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High-dimensional subspace expansion using classical shadows
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We introduce a postprocessing technique for classical shadow measurement data that enhances the precision of
ground state estimation through high-dimensional subspace expansion; the dimensionality is only limited by the
amount of classical postprocessing resources rather than by quantum resources. Crucial steps of our approach
are the efficient identification of useful observables from shadow data, followed by our regularized subspace
expansion that is designed to be numerically stable even when using noisy data. We analytically investigate
noise propagation within our method, and upper bound the statistical fluctuations due to the limited number
of snapshots in classical shadows. In numerical simulations, our method can achieve a reduction in the energy
estimation errors in many cases, sometimes by more than an order of magnitude. We also demonstrate that
our performance improvements are robust against both coherent errors (bad initial state) and gate noise in the
state-preparation circuits. Furthermore, performance is guaranteed to be at least as good—and in many cases
better—than direct energy estimation without using additional quantum resources, and the approach is thus a
very natural alternative for estimating ground state energies directly from classical shadow data.
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I. INTRODUCTION

Quantum computation often relies on the postprocessing
of measurement results from a quantum device to produce
meaningful results, either for reducing the load on quantum
hardware by offloading computation that can be performed
classically [1–3], for mitigating errors in noisy computations
[4], or for both [5–8]. Classical shadow techniques [9] can
output a rich set of classical data that is amenable toward var-
ious postprocessing techniques for efficiently probing many
properties of the quantum state, offering the ability to measure
first, ask questions later. Its versatility has been employed
for a wide range of important tasks in quantum information
[10–15].

Ground state energy estimation is one of the most fun-
damental tasks in quantum simulation [16,17] and is also
more widely applicable in optimization problems [18]. One
typically aims to prepare a good approximation to the ground
state through a state-preparation circuit, from which one can
directly estimate its energy as the expected value of the prob-
lem Hamiltonian. However, this often incurs an estimation
error due to constraints in the size of the state preparation
circuit and/or noise in the circuit. In this paper, we present a
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postprocessing method using existing classical shadow mea-
surement data to produce more accurate ground state energy
estimation by performing subspace expansions [19–22] of un-
precedented dimension, mitigating the constraints due to both
the circuit size and the noise in the shadow data. Given that our
approach is completely performed in postprocessing, it does
not require any additional quantum resources and circuit runs,
and it is guaranteed to output a result that is at least as good as
the original value, with the possibility of achieving orders of
magnitude performance improvement, especially in the cases
with a highly mismatched starting state and/or a large amount
of shadow data.

Our main contributions are a set of techniques for extract-
ing relevant data from classical shadows and then performing
numerically stable subspace expansions of high dimension (up
to 10 000) using noisy data. We investigate the performance of
such high dimensional subspace expansions, using simulated
classical shadows of up to 14 qubits as well as simulations of
the procedure with gate noise, demonstrating the effectiveness
of our scheme as an error mitigation method. We also provide
an analysis of noise propagation in the method as well as a
derivation of the variances of the observables due to the finite
number of snapshots from the classical shadow.

In Sec. II, we provide background on the two main
components of our paper, subspace expansion, and classical
shadows, Section III provides details on our shadow subspace
expansion procedure and how we perform the numerical post-
processing to ensure a well-conditioned eigenvalue problem.
In Sec. III B, we present our argument for the propagation of
shot noise from the calculated matrix elements onto the rest
of the computation, and in Sec. IV we present results of the
numerical simulations of our method, investigating the effect
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of shot noise from classical shadows as well as simulated gate
noise.

II. BACKGROUND

Here we first introduce the basic concepts that will form
the core of our approach, such as subspace expansion using
quantum computers and classical shadows for extracting a
large number of expected values.

A. Subspace expansion

In many applications of quantum computers (e.g., varia-
tional eigensolvers), the aim is to directly prepare a quantum
state that minimizes a certain cost function. Let us consider
the case where the cost function is the energy of the state with
respect to a particular problem Hamiltonian Htot , which means
that we are trying to prepare the corresponding ground state
ρ0. It is often the case that we cannot prepare the exact ground
state ρ0 due to limitations in qubit overhead, gate overhead,
or noise, and the best approximation of the ground state is
some—potentially noisy—state that we denote as ρ. Quantum
subspace expansion is a way to effectively improve on the
observable expectation values obtained from ρ by performing
additional measurements and postprocessing.

In the case when ρ is a pure state |ψ〉〈ψ |, we can improve
upon the direct energy estimation 〈ψ |H |ψ〉 by constructing a
subspace spanned by the set of states {Gi|ψ〉 | 1 � i � NG},
which are states obtained by applying a set of expansion basis
operators {Gi} to |ψ〉. We will then try to find the state within
this subspace that minimizes the energy. Note that I is always
an element of {Gi} such that our starting state |ψ〉 is also a
state within this subspace, thus the final state we obtain, by
definition, has energy lower than or equal to that of |ψ〉. Any
quantum state in this subspace can simply be written as

|ψ �w〉 =
∑NG

i=1 wiGi|ψ〉∥∥∑NG
i=1 wiGi|ψ〉∥∥ = � �w|ψ〉

‖� �w|ψ〉‖ ,

where � �w = ∑NG
i=1 wiGi is the expansion operator which is

parametrized by the weight vector �w. Different states |ψ �w〉 in
the subspace simply correspond to different weight vectors �w.
For simplicity, in this paper, we will assume that the set of
operators {Gi} are Hermitian, and the weight vectors �w are
real, which implies that � �w is also Hermitian.

