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Abstract
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On characteristic p Verma modules, and subalgebras of the
hyperalgebra

Let Q be a finite dimensional semisimple Lie algebra; we study the class of infinite dimen­ 
sional representations of Q called characteristic p Verma modules.

To obtain information about the structure of the Verma module Z(X) we find primitive 
weights \i such that a non-zero homomorphism from Z(n] to Z(\) exists. For A + p 
dominant, where p is the sum of the fundamental roots, there exist only finitely many 
primitive weights, and they all appear in a convex, bounded area. In the case of A + p 
not dominant, and the characteristic p a good prime, there exist infinitely many primitive 
weights for the Lie algebra. For Q = 5/3 we explicitly present a large, but not necessarily 
complete, set of primitive weights. A method to obtain the Verma module as the tensor 
product of Steinberg modules and Frobenius twisted Z(\\) is given for certain weights, 
A = pn \i + (pn — 1)p. Furthermore, a result about exact sequences of Weyl modules is 
carried over to Verma modules for 5/2-

Finally, the connection between the subalgebra u^ of the hyperalgebra U for a finite 
dimensional semisimple Lie algebra, and a group algebra KG for some suitable p-group 
G is studied. No isomorphism exists, when the characteristic of the field is larger than 
the Coxeter number. However, in the case of p — 2 we find 1^(5/3) ~ KG. Furthermore, 
we determine the centre of ^"(5/3), and we obtain an alternative K-ba,sis of U~.
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Introduction

Let Q be a finite dimensional semisimple Lie algebra; we study the class of infinite dimen­ 

sional representations of Q called Verma modules. They were first introduced by Verma 

in 1968. In the case of characteristic 0 Verma modules, their Loewy structure was com­ 

pletely described by R. Irving [Irving]: they have a rigid Loewy filtration of finite length. 

Characteristic p Verma modules were first introduced by W. Haboush [Haboush], and a 

study by M. Mowbray [Mowbray 1], for the Lie algebra of type 3/2 , determined a one to 

one correspondence between, on the one hand, some ordered subsets of the non-negative 

integers, and, on the other hand, the submodule structure of the Verma module. Already 

for this, the smallest Lie algebra, the Verma modules are not of finite length.

In our work we focus on Verma modules for arbitrary finite dimensional semisimple 

Lie algebras over a field K of characteristic p.

In Chapter 1 we present the notation and some preliminary results. To obtain in­ 

formation about the structure of the Verma module Z(X) we find weights // for which a 

non-zero homomorphism from Z(n] to Z(X) exists. These weights are called primitive. 

In the study of "highest weight categories" (possible analogues of the category 0), Verma 

modules are the basic "building blocks". In order to understand such categories, it is 

important to understand homomorphisms between Verma modules. Chapter 2 contains a 

study of two cases. For A+/> dominant, where p is the sum of the fundamental roots, there 

exist only finitely many primitive weights, and they all appear in a convex, bounded area 

(see Theorem 2.1.6). In the proof of this we use translation functors. In the case of A + p 

not dominant, and the characteristic p a good prime for the Lie algebra, infinitely many



primitive weights exist (see Theorem 2.3.1). We specialize to Q — 5/3 and in Chapter 3 

explicitly determine a large, but not necessarily complete, set of primitive weights.

Chapter 4 gives a method to obtain the Verma module as the tensor product of 

Steinberg modules and Frobenius twisted Z(\i), for certain weights A = pn\\ + (pn — l)p 

(see Proposition 4.1.1). Consider Weyl modules A(n) for G = SL,2(K). Let i,j   Z>o 

with i ; + j — p — 2. Then for any n > 1 there exists a short exact sequence of (7-modules

0 -» A(j) ® A(n - 1)F ->> A(pn + i) -> A(t) <g) A(n) ->  0,

where F is the Frobenius map. In Proposition 4.2.1 we obtain an analogue of this for 

Verma modules for s/2 .

Finally, in Chapter 5 we study the algebra structure of u~. In particular, we determine 

the centre of ^"(3/3) (see Proposition 5.2.3). Moreover, we obtain an alternative A'-basis 

of U~ in Theorem 5.1.6. In [Quillen] Quillen proved that the associated graded algebra 

of the group algebra of a p-group is isomorphic to the restricted enveloping algebra of a 

p-Lie algebra. We study a question which is something like a converse: Is the subalgebra 

HI of the hyperalgebra U of a finite dimensional semisimple Lie algebra isomorphic to a 

group algebra KG ? Note that if so, then G must be a p-group for dimension reasons. We 

show, see Theorem 5.4.11, that the answer is usually no, namely whenever p is larger than 

the Coxeter number. However, for 5/3 and p = 2 the answer is yes, see Proposition 5.4.13. 

We prove, in Theorem 5.5.4, that for G a finite abelian p-group the group algebra KG is 

isomorphic to {7^(Lie(G)), and find an example, in Corollary 5.5.7, that the group algebra 

is not isomorphic to the graded algebra with respect to powers of the augmentation ideal,



Chapter 1

Notation and preliminary results

This chapter contains a presentation of notation and some preliminary results. We assume 

the reader to be familiar with the basic theory of semisimple Lie algebras as it can be 

found for example in [Hump].

1.1 The hyperalgebra, U

Let Q be a complex, finite dimensional semisimple Lie algebra. Let 1-L be a Cartan 

subalgebra of C/, $ the corresponding root system, A = {0:1,0:25       ,<*/} a fundamental 

system of roots and $+ the set of positive roots, |<I> + | = r. Let p be the sum of the 

fundamental roots, which is also half the sum of the positive roots.

We view Q as a left ^-module via the adjoint representation Ad : Q —> Endc(£). The 

Killing form on </, that is (x,y) = trace(Ad(z)Ad(y)), is non-singular and moreover its 

restriction to 1-t is non-singular. For each A 6 W = HomcCH, C) there is a unique t\   H 

such that (£A, H) = \(H ) for all H   %, and we transfer the bilinear form from H to %* 

by setting (A,//) = (*A,*/<) for A,/z G U*. For a   $, we define Ha = 2ta /(ta ,tQ ), see for 

example [Hump] 8.3.

We have the root space decomposition of Q



where

eG\ [#, x] = a(H)x for all H G U},

and each Qa is one dimensional over C. The set of all non-zero a G *H* for which Qa ^ 0 

is the root system $.

Let ga/j and tag be the greatest integers such that —qa^a. + /? and taB& + /? are roots, 

then —qaB& + /?, — (qad — 1)<* + /?> " 5 /?> ' ' ' ? ^a/?a + /^ is the a-string of roots through /?, 

see for example [Hump] 8.4.

The bilinear form derived from the Killing form is a symmetric bilinear form on

such that

(a, a) ^ 0, 2(/3, a)/(a, a) = ^a/3 - ta/3 ,

(see for example [Carter] Chapter 3.3). We adopt the notation (/?,a ) = 2(/3, a)/(a, 

We have a Chevalley Basis for C/ (see for example [Hump] 25.2)

where Xa   £a and /^a . G 7/.

For the Chevalley Basis the structure constants lie in Z. More precisely

[Xa ,Xp] =

-a] = Ha

±(qa3 + l)Xa+d if «

0 if < 

= 0 if a,/?G$+

= (P,a)Xft for a G A, /? G

Furthermore, for 7 G $+ , we have that £f7 is a Z-linear combination of Ha for a G A.
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Concerning the choice of signs see for example [Samelson] p. 52-54.

Let Z>o be the non-negative integers, Z>0 the positive integers and Z<o the negative 

integers. Let Z(n) denote the set {0, 1,2, • • • ,n}. Let A = («i,«2 5 • ' ' ? flr) G Z>0 and 

B = (&i, 62 , • • • ,&/) G Z>0 . For a given ordering of the roots, $+ = {/?i,/?2> • • • »#•} and 

$~ = {71, 72, • • • , 7r}, define

and

where

" ]=Hai (Hai

Furthermore, let f/z be the Kostant Z-form (see [Kostant]) of the enveloping algebra, that 

is the subring (with 1) generated by the elements X£/a\ for a G Z>o- We have ([Hump] 

26.4)

__ __ __

Theorem 1.1.1 (Kostant) The elements JA^B^C, where A, C G Z>0 and B G Z >0 /orm 

a C-basis of the enveloping algebra and a Z-basis ofUz-

Let K be an algebraically closed field of characteristic p > 0. Then

is the hyperalgebra of Q over /f. 

For a G $+ ,a G Z>0 let

a , where

<8)Z

= Ha (Ha -l)...(Ha - a + l)/a\



and use the convention

aJQ — Xa <Q = ^-a,0 = 1> "a,-o = ^a,-a =: ^-a,-a — 0.

Again with a given ordering of the roots, $+ = {/?i, /?2 , • • • , flr } and 3>~ = {71, 72, • • • , 7r}, 

we define

t=l

and

hB =

where A € Z>0 and £? € Z>0 .

Theorem 1.1.2 The hyperalgebra U has a K -basis, called the Kostant basis, consisting 

of elements of the form

where A, C € Z>0 and B € Z>0 .

Proof: See [Steinberg] Theorem 2, Section 2. D

The hyperalgebra £/ has a Hopf algebra structure, see [Donkin 2] Chapter 4, with diagonal 

map S : U — >• U (g> £/ (the tensor product of algebras) such that for 7 G <I> + and a 6 A

/ . 
t=0

» (1-1)
i=0 

a

z=0

We introduce various subalgebras of £/:

Definition 1.1.3 Denote by £/+, C/° and U~ the subalgebras ofU generated by

76 $+ , «€ A, a,6€Z>0 }, 
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{Ha jb • <* € A, 6 € Z>0 }, 

and

-^a : 7 € $+, a € Z>0 },

Then f/° C U+ and £/ ~ U~ ®K U+ as ^-vector space, by Theorem 1.1.2. Note that 

some books use a different convention for f/+ .

Definition 1.1.4 For each positive integer n £ Z >0 , let un be the subalgebra ofU gener­ 

ated by

0 , Ha , b : 7 € $, a G A, a, 6 € Z(pn -I)}.

This algebra is finite dimensional, and, using Theorem 1.1.2, we get that

{fAhB ec | A,C € 1(pn - l)r , B € Z(pn - 1)'} is a tf-basis of t«B , (1.2)

Moreover un C wn+i and U — Un>iun . We also define 

Definition 1.1.5

u~ = u~ n un .n n

This is a subalgebra of wn , and

{/4 | A € Z(pn - l)r } is a K - basis of u~. (1.3)

Hence the A'-dimension of M~ is |$+ | pn = rpn .

For many purposes it is convenient to work with a finite dimensional subalgebra. The 

disadvantage with un is that the information about weights (see section 1.3 below) is lost. 

To avoid this, one may use un :

9



Definition 1.1.6 The algebra un is the subalgebra of U generated by

#a,6 : 7 € $, a € A, a € Z(pn - 1), 6 € Z>0 }.

Using Theorem 1.1.2, we make the following observation:

{fAhB ec | A, C G Z(pn - l)r , B e Z'>0 } is a tf - basis of un . (1.4)

The above subalgebras are all sub-Hopf algebras, see [Donkin 2] Chapter 5.

1.2 p-adic integers

Let Zp be the ring of p-adic integers,

oo

Zp = {XX'P* I ai € Z (P ~ !) for a1^ O-
i=0

Adding and multiplying p-adic integers is very much like the corresponding operations on 

decimals. The only difference being that the 'carrying' over goes from left to right (as can 

be seen in Example 1.2.2 below).

Notation 1.2.1 For a € Zp and i G Z>0 , let at be the i'th entry in the p-adic expansion 

of a. We use the notation a = (ao, «i ? * • •, «fc, — — —), when am = a,k for all m > k.

Let a = £);>o <*>ipl and b = ]Cj>o bjp?. Recall that CQ is the value of c mod p, and define 

fcii+il inductively as follows |"c_i] = 0 and |"cz-+ i] = (cz-+i + \d\ — (ci+1 + \Ci\)0 )/p (this 

is the 'carry over'). Then

(1) Let c — a + 6, and define c\ — a\ + &j. Then c\ — (c\ + [Q-I])O-

(2) Let c = a&, and define c/ = Y^i+j=i aibj- Then Q = (c/ + [c/_i])0

Example 1.2.2 Let p = 3, a = (1,2,0, - - -) = 7 and 6 = (2,1,1,0,---) = 14, then 

(1) (a + 6)0 = 0, f(a + 6)ol = 1, (a + 6)1 = 1, \(a + b)i] = 1 and (a + 6) 2 = 2. Therefore

10



(2) (ab)0 = 2, f(a6)ol = 0, (ab)i = (1+ 4)0 = 2, [(a^l = 1, (ab) 2 = (1 + 2 + 

l)o = 1, \(ab) 2 ] = 1, (a&)3 = (2 + 1)0 = 0, |"(a6)3 "| = 1 and (ab)4 = 1. Therefore 

ab= (2,2,1,0,1,0,---) = 98.

We note that the integers are isomorphic to a subring in Zp . An integer a £ Z>o is 

identified with its usual p-a,dic expansion in Z, that is there exists a fc, such that a = 

Z)Lo a«'P*5 and for all m > k we have am = 0. Moreover, a G Z<o is identified with the 

additive inverse of a in Zp , that is there exists a fc, such that am = p — 1 for all m > k. 

For a € Zp and n £ Z>o, we define

v i

= a(a — 1) • • • (a — n + l)/n!,

/ aad n' = L ,n/ \0

Lemma 1.2.3 Let a G Zp an«? n € Z>o,

(1.5)

0 (mod p) <t=^> nr < ar for all r.
, Tl I \ Tl.

Proof: Equation 1.5 is [Haboush] identity 5.1, and the rest follows from this. We note 

that the product is finite, since nr ^ 0 for at most finitely many r. D

Notation 1.2.4 For a = Ei>o«i/ € ZP\{-1}, let

ca = minjj \cij^p- 1} G Z>0 . (1.6)

We write c instead of cffl , if a is clear from the context.--a?

