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Abstract

We aim to extend the results of Ardakov and Wadsley on representa-

tions of p-adic Lie groups and sheaves of equivariant D-modules on rigid

analytic spaces. Our main results are a canonical dimension estimate for

coadmissible representations of a semisimple p-adic Lie group in a p-adic

Banach space, and a Beilinson-Bernstein-type localisation for coadmissi-

ble equivariant Dλ-modules, where λ is a ρ-dominant ρ-regular infinites-

imal central character.

This thesis is split into two principal sections. The first section contains

results on the structure of the dual nilpotent cone of a semisimple Lie

algebra g over an algebraically closed field K of positive characteristic

p. When p is small, the structure of the adjoint and coadjoint orbits of

G on g and g∗ respectively changes. We relax the hypotheses on p and

prove that, under certain technical conditions, the dual nilpotent cone is

a normal variety. Using this, we show that the canonical dimension of a

coadmissible representation of a semisimple p-adic Lie group in a p-adic

Banach space is either zero or at least half the dimension of a non-zero

coadjoint orbit.

The second section extends the work of Ardakov on coadmissible equiv-



ariant D-modules on rigid analytic spaces, by defining the category of

coadmissible equivariant twisted D-modules. We classify sheaves of dif-

ferential operators on a rigid analytic variety X and use this to define

the category CλX/G in the case where λ is a regular ρ-dominant ρ-integral

central character. In this particular case, we show that CλX/G is equiva-

lent to Ardakov’s category CX/G and use this to prove a twisted analogue

of locally analytic equivariant Beilinson-Bernstein localisation on rigid

analytic spaces.

The final part of this thesis is concerned with removing the integral-

ity condition. We construct the enhanced completed skew-group algebraÙ‹D(X, G) and realise the twisted completed skew-group algebra ÙDλ(X, G)

as a quotient, providing a natural framework to view coadmissible G-

equivariant DλX-modules as coadmissible modules over this algebra. We

give a general definition of CλX/G for arbitrary ρ-dominant ρ-regular cen-

tral character and discuss how to check this agrees with the definition

given for the integral case. Following this, we show this category is equiv-

alent to the category of ÙU(g, G)-modules with fixed infinitesimal central

character λ.
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Chapter 1

Introduction

Let K be a non-archimedean field of mixed characteristic (0, p) and let L be a finite

extension of Qp contained in K. The papers of Schneider and Teitelbaum, [54], [55],

developed the theory of locally analytic representations of an L-analytic group G in

locally convex topological vector spaces over K. These kinds of representations of G

arise naturally in number theory, such as in the study of p-adic automorphic forms

and the local Langlands program. It is hoped that the study of these representations

will construct deep connections between representation theory and number theory

via the p-adic local Langlands correspondence. The category of locally analytic

representations that satisfy the important technical condition of admissibility turns

out to be anti-equivalent to the category of coadmissible modules over the locally

L-analytic distribution algebra D(G,K) of G.

The theory of D-modules can be used to better understand these representations.

The Lie algebra g of G has a natural action on any D(G,K)-module V . In the

case where g is semisimple, viewing V as a g-module allows us to localise V to the

flag variety of G in the sense of Beilinson and Bernstein. The celebrated theory of

Beilinson-Bernstein localisation, [7], provides an equivalence of categories:
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{g−modules with trivial infinitesimal central character} →

{D −modules on the flag variety which are quasi-coherent as O −modules}.

Ardakov and Wadsley studied the coadmissible representations of G, which are

finitely generated modules over the completed group ring KG with coefficients in

K, in [4]. These completed group rings may be realised as Iwasawa algebras, which

are important objects in noncommutative Iwasawa theory.

One of the central results in [4] is an estimate for the canonical dimension of a coad-

missible representation of a semisimple p-adic Lie group in a p-adic Banach space.

With mild restrictions on p, Ardakov and Wadsley showed that this canonical di-

mension is either zero or at least half the dimension of a non-zero coadjoint orbit.

The goal of the first part of this thesis is to weaken the restrictions on p. To do this,

it is necessary to investigate the structure of split reductive algebraic groups when

the prime p fails to be very good for G. We demonstrate that the dual nilpotent cone

N ∗ ⊆ g∗ is a normal variety, and it admits an analogue of the Springer resolution,

in the following cases:

Theorem A. Let G = PGLn and suppose p|n. Then the dual nilpotent cone

N ∗ ⊆ g∗ is a normal variety.

Theorem B. Suppose G is of type G2 and p = 2. Then the dual nilpotent cone

N ∗ ⊆ g∗ is a normal variety.

Theorem A, along with the theory built up in [4, Section 9], allow us to prove the
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following result:

Theorem C. Let G be a compact p-adic analytic group whose Lie algebra is

semisimple. Suppose that G = PGLn, p|n, and n > 2. Let GC be a complex

semisimple algebraic group with the same root system as G, and let r be half the

smallest possible dimension of a non-zero coadjoint GC-orbit. Then any coadmissible

KG-module M that is infinite-dimensional over K satisfies d(M) ≥ r.

More recently, Ardakov and Wadsley introduced the notion of a sheaf of infinite-

order differential operators ÙD on a smooth rigid analytic space X. Heuristically, this

is a rigid analytic quantisation of the cotangent bundle T ∗X in the sense that the

ordinary sheaf of finite-order differential operators D on a smooth algebraic variety

X is an algebraic quantisation of T ∗X. Furthermore, they defined the category of

coadmissible ÙD-modules CX, generalising the notion of coadmissible modules in the

work of Schneider and Teitelbaum, and showed that this category behaves analo-

gously to the category of coherent D-modules on an algebraic variety.

Given a p-adic Lie group G acting continuously on a smooth rigid analytic space

X, Ardakov constructed the completed skew-group algebra ÙD(X, G). Under certain

conditions on X and G, ÙD(X, G) turns out to be a Fréchet-Stein algebra in the sense

of [55]. The constructions in [1], Section 3, allow us to form the abelian category

CÛD(X,G)
of coadmissible ÙD(X, G)-modules. Ardakov defined a localisation functor:

Loc : CÛD(X,G)
→ Frech(G−DX).

The category of coadmissible G-equivariant DX-modules CX/G is a full subcategory
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of Frech(G−DX) whose objects are locally isomorphic to a sheaf of the form Loc(M),

for M ∈ CÛD(X,G)
. Ardakov then proved an analogue of Beilinson-Bernstein localisa-

tion for admissible locally analytic representations with trivial infinitesimal central

character.

The second goal of this thesis is to relax the hypothesis on the central character.

More precisely, we aim to prove an analogue of Beilinson-Bernstein localisation for

admissible locally analytic representations with ρ-dominant ρ-regular infinitesimal

central character. This requires us to generalise the category CX/G to deal with

sheaves of twisted differential operators. We parametrise sheaves of twisted differ-

ential operators DλX on a smooth rigid analytic variety X and use this to define a

category CλX/G of coadmissible G-equivariant DλX-modules. We further show that

this category is abelian. We prove the following important result regarding the ring-

theoretic structure of ÙD(X, G) in this section:

Theorem D. Suppose the G-action on X is faithful, in the sense that the induced

group homomorphism ρ : G → AutK(X,OX) is injective. Then ÙD(X, G) may be

realised as the inverse limit of a system of simple rings.

The main result of this section is as follows:

Theorem E. Let λ be a ρ-dominant ρ-regular integral weight of G. There is an

equivalence of categories:

θ−1
λ · Γ · γ : CλX/G → CλÛU(g,G)

.
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Further work allows us to remove the condition that the central character λ is inte-

gral. In the final chapter, we construct the enhanced completed skew-group algebraÙ‹D(X, G) by applying a similar construction as in [1, Section 3] to the enhanced tan-

gent sheaf ‹T , and then define the twisted completed skew-group algebra ÙDλ(X, G) as

a quotient of
Ù‹D(X, G) by elements of hK that act by a certain fixed central char-

acter. We then construct the category CλX/G of coadmissible equivariant twisted

D-modules, prove that this category is abelian, and discuss how one might check

that this definition agrees with the construction given in Chapter 5 in the case where

λ is integral. We then work towards a Beilinson-Bernstein-style localisation theorem

for admissible locally L-analytic K-representations of G with ρ-regular ρ-dominant

infinitesimal central character. Our final result is presented below:

Theorem F. Let G be a connected, simply connected, split semisimple affine alge-

braic group scheme over K, and let X be the rigid analytification of the flag variety

of G. Let G be a p-adic Lie group and let σ : G → G(K) be a continuous group

homomorphism. Let H be a flat affine algebraic group over R, hK := Lie(H)⊗R K

and ξ : X̃ → X a locally trivial H-torsor. Let λ be a ρ-dominant ρ-regular weight

of hK . Then the localisation functor:

(Locλ)
ÛU(g,G)
X : CλÛU(g,G)

→ CλX/G

is an equivalence of categories.

We conclude this introduction with a summary of the material contained in each

chapter.
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Chapter 2 summarises the background material required for this thesis. Follow-

ing [47] and [38], we introduce integral group schemes, and outline the classifica-

tion of split reductive algebraic groups over an algebraically closed field. We out-

line some of the basic constructions of rigid analytic geometry and Grothendieck

topologies, and we define Fréchet-Stein algebras. Furthermore, we discuss the main

constructions of D-modules on rigid analytic spaces, in both the equivariant and

non-equivariant settings, following [5] and [1].

Chapter 3 establishes our fundamental results on the structure of the nilpotent

cone and its dual. We discuss the Springer resolution in positive characteristic in

some detail, following [39], and show that the dual nilpotent cone is a normal variety.

To do this, it is necessary to study both the structure of the Weyl group invariants

S(h)W and the structure of the coadjoint orbits of the action of G on g∗.

Chapter 4 applies the results of Chapter 3 to representations of compact p-adic Lie

groups. We prove our result concerning the canonical dimension of a coadmissible

representation of a semisimple p-adic Lie group.

Chapter 5 classifies twisted differential operators on a smooth rigid variety X in

terms of local automorphisms on a suitable cover for X, consisting of affinoid subdo-

mains admitting specific topological properties. We show that these local automor-

phisms may be extended to automorphisms of the completed skew-group algebraÙD(X, G), which allows us to define the category CλX/G of coadmissible G-equivariant

locally Fréchet Dλ-modules for some integral ρ-dominant ρ-regular central character
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λ. We show that this category is equivalent as abelian categories to the category

CX/G defined in [1, Definition 3.6.7], and we use this to prove our generalisation

of [1, Theorem 6.4.9].

Chapter 6 generalises the results of Chapter 5 to drop the condition that λ is

integral. We define a more general version of the category CλX/G and prove that it

is abelian. In general, CλX/G is not equivalent to CX/G and so the methods used in

Chapter 5 break down. We construct the algebras
Ù‹D(X, G) and ÙDλ(X, G), and prove

our version of locally analytic Beilinson-Bernstein localisation directly, by defining

a twisted localisation functor and showing that it is fully faithful and essentially

surjective under certain conditions.
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Chapter 2

Background

2.1 Algebraic groups

We begin with a basic introduction to the theory of algebraic group schemes, follow-

ing [47, Section 1]. We assume the reader is familiar with basic algebraic geometry

and category theory.

Fix k to be a base field, and let Algk denote the category of commutative k-algebras.

An object A of Algk defines a functor hA : Algk → Set via R 7→ Homk(A,R).

Definition 2.1.1. A functor F : Algk → Set isomorphic to hA for some A is

representable.

This notion agrees with the notion of a representable functor from category theory,

possibly from a more general source category than Algk.

Definition 2.1.2. Let (G,m) be a pair with G a representable functor Algk → Set

and m : G×G→ G a k-morphism. An affine group over k is a group object (G,m)

in the category of representable functors Algk → Set. If G is represented by a finitely
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generated k-algebra, then G is an affine algebraic group.

Let ∗ denote the initial object in the category of k-schemes. The map m is a

natural transformation m : G×G→ G such that there exist natural transformations

e : ∗ → G and inv : G→ G making the following diagrams commute:

G×G×G G×G

G×G G,

id×m

m×id m

m

∗ ×G G×G G× ∗

G,

e×id

∼= m

id×e

∼=

G G×G G

∗ G ∗.

(inv,id)

m

(id,inv)

e
e

This condition implies that, for any R ∈ Algk, the map m(R) : G(R)×G(R)→ G(R)

defines a group structure on G(R). In practice, we will fix a k-algebra R: then the

multiplication map m(R) and the inversion map inv(R) are morphisms of algebraic

varieties in the sense of [11, AG 5.1]. From now on, we will call an affine algebraic

group an algebraic group, which is always assumed to be an affine scheme.

Definition 2.1.3. A homomorphism of algebraic groups is a morphism φ : (G,mG)→

(H,mH) such that the following diagram commutes:

G×G H ×H

G H.

φ×φ

mG mH

φ

16



Definition 2.1.4. A subgroup of an algebraic group G is a subfunctor H of G such

that, for each k-algebra A, H(A) is a subgroup of G(A). H is normal if, additionally,

each H(A) is a normal subgroup of G(A).

In this way, a (normal) subgroup of an algebraic group is a representable subfunctor

of the representable functor G such that each object in the essential image of G has

a (normal) subgroup structure. In general, given a property P of an abstract group,

G is said to have property P if G(A) has that property for each k-algebra A.

Let A,R be k-algebras and ∆ : A→ A⊗A a homomorphism of k-algebras. Given a

pair of k-algebra homomorphisms f1, f2 : A → R, we may define a homomorphism

(f1, f2) : A⊗ A→ R by (a1, a2) 7→ f1(a1)f2(a2). Set f1 · f2 := (f1, f2) ◦∆.

Definition 2.1.5. The pair (A,∆) is a Hopf algebra over k if (f1, f2) 7→ f1 · f2

defines a group structure on Homk(A,R) for all objects R ∈ Algk.

By the Yoneda lemma, (A,∆) is a Hopf algebra if and only if there exist unique

k-algebra homomorphisms:

ε : A→ k,

S : A→ A.

such that:
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(id⊗∆) ◦∆ = (∆⊗ id) ◦∆,

(id, ε) ◦∆ = (ε, id) ◦∆,

(id, S) ◦∆ = ε = (S, id) ◦∆.

The morphisms ∆, ε and S are the comultiplication map, the coidentity map, and

the antipode respectively.

Given an algebraic group G, its coordinate ring O(G) has the natural structure of

a Hopf algebra, with the morphisms ∆, ε and S obtained by reversing the arrows in

the commutative diagrams above Definition 2.1.3.

Definition 2.1.6. G is connected if the set of closed points |G| is connected as a

topological space.

We illustrate the definitions of an algebraic group with its associated Hopf algebra

with the following basic examples.

Example 2.1.7. Define a functor Ga : Algk → Set via Ga(A) := (A,+). This

is the additive group over k with coordinate ring O(Ga) = k[t], the polynomial

ring in one variable. The Hopf algebra structure on k[t] is given by the operations

∆(t) = 1⊗ t+ t⊗ 1, ε(t) = 0, S(t) = −t.

The multiplicative group over k is the functor Gm : Algk → Set defined by Gm(A) :=

(A×,×). The coordinate ring O(Gm) = k[t, t−1]. The Hopf algebra structure on
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k[t, t−1] is given by the operations ∆(t) = t⊗ t, ε(t) = 1, S(t) = t−1.

Let k denote the algebraic closure of k.

Definition 2.1.8. An algebraic group over k is a torus if it becomes isomorphic to

a product of copies of Gm over some finite separable extension of k. A torus over k

is split if it is isomorphic to a product of copies of Gm over k.

Given an algebraic group G over k, its toral subgroups have a partial ordering by

inclusion. A maximal torus is a maximal element of this set. An algebraic group G

is split if it contains a split maximal torus. Note that, if k is algebraically closed,

every torus over k is automatically split.

Definition 2.1.9. The radical RG of G is the largest smooth connected solvable

normal subgroup of G. G is semisimple if RG(k) = 1.

G is unipotent if every non-zero representation of the group has a non-zero fixed

vector. The unipotent radical RuG of G is the largest smooth connected unipotent

normal subgroup of G. G is reductive if RuG(k) = 1.

Important examples of semisimple and reductive groups are given below.

Example 2.1.10. Let V be a k-vector space of dimension n. There is a k-group

functor GL(V ) : Algk → Set defined by GL(V )(A) := EndA(V ⊗A))×. By choosing

a basis for V , we may identify GL(V ) with the group of all invertible n×n matrices

over A, GLn(A). It is an algebraic k-group with coordinate ring:
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O(GLn) = k[Tij | 1 ≤ i, j ≤ n]{(det)m|m∈N}.

GLn is a reductive algebraic group. Fix a k-algebra A: then the radical of GLn(A) is

the largest connected solvable normal subgroup of GLn(A), which can be identified

with the multiplicative group of non-zero scalar multiples of the identity matrix.

Hence R(GLn) ∼= Gm, so Ru(GLn) = 1.

The determinant defines a homomorphism of algebraic k-groups GL(V )→ Gm. Its

kernel is denoted SL(V ). Similarly we define SLn(k); this is a semisimple algebraic

group since its radical can be identified with the scalar multiples of the identity

matrix which are contained in SLn.

Definition 2.1.11. A linear algebraic group is a smooth closed subgroup scheme of

GLn over k for some n ∈ N.

Definition 2.1.12. G is simple if it is semisimple, non-abelian, and every proper

normal algebraic subgroup is trivial. It is almost simple if, instead, every proper

normal algebraic group is finite.

Example 2.1.13. The algebraic group SLn is almost simple. If n > 1, the algebraic

group PGLn := GLn/Gm is simple.

2.2 Representations of algebraic groups

Fix an algebraically closed ground field K of arbitrary characteristic. Write G :=

G(K), the K-points of an algebraic group scheme G over k ⊆ K. This variety,
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together with multiplication m(K) : G(K) × G(K) → G(K), defines an algebraic

group in the sense of [11, AG 1.1]. Let x be a point of G, from [11, AG 15.5, 16.1],

it follows that T (G)x = DerK(O(G), K(x)), where T (G)x is the tangent space of G

at x.

Let A := O(G) and let ex : A → K(x) be the evaluation map at x, ex(f) = f(x).

Let D be a K-linear derivation of A, D ∈ DerK(A,A), and let Dx := ex ◦D. Then

Dx is an element of T (G)x.

Fix g ∈ G and let λg : A → A be the function on A defined by left translation:

(λgf)(x) = f(g−1x) for x ∈ G, f ∈ A. Define:

Lie(G) := {D ∈ DerK(A,A) | λx ◦D = D ◦ λx∀x ∈ G}.

Let f ∈ A, y ∈ G. By definition:

(λx ◦D)f(y) = Df(x−1 · y) = Dx−1·yf.

By [11, AG 16.1], (D ◦ λx)f(y) is the image of Dy under the differential at y of the

translation g 7→ x−1 · g, denoted by x−1 ·Dy. Hence:

Lie(G) = {D ∈ DerK(A,A) | x ·Dy = Dx·y∀x, y ∈ G}.

Theorem 2.2.1. The map v : D 7→ e1 ◦ D is an isomorphism of vector spaces,

sending Lie(G) onto T (G)1.
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Proof. This is [11, Theorem 3.4].

Definition 2.2.2. The Lie algebra g of G is T (G)1, endowed with the restricted Lie

algebra structure of Lie(G) induced by v.

g may be identified with the Lie algebra of left invariant vector fields on G. The

assignment G 7→ g is functorial: given a morphism α : G→ G′ of algebraic groups,

its differential dα1 : g→ g′ is a morphism of Lie algebras.

Definition 2.2.3. The adjoint action of G on g is the differential of the conjugation

action. Explicity, given g ∈ G, X ∈ g:

g ·X := Adg(X).

Whenever G ≤ GLn(K) for some n, we may identify the adjoint action g · X =

gXg−1.

There is also an adjoint action of g on itself. If X, Y ∈ g, we define adY (X) := [Y,X].

Definition 2.2.4. An element X ∈ g is nilpotent if the adjoint operator is a nilpo-

tent operator on g.

Definition 2.2.5. A Cartan subalgebra of g is a nilpotent subalgebra h of g which

is self-normalising: if [X, Y ] ∈ h for all X ∈ h, then Y ∈ h.

Let G := G(K) be a split reductive algebraic K-group, T a maximal torus in G.

Definition 2.2.6. The character group of T is X(T ) := HomK(T,Gm). Dually, the

cocharacter group of T is Y (T ) := HomK(Gm, T ).
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Proposition 2.2.7. The associated Lie algebra t to T is a toral subalgebra. If G is

split semisimple, a toral subalgebra t can be identified with a Cartan subalgebra h.

Furthermore, all maximal tori are conjugate.

Proof. This is [11, Corollary 11.3].

By [38, I.2.5(1)], X(T ) ∼= Zr for some r, and hence is a free abelian group. The rank

of G equals r. Any T -module M has a direct sum decomposition into weight spaces

by [38, 1.2.11(3)]:

M =
⊕

λ∈X(T )

Mλ.

Definition 2.2.8. λ is a weight of M if Mλ 6= 0.

Applying this argument to the T -module g, let R be the set of non-zero weights of

g. Then g has a corresponding decomposition of the form:

g = t⊕
⊕
α∈R

gα, and

g0 = t.

Definition 2.2.9. R is the root system of G with respect to T . Elements of R are

the roots of T .

For each α ∈ R there is a root homomorphism:

xα : Ga → G,
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with txα(a)t−1 := xα(α(t)(a)) for any K-algebra A and all t ∈ T, a ∈ A, such that

the tangent map dxα induces an isomorphism:

dxα : Lie (Ga)→ (Lie G)α.

This root homomorphism is unique up to multiplication by a non-zero element in

K. The functor A 7→ xα(Ga(A)) is a closed subfunctor of G, denoted by Uα. This

is the root subgroup of G corresponding to α. Then xα is an isomorphism Ga → Uα,

and Lie (Uα) = (Lie G)α.

Let Y (T ) be the cocharacter group of the maximal torus T . Given λ ∈ X(T ),

φ ∈ Y (T ), λ ◦ φ ∈ End(Gm) ∼= Z, so there is a unique integer 〈λ, φ〉 such that λ ◦ φ

is the map a 7→ a〈λ,φ〉 for each K-algebra A. The pairing 〈, 〉 on X(T ) × Y (T ) is

bilinear and induces an isomorphism:

Y (T ) ∼= HomZ(X(T ),Z).

For any α ∈ R, there is a homomorphism φα : SL2 → G such that for a suitable

normalisation of xα and x−α:

φα

Çñ
1 a
0 1

ôå
= xα(a),

φα

Çñ
1 0
a 1

ôå
= x−α(a),

for any A and a ∈ A. In this case, define:
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nα(a) := xα(a)x−α(a−1)xα(a) = φα

Çñ
0 a
a−1 0

ôå
∈ NG(T )(A),

and there is an element α∨ ∈ Y (T ) such that:

α∨(a) = φα

Çñ
a 0
0 a−1

ôå
∈ T (A)

for a ∈ A× and any K-algebra A. α∨ is the coroot corresponding to α.

The set R together with the map α → α∨ forms a root system in the sense of [15,

Chapter 6, 1.1], and the set R∨ := {α∨ | α ∈ R} is the dual root system of R. Define

sα(λ) := λ − 〈λ, α∨〉α. This defines, for each α ∈ R, a reflection on X(T ), which

can be extended to a reflection on X(T )⊗Z R by extending α∨ ∈ Y (T ) ∼= X(T )∗ to

X(T )⊗Z R.

Definition 2.2.10. The Weyl group of G is W := 〈sα | α ∈ R〉.

Proposition 2.2.11. Let A be an integral K-algebra. There is a group isomor-

phism:

W ∼=
Ç
NG(T )

T

å
(A) ∼=

NG(T )(A)

T (A)
.

Moreover, W is finite.

Proof. Let g ∈ NG(T )(A). Then g acts through conjugation on TA and so acts

linearly on the Z-modules X(T (A)) and Y (T (A)). If A is integral, then X(T (A)) ∼=
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X(T ) and Y (T (A)) ∼= Y (T ) and so there are actions on X(T ) and Y (T ) which

preserves the pairing. The action of any nα(a) for α ∈ R, a ∈ A on X(T ) agrees

with the action of sα, and so, for integral A, there are isomorphisms:

W ∼=
Ç
NG(T )

T

å
(A) ∼=

NG(T )(A)

T (A)
,

where the last equality follows from the fact that each generator sα of W has a

representative nα(1) in NG(T )(A), and hence so has any w ∈ W . Furthermore, W

is finite by [38, I.8.5(a)].

Definition 2.2.12. A positive root system R+ ⊆ R is a subset of R satisfying the

conditions:

(a) for any α ∈ R, exactly one of the roots α,−α are contained in R+,

(b) for any two distinct α, β ∈ R+ such that α + β ∈ R, α + β ∈ R+.

α ∈ R+ is a simple root if it cannot be written as the sum of two elements in R+.

Let S denote the set of simple roots.

The elements of the positive root system R+ are called the positive roots. The ele-

ments of the set −R+ := R \R+ are called the negative roots.

R is contained in the Z-linear span of S, and it follows that W is generated by the

simple reflections, i.e. W = 〈sα | α ∈ S〉.
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There is a partial ordering on X(T ), and consequently on X(T )⊗Z R, defined by:

λ ≤ µ⇐⇒ µ− λ ∈
∑
α∈S

Nα.

It follows that R+ = {α ∈ R | α > 0} and −R+ = {α ∈ R | α < 0}.

Definition 2.2.13. A highest-weight root is a root that is maximal with respect to

this ordering.

Definition 2.2.14. λ ∈ R is dominant if 〈λ, α∨〉 ≥ 0 for each positive root α, and

is antidominant if 〈λ, α∨〉 ≤ 0 for each positive root α. It is integral if 〈λ, α∨〉 ∈ Z

for each positive root α, and it is regular if its stabiliser under the W -action is trivial.

Let ρ = 1
2

∑
α∈S α denote the half-sum of the simple roots. λ is ρ-dominant if λ+ ρ

is dominant, and λ is ρ-regular if λ+ ρ is regular.

Since W has a simple transitive action on the positive root systems, there is a

unique w0 ∈ W such that w0(R+) = −R+. Then w2
0 = 1, and λ ≤ µ if and only if

w0µ ≤ w0λ for all λ, µ ∈ X(T ).

Let ρ := 1
2

∑
α∈R+ α ∈ X(T )⊗Z Q. Then 2ρ ∈ ZR ⊆ X(T ) and:

〈ρ, β∨〉 = 1

for all β ∈ S. Hence sβρ− ρ ∈ ZR, so wρ− ρ ∈ ZR for all w ∈ W .
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Definition 2.2.15. The dot action of W on X(T )⊗Z R is:

w · λ = w(λ+ ρ)− ρ.

This maps X(T ) onto itself.

The centre Z(G) of G is equal to the intersection:

Z(G) =
⋂
α∈R

ker(α) ∈ T.

If G is a split semisimple algebraic group, then Z(G) is a finite group scheme; equiv-

alently, (X(T ) : ZR) <∞. In this case, S is a basis of the vector space X(T )⊗Z Q.

Then S∨ := {α∨ | α ∈ S} is a basis of Y (T )⊗ZQ = (X(T )⊗ZQ)∗. Let {ωα | α ∈ S}

be the dual basis of X(T )⊗Z Q.

Definition 2.2.16. G is adjoint if X(T ) = ZR. Equivalently, Z(G) = 1.

G is simply connected if Y (T ) = ZR∨. Equivalently, ωα ∈ X(T ) for all α ∈ S.

Example 2.2.17. SupposeG has rank 1. Then the root system ofG isR = {α,−α}.

G has just one positive root α/2. The adjoint group with root system R is PGL2;

the simply connected group with root system R is SL2.

Definition 2.2.18. A subset R′ of R is closed if, for α, β ∈ R′, (Nα+Nβ)∩R ⊆ R′.

R′ is unipotent if R′ ∩ (−R′) = ∅. It is symmetric if R′ = −R′.
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Let R′ ⊆ R be unipotent and closed. Denote by U(R′) the closed subgroup of G

generated by Uα for α ∈ R′.

Proposition 2.2.19. The multiplication on U(R′) induces an isomorphism of schemes:

∏
α∈R′

Uα → U(R′).

Proof. This follows from [38, II.1.2(5)].

It follows that Lie U(R′) =
⊕

α∈R′ gα. Each U(R′) is a connected unipotent group,

isomorphic as a k-scheme to An where n = |R′|.

Now suppose R′ ⊆ R is symmetric and closed. Denote by G(R′) the closed subgroup

of G generated by Uα and T for α ∈ R′. Then:

Lie G(R′) = t⊕
⊕
α∈R′

gα.

G(R′) is a reductive, split and connected k-group, containing T as a maximal

torus. The root system of G(R′) is R′, and its Weyl group can be identified with

〈sα | α ∈ R′〉 ⊆ W .

Both R+ and −R+ are unipotent and closed subsets of R. Applying the above argu-

ment to these sets, define U+ := U(R+), U := U(−R+). Set B+ := U+T , B := UT .
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Definition 2.2.20. A Borel subgroup of G is a maximal closed connected solvable

algebraic subgroup of G.

Proposition 2.2.21. B+ and B are Borel subgroups of G. Furthermore, all Borel

subgroups of G are conjugate under the adjoint action.

Proof. This is [11, Theorem 11.1].

Definition 2.2.22. The flag variety of G is the quotient G/B.

Proposition 2.2.23. The flag variety is projective.

Proof. This is [11, Theorem 11.1].

Let n+ := Lie U(R+), n− := Lie U(−R+). These are nilpotent subalgebras of g.

The adjoint action of T on g yields a triangular decomposition:

g = n⊕ t⊕ n+

Definition 2.2.24. A Borel subalgebra of g is b := Lie B for some Borel subgroup

B of G.

Over the algebraically closed field K, all Borel subalgebras are conjugate. We will

usually take b := h⊕ n. Written in this way, n is the nilradical of b.

Example 2.2.25. We illustrate the above constructions by calculating these objects

in the case G = SLn, the simply connected group of type An−1. Then g = sln by [34],
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and we take the Cartan subalgebra h to be the subalgebra of diagonal elements of sln.

Write Eij to denote the elementary matrix with 1 in the (i, j)th entry and 0 other-

wise. Then the set {Eii − Enn}1≤i≤n−1 forms a basis for h. Let {εi}1≤i≤n−1 be the

corresponding dual basis of h∗. Then a basis for the simple roots S of G is:

S = {εi − εi+1}1≤i≤n−1,

and the set of positive roots with respect to this basis is:

R+ = {εi − εj | i < j}

The unipotent subgroup U+ (resp. U) is the group of upper (resp. lower) triangular

matrices with all diagonal entries equal to 1. The maximal torus T can be identified

with the scalar matrices of determinant 1 by Example 2.1.10, so B+ (resp. B) is

the group of upper (resp. lower) triangular matrices.

The corresponding Lie algebra to U+ (resp. U) is n+ (resp. n), the Lie algebra

consisting of strictly upper (resp. lower) triangular matrices. Then the Borel sub-

algebra b+ = Lie B+ (resp. b = Lie B) is the Lie algebra consisting of upper (resp.

lower) triangular matrices of trace zero. Note that b+ = h ⊕ n+ (resp. b = h ⊕ n),

and n+ is the nilradical of b+ (resp. n is the nilradical of b).
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The flag variety of SL2 with respect to the Borel subgroup B is the set of flags in

K2:

{V0 ⊆ V1 ⊆ V2 | Vi i-dimensional-subspace of K2},

which can naturally be identified with the projective variety P1.

Definition 2.2.26. The root datum of G is the quadruple (X(T ), R, Y (T ), R∨),

together with the pairing of X(T ) and Y (T ) and the bijection α → α∨ from R to

R∨.

Definition 2.2.27. Let G,G′ be connected split reductive K-groups. A

homomorphism of root data is a group homomorphism f : X(T ′) → X(T ) that

maps R′ bijectively to R and such that the dual homomorphism f∨ : Y (T )→ Y (T ′)

maps f(β∨) to β∨ for each β ∈ R′.

Definition 2.2.28. An isogeny is a surjective morphism φ : G → G′ of algebraic

groups with finite kernel.

Example 2.2.29. Given a root system R, there is a family of algebraic groups all

admitting the same root system. Recall, from Example 2.2.17, that SL2 and PGL2

have the same root system. Over the algebraically closed field K, there is an isogeny

φ : SL2(K) → PGL2(K), since there is an isomorphism PGL2(K) ∼= SL2(K)/m,

where m is the subgroup consisting of multiples of the identity matrix.

Proposition 2.2.30. Let R be a root system. There is a unique simply connected

group Gsc and a unique group of adjoint type Gad with root system R. Moreover, if

G′ is another group with the same root system, then G′ is a homomorphic image of
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Gsc and admits Gad as a quotient.

Proof. This follows from [58, 9.1, 11.4].

We write gsc (resp: gad) to denote the Lie algebra of the simply connected (resp.

adjoint) algebraic group G with a fixed root system.

Example 2.2.31. The simply connected group with root system A1 is SL2 and the

adjoint group with root system A1 is PGL2, from Example 2.2.17. It follows that

gsc = sl2, which we may identify with the Lie algebra of 2x2 matrices over K with

trace zero, and gad = pgl2. If the characteristic of K is not 2, then we have a Lie

algebra isomorphism pgl2
∼= sl2.

However, if the characteristic of K is 2, then pgl2 may be identified with the following

Lie algebra:

pgl2
∼=

K[x, y, z]

([x, y] = 0, [x, z] = x, [y, z] = y)

which is not isomorphic to sl2.

Theorem 2.2.32. A connected split reductive K-group G is determined up to iso-

morphism by its root datum. Furthermore, for each possible root datum, there exists

a split reductive K-group G.

Proof. This is [37, Proposition II.1.15 and Section II.1.17].
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In future, we will use the standard classification of root systems via Dynkin dia-

grams as in [35, Theorem 2.8], to denote possible root systems.

2.3 Rigid analytic geometry

In this subsection, we give some background on rigid analytic geometry, largely fol-

lowing [13]. In what follows, let R be a commutative discrete valuation ring with

uniformiser π, field of fractions K and residue field k.

Definition 2.3.1. A field K is non-archimedean if it admits a non-archimedean

absolute value, i.e. there is a map | · | : K → R such that, for all a, b ∈ K, the

following hold:

(a) |a| = 0 if and only if a = 0,

(b) |a||b| = |ab|,

(c) |a+ b| ≤ max{a, b}.

The absolute value gives rise to a distance function d(a, b) = |a − b|, and hence

we can define a natural topology on K. K is complete if every Cauchy sequence

converges.

Let K be a complete discretely valued field with a non-archimedean non-trivial val-

uation.

Definition 2.3.2. The nth Tate algebra Tn(K) = K〈ζ1, · · · , ζn〉 is the K-algebra
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consisting of all formal power series which converge on the unit disk Bn(K), i.e.

power series of the form:

∑
ν∈Nn

cνζ
ν ∈ K[[ζ1, · · · , ζn]]

such that cν ∈ K and lim|ν|→∞|cν | = 0.

Definition 2.3.3. A K-algebra A is an affinoid K-algebra if there is an epimorphism

α : Tn → A of K-algebras for some n ∈ N.

Let A be an affinoid K-algebra. Any a ∈ A can be viewed as a function on Max A,

the maximal spectrum of A, as follows. Given x ∈ Max A, we set a(x) to be the

residue class of a in A/x. Embedding the field A/x into the algebraic closure K of

K, the value a(x) is determined up to conjugacy. Hence the absolute value |a(x)| is

well-defined, as it is independent of the chosen embedding A/x→ K.

Definition 2.3.4. The affinoid K-space associated to A is the set Sp A := Max A,

together with its K-algebra of functions A.

Any affinoid K-space Sp A carries a Zariski topology, as in the algebraic case. A

Zariski closed subset of Sp A is defined to be:

V (a) := {x ∈ Sp A | f(x) = 0 for all f ∈ a}

for an ideal a ⊆ A.
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Definition 2.3.5. Let X = Sp A be an affinoid K-space. A subset U ⊆ X is an

affinoid subdomain of X if there is a morphism of affinoid K-spaces ι : X′ → X such

that ι(X′) = U, and any morphism φ : Y→ X of affinoid K-spaces with φ(Y) ⊆ U

factors through X′.

Example 2.3.6. Let X = Sp A be an affinoidK-space, and let f0, · · · , fr, g1, · · · , gs ∈

A be functions on X.

(a) A Weierstrass domain in X is a subset of the form:

X(f1, · · · , fr) := {x ∈ X | |fi(x)| ≤ 1}.

(b) A Laurent domain in X is a subset of the form:

X(f1, · · · , fr, g−1
1 , · · · , g−1

s ) = {x ∈ X | |fi(x)| ≤ 1, |gj(x)| ≥ 1}.

(c) A rational domain in X is a subset of the form:

X

Ñ
f1

f0

, · · · , fr
f0

é
= {x ∈ X | |fi(x)| ≤ |f0(x)|}

where the functions f0, · · · , fr have no common zeros.

By [13, Proposition 3.3/11], these are examples of open affinoid subdomains, called

the special affinoid subdomains.
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Theorem 2.3.7. Let X be an affinoid K-space and U ⊆ X an affinoid subdomain.

Then U is a finite union of rational subdomains of X.

Proof. This is [13, Theorem 3.3/20].

Definition 2.3.8. Let X be an affinoid K-space and U ⊆ X an affinoid sub-

domain. Let OX(U) denote the affinoid K-algebra corresponding to U. The

presheaf of affinoid functions is the functor defined by U 7→ OX(U).

Theorem 2.3.9. Let X be an affinoid K-space and U a finite covering of X by

affinoid subdomains. Then U is acyclic with respect to the presheaf OX of affinoid

functions on X.

Proof. This is [13, Theorem 4.3/1].

If X is given the Zariski topology, the presheaf of affinoid functions OX on an affinoid

K-space X does not satisfy sheaf properties for all coverings. Instead, we usually

endow X with a Grothendieck topology. This is a generalisation of a topological

space that can deal with these issues.

Definition 2.3.10. A Grothendieck topology I consists of a category Cat I and a

set Cov I of families (Ui → U)i∈I of morphisms in Cat I, called coverings, such

that the following hold:

(a) any isomorphism φ : U → V in Cat I has (φ) ∈ Cov I,

(b) if (Ui → U)i∈I and (Vij → Ui)j∈J belong to Cov I, then so does the composition

(Vij → Ui → U)i∈I,j∈J ,
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(c) if (Ui → U)i∈I belongs to Cov I and V → U is a morphism in Cat I, then the

fiber products Ui ×U V exist in Cat I and (Ui ×U V → V )i∈I belongs to Cov I.

We often think of the objects of Cat I as the open sets and the morphisms of Cat

I as inclusions. A family (Ui → U)i∈I in Cov I should then be interpreted as a

covering of an open set, and the fiber product Ui ×U V as an intersection of Ui

with V . This correspondence allows us to view an ordinary topological space X

as a space equipped with a Grothendieck topology, where Cat I is the category of

open sets of X, with the inclusions as morphisms, and Cov I consists of open cov-

ers of open subsets of X. A space X endowed with a Grothendieck topology is a site.

Definition 2.3.11. Let X be a site equipped with a Grothendieck topology I, and

C a category which admits cartesian products. A presheaf on I with values in C is

a contravariant functor F : Cat I → C. F is a sheaf if in addition the sequence:

F(U)→
∏
i∈I
F(Ui) ⇒

∏
i,j∈I
F(Ui ×U Uj)

is exact for any covering (Ui → U)i∈I in Cov I.

We will now specialise to the case where Cat I is a category of subsets of a space X,

with inclusions as morphisms. The objects of Cat I will be the admissible open subsets.

The elements of Cov I will be the admissible coverings. We would like the presheaf

OX of affinoid functions to be a sheaf. To this end, we define a Grothendieck topol-

ogy on X as follows.

Definition 2.3.12. The weak Grothendieck topology Xw on X, I, has Cat I as the

category of affinoid subdomains of X with inclusions as morphisms. The set Cov I
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is the set of all finite families (Ui → U)i∈I of inclusions of affinoid subdomains such

that U =
⋃
i∈I Ui.

Let X be an affinoid K-space. By Theorem 2.3.9, OX, where X is given the weak

Grothendieck topology, is in fact a sheaf. There is a canonical enlargement of the

weak Grothendieck topology, adding more admissible open sets and more admissi-

ble coverings, such that morphisms of affinoid K-coverings remain continuous and

sheaves in the weak Grothendieck topology extend to sheaves in this new topol-

ogy. This Grothendieck topology satisfies certain completeness conditions outlined

in [13, Proposition 5.1.5].

Definition 2.3.13. The strong Grothendieck topology Xrig on a site X is given as

follows:

(a) a subset U ⊆ X is admissible open if there is a (possibly infinite) covering

U =
⋃
i∈I Ui of U by affinoid subdomains Ui ⊆ X such that for all morphisms of

affinoid K-spaces φ : Z → X with φ(Z) ⊆ U the covering (φ−1(Ui))i∈I of Z admits

a refinement that is a finite covering of Z by affinoid subdomains.

(b) a covering V =
⋃
j∈J Vj of some admissible open V by admissible open subsets

Vj is admissible if for each morphism of affinoid K-spaces φ : Z → X satisfying

φ(Z) ⊆ V the covering (φ−1(Vj))j∈J of Z admits a refinement that is a finite covering

of Z by affinoid subdomains.

Recall that a ringed K-space is a pair (X,OX) where X is a topological space and

OX a sheaf of K-algebras on X. This concept can be naturally generalised to a site
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X.

Definition 2.3.14. A G-ringed K-space is a pair (X,OX), where X is a site and

OX a sheaf of K-algebras on X. It is a locally G-ringed K-space if the stalks OX,x

are each local rings.

Definition 2.3.15. A morphism of G-ringed K-spaces (X,OX)→ (Y,OY ) is a pair

(φ, φ∗) where φ : X → Y is a map, continuous with respect to the Grothendieck

topologies, such that φ∗ is a system ofK-homomorphisms φ∗V : OY (V )→ OX(φ−1(V )),

where V varies over the admissible open subsets of Y , which are compatible with

restriction homomorphisms in the sense that the following diagram commutes:

OY (V ) OX(φ−1(V ))

OY (U) OX(φ−1(U))

φ∗V

φ∗U

for any admissible open subsets U ⊆ V of Y .

