Expressivity and Learnability of
Sequence Models

UNIVERSITY OF

OXFORD

Satwik Bhattamishra

Department of Computer Science

University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Michaelmas 2026



Abstract

In this thesis, we study the representational capabilities and learnability of
sequence models, with a focus on Transformers, the backbone of modern
large language models. We first investigate ezpressivity: whether and how
efficiently an architecture can represent a target function. For a range of
algorithmic tasks, we prove exponential separations between Transformers
and recurrent/state-space architectures, in the sense that one architecture
can compute a function with exponentially smaller model size than the
other. We further establish exponential separations between one-layer
and two-layer Transformers. We then study empirical learnability in
stylised in-context learning settings, treating sequence models as learning
algorithms. Using a controlled test-bed of Boolean function classes with
well-understood learning-theoretic properties, we identify differences in
the performance of Transformers, modern recurrent models, and long-
convolutional architectures. We further analyse learnability in additional
settings, and demonstrate connections between in-context learning in

pretrained large language models and the nearest-neighbour algorithm.

We theoretically analyse the learnability of sequence models under richer
forms of supervision, focusing on query models where a learner can request
labels of desired inputs. We provide new algorithms for learning single-
head attention-based models via queries in different oracle models and
parameter regimes. We then turn to deterministic finite automata (DFAs)
and study their learnability in a new supervision model relevant to the
identification of the support of language models. We first characterise the
identifiability of DFAs in this setting and establish hardness barriers for
learning from examples or from membership queries alone. Finally, we
introduce a query model inspired by the information one can obtain from
language models and give an efficient learning algorithm by extending
Angluin’s L* algorithm. We validate this approach through a systematic
empirical study that extracts DFAs from Transformer-based language

models trained on regular languages.
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Chapter 1

Introduction

1.1 Overview and Motivation

Humans have a remarkable ability to learn languages, reason about problems, and
generalise in a compositional manner. A long line of work in theoretical computer
science and theoretical linguistics has sought to formalise aspects of these abilities. In
formal language theory, grammars and state machines are used to precisely describe
classes of languages and their structural properties. In learning theory, models such
as identification in the limit and PAC learning make precise when a class of functions
is learnable from examples or queries. More recently, neural sequence models have
evolved rapidly, and researchers have developed models that mimic many aspects of
human language processing and reasoning, which now form the basis of widely used
systems. Apart from their applicability to various practical problems, they also provide

us with a computational object to understand more about learning and reasoning.

To study such systems in a principled way, it is useful to first understand what
kinds of tasks neural sequence models can represent or express, and how costly
those representations are in terms of resources such as depth, width, or number of
parameters. For instance, one might ask whether there exists a Transformer network
that can perform addition, or decide whether two strings are equal, and if so, what the
smallest such network is. Questions of this form fall under expressivity. Understanding
expressivity helps clarify which tasks are naturally easy or difficult for a given sequence-
modelling architecture, and where different architectures fundamentally diverge in
their capabilities. Moreover, since a model cannot learn what it cannot represent,

expressivity results provide an essential prerequisite for reasoning about learning.

At the same time, expressivity does not directly imply learnability. The existence of a

small model that computes a task does not mean that standard training methods can



efficiently find it from data, nor does it determine how many examples are required.
A central goal of computational learning theory has been to formalise and study
various aspects of the learning phenomenon from a computational perspective. Such
notions let us quantify the complexity of learning different tasks: informally, a task is
efficiently learnable if there is a learning algorithm that, given a polynomial amount
of data, runs in polynomial time and returns a hypothesis with low error. Conversely,
learning can be considered hard if no algorithm can find a good hypothesis within
polynomial time or resources. Hardness can arise for several reasons: the amount of
available samples may be insufficient to identify an accurate hypothesis (statistical
hardness); even when good hypotheses exist and the data is sufficient, the search
problem induced by learning may be computationally intractable (computational
hardness); or, as noted above, the hypothesis class may simply not contain a good

predictor (a representational limitation).

These considerations motivate studying expressivity and learning side by side, and
also motivate richer forms of supervision—beyond i.i.d. labelled examples—that can
make certain problems tractable. With this computational viewpoint in place, we now
turn to the dominant families of neural architectures for sequence modelling and the

different ways they store and process information over time.

Over the past decade, neural sequence models have become the standard approach
for modelling text and other sequential data. Transformer architectures [161] are
the backbone of large language models (LLMs) [28] and have also been applied to
sequences in vision and biology. Earlier recurrent architectures, such as RNNs and
LSTMs [73], were central in the development of sequence modelling but are not as
parallelisable as Transformers and do not scale well. More recently, there has been
considerable interest in developing more efficient recurrent and state-space models
[67, 66, 116, 122], which aim to retain some of the advantages of recurrence while
mitigating the quadratic inference cost of standard self-attention.

These architectures process sequences in different ways. For an input of length NV,
a Transformer maintains /N hidden vectors and allows each position to attend to all
others in parallel. Recurrent and state-space models instead propagate information
through a fixed-size hidden state that is updated sequentially. As a result, they impose
different constraints on how information can be stored and manipulated over time.
Despite this rapid empirical progress, our theoretical and conceptual understanding of
modern sequence models remains comparatively underdeveloped. We still lack a clear
picture of what kinds of computations these architectures can implement efficiently,

how design choices such as attention versus recurrence constrain their behaviour, and



under what forms of supervision they can learn particular tasks. A more principled
understanding is important for several reasons: (i) Architecture design. Understanding
which tasks are naturally aligned with a given model class, where its limitations lie, and
how we can improve them. (ii) Reliability and Safety. By enabling formal guarantees
and sharper analyses of failure modes. (iii) Language and learning. Since neural
sequence models can mimic aspects of human language processing and reasoning,
they offer concrete, analysable testbeds for hypotheses about language learning and

generalisation as well.

1.2 Contributions and Outline

In this thesis, we focus on understanding various questions around the representational
capabilities and learnability of sequence models. The main focus is on Transformers
since they are currently the most dominant architecture, but we also explore recurrent
architectures, as well as consider deterministic finite automata (DFAs). Our goal is to
understand both expressivity, in the sense of which functions or tasks these models
can in principle represent with bounded resources, and learnability, in the sense of
which such functions can be efficiently learned from data or queries under various
learning setups. We try to understand these questions theoretically as well as through
rigorous empirical analysis.

Broadly, the first part of the thesis focuses on analysis of the representational capabil-
ities of Transformers and recurrent models. The next part focuses on the empirical
abilities of neural sequence models to not only act as classifiers or language recognisers
but also act as learning algorithms. The third part focuses on theoretical aspects of
learning Transformers and automata under different forms of supervision.

The work in the thesis is an effort to address the following overarching questions:

(i) Ezpressivity. What kinds of functions and formal languages can Transformers and
recurrent /state-space models represent efficiently? Are there natural tasks for which
one architecture admits substantially more compact representations than another?
(i1) Empirical learnability. Beyond representational capacity, how do different sequence
models compare in their ability to learn these functions from data, both as sequence
classifiers and as in-context learning algorithms?

(i4i) Provable learnability with rich supervision. Can we design efficient algorithms
that provably learn sequence models such as DFAs or Transformers when given access
to richer forms of supervision, such as blackbox access to their outputs or additional

labels from a teacher?



Outline. We begin with a discussion of relevant background on sequential architec-
tures, models of learning, and related work in Chapter 2. The next four chapters form
the technical content of the thesis, and their individual contents are described in detail
below. We end with a discussion on some implications of the results as well as some

open problems in Chapter 7.

Neural sequence models like Transformers and RNNs can be viewed as computational
models, much like Boolean circuits or automata, which let us pose familiar complexity-
theoretic questions about their capabilities. We say a model can represent a function
f:X — {0,1} if it can produce the correct output for every input in the domain of
f. Informally, we will say that a sequence model can represent a family of length-/N
functions efficiently if there exist models whose size grows sublinearly in N (for
example, poly-logarithmically in V), and inefficiently if any such model must have
size linear in N (or larger). We make these notions precise in the context of particular
architectures and tasks, and use them to formalise separation results: tasks for which
one architecture admits efficient representations while another requires much larger
resources.

Separations in Expressivity. First, in Chapter 3, we analyse the differences in
the representational capabilities of Transformers and recurrent models. We begin
with a simple task called Index Lookup and show that for sequences of length NV,
one-layer Transformers of size poly-logarithmic in N can represent the Index Lookup
task, whereas no multi-layer RNN or SSM can represent the task with width o(V).
The task showcases how we can use communication complexity to derive lower bounds
for sequence models and how we can use almost orthogonal vectors to construct
small-sized Transformers. Those techniques are then used to derive several further
results. Notably, we prove a lower bound for one-layer Transformers on Dyck languages,
which leads to a separation between RNNs and one-layer Transformers. Further, we
show exponential separations between Transformers and RNNs on tasks like string
equality, Boolean functions, and the nearest-neighbour algorithm. Our results also
show the first exponential separation between one-layer and two-layer Transformers on
Boolean functions such as disjointness and string equality. Lastly, we conduct various
experiments to compare the ability of Transformers and RNNs/SSMs to compute
tasks like Index Lookup and bounded Dycks, and find that the tasks which are easier
for a model to represent generally align with their empirical performance when trained
on those tasks. Chapter 3 is based on Bhattamishra et al. [21]|, which was published
at NeurIPS 2024.



Transformers as Learning Algorithms and In-context Learning. Second, in
Chapter / we move from worst-case expressivity to empirical learnability, treating
Transformers and related architectures as learning algorithms in stylised in-context
learning setups. We construct a test-bed of Boolean function classes with well-
understood learning-theoretic properties and train Transformers from scratch to
perform in-context prediction from sequences of labelled examples. We find that
Transformers can nearly match the performance of optimal learning algorithms on
several ‘simpler’ classes, while their performance deteriorates to near-random on more
‘complex’ classes, such as parities, even though efficient algorithms are known in that
case. We also evaluate recently proposed attention-free sequence models and observe
that while they often match Transformer’s performance, they exhibit clear gaps on some
tasks, sharpening our understanding of what aspects of in-context learning are specific
to attention. We then introduce teaching sequences—carefully chosen examples that
uniquely identify a target function—and show that Transformers are able to exploit
such sequences to learn more sample-efficiently. In particular, a single Transformer can
learn to implement two different algorithms for the same task and adaptively choose
the more sample-efficient strategy when the in-context examples form a teaching
sequence. Finally, we adapt this framework to pretrained LLMs by (i) training only
the input embeddings of a frozen GPT-2 model, and (ii) prompting models such
as LLaMA-2 and GPT-4 directly with Boolean inputs. In both cases, we observe
non-trivial in-context generalisation competitive with nearest-neighbour baselines on
prediction problems that are guaranteed not to be contained in the pretraining data,
indicating that these models can implement genuine learning algorithms to some
extent over in-context examples. Chapter 4 is based on Bhattamishra et al. [22], which
appeared at ICLR 2024.

Learning Attention with Queries. In Chapter 5, we focus on provable learnability
and present new algorithms for learning attention-based sequence models from blackbox
access to their outputs. In this setting, a learner can query any sequence of vectors
to a value-query oracle and obtain the output of the target model. We begin with
one of the simplest sequence architectures: a single-head softmax attention-based
regressor with width d. We show an elementary algorithm that exactly recovers
the parameters of such a model using only O(d?) queries. We then prove that any
algorithm for learning one-hidden-layer ReLU feedforward networks can be leveraged,
via a simple reduction, to learn one-layer Transformers with single-head attention
under the structural assumptions required for the feedforward network. When the

head dimension r < d, we further obtain a randomised algorithm, based on ideas



from compressed sensing, that learns the single-head attention model with only O(rd)
queries. We also analyse robustness to noise in the oracle, showing that the parameters
can still be estimated to accuracy € in polynomial time when the oracle outputs are
only specified up to an additive tolerance 7 with 1/7 = O(d). Finally, we consider
multi-head attention and show that, in general, the parameters are not identifiable,
the parameter—function map is not injective, and hence learnability in the same sense
is impossible without further assumptions. Chapter 5 is based on Bhattamishra et al.
[24], which is accepted at ICML 2026.

Learning Automata with NSP queries. In Chapter 6, we analyse the learnability
of deterministic finite automata (DFA) in a new setting tailored towards learning the
support of modern language models. In this setting, called Next Symbol Prediction
(NSP), a learner has access to only positive examples together with, for every prefix, (i)
which prefix is in the language, and (ii) which next symbols can lead to an accepting
string. This setting has been used in prior work to empirically analyse neural sequence
models, and additionally, we observe that efficient algorithms for the NSP setting can
be used to learn the (truncated) support of language models.

We first show that the class of DFAs with at most n states is identifiable from positive
examples augmented with these NSP labels. Nevertheless, even with this richer
supervision, we show that PAC-learning DFAs remains computationally hard, and

exact identification using only membership queries cannot be achieved in polynomial

*

time. We then present Lj,, an extension of Angluin’s L* algorithm, and show that

DFAs can be PAC-learned efficiently using a language-model-based teacher that
answers membership queries and generates valid strings conditioned on prefix prompts.

Finally, we conduct a comprehensive empirical evaluation on 11 regular languages of

*
nsp?

models trained on regular languages to evaluate the algorithm’s effectiveness and

varying complexity. Using L | we extract DFAs from Transformer-based language

identify erroneous examples. Chapter 6 is based on Bhattamishra et al. [23] which
appeared at ICLR 2026.



Chapter 2

Background

2.1 Sequence Models and Architectures

Transformers are part of every technical chapter in the dissertation. Broadly, we
follow the standard definition of Transformers [161] but use them in different forms
such as classifiers, regressors, or as language models. For technical chapters with
proofs related to Transformers, we define the exact model and notation formally in
the corresponding chapter for easier readability. Below, we define Transformers in a
general manner, followed by a discussion of the specifics of different chapters.
Transformers can be viewed as a sequence model that maps an input matrix X €
RM*4 (a length-N sequence of d-dimensional vectors) to an output of the same shape
RY*4  Each layer consists of two blocks applied to X: a multi-head self-attention
block and a position-wise feedforward block. Layers are stacked, and in practice, both
blocks are wrapped with residual connections and layer normalisation.
Self-attention. For a single attention head with head dimension dpe.q, we fix
projection matrices Wy, Wi, Wy, € Ré%eadxd and define the query, key, and value
matrices Q(X) = XW,, K(X) = XWy, and V(X) = XWy € RV*%ed, Writing
qi, k;, v; for the i-th rows of these matrices, the attention weights and output at

position ¢ are

exp((ai. k;)) -
Ojij(X) = N ) s Att(X)z = Z O[ij<X) Vj.
21 exp((di, ki) st
Collecting the rows gives the single-head attention output Att(X) € RY*dnead,
Multi-head attention. Multi-head attention uses H heads in parallel. Head
h € [H] has its own projection matrices W(h), W[((h)7 W‘Sh) and produces an output

Att(h)(X) € RNV*dhead | These are concatenated along the feature dimension and then



projected back to RV*¢ using an output matrix Wy € R¥>*(Hdeaa) - We denote the
resulting map by M-Atty : RV*d — RV*d,

Feedforward block. The feedforward block applies the same non-linear transforma-
tion to each position independently. Concretely, it is implemented as a small multilayer
perceptron Fg : R — RY with a generic activation function (e.g. ReLU or GELU).
Given Y € RV*4_ the feedforward block produces an output in RV*? by applying Fi
to each row of Y.

Residual connections and layer normalisation. A standard Transformer layer
combines these components using residual connections and layer normalisation. Start-
ing from X® € RV*4 the layer first applies layer normalisation, then multi-head
attention, and adds the result back to X (a residual connection). A second layer
normalisation and the feedforward block are then applied, again with a residual
connection.

From symbols to vectors. For language and other discrete sequence tasks, the
model operates on a vocabulary ¥. An input w;---wy € X* is converted into a
sequence of vectors by an embedding matrix E € R**? together with positional
encodings. The i-th token w; is mapped to an embedding x; € R?, and these vectors
form X € R¥*4 which is then processed by the Transformer layers to produce a
contextualised representation Z € RV,

Language modelling. In an auto-regressive language model, attention is restricted
by a causal mask so that position ¢ can only attend to positions 1,...,7. Given the final
representation z; at position %, a linear projection Wiy € RI¥*4 produces logits over
the vocabulary, and a softmax over symbols in ¥ defines the conditional distribution
p(wiy1 | wyy). Thus the Transformer, together with this output layer, defines a
language model on X*, while internally still implementing a map RY*4 — R¥x4,
Classification and regression. For sequence-level prediction, the final sequence Z
is reduced to a single vector, for example by taking the representation of a special
“|CLS|” token or by taking the output vector at the last position. A linear map
W, € RF*4 followed by a suitable activation then yields either a k-class classifier
(with a softmax over classes) or a real-valued regressor (with, for instance, an identity

or scalar nonlinearity on the output).

Pointers to later chapters. For the experiments in all the chapters, we use
implementations of Transformers based on the definition above. They are used as
language models in Chapters 4 and 6, and the implementation follows closely to
how they are used in practice. In Chapter 3, Transformers are primarily viewed as

sequence classifiers. For our constructions or upper bounds on Transformers, we use



the ReLLU activation function and consider the model without residual connections
and layernorm — so the bound applies to a slightly simpler model. For our lower
bounds, we allow the mapping after the attention block to be arbitrary, and hence
they apply to all activation functions as well as with components such as layernorm
and residual connections. Chapter 5 primarily views Transformers as a regression

model that outputs a scalar.

Recurrent and state-space models. Recurrent models process a sequence one
element at a time by maintaining a hidden state vector that is updated iteratively
as new inputs arrive. Formally, given an input sequence x1, ..., xy with x; € R%, a
recurrent or state-space model sequentially updates h; based on the previous hidden
state h;_; and the current input x;. In general form, recurrent models can be

formulated as:
ht:G(t)(Xtaht—1>7 yt:F(t)<ht)a t=1,...,N.

Gy is an arbitrary state-transition function, and F{;) is the output function. The
state dimension (say h, € R™) plays the role of the width of the model. In practice,
when we operate over finite precision p-bit numbers, the hidden state can be viewed
as an mp-bit memory, and we refer to mp as the representation size.

This abstract formulation subsumes a wide range of architectures. In an Elman
RNN;, the transition is given by a linear transformation followed by a nonlinearity,
e.g. hy = oc(Wyhy_1 + W,a,) for suitable matrices and activation o, and the output
y; is obtained by an additional linear map (optionally followed by a nonlinearity).
LSTMs and GRUs modify the transition function with gating mechanisms that allow
the model to control how information is stored and forgotten. While such non-linear
RNNs are expressive, their sequential dependence on h;, ; makes them difficult to
parallelise across time during training.

To address this, a large body of work has focused on linear RNNs and state-space
models (SSMs), in which the transition G ;) has a structured, often linear form. For
example, one can take h; to evolve according to a linear recurrence driven by x,
so that the entire sequence of states can be expressed as convolutions of the input
with learned filters. This structure allows efficient parallelisation over time using
FFT. Architectures such as DSS [67], and Mamba [66] can be viewed as particular
instantiations of this general state-space template, with carefully chosen transition
structure and parameterisation. Additionally, linear Transformers with causal masking

can also be viewed as linear recurrent models [82].



Pointers to later chapters. The exact definitions of different instantiations of
recurrent or state-space models are not required to understand the results in the
dissertation. Our lower bounds in Chapter 3 apply to the general form described
above and thus apply to most, if not all, practical instantiations of RNNs. In our
experiments in Chapter 3 and 4, we evaluate and compare many instantiations of
RNNs/SSMs mentioned above. For their exact definitions, please refer to the original

papers.

Finite-state automata. We will also consider classical models of computation
with a finite amount of memory. A deterministic finite automaton (DFA) is a tuple
A= (Q,%,9,qo, Fa) where ) is a finite set of states, X is a finite input alphabet,
0:Q x X — @ is the transition function, gy € @) is the start state, and F4 C Q is
the set of accepting states. Given an input string w, ---wy € X*, the automaton
processes the symbols sequentially by updating its state as ¢ = d(q;_1, w;) starting
from qo. The string is accepted if the final state ¢y lies in Fj.

Pointers to later chapters. Chapter 6 will study the learnability of DFAs in a new
setting and explore the extraction of DFAs from language models. As is natural to
observe, DFAs and RNNs are closely related. One can also obtain lower bounds on the
size of the hidden state of RNNs/SSMs based on the number of states required by the
minimum-sized DFA to compute a function. Such lower bounds apply to the general
class of RNNs where the transition function G is fixed across time. Lower bounds
based on communication complexity in Chapter 3 apply to slightly more general

versions of RNNs where the transition map G is allowed to vary across time.

2.2 Models of Learning

The concept of learning has been formalised in many different ways in the field
of computational learning theory, depending on what kind of examples, as well as
additional supervision, are accessible to a learner. Here, we describe a few models of
learning that are relevant to the dissertation.

Throughout, the setting assumes that there is a class of (possibly infinite) functions
F and an unknown target labelling function f* € F. Informally, a learner may have
access to labelled examples (x, f*(x)) or could possibly request the labels of desired
examples. The goal of the learner is to either identify f* or to find a function f such

that it can accurately predict the labels of unseen examples measured by some loss or

10



error function err( f ; f, D). The error function is typically the mean-squared error or
the cross-entropy error, and could be distribution-dependent depending on the setting.
PAC learning. A canonical way of studying learnability from random examples is
Valiant’s [160] model of probably approximately correct (PAC) learning. We say a
learning algorithm A is an efficient PAC-learning algorithm for a class F if for any
unknown target labelling function f* € F, and any distribution D, the algorithm can
take a polynomial number of labelled examples from D, and produce a hypothesis h in
polynomial time such that with probability at least 1 — 9, its error err(h; f*, D) < e.
Membership and Value Queries. Instead of access to random examples, another
model of learning involves access to a membership or value query oracle. In this setting,
for any unknown target function f*, a learner can query the label of any input x and
obtain f*(x). If the class of functions contains binary classifiers, i.e., f*: X — {0, 1},
then we refer to the oracle as a membership query oracle MQ(z) = f*(x). If the class
of functions is over reals, such as regression problems, f*: X — R, then we refer to
the oracle as a value query oracle, VQ(z) = f*(x).

Equivalence queries. Another model of learning involves access to an equivalence
query oracle EQ, where the learner can query the oracle with a hypothesis function,
and the EQ oracle returns one of two things. If the hypothesis function is the same
as the target function then the oracle returns TRUE, and if f # f*, then the EQ
oracle must return a counterexample x € X such that f(z) # f*(z). Learnability with
equivalence queries focuses on exact learning, unlike PAC-learning. It is known that if
there is an exact learning algorithm for a class of functions with equivalence queries
only, then it implies that there is a PAC-learning algorithm, but the converse is not
necessarily true.

