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Abstract

This thesis presents results concerning canonical extensions of bounded lattices
and natural dualities for quasivarieties of default bilattices. Part I is dedicated to
canonical extensions, while Part II focuses on natural duality for default bilattices.

A canonical extension of a lattice-based algebra consists of a completion of the un-
derlying lattice and extensions of the additional operations to the completion. Canon-
ical extensions find rich application in providing an algebraic method for obtaining
relational semantics for non-classical logics.

Part I gives a new construction of the canonical extension of a bounded lattice.
The construction is done via successive applications of functors and thus provides an
elegant exposition of the fact that the canonical extension is functorial.

Many existing constructions are described via representation and duality theo-
rems. We demonstrate precisely how our new formulation relates to existing con-
structions as well as proving new results about complete lattices constructed from
graphs. Part I ends with an analysis of the untopologised structures used in two
methods of construction of canonical extensions of bounded lattices: the untopolo-
gised graphs used in our new construction, and the so-called ‘intermediate structure’.
We provide sufficient conditions for the intermediate structure to be a lattice and, for
the case of finite lattices, identify when the dual graph is not a minimal representation
of the lattice.

Part IT applies techniques from natural duality theory to obtain dualities for quasi-
varieties of bilattices used in default logic. Bilattices are doubly-ordered algebraic
structures which find application in reasoning about inconsistent and incomplete in-
formation. This account is the first attempt to provide dualities or representations
when there is little interaction required between the two orders. Our investigations
begin by using computer programs to calculate dualities for specific examples, before
using purely theoretical techniques to obtain dualities for more general cases. The
results obtained are extremely revealing, demonstrating how one of the lattice orders
from the original algebra is encoded in the dual structure.

We conclude Part II by describing a new class of default bilattices. These provide
an alternative way of interpreting contradictory information. We obtain dualities for
two newly-described quasivarieties and provide insights into how these dual structures

relate to previously described classes of dual structures for bilattices.
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Chapter 1

Introduction

This thesis consists of two parts, linked by the common theme of duality theory.
Part I focuses on canonical extensions of bounded lattices, exploiting the connection
between topological representation theorems and canonical extensions. Part II applies
techniques from the theory of natural dualities to find and to understand dualities
for particular quasivarieties of bilattices.

Duality theory provides methods for taking objects from one category, and trans-
lating them into objects in a dual category. The power of these methods lies in the
fact that certain problems can be more easily visualised and solved in the dual cat-
egory than in the category in which they are originally stated. A simple example
is Stone’s duality between finite Boolean algebras and finite sets [84]. This duality
demonstrates that the entire structure of a finite Boolean algebra can be captured
simply by considering the finite set of its atoms. One can then, for example, represent
the product of two finite Boolean algebras by considering the disjoint union of their
sets of atoms.

We are interested in dualities between classes of lattice-based algebras and classes
of topological spaces (with additional structure). We will not, in general, be restricting
ourselves to the case of finite algebras. The topology on the dual side plays an
indispensable role in the representation of arbitrary infinite algebras. Indeed, it is
subsets of the dual space satisfying topological (and possibly additional relational)
conditions which will form the concrete representation of the lattice-based algebra.
The dualities and representations that we make use of will represent the underlying
lattice concretely either as a collection of sets, or as a collection of maps. In some
cases a representation which does not encompass the morphisms between objects can
be sufficient to help solve particular problems.

In the case of a lattice (or indeed a poset) with no additional operations, the

canonical extension is a completion satisfying the characteristic properties of density



and compactness. The first construction of the canonical extension was done by
Jénsson and Tarski [71] for Boolean algebras with operators, and topological duality
theory played a pivotal role. Their construction used Stone duality to represent the
completion of the underlying Boolean algebra as an algebra of sets. A survey of the
link between canonical extensions and duality theory is given in Chapter (1] of Part I.

Our work in Part I exploits the connection between duality theory and canonical
extensions. We provide a new construction of the canonical extension, where the
complete lattice is represented as a set of partial maps. We are able to use our ap-
proach via partial maps to demonstrate the functoriality of the canonical extension.
Furthermore, we show how our new construction is linked to previous concrete con-
structions of the canonical extension for bounded lattices. Our results reinforce the
idea that canonical extensions correspond to untopologised representations.

In Part II, we turn our attention to algebras equipped with two sets of lattice
operations and a unary negation-type operation. First described by Ginsberg [61]
in the 1980’s, bilattices have found extensive application in artificial intelligence and
logic programming. When lattices are used as algebraic models of logics, the meet
and join operations are used to represent the conjunction and disjunction of logical
statements. Bilattices are equipped with a second set of lattice operations and hence
a second partial order. This second order represents “knowledge”, and the meet
and join operations model “consensus” and “gullibility”. Representation and duality
theorems for certain subclasses of bilattices are already known. We use tools from
natural duality theory to investigate dual structures for classes of bilattices that
cannot be accessed by existing representation methods. Our results demonstrate
that the knowledge order is a critical feature of the dual structures.

This thesis does not attempt to answer questions directly related to non-classical
logics or the logic of bilattices. Rather, it investigates, from a more abstract perspec-
tive, the algebras related to these logics using the tools of canonical extension and
duality theory. In particular, in our work on canonical extensions we do not consider
lattices with additional operations. We also do not attempt to explore deductive
systems based on logical matrices involving bilattices.

The next section of this introductory chapter contains the necessary background
on natural duality theory. These techniques play a role in both Part I and Part II.
Detailed background and an introduction will be provided at the beginning of each
part. Certain theoretical background and some useful definitions are contained in
Appendix A, while relevant computational output used in Part II is presented in

Appendix B. General background on order theory and lattices can be found in the



book by Davey and Priestley [28]. As a standard reference on universal algebra, we
recommend the monograph by Burris and Sankappanavar [14]. A complete treatment
of Stone and Priestley duality is given in [28, Chapter 11]. Our only remark is that
we will consider the Priestley dual space to be the set of prime filters, ordered by
inclusion. We choose this setting as it parallels the way that the dual spaces are

structured for natural duality.

1.1 Natural duality theory

Here we present the background that is required for a good understanding of the
aims and methods of Chapter [2| of Part I. In addition, the concepts presented in this
section form the foundation for the techniques used in Part II. The book by Clark and
Davey [17] serves as a standard reference for natural duality. The theory of optimal
dualities will be deferred until the introduction to Part II.

The theory of (basic) natural dualities concerns quasivarieties of algebras which are
generated by a finite algebra M = (M; F'), where M is the underlying finite set and F’
is a finite set of finitary operations on M. That is, it is concerned with quasivarieties
A, where A := ISP(M) for a finite algebra M. Under suitable conditions, one can
find a topological relational structure M with the same underlying set M such that
a dual adjunction exists between the quasivariety A and the category of topological
relational structures X generated by M. Specifically, the category X will be defined
as X := IS.P"(M). That is, the category X consists of all isomorphic copies of closed
substructures of non-empty products of the generating structure M.

The primary examples of such natural dualities are those of Stone duality for
Boolean algebras [84] and Priestley duality for distributive lattices [79]. In the case of
B and D, the algebra M is a two-element algebra, and M is the set {0, 1}, equipped
with just the discrete topology and no relations in the Boolean case, while in the
distributive case it has the discrete topology and the usual order relation < (with
0<1).

We use the notation M when we want to emphasise that the structure is being
viewed as an algebra, and by M when we want it to be viewed as a set with the
discrete topology and collections of finitary operations, finitary partial operations,
and finitary relations. That is, M := (M; G, H, R,7T). We are interested in the cases
when the elements of the sets G,H, and R are such that all of the relations in R and
the graphs of the (partial) operations in GU H form subalgebras of some finite power

of M. If this is the case, we say that M is algebraic over M.



Given a collection of algebraic relations and (partial) operations on M such that
M is algebraic over M, there is a natural method for getting a dual adjunction
between A and X. We denote by A(A, M) the A-homomorphisms from A into M,
and by X(X, M) the continuous (G U H U R)-preserving maps from X into M. The
dually-adjoint hom-functors D: A — X and E: X — A are defined below.

D: A—X, D(A)=A(A,M) (aclosed substructure of the product M*)
D: A(A,B) - X(D(B),D(A)), (D(u))(f)=fou for f e DB)=.A(B,M)

The structure of M is defined pointwise on A(A,M). As an example, suppose
that € R is an n-ary relation on M. Then for { f; | 1 <i < n} C A(A, M) we have
that (f1, fo,... fn) € rpea) if and only if for all a € A, (fi(a), fo(a), ... fu(a)) € 7.

E: X — A, E(A)=X(X,M) (asubalgebra of the product M*)
E: X(X,Y) = AE(Y),E(X)), (E(v))(g) =gowv for g € E(Y)=X(Y,M)

The Preduality Theorem [I7, Theorem 1.5.2] confirms that these functors are well
defined. What is absolutely critical here is the fact that the relations, operations, and
partial operations of G U H U R are all algebraic over M. Given the above setup we
can define embeddings ea: A — ED(A) and ex: X — DE(X) by

ea(a)(f) = f(a) fora€ Aand f € D(A),
g(x) for z € X and g € E(X).

ex(7)(9)

The embedding e, is onto if every continuous, relation-preserving map from D(A)
to M is of the form ea(a) for some a € A. We say that M yields a duality on A if
for every A € A, the embedding ea is an isomorphism. We will say that M yields a
full duality on A if M yields a duality on A and for every X in the dual category X,
the embedding ex is an isomorphism. A subset X of M* is term-closed (in M®) if
for every y € M¥\ X there exist S-ary term functions oy, 05: M® — M on M that
agree on X but not at y. If M yields a duality on A and every closed substructure
of a power of M is term-closed then M is said to yield a strong duality on A.

The structure M is known as the alter ego of M and the set M is referred to
as the dualising object. (The dualising object is sometimes called the ‘schizophrenic’
object in the older literature.)

This is all of the background on natural duality that is required for the work in

Part I. Further theory will be provided in the introduction to Part II.
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Chapter 1

Introduction

The first part of this thesis focuses on canonical extensions of bounded lattices. Re-
search into canonical extensions has largely been driven by its applications to logic:
canonical extensions can provide an algebraic method to obtain relational semantics
for a broad class of non-classical logics. We will give a brief outline of the role played
by canonical extensions in a logical setting.

Semantic models, both algebraic and relational, are useful tools for studying a
logic. The link between algebra and logic dates back to the 19th century, while
relational (or Kripke) semantics have been in use since the 1950’s. We refer the reader
to the survey article by Font, Jansana and Pigozzi [42] for details of the development
of algebraic logic, while the text by Blackburn, de Rijke and Venema [12] provides a
treatment of relational semantics for modal logic. In our brief discussion here, we let
A denote a propositional logic consisting of a formula algebra Fmg in a language £
and a consequence relation .

Algebraic semantics are usually obtained from the syntactic description of the
logic A. The Lindenbaum-Tarski method, or a generalisation thereof, can be used
to obtain a class of algebras which yields a complete algebraic semantics for A. (By
complete we mean that the semantic notion of consequence exactly mirrors the syn-
tactic consequence relation.) It is then possible to study a logic by studying its
corresponding class of algebras.

Relational semantics have been successfully applied to modal and intuitionistic
logics, and their description as “possible world” semantics provide a highly intuitive
interpretation of the validity of modal formulas. The underlying objects are frames
of the form (W, R) where W is a set of possible worlds, and R is a binary relation on
W known as the accessibility relation. A model is a structure M = (W, R, =) where
(W, R) is a frame and = is a map from Fmg, to #(W), associating to each formula ¢

a set of possible worlds in which it is satisfied. In the absence of canonical extensions,
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the canonical frame is constructed by taking W to be the set of all maximal consistent
subsets of the formula algebra. The use of canonical models is a powerful technique for
obtaining complete relational semantics, although there do exist modal logics which
are Kripke-incomplete.

Given a classs of algebras A and an algebra A € A, we denote by AY its canonical
extension and by A" the class of concrete algebras such that A° € A™. A class of
algebras A is said to be canonical if for every A € A, the canonical extension A° € A.
Given a logic A, we denote by A, the class of its corresponding algebraic models.
If for each A € A, we have A% € A, (that is, A, is canonical) then the class of
relational frames dual to A} will yield complete relational semantics for the associated
logic A. This is possible because the lifted algebraic operations can be completely
described by their actions on the subset of A° which makes up the underlying set of
the frame. A detailed description of the construction for the case of modal logics is
given in Chapter 5 of the well-known text by Blackburn, de Rijke and Venema [12].
The two-sorted relational frames used in the case of non-distributive logics are briefly
described in Section [4.4]

We are interested in the link between canonical extensions and duality theory.
This connection has its origins in the use of Stone duality in the first construction
of a canonical extension for Boolean algebras by Jénsson and Tarski in 1951 [71].
In their construction, the underlying lattice of the canonical extension occurs con-
cretely as the power set of the Stone space dual to the Boolean algebra. Their work
in fact focused on Boolean algebras with operators (additional operations which are
join-preserving in every coordinate). However, in his 1994 survey article, Jénsson [70,
Introduction| noted that although Boolean algebras with operators serve as the al-
gebraic counterparts of modal logics, for many years little notice was taken of the
algebraic methods from [71] available to logicians.

Gehrke and Jonsson [49] significantly widened the scope of the theory by con-
structing canonical extensions for distributive lattices. The construction made use
of the topological duality of Priestley [79], just as the construction for Boolean alge-
bras had used Stone duality. The canonical extension of a distributive lattice is the
collection of up-sets of the underlying ordered set of its Priestley space.

Figure provides an elegant description of the relationship between canonical
extensions and duality theory in the Boolean and distributive cases. To move from
a lattice to its canonical extension one can either make direct use of the canonical

extension construction §, or one can move first to the dual space of the lattice, then
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Figure 1.1: The functors involved in the (natural) duality, canonical extension, and
discrete duality for Boolean algebras and distributive lattices

forget the topology and see the canonical extension concretely as an algebra of sets
coming from the untopologised dual space.

The diagram on the left has Priestley duality represented by the pair of functors
D and E, while § represents the canonical extension functor, and b the functor which
forgets the topological structure on the right and the additional lattice structure on
the left. Here Xy is the category of Priestley spaces, X is the category of posets,
and D7 is the category of doubly-algebraic distributive lattices with complete lattice
homomorphisms. For the case of Boolean algebras, the diagram on the right uses the
functors D and E from Stone duality, while F and G give the discrete duality between
complete atomic Boolean algebras and sets. Here Y+ is the category of Stone spaces,
and Y is the category of sets.

A major achievement of this thesis is to replicate the square diagrams of Fig.[I.1)in
the case of arbitrary bounded lattices. Although there is no natural duality available,
we succeed in constructing functors defined in a similar spirit. This gives a categorical
context in which to view canonical extensions of bounded lattices (see Chapter [2)).

It should be noted that an alternative description of the category D7 is given
by Davey, Haviar and Priestley [23], where they reveal a duality attributed to Ba-
naschewski [6]. This is a dual equivalence between the category of posets and the
category of Boolean topological bounded distributive lattices. (The compact 0-
dimensional topology on the topological lattices is the subspace topology from the
product, as the lattices lie in the variety generated by the two-element distributive
lattice with the discrete topology.)

Bounded lattices lie outside of the scope of natural duality as the variety is not
finitely generated. Despite not having a suitable duality theory available, the theory

of canonical extensions for bounded lattices has progressed rapidly in recent years.



The topics covered here show how the existing topological representation and duality
theorems are inextricably linked to the theory of canonical extensions.

When looking at applications of canonical extensions to non-classical logics, the
extensions of the additional operations are of interest, as these will determine whether
or not a variety is canonical. We will use the terms lattice expansion or lattice-based
algebra to refer to an algebraic structure that is a lattice equipped with additional
operations.

In the original work on distributive lattices by Gehrke and Jénsson [49] it was
shown that when the additional operations of a lattice expansion are operators (join-
preserving in every argument), these extend to complete operators on the canonical
extension. Gehrke and Jonsson later generalised this work to the case of monotone op-
erations [50] and then later arbitrary additional operations [51]. The second of these
papers introduced topology as a key tool in studying the extension of additional op-
erations. It was shown that if operations satisfy certain topological continuity condi-
tions on the topologised canonical extensions, then results regarding the composition
and smoothness (see Definition of the extensions will follow. The concepts of
composition and smoothness of additional operations under canonical extensions are
important in determining canonicity of a variety.

The rapid development of the theory of canonical extensions for distributive lattice
expansions resulted in applications to the case of distributive modal algebras by
Gehrke, Nagahashi and Venema [52], and to double quasi-operator algebras by Gehrke
and Priestley [54], [55].

While the theory of additional operations in the case of distributive lattice ex-
pansions was shown to work particularly well, it has only recently been shown that
in many cases this has little to do with the fact that the underlying lattice is dis-
tributive, but rather is a result of the lattice expansions being in a finitely generated
lattice-based variety. We provide a brief summary of these developments at the end
of this section.

We now turn our attention away from the general development of canonical exten-
sions, and look closely at the main focus of Part I: canonical extensions of bounded
lattices. The work of Gehrke and Harding [48] in 2001 described for the first time
canonical extensions for non-distributive lattices. Their construction did not use du-
ality, but instead used a polarity between the filters and ideals of the lattice, and
the resulting completion was shown to possess the abstract properties (density and
compactness) which characterise the canonical extension. Suitable duality theorems

for Boolean algebras, distributive lattices and Heyting algebras have played a vital
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role in the development of canonical extension theory for these classes of algebras.
We will show how bounded lattice representations and duality theorems are relevant
to canonical extensions.

Perhaps the best known of the bounded lattice representation theorems is due to
Urquhart [85]. The representation theorem of Ploscica [78] is essentially a recasting of
Urquhart’s construction, but in the spirit of natural duality theory (see Section [2.1)).
We in turn follow Ploscica’s example and recast the duality of Allwein and Hartonas [2]
as a duality based on partial maps into a two-element set. We will also use the
representation theorem of Hartung [66], and make mention of the duality due to
Hartonas and Dunn [65]. Lastly, we note the duality of Moshier and Jipsen [75].
Their concrete representation of the canonical extension falls outside of the general
pattern that we observe as their duality is purely topological.

The above-mentioned approaches can be split into two groups. The first of these
groups (Urquhart, Hartung, Ploscica) use dual spaces built from maximal elements
(disjoint filter-ideal pairs, partial homomorphisms). This approach restricts to Priest-
ley duality when the lattice is distributive. The dualities (not merely representations)
in the second group (Allwein and Hartonas, Hartonas and Dunn, Moshier and Jipsen)
all use a much larger dual space consisting of, respectively: the set of all disjoint filter-
ideal pairs, the sets of all filters and all ideals, and the set of all filters. Even in a
finite lattice, such dual spaces can have substantially more elements than the lattice
itself. However, these approaches have the advantage that a duality, rather than just
a representation, can be constructed. In the first group, only surjective homomorph-
isms can be represented on the dual side. In addition to giving rise to dualities, the
bigger dual spaces are constructive—no choice principles are required to obtain the
elements of the dual space.

Chapter [2| is inspired by the successful application of natural duality theory to
canonical extensions, initiated by Haviar and Priestley [68]. This chapter combines
(as far as is possible) natural duality and the existing lattice representation theory to
describe canonical extensions for bounded lattices. The work contained in this chapter
uses the representation theorem of Ploséica 78] to construct the canonical extension
in the same manner as the Boolean and distributive cases can use the natural duality
renditions of Stone and Priestley duality. Theorem demonstrates that the
method of using maximal partial maps into an object viewed first as an algebra and
then as a topological relational structure can be successfully applied to construct the

canonical extension of a bounded lattice.
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The main reason for adopting the approach of Chapter[2|is to provide a categorical
explanation for the fact that homomorphisms between bounded lattices extend to
complete lattice homomorphisms between their canonical extensions. However, the
difficulties in extending lattice homomorphisms were still evident. These difficulties
were overcome by using the lesser-known duality theorem of Allwein and Hartonas [2].
This solution to the problem of the duals of morphisms comes at the cost of having
a much larger dual space, but is effective in providing insight into the functorial way
that lattice homomorphisms are lifted to complete lattice homomorphisms on the
canonical extension.

In proving the results of Chapter [2, it became clear that there was a direct link
between maximal partial maps and polarities. In addition to their construction via
polarities, Gehrke and Harding assert without proof [48, Remark 2.10] that the canon-
ical extension can be seen concretely as the stable sets of Urquhart’s representation
theorem [85]. In Chapter |3| we provide a proof of this assertion and detail exactly
how various different constructions of canonical extensions of bounded lattices are
related to one another. Furthermore, we identify amongst the maximal partial maps
which form the canonical extension those which are the completely join-irreducible
and completely meet-irreducible elements. The chapter ends with a description of
a class of graph morphisms which lift to complete lattice homomorphisms between
complete lattices.

Canonical extensions for posets (and poset-based algebras) were constructed by
Dunn, Gehrke and Palmigiano [33]. Their construction uses the so-called interme-
diate structure, a poset formed by taking a quotient of the union of the up-directed
down-sets and down-directed up-sets. The canonical extension is then realised as
the MacNeille completion of this poset. This approach is a further application of
polarities, and is used by Gehrke and Priestley [56] to provide an explanation of why
lattice homomorphisms are lifted to complete lattice homomorphisms by the canonical
extension construction. We give more details of this result in Section 4.1}

A further feature of the work on canonical extensions of posets [33] is the descrip-
tion of a duality between so-called perfect lattices and perfect posets. This duality
was later described in the two-sorted setting of RS-frames by Gehrke [47]. A per-
fect lattice is a complete lattice in which the completely join-irreducible elements are
join dense, and the completely meet-irreducible elements are meet dense. In both
the poset and two-sorted setting, it is the completely join-irreducible and completely

meet-irreducible elements that form the underlying set of the dual structure. The
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work in Chapter [4| uses RS-frames to provide a partial answer to a question raised by
Ploscica regarding the dual graphs of lattices in his setting of maximal partial maps.

Before summarising the developments in the theory of canonical extensions in
finitely generated lattice-based varieties, we note that a new construction of canon-
ical extensions for bounded lattices has recently been put forward by Gouveia and
Priestley [63]. The construction exploits the fact that a bounded lattice has both
a meet semilattice and join semilattice reduct. Both of these varieties are finitely
generated, and this property is exploited to provide an alternative light in which to
view the extension of lattice homomorphisms.

The link between profinite completions and canonical extensions was developed by
Bezhanishvili, Gehrke, Mines and Morandi [9] and Harding [64], before Gouveia [62]
provided the result that for a lattice-based variety of finite type, the profinite comple-
tion and canonical extension coincide if and only if the variety is finitely generated.

The natural extension is a completion in finitely-generated lattice-based varieties
developed by Davey, Gouveia, Haviar and Priestley [21]. It is shown to be an al-
ternative concrete description of the profinite completion for algebras in a finitely
generated lattice-based variety. Concretely, the natural extension of an algebra is the
set of all relation-preserving functions from the dual space into the dualising object,
with the algebra embedded as the continuous relation-preserving functions.

The works of Davey and Priestley [29, 30] and Gehrke and Vosmaer [58] have
revealed why the lifting of additional operations to the canonical extension works
particularly well in the case of a finitely generated lattice-based algebra. In [29] the
operations are lifted with the underlying lattice to the canonical extension (viewed
here as the natural extension). This differs from the usual method that uses the o-
and m-extensions (defined in Section [1.1). Some of the results of [29] overlap with
those achieved by Gehrke and Vosmaer [58], although the methods used are different.

Before entering into the main chapters of the thesis, we provide some necessary
background on canonical extensions. Each chapter has a brief introduction which

contains any further definitions and concepts that may be required.

1.1 Canonical extensions

Throughout this thesis, except where explicitly stated otherwise, we will be looking
at lattices that are bounded. Thus we let £ denote the variety of bounded lattices
and for L € £ we have L := (L; A, V,0,1). A completion of L is a pair (e, C) where
e: L — ('is a lattice embedding and C is a complete lattice. We note that when the
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embedding is clear from the context, we will not make any reference to e, and will

just refer to the completion C.

Definition 1.1.1 ([48, Definition 2.5]). A completion (e,C) of L € £ is said to be
dense if every element x € C' can be expressed as a meet of joins and a join of meets
of elements of L. That is,

r= AV{ez<\e)} =\ A\{e®) | N\e(F) <},

where I, FF C L. A completion is said to be compact if whenever A, B C L and
Ae(A) < \Ve(B), then there exist finite subsets A’ C A and B’ C B such that
Ne(A) < Ve(B'). Given L € £, a canonical extension of L is a completion (e, C)

of L which is both dense and compact.

Definition 1.1.2. Let L be a bounded lattice and let (e, C) be a completion of L.

The following statements are equivalent to the definition of compactness given in
Definition [T}

(i) if A, B C L and Ae(A) < \/e(B) then there exist finite subsets A" C A and
B’ C B such that A A’ <\/ B';

(i) given a filter F' and an ideal I of L, then A e(F) < \/ e(I) if and only if FNI # ();

(iii) given any down-directed subset S of L and up-directed subset T of L with
Ae(S) < Ve(T) then there exist s € S and ¢t € T such that s < t.

The existence and uniqueness of canonical extensions for arbitrary bounded lat-
tices was first shown by Gehrke and Harding [4§].

Theorem 1.1.3 ([48, Propositions 2.6 and 2.7]). Every lattice L € £ has a canonical

extension LO, and L° is unique up to an isomorphism which fizes L.

The elements of L? which are meets of elements of L are called filter elements
while those elements that are joins of elements of L are called ideal elements. We
denote these two sets by F(L°) and I(L%). The motivation for the names of these sets

is made clear by the following result.

Proposition 1.1.4 ([48, Lemma 3.3]). Let L € £ and L° its canonical extension.
Then F(L%) and I(L°) are sublattices of L° and are order-isomorphic to (Filt(L), D)
and (Id1(L), C) respectively.
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In the older literature the elements of F(L?) and I(L%) are referred to as the closed
and open elements of the canonical extension, because when L is a Boolean algebra
they are concretely represented as the closed and open subsets of the Stone space
dual to L.

Before we look at extensions of maps, we state the following important result. It
is a consequence of the uniqueness (up to isomorphism) of the canonical extension,
and of [48, Definition 3.7].

Proposition 1.1.5. Let {L; | 1 <i <n} C L for some finite n. For each i, let L?
be dual lattice of L;, and L{ its canonical extension. Then (L?)° is isomorphic to
(L8)? and (Ly x ... x Ly,)°® is isomorphic to (L$ x ... x L?).

When considering an n-ary operation on a lattice L, the above result allows us to
use the theory of maps f: K — L and apply it to the case where K = L".

Given a map between lattices, f: L — K, the density condition suggest two
natural possible extensions of f to the canonical extension. These extensions can be

thought of as an approximation from above and an approximation from below.

Definition 1.1.6 ([48, Definition 4.1]). Let L, K € £ and let f: L — K. Forz € L?
define
(@) =\ { N{f(a) [ae P} | \F <)

and

f@) = AN{Vif@lael}a<\/T}

When f7 = f™, the map f is said to be smooth.

Both f? and f™ agree with f on L and, when compared pointwise, we always have
the inequality f7 < f7. If an operation is not smooth, then a choice has to be made
when looking at its canonical extension. An example of this choice occurs in the work
of Almeida [3] where lattice expansions with various generalised negation operations
are shown to be canonical. In that work, the m-extension of maps was used in order
to prove canonicity results.

Non-canonicity of a variety can occur when the two extensions of the additional
operations do not agree (i.e. the original operation is not smooth) but both extensions
are required in order to satisfy one or more of the original algebra’s equations. It was
shown by Gehrke and Priestley [53] that the variety of MV-algebras is not canonical.
In this instance, the non-canonicity was caused by an equation that required both
the o- and m-extension of an operation, but the operation was not smooth and so the

terms of the equation cannot agree in general.
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Chapter 2

Canonical extensions via partial
maps

In this chapter we present a new approach to the canonical extension of a bounded
lattice, based on the dual representation due to Plos¢ica [78]. The motivation behind
this approach is to mimic as closely as possible the theory of natural dualities, and
thereby obtain a categorical understanding not just of the canonical extension of the
underlying lattices, but also of the extension of lattice homomorphisms.

As we have already mentioned, the original constructions of canonical extensions
for Boolean algebras and distributive lattices made use of Stone and Priestley duality.
Each of Stone duality for Boolean algebras, B, and Priestley duality for D is an
instance of a natural duality as outlined in Section The functors D and E act on
morphisms by composition, and this is a key feature of the way in which the duality
operates. By modifying the functors D and E, one can obtain a functorial construction
of the canonical extension. This highlights its relationship to the topological duality.
The canonical extension construction for distributive lattices can then be viewed in
the way shown in Fig. In the figure, b denotes the functor forgetting the topology
and the functor G acts in the same manner as E does, but on untopologised rather
than topologised structures. The codomain DT of G can be taken to be the category
of doubly-algebraic distributive lattices with complete lattice homomorphisms. In
fact, more is true: there is a hom-functor F adjoint to G such that F and G set
up a dual equivalence between DT and X (see the papers by Davey, Haviar and
Priestley [23] 24]). However, the functor F is not required in order to factorise §. On

the other hand, we do make use of E:

L~ED(L)CL’ forall L €D.
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D Xg

Figure 2.1: Factorising the canonical extension functor on D

As mentioned in the introduction, the variety of bounded lattices falls outside the
scope of the theory of natural dualities. Urquhart’s representation [85] provides a
concrete representation but does not provide a dual equivalence of categories due to
unavoidable problems with the representation of morphisms (we encounter these in
Section . However, the recasting of Urquhart’s work by Ploscica [78] provides a
useful setting for our aims.

Ploscica’s extension of the Priestley representation is achieved by replacing total
maps into {0, 1}, treated first as a lattice and then as a relational structure by ap-
propriate maximally-defined partial maps of the same sort. Our conjecture was that
the canonical extension of an arbitrary bounded lattice may be obtained in the same
manner as in Fig. by ‘forgetting the topology’ at the level of the Ploscica first
dual. The principal result of Section [2.2] Theorem [2.2.11] confirms that this is indeed
the case. A detailed discussion of the relationship between this new construction and
existing approaches is contained in Chapter [3]

We encounter problems when trying to dualise and extend morphisms in the
Ploséica setting. Our solution, which does give a functorial construction, requires
the use of an enlarged dual space of L. Specifically, our factorisation after recasting
the duality due to Allwein and Hartonas [1l 2] in the style of Plos¢ica.

Through our recasting we are able to retain one of the important features of a nat-
ural duality type framework. Our functors, although they are not true hom-functors,
still operate in the same manner on morphisms. That is, they act on morphisms by
composition. The main results for our categorical framework are obtained only after

verifying that the functors we propose are indeed well-defined.
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2.1 The framework for the construction

In this section we set up the framework within which we shall construct the canonical
extension of a bounded lattice L. In outline, we look at the structures and associated
maps obtained by deleting the topology from the dual spaces employed in Plosc¢ica’s
representation. We thereby arrive at a complete lattice which we shall later show
serves as L?.

The central idea in Plos¢ica’s representation of bounded lattices [78] is the replace-
ment of total maps by partial maps. Let L € £. A partial map f: L; — Ls between
bounded lattices is called a partial homomorphism if its domain is a 0,1-sublattice of
L; and f: dom(f) — Lo is an £L-homomorphism. A partial homomorphism is said to
be mazimal if there is no partial homomorphism properly extending it; such a map
is referred to as an MPH for short. By Zorn’s Lemma, every partial homomorphism
can be extended to an MPH. For bounded lattices L and K, we denote by £L™P(L, K)
the set of all MPH’s from L to K.

Let

2:=({0,1};Vv,A,0,1) and 2:=({0,1};<)

denote, respectively, the two-element bounded lattice and the two-element ordered
set with 0 < 1. The topological structures 24 and 24 are obtained by adding the
discrete topology T to 2 and 2, respectively.

Following Ploscica [78], for any bounded lattice L, the topological dual space of L
is defined by equipping the set £™P(L,2) with the binary relation E defined by the
rule

(f,g9) € E iff f(x) < g(z) for every z € dom(f) N dom(g);

and then endowing it with the topology 7T, which has, as its subbasis of closed sets,

all sets of the form
Vo={fekL™(L,2)| fla) =0} and W,={feL™(L,2)]| f(a)=1}

where a € L. We let D(L) = (£"™"(L,2), E,T). The topology of D(L) is T; and
moreover, it is compact (see [85, Lemma 6]). If the lattice L is distributive, then
L™ (L,2) = L(L,2), the relation E coincides with the pointwise partial order of
maps and D(L) is the usual dual space of L in the Priestley duality [79].

Ploscica’s representation of L € L is then obtained in the following way. One
takes the family of continuous E-preserving partial maps from D(L) into 25, where
E on 2 is taken to be the usual order. The maximally-defined members of this set

are then shown to form a lattice isomorphic to L, the isomorphism being given by the
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natural evaluation map er,: L — ED(L). We recall further details of the construction
in Section

Our strategy for obtaining the canonical extension L’ of L will be to replace D(L)
above by D’(L). Here D’ is the composition * o D, where b is the map forgetting the
topology. Thus the category we shall use to build the canonical extension will be the
category G of graphs X = (X, ) and partial maps which preserve E. (We note that
the structures we call graphs would usually be referred to as digraphs. We also warn
that structures of the form D’(L) will have special properties which we shall need
to exploit in due course.) Much of our work leading up to Theorem involves
checking that the ancillary results on the graphs with topology which underlie the
Ploscica representation [78, Section 1] have appropriate analogues in the topology-free
setting.

Initially we let X = (X, E') be any graph. Then, given two graphs X = (X, Fy)
and Y = (Y, Ey) we use the notation G(X,Y) to denote the collection of total E-
preserving maps from X to Y. In Section [2.3| we will make use of the set of partial
morphisms, G”(X,Y). We note that, by Zorn’s Lemma, every partial E-preserving
map into 2 can be extended to a maximal partial E-preserving map; by ‘maximal’
we mean here that there is no partial E-preserving map properly extending it (in
general such an extension will not be unique). We will denote by G™"(X, 2) the set
of maximal partial E-preserving maps from X to 2. Let us use the shorthand MPE
to refer to an element of such a set.

In the distributive case we can restrict to the situation in which F is a partial order
and MPE’s are simply total maps which are order-preserving. The order-preserving
maps from a poset X into 2 always form a complete lattice under pointwise join and
meet. In the case of MPE’s on a graph the situation is more complicated.

We now work towards showing, for a general graph X = (X, E), that §"*(X, 2)
does indeed form a complete lattice. As we shall see in Proposition and the dis-
cussion preceding it, the similarity between Lemma[2.1.1|below and the corresponding
result, [78, Lemma 1.3], concerning graphs with topology, is critical to the success of
our approach to completions built from dual spaces. The key point is that the results
involving maximal partial maps which involve topology (such as [78, Lemma 1.3]) do
not change when the topology is removed, as it is the F-preserving property of these
maps which limits their domains.

Most of the results in this chapter have two halves where the second half will
follow by order duality. Thus we will show only one of the statements from each

result.
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Lemma 2.1.1. Let X = (X, E) be a graph and ¢ a partial map from X to 2. Then
v € G"(X, 2) if and only if

(i) ¢ 1(0)={z € X | there is noy € o *(1) with (y,x) € E} and
(i) ¢ 1(1) ={x € X | there is no y € o~ (0) with (z,y) € E'}.

Proof. Suppose that ¢ € G"P(X, 2). It suffices to consider (i). Let z € ¢~*(0). Then
for every y € p (1) we clearly have 1 = ¢(y) & ¢(z) = 0. As ¢ preserves E, we
obtain (y,z) ¢ E. Let x € X be such that there is no y € (1) with (y,x) € FE.
Then ¢ U {(z,0)} is a partial E-preserving map. The maximality of ¢ now yields
o(x) =0.

