ðλaÞ

�
;

A3 ≡
Y
i≠j
i≠a
j≠a

λi;jμi;j
ðλi − μjÞ2

≃ 1þ 4P02

c2L2

X
i≠j
i≠a
j≠a

1

λ2i;j
;

N λ ≃ αN−1
�
1þ 4

c3L

��X
i

λi

�
2

− N
X
i

λ2i

��
;

N μ ≃N λ

�
1þ 4P

c3L
ð2Γ1ðλaÞ − ðN − 1ÞPÞ

�
;

ðA5Þ
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A4 ≡
Y
i≠a

λ2i;a
ðμi − λaÞ2

≃ 1 −
4P0

cL
Γ−1 þ

8P02

c2L2

�
Γ2
−1 þ

Γ−2

2

�

−
16P3

3c3L3
½2Γ3

−1 þ 3Γ−1Γ−2 þ Γ−3�

þ 4P
c3L

�
Γ1 − 3Pþ P2Γ−1

3

�
: ðA6Þ

A5 ≡
Y
i≠a

ðμi − μaÞ2
ðλi − μaÞ2

≃ 1þ 4P0

cL

�
1 −

P2

3c2

�
Γ̃−1

þ 4P02

c2L2
½2Γ̃2

−1 þ Γ̃−2� −
4P
Lc3

Γ1

þ 16P3

3c3L3
½2Γ̃3

−1 þ 3Γ̃−2Γ̃−1 þ Γ̃−3Þ�; ðA7Þ

A6 ≡
YN
i¼1

1

ðλi − μiÞ2

≃
α2N

P2

�
Lc
2P

�
2N−2

×

�
1þ 2

c2

�
Γ2 − PΓ1 þ

P2

3
ðN − 1Þ

��
1 −

2

cL

��
:

ðA8Þ

Finally, we have

iðμl − λlÞ
Y
k≠l

μk − λl
λk − λl

�
2c

λ2l;j þ c2
−

2c
ðλ2p;j þ c2

�
≃ 0;

�X
i

μi − λi

�
2

≃ P2: ðA9Þ

The leading corrections in Eqs. (A5)–(A9) are of order
Oðc−4Þ. Substituting the results back into the expression
(84) for thematrix elements leads to the following expression
for states that differ by a single-particle-hole excitation,

jhλjρ̂ð0Þjμij2
hλjλihμjμi

����
1ph

¼ α2

L2ð1þ 2
cLÞ2

�
1 −

4P0

cL
ðΓ−1 − Γ̃−1Þ −

P2ðN − 1Þ
3c2

þ 4P02

c2L2

X
i≠j

1

λ2ij
þ 8P02

c2L2
ðΓ−1 − Γ̃−1Þ2

þ 4P02

c2L2
ðΓ−2 þ Γ̃−2Þ þ

4P3N
3c3L

ðΓ−1 − Γ̃−1Þ þ
4P2DðN − 1Þ

c3
−
4PDΓ1

c3
−
4Γ2

c3L

−
8

c3L

��X
i

λi

�
2

− N
X
i

λ2i

�
−
12P2

c3L
−

16P3

3c3L3
½2ðΓ−1 − Γ̃−1Þ3 þ 3ðΓ−1 − Γ̃−1ÞðΓ−2 þ Γ̃−2Þ

þ ðΓ−3 − Γ̃−3Þ� −
16P3

c3L3
ðΓ−1 − Γ̃−1Þ

X
i≠j

1

λ2ij

�
þOðc−4Þ: ðA10Þ

This expression indeed exhibits “infrared divergences,”
i.e., contributions that acquire additional factors of L
compared to the leading term, which are compatible with
Eq. (102). We conjecture that these terms can be expo-
nentiated, and in order to do so, it is useful to return to the
individual factors they arise from:

A1 ≈ AðrÞ
1 ¼ exp

�
−
P02ðN − 1Þ

c2
þ 2P0

c2
Γ1

�
;

A2 ≈ AðrÞ
2 ¼

�
2P
c

�
2N−2

exp

�
−

2

c2
Γ2

�
;

A3 ≈ AðrÞ
3 ¼ exp

�
4P02

c2L2

X
i≠j
i;j≠a

1

λ2i;j

�
;

