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Abstract

We study an additive perturbation theorem for substochastic semigroups
which is known as Kato’s Theorem. There are two previously-known
generalisations of Kato’s Theorem, namely for abstract state spaces and
for K B-spaces. We prove a version of Kato’s Theorem for a class of spaces
which encompasses both, namely ordered Banach spaces with generating
cone and monotone norm. We also study a property of the perturbed
semigroup in Kato’s Theorem known as honesty of the semigroup. We add
a few results to the fairly extensive existing theory of honesty for Kato’s
Theorem for abstract state spaces. In light of our new generalisation
of Kato’s Theorem to ordered Banach spaces with monotone norm, we
investigate generalising the theory of honesty to these spaces as well. The
results for the general case are less complete as many of the results for
the case of abstract state spaces depend on the additive norm structure

of the space.

We also consider some new applications of honesty theory in abstract
state spaces. We begin by applying honesty theory to the study of the
heat equation on graphs. We prove that honesty of the heat semigroup
coincides with a concept known as stochastic completeness of the graph
which has been studied independently of honesty. We then look at the ap-
plication of honesty theory to quantum dynamical semigroups. We show
that honesty is the natural generalisation of the concept of conservativ-
ity of quantum dynamical semigroups. Conservative quantum dynamical
semigroups are known to have certain “nice” properties. We show that
similar properties hold for honest semigroups using honesty theory results.
Finally, we consider a form of boundary perturbations in the context of
transport semigroups. There exists an analogous theory of honesty for
this set-up. We formulate a general result from which honesty results of

both Kato’s Theorem and transport semigroups can be derived.
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Introduction

Substochastic semigroups are positive one parameter semigroups of operators which
are contractions on the positive cone of the ordered Banach space they act in. These
semigroups occur in a variety of situations. One of their major uses is modelling the
time evolution of some quantity in a particular system, for example, the distribution
of neutrons in a system of nuclear particles [4, 9, 46]. The semigroup acts on L' and
the norm of the semigroup then gives the total number of neutrons in the system
at a given time. Other examples include modelling population changes in birth and
death problems [9, Chapter 7] and modelling fragmentation problems which occur
in physical and chemical phenomena such as rock fracture or depolymerisation |9,
Chapter 8-9].

Substochastic semigroups also play an important role in probability theory where
they occur in the guise of Markov or submarkov semigroups which are related to the
study of Markov processes in L'. In fact, the main generation theorem which we will
study in this thesis originates from the study of the classical Kolmogorov differential
equations. In particular, we are interested in a generation theorem for substochastic
semigroups under a special class of positive additive perturbations. This theorem is
known as Kato’s Theorem as it was first proven by Kato in his search for solutions
to the Kolmogorov differential equations in ¢ [31].

Kato’s Theorem is but one example of a result in the classical study of perturba-
tions of semigroups of operators. The study of perturbations of semigroups is usually

centered around two main questions:

(i) Given the generator A of a strongly continuous (Cy-)semigroup, for which op-
erators B can we find an extension G of A + B such that G also generates a

Co-semigroup?

(ii) Suppose there exists such a perturbed generator G generating (V' (t));>0, what
are the properties of the perturbed semigroup (V' (t))i>0?



Apart from Kato’s Theorem, examples of results which give an answer to question (i)
include the Bounded Perturbation Theorem [22, Theorem III.1.3] and the Miyadera
Perturbation Theorem [22, Theorem II1.3.14]. As for question (ii), there are several
angles from which the problem can be tackled. We are often interested in ensuring
that the perturbed semigroup retains the same properties as the original semigroup,
for example if the original semigroup is analytic, we would like to know that the
perturbed semigroup is analytic too. Occasionally, we study the properties of the
perturbed semigroup independently of the original semigroup as we will see in this
thesis. We will give more details after the next couple of paragraphs where we will
first discuss Kato’s Theorem briefly.

As mentioned above, we are mainly interested in (strongly continuous) substochas-
tic semigroups. In particular, the solution to question (i) which we will focus on is
Kato’s Theorem. The main idea of the theorem states that if A is the generator of
a substochastic semigroup in L'(€2, u) and B is an operator which is positive on the
domain of A, D(A), such that A and B satisfy the following condition:

/(A—i—B)q:d,uSO for all 0 <z € D(A), (1)

then there is an extension G of A + B that generates a perturbed substochastic
semigroup (V(t))¢o0 [31, Theorem 1]. Note that in L', a substochastic semigroup is
simply a positive contraction semigroup. The condition (1) ensures that the perturbed
semigroup is contractive (or in more technical terms, the generator G is dissipative).
The positivity of the operators R(\, A) := (A — A)™* A > 0 and BR(\, A), X > 0 and
the series representation of the operator, namely

RO\, G)x =Y R\ A)YBR\A)z, zeX
k=0
allow us to deduce the positivity of the perturbed semigroup.

There exist generalisations of Kato’s Theorem to spaces beyond L!, namely to
abstract state spaces and K B-spaces (See Chapters 2 and 3). Abstract state spaces
are generalisations of L!-spaces in that they are ordered Banach spaces with norm
additive on the positive cone while K B-spaces are Banach lattices in which any non-
negative, increasing and norm bounded sequence is norm convergent (see Section 1.1
for more information). Observe that L' lies in both sets of spaces but neither set
is a subset of the other. Abstract state spaces were introduced by Arlotti, Lods
and Mokhtar-Kharroubi in [3] as a means of removing the lattice structure on L!-

spaces. The authors discovered that Kato’s Theorem did not depend on this structure,



hence they were able to extend Kato’s Theorem to this setting with minimal changes
to his proof. The generalisation to K B-spaces however, does require an additional
assumption, namely that the spectrum of BR(\, A) lies within the closed unit disc
for some A > 0, in order to compensate for the loss of the additive norm structure.
This generalisation was in fact, proven by Banasiak and Lachowicz in [10] a few years
before the introduction of abstract state spaces.

Now let us consider the specific version of question (ii) which we will look at. The
central theme of this thesis is a particular property of the perturbed semigroup in
Kato’s Theorem which is known as honesty of the semigroup. Historically, the study
of this property originates from the study of the stochasticity of the semigroup, which
is in turn motivated by the study of non-explosive systems. As we mentioned above,
substochastic semigroups are often used to model real-world systems. Physical con-
servation laws often require that the modelled system is conservative or non-explosive.
In semigroup terminology, this means that the semigroup should be stochastic. So
for this conservative setting, we will say that the semigroup is honest if and only if it
is stochastic. More generally, honest semigroups can be described as the semigroups
which are faithful or consistent with the system they model. We will give more precise
definitions in Section 2.2.2.

Note that Kato’s Theorem only tells us of the existence of the perturbed semigroup
(V(t))s>0 but does not provide information about the honesty of the semigroup. Since
honest semigroups are the “good” semigroups, a major part of the study of honesty
theory involves finding characterisations of honesty which we can then use in applica-
tions to determine if the perturbed semigroup from Kato’s Theorem is honest. One
classical result in the characterisation of honesty tells us that honesty of the semi-
group (V(¢))¢>0 can be determined by identifying the exact relationship between the
generator G and the operators A, B. Note that from Kato’s Theorem, we know that
G is an extension of the operator A+ B but not the precise relationship. It turns out
that (V(t))s>o is honest if and only if G = A+ B [3, Theorem 3.5]. So apart from
the connection to the conservativity of the system, honesty of the semigroup is also
interesting from a mathematical point of view because it allows us to determine when
a core of A+ B is also a core for G.

The honesty theory for Kato’s Theorem has been quite thoroughly studied for the
case of abstract state spaces (which includes L'-spaces) using various approaches (see
[4, 35, 3] for example). One notable approach is a functional approach using resolvent
operators which was introduced by Voigt and Mokhtar-Kharroubi for the L! case in
[35] and extended to abstract state spaces by Arlotti, Lods and Mokhtar-Kharroubi in



[3]. Other notable approaches include a spectral approach [26] and a Dyson-Phillips
series approach [3]. Unfortunately, the currently-known results in honesty theory do
not extend to spaces beyond abstract state spaces despite the known existence of the
version of Kato’s Theorem for K B-spaces. Thus, the extension of honesty theory to
spaces beyond abstract state spaces will be one problem which we will investigate in
this thesis.

Kato’s Theorem and the honesty theory associated with it have applications in
many areas. Most of the known examples focus on the L' case, for instance, birth
and death problems and fragmentation problems. In this thesis, we will steer away
from these classical examples. We will begin by looking at an application of Kato’s
Theorem to an example based in 2, namely the heat equation on graphs or networks.
The theory of the heat equation on graphs is built on the discrete Laplacian, which
has a self-adjoint realisation that generates a positive contractive heat semigroup
on (% [32, Section 1]. The link to ¢! appears in the guise of Dirichlet forms and
their associated set of compatible semigroups on /7,1 < p < oo. This utilisation of
Dirichlet forms as a means of studying the heat equation on graphs was introduced
by Keller and Lenz in their seminal paper [32]. Using this link to ¢! and the fact that
the discrete Laplacian can be reformulated as the sum of two operators, we can show
that Kato’s Theorem can be applied to this setting. The main consequence of this
is that we can prove that honesty of the heat semigroup is equivalent to stochastic
completeness of the graph, which is an important notion in the study of the heat
equation on graphs that has previously been studied independently of honesty theory
(see for example [21, 32, 48]). Stochastic completeness is related to the amount of
heat in the graph and we say that a graph is stochastically complete if there is no
loss of heat to “infinity” (heat is “conserved”) [32, p.195].

The second application we look at is an application to quantum dynamical semi-
groups. The generalisation of Kato’s Theorem to abstract state spaces allows us to
apply our theory to quantum dynamical semigroups, which can be thought of as the
noncommutative version of classical Markov semigroups on L!. Quantum dynami-
cal semigroups as defined in Fagnola’s comprehensive survey [24], act on £($)), the
space of bounded linear operators on a Hilbert space §, and they emerged from the
study of quantum mechanics and quantum stochastic processes. The link between
Kato’s Theorem (the original L' version) and quantum dynamical semigroups has
been known since the 1970s, when Davies in [19] showed that the techniques used in
Kato’s paper [31] could be used to show the existence of a quantum dynamical semi-

group. More precisely, the application of Kato’s Theorem is restricted to a special



class of quantum dynamical semigroups, namely those whose generators can be rep-
resented in Lindblad form (see Definition 5.1.9). This form is named after Lindblad,
whose original generation theorem [24, Theorem 3.15] states that the generator of a
uniformly continuous quantum dynamical semigroup is the sum of the generator of
a substochastic quantum dynamical semigroup and a completely positive map. The
more general class we study no longer restricts to uniformly continuous semigroups
but still retains the decomposition of the generator into a sum of two operators which
then allows us to apply Kato’s Theorem. Note that although the relation with Kato’s
Theorem has long been identified, the link to honesty theory has yet to be established
as honesty theory was developed in a systematic manner much more recently. How-
ever, just like the commutative case on L', there is also a notion of conservativity
that has been studied independently of honesty theory (see [15, 16, 24] for example)
and we will in fact, show that honesty is a generalisation of this notion.

Finally, we will look at the connections between Kato’s Theorem and a differ-
ent type of perturbation altogether, namely boundary perturbation. In particular,
we will look at the transport equation with boundary conditions given by means of a
boundary operator, H. This differs from additive perturbations because the transport
operator acts on L'(Q, 1), where Q is a sufficiently smooth, open subset of R" and
is the associated measure, while the boundary operator acts on functions defined on
the boundary of €2. However, despite the differences between the two types of pertur-
bations, we will see that there is a generation theorem for the transport semigroup
which is structurally similar to Kato’s Theorem. This theorem gives the existence of
an extension G of the transport operator associated with H, such that G generates a
substochastic semigroup on L!(€, u1). These similarities extend to honesty theory as
well where honesty of the transport semigroup is usually couched in terms of mass loss
in the system modelled by the transport semigroup. Indeed, there are many papers
6, 7, 8, 34] which detail the transfer of techniques from the study of honesty theory of
Kato’s Theorem to the case of transport semigroups, often produced by authors who
studied both areas, for example, Arlotti, Lods, Mokhtar-Kharroubi and Banasiak.
This success in the transfer of techniques and the analogous results obtained lead
naturally to the question of whether one can obtain a general unifying theory from
which results of both perturbation types can be derived without resorting to the ac-
tual transfer of techniques. This is the main problem which we will investigate for

this application.



0.1 Summary of the Chapters

In the course of our study of Kato’s Theorem and honesty theory, we will come across
various concepts such as ordered spaces, positive operators and Dirichlet forms. We
will introduce these concepts and the required auxiliary information in Chapter 1.

We will begin our study of Kato’s Theorem in Chapter 2 where we will look at a
generalisation of Kato’s Theorem to the class of abstract state spaces. We will present
the generation theorem by Arlotti, Lods and Mokhtar-Kharroubi [3, Theorem 2.1] in
Section 2.1 before looking at the honesty theory related to it in the three subsequent
sections. Our study of honesty theory begins in Section 2.2 with some background
information, where we will highlight two particular approaches to honesty, namely
the functional approach via resolvent operators and the spectral approach, as they
will be utilised repeatedly in the rest of the thesis. We will then conclude the chapter
by presenting some new characterisations and new approaches to honesty theory on
abstract state spaces.

In Chapter 3, we will investigate generalisations of Kato’s Theorem and honesty
theory beyond abstract state spaces. The only previously known generalisation of
Kato’s Theorem beyond abstract state spaces is a result by Banasiak and Lachowicz in
[10] who prove a version of Kato’s Theorem for K B-spaces. K B-spaces are not strictly
contained within the class of abstract state spaces and vice versa. In Section 3.1, we
will prove a version of Kato’s Theorem for a set of spaces which encompasses both K B-
spaces and abstract state spaces, namely ordered Banach spaces with monotone norm.
As a natural follow-up, we will look at honesty theory for this generalised version of
Kato’s Theorem. In Section 3.2.1, we will look at generalising the approaches used
for the case of abstract state spaces. Unfortunately, we will see that the additivity
of the norm in such spaces is essential for most of these approaches and the results
cannot be easily generalised to spaces without additive norm. However, in Section
3.2.2, we will introduce an approach which does not depend on the additive structure
and prove some new characterisations of honesty for the general case.

Our final three chapters cover applications of honesty theory. In Chapter 4, we will
look at an application of Kato’s Theorem in ¢? in the set-up of the heat equation on
graphs. Our main results will be in Section 4.2, where we will show that the discrete
Laplacian can be recast in terms of additive perturbations and moreover, satisfies the
conditions of Kato’s Theorem. We will then show that honesty of the heat semigroup

is equivalent to stochastic completeness of the graph. This equivalence then allows



us to apply honesty results in the study of stochastic completeness of graphs which
we will do in Section 4.3.

In Chapter 5, we will study the application of Kato’s Theorem and honesty theory
to the class of quantum dynamical semigroups whose generators can be represented
in Lindblad form. We will begin by describing precisely how Kato’s Theorem can
be applied to such semigroups in Section 5.1. In the following section, we will then
see that honesty is equivalent to the conservativity of the quantum dynamical semi-
group. However, conservativity is a concept that is restricted to the stochastic setting.
Hence, we will show that honesty is the natural analogue of conservativity for the sub-
stochastic setting. Furthermore, previously known results for the conservative case
can be extended to the substochastic case via honesty theory.

In our final chapter, we will look at boundary perturbations in the setting of trans-
port theory. Section 6.1 will simply be an introduction to the transport operator and
its associated boundary value problems. Only in Section 6.2 will we begin introducing
the generation theorem for the transport semigroup. We will see that the generation
theorem for the substochastic transport semigroup with positive, contractive bound-
ary operator shares many similarities with Kato’s Theorem. These similarities extend
to the study of honesty theory of the transport semigroup which we will see in Section
6.3. We will then present a general unifying theory from which honesty results of both
perturbation types can be derived. In the final section, we will look briefly at the
strong stability of the perturbed semigroups in both Kato’s Theorem and transport
theory.



Chapter 1

Preliminaries

We introduce the preliminary information required in the subsequent chapters.

1.1 Ordered Banach Spaces and Positive Opera-
tors

Before beginning our discussion on ordered Banach spaces, let us clarify some nota-
tion. If X is a Banach space, we will use X* to denote its dual space with duality
pairing (-, -). If H is a Hilbert space, we will also use (-, -) to denote the inner product.
However, new notation will be introduced to differentiate the two whenever required.
The following is a collection of results about ordered Banach spaces and positive
operators from [1], [11] and [17, Appendix 2].

A real vector space X is called an ordered vector space if a partial ordering “ <”
is defined in X with the additional property that + <y in X implies that z+2z < y+2
for all z € X and Az < Ay for all 0 < XA € R. The positive cone of X is defined by
Xy ={z € X : z > 0}. We say that a real Banach space (X, |-||) is an ordered
Banach space if X is an ordered vector space such that X, is norm closed.

As we will see in our discussion on positive operators later in this section, it will
generally be sufficient for us to work in real spaces. So henceforth, an ordered Banach
space will always be a real space unless stated otherwise. However, it will sometimes
be necessary to work in complex spaces, for example, when applying spectral theory.
In order to move between real and complex spaces, we will apply the process of
complexification, which we will describe next.

Let (X, |||l) be a real Banach space. Define a linear structure on the complex



space X x X by

(x,y) + (u,v) = (x +u,y +v) forall z,y,u,v e X
(a+if)(z,y) = (ax — By, B+ ay) foral z,y € X,a,8 € R.

It is easy to see that x +— (z,0) is a real, linear isomorphism from X onto a real, linear
subspace of X x X and so X¢ := X x X = X @®iX. We call X¢ the complexification
of X. If we equip X¢ with the norm

o+ iyl = sup l(cosfa+ (sinOyll, @,y € X,
0<0<2m

then X¢ is a Banach space. This follows since ||z, ||yl < |z + wyllo < ||zl + [ly]|-
In many cases, there is even a norm ||-[|5 that makes Xc a Banach space with its
natural norm and ||z||s = ||z|| for all z € X. Such a norm is always equivalent to
|-/l [17, p.268]. Finally, note that if X is a real ordered Banach space, we define the
corresponding partial order on X¢ by z € (X¢), if and only if x € X . In fact, we
will say that a complex Banach space is an ordered Banach space if and only if it is
the complexification of a real Banach space.

Now let us return to our discussion of (real) ordered Banach spaces. The norm on
the ordered Banach space X is called M-monotone if there exists a constant M > 0
such that 0 < z < y implies that ||z|| < M ||y||. If M = 1, then the norm is simply
called monotone. The following result characterises ordered spaces with monotone

norm.

Proposition 1.1.1. [11, Theorem 1.2.3] Let X be an ordered Banach space. The

following conditions are equivalent:
(1) ||| x is monotone.

(11) for each v € X, there is an x* € X7 such that ||x*|

= Land (e*,2) = [l2l| .

The positive cone of X is called generating if X = X, — X, . By a Baire Category
argument, if X, is generating, there exists a constant M > 0 such that each z € X
has a decomposition =z = z; — xo with z; € X, and ||z;]| < M ||z, ¢ = 1,2 [11,
Proposition 1.1.2]. Given x,y € X, we denote by [z, y] the order interval determined
by x and y, ie. [z,y] = {z € X : v < z < y}. The cone X, is normal if all
order intervals are bounded. Examples of spaces with normal, generating cone are
LP-spaces and the self-adjoint part of C*-algebras. The following proposition gives

some alternative characterisations of ordered spaces with normal cones.



Proposition 1.1.2. [11, p.229, Proposition 1.2.1] Let X be an ordered Banach space.

The following are equivalent:

(i) Xy is normal.

(i1) The norm is M-monotone for some M > 1.
(11i) X has an equivalent monotone norm.

A class of ordered Banach spaces which we will be interested in is the class of
Banach lattices. Let X be an ordered vector space. If for any two elements x,y € X,
x Ay and zVy exist, then X is called a vector lattice (or Riesz space). Let x, = x V0,
- =(—z)V0and |z| =2V (—z). Then z =z, —2x_ and |z| = x4 +z_. A norm on
the vector lattice X is called a Riesz norm if |x| < |y| implies ||z|| < |ly|]. A vector
lattice space X is a Banach lattice if X is complete with respect to the Riesz norm.

A set of Banach lattices which will play an important role in this thesis are AL-

spaces, i.e. Banach lattices X which satisfy
le+yll = llzll +llyll forall z,y € X,. (1.1)

It can be shown that every AL-space is lattice isometric to an L'(Q, 1) space for some
measure space (€2, 1) [1, Theorem 4.27]. Another class of Banach lattices which will
arise later are Kantorovich-Banach spaces (K B-spaces), which are defined as Banach
lattices in which any non-negative, increasing and norm-bounded sequence is norm-
convergent. These spaces include the LP-spaces, 1 < p < oo, and in fact, all reflexive
lattices. For more information on these spaces, see for example [1, pp. 232-238].

Finally, we introduce a class of ordered Banach spaces which we will call the
class of abstract state spaces, following [3]. An abstract state space is a real ordered
Banach space X with a generating positive cone X, on which the norm is additive,
i.e. (1.1) holds. The additivity of the norm implies that the norm is monotone, i.e.
0<z<vy=|z|]| <|y|. In particular, the cone is normal (Proposition 1.1.2). It
then follows that any norm-bounded monotone sequence of X, is convergent.

The additivity of the norm on the positive cone allows us to extend the norm on

the positive cone to a linear functional, ¥, on X. More precisely,
U:X R, (U,z) =z, zeX,. (1.2)

Note that ||¥|| = 1. This follows since given z € X with x = 21 — z9, 21,22 € X,
we have [(U, z)| = |||z1]| — ||z2]|| < ||=||. This inequality combined with (1.2) gives us

the result.
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We now move on to operator theory. First, let us discuss some notation. If T’
is an operator on a Banach space X, we will use D(T) to denote its domain. We
will also use p(7T") to denote the resolvent set of T', o(T") to denote the spectrum of T’
and 0,(T), 0.(T), o,(T) to denote the point, continuous and residual spectrum of T’
respectively. We will use 7,(T") to denote the spectral radius of 7" and s(T") to denote
the spectral bound, i.e. sup{Re()\) : A € o(T)}. Finally, we use R(\,T) := (A=T)~!
A € p(T') to denote the resolvent operator of the operator 7.

Now we present some information on positive operators. Suppose X and Y are
ordered Banach spaces. A linear operator T from X into Y is called positive if
T(Xy) CY,. We will often use 7" > 0 to denote that 7" is a positive operator.
Additionally, if S,T are positive operators, we will say that S < T if Sz < Tz for all

x € X,. In many cases, positive linear operators are automatically bounded.

Proposition 1.1.3. [17, Proposition A.2.11] If X, is generating and Y, is normal,

then every positive linear operator T from X into Y is bounded.

The next result is a perturbation result related to operators satisfying a different
notion of positivity: We call an (unbounded) operator A in X resolvent positive if
there exists w € R such that (w,00) C p(A) and R(\, A) > 0 for all A > w.

Theorem 1.1.4. [47, Theorem 1.1] Let X be an ordered Banach space with generating
and normal cone. Let A be a resolvent positive operator in X and A > s(A). Let

B : D(A) — X be a positive operator. The following are equivalent:
(i) ro(BR(\ A)) <1
(ii)) A € p(A+ B) and R(\,A+ B) > 0.

If one of these conditions is satisfied, then A+ B is resolvent positive, s(A+ B) < A
and for all x € X,

R\ A+ B)x A)Y (BR(X A))rx
k=0

Finally, we justify why it is generally sufficient to work in real spaces when working
with positive operators. Let us first introduce the process of complexification of
operators.

Let X,Y be real Banach spaces and T': D(T)) C X — Y. Then T can be extended
to X¢ by

To(x +iy) =Tx +iTy, z,ye X, D(Ic)=D(T)+iD(T).

11



In particular, if 7' € £(X,Y) with operator norm ||7'||, then ||T'|| = || T¢|| where ||T¢||
is the operator norm on £(X¢, Y¢). In fact, the mapping 7' +— T¢ is a real linear iso-
morphism from £(X,Y) into £(X¢, Ye) and hence £(X¢, Yo) is the complexification
of L(X,Y) as a vector space. In general however, the operator norm of £L(X¢,Ye) is
not the complexification of the operator norm on £(X,Y).

Now recall that if X is a real ordered Banach space, we define the corresponding
partial order on X¢ by x € (X¢ )4 if and only if x € X . Hence, if X has generating
positive cone, any positive linear operator 7" on X¢ is a real operator, i.e. T : X — X.
Therefore when dealing with positive operators, it suffices to consider real Banach

spaces.

1.2 Semigroup Theory

As stated in the introduction, the main objects studied in this thesis are substochastic
semigroups. We will mostly be interested in strongly continuous (Cp-)semigroups
and will omit the Cj term whenever the assumption is obvious. The strong limit of
operators will always be denoted by s-lim. Detailed information about Cy-semigroups
can be found in [22], [37] or [2]. More specifically, for positive semigroups, see [9] or
[17, Section III].

We begin with a basic definition of the generator of a Cjj-semigroup:

Definition 1.2.1. [22, Definition I11.1.2] The generator A : D(A) C X — X of a
Co-semigroup (T'(t))i>0 on a Banach space X is the operator

1
Az = l}ﬁg E(T(h)x —x)

defined for every x in its domain
D(A) :={z € X : the map t — T(t)z is differentiable}.

We are now ready to discuss substochastic semigroups. Let X be an ordered
Banach space. A linear operator T in X is called substochastic (resp. stochastic)
if T is positive and ||Tz| < |lz| (resp. [|[Tz|| = ||z||) for all x € X . Similarly, a
semigroup (U(t)):;>o in X is called substochastic (resp. stochastic) if U(t) is positive
for all t > 0 and ||U(t)z|| < ||z|| (resp. [|[U(t)z|| = ||z||) for all z € Xy, ¢ > 0. If X is
a Banach lattice, for example an AL-space, this is equivalent to saying that (U(t))i>o
is a semigroup of positive contractions. However, this generally does not hold in

ordered Banach spaces with normal, generating cone but without lattice structure.
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Instead, we can show that ||[U(t)|| < 2M for all £ > 0 where M is the constant from
the generating cone condition. Finally, we observe that a semigroup is positive if and
only if its generator is resolvent positive [2, p.191]. In particular, if (U(t))i>0 is a
substochastic semigroup with generator A, then R(\, A) > 0 for all A > 0.

One of the fundamental generation theorems for Cy-semigroups is the Hille-Yosida

Theorem:

Theorem 1.2.2 (Hille-Yosida). [22, Theorem I11.3.8] Let A be a linear operator on a

Banach space and let w € R, M > 1 be constants. The following are equivalent:

(i) A generates a strongly continuous semigroup (T'(t))>o0 satisfying

IT@)|| < Me*  fort>0.

(i1) A is closed, densely defined and for every X > w, we have A € p(A) and

I[(A = w)RA, A)J*[| < M for alln € N.

(i1i) A is closed, densely defined and for every A\ € C with Re(\) > w, we have
A€ p(A) and

|R(N, A" < for alln € N.

(Re(A) —w)”
As we work with substochastic semigroups, we will also require an important

generation theorem for Cy-semigroups of contractions. Recalling that we say that an

operator A is dissipative if [[(A — A)z|| > ||z|| for all A > 0, all z € D(A), we have

Theorem 1.2.3 (Lumer-Phillips). [22, Theorem I1.3.15] For a densely defined, dis-

sipative operator A on a Banach space X, the following statements are equivalent:
(i) The closure A of A generates a contraction semigroup.
(i1) Im(\ — A) is dense in X for some (and hence all) A\ > 0.

Recall that in Section 1.1, we saw that it suffices to consider real Banach spaces
when working with positive operators. Although the Hille-Yosida and Lumer-Phillips
Theorems are stated for complex Banach spaces, we can see that they also hold in
the real setting (see also [2, Section 3.3]).

We also have generation theorems specifically for substochastic semigroups such
as Lemma 1.2.4 below whose proof is essentially like the proof of the Hille-Yosida

Theorem but with additional positivity conditions.
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Lemma 1.2.4. Let X be an ordered Banach space. An operator A on X with dense
domain generates a substochastic (resp. stochastic) semigroup if and only if for every
A > 0, A has a resolvent R(\, A) with domain X and AR(X\, A) is a substochastic

(resp. stochastic) operator.

Using this lemma we can derive another generation result for substochastic semi-

groups on ordered spaces with monotone norm.

Proposition 1.2.5. Let X be an ordered Banach space with monotone norm. A

linear operator A with dense domain generates a substochastic semigroup on X if and

only if

(i) for any x € D(A);, there is an * € X such that ||z*|
and (z*, Az) <0, and

xe =Lt a) = |zl

(i1) for each A > 0 and x € X, the equation
Ay — Ay == (1.3)
has a unique solution y = R(\, A)x € D(A) and R(\, A)x € X forallz € X,.

In particular, if X is an abstract state space, then x* in condition (i) can be taken to
be the functional ¥ for all x € D(A)..

Proof. The necessity follows directly from Lemma 1.2.4 and the fact that if A gen-
erates a substochastic semigroup (7'(t));>0, then for each x € D(A); and z* as in

condition (ii) of Proposition 1.1.1,

t—0

T(t)r — 1
o, Az =t (7, L2 < i (@) o) < o
t t—0 t
The sufficiency follows since for x € X, and A > 0, we have

IAR(N, A)z|| = ((R(N, A)z)*, AR(A, A)z)
(RN, A)z)*, z) + (RN, A)z)", AR(X, A)z)
((R(A, A)z)", ) < [|]]

IN

ie. ||AR(AN, A)x|| < ||z|]. Hence by Lemma 1.2.4, A generates a substochastic semi-
group. The final assertion follows since the functional ¥ is positive and satisfies
(U, z) = ||z|| for all z € X by definition (see (1.2)) and ||¥||y. = 1. O
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Apart from existence of semigroups via explicit generation theorems, existence via
approximation will also turn out to be important in this thesis. In particular, the

Trotter-Kato Approximation Theorem given below will prove useful.

Theorem 1.2.6 (Trotter-Kato). [22, Theorem 111.4.9] Let &(M,w), M > 1,w € R be
the set of generators of Cy-semigroups (U(t))o satisfying ||U ()| < Me“". Suppose
(A,) C &(M,w). For some \g > w consider the following assertions:

(i) There exists a densely defined operator A such that A,x — Ax for all x in a
core D of A and such that Tm(A\g — A) = X.

(i1) The operators R(\g, Ay,) converge strongly to an operator R € L(X) which has

dense range.

(iii) The semigroups (Un(t))i>0, n € N converge strongly (and uniformly for t on
bounded intervals) to a Cy-semigroup (U(t))i>o with generator B such that R =
R(\o, B).

Then the implications (i) = (ii) < (iii) hold. In particular, if (i) holds, then B = A.

The proof of the Trotter-Kato Theorem ([9, Theorem 3.43], see also [22, Proposi-
tion I11.4.4]) yields an important fact which we will apply in Section 3.1:

Proposition 1.2.7. Suppose (A,) C &(M,w) for some M > 1,w > 0. Then the set
S i={p:p>wslim, o R\ A,) exists} is either empty or S = (w,00).

Another important formula for approximating semigroups is the Post-Widder In-
version Formula given in Proposition 1.2.8 below, which allows us to describe a semi-

group in terms of its resolvents:

Proposition 1.2.8. /22, Corollary I11.5.5] Let (T'(t))i>0 be a Cy-semigroup on a
Banach space X with generator A. Then

T(t)z = lim [%R (%Aﬂnm veX

n—o0

uniformly for t in compact intervals.

Finally, as adjoint or dual semigroups will play an important role in Chapter 5, we
give some preliminary information here, most of which comes from [43]. Let (U(%))t>0
be a Cy-semigroup on a Banach space X with generator A. The adjoint semigroup
(U*(t))e>0 is the semigroup on the dual space X* defined by U*(t) = (U(t))* for all

t > 0. Elementary calculations show that (U*(t)):>o is a weak*-continuous semigroup
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but is not necessarily strongly continuous [43, p.3]. It can be shown however, that
(U*(t))>0 is strongly continuous if X is a reflexive space [22, Proposition 1.5.14].

Let A* denote the adjoint of A. Since A is closed and densely defined, A* exists,
is weak*-densely defined and weak*-closed. Moreover, A* is the weak* generator of
(U*(t))i>0 [43, Theorem 1.2.3], i.e. for all z € D(A*),

A — ' lim,, LT

and D(A*) = {x e X*: w-limo % exists} _

We will require one more property of A*; but first, we need the definition of the weak*
integral.

Let (2, %, 1) be a finite measure space and X* be a dual space. Let f: Q — X*.
Then f is weak*-measurable if the function (f(-),x) is measurable for each x € X.
Now suppose f : €2 — X* is weak*-measurable and suppose further that for each
r € X, the function (f(-),z) € L*(Q, n). For E € ¥, the map z7% defined by

() = /E (F()r2) dp

is called the weak*-integral of f over E with respect to u. We will denote x7}, by
weak™ [ 1/ dp. For more details, see [43, Appendix A.2].

Proposition 1.2.9. [/3, Proposition 1.2.2] Let (U(t))i>0 be a Cy-semigroup on X
with generator A and (U*(t))i>0 be its adjoint semigroup. Then weak* f(f U*(s)x*ds €
D(A*) for allt > 0 and z* € X*, and

t
A* (weak*/ U*(s)x” ds> =U*(t)x" — 2.
0

1.3 Sesquilinear Forms

The theory of sesquilinear forms, which we will sometimes abbreviate as forms, is
closely related to the theory of semigroups and will play an important role in Chapter
4. In this section, we will present a summary of important facts about forms, taken
mostly from [20, Chapter 1], [36, Chapters 1 and 2] and [13, Chapter I]. Let us
begin by clarifying some notation. We will use $ to denote a Hilbert space with
inner product (-, -) throughout this section. Since forms are defined on inner product
spaces, we need a different notion of positivity of an operator. We will say that an
operator, T"on D(T) C § is $H-positive if (Tu,u) > 0 for all u € D(T).

Let U be a linear subspace of a Hilbert space $) over K = C or R. A sesquilinear
form on Y is a sequilinear map @ : U x Y — K. We call ¥ the domain of ) and
denote it by D(Q). We will only consider densely defined forms in this thesis.
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First let us consider the case of bounded or continuous sesquilinear forms.

Definition 1.3.1. A sesquilinear form Q : $ x $ — K is bounded (or continuous) if

there exists a constant M such that
1Quw,0)| < MJull [ol] for all u,v € 5.
Bounded forms are associated with a unique bounded operator. More precisely,

Proposition 1.3.2. [36, Proposition 1.2] A sesquilinear form @ : $ x $ — K is
bounded if and only if there exists a unique bounded linear operator T acting on $
such that

Q(u,v) = (Tu,v) for all u,v € $.

Remark 1.3.3. This one-to-one correspondence holds in fact, for densely defined,
bounded forms, i.e. forms satisfying |Q(u,v)| < M ||u| [|v]| for all u,v € D(Q) which

is dense in $).

We will mostly be interested in positive symmetric forms in a real Hilbert space,
i.e. forms which satisfy Q(u) := Q(u,u) > 0 for all u € D(Q) and Q(u,v) = Q(v,u)
for all u,v € D(Q). So in the rest of this section, we will assume that £ is a real
Hilbert space and @) is a positive symmetric form unless stated otherwise.

We say @ is closed if for all sequences (u,) € D(Q) such that lim, .« [|u, — u|| =0
and lim,, ;00 Q (U — uy,) = 0, it follows that v € D(Q) and lim,, o Q(u, — u) = 0.
A form is said to be closable if it has a closed extension and the closure () is then the

smallest closed extension. Now consider the form defined by

(u,v)g = (u,v) + Q(u,v), u,v € D(Q).

It can be shown that this is an inner product on D(Q). We will define the corre-

sponding form-norm by

lullg = (Jull® + Q(u,w)2, e D(Q).

Then @ is closed if and only if D(Q) is complete under ||-[|,.