Now assume that ¢ is a partial map from X to 2 satisfying (i) and (ii). If
x,y € dom(ep) such that (z,y) € F and (¢, ¢)(x,y) = (1,0), this would contradict
the assumption. Thus ¢ is E-preserving on its domain. Let z ¢ dom(y). Since
z & o 1(0) there exists y € ¢~ !(1) such that (y,2) € E. Thus there cannot exist an
E-preserving extension v of ¢ with ¢(z) = 0. Similarly, by property (ii), we cannot

have ¢ (z) = 1 and so the domain of ¢ is maximal. O

Consider a family {¢; € G"(X,2) | i € I} for an index set /. Then we can

define the pointwise meet p{,}i and pointwise join pg\,{i as follows:

pg(x)::{l ?fxe[jm,¢{?1% - pV(x)::{l ?fxelJEI¢{%1L
' 0 ifz €U e (0) - 0 if x € Ny i (0).
(The motivation for these definitions comes from Plos¢ica |78, Section 3].) To see that
these partial maps are E-preserving, let (pé\i (x),p@i(y)) = (1,0). Then there exists
J € I with ¢;(y) = 0, and thus (¢;(z), ¢;(y)) = (1,0) and so (z,y) ¢ E.

We shall work with specific extensions of the maps péi and ps\p/i to elements of
G™P(X, 2). The motivation for our choice of maximal maps comes from Lemma[2.1.1]

Define eé\i : X — 2 and egi : X — 2 as follows:

1 if (1
6/\(1’): 1 xemﬁel% ()a ) ‘

0 if thereisnoy € (., ¢; (1) with (y,z) € E;
V() 1 if there is no y € (,c; ¢; '(0) with (z,y) € E,
el (x) =
0 ifxe M e (0).

We claim that e/, extends pf. Let z € Uicr #i'(0), so that = € ©;'(0) for some j € I.
Then thereisnoy € (,.; »; (1) with (y,z) € E, for otherwise (p;(y), p;(z)) = (1,0),

which contradicts the preservation of E by ¢,. Analogously, egi extends ps\,/i. The
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next lemma shows that e@i and 65\0/1. are maximal partial F-preserving extensions of

pé\i and pg\!i, respectively.

Lemma 2.1.2. Let X = (X, E) be a graph and let {¢; |i €1} CG™(X, 2). Then

the maps eéi and eg\é are elements of G (X, 2) extending in and pgi, respectively.

Proof. We first show that eéi preserves E. Suppose that (eé\i (x), e@i(y)) = (1,0) where
z,y € X. Then z € ,.;¢; (1) and there is no z € N, ¢; (1) with (z,y) € E.
Thus (z,y) ¢ E as required.

We now show the maximality of eé\i. Let ¢ € G™(X, 2) be a map extending
eé\i. Let x € X be such that = ¢ dom(eé,\i); thus « & (N;c; %' (1) and so there
exists y € N,y @i (1) with (y,z) € E. We want to show that z ¢ dom(y). Let
j € I be such that = ¢ ¢;'(1). Since ¢; € §™(X, 2), by Lemma m there exists
z € ;'(0) with (z, 2)
no w € ¢;'(1) with (w,z) € E. Hence there is no v € (¢, %; ' (1) with (v, 2) € E,
which gives us es/p\i( ) = 0. As 1 extends eé\i, we obtain ¢(z) = 0. Moreover, as
el (y) = 1, we have 9 (y) =

Now suppose for a contradiction that x € dom(v). Then (y,x) € E and (z,2) € E
give us 1 = ¢(y) < ¥(x) < ¢(z) = 0, which is false. O

€ E. Hence ¢;(z) = 0 and so, by Lemma [2.1.1] again, there is

Having shown that our proposed definitions of arbitrary meet and join are indeed

valid, we can conclude that the set C(X) = G"?(X, 2) is a complete lattice.

Theorem 2.1.3. Let X = (X, E) be a graph. Then the set C(X) = G™(X, 2)
ordered by the rule

p<Y = ¢ (1) CyY (1)

18 a complete lattice.

Proof. Obviously, the relation < is reflexive and transitive. The antisymmetry of <
follows from the fact that for any ¢,¢ € G (X, 2), if ¢~ (1) = ¢(1), then, by

Lemma [2.1.1, ¢=1(0) = ~1(0), and hence ¢ = 1.
To show that < is a (complete) lattice order, let {y; [i € I} C G"(X, 2). We

claim that A ¢; = e@i which is an element of C(X) by Lemma [2.1.2|

First note that (ec/p\i)_l(l) =Nics i (1) C ;i '(1) foralli € I. Thusin (C(X), <),

we have e{}i < ; for all © € I. Now let ¢ < ¢; for all ¢ € I. This gives us that

Y1) C (M) (1) = (el)71(1), whence ¥ < e} as required. O
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Before we move on to incorporate topology we insert a proposition concerning
maps between graphs. We shall need this in Section 2.3 when we consider morphisms

acting by composition.

Lemma 2.1.4. Let X = (X, Ex) and Y = (Y, Ey) be graphs and let o« € G(X,Y).
Then for ¢ € G*(Y, 2), the map ¢ o o, with the domain being determined by the set
of elements for which the composition is defined, is a partial map from X to 2 which

preserves F.

Proof. Suppose that (¢ o a)(x1) =1 and (¢ o a)(x2) = 0. That is, p(a(x;)) = 1 and
o(a(xy)) = 0. Since ¢ is Ey-preserving we have that (a(z), a(xq)) ¢ Ey. Now since

a is an Fx-preserving map, we must have that (xy,z,) ¢ Ex. O

In [7§], a set equipped with a reflexive binary relation and a topology is called
a topological graph. As the graph relation is not necessarily closed in the topology,
here we prefer to use the term graph with topology. We consider the family Gy of
graphs with topology and make it into a category in the following way. A map
v: (X1, B, 1) — (Xa, Es, 79) between graphs with topology is called a Gy-morphism
if it preserves the binary relation and is continuous as a map from (X, 71) to (Xs, 72).
A partial map ¢: (Xy, E1,71) — (Xo, Ea, 12) is called a partial Gy-morphism if its
domain is a 7j-closed subset of X; and the restriction of ¢ to its domain is a G-
morphism. (We assume that dom(y) inherits the binary relation and the topology
from X;.) A partial Gy-morphism is called maximal, or an MPM for short, if there
is no partial Gy-morphism properly extending it. For a graph with topology X =
(X, E,7T) we denote by G577 (X, 24) the set of MPM’s from Xy to 2.

Our candidate for the canonical extension of a bounded lattice L is the complete
lattice G™?(D’(L), 2) = C(D’(L)). The embedding will be given, as in the Plos¢ica
representation (see Proposition below) by the map ey,, given by evaluation, onto
the set of maps which are maximal among continuous partial morphisms into 2. It
is therefore necessary to reconcile the two versions of maximality—one with topology
and the other without. This can be done for graphs in general, rather than just those

arising from dual spaces.

Proposition 2.1.5. Let Xg = (X, E,T) be a graph with topology and X = (X, E)
be its untopologised counterpart. Then G3*(Xq, 24) € G (X, 2).
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Proof. We have already observed that Lemma has a topological counterpart 78],
Lemma 1.3]. Specifically, for ¢ € G7(Xy, 24) we have

0 1(0) ={x € X | thereisnoy € ¢ (1) with (y,z) € E };
¢ (1) ={xz € X | thereisnoy € ¢ *(0) with (z,y) € E'}.

It now follows from Lemma that ¢ € G"(X, 2). O

~J

The set G77(Xy, 24) can be considered as a subposet of the poset G"P(X, 2)
(recall Proposition [2.1.5)), with the partial order on G5 (X, 24) given, as in [7§], by

p<y iff 7N (1) SUTH(D).

If in particular Xg = D(L) then it was shown in [78] (see Proposition [2.2.1J(iii)
below) that the partial order < on G577 (Xy, 24) is a lattice order, and the lattice
(G577 (X7, 24), <) is clearly a sublattice of the lattice C(X) = (§™(X, 2),<) (see

~ TR

Theorem [2.1.3)).

2.2 The canonical extension construction

Our next task is to establish that, when we take a bounded lattice L and the graph
X = D’(L), then C(X) acts as a completion of L. For this we call on the Plog¢ica
representation, and so now need to recall further facts from [78]. The relationship

between a lattice L and the set G377 (D(L), 2) is summed up in the following result.

Proposition 2.2.1 ([78, Lemmas 1.2 and 1.5 and Theorem 1.7]). Let L € £ and
let D(L) be the graph with topology defining the dual space of L. For a € L, let the
evaluation map e,: D(L) — 24 be defined by

{f(a> a € dom(f),

ealf) = — undefined otherwise.
Then the following hold.
(i) The map e, € G537 (D(L), 24) for each a € L.
(ii) Every ¢ € G5P(D(L), 24) is of the form e, for some a € L.

(iii) The map ey, : L — G5P(D(L), 24) given by evaluation, a v+ e, (a € L), is an
isomorphism of L onto the lattice G3°(D(L), 24), ordered by ¢ < v if and only
if 7H(1) SYTH(D).
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By combining preceding results we obtain the following proposition.

Proposition 2.2.2. Let L € £ and let D(L) be the graph with topology dual to L
and X = D"(L). Then (e, C(X)) is a completion of L, where e: a v+ e, (a € L).

Proof. Theorem tells us that C(X) is a complete lattice. The result now follows
directly from Proposition combined with the fact that every ¢ € G3*(D(L), 2),
and in particular any evaluation map e,, belongs to G"?(D’(L), 2), by Proposi-
tion 2.1.5 O

Proposition identifies a completion for any bounded lattice constructed from
the dual space of the lattice. When the lattice is distributive this certainly does give
the canonical extension as introduced by Gehrke and Jénsson [49]. We would now like
to prove that this completion supplies a canonical extension for an arbitrary bounded
lattice. To achieve this, we need to examine more closely the structure of the dual
space D(L) of a bounded lattice L.

In |78 Section 2], Plos¢ica demonstrates how his dual representation for lattices
relates to Urquhart’s topological representation [85]. At the level of the dual spaces,
the passage back and forth between Urquhart’s dual representation and Plosc¢ica’s is
set up by a bijection between maximal disjoint filter-ideal pairs in L (as employed by
Urquhart) and £™P(L, 2). Instead of carrying a single binary relation E, Urquhart’s
dual spaces are equipped with a pair of quasi-orders, <; and <s. Interpreted in terms
of MPH’s, these two relations are defined on the set £L™P(L, 2) as follows:

f<ig <= ) Cg (1) and f<ag < f'(0) C g '(0).

These quasi-orders <; and <5 prove to be a valuable ancillary tool for working with
graphs of the form D’(L) = (£™(L,2), E), and we shall use them, in an analogous

manner but on bigger domains, in Section [2.3]
Lemma 2.2.3 ([78, Theorem 2.1]). Let L € £ and let f,g € L™ (L, 2). Then

(i) (f,9) € E if and only if there exists h € L™ (L,2) with f <1 h and g <5 h;
(ii) f <2 g if and only if there is no h € L™ (L, 2) with (h,g) € E and (h, f) ¢ E;
(i) f <1 g if and only if there is no h € L™ (L, 2) with (g,h) € E and (f,h) ¢ E.

It is a consequence of (i) above that <; C F and >, C E. This will be used
repeatedly below. The following two lemmas describe properties of the set of MPH’s

which will prove crucial in enabling us to prove that C(X) is a dense completion of

L.
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Lemma 2.2.4. Let L € £. Let X =D"(L) and let ¢ € §™(X, 2). Then
(i) if f & ¢ 1(0) there exists g € p~'(1) such that f <3 g;
(i) of f & o '(1) there exists g € p1(0) such that f <y g.

Proof. (i) Given f ¢ ¢'(0), we have by Lemma that there exists h € p~1(1)
such that (h, f) € E. By Lemma [2.2.3(i) there exists ¢ € X such that h <; g and
f <2 g, and we now claim that g € p=1(1). If we suppose that g ¢ ¢~1(1), by Lemma
there must exist u € ¢~1(0) such that (g,u) € E. Now (g,u) € F if and only
if there exists v € X such that ¢ <; v and u <5 v, again by Lemma (1) By the
transitivity of <; we have that h <; v. Applying this with v <5 v gives (h,u) € E.
Since u € ¢ 1(0) and h € o~ !(1), this contradicts that ¢ is E-preserving. Thus
g € ¢~ (1). The proof of (ii) is similar. O

Lemma 2.2.5. Let L€ £, X =D’(L) and » € §™(X, 2). For f,g € L™ (L, 2)
(i) if f <29 and o(f) =0, then ¢(g) = 0;
(i) if f <19 and o(f) =1, then ¢(g) = 1.

Proof. Let f <o g and (f) = 0 and suppose that g ¢ ©~'(0). Then by Lemma/[2.2.4{i)
there exists h € ¢~1(1) such that g <, h. By the transitivity of <, we then see that

f <o handso (h,f) € E. Now ¢(h) =1 % 0= ¢(f), contradicting the fact that ¢
is E-preserving. Thus ¢(g) = 0. O

We can now show that G™P(D’(L), 2), as an extension of G5?(D(L), 2), satisfies
the density condition. That is, every element of G™?(D’(L), 2) can be written as

both a join of meets and a meet of joins of elements of G5 (D(L), 2).

Proposition 2.2.6. (Density) Let L € £ and let X = D°(L). Then every element
¢ € C(X) =G™(D’(L), 2) can be expressed as

e=V{AFINF <o} =NVI|o<vrI}
where F' ranges over the filters of G5 (D(L), 24) and I over the ideals.

Proof. Ity = \/{ NF | NF < ¢}, it is clear that ) < ¢. In order to show that
¢ < 1, we must check that ¢=1(1) C ¢»~1(1). Therefore, using the definitions of joins
and meets in §"?(D"(L), 2) in Lemma and given z € ¢ !(1), we must show

that if y e N{(AF)(0) | A\F < ¢}, then (z,y) ¢ E.
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To do this, we claim that ({(AF)"1(0) | AF < ¢} C ¢ 1(0). Suppose that
f & ¢71(0). By Lemma [2.2.4]i) there exists g € ¢~!(1) such that f <, g. Now let
Fy:={a€ L|g(a) =1} be afilter of L. From Proposition [2.2.1{iii), we know that
F C G7*(D(L), 24) is a filter if and only if F' = { e, | b € F } where F is a filter of
L. This gives us a filter G on G57(D(L), 24), with G = {e, | a € F, }, and we will
show that AG < ¢. If h € (AG) (1), then h € N{e;'(1) | a € F, }. That is, for
every a € L such that g(a) =1, h(a) = 1. So g~ (1) € h™!(1), giving us that g <; h.
Now we use Lemma [2.2.5(ii) to get ¢(h) = 1 and hence (A G)~*(1) C ¢~ 1(1).

We have A G < ¢ and now show that f & (A G)~'(0). By definition

(AG) 7 (0) = {bemeLQ [ for all ¢ € () { ez |aef}(cb)¢E}

and clearly ¢ € N{e,'(1) | a € F,}. Now f <5 g gives us that (g, f) € FE and

so f & (ANG)710). Clearly now f ¢ N{(AF)'(0) | A\F < ¢} and thus we have

N{AF)TO) IANF <9} Ce(0).
Now recall that = € ¢ (1) and let y € N{(AF)*(0) | AF < ¢}. Then

(z,y) € E would imply p(z) =1 £ 0 = ¢(y), contradicting ¢ being E-preserving.
Thus (z,y) ¢ E and we have x € 1)"1(1) as required. O

In Proposition we proved very directly that C(D"(L)) supplies a dense com-
pletion of L. We now want to prove that this completion is compact. En route we
obtain characterisations of filter and ideal elements in C(D"(L)) which are of inde-
pendent interest.

In order to describe the filter and ideal elements of the extension C(D’(L)) we
need to look more closely at the topology on D(L) = (£™P(L,2), E,T). We recall
that T has subbasic closed sets of the form V, = { f € L™(L,2) | f(a) = 0} and

={feL™(L,2)]| f(a) =1} for a € L. We observe that from Lemma [2.2.5] for
any ¢ € G™(D’(L), 2), we have that ¢1(1) is a <;-increasing set, and ¢1(0) is a
<o-increasing set. We also note that the intersection of a collection of closed sets of
the form W, for b € L will be <;j-increasing, while the intersection of sets of the form
V, with a € L will be <s-increasing.

The following result parallels [78, Lemma 1.4] though our approach in proving it

is different.

Lemma 2.2.7. Let L € £ and leta € L. Let X = D’(L) and let p € G™*(D’(L), 2).
Then

(i) o (0)NW, =0 implies ¢~*(0) C V,;
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(i) ¢ (1) NV, =0 implies o' (1) C W,,.

Proof. We consider (i). Let ¢=*(0) N W, = (. Suppose that f € ¢1(0) and f ¢ V.
As V, = ¢;1(0), by Lemma [2.2.4(i) there exists g € p~!(1) such that f <5 g. Since
©(f) =0, by Lemma [2.2.5(i) we obtain ¢(g) = 0, a contradiction. O

Lemma 2.2.8. Let L € £, let Xg = D(L) and let ¢ € G™P(D°(L), 2). Then

(i) (1) is a T-closed subset of Xg if and only if o~ (1) =N{ W, |be K}, for
some K C L;

(ii) ¢ 40) is a T-closed subset of Xg if and only if = 2(0) ={Va|ae€ M} for
some M C L.

Proof. We consider (i). The sufficiency is clear as each W, is T-closed. For the
necessity, let ¢ 1(1) be a T-closed subset of Xg. We let X denote the underlying set
of Xg, that is, X = £L™P(L,2). Let

§:={Wy|beL, (1) CW,}

be the family of all sets 1, containing ¢ ~*(1) and let K :={be L | W, € 8}. Since
o 1(1) € W, for each b € K, it is obvious that p='(1) C {W, | b € K}. The
reverse inclusion will hold too provided we can show that f ¢ ¢ !(1) implies the
existence of W, € 8 such that f ¢ W},

Let f ¢ »~!(1). By Lemma [2.1.1](ii), there exists g € ¢~1(0) such that (f,g) € E.
As g € p71(0), for every h € o~ !(1) we necessarily have (h,g) ¢ E. By definition
of the relation E' this means that there exists b, € L such that h(b,) = 1 and
g(bp) = 0. We note that each set X \ V;, is T-open and h € X \ V. Hence we
have that ¢ 1(1) CU{X \ WV, | h € ¢ (1) }. Since the space Xg is compact and
o 1(1) is a T-closed subset of Xg by hypothesis, there are by, ...,b, € L such that
g(by) =---=g(b,) =0and p~1(1) C (X\Vj, )U---U(X\V3,). Let b:=b;V---Vb, € L.
We have g(b) = 0 and ¢~ (1) € X\V;. The latter by Lemma[2.2.7yields p~1(1) C W},
and thus W, € 8. Since (f,g) € E and ¢(b) = 0, we cannot have f(b) = 1. Hence
f & Wy, as required. ]

Using the above lemma, we can now provide a characterisation of the filter and

ideal elements of the canonical extension.

Proposition 2.2.9. (Filter and ideal elements) Let L € £, let Xy = D(L) and
let p € G"P(D’(L), 2) = C(X). Then the three conditions in (i) are equivalent and

the three conditions in (i) are equivalent:
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(i) (1) ¢ is a filter element of C(X);
2) oY1) =N{Wy|be K}, for some K C L;
(3) ¢ (1) is a T-closed subset of Xs.

(ii) (1) ¢ is an ideal element of C(X);

2) o0)=N{V.lae M}, for some M C L;

(3) = 40) is a T-closed subset of Xg.
Proof. The equivalences of (2) and (3) in (i) and (ii) come from Lemma [2.2.8] Now
let (1) in (i) hold, that is, let ¢ be a filter element of C(X). Then ¢ = A 1; where
{¢i|iel} CGFP(D(L), 24) for some index set I. From the representation theorem

(see Proposition [2.2.1]), we know that each v is in fact e, for some b; € L and from
the definition of a meet of elements of G™*(D’(L), 2), we have that

e () = () =& Q) =W,
iel iel iel
Hence (1) implies (2). Now let (2) hold. Then p=(1) = eb_il(l), and thus ¢ (1)

can be expressed as the meet of images of lattice elements in C(X), yielding (1). The

el
equivalence of (1) and (2) in (ii) can be shown analogously. O

We now prove that our completion is indeed a compact completion. We note
that we will make use of the equivalent definition of compactness stated in Defini-
tion [L.1.2(i) as this allows for the simplest possible proof.

Proposition 2.2.10. (Compactness) Let L € £ and let Xy = (£L™P(L,2), E, 7).
The lattice C(X) = G™P(D’(L), 2) is a compact completion of L.

Proof. Let A, B C L such that A{e, | a€ A} < \{e | b € B} in the completion
C(X). Let o= N{ea|a€ A} and v = \/{e, | b € B}. We have
e M) =e ()= Wa and ¢7'(0)=()¢"(0) =V

a€A a€A beB beB
Now ¢ < ¢ in C(X) means ¢~ !(1) C (1) C X \ ¢71(0), and hence
Aw. c x\V=J X \W).
acA beB beB
Since each W, is T-closed and each X'\ V; is T-open, the topological compactness of Xy
yields the existence of finite subsets A’ ;== {a4,...,a,} C Aand B" :={by,...,b0s} C B
such that
Wa, 0= Wa, © (XA V) U--- U (XA V).
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We then let @/ ;= a1 A---ANa, and b :=b; V ---V by and observe that

e (1) = Wy = (N Wa € [JE\W) = X\ Vi = X\ ¢,'(0).

acA! beB/
By Lemma [2.2.7(ii) we get e,'(1) C e,'(1), and then using the fact that a — e,
is an order isomorphism we get A A’ =d <V =\/ B O

The principal result of this section is now an immediate consequence of Proposi-

tions and 2.2.101

Theorem 2.2.11. (Canonical extension) Let L € £ and let X = (L™P(L,2), E).
The lattice C(X) = G"(X, 2) ordered by

p<Y = 9 (1) Sy
18 the canonical extension of L.
We summarise in Fig. what we have achieved. Here
D:L — X5:=(L"(L,2),E,7),

> Xy — X = (L™P(L,2), F),
G: X +— C(X) := G™(X, 2),

and L — L% via a — e,. The fact that the diagram commutes is the content of
Theorem [2.2.111.

L+
G g
J b
D
L Gy

Figure 2.2: Factorisation of ° on objects in £

2.3 A categorical framework for the canonical ex-
tension

The canonical extension construction on £ is functorial; see 48] [56]. That is, homo-

morphisms between lattices are lifted to complete lattice homomorphisms between
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their canonical extensions. As we observed in the introduction to this chapter, in the
distributive case there is a factorisation of the canonical extension functor in terms of
functors obtained from the hom-functors setting up Priestley duality. In this section
we seek an analogous result for £, insofar as this is possible. Specifically we seek to
set up a commutative diagram as shown in Fig. 2.3 paralleling that shown for D in
Fig. 2.1]

LF—— Y
G
0 b
D
L ——Ys
E

Figure 2.3: Seeking to factorise the functor ° on £

In Fig. 2.3 we require:
e L7 to be the category of complete lattices with complete lattice homomorphisms,

e Y5 to be a category of graphs with topology and Y the corresponding category of
graphs, obtained by forgetting the topology;

e D and E to set up a dual adjunction such that, for all L € £, we have L. = ED(L)

with the isomorphism given by a natural evaluation map,

e D, E and G to be contravariant functors, sending an object C' into some appropri-

ately specified set of partial maps into, respectively, 2, 25 and 2, and
e each of D, E and G to act on morphisms by composition.

Thinking in terms of maps between objects, rather than functors, we have seen
(see Fig. that we can obtain a diagram of this kind, based on the Ploscica
representation. However, we encounter problems when trying to add morphisms to
Plocica’s setup. For u € £(L, K), the morphism D’(u): D*(K) — D’(L) would need
to be given by D’(u)(f) := fou, for all f € D’(K), where the domain is determined by
the set of elements for which the composition is defined. Certainly, for f a maximal
partial homomorphism, f o w is a partial homomorphism. But, as the example in
Fig. demonstrates, f o u need not be maximal.
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19— 4 —
1

0N
L K

N

Figure 2.4: Failure of morphisms to act on MPH’s by composition

We have already noted that Ploscica’s representation is a recasting of Urquhart’s
topological representation for bounded lattices. Urquhart was able to set up a
dual representation for surjective £-morphisms but not for £-morphisms in general.
Therefore our example should come as no surprise. Moreover, it is very easy to see
that f owu is maximal if u is a surjective morphism and f an MPH.

A solution to the problem of making duality for lattices functorial was given by
Hartung [67]. At the object level, topological contexts are considered, while the dual
of a lattice homomorphism is a pair of so-called multivalued functions. This, however,
will not suit what we are trying to achieve. Our approach is quite different in that
instead of altering the morphisms on the dual side, we will use an enlarged object
representation which will allow the duals of lattice homomorphisms to be considered.

We shall call on the topological representation of bounded lattices due to Allwein
and Hartonas [I. 2]. This is in the same style as that of Urquhart, in that it makes use
of disjoint filter-ideal pairs of L to construct a dual space for L. However such pairs
are not required to be maximal, as they are in Urquhart’s representation. Allwein and
Hartonas thereby overcome the problem encountered by Urquhart and are able to set
up a dual equivalence between £ and a specified category of topological structures.
This is achieved at the cost of working with a greatly enlarged dual space.

As an example, consider the five-element modular lattice M5. Under Urquhart’s
representation, the dual space has six elements, whereas in the duality of Allwein and
Hartonas the dual space has 13 elements. For a finite lattice, moving to a dual space
which is bigger than the lattice itself constitutes a major sacrifice, and much of the
appeal and power of duality for distributive lattices is lost. This could well explain
why the work of Allwein and Hartonas is not particularly well-known. However, once
the Allwein—Hartonas duality has been translated into the language of partial maps,
we shall see that it offers exactly the setup that will help us to link the construction
of the canonical extension to duality using functors, as in Fig

We shall now outline what we have to do to carry out our programme.
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Y

L 2

Figure 2.5: A partial homomorphism which is not special

First of all, we require a Ploscica-style presentation of the Allwein—-Hartonas dual
spaces. The first task is to recognise which partial homomorphisms from L into 2
correspond to disjoint filter-ideal pairs and appropriately to equip the resulting set
of partial homomorphisms with the structure of a graph with topology. We may
consider the full subcategory Ys of G5 whose objects are the enlarged dual spaces (in
our graph formulation, given below) of members of £. We then let Y be the image
of Y5 under °. As these graphs occur as the dual objects of lattices, we shall refer to
the objects of Y as L-graphs.

The results of Allwein and Hartonas [I, 2] imply that there are contravariant
functors D: £ — Y5 and E: Y5 — £ which are such that L = ED(L) for every

L € L£; we show that the isomorphism is set up by evaluation maps in the same

manner as in Proposition (see Propositions [2.3.3| and [2.3.4)). There is now an

obvious candidate for the canonical extension of L: we forget the topology on D(L)
and take the set of all maximal partial morphisms into 2. Rather than verifying
directly that we thereby obtain a dense and compact completion we instead set up
an order-isomorphism between our new candidate for the canonical extension and
the one based on the Ploscica representation. Finally we check out that we really do
have a well-defined functor G making the diagram in Fig. commute, and at the
same time use our diagram to confirm, in a transparent way, that ° does lift each
L-morphism to a complete lattice homomorphism. We now implement the strategy
we have set out.

Let L € £. Then the disjoint filter-ideal pairs of L are obviously in bijective cor-
respondence with those partial homomorphisms f into 2, for which (f~'(1), f~(0))
is a (disjoint) filter-ideal pair of L; let us call them special partial homomorphisms,
SPH’s for short, and denote the set of all such maps by £ (L, 2). We note that every
maximal partial homomorphism into 2 is special but that it is easy to find examples

of partial homomorphisms into 2 which fail to be special.
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The presentation by Allwein and Hartonas now permits a translation into an
equivalent formulation in terms of special partial homomorphisms (for the first dual)
and continuous partial morphisms (for the second dual). The topology in [2] is defined
in the same way as for the representation theorem of Ploscica. That is, let sets of the

form
Vo={feL®L,2)| f(a)=0} and W,={fe€LPL,2)|f(a)=1},

form a subbasis for the closed sets of the topology T. We now define the relation F
on £ (L, 2) by the rule

(f,g9) € Eiff f(z) < g(zx) for every z € dom(f) N dom(g),

that is, we take the obvious extension of F, as defined earlier on the subset £L™P(L, 2).
We denote the dual space of L by D(L) = (£*(L,2), E, 7). The dual space specified
in [2], called an enhanced L-space, takes the form of a topological space equipped with
two quasi-orders (<; and <3) and a specified subbasis of closed sets.

We shall need the following two lemmas concerning SPH’s. The first of these
relates the relation £ to quasi-orders <; and <s (defined on £ (L, 2) exactly as on
L"P(L,2)). For the case of L™(L,2) it appears as Lemma [2.2.3] which we carried

over from [78]. Here we show that the result extends to all SPH’s.
Lemma 2.3.1. Let L € £ and let f,g € L*(L,2). Then

(i) (f,g9) € E if and only if there exists h € LP(L,2) with f <; h and g <2 h;
(i) f <2 g if and only if there is no h € LP(L,2) with (h,g) € E and (h, f) ¢ E;
(ili) f <1 g if and only if there is no h € LP(L,2) with (g,h) € E and (f,h) ¢ E.

Proof. (i) If (f,g9) € E then f~*(1) N g~'(0) = 0. Consider h € L*(L,2) defined
by h=1(1) = f71(1) and A71(0) = ¢g7'(0). Then f <; h and g <y h. Conversely, if
there exists h € LP(L,2) with f~'(1) € A7'(1) and ¢~'(0) € h~*(0) then clearly
(1) Ng ' 0)=0andso (f,g) € E.

(ii) Suppose that f <5 g and let h € L(L,2). Now suppose that (h, f) ¢ E.
This implies that there exists a € L such that h(a) = 1 and f(a) = 0. Clearly
g(a) =0 and so (h,g) ¢ E.

Next, assume that f £ ¢g. This implies that there exists a € L such that f(a) =0
and g(a) # 0. Consider h € LP(L,2) defined by h7'(1) = ta and h~1(0) = ¢g~*(0).
Clearly (h,g) € E and (h, f) ¢ E, completing the proof of (ii). Part (iii) is proved in

the same way. O]
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We now derive an extension of Lemmas [2.2.5 and [2.2.7| from D’(L) to D’(L):

Lemma 2.3.2. Let L € £. Let Y = (£L¥(L,2),E) and let ¢ € G™(Y, 2) and
fig €Y. Then

(i) if f <29 and o(f) =0, then ¢(g) = 0;
(ii) if f <1 g and o(f) =1, then ©(g) = 1.
Further, for a € L, we have
(iil) ¢ 1(0) "W, = 0 implies ¢~ *(0) C V,;
(iv) o' (1) NV, =0 implies p~(1) CW,.

Proof. Let f <o g and ¢(f) = 0. Then by Lemma [2.1.1], for all » € ¢~!(1) we have
(h, f) & Ey, that is, h=1(1) N f71(0) # 0. From f <5 g we have f~1(0) C ¢~1(0),
and then clearly for all h € ¢7'(1) we have h=!(1) N g=1(0) # 0, whence (h,g) ¢ Ey.
Thus g € ¢ 1(0), again by Lemma [2.1.1

Now consider part (iii). Let ¢~*(0) N W, = 0 and suppose that f ¢ V, but
f € ¢71(0). We will show that this implies p=1(0) N W, # (. Since f(a) # 0,
consider the special partial homomorphism g;: L — 2 defined by g;l(l) = Ta and
gj?l(()) = f71(0). Now gy € Wy, but since f <5 g we have by (i) that g; € ¢=(0). O

We are now ready to confirm that a lattice L can be recaptured from the graph
with topology D(L) in the same manner as, by Plos¢ica’s representation, it is re-
captured from D(L). We first reformulate the representation due to Allwein and
Hartonas [II, 2] in terms of graphs with topology in the same way that Ploscica refor-
mulated the L-spaces of Urquhart. We want to represent the lattice L by the maximal
partial continuous E-preserving maps (MPM’s) from D(L) into 2.

Let L € £ and let Yy = D(L) and Y = (£%(L,2), E). Let a € L and define
€q: Yg — 24 for f e LP(L,2) by

eu(f) = {f(a) if a € dom(f),

— otherwise.

Proposition 2.3.3. Let L € £ and define Yy =D(L), Y = (LP(L,2),E), and ¢,
as above. Then €, € G5 (Y7, 25). Furthermore, if €, is regarded as a map from Y
to 2, then e, € §™ (Y, 2).
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Proof. We note that e, (1) = W, and &, (0) = V, are closed sets and hence, since the
set dom(e,) = W, UV, is also closed, we have that €,: dom(e,) — 24 is continuous.
Suppose €,(f) = 1 and é,(g9) = 0. Then (f,g) ¢ F and so ¢, is E-preserving. Now
assume that ¢ € G77(Yy7, 25) and the domain of ¢: Yy — 24 properly extends the
domain of €,. The first case to consider is f € dom(¢) \ dom(e,) such that ¢(f) = 1.
This implies that for all g € ¢€,'(0), (f,g9) ¢ E. In particular it means that for
h e LP(L, 2) with h~1(1) = {1} and h7'(0) = la we have (f,h) ¢ E. Since f~'(1)
is a filter, this can only happen if f(a) = 1 and so f € dom(é,), a contradiction.
Similarly one can show that if ¢(f) = 0 then f(a) = 0, a contradiction. Thus the
domain of e, is maximal.

The fact that e, € (Y, 2) follows from Proposition [2.1.5 O

The proof of part (i) of the following result mimics that of |78, Lemma 1.5]. We
shall exploit the compactness of D(L) [2, Lemma 3.17].

Proposition 2.3.4. Let L € £ and let Yy = D(L).
(i) Every ¢ € G357 (Yq, 24) is of the form e, for some a € L.
(ii) L is order-isomorphic to G5 (Yq, 24) via the map a — é,.

Proof. Since ¢ is E-preserving, for any f € ¢ (1) and g € ¢ 1(0) we get that
(f,g) ¢ E. Thus there must exist an element ay, € L such that f(ay,) = 1 and
g(arg) = 0. We form the set U, = { h € LP(L,2) | h(ays,) # 0 }, which is open since
Upg = LP(L,2)\V,,,. The collection { Uy, | f € ¢~ '(1)} is a cover of ¢'(1) since
f € Uy, for all f € o7 (1). Now ¢ (1) is compact as it is a closed subset of the
compact space D(L). Thus there is a finite set {a; | 1 <i < n} C g71(0) such that
e (1) C{LPL,2)\V,, | 1 <i<n} Wecan nowset a, = \/{a; | 1 <i<n}
Since g € LP(L,2), g7*(0) is an ideal and so g(a,) = 0. Furthermore, we have that
¢ (1) € £L*(L,2)\V,,. From Proposition we have that ¢ € G"P(Y, 2) and so
using Lemma (iv) we get (1) C W,,.

Now ¢~1(0) is covered by open sets of the form L (L,2)\W,, for g € ¢ '(0).