Pointers to later chapters. In Chapter 6, we study learnability of automata in
most of the settings described above, such as PAC-learning, learning with membership
queries, equivalence queries, as well as a new oracle called generative queries. Chapter 5
focuses on the learnability of attention-based models with value queries and their
variants. In Chapter 4, we will explore the ability of neural sequence models to mimic
learning algorithms, and our empirical analysis is designed with the viewpoint of

PAC-learning in mind.
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2.3 Historical Context and Related Work

2.3.1 Computational Capabilities of Neural Sequence Models

Early Works. Analysis of the computational capabilities of neural sequence models
was an active area in the 1980s and 1990s [87, 128]. A number of works studied
the expressivity of earlier variants of recurrent models {143, 60| and attempted to
understand the conditions under which they are Turing complete. Notably, under
idealised assumptions, Siegelmann and Sontag [142] showed that finite-sized recurrent
networks can simulate Turing machines and are hence Turing-complete. Early works
also connected recurrent networks to automata-theoretic perspectives and formal
language recognition, helping frame sequence models as computational devices rather
than purely statistical predictors [42, 98].

Relation to language and algorithmic behaviour. Formal languages are abstract
models of the syntax of programming and natural languages; they also relate to
cognitive linguistics, e.g., see Jéger and Rogers |76] and references therein. Formal
languages provide controlled settings for the kinds of structure that matter in natural
and programming languages [151, 136, 139]. They also connect to long-standing
linguistic questions about which computational classes best describe human language.
The seminal work of Chomsky [39] argued that the presence of hierarchical dependencies
makes DFAs incapable of modelling natural language, which leads to the conjecture
that natural languages are at least context-free. Later work by Shieber [141] showed
that some languages, such as Swiss-German, contain cross-serial dependencies that
are beyond context-free. Hence, natural language is considered to be a mildly context-
sensitive language, which is a superset of context-free languages but a subset of context-
sensitive languages. Some components of language (and animal communication)
appear compatible with regular or subregular descriptions [17, 76]. Complementary
to their ability to capture structural properties of natural languages, formal languages
also provide us with a tool to understand the kind of algorithmic behaviour and
programming languages [147, 2| that a neural network can model.

Expressivity of Recurrent Models. Over the last decade, a strand of work has
revisited such questions about modern variants of recurrent sequence models. It is
known that in finite precision (practical setting) the expressive power of RNNs is
equivalent to that of a DFA [65, 88]. In practice, recurrent models such as LSTMs
and GRUs are effective at learning various regular languages [12, 18|. Beyond regular
languages, recurrent models have been extensively evaluated on context-free languages

involving hierarchical dependencies using Dyck-style benchmarks and related setups
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[151, 145, 177, 72|, with memory-augmented variants (e.g., stack-like mechanisms)
often improving out-of-distribution generalisation [152]. While certain recurrent
models can express deterministic context-free languages with infinite precision [88, 19|,
in practice, they struggle to generalise to hierarchical dependencies with higher
depths [19, 152]. More recently, connections between LSTMs and counter automata
have been established empirically [168, 150| and theoretically [102].

Expressivity of Transformers. With Transformers becoming the dominant sequence
model, many works have sought principled characterisations of their expressive power
le.g. 68, 135, 148]. In the limit of unbounded resources, Transformers are universal
function approximators [178] and can be Turing complete [124, 20]. Under bounded
precision and related constraints, their power has been linked to circuit classes and
parallel computation [71, 103, 101] as well as to logical formalisms [38]. At the
same time, even when a language is representable in principle for bounded lengths,
empirical studies have repeatedly found that Transformers can struggle to generalise
on algorithmic tasks that require modular counting [18, 37, 48, 55|]. Importantly,
much of this literature targets asymptotic expressivity of a fixed-sized architecture
as input length grows. Our study in Chapter 3 instead aims for a more fine-grained
and practically grounded view by analysing how the required network size must scale
with the input. The closest to our work is Sanford et al. [134], who introduced
communication-complexity lower bounds for Transformers and RNNs on abstract
detection and sparse-averaging tasks; among other things, we extend this line to
separations on natural tasks, prove slightly more general results, and show depth
separation results.

Automata extraction from neural models was introduced by Giles et al. [60],
Omlin and Giles [113] and has been an active field [163, 110|. Broadly, the goal of
this line of work is to extract interpretable computational objects, such as DFAs, from
blackbox models, such as neural networks, to better understand their mechanics and
robustness. Notably, Weiss et al. [167] developed a method for white-box extraction
based on the L* algorithm [7], and several subsequent works have focused on the
extraction of weighted automata/PDFAs [169, 166, 53]. Recent work [179] has also
explored L*-like methods for Transformer-based classifiers. Mayr et al. [100] learn a
PDFA abstraction of an LM via a distributional congruence. In Chapter 6, we focus
on support identification of neural language models, where we characterise learnability

and conduct empirical analysis based on a new provable extension of the L* algorithm.
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2.3.2 In-Context Learning

Stylised settings. In-context learning is an empirical phenomenon where LLMs could
evidently learn to make predictions for new tasks after being prompted with a few
labelled examples as inputs. Understanding the in-context learning (ICL) phenomenon
has attracted significant interest in recent years. Since the ICL phenomenon was
demonstrated in Brown et al. 28], numerous works have investigated the practical
capabilities and limitations of LLMs to perform ICL (see Dong et al. [50] for a
survey). Since it is infeasible to define real-world data and tasks precisely, several
works have studied it in stylised, well-defined settings [32, 69, 173|. Garg et al. [57|
presented a meta-learning-like framework and demonstrated that Transformers can
match gradient-based learning algorithms for regression tasks. Subsequent works
[44, 4, 162] demonstrated that Transformers were expressive enough to represent
gradient-descent and empirically verified that the learned weights of linear Transformers
indeed computed gradient-based algorithms. Li et al. [92], Bai et al. [14] studied
the sample complexity of in-context learning linear regression and other real-valued
functions with Transformers. More recently, [119, 14] explored (among other things)
the efficacy of Transformers in learning mixtures of tasks in-context and showed that
they could adaptively select appropriate algorithms for a given sequence of inputs and
labels.

Realistic settings. In recent years, there have been many empirical works (94, 107,
96, 132, 106, 112, 165] that have analysed the capabilities and limitations of in-context
learning (ICL) in large language models (LLMs). Liu et al. [94] explored various
strategies for selecting examples that improve in-context learning performance. Lu
et al. [96] demonstrated that the in-context learning ability of models is also sensitive to
the order in which the samples are provided in the prompt. Razeghi et al. [132] worked
with numerical reasoning tasks and showed that in-context learning performance is
stronger for instances whose terms are more prevalent in the training data. Min et al.
[106] questioned whether models really learned new tasks in-context by showing strong
ICL performance even when the prompt labels are chosen randomly. [112] and [52]
frame the in-context learning ability slightly differently by referring to any model that
gets better (i.e., shows a decrease in loss) with more context (i.e., increasing token
indices) as an in-context learner. They provide arguments for the existence of special
circuits, which predict the next token by observing similar patterns previously seen in
context, inside the Transformer model, that are responsible for in-context learning.
More recently, Wei et al. [165] showed that the ability of models to override semantic

priors and effectively learn the task presented in-context emerges with scale.
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2.3.3 Learnability of Sequence Models

Early foundational works in learning theory sought to formalise learning from an
algorithmic point of view. A notable work by Gold [62] introduced identification in
the limit setting, where a learner receives an infinite sequence of positive examples
and is required to eventually converge to the target language. Gold [63] showed that
certain classes, such as regular languages, are not identifiable from positive examples
only. Angluin [6] provided a clearer characterisation of which formal languages are
learnable from positive examples in the identification in the limit setting. Around
the same time, Valiant [160] introduced the Probably Approximately Correct (PAC)
learning framework, which grounded learnability in terms of statistical guarantees
(e.g., how many labelled examples suffice to achieve low error) and computational
efficiency (whether a learner can run in time polynomial in the relevant parameters).
In Valiant’s model, some concept classes admit efficient PAC learners, while for others,
efficient PAC learning is believed to be computationally intractable under standard
complexity-theoretic or cryptographic assumptions [125, 84|. Beyond learning from
examples, researchers studied learnability with different forms of teachers and query
models [8, 29].

Learnability of Regular Languages. Several works showed that learning DFAs
from labelled examples is computationally hard — finding the minimum consistent DFA
is NP-hard [63, 5, 126], and even representation-independent (improper) PAC learning
is intractable under cryptographic assumptions [84]. This motivated stronger models
of learning, such as including queries where a learner could adaptively request the
label of any desired input. The seminal work of Angluin |7] showed that with access
to both random examples and membership queries, regular languages are efficiently
learnable. Under structural assumptions, several works have studied PAC learnability
for probabilistic DFAs [41, 118]. The area remains active with recent theory on
counterexample handling and lower bounds in the MAT framework [159, 89]. We build
on this line of research by characterising the learnability of DFAs in a new setting
relevant to learning the support of language models, and by situating prior empirical
analyses of neural nets in the appropriate context.

Learning Neural Nets with Queries. Learning with membership/value queries
became a standard topic in computational learning theory [8, 29], and it is also a
natural formalisation of black-box model extraction where an adversary adaptively
probes a prediction API. Early work investigated whether a feedforward network
can be reconstructed from oracle access to its input-output map [54]. More recently,

empirical methods have been proposed for extraction attacks and have been studied
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extensively in the context of security and ML [158, 115, 77]. On the theory side,
there are now polynomial-time guarantees for learning shallow ReLLU networks under
different query models and structural assumptions, including value-query learning
under Gaussian inputs [35], linear independence of parameter vectors [105], and exact
parameter extraction under general-position conditions [45]. In contrast, despite the
central role of attention in modern sequence models, we are not aware of prior work
giving provable learnability /parameter estimation guarantees for softmax attention
(or Transformers built from it) from queries; our results in Chapter 5 initiate this
study for attention blocks. Complementary to our work, Carlini et al. [31] tackle the
problem of extracting specific parts of a production-level language model, where they
recover limited information such as width and embedding matrices but in a more
challenging and realistic setting.

Learning Neural Nets and Transformers from Examples. Analysing deep
learning models and establishing provable guarantees with minimal assumptions for
deep networks has remained quite challenging [137, 146]. While deep learning models
work well in practice, establishing efficient PAC learning guarantees has been difficult,
with several works showing that efficient PAC learning is likely to be hard under
standard complexity-theoretic/cryptographic assumptions [27, 61, 91|. This mismatch
is also partly due to the hardness results indicating difficulty in the worst-case sense
when considering all data distributions. To mitigate this and understand deep learning
models, researchers have focused on analysing shallow networks under distributional
and structural assumptions |e.g. 58, 36, 49].

Similarly, to better understand the learning dynamics of Transformers, there is a
growing body of work that studies the learnability of a single-layer attention-based
model under various assumptions [e.g. 34, 154, 97, 99]. For instance, building on
[134], Wang et al. [164] analyse the learnability of sparse token selection with a
single-head attention model and prove separations from fully-connected nets. On
the optimisation side, Arnaboldi et al. [9] study training dynamics for simplified
attention-style models, and recent high-dimensional /statistical-mechanics analyses
quantify when softmax attention detects weak sparse signals and how it compares to
linear alternatives [99, 15]. Complementarily, several works characterise implicit bias
and geometry in attention training, including max-margin /token-selection viewpoints
and connections to SVMs [11, 153, 138|, and Huang et al. [75] study learning dynamics
for in-context learning with one-layer softmax Transformers. Finally, when softmax is
removed (linear attention), Yau et al. [176] show PAC learnability via a reduction to

kernel methods. These works focus on passive learning and optimisation from random
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examples, whereas in Chapter 5, we study efficient learnability and parameter recovery

of softmax-attention with black-box value queries.
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Chapter 3

Separations in the Representation
Capabilities of Transformers and

RNNs

3.1 Introduction

Transformers [161] are the go-to architecture for building LLMs [28], but recently,
there has been significant interest in reviving recurrent architectures to build LLMs for
practical tasks [66, 116, 122] to circumvent the quadratic complexity of inference for
Transformers. While Transformers process all tokens in parallel, maintaining N vectors,
and are in some sense stateless, recurrent models primarily store information in a fixed-
size hidden state that they can update during the course of the computation. This
raises a fundamental question that we explore: Are there tasks that are computationally
easier for one architecture to represent but significantly more difficult for the other
one?

Ever since Transformers supplanted LSTMs, there has been significant interest in
understanding the differences in the computational capabilities of the models both
theoretically and empirically. On the one hand, even as Transformers have been
widely adopted for building LLMs, several studies found that they struggled at
modelling various formal languages, particularly those that required modular counting
or state-tracking [18, 48, 93]. At the same time, despite substantial effort, it has
proven hard to match the performance of Transformer-based LLMs at scale with
recurrent architectures [46, 122, 66]; in particular, it has been observed that LLMs
based on recurrent models struggle on associative recall or extraction-related tasks
[46, 10]. More recently, Arora et al. [10] demonstrated that Transformers are better

than attention-free models at synthetic tasks based on associative recall. Based on
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these observations, it is natural to wonder if such tasks are theoretically easier for
Transformers to represent in comparison to recurrent models.

Our Contributions. We show differences in the representational capabilities of
Transformers and recurrent models across several natural tasks of real-world relevance.
In this chapter, we show strong separation results: when a task is easy, we show that
it can be expressed by one architecture with size poly-logarithmic in the input length
N; on the other hand, we show the other type of architecture requires the size to be
linear in N. We describe the tasks studied and our key results below.

(i) Index Lookup. Given a sequence of symbols sy, ..., sy followed by a position
p € [N], a model has to output the symbol in the p-th position s, (Figure 3.1a). Our
first result shows that one-layer Transformers with size poly-logarithmic in N can
express this task (Theorem 1) whereas any recurrent model must have width Q(N) to
perform this task (Theorem 3).

(ii) Bounded Dycks. Dyck languages with bounded depth require a model to
recognise whether a string of parentheses is well-balanced (Figure 3.1b). These formal
languages have received a great deal of attention in the study of neural sequence
models because they capture hierarchical dependencies that occur in natural languages
[51, 72, 68, 19]. They are also central to formal language theory as all context-free
languages can be expressed in terms of Dyck languages [40]. In contrast to the results
for index lookup, we show that one-layer Transformers must have a size that grows
linearly in input length to represent this task (Theorem 5), whereas prior works found
that constant-size recurrent models can express this task |72, 19].

(iii) String Equality. This task is formalised by the Equality function EQ(x,y) =
[[x = y] where x,y are two strings of length N; it models the natural task of matching
two documents. We show that log-sized two-layer Transformers can represent the
function EQ (Theorem 6), whereas both one-layer Transformers and recurrent models
must have a size that grows linearly with the sequence length. These results extend
to a broader class of Boolean functions.

(iv) Nearest Neighbour and Associative Recall. In this task, a model is provided
with a sequence of inputs and labels x1, 91, ...,Xr_1, yx_1 followed by a query input x;.
The model has to determine the label y; of the query input by applying the nearest
neighbour algorithm in its forward pass (Figure 3.1c). This task subsumes various
associative recall tasks considered in earlier works (cf. Section 3.5.2). We show that a
two-layer Transformer with size logarithmic in the input length can perform this task

(Theorem 7), whereas recurrent models require a size linear in the length (Theorem 8).
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We also empirically investigate the performance of Transformers and standard recurrent
models [73], including recently proposed state-space models [67, 66] on these tasks.
The observed behaviour is along the lines indicated by our theoretical results.

Our Techniques. For constructing Transformers that perform the tasks, one of
the key requirements is the ability to precisely attend to specific positions. In order
to do this with low-dimensional embeddings, our constructions make use of nearly
orthogonal vectors obtained using the Johnson-Lindenstrauss lemma [80]; furthermore,
these can be generated efficiently in logarithmic space, which allows the size of the
models to be poly-logarithmic in the input length (cf. Section 3.2.3).

For our lower bounds, we appeal to results from communication complexity. We
show how to obtain protocols with communication complexity bounded by the size of
the models. Together with established (and new) communication complexity lower
bounds, we obtain lower bounds on the model size. For our lower bound for one-layer
Transformers, we derive a lower bound on the communication complexity for bounded

Dyck languages (Lemma 3).

3.2 Definitions and Preliminaries

We consider two types of models: Transformers [161] and recurrent models. We use
recurrent models to refer more generally to nonlinear RNNs such as LSTMs [73],
state-space models [67, 66] as well as variants of linear Transformer [82, 149] which
can process inputs in a recurrent manner [82].

For some finite alphabet X, a sequence model is given a sequence in XV and depending
on the task outputs either {0, 1} or a sequence of outputs. Each s; € ¥ from a sequence
s1---sy € XV is mapped to a vector in R? via an embedding map ¢ : ¥ — R?. For
Transformers, the input embedding function further takes the position 7 as input,
along with s;. Each layer for Transformers and recurrent models maps inputs from
RN>d s RN*d A model M has fized precision p if all the parameters of the model, as
well as the values in the intermediate vectors, can be implemented with p-bit precision
numbers.

Transformers. Each layer of a Transformer has an attention block followed by an
MLP block. The attention block takes as input X € RY*? and applies the operation
Att(X) = softmax(XW /W X T)XWy, where Wq, Wi, Wy, € R™*?. For simplicity,
we will use Q(x;) (and likewise K(x;) and V(x;)) to denote Wpx;. The width of
the Transformer is max(m, d), where m x d is the shape of the projection matrices

Wg, Wg. For any matrix A € RV*M the softmax operator is applied row-wise
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exp(A; ;)

s exp(Ai)
defined as M-Atty(X) = [Att1(X), ..., Attg(X)|Wo where each Att;(X) has its own

set of parameters. The matrix Wo € R™7*? projects the concatenated vector to a

as follows softmax(A);; = . Multi-head attention with H heads is

vector of dimension d.

For an input X € RV*4 the output of a layer of Transformer will be ¥ (M-Att(X)) €
RN*? where ¢ : RY — R? is a feedforward network. We use Tanm’ g to denote the
class of all Transformers operating over p-bit precision numbers with width m, H
heads, and at most L layers.

Recurrent Models. A general recurrent neural network (RNN) takes as input the
sequence X, ...,Xy where x; € R? and produces an output sequence ¥, ..., yy; in
this chapter we will mostly consider the case when y; € {0,1}. An RNN with a hidden
state of size m over p-bit numbers can be defined as follows. The hidden state is
an mp-bit memory h; € {0,1}™ and for some hy € {0,1}"?, the RNN computes
hy = gu)(x¢,hy—1) and y, = fiy(hy) for t = 1,..., N, and g and f(;) are arbitrary
functions. Since the transition function is allowed to be arbitrary, this definition
captures the general family of recurrent or state-space architectures including LSTMs,
state-space models, and linear Transformers, each of which differs in the way the
transition function is defined. For a recurrent model, we say that the representation
size of a hidden state is mp, and its width is m, i.e. the hidden state consists of m
units each of which uses p-bits. Throughout the chapter, we will use recurrent models
or RNNs to refer to the general family of recurrent architectures mentioned above.
By the representation size of a model, we will refer to the total number of bits
required to represent the model, including all the parameters and embeddings. For
Transformers, this is ©(mdpH). For a recurrent model, the representation size is at

least mp.

3.2.1 Communication Complexity

Our lower bounds for recurrent models and 1-layer Transformers are based on
communication-complexity bounds. We assume some familiarity with communi-
cation complexity (see Rao and Yehudayoff [130], Kushilevitz and Nisan [90] for an
introduction). We will primarily focus on the two-party setting where the communica-
tion complexity of a function indicates the number of bits two parties must exchange
in order to compute the output of a function. If Alice and Bob want to compute a
function f : {0,1}" — {0,1} where Alice has the bits in the indices I C [N] and Bob

has the bits in indices [N]\ I, the communication complexity of f over that partition is
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the minimum number of bits they must exchange to compute the output for all inputs
x € {0,1}. Alice and Bob are allowed unbounded computational power. If Alice
and Bob must exchange at least k bits to compute a function f(z)Vz € {0,1}" over
any partition of the input then we say that the communication complexity C(f) > k.
If they use a communication protocol where only one party is allowed to send bits
to the other party, then it is called one-way communication, and the communication
complexity of the function in that setting is referred to as one-way communication
complexity.

For our results, we will use the following three well-known facts about the communi-
cation complexity of the Disjointness, Equality, and the INDEX problem.
Disjointness. The disjointness function takes two sets A, B C [N] as input and
returns 0 if the two sets are disjoint and returns 1 otherwise. This can also be seen
as a function D1sJ : {0,1}¥ x {0,1}¥ — {0, 1} over two Boolean inputs such that
Disi(a,b) = max a;b; = I[a’b > 0]. If Alice has the input vector a € {0,1}" and Bob
has the vector b € {0, 1}, then the communication complexity of DisJ indicates the
minimum number of bits that Alice and Bob will have to exchange to determine the
output of the DisJ function. The following is a well-known fact about the disjointness

problem,

Fact 1. [Disjointness [174]] If Alice and Bob have two inputs a,b € {0,1}Y, then any
deterministic communication protocol used by them to compute DISJ(a,b) = max a;b;

must exchange at least N bits. Moreover, the randomised communication complexity
of the DI1sJ is Q(N).

Fact 2. [Equality [150, Ch. 1]] If Alice and Bob have two inputs a,b € {0, 1}, then
any deterministic communication protocol used by them to compute EQ(a,b) = I[a = 1]

must exchange at least N bits.

Fact 3. [INDEX [78]] If Alice and Bob have two inputs a € {0,1} and b € [N]
respectively, then any deterministic communication protocol used by Alice to send
bits to Bob must require N bits for Bob to compute INDEX(a,b) = a,. Moreover, the

one-way randomised communication complexity of the INDEX is Q(N).

One thing to note about the Equality problem is that although the deterministic
communication complexity of the EQ problem is 2(N), the randomised communication
complexity is O(log N). For the Disjointness and INDEX problems, the randomised
communication complexity is Q(N) as well. In other words, even if the two parties
are allowed to compute the output of the function correctly with high probability (say
> 2/3), even then the number of bits they must exchange is Q(N).
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3.2.2 Finite Precision Implementation

In this work, we are interested in the expressiveness of finite precision models. For our
constructions with Transformers, we will work with p-bit numbers where p = O(log N)
where N is the maximum length of the input string.

In particular, for some sufficiently large constant K, > 0, we will work with numbers
between —N¥e to NXe with a step size of A = NLK If Q, is the set of all such numbers
then Q, = {—N¥e, —N¥e - A/ 0,A,2A, ..., N¥}. Hence, the size of the set is
|Q,| = N* — p =2K_ .log N = O(log N). For any real number z € R, in the finite
precision implementation, z is rounded down to the nearest 2 such that 2N¥e ¢ Z. If
z > N¥e¢_ then z is rounded down to N¥¢. In our constructions with Transformers, all

the parameters and intermediate values follow the above implementation.