If (X,OX) and (Y,OY ) are locally G-ringed K-spaces, a morphism (φ, φ∗) is a

morphism of locally G-ringed K-spaces if, additionally, for all x ∈ X the ring ho-

momorphisms:

φ∗x : OY,φ(x) → OX,x

induced from the φ∗V are local in the sense that the unique maximal ideal of OY,φ(x)

is mapped to the unique maximal ideal of OX,x.
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Proposition 2.3.16. Let X be a rigid K-space. The category of OX-modules

contains enough injectives.

Proof. This is [13, Proposition 6.2/2].

Let F be an OX-module. Consider the global sections functor Γ(X,−) : F 7→

Γ(X,F) := F(X). By Proposition 2.3.16, we may form its right derived functors

RnΓ(X,−).

Definition 2.3.17. The qth sheaf cohomology group ofX isHq(X,F) := RqΓ(X,F).

The global sections functor is left exact, so R0Γ(X,F) = Γ(X,F).

Definition 2.3.18. Let U be an Xw-covering of X, as in Definition 2.3.12. The

qth Čech cohomology group of a sheaf F on X with respect to this covering is the

cohomology of the usual Čech complex; it is denoted Ȟq(U ,F).

The qth Čech cohomology group of F on X is:

Ȟq(X,F) = lim−→ Ȟq(U ,F)

where the colimit is taken over all Xw-coverings of X ordered by refinement.

2.4 Fréchet-Stein algebras

Following [55, Section 3], we now define Fréchet-Stein algebras and give some of

their basic properties. Many of the constructions in later sections admit the natural
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structure of a Fréchet-Stein algebra.

Definition 2.4.1. Let X be a topological vector space. X is a Fréchet space if

it is Hausdorff, its topology may be induced by a countable family of seminorms

|| · ||k, k ∈ N and it is complete with respect to this topology.

More precisely, U ⊆ X is open if for every u ∈ U there is K ≥ 0 and ε > 0 such

that {v | ||v − u||k < ε ∀k ≤ K} is a subset of U .

Now let A be a K-Fréchet algebra, so A has the underlying structure of a K-Fréchet

space and the algebra multiplication is continuous. Let q1 ≤ · · · ≤ qn ≤ · · · be a

sequence of algebra seminorms that define the Fréchet topology. Each seminorm

induces a norm on the quotient space:

A

{a ∈ A | qi(a) = 0}
.

Taking the completion of this space with respect to qi gives a K-Banach space, Aqi .

The identity map on A induces a continuous linear map φqiqj : Aqj → Aqi , which we

call the transition map. In this case, φqiqj is an algebra homomorphism and we have

an isomorphism of Fréchet algebras:

A→ lim←−Aqn .

Definition 2.4.2. A is a Fréchet-Stein algebra if there is a sequence q1 ≤ · · · ≤

qn ≤ · · · of continuous algebra seminorms which define the Fréchet topology on A
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such that:

(a) Aqn is left Noetherian,

(b) Aqn is flat as a right Aqn+1-module, with the module structure induced by the

map φqnqn+1
: Aqn+1 → Aqn .

Definition 2.4.3. A coherent sheaf for (A, qn) is a family (Mn)n∈N of Aqn-modules,

together with Aqn-module isomorphisms Aqn ⊗Aqn+1
Mn+1 →Mn for any n ∈ N.

The coherent sheaves, together with the obvious notion of a morphism, form a cat-

egory CohA,qn . As a consequence of the flatness requirement, one sees that this

category is abelian.

Definition 2.4.4. Let (Mn)n be a coherent sheaf for (A, qn). The A-module of

global sections for (Mn)n is:

Γ(Mn) := lim←−Mn.

Definition 2.4.5. A left A-module is coadmissible if it is isomorphic to the module

of global sections for some coherent sheaf for (A, qn).

2.5 Crystalline differential operators on homoge-

neous spaces

In this section, we recall some of the arguments from [4, Section 4], to define the

sheaf of enhanced vector fields ‹T on a smooth scheme X, and the relative enveloping

algebra ‹D of an H-torsor ξ : X̃ → X. We will see these constructions applied to the
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case where X = G/B is the flag variety of a connected split reductive affine alge-

braic group scheme, as in the sense of Definition 2.2.22, and compute some explicit

examples in the case G = SL2.

Let R be a fixed commutative Noetherian ring, and let X be a smooth separated

R-scheme that is locally of finite type. Let H be a flat affine algebraic group over

R of finite type, and let X̃ be a scheme equipped with an H-action.

Definition 2.5.1. A morphism ξ : X̃ → X is an H− torsor if:

(a) ξ is faithfully flat and locally of finite type,

(b) the action of H respects ξ,

(c) the map X̃ ×H→ X̃ ×X X̃, (x, h)→ (x, hx) is an isomorphism.

An open subscheme U of X trivialises the torsor ξ if there is an H-invariant isomor-

phism:

U ×H→ ξ−1(U)

where H acts on U ×H by left translation on the second factor.

Definition 2.5.2. Let SX denote the set of open subschemes U of X such that:

(a) U is affine,

(b) U trivialises ξ,
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(c) O(U) is a finitely generated R-algebra.

ξ is locally trivial for the Zariski topology if X can be covered by open sets in SX .

Lemma 2.5.3. If ξ is locally trivial, then SX is a base for X.

Proof. Since X is separated, SX is stable under intersections. If U ∈ SX and W is

an open affine subscheme of U , then W ∈ SX . Hence SX is a base for X.

The action of H on X̃ induces a rational action of H on O(V ) for any H-stable open

subscheme V ⊆ X̃, and therefore induces an action of H on T
X̃

via:

(h · ∂)(f) = h · ∂(h−1 · f)

for ∂ ∈ T
X̃
, f ∈ O

X̃
and h ∈ H. The sheaf of enhanced vector fields on X is:

‹T := (ξ∗TX̃)H.

Differentiating the H-action on X̃ gives an R-linear Lie algebra homomorphism:

j : h→ T
X̃

where h is the Lie algebra of H.

Definition 2.5.4. The enhanced cotangent bundle is the vector bundle τ : T̃ ∗X →

X associated to the sheaf ‹T , which is locally free by [4, Lemma 4.4].
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Definition 2.5.5. Let ξ : X̃ → X be an H-torsor. Then ξ∗DX̃ is a sheaf of R-

algebras with an H-action. The relative enveloping algebra of the torsor is the sheaf

of H-invariants of ξ∗DX̃ :

‹D := (ξ∗DX̃)H.

This sheaf has a natural filtration:

Fm ‹D := (ξ∗FmDX̃)H

induced by the filtration on D
X̃

by order of differential operator.

Let G be a split reductive connected algebraic group over a discrete valuation ring

R, with uniformiser π, residue field k and field of fractions K. Let B be a Borel

subgroup. Let N be the unipotent radical of B, and H := B/N the abstract Cartan

group. Let ‹B denote the homogeneous space G/N. There is an H-action on ‹B
defined by:

bN · gN := gbN

which is well-defined since [B,B] is contained in N. B := G/B is the flag variety of

G, as in Definition 2.2.22. ‹B is the basic affine space of G.

By the splitting assumption of G, we can find a Cartan subgroup T of G comple-

mentary to N in B. This is naturally isomorphic to H, and induces an isomorphism
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of the corresponding Lie algebras t → h. The adjoint action of T on g induces a

root space decomposition:

g = n⊕ t⊕ n+

where n is spanned by the weight spaces of the negative roots of G. This induces

an isomorphism of R-modules:

U(g) ∼= U(n)⊗ U(t)⊗ U(n+)

and a direct sum decomposition:

U(g) = U(t)⊕ (nU(g) + U(g)n+).

Lemma 2.5.6. The natural projection ξ : ‹B → B is a locally trivial H-torsor.

Proof. This is [4, Lemma 4.7(c)].

We may differentiate the natural G-action on ‹B to obtain an R-linear Lie homo-

morphism:

ϕ : g→ TB̃.

Since the G-action commutes with the H-action on ‹B, this map descends to an

R-linear Lie homomorphism ϕ : g→ ‹TB and an OB-linear morphism:
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ϕ : OB ⊗ g→ ‹TB
of locally free sheaves on B. Dualising, we obtain a morphism of vector bundles over

B:

ϕ∗ : flT ∗B → B × g∗

from the enhanced cotangent bundle to the trivial vector bundle of rank dim g.

Definition 2.5.7. The enhanced moment map is the composition of ϕ∗ with the

projection onto the second coordinate:

β : flT ∗B → g∗.

The adjoint action of G on g induces an action of G on U(g) via algebra automor-

phisms. Composing the inclusion U(g)G → U(g) with the projection U(g) → U(t)

defined by the direct sum decomposition g = n⊕ t⊕ n+ yields the Harish-Chandra

homomorphism:

φ : U(g)G → U(t)

Proposition 2.5.8. Let R be an integral domain. Then there is a commutative

diagram of filtered rings:
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U(g)G U(t)

U(g) ‹D,
φ

i j◦i

U(φ)

where i denotes the inclusion U(g)G → U(g).

Proof. This is [4, Lemma 4.10].

Example 2.5.9. Suppose R is a complete discrete valuation ring and let G =

SL2(K). As in Example 2.2.25, we take B to be the subgroup of lower triangular

matrices, and N to be the subgroup consisting of lower triangular matrices with

diagonal entries equal to 1. Then B = G/B ∼= P1, and ‹B = G/N ∼= A2/{0}.

Let H = B/N be the abstract Cartan group. This is isomorphic to the multiplicative

group Gm. Its associated Lie algebra h is isomorphic to the algebra of scalar matrices.

Let T be a maximal torus of G. Then t is an abelian Lie algebra generated by the

matrix:

ñ
1 0
0 −1

ô
.

Let G act on B by left multiplication, and let x ∈ B. The differential of the orbit map

φx : G → Gx at 1 ∈ G is a linear map dφx : g 7→ Tx(Gx) ⊆ TxB. These assemble

to give a map of vector bundles: B × g → TB defined by (x, a) 7→ (x, dφx(a)).

Identifying the vector bundles with their corresponding locally free sheaves, we have

a morphism φ : OB ⊗ g→ TB. This can be written as:
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φ(a)(β)(z) = lim
ε→0

β((1 + εa)−1z)− β(z)

ε

for a ∈ g, β ∈ OX and z ∈ X.

Returning to our situation, let SL2 act on the flag variety P1. Let z be a local

coordinate of P1 near 0, and let e, f, h be the standard basis for sl2. Applying the

formula, we see that:

φ(e)(x)(z) = lim
ε→0

x((1 + εe)−1z)− x(z)

ε

= lim
ε→0

ñ
1 −ε
0 1

ô
z −

ñ
1 0
0 1

ô
z

ε
= −1

Hence the vector field corresponding to the derivation φ(e) is the assignment z 7→

(z,−1), and so φ(e) = −∂z. Similarly, we see that:

φ(f) = z2∂z,

φ(h) = −2z∂z.

Next we compute the R-linear Lie algebra homomorphism j : g→ TB̃ differentiating

the G-action on ‹B. Let x, y be the coordinates of ‹B ∼= A2 \ {0}. Substituting into

the above formula, we see that:
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j(e)(x)(z) = lim
ε→0

x((1 + εe)−1z)− x(z)

ε

= lim
ε→0

ñ
1 −ε
0 1

ô
z −

ñ
1 0
0 1

ô
z

ε

It follows that the vector field corresponding to the derivation j(e) is the assign-

ment z 7→ ((0, 0), (−z, 0)), so j(e) = −x∂y. Via similar calculations, j(f) = y∂x and

j(h) = −x∂x + y∂y.

Finally, we verify that the diagram in Lemma 2.5.8 is commutative. Recall that the

G-invariants U(g)G may be identified with the centre Z(g) of U(g). For g = sl2, we

have Z(g) ∼= K[C], where C denotes the Casimir element C := 1
2
h2 + 2ef − h. The

Harish-Chandra homomorphism φ : U(g)G → U(t) sends C to 1
2
(h2 − 2h). By the

above calculation, j(1
2
(h2 − 2h)) = 1

2
(x2(∂x)

2 + y2(∂y)
2 + x∂x)− xy∂x∂y.

On the other hand, the bottom map U(φ) : U(g)→ ‹D sends C = 1
2
h2 + 2ef − h to

1
2
(x2(∂x)

2 + y2(∂y)
2 + x∂x)− xy∂x∂y also. Hence the diagram is commutative.

2.6 Lie-Rinehart algebras and D̂-modules on rigid

analytic spaces

We now begin our study of D-modules on rigid analytic spaces. In this section, we

summarise some of the main constructions and results from [5], in preparation for

our work on equivariant D-modules on rigid analytic spaces. The main result of this

section is the construction of the sheaf of completed differential operators on a rigid
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analytic space.

In what follows, let R be a commutative discrete valuation ring with uniformiser

π, residue field k and field of fractions K, and let X be a rigid K-space. Write

Xw to denote the site X equipped with the weak Grothendieck topology in the

sense of Definition 2.3.12, and Xrig to denote the site X equipped with the strong

Grothendieck topology in the sense of Definition 2.3.13.

Proposition 2.6.1. There is a coherent sheaf TX of K-Lie algebras on Xrig such that

TX(U) := DerKO(U) for each affinoid subdomain U of X. This is the tangent sheaf

of X.

Proof. This is [5, Proposition 9.1].

Definition 2.6.2. A Lie algebroid on X is a pair (ρ,L ) such that:

(a) L is a locally free sheaf of O-modules of finite rank on Xrig,

(b) L has the structure of a sheaf of K-Lie algebras,

(c) ρ : L → T is an O-linear map of sheaves of Lie algebras such that:

[x, ay] = a[x, y] + ρ(x)(a)y

for U an admissible open subset of X, x, y ∈ L (U) and a ∈ O(U).

Example 2.6.3. (a) Let X be the one-point space. Then a Lie algebroid (ρ,L) on

X is a K-Lie algebra.

(b) Given a general smooth rigid K-space Xrig, the tangent sheaf T is locally free
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and hence is an example of a Lie algebroid by Proposition 2.6.1, with L = T and

ρ the identity map.

Definition 2.6.4. Let S be a commutative ring and A a commutative S-algebra. A

Lie-Rinehart algebra, or an (S−A)−Lie algebra, is a pair (L, ρ), where L is an S-Lie

algebra and an A-module, and ρ : L → DerS(A) is a Lie algebra homomorphism

satisfying:

[x, ay] = a[x, y] + ρ(x)(a)y for all x, y ∈ L, a ∈ A.

ρ is the anchor map.

This is the global algebraic analogue of a Lie algebroid. Note that it can be defined

over any commutative ring S.

Definition 2.6.5. (a) An (S − A)-Lie algebra L is coherent if it is coherent as an

A-module, i.e. L is finitely generated and every finitely generated A-submodule N

of L is finitely presented.

(b) L is smooth if it is projective as an A-module.

We now outline the construction of the universal enveloping algebra U(L) of a Lie-

Rinehart algebra L over A. The left A-module A ⊕ L has a natural Lie algebra

structure, where the Lie bracket is given by:

[(a, x), (b, y)] = (ρ(x)(b)− ρ(y)(a), [x, y])
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for a, b ∈ A and x, y ∈ L. Let U(A ⊕ L) be its universal enveloping algebra over

S. Let ι : A⊕L→ U(A⊕L) be the canonical inclusion and ‹U(A⊕L) the image of ι.

Definition 2.6.6. The universal enveloping algebra of a Lie-Rinehart algebra (L, ρ)

is:

U(L) :=
‹U(A⊕ L)

(ι(s, 0) · ι(r, x)− ι(sr, sx))
.

U(L) may be equipped with canonical homomorphisms iA : A→ U(L) and iL : L→

U(L) of R-algebras and R-Lie algebras respectively, satisfying:

iL(ax) = iA(a)iL(x),

[iL(x), iA(a)] = iA(ρ(x)(a)),

for a ∈ A and x ∈ L. Furthermore, U(L) is universal with respect to these prop-

erties: for any other pair of homomorphisms jA : A → S ′, jL : L → S ′ satisfying

these relations there is a unique S-algebra homomorphism φ : U(L)→ S ′ such that

φ ◦ iA = jA and φ ◦ iL = jL.

If (L, ρ), (L′, ρ′) are two (S−A)-Lie algebras, a morphism of (S−A)-Lie algebras is

an A-linear map f : L→ L′ that is a morphism of S-Lie algebras satisfying ρ′◦f = ρ.

The morphism f induces an S-algebra homomorphism U(f) : U(L)→ U(L′) via:
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U(f)(a) = a,

U(f)(iL(x)) = iL′(f(x)),

for a ∈ A, x ∈ L. Hence U is a functor from (S − A)-Lie algebras to S-associative

algebras.

Definition 2.6.7. Let φ : A → A′ be an S-algebra homomorphism, let L be an

(S,A)-Lie algebra and let L′ be an (S,A′)-Lie algebra. Then φ̃ : L → L′ is a φ-

morphism if:

(a) φ̃ is a homomorphism of S-Lie algebras,

(b) φ̃(a · v) = φ(a) · φ̃(v),

(c) φ̃(v) · φ(a) = φ(v · a) for all a ∈ A, v ∈ L.

Lemma 2.6.8. Let φ : A→ A′ be an S-algebra homomorphism, let L be an (S,A)-

Lie algebra and let L′ be an (S,A′)-Lie algebra. Then every φ-morphism φ̃ : L→ L′

extends uniquely to a filtration-preserving S-algebra homomorphism U(φ, φ̃) such

that the following diagram of S-modules commutes:

A⊕ L A′ ⊕ L′

U(L) U(L′).

φ⊕φ̃

iA⊕iL iA′⊕iL′

U(φ,φ̃)

Proof. This is [1, Lemma 2.1.7].

We now restrict to the case of K-affinoid algebras. Recall the following definitions
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from [1, Section 3.1]:

Definition 2.6.9. An R-algebra A is topologically of finite presentation if it can be

realised as the quotient of the algebra of restricted formal power series in finitely

many variables over R by a finitely generated ideal:

A ∼=
R〈x1, · · · , xn〉

a
.

Definition 2.6.10. (a) A is admissible if it is topologically of finite presentation

and flat as an R-module.

(b) An affine formal R-scheme X is admissible if X = Spf A for some admissible

R-algebra A.

(c) A formal R-scheme Y is admissible if it is locally isomorphic to an admissible

affine formal R-scheme.

Definition 2.6.11. Let X be an admissible formal scheme.

(a) G(X ) := AutR(X ,OX ) denotes the group of R-linear automorphisms of X .

(b) For every n ≥ 0, letRn := R/πnR and Xn := X×Spf RSpf Rn. The nth congruence

subgroup of G(X ) is:
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Gπn(X ) := ker(G(X )→ AutRn(Xn,OXn)).

Definition 2.6.12. Let A be an affinoid K-algebra. An admissible R-algebra A

is an affine formal model for A if we have an isomorphism of K-affinoid algebras

A ∼= A⊗R K.

A surjection R〈x1, · · · , xn〉 → A gives rise to a residue norm on A with unit ball A.

It follows that an R-subalgebra of A is an affine formal model if and only if it can be

realised as the unit ball of some residue norm on A. We note an easy consequence

of the definition of affine formal models for later use.

Lemma 2.6.13. Let A,B be two affine formal models of the K-affinoid algebra A.

The product AB is another formal model of A, and AB is finitely generated as a

module over A and B.

Proof. This is [5, Lemma 3.1].

Definition 2.6.14. Let L := DerK(A) and let L be an A-submodule of L. L is an

A-Lie lattice in L if it satisfies the following conditions:

(a) L is finitely presented as an A-module,

(b) L spans L as a K-vector space,

(c) [L,L] ⊆ L and L(A) ⊆ A.

This is the Lie algebra analogue of the definition of an affine formal model. Just as

above, an (R,A)-Lie algebra L is an A-Lie lattice if and only if it can be realised as

the intersection of L with the unit ball of some residue norm on A, defined inside

L. The canonical example of an A-Lie lattice L is the (R,A)-Lie algebra DerR(A).
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In what follows, it will be useful to keep this example in mind.

Definition 2.6.15. Let Y = Sp A be a smooth affinoid rigid space. The algebra of

differential operators on Y is U(DerK(A)).

For a general smooth rigid space Y, the sheaf of differential operators on Y is the

sheaf D which satisfies:

DY(Z) = U(DerK(B))

for all affinoid subdomains Z := Sp B of Y, with natural restriction maps.

Definition 2.6.16. Let L be an A-Lie lattice in L that is also an (R,A)-Lie al-

gebra, and let U(L) be its universal enveloping algebra as in Definition 2.6.6. The

π − adic completion of U(L) is Û(L) := lim←−U(L)/πaU(L).

We also set Û(L)K := Û(L)⊗R K.

Definition 2.6.17. The Fréchet completion of the A-Lie lattice L is:

U̇(L)A,L := lim←−
̂U(πnL)K .

This is a countable inverse limit of K-Banach algebras and so is a Fréchet alge-

bra. By [5, Lemma 6.2 and Proposition 6.2], this definition is independent of the

choice of A and A-Lie lattice L in L. Hence we can unambiguously define the
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Fréchet completion U̇(L) := lim←−
̂U(πnL)K .

Theorem 2.6.18. Let A be a K-affinoid algebra and L a smooth coherent (K,A)-

Lie algebra. Suppose L has an A-Lie lattice L for some affine formal model A in

O(X). Then U̇(L) is a two-sided Fréchet-Stein algebra.

Proof. This is [5, Theorem 6.4] and [10, Theorem 1.1(ii)].

2.7 Algebraic background for equivariant D-modules

Following [1], we outline the construction of the category CX/G of coadmissible G-

equivariant D-modules on a smooth rigid analytic space X equipped with the con-

tinuous action of a p-adic Lie group G. To do so, we introduce the completed

skew-group algebra ÙD(X, G), which is a particular Fréchet completion of the skew-

group product D(X) oG. Given certain topological conditions on the pair (X, G),

we show that ÙD(X, G) is a Fréchet-Stein algebra in the sense of Definition 2.4.2.

We then use this construction to form the sheaf LocAX, dependent on some fixed

K-algebra A; the construction of CX/G follows from this.

We begin with some topological preliminaries on trivialisations of skew-group rings

and G-equivariant sheaves of modules.

Definition 2.7.1. Let S be a ring and G a group acting on S via ring automor-

phisms. The skew-group ring SoG is a free left S-module with basis G, and whose

multiplication is given by:
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(sg) · (th) = (s(g · t))(gh) for all s, t ∈ S, g, h ∈ G.

Definition 2.7.2. A trivialisation of the skew-group ring S o G is a group homo-

morphism β : G→ S× such that for all g ∈ G, the conjugation action of β(g) ∈ S×

coincides with the action of g on S.

Given a trivialisation β : G → S×, [1, Lemma 2.2.2] guarantees the existence of a

ring isomorphism β̃ : S[G]→ S oG. Now let N be a normal subgroup of G and let

β : N → S× be a trivialisation of the sub-skew-group ring S oN . We set:

S oβ
N G :=

S oG

(S oG) · (β̃(N)− 1)
.

Definition 2.7.3. The trivialisation β is G-equivariant if β(gng−1) = g · β(n) for

all g ∈ G and n ∈ N .

Let X be a site equipped with a Grothendieck topology, and let Homeo(X) be the

group of continuous bijections with continuous inverse on X. The group G acts on

X if there is a group homomorphism ρ : G → Homeo(X). Let U be an admissible

open subset of X. Then its image under the action of g ∈ G is denoted by gU . This

gives an auto-equivalence:

ρ(g)∗ =: g∗

of the category of sheaves of X, with inverse g∗ := ρ(g−1)∗. Thus, for any sheaf F

on X, we define:

60



(g∗F)(U) := F(g−1U)

(g∗F)(U) := F(gU).

Definition 2.7.4. Let R be a commutative ring and let F be a presheaf of R-

modules on X. F is an R-linear G-equivariant presheaf if it is equipped with a

natural transformation gF : F → g∗F , for each g ∈ G, which satisfies:

(gh)F = h∗(gF) ◦ hF for any g, h ∈ G.

We write (F , gF) to denote a presheaf F equipped with an R-linear G-equivariant

structure. A morphism of R-linear G-equivariant presheaves φ : (F , gF)→ (F ′, gF ′)

is a morphism of presheaves φ : F → F ′ such that, for any g ∈ G, the following

diagram commutes:

F F ′

g∗F g∗F ′.

φ

g∗F g∗F ′

g∗(φ)

Definition 2.7.5. Let G act on X and let A be a sheaf of R-algebras on X. A is

a G-equivariant sheaf of R-algebras if we have an R-linear G-equivariant structure

{gA | g ∈ G} such that each gA : A → g∗A is a morphism of sheaves of R-algebras.

Given a G-stable admissible open subset U of X, there is a natural G-action on

A(U) by R-algebra automorphisms, given by:

g · a = gA(a) for all g ∈ G, a ∈ A.
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Definition 2.7.6. Let A be a G-equivariant sheaf of R-algebras on X. A G-

equivariant sheaf ofA-modules onX, or aG−A-module, is anR-linearG-equivariant

sheaf M on X such that M is a sheaf of (left) A-modules and:

gM(a ·m) = gA(a) · gM(m) for any g ∈ G, a ∈ A,m ∈M.

A morphism of G−A-modules is a morphism of sheaves of A-modules which is also

a morphism of R-linear G-equivariant sheaves. The category of G − A-modules is

denoted by G−A-mod.

Proposition 2.7.7. Let X be an admissible open in the Grothendieck topology.

The global sections functor Γ(X,−) is a functor from G−A-modules to A(X)oG-

modules.

Proof. Let M be a G−A-module on X, and define:

ag •m = a · gM(m)

for all a ∈ A(X), g ∈ G and m ∈M(X). Then:

g • (a ·m) = gM(a ·m) = gA(a) · gM(m) = (gA(a)g) •m

by Definition 2.7.6. Similarly, (gh) • m = g • (h • m) for all g, h ∈ G and m ∈

M(X). It follows thatM(X) naturally admits a A(X)oG-module structure via •.

Furthermore, if φ : M → N is a morphism of G−A-modules, then φ(X) :M(X)→

N (X) is A(X) oG-linear.
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2.8 Constructing the category CX/G

In this section, we outline the arguments in [1, Section 3], to construct the com-

pleted skew-group algebra ÙD(X, G), and use this to define the category CX/G of

coadmissible G-equivariant locally Fréchet D-modules. Throughout this section, we

suppose K is a field equipped with a complete non-archimedean norm | · |, as in

Definition 2.3.1, R := {λ ∈ K | |λ| ≤ 1} is the unit ball inside K and π ∈ R is a

fixed non-zero non-unit element.

Definition 2.8.1. Let G be a topological group and X a rigid analytic variety. G

acts continuously on X if there is a group homomorphism ρ : G → AutK(X,OX)

such that for every quasicompact quasiseparated admissible open subset U of X:

(a) the stabiliser GU of U in G is open in G,

(b) the induced group homomorphism ρU : GU → AutK(U,OU) is continuous,

whereGU is given the subspace topology and AutK(U,OU) has a Hausdorff topology

with a filter base given by congruence subgroups of AutR(X,OX), constructed in [1,

Theorem 3.1.5].

Definition 2.8.2. Let G be an R-group scheme. We equip its group of R-points

G(R) with the topology in which the congruence subgroups:

Gπn(R) := ker(G(R)→ G(R/πnR))

form a filter base. This is the congruence-subgroup topology on G(R).
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Definition 2.8.3. Let L be an A-Lie lattice in L, and let U(L) denote its universal

enveloping algebra in the sense of Definition 2.6.6.

(a) The π − adic completion of U(L) is:

Û(L) := lim←−
U(L)

πaU(L)
.

(b) The R-torsion submodule of Û(L) is denoted by Û(L)tors. The R-torsion-free

part of Û(L) is Û(L) := Û(L)/Û(L)tors.

(c) Set Û(L)K := Û(L)⊗R K.

From now on, we assume that X is a rigid analytic variety, G is a p-adic Lie group

acting continuously on X, and A is a G-stable formal model in A := O(X).

Definition 2.8.4. Let A be an affine formal model in A and L an A-lattice in L.

L is G− stable if the affine formal model A is G-stable, and L is invariant under the

natural action of G on L.

Let L be a G-stable A-Lie lattice in T (X). Recall from [1, Lemma 3.2.4], that any

affine formal model A is contained in a G-stable affine formal model. We set:

GL := ρ−1(exp(peL)),

where e := 1 if p > 2 and e := 2 if p = 2. By [1, Theorem 3.2.12], this is an open

normal subgroup of G.
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Let E := EndR(A), and U := Û(L). Denote by ι the natural map ̂iA ⊕ iL : A⊕L →

U . By [1, Lemma 3.2.10(a)], there is a uniqueR-algebra homomorphism ψL : U → E

such that ψL(ι(a)) = iA(a) and ψL(ι(v)) = v for all a ∈ A and v ∈ L.

Proposition 2.8.5. The map βL := (ψ×L )−1 ◦ ρ : GL → U× is a G-equivariant

trivialisation of the GL-actions on Û(L) and Û(L)K , fitting into the commutative

diagram:

GL G

exp(peL) U× E×.

ρ|GL
βL ρ

ψ×L

Proof. This is [1, Theorem 3.2.12(b)].

Definition 2.8.6. Let A be a G-stable affine formal model in A. (L, N) is an A-

trivialising pair if L is a G-stable A-Lie lattice in DerK(A) and N is an open normal

subgroup of G contained in GL. The set of all A-trivialising pairs is denoted by

I(G).

The set I(G) becomes directed when ordered by component-wise reverse inclusion,

i.e. (L1, N1) ≤ (L2, N2) if and only if L2 ⊆ L1 and N2 ⊆ N1. One can define

canonical connecting homomorphisms:

Û(L2) oN2 G→ Û(L1) oN1 G,

Û(L2)K oN2 G→ Û(L1)K oN1 G.

Definition 2.8.7. The completed skew-group algebra is:
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ÙD(X, G)A := lim←− Û(L)K oN G

and the integral completed skew-group ring is:

AÙoG := lim←− Û(L) oN G.

Definition 2.8.8. Let (N•) = N0 ≥ N1 ≥ · · · be a separated chain of open nor-

mal subgroups of G, and let L be a G-stable A-Lie lattice in DerK(A). (N•) is a

good chain for L if (πnL, Nn) ∈ I(G) for all n ≥ 0.

This notion allows us to simplify the definition of ÙD(X, G)A.

Lemma 2.8.9. For every good chain (N•) for L, there is a K-algebra isomorphism:

ÙD(X, G)A ∼= lim←− Û(πnL) oNn G.

Proof. This is [1, Lemma 3.3.4].

Proposition 2.8.10. ÙD(X, G)A is independent of the choice of A.

Proof. This is [1, Proposition 3.3.8].

In what follows, we will drop the subscript A from ÙD(X, G).

Corollary 2.8.11. ÙD(X, G) is a K-Fréchet algebra.

Proof. This is [1, Corollary 3.3.9].
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Let Xw/G denote the set of G-stable affinoid subdomains of X.

Lemma 2.8.12. ÙD(−, G) is a presheaf of K-Fréchet algebras on Xw(G).

Proof. This is [1, Lemma 3.4.2].

Definition 2.8.13. Let U be an affinoid subdomain of X and H a compact open

subgroup of GU. (U, H) is small if T (U) has an H-stable free A-Lie lattice L for

some H-stable affine formal model A in O(U).

Definition 2.8.14. Let Xw(T ) denote the set of affinoid subdomains U of X such

that T (U) has a free A-Lie lattice L for some affine formal model A in O(U).

The notion of smallness enjoys nice closure properties, as described in the following

lemma.

Lemma 2.8.15. (a) Let (X, G) be small. Then (U, H) is small for every affinoid

subdomain U of X and every compact open subgroup H of GU.

(b) For every U ∈ Xw(T ), there is a U-small subgroup H.

Proof. This is [1, Lemma 3.4.5 and Lemma 3.4.7].

We now come to a fundamental theorem that relates the construction of ÙD(X, G)

to the theory of p-adic distribution algebras.

Theorem 2.8.16. Suppose that (U, H) is small. Then ÙD(U, H) is a two-sided

Fréchet-Stein algebra.
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Proof. This is [1, Lemma 3.4.8].

Definition 2.8.17. Let G be a p-adic Lie group, acting continuously on a smooth

rigid analytic variety X, and let A be a K-algebra. A acts on X compatibly with G

if there is:

(a) a group homomorphism η : G→ A×,

(b) a Fréchet-Stein subalgebra AH of A for every compact open subgroup H of G,

(c) a continuous homomorphism φH : AH → ÙD(−, H) of presheaves of K-Fréchet

algebras on Xw/H for every compact open subgroup H of G, where AH is viewed

as a constant presheaf.

Furthermore, for any pair H ≤ N of compact open subgroups of G:

(i) AH ≤ AN , η(H) ⊆ A×H and the canonical map:

AH ⊗K[H] K[N ]→ AN

is a bijection.

(ii) the following diagram of presheaves is commutative:

AH ÙD(−, H)

AN ÙD(−, N).

φH

φN
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(iii) for every g ∈ G, the map Adη(g) : A → A, obtained by conjugation by η(g),

sends AH into AgHg−1 , and for every U ∈ Xw/H, the following diagram commutes:

AH ÙD(−, H)

ÙD(U, H) ÙD(gU, gHg−1).

Adη(g)

φU(H) φgHg
−1

(gU)

ḡU,H

(iv) φH ◦ η |H= γH .

Definition 2.8.18. Suppose A acts on X compatibly with G. The A-module M is

coadmissible if it is coadmissible as an AH-module for some compact open subgroup

H of G, in the sense of Definition 2.4.5. The full subcategory of coadmissible A-

modules is denoted by CA.

Definition 2.8.19. Let C,D be Fréchet-Stein algebras. A Fréchet space P is a

C-coadmissible (C,D)-bimodule if P is a coadmissible left C-module equipped with

a continuous homomorphism Dop → EndC(P ), where EndC(P ) is a K-Fréchet space

via the inverse limit topology in the category of locally convex vector spaces, via:

EndC(P ) ∼= lim←−HomCn(Cn ⊗C P,Cn ⊗C P )

Suppose (U, H) is small and M is a coadmissible A-module. Then φH(U) : AH →ÙD(U, H) is a continuous homomorphism between two Fréchet-Stein algebras by

Theorem 2.8.16, ÙD(U, H) is a ÙD(U, H)-coadmissible ÙD(U, H)−AH-bimodule, and

so we can form the coadmissible ÙD(U, H)-module:

ÙD(U, H)Ù⊗AHM := M(U, H).
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Definition 2.8.20. For U ∈ Xw(T ), we set:

PAX(M)(U) := lim←−M(U, H)

where H runs over the U-small subgroups of G.

It turns out that each morphism in the inverse system defining PAX(M)(U) is an

isomorphism, and so we have a bijection between PAX(M)(U) and M(U, H) for each

H.

Theorem 2.8.21. Let U ∈ Xw(T ). Then PAX(M) |Uw is a sheaf on Uw with

vanishing higher Čech cohomology, for any coadmissible A-module M .

Proof. This is [1, Theorem 3.5.11].

Definition 2.8.22. LocAX(M) is the unique sheaf on Xrig whose restriction to Xw

is the presheaf PAX(M).

Definition 2.8.23. A G-equivariant D-module M on Urig is locally Fréchet if:

(a) M(U) is equipped with a Fréchet topology for every U ∈ Xw(T ),

(b) the maps gM(U) : M(U) → M(gU) are continuous for all U ∈ Xw(T ) and

g ∈ G.

A morphism of G-equivariant locally Fréchet D-modules is a morphism f :M→N

of G-equivariant D-modules, such that the induced maps f(U) : M(U) → N (U)

are continuous for every U ∈ Xw(T ).
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The category whose objects are G-equivariant locally Fréchet D-modules and whose

morphisms are continuous maps between them is denoted by Frech(G−D)−mod.

Definition 2.8.24. Let U be an Xw(T )-covering. A G-equivariant locally Fréchet

D-module M is U − coadmissible if, for all U ∈ U , there is a U-small subgroup H,

a coadmissible ÙD(U, H)-module M , and an isomorphism:

Loc
ÛD(U,H)
U (M) ∼=M |Urig

of H-equivariant locally Fréchet D-modules on U.

M is coadmissible if it is U -coadmissible for some Xw(T )-covering U .

The category of coadmissible G-equivariant D-modules is the full subcategory of

Frech(G − D) − mod whose objects are coadmissible G-equivariant D-modules. It

is denoted by CX/G.

Theorem 2.8.25. The category CX/G is abelian.

Proof. This is [1, Theorem 3.7.7].
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Chapter 3

The nilpotent cone and the
Springer resolution

3.1 Characteristic

In this chapter, we study the geometric structure of the nilpotent cone N of the

Lie algebra g of a reductive algebraic group G in arbitrary characteristic. We begin

with a discussion of the ordinary nilpotent cone, defined as a subvariety of g, and

then give a characterisation of the dual nilpotent cone N ∗.

Our treatment of the material on N is based on that of Jantzen in [39]. We gen-

eralise some of his arguments which are dependent on certain restrictions on the

characteristic. Later, we will specialise further to the case G = PGLn and p|n at

certain points of the argument. The last section of the chapter discusses analogues

of the results presented here when we consider a more general algebraic group G.

Let G be a split reductive algebraic group scheme, defined over Z, and K an alge-

braically closed field of characteristic p > 0. Let G := G(K). Let g denote the Lie

algebra of G and W (G) the Weyl group of G. When G is clear from context, we will

abbreviate W (G) to W . Since G is a linear algebraic group, we fix an embedding
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G ⊆ GL(V ) for some n-dimensional K-vector space V .

Definition 3.1.1. Let αi be the simple roots of the root system R of G, and let β

be the highest-weight root. Writing β =
∑
imiαi, p is bad for G if p = mi for some

i. p is good if p is not bad.

The prime p is very good if one of the following conditions hold:

(a) G is not of type A and p is good,

(b) G is of type An and p does not divide n+ 1.

In practice, we have the following classification. In types B,C and D, the only bad

prime is 2. For the exceptional Lie algebras, the bad primes are 2 and 3 for types

E6, E7, F4 and G2, and 2,3 and 5 for type E8. In type A, there are no bad primes.

For more details of this classification, see [59, I.4.3].

Definition 3.1.2. A prime p is special for G if the pair (Dynkin diagram of G, p)

lies in the following list:

(a) (B, 2),

(b) (C, 2),

(c) (F4, 2),

(d) (G2, 3).

A prime p is nonspecial for G if it is not special.

73



This definition, and material on the importance of nonspecial primes, can be found

in [50, Section 5.6].

3.2 The W -invariants of S(h)

Let G = PGLn and suppose p|n. This short section investigates the structure of

the invariants of the Weyl group action on the symmetric algebra S(h).

Let g∗ be the dual vector space of g. Since G is of type A and the prime p is al-

ways good for G, there is a G-equivariant isomorphism κ : g→ g∗ by the argument

in [39, Section 6.5]. Since g is a finite-dimensional vector space, we naturally identify

the symmetric algebra S(g) and the algebra of polynomial functions K[g∗].

Let h be a fixed Cartan subalgebra of g. The Weyl group W has a natural action

on h, which can be extended linearly to an action of W on the symmetric algebra

S(h). The identification S(h) ∼= K[h∗] is compatible with the W -action. We begin

this section by studying the W -invariants under this action.

Theorem 3.2.1. Suppose G = PGLn and p|n. Then S(h)W is a polynomial ring.

Proof. Recall the Weyl group W is isomorphic to Sn, and let t be the image of the

diagonal matrices in g = pgln. Then t is the quotient of the natural Sn-module V

with basis {e1, · · · , en}, permuted by Sn, by the trivial submodule U := K(
∑n
i=1 ei).

Let X = V/U . The quotient map V → X induces a surjective map S(V )→ S(X).
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Suppose p = n = 2 and let {e1, e2} be the images of the vector space basis {e1, e2}

of V inside X. Let σ denote the non-identity element of S2. Then σ · e1 = e2 and

σ · e2 = e1. Since e1 + e2 = 0, it follows that e1 = e2. Hence S(X)S2 = S(X), which

is a polynomial ring.

Now suppose n > 2 and p|n. We claim that the Sn-action on V and on X is faithful.

The Sn-action on V is by permutation and therefore is faithful. To see the claim for

the Sn-action on X, let N := {g ∈ Sn | g · x = x ∀x ∈ S(X)} denote the kernel of

the natural map Sn → S(X).

Suppose g is some non-identity element of N . Then, relabelling the elements ei if

necessary, g · e1 = e2. Hence it suffices to show that e1 6= e2. If e1 = e2, then since

∑n
i=1 ei = 0,

∑n
i=2 ei = e1 and e1 +

∑n
i=3 ei = e2. Rearranging,

∑n
i=3 ei = (p − 2)e1.

Hence the set {e1, e3, · · · , en−1} spans X, but X is an (n − 1)-dimensional vector

space, a contradiction. It follows that the Sn-action on X is faithful.

The ring of invariants S(V )Sn is generated by the elementary symmetric polynomi-

als s1(e1, · · · , en), · · · , sn(e1, · · · , en), which are algebraically independent by [14,

Section 6, Theorem 1]. Applying [48, Proposition 4.1], we see that S(X)Sn is

also a polynomial ring. The proof of [42, Proposition 5.1] also demonstrates that

S(X)Sn is generated by the images of s2(e1, · · · , en), · · · , sn(e1, · · · , en) under the

map S(V )→ S(X).

To finish the proof, it suffices to note that we may identify t ∼= h and that h ∼=
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V/U = X.

We state a version of Kostant’s freeness theorem that will be useful for our applica-

tions.

Theorem 3.2.2. S(h) is a free S(h)W -module if and only if S(h)W is a polynomial

ring.

Proof. See [56, Corollary 6.7.13].

3.3 Properties of the nilpotent cone

We now outline some general preliminaries on the structure theory of groups acting

on varieties. At first, we do not impose any restriction on the characteristic.

Let M be a variety which admits an algebraic group action by G, and let x ∈ M .

The closure Gx of the orbit Gx of x is a closed subvariety of M . By [36, Proposition

8.3], Gx is open in Gx and so Gx has the structure of an algebraic variety.