This now allows us to define a weaker notion of continuity for densely defined
forms. We will say that the form @ is continuous on D(Q) if there exists M > 0 such
that

|Q(u,v)| < M|ullg [lv]l, for all u,v € D(Q).
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Note that if @) is a positive symmetric form, then it follows from the Cauchy-Schwarz
inequality that |Q(u, v)| < [[ull, [[v]lg for all u,v € D(Q) so @ is continuous on D(Q)
[36, Proposition 1.8].

Now recall from Proposition 1.3.2 that bounded forms are associated with a unique
bounded operator. We can define an analogous notion for closed, densely defined
forms. Let @ be a closed form on $) with dense domain D(Q). We associate an

operator A with ), given by

D(A) ={u € D(Q) : there exists v € ) such that Q(u,¢) = (v,¢) for all ¢ € D(Q)},
Au = wv. (1.4)

Note that v is well-defined since D(Q) is dense in $). We call A the operator associated
with Q.

Conversely, let A be an operator on $). We say that A is induced by a form if
there exists a densely defined, closed form ) on $) such that A is associated with Q).
Note that for the case when A is $)-positive and self-adjoint, A is induced by the form

Q(u) = <A1/2u,A1/2u> : u € D(AY?). (1.5)
It turns out that this characterises closed, symmetric, positive forms:

Proposition 1.3.4. [20, Theorem 1.2.1] If Q is a positive, symmetric form on $
with domain D(Q), the following are equivalent:

(i) Q is the form of a $-positive, self-adjoint operator A in the sense of (1.5) and
D(Q) = D(AV?).

(i1) Q is closed.

Next, we look at the relationship between symmetric forms and semigroups. By
[22, Proposition 11.3.27], a densely defined, self-adjoint operator A on §) generates
a Cyp-semigroup if and only if there is C' € R such that (Au,u) < C |ul® for all
u € D(A). Soif A is a $-positive, self-adjoint operator associated with a closed form
Q 4, then — A generates a Cy-semigroup of contractions on §) denoted by (e=*);5. We
are most interested in the special case when — A generates a substochastic semigroup
in L? that can be extended to all LP-spaces. The classical results of Beurling and

Deny given in Theorems 1.3.5 and 1.3.6 characterises when this occurs.

Theorem 1.3.5. [20, Theorem 1.3.2] Let A be a $-positive self-adjoint operator on
the real space $) := L?(Q, ). The following are equivalent:
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(1)) 0 #u € D(Qa) = |u| € D(Qa). Also, w € D(A), f € D(Qa) and f > 0 imply
(A2 f A2 ) < (f, 3 (Au)).

(1)) w € D(Qa) = |u| € D(Qa) and <A1/2 |u| , A2 |u]> < <A1/2u,A1/2u>.
(11i) R(\,—A) is positive for all A > 0.
(iv) e~ is positive for all t > 0.

Although (e7*4);5¢ is defined on L2, it turns out that under certain conditions,
(e7*)>0 can be extended to all LP for 1 < p < oo in the sense that for fixed ¢ > 0,
et maps L2 N L? into L? N L? and so can be extended to a contraction on LP.
In this case, we have a set of compatible semigroups on LP, strongly continuous for
1 < p < oo, where a set of operators (A,) acting on the spaces X, respectively will

be said to be compatible if the operators coincide on the intersection of the spaces.

Theorem 1.3.6. [20, Theorem 1.3.3] Suppose A is an operator which satisfies the

conditions of Theorem 1.53.5. The following are equivalent:
(i) e~ is a contraction on L* for all t > 0.
(ii) e~ is a contraction on LP for all 1 < p < oo and t > 0.
(iii) Let f € D(Q4) and let g € L? satisfy
(@) < |f@)] lg(z) —g(w)] < [f(2) = fy)]
for all x,y € Q. Then g € D(Qa) and Q(g) < Q(f).

(iv) If 0 < f € D(Qa), then f A1 lies in D(Qa) and Q(f A1) < Q(f).

If A satisfies the conditions of Theorems 1.3.5 and 1.3.6, we will say that A is
associated with a Dirichlet form @4 and denote its associated semigroup extensions
to the spaces LP by (e~'),5¢ with generators —A,.

Note that Theorems 1.3.5 and 1.3.6 describe the conditions for extending a sub-
stochastic semigroup on L? to all LP. Our next result (Proposition 1.3.8) gives a
partial converse where we give conditions for extending a substochastic semigroup on
L! to a substochastic semigroup on L? associated with a Dirichlet form. We will re-

quire the classical Riesz-Thorin Interpolation Theorem on interpolation of operators:
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Theorem 1.3.7 (Riesz-Thorin). [20, Theorem 1.1.5] Let 1 < po,p1,qo, 1 < 00 and
let S be a linear operator on LPO N LP* to L + L% which satisfies ||Sf]|, < M; | f
forall f andv=0,1. Let 0 <t <1 and define p,q by

qi pi

1 t 1—-t 1 t 1—-t

P N Po q q1 qo

Then
1SfIl, < MiMg= |1 f]l,

for all f € LPo N LP. Hence S can be extended to a bounded operator from LP to L4

with norm at most MMy,

Proposition 1.3.8. Suppose T generates a positive Cy-semigroup of contractions
(U(t))=0 on L' and satisfies T = T* on D(T) N D(T*) which is dense in L' N L™,
Then (U(t))i>0 can be extended to a set of compatible semigroups on LP, 1 < p < oo,
denoted (U™ (t))y=0, which are strongly continuous for 1 < p < co.

Moreover, (U (t));s0, the semigroup on L?, is associated with a Dirichlet form
and the set of compatible semigroups associated with (U®(t));>o via the theory of
Dirichlet forms coincides with the set (U (t));so extended from (U(t))iso.

Proof. Note first that if you take pg = qo = 1, p1 = ¢1 = 00 in the Riesz-Thorin Inter-
polation Theorem (Theorem 1.3.7), then any operator S which satisfies the conditions
in Theorem 1.3.7, can be extended to LP for all 1 < p < oc.

Fix ¢t > 0. By assumption, we have U(t) : L' N L>* C L' — L' C L' + L> and
N1U@)fll; < \IfIl; for all f € L' N L. By duality, we also have |[U*()f|l.. < IIf]l.
for all f € L' N L*®. Since T = T* on D(T) N D(T*) which is dense in L' N L*,
we have U*(t) = U(t) on L' N L™ and so it follows that |U(¢)f|l., < ||f]l.., for all
feL'nL™.

Thus, by Riesz-Thorin, the semigroup (U(t)):>o can be extended to a set of com-
patible semigroups on L?, 1 < p < oo, (strongly continuous for 1 < p < 00), denoted
(U®)(t))¢>o with generators T,. The semigroups are also positive since (U(t));>o is
positive. Moreover, since U(t) = U*(t) on L' N L=, we have U®)(t) = UD*(¢) i.e.
the semigroup (U®)(t));>0 is self-adjoint. Hence (U®)(t));>o satisfies the conditions of
Theorems 1.3.5 and 1.3.6 and so Qr,, the form associated with (U?)(t)),s¢ is a Dirich-
let form. By the theory of Dirichlet forms (Theorem 1.3.6), we know that (U®)(¢)):>0
extends to a set of compatible semigroups on L”. These semigroups coincide with the
set interpolated from (U(t))¢o as they coincide on L' N L>, which is a dense subset
of LP, forall 1 <p < oo. O]
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As a large part of this thesis will focus on substochastic semigroups on L'-spaces,
we will be particularly interested in results relating the properties of a Dirichlet form
to its associated substochastic semigroup on L'. In Lemmas 1.3.9 and 1.3.10, we will
let Q4 be a Dirichlet form with associated operator A and compatible semigroups

(e7*%) ;5o with generators —A,,.

Lemma 1.3.9. [13, Lemma [.4.2.1.1] The space D(Ay) N L™ is a dense subspace of
D(Qa) and for all f € D(A;)NL>®, g € D(Qa) N L™,

Qalf,9) = (Aif,9).

Lemma 1.3.10. [13, Lemma 1.4.2.2.1] Let k € D(Q4) N L'. If there exists h € L
such that for all g € D(Q) N L,

QA(gv k) = <gv h’>7
then k € D(Ay) and Ak = h.

Finally, as we work with positive semigroups, we will require a result relating
the domination of semigroups to the domains of their associated forms. Let Q4,Qp
be closed, densely defined positive forms, which are continuous on their respective
domains in the space §) := L*(€, ) with associated operators A, B and associated

semigroups (€750, (€7%8);50. We say that (e7*4);5¢ is dominated by (e7*8),5 if
and only if

e f| < e P f| forall f €.

Proposition 1.3.11. [36, Proposition 2.23] Suppose (e=*4);>¢ and (e 7*B);>q are pos-
itive semigroups on L*(Q, ). If (e7*Y)>o is dominated by (e7'B);>q, then D(Q4) C
D(@5).

1.4 Mean Ergodicity

In this section, we will discuss the notion of mean ergodicity of operators, which
will occur repeatedly later, for example in Sections 2.3.1, 3.2.1, 6.3 and 6.4. For an
in-depth survey on mean ergodicity of operators and semigroups, see [33].

A bounded linear operator 7" on a Banach space X is called mean ergodic if
AT = %ZZ;& T* converges strongly in X i.e. lim,_o = Zz;é T*x exists for all x €

X and uniformly ergodic if (Al) converges in operator norm. We say that T' is

power bounded if sup,, [|[7"]| < oo and Cesdro bounded if sup, ||AZ|| < co. Finally,
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T is quasi-compact if there exists a compact operator K and m € N such that
|7 — K|| < 1.
A fundamental result on the mean ergodicity of operators is the Mean Ergodic

Theorem given below. We first define the following sets:
F=FT)={rseX :Te=2a}, N={z-Tr:zeX}=(I-1T)X
Fo={zeX" : T'x =2z}, N.:=(I-THX"

Theorem 1.4.1 (The Mean Ergodic Theorem). [33, Theorem 2.1.3] Suppose T is a

Cesdro bounded operator on X and assume
o1
lim — ||T"z|| =0 (1.6)
n—oo N
for all x € X. Then
Xpe :={z € X : lim ALy ezists } = F® N.
n—oo

The operator P defined by Px := lim,_,o, ATz is the projection of X onto F. We
have P = P> = TP = PT. For any x € X, the following are equivalent:

(i) lim,, o ATz = 0.
(ii) (f,x) =0 for all f € F.
(iii) x € N.
As a corollary of the Mean Ergodic Theorem we have:

Corollary 1.4.2. [41, Corollary 2.2] Let T be a bounded operator on a Banach space
X. Then T is mean ergodic and ker(I —T') = {0} if and only if T is Cesdro bounded,
limy, o = [|[T"2]| = 0 for all z € X and X =Im(I —T).

A similar result holds for uniformly ergodic operators and may be derived from
the Uniform Ergodic Theorem and its proof [33, Theorem 2.2.1].

Theorem 1.4.3. [/1, Theorem 2.4] Let T be a bounded linear operator on a Banach
space X. Then T is uniformly ergodic if and only if lim,, % |T™]| = 0 and Im(I—T)
is closed. Moreover, if T is uniformly ergodic and ker(I —T) = {0}, then 1 € p(T).

Another result on uniform ergodicity which we require can be derived from the
Yosida-Kakutani Uniform Ergodic Theorem (see [33, Remarks p.92, Theorem 2.2.8]).
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Proposition 1.4.4. Let T' be a bounded linear operator on a Banach space X. If T

18 power bounded and quasi-compact, then T is uniformly ergodic.

We will also apply the continuous version of the Mean Ergodic Theorem which is

stated here for bounded semigroups.

Theorem 1.4.5 (Mean Ergodic Theorem for Semigroups). [2, Propositon 4.5.1] Sup-
pose A generates a bounded semigroup (T'(t))i>o and let x € X. The following are

equivalent:
(i) There exists A\, | 0 such that \,R(\,, A)x converges weakly as n — oo.
(i1) xo :=limy_0 AR(\, A)x exists.

(iii) = € ker(A) + Im(A).

(v) z1 :=lmy_o0 1 f(f T(s)xds exists.

Moreover, xy € ker(A), x —xy € Im(A) and xo = 1.
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Chapter 2

Kato’s Theorem and Honesty on
Abstract State Spaces

In this chapter, we will introduce Kato’s Perturbation Theorem for substochastic
semigroups and the honesty theory related to it. In the first section, we will begin by
briefly describing the background of Kato’s Theorem. We will however, concentrate
on a generalisation of Kato’s Theorem to abstract state spaces as this is the case that
will be the main focus in this chapter. As mentioned in the introduction, the study of
Kato’s Theorem would not be complete without the study of honesty theory. Thus in
Section 2.2, we will present the honesty theory for Kato’s Theorem in abstract state
spaces, which is the most general form of honesty theory known currently. In Section
2.3, we will look at some new characterisations of honesty in abstract state spaces
and finally, conclude the chapter with a section on the preservation of honesty under

changes to the semigroup via perturbations or restrictions.

2.1 Generalisations of Kato’s Perturbation Theo-
rem

One of the main generation theorems which addresses the issue of positive perturba-
tions of substochastic semigroups is Kato’s classical theorem. Kato first presented this
theorem in [31] for the special case of semigroups derived from Kolmogorov differen-
tial equations in £!. However, he also noted in this paper that the same theorem (and
proofs) held in any AL-space. It was 30 years later when the next major modification
to this theorem was published, namely in [46]. In this paper, Voigt proved Kato’s
Theorem for general L'(€2, 1) spaces by applying Miyadera’s Perturbation Theorem,
in contrast to Kato’s original paper, where the proof was via resolvent estimates and
the Hille-Yosida Theorem.
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Theorem 2.1.1 (Kato). [31, Theorem 1], [46, Section 1] Let (2, ) be a measure
space and X = LY(Q, pn). Suppose the operators A and B with D(A) C D(B) C X
satisfy:

(1) A generates a substochastic semigroup (Ua(t))i>o0,
(1) Bx >0 forx € D(A); = D(A) N Xy,
(i) [,(A+ B)xdu <0 for all z € D(A),.

Then there exists an extension G of A+ B that generates a substochastic Cy-semigroup

(V<t>)t20 on X.

Recently, Arlotti, Lods and Mokhtar-Kharroubi [3] introduced the notion of ab-
stract state spaces as generalisations of AL-spaces to more general ordered Banach
spaces (see Section 1.1 for the full definition). They were inspired by Davies, who
used a variant of such spaces in [18, pp.30-31], motivated by applications in proba-
blility theory and quantum statistical mechanics. They were then able to prove an
analogue of Kato’s Theorem in abstract state spaces (Theorem 2.1.2). Note however,
that this theorem was first proven by Voigt and Thieme as an auxiliary result in [39]

without defining the class of abstract state spaces explicitly and via a different proof.

Theorem 2.1.2. [3, Theorem 2.1],[39, Theorem 2.2] Suppose X is an abstract state
space and suppose that the operators A and B with D(A) C D(B) C X satisfy:

(i) A generates a substochastic semigroup (Ua(t))i>0,
(i1) Bx >0 for x € D(A),,
(11i) (¥, (A+ B)x) <0 for allz € D(A),.

Then there exists an extension G of A+ B that generates a substochastic Cy-semigroup
(V(t))i>0 on X. The generator G satisfies for all A > 0 and v € X,

R(\,G)z =Y R(\A)(BR() A))x. (2.1)
k=0
Finally, (V(t))i>0 is the minimal substochastic Cy-semigroup whose generator is an
extension of (A4 B, D(A)) in the following sense: if (V ()0 is another substochastic
Cy-semigroup whose generator is an extension of (A + B, D(A)), then V(t) < V(t)
for allt > 0.
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The generalisation of Kato’s Theorem to abstract state spaces in [3] is based on
the fact that abstract state spaces are generalisations of AL-spaces. (If X = L*(Q, ),
then W is simply the constant function 1.) The similarities between the spaces mean
that both Kato’s and Voigt’s proofs via the Hille-Yosida and Miyadera Theorem
respectively, can be generalised to this case (see [3, Theorem 2.1] and [39, Theorem
2.2] respectively). However, in the proof via Miyadera’s Theorem, one requires a
generalisation of Miyadera’s Theorem for positive semigroups (see [39, Theorem A.2]).
The association of the Miyadera Theorem with Dyson-Phillips series also led naturally
to a representation of the perturbed semigroup in the form of a Dyson-Phillips series
given by Arlotti, Lods and Mokhtar-Kharroubi in [3, Theorem 2.3].

Proposition 2.1.3. Suppose X is an abstract state space and the operators A, B,
(Ua(t))t>0, and (V(t))i>0 are as in Theorem 2.1.2. The semigroup (V (t))i>o0 has a

Dyson-Phillips series representation, i.e.

00 t
V()= Su(t) where  So(t) = Ua(t), Spya(t) = / Sn(t — s)BU4(s) ds,n € No.
n=0 0
In the L! setting, the application of the Miyadera Theorem also inspired Voigt
to prove an approximation result for the perturbed semigroup in Kato’s Theorem.
Before presenting this result, we first consider the following lemma which gives a

condition which ensures that an operator B satisfies Kato’s Theorem.

Lemma 2.1.4. Let X be an abstract state space and suppose A, B satisfy the hy-
potheses of Theorem 2.1.2. Suppose also that there exists an operator B: D(A) - X
such that 0 < Bx < Bz for all x € D(A)y. Then A, B also satisfy the hypotheses of

Kato’s Theorem.

Proof. By assumption, B is positive on D(A) and Bz < Bzforallz € D(A),. Hence
it follows that <\If, (A+ B)x> < 0 for all z € D(A),. Therefore A, B also satisfy
Kato’s Theorem. O

In the next proposition, we will let (Vz(t)):>0 denote the Kato semigroup derived

from the operators A, B.

Proposition 2.1.5. [46, Proposition 1.6] Suppose X = L'(Q,u) and A, B satisfy
the hypotheses of Theorem 2.1.1. Let (B,,) be a sequence of A-bounded operators in
X such that for all z € D(A);, 0 < B,x < Bx, n € N, and B,x — Bx as n — oc.
Then Vi(t) = s-lim,, o Vg, (t) for each t > 0.
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Kato’s Theorem has applications in a variety of areas. Examples of applica-
tions in L'(€, p) include applications in biology such as birth and death problems
and fragmentation problems [9, Chapters 7-9]. Other examples include piecewise-
deterministic Markov processes [42] and kinetic theory or the transport equation 9,
Chapters 10-11]. The following example is a classical application of Kato’s Theorem

to the transport equation.

Example 2.1.6. We will consider the linear transport equation (also known as the
neutron transport equation or linear Boltzmann equation) with no incoming particles
as boundary condition from [46, Section 3]. Let X be the space L'(S x V, i) where
S CR" V C R" are locally compact in the induced topology and p = A" x p where
A" is the n-dimensional Lebesgue measure and p is a locally integrable Borel measure

on V. The linear transport equation is given as

a—f(s,v,t) = —v-Vyf(s,v,t) — h(s,v)f(s,v,t) + /k‘(s, v, ") f(s,0',t) dp(v'),
ot v

x=(s,v) € SxV,t>0

where S is the region where neutron transport occurs while V' is the set of velocities
that the neutrons may assume. The term f(-,-,¢) : S x V — [0,00) describes the
neutron density at time ¢ > 0. The region S is filled with material and the neutrons
which move about in this space are scattered or absorbed by the material. The
first term in the transport equation describes the free streaming of the neutrons, the
second term is linked to the collision and absorption of neutrons while the final term
describes the scattering of neutrons where particles at the point s with velocity v’
become new particles with velocity v and the transition is given by k(s,v,v’). The
full assumptions on the functions h and £ will be given in the next paragraph.

It can be shown (see [44, Section 1] for example) that there exists a Cy-semigroup
of free streaming, (Uy(t)):>0, whose generator Tj is a realisation of the formal operator
Tof := —v-Vyf on some suitable domain D(7}) (see Section 6.1 for full details). We
also suppose that A : S x V — [0, 00] is measurable and will denote the maximal
multiplication operator associated with h by the same symbol, h. Moreover, for
simplicity, by some additive perturbation result (see for example [45]), we will assume
that T := Ty — h is the generator of a substochastic Cy-semigroup (U(t)):>o and
D(T) = D(h). It can be shown [46, Lemma 3.1] that for f € D(T');, we have

Ihfll < - / Tf dy. (2.2)
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We also assume that the background material described by h and k only scatters or

absorbs the migrating particles i.e. k:S x V x V — [0, 00] is measurable and that

/ k(s,v,0")dp(v) < h(s,v")  p-ae.
v

This condition allows us to define a h-bounded operator K on D(K) = D(h) by

K f(s,v) ::/ k(s,v,0') f(,0") dp(t).
v
Then K is a positive operator with
|K Il < IBf) for all £ € D(R),. 2.3)

Combining (2.2) and (2.3), we see that 7" and K satisfy condition (iii) in Theorem
2.1.1 and hence it follows that there is a substochastic Cy-semigroup whose generator

is an extension of T + K.

We will consider the transport equation once more in Chapter 6 but this time
in the context of boundary perturbations. In that chapter, we will look at how
Kato’s Theorem on additive perturbations relates to boundary perturbations of the
transport semigroup. Another application which we will look at later is an application
of Kato’s Theorem in ¢* to Laplacians on graphs in ¢2 in Chapter 4. Last but not
least, the extension of Kato’s Theorem to abstract state spaces allows us to apply
Kato’s Theorem to operators acting on the dual of a C*-algebra, in particular to

quantum dynamical semigroups, as we will see in Chapter 5.

2.2 Honesty Theory on Abstract State Spaces

Kato’s Theorem provides sufficient conditions so that an extension G of A + B gen-
erates a substochastic semigroup but it does not describe the relationship between G
and A + B. This relationship turns out to be vital in characterising the consistency
between the semigroup and the system it models. Thus it is this relationship between
G and A + B that we will study in the next three sections. In particular, we are
interested in establishing when the generator G is precisely the closure of A+ B and
the study of this is called honesty theory.

This section will contain the necessary introduction to honesty theory. We will
focus however, on the case of abstract state spaces as these are the most recent results
to date in this area. In the rest of this chapter, Kato’s Theorem will always refer to
Theorem 2.1.2 and the semigroup (V(¢)):>o will denote the perturbed semigroup in

Kato’s Theorem.
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2.2.1 Background

The theory of substochastic semigroups in abstract state spaces is often used to model
the time evolution of the states of a system. An example of this is given in Example
2.1.6 where the semigroup which represents the solution to the neutron transport
equation models the time evolution of the density of neutrons in the system. Now
consider the special case when the operators T, K in the example satisfy condition
(iii) in Kato’s Theorem with equality. Under this condition, the physical laws of
conservation, which are encapsulated in terms of the differential equation, require that
the described quantity should be preserved, i.e. the semigroup describing the evolution
is conservative (stochastic). However, in many cases, the semigroup turns out to be
not conservative even though the modelled system should have this property. This
phenomenon is known as dishonesty. For a system modelled by a strictly substochastic
semigroup, we have a loss term in the differential equation modelling the system.
Dishonesty in this case would mean that the quantity described by the semigroup is
lost from the system faster than predicted by the loss term. So the semigroup is not
a faithful or honest representation of the system. In short, the semigroup is honest if
and only if it is consistent with the system it models.

The use of the term “honesty” to describe this phemomenon appears to originate
in a paper on Markov processes by Reuter [38], although his use of this term differs
slightly from the definition we give here as he considered “honest processes” instead of
honest semigroups. In fact, honesty theory has long been studied from a probabilistic
point of view by considering Markov processes. The advantage of a functional analytic
approach is that the loss term is treated separately in this case unlike in the case of
Markov processes where the loss term is simply treated as an additional state. This
is important as the loss term contains information about the process modelled, for
example, mass loss by internal factors in the case of fragmentation problems [9, p.158].

The study of honesty of the perturbed semigroup in terms of Kato’s Theorem in
abstract state spaces dates to Kato’s seminal paper [31] where he studied the stochas-
ticity of the perturbed semigroup on ¢!. This is in fact where the study of honesty
of the semigroup originated, namely in the study of stochastic semigroups. More re-
cently, Voigt and Mokhtar-Kharroubi in [35] introduced a more systematic approach
to studying the problem on L', that is, via functionals and resolvent operators. Ar-
lotti, Lods and Mokhtar-Kharroubi then extended their work to abstract state spaces
in [3] and introduced some new functionals using the Dyson-Phillips series of the
perturbed semigroup. We will describe the resolvent functional appproach, which we

will mostly refer to as the functional approach, in Section 2.2.2 as we will utilise these
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functionals repeatedly later. We will also describe a second approach involving spec-
tral theory in Section 2.2.3. However, there are other approaches to honesty theory
which we will not delve into in this chapter. For example, Arlotti uses an approach
involving extensions of functions in a vector space in order to derive conditions for
honesty in [4]. We will also omit the Dyson-Phillips functional approach given in [3,
Section 4].

2.2.2 Honesty via Functionals

We consider again the operators from Theorem 2.1.2. We are interested in the func-
tional
ap: D(G) — R, ap(x) = — (¥, Gx) .

Since (V(t))¢>0 is substochastic, it follows from Proposition 1.2.5 that (U, Gz) < 0
for all z € D(G)4. Thus ag is positive on D(G). Moreover, from the definition, it is
easy to see that ag(z) < ||Gz|| for all x € D(G). Thus ay is continuous on D(G) with
respect to the graph norm. We denote the restriction of ag to D(A) by a, i.e.

aolpay = a: D(A) = R, a(x) = — (¥, Ax + Bz) . (2.4)

Fix A > 0 and = € X ;. By the positivity of R(\, A) and BR(\, A), the sequence
Rz =37 R(\, A)(BR(\, A))kz, n € Nis non-decreasing and moreover, by (2.1),
converges to R(\, G)z. Therefore, we have a(R™z) = ag(R™z) < ag(R(\, G)x) for
all n € N, i.e. we have a bounded, monotone real sequence which must then be
convergent. Taking r =z, —2z_ € X, z,,x_ € X, we see that this convergence

holds for any = € X. Therefore, we can define a new functional on D(G) by

ax(R(\, G)x)

> a(R(A, A)(BR(A, A)x), z€X.

o9
=0

There is an alternative (but equivalent) definition of a,. First, note that R(\, G,)z =
e o ™" R(N, A)(BR(A, A))Fx converges monotonically to R(A\, G)z as r 1 for all
x € X,. The continuity of the embedding D(A) — D(G) implies that the series
R(\, G,)x converges in D(G) as well and thus

a(R(X, Gy)z) =Y r*a(R(\, A)(BR(X, A))*z)

k=0

converges in R as r 1 for all x € X, . In fact, it turns out that

ax(R(\, G)z) =lima(R(\, G, )z), =€ X.

r—1
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It can be shown [3, Proposition 3.1] that
d)\|D(A) = a, A>0 (25)

and that the definition of a, is independent of \. Thus we define a := a,. From
the inequality a(R™z) < ao(R(\, G)x) for x € X, it follows that a(R()\, G)z) <
ap(R(X\, G)x). Using this fact, we can also deduce that a is continuous on D(G) with
respect to the graph norm.

The two functionals now allow us to define a positive functional, Ay € X*,
(A, ) = ap(R(N\, G)z) — a(R(N, G)x), =€ X. (2.6)

This functional will be key in characterising the honesty of the semigroup, but to
see this, we need the technical definition of honesty as given in [3]. To motivate

the definition, consider the following: For any x € X, and any t > 0, we have

fg V(s)xds € D(G) with

Vit)r —ao = G/t V(s)z ds.

Since the semigroup (V' (t))¢>o is positive, it follows that

t
V()| — ||z|| = —ao (/0 V(s)x ds) . (2.7)
We define honesty by the following:

Definition 2.2.1. /3, Definition 3.8] Let X be an abstract state space, x € X, and
(V(t))i0 the perturbed semigroup in Theorem 2.1.2. The trajectory (V (t)x)>o is said
to be honest if and only if

vaquunz—a<£%qu@> for all t > 0. (2.8)

The semigroup (V(t))i>o is said to be honest if all trajectories are honest. Otherwise,

the trajectory (resp. semigroup) is said to be dishonest.

In fact, recalling that a < ag, we can say more precisely that the semigroup is
dishonest if and only if there exists x € X, and ¢ > 0 such that

nvgmn+a(lﬁagx®)<nﬂy (2.9)

Note that Definition 2.2.1 tells us that the semigroup is honest if and only if the
difference ||z|| — ||V (¢)z||, x € X is given by a (fg V(s)x ds), which is bounded by

t .. .. .
ap ( Jo V(s)x ds> so @ is in some sense the “minimal” functional.
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Remark 2.2.2. Observe that if we have equality in condition (iii) in Kato’s Theorem,

then @ = 0. Hence an honest semigroup in this case is simply a stochastic semigroup

Now let us see how Definition 2.2.1 relates to the loss functional Ay. By comparing
(2.7) and (2.8), we see that (V(t)x)¢>o is honest if and only if

a6 (/OtV(m ds) —a (/Ot V(s)xds) for all £ > 0,

or equivalently,

ao(/:ws)zds):a</:v<s>xds) for all £ > 5> 0.

Additionally, recall that for any A > 0 and any =z € X,

R\, G)x = /Oo e MV (H)wdt = X /Ooo e M /Ot V(s)x ds dt. (2.10)

0

Now fix z € X. Since t — fot V(s)x ds is continuous in D(G), it follows that the
outer integral in (2.10) converges in D(G) with respect to the graph norm. Since ag

and a are continuous on D(G) with the graph norm, it follows that
o] t
ag(R(\, G)x) = )\/ e Mag (/ Vis)x ds) dt, (2.11)
0 0
o] t
a(R(\,G)x) = )\/ e Ma (/ V(s)x ds) dt. (2.12)
0 0

The uniqueness of the Laplace transform implies that

g ( /0 t V(s)xds) —a ( /0 Vi) ds> if and only if ap(R(\, G)z) = a(R(\, G)x).

Therefore (V(t)):>o is honest if and only if Ay = 0, i.e. no loss occurs. These calcula-
tions show that the functional Ay is a loss functional in the sense that it measures ‘how
far’ a trajectory deviates from an honest one. In fact, this describes the equivalence
of (i) and (iii) in Theorem 2.2.4 below.

However, before moving on to the theorem, let us first elaborate a little more on
the functional A,. In particular, an important property of A, which will be required

later is given by the following proposition.

Proposition 2.2.3. [3, Theorem 3.24] For any A > 0, let (¢,(\)), C X* be defined
inductively by
Un1(A) = (BR(A, A))"n(X), (X)) = V.
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Then (¢¥n(N)), is non-increasing and converges in the weak® topology of X* to ()
with
(BR(A, A))"(A) = ¢ (A). (2.13)

Moreover, ¥(\) = Ay for all X > 0 and A, is the mazimal element of the set
{p € X*: ¢ < U} which satisfies (BR(A\, A))* ¢ = .

The next theorem is a restatement of [3, Theorem 3.5] and gives some well-known

equivalent conditions for honesty (see [31, 35, 3| for example).

Theorem 2.2.4. Suppose X is an abstract state space and A, B, (V(t))i>0 are as in
Theorem 2.1.2. Let A\ > 0. The following are equivalent:

(i) The semigroup (V(t))i>o is honest.
(11) limy, o0 [|[[BR(A, A)]"z|| = 0 for all z € X .
(iii) Ay = 0.
(iv) G =A+B.
(v) The set {(BR(\, A))"}nen is relatively weakly compact for all x € X .

Note that [3, Theorem 3.5] was proven by utilising the functionals ay and a.
However, we omit the proof of the theorem here and simply note that (i) < (iii)
follows from the discussion above, (v) follows easily from (ii) while (ii) < (iii) because
(A, z) = lim, 00 (U, [BR(A, A)]"z) for all x € X (cf. Proposition 2.2.3) which can
be shown by using some standard manipulations. The proof of the other implications
require more work (see [3, Theorem 3.5] for full details).

Apart from characterising the honesty of the semigroup, there are other areas
which have been studied in honesty theory in abstract state spaces. Although we do
not consider them in this chapter, they are worth noting. Firstly, honesty is often
studied in terms of trajectories and not the whole semigroup (see [3], [35] for example).
Moreover, one can study the set of elements which generate honest trajectories. It
can be shown that this set of elements is invariant under the semigroup and is an
ideal of the space X (see [3, Section 3.3], [35, Section 2|). Finally, it is possible to
work with a more general notion of honesty on an interval (see [35, Section 2]) and

develop a more general version of the theory presented here.
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2.2.3 Honesty via Spectral Theory

The second approach to honesty that we will highlight in this section is the spectral
approach. The main advantage of this approach is that the proof does not depend on
the additive norm structure of abstract state spaces. Hence it holds for any complex
ordered Banach space. We will state the main result (Theorem 2.2.6) for complex
Banach spaces as it will turn out more useful later. So we will assume that X is a
complex Banach space in the first half of this section, namely from Lemma 2.2.5 to
Lemma 2.2.10. Complex Banach spaces can be constructed from real spaces via the
process of complexification (see Section 1.1).

Theorem 2.2.6 is actually a general result on spectral properties of operators A
and B which are not necessarily positive. But first, we need a lemma which gathers
a few elementary facts about the boundedness of the operator BR(\, A) which will
turn up repeatedly in the rest of this thesis.

Lemma 2.2.5. [9, Remark 4.2/,[41, Lemma 3.2] Suppose A and B are linear opera-
tors such that D(A) C D(B) C X and p(A) # 0. Then

(i) BR(\, A) is bounded for all X € p(A) if and only if B is A-bounded.

(i1) Suppose additionally that X is ordered and has normal, generating cone. Then
BR(A, A) is bounded for all X € p(A) if A generates a positive semigroup and
B >0 on D(A).

(i1i) Suppose A+ B is closable. Then BR(A, A) is bounded for all A € p(A).

In Theorem 2.2.6 we let A and B be linear operators on the complex Banach
space X with D(B) O D(A) and (G, D(G)) be an extension of (A + B, D(A)) with
A= p(A) N p(G) # (. Note that p(G) # 0 implies that G is closed and hence A+ B
is closable. Therefore BR(\, A) is bounded for all A € A.

Theorem 2.2.6. [9, Theorem 4.3] Suppose A + B has an extension G and A # ().
Then

(i) 1 ¢ 0,(BR(\, A)) for any A € A.

(ii)) 1 € p(BR(X\, A)) for some/all X € A if and only if D(G) = D(A) and G =
A+ B.

(iii) 1 € o.(BR(\ A)) for some/all X € A if and only if D(G) 2 D(A) and G =
A+ B.
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() 1 € o,(BR(\,A)) for some/all X € A if and only if G 2 A+ B.

The key to the proof of this theorem is the following two lemmas which describe
the relation between the operator BR(\, A) and the domains D(A) = D(A+ B) and
D(A+ B).

Lemma 2.2.7. [9, Lemma 4.4] Let \ € A and x € X. Then R(\,G)x € D(A) if and
only if v € (I — BR(\, A))X.

Lemma 2.2.8. /9, Lemma 4.5] For any A € A

DA+ B) = R(\,G)(I — BR(\, A)X.

We omit the proofs of the lemmas but merely note that both proofs apply the
following useful observation, which follows from the equality (A — A — B)R(\, A) =
I — BR(\A).

Lemma 2.2.9. [41, Lemma 3.1] Let A\ € p(A) and suppose BR(\, A) is bounded in
X. Then Im(A — A — B) =Im(I — BR(\, A)).

Moreover, we note that ker(A — (A + B)*) is the annihilator of Im(A — A — B) and
similarly for the operator I — BR(\, A). Hence, from Lemma 2.2.9, it follows that

Lemma 2.2.10. Let A € p(A) and suppose BR(\, A) is bounded in X. Then
ker(A — (A + B)*) = ker(I — (BR()\, A))").