3.2.3 Technical Tools

For our constructions of Transformers, we will use the following result about high-
dimensional vectors. The statement essentially says that at a high dimension k the
number of vectors that are almost orthogonal to each other is exponential in k even

though the number of orthogonal vectors can be at most k.

Lemma 1. For any N, there exists N k-dimensional vectors Ty, ..., Ty where k =

O(vi2 log N) and each entry of the vectors is in {_\/LE’ \/LE} such that

(Ti, T3) |
<7 otherwise.
It is quite straightforward to see why this is true. It follows from a simple application of
the probabilistic method. Suppose one samples N k-dimensional vectors Xy, ..., Xy
independently at random such that each entry of each vector is drawn uniformly
from {——=, 7=}. Hence, each vector X; € {——z, =}" and the expectation of the dot
product of any two vectors E[(X;, X;)] = 0 for all i # j. Since the dot products of
any two vectors (X;, X;) is a bounded random variable, we can apply Hoeffding’s

inequality to get

PI[(X: X;)| 2 7] < 2exp ("jf) .

Taking a union bound over at most N? pairs of dot products and setting 2N? exp <%72>

1/2, we get that for k = 7% log 2N, the probability of all dot products (X;, X;) being
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less than 7 at the same time is at least 1/2. Since the probability of the event is
nonzero, it follows that the statement in the lemma is true.

In our construction, we will use such vectors as positional embedding vectors. While
Lemma 1 implies the existence of vectors, storing N such vectors will require © (V)
space. We would like to generate i-th vector 7; when necessary in polynomial time
using log space without storing all of them together. To achieve that, we use a
derandomisation of the Johnson-Lindenstrauss (JL) Lemma [80] that can output the
i-th vector in log-space and polynomial time [144].

We use a slightly modified version of the JL lemma which preserves inner products

over unit vectors.

Lemma 2. [Inner product preservation [1]] Let ¢ € (0,1/2) and let @ C St be
621:—§N, there exists a linear
map T (x) = 2=Ax where each entry of A:R? — RF is in {—1,1} such that for all

N
u,v € Q,

a set of N unit norm vectors of dimension d. For k =

[{u, v) = (T (), T(v))| < ¢

The above result has interesting implications which we will use in our constructions.
Let x1,...,xy € RY be N unit norm vectors that form the basis of RV which implies
(x;,x;) = 1if i = 7 and is 0 otherwise. Then there exists a map 7 such that the
vectors T (x1), ..., T (xn) € R* have dot products (T (x;), T (x;)) =1 +eif i = j and
is 0 £ € otherwise.

We will use JL transformations of the standard basis vectors eq,...,ey where
T(1),...,T(N) will refer to k = O(log N) dimensional vectors such that their inner
product is ~ 1 with themselves and is ~ 0. Intuitively, we can use such vectors to get

a Transformer to attend to unique positions.

Corollary 0.1. For any N, there exists N k-dimensional vectors T(1),...,T(N)
where k = O(log N) and each entry of the vectors is in {_\/LE’ \/LE} such that

>3/4 ifi=j,
<1/4 otherwise.

(T, TG) {

3.3 Index Lookup Task

Task Description. We introduce a simple task called Index Lookup (ldxL). In this

task, a model receives a sequence of tokens si,...,sy (possibly with repetitions)
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Figure 3.1: Illustration of a few key tasks considered in our work.

followed by an index p where p € [N] and the goal of the model is to output the token
sp. Here, the symbols s; belong to a finite alphabet X.

This simple and natural task helps illustrate the key tools and building blocks we use
to obtain other more general results in this chapter: On the one hand, we show how a
one-layer Transformer with width O(log V) can perform this task; on the other hand,
we use communication complexity arguments to show that any type of recurrent or
state-space model performing this task needs a hidden state with representation size
Q(N).

Our first result shows that, for any length N € N, there is a 1-layer Transformer
with width O(log N) that performs the Index Lookup task for all input sequences of
length at most V. Naively one could construct such a transformer by using one-hot
encodings as positional embeddings, as they are orthogonal and would allow to attend
to the desired index. However, this would require the embedding dimension, and
hence the width of the model, to be Q(N). Key to our constructions of a width
O(log N) Transformer, both here and in other sections, is Lemma 1, which states that,
in k = O(log N/~?) dimensional space we can find N nearly orthogonal vectors. We
use such vectors in our construction of the Transformers to allow it to attend almost

exactly over the desired positions.

Theorem 1. For all N € N, there is a 1-layer Transformer with width m = O(log N)
and precision p = O(log N) which performs the index lookup task for all input sequences
of lengths up to N.

Proof. For an input sequence (sq,..., Sy, p), the Transformer uses the embeddings of
the position token p and the positional embeddings of the first N inputs to attend
over sy, so that the feedforward network can extract the label from the output of the
attention block. Our key idea is to use the N almost orthogonal vectors provided by
Lemma 1, both as positional embeddings and also as a way to embed the numbers
{1,..., N}, any of which can be used as the index p. Formally, let 7(1),...,T(N)
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be N vectors of dimension k = O(log N) such that (7 (i), 7(j)) < 1/4 for i # j and
(T@).T() > 3/4 for i = .

Recall that, in the index lookup task, the alphabet V' = ¥ U [N] consists of symbols s;
from a set 3 and the index tokens [N] = {1,..., N}. The embeddings of each input
token will be of size log |X| + 2k where log |X| 4 k indices are reserved for the token
embeddings and the last &k indices are used for the positional embeddings. Suppose
we use a binary encoding for symbols in 3, and p: ¥ — {0, 1}'°¢*! is such that p(s)
is the binary encoding of s € ¥. The token embedding of each symbol s; € ¥ is p(s;)
of length log |X| followed by k zeros. For input sequence sy, ..., sy, the embedding
vectors will be of the form x; = [p(s;), Ok, T (7)].

The embedding for any index token p € [IN] contains log|X| zeros followed by the
vector T (p). In other words, the embedding for the index token will be identical to the
positional embeddings used in the first N tokens. The embedding vector corresponding
to the index token p will be of the form p = [Oiog |5, T (), 0]

The output of the 1-layer Transformer is computed by applying attention over the
input sequence with the query vector corresponding to the last token, followed by an
application of the feedforward network over the output of the attention block. We
can define the matrices Wy = n[0;I; 0], Wi = [0, O,1I], Wy = [I,0, O], where
n > 0 is a parameter that will be specified later, I is a square identity matrix and
O is a zero-matrix of the appropriate shape. With these definitions we get that the
query vector Q(p) = n[T (p)] contains the middle part of the input embedding, the
key vectors K (x;) = [T ()] contain the last part of the input embedding and the value
vectors V(x;) = [p(s;)] contain the first part of the input embedding.

With these query and key vectors, the dot products in attention satisfy:

>3n/4 ifi=p,
<n/4 ifi#p

Additionally, the dot product of the query vector with itself will be (Q(p), K(p)) = 0.

To retrieve the required token with the softmax operator, consider
_ exp((Q(p), K (xp)))
exp((Q(P), K(xp))) + 2., exp((Q(P), K(x5)))
exp(F)
~exp(%) + Nexp(})

(Q(p), K(x:)) {

softmax(Q(p), K(X)T)p

which is > % for any n > 2log(3N). That is, for n > 2log(3N), the attention weight
over input token z, with a query token p will be greater than 3/4, and hence the total

attention weight over the remaining tokens will be less than 1/4.
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Recall that the value vectors contain the binary encodings of the input symbols,
V(x;) = [p(si)]. Let qi,...,qn be the probabilities assigned to the N tokens by the
attention operator. Note that g, > 3/4. Let Z = ). ¢ip(s;). Note that if the j-th bit
of p(s,) is 1, then z; > 3/4 and otherwise, zZ; < 1/4. From there a ReLU-FFN can

transform the vector z to the vector p(s,) which is the desired output. ]

We use results from communication complexity to show that RNNs require essentially
Q(N) width to solve this and several other problems. In communication complexity,
there are two parties, typically called Alice and Bob, each of whom has part of the
(discrete) input, and their goal is to compute a function of the combined input using
as little communication as possible. Our first key insight here is that the output of an
RNN can be computed with a bounded amount of communication when Alice has a
prefix of the input and Bob has the remaining part. The resulting protocol will be
one-way (Alice to Bob) and one-round. We first state a more general result and then

discuss implications for the ldxL problem.

Theorem 2. If an RNN with a hidden state of representation size mp computes any
function f: XN — {0,1}, then for any K < N, if Alice has access to si,...,sx and
Bob has access to sk i1,...,sn, then there exists a one-way communication protocol

with mp bits from Alice to Bob, by which Bob can compute the output of the function
f(Sl . SN).

Proof. Assume that both Alice and Bob have access to the RNN that represents the
function f. Alice can provide the sequence sq,..., Sk to the recurrent model and
iteratively update the hidden state from the initial state hy to obtain the Kth hidden
state hx. Alice can then send the hidden state to Bob which requires mp bits. Bob

can then update the hidden state using sx.y1,...,Sy to obtain hy, from which he
can obtain the output of the RNN. Note that Alice and Bob can compute the output
using one-way communication of mp bits. O]

Problems similar to Index Lookup are well-studied in communication complexity;
specifically, the INDEX problem (See Section 3.2.1) has a one-way communication
complexity of Q(N) (Fact 3). We deduce a lower bound on the size of the hidden state
of RNNs by showing that any RNN that can represent the Index Lookup task can
also compute the INDEX problem and since that implies the existence of a one-way
communication protocol with mp bits (Theorem 2), it follows that the width of the
hidden state m must be Q(N/p).
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Theorem 3. Any recurrent model with a hidden state of width m using p bits of
precision that computes the Index Lookup task for all sequences of length N must have
m > N/p.

Proof. The proof follows naturally via a reduction from the INDEX problem in com-
munication complexity. Assume the vocabulary size for the IdxL is at least 2, pick any
two symbols from the vocabulary, and map them to 0 and 1. Suppose Alice has a
sequence a € {0,1}" and Bob has an index i € [N]. Both of them have access to a
recurrent model as described in Section 3.2, which can perform the ldxL task perfectly.
Alice can then provide the sequence a to the recurrent model using any two symbols
in the vocabulary X and iteratively update the hidden state to obtain the Nth hidden
state hy. Alice can then send the hidden state to Bob, which requires mp bits. Bob
can then provide the position token based on the index ¢ and compute the output to
figure out whether a; is 0 or 1.
Note that Alice and Bob can compute the output using one-way communication of
mp bits, and hence, based on Fact 3, it must be the case that mp > N.

O

Discussion. The above results theoretically formalise intuitive differences between
the way Transformers and recurrent models process sequences. Since Transformers
have access to N input vectors during their computation, a small-sized attention block
can attend over the desired input vector to make the correct prediction. On the other
hand, any recurrent model-—even with arbitrary positional embeddings—must store
all the required information in its hidden state, which lower bounds the size of such
models to compute the right output. These intuitions are made rigorous by showing
(i) how soft-attention can do lookup using the almost orthogonal vectors, and (ii)
small-width RNNs yield a short one-way communication protocol. These lower bounds
also apply to causal forms of linear attention architectures where softmax is removed
and attention weights become dot products [82].

At first glance, it might seem unfair to compare Transformers and RNNs with the
same number of parameters: Transformers have access to N input vectors, whereas
RNNs have a fixed-size hidden state. But note that, in practice, empirical research on
language models typically compares models of the same size e.g., a 7B Transformer vs
a 7B state-space model. Hence, it is natural to ask if Transformers of a particular size

can express something that recurrent models cannot.
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3.4 Lower Bounds for RNNs and 1-layer Transform-
ers

Whereas Section 3.3 established a case where one-layer Transformers can be more
powerful than RNNs, we next exhibit an example of the opposite phenomenon. Here,
the key tool will again be a communication complexity argument, but this time it
applies to one-layer Transformers: We establish a communication protocol by which
Alice and Bob can compute the output of a one-layer Transformer by exchanging a
number of bits that is bounded by the representation size of the Transformer and an
overhead that is logarithmic in the input length. The key property here is that this
protocol works not just when Alice and Bob have access to a prefix and a suffix of a
string, but instead works for an arbitrary partitioning of the input string.

As described in Section 3.2.2; and in keeping with real-world implementations, the
outputs of intermediate computations are rounded to p-bit precision. Further in
keeping with real implementations, and to avoid overflow in exponentiation, softmax

is implemented by first subtracting the maximum logit, as

o exp(A;; — max; A; )
’L,j - .
224:1 exp(A;r —max; A; )

softmax(A)

This is a popular approach to implementing softmax [25]; it ensures that the exponen-
tiated intermediate results are in [0, 1], avoiding possible overflow when exponentiating

in finite precision.

Theorem 4. Consider a one-layer Transformer f € TF" operating over inputs of

m,p,H
length N. Consider any disjoint subsets S4USp ={1,...,N}, SaNSp =0. Assume
Alice has access to s; for i € Sy, and Bob has access to s; for i € Sg. Then Alice and

Bob can communicate 3m(p + log N)H bits to compute the output f(sy...sn).

We note that conceptually related arguments were used in Sanford et al. [134, Theorem
7] and Peng et al. [123, proof of Theorem 1]). Our approach here generalises by stating

this for arbitrary partitions over the input.

Proof. Without loss of generality, assume that N € Sy, i.e., Alice has access to zy.
In the first step, Alice sends xy to Bob using dp bits of communication. Then, Alice
and Bob compute for each head the attention logits for each position within their

respective sets:
An; = (Q(xn), K(x;)) (3.1)

These numbers are rounded to p bits of precision.
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In the second step of the protocol, Alice and Bob exchange 2p bits to determine

M := max; Ay, and compute
Ani=Ani— M (3.2)

for their respective positions i € Sy, Sg. Note that, as ENJ <0, exp(/AlNJ) € (0,1],
so there are no overflow issues arising from the p-bit representation. Then they can

individually compute

Zp = Z exp(ﬁNﬂ-) (Alice)

i€Sa
g = Z exp(A\N,i) (Bob)

i€Sp
each with p bits of precision; both numbers are in [0, N|, and at least one of them is
> 1. As all intermediate computations are rounded to p bits, exp(g ~:) isin [0, 1] and
rounded to p bits, Z4, Zg can be represented with p + log IV bits.
In the third step of the protocol, they exchange 2(p 4 log V) bits to exchange these.
They then both have access to

N
Z:=> exp(Ayn;) = Za+Zp (3.3)
j=1
Here, we note that the definition of finite precision arithmetic in Section 3.2.2 makes
addition of nonnegative numbers associative; hence, the outcome here is indepen-
dent of the partition S4,Sp and agrees with the result when directly summing the
exponentiated logits.!
The result Z is in [1, N| as max; exp(fAlNJ-) = 1. This permits Alice and Bob to

compute the attention scores a;:

Ans
G = softmax(A)y,; — —XP(AN)

= 2 3.4
T exp(Any) o4

each with p bits of precision.

Then they each compute:
Up = Z softmax(A)n,;V(x;)  (Alice)

1€S A

U := Z softmax(A)y,;V(x;)  (Bob)

1€Sp

LA similar protocol still works in other bounded-precision schemes where addition is not associative;
as all exponentiated logits are in [0, 1], one can use extended precision with p + log IV bits to perform
the summation exactly and then round back to p bits.
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with p bits of precision. As each entry Att(A)y;, V(x;) has p bits of precision, and
> Att(A)y; = 1, the sums can be exactly represented at 2p bits of precision.
In the fourth step of the protocol, they exchange these, which amounts to 4mp bits of

communication. Then they compute
N
> softmax(A)yV(z;) = Us + Us (3.5)
i=1

and round it to p bits of precision. From this, they can obtain the result.

In total, the four steps took < 3m(p + log N) bits of communication. Performing this

protocol separately for every head leads to < 3m(p + log N)H bits of communication.
m

3.4.1 Separation on Bounded Hierarchical Languages

We now use the communication protocol for one-layer Transformers to establish a
separation between these and RNNs on bounded Dyck languages. Dyck languages are
of central importance in formal language theory, since the Chomsky—Schiitzenberger
theorem [40] shows that every context-free language can be written as the homomorphic
image of the intersection of a Dyck language with a regular language. Thus Dyck
languages can be viewed as canonical building blocks for context-free structure. This
is one of the primary motivations for using Dyck languages as a testbed in this work,
as well as in prior works [152, 19, 72]. Due to the boundedness of human memory
[104], natural language tends to have more bounded levels of embedding [81, 26]. This
has motivated the study of bounded-depth Dyck languages as plausible simple models
of the hierarchical structure underlying language [72, 175, 19, 170].

Task. Formally, DYCK-(n, k) is the language of well-matched strings over n types
of parenthesis pairs (1, )1, (2, )2, - - - (n, )n, Where any prefix has at most k opening
parentheses not yet closed. For instance, the string ‘( [ ] ) ()’ has a maximum depth
2 corresponding to the prefix ‘( [". DYCK-(n, k) can be recognised with access to a
bounded stack that never holds more than k elements. In fact, each DYCK-(n, k) is a
regular language and is accepted by a finite automaton.

We show that there is a linear communication complexity lower bound for DYCK-(n, k),
already at n = k = 2. However, unlike the communication bound we used in Theorem 3,
Alice and Bob now have access not to two halves of the input; rather, Alice and Bob
have access to the even and odd positions in the string, respectively. Intuitively, in

such a situation, Alice needs to know almost all of the bits available to Bob in order
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to decide whether a given string is well-bracketed—and vice versa. More formally, they
need to exchange at least N — 1 bits to decide membership in DYCK-(2, 2).
Problem. Let ¥ = {*(,*)’,‘[',]'} be the vocabulary of a language DYCK-(2, K). Let
" denote the set of all strings of length exactly n and =" denote the set of all strings
of lengths up to n. The communication problem between Alice and Bob is defined as
follows. Assume the length N is even for this problem. For a string x € X, Alice has
the symbols in the odd indices of the string and Bob has the symbols in the even indices
of the string. They have to compute the function fpye : ¥/ x /2 — {0, 1} which
outputs 1 if the string z is in the language DYCK-(2, 2) and outputs 0 otherwise.

For any function, the fooling set is defined in the following way,

Definition 1. [Fooling set] A fooling set for any function f : XV/2 x ©V/2 — 0,1} is
aset S C NV/2 x ¥V/2 and a value b € {0, 1} such that,

e For every (z,y) € S, f(x,y) =Db.

e For every two distinct pairs (z1,11), (22,92) € S, either f(z1,y2) # b or
f(@2,51) # b

The following is a well-known fact in communication complexity.

Fact 4. For any function f, if there exists a fooling set of size |S|, then the communi-

cation complexity C(f) > log,|S|.

Lemma 3. Suppose Alice and Bob have the symbols in the odd and even indices of
a string s € XN respectively. To each compute whether s € DYCK-(2, 2), they must
exchange at least N — 1 bits.

Proof. The proof follows from the fact that there exists a fooling set of size 2! for
the language DYCK-(2, 2) with strings of length N. The fooling set S is constructed
with all strings in s = (z,y) € XV such that fpye(s) = 1. Each string s in S satisfies:

s=(x,y) where z € Eé\gj,y € 2N and foy(z,y) = 1.
Here, x = (x1,%2,...,%n/2) and y = (y1,¥2,...,¥Yny2) represent the sequences of
symbols at odd and even indices, respectively.
Constructing the fooling set. Note that, if x is the string of symbols in the
odd indices of a string s € DYCK-(2, 2), then the string of symbols y in the even
indices such that fpyk(x,y) =1 is unique. Suppose one is provided with the string

x = (x1,...,2n/2), then one can deterministically determine the symbols in the even
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indices y = (y1,...,yns2) in the following way. Iterate through the symbols in x,
starting with x;, which must be an open bracket. After the open bracket z1, if there
are one or more closing brackets x,, ...,k before encountering another open bracket
Tii1, then the symbols yy,...,yx can be constructed deterministically using the

following mapping,

( ifzj =) forj <K,

| ifzjq =" forj <K,
i Vo oifa = for j =K,

| ifay = forj =K.
In other words, the symbols ¥, ..., yx_1 will be the open brackets corresponding to
the closing brackets xs, ..., xx. After the symbol x1, whenever you encounter another
open bracket zx; where K > 0, then the symbol yx will be the closing bracket
corresponding to the symbol x;. Once you have matched the first open bracket symbol
x1 with a closing bracket, you are bound to encounter another open bracket. Follow
the same process until the end of the string, and one can obtain the string y, such
that (z,y) € DYCK-(2, 2).
Hence, if x and y are the symbols in the odd and even indices of a string s &€
DYCK-(2, 2), then placing any other string ¢’ # y in the even indices leads to a string
which is not in DYCK-(2, 2). Our fooling set S contains all strings of length N in the
language DYCK-(2, 2). Hence, by construction, we have that fpyek(s) = foyek(z,y) =1
for all s = (z,y) € S and

Joyek(71,92) = foyek(z2, 1) =0 for all  (z1,y1) # (22,92) € S.

Thus, such a set S is a fooling set by Definition 1.

Size of the fooling set. One can show that the total number of strings of length
N in the language DYCK-(2, 2) is exactly 2¥~1 with some elementary combinatorics.
First, see that the number of DYCK-2 sequences of depth at most 1 and length N
is exactly 2™/2. This is because the string is made up of blocks of ‘()" and ‘[]’, and
hence there are two choices for every block. Then, consider a block of DYCK-2 string
of length k (where k is even) which starts and ends with an open and closing bracket,
respectively. Moreover, the DYCK-2 string has a depth exactly 2, e.g. ‘[ () [| () |-
Note that, the total number of such strings of length k is exactly 2¥/2 since there
are two choices for the first bracket and there is a DYCK-2 string of depth 1 and
length k£ — 2 inside it. For simplicity, we will call such strings as belonging to the

language DYCKB-(2, 2) which is a subset of the language DYCK-(2, 2). In simple
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terms, strings of length m in the subset DYCKB-(2, 2) have an overall depth 2 and
have a depth 1 string of length m — 2 between the first symbol (open bracket) and
the last symbol (closing bracket); for instance, ‘[ () [] () () |".