The orbit map πx : G→ Gx, πx(g) = gx, is a surjective morphism of varieties. The

stabiliser Gx := {g ∈ G | gx = x} is a closed subgroup of G, and πx induces a

bijective morphism:

πx : G/Gx → Gx
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by [36, Section 12].

We now specialise to the case where M = g and G acts on g via the adjoint ac-

tion. Let X ∈ g and let GX denote the G-orbit of X under the adjoint action

Ad : G→ Ad(g).

Recall that an element g ∈ g is nilpotent if the operator adg(y) is nilpotent for each

y ∈ g. The set of nilpotent elements is denoted N .

Since G is a linear algebraic group, fix an embedding G ⊆ GL(V ) for some n-

dimensional K-vector space V . Then N = g ∩ N (gl(V )), where N (gl(V )) denotes

the set of nilpotent elements of the Lie algebra of GL(V ). It follows that N is closed

in g, and hence N has the structure of a subvariety of the algebraic variety g.

Let:

PX(t) := det(tI −X)

denote the characteristic polynomial of X in the variable t. Then:

PX(t) := tn +
n∑
i=1

(−1)isi(X)tn−i

where each si is a homogeneous polynomial of degree i in the entries of X. If

a1, · · · , an are the eigenvalues of X, counted with algebraic multiplicity, then, since

K is algebraically closed, PX(t) =
∏n
i=1(t− ai), and so si(X) can be identified with
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the ith elementary symmetric function in the aj. It follows that X is nilpotent if

and only if PX(t) = tn if and only if si(X) = 0 for each i:

N (gl(V )) = {X ∈ gl(V ) | si(X) = 0 for all i}.

Let S(V ) denote the algebra of polynomial functions on V . This has a natural

grading by degree, with S(V ) =
⊕
i≥0 S

i(V ). Set S+(V ) :=
⊕

i≥1 S
i(V ).

Now the restrictions of the si to g are G-invariant polynomial functions on g, and

so si|g ∈ Si(g∗)G. It follows that there exist f1, · · · , fn ∈ S+(g∗)G such that:

N = {X ∈ g | fi(X) = 0 for all i}.

Proposition 3.3.1. The nilpotent cone N may be realised as:

N = {X ∈ g | f(X) = 0 for all f ∈ S+(g∗)G}.

Hence N = V (S+(g∗)G) is an affine variety.

Proof. It is clear that {X ∈ g | f(X) = 0 for all f ∈ S+(g∗)G} ⊆ N by the above

discussion. Conversely, given f ∈ S+(g∗)G, f(0) = 0 and f is constant on the closure

of the orbits under the adjoint action. Then f is constant on GX, the closure of the

regular orbit under the adjoint action, and 0 ∈ GX by [39, Proposition 2.11(1)].

Lemma 3.3.2. Let B be the set of all Borel subalgebras of g. Then there is a

bijection G/B ↔ B.

78



Proof. B is the closed subvariety of the Grassmannian of dim b-dimensional sub-

spaces in g formed by solvable Lie algebras. Hence B is a projective variety. All

Borel subalgebras are conjugate under the adjoint action of G, and the stabiliser

subgroup Gb of b in G is equal to B by [11, Theorem 11.16]. Hence the claimed

bijection follows via the assignment g 7→ g · b · g−1.

Definition 3.3.3. Set g̃ := {(x, b) ∈ g × B | x ∈ b}, and let µ : g̃ → g be the

projection onto the first coordinate. The enhanced nilpotent cone is the preimage of

N under the map µ:

Ñ := µ−1(N ) = {(x, b) ∈ N × B | x ∈ b}.

Lemma 3.3.4. Ñ is a smooth irreducible variety.

Proof. Let b ∈ B be a fixed Borel subalgebra. The fibre over b of the second projec-

tion π : Ñ → B is the set of nilpotent elements of b. Decomposing b = h⊕ n, where

n := [b, b] is the nilradical of b, an element x ∈ b is nilpotent if and only if it is has

no component in the Cartan subalgebra h. Hence π makes Ñ a vector bundle over

B with fibre n.

The canonical map G → G/B is locally trivial by [38, II.1.10(2)], so the set of B-

orbits on G × n has a natural structure of a variety, denoted G ×B n. The above

construction yields a G-equivariant vector bundle isomorphism:

Ñ ∼= G×B n,
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where B is the Borel subgroup of G corresponding to b. It follows that we may view

Ñ as a vector bundle over the smooth variety G/B, and so Ñ is smooth.

Using Lemma 3.3.2, identify B with G/B and consider the morphism f : g × G →

g× B defined by f(x, g) = (x, gB). The inverse image:

f−1(Ñ ) = {(x, g) ∈ N ×G | Ad(g−1)(x) ∈ n}

is closed in g×G since it is the inverse image of n under the natural map g×G→ g,

(x, g) 7→ Ad(g−1)(x). Since f is an open map and f−1(Ñ ) is closed, Ñ is a closed

subvariety of N × B.

The morphism n×G→ Ñ , (x, g) 7→ (ad(g)(x), gB) is surjective by definition. Hence

Ñ is irreducible.

By [39, Theorem 2.8(1)], there are only finitely many orbits for the G-action in the

nilpotent cone N . Let X1, · · · , Xr be representatives for these orbits. Then:

N =
r⋃
i=1

OXi

Since N is irreducible by Lemma 3.3.4, one of these closed subsets must be all of

N : let GZ = N . Then, by [60, 1.13, Corollary 1], this orbit is open in N and

dim(GZ) = dim(N ), while dim(GY ) < dim(GZ) for any GY 6= GZ. Hence GZ is

unique with respect to this property.

80



Definition 3.3.5. An element X ∈ g is regular if it lies in GZ, the unique open

dense G-orbit of N .

We now specialise to the case where G = PGLn and p|n.

Lemma 3.3.6. There is a natural G-equivariant vector bundle isomorphism:

Ñ ∼= T ∗B.

Proof. This follows from [39, Section 6.5].

Definition 3.3.7. The map µ : T ∗B → N is the Springer resolution for the nilpo-

tent cone N .

Lemma 3.3.8. Let Ns denote the set of smooth points of N . Then µ−1(Ns) is

dense in Ñ .

Proof. Ns is an open and non-empty subset ofN . Hence it is dense, and its preimage

is open and non-empty in Ñ . By Lemma 3.3.4, Ñ is irreducible and so µ−1(Ns) is

dense.

Lemma 3.3.9. Let GZ denote the orbit of all regular nilpotent elements. The

morphism µ−1(GZ)→ GZ is an isomorphism of varieties.

Proof. By [39, Corollary 6.8], GZ is an open subset of N , and |µ−1(X)| = 1 for

X ∈ GZ. Hence µ induces a bijection µ−1(GZ) → GZ. Since the morphism

µ : T ∗B → N is given by projection onto the first coordinate, from Definition 3.3.3, it

is a morphism of varieties and hence so is the restriction µ |µ−1(GZ): µ
−1(GZ)→ GZ.

The result follows.
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Recall from Theorem 3.2.1 that S(h)W is a polynomial ring, with algebraically in-

dependent generators f1, · · · , fn.

Theorem 3.3.10. Let G be a simple algebraic group, and suppose (G, p) 6= (B, 2).

There is a projection map g = n− ⊕ h⊕ n→ h, which induces a map S(g)→ S(h).

This map induces a map η : S(g)G → S(h)W , which is an isomorphism.

Proof. This is [40, Theorem 4].

When G = PGLn and p|n, the hypotheses of Theorem 3.3.10 are satisfied. This

allows us to make sense of the following definition.

Definition 3.3.11. The Steinberg quotient is the map χ : g → Kn defined by

χ(Z) = (η−1(f1)(Z), · · · , η−1(fn)(Z)). Note that the nilpotent cone N = χ−1(0).

Lemma 3.3.12. The smooth points of N are precisely the regular nilpotent ele-

ments.

Proof. By the assumptions on the prime p, applying Theorem 3.2.1 and Theorem

3.2.2 shows that S(h) is a free S(h)W -module and S(h)W is a polynomial ring, with

generators f1, · · · , fn. Hence the argument for [17, Claim 6.7.10] applies and the

Steinberg quotient χ satisfies, for Z ∈ g, the condition that (dχ)Z is surjective if

and only if Z is regular. By [39, Proposition 7.11], for each b = (b1, · · · , bn) ∈ Kn,

the ideal of χ−1(b) is generated by all η−1(fi)− bi.

By [29, I.5], Z ∈ χ−1(b) is a smooth point if and only if the d(η(fi)− bi) are linearly

independent at Z if and only if the map (dχ)Z is surjective. Let b = 0. Then the
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smooth points in χ−1(0) are the regular elements contained in χ−1(0), and so the

smooth points of N are precisely the regular nilpotent elements.

Theorem 3.3.13. µ : T ∗B → N is a resolution of singularities for N .

Proof. By Lemma 3.3.4 and Lemma 3.3.6, Ñ is a smooth irreducible variety. Fur-

thermore, µ is proper by [39, Lemma 6.10(1)]. By Lemma 3.3.8, µ−1(Ns) is dense

in Ñ , and by Lemma 3.3.9, µ is a birational morphism between µ−1(Ns) and Ns.

Hence µ is a resolution of singularities.

3.4 The dual nilpotent cone is a normal variety

In this section, we demonstrate that the dual nilcone N ∗ is a normal variety in the

case G = PGLn, p|n.

Definition 3.4.1. Since we have a G-equivariant isomorphism κ : g → g∗ by [39,

Section 6.5], the dual nilcone N ∗ may be defined as:

N ∗ = {X ∈ g∗ | f(X) = 0 for all f ∈ S+(g)G}.

The same argument as in Proposition 3.3.1 shows that N = V (S+(g)G) is an affine

variety.

We next review some basic properties of normal rings and varieties.

Definition 3.4.2. [17, Definition 2.2.12] A finitely generated commutative K-

algebra A is Cohen-Macaulay if it contains a subalgebra of the form O(V ) such that

A is a free O(V )-module of finite rank, and V is a smooth affine scheme.
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A scheme X defined over K is Cohen-Macaulay if, at each point x ∈ X, the local

ring OX,x is a Cohen-Macaulay ring.

Definition 3.4.3. A commutative ring A is normal if the localization Ap for each

prime ideal p is an integrally closed domain.

A variety V is normal if, for any x ∈ V , the local ring OV,x is a normal ring.

We now begin the proof of the normality of the dual nilpotent cone N ∗. We adapt

the arguments in [9] to our situation.

Theorem 3.4.4. Let X be an irreducible affine Cohen-Macaulay scheme defined

over K and U ⊆ X an open subscheme. Suppose dim (X/U) ≤ dim X − 2 and that

the scheme U is normal. Then the scheme X is normal.

Proof. This is [9, Corollary 2.3].

We aim to apply Theorem 3.4.4 to our situation. We begin with the following lemma,

a variant on Hartogs’ lemma.

Lemma 3.4.5. Let Y be an affine normal variety and Z ⊆ Y be a subvariety of

codimension at least 2. Then any rational function on Y which is regular on Y \ Z

can be extended to a regular function on Y .

Proof. Write Y = Spec B, where B is a normal domain. Set Z := V (I) for some

ideal I, and write U := Y \ Z. Then U =
⋃
f∈I D(f), where D(f) denotes the basic
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open sets in the Zariski topology.

Let p be a prime ideal of height 1. By assumption, ht I ≥ 2, and so there exists

some f ∈ I with f /∈ p. It follows that Bf ⊆ Bp.

Let a/b be a regular function on U , with a/b ∈ FracB, the field of fractions of B.

Since p has height 1, we can find f ∈ I \ p. Then a/b is regular on D(f), and so

a/b ∈ O(D(f)) = Bf ⊆ Bp. As p was arbitrary, a/b ∈ ⋂
htp=1Bp = B. Hence a/b

can be extended to a regular function on Y .

Lemma 3.4.6. Let X be an affine Cohen-Macaulay scheme with an open subscheme

U . Let r : O(X)→ O(U) be the restriction morphism. Then:

(a) if dim (X \ U) < dim X, then r is injective,

(b) if dim (X \ U) ≤ dim X − 2, then r is an isomorphism.

Proof. We expand on the proof given in [9, Lemma 2.2]. For ease of notation, we

suppose O(X) is a finitely generated O(Y )-module for some smooth affine scheme

Y . Now the projection map p : X → Y is a finite morphism and hence is closed.

Without loss of generality, we can shrink U , replacing it by a smaller open subset

p−1(W ), where W = Y \ p(X \ U) is an open subset of Y .

Let F := p∗(OX). This is a free OY -module and we clearly have Γ(Y, F ) =

p∗(OX)(Y ) = OX(p−1(Y )) = OX(X), and similarly Γ(W,F ) = p∗(OX)(W ) =

OX(p−1(W )) = OX(U). Hence the restriction morphism r agrees with the natu-
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ral restriction map r : Γ(Y, F )→ Γ(W,F ).

If dim (X \ U) < dim X, then dim (p(U \ X)) < dim (p(X)), so dim (Y \W ) <

dim Y , and so r is injective.

Similarly, if dim (X \ U) ≤ dim X − 2, then dim (Y \W ) ≤ dim Y − 2. Hence, by

Lemma 3.4.5, any regular function on W can be extended to a regular function on

Y . Furthermore, F is a free OY -module; it follows that r is surjective.

As an immediate consequence, we see that if the scheme U is reduced and normal,

then so is X.

We now demonstrate that the hypotheses in Theorem 3.4.4 are satisfied in our situ-

ation. Recall that N ∗ is an affine variety. It suffices to show that N ∗ is irreducible

and Cohen-Macaulay.

Definition 3.4.7. λ ∈ h∗ is regular if its centraliser in g under the natural g-action

on g∗ coincides with the Cartan subalgebra h. A general λ ∈ g∗ is regular if its

coadjoint orbit contains a regular element of h∗.

The subvariety U in Lemma 3.4.6 will be taken to be the subset of regular nilpotent

elements.

Proposition 3.4.8. Suppose p is nonspecial for G. Then:

(a) the dual nilcone N ∗ ⊆ g∗ is a closed irreducible subvariety of g∗, and it has
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codimension r in G, where r is the rank of G.

(b) Let U denote the set of regular elements of N ∗. Then U is a single coadjoint

orbit, which is open in N ∗, and its complement has codimension ≥ 2.

Proof. (a) We define an auxiliary variety S via:

S := {(gB, ζ) ∈ G/B × g∗ | g · ζ ∈ b⊥}.

This subset of G/B × g∗ is closed. Define a map φ : G × b⊥ → G/B × g∗ by

φ(g, ζ) = (gB, g−1 · ζ). Now the image of φ is contained in S, and we can also see

that im(φ) ∼= S since we have a linear isomorphism b⊥ → g−1 · b⊥. Hence the image

of φ coincides with S. It follows that S is a morphic image of an irreducible variety,

and hence S is itself an irreducible subvariety.

Let p1 : G/B × g∗ → G/B and p2 : G/B × g∗ → g∗ be the obvious projection

maps. Clearly p1(S) = G/B. The fiber of gB under the map p1 is g−1 · n, which is

isomorphic to n. Hence the fibers are equidimensional, and we have:

dim S = dim G/B + dim n,

dim S = dim G/B + dim U

= dim G− r.

Using the second projection, dim p2(S) ≤ dim G− r, with equality if some fibre is

finite (as a set). First notice that:
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p2(S) = {ζ ∈ g∗ | ∃g ∈ G s.t. g · ζ ∈ b⊥} = N ∗.

Hence N ∗ is irreducible, and, since the flag variety G/B is complete by [11], N ∗ is

closed. We show that there exists some ζ ∈ g∗ with:

|{gB | g · ζ ∈ b⊥}| <∞,

|{gB | ζ(Ad−1
g (b)) = 0}| <∞.

By [31, Proposition 2], we have the following dimension formula:

dim p1(p−1
2 (ζ)) =

dim ZG(ζ)− r
2

.

Since p is nonspecial for G, the set of regular nilpotent elements U in N ∗ is non-

empty, by [26, Section 6.4], and thus we can always pick some ζ ∈ g∗ such that

dim ZG(ζ)− r = 0. Thus there exists ζ with |{p1(p−1
2 (ζ))}| <∞.

Now consider two points (gB, ζ), (hB, ζ) ∈ S. By definition, g ·ζ ∈ b⊥ and h·ζ ∈ b⊥.

The coadjoint action then gives ζ(ad−1
g (b)) = ζ(ad−1

h (b)) = 0. It follows that

gB = hB, and so p1 is injective when restricted to the fibre p−1
2 (ζ). It follows

that there is a fibre of p2 which is finite as a set.

Given the existence of a finite fibre of p2, we have dim S = dim p2(S) = dim N ∗ =

dim G− r.
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(b) Now N ∗ has only finitely many G-orbits by [63] and [62, Proposition 7.1], so

the dimension of N ∗ is equal to the dimension of at least one of these orbits. Since

dim N ∗ = dim G−r, some orbit in N ∗ also has dimension equal to dim G−r. This

orbit is regular and its closure is all of N ∗, since the dimensions are equal and N ∗ is

irreducible. Since any G-orbit is open in its closure, by [60, 1.13, Corollary 1], this

class is open in N ∗ and thus is dense.

Let R be the root system of G and fix a subset of positive roots R+ ⊆ R. Let αi be

a simple root, Xα the corresponding root subgroup, and set Ui :=
∏
α∈R+,α 6=αi Xα.

Let T be the maximal torus of G defined by this root system and let Pi := T ·

〈Xαi , X−αi〉 · Ui. Since both T and 〈Xαi , X−αi〉 normalise Ui by the commutation

formulae in [60, 3.7], we see that Pi is a rank 1 parabolic subgroup of G, Ui is its

unipotent radical and T · 〈Xαi , X−αi〉 is a Levi subgroup of Pi.

Note that dim T · 〈Xαi , X−αi〉 = r + 2 and so dim Pi − dim Ui = r + 2.

Parallel to the definition of the variety S, we set:

Si := {(gPi, ζ) ∈ G/Pi × g∗ | g · ζ ∈ b⊥i }

where b⊥i = {ζ ∈ g∗ | ζ(Lie(UiT )) = 0}. Then Si is a closed and irreducible variety

and, by the same argument as in part (a) of the proposition:
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dim Si = dim G/Pi + dim Ui

= dim G− (r + 2).

Projecting onto the second factor, we see that:

dim p2(Si) ≤ dim Si = dim G− (r + 2).

But an element ζ ∈ N ∗ fails to be regular if and only if G · ζ ∩ h∗reg = ∅. By the

decomposition in [26, Section 6.4], this occurs precisely when the centraliser of each

ξ ∈ G · ζ ∩ h∗ contains some non-zero root α such that ξ(α∨(1)) = 0, where α∨ is

the coroot corresponding to α. It follows that ζ ∈ N ∗ fails to be regular if and only

if it lies in p2(Si) for some i. Then:

dim (N ∗ \ U) = supi dim p2(Si) ≤ dim G− (r + 2).

Lemma 3.4.9. Let r : S(g) → S(h) be the natural map, and r′ its restriction to

the graded subalgebra S(g)G. Suppose that r′ is an isomorphism onto its image

S(h)W and S(h) is a free S(h)W -module. Then S(g) is a free R-module, where

R := S(g/h)⊗ S(g)G, and hence is a free S(g)G-module.

Proof. The argument is similar to that which is set out in [17, 2.2.12] and the

following discussion. Consider the projection map g→ g/h. This makes g a vector

bundle over g/h, and defines a natural increasing filtration on S(g) via:
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FpS(g) = {P ∈ S(g) | P has degree ≤ p along the fibers}.

Let grF (S(g)) denote the associated graded ring corresponding to this filtration, and

set S(g)(p) to denote the p-th graded component. Clearly S(g)(0) = S(g/h), and

each graded component is an infinite-dimensional free S(g/h)-module. There is a

K-algebra isomorphism:

S(g)(p) ∼= S(g/h)⊗K Sp(h),

where Sp(h) denotes the space of degree p homogeneous polynomials on h.

Let σp : FpS(g) → S(g)(p) be the principal symbol map. Suppose f ∈ FpS(g) is

a homogeneous degree p polynomial whose restriction r(f) to h is non-zero. Then

σp(f) equals the image of the element 1⊗k r(f) under the above isomorphism, and

so is non-zero in S(g)(p).

To see this, choose a vector subspace j of g such that g = h ⊕ j. This yields

a graded algebra isomorphism S(g) = S(h) ⊗ S(j), and so one writes FpS(g) =

∑
i≤p S

i(h)⊗ Sp−i(j). Hence f ∈ FpS(g) has the form:

f = ep ⊗ 1 +
∑
i≤p

ei ⊗ wp−i,

where ei ∈ Si(h) and wp−i ∈ Sp−i(j). Hence r(f) = ep and σp(f) = ep⊗1, as required.
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Given this claim, consider the filtration F pS(g)G in S(g). For any homogeneous el-

ement f ∈ S(g)G, its symbol σp(f) coincides with r(f) ∈ S(h) ⊆ grΦ(S(g)). Hence

the subalgebra σΦ(f) ⊆ grΦ(S(g)) coincides with r(S(g)G) = S(h)W .

Let {ak} be a free basis for the S(h)W -module S(h), and fix bk ∈ S(g) with r(bk) =

ak. Then σp(bk) = ak. The ak form a free basis of the grpR-module grp(S(g)) =

S(h)⊗S(g/h), via tensoring on the right and applying the second part of the claim.

It follows that the {bk} form a free basis of the R-module S(g).

Theorem 3.4.10. Let G = PGLn and suppose p|n. Then the dual nilpotent cone

N ∗ ⊆ g∗ is a normal variety.

Proof. Recall that N ∗ is an affine variety with defining ideal J := V (S+(g)G)). It

follows that its algebra of global functions O(N ∗) = S(g)/J . Consider Y := g/h as

an affine variety. Then Lemma 3.4.9 implies that O(N ∗) is a free finitely generated

module over the polynomial algebra S(Y ). Hence N ∗ is a Cohen-Macaulay variety.

By Proposition 3.4.8, N ∗ is a closed irreducible subvariety of g∗, and the complement

of the set of regular elements U in N ∗ has codimension ≥ 2. Hence all conditions

in the statement of Theorem 3.4.4 are satisfied, and so N ∗ is normal.

Proof of Theorem A: This is immediate from Theorem 3.4.10.

We conclude this section with an application of this result, which will be used in

later sections.
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Corollary 3.4.11. We have an isomorphism µ∗ : O(N ∗)→ O(T ∗B).

Proof. The map µ : T ∗B → N is a resolution of singularities by Theorem 3.3.13.

Let τ : T ∗B → N ∗ be the composition of µ with the G-equivariant isomorphism

κ : N → N ∗ from [39, Section 6.5]. This induces an isomorphism τ s : τ−1((N ∗)s)→

(N ∗)s on the smooth points. These are non-empty open subsets of T ∗B and N ∗

respectively, and so T ∗B and N ∗ are birationally equivalent.

Let Q(A) denote the field of fractions of an integral domain A. By [29, I.4.5], µ in-

duces an isomorphism Q(O(N ∗))→ Q(O(T ∗B)), and so O(T ∗B) can be considered

as a subring of Q(O(N ∗)).

Since the map T ∗B → N ∗ is surjective, and O(T ∗B), O(N ∗) are integral domains,

there is an inclusion O(N ∗) → O(T ∗B). The map τ is proper, and so the direct

image sheaf τ∗OT ∗B is a coherent ON ∗-module. In particular, taking global sections,

we have that Γ(N ∗, τ∗OT ∗B) is a finitely generated O(N ∗)-module. By definition,

Γ(N ∗, τ∗OT ∗B) = O(T ∗B), so O(T ∗B) is a finitely generated O(N ∗)-module.

The variety N ∗ is normal, and so O(N ∗) is an integrally closed domain. Let b ∈

O(T ∗B). Then clearly O(T ∗B)b ⊆ O(T ∗B), and hence b is integral over O(N ∗).

Hence, by integral closure, b ∈ N ∗ and there is an isomorphism O(N ∗)→ O(T ∗B).
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3.5 Analogous results when G is not of type A

The restriction that G = PGLn, p|n plays a role in only a few places in the argument

that N ∗ is a normal variety. In this section, we indicate some of the issues that arise

when we replace PGLn by a more general simple algebraic group of adjoint type.

Theorem 3.2.1 demonstrated that, in case G = PGLn, p|n, the Weyl group invari-

ants S(h)W is a polynomial ring. This result is usually false in bad characteristic.

In case the W -action on h is irreducible, [16, Theorem 3] gives a full classification

of the types in which this result holds, drawing on [42, Theorem 7.2].

Proposition 3.5.1. Suppose the pair (Dynkin diagram of G, p) lies in the following

list:

(a) (E7, 3),

(b) (E8, 2),

(c) (E8, 3),

(d) (E8, 5),

(e) (F4, 3),

(f) (G2, 2).

Then the W -action on h is irreducible.

Proof. In all of these cases, the argument in [39, Section 6.5] demonstrates that

there is a G-equivariant bijection κ : g → g∗, which restricts to a G-equivariant
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bijection h→ h∗. Furthermore, the classification in [36, Section 0.13] demonstrates

that g is simple. Given these two statements, we may apply the same proof as that

given in [25, Proposition 14.31] to obtain the result.

Theorem 3.5.2. Suppose G is of type G2 and p = 2. Then the invariant ring

S(h)W is polynomial.

Proof. This follows from the calculations in [42, Theorem 7.2].

In case G is of type G2 and p = 2, we may apply the same argument as for G = PGLn

to obtain the following result.

Theorem 3.5.3. Let (G, p) = (G2, 2). Then the dual nilpotent cone N ∗ ⊆ g∗ is a

normal variety.

Proof of Theorem B: This is immediate from Theorem 3.5.3.

If S(h)W is not polynomial, there are significant obstacles to generalising the result

that N ∗ is a normal variety. In particular, the following behaviour may be observed.

- Kostant’s freeness theorem, stated as Theorem 3.2.2, fails. This means that S(h)

is not free as an S(h)W -module, meaning that we cannot apply the argument in

Lemma 3.4.9 to show that N ∗ is a Cohen-Macaulay variety.

- The Steinberg quotient χ : g → Kn, defined in Definition 3.3.11, makes sense as

an abstract function, but since the generators {f1, · · · , fn} of S(h)W are not alge-

braically independent, we cannot apply the argument in Lemma 3.3.12 to show that

95



the smooth elements of N coincide with the regular elements, which is a key step in

the proof that the Springer resolution µ : T ∗B → N is a resolution of singularities

for N .

Calculations in [16, Section 3.2] show that, in the following cases (Dynkin diagram

of G, p), the invariant ring S(h)W is not even Cohen-Macaulay.

(a) (E7, 3),

(b) (E8, 3),

(c) (E8, 5).

Conjecture 3.5.4. In case the invariant ring S(h)W is not Cohen-Macaulay, is it

true that the dual nilpotent cone N ∗ is not a normal variety?
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Chapter 4

Applications to representations of
p-adic Lie groups

4.1 Generalising the Beilinson-Bernstein theorem

for
ÿ�Dλn,K

In this chapter, we apply the results of Chapter 3 to the constructions given in [4].

This allows us to weaken the restrictions on the characteristic of the base field given

in [4, Section 6.8], thereby providing us with generalisations of their results.

Throughout Chapter 4, we suppose R is a fixed complete discrete valuation ring

with uniformiser π, residue field k and field of fractions K. Assume throughout this

section that K has characteristic 0 and k is algebraically closed.

We recall the constructions from Section 2.5. In particular, let X be a smooth

separated R-scheme that is locally of finite type, let H be a flat affine algebraic

group defined over R of finite type, and let X̃ be a scheme equipped with an H-

action. Given an H-torsor ξ : X̃ → X as defined in Definition 2.5.1, recall that ξ∗DX̃

is a sheaf of R-algebras with an H-action. Then the relative enveloping algebra of
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the torsor is the sheaf of H-invariants of ξ∗DX̃ :

‹D := (ξ∗DX̃)H.

Let G be a split reductive connected algebraic group defined over a discrete valuation

ring R, with uniformiser π, residue field k and field of fractions K. Let B be a Borel

subgroup. Let N be the unipotent radical of B, and H := B/N the abstract Cartan

group. Let ‹B denote the homogeneous space G/N. There is an H-action on ‹B
defined by:

bN · gN := gbN

which is well-defined since [B,B] is contained in N. B := G/B is the flag scheme

of G, as in Definition 2.2.22. ‹B is the basic affine space of G.

By the splitting assumption of G, we can find a Cartan subgroup T of G comple-

mentary to N in B. This is naturally isomorphic to H, and induces an isomorphism

of the corresponding Lie algebras t→ h.

Let W denote the Weyl group of G. From now on, we assume that G = PGLn,

p|n, and n > 2.

Let h be the Lie algebra of H. We may apply the deformation functor ( [4, Section

3.5]) to the map j : U(h) → ‹D, defined above Definition 2.5.4, to obtain a central
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embedding of the constant sheaf U(h)n into ‹Dn. This gives ‹Dn the structure of a

U(h)n-module.

Let λ ∈ HomR(πnh, R) be a linear functional. This extends to an R-algebra homo-

morphism U(h)n → R, which gives R the structure of a U(h)n-module, denoted Rλ.

Definition 4.1.1. The sheaf of deformed twisted differential operators Dλn on B is

the sheaf:

Dλn := D̃n ⊗U(h)n Rλ

By [4, Lemma 6.4(b)], this is a sheaf of deformable R-algebras.

Definition 4.1.2. The π-adic completion of Dλn is D̂λn := lim←−D
λ
n/π

aDλn. Further-

more, set D̂λn,K := D̂λn ⊗R K.

The adjoint action of G on g extends to an action on U(g) by ring automorphisms,

which is filtration-preserving and so descends to an action on gr U(g) ∼= S(g). Let:

ψ : S(g)G → S(t)

denote the composition of the inclusion S(g)G → S(g) with the projection S(g)→

S(t). By [21, Theorem 7.3.7], the image of ψ is contained in S(t)W, and ψ is injective.
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Since taking G-invariants is left exact, we have an inclusion gr (U(g)G) → S(g)G.

Our next proposition gives a description of the associated graded ring of U(g)G.

Proposition 4.1.3. The rows of the diagram:

0 gr(U(g)G) gr(U(g)G) gr(U(gk)
Gk) 0

0 S(g)G S(g)G S(gk)
Gk 0

0 S(t)W S(t)W S(tk)
Wk 0

π

ι ι ιk

π

ψ ψ ψk

π

are exact, and each vertical map is an isomorphism.

Proof. View the diagram as a sequence of complexes C• → D• → E•. Since π

generates the maximal ideal m of R by definition, and R/m = k, it is clear that each

complex is exact in the left and in the middle. The exactness of E• follows from the

fact that S(tk)
Wk is a polynomial ring by Theorem 3.2.1: since n > 2 we may fix ho-

mogeneous generators s1, · · · , sl and lift these generators to homogeneous generators

S1, · · · , Sl of the ring S(t)W with si = Si(mod m) by the proof of [42, Proposition

5.1]. Hence the map S(t)W → S(tk)
Wk is surjective, and the complex E• is exact.

By [21, Theorem 7.3.7], ψ is injective, and since p is nonspecial from Definition 3.1.2,

ψk is an isomorphism by Theorem 3.3.10. Thus the composite map of complexes

ψ• ◦ ι• is injective. Set F • := coker(ψ• ◦ ι•): by definition, the sequence of complexes

0→ C• → E• → F • → 0 is exact.
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Since C• is exact in the left and in the middle, H0(C•) = H1(C•) = 0. As E• is ex-

act, taking the long exact sequence of cohomology shows that H0(F •) = H2(F •) = 0

and yields an isomorphism H1(F •) ∼= H2(C•).

Since K is a field of characteristic zero, the map ψK ◦ ιK : gr(U(gK)GK )→ S(tK)WK

is an isomorphism by [21, Theorem 7.3.7]. Hence F 0 = F 1 = coker(ψ ◦ ι) is π-

torsion. Now H0(F •) = 0, and so we have an exact sequence 0 → F 0 → F 1. So

F 0 = F 1 = 0, and hence H1(F •) = H2(C•) = 0. It follows that the top row C• is

exact.

Hence ψ• ◦ ι• : C• → E• is an isomorphism in all degrees except possibly 2, and so

is an isomorphism via the Five Lemma. The result follows from the fact that ψ•

and ι• are both injections.

It follows that, since ψ ◦ ι is a graded isomorphism and p is nonspecial, gr(U(g)G) is

isomorphic to a commutative polynomial algebra over R in l variables by Theorem

3.2.1. The commutative polynomial algebra R[x1, · · · , xl] is a free R-module and

hence is flat, and so (U(g)G) is a deformable R-algebra by [4, Definition 3.5]. Fur-

thermore, Û(g)Gn,K is also a commutative polynomial algebra over R in l variables,

so the π-adic completion Û(g)Gn,K is a commutative Tate algebra.

By [4, Proposition 4.10], we have a commutative square consisting of deformable

R-algebras:
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U((g)G)n U(t)n

U(g)n D̃n,

φn

in (j◦i)n

U(φ)n

We set:

Uλn := U(g)⊗(U(g)G)n Rλ,”Uλn := lim←−
Uλn
πaUλn

,’Uλn,K := ”Uλn ⊗R K.
By commutativity of the diagram, the map:

U(φ)n ⊗ (j ◦ i)n : U(g)n ⊗ U(t)n → D̃n

factors through U((g)G)n, and we obtain the algebra homomorphisms:

φλn : Uλn → Dλn,”φλn : ”Uλn → D̂λn,’φλn,K : ’Uλn,K → D̂λn,K .
Theorem 4.1.4. (a) ’Uλn,K ∼= Û(g)n,K⊗ ̂U(g)Gn,K

Kλ is an almost commutative affinoid

K-algebra.
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(b) The map ’φλn,K : ’Uλn,K → Γ(B, D̂λn,K) is an isomorphism of complete doubly filtered

K-algebras.

(c) There is an isomorphism S(gk)⊗S(gk)Gk k
∼= Gr (’Uλn,K).

Proof. (a): This is identical to the proof given in [4, Theorem 6.10(a)].

(b): Let {U1, · · · , Um} be an open cover of B by open affines that trivialise the torsor

ξ, which exists by [4, Lemma 4.7(c)]. The special fibre Bk is covered by the special

fibres Ui,k. It suffices to show that the complex:

C• : 0→’Un,K → m⊕
i=1

D̂λn,K(Ui)→
⊕
i<j

D̂λn,K(Ui ∩ Uj)

is exact.

Clearly, C• is a complex in the category of complete doubly-filtered K-algebras,

and so it suffices to show that the associated graded complex Gr(C•) is exact.

By [4, Corollary 3.7], there is a commutative diagram with exact rows:

0 gr(U(g)G) gr(U(g)G) Gr(Û(g)GK) 0

0 gr(U(g)) gr(U(g)) Gr(Û(g)n,K) 0.

π

π

Via the identification gr(U(g)) = S(g), Proposition 4.1.3 induces a commutative

square:
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Gr(Û(g)Gn,K) S(gk)
Gk

Gr(Û(g)n,K) S(gk)

where the horizontal maps are isomorphisms and the vertical maps are inclusions.

Since Gr(Kλ) is the trivial Gr(Û(g)Gn,K)-module k, we have a natural surjection:

S(gk)⊗S(gk)Gk k
∼= Gr(Û(g)n,K ⊗Gr( ̂U(g)Gn,K)

Gr(Kλ))→ Gr(’Uλn,K).

This surjection fits into the commutative diagram:

0 S(gk)⊗S(gk)Gk k
⊕m
i=1O(T ∗Ui,k)

⊕
i<j O(T ∗(Ui,k ∩ Uj,k))

0 Gr(’Uλn,K)
⊕m
i=1 Gr(D̂λn,K(Ui))

⊕
i<j Gr(D̂λn,K(Ui ∩ Uj)).

The bottom row is Gr(C•) by definition, and the top row is induced by the moment

map T ∗Bk → g∗k. To see this, note that by Lemma 3.3.6, we have an identification

Ñ ∗ → T ∗B under our assumptions on p, and so exactness of the top row is equivalent

to the existence of an isomorphism:

S(g)⊗S(g)G k ∼= Γ(Ñ ∗,O›N ∗).
By Theorem 3.4.10, N ∗ is a normal variety and, by Theorem 3.3.13, the map γ :

T ∗B → N ∗ is a resolution of singularities. It follows, by Corollary 3.4.11, that there

is an isomorphism of global sections:
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γ∗ : Γ(N ∗,ON ∗)→ Γ(T ∗B,OT ∗B).

Recall from the proof of Theorem 3.4.10 that O(N ∗) = S(g)⊗S(g)G k. Putting these

isomorphisms together, we see that S(g)⊗S(g)G k ∼= Γ(Ñ ∗,O›N ∗).
Now the second and third vertical arrows are isomorphisms by [4, Proposition 6.5(a)],

which shows that Gr(C•) is exact.

(c) This is immediate, since one can also show that the first vertical arrow in the

above diagram is an isomorphism via the Five Lemma.

Definition 4.1.5. For each λ ∈ HomR(πnh, R), we define a functor:

Locλ : Û(g)λn,K −mod→ D̂λn,K −mod

given by M 7→ D̂λn,K ⊗‘Uλn,K M .

4.2 Modules over completed enveloping algebras

The adjoint action of G on g induces an action of G on U(g) by algebra automor-

phisms. Composing the inclusion U(g)G → U(g) with the projection U(g) → U(t)

defined by the direct sum decomposition g = n⊕ t⊕ n+ yields the Harish-Chandra

homomorphism:

φ : U(g)G → U(t)
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This is a morphism of deformable R-algebras, so by applying the deformation and π-

adic completion functors, one obtains the deformed Harish-Chandra homomorphism:

’φn,K : Û(g)Gn,K → Û(t)n,K

which we will denote via the shorthand φ̂ : Z → ‹Z. We have an action of the Weyl

group W on the dual Cartan subalgebra t∗K via the shifted dot-action:

w • λ = w(λ+ ρ′)− ρ′

where ρ′ is equal the half-sum of the T-roots on n+. Viewing U(t)K as an algebra

of polynomial functions on t∗K , we obtain a dot-action of W on U(t)K . This action

preserves the R-subalgebra U(t)n of U(t)K and so extends naturally to an action of

W on ‹Z.

Theorem 4.2.1. Suppose that that G = PGLn, p|n, and n > 2. Then:

(a) set A := Û(g)n,K. The algebra Z is contained in the centre of A.

(b) the map φ̂ is injective, and its image is the ring of invariants ‹ZW.

(c) the algebra ‹Z is free of rank |W| as a module over ‹ZW.
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(d) ‹ZW is isomorphic to a Tate algebra K〈S1, · · · , Sl〉 as complete doubly filtered

K-algebras.

Proof. (a): The algebra U(g)GK is central in U(g)K via [33, Lemma 23.2]. Since

U(g)K is dense in A, it is also contained in the centre of A. But U(g)GK is also dense

in Z, and so Z is central in A.

(b): By the Harish-Chandra homomorphism (see [21, Theorem 7.4.5]), φ sends

U(g)GK onto U(t)WK , and so φ̂(Z) is contained in ‹ZW. This is a complete doubly fil-

tered algebra whose associated graded ring Gr(‹ZW) can be identified with S(tk)
Wk .

This induces a morphism of complete doubly filtered K-algebras α : Z → ‹ZW.

Its associated graded map Gr(α) : Gr(Z) → Gr(‹ZW) can be identified with the

isomorphism ψk : S(gk)
Gk → S(tk)

Wk by Proposition 4.1.3. Hence Gr(α) is an iso-

morphism, and so α is an isomorphism by completeness.

(c): By Theorem 3.2.1 and Theorem 3.5.2, S(tk) is a free graded S(tk)
Wk-module of

rank |W|. Hence, by [4, Lemma 3.2(a)], ‹Z is finitely generated over Z, and in fact

is free of rank |W|.

(d): By Theorem 3.2.1 and Theorem 3.5.2, S(tk)
Wk is a polynomial algebra in l

variables. Fix double lifts s1, · · · , sl ∈ U(t)W of these generators, as in the proof of

Proposition 4.1.3. Define an R-algebra homomorphism R[S1, · · · , Sl] → ‹ZW which

sends Si to si. This extends to an isomorphism K〈S1, · · · , Sl〉 → ‹ZW of complete

doubly filtered K-algebras.
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We identify the k-points of the scheme g∗ := Spec(SymRg) with the dual of the

k-vector space g, so g∗(k) = g∗k. Let G denote the k-points of the algebraic group

scheme G. G acts on gk and g∗k via the adjoint and coadjoint action respectively.

Recall the definition of the enhanced moment map β : flT ∗B(k)→ g∗k from Definition

2.5.7. Given y ∈ g∗k, write G.y to denote the G-orbit of y under the coadjoint action.

We write N (resp. N ∗) to denote the nilpotent cone (resp. dual nilpotent cone) of

the k-vector spaces gk and g∗k.

Proposition 4.2.2. Suppose p is nonspecial for G. For any y ∈ N ∗, we have

dim β−1(y) = dim B − 1
2
dim G.y.

Proof. This is stated for N as [39, Theorem 10.11]. The result follows by applying

the G-equivariant bijection κ : N → N ∗ from [39, Section 6.5].

We now let gC denote the complex semisimple Lie algebra with the same root system

as G, and let GC be the corresponding adjoint algebraic group. By [18, Remark

4.3.4], there is a unique non-zero nilpotentGC-orbit in g∗C, under the coadjoint action,

of minimal dimension. Since each coadjoint GC-orbit is a symplectic manifold, it

follows that each of these dimensions is an even integer. We set:

r :=
1

2
min {dim GC · y | 0 6= y ∈ gC}

Proposition 4.2.3. For any non-zero y ∈ N ∗, 1
2
dim G · y ≥ r, with no restrictions

on (G, p).

Proof. We will demonstrate that this inequality holds for all split semisimple alge-

braic groups G defined over an algebraically closed field k of positive characteristic.
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When the characteristic p is small, we will proceed via a case-by-case calculation of

the maximal dimension of the centraliser ZG(y) of y ∈ N ∗.