The weight vector (and the corresponding state) of minimal
energy within this subspace is given as

�w∗ = arg min �w〈ψ �w|Htot|ψ �w〉. (1)

Applying the same argument to the case where our starting
state ρ is a mixed state, the subspace-expanded state is then
given as

ρ �w = � �wρ� �w
Tr(�2

�wρ)
,

and the optimization problem becomes

�w∗ = arg min �wTr(Htotρ �w ). (2)

To obtain the weights �w that extremize the energy
Tr(Htotρ �w ), we need to solve the generalized eigenvalue

problem:

H �w = E �wS �w, (3)

where

H i j = Tr(GiHtotGjρ), (4)

Si j = Tr(GiGjρ). (5)

If it is the ground state energy that we are interested in,
then we obtain an improved ground state energy estimate E �w∗

as the eigenvalue when we solve the equation above. If we are
interested in the expectation value of some other observable
O with respect to the ground state, then we can measure the
following matrix elements:

Oi j = Tr(GiOGjρ)

for different i, j and then reconstruct the improved observable
expectation value using

Tr(Oρ �w∗ ) = 1

Tr(�2
�w∗ρ)

NG∑
i, j=1

w∗
i Tr(GiOGjρ)w∗

j

= �w∗†O �w∗

Tr(�2
�w∗ρ)

.

B. Shadow tomography

We see that the expansion procedure requires us to mea-
sure the matrix elements H i j , Si j , and Oi j , which is O(N2

G)
observables that we need to measure. It is also often the case
that the Hamiltonian cannot be directly measured and needs
to be broken down to NH subterms, which means that the total
number of observables that we need to measure is O(N2

GNH ).
Therefore, it can be costly to further increase the dimension of
the expansion space NG to achieve better subspace expansion
results. One way to efficiently measure multiple observables
is to use shadow tomography [9,23]. To construct a classical
shadow of a quantum state, we repeat the following process:
we sample a random unitary Ui from a distribution of unitaries
U , apply it to the quantum state, and then measure the result-
ing state in the computational basis. These steps combined can
be described as the process channel M. For certain choices
of U , we are able to efficiently invert the channel from the
output bit string |b〉 classically to obtain a classical snapshot
ρl = M̃(U †

i |b〉〈b|Ui ), where M̃ is the classical inversion of
the process channel, and then use these snapshots to estimate
observables in postprocessing.

In this paper, we primarily consider the case of Pauli
shadows (although, given the Hamiltonian, it may be more
convenient to express it in another basis, e.g., fermionic oper-
ators, where alternative classical shadows can be used instead
[24]), where U consists of all the tensor products of single-
qubit Clifford operators. Using this Pauli shadow scheme, the
sample complexity of obtaining estimators of M Pauli oper-
ators of weight l to error ε is O(3l log(M )/ε2) [9], meaning
that, provided both the operators in set {Gi} and the terms in
the Hamiltonian are local, we can efficiently determine many
expectation values to perform high-dimensional subspace ex-
pansion. Note that the log(M ) factor above exists to make sure
all M estimators reach the stated precision ε. In our case, our
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end goal is not estimating these M observables individually;
instead they are used for further postprocessing to predict one
single observable of interest, thus this log(M ) factor is not
applicable to our case.

III. METHODS

We now set out the methodology for shadow subspace
expansion (SSE) and some practical considerations in per-
forming large subspace expansions in postprocessing using
classical shadow data. While the present approach is imme-
diately compatible with more advanced shadow protocols like
shallow shadows [25–27] or fermionic shadows [24,28], for
simplicity, we will demonstrate and explain our results on
the example of local Pauli shadows detailed above—which is
very efficient for simultaneously estimating low-weight Pauli
observables.

For this reason, we construct the expansion operators � �w∗

as linear combinations of local Pauli strings. The central as-
sumption of subspace expansion is that the expansion basis
will map the starting state ρ into another basis state in the
subspace that has significant components orthogonal to the
starting state, increasing the effective dimension of our sub-
space. For our special case in which the expansion basis is
the set of local Pauli strings, this can be especially effective
in many practical scenarios as discussed below and demon-
strated later in our numerical experiments.

One such application scenario is the translation invari-
ant, gapped spin problems, whereby elementary excitation
operators are supported on local operators [29] (with an ex-
ponentially decreasing error as the locality increases). As
such, given a jump operator that maps the ground state to
the first excited state as G|0〉 = |1〉 and vice versa, any low-
energy eigenstate of the form |ψ〉 = √

1 − ε|0〉 + √
ε|1〉 can

be mapped to the ground state as |0〉 = � �w∗ |ψ〉 with � �w∗ =√
1 − ε1 − √

εG and some suitable normalization. Indeed, for
more complex initial states, one potentially needs significantly
more expansion terms, however, a low-energy initialization
guarantees high overlap with the low-lying eigenstates.

Furthermore, in fermionic systems the ground state |0〉 is
typically obtained as an expansion of the HF state |ψHF〉 into
low-weight fermionic annihilation-creation operators. Refer-
ence [10] details that after encoding the fermionic problem
as a qubit Hamiltonian via the Jordan-Wigner transform, this
expansion has a significant overlap with local Pauli operators
despite the fermionic operators being mapped to nonlocal
Pauli operators.

A. Shadow subspace expansion procedure

We are considering the setting in which we want to es-
timate some property Otot of the ground state ρ0 of some
Hamiltonian Htot , with their Pauli decompositions being
Otot = ∑NO

k=1 Ok and Htot = ∑NH
k=1 Hk , respectively. This can

be done by preparing ρ0 and obtaining a set of its classical
shadows of size Ns for the estimations of various properties
through postprocessing. However, due to noise in the circuit
and/or imperfect ansatz circuit, the state we prepare and the
shadow data we obtain are from some other state ρ instead.

We will now outline the way to obtain an improved estimate
of Tr(Ototρ0) using the shadow data of ρ.

(1) Initial expansion basis: Select an initial expansion ba-
sis {Gi} of size NG. One way is to use the set of all Pauli strings
up to a certain weight, where the weight is determined by the
amount of shadow data (the more shadow data, the higher the
weight we can reach).