We now want to use the spectral characterisation in Theorem 2.2.6 to obtain
some characterisations of honest semigroups. For simplicity, we first consider the
setting of Theorem 2.1.2 where X is an abstract state space and A, B, (V(¢))i>0 are
as in Theorem 2.1.2. Then combining Theorem 2.2.4 and Theorem 2.2.6, we see that
(V(t))e>0 is honest if and only if 1 € p(BR(\, A)) U o.(BR(\, A)) for some A > 0.
However 1 € p(BR(X, A)) Uo.(BR(A, A)) if and only if Im(/ — BR(\, A)) is dense
in X. Combining this with Lemma 2.2.9 and Lemma 2.2.10, we have the following

characterisation of honesty in abstract state spaces:

Proposition 2.2.11. Let X be an abstract state space and A, B, (V(t))i>0 be as in
Theorem 2.1.2. The semigroup (V (t))i>0 is honest if and only if either of the following

equivalent conditions hold:
(i) Im(A — (A+ B)) =Im(I — BR(\, A)) is dense in X for some/all A > 0.

(ii) ker(A — (A+ B)*) = ker(I — (BR(X, A))*) = {0} for some/all A > 0.
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It is sometimes more useful to apply the complex version as we will see in Section
3.2.2, so let us look at the complexification of the operators in Kato’s Theorem and
how they relate to the real case. In the rest of this section, we let X be an abstract
state space and A, B, G and (V(t))t>0 be as in Theorem 2.1.2. As in Section 1.1,
we will use A¢, B, Go and (Vo (t))i>0 to denote their respective complexified forms.
Note that the definition of the complexification of operators indicates that G¢ is the
generator of (Vi (t))>o.

First we show that we have a definition of complex honesty using functionals
which agrees with that of honesty on real spaces. We apply the complexification of
the functionals ag and a. Recall from Definition 2.2.1 that for abstract state spaces,

the semigroup (V'(¢)):>o is honest if and only if
t
V()| - ] = —a </ V(s d5> for all 2 € X4 t > 0.
0

By observing that (X¢)y = X4, ||v|lo = [Jv]] for all v € (X¢)4 and @ and (V (£))i=0

are positive operators, it follows that this is equivalent to

t
WVe)z|lo — ||z]| o = —ac (/ Ve(s)x ds) for all x € (X¢)4,t > 0.
0
Therefore, we have an analogous definition for honesty in the complexification of
abstract state spaces in terms of complex functionals:
Definition 2.2.12. Let © € (X¢)4. The trajectory (Vo (t)x)i>o is said to be honest
if and only iof

t
Vet)z|lo — ||zl = —ac (/ Vo(s)x ds) for allt > 0.
0
The semigroup (Vo (t))i>o is said to be honest if all trajectories are honest. Otherwise,

the trajectory (resp. semigroup) is said to be dishonest.

Next we consider the relation G = A + B under complexification. First, an ele-

mentary lemma:

Lemma 2.2.13. If T is a closable operator on D(T) C X and T¢ is its complex
extension on D(Tg) C X¢, then Te = (T)c.

Proof. By definition, = + iy € D(T¢) if and only if there exists x, + iy, € D(T¢) and
u+ i € X¢ such that x,, + iy, — = + iy and Te(x, + ty,) = Tx, + Ty, — u+iv
in X¢o. Now

Tn+ iy, > r+1yin Xg &2, >xandy, >y X

Tx, +iTy, > u+ivin X¢c < Tx, = uand Ty, — v € X. (2.14)
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In other words, = + iy € D(T¢) if and only if 2,y € D(T), or equivalently, x + iy €
D((T)¢). Moreover, from (2.14), Tx = u and Ty = v so To(x +iy) = u + iv =
Tx+iTy = (T)c(x + iy) for all z +iy € D(T) = D((T)¢). O

Corollary 2.2.14. Go = Ac + Be if and only if G = A+ B.

Proof. Let w = z + iy € D(G¢). Suppose Go = Ac+ Bo = (A+ B)e. Then,
Gr +iGy = Geu = (A+ B)ou = (A+ B)cu = A+ Bx +iA+ By. Hence G =

A+ B. The converse follows by reversing the argument. O]

From Definition 2.2.12, we have that (V(¢)):>0 is honest if and only if (Vo (t))i>0
is honest. On the other hand, Corollary 2.2.14 tells us that G¢ = A + Bc if and
only if G = A+ B, which is equivalent to (V(¢));>o being honest by Theorem 2.2.4.
Therefore, (Vo(t))io is honest if and only if Go = Ag + Be. Applying Theorem

2.2.6, we have the following analogue of Proposition 2.2.11 for the complex case.

Proposition 2.2.15. The semigroup (Vo(t))i>o is honest if and only if either of the

following equivalent conditions hold:

(i) Im(A — (Ac + Be)) = Im(I — BoR(\, Ac)) is dense in X for some/all A € C,.
where C, := {X € C : Re(A) > 0}.

(i1) ker(A — (A¢ + Be)*) = ker(I — (BeR(M\, Ac))*) = {0} for some/all X € C,..

We have just seen that real honesty is equivalent to complex honesty. Moreover,
there exist characterisations for both real and complex honesty. So if we have op-
erators satisfying Kato’s Theorem on a real Banach space, we can also consider the
complex extensions of our operators A, B, G and apply the complex characterisations
of honesty (see Section 3.2.2 as well) to check if (Vi())i>o is honest which is then
equivalent to honesty of the semigroup on the real space. Conversely, if we are work-
ing in a complex space (for instance in the case of quantum dynamical semigroups in
Chapter 5), we can restrict to the real space and apply any of the real characterisations

of honesty in order to study honesty in the complex space.

2.3 New Characterisations of Honesty

In this section, we will look at some new characterisations of honesty in abstract state
spaces. Although we will prove each result directly in this section, we will see later

in Section 6.3 that some of the results can be derived from a more general theory.
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2.3.1 Honesty and Mean Ergodicity

We begin with a characterisation of honesty obtained by applying the Mean Ergodic
Theorem. The advantage of this approach is that it allows us to characterise not only
when the semigroup is honest but also characterise the exact form of the generator
when it is honest. More precisely, we can find conditions which differentiate when
the generator G = A+ B and when G = A + B. For the basics of ergodic theory, see
Section 1.4.

The results in this section are in fact a variant of [41, Theorem 1.1, Theorem 3.3]
where Tyran-Kaminska considers the abstract setting of a general Banach space where
the operator A + B is dissipative and the generated semigroup is contractive. Our
result for honesty of the Kato semigroup (Proposition 2.3.2) demonstrates that with
the addition of positivity assumptions, dissipativity on the positive cone is sufficient
and contractivity is not necessary.

As we saw in Theorem 2.2.4, the operator BR(A, A) plays an important role in
honesty. So we begin with an auxiliary lemma about the properties of BR(\, A)
which will turn up again repeatedly later (for example in Section 3.1, Proposition
4.3.3, Theorem 6.3.5).

Lemma 2.3.1. Let X be an abstract state space and suppose A, B satisfy the con-
ditions of Theorem 2.1.2. For all A > 0, the operator BR(\, A) is substochastic and
hence, power bounded. Moreover, ker(I — BR(A, A)) = {0}.

Proof. Fix A > 0. Note first that since B : D(A) — X is positive, we have that
BR(\, A) is positive and thus bounded (Lemma 2.2.5). Let y € X, and z = R(\, A)y
(€ D(A);). Then

(A+B)x=(A+ B)R(M\ Ay = —y+ BR(\, A)y + AR\, A)y. (2.15)
Applying condition (iii) of Theorem 2.1.2, we have
= llyll + 1BRA, Ayl + AR, A)y[| <0

and so || BR(A, A)y|| < |ly||. Therefore BR(\, A) is contractive on X . Moreover, by
iterating this process, we have [[(BR(X, A))"y|| < |ly|| and so ||(BR(A, A))"|| < 2M
where M is the constant from the generating cone condition described in Section 1.1.
Therefore it follows that BR(A, A) is in fact, a power-bounded operator.

To verify the second property, note first that since G D A 4+ B, we have for all
r € X and A > 0,

(A= G)R(\, A)z = (A — A — B)R(X, A)z = (I — BR(\, A))z. (2.16)
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Therefore, ker(I — BR(A, A)) C ker(R()A, A)) = {0}. Alternatively, this fact may be
deduced directly from Theorem 2.2.6. n

Now we can prove the following characterisation of honesty:

Proposition 2.3.2. Let X be an abstract state space and suppose A, B, (V(t))i>o are
as in Theorem 2.1.2. Then the semigroup (V (t))i>o is honest if and only if BR(X, A)
is mean ergodic for some A > 0. Moreover, the generator G = A+ B if and only if
BR(\, A) is uniformly ergodic.

Proof. Fix A > 0. By Lemma 2.3.1, we have that ker(I — BR(\, A)) = {0} and
BR(A, A) is power-bounded. Therefore, BR(A, A) is Ceséro bounded and moreover,
lim, o0 = [[(BR(A, A))"z|| = 0 for all € X. Hence by Corollary 1.4.2, the mean er-
godicity of BR(A, A) is equivalent to the condition X = Im(/ — BR(A, A)). Applying
Proposition 2.2.11, it follows that BR(A, A) is mean ergodic if and only if (V'(¢))i>0

is honest.

To prove the second assertion, we use the Uniform Ergodic Theorem. Since
BR(), A) is power bounded, it satisfies the condition lim, . = [|(BR(X, A))"|| = 0.
Hence by Theorem 1.4.3 and the fact that ker(/ — BR(\, A)) = {0}, it follows
that BR(A, A) is uniformly ergodic if and only if Im(/ — BR(\, A)) = X. But
Im(I—BR(X\, A)) = X ifand only if I—BR(\, A) is invertible (as ker(/—BR(X, A)) =
{0}). Hence by Theorem 2.2.6, it follows that G = A + B if and only if BR(\, A) is

uniformly ergodic. [l

2.3.2 Honesty and Dual Operators

Next, we give a characterisation for honesty based on dual (or adjoint) operators. This
characterisation in terms of duals of operators will have applications in Chapters 4
and 5. The result is given in terms of dishonesty as it will turn out to be more useful
in applications.

The spectral characterisation in the previous section showed that honesty of the
semigroup is related to the existence of eigenvectors of (BR(A, A))* and (A+B)*. The
following result tells us that it suffices to consider the existence of positive subeigen-
vectors of (BR(A, A))* and (A + B)* instead of eigenvectors.

Theorem 2.3.3. Let X be an abstract state space and suppose A, B, (V(t))i>o are
as in Theorem 2.1.2. Fiz A\ > 0. The following are equivalent:

(i) (V(t))i0 is dishonest.
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(ii) There exists fx € X*\{0} such that ((BR(\, A))*™ f\) is weak*-convergent and
W -limy, o0 (BR(A, A))*™ fy # 0.

(iii) There exists fn € XT\{0} such that ((BR(X, A))*" f\) is weak*-convergent and
w-lim,, o (BR(, A))*™ f\ # 0.

(iv) There exists f € X3\{0} such that (BR(A, A))*fr > fi.
(v) There exists fx € X3 \{0} such that (A+ B)*fx > Afx.
(vi) There exists fy € X3\{0} such that (A+ B)*fx = Afx.

(vii) There ezists fr € X*\{0} such that (A+ B)*fx = Afx.

Proof. (i) < (vii) follows directly from Proposition 2.2.11 (ii). (i) = (vi) because
Ay € ker(I — (BR(X, A))*) = ker(A — (A+ B)*) by Proposition 2.2.3 and dishonesty
of the semigroup implies Ay # 0. (vi) = (v) is obvious. To show (v) = (iv), note that
BR(A, A)—I = (A+B—A)R(\, A). Hence (BR(A, A))*—1 O R(\, A")((A+B)*)—\).
Since R(A, A*) is a positive operator, it follows that (v) = (iv).

To show (iv) = (iii), we first note that (BR(X, A))* is a power bounded operator
as BR(\, A) is. Moreover, (iv) and the positivity of (BR(A, A))* implies that for
all z € Xy, ((BR(\,A)™fr,z) > ((BR(A\,A)*"=Dfy z) for all n € N. Hence
{{(BR(\, A))™ fy, )} is a monotonically increasing sequence in R which is bounded
above, hence converges. Since the sequence is bounded below by (fy, z) and fy # 0, it
converges to a non-zero element. Since this holds for all x € X, and X is generating,
w -lim(BR(\, A))*" fy exists and is non-zero.

(iii) = (ii) is clear. It remains to show (i) = (i). Let F := w'-lim(BR(\, 4))*" f\
and F,, := (BR(\, A))*" fx, n € N. Take x € X. Then

(F,2) = ((BRO\, A))* Foy1,2) = (Fy_1, BR(\, A)z) .

Letting n — oo on both sides, we have (F,z) = (F, BR(\, A)x) = ((BR(\, A))*F, z),
ie. (I —(BR(\ A))*)F = 0. Thus by Proposition 2.2.11 (ii), (V (¢)):>0 is dishonest.
[l

2.3.3 Honesty and Uniqueness of the Kato Semigroup

Recall from Theorem 2.1.2 that the generator G of the perturbed semigroup in Kato’s
Theorem is an extension of A+ B. It turns out that the Kato semigroup is the unique
substochastic semigroup generated by an extension of A + B if and only if the Kato

semigroup is honest. More precisely,
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Theorem 2.3.4. Let X be an abstract state space and suppose A, B satisfy the con-
ditions of Theorem 2.1.2 with perturbed semigroup (V (t))i>o and generator G.

(1) If (V(t))i>0 is honest, then (V(t))i>o is the unique (substochastic) semigroup

whose generator is an extension of A+ B.

(i) If (V(t))i>0 is dishonest, then there are infinitely many substochastic semigroups

whose generators are extensions of A+ B.
We will need the following simple fact in our proof of Theorem 2.3.4:

Lemma 2.3.5. Let T be the generator of a Cy-semigroup (or its adjoint) on a Banach
space X and S be a closed extension of T. If S also generates a Cy-semigroup (resp.
its adjoint), then S =T.

This follows from the fact that if S is the generator of a Cy-semigroup, then A—S'is
invertible for A such that Re A is large enough. Hence, we have A—S O A—T" and both
are bijections, so they must be equal. The adjoint case follows since p(S) = p(S*)

where S* is the generator of the adjoint semigroup.

Proof of Theorem 2.3.4. To prove (i), let (V(t))i=o be another (substochastic) semi-
group with generator G O A + B. Then (A + B)* D G*. Since (V(t))i>0 is honest,
A+ B =G, ie (A+ B)* = G* and so (A + B)* generates an adjoint semigroup.
Hence by Lemma 2.3.5, it follows that G* = (A + B)* = G*. Thus for A > 0,
R\, G)* = R\, G*) = R(\,G*) = R(\,G)* and so R(\,G) = R(\,G). Therefore,
by the Post-Widder Inversion Formula (Proposition 1.2.8), V/(t) = V(t) for all t > 0,

so (V(t))i>0 is unique.

To prove (ii), we will construct an infinite set of substochastic semigroups whose
generators are extensions of A + B. Fix zy € X, \{0} such that ||z|| < 1. Define G
by

Gz = Gz + (ag — a)(z)zy, = € D(G). (2.17)
Then G has domain D(G) and for z € D(A + B) = D(A), we have G = Ga =
(A + B)x, since by (2.4) and (2.5), ag|pa) = a = @|p(a). Hence G is an extension
of A+ B. Tt remains to show that G generates a substochastic semigroup. To do
so, we check that G satisfies Proposition 1.2.5. Condition (i) is satisfied since for all

z € D(G),
<w, Gx> = (U, Gz) + (ap — a)(x) (T, z0)
= —ao(@)(1 — [|zo||) — a(x) [|zo|

<0 (since ag,a are positive functionals and ||z < 1.)
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To show that condition (ii) is satisfied, substitute G into (1.3) to get
(A =Gy + (@ — ao)(y)zo = .
Applying R(A, G) to both sides, we have

y+ (a—ag)(y)R(\, G)xg = R(\, G)x (2.18)
ie. y=R\G)z+ a, R\ G)xg (2.19)

where «, 1= (ag — a)(y) is some constant depending on .

To see that «a, is unique for every x, apply ag — a to (2.18) to get
(1= (ap — a)(R(\, G)xo)) = (ag — a)(R(\, G)z).

Now consider the coefficient of a,. Since a > 0 and xy € X \{0}, it follows from the
definition of ag that

(ao — @) (R(\, G)zo) < — (U, GR(N, G)xo) = ||z0|| — M |R(N, G) ol < ||| < 1.

Hence 1 — (ag — a)(R(X\, G)xg) > 0. Therefore a, exists and is unique for all z € X.
Moreover, o, > 0 if x € X, because ap > a. Hence the solution y in (2.19) to
(1.3) is unique and moreover positive if x € X, and so condition (ii) of Proposition
1.2.5 is satisfied. Therefore G generates a substochastic semigroup. Since z, was an
arbitrary positive element with ||zo|| < 1, it follows that we can construct infinitely

many semigroups of this form by varying x;. O]

Remark 2.3.6. An alternative way of proving that G defined in (2.17) generates a
substochastic semigroup is by applying Kato’s Theorem with Az := Gx and B; :=
(ag — a)(x)zo for x € D(G). The operator B is positive since ag > a and xy € X,
and we have shown in the proof above that A; + B; satisfy condition (iii) in Kato’s
Theorem. Hence Kato’s Theorem tells us that there is an operator G; D GDA+B

that generates a substochastic semigroup.

The proof above shows that if (V(t)):>o is dishonest and X is not 1-dimensional,
there are in fact infinitely many substochastic semigroups (V (t));»o with generator

G O A+ B whose loss is “minimal” in the sense

t
Hf/(t)xH |zl = —a (/ V(s)z ds) for all z € X,
0
To see this, observe that (2.17) can be rewritten as
Gz = Gr — (U, Gx) xog — a(z)ze for all z € D(G)
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where ||zo]| < 1,29 € X, \{0}. Taking z( satisfying ||zo|| = 1, we have for all
x € D(G),
(w,G2) = (1= o) (¥, Gx) = () o] = ~a(a).

Hence,

Hf/(t)xH |zl = <\If,é/0tx7(s)xds> ~— g (/Otf/(s)xds) for all z € X,

Theorem 2.3.4 is in fact a generalisation of [38, Theorem 6] where Reuter was
interested in uniqueness of solutions to the backward Kolmogorov differential equa-
tions. As Kato’s Theorem originated from studying solutions to Kolmogorov differ-
ential equations, it is quite natural that we have an analogous result regarding the

uniqueness of solutions in Kato’s setting too.

2.4 Preserving Honesty

In the study of semigroup properties, one is often interested in the preservation of
the properties under modifications to the semigroup. In this section, we look at the
preservation of honesty of the perturbed Kato semigroup. In particular, we study
the preservation of honesty under a special class of perturbations as well as under

restrictions to subspaces.

2.4.1 Honesty and Potentials

A common term which occurs in differential equations which model dynamical systems
is an absorption or potential term. In semigroup language, this is often phrased in
terms of adding or more precisely, taking away a (positive) potential term from the
generator of the original semigroup. An example of this can be seen in the transport
equation studied in Example 2.1.6. The operator T := Ty — h where Tj is the free-
streaming operator and h is the absorption term. In this case, the free-streaming
operator generates the original semigroup (V' (t)):>o while Ty — h generates the new
absorption semigroup, (V4 (t))i>0. Note that the relation Vj,(t) < V/(t) holds for all
t > 0 as h is positive. Other examples where absorption terms occur include piecewise
deterministic Markov processes [42] and the heat equation on graphs (see Chapter 4).
Thus in this section, we study conditions which ensure that the honesty or dishonesty

of the original semigroup is retained by the absorption semigroup.
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Proposition 2.4.1. Let X be an abstract state space and suppose A, B satisfy the
conditions of Kato’s Theorem with honest perturbed semigroup (V(t))i>o. Let K be
a positive operator such that there is an extension Ak of (A — K,D(A) N D(K))
that generates a substochastic semigroup and Ag, B also satisfy Kato’s Theorem with
perturbed semigroup (Vi (t))i>o. If (D(A) N D(K))y is dense in the graph norm in
D(A)4, then (Vk(t))i>o is also honest.

Proof. Let S := (A — A)(D(A) N D(K));. Elementary calculations show that if
(D(A)ND(K))4 is dense in D(A),, then S is dense in X, .
Let y € S. Then

(R(\, 4) — RO\ Ar))y

=R(\, Ax)(A = Ax — (A= A))R(\, A)y

RONAR)N— A+ K — (A— AR Ay (as R(\, A)y € (D(A) N D(K))5)
RO\ A)K RO, A)y > 0.

Since S'is dense in X, R(\, A), R(\, Ak ) are bounded and X is closed, it follows that
R(\, Ag) < R(M, A). Hence BR(\, Ax) < BR(\, A) and iterating, (BR(\, Ag))" <
(BR(A, A))"™. The result now follows by Theorem 2.2.4 (ii). O

If K is a bounded positive operator such that A — K generates a substochastic
semigroup and A, B satisfy Kato’s Theorem, then A — K, B also satisfy Kato’s The-
orem since (¥, (A — K + B)z) = (U, (A+ B)x) — (K,z) <0 for all z € D(A),+. We
will denote the perturbed semigroup by (Vi (t))i>0. Proposition 2.4.1 tells us that
honesty is retained even after adding a bounded potential term to the generator. It

turns out that in this case, dishonesty is retained as well:

Proposition 2.4.2. Let X be an abstract state space and suppose A, B satisfy the
conditions of Kato’s Theorem with dishonest perturbed semigroup (V(t))i>o. Let K
be a bounded positive operator such that A — K generates a substochastic semigroup.

Then the perturbed semigroup (Vi (t))e>o is also dishonest.

Proof. Theorem 2.3.4 (ii) implies that there are infinitely many extensions G, of
A + B which generate substochastic semigroups. Since K is positive and bounded,
G, — K also generates a semigroup for each o. Moreover, since G, 2 A+ B and K
is bounded, it follows that G, — K O A — K 4+ B. Hence there exist infinitely many
semigroups whose generators are extensions of A — K + B. So by Theorem 2.3.4,
(Vi (t))+>0 is also dishonest. O
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It turns out that for the case of preserving dishonesty, adding a bounded poten-
tial is in some sense sharp. We can find an example that shows that a dishonest
semigroup can be converted into an honest semigroup by adding a potential that is
“large enough”. We will not go into the full details now as it requires a lot more
auxiliary information which will be covered in Chapter 4, but simply give a brief
outline here. This example can be found in the study of Laplacians on graphs where
the Laplacian is known to generate a substochastic heat semigroup on ¢!. In Chapter
4, we will see that the heat semigroup can be seen as a perturbed semigroup derived
from Kato’s Theorem and moreover honesty of the heat semigroup is equivalent to
stochastic completeness of the graph. Then [32, Theorem 2] states that any graph
can be modified to form a stochastically complete one by adding a (sufficiently large)
potential term to the Laplacian. In other words, the heat semigroup generated by any
graph Laplacian can be modified to become an honest one by increasing the poten-
tial term adequately. So even if the semigroup is dishonest, it can be converted into
an honest one by adding a sufficiently large potential. So dishonesty is not always
preserved under absorption.

Finally, let us apply these results to the case of the transport equation.

Example 2.4.3. Let us consider again the linear transport equation with no incoming
particles as boundary condition from Example 2.1.6. So we let X = L*(SxV, ) where
S CR", V C R"” are locally compact in the induced topology and y = A" X p where
A" is the n-dimensional Lebesgue measure and p is a locally integrable Borel measure
on V.

Recall that Tj is the generator of the Cy-semigroup of free streaming (Uy(t))t>0
and h is the maximal multiplication operator associated with the function A(s,v). In
this case, we will assume that 7' = Ty — h, D(T') = D(h), generates the substochastic
Co-semigroup (U(t)):>o and K is the positive operator defined by

Kf(s0) = [ bls.o)(s.0)dote), ] € D) = DIT)
v

with

Infl < - / Tfdu, forall f € D(T),
and

/ k(s,v,0")dp(v) < h(s,v")  p-ae. (2.20)

1%

In other words, T and K satisfy the conditions of Kato’s Theorem with perturbed

semigroup (V' (t))¢o.
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Next we consider a second measurable function iz(s,v) > 0 and suppose that h
(the maximal multiplication operator with & (s, v)) is U(-)-bounded (see [45, Definition
1.2]) i.e. his T-bounded and there exist a € (0,00] , v > 0 such that for all f € D(T)

/
By [45, Corollary 2.10], Tj, = T—h generates a substochastic Cp-semigroup. Moreover
for f € D(T)4,

BU(t)fH dt < v||fll.

|+ Ry < —/de,u—i-/ilfd,u——/Tﬁfd,u.

and
1571 < |[a+hyg

Therefore, T; and K also satisfy the conditions of Kato’s Theorem with per-
turbed semigroup denoted (V;(t))i=o. Since by assumption A is T-bounded, we have
(D(T)ND(h)), dense in D(T), so by Proposition 2.4.1, (V5 (t))s>o is honest whenever
(V(£))ez0 is.

In the case when we have equality in (2.20), the background material is called a
pure scatterer [45, p.463]. Proposition 2.4.1 and 2.4.2 tell us that adding a bounded
h to h does not affect the honesty or dishonesty of the transport semigroup. In other
words, a change from pure scatterer to impure does not affect honesty if the change

is “small” enough.

2.4.2 Honesty and Restrictions to Subspaces

In this section, we are interested in the preservation of honesty under restrictions
of the semigroup to subspaces. First, we will look at the relation between Kato’s
semigroup and its restriction to closed subspaces of X. We will see that the existence
of a Dyson-Phillips series for the perturbed semigroup enables very simple proofs
of the results. Recalling that in Kato’s Theorem, we assume that A generates a

substochastic semigroup denoted by (Ux(t)):>0, we have

Lemma 2.4.4. Let X be an abstract state space and suppose A, B satisfy the hypothe-
ses of Kato’s Theorem. Suppose also that'Y s an ordered, closed subspace of X such
that Ua(t)Y CY and B(D(A)NY) CY. Then B| := B|pp)ny and A| := Alpayny
satisfy Kato’s Theorem (in'Y ).
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Proof. From [22; p.60], we know that A| generates a substochastic semigroup on Y’
which is Ua(t)| := Ua(t)|y. By assumption, B| is positive and D(B|) D D(A]).
Moreover (¥, (A| + Bl|)y) = (¥, (A+ B)y) < 0 for all y € D(A]),. Therefore A|, B|
satisfy Kato’s Theorem on Y. m

Since A|, B| satisfy Kato’s Theorem, there is an extension G of A|+ B| such that

G generates a substochastic semigroup (V(¢))go on Y.
Proposition 2.4.5. V(t) = V(t)|y for all t > 0.

Proof. By Proposition 2.1.3, (V(t)):>0 can be represented in the form of a Dyson-

Phillips series, i.e.

V(t) = iSn(t) where  So(t) = Ua(t), Spi1(t) = /Ot Sn(t — s)BUa(s)ds,n € N.

Similarly, (V'(t))i>0 can be represented in the form of a Dyson-Phillips series, i.e.
00 t

V(t) = Zgn(t) where  Sy(t) = Ua(t)], Spia(t) = / Sp(t—s)B|Ua(s)| ds,n € N.
n=0 0

By comparing the series, we see that V() = V (t)|y for all ¢t > 0. O

Our next proposition, which describes how honesty of the two semigroups is re-
lated, follows directly from the fact that ||[(B|R(\, A]))"ylly = [(BR(X, A))"y|| 5 for
all y € Y and Theorem 2.2.4.

Proposition 2.4.6. If (V (1)) is honest, then so is (V(t))io.
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Chapter 3

Kato’s Theorem and Honesty
beyond Abstract State Spaces

In this chapter, we will look at generalisations of Kato’s Theorem beyond abstract
state spaces. The existence of such generalisations leads naturally to the study of
honesty theory on these spaces. Although there are previously known generalisations
of Kato’s Theorem beyond abstract state spaces, there are hardly any results on the
honesty of the semigroup in these cases. Hence, we will introduce a notion of honesty
on these spaces. As in abstract state spaces, we will be interested in characterisations
of honesty of the semigroup. We will identify characterisations from abstract state
spaces which extend beyond these spaces and present some new ones too. Unfortu-
nately, it turns out that the results are less complete in the spaces beyond abstract

state spaces.

3.1 Extension to Real Ordered Banach Spaces

We begin by presenting an extension of Kato’s Theorem to K B-spaces which was
proven by Banasiak and Lachowicz in [10]. We consider this to be the first generali-
sation of Kato’s Theorem beyond abstract state spaces because in general, K B-spaces
do not have additive norm on the positive cone. However, K B-spaces are Banach lat-
tices, so the set of abstract state spaces is not contained within these spaces. Recalling

from Proposition 1.1.1 that an ordered Banach space X has monotone norm if and

only if for each # € X there is an 2* € X7 such that ||2*]| . = 1 and (z*, 2) = ||z y,

we have the following result:

Theorem 3.1.1. [10, Theorem 3.2] Let X be a K B-space and suppose that the op-
erators A and B with D(A) C D(B) C X satisfy:
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(i) A generates a substochastic semigroup (Ua(t)):>o0,
(i1) ro(BR(\, A)) <1 for some A > 0,
(iii) Bx >0 forx € D(A),,

(iv) for any x € D(A)4, there is an x* € X7 such that ||z*|| =1, (x*,z) = ||z|| and
(*,(A+ B)z) <0.

Then there is an extension G of (A + B, D(A)) that generates a substochastic Cy-
semigroup denoted by (V (t))i>0. The generator G satisfies for all A\ >0 and x € X,
R(\,G)z =Y R(\, A)(BR(\, A))*x.

k=0

In order to prove Theorem 3.1.1, the authors in [10] noted that one key element
required in the proof of Kato’s Theorem in abstract state spaces was the conver-
gence of any increasing, norm bounded sequence, which followed from the additive
norm structure of the underlying space. Since K B-spaces are defined by precisely
this convergence property, this enabled the extension of Kato’s Theorem to such
spaces. However, Theorem 3.1.1 does require an addtional assumption, namely that
ro(BR(A, A) <1 for some A > 0, in order to compensate for the loss of the additive
norm structure in the space. In spaces with norm additive on the positive cone, i.e.
abstract state spaces, the condition 7,(BR(A, A)) < 1 follows easily from the dissi-
pativity condition on the positive cone, i.e. condition (iii) in Theorem 2.1.2, as this
condition implies the power-boundedness of the operator BR(\, A) (see the proof of
Lemma 2.3.1).

As noted above, abstract state spaces are not a subset of K B-spaces as they do not
necessarily have lattice structure while K B-spaces in turn do not all have norms which
are additive on the positive cone, hence they are not necessarily abstract state spaces.
We now prove a version of Kato’s Theorem for a set of spaces which encompasses both
sets of spaces, namely ordered Banach spaces with monotone norm, but with the addi-
tional assumption that for some A > 0, the series R(\) := > "2 R(\, A)(BR(\, A))*
converges strongly. The proof of this theorem is based on that of [10, Theorem 3.2]
and the additional condition is required to replace the loss of the convergence prop-
erty which follows from the structure of KB and abstract state spaces. Although we
can find no practical application for Theorem 3.1.2 currently, we give the full proof
here for completeness and to demonstrate that the lattice structure is not essential
to the proof of [10, Theorem 3.2].
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Theorem 3.1.2. Let X be a real, ordered Banach space with generating cone and
monotone norm. Suppose the operators A and B with D(A) C D(B) C X satisfy:

(i) A generates a substochastic semigroup (Ua(t)):>o0,
(i1) 7o(BR(\, A)) <1 for some A > 0,

(iii) Bx >0 forx € D(A),,

(iv) for any x € D(A)4, there is an x* € X such that ||z*||y. = 1, (", 2) = ||z||

and (z*, (A + B)zx) <0,

(v) the series
RNz =) R(\ A)(BR(\, A))rx

converges for all x € X and some A > 0 (possibly different from X in (ii)).

Then there is an extension G of (A + B, D(A)) that generates a substochastic Cy-
semigroup denoted by (V(t))i>0. Moreover, the series R(\) converges strongly for all
A > 0 and the resolvent of G is given by this series, i.e. for all X > 0 and v € X,

R\, G)x = R(\)z.

Finally, (V(t))i>0 is the minimal substochastic Cy-semigroup whose generator is an
extension of (A4 B, D(A)) in the following sense: if (V ()0 is another substochastic
Cy-semigroup whose generator is an extension of (A + B, D(A)), then V(t) < V(t)
for allt > 0.

The first step in proving the theorem, which we state as a lemma below, involves
showing that A+ rB generates a substochastic Cy-semigroup for 0 < r < 1. We need

the following observation:

Remark 3.1.3. Suppose for some A\g > 0, A is a resolvent positive operator in X,
with R(A\,A) > 0 for A > X\g and B : D(A) — X is a positive operator satisfying
ro(BR(Mo, A)) < ¢, ¢ > 0. Then r,(BR(A\ A)) < cforall A > \y. Fix A > A\y. By
applying the resolvent equation [22, Equation IV.1.2], the positivity of R(\, A) and
B on D(A), we have

BR()\, A) — BR(M\, A) = (Ao — \)BR(X\o, A)R(\, A) < 0.
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Therefore BR(M\, A)y > BR(\, A)y for all y € X,. Tterating, it follows that
|(BR(Xo, A))"y|| = [|(BR(A, A))"y|| for all y € Xy, n € N, and so

I(BR(A, A))"|| < 2M [[(BR (X0, A))"|

where M is the constant from the generating cone condition (see Section 1.1). There-
fore
T.O'(BR()\? A)) < ra<BR(>‘0a A)) <c

Lemma 3.1.4. Under the conditions of Theorem 3.1.2, G, := A+rB, 0 <r <1
generates a substochastic Cy-semigroup. Moreover, for all A > 0, all x € X, the
resolvent of G, satisfies

[e.9]

R(\,G,)x =Y R\ A)(rBR(X, A))Fx. (3.1)
k=0

Proof. We will begin by showing that A and rB satisfy the hypotheses of Theorem
1.1.4 for all A > 0, hence (3.1) holds for all A > 0,z € X. Note first that by Propo-
sition 1.1.2, X has normal cone, hence X satisfies the space conditions of Theorem
1.1.4. Now suppose BR()\g, A) satisfies condition (ii) in Theorem 3.1.2. By Remark
3.1.3, it follows that r,(BR(\, A)) < 1 for all A > )¢ and hence 7,(rBR()\, A)) < 1
for all A > X\g. Thus by Theorem 1.1.4, it follows that (3.1) holds for all A > X¢. It
now remains to show that (3.1) holds for all A € (0, \).

Suppose x € D(A); and z* is as in condition (iv) of Theorem 3.1.2. Then for
0 <r <1, we have

(", (A+rB)x) = (", (A+ B)z) + (r — 1) (z*, Bx) < (z",(A+ B)z) <0.
Hence, for all A € p(G,), we have
A = Gzl lz*] = (27, (A = Gr)z) = Aa”, 2) = (27, Grr) = Al
Now let y € X;. Then z := R(\,G,)y € D(A)4 and so
MR, Gr)yll < lyll -

By iterating this inequality, we see that for all y € X, ;A > A\g and n € N, we have

N 1
1B G) Il < 7 Nyl (3.2)
Since X is generating, we can extend this estimate to the whole space to obtain
2M
(R, G| < 5O for all n € N, A > Aq. (3.3)
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We will use (3.3) to show that (0, \g) C p(G,). Note first that (3.3) and the spectral
radius formula tells us that r,(R(\o, G)) < )\lo Now let 1 € (0, ) and suppose

w € o(G,). Then ﬁ € o(R(No,Gy)) and )ﬁ‘ > /\LO This contradicts the fact
that r,(R(X\, G,)) < %O, hence i1 € p(G,). Therefore (0,g) C p(G,). Finally, we
note that from the series R(\, G,) = Y 1o, (Ao — AN)FR(Ao, G,)Ft!, we also have that
R(\, G,) > 0 for all A € (0, ). Hence we may apply Theorem 1.1.4 to obtain that
ro(rBR(A, A)) < 1 and (3.1) holds for all A > 0.