By Proposition 4.2.2, dim β−1(y) = dim B − 1
2
dim G · y. We may assume y ∈ N

and G acts on g via the adjoint action by [39, Section 6.5]. By [31, Theorem 2], we

see that:

dim β−1(y) =
1

2
(dim ZG(y)− rk (G))

where ZG(y) denotes the centraliser of y in G. Hence it suffices to demonstrate that

the following inequality:

dim B − 1

2
(dim ZG(y)− rk (G)) ≥ r

holds in all types. We evaluate on a case-by-case basis, aiming to find the maximal

dimension of the centraliser. We first note that, using the work of [57, 1.6], we have

the following table:

Type dim B r
An 1/2n(n+ 1) n
Bn n2 2n− 2
Cn n2 n
Dn n2 − n 2n− 3
E6 36 11
E7 63 17
E8 120 29
F4 24 8
G2 6 3

By [44, Theorem 2.33], when p is nonspecial, the dimension of the centraliser is
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independent of the isogeny type of G.

Since p is always nonspecial for a group of type A, it therefore suffices to consider

Zsln(y). Since p is good and SLn is a simply connected algebraic group, by [44,

Lemma 2.15], it suffices to consider the centraliser of a non-identity unipotent el-

ement in SLn. Via the identification GLn(k) = SLn(k)Z(GLn(k)), it is sufficient

to compute ZGLn(k)(u), for some unipotent matrix u. This dimension is bounded

above by n2, the dimension of GLn(k) as an algebraic group, and so we have the

expression:

dim B − 1

2
(dim ZG(y)− rk (G))

≥ 1

2
n(n+ 1)− 1

2
(n2 − n) ≥ n.

Hence the inequality is verified in type A.

For the remaining classical groups, view y ∈ N as a nilpotent matrix, which without

loss of generality may be taken to be in Jordan normal form. Let m1 ≥ · · · ≥ mr

be the sizes of the Jordan blocks, with
∑r
i=1mi = n, the rank of the group. By [30,

Theorem 4.4], we have:

dim ZG(y) =
r∑
i=1

(imi − χV (mi))

where χV is a function χV : N→ N. It follows that:
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dim ZG(y) ≤
r∑
i=1

imi =
n∑
j=1

r∑
i=j

mi.

Since m1 ≥ · · · ≥ mr by construction, the maximum value of this sum is attained

when mk = 1 for all k. Hence we obtain the inequality dim ZG(y) ≤ 1
2
n(n + 1).

Using this, it is easy to see that the required inequality holds except possibly in the

cases B2, B3, D4 and D5.

For these cases, along with all exceptional cases, we directly verify that the inequality

holds using the calculations on dimensions of centralisers in [44, Chapter 8 and

Chapter 22].

This allows us to prove our generalisation of [4, Theorem 9.10]; a result on the min-

imal dimension of finitely generated modules over π-adically completed enveloping

algebras.

Definition 4.2.4. Let A be a Noetherian ring. A is Auslander-Gorenstein if the

left and right self-injective dimension of A is finite and every finitely generated left

or right A-module M satisfies, for i ≥ 0 and every submodule N of ExtiA(M,A),

ExtjA(N,A) = 0 for j < i.

In this case, the grade of M is given by:

jA(M) := inf{j | ExtjA(M,A) 6= 0}
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and the canonical dimension of M is given by:

dA(M) := inj.dimA(A)− jA(M).

By the discussion in [4, Section 9.1], the ring Û(g)n,K is Auslander-Gorenstein and

so it makes sense to define the canonical dimension function:

d : {finitely generated Û(g)n,K −modules} → N.

Theorem 4.2.5. Suppose n > 0 and let M be a finitely generated Û(g)n,K-module

with d(M) ≥ 1. Then d(M) ≥ r.

Proof. By [4, Proposition 9.4], we may assume that M is Z-locally finite. We may

also assume that M is a ’Uλn,K-module for some λ ∈ h∗K , by passing to a finite field

extension if necessary and applying [4, Theorem 9.5].

By Proposition 4.2.1(b), λ ◦ (i ◦ φ̂) = (w • λ) ◦ (i ◦ φ̂) for any w ∈ W. Hence we

may assume λ is ρ-dominant by [4, Lemma 9.6]. Hence Gr (M) is a Gr (’Uλn.K) ∼=

S(gk)⊗S(gk)Gk k-module by Theorem 4.1.4. If M := Locλ(M) is the corresponding

coherent D̂λn,K-module in the sense of Definition 4.1.5, then β(Ch(M)) = Ch(M)

via [4, Corollary 6.12].

Let X and Y denote the k-points of the characteristic varieties Ch(M) and Ch(M)

respectively. Now Gr(M) is annihilated by S+(gk)
Gk , and so Y ⊆ N ∗. We see that
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the map β : T ∗B → g maps X onto Y .

Let f : X → Y be the restriction of β to X. By [4, Corollary 9.1], since dim Y =

d(M) ≥ 1 we can find a non-zero smooth point y ∈ Y . By surjectivity, we have

a smooth point x ∈ f−1(y). The induced differential dfx : TX,x → TY,y on Zariski

tangent spaces yields the inequality:

dim Y + dim f−1(y) ≥ dim TX,x

By [4, Theorem 7.5], dim TX,x ≥ dim B. Hence:

d(M) = dim Y ≥ dim B − dim β−1(y)

By Proposition 4.2.2 and Proposition 4.2.3, the RHS equals r.

Proof of Theorem C: This follows from Theorem 4.2.5 and [4, Section 10] in the

split semisimple case. We may then apply the same argument as in [3] to remove

the split hypothesis on the Lie algebra.
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Chapter 5

The Beilinson-Bernstein
localisation theorem: integral case

5.1 Classifying sheaves of twisted differential op-

erators

This chapter marks the beginning of the second half of the thesis. The overall goal

is to prove a locally analytic Beilinson-Bernstein localisation theorem for twisted

equivariant D-modules on rigid analytic spaces. In this chapter, we will prove the

theorem for the case where the central character λ is a ρ-dominant ρ-regular integral

weight.

In this section, we give a classification of sheaves of twisted differential operators on

a smooth proper rigid variety X and discuss some of their main properties.

Definition 5.1.1. Let X be a K-scheme of locally finite type. A rigid analytification

of X is a rigid K-space X =: Xan together with a morphism of locally G-ringed K-

spaces ι : X→ X, in the sense of Definition 2.3.15, such that for any rigid K-space

Y and morphism of locally G-ringed K-spaces Y→ X, the latter morphism factors
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through ι via a unique morphism of rigid K-spaces Y → X; i.e. the following

diagram commutes:

X X

Y.

ι

∃!

By [13, Corollary 5.4/5], the assignment X 7→ X defines a functor (−)an from the

category of K-schemes of locally finite type to the category of rigid analytic K-

spaces, the rigid analytification functor.

Definition 5.1.2. A sheaf of twisted differential operators is a sheafA ofK-algebras

on X such that there exists an Xw(T )-covering U of X and, for all U ∈ U , AU has

an OU-module structure, equipped with OU-linear K-algebra isomorphisms:

θU : AU → DU for all U ∈ U .

Two sheaves of twisted differential operators A and B lie in the same isomorphism

class if there exists a global O-linear sheaf isomorphism A → B.

Note that, since X is a K-scheme of finite type, there is a canonical isomorphism:

H∗dR(X)→ H∗dR(X)

by [27, Theorem 2.3].
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Lemma 5.1.3. Let φ be an OX-linear ring endomorphism of DX. Then there exists

a closed 1-form ω on X such that:

φ(ξ) = ξ − ω(ξ)

for any element ξ ∈ TX, and φ is completely determined by ω. In particular, φ is an

OX-linear automorphism.

Proof. We can adapt the proof of [46, Lemma 1.1]. Let f ∈ OX and ξ ∈ TX. Then:

[φ(ξ), f ] = [φ(ξ), φ(f)] = φ([ξ, f ]) = φ(ξ(f)) = ξ(f).

Evaluating this on the constant function 1, we have an equality of functions φ(ξ)(f) =

ξ(f) + fφ(ξ)(1). Hence we set ω(ξ) := −φ(ξ)(1). Then ω is a 1-form on X by con-

struction. Also, note that:

ω([ξ, η]) = −φ([ξ, η])(1) = −(φ(ξ)φ(η)− φ(η)φ(ξ))(1)

= φ(ξ)(ω(η))− φ(η)(ω(ξ))

= ξ(ω(η))− η(ω(ξ))

for ξ, η ∈ TX. It follows that:

dω(ξ ∧ η) = ξ(ω(η))− η(ω(ξ))− ω([ξ, η]) = 0.

116



Therefore ω is a closed 1-form, completely determined by φ. Finally, φ is filtration-

preserving and the induced endomorphism gr φ of gr DX is the identity automor-

phism. Hence φ is itself an automorphism.

Lemma 5.1.4. Let Z1(X) denote the additive group of closed 1-forms on X. The

natural morphism:

α : {OX − linear automorphisms of DX} → Z1(X)

is an isomorphism.

Proof. The proof of Lemma 5.1.3 shows that α is injective. To show that α is sur-

jective, let ω be a closed 1-form on X, and define φ : TX → DX by φ(ξ) = ξ − ω(ξ)

for ξ ∈ TX. Then φ extends to an OX-linear ring endomorphism φ : DX → DX if

the following three conditions are satisfied:

(a) φ(fξ) = fφ(ξ),

(b) φ(ξ)(f) = [φ(ξ), f ](1),

(c) φ([ξ, η]) = [φ(ξ), φ(η)]

for f ∈ OX and ξ, η ∈ TX.

Condition (a) is immediate, since φ is an OX-linear morphism. Condition (b) follows

from the observation that φ(ξ)(f) = ξ(f)+fφ(ξ)(1), as in the proof of Lemma 5.1.3.

Finally, condition (c) is satisfied since, for ξ, η ∈ TX:
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φ([ξ, η]) = [ξ, η]− ω([ξ, η]) = [ξ, η]− ξ(ω(η)) + η(ω(ξ))

= [ξ − ω(ξ), η − ω(η)] = [φ(ξ), φ(η)].

Hence φ extends to an OX-linear endomorphism of DX. By Lemma 5.1.3, φ is an

automorphism.

For future reference, for any morphism of sheaves φ on a rigid analytic variety Y,

and U,V admissible open affinoid subspaces of Y, set φUV := φV |U∩V.

Let A be a sheaf of twisted differential operators on X, and let U be an Xω(T )-

covering. For each U ∈ U , fix a local isomorphism θU : AU → DU, which exists by

Definition 5.1.2. Then there exists an automorphism φUV of DUV on U ∩V such

that θU = φUV ◦ θV. By Lemma 5.1.4, there is a closed 1-form ωUV on U∩V which

determines φUV.

If U,V,W ∈ U such that U ∩V ∩W 6= ∅, then on this set we have:

θU = φUV ◦ θV = φUV ◦ φVW ◦ θW.

Therefore φUW = φUV ◦ φVW. Evaluating this equation at ξ, it follows that:

φUW(ξ) = ξ − ωUW(ξ) = (φUV ◦ φVW)(ξ) = φUV(ξ − ωVW(ξ))

= ξ − ωUV(ξ)− ωVW(ξ)
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and so ω satisfies the cocycle condition ωUW = ωUV + ωVW on U ∩V ∩W.

Let Z1
X denote the sheaf of closed 1-forms on X, and let C•(U ,Z1

X) denote the Čech

complex of Z1
X corresponding to the covering U . Then, for V ∈ U , ω = (ωUV |

U,V ∈ U) is an element of C1(U ,Z1
X) and dω = 0, so ω ∈ Z1(U ,Z1

X).

Now take another set of local isomorphisms {θ′U : AU → DU | U ∈ U}. Arguing

as above, we obtain another set {φ′UV | U,V ∈ U} and another closed 1-form

ω′ ∈ Z1(U ,Z1
X). Applying Lemma 5.1.4, we obtain OU-linear automorphisms σU of

DU such that θ′U = σU ◦ θU, and associated closed 1-forms ρU associated to them.

The set ρ := {ρU | U ∈ U} is an element of C0(U ,Z1
X). On U ∩V, we have:

σU ◦ φUV ◦ θV = σU ◦ θU = θ′U = φ′UV ◦ θ′V = φ′UV ◦ σV ◦ θV.

Hence σU ◦ φUV = φ′UV ◦ σV. Taking the corresponding closed 1-forms, it follows

that ρU + ωUV = ω′UV + ρV on U ∩ V. Hence ω′ − ω = dρ, and so the twisted

sheaf of differential operators A determines an element of Ȟ1(U ,Z1
X). Passing to

the colimit, we have a well-defined map between isomorphism classes of sheaves of

twisted differential operators on X and Ȟ1(X,Z1
X), denoted by t.

Theorem 5.1.5. t is a bijection, i.e. there is a bijection between isomorphism

classes of sheaves of twisted differential operators on X and Ȟ1(X,Z1
X).

Proof. We first check that this map is injective. Let A, B be sheaves of twisted

differential operators with t(A) = t(B). Then there is an Xw(T )-covering U and el-
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ements ω, ω′ ∈ Z1(U ,Z1
X) which define the same element of Ȟ1(X,Z1

X), and families

of local isomorphisms:

θU : AU → DU,

ηU : BU → DU.

These families then define families of automorphisms {φUV | U,V ∈ U} and {χUV |

U,V ∈ U} such that, for all U,V ∈ U , we have:

θU = φUV ◦ θV,

ηU = χUV ◦ ηV.

Since ω, ω′ define the same element of Ȟ1(X,Z1
X), it follows that, by refining the

cover U if necessary, ω, ω′ differ by a coboundary, and so we may assume ω −

ω′ = dρ for some ρ := {ρU | U ∈ U} ∈ C0(U ,Z1
X). The map ρU determines an

automorphism σU : AU → AU. Then η′U := σU◦ηU is a family of local isomorphisms

η′U : BU → DU satisfying:

σU ◦ χUV ◦ ηV = σU ◦ ηU = η′U = χ′UV ◦ η′UV = χ′UV ◦ σV ◦ ηV

where the family of local isomorphisms σU ◦ηU defines the family of automorphisms

{χ′UV | U,V ∈ U}, with corresponding 1-form ω′′, as explained above.

Therefore σU ◦ χUV = χ′UV ◦ σV, so χ′UV = σU ◦ χUV ◦ σ−1
V on U ∩V.
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Hence ω′′UV = ω′UV + ρU − ρV on U ∩ V, and so ω′′ = ω′ + dρ = ω. Therefore

χ′UV = φUV on U ∩V. We define local isomorphisms βU : AU → BU by:

βU = (η′U)−1 ◦ θU.

Then, on U ∩V, one obtains:

βU = (η′U)−1 ◦ θU = (φUV ◦ η′V)−1 ◦ φUV ◦ θV = (η′V)−1 ◦ θV = βV

and so the βU extend to a global isomorphism of sheavesA → B. Hence t is injective.

To show t is surjective, let λ ∈ Ȟ1(U ,Z1
X). Then λ determines a closed 1-form

ω ∈ Z1(U ,Z1
X) with dω = 0. Write ω = {ωUV | U,V ∈ U}. By Lemma 5.1.4, each

ωUV corresponds to a local automorphism φUV : DU∩V → DU∩V: since ω is closed

φUW = φVW ◦ φUV.

Hence the family (DU, φUV)U,V∈U is gluing data for sheaves of K-algebras with

respect to the covering U . Hence, by [6, Lemma 6.33.2 and Lemma 6.33.3], there

exists a sheaf A of K-algebras with isomorphisms θU : AU → DU. The sheaf A

satisfies t(A) = λ by construction: hence t is surjective.

Theorem 5.1.5 demonstrates that we can parametrise the set of isomorphism classes

of twisted differential operators by the space Ȟ1(X,Z1
X).

121



5.2 The category CλX/G

In this section, we construct the category CλX/G of coadmissible G-equivariant locally

Fréchet Dλ-modules on X, in the case where λ is integral. We also show that there

is an equivalence of abelian categories CX/G → CλX/G.

Let K be a field equipped with a complete non-archimedean norm |·|, R := {λ ∈ K |

|λ| ≤ 1} and π ∈ R a fixed non-zero non-unit element. Throughout, assume G is a

compact p-adic Lie group and G is a connected split reductive affine algebraic group

scheme over K, equipped with a continuous group homomorphism σ : G → G(K).

Let B be a choice of Borel subgroup of G. G naturally acts on the flag scheme

X = G/B by left translation. Further fix the unipotent radical N of B, and set

H := B/N to be the abstract Cartan group. Let ‹X = G/N be the basic affine space.

Let H,X, X̃ be the analytifications of the abstract Cartan group H, the flag scheme

X, and the basic affine space ‹X respectively. Similarly to the above, there is a left G-

action on ‹X, and applying the rigid analytification functor gives an action of G on X̃.

Write ρ : G→ AutK(X,OX) to denote the continuous group homomorphism arising

from the G-action on X. The G-action on X is faithful and so kerρ is trivial.

Since [B,B] is contained in N, there is an H-action on ‹X defined by the formula:

bN · gN := gbN,

122



for b ∈ B, g ∈ G.

Lemma 5.2.1. Let F be a K-linear G-equivariant sheaf of OX-modules on X. Ap-

plying the rigid analytification functor, Fan is a K-linear G-equivariant sheaf of

OX-modules on X.

Proof. By Definition 2.7.4, for each g ∈ G, there is a natural transformation gF :

F → g∗F which satisfies:

(gh)F = h∗(gF) ◦ hF for any g, h ∈ G.

Applying the rigid analytification functor, there is a commutative diagram:

F g∗F

Fan g∗Fan = (g∗F)an,

gF

(−)an (−)an

gF
an

and so, for each g ∈ G, there is a natural transformation gF
an

: Fan → g∗Fan which

satisfies:

(gh)F
an

= ((gh)F)an = (h∗(gF) ◦ hF)an = (h∗(gF
an

)) ◦ hFan

.

Hence Fan is a G-equivariant sheaf of OX-modules on X.

Definition 5.2.2. Let ξ : ‹X→ X be the canonical H-torsor, in the sense of Lemma

2.5.6. Let TX̃ be the tangent sheaf on ‹X. Set:

‹T := (ξ∗TX̃)H.
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This is a coherent OX-module. Since ‹T is a coherent sheaf over a projective scheme

by Proposition 2.2.23, applying the rigid analytification functor yields a coherent

sheaf ‹T an on X by [13, Theorem 6.3/13]. We set:

‹D := UOX
(‹T an).

Let hK be the K-Lie algebra of H. An element λ ∈ h∗K gives K the structure of a

U(h)K-module via:

h · a = λ(h)a

for a ∈ K,h ∈ U(h)K . Denote this U(h)K-module by Kλ.

Note that the right H-action on X̃ yields a central embedding j : U(h)K → ‹D, as in

the discussion above Definition 2.5.4. This allows us to make sense of the following

definition.

Definition 5.2.3. The sheaf of twisted differential operators on X is the sheaf of

K-algebras:

Dλ := ‹D ⊗U(h)K Kλ.

Lemma 5.2.4. There exists an Xw(T )-covering of X,U , such that for all U ∈ U ,

there is an isomorphism of sheaves of K-algebras:
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DλU → DU.

Hence Dλ is a sheaf of twisted differential operators in the sense of Definition 5.1.2.

Furthermore, we may view λ as an element of Ȟ1(X,Z1
X), and so h∗K ⊆ Ȟ1(X,Z1

X).

Proof. By [1, Lemma 5.3.1(a)], there is an open cover {Ui} of X such that there is

an isomorphism of sheaves of K-algebras:

φλUi : DλUi → DUi .

Let Ui := Ûrig,i. The set {Ui} forms an Xw(T )-covering of X by [1, Notation 5.4.8].

The functor DUi 7→ DUi
sends isomorphisms to isomorphisms, and so we have an

isomorphism of sheaves of K-algebras:

φλUi
: DλUi

→ DUi
.

Furthermore, if λ, µ ∈ h∗K with λ 6= µ, then Kλ and Kµ are non-isomorphic as U(h)K-

modules. Since Kλ is a free and hence faithfully flat U(h)K-module, it follows that

the sheaves Dλ and Dµ are non-isomorphic. Applying Theorem 5.1.5, we have an

injective map h∗K → Ȟ1(X,Z1
X).

Lemma 5.2.5. The sheaf Dλ is a G-equivariant sheaf of K-algebras.
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Proof. The group G acts on ‹X and X by left translation, and the H-torsor ξ is

G-equivariant. By the argument given in [1, Lemma 3.4.3], the sheaves OX̃, TX̃ are

G-equivariant. Since the right H-action on ‹X commutes with the left G-action it

follows that the sheaf ‹T is G-equivariant. By Lemma 5.2.1, ‹T an is G-equivariant,

and so the universal enveloping algebra ‹D is G-equivariant.

Recall the map j : U(h)K → ‹D from the discussion above Definition 2.5.4. The

induced G-action on hK is by the adjoint action, which is trivial on hK since hK is

commutative. Hence the image of j : U(h)K → ‹D lies in the G-invariants of ‹D. We

obtain a G-equivariant structure on the central reduction:

Dλ = ‹D ⊗U(h)K Kλ,

where G acts on the left factor only.

This allows us to make sense of the category (G−Dλ)−mod, in the sense of Defi-

nition 2.7.6.

Definition 5.2.6. A G-equivariant Dλ-module M on Urig is locally Fréchet if:

(a) M(U) is equipped with a Fréchet topology for every U ∈ Xw(T ),

(b) the maps gM(U) : M(U) → M(gU) are continuous for all U ∈ Xw(T ) and

g ∈ G.

A morphism of G-equivariant locally Fréchet Dλ-modules is a morphism f :M→N

of G-equivariant Dλ-modules, such that the induced maps f(U) :M(U) → N (U)
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are continuous for every U ∈ Xw(T ).

The category whose objects are G-equivariant locally Fréchet Dλ-modules and whose

morphisms are continuous maps between them is denoted by Frech(G−Dλ). There

is a natural forgetful functor to G-equivariant Dλ-modules on X:

Φ : Frech(G−Dλ)→ G−Dλ −mod.

From this point on, we suppose λ is an integral weight, in the sense of Definition

2.2.14.

There is an H-action on OX̃, and hence there is an H-action on ξ∗OX̃ obtained by

pushing forward the H-action on OX̃. Given some element U of a trivialising open

cover {Ui} of X, the H-action on ξ∗OX̃ yields a comorphism:

ρU : O(U)→ O(U)⊗O(H).

We set Oλ(U) := {a ∈ O(U) | ρU(a) = a⊗λ } to denote the subsheaf of ξ∗OX̃ where

the H-action agrees with the action by the character λ. Set OλX := (Oλ)an.

Lemma 5.2.7. OλX is a locally free sheaf of coherent OX-modules of rank 1.

Proof. By [32, Section 9.11], we may write Oλ = L(λ), which corresponds to a

G-equivariant line bundle Λ(λ) on X. This further corresponds to a 1-dimensional
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B-module Vλ. By [38, Proposition I.5.9(c)], it follows that Oλ is a coherent OX-

module. Applying [13, Theorem 6.3/13], OλX is a coherent OX-module.

Since the canonical map G → X is locally trivial by [38, II.1.10.2], and Vλ is a free

and hence projective B-module, applying [38, I.5.16.2] shows that Oλ is a locally

free OX-module of rank 1. Applying the rigid analytification functor, it follows that

OλX is a locally free OX-module of rank 1.

Lemma 5.2.8. OλX is a G-equivariant Dλ-module.

Proof. There is a natural DX̃-action on OX̃ given by ∂ ·a = ∂(a), ∂ ∈ DX̃, a ∈ OX̃. It

follows that there is a ξ∗DX̃-action on ξ∗OX̃ given by the same formula. Let ∂ ∈ ‹T ,

a ∈ Oλ. Then, for h ∈ H, we see that:

h · ∂(a) = (h · ∂)(h · a)

= ∂(h · a) since h · ∂ = ∂

= ∂(λ(h)a) since a ∈ Oλ

= λ(h)∂(a).

Hence we have an action of ‹D on Oλ. By Definition 5.2.3, we may write Dλ =

D̃
(h−λ(h))·D̃

. Since H acts as the character λ on Oλ, it follows that, for ∂ ∈ (h−λ(h)) ·‹D, a ∈ Oλ, ∂ · a = 0. Hence the action of ‹D on Oλ descends to a well-defined action

of Dλ on Oλ.

There is a natural G-action on ξ∗DX̃ given by (g · ∂)(f) = g · ∂(g−1 · f), where
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g ∈ G, ∂ ∈ ξ∗DX̃ and f ∈ OX, and the G-action on X is given by left translation. It

is clear that this restricts to a G-action on ξ∗OX̃.

Applying the group homomorphism σ : G→ G(K), there is a G-action on ξ∗OX̃. It

follows that:

(g · (∂ · a))(f) = g · ∂(a)(g−1 · f)

((g · ∂) · (g · a))(f) = (g · ∂) · (g · a(g−1 · f))

= g · ∂(g−1 · g · (a(g−1 · f)))

= g · ∂(a)(g−1 · f),

and hence ξ∗OX̃ is a G-equivariant ξ∗DX̃-module. The same calculation demonstrates

that Oλ is a G-equivariant Dλ-module, in the sense of Definition 2.7.6. By Lemma

5.2.1, OλX is a G-equivariant Dλ-module.

Lemma 5.2.9. There is an isomorphism of sheaves of rings:

DλX ∼= OλX ⊗DX ⊗O−λX .

Proof. Let F be a sheaf of O-modules, and let U ⊆ X be an affine open subset. We

define the endomorphism sheaf E nd(F) to be the sheaf:

U 7→H omK(F |U,F |U).
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Recall that there is a Dλ-action on Oλ, and there is an Oλ⊗D⊗O−λ-action on Oλ.

Hence there are globally defined sheaf morphisms:

ρλ : Dλ → E nd(Oλ),

σλ : Oλ ⊗D ⊗O−λ → E nd(Oλ).

There is an action of D on O which induces a sheaf morphism ρ : D → E nd(O). It

is clear that this morphism agrees with the morphism σ : O ⊗D ⊗O → E nd(O).

Let {Ui} be a trivialising cover of X, in the sense of Lemma 5.2.4. This allows us

to form the following diagram of sheaves of K-algebras:

(Oλ ⊗D ⊗O−λ) |Ui (E nd(Oλ)) |Ui (Dλ) |Ui

D |Ui E nd(O) |Ui D |Ui

σλ|Ui

αλ βλ

ρλ|Ui
φλ

σ|Ui
ρ|Ui

where the vertical arrows are each sheaf isomorphisms.

We verify that this diagram is commutative. Since all morphisms in the diagram

are compatible with restrictions to Zariski open subschemes Vij contained in Ui, it

suffices to show the corresponding diagram:

(Oλ ⊗D ⊗O−λ)(Ui) (E nd(Oλ))(Ui) Dλ(Ui)

D(Ui) E nd(O)(Ui) D(Ui)

σλ(Ui)

αλ(Ui) βλ(Ui)

ρλ(Ui)

φλ(Ui)

σ(Ui)

ρ(Ui)
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is commutative.

First consider the left-hand square. Let γλ(Ui) : Oλ(Ui) → O(Ui) be the local

untwisting automorphism of Oλ on a piece of the trivialising cover {Ui}. Note that:

σλ(Ui)(a⊗ ∂ ⊗ a′) = (m 7→ a⊗ ∂(a′ ⊗m))

for a,m ∈ Oλ(Ui), a
′ ∈ O−λ(Ui), ∂ ∈ D(Ui). It follows that:

(βλ ◦ σλ)(Ui) = βλ(Ui)(m 7→ a⊗ ∂(a′ ⊗m))

(σ ◦ αλ)(Ui) = σ(Ui)(a∂a
′) = (m 7→ a∂(a′m))

where a, a′,m in the second equation are interpreted as the corresponding elements

of O(Ui) under the local untwisting automorphism γλ(Ui). Hence the left-hand

square is commutative.

For the right-hand square, we have:

(βλ ◦ ρλ(Ui)) = βλ(m 7→ ∂(m))

(ρ ◦ φλ)(Ui)(m) = ρ(Ui)(φ
λ(∂)) = (m 7→ ∂(m))

where ∂,m in the second equation are the corresponding elements of D(Ui),O(Ui)

respectively under the local untwisting automorphisms φλ(Ui), γ
λ(Ui). Hence the
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right-hand square is commutative.

By [38, II.1.10(2)], we may assume Ui
∼= Adim X̃. By [19, Theorem 2.1], the ring

D(Ui) is simple and so the morphisms ρ(Ui), σ(Ui) are injective, and they are equal

by construction. Commutativity of the diagram implies that ρλ(Ui), σλ(Ui) are

injective and their images agree. All morphisms in the diagram are global sheaf

morphisms, and so the global morphisms ρλ, σλ are injective and their images agree.

The claimed isomorphism follows.

Lemma 5.2.10. Let M∈ (G−D)−mod. Then OλX ⊗OX
M∈ (G−Dλ)−mod.

Proof. By the isomorphism Dλ ∼= Oλ ⊗ D ⊗ O−λ from Lemma 5.2.9, there is a

Dλ-action on Oλ ⊗M, given by the formula:

(a⊗ ∂ ⊗ a′) · (b⊗m) = a⊗ ∂(m)

for a, b ∈ Oλ, a′ ∈ O−λ, ∂ ∈ D and m ∈M. Let g ∈ G. We compute:

g · ((a⊗ ∂ ⊗ a′) · (b⊗m)) = g · (a⊗ ∂(m)) = g · a⊗ g · ∂(m)

= g · a⊗ (g · ∂) · (g ·m)

= (g · (a⊗ ∂ ⊗ a′)) · (g · (b⊗m)),

sinceM∈ (G−D)−mod. Hence OλX⊗OX
M∈ (G−Dλ)−mod by definition.

Lemma 5.2.11. Let M∈ Frech(G−DX). Then OλX ⊗OX
M∈ Frech(G−DλX).
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Proof. By Lemma 5.2.10, OλX⊗OX
M∈ (G−Dλ)−mod. Let U ∈ Xw(T ) and sup-

poseMU ∈ Frech(GU−DU), so, for V ∈ Uw(T ), the K-algebraMU(V) is equipped

with a Fréchet topology and theK-algebra morphisms gMU(V) :MU(V)→MU(gV)

are continuous. The O(V)-module Oλ(V) is a section of the sheaf Oλ over an affi-

noid subdomain V ∈ Xw(T ) and hence carries a Fréchet topology. Hence the tensor

product OλU ⊗OU
MU(V) carries a Fréchet topology. Furthermore, for all g ∈ G,

the algebra morphisms OλU ⊗OU
MU(V) → OλU ⊗OU

MU(gV) are continuous by

construction. It follows that OλU ⊗OU
MU ∈ Frech(GU −DλU).

The functor OλU ⊗OU
Loc

ÛD(U,HU)
U defined by, for V ∈ Uw(T ):

(OλU ⊗OU
Loc

ÛD(U,HU)
U )(MU)(V) = OλU ⊗OU

(Loc
ÛD(U,HU)
U )(MU)(V)

is a functor from coadmissible ÙD(U, HU)-modules to G-equivariant locally Fréchet

DλU-modules on U, by applying [1, Proposition 3.6.6].

Lemma 5.2.12. LetM∈ Frech(G−D). There is an isomorphism of locally Fréchet

D-modules:

O−λ ⊗O Oλ ⊗OM∼=M.

Proof. By Lemma 5.2.11, O−λ ⊗O Oλ ⊗OM∈ Frech(G−D). Since Oλ is a locally

free sheaf of rank 1 by Lemma 5.2.7, it is invertible by definition, and O−λ is its

inverse. Hence there is an isomorphism of D-modules:

O−λ ⊗O Oλ ⊗OM∼=M.
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For each U ∈ Xw(T ), the induced morphism O−λ ⊗O Oλ ⊗OM(U) ∼= M(U) is

continuous. Hence we have an isomorphism of locally Fréchet D-modules.

Definition 5.2.13. Let M be a G-equivariant locally Fréchet Dλ-module on X.

(a) Let U be an Xw(T )-covering. M is U − coadmissible if, for each U ∈ U , there

is a U-small subgroup HU of G, a coadmissible ÙD(U, HU)-module MU, and an

isomorphism:

OλU ⊗OU
Loc

ÛD(U,HU)
U (MU)→MUrig

of HU-equivariant locally Fréchet Dλ-modules on U.

(b) M is coadmissible if it is U -coadmissible for some Xw(T )-covering U .

(c) The full subcategory of Frech(G−DλX) consisting of coadmissible G-equivariant

locally Fréchet Dλ-modules is denoted by:

CλX/G.

It may seem reasonable to expect that the twisted category CλX/G could be de-

fined in the following way. Let U be an Xw(T )-covering and, for each U ∈ U , let

θU : DλU → DU be an OU-linear isomorphism in the sense of Definition 5.1.2.
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We may define the category G − Dλ-mod as in Definition 2.7.6. There is a natu-

ral functor [θU] : G − DλU-mod → G − DU-mod. As sheaves of K-vector spaces,

[θU](MU) =MU, but the DU-action on [θU](MU) is given by:

a ·DλU ([θU]m) = [θU](θ−1
U (a) ·DU

m) for all a ∈ DU,m ∈MU.

If f :MU → NU is a morphism in G−DλU-mod, then we define [θU]f : [θU](MU)→

[θU](NU) to be the unique morphism that makes the following diagram commute:

MU NU

[θU] (MU) [θU] (NU)

f

[θU] [θU]

[θU]f

We then say that CλX/G is the full subcategory of Frech(G − DλX) consisting of Dλ-

modules M such that, for each U ∈ U , [θU](MUrig
) ∼= Loc

ÛD(U,HU)
U (MU). The fol-

lowing example demonstrates why this cannot be the case in general, since the local

isomorphisms θU are not necessarily HU-equivariant for any open subgroup HU of G.

Example 5.2.14. We illustrate these constructions by studying the case G = SL2,

G = SL2(Qp). Let B denote the Borel subgroup consisting of lower triangular ma-

trices with unipotent radical N. Let H = B/N denote the abstract Cartan group.

This is isomorphic to Gm.

The flag variety of G, X, is isomorphic to P1, and the basic affine space G/N is

isomorphic to A2 \ {0}. We have an H-torsor ξ given by:
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ξ(a, b) = [a : b].

Let {U,V} be an open affine covering for P1. Suppose U ∼= A1 with local coordinate

z := xy−1, and V ∼= A1 with local coordinate z−1. Then there is an H-invariant

isomorphism:

U×H→ ξ−1(U)

(z, t) 7→ (tz, t)

Hence U trivialises the torsor ξ in the sense of Definition 2.5.2, and we may identify

ξ−1(U) with the open subscheme A2 \ {y = 0}. Since the same is true for V, ξ is a

locally trivial H-torsor.

By [4, Proposition 4.6], there is an isomorphism of sheaves of K-algebras:

‹DU → DU ⊗K U(h).

It follows that ‹D(U) ∼= K[z,∂z ,h]
([∂z ,z]−1)

. Applying the isomorphism DλU ∼= ‹DU ⊗U(h) Kλ, we

see that:

Dλ(U) ∼=
K[z, ∂z, h]

([∂z, z]− 1, h− λ(h))
.

Let J ≤ GU be an open subgroup of G and let g ∈ J . View g =

ñ
a b
c d

ô
∈ J as a

matrix. Explicitly, the J-action on Dλ(U) is given by:
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g · z =
dz − b
−cz + a

,

g · ∂z = c(a− cz)(h− 2z∂z) + (a− cz)2∂z,

g · h = h.

Give D(U) the filtration by order of differential operator from [32, Proposition 1.1.3],

and let u ∈ F1D(U). Let φ : Dλ(U) → D(U) be a filtered O(U)-linear local ring

automorphism. By assumption, φ(g) = g for all g ∈ F0D(U) and so we see that:

[φ(u), g] = φ([u, g]) = [u, g]

since [u, g] ∈ F0D(U). Hence [φ(u)− u, g] = 0 for all g ∈ F0D(U) and so φ(u)− u ∈

F0D(U).

It follows that the filtered local isomorphism φ : Dλ(U) → D(U) is obtained by a

function of the form:

z 7→ z, ∂z 7→ ∂z − f(z), h 7→ λ(h).

for some f ∈ O(U). Since φ is filtered, f has degree 1 and so we may write

f(z) = αz + β.

Suppose that φ were a J-equivariant isomorphism. In this case, φ(g · ∂z) = g ·φ(∂z).

Then we see that:
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φ(g · ∂z) = φ(c(a− cz)(h− 2z∂z) + (a− cz)2∂z)

= c(a− cz)(λ(h)− 2z(∂z − αz − β)) + (a− cz)2(∂z − αz − β),

g · φ(∂z) = c(a− cz)(−2z∂z) + (a− cz)2∂z + g · (−αz − β).

Hence c(a− cz)(λ(h)− 2z(αz+ β))− (a− cz)2(αz+ β) = −α( dz−b
−cz+a)− β. Provided

λ(h) 6= 0, for any fixed values of α and β, this is only true in general if c = 0.

It follows that J must be contained in the Borel subgroup B consisting of upper

triangular matrices in G. But there are no open subgroups of G contained in B,

and so φ cannot be J-equivariant.

This calculation demonstrates the difficulties with simplifying Definition 5.2.13 by

imposing the condition that M ∈ CλX/G if the untwist O−λX ⊗OX
M ∈ CX/G. In this

case, the corresponding GU-action on M(U) and O−λX (U) ⊗OX(U) M(U) cannot

be identified in a way that is compatible with the local isomorphism by the above

calculation. More explicitly, OλX(U) and OX(U) are not isomorphic as ÙD(U, GU)-

modules, since the GU-action is shifted. We keep track of this shift by keeping the

OλX-term in the definition of CλX/G.

The O(U)-module Oλ(U) may be identified with the following set:

Oλ(U) ∼= {
∑

i,j∈Z,i≥0,j≤λ(h)

aijx
iyj | aij ∈ K, i+ j = λ(h)}.

This is a free O(U)-module on the generator e := yλ(h).
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Let f ∈ O(U). The Dλ(U)-action given by ∂z · e = 0, ∂z · (fe) = ∂z(f) · e. The

G-action on Oλ(U) is given by:

g · (xiyj) = (dx− by)i(−cx+ ay)j.

Note that g · (xkyλ(h)−k) = (dx− by)k(−cx+ay)λ(h)−k. It follows that, for f ∈ O(U),

g · (f · e) = (g · f) · (g · e). Hence Oλ(U) is a GU-equivariant Dλ(U)-module in the

sense of Definition 2.7.6.

The next part of this section is devoted to establishing a technical result on ex-

tending continuous A-linear K-automorphisms of D(U) to continuous A-linear K-

automorphisms of ÙD(U, HU). This result turns out to be a key ingredient in demon-

strating the existence of a natural functor ÙD(U, HU) − mod → ÙD(U, HU) − mod,

which we will eventually show to define an equivalence of categories.

Let X := ‘Xrig denote the rigid analytic flag variety. By [38, II.1.10(2)], we may as-

sume X admits a finite covering U , where each U ∈ U is isomorphic to (Ân
R)rig, where

n is the dimension of X, and so (Ân
R)rig is an affinoid subvariety of X. Let A = O(U)

be a K-affinoid algebra, and letA be a G-stable affine formal model in A, in the sense

of Definition 2.8.4. Let L = DerK(A) = T (U) and L an A-Lie lattice inside L. Note

that πnL is a G-stable A-Lie lattice for all n ∈ N, by [5, Lemma 6.1(a)]. Recall also

that we have a continuous injective group homomorphism ρ : GU → AutK(U,OU),

obtained by restricting the map ρ : G → AutK(X,OX) to the stabiliser GU of U

under the G-action.
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We recall the construction from Theorem 2.8.5. Let E := EndR(A), and U := Û(L).

Denote by ι the natural map ̂iA ⊕ iL : A⊕ L → U . By [1, Lemma 3.2.10(a)], there

is a unique R-algebra homomorphism ψL : U → E such that ψL(ι(a)) = iA(a) and

ψL(ι(v)) = v for all a ∈ A and v ∈ L. The map βL := (ψ×L )−1 ◦ ρ : GL → U× is a

G-equivariant trivialisation of the GL-actions on Û(L) and Û(L)K , fitting into the

commutative diagram:

GL G

exp(peL) U× E×.

ρ|GL
βL ρ

ψ×L

Theorem 5.2.15. Let φλU : D(U) → D(U) be a continuous A-linear ring auto-

morphism which is bounded with respect to the norm on D(U) induced by the R-

subalgebra U(L) of U(L)K. There is a compact open subgroup HU of G and a unique

A-linear ring automorphism ÛφλU := ÙD(U, HU)→ ÙD(U, HU) extending φλU.

The next part of the thesis works towards the proof of Theorem 5.2.15.

By definition, we may write D(U) = U(L)K . This is a dense subalgebra of the K-

algebra Û(L)K : it follows that φλU has a unique extension to a continuous A-linear

K-automorphism φ̂λU : Û(L)K → Û(L)K by continuity.

For clarity, write φ̂λ := φ̂λU. By Theorem 2.8.5, there is a G-equivariant trivialisation

β = βL : GL → Û(L)
×

K . Write Un := Û(πnL)K , and for each n ∈ N, set:

Hn := β−1(U×n ).
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Lemma 5.2.16. The natural map Un → U0 is injective.

Proof. First note that we may choose L and πnL both to be smooth A-Lie lattices

in L inside the smooth rigid affinoid variety X. In this case, the natural maps

iL : L → U(L) and iπnL : πnL → U(πnL) are injective by [52, Theorem 3.1].

We have an injective map ι : πnL → L of A-Lie lattices. This morphism induces

a morphism U(ι) : U(πnL) → U(L) by [5, Section 2.1], which is injective since the

maps iL and iπnL are both injective.

The functor ‘(−) is left exact since it may be realised as an inverse limit, and the

functor (−)K is left exact since K is a field and hence a flat R-module. The result

follows.

Lemma 5.2.17. Let H := H0 = GL and define βn : Hn → Un ⊆ U0 by β |Hn= βn.

Then βn is a G-equivariant trivialisation of Un oH.

Proof. Given h ∈ Hn, the conjugation-by-βn(h)-action on U0 agrees with the h-

action on U0. Applying Lemma 5.2.16, Un is an h-stable subring of U0, it is preserved

under conjugation by βn(h) and so the conjugation-by-βn(h)-action on Un agrees

with the h-action on Un.