N λ ≈N ðrÞ
λ ¼ αN−1 exp

�
4

c3L
ðΓ2

1 − NΓ2Þ
�
; ðA11Þ

A6 ≈ AðrÞ
6

¼ α2N

P2ð1þ 2
cLÞ2

�
Lc
2P

�
2N−2

× exp

�
2

c2

�
Γ2 − PΓ1 þ

P2

3
ðN − 1Þ

��
1 −

2

cL

��
:

ðA12Þ

Using Eqs. (A11) and (A12) to exponentiate the infrared
singularities in Eq. (A10) results in the expression (106) in
the main text. In order to assess the accuracy of Eq. (106),
we have computed its ratio R to numerically exact matrix
elements for a number of particle-hole excitations over a
“smooth” thermal state with β ¼ 1, where

R ¼ jhλjρ̂ð0Þjμij2
hλjλihμjμi

����
1ph;res

�jhλjρ̂ð0Þjμij2
hλjλihμjμi

����
1ph

�
−1
: ðA13Þ
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For the same states, we have also checked the accuracy of
the exponentiations (A11) and (A12). Results for L ¼ N ¼
128 and c ¼ 100 are shown in Table I. We see that the
results are quite satisfactory. The values of β and c have
been chosen to ensure that the differences jλj;kj are all small
compared to c, which is a key assumption of the 1=c
expansion, cf. the discussion in Ref. [45]. We note that the

factors AðrÞ
n are generally quite different from their “bare”

values, which indicates the breakdown of the bare 1=c
expansion. However, in the final expression (106), a
number of cancellations occur, which render the resummed
result (106) very close to the bare expression (A10) for the
parameters considered here.

APPENDIX B: SAMPLING MACROSTATES
IN A FINITE VOLUME

In this appendix, we discuss in some detail how to
sample a given macrostate for a large, finite number of
particles. The key element is to generate appropriate sets
of “Bethe integers” Ij, which characterize the solutions
of the Bethe equations (27). For simplicity, we focus on the
impenetrable case c ¼ ∞, where

λj ¼
2πIj
L

: ðB1Þ

Thermal states are of particular interest as they are the most
abundant states at a given energy density, and we therefore
focus on them in our discussion. The generalization to
atypical finite entropy density states is straightforward.
To be specific, we take c ¼ ∞ and consider a temperature
T ¼ 10 and chemical potential μ ¼ 12.1058. This approach
gives particle density D ¼ 1, energy density

e∞ ¼ 8.036608362699118; ðB2Þ

and root density

ρðxÞ ¼ 1

2π

1

1þ eðx2−μÞ=T
: ðB3Þ

The corresponding density of Ij=L is simply

ϱðνÞ ¼ 1

1þ eðð2πνÞ2−μÞ=T
: ðB4Þ

For later convenience, we define a cumulative probability
distribution function

CðνÞ ¼ 1

D

Z
ν

0

dν0ϱðν0Þ: ðB5Þ

1. Microcanonical ensemble

Let us start by randomly sampling distinct integers
and just fixing an energy window for “acceptable states.”
We now fix our particle number and system size to
N ¼ L ¼ 32 and consider energies in the window

jE − e∞Lj < 2: ðB6Þ
In order to be able to sample energy eigenstates, we also
need to impose the constraint

jIjj < Imax; ðB7Þ
where the values of Imax we have considered are Imax ≤ 36.
The cutoff (B7) is required as the numerical cost for finding
configurations that fulfill Eq. (B6) increases exponentially
with N. The histogram of integers occurring in eigenstates
fulfilling this constraint is shown in Fig. 21. We see that our
microcanonical ensemble nicely reproduces the thermody-
namic root density (B4). In Figs. 22 and 23, we show
results for the probability distributions of total momentum
and the third conservation law

νð1Þλ ¼
X32
n¼1

λn; νð3Þλ ¼
X32
n¼1

λ3n ðB8Þ

in the microcanonical ensemble.

TABLE I. Results for the ratios of the resummed 1=c expan-
sions for matrix elements to the numerically exact results for
c ¼ 100, L ¼ N ¼ 128, and β ¼ 1. We see that the resummed
expression works rather well. As expected, it becomes worse
when the excited state involves larger differences jλp − λhj as the
1=c expansion requires these to be small compared to c.