To prove the first statement in the theorem, we note that G, is closed, densely
defined and satisfies (3.3). Hence, the Hille-Yosida Theorem (Theorem 1.2.2) tells us
that (G,, D(A)) generates a Cy-semigroup (U,.(t))i>o for all 0 < r < 1. The Post-
Widder Inversion Formula (Proposition 1.2.8), and (3.2) implies that (U,(t));>0 is
a contraction on X,. Moreover, the formula shows that (U,(t)):>0 is positive since

R(\, G,) is positive for all A > 0. Therefore, (U,(t)):>o is substochastic. O

Proof of Theorem 3.1.2. We will show the existence of (V(t));>o by checking that
(R(X, G,)), satisfies condition (ii) of the Trotter-Kato Theorem (Theorem 1.2.6). The
first step is to show that R(A\)x = lim,; R(\,G,)x for all x € X where R(\)
satisfies condition (v) of Theorem 3.1.2. Let z € X, and € > 0. First note that for
all 0 <r <1 and all n € N, we have

0<Zl—r (A, A)(BR(M, A x<ZR)\1, )(BR(A\;, A))Fx

So by condition (v) and the monotonicity of the norm, it follows that for n large

enough,
oo

> (1 =" R(M\, A)(BR(M, A))Fz|| < e
k=n
On the other hand, for r close to 1, we have

1

3
|

(1 — r"YR(M\, A)(BR(A, A) || < e.

e
Il

1
Therefore [|[R(A1)z — R(A1, G, )x|| < 2¢, so by the generating cone condition, we have
the convergence we require. This convergence and the fact that G, generates a sub-
stochastic semigroup for all 0 < r < 1 allow us to deduce from Proposition 1.2.7 that
s-lim, ;1 R(\, G,.) exists for all A > 0. We will denote this limit by R,.

It now remains to show that R, has range dense in X. In particular, we want to
show that for all x € X,

lim ARz = lim lim AR(\, G,)x = lim lim AR(\, G, )x = z.

A—00 A—oo r—1 r—1 A—oo
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Hence, it suffices to show that for all x € X,
lim AR\, G,z =z (3.4)
A—00

uniformly for 0 < r < 1.
Now let y € D(A), A > 0 and 0 < r < 1. Since R(\, G,)G,y = AR(\,G,)y — v,
we have, by (3.3),

2M 2M
AR, Gy — 9l = | RO, GGl < 20 1A + 7Bl < 314yl + 1Byl

Now fix € > 0. Since D(A) is dense in X, for z € X and every e > 0, there exists
y € D(A) with ||y — 2| <e. Then

IARQA, Gr)z — xf| < MR, Gr) (@ = y)|| + lly — =l + [[AR(A, Gr)y —

2M
< 2Me+ e+ —=([Ay] + || Byl))-

Since € was arbitrary, this gives uniform convergence of (3.4) in r for all x € X. So
Im(R,) is dense in X.

Therefore, we may apply the Trotter-Kato Theorem to show that Ry = R(), G)
where G generates a Cy-semigroup (V' (t));>0o satisfying

lm U, (t)x =V (t)x forallz € X

r—1

with the limit uniform for ¢ in bounded intervals. Moreover, (V(t));>o is also a
substochastic Cy-semigroup since (V(t));>o is the strong limit of substochastic Cy-
semigroups.

To show that the series R(\) converges strongly for all A > 0 and R(\) = R(\, G),
we will utilise the monotonicity of R(\, G, )z =Y 7 R\, A)(rBR(\, A))fx,z € X,
asr /1. Let A > 0. For every z € X and n € Ny, we define

R™M Nz =Y RNA)(BRA Az,  0<r<l,
k=0

RNz = i R(\, A)(BR(X, A))Fa.

k=0

Now fix z € X and € > 0. Choose r < 1 such that |R(\, G)z — R(\, G,)z| < € and
for such r, choose an m such that HR(/\, G,)r — gm)()\)x ‘ < €. Since R(\, A) and
BR(\, A) are positive, for n > m, we have

R™(\)z < R™(\)z. (3.5)
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Moreover, since R™ (\)z = lim, ~ R,(«n)()\)a: and R,ﬁn)()\)x < R(\, G,)x, it follows that
R™(\)x = li}r} R™W(\)z < h}w} R\, Gz = R(\, Q). (3.6)
Combining (3.5) and (3.6), we have

0 < R\, Gz — R™M(\)z <R\, G)x — R™(\)x
=R\, G)x — R(\, G,z + R\, G,z — R™(\)x

T

By the monotonicity of the norm, it follows that HR()\,G)x — R(")()\)xH < 2e and
so RO\, Gz = lim, o R™(N)z. Since X, is generating, we can conclude that
R\, G)x = R(\)z for all x € X.

The proof that G is an extension of A+ B and (V(t));>o is the minimal semigroup
generated by an extension of A + B can be done exactly as in [3, Theorem 2.1] as
follows:

To show that G is an extension of A+ B, fix A > 0 and z € X. Let y € D(A) and
= (A—A)y. Then R™(\)x =y + R"Y(\)By for all n € N. Let n — oo to obtain
RN G)YAN—Ay =y+ R\ G)By,ie. ( A—A—B)y=(A—G)y forall y € D(A).
Therefore G is an extension of A + B.

Finally, we show that (V(t))io is minimal. Let (V(t));>0 be a substochastic C-
semigroup in X whose generator G’ is an extension of A+ B. It is easy to show that
for all A > 0,

R(\,G") = R\, G,) = RO\, GG = G, )R\, G,).
Since Im(R(A, G,.)) = D(A), it follows that

R\ G) — R\, G,) = R\G)A+B—A—rB)R\,G,)
= (1=71)R(\,G")BR(\,G,) > 0.

Taking the strong limit as » — 1, we have R(\,G") > R(A, G) and therefore by the

Post-Widder Inversion Formula (Proposition 1.2.8), V(t) > V/(¢) for all ¢ > 0. O

Remark 3.1.5. We can actually prove a slightly stronger result about the minimality
of the semigroup (V(t));>0 (as was done for K B-spaces in [10, Proposition 3.10]).
It turns out that (V(¢)):>o is in fact the minimal substochastic Cy-semigroup whose
generator is an extension of (A + B)|p where D is a core of A. This follows since the
generator G’ of any such semigroup (V'(t)):>o is in fact an extension of A + B.

To see this, note that since D is a core of A and B is A-bounded, it follows that
for all z € D(A), there exists (z,,) C D such that x,, — z and (A+ B)z,, — (A+ B)z.
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Since G’ is a closed operator and G’ D (A + B)|p, it follows that D(A) C D(G’) and
G'2 A+ B.

Theorem 3.1.2 gives sufficient conditions which ensure that positively perturbed
generators of substochastic semigroups remain generators of substochastic semigroups.
A natural question which follows is whether these conditions are also necessary. In
particular, are conditions (ii), (iv) and (v) in Theorem 3.1.2 also necessary? We cur-
rently only have a positive answer for condition (iv) which follows from condition (i)
in Proposition 1.2.5 and the fact that G © A + B.

Proposition 3.1.6. Let X be a real, ordered Banach space with generating cone and
monotone norm. Suppose (U(t));>o is a substochastic semigroup on X with generator
A and B : D(A) — X a positive linear operator. If there exists an extension G
of A+ B that generates a substochastic Cy-semigroup (V (t))i>o on X, then A+ B
satisfies condition (iv) in Theorem 3.1.2, that is:

For any x € D(A); there is an x* € X such that ||z*| . =1, (2%, 2) = |||y and
(x*, (A4 B)z) <0.

3.2 Honesty Theory beyond Abstract State Spaces

As we saw in Section 2.2.1, honesty theory via a functional approach was derived for
Kato’s Theorem in abstract state spaces. Currently, this theory does not extend to
spaces beyond abstract state spaces even though versions of Kato’s Theorem exist
for spaces such as K B-spaces (Theorem 3.1.1). The functional approach cannot be
easily generalised to general ordered Banach spaces because the boundedness of the
functionals in abstract state spaces depend on the additivity of the norm on the
positive cone. The lack of such functionals in general spaces means that we cannot
use the definition of honesty as given in Definition 2.2.1 for general ordered Banach
spaces. Hence, we will use a different definition here.

Our motivation for the definition we use in this section comes from the honesty
theory for abstract state spaces. From Theorem 2.2.4, we can infer that the per-
turbed semigroup (V(t));>o is honest if and only if G = A + B. This indicates that
the honesty of the perturbed semigroup in Kato’s Theorem is closely related to the
characterisation of its generator. Moreover, from a purely mathematical point of
view, the study of when D(A + B) is a core of the extension G in Kato’s Theorem is

of interest on its own. Therefore we define honesty as the following:
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Definition 3.2.1. Suppose the conditions in Theorem 8.1.2 hold. The perturbed
semigroup (V(t))i>o is honest if and only if G = A+ B.

The corresponding definition for pointwise honesty holds, i.e. for x € X, the
trajectory (V (t)x);>0 is honest if and only if R(\, G)z € D(A + B). However, in the
rest of our results, we will concentrate on the honesty of the semigroup and not single
trajectories.

We will first look at previously known characterisations of honesty for Kato’s
Theorem on abstract state spaces and attempt to generalise them to spaces without
additive norm structure. We will then derive a new characterisation of honesty in-
volving the uniqueness of solutions to an abstract Cauchy problem in general ordered

Banach spaces in Section 3.2.2.

3.2.1 Modifying Conditions from Abstract State Spaces

As we saw in Section 2.2.1, honesty theory in abstract state spaces has been exten-
sively studied (see [31], [35] and [3]). The results presented in Sections 2.3 and 2.4
also added to the theory of honesty for Kato’s Theorem in abstract state spaces. In
this section, we will study these results and see how they translate to spaces beyond
abstract state spaces. We will see that the additivity of the norm on the positive cone
of abstract state spaces plays an important role and the results become less complete
in spaces which do not have this property. Finally, note that although the honesty
results beyond abstract state spaces will be stated for operators satisfying Theorem
3.1.2, for all practical purposes, they are only useful for the case of K B-spaces since
we noted in the previous section that Theorem 3.1.2 has no practical applications
currently.

In particular, we will look at how the following characterisations of honesty on
abstract state spaces given below (see Theorem 2.2.4, Proposition 2.3.2, Theorem

2.3.3) translate to general ordered Banach spaces.

Theorem 3.2.2. Suppose X is an abstract state space and A, B, (V(t))i>0 are as in
Theorem 2.1.2. Let A > 0. The following are equivalent:

(i) The semigroup (V (t))i>0 is honest.
(11) lim, o [|[[BR(A, A)]"x|| =0 for all z € X .
(11i) {(BR(\, A))"z}nen converges weakly to O for all x € X .

(iv) The set {{[BR(\, A)]"x}nen is relatively weakly compact for all x € X, .
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(v) W -lim, oo (BR(X, A))"f =0 for all f € X*.
(vi) The operator BR(\, A) is mean ergodic.
(vii) ker(A — (A + B)*) = {0}.

First consider condition (vii). Recall that in Section 2.2.1, we noted that Theorem
2.2.6 holds for any complex Banach space X. Hence it holds for the operators A, B
in Theorem 3.1.2 as well. Moreover for operators A, B which satisfy the hypotheses
of Theorem 3.1.2, we have that BR(A, A), A > 0 is a bounded operator too. Thus
by Lemma 2.2.9, we have Im(A — A — B) = Im(I — BR(\, A)) for A > 0. Combining
these, we see that condition (vii) above carries over to ordered Banach spaces with

monotone norm as well, namely

Proposition 3.2.3. Let X be a real, ordered Banach space with generating cone and
monotone norm and A, B, (V(t))i>o be as in Theorem 3.1.2. (V(t))i>o is honest if
and only if ker(I — (BR(\, A))*) = ker(A — (A + B)*) = {0} for all/some X > 0.

Next let us consider conditions (ii)—(v) of Theorem 3.2.2. It is clear that (ii) =
(iii) = (iv) and by the generating cone condition, (iii)<(v). It turns out that these

conditions are sufficient to ensure the honesty of the semigroup.

Proposition 3.2.4. Let X be a real, ordered Banach space with generating cone and
monotone norm and A, B, (V(t))i>0 be as in Theorem 3.1.2. Fiz X > 0. Any one of
the following conditions is sufficient for the honesty of (V(t))i>o:

(1) lim, o0 [[(BR(A, A))"x|| =0 for all z € X.
(77) w-lim, oo (BR(A, A))"x =0 for all x € X.
(1ii) {(BR(\, A)) "z}, is relatively weakly compact for all v € X.

Proof. Note first that (i) = (ii) = (iii) follows easily from the definitions of weak limits
and weak compactness so it suffices to show that (iii) implies honesty of (V (t)):>o.

Let y € D(G). Then there exists x € X such that y := R(\,G)z. Define y,, :=
Sh_o RO\ A)[BR(A, A)Fx. Then y,, € D(A+ B) and converges to y = R()\, G)z in
X as n — oo. Moreover, we have

(A= A= By, =Y (BR(\A))fz =) (BR(\,A)a =2 — (BR(\, A)" e

o7



Since the sequence {(BR(A, A))"x}5°, is relatively weakly compact, there is a
subsequence {(BR(\, A4))" x}22, that converges weakly in X to some element z € X.
This means that (A — A — B)y,, converges weakly to x — BR(\, A)z as j — oo. Since
the graph of A + B is closed (and equivalently weakly closed) and Yn, — Y, it follows
that y € D(A+ B) and moreover, (A — A+ B)y = x — BR(\, A)z. Since y was an
arbitrary element of D(G) and G 2 A+ B, we can conclude that D(G) = D(A + B).
Therefore (V' (t))>0 is honest. O

We can show that the conditions of Proposition 3.2.4 are also necessary for honesty

if we know that G = A + B.

Proposition 3.2.5. Let X be a real, ordered Banach space with generating cone and
monotone norm and A, B, G be as in Theorem 3.1.2. Then G = A+ B if and only if
limy o || (BR(X, A))¥|| = 0.

Proof. Note that limy_,« || (BR(X, A))*|| = 0 if and only if r,(BR(X, A)) < 1. But
ro(BR(\, A)) < 1 implies that 1 € p(BR(\, A)), which by Theorem 2.2.6, is equiva-
lent to G = A+ B. O

The next result is a variant of Proposition 3.2.5 for a more general setting which
was originally proven by Arlotti and Banasiak for Banach lattices with order contin-

uous norm [9, Proposition 5.11].

Proposition 3.2.6. Let X be an ordered Banach space with normal, generating cone.
Suppose also that A is a linear operator on X which is resolvent positive for A > w
and B is a linear operator that is positive on D(A). Suppose there is an extension G
of (A+ B, D(A)) that generates a semigroup and the resolvent of G satisfies

= R(\ A)(BR() A))Fx ze X e p(@).
k=0

Then G = A+ B if and only if

i BR(\ A))
k=0

converges for all x € X and any A > w.

Proposition 3.2.6 can be proven in exactly the same way as [9, Proposition 5.11]
as Arlotti and Banasiak restrict their result to Banach lattices with order continuous

norm in order to apply [9, Proposition 5.10]. However [9, Proposition 5.10] is precisely
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Theorem 1.1.4 restricted to the case of Banach lattices with order continuous norm
and it holds more generally for all ordered Banach spaces with normal, generating
cone.

Finally, we consider condition (vi) in Theorem 3.2.2, i.e. the mean ergodic char-
acterisation of honesty. Propositions 3.2.7 and 3.2.8 below are also given for a more
general set-up, namely we once again assume simply that X is a Banach space and
suppose that A, B are linear operators with D(B) 2 D(A) and (G,D(G)) is an
extension of (A + B, D(A)) such that A := p(A) N p(G) # 0.

Proposition 3.2.7. Suppose for some A € A, BR(\, A) is a mean ergodic operator.
Then G = A+ B. In particular, if BR(\, A) is uniformly ergodic, then G = A+ B.

Proof. From Theorem 2.2.6, we have that ker(I — BR()A, A)) = {0}. Combining this
with the mean ergodicity of BR(A, A) and applying Corollary 1.4.2, we have that
X = Im(/ — BR(A,A)). Thus Theorem 2.2.6 implies that G = A+ B. The second

assertion follows by a similar argument using Theorem 1.4.3 and Theorem 2.2.6. [

The converse of Proposition 3.2.7 requires additional assumptions on BR(\, A).

Proposition 3.2.8. Suppose A+ B is closable and \ € p(A+ B)Np(A) # (). Suppose
also that BR(\, A) is Cesdro bounded and satisfies (1.6). Then BR(A, A), is mean
ergodic. In particular, if A+ B is closed and lim,_, + [[(BR(X, A))"|| = 0, then
BR(\, A) is uniformly ergodic.

Proof. Since A + B is closable, from Lemma 2.2.5 (iii), we know that BR(\, A) is
bounded. Moreover, from Theorem 2.2.6, we have that ker(/ — BR(A, A)) = {0}
and that 1 € o.(BR(A, A)) or 1 € p(BR(\, A)). Hence X = Im(/ — BR(\, A)). An
application of Corollary 1.4.2 now tells us that BR(\, A) is mean ergodic.

If A+ B is closed, it follows from Theorem 2.2.6 that 1 € p(BR(\, A)) and so
X = Im(/ — BR(A\,A)). Then Theorem 1.4.3 implies that BR(\, A) is uniformly
ergodic. O]

If we add positivity assumptions, it turns out that uniform ergodicity of BR(\, A)

is automatic if A + B generates a positive Cp-semigroup.

Lemma 3.2.9. [41, Corollary 4.2] Let X be an ordered Banach space with normal,
generating cone. Suppose A, B are linear operators such that A is resolvent posi-
tive and (B, D(A)) is positive. If (A + B,D(A)) is the generator of a positive Cy-
semigroup, then BR(\, A) is power-bounded and quasi-compact for all A > s(A+ B).
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From Proposition 1.4.4, it follows that every power bounded and quasi-compact
operator is uniformly ergodic, so Lemma 3.2.9 implies that BR(\, A) is uniformly
ergodic if A+ B generates a positive semigroup. Noting that ordered Banach spaces
with monotone norm have normal cone, we may use this to derive the following result

for honesty in spaces with monotone norm.

Proposition 3.2.10. Let X be a real, ordered Banach space with generating cone

and monotone norm and A, B, (V(t))i>0 be as in Theorem 3.1.2.

(i) Suppose BR(\, A) is mean ergodic for some A > 0. Then (V(t))i>o is honest.
In particular, if BR(\, A) is uniformly ergodic, then G = A+ B.

(ii) Suppose (V(t))i>o is honest. If for some A > 0, BR(\, A) is Cesdro bounded
and satisfies (1.6), then BR(\, A) is mean ergodic. In particular, if G = A+ B,
then BR(\, A) is uniformly ergodic.

Proof. First recall that by definition, (V()):>o is honest if and only if G = A + B.
Hence (i) follows directly from Proposition 3.2.7. (ii) follows from Proposition 3.2.8
and the discussion above where we saw that Lemma 3.2.9 and Proposition 1.4.4 imply

that BR(A, A) is uniformly ergodic if A + B generates a positive semigroup. H

Unlike in Proposition 3.2.10, we saw in Proposition 2.3.2 that in the special case
of abstract state spaces, the mean ergodicity of BR(A, A) for some A > 0 is both
sufficient and necessary for the honesty of (V(¢));>o. Proposition 2.3.2 is fact a corol-
lary of Proposition 3.2.10 since BR(A, A) is power bounded for A, B satisfying Kato’s
Theorem in abstract state spaces (Lemma 2.3.1) and power bounded operators are
Cesaro bounded and satisfy (1.6).

As mentioned in Section 2.3.1, the mean ergodic approach to honesty was inspired
by [41] where Tyran-Kamiriska considered dissipative operators and semigroups of
contractions on general Banach spaces. Propositions 3.2.7 and 3.2.8 can be thought
of as a minor generalisation of [41, Theorem 1.1, Theorem 3.3] with the semigroup-
related properties of dissipativity and contractivity replaced by the existence of a
closed extension of A+ B. It is also worth noting that Tyran-Kaminska in [41] proves
a variant of Kato’s Theorem in real Banach lattices [41, Theorem 1.3] where she shows
the existence of an honest semigroup under the additional condition that BR(\, A)
is mean ergodic. This result holds in fact, for all Banach spaces with generating cone

and monotone norm which we can show by modifying the proof of Theorem 3.1.2.

Theorem 3.2.11. Let X be an ordered Banach space with generating cone and mono-
tone norm and suppose that the operators A and B with D(A) C D(B) C X satisfy:
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(i) A generates a substochastic semigroup (Ua(t)):>o0,
(i1) Bx >0 for x € D(A),,

(iii) for any x € D(A)y, there is an x* € X7 such that ||z*|| = 1, (z*,x) = ||z|| and
(z*,(A+ B)z) <0.

If for some A\ > 0 the operator BR(\, A) is mean ergodic, then A+ B generates a

substochastic Cy-semigroup.

Sketch of Proof. Note first that under the assumptions of Theorem 3.2.11, condition
(i) in Theorem 3.1.2 holds automatically because the mean ergodicity of BR(A, A)
implies that r,(BR(A, A)) < 1. Moreover, the proof of Lemma 3.1.4 does not apply
condition (v) of Theorem 3.1.2 so the existence of the semigroups (U,(t)):>o gener-
ated by G,,0 < r < 1 still holds without assuming condition (v). In order to obtain
the perturbed semigroup as the strong limit of the semigroups (U, (t)):>o in the proof
of Theorem 3.1.2, we applied condition (ii) of the Trotter-Kato Theorem (Theorem
1.2.6). However, the assumption that BR(\, A) is mean ergodic in Theorem 3.2.11
implies that Im(A — A — B) = X, so we can apply condition (i) of the Trotter-Kato

Theorem instead in this case to conclude that A + B generates a substochastic semi-

group. 0

Tyran-Kaminska proves Theorem 3.2.11 for the special case of Banach lattices
by applying the Lumer-Phillips Theorem. The dissipativity of A + B follows from
condition (iii) of Theorem 3.2.11 while the mean ergodicity of BR(\, A) implies that
Im(A — A — B) = X. Finally, note that in Theorem 3.2.11, we do not conclude that
R(\, A+ B) has the series representation R()\) because the assumptions in Theorem
3.2.11 do not include condition (v) of Theorem 3.1.2.

Finally, observe that Proposition 3.2.10 implies that any conditions ensuring the

mean ergodicity of BR(\, A) will be sufficient to ensure the honesty of the semigroup.
This method allows us to derive some sufficient conditions for honesty on spaces
beyond abstract state spaces. Recalling that an element x € X, is called a quasi-
interior point if (f,x) > 0 for all f € X7\{0} [11, pp.238-239], consider the following
sufficient condition for honesty in abstract state spaces which is a restatement of [3,
Theorem 3.14] and [3, Theorem 3.26].

Proposition 3.2.12. Let X be an abstract state space and A, B,(V(t))i>0 be as
in Theorem 2.1.2. Suppose there exists a quasi-interior point x € X, such that
BR(\, A)x < x for some X\ > 0. Then the semigroup (V(t))i>o is honest.
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To prove a version for general order continuous Banach lattices, we will apply

stronger assumptions which follow from the following lemma:

Lemma 3.2.13. /28, Corollary II.1] Let X be a Banach lattice with order continuous
norm and T a positive contraction on X. If there is a quasi-interior point v € X
such that Tx < x and a strictly positive ¢ € X* such that T*¢ < ¢, then T is mean

ergodic.

Proposition 3.2.14. Let X be a Banach lattice with order continuous norm and the
operators A, B, (V(t))i>0 be as in Theorem 3.1.2. Suppose for some A > 0, BR(\, A)
is contractive and there is a quasi-interior point © € X, such that BR(\, A)x < x
and a strictly positive ¢ € X* such that (BR(\, A))*¢ < ¢. Then the semigroup
(V(t))e>0 is honest.

Remark 3.2.15. The only result about honesty beyond abstract state spaces which we
can currently find in the literature is Remark 3.9 in [10] where the authors observe
that in LP-spaces with p € (1,00), if ||BR(A, A)|| < 1, then the semigroup (V (¢))i>0
is honest. Their argument uses the spectral approach (Theorem 2.2.6) and some
results on the existence of primitive nth roots of unity in the spectrum of BR(\, A).
The mean ergodic approach allows us to extend their result since in reflexive Banach
spaces, all power-bounded operators are mean ergodic [33, Theorem 2.1.2]. This result
is given in Proposition 3.2.16 below and is inspired by a similar result for dissipative

operators and contraction semigroups in [41, Corollary 1.2].

Proposition 3.2.16. Let X be a real, ordered Banach space with generating cone
and monotone norm and A, B, (V(t));>0 be as in Theorem 3.1.2. If X is reflexive
and BR(\, A) is power-bounded for some A > 0, then (V(t))>o is honest.

As we saw in this section, the conditions characterising honesty of Kato’s semi-
group in abstract state spaces is generally sufficient for honesty in spaces beyond
abstract state spaces too. However, we are currently unable to show the necessity
of these conditions as well in general spaces. We do have partial results, for exam-
ple in Proposition 3.2.10, we showed that mean ergodicity is necessary for honesty
if BR(\, A) satisfies additional assumptions. Note however, that in the case where
G = A+ B, we can in fact show that the conditions are also necessary (Proposition
3.2.5 and Proposition 3.2.10). This indicates that the characterisations of G = A + B
obtained in abstract state spaces may depend on the additional structure from the
additive norm of abstract state spaces. Unfortunately, we have so far been unable
to construct any example to illustrate this fact. In the next section, we will derive a

new characterisation of honesty which is independent of the additive norm structure.
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3.2.2 A New Approach to Uniqueness and Honesty

We saw in Section 2.3.3 that Kato’s semigroup on abstract state spaces is honest if
and only if it is the unique semigroup whose generator is an extension of A + B.
From the proof of Theorem 2.3.4, we see that statement (i) of the theorem, namely
“honesty implies uniqueness” holds for any Banach space X. The proof of statement
(i) however, requires the application of the functionals ap and a. As we are currently
unable to generalise the functional approach to spaces beyond abstract state spaces,
we are unable to use this approach to prove statement (ii) for more general ordered
Banach spaces. However, we will prove a variant of the result in this section, in which
we characterise honesty by uniqueness of solutions to an abstract Cauchy problem
in replacement of uniqueness of the Kato semigroup. To do so, we will apply results
relating uniqueness of solutions of abstract Cauchy problems to eigenvectors of oper-
ators. In the rest of this section, we will assume that X is a complex Banach space
and the operators A, B, G and (V (t)):>o denote the complexification of the operators

in Kato’s Theorem.

Definition 3.2.17. Suppose X is a Banach space. Let A : D(A) C X — X be a

linear operator and x € X. The initial value problem

a(t) = Au(t)  t>0 (ACP)

is called the abstract Cauchy problem associated to (A, D(A)) and the initial value x.
A function v : Ry — X s called a (classical) solution of (ACP) if u is continu-
ously differentiable with respect to t, u(t) € D(A) for allt > 0, and (ACP) holds.

A solution of (ACP) is said to be of normal type w if limsup,_, . t ' log ||u(t)]| =
w < oo. We shall say that a solution is of normal type if it is of normal type w for
some w < co. A non-zero solution of (ACP) with initial condition 0 will be called a
nul-solution. Note that if (ACP) has a nul-solution, then any solution to (ACP) for

any non-zero r € X is not unique. We need the following result on nul-solutions.

Proposition 3.2.18. [9, Theorem 3.48] If A is closed, a necessary and sufficient con-
dition so that (ACP) has a nul-solution of normal type < w is that the characteristic
equation

.A.’L’)\ = )\.Z')\

has a solution x) # 0, bounded and holomorphic in each half plane Re(\) > w + €,
e > 0.
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The theorem above will allow us to prove the following characterisation of honesty

which we state in terms of dishonesty as it simplifies the proof.

Theorem 3.2.19. Let X (resp. A, B) denote the complexification of the space (resp.

operators) satisfying Theorem 3.1.2. The following are equivalent:
(i) (V(t))i>0 is dishonest.
(ii) There exists a solution yy € X*\{0} of
(A+ B)"ya = Ayx
for each A € CL :={X € C : Re(\) > 0}.
(i1i) There exists a solution yy € X*\{0} of
(A+ B)"yx = Ay

for each A € C,, which is bounded and holomorphic in X\ on each half plane
Re(\) > €, € > 0.

(iv) The abstract Cauchy problem

Eu(t) =(A+ B)"u(t), u(0)=0

has a non-zero solution of normal type < 0.

In order to prove Theorem 3.2.19, we require two lemmas which are mild variants
of [9, Lemma 3.50, Corollary 3.51] in that we also consider adjoint semigroups. The
proofs follows almost exactly those of [9, Lemma 3.50, Corollary 3.51] but we give

them here for the convenience of the reader.

Lemma 3.2.20. Let X be a Banach space (resp. the dual of a Banach space). Sup-
pose A is a closed operator on X and T generates a bounded Cy-semigroup (resp.
adjoint semigroup) on X with T C A. Then for all A € C,,

D(A) =Im(Py) @ ker(Py) = D(T) @ ker(\ — A)

where Py = R\, T)(A — A).
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Proof. To show that D(A) can be decomposed into the direct sum, it suffices to
check that the mapping Py = R(\, T)(A —.A) is a bounded linear projection of D(.A)
onto D(T). Since T' C A, it follows easily that P\x = x for all z € D(T) and
P} = Py. Moreover, we have Im(A — A) D Im(\ — T'), hence Py maps D(A) onto
D(T). By construction, it is a bounded mapping from D(A) onto D(T') equipped
with their respective graph norms. Therefore, it follows that D(A) = D(T) @ ker(Py).
It remains to show that ker(Py) = ker(A — A). It is clear that ker(A — .A) C ker(Py).

The reverse inclusion follows since R(A,T') is injective. [
The next lemma tells us more about the properties of the eigenvectors of A.

Lemma 3.2.21. Let X be a Banach space (resp. the dual of a Banach space). Sup-
pose A is a closed operator on X and T generates a bounded Cy-semigroup (resp.
adjoint semigroup) on X with T C A. If D(A)\D(T) # 0, then o,(A) 2 C;. More-
over, there exists a non-zero, holomorphic (in the norm of X ) function ey : C; — X,
A+ ey such that ey € ker(A—A) for all A € C,. and ey is bounded on each half plane
Re(\) > €,¢ > 0.

Proof. Let © € D(A)\D(T) and Ar = f. Fix XA with Re(\) > 0 and define
y = R\, T)N\—A)xz € D(T). From Lemma 3.2.20, we know that ¢} =z —y €
ker(A — A). Moreover, €\ =z — R\, T)(A — A)x = x — AR\ T)x + R\ T)f =
—TR\,T)x + R(\,T)f. Since A — R(X,T) is holomorphic on C,, it follows that
A — €} is holomorphic on the same region.

Since T generates a bounded semigroup (or its adjoint) (we denote the bound by

(), by the Hille-Yosida Theorem (Theorem 1.2.2), we have ||R(\, T)| < RSL(A) for all

A € C,. Now define ey := %e&. Then e, is holomorphic on C, as the multiplication
of two holomorphic functions is holomorphic. Moreover, e, € ker(A — .A) and e, is
bounded on each half plane Re(\) > €,e > 0. O

Proof of Theorem 3.2.19. We begin by noting that (i) < (ii) follows from the complex
version of Proposition 3.2.3 (cf. Proposition 2.2.15) while (iii) < (iv) follows from
Proposition 3.2.18. Now (iii) implies (ii) is obvious. To complete the proof, we show
that (i) = (iii). To show this, first note that (i) holds if and only if G 2 A+ B i.e.
G* C (A + B)*. Therefore, D((A+ B)*)\D(G*) # . (iii) now follows from Lemma
3.2.21. [

Note that condition (iv) in Theorem 3.2.19 can be rephrased as “The (ACP) with
A = (A+ B)* has a nul-solution”. In other words, the (ACP) with A = (A+ B)* and
non-zero € X* has non-unique solution. Additionally, recall that if (A, D(A)) is the
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generator of the Cy-semigroup (7(t)):>0, then for every x € X, the map ¢t — T'(t)x
is the unique mild solution of (ACP) [22, Proposition 11.6.4]. Since A+ B C G and
G generates the Cy-semigroup (V (t)):>0, this indicates that condition (iv) is related
to the uniqueness of the Kato semigroup as the semigroup whose generator is an
extension of A + B (cf. Theorem 2.3.4). Unfortunately, we are currently unable
to work out a precise characterisation of honesty based on the uniqueness of the

semigroup from condition (iv) of Theorem 3.2.19.
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Chapter 4

Stochastic Completeness of Graphs

In this chapter, we will explore an application of honesty theory in the study of the
heat equation on graphs. We will see that although honesty theory of Kato’s Theorem
is based in ¢! spaces, it has an ¢? counterpart in the study of Laplacians on graphs.
In particular, we will show that honesty is equivalent to a notion known as stochastic
completeness which is related to the heat semigroup on graphs.

We begin by introducing the theory of the heat equation on graphs before proving
the equivalence of the two concepts. We then demonstrate some further applications
of honesty in the study of the heat equation on graphs. In this chapter, Kato’s

Theorem will refer to Theorem 2.1.1 unless stated otherwise.

4.1 Laplacians on Graphs

The main focus of this chapter is a concept known as stochastic completeness. The
concept of stochastic completeness occurs in the study of the heat equation on a
variety of geometric objects including manifolds [29] and graphs [21, 32]. This chapter
however, will only focus on the case involving symmetric weighted graphs which define
Laplacians on #2. Stochastic completeness of graphs is related to the conservation or
loss of heat in the graph. The loss of heat is attributed to two reasons; heat loss within
the graph from internal factors, and heat loss by transport to “infinity”. The notion of
stochastic completeness occurs when we try to differentiate between the two methods
of heat loss. More precisely, we say that a graph is stochastically complete if there is

4

no loss of heat to “infinity”. This study of heat loss is encapsulated mathematically
in terms of a Laplacian, L, on the weighted sequence space £2, and the heat semigroup
it generates, (e7'F);>o.

Stochastic completeness for graphs has been studied in various settings. For ex-

ample, Dodziuk and Mathai in [21] studied the bounded Laplacian by assuming a
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uniform bound on the vertex degree of the graph. Wojciechowski in [48] on the other
hand, studied locally finite graphs by mimicking the approach for the correspond-
ing notion of stochastic completeness on Riemannian manifolds. Keller and Lenz
then generalised these results by studying stochastic completeness of graphs with
non-vanishing killing terms via non-local, regular Dirichlet forms on discrete sets in
[32].

The two notions of stochastic completeness and honesty were introduced sepa-
rately and as far as we know, have been studied independently to date. Although
Keller and Lenz in [32], acknowledge the strong relation between the work on stochas-
tic completeness of graphs and the work on Markov processes by Feller in [25] and
Reuter in [38], which is in fact where the term honesty originated, there has been no
formal attempt so far to link these two concepts together. The main result of this
chapter shows the equivalence of the two notions (Theorem 4.2.7). It turns out that
the heat semigroup is a substochastic semigroup and the Laplacian on graphs can
be reformulated as the sum of two operators. This allows us to rephrase the the-
ory of heat equations on graphs in terms of additive perturbations of substochastic
semigroups and thus show the equivalence of stochastic completeness and honesty.

We will present the theory of stochastic completeness by considering regular
Dirichlet forms on discrete sets as carried out by Keller and Lenz in [32]. We be-
gin by introducing Laplacians on graphs.

Let V be a countable set. Let m be a measure on V' with full support i.e. m is a
map m : V — (0,00). We will consider functions on the measure space (V,m). Of

particular interest is the space ¢ := (*(V,m), 1 < p < oo, over R defined by

{u:V—)R : Zm(x) |u(:1:)|p<oo}.

zeV

We will denote by ¢*° the space of bounded functions on V' equipped with the
supremum norm ||-|| .. This space does not depend on the choice of m. We will also
let C. := C.(V') denote the space of finitely supported functions on V.