Let β : Un[H]→ Un oH be the ring isomorphism provided by Lemma 5.2.17. This

allows us to form the ring Un oHn H for any n ∈ N as a quotient of Un oH by the

two-sided ideal (Un oH) · (β(Hn)− 1).

Let ‘AK denote the Tate-Weyl algebra:
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‘AK := {
∑

α,β∈Nn
λαβx

α∂β | λαβ ∈ K and |λαβ| → 0 as |α|+ |β| → ∞}.

This should be viewed as the p-adic completion of the Weyl algebra generated by

{x1, · · · , xn, ∂1, · · · , ∂n} with coefficients in K. Here, xα is understood to be the

product xα1
1 · · · xαnn , α = (α1, · · · , αn), and similarly for ∂β.

Lemma 5.2.18. ‘AK is a simple algebra with centre Z(‘AK) = K.

Proof. The claims follows from [49, Corollary 1.4.5 and Proposition 1.4.6].

Lemma 5.2.19. The group action of H on Un induces a well-defined injective group

homomorphism H
Hn
→ Out(Un). It follows that the ring Un oHn H is simple.

Proof. There is a G-equivariant trivialisation βn : Hn → U×n by Lemma 5.2.17,

and so the action of h ∈ Hn on Un coincides with the conjugation action of βn(h).

It follows that, if h ∈ H, then h acts on Un by an inner automorphism. It suffices

to show that, given h ∈ H which acts by an inner automorphism on Un, then h ∈ Hn.

By assumption, the conjugation action by β0(h) agrees with the conjugation action

by α for some α ∈ U×n . The action of U0 on itself by conjugation defines a group

homomorphism γ : U×0 → Aut U0, with ker γ = Z(U0) = K by Lemma 5.2.18. By

construction, β0(h)α−1 is a unit in U0 which commutes with each element of Un.

Since multiplication is continuous and Un is a dense subring of U0, it follows that

β0(h)α−1 is contained in Z(U0) = K. Hence β0(h) is a non-zero scalar multiple of α

and so lies inside U×n .

142



By [1, Proposition 2.2.4(b)], Un oHn H is isomorphic to a crossed product Un ∗ H
Hn

,

which is a crossed product of a simple ring with a group of outer automorphisms

acting on that ring. We may apply the same argument as in [45, Proposition 7.8.12]

to show that the ring UnoHn H is simple. The proof in loc. cit. is only stated for a

skew-group ring S, but it it also valid in the situation of a general crossed product.

Lemma 5.2.20. For each n ∈ N, there is a natural injective ring homomorphism

in : Un oHn H → U0.

Proof. Recall from Lemma 5.2.16 that we have a natural injective map f : Un → U0.

It follows that we also have an injective group homomorphism β−1◦f ◦β : Hn → H0.

Hence we may apply [1, Lemma 2.2.7], with the τ in this lemma as the identity map,

to deduce the existence of a ring homomorphism in : Un oHn H → U0. This map

is non-zero and therefore is injective since the ring Un oHn H is simple by Lemma

5.2.19.

The map φ̂n := φ̂ |UnoHnH : Un oHn H → U0 is defined by φ̂n(u, h) = (φ̂ ◦ in)(u, h).

Since in : Un oHn H → U0 is a well-defined ring homomorphism, so is φ̂n.

Let {x1, · · ·xn, ∂1, · · · , ∂n} be a set of algebra generators for the algebra of finite-

order differential operators D(U) on U, and let γ : D(U) → D(U) be a ring

automorphism such that γ(xi) = xi for each xi. We may find an increasing filtration

FiD(U) of D(U) such that D(U) =
⋃
i≥0 FiD(U), F0D(U) = Tn = K〈x1, · · · , xn〉

and, given P ∈ FlD(U) and Q ∈ FmD(U), [P,Q] ∈ Fl+m−1D(U).

Lemma 5.2.21. For all u ∈ F1D(U), γ(u) = u − f for some f ∈ K〈x1, · · ·xn〉,
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dependent on u.

Proof. Let u ∈ F1D(U). By assumption, γ(g) = g for all g ∈ F0D(U) and so we see

that:

[γ(u), g] = γ([u, g]) = [u, g]

since [u, g] ∈ F0D(U). Hence [γ(u)−u, g] = 0 for all g ∈ F0D(U) and so γ(u)−u ∈

F0D(U).

Proposition 5.2.22. The image of φ̂λn is contained in Un oHn H.

Proof. Note that the image of the map β : H → U0 is contained in exp peL, by con-

struction. Since L ⊆ T (U) = F1D(U), it follows that, for h ∈ H, we may identify

β(h) = exp(∂), where ∂ ∈ peL ⊆ F1D(U).

Let (u, h) ∈ Un oHn H. It follows that:

φ̂λn(u, h) = φ̂λ(uβ(h))

= φ̂λ(uexp(∂)) = φ̂λ(u)exp(φ̂λ(∂))

= φ̂λ(u)exp(∂ − f)

where φ̂λ(uexp(∂)) = φ̂λ(u)exp(φ̂λ(∂)) since φ̂λ is a continuous A-linear ring auto-

morphism by assumption, and f ∈ O(U).
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By definition of the map in, it suffices to show that exp(∂−f) is contained in Un·imβ.

Applying the Baker-Campbell-Hausdorff formula as in [43, Equation 12], we see

that, for general variables A,B:

exp(X)exp(Y ) = exp(X)(1 +
∞∑
t=1

∞∑
n1,··· ,nt=1

(−1)(
∑t

i=1
ni)−t∏t

i=1 ni∏t−1
j=0(

∑t−j
k=t nk)

(
t∏
i=1

Bni)).

where the Bni are defined as in [43, Equation 8]. In this case, the only non-

zero terms occur when t = 1, since a general nested commutator containing k

Xs and l Ys is non-zero if and only if l = 1 and the commutator is of the form

[X, [X, [X, · · · , [X, Y ]], · · · ]. Then, writing ∂ = X, f = Y , [X, [X, [X, · · · , [X, Y ]], · · · ] =

∂k−1(f), it follows that this sum simplifies to:

exp(∂ − f) = exp(∂)exp(−f +
∑
k≥2

(−1)k−1

k!
∂(k−1)f),

We verify that exp(−f+
∑
k≥2

(−1)k−1

k!
∂(k−1)f) ∈ A. Recall that the map φ̂λ : U0 → U0

is a continuous ring automorphism . We claim that φ̂λ is an isometry. To see this,

let ∂ ∈ L such that |∂| = 1, let φ̂λ(∂) = ∂ − f and suppose that |f | > 1. By the

strong triangle inequality, |φ̂λ(∂)| = |f |.

Expanding (∂ − f)m, we see that φ̂λ(∂m) = φ̂λ(∂)m can be written as the sum

of fm and terms with norm strictly less than |fm|. As A is power-multiplicative,

|fm| = |f |m and so |φ̂λ(∂m)| = |f |m. Hence:
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|φ̂λ(∂m)|
|∂m|

≥ (
|f |
|∂|

)m →∞

as m → ∞. Hence φ̂λ is not bounded in norm on U(L)K , which contradicts

the assumption that φ̂λ is continuous. Hence |φ̂λ(x)| ≤ |x| for any x ∈ U(L)K .

Since φ̂λ is an automorphism, applying the same argument to its inverse shows that

|φ̂λ(x)| = |x|. Hence φ̂λ is an isometry.

It follows that, for ∂ ∈ F1D(U), |φ̂λ(∂)| = |∂ − f | = |∂|. Hence |f | ≤ |∂|.

Given ∂ ∈ peL, f ∈ peA, and since L(A) ⊆ A by definition, ∂(f) ∈ p2eA. Induc-

tively, we see that ∂k−1(f) ∈ pkeA. Hence:

|(−1)k−1

k!
∂(k−1)f | ≤ |p|ke−

k
p−1 .

As k →∞, |p|ke−
k
p−1 → 0 and so the sum

∑
k≥2

1
k!
∂(k−1)f is convergent.

It suffices to verify that | − f +
∑
k≥2

(−1)k−1

k!
∂(k−1)f | < p

1
p−1 , which demonstrates

that −f +
∑
k≥2

(−1)k−1

k!
∂(k−1)f lies inside the radius of convergence of the function

exp : A→ A by [41, Example 0.4.1]. Since |f | ≤ |∂| by continuity, and |∂| = p−e by

construction, it is clear that |f | < p
1
p−1 . Since | (−1)k−1

k!
∂(k−1)f | ≤ |p|ke−

k
p−1 , it suffices

to check that ke− k
p−1

> 1
p−1

. Equivalently, ke > k+1
p−1

.

If p = 2, e = 2 and 2k > k + 1 for k ≥ 2. If p > 2, e = 1 and k > k+1
p−1

for k ≥ 2.
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Hence the inequality is verified in all cases.

Hence we may write exp(∂ − f) = exp(∂)exp(f̃) for some function f̃ ∈ O(U). It

follows that:

exp(∂ − f) = exp(∂)exp(f̃)exp(−∂)exp(∂)

= (β(h) · exp(f̃))exp(∂).

Now exp(∂) lies in im β by construction, and β(h) · exp(f̃) ∈ O(U), which is a

subalgebra of Un by definition. It follows that exp(∂ − f) ∈ Un · imβ.

Proposition 5.2.23. ÙD(U, H) ∼= ⋂
n∈N Un oHn H as subalgebras of U0.

Proof. By Lemma 5.2.20, we have an isomorphism lim←−UnoHn H
∼= ⋂

n∈N UnoHn H.

Hence it suffices to show that ÙD(U, H) ∼= lim←−Un oHn H.

Let (N•) := N0 ≥ N1 ≥ N2 ≥ · · · be a good chain for L in the sense of [1, Definition

3.3.3]. By [1, Lemma 3.3.4], we have an isomorphism:

ÙD(U, H) ∼= lim←−Un oNn H

of K-algebras. We claim that for each n ∈ N there is m ≥ n such that Hm ⊆ Nn.

We first show that
⋂
m∈NHm = {e}. We claim that, given h ∈ ⋂

m∈NHm, then β(h)

lies in the unit ball of Um for each m.
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Write | − | for the norm on Un and | − |0 for the norm on U0. Since any h ∈ Hn

is contained in GL, we can write β(h) = exp(peξ) for some ξ ∈ L. Furthermore,

β(h) ∈ Un, so we may write β(h) uniquely as:

β(h) =
∑
i,j

aijx
i∂j, |aij||π|−|j|n → 0.

Since β(h) ∈ exp(peL), it follows that β(h)(1) = 1 and so we may suppose that

a00 = 1, ai0 = 0 for i > 0. Hence, when filtering by ordering of differential operator,

the degree zero part of β(h) is 1.

Furthermore, β(hp
m

) ∈ exp(pm+eL) for m ≥ 0. Write β(h) =
∑
k
pek

k!
ξk. Since

|pe| < |p|
1
p−1 , the radius of convergence of the p-adic exponential function by [41,

Example 0.4.1], the coefficients pek

k!
→ 0 and hence are bounded in norm. Also

pek

k!
∈ Zp. Hence we can write:

β(hp
m

) =
∑
k

(
pek

k!
(pmξ)k)

Since pek

k!
→ 0 and the coefficients are elements of Zp, it follows that all summands

in the expansion of β(hp
m

), except the constant 1, tend to 0 with respect to the

Un-norm as m → ∞. Hence |β(hp
m

)| → 1 as m → ∞. Since the norm on Un is

submultiplicative, if |β(h)| < 1, |β(hp
m

)| → 0 as m→∞, a contradiction. Applying

the same argument to β(h−1) forces |β(h)| = 1.

By the above argument, for each m ∈ N β(h) lies inside the unit ball U◦m of Um.
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But then β(h) ∈ ⋂
m∈N U

◦
m = A. On the other hand, using the previous expansion,

we can write:

β(h) =
∑
k

pek

k!
ξk

and so, since (peL)k ∩A = {0} for all k 6= 0, it follows that β(h) = 1. It follows that

ρ(h) is the identity automorphism on A. Since ρ is faithful, it follows that
⋂
m∈NHm

is trivial.

Since Hm is an open subgroup of G, G \Nn is closed and therefore compact. From

the above,
⋂
m∈NHm = {e}, and so G \Nn ⊆

⋃
m∈NG \Hm. The right-hand side is

an open covering of G, so by compactness, G\Nn ⊆ G\Hk for some fixed subgroup

Hk. Hence Hk ⊆ Nn, which proves the claim.

On the other hand, since the Nn form a good chain for L, we see that
⋂
n∈NNn is

trivial. Hence the same argument as in the previous paragraph allows us to find

some Hl with Nn ⊆ Hl, and the result follows.

Proof of Theorem 5.2.15: By Proposition 5.2.23, ÙD(U, H) ∼= ⋂
n∈N UnoHnH. Hence

the required automorphism ÛφλU : ÙD(U, H) → ÙD(U, H) coincides with φ̂λ0 |ÛD(U,H)
.

Furthermore, it is clear by construction that the map ÛφλU is a restriction of the map

φ̂λU. Since ÙD(U, H) is a dense subalgebra of U0, and the map φ̂λU is unique, it follows

that the map ÛφλU must be the unique such continuous extension.
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Proof of Theorem D: This follows from Proposition 5.2.23.

Recall that, for X the scheme-theoretic flag variety and U ⊆ X open affine, we may

find a local coordinate system {xi, ∂i} satisfying:

[∂i, ∂j] = 0, ∂i(xj) = δij, TU =
n⊕
i=1

OU(∂i)

by [32, Theorem A.5.1]. Our next lemma shows that the same is true for X. We

state this lemma in a more general setting, in the case where Y is a general smooth

affinoid variety, not necessarily the rigid analytic flag variety.

Lemma 5.2.24. Let Y be a smooth affinoid variety of dimension n. For each point

p ∈ Y, there exists an admissible open neighbourhood Vp of p, regular functions

xi ∈ OY(Vp) and vector fields ∂i ∈ TY(Vp) satisfying the conditions:

[∂i, ∂j] = 0, ∂i(xj) = δij, TVp =
n⊕
i=1

OVp(∂i).

Moreover, we may choose the xi such that they generate the maximal ideal mp of

the local ring OVp,p at p. Hence ‘DY(Vp) ∼= ‘AK“⊗O(ÂnR)rig
OY(Vp).

Proof. Since Y is smooth, by [24, Theorem 3.6.3(2)], the stalk OY,p is a regular

local ring. Hence there exist n functions x1, · · · , xn ∈ mp generating the unique

maximal ideal mp. By definition, dx1, · · · , dxn is a basis for the free OY,p-module

Ω1
Y,p. It follows that we can take an admissible open neighbourhood Vp of p such

that Ω1
Y(Vp) is a free module with basis dx1, · · · dxn over OY(Vp). Let ∂1, · · · , ∂n
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be the dual basis of TY(Vp). Then ∂i(xj) = δij. Writing [∂i, ∂j] =
∑n
l=1 g

l
ij∂l, where

glij ∈ OY(Vp), it follows that glij = [∂i, ∂j]xl = ∂i∂jxl−∂j∂ixl = 0. Hence [∂i, ∂j] = 0.

For the last part, note by [2, Proposition 4.15] that Y admits an admissible covering

by a collection of affinoids Yi such that there exist étale morphisms gi : Yi → Dni ,

where ni ∈ N and Dni denotes the ni-dimensional polydisc.

Let Y := Sp A, D = Sp Tni , where Tni is the Tate algebra in ni variables. Since

gi is étale, it follows that we may write TY(Yi) = A ⊗Tni T (Dni). Since DY(Yi) =

U(TY(Yi)) by definition, applying [5, Corollary 2.4] and a completed version of [5,

Proposition 2.3] shows us that “DY(Vp) ∼= ‘AK“⊗O(ÂnR)rig
OY(Vp).

We now apply Theorem 5.2.15 to our situation. Recall that X is the rigid analytic

flag variety. By [38, II.1.10(2)], we may assume U is isomorphic to (Ân
R)rig, where

n is the dimension of X. Let {xi, ∂i} be a local coordinate system for D(U), as

in Lemma 5.2.24, and let {hi} be a basis for the Cartan subalgebra h. Since λ

is integral, we may find an A-linear isomorphism φλU = D(U) → Dλ(U) given by

φλ(∂i) = ∂i − λ(hi)xi. Extending this definition multiplicatively, we may suppose

that φλ is a ring homomorphism. Hence we may find a continuous A-linear homo-

morphism φλU : D(U)→ Dλ(U) of the form φλ(u) = u− f for f ∈ O(U), as in the

statement of Theorem 5.2.15.

Let [φλU] : D(U)−mod→ Dλ(U)−mod be the functor that views a D(U)-module

as a Dλ(U)-module, with the Dλ(U)-action given by:
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a ·DλU ([φλU]m) = [φλU]((φλ)−1
U (a) ·DU

m) for all a ∈ DλU,m ∈MU.

Note that the functor [φλU] defines an equivalence of categories DU − mod →

DλU − mod. Theorem 5.2.15 implies that we may similarly define a functor [ ÛφλU] :ÙD(U, HU)−mod→ ÙDλ(U, HU)−mod, which is also an equivalence of categories.

Lemma 5.2.25. Let U be an Xw(T )-covering. Let U ∈ U , let HU be a U-

small subgroup of G, and let MU be a coadmissible ÙD(U, HU)-module. Then

OλU(U)⊗OU(U) MU is also a coadmissible ÙD(U, HU)-module.

Proof. Since MU ∈ DU(U)−mod, OλU(U)⊗OU(U) MU ∈ DλU(U)−mod by Lemma

5.2.10. Hence we may write OλU(U) ⊗OU(U) MU = [φλU](MU) for some continuous

A-linear ring isomorphism φλU.

There is a corresponding functor [ ÛφλU] : ÙD(U, HU) − mod → ÙD(U, HU) − mod ex-

tending [φλU], and, by construction, [ ÛφλU](MU) = OλU(U)⊗OU(U)MU. It follows that

OλU(U)⊗OU(U) MU ∈ ÙD(U, HU)−mod.

Since MU is a coadmissible ÙD(U, HU)-module, we may write MU = lim←−(MU)n,

where the (MU)n are finitely generated ÙD(U, HU)n-modules for some Noetherian

K-Banach algebras ÙD(U, HU)n satisfying ÙD(U, HU) = lim←−
ÙD(U, HU)n. We verify

the ÙD(U, HU)-module [ ÛφλU](MU) is coadmissible. Note that:
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[ ÛφλU](M) = [ ÛφλU](lim←−(MU)n)

= lim←−[ ÛφλU]((MU)n)

where the inverse limit commutes with the functor [ ÛφλU] since it is an auto-equivalence

of the category ÙD(U, HU) − mod. Furthermore, it is clear that the ÙD(U, HU)n-

modules [ ÛφλU]((MU)n) are finitely generated.

Finally, we have the chain of isomorphisms:

ÙD(U, HU)n ⊗ÛD(U,HU)n+1
[ ÛφλU]((MU)n+1)

= [ ÛφλU](ÙD(U, HU)n ⊗ÛD(U,HU)n+1
((MU)n+1)

= [ ÛφλU](MU)n

where the last line follows since MU is a coadmissible ÙD(U, HU)-module. Hence, by

Definition 2.4.5, OλU(U)⊗OU(U) MU is a coadmissible ÙD(U, HU)-module.

Lemma 5.2.26. Let U be an Xw(T )-covering. Let U ∈ U , let HU be a U-small

subgroup of G, and let MU be a coadmissible ÙD(U, HU)-module. By Lemma 5.2.25,

OλU(U)⊗OU(U) MU is also a coadmissible ÙD(U, HU)-module.

There is an isomorphism of HU-equivariant locally Fréchet Dλ-modules:

OλU ⊗OU
Loc

ÛD(U,HU)
U (MU)→ Loc

ÛD(U,HU)
U (OλU(U)⊗OU(U) MU).
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Proof. By [5, Theorem 9.1], it suffices to check that we have an isomorphism of

HU-equivariant locally Fréchet Dλ-modules:

OλU ⊗OU
P ÛD(U,HU)

U (MU)→ P ÛD(U,HU)
U (OλU(U)⊗OU(U) MU).

Let V ∈ Xw(T ), V ⊆ U, HV a V-small subgroup of G. It follows that:

P ÛD(U,HU)
U (OλU(U)⊗OU(U) MU)(V) = lim←−(OλU(U)⊗OU(U) MU)(V, HV)

= lim←−
ÙD(V, HV)Ù⊗ÛD(U,HV)

OλU(U)⊗OU(U) MU

∼= lim←−O
λ
U(U)⊗OU(U)

ÙD(V, HV)Ù⊗ÛD(U,HV)
MU,

where the inverse limit is taken over the V-small subgroups of G.

By [1, Corollary 3.5.6], whenever (V, HV) is small, the canonical map

P ÛD(U,HU)
U (MU)(V) → M(V, HV) is a bijection. It follows that the inverse system

M(V, HV)HV
satisfies the Mittag-Leffler property, and so, by [61, Proposition 3.5.7],

we have the following chain of isomorphisms:

lim←−O
λ
U(U)⊗OU(U)

ÙD(V, HV)Ù⊗ÛD(U,HV)
MU

∼= OλU(U)⊗OU(U) lim←−
ÙD(V, HV)Ù⊗ÛD(U,HV)

MU

= OλU(U)⊗OU(U) P
ÛD(U,HU)
U (MU)(V).
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Proposition 5.2.27. The functor Oλ ⊗O − : Frech(G − D) → Frech(G − Dλ) re-

stricts to an equivalence of categories CX/G → CλX/G.

In particular, CλX/G is an abelian category.

Proof. LetM∈ CX/G. Then, by [1, Definition 3.6.1], there exists a Xw(T )-covering

U such that for each U ∈ U , there is a U-small subgroup HU of G, a coadmissibleÙD(U, HU)-module MU, and an isomorphism:

Loc
ÛD(U,HU)
U (MU)→MUrig

of HU-equivariant locally Fréchet Dλ-modules on U.

By Lemma 5.2.11, for each U ∈ U , the DλU-module OλU⊗OU
MU ∈ Frech(HU−DλU).

We check that Oλ ⊗OM is an object in the full subcategory CλX/G. Applying the

functor OλU ⊗OU
−, we have an isomorphism of HU-equivariant locally Fréchet Dλ-

modules:

OλU ⊗OU
Loc

ÛD(U,HU)
U (MU)→ (OλU ⊗OU

M)Urig
.

By Lemma 5.2.26, we have an isomorphism:

OλU ⊗OU
Loc

ÛD(U,HU)
U (MU)→ Loc

ÛD(U,HU)
U (OλU(U)⊗OU(U) MU).
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By Definition 6.4.1, Oλ ⊗OM is an object in CλX/G.

By Lemma 5.2.7, there is an isomorphism of locally Fréchet D-modules:

O−λ ⊗O Oλ ⊗OM∼=M.

Hence the functor OλU ⊗OU
− has a natural quasi-inverse O−λU ⊗OU

−. The desired

equivalence of categories follows. By Theorem 2.8.25, it follows that CλX/G is an

abelian category.

5.3 Beilinson-Bernstein equivalence for integral λ

In this section, we prove the main result of this chapter: the Beilinson-Bernstein-

type equivalence for coadmissible G-equivariant locally Fréchet Dλ-modules where λ

is integral. We begin by constructing the module category which the category CλX/G

should be equivalent to. We retain the notation and assumptions of the preceding

sections. In particular, we assume λ is a ρ-dominant ρ-regular integral weight of

g = Lie(G). Let h be a fixed Cartan subalgebra of g, W the Weyl group of g.

Definition 5.3.1. Suppose H is a compact open subgroup of G. We let J (H)

denote the set of all pairs (L, N), where L is an H-stable Lie lattice in g and N is

an open subgroup of HL which is normal in H. By [1, Proposition 6.2.6(b)], we may

find an H-equivariant trivialisation of the N -action on Û(L)K , allowing us to define

the algebra:
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Û(L)K oN H.

We set ÙU(g, H) := lim←−(L,N)∈J (H)
Û(L)K oN H.

By [1, Theorem 6.2.9], ÙU(g, H) is Fréchet-Stein for every compact subgroup H of G.

Definition 5.3.2. ÙU(g, G) := ÙU(g, H)⊗K[H] K[G], for any choice of compact open

subgroup H ≤ G. This definition is independent of the choice of H by [1, Theorem

6.1.15].

A ÙU(g, G)-module is coadmissible if it is coadmissible as a ÙU(g, H)-module for some

compact open subgroup H of G.

Let φ : U(g)G → U(t) be the Harish-Chandra homomorphism, as in the discus-

sion above Proposition 2.5.8. Given λ ∈ h∗, we define a K-algebra homomorphism

λ ◦ φ : Z(g)→ K, and denote its kernel by mλ.

Theorem 5.3.3. The localisation functor:

Loc
ÛU(g,G)
X : {M ∈ CÛU(g,G)

| m0 ·M = 0} → CX/G

is an equivalence of categories.

Proof. This is [1, Theorem 6.4.9].

Let:
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CλÛU(g,G)
:= {M ∈ CÛU(g,G)

| mλ ·M = 0}.

Lemma 5.3.4. Let A be a Fréchet-Stein algebra, let M ∈ CA and suppose M =

⊕
i∈IMi, where the indexing set I is finite and the Mi are each A-modules. Then

each Mi ∈ CA.

Proof. Since A is Fréchet-Stein, we may write A = lim←−An, M = lim←−Mn, where the

An are each Noetherian K-Banach algebras and the Mn are each finitely generated

An-modules. Then each Mn has a direct sum decomposition of An-modules as

Mn =
⊕
i∈I(Mn)i and:

⊕
i∈I

Mi = M = lim←−Mn = lim←−(
⊕
i∈I

(Mn)i) =
⊕
i∈I

(lim←−(Mn)i)

since finite direct sums commute with taking limits. Furthermore, each (Mn)i is an

An-submodule of the finitely generated An-module Mn and so is finitely generated

since An is Noetherian.

Furthermore, suppose that we have an isomorphism of An-modules:

An ⊗An+1 Mn+1 →Mn.

Then:

⊕
i∈I

(An ⊗An+1 (Mn+1)i) = (An ⊗An+1

⊕
i∈I

(Mn+1)i)→
⊕
i∈I

(Mn)i
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since finite direct sums commute with taking tensor products. It follows that there

is an An-module isomorphism:

An ⊗An+1 (Mn+1)i → (Mn)i

for each i ∈ I. Hence each Mi is a coadmissible A-module by Definition 2.4.5.

Lemma 5.3.5. Let E be a finite-dimensional g-module and M a coadmissibleÙU(g, G)-module. Then E ⊗M is a coadmissible ÙU(g, G)-module.

Proof. By [1, Theorem 6.5.1], there is a continuous K-algebra isomorphism:

ηG : D(G,K)→ ÙU(g, G)

where D(G,K) denotes the K-algebra of locally L-analytic distributions on G.

Hence we may view M as a coadmissible D(G,K)-module. By [55, Definition

p.33], M may be realised as the strong dual of an admissible locally analytic G-

representation N .

Since E is a finite-dimensional g-module, it may be viewed as a finite-dimensional

D(G,K)-module and so may be realised as the strong dual of a finite-dimensional

admissible locally analytic G-representation F .

Without loss of generality, we may replace G by some compact open subgroup

H: then N,F are admissible locally analytic H-representations of compact type.
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By [23, Proposition 6.1.5], the tensor product F ⊗ N is an admissible locally ana-

lytic H-representation.

Applying [53, Proposition 20.13], there is an isomorphism of admissible locally an-

alytic H-representations (F ⊗ N)′b
∼= F ′b ⊗ N ′b = E ⊗M . Hence the strong dual

E⊗M is a coadmissible D(G,K)-module, by definition. Applying the isomorphism

ηG, E ⊗M is a coadmissible ÙU(g, G)-module.

Proposition 5.3.6. Let E be a finite-dimensional g-module, and M ∈ CλÛU(g,G)
. The

coadmissible ÙU(g, G)-module E ⊗M has a finite direct sum decomposition:

E ⊗M =
⊕

µ∈h∗/W
prµ(E ⊗M),

where prµ(E ⊗M) ∈ CµÛU(g,G)
.

Proof. Note that Z(g) acts on E ⊗M via the diagonal action. Since E is finite-

dimensional, by h-semisimplicity there exists a basis {e1, · · · , en} of E such that

z · ei = λi(z)ei for z ∈ Z(g) and λi ∈ h∗.

Let ai ∈ K. It follows that:

z · (aiei ⊗m) = aiλi(z)ei ⊗m+ aiei ⊗ λ(z)m

= (λ(z) + λi(z))(aiei ⊗m).

Hence, as a Z(g)-module, E ⊗M has a finite direct sum decomposition:
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E ⊗M =
⊕

µ∈h∗/W
prµ(E ⊗M).

We verify that each direct summand prµ(E⊗M) is a ÙU(g, G)-submodule of E⊗M .

This will demonstrate that the above direct sum decomposition is in fact a decom-

position into ÙU(g, G)-submodules.

Given v ∈ prµ(E⊗M), it follows by definition that (z−µ(z))·v = 0, where z ∈ Z(g).

It is then immediate that prµ(E ⊗M) is a ÙU(g)-submodule of E ⊗M .

Let H be a compact open subgroup of G: the H-action on prµ(E ⊗M) is given by

the adjoint action of G(K) on ÙU(g). Hence H fixes Z(g) pointwise under this action

and so we see that:

0 = h · (z − µ(z)) · v) = (h · (z − µ(z))) · (h · v) = (z − µ(z)) · (h · v),

for h ∈ H. Hence there is a ÙU(g) o H-action on prµ(E ⊗M): since ÙU(g) o H is

dense in ÙU(g, H) by construction it follows that prµ(E⊗M) is a ÙU(g, G)-submodule

of E ⊗M .

Given a regular integral weight λ ∈ h∗, let L(λ) denote the irreducible highest-weight

g-module with weight λ. We also let λ denote the unique ρ-dominant integral weight

in the W -orbit of λ. Recall that, when µ is ρ-dominant and integral, L(µ) is a finite-

dimensional g-module.
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Proposition 5.3.7. The translation functors θλ : C0ÛU(g,G)
→ CλÛU(g,G)

and θλ :

CλÛU(g,G)
→ C0ÛU(g,G)

are defined by:

θλ(M) := prλ(L(λ)⊗M),

θλ(N) := pr0(L(−λ)⊗N).

Proof. We verify that the essential image of θλ is contained in C0ÛU(g,G)
. The second

case will follow by symmetry.

Let N ∈ CλÛU(g,G)
. By Lemma 5.3.5, the tensor product L(λ) ⊗ N is a coadmissibleÙU(g, G)-module, and it has a direct sum decomposition into ÙU(g, G)-submodules:

L(λ)⊗N =
⊕

µ∈h∗/W
prµ(L(λ)⊗N)

by Proposition 5.3.6.

Applying Lemma 5.3.4, θλ(N) := pr0(L(λ)⊗N) is a coadmissible ÙU(g, G)-module,

and it lies in C0ÛU(g,G)
by definition.

Proposition 5.3.8. Set γ := O−λX ⊗OX
−. Up to canonical equivalence of functors,

the following diagram commutes:

CλX/G CλÛU(g,G)

C0
X/G C0ÛU(g,G)

.

γ

Γ

θλ

Γ
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In particular, the essential image of the global sections functor Γ : C0
X/G → ÙU(g, G)−

mod is contained in C0ÛU(g,G)
, and the essential image of Γ : Cλ

X/G → ÙU(g, G) −mod

is contained in CλÛU(g,G)
.

Proof. First note that the functor Γ : C0
X/G → ÙU(g, G)−mod satisfies Loc

ÛU(g,G)
X ·Γ ∼=

idC0
X/G

by [1, Theorem 6.4.7]. Since Loc
ÛU(g,G)
X : C0ÛU(g,G)

→ C0
X/G is an equivalence of

categories by Theorem 5.3.3, the functor Γ : C0
X/G → ÙU(g, G) − mod is its quasi-

inverse and so the essential image of Γ is contained in C0ÛU(g,G)
.

Let E be a finite-dimensional g-module and let EX := E ⊗ OX be the trivial sheaf

of E-valued regular functions on X. Given such a function f , we define a function

ϕ : G → E by ϕf (g) := g−1 · f(g). The assignment f 7→ ϕf identifies EX with the

induced sheaf IndG
XE:

{ϕ : G→ E | ϕ(g · b) = b−1 · ϕ(g)∀b ∈ B}.

Applying the rigid analytification functor to the coherent sheaf EX on the projective

scheme X, and appealing to [13, Theorem 6.3/13], we may identify EX := E ⊗OX

with the analytification (IndG
XE)an. (IndG

XE)an is a left OX ⊗ g-module via the in-

finitesimal action of g on G by left translation.

By the Lie-Kolchin theorem, [11, Corollary 10.5], there is a B-stable filtration E0 ⊆

E1 ⊆ · · · ⊆ En = E such that dim( Ei
Ei−1

) = 1 for each i. This defines a filtration on

IndG
X by the g-stable coherent subsheaves IndG

XEi, defined by replacing E with Ei in

the above equation. Furthermore, we have:
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IndG
XEi

IndG
XEi−1

= IndG
X

Å Ei
Ei−1

ã
= OνiX .

where νi is the character of X corresponding to the 1-dimensional B-module Ei
Ei−1

.

Applying the rigid analytification functor to the coherent sheaves (IndG
XEi), it follows

that there is a filtration of (IndG
XE)an by the OX ⊗ g-stable coherent subsheaves

(IndG
XEi)

an, and we have:

(IndG
XEi)

an

(IndG
XEi−1)an

=
Å

IndG
X

Å Ei
Ei−1

ããan

= OνiX.

Now set E := L(λ) to be the irreducible highest-weight g-module with weight λ,

and let M ∈ CλX/G. The sheaf (IndG
XE)an ⊗OX

M may be equipped with the tensor

product OX⊗g-module structure. The filtration E0 ⊆ E1 ⊆ · · · ⊆ En = E induces a

OX⊗g-stable filtration on (IndG
XE)an⊗OX

M by the subsheaves (IndG
XEi)

an⊗OX
M,

and the quotients are of the form OµX ⊗OX
M, where µ is a weight of L(λ).

By [8, Lemma 1.5(iii)], for any weight µ of L(−λ) not equal to λ, the point µ is

not W -conjugate to λ. It follows that the subquotient sheaf O(−λ)
X ⊗OX

M splits off

from (IndG
XL((−λ))an ⊗OX

M as a sheaf of Z(g)-modules:

pr0((IndG
XL(−λ)an)⊗OX

M) = O(−λ)
X ⊗OX

M.

Observe that, for any E, we have:
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E ⊗ Γ(M) = Γ(EX ⊗OX
M) = Γ((IndG

XE)an ⊗OX
M).

Then:

θλ · Γ(M) = pr0(L(−λ)⊗ Γ(M))

= pr0(Γ((IndG
XL(−λ)an)⊗OX

M))

= Γ(pr0((IndG
XL(−λ)an)⊗OX

M))

= Γ(O(−λ)
X ⊗OX

M)

= Γ(O−λX ⊗OX
M) = Γ · γ(M),

where the third line follows from the second since sheaf cohomology commutes with

taking finite direct sums.

To show that the essential image of Γ : CλX/G → CÛU(g,G)
is contained in CλÛU(g,G)

, we

first verify that the following diagram is commutative:

CλX/G CλÛU(g,G)

C0
X/G C0ÛU(g,G)

.

γ

Γ

Γ

θλ

Let M∈ CλÛU(g,G)
. Then γ(M) ∈ C0

X/G and we see that:
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θλ · Γ · γ(M) = θλ · Γ(O(−λ)
X ⊗OX

M)

= prλ(L(λ)⊗ Γ(O(−λ)
X ⊗OX

M))

= prλ(Γ(L(λ)X ⊗OX
O(−λ)

X ⊗OX
M))

= prλ(Γ(IndG
XL(λ)an)⊗OX

(IndG
XL(−λ)an)⊗OX

M))

= prλ(Γ(O(λ)
X ⊗OX

O(−λ)
X ⊗OX

M))

= prλ(Γ(OλX ⊗OX
O−λX ⊗OX

M))

= prλ(Γ(M)) = Γ(M).

By Proposition 5.3.7, it follows that the essential image of Γ : CλX/G → CÛU(g,G)
is

contained in CλÛU(g,G)
.

For a fixed integral weight µ ∈ h∗, let Uµ − mod denote the category of U(g)-

modules with central character µ. There are natural forgetful functors F 0 : C0ÛU(g,G)
→

U0 − mod, F λ : CλÛU(g,G)
→ Uλ − mod, obtained by forgetting the G-action and by

restricting the ÙU(g)-action to the U(g)-action. There are functors θ̃λ : U0−mod→

Uλ − mod and θ̃λ : Uλ − mod → U0 − mod obtained by viewing the translation

functors θλ, θλ from Proposition 5.3.7 as functors between U0−mod and Uλ−mod.

Proposition 5.3.9. The following diagram commutes:

CλÛU(g,G)
Uλ −mod

C0ÛU(g,G)
U0 −mod.

θλ

Fλ ‹θλ
F 0

Proof. This is immediate by construction of the functor θ̃λ, since forgetful functors
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commute with taking projections and tensor products.

Proposition 5.3.10. The functors θ̃λ : U0−mod→ Uλ−mod and θ̃λ : Uλ−mod→

U0 −mod are both faithful.

Proof. Let K denote the algebraic closure of K. For a K-algebra A, write A :=

A⊗K K. Consider the following diagram:

Uλ −mod U0 −mod

Uλ −mod U0 −mod,

‹θλ
−⊗KK −⊗KK‹θλ

where θ̃λ : Uλ − mod → U0 − mod agrees with the functor θ̃λ ⊗K K defined by

(θ̃λ⊗KK)(a⊗m) = θ̃λ(a)⊗m, for a ∈M , M ∈ Uλ−mod, m ∈ K. It is immediate

from its construction that the diagram commutes.

Since K is faithfully flat over K, the functor −⊗KK : A−mod→ A−mod is faithful

for any K-algebra A. The functor θ̃λ : Uλ −mod→ U0 −mod is an equivalence of

categories by [8, Theorem 4.1], and in particular is faithful.

By commutativity of the diagram, the composition (− ⊗K K) · θ̃λ : Uλ − mod →

U0−mod is faithful, and so the first factor θ̃λ is faithful. An exactly similar argument

demonstrates that θ̃λ is faithful.

Theorem 5.3.11. Let λ be an ρ-dominant ρ-regular integral weight of G. There is

an equivalence of categories:
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θ−1
λ · Γ · γ : CλX/G → CλÛU(g,G)

.

Proof. Applying Proposition 5.3.8 and Proposition 5.3.9, there is a commutative

diagram:

CλX/G CλÛU(g,G)
Uλ −mod

C0
X/G C0ÛU(g,G)

U0 −mod.

γ

Γ

θλ

Fλ ‹θλ
Γ F 0

Since the forgetful functor F λ is faithful by construction, and the functor θ̃λ :

Uλ −mod→ U0 −mod is faithful by Proposition 5.3.10, it follows that the compo-

sition θ̃λ · F λ : CλÛU(g,G)
→ U0 − mod is faithful. By commutativity of the diagram,

the composition F 0 · θλ is faithful and so θλ is faithful.

The composition Γ · γ : CλX/G → C0ÛU(g,G)
is an equivalence of categories by Theorem

5.2.27 and [1, Theorem 6.4.7]. By commutativity of the diagram, the composition

θλ ·Γ is also an equivalence of categories, and so the functor θλ is full and essentially

surjective. It follows that θλ is an equivalence of categories. The result follows.

Proof of Theorem E: This is immediate from Theorem 5.3.11.
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Chapter 6

The Beilinson-Bernstein
localisation theorem: non-integral
case

6.1 Constructing D̂λ(X, G)

In this chapter, we extend the results of Chapter 5 to prove a twisted version of

locally analytic Beilinson-Bernstein localisation for equivariant D-modules for a gen-

eral ρ-dominant ρ-regular weight, which is not necessarily integral. Complications

arise because there is no geometric analogue to the idea of twisting by the line bun-

dle Oλ as in the integral case. Furthermore, in general, we should not expect the

resulting category CλX/G to be equivalent to the category CX/G.

This section is devoted to defining the algebra ÙDλ(X, G) in the case where λ is not

necessarily integral. We demonstrate that the basic properties of this construction

agrees with the untwisted version, following [1, Section 3].

We fix some notation. Let K be a field equipped with a complete non-archimedean

norm | · |, R := {a ∈ K | |a| ≤ 1} the unit ball inside K and π ∈ R a fixed non-zero
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non-unit element. Let p be a prime number: the integer e is defined by e = 1 for

p > 2 and e = 2 for p = 2.

Let Y be a smooth algebraic variety of finite type. Let G be a compact p-adic

Lie group and G a connected split reductive affine algebraic group scheme over R,

equipped with a continuous group homomorphism σ : G → G(R). Let H be a flat

affine algebraic group over R of finite type, let g := Lie(G) and h := Lie(H). Set

gK := g⊗R K, hK := h⊗R K.

Let ξ : ‹Y→ Y be a locally trivial H-torsor as in Definition 2.5.2. Let SY be a base

for Y consisting of affine subschemes X of finite type that trivialise the torsor ξ in

the sense of Definition 2.5.2.

Since G is smooth and of finite type, O(G) is a finitely generated R-algebra that

is flat as an R-module, and so is a finitely presented R-algebra by [51, Theorem

3.4.6]. Taking the π-adic completion, A := Ô(G) is an admissible R-algebra, so“G := Spf Ô(G) is an affine formal scheme of topologically finite presentation, and

its rigid generic fibre G := ‘Grig is an affinoid rigid analytic variety over K. We may

apply the same argument to define the affinoid rigid analytic varieties H and X,

and the rigid analytic varieties Y and Ỹ, which are not in general affinoid.

Since G and H are smooth affine algebraic groups of finite type over R, [28, Corol-

laire 19.5.4] implies that they are both infinitesimally flat group schemes.
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We suppose G acts continuously on Y and Ỹ in the sense of Definition 2.8.1. Ap-

plying the π-adic completion functor and taking the generic fibre, we obtain an

H-torsor:

ξ̂rig : Ỹ→ Y.

Since ξ is locally trivial, there is a base SY of Y consisting of affinoid subdomains

X such that:

X×H ∼= ξ̂rig

−1
(X).