11



Definition 1.2.5 Let a € Zp; then for all k £ Z>o we define an integer related to a by

Lemma 1.2.6 Let a = 52i>o aiPl € Zp\{— 1} and b G Z>Q. Then

I ")=0 (mod p) for all 1 < d < b 4=> 6=1 + a(k) for some k > ca . (1.7)

Proof: Assume 6=1 + a(k) for some k > ca , then for 1 < d < b

d J \ d ) ~ \ d 

which according to Lemma 1.2.3 is equivalent to 0 mod p. Now suppose that

a ~ , + |=0 (mod p) for all d with 1 < d < 6. d J

Then by Lemma 1.2.3 we get that for any such d there exists an r with

dr >(a-b + d)r . (1.8)

Assume 6 = Z)!=o 6tp*, where 6/^0. If c? = 1 = p° then (1.8) gives 1 = d0 > (a — b + 1)0 . 

This means (a — 6)0 = p — 1. Similarly, by considering d = p* we get

(a-6)j= p-l for 0< j < /. (1.9)

For d = b equation (1.8) gives that there exists an r < I such that 6r > ar . This together 

with (1.9) yields the existence of an r < / such that

GO = fli = • • • = «r-i = P — 1, 60 = 61 = • • • = 6r_i = 0,

-l. (1.10) 

12



Therefore 6=1 + a(l) for / > r = ca . D

1.3 [/-modules

Let X be the set of weights, that is the set of /^-algebra homomorphisms from the 

subalgebra U° of U to K. In [Haboush] Example 2.12 it is shown that there is a bijection 

\P from Zp to X, where Zp is the cartesian product of / copies of the p-adic integers, Zp , 

such that if («i, a2 , •••,«/) € Zj,, on 6 A, and n € Z>o, then

Remark 1.3.1 Let us make a few comments about this in the case Q = s/2- We set 

Hatn = Hn - We have that U% is generated by {( J \ n G Z>o} subject to the relations

see [Jantzen] p. 117.

Define a map A from £/§ to Z by

and linear extension. We check that this is a Z-algebra homomorphism. We need it to 

satisfies

A(( If |) = A(| ))^(( I) for all 1 < r < $.

We get

i=0 """ S

13



s - - i)\(s - (a - s)\s\/[(a -s-r + i)\(r + s -

a F a — s\ Is
r — i

see Remark 1.3.3 below

By base change this homomorphism gives us a homomorphism, call it A, from U° = 

K ®z Uz to K.

The set of weights X is by definition the algebra homomorphisms from U° to K, and 

the statement is that X can be identified with Zp . The correspondence is given such that 

we to each a = £);>o aiPl € Zp relate the homomorphism A from U° to K.

We have an inclusion $ C X, if we set /?(#«,„) = (</?;a>) for /? € $ and n > 1. Now, 

{/?, a ) € Z, which allows us to identify Z$ with a subgroup of Xz = ^(Z'); and the 

usual bilinear form on Z$ defines (— , — ) and (— , — ) on Xz- 

Extend the map (— , — ) to X in the first variable such that

for A G X, A = {#1,0:2, • • • ?<*/}• For 7 G A we use the notation A7 = (A, 7 ). We will 

sometimes omit the ^ and simply write

A = ((A, o-i },(A,a2 >,-•-, (A, a/ )) = (Aai , Aa2 ,- • • , Aa/ ).

We have a natural partial order on X: for A,// 6 X write A<//if// — A = ]Cae$+ ma« 

for some ma € Z>Q.

14



For a (7°-module V and A G A", we write

= X(h)v for all fc G

or equivalently

I/A = {v G V | Hatav = ' w for all a G A, a € Z>0 }

The space VA is called the X-weight space of V, and 0 ^ v G V is called a weight vector of 

weight A if v G VA. An element A G X is called a weight of V if VA ^ 0. We say that the 

weight A of V has multiplicity m if dim V = m. We call A a maximal weight of V if also 

V^ = 0 for all £t > A. In this case any 0 ^ v G VA is a maximal weight vector. If there is a 

unique maximal weight of V, we call it the highest weight of V, and a non-zero vector in 

V of this weight is a highest weight vector.

A weight vector v 6 VA is called primitive if Xa>n v = 0 for all a G 4> + , ra G Z>Q. 

We say that A is a primitive weight of the module V if there exists a primitive weight 

vector v 6 V of weight A. Note that this is a stronger condition than the one found in 

the literature (for example [Kac]), where the existence of a submodule U of V such that 

v £ U, and Xa ,n v € U for all a € $+ , n 6 Z>o is sufficient. For a; a simple root, we call 

a weight vector v an ai-primitive weight vector if Xai)n v = 0 for all n G Z>Q.

Define the dominant weights to be X+ = ^((Z>o)'), the integral weights to be X% = 

#(Z'), and let Xn = *(({0, 1,2, ••• ,pn - 1})') = tf (Z(pn - 1)') for n G Z>0 . We note 

that J^z is an abelian group, and hence a Z-module. From (1.1) we get:

Lemma 1.3.2 Let v and w be weight vectors in the U -modules V and W , respectively. 

Assume 7 G $ and r/ G A, then the action ofU on V (8) W satisfies

i=0

15



and
a 

i=0

Remark 1.3.3 We notice that if the weight vectors are of weight v e V\ and w € 

respectively, then v®w has weight A+^i. This follows using Pascal's formula, u) + (AJ+I) 

9 to obtain the following by induction on 6

a + -
l-l

Lemma 1.3.4 Let a G $+ anc? /? € $. /n C/z

a

Proof: We prove by induction on n that in the enveloping algebra

Our result follows from this. For n = 1 we have (section 1.1) [Ha , Xp] — {/?, a )Xp, and 

the induction step is

= (Xp)nHa . D

From [Donkin 2] Chapter 4 we know

16



Corollary 1.3.5 Let j3 6 $ and n G Z>o. Assume v is a weight vector of weight \ in 

a module for a subalgebra ofU containing U° and Xp,n , then Xptnv is a weight vector of 

weight A + n(3.

Observation 1.3.6 Let us consider £/~, which has a A'-basis spanned by /A, as a U°- 

module via the adjoint representation. Recall that for a given ordering of the roots, 

$~ = {7i ? 72, • • • ,7r}, we defined fA = flLi ^w,a<, where a, € Z>0 . Then U~ = 

where the weight space

= {fA e U- | [#a,a , fA ] = <A ' <* /A for all a G A}
fl

has a /f-basis
r

spanK {/4 € (7~ | ]T) acn = A}.
t=i

We notice that the weights A occurring fulfil A < 0, and that each weight space has 

dimension equal to the cardinality of the set {A = (ai, a2 , • • • , ar ) € Z>0 | A = £^; 0^7,}. 

This is finite.

Definition 1.3.7 A U° -module V is called admissible if it satisfies the following condi­ 

tions:

(1) V = ®xtxVx;
(2) dimVx < oo for all A € X;

(3) the set of weights of V is bounded above, that is there exist finitely many elements

V-\->" ' ,\*"n € X, such that for each weight A ofV, we have A < //; for some 1 < i < n.

Example 1.3.8 According to Observation 1.3.6 above U~ is admissible.

We call a, U or U+-module admissible if it is admissible as a C/°-module. Notice that 

submodules, factor modules and finite direct sums of admissible modules are admissible. 

One can define (see [Donkin 2], Chapter 5) a /if-algebra map F, called the Frobenius 

map, from U to C7, such that F(Xa,a ) = F(Ha>a ) = 0 if a <£ pZ, F(Xa>pb ) = Xa,b and

17



a#b) — Ha,b for b G Z>Q. For M an admissible {/-module, we define MF to be the 

{/-module which has the same vector space structure as M, and the following action

u.m = F(u)m u (E {/, m € M,

The action is often called twisted.

Definition 1.3.9 A U -module V is a module of highest weight if, for some \ £ X, there 

exists an element 0 ^ v € 14; such that e^v* = 0 for all A 6 Z>0 , A ^ 0, and V = Uv+ .

For each A 6 X, let A^ be the one-dimensional U+ -module /ft; (see [Donkin 2] Chapter 

4) whose action is given by

Ha ,a v = X(HQ ,a)v for all a € A, a £ Z>0 , 

X^a v = 0 for all 7 € $+ ,a € Z>0 .

Definition 1.3.10 TVie Verraa module with highest weight A € X is

This is a module for the hyperalgebra via left multiplication on U .

Since u+ is a subalgebra of £7+ , the one-dimensional U+ -module K\ is a u+-module by 

restriction.

Definition 1.3.11 The un -Verma module with highest weight \ is

Zn (\) = un ®fi+ K\.

From Theorem 1.1.2 it follows that multiplication U~~ <S> U+ — > U is an isomorphism of 

left [/"-modules, in particular, Z(X) is a free {/"-module, generated by v+ = I <g>u, where

18



0 ^ v € Kx . We find that

{/AV+ | A € Zr>Q } is a tf - basis of Z(A). (1.12)

Likewise by (1.3) we see that

{fAv+ | A € Z(pn - l)r } is a K - basis of Zn (A). (1.13)

Since Z(X) is a free {/"-module of rank 1 generated by v+ € Z(A),\, the weight space 

(Z(A))A-M has the same dimension as the weight space U~ for p £ X. Therefore, by 

Observation 1.3.6, the multiplicity of A — // as a weight of Z(\] is the cardinality of 

{A — (ai,02 5 • ' * ? flr) € Z>0 | — /2 = Y^i ai1i}- This set is finite. Also, Z(X) is a direct 

sum of weight spaces, and the weights are bounded above by A, and we get that Z(X) is 

admissible.

Proposition 1.3.12 Let V be a U -module of highest weight.

(1) V is admissible, V has a unique highest weight A and dimVA = 1 •

(2) V has a unique proper maximal submodule.

(3) V is a homomorphic image of Z(\).

Proof: See [Donkin 2] Chapter 4. D

Remark 1.3.13 We have a similar result for wn-modules. 

From Proposition 1.3.12 or the definition of Z(ij) we get

Lemma 1.3.14 Let M be an admissible U -module and let 0 ^ w G Mn . Then w is a 

primitive weight vector if and only if there exists a U -homomorphism Z(n) -> M taking 

a highest weight vector v of Z(n) to w.

Remark 1.3.15 We have a similar result for wn-modules.
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For A € X, let M(A) denote the unique maximal submodule of Z(A), and let L(\) — 

Z(A)/M(A). Hence L(A) is simple.

Proposition 1.3.16 A complete set of inequivalent irreducible admissible U -modules is

{L(\)

Proof: See [Donkin 2] Chapter 4. d 

Similarly we get (see [Donkin 2], Chapter 5):

_ __ A

Proposition 1.3.17 Let r € Z>o and A 6 X, then Zr (X) has a unique maximal submod-
A A A A A

ule Mr (A). Defining Lr (\) — Zr (A)/Mr (A), it follows that \Lr (X) \ A 6 X} is a complete 

set of inequivalent irreducible ur -modules.

Remark 1.3.18 It can be shown that there exists a functor ^ from the category of finite 

dimensional G^jT-niodules to the category of finite dimensional un-modules with integral 

weights,

: GnT — modules — > un — modules,

___such that, for A an integral weight, we have Zn (X) in the image of ifr. This means that 

any result from [Jantzen] about finite dimensional G^-modules carry over to Zn (A) for 

A integral.

Let V be an admissible (/-module (wn-module) and m a finite ascending filtration

0 = VQ C Vi C V2 C • • • C Vk = V.

For A € X, denote by

[V:L(A)]m ([V:Ln (A)] m )

the number of integers i such that 1 < i ; < k and Vi/Vi-i is isomorphic to L(A) as a
A

[/-module (Ln (X) as a Mn-module). Note that by additivity of weight space dimensions 

on short exact sequences, [V : L(\)]m ([V : Ln (\)]m ) is bounded above by dim V\.
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A

Definition 1.3.19 Let V be an admissible U-module (un -module) and L(X) (Ln (\)) a 

simple module. Then the composition multiplicity

(V:L(\)}

A

is the maximum value of [V : L(A)] m ([V : Ln (X)] m ) asm ranges over all finite filtrations 

ofV.

We refer to [Mowbray 2] Chapter 2 for further information about the composition 

multiplicities.

1.4 The Weyl group

Let W be the Weyl group which is the finite group generated by the set of simple 

reflections, {sa | a € A}, where sa : Xz •—>• Xz for a € 4> + is given by

•Sa(^) = A — (A,a }a.

Let Wp be the group generated by the set

,i € Z},

where

= A — (A, a )a + ipa.

Extend the W-action Zp-linearly to X. Adding the p-translations we get a Wp-action on 

X. If A € X, w € W, then let w.X = w(\ + p) - p.

We define Ha — {x £ Xz <8>z R I (x + p, <* ) = 0} for a € $ to be the a-wall in Xz <8>z R- 

The reflection group Wp acting on Xz <8>z R defines a system of facets. A facet for
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is a non-empty set of the form

F = {x € Xz <8>z R I (x + p, a > = nap for a 6 $o (F),

x + p,a) <nap for a e $+

for integers raa € Z and a disjoint decomposition $+ = $J(^) U $f (F). Then the closure 
F of F is equal to

F = {x <E Xz <8>z R I (a + P, <* ) = nap for a € $J (F), 

(na -l)p< (x+p,a) < nap for a € $f

We call

F = {x e Xz ®z R I (» + P, « ) = n<*P for a € $J (F), 

(na - l)p < (x + p,a) < nap for a € $J~

the upper closure of F. We call a facet F an alcove if 4>o"(F) = 0. 

Definition 1.4.1 For A + p G A'"1", let A.(\) be the set of weights ij such that

77 € A(A) ?/ anrf only ifrjE Wp .\ and w.ij < A for all w £ W.

This will be used in Chapter 2. 

Definition 1.4.2 Let
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The stabilizer is

Stab p̂ (A) = {w € Wp | w.\ = A}. (1.16)

The set C is called the fundamental chamber, and with the dot action we have a unique 

element in (7, the closure of (7, in each Wp orbit. We note that the stabilizer of a weight 

A is the set of reflections in Wp which keeps A fixed, that is the reflections corresponding 

to the walls on which A lies.