A symmetric weighted graph over V' is a pair (b, ¢) consisting of amap b : V xV —
[0,00) with b(x,z) =0 for all z € V and a map c¢: V — [0, 00) satisfying:

(i) b(x,y) = b(y,x) for all z,y € V.
(i) > ey b(x,y) < oo forall z € V.

(V, b, ¢) then represents a weighted graph with vertex set V' and b(z,y) the weight

on the edge connecting the point x and y. If ¢(z) > 0, we think of x as connected to
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the point “infinity” by an edge with weight ¢(x) and heat can flow out of the graph
to “infinity” but not vice versa. The map c is also known as the killing term.

For each graph (V,b,c), consider the closed form QM = Qé”cm defined on the
Hilbert space $) := ¢2, to [0, oc] with diagonal given by

QY (u) == QY (u,u) Z > b y)(ulz) = u()’ + ) elw)u()?

2 yev zeV
We denote its restriction to C. by Q¥ := Qf, i.e. Q¥ = QY|¢,. Since QY is closed,
QC is closable. We will denote its closure by @ = Q.. and its domain by D(Q)
which is the closure of C, under the ||-||Q—norm. It is easy to see that () is also
positive. Hence, by Proposition 1.3.4, there exists a unique .6 positive, self-adjoint
operator L = Ly, with domain D(Q) = D(L"?) and Q(u) = (L"?u, L'/?u) for
u € D(Q). It turns out that @ is in fact a regular Dirichlet form (32, Theorem 7]
i.e. @ satisfies Theorem 1.3.5 and Theorem 1.3.6 and D(Q) N C, is both dense in C,
with respect to the [|-[| ,-norm and dense in D(Q) with respect to ||-||,. This means
that — L generates a positive, contractive semigroup on ¢2, which can be extended to
positive, contractive semigroups (e=*2#);>¢ on (2, for all p € [1,00] with generators
denoted —L,, and L = L. From the construction of (), we can describe the action of
the operator L explicitly.

Define the formal Laplacian L on the vector space

F = {U:V—>R ; Z|b(x,y)u(y)| < oo for alleV}

yeVv

Lu(zx) = @ Z bz, y)(u(z) — u(y)) + m

for all z € V. Note that £* C F. Moreover, for any p € [1,00], L,f= Lf for all
f e D(L,) C F [32, Lemma 2.8, Theorem 9].

The notion of subgraphs and their relation to the original graphs will play an
important role in this chapter. Let (V,b,¢) be the weighted graph with measure m
and W C V with measure my, the restriction of m to W. A subgraph (W, by, cw)
of a weighted graph (V, b, c) is given by a subset W of V' and the restriction by, of b
to W x W and the restriction cy of ¢ to W. The subgraph (W, by, cy) then gives
rise to a regular Dirichlet form Qpyy ey my = Q0 Mewy i my on (W, my) with

bw ,ew
associated operator Ly, ¢y muy -
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Let iy : (2(W,mw) — €*(V,m) be the canonical embedding and py : £2(V, m) —
0*(W, my ) the canonical projection. It will also be useful to consider the form (defined
on C.(W))

Qv (u) = Q(iwu)
= Qe (W) + D dw()u’(2)

zeW

where dy () := }_ i\ b(,y), with corresponding formal operator

1

Eu(e) = s | D e )(ute) —ul)) + | D2 bfay) +efa) | ute)
yew yeV\W
1
=) ((Z b(z,y) + C(m)) u(a) = Y b(w,y)U(y)) ,  xTeW
yev yew
Alternatively, one can view Qy := _%YVH'”QW as the form associated with the weighted

graph (W, b5, ck,) where b5, = by and cf, = ew + dw. Hence, a similar argument
as above shows that Qy is a regular Dirichlet form (see also [30, p.112]) and thus
is associated with an operator Ly and the semigroup (e " );5q on £2(W, my,). For
simplicity of notation, for f € £2(V,m), we will write e "W f to mean e 2" (py f)
and similarly for the resolvent operators.

The following proposition which tells us that the heat semigroup on a graph can
be approximated by heat semigroups on its subgraphs will play an important role in

the next section.

Proposition 4.1.1. Let (V,b,c) be the weighted graph with measure m and (W,,) an
increasing sequence of subsets of V' satisfying V- =1J7", W,,. Then for any t > 0 and
fet(Vim),

_ 2(Vm
e tLwn f M

efth‘

Proof. Fix 0 < f € (*(V,m). Then [32, Theorem 11(a)] and the Dominated Con-
LWm), R(A\, L)f. Since the resolvent

operators are positive and every f € ¢*(V,m) has a decomposition, f = fT— f~ with

n—o0

vergence Theorem implies that R(\, Ly, ) f
[T, f~ >0, this convergence holds for all f € £2(V,m). The strong convergence of the

semigroups then follows from a Trotter Approximation Theorem for Cy-semigroups

on approximating sequences of Banach spaces [40, Theorem 5.1]. O]
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Now we can introduce the concept of stochastic completeness. We begin by intro-

ducing a function, formally defined as
t c
My(x) == e *F1(x) +/ (6_SL—> (x)ds, xeV. (4.1)
0

Note that the function is well-defined if % € 2 for some p € [1, 0] (which may not
necessarily hold) and it satisfies 0 < M; < 1. Although this bound can be shown by
direct calculation, there is an alternative proof which we defer until Section 4.3 as it
requires the results of Section 4.2 and Section 4.3. Moreover, from the differentiability
of the semigroup (e~*L);>0 and the integral term, we have that the function ¢ — M;(x)
is continuous and even differentiable for every x € V. We are interested in when the

function M; is equal to 1.

Theorem 4.1.2. [32, Theorem 1] Let (V,b,c) be a weighted graph and m a measure
on V. Then for any X\ > 0, the function

wy = / e M(1 — M) dt
0

satisfies 0 < wy < 1, solves (l: + MNwy = 0 and is the largest non-negative u < 1 with
(i + Mu < 0. In particular, the following are equivalent:

(i) For any \ > 0, there exists u € (£=);\{0} with (L + \)u < 0.
(ii) For any A > 0, there exists u € (£°)\{0} with (L + X\)u = 0.
(iii) For any X > 0, there exists u € (£°),\{0} with (L + X\)u = 0.
(iv) wy # 0 for any X > 0.

(v) Mi(z) <1 for some x € V and some t > 0.

(vi) There exists a non-trivial, bounded, non-negative N : V x [0,00) — [0,00)
satisfying SN = —LN, N(0) = 0 in the sense that for every x € V, the
function t — N,(t) is continuous on [0,00), differentiable on (0,00) and for
every t > 0, Ny € D(L) and N satisfies LN, (t) = —LN,(t), N,(0) = 0 for all
t>0andx eV,

We define stochastic completeness as precisely the situation when M; = 1 so the
above result is in fact the main theorem characterising stochastic completeness. More

precisely,
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Definition 4.1.3. [32, Definition 1.1] The weighted graph (V,b,c) with measure m
is said to satisfy stochastic incompleteness at infinity (Sly) if it satisfies one (and
thus all) of the equivalent assertions of Theorem 4.1.2. Otherwise, (V,b,c) is said to
satisfy stochastic completeness at infinity (SCy).

Note that if ¢ = 0, i.e. the case of vanishing killing term, then M; is simply
e 1. Then stochastic completeness of the graph is equivalent to the semigroup
being stochastic or conservative. More generally, the function M, tells us in fact, that
a graph is stochastically complete if there is no heat loss to “infinity”. This follows
because the term e **1 can be interpreted as the amount of heat contained in the
graph at time ¢ while the integral term can be interpreted as the amount of heat lost
within the graph up to time ¢ [32, p.195]. Therefore 1 = M, if and only if there is no
heat lost to “infinity”.

4.2 The Equivalence of Stochastic Completeness
and Honesty

The aim of this section is to show that honesty of the heat semigroup is in fact
equivalent to stochastic completeness of the graph. The main difficulties in showing
this equivalence stem from the fact that the Laplacian acts on ¢? while Kato’s theory
considers semigroups on ¢!. Hence, one of the key steps in proving that honesty is
equivalent to stochastic completeness is showing that the semigroup on ¢* (graph
case) and the semigroup on ¢! (Kato case) are in fact compatible. The first step
towards showing this is demonstrating that the theory of Laplacians on graphs fits
into the framework of Kato’s Theorem.

We begin by reformulating the theory of Laplacians on graphs in terms of Kato’s
Theorem. Since Kato’s Theorem is a result on perturbations, we consider —L as the

sum of two operators A, B on (} with

Au(x) = —% <Z b(x,y) + c(x)) u(z),r € V with D(A) = {u € (! : Aucll}
yev

(4.2)
and

Bu(z) — ﬁ S b(w, yu(y),» € V with D(B) = D(A). (4.3)

We can take the domain of B to be D(A) since for u € D(A),

IBull, <37 bz, y)uly)l =D luly)l Y bla,y) < [|Aul, .

zeV yeV yev zeV
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First, we show that the decomposition A, B satisfies Kato’s Theorem.

Proposition 4.2.1. A and B satisfy the hypotheses of Kato’s Theorem, hence there

erists G 2O A + B that generates a Cy-semigroup of positive contractions on £}
(V)0

To prove Proposition 4.2.1, we simply check that A and B satisfy the conditions
in Theorem 2.1.1. We begin by showing that A generates a substochastic semigroup

1
ont, .

Lemma 4.2.2. A generates a Cy-semigroup of positive contractions on (). Moreover,
A=Alg,.

Proof. Since A is a multiplication operator, it follows that it generates the semigroup
of multiplication by the function (e*);>o where a(x) = —@ (Zyev b(z,y) + c(x)),
x €V (see [22, Section 11.2.9]). The fact that the semigroup is positive and contractive
on ¢} now follows directly from the construction of the semigroup and the fact that

a < 0. The final assertion is elementary to prove, hence is omitted. O]

In the rest of this chapter, we will denote the duality between ¢! and (> by
(u,v),, = > .y m(x)u(z)v(z) for all u € £, v € £},

Proof of Proposition 4.2.1. We know from the above lemma that A generates a sub-
stochastic semigroup on £} so it remains to consider the operator B. By definition,
we have that D(B) = D(A). Moreover, b(z,y) > 0 for all z,y € V, hence it follows
immediately that B is a positive operator.

Finally, we have that

(1,(A+ By, = <]l, —Zu> =— Z c(x)u(z) <0
" zeV
for all w € D(A),. Therefore, we can conclude that A and B satisfy Kato’s Theorem
and the result follows. O

We now have (potentially) two semigroups on £, one of which comes from Kato’s
Theorem, (V(t));>0, while the other originates from considering L on £2,, (e7*/1);5q.

The next step will be to show that the two semigroups coincide namely:

Theorem 4.2.3. Let A, B be defined by (4.2) and (4.3) respectively. Then the heat
semigroup on (1 (e7F1)5¢ coincides with the perturbed semigroup (V (t))i>o derived

from A and B in Kato’s Theorem.

73



We will give two proofs here; the first is via approximations of the semigroup
while the second relies on properties of Dirichlet forms. We begin with some auxil-
iary information on subgraphs. In particular, we deduce new information about the
subgraphs of (V,b,¢) from the reformulation of the set-up of the Laplacian on graphs
in terms of Kato’s framework.

Let A, B denote the operators in Kato’s Theorem associated with the weighted
graph (V,b,c), W denote any subset of V' and Ly the operator associated with
the weighted graph (W, b5, k) as described in Section 4.1. Note that since Ly is
associated with the weighted graph (W, b5, cB,), it follows from Proposition 4.2.1 that

the operators

Awulz) = —mzx) <y€§; b, ) + c(a:)) u(z),x € W, with
D(Aw) = {u € (W, my) : Aywu € (*(W,my)} (4.4)
and
Buu(z) = —

m

@ > bz, y)u(y),x € W with domain D(Bw) = D(Aw)  (4.5)

satisfy the hypotheses of Kato’s Theorem on ¢*(W, my) with associated Kato sub-
graph semigroup denoted (Viy (¢)):>0 and generator Gyy.

The following extension of the Kato subgraph semigroup (Viy(¢));>0 to ¢*(V, m)
will turn up repeatedly later. Let By be the extension of By to 1(V, m) defined by

By definition, By is positive and Byu < Bu for all u € D(A),. Hence it follows
from Lemma 2.1.4 that A, By also satisfy Kato’s Theorem on £'(V, m) with perturbed
semigroup denoted (Viy(t));>0 and generator Gyy. We will refer to this semigroup as
the extended Kato semigroup associated with the subgraph (W, b5, ck.).

(Viw (t))e=0 is an extension of (Viy ())sso in the following sense: From the definitions
of A, Ay, By, By, it follows that for all u € ¢1(W, my),

R\, A)iwu = iw RO\, Aw)u,  BwR(\, A)iwu = iw Bw R\, A )u. (4.7)
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Hence by Theorem 2.1.2 and the continuity of iy, we have that

o)

R\, Gw)iwu =Y R\ A)(Bw R\, A)Fiyu
0

or equivalently,
Viv () (iwu) = i Vig (t)u. (4.8)
In addition to subgraphs, we will also need the following auxiliary lemmas. First,
recall that if T' is associated with a Dirichlet form, it generates Cy-semigroups of
contractions on all 2 (see Theorem 1.3.5, Theorem 1.3.6), which we will denote

(Up(t))t=0 with generators T, or simply (U(t));>0 and 1" wherever they coincide.

Lemma 4.2.4. Suppose T : D(T) C (* — (2 is an operator associated with a
Dirichlet form and generates the semigroup (U(t))i>o. Let Hy € L(L}), Hy € L((?)
such that H1|g71nmg2n = Hg\g}nmggn. Then the perturbed semigroups generated by Ty + H,
on LY, (S1(t))s0 and To + Hy on 2, (S2(t))i>0 coincide on £}, N 02,

Proof. Note first that we will use H to denote both H;, H, wherever they coincide.
To prove the result, simply consider the Dyson-Phillips series of the perturbed
semigroups (S1(t)):>o and (S2(t))¢>o which are respectively

o0

Sl (t) = Un,l(t)v SQ(t) = Z Un,?(t)

n=0

where for i = 1,2
Upi(tyu=U(t)u  forallu € (), N2,

t
Upi1i(t)u = / Upn.i(t — s)H;Up;(s)uds for all u € £/ ,;n >0
0
t
:/ Uni(t —s)HU(s)uds for all u € €1 N 42 n>0.
0

Thus by induction on n, it follows that for all u € £} N¢2, we have U, 1 (t)u = U, 2(t)u
for all n € N and all ¢ > 0. Therefore (S1(¢))i>0 and (Sa(t))s>0 coincide on €1 N2 . O

The second lemma we require in order to prove Theorem 4.2.3 follows from the
fact that if (f,) is Cauchy in LP(u), then there exists f € LP(u) such that there is a
subsequence (f,;) satisfying f,; — f a.e. and [|f, — f[[, = 0.
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Lemma 4.2.5. Suppose (f,) C €L N2, g1 € L), g0 € 02, such that f, — g1 in L},
and fn, — go in €2, Then g, = gs.

We are now ready to prove Theorem 4.2.3.

Proof of Theorem 4.2.3. Choose an increasing sequence of finite subsets F,, C V,
n € N, such that U,F,, = V. Define b,(x,y) = ((xr,xF,)b)(x,y) where xy denotes
the indicator function for the set W. Then the operators B,,n € N defined by

x) = an(x,y)u(y) forallz e V

yeVv

are bounded operators in ¢} and (2. Taking A, to be the multiplication operator

with maximal domain, i.e.

AQU(

(mey + c(x ) u(x), z € V, with
D(AQ):{’LL€€2 A2U€£2}

similar arguments to those in Lemma 4.2.2 show that A, generates a positive Cy-
semigroup of contractions and is self-adjoint. Hence A is associated with a Dirichlet
form with compatible set of generators denoted A,. Now fix n € N. Taking T, = A,,
= A, and H, = Hy = B,,, we see that Ay, As, B,, satisfy the conditions of Lemma
4.2.4. Hence, for each n € N, t > 0 and u € ¢ N2, UM (t)u = UL (t)u where
(Uél)(t))tzg is the semigroup generated by A; + B, on ¢} and i ())i>0 is the
semigroup generated by Ay + B, on /2.
Let us consider first the semigroups (Uél)(t))tzo, n € Non £},. Recall that A and
B denote the operators in (4.2) and (4.3). Since A is a multiplication operator, it is
easy to see that the operator A; is precisely the operator A. It also follows from the
definitions that B,u < Bu for all u € D(A), all n € N. Hence by Lemma 2.1.4,
(UT(Ll)(t))tZO is the Kato semigroup generated by A + B,,. Moreover, for u € D(A),,

||BU_BnUHg}n:Z Z b(z,y)u Z bey ) — 0asn — oo.

zE€EF, yeV\Fy z€V\F, yeV

Therefore it follows from Proposition 2.1.5 that for all ¢t > 0, UL" (t) converges strongly
to V(t) on £} where (V(t))s>0 is the semigroup from Kato’s construction in Proposi-
tion 4.2.1.

Now consider the semigroups (U (t))i>0,n € N on £2,. We will show that U2 (1)
converges strongly in £2, to e~F for all t > 0. Fix u € ¢2, and t > 0. We have

U2 O - el < U2 - xr 0l + [UP 0w - .
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Note that HU,&Z)(t)(u—XFnu)H < |lu—xp,ull, = 0 as n — oo, so it remains to
2

consider ‘ U (t)(xp,u) — e*tLuH . We begin by noting that since F), is finite for all
2

n, ypu € 0 N 02 Hence UL (1) (xp,u) = U (t)(xp,u). Now for fixed n, consider
once again the semigroup (UT(LI) (t))e>0. By construction, it follows that (Uél)(t))tzo is
the extended Kato semigroup associated with the subgraph (F),, b?ﬂ, c}%) described
above. Recalling that (Vg, (t)):>0 denotes the Kato subgraph semigroup associated
with (F,, b7 ,cp ), it follows from (4.8) that

U220 () — <, = i, Vi (e ) — el

Finally, since F}, is finite for every n, it follows that Vg, (t) = e "2 for all ¢ > 0.

Hence

U2 (xr ) — e Full, = [[in, e (pr,u) — e Hull,

U (tu — e‘tLuH — 0 as

and this converges to 0 by Proposition 4.1.1. Therefore ‘
2

n — oo for all u € (2.

Since U,gl)(t) converges strongly to V(¢) on £} and A (t) converges strongly to
e 'L in 2, for all t > 0, we may conclude by Lemma 4.2.5 that V(¢)f = e 'L f for all
fell N and all t > 0. O

We now turn to a second proof of Theorem 4.2.3 using quadratic forms instead of
approximations by finite subgraphs. In this proof, we will require some information
about the generator GG in Kato’s Theorem given in the following lemma whose proof
follows exactly like that of Lemma 10 in [31] (see also [9, Theorem 6.20]).

Proposition 4.2.6. The generator G is a restriction of the maximal operator — L™
where Ly = Lu for all u € D(LP™>) = {u € €}, : Lu c (.}

Second proof of Theorem 4.2.3. Let (e,) denote the normalised standard basis ele-
ments. Then from Proposition 4.2.6, it follows (Gu, e,), = —Lu(z) for all u € D(G).

Moreover, from direct calculation, we have that

Le,(z) = = ]
m@me (& 2) if 2 # .

Thus it follows that

(=les) == S bl y)(u(a) ~ u(w)) -
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Therefore
(Gu,e,), = —Lu(z) = <u, —f}ex> . (4.9)

Since Le, € (>, it follows that C., C D(G*). From Lemma 4.2.2, we also know that
C. € D(G), hence C. C D(G) N D(G*) and so D(G) N D(G*) is dense in £} N (.
Moreover, from (4.9), it also follows that G = G* on D(G) N D(G*). Thus, by
Proposition 1.3.8, we have that the Kato semigroup (V(¢));>o can be extended to
a set of compatible semigroups on (2, denoted (V®)(t)),>o, with generators G, and
moreover, Qa, := ((—g,), the form associated with the generator Gy is a Dirichlet

form. Hence, from Lemma 1.3.9, we have that D(G) N ¢ is a dense subspace of

D(Qg,) and for all w € D(G) N (>, v € D(Qg,) N>, we have
QGQ (U, 1)) = <—GU, U> . (410)

Since C, C D(G) N £, we have that C, C D(Qg,). Moreover, since Gs|¢c, = —L|c,,
we can show by (4.10) and the definition of @ that Qa,|c, = Q@™ |c.. As Qg, is closed,

we have

Qc, 2 Q =QM|c,. (4.11)
To complete the proof, we will show that D(Qg,) C D(Q).
To begin, we show that —L; (the generator of the semigroup (e *#1),50) is an
extension of (A + B) (A4 B)|¢, C L and Ly C L, it suffices to show that
C.C D(Ly). Let ke C. C D(Q)N (L and g € D(Q) N {>* C D(Qg,) N L. Then

Q(ga k) = QGz(ga ) (Since QC QGQ)
= Qqg,(k,9) (since Qg, symmetric)
= (—Gk, g) (from (4.10))

= (9, —=Gk).

Since —Gk € [}, and g was an arbitrary element of D(Q) N ¢>°, this means that we
have found an element h € £} such that for all g € D(Q)N¢>, Q(g, k) = (g, h). Hence
by Lemma 1.3.10, we have that k € D(L;) and —L1k = Gk. Therefore C. C D(L4)
and so —L; O (A + B)|¢,. Since C. is a core for A, by Remark 3.1.5, it follows that
V(t) <etrie VA (t) < et for all t > 0. From this inequality and the positivity
of the semigroup (V' ())>0, we have

’V(z)(t)f’ <V f] < e f for all f € ¢2,t>0.

In other words, (V®(t));¢ is dominated by (e7**);>¢. Hence, Proposition 1.3.11 tells
us that D(QGQ) C D(Q). Combining this with (4.11), we conclude that @ = Q¢, or
equivalently, e = V@) (t), ¢t > 0. O

78



If we impose an an extra geometric condition on the graph, i.e.

For any sequence (z,,) C V with b(x,,x,.1) > 0 for all n € N, we have

Zm(az‘n) = 00, (GP)

neN
then the proof of Theorem 4.2.3 simplifies considerably. One of the results which
enables this simplification is the theorem that gives the precise form of the generator
in this case. In particular, Keller and Lenz show in [32, Theorem 5] that —L; is in
fact the maximal operator in this case, i.e. —L; = —L**. To complete the proof
we will apply Proposition 4.2.6 and Lemma 2.3.5, which we recall, states that if T’
is the generator of a Cy-semigroup on a Banach space and S is a closed extension
of T that also generates a Cy-semigroup, then S = T'. Combining Proposition 4.2.6
with the fact that —L; = — L and thus — L™ generates a Cy-semigroup, it follows
immediately from Lemma 2.3.5 that G = —L" = —L;.

We now come to the main aim of this section.

Theorem 4.2.7. Stochastic completeness (SCy) of the weighted graph (V,b,c) is

equivalent to honesty of the semigroup on (*(V,m), (e7t1);>0.

We will show the equivalence of the two concepts by showing that wy = A, for
some, or equivalently, all A > 0, where A, is the functional defined by (2.6) in Section
2.2.2 and w), is as defined in Theorem 4.1.2. To do so, we must first give a precise
description of (A + B)*. Recall from Lemma 4.2.2 that A = A¢,. In particular, this
means C. C D(A) and so we can define Gyin := (A + B)|c, = L

Ce-

Lemma 4.2.8. Let (V,b,c) be a weighted graph with measure m. Suppose A, B, L,
and Gmin are as defined above. Then (A+ B)* = G, = — L2 where

min

LRy = Lu for all u € D(L2) = {u € > : Lu € (*}.

Proof. The first step in the proof is to show that G}, = —L3**. By definition,
v* € D(G},,) if and only if there exists u* € £ such that (Gumu, v*),, = (u,u*), for
all w € D(Gpin) and then G, v* is defined to be u*. Since D(Gpin) = C. and C. is

the span of the normalised standard basis elements (e,).cv, it suffices to consider the
elements (e;)zev. Then calculations similar to those in the second proof of Theorem
4.2.3 show that for all x € V,

(Gent)y =~ (Z bz, y) - c<x>> @)+ s SO () = — L (a).
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So v* € D(G:

min
we require that —Lv* € ¢, this can be restated as v* € D(G:

min
v* € D(L2*) and in this case G}, v* = —L2*v*. Therefore G}, = — L2,

The next step involves showing that G, = A+ B. In other words, we show

) if and only if —Lv* € £ and in this case, G%, v* = —Lv*. Since

min

) if and only if

that C. is a core for A+ B. However, this follows since C. is a core for A and B

is an A-bounded operator. The lemma now follows from G*. = Gnin = A+ B =

min

(A+ B)*. O

Proof of Theorem 4.2.7. Fix A > 0. We begin by showing that w) satisfies the eigen-
value problem (A — (A4 B)*)wy = 0 while A, satisfies (L +A)Ay = 0. From Theorem
4.1.2, we know that wy satisfies (L + A\)wy = 0. But wy is bounded and L2 C L,
so this can be equivalently rewritten as (L2* + A)wy = 0. By Lemma 4.2.8, this is
equivalent to saying (A — (A+ B)*)w, = 0. Noting that Proposition 2.2.3 and Lemma
2.2.10 implies that Ay satisfies (A — (A + B)*)A, = 0, we can reverse this argument
with A, replacing w), to prove the second assertion.

Combining Lemma 2.2.10 and Proposition 2.2.3, we see that A, is the maximal
element in {f € £ : f < 1} that satisfies (A — (A+ B)*)f = 0 and so w) < A,.
Similarly, Theorem 4.1.2 states that w, is the largest non-negative f < 1 such that
(L2 + A\)f < 0. Hence Ay < wy and so Ay = w)y. Therefore, Theorem 2.2.4 and
Theorem 4.1.2 imply that stochastic completeness at infinity is equivalent to honesty
of the Kato semigroup (V(¢))s>0, which is equal to the heat semigroup (e **);5q on
¢} by Theorem 4.2.3. ]

Remark 4.2.9. The proof of Theorem 4.2.7 tells us in fact, that (SCy) is equivalent to
honesty of the Kato semigroup (V' (¢));>0 described in Proposition 4.2.1, independently
of Theorem 4.2.3. The role of Theorem 4.2.3 is to connect (SCy) of the given graph

to its associated heat semigroup.

Note that in the proof of Theorem 4.2.7, we showed that

Proposition 4.2.10. Let A > 0 and suppose wy, is as defined in Theorem 4.1.2 and
Ay is as defined in (2.6). Then wy = A,.

This fact will turn up again in Section 4.3.

4.3 Applications of Honesty in Weighted Graphs

The equivalence of honesty and stochastic completeness allows us to derive new char-

acterisations of stochastic completeness from Theorem 2.2.4.
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Corollary 4.3.1. Let (V,b,c) be a weighted graph and A, B be as defined in (4.2)
and (4.3). The following are equivalent:

(i) (V,b,c) satisfies (SCx).
(ii) lim, o ||[BR(X, A)]"u|| = 0 for all u € (£}, some X > 0.
(iii) —L, = A+ B.

We demonstrate how condition (ii) of Corollary 4.3.1 may be applied to a graph.
This example covers the case studied in [48] where they consider infinite but locally

finite graphs, under the counting measure and with no killing term.

Example 4.3.2. Consider an infinite but locally finite connected graph (V,b,0),
with m the counting measure and b(x,y) = 1 if z is connected to y by an edge and 0
otherwise. We will use x ~ y to denote that x is connected to y by an edge and d,

to denote the degree of x, i.e. the number of edges emanating from x. In this case
Lu() = Y (ulw) ~ uly),  zeV.

Yy~
Proposition 4.3.3. The graph (V,b,0) is stochastically complete if and only if

n—1

1 1
JLHJOA+dyZ 2. 2 2. HA+di =0

€V {iy~a} {ia~i1} {(in—1~in—2)N(in—1~y)} k=1 k

for ally € V and some A > 0.

Proof. From Corollary 4.3.1, we have that (V,b,0) is stochastically complete if and
only if lim, . [|[BR(\, A)]"u| = 0 for all w € (¢}).. Since BR(\, A) is power-
bounded (Lemma 2.3.1), it suffices to check that lim,, .« [|[[BR(A, A)]"u|| = 0 for all u
in a dense subset of (¢1),. In particular, £} is the closed linear span of the standard

basis, (e;)zev, hence (V,b,0) is stochastically complete if and only if
lim ||[[BR(X, A)]"e,|| =0 for all x € V. (4.12)
n—oo

Since BR(A, A) is a positive operator, (4.12) is equivalent to

lim Y o) =0forally eV

zeV

where i) = (e, (BR(X, A))"e,), z,y € V.
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It remains to calculate cg;). To do so, note first that since b(z,y) = 1 if and only

if z ~y, and R(\, A)u(x) = uz) , we have

A+d,
1 .
— ifx~
Cay = c:(tly): A+d, y
0 otherwise.
Using the fact that ¢\ = Y iev cm-cz(; ) and induction, we find that

. 1 |
Ca(cy):/\+d Z Z Z H/\+dik

Y {ir~a} {iz~in} {(in—1~in—2)N(in—1~y)} k=1

and the result follows. O

The characterisation of (SCy) in Proposition 4.3.3 is fairly complicated and not
easy to apply. Consider for example the special case of model trees, namely trees
whose vertex degree is constant on spheres of radius r from a fixed root vertex x, (see
[48, Section 3.2] for more details). Wojciechowski shows that a model tree satisfies
(SC) if and only if 3777, =2 + % diverges where d,. is the degree of vertices of
distance r from z( [48, Theorem 3.2.1]. Even in this simple case, it is not clear how
the condition in Proposition 4.3.3 reduces to this form.

As a second example, consider the case when the Laplacian is bounded. Keller
and Lenz [32, Remark (a) p.195] note that if L gives rise to a bounded operator on
¢>°(V'), then the graph is stochastically complete. Their justification for this is that
condition (ii) in Theorem 4.1.2 must fail for A large enough whenever L is bounded.
Corollary 4.3.1 allows us to derive an alternative proof of this statement. To see
this, note first that if L is bounded on ¢*°, then by duality, L is bounded on 0.
Since A+ BC —L; C —L in ¢! . the boundedness of L implies that we must have
A+ B=—L;. (SC4) of the graph now follows from condition (iii) of Corollary 4.3.1.

The bounded Laplacian has been studied in a variety of contexts, for example
in [21] and [48]. In [21], Dodziuk and Mathai studied graphs satisfying the set-up
of Example 4.3.2 but with the additional condition that the degree of the graph is
bounded, that is, there is M > 0 such that d, < M for all x € V. They prove that
the graphs in this case are stochastically complete by studying bounded solutions of

the initial value problem:

~ ou
Lu+ — =
u+8t 0

u(z,0) = up(x).
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Wojciechowski on the other hand in [48], considers a normalised version of the Lapla-
cian on connected, locally finite graphs which he calls the bounded Laplacian, Ay,

where

Anaf (2) = f(z) — d%Zf(y% reV

y~z
which acts on functions f such that Y _,(f(x))?d, < oo. In the terminology we
used in this chapter, Ayq is simply the Laplacian associated with the weighted graph
(V,b,0) with b(z,y) = 1if x is connected to y by an edge and 0 otherwise and measure
on the space given by m(x) = d,, € V. Simple calculations [48, p.57] then show that
|Apg|| < 2. Hence any graph is stochastically complete with respect to this operator.
Wojciechowski proves this by showing directly that positive solutions satisfying the
eigenvalue problem Ayqv(z) = Av(z) for A < 0 are unbounded.

Next, we demonstrate an application of honesty theory on subgraphs. In partic-
ular, we show that the criteria for (SI.,) involving subgraphs in [32, Theorem 4] can
be derived from the following condition for honesty which we state for abstract state
spaces. Recalling from Lemma 2.1.4 that if A, B satisfy Kato’s Theorem (Theorem
2.1.2) and the operator B : D(A) — X satisfies 0 < Bu < Bu for all u € D(A),

then A, B also satisfy Kato’s Theorem, we have

Proposition 4.3.4. Let X be an abstract state space and suppose A, B satisfy the
conditions of Theorem 2.1.2 with perturbed semigroup (V(t))i>0. Suppose also that
there exists an operator B such that 0 < Bu < Bu for all u € D(A)y with per-

turbed semigroup denoted (V (t))i>o. If the semigroup (V(t))i>o is honest, then so is
(V(1)ezo-

Proof. Fix A > 0. Since both B and B are positive on D(A) and Bu < Bu for
all u € D(A),, we have by positivity of R(\, A) that 0 < BR(X\, A) < BR(), A).
Iterating, we have for all n € N, 0 < (BR(\, A))* < (BR(\, A))" and so

H(BR(/\, A))u

| < I(BRO, A)"l

for all w € X,. The result now follows since from Theorem 2.2.4, we have that

(V(t))i0 (resp. (V(t))i>0) is honest if and only if for some A > 0 and all uw € X we
have that |[(BR(\, A))"u|| — 0 (resp. ||(BR(\, A))™ul| = 0). O

To derive [32, Theorem 4] as a corollary, we consider the extended Kato semigroup
associated with the subgraph (W, bR, cR.) with operators A, By and (Viy(t))iso as
defined in Section 4.2.
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Corollary 4.3.5. [32, Theorem 4] Let (V,b,c) be a weighted graph with measure
m. Then (Sly) holds whenever there exists W C V' such that the weighted graph
(W, bR, cB) satisfies (S1..).

Proof. Let A, B, (V(t));>0 denote the operators in Kato’s Theorem associated with
the weighted graph (V, b, c) and Ay, By the operators associated with the weighted
subgraph (W, b5, cR.) as defined in (4.4) and (4.5). By Corollary 4.3.1, there exists
u € (*(W, my) such that

[(Bw R(A, Aw )" ul 1 (i) 7 0- (4.13)

Now consider once again the extended Kato semigroup associated with the sub-
graph (W, bR, ¢R.) with operators By and (Viy (t))i0 as defined by (4.6) and (4.8).
From (4.7), for all u € (*(W, my),

H (Bw RO\ A))iwu

1(V,m) - H(BWR(A’AW))%HMWmW) '

Hence, by (4.13) and Theorem 2.2.4, the semigroup (Viy(t));o is dishonest. Since
B < B, Proposition 4.3.4 implies that (V(t))eo is also dishonest. The result now
follows from Theorem 4.2.7. []

Finally, let us examine more closely how the theory of stochastic completeness
fits into the theory of honesty. First, note that in order to prove Theorem 4.2.7, we
showed that condition (iii) of Theorem 2.2.4 is equivalent to the negation of condition
(iv) of Theorem 4.1.2. There are of course, alternative methods of proving this. For
example, consider conditions (i)—(iii) in Theorem 4.1.2. From the proof of Theorem
4.2.7, we can deduce that the statement “u € £ satisfies (L + A\)u = 0” is equivalent
to saying that “u is bounded and satisfies (A — (A + B)*)u = 0”. Hence conditions
(i)—(iii) in Theorem 4.1.2 are equivalent to conditions (v)—(vii) in Theorem 2.3.3.

It turns out that condition (v) in Theorem 4.1.2 can also be derived from abstract
results in honesty theory. Henceforth we will work with the honesty theory of Kato’s
Theorem in abstract state spaces. The functionals V¥, ag, @ and A, which will occur
here are as defined in Chapter 2 and (-, -) will denote the duality between X and X*.
Let us begin by considering the function M; defined by (4.1). It turns out that there
is an analogous abstract form. Define M;,t > 0 by

(Mg, u) = (U, V(tu) +a (/OtV(s)uds) ., ueX.
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Then

(W — My, u) = (0, u—V(t)u)—d(/tV(s)uds>
<xp G/ uds>—a</V uds>
:a0</0 V(s )uds)—a(/v uds)

Moreover, from (2.11) and (2.12) we have that for all u € X,

A/Oooe—M (U — My, u) dt = A/Oooe—kt (ao (/OtV(s)uds> —a (/OtV(s)uds)> dt

= ap(R(\, G)u) — a(R(\, G)u)
= (A,\,u) .