P 2Ja 2Ia AðrÞ
1 =A1 AðrÞ

2 =A2 AðrÞ
3 =A3 AðrÞ

6 =A6 R

−5.15 −287 −77 0.998 1.00 1.03 0.995 1.022
−3.14 −261 −133 0.999 1.00 1.02 0.991 1.014
5.35 223 5 0.999 1.00 1.02 1 1.018

−4.47 −173 9 1.00 1.00 1.01 1 1.013
4.57 207 21 0.999 1.00 1.01 1.00 1.015

−2.85 −155 −39 1.00 1.00 1.01 1 1.009
−6.92 −243 39 0.999 1.00 1.02 1 1.025
6.97 273 −11 0.998 1.00 1.02 1.00 1.027

−6.38 −225 35 0.999 1.00 1.02 1 1.021
−4.61 219 −31 0.999 1.00 1.02 1 1.016

FIG. 21. Histogram of integers occurring in the microcanonical
ensemble (B6). The blue curve is the thermodynamic root
distribution function ð1=LÞϱðI=LÞ.
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The averages for these conserved quantities are, as
expected, zero, but the spread of eigenvalues is very large.
Finally, we show the probability distribution of the matrix
elements of the Bose field Mλ;μ [Eq. (63)] in Fig. 24.
The microcanonical sampling described here cannot be
used for large particle numbers because it is extremely
inefficient. The set of half-odd integer numbers we need to
sample has dimension

�
2Imax

N

�
; ðB9Þ

which grows exponentially with the number of particles.
We therefore require more efficient ways of sampling the
relevant microstates.

2. Plain vanilla box sampling (PVBS)

The simplest idea for targeting energy eigenstates in the
appropriate energy window is to use “box sampling” of the
probability distribution ϱðνÞ=D. The rationale behind this
approach is that, for very large numbers of particles, almost
all these states will correspond to a discretization of ϱðνÞ,
cf. the steps leading to our expression for the entropy (16).
Thus, we approximate ϱðνÞ as shown in Fig. 25. To that
end, we introduce a cutoff a0 (which corresponds to −Imax
in the discussion of the microcanonical ensemble in the
previous subsection) and then subdivide the ν axis into
intervals Bn ¼ ½an−1; an� for 1 ≤ n ≤ M. The density of
νj ¼ Ij=L in Bn is then taken to be

ϱn ≡D½CðanÞ − Cðan−1Þ�; ðB10Þ

where the cumulative PDF CðνÞ is defined in Eq. (B5).
We can straightforwardly translate this solution into a
distribution function of (half-odd) integers that is piecewise
constant on the M intervals,

B̄n ¼ ½Jn−1; JnÞ: ðB11Þ

The number of integers in box B̄n is Jn − Jn−1, where, in
practice, we adjust a0 in such a way that

XM
n¼1

Nn ¼ N ¼ DL: ðB12Þ

We now sample the discretized probability distribution box
by box: From the (half-odd) integers in B̄n, we randomly
select Nn elements, where

Nn ¼ RoundðLϱnÞ: ðB13Þ

FIG. 22. Histogram of the total momentum in the micro-
canonical ensemble (B6). The curve is a fit to a normal
distribution.

FIG. 23. Histogram of the eigenvalues of the third conservation
law in the microcanonical ensemble (B6). The curve is a fit to a
normal distribution.

FIG. 24. Histogram of the logarithm of matrix elements Mλ;μ
[Eq. (63)] between the smooth ket state and bra states obtained by
microcanonical sampling (B6). FIG. 25. Discretization of the distribution function ϱðνÞ.
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The total number of different configurations in the resulting
sample space is