Example 1.4.3 Suppose A G C f\ X%- Then

since assume that A is stabilized by w € Wp \ {!}, then A lies on the w wall. This is not 

possible, since by assumption A is not on any wall.

Definition 1.4.4 Let £(C") be the set of all reflections with respect to any wall F of the 

alcove C' , and let

E°(A, C1 ) = {s€ £(C") | s.\ = A}. (1.17)

1.5 The translation functor

Let wn-mod be the category of admissible wn-modules with morphisms the wn-module 

homomorphisms. For any finite dimensional wn-module E we have that

E (8> — : un — mod — > un — mod

is a functor. If we have an admissible wn-module M, then E ® M is again admissible (see 

for example [Jantzen 2] Chapter 2).
___ A

For A E X, define O\ to be the category with objects all admissible wn-modules M 

such that all composition factors of M have highest weight in Wp .\, and morphisms the
___ A

wn-module homomorphisms. Then O\ is a union of blocks (see [Jantzen] II.9.19). In
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A A

particular, for \JL € X, there are no homomorphism between modules from O\ and O^ if

For M an arbitrary admissible un-module, we define

A

prA : un — mod -» OA

A

to be the functor sending M to the largest submodule of M which belongs to O\. And 

for two un-modules M and N with a homomorphism / : M — > TV, let prA (/) be the 

restriction of / to prA (M). According to the above observation about homomorphisms 

this maps prA (M) into prA (AT).

We see that any admissible un-module M decomposes into a direct sum of such sub- 

modules, where all the direct summands again are admissible, see for example [Jantzen] 

7.3.

A

Example 1.5.1 If M — Zn (//), then M is indecomposable. Hence prA M is either 0 or 

M. It is M if and only if // € Wp .\.

Consider X,fj, 6 Cz- There is a unique v\ 6 X+ fl W(fi — A) ([Hump] 13.2). We define 

the translation functor, T£ from A to // via

for any wn-module M. Since it is a composition of functors we have that T£ is a functor
A

from tin-mod to Op,.

Lemma 1.5.2 Let A,// € Cz, and let M and N be un -modules, then we have

M M, N).

Proof: [Jantzen] remarks p. 286 and p. 334-35. D
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Lemma 1.5.3 Assume \ + p € X+ , then there exists a un -injection

Zn (A)

Proof: By definition we have

(i/) (8) Zn (-

A

Let Vi be a highest weight vector in Ln(\ + p) of highest weight A 4- /o, and let i>2 be a
A

highest weight vector in Zn (—p) of highest weight — />, then v — v\ ® V2 is a un-highest 

weight vector of highest weight A. This can be seen from the fact that for a G 4>+ the 

action is
m

aiVi <8> Xam-iV2 = 0.
i=0

___ A

That is, we have a ttn-surjection tp : Zn (X] —> unv, and it suffices to prove that ^ is an 

injection. From [Mowbray2] Corollary 3.3 we know that any non-zero submodule of Zn (X)
A

contains 7ny, where y is a highest weight vector generating Zn (A), and

ln ^ A_-

with {71, 72"-, 7r} = $+ - If ^(fny) = AiV ^ 0, we conclude that the image of any non-zero 

submodule is non-zero, and hence that ker^ must be zero. We have

r pn-l

Z-^ X-n JiX-^j^.-.X-

which is different from zero; consider, for example, j\ — J2 = • • • = jr = 0 which gives 

vi (8> InV2- This is non-zero and linearly independent of the other terms, since this term is 

the only one where the weight distribution is A + p from the first factor and — p from the
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second. D

Lemma 1.5.4 Let A,// 6 Cz and w G WPJ then T£Zn (w.X) has a filtration with factors
A

Zn (wwi.fj,), where Wi £ Stabwp (A) = {u; 6 Wp \ u.X = A}. Each different wwi.fj, occurs 

exactly once.

Proof: [Jantzen], p. 335 and Proposition 7.13 p. 290. Q

Corollary 1.5.5 Let A,// G Cz, and let F be the facet with A G F. If n € F, then

T£Zn (w.\] ~ Zn (w.fj) for all w € Wp . 

Proof: [Jantzen], II 9.19 (2). D

Corollary 1.5.6 Let A € C D Xz and (i £ Cz- Assume there exists s 6 S «;#/& 

{5}. Le^ w; <E Wp with w.X < ws.X, then there is an exact sequence of un -modules

0 -> Zn (ws.X) -> TZn (w.fi) ->• Zn (u;.A) -> 0

: [Jantzen] II 9.19 (3). D

1.6 Commutation relations

Lemma 1.6.1 If ̂  6 $+ and m,n € Z>o,

-7,n] — 2-^ T'n~

Proof: [Steinberg] Lemma 5. n
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Corollary 1.6.2 // 7 € $+ , m,n 6 Z>o, and v+ is a primitive weight vector in a 

U -module of weight X, then

m

Proof: Follows from Lemma 1.6.1, using that X^tm-jV+ = 0 if m — j > 0. D

Using the commutation relations from section 1.1 (see also [Mowbray 2], Lemma 1.3 and 

Lemma 1.4.), we get the following two lemmas:

Lemma 1.6.3 //7,<£ G $+ and m,n 6 Z>o,

Lemma 1.6.4 //7, 5 6 $, m, n G Z>0 one? 7 +

n] = 0.

We also have

Lemma 1.6.5 Let 7, 8 6 $, m, n € Z>0 and (Z^ + Z<J) 0 $ = {±7, ±8, ±(7 + 

(a) If[X^Xs} = X^+5 , then

(b) If(X^Xs ] = -X^s, then

Proof: (a) [Mowbray 2], Lemma 1.5. Statement (b) follows with similar arguments,
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observing that

m Y?I = Y" f-ivj![ m H n l Y?-*Ym-JYj
0< j<min(m,n) 

D

It also follows that

Corollary 1.6.6 Let 7 G $+ , (^ € $ <md m,n € Z >0 . Suppose (Z'j + Z<5) n 

{±7, ±^,±(7 + ^)}. Lei v+ be a primitive vector in a U -module. Then

Lemma 1.6.7 Let 7 G $+ , 6 € $ and m,n G Z >0 . T^en m C/z

ml \ m

Proof: Use Lemma 1.3.4 and the idea of its proof. D
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Chapter 2

Homomorphisms

In this chapter we consider primitive weights in characteristic p, p > 0 Verma modules 

Z(A) for finite dimensional semisimple Lie algebras Q. In the case A + p dominant, we 

find that only finitely many primitive weights exist, although the Verma modules do have 

infinite length. These primitive weights all lie in the convex hull generated by the weights 

VKA, and are contained in Wp.\ C X%,. For any other A there are infinitely many primitive 

weights.

2.1 Finitely many homomorphisms

We need the following
A A

Lemma 2.1.1 If Ln (fi) is a composition factor of Zn (X), then fi < A. Suppose also that 

A is integral, then p is integral and fj, € Wp.\.

Proof: The first part follows from (1.13) and Corollary 1.3.5. For the second part, see 

[Jantzen] Corollary 9.12 p. 328 and (2) p. 264, which uses the strong linkage principle 

[Andersen]. n

From this we obtain

Corollary 2.1.2 //Honiiin (Zn (//),Zn (A)) ^ 0, then // < A. If in addition A is integral, 

then p € W^.A.
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A ___

Lemma 2.1.3 Let X 6 Cr\Xz, and let 77 be a primitive weight occurring in Zn (X). Then 

neA.(X).
___ A A

Proof: By Lemma 1.3.14 it is equivalent to show that Homiin (Zn (7/),^n (A)) ^ 0 implies 

rj G A. (A). We have

Hom4in (ZB (i7),Zn (A)) C Homire (Zn (r/),T^Zn (-/>)), by Lemma 1.5.3

'Znfo), Zn(-p)), by Lemma 1.5.2 

p Zn (^),L(-/o)), by [Jantzen] p. 338 (2.1)

A A

Suppose there is a non-zero homomorphism Zn (n) — > Zn (A), then we know from Corollary 

2.1.2 that 77 = w.X for some w £ VKP . According to (2.1) there is a non-zero homomor-
A A ^ A

phism from T^p Zn (w.X) to Ln (—p). Lemma 1.5.4 implies that the module TA~ Zn (w.X) 

has a filtration with factors Zn (wwi.(— p)) for w\ G Stabwp(A). Since A G C D Xz 

we have Stabwp(A) = {!}, see Example 1.4.3. Hence there is a non-zero homomor­ 

phism from Zn (w.(— p)) to Ln (—p). This is only possible for w.(— p) = —p, that is for 

w € Stabwp (-p) = W. Hence 77 = w.X € A.(X) D

Lemma 2.1.4 Let X 6 C fl AZ and /e£ // G Cz- Asswme iy G Wp swcfr i/iaf u;.A 15 

dominant, and assume that we have 77 € A(tu.A) /or any primitive weight rj in Zn (w.X). 

Then a primitive weight 7 in Zn (w.^) satisfies 7 6 A.(w.fi).
A A

Proof: By Lemma 1.3.14 we want to find 7 for which Honi£n (Zn (7), Zn (w.fi)) ^ 0. Assume 

we have a 7 such that there is a non-zero homomorphism, then Corollary 2.1.2 implies 

that 7 = w.fj, for some w € Wp . We have

~ Romun (Zn (w.iJ,),T£Zn (w.X)), by Corollary 1.5.5
___ » A A

~ Romun (T*Zn (w.fj,),Zn (w.X)), by Lemma 1.5.2.

\Lemma 1.5.4 yields the factors in a filtration of 7^Zn (w).//), and to obtain a non-zero
A A

homomorphism space we require Romun (Zn (ws.X), Zn (w.X)) ^ 0 for some s G Stab^

30



This implies by assumption that ws.X G A(u;.A), and hence ws.fj, = W.JJL = 7 G A.(W.JJ,). 

D

Lemma 2.1.5 Let X G Cr\X%, and let w G Wp be such that w.\ is dominant. Assume we
A

have ?7 G A.(w.\) for any primitive weight rj in Zn (w.\). Let A be the alcove containing
___ ___ A

w.X. Assume s G ^(A) such that sw.X > w.X. Then a primitive weight 7 in Zn (sw.X) 

satisfies 7 G A.(sw.X).

Proof: Choose /i' G A (the closure of A) such that S°(//,.4) = {s}. Then there ex­ 

ists a unique // G Cz such that w.fi = //'. We note that s' = w~ l sw G Stab(//), 

and then by assumption we have ws'.X = sw.X > w.X. Assume we have 7 for which 

Homfin (Zn (7),Zn (su;.A)) ^ 0, then 7 = w.X for w; G Wp (Corollary 2.1.2). Look at

A A A A

Romun (Zn (w.X),Zn (sw.X)) — Romun (Zn (w.X),Zn (ws .A))

C Eomun (Zn (w.X),T^Zn (w.fjL)), by Corollary 1.5.6
___ A A

~ Honiun (rj[t Zn (w;.A),Zn (u7.//)), by Lemma 1.5. 2
A A

~ Romun (Zn (w.n),Zn (w.iJ,)), by Corollary 1.5.5.

That this homomorphism space is non-zero gives, according to Lemma 2.1.4 and the 

assumptions, w.fj, G A.(w.fj,) = A.(fi') = A.(s.fi') = A.(sw.n). Therefore it;. A = 7 G 

A.(sw.X). n

Theorem 2.1.6 Let U be an arbitrary hyperalgebra, and let X + p G X+ . Then

Hoiri£/(Z(//), Z(X)) ^ 0 implies that n G A.(X).

Proof: Suppose Homt/(Z(//),Z(A)) ^ 0. We fix a highest weight vector v such that
A

Z(^i] = Uv. Consider the wn-submodule wnu; this is isomorphic to Zn (fj,) (by 1.12, 

1.13 and 1.3.13). Similarly, if x is a highest weight vector such that Z(X) = Ux, then
A

unx c± Zn (X) for all n > 1.
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Because of the assumption there is a primitive vector in Z(\) of weight //, w say. For 

n large enough we have w G wnz. Fix such n. Then it follows that

By Corollary 2.1.2 we deduce // < A and fi G Wp .\. In the case where A € C fl AZ, it 

follows from Lemma 2.1.3 that // G A.(A). Starting with A G C D Xz we move to the 

upper wall using Lemma 2.1.4, and from there across the wall to the next alcove using 

Lemma 2.1.5. And the result follows for general A + p G X+ . D

The following is immediate consequences of Theorem 2.1.6

Corollary 2.1.7 Let U be an arbitrary hyperalgebra, and let A + /? e X+ . Then we have 

only finitely many primitive weights occurring in Z(\).

Remark 2.1.8 In the special case A = —p we can see that

Z(-p) = L(-p). 

This also follows from [Mowbray 2] Lemma 2.9, where we, for 71,72 € X, have

[Zfai) : 1(72)] = [Zn (7i) : Ln (^)] for n » 0, (2.2)

and [Jantzen] p. 338.

Remark 2.1.9 Let A + p G X+ . Note that A. (A) is the convex hull in Wp .\ generated 

by W.X. However, we know that most weights in this set are not primitive. See Example 

3.2.1 in Chapter 3.

32



Remark 2.1.10 Corollary 2.1.7 can be obtained directly1 . Let \ + p <E X+ , then Z(A) C 

Z(—p) <8> L(X -f /o), and we get

Homi7(Z(ji),Z(A)) C Hom^ZM, Z(-p) ® L(A

We know that Z((JL) ® L(A + />)* has a filtration with Verma modules as quotients. These 

Verma modules have highest weights fj, + */, where v 6 £(A + /£>)*. Since L(A + /o) is finite 

dimensional for A-f/o € X+ ([Hump] 21.2) we obtain something non-zero for finitely many

A*-

2.2 Primitive weight vectors

We define and find all first generation primitive weight vectors for a given Verma module. 

Recall the notation ca and a(k) introduced in 1.2.4 and 1.2.5 in Chapter 1, and also that 

for A € X we have At 6 Zp .