Now let us investigate how the graph case fits into the abstract case. Consider the
function wy from Theorem 4.1.2. Let u € (¢},,)+. Then

(wy, u Zm z)wy(x)u(z)

zcV
_ Z/\/ ML Z M) (2)m(x)u(z) di
zeV
= )\/ _MZ 1 — M) (z)m(z)u(xz)dt (Monotone Conv. Theorem).
zeV
By linearity, we have (wy, u),, = A [;° e > o (1—M,)(z)m(z)u(z) dt for allu € X.
Since by Proposition 4.2. 10 A,\ = wy or equivalently, (Ax,u) = (wy,u),, for all u €
X, it follows that A [ e (0 — My, u) dt = X [[7 e (1—M,)(z)m(z)u(x) dt.

Hence by uniqueness of the Laplace transform, we have (U — My, u) = (1 — My, u),
for all u € ¢}, and almost all ¢ > 0. From this equality, it follows that condition (v)
of Theorem 4.1.2 can be derived directly from the definition of honesty as given in
Definition 2.2.1. This holds since the remarks after Definition 2.2.1 (see (2.9)) tell us
that the semigroup is dishonest if and only if there exists u € X, ¢t > 0 such that

t
|V (t)u| + a (/ V(s)u ds) < ||ul| - (4.14)
0
By definition of M, (4.14) is equivalent to

(My,u)y < (W, u).
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Since we have just shown that M, = M, in the ¢! graph case and ¢! has a (nor-
malised) canonical Schauder basis (e, ), it follows that dishonesty as defined by (4.14)

is equivalent to
(M, ey),, < (L,e,), forsome basis vector e,,z € V and some ¢t > 0

which is precisely condition (v) of Theorem 4.1.2.

The argument above also allows us to show that 0 < M, < 1 as noted in Section
4.1. Since Definition 2.2.1 and (4.14) tell us that 0 < (M, u) < (¥, u) for all u € X
and all ¢ > 0, it follows that

0 < (M, e;), <(L,e,), for all basis vectors e,,z € V and all ¢ > 0.

In other words, 0 < M, < 1.

Deriving condition (vi) from the conditions for honesty is trickier. In fact, we
currently do not have the precise analogue of condition (vi) in abstract form. In
proving condition (vi) in Theorem 4.1.2, Keller and Lenz show that 1 — M, satisfy
the conditions of the function NV in the sense that (1 — M;)(z) is differentiable for

all z € V and 1 — M; € D(L) for each t > 0. The natural analogue which we might

expect for the abstract case is that (¥ — M,, u) is differentiable for every v € X,
U — M, € D((A+ B)*) for each t > 0 and satisfies for all u € X,

S~ M), u) = {(A+ B)' (W — M), )

We first consider the differentiability of M,. In this case, standard calculations show
that (M, u) : [0,00) = (D(G), ||l p(s)) is differentiable on (0, 00) for all u € D(G).
Since C. C D(G), this is consistent with the fact that M;(z) = (M, e,) is dif-
ferentiable for all z € V. However, the fact that ¥ — M; € D((A + B)*) is not
obvious. In fact, the case of Laplacians on graphs covered in this chapter already
provides a counterexample to the hypothesis that ¥ € D((A + B)*) since L1 = <~ 50
1 ¢& D(LE™) = D((A+ B)*) unless = € £>°. However, it should be noted that there
is a similar result characterising honesty involving the existence of a solution to the
ACP: 4u(t) = (A+ B)*u(t),u(0) = 0 in Theorem 3.2.19 but this result requires the

application of spectral theory and complex spaces.
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Chapter 5

Quantum Dynamical Semigroups

In this chapter, we will look at an application of Kato’s Theorem and honesty theory
to a special set of quantum dynamical semigroups. We will begin by demonstrating
how Kato’s Theorem on abstract state spaces can be applied to quantum dynamical
semigroups in the first section before looking at honesty in the next. As in the clas-
sical case where we are interested in determining when the semigroup is stochastic
or honest, we are also interested in the corresponding notion for quantum dynamical
semigroups. In particular, there is a notion known as conservativity of the quantum
dynamical semigroup which has long been studied, and we will show that this is equiv-
alent to honesty in the stochastic case. We will then show that in the more general
substochastic case (which has not been studied before), honesty is the corresponding
analogue of conservativity. The results in honesty theory then allow us to derive some
results about the uniqueness of the semigroup and the domain of the generator (for
the substochastic case) which have been previously proven for the stochastic case. We
then finish up with some concrete examples of applications of honesty to quantum
dynamical semigroups. In this chapter, Kato’s Theorem will always refer to Theorem

2.1.2.

5.1 Quantum Dynamical Semigroups and Kato’s
Theorem

In Chapter 2 we saw that the development of Kato’s Theorem was inspired by the
study of classical Kolmogorov differential equations on ¢!, which are in turn linked to
the study of stochastic processes. The non-commutative analogue of stochastic pro-
cesses was introduced by von Neumann in the 1930s but was systematically developed

only in the second half of the 1970s [24]. This non-commutative counterpart is linked
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to the study of quantum mechanics and hence is now known as the study of quantum
stochastic processes or quantum flows. The counterpart to a Markov process in the
classical setting is a quantum Markov process while the corresponding semigroups are
known as quantum Markov semigroups or quantum dynamical semigroups.

In this chapter, we will not delve into the theory of general quantum Markov
semigroups but instead, study a special set of quantum dynamical semigroups where
Kato’s Theorem on abstract state spaces can be applied. The generalisation of Kato’s
Theorem to abstract state spaces allows us to use this theorem to construct quantum
dynamical semigroups since they are defined on a Banach space which has as its
predual, an abstract state space.

We will begin by presenting the theory of quantum dynamical semigroups following
that given by Fagnola in [24]. Fagnola considers quantum dynamical semigroups
defined on the space of bounded operators on a complex Hilbert space $), £($)), which
is a von Neumann algebra. He constructs a minimal quantum dynamical semigroup
based on Chung’s construction of the minimal solution of Feller-Kolmogorov equations
for countable state Markov chains, the proof of which we will only sketch. However, he
notes that an alternative method for constructing the semigroup is by considering the
predual space and applying Kato’s methods (but not the actual theorem itself) from
[31], as was done by Davies in [19]. This application of Kato’s methods to quantum
dynamical semigroups were also noted by others including Arlotti, Lods and Mokhtar-
Kharroubi in [3] but we have yet to find any literature which applies Kato’s Theorem
directly to quantum dynamical semigroups or which actually shows that the two
methods are equivalent. For completeness, in this section we will demonstrate that
the semigroup obtained by Fagnola via Chung’s method coincides with the semigroup
obtained by applying Kato’s Theorem (Theorem 2.1.2).

Before describing Fagnola’s construction of a minimal quantum dynamical semi-
group, let us first discuss some auxiliary information about the space £($). Note that
in the rest of this chapter, $) will denote a complex Hilbert space and (-, -) will denote
the inner product on $). Also, £($)), is the cone consisting of $-positive operators.

First recall that £($)) has predual isometrically isomorphic to T($)), the space of
trace class operators on $), equipped with the trace norm, ||-||,.. The duality is given
by

(P )5 2(5) = Tr(p), p€IN), € L(H)

We will use this duality repeatedly in the rest of this chapter. In particular, we will
use this duality to enable us to apply Kato’s Theorem (on abstract state spaces) and

its related results to the theory of quantum dynamical semigroups on L£(£)). This
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follows because the predual space T(£)) is the complexification of the space of self-
adjoint trace-class operators T($)), which is a real ordered Banach space with trace
norm additive on the positive cone, i.e. it is an abstract state space. Note that the
positive cone of () is the set of $H-positive operators of trace class. Moreover, the
functional ¥ which we saw in Chapter 2 is simply the trace functional in this case.

The subspace of T($)) consisting of the rank one operators |u)(v|, u, v € ), defined
by

[u) (vl = (v,o)u, ©EHN

will play an important role in this chapter. Note that for u,v € $, z € L($), we
have Tr(xz|u){v|) = (v, zu). Moreover, |[[u){vlll,, = [[ul [v]| = [[[u){v][|, Where |||
refers to the usual operator (sup-)norm. We will often apply the following elementary

lemma about the convergence of rank one operators.

Lemma 5.1.1. Suppose u, v, (uy), (v,) € 9 satisfy ||u, —u|| = 0 and ||v, —v|]| — 0
as n — oo. Then |||u)(v| — |u,)(val|l,, = 0 as n — oo.

Proof. By elementary calculations, we have

I (ol = lun) (onllly, = [l[w) (0 = vn] = o = ) (wn][l,

<lullllo = vall + lJu = un ] loall =0
since (vy,) is bounded and v, — v, u, — u. O
We also require a short note on topologies of operator algebras.
Definition 5.1.2. Let (z,) be a net in L(9) and let x € L($). We say that

(1) (o) converges o-weakly to x if the sum ) (Un, Totn) — >, (Un, Tuy) for every
pair of sequences (v,), (u,) of elements of $ such that the series Y. ||va||° and

S un||? converge.
(ii) (z) converges strongly to x if xou — xu for every u € 9.

Note that o-weak convergence is simply weak*-convergence, i.e. (z,) converges
o-weakly to z if and only if for every trace class operator p € T(5)), Tr(x,p) converges
to Tr(zp).

Finally, we introduce the notion of complete positivity:
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Definition 5.1.3. [24, Definition 2.5] Let A and B be two *-sub-algebras of L($).
The linear map T : A — B is called completely positive if for every n € N, and every
family aq, ... a, of A and every family by, ..., b, of B, we have

n
Z b, T (ayaqe)by > 0.
p,q=1
Complete positivity is a stronger notion than positivity. Therefore, it is unsur-
prising that completely positive maps have special properties which positive maps do
not necessarily have (see [24, Section 2.2] for more details).
Now we are ready to define the main objects of this chapter, namely quantum

dynamical semigroups.

Definition 5.1.4. [24, Definition 3.1] Let A denote a W*-algebra of operators acting
on a Hilbert space $). A quantum dynamical semigroup on A is a family (T (t))i>0 of

bounded operators on A with the following properties:
(i) T(0)a = a for all a € A.
(i) T(t+ s)a="T(@)T (s)a for all s,t >0 and all a € A.
(1ii) T(t) is completely positive for all t > 0.
(iv) T(t) is a o-weakly continuous operator in A for all t > 0.

(v) For every a € A, the map t — T (t)a is continuous with respect to the o-weak
topology on A.

Definition 5.1.5. [2/, Definition 3.2] The infinitesimal generator of the quantum

dynamical semigroup (T (t))t>o is the operator G* whose domain D(G*) is the space

T(t)a—a

of elements a € A for which there exists an element b € A such that b = lim;_,o —

in the o-weak topology and G*a = b.

Since the quantum dynamical semigroup (7 (¢)):>o on L($)) satisfies conditions
(iv) and (v) of Definition 5.1.4, it follows that (7 (¢)):>0 induces a predual semigroup
(S(t))i=0 on T(H) defined by

(S)p: ) 5(5) £0m) = (s T(O)T)5155) £ for all p € T(9),z € L($),t > 0.

Equivalently, this may be stated via the generator of the semigroup, i.e. G is the
generator of (S(t)):>o if and only if G* is the generator of (7 (¢))i>0 [43, Theorem

1.2.3], [11, p.252]. For a general semigroup, the predual semigroup may not necessarily
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be strongly continuous. However, if (7 (¢)):>0 is a quantum dynamical semigroup, the
predual semigroup is in fact strongly continuous. This follows from condition (v) in
Definition 5.1.4 since the map ¢t — T (t)z,x € L($) being continuous with respect
to the o-weak topology implies that (S(t));>0 is weakly continuous and hence by [22,
Theorem 1.5.8], is equivalently strongly continuous. To ensure that the notation in
this chapter concurs with those in the previous chapters, we will always denote the
generator of a quantum dynamical semigroup as an adjoint operator, for example G*;
more precisely, as the adjoint of the generator of the predual semigroup.

In the rest of this chapter, we will assume that the following premise holds unless

stated otherwise:

Premise 5.1.6. Suppose Y generates a Cy-semigroup of contractions (P(t))i>o in 9.
Suppose also the sequence of operators (L;)72, are such that D(L;) 2 D(Y') and for
allu € DY), we have

(u,Yu) + (Yu,u +Z (Lyu, Liu) < 0. (5.1)
=1

It will prove useful later to consider the sesquilinear form Y (z), x € £($) with
domain D(Y') x D(Y) C $ x § given by

Y(z)[v,u] = (v,2Yu) + (Yv,zu) + Z (L, zLyu) . (5.2)
I=1

Under the right conditions, the form Y(x) will be induced by a closed linear operator
in the sense of (1.4). In these cases, we will denote the closed operator associated
with it by W (x). Assuming Premise 5.1.6 holds, Fagnola [24, Chapter 3], via Chung’s

iterative construction, shows that:

Proposition 5.1.7. [2/, Theorem 3.22] There exists a minimal quantum dynamical

semigroup (T'(t))i>0 satisfying
(v, (T(t)x)u) = (v, Tu) —i—/o Y(T(s)x)[v,u]lds for all u,v € D(Y) (5.3)

and T(t)L < 1 for all t > 0. The semigroup is minimal in the sense that for any
quantum dynamical semigroup (U(t))i>0 on L($)) which is a solution to (5.3) and for
any x € L(9)4, we have T(t)x < U(t)x for all t > 0.
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Fagnola constructs the semigroup by defining for every t > 0, a sequence of linear
contractions {7 (t)},, iteratively, namely for all t > 0, x € £($) and u,v € D(Y),

(v, T (t)zu) = (P(t)v,zP(t)u)

<U,T(”+1)(t)xu> = (P(t)v,zP(t)u) + Z/ LiP(t —s)v, T™ (s)zL,P(t — s)u) ds.

For all z € L($)), and every t > 0, the sequence {T( (¢)x},, is increasing and bounded
from above by [|z||- 1. Therefore, the limit lim,_ (u, T (t)zu) exists for all u € $.

The semigroup is then given by this limit, i.e.

(v, T(t)zu) = lim (v, T (t)zu) for all u,v € $.

n—oo

Note that equation (5.3) can be restated in terms of the generator of the quantum

dynamical semigroup:

Proposition 5.1.8. A contractive quantum dynamical semigroup (T (t))i>0 satisfies
(5.3) if and only if its generator G* satisfies

(v, (G"z)uy = Y(x)[v,u] for allu,v € D(Y),x € D(G"). (5.4)

Proof. Suppose (T (t)):>o satisfies (5.3). Fix u,v € D(Y) and z € D(G*). Since
Tr(zlu)(v|) = (v,2u), (5.3) can be rewritten as Tr((7 (t)x)|u)(v|) — Tr(z|u)(v]) =

f(f Y(T (s)x)[v,u]ds. Hence,

STH(T () — )|
— % /0 ((yv,(fr(s)x)u> (v, (T(s)x)Yu) + 3 (Lo, ( Llu>) ds. (5.5)

The continuity of ¢ + 7 (t)x with respect to the o-weak topology implies that the
maps s — (Yo, (T(s)x)u), s — (v, (T(s)x)Yu), s — (L, (T(s)x)Liu), | € N
are continuous. Moreover, since (7 (t))i>o is contractive, we have for all [ € N,
|[(Lyv, (T (s)x)Lyw)| < ||z] || L] || Liv]|. But by (5.1), we have

o0 o 1
> Il L] < (Z\Isz|!2> (ZHLWII )
=1 =1

< (—=2Re (v, YU)Y2(=2Re (u, Yu)) /2. (5.6)

Thus, by the Weierstrass M-test, the map s — >,°, (L, (T (s)z)Lju) is continuous.
Therefore we can let ¢ — 0 in (5.5) to obtain (v, (G*z)u) = Y (z)[v, u].
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Conversely, suppose (7 ()):>o satisfies (5.4). We begin by observing that the form
T(z)[v,ul, x € L(H),u,v € D(Y') can be restated as

T(z)[v,u] = Tr (a: <|Yu>(v| +lup (Yol + |Llu)(le|>> (5.7)

since »,°, |Lyu)(Lv| converges in trace norm by (5.6). On the other hand, from
Proposition 1.2.9, we have for x € L($)),

t
T(t)xr — x = G weak” / T (s)x ds.
0
Hence

{0, (T(O)z)u) = (v, zu)

< (g*weak / T(s a:ds) >

=T <Weak* / T (s xds) (v, u] (by assumption)
=Tr ((Weak*/o T(s)x d3> <|Yu>(v| + |u)(Yo| + Z |Llu>(le|>) (by (5.7))
:/O Tr ((T(s)x) (\Yu><v\ + |u) (Y| + Z \Lm}(Lw\)) ds

(by definition of weak™ integral)

_ /O (T (), ulds  (by (5.7)).
Therefore (7 (t))i>0 satisfies (5.3). O

Definition 5.1.9. We say that the generator G* of a quantum dynamical semigroup
can be represented in Lindblad form if there exists operators Y, (L;) on $) satisfying
Premise 5.1.6 such that

(v, (G x)u) = Y (x)[v, ul
for all x € D(G*) and all u,v € D(Y).

Next, we look at the construction via Kato’s Theorem of a quantum dynamical
semigroup whose generator can be represented in Lindblad form. Since Kato’s The-
orem is stated for real spaces, we will restrict to the space of self adjoint operators
during the discussion of this construction. In particular, the space we will be working

in will be the space of self adjoint trace class operators, T ($)).
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First, consider the semigroup (U(t))i>0 in T5($) defined by U(t)p = P(t)pP(t)*.
Note that since (P());>0 is a Cy-semigroup of contractions, so is (P(t)*);>o. It turns
out that (U(t)):>o is also a Cy-semigroup of contractions with generator we will denote
by A (see for example [22, Section 1.3.16]). In [19], Davies considers the case where
we have equality in equation (5.1) and shows that the operator A and an appropri-
ately defined B (see Lemma 5.1.11, Corollary 5.1.14) satisfy in our terminology, the
conditions in Theorem 2.1.2. His methods also hold for the more general case (with
inequality in (5.1)) with minor modifications. We describe this method in more detail
below as it will be useful later in this chapter.

To determine the domain of the generator A, Davies introduces a positive, one-

to-one map

T T(H) = (), 7lp) = R(LY)pR(1,Y)

and considers the subspace D, := m(%4($)). Then [19, Lemma 2.1] holds in this case

as well since the inequality (5.1) has no role in the proof.

Lemma 5.1.10. [19, Lemma 2.1] The domain D; is dense in T(H). Let p € Dy and
€ > 0. Then there exist p1, p2 € (Ds)y := Ds N T4(9) 1 such that

p=ri=r2 ol =+ llpally < lloll, + € (5.8)
Moreover, Dy is a core for A and for all p € D,
Ap=Yp+pY~ (5.9)

in the sense that'Y p is a trace class operator while pY™ is a restriction of the operator

(Y p)* which is also trace class.

Now let us consider the operator B. The next two lemmas are the analogues of
[19, Lemma 2.2, Lemma 2.3] and can be proven almost exactly as in [19]. The only
changes required are changes from equalities to inequalities at the appropriate points,

hence the proofs are omitted.

Lemma 5.1.11. The formula
Bp=>_ LR(LY)r '(p)(LiR(LY)) (5.10)
=1

with the series converging in the trace norm defines a positive linear map B : Dy —
Ts($) such that
Tr(Ap+ Bp) <0  forall p € (Ds)+. (5.11)
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Lemma 5.1.12. For all A > 0, the map BR(X, A) from Dy into T,($) has a unique,
positive, bounded linear extension Jy : Ts($H) — Ts($) such that || J,|| < 1.

Remark 5.1.13. Since A is resolvent positive, R(\, A)Dy C Dy and B is positive on
D, it follows from (5.11) that for all p € (Dy),

IBRO A)pll,, < — Te(AR(A, A)p) = Tr(p) — ATR(R(A, A)p) < [l

Then (5.8) implies that | BR(A, A)pll,, < ||pll,, for all p € Dy, that is, B is A-bounded

on D,. Davies uses this to prove the existence of Jy in Lemma 5.1.12.

The results above allow us to derive an important corollary. We give the complete

proof here as some details were omitted in [19].

Corollary 5.1.14. The map B has a positive extension B’ : D(A) — T,($) such
that
Tr(Ap+ B'p) <0 forall p e D(A);. (5.12)

Proof. We define
B'p=Ji(I—-A)p.

We begin by showing that B’ is an extension of B. Since B is A-bounded on D; (by
Remark 5.1.13), it suffices to show that B’p = Bp for all p in a core of A which lies in
D,. In particular, we will show that B’p = Bp for all p € 7%(T,(9)) := 7(7(T4(9))) C
D,. To see that 72(T4(H)) is a core for A, simply note that density in T,($) follows
because m%(T4($)) contains the finite rank operators whose eigenvectors lie in D(Y?)
(see also Lemma 5.1.17) while invariance of 72(%4($)) under (U(t));>o follows directly
from the definition of . So let p = 7%(o) for some o € T,($), that is, p € 7%(T,(9)).
Then by (5.9), we have that Ap = 7(Y7 (o) + 7n(0)Y*) € Ds and so (I — A)p € D;.
Therefore B'p = J1(I — A)p = BR(1,A)(I — A)p = Bp and so B’ is an extension of
B. Moreover, |B'R(1, A)pll,, = |lJpll,. < llpll,, for all p € T,($). Therefore B’ is
A-bounded.
To show that the inequality (5.12) holds, let p € D(A), and consider

pe = R(1,eY)pR(1,eY)", e>0.

It is easy to see that p, is self-adjoint if p is. Moreover, by the resolvent equation (see

for example [22, Equation 1V.1.2]), we have

(1—eHR(LY)R(EY)+R(1,Y) = R(e 1Y),
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and so it follows that
pe=R(LY)(1 - DR, eY) +e Dp((1 — e HR(1,eY)* + e R(1,Y)*.
Thus, pe € (D). Moreover, the map p — p, is bounded independently of € as

el < IR, Y[ Mol 1R V)l < ol

We will show that p. — p in trace norm for all p € T,($)). Consider the rank one
operator p := |u)(v|,u,v € . Then elementary calculations show that p. = |u.)(v|
where u. = R(1, €Y )u and v, = R(1,€Y)v. By [22, Lemma I1.3.4], u, — v and v, — v
as € = 0. Hence by Lemma 5.1.1, it follows that p. — p in trace norm as € — 0.
Since the (self-adjoint) finite rank operators are dense in T4($)) and the map p — p,
is uniformly bounded, it follows that p. — p for all p € T,(H).

Now for p € D(A), we have Ap € T,($H) and Ap. = (Ap).. Therefore we can
conclude that p. — p and Ap. — Ap as € — 0. Since B’ is A-bounded, it follows that
Bp. — B'p. Therefore by Lemma 5.1.11, for all p € D(A),, B'p > 0 and

Tr(Ap + B'p) = lir% Tr(Ape + Bp.) < 0.
e—
[

Henceforth we will identify B with B’ and simply denote it by B. With this we

have:

Proposition 5.1.15. A and B satisfy Theorem 2.1.2 and so there exists a minimal

perturbed semigroup (S'(t))tzo with generator G an extension of A+ B. Moreover,

R(\, G) satisfies

R\, G)p =Y R(\A)(BR(\ A))*p for all p € Ty($).
k=0

We have just described two methods of constructing a minimal quantum dynami-
cal semigroup with Y, (L;) satisfying Premise 5.1.6; one via Fagnola’s method (Propo-
sition 5.1.7) and the other via Kato’s Theorem (Proposition 5.1.15). The remainder
of this section will be devoted to showing that the two semigroups coincide.

Note that the semigroup from Kato’s Theorem acts in the space T4($)) while
Fagnola’s semigroup acts in the space £(£)). In order to show that the semigroups
coincide, we will first transfer the semigroups to the same space, namely T()). Re-
calling that () is simply the complexification of T,($)), we will henceforth work
with the complexifications of the operators A, B, (U(t))s0, (S(t))i>0, G but retain the
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same notation. We can do so because we saw in Section 2.2.3 that honesty in the
complexified space is equivalent to honesty in the real space. To transfer Fagnola’s
semigroup to T(H) on the other hand, we will utilise the fact that every quantum dy-
namical semigroup on £($)) induces a predual semigroup on ¥($). We will denote by
(S())i>0 the predual semigroup of Fagnola’s minimal quantum dynamical semigroup
(T'(t))+>0 identified in Proposition 5.1.7. We now show that (S(t)):>o coincides with

(S())ezo-

Theorem 5.1.16. Let (S(t))i>0 be the predual semigroup of the minimal quantum

dynamical semigroup (T'(t))i>o in Proposition 5.1.7 and (S(t))i>0 be the perturbed
semigroup in Proposition 5.1.15. Then S(t)p = S(t)p for all p € T(H), t > 0.

In order to prove the theorem, we require some auxiliary information. First let us

consider a few important subspaces, beginning with
VY =V, := Span{|u)(v| : u,v € D(Y)}.
We will also occasionally require the spaces
V, = Span{|u)(v| : u,v € D(Y")},n € Nyn > 2.
Moreover, the map 7 can be extended to () and we will be interested in the spaces
D:=7(%($)) =D;+iDs, 7" (%T($H)),neN,n>2
Lemma 5.1.17. For alln € N, V, C D and moreover, V,, is a core for A.

Proof. Since V, 11 C V,, it suffices to show that V C D to prove the first statement.
Fix u,v € D(Y'). Then by inspection, we see that |u)(v| = R(1,Y)pR(1,Y)* if p is
the rank-one operator defined by p := [(I — Y)u){(I — Y)v|. Therefore |u)(v| € D
and so V C D.

Next, we show that V is dense in T($). Since Y generates a Cy-semigroup, it
follows that D(Y) is dense in $) and so for fixed u, v € §, there exist (u,), (v,) € D(Y)
such that u,, — v and v,, = v. By Lemma 5.1.1, it follows that |||u)(v]| — |u,) (va]l,, —
0. In other words, V is dense in the space of finite rank operators. Since the finite
rank operators are dense in ¥($)), it follows that V is dense in T($)).

Finally, observe that U(t)(|u)(v]) = P(t)|u){v|P(t)* = |P(t)u)(P(t)v| for all t > 0.
Since P(t)u € D(Y) for all u € D(Y') and all t > 0, we have that U(t)(Ju)(v|) € V.
Therefore V is invariant under (U(t)):>o and so V is a core for A.

A similar argument shows that V), is a core for A for all n > 2 since D(Y™") is a

core for Y and D(Y™) is invariant under the semigroup (P(t)):>o. O
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Remark 5.1.18. Recall that in the proof of Corollary 5.1.14 we showed that 72(%())
is a core for A|z (s). We can in fact show more generally that 7"(%($))), n € N are
cores for A. A similar proof as that of Lemma 5.1.17 shows in fact that V,, C 7"(%($)))
for all n > 2. Furthermore, it is easy to see that 7"(U(t)o) = U(t)(n"0o) for all
o € T($H) and all £ > 0. Therefore 7"(%(H)), n € N are also cores for A.

It will also be useful to know how the operators A, B act on the operators in V.

Lemma 5.1.19. For all |u){v| € V and x € L($)
Tr(x(Alu)(v]) = (Yv,zu) + (v,2Yu) and Tr(z(Blu)(v Z (L, zLyu) .
I=1

In particular,

Tr(z (A + B)u)(v])) = T(z)[v, u].

Proof. Fix |u)(v] € V and x € L($)). Note first that elementary calculations show
that Y|u)(v| + |u)(v|]Y* = |Yu)(v| + |u)(Yv|. Since ¥V C D by Lemma 5.1.17, and
hence (5.9) holds for p = |u)(v| (Lemma 5.1.10), we have

Tr(z(Alu)(v|)) = Tr(z(|Yu)(v] + |u)(Yv])) = (v, 2Yu) + (Yo, zu) .

On the other hand, by Lemma 5.1.11, for p € D, (5.10) holds and from the proof of
Lemma 5.1.17, 7' (Ju) (v|) = |(I — Y)u)){((I — Y)v|. Hence for ¢ € §,

(Blu) (v ZL R(LY)|(I = Y)u){(I = Y)o[(LR(LY))"¢p

I
M8:

LIR(LY) (I = Y)v, (LR(LY))*) (I —Y)u

=1

M]3

<le7 90> Llu

=1

| Lyw) (Lv| .

M]3

=1

Therefore, Tr(z(Blu)(v|)) = Y=, (L, xLyu). The final assertion follows directly
from the definition of Y (z)[v, u]. O

Corollary 5.1.20. The generator G* of the adjoint semigroup (S*(t))e=0 of (S(t))i=0

can be represented in Lindblad form.
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Proof. Let u,v € D(Y) and 2 € D(G*). Then by Lemma 5.1.17, |u)(v| € V C D(A),
so by Lemma 5.1.19 we have, <U, (é*x)u> = Tr((G*z)|u)(v]) = Tr(z(Glu)(v])) =
Tr(z((A + B)lu)(v])) = T(x)[v, u]. O

We also require some information about Fagnola’s construction, (7'(t)):>o with
generator G*. In particular, Fagnola shows in [24, Proposition 3.25] that the resolvent

of G* is given by
RO\ GY )z =Y QX(P(x), €L($H),A>0 (5.13)
k=0

with the series convergent in the strong operator topology, where P, and Qx, A > 0

are linear positive maps in £($)) defined by
(v, Py(a)u) = / e (P(s)v, 2P (s)u) ds (5.14)
0
=3 / e (L P(s)o, 2L P(s)u) ds (5.15)
=1 V0

for z € L($), u,v € D(Y). Moreover, the maps Py and @, are normal, completely
positive and satisfy the norm estimates ||Py]| < A™! and [|@,]] < 1 [24, Proposition
3.24]. We will rephrase the operators Py and @), in terms of the operators A and B.

Lemma 5.1.21. Suppose Py, Q, are as defined in (5.14) and (5.15) and A, B are as
in Proposition 5.1.15. Then Py = R(\, A)* = R(\, A*) and Q) = (BR(\, A))* for all
A>0.

Proof. Fix A > 0 and observe that since R(A\, A)p = [;~ e P(s)pP(s)* ds for all
p € T(H), it follows by elementary calculations that for |u)(v| € V,

R\ A)|u)(v| = /000 e_ASIP(s)uHP(S)v] ds

where the integral is absolutely convergent in ¥($)) and even in the graph norm of A.
Hence, for u,v € D(Y),x € L(9),

(v, (R(A, A)"w)u) = Tr(z(R(A, A)fu)(v]))

=1 (o [P (Pl ds)

_ /0 e Te(a| P(s)u)(P(s)o]) ds

= /000 e (P(s)v, P(s)u) ds
= (v, P\(z)u) .
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Since Py\(z) € L($) for all z € L($)), it follows that Py = R(\, A)*. Similarly,

(v, ((BR(A, A))*x)u)
= Tr(z(BR()\, A)|u)(v]))

Ty (x <B /O T e P (P(s)o] ds))

:/ " e Te(a(BIP(s)u) (P(s)o]) ds (as |P(s)u) (P(s)u] € D(B))

—Z/ s)v,zLP(s)u) ds (by Lemma 5.1.19)
= (v, Qx()u) -
Therefore, Q) = (BR(\, A))*. O

Now we can show that the two semigroups are equal.

Proof of Theorem 5.1.16. From (5.13) and Lemma 5.1.21, we have that
R\, G)'z = R\, Gz = ZQA (Pa(z)) = > (BR(X, A))*R(\, A)"x
k=0

for all x € L£($) with the series convergent in the strong operator topology. Since by
Proposition 5.1.15, we know that Y 7o R(\, A)(BR(), A))*p converges in trace norm
for all p € T($) and the trace functional is continuous on F(£)), it follows that

p=>Y R(\A)(BR(XA)p=RN\G)p

k=0
for all p € ¥(H). Therefore, by the Post-Widder Inversion Formula (Proposition
1.2.8), S(t)p = S(t)p for all p € T($H) and all ¢ > 0. O

In the remainder of this chapter, unless stated otherwise, (7°(t));>o will denote the
minimal quantum dynamical semigroup with generator G* identified in Proposition
5.1.7 with associated form Y satisfying Premise 5.1.6 and (S());>0 will always denote

its predual semigroup with generator G.

Remark 5.1.22. One can also prove Theorem 5.1.16 by using the minimality of the
semigroups, that is, Fagnola’s semigroup (7'(t)):>o is the minimal semigroup whose
generator can be represented in Lindblad form (Proposition 5.1.7) while the Kato
semigroup (S(t))e= is the minimal semigroup whose generator is an extension of A+ B
(Theorem 2.1.2). Corollary 5.1.20 tells us that the adjoint semigroup of (S(t))o
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can be represented in Lindblad form. To complete the proof, we only need to show
that any quantum dynamical semigroup satisfying (5.3) has predual semigroup whose
generator is an extension of A + B. We will in fact prove this in the next section
(Lemma 5.2.14).

This duality between the quantum dynamical semigroups satisfying Proposition
5.1.7 and the semigroups satisfying Kato’s Theorem allows us to derive some of the
properties of the quantum dynamical semigroups from Kato’s Theorem, for example,
the minimality of the semigroup or the series representation of the resolvent of the
generator. In the next section, we will see further examples of how results related to

Kato’s Theorem prove useful in the study of quantum dynamical semigroups.

5.2 Applying Honesty Theory to Quantum Dy-
namical Semigroups

In the previous section, we saw that the generator of a given quantum dynamical
semigroup in Lindblad form can be viewed as the dual of a perturbed generator of
a substochastic semigroup in the setting of Kato’s Theorem. A natural question to
look at next is the role of honesty in the study of quantum dynamical semigroups. It
turns out that if we have equality in (5.1), then honesty of the predual semigroup is
equivalent to a notion known as conservativity of the quantum dynamical semigroup
(Proposition 5.2.2).

Conservativity of the quantum dynamical semigroup is a notion which has long
been studied (see [15, 16, 24| for example). The main reason for the interest in
conservativity is that it is related to the non-explosion of the system [16], [24, Section
3.6]. However, the study of conservativity is also of interest because conservative
quantum dynamical semigroups turn out to be the semigroups with “nice” properties.
For example, if the minimal semigroup is conservative, then it is the unique semigroup
satisfying (5.3) [24, Corollary 3.23]. Moreover, one can give a precise description of
the domain of the generator if the minimal semigroup is conservative [24, Proposition
3.33], [27, Theorem 4.1]. This is important as we saw in the previous section that the
domain of the generator of the quantum dynamical semigroup is difficult to determine
precisely and is often defined in terms of a form.

We begin by giving the definition of conservativity.

Definition 5.2.1. A quantum dynamical semigroup (T'(t))i>o is called Markov or

conservative or identity preserving if T(t)1 =1 for every t > 0.
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A necessary condition for (T'(t)):;>¢ to be conservative is for

d
T(W)[o,u] = = (v, (T({H) 1)) |i=0 = 0
for all u,v € D(Y). So when we speak of conservativity, we will only consider the

case when we have equality in (5.1).

Proposition 5.2.2. Suppose (T'(t));>0 is the minimal quantum dynamical semigroup
identified in Proposition 5.1.7 with T satisfying Premise 5.1.6 with equality in (5.1).
Then the semigroup (T(t))i>0 is conservative if and only if its predual semigroup
(S(t))t=0 is honest.

Proof. Since Y satisfies (5.1) with equality, the predual semigroup being honest is
equivalent to it being stochastic (Remark 2.2.2). In this context, this means that
S(t) is trace-preserving for all t > 0, i.e. Tr(S(t)p) = Tr(p) for all p € T,($H) and
this is equivalent to (T'(t));>¢ being conservative since Tr(S(t)p) = Tr((S(t)p)l) =
Tr(p(T(t)1)) for all p € T($H),t > 0. O

The equivalence between honesty and conservativity allows us to derive some of
the previously known conditions for conservativity from honesty theory. For example,
conditions (ii) and (iii) in Proposition 5.2.3 can be found in [24, Theorem 3.28]. It
should be noted however, that [24, Theorem 3.28] was obtained directly and not
via an honesty theory approach. Moreover, we obtain some new characterisations
of conservativity by applying Theorem 3.2.2, Proposition 3.2.3, Lemma 5.1.21 and
Proposition 5.2.2.