Since p~1(0) is also compact, we can take a finite set
{o/[1<i<m} C{a,|ge€e™(0)}

so that o= 1(0) C U{L®(L,2)\W,; | 1 <j < m}. From above we can also see that
M) CN{Wu |1<j<m}. Ifweseta= A{d’ | 1 <j<m} then p'(1) C W,
and ¢~1(0) C L£*(L, 2)\W,. Now Lemma [2.3.2fiii) gives us that ¢~1(0) C V, and by
the maximality of ¢ we now get p=*(1) = W, and »~1(0) =V, and so ¢ = &,.
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From Proposition and part (i) we have G37° (Y, 24) = {€, | a € L}. Now
the map a — €, is an order-isomorphism of L to 9?p(Yq, gﬂ) since a < b if and
only if €;1(1) C &, '(1). To see this, let a < b and f € &;'(1) for f € LP(L,2).
Thus f(a) = 1 and since f~1(1) is a filter, we obtain f(b) = 1, whence f € ¢, '(1) as
required. For the converse, let a £ b in L. Then (fa, [b) is a disjoint filter-ideal pair

with an associated special partial homomorphism f : L — 2 with f~!(1) = ta and

f7H0) = |b. Then f € &;1(1) but f ¢ &, ' (1). O

We are finally set up to build a canonical extension of a bounded lattice L, anal-
ogous to the one in Theorem but now based on the larger dual space D(L).
We let Y = L£°P(L,2) and shall show that the complete lattice of maximal partial
E-preserving maps from the larger graph Y = (Y, Ey) into 2 is order-isomorphic
to the canonical extension from Theorem [2.2.11] To accomplish this we recall that

= (L™ (L,2), Ex) and we define a map ¥: G"P(X, 2) — G"P(Y, 2) such that for
peG™(X,2)and feY,

1 ifVgee(0)((f,9) ¢ Ey),
(%) (T()(f) =40 ifVh(Vgep(0) ( 9) ¢ Ey = (h, f) ¢ Ey)),
— otherwise.

The next proposition establishes some properties of ¥ and, most importantly, that it
is well defined.

Proposition 2.3.5. Let X = (L"P(L,2), Ex) and let the map ¥ be defined by (x)
above. For every ¢ € G"°(X, 2),

(1) ¢7'(1) € (¥(p)~'(1) and ¢71(0) € (¥())~'(0);

(ii) the map ¥(p) is a mazximal E-preserving map from Y = (L®(L,2), Ey) into
2, and consequently, ¥(p) € G"P(Y, 2).

Proof. Consider (i). Let f € £™(L,2) with f € ¢~'(1). By Lemma [2.1.1{ii), for all
g€ ¢ 10), (f,9) ¢ Ex and so (f,g) ¢ Ey. Hence by the definition of ¥(y), we get
fe(W(p) 1 (1). If f € p=1(0), let us consider h € LP(L,2) such that if g € p~1(0),
then (h,g) ¢ Ey. Clearly (h, f) ¢ Ey, which by the definition of W(y) shows that
f € (¥()~1(0).

Now consider (ii). Assume that (U(p))(h) = 1 and (V(¢))(f) = 0 for some
h,f € £LP(L,2). From the definition of (¥(p))~!(1) we get that (h,g) ¢ Ey for
every g € ¢ '(0). Using this, we obtain from the definition of (¥(¢))~*(0) that
(h, f) ¢ Ey. This shows that ¥(y) is Ey-preserving.
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Suppose there exists an E-preserving map ¢: Y — 2 with dom(¥(y)) € dom(¢).
Let f € dom(¢) \ dom(¥(p)) for f € L¥P(L,2). First, let us consider the case
&(f) = 1. Since f ¢ (¥(p))~ (1), there exists g € ¢~ 1(0) such that (f,g) € Ey.
Now ¢~(0) € (¥())~"(0) by (i), and since (¥())~(0) € ¢7'(0), we get g € ¢71(0).
This yields that ¢ is not Ey-preserving, a contradiction. Now let ¢(f) = 0. Since
¢ (¥(p))~1(0), there exists g € (¥(p))~'(1) with (g, f) € Ey. But then g € ¢~1(1)
and so ¢ is not Ey-preserving, a contradiction. We have shown the maximality of
V(). O

The following lemma will be deployed in the proof of Theorem [2.3.7

Lemma 2.3.6. Let ¥ be defined as in (x). For n € G™(Y,2), let ¢,: X — 2 be
the restriction of n to X. Then ¢, € G™(X, 2) and V(p,) = 1.

Proof. Since ¢, is a restriction of an Ey-preserving map onto X, a subgraph of Y,
it is clear that ¢, will be Ex-preserving. Suppose there exists ¢: X — 2 such that
dom(ip,,) € dom(¢). Consider first the case of f € L™(L,2) with f € ¢~ (1)\¢, " (1).
This implies that there exists ¢ € n71(0) such that (f,g) € Fy. Now consider
h € LP(L,2) defined by h~'(1) = f~'(1) and h='(0) = g~*(0). We can extend h to
h, € L™°(L, 2) and by Lemmam (i) we get h. € o, 1(0). But ¢, "(0) € ¢~'(0) and
(f,h) € Ex, contradicting ¢ being Ex-preserving. Using the same method we can
show that the existence of f € $~1(0)\, ' (0) implies that ¢ cannot be Ex-preserving.
Hence ¢, € §™(X, 2).

By the definition of the order of the lattice C(Y) = G™(Y,2) (see Theo-
rem , it suffices to prove (U(g,)) *(1) = n~*(1). If f € n~'(1) then for all
g € n710), we have (f,g9) ¢ Fy where f,g € L%(L,2). In particular this ap-
plies to all g € n7'(0) N L™ (L, 2) = ¢, '(0). Hence f € (¥(p,)) (1) and so
171 € () (1),

If f ¢ n'(1), there exists g € n~'(0) such that (f,g) € Ey. Let h € LP(L, 2)
be defined by h7!(1) = f~(1) and h~*(0) = g~'(0). We know that we can extend
h to an h, € L™ (L, 2). Now ¢g~*(0) C h;(0) and so by Lemma [2.3.2fi) we have
he € 71(0) N L™P(L,2) = ¢, '(0). Since f~(1) € h'(1), we have (f,h,) € Ey and
so clearly f ¢ (¥(p,)) " (1). Thus (¥(p,)) (1) Cn(1). O

The next result shows that the complete lattices G (X, 2) and G"P(Y, 2) are

order-isomorphic under W, and that this map fixes the underlying lattice L.
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Theorem 2.3.7. Let L € L. Let X = (L™ (L,2),Ex), Y = (LP(L,2), Ey) and
let W be the map defined by (x). Then G (X, 2) is order-isomorphic to G (Y, 2)
under the map W.

Moreover, V(e,) = €, for any a € L, where e, € §™(X, 2) and e, € §""(Y, 2)
are the evaluation maps which represent the elements of L inside its completions
G"(X, 2) and G (Y, 2), respectively.

Proof. The surjectivity of ¥ has been proved in Lemma [2.3.6, That ¥ is an order-
isomorphism can be seen from the fact that ¢ < ¢ if and only if p=!(1) C ¥~1(1) (see
Theorem [2.1.3)), and this occurs if and only if ¥=1(0) C »~1(0) (by Lemma [2.1.1)),
which occurs if and only if (¥(p))~(1) C (¥(x))"'(1) (by the definition of ¥).

The equality ¥(e,) = &, follows from Lemmal[2.3.6| using the fact that the restric-

tion of e, to X is e,. O
Combining the preceding theorem with Theorem [2.2.11| we obtain the following.

Corollary 2.3.8. Let L € L. Then, with respect to the embedding set up by a +— é,,
the complete lattice C(Y) = G™ (Y, 2) is the canonical extension of L.

We are almost ready to define the functors needed in our categorical approach.
First, we make some observations about the relationship between the categories we
defined earlier: G, of graphs and E-preserving maps, and its topological analogue Gy,
of topological graphs and continuous E-preserving maps.

From Lemma we note that any L-graph X = (X, FE) is automatically
equipped with the quasi-orders <; and <y, as previously defined. Thus, when consid-
ering X it is not necessary explicitly to state that <; and <, are part of the structure
of X. We note too that on 2 (which is not an £-graph) we have quasi-orders <; and

<, defined as follows:
1= E =< and <=E' =>.

We shall use 2 to denote both the graph ({0,1}, E) and the doubly-ordered set
({0,1}, <1, <2).

The quasi-order relations <; and <y were used by Allwein and Hartonas [2] as
well as by Urquhart [85]. Furthermore, Urquhart [85] defines maps ¢: #(X) — #(X)
and r: £(X) — #(X), given by

((A)={feX|VgeA(fig)} and r(A)={feX|VgecAlffyg)}
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for A C X. The maps ¢ and r are order-reversing on (#(X), C) and form a Galois
connection between the set of <s-increasing subsets of X and the set of <;-increasing
subsets of X.

In his work, Urquhart uses the term stable, but we prefer to use the more descrip-
tive terminology of Allwein and Hartonas (and others) and say that a subset A C X
is defined to be (-stable if ¢r(A) = A and r-stable if r{(A) = A. The following result
is a simple consequence of the theory of Galois connections. It will be applied to sets
of the form »~*(1) and ¢~ '(0) where p € G"(X, 2), as we have from parts (i) and
(ii) of Lemma [2.3.2] that ¢ (1) is <;-increasing, and ¢~1(0) is <p-increasing.

Lemma 2.3.9. Let X &Y and let A C X. Then
(i) A is l-stable if and only if A = €(B) for some <s-increasing B C X;
(ii) A is r-stable if and only if A =r(B) for some <i-increasing B C X.

Now we define morphisms between L-graphs. It is obvious that we would want any
such morphism to preserve the two quasi-orders <; and <,. We also want morphisms
to preserve the way in which these two quasi-orders interact with one another. This
we achieve by requiring that inverse images of stable subsets of the codomain be

stable sets in the domain of the morphism. We state this more precisely below.

Definition 2.3.10. Let X andY be L-graphs and oc: X — Y. Then « is an L-graph

morphism if

(i) « preserves <1 and <o

(ii) of A CY is an (-stable set, then o= (ry(A)) = rx(a™(A));
(iii) if A CY is an r-stable set, then a " (ly(A)) = Ix(a™1(A)).

We note that it is not difficult to show that the class of maps between graphs which
satisfy the above conditions does indeed meet the criteria for a class of morphisms in
a category. With this in hand we can give formal definitions of our categories Y+ and
Y. The first of these consists of L-graphs with continuous £-graph morphisms while
Y is obtained by applying ” to Y5. Lemma serves to tell us that the category Y
(respectively Yg) is a full subcategory of G (respectively Gy).

Lemma 2.3.11. Let X = (X, Ex) and Y = (Y, Ey) be objects in Y and consider
the map a: X — Y. If a is an L-graph morphism, then « is E-preserving.
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Proof. Let f,g € X and suppose that (f,g) € Ex. Then by Lemma [2.3.1}i) there
exists h € X such that f <; h and g <5 h. Since a is <j-preserving, we have
that a(f) <1 a(h), and since « is <o-preserving, we have a(g) <o a(h). Thus there
exists y = a(h) € Y with the properties required by part (i) of Lemma and so

(a(f), a(g)) € Ey. O

Not for the first time we are faced with the need to reconcile two notions which
might possibly not coincide. We shall now prove that MPE’s from L-graphs into 2

are exactly the maximal partial £-graph morphisms into 2.

Proposition 2.3.12. Let X = (X, E) be an L-graph, and let p: X — 2 be a partial

map. Then the following are equivalent:

(1) ¢ is a mazimal partial E-preserving map;

(2) 71 (1) = £(¢71(0)) and ¢71(0) =r(¢~'(1));
(3) ¢ is a mazimal partial £-graph morphism.

Proof. We start by showing the equivalence of (1) and (2). If ¢ € G™(X, 2) and
g € ¢ 1(0) then, by Lemma[2.1.1] for all f € ¢ (1) we have that (f,g) ¢ E. Since
g <o f implies that (f,g) € E, we have for all f € ¢~ !(1) that g £ f and hence
g € r(¢~*(1)). Thus ¢ 1(0) C r(p~'(1)). If we suppose that g & »'(0), then by
Lemma we have that there exists f € ¢~'(1) such that (f,g) € E. Now by
Lemma M(l) there exists h such that f <; h and ¢ <5 h and Lemma m(n) gives
us that h € o= }(1). Thus g & r(¢ (1)) and hence r7(p=(1)) = ¢ 1(0). We can
similarly show that £(p=1(0)) = ¢ (1).

Now assume (2) and let A := ©~!(1). To show that ¢ preserves E, let f,g be
in the domain of ¢, and suppose (f,g) € E but ¢(f) = 1 and ¢(g) = 0. From
o(f) =1 we get f € (r(A) = L(¢71(0)) and p(g) = 0 gives g € 7(p~'(1)) = r(A).
Lemma (1) gives us that there exists h such that f <; h and g <s h. Now
[ € ¢r(A) means that for all ¢ € r(A) we have f £; ¢ and hence h ¢ r(A). This
implies that there exists £ € A such that A <o k. The transitivity of <5 then
implies that g ¢ r(A), a contradiction. In order to see that ¢ is maximal, suppose
that dom(p) C dom(¢)) for some ¢ € G"(X, 2). It is clear that A C ¢~!(1) and
r(A) Cy=10). If fe(1) and g € ¥~1(0), then (f,g) ¢ E and hence f %; g and
g %o f. Thus any f € (1) must be in £(¢~1(0)) and similarly ~(0) C r(xp~1(1)).
We then get ¢=1(1) C £(¢p71(0)) C ¢r(A) = A and hence A = )~1(1). We also have
r(A) = 171(0) and so 1 = ¢, showing that ¢ is maximal. Hence (1) holds.
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Now assume (3). Note that {0} is r-stable and {1} is {-stable in 2 as r({1}) = {0}
and £({0}) = {1}. From (ii) and (iii) in the definition of morphisms of £-graphs we
get 91(0) = ¢ (r({1}) = (6 (1) and (1) = o (({0})) = £ (0)).

Finally, assuming (2), we get that for f,g € X, if ¢(f) = 1 and ¢(g) = 0, then
f € £(p1(0)) and g € r(p'(1)). By the definition of ¢ and r we see that f £; ¢
and g Lo f. Thus ¢ is <;- and <y-preserving on its domain. Since {0} and {1} are,
respectively, the only r- and (-stable subsets of 2, we have that ¢ obeys properties (ii)
and (iii) required of an £-graph morphism. We now suppose that there exists a partial
L-graph morphism 1 from X to 2 such that dom(y) C dom(t)). Suppose there exists
f € dom(¢)) but f ¢ dom(y), and suppose ¥(f) = 1. Since f & ¢ (1) = £(¢~1(0)),
there exists g € ¢ 1(0) C ¢~1(0) such that f <; g. This implies that 1 is not
<j-preserving. Similarly, if we suppose that ¥(f) = 0 we see that 1 will not be

<o-preserving. Hence dom(yp) is maximal and we have shown (3). O

We are, at last, ready to set up the functors we require. We claim that we can
define D: £ - Yy and G: Y — LT as follows:

-]

on objects: :L— (L%(L,2),E,7)

on morphismes: D:iurr —ou

and

on objects: G:Y — G§™(Y,2),
on morphisms: G:a— —oa.

In the action on morphisms of D and G the domain of the image map is the set
on which the composite map is defined. In legitimising these definitions what is at
stake is well-definedness: we must ensure that the images of morphisms under D and

G are again morphisms for the categories concerned.

Proposition 2.3.13. Let LK € £ and let u: L — K be a lattice homomorphism.
Then D’(u): D*(K) — D°(L) is an L-graph morphism.

Proof. Let f,g € D’(K) with f <; g and a € ((D°(u))(f))~*(1) = (f o u)~*(1). This
gives us that u(a) € f~1(1) and hence u(a) € g~*(1). Thus a € (D’(u))(g)"*(1) and
so D’(u) is <;-preserving. Likewise, D’(u) is <y-preserving.

Now consider A C D°(L) such that A is f-stable. We want to show that D’(u))™}
preserves stable sets. That is, we want to show (D°(u))~'(r(4)) = r((D’(u))~'(A)).
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Let f € D’(K) such that f ¢ r((D°(u))~*(A)). This implies that there exists an SPH
g € (D°(u))"'(A) such that f <, g. We note that g € (D’(u))~!(A) if and only if
gou € A. Now since D’(u) is <o-preserving, we have that (D°(u))(f) = fou <3 gou
and hence f ¢ (D’(u))~!(r(A)). Thus we have (D’(u))~(r(A)) C r((D’(u))~*(A)).

Now if f ¢ (D’(u))~*(r(A)) then fou ¢ r(A) and so there exists h € A such that
fou <y h. Consider the map g,: K — 2 defined for b € K by

0 ifbe f71(0),
gn(b) = ¢ 1 if b e t(ulh ' (1)]),

— otherwise.

We show that g, € LP(L,2). If b € t(u[h~!(1)]) then there exists a € h™!(1)
such that u(a) < b. Since f owu <o h we have that h=*(1) N (f o u)~'(0) = 0 and
soa ¢ (fouw ™(0). If b € f71(0) then u(a) € f~'(0), a contradiction. Hence
9,1 (1) N g, ' (0) = 0. We need to show that g, (1) is a filter of K, so we consider
bi,by € g, '(1). By the definition of g, there must exist a;,a; € h~!(1) such that
u(ar) < by and u(ay) < by. Now since h71(1) is a filter of L, we have a; Aay € h™1(1)
and since u(a; A ag) is a lower bound for {by,by} we have that u(a; A az) < by A by
and so by A by € g, *(1). Hence g, € LP(K, 2).

If a € h~1(1) then u(a) € u[h~'(1)] and so u(a) € g, ' (1). Hence gj(u(a)) = 1 and
we have h <; g, ou. Now as h € A = {r(A) and using the definition of ¢ and the
transitivity of <;, we have that g, ou € ¢r(A) = A. Now clearly f <5 g, and since
gn € (D"(u))™*(A) we have f ¢ r((D’(u))~'(A)). Since we originally assumed that
f ¢ (D°(u))~Y(r(A)), we now conclude that r((D°(u))~'(A)) C (D*(u))~(r(A)). O

In order to show the well-definedness of G, we must verify that the image of a
morphism under G takes MPE’s to MPE’s. To address this question we first prove a

technical lemma.

Lemma 2.3.14. Let X, Y € Y and let a: X — Y be such that o € Y(X,Y).
Further, let ¢ € G"(Y,2) and f € X. Then

(i) if there exists m € ¢ *(0) such that (a(f),m) € Ey then there exists g, € X
such that o(a(gn)) = 0 and (f,gn) € Ex;

(ii) if there exists n € o '(1) such that (n,a(f)) € Ey then there exists g, € X
such that o(a(gn)) =1 and (gn, f) € Ex.
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Proof. Considering (i), we have from Lemma that a(f) ¢ ¢~ '(1). This implies
that f ¢ a '(p71(1)) = a ' (£(¢71(0))). Now since a~! preserves (-stable sets, we
have that f ¢ ¢(a~'(»~1(0))). This implies that there exists g, € a (¢ ~*(0)) such
that f <y gm. Now clearly a(g,,) € ¢~ 1(0) and (f, g) € Ex. O

Proposition 2.3.15. Let XY € Y and let a: X — Y be an L-graph morphism.

Then for any ¢ € G (Y, 2) it is the case that (G(a))(p) € §"P(X, 2).

Proof. We have from Lemma that « is E-preserving, and hence we can apply
Lemma to conclude that (G(a))(¢p) is a partial E-preserving map from X to 2.
We show that its domain is maximal.

Suppose that there exists an E-preserving map 1 extending (G(a))(¢) and that
f ¢ dom((G(a))(p)) for some f € X. We want to show that f ¢ dom(¢)). Since
f ¢ dom(y o a) we know that (¢ o «)(f) # 1 and hence by Lemma there must
exist mg € ¢ 1(0) such that (a(f),mg) € Fy. Similarly, since f & (¢ o a)™'(0) we
know that ¢(a(f)) # 0 and hence by Lemmal[2.1.1] there must exist m; € ¢~!(1) such
that (mq, a(f)) € Ey.

Now from Lemma we have gmg, gm, € X such that ¢(a(gm,)) = 1 with
(gmys f) € Ex and p(a(gm,)) = 0 with (f,gm,) € Ex. From this we can easily
see that, g, € ((G(0))())"(1) whence $(gm) = 1 and gy € ((G(a))()~(0)
whence ¥(gm,) = 0. If we now suppose, for contradiction, that f € dom(v), then
from (gm,, f) € Ex we obtain 1 = ¥(g,n,) < ¥(f) and from (f, gm,) € Fx we obtain
U(f) < Y(gm,) = 0, which is impossible. O

The next result confirms that the codomain of G really is £, as our commuting
diagram demands. The theorem which follows shows that under ¢ an £-morphism
lifts to an £-morphism. We emphasise that the proof of the first result is a com-
pletely routine definition chase. By contrast, lattice homomorphisms were regarded
by Gehrke and Harding [48] as instances of additional operations which are join- and
meet-preserving, and their liftings treated using the machinery developed to handle

extensions of maps in general.

Proposition 2.3.16. Let X, Y €Y and a € Y(X,Y). Then the map G(a) between
the complete lattices G (Y, 2) and G (X, 2) is a complete lattice homomorphism.
That is, G(a) € LT(G(Y), G(X)).

Proof. We prove that G(«) is meet-preserving. The fact that G(«) is join-preserving

will then follow by a similar argument. Let f € X and consider the collection of maps
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{eiliel} CG™(Y,2). Then

F€ (A, (Gla)e)) (1)

We can now present the main result of this section.

Theorem 2.3.17. Let u € L(L,K) be a homomorphism of bounded lattices. Then
GD'(u): GD'(L) — GD'(K)

given by the composition of functors G o® oD is a complete homomorphism of the

corresponding canonical extensions.

Proof. This follows from Propositions [2.3.13] and [2.3.16] O]

In conclusion, we sum up what we have achieved.

Theorem 2.3.18. Let the categories £, LT, Y5 and Y be as above and construct D
and G as indicated. Then

(i) D: £L =Yy and G:Y — LT are well-defined functors;

(ii) the functor D has a right adjoint E such that the unit of the adjunction is given

by evaluation maps which are isomorphisms;

(iii) with the categories and functors as defined above, the diagram in Fig. com-

mutes, so that the canonical extension functor on L factorises as the composition

G Ob Oﬁ.
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Chapter 3

Reconciliation of constructions of
canonical extensions

This chapter provides new insights into the relationship between different construc-
tions of the canonical extension of a bounded lattice. The work in this chapter was
prompted by results obtained while working on the canonical extension construction
via MPE’s contained in Chapter 2]

Different constructions of the canonical extension of a bounded lattice have proved
useful for particular applications. The doubly-ordered set and resulting complex
algebra (canonical extension) from Urquhart’s representation [85] was used by Dzik,
Orlowska and van Alten [34] to provide complete Kripke-style semantics for logics
with negation. (We note, however, that they do not at any stage refer to it as the
canonical extension.) By contrast, the categorical setting of Chapter [2[ was used to
provide a functorial explanation for the fact that lattice homomorphisms are lifted
by canonical extensions to complete lattice homomorphisms.

Gehrke and Harding in [48, Remark 2.10] assert that the canonical extension
of a bounded lattice L is isomorphic to the complete lattice of so-called ¢-stable
subsets of Urquhart’s dual space of L. Our first new result in this chapter shows
directly that the f-stable sets correspond to the maximal partial E-preserving maps
(Theorem [3.1.1). We show that the complete lattice LS(X) of ¢-stable subsets of
Ploscica’s dual graph X = (£L™P(L,2), E) of the lattice L (or, equivalently, the /(-
stable subsets of Urquhart’s dual space) ordered by inclusion, is order-isomorphic
to the canonical extension C(X) = G™(X, 2) of L. For this, we define an order-
isomorphism ®L3 : LS(X) — C(X) and we prove that this order-isomorphism fixes
the elements of L, thus LS(X) is the canonical extension of L (Corollary[3.1.2)). Next,
we describe the sets J*(C(X)) and M>°(C(X)) of the completely join- and completely

meet-irreducible elements of the canonical extension C(X) of L, and show that these
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sets are join- and meet-dense, respectively (Corollary and Proposition .
This is an an analogue of the result of Gehrke and Harding in [48, Lemma 3.4].

In Section we turn to the framework of Formal Concept Analysis, a field
developed by Ganter and Wille [45]. Here we show that the canonical extension
L° = C(X) of L is isomorphic to the concept lattice of a specific context associated to
the complement EC of the graph relation E. More precisely, for a graph X = (X,F)
we consider the context K(X) := (X, X, E) and the concept lattice CL(K (X)) of this
context. We show that for an arbitrary graph X = (X, F) (not necessarily coming
from a lattice L) there is an order-isomorphism ®&% : CL(K(X)) — C(X) between
the concept lattice and the lattice of MPE’s (Proposition . When the graph is
a dual of a lattice L, that is X = (L™P(L, 2), E), the order-isomorphism ®&% fixes L
and so the concept lattice CL(K(X)) of the context K(X) is the canonical extension of
the lattice L (Corollary [3.2.2). Theorem shows a useful correspondence between
the elements of the lattices C(X), LS(X) and CL(K(X)) and we apply it to translate
the descriptions of the sets {J, | z € X } and { M, | y € X } of completely join-
and completely meet-irreducible elements of C(X) into the language of the concept
lattice CL(K(X)) for the context K(X) (Corollary .2.5). We finally show that in
case of an arbitrary graph X, the sets {J, | + € X} and {M, | y € X}, as
defined in Corollary , are join- and meet-dense in the complete lattice C(X)
(Proposition . On the one hand this nicely extends Proposition m and on
the other hand, by combining it with a basic result of Formal Concept Analysis
(Theorem , it gives an alternative argument to the reconciliation of the lattices
C(X) and CL(K(X)) as proven in Proposition [3.2.1]

In Section we first reconcile the concept lattice studied in Section with
the canonical extension GH(L) of L introduced by Gehrke and Harding [48]. We
further recall our construction of the canonical extension C(Y) of L via its bigger
dual graph Y = (L(L,2), Ey) of ‘special’ partial homomorphisms from L into 2.
By employing the bigger dual Y = (£°P(L,2), Ey) of a bounded lattice L due to
Allwein and Hartonas [I, 2], we identify the order-isomorphism ®&¥ : GH(L) —
CL(K(Y)) which fixes L (Proposition and Proposition [3.3.2)). Then we reconcile
the canonical extensions C(X) = G™P(X, 2) based on Plos¢ica’s representation and
GH(L) based on the Gehrke-Harding approach without using the Allwein—Hartonas
dual space as a stepping stone (Theorem ; we identify the order-isomorphism
d&x . C(X) — GH(L) which fixes L.

In Figure [3.1] we provide a ‘Reconciliation Diagram’ which depicts the six differ-

ent lattices studied in this chapter which all serve as the canonical extension of an
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DEX
% e
LS(X) C(X) GH(L)
e ey
C(Y) oz CLK(Y))
cY

Figure 3.1: Reconciliation of the canonical extension constructions

arbitrary bounded lattice L € £. Three of these lattices are defined via the Plos¢ica
dual graph X = (£L™(L,2), Ex) of L: the lattices C(X) = G™"(X, 2) of MPE’s,
LS(X) of ¢-stable subsets and CL(K(X)) of the concepts of the context K(X). Two
of the lattices are defined via the Allwein—Hartonas dual graph Y = (£ (L, 2), Ey)
of L: the lattices C(Y) = G"P(Y, 2) of MPE’s and CL(K(Y)) of the concepts of the
context K(Y). The lattice GH(L) comes from a Galois connection between #(Filt(L))
and #(Idl(L)). The diagram also depicts all the transition order-isomorphisms be-
tween the canonical extensions fixing the original lattice L that we mentioned above.
Each arrow is of course a bijective map, with the direction indicated in the diagram
showing the direction of the proof.

The establishment of these order-isomorphisms and the understanding behind
them forms the core of this chapter. In Section|3.4|we are able to use our reconciliation
results to generalise our definition of £-graph morphisms to a class of morphisms that
can be defined on an arbitrary graph. The point is that such a morphism between
graphs will always lift to a complete lattice homomorphism between the complete

lattices of MPE’s coming from the graphs.

3.1 The complete lattice of MPE’s

Much of the notation and terminology in this chapter follows directly from Chapter 2]
We draw particular attention to the results of Lemmas [2.1.1],[2.2.3] 2.2.4] and [2.2.5] as
these will be used repeatedly in this chapter. We also remind the reader that <; C F
and >, C F.
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Important for the rest of this section will be the link between Ploscica’s represen-
tation and that of Urquhart [85]. This is outlined by Ploscica [78, Section 2|. We
refer the reader to page [39| for the definition of /- and r-stable sets.

Ploscica [78, Theorem 2.2] shows that, for a lattice L € £ and Y C L£L™P(L, 2),
the subset Y is a doubly closed (-stable set if and only if Y = ¢~!(1) for some
¢ € G5°(D(L), 24). Gehrke and Harding assert without proof that the canonical
extension of a bounded lattice is isomorphic to the complete lattice of /-stable subsets
of Urquhart’s dual space [48, Remark 2.10].

The first new result in this chapter shows directly that the ¢-stable sets above do
correspond to the maximal partial E-preserving maps. (We remark that the proof is

similar to that used to prove [78, Theorem 2.2].)

Theorem 3.1.1. Let L be a bounded lattice and X = (L™P(L,2),F). For any
Y C X the following are equivalent:

(1) Y is an (-stable set;

(2) Y = ¢ (1) for some ¢ € G"P(X, 2).

~Y

Proof. Consider an /-stable subset Y C X, and define ¢y as follows:

1 iffey,
py(f) =40 iffery)

— otherwise.

We first show that ¢y preserves E. Let f, g € dom(py) and suppose (f,g) € E but
oy (f) =1 and py(g9) = 0. From ¢y (f) =1 we get f €Y =4r(Y) and py(g) =0
gives g € (V). Lemmal2.2.3[(i) gives us that there exists an MPH h such that f <; h
and g <y h. Now f € (r(Y) means that for all j € (V) we have f £; j and hence
h ¢ r(Y). This implies that there exists k& € Y such that h <5 k. The transitivity
of <y then implies that ¢ <, k and hence g ¢ r(Y), a contradiction. In order to
see that ¢y is maximal, suppose that dom ¢y C dom1) for some ¢ € G™(X, 2). It
is clear that Y C ¢~1(1) and 7(Y) C ¢~1(0). If f € v~ 1(1) and g € ¥»71(0), then
(f,g) ¢ E and hence f £, g and g %> f. Thus any f € ¢~*(1) must be in £(¢~1(0))
and similarly ¥~*(0) C r(x"(1)). We then get ¥ ~1(1) C £(¢v1(0)) C r(Y) =Y
and hence Y = ¢~1(1). We also have r(Y) = ¢~1(0) and so ¢ = ¢y, showing that
py is maximal.

Given ¢ € G™(X, 2), define Y = ¢~ !(1). We will show that »(Y) = ¢~ '(0)
and hence that Y is an (-stable set. If f € ¢~'(0) then, by Lemma , for all
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g € p (1) we have that (g, f) ¢ E. Since f <, g implies that (g, f) € F, we have
that f £, ¢ and hence f € r(Y) = {h € L™ (L,2) | (Vk € ¢ (1)) h %2 k}. Thus
¢ 1(0) Cr(Y). If we suppose that f & ¢~1(0), then by Lemma[2.2.4{i) we have that
there exists g € ¢ (1) such that f <y g. Thus f ¢ r(¢*(1)) = r(Y) and hence
r(Y) = ¢71(0). We can similarly show that £(¢o~1(0)) = ¢ (1) and so conclude that
Y = ir(Y). O

Let LS(X) denote the complete lattice of ¢-stable subsets of X, ordered by inclu-
sion. We define a map ®53%: LS(X) — C(X) by Y ~ ¢y. The previous theorem
shows that it is a well-defined bijection. The next result, which is an easy consequence
of the previous theorem, shows that ®%5 is an order-isomorphism fixing L, thus the

lattice LS(X) is the canonical extension of L.

Corollary 3.1.2. Let L be a bounded lattice and X = (L™P(L, 2), F).

(i) The lattice LS(X) of (-stable subsets of X is order-isomorphic to the canonical
extension C(X) =G™(X, 2) of L via the map L.

(ii) The lattice LS(X) of £-stable subsets of X is the canonical extension of L via
the embedding a — e;1(1) (a € L).

Proof. Part (i) follows from Theorem and the fact that for any (-stable subsets
Y, Z of L™ (L,2), clearly Y C Z if and only if ¢y (1) C ¢, (1).

For part (ii) it remains to show that ®L% is an order-isomorphism between the
embedded copies of L in each of the complete lattices LS(X) and C(X).

From Proposition we know that L is embedded in C(X) via the embedding
e: a v+ e, (a € L), while from Plos¢ica’s result [78, Theorem 2.2] mentioned above
it, follows that a + e;'(1) (a € L) is an embedding of L into LS(X). Now we see
that ®L3 (e;1(1)) = e, and for a,b € L, we have e; (1) C ¢, '(1) if and only if a < b,
if and only if e, < ey. O

The second new result in this section is a description of the completely join-
irreducible and completely meet-irreducible elements of the canonical extension. We
will denote these by J>*(L°) and M>(L%) respectively. In order to identify the ele-
ments of J*°(L?) and M*>(L°), we shall need the following lemma.

Lemma 3.1.3. Let L be a bounded lattice and X = (L™ (L, 2), E). Then for every
x € X, the set Tyx:={z¢€ X |z < 2} is l-stable. Dually, for every y € X, the set
Ty ={z€ X |y<qs 2} isr-stable.
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Proof. 1t is clear that for any Y C X, we have Y C ¢r(Y). For the reverse inclusion,
if w ¢ 1,2, we have by Lemma [2.2.3[(iii) that there is y such that (w,y) € E and
(z,y) ¢ E. Now (x,y) ¢ E implies that for all u, either x £; u or y %» u, and this
in turn gives that y € r(t,z). From (w,y) € E we know there exists z such that

w <y z and y <o z. It is easy to see that z € r(fy2) and since w <; z we get that
w & lr(tx). Thus br(t,z) C T, x. O

For a bounded lattice L and the graph X = (£L™P(L,2), E), we are now ready
to reveal which elements of the canonical extension C(X) of L are the completely
join-irreducibles and the completely meet-irreducibles. The proof of the first result

in this direction is similar to the proof of the equivalent result due to Gehrke and
Harding [48, Lemma 3.4].

Proposition 3.1.4. Let L be a bounded lattice and X = (L™ (L,2), E). Then
[JlzeX}CU=CX) and {M,|yeX}CM=(C(X)

where

JI(Z) _ 1 fo <1 %, and My(Z) _ 1 ZfZ S Z(T2y>u
0 ifzer(tx) 0 ify<sz

for z € X.

Proof. We first point out that as a consequence of Theorem |3.1.1} and Lemma [3.1.3]
for any z € X, we have J, € C(X). Next, we show that J, is such that J, = A F
where I’ is a member of a maximal-disjoint filter-ideal pair on G5 (Xy, 25). Since
z € L™P(L, 2), we have that z7'(1) is such a filter on L, and so we consider the set
of maps

F = {e, € G (Xs. 27) [aca™ (1)}

Since L is isomorphic to G737 (X, 24) via the map a — e, as indicated by Propo-
sition [2.2.1], we have that F' is a member of a maximally-disjoint filter-ideal pair on

7" (Xg, 24). Similarly we can consider the corresponding ideal which comes from z,
defined by I = {e, | a € z7(0) }.

Since J, and A F are elements of C(X) = G"P(X, 2), in order to show that they
are equal we need only to prove that J (1) = (A F)~'(1). By definition of the meet
in C(X),

(AF) () ={e:'W) laca(1)}.
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Thus z € (A F)~'(1) if and only if for all a € 27(1), e.,(2) = z(a) = 1. That
is, 2 € (A F)7'(1) if and only if z71(1) C 27(1). This gives us the final required
equivalence, that z € (A F)~! if and only if z € Ty2 = J}(1).