The total number of DYCK-2 strings of depth at most 2 and length exactly N can
be computed as follows. Partition the indices into k contiguous blocks where each
partition is of an even length. Suppose the indices begin with 1, then the points of
partition could be between 2 and 3, 4 and 5, and so on. For instance, a valid partition
of the indices [1,2,...,8] into 3 blocks is [1,2], [3,...,6], and [7,8]. The total number
of partition points is N/2 — 1. For any such partition, if the length of a block is 2 then
that block can only have DYCK-2 strings of depth 1 and if the block is of length > 4,
then consider all possibilities of DYCK-(2, 2) strings starting and ending with open
and closing brackets respectively or in other words, strings in DYCKB-(2, 2) described
earlier. If the number of partitions is N/2 — 1, then all possible strings have depth at
most 1 and if the number of partitions is 0, then the entire string is in DYCKB-(2, 2).
See that, no matter how you partition the inputs, the number of possible strings
at each block of length m is 2"/2. Further if P = {pi,...,px} denotes the set of

lengths of each block in the partition, then the total number of strings with such a
k

partition is H 9Pi/2 = QX1 pi/2 — 9N/2 Ty other words, regardless of how the indices
i=1

are partitioned, if each block of size > 2 is required to be a string in DYCKB-(2, 2),
then the total number of possible strings is 2/V/2.

The total number of DYCK-2 strings of depth at most 2 can be computed by considering
partitions of all sizes k = 0,..., N/2 — 1 and all possible partitions for a given size.
With this, we get the total number of valid strings in DYCK-(2, 2) of length N to be

[z

- 5-1 N/2 N
2 N2 = oN—t
- ()

Hence, from fact 4, it follows that the communication complexity of DYCK-(2, 2) is
at least N — 1.

E

O

While we have given a self-contained proof based on fooling sets, there is also a possible
algebraic route to Lemma 3. The result of Raymond et al. [131, Theorem 5.7| says
that for languages whose syntactic monoid is aperiodic, the two-party communication
complexity is O(log N) when the monoid lies in DA, and ©(/N) when it is not in DA.
Since DYCK-(2, 2) is star-free, this would reduce the question to showing that its
syntactic monoid is not in DA. Informally, this looks plausible because DYCK-(2, 2)
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is defined by nested bracket-matching constraints, rather than by a simple left-to-right
pattern. Thus establishing that the syntactic monoid of bounded Dycks is not in DA,
the linear lower bound would follow from the result of Raymond et al. [131].

Combining Theorem 4 and Lemma 3 entails a lower bound on the width of a Trans-

former for computing DYCK-(2, 2):

Theorem 5. Consider a one-layer Transformer f € TF},L%H deciding membership in

N—-1
DYCK-(2, 2) Then mH Z W.

Discussion. This result establishes a second separation between one-layer Transform-
ers and RNNs; but now in the other direction: Bounded-depth Dyck languages are
regular, and previous work has shown that constant-width RNNs can recognise them
with standard activation functions, Sigmoid [72] and ReLU [19]. We further note that
two-layer Transformers can model bounded-depth Dyck languages [175]. Tt is also
worth noting that the argument for the communication complexity lower bound for
Dyck with 2 types of brackets can also be naturally adapted to Dyck with 1 type
of brackets. Thus, it also implies that one-layer Transformers need linear width to
represent Dyck-1 and a two-layer construction (such as one based on Bhattamishra

et al. [18]) is needed.

3.4.2 Lower Bounds on Boolean Functions

There are some notable differences between the types of communication complexity
lower bounds we have for one-layer Transformers (Theorem 4) and for RNNs (Theo-
rem 2). If an RNN can compute a function f then Theorem 2 implies that there exists
a one-way communication protocol with mp bits over any contiguous partitions of the
input. On the other hand, if a one-layer Transformer can compute a function f, then
Theorem 4 implies the existence of a communication protocol with O(mpH log N)
bits over any partition of the input — but not one-way. Hence, the types of lower
bounds that apply to these two architectures are different. For any function f such
as the INDEX problem, if the one-way communication complexity is lower bounded
by Q(N) over some contiguous partitions, then it implies that for RNNs, the width
m = Q(N/p). However, since the two-way communication complexity of such prob-
lems might be smaller, those lower bounds need not apply to one-layer Transformers.
For instance, the INDEX problem can be solved with log N bits of communication
if two-way communication is allowed or in other words, Bob is allowed to send bits
to Alice. Conversely, to prove lower bounds for Transformers computing a certain

function f, proving a communication complexity lower bound for f over any partition
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of inputs suffices. For a particular partitioning of inputs, we showed a lower bound on
the communication complexity of bounded Dyck languages. While that result implies
a lower bound on one-layer Transformers, the partitioning is not contiguous and hence
does not apply to recurrent models. For DYCK-(2, 2), contiguous partitions are not
a hard case, and in fact, communicating < 2 open brackets from the first half is
sufficient. This is why the lower bound of Lemma 3 does not apply to RNNs. Despite
these differences, for a large class of Boolean functions including functions such as
Equality and Disjointness, the lower bounds apply to both of these architectures.

Lower Bounds. Despite the differences discussed above, there are several Boolean
functions, for which we can establish that when widths are bounded, neither one-layer
Transformers nor RNNs can compute them. The Equality function EQ : {0, 1}V —
{0,1} is a Boolean function defined as EQ(x) = I[(x1,...,Xn/2) = (Xn/2415 - - XN)]-
A related problem is Disjointness: given two vectors x,y € {0,1}"/2) the function
D1sJ(x,y) = maxx;y; = [[xTy > 0]. Both the functions Equality and Disjointness
are known to have communication complexity Q(N) (see Section 3.2.1) and Theorems
4 and 2 imply that both one-layer Transformers and RNNs must have width Q(V) to
represent them. In the next section, we show that these lower bounds do not apply to
two-layer Transformers. Additionally, it is worth noting that the functions EQ and
D1isJ can also be expressed as depth-2 linear-size circuit families, namely as a 2-CNF
and a 2-DNF respectively. Hence, a more general consequence of the limitations of
RNNs and one-layer Transformers is that with width o(V), they cannot compute
certain functions in the class DLOGTIME-uniform AC".? This is interesting since

DLOGTIME-uniform AC? is considered one of the simplest classes of Boolean circuits.

3.5 Representational Capabilities of 2-layer Trans-
formers

In Section 3.4, we showed that single-layer Transformers and recurrent models must
have size linear in the input length to express natural Boolean functions such as EQ.
In this section, we show that two-layer transformers overcome these limitations by
efficiently expressing such Boolean functions and more general forms of associative

recall tasks, such as simulating the nearest neighbour algorithm.

2The class AC" contains polynomial size AND/OR circuits with unbounded fan-in and constant
depth.

36



3.5.1 Representing Boolean Functions

We start by showing that two-layer Transformers of poly-logarithmic size can express
the Equality function. The input domain need not necessarily be the Boolean vectors
{0, 1}¥; rather, the construction works for sequences over any finite alphabet .
Equality. For convenience, we discuss the complement of the Equality function
INEQ = 1 — EQ(«), which is the inequality function. It does not influence any of
our results or the constructions for Transformers but it helps make the intuitions for
the construction clearer. The function INEQ : {0,1} — {0, 1} is a Boolean function
defined as,

INEQ(z) =I[(21,...,2n/2) # (TNj211 - - - TN)]
This can also be represented as a 2-DNF with N/2 terms,

INEQ(2) = (21 A m2njoi1) V (721 AZnjan) VooV (@n2 A 22y) V (5Znj2 A 2y)

Theorem 6. For any N € N, there exists a 2-layer Transformer f € TF?Q’WPQ where
width m = O(log N) and precision p = O(log N) such that f(x) = INEQ(x) for all
x € {0,1}".

The construction is based on tools developed in Section 3.3. The broad idea is as
follows. In the first layer, at each position i > N/2, an attention head attends to
position i — N/2 and copies the input z;_n/,. A feedforward network then checks
whether the retrieved value is equal to x;. The second layer simply uses uniform
attention over the outputs of the previous layer to check if there is a mismatch at any
position. Importantly, we show that the above strategy can be implemented with a
representation size O((log N)?).

We first describe the high-level idea behind the construction. We will consider the
input domain to be {—1, 1} and our goal is to compute INEQ(z) for all x € {—1,1}".
This can also be formulated as,

INEQ(z) = (21 & ZE%_H) V (29 @ x%+2) V...V (ZL‘% ®xy)

Let f-(l) denote the first layer of our construction fi,eq that computes INEQ and let

ineq

fi(nlgq(x)i denote the ith output vector of the first layer. Our construction will be such

that for i« > N/2, on the ith input, the attention mechanism at the first layer will
retrieve the (i — N/2)th input using tools described in Section 3.2.3. With the MLP,
the first layer fi(j(jq

if z; = TN and is 1 otherwise. The second layer will then take an OR over all those

(x); will compute z; & TN for each i > N/2 where x; & z, x =0

values which will result in computing INEQ(z).
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Proof. Let © = (x1,...,2zy) denote our input vector. The input to the Transformer
model will include the positions as well & = ((x1,1),...,(xx, N)). Let x; € R?
denote the embedding of the ith input #; where d = 2 + 2k. Here, k = O(log N)
is the dimension of vectors 7(1),...,T(N) described in Corollary 0.1. The input

embeddings will contain four parts and will be of the following form

. — [24,0,T (i), T (i),1] if i < N/2,
s, 0, T (), T (i — £),1] otherwise.

The query vectors Q(x;) = x;Wy will be the last part of the embeddings, i.e.,
Q(x;) = [T(4),1] for i < N/2 and is T (i — N/2) for ¢ > N/2. Similarly, the key
vectors K (x;) = [T (i), —1/2] for all i. The value vector will be a d-dimensional vector
V(x;) = [0, x;, 0, 0]. The query, key, and value transformations can be implemented
with block matrices containing zero and identity matrices similar to the one described
in Section 3.3.

By construction, the dot products A4; ; = (Q(x;), K(x;)) = (T(: — N/2),T(j)) —1/2
will be such that for i > N/2,

>1/4  ifj=i-1,

< —1/4 otherwise.

Aij = (Q(x), K(x5)) {

For i < N/2, the dot products A; ; will be greater than 1/4 if i = j and will be less
than —1/4 for ¢ # j. If this was a Transformer with the hard-attention mechanism,
then, note that Att(X); = [0, z;, 0y, 0] for ¢ < N/2 and Att(X); = [0, x;_n/2, O, O]
for i > N/2. With residual connections or another attention-head, the output of the

attention block will include the original input as well, which will lead to

[, 2, T (1), T (i),1] fori < N/2,

[T, 2i—ny2, T (1), T (¢),1] fori> N/2.

Then a simple ReLU FFN can compute the XOR of the first two values of the output
vector from the attention block. Hence, by construction, the output vector from the
first layer fi(nlgq(x)i = [2; ® xi_ny2,...] for i > N/2 and [0,...] for i < N/2.

Second layer computing OR. The second layer of the Transformer will compute

the OR over the first coordinate of the input vector, which is quite straightforward.
Let the query vector Q(Xgl)) = 0. The value vectors will be of the form V(Xgl)) =
[(z; ® 2i-ny2),0,...,0] for i > N/2 and they will be zero vectors by construction for
i < N/2. Then, regardless of the keys, the dot products will be 0 for each position,
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and hence
N

Att(X)P = % Z (75 ® Ti_ny2).
i=N/2

If Att(X)g\%) > +, then the FFN can output 1 and it can output 0 otherwise.
Softmax attention. We now describe how to retrieve the z;_n/, values with softmax
attention in the first layer of the model. The approach is slightly different from the
one used in Section 3.3 and makes use of finite precision rounding.
Consider another construction that is identical to the construction described above
with the exception that Q(x;) = nQ(x;) = n[T (i), 1]. We show that for large enough
n and i > N/2, the weight softmax(A); ; will be so close to 1 for j =i — N/2 that it
will be rounded to 1. Similarly, it will be rounded to 0 for j # i — N/2. For i < N/2,
the weight will be rounded to 1 for ¢ = j and will be rounded to 0 otherwise.
Recall that the finite precision implementation is parameterised by a large constant
K. (c.f. Section 3.2.2). For i > N/2 and j = ¢ — N/2, there exists an 1 such that,

_ exp(n(Q(x:), K(x;))) _ 1 |
S exp(n(Q(x:), K (xi))) | — 2IV¥e

For such an 7, the weight softmax(A);; will be rounded to 1.

L s o), K(x5)) exp(§1) S1o 1

T exp(m(Q(xi), K (xi))) — exp(in) + (N = Dexp(—gm) — 2N
— NS exp() > (2N~ 1)(exp(yn) + (N 1) exp(~ )

— exp(g) > (N = 1)(2N" — 1)eXp(_Z)

— 5> 2log (N — )@V — 1)

Thus, for n = log N + K.log 2N, the softmax attention weight at j =i — N/2 will
be rounded to 1. Similarly, one may verify that if n > K. log2N, then the weight
softmax(A); ; for j # i — N/2 will be less than 1/2N%e and hence will be rounded
to 0. Hence, for n > log N + K .log 2N, the softmax attention will behave like hard
attention, and as described earlier the Transformer will compute the INEQ function.
This completes the proof.

0
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The scaling in the attention mechanism in the last part can also be implemented in
almost exactly the same way as the construction for Theorem 1. Implementing it
that way then requires the ReLU FFN to act as a threshold function. The scaling
described above makes use of the finite precision setting to amplify the dot products
to the point that it acts as hard attention.

Generalising this result, we find that two-layer Transformers with logarithmic width
can express a more general class of Boolean functions: thresholds of k-sparse features,
a class including functions such as Equality and Disjointness. Since such functions
cannot be expressed by one-layer Transformers and recurrent models with width o(N),
these results imply a separation on Equality and Disjointness: these functions can be
expressed by small-sized two-layer Transformers, whereas one-layer Transformers and

recurrent models must grow linearly with input length to represent them.

3.5.2 Implementing the Nearest Neighbour Algorithm

The goal of the nearest neighbour task (NSTNB) is to analyse whether a sequence
modelling architecture can implement the well-known nearest neighbour algorithm to
make predictions.

Nearest Neighbours. In the NSTNB task, a model is provided with a sequence
of vectors and labels (x1,y1,...,Xk_1,Yk_1,Xx) Where k € {% +1,..., N}, the input
unit vectors x; € R? and labels y; € {0,1}. For each x; where k > N/2, the
output is the label corresponding to the nearest neighbour in (xi,...,X;_1), that
is, if j = argmax;c; )X, %; or j = argminc ) [[Xx — X[, then the output for
Xj, is the label y;. Since we are working with unit vectors, maximising the inner
product is equivalent to minimising the ¢y distance. If the second half of the sequence
XN g5, XN is a permutation of the first half x;,... XN then the task reduces to
the Multi-Query Associative Recall (MQAR) task [10].

Assumptions. We will make two assumptions about the problem.
e Norm. All input vectors x; are of unit norm, i.e., ||z||, = 1.

e Margin. Existence of a margin between the dot product with the nearest
neighbour and the dot product with other input vectors, i.e. there exists
~v > N~¢ for some universal constant ¢, such that for any k € {% +1,...,N}, if

J* = argmax;cp,_q X} x;, then x] x;« > x] x; + 7 for any i # j*.

Relation to Associative Recall. The nearest neighbour task is closely related

to the single and multi-query associative recall (MQAR) task introduced in Ba et al.
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[13] and Arora et al. [10]. In the associative recall task, a model receives a sequence
S1,Yly - - - Sk—1, Yk—1, Sk, Wwhere the symbols s; belong to an alphabet |X|. Assume the
symbols sq, ..., s,_1 to be distinct and the labels y; € {0, 1} for simplicity. The query
input s, is a repetition of one of the preceding inputs. The goal of the model is to
predict the label of the query input s, by finding the exact match from the context and
producing the corresponding label. A model that can compute the nearest neighbour
algorithm can perform these associative recall tasks by embedding the sequence of
symbols $1,41, ..., Sk—1,Yk—1, Sk as a sequence of vectors (X1, Y1, ..., Xp_1, Yk—1, Xk)-
If a model receives a sequence (X1, Y1, - - ., Xk—1, Yk—1, Xx) Where the vectors xq,Xa, ..., Xp_1
are distinct and the query vector x; is a repetition then the task of applying nearest
neighbour to predict the label for the query vector reduces to the single query associa-
tive recall task. Implementing the nearest neighbour algorithm is equivalent to finding
the exact match for the query vector x; and producing the label y; corresponding to
that input. In the case where the models are required to predict iteratively for all x;
for k = % +1,..., N, the task becomes equivalent to MQAR.

The MQAR task is a simplified version or a subset of the nearest neighbour task
where the model is first provided with the prompt (xi,y1,...,Xn/2,Yn/2) and the
subsequent N/2 input vectors are a permutation of the first N/2 vectors. In other
words, for N/2 < k < N and a sequence (X1,¥1,...,Xk_1,Ys—1,Xx), the model has
to find the exact match of x; in the first N/2 vectors and output the corresponding
label. It is straightforward to see that any model that can perform the nearest
neighbour task can also perform the MQAR task. Assume the size of the alphabet
|X| = O(NV). The embedding of each symbol s; € ¥ can be a distinct vector from
the hypercube {_\/L&’ \/ia}d where d = [log |X|] = O(log N). The embeddings can be
thought of as the normalised binary encodings of each symbol. Thus, a model receives
a sequence of vectors (X1, 41, - .., Xg_1, Yk—1, Xx) corresponding to a sequence of symbols
S1,Yly -+ Sk—1, Yk—1, Sk. Since the query vectors xj, for k > N/2 are repetitions, there
is an exact match for each of them in xi,...,Xy/2. Suppose the exact match for
a query Xj = X;», then their dot products (x4, x;-) = 1 and the dot product with
every other vector (xx,x;) < 1— log;N' Since the margin between the dot product
with the nearest neighbour and other vectors satisfy % = O(log N) and all the input
embeddings have unit norms, the problem satisfies the assumptions of the nearest
neighbour task.

Result. The following is one of our main results, which states that two-layer Trans-
formers of logarithmic size can implement the nearest neighbour algorithm in their

forward pass and, as a corollary, can also perform associative recall tasks like MQAR.
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Recall that we say a model operates over p bits if all the weights and intermediate

computations can be represented with p bits of precision.

Theorem 7. For any N € N, there exists a 2-layer Transformer fyn € Tan,p,Q
with width m = O(log N) and precision p = O(log N) such that fyy computes the
nearest-neighbour task on all sequences of length at most N satisfying the assumptions

above.

For N/2 < k < N, the model will be provided the sequence (X1, 1, ..., Xk_1,Yrk_1, Xk)
where x; € R? vectors contain the input points and ;s contain the labels. For clarity,
we will refer to the embedding of all inputs as z; € R? where zy; 1 = ¢(x;,2i — 1) is the
embedding of input points for i = 1,... k. Similarly, the vectors zy; = ¢(y;, 27) will
contain the embedding for the corresponding labels. Hence, technically, the sequence
of input vectors to the Transformer model will be (z1,za, ..., Z2k_1).

Overview of Idea. The explicit construction is a bit tedious, but the key ideas
are straightforward to understand. The construction itself does not rely on input
sequences of fixed lengths, unlike the one for the Equality problem.

Recall that for an input sequence (z1, 2o, . . ., Zox_1), the odd indices (2i —1) correspond
to the inputs x; and the even indices (2i) contain the label information y;. The final
input zo,_; contains the query input x;, and the goal of the model is to find the
nearest neighbour input x;« and output the label corresponding to that y;-.
Intuitively, a two-layer Transformer can do that in the following way: the first layer
can find the nearest neighbour x;« and retrieve the position of the label y;«. The
second layer can then attend over that position and produce the desired label.
Challenges. There are a few challenges to executing this strategy, which our construc-
tion will address. If the input embeddings were identical to the input vectors, then x;
would have maximum dot product with itself and not with its nearest neighbour x;-.
Second, if you remove that, even then the dot product with some label vector could
be larger than the dot product with the nearest neighbour (which could be close to
—1). Lastly, suppose by design you have the maximum dot product with the desired
input, you still need to retrieve the required information in a useful way, since we are
working with softmax attention, which will also put weight over other inputs.

Key ideas. One can think of the vectors 7(1),...,7 (V) as some form of positional
or address vectors of dimension O(log N). All vectors z;_; corresponding to inputs
x; will have the address vectors of their next position 7(2¢). Along with that, all the
vectors z; will also have their own address/position vectors 7 (). If in the first layer,

the model can attend over the vector zyj-_; with a high attention weight, then it will
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be able to retrieve the required address vector 7(2;5*) which it can then use in the
second layer to retrieve the required label.

The input embeddings are designed in such a way that the maximum dot product will
be with the desired input vector x;- or, more specifically, z;«_1. The embeddings
are such that the dot products between the query vector of input zs,_; and the key

vectors of all other input vectors z; will be of the following form,
Q1) K (z3i1)) = (xao ) — e1(T(2h = 1), T~ 1)) fori=1,...,k

See that for i # k, (Q(zar_1), K(22;-1)) = (Xx, X;) whereas for i = k, (Q(zox_1), K(22;_1)) <
—2 or much smaller based on the constant c¢;. Hence, attention weight will be smaller

on the query input itself compared to other inputs.

Secondly, for : = 1,...,k — 1, the dot products with the label vectors will be of the

following form,

(Q(Zzok—1), K(22:)) = (X£,0) —c1 (T (2k —1),T(2i — 1)) —ca~ —cy fori=1,... k.

which will be small depending on the constant c;. Hence, the dot product will be
maximum with input with the nearest neighbour x;- with a margin Q(~).

To retrieve and use 7 (27*) in the next layer, we do not need to hard-attend on zg;«_;.
Since the address vectors are of the form 7 (i) € {—\/LE, ik}k, we only retrieve the
corresponding sign vectors T;(i) = VAT (i) € {—1,1}*. Since the attention weight
will be maximum on zyj«_; with a margin, we can scale the query vectors to increase
the weight to a sufficient value and then use ReLLU as a form of threshold to obtain

Ts(27*). The second layer is then straightforward and will retrieve the desired label.

Proof. We will now describe the explicit construction for Transformers to compute
nearest neighbours.

Input Embeddings. The embedding vectors are defined in the following way,
¢(Xi7 21 — 1) = Zo;_1 — [Xia O, 1, 7-(22 — 1), T(QZ), Ok} (36)

Qﬁ(yu 2@) = Zo; = [Od/7 Yi, —2, T(2l), T(QZ), Ok]

Here, the vectors T (i) € {_\/LE’ \/Lk}k are JL transformations as described in Section
3.2.3 and hence k = O(log N). The dimension of the embedding vectors d = 3k + d’' +
2=0(log N). The vectors T(1),...,T(2N) are such that,

1+~/100 ifi=j,

(T(), T() = {() ++/100 otherwise.
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Query, key and value vectors. The query and key transformations in the first

layer are designed in the following way,
Q(2Zok-1) = [xk,1, =107 (2k — 1)]

K(Zgi_l) = [XZ,?),T(QZ— 1)] for 1 = ]_,...7]67
K(Zzi) = [Od, —23, 7-(22)] for i = 1, e k.