Proposition 2.2.1 Let U be a hyperalgebra, and Z(\) a Verma module with highest 

weight A = (Ai, A2, • • • , A/) € X and highest weight vector v. Fix some i such that A; ^ —1, 

and let w be the weight vector X-ai>n v of weight // = A — no:;, where n > 1. Then w is a 

primitive vector if and only if n G {1 + A z-(fc) | k > CA^}.

Remark 2.2.2 From [Jantzen 4], Teil 1, Satz 7 we know that a hyperalgebra U is gen­ 

erated by Xa,a and X-a>a for a G A and a € Z>0 .

Proof: Clearly, w is non-zero. As an immediate consequence of Lemma 1.2.6 and Corollary 

1.6.2 we obtain that w is an a;-primitive weight vector. Since Xajtm and X-aii7l commute 

for all OLJ G A\{«;} (Lemma 1.6.4), the vector w is primitive. D

1 This was pointed out to the author by Professor S. Donkin, QMW, London
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We call these primitive vectors first generation primitive vectors.

2.3 Infinitely many homomorphisms

Now we consider the case when A + p is not dominant.

Theorem 2.3.1 Let U be a hyperalgebra, and let X + p 6 X\X+ . Then there exist 

infinitely many weights fj, G X such that

Thus there exist infinitely many primitive weights in Z(\).

Proof: Recall that X = *((ZP )') and X+ = *((Z>0 )'), hence A + p G X\X+ im­ 

plies that there exists an entry in A corresponding to a simple root, o; say, such that 

(Aa -f- 1) G Zp\Z>o, that is Aa 6 Zp\Z>_i. Therefore the p-adic expansion of Aa does 

not terminate, and not all coefficients are p — 1. Let v+ be the highest weight vector 

generating Z(A), then we have, by Proposition 2.2.1, infinitely many specified integers n 

such that w = X-atnv+ is a primitive weight vector. n
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Chapter 3

Primitive weight vectors, 5/3

In the case Q = 5/3 we are able to construct certain primitive weights. If A-f/o is dominant 

a systematic analysis shows that the weights found are not always the full set of the finitely 

many primitive weights, which occur in the Verma module, Z(\).

3.1 Primitive weights

Let the order of the roots in the root system be $ = {—a, — /?, — a — /?, a,/?, a + /?}. 

Choose the sign [Xa ,X/j] = Xa+/3.

In section 2.2 we found some first generation primitive weight vectors. For 5/3 we 

furthermore find

Proposition 3.1.1 Let Z(\) be a Verma module with highest weight A = (r, s) £ X, A = 

{a,/?}, and let v be a highest weight vector. The vector w = X-a ,mot X-j3,nf} v is a primitive 

weight vector of weight // = (r + n/j — 2ma , s — 2np + ma ) if and only if (np, ma ) belongs 

to the set {(I + s(k), 1 + (r + n(k))(k)) \k>cs,k> cr+n/3 (k)}.

Proof: Since U is generated by X±a^ and X±ptk, it suffices to prove that w; is an a and a 

j3 primitive weight vector. For n arbitrary, w\ = X-p^nv is an a-primitive weight vector of 

primitive weight fii = (r + n,s-2n). It follows from Proposition 2.2.1 that w = X-a ,ma wi 

is an a-primitive weight vector if and only if ma 6 {1 + y}, where y = (r + n)(k) for some
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k > cr+n . Since Xptk and X_a ,mQ commute, w = X-atma X-ptnv is a /^-primitive weight 

vector exactly when wi = X-p,n v is a /^-primitive weight vector. D

Remark 3.1.2 Since s/3 is symmetric with respect to a and /?, we get a similar statement 

for w = X,pim/3X-atnQ v being a primitive weight vector. We call primitive weight vectors 

of the kind found in Proposition 3.1.1 and here second generation primitive weight vectors.

Remark 3.1.3 Notice that for any finite dimensional semisimple Lie algebra £/, where 

U~ according to Remark 2.2.2 is generated by X-atk for a € A, we can find second 

generation primitive weight vectors in a similar way.

Proposition 3.1.4 Let Z(\] be a Verma module with highest weight A = (r, s) E X, A = 

{a,/?} and highest weight vector v. The vector w = X-pjpX-a^aX-p^pV is a primitive 

weight vector of weight fi — (r + np — 2ma + tp,s — 2np + ma — 2^) ; if

np = 1 -f s(k) for some k > ca

ma = 1 + (r + np(k))(k) for some k > cr+np(k)

tp = 1 + (s - 2np(k) + ma (k))(k) for some k > cs_2n/3(k)+ma( ~k}

and there exists an i, 0 < i < min(ma ,^) ; such that n/3^""M 7^ 0.

Proof: The conditions follow by using Propositions 2.2.1 and 3.1.1 together, and recalling 

that we require w ^ 0 D

Let fa map a weight vector to Xa ,a times the weight vector, that is fa (w) = Xa ,a w. 

Similarly, let ga map a weight vector to X^a times the vector, that is ga (w) = Xp,a w. 

With this notation,

it; is a primitive weight vector if and only if w € (Ha>i ker /a ) 0 (fl6>i ker <#,). (3.1)

Let v be a highest weight vector of highest weight A = (r, s) G X generating Z(\). We 

want to find out for what values of n and m we get a primitive weight vector w with
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primitive weight fj, = X — na — m/3. Since we have symmetry in a and j3 it suffices to look 

at the case where n < m. Assume w — £?_„ CiX-a,n-iX-0,m-iX-a-0,iV for ct G K. With 

a weight consideration it is easy to see that w € ker/a for all a > n, and w € ker<#, for 

all b > m. Therefore condition (3.1) can be reformulated as

w is a primitive weight vector if and only if w; € (rii<a <n ker/a ) n (fli<&<m ker#&). (3.2)

Proposition 3.1.5 Let Z(\) be a Verma module with highest weight A = (r, s), A £ X 

and highest weight vector v. Let n,ra £ Z>o arad assume w is a weight vector of weight 

fj, = X — na — mj3 with n <m, say w = Y%=o Ci^-a,n-»^-/?,m-t^-a-/9,«f, where C{ G K.

(1) The weight vector w G ker/a if and only if CQ, c1? • • • , cn are a solution to the following 

system of equations:

7%e weight vector w G ker^a if and only if the scalars CQ, ci, • • • , cn are a solution to 

the following system of equations:

mn
_ n ^-^ •( \ Cj\ . . II. .1=0 (mod p) jor 0 < i < mm(n, m — a).3-i

Proof: (1) We want to find a solution to the equation Xa ,aw = 0. We get

n

(By Lemma 1.6.1)

— / v / ̂
_ „

i=0

(By Corollary 1.6.6)
n _ fl _
/ ̂«HM^

i—Q j=max(0,o— t)
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(By Lemma 1.6.7)
n min(a,n— i)V^

^
»=0j=max(0,a-i)

(With fc = i + j)

/ i\a-7 r m — rc a — m a —"

(With A; = k - a)

-l3

(With j = a - j + jfc)

(2) Recall 1.11 from Chapter 1 and the result follows with calculations similar to the 

above, n

Remark 3.1.6 We can think of the equations as Ac = 0, where c = (CQ, ci, • • • , cn ), and 

>l is a matrix with products of binomial coefficients as entries. Finding a non-trivial 

solution is equivalent to finding the rank of A less than or equal to n.

From Proposition 3.1.5 it follows that w lies in the kernel of /i if and only if

— Ci+i(m — i) + Ci(r -fm — n + 1 — z') = 0 (mod p) for 0 < t < n — 1, (3.3)

and in the kernel of #1 if and only if

Ci+i(n - i) + a(s -ra + l-H) = 0 (mod p) for 0 < i < n - 1, (3.4)
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and

cn (s + n — m + 1) = 0 (mod p) if ra < ra. (3-5)

Adding together the fi and gi equations, (3.3) and (3.4), we obtain

n — m) + Ci(r + s + 2 — n) = 0 (mod p) for 0 < i < n — 1. (3.6)

From (3.6) we have four different cases:

(1) Assuming n — m ^ 0 (mod p) and r-fs + 2 — n = 0 (mod p) gives c;+i = (r -f- 3 + 2 — 

n)l(n — m)ct- (mod p). This implies c\ — ci = • • • = cn = 0, and hence w = X-ainX-ptmv. 

These are second generation primitive weight vectors all of which are found in Proposition 

3.1.1.

(2) Assume n — m ^ 0 (mod p) and r + s + 2 — n ^ 0 (mod p). Using (3.6) we get 

c,-+i = (r -f s -f- 2 — n)/(n — ra)c, = ((r -f- s + 2 — n)/(n — ra))*co (mod p). Hence in order, 

to have a non-trivial solution, all the ct-'s must be non-zero. Because n — m ^ 0 (mod p) 

and n < m, we get n < m, and therefore (3.5) gives s + n — m-}-l = 0 (mod p). For 

t = n — 1 we obtain from (3.4), (r + 5 + 2 — ra)/(ra — m) = m — n — 5 (mod p). Thus 

Co = ci = • • • = c^ and «; = cY^~o^-a,n-i^-i3,m-i^-a-(3,i^ = cX-p,mX-a ,n v . These are 

second generation primitive weight vectors covered by Proposition 3.1.1.

(3) Assume n — m = 0 (mod p) and r-fs + 2 — n^O (mod p), then ct = (n — m)/(r + 

3 + 2 — ra)c;+i (mod /?). Therefore CQ = ci = • • • = cn_i = 0, and by letting i = n — 1 in 

(3.4) also cn = 0 follows.

(4) For n — m = 0 (mod p) and r+s+2 — n = 0 (mod p) we get n = m = r+6+2 (mod p).

This means that apart from case (4), where n = m = r + s + 2 (mod p), we know when 

the system of equations in Proposition 3.1.5 has non-trivial solutions. The relevant n and 

m values are then determined by Propositions 2.2.1 and 3.1.1, and we do not need to look
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further at the equations. In case (4) we can not obtain general results, but we calculate 

some examples in the following section.

Remark 3.1.7 We notice that if r + s g Z, we only get first and second generation 

primitive weight vectors and all these can be found using Propositions 2.2.1 and 3.1.1.

3.2 Examples

For A + p G X+ , we established in Chapter 2 that at most finitely many primitive weights 

occur in Z(A), which all lie in a bounded convex area (Remark 2.1.9). Thus Proposition 

3.1.5 can, for fixed A, be used to construct all primitive weights, by going through all 

possible n and m values. This is done using a symbolic manipulation package (Reduce). 

As observed above Remark 3.1.7 it suffices to restrict analysis to case (4). The code for 

this Reduce program can be found in Appendix A.

Example 3.2.1

(1) For Q — 5/3, p = 3 and A = (5,10) we find first and second generation primitive 

weights fj, = A — na — mft for the following values of n and m:

(n,m) € {(6,0), (6, 2), (6, 8), (6, 17), (0,2), (0,11), 

(2,2), (8,2), (2, 11), (8, 11), (17, 11)}.

Proposition 3.1.4 gives third generation primitive weights for

Case by case analysis, where n = m = r + ,s + 2 = l (mod p), shows that // = A — na — m/3 

is a primitive weight for

(n,m) G
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O 1st generation 3rd generation
(•) 2nd generation

Figure 3.1: Primitive weights in Z(5, 10) for p — 3. 

Hence by finding third generation primitive weights we missed out on

but these are both second generation primitive weights. See Figure 3.1.

(2) For Q = 5/3, p = 3 and A = (13,4) we find first and second generation primitive
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weights n = A — na — mf3 for the following values of n and m :

(n,m) € {(2,0), (5,0), (14,0), (2,1), (2, 7), (5,1), (5, 10), (14,1),

Proposition 3.1.4 gives third generation primitive weights for

(n,m) G {(4, 7), (7, 4), (7, 10), (10, 7), (10, 10), (16, 4), 

(16, 10), (16, 19), (19, 7), (19, 10), (19, 19)}.

Case by case analysis, where n = m = r + 5 + 2 = l (mod p), gives that jj, = A — na — mj3 

is a primitive weight for

(n,m) €

(16, 4), (16, 10), (16, 19), (19, 7), (19, 10), (19, 19)}.

Hence by finding first, second, and third generation primitive weights we missed out on

We note that these both lie on the diagonal. See Figure 3.2.

(3) For Q = 5/3, p = 3 and A = (7, 16) we find first and second generation primitive

weights fj, = A — na — m@ for the following values of n and m

(n, m) E {(2, 0), (8, 0), (2, 1), (2, 19), (8, 1), (8, 7), (8, 25), (0, 2), (0, 8),

(0, 17), (1, 2), (10, 2), (1, 8), (7, 8), (16, 8), (1, 17), (7, 17), (25, 17)}.

Proposition 3.1.4 gives third generation primitive weights for

(n,m) € {((4, 19), (7, 10), (7, 19), (10, 4), (10, 7), (10, 25),
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(16, 10), (16, 16), (16, 25), (25, 19), (25, 25)}.

Case by case analysis, where n = m = r + s + 2 = l (mod p), shows that // = A — no. — mf3 

is a primitive weight for

(n,m) €

(10, 7), (10, 25), (16, 10), (16, 16), (16, 25), (25, 19), (25, 25)}.

Hence by finding first, second and third generation primitive weights we missed out on

In this case (4,7) is not an element on the diagonal and it is not a second generation 

primitive weight. See Figure 3.3. Numerous examples were calculated, but no general 

conjecture describing the total set of primitive weights in Z(\) could be extracted.
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Figure 3.2: Primitive weights in Z(13,4) for p = 3.

On the following page we find

Figure 3.3: Primitive weights in Z(7,16) for p = 3.
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Chapter 4

Twisted tensor products

We find some tensor product results in this chapter. For weights A € X of the special 

kind A = pn\\ -f (pn — l)p with AI G X, we show that Z(\) is isomorphic to the tensor 

product of the n-th Steinberg module with the n-th Frobenius twisted Z(\\). For Q = si? 

we see that for A + p € X+ it suffices to determine Z(/z) for certain weights // (E AI, and 

then tensor them together appropriately to obtain Z(\). Analogue results are known for 

Weyl modules, see [Jantzen 3] Bemerkung 3.8 (2).