(2) Filtering expansion operators: For each expansion ba-
sis operator Gi, we will perform a local subspace expansion
of dimension 2 using the expansion basis {I, Gi} and the
corresponding improvement in energy is denoted as �Ei. This
involves determining the expected values of the observables
{Gi}, {Hk} {GiHk}, and {GiHkGi} [this final group are just
the Hk with an added phase as the Gi can be (anti)commuted
through the Hk]. These observables have weights up to MG +
MH , and overall the total number of expectation values to be
determined from the measurement data is NG + NH + NGNH .

To filter out expansion basis operators that are unable
to decrease the energy of the initial state, we will rank all
operators in {Gi} according to their improvement in energy
�Ei and keep only the top K operators, which gives us the
K-significant expansion basis. This process has a classical
computational complexity linear in NG of O(NGNH ); thus, NG

can be chosen as potentially very large, e.g., NG � 106.
(3) Equation for full expansion: We will perform subspace

expansion using the K-significant expansion basis, which in-
volves estimating the set of weight-2MG observables {GiGj}
to form the matrix S, and weight-2MG + MH observables
{GiHkGj} to form the matrix H , the matrix entries can be
determined based on the observation that any product of lo-
cal Pauli strings evaluates to a single Pauli string of higher
locality [11]. They require the estimations of K2 and K2NH

observables, respectively.
(4) Solving the eigenvalue problem: To obtain the eigen-

spectrum in the subspace and the optimal weights �w. We
detail our method in Sec. III C for solving the noisy gener-
alized eigenvalue problem in Eq. (3). This step has a classical
computational complexity of O(K p) with a polynomial power
2 � p � 3 and is thus the time bottleneck. This reflects the
importance of the screening step for choosing the best K
observables.

Step 4 will output the energy of the state found via
subspace expansion. The following steps are needed for es-
timating other observables on the output state:

(5) Use the shadows to estimate the set of weight-2MG +
MO observable {GiOkGj} of a size K2NO.

(6) Use the optimal weight �w∗ to reconstruct the optimal
observable:

Tr(Ototρ �w∗ ) = Tr(Otot� �w∗ρ� �w∗ )

Tr(� �w∗ρ� �w∗ )

=
∑

i, j βkw
∗
i w

∗
j Tr(GiOkGjρ)

Tr(�2
�w∗ρ)

.

We note that there are alternative methods for choosing
the K-significant observables and we have described one such
method based on shadow spectroscopy [10] in Appendix B.
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B. Shot noise propagation

As explained in the previous section, we proceed by es-
timating matrix entries of S and H from classical shadows
data. Due to the finite sample size, the matrix entries come
with a certain amount of shot noise. Building on the main
theorem of Ref. [30], we bound how this shot noise propagates
into the solution of the generalized subspace expansion, which
helps us pinpoint the hyperparameters that require particular
attention in the postprocessing step.

We can recast the generalized eigenvalue equation in
Eq. (3) into the usual eigenvalue equation M �w = E �w �w, where
M = S−1H . We quantify the shot noise in the matrix M as
the total variance ε2

M = ∑
kl Var{[M]kl}, which is equivalent

to the expected Hilbert-Schmidt distance of the matrix due to
shot noise. We obtain the following bound in Appendix C as

ε2
M � N−1

s 32w′
K

[
‖Htot‖∞‖S−1‖4

2 + 3w‖S−1‖2
2

]
. (6)

While the above bound is based on worst-case arguments
and is thus expected to be very pessimistic, it nevertheless
informs us of the following. First, the total variance can be
reduced inversely proportionally by increasing the number of
shots Ns (standard shot noise scaling). Second, as we restrict
ourselves to simple Pauli shadows [9], we have an exponential
dependence on the largest weight w′ among the expansion
operators Gk and on the largest weight w among the Pauli
terms in the total Hamiltonian Htot—of course, more advanced
shadow techniques [27,31,32] can help mitigate this depen-
dence. Third, the effect of shot noise depends polynomially
on the Hilbert-Schmidt norm of the inverse matrix ‖S−1‖2,
and thus truncation to the most significant singular values,
as we detail below in Sec. III C, is essential to ensure this
matrix norm is well controlled. Finally, the variance is also
influenced by the absolute largest eigenvalue ‖Htot‖∞ of the
problem Hamiltonian Htot , which is indeed expected to grow
polynomially with the system size, i.e., the number of qubits,
in typical scenarios.

As we detail in Appendix E, our conclusion is consis-
tent with the analysis of Ref. [33]. In particular, Ref. [33]
assumed that in a single experiment the deviation due to
shot noise from the ideal matrices H and S are expressed as
δH and δS, respectively. Then, the deviation in the solution
of the generalized eigenvalue equation can be bounded as
δE �w � ‖S−1‖∞(‖δH‖∞ + ‖Htot‖∞‖δS‖∞). Indeed, the same
spectral properties appear in this bound, however, Eq. (6)
expresses a statistical variance due to propagation as opposed
to the noise propagation in a single sample—hence Eq. (6)
explicitly depends on further parameters, such as the number
of shots.

C. Regularization of the generalized eigenvalue problem

Classical shadows allow us to efficiently estimate a very
large number of expansion operators, however, many states
obtained through low-weight expansion operators have high
overlaps. As a result, our generalized eigenvalue equation po-
tentially involves highly singular matrices. As detailed in the
previous section, shot noise propagation is potentially mag-
nified by these small singular values of the overlap matrix.
Therefore, our approach requires careful regularization.

To numerically solve the generalized eigenvalue problem
in Eq. (3), we must have a well-conditioned S. In our case, the
physical conditions also require S to be positive semidefinite.
Therefore, we can regularize the problem by transforming the
matrices H, S to a subspace in the state expansion space where
S has sufficiently large positive eigenvalues. This is analo-
gous to the process of projecting onto the nearest (in terms
of Frobenius norm) positive semidefinite matrix [34], except
we also dynamically choose a threshold to remove some
eigenvalues above 0 to ensure the eigenvalue problem is well-
conditioned. More exactly, the regularization is performed by
restricting the problem to the subspace spanned by the first K̃
eigenvectors of S ranked by eigenvalues, which is in a sense
the effective dimension of the matrix containing information
that is distinguishable above the noise. These eigenvectors
produce a K × K̃ transformation matrix Q, which can be used
to transform the original problem to a dimension-K̃ general-
ized eigenvalue problem with the following matrices:

S̃ = Q†SQ and H̃ = Q†HQ, (7)

which outputs the energy EK̃
0 .