The value vectors will only have the 5th part (7(2¢)) in the last slot, and all other
values will be 0. Let 75(i) = VAT (i) € {—1,1}*, that is, T;(i) contains the signs of the
vector T (). The value vector will be of the form V(zy;_1) = [0,0,0, 0, O, 27,(21)]
and V' (zg;) = [04,0,0, 0y, 0x, 275(2¢)] for all = 1,..., N. The goal of the attention in
the first layer is to retrieve the vector T4(2j*) corresponding to the label of the nearest
neighbour.

Inner products. The design of such query and key transformation ensures that for
an input query xj, the dot product is maximum with its nearest neighbour x;- and
not with itself or any of the embeddings of the labels y;s.

The inner products Agk—192;—1 = (Q(Z2x—1), K (22;—1)) have the following form,

<Q(Z2k_1), K(Z2i—l)> = <Xk7Xi> + 2 — 10<T(2k’ - 1), T(QZ - 1)>

) Xk, xi) + 3£ 9/10 it i # k,
| (xex) +3—-10+£4/10 ifi= k.

>1  ifi#k,

= (Q(z211), K (22i1)) {< 5 ifi—k.

Similarly, the inner product with the label vectors zq;s is less than 0 for all ¢ as well,

(Q(zog-1), K(z2;)) =0 —6+~/10 < =5

To summarise, the query and key vectors are such that for the query input zxk — 1,
the dot product with itself (Q(zax—1), K (z2k—1)) < —5 and the dot product with all
label vectors containing y; is (Q(zax_1), K(22;)) < —5. The remaining dot products

are with the vectors of interest, which include the nearest neighbour input point,

<Q(Z2k_1), K(ZQi_1)> = <Xk,XZ'> + ’)//10 for 1 = 17 “ e, k—1.

Suppose j* = argmaxX;c(;_y x!'x; is the index for the input point which has the
minimum L2 distance or maximum inner product with the query vector x,. Then we
have that,
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(Q(Z2r—1), K (225 1)) — (Q(2Z2r—1), K(22i-1)) > v — /5 (3.7)

for all ¢ # j*. This indicates the maximum inner product will be with its nearest
neighbour and all other inner products will have a margin of at least 7 = %7.

If we have a Transformer with a hard-attention mechanism, then it will attend only
to the input which is the nearest neighbour of the query vector x;. However, with
softmax attention, it is non-trivial to only attend over a single input.

The embedding of all input vectors x; contains a vector 7 (2i) (see Eq. 3.6) which
serves as a key vector to retrieve the label following that input vector. Note that we
only need to retrieve the signs of the vector 7T (2i) since the vectors are of the form
{—\/LE, \/LE}’C We can then use it to retrieve the label of the corresponding input in
the next layer.

Retrieving with softmax. We show using softmax attention and a ReLU FFN we
can retrieve the required 77(25*). In particular, we will obtain 75(25*) = VAT (25*) €
{—1,1}*. As shown earlier, if j* = arg max;c(,_;) X4 X;, then the maximum dot product
(Q(zok—1), K(z2j+—1)) > (Q(z2r-1), K(22,_1)) + T is greater by a margin 7 = %’y. The
value vector corresponding to z;«, i.e., V(z;«) = [0,...,0,275(25%)] has the key vector
which will allow the next layer to retrieve the required label.

The basic idea is that even if at least 9/10 of the attention weight is on V' (z;-) and
essentially 27;(25*) then that suffices to preserve the signs using a ReLU FFN.

Let o(a) be a function such that o(a) =1 for a > 1, o(a) = —1 for a < —1, and
o(a) = a for —1 < a < 1. See that o(a) can easily be implemented by a ReLU FFN
since it is essentially ReLU(z + 1) — ReLU(z — 1) — 1.

Without loss of generality, let’s say 27,(25*); = +2. If the attention weight on it is
9/10 and the remaining 1/10 weight is distributed among the rest of the inputs, then
in the worst case, that value will be 1% — %2 > 1. Hence, applying o(-) over the
value will result in +1. The same goes for the case when 27;(25%); = —2 and for other
indices of 275(25*). Thus, it suffices to show that the attention weight over V(zgj+_1)
can be greater than 9/10 since it implies that with the ReLLU FFN, the output for
Zok—1 in the first layer will contain 75(25%).

Consider another construction which is identical to the construction described above
with the exception that Q(z;) = nQ(z;). We show that for large enough 7, the weight
softmax(A)ag—_1,25+—1 will be greater than 9/10 and the remaining weights combined
will be less than 1/10. Let 8 = (Q(zok_1), K (22;-_1)) and Z € R¥*? contain vectors

(z1,...,29,_1). Then, for any r € N,
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softmax(Q(zop_1) K (Z)T)gje 1
Q

_ exp(n(Q(z2x—1), K (22;+-1)))
exp(n{Q(zar—1), K (2z2j--1))) + 32405+ 1 exp(n{Q(Z21-1), K(2p)))

exp(nf3) S exp(nf3) .
~exp(nB) + (2k — D) exp(n(B — 7)) ~ exp(nfB) +2Nexp(n(B—17)) — r

= exp(nB) > (r — 1)(2N) exp(n(8 — 7))

1
== n> ;log(r —1)2N.

Hence, for r =10, if n = % log 18 N then the attention weight on the 25* — 1th input
vector will be greater than 9/10. Similarly, one can verify that for n = % log 18N, the
attention weight for the rest of the inputs combined is at most 1/10.

Output of the first layer. Let z ) denote the output of the first layer on the ith
input vector. By construction, with MLP and residual connection after the attention
block, the output of the first layer is such that,

z8) | =[x, 0,1, T (2k — 1), T(2k), T2(25)]

2V = [x;,0,1,T(2i — 1), 7(2i),..] fori=1,....k—1

28 = [0, yi, —2, T(20), T(2i),...] fori=1,... k—1.

Second Layer. Since we have the address/key vector T5(25*) for the target label
as the input in the first layer, it is straightforward to apply attention and o(-) with
ReLU FFN to produce the desired label.
See that if the query vector Q(zé}g_l) = [+75(25%)], and the key vectors contain the
4th part of the input vector, that is, K (ZEI)) = [T (4)], then the dot product will be
greater than 1 — /100 with the desired input at 25* and will be less than ~/100 for
the rest of the inputs. The value vectors will be assigned the second part of the input
V(zs)) = [04,5:,0,...,0] and will V(22 ) =1[0,...,0] for all i = 1,..., k. Using the
techniques used for the first layer, it is straightforward to see that a scaling of the
query vector and applying o(-) to the output will produce the desired label y;«.

O

Theorem 8. Any recurrent model with a hidden state of width m with p bits of
precision that can perform the nearest neighbour task for all inputs of length N must
have m > N/2p.
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Proof. The proof is via a reduction from the disjointness problem. We show that the
lower bound is true even for the restricted problem of multi-query associative recall
(MQAR). Recall that in the MQAR task the sequence of query inputs XN 4155 XN is
a permutation of the sequence of labelled vectors xi,...,Xn/2.

If there exists a recurrent model R that can solve the MQAR task, then we show that
Alice and Bob can use it to follow a communication protocol and compute the D1sJ
function.

The communication protocol is as follows. Alice and Bob have two Boolean vectors
a,be {0, 1}V /2 respectively. Both of them know the description of the recurrent model
R. Alice and Bob have decided on a set of N/2 vectors vi,...,Vy/s in S9! that
they will use in the communication protocol. Choosing any N/2 distinct vectors from
the hypercube {_\/LE’ \/La}d will suffice and also satisfy the assumptions mentioned in
Section 3.5.2.

To reiterate, both Alice and Bob have the model parameters/description and have
decided on a set of N/2 unit vectors as a part of their communication protocol. Alice
then uses the recurrent model R and provides the sequence of pairs (v;, a;) in any
arbitrary order. Alice then sends the hidden state vector hy to Bob. Bob then uses
the model R and iteratively provides v; vectors along with the generated output in
any order. Bob knows that the output produced by the recurrent model for the vector
v; corresponds to the value a;. Hence, Bob obtains the entire vector a and computes
Disi(a,b).

Since Alice sent the hidden state vector, which requires mp bits, and they could
compute DisJ(a,b) over {0,1}"/2 by exchanging mp bits, by Fact 1 we have that
mp > N/2. O

Discussion. Prior works [10] have empirically demonstrated that Transformer-based
LLMs can exhibit mechanisms such as MQAR and also nearest neighbours, as we will
see in Chapter 4. Further, on synthetic setups, they have observed that recurrent
models struggle to perform these tasks compared to Transformers. Our results take
a step towards understanding the differences in the performance between the two

architectures.

3.5.3 Difficulty of Deriving Communication-based Lower Bounds
for 2-layer Transformers

Our lower bounds both for RNNs and for one-layer transformers are based on commu-

nication complexity arguments. Here, we provide evidence that other techniques may
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be needed to establish lower bounds for two-layer transformers by showing that, in a
certain sense, no short communication protocol of the same kind as Theorem 4 can
exist for Alice and Bob to obtain the output of any two-layer transformer. We start

from the following lemma:

Lemma 4. Assume N is even. For every partition S, Sg of {1,..., N} where
1S4l = |Sgl, there is a 2-layer transformer f € TF5 5 with width m = O(log N) with
precision p = O(log N) with f(x) € {0,1} for each x € {0,1}Y, such that Alice and
Bob, having access to x o and xp respectively, need to exchange > % bits to compute

f(x).

Proof. For any partitioning S4, Sp, consider the task of determining whether zg, and

rg, are identical. That is, define (for z € {0,1}"):
1 ifx x
Fousn(z) = { S 3:5)
0 else

If Alice and Bob have access to zg, and xg,, respectively, they need to exchange

2

> % bits to compute f(x). Now by Theorem 6, there is a transformer fi,., € TF, 2

that computes f,_n/9,m/2+41,..n, Where m = O(log N) and p = O(log N). Now
renumbering the positional encodings results in a transformer computing fs, s,-

]

Corollary 8.1. If there is any communication protocol by which Alice and Bob can
compute the output for any two-layer Transformer, for any partition, with O(mpHg(n))

bits, then it must be the case that g(n) = (ﬁ)

Proof. Suppose there is a communication protocol such that for any two-layer Trans-

former and over any partition, the protocol can compute the output of the Transformer

with
0 (mpHﬁ) (3.9)

bits. But by Lemma 4, for each partition, there exists a two-layer Transformer with
mpH = O((log N)?) (3.10)

such that Alice and Bob need to exchange > N/2 bits to compute its output. We

obtain a contradiction. O
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Figure 3.2: Performance of models on the Index Lookup and bounded Dyck task.
Labels such as TF-(1, 64) denote Transformers with 1 layer and 64 widths. See Section
3.6 for more details.

3.6 Empirical Analysis

While we focus on the differences in the representational capabilities of Transformers
and recurrent models, it is natural to examine if differences of a similar nature arise
in their empirical performance. One thing to keep in mind is that positive results
regarding expressiveness presented in earlier sections do not imply that models can
learn such tasks. With regard to negative results, they do imply that when the
sequence length is much larger than the size of the hidden state or width of the model,
then the model will be incapable of representing the task and consequently fail to
learn the task. However, even for one-layer recurrent models with hidden states of
size 128 with 64 bits of precision, our lower bound applies at lengths over 8k.

In this section, we investigate the performance of Transformers and recurrent models
on tasks such as Index Lookup and recognizing bounded Dyck languages on sequences
of small lengths (< 1000). Our experiments are designed to answer the following
questions: (1) Are one-layer Transformers better than larger recurrent models on the
Index Lookup task? (2) Are recurrent models and two-layer Transformers better than
one-layer Transformers at recognising the DYCK-(2, 2) language? Importantly, as our
results concern the scaling of the model size with the input length, we are specifically
interested in the behaviour of different models across input lengths.

We also explore the performance of models on string equality in Section 3.6.4. Tasks like
MQAR have already been analysed empirically in prior works [10], so we do not include
them. We empirically investigate the nearest neighbour task more comprehensively in

Chapter 4 within the framework of in-context learning.
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3.6.1 Setup and Results

Setup and Training details. We train the models with cross-entropy loss using
the Adam optimiser [86]. The models are trained for up to 250k steps, where at each
step we sample a fresh batch of 64 training examples — resulting in ~ 16 million
examples over 250k steps. The models are evaluated on 5000 examples for each task.
For each model, we tune the various hyperparameters, notably across learning rates
€ {le-2, 5e-3,..., le-6} to find the best-performing model.

Index Lookup Task. We compare the performance of one-layer Transformers with
five different recurrent models — LSTMs [73], state space models such as DSS [67] and
Mamba [66], linear Transformers [82], and its variant RetNet [149]. We explore the
performance across various lengths € {20, 50, 100, 200,400}. We evaluate relatively
small-sized Transformers with widths 64 against recurrent models with up to 6 layers
and widths or hidden state size of 256. The size of the alphabet in the experiments is
|X| = 64. Figure 3.2 (left) depicts the performance of all models across various lengths
and Figure 3.2 (middle) depicts the validation curves during training on examples
of length 200. As depicted by the figures, while one-layer Transformers with width
64 achieve near-perfect accuracy within a few thousand steps, the performance of
relatively larger recurrent or state-space models degrades on lengths over 100, and
they fail to learn even with 10x training iterations. We explore the influence of width
on the performance of Mamba in Section 3.6.3.

Bounded Dycks. For DYCK-2 with depth at most 2, our separation results apply to
one-layer Transformers and nonlinear recurrent models such as LSTMs but not to linear
RNNs such as state-space models and linear Transformers. Hence, we are primarily
interested in the difference in performance between one-layer Transformers and LSTMs.
In our experiments, we compare the performance of one-layer Transformers with
relatively smaller recurrent models such as LSTMs and two-layer Transformers. We
also include Mamba for reference. We consider LSTMs and Mamba with hidden
state sizes of 64 and, similarly, two-layer Transformers with width 64. We evaluate
a one-layer Transformer with a width of 256 across lengths € {20, ...,400} most of
which are smaller than the width of the model. We observe that one-layer Transformers
achieve near-perfect accuracy up to lengths 100 but struggle on higher lengths. In
contrast, small-sized recurrent models as well as two-layer Transformers can achieve
near-perfect accuracy for lengths up to 400. Figure 3.2 (right) depicts the validation

curve of the models on examples of length 400.
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3.6.2 Implementation Details

In this section, we discuss the details of implementation and data generation for
experiments described in Section 3.6. Further, we discuss some additional experiments
on the string equality task.

Implementation and hyperparameters. All of our implementations for experi-
ments are based on PyTorch [121]. For our experiments with Transformers, we use
the Huggingface Transformers library [171] with the GPT-2 backbone as well as our
own custom implementation. We use PyTorch’s standard or in-built implementation
for experiments with LSTMs. For state-space models like Mamba [66] and Diagonal
state-space models [67], we use the official implementation provided by the authors for
our experiments. For RetNet [149] and Linear Transformers, we use our own custom
implementation.

For each task, we tune the models across several hyperparameters and report the
results based on the best-performing model. We use grid search to tune the models
for each task. For each architecture excluding LSTMs, we tuned across depths
€ {1,2,4,6} and widths {64, 128,256, 512}. Since LSTMs with large depths are hard
to train [120], we only consider LSTMs with depths up to 3. For Transformers and
linear Transformer variants, we tune the heads across {4,8}. For all models, we
tune the learning rate across {0.01,0.005,0.001, 0.0005, 0.0001, 0.00005, 0.000001}. We
primarily use Transformers with absolute encodings for the result presented in the
chapter. We train the models for up to 250k steps unless they achieve (almost) perfect
validation accuracy earlier. After training, we evaluate the models on a fresh set of
5000 examples.

Note, however, that the focus of our work is slightly different and for some problems,
we are interested in the behaviour of small-sized (width or depth) models of one
architecture and a relatively larger model for another architecture. For instance, in
the index lookup task, we are concerned with how well one-layer Transformers with
small widths fare against relatively larger recurrent models. Additionally, our focus
is on the comparison of different architectures of fixed sizes across lengths and not
primarily on how well models of the scale used in practice perform these tasks on
much larger lengths. Hence, we do not consider models with much larger depth or
width.

Compute. All our experiments were conducted using 8 NVIDIA Tesla V100 GPUs
each with 16GB memory and 16 NVIDIA GTX 1080 Ti GPUs each with 12GB memory.
Each run for 500k steps could take between 1 hour and 16 hours depending on the

length of the inputs and the size of the models. Some runs are much shorter if the
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Figure 3.3: Performance of Mamba on the Index Lookup task across various lengths
and widths. See Section 3.6.3 for more details.

model achieves high accuracy quite early (e.g. on lengths 20). While each individual
run does not take a significant amount of time, tuning the models, particularly for the
tasks where they fail to learn requires several runs and consequently a much longer
duration. We estimate that all the runs across hyperparameters, architectures, and
input lengths took < 1200 GPU hours in total on the GPUs mentioned above.

3.6.3 Additional Experiments and Data Generation

Index Lookup Task. The input sequences are comprised of symbols in 3 and a
positional token in [N]. In our experiments, the size of the set of symbols is || = 64
and N varies from 20 to 400. To create each example, we first sample a length k
uniformly between 10 and N (20 - 400) and then sample N symbols independently
from ¥ uniformly at random. Lastly, we sample a position between 1 and £ uniformly
at random and append it to the sequence to produce a labeled example for training or
evaluation. During evaluation, the model is tested on sequences of length exactly N.
Bounded Dycks. For the DYCK-(2, 2) task, we generate the examples in such a
way that with 0.5 probability, the generated string is well-balanced with depth at
most 2, and with 0.5 probability it does not belong to the language and has label 0.
The generated strings are of length exactly N in both cases. To generate positive
examples we use the following strategy: we iterate over N — 2 steps and for each step,
we check whether the current depth of the stack is < 2. If the depth of the stack is 2,
the sequence continues with the closing bracket corresponding to the open bracket
in the stack. If the depth is < 2, the sequence is either continued by choosing one of
the open brackets uniformly if the stack is empty or by choosing uniformly between
open brackets and the closing bracket if the stack is non-empty. After N — 2 steps,
the generated string could be a well-balanced string of length N — 2 in which case we

add a depth 1 string of length 2 at the end which results in a well-balanced string of
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length N. Otherwise, the stack could be nonempty, so we add the remaining closing
brackets, which also leads to a string of length N.

To generate negative examples, we first sample a positive example and then corrupt
some of the symbols in the string. For strings of length N, we first sample a number
k =1,...,N/10 uniformly at random and then pick % different indices uniformly
at random. For each of those positions, with probability 1/2, we swap the types of
brackets, e.g. round ‘(’ to square ‘|’, and with probability 1/2 we switch open brackets
to closing brackets (or vice versa). There is a very small probability that after the
corruption the resulting string will still be a valid well-balanced string of depth at
most 2, in which case we redo the corruption again. The probability of the event is
too low to affect the efficiency of the generation process.

Additional Experiment with Mamba. We explore how the size of the hidden state
influences the performance of a Mamba model across various lengths on the Index
Lookup task. We evaluate two-layer models of different widths {32, 64, 256, 512, 1024}
across various lengths ranging from 20 to 400. We find a clear trend where the
performance of Mamba models increases monotonically with the increase in the width
of the model (see Figure 3.3). While the performance does exactly scale linearly
with width it is still somewhat interesting that the trend exists. We did a similar
experiment with LSTM but did not observe such a trend and for lengths above 100
the performance remained at chance level even when the width was increased. Note,
however, that even with a width of 1024, the performance of Mamba is still much

worse than a one-layer Transformer with a width of 64.

3.6.4 String Equality Task

We explore a few different strategies to evaluate the performance of models on the
string equality task. In these experiments, the goal of the models is to determine
whether the first half of the input string and the second half of the string are equal.
The first two experiments are in the standard classification setting but differ in the
way the negative examples are created. The third experiment is in the next character
prediction which is commonly used in prior works to test models on formal languages.
For the equality task, we find that it is not straightforward to generate negative
examples in a way that the problem cannot be solved using shortcuts. Hence, we
include the next character prediction setting which does not require the generation of
negative examples.

Summary of results. The results on the String Equality task are relatively more

nuanced than the results for index lookup and DYCK-2. On a standard binary
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Figure 3.4: Performance of architectures on the Equality task. See Section 3.6.4 for
more details.

classification setup, one must make a design choice regarding the generation of
negative examples that could influence the difficulty of the task. We first conduct
experiments in the classification setup by generating negative examples using two
different strategies. On one task, we find that while recurrent models like LSTMs
struggle beyond a certain length, state-space models like DSS and Mamba are able
to match Transformer’s performance. In the second task, we find that all models are
able to achieve near-perfect accuracy. We note that both classification tasks can be
solved by using shortcuts based on the way the negative examples are created. Hence,
we explore another strategy called the next character prediction setting inspired by
prior works [150, 59| on empirical analysis on formal languages. We note that the task
in that setting becomes almost identical to the copying task where a model observes
a sequence and then has to produce the same sequence. In that setting, we observe
that at a small width like 64, state-space models fail to perform the task accurately at
certain lengths whereas Transformers with the same width succeed. For models with
larger widths, we find that DSS and Transformers succeed at performing the tasks for
the lengths considered in our experiments.

Setup. In all our experiments with string equality, we have a vocabulary > which
contains one token that is reserved as a separator token ‘[SEP|” and is placed between
the first half and the second half of the input string. For each task, while creating an
example we first pick the length £ uniformly at random from %, % + 2, % +4,...N.
The choice of lengths is due to the requirement that the length of the strings must be
even. During evaluation, we test the models on strings of length exactly N.

(i) Eq-random. The first experiment is pretty straightforward and contains binary
strings, i.e., ¥ = {0, 1, [SEP]}. With probability 1/2, we create a positive example by
first sampling a string of length k/2 uniformly followed by the separator token and

then the same string again. By construction, the created example has a positive label.
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With probability 1/2, we create the second half of the string by sampling another
string of the same length where each symbol is sampled uniformly at random. We
assign the label based on whether or not it is equal to the first half but with high
probability (1 — 2,%), the example has a negative label.

(ii) Eg-one. In the second experiment, we have a vocabulary with 1024 and we create
the positive example in the same way as earlier in the Eq-one setting by sampling
strings uniformly at random. To generate a negative example, we set the second half
to be equal to the first half and then change the symbol at only one of the positions.
In other words, the second half matches the first half at all positions except one.
The training details and hyperparameters are almost identical to the experiments
described earlier.

Results. On both the Eq-random task and Eqg-one task we find that Transformers
achieve near-perfect accuracy on lengths up to 400. Recurrent models like LSTMs and
linear Transformers struggle at lengths beyond 100 on the Eq-random task. On the
other hand, we find that recently proposed state-space models like DSS and Mamba
are able to match Transformers’ performance on both tasks (See Figure 3.4 left). On
the Eq-one task, we find that for lengths up to 400, all models are able to achieve
near-perfect accuracy.