Write X̃ := X×H. Since X is affinoid and H is an affine algebraic group, it follows

that X̃ is an affinoid subdomain of Ỹ.

From now on, we will assume that X is a G-stable affinoid subdomain of Y which

trivialises the torsor ξ̂rig; so there is an isomorphism X×H ∼= ξ̂rig

−1
(X). Set:

‹T := ((ξ̂rig)∗TX̃)H

to be the sheaf of enhanced vector fields on X.

By assumption, there is a G-action on Ỹ. Since the G-action on X̃ is given by the

diagonal G-action on X×H, where the G-action on H is trivial, it follows that X̃
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is a G-stable affinoid subdomain of Ỹ whenever X is a G-stable affinoid subdomain

of Y. Hence there is a continuous group homomorphism:

ρ : G→ AutK(X̃,O
X̃

),

and so we may form the completed skew-group algebra:

ÙD(X̃, G).

as in Definition 2.8.7.

Recall, by [4, Lemma 4.3], that there is a sheaf isomorphism:

OX → (ξ∗OX̃)H.

Applying the formal completion functor and taking the generic fibre, it follows that

there is a sheaf isomorphism:

OX → ((ξ̂rig)∗OX̃
)H.

Let A := O(X) = ((ξ̂rig)∗OX̃
)(X̃)H, A be an affine formal model in A, L an A-Lie

lattice in L := ‹T (X). Finally, let E = AutK(O(X̃)).

Lemma 6.1.1. Let A be a G-stable affine formal model in A. Then there exists a

G-stable A-Lie lattice in L.
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Proof. Since G acts continuously on X, there is a continuous group homomorphism:

ρ : G→ AutK(X,OX).

Since ‹T (X) is a finitely generated A-module, we see that there is a continuous

action of G on L, where L is endowed with the Banach topology it has as a finitely

generated A-module. Hence there is a continuous group homomorphism:

σ : G→ AutK(X, ‹TX).

Let L be an A-Lie lattice in L. Then the associated gauge norm, [53, Section 2.1],

induces the Banach topology on L, and so L is open in L. By continuity, the sta-

biliser H := StabG(L) is open in G: since G is a compact p-adic Lie group, it follows

that H has finite index in G.

Write {gi}i∈I to denote a finite set of coset representatives of H in G. We claim that

some suitably large π-power multiple of M :=
∑
i∈I giL is a G-stable A-Lie lattice

in L.

Since L is a finitely generated A-submodule of A, it is clear that M is too. It also

spans L as a K-vector space, since L is spanning. Let {mj}j∈J be a finite generating

set forM as an A-module. Then [mi,mj] =
∑
ijk xijkmk for xijk ∈ A. By definition,

there exists n0 ≥ 0 such that πnxijk ∈ A for n ≥ n0. It follows that:
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[πnmi, π
nmj] =

∑
ijk

π2nxijkmk

and πnxijk ∈ A. Hence πnM is an A-Lie lattice in L.

Finally, it is G-stable: let g ∈ G and write g = gkh, where h ∈ H. Then gkhgi =

gjhijk for i, j, k ∈ I and it follows that:

g · giL = gkhgiL = gjhijkL ∈ gjL

since H = StabG(L) by definition. It follows that the A-Lie lattice M is G-stable.

Lemma 6.1.2. Let:

ι : A⊕ L → Û(L) =: U

denote the natural map, constructed below Definition 2.8.4.

(a) There is a unique R-algebra homomorphism ψL : U → E such that ψL(ι(a)) =

l(a) and ψL(ι(v)) = v for all a ∈ A and v ∈ L.

(b) The restriction of ψL to ι(A⊕ L) is injective.
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(c) The restriction of ψ×L to exp(ι(peL)) is injective with image exp(peL).

(d) If A and L are G-stable, then:

ψL(g · s) = ρ(g)ψL(s)ρ(g)−1

for all g ∈ G and s ∈ U .

Proof. (a) Since we have a surjective morphism of varieties X̃→ X, there is a chain

of inclusions A → A → O(X̃). Define a map f : O(X̃) → E by f(a)(b) = ab for

a, b ∈ O(X̃). Let l : A → E be the composition of the inclusions A → A → O(X̃)

with f .

Let j : L → E be the natural inclusion. It is clear that l is an R-algebra homomor-

phism, j is an R-Lie algebra homomorphism, j(av) = l(a)j(v) for a ∈ A, v ∈ L,

and:

[j(v), l(a)](b) = v(ab)− av(b) = v(a)b = l(v(a))(b)

for a, b ∈ A. Hence [j(v), l(a)] = l(v · a) for v ∈ L, a ∈ A and so, applying [1,

Lemma 2.1.2], there is an R-algebra homomorphism ψL : U(L) → E such that

ψL(ι(a)) = l(a) and ψL(ι(v)) = v for all a ∈ A and v ∈ L.

Since A is π-adically complete and R-flat, the same is true for E . Hence ψ extends

to an R-algebra homomorphism ψL : U → E with the required properties. Since

175



the R-subalgebra of U generated by ι(A⊕L) is dense in U , and any R-algebra ho-

momorphism between two π-adically complete R-algebras is continuous, it follows

that this homomorphism is unique.

(b) Since the map l : A → E is injective, this follows immediately from part (a).

(c) This follows from part (b) since the maps exp and log are bijections over a field

of characteristic 0.

(d) Let g ∈ G, a ∈ A. Then:

ρ(g)l(a)ρ(g)−1 = l(g · a)

since ρ(g) is an R-algebra automorphism of A and so:

(ρ(g)l(a)ρ(g)−1)(b) = g · (a(g−1 · b)) = (g · a)(b) = l(g · a)(b)

for all b ∈ A. We define two maps α : U → E and α′ : U → E by:

α(s) = ψL(g · s)

α′(s) = ρ(g)ψL(s)ρ(g)−1

for s ∈ U . Then, for a ∈ A, v ∈ L, we see that:

176



α(ι(a)) = ψL(g · ι(a)) = ψL(ι(g · a)) = l(g · a)

= ρ(g)l(a)ρ(g)−1 = ρ(g)ψL(ι(a))ρ(g)−1 = α′(ι(a))

and similarly,

α(ι(v)) = ψL(g · ι(v)) = ψL(ι(g · v)) = l(g · v)

= ρ(g)l(v)ρ(g)−1 = ρ(g)ψL(ι(v))ρ(g)−1 = α′(ι(v))

Hence α, α′ areR-algebra homomorphisms that agree on the dense subalgebra ι(A⊕

L), and so are equal by the argument in part (a).

Definition 6.1.3. Let A be a G-stable affine formal model in A, L an A-Lie lattice

in ‹T (X). Set:

GL := ρ−1(exp(peL))

βL := (ψ×L )−1 ◦ ρ : GL → U×.

These maps fit into the commutative diagram:

GL G

exp(pεL) U× E×.

ρ|GL
βL ρ

ψ×L

Theorem 6.1.4. Let A be a G-stable affine formal model in A, L an A-Lie lattice

in ‹T (X). Then:
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(a) GL is an open normal subgroup of G.

(b) βL is a G-equivariant trivialisation of the GL-actions on Û(L) and Û(L)K.

Proof. (a) Since E is a K-Banach algebra, the Baker-Campbell-Hausdorff series:

Φ(X, Y ) = X + Y +
1

2
[X, Y ] +

1

12
[X, [X, Y ]] +

1

12
[Y, [Y,X]] + · · ·

converges at (X, Y ) = (peu, pev) for any u, v ∈ L, and:

exp(peu)exp(pev) = exp(Φ(peu, pev))

by [22, Proposition 6.27]. Furthermore, since [L,L] ⊆ L and L is π-adically com-

plete, it follows that Φ(peu, pev) ∈ peL. Hence exp(peL) is a subgroup of E×.

Let g ∈ GL; by definition, ρ(g) = exp(u) for some u ∈ peL. If x ∈ G then

x · u = ρ(x)uρ(x)−1 by definition, and so:

ρ(xgx−1) = ρ(x)exp(u)ρ(x)−1 = exp(x · u) ∈ exp(peL)

since L is G-stable. Hence xgx−1 ∈ GL and so GL is normal in G.

To see that GL is open in G, we may choose an open uniform pro-p subgroup

N ≤ G contained in ρ−1(Gpe(O(X̃)), defined in Definition 2.6.11, as in the proof
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of [1, Proposition 3.2.5]. Then logρ(N) is a finitely generated Zp-submodule of

T (X̃), so logρ(N)∩ ‹T (X) is a finitely generated Zp-submodule of ‹T (X). Since L is

an A-lattice in ‹T (X), we can find some n ≥ 0 such that pnlogρ(N) ⊆ peL. Hence

Npn ≤ GL and so GL is open in G.

(b) By Lemma 6.1.2(c), βL is a well-defined group homomorphism, and using Lemma

6.1.2(d), we see that:

ψL(βL(g)sβL(g)−1) = ρ(g)ψL(s)ρ(g)−1 = ψL(g · s)

for all g ∈ G, s ∈ U . Applying Lemma 6.1.2(b), it follows that βL(g)sβL(g)−1 = g · s

for all g ∈ GL, s ∈ ι(A⊕L). Since ι(A⊕L) generates U as a topological R-algebra,

this equation holds for all s ∈ U . Hence βL is a trivialisation of the GL-action on U .

Applying Lemma 6.1.2(d), we see that:

ψL(βL(xgx−1)) = ρ(xgx−1) = ρ(x)ψL(βL(g))ρ(x)−1 = ψL(x · βL(g))

for all x ∈ G and g ∈ GL. The map exp : peU → U× is G-equivariant, and βL(g) ∈

exp(ι(peL)) by construction. Hence x ·βL(g) ∈ exp(ι(peL)), so βL(xgx−1) = x ·βL(g)

by Lemma 6.1.2(c).

This shows that βL is a G-equivariant trivialisation of the GL-action on U . When

regarded as a map GL → Û(L)K
×

= (U⊗RK)×, it follows that βL is a G-equivariant
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trivialisation of the GL-action on Û(L)K .

Hence, for any open normal subgroup N of G contained in GL, we may form the

skew-group algebra Û(L)K oN G.

Definition 6.1.5. The pair (L, N) is an A− trivialising pair if L is a G-stable Lie

lattice in ‹T (X) and N is an open normal subgroup of G contained in GL. The set

of all A-trivialising pairs is denoted by I(G).

Definition 6.1.6. The enhanced completed skew-group algebra is:

Ù‹D(X, G) := lim←−
(L,N)∈I(G)

Û(L)K oN G.

As written, this definition is dependent on the choice of affine formal model A in

A. However, the same argument as that given in [1, Proposition 3.3.8] demonstrates

that, for any two such affine formal models A,B, there is a canonical K-algebra

isomorphism:

Ù‹D(X, G)A ∼=
Ù‹D(X, G)B.

The next part of the thesis is devoted to deriving some basic properties arising from

the construction of
Ù‹D(X, G).

Remark 6.1.7. We have a canonical group homomorphism:

γ : G→ Ù‹D(X, G)×
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and a canonical K-algebra homomorphism:

i : ‹D(X)→ Ù‹D(X, G).

These extend to a canonical K-algebra homomorphism:

io γ : ‹D(X) oG→ Ù‹D(X, G).

It follows that we may view ‹D(X) oG as a dense K-subalgebra of
Ù‹D(X, G).

Definition 6.1.8. Let (N•) = N0 ≥ N1 ≥ · · · be a separated chain of open normal

subgroups of G, and let L be a G-stable A-Lie lattice in ‹T (X). (N•) is a good chain

for L if (πnL, Nn) ∈ I(G) for all n ≥ 0.

Lemma 6.1.9. For every good chain (N•) for L, there is a K-algebra isomorphism:

Ù‹D(X, G) ∼= lim←− Û(πnL) oNn G.

Proof. Apply the same proof as in [1, Lemma 3.3.4].

In some cases, Lemma 6.1.9 provides an alternative definition of the enhanced com-

pleted skew-group algebra
Ù‹D(X, G). In particular, Theorem 6.1.4(a) and Definition

6.1.5 show that (L, GL) is always an A-trivialising pair, so if the G-action is faith-

ful, the set {(πnL, GπnL) | n ≥ 0} is a good chain for L. However, in general,

ker ρ ⊆ ⋂
n∈NGπnL, and hence the chain (N•) is not separated when the G-action is
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not faithful. We give a more general construction to account for this possibility.

We next discuss the functoriality of the construction
Ù‹D(X, G).

Proposition 6.1.10. Let φ : A→ A′ be an étale morphism of K-affinoid algebras,

set X := Sp(A),X′ := Sp(A′), and let G,G′ be compact p-adic Lie groups acting

continuously on A and A′ respectively, in the sense of Definition 2.8.1. Let L :=‹T (X), L′ := ‹T (X′). Suppose τ : G→ G′ is a group homomorphism such that:

φ(g · a) = τ(g) · φ(a) for all g ∈ G, a ∈ A.

Then there is a unique continuous K-algebra homomorphism:

φ̇o τ :
Ù‹D(X, G)→ Ù‹D(X′, G′)

which makes the following diagram commute:‹D(X) oG ‹D(X′) oG′

Ù‹D(X, G)
Ù‹D(X′, G′).

U(φ,φ̃)oτ

ioγ i′oγ′

φ̃oτ

Here, U(φ, φ̃) is the unique extension of φ̃ : L → L′ to U(L) → U(L′) given in

Lemma 2.6.8.

Proof. Let A ⊆ A and A′ ⊆ A′ be G-stable (respectively G′-stable) formal models.

Then φ(A) · A′ is another affine formal model in A′ containing φ(A′), so by apply-

ing [1, Lemma 3.2.4], we may find a G′-stable formal model A′′ containing φ(A) ·A′.

182



Replacing A′ with A′′, we may assume φ(A) ⊆ A′.

Using Lemma 6.1.1, we may choose a G-stable A-Lie lattice in ‹T (X) and a G′-stable

A′-Lie lattice in ‹T (X′). Since L is a finitely generated A-module and φ̃(av) =

φ(a)φ̃(v) for any a ∈ A and v ∈ ‹T (X), we see that πmφ̃(L) ⊆ L′ for some m ≥ 0.

Rescaling L, we may assume m = 0 and so φ̃(L) ⊆ L′.

Choose a good chain (N•) in G for L, and a good chain (N ′•) in G′ for L′ by Lemma

6.1.9. Applying [22, Corollary 8.34 and Corollary 1.21(i)], the group homomorphism

τ is continuous, and so τ−1(N ′n) is open in G for each n ≥ 0. Applying [1, Lemma

3.3.6] to the open subgroups Nn ∩ τ−1(N ′n), we may suppose that τ(Nn) ≤ N ′n for

each n ≥ 0. The same argument as in [1, Proposition 3.2.15] yields the compatible

sequence of commutative diagrams:‹D(X) oG ‹D(X′) oG′

̂U(πnL)K oNn G
̂U(πnL′)K oN ′n G

′.

U(φ,φ̃)oτ

‘φn,K
Passing to the limit and applying Lemma 6.1.9 produces the required map:

φ̇o τ :
Ù‹D(X, G)→ Ù‹D(X′, G′)

which fits into the commutative diagram:
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‹D(X) oG ‹D(X′) oG′

Ù‹D(X, G)
Ù‹D(X′, G′)

lim←−
̂U(πnL)K oNn G lim←−

̂U(πnL′)K oN ′n G
′.

U(φ̃,φ)oτ

ioγ
i′oγ′

∼=

φ̃oτ

∼=

lim←−‘φn,Koτ

To show uniqueness, suppose ψ :
Ù‹D(X, G) → Ù‹D(X′, G′) is another continuous K-

algebra map such that ψ ◦ (i o γ) = (i′ o γ′) ◦ U(φ, φ̃). Then ψ agrees with φ̇o τ

on the dense image of ‹D(X)oG inside
Ù‹D(X, G), and so the two maps are equal by

continuity.

Let Xw/G denote the set of G-stable affinoid subdomains of X.

Lemma 6.1.11. If G is compact, then
Ù‹D(−, G) is a presheaf of K-Fréchet algebras

on Xw(G).

Proof. The same argument as in [1, Corollary 3.3.9], demonstrates that
Ù‹D(U, G)

is a K-Fréchet algebra for each U ∈ Xw/G. Given V ⊆ U, the restriction map

φ : O(U) → O(V) is étale, and it is G-equivariant by [1, Remark 2.2.3(b)]. Ap-

plying Proposition 6.1.10, there is a unique continuous K-algebra homomorphism

τUV := ¸�φo 1G :
Ù‹D(U, G) → Ù‹D(V, G) that extends U(φ, φ̃) o 1G : ‹D(U) o G →‹D(V) oG.

If W ⊆ V is another object of Xw/G, the functoriality of ‹D(−) ensures that τVW◦τUV

and τUW both extend the restriction map ‹D(U) → ‹D(W), and are therefore equal

by the uniqueness part of Proposition 6.1.10.
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The next part of the thesis specialises the definition of
Ù‹D(X, G) to a central reduc-

tion, allowing us to define the twisted completed skew-group algebra ÙDλ(X, G).

Let λ : hK → K be a character of hK with the property that λ(πmh) ⊆ peR. Since h

is finite-dimensional, there exists some n ≥ 0 such that this property holds for any

m ≥ n.

Lemma 6.1.12. There is a natural ˚�U(h)K-module structure on
Ù‹D(X, G).

Proof. Recall, by [4, Section 4.10], that there is a continuous central embedding of

U(h)K into the algebra ‹D(X), and so there is a continuous central embedding of

U(h)K into ‹D(X) oG. It follows that we may view ‹D(X) oG as a U(h)K-module.

Since ‹D(X) o G is dense in
Ù‹D(X, G), we may extend the U(h)K-module structure

on ‹D(X) oG to obtain a ˚�U(h)K-module structure on
Ù‹D(X, G).

Given λ ∈ h∗K as above, the map λ : hK → K extends to a K-algebra homomorphism

U(h)K → K. This gives K the structure of a U(h)K-module, denoted by Kλ.

Extending the U(h)K-action by continuity, we further see that Kλ has a ˚�U(h)K-

module structure. This allows us to make sense of the following definition.

Definition 6.1.13. Let λ ∈ h∗K . We set:

ÙDλ(X, G) :=
Ù‹D(X, G)⊗

Ŭ(h)K
Kλ.

Lemma 6.1.14. The algebra Dλ(X) oG is dense in ÙDλ(X, G).

Proof. We may identify ÙDλ(X, G) as:
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ÙDλ(X, G) =

Ù‹D(X, G)

(h− λ(h) | h ∈ hK) · Ù‹D(X, G)

equipped with the quotient topology. We construct the following commutative dia-

gram: Ù‹D(X, G) ÙDλ(X, G)

‹D(X) oG Dλ(X) oG

where the horizontal arrows are strict surjections by construction. The K-algebra‹D(X) o G is dense in
Ù‹D(X, G) by Remark 6.1.7. Commutativity of the diagram

then implies that Dλ(X) oG is dense in ÙDλ(X, G).

Theorem 6.1.15. Suppose (U, H) is small, in the sense of Definition 2.8.13. ThenÙ‹D(U, H) and ÙDλ(U, H) are both Fréchet-Stein.

Proof. To show
Ù‹D(U, H) is Fréchet-Stein, we may apply the proof given in [1, The-

orem 3.4.8], since this is valid for any choice of Lie lattice L.

By definition, we may write:

ÙDλ(U, H) :=

Ù‹D(U, H)

(h− λ(h) | h ∈ hK) · Ù‹D(U, H)
.

Applying [55, Corollary 3.4(iv) and Lemma 3.6], the ideal (h − λ(h) | h ∈ hK) ·Ù‹D(U, H) is closed in
Ù‹D(U, H), since it is finitely generated. By [55, Proposition

3.7], it follows that the quotient ÙDλ(U, H) is a Fréchet-Stein K-algebra.
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Proposition 6.1.16. Let H be a compact open subgroup of G and let U ∈ Xw/H.

For every g ∈ G, there is a continuous K-algebra isomorphism:

ğU,H : ÙDλ(U, H)→ ÙDλ(gU, gHg−1).

Proof. By Lemma 5.2.5, the sheaf Dλ is G-equivariant. Using this, the proof is

the same as that given for D in [1, Lemma 3.4.3], replacing D by Dλ and applying

Proposition 6.1.10.

We next define an important compatibility condition for the action of a K-algebra

A on the rigid analytic variety X.

Definition 6.1.17. Let A be a K-algebra. A acts on X λ-compatibly with G if there

is:

(a) a group homomorphism η : G→ A×,

(b) a Fréchet-Stein subalgebra AH of A for every compact open subgroup H of G,

(c) a continuous homomorphism φH : AH → ÙDλ(−, H) of presheaves of K-Fréchet

algebras on Xw/H for every compact open subgroup H of G.

Furthermore, for any pair H ≤ N of compact open subgroups of G, the following

compatibility conditions are satisfied:

(i) AH ≤ AN , η(H) ⊆ A×H and the canonical map:
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ν : AH ⊗K[H] K[N ]→ AN

is a bijection.

(ii) the following diagram of presheaves is commutative:

AH ÙDλ(−, H)

AN ÙDλ(−, N).

φH

φN

(iii) for every g ∈ G, the map Adη(g) : A → A, obtained by conjugation by η(g),

sends AH into AgHg−1 , and for every U ∈ Xw/H, the following diagram commutes:

AH AgHg−1

ÙDλ(U, H) ÙDλ(gU, gHg−1).

Adη(g)

φU(H) φgHg
−1

(gU)

ḡU,H

(iv) let γG : G → ÙDλ(U, G)× be the composition of the canonical map G →Ù‹D(U, G)× from Remark 6.1.7 with the strict surjection
Ù‹D(U, G)× → ÙDλ(U, G)×

from Lemma 6.1.14. Then φH ◦ η |H= γH .

Lemma 6.1.18. Suppose G is a p-adic Lie group acting continuously on X. Sup-

pose A is a K-Fréchet algebra and I is a closed two-sided ideal of A. Write, for every

compact open subgroup H ≤ G, (A/I)H := AH/(I∩AH). Suppose there is a contin-

uous homomorphism φH : AH → ÙDλ(−, H) of presheaves of K-Fréchet algebras on

Xw/H for every compact open subgroup H of G, such that φH(I∩AH) = 0. Further

suppose that there is a natural map ψ : (I ∩ AH) ⊗K[H] K[N ] → AH ⊗K[H] K[N ],
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with image I ∩ AN .

If A acts on X λ-compatibly with G, then so does the quotient A/I.

Proof. By assumption, there is a group homomorphism η : G → A×, and so there

is a group homomorphism ζ : G→ A× → (A/I)× given by composition.

Since the two-sided ideal I ∩ AH is closed in AH , the quotient AH/(I ∩ AH) is also

a Fréchet-Stein algebra by [55, Corollary 3.4(iv) and Lemma 3.6]. Via the isomor-

phism AH/(I ∩ AH) ∼= (A/I)H , we see that (A/I)H is a Fréchet-Stein algebra for

each compact open subgroup H ≤ G.

By assumption, we have a map φH : (A/I)H = AH/(I ∩AH)→ ÙDλ(−, H). We now

verify that this data satisfies the axioms required for the action to be compatible.

We fix a pair H ≤ N of compact open subgroups of G.

(i) By assumption, AH ≤ AN . It is immediate that AH/(I ∩ AH) ≤ AN/(I ∩ AN).

Also η(H) ⊆ A×H , so ζ(H) ⊆ (AH/(I ∩ AH))× by construction.

There is a natural map ψ : I∩AH⊗K[H]K[N ]→ AH⊗K[H]K[N ], with image I∩AN

by assumption. It follows that we have a canonical bijection:

AH/(I ∩ AH)⊗K[H] K[N ]→ AN/(I ∩ AN).
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(ii) Consider the diagram of presheaves:

AH/(I ∩ AH) ÙDλ(−, H)

AN/(I ∩ AN) ÙDλ(−, N).

φH

φN

Since the map of presheaves φH : AH → ÙDλ(−, H) factors through the two-sided

ideal I ∩ AH by definition, it is immediate that the given diagram is commutative,

since the diagram given in part (ii) of Definition 6.1.17 is commutative.

(iii) Note that, for each g ∈ G, the map Adζ(g) : A/I → A/I given by conjugation

with ζ(g) sends AH/(I∩AH)→ AgHg−1/(I∩AgHg−1) by construction. Furthermore,

we see that the following diagram is commutative:

AH/(I ∩ AH) AgHg−1

ÙDλ(U, H) ÙDλ(gU, gHg−1).

Adζ(g)

φU(H) φgHg
−1

(gU)

ḡU,H

(iv) Since the map of presheaves φH : AH → ÙDλ(−, H) factors through the two-sided

ideal I ∩ AH by definition, it follows that we have the composition:

H → A× → (A/(I ∩ AH))× → ÙDλ(−, H)

which is equal to the map φH ◦ η |H by construction. Hence, since A acts on X

λ-compatibly with G, it follows that we have an equality of functions:

φH ◦ ζ |H= γH .
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Proposition 6.1.19. Suppose that (X, G) is small. Then both
Ù‹D(X, G) and ÙDλ(X, G)

act on X λ-compatibly with G, in the sense of Definition 6.1.17.

Proof. As X is a G-stable affinoid variety, we may define the group homomorphism:

γ : G→ Ù‹D(X, G)×.

For every compact open subgroup H ⊆ G, set:

AH :=
Ù‹D(X, H).

By Lemma 2.8.15 and Theorem 6.1.15, this is a Fréchet-Stein subalgebra of A :=Ù‹D(X, G). For each U ∈ Xw/H, let:

φH(U) : AH → ÙDλ(U, H)

be the composition of the restriction map τXU in the presheaf
Ù‹D(−, H) on Xw/H con-

structed in the proof of Lemma 6.1.11 with the quotient map
Ù‹D(−, H)→ ÙDλ(−, H).

Viewing AH as a constant sheaf on Xw/H, we see that φH(U) : AH →
Ù‹D(U, H) is

a continuous morphism of presheaves.

This defines the data in Definition 6.1.17. In view of [1, Proposition 3.3.10], and

Proposition 6.1.10, this data satisfies the requisite compatibility conditions for
Ù‹D(X, G)
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to act on X λ-compatibly with G. The verification is very similar to the proof

of [1, Proposition 3.4.9].

Set IG := (h − λ(h) | h ∈ hK) · Ù‹D(X, G) and IH := (h − λ(h) | h ∈ hK) · Ù‹D(X, H).

We verify that IG ∩ AH = IH . Note that IG is a finitely generated ideal of the

Fréchet-Stein algebra
Ù‹D(X, G). Applying [55, Corollary 3.4(iv) and Lemma 3.6], we

see that IG is a coadmissible
Ù‹D(X, G)-module. In particular, IG∩

Ù‹D(X, H) is closed

in
Ù‹D(X, H), and so is a coadmissible

Ù‹D(X, H)-module.

Via the same argument as in the previous paragraph, IH is a coadmissible
Ù‹D(X, H)-

module. Hence it suffices to show equality on the Banach level.

Following Definition 6.1.6, write
Ù‹D(X, G) := lim←−(L,N)∈I(G)

Û(L)K oN G. Write (h−

λ(h)) := (h − λ(h) | h ∈ hK), fix (L, P ) ∈ I(G) and set IL,P := (h − λ(h)) ·

(Û(L)KoP G), IL,P∩H := (h−λ(h)) ·(Û(L)KoP∩HH). Set IL := (h−λ(h)) ·Û(L)K .

Now [1, Lemma 2.2.4(b)] implies that we have an isomorphism Û(L)K oP G ∼=

Û(L)K ∗(G/P ). Since the G-action on
Ù‹D(X, G) fixes the image of h ∈ hK pointwise,

it follows that we have a vector space isomorphism IL,P ∼= IL ∗ [G/P ]. This implies

that we have the following chain of isomorphisms.

IL,P ∩ (Û(L)K oP∩H H) ∼= (IL ∗ [G/P ]) ∩ (Û(L)K ∗ (H/P ∩H))

∼= IL ∗ (H/P ∩H) ∼= IL,P∩H .

Taking the inverse limit over the subsystem I(H) of I(G) consisting of pairs
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(L, P ∩ H), where L is a G-stable Lie lattice in ‹T (X) and N is an open normal

subgroup of G contained in GL, we see that I ∩AH = I ·AH . This proves the claim.

Hence I ∩AH = (h− λ(h)) · Ù‹D(X, H), which is a Fréchet-Stein algebra by the proof

of Theorem 6.1.15. We set:

(A/I)H :=

Ù‹D(X, H)

(h− λ(h) | h ∈ hK) · Ù‹D(X, H)

and so there is a K-algebra isomorphism AH/I ∩ AH ∼= (A/I)H .

Furthermore, note that φH(U) |I∩AH= 0 by construction. We verify that the image

of the natural map ψ : (I ∩ AH) ⊗K[H] K[N ] → AH ⊗K[H] K[N ] is I ∩ AN . Since

Û(L)K oP N is a crossed product of Û(L)K with N/P by [1, Lemma 2.2.4(b)], it

follows that the canonical map:

(h− λ(h)) ∩ ((Û(L)K oP H)⊗K[H] K[N ])→ (h− λ(h)) ∩ (Û(L)K oP N)

is a bijection. Taking limits on both sides, we see that (I ∩ AH) ⊗K[H] K[N ] ∼=

I ∩AN ∼= I ∩ (AH ⊗K[H] K[N ]). This is sufficient to prove the claim. It follows that

we may apply Lemma 6.1.18 to deduce that ÙDλ(X, G) also acts on X λ-compatibly

with G.
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6.2 The twisted localisation functor (Locλ)AX

In this section, we construct the twisted localisation functor (Locλ)AX : CA →

Sh(Xrig). This is analogous to the localisation functor (Locλ)AX, generalising Defi-

nition 2.8.22. For Sections 6.2 and 6.3, we only assume that X is a smooth rigid

analytic variety, not necessarily affinoid.

Definition 6.2.1. Suppose that A acts on X λ-compatibly with G. The A-module

M is coadmissible if it is coadmissible as an AH-module for some compact open

subgroup H of G.

Applying [1, Lemma 3.4.11(a)], M is coadmissible if and only if it is coadmissible

as an AH-module for every compact open subgroup H of G.

Throughout, we continue to assume that G is a compact p-adic Lie group, A acts on

X λ-compatibly with G in the sense of Definition 6.1.17, and M is a coadmissible

A-module. Recall that because we are assuming throughout Section 6.2 that G is

acting continuously on X in the sense of Definition 2.8.1, the stabiliser GU in G of

every affinoid subdomain U of X is an open subgroup of G.

Suppose (U, H) is small. Then there is a continuous homomorphism φH(U) : AH →ÙDλ(U, H) between two Fréchet-Stein algebras, and so we may view ÙDλ(U, H) as aÙDλ(U, H)-coadmissible ÙDλ(U, H)−AH-bimodule in the sense of [5, Definition 7.3].

By [5, Lemma 7.3], we may form the coadmissible ÙDλ(U, H)-module:
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ÙDλ(U, H)Ù⊗AHM.

Definition 6.2.2. Whenever (U, H) is small, we define:

M(U, H) := ÙDλ(U, H)Ù⊗AHM.

Definition 6.2.3. For each U ∈ Xw(T ), we set:

(Pλ)AX(M)(U) := lim←−M(U, H)

where the limit is taken over all U-small subgroups H of G.

In fact, each arrow in the inverse system defining (Pλ)AX(M) is an isomorphism.

This follows from our next result.

Proposition 6.2.4. Let H ≤ N be compact open subgroups of G, and let U ∈

Xw(T )/N . Then for every coadmissible A-module M , the natural map

M(U, H)→M(U, N)

from [1, Proposition 3.5.2(a)] is an isomorphism of coadmissible ÙDλ(U, H)-modules.

Proof. The same argument as in [1, Lemma 3.4.11(b)] applies to show that the

natural map

α : ÙDλ(U, H)⊗AH AN → ÙDλ(U, N)
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is an isomorphism of ÙDλ(U, H)-AN -bimodules. On the other hand, there is an

isomorphism β : AN Ù⊗
AN
M → M of coadmissible left AH-modules, and AN is a

coadmissible AH − AN -bimodule in the sense of [5, Definition 7.3]. These maps

combine to produce a commutative diagramÙDλ(U, H) Ù⊗
AH

(AN Ù⊗
AN
M) ÙDλ(U, H) Ù⊗

AH
M

(ÙDλ(U, H) Ù⊗
AH
AN) Ù⊗

AN
M ÙDλ(U, N) Ù⊗

AN
M.

1Û⊗β
∼=

αÛ⊗1

where the vertical map on the left is the canonical associativity isomorphism given

by [5, Proposition 7.4]. The result follows, because α and β are isomorphisms.

Corollary 6.2.5. For each U-small subgroupH ofG, the canonical map (Pλ)AX(M)(U)→

M(U, H) is a bijection.

Proof. This is immediate from Proposition 6.2.4.

Proposition 6.2.6. Suppose (U, J) is small. Set B := ÙDλ(U, J) and set N :=

BÙ⊗AJM . Then N is a coadmissible B-module, and there is a natural isomorphism:

(Pλ)AX(M) |Uw
∼= (Pλ)BU(N)

of J-equivariant presheaves of Dλ-modules on Uw.

Proof. In view of Proposition 6.1.19, the proof is identical to that of [1, Proposition

3.5.9].

Theorem 6.2.7. Let U ∈ Xw(T ). Then (Pλ)AX(M) |Uw is a sheaf on Uw with

vanishing higher Čech cohomology, for every coadmissible A-module M .
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Proof. By Lemma 6.1.1, we may choose a G-stable affine formal model A in O(X)

and a G-stable free A-Lie lattice L in ‹T (X). We may then apply the same proof as

in [1, Theorem 3.5.11].

Since the rigid analytic variety X̃ is smooth, the tangent sheaf T is locally free.

Hence Xw(T ) forms a basis for X, and so Proposition 6.2.7 implies that (Pλ)AX(M)

is a sheaf on Xw(T ). Applying [5, Theorem 9.1], (Pλ)AX(M) extends uniquely to a

sheaf on Xrig, the strong G-topology on X.

Definition 6.2.8. Set (Locλ)AX(M) to be the unique sheaf on Xrig whose restriction

to Xw(T ) is the presheaf (Pλ)AX(M).

6.3 The category CλX/G

In this section, we define the category CλX/G of coadmissible equivariant Dλ-modules,

using the theory developed in Sections 6.1 and 6.2, and show that this category is

abelian.

Definition 6.3.1. A G-equivariant Dλ-module M on Urig is locally Fréchet if:

(a) M(U) is equipped with a Fréchet topology for every U ∈ Xw(T ),

(b) the maps gM(U) : M(U) → M(gU) are continuous for all U ∈ Xw(T ) and

g ∈ G.

A morphism of G-equivariant locally Fréchet Dλ-modules is a morphism f :M→N

of G-equivariant Dλ-modules, such that the induced maps f(U) :M(U) → N (U)

are continuous for every U ∈ Xw(T ).
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The category whose objects are G-equivariant locally Fréchet Dλ-modules and whose

morphisms are continuous maps between them is denoted by Frech(G−Dλ). There

is a natural forgetful functor to G-equivariant Dλ-modules on X:

Φ : Frech(G−Dλ)→ G−Dλ −mod.

Proposition 6.3.2. Suppose that A acts on X λ-compatibly with G. Then (Locλ)AX

is a functor from coadmissible A-modules to G-equivariant locally Fréchet Dλ-

modules on X.

Proof. Fix M ∈ CA, and set M := (Pλ)AX(M). This is a G-equivariant presheaf

of Dλ-modules on Xw(T ) by the same argument as in [1, Theorem 3.5.8]. Let

U ∈ Xw(T ) and choose some U-small subgroup J of G by Lemma 2.8.15. By

Proposition 6.2.5, there is a canonical isomorphism:

M(U) ∼= M(U, J) = ÙDλ(U, J)Ù⊗AJM,

and so M(U) is a coadmissible ÙDλ(U, J)-module. Hence it carries a canonical

Fréchet topology.

Given g ∈ G, the map:

gMU,J : M(U, J)→M(gU, gJg−1)
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is continuous since it is a ÙDλ(U, J)-linear map between two coadmissible ÙDλ(U, J)-

modules by [1, Lemma 3.6.5]. Furthermore, by the same argument as in [1, Propo-

sition 3.5.7], this map satisfies:

gMU,J(a ·m) = ğU,J(a) · (g ·m)

for all a ∈ ÙDλ(U, J) and m ∈ M , where ğU,J is the continuous ring isomorphism

from Proposition 6.1.16.

Since the restriction of the functor (Locλ)AX to Xw(T ) is M by Theorem 6.2.7, it

follows that (Locλ)AX is a G-equivariant locally Fréchet Dλ-module on X.

Given f : M → N an A-linear map between two coadmissible A-modules, then

for any V ∈ Xw(T ) and V-small subgroup H of G, functoriality of Ù⊗ induces

a ÙDλ(V, H)-linear map 1Ù⊗f : M(V, H) → N(V, H), which is continuous by [1,

Lemma 3.6.5]. This induces a G-equivariant morphism of presheaves (Pλ)AX(M)→

(Pλ)AX(M) on Xw(T ) whose local sections are continuous, and after applying [5,

Theorem 9.1], it follows that there is a morphism (Locλ)AX(M) → (Locλ)AX(N) of

G-equivariant locally Fréchet Dλ-modules. Finally, we see that (Locλ)AX(g ◦ f) =

(Locλ)AX(g) ◦ (Locλ)AX(f) whenever g : N → N ′ is another A-linear map to a coad-

missible A-module N ′.

Definition 6.3.3. Let M be a G-equivariant locally Fréchet Dλ-module on X.

(a) Let U be an Xw(T )-covering. M is U − coadmissible if, for each U ∈ U , there
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is a U-small subgroup HU of G, a coadmissible ÙDλ(U, HU)-module MU, and an

isomorphism:

(Locλ)
ÛDλ(U,HU)
U (MU)→MUrig

of HU-equivariant locally Fréchet Dλ-modules on U, which makes sense by Propo-

sition 6.3.2.

(b) M is coadmissible if it is U -coadmissible for some Xw(T )-covering U .

(c) The full subcategory of Frech(G−DλX) consisting of coadmissible G-equivariant

locally Fréchet Dλ-modules is denoted by:

CλX/G.

We next show that the twisted localisation functor (Locλ)AX constructed in Section

6.2, which, a priori, is a functor to Frech(G − Dλ) by Proposition 6.3.2, has its

essential image contained in CλX/G.

Proposition 6.3.4. Suppose that A acts on X λ-compatibly with G. The functor

(Locλ)AX from coadmissible A-modules to Frech(G−Dλ) takes values in CλX/G.

Proof. Choose an Xw(T )-covering U of X, fix U ∈ U and choose a U-small subgroup

J of G by Lemma 2.8.15. Let M be a coadmissible A-module and let N be the

coadmissible ÙDλ(U, J)-module:
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N := ÙDλ(X, J)Ù⊗AJM.

Applying [5, Theorem 9.1], the isomorphism:

(Pλ)AX(M) |Uw
∼= (Pλ)ÛDλ(X,J)

U (N)

of J-equivariant presheaves of Dλ-modules on Uw extends uniquely to an isomor-

phism:

(Locλ)AX(M) |Uw
∼= (Locλ)

ÛDλ(X,J)
U (N)

of J-equivariant Dλ-modules on U. By [1, Lemma 3.6.5], this isomorphism is con-

tinuous, and so (Locλ)AX(M) is U -coadmissible by Definition 6.4.2.

Theorem 6.3.5. Suppose (X, G) is small. Then the localisation functor:

(Locλ)
ÛDλ(X,G)
X : CÛDλ(X,G)

→ CλX/G

is an equivalence of categories.

The proof of essential surjectivity in Theorem 6.3.5 is very lengthy. We will postpone

it until Section 6.5. The remainder of this section is devoted to proving that the

category CλX/G is abelian. By [6, Definition 12.5.1], it suffices to show that it contains

all kernels and cokernels, that every monomorphism is the kernel of its cokernel, and
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that every epimorphism is the cokernel of its kernel. We begin with the following

technical proposition.

Proposition 6.3.6. If (X, G) is small then:

Φ ◦ (Locλ)
ÛDλ(X,G)
X : CDλ(X,G) → (G−DλX)−mod

is an exact functor.

Proof. Let 0 → M1 → M2 → M3 → 0 be an exact sequence of coadmissibleÙDλ(X, G)-modules, let U ∈ Xw and let H be an open subgroup of G. Then Lemma

2.8.15(a) demonstrates that (U, H) is small, so the sequence of ÙDλ(U, H)-modules:

0→M1(U, H)→M2(U, H)→M3(U, H)→ 0

is exact since ÙDλ(U, H) is a c-flat right ÙDλ(X, H)-module by the same argument as

in [1, Theorem 3.7.1], and by applying [5, Proposition 7.5(a)]. Applying Corollary

6.2.5 and Theorem 6.2.7, we see that (Pλ)ÛDλ(X,G)
X is an exact functor from CDλ(X,G)

to G-equivariant Dλ-modules on Xw. Since the extension functor from sheaves on

Xw to sheaves on Xrig is an equivalence of categories by [5, Theorem 9.1], it follows

that Φ ◦ (Locλ)
ÛDλ(X,G)
X is also exact.

Lemma 6.3.7. Let M be a G-equivariant locally Fréchet Dλ-module on X, let

U be an Xw(T )-covering of X and let V be an Xw(T )-refinement of U . If M is

U -coadmissible, then M is also V-coadmissible.

Proof. Apply the same argument as that in [1, Lemma 3.6.9] to Dλ.
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Proposition 6.3.8. Let α : M → N be a morphism in CλX/G. Then the G-

equivariantDλ-module kerα is coadmissible, and the canonical morphism kerα→M

is continuous.

Proof. For any U ∈ Xw(T ), (kerα) is the kernel of the continuous map α(U) :

M(U) → N (U) between two Fréchet spaces. Therefore it is closed, and may be

equipped with the subspace Fréchet topology from M(U). Given g ∈ G, the map:

gkerα(U) : (kerα)(U)→ (kerα)(gU)

is the restriction of gM(U) : M(U) → M(gU), which is continuous. Hence the

G-equivariant Dλ-module kerα is locally Fréchet.