The optimal value of K̃ to be used can be determined from
a series of such transformations by calculating the ground
state energy El

0 for each and stopping when the energies be-
come unstable. This is determined by tracking the variance
of the energy estimates within a moving window the and
terminating when the moving variance reaches a minimum,
indicating a series of gradually varying energies as the reg-
ularization reaches the optimal value before the eigenvalue
problem becomes unstable, resulting in an increase in the
moving variance.

For example, given a sequence of ground state energies
El

0, we calculate the differences �l = El
0 − El−1

0 , and then the
moving variance with a window size W :

Vl = Var[�l , . . . �l+W ]. (8)

The minimum of this moving variance provides a good point
to stop increasing l where a low energy has been found, but
before the eigenvalue problem has become unstable. In our
numerics in this paper, we use a window size W = 7.

IV. RESULTS

We will first examine the use of SSE for solving the ground
state energy for a 14-qubit spin chain model. The spin chain
Hamiltonian takes the form

H = J
N∑

i=1

�σi · �σi+1 + ciZi, (9)

with J = 0.1 and ci ∈ [−1, 1] as uniformly random on-site
energies. This Hamiltonian has been considered in studies of
self-thermalization and many-body localization and has been
identified as a promising target for quantum advantage [35].

For the sake of demonstration, we initialize using the vari-
ational quantum eigensolver (VQE) [2] for 300 steps to an
initial state with energy error �E = 0.235 from the ground
state, and then perform SSE.
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FIG. 1. (a) Error of SSE for the spin chain problem with subspace dimension K , with shot noise level ε per matrix element (denoted by
the legend), with the energy of the input state denoted by the black dotted line. Faded regions indicate standard deviations of SSE result as
determined by results from 20 independent runs. (b) Errors as K increases, demonstrating that increasing K beyond a threshold set by the noise
level will not decrease the estimation error. (c) Impact of matrix element error on the eigenvalues of the matrix S, for K = 10 000 on the spin
chain problem (with unphysical negative eigenvalues discarded), indicating that the source of the decrease in accuracy in energy is the removal
of information from the low magnitude eigenvalues. The truncation dimension required is typically found to be well above the noise-induced
levelling off on this plot. (d) Impact of increasing K on the eigenvalues of the matrix S for ε = 10−5 for K = 1000, 2000 . . . 10 000 increasing
from left to right (with negative eigenvalues removed) indicating that the significant eigenvalues are increased as more information in included
in the subspace expansion by increasing K , however, this does not substantially raise lower magnitude eigenvalues above the noise floor.

A. Performance with increasing subspace size

In this section, we will investigate the performance of SSE
as the size of the subspace K increases. For simplicity, we will
first assume the shot noise that is added to all the observables
that form the entries of H and S is drawn from a complex
Gaussian distribution of mean 0 and standard deviation ε, and
then examine the effects of accurately modeled shot noise
from classical shadow data in Secs. IV B and IV C.

Previously in the standard application of subspace expan-
sion, the cost of measuring the expectation values grows
quadratically with the subspace size, thus we are usually re-
stricted to very small subspace size of K ∼ 10. There is no
such restriction for SSE. In Fig. 1(a), we apply SSE up to a
subspace size of K = 3000 with different levels of shot noise.
We see that increasing K beyond the K ∼ 10 regime leads to a
strong reduction in the errors in the estimated energy. We can
achieve almost an order of magnitude reduction with a modest
shot noise of ε ∼ 10−3, and almost two orders of magnitude
reduction when we have a low shot noise of ε ∼ 10−5.

In Fig. 1(b), we look at even larger subspace sizes up to
K = 104, which nears the maximum K available when using

up to 3-local Paulis as our expansion basis operators (10 690
for 14 qubits). In the noiseless case, the error in the estimated
ground state energy decreases monotonically with the increase
of K . With a finite level of shot noise per matrix element, the
error in the ground state energy found by SSE hits an error
floor as we increase the size of the subspace K . This error
floor will decrease as we decrease the amount of shot noise,
with a rough fit of �Efloor ∝ ε0.6 found in our numerics.

The phenomenon of the error floor shown in Fig. 1(b),
whereby the energy error with a given level of noise saturates
as K is increased can be explained by looking at the eigen-
values of S. In Fig. 1(b), we show the eigenvalue spectrum
of S for K = 104 at varying levels of shot noise, demonstrat-
ing that the magnitude of some eigenvalues will be so small
such that they are buried under the shot noise as the noise
increases. The information about the subspace carried by
these eigenvalues and their associated eigenvectors needs to
be excluded in the subspace expansion to keep the generalized
eigenvalue problem well-conditioned. Hence, for a given shot
noise level, there is a point where increasing K will only add
low-magnitude eigenvalues buried under the noise and will
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not assist in improving the ground state energy, reaching the
error floor mentioned.

We also examine the effect of increasing K on the eigenval-
ues of S. In Fig. 1(c), we plot these eigenvalues for different
K at the noise level of ε = 10−5. For low K , the fraction of
eigenvalues that are above the level of the noise is greater,
whereas for higher K we are including an increasing number
of operators that add little information to the subspace ex-
pansion, and so have a growing number of eigenvalues that
only contain information about the noise. One thing to note
is that as K increases, the eigenvalues of the matrix grow
roughly linearly (see Appendix F) but the eigenvalues fall off
exponentially with index i (at least in the intermediate region
between the large eigenvalues and those which consist only
of noise)—the linear increase in signal-to-noise ratio as K
increases is not able to raise many more eigenvalues above
the noise threshold.