Remark. One thing to note is that both of the experimental setups described above
can be solved using some form of shortcuts. In the first case, it is straightforward
to see that the first half and the second half will differ at about half the positions
on average. A recurrent algorithm does not necessarily have to store the first N/2
elements to compute the output correctly with high probability. Even if it stores the
first few elements, then with high probability, it can determine the label of the string
correctly. For the second case (Eqg-one), even if it might seem difficult at first look, a
recurrent model can solve it perfectly by just maintaining a dictionary of the counts
of each symbol in the vocabulary. Since the first half and the second half differ at
exactly one position, the number of occurrences of at least one symbol will be different
in the two halves.

To rule out such phenomena, we adopt the next symbol/character prediction setting
[59, 133, 150, 51].

(iii) Eg-ncp. In the next character setting (NCP), a model is required to predict the
next set of valid continuations for every prefix of a given string. It can be seen as a
multi-label classification problem for every prefix of a given string. The prediction
for a particular input string is considered correct if the prediction for every prefix is

correct.
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In the context of the string equality task with length N, for the first N/2 symbols,
all symbols are valid continuations, and hence the predictions for the first half of
the string are trivial. After observing the separator token [SEP|, only one of the
|X| symbols is allowed at every prefix until the end of the string. We note that the
prediction problem becomes equivalent to copying [79] a sequence of symbols. For our
experiments the vocabulary size |X| = 1024. We explore sequences of higher lengths up
to 800. In this setting, we find that when the model sizes are restricted, i.e., the width
of the models is 64, state-space models such as DSS and Mamba struggle to perform
better than chance-level accuracy for lengths over 400. In contrast, Transformers are
able to achieve near-perfect accuracy (See Figure 3.4). However, unlike the case of
Index Lookup, we find that the DSS architecture in particular is able to solve the task
for lengths up to 800 with larger widths in the NCP setting.

Discussion. We discuss a few takeaways from our experiments. For the Index Lookup
task, our results indicate that even small-sized one-layer Transformers can learn a lot
more efficiently than recurrent models of much larger sizes. The experiments with
bounded Dycks are primarily for one-layer Transformers and indicate that they learn at
a much slower rate than recurrent models like LSTMs and even two-layer Transformers.
On the string equality task, the difference in performance between Transformers and
recurrent models is not as stark as the Index Lookup task, particularly with state-space
models such as DSS. However, unlike Transformers, they seem to struggle on long

sequences in the NCP setting when the widths of models are small.

3.7 Discussion and Final Remarks

Based on prior theoretical results, it is known that, while recurrent models can
express any regular language [88, 87|, Transformers with logarithmic precision can
only express languages in the class of uniform constant depth threshold circuits (TCO)
[101]. These results indicate that—under standard conjectures—Transformers are
unable to represent certain state-tracking tasks that recurrent models can represent.
With such results, it might appear that Transformers are less expressive than recurrent
models—potentially at odds with the persistent practical success of Transformer-based
LLMs. Our findings, however, show that when the model size is constrained relative
to the sequence length, a variety of tasks relevant to practice can be represented
by small-sized Transformers but not by recurrent models. Our results suggest that
the attention mechanism does lead to expressiveness that cannot be replicated by

recurrent architectures, even with arbitrary transition functions.

o6



Limitations. A general limitation of this line of work is that positive expressivity
results do not imply that the problems under consideration are learnable. Additionally,
while lower bounds for an architecture imply difficulty in learning, when using double
precision, these results only apply to very long sequences in practice. Our results
(and probably techniques) do not imply any limitations on two-layer Transformers;
this is left as an open question. We note that communication complexity-based
techniques akin to Theorem 4 cannot exist for two-layer Transformers (cf. Section 3.5.3).
Hence, we believe that other tools will be needed to prove lower bounds for two-layer

Transformers.
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Chapter 4

Transformers as Learning Algorithms
and In-Context Learning

4.1 Introduction

While Chapter 3 primarily focused on the expressivity of models, in this chapter, we
will empirically investigate various aspects of Transformers and other architectures to
learn more about in-context learning.

Transformer-based large language models (LLMs) have shown a remarkable ability
to learn tasks in-context using a handful of demonstrations and without updating
their weights [28]. Demystifying this ‘in-context learning’ ability theoretically and
empirically is an intriguing direction. Since real-world language data and tasks are
hard to define precisely, in-context learning has been studied in various simplified yet
well-defined settings [32, 69).

Recently, [57] proposed a framework to understand the in-context learning phenomenon,
wherein the model receives a prompt P, = (x1,¥1,...,Xk_1,Yk_1, X)) containing a
sequence of pairs of inputs and labels followed by a query input. Each input x; € R? is
sampled from a distribution Dx and is labelled by a function f : R? — R sampled from
a distribution of functions Dx. The goal of the model is to accurately predict f(xx).
Unlike works that study in-context learning on LLMs, in this framework, the model
M is trained from scratch on various such prompts sampled according to distributions
Dx and Dx. Thus, this framework could be understood as a meta-learning approach,
i.e., the models are trained to learn learning algorithms. Garg et al. [57] show that
such trained Transformers perform well on a range of prediction and regression tasks
on inputs in R?. Given the flexible and interpretable nature of the framework, several

recent works [92, 3, 14] have adopted it to further understand in-context learning.
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Figure 4.1: In-context learning of Boolean functions in our setup. In an autoregressive
manner, given k — 1 points of the form (x;,y;) where x; € {0,1}" and y; € {0,1}, a
model has to learn to accurately predict the label y; for the &** point.

Research Questions. Multiple works [14, 119, 162] have demonstrated that Trans-
formers can learn various classes of real-valued functions in such in-context settings.
This naturally motivates further questions: (a) What are the limits of the in-context
learning ability of Transformers? (b) Is the attention mechanism essential for in-
context learning? (c¢) Can Transformers exploit high-quality and informative examples
to learn more efficiently? (d) To what extent do LLMs that are not specifically trained
for these tasks carry the capacity to implement non-trivial learning algorithms on
in-context examples?

In this chapter, we conduct an extensive empirical study with various classes of
Boolean functions to make progress towards answering these questions. Since Boolean
functions are widely studied in learning theory [111], the sample complexity and
learnability of various function classes are well understood which helps us in designing
the experimental framework. Additionally, unlike real-valued functions, the discrete
nature of the inputs allows us to adopt the setting for LLMs and test their ability to
implement learning algorithms. This chapter makes the following contributions.
In-context learning Boolean functions. Transformers trained from scratch perform
well on a range of Boolean function classes, however, their performance does degrade
on seemingly more ‘complex’ classes. In particular, when learning parities their
performance is as bad as random guessing, but known algorithms can perform near-
perfectly with the same size dataset. We also evaluate the performance of recently
proposed alternatives to Transformers which were motivated by the desire to have
sub-quadratic inference. Our results indicate that while these models match the
Transformer’s performance on most tasks, there remain some gaps in others.
Teaching Sequences. For a class of functions, a teaching sequence is a sequence of
examples that can uniquely identify the function. Our results show that Transformers

have the capacity to learn more sample-efficient algorithms when trained on such highly
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informative sequences. For certain tasks, our results show that a single Transformer
can learn two different algorithms and dynamically choose between them depending on
the in-context sequence—it uses the sample-efficient version if the input has a teaching
sequence, and falls back on the less sample-efficient algorithm otherwise.

Investigation with LLMs. The goal of recent work in stylized settings was primarily
to understand whether LLMs can use in-context examples to learn novel tasks. However,
it is still unclear if LLMs can implement learning algorithms rather than simply indexing
from a list of tasks seen during pretraining. To understand whether LLMs can learn in
a manner similar to models in the stylized setting, we investigate the performance of
pretrained LLMs on the same tasks, by adapting them in two different ways. First, we
use a frozen GPT-2 model, only training the input embedding layer, so as to be able to
evaluate GPT-2 in the same stylized framework. Second, working with discrete inputs
enables us to use the bit tokens directly to test the performance of LLMs by providing
them in-context examples. Our results show that these models achieve non-trivial
performance, competing with nearest neighbour classification. As we are sampling
learning problems from a large combinatorial space, it is virtually guaranteed that

these models are learning from in-context examples alone.

4.2 Setup for In-Context Learning

In-context learning. Our setup closely follows that of [57] and is similar to other
recent works which study the ability of Transformers to learn to implement learning
algorithms in their forward pass [119, 92, 162|. In this setup, a sequence model M (such
as Transformers) is trained using N sequences, each sequence consisting of m labeled
examples, (X1,Y1,-..,Xm,Ym). The model is trained for the next token-prediction
task, except that we only care about every alternate token: if ¢y,..., 9, are the m
output labels predicted by the model, where v, := M (Py) is predicted using the prefix
Py, = (x1,%1,- -+, Xk_1, Yk—1, Xk ), the loss on this sequence is given by % S o Uk )
To generate the set of NV training sequences, we do the following: We sample m points
X1, ..., Xm, 1.1.d from some distribution Dy over X, we sample a function f € F from
some distribution Dx over F, and obtain the sequence (xi, f(&1),...,Xm, f(2n)).
This is repeated N times, with a fresh sample of m points and a freshly sampled f.
For an appropriate loss function ¢, the empirical loss over N training examples is

defined as,
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S S, s | (11)
i=1 k=1
We will primarily work with classes of Boolean functions f : {0,1}" — {0, 1}, which
take as input a vector of bits of fixed length and output either 0 or 1. We say that a
model M can learn a class of functions F in-context if with high probability, for f ~ Dz
and for a sufficiently large kz, for all k > kz,' Prp (pr p[M(Pr) # f(xi)] < €.
We would like to highlight the difference from the traditional statistical learning
framework, where a single target function f € F is learned from a random sample of
labelled examples. In our setup, each sequence is a learning problem and the model is
learning a learning algorithm.
Models. We primarily focus on Transformers [161] but we consider five different types
of architectures for the majority of the experiments. These include a recurrent model
(LSTM) [73], a state-space model (DSS) [67], a long convolutional model (Hyena) [127],
and a hybrid model (RetNet) [149]. We consider decoder-only GPT-like architectures
containing causal masking (see Figure 4.1 right). Note that each input x; is a vector
of dimension n. A linear map, {0,1}" — R? with learnable parameters, is applied to
each input and label vector to map it to a vector of the same dimension as the model
width. The models receive as input (x1,y1,...,Xm—1,Ym—1, Xm) sequentially and for
each prefix P, for 1 < k < m, they predict the label y; which is provided as the next
token as in a language model.
Training. The models are trained from scratch to minimize the objective defined
in Eq. 4.1 where cross-entropy is used as the loss function. The details of the
hyperparameters and other aspects of implementation are provided in Section 4.6.4.
We have made our source code available at https://github.com /satwik77 /incontext-
bool.

4.3 In-context Learning Boolean Functions

In this section, we investigate the abilities of autoregressive architectures to learn
various classes of Boolean functions in-context. Our experiments are geared towards
answering the following questions: (1) What classes of Boolean functions can Trans-

formers learn in-context, and what are their limitations? (2) Is attention necessary

IThe choice of kr may depend on the function class, as for more complex classes, more examples
may need to be seen before learning is possible.
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for in-context learning, and what are the differences between the capabilities of

Transformers and attention-free architectures?

4.3.1 Descriptions of Tasks

Boolean functions have been widely studied in the field of theoretical computer science
[111]. Given that it is extensively studied in the field of learning theory, it is well-suited
for our task, since the discrete nature of the domain allows us to also test actual
LLMs apart from neural networks trained from scratch. Additionally, the learnability
and the precise properties of each function class are well-understood, which aids in
experimental design choices (such as the number of in-context examples necessary for
learning a concept class) and in drawing inferences from the results.

Tasks 1-2 Conjunctions and Disjunctions. For the input domain X,, = {0,1}", any
input x € X,, denotes a possible assignment to n Boolean variables zq,...,x,. A
literal is either the variable z; or its negation ;. A conjunction is simply an and (A)
of some subset of the 2n literals. For example, for n = 10, one possible conjunction
could be x5 A Zg A x7 which outputs 1 only when x5, z7 are 1 and xg is 0. The class of
Conjunctions contains all such conjunctions over {0, 1}". The class of Disjunctions is
defined similarly with the or (V) operation (z3 V Zg V 7).

Task 3 Sparse Disjunctions are a specific case of Disjunctions where the function
over n variables depends on at most k variables where k£ < n. In other words, the
function class contains all Disjunctions with at most & variables. In our experiments,
we set k = 3. For functions over n variables, the total number of 3-sparse disjunctions
is (g) 33. Hence, in our experiments, we set a higher value for the n (n_dims= 50)
parameter so that the number of functions in the class is at least a million.

Task 4-5 DNFs and CNFs. A Boolean function is in the class DNF if it is a disjunction
of one or more conjunctions. Formally, for any x € {0, 1}", a function f belongs to
the class of DNFs, if it can be expressed in the form f(x) = (211 A z12 A ... A 21py) V
oV (Zma A Zma A A Zmk, ) Where z; ; are literals which are either the variables or
their negation. Similarly, CNFs contain functions that are a conjunction of one or
more disjunctions. While only the simplest of classification rules may be defined using
conjunctions/disjunctions, a richer family becomes available when using DNF /CNF
representations. Since DNFs/CNFs are conjectured to be computationally hard to
learn, we consider 3-term DNFs and 3-clause CNFs, which are known to be efficiently
learnable.

Task 6 Sparse Majority. A function in the class sparse majority is parameterized by a

subset of variables and outputs the majority value of those variables. For example, if
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the relevant variables are x9, 24, x5 and z7, then the output for any input x € {0, 1}"
will be 1 if more than 2 variables have value 1 and will be 0 otherwise. Since each
function is uniquely identified by a subset of variables S C [n], the total number of
sparse majority functions is 2.

Task 7 0-1 Threshold Functions are functions of the form sign(> "7 | w;z; — b) where
wiy, ..., w, € {—1,0,1} and b € {—k,...,k—1,k}. Instead of the usual X,, = {0,1}",
the input space can be seen over {—1,+1}", which makes it easier to define the
functions. In our experiments, we set k = 3 and n = 28. Note that Conjunctions
and Disjunctions can be seen as special cases of Integer threshold functions where b
is ||w||; — 1 or -(JJw||; — 1). See that the total set of functions in the class of Integer
threshold functions is €(3").

Task 8 Integer Halfspace contains functions of the form sign(>"} | w;z; — 0.5) where
Wi,y .., wy €{=k,...,k—1,k} and x € {—1,4+1}". The total set of functions in the
class is ©(3™).

Tasks 9-11 Parity is one of the most fundamental classes of Boolean functions; widely
studied in learning theory and cryptography. A Parity function computes the XOR ()
of some subset of the n variables. For example, a Parity function could be x5 ® x4 ® x5.
Each Parity function outputs 1 when an odd number of the variables are assigned the
value 1 and outputs 0 otherwise. The class PARITY-n contains all 2" possible Parity
functions over {0,1}". We denote the class of sparse parities with PARITY-(n, k),
which contain Parity functions with exactly k relevant variables (or bits) defined over
{0,1}".

Task 12 The Nearest Neighbour task is intended to evaluate the ability of architectures
to learn to implement the nearest neighbour algorithm. Unlike other tasks, it doesn’t
involve a class of functions. For this task, each example consists of 100 points
x1,...,2100 € {0,1}" where the first & points are labelled 0 or 1 uniformly at random.
The labels for the next 100 — k points are determined by their nearest neighbour in the
preceding input points. More specifically, for any point z; where j € {k +1,...,100},

2T

let p = arg max;c ﬁ Then the label y; corresponding to z; is y,.

----- =1} iz

Size of Hypothesis set.H Ulnlike regression problems considered in earlier works, the
number of functions in these Boolean function classes is finite. However, see that, for
inputs over {0,1}", the total number of possible Conjunctions (or Disjunctions) is 3".
Hence, even for n = 30, the function class has over 100 trillion functions. Moreover,
even for a prompt with m = 50 examples, the total number of permutations is 50!
for one set of inputs and a single target function. This implies that the likelihood of

encountering the same training example twice is extremely low and that it is (almost)
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Figure 4.2: Performance of Transformers on in-context learning various classes of
Boolean functions. The plots represent the mean accuracy of Transformers as a function
of the number of in-context examples provided to the model. On certain classes of
Boolean functions, such as Conjunctions and Disjunctions, Transformers perform
in a near-optimal manner. On tasks such as 0-1 Threshold, Majority, and Integer
Halfspaces, they perform better than baselines but do not achieve near-perfect accuracy
even after observing 70 examples. On the other hand, on Parities, Transformers do
not perform better than chance-level accuracy. Refer to Section 4.3 for details.

impossible for a practical-sized model to memorize all examples during training unless

n and m are quite small.

4.3.2 Details of Input and Function Distribution

For the majority of the tasks, the inputs are sampled uniformly at random over {0, 1}".
For tasks such as Conjunctions, Disjunctions, and 3-CNF, a uniform distribution for
the inputs over {0, 1}" will lead to most examples being either positive or negatively
labelled. In that case, even the Null classifier which always produces the same output,
can achieve over 99% accuracy. While Transformers trained over uniformly distributed
inputs for these tasks achieve near-perfect accuracy, it is, in some sense, trivial since
they do not necessarily need to learn any algorithms and can achieve near-perfect
accuracy by learning a constant function. Hence, for such tasks, we modify the input

distribution such that at least 30% of the input points in the prompt have a positive
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Figure 4.3: Performance of different architectures on 6 representative tasks.

(or negative) label to make it more well-balanced. In the modified distributions, we
first sample k points for the prompt uniformly at random and then pick 30% of the
input points. For these points, we change a subset of bits to 0 or 1 so that they
will be labelled positively (for Conjunction) or negatively (for Disjunction) according
to the target function. Note that this doesn’t change the proportion of 0Os and 1s
in the modified inputs since the probability of a literal being positive or negative
(complement) in the Conjunction is the same.

Distribution over Functions. For tasks such as Sparse Disjunctions and Parities,
the functions are sampled uniformly from the set of all such functions. For both 0-1
Threshold functions and Integer halfspace, the w;s are sampled uniformly from their
respective range, and for 0-1 Threshold functions, the b parameter is sampled uniformly
from {—k, ...,k —1,k}. For tasks such as Conjunctions and Disjunctions, which are
either AND (A) or OR (V) of some of the 2n literals, the function is sampled such that
each literal z; or its complement z; has a probability p of being in the sampled function.
In other words, for each i € [n], the literal x; has p/2 probability of being sampled, the
literal z; has p/2 probability and with 1 — p probability the literal or its complement
is not included. In our main experiments, we set p = 30% and also investigate the
robustness of the trained model when evaluated on other distributions (other values
of p) in Section 4.6.1. Similarly, for the Sparse Majority class, the probability of each
literal being in the sampled function is p (there is no complement). For sampling each
3-DNF (or 3-CNF), we first sample three conjunctions (or disjunctions) with p = 20%
and then take an AND (or OR) of those clauses.
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Figure 4.4: Performance of various architectures on the Linear Regression task from

I57].

4.3.3 Details of Baselines

Below, we describe how each baseline model M predicts the label when provided with
a prompt P, = (X1, Y1, Xp—1, Yr—1, Xk)-

Null classifier. This classifier always produces the same output, i.e. M(P;) = 0,
irrespective of Py.

Averaging estimator. This is an incremental learning classifier that captures the
average relationship between input vectors and output labels for previously seen
points. It predicts M(P,) = w’x;,. The weights w are computed as the average of
the product of input vectors and their corresponding outputs over all previous points,
e, w= Zf:f X;Yi.

Nearest neighbours (NIN). This classifier aims to predict the output label based on
the labels of the n most similar input vectors in the previously seen points. It predicts
M(P;) = %Zze syi.- Here, S is the set of indices of the n nearest neighbours of x;,
among X; to X;_1. For k — 1 < n, we average over all the y;s from 1 to k£ — 1, and for
k=1, we set M(P;) = 0.

Feedforward Networks (FFN). We train a 1-hidden-layer ReLU FFN on the same
number of examples as provided to sequence models in Table 4.1. We tune the model
across width € {100, 500, 1000}, optimizer € { ’adam’, ’sgd’}, and learning rates
€ {0.01,0.005,0.001,0.0001}. We report the accuracy of the best model based on
1280 examples after being trained on m — 1 examples where m is given in Table 4.1

for each task.
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4.3.4 Results

Table 4.1 summarizes the performance of various architectures on the Boolean function
tasks considered in the work. The numbers indicate the accuracy of prediction for
the last example in a prompt sequence, averaged over 1280 sequences. The accuracy
curve of Transformers and baselines across all in-context examples is provided in
Figure 4.2. The performances on Conjunctions and Disjunctions are almost identical
in all the experiments we have conducted. Similarly, the performance on 3-CNF and
3-DNF, as well as among Parity tasks, is almost identical. The accuracy curves of all
5 architectures on representative tasks are provided in Figure 4.3.

Transformers show varied performance on Boolean functions. We find that on
certain simple classes of functions such as Conjunctions and Disjunctions, Transformers
achieve perfect accuracy within a relatively small number of examples. We observe that
the performance of Transformers is close to that of feedforward networks (FFN) trained
with gradient descent as well as known PAC-learning algorithms for the respective
tasks (see Figure 4.19), in terms of sample complexity required to achieve perfect
accuracy. On such tasks, we also find that they perform well on out-of-distribution
inputs and functions; they also exhibit robustness to the presence of noisy labels
during the training process (see Section 4.6.1 for more details).

While Transformers perform well on certain classes of Boolean functions, we find that
their performance degrades across others. The tasks can be broadly divided into
three categories. The first category contains tasks where Transformers can achieve
near-perfect (> 95%) accuracy. The second category contains examples where the
model performs better than baselines but its accuracy saturates below 95%. The last
category consists of Parities and Sparse Parities where Transformers and other models
do not improve beyond chance-level accuracy even with a large number of training
examples. While prior works [57, 119, 14] have observed that Transformers perform
well on a wide range of tasks, our results highlight that there are certain classes of
functions where they are imperfect (second category) and there are certain classes
such as Parities where they seem incapable of finding any learning algorithm to solve
the task. Note that, for PARITY-(10,2), 140 examples are sufficient for feedforward
networks trained with gradient-descent to achieve near-perfect test accuracy (see
Figure 4.7). The tasks PARITY-20 and PARITY-(20, 3) could be PAC-learned within
140 examples if the models could learn to apply the Gaussian elimination algorithm
[56]. Hence, the failure of Transformers on the tasks in learning to learn Parities does
not arise due to the lack of a sufficient number of in-context examples. We discuss

and further explore the difficulty of learning Parities in Section 4.3.6.
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Table 4.1: The performance of different architectures on in-context learning Boolean
functions. The numbers depict the accuracy of a model while predicting the last input
in the prompt. For instance, for prompts with m points, the number indicates the
accuracy on the m-th input point based on the first m — 1 points and labels. The
descriptions of the baselines are provided in Section 4.3.3. For all values reported in
the table, the standard deviation is within 0.5.