Now assume that J, = \/{¢x | k € K }. Since the filter elements are join dense
in C(X), we can consider the case where gy, is a filter element for each k € K. That
is, for each k € K, o = N{eq | o € Fi } where Fj, is a filter of G5°(Xg, 24). If J,
is not completely join-irreducible, then for every k € I, ¢;'(1) € J-(1). That is,

A Fi < A\ F and hence F' C Fj, for each k € I. Since F is maximally disjoint from I,
there exists by € F), N [ for each k € K. In C(X) we have

AF = Viex(Mealea€ B }) < Ve, [ ke K} < VI

By compactness, there must exist e, € F'N I, a contradiction as they are disjoint.
Hence there must exist j € K such that J, = ¢; = A\ F}. O

Gehrke and Harding [48, Lemma 3.4] show additionally that J°°(L?) is join-dense
in L and that M*(L°) is meet-dense in L°. Our next result in this section shows
this by repeatedly applying Lemma [2.2.4]

Proposition 3.1.5. Let L be a bounded lattice and let X = (L™ (L,2),E). Then
for any ¢ € C(X),

p=V{Jlzee (1)} and o= N{M, |y € (0)}.
Proof. If z € ¢~ (1) and y € J; (1), we have z <; y. By Lemma[2.2.4iv), p(y) = 1
and so J (1) C o~ (1). Hence \/{J, |z € p71(1) } < ¢.

We now show that ¢~ !(1) C (\/J,)"'(1). Consider z ¢ (\/Jx)fl(l). By
Lemma [2.2.4{ii) there exists y € (J;(0) such that z <; y. Now y € (J;1(0) im-
plies that for every z € (1), y %> , for otherwise, by Lemma [2.2.4(iii), J,(z) = 0,
a contradiction. Now suppose that z € ¢~1(1). By Lemma (iv), z <1 y implies
that y € ¢ '(1). Now y € (J;'(0) implies that y %, y, a contradiction. Thus

z¢ p Y1) and so o= \{J. |z € '(1)}.
The proof that ¢ = A{ M, | y € ¢~(0) } is similar. O

Our final result identifies the completely join-irreducible and completely-meet ir-

reducible elements of the canonical extension C(X).

Corollary 3.1.6. Let L be a bounded lattice and X = (L™P(L,2), E). Then
JHCEX) ={ L[z X} and M>(C(X))={M,|yc X}
where J, and M, are defined as in Proposition |3.1.4}
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Proof. One direction of the inclusions has been shown in Proposition [3.1.4. Suppose
that ¢ € J*°(C(X)). By Proposition we have p = \/{J, | z € ¢~ (1) }. Since
¢ is completely join-irreducible we have that ¢ = J, for some z € p~1(1). O

3.2 The canonical extension viewed as a concept
lattice

In this section we first show that the complete lattice C(X), as constructed for the
graph X = (X, E) in Theorem[2.1.3] is isomorphic to the concept lattice, in the frame-
work of Formal Concept Analysis (FCA, for short), of a specific context associated to
the complement of the relation F. A similar representation of lattices, though only in
the finite case, was used by Wille in [87]. The addition of topology to a generalisation
of Wille’s contexts was used later to obtain a representation theorem for arbitrary
lattices by Hartung [66].

We begin with some basics from Formal Concept Analysis (the main source is [45],
but for our purposes, [28, Chapter 3] is sufficient). A context K is a triple (O, P, 1)
such that O and P are sets and I C O x P. The elements of O are called objects
and the elements of P are called attributes meaning properties of the objects. Then

so-called polar maps (polars, for short) of the relation I set up a Galois connection
I, : (#(0),C) — (#(P),2) and I,:(#(P),2) — (¥(0),C)
defined by
L({U)={aeP| (VoeU)o,a)el} and I(V)={ocO| (VaeV)(o,a)el}.
Hence one can associate to the context K a complete lattice
CLIK)={ACO|(I,oL,)(A)=A}

of Galois-closed sets. In the FCA literature the complete lattice CL(K) is called the
concept lattice of the contert K. Its elements are usually referred to as pairs (A, B)
where I.(A) = B and I(B) = A. Such a pair is called a concept where A is referred
to as the extent and B as the intent of the concept.

For our graphs X = (X, E) we shall consider the context

K(X) := (X, X, EY)
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where the base set X of the graph X stands for both objects O and attributes P and
the relation I is the complement of the graph relation: E® = (X x X )\E. We define
a Galois connection via polars

EP: (9(X),C) = (#(X),2) and ES: (9(X),D) = (#(X),C)

) = ) =

as above by

EXY)={zeX|(VyeY)(y,z) ¢ F}

and
ES(Y)={zeX|(VyeY)(zy) ¢ E}.

The concept lattice CL(K(X)) of the context K(X) = (X, X, EY), given by
CLK(X)) = {Y C X | (ESo ES)(Y) =Y },

ordered by inclusion, will now be shown to be order-isomorphic to the lattice C(X)
coming from the graph X. Let Y C X be an element of CL(K(X)). We define a map
PGL: CL(K(X)) = C(X),Y — py where py: X — 2 is defined by

(2) 1 ifzey,
€T =
oY 0 ifze EXY).

We emphasise that the first result below does not rely on the graph coming from
a lattice. Rather, it establishes in the general case the relationship between MPE’s
and Galois-closed sets under the EF relation. The subsequent corollary highlights the
fact that when the graph X does come from some lattice L € £, then the concept
lattice CL(K(X)) described above is the canonical extension of the lattice L.

Proposition 3.2.1. Let X = (X, E) be a graph. The concept lattice CL(K(X)) of
the context K(X) is order-isomorphic to the lattice C(X) via the map ®&%.

Proof. We start by showing that the map ®%% is well-defined. To this end, let
Y € CL(K(X)) and consider y € ¢y (1) and x € ¢3'(0). Since y € Y, and = €
EL(Y), we have (y,z) ¢ E and hence ¢y is E-preserving. If dom gy C dom4 for
some ¢ € C(X) which extends py, then there exists x € dom(v) \ dom(py). Since
z ¢ EY(Y), there exists y € Y = @3 (1) such that (y,z) € E. Thus x ¢ 1»~(0) and
so 1h(z) = 1. Now = ¢ py'(1) means that z ¢ Y = (EC o EL)(Y). This implies that
there exists z € EC(Y) such that (z,z) € E. But, z € ¥~'(0), which contradicts 1)

being E-preserving and hence ¢y is maximal.
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For ¢ € G™(X, 2), let Y = ¢'(1) and by part (i) of Lemma we have
Y=1(0) = EL(yp'(1)) = EL(Y). Applying part (i) of Lemma , and using the
definition of EC gives us Y = ¢~(1) = (E% o EL)(Y) and hence Y € CL(K(X)).

Thus we have a bijective correspondence between elements of CL(K(X)) and
MPE’s from X into 2. We can further conclude that these two complete lattices
are order-isomorphic. For Y, Z C X, clearly Y C Z in CL(K(X)) if and only if
vy < pz in C(X). O

Corollary 3.2.2. Let L be a bounded lattice. Let X = (L™P(L,2),F) and let
K(X) = (X, X, EY) be the context associated to X. Then the concept lattice CL(K(X))
of the context K(X) is the canonical extension of the lattice L wvia the embedding
a—e; ' (1) (a € L).

Proof. We shall show that the order-isomorphism ®&%: CL(K(X)) — C(X) is an
order-isomorphism between the embedded copies of L in each of the complete lattices
CL(K(X)) and C(X).

From Proposition we know that L is embedded in C(X) via the embedding
e:a > e, (a € L), while from Hartung’s work [66, Theorem 2.1.8] it follows that
a — e; (1) (a € L) is an embedding of L into CL(K(X)). Now it is clear that the
order-isomorphism ®&% maps {e;! | a € L} into {e, | a € L}, and that for a,b € L,

< bif and only if e, < ¢, if and only if e;1(1) C e, *(1). O

So far we have presented three different approaches to the construction of the
canonical extension of a bounded lattice L via its dual graph X = (£L™P(L, 2), E):
the lattices C(X) = G™(X, 2) of MPE’s, LS(X) of (-stable subsets, and CL(K(X))
of the concepts of the context K(X). The next result summarises the equivalence of

these approaches.

Theorem 3.2.3. Let L € £. Let X = (L™(L,2), E) and let K(X) = (X, X, EY) be

the context associated to X. Then for Y C X, the statements in (i) are equivalent.

(1) (1) Y =¢7(1) for some ¢ € C(X);
(2) Y € CL(K(X));
(3) Y = EY(B) for some B C X;
(4) Y € LS(X), that is, Y is an {-stable set;
(5) Y ={(A) for some <s-increasing A C X.

Dually, for Z C X, the statements in (ii) are equivalent.
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(i) (1) Z=¢7'(0) for some ¢ € C(X);
(2) EX(2) € CL(K(X));
(3) Z = EYB) for some B C X;
(4) Z is an r-stable set;
(5) Z =r(A) for some <;i-increasing A C X.

Proof. For part (i), the equivalence of (1) and (2) is the result of Proposition [3.2.1]
above. The equivalence of (1) and (4) is the result of Theorem (3.1.1} The equivalences

of (2) and (3), and of (4) and (5), are well known from the theory of Galois connections
(see Lemma [2.3.9). O

We can now use Theorem to translate the characterisation of the completely
join- and completely meet-irreducible elements of C(X) from the language of <; and
<y (Corollary into the language of the concept lattice CL(K(X)). We can then
apply these translated definitions to extend Proposition to the case of arbitrary
graphs.

Before proving the following lemma, we note that in the case of an arbitrary
graph X = (X, E) and = € X, we have that EX({z}) = {y € X | (z,y) ¢ F}.
In case X = (L"P(L,2), E) we define 1z := {z € X | 2 <; z}, and similarly,
Ty ={z€ X |y <o 2}.

Lemma 3.2.4. Let L € £ and let X = (L™ (L,2),FE). For x € X we have
1z = (ES o EY)({2}). Dually, for y € X we have 1y = (EE o ES)({y}).

Proof. It is clear from the definition that z € (Eo EL)({z}). By the equivalence of (1)
and (3) in part (i) of Theoreom we have that (EC o E0)({z}) = ¢~'(1) for some
v € G"(X, 2). Now by applying Lemma we see that 1,2 C (EC o EL)({z}).
Now consider z € X such that z ¢; z. By Lemma (iii) we have that there
must exist y such that (z,y) € E and (x,y) ¢ E. Now clearly y € EL({z}) and so
2 ¢ (ES o E)({z}). 0

Corollary 3.2.5. Let L be a bounded lattice and X = (L™P(L,2), E). Then
JUCX) ={Je|xe X} and M=(C(X))={M,|yecX}
where for z € X

if z Co EOY ({2 if 2
(+2) Jz(z)z{l fretme B }>7My<z):{1 2 (B ()

0 ifz € (BY)({z}) 0 if z € (B o EH({y})
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We now extend the result of Proposition to the case of arbitrary graphs.
Proposition 3.2.6. Let X = (X, E) be any graph and define maps J,: X — 2 and

My: X — 2 by (**) above. Then the set {J, |z € X } is join-dense in C(X) and
the set { M, |y € X } is meet-dense in C(X).

Proof. We will show that for any ¢ € G"?(X, 2) we have p = \/{ J, | J, <¢}. We
note that by definition \/{ J, | J. < ¢} < . For x € X we have

<y <= J (1) Ce(1)

— w‘l(O) J7H0) = EX({=})

= (Veep (0) (v,2)¢ E

= zTEY (1)

Further, we see that
p<\H{LlL<y} < \/{JIJ °}) (1)

= \/{J|J #}) 1 (0) S 97(0)
< ﬂ{J_ x\gp}ggo ()
= (W) |zep (1)} Ce(0).

Now, if y € {J;1(0) | x € o 1(1) } we have that (z,y) ¢ F for all x € p~!(1) and
hence, by Lemma 2.1.1] y € ¢~1(0). This shows ¢ = \/{J, | J. < ¢}. The proof
that A{ M, | ¢ < M, } is similar. O

Finally, one can set up maps J: X — C(X) and M: X — C(X) defined by
J:x— J, and M:y— M,

These satisfy the properties of the maps v and p in the following basic result of FCA
(noting that J(z) < M(y) if and only if (z,y) ¢ E).

Theorem 3.2.7 ([45, Theorem 1.3]). Let K = (O, P,I) be a context and consider
the complete lattice CL(K). A lattice L is isomorphic to CL(K) if and only if there
are mappings v: O — L and p: P — L such that ~v(O) is join dense in L, u(P) is
meet dense in L, for allo € O,a € P, (0,a) € I if and only if v(o) < p(a).

Now by combining Proposition [3.2.6] and Theorem [3.2.7] we are able to conclude
an alternative argument to our first result in this section (proved in Proposition |3.2.1))
stating that the lattices C(X) and CL(K(X)) are isomorphic.
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3.3 The Gehrke—-Harding construction

The original construction of a canonical extension L? of a bounded lattice L by Gehrke
and Harding [48], Proposition 2.6] uses a Galois connection between #(Filt(L)) and
©(Id1(L)). The relation (F,I) € Riff F NI # () gives rise to the Galois connection
R,: ®(Filt(L)) — #(Id(L)) and R,: ®#(Idl(L)) — #(Filt(L)) where the polars are
given for A C Filt(L) and B C Idl(L) by

Ro(A)={T€ld(L)| (VF € A) (F,I) € R}

and

Ry(B) = {F € Filt(L) | (VI € B) (F,I) € R}.
The Galois-closed subsets of Filt(L), { A C Filt(L) | A = (Rqo R,)(A) }, ordered

by inclusion, form the canonical extension of L [48]. To distinguish it from the
previous constructions, we will denote it using the first letters of the surnames of
its authors by GH(L). The lattice L is embedded in GH(L) via the embedding
a— A, :={F € Filt(L) | a € F'}. We observe that this embedding is exactly the
embedding used by Hartonas and Dunn [65, Theorem 2.4] in their duality for bounded
lattices. This provides yet another example of a duality theorem from which canonical
extensions can be constructed.

We recall that Proposition [2.3.7/from Chapter [2]shows that the canonical extension
constructed from the graph X = (£L™P(L, 2), Ex) of maximal partial homomorphisms
is order-isomorphic to the complete lattice of MPE’s from the bigger graph Y =
(L*(L,2), Ey) of special partial homomorphisms into 2.

We now use this bigger dual Y = (£°P(L, 2), Ey) of a bounded lattice L. For the
complement of this graph relation, Fb = (Y x Y)\Ey, on the bigger dual graph Y,
we shall consider the context K(Y) := (Y,Y, EY) and the concept lattice CL(K(Y))
of this context as defined in the previous section. Our first result in this section
reconciles this concept lattice CL(K(Y)) with the canonical extension GH(L) of L by
Gehrke and Harding. The intuition behind this isomorphism is to map a Galois-closed
set of filters A to the set of all SPH’s whose filter part is a member of A.

Proposition 3.3.1. Let L be a bounded lattice and let Y = (L% (L,2), Ey). Then
the complete lattice GH(L) = { A C Filt(L) | A = (Rqo R.)(A) } is order-isomorphic
to the concept lattice CL(K(Y)) via the isomorphism ®& : GH(L) — CL(K(Y)),
defined by A— { f € LP(L,2) | f'(1) e A}.
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Proof. In the proof we denote ®&H simply by ® and use EE and EE for the polars
coming from E’E/ First we observe that for any g € £(L, 2),

g € EX(®(A)) <= (Vh € O(A)) (h,g) ¢ By
(Yh € ®(A)) h (1) Ng (0) # 0
(VF €A Fng0)#0

> g7'(0) € R.(A).

We have ®(A) € CL(K(Y)) since

f € (ESo EBL)(2(A) <= (Vg € EX(D(A)) (f,9) ¢ By
— (Vg€ BX(D(A) [ (1)Ng™(0) #0
<« (VI R,(A) f A ()NI#0
= fT(1) € (RioR)(A) = A
— fedA).

It is clear that ® is 1-1. To see that ® is onto, for any Z € CL(K(Y)), we consider
the set A = {F € Filt(L) | F = f~1(1) for some f € Z}. It is easy to see that
®(A) = Z. Finally we show that A € GH(L) by using similar arguments to those
above. For any f € £L*(L,2),

f7H(1) € (Reo Ry)(A) <= (VI € Ry(A)) f(1)NT #0

= (Vg e EJ(2(A4) f(1)Nng ' (0) #0
— (Vg€ EXZ)) [ ()ng ' (0) #0
(2)) (f,9) ¢ By

2)

— (Vg e EX2)) (f,
(Z2) =

— fe(Eo
— (1) e A

For A, A’ C Filt(L) we clearly have A C A’ if and only if ®(A4) C ®(A’), so ® is an
order-isomorphism. O

As before, we need to confirm that this isomorphism restricts to the representation
of the lattice.

Proposition 3.3.2. Let L € £. Let Y = (£¥(L,2), Ey) and K(Y) := (Y,Y, EL).
Then the map ®EH: GH(L) — CL(K(Y)) is an order-isomorphism between the em-
bedded copies of L in each of the complete lattices.
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Proof. Consider the embeddings a — A, := { ' € Filt(L) | a € F'} of L into GH(L)
and a — ¢, (1) of L into CL(K(Y)). Now for ® := ®&H we have

D(A,) ={feLPL,2) | f'(1) € A}
={feL®L,2)|ac (1)}
={felL?L,2)| f(a) =1}
=e,'(1).

For a,b € L we obviously have A, C 4, += a <b < ¢;(1) C ¢ (1) and so
we conclude that the embedded copies of L in GH(L) and in CL(K(Y)) are order-

isomorphic via the isomorphism ®. O

Our second result in this section will reconcile the approaches to the canonical
extension of a bounded lattice based on Plos¢ica’s representation and on the Gehrke—
Harding approach without using the bigger Allwein—Hartonas dual space as a stepping
stone.

We recall that for L € £ and its Ploscica dual graph X = (£™P(L, 2), F), we have
a € L embedded as e, in C(X) = G™"(X, 2) while by the Gehrke-Harding approach
a € L is embedded as A, in GH(L). We have

e, (1) ={feL™L,2)| fla) =1},
e, '(0) ={feL™(L,2)| fla) =0},
A, ={FeFilt(L) |a € F}.

We remember that elements of C(X) are MPE’s from X to 2. Now, we want to assign
to each MPE a set of filters of L. In the search for a mapping ®5x: C(X) — GH(L)
such that &% (e,) = A,, we require that every filter F' in A, must have the property
that a € F. We now extend this requirement to arbitrary elements of G""(X, 2).
For ¢ € G"P(X, 2) we define a subset ®(y) C Filt(L) by

®(p) = {F eFI(L) | (Vf € (0) FNf(0)#0}.

The proof that the map ®5%: C(X) — GH(L) is well-defined follows easily from
the definition. To show that ®&X is an order isomorphism from C(X) to GH(L), we

first show that it is an order embedding, and then that it is onto.

Lemma 3.3.3. The map ®5%: C(X) — GH(L), p — ®(p) is an order embedding.
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Proof. Let ¢,1 € C(X). It is clear that ¥/~1(0) C »~1(0) implies that the set { F' €
Filt(L) | (Vf € ¢ 1(0)) Fn f710) # 0} is a subset of the larger set of filters
{G eFilt(L) | (Vg € v 1(0)) GNg~1(0) # 0 }. Thus ¢ < v yields that () C $(¢)).

Now assume that ¢ £ t. This implies that =1(0) € ¢'(0) and so there exists
f € ¥71(0) such that o(f) # 0. Since ¢ is an MPE, there exists g € p~!(1) such that
(9, f) € E. Now g € »~!(1) implies that for all h € ¢ ~1(0), we have g~'(1)Nh~1(0) #
. Thus ¢g'(1) € ®(p). However, g~ (1) N f~1(0) = () means that g~ (1) ¢ ®(¢),
and hence ®(p) € ®(1) as required. O

Lemma 3.3.4. The map ®&3: C(X) — GH(L), p — ®(p) is onto.

Proof. Let A € GH(L) and consider the map ¢4: X — 2 defined for z € X by
pa (0)={feL™L,2)|(VFeA) FNf(0)£0}

and
pa' (1) ={geL™L,2) | (Vf ey (0) (9. f) ¢ E}.

It is clear from the definition that ¢4 is E-preserving. To show the maximality
of w4, suppose that dom(yp,) C dom(z)) for some E-preserving map ¢: X — 2.
If g € ¥71(1) then since »,'(0) C ¥~1(0) we must have for all f € ¢,'(0) that
(9,f) ¢ E. Thus g € ¢;'(1). Now suppose that f € ¢~1(0), but f ¢ ¢;'(0). This
implies that there exists F' € A such that £ N f~%(0) = 0. Consider the partial
homomorphism h: L — 2 defined by h~'(1) = F and h~'(0) = f~1(0). This can be
extended to an MPH h,. Then (h., f) € E as h;'(1)Nh;1(0) = @ and f~1(0) C h;1(0)
imply h;'(1) N f~1(0) = 0. Since v is E-preserving this implies that h, ¢ ¢~1(1)
which in turn implies that h, ¢ ¢;'(1). Now this means that there exists g € ©,*(0)
such that (h,,g) € E. But now F C h;!(1) implies that F N g~(0) = 0, but this
cannot be true since g € ¢;'(0). Thus f cannot exist and so the domain of p, is
maximal.

We now want to show that ®(p4) = A. If F € A, then by the definitions of ¢ (0)
and ®(p,) it follows that F' € ®(p,4). Assume now that F' ¢ A. Then A € GH(L)
implies that F' ¢ (R, 0 R.)(A) and so there exists I € R.(A) such that F N1 = 0.
Now define a partial homomorphism f by f~'(1) = F and f~!(0) = I. This can
be extended to an MPH f,. Now since f;'1(0) 2 I and I € R,(A) we have that
f+« € ©1'(0). This shows that F' ¢ ®(p4) since f71(1) N f71(0) =0 and F C f71(1)
imply F'N f71(0) = (. Thus ®(p4) = A as required. O

The lemmas above now yield the final result of this section.
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Theorem 3.3.5. Let L € £. Let X = (L™ (L,2),F) and C(X) = §™(X, 2).
Then the map ®&%: C(X) — GH(L) given for ¢ € C(X) by

®(p) = { F € Filt(L) | (V[ € ¢ '(0)) Fnf7(0) #0}

s an order-isomorphism. Further, it preserves the embedded copies of L in the lattices
C(X) and GH(L).

3.4 An application of the concept analysis approach

Here we show how our reconciliation in Section [3.2| can be used to simplify the results
concerning morphisms from Section When defining the category of L-graphs
and L-graph morphisms in Definition [2.3.10, our aim was to replicate the untopolo-
gised conditions of the definition of morphisms in the category of enhanced L-spaces
from Allwein and Hartonas [2, Definition 2.9]. We needed the morphisms between
untopologised graphs to satisfy certain conditions in order to ensure that they would
be extended by the functor G (defined on page to complete lattice homomorph-
isms between the complete lattices serving as the canonical extensions of the original
bounded lattices.

We will now define a subcategory of the category G of graphs and E-preserving
maps. We will denote this category by G and our goal is to define a functor G+
whose domain is the category G and whose codomain is the category £ of complete

lattices and complete lattice homomorphisms.

Definition 3.4.1. Let X = (X, Ex) and Y = (Y, Ey) be graphs and let a: X — Y.
We say that « is a graph +-morphism if the following hold for all a,b € X and
ACY:

(i) a My E5(A)) = xEf(a ! (A));
(ii) a7 (v EX(A) = xEZ (a7 (A)).

It is not difficult to check that graph +-morphisms are closed under composition
and so they are indeed a class of morphisms. We denote by G the category of graphs
with graph +-morphisms. We write the subscript X and Y to the left of E so that we
can keep track of the different E relations without interfering with our polar maps.

We note that the fact that a graph +-morphism is E-preserving follows from
property (i) above. Furthermore, in the case that X and Y are L-graphs, a map
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a: X — Y is a graph +-morphism if and only if it is an L-graph morphism. This
follows from Theorem 3.2.3

Now we wish to define a functor G* such that for any X,Y € G*, and for any
a € GH(X,Y), we have that G*(«a) is a complete lattice homomorphism between the
complete lattices §™(Y, 2) and §"°(X, 2). Our proposed functor G*: G* — LF

will be defined as follows:

on objects: G': X— G™(X, 2),

on morphisms: Gt:a— —oa.

Our earlier results show that G is well-defined on objects. The challenge will be
to confirm that it is well-defined on morphisms. For X, Y € G" and a € G*(X,Y),
we must show that for any ¢ € G™(Y, 2) we have that g o € G™P(X, 2). It is
clear that ¢ o a is a partial map from X to 2, and Lemma [2.1.4] confirms that it will

be Ex-preserving, but we must show that ¢ o a is in fact an MPE.

Proposition 3.4.2. Let X, Y € G"(X,Y) and let « € G7(X,Y). Then for any
0 € G™(Y, 2) we have that (GT(a))(p) € §™(X, 2).

(V]

Proof. Consider the set (poa)71(1) = a~!(p~!(1)). Proposition tells us that
since p € G™(Y, 2), we have that ¢~!(1) = y ES(A) for some A C Y. Now we use
property (ii) from the definition of a graph +-morphism to see that

In other words, we have shown that (¢ o) (1) = xES(B) where B = o (A) C X.

Now

(poa)™(0) =a (¢~ (0)

)
= x B (a7 (v ES(4)))
= xEZ(x E5(a”'(4))
= xE((poa)™(1)):
From the fact that (poa)~1(0) = XEE((gD oa)71(0)) and (poa) (1) = xE(B) for
B C X we have by Proposition that g o € G™P(X, 2). O
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We have shown that for X, Y € G* and a € G (X,Y) we have that G™(a) is a
map from GT(Y) = G"P(Y, 2) to GT(X) = G"P(X, 2). The final task is to show

that G™(«) is a complete lattice homomorphism.

Proposition 3.4.3. Let X, Y € G* and let a € G"(X,Y). Then
G (a) € LY(G7(Y), " (X)).
Proof. Let {p; |ie€ I} CG™(Y,2). We need to show

(G @) (Aw) = A (C @) ).
We observe that for x € X:

v (Npioca) (1) = ze(\goa) (1)

el el

— re(Na (g ()

<
= a@) e (Nw) (1)
<

8
m
/N
—~

5
~
@)

e
N—
|
=
U

In proving the above result for the functor G* we have changed the domain of
the functor G from £-graphs with £-graph morphisms to the larger class of arbitrary
graphs with graph +-morphisms.

We remark that one of the crucial results here has been Proposition [3.2.1] We
referred to this as the concept analysis approach, but in reality it is quite different
from the intention of concept analysis where the two sets O and P are different
sets representing objects and attributes. The benefit of using a single set X as the
underlying set is that the definition of morphisms is more natural. The morphisms
between contexts (equivalently polarities or RS-frames) are usually relations, and

these can be intuitively difficult to handle.
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Chapter 4

Untopologised structures used in
the construction of L°

This chapter collects together results about the so-called intermediate structure as
well as a further analysis of the particular graphs (of MPH’s) used in Chapter
and Chapter [8] The first two sections examine the structure and properties of the
poset that is the intermediate structure. The third section looks at the well-known
example of Funayama [44], and shows how the canonical extension differs from the
MacNeille completion (defined in Appendix . The final section looks at the
relationship between graphs of the form X = (£™P(L, 2), F) and the RS-frames used
by Gehrke [47]. We provide an answer in the finite case to a question posed by

Ploscica [78), Section 3] regarding the minimality of dual graphs of lattices.

4.1 The intermediate structure

The first description of the intermediate structure was given in 1997 by Ghilardi
and Meloni [59, Section 3]. They were interested in constructing canonical models
for Boolean algebras with operators without the use of any choice principle. They
defined a quasi-ordered set consisting of the filters and ideals of a Boolean algebra,
and referred to it as the intermediate level. It was further shown how operations
from the underlying algebra could be lifted to this intermediate level and then to the
canonical model.

This idea of a structure which combined the filters and ideals of a lattice was
used in the construction of the canonical extension of a poset by Dunn, Gehrke
and Palmigiano [33]. The motivation for trying to expand the theory of canonical
extensions to poset-based algebras was to obtain complete relational semantics for

substructural logics. The specific posets that were dealt with in [33] were monotone
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poset expansions—posets equipped with additional operations that are either order-
preserving or order-reversing in each argument. Complete relational semantics were
obtained for the fusion-implication fragment of substructural logics [33], Section 6].

As they were operating in the context of a poset P = (P, <), the ‘filters’ were
defined to be the down-directed up-sets and the ‘ideals’ were defined to be the up-
directed down-sets. We note that in the case that the poset P is a lattice, the down-
directed up-sets correspond to the usual lattice filters, and the up-directed down-sets
correspond to the usual lattice ideals. Thus we will use the notation Filt(P) and
Id1(P) for the case of both posets and lattices.

A completion of a poset P is a pair (e, C) where e: P < C'is an order embedding
and C is a complete lattice. We will suppress the embedding when it is clear from
the context. The formal definition of the canonical extension of a poset from [33] is

given below.

Definition 4.1.1 ([33, Definitions 2.1 and 2.2]). Let P = (P,<) be a poset and
(e, C) a completion of P. An element x € C'is a filter element if x = ) e(F') for some
F € Filt(P). Dually, y € C is an ideal element if y = \/ e(I) for I € Idl(P). The
completion C is dense if every element of C' is the join of the filter elements below
it and the meet of the ideal elements above it. Further, C is compact if whenever
D C P is non-empty and down-directed, and U C P is non-empty and up-directed
such that A e(D) < \/e(U), then there exist x € D and y € U such that x < y. A

canonical extension of P is a dense and compact completion of P.
We now define the intermediate structure, the major focus of this section.

Definition 4.1.2. Let P be a poset. Consider the structure (Filt(P) U Idl(P), <)
where < is a binary relation on Filt(P) U Idl(P) defined for F,G € Filt(P) and
1,J € IdI(P) by:

e FXGiIfGCF,

o F=ITifFNI#D,

o [ X JifICJ,

o [ X Fifforallael, forallbe F, a<b.

The relation =< is a quasi-order. For H;, H, € Filt(P) U Idl(P), the equivalence
relation ~ is defined by H; ~ H, if and only if H; < Hy and Hy < H;. Letting

C ==/ ~, the intermediate structure is the quotient

IM(P) := ((Filt(P) U IdI(P))/~, C ).
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It is not difficult to see that for Hy # Hy € Filt(P) U1dl(P), one has H; ~ Hy if

and only if H; = Tz and Hy = |z (or vice versa) for some x € P.

Theorem 4.1.3 ([33, Theorem 2.5]). Let P be a poset and IM(P) its intermediate

structure. Then the MacNeille completion of the intermediate structure, IM(P), is a

canonical extension of P.

As pointed out in [33, Remark 2.7], the description of the canonical extension in
Theorem [4.1.3] like the descriptions used by Ghilardi and Meloni [59] and by Gehrke
and Harding [48], is clearly constructive. Other constructions that go via duality
theory usually rely on some sort of choice principle.

Beyond its application to monotone poset expansions, Gehrke and Priestley [56]
used the construction via the intermediate structure to provide a proof of the fact
that a lattice homomorphism f: L — K extends to a complete lattice homomorphism
f9: L% — K°. This was the first proof which did not use the f° and f7 liftings of
additional operations to show that a lattice homomorphism between two lattices
extends to a complete lattice homomorphism between their canonical extensions.

The work of Gehrke and Priestley made use of the so-called cut-stable maps be-
tween quasi-ordered sets defined by Erné [36]. We remember that for a quasi-ordered
set P = (P,=<) and A C P, we have

A={becPlacA=a=b} and A'={beP|lacA=b=<a)l.

Definition 4.1.4 ([36], Section 2]). Let P = (P, <) and Q = (Q, <) be quasi-ordered
sets. Amap f: P — @ is lower cut-stable if for all A C P,

(fA") = (F(A™,

and upper cut-stable if for all B C P,

(F(B))" = (f(B)™
A map is cut-stable if it is both lower cut-stable and upper cut-stable.

The motivation behind defining cut-stable maps is that every cut-stable map f
between quasi-ordered sets P = (P, X) and Q = (Q, <) is lifted to a complete lattice
homomorphism f: P — Q [36, Theorem 3.1]. It is further shown that the category
of complete lattices with complete lattice homomorphisms is a reflective subcategory

of the category of quasi-ordered sets and cut-stable maps [36], Corollary 3.3].
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Gehrke and Priestley provide a necessary and sufficient condition for an order-
preserving map between posets to be lifted to a cut-stable map between the inter-
mediate structures [56, Definition 4.3]. Furthermore, they show that for a lattice
homomorphism between two lattices (which is clearly order-preserving), the homo-
morphism satisfies this necessary condition and thus extends to a cut-stable map
between the intermediate structures [56, Theorem 4.6].

Our motivation for examining the intermediate structure was to use it to learn
more about the order-theoretic structure of complete lattices which occur as the
canonical extensions of bounded lattices. Our conjecture was that a better under-
standing of IM(L) could be combined with knowledge of the MacNeille completion
to expose properties of L?. This has not been the final outcome, as the structure of
IM(L) proved harder to understand than anticipated.

In our diagrams in this chapter, we will always use unfilled points to represent
elements of the original lattice, while filled points will represent limit points that
are added either at the level of the intermediate structure or in the final MacNeille

completion of the intermediate structure.

4.2 The intermediate structure as a lattice

The role of the intermediate structure in the completion process is to add meets of
non-principal filters and joins of non-principal ideals. We will refer interchangeably
to the limit point @ = A F and the filter F' as an element of IM(L) (ignoring the
quotient map to its equivalence class). In general, proofs will use the filter F', while
diagrams will use a = A F.

The example shown in Fig. is a simple demonstration of how limit points are
added by the formation of the intermediate structure. In this case, the intermediate
structure is already a complete lattice and so no additional limit points are added by
the subsequent MacNeille completion. This example is also a simple demonstration of
how the intermediate structure and resulting canonical extension of a lattice can differ
from the MacNeille completion of the lattice. The Chang algebra is C = (C; @, —,0)
with the underlying set defined as

C={(0,a) [acZ* YU{(Lb)|beZ }.

We note that any MV-algebra is a distributive lattice as the lattice operations A, V are
term-definable by aVb := =(—-a®b)®band aAb := —(—aV —b). In this instance the

lattice operations are clear as the underlying set has the lexicographic as its natural
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(0,2) (0,2) (0,2)
(0,1) (0,1) (0,1)
C C C? ~ 1M(C)

Figure 4.1: The Chang algebra showing how the MacNeille completion and the canon-
ical extension of a bounded lattice can differ.

(linear) order. The full Chang algebra was used by Gehrke and Priestley [53] to show
that the variety of MV-algebras is not canonical.

In Fig. [4.1] the element (1, —w) represents the non-principal filter { (1,b) | b € Z~ }
in IM(C). Similarly (0,w) represents the non-principal ideal { (0,a) | a € Z* }.

The example shown in Fig. demonstrates that the formation of the inter-
mediate structure by the addition of filter and ideal limit points will not always
result in IM(L) being a complete lattice. The point (—w,w) is the meet of the set
{(—=n,w) | n € w} and the join of the set { (—w,n) | n € w}, and (—w,w) ¢ IM(L).

In our introduction to canonical extensions in Section [I.T} Proposition [I.1.4]stated
that both the set of filter elements and the set of ideal elements form sublattices of L.
The ordering of these elements is inherited from the canonical extension and coincides
with the ordering on the intermediate structure. Since the MacNeille completion of
a poset does not destroy existing joins, we have that the subposets Filt(L) C IM(L)
and Idl(L) C IM(L) have joins and meets defined. In fact, some infinite meets and
infinite joins will exist as well.