Proposition 5.2.3. Suppose (T'(t));>0 is the minimal quantum dynamical semigroup
identified in Proposition 5.1.7 with T satisfying Premise 5.1.6 with equality in (5.1).
Let A > 0 and Q) as defined in (5.15). The following are equivalent:

(1) The semigroup (T(t))>o is conservative.
(ii) The sequence of operators {Q%(1)}n>0 converges o-weakly to 0.
(iii) If for some x € L($), we have Q x = x, then x = 0.

(iv) The operator Q. is mean ergodic, where Qx. denotes the predual operator of

Q-

(v) limy, oo |Q%. 0|, = 0 for all p € T,(H)4.
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(vi) For each p € Ts(9)4, the sequence {Q,p}n>0 is weakly compact with 0 as a

weak cluster point.

We now generalise the notion of conservativity to the class of minimal quantum
dynamical semigroups constructed in Proposition 5.1.7 by transfering the concept of

honesty from Kato’s Theorem to these quantum dynamical semigroups:

Definition 5.2.4. Let (T'(t))i>0 be the minimal quantum dynamical semigroup iden-
tified in Proposition 5.1.7 with T satisfying Premise 5.1.6. The semigroup (T (t))t>o0
is said to be honest if and only if its predual semigroup (S(t))i>o0 s honest in the sense
of Definition 2.2.1.

We will show that honesty is the natural analogue of conservativity in the strictly
substochastic case. As we mentioned above, conservativity is important because
it allows us to characterise uniqueness of the semigroup and also the domain of its
generator. It turns out that honesty also allows us to do the same for the substochastic
case as we will show in Corollary 5.2.12 and Proposition 5.2.13.

As in the conservative case, we are also interested in characterising the honesty
of the quantum dynamical semigroups. Since Proposition 5.2.3 was derived from
characterisations of honesty in Theorem 3.2.2 and Proposition 3.2.3, it follows that
conditions (ii) to (vi) in Proposition 5.2.3 also characterise honesty of the minimal
semigroup (7'(¢)):>o. These conditions can also be used to show that other previously
known characterisations of conservativity (which were proven without using honesty
theory methods) also characterise honesty. For example, consider the following char-
acterisation of conservativity based on the map Y : £($)) — Sesquilinear Forms from
[24].

Proposition 5.2.5. [24, Proposition 3.53.1] Let (T(t))i>0 be the minimal quantum
dynamical semigroup identified in Proposition 5.1.7 with T satisfying Premise 5.1.6
with equality in (5.1). Then (T'(t))i>o is conservative if and only if ker(A —Y) = {0}
for some/all X > 0.

To prove a version of this for honesty, we need the following lemma which describes
the relationship between the eigenvalues of the map Y : £($)) — Sesquilinear Forms
and the operator @, A > 0 defined in (5.15).

Lemma 5.2.6. Fiz A > 0. Then for all x € L($)), we have Y(x) = Az if and only if
Qi(z) =z.
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We omit the proof of the lemma as it can be proven almost exactly as in [24,
Proposition 3.30]. This result combined with Proposition 5.2.3 (iii) then allows us to

deduce the analogue of Proposition 5.2.5 for the case of honesty.

Corollary 5.2.7. Let (T'(t)):>0 be the minimal quantum dynamical semigroup iden-
tified in Proposition 5.1.7 with T satisfying Premise 5.1.6. The semigroup (T (t))t>o0
is honest if and only if ker(A — Y) = {0} for some/all A > 0.

Lemma 5.2.6 also allows us to derive an alternative description of ker(A — T).
Since we have Q) = (BR(A, A))* (Lemma 5.1.21) and from Lemma 2.2.9 we know
that ker(I — (BR(\, A))*) = ker(A — (A + B)*), we have as a corollary:

Corollary 5.2.8. ker(A — Y) = ker(A — (A + B)*) for all A > 0.

Now let us look at the domains of generators of these minimal semigroups. We
will see that honesty theory allows us to give two different descriptions of the domain
of the generator of an honest semigroup, one in terms of cores (Proposition 5.2.9) and
the other, a description of the actual domain (Proposition 5.2.11). The description in
terms of cores given below is an extension of [24, Proposition 3.32] which states that

V is a core for G if and only if (T'(t));>0 is conservative.

Proposition 5.2.9. The minimal quantum dynamical semigroup (T(t))i>o is honest
if and only if any of the spaces V,, or m"(%(9)),n € N is a core for G, the generator
of the predual semigroup (S(t))i>o-

Proof. Theorem 2.2.4 tells us that (7'())s>o is honest if and only if G = A + B. Since
B is A-bounded, a subspace S C D(A) is a core for A + B if and only if S is a core
for A. Lemma 5.1.17 and Remark 5.1.18 tell us that for each n € N, V,, and 7" (%($)))
are cores for A and hence are cores for A+ B. Therefore (T'(t));>o is honest if and
only if any of the spaces V, or 7"(%(9)),n € N is a core for G. O

Next, we will give a precise description of the domain of the generator of an honest
semigroup. But first, we need some auxiliary information. Recall from (5.2) that Y (z)
is a sequilinear form on D(Y) x D(Y) for all z € L($)). So if T(x) is closed, we can

associate an operator W (z) with the form Y(x) in the sense of (1.4). Define

F = {x € L($) : there exists W (x) € L($) such that
T (z)[v,u] = (v, W(x)u) for all u,v € D(Y)}.

Lemma 5.2.10. F = D((A+ B)*) and W(z) = (A+ B)*x for all x € F.
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Proof. We begin by showing that W 2 (A+ B)*. Let x € D((A+ B)*), u,v € D(Y).
Then by Lemma 5.1.19,

(v, (A+ B)"w)u) = Tr(((A + B)"x)|u)(v]) = Tr(z((A + B)|u)(v])) = T(2)[v, ul.

Thus Y(z) is given by a bounded operator, namely (A + B)*x so x € F and W D
(A+ B)*.
Now let z € F and u,v € D(Y'). Then by Lemma 5.1.19,

Te(W(z)[u)(v]) = (v, W(z)u) = T(2)[v, u] = Tr(z((A + B)lu)(v]).

So there exists y = W(x) € L($)) such that Tr(z((A + B)|u)(v|)) = Tr(y|u){v|) for
all u,v € D(Y). Since by Lemma 5.1.17 we have that V is a core for A+ B, it follows
that Tr(z((A + B)p)) = Tr(yp) for all p € D(A + B). Therefore x € D((A + B)*)
and W(z) =y = (A+ B)'z. So W C (A+ B)*. O

Lemma 5.2.10 allows us to give the following precise description of the domain of

the generator when the semigroup is honest because by Theorem 2.2.4, the semigroup

is honest if and only if G = A+ B, i.e. if and only if G* = (A+ B)* = W.

Proposition 5.2.11. The minimal quantum dynamical semigroup (T'(t)):>o is honest
if and only if D(G*) = F and G*z = W (x) for all x € D(G*).

As a corollary, we have a characterisation of an honest quantum dynamical semi-
group in terms of the form Y (z). A similar result was proven for the case of conser-
vativity in [24, Proposition 3.33] and [27, Theorem 4.1] but with different proofs as
they did not apply honesty theory results.

Corollary 5.2.12. The minimal quantum dynamical semigroup (T'(t))i>o0 is honest
if and only if the domain of its generator G* is the space of all elements © € L($)
such that the form Y (x) on D(Y) x D(Y'), (v,u) — Y(x)[v,u| is norm continuous.

Proof. From Proposition 1.3.2 and Remark 1.3.3, the form Y(z) on D(Y) x D(Y)
is norm continuous if and only if there exists an operator W (x) € L($)) such that
T(x)[v,u] = (v, W(x)u) for all u,v € D(Y'). So the set of all elements = € L($)) such
that the form Y(x) is norm continuous is precisely F. The result now follows from
Proposition 5.2.11 . O

Lemma 5.2.10 also allows us to show that honesty characterises uniqueness of
semigroups satisfying (5.3). This result is an extension of [24, Corollary 3.23], which

tells us that a minimal quantum dynamical semigroup which is conservative is unique.
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Proposition 5.2.13. The minimal quantum dynamical semigroup (T'(t)):>o is honest
if and only if it is the unique contractive quantum dynamical semigroup on L($))

satisfying equation (5.3).

To prove Proposition 5.2.13 using honesty theory, we require a result describing
the relationship between the generators of quantum dynamical semigroups satisfying
(5.3) and the operators A, B in Kato’s Theorem.

Lemma 5.2.14. Suppose (T (t))i>0 is a contractive quantum dynamical semigroup
on L($) with generator G*. Then (T (t))i>0 satisfies (5.3) for all u,v € D(Y') if and
only if G* C (A+ B)*.

Proof. By Proposition 5.1.8, (T (t)):>o satisfies (5.3) if and only if its generator G*
satisfies (5.4). Since G*zx € L($) for all z € D(G*), it follows from Lemma 5.2.10
that (5.4) holds if and only if D(G*) C D((A+ B)*) and G*z = (A + B)*x for all
x € D(GY). O

Proof of Proposition 5.2.13. We begin by noting that if S,T are closed and densely
defined operators, then it follows from [2, Proposition B.10] that S C T if and only
if 7% C S*. Since generators of Cp-semigroups are closed and densely defined, and
(A+ B)* = A+ B, it follows that if G is a generator of a Cy-semigroup, then
G*C(A+B)*ifandonlyif A+ BCG .

Now recall that we denote the generator of (T'(t))¢>o by G* and suppose that there
is another quantum dynamical semigroup (7 (¢));>0 satisfying (5.3) with generator
denoted G*. Then by Lemma 5.2.14, both G*,G* C (A+ B)* and thus A+ B C G
and A+ B C G. So there exist at least two substochastic predual semigroups which
have generators that are extensions of A + B. By Theorem 2.3.4, this occurs if and
only if the minimal semigroup is dishonest. Therefore (7'(t)):>o is unique if and only
if it is honest. O

We will conclude this section by giving two examples of applications of honesty
theory to quantum dynamical semigroups. The first is an example for the stochastic
(conservative) case while the second is an example for the strictly substochastic case.
As the stochastic case has been quite thoroughly studied, we will simply present a
previously known example from [24] which we will consider again in Section 6.4. Since
quantum dynamical semigroups as defined by Fagnola in Definition 5.1.4 act on the
dual space of (the complexification of) an abstract state space, it is unsurprising that

quantum dynamical semigroups exhibit circumstances where it may be easier to apply
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the conditions for honesty involving the dual operator, (BR(A, A))* as we will see in
Example 5.2.15.

Example 5.2.15. [24, Example 3.4] Let $ be the Hilbert space (?(N) over C with
canonical orthonormal basis (e,),>0. Let (a(n)),>0 C C be a sequence such that
a(n) # 0 for all n > 0 and S be the left shift operator on $) defined by Se, = e, ;.
Consider the operator A in $) defined by

D(A) = {u = (up) € 9 : Z la(n)]? u|? < oo} : Au = Za(n)unen.

n>0 n>0

We will define Y and L; to be the operators with domain D(|A‘2) where ]A\2u _
>0 la(n)[? uye, and

Yu:=—= Z la(n)|* upe, Lyu:= SAu  for all u € D(|A]?)

and L; = 0 for [ > 2. Elementary calculations and the fact that S is an isometry
show that the operators Y and (L;);>1 satisfy Premise 5.1.6 with equality in (5.1). So
we let (T'(t))t>o denote the minimal quantum dynamical semigroup associated with
the operators Y and (L;);>1.

Fagnola then proves the following necessary and sufficient condition for the con-

servativity of (7(t))i>o0.

Proposition 5.2.16. (1'(t))>0 is conservative if and only if 3, -, Ok diverges.

(

To prove the proposition, he uses an inductive proof to show first that for all
kE>1,
k—1

a(n + 4)I*
<em,Q,\ )en) = (em, e,) HO Nt ot t I (5.16)

He then applies condition (ii) of Proposition 5.2.3 which by (5.16), is equivalent to
limy, oo Hf;é % = 0 for all n € Ny. This is then shown to be equivalent to

the divergence of > by elementary calculations. See [24] for a full proof.

n>0 |a(

We now give an application of honesty to a strictly substochastic semigroup. As
honesty theory for the strictly substochastic case has yet to be studied in the litera-
ture, we will modify an example from [23, Section 2] (which was used for the study
of conservativity) to form a strictly substochastic semigroup. Our modification will
be based on classical L! examples of stochastic and substochastic semigroups. In the

classical case, one modification which affects the stochasticity of semigroups is the
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addition of a potential or absorption term to the generator (see for instance, Exam-
ple 2.1.6 for the case of transport semigroups or the case of Laplacians on graphs in
Chapter 4). As we will see in Example 5.2.17, we will use a similar modification to

obtain a substochastic quantum dynamical semigroup.

Example 5.2.17. We begin by looking at the example from [23]. Let § := L*(R, C),
the space of complex-valued square-integrable functions on the real line and let the

operators Y, (L;);en be defined as:

(Yu)(z) = so(@)u"(z), DY)={uc$ : v u" €},

2
(Lu)(z) = Liu(x) = o(z)u'(x), D(L)={ueH : u € n},
where o(z) is a complex-valued function on R with |o| <1 (5.17)

(Liw)(xz) =0, [>2.

For simplicity, we will consider two cases, namely o(z) = 1 and o(x) = —ie'®. Note
that if o(x) = 1, then Y is simply the Laplacian on R. Thus it follows that (some
realisation of) Y is a self-adjoint operator which generates a substochastic semigroup
on $ and D(L) O D(Y). In fact, it can be shown, see [23], that these operators
satisfy Premise 5.1.6 with equality. More importantly,

Proposition 5.2.18. [23, Theorem 2.1, Remark 3.5/ The semigroup is honest if

o(z) =1 and dishonest if o(x) = —ie™ .

More generally, if o is a real-valued bounded smooth function in R with bounded
derivatives of all orders or if ¢ is multiplied by a complex phase independent of z,
then the minimal quantum dynamical semigroup constructed from Y and L above is
conservative (or honest) [23, Remark 3.5]. Such semigroups occur in the dilation and
quantum extension of classical diffusion processes on R.

We use a simple modification in order to obtain the strictly substochastic example.
First consider the Schrodinger operator, defined formally by Sk := %A — K for some
measurable function K. This operator is related to diffusion processes with absorption
and the Laplacian S = %A is simply a special case of the Schrodinger operator with
K = 0. Under some additional conditions, the Schrodinger operator is a self-adjoint
operator generating a substochastic semigroup in $ (see [45] for example). We will
consider the case when K is a strictly positive, bounded, real-valued function and
we will also let K denote the operator of multiplication with this function. We now
define

(Yru)(z) == %a(m)Qu"(:I;) — K(x)u(z), DYg)={ueh :u u" e€hH}



and leave (L;);en as defined in (5.17).

Once again, we consider the two cases above, namely o(z) = 1 and o(z) = —ie™.
Since K is multiplication with a strictly positive function, Yy and (L;);en satisfy (5.1)
with a strict inequality. Hence the minimal quantum dynamical semigroup associated
with Y, (L;)en is strictly substochastic.

From Section 5.1, we know that the formal operators

Agp=Ygp+pYg =Yp+pY" — (Kp+pK), pé€ D(A) and
Bp := LipLy, p€ D(B)

satisfy Kato’s Theorem. Since the operator K is bounded, so is the operator K :
T(H) = T(H), Kp := Kp+ pK. Hence we may apply our results relating potentials
and honesty from Section 2.4.1 to derive some results on the honesty of this semigroup.
In particular, combining Proposition 2.4.1 and Proposition 2.4.2 with Proposition
5.2.18, it follows that

Proposition 5.2.19. The minimal quantum dynamical semigroup associated with Yy
and L is honest for the case o(x) =1 and dishonest for the case o(x) = —ie™.

Therefore, if o(z) = 1 (or more generally, ¢ is a real-valued, bounded, smooth
function in R with bounded derivatives of all orders), then the minimal semigroup is
the unique semigroup satisfying (5.3) (Proposition 5.2.13). Moreover, by Corollary
5.2.12, in this case we have a precise description of the domain of the generator of
the minimal semigroup, namely D(G*) is given by all elements x € L£($) such that
the form Y(x) on D(Y) x D(Y), (v,u) — Y(z)[v,u] is norm continuous.
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Chapter 6

Transport Semigroups - Boundary
Perturbations

In this chapter, we will look at boundary perturbations in the context of the transport
semigroup. Although the theory of boundary perturbations differs greatly from the
theory of additive perturbations, we will see that there are results in the perturba-
tion theory of transport semigroups which closely resemble those of Kato’s Theorem.
Moreover, there is also a theory of honesty with respect to these perturbations which
mirrors that of Kato’s Theorem. We will begin by introducing the set-up of the
transport operator in Section 6.1 followed by the generation theorem for the trans-
port semigroup in Section 6.2. We will then consider the similarities between the
honesty theory of Kato’s Theorem and the corresponding results for the transport
semigroup in Section 6.3 and subsequently present a result which unifies both the-
ories. Finally, we look briefly at strong stability of both semigroups, which can be

thought of as the reverse of honesty.

6.1 The Transport Operator

We begin by considering once again the classical transport equation with no re-entry
boundary conditions from Example 2.1.6. In that example, we applied Kato’s The-
orem to show that there was an extension of the operator T'4+ K which generates a
substochastic Cy-semigroup. Moreover, we noted that the property of T' := Ty — h
generating a substochastic Cy-semigroup rested on yet another branch of additive
perturbation theory for Cy-semigroups. These applications of additive perturbation
theory indicate that the study of the transport equation begins by investigating gen-

eration theorems for the operator Ty and indeed, it is a more general version of this
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operator that we will study in this chapter. We also note that historically, the op-
erator T was the main interest in many studies in transport theory, see for example
[44, 12, 5, 6].

In this section, we will introduce the transport operator and its related notions. We
will consider the transport equation with general external fields and general boundary
conditions following the set-up of [5, 6]. We let R" be endowed with a positive Radon
measure g and {2 be a sufficiently smooth open subset of R™ with F a restriction to €2
of a time independent globally Lipschitz vector field F : R® — R™. The vector field
induces the outgoing and incoming parts of the boundary I',,I"_, and we define a
boundary operator H which will usually be a linear bounded operator acting between
the trace spaces L := L'(I'y,pus). More precise details will follow in this section
and the next.

The transport equation is given as:

%(X, )= —Fx) Vaf(x.1), x€Qt>0

with boundary conditions

flr_(v,t) = H(f|r.)(y,t), yeTl_,t>0

and initial condition

f(x,0) = fo(x).
Define the flow ® : R® x R — R" such that for (x,t) € R" x R, the mapping
R >t — ®(x,t) is the unique solution to the problem

dX
E@) = F(X(t)) for all t € R; X(0) =x € Q.
We assume that the measure p is invariant under the flow.
An example of this type of equation is the Vlasov equation, where {2 is the cylin-
drical domain Q = D x R?® C R® with D a sufficiently smooth open subset of R? and
the field F given by

F(x) = (v,F(r,v)) for any x = (r,v) € Q

where F is a time independent force field over D x R? [6, p.2]. Other examples include
applications to flows on networks where the measure p is then supported on graphs
[6, p.3].

As in Example 2.1.6, the transport equation allows us to define what we will

call, transport operators (see for example the paragraph after Proposition 6.1.1 and
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Definition 6.2.1). In this case, we are mainly interested in what is known as the
free streaming operator in X = L'(Q, u). Before giving the definition of this oper-
ator however, we first need some preliminary information. As we are interested in
boundary perturbations, the trace theory of the functions in X will be of particular
importance. The theory we present below was developed by Arlotti, Banasiak and
Lods in [5] as an extension of the trace theory developed by Cessenat in [14] for
functions in LP?(R"™, m), where m is the Lebesgue measure [6, p.3].

We are mainly interested in the times when the solution lies within 2 so we define

the stay times of the characteristic curves in ). For any x € (2, define
71(x) =inf{s > 0 : ®(x,+s) ¢ Q}

with the convention that inf () = co. This then allows us to define the outgoing and

incoming parts of the boundary 052,
I'y :={y € 00 : there exists x € Q with 74(x) < oo such that y = &(x, £74.(x))}.

We then extend the definition of 7. to I'y as follows: For y € I'y, let 74(y) = 0 and
7+(y) = 74 (x) + 7_(x) where x is such that y = ®(x, +74(x)). In other words, 7+ (y)
is the length of the characteristic curve having y as its outgoing (resp. incoming) end
point.

The characteristic curves are not assumed to be of finite length, so we define
QiI{XEQITi<X)<OO}, QiooI{XEQZTi(X):OO}

and
Iiw={yerly : 7(y) = o0}

It can be shown [5, Section 2] that there exist unique Borel measures pug on I'y
such that the integral of f € X over 2 can be calculated as the integral over all

characteristic curves, of the integrals of f over each characteristic curve.

Proposition 6.1.1. /5, Proposition 2.10] There exist unique Borel measures ji+ on
'y such that for any f € X,

TJF(Y)
[ 1) dn(x) - / diie(y) / F(Dly, Fs)) ds

and

/szim%o J ) dulx) = /F - dpi(y) /O ) f(@(y, Fs))ds.
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We will often use the space of functions defined on I'y, LY := LT, puy).

We can now define the maximal transport operator, 7;; as the negative of the
weak derivative along the characteristic curves. More precisely, let & be the set of
all measurable functions ¢ with compact support in €2 such that for any x € €, the
mapping

(=7 (%), 74(x)) 3 5 = ©(D(x,9))
is continuously differentiable and the map Q 3 x — L(®(x, s)) is bounded. The

domain of 7y is then defined as all f € X for which there exists a function g € X
such that

/Q 9(x)p(x) dps(x) = / F6) (@0, )odulx)  Torall g € &

Then
TMf =4.

Note that 7y is closed as the test functions are compactly supported.

A fundamental property of Ty, is that every f € D(Ty) admits an absolutely con-
tinuous representation along characteristic curves [5, Theorem 3.1]. More precisely,
for any f € D(Ty), there exists a representative f# of f such that for p-a.e. x € Q
and any —7_(x) < t; <ty < 7(x),

P @0 t) ~ @) = | T fl (@0, ) d.

An important consequence of this result is that it allows us to define the trace

operators

BT f(y) := li%1+ f#(®(y, —s)), where the limit exists for a.e. y € T'y,
5

B f(y) = h%l+ f#(®(y,s)), where the limit exists for a.e. y € T'_.
S—r

Although the traces of functions in D(73,) do not necessarily belong to LL, they

do belong to an L'-space with a different measure. Define the measures ¢4 as

dé+(y) == min{7x(y), I}dusr(y) y €Tl

Proposition 6.1.2. [6, Theorem 3.1] For any f € D(Tx), the trace BXf belongs to
Yi = Ll(Fi,gi) with
18470, < I7llx + 1 Toa -
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Now that we have defined the transport operator and its related notions, let us look
at how the transport operator is related to substochastic semigroups. In particular,
we will look at solutions to simple boundary value problems involving the transport
operator in this section before moving on to consider boundary perturbations in the
form of a boundary operator in the next.

Let us begin by looking at the simplest unperturbed case. Like the operator A in
the case of additive perturbations, we have a similar base operator in boundary per-
turbations, namely, the free streaming operator with no re-entry boundary condition,
To defined by:

Tof = Taf, for all f € D(Tg) where D(T) = {f € D(Tn) : B~ f = 0}.

It is shown in [3, Theorem 4.1] that 7 is the generator of a substochastic Cp-semigroup
(Uo())>0 in X where

Uo(t)f(x) = f(R(x, =) Xqtro} (%), x€Q, feX. (6.1)

Alternatively, we may think of 7, in the following manner: For any g € X and A > 0,
the boundary value problem (BVP)

A=Tu)f =9, B f=0 (6.2)

has a unique solution f = R(A, 7Ty)g.
We can also find solutions to BVPs with more general boundary conditions. For

example, consider the BVP
A=Tu)f =9, B f=u (6.3)
Then we have the following existence theorem:

Theorem 6.1.3. [5, Theorem 4.2] Given A >0, u € L* and g € X, the function

7 (x)
f(x) = / g(®(x, —s))e ™ ds + u(P(x, —7_(x)))e - (X)X{T_ x)<oc}(X), X €Q
0
is the unique solution to boundary value problem (6.3). Moreover, BT f € L}r and

[B* £l + Ml < lulle +lgll (6.4)

with equality if g > 0 and u > 0.

114



From this theorem, it follows that
W:={feD(Tu): B fel}{feD(Tu): BtfelL}
It turns out that we actually have equality [6, Proposition 3.2], i.e.
W:={feD(Tu): B fel}={feD(Ty): B fe L.} (6.5)
Theorem 6.1.3 and (6.5) then induce a particularly important corollary, namely

Corollary 6.1.4 (Green’s Formula). [6, Corollary 4.2] Let f € 25. Then

/QTMfdu:/_B‘fdu—/F+B+fdu.

It turns out that Theorem 6.1.3 may in fact be extended to u € Y_,

Theorem 6.1.5. [6, Theorem 3.2] Given A >0, u € Y_ and g € X, the function

(%)
f(x) = / g(®(x, —s))e ™ ds + u(P(x, —7_(x)))e "~ (X)X{L x)<oc}(X), X €Q
0
is the unique solution to the boundary value problem (6.3).

In order to simplify notation and represent the solutions to BVP (6.3) in an

abstract form, we now introduce a set of operators. For any A > 0 and v € Y_, define

B Y= X, Ea(x) = w(®(x, —7(x))e X e (%), x €D,
My:Y_ =Yy, [My(y) = B Eu(y)

=u(@(y, - (¥))e " Py} (y), Y ETS,
Cr: X =X, [C\f](x) =R\ To)f(x)

T—(x)
- / f(@(x,=s))e™™ds, x€Q,
0
Gh: X = L, [G\flly) = BTCf(y)

T—(y)
- / H@(y.—s))e > ds.  yeT..
0

First, note that by Theorem 6.1.5 with g = 0, it follows that =, is a lifting operator
which, to a given u € Y_, associates a function f := =Zyu € D(Ty) so that B~ f = u.

More precisely, we have for u € Y_,

(A= Tu)ZE\u =0, B Eyu=u, BTEyu= Mu. (6.6)
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Useful relations involving C'\ and G, on the other hand include
A =Tu)C\f = f, B C\f=0, B"Cy,f=G\f where f € X. (6.7)

It can be shown that the operators are bounded on their respective domains |6,
pp.13-14]. Of particular interest to us is the bound on the operator M,. Since =y
maps Y_ into D(7)), by Proposition 6.1.2, we see that M, maps Y_ into Y,. We
actually know more, namely given u € Y_, Myu € L. if and only if u € L [6, Lemma
3.1]. It turns out that both

||MA||5(Y,,Y+) <l and ||MA||£(L£,L}r) <L (6.8)

To see this, consider M), : Y_ — Y. Note thatify € 'y, thenz = ®(y, —7_(y)) € I'_
with 7, (z) = 7_(y). Therefore for u € Y,

Il = [ty = )] ming (). 1} )
= [t mingr ()1} d ()
< [ 1) d¢-a) =l

A similar argument shows that [[My[[ 1 <L
Finally, observe that using these operators, we can restate the unique solution to
(6.3) in Theorem 6.1.5 as

Theorem 6.1.3 shows that for any u € L', we can find f € D(T,,) such that its
trace on I'_ is precisely u. A natural question to ask is whether a similar result holds
for u € L! too. The answer to this question is in the affirmative as given in the
proposition below but with the additional requirement that the constructed function,
f, has trace 0 on I'_.

Proposition 6.1.6. [6, Proposition 2.3] Given h € L}, we can find f € D(Tu) such
that B~ f =0 and BT f = h. In particular, for x € §)

B, 74 (3)) ZRET T if (%) + 7 (x) < 00
f(x) = ¢ h(D(x, 74 (x)))e ™+ if T_(x) = 00 and 74 (x) < 0o
0 if T4 (x) = o0.
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The construction in Proposition 6.1.6 tells us that we can find a g € X such that
f is the solution to the BVP

AN=Tu)f =g, BT f =h, for a given h € L.

More precisely, given any u € L}, we can find f € D(Ty) such that B~ f = 0 and
BT f = u. This is equivalent to saying that f € D(7,) i.e. for any u € L%, there
exists g € X such that (A —7y)f =g and u = BT f = B*Cy\g = G,g. Thus we have

as a corollary:
Corollary 6.1.7. The operator G, : X — LY is surjective for all A > 0.

Finally, we need a result which describes when a given pair of functions ¢4 € Y,

are the traces of a function f € D(Ty).

Proposition 6.1.8. [6, Proposition 3.1] Let 1y € Yy. There exists f € D(Tyr) such
that B f = ¢y if and only if Y — Myyp_ € LY for some/all X > 0. In particular, if
e — Myip_ = Gyg for some g € X, then there exists f € D(Tyr) such that B¥f = 1.
and (A —"Tu)f =g.

Proof. Suppose there exists f € D(Tys) such that BXf = .. Set g = f — Ext)_.
Then by (6.6), we have g € D(Ty) with (A — Ty)g = (A — Ta)f and B g =
B f— B Z\t_ = 1¢_ —1_ = 0. Moreover, we have Btg = ¢, — My _. Since
B~g e L', it follows from (6.5) that Btg =4, — Myy_ € LL.

Conversely, let 1. — Myy_ € L}. Since G, is surjective (Corollary 6.1.7), there
exists g € X such that ¢, — My\1p_ = G,g. Define f = C\g+Z\¢p_. Then f € D(Ty)
with (A —Ta)f = (A= Tu)Crhg + (A — Tar)=xy— = g by (6.6) and (6.7). Moreover,
BYf=B"Chg+ B E\xy_ = Grg+ My =, — My + Myp_ =y and B™f =
B=C\g+ B Zx¢— =1_ by (6.6) and (6.7). O

We now define € as the space of elements (¢y,1_) € Y, x Y_ such that ¢, —
Myyp_ € LI for some/all A > 0. Equivalently, € is just the space of elements
(Yy,_) € Yy x Y_ such that there exists f € D(7y) such that ¢, are its traces.
For fixed A > 0, we equip € with the norm

14, o )lle = 9 lly, + lo-lly_ + e = Magp| 1 -

This norm makes it a Banach space [6, p.15]. In the next corollary, which follows
mostly from Proposition 6.1.8 and its proof (see also [6, Corollary 3.1]), D(Tx) is

endowed with the graph norm.
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Corollary 6.1.9. The trace mapping B : D(Ty) — €, f— (BT f, B~ f) is continu-

ous, surjective and has right inverse given by

B~ ¢y, v_) = Chg + Exto_

where g satisfies ¥, — Myp_ = Gyg.

6.2 Boundary Perturbations and Transport Semi-
groups

In the previous section, we considered solutions to boundary value problems involv-
ing the transport operator with fixed, boundary conditions (incoming and outgoing)
which were independent of each other. In this section, we will look at existence re-
sults for boundary value problems where the boundary conditions are interdependent.
The dependence is given in terms of a boundary operator H and the solutions will
be stated in terms of generation theorems for Cy-semigroups. In particular, we will
consider H as a boundary perturbation and present some generation results with re-
spect to this boundary perturbation, much as we did in the previous chapters for the
additive perturbation operator B. As we mentioned at the beginning of this chap-
ter, we will see that there is a generation theorem for transport semigroups which
shares many similarities with Kato’s Theorem. In this section, we will study this
perturbation theorem and its similarities to Kato’s Theorem. Although the results in
this section are not new, the presentation of the results is novel as we will prove the
theorem in a manner which mirrors the proof of Kato’s Theorem.

We consider a (possibly unbounded) linear operator H from Y, to Y_ with domain
D(H) and assume that Graph(H) C €.

Definition 6.2.1. The transport operator with boundary operator H, Ty is defined
as Tuf = Tuf for any f € D(Ty) where

D(Ti) = {f € D(Tu) : Bf = (B*f, B~f) € Graph(H)}
={feD(Tu) : B f= HB*f}.

Note that by Corollary 6.1.9, for any h € D(H), there is an f € D(Ty) such that
BT f = h, so the operator is well-defined. The perturbation theorem we are most

interested in holds for the case when H : L1 — L.

118



Theorem 6.2.2. Let H € L(L}, L') be a positive operator with ||H|| < 1. Then there
exists an extension G of Ty that generates a substochastic Cy-semigroup, (Vi (t))i>o

i X. Moreover, its resolvent is given by

RO\G)f =Caf+ Y E\H(MH)"Gzf  forall f € X, A > 0. (6.10)
n=0
(Vi (t))i>0 is the minimal substochastic Cy-semigroup whose generator is an extension
of Ty in the following sense: if (f/(t))tzo is another substochastic Cy-semigroup whose
generator is an extension of Ty, then Vy(t) < V(t) for all t > 0.

We will prove this theorem by considering the case for ||H|| < 1 first and then
taking the limit of semigroups (Ug, (t))i>0 as 7 — 1. We give the proof in this section
as it will better demonstrate the complexities of considering boundary perturbations
and the differences with respect to additive perturbations in Kato’s Theorem.

This theorem has been presented in various forms in different contexts. One of the
earliest forms of this theorem was for the case of the free streaming operator in the
classical linear transport equation [44]. In this case, Ty f := —v - Vi f(s,v,t) where
x = (s,v) (see Example 2.1.6). Voigt applies an iteration technique and the Banach
Fixed-Point Theorem to prove that 7Ty generates a substochastic Cy-semigroup for
|H|| <1 [44, Theorem 4.3]. He then gives sufficient conditions for the existence of an
extension G of Ty that generates a substochastic Cp-semigroup in the case ||H|| = 1
[44, Lemma 4.6]. However, in both cases, he does not give the series representation
of the resolvent as in (6.10).

Another early form of the theorem which is worth noting was given by Beals and
Protopopescu in [12, Theorems 9-13]. In their paper, they give sufficient conditions
for the existence and uniqueness of solutions for a nonautonomous, inhomogeneous
transport equation before presenting some generation theorems for the transport
semigroup as the solutions to the autonomous, homogeneous case. Moreover, the
results are presented in greater generality in that they do not assume the positivity
or norm-boundedness of the operator H. Finally, it should be noted that Beals and
Protopopescu consider functions in all LP-spaces, 1 < p < oo, although they note
that better results can be obtained in the L' case.

Arlotti and Banasiak present this theorem for a variant of the Vlasov equation in
[9, Chapter 10]. In particular, they consider the case when F(x) = (v,F(r,v)) for
any x = (r,v) € € and the streaming operator Ty — v, where T is the free streaming
operator as described in Section 6.1 and v is a multiplication operator with some
suitable function (cf. To — h in Example 2.1.6).
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The theorem and its proof which we present here will be a modification of that
in [6]. The proof mirrors that of additive perturbations in that we prove the case for
|H|| < 1 first (Corollary 6.2.5) before obtaining the semigroup (V'(t)):>0 generated
by an extension of Ty for the case ||H|| = 1 by a limiting procedure. However, the
proof for the case when ||H|| < 1 requires a bit more work than in the analogous
case for Kato’s Theorem in abstract state spaces where we may apply a general
perturbation result such as the Miyadera Perturbation Theorem. In this case, we will
revert to the classical Lumer-Phillips Theorem in order to prove our result for ||H|| <
1. It should be noted that one of the differences between additive perturbations
and boundary perturbations is that the domains of the operators 7,5 with different
boundary operators rH, 0 < r < 1, cannot be compared as the order of the operators
(rH <7r'H for r <7', H > 0) does not translate to any order on the domains of the
related transport operators.

The first step in our proof is the following lemma which describes the relation
between the image of I — M, H and the image of A — Ty (cf. Lemma 2.2.9 for the

corresponding version for Kato’s Theorem).

Lemma 6.2.3. [6, Lemma 4.2] For all A\ > 0, (I — M\H)D(H) = L% if and only if
(A=Tu)D(Tu) = X.