TASK N_DIMS’OINTS NULL AVERAGINGNN FFN DSS LSTM RETNETHYENATRANSFORMER
Conjunctions 28 70 69.9  68.2 81.3 94.0| 97.2 100.0 994  100.0 100.0
Disjunctions 28 70 | 698 675  80.3 034 975 100.0 997 1000  100.0
tsilgife Disjunc- 5, 70 63.9 704 717 91.2| 995 100.0 982  100.0 99.9
3CNF 28 100 | 593 666  79.6 OL5| 933 943 O9l5 955 051
C3.DNF 28 100 | 556 703 804 90.9| 947 955 929 960 052
Majority 28 100 | 555 809 678 84.0| 907 91.2 896 915 91.5
| 0-1 Threshold 28 70 | 505 707 771 89.6| 724 839 729 850 8.3
Integer-Halfspace 20 70 | 514 SLT 700 90.6| 840 846 831 869 864
Parity-(10, 2) 10 140 | 506 485 81.7 100.0 49.7 51.1 487 520 53.7
Parity-(20, 3) 20 140 | 500 507 553 50.2| 512 50.0 5L1 476 49.1
Parity-20 20 140 | 49.2 506 492 50.6 | 47.8 49.6 503  51.1 50.6
Nearest Neighbor 10 100 | 496  66.6 100.0 N/A| 815 791 90.6  85.5 100.0

Transformers vs. other Architectures. For the majority of the tasks considered
in this work, we observe that attention-free architectures perform almost as well as
Transformers. The efficacy of recurrent and long-convolution models on multiple
tasks such as Conjunctions and Disjunctions indicates that the in-context learning
phenomenon in the sense of implementing learning algorithms is not particular to
Transformers. At the same time, we find that certain differences between Transformers
and their recently proposed alternatives evidently exist. On tasks such as 0-1 Threshold
functions, we find that RetNet and DSS perform worse than Transformers (see
Table 4.1). With further experiments on linear regression tasks proposed in previous
works, we find that recurrent models such as DSS and LSTMs struggle to match the
performance of Transformers (see Figure 4.4). The closest to Transformers in terms of
performance is Hyena, which matches Transformer’s performance on all tasks apart
from the nearest-neighbor (NN) task. The NN task tests the ability of models to
implement the nearest-neighbor algorithm as described in Section 4.3.1. Our results
indicate that while recently proposed architectures with sub-quadratic inference time
can perform in-context learning, there still exists a minor performance gap between

these architectures and Transformers.
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4.3.5 How do Transformers Learn Conjunctions?

In this line of work, each sequence of examples or prompt (x1, f(@1),...,Xm, f(Tm))
can be seen as a learning problem. In the traditional statistical learning framework,
while learning from examples labelled by a particular function f € F (Conjunction),
the goal of a learning algorithm is to find the target hypothesis function f € F. In
this case, during the meta-learning stage, we are optimizing a Transformer (or other
networks) to find a learning algorithm rather than a target function. Hence, in that
sense, the target function in this meta-learning-like setup is the optimal learning
algorithm for the class of functions. It is natural to wonder how Transformers fare
against known optimal learning algorithms for the problems considered in this work.
While the optimal learning algorithms for all classes considered here may not be
known, there are some known algorithms for learning classes such as Conjunctions
and Disjunctions, which are in some sense near-optimal.

Classes such as Conjunctions and Disjunctions are known to be efficiently PAC-
learnable with O(n) examples. The classical algorithm (see Algorithm 1) for learning
Conjunctions works as follows, it starts with a hypothesis h which has all 2n literals
(h=21ANZ1 AN2o NZa A+~ ANzy A Z,). Tt goes through each example and only checks the
positive examples. For each positive example, it finds the literal which are not satisfied
and drops those literals from the hypothesis h. This is because we know that if a literal
is not satisfied and the label of the input is 1 then the target conjunction does not have
that literal. For any set of examples, this algorithm returns a conjunction consistent
with all examples and PAC-learns the class Conjunctions. A similar algorithm can be

derived for Disjunctions as well. See [160| for more details.

4.3.5.1 Results: Transformers as Learning Algorithms

Performance Comparison. Figure 4.19 compares the performance of the classical
algorithm for Conjunctions (Algorithm 1) and Disjunctions with the performance of
Transformers. There are a few things to note here: (a) These classical algorithms
are near-optimal and are guaranteed to work for any distributions over the input.
They are optimal in the sense that the lower bound on the sample complexity of
learning Conjunctions/Disjunctions is O(n) and these PAC-learn these classes with
O(n) samples. (b) Transformers can perform better on the first few examples because
they have knowledge about the distributions of inputs and functions since they are
exposed to them in the meta-learning stage. So in that sense, they are closer to the

Bayes-optimal-estimator [119] than the classical algorithm in their behaviour. However,
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Algorithm 1 CONJUNCTIONS Classical Algorithm

L: Input: n, S = ((X1,¥1); - (X, Ym))
2: Initialize: h:zl/\il/\ZQ/\Zg/\/\zn/\in

3 fori=1,...,mdo

4:  Pick (x;,y;) from S

5. if y; =1 then > Ignore negative examples
6: for j=1,...,ndo

T if X5 = 0 then

8: Drop z; from h > % bit of i*" instance is 0
9: else

10: Drop z; from h > 5™ bit of i*" instance is 1
11: end if

12: end for

13:  end if

14: end for

15: OQutput: h

unlike the provable PAC-learning algorithms, the algorithms learned by Transformers
are not guaranteed to work for arbitrary distributions. (c) Both Transformers and
the classical algorithm reach (near) perfect accuracy after observing almost the same
number of O(n) examples.

Interpretability. We explore how Transformers could be (in-context) learning Con-
junctions in this section. To simplify things, we will focus on Monotone-Conjunctions,
which contain only positive literals and no negative literals. That is, a function such
as f = z1 A z3 is in the class of Monotone-Conjunctions but Z; A z3 is not since z; is a
negative literal.

Approach. The key observation behind our approach to probing Transformers is
the observation that Monotone Conjunctions can be exactly learned by membership
queries alone. In other words, if there is a monotone-conjunction f over {0,1}" which
is unknown but we can query the label f(x) for any input x, then we can exactly
identify the Conjunction by querying n examples.

The n examples ey, ..., e, will be such that the example e; has value 0 at the ith
coordinate and value 1 everywhere else. For instance, over 4 dimensions, the vectors
e; = [0111],e, = [1011] and so on. See that for any unknown conjunction f over
{0,1}", if we query the function for input e; and the label f(e;) = 0, then it implies
that the literal z; is in the conjunction f. Hence, by querying all n such examples
ei1,...,e,, we can identify any unknown monotone conjunction.

Interpreting Transformers. We train the Transformers for the class of monotone

conjunctions by sampling prompts and optimizing the model similar to previous
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Figure 4.5: Extracting the target (Mono) Conjunction from Transformer during in-
context learning. The upper row depicts Transformer’s performance across in-context
examples and the lower row shows the number of literals in the conjunction extracted
from the Transformer at that point. The values are averaged across 1k prompts. The
three columns are for three different distributions over inputs (at test time). First
column: = 30% of inputs in the prompt are positive, second: ~ 70% of inputs are
positive, third: ~ 15% of inputs are positive.

experiments (as described in Section 4.2). We are interested in figuring out what
kind of algorithm it applies to learn conjunctions in-context. During evaluation, the
model M sequentially receives prompts of the form P, = (x1,%1,- -, Xk—1, Yk—1,Xk)
for 1 < k < m. After receiving each prefix P, we evaluate the model M on the n
examples ey, ..., e, to identify the function used by the Transformer model M. More
specifically, let Pk(i) = (X1,Y1,---, Xk, Yk, € ), then for each k € [0, ..., m], we evaluate
the model on P,gl), c Pk(").

See that if the Transformer model M makes its prediction based on some unknown
Conjunction, then we can recover it during each step of in-context learning. However, it
is not necessary that the model M predicts according to a conjunction and may be using
some other form of function, in which case this approach is not guaranteed to work.
Note that, since Transformers reach perfect accuracy after observing a certain number
of examples (Figure 4.2 top-left) and also achieve that on out-of-distribution examples,
it is reasonable to expect it to predict according to some underlying conjunction as it
sees more examples. Nonetheless, we apply the approach described above to extract
the target Conjunction at each step of the in-context learning process.

Learning Mono Conjunctions. For Monotone-Conjunctions, the PAC-learning
algorithm is a simpler version of Alg. 1. It starts with a conjunction with all literals
h =2 Nzy--- A z, and while going through m examples, it only looks at the positive

examples. For any positively labelled example z;, if any coordinate z; ; = 0, then it
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drops the literal z; from the hypothesis h and outputs h after going through all m
examples.

Results. We find that Transformers behave in a manner very similar to the algorithm
described above but not in an exact way. We evaluate the model on 1k prompts
containing 70 examples each and extract the literals at each step, beginning from no
examples to all 70 examples. We observe that in the beginning, the target function
has all literals similar to the classical algorithm. Moreover, as the model observes
more examples, the number of literals decreases monotonically and finally converges
to the correct target conjunction, which was used to label the examples in the prompt.
However, unlike the classical algorithm, the Transformer model does not drop literals
right after seeing a positive example; we find that it drops a larger number of literals
together after observing a series of positive examples.

Figure 4.5 depicts the number of literals in the extracted conjunction across in-context
examples for three different input distributions. The model was trained according
to the first distribution, where approximately 30% of the examples in the prompt
are positively labelled and then tested on three different distributions. Similar to
the classical algorithm, the model seems to start with all literals and then gradually
drops literals as it sees more examples. Upon manual inspection, we found that
the model does not always drop literals right when it sees a positive example. At
the same time, as can be seen from Figure 4.5, when the prompt contains more
positive examples (second column), the model drops literals more quickly and reaches
perfect accuracy with fewer examples overall. On the other hand, with fewer positive
examples, the Transformer seemingly drops literals later (third column in Figure 4.5)
and needs more examples to reach near-perfect accuracy. This behaviour is similar to
the classical algorithm. Additionally, we compute the number of times the Transformer
model drops an incorrect literal (a literal that is present in the target conjunction)
at any point in time during the in-context learning phase. We find that across all
three input distributions, it drops a literal incorrectly in less than 0.1% out of 1k
prompts containing 70 examples each. In over 95% of the prompts, it converges to
the correct target conjunction. Our results suggest that Transformers implement
an algorithm akin to the classical one, initially starting with all literals and then
progressively dropping them as they encounter more and more positive examples.

However, deviations from the classical algorithms exist that remain to be understood.
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4.3.6 Curious Case of Learning Parities

An interesting and somewhat surprising phenomenon is the failure of Transformers
and other architectures on the class of Parities and sparse Parities. In contrast to
other function classes where models are able to learn some learning algorithm, for
Parities, they do not seem to be able to find any kind of learning algorithm that
performs beyond chance-level accuracy.

We examine the gradients and the model parameters during the training process.
In Figure 4.6, we show the mean of gradients for all parameters of attention and
feedforward networks in the Transformer. Observe that the gradients are very close to
0 after a few iterations of training. Note that this is in contrast to what we observe
while training Transformers for tasks such as Conjunctions, where gradients are not
so close to 0. However, the exact reason why Transformers fail to learn anything is
unclear and is left as an open problem.

The problem of learning Parities and Sparse Parities has well-known hardness results
[83] in the Statistical Query framework, indicating that Parities require 2™ queries
and Sparse Parities require n**) queries (where k is the number of relevant bits).
Gradient-based methods are considered to be only as powerful as SQ-learning algo-
rithms in finite-precision settings, and hence any model, such as Transformers, applying
a gradient-based algorithm to learn in-context would require an exponential number of
steps to predict accurately. For sparse parities PARITY-(10, 2), we provide more than
n* examples in the prompt and hence a model applying gradient-based learning, such
as FFNs, can solve it (see Fig. 4.7 Left). For instance, feedforward networks trained
with gradient descent on the same number of examples as provided to Transformers
for ICL are able to achieve near-perfect accuracy. However, Transformers and other
architectures do not seem to make any progress during their training process. Also,
note that the hardness of learning Parities primarily holds for uniform distribution
over inputs and does not apply to input sets with teaching sequences that are no
longer uniform.

Parities are PAC-learnable using the Gaussian elimination algorithm [56] with O(n)
examples, and if any of the architectures could learn to implement the algorithm, then
they would have been able to solve it with O(n) examples.

Transformers vs LSTMs. An interesting difference we observed is that for the
PARITY-(10,2) problem, LSTMs achieve 100% accuracy if the test examples are
labelled by the same set of functions as the training examples. This is not true for
Transformers. For the PARITY-(10,2) problem, there are only 45 different functions.
For the results in Table 4.1, we ensure that the training examples are labelled by 23
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Figure 4.6: Left: Figure depicting the mean of the gradients of parameters such as
MLP and attention parameters across different iterations of training on Parity-(10, 2)
and Conjunctions. Right: The loss of Transformers on Conjunctions vs Parity-(10, 2)
across different iterations of training.

of those functions and the test examples are labelled by the remaining and unseen
functions. However, if we uniformly sample a function out of the 45 functions during
both training and evaluation, then we observe that LSTMs achieve perfect accuracy
during evaluation. This is interesting since the sequence of input points x1, ...,z are
new during evaluation and hence is not a clear case of memorization. On the other
hand, since they do not generalize to unseen functions, it is difficult to claim that
LSTMs can learn sparse parities in-context.

Curriculum learning. For Sparse Parities, we also tried curriculum learning similar
to [57] but did not observe any improvement. In particular, we trained Transformers for
the problem of PARITY-(14,2). In the curriculum learning setup, the input dimension
is initially smaller, i.e., 9, and it increases incrementally by 1 after every 50k steps.
Hence, effectively for the first 50k steps, the model is trained for PARITY-(9,2), then
PARITY-(10,2) and so on eventually ending at 14 (trained 250k steps after reaching
14). The model is trained for 500k steps in total. The number of examples in the
prompt m is 120 in the beginning and increases by 20 every 50k steps and eventually
stays at 200. We start at input dimension 9 because below that the total number of
Boolean inputs is very small and the prompt will cover over half of all possible inputs.
We do not find any improvement with the curriculum learning setup as well. The loss

curve is identical to the one in Figure 4.6 (right) and is hence omitted.

4.4 In-context Learning with Teaching Sequences

Premise. Our experiments in the previous section as well as previous works investigate
the abilities of models to perform statistical learning from arbitrary distributions in an
in-context setting. Given that we are exploring the ability of sequence models to learn

‘learning algorithms’, one could wonder: Can sequence models find learning algorithms
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Figure 4.7: Left: Performance of Feedforward networks (FFN) trained with gradient
descent on Parity-(10, 2) with the same number of examples as provided to models in
ICL setting. Right: Performance of FFN on Teach Conjunction task.

which are more sample-efficient when they are provided with a more informative

sequence of examples? We explore this question in this section.

4.4.1 Preliminaries on Teaching Sequences

Teaching Sequences. The concept of teaching sequences and teaching dimensions was
introduced in [64]. For any class of functions F, the teaching sequence of a function f
in F is a sequence of labeled instances (X1, y1, - - -, Xm, Ym) such that it unambiguously
identifies f in F — only the function f is consistent with the sequence of labeled
instances. Let T(f) be the set of all teaching sequences for the function f. The teaching
dimension [64] of a function class is defined as, TD(F) = maxsc7(min-cr(s) |7|).
Conjunctions and Disjunctions. The teaching sequence for Conjunctions can be
created as follows. Suppose f is a conjunction of k literals. We will create k 4 2 points.
For the first two points, the variables corresponding to all literals in the Conjunction
are set to True, that is, they are 1 for positive literals in the Conjunction and 0 for
negative literals. In the first point, all variables that do not affect the output of the
function are set to 0, and in the second point, all of them are set to 1. The next &
points will correspond to each of the literals in f. For each literal z;, we create a point
x € {0,1}" where the variable of x at 7 is 0 if z; is in the Conjunction and is 1 if z
is in the Conjunction. The variable corresponding to every other literal in f is set
to 1 if it is a positive literal and is 0 if it is a negative literal. The variables which
do not affect the output of the function are all set to 0. Essentially, these examples
show that even if the variables corresponding to every other literal in the function are
set to true, the function value will still be 0 because one of the literal values is set to
false. The teaching sequences for Disjunctions are created in a similar manner.

See that since for every Conjunction or Disjunction, the length of the teaching sequence

is k + 2, the teaching dimension is n + 2, and for each function with k literals, the
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exact function can be identified with k£ + 2 points in the prompt example or a training
set. Note that the sample complexity of O(n) for Conjunctions or Disjunctions is with
respect to PAC-learning in the sense that with O(n) points, one could guarantee that
the error will be within some e for arbitrary distributions. However, the exact number
of samples will depend on the value of € and could be much larger than £ or n when
the error € is required to be very small.

DNFs and CNFs. For simplicity, let’s consider Monotone 3-DNFs which only have
positive literals. For each clause or Conjunction in the DNF, we create k + 1 points.
The first point is such that variables corresponding to every literal in the clause are
set to 1 and all other variables are 0. The other k points are created as follows. For
every literal in the clause, there is one point where the variable corresponding to the
literal is 0 and the variables corresponding to other literals in the clause are set to 1.
The variables that are not in the clause are set to 0. For instance if the input is over
{0,1}* and the clause is z; A x3, then the three points corresponding to the clause
will be [1010], [0010], and [1000]. The teaching sequence for the 3-DNF is the union
of the teaching sequence of its three clauses and hence will have size [ + 3 where [ is
the total number of literals in all clauses. The teaching sequence for 3-CNF can be
created in a similar manner.

Sparse Parities. For sparse parities with k relevant bits, the teaching sequence has
k points where in each point the variable corresponding to one of the relevant bits
is set to 1 and every other bit in the input is set to 0. Note that, this is a teaching
sequence of the class PARITY-(n, k) which have exactly k relevant bits. This would
not work as a teaching sequence for the entire set of Parity functions PARITY-n.

For further details on teaching sequences, see [64].

4.4.2 Experiments with Teaching Sequences

Experimental Setup. Every aspect of the experimental setup except the data
distribution remains identical to the previous experiments. For each sequence during
training and evaluation, the first ¢ points are a teaching sequence of the target function
and the next m — t points are sampled from the distribution Dx. The sampling of
functions, the training and the evaluation process remain the same. Although we
primarily focus on Transformers, most results in this section hold for all architectures.
Tasks. We experiment with 5 tasks: Conjunctions, Disjunctions, CNFs and DNFs,
and sparse parities. Every conjunction (or disjunction) has a teaching sequence of
length k + 2 where k is the number of literals in the function. Every 3-term DNF or
CNF has a teaching sequence of length [ + 3 where [ is the total number of literals in
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Figure 4.8: Performance of Transformers on various tasks with Teaching Sequences.
The plots depict the performance of models right after the teaching sequence. Refer
to Section 4.4 for more details.

all 3 terms. The teaching sequence of each sparse parity function is of length k where
k is the number of relevant bits upon which the Parity function is computed. For each
task (such as Conjunctions), we refer to the version with teaching sequence as Teach
<task-name> (e.g. Teach Conjunction).

Transformers succeed in learning from Teaching Sequences. For all 5 tasks, we
find that Transformers achieve perfect accuracy on subsequent points after receiving
the teaching sequence. Figure 4.8 shows the accuracy curve of Transformers and
baselines on three representative tasks after receiving the first ¢ points containing the
teaching sequence. Note that, the accuracy of Transformers stays (close to) 100% after
receiving the teaching sequence. It is interesting to see that Transformers succeed in
learning with teaching sequences for tasks like DNFs and sparse parities where they
struggled to learn in the vanilla setting.

By definition, the teaching sequence is the smallest sequence required to learn the
target function. Hence, it can often be much smaller than the sample complexity for a
learning algorithm to learn from arbitrary distributions such as the ones considered in
the previous section. Thus, our experiments show that models predict perfectly with
much fewer examples when provided with these teaching sequences. This is not true
for FFNs trained with gradient descent which fail to predict accurately given only
the teaching sequence during training (see Figure 4.7 right). FFNs+GD is a more
general-purpose algorithm and is hence not the most optimal for specific problems.
Two distinct algorithms to learn one task. An interesting finding is that
Transformers seem to learn two different algorithms to learn Conjunctions depending
on the data distribution Dy during the training process. See that (Figure 4.9 left)
when Transformers are trained to perform in-context learning with Conjunctions in the
vanilla setting (as in Section 4.3) without teaching sequences, and tested on examples

(or Prompts) containing teaching sequences, they are not able to leverage the teaching
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Figure 4.9: Left: depicts the performance of Transformers trained on examples with
the vanilla distribution and tested on in-context examples with Teaching Sequences.
Center-left: Transformers trained with teaching sequences and tested on in-context
examples without teaching sequences. Center-right and right: depict the performance
of Transformers trained on a mixture of Conjunction and Teach Conjunction and
tested on the individual tasks. See Section 4.4 for more details.

sequence and require more examples to predict accurately. The algorithm learned with
standard Conjunctions still works on examples with teaching sequences even if it is not
as sample-efficient. On the other hand, when Transformers are trained with teaching
sequences and are tested in the standard setting without teaching sequences, they
do not perform well since the learning algorithm relies on using the first ¢t examples
containing the teaching sequence (Figure 4.9 center-left). These results indicate that
models can learn two distinct algorithms depending on the distribution of inputs
provided during training.

We conducted another experiment where we trained a Transformer on a mixture of
examples with and without teaching sequence. During training, we sample an example
(or Prompt sequence) with a teaching sequence with probability %, and without a
teaching sequence with equal probability. We evaluate the model on both tasks
separately, one that contains examples with teaching sequences and one without them.
We find that the same Transformer model could achieve near-optimal performance for
both tasks — when provided with teaching sequences, it behaves like the model that
is trained on just the Teach Conjunction task (Figure 4.9 Right) and when provided
with examples without teaching sequences, it behaves like a model trained on just
the Conjunction task (Figure 4.9 center-right). This indicates that Transformers can
learn two distinct learning algorithms for Conjunctions and implement the optimal
one depending on the sequence of in-context examples. This highlights the versatility
of neural sequence models in being able to find separate learning algorithms with

respect to the data distribution for solving the same task.
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4.5 Investigations with Pretrained Models

Premise. While several works have investigated how well Transformers can be trained
to learn various kinds of functions in-context, it is unclear how these findings relate to
LLMs, which was the primary motivation behind this line of work. This raises a very
natural and intriguing question: Can pretrained language models predict accurately by
implementing any kind of learning algorithm when provided with prompts of the form
(X1, Y15+, Xp) ?