We have adapted the notation and statement of the following proposition, only

quoting the relevant results.
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. (-1 w)
(0,1)
(0,0) ) - (Fww)
(_270)
e (—w,1)

Figure 4.2: An example where IM(L) # L’, noting that (—w,w) ¢ IM(L).

Proposition 4.2.1 (|56, Proposition 3.3]). Let L € £ and consider the embedding
e: Filt(L) UTAI(L) — IML), H v [H]. Let

e(Filt(L)) = {e(F) | F € Filt(L) }  and e(Idl(L)) ={e(I) | I € IdI(L) }.
Then
(i) e(Filt(L)) is join-dense in IM(L) and e(Idl(L)) is meet-dense in IM(L);

(i1) in IM(L), arbitrary meets and finite joins exist for elements drawn from e(Filt(L))

and arbitrary joins and finite meets exist for elements drawn from e(Filt(L)).

This greatly simplifies our search for an answer to the question of when the inter-
mediate structure will be a lattice. The only meets and joins that might not exist are
the meet and join of a filter and an ideal that are not comparable in the C order. We
will now take a closer look at the structure of such incomparable filter-ideal pairs.

Given a lattice L and a,b € L, we use the notation a L b to indicate that a and
b are not comparable in the lattice order. Similarly, for F' € Filt(L) and I € IdI(L)
we write ' L I if =(F C I) and —~(I C F). It is clear that ' 1 [ <=1 1 F. We
denote by M and U the meet and join in IM(L).

Proposition 4.2.2. Let F € Filt(L) and I € IdI(L) such that F L I. If either
I =lx or F =1y for some x,y € L, then FUI and FN1I exist in IM(L).
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Proof. Suppose that I = |z for some x € L. Then e(I) = e(fx) and since finite meets
and joins of elements from e(Filt(L)) exist in IM(L), we have that / U F and I M F
exist. Dually, for F' = 1y we consider the ideal |y and obtain |y LU and Jy M. [

Given F' € Filt(L) and [ € Idl(L) we define the following subsets:
Fil:={acF|3bel,alb} and [LF:={bel|JacFbla}.

The set I, F can be thought of as the top cone of the ideal I, while F'| I can be thought
of as the bottom cone of F. This idea will be made clearer by the results that follow.

From the definitions of F'| I and I, F' one can see the following equivalences:
Fll < FI#() <= I,F#.

In certain cases when F' L I we can use I, F' (respectively F'| I') to draw conclusions
about the structure of I (respectively F'). The next result shows that there are many
cases in which ' L I but F U and F'1M I do exist in IM(L).

Lemma 4.2.3. Let F' € Filt(L) and I € IdI(L) such that F L I. If I, F # 0 and
I, F| < w then I = lx for some x € L. Dually, if F {1 # 0 and |FI| < w then
F =1y for some y € L.

Proof. Suppose that I, F' # (. We first show that I, F' is an upward closed subset
of I. Let b € I, F and suppose that ¢ € Tb N 1. Now if ¢ < a for all a € F then
by transitivity b ¢ I, F. Thus there must exist ag € F' such that ¢ ;{ ag. If ag < ¢
then FF'N I # () which would imply F' C I. Thus ¢ € I, F. Since I, F is finite we can
consider \/(I, F) € L. Now we will prove that I = [(\/ I, F). We must first show
that every ¢ € I\(I F) is such that ¢ < b for some b € I, F. Given ¢ € I\(I, F),
clearly ¢ # b for any b € I, F. For any b € I, F such that ¢ L b we can see that
c<cVbe I F. We now conclude that I = [(\/ I F). O

The previous two results combine to give us a condition under which meets and

joins will exist when F 1 1.

Proposition 4.2.4. Let F € Filt(L) and [ € 1dl(L) such that F L I. If either
O0<|[LF|<wor 0<|F. 1| <wthen FUI and FMI exist in IM(L).

Proof. This is a consequence of Proposition and Lemma [4.2.3 O
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Figure 4.3: An example where |F| I| is not finite, but the join (and meet) still exist.

Unfortunately, Proposition does not provide a complete characterisation of
filter-ideal pairs without meets and joins, as the converse does not hold. This can be
seen by the example in Fig. 4.3 with F = {b; | i € w} U {x,1} and I = {a; | j €
w } U{y,0}. Here we have |F I| = w but still F'U I =tx = |x exists. This is in fact

an example of a much more general occurrence of upper and lower bounds.

Proposition 4.2.5. Let F' and I be any filter and ideal in IM(L) such that F' L I.
Then there exists a least filter F; such that F' T Fr and I © F;. Dually, there exists
a greatest ideal Ip such that Ip T F and Ip C 1.

Proof. Consider the set U = {G € Filt(L) | F C G and I C G }. Now by part (ii)
of Proposition [4.2.1] we have that the meet MU exists. Clearly F; = MU is the least
filter greater than both F and I in the C order. For the dual result, we consider | |V
where V={Jeldl(L)|JE Fand JCI}. O

Given F' L I, we will always have a filter and ideal candidate that is an upper
bound for F' and I. This is simply the principal filter (ideal) 11 (J1). Dually, we
always have that |0 ~ 10 is a lower bound. The above proposition shows us that
we will always have a filter candidate, F;, which can differ from 11, to act as the
join of F and I (and dually). However, the construction of this filter F; which acts
as an upper bound does not tell us whether or not it is comparable to any possible
ideal upper bounds that may occur. This situation (and the dual situation for Ir) is
illustrated in Fig. [£.4 The dotted lines in Fig. [4.4] are not a precise representation of

the set of ideals which are upper bounds for [’ and I. This set need not be a chain.

74



Figure 4.4: Possible meets and joins for F' € Filt(L) and I € Idl(L) where F' L I.

An answer to the question of whether the intermediate structure of a bounded
lattice is a lattice was answered in the negative by Litak, Moshier and Suzuki [73].
Their counterexample is shown in Fig.

Consider the ideal I = {b; | i € w} and the filter Fy = |J{Tao; | 7 € w}. The
limit point corresponding to [ is b, = \/ I, and the limit point corresponding to F is
aow = /\ Fo. One can see that Fy L I. This is in fact true of F,, = {Ta,; | j € w} for
any n € w (the corresponding limit point being a,,). Fig. shows us that for any
i € w, the join of b, and a;,, does not exist. The ‘missing’ point, a,, will be added
once the poset IM(L) is completed by the MacNeille completion.

This is a specific example of having I 1 F in IM(L) and every ideal which is
greater than both I and F' in the order of IM(L) is less than the only filter, F" = 11,
which is greater than [ and F'. Thus we get a descending chain of ideals all greater
than [ and F, all less than F7, but with no least element. Thus IM(L) is not a lattice.

In [58, Example 3.11] it is noted that if a lattice L satisfies the ascending chain
condition (ACC), then the intermediate structure is isomorphic to the filter com-
pletion of L (Filt(L) ordered by 2). Dually, a lattice L satisfying the descending
chain condition (DCC) will have its intermediate structure isomorphic to the ideal
completion of L (Idl(L) ordered by C).

Our goal of describing the order structure of the intermediate structure has not
been fully accomplished. It is not known whether the example from [73] is the only
type of example of a non-lattice intermediate structure that can exist. A situation
for which we have not been able to construct an example is the bow-tie configuration.
This is where F' L I and there exists an ideal J that is the least upper bound of
{F, I} in e(Idl(L)), but Fy L J. It is not known to us whether or not this can occur.

We close this section with a proposition that summarises our results.
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Figure 4.5: A lattice whose intermediate structure is not a lattice.

Proposition 4.2.6. Let L € £. The order, C, on IM(L) is a lattice order if one of

the following conditions holds:
(i) L satisfies (ACC) or (DCC);
(i) for all F € Filt(L), I € IdI(L) such that F' L I, one of the following holds:

(1) |FLI| < w,
2) |[LF| <w,

(3) Fy C J for any J € Id(L) such that F C J and I C J, and G C Ig for
any G € Filt(L) such that G C F and G C I.

4.3 Funayama’s counterexample

In this brief section we present an example where the intermediate structure acts to
preserve distributivity in the canonical extension construction. We do not present a
formal proof, but rather indicate how the elements added by the intermediate struc-
ture help to ensure distributivity of the canonical extension. The example is due to
Funayama [44] and was constructed to demonstrate that the MacNeille completion of
a distributive lattice is not always distributive. There is also an example of the Mac-
Neille completion not preserving distributivity due to Crawley [20], but his example

is much harder to explain by way of illustration.
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Funayama’s example begins by considering a lattice L which is the product of
three lattices. Two of these lattices are copies of the underlying lattice of the Chang
algebra described on page [70] That is, L; := (C;A,V) and Ly := (C; A, V). The
remaining lattice is defined as Ly = ({q, p}; A, V), ordered by g < p.

The lattice Ly x Ly x L3 can best be described as two layers of the grid formed
by L; x Ls. Each layer can be thought of as having four quadrants, each in bijective
correspondence with (but not order-isomorphic to) w X w. Since L is a product
of chains, it is distributive. The lattice K which forms the counterexample is a
distributive sublattice of Li; x Ly x L. It consists of the ‘left’ and ‘bottom’ quadrants
of the lower layer (L; x {q} x L3), and the ‘top’ and ‘left’ quadrants of the upper
layer (L; x {p} x Lg).

The MacNeille completion of K is shown in Fig. [4.6l Birkhoff [10] defined an
element x of a lattice L to be neutral if for all y,z € L, the lattice generated by
{x,y,z} is distributive. The non-distributivity of K is caused by the non-neutral
element (b, q,d,).

Consider the set X = {(b,,, q,dw), (b, p, o), (bo, q, co)}. The sublattice of K gen-
erated by X has X U {(by,p, co), (bo,q,d,)} as its underlying set. This sublattice is
isomorphic to N and hence K is not even modular. We did not have to choose the
elements (bo, p, o) and (bg, g, co) to be the ones to join (b,,q,d,) in X. Any choice
that takes one element from the bottom layer of the left quadrant, and the other from
the top layer of the left quadrant will generate a lattice that is either isomorphic to
N5, or has a sublattice isomorphic to Nj.

In the canonical extension in Fig. the limit points between quadrants added
by the intermediate structure are all either limits of the top layer, or limits of the
bottom layer. This ensures that all of the points in K°\K are either limits of the
top or bottom layer. This ensures that a limit point cannot be non-neutral. Take a
point y from the bottom layer of the left quadrant and a point z from the top layer
of the left quadrant. Then take a limit point x. If x is from the top layer, there will
be a single join generated by {x,y, z}, and it will be on the top layer. However, there
will be two meets generated, one on the top layer and one on the bottom. These two
points act to preserve distributivity of the sublattice generated by {x,y, z}. Dually,
if = was a limit point from the bottom layer, two joins (one top layer, one bottom
layer) and one meet (bottom layer) would be generated.

We note that in Fig. we have drawn in the lines which correspond to order
relations which are implied by the transitivity of the partial order. This is simply to

make the order relations between the different layers of K° clearer to the reader.
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(a’07p7 CO)

(bmq,do)

Figure 4.6: The MacNeille completion of the lattice K.
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(a’07p7 CO)

(a07pa Cw)

(ao.npa Cw)
i

y
(bow q7 dw)

(bwa q, dO)

(b07 q, dO)

Figure 4.7: The canonical extension K°. The only elements which are not part of the
intermediate structure are x and 3. That is, {z,y} = K°\IM(K). The point z is the
meet of the set { (bo,p,¢;) | @ € w} and the join of the set { (b;,p,c,) | j € w}, and
y is the meet of the set {(b,,q,¢;) | i € w} and the join of { (bj,q,c,) | j € w}.
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4.4 Dual graphs and RS-frames

In their work on canonical extensions of monotone poset expansions, Dunn, Gehrke
and Palmigiano [33] Definition 2.9] define a complete lattice C to be perfect if the
completely join-irreducible elements (J>°(C)) are join-dense and the completely meet-
irreducible elements (M°(C)) are meet-dense in the lattice. Further results from
that paper show that the canonical extension of a poset (and hence also of a bounded
lattice) is a perfect lattice [33] Corollary 2.10], and that there is a duality between
perfect lattices and perfect posets [33, Section 4]. The definition of a perfect poset
P, in addition to the density requirements of perfect lattices, has the property that
P = J>*(P)UM®>(P). The functor which takes the poset to the perfect lattice is the
MacNeille completion. We note that the morphisms on the poset side of the duality
have extra requirements in addition to being order-preserving.

Gehrke [47] gave an alternative presentation of this duality, whereby the perfect
posets are presented as generalised Kripke-type frame structures called RS-frames. In
Proposition from Chapter |3| we identified each completely join- and completely
meet-irreducible element of the canonical extension as coming from an element of the
dual graph (£L™P(L, 2), E) of a lattice L. Thus we would expect to be able to show
some sort, of correspondence between our dual graphs and RS-frames. Before recalling
the basic definitions of RS-frames, we note that as objects, they are nothing more than
a certain class of polarities. These structures originated with Birkhoff [11l Section
V-7], and have since also been recast in the setting of Formal Concept Analysis.

A frame is a tuple (X, Y, R) where X and Y are non-empty sets and R C X x Y
is a binary relation. Given a frame F = (XY, R), one can consider the usual Galois

connection via the polar maps R, and R, as follows:

R 9(X) = ©(Y)
A — {yeY | (VzxeA) (rv,y e R}

R, : 9Y) = 9(X)
B — {zeX| VyeB) (zr,y) € R}

To the frame F = (XY, R) one can then associate a complete lattice
G(F) = {AC X | (Roo R)(A) = A}

of Galois-closed sets, ordered by inclusion.
Forz € Xandy € Y wedefinezR:={y €Y |zRy}and Ry :={z € X |zRy }.
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Definition 4.4.1 ([47, Section 2]). A frame F = (XY, R) is said to be a separating
frame, or S frame, if for all z1,25, € X and y1,y2 € Y

(i) x1 # x9 implies 1R # xR,

(ii) y; # yo implies Ry; # Rys.
Definition 4.4.2 ([47, Section 2]). An S frame F = (X,Y, R) is said to be reduced,

or an RS-frame, if

(i) Yo € X,3y € Y such that =(zRy) and Vw € X if w # = and xR C wR then
wRy;

(ii) Yy € Y,3z € X such that —=(zRy) and Vz € Y if z # y and Ry C Rz then
TRz.

We now wish to translate our dual graphs of MPH’s into the language of RS-
frames. We know from [48, Lemma 3.4] that the completely join-irreducible (respec-
tively completely meet-irreducible) elements of the canonical extension correspond to
the filters (respectively ideals) which are part of some maximal pair. This motivates
us to define two equivalence relations on a graph D°(L) by saying that two MPH’s
are considered ~j-equivalent (respectively ~q-equivalent) if their filter (respectively
ideal) parts are equal as sets. This will happen if and only if their maximal filter
(ideal) parts fail to intersect the same set of maximal ideals (filters). We can in fact

mimic the definition of these equivalence relations on an arbitrary graph X = (X, E).

Definition 4.4.3. For an arbitrary graph X = (X, E) let the equivalence relations
~1 and ~5 on X be given such that for all x,y,z € X

(i) e~ yif (VzeX) ((m,z) € E<—=(y,2) EE);
(i) 2~y if (V2 € X)((z,2) € E < (2,y) € E).

Given a graph X = (X, F) we let X; = X/~ and Xy = X/~y. Where the same
element x € X is being considered by representations in each of the quotient sets,
we will denote its two different equivalence classes by [z]; € X; and [z], € X5. We
define the relation Rx for [x] € X; and [y] € X» by

[z|Rx[y] <= (z,y) ¢ E.

Now we define for any graph X the frame p(X) := (X3, Xs, Rx).
The following lemma helps us to translate from the graph X to its associated

frame p(X). The proof follows easily from the definition of Rx.
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Lemma 4.4.4. Let X = (X, E) be a reflexive graph and let p(X) = (X, Xs, Rx).
Then for x,y € X we have

(i) y € EE({SL‘}) if and only if [yl2 € [z]1 Rx;
(ii) y € ES({x}) if and only if [y}, € Rx[]>.

We require one further lemma which relates specifically to the case that X is the
dual graph of MPH’s of a lattice.

Lemma 4.4.5. Let L€ £ and X = (L™ (L,2),E). Forz,y € X. Then
(i) Ei({z}) € EX({y}) if and only if 2= (1) €y~ (1);
(ii) ES({z}) € ES({y}) if and only if «71(0) € y='(0).

Proof. Let ES({z}) C ES({y}) and then suppose that z~'(1) ¢ y~'(1). That is,
there exists a € L such that x(a) = 1 but y(a) # 1. Now consider the partial
homomorphism 2z defined by z7(1) = y~!(1) and 27'(0) = Ja. We extend this to
an MPH w, so now w € X. Clearly (y,w) € E and so w ¢ E’({y}). But by
the assumption w ¢ ECS({z}) and this is a contradiction since (z,w) ¢ E and so
w € EX({x}). Thus z~'(1) C y~'(1).

Now suppose that z71(1) € y~'(1) and let z € ES({z}). This gives us that
271(1) N z71(0) # (0 which implies that y~1(1) N 2~ 1(0) # §. Thus z € E¥({y}). The

proof of (ii) will follow by a dual argument. O

Proposition 4.4.6. Let L € £ and consider the graph X = (L™P(L,2),E). Then
the frame p(X) = (X1, Xs, Rx) is an RS-frame.

Proof. Let z,y € X and suppose that [z]; # [y];. We apply Lemma [1.4.5] Without
loss of generality, this implies that there exists z € X such that (z,z) € E but
(y,2) ¢ E. Now [y]1 Rx[z]2 but =([z]; Rx[z]2) and so [z]; Rx # [y]1 Rx. The proof for
[z]a # [y]2 follows similarly. Thus the frame p(X) is separated.

Now let [z]; € X; and consider [z], € X,. Since (z,z) € E we have that
—([z]1 Rx[x]2). Now suppose [w]; € X; such that [w]; # [z]; and [z]; Rx C [w]; Rx.

Since p(X) is separated we have that [z];Rx C [w];Rx and by Lemma [4.4.4]i) we
have that EC({z}) € EL({w}). Now by Lemma [4.4.5(i) we get that 2~ (1) € w~'(1).
Since x7!(1) is maximal with respect to being disjoint from x~'(0), we have that

w (1) Nz71(0) # 0. Thus (w,z) ¢ E and so [w]; Rx[x]s. O
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A bounded lattice can be represented by a topologised RS-frame. This fact is con-
tained in the work of Hartung [66], and has recently been re-iterated in the language
of RS-frames and canonical extensions by Gehrke and van Gool [57]. We use this
knowledge to confront a question posed by Ploscica regarding the graphs that can be
used to represent lattices.

Ploscica [78, Section 3] noted that there were cases where the graph of MPH’s from
L into 2 was not minimal amongst those graphs with topology that could serve as a

representation of the lattice L. An example of this is the lattice and corresponding
graphs shown in Fig. [4.§|

1 fab
/.\ fab fbc
fcb ° .fac e—e
‘ : X Xl N/
fca .\./. fbc fca
0
fba
L X Y

Figure 4.8: The modular lattice M35 and two of its graph representations X =
(L™P(L,2),F) and Y (defined below).

For d,e € L, let fs be the MPH defined by f,.'(1) = 1d and f,'(0) = Je. Now let
Y = {fab, foe; fea} and let Y = (Y, Ey) where Ey is our usual relation on £"P(L, 2),
restricted to Y. We note that £L™P(L,2) = Y U{ foa, fob, fac}. It is straightforward to
check that the lattice L is isomorphic to the lattice G5 (Yq, 24), of MPM’s, via the
isomorphism a +— e,.

We will look at the case of finite graphs (and hence finite lattices). In the case
of finite graphs with topology, we can simplify the question of which lattices they
represent. Suppose that Xg = (X, F,7) is a finite graph with topology for which
G5°(Xg, 24) is a representation of a finite lattice L. Now since Xy is finite and

is equipped with the discrete topology, every maximal partial E-preserving map is
continuous. Thus G7%(Xy, 24) = §"P(X, 2).

~

The following lemma shows that the results in Lemmas [2.2.5 and [2.3.2] for graphs

of MPH’s and SPH’s coming from lattices can be generalised to graphs.

Lemma 4.4.7. Let X = (X, E) be a graph and let ¢ € G (X, 2). Then for any
T,y € X,
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(i) if p(x) =1 and E,({y}) € E.({z}) then o(y) = 1;
(i) #f p(z) =0 and Es({y}) C Es({z}) then ¢(y) = 0.

Proof. Suppose p(z) = 1. If p(y) # 1, then by Lemma [2.1.1{ii) we have that there
exists z € ¢ 1(0) such that (y,z) € E. But since E,({y}) C E.({z}) we would then

have (z,z) € E, a contradiction. ]

In the next result, we need the reflexivity of the graph X to guarantee that if
E.({a}) = E.({b}), then we get (a,b) € E and (b,a) € E (and similarly for F,({a}) =
E({b}))-

Proposition 4.4.8. Let X = (X, E) be a finite reflezive graph and suppose that there
erists v € X with y,z € X such that E.({z}) = E.({y}) and E,({z}) = E.({z}).
Then for X' = (X\{z}, Ex/) the lattices §"P(X, 2) and G"*(X', 2) are isomorphic.

Proof. Define a map I' on §™P(X, 2) by ¢ +— ¢|xs. First we show that the image of
an MPE ¢ is an MPE. It is clear that I'(p) will be a partial E-preserving map from
X’ to 2. Suppose that there exists ¢ € G™ (X', 2) such that dom(I'(¢)) C dom(v)).
Suppose there exists w € dom(v) such that w ¢ dom(I'(¢)). Now w # z and
w ¢ dom(T'(p)), hence w ¢ dom(p). Thus there must exist v € ¢ 1(0) such that
(w,v) € E and u € (1) such that (u,w) € E. If v # x and u # x then ¥(w) # 1
and ¥(w) # 0, a contradiction. If v = z then since E ({z}) = E ({z}) we get
that (w,z) € E. By Lemma we get p(z) = 0 and thus ¥(w) # 1. Ifu ==z
then by E.({z}) = E.({y}) we get (y,w) € E. Then since ¢(y) = 1 we see that
(w) # 0. This shows that there is no proper E-preserving extension of I'(¢) and
hence I'(p) € G™ (X', 2). The fact that I' is injective follows from the fact that
¢ (1) and ¢~1(0) completely determine one another.

Now we must show that I' is surjective. Suppose that ¢ € G™P(X', 2). The
reflexivity of X gives (z,z), (2,2) € E, and combined with E,({z}) = E,({z}) this
implies (z,2) € E and (z,2) € E. Now E,({z}) = E.({y}) implies that (y,z) € E.

This means that there are only five possibilities for the images of y and 2z under :
(1) ¥(y) =0, ¥(z) =0,

(2) vy) =1,¢(2) =1,

(3) ¥(y) =0,v(z) =1,

(4) ¥(y) undefined, 1(z) = 0,

84



(5) ¥(y) =1, ¥(z) undefined.

For cases (1) and (4) we apply Lemma and let ¢ = 1 U {(z,0)}. For cases (2)
and (5) we again apply Lemma [4.4.7] this time letting ¢ = ¢ U {(z,1)}. For case (3)
we leave p(x) undefined. It is not difficult to check that in each case we get I'(¢) = 1.

The fact that ¢; < @9 implies that I'(¢1) < I'(p2) follows simply from the fact
that I" restricts the domain of elements of G™(X, 2). If I'(¢1),T'(¢2) € §"P(X', 2)
with ['(¢1) < I'(p2) then it will follow from the case evaluation above that ¢; < @s.

Thus IT' is an order-isomorphism. O

We can easily apply the above proposition to graphs which come from lattices.

Corollary 4.4.9. Let L € £ and let X = (L™ (L,2),E). Suppose there exists
f e L™ (L,2) with g,h € L™ (L,2) such that f~1(1) = g~ (1) and f~1(0) = h=1(0).
Then for X' = (L™ (L,2)\{f}, E), the lattices G""(X, 2) and G (X', 2) are iso-

morphic.
Proof. This follows from Proposition and Lemma [£.4.5] O

Applying Corollary repeatedly on a finite graph allows us to reduce the num-
ber of elements of the graph to a minimal number. This result is perhaps unsurprising
given our knowledge of Wille’s representation of finite lattices [87]. This representa-
tion uses a context of join-irreducible elements and meet-irreducible elements, with
the relation being the order from the lattice being represented. So long as each graph
element that we delete still has the join-irreducible and meet-irreducible element that
it represents captured by some other graph element, then it can be deleted without

altering the lattice that it represents.
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Part 11

Natural dualities for quasivarieties
of default bilattices
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Chapter 1

Introduction

Bilattices were introduced in the late 1980’s by Ginsberg [60] as a method for inference
with incomplete and contradictory information. His theory of bilattices was inspired
by the simple example introduced by Belnap [8] [7] more than 10 years earlier. Belnap’s
idea was that in certain situations a computer should base its decision making on four
possible truth values rather than just the traditional two values of true and false. The

underlying mathematical structure for this approach is shown in Fig.

T

Figure 1.1: The four truth values proposed by Belnap.

The elements t and f represent “true” and “false”, while the elements T and L
represent “contradiction” and “no information”. The order represented on the vertical
axis in Fig. is the knowledge order (<j), while the horizontal axis represents the
truth order (<;). (We note that the term ‘information order’ is used in some of the
literature to refer to what we will call the knowledge order.)

Belnap proposed that a computer should have a truth value, T, to assign to
a statement which it had been told separately was both true and false. This is a
very plausible idea in situations where the computer would be receiving information

from different sources. Equally important is that a computer should also be able to
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make decisions based on incomplete information. The truth value L is assigned to
statements about which the computer has no information. A statement p which is
assigned the truth value T is less true than a statement ¢ which is assigned t as there
is a source saying that p is false. On the other hand, more is known about p than is
known about ¢ as there are at least two different sources providing information.
First in [60], and then later in more detail in [61[f} Ginsberg introduced bilattices
as a generalisation of Belnap’s four-valued logic. Ginsberg’s motivation was to use
bilattices as a framework for inference with applications to artificial intelligence and
logic programming. Ginsberg [61, p. 266] sums up this bilattice-based approach to

inference:

“...we will be describing the knowledge or beliefs held by an agent or
inference system. Thus, we may say that one sentence p is “more true”
than another sentence ¢; when we do so, we will mean only that the
inference system has more reason to believe in the truth of p than it does

to believe in the truth of ¢.”

Soon after Ginsberg’s first paper, much influential work was done by Fitting [37,
38]. The work of Fitting proved instrumental not only in developing the mathemati-
cal framework of bilattices, but also in furthering the applications to logic program-
ming [39, [40].

Our contribution in Chapters [2] and [3| is to provide dual structures for quasi-
varieties generated by bilattices used in default logic. What makes our work particu-
larly interesting is the way in which the relations on the dual structures capture the
knowledge order of the generating algebra. We first present the formal definitions

underlying the theory of bilattices before detailing our contribution at the end of

Section [1.2l

1.1 Bilattices

In this section we introduce the definitions and background theory of bilattices. In
particular, we note the various representation theorems that exist for certain sub-
classes of bilattices. Most of the definitions are originally due to Ginsberg [61], al-
though some of the terminology and notation has evolved over the years. There is
quite a lot of variation in notation and terminology in the literature. The presentation

here aligns most closely with the presentation in the survey article by Fitting [41].

"'We will use this second paper in our citation of definitions as this provides a more complete
collection of Ginsberg’s early definitions and results.
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f t f t
1
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Figure 1.2: The bilattices FOUR, FIVE, SEVEN and NINE. The vertical order
is the knowledge order <, and the left-to-right order is the truth order <;. The
negation is defined as a reflection about the vertical axis.

Definition 1.1.1. A pre-bilattice is an algebra B = (B; ®, ®, A, V) such that (B; ®, ®)
and (B; A, V) are lattices. We denote by < the order associated with (B;®, ®) and
<; the order associated with (B; A, V).

The definition of a pre-bilattice has no requirements for any kind of relationship
between the two lattice orders. Thus, with a change of signature, any lattice (L; 1, L)
can be considered as a pre-bilattice where each of <, and <, is either the original order
C from L, or its dual J. We note that Ginsberg’s original definition [61], Definition
4.1] requires that both of the lattices (B;®,®) and (B; A, V) are complete. In the
development of bilattice theory since then, this requirement is not usually assumed

and we will never make this assumption.

Definition 1.1.2. A bilattice is an algebra B = (B;®,®, A, V, ) such that the
reduct (B;®,®,A,V) is a pre-bilattice and — is a unary operation which is <-

preserving, <;-reversing, and involutive.

Our first examples of bilattices are shown in Fig. [[.2l The knowledge order is
simply the vertical order, while the truth order can be read off as follows: a <; b if
there is a path from left to right connecting a and b. In the literature it is usual (as
we have done) to include in the Hasse diagrams any redundant transitive <, relations
that will assist in visually determining the <; order. When we take a closer look at
specific bilattices we will find it easier to draw the two orders separately.

In some of the literature what we have called a bilattice above would be referred
to as a ‘bilattice with negation” while a pre-bilattice would be called a ‘bilattice’.

In many cases one or both of the lattice orders will be considered to be bounded.

In these cases, the bounds of the knowledge lattice are denoted by T and L, and the
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bounds of the truth lattice are denoted by t and f. With or without bounds, the class
of all bilattices (and pre-bilattices) can be equationally defined and hence the class
forms a variety.

In addition to requiring some level of interaction between the negation opera-
tion and the two orders, it is natural to consider bilattices where there is a strong

interaction between the two sets of lattice operations.

Definition 1.1.3 ([61, Definition 4.1]). Let B = (B;®,®, A, V) be a pre-bilattice.
Then B is said to be distributive if for all a,b,c € B the identity

ae(bxc)~ (aeb)x*(aec)

holds whenever o, * € {®,®, A, V}.

By adding a negation operation to the above definition one defines a distributive
bilattice. Of the bilattices shown in Fig. both FOUR and NINE are distributive
bilattices, while FZVE and SEVEN are not. FIVE and SEVEN are of course
distributive lattices in their k-orders. It is also possible to consider bilattices where

each set of lattice operations is order-preserving with respect to the other order.

Definition 1.1.4 ([37, Definition 4.1]). A pre-bilattice is said to be interlaced if the
k-lattice operations are monotone with respect to the truth order and if the t-lattice

operations are monotone with respect to the knowledge order. That is,

a <t b = a®c < bR,
a <t b = a®c < bDe,
a <, b = aANc < bAc,
a <z b = aVec <, bVe

The conditions above could of course be expressed as equations, and hence the class
of interlaced pre-bilattices forms a variety, as does the class of interlaced bilattices.
Some authors have split the monotonicity conditions into separate groups. We will
comment further on this after Theorem [[.2.3]

We note that if the truth operations preserve <j, then <; C B? will form a sub-
universe of B2. In a bilattice, the negation operation will always erase the possibility
of <; being a subuniverse of B2, although in an interlaced pre-bilattice <; will be
a subuniverse. These observations will become important when we look for binary

algebraic relations on B in our search for natural dualities for ISP(B).
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1.2 Duality and representation for bilattices

The product construction of bilattices and pre-bilattices plays an important role in

the representation theory of both distributive and interlaced bilattices.

Definition 1.2.1 ([38, Definition 4]). Let Ly = (Lq;My,U;) and Ly = (Lo; My, L) be

lattices. The operations of the product pre-bilattice
L1 ® L2 = <L1 X L2;®,@,/\,\/>

are defined for (aq,as), (b1,bs) € L1 X Ly by

Note how the k-lattice operations are defined by the usual direct product. An-
other useful way of visualising the product pre-bilattice is via conditions on the order

relations:

(a1,a2) <k (b1,b2) <= a1 Cy by and ay Ty by,

(a1,a2) <t (b1,b2) <= a1 C; by and by Ty as.

The components a; and ay, of the element (ay,as) € Ly X Lo, can be thought of as
meaning “evidence for” and “evidence against”. This way of thinking feeds into the
way that a negation operation can be defined on the product structure. If Ly = Lo,
then for (a,b) € L? the negation is defined as —(a,b) = (b,a). It is easy to see that
the negation will be <;-preserving and <;-reversing and an involution.

The following result demonstrates the importance of the product construction.

Theorem 1.2.2 ([38, Proposition 8]). A bilattice B is a distributive bilattice if and
only if B~L®L for some distributive lattice L.

The following representation theorem for interlaced pre-bilattices was first proved
by Avron [5], and has subsequently been generalised by Rivieccio [82] to the case
of unbounded interlaced pre-bilattices. It was also proven via different methods by

Movsisyan, Romanowska and Smith [77, Theorem 4.3].

Theorem 1.2.3 ([82, Theorem 2.1.7]). Let B be a pre-bilattice. Then B is interlaced
if and only if there exist two lattices Ly and Ly such that B ~ L; ® L.
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The above theorem demonstrates the usefulness of the interlacing conditions. The
bilattices that we examine in Chapter [2l and Chapter |3 are not interlaced, and hence
no product representation is available. However, there are product representations
available for weaker classes of pre-bilattices.

Pynko [80] called a pre-bilattice regular if the truth operations preserve the knowl-
edge order. He proved that when the pre-bilattice is bounded in both orders, regular-
ity is equivalent to being interlaced [80, Theorem 3.1]. Movsisyan [76] defines a weakly
interlaced pre-bilattice to be a pre-bilattice where the truth operations preserve the
knowledge order and one of the knowledge operations preserves the truth order. He
further proves that every such pre-bilattice is isomorphic to the product pre-bilattice
of two lattices.

Jipsen [69] recently showed (using the Waldmeister theorem prover) that for a
bilattice (note the inclusion of negation), if ® and @ preserve <;, then V preserves
<. This suggests that there is potential for further work (automated or otherwise) to
determine the exact interdependence of the interlacing conditions. This could reveal
exactly which weaker interlacing conditions admit a product representation, as well
as determining when the negation and the bounds influence the interdependence of
the various interlacing conditions. For example, Pynko shows that it is possible to
have a bounded pre-bilattice such that A preserving <; and V preserving < are
independent of one another [80, Example 5.1].

The following result uses the definition of the negation in the product construction
to prove an analogue of Theorem for the case of interlaced bilattices.

Theorem 1.2.4 ([82, Theorem 2.2.2]). Let B be a bilattice. Then B is interlaced if
and only if there exists a lattice L such that B ~ L ® L.

Duality and representation theorems for bilattices were initially focussed on prod-
uct representations. Mobasher, Pigozzi, Slutzki and Voutsadakis [74] made use of the
product representation of distributive bilattices to show that the category of distribu-
tive bilattices and the category of Priestley spaces are dually equivalent. Jung and
Rivieccio [72] took a slightly different approach in their duality for distributive bilat-
tices. They defined Priestley bispaces and show that this category is dually equivalent
to the category of distributive bilattices.

More recently, Cabrer and Priestley [16] have used natural duality to show that
the variety of bounded distributive bilattices (the variety generated by FOUR) is
dually equivalent to the category of Priestley spaces. This is the first approach to

duality for bilattices that does not go via the product representation, and that takes
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full advantage of the rich algebraic structure available. The main result from [16] is

stated below in the language of natural duality.

Theorem 1.2.5 ([16]). Let B = {t,f, T, L} and consider the bilattice FOUR =
(B;®,®,A,V,,f,t). Then the dualising structure

yields a strong duality on ISP(FOUR) = HSP(FOUR).

This result is the point of departure for our work on duality for bilattices. In our
class of examples the truth operations do not preserve <, and hence <; will not be
an algebraic relation and cannot be used as a relation in the dualising structure. We
shall use the techniques of natural duality to prove duality theorems for bilattices
outside of the distributive and interlaced cases.

In addition to being strong, the duality given above for ISP(FOUR) is also optimal
(see Definition[1.3.3). Our dualities for quasivarieties of non-interlaced bilattices will

also turn out to be optimal.