By choosing a common refinement and applying Lemma 6.3.7, we may assume M

and N are U -coadmissible for some Xw(T )-covering U . Fix U ∈ U . By Definition

6.4.2, we can find a U-small subgroup HU of G, a morphism f : M → N of

coadmissible ÙDλ(U, HU)-modules and a commutative diagram of HU-equivariant

DλU-modules:

Locλ(M) Locλ(N)

MU NU,

Locλ(f)

µ ν

αU

where Locλ := (Locλ)
ıDλ(U.HU)
U and the vertical maps µ, ν are continuous isomor-

phisms. By [55, Corollary 3.4(ii)], the ÙDλ(U, HU)-module kerf is coadmissible.

Since Locλ is exact by Proposition 6.3.6, we obtain a commutative diagram of HU-

equivariant DλU-modules:
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0 Locλ(kerf) Locλ(M) Locλ(N)

0 kerα MU NU,

ψ

Locλ(f)

µ ν

αU

where the rows are exact. Since (HU − DλU) − mod is an abelian category, the

Five Lemma yields an isomorphism of HU-equivariant DλU-modules ψ completing

the diagram. For any V ∈ Uw, ψ(V) is the restriction of the continuous map µ(V)

to Locλ(kerf)(V), and hence is continuous. It follows that kerα is U -coadmissible,

and the canonical morphism kerα→M is continuous by construction.

Lemma 6.3.9. Let M ∈ CλX/G and let Y be an affinoid subdomain of X. Then

MY ∈ CλY/GY
.

Proof. We may view MY as a GY-equivariant locally Fréchet Dλ-module on X.

Since Y is admissible open in X, Yw(T ) ⊆ Xw(T ) and so MY is a GY-equivariant

locally Fréchet Dλ-module on Y.

It suffices to show MY is coadmissible. Suppose M is U -coadmissible for some

Xw(T )-covering U . For each U ∈ U , choose an admissible affinoid covering VU of

Y ∩U and set V :=
⋃

U∈U VU. Then V is a Yw(T )-covering of Y which refines U .

This allows us to reduce the problem to the case where Y and X are both affinoid,

(X, G) is small, andM∼= (Locλ)
ÛDλ(X,G)
X (M) for some coadmissible ÙDλ(X, G)-module

M . By Proposition 6.2.6, it follows that:
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MY
∼= (Locλ)

ÛDλ(X,G)
X (M)Y ∼= (Locλ)

ÛDλ(Y,GY)
Y (ÙDλ(Y, GY)Ù⊗ÛDλ(X,GY)

M)

as GY-equivariant locally Fréchet Dλ-modules on Y.

Lemma 6.3.10. Let M∈ CλX/G,U ∈ Xw(T ) and i > 0. Then H i(U,M) = 0.

Proof. Let GU be a U-small subgroup of G. By Lemma 6.3.9, MU ∈ CλU/GU
and

H i(U,M) = H i(U,MU). Hence we may assume (X, G) is small. Then, by Theo-

rem 6.3.5, M ∼= (Locλ)
ÛDλ(X,G)
X (M) for some coadmissible ÙDλ(X, G)-module M , so

Ȟ i(U ,MV) = 0 for any finite affinoid covering U of any affinoid subdomain V of U

by Proposition 6.2.6 and Proposition 6.2.7.

It follows that Ȟ i(U ,MV) = 0 and the result is immediate by applying [6, Lemma

21.11.9].

Proposition 6.3.11. Let α : M → N be a morphism in CλX/G. Then the G-

equivariant Dλ-module cokerα is coadmissible, and the canonical morphism N →

cokerα is continuous.

Proof. First suppose kerα = 0, so there is a short exact sequence of G-equivariant

Dλ-modules:

0→M→N → cokerα→ 0.

For any U ∈ U , the sequence:
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0→M(U)→ N (U)→ coker(α(U))→ 0

is exact by Lemma 6.3.10, and so there is an isomorphism (cokerα)(U) ∼= coker(α(U)).

Now M(U) and N (U) are coadmissible ÙDλ(U, HU)-modules for any U-small sub-

group HU of G, by Lemma 6.3.9, and the map α(U) is Dλ(U) oHU-linear as well

as continuous, by Proposition 2.7.7, so it is ÙDλ(U, HU)-linear. Since ÙDλ(U, HU)

is Fréchet-Stein by Theorem 6.1.15, (cokerα)(U) ∼= coker(α(U)) is a coadmissibleÙDλ(U, HU)-module by [55, Corollary 3.4(ii)], and so we may equip it with the canon-

ical Fréchet topology.

Let g ∈ G. Since the map gcokerα(U) : (cokerα)(U) → cokerα)(gU) is induced by

the ÙDλ(U, HU)-linear map gM(U) :M(U) →M(gU), it is also ÙDλ(U, HU)-linear

and continuous. Hence the G-equivariant Dλ-module cokerα is locally Fréchet.

By choosing a common refinement and applying Lemma 6.3.7, we may assume M

and N are U -coadmissible for some Xw(T )-covering U . Fix U ∈ U . By Definition

6.4.2 and Proposition 6.3.6, we can find a U-small subgroup HU of G, a morphism

of coadmissible ÙDλ(U, HU)-modules f : M → N and a diagram of HU-equivariant

DλU-modules:

0 Locλ(M) Locλ(N) Locλ(cokerf)

0 MU NU cokerα,

Locλ(f)

µ ν ψ

αU
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where the rows are exact and µ, ν are continuous isomorphisms. Let V ∈ Uw, and

let HV be a V-small subgroup of G. By Lemma 6.3.10 and Theorem 6.3.5, applying

the global sections functor Γ(V,−) keeps the rows exact and sends all objects to

coadmissible ÙDλ(V, HV)-modules. By Proposition 2.7.7, λ(V) and µ(V) are contin-

uous Dλ(V)oHV-linear maps and hence are ÙDλ(V, HV)-linear. Hence ν(V) is alsoÙDλ(V, HV)-linear by exactness of the diagram, and so is continuous by [1, Lemma

3.6.5]. Hence ψ is continuous and, by definition, cokerα is U -coadmissible. Further-

more, the map N (U) → (cokerα)(U) is ÙDλ(U, HU)-linear by construction, and so

is continuous. Hence the canonical morphism N → cokerα is continuous.

Now suppose that kerα is not necessarily zero. We have two short exact sequences

of G-equivariant Dλ-modules:

0→ kerα→M→ imα→ 0,

0→ imα→ N → cokerα→ 0.

By Proposition 6.3.8, kerα → M is a morphism in CλX/G, and so the morphism

M→ imα lies in CλX/G by the special case applied to the first sequence.

Finally, the canonical map imα→ N is continuous, since the canonical topology on

imα(U) agrees with the subspace topology induced from N (U). Hence, applying

the special case to the second sequence, we have a continuous map N → cokerα.

Theorem 6.3.12. The category CλX/G is abelian.

Proof. Let α :M→N be a morphism in CλX/G. By Proposition 6.3.8, the canonical
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map i : kerα → M is a morphism in CλX/G. Suppose that u : P → M is another

morphism in CλX/G such that α◦u = 0. Since i is the kernel of α in G−Dλ-mod, there

is a unique morphism of G-equivariant Dλ-modules j : P → kerα such that u = i◦j.

Let U ∈ U and let HU be a U-small subgroup of G. Then all objects in the

commutative diagram:

P(U)

0 (kerα)(U) M(U) N (U)

j(U)
u(U)

i(U) α(U)

are coadmissible ÙD(U, HU)-modules by Theorem 6.3.5, and so by [1, Lemma 3.7.6],

the map j(U) is continuous. Hence j : P → kerα is a morphism in CλX/G, and if

j′ : P → kerα is another such map with u = i ◦ j′ then j = j′ since the forgetful

functor Φ is faithful. Hence i is the kernel of α in CλX/G. A similar argument using

Lemma 6.3.10 and Proposition 6.3.11 shows that CλX/G has cokernels.

Finally, we need to show that every monomorphism α : M → N is the kernel of

its cokernel q : N → cokerα. We can argue on the dual side to then show that

every epimorphism is the cokernel of its kernel. Consider the commutative diagram

in CλX/G:

0 M(U) N (U) (cokerα)(U) 0

0 (kerq)(U) N (U) (cokerα)(U) 0

α

j

q

q

where j is induced by the universal property of kerq, and the rows are exact inG−Dλ-
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mod. In the abelian category G − Dλ-mod, the arrow Φ(j) is an isomorphism by

the Five Lemma, and so the local sections j(U) are continuous bijections for each

U ∈ U . By the Open Mapping Theorem, the inverses are also continuous and hence

j is an isomorphism in CλX/G. It follows that j is an isomorphism in CλX/G. A similar

argument shows that every epimorphism in CλX/G is the cokernel of its kernel. Hence

CλX/G is an abelian category.

6.4 Discussion of the constructions in Sections 5.2

and 6.3

In this section, we assume that X = (G/B)an is the rigid analytic flag variety of

G. We have now constructed two different categories of coadmissible G-equivariant

locally Fréchet Dλ-modules, in Sections 5.2 and 6.3, both denoted CλX/G. The con-

struction in Section 6.3 is more general since it does not require the weight λ to be

integral. However, we should expect this construction to reduce to the construction

of CλX/G in Section 5.2 in case λ is integral. In this short section we briefly discuss

how we might check that these two definitions agree.

We restate the two definitions below for the convenience of the reader.

Definition 6.4.1. Let M be a G-equivariant locally Fréchet Dλ-module on X and

suppose λ ∈ h∗K is an integral weight.

(a) Let U be an Xw(T )-covering. M is U − coadmissible if, for each U ∈ U , there

is a U-small subgroup HU of G, a coadmissible ÙD(U, HU)-module MU, and an

isomorphism:
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OλU ⊗OU
Loc

ÛD(U,HU)
U (MU)→MUrig

of HU-equivariant locally Fréchet Dλ-modules on U.

(b) M is coadmissible if it is U -coadmissible for some Xw(T )-covering U .

(c) The full subcategory of Frech(G−DλX) consisting of coadmissible G-equivariant

locally Fréchet Dλ-modules is denoted by:

CλX/G.

Definition 6.4.2. Let M be a G-equivariant locally Fréchet Dλ-module on X.

(a) Let U be an Xw(T )-covering. M is U − coadmissible if, for each U ∈ U , there

is a U-small subgroup HU of G, a coadmissible ÙDλ(U, HU)-module Mλ
U, and an

isomorphism:

(Locλ)
ÛDλ(U,HU)
U (Mλ

U)→MUrig

of HU-equivariant locally Fréchet Dλ-modules on U, which makes sense by Propo-

sition 6.3.2.
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(b) M is coadmissible if it is U -coadmissible for some Xw(T )-covering U .

(c) The full subcategory of Frech(G−DλX) consisting of coadmissible G-equivariant

locally Fréchet Dλ-modules is denoted by:

CλX/G.

By inspection of the definitions, it suffices to check that OλU⊗OU
Loc

ÛD(U,HU)
U (MU) ∼=

(Locλ)
ÛDλ(U,HU)
U (Mλ

U) for all U ∈ Xw(T ). Applying [5, Theorem 9.1], we see that

it suffices to check that OλU ⊗OU
P ÛD(U,HU)

U (MU) ∼= (Pλ)ÛDλ(U,HU)
U (Mλ

U) for all U ∈

Xw(T ). Writing:

P ÛD(U,HU)
U (MU) = lim←−MU(U, HU) = lim←−

ÙD(U, HU)Ù⊗ÛD(X,HU)
MU

∼= ÙD(U, HU)Ù⊗ÛD(X,HU)
MU

by Definition 2.8.20 and the note immediately following it, and

(Pλ)ÛD(U,HU)
U (Mλ

U) = lim←−M
λ
U(U, HU) = lim←−

ÙDλ(U, HU)Ù⊗ÛDλ(X,HU)
Mλ

U

∼= ÙDλ(U, HU)Ù⊗ÛDλ(X,HU)
Mλ

U

by Definition 6.2.2 and Corollary 6.2.5, it suffices to check that the following result

holds:
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Conjecture 6.4.3. For all U ∈ Xw(T ), there exists a U-small subgroup HU of G,

a coadmissible ÙD(U, HU)-module MU and a coadmissible ÙDλ(U, HU)-module Mλ
U

such that:

OλU ⊗OU
ÙD(U, HU)Ù⊗ÛD(X,HU)

MU
∼= ÙDλ(U, HU)Ù⊗ÛDλ(X,HU)

Mλ
U.

6.5 Characterising the essential image of the lo-

calisation functor on global sections

The rest of the thesis is devoted to proving a twisted equivariant version of locally

analytic Beilinson-Bernstein localisation. We begin by giving a characterisation of

the essential image of (Locλ)
ÛDλ(X,G)
X on the global sections of a coadmissible G-

equivariant Dλ-module M on X, and also prove Theorem 6.3.5.

We continue to work under the same assumptions as stated at the beginning of Sec-

tion 6.1. In particular, we assume that H is a flat affine algebraic group, X̃ and X

are K-affinoid varieties and ξ : X̃→ X is a locally trivial H-torsor.

In this section, we assume that G is a compact p-adic Lie group acting continuously

on X, A is a G-stable affine formal model in A := O(X), and (L, N) is an A-

trivialising pair in the sense of Definition 6.1.5. That is, L is a G-stable Lie lattice

in ‹T (X) and N is an open normal subgroup of G contained in GL. We begin

by recalling the definitions of certain covers of X which satisfy nice topological

properties, generalising those given in [5, Sections 3-5] in the case where the ground

ring R is not necessarily Noetherian.
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Definition 6.5.1. Let L be an (R,A)-Lie algebra for some affine formal model A

in O(X). Let Y be an affinoid subdomain of X and let σ : O(X) → O(Y) be the

pullback map on functions.

(a) An affine formal model B in O(Y) is L-stable if σ(A) ⊆ B and the L-action on

A lifts to B.

(b) Y is L-admissible if it admits an L-stable affine formal model. The full subcat-

egory of Xw consisting of the L-admissible affinoid subdomains of X is denoted by

Xw(L).

(c) An L-admissible covering of an L-admissible affinoid subdomain of X is a finite

covering of X by objects in Xw(L).

(d) Write Xw/G to denote the set of G-stable affinoid subdomains Y of X. We set

Xw(L, G) := Xw(L) ∩Xw/G to be the set of G-stable affinoid subdomains Y of X

which are also L-admissible.

Definition 6.5.2. (a) Let Y ⊆ X be a rational subdomain. If Y = X, it is L-

accessible in 0 steps. Inductively, if n ≥ 1 we say that Y is accessible in n steps if

there is a chain Y ⊆ Z ⊆ X such that:

- Z ⊆ X is accessible in n− 1 steps,

- Y = Z(f) or Z(1/f) for some non-zero f ∈ O(Z),

- there is an L-stable affine formal model C ∈ O(Z) such that L · f ⊆ πC.
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(b) A rational subdomain Y ⊆ X is L-accessible if it is L-accessible in n steps for

some n ∈ N.

(c) An affinoid subdomain Y ⊆ X is L-accessible if it is L-admissible and there is a

finite covering Y =
⋃r
j=1 Xj, where each Xj is an L-accessible rational subdomain

of X.

(d) A finite affinoid covering {Xj} of X is L-accessible if each Xj is an L-accessible

affinoid subdomain of X.

(e) Xac(L, G) denotes the set of G-stable L-accessible affinoid subdomains of X.

It follows from [1, Lemma 4.3.2] and [5, Lemma 4.8(a)] that Xac(L, G) is a G-

topology on X.

Our next goal is to construct a twisted levelwise localisation functor defined on

suitable affinoid subdomains of X. We do this by defining a sheaf of rings on

Xac(L, G) which is locally isomorphic to one of the factors in the inverse limit

defining
Ù‹D(X, G) in Definition 6.1.6.

Definition 6.5.3. For any Y ∈ Xw(L, G) and any L-stable, G-stable affine formal

model B on O(Y), we define:
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(Û (L)K oN G)(Y) := ̂U(B ⊗A L)K oN G.

Let L′ := B ⊗A L. [1, Corollary 4.3.7] implies that (L′, N) is a B-trivialising pair,

and so Definition 6.5.3 makes sense. Furthermore, [1, Corollary 4.3.12], demon-

strates that ‹Q := Û (L)K oN G is a sheaf of rings on Xw(L, G) with vanishing

higher Čech cohomology.

Lemma 6.5.4. There is a natural ˚�U(h)K-module structure on Û (L)K oN G.

Proof. Fix Y ∈ Xw(L, G). We may apply the same argument as in Lemma 6.1.12

to see that there is a ˚�U(h)K-module structure on
Ù‹D(Y, G).

By definition, we may write:

Ù‹D(Y, G) := lim←−
(L′,N)∈IY(G)

Û(L)K oN G.

where IY(G) denotes the set of pairs (L′, N) such that L′ is a G-stable Lie lattice

in ‹T (Y) and N is an open normal subgroup of G contained in GL′ .

Fix (L′, N) ∈ IY(G). Via the natural map
Ù‹D(Y, G) → Û(L′)K oN G, there is a˚�U(h)K-module structure on Û(L′)K oN G.

Definition 6.5.5. Let λ ∈ h∗K . We set:
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Qλ := (Û (L)K oN G)⊗
Ŭ(h)K

Kλ.

Proposition 6.5.6. Suppose (X, G) is small. Choose a G-stable affine formal model

A in O(X) and a G-stable smooth A-Lie lattice L in ‹T (X), by Lemma 6.1.1. Let

(N•) be a good chain for L, and set:

Qλn := ( ̂U (πnL)K oNn G)⊗
Ŭ(h)K

Kλ.

viewed as a sheaf of K-Banach algebras on Xw(L, G). Then there is a natural

isomorphism:

ÙDλ(−, G) |Xw(L,G)→ lim←−Q
λ
n

of presheaves on Xw(L, G).

Proof. This follows from Lemma 6.1.9.

Definition 6.5.7. The localisation functor LocQλ from finitely generated Qλ(X)-

modules to presheaves of Qλ-modules on Xac(L, G) is given by:

LocQλ(M)(Y) := Qλ(Y)⊗Qλ(X) M

for Y ∈ Xac(L, G).
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We next isolate a technical calculation from the proof of Theorem 6.3.5. Recall the

definition of the map γG : G→ ÙDλ(X, G) from Remark 6.1.7 and Lemma 6.1.14.

Proposition 6.5.8. Suppose (X, G) is small. Let H be an open subgroup of G, let

M ∈ CÛDλ(X,H)
and suppose there is an isomorphism of H-equivariant locally Fréchet

Dλ-modules on X:

α : (Locλ)
ÛDλ(X,H)
X (M)→M.

(a) For every U ∈ Xw, there is a unique coadmissible ÙDλ(U, H)-module structure

on M(U) such that:

(i) γH(g) ·m = gM(m) for all g ∈ H,m ∈M(U).

(ii) the topology onM(U) induced by the coadmissible ÙDλ(U, H)-module structure

coincides with the given K-Fréchet topology on M(U).

(iii) the ÙDλ(U, H)-action on M(U) extends the given Dλ(U)-action on M(U).

(b) The ÙDλ(U, H)-module structure is independent of the choice of α.

(c) There is an isomorphism of H-equivariant locally Fréchet Dλ-modules on X:
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θ : (Locλ)
ÛDλ(X,H)
X (M(X))→M

whose restriction to Xw is given by:

θ(U)(sÙ⊗m) = s · (m |U)

for any U ∈ Xw, s ∈ ÙDλ(U, H) and m ∈M(X).

Proof. (a) Suppose first that U = X and write N := (Locλ)
ıDλ(X,H)
X (M). By Corol-

lary 6.2.5, we may identify N (X) with ÙDλ(X, H)Ù⊗ÛDλ(X,H)
M , and so there is a

canonical map M → N (X) given by n 7→ 1Ù⊗n.

Let ψ : M → M(X) be the composition of the canonical map M → N (X) and

α(X) : N (X)→M(X). By Proposition 6.2.7 and the definition of the topology on

N (X), this map is a continuous isomorphism.

By Proposition 2.7.7, Γ(X,−) is a functor from H-equivariant Dλ-modules on X

to Dλ(X) o H-modules, and so the continuous map α(X) : N (X) → M(X) is

Dλ(X) oH-linear. It follows that ψ : M →M(X) is also Dλ(X) oH-linear.

Since Dλ(X)oH is dense in ÙDλ(X, H) by Lemma 6.1.14, applying [1, Lemma 4.4.4]

to ψ shows that the Dλ(X) o H on M(X) extends to an ÙDλ(X, H)-action which

satisfies the required properties. The general case follows by applying the argument
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in the proof of Proposition 6.3.9.

(b) This is immediate from [1, Lemma 4.4.4(c)].

(c) By part (a), M(X) is a coadmissible ÙDλ(X, H)-module, and the map ψ : M →

M(X) given by ψ(m) = α(X)(1Ù⊗m) is a ÙDλ(X, H)-linear isomorphism. Write

Pλ := (Pλ)ÛDλ(X,H)
X and consider the diagram:

Pλ(M)

Pλ(M(X)) M |Xw ,

Pλ(ψ)

α|Xw

θ

where θ(U)(sÙ⊗m) = s · (m |U) for U ∈ Xw, s ∈ ÙDλ(U, H) and m ∈ M(U). By

Proposition 6.2.5, we may identify:

Pλ(M)(U) ∼= ÙDλ(U, H)Ù⊗ÛDλ(X,H)
M

for each U ∈ Xw. We compute:

(θ ◦ Pλ(ψ))(U)(sÙ⊗m) = θ(U)(sÙ⊗ψ(m)) = s · α(X)(1Ù⊗m) |U

= s · α(U)(1Ù⊗m) = α(U)(s · (1Ù⊗m))

= α(U)(sÙ⊗m),

since the map α(U) is ÙDλ(X, H)-linear and α is a morphism of sheaves on Xw.
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Since Pλ(ψ) and α are morphisms of sheaves on Xw, and since α(U) is an iso-

morphism, it follows that θ is also a morphism of sheaves on Xw and the triangle is

commutative. Since ψ is an isomorphism, θ is an isomorphism. By [5, Theorem 9.1],

we see that θ extends to the required isomorphism θ : (Locλ)
ÛDλ(X,H)
X (M(X))→M

of sheaves on X, which is H-equivariant, Dλ-linear and continuous since Pλ(ψ) and

α |Xw both have these properties.

We now make the following assumptions. Suppose X is an affinoid variety, G is

compact, A is a G-stable affine formal model in A := O(X), L is a G-stable free

A-Lie lattice in ‹T (X). Further suppose that [L,L] ⊆ πL and L(A) ⊆ πA.

Let U be a finite Xac(L)-covering of X which admits an L-accessible refinement.

Let H be an open normal subgroup of G which stabilises every element of U, (N•)

be a good chain for L in H, which exists by Lemma 6.1.9, and suppose M is a

U -coadmissible H-equivariant Dλ-module on X.

Let n ≥ 0 and let Y be an intersection of members of U. We set:

(a) Xn := Xac(π
nL, H), a G-topology on X,

(b) Yn := Yac(π
nL, H) = Xn ∩Yw, a G-topology on Y,

(c) Qλn := ( ̂U (πnL)K oNn H)⊗
Ŭ(h)K

Kλ, a sheaf of K-Banach algebras on Xn,

(d) Qλ∞ := ÙDλ(−, H) a sheaf of Fréchet-Stein algebras on Xw/H.

Recall that the G-topologies Xn become finer as n increases: there is a chain of

inclusions:

220



X0 ⊆ X1 ⊆ · · · ⊆ Xn ⊆ · · · ⊆ Xw/H.

Furthermore, by Proposition 6.5.6, there is an isomorphism of sheaves on X0:

Qλ∞ |X0→ lim←−Q
λ
n.

Since M is U -coadmissible, [1, Proposition 3.5.2 and Proposition 6.5.8(b)] demon-

strate that MYw/H is naturally a Qλ∞ |Yw/H-module for each Y ∈ U .

Lemma 6.5.9. There is a unique structure of a Qλ∞-module on MXw/H which

extends the Qλ∞ |Yw/H-module structure on MYw/H for each Y ∈ U .

Proof. Applying Proposition 6.5.8(b) shows that the action maps:

aY : Qλ∞ |Yw/H ×MYw/H →MYw/H

for each Y ∈ U agree on overlaps: (aY) |Y∩Y′= (aY′) |Y∩Y′ for each Y,Y′ ∈ U .

Since Qλ∞ |Yw/H andMYw/H are sheaves and aY is a sheaf morphism, the aY patch

together uniquely to a sheaf morphism a : Qλ∞ ×MXw/H →MXw/H .

Lemma 6.5.10. Let n ≥ 0 and Y ∈ U . There is a presheaf Pn on Xn of Qλn-modules

given by:

Pn(Z) = Qλn(Z)⊗Qλ∞(Z)M(Z)
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for Z ∈ Xn. Moreover, the canonical map:

LocQλn(Pn(Y))→ Pn |Yn

is an isomorphism, and the restriction of Pn to Yn is a sheaf.

Proof. Applying Lemma 6.5.9, M(W) is a Qλ∞(W)-module for each W ∈ Xn ⊆

Xw/H, so Pn(W) is well-defined. Since Qλn,Qλ∞ |Xn and M |Xn are all well-defined

functors on Xn, the functoriality of the tensor product ensures that Pn is a presheaf.

Since M is U -coadmissible and Y ∈ U , we may apply Proposition 6.5.8(c) to find

an isomorphism:

θ : (Locλ)
ÛDλ(Y,H)
Y (M(Y))→M |Y .

Let Z ∈ Yn and consider the diagram:

Qλn(Z)⊗Qλn(Y) Pn(Y) Pn(Z)

Qλn(Z)⊗Qλn(Y) (Qλn(Y)⊗Qλ∞(Y)M(Y)) Qλn(Z)⊗Qλ∞(Z)M(Z)

Qλn(Z)⊗Qλ∞(Y)M(Y) Qλn(Z)⊗Qλ∞(Z) (Qλ∞(Z)Ù⊗Qλ∞(Y)M(Y)).

∼= ∼=

∼=

∼=

∼=

By definition, if b ∈ Qλn(Y) and m ∈M(Y) then (b⊗m) |Z= b |Z ⊗m |Z. It follows

that the diagram is commutative and so the top horizontal arrow is an isomorphism.
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Finally, since M(Y) is a coadmissible Qλ∞(Y)-module by Proposition 6.5.8(a), it

follows that Pn(Y) is a finitely generated Qλn(Y)-module. The result follows by

applying [1, Corollary 4.3.19].

We set Mn to be the sheafification of the presheaf Pn on Xn.

Corollary 6.5.11. Mn is a U -coherent Qλn-module on Xn. Furthermore, Mn(X)

is a finitely generated Qλn(X)-module, and the canonical Qλn-linear morphism:

σn : LocQλn(Mn(X))→Mn

is an isomorphism.

Proof. The first statement follows from Lemma 6.5.10, and the rest follows from [1,

Theorem 4.3.21], since U admits a L-accessible refinement by assumption.

Lemma 6.5.12. For each n ≥ 0 there is a Qλn-linear isomorphism:

τn : LocQλn(Qλn(X)⊗Qλn+1(X)Mn+1(X))→ LocQλn(Mn(X)).

Proof. For each Z ∈ Xn, there is a canonical functorial isomorphism:

Qλn(Z)⊗Qλn+1(Z) Pn+1(Z)→ Pn(Z)

by definition of Pn(Z). If Z ⊆ Y for some Y ∈ U , then Lemma 6.5.10 induces a

functorial isomorphism:
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Qλn(Z)⊗Qλn+1(Z)Mn+1(Z)→Mn(Z)

which is independent of the choice of Y. We next consider the commutative diagram:

Qλn(Z)⊗Qλn(X) (Qλn(X)⊗Qλn+1(X)Mn+1(X)) Qλn(X)⊗Qλn(X)Mn(X)

Qλn(Z)⊗Qλn+1(Z) (Qλn+1(Z)⊗Qλn+1(X)Mn+1(X))

Qλn(Z)⊗Qλn+1(Z)Mn+1(Z) Mn(Z).

τn(Z)

∼=

σn(Z)

1⊗σn+1(Z)

∼=

A diagram chase shows that the top horizontal arrow is also an isomorphism, which

is functorial in Z. Since both Qλn(X) ⊗Qλn+1(X) Mn+1(X) and Mn(X) are finitely

generated Qλn(X)-modules by Corollary 6.5.11 and U is a Xn-covering, the τn(Z)

patch together to the required isomorphism by [1, Corollary 4.3.19].

Corollary 6.5.13. The Qλ∞(X)-module M∞ := lim←−Mn(X) is coadmissible.

Proof. Applying Lemma 6.5.12, the maps τn(X) induce Qλn(X)-linear isomorphisms:

Qλn(X)⊗Qλn+1(X)Mn+1(X)→Mn(X)

for each n ∈ N. Hence, by Definition 2.4.5, M∞ is a coadmissible lim←−Q
λ
n(X) =

Qλ∞(X)-module.

Lemma 6.5.14. For each Y ∈ U , there is a Qλ∞(X)-linear map:

vY : M∞ →M(X)
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such that vY(m) |Y∩Y′= vY′(m) |Y∩Y′ for all m ∈M∞ and Y′ ∈ U .

Proof. Let m := (mn)n ∈M∞, where mn ∈Mn(X), and define vY by:

vY(m) := ((mn)Y)n.

Since the restriction maps in Mn are Mn(X)-linear, it follows that the map vY is

Qλ∞(X)-linear. Furthermore, we see that:

vY(m) |Y∩Y′,n= (mn |Y) |Y∩Y′= mn |Y∩Y′= (mn |Y′) |Y∩Y′= vY′(m) |Y∩Y′,n

for all n ≥ 0. Hence vY(m) |Y∩Y′= vY′(m) |Y∩Y′ for all m ∈M∞.

Proposition 6.5.15. There is an isomorphism:

(Locλ)
ÛDλ(X,H)
X (M∞)→M

of H-equivariant locally Fréchet Dλ-modules on X.

Proof. By Corollary 6.5.13, we have constructed a coadmissibleQλ∞(X)-module M∞.

Since (Locλ)
ÛDλ(X,H)
X (M∞) and M are sheaves, [5, Theorem 9.1] demonstrates that

it suffices to construct an isomorphism of G-equivariant Dλ-modules on U :

α : (Pλ)ÛDλ(X,H)
X (M∞) |U→M |U .

Let Y ∈ S such that Y := “Yrig ∈ U . By Lemma 6.5.14, we may define:
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gY : ÙDλ(Y, H)Ù⊗ÛDλ(X,H)
M∞ →M(Y)

via gY(sÙ⊗m) = s · vY(m). This is a ÙDλ(Y, G)-linear map, and we construct the

following commutative diagram:

Qλ∞(Y)Ù⊗Qλ∞(X)M∞ M(Y)

lim←−Q
λ
n(Y)⊗Qλn(X)Mn(X) lim←−Q

λ
n(Y)⊗Qλ∞(X)M(Y)

lim←−Mn(Y) Pn(Y).

∼=

gY

∼=

∼= ∼=

∼=

The bottom left vertical arrow in the diagram is an isomorphism by Corollary 6.5.11,

and the bottom horizontal arrow is an isomorphism by Lemma 6.5.10. It follows

that gY is an isomorphism.

Now consider the following diagram:

(Pλ)ÛDλ(X,H)
X (M∞) |Yw M |Yw

(Pλ)ÛDλ(Y,H)
Y (ÙDλ(Y, H)Ù⊗ÛDλ(X,H)

M∞) (Pλ)ÛDλ(Y,H)
Y (M(Y)).

αY

∼=

(Pλ)
ÛDλ(Y,H)
Y (gY)

θY

The left vertical arrow is an isomorphism by Proposition 6.2.6, and the right vertical

arrow is also an isomorphism by Proposition 6.5.8(c). Since gY is an isomorphism,

the bottom arrow is an isomorphism by functoriality of (Pλ)ÛDλ(Y,H)
Y , using Proposi-

tion 6.3.2. Hence we obtain the H-equivariant Dλ-linear isomorphism:
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α |Yw : (Pλ)ÛDλ(X,H)
X (M∞) |Yw→M |Yw

which makes the diagram commute.

Applying Proposition 6.5.8(a),M(Z) is naturally a coadmissible ÙDλ(Z, HZ)-module

for any Z ∈ Yw. Via Corollary 6.2.5, we may identify:

(Pλ)ÛDλ(X,H)
X (M∞)(Z) ∼= ÙDλ(Z, HZ)Ù⊗ÛDλ(X,HZ)

M∞,

and so it follows that the map

α |Y (Z) : (Pλ)ÛDλ(X,H)
X (M∞)→M(Z)

is given by:

αY(Z)(sÙ⊗m) = s · (vY(m) |Z)

for all s ∈ ÙDλ(Z, HZ) and m ∈M∞.

By Lemma 6.5.14, the local isomorphisms αY satisfy:

αY |Y∩Y′= αY′ |Y∩Y′

227



for any Y,Y′ ∈ U . SinceM |Xw is a sheaf by assumption and since (Pλ)ÛD(X,H)
X (M∞)

is a sheaf on Xw by Proposition 6.2.7, the αY patch together to give the required

isomorphism α : (Locλ)AX(M∞)→M.

We are finally ready to prove Theorem 6.3.5. For clarity, we restate the theorem

below.

Theorem 6.5.16. Suppose (X, G) is small. Then the localisation functor:

(Locλ)
ÛDλ(X,G)
X : CÛDλ(X,G)

→ CλX/G

is an equivalence of categories.

Proof. LetM,N be coadmissible ÙDλ(X, G)-modules, and write Locλ := (Locλ)
ÛDλ(X,G)
X .

By Corollary 6.2.5 and Theorem 6.2.7, we may identify M(X, G) with Locλ(M)(X),

functorially in M . Hence, given a ÙDλ(X, G)-linear morphism f : M → N , we have

the commutative diagram:

M N

M(X, G) N(X, G).

f

Locλ(f)(X)

Since the map N → N(X, G) which sends n 7→ 1Ù⊗n is an isomorphism, it is imme-

diate that Locλ is faithful.

Now suppose α : Locλ(M) → Locλ(N) is a morphism of G-equivariant locally

Fréchet Dλ-modules on X. Applying Proposition 2.7.7, we see the morphism α :
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Locλ(M)(X) → Locλ(N)(X) is Dλ(X) o G-linear, and continuous by Definition

6.3.1(b), so it must also be ÙDλ(X, G)-linear since M(X, G) and N(X, G) are both

coadmissible ÙDλ(X, G)-modules. Define f by the commutative diagram:

M N

M(X, G) N(X, G).

f

α(X)

We see that f is ÙDλ(X, G)-linear.

We claim that Locλ(f) = α. To see this, let U ∈ Xw and recall that the map

M(X, GU)→ M(X, G) is a bijection by Proposition 6.2.4. Consider the commuta-

tive diagram:

M(U, GU) N(U, GU)

M(X, GU) N(X, GU)

M(X, G) N(X, G).

α(U),Locλ(f)(U)

∼=
∼=

α(X),Locλ(f)(X)

By construction, α(X) = Locλ(f)(X), and the image of M(X, G) in M(U, GU)

under the vertical map in this diagram generates a dense ÙDλ(U, GU)-submodule

of M(U, GU) = ÙDλ(U, GU)Ù⊗ÛDλ(X,G)
M . Since α(U) and Locλ(f)(U) are continu-

ous Dλ(U) oGU-linear maps that agree on this submodule, they are equal, and so

Locλ(f) = α since Xw is a basis. Hence Locλ is full.

To show Locλ is essentially surjective, let U be an admissible affinoid covering of

X and let M be a U -coadmissible G-equivariant Dλ-module on X. Since (X, G) is
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small, we can find a G-stable affine formal model A in O(X) and a G-stable free

A-Lie lattice L in ‹T (X) by Lemma 6.1.1.

Since X is affinoid, we may replace U by a finite refinement and apply [1, Lemma

3.6.9] to assume U is finite. Choose a Laurent refinement V of U by [12, Lemmas

8.2.2/2-4]. By [5, Proposition 7.6], we may replace L by πtL, for a sufficiently large

integer t ≥ 0, to ensure that every member of U and V is an L-accessible affinoid

subdomain of X. Hence U is L-accessible and admits an L-accessible Laurent refine-

ment. By replacing L with πL if necessary, we may further assume that [L,L] ⊆ πL

and L ·A ⊆ πA. Applying [1, Lemma 4.4.1], we may find an open normal subgroup

H of G which stabilises A, L and each member of U . Choosing a good chain (N•)

for L by [1, Lemma 3.3.6], it follows that all of our assumptions are satisfied.

By Corollary 6.5.13, M :=M(X) is a coadmissible ÙDλ(X, H)-module, so by Propo-

sition 6.5.8(c) and Proposition 6.5.15, there is an isomorphism of H-equivariant

locally Fréchet Dλ-modules on X:

θ : (Locλ)
ÛDλ(X,H)
X (M(X))→M

whose restriction to Xw is given by:

θ(U)(sÙ⊗m) = s · (m |U)

for any U ∈ Xw, s ∈ ÙDλ(U, H) and m ∈ M(X). Furthermore, M is a Dλ o G-

module by Proposition 2.7.7, and by Proposition 6.5.8(a), the ÙDλ(U, H)-action and
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the Dλ(X, G)-action are compatible in the following sense:

γH(h) ·m = hM(m)

for all h ∈ H and m ∈M . Hence [1, Proposition 3.3.11] implies the ÙDλ(U, H)-action

on M extends to an action of ÙDλ(X, H)oG ∼= ÙDλ(X, G). Since the restriction of M

back to ÙDλ(X, H) is coadmissible, it follows that M is coadmissible as a ÙDλ(X, G)-

module.

By construction, we see that (Locλ)
ÛDλ(X,G)
X (M(X)) = (Locλ)

ÛDλ(X,H)
X (M(X)) as H-

equivariant locally Fréchet Dλ-modules on X. It then suffices to verify that the

isomorphism θ is G-equivariant.

Fix U ∈ Xw and g ∈ G. We consider the diagram:

M(U, HU) M(U)

M(gU, HgUg−1) M(gU).

θ(U)

gMU,HU
gM(U)

θ(gU)

Applying Proposition 6.5.8(a), we see that M(U) is a coadmissible ÙDλ(U, HU)-

module and M(gU) is a coadmissible ÙDλ(gU, gHUg
−1)-module, and so the mor-

phism θ(U) is ÙDλ(U, HU)-linear, and the morphism θ(gU) is ÙDλ(gU, gHUg
−1)-

linear.

Via the isomorphism ġU,HU
: ÙDλ(U, HU) → ÙDλ(gU, gHUg

−1) from Lemma 6.1.16,
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we may regard M(gU) as a coadmissible ÙDλ(U, HU)-module. Since M is a G-

equivariant Dλ-module, it follows from Definition 2.7.6 that the map:

gM(U) :M(U)→M(gU)

is Dλ(U) o HU-linear. Since it is also continuous by Definition 6.3.1(a), applying

Remark 6.1.7 shows that this map is ÙDλ(U, HU)-linear.

Similarly, we may regard M(gU, HgUg−1) as a coadmissible ÙDλ(U, HU)-module via

ġU,HU
, and so the maps gMU,HU

and θ(gU) are ÙDλ(U, HU)-linear.

Since the image of M ∈ M(U, HU) generates a dense ÙDλ(U, HU)-submodule in

M(U, HU), to show that the diagram commutes it suffices to verify that gM(U) ◦

θ(U) and θ(gU) ◦ gMU,HU
agree on this image by [1, Lemma 3.6.5]. We see that:

î
gM(U) ◦ θ(U)

ó
(1Ù⊗m) = gM(U)(m |U) = gM(X)(m) |U

= θ(gU)(1Ù⊗g ·m) =
î
θ(gU) ◦ gMU,HU

ó
(1Ù⊗m).

for all m ∈M , and the result follows.

6.6 The localisation functor is essentially surjec-

tive

In this section, we show that the twisted localisation functor (Locλ)AX : CA → CλX/G

is essentially surjective on objects. This will be a key step in the eventual proof of
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the twisted equivariant locally analytic Beilinson-Bernstein theorem.

Recall the following notation from the beginning of Section 6.1. Let K be a field

equipped with a complete non-archimedean norm | · |, R := {a ∈ K | |a| ≤ 1}

the unit ball inside K and π ∈ R a fixed non-zero non-unit element. Let ‹X,X be

smooth schemes over R. Let G be a compact p-adic Lie group and G a connected

split reductive affine algebraic group scheme over R, equipped with a continuous

group homomorphism σ : G→ G(R).

We equip G(R) with the congruence subgroup topology given in Definition 2.8.2.

For example, if G is defined over the ring of integers OL of some finite extension L

of Qp, contained in K, then σ could be the inclusion G(OL)→ G(R).

Let H be a smooth affine algebraic group scheme over R and suppose ξ : ‹X → X

is a locally trivial H-torsor as in Definition 2.5.2. We suppose both ‹X and X are

equipped with G-actions that commute with the H-action on ‹X.

The group G acts on itself by left and right translations. The corresponding homo-

morphisms of R-group functors:

γ : G→ Aut(G), δ : G→ Aut(G)

are given by the formulae γ(g)(x) = gx, δ(g)(x) = xg−1 for g, x ∈ G. These actions

induce G(R)-actions on O(G) by R-algebra automorphisms as in [38, I.2.7].
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Since G is smooth and of finite type, O(G) is a finitely generated R-algebra that

is flat as an R-module, and so is a finitely presented R-algebra by [51, Theorem

3.4.6]. Taking the π-adic completion, A := Ô(G) is an admissible R-algebra, so“G := Spf Ô(G) is an affine formal scheme of topologically finite presentation, and

its rigid generic fibre G := ‘Grig is an affinoid rigid analytic variety over K. We may

apply the same argument to define the affinoid rigid analytic varieties H and Y,

and the rigid analytic varieties X and X̃, which are not in general affinoid.

Since G and H are smooth affine algebraic groups of finite type over R, [28, Corol-

laire 19.5.4] implies that they are both infinitesimally flat group schemes.

The discussion above [1, Definition 5.2.2] allows us to construct the completed skew-

group algebra ÙD(G, G). We first outline the construction of the algebra of right G-

invariants ÙD(G, G)G. The overall goal of the first part of this section is to show that

the algebra ÙD(G, G)G acts on the rigid analytic flag variety X λ-compatibly with G.