NMðfNjgÞ ¼
YM
n¼1

�
Jn − Jn−1

Nn

�
≡ eLsM : ðB14Þ

This number is much smaller than the number of configu-
rations that need to be sampled in the microcanonical
ensemble discussed earlier, which corresponds to the
choice M ¼ 1. Importantly, in the double limit

lim
M→∞

lim
L→∞

sM; ðB15Þ

the number of microstates produced by this procedure
recovers the correct entropy density of the thermal macro-
state under consideration. One may therefore expect that
this procedure provides a good way of sampling thermal
states in finite systems. For a finite number of particles, the
number of sampled states decreases with M, and in our
example, we find

s3 ¼ 1.04; s5 ¼ 1.01; s7 ¼ 0.952773: ðB16Þ

These values should be compared with the thermodynamic
result 1.20041. In practice, we still need to impose the
energy-window restriction (B6) so that the actual number
of states is smaller. For the finite particle numbers of
relevance here, PVBS does not agree well with the micro-
canonical sampling. To show the degree of difference, we
present results for M ¼ 7 and our L ¼ N ¼ 32 example.
In Fig. 26, we show the distribution of integers, which
reproduces the thermodynamic root distribution function in
a satisfactory manner.
In Figs. 27 and 28, we show the distribution of the total

momentum and third conservation laws, respectively.
We observe that both distributions are considerably
narrower than the corresponding ones for microcanonical
sampling; see Figs. 22 and 23. Finally, we show the
probability distribution of the matrix elements of the Bose

field Mλ;μ [Eq. (63)] in Fig. 29. We observe that the
typical matrix elements obtained by PVBS are signifi-
cantly larger than in microcanonical sampling, cf. Fig. 24.
The differences in the probability distributions of matrix
elements and the eigenvalues of conserved quantities
between PVBS and MC sampling are easy to understand
intuitively: By construction, PVBS produces significantly
smaller fluctuations than the MCE in finite volumes.
While the expectation is that these finite-size effects will
disappear as the thermodynamic limit is approached, they
severely limit the utility of PVBS for the (numerically)
accessible system sizes.

FIG. 26. Histogram of integers obtained by PVBS with
M ¼ 7. The blue curve is the thermodynamic root distribution
function ð1=LÞϱðI=LÞ.

FIG. 27. Histogram of the total momentum obtained by PVBS
with M ¼ 7. The curve is a fit to a normal distribution.

FIG. 28. Histogram of the eigenvalues of the third conservation
law obtained by PVBS withM ¼ 7. The curve is a fit to a normal
distribution.

FIG. 29. Histogram of the logarithm of matrix elements Mλ;μ
[Eq. (63)] between the smooth ket state and bra states obtained by
PVBS with M ¼ 7.
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3. Fluctuating box sampling

As we have seen, in mesoscopic volumes, the PVBS
accesses a much more restrictive set of energy eigenstates
than the MCE. We can make up for this difference by
allowing the box occupation numbers Nn to fluctuate.
Given a set B of boxes with vacancies (V1;…; VM), we
generate a set of occupation numbers fNjg such thatX

j

Nj ¼ N; ðB17Þ

where we allow the Nj to fluctuate as follows. Let N
ðPVÞ
j be

the PVBS particle numbers. We then take

Nj ¼ NðPVÞ
j þ δNj; ðB18Þ

where the random integers δNj are taken to add up to zero
and fulfill

δNj ¼ O
�
min


 ffiffiffiffiffiffiffiffiffiffiffi
NðPVÞ

j

q
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jVj − NðPVÞ

j j
q ��

: ðB19Þ

Given a set of particle numbers (N1;…; NM), we calculate
the number of microstates obtained by box sampling,

NMðfNjg; fVjgÞ ¼
YM
n¼1

�
Vn

Nn

�
: ðB20Þ

We then generate

�
NMðfNjg; fVjgÞ

N0

�
ðB21Þ

samples from the configuration specified by fN1;…; NMg,
where N0 is some fixed reference number. By construction,
this procedure increases fluctuations. In practice, we
may choose the outermost boxes to be larger in order to
decrease “tail effects.” Results obtained by this method for
N ¼ L ¼ 32 are shown in Figs. 30–33.
We see that the fluctuating box sampling (FBS) reproduces

the results of the MCE fairly well. However, this method
requires that the fluctuations are taken to be sufficiently

strong. In particular, if wemake themweaker by changing the
coefficient thatmultiplies the rhs in the expression for δNj, the
agreement becomes worse. This result is as expected. FBS is
significantly slower than PVBS and becomes computation-
ally very expensive for large particle numbers.

4. Random sampling (RS)

The distribution of integers in the microcanonical
ensemble is well described by the thermodynamic distri-
bution function ϱðνÞ=D, which suggests that a random
sampling of this probability distribution should reproduce
the MCE. The difficulty is that we must generate non-
repeating integers. Our starting point is the set of integers

SM¼fjj−Imax≤ j≤ Imaxg; M¼2Imaxþ1; ðB22ÞFIG. 30. Histograms of integers produced by FBS with M ¼ 7
and energies in the window jE − e∞Lj < 2.