4.1 Twisted tensor products

For characteristic p Verma modules, we get

Proposition 4.1.1 Let U be a hyperalgebra. Let n € Z>o, AI € X, and A = pn \\ + (pn — 

l)p € X. Then

tn = L((p — l)p) <8> L((p — ^}p)F • • • <8> L((p — l)p)Fn is the n-th Steinberg module. 

Before proving this, let us have a look at an example, and the following lemmas.
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Lemma 4.1.2 Let v be a highest weight vector generating L((p — l)p)), then

II X-<x,P-l+pma v ^ 0

'ies ma = 0 for all a (E

Proof: Assume there exists a ma ^ 0, then ma > 0 and the weight we obtain is lower 

than the lowest weight in L((p — l)/o), and we have a contradiction. D

Lemma 4.1.3 Let X = pAi + A0 , where A0 € Xi, and AI 6 X. Let x, v and w be 

highest weight vectors generating Z(\), Z\(\Q) and Z(\i)F, respectively. Then we have a 

UQ -isomorphism

where //(FLe** X.aiTnQ x) = (FLe** X-a ,ma0 v)®(llae$+ X-a ,mal w) with ma = ma0 +pma i 

for 0 < ma0 < p — 1 and 0 < mal .

Proof: Since by definition 77 is /('-linear and maps the /f-basis to the /f-basis, we only 

have to show that the map preserves the weight-spaces. This follows from Remark 1.3.3 

in Chapter 1. n

Example 4.1.4 Let Q = 5/2, p — 3, then we find the following example, by use of [Mow- 

bray 1] Theorem 2.1: A = 5 = (2,1,0, — — —), A0 = 2 and AI = 1. The result is shown in 

Figure 4.1. The weight —7 is obtained as 2 + p(—3), —13 as 2 + p(— 5) and so on, up to

Now we can prove Proposition 4.1.1.

Proof: Let us begin with n = 1. Assume that u, it;, and x are highest weight vectors 

generating L((p — l)p), Z(\\)F and Z(A), respectively. Recall that Z(\i)F has /('-basis 

{riae*+ X-a,mQ w I 0 ^ ma} and L((p — l)/o) has /i'-basis {FIae$+ X-atnot v \ 0 < na < p}. 

It is easy to see that u (g) it; is a highest weight vector of highest weight A, and hence, by
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Figure 4.1: Z(5) ~ L(2) 1 for £ = sl2 and p = 3.

the universal property of Verma modules, we have a well-defined {/-homomorphism

where i/>(ux) = u(v <g) it;) for u € U. We prove that \j> is an isomorphism. Let 61 be 

an element of the /if-basis of L((p — l)p), and 62 an element of the A'-basis of Z(Ai)F , 

then the following induction argument on the weight of b\ shows that 61 ® 62 € Im^. 

The smallest possible weight in L((p — l)p) is — (p — !)/?, and it is only obtained for 

61 = I~Ic»e$+ X-a,p-iV- Using Lemmas 1.3.2 and 4.1.2 and recalling the Frobenius action 

we get

= II X-ajp- l+pma ll>(x)

= n x-atP-
= II (X-<x,P-l+prna -jQ V®F(X-ajQ )w)

L — a,mQ W.
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We observe that

X.a>nQ+pma x) = H X-afno t;®F(

where the sum is over different weight vectors 61 G L((p— l)p) and 62 € Z(Ai)F . For all 61 

in the sum the weight is strictly smaller than the weight of rUe$+ ^-a,na v i an<^ hence, by 

induction assumption, we know that the sum is contained in Inr0. Thus \l> is surjective.
A

We know Z\((p — l)p) ~ L((p — l)p) by [Jantzen] p. 338, and from Lemma 4.1.3 we 

get a f/°-isomorphism. Hence injectivity of i/> follows.

The remainder of the statement follows by induction, noticing that Stn = L((p—l)p)®

£*£_!, and A can be written A = pn Ai + (pn - l)p = p(pn~ l ^\ + (pn~ l - I)/?)) + (p - l)p. 

D

4.2 Exact sequences, for Q = sfa

We restrict our interest to the case Q = 5/2, and find

Proposition 4.2.1 Let U be the hyperalgebra for sl^. Let A £ X such that A = p\' + 

where 0 < AQ < p — 2 and A7 € X, £/*en we have

(1) a short exact sequence of U-modules

0 -» M (g> Z(\' - p)F -> Z(A) -»• M7 ® Z(A')F -> 0,

M ~ L(p - 2 - A0) arcd M' ~ L(A0 ) 

(2) a long exact sequence of U-modules

Z(A0 ) -> Z(AO -> Z(A2 )
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Sa,-l Sa,0 Sa>1 Sa>2 Sfl

Xj | Xg | Ag

" ' —————————— —————————— ——————

-p-1 -1 p-1 2p-l 3p-l
I I I I I

Figure 4.2: Reflection in the walls

where i € Z>0 , A; = sa|tSai»-i • • • $0,1 «Ao and A_ z = sa)_(j-_i)5a)_(j_ 2 ) • • • <Sa,o-Ao- See Figure 

4.2.

Proof: (1) Assume u, w;, v, w and x are highest weight vectors generating the modules 

L(Ao), Z(A')F , L(p— 2 — A0), Z(\'—p)F and Z(A), respectively. By the universal property 

we have a homomorphism

: Z(p\'

where tj}(ux) = u(v (S> it;). We get

= X-a)pmi+mQ (v (g) w)

== / ̂

where the last equality follows since L(A0 ) has /f-basis {A*_ a|TO u | 0 < m < A0 }. The 

surjectivity of ty follows.
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If m > A0 + 1, then Lemma 1.6.1 gives that Xa ,mX-a,\0 +ix = 0. Now let 1 < m < 

AO + 1, then by Corollary 1.6.2 and Lemma 1.2.3

A - AO - 1 + m 
m

m 

and we obtain that the vector y = X-at\0 +iX is a primitive weight vector in Z(\).
A

By the universal property we have [7-homomorphisms, i/> and 0, from Z(p\' — 2 — AO) 

to L(p-1- A0 ) ® Z(\' - 1)F and Z(A), respectively.

' - 2 - Ao) . L(p-2

A

*}

Let u G U , and let z be the highest weight vector generating Z(p\' — 2 — AO), then we 

know that

*il>(uz) = u(v 0 w),

and

= uy =

Since 2;, v, it; and y are primitive weight vectors, we only need to consider u of the form

U = / j Ct'A_a)j,
t 

where c; G AT. If we show that Ker^ C Ker0, the fundamental homomorphism theorem
A A

gives us a {/-homormorphism, 77, such that 77 o ifj = 0. If we show that KerV> = Ker0,
A

we obtain that 77 is injective, since surjectivity of i/> follows similarly to surjectivity of 

above. Recall that the usual /('-basis of L(p — 2 — A0 ) <8> Z(\' — p)F is of the form
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X-a,m0 v ® X-atTni w = X-aimQ+pmi (v ® it?) for 0 < m0 < p — 2 — A0 . Assume that u £
A

KerV>, then

0 = u(v ® w)

j=o

where z = pz'i + z0 with 0 < z'o < /? — 1. This is zero exactly when ct is zero or p — 2 — \Q < 

io ^ P — 1- Assume that u € Ker#, then

0 = 0(uz) = uy =

\ Ao

which is zero exactly when Cf or 1^ is zero. Since A0 + 1 < p we know that
™ A

is zero exactly when p — 2 — AQ < io < p — 1- This implies that Ker^ =Ker^, and r; is 

injective.

It is clear that ^077 = 0, hence Imr; C Ker^. The other inclusion follows by comparing
A

the weight spaces: We know that Z\(\Q) has exactly the two simples L(\Q) and L(p— 2— A0 ) 

as composition factors. Therefore the weights appearing in the two end-terms of the exact 

sequence are

{Ao - 2j + p(\' - 2m) | 0 < j < p - 1, m > 0}.

These are exactly the weights of Z(\).

(2) Follows from (1) by noting that the short exact sequences fit together as can be seen

in Figure 4.3. D
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0 00\ \
L(X0 ) ® Z(-2)F L(A0 ) <

Z(A_0 ——- Z(Ao)

L(p-2- Ao) (2) Z(-1)F L(p-2- Ao

00 00

Figure 4.3: Long exact sequence.

Remark 4.2.2 The same sort of arguments can be used to obtain a generalized version 

of Steinberg's tensor product theorem,

see [Steinberg 2] or [Haboush].

Remark 4.2.3 Let A 6 X+ and Q = 5/2. Using Proposition 4.2.1, the problem of finding 

a description of the Verma module Z(\) can be reduced to establishing the structure of 

the Verma modules for weights // € X\ determined from A, and tensoring the results 

together. For // 6 X\ we have that Z(n} is uniserial (this follows from the description of 

5/2 Verma modules in [Mowbray 1]).

A

Example 4.2.4 Let Q — sl2 and p = 3, and have a look at Z(\) for A = p\ + A0 = 19 =
A ___

(1,0,2,0, — — —), A = 6, and AO = 1. Then we have a short exact sequence

0 -> L(0) ®K Z(5)F -» Z(19) -> L(l) ®A- Z(6)F ->• 0.
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6

-50

-14

-8

-48

-12

Figure 4.4: Z(5) and Z(6)

Using the methods from [Mowbray 1] we find the composition series depicted in Figures 

4.4 and 4.5.

15

13

19

-147

-39

-21

-149

-41

-23

-143

-35

Figure 4.5: Z(19)
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Chapter 5

Concerning the hyperalgebra

In this chapter we consider the connection between the subalgebra uj~ of the hyperalgebra 

U for a finite dimensional semisimple Lie algebra, and a group algebra KG for some 

suitable p-group G. In special cases, wj~ and the group algebra KG are isomorphic; 

however, this does not hold in general, and a bound on the characteristic of the field is 

found. Before doing this, some properties of the hyperalgebra are established.

Let us remark that because of the symmetry between u~ and u+, we may work with 

either subalgebra. Because of its closer connection to Verma modules, we specifically 

chose to work with the former.

Throughout this chapter we adopt the notation A = wj~, and also we assume that we 

have a fixed ordering on the roots.

5.1 Alternative K-bases

5.1.1 An alternative It-basis of

Let us recall that u~ has a /^-vector space basis

-a ,na I 0 < na < pn } , (5.1)
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and especially for A a K-b&sis is

II *-«,no I 0 < na < p \ , (5.2)

which is of cardinality p'$+ '.

For a G $+ , let Xa be defined by

P-I

2_^
j=0

We note (A_a>i) a = a!X_a)a in t/, and we find Xa = exp(X-a>i) in uj~ . Similarly, define

a iP*3' 
j=0

In the associated Chevalley group, G, we have some interesting equalities (see [Steinberg] 

Lemma 15). For example for Q = 5/3

exp(X_/0)exp(A'_a ) = exp(X_a )exp(A'_/0)exp(Ar_a_ /g) in G.

It would be desirable that these equalities also hold in wf , but unfortunately they do not. 

The following example points to the general problem. Let Q = 5/3, p = 2, then

but, on the other hand,

Recall that X-af^-aj = ('7')^-af,-+,-, and (m + l) k = Ej=o (J)^', then bY induction
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on m we obtain

*r = !>''*-« j- (5 - 3 )
j=0

We call V> C $+ c/osed, if a,/? € 0 and a + /? 6 <I> + implies a + /? € ^. Assume ^ to 

be closed throughout this section. By the notation n+(^) we mean ®a<=.^KXa , which is 

a Lie subalgebra of Q. The restricted enveloping algebra of n+(^>), denoted uj~ (ra+(^)), 

is (A"_a) i | a € 0). With a given ordering of the roots in ^, the algebra u^(n+ (^)) has a 

/f-basis

0<na <p, (5.4)

which is of order pM. Similarly, we have u~(n+ (^)) which is (X-atpj \ 0 < j < n, a 6 ^). 

With a given ordering of the roots in ^, the algebra it~(n+ (^)) has a /f-basis

II X-«,na I 0 < na < pn \ . (5.5)

Proposition 5.1.1 For ^ C $+ closed with a given ordering on the roots,

(5.6)

is a K -basis of u^ (n+

Proof: We show that the elements in (5.6) are /^-linearly independent. If so, the result 

follows, since the two sets, (5.4) and (5.6), have the same cardinality. For suitable choices 

of orderings of the two sets, we express the elements of (5.6) in the /f-basis (5.4), and 

establish that the determinant of the resulting (p^ x pW) matrix is non-zero. We proceed 

by induction on |^|. For i/> = {«}, let V be the matrix whose columns correspond to 

elements of
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expressed in the AT-basis (5.4). Then, by (5.3),

1111
0 I 1 21 31 

0 I 2 22 32

(P ~ I) 1 

(P-1)2
(5.8)

^ 0 I"" 1 2P- 1 3p- J ..« (p-l)p~ l )

is a Vandermonde matrix with known determinant, rio<i<j<p-iO ~~ 0» which ls different 

from zero.

Assume that V> is closed with \^\ = n. It is then possible to choose an element, ft say, 

such that \j} = il>\{/3} and {/?} are closed. By induction assumption we know that the 

elements of

are A'-linearly independent, and the elements of

-i (5.10)

are /f-linearly independent. We now have two sets of A'-linearly independent elements. 

Here tensoring over K yields linear independence of the elements of

(5.11)

In particular, taking ^ = <I> + we have
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Corollary 5.1.2 The following is a K-basis of A =

(5.12)

So we have two different /('-bases for A = uj~.

5.1.2 An alternative JlT-basis of u~

We find another A'-basis of u~

Proposition 5.1.3 The following is a K -basis 0/w~(s/2 ) :

I II X^\0<ji<p}. (5.13)
^0<i<n-l J

Proof: We note that the set (5.13) has the same cardinality as the set (5.1). Linear 

independence follows using the same arguments as in the proof of Proposition 5.1.1. d

5.1.3 An alternative Jf-basis of u~

We can proceed further, to find

Proposition 5.1.4 For ifr C $+ closed with a given ordering on the roots, the set

II *% I 0 < r.., < P\ , (5.14)
0<i<n )

is a K -basis ofu~(n+ (tp)).