Applying Proposition 6.3.4, we will then be able to define the twisted localisation

functor:

(Locλ)AX : CA → CλX/G.

Definition 6.6.1. Let G × X → X be an action of the R-group scheme G on

the R-scheme X, with corresponding homomorphism α : G → Aut(X). The
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infinitesimal action of g := Lie(G) on X associated to α is the R-linear map:

α′ : g→ T (X)

given by α′(u) := Dα, where α := Lie(α)(R)(u−1) ∈ Lie(Aut(X))(R). Here, Dα is

the image of α under the homomorphism:

Lie(Aut(X))(R)→ DerR(OX)

provided by [20, Chapter II, Section 4, Proposition 2.4].

Recall that we have a G-action on g by R-linear automorphisms via Ad ◦ σ.

Definition 6.6.2. (a) A Lie lattice in g is a finitely generated R-submodule J of g

which is stable under the Lie bracket on g and which contains a π-power multiple of g.

(b) The Lie lattice J is G-stable if it is preserved by Ad(σ(g)) for all g ∈ G.

It is immediate from Definition 6.6.2 that J := πng is a G-stable Lie lattice in g for

any n ∈ N.

From now on, we suppose R is a complete valuation ring of height one and of mixed

characteristic (0, p). We may apply Definition 6.6.1 to the left translation action

γ : G → Aut(G) to obtain the R-linear map γ′ : g → T (G). Let A := Ô(G), let

J be a Lie lattice in g and let L := A · γ′(J ). By functoriality, the R-Lie algebra

homomorphism γ′ : J → L extends to an R-algebra homomorphism:
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θ := Û(γ′) : Û(J )→ Û(L).

Definition 6.6.3. The completed skew-group algebra is:

ÙD(G, G)G = lim←− Û(J )K oN G.

The inverse limit is taken over the set K(G) of pairs (J , N) where J is a G-stable

Lie lattice in g and N is an open normal subgroup of G contained in GA·γ′(J ).

We note that [1, Proposition 5.2.4] demonstrates that this definition makes sense;

there is a G-equivariant trivialisation of the G-action on Û(J )K .

Lemma 6.6.4. Let H be an open subgroup of G. Then K(H) ∩ K(G) is cofinal in

both K(H) and K(G).

Proof. Let L := A · γ′(J ). Whenever J is G-stable, this is a G-stable Lie lattice

in A by [1, Lemma 5.2.3]. Recall that HL := GL ∩ H by construction. Given

(J , N) ∈ K(G), choose an open normal subgroup U ≤ G contained in the open

subgroup N ∩ H. Then U ≤ N ∩ H ≤ GL ∩ H = HL, so (L, U) ∈ K(H) ∩ K(G).

Now let (J , N) ∈ K(H) and choose some open normal subgroup U ≤ G contained

in N . Then U ≤ N ≤ HL ≤ GL, so (L, U) ∈ K(H) ∩ K(G).

We now specialise to the following situation. Suppose B is a closed and flat R-

subgroup scheme of G with unipotent radical N, X := G/B, and ‹X := G/N are

both flat R-schemes of finite presentation. Let H := B/N. Then the canonical map

ξ : ‹X → X is a locally trivial H-torsor by Lemma 2.5.6. By [1, Proposition 3.1.12],
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the group G acts continuously on the rigid analytic flag variety X.

We fix an affinoid subdomain U of X, an open subgroup H of GU, and an H-stable

affine formal model B in O(U).

Furthermore, the canonical map ζ : G → X is a locally trivial B-torsor by [38,

II.1.10(2)]. This allows us to define the anchor map:

κ : (ζ∗TG)B → TX.

Let:

κU : T (G)G → T (U)

be the composition of the maps:

T (G)G → T (G)B → T (X)→ T (“X)→ T (X)→ T (U).

Given an H-action on an affinoid variety Y, write ρY : H → AutK(O(Y)) to denote

the corresponding action of H on O(Y).

The actions ρG and ρU preserve the affine formal models A = Ô(G) and B re-

spectively. Recall also from the proof of [1, Proposition 3.2.5] that we have the
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congruence subgroups Gpe(A) and Gpe(B).

Lemma 6.6.5. LetN := (ρG)−1(Gpe(A))∩(ρU)−1(Gpe(B)), considered as a subgroup

of H. Then κU ◦ log ◦ ρG |N= log ◦ ρU |N .

Proof. This is the same proof as in [1, Lemma 5.2.11], replacing T with ‹T .

The G-action on ‹X induces a map φ : G → Aut(‹X), along with the corresponding

infinitesimal action φ′ : g→ T (‹X) parallel to Definition 6.6.1.

Now ‹T (X) = (ξ∗TX̃)H(X) = T (‹X)H. Since the G- and H-actions commute, this map

descends to define an R-linear map φ′ : g→ ‹T (X).

Consider the R-Lie algebra map φ′U : g → ‹T (U) that is the composition of the

following natural maps:

φ′U : g→ ‹T (X)→ ‹T (“X)→ ‹T (X)→ ‹T (U).

Applying [1, Lemma 5.1.3] to the sheaf ‹T , along with the functoriality of π-adic com-

pletion and the rigid generic fibre functor, we see that the map φ′U is H-equivariant.

Proposition 6.6.6. Let (J , J) be a B-trivialising pair. Then there is an H-stable

Lie lattice H in g and an open normal subgroup N of HA·γ′(H), contained in J , such

that the map:
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U(φ′U) oH : U(gK) oH → Û(J )K oJ H

factors through Û(H)K oN H.

Proof. Recall that J is an H-stable B-Lie lattice in ‹T (U) and J is an open normal

subgroup of H contained in HJ , by Definition 6.1.5. Since g has finite rank as

an R-module and φ′U is H-equivariant, we can find a π-power multiple H of g

contained in the preimage of (φ′U)−1(J ) of J in g. and we have a K-algebra map

φ̂′U,K : Û(H)K → Û(J )K . Let A := Ô(G), L := A · γ′(H), H0 := (ρG)−1(Gpe(A)) ∩

(ρU)−1(Gpe(B)) and consider the subgroup:

N := HL ∩ J ∩H0

of H. It is open and normal in H, contained in J and satisfies:

κU ◦ log ◦ ρG |N= logρU |N

by Lemma 6.6.5. Recall that θ−1 ◦ βL : N → Û(H)K
×

is an H-equivariant triviali-

sation of the N -action on Û(H)K by [1, Proposition 5.2.4(c)], and βJ : J → Û(J )K

is an H-equivariant trivialisation of the J-action on Û(J )K by Theorem 6.1.4(b).

We aim to show that:

φ̂′U,K
×
◦ θ−1 ◦ βL = βJ .
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Let n ∈ N satisfy βL(n) = exp(ι(u)), where u := logρG(n) ∈ T (G), and ι is

the inclusion of H (resp. J ,L) into Û(H)K (resp. Û(J )K , Û(L)K). Applying [1,

Proposition 5.2.4(b)], we see that u = θ(w) = γ′(w) for some w ∈ H. Hence:

θ−1(βL(n)) = θ−1(expι(θ(w))) = expι(w).

Similarly βJ (n) = expι(v) where v := logρU(n) ∈ J ⊆ ‹T (U). Now:

φ′U(w) = κU(γ′(w)) = κU(u) = κU(logρG(n)) = logρU(n) = v

by [1, Lemma 5.1.4]. Since φ̂′U,K ◦ ι = ι ◦ φ′U, it follows that:

(φ̂′U,K
×
◦ θ−1 ◦ βL)(n) = φ̂′U,K

×
(expι(w)) = expι(φ′U(w)) = expι(v) = βJ (n).

This shows that φ̂′U,K
×
◦θ−1 ◦βL = βJ . We now apply [1, Lemma 2.2.7] to prove the

proposition. The first condition holds because N ≤ J and the second holds since φ′U

is H-equivariant. The third condition is satisfied by the above calculation. Hence

we obtain a K-algebra homomorphism:

φ′U o 1 : U(g)K oH → Û(J )K oJ H

which extends φ̂′U,K : Û(H)K → Û(J )K and 1 : H → H.

Our next result is a variant of Proposition 6.1.10 which we will need to prove the

main result of this section. We give the details of the proof for the convenience of
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the reader.

Proposition 6.6.7. Let φ′U : g→ ‹T (U) denote the map defined above Proposition

6.6.6. Further let i o ν : U(g)K o H → ÙD(G, H)G denote the natural embedding

of U(g)K oH as a dense subalgebra into ÙD(G, H)G, and let i′ o ν ′ : ‹D(U) oH →Ù‹D(U, H) denote the embedding of ‹D(U) o H as a dense subalgebra into
Ù‹D(U, H)

provided by Remark 6.1.7.

There is a unique continuous K-algebra homomorphism:

¸�φ′U o 1 : ÙD(G, H)G → Ù‹D(U, H)

which makes the following diagram commute:

U(gK) oH ‹D(U) oH

ÙD(G, H)G
Ù‹D(U, H).

U(φ′U)o1

ioν i′oν′

φ̆′Uo1

Proof. Using Lemma 6.1.1, we may choose an H-stable B-Lie lattice L in ‹T (U).

Since L is a finitely generated B-module and φ′U([v, w]) = [φ′U(v), φ′U(w)] for any

v, w ∈ g, we see that πmφ′U(g) ⊆ L for some m ≥ 0. Rescaling g, we may assume

m = 0 and so φ′U(g) ⊆ L.

Applying [1, Lemma 3.3.6] to the open subgroups Nn ∩ N ′n, we may suppose that

Nn ≤ N ′n for each n ∈ N.
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Set A := Ô(G). Choose a good chain (N•) in H for the A-Lie lattice A · γ′(g)

in T (“G), by [1, Lemma 3.3.4]. By [1, Proposition 5.2.6], it follows that we have a

K-algebra isomorphism:

ÙD(G, H)G ∼= lim←− Û(πng)K oNn H.

Furthermore, choose a good chain (N ′•) in H for L by Lemma 6.1.9. By assumption,

Nn ⊆ N ′n for each n, and the ring homomorphism U(φ′U) is H-equivariant. Via the

same argument as in the proof of Proposition 6.6.6, we may use [1, Lemma 2.2.7] to

form the compatible sequence of commutative diagrams:

U(gK) oH ‹D(U) oH

̂U(πng)K oNn H
̂U(πnL)K oN ′n H.

U(φ′U)o1

̂φ′U,n,Ko1

Passing to the limit and applying Lemma 6.1.9 produces the required map:

¸�φ′U o 1 : ÙD(G, H)G → Ù‹D(U, H)

which fits into the commutative diagram:

U(gK) oH ‹D(U) oH

ÙD(G, H)G
Ù‹D(U, H)

lim←−
̂U(πng)K oNn H lim←−

̂U(πnL)K oN ′n H.

U(φ′U)o1

ioν
i′oν′

∼=

φ̆′Uo1

∼=

lim←−
̂φ′U,n,Ko1
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To show uniqueness, suppose ψ : ÙD(G, H)G → Ù‹D(U, H) is another continuous K-

algebra map such that ψ ◦ (i o ν) = (i′ o ν ′) ◦ U(φ′U). Then ψ agrees with ¸�φ′U o 1

on the dense image of U(gK) oH inside ÙD(G, H)G, and so the two maps are equal

by continuity.

Theorem 6.6.8. Set A := ÙD(G, G)G. Then A acts on X λ-compatibly with G.

Proof. There is a canonical group homomorphism η : G → A×. For every com-

pact open subgroup H of G, set AH := ÙD(G, H)G. This is a K-subalgebra of A

by [1, Definition 5.2.5], which is Fréchet-Stein by [1, Theorem 5.2.7].

Fix a compact open subgroup H of G and let U ∈ Xw/H. Let B be an H-stable

affine formal model in O(U) and let (J , J) be a B-trivialising pair in the sense of

Definition 6.1.5. Then Proposition 6.6.6 yields a K-algebra homomorphism:

ÙD(G, H)G → Û(H)K oN H → Û(J )K oJ H

where H ≤ (φ′U)−1(J ) is some H-stable Lie lattice in g and N is the open normal

subgroup:

N := HA·γ′(H) ∩ J ∩H0

of H, where H0 is some open normal subgroup which is independent of the choice

of B-trivialising pair (J , J). Choosing a different H-stable Lie lattice H′ with these

properties yields the same composite homomorphism ÙD(G, H)G → Û(J )K oJ H

since both candidates factor through ̂U(H′′)K oN ′′ H for H′′ = H ∩ H′ and N ′′ =

243



N ∩HA·γ′(H).

If (J ′, J ′) is another A-trivialising pair such that J ′ ≤ J and J ≤ J ′, then we

choose the corresponding pair (H′, N ′) such that H′ ≤ H and N ′ ≤ N , yielding the

commutative diagram:ÙD(G, H)G Û(H)K oN H Û(J )K oJ H

Û(H′)K oN H
′ Û(J ′)K oJ H

′.

Passing to the limit over all B-trivialising pairs (J , J) induces a continuous K-

algebra homomorphism:

αH(U) : ÙD(G, H)G → Ù‹D(U, H).

We verify that αH(−) is a morphism of presheaves. Let V be an H-stable affinoid

subdomain of U and consider the diagram:‹D(U) oH
Ù‹D(U, H)

U(gK) oH ÙD(G, H)G

‹D(V) oH
Ù‹D(V, H).

τUV

αH(U)

αH(V)

The trapezia commute by definition of αH(U) and αH(V). The outer rectangle

commutes by definition of the restriction map τUV :
Ù‹D(U, H) → Ù‹D(V, H) from
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Lemma 6.1.11, and the triangle on the left commutes since α′U(v) |V= α′V(v) for

any v ∈ g. It follows that τUV ◦αH(U) agrees with αH(V) on the image of U(gK)oH

in ÙD(G, H)G. Since this image is dense and the maps are continuous, it follows that

they are equal. Hence αH : AH →
Ù‹D(−, H) is a morphism of presheaves of K-

Fréchet algebras on Xw/H.

Composing the map αH(U) with the continuous quotient map
Ù‹D(U, H)→ ÙDλ(U, H)

yields a continuous morphism of presheaves αH : ÙD(G, H)G → ÙDλ(−, H).

We now verify that the compatibility conditions (i)-(iv) in Definition 6.1.17 are sat-

isfied.

(i) Let (J , P ) ∈ K(H) ∩ K(N). Since Û(J )K oP N is a crossed product of Û(J )K

with N/P by [1, Lemma 2.2.4(b)], it follows that the canonical map:

Û(J )K oP H ⊗K[H] K[N ]→ Û(J )K oP N

is a bijection. Consider the following commutative diagram:ÙD(G, H)G ⊗K[H] K[N ] ÙD(G, N)G

lim←−(Û(J )K oP H ⊗K[H] K[N ]) lim←− Û(J )K oP N.

The bottom horizontal arrow is a bijection since it is the inverse limit over all

(J , P ) ∈ K(H) ∩ K(N) of the maps considered above. Since H has finite index in
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N and inverse limits commute with finite direct sums, Lemma 6.6.4 demonstrates

that the left vertical arrow is a bijection. Furthermore, Lemma 6.6.4 shows that the

right vertical arrow is also a bijection. It follows that the top horizontal arrow is

bijective, as required.

(ii) For each U ∈ Xw/H ∩N , we have a diagram of K-algebras:ÙD(G, H)G
Ù‹D(U, H) ÙDλ(U, H)

ÙD(G, N)G
Ù‹D(U, N) ÙDλ(U, N)

αH(U)

αN (U)

where the right-hand square commutes by definition of ÙDλ(U,−). Furthermore, the

left-hand square commutes by the uniqueness part of Proposition 6.6.7. The result

follows.

(iii) Consider the diagram:

Dλ(X) oG ÙDλ(X, G)

Dλ(X) oH ÙDλ(X, gHg−1)

Dλ(U) oH ÙDλ(gU, gHg−1).

gD
λ

(X)oAdg

gD
λ

(X)oAdg

gD
λ

(U)oAdg

The top square is induced by the embedding of H into G, and commutes by con-

struction. Since gD
λ

: Dλ → g∗Dλ is a morphism of presheaves, the bottom square is

commutative. Now Adη(g) = ˇ�gX o Adg by definition of the map η : G→ ÙDλ(G, G)G,

and it follows that Adη(g) sends ÙDλ(X, H) into ÙDλ(X, gHg−1). Furthermore:
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ğU,H ◦ αH(U) = αgHg
−1

(gU) ◦ Adη(g)

by the uniqueness part of Proposition 6.6.7.

(iv) We need to show that αH · η |H= β |H , where β is the natural map β : G →ÙD(G, G)G. This follows directly from the definitions.

The rigid analytic flag variety X := “Xrig of G is not in general affinoid: we now

extend the sheaves appearing in Definition 6.5.3 to certain affinoid subdomains of

X. We will work on the special fibre of the R-scheme X for simplicity.

By Theorem 6.6.8, the K-algebra A := ÙD(G, G)G acts on X λ-compatibly with G.

Applying Proposition 6.3.4, we have the twisted localisation functor:

(Locλ)AX : CA → CλX/G.

Let φ : U(g)GK → U(h)K denote the Harish-Chandra homomorphism, from Defini-

tion 2.5.7. Let λ : hK → K be a character of hK with the property that λ(πnh) ⊆ R.

Since h is finite-dimensional, there exists some m ≥ 0 such that this property holds

for any n ≥ m.

For each such λ, we have a K-algebra homomorphism λ ◦ φ : Z(gK) → K. Let mλ

denote the kernel of this map. From now on, we assume that λ is a ρ-dominant
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ρ-regular weight of hK , m is large enough such that λ(πmh) ⊆ R and n ≥ m.

Applying the deformation functor from [4, Section 3.5] to the map j : U(h) → ‹D
defined above Definition 2.5.4 gives us a central embedding U(πnh) → ‹Dn. Given

a linear functional λ : πnh → R, this extends to an R-algebra homomorphism

U(πnh)→ R, which gives R the structure of a U(πnh)-module, denoted by Rλ.

Definition 6.6.9. (a) We set Dλn := ‹Dn ⊗U(πnh) Rλ.

(b) The π-adic completion of Dλn is D̂λn := lim←−D
λ
n/π

aDλn.

(c) D̂λn,K := D̂λn ⊗R K.

Recall also the definition of the congruence subgroups Gπn(R) from Definition 2.8.2.

For each n ≥ 1, set Gn := σ−1(Gπn(R)). Since the group homomorphism σ is

continuous, the Gn form a descending chain of open normal subgroups of G.

Lemma 6.6.10. Let S denote the set of open subschemes Y of X for which the

H-torsor ξ is locally trivial, from Definition 2.5.2. Suppose n ≥ m and n is large

enough such that πn ∈ peR. There is a unique sheaf of K-Banach algebras:

D̂λn,K oGn G

on X whose value on Y ∈ S is ̂U(πnT (Y))K oGn G, where Y := “Y. It is a finitely

generated free D̂λn,K-module of rank [G : Gn].
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Proof. Via the same argument as in [1, Lemma 5.4.2 and Proposition 3.2.15], this

construction is functorial in Y ∈ S and hence defines a presheaf of K-Banach al-

gebras D̂λn,K oGn G on S. From [1, Lemma 5.3.1(a)] and Definition 6.6.9(c), we

have an isomorphism D̂λn,K(Y) ∼= D̂n,K(Y), and so ̂U(πnT (Y))K = D̂λn,K(Y). There-

fore [1, Lemma 2.2.4(b)] implies that D̂λn,K oGn G is finitely generated and free of

rank [G : Gn] as a presheaf of D̂λn,K-modules.

Since S is a base for the Zariski topology on X, it is immediate that D̂λn,K oGn G

extends to a sheaf of K-Banach algebras on X.

We will write the sheaf D̂λn,K oGn G as Qλn for ease of notation. From now on, we

will suppose n ≥ m and n is large enough such that πn ∈ peR.

Proposition 6.6.11. X is coherently Qλn-affine.

Proof. Since λ is ρ-dominant and ρ-regular, we see that X is coherently D̂λn,K-affine

by [1, Theorem 5.3.12]. Applying Lemma 6.6.10, Qλn is a free D̂λn,K-module of finite

rank, and so, by [4, Definition 5.1], X is also coherently Qλn-affine.

Since πn ∈ peR, we may apply [1, Lemma 5.4.2 and Proposition 5.2.6] to see that

the algebra A := ÙD(G, G)G has a presentation of the form A = lim←−An, where:

An := ̂U(πng)K oGn G.

By Proposition 6.6.6, there is a K-algebra homomorphism An → Qλn(Y) for each

Y ∈ S.
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Let M ∈ CA. We may form the finitely generated An-module Mn := An ⊗AM and

then form the sheaf of Qλn-modules on X:

Mn := Qλn ⊗An M = Qλn ⊗AM.

Lemma 6.6.12. Let M ∈ CA and set M := (Locλ)AX(M). This is a coadmissible

G-equivariant Dλ-module on X. For each Y ∈ S, there is an A-linear isomorphism:

M(“Yrig) ∼= lim←−Mn(Y).

Proof. Since (“Yrig, G) is small, we may apply Definition 6.2.8 and Proposition 6.2.5

to see that:

M(“Yrig) ∼= (Pλ)AX(M)(“Yrig) ∼= M(“Yrig, G) = ÙDλ(“Yrig, G)Ù⊗AM.

By construction, ÙDλ(“Yrig, G) = lim←−Q
λ
n(Y) and A = lim←−An, so:

ÙDλ(“Yrig, G)Ù⊗AM = lim←−Q
λ
n(Y)⊗AM = lim←−Mn(Y),

and these isomorphisms are functorial in Y.

Lemma 6.6.13. The Qλn-moduleMn is isomorphic to D̂λn,K⊗ ̂U(πng)K
Mn as a D̂λn,K-

module.

Proof. By construction, Mn is a finitely generated Qλn-module, and Qλn is a free

D̂λn,K-module of finite rank by Lemma 6.6.10. It follows thatMn is a finitely gener-
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ated D̂λn,K-module.

Applying [1, Proposition 4.3.11], there is an isomorphism of presheaves:

D̂λn,K ⊗D̂λn,K(X)
Qλn(X) ∼= Qλn.

Applying the functor −⊗Qλn(X)Mn, there is an isomorphism of presheaves of D̂λn,K-

modules:

(D̂λn,K ⊗D̂λn,K(X)
Qλn(X))⊗Qλn(X)Mn

∼= Qλn ⊗Qλn(X)Mn.

Contracting the tensor product on the left-hand side of the above isomorphism yields

the result.

These lemmas allow us to give a characterisation of the global sections of the sheaf

(Locλ)AX(M).

Theorem 6.6.14. Let M ∈ CA. There is an A-module isomorphism:

Γ(X, (Locλ)AX(M)) ∼=
M

mλ ·M
,

where mλ denotes the kernel of the map λ ◦ φ : Z(gK)→ K.

Proof. Choose an S-covering U := {Y1, · · · ,Yt} of X and let Yi := “Yi,rig. Then“Urig := {Y1, · · · ,Yt} is an Xw(T )-covering of the rigid analytic flag variety X.
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SetM := (Locλ)AX. Then Lemma 6.6.12 implies that we have the following chain of

isomorphisms:

Γ(X,M) = Ȟ0(“Urig,M) ∼= Ȟ0(U , lim←−Mn) ∼= lim←− Ȟ
0(U ,Mn) = lim←−Γ(X,Mn).

By Lemma 6.6.13, the Qλn-moduleMn is isomorphic to D̂λn,K⊗ ̂U(πng)K
Mn as a D̂λn,K-

module. Since λ is ρ-dominant and ρ-regular, applying [1, Corollary 5.3.13 and

Theorem 5.3.5(a)] shows that there is an isomorphism of D̂λn,K-modules

Γ(X,Mn) ∼= D̂λn,K(X)⊗ ̂U(πng)K
Mn
∼=

Mn

mλ ·Mn

for each n ∈ N. Furthermore, the composite isomorphism Γ(X,Mn) is An-linear.

By [1, Lemma 5.4.6], mλA is a two-sided ideal in A, and so mλA is an A-submodule

of M .

Choosing a finite generating set for the Z(gK)-ideal mλ, we have an exact sequence:

M t →M → M

mλ ·M
→ 0

of A-modules, and since A is Fréchet-Stein by [1, Theorem 5.2.7], it follows from [55,

Corollary 3.4(ii)] that M
mλ·M

is a coadmissible A-module. Hence:

M

mλ ·M
∼= lim←−An ⊗A (

M

mλ ·M
) ∼=

Mn

mλ ·Mn

.
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Finally, we see that:

M

mλ ·M
∼= lim←−

Mn

mλ ·Mn

∼= lim←−Γ(X,Mn) ∼= Γ(X,M).

We now work towards the proof of essential surjectivity. The arguments here are

similar to those given in the second half of Section 6.5; we spell them out in detail

here for the convenience of the reader. We fix the following notation:

(a) U := {“Yrig | Y ∈ S}, a subset of Xw(T ),

(b) Qλ∞ := ÙDλ(“Yrig, G) for each Y ∈ S,

(c) M is a coadmissible G-equivariant Dλ-module on X,

(d) Let m be an integer large enough such that λ(πmh) ⊆ R. Then the integer

n ≥ m satisfies πn ∈ peR.

Let Y ∈ U . By Lemma 6.3.9, MY ∈ CλY/G, so, by Theorem 6.3.5, M(Y) is a

coadmissible ÙDλ(Y, G)-module and there is an isomorphism:

(Locλ)
ÛDλ(Y,G)
Y (M(Y)) ∼=MY

of G-equivariant locally Fréchet Dλ-modules on Y.

Lemma 6.6.15. There is a coherent sheaf Mn of Qλn-modules on X, whose value

on Y ∈ S is given by:
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Mn(Y) = Qλn(Y)⊗Qλ∞(Y)M(“Yrig).

Proof. The given formula is functorial in Y and so defines a presheaf Mn of Qλn-

modules on S. Fix U,Y ∈ S with U ⊆ Y. We see there is an isomorphism:

M(“Urig) ∼= Qλ∞(U)Ù⊗Qλ∞(Y)M(“Yrig).

Therefore:

Mn(U) = Qλn(U)⊗Qλ∞(U)M(“Urig)

∼= Qλn(U)⊗Qλ∞(U) (Qλ∞(U)Ù⊗Qλ∞(U)M(“Yrig))

= Qλn(U)⊗Qλ∞(U)M(“Yrig)

= Qλn(U)⊗Qλn(Y)Mn(Y).

By [1, Lemma 5.4.2], “Urig is a G-stable affinoid subdomain of Y := “Yrig. Since U is

a affine open Zariski subscheme of Y, it is a finite union of basic open subsets, so“Urig is an L := πn‹T (“Y)-accessible affinoid subdomain of “Yrig by Definition 6.5.2.

Recall the definition of the sheaf Qλn from Proposition 6.5.6 as:

Qλn := ( ̂U (πnL)K oNn G)⊗
Ŭ(h)K

Kλ.

The above calculation demonstrates that the presheaf N := LocQλ(Mn(Y)) on

Yac(L, G) is related to the restriction of Mn to Y via:
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N (“Urig) ∼=Mn(U),

for all U ∈ S with U ⊆ Y. HenceMn is a sheaf on S by [1, Corollary 4.3.19]. Since

S is a basis for X,Mn extends to a sheaf of Qλn-modules on X, which is coherent.

Lemma 6.6.16. There is a Qλn-linear isomorphism:

τn : Qλn ⊗Qλn(X) (Qλn(X)⊗Qλn+1(X)Mn+1(X)) ∼= Qλn ⊗Qλn(X)Mn(X).

Proof. This is the same as the proof of Lemma 6.5.12.

Corollary 6.6.17. The Qλ∞(X)-module M∞ := lim←−Mn(X) is coadmissible.

Proof. Applying Proposition 6.6.11 and Lemma 6.6.16, the maps τn(X) induceQλn(X)-

linear isomorphisms:

Qλn(X)⊗Qλn+1(X)Mn+1(X)→Mn(X)

for each n ∈ N. Hence, by Definition 2.4.5, M∞ is a coadmissible lim←−Q
λ
n(X) =

Qλ∞(X)-module.

If Y ∈ S and Y := “Yrig, thenM(Y) is a coadmissible Qλ∞(Y) ∼= ÙDλ(“Yrig, G)-module

by Proposition 6.5.8(a). It follows that the canonical map:

M(Y)→ lim←−Q
λ
n(Y)⊗Qλ∞(Y)M(Y),
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is an isomorphism, and we will identify M(Y) with lim←−Q
λ
n(Y)⊗Qλ∞(Y)M(Y).

Lemma 6.6.18. For each Y ∈ U , there is a Qλ∞(X)-linear map:

vY : M∞ →M(X)

such that vY(m) |Y∩Y′= vY′(m) |Y∩Y′ for all m ∈M∞ and Y′ ∈ U .

Proof. Let m := (mn)n ∈M∞, where mn ∈Mn(X), and define vY by:

vY(m) := ((mn)Y)n.

Since the restriction maps in Mn are Mn(X)-linear, it follows that the map vY is

Qλ∞(X)-linear. Furthermore, we see that:

vY(m) |Y∩Y′,n= (mn |Y) |Y∩Y′= mn |Y∩Y′= (mn |Y′) |Y∩Y′= vY′(m) |Y∩Y′,n

for all n ≥ 0. Hence vY(m) |Y∩Y′= vY′(m) |Y∩Y′ for all m ∈M∞.

Theorem 6.6.19. The localisation functor (Locλ)AX : CA → CλX/G is essentially

surjective on objects.

Proof. Let M be a coadmissible G-equivariant Dλ-module on X. By Corollary

6.6.17, we have constructed a coadmissibleQλ∞(X)-module M∞. We aim to construct

an isomorphism of G-equivariant Dλ-modules on U :

α : (Pλ)AX(M∞) |U→M |U .
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Let Y ∈ S such that Y := “Yrig ∈ U . By Lemma 6.6.18, we may define:

gY : ÙDλ(Y, G)Ù⊗AM∞ →M(Y)

via gY(sÙ⊗m) = s · vY(m). This is a ÙDλ(Y, G)-linear map, and we construct the

following commutative diagram:

Qλ∞(Y)Ù⊗Qλ∞(X)M∞ M(Y)

Qλn ⊗Qλn(X)Mn(X)

lim←−Mn(Y) lim←−Q
λ
n(Y)⊗Qλ∞(Y)M(Y).

∼=

gY

∼=

∼=

∼=

By Lemma 6.6.15, Mn is a coherent Qλn-module, so the bottom left vertical ar-

row in the diagram is an isomorphism by Proposition 6.6.11. By definition of Mn,

the bottom horizontal arrow is an isomorphism, and the right vertical arrow is an

isomorphism by the remarks made before Lemma 6.6.18. It follows that gY is an

isomorphism.

Now consider the following diagram:

(Pλ)AX(M∞) |Yw M |Yw

(Pλ)ÛDλ(Y,G)
Y (ÙDλ(Y, G)Ù⊗AM∞) (Pλ)ÛDλ(Y,G)

Y (M(Y)).

αY

(Pλ)
ÛDλ(Y,G)
Y (gY)

The left vertical arrow is an isomorphism by [1, Proposition 3.5.9], and the right

vertical arrow is also an isomorphism by Proposition 6.5.8(c). Since gY is an isomor-
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phism, the bottom arrow is an isomorphism by functoriality of (Pλ)ÛDλ(Y,G)
Y , using

Proposition 6.3.2. Hence we obtain the G-equivariant Dλ-linear isomorphism:

α |Yw : (Pλ)AX(M∞) |Yw→M |Yw

which makes the diagram commute.

Applying Proposition 6.5.8(a),M(U) is naturally a coadmissible ÙDλ(U, GU)-module

for any U ∈ Yw. Via Proposition 6.2.5, we may identify (Pλ)AX(M∞)(U) withÙDλ(U, GU)Ù⊗ÛDλ(X,GU)
M∞, and so we see that the map

α |Y (U) : (Pλ)AX(M∞) |Y (U)→M |Y (U)

is given by:

αY(U)(sÙ⊗m) = s · (vY(m) |U)

for all s ∈ ÙDλ(U, GU) and m ∈M∞.

By Lemma 6.6.18, the local isomorphisms αY satisfy:

αY |Y∩Y′= αY′ |Y∩Y′
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for any Y,Y′ ∈ U . Since (Locλ)AX(M∞) andM are sheaves on X and U is an admis-

sible covering of X by definition, the αY patch together to the required isomorphism

α : (Locλ)AX(M∞)→M.

6.7 The proof of the main result

The final section of the thesis will be devoted to the proof of the main theorem,

applying the theory built up across the rest of Chapter 6.

Let G0 be a connected, simply connected, split semisimple affine algebraic group

scheme over R with generic fibre G := G0 ⊗R K. Let G be a p-adic Lie group and

σ : G→ G(K) a continuous group homomorphism.

Since G is semisimple, the centre Z(g) of its Lie algebra g is zero. It follows that

we may apply Definition 5.3.2 to define the completed skew-group algebra ÙU(g, G).

Furthermore, whenever G is a compact open subgroup of σ−1G0(R), defined in

Definition 2.8.2, we may also form the completed skew-group algebra ÙD(G0, G0)G0 .

By [1, Proposition 6.4.2], there is a continuous K-algebra isomorphism:

ÙU(g, H)→ ÙD(G0, H)G0

for every compact open subgroup H of σ−1G0(R).

Theorem 6.7.1. ÙU(g, H) acts on X λ-compatibly with G.

Proof. By Theorem 6.6.8, ÙD(G0, G0)G0 acts on X λ-compatibly with G. Hence we

may apply the same proof as in [1, Theorem 6.4.4].
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Lemma 6.7.2. Let Y be a smooth rigid analytic variety equipped with a continu-

ous action of a p-adic Lie group H, let Z be a quasi-compact open subset of Y and

let M∈ CλY/H .

(a) The K-vector spaceM(Z) carries a canonical K-Fréchet topology such that the

restriction maps M(Z)→M(U) are continuous for any U ∈ Zw.

(b) For any f :M→N in CλY/H , the map f(Z) :M(Z)→ N (Z) is continuous.

Proof. (a) Since Z is quasi-compact, we may choose a finite Zw(T )-covering V of Z.

Applying Theorem 6.3.5, the restriction maps M(U) → M(V) are continuous for

any U ∈ Zw(T ) and V ∈ Uw. Since V is finite and M(U) is a K-Fréchet space for

each U ∈ V by Definition 6.3.1. it follows that Ȟ0(V ,M) is the kernel of a continuous

map between two K-Fréchet spaces. Via the isomorphism M(Z) ∼= Ȟ0(V ,M), we

may equipM(Z) with a K-Fréchet topology, which is independent of the choice of V .

(b) This is immediate from the construction of the topologies on M(Z) and N (Z)

in part (a), along with the fact that f(U) :M(U) → N (U) is continuous for each

U ∈ Xw(T ) by Definition 6.3.1.

Proposition 6.7.3. Let H be a compact open subgroup of G, let M ∈ CÛU(g,H)
and

suppose there is an isomorphism of H-equivariant locally Fréchet Dλ-modules on X:

α : (Locλ)
ÛDλ(X,H)
X (M)→M.
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(a) For every U ∈ Xw, there is a unique coadmissible ÙU(g, H)-module structure on

M(X) such that:

(i) γH(g) ·m = gM(m) for all g ∈ H,m ∈M(X).

(ii) the topology onM(U) induced by the coadmissible ÙDλ(U, H)-module structure

coincides with the canonical K-Fréchet topology given by Lemma 6.7.2(i)

(iii) the ÙU(g, H)-action on M(X) extends the given Dλ(X) oH-action on M(X).

(b) The ÙU(g, H)-module structure is independent of the choice of α.

(c) There is an isomorphism of H-equivariant locally Fréchet Dλ-modules on X:

θ : (Locλ)
ÛU(g,H)
X (M(X))→M

whose restriction to Xw is given by:

θ(U)(sÙ⊗m) = s · (m |U)

for any U ∈ Xw, s ∈ ÙDλ(U, H) and m ∈M(X).

Proof. (a) Since the rigid analytic flag variety X is quasi-compact, its global sections

M(X) carries a K-Fréchet topology by Lemma 6.7.2(a). Furthermore, we see that
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M(X) is a Dλ(X) oH-module by Proposition 2.7.7, and so may also be viewed as

a U(g) oH-module.

Set N := (Locλ)
ÛU(g,H)
X (M) and let ψ : M →M(X) be the composition of the canon-

ical map M → N (X) and α(X) : N (X)→M(X). Since the maps M →M(U) are

continuous for each U ∈ Xw(T ), we see that ψ is continuous. It is also U(g) oH-

linear by construction.

Since U(g) o H is dense in ÙU(g, H) , we may apply [1, Lemma 4.4.4] to ψ shows

that the U(g) oH-action on M(X) extends to a U(g, H)-action which satisfies the

required properties. The general case follows by applying the argument in the proof

of Proposition 6.3.9.

(b) This follows from Lemma 6.5.8(b).

(c) After replacing ÙDλ(X, H) with ÙU(g, H), this is the same proof as that for Lemma

6.5.8(c).

Proposition 6.7.4. LetM be a coadmissibleG-equivariantDλ-module on X. Then

M(X) is a coadmissible ÙU(g, G)-module, and there is an isomorphism:

(Locλ)
ÛU(g,G)
X (M(X))→M

of G-equivariant locally Fréchet Dλ-modules on X.
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Proof. By Theorem 6.7.1, ÙU(g, G) acts on X λ-compatibly with G, so the twisted

localisation functor (Locλ)
ÛU(g,G)
X is well-defined by Definition 6.2.8 and sends coad-

missible ÙU(g, G)-modules to coadmissible G-equivariant Dλ-modules on X by Propo-

sition 6.3.4.

Fix a compact open subgroup H of σ−1G0(R). Then M ∈ CλX/H by Proposition

6.3.9, and so there is a coadmissible ÙD(G0, H)G0-module M∞ and an isomorphism:

(Locλ)
ÛD(G0,H)G0

X (M∞)→M

in CλX/H by Theorem 6.6.19. By [1, Proposition 6.4.2], there is a continuous K-

algebra isomorphism:

κH : ÙU(g, H)→ ÙD(G0, H)G0 .

Hence we may find a coadmissible ÙU(g, H)-module M and an isomorphism:

(Locλ)
ÛU(g,H)
X (M(X))→M

in CλX/H . By Proposition 6.7.3(a), the U(g) o H-module structure on M(X) and

the canonical topology onM(X) given by Lemma 6.7.2(a) extend to a coadmissibleÙU(g, H)-structure. There is also an isomorphism in CλX/H :

θ : (Locλ)
ÛU(g,H)
X (M(X))→M
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whose restriction to Xw is given by:

θ(U)(sÙ⊗m) = s · (m |U)

for any U ∈ Xw, s ∈ ÙDλ(U, H) and m ∈M(X).

By Proposition 2.7.7, M(X) is a Dλ(X) o H-module and hence also a U(g) o H-

module. The restriction of this U(g) o G-module back to U(g) o H agrees with

the restriction of the ÙU(g, H)-module to U(g) o H. It follows that the U(g) o H-

and K[G]-actions onM(X) extend to an action of ÙU(g, G). Since the restriction of

M(X) back to ÙU(g, H) is coadmissible,M(X) is a coadmissible ÙU(g, G)-module. By

construction, (Locλ)
ÛU(g,H)
X (M) = (Locλ)

ÛU(g,G)
X (M) as H-equivariant locally Fréchet

Dλ-modules on X. Finally, the same argument as that used in the proof of Theorem

6.3.5 shows that θ is G-equivariant.

Theorem 6.7.5. Let G be a connected, simply connected, split semisimple affine

algebraic group scheme over K, and let X be the rigid analytification of the flag

variety of G. Let G be a p-adic Lie group and let σ : G → G(K) be a continuous

group homomorphism. Let λ be a ρ-dominant ρ-regular weight of hK. Then the

localisation functor:

(Locλ)
ÛU(g,G)
X : CλÛU(g,G)

→ CλX/G

is an equivalence of categories.
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Proof. By the classification of split semisimple algebraic groups, [38, II.1] implies

that G extends to an affine algebraic group scheme G0 over R satisfying the condi-

tions outlined at the beginning of this section, such that G = G0⊗RK is the generic

fibre of G0. Applying Proposition 6.7.4, it suffices to show that the restriction of

(Locλ)
ÛU(g,G)
X to the full subcategory of CÛU(g,G)

consisting of objects killed by mλ is

fully faithful.

Let M,N ∈ CλÛU(g,G)
and write Locλ := (Locλ)

ÛU(g,G)
X , M := Locλ(M) and N :=

Locλ(N). Given a ÙU(g, G)-linear morphism f : M → N , we have the commutative

diagram:

M N

M(X) N (X).

f

Locλ(f)(X)

Since the vertical arrows are bijective by Theorem 6.6.14, it is immediate that Locλ

is faithful.

Now suppose α : Locλ(M) → Locλ(N) is a morphism in CλX/G. Since the rigid

analytic flag variety X is quasi-compact, the morphism α(X) : M(X) → N (X)

is continuous by Lemma 6.7.2(b). Applying Proposition 2.7.7, we further see that

α(X) is U(g)oG-linear, so it must also be ÙU(g, G)-linear sinceM(X) and N (X) are

both coadmissible ÙU(g, G)-modules by Proposition 6.7.4. Hence α(X) is ÙU(g, G)-

linear.

Define f : M → N by the commutative diagram:
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M N

M(X) N (X).

f

α(X)

We see that f is ÙDλ(X, G)-linear.

We claim that Locλ(f) = α. To see this, let U ∈ Xw and choose a compact open

subgroup H of G such that (U, H) is small by Lemma 2.8.15. By construction,

α(U) and Locλ(f)(U) agree on the image of M in M(U). Since both maps areÙDλ(U, H)-linear and since this image generates M(U) as a ÙDλ(U, H)-module, it

follows that α(U) = Locλ(f)(U). SinceM and N are sheaves and Xw(T ) is a basis

for X, it follows that Locλ(f) = α.

Proof of Theorem F: This is immediate from Theorem 6.7.5.
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[38] Jens Carsten Jantzen. Representations of Algebraic Groups. American Mathe-

matical Society, 2003.

[39] Jens Carsten Jantzen and Karl-Hermann Neeb. Lie Theory: Lie Algebras and

Representations. Birkhäuser Boston, 2004.
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