T t

df ’ dt df
fl f

SEVEN

Figure 1.3: Ginsberg’s bilattice for default logic drawn in its knowledge order (left)
and truth order (right).

In Chapter [2 and Chapter |3| we examine, using natural duality theory, families
of bilattices that have been developed for applications to default logic. The bilattice
SEVEN (see Fig. was first proposed by Ginsberg [61], Fig. 4] for use in inference
with default logic. The bilattice SEVEN has two additional truth values, dt and
df, which represent “true by default” and “false by default”. The element dT then
represents the contradiction that arises if a statement is both true by default and
false by default. The idea is further developed to include a hierarchy of default
values, where the sequence of “true by default” truth values are decreasing in both

the knowledge and truth order, while the sequence of “false by default” truth values
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are decreasing in the knowledge order while increasing in the truth order. Chapter
focuses on natural dualities for quasivarieties generated by such a hierarchy of default
bilattices based on Ginsberg’s SEVEN.

Default logic was proposed by Reiter [81] in 1980. Such a system of reasoning is
useful in situations where one does not have complete information about the truth or
falsity of a set of sentences. However, if one knows certain other pieces of information,
it may be possible to make inferences and hence consider a sentence to be “true by
default”.

One of the underlying assumptions is that inferences that are made based on de-
fault rules can, and should, be modified when further information becomes available.
It is with this feature in mind that default logic is said to be non-monotonic. A
logic is monotonic if it is not possible to add a formula to the set of theorems and
then reduce the set of logical consequences. It is easy to see that in default logic, a
sentence p could be inferred to be true by default, but when more information be-
comes available (for instance, if the sentence “not p” is added to the set of theorems),
then p is no longer a consequence of the logic. This feature of being able to modify
inferences based on additional information makes default logic a good candidate for
bilattice-based reasoning.

A default theory T is a pair (D, W) where D is a set of rules of inference and
W is a set of theorems, often called the background theory. A default rule d € D is

denoted by
_ o ﬂlaﬁ%"'aﬁn

r‘)/
where «, 5;,v are all formulas in the language. The formula « is known as the

d:

prerequisite, the formulae §; (1 < ¢ < n) are known as the justifications and ~ is
the consequence or conclusion. The rule d above says that if « is true, and v being
true does not contradict any of the ;, then ~ is true. Ginsberg defines valuations for
default logic in terms of the bilattice SEVEN in [61, Section 7.3.2].

We begin Chapter 3| by introducing a six-element bilattice to serve as an alternative
set of truth values for default logic. From this we are able to construct a hierarchy
of prioritised default bilattices.

The investigations of dualities in both Chapter [2]and Chapter 3| were initially based
on results obtained from computer output. In both cases it soon became apparent
that there was potential for further investigation beyond the few examples that we
had dealt with via computation.

We prove significant results which characterise the category of topological rela-

tional structures dual to the quasivariety of default bilattices. Our results show that
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a set of relations which capture the knowledge order on the dual structures can be
used in order to obtain a duality. The method of proof makes use of globally minimal
failsets (defined in the next section) allowing us to ensure that the dualities obtained
are in fact optimal dualities. That is, the set of relations is a minimal such set that
will yield a duality.

Before we present the important concepts from natural duality theory that we will
use in our investigations of dualities, we remark on the two different tracks along which
bilattice research has developed. The first of these tracks is the work of Ginsberg and
Fitting where bilattices are used as what Fitting describes as generalised truth-value
spaces [41l, Section 2].

The second track uses bilattices to define deductive systems using logical matrices.
This approach was initiated by Arieli and Avron [4] in 1996. They define a logical
bilattice to be a pair (B, F') consisting of a bilattice B and a set of designated truth
values FF C B known as a prime bifilter. A prime bifilter is a subset of B which
is a prime filter in both the <; and <; lattice orders. In [4, Section 3], the prime
bifilters are used to describe a semantics for the logical bilattice, and a Gentzen-style
deductive system is developed and shown to be sound and complete with respect to
the semantics. Building on the work by Arieli and Avron, a Hilbert-style presentation
of bilattice based logics was developed by Rivieccio in his PhD thesis [82] (see also
the paper by Bou and Rivieccio [13]).

A survey of these two areas of development is given by Gargov [46]: Part I is
devoted to the generalised truth-value approach, while Part IT examines bilattices as
logical matrices.

In this work we do not engage with the logics of bilattices in the sense of Arieli
and Avron or Bou and Rivieccio. We view bilattices purely as lattice-based algebras,
and show how their rich algebraic and order-theoretic properties can be captured in

their dual structures.

1.3 Dualising structures obtained via computation

This section follows on from the introduction to natural duality theory presented
in Section (page [3). There we defined what it meant for a structure M =
(M;G,H, R,T) to yield a duality for a quasivariety ISP(M).

A further useful observation [I7, Lemma 2.1.2] is that a topological structure with
(partial) operations and relations M = (M; G, H, R,T) yields a duality on A if and
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only if the topological relational structure M’ = (M; R',T) yields a duality on A,
where R = RU { graph(h) | h € GUH }.

If a structure M = (M; R, T) yields a duality on A, then for every A € A, and
every a € A, the evaluation maps ea (a): D(A) — M preserve every algebraic relation

on M and hence the set of all finitary algebraic relations

B:= J{s(M")|n>1}

will yield a duality on A. This approach to showing that a duality exists is called the

Brute Force method. These insights can be summed up in the following result.

Lemma 1.3.1 ([I7, Lemma 1.3]). Let A = ISP(M) and let A € A. Then the

following are equivalent:
(i) there is some structure M = (M; G, H, R, T) which yields a duality on A;

(ii) there is some purely (topological) relational structure M = (M;R,T) which
yields a duality on A;

(ili) the structure M = (M;B,T) yields a duality on A;

(iv) the evaluation maps ea(a): A(A, M) — M (a € A) are the only continuous

maps from A(A, M) to M which preserve every finitary algebraic relation on
M.

While it is comforting to know that the Brute Force method can be applied in
order to obtain a duality, in practice one is more interested in a dualising structure
with as few relations as possible.

A (k+1)-ary term t(xq, ..., x,y1) is said to be a (k4 1)-ary near-unanimity term
on A if it satisfies the identities

t(a,b,...,b) = t(b,a,b,...,0)~---~tb,...,b,a) = b

for any a,b € A. All lattice-based algebras A possess the median term which is
defined for a,b,c € A by

tm(a,b,c):=(aVb)A(aVe)N(bVc).
For any a,b € A, we have
tm(a,b,b) =ty (b,a,b) =~ t,(b,b,a) ~b

and thus all lattice-based algebras have a ternary near-unanimity (NU) term. This

fact is made extremely useful by the application of the following theorem.
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Theorem 1.3.2 ([I7, Theorem 2.3.4]). (NU Duality Theorem) Let k > 2 and
suppose that M has a (k + 1)-ary near-unanimity term. Then M = (M;S(M"*), T)
yields a duality on A.

This theorem tells us that any lattice-based quasivariety A = ISP(M) is dual-
isable, and that the relational structure on the dualising object M can be limited to
just S(M?). This is a tremendous improvement on the size of the dualising set given
by the Brute Force method. However, this set of subalgebras can still be extremely
large, even when M is a small finite lattice. As an example, if M = M3, the small-
est modular non-distributive lattice, we have |S(M?)| = 3193 [86]. Although we are
guaranteed a duality by the entire set of binary algebraic relations (subalgebras of
M?), we want to reduce the size of the set of required relations as much as possible,

ideally to some minimal set of relations.

Definition 1.3.3. Let A = ISP(M) and consider M = (M; G, H, R, T). We say that
M yields an optimal duality on A if M yields a duality on A and if any relation or
(partial) operation is removed from the set G U H U R, then the new structure M’

will no longer yield a duality on A.

In finding dualities for quasivarieties, we are often interested in finding optimal
dualities as these are the simplest possible dual structures. The theory of optimal
dualities was developed by Davey and Priestley [26] 27], beginning with their work
on the varieties B,, of pseudocomplemented distributive lattices.

The NU Duality Theorem suggests a good starting point for finding an optimal
duality for a quasivariety A = ISP(M). It is in fact possible to carry out the entire
optimisation procedure using a computer to perform the necessary calculations. First,
one calculates the subalgebras of M? and then one systematically works through each
relation to see which combinations of relations are required in order to yield a duality.
We were able to use a suite of computer programs written and used by Wegener [86]
in order to perform the necessary calculations. Here we describe the theory that
informs these calculations.

We remind the reader that the notation S will be used when we refer to a subal-
gebra (and want to treat it as such), and S will be used when we want to refer only
to S viewed as an n-ary algebraic relation (a subset of M").

The concept of entailment is crucial in understanding how and why it is possible

to reduce the number of algebraic relations required to yield a duality.
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Definition 1.3.4. Let R be a set of finitary algebraic relations on M, and let S
be an n-ary algebraic relation (on M). Then we say that R entails S if for every
A € A=ISP(M), if u: D(A) — M is a map which preserves R, then u preserves S.
This will be denoted R = S.

Entailment constructs were investigated by Davey, Haviar and Priestley [22]. They
showed that whenever R = S, there are a finite number of admissible constructs that
can be used to obtain S from R. A full list is given in [I7, Section 2.4.5] although we
will only make use of the constructs of trivial relations, intersection and converses.
The first of these implies that any set of relations R entails both A(M?) and M?2.
The intersection construct says that {51, So} F 51 NS, provided that S; NSy # (. For
a binary relation S we denote its converse by S. That is, S = { (b,a) | (a,b) € S }.
The fact that {S} F Sisa consequence of the more complicated notion of subscript
manipulation.

We draw attention to the fact that because binary relations entail their converse
relations, we will seldom mention converse relations. Only in Chapter [2| where we
completely describe the lattice S(M?) do we take an interest in converse relations.
In our listing of subalgebras in Appendix [B], for each subalgebra S we list either S
or é, whichever is most meaningful in our interpretation. Likewise, our listing of the
globally minimal failsets make no mention of the fact that for each relation S, one
could also choose the converse relation S.

In reducing the size of a set of relations R yielding a duality, we want to test
each relation S € R to see if we can remove it from the set R and have the smaller
set R\{S} still yield a duality. The term test algebra was first used by Davey and
Priestley [26]. The phrase describes the fact that in order to test whether or not
a relation S can be removed from a dualising set R, we need only test if the set of
relations R\{S} will yield a duality on S. The subalgebra S considered as an element
of A, the “alternative persona” [27, p. 3674] of the algebraic relation S, is all that is
needed to test whether or not the relation S is required to yield a duality on A. The
following lemma is a formal statement of this result. It was first proved by Davey
and Priestley [26, Propositions 2.2 and 2.3].

Lemma 1.3.5. Let R be a collection of finitary algebraic relations on M. If R
yields a duality on the test algebra S € S(M"), then R entails S. In particular, if
R yields a duality on A = ISP(M) and if R\{S} yields a duality on the test algebra
S € S(M"), then R\{S} yields a duality on A.
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We now proceed to explain how the test algebra method can be applied in practice.
Let M be a finite algebra and let A = ISP(M). Further, consider € to be any set
of finitary algebraic relations on M. For any n-ary relation S € ) (considered as
a subalgebra of M") we consider the dual space D(S) = (A(S,M), ), where the
relational structure of each R € 2 on S is defined as on page [4

Definition 1.3.6. Let S € Q2 and let v: D(S,M) — M be any map. Then
Failg(y) := { R € Q | 7 fails to preserve R }.

If S € Failg(y) then we say that Failg(v) is a failset for S.

If v is a map defined by evaluation, then for every S € Q2 we will have Failg(v) = 0.
Thus, the number of relations in a failset Failg(7) is a measure of how close 7 is to
being an evaluation map. For different maps v: D(S,M) — M the set Failg(y) may
be different. The important point is that as both A(S,M) and M are finite, there

are finitely many possible maps v and hence finitely many possibly failsets for S.

Definition 1.3.7. Let S € Q2. Then
Fs :={Fails(7) | S € Fails(7) }.
That is, Fg is the family of all failsets of S. We then define
F=|J{Fs|seq}.

Each failset is a collection of relations R C €. Thus we can order the collection
of all failsets by containment. A globally minimal failset is a set U € F such that U
is minimal in F.

For a collection of sets G, a transversal of G is a set T' such that
(i) TNG #0 for each G € G,
(ii) for each V € T, there exists G € G such that T\{V} NG = (.

The reason that we are interested in failsets is that they provide a method for cal-
culating dualities. As we are always working with a lattice-based algebra M, we can
reduce Q to S(M?). Although this may be extremely large, it is finite, and hence we
can work through each S € S(M?) and calculate all of the (finitely many) possible
failsets. As the total number of failsets is again finite, every failset contains a globally

minimal failset. Thus we are able to make use of (iii) below.

101



Theorem 1.3.8 ([I7, Theorem 8.3.1]). (Optimal Duality by Failsets Theorem)
Suppose that ) yields a duality on A = ISP(M), and that R C 2. Then

(i) R yields on duality on A if and only if it intersects every failset;

(il) R yields an optimal duality on A if and only if it is a transversal of the family
of failsets.

Moreover, if every failset contains a globally minimal failset, then

(i) R yields an optimal duality if and only if it is a transversal of the globally

manimal failsets.

The starting point for our work in Chapter [2| and Chapter [3]is to take a bilattice
M, and the set of relations = S(M?), and to calculate the globally minimal failsets
within €2. A transversal of these globally minimal failsets then yields an optimal
duality for the quasivariety ISP(M). An outline of the sequence of computations
required to find an optimal duality for A = ISP(M) starting from S(M?) is given in
Appendix

During our analysis of the algebraic relations which will yield a duality on A =
ISP(M), we will also be interested in the properties of the set S(M?), viewed as a
lattice.

For an algebra A, let a € A. A subalgebra B of A is a wvalue of A at a if B
is maximal with respect to not containing a. The following lemma will help us to

identify subalgebras which are values (particularly in the case that A = M?).

Lemma 1.3.9 ([I7, Lemma 8.5.1]). A subalgebra B of A is a value of A if and only
if B is completely meet-irreducible in the lattice of subalgebras of A.

We remind ourselves that in an algebraic lattice (such as S(M?)), every element
is the meet of completely meet-irreducible elements. In a lattice of subalgebras, the
meet operation is intersection, and thus by the entailment construct of intersection,

we have that the completely meet-irreducible elements entail all of the other relations

in S(M?).
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Chapter 2

Natural dualities for quasivarieties
of default bilattices

Distributive bilattices have a very rich algebraic structure. Not only do they afford
a product representation, but as the variety of distributive bilattices is generated
by FOUR, they have a particularly simple natural duality. As with duality for
bounded lattices, once one moves outside of the distributive case the situation becomes
much more complicated. In the next two chapters we shall expose some the features
of natural duality for quasivarieties of bilattices that are neither distributive nor
interlaced.

Our initial investigations involved computations on the quasivariety generated by
the default bilattice SEVEN proposed by Ginsberg [61]. However, it became apparent
that using purely theoretical techniques we could generalise these results to a larger

class of bilattices used in default logic.

T t

df ’ dt df
i F

SEVEN

Figure 2.1: Ginsberg’s bilattice for default logic drawn in its knowledge order (left)
and truth order (right).

We first observe that SEVEN is not an interlaced bilattice. Neither A nor V
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preserve <. This is witnessed by dT <, t but dT A L = df ;{k 1L =tA L, and
dt <, fbutdtv Ll=dtg, L=FfVv.L

The notion of bilattices which represent prioritised defaults was discussed by Gins-
berg [61], Section 7.3.3]. In a prioritised default bilattice each additional pair of default
truth values f,1,t,.; will be lower than their respective predecessors (f, and t,) in
the knowledge ordering. That is, the knowledge that the additional truth values rep-
resent is of a lower priority. In addition, each additional level of default truth values
(f,11 and t,41) are thought of as t,,;; being ‘less true’ than its predecessor t,,, while
f,.1 is ‘less false’ than f,,. That is, t,,.1 <; t, and £, >; f,. We illustrate this idea
in Fig. 2.2

There is a wide range of applications of such prioritised default bilattices in artifi-
cial intelligence. One example is the design of a tutoring feedback system by Encheva
and Tumin [35]. Their system uses a ten-element default bilattice to inform follow-up
questions for an automated tutorial system when the initial responses are incom-
plete or inconsistent. Prioritised default bilattices have also been applied to visual
surveillance by Shet, Harwood and Davis [83].

We remind the reader that we shall use boldface capital letters to refer to subalge-
bras, for example S, and the non-bold letter, say S, to refer to the algebraic relation
associated to the subalgebra. At points in this chapter we will be proving that certain
subsets of M? are indeed subuniverses of M2. Unless the letter say P comes straight
after mention of a subalgebra P, it should not be assumed that P is an algebraic

relation, but merely some subset of M?2.

2.1 The bilattices K,

We define the set of elements of the n-level prioritised default bilattice as follows:
Kn = {J-7 an t07 —|—07 s 7fn7 tnu Tn}

Definition 2.1.1. Let n € w and consider the set K,. Let 7,7 € w such that
0 <7< j<n. Forany a € K,, the binary relation < is defined by

(i) L<pa<yT,
(i) £ <x £ and t; <; ¢,
(ili) t; <g f; and f; <; t;,
(iv) f5 <x T, t; < Tyand T; <p T,
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(v) T <k £ <p T,
(vil)) a <k a.

Now suppose that 0 < i < j < n and 0 < m < n. The binary relation <; is defined
by

<1> fz <t fj7

(Vl) Tm §t Tm and L §t 1.

It is not difficult to see that both of the binary relations above are partial orders.

T To
f, to
fy to
f t
1
L
Ko K4 Ky

Figure 2.2: The bilattices Ky, K; and Ky, drawn in their knowledge order.

Proposition 2.1.2. Let n € w and consider the set K,,. The orders <, and <; are

both lattice orders.
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The above proposition implies that there exist two sets of lattice operations on K,
hence it can be considered as a pre-bilattice. We further define a negation operation
for a € K,, and i € w such that 0 <7 < n by

ti if a = fia
—a=<f ifa=t;,
a otherwise.

A subset of the truth values of K, will be used as constants in the algebraic signature.
These are values which only contain information about truth or falsity, but do not

contain any information about contradictions or lack of information:
Cn = {f07 t07 s 7fn7 tn}

Finally, we define our bilattices to have an algebraic signature consisting of two sets

of lattice operations, a negation operation and the relevant constants:
Kn - <Kn7 K, D, A\, V, 7, Cn)

It is clear from the definition of C), that the algebra K, has the signature

(2, 27 2, 2, 1, 0(1)7 0(2), ey 0(2n+1)7 0(2n+2)>‘

Figure 2.3: The bilattice K in its knowledge order (left) and truth order (right).

The following lemma contains important properties that will be used extensively
in Section 2.3, The proof follows from the way in which the order is defined on the
truth lattice. This is easily seen in Fig. [2.4]

Lemma 2.1.3. For n € w consider the prioritised default bilattice K,, and let
i,7,m € {0,1,...,n} withi < j. Then
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°
¢ i
Toe T T Tn {>'_L
lrflo

Figure 2.4: The bilattice K,, in its truth order.

(i) LATn =", and LV T,, = tp,

2.2 Homomorphic images

The homomorphic images of the bilattice K,, will play an important role in describ-
ing the duality for ISP(K,). This is because the homomorphisms from K, to its
homomorphic images will prove useful in describing subalgebras of K?2.

Here we will define homomorphisms from the bilattice K,, to the bilattice K, (for
m < n). First, we must be quite clear about what we mean when writing K,, in this
context. It is clear from the definition of the algebras K,, and K,,, that the signature
for K,, is different to the signature of K,, when n # m. The bilattice K,, has 2n + 2
constants in its signature, whereas the signature of the bilattice K,, contains 2m + 2
constants. However, it is still possible to define homomorphisms in this setting. Given

m < n, we define a set of constants
Emn=A{L1,..., Lom-m)} where |E,, .| =2(n —m).
Now we define the algebra K, ,, by

Km,n = <KM7 ®, D, N, V, 7, Cm U Em,n)
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This is simply the algebra K,, with additional constants in the signature so that it
is of the same type as K,,.

We note that although L is not an identified constant in K,,, it is term-definable
from t,, and f,, as L = t,, ®f,,. With the definition of K,, ,, in mind, we can formally
define a homomorphism h: K,, = K,,,,. In the next proposition we make extensive
use of the definitions and results from Appendix [A.2]

Proposition 2.2.1. Let n € w and consider the bilattice K,,. For m € w such that
0 <m < n, the map hyp: K, — K, defined for a € K,, by

h ((I) _ J—(Tﬂ) Zfa' gk Tm-i—l
o am)  otherwise

15 a homomorphism hy,,,: K, = K, ..

Proof. The fact that h,,,, preserves the constants in the signature of K,, is clear from
the way that the constants in the signature of K,,,, are defined.

Consider the equivalence relation ker(h,,,). The equivalence classes of ker(h,,)
are [a] = {a} for a & |, (Tns1), and [Ti1] = Ji(Tme1). Each of these equivalence
classes is a convex subset of K, under the <, order. It is clear that each equivalence
class is a sublattice of K,,. Now consider a quadrilateral: {a,b,c,d} C K, such that
a<pbc<pdand a®dd=>0bband a®d = c. If hyp(a) = hyy(b) we must have
{a,b} C [(Tmy1). Clearly then ¢ <x b <g Ty and d < b <t Tr. fbBc=4d
and b ® ¢ = a and hyp(a) = hyy(b) then b = t; and ¢ = f; (or vice versa) for
some i > m+ 1 and so d = T; < Ty and so {a,b,c,d} C |(Tne1). These facts
give us that ker(h,,) is compatible with ® and @ (see [28, Theorem 6.14]). As
Le(Tms1) = 4(tmpr) N1 (£g1) (see Fig. or Fig. [2.F)), the equivalence classes of
ker(h,m,) are also convex in the <; order. The equivalence classes of h,,, are easily
seen to be sublattices in the truth lattice. If {a,b,c,d} is a quadrilateral in the <;
order (with one of the two quadrilateral orderings described above) we must have
either a not comparable to d, or b not comparable to c¢. In the first case, we must
have {a,d} C {T; | 0 < i < n}U{L}. This gives us a Vd = b = t; where j
is the least index such that T; € {a,d}. Similarly, a A d = ¢ = f;. In the second
case we must have {b,c} C{T; |0 < i< n}U{L}, andsobAc=a = f; and
bV c=d=t;. In either case, we can only have Ay, (a) = hpm(b) if j > m + 1. Then
{a,b,¢,d} C Li(tms1) NTi(f11) and the quadrilateral condition is easily seen to be
satisfied. Thus ker(h,,,) is compatible with A and V and hence preserves the lattice
operations {®, ®, A, V}.
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Lastly, we show that h,,, preserves the negation. Since — is <g-preserving, we have
for b <g Tpy1 that —b <g Trpqq and hence —hp,, () = (L)) = Lim) = ham(20). O

2.3 Subalgebras of K?

Here we prove some important results about the structure of the subalgebras of K2.
We consider four-element sub-bilattices of K,, which we shall call diamonds. For m
such that 0 < m < n, we let Q,, := {f,,tm, Tm, Tms1} and for m = n we have
Qm = {fn, tm, T, L}

The following result will be crucial when considering subalgebras of K2.

Lemma 2.3.1. Consider the default bilattice K,,. Then for any S € S(K?) it is the
case that A(K2) C S.

Proof. For any m with 0 < m < n we have that f,, and t,, are constants in the
signature of K, and hence (f,,f,) and (t,,,t,,) are elements of any S € S(K?).
Since S is closed under @, we have that (f,,,£,) ® (tm, tm) = (T, Tn) € S and that
(£, ) ® (tn, t,) = (L, L) €8S. O

We will frequently be making use of the fact that for any a € K,, and any
S € S(K2), we have (a,a) € S. Thus we will not refer each time to Lemma [2.3.1]
Although for all n > 0 we have that <, is not a subalgebra of K2, we will see

throughout this section that the structure of the subalgebras closely resembles the

< order. The result below provides an early example of this pattern.

Proposition 2.3.2. (Completing the diamond) Let S € S(K2), consider Q,,
where 0 < m < n, and let (a,b) € Q>N <y. If (a,b) € S then Q> N<; C S.

Proof. For m < n we consider the set
Q?—n N <k = {(fma Tm)a (tma Tm)a (Tm-i—la fm)7 (Tm—‘rla tm)7 (Tm—‘rla Tm)}

We will show if any one of these is an element of the subalgebra S € S(K?), then
Q3 N < CS. The case of m = n follows easily by replacing T,, 41 with L.

Case 1: (£, T.n) € S. Since S is closed under negation, we have that (t,,, T,,) € S.
Further, since (T,,11, Tme1) € S we have that (£,,, T) V (Tot1s Tma1) = (Ta1, tm) €
S and (tm, Tm) A (Tmst, Tms1) = (Tg1,£) € S, Lastly we see that (Ti1,tm) A
(tm, Trn) = (Toi1, Tn) and so Q3 N < C S whenever (£, T,,) € S.
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Case 2: (ty, Tm) € S. We apply the negation and follow Case 1.

Case 3: (Tpy1, fn) € S. Taking (T, Ton) we see that (Ti1, £,)V (T, Tin) = (b, Tin) €
S. Now apply negation and the method from Case 1.

Case 4: (Te1,tm,) € S. Apply negation and follow the previous case.

Case 5: (Tui1, Tn) € S. Using the fact that (Tp1, Tme1) € S we get (Tpa1, Tm) V
(Trmt1, Tmt1) = (Tma1, tm) € S and then proceed as for Case 2. This also works for
the case of m = n, simply by showing that from (L, T,,) we can get (L, T,,,)V(L, L) =
(L,t,) €S. O

The proof of the corresponding result for the diamond ordered by > follows by

replacing any applications of A with V (and vice versa).

Proposition 2.3.3. Let S € S(K?), consider Q,, where 0 < m < n, and let (a,b) €
Q2N >¢. If (a,b) € S then Q%N >,C S.

We use the term ‘collapse’ when referring to a subset A C K, to mean that
all of the elements of A are related to one another in a subalgebra of K2. The
following sequence of results works towards showing, in Proposition [2.3.8], that if one
of diamonds @),, ‘collapses’, then all of the diamonds below it will also collapse. This
collapsing is a crucial feature of the subalgebras of K2, and will greatly simplify

working with the set of relations S(K?2).

Lemma 2.3.4. Let S € S(K?) and consider Q,, where 0 < m < n. Then the

following are equivalent:
(1) (£, tm) €5
(2) (tm,fn) €S;
(3) Q%N<, €S and Q% N>, CS;
(4) @ncS.
Proof. We begin by noting that
Q= (QmN <) U (QN >1) U{ (i, tn), (b, £) } U A(Q7)-

The equivalence of (1) and (2) follows from the fact that S is closed under negation.

Next, we show that (2) = (4). By Lemma we have that (T,,, T,,) € S and so
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we get that (tm, £,) V (T, Tin) = (bm, Tm) € S. Now we apply Proposition [2.3.2]and
conclude that Q% N <; C S.

Next we note that (t,,,£,) A (Tm, Tm) = (T, fn) € S. Similarly, we apply
Proposition to see that Q%N >, C S, and hence Q% C S.

Now we prove that (3) = (1). From the assumption, we have that (f,,, T,,) and
(T, tm) are both in S. Thus we can see that (f,,, T,,) @ (T, tm) = (£, tm) € S.

The fact that (4) = (3) is obvious. O

Lemma 2.3.5. Let n,m € w such that 0 < m < n andlet S € S(K2). If Q> N<; C
SorQiN>, CSthen @, N< CSand Q2 N>, CS.

Proof. Since Q2 N <;, C S we have (T,y1, Tm) € S. This implies that (T,y1, Tm) A
(Trmt2, Tma2) = (fny1,£n) € S. Using the fact that S is closed under negation, we
get (ta1,tm) € S and so (f,41, ) @ (tyrt, timn) = (Tiao, Tma1) € S. Now we apply
Proposition to see that @2, ., N <z C S.

We also have (Tp,41,£,) € S and 80 (Thi1, £) V(Tisos Ta2) = (bmst, Tmae) € S.
By Proposition we see that Q2 ., N>, C S. The argument starting with
Q2 N>, C S is similar. O

Proposition 2.3.6. Let n,m € w such that 0 < m < n and consider the bilattice
K,.. Further, let S € S(K2) and suppose that there exists (a,b) € Q% NS such that
a#b. Then Q% CS.

Proof. Suppose (a,b) € Q% N <. By Proposition we have that Q2 N<; C S
and hence by Lemma we have that Q2 ;N <, C Sand Q2. N>, C S.
Now by Lemma we have that Q2,,; € S. Similarly, if (a,b) € Q2N > we
can apply Proposition m to get @2, N>, C S and hence both Q% ., N<, C S
and Q%.,, N>, C S. Again, applying Lemma m gives the desired result. If
(a,b) = (tm,,f,) or (a,b) = (f,,t,), then we simply apply Lemma and then
Lemma to get Q2,,, N < C Sand Q2 ; N>, C S. We finish by applying
Lemma once more to conclude that Q2,,, C S O

Lemma 2.3.7. Let n,m € w such that 0 < m < n and consider the bilattice K,,.
Further, let S € S(K2). If Q% C S, then (L, T,,) € S and (T, L) € S.

Proof. Since Q2 C S, we have (t,,,f,) € S. Now (t,,,f,) A (L, 1) = (L,f,) € S.
Since S is closed under negation, we have that (L,t,,) € S. We then see that
(L, f,) @ (L t,) =(L, T, €S.
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Next, we observe that (t,,,f,) € S implies that (t,,,f,)V (L, L) = (t,,, L) € S.
By closure under negation we get (f,, L) € S and finally this gives us (t,,, L) &
(f, L) = (T, L) €S. O

Figure 2.5: The bilattice K,, in its truth order.

We now have the necessary tools to show that, given certain conditions on elements

of Q2 being in S, all of the diamonds below Q,, will collapse in S.

Proposition 2.3.8. (Collapsing the diamonds) Let S € S(K?) and let m € w
such that 0 < m < n. If S satisfies any of the equivalent conditions of Lemma|[2.3.]),
then (1, Tm)> C S.

Proof. We assume that Q? C S and apply Lemma to see that (1, T,,) € S and
(T, L) € S. Now let a,b € K,, such that a,b <j T,,. Using the fact that (a,a) € S
and (b,b) € S, we can see that

(L, ) @ (a,a) @ ((Ty, L) @ (b,1)) = (a, ) ® (T, ) = (a,b) € S,
and
(L, Tw) @ (0,0) @ (T, L) @ (a,a)) = (b, Tp) ® (Tya) = (bya) €S. O

We can now combine Proposition with Proposition to reveal another in-
stance of the diamonds ‘collapsing’. This corollary will enable us to draw conclusions
about the elements of a subalegbra S when we only know about the existence of
pairs taken from @QZ. The result below shows that in a subalgebra S € S(K?2), if we
have (a,b) € S such that (a,b) € Q> \(A(Q?)), then all of the elements in all of the

diamonds below @),,, are related to one another.
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Corollary 2.3.9. Let S € S(K?) and consider Q,, where 0 < m < n. If there exists
(a,b) € Q2 such that a # b and (a,b) € S, then (}; Tne1)? C S.

Proof. Since (a,b) € S and a # b we can apply Proposition m to get Q2,,, C S.
Now we use Proposition to see that ({, Tne1)? C S. O

The final lemma in this series of results, shows that the elements of the collapsed

diamonds below the element T,,.; are all related to the same elements as T, 1.

Lemma 2.3.10. Let S € S(K?). If Q*, N <y C S then for all a <, T,ny1 and for all
b € Qn, we have (a,b) € S. Dually, if Q> N>, C S, then for all c € Q,, and for all
d <p Tna1 we have (¢,d) € S.

Proof. Let a <j Ty and take b € @ \{Ta1}. Clearly T,41 <g band so (Tpy1,0) €
S. By Corollary we have that (},T,ne1)? € S and hence (a, T,,41) € S. Now
(CL, Tm-H) ® (Tm+1) b) = ((l, b) €5. [

Definition 2.3.11. Let n € w and consider the bilattice K,,. For each m € w such
that 0 < m < n we define S, C K2 by

S = AK2) U(QAN <) UL (a,0) | @b <t Tosa YU { (,d) | € <po Tty d € Qu ).

We note that if m = n the expression for S, can be simplified. When m = n,
there is no element T,,;.1 and so the last two sets in the union can be ignored. That
is,

Spn = A(K2) U (Q2N <y).

The Hasse diagram style depictions of the sets S, are to be interpreted as a quasi-
order, with the additional interpretation that a,b € if and only if (a, b) € S, and
(b,a) € Sym. For n =2 we draw the sets Sog, S21, So2 in Fig. 2.6 There are elements
of K, which are only related to themselves (such as Ty in Sy;). Our diagrams are true
to the sets S, but we do place them rather suggestively in the space available.

At this point, we only know that the S, are subsets of K2. The next few results

will reveal that the S, are in fact subuniverses of K2 and hence algebraic relations.

Proposition 2.3.12. Let n € w and consider the bilattice K,,. Then S, € S(K?).

Proof. The fact that S, is closed under ® and & is clear from the fact that for every
a € K, \ Q, and every (b,c) € Q*N <, we have that a >, b and a >, c. Hence
(a,a)®(b,c) = (b,c) and (a,a)® (b,c) = (a,a). To show S, is closed under A and V,
we use the results in Lemma [2.1.3] and note how A and V operate on combinations of

elements of A(K?) and @,,. In the table below, we consider m such that 0 < m < n.
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Figure 2.6: Subsets of K3 drawn as quasi-orders.

Aty tm) | Vs tm) | AT, T) | V(Tons Tin) | A, £2) | V(£ £2)
(LT) | (5T) | (motn) | (B f) | (bonsten) | (B f) | (LT
(L, t,) (L, t,) (tm, tm) (£, £n) (tm, tn) (£, £) (L, t,)
(L,£,) (L,£,) (tm, tm) (£, £) (tm, tm) (£, £) (L,f,)
(£, To) | (£2, Tn) (tm, tm) (£, £n) (tm, tm) (£, £n) (£, Tn)
(b Tn) | (s Tn) | (bsbin) | (B ) | (b ton) | (B ) | (b0, Tn)
Lastly, it is easy to see that S, is closed under negation. [

We are working towards showing for any n,m € w with 0 < m < n that S,
is a subalgebra of K2. To do this we will make use of the above result and the
homomorphisms defined in Proposition However, we first need to prove the

necessary set correspondence.

Lemma 2.3.13. Let n,m € w such that 0 < m < n. Consider the subsets Spm C K2,
and Sy, C Kg and the homorphism hyy,: K, = K, ,. Then

(hnma hnm)_l(Smm) - Snm

Proof. If m = n, the claim is obviously true as h,,, = h,, is simply the identity

homomorphism. Suppose that m < n and recall from Proposition that for
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a € K,, we have hy,,(a) defined by

nm\@) =
agm)  otherwise.

Now for (a,b) € Spm we want to show that (hum, hnm)(a,b) € Spm. There are four
cases for (a,b) € Sym.