Proof: The idea of the proof is very similar to that of Proposition 5.1.1. The result will 

follow from /^-linear independence of the elements of (5.14), since the two sets, (5.5) 

and (5.14), have the same cardinality. We proceed by induction on |^|. For ^ = {a}, 

the result follows from Proposition 5.1.3. Assume that ip is closed. It is then possible 

to choose an element, f3 say, such that ^ = ^\{/3} and {/3} are closed. By induction
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assumption we know that the elements of

II II <2 I 0 < ra ,i < p (5.15)

are /f -linearly independent, and the elements of

II *$|0<rw <p (5.16)
0<j<n J

are A'-linearly independent. We now have two sets of /^-linearly independent elements. 

Here tensoring over K yields linear independence of the elements of

r
< TT Xrf>'j TT TT X a *' I 0 < r • r/» • < v\ 11 ^/J.pJ 11 11 ^a.p' I U — T (1,1,1(3,3 ^ P

Let V> = ^+ - We obtain

Corollary 5.1.5 The algebra u~ has K-basis

\ n n x% i o < ra.,-
[a£$+0<i<n

Theorem 5.1.6 The algebra U~ has a K-basis

{ II IT *£!|neZ>o, 0<ra,,<pl.
(ae$+0<i<n J

Proof: The result is an immediate consequence of Corollary 5.1.5, since U~ is the union

of the u~ .
fir

5.2 The centre of the algebra

This section contains some observations about the centre of the algebras, u~
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5.2.1 The centre of

Let A be uf, then the centre of A is Z(A) = {uj € A | uX-at i = X^at iu for all a G 

From [Hump] Lemma A, p. 52 we know that relative to < there is a unique maximal root, 

which we denote by /?. We observe that X_p i e Z(A) for 0 < i < p - 1. Furthermore, we 

notice that

Y Y _/^+.AY ^i«x A_a ,t-A_a(j - A_a)i+j . (5.18)
V l ) 

Especially for j = p — 1 we get

which is zero whenever 0 < i < p.

Lemma 5.2.1 For 7 € $+ \ A am/ j € {1, • • • ,p — 1}, we have

X-^z = 0, (5.20)

where z = rL;e$+\A -^-TJ.P-I- Actually place X_7j anywhere in z, and we get zero.

Proof: We notice that it suffices to show the result for j ' = 1, since 1 < j < p — 1. Let 

the height of a root a be ht(a) = £{=1 ^t , if a = £)!_i fcja,- with az 6 A. We know that 

X-^jp-\ appears in z, and in order to be able to use (5.19) we want to commute X_7)1 

to there. Assume the first root in z with which 7 does not commute is 771, then while 

interchanging X-^t i and X-mtp-i we get an additional term with X-^-^^i in it. Moving 

X_7) i further, we obtain an additional term with X-^-nj ^ in it for each interchange where 

7 does not commute with rjj. We note that the absolute height of the root —7 — rjj in the 

additional part X-^-nji i is larger. Finally, we get X_7l i moved to X_7)P_1, and according 

to (5.19) this is zero. Left are the additional terms. For each of those, we repeat the 

process of moving; this time X-^-^-^ to X_7_^- fp_i. Since the absolute height of the 

root appearing in the additional term (to the additional term) is larger, we end up with 

additional terms including X_p^, where J3 is the maximal root. Since J3 commute with
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everything the terms are zero because of (5.19).

Look at some element w in An^e^+XA^-jj.p-i- In order to express w in the basis with 

the given ordering, we might have to interchange some elements in u>, and therefore we 

get additional terms. In those terms X_7)fl appears for some 7 € 3>+ \ A and 0 < a < p, 

and hence they vanish because of Lemma 5.2.1. Thus Anr,e$+\A X-w-i nas K-basis

(5.21)

where {«i, a2 , • • • , «i} = A.

Commuting an element from A with an element from An7,e$+\A ^-n,P-i yields addi­ 

tional terms contributed from non-zero commutators, in which -X_7ta appears for some 7 £ 

$+ \ A and 0 < a < p. Again, these terms all vanish, and therefore 

Z(A). We have

-^-i C Z(A). (5.22)

By counting we find dim/c(Z(A)) > p'A ' + p — 1.

In section 5.2.2 below we find a complete description of the centre of u~(5/s) for n > 1. 

From this it follows that we obtain equality in (5.22).

Observation 5.2.2 In (5.22) equality does not hold in general; let Q be of type 5/4 with 

root system 4> + = {a, /?, 7, a + /?, /? + 7, a + /? 4- 7}- We can represent £ as the algebra of 

strictly upper triangular 4 by 4 matrices over K, and get the following signs:

and

62



The element w = X-a-p^X-p-^^ — X-p^X-a-p-^^ lies in the centre Z(ul (5/4)) = 

since A is generated by X_a>i, X-^i and X_7)i, and we have

and

and

We note that w is not contained in the left hand side of (5.22).

5.2.2 The centre of u~(sl^)

We now restrict our interest to the Lie algebra Q = 5/3, and we obtain a complete 

description of the centre Z(u~(sl^)) for all n > 1. Throughout the subsection we use 

the notation A; = ^(slz). Define AO = K.

Let $+ = {«,/?,« + /?}, and recall that in u~(sl3) we have X£7)1 = X^ip = • • • = 

Xp _, = 0 for all 7 G 4> + . With the sign choice for s/3 introduced in Chapter 3, we
— 7,pn ! '

have X-a-0,i = [X^ijX-a.i]. Recall from Lemma 1.6.5 that X-a-ftta = X_^f0 X_a ,0 - 

X-af0X-/j,a - E'ii"1 X_a ,a_jX_^,a_jX_a_/3,j for 1 < a < pn , and we see that the centre 

of An is

Z(An) = {^ € An I wX_7ij = X_7jw, 0 < j < pn for all 7
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6 An | uX-^,pi = X_7)P.-U>, 0 < i < n for all 7 € 

= {u; € An | uX_^tpi = AL^u;, 0 < i < n for all 7 G A}

Recall that for fc 6 Zp we let c = cjt be the smallest integer such that kc ^ p—l. We notice 

that X_7>a X_7)fc = (**°jX_%fc+0 , which is zero for 1 < a < pc — 1. Assume k < pl <pn , 

then, as can be seen by looking at the calculations in the proof below, Ac • X-a-p,k is 

contained in Z(A,-), since every term contributed from a non-zero commutator vanishes. 

We have

<k<pn-l ACfc • X-a -(3,k Q Z(An ). (5.23)

In fact we obtain equality: 

Proposition 5.2.3 The centre of An is

Proof: According to (5.23) it is sufficient to check that no element from An \®o<fc<pn -iACfc 

X-- is contained in the centre. These elements have the form

where c;^ = 0 whenever both i and j are strictly smaller than p°k , or phrased differently:

If Ci^fc 7^ 0, then either i or j is at least pCk . (5.24)

Using Lemma 1.6.5 we get

1=1
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and

-lX-a-p,k+l- (5-26)
1=1

For u to be in the centre we need (5.25) and (5.26) to be zero for 1 < a < pn — 1. Starting 

with a = 1 the two equations become

0 = uX.ail - X.a^ = Y, ci,i*(k + VX-ajX-M^X-a-w+i, (5.27)

and

0 = X-ptiu - wX-pt i = ^Cijtk(k + tyX-aj-iX-pjX-a-ptk+i- (5.28)

For Cijtk to be non-zero (5.27) gives that j = 0 or fc + 1 =0 (mod p), and (5.28) gives 

i = 0 or A; + 1 = 0 (mod p). By (5.24) we can not have i = j = 0, and therefore 

k -f 1 = 0 (mod p), that is Ck > 1. Setting a = p in (5.25) and (5.26), then we obtain 

* j = 0 (mod p) unless / = p, and therefore

'fr -i- n\ 
0 = uX- — X- u = V c \ \X- X- _ X_ _ (5 29)

and

(/b + P\ 
jX-aj-.pX-pjX-a-frk+p- (5.30)

Equations (5.29) and (5.30) together imply that for c^* to be non-zero either i < p 

and j < p, or we have c* > 1. From (5.24) we know that the former can not be the 

case, and therefore ck > 1. This line of arguments continues for a = p2 , p3 • • • ,pn-1 , and 

hence c^ > n — 1. Thus there are no elements in the centre of An , which are not in

Corollary 5.2.4 The centre of Kn has K -dimension,
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Proof: Follows from Proposition 5.2.3 by collecting terms with the same ACfe , starting with 

Aco , and counting:

Corollary 5.2.5 The centre ofU~(sl3 ) is

Proof: An element in Z(An ) is in the centre of t/~(s/3 ) if and only if it lies in the inter­

section nm>n z(Am ). n

5.3 Generators and relations

This section contains a presentation of u~ as a quiver algebra with generators and rela­ 

tions. We use this description of u~ in section 5.4 below. Let $ be the irreducible root 

system corresponding to Q with simple roots A = {«!, a2 , • • •, a:/}, / = |A|. With respect
^

to < we have a unique maximal root, call it /?.

In HI we have XLa,i = 0 f°r a^ « € $+ , and for a 6 $+ \ A there exists a commutator, 

which generates X_a,i, e.g. a = a\ + 0:2, ^-a,i = cai , a2 [^-ai f ij-X'-a2,i] f°r some constant 

cai ,a2 (see [Hump] 25.2).

Observation 5.3.1 The quiver corresponding to u^ has one vertex and / arrows corre­ 

sponding to X-aj i for a € A , call them fli, 02, • • •, «{• The relations aj = a£ = • • • = af = 

0, (ai«2 — «2«i)p = 0 etc., which correspond to relations in uj~, are satisfied. For u~ we 

have / • n arrows corresponding to X_aipi for 0 < i < n and a € A.

66



a O

Figure 5.1: MI (5/3) quiver.

Example 5.3.2 Recall the sign choice made for 5/3 in Chapter 3, [X-p, X-a ] = X-a-p. 

(1) The quiver for u^(sl^) has two arrows, a and 6 say, where a corresponds to X-a ^\ and 

6 to X-p,i. The relations are

ap = b" = 0, (ba - ab)p = 0, a(ba - ab) = (ba - ab)a, b(ba - ab) = (ba - ab)b.

Hence

~ #{a, &)/(ap , &P, (6a - a6)p , a 2 6 - 6a2 , 62 a - Ibab + a62 ).

See Figure 5.1.

(2) The quiver for wj(s/s) has four arrows, a, 6, c and d say, where the correspondence 

is a to Jf_a,i5 & to -X_/?,i, c to X_a)p and </ to X-ptp . See Figure 5.2. Use the notation 

e = (dc-cd- Ef=J ap-j /(p - j)\^~j /(p - j)\(ba - ab)>/j\). Then the relations are

ap = V> = cp = dp = 0, (6a - a6)p = 0, ac = ca, M = 

a2 6 - 2a6a + 6a2 , 62 a - 26a6 + ab2 ,

c(ba — a6) = (ba — a6)c, c?(6a — ab) = (ba — ab)d,

ep = 0, ae = ea, be = eb, ce = ec, de = ed,

ad = da- babp~ l /(p - 1)!, be = cb + aba^^p - 1)!.

Using Wilsons theorem ((p— 1)! = —1 (mod p)), the relations can be somewhat simplified
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a O b d

to get

Figure 5.2: u2 (sl3 ) quiver.

ap , 6", <? , dp , (ba - ab)p , ep , 

ac — ca, bd — db, ad — da + 6a6p~ 1 ,

c(6a — a&) — (6a — a6)c, d(ba — ab) — (ba — 

ae — ea, be — eb, ce — ec, de — ed, 

a2 b - 2aba + 6a2 , b2a - 2bab + a62 ).

5.4 A group algebra, KG

In this section the possibility of finding a suitable group Gf , such that ttf is isomorphic to 

the group algebra, KG, where A' is a field of characteristic p, is investigated. And more 

generally we ask, whether we can find G, such that u~ is isomorphic to KG. Since the 

dimension of u~ is a power of p, the group is necessarily a p-group.

5.4.1 A surjective homomorphism

We define a group by
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Definition 5.4.1 Let Gn be the group

Gn = (^.-,0 < j < n -

.

Especially we have

G! = (Xaitl | on 6 <&+).

Remark 5.4.2

(a) The group Gn is finite, since the elements are in the span of the H; ^-a,,j< f°r 0 < 

ji < Pn — 1 over a finite field.

(b) For Q = 5/2 we have Gn ~ Cp x (7P x • • • x Cp with n copies of the cyclic group of 

order p.

Let K be a field of characteristic p, and G a finite group, then the group algebra KG has 

K-basis {g \ g 6 G} with algebra multiplication induced by the group multiplication. For 

a subset X of G we write [X] for the sum ^g^x 9- Then [X] is an element in KG.

Lemma 5.4.3 We have an algebra homomorphism,

i -> A = HI ,

mapping Xa{ ,\ to Y^=o^ai,j- The homomorphism i[> is a surjection.

Proof: We have a natural map sending Xai ,\ to Y?j=oXat ,j and with linear extension we 

get an algebra homomorphism. According to Corollary 5.1.2, the image of the /f -basis 

elements of KG\ span A. Hence $ is surjective. D

From [Passman] Lemma 3.4 we have
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Lemma 5.4.4 Let G be a finite group, and K a field. If G = G\ x G<z, then the group 

algebra is an algebra tensor product

KG = K(d x G2 ) * KG1 <8> KG2 . 

Proposition 5.4.5 Let Q = sl-i, then we have

~ KGn =* K(CP x Cp x • • • x

for n > 1.

Proof: Since Xa^i and Xatpj commute, this is an immediate consequence of Lemma 5.4.4 

and Proposition 5.1.3. D

Now we study the subalgebra wj~ of the hyperalgebra for a finite dimensional semisimple 

Lie algebra. The main result is stated in Theorem 5.4.11 below. For the proof1 we need 

some more general results and notation.