B. Simulations using shadow variances

Until this point, we have been considering shot noise pro-
ducing uniform Gaussian errors on the matrix elements of
S, H , analogous to shot noise from measuring each of the el-
ements independently. However, in the realistic setting where
the expectation values are estimated from a fixed number of
classical shadow snapshots, we do not expect the level of noise
on each matrix element to be the same. In particular, when
using local Clifford shadows, the variance of our estimators
will have an extra factor of 3w, where w is the weight of
the observable (see Appendix D), meaning that instead of a
single value of ε shared between all matrix elements as in
the numerics in Fig. 1, each matrix element corresponding
to an observable of weight w has a new error ε → √

3wε.
We therefore perform additional numerics where we accu-
rately simulate the shot noise produced by the finite size of
the classical shadow to examine its effect on the subspace
expansion. In Fig. 2, we perform SSE on a series of states
obtained from different steps along the VQE optimization of
the spin chain model, with the numbers of snapshots between
106 and 108, and compare the results to the energy of the
initial state as determined from direct estimation with 106

snapshots. We find substantial improvements for all numbers
of snapshots for high-energy initial states, but for states closer
to the ground state, below a certain number of snapshots, the
effect of shot noise on SSE means that we can get energy
estimates with higher variance than direct estimation. This
effect can be mitigated by increasing the number of snapshots.
In our experiment, with 108 snapshots we will always obtain
a better result compared to direct estimation.

It is worth noting that the original state (corresponding to
the identity expansion operator) is in the full K-dimensional
subspace. However, when we try to regularize the subspace
via transformation and truncation as outlined in Sec. III C,
the resultant K̃-dimensional subspace may not fully contain
the original state anymore. This is the reason we can reach
an energy above direct estimation. This can be potentially
solved by creating another regularization procedure, explicitly
keeping the original state in the output subspace, e.g., by
regularizing only the subspace outside the original state. In
the present case, since the direct estimated energy, being an

FIG. 2. Energies of states over the course of a VQE optimization
of the spin chain model using simple gradient descent with line
search, obtained using 106 snapshots. The orange dashed line cor-
responds to the energy of the state at that point in the optimization,
whereas the red, green, and blue curves correspond to the energies
achieved using SSE (with K = 5000), using accurate shadow vari-
ances for a shadow with the number of snapshots indicated in the
legend. Faded regions indicate standard deviation of SSE result as
determined by results from 20 independent runs.

entry in the H , is always a known quantity, we will simply
output the direct estimated energy if the SSE energy is higher.
In this way, we can ensure our method will always provide a
better or at least an equally good estimate compared to direct
estimation.

While we realize that finding a lower energy than direct es-
timation using SSE requires either a high-energy starting state
or a large number of snapshots, we note that there are multiple
techniques that could alleviate the shot burden. For example,
derandomization [36] can be used after the identification of
good observables for the subspace expansion. We also note
the existence of alternative classical shadow techniques that
can achieve greater performance on some restricted classes
of observables [37] that could reduce the overhead based on
problem-specific knowledge. Recent works also allow for the
reduction of mean-squared errors of the estimators produced
from classical shadows via a bias-variance trade-off which
would be effective at reducing the error on the high-weight
observables. This can be performed either through rescaling
conventional shadow estimators [31] or using cumulant ex-
pansions for estimating k-RDMs of fermionic systems [38].
We also note that recent works provide a way to reduce the
sampling overhead for high-weight observables by optimizing
the shadow inverse map [39–41].

C. Effects of gate noise

To investigate the effect of gate noise on our algorithm,
we perform density matrix simulations on a seven-qubit spin
chain, using a parametrized quantum circuit with 161 single-
qubit gates and 60 two-qubit gates, adding single or two-qubit
depolarizing noise after each gate, with the noise strength
for two-qubit gates being five times of that for single-qubit
gates. We do this for a range of gate noise strengths leading to
differing circuit fault rates λ, which are the expected number
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FIG. 3. (a) Energies obtained via simulations with gate noise, comparing the direct measurement of energy with the use of SSE with varying
levels of gate noise, denoted by the circuit fault rate λ and shot noise from snapshot counts as given in the legend. SSE lines correspond to
an average over 20 separately sampled instances of shot noise with outliers removed, the shaded regions are the standard deviations of these
distributions. The effective dimension of the subspace K̃ is allowed to be 15 at maximum. (b) Energy improvements of the SSE mitigated
observables over the direct estimation on the noisy state in Fig. 3(a) showing an energy improvement of ∼0.5 over the whole noise range,
approximately independent of shot count. (c) The same calculation, as in Fig. 3(a) but with K̃ allowed to vary freely. The average values of
K̃ found by the regularizer for the numerics in this plot are shown in Fig. 3(d). (d) Average value of K̃ found for the circuit used to generate
Fig. 3(c) with fault rate λ. The value of K̃ increases past the dimension of the Hilbert space in this small example, but remains well below the
4n possible Pauli terms that can be used in the expansion for gate noise mitigation.

of faults per circuit execution, given by the sum of error prob-
abilities over all gates λ = ∑

i pi and simulate shot noise as in
Sec. IV B for a range of shot noise strengths denoted by the
number of snapshots taken. We take K = 500 and in Fig. 3(a)
show the performance of SSE on noisy circuits, producing an
energy improvement over the direct noisy estimate of approx-
imately 0.5 over the noise range, with little dependence on the
shot count as shown in Fig. 3(b), demonstrating the robustness
of the method as a form of error mitigation, distinct from
existing error mitigation methods that combine shadows and
subspace expansion through reconstruction and expansion in
terms of the density matrix ρ [33,42].