FIG. 31. Histograms of momentum produced by FBS with
M ¼ 7 compared to the MCE (solid blue line).

FIG. 32. Histograms of νð3Þλ produced by FBS with M ¼ 7
compared to the MCE (solid blue line).

FIG. 33. Histogram of the matrix elements between the smooth
“ket” state and energy eigenstates in the window jE − e∞Lj < 2
obtained by FBS (yellow) and in the microcanonical ensemble
(blue dots).
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and an associated discrete probability distribution

PM ¼ fp1;…; pMg: ðB23Þ

In practice, we take PM to be a discretization of self-
consistently determined continuous PDFs PðνÞ. The cor-
responding set of cumulative probabilities is

CM ¼


Cn ¼

Xn−1
j¼1

pj; n ¼ 1;…; 2Imax þ 2

�
: ðB24Þ

We now generate a (real) random number r in the interval
[0, 1] and determine the integer j such that

Cj−1 < r < Cj: ðB25Þ

We then remove the integer j from the set SM and define a
new discrete probability distribution

PM−1 ¼



p1

1 − pj
;…;

pj−1

1 − pj
;
pjþ1

1 − pj
;…;

pM

1 − pj

�
ðB26Þ

and the associated cumulative probability distribution
CM−1. Repeating this procedure N times results in a set
of distinct integers fI1;…; INg. Finally, we impose that the
probability distribution of these sets of integers is a
discretization of the (normalized) root density ϱðνÞ=D.
Importantly, this case requires an initial probability dis-
tribution PðνÞ that is different from ϱðν=DÞ. The PDF
required to produce the normalized root distribution upon
random sampling is shown in the main text in Fig. 2. The
corresponding distribution of integers is shown in Fig. 34.
In Figs. 35–37, we show the histograms obtained by our
random sampling procedure for the eigenvalues of momen-
tum, the third conservation law, and the matrix elements of
the Bose field operator between the smooth ket state and
energy eigenstates in the window jE − e∞Lj < 2.
We observe that the results are in good agreement

with those obtained by microcanonical sampling. We
conjecture that the remaining differences, in particular,

in Pðνð3Þμ Þ, are at least partially caused by the cutoff in the
MC sampling procedure.

5. Simplified random sampling (SRS)

The random sampling algorithm described above is some-
what slow. We therefore use the simplified algorithm
described in Sec. III A of the main text. The latter is faster
as it treats the constraint that all (half-odd) integers must be
distinct in amuch simpler fashion. It nevertheless gives results
that agree with RS within the statistical error in all cases we
have tested. Examples are shown in Figs. 38–40. Here, we
have chosen a larger energy window jE − e∞Lj < 10.

FIG. 34. Histogram of integers by RS using the probability
distribution PðνÞ shown in Fig. 2. The solid curve is the root
distribution function ϱðνÞ=D.

FIG. 35. Histograms of the total momentum obtained by RS
under the constraint that jE − e∞Lj < 2 for N ¼ L ¼ 32. The
results in the microcanonical ensemble are shown as the solid
blue line.

FIG. 36. Histograms of the third conservation law obtained by
RS under the constraint that jE − e∞Lj < 2 for N ¼ L ¼ 32. The
results in the microcanonical ensemble are shown as the solid
blue line.

FIG. 37. Histograms of the matrix elements of the Bose field
operator between the smooth ket state and energy eigenstates in
the window jE − e∞Lj < 2 for N ¼ L ¼ 32 obtained by RS
(yellow) and in the microcanonical ensemble (blue dots).
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6. Interacting case

As all sampling methods discussed above are based on
drawing sets of nonrepeating (half-odd) integers fIjg from
a probability distribution, they can be generalized, in a
straightforward way, to the interacting case. The main
differences are as follows:

(i) The target PDF PðIjÞ is obtained from Eq. (38)
by solving the nonlinear integral equations (37) (for
thermal macrostates).

(ii) For 0 < c < ∞, we need to (numerically) solve the
Bethe equations once we have generated a set fIjg.
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