5.4.2 Conjugacy classes

Lemma 5.4.6 Let H be any finite group. Let K be a field of char K = p, and KH the 

group algebra of H over K , with group basis {h \ h <E H} and algebra multiplication given 

by the group multiplication, g • h = gh. LetC(H) = spanK {xy - yx \ x, y e KH}, then

C(H) = {£>/> € KH | £ ch = OforX € C7(#)},

where Cl(H) denotes the set of conjugacy classes of H.

Proof: This can be found on p. 426 in [Kulshammer] D 

We use the Lemma in the following way:

1 The strategy was suggested by Dr K. Erdmann
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.i-V

Let A = wj", and assume that A ~ KG for some finite p-group G. Let ft be the 

maximal root, then X^fl 6 Z(A) and X_p l € [A, A]. From Lemma 5.4.6 follows that

(5.31)

where [Ct-] is the class sum of the conjugacy class £,-.

5.4.3 Loewy structure of A

The algebra A is local, since spa,nK {X-aitai X-a2ta2 - • • X-aN , aN | at- > 0 for some i} is a 

nilpotent ideal of codimension 1 .

Let J — radA. We have A filtered by the powers of J\ and by induction on ht(a) it 

can be seen that

X.atl E Ja , (5.32)

where a = ht(a) = Y^i ai for a = Z); aiai with on 6 A.

Let V be any finite dimensional t/-module with highest weight A. Set

then

• • • C V(r) C V(r - 1) C • • • C V(l) C V(Q) = V.

It is clear that

and hence
= 0.

Specify V = 5fi, the Steinberg module, with highest weight vector v+ . Then V has a 

A'-basis
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where 0 < rt < p. Looking at X.a> i from (5.32) we get

-«X € V(a) \ V(a + 1).

Thus we obtain

and

In particular, the maximal root J3 is a sum of g— 1 simple roots, where g is the Coxeter 

number, and therefore

X_fa € J9 ~ l \ J9 . (5.33) 

5.4.4 Loewy structure of KG

Suppose G is some p-group. We summarize results by Jennings (see for example [Huppert]) 

on the Loewy structure of KG.

Let V> '• KG — > K be the algebra homomorphism sending g € G to 1. Denote by u the 

augmentation ideal in KG, that is the ideal which is ker^. We have a A'-basis for u;

span{# - 1 | 1 ^ g G G}.

The augmentation ideal is nilpotent, hence we have UN = 0 for some N. According to 

[Passmann] 8.1.17 the augmentation ideal is the Jacobson radical. 

Let Gr be defined as

Gr = {g G G | g - 1 € u/}.

Then we have a finite chain

1 = GN C GN-i C •• • C G2 C Gt = G.
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The G>'s are all normal subgroups of G, and [Gr ,Gs ] C Gr+s . Therefore Gr /Gr+ i is 

abelian. Moreover, if a: € G>, then xp € Gpr , since xp - I = (x - l)p over a field of 

characteristic p. In particular, xp G G>+i, and therefore the quotient group Gr /Gr+i is 

elementary abelian.

By [Huppert] VIII 2.7 we have

Gr = *r

where Kr (G) is the group occurring in Jenning's Theorem:

(5 - 34)

with 7t- defined by

= <?, 7.-(G) = [7,--i(<?), G] for i > I.

If w^ Gt\Gi+i, then

(u; - 1) € w1'W+1 (5.35)

according to [Huppert] VIII Theorem 2.6.

5.4.5 Class sums: reduction

We investigate bounds for k such that the class sums [C], where \C\ > 1, belong to Jk . 

The first step is a reduction:

It suffices to consider the conjugacy class of x in H, where CG (x) has index p in H. 

To see this, let us recall the following known results: For a group W with elements y and 

z we have Cw(zy ] = Cw (z}y . For a finite p-group G we have, G contains an element of 

order p, and furthermore, if H is a proper subgroup of G, then H is a proper subgroup 

of NG(H), the normalizer of H in G.

73



Now fix an element x € C, where \C\ > 1, then CG(x) is a proper subgroup of G. 

Furthermore, there exists an element e ^ g 6 NG (CG (x))/CG (x) such that gp = e = 

CG(x). For some^ € ArG (CG (x))\CG(x) we conclude CQ (x) = gp = (gCG (x))p = gpCG(x), 

and hence gp € CG(x). That is there exists an element

g€G\ CG(x),g € NG (CG (x)) and <f € CG (x).

Define a subgroup H of G by

H = (CG (x),g) < G.

Then CG (x) has index p in H. Let {#;} be coset representatives of H in G, and let C be 

the conjugacy class of x in #, then

[C] = £[<*]«'. 

Since J* is closed under conjugation and addition we get the reduction:

[C] € Jk implies

5.4.6 Class sums: Jennings basis

Keeping the same x as above, we now determine an expression of [C] in terms of a Jennings 

basis for KG (see [Huppert] Theorem VIII 2.6). We have CG (x) < H = (CG (x),g). 

Then the elements 1,#,#2 , • • • ,5rP~ 1 are coset representatives for CG (x) in H, and with 

x9 = g~ l xg we have
~ (5.36)

Since all elements of H normalize CG(X), we get CG(X) - CG (x9') for all i € {0, 1, • • • ,p-
^

1}, and therefore any two elements in C commute.
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We introduce some additional notation. Let

= x~ lg~ lxg — x~ lx9 ,

then x9 — xwi. Observe that (x9 )9 = (xwi)9 = x9wl, and let w2 = ^l w{, then 

iuf = Wiw^i and therefore x9 = xw$w<>. Define
•*• X *

= w~ l wl for 2; > 1.

We note that w\ G <32 , actually Wi G Gi+i. Let r be maximal such that wr ^ 1. 

By an induction argument on fc we obtain

m m 
a;5 = arwjjt^2 ' • - • wY} for 0 < fe < p - 1. (5.37)

Let X{ = ^ — 1 G A'G, then (5.37) becomes

xgk = x(Xi -f l)*(Xa -f 1)® • • • (Xr + 1)(9 for 0 < A? < p - 1. (5.38) 

Recalling (5.36) we obtain

(Xr + 1). (5.39)

Recall that (5.39) may be expressed as a linear combination of monomials Xf 1 XJ2 • • • X"r , 

and the coefficients are given by binomial formulae.

We know that w\ € GI, and Jenning's theory (see (5.35)) implies that Xi Go;2 . 

Similarly, Wi € Gi+i implies X,- € w* +1 . This means that X5 _i € a;5 . Furthermore, 

XfXj1 G a;0('+ 1 ) +60'+1 ). Now XrXJ2 • • -Xrar G u;m , where m = ELi a,-(f + 1).

5.4.7 Binomial coefficient formulae

By an induction argument on a, using Pascal's formula, we obtain
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Lemma 5.4.7 Let a and b be positive integers, then in Z

T

Corollary 5.4.8 Let a and b be positive integers, then in Z

Proof: We obtain

. 
>, = > , I — > L where s = k + a

by Lemma 5.4.7 
a

by Lemma 5.4.7.

D

Lemma 5.4.9 Let a,by c and k be positive integers, then in Z we have

'k\(k + c\_^f 1VE _JY« + ^^ + c + jV* + c + ^

Proof: For a = 1 we have

_- J

And the induction step follows as

k

fa _ i _|_ c> 
J=u ~ ir * \a-l-JJ\ J

A (k + c
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since

a-1

0

' a ~ 1+CV . _L -W (b. (a + c + jj/a

'a-l + c^fc + c + j-r
3~

o )\ 0 _;~ 1W« + <0/<"
fa + c\ /A; + CN 

a JU +

^ -f c + a>

a - 1 + c\ . , 
+ 1 . b/a

a\/A;
a

j=o

a

a

a — 
.a —

a + c . . 
a + c)/a

a —

a

a-\- c 
,a —
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Lemma 5.4.10 Let a,b and k be positive integer, then in Z

fk\ 

J)

6 

is a finite sum of binomial coefficients of the form

where 0 < c < a(b — 1). 

Proof: We have that

and by induction assumption [>°{) is a finite sum of binomial coefficients of the form 

c ' an<^ theref°re the result follows using Lemma 5.4.9. D

Theorem 5.4.11 Let A = wj~. Assume there exists a p-group G, such that

K~KG,

then char/f = p < g, where g is the Coxeter number.

Proof: We identify A with KG (to simplify notation), then J is identified with w. Let 

be the maximal root, then X_ptl € J9' 1 \ J9 (see (5.33)). Moreover, by (5.31) we have

-t,i = E «[<y> (5.40)

where [d] is the class sum of the conjugacy class d- Hence there exists some class of 

size greater than 1 such that its class sum belongs to J9' 1 \J9 . To prove the theorem, 

we show that the hypothesis g < p implies that [d] € J9 for all conjugacy classes with 

\d\ > 1. Let [C] be a class of size greater than 1, and let C be as in (5.36). It suffices to
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show that [C] G J9 . We found in (5.39) that

A (5.41)
k=0

and since a; is a unit, which does not change the power in the radical series, we must show 

that

4- I)® • - • (Xr + !)(*) G J5 . (5.42)

We can expand this expression, and examine whether the sum in each degree lies in J9'.

We know that w\ G GI, and Jenning's theory implies that X\ G «/2 . Similarly, Wi G 

d+i implies X{ G Jt+1 . This means that Xg-i G J9 . Furthermore, XfX] G Ja(i+1 )+t(j+i).

For degree zero we have ]Cj=o 1 = p = 0 (mod p). In case of degree one we look at 

each Xi for 1 < i < g — 2, and we get Z)Co (*)• Using Lemma 5.4.7 this is L-+J), which 

is zero (mod p) because z + 1 < g < p (Lemma 1.2.3). For degree two we need to check 

the coefficient of X{Xj, when (i + 1) + (j + 1) = i + j + 2 < g, (else in J5 ). Let i ^ j, 

then the coefficient is g(m <->k=o

According to Lemma 5.4.9 this is

p—l i

1=0

We have j a positive integer, and i + j + 1 < p, therefore by Lemma 1.2.3 j is zero 

(mod p) for all 0 < / < *. For i = j the coefficient is

p-1 

k=0
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By Lemma 5.4.9

Summing up over the fc's, and using Corollary 5.4.8 we obtain

P

which is zero (mod p), since i + j -f 1 < p.

This argument can be extended to degree b > 1, where we only need to look at the 

coefficient of X%X% - • - Xf/, where £/=i a, = 6 and £?=1 a/(*/ + 1) < £ < P (else the 

element is in J9 ). The coefficient is of the form

'k'
**) \...i \t.t \ (5.44)

as

This we can think of as

( k -l)...( -a^. 1 + l)/a*. l \u]. (5.45)

Now use Lemma 5.4.10 on (^5 ')> and Lemma 5.4.9 several times with the (. h_ J expres­ 

sions. Continue with 5 — 2 etc., and it follows that (5.44) can be written as finite sums of 

binomial coefficients of the form (*+cc), where we have i s + c < p, since £f=1 «/(«/ -f 1) < p. 

Summing over the fc's, we obtain zero (mod p) with Corollary 5.4.8. D

Remark 5.4.12 From the degree one analysis it follows that p < g is the best bound we 

can get using this method.

In the special case char/f = 2 and Q = sl3 , we find
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Proposition 5.4.13 Assume that char K = p — 2. Then we have an isomorphism

~ KD,

where D is the dihedral group of order 8,

D = (<r, r : <r2 = 1 = r2 , (<rr) 2 = (r<r)2 )

Proof: According to Example 5.3.2 we need to prove

KD ~ K(a,b)/(a2 ,b2 ,(aby - (6a)2).

Let a = 1 + CT, 6=l + r and the result follows from straightforward calculations. D

Turning to a general hyperalgebra we actually have not been able to establish whether 

such groups exist or not. Calculations become rather complicated already for 5/4.

Let us assume that p = 2, then we deduce from Example 5.3.2 (2) that

tij-(5/3) * K(a, b, c, d)/ (a2 , b2 , c2 , d2 , (ba - ab) 2 , (dc - cd) 2 ,

ac — ca, bd — db, ad — da — bab, be— cb — aba).

The subalgebra generated by a and 6, call it w, corresponds to the subalgebra iij 

which, according to Proposition 5.4.13, is isomorphic to KD, where D is the dihedral 

group of order 8. If we equip the associative algebra w^"(s/3 ) with the usual Lie algebra 

structure, then u is a Lie ideal.

Assume that a p-group G with a subgroup H exists such that w^"(s/3 ) ~ KG, and the 

subalgebra Ui(sl3 ) of wJ(^/3 ) is isomorphic to KH. The above observation about Ui(sl3) 

being a Lie ideal implies that for all h € H we have gh = kg for elements g lying in G 

but not in H. Hence H is normal in G. Calculations with arbitrary choices for a, 6, c and 

d expressed in the KG basis show that it is impossible to find a group, for which all the
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relations are fulfilled at the same time. This leads to:

Observation 5.4.14 Assume p = 2, then no p-group G with a subgroup H exists such 

that 1^(5/3) 2* KG, and the subalgebra u{(slz) of 1^(5/3) is isomorphic to KH.

5.5 A restricted enveloping algebra,

We start with a finite abelian p-group G, and we find that t/^(Lie(G)), the restricted 

enveloping algebra for Lie(G), is the group algebra KG, where K is an algebraically closed 

field of characteristic p. Recall the results about G in section 5.4 above. 

We define the Lie algebra associated to G by

,N

where the Lie bracket is the linear extension of

-lL-1,= ghg~ h

for g G Gr and h € Gs . It is a p-Lie algebra with p map

Gpr /Gpr+1 for x = gGr+l £ Gr /Gr+1 ,

(see [Huppert] Chapter VIII, 9). We recall that the restricted enveloping algebra U^ is 

obtained from the usual enveloping algebra by factoring out the ideal generated by the 

elements x^ - xp for x in the Lie algebra.

Example 5.5.1 Look at the cyclic group of order 4, and let the characteristic of the field

be 2.
G = (x | x4 = I).