Proof. Suppose (I — M \H)D(H) = L} and let g € X. We need to show that the

boundary value problem
A=Tu)f =g, B f=HB"f (6.11)

has a solution f € D(Ty). Since Ghg € L}, by assumption, there exists ¢ € D(H)
such that ¢ — My Hvy = G,g. By Proposition 6.1.8, there exists f € D(Tys) such that
Btf =4, B"f=H¢ =HB"f and (A — Ty)f = ¢g. Therefore we have shown that
f is the required solution to BVP (6.11). Since g € X was arbitrary, it follows that
(A —=Tu)D(Tu) = X.

Conversely, suppose (A — Tg)D(Ty) = X and let ¢ € L. Since G, is surjective
(Corollary 6.1.7), there exists g € X such that ¢» = G,g. By assumption, for such
g there exists f € D(Ty) which is a solution to BVP (6.11). Moreover, by (6.9),
f=Cyg+Z\B f=Cyg+Z\HB"f. Hence B*f = BTC,g + B'TE\HB"[f =
Grg+ M\HB*Yf =4y + MyHB* f. Therefore, ¢» = (I — M\H)(B" f). Since ¢ € L}
was arbitrary and B f € D(H), we can conclude that (I — M \H)D(H) =L}. O

Applying this lemma, we can prove a generation result for transport operators

with contractive boundary operators under an extra assumption.
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Proposition 6.2.4. Let H € L(LY,LY) with |H| < 1 and suppose that I — MyH
18 1nvertible on L}r with a continuous inverse. Then Ty generates a Cy-semigroup of

contractions in X. Moreover, its resolvent is given by
RN Tu)f = Oxf + ExH(I — M\H) ‘G, f, fex, a>o. (6.12)

Proof. Let f € D(Ty) and g = (A — Ty)f. Then f is the solution of the boundary
value problem (6.11). Hence from (6.4), we have

[BTfll + Ml < [[HBTF][ 0 + gl
e MIflx =IO =Ta) fllx < [|HBYf|| 0 — HB*fHLl <

Therefore, Ty is a dissipative operator.

Next, recall that Myu € L% if and only if v € L'. Hence, our assumption
that I — M, H is invertible with continuous inverse and H € L£(L!, L) implies that
(I — M\H)D(H) = L%. Thus it follows from Lemma 6.2.3 that (A — Tg)D(Ty) =
X. Therefore by the Lumer-Phillips Theorem (Theorem 1.2.3), Ty generates a Cp-
semigroup of contractions on X.

To show that (6.12) holds, recall from (6.9) that the unique solution to BVP (6.11)
is given by f = C\g + E,B f = C\g + ExHB"f. Then B*f = G,g + M\HB™* f,
ie. BYf = (I — M\H) 'G,g. Substituting this into f = Cyg + ExHB™ f, we get
equation (6.12). O

Corollary 6.2.5. Let H € L(L},L') with |H|| < 1. Then Ty generates a Co-

semigroup of contractions in X. Moreover, its resolvent is given by

RO\ Tu)f = Cof + > _SE\H(MH)"Gyf  fe€X,A>0. (6.13)

n=0

Proof. Since ||H|| < 1 and HMAHL(LI_,L1+) <1 (see (6.8)), we have || M\H| < 1 for all
A > 0. From the Neumann series, it follows that I — M, H is invertible with inverse

(I —MH)' =3 (MyH)". The result now follows from Proposition 6.2.4. O

Note that if additionally H is positive, it follows from the series representation
(6.13) that R(\, Tg) is positive. Thus, the generated semigroup is substochastic in
this case.

There is a generalisation of Proposition 6.2.4 to operators H : D(H) C Y, — Y_
with [HY[| 1 < [[¢]ly for all o € D(H) N L% (Theorem 6.2.6). The norm bound

on the restriction of H ensures the dissipativity of Ty while the other conditions in
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the theorem ensure that I — M, H is invertible with continuous inverse. Moreover,
it turns out that these conditions are not only sufficient but also necessary. In this

theorem, we equip D(H) with the norm

1l py = 191y, + [1HS [y + 11 = MaH)P |

under which it is a Banach space. Note that ||-|| ) is equivalent to || I under the
conditions of Proposition 6.2.4. The authors in [6] prove Theorem 6.2.6 first before

deducing Proposition 6.2.4 as a corollary.

Theorem 6.2.6. [6, Theorem 4.1] Let H : D(H) C Y, — Y_ satisfy
(i) the graph of H is a closed subspace of &,
(i) (I — M\H)D(H) is a dense subspace of LY,

(i1i) there is a constant C > 0 such that

(I = MyH) Pl 0 > CUI9lly, + [[HPNly)  for ally € D(H),

(i) D(H) N LY is dense in D(H) under the norm [ ey
(v) the restriction of H to L. is a contraction i.e.

1HY | < NWll  for all € D(H)N L.

Then Ty generates a Cy-semigroup of contractions in X. Conversely, if Ty generates
a Cy-semigroup of contractions and D(Ty) N2W is dense in D(Ty) endowed with the

graph norm, then H satisfies conditions (i)—(v) above.

Now we are ready to prove Theorem 6.2.2.

Proof of Theorem 6.2.2. From Corollary 6.2.5, it follows that for H, :=rH, r € [0,1),
the transport operator 7g, generates a positive contraction semigroup denoted by
(Un, (t))i>0. It is easy to see from the series representation of the resolvents (6.13),
that for 0 < r < 7’ < 1, we have that R(\, H,) < R(\, H,) for A > 0. By the
Post-Widder Inversion Formula (Proposition 1.2.8), it follows that Ug, (t) < Uy, (?)
for all ¢ > 0. Moreover, ||Ug, (t)|| < 1 for all » € [0,1), ¢ > 0. Hence for f € X,
(U.(t)f) is a bounded, monotonically increasing sequence as r ,* 1, so it converges.

From the fact that X has generating cone, we can conclude that the limit
VH(t) = S—limr_>1 UHT (t)
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exists for all ¢ > 0. The proof that (Vi (t)):>o is a substochastic Cy-semigroup follows
from the fact that (Vg (¢)):>o is the strong limit of substochastic Cy-semigroups. The
series representation (6.10) of the resolvent follows by considering the monotone limits
of R(\, Tu,) (see the proof of [6, Lemma 6.1] for example). The proof that (Vi (t))i>0
is a substochastic Cy-semigroup and the proof of the series representation of the
resolvent are in fact very similar to the proofs for Kato’s Theorem for abstract state
spaces (see the proof of [3, Theorem 2.1]). The main difference between the proof of
this theorem and Kato’s Theorem is in showing that G is an extension of 7.

Let f € D(Tg). Then f is a solution to BVP (6.11). Since HBT f € L', by (6.9),

f can be written in the form
[=C\g+E\HB". (6.14)

Now define f, = C\g+ > p_y ExH(M\H)*G,g. From the series representation (6.10)
for the resolvent of G, we know that f, converges to R(\,G)g in X as n — oo. To
complete the proof, we will show that f,, converges to f in X as n — oo.

Note first that f — f, = ExH (BTf — Y p_o(MyH)*G\g). From (6.14), it follows
that BT f = Gyg+ M\HB™" f,i.e. (I — M\H)B™ f = G,g. Substituting this into the
series Y 1 _(MyH)*G,g, we have

> (My\H)*Grg => (M\H)"(I - M\H)B"f = B*f — (M\H)""'B" f.

k=0 k=0
Hence f — f, = ZyH(M,\H)""' BT f. Furthermore, note that by (6.10), the series
S neo ExH(M\H)*Gyg converges in X for all g € X. Since G, is surjective (Corol-
lary 6.1.7), this means that Y .- (MyH)"u is convergent in X for any u € L.
Since BYf € L%, it follows that > .2 E\H(M\H)*B"f converges in X and so
E\H(MyH)""' Bt f — 0 as n — oo. Therefore, f, — f and so D(Tx) C D(G).

To complete the proof, we show that Gf = Ty f = Ty f for all f € D(Ty). To do
so, it suffices to show that 7, is an extension of G. Let f = R(X,G)g and f, be as
constructed above. Note that f, € D(Ty) for all n € Ny and Ty, f, = Af,, — ¢ since
A =Ta) fo = (A= Ta)Crg + 2o oA = Tar)ExH (MyH)*Grg = g by (6.6) and (6.7).
Hence, Tarfn — Af — g as n — oo. Substituting g = (A — G)f, we have Ty f, = G f
as n — o0o. Since Ty is closed in X, this shows that Gf = Ty f.

The proof of the final statement about the minimality of the semigroup (Vi (t))t>0
uses similar ideas as the case of additive perturbations, hence we omit it here. How-
ever, the proof is more technical and requires a more precise description of the gen-
erator G (Proposition 6.2.8). For full details of the proof, see [8, Theorem 3.1].  [J
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As mentioned above, we can give a precise description of the perturbed generator
G in Theorem 6.2.2. It turns out that G is also a transport operator 7T with the
boundary operator H an extension of H. We will not give the full proof here but
merely outline the steps required. The full details can be found in [6, Section 6]. The
first step in proving this result is showing that G acts like T3y on D(G) as we did in

the proof of Theorem 6.2.2. We can in fact, show more:

Lemma 6.2.7. [6, Lemma 6.1] For any A > 0 and f € X, the series (6.10) converges

in D(Ty) endowed with the graph norm. Moreover, Ty is an extension of G.

Next, observe that for f, := C\g + > r_ ExH(M\H)*G,g, g € X, we have by
(6.6) that

n n+1
BYf,=BChg+ Y BYE\H(M\H)"Grg = (M\H)"G,g
k=0 k=0

and

B f,=B Chg+ Y B E\H(M\H)"G\g=>_ H(M\H)"G,g.
k=0 k=0

Moreover, from the proof of Theorem 6.2.2 and the above lemma, we have that
fo— f = R(\G)g and Ty f, — Tarf in X. Hence a natural deduction would be
that G = Ty with H : D(H) C Y, — Y_ defined as:

k=0

D(H) = {w €Y, : there exists u € L. such that ¢ = ¢, = Z(MlH)ku}

and

Mo => H(MH)*u  for all ) € D(H).
k=0

It turns out that this definition is well-defined [6, Lemma 6.1]. Moreover, H satisfies

the following properties.

Proposition 6.2.8. [6, Proposition 6.1] Let H be as in Theorem 6.2.2 and H as
defined above. Then H is an extension of H i.e. L C D(H) and Hy = Hy for all
¢ € LY. Moreover, Graph(H) C € and Hi € L if and only if ¢ € L.

Now we can provide a description of G.

Theorem 6.2.9. [6, Theorem 6.3] Let H and G be as in Theorem 6.2.2. Then,
G = Ty where Ty is the transport operator with boundary operator H defined as

above.

124



That D(G) C D(Ty) follows from the remarks after Lemma 6.2.7. The reverse
inclusion can be proven in a similar way as the proof that G is an extension of Ty in
Theorem 6.2.2. See [6, Theorem 6.3] for full details.

Remark 6.2.10. Choosing A = 1 in the definition of H is not essential. In fact, it can
be shown [6, Corollary 6.2] that ¢ € D(H) if and only if for any A > 0, there exists
u € LY such that ¢ = Y 72 (MyH)"u where the series converges in Y;. In such a
case, we have Hy = > 2 H(M\H)*u.

Finally, we note that for the free streaming operator in the classical transport
equation, there is an alternative characterisation of G in [7, Theorem 3.6] which
utilises extensions of the operators H, B*, My, and Z, in more general (non-Banach)

vector spaces of functions.

6.3 Honesty Theory of Kato’s Theorem and Trans-
port Theory

In the previous section, we saw that the generation theorem for the transport semi-
group with positive contractive boundary operator (Theorem 6.2.2) shares many sim-
ilarities with Kato’s Theorem. In particular, let us note that the generator of the
transport semigroup is an extension of the operator 7z while in Kato’s Theorem, the
generator of the perturbed semigroup, G, is an extension of the operator A + B. In
the study of Kato’s Theorem, the characterisation of when G = A + B turns out to be
important and is in fact, the basis for the study of honesty theory of Kato’s Theorem.
In this section, we will see that there is a corresponding theory for Theorem 6.2.2. In
this case, the phenomenon of dishonesty is usually used to describe transport systems
with conservative boundary conditions, i.e. ||Hul, = [lu| L for all uw € L%, which
experience mass loss. In fact, it is this characterisation of mass loss that has been
most often studied for the transport semigroup while the term “honesty” as well as
the links with the honesty theory of Kato’s Theorem has rarely been emphasized.
Thus in this section, we will present the honesty theory of the transport semigroup
in a form which mirrors that of Kato’s Theorem to better showcase the similarities
between the two theories. We will only consider the case where || H|| = 1 since for the
case ||H|| < 1, we know that the generator G = Ty (Corollary 6.2.5) and the system
is thus always honest.

Recall from Section 2.2.1 that we introduced the functional approach to honesty

theory in abstract state spaces where we defined the functionals ay : D(G) — R,

125



ap(x) = —(¥,Gz) and a : D(G) — R, a(R(\, G)z) = lim,,; a(R(\, G, )z),z € X.
Moreover, we saw that the functional (Ay, z) = ao(R(\, G)z) — a(R(\,G)x),z € X
played an important role in charaterising honesty. We will begin our study of honesty
for the transport semigroup by defining the analogous functionals for the transport

semigroup. Firstly, the analogue of ag is given by

co: D(G) = R, co(f):—/ﬂgfdu.

As the focus in this section is on boundary perturbations, it is sometimes more useful
to state the functional in terms of the trace operators. To do so, note that from the
proof of Theorem 6.2.2 we have that the resolvents R(\,G) := s-lim, 1 R(\, Ty,) for
all A > 0. Combining this with Green’s Formula, it follows that for f € X, A > 0,

co(RG)F) = lim (|| B* RO T ) f |y = [rHBYROLTa) )1 ) -

To motivate the definition of the second functional, we consider the formal expression

lgle Ml = 1H (gl )l for g € D(G)- (6.15)

Note that (6.15) does not make sense in general because g|r, may not be in L} even
for g € D(Ty). However, if g € D(Ty) and H is isometric, then the expression (6.15)
is equal to 0. So an honest semigroup would potentially minimize the difference in
(6.15). Thus our second functional ¢ is essentially (6.15) in a form which makes sense.
Now fix A > 0. Since all ¢ € D(G) can be written as R(\,G)f for some f € X, and
(6.10) holds, it follows that a reasonable form of (6.15) might be

lim
m—0o0

B-‘r (CAf + Z E)\H(MAH)nG)\f>

n=0

1
Ly

HB* ((JAf +y EAH(MAH)nGAf>

n=0

— lim
m—00

Lt

To ensure that the limit exists, we take f € X,. Then by the positivity of the oper-
ators =y, M), G, and H we have that the partial sums are monotonically increasing

and bounded from above, hence convergent. Thus we define the second functional as

(RN G)f) = lim | |IY (MyH)"Gf —HHZ(%H)”GJ for f € X,.
n=0 Lt n=0 Lt
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The functional extends to all f € X by linearity since X has generating cone. As in
the additive case, it can be shown [6, Theorem 6.4], [34, Theorem 8] that there exists

a non-negative functional 8, in X such that
(Br, GAf) = co(R(N, G) f) — e(R(N\,G) f) for all f € X.

Moreover, it can be shown that (8, h) = lim,, . ||(M,\H)m+1h||Li for all h € L}
[34, Proof of Theorem 8| and [ is the maximal positive element ¢» € L>®(T"y, du. ),
such that ¢» <1 a.e. and (M,H)*1) =1 [34, Lemma 15].

Using these functionals, one can define honesty mirroring Definition 2.2.1:
Definition 6.3.1. Let H and (Vy(t))i>0 be as in Theorem 6.2.2. The trajectory
(Vi (t)u)i>0, u € X is said to be honest if and only if

Vi (t)u|| — ||ul| = —¢ (/0 Vi (s)u ds) for all t > 0. (6.16)

The Cy-semigroup (Vi (t))io is said to be honest if all trajectories are honest. Oth-

erwise, the trajectory (resp. semigroup) is said to be dishonest.

Moreover, we can obtain virtually the same theorem as Theorem 2.2.4 for honesty
of the transport semigroup but with G replaced by G, A + B replaced by Ty and
BR(\, A) replaced by M, H.

Theorem 6.3.2. Suppose H and Ty satisfy Theorem 6.2.2 with ||H|| = 1 and let
A > 0. The following are equivalent:

(i) The semigroup (Vg (t))i>o is honest.
(ii) limy, oo ||(MyH)™)|| =0 for all 0 < € L.
(iii) By = 0.
(iv) G = Ty.
(v) The set {(MyH)"}nen is relatively weakly compact for all 0 < € L.

For a proof, see [34, Sections 3 and 4], [6, Proposition 6.2, Theorem 6.5]. Finally,
we note that there are also analogous characterisations of honesty for the transport
semigroup using series representations [8, Section 4] and also a spectral characterisa-
tion [6, Theorem 6.6] (cf. Section 2.2).

We have just seen that the results in honesty theory for boundary perturbations

in transport theory can be obtained from those of Kato’s Theorem in abstract state

127



spaces by simply replacing the operator BR(A, A) with the operator MyH. Although
the results can be proven using analogous methods, more often than not, the proofs
cannot be transfered verbatim from additive perturbations to transport theory be-
cause of the role of the boundary operator in transport theory. Hence, a natural
question to ask is whether one can find a general theory which would cover both
cases. In what follows, we will give one general result from which results of both
cases can be derived. This result is a minor generalisation of [42, Proposition 2.1] to

abstract state spaces and substochastic operators.

Proposition 6.3.3. Let X be an abstract state space and T be a substochastic oper-

ator on X. The following are equivalent:
(i) T is mean ergodic and ker(I —T) = {0}.
(i1) T is strongly stable, i.e. lim,, o |[|T"x|| =0 for all z € X.
(11i) ker(I —T%) = {0}.
(iv) ker(I —T*) N X3 = {0}.
(v) w-lim,_. T*"¥ = 0.
(vi) W -limy,_oo T*"f = 0 for all f € X7,
(vii) If f € X and T*f > f, then f = 0.
(viii) w-lim, oo T"x =0 for all z € X.

(iz) For each v € X, {T"x}>2, is relatively weakly compact with 0 as a weak cluster

point.

Proof. We begin by noting that (i) < (iii) follows directly from the Mean Ergodic
Theorem (Theorem 1.4.1 (ii)) since T' is a power bounded operator. Next, we note
that (ii) is equivalent to lim, . ||[7"z|| = 0 for all z € X, since X, has generating

positive cone. Hence (ii) follows from (i) since for x € X, n € N,

1 n—1 1 n—1
IS | = D57 ] = e
k=0 k=0

by the additivity of the norm of X and the contractivity of T on the positive cone.
To show (ii) = (iii), suppose 0 # f € ker(I —T*). Then there exists € X such that
0 < |(f,z)|. Since T*f = f, we have

0 <|[(fyo)| = [T f, )| = [(F, T )| < FIHIT™ ]| = 0,

a contradiction. Therefore, f = 0.
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Now (ii) = (viii) = (ix) is clear. We prove (ix) = (ii). Fix z € X,;. From (ix),
we have a subsequence (7™ x); which converges weakly to 0. In particular, we have
(U, T™x) = ||T™ x| — 0. Since (||T"x]|), is always convergent (as 7T is a contraction
on X;), we must have lim, . [|[7"z|| = 0. Therefore lim, , ||7"z| = 0 for all
x € X and so (ii) holds.

Next we show that (iv)—(vii) are equivalent. To show (iv) = (v), note first that
since T is substochastic, we have for all x € X, (U, T z) < (¥, T"z) < (U, z).
Hence we have 0 < (7", z) < (T*"W,z) < (¥, z). So ((T*"V, z)), is a positive,
bounded, monotonically decreasing sequence in R, hence it converges. By linearity,
this holds for all x € X, so it follows that T*"W converges in the weak* topology to
some element h € X7 . Since T*h = h, it follows from (iv) that h = 0. For (v) =
(vi), let f € X7 and v € Xy. Then (f,z) < |/ f|||lz|| = || f]| (¥,2). Hence f < || f|| ¥
and so T f < || f|| T*"W. Therefore (vi) holds. To show (vi) = (vii), suppose there
exists 0 # f € X7 such that T f > f. Then it follows that T™"f > T*n=Df > f.
Since T* is power bounded, it follows that for all x € X, ((T*"f,x)) is a bounded,
monotonically increasing sequence in R hence, converges. Since T*"f > f # 0 for all
n, it must follow that w-lim,, ., T*"f # 0. Finally, (vii) = (iv) is clear.

We also note that (iii) = (iv) is obvious. To complete the proof, we show
(v) = (ii). From (v), we have that lim, ,o (T*"¥,z) = 0 for all z € X,, ie.
limy, oo (¥, T"2) = lim,, o ||T™z|| = 0 for all z € X, and this is sufficient to con-
clude that (ii) holds. O

Remark 6.3.4. If the set of quasi-interior points is non-empty, then the equivalent

conditions in Proposition 6.3.3 are also equivalent to the following:
(i) lim ||7"z| = 0 holds for some quasi-interior x € X.
n—oo

Clearly (ii) = (ii’). The proof of (ii’) = (iii) is similar to that of (ii) = (iii)
since by definition, z € X, is a quasi-interior point if and only if (g, x) > 0 for all
g € X3\{0} [11, pp.238-239].

We now demonstrate how Theorem 6.3.3 can be used to derive the results on
honesty for Kato’s Theorem in abstract state spaces. First, recall from Lemma 2.3.1
that BR(A, A) is a positive contraction on the positive cone and ker(I — BR(\, A)) =
{0}. Hence the operator BR(\, A) satisfies the conditions for 7" in Proposition 6.3.3.

The following theorem now follows from Theorem 2.2.4 and Proposition 6.3.3.

Theorem 6.3.5. Suppose A, B satisfy the conditions of Theorem 2.1.2 with perturbed
semigroup (V(t))e>o and let X > 0. The following are equivalent:
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(i) The semigroup (V(t))eso is honest.
(ii) The operator BR(\, A) is mean ergodic.
(i) limy, o0 |[(BR(A, A))"z|| = 0 for all z € X.
(iv) ker(I — (BR(X, A))*) = {0}
(v) ker(I — (BR(\, A))*) N X+ = {0}.
(vi) W*-lim,_yoe(BR(, A))™0 = 0.
(vii) w-limy, oo (BR(A, A))™ f =0 for all f € X3.
(viii) If f € X* and (BR(\, A))*f > f, then f = 0.
(iz) w-lim, ,.(BR(\, A))"z =0 for all z € X.

(z) For each v € X, {(BR(\, A))"x}2, is relatively weakly compact with 0 as a

weak cluster point.

Note that the conditions in Theorem 6.3.5 can be found in Chapter 2. For example,
conditions (iii) and (x) can be found in Theorem 2.2.4 while condition (ii) can be found
in Proposition 2.3.2. Now we do the same for the case of transport theory. This time,
we check that the operator M, H satisfies Theorem 6.3.3.

Lemma 6.3.6. Suppose H satisfies the conditions of Theorem 6.2.2 and let A > 0.
Then MyH : Lt — LY is a positive contraction on L with ker(I — MyH) = {0}.

Proof. The contractivity and positivity of MyH follows from the contractivity and
positivity of both M, (see (6.8)) and H. We prove the second assertion by contra-
diction. So suppose there is a ¢ # 0, ¢ € L such that ¢ = MyHy = BTE H1p.
By considering the definition of the trace operator, we see that this means that
ExH1 # 0. Moreover, since Hy € L', we have (A — Ty)=xHv = 0 and B"E\Hv) =
Hvy = HBTZ,\H. In other words, Zy\H1 € D(Ty) with (A — Ty)=xHy = 0. This
contradicts the fact that A € p(G). Therefore ker(I — MyH) = {0}. O

Now we can combine Theorem 6.3.2, Proposition 6.3.3 and Lemma 6.3.6 to derive
the analogue of Theorem 6.3.5 for transport semigroups (cf. [6, Section 6]). Moreover,
in L%, we know that quasi-interior points exist as they are the strictly positive points

in L, thus we have an extra condition in this case.
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Theorem 6.3.7. Suppose H and Ty satisfy Theorem 6.2.4 with ||H|| = 1 and suppose
A > 0. The following are equivalent:

(i) The semigroup (Vg (t))i>o is honest.

(ii) The operator MyH is mean ergodic.

(i41) i, oo ||(MAH)"|| =0 for all ¢ € LY.

(i) There is v € LY, ¢ > 0 a.e. such that lim,_, ||(MyH)"|| = 0.

(v) ker(I — (M H)*) = {0}.

(vi) If for any 0 < f € LY := L*(I'y) we have (M \H)*f = f, then f =0 a.e.
(vii) pidy € Ty 1 galy) > 0} = 0 where gA(y) = limy,0o (MAH )™ 1(y).
(viii) W -limy, oo (MyH)™f =0 a.e. for all0 < f € LY.

(ix) If 0 < f € LY and (M\H)*f > f, then f =0 a.e.

(x) w-lim, oo (MyH)™p =0 a.e. for all¢p € LL.

(xi) For each v € L1, {(M\H)"}22, is relatively weakly compact with 0 as a weak

cluster point.

Note that some of the conditions such as conditions (ii) and (ix) in Theorem
6.3.7 are new in the study of honesty of the transport semigroup while others can be
found in the existing literature, see for example Theorem 6.3.2. We will conclude this
section by applying one of the results in Theorem 6.3.7 to a one-dimensional example
introduced in [44]. In particular, we will apply condition (viii) and our proof will
be similar to that of [7, Proposition 5.7] as we are applying the dual version of the

condition they utilised.

Example 6.3.8. Let Q = (J 2, I, where I, = (an,b,) with (an)neny, (0n)nen, two
non-decreasing sequences that satisfy —oo < a, < b, < a,y1 for all n € Ny and
an 25 0. Let 1 be the Lebesgue measure on R and the field 7 : R — R be given
as F(x) =1 for all x € R.

Under this setup we have

O(x,t) =x+tforal x,t € R
I'" ={an}neng, '+ = {bn}nen, with up = counting measure

T (x)=x—a, fora,<x<b,.
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Now let H : L — L! be defined by

0 itn=20

(Hy){an) = {w(bnl) itn>1.

Physically, this means that H sends the function from the exit point of one interval
onward into the entry point of the next interval. By construction, H is a positive
boundary operator of norm 1, so it satisfies the conditions of Theorem 6.2.2. In fact,

H is isometric.
By definition, we have MyH(y) := (HY)(®(y, —7_(y)))e ). Therefore

MyHY (b)) =0;  MyHU(by) = (Ho) (ag)e Me=) = 4)(by_y e beman) - > 1

We can now describe the action of (MyH)*. Note that if ¢» € L} and ¢ € LY, we

have

NE

/F MLHO) ) dus(y) = S M HY) (b)d(be)

>
Il
<)

P (br_1)e M) 6By

[
NE

e
Il
—

Y(b)e O g by ).

[
NE

B
Il
o

Thus, (MyH)*¢(by) = ¢(bi1)e bri1=%+1) & > 0 and by iterating, for n € N, we
have
(MAH) ™ (by) = d(bgyn)e*Zim rsamabes) - ) > 0,

Therefore,
lim (M)\H)*nﬂ(bk) - €_>‘ Z;.;l(bk+j—(lk+j)'

n—oo
Since I'; is a discrete set of points with counting measure, condition (viii) of Theorem

6.3.7 indicates that the semigroup (Vi (t));>0 is stochastic if and only if

Z(bk+j — ay+j) diverges for all £ > 0.
j=1
We compare this result with the necessary and sufficient condition obtained in [7,

Proposition 5.7] and [8, Proposition 5.1], namely

o0

Z(bj — a;) diverges. (6.17)

J=0
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It is easy to see that the conditions are equivalent. However, the proof in [7] applied
condition (iii) in Theorem 6.3.7, while the proof in [8] applied techniques involving
the series representation of the semigroup (Vu(t))i>0. Moreover, from condition (ii)
in Theorem 6.3.7, it follows that (6.17) is equivalent to MyH being mean ergodic,
while from condition (vi) in Theorem 6.3.7, (6.17) holds if and only if the equation

B(br) = G(bra)e M=) >0

has no bounded, positive, non-trivial solution ¢.

6.4 Strong Stability

In this section, we study the strong stability of the perturbed semigroup in Kato’s
Theorem in abstract state spaces as well as in transport theory. Strong stability can
be thought of as the reverse of stochasticity in some sense since stochastic semigroups
are never strongly stable. The results in this section are motivated by [42, Proposition
2.4, Theorem 3.5]. The results in [42] were derived for the semigroups which satisfy
Kato’s Theorem in L'-spaces (Theorem 2.1.1) with equality in condition (iii). We
will extend these results to all semigroups satisfying Kato’s Theorem in abstract
state spaces (Theorem 2.1.2). Furthermore, we will also show that similar results can
be obtained for the semigroups in transport theory satisfying Theorem 6.2.2. As in
the case of honesty, we will see that there is also a general result which enables us
to derive results for the strong stability of the perturbed semigroup in both Kato’s
Theorem and transport theory.

We say that a semigroup is strongly stable if limy; . ||S(¢)z] = 0 for all x € X.
The following theorem is the analogue of [42, Proposition 2.4] for strong stability of

semigroups on abstract state spaces.

Proposition 6.4.1. Let (S(t))i>0 be a substochastic semigroup on an abstract state

space X with generator A. The following are equivalent.
(i) (S(t))e>0 is strongly stable.
(i1) For every v € X, limyjo AR(\, A)z = 0.
(7i) Tm(A) is dense in X.
Proof. The equivalence of (ii) and (iii) follows from Theorem 1.4.5 so it suffices to

show (i) < (ii).
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(i) = (ii). Suppose (S(t));>0 is strongly stable. Then s-limy_,o f[f S(r)dr = 0.
Hence (ii) follows from Theorem 1.4.5.
(ii) = (i). Now let x € X . Then
0 = lim (¥, AR(\, A)x)

A—0

~ Jim A / T, S(1)a) dt
0

A—0

— lim/\/ e M|S(t) x| dt. (6.18)
A—0

0

Since (S(t))i>o0 is substochastic, this implies that lim; . ||S(¢)z| exists. By |2,
Lemma 4.2.12], it follows that lim;_,« ||S(t)z|| converges to the same limit as (6.18).
Hence lim; o ||S(t)x|| = 0 for all x € X and the result follows. O

We now use Proposition 6.4.1 to derive some conditions for strong stability of
the perturbed semigroup in Kato’s Theorem and in transport theory. We begin
with Kato’s Theorem on abstract state spaces and once again utilise the functionals
aop, @, Ay introduced in [3] in the study of honesty (see Section 2.2.2). In the rest of
this section, X will denote an abstract state space, A, B the operators satisfying the
conditions in Theorem 2.1.2 and (V' (t));>¢ the perturbed semigroup with generator
G.

First consider the functional ag. Let € X and note that from the resolvent
equation, we have R(u,G) < R(A\,G) for 0 < A < pu. Since ag is a positive op-
erator on D(G), we have ag(R(u, G)z) < ag(R(N,G)x) for 0 < A < p. Moreover,
ao(R(\, G)x) < ||GR(A, G)z|| < 2|z|| for all A > 0. Hence limy g ag(R(X, G)z) exists.
By linearity, the limit exists for all x € X. A similar argument shows that the limit
limy o a(R(\, G)z) exists as well and so

1){{51 (A, z) = lggl ap(R(\, G)x) — 1}1\&1 a(R(\, G)x)

exists for all z € X.
Proposition 6.4.2. The semigroup (V(t))i>o is strongly stable if and only if

lim (A, z) = (¥, 2) —lima(R(A, G)z)

forallx € X,.

Proof. Let x € X and note that A || R(\, G)z|| = ||z + GR(\, G)z||. Proposition 6.4.1
implies that (V(t)):>o is strongly stable if and only if limy o (¥, z + GR(\,G)z) =0
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for all x € X,. By definition of the functional ag, this condition is equivalent to
limy o ag(R(\, G)z) = (¥, x) for all z € X,. Applying this to the definition of Aj,
this is equivalent to limy o (A, z) = (¥, x) — limy g a(R(\, G)x) for all z € X. O

Remark 6.4.3. Observe that for x € X,
ao(RO\, G)z) = (U, —GRO\, G)z) = (0,2) — A (U, R\, G)a) < (¥,x).

Thus (V(t))i>0 is strongly stable if and only if we maximize the loss functional while

(V(t))t>0 is honest if and only if we minimize the loss.

Note that in the case where the semigroup in Kato’s Theorem satisfies condition
(iii) in Theorem 2.1.2 with equality (which was the L' set-up studied in [42]), the
functional @ = 0. Thus the semigroup is strongly stable if and only if limyo Ay = V.
Since Ay = w'-lim,, oo (BR(\, A))*"¥ (see Proposition 2.2.3), we have the following

corollary:

Corollary 6.4.4. If A, B satisfies the conditions of Theorem 2.1.2 with equality in
condition (iii), the semigroup (V (t))i>o is strongly stable if and only if

w -limyyo lim (BR(\, A))"0 = . (6.19)
n—oo

As an application, we consider once more the set of quantum dynamical semi-
groups identified in Theorem 5.1.7 with T satisfying Premise 5.1.6. As in Section 5.1,
we let (T'(t));>0 denote the minimal quantum dynamical semigroup on £($)) satisfying
Theorem 5.1.7 while (S(t))s>0 will denote its predual semigroup. Since strong stabil-
ity of the predual semigroup is defined as lim; . ||S(t)p|| = 0 for all p € T(H),, we
say that the quantum dynamical semigroup (7'(¢)):>¢ is strongly stable if the operator
T(t)1 converges o-weakly to 0 as t — 00 i.e. W -limy_s T'(¢)1 = 0.

Returning to Example 5.2.15, we have the following:

Proposition 6.4.5. The quantum dynamical semigroup (T(t))i>o in Example 5.2.15

15 strongly stable iof and only if ano m converges.

Proof. From Theorem 6.4.4, we have that (7(t)):>o is strongly stable if and only if
w -limyo lim Q%(1) = 1.
k—o0

Combining this with (5.16), it follows that (7(t)):>o is strongly stable if and only if

k—1 .
ja(n + )|

5 =1 foralln >0.



From the proof of Proposition 5.2. 16 we have p,(A) 1= limy_ Hk 1 _Ja(ntg) #0

7=0 Atla(n+4)?
for all n > 0 if and only if Zn>0 o converges. We will show that limyop,(A) =1
for all n > 0.

Fix n > 0. Note first that limy_, limy g Hf;é % = 1 so limyop,(A) =1

if and only if we can interchange the limit. This however, follows from some elemen-

) \

tary calculations and an application of the Monotone Convergence Theorem. [

Now we consider the case of transport theory. In order to derive the corresponding
results on strong stability for the transport semigroup (Vi (t)):>o satisfying Theorem
6.2.2 from Proposition 6.4.1, we will apply the functionals ¢y, ¢ and () as defined in
Section 6.3 instead. In the rest of this chapter (Vg (t)):>o will denote the transport
semigroup satisfying Theorem 6.2.2 and all the the notation related to it will be as
defined in Sections 6.1, 6.2 and 6.3.

We begin with the analogue of Proposition 6.4.2 for the transport semigroup which

can be deduced from a similar argument as in Proposition 6.4.2.

Proposition 6.4.6. The semigroup (Vi (t))i>o is strongly stable if and only if
lim (5, G ) = 1]l ~ ime(ROL G))
for all f € (LY),.

For the special case when the boundary operator H is isometric, that is, when
[ Hp[l 0 = H¢||L1+ for all ¢ € L, we obtain the following analogue of Corollary 6.4.4
by applying the fact that (8y,u) = lim, . H(M,\I—[)”J“luHLl+ for all u e LL.

Corollary 6.4.7. Suppose ||Hy||;, = ||1/JHLl+ for allp € LY. Then the semigroup
(Vi (t))i>0 is strongly stable if and only if

pely €Ty s liminfga(y) <1} =0

where ga(y) = limy oo (MyH )*" V1 (y).
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