Noisy simulations of quantum circuits are resource inten-
sive and thus we have only simulated up to seven qubits,
which corresponds to a Hilbert space dimension of d = 27

with 256 real parameters. The Hermitian and trace-preserving
operator space that density operators live in has the dimen-
sion of d2 − 1 ∼ 15 000. The small system size runs the risk
of having an expansion subspace with a dimension larger
than the degree of freedom needed to simulate the full quan-
tum system. Hence, we have avoided this by clamping the

maximum possible value of K̃ to be 15 in Fig. 3(a). In
Fig. 3(c), we show the same simulations without any restric-
tions on K̃ , and show the corresponding values of K̃ found in
Fig. 3(d), where they increase with the noise level. We see
that indeed increasing the dimension of the subspace is an
excellent way to mitigate gate noise in the circuit. In fact,
as shown in Fig. 3(c), we are able to achieve an estimation
accuracy that is largely independent of the circuit noise level
if we put no restriction on the dimension of the expansion.

D. Quantum chemistry and excited states

Besides spin chain Hamiltonians, we also examine the
performance of SSE on a quantum chemistry Hamiltonian.
We use the 12-qubit LiH Hamiltonian in the STO-3G basis
[43] and run VQE using a UCCSD ansatz [44]. We then
perform SSE on the output VQE states along the optimization
trajectory. In Fig. 4, we show the VQE energies achieved by
the orange line and the SSE energies achieved from the state
at that step number using blue markers, with a shot noise of
ε = 10−6. SSE is unable to improve on the Hartree-Fock state
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FIG. 4. Energy estimation errors of direct estimation (orange
curve) and SSE (blue markers) as a function of the number of VQE
steps (orange, using UCCSD ansatz with a single layer) used to
generate the initial expansion state, starting from the Hartree-Fock
state for LiH. The Hartree-Fock energy is shown by the red dotted
line, and SSE is unable to improve on this due to the long Pauli
strings require but even after a small number of VQE steps, SSE
is able to rapidly make improvements on the ground state energy.
The inset shows the log of the energy error for SSE. Shot noise level
ε = 10−6.

due to its restriction to local Pauli strings, but even after a
small number of steps, two orders of magnitude improvement
in the energy estimation error �E can be achieved over the di-
rectly estimated VQE energy. In this case, the Hamiltonian of
LiH used had a ground state with the correct electron number,
and so no accommodation needed to be made for the electron
number symmetry of the Hamiltonian. However, if this were
not the case and the Hamiltonian had a nonphysical ground
state with a different number of electrons, the techniques in
Appendix A would be required to ensure the solution was
not corrupted with lower energy states of the wrong electron
number.

As the generalized eigenvalue problem [Eq. (3)] outputs
an entire spectrum of energies within the subspace, it is in-
teresting to compare the spectrum produced by SSE and the
true spectrum of the Hamiltonian. In Fig. 5, we show the
energy difference between the two spectra for LiH for a run
of SSE with K = 2000 and without shot noise from the final
state output by the variational algorithm in Fig. 4. The ground
state energy difference found is approximately �E = 10−4,
with the inset showing the two spectra individually (SSE in
blue, true spectrum in orange). We can see that for the first
∼80 eigenstates, the energies are in strong agreement with
an energy difference of �E � 10−2. This falls off rapidly as
we move to higher energy eigenstates. The agreement at the
low-energy level suggests the possibility of further extending
our techniques to applications involving excited states.

V. CONCLUSION

In this paper, we present SSE which leverages clas-
sical shadow data to perform high-dimensional subspace
expansions for estimating ground state energies of quantum
systems. We numerically investigate our approach by finding
the ground state of a 14-qubit spin chain as well as obtaining

FIG. 5. The energy difference between the spectrum produced by
SSE and the true spectrum of LiH for the first 150 energy levels, in-
dicating some agreement for the lowest-lying eigenstates but rapidly
diverges. The inset plot shows the SSE spectrum (blue) and the true
spectrum (orange), extending into higher energy levels.

excited state energies of a LiH Hamiltonian as relevant in
quantum chemistry.

We demonstrate that our method remains effective for sub-
space expansions of dimension up to the thousands—which is
beyond the size limitations of previous approaches by orders
of magnitude. We observe more than one order of magnitude
error reduction when using observable expectation values un-
der a typical level of shot noise ∝ 10−3, while indeed further
error reduction can be achieved by further suppressing shot
noise (increasing the number of snapshots or circuit repeti-
tions).

We specifically considered simple local Clifford shadows
for estimating expansion operators as local Pauli strings and
found that our method is robust against relatively small over-
laps with the true ground state and, indeed, outperforms direct
energy estimation (using the available expected values) in
all examples. However, when the initial state is already very
close to the true ground state, then we observe that an in-
creased number of shadow snapshots are needed to obtain
improvements beyond direct energy estimation. Furthermore,
we demonstrate that the approach is also robust against gate
noise in the state-preparation circuits.

Based on the potential advantages outlined above, when
one performs ground-state energy estimation using classical
shadows, our approach can be additionally performed fully in
postprocessing at no quantum cost and can potentially further
reduce errors in the energy estimates; of course, in the worst
case our approach yields no improvement in which case one
still has access to direct energy estimate.

Given SSE is particularly effective when the initial state
has relatively small overlap with the true ground state a poten-
tially powerful application could be the following: If we are
given classical shadows of the ground state of a given Hamil-
tonian, we can use this as an initial state for SSE to probe
the ground state energy of slightly modified Hamiltonians, en-
abling us to probe the entire nearby energy landscape from the
shadow data of one single state. Furthermore, in our numerical
simulations we have primarily focused on estimating ground
state energies, however, as we note in Sec. III A, our method
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can directly be used for estimating other observables from the
ground states.

Besides performing expansion of a given state within a sub-
space, one can also use postprocessing techniques to project
the state into a given subspace using techniques like symmetry
verification [45,46], in which the symmetry can arise from
the target problems or qubit encoding [19]. Reference [7]
have applied classical shadows to symmetry verification in
the context of quantum error correction codes and similar
ideas are also discussed in Ref. [8]. It will be interesting
to see if classical shadows can be applied to more general
techniques that incorporate both symmetry verification and
subspace expansion [47] as discussed in Appendix A.