Case 1: (a,b) € A(K?). Clearly (Dpms ham)(@,0) = (hpm(a), Prm(@)) € Spm.-

Case 2: (a,b) € Q%N <. This follows from the list of equations shown below:

(R Bonn) (T, ) = (L ),
(hnmahnm>( m+1, ) = (J_,tm)
(homs o) (Tt 1, Tn) = (L, Ton),
(s o) (i, Ton) = (£ Ton).
(s i) (B Tin) = (s Ton)-

Case 3: a,b <y Trnt1. Here (hpm, hpm)(a,0) = (L, L) € Spum.-

Case 4: a <j Tma1, b € Q. If b= T,uq, then (A, Apm)(a,b) = (L, L), and oth-
erwise we have h,,(b) = d where d € {f,,t,, T,,} and hence (hum, hnm)(a,b) =
(J_(m),d) S anﬂ <t C Spmm-

We have shown that S,m € (Rum, Pom)  H(Smm).  Now suppose that (a,b) €
(s Prun) "2 (Spum ). That 18, (Rpm (@), hpm (b)) € Spum. All of the possibilities are
covered by the implications below:

)) {(J-vfm>7(J->tm)7<J-7Tm>} = a <k Tm+17b€ Qm7

)) (J_, —L) — a, b <k Tm—l—l;

) = (Q(m), A(m)) for amy # Limy = a=0b¢€ K,\({ Tnt1),

) = (£, T) = (a,0) = (fma Tm) € Q N <k,

) = (tm, T) = (a,0) = (tm, Tn) € Q5N <y - O

Now we can use the set equivalence above to show that all of the sets S, are

indeed subuniverses.

Proposition 2.3.14. Let n € w and consider the bilattice K,,. If m € w such that
0<m < n, then Spm € S(K?).
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Proof. Proposition says that there exists a homomorphism h,,,: K,, = K,, ..
We also have from Proposition [2.3.12|that S,,,, € S(K?2,). Finally, using Lemma/2.3.13

we can conclude that (A, Arm) ™ (Smm) = Spm 18 a subuniverse of K2. O

2

n’

Having shown that each of the S,,, are subalgebras of K2, we can go one step
further and in fact show that all of subalgebras of K2 (except K2 itself) are formed
by the S,,,,, their converses, and the intersections of these. We will need to use the

following lemma to prove our main result.

Lemma 2.3.15. Let S € S(K?) and suppose that (T;,b) € S for 0 < i < n and
b<y T;. Then (T;, Tiy1) € S. Dually, if (¢, ;) € S for ¢ < T;, then (Tyq, ;) € S.

Proof. First we consider the case that b <, T;11. Since (Ti11, Tip1) € S we have
(Tis0) @ (Tig1, Tivr) = (Ti, Tigq) € S. If b £ Tiyq then either b = t; or b = f;.
In either case we can apply Proposition to see that Q? N>, C S and hence
(Ti, Tiy1) € S. For ¢ < Tiyq we see that (¢, ;) B (Tiaq, Tiv1) = (Tig1, ;) €S, Ife=1t;
or ¢ = f; we use Proposition to get Q? N <; C S and hence (T, ;) €S. O

We can now prove the main result which completely characterises the subalgebras
of K2 for any n € w. Given a subalgebra S which lies between A(K?) and K2, we
will take elements (a,b) € S with a # b that are “highest up” in the < order, and
use these elements to show that the subalgebra S falls into one of our easily described
classes. We will make extensive use of the diamonds { @y, | 0 < m < n} and their

properties.
Proposition 2.3.16. Let n € w and consider the bilattice K2. If S € S(K2?) such
that S # K2, then for some m € {0,...,n},

S=S,, or S=S,,, or S=S,,,NS,..

Proof. For S = A(K2) it is easy to see that S = S, N Sy, If S # A(K2), the set of
elements 7' = { (a,b) € S | a # b} is non-empty. Now let

A={a|3bsuch that (a,b) €T} and D ={d|Jcsuch that (¢,d) € T }.

Let i =min{k | ANQr # 0} and j = min{ ¢ | DN Q, # 0 }. There are four cases to
consider.

Case 1: i < j. We know that there exists (a,b) € T with a € @;. For any such
(a,b), as i < j, we have that b < T;y1. Since A(K2) C S, we have (T4, Ti41) € S
and thus we have that (a,b) & (Tiy1, Tiv1) = (a, Tig1) € S. If a # T;41 we have
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(a, Tix1) € T, and so there exists (¢,d) € T with d € @, contradicting the fact that
1 < j. Thus a = T;3; and so either b = f;,1, b = t;41 or b <p Tipo. If b < Tiyo,
then (a,b) ® (Tiv2, Tive) = (Tit1, Tiy2) € S. Thus for any possible value of b we have
that Q7 ;N >,# 0 and so by completing the diamond (Proposition we get
Q%1 N>, C S. This allows us to apply Corollary and Lemma and hence
conclude that S, ;41 C S.

Now, because of the definitions of ¢ and j, we cannot have any elements (z,y) € S
(with & # y) where either x or y is an element of K,\({,T;). Furthermore, if any
element (z,y) € S such that (z,y) € Q,\ >, then by Lemma we will have
Q% € S. This would mean that (z, T;41) € S and hence j = i, a contradiction.

Thus we have Sn;ﬂ =S.

Case 2: j < i. We can pursue a similar argument to conclude that ¢ = 74+ 1 and thus
S = Sn,j+1-

Case 3: 1 = j = 0. Within this case we will look at four possible subcases. These
subcases are determined by whether or not Ty is or isn’t an element of A and/or D.
Case 3(a): Ty € A and Ty ¢ D. Since Ty € A we have by Lemma that
(To, T1) € S and hence by completing the diamond, Q2N >,C S. Since Ty ¢ D we
have that

{(Ty, To), (£, To), (b0, To), (Ta, fo), (Tu, t0)} NS =0,

and so Q2N S = QN >;. Thus S = S, .

Case 3(b): To ¢ A and Ty € D. By Lemma [2.3.15{ we have that (T;, To) € S and thus
Q2N <;,C S. Similar to the previous case, if Ty ¢ A, we must have Q2N .S = Q3N <y
and so S = S, 0.

Case 3(c): Ty € AN D. This time Lemma [2.3.15| gives us that (Tp, T;) € S and
(T1, To) € S. By completing the diamond we get condition (3) of Lemma [2.3.4 We
then apply Proposition to see that S = ([ Tp)? = K2, a contradiction to our

original assumption.

Case 3(d): To ¢ AU D. If we have {fs,to} N (AU D) # (), then by completing the
diamond we would always get either To € A or Ty € D. Since ¢ = 7 = 0, we must have
QoN (AU D) ={T}. Now by Lemma[2.3.15 we get (T, ) € S and (T, T;) € S.
This gives Q7 C S and hence by collapsing the diamonds we get (JT;)?> C S. Since
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QoN(AUD) = {11} we cannot have any other (a,b) € S with a # b, and thus
S = Sno N Snyo.

Case 4: i = j > 0. We first note that T; ¢ A as then AN Q;_1 # 0, contradicting the
definition of 7. Similarly, T, = T, ¢ D, as this would contradict the definition of j.
Thus AN {t;, f;, Tiy1} # 0 and D N {t,, £, Tia} # 0.

Suppose that t; € A. Since j = i, there must exist b € {f;} U ], T;x1 such that
(a,b) € S. If b = £;, then by Lemma we have that Q% C S, again contradicting
the definition of ¢ and 7. If b <; T;41 then we have

(a,0) @ (Tig1, Tig1) = (@, Tiga) = (b, Tiy1) € S.

Applying Proposition would give us Q7 ; N>, C S and hence T; € A, a contra-
diction. Thus a # t;. A similar proof shows that a # f; and thus @Q; N A = {T;1}.

Using what we have just shown, if t; € D there must exist ¢ <, T;1; such that
(¢,d) € T. But then (¢,d) @& (Tit1, Tit1) = (Tiz1,t;) € S. Proposition would
give T; € D, a contradiction. A similar argument will show that f; ¢ D.

We have shown that if i = j, then Q;NA = {T; 11} = @;ND. Now there must exist
b < Tiy1 and ¢ < T4 such that (T;11,b) € S and (¢, T,41) € S. By Lemmawe
get (Tiy1, Tive) € S and (Tite, Tiv1) € S. We then apply Propositions [2.3.3| and [2.3.2]
to complete the diamond in both directions. That is, S satisfies (3) from Lemmal[2.3.4]
Finally, we apply Proposition to get that |, T;.1 € S. Since AN{T,;, t;,f;} =0
and D N {T;,t;,f;} =0, we have that S = S,,; N S:” O

We remind ourselves that, for any algebra A, the collection of subalgebras of A
is a complete lattice. Meets are defined by intersections, and, for subalgebras S; and
So, the join S; VS, is defined to be the subalgebra generated by the set S;US;. That
is,

S1VSy = |{SeSA)|SUSCS}

Using this definition of the lattice structure of the lattice S(K?), we are able to
prove the following corollary. It is not clear whether the result is of any particular

significance, or whether it is simply a mathematical curiosity.

Corollary 2.3.17. Let n € w and consider the bilattice K,,. The lattice of subalge-

bras of K2 is order-isomorphic to the k-lattice reduct of K,.
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Proof. We use the result of Proposition [2.3.16| and define an order isomorphism
¢: S(K2) = K for S € S(K2) as follows

1 ifS=A(K2)

£, ifS=S,n,

©S8)={t, ifS=Snm.

Trsr if S = Spm N Spm

T if S=K2. 0

\

2.4 Dualities and optimal dualities for ISP(K,)

We know from the NU Duality Theorem that the set of subalgebras of K2 will always
yield a duality on ISP(K, ). Proposition [2.3.16| gave us a complete description of the
subalgebras of K2. We can now combine this description of S(K?) with two basic

entailment constructs to provide a more efficient duality than that provided by S(K?).
Proposition 2.4.1. Let n € w and consider the quasivariety A = ISP(K,,). Let
Ry =A{Sum | 0<m<n}. Then the dualising structure

Kn = <Kn7 Rn’ (I>

~

yields a duality on A.

Proof. The NU Duality Theorem tells us that S(K?) yields a duality on ISP(K,,).
We know that A(K?) and K? are always entailed by any set of relations, and further
we see that the set of relations { Spy, | 0 < m < n} is entailed by R via the construct
of converses, and that the set of relations { S, N S | 0 < m < n}is entailed via

converses and intersections. O

The number of relations in S(K2) is 3n + 4. The dualities given by the above
proposition require only n + 1 relations, a substantial improvement. As we will see in
Theorem these dualising structures are in fact optimal. In order to show that
the dualities are optimal, we first set out to characterise the dual spaces of the S,,,,

viewed as algebras. To do this, we will first prove some seemingly unrelated results.

Proposition 2.4.2. Let n € w and consider the bilattice K,,. The congruence lattice

Con(K,,) is order-isomorphic to the (n + 2)-element chain.
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Proof. In order for § C K? to be a congruence, it must be both an equivalence relation
and a subalgebra of K2. It is clear that for m € {0,...,n}, the set S,,, is not an
equivalence relation as it is not symmetric. On the other hand, it is easy to check
that each of the relations S, N S;m is an equivalence relation. Hence the congruence

lattice of K, is simply the sublattice of S(K?) with the underlying set
L={K2}U{SumNSum|0<m<nl O
Corollary 2.4.3. For each n € w, the bilattice K,, is subdirectly irreducible.

Proof. Using Theorem [A.2.5] we simply observe that K,, has a minimum congruence
0 = Spn_10 Spn1 in Con(K,)\(A(K,)). O

The projection maps m; and m, are defined by
m: K2 =K, (a,b)—a and m: K2 = K, (a,b) 0.

For any S € S(K?2), the restrictions of m; and 73 to S are homomorphisms from S to
K,,. These restrictions are denoted by p; and py. That is, for A = ISP(K,,), we have
{p1,p2} € A(SK,).

The condition below and the lemma which follows it are due to Davey and Priest-
ley [27]. In combination, they provide a very simple way of describing the elements
of the dual space of subalgebras of M under certain conditions. Let M be a finite

algebra and consider the following condition for S € S(M"):

(H) every homomorphism from S to M is of the form e o p; for some i € {1,...,n}
where e is a partial endomorphism of M and the image of p; is contained in the

domain of e.

Lemma 2.4.4 ([27, Lemma 6.6]). Assume that M generates a congruence-distributive
variety and that every subalgebra of M is subdirectly irreducible. Then condition (H)
holds for every subalgebra of M™.

We use this result to characterise the dual spaces of the algebras S,,,,.

Lemma 2.4.5. Let n € w and consider the quasivariety A = ISP(K,,). Further, let
p1, p2 be the projection maps defined above and let m € w such that 0 < m < n. Then

‘A<Snm> Kn) = {Pl, PZ}-

Proof. The only subalgebra of K,, is K,, itself, and Corollary tells us that K,, is
subdirectly irreducible. Since K,, is a lattice, it generates a congruence distributive
variety. Thus condition (H) holds for all S,,,,,. To conclude, we observe that the only

partial endomorphism on K,, is the identity map with domain K,. O
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The result above gives us vital information about the dual spaces of each of the
subalgebras S,,,,. The fact that the dual spaces consist of only the two projections p;
and po will be used to construct the failset maps in our main theorem.

In our original proof of Lemmalf2.4.5] we supposed that there exists h € A(S,m, K;,)
such that for some (a,b) € S, with a # b, we had h(a,b) ¢ {a,b}. The proof then
proceeded to show, for all possible cases of (a,b) € S,,, with a # b, that h could not
be a homomorphism. Our new approach is more elegant, but we will have to revert
to this bare-hands approach in Section [3.5]

We denote by (Spm)p(s,.) the relation S,, on D(S,m) and remind ourselves of
how the relational structure on the dual space of homomorphisms is defined (see
page {f). For any binary relation R we say that (p1, p2) € Rps,,,) if and only if for all
(a,b) € Spm we have (p1(a,b), p2(a,b)) = (a,b) € R.

Proposition 2.4.6. Let n € w and consider the quasivariety A = ISP(K,,). For

m € {0,...,n}, the relation S, is absolutely unavoidable in a natural duality for A.

Proof. We note from Lemma that A(S,m, K,.) = {p1,p2}. We now wish to
construct a failset map v,,: D(Sym) — Iin-

In order to prove that S,,, is an absolutely unavoidable relation, we must first
show that v, fails to preserve S,,,,, and then that ,, does preserve every other relation
on D(Sym).

We define ~,, as follows:

T ifh=p
’Ym(h) = . '
t, if h=po

It is trivially true for Sy, that (pi,p2) € (Spm)n(s From the way that we have

o)
defined 7, it is also clear that (7, (p1), Ym(p2)) = (T, t;) & Spm and thus we see that
Ym fails to preserve the relation S,,,.

We note that for all S,; where i € w such that 0 < i < n, we have (p1,p1) €
(Sni)D(Sum) a0 (P2, p2) € (Sni)D(Sum)- These are trivially preserved by vy, as (T, Tr) €
Spi and (t;, t;) € Spi.

Now consider S,,; where j € w such that 0 < 7 < n but j # m. If m < j then
Snj © Spm and so clearly (p1, p2) € (Snj)p(Sum)- Also, (p2,01) & Snj, as (T, ) €
Spm but (£, Tpg1) € Sn;. Thus 7, preserves the relation S,; on D(Sym).

Finally, we consider S,; where j < m. In this case we have Q2, C S,; and
Spm C Spj. This gives us that (p1, p2) € (Snj)p(s,m)- Since Q2 C S,,; we have that

Spm C Spj and hence (p2, p1) € (Snj)D(Sum)- NoW, (Y (p1)s Y (2)) = (Tons tin) € Snj
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and (Ym(p2), Ym(p1)) = (tm, Tn) € Spj and so v, preserves S,;. Thus the failset for

Theorem 2.4.7. Let n € w and consider the quasivariety ISP(K,,) generated by the
bilattice K,,. Let
Ry ={Sum|0<m<n}.

Then the dualising structure K, = (K,; R, T) yields an optimal duality on ISP(K,,).

Proof. This is an immediate consequence of Propositions [2.4.1| and [2.4.6]| O]

We have succeeded in identifying an easily-described set of relations on K? that
will yield an optimal duality on ISP(K,,). We now want to know whether this duality
is full. That is, we want to know whether or not every topological-relational structure
is dually represented as an algebra. The usual method for proving fullness is to prove
the stronger condition that the duality is strong. However, it is noted that there are
dualities that are full but not strong, and thus this method cannot always be applied.

Once again we will benefit from the fact that we are dealing with a lattice-based
algebra, as this significantly simplifies what is required in order to prove that our
dualities are strong. First, we need to introduce the concept of irreducibility [17,
Chapter 3].

The congruence lattice of a finite algebra A is algebraic, and hence every element
of Con(A) is the meet of the completely meet-irreducible elements of Con(A). For
A irr(A) is the least number of completely meet-irreducible congruences such that

their intersection is A(A?). The irreducibility index of a finite algebra M is
Irr(M) = max{irr(A) | A € S(M) }.

Although we need to know this theory for the general case, for K,, we get
Irr(K,,) = 1 as K,, has no proper subalgebras, and it is subdirectly irreducible. In
the theorem below, we have that J is the set of all one-element subalgebras of M,
P, is the set of all (partial) n-ary operations on M, and By is the set of all k-ary
relations on M. Lastly, we note that G U H U R strongly entails G' U H' U R’ if it
entails G’ U H' U R and G U H hom-entails G' U H'.

Theorem 2.4.8 ([I7, Theorem 3.3.8]). (NU Strong Duality Theorem) Let k > 2
and suppose that M has a (k + 1)-ary near-unanimity term. If

M= (M;J, H, By, T) where H = U{P” |1<n<Iir(M) },
then any structure that strongly entails M yields a strong duality on ISP(M).
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The fact that we have strong dualities for the quasivarieties ISP(K,,) will now

follow easily.

Theorem 2.4.9. The duality yielded by K,, = (K,; Ry, T) on ISP(K,,) is strong.

Proof. We have that Irr(K, ) = 1 and note that K,, has no unary partial algebraic
operations besides the identity, and it has no one-element subalgebras. Thus our
structures Ign strongly entail the structures required by Theorem [2.4.8, O]

Having shown that the dualising structure given by the subalgebras S,,, (for
0 < m < n) is both optimal and strong, we make a further observation as to how this
set of dualising relations encodes the knowledge order <; on K,,. We will not be able
to do this using the subsets @), of K, which have been so useful thus far. Instead,
we consider the sets W, = {f,,, t,,, T,,} for m € {0,...,n}.

Proposition 2.4.10. Let n € w and consider the bilattice K,, and the set of relations
Ry ={Swum | 0<m < n}. For a,b € K, we have that a <y b if and only if there
exists S € R, such that (a,b) € S and (b,a) ¢ S.

Proof. Suppose that a <; b. If a,b € W, for some m € {0,...,n}, then by Def-
inition we have that (a,b) € Sy, and (b,a) ¢ Sypm. fa € W and b € W,
for 0 < i < j < n, then (a,b) € S,; and (b,a) ¢ S,;. The final case that we must
consider is if a = L and b € W,,, for 0 < m < n. Again we have that (a,b) € S, but
(b,a) & Spm.

Now suppose that there exists S € R, such that (a,b) € S but (b,a) ¢ S. We
take S = Sy, for some m € {0,...,n}. Looking at the definition of S,,,, we have
that either (a,b) € Q%N <, or (a,b) € {(¢,d) | ¢ < Tme1,d € Qu }- In either case
it is clear that a <, b. O

This last result is very intriguing. The work of Cabrer and Priestley [16] has shown
that the knowledge order < is the only relation required on the dual structures in
order to dually represent all of the algebraic structure of the bilattices. Although this
is not exactly possible in our situation, all the dualities that we have proven above
have the feature that the knowledge order of the original structure is captured in the

dual structures. We make further comments on this topic in Section [3.6]
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2.5 The varieties HSP(K,)

Up to this point we have only considered the quasivarieties generated by the bilattices
K,. To end this chapter, we make some remarks about dualities for V(K,), the
varieties generated by the bilattices K,,. We recall the definition of the homomorphic
images of the K,, in Section and define 8, = {K,,, |0 <m < n}.

Proposition 2.5.1. Consider the bilattice K,,. Then V(K,,) = ISP(R,).

Proof. 1t is clear that K,, has no proper subalgebras. Proposition tells us that
there are at least n+ 1 homomorphic images of K,,. The kernel of every homomorph-
ism is a congruence, and we know from Proposition that Con(K,,) has n + 1
elements. Hence &, = HS(K,,). Since V(K,,) is lattice-based, it is congruence dis-
tributive [14, Theorem I1-12.3]. Thus we can apply Theorem to see that the set
of subdirectly irreducible algebras in V(K,,) is exactly &,. O

The theory of multisorted dualities applies to a quasivariety generated by a finite
set of finite algebras. This was first explored by Davey and Priestley [25]; a useful
summary can be found in [I7, Section 7.1]. From the result above, we see that it
would be possible to use these techniques to investigate dualities for the varieties
V(K,) (n € w). As a cautionary remark, we note that the question of whether or not
such dualities will be full will be a difficult problem to solve. The usual method for
showing that a duality is full is to show that it is strong. The problem of determining
whether or not multisorted dualities are strong has been looked at by Davey and
Talukder [31] for varieties of Heyting algebras. They are able to prove strongness,

but only for varieties of Heyting algebras satisfying quite specific conditions.
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Chapter 3

An alternative family of default
bilattices

Here we introduce an alternative family of bilattices for use in prioritised default
logic. A criticism that can be levelled at the seven-element default bilattice due to
Ginsberg [61] is the fact that the element dT is both the k-meet of t and f, and the
k-join of dt and df. That is, t ® f =dT = dt ¢ df.

If an agent is told that a certain statement is both true and false, the level of
agreement or consensus is modelled by the bilattice element t ® f. The k-join dt & df
represents the total knowledge that an agent has if it is told that something is both
true by default and false by default. However, it is not necessarily clear that t ® f
should represent the same degree of knowledge and truth as the k-join dt & df. Thus
we find it worthwhile to consider an alternative bilattice to SEVEN, and also to
consider a family of bilattices to act as an alternative to the family {K,, | n € w}
studied in Chapter

The main difference between our new family of bilattices and the prioritised default
bilattices in the style of SEVEN is that there is no distinction between the level
at which the contradictions or agreements take place. That is, for n,m € w with

0 < m < n we propose that
todfy =T =t,8f, and tyxfy, = L =t,®f,.
In addition for any i,j € {0,...,n},
t;i@wf,=1 and t;,®f;=T.
We give an illustration of such a proposed bilattice structure with default truth values

t; and f; in Fig. B.0]
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SIX

Figure 3.1: A six-element bilattice for modelling default logic drawn with both its
knowledge (left) and truth (right) orders.

3.1 The bilattices J,

In a similar fashion to the way that we defined the bilattices K,, in Chapter 2] we
now define prioritised default bilattices which extend the motivation behind the six-
element bilattice of Fig[3.1] to n-levels of default truth values. Let

Jn — {J_, fo, to, o e 7fn7 tn7 T}

Definition 3.1.1. Let n € w and consider the set J,. Let 7,7,m € w such that
0<i<j<nand0<m<n. Forany a € K,, the binary relation <y, is defined by

(i) L<pfn<eT,

(i) L <gtn<gT,

(i) t; <k t;,

(iv) £ < fi,

(v) a <y a.

Now suppose that 0 <7 < 7 <n and 0 < m < n. The relation <; is defined by
(i) fi <o fj,

(ii) t; < ty,

(i) fn <¢ ts,

(iv) £, <, L and L <ty
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(v) £, < Tand T < ty,
(Vl) 1 <t 1 and T St T.

It is clear that the definition of the order relations <; and <; will produce the
lattice orders shown in Fig. 3.2

Proposition 3.1.2. Let n € w and consider the set J,,. The orders <; and <y define

lattice orders on J,.

Let n,m € w with 0 < m < n. We can define a unary involutive operation — as
follows for a € J,:
a ifae{T,L},
a=+<t, ifa=f1,,
£, ifa=t,,.
The operation — as defined above preserves the <, order and reverses the <; order
on J,. We further define the set of constants C,, := {fy, to,...,f,,t,}. Finally, we
define the bilattices J,(n € w) by

Jn = <Jna ®, D, /\7 V, 7, Cn)

We note that for any n > 1, J,, is not interlaced. We have fy <; T but fy A L = £ ;{k
f,=TAL.

T
T
T
f, t,
f, t
f, t, f, t,
f, t,
f, t,
L
L
L
JO J1 J2

Figure 3.2: The bilattices Jy,J; and J,, drawn with their knowledge order.
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3.2 Optimal dualities for J; and J,

The bilattices J,, are connected to the K,, in the sense that they have both been
designed to interpret default information. We will now see if there is any similarity in
their dualising structures. We refer the reader to Appendix[B.3|for a list of subalgebras
and globally minimal failsets for J;. The dual structures for ISP(J;) are quite simple,
consisting of just two absolutely unavoidable relations, S, and S;. In Fig. we

draw the relations Sy and Sy.

fo,fl 1307t1

SQ S4

Figure 3.3: The binary relations S, and S, drawn as quasi-orders.

Theorem 3.2.1. Consider the bilattice Jy and let R = {Sa,S4}. Then
}11 = <J17 Ra (‘T>
yields an optimal duality on the quasivariety ISP(Jy).

Proof. The set of relations R is a transversal of the globally minimal failsets of J;. [

The duality given in Theorem has features that are similar to the dualities
obtained for the bilattices in Chapter 2l We note that the k-lattice order of the

bilattice J; can be recovered from the subalgebras used in the duality.

Proposition 3.2.2. Consider the bilattice J; and R = {S3,S4} and let a,b € J;.
Then a <y b if and only if there exists S € R such that (a,b) € S and (b,a) ¢ S.

The dualities obtained for ISP(K;) and for ISP(J;) are similar in that the two sub-
algebras of M? required to yield a duality are, respectively, the maximal subalgebra
contained in the binary relation <, and the subalgebra generated by <.

We refer the reader to Appendix for the complete computational output of
the subalgebras of J3. The bilattices that we have dealt with thus far have produced
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globally minimal failsets all of which contain only one relation. Before even looking
at the failset data for Jo, it is clear that we are dealing with a much more complicated
algebra. There are 28 subalgebras (17 up to converses) and thus the globally minimal
failsets are unsurprisingly not as simply structured as those from the K,, and J;. In
order to help reveal why certain relations are so prominent in the globally minimal
failsets, we look at the set of all subalgebras. With the help of the Universal Algebra
Calculator (UAC) [43], we draw the subalgebra lattice S(J3) in Fig. 3.4]

17
N\

16 16
NS
15
N\

14 4

/ \ / \

12 13 12 13

PAINA
AN
\@M

1

Figure 3.4: The algebraic lattice S(J3) with its completely meet-irreducible elements
shown in bold.

From Fig. we can identify that the subalgebras S19, S13, S14 and Si¢ (and their
converses) are the only completely meet-irreducible elements of J3. From Lemma
we know that each of these subalgebras is a value of J2. That is, for each S €
{S12,S13,S14,S16} there exists (a,b) € J3 such that S is maximal in S(J2) such that
(a,b) ¢ S. We denote by Val(S) the set of elements of J3 at which S is a value. We
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have the following for the values of J3 (ignoring converses):

Val(S12) = {(fo,f1), (to, t1)},

Val(S13) = {(f1, £), (t1, t2)},

Val(S1) = {(fo, £2), (to, t2)},

Val(Sie) = ({T} x LT} U (L} x {L}) U ({fo, £1, £} x {t0, t1,t})
({to, t1, ta} x {fo, 1, £}).

The elements of J % at which Sia, S13, S14 are values are all elements of the order >.
Equally, the first two subsets of elements at which Si4 is a value are elements of >
The remaining elements at which Si4 is a value show that any relation between one
of the f; and one of the t; in a subalgebra S results in S collapsing to J3.

In Fig. we draw the subalgebras Sio, S13 and Syg.

=
@ fo, f1 to, t1

£ £, £ to. b1, ¢
fl7f2 t17t2 @ 0 12Y0 1, L2

S1o S13 S16

Figure 3.5: The binary relations Si5,S13 and S5 drawn as quasi-orders.

We observe that Syj is the maximal subalgebra contained in <. However, S;g =
S12 N S13 and so is entailed by the set R below.

Theorem 3.2.3. Consider the bilattice Jo and let R = {S12,S13,S16}. Then the
structure

Iz = (/s R, T)
yields a duality on ISP(Js).

The duality presented in Theorem [3.2.3] again gives us the result that a <y b if
and only if there exists S € R such that (a,b) € S and (b,a) ¢ S. This is the
‘magnification’ that we observed on the K,, and on J; whereby the <, order can be
recovered by using all of the subalgebras in the dualising structure. However, we note

that the relations S;s and S;3 are not absolutely unavoidable. Furthermore, there
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Figure 3.6: The subalgebras Sig and Sy4.

exists a choice of relations that will give you a duality which (even up to converses)
will not allow you to recover the order <, by the procedure described above.

Given the complexity of the subalgebra lattice for J%, we are not able to find a
strategy for generalising the dualities for J,,. Homomorphic images played a role in
Chapter [2l and so we investigate these to see if they might help us to interpret the
subalgebra data.

3.3 Homomorphic images

As with K,,, the homomorphic images require careful consideration of the signature of
the algebra. At first, it may seem that there is only one possible homomorphic image
of Jo. This would be the map that takes t; to t; and f; to f;. This would seem to be the
only natural way for the map to indeed be a homomorphism preserving the necessary
constants. However, it is possible, via a relabelling of the constants in the signature,
to have two six-element homomorphic images of J,. The two homomorphisms are
shown in Fig. 3.7, noting in each case that h(T) =T and h(L) = L.

What is required in order to ensure that the maps in Fig. are homomorphisms

is a subtle change in the signature. We define
J1,2,0 = <J17 ®7 ®a /\a \/a ) an t07 an t07 fla t1>
and

Jio1 = (J1;®,®, A, V, 0, £y, t0, f1, 61, £, t).
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Jo Ji20 Jo Jia1

Figure 3.7: The two six-element homomorphic images of J,.

These homomorphisms help to give us some further insight into the relations that
produce optimal dualities for ISP(J5). It is not difficult to calculate that

S12 = (h2,1,07 h2,1,0)_1(82) and Sl3 - (h2,1,17 h2,1,1)_1(82)'

This is similar to the situation that we observed for the bilattices K,,. Here we
are taking the inverse homomorphic images of the maximal subalgebra contained in
<k (on Jp) and are obtaining two relations which, when combined with the inverse
homomorphic image of the <y order on Jg, produce an optimal duality for ISP(J,).
It may be possible to extend these observations to the whole family of quasivarieties
{ISP(J,) | » € w}, but it is clear that the problem will be become substantially
more complex as we increase n. For J3, there will be three homomorphisms into Jo
and three more homomorphisms into Ji, as well as a homomorphism into Jj.

It is quite straightforward to see that in general, the number of homomorphic
images of J,, with underlying set J,, (for 0 < m < n) is (TT:L) This can be seen by
considering just the ‘true’ constants { t; | 0 < ¢ < m } for J,,,. Calculating the number
of homomorphisms from J, to J,, is equivalent to calculating the number of ways of
ordering the m + 1 truth constants into n + 1 empty slots such that t, always goes
into slot 0 and t,, always goes into slot n. The remaining t; must all be used at least
once and must preserve their indexing order in the slots. The homomorphic images
of an algebra correspond to congruences on the algebra. In Fig. we illustrate the
congruence lattices for the first four algebras in the family { J,, | n € w }, again drawn
with the assistance of UAC [43].
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I ker(ha10) ker(hg1,1)

Con(Jy) Con(Jy) Con(Js) Con(J3)

Figure 3.8: The congruence lattices of some algebras from the family {J, | n € w }.

A study of all of the bilattices J,, using these homomorphic images would no
doubt prove interesting, but it would quickly become difficult to keep track of the
subalgebras, inverse images of subalgebras and how each of them is connected to the
< order. Some preliminary calculations yielded 200 subalgebras of J2 (107 up to
converses). We do not undertake such an investigation here, but rather focus on the
subalgebras which are the inverse images of the <, order on Jj.

The following proposition shows that there exists a homomorphism from each of
the J,, to Jg. This will be used in the next section on subalgebras of J % To define

such a homomorphism, we must again alter the signature of J;. We define

Jon = (Jo; ®, D, A\, V, 2, £00), too), forr), toary, - - - formy s bomy) -
In the proof below, we assume that an element a is an element of .J,,, but will use the
notation a(y if we are referring to a as an element of Jy.

Proposition 3.3.1. Let n € w and consider the bilattice J,,, and the bilattice Jo,,
defined above. Then the map h,: J, — Jo,, defined by

a(0) Zf a € {_L, T}
hn(a) = fo(o) ’Lf a € {fo, PN ,fn}
to(o) ’Lf a € {to, Ce >tn}

18 a homomorphism.

Proof. The fact that h,, preserves all of the constants and the negation is clear from
the definition. We must now show that for any a,b € J,,, and for any * € {®, B, A,V },
we have hy,(a * b) = hy(a) * h,(b). Since all of the lattice operations are idempotent,

we need only consider the cases where a # b. First, we deal with ® and &. Suppose
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that either a = T or b = T. Without loss of generality (as all the lattice operations

are commutative), we assume that a = T. Now we see that
hn(a ® b) = hy(b) = hy (D) ® Tio) = hy(a) @ hy (D)
and
hy(a ®b) = hp(a) = Ty = Ty © hn(b) = hn(a) ® hn(b).

The proof is similar if L € {a,b}. Now we suppose that {a,b} N {T, L} = 0. If
{a,b} C {to,...,t,} or {a,b} C {fy,...,f,} then since h,(a) = h,(b) we easily get
hn(a ® b) = hy(a) ® h,(b) and h,(a & b) = h,(a) ® h,(b). Finally, suppose that
a € {ty,...,t,} and b € {fy,...,f,}. Then

and
hn(a @ b) = ha(T) = To) = toq) @ fo0) = hn(a) © hn (D).
We have shown that h,, preserves the operations ® and &, and now consider A and V.
If a € {ty,...,t,} and b e {fy,...,f,} then
and
hn(a V b) = hn((l) = to(o) = t()(o) \ fo(()) = h(a) V h(b)

If {a,b} C {fy,...,f,} or {a,b} C {to,...,t,} then it is clear that both h,(a V b) =
hn(a) V hy,(b) and h,(a Ab) = hy(a) A hy(b). If a =T and b = L, then h,(a Ab) =
hn(£) = fo0) = Loy A To) = hn(a) A hy(b), and similarly for h,(a Vv b). The last
general case to consider is if a € {1, T} and b € {fy,to,...,f,,t,}. One example

from these cases is if a = T and b = t; for some 7 such that 0 < ¢ < n. Then

The remaining subcases will follow similarly by using (iv) and (v) from the definition
of the <, order on J,,. O
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3.4 Subalgebras of J*

We have already seen an important type of subalgebra emerge from the computations
on J; and Jy. In the case of Jy, the subalgebra S, € S(J %) is the subalgebra generated
by < on J;. Similarly, Sis € S(J2) is the subalgebra generated by <z on J,. The
basic form of Sy € S(J?) and Sis € S(J3) is that of the order <j, but with the
elements {tg,...,t,} and {fy,...,f,} all related to one another. We will proceed to
show that the subalgebra generated by <; on J,, is always of this form.

We saw in the previous chapter how the presence of certain elements in a subalge-
bra of K2 forced other elements into the subalgebra. We referred to this as collapsing.
We now show that a similar collapsing will happen in a subalgebra of J? whenever

either T or L is related to anything other than itself.

Lemma 3.4.1. Let n € w and consider the bilattice J,,. Then for S € S(J?), the

following are equivalent:

(i) (a,T) € S for some a € J, with a # T;
(ii) (L,a) € S for some a € J,, with a # L;
(iii) (b, T) € S forallbe Jy,;

(iv) (L,b) €S for allbe J,.

Proof. The implications (iii) = (i) and (iv) = (ii) are of course trivial. Now suppose
that (i) holds. If a = L, then we simply use the fact that (b,0) € S and see that
(L, T)® (b,b) = (b,T) € S. If a=f; or a =t; for some i € w such that 0 < i < n,
we see that (a, T) ® =(a, T) = (L, T) € S. Then we can apply the first case to get
(b, T) € S for any b € J,. The dual method can be applied to show that (ii) = (iv).