We get
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where X=x-l. Furthermore,

u2 = sp&nK {X2 , X3 }, a;3 = spanK {X3 } and u;4 = 0.

Hence

d = G, G2 = (l,z2 ) andC?3 = l,

and

where Gi/G2 is generated by a = xG2 , and G2 /G3 is generated by 6 = x2 G$. The p-power 

map looks like a^ = z2 G3 = b and 6^ = 0. And we have [a, 6] = 0, since G is abelian. 

From this it follows that the restricted enveloping algebra is

U[2] (Lie(G)) = K(A, B \ A2 = B, B2 = 0) = K(A \ A4 = 0).

Hence for G cyclic of order 4

KG~U[2] (Ue(G)).

Generally we obtain

Proposition 5.5.2 Let G be a cyclic group of order pn , and K afield of characteristic

p. Then
KG ~

Proof: Let G = (x \ xp" = 1) be a cyclic group of order pn , then we have a chain of

subgroups

l = Hn < Hn-i <---<H2 <Hl <H0 = G,

where Hi = (xpt ). Recall the notation introduced in section 5.4.4, then

u; = x - I,*2 - !,••• ,x^~l - 1} =
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where X=x-l. Furthermore,

u;2 = sa,iiXX3 • • -Xpn ~ 1 , • - • "' 1 = sanX^-1 and ^ = 0.

Since the characteristic of the field is /?, we obtain Xp = (x - l)p = xp — 1, and therefore 

xp E (jf for 1 < r < p. Moreover, we observe x 0 u;r for 2 < r < p, and we conclude that

and

With similar arguments we get

Gp+1 = Gp+2 = • - - = Gp2 = (1, xp ) = #2 ,

= • • • = Gpn — (1) = Hn .

Hence

Lie(G) = Gi/Gp ® Gp/Gp2 0 - • • 0 Gp»-i/Gp»,

where Gy/Gy+i is generated by a; = xp'Gpi+\ for 0 < z < n — 1, and the p power map 

sends at to ai+i . The restricted enveloping algebra is

= K(Al \ Ap" = 0). n

Lemma 5.5.3 Let Qi and Q2 be two Lie algebras over K with enveloping algebras Ui for 

i = 1,2. Let Q — Q\ x £2 with enveloping algebra U. Then
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Similarly, suppose we have two p-Lie algebras, then the restricted enveloping algebra of Q 

is

Proof: For the first statement see [Bourbaki] 2.2. Suppose Q\ and Qi are p-Lie algebras, 

then one can show that the following is a p-map

\p]:G

Let 7t be the ideal of U{ such that C/z- = £/",-/ /,- for z = 1,2, then the ideal I of U such 

that t/W = £/// is identified

/ = /i 0 1 + 1 ® 72 . D

Theorem 5.5.4 Let G be a finite abelian p-group. Then

KG ~

Proof: Any finite abelian p-group is a direct product of cyclic p-groups, and the result 

follows from Lemmas 5.4.4 and 5.5.3 and Proposition 5.5.2. D

Before looking at an example, an induction on k gives us

Lemma 5.5.5 Let

'\ a b
9 = 0 1 c I, 

{0 0 1

then , . ,, ti,\
l\ ka kb+(*)ac

gk = 0 1 kc 
\0 0 1

In particular, if p > 2 then gp = 1 /or all g^G, where
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G =
I a b 
0 1 c a, 6, c € F? (5.46)
0 0 1

Example 5.5.6 Let G be the above group (5.46) of order p3 . To calculate Lie(G), we 

need G>. Assume p > 2, then Lemma 5.5.5 implies that 7;(G)P> = 1 for all j > 1, and 

therefore (5.34) simplifies to

For our G we get

f/1 0 a\]
0 1 0

l\o o i)
73 = 1-

Therefore

where

'/I 0 aV
{!/ = Crs < LJ2 = < I 0 1 0 > < GI = G,

AC o i/.
has order p2 , and G2 /G3 — G2 has order p. Fix a basis of G/G2 , e.g. 

where

1 1 0\ /I 0 0
a?i = | 0 1 0 and z2 = 0 1 1 | .

0017 \0 0 1

Then
1 0 1\

G,[Xi,X2 ] = [ziG2 ,z2G2 ] = xix2 a?f 1 xJ 1 G3 =[010
o o iy

which is central. Hence Lie(G) is the 3-dimensional Lie algebra over Fp with basis X\, X2 

and [J^i,^], where [Xi,^] is central. According to Lemma 5.5.5 the p-map is trivial.

(5.47)

We obtain

f/[p] (Lie(G? )) ~ Ui(sl3) for p > 2

Corollary 5.5.7 Let the group be

G =
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and assume the characteristic of the field to be p > 2, then the group algebra KG is not 

isomorphic to gr(KG), where gr(KG] is the graded algebra with respect to powers of the 

augmentation ideal, uj.

Proof: By [Quillen] we have gi(KG] ~ U^(L\e(G)). The right hand side is isomorphic to 

Ui(sls) according to (5.47). From Theorem 5.4.11 we know that this is not isomorphic to 

a group algebra, when p > 2. Therefore gr(KG) is not isomorphic to any group algebra, 

and in particular not isomorphic to KG. D
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Appendix A

Reduce program

This appendix contains a Reduce program. The program is described in Chapter 3, where

it is used to calculate some examples.

This procedure calculates n! for n a positive integer.

procedure fac n5;
if (not(fixp(n5)) or n5<0) then rederr "FAC called with invalid argument"
else
if n5>l then n5*fac(n5-l)
else 1;

This procedure calculates the binomial coefficient for n an integer, m a positive integer.

procedure bin(n4,m4);
if (not(fixp(n4)) or not(fixp(m4)) or m4<0) then

rederr "BIN called with invalid argument" 
else 
(for il:=(n4-m4+l):n4 product il)/fac(m4);

This procedure finds the smallest t, such that n lies between pl and pl+l .

procedure findb(n3,p);
if (not(fixp(n3)) or not(fixp(p)) or n3<0) then

rederr "FINDB called with invalid argument"



else

while p**il <- n3 do il:=il+l;

This procedure calculates the matrix with the / and g equations.

procedure mat r ee (r,s,p,n,m);
begin;
b:=f indb(n,p) ;
c:=f indb(m,p) ;
d : =m-n ;
el:=f indb(d,p) ;
f:=(b+l)*(n+l) - (p**(b+l)-l)/(p-l);
rows:= f

+(c+l)*(n+l) + (c-el)*d
-( p**(c+l)-p**(el+l))/(p-l); 

columns :=n+l; 
matrix a(rows, columns) ;

for k:=0:b do
« f irstco :=k*(n+l) - (p**k-l)/(p-l) ;

for il:=l: (n+l-p**k) do 
« f irstco:=f irstco-H;

a(firstco,il):=bin(r+d+p**k+l-il,p**k); 
for j:=l:(il-l) do 

a(f irstco, j) :=0; 
for j:»il+l:(il+p**k) do

(if a(firstco,j-l)=0 then 
a(f irstco, j) :=
(-!)**( j-il)*bin(r+d+p**k+l-j,p**k-(j-il))*bin(m+l-il,j-il) 

else 
a(f irstco, j) :=

for j:«(il+p**k+l):n+l do 
a(f irstco, j) :~0;

for k: sO:c do
firstcor:-f+k*(n+l)+

(if d<p**(k-l) then (k-l-el)*d - (p**k-p**(el+l))/(p-l) else 0) ;
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for il:=l:(n+l-(if d<p**k then (p**k-d) else 0)) do 
« bound :=min(il+p**k,n+l); 

f irstcor : =f irstcor+1 ;
a(f irstcor,il) :=bin(s-m+il+p**k-l,p**k) ; 
for j:-l:(il-l) do

a(f irstcor, j) :=0; 
for j :=il+l:bound do

(if a(firstcor,j-l)=0 then
a(f irstcor, j) :=bin(s-m+il+p**k-l,p**k-(j-il))*bin(n-H-il, j-il) 
else 
a(f irstcor, j) :=a(f irstcor, j-1)

for j :=(bound+l) :n+l do 
a(f irstcor, j) :=0;

return a; 
end;

This procedure finds the value of t modulo p

procedure prest(tt,p); 
(tt-remainder(tt,p))/p;

This procedure checks through all (n, m) values, where n = m = r + .s + 2 (mod p) and 

n < m. It returns the (n, m) for which /z = (r, s) — na — m/3 is a primitive weight.

procedure pweight(r9,s9,p);
begin;
setmod p;
tt:=r9+s9+2;
z9:=O;
for il:=0:prest(tt,p) do

for j :=il:min(il+prest(s9,p),prest(tt,p)) do

n9:=remainder(tt,p)+p*il; 
m9:^remainder(tt,p)+p*j; 
if m9 neq 0 then

« a9:=matree(r9,s9,p,n9,m9);
on modular;
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b9 : =nullspace(a9) ;
if b9 neq {} then test:=t else test:=nil;
off modular;
if test then
« write "(",n9,",",m9,",",tp(first(b9) ),")";

if rest(b9) neq {} then write "bigger nullspace"; 
z9:=append(z9,{{n9,m9}}) ;

return (z9) ; 
end;

This procedure does the same as pweight, but does not check n = m again.

procedure pweightspecial(rlO,slO,p) ;
begin ;
setmod p;
tt:=rlO+slO+2;
zlO:=O;
for il :=0:prest(tt ,p) do

for j :=il:min(il+prest(slO,p) ,prest(tt ,p)) do

nlO : =remainder (tt , p) +p*i 1 ; 
mlO:=remainder(tt,p)+p*j ; 
if mlO neq 0 then

« if nlO neq mlO then
« alO:=matree(rlO,slO,p,nlO,mlO) ;
on modular;
blO:=nullspace(alO) ;
if blO neq {} then test:=t else test:=nil;
off modular;
if test then
« if rest(blO) neq {} then write "bigger nullspace"; 
zlO : =append(zlO , {{nlO ,

return (z 10) ; 
end;
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This procedure checks alln = m = r + s + 2 (mod p) for Z(r, s). It returns the values of 

(n, m) for which we have that fj, = (r, s) — na - m/3 is a primitive weight.

procedure pw(rh,sh,p); 
begin;
ah:=pweight(rh,sh,p);
bh:-pweightspecial(sh,rh,p);
lengthbh:=length(bh);
for j:=l:lengthbh do
« ah :=append(ah, {{second (f irst(bh)),first (first (bh))}}) ; 

bh:=rest(bh)»;
return(ah); 
end;

Now follows the other half of the program, where we calculate for what values of (n, m) 

we have first or second generation primitive weights. And we find the third generation 

primitive weights found in the Proposition in Chapter 3. 

This procedure gives the p-adic expansion of r with respect to p.

procedure padic(r8,p); 
begin;

a8:=O;
while r8 neq 0 do 
« rem:=remainder(r8,p); 

a8:-append(a8,{rem}); 
r8:=(r8-rem)/p

»;
return a8; 
end;

This procedure finds first generation primitive weights.

procedure priw(r7,p);

begin;
expand:«padic(r7,p);
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a7:-O; 
n7:=l;
17:=length expand;
expand : » append (expand , {0}) ;
if first (expand) S0 then a7:=append(a7,{l}) ;
for j :=1:17 do

n7:-n7+f irst(expand)*p**(j-l) ;
if
(remainder (n7,p**(j)) neq 0 or second (expand) =0) and
first (expand) neq 0 then 

a7:=append(a7,{n7}) ;
expand : =rest (expand) ;

return a7; 
end;

This procedure finds all second generation primitive weights of kind either X/3)TnXa,n or 

Xa,nXptm . To find the latter call the procedure with (s, r) instead of (r, s] and the result 

is (ra,ra) values.

procedure priw2(r6,s6,p) ;
begin;
h6:=priw(r6,p) ;
z6:=O;
Iengthh6 :=length(h6) ;
for j :=! :lengthh6 do

b6:=first h6;
c6 : =priw (b6+s6 , p) ;
Iengthc6:=length(c6) ;
for il:=l:lengthc6 do «z6:=append(z6,{{b6, first c6») ;c6:=rest c6;»;
h6:=rest(h6);

return z6; 
end;

This procedure finds the third generation primitive weight vectors found in Chapter 3. 

That is to say either of kind Xa^X^mXa^ or XpfrXa ,nXp^ where ti + t2 = m and
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procedure priw3(r3,s3,p) ;
begin;
setmod p;
h3 : =pr iw2 (r3 , s3 , p) ;
z3:={};
lengths : =length(h3) ;
for j3:*l: lengths do

b3 : =f irst (first (h3) ) ; 
c3:=second(f irst(h3)) ; 
w:=r3-2*b3+c3; 
if w > 0 then

d3:=priw(w,p) ;
Iengthd3:=length(d3) ;
for il:=l:lengthd3 do

while j<=min(first(d3),c3) do
« helps :=bin(b3+first(d3)-j ,b3) ; 

on modular; 
if help3*0
then «off modular; j:=j-»-l» 
else «off modular; j : = (min (first (d3) ,c3)+l) ;

z3:=append(z3,{append(first(h3),{first(d3)})})»;

dS:=rest(d3);»; 

hS : «rest (h3) ;

return (z3) ; 
end;

This procedure comes back with a list of all the (n, m) values for which we have a third 

generation primitive weight vector, using the methods in Chapter 3. Some (n, m) pairs 

might appear twice.

procedure primweight(r,s,p);
begin;
sl:=priw3(r,s,p);
nm:={};
lengths1:=length(si) ;
for j:=l:lengthsl do

irst(si));
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cl:=second(first(si)); 
dl:=third(first(sl)); 
nm:=append(nm,{append({bl+dl},{cl})}); 
si rarest(si);

sll:=priw3(s,r,p); 
lengthsll:=length(sll); 
for j:=l:lengthsll do 
« bll:=first(first(sll));

cll:=second(first(sll));
dll:=third(first(sll));
nm:=append(nm,{append({cll},{bll+dll})})
sll:=rest(sll);

return(nm); 

end;
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