Many further improvements are possible for SSE. The cur-
rent version of SSE is still very susceptible to shot noise due
to the finite number of shadow snapshots. This can be poten-
tially alleviated by studying alternative shadow schemes and
expansion bases, and also better ways to select the relevant
expansion bases to perform the regularization.
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APPENDIX A: SYMMETRY CONSIDERATIONS

It may be desirable for the subspace expansion to find the
lowest energy state with a certain symmetry, that is, within a
subspace of the Hilbert space which has the correct eigenvalue
of a symmetry operator A. For example, we may want to
restrict our solution to the space with the correct number of
electrons in a quantum chemistry application to ensure the
ground state energy estimate is not corrupted by nonphysical
states with the wrong number of electrons.

If the state rho ρ has the correct value of this symme-
try, it is straightforward to modify the subspace expansion
to only choose operators that commute with the symmetry
operator [Gi, A] = 0. However, when our state ρ does not
itself lie within the symmetry subspace, we must instead use
postprocessing to mitigate for the component with the wrong
symmetry. One way of achieving this is to perform an analog

of symmetry verification [46], and use existing techniques
and perform an internal subspace expansion to individually
mitigate all the matrix elements required [8,47]. However, this
requires increasing the weight of all observables measured by
the weight of the symmetry operator(s) and may produce a
large overhead due to the exponentially scaling shot require-
ments for higher weight observables.

There is an alternative method which we describe for the
case of a single symmetry operator A (although it is easily
generalized). We can additionally determine the elements of
the matrix

Ai j = Tr(GiAGjρ) (A1)

and, before solving for the ground state energy, solve the
generalized eigenvalue problem for the symmetry operator:

A �w = A �wS �w. (A2)

From solving this equation, we can identify a subspace
within our subspace expansion with a particular eigenvalue
of the symmetry operator A. That is, we can diagonalize the
matrix S−1A to find a transformation from the full subspace to
the subspace with the desired symmetry eigenvalue. This will
produce a transformation similar to Eq. (7) to be performed to
produce symmetry adapted matrices HA, SA which will then
be used for a better estimate of the lowest energy within the
correct symmetry subspace.

APPENDIX B: IDENTIFYING GOOD OBSERVABLES
THROUGH TIME DEPENDENCE

We present here an alternative method for finding the
K-significant observables based on algorithmic shadow spec-
troscopy [10]. Given an initial state |ψ〉 = ∑d

k=1 ck|ψk〉, we
time evolve it to obtain the quantum state |ψ (t )〉 := e−itH|ψ〉.
Measuring the expected value of any observable O, the signal
S(t ) is the following function of time:

S(t ) := 〈ψ (t )|O|ψ (t )〉 =
d∑

k,l=1

Ikl e−it (El −Ek ). (B1)

Here, the intensity carries all dependency on the observable as
Ikl = c∗

k cl〈ψk|O|ψl〉.
It follows that each signal has a phase-shifted cosinusoidal

time dependence as

S(t ) =
d∑

k=1

|ck|2〈ψk|O|ψk〉 +
d∑

k<l

|Ikl | cos[t (El − Ek ) + φkl ].

(B2)

Here we have used that Ikl = |Ikl |e−iφkl = c∗
k cl〈ψk|O|ψl〉.

Assuming a low-energy initial state that has a dominant
overlap with the ground state via c1 � ck with k > 1, we can
approximate the signal by dropping all terms nonlinear in ck

as

S(t ) ≈ |c1|2〈ψ1|O|ψ1〉 +
d∑

k=2

|I1,k| cos[t (E1 − Ek ) + φ1,k].

(B3)

To tell whether an observable O can induce a transition be-
tween the ground state and an excited state as 〈ψk|O|ψ1〉, it
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suffices to verify that the signal S(t ) is constant. As we need
not estimate the frequency of the signal cos[t (E1 − Ek ) +
φ1,k], it suffices to perform a relatively short time evolution
to obtain the signal S(t ) and apply a Ljung-Box test to verify
whether the signal is statistically significantly different from
shot noise. The approach is robust to algorithmic errors in
the time evolution since the frequency and the phase shift
cos[t (E1 − Ek ) + φ1,k] need not be estimated.

APPENDIX C: PROOF OF EQ. (6)

As detailed in the main text, we consider the solution to the
generalized eigenvalue equation as the eigenvalue equation for
the matrix M = S−1H as

S−1H �w = E �w �w. (C1)

We denote entries of the qth column vector of M as u(q) which
is equivalent to u(q) = S−1v(q), where v(q) is the qth column
vector of the Hamiltonian matrix H . Lemma 2 in Ref. [30]
quantifies the shot noise propagation in this inverse-matrix-
vector equation u(q) = A−1v(q) in terms of the total variance,
i.e., the expected Euclidean distance squared, of the vector u(q)

due to shot noise as εq = ∑
k Var[u(q)

k ].
The following bound was obtained for the shot-noise prop-

agation:

ε2
q =

ν∑
k,l=1

akl Var{[S]kl} +
ν∑

k=1

bkVar
[
v

(q)
k

]
,

where akl :=
ν∑

i, j=1

[S−1]2
ik[S−1]2

l j

[
v

(q)
l

]2

and bk :=
ν∑

l=1

{[S−1]kl}2.

A bound on the following coefficients was proved as

akl � ‖v(q)‖2
∞

ν∑
i, j=1

[S−1]2
ik[S−1]2

l j . (C2)

We assume that the shot noise in the matrix entries [S]kl

and [H]kl is independent (zero covariance). We expect the
bounds on the shot-noise propagation to be loose, and we
are primarily interested in establishing the scaling of the error
rather than a guaranteed bound.

We can apply the variance bound for classical shadows
given that in the present work we assume the matrix entries
Var{[S]kl} are estimated from classical shadows. Given all
matrix entries are of the form of Eq. (4), the variance is upper
bounded as

Var{[S]kl} � N−1
s 32w′

. (C3)

Above we used the largest weight w′ among the expansion
operators and Ns is the number of shots used.