If (i) holds, and if @ = L, then we can conclude (ii). If (i) holds and a # L, then
we see that (a, T)®—(a,a) = (L, —a) € S and hence (i) = (ii). Finally, suppose that
(ii) holds, and that a # T. We have (L,a) ® =(a,a) = (—a, T) € S. If a = T, then
(i) follows trivially and we have (ii) = (i). O

We now show that any of the conditions listed above results in the collapsing of
the sets {to,...,t,} and {fy,....£,}.

Lemma 3.4.2. Let S € S(J?) and suppose that S satisfies one of the equivalent
conditions of Lemma|3.4.1. Then {to,...,t,}> C S and {f,,...,£,}*> C S.
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Proof. Let i,j € {0,1,...,n}. Taking (L,t;) € S and (t;,T) € S we see that

The converse versions of these results can easily be proven using similar methods.
We state them here for later reference.

Lemma 3.4.3. Let n € w and consider the bilattice J,,. Then for S € S(J?), the

following are equivalent:
(i) (T,a) € S for some a € J,, with a # T;
(i) (a, L) €S for somea € J, witha # L;
(iii) (T,b) €S forallbe J,;
(iv) (b, L) €S forallbe J,.
Lemma 3.4.4. Let S € S(J?) and suppose that S satisfies one of the equivalent

conditions of Lemmal[3.4.4. Then {to,....t,}*> C S and {fy,...,£,}> C S.

We want an easy description of the subalgebra of J2 generated by the relation <y
on J,. Thus we define the set S, by

= ({1} x 1)) U (Ju x {T}) U {to, .., t}> U {fo,...,£,}2

From Lemma [3.4.2| we can see that the set S, will be contained in the subalgebra
generated by <; on J,. We now show that S,,,, equipped with all of the necessary

operations and constants inherited from J,,, is a subalgebra of J2.

Proposition 3.4.5. The structure S, is a subalgebra of J2. Furthermore, it is the

subalgebra generated by < on J,.

Proof. We will use the homomorphism defined in Proposition to show that S,
is indeed a subuniverse of J2. To this end we simplify the list of elements of S,,,, by

defining
A={1}xJ,, B=J,x{T}, C={ty,....t,}*, D={f, ... £}

We denote by <o) the subalgebra of J . We want to show (hy,, hn) " H(<k(0)) = S
Suppose that (z,y ) € Spn. If ( ) E A, then h,(x) = L) <wo) hn(y), and if
(z,y) € B, then hy(x) <o) T(o) = hnl(y). If (z,y) € C, then h,(z) = too) = hn(y)
and if (z,y) € D then h,(z) = fo = h,(y). So for every possible (as,y) € Spn We
have that h,(z) <k hn(y) and so Sp, C (e, hy) ™ (i)
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We now show the reverse containment. Suppose that (z,y) € (hn, b)) (<k(o))-
This implies that h,(z) <) hn(y). If hy(z) = L), then we must have x = 1 and
hence (z,y) € A. If h,(y) = T(o) then we get y = T and (x,y) € B. If we have
hn(x) # Loy and hy,(y) # T (o) then we must have either h,(x) = too) = hn(y) or
hy(x) = fo) = hn(y). If the first of these cases occurs, then z € {to,...,t,} and
y € {to,...,t,} and so (z,y) € C. Similarly if h,(z) = fo0) we get (x,y) € D. Thus
Spn = (A, hi) 71 (ko)) and so Sy, € S(J2).

Next, we will show that any subalgebra of J? that contains <y is either J? itself,
or S,,. Let R € S(J?) such that S,,, C R. Suppose that (T,a) € R for some a # T.
From this we can get that for all a € J, we have (a,T),(T,a),(a,L),(L,a) € R.
Now let a,b € J,. Then we see that (a, L) @ (L,b) = (a,b) € R, and hence R = J2.
Similarly, if (b, 1) € R for some b # 1, we get R = J2. Suppose that (T,a) ¢ R
for all @ # T and that (b, L) ¢ R for all b # L. The only other way that we
can have S,, C R is if there exists some i,j € {0,1,...,n} such that (f;,t;) € R.
This is without loss of generality, since the negation gives us (t;,f;) € R. Now
(£f;,t;) & (t;,t;) = (T,t;) € R, and so again we get R = J?2. O

We will need converse a version of this result in our proof of Proposition [3.5.3

Proposition 3.4.6. The structure Sy 1S @ subalgebra of J2. Furthermore, it is the

subalgebra generated by =) on J,.

3.5 Absolutely unavoidable relations within S(J?)

As can be seen by the set of globally minimal failsets for ISP(J,), we are not able to
match the results of Chapter [2|in providing a simple description of the relations which
will always provide an optimal duality for ISP(J,). However, we are able to prove
that the relation S,,,, is always an absolutely unavoidable relation. As we commented
earlier, this subalgebra is the subalgebra generated by the < order on J,,.

To assist us in proving that .S, is an absolutely unavoidable relation, we first show
that the restricted projections p; and ps are the only elements of the dual space of S,
(when viewed as an algebra). To do this, we show that any map h: S,,, — J,, with
h # p1 and h # py will not satisfy the properties required to be a homomorphism.

Lemma 3.5.1. Let n € w and consider the bilattice J,. Let A = ISP(J,) and
consider the subalgebra S,, € S(J2). If h € A(Sun,Jn) then for all (a,b) € Spn
either h(a,b) = a or h(a,b) =b.
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Proof. Suppose there exists a homomorphism h: S,, — J, such that there exists
(a,b) € Sy, with a # b such that h(a,b) # a and h(a,b) # b.
There are five cases that we need to consider in order to show that such an h

cannot be a homomorphism. Let 4,5 € {0,1,...,n} with i # j. Then
(aa b) € {(J—a T)7 (tu t])a (fza f])7 (J—a t’l)? (J—a fz)a (tla T)? (fz T)}

We note that for (a,b) = (t;, t;) we only need to cover cases where | —j| > 1 as other-
wise the fact that h preserves the <, order would force h(t;, t;) =t; or h(t;, t;) = t;.
We note that proofs of the cases for (L, ;) and (L, t;) will be similar, as will the cases
of (t;, T) and (f;, T).

Case 1: Suppose that (a,b) = (L, T) and furthermore that h(a,b) = f; for some i € w
with 0 <7 < n. Now

ﬁh(J.,T) - _|f2' == tl # fz - h(J_,T) - h(ﬁJ_,_'T).

A similar proof shows that if A(L, T) = t; for any 0 < j < n, then h cannot be a

homomorphism.

Case 2: Suppose that (a,b) = (t;,t;). We assume that ¢ < j. Since h must preserve
the < order, the only way that we can have h(t;,t;) ¢ {t;,t;} is if A(t;, t;) = t,

where ¢ < ¢ < 7. Now we have

This implies that t, V h(t;,t;) = t; and since t; <, t; <; t; we see that h(t;,t;) =t,.
Now

This same argument can be applied to (a,b) = (t;,t;), and to (a,b) = (f;,f;) and
(a,b) = (f;, ;).

Case 3: Suppose (a,b) = (L, f;). Since h must preserve <, we have that
1= h(L, 1) <p h(L,£) <p h(f,£) = £.

So we suppose that h(L,f;) = f; where f; < f; (and hence i < j). Now consider
h(f;, £;) = h(f, T) ANR(f;,£;) = h(f;, T) AT
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We have from Case 2 that h(f;,f;) € {fi,f;}. If h(f;,f;) = f; then we clearly
have h(f;, T) >, f;. Since h must be <;-preserving, this implies that h(f;, T) €
{T,f;,£f;41,...,£,}. But now h must also be <;-preserving and so we must have
h(f;, T) e {T,£,£_1,...,fo}. Thus we must have h(f;, T) = T. We can then see that

and so h cannot be a homomorphism. Since h(f;, ;) # f;, we must have h(f;, ;) = f;.

In this case we see that

However, h(f;, T)Vh(L,f) = h(L, T) and by Case 1 we have that h(L, T) € {L, T}.
Thus (a,b) # (L, f;) for any i € {0,1,...,n}.

For the case of h(L,t;) =t; (¢ < j), one considers h(t;, T) V h(t;,t;) in the first
step and then proceeds to show that h(t;, t;) ¢ {t;, t;}.
Case 4: Suppose that (a,b) = (f;, T). Since h must be <j-preserving and f; <, T
we have f; = h(f,f;) <p h(f,T) <x A(T,T) = T. Thus if A(f;, T) ¢ {£;, T} we
must have h(f;, T) = f; for £; <, f; (j < i). But since h must also be <;-preserving,
we must have f; = h(f;,f;)) <, h(£;, T) < R(T,T) =T. Now h(f;, T) =1f; <; f;, a

contradiction. O

We can now use the above lemma to show that the dual space of S,,,, will consist

only of the restricted projections.

Proposition 3.5.2. Let n € w and consider the bilattice J,. Let A =1ISP(J,) and
consider the subalgebra S,, € S(J?). Then A(Spn,Jn) = {p1,p2}

Proof. From Lemma we know that any h € A(S,,,J,) has to map (a,b) € S,,
to one of its coordinates. Now suppose that there exists h € A(S,,,J,) such that
there exists (a,b) € S,, and (c¢,d) € Sy, with h(a,b) = a and h(c,d) = d. That is,
h still maps every element of S, to one of its coordinates, but A is neither p; nor
p2. (Note that we are also assuming that a # b, ¢ # d and that (a,b) # (¢,d).) We
will show that for all possible combinations of (a,b) and (c,d), the map h cannot

be a homomorphism. As above, the cases that need to be considered (with i,j €

{0,1,...,n} and i # j) are:
(a’ b)> (07 d) € {(J-v T)? (tiatj)’ (fia fj)a (J—ati)> (J-a fi)a (tia T)7 (fi T)}

As before, the proof for the case of (t;,t;) (similarly (L, t;), (t;, T)) can be converted
to the case of (f;,f;) (or (L,£;), (fi, T)) by applying the negation operation and, in

139



some cases, using the dual lattice operation.

Case 1: (a,b) = (L, T). We now need to consider all possible cases for (¢, d) with
hic,d) = d. If (¢,d) = (t;,t;), then h((L, T) @ (t;,t;)) = h(t;, T) € {t;, T}. How-
ever, h(L,T) @ h(t;,t;) = L@ t; = t;. The case of (¢,d) = (f;,f;) follows from
an application of the negation operator. Suppose now that (c¢,d) = (L,t;). Then
h((L,T)® (L,t)) = (L, T) = L. However, h(L, T)® h(L,t;) = L ®t; = t,.
Finally, suppose that (c¢,d) = (t;, T). We have h((L, T) A (t;, T)) = h(L, T) = L,
but h(L, T)AA(t;, T)=LAT=1,.

Case 2: (a,b) = (t;,t;). If (¢,d) = (L, T), then h((t;,t;) ® (L, T)) = h(L,t;) €
{L,t;}. However, h(t;,t;)@h(L, T)=1t;®T =t;. Now suppose that (c,d) = (t;, T)
where 0 < k < n. It is easy to see that h(fy, T) = h(—ty, =2 T) = =h(t,, T) = T. We
then have h((t;, t;)@(fi, T)) = h(L,t;) € {L,t;} but h(t;, t;)@h(f, T) = t,0T =t,.
If (¢, d) = (L, ty) we can show that h(L, ;) = fi. Now h((t;, t;)®(L, ) =h(t;, T) €
{t;, T}. However, from the previous subcase, we know that h(t;, T) # T. Hence
h(t;, T) =t; but h(t;, t;)®h(L, f;) = t;&f, = T. The final subcase is (¢, d) = (t, t,,)
where k,m € {0,...,n}. From the second subcase, we know that h(L,t;) = L and
hence h(L,fy) = L. Now h((L,fy) @ (tg,t,n)) = h(ty, T). From the third subcase,
we see that we must have h(tg, T) = tx. However, h(L, £;)®h(ty, t,) = LDt, = t,,.

Case 3: (a,b) = (L,t;). Let (¢,d) = (L, T). Now A((L,t;) A (L, T))=h(L,T)=T
but A(L,t;) AR(L, T)=LAT =f,. Suppose (¢,d) = (tg, t,,) for k,m € {0,...,n}.
Since h(L,t;) = L we get that h(L,f;)) = h(-L,-t;) = -h(L,t;) = L. Novv
h((L,£)®(tg, t,)) = h(te, T) € {tx, T}. However, h(L,£;)Dh(tg, t,n) = LDt = t,,.
Lastly, suppose that (¢,d) = (ty, T) where 0 < k < n. Then h((L,t;) A (t;, T)) =
h(L,T) e {L, T}. However, h(L,t;) Ah(ty, T)=LAT =1,.

Case 4: (a,b) = (t;, T). If (¢,d) = (L, T), then h((t;, T) ® (L, T)) =h(L,T) =T,
but h(t;, T) @ h(L, T) =t; ® T = t;. Suppose that (¢,d) = (ty, t,,) (where k,m €
{0,...,n}). Since h(t;, T) = t;, we have that h(f;, T) = h(—t;, = T) = =h(t;, T) = f;.
Now h((£f;, T)® (tg, tm)) = h(L, ty) € {L,t,,} and h(f;, T)@h(tg, t,,) = £;@t, = L.
If h(L,t,,) = t,, then h is not a homomorphism. So, suppose that h(L,t,,) = L.
This implies that h(L,f,) = L, which in turn implies that h(L,£,) & h(tg, t,) =
1 & t, =t,. However, h((L,f,) & (tg, tn)) = h(ty, T) € {tg, T}. Lastly, we let
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(c,d) = (L, tg) (0 < k < n). Wesee that h((t;, T) A (L,tg)) = h(L,T) e {L, T},

Proposition 3.5.3. Let n € w and consider the bilattice J,,. The relation S, is

absolutely unavoidable on the dualising structure J,.

Proof. We will demonstrate that there exists a map v: A(Syn, Jn) — J, such that v
fails to preserve S,,, on D(S,,) but preserves every other binary algebraic relation on
D(S.). For h € A(S,,,J,) we define a map ~ as follows:

T ifh=
yhy=4 T
L it h = ps.

We have (p1, p2) € (Snn)D(S,n) as for any (a,b) € S,y it is clear that (py(a,b), p2(a, b)) =
(a,b) € Spp. Tt is trivially true that for any relation S € S(J?) we have (p1,p1) €
Sp(8n) and (2, p2) € Sp(sym)-

Lemma and Proposition combine to tell us that every S # S,,,, (apart
from J2) does not contain the element (L, T), and that S C S,,,. Thus we have, for
every S € S(J?) such that S ¢ {J2,S,,}, that (pi(L, T),po( L, T)) = (L, T) ¢S
and hence (p1, p2) ¢ Sp(s,,)- Using the converse results, Lemma and Proposi-
tion , we see that (pa, p1) is only an element of (S:m)D(S,m)-

Thus for every S € S(J2) such that S # S,,, the map v trivially preserves
every relation Sps,,). However, 7 does not preserve S,,. We see this as (p1, p2) €
(Snn)D(Sm) DUt (7,7)(p1,p2) = (T, L) € Spn. Thus the relation S, is an absolutely
unavoidable relation in the duality for ISP(J,,). O

3.6 The role of <, in dualities for bilattices

Throughout the investigation of dualities for bilattices in Chapter [2| and the current
chapter, we have become aware that the order <, was somehow, although absent
from the set of dualising relations, playing a role in the dualising structures. In these
examples, the relation <j is not itself available as an algebraic relation, but we can
see it encoded in the dual structures.

Perhaps, it should not have been surprising to see the <, order appearing in the
dual structures for bilattices. From failset calculations done on finitely generated
quasivarieties of lattices by Wegener [86, Chapter 2], we know that the lattice order
often plays an important role in the dualising structures of lattice-based quasivarieties.

In the absence of non-lattice operations, it is of course an algebraic relation. Wegener’s
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work revealed that for the quasivarieties ISP(M3), ISP(M,), and ISP(IN5), the lattice
order was always an absolutely unavoidable relation. When studying the quasivariety
of modular ortholattices ISP(MO,), the order was no longer present in the duality.
This is of course because the negation operation reverses the order. This is similar
to the way that < is an algebraic relation for ISP(2) for 2 € D, but there are no
non-trivial algebraic relations for ISP(2) when 2 € B.

Although in our examples the <; operations do not preserve the < order, the
bilattice negation does, and so this leaves fragments and collapses of the <; order
available as algebraic relations.

The smallest non-interlaced bilattice is a five-element bilattice first presented by
Ginsberg [61, Fig. 6]. The bilattice FZVE is drawn in Fig. and its algebraic

signature is defined below:
FIVE = ({T,t,f,a, 1};®,®,A,V,, t,f).

The negation operation fixes the elements T, | and a, and maps t to f and vice versa.

T t
f t
T 4
a
1 f

Figure 3.9: The bilattice FZVE drawn with its < (left) and <; (right) orderings.

At the beginning of our investigations into dualities for quasivarieties of non-
interlaced bilattices, we performed calculations to obtain dualities for the quasivariety
ISP(FZVE), with the aim of obtaining useful clues to direct us when searching for
dualities for other quasivarieties of bilattices. However, the results did not prove
to be particularly revealing. The failset calculations revealed that there was only
one subalgebra, S, of FZVE? that was required for the dualising structure. The

ten-element subalgebra S contains the elements listed below.

S: {(a7a)7(a’f)’(a7t>’(a7 T)’(f’f>7<f7—|_)7<t7t)’(f’ T)7(T7T)7(G7J—)}
= (< N{T.f,t,a}*) U{(a, L)}.
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Proposition 3.6.1. The dualising structure FIVE = ({T,f,t,a, 1};S,T) yields an
optimal duality on ISP(FZVE).

The algebraic relation S does not fit at all with the pattern that we have observed
in our other dualities for bilattices. There are two major differences between the
bilattice FZVE and the families of bilattices K,, and J,,.

The first difference is that not every element of FZVE is term-definable from
the set of constants in the algebraic signature. If we were to change the signature
of FIVE so that all of the elements were term-definable, it would have the result
that {(T,T), (f,f), (t,t), (a,a)} would no longer be a subalgebra of FZVE?. Thus
A(FIVE?) would be contained in every subalgebra and this would have the addi-
tional consequence that S(FZVE?) = {A(FIVE?), FIVE?} and hence the category
of spaces dual to ISP(FZVE) would simply be the category of Boolean spaces.

Secondly, there does not exist a homomorphism from FZVE to FOUR (K, Jo).
The subalgebra generated by <, is simply the whole algebra FZVE?. In each of the
previous cases, the duality for ISP(K,,) and ISP(J,,) always had the inverse homo-
morphic image of <; (on FOUR) as an unavoidable relation. This suggests grounds
for further research.

We know from our earlier observations for the case of ISP(Jy) that the inverse
homomorphic image of an absolutely unavoidable relation is not necessarily absolutely
unavoidable (see Si3 = (ha1,0,h21,0)(S2))-

Our first question in this line of thinking would be the following:

e Let A be a finite bilattice such that there exists a homomorphism h: A —
FOUR. Are the relations in the natural duality for A = ISP(A) always influ-
enced by the order <7

We are being deliberately vague in our use of the phrase “influenced by”. As we
noted earlier, in the case of the bilattices K,, and J,, the inverse image (under the
homomorphism h: B — FOUR) of the <, order is absolutely unavoidable. However,
this is the strongest possible statement that we can make about the role of the relation
(h, h)71(<). It would not be surprising to find that there are some bilattices for which
a failset for the relation (h, h)™'(<},) exists, but that it is not absolutely unavoidable.

An even more general question would be:

e Given a finite algebra A and a homomorphic image B of A, is the natural
duality for ISP(A) influenced by the absolutely unavoidable relations on the
dualising object B?
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We should note that in the case of FOUR, the algebraic relation <y is (up to con-
verses) the only non-trivial subalgebra of F OUR?. Thus it is no surprise that it
should play a role in the duality for ISP(FOUR). However, the situation would be
vastly more complicated if the duality on the algebra B had some combination of
relations, some or none of which was absolutely unavoidable.

In the cases where we are able to prove that relations are absolutely unavoidable,
we did so using the fact that the dual space of the relation (subalgebra) consisted only
of the projection maps p; and py. It may be possible to attempt some of the questions

above in that very restricted setting, or in the setting covered by Lemma |2.4.4

3.7 Piggyback dualities for default bilattices

We conclude this chapter with some comments about other methods that could be
used to obtain natural dualities for the quasivarieties ISP(K,,) and ISP(J,). The
theory of piggyback dualities was first described by Davey and Werner [32] and further
developed to the case of multisorted dualities by Davey and Priestley [25]. The brief
summary given in Appendix A follows the exposition in Chapter 7 of [17].

The basic idea is that given an algebra M which has a term-definable bounded
distributive lattice reduct M’ (the * notation meaning that we have forgotten some
of the structure) one can use the underlying distributive lattice structure to help
determine a relational structure on the dualising object which will yield a duality.
From the NU Duality Theorem it is already known that ISP(IM) is dualisable, but
the piggyback duality serves to reduce the number of relations (taken from S(M?))
that are used in order to yield a duality. There is no guarantee that the duality will be
optimal, but by taking maximal subalgebras contained in the (w;,w;)™'(<) it helps
to reduce the number of relations as much as possible, although it does favour large
relations.

Dualities for the quasivarieties generated by the bilattices K,, and J,, (for n € w)
can be obtained using the piggybacking method. This follows from the fact that the
bilattices K,, are distributive lattices in their k-lattice reducts, while the bilattices J,,
are distributive lattices in their t-lattice reducts. We note that the bilattices K,, do
not have bounded distributive lattice reducts, but the bounds of the k-lattice are term
definable. Thus we can piggyback over the duality for bounded distributive lattices.

Although the piggybacking technique is possible to do by hand for some small
examples, finding the maximal subalgebras contained in the (w;,w;)™'(<) can be

difficult. We have written a series of programs which can be used in conjunction with
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those of Wegener [86] to calculate the maximal subalgebras contained in (w;, w;) (<)
for carrier maps w;, w.

The piggyback method will yield a natural duality for ISP(M). It is also possible
to obtain what is known as a restricted Priestley duality. This is obtained by adding
structure to the Priestley spaces in order to capture the additional structure on the
algebra side. This additional structure could be in the form of algebraic relations, or
(partial) operations.

The restricted Priestley dualities have the disadvantage that they do not provide
the clear description of free algebras that is available when using a natural duality.
However, moving between the dual spaces encountered in restricted Priestley dualities
and the underlying lattices of the distributive lattice-based algebras is a much more
intuitive process. The concrete representation of the algebras as the up-sets of the
Priestley dual spaces is an important feature of the restricted Priestley dualities.

A better understanding of this translation process between natural dualities and
restricted Priestley dualities for algebras with a distributive lattice reduct is currently
being pursued by Cabrer and Priestley [I5]. Their work is motivated by the fact that
coproducts of distributive lattices can be easily described using their Priestley dual
spaces. Thus an easy translation between Priestley dual spaces and natural dual
spaces can provide an easier way of describing coproducts of algebras which have a

distributive lattice reduct.

145



146



Appendix A

Theory

Here we present some definitions and results that will be used in the rest of the thesis.
The main sources are Davey and Priestley [28], Burris and Sankappanavar [14] and
Clark and Davey [17].

A.1 Order theory

A quasi-ordered set is a set P with a binary relation < such that < is reflexive and
transitive. A quasi-ordered set P = (P, <) whose relation < is also anti-symmetric is

called a partially ordered set or poset. A partial ordering will usually be denoted <.

Definition A.1.1. (MacNeille Completion) Let P = (P, <) be a quasi-ordered set.
Define for A C P the sets

A={becPlacA=a=<b} and A'={bcPlacA=b=<a}.
Then the MacNeille completion of P is the complete lattice
P:=({ACP|A"=4}.C).

When P is a poset, P is embedded into P via the embedding a < |a.

The MacNeille completion is also known as the Dedekind-MacNeille completion,

the completion by cuts, and the normal completion.

Definition A.1.2. Let L be a complete lattice. Then x € L is completely join-
irreducible if for any A C L such that x = \/ A, then © € A. Dually, y € L is
completely meet-irreducible if for any B C L with y = /A B, we have y € B.
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A.2 Universal algebra

An algebra is a structure A = (A; F) where A is the underlying set and F' is a finite
set of finitary operations on A. The set F' is known as the type of A. A subuniverse
of A is a subset B C A such that B is closed under the operations in F. If A and B
are of the same type F' and B C A, then B is a subalgebra of A if for each operation
f, fB is the restriction of f4 to B.

Suppose A and B are two algebras of the same type F. A homomorphism from
A to Bis amap h: A — B such that for all f € F,

h(fAar, ... an) = fB(h(ay),. .., h(am)).

If A is onto, then B is known as a homomorphic image of A. For a homomorphism

h: A — B the kernel of h is the set
ker(h) :={(a,b) € A? | h(a) = h(b) }.

A wvariety A is a class of algebras of type F' such that A is closed under subalgebras,
homomorphic images and direct products. We denote by V(A) the variety generated
by A. A variety A is finitely generated if A = HSP(K) where K is some finite set of
finite algebras.

A quasi-identity is an identity or a formula of the form

Mg &prep& ... &p,rq)—=prq

A class of algebras A is a quasivariety if A is closed under subalgebras, direct prod-
ucts, ultraproducts, and isomorphic images. A quasivariety A is finitely generated if
A = ISP(K) for some finite set K of finite algebras. A quasivariety can be axioma-
tised by quasi-identities.

Definition A.2.1. Consider an algebra A. An equivalence relation 0 (reflexive,
symmetric, transitive) on the set A is congruence on A if it is a subalgebra of AZ.
The equality relation A(A?) = {(a,a) | a € A} is the smallest congruence on A.

The largest congruence relation is 6 = A2.

For a congruence 6 on A, the quotient algebra of A by 6, denoted A /6 is the
algebra with underlying set A/# and with the operations in F' defined by

A% (a1 /0, ... an)0) = fA(ay,. .., a,)/0.
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It is clear that the quotient algebras of A will be of the same type as A. Congruences
are closed under arbitrary intersection and hence the lattice of all congruences of an
algebra A form a complete lattice, denoted ConA.

For an algebra A and 6§ € Con(A) the natural map vy: A — A/ is given by
vp(a) = a/6. The relationship between congruences on an algebra A and the homo-

morphic images of A is demonstrated by the following results.

Theorem A.2.2 ([I4, Theorem I1-6.8]). Let h: A — B be a homomorphism. Then

ker(h) is a congruence on A.

Theorem A.2.3 ([14, Theorem I1-6.10]). Let A be an algebra and 6 € Con(A). The

natural map vy is an onto homomorphism from A to A /6.

Theorem A.2.4 ([I4, Theorem II-6.12]). (First Isomorphism Theorem) Let
h: A — B. Then there is an isomorphism g from A /ker(h) to B defined by h = go f
where f is the natural homomorphism from A to A /ker(h).

A subalgebra B of the direct product [[{ A; | i € I } is a subdirect product of the
algebras { A; | i € I } if, for each j € I, the image of B under 7, is the whole algebra
A;.

An embedding u: B — [[{A; | i € [} of an algebra B into a direct product is
called a subdirect representation of B if the image u(B) is a subdirect product of the
algebras { A; |1 € 1 }.

A subdirect representation u of B is trivial if, for some i € I, the composite map
miou: B — A; is an isomorphism. The algebra B is said to be subdirectly irreducible
if every subdirect representation of B is trivial.

The following theorem presents an equivalent definition of a subdirectly irreducible

algebra. This definition is easier to implement in practice.

Theorem A.2.5 (|14, Theorem I1-8.4]). An algebra A is subdirectly irreducible if and
only if A s trivial or there is a minimum congruence in Con\{A(A*)}. If such a

minimum congruence 0 exists then 6 = (| (ConA\{A(A?)}), a principal congruence.

The following result will be useful when looking at the algebras that generate a

variety.

Theorem A.2.6 ([14, Corollary IV-6.10]). Suppose that K is a finite set of finite
algebras and the variety V(KC) is congruence distributive. Then every subdirectly ir-
reducible algebra in V(K) is in HS(K) and V(K) = ISPHS(K).
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A.3 Programs for computation of failsets

Given a finite algebra M, the sequence of computer programs written by Wegener [86]
follows a number of steps before producing the globally minimal failsets. We provide
a basic summary of the sequence of calculations that must be carried out in order to

obtain optimal dualities for the quasivariety A = ISP(M).

(1) Calculate S(M?).

(2) Reduce S(M?) to a list of subalgebras unique up to isomorphism (test algebras).
(3) Calculate A(S,M) for each test algebra S.

(4) For each R € S(M?), calculate which pairs of elements of A(S, M) are in R.

(5) Attempt to build a (failset) map v from A(S, M) to M which does not preserve

(6) For each failset map ~;: A(S,M) — M, calculate which relations R € S(M?)

are not preserved by ;.
(7) For each test algebra S, collate the minimal failsets (ordered by containment).

(8) Sort the minimal failsets to find the globally minimal failsets (again ordered by

containment).

A.4 Piggyback dualities

In short, the technique of piggybacking uses a known duality for a quasivariety B and
uses this to find a duality for a quasivariety A when every A € A has a term-reduct

in B. The source for the explanation and results presented below is Chapter 7 of [17].

Theorem A.4.1 ([17, Theorem 7.2.1]). Let M be a finite algebra which has a term-
reduct in D, and let A :=ISP(M). Let Q be a subset of D(M”,2). Let

M= (M;G,R,T)
where
(i) R is the set of all A-subalgebras of M? which are mazimal in
(wi, w;) (<) = { (a,b) € M? | wia) < w;(b) },
where w;, w; € (2,
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(i) G C End(M) satisfies the separation condition

(S) for all a # b in M we have w(a) # w(b), for some w € Q, or w(g(a)) #

w(g(b)) where g is the composite of a finite number of maps from G,
(iii) T s the discrete topology.

Then M yields a duality on A.

The maps w; € Q where w;: M? — 2 are known as the carrier maps. Condition
(S) ensures that these maps (possibility in combination with some subset of the
endomorphism monoid of M) separate the points of M. The bilattices in Chapter
are distributive in their k-lattice reducts, while those in Chapter [3| are distributive in
their t-lattice reducts.

In the examples that we have considered in this thesis, the endomorphism monoid
End(M) consists of only the identity map, and so we require the full set of distributive

lattice homomorphisms from M’ to 2 in order to separate the points of M.
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Appendix B

Computational output

Here we list the output of our computations for the bilattices Ky, Ko, Ji, Jo. We
note that for each of these bilattices the only automorphism on A? is the converse
operation S — S. We only list the subalgebras up to automorphism, but do observe
for which subalgebras we have S = S. We also note that, strictly speaking, we are
not listing the subalgebras, but rather the subuniverses which are the underlying sets

of the subalgebras.

B.1 The bilattice K;
Subalgebras of K?

S1 = A(KY)
Sy = A<K12) U {<f1> Tl)’ (th Tl)v (J—a Tl)’ (J—> fl)’ (J—vtl)}
S; = {(Tov TO)? (f07 fO)? (thtO)} U {Tb fi, 1, J-}Q

S4 = {(—|—07 —|—0)7 (f07 —|—0)7 (f07 f0)7 (t07 —|—0>7 (t0>t0)} U
({—rl;fl;tluj—} X {TE]JfO;tO}) U {—|—17f17t17J—}2

Ss; = K?
We note that S3 = S3 and so [S(K?)| = 7.

Globally minimal failsets

GMF1<K1) - {SQ}
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GMFy(K;) = {S4}

B.2 The bilattice K

Subalgebras of K3

S1 = A(K3)
SZ = A(KQQ) U {(J-a f2)> (J—7 t2)7 (J-u T2>7 (f27 T2>> (t2> TQ)}
S3 = {(T7 T>’ (an f0)7 (tht())? (Th Tl)a (fb fl)v (tbtl)} U {J—7 f27t27 T2}2

Sy ={(T,T), (£, fo), (to, to)} U {(f1, T1), (t1, T1)}U
({L, £2,t0, To} x {f1,t1, T1}) U {L, £, tz, To}?

S5 = {(T7 T)? (f07f0)7 (t07t0)} U {J—7f27t27 T2;f17t1; Tl}2

Se = {(T,T), (fo, o), (to, to)} U {(fo, To), (to, To)}U
({J—vf27t27—|—2af17t17—|—1} X {ant07—|—0})
U {J—7f27t27—|—27f17t1a—|—1}2

S; = K?
We note that S5 = S and S; = S5 and so [S(K3)?| = 10.

Globally minimal failsets

GMF(Kjy) = {S.}
GMFQ(KQ) — {84}

GMF3(Ky) = {Ss}

B.3 The bilattice J;

Subalgebras of J?
S = A(J7)
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Sy = A(J7) U {(f1, ), (t1,t0)}
Ss = A(J7) U {(f1, ), (fo, f1), (t1, t0), (to, t1)}

Sy = A(J}) U {(f1,£0), (fo, f1), (t1,t0), (to, t1) U
{(J—’ fl)v (J—7 fO)’ (J—>t1)v (—L7t0)7 (J—7 T)} U {<f17 T)’ (f07 T)? (th T)’ (t0> T)}

S5 = J12
We note that S5 = S3 and so [S(J?)| = 7.

Globally minimal failsets

GMF(J;) ={S2}
GMFy(J,) = {S4}

B.4 The bilattice J,

Subalgebras of J3
S1 = A(J3)

Sy = A(J3) U {(t2, t1), (2, 61)}
S3 = A(J3) U {(t1, to), (1, fo) }
Sy = A(J7) U {(fa, £1), (f1, £2), (b2, £1), (b1, b2)}
S5 = A(J3) U {(f2, f1), (fo, £1), (b2, £1), (b0, t1)}
Ss = A(J3) U {(f2, f1), (f1, fo), (b2, £1), (b1, t0) }
Sz = A(J3) U {(f1, fo), (fo, £1), (b1, to), (0, 1)}

SS = A(JQQ) U {(f27 fl)? (flv f2)7 (f17 fO)v (t27t1)7 (t17t2>7 (tlatO)}
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Sy = A(J3) U {(f2, f1), (£, fo), (fo, £1), (b2, £1), (b1, to), (b0, 1)}
S10 = A(JF) U {(f2, 11), (f2, fo), (f1, fo), (b2, 1), (b2, to), (61, %0) }
Si = A(S3) U {(f, £1), (f1, £2), (f1, o), (o, 1), (b2, 1), (b1, 82), (b1, t0), (b0, 1)}
S12 = A(J7) U{(f, 1), (1, ), (2, Fo), (f1, f0), (b2, t1), (B2, £2), (b2, o), (b1, t0)}

Sis = A(JF) U{(fs, £1), (f2, o), (F1,f0), (fo, 1), (2, t1), (2, to), (t1, to), (to, t1)}

Siu = A(JF) U{(fs, £1), (f1,£), (2, o), (F1, o), (fo, f1)} U
{(t2,t1), (t1,t2), (t2,t0), (t1,t0), (to, t1)}

Si5={(L, L), (T, T)} U {fs, f1,f}> U {t2, t, t0}>

Si6 = ({L} x o) U {f, f1,£}* U {ta, t1,t0}> U (SL\{L} x {T})

Sy = J2

For each S € {S1,S4,S7,S11,S15,S17} we have S = S and so [S(J2)| = 28.

Globally minimal failsets

GMF;(J2) = {S2,S5,S6. So, S10, S13}
GM Fy(J5) = {S3,Ss, S6, Ss, S10, S12}
GMF5(J5) = {S4,Ss, S12}
GMFy(J5) = {S7, Sy, S13}

GMF5(J2) = {Si}
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