Similarly, we can bound the variance of the Hamiltonian
matrix entries as

Var
[
v

(q)
k

] = Var{[H]kq} � N−1
s 3w+2w′

,

where we used the largest weight w among the Pauli terms in
the Hamiltonian.

Substituting this back into the error propagation formula,
we obtain

ε2
q � N−1

s 32w′
ν∑

k,l=1

akl + N−1
s 3w+2w′

ν∑
k=1

bk . (C4)

Substituting back the explicit form of bk and our upper bound
for akl , we finally obtain

ε2
q � N−1

s 32w′ ‖v(q)‖2
∞‖S−1‖4

2 + N−1
s 3w+2w′ ‖S−1‖2

2, (C5)

where ‖ · ‖2 is the Hilbert-Schmidt or Frobenius norm of a
matrix.

We have so far quantified the total variance in the qth
column vector of M. We define the total variance in M
as ε2

M = ∑K
q=1 ε2

q = ∑
qk Var{[M]kq}, which is the expected

Hilbert-Schmidt distance in the matrix M due to shot noise,
using that

K∑
q=1

‖v(q)‖2
∞ � K max

kl
[H]kl � K‖Htot‖∞, (C6)

where ‖Htot‖∞ is the absolute largest eigenvalue of the prob-
lem Hamiltonian. We finally obtain the bound

ε2
M � N−1

s 32w′
K

[‖Htot‖∞‖S−1‖4
2 + 3w‖S−1‖2

2

]
. (C7)

APPENDIX D: VARIANCE OF LOCAL
CLIFFORD SHADOW

Suppose we are given the ability to prepare a given state
ρ, and we want to construct its classical shadow using local
Clifford twirling. In a given circuit run, we will prepare the
state ρ and then perform measurements corresponding to a

set of random local Pauli operators �̂G, which give the set

of random outcomes �̂g ∈ {±1}⊗N . The output state | �̂G, �̂g〉〉 is

stabilized by the set of Pauli generators �̂g � �̂G, where � is
elementwise multiplication, and we will call this a projection
of the input state ρ. If we use D to denote the channel where
each qubit is locally depolarized with 2/3 probability, then
by applying the inverse of this channel on the output state,

|ρ̂〉〉 = D−1| �̂G, �̂g〉〉, will give a classical snapshot of the input
state ρ and the collection of them form the classical shadows
of ρ. We can obtain the expectation value of a Pauli observable
O with respect to the input state ρ by taking the expectation
value of O with respect to these snapshots:

〈〈O|ρ〉〉 = E[〈〈O|ρ̂〉〉] = E[〈〈O|D−1| �̂G, �̂g〉〉].

Using the fact that 〈〈O|D−1| �̂G, �̂g〉〉 = 3w〈〈O| �̂G, �̂g〉〉, where
w is the weight of O, we can estimate 〈〈O|ρ〉〉 via two steps.

Step one is to obtain the random variable Q̂ = 〈〈O| �̂G, �̂g〉〉
through postprocessing for each snapshot. Two possible sce-
narios can arise:

(1) O ∈ 〈 �̂G〉, i.e., O can be obtained through multiplying
the set of local Pauli measurements in the given snapshot,
or in other words, +O or −O is a stabilizer of the snapshot.
This happens with the probability 3−w since each local Pauli
measurement is chosen randomly from {X,Y, Z}. In this case,
the output random variable Ô follows the same distribution
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FIG. 6. Demonstration of the largest eigenvalue of S increasing
linearly with K , as expected for a matrix of overlaps Si j = 〈ψi|ψ j〉,
where the states are mostly similar to each other (consisting of only
small local changes). For example, in the extreme case where we take
all Gi = I , then the largest eigenvalue is K .

as directly measuring O on state ρ. Thus, we have E[Ô] =
〈〈O|ρ〉〉.

(2) O �∈ 〈 �̂G〉, which happens with the probability 1 − 3−w.

In this case, we simply have 〈〈O| �̂G, �̂g〉〉 = 0.
From the description above, we have

E[Q̂] = 3−wE[Ô] + (1 − 3−w )0 = 3−wE[Ô],

E[Q̂2] = 3−wE[Ô2] + (1 − 3−w )02 = 3−w,

Var[Q̂] = E[Q̂2] − E[Q̂]
2 = 3−w − 3−2wE[Ô]

2
.

Step two is rescaling the result obtained from Q̂ by 3w,
which gives rise to the estimator R̂ = 3wQ̂. This gives

E[R̂] = 3wE[R̂] = E[Ô] = 〈〈O|ρ〉〉

as expected, so the shadow estimator R̂ is an unbiased estima-
tor of 〈〈O|ρ〉〉. Its variance is given as

Var[R̂] = 32wVar[Q̂] = 3w − E[Ô]
2
.

APPENDIX E: PRIOR WORK ON SHOT
NOISE PROPAGATION

As derived in the Appendix of Ref. [33], when solving

H �w = E �wS �w,

the shot noise in H and S, denoted as δH and δS, will also
lead to noise in the calculated weight vectors and energies.
One can show that

δE �w = �w†(δH − E �wδS) �w.

As shown in Ref. [33], this error is bounded by

δE �w � ‖S−1‖∞(‖δH‖∞ + |E �w|‖δS‖∞).

Furthermore, we can bound the energy as |E �w| � ‖Htot‖∞,
which yields the bound

δE �w � ‖S−1‖∞(‖δH‖∞ + ‖Htot‖∞‖δS‖∞).

The dependence on ‖S−1‖∞ means that truncation of the
expansion basis is essential such that S is not close to being
singular.

APPENDIX F: DEPENDENCE OF EIGENVALUES
OF S ON K

Here we show the dependence of the largest eigenvalue of
the matrix S on the subspace dimension K (Fig. 6), demon-
strating that the inclusion of more subspace dimensions does
increase the amount of information present about the most
significant directions within the subspace. However, as this
increase is linear, we are not able to significantly increase the
number of eigenvalues above the noise floor shown in Fig.
1(d) by increasing K .
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