While prior works focused on learning real-valued function classes, evaluating LLMs on
those tasks is not straightforward since LLMs receive and produce discrete values. Our
setup involves discrete Boolean functions, which enables us to analyse the performance
of LLMs in applying learning algorithms for solving these tasks. Additionally, as we
are picking the target function randomly from an exponentially large set, we can be
essentially sure that the learning is happening from in-context examples only, allowing
us to remove confounding factors such as memorisation during pre-training.

Setup. Recall that, in our experiments in the previous sections, when a model is
provided with a sequence of input-output pairs (x1,¥1, .. .,Xm,¥Ym), €ach input x; is
a single token. Additionally, LLMs do not have embeddings for each of the Boolean
inputs {0,1}" as opposed to the linear map W : {0,1}" — R"d Jearned by the
models in the ICL setup of previous experiments. To address that, we experiment
with pretrained models in two different settings, one which is closer to the ICL setup
in previous experiments and another which is very close to the practical usage of the
LLMs.

(a) Frozen GPT. In the first setting, we take a GPT-2 model and add learnable
input and output layers at the beginning and end of the Transformer architecture.
The weights of the GPT-2 model are frozen while the embedding matrix is replaced
by a learnable function 7 : {0,1}" — R"4 which is an FFN with one hidden layer.
Similarly, the output layer is replaced by an FFN F : R¥idth — 10 1}. During
experiments, we train the input and output layers to minimise the objective in Eq.
4.1 while keeping the weights of the pre-trained GPT-2 frozen. We compare it with
the performance of a randomly initialised Transformer model (same architecture as
GPT-2), undergoing the same training process with learnable input-output mappings
and frozen Transformer weights. The goal of this setup is to understand whether
large-scale text pre-training imparts some ability to the Transformer model that

enables it to implement learning algorithms in-context.
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Figure 4.10: Experiments with frozen GPT: left: Performance of frozen GPT-2 on
the Conjunction task, center: Frozen GPT-2 model learns to perfectly implement the
nearest neighbours algorithm, right: Illustration of attention patterns in GPT-2 while
solving the Nearest Neighbour task.

(b) Direct Evaluation. We directly evaluate several LLMs on the task of learning
Boolean functions. In this setup, each input example x; € {0,1}" is provided as a
sequence of tokens x1,...,x, where z; € {0,1}. None of the model’s parameters are
modified and the original embedding matrices are used to represent the tokens 0 and
1. We evaluate the models by providing them with a simple prompt containing two
parts: the first part is a simple instruction asking the model to act as a learning
algorithm and predict the label corresponding to the final input, and the second
part consists of a series of input sequences and their corresponding labels followed
by the test input sequence (see Figure 4.11). We evaluate the predictions of the
model at prompts of different lengths (i.e., different numbers of in-context examples).
To estimate the accuracy for a particular number of in-context examples, we repeat
the experiment 100 times (i.e., with 100 different functions of the same class). We
experiment with state-of-the-art LLMs GPT-4 [114], GPT-3.5-Turbo [28, 117| as well
as the open-source model LLaMA-2-70B [157].

4.5.1 Frozen GPT Experiments

Details of the Setup. With the experiments with frozen pretrained models, we aim
to explore if pretrained models learn any mechanism that is useful for solving tasks in
the meta-learning-like stylised setup.

The experiments follow the same framework as described in Section 4.2 with the
exception that the weights of the Transformers are not modified or updated during
the training process apart from the input embedding layer and the final output layer.
We use the GPT-2 XL (1.5B parameters) model from Hugging Face [171].

In the stylised setup, since each Boolean input z € {0,1}" is provided as a single
token, the original embeddings and tokenizer of the pretrained model cannot be used

for prediction. Hence, we replace the original embedding layer with a 1-layer ReLLU
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FFN: {0, 1}" — R"4*™ which produces an embedding for each z € {0, 1}". Similarly,
we add an output FFN that predicts the final output given the vector produced by
the pretrained model.

Similar to other experiments, we train the model on Conjunctions and the nearest
neighbour task by sampling functions and input points to create training examples.
The training process is used to update the embedding and output layer, and the
weights of the Transformers are fixed.

Results with Frozen GPT. We evaluate the performance of a frozen GPT-2 model
on tasks such as Conjunctions and Disjunctions. Figure 4.10 depicts the performance
on Conjunctions (the behaviour on Disjunctions is almost identical). We find that
the GPT-2 model performs relatively better than the nearest neighbour baseline and
much better than a randomly initialized model on these tasks. However, it still does
not come close to achieving the near-perfect accuracy obtained by fully trainable
Transformer networks as in Section 4.3.

GPT-2 can implement Nearest Neighbour. Given the observation that the
performance of GPT-2 was close to the nearest neighbour algorithm, we examined
if a frozen GPT-2 model can implement the nearest neighbour (NN) algorithm. We
designed the NN task to test this hypothesis. In this task, each prompt contains
100 points where the first 20 points are labelled 0 or 1 uniformly at random and
the subsequent 80 points are labelled according to the nearest neighbour algorithm.
We then evaluate the GPT-2 model in the frozen-GPT setup described earlier and
find that it can achieve near-perfect accuracy on the 80 points labelled with the
nearest-neighbour algorithm (see Figure 4.10 center). Moreover, upon analysing the
attention heads we found heads which closely implemented nearest neighbours — for
an input x;, the attention head attended over y; where x; is the nearest neighbour of
X; among X, ...,X;_1 (illustrated in Figure 4.10 right). These heads are reminiscent
of induction heads [112] where, instead of matching prefixes, they can find the nearest
neighbour over the input space. Since the weights of the Transformers are frozen
and only the input embedding and output layers are updated during the training
process, the mechanisms to solve tasks such as NN and Conjunctions must have been
learned during pretraining on language data. Moreover, a Transformer of the same size
with randomly initialized weights is unable to perform much better than chance-level
accuracy.

Detecting NN heads. Our methodology for detecting attention heads that directly
implement the nearest neighbours algorithm is similar to the one used by Olsson et al.

[112] for finding induction heads. While training the model on the Nearest Neighbours
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You are given some examples of inputs and their corresponding labels. You need to
learn the underlying boolean function represented by these input-label examples.
Predict the label (either 0 or 1) for the final input.

Input: 00010
Label: 0
Input: 10001
Label: 0
Input: 0000 1
Label: 0

(... more exemplars ...)

Input: 11101
Label: 1

Input: 11100
Label: 0

Input: 01100
Label:

Figure 4.11: An example of a prompt provided to the LLM in the direct evaluation
experiments. Here, the model has to learn a function from the Majority class in 5
dimensions and predict the label for the last input. The prompt consists of a natural
language instruction and % example points of the function.

task, for each attention head in the model, we compute a ‘nearest-neighbours score
(nn-score)’. After every 500 training steps, we provide the model with a batch of
100 examples, each example e; consisting of 80 points, i.e., e; = (X1,¥1,- -, Xs0, ¥s0)-
The nn-score is the attention paid to y, for predicting y; (0 < j < k) where,
j = argmax'—; (H:iﬁ) is the index of the nearest neighbour of x;,, averaged for the
last 40 points (i.e., k& > 40) over all 100 examples. If the nn-score for a particular head
is greater than 0.5, we label that head as a ‘nearest neighbour head’. In our experiments
with frozen GPT on the Nearest Neighbours task, we were able to consistently find

8-10 nearest neighbour heads across multiple runs.

4.5.2 Direct Evaluation Experiments

Details of the Setup. The main prompt (see Figure 4.11 for an example) comprises
of an instruction in natural language followed by a series of k example points (x;,y;),
where x; € {0,1}? is provided as a sequence of tokens zy,...,z4, z; € {0,1} and

y; € {0,1} is also provided as a single token. The model’s goal is to predict the correct
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Figure 4.12: Results with the direct evaluation of LLMs at inference time across
varying dimensions for the PARITY-n task.

label yj41 € {0,1} for the query point x;,;. For a particular function, we sample a
sequence of n points and prompt the model with k£ < n points as in-context exemplars
of the function. We call the model multiple times, increasing k£ by a value of 5 every
time. The prompt in each call consists of the first k£ points (5 < k < n) from the
n-point sequence, and asks to predict the (k + 1) point. We repeat this experiment
with 100 different functions? from the same function class.

We experiment with three classes of functions: Conjunction, Majority, and Parity. We
consider dimension d € {5,7,15} and set the number of points n = 50 when d < 10
and n = 100 when d > 10.

Results with Direct Evaluation. The performances of all LLMs for the Conjunction
and Majority tasks with a varying number of dimensions are provided in Figure 4.13.
It is clear that all models are able to perform as well as or better than the nearest
neighbour baseline when the number of dimensions is up to 7. Note that in this
setup, the LLM is essentially unaware of the task (such as Conjunction) when it is
provided directly with the prompt at inference time. Even with n = 7, there are 2128
Boolean functions, and so the in-context learning problem remains challenging, and
the observed performance of these models is impressive. It is perhaps surprising to
see that the open-source LLaMA-2 model performs quite similar to GPT-3.5-Turbo.
It is also particularly interesting to see the strong performance of GPT-4; apart from
outperforming all other models, it also slightly outperforms the nearest neighbour
baseline even in the 15-dimensional case.

The results of evaluating LLMs directly on the Parity task are provided in Figure 4.12.

We also experimented with LLaMA-2 models of smaller scale as well as GPT-2 as

2Tt is prohibitively expensive to experiment with a very high number of functions for the OpenAl
models, so we limit the number of functions to 100. We average over 2000 different functions for the
baselines and 1000 different functions for the LLaMA-2 models for more robust results.
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Figure 4.13: Results with the direct evaluation of LLMs at inference time. The top
row shows the performance across varying dimensions for the Conjunction task while
the bottom row shows the performance for the Majority task.

shown in Figure 4.14. Our results seem to indicate that model scale seems to play
some role in the ability of LLMs to implement learning algorithms. This can be seen
from the performance of the pre-trained GPT-2 model, which fails on both tasks even
for 5 dimensions, and the (gradual) increase in performance as we increase the size
of the LLaMA models. Also, it is quite surprising to see that even smaller LLaMA
models are also able to achieve nontrivial levels of performance for both tasks.

Performance of Nearest Neighbours. In the case of sparse parities, nearest
neighbour approaches can do quite well, particularly for relatively small values of k
and n. For instance, suppose there are only two relevant bits, say £ = 2, then for any
fixed point x, conditioned on the relevant bits matching, the expected distance to a
random point is (n —2)/2. On the other hand, if the relevant bits don’t exactly match,
then the expected distance to a random point is at least (n —2)/2 + 1. Since the
probability that the two relevant bits match is 1/4, we expect with a relatively high
probability that the nearest neighbour would match the relevant bits. As a result, the
nearest neighbour classifier will have a reasonably high accuracy. We observe that the
performance of LLMs on this task is better than random and comparable to nearest

neighbour.
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Figure 4.14: Results with direct evaluation for LLaMA models of different scales
and GPT-2. The top row shows the performance across varying dimensions for the
Conjunction task while the bottom row shows the performance for the Majority task.

4.6 Additional Experiments on Boolean Functions

4.6.1 Robustness of Models

In this section, we explore the robustness of Transformers to out-of-distribution (OOD)
inputs and functions as well as their robustness to noisy examples during training.
OOD functions. Transformers seemingly perform in a near-optimal manner for
tasks such as Conjunctions and Disjunctions. First, we evaluate the performance of
Transformers trained on the Conjunctions task on functions from a different distribution
than the ones seen during training. As described in Section 4.3.2, while training on
the Conjunctions task, the functions are sampled in such a way that for any i € [n],
the probability of the literal z; or z; being in the sampled Conjunctions is 30%. Hence,
the expected number of literals in the Conjunctions seen during training is n/3. We
evaluated Transformers trained on such Conjunctions on examples where the functions
are sampled in such a way that the expected number of literals is 2n/3 and the
probability of any literal being in the sampled functions is twice as compared to the
ones seen during training. We find that Transformers perform effectively on such
examples as well (see Figure 4.15 Right). However, we find that the performance
degrades for extreme changes in distribution where the expected number of literals in
the functions is above 80%.

Trained on Threshold and Tested on Conjunctions. We also evaluated the
performance of Transformers trained on 0-1 Threshold functions on the Conjunctions

task. As describe in Section 4.3.1, 0-1 Threshold Functions are functions of the form
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Figure 4.15: Performance of Transformers on Conjunctions with out-of-distribution
inputs (left) and functions (right). Refer to Section 4.6.1 for more details.
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Figure 4.16: Comparison between the performance of a Transformer trained to
learn the 0-1 Threshold function on the Conjunction task (left) and the original 0-1
Threshold task. Refer to Section 4.6.1 for more details.

sign(>_" , w;x; — b) where wy,...,w, € {0,1} and b € {—Fk,....k — 1,k}. In some
sense, Conjunctions are simpler threshold functions where the function is of the form
sign(d 1, wiz; — (|lw]|, —1)). At the same time, note that the 0-1 Threshold functions
task in our setting will not have functions which are exactly Conjunctions since k = 3
in our experiments and E[||w||,] = n/3 where n is set to 28 for experiments with
Threshold functions.

We conduct an experiment where we train a Transformer on the 0-1 Threshold
function task (with n = 28) and evaluate the model on the Conjunctions task. Perhaps
surprisingly, we find that the model performs better on the Conjunctions task (achieving
over 90% at the end) in comparison to the in-distribution Threshold function task
(See Figure 4.16). It is interesting to see that the algorithm learned during training
generalises to higher values of b in sign(} ., w;z; — b). These observations could
perhaps be attributed to the fact that Conjunctions are one of the simplest Threshold
functions and could be easier since the value of b is dependent on w.

Robustness to noise. On tasks such as Conjunctions and Disjunctions where the
models learn to perform in-context learning effectively, we explore whether they are

robust to noisy labels during the training process. During training, for every example
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Figure 4.17: Left: Performance of various architectures trained with noisy examples
on the Conjunctions task. Right: Performance of Transformers trained with noisy
examples on the Disjunctions task and performance of baselines. Refer to Section
4.6.1 for more details.

(X1, Y15 - -y Xm, Ym), we flip 10% of the labels y;s. Hence, the examples seen during
training are not perfectly labeled by a Conjunction (or Disjunction). During the
evaluation, we provide clean inputs (without noise) to test the performance of the
models. We find that on these tasks, all architectures are robust to noise in the
training process (see Figure 4.17).

Length Generalization. We explore the effectiveness of Transformers to generalize
to a larger number of examples (in some sense length) in comparison to those seen
during training. We consider Conjunctions and DNFs where they perform reasonably
well in the in-distribution setting. For Conjunctions, we train the model on prompts
with 60 examples and test their performance on prompts with 100 examples. Similarly,
for DNFs, we train the model on prompts with 80 examples and test their performance
on prompts with 160 (twice) examples. We compare two types of positional encodings:
(a) absolute encodings and (b) no positional encodings with just causal masking.
Figure 4.18 depicts the performance of Transformers on these tasks. Transformers
with no positional encodings and just masking seem to generalize well whereas those

with absolute positional encoding seem to struggle on higher lengths.

4.6.2 What determines the difficulty of in-context learning?

A natural question that arises from our results is: what properties of a task determine
the difficulty of in-context learning for models such as Transformers and other architec-
tures? First, it is interesting to observe that capacity measures such as VC dimension
or the size of a function class do not seem to correlate well with the performance of the
models (See Table 4.2). While Transformers are able to perform well on Conjunctions
which have VC dimension O(n) and sparse Disjunctions which have VC dimension

O(klogn), they fail on Parities and sparse Parities with similar VC dimensions. VC

87



Conjunctions Length Generalization DNF Length Generalization
Trained on 60 points Trained on 80 points

JICONY o it S G P e e T

g
nullclassifier

0 20 40 60 80 100 o 20 40 60 80 100 120 140 160
In-context examples In-context examples

Figure 4.18: Performance of Transformers on prompts with a larger number of
examples than seen during training. Left: Trained on Conjunctions with 60 examples
and tested on 100. Right: Trained on DNFs with 80 examples and tested on 160.
Transformers with no positional encodings and just masking generalize well whereas
those with absolute encodings struggle on higher lengths. Refer to Section 4.6.1 for
more details.

dimension is one way to measure the complexity of a class of functions which relates
to the worst-case sample complexity required to learn functions from the class and it
is related to several other measures which compute the capacity of the class in some
manner.

Note that, measures such as VC dimension are not dependent on either the distribution
of inputs or the functions. We explore some other measures in order to understand the
properties that determine the difficulty of in-context learning. One measure which we
found to correlate well with the performance of Transformers is the pairwise correlation
between the functions in a class. For Boolean functions of the form f : {0, 1}" — {£1},

the pairwise correlation of a class of functions P(F) is defined as,

P(F) = [Epy, po[Eanv[fi(2) f2(2)]]]. (4.2)

The measure P(F) computes the magnitude of the expected correlation between pairs
of functions sampled over Dx. To estimate P(F) for the tasks considered in the
chapter, we sample 1k functions according to the distribution used for training and
sample 10k inputs from the uniform distribution over {0,1}". The estimated pairwise
correlation of all function classes is provided in Table 4.2. See that the pairwise
correlation between any two Parity functions is 0. We observe that the value P(F) is
high for classes in which models perform well and decreases across categories with
Parities having the minimum pairwise correlation.

While the pairwise correlation among functions has a reasonably strong correlation
with the degradation of the performance of the models, it still has some weaknesses.

As compared to properties of function classes such as VC dimension, it takes the
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Figure 4.19: Comparison between the performance of classical PAC-learning algorithms
for Conjunctions and Disjunctions and the performance of Transformers. See Section
4.3.5 for the description of the algorithm and other details.

distribution over functions into account. However, the input distribution is uniform
over {0, 1}" while computing P(F) whereas it is not uniform for some of the function
classes during training. Having a clearer understanding of the factors that determine

the difficulty of in-context learning is an interesting open problem.

Table 4.2: Pairwise correlations of different functions classes computed according to
Eq. 4.2. See Section 4.6.2 for more details.

Tasks Conjunctions Disjunctions Sparse Disjunctions 3-CNF 3-DNF Majority Integer-Threshold Integer Halfspace Parity-(10, 2)  Parity-20
VC Dimension O(n) O(n) O(klogn) O(n) O(n) O(n) O(n) O(n) O(klogn) O(n)
Pairwise Correlation ~ 95.2 4 0.07 95.3 £0.08 77.1£0.01 51.86+£0.29 50.7+£0.26 20.7+0.1 0.6+0.21 0.14£0.14 0.08£0.03 0.01£0.03

4.6.3 Exploring Sample Complexity

In this section, we explore the performance of Transformers when the number of
examples during training is fixed. Recall that each training (or test) example X =
(X1,¥1,---,Xm,¥Ym) is created by sampling m input points from the distribution Dy
over inputs and sampling one target function from the distribution Dz over functions.
For the experiments in Section 4.3, a fresh set of input points and functions are drawn
during each training iteration.

For example, while training Transformers for 20k steps for the task Conjunctions
with batch size 64, the model essentially observes about 1.3M functions and input
sequences. However, note that the likelihood of observing the same function during
evaluation is extremely low since for 28 dimensions, the total number of Conjunctions
is over 22 trillion.

An interesting question is to understand how many examples Transformers need to

generalize well in the in-context learning setting. Moreover, what is the effect of
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Figure 4.20: Performance of Transformers on learning to learn Conjunctions with a
finite number of examples. The figures show the change in performance across various
axes such as depth, number of examples, and number of dimensions in the input.
Refer to Section 4.6.3 for more details.

increasing the capacity of the model when the number of examples remains fixed? We
explore these questions in this section.

We consider Conjunctions where Transformers are effective in the vanilla setting. Dur-
ing training, we first sample a fixed number of examples N of the form (x1,y1, .-, Xm, Ym)
by sampling N functions from the distribution D and sampling N sequence of m
input points from the distribution Dy. All training iterations over the N examples
and during evaluation we sample fresh examples to estimate the accuracy of the model.
We evaluate the model with N € {128,512,1024, 2048, 4096, 8192, 16384} examples.
We test the models across tasks with dimensions d € {14,28,42}. We find that neural
networks such as Transformers and LSTMs are quite sample-efficient in terms of
solving Conjunctions task where they achieve close to perfect accuracy even with
4096 examples. Figure 4.20 (left) and Figure 4.21 (left) depict the mean accuracy of
Transformers and LSTMs across various number of examples N and task dimensions
d. Note the mean accuracy during evaluation here is the mean of the accuracy of all
m points in an example and not the accuracy on the last point. For instance, if we
test on K = 1280 examples to estimate the accuracy and each example has m = 70
points then the mean accuracy is computed as + Zfil (% Yoy ]I[M(P,gi)) = fz(xk)]>
The mean accuracy across all in-context examples will always be lower than 100%
since the model will make mistakes in the first half of the examples before converging
to a near-perfect accuracy for tasks like Conjunctions.

It is also interesting to see that increasing the capacity of the model has a negligible
effect on the performance of the model. Figure 4.20 (right) shows the mean accuracy
of Transformers across different depths (number of layers) when trained on 4096

examples.
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Figure 4.21: Performance of LSTMs on learning to learn Conjunctions with a finite
number of examples. The figures show the change in performance across various axes
such as depth, number of examples, and number of dimensions in the input. Refer to
Section 4.6.3 for more details.

4.6.4 Implementation Details

All of our implementations for experiments are based on PyTorch [121]. For our
experiments with Transformers trained from scratch, we use the Huggingface Trans-
formers library [171] and our own custom implementation. For recurrent models such
as LSTMs, we use PyTorch’s inbuilt implementation. For Hyena [127] and DSS [67],
we adapt the official implementation by the authors for our experimental setting. For
RetNet [149], we use our own implementation.

All our experiments were conducted using 16 NVIDIA Tesla V100 GPUs each with
16GB memory. For each dataset, we extensively tune across several hyperparameters
and report the results based on the best-performing models. Table 4.3 lists the hyper-
parameters used for tuning the models for Boolean function experiments in Section
4.3. We use a grid search procedure to tune the hyperparameters. For all our results,
we used Adam Optimizer and tuned the learning rates. For all architectures apart
from LSTMs, we tuned across depths € {1,2,6,12,16} and for LSTMs we used depths
{1,2,3,8} primarily because LSTMs with large depths are harder to train. For LSTMs
we tuned the width or hidden size across {64, 256, 378,512} and for other architectures
we use {256,512}. For Hyena, we tune the order hyperparameter across {2,3} and for
Transformers and Retnets we tune the heads across {4,8}. For all non-recurrent mod-
els, we try both learnable and absolute positional embedding schemes. For all models,
we tune the learning rate across {0.01,0.005,0.001, 0.0005,0.0001, 0.00005, 0.000001}.
We train the models for different numbers of steps/iterations € [30k, 500k| depending
on the task where each iteration is with a fresh batch of in-context sequences. Note
that in all these tasks apart from the experiments with finite samples in Section
4.6.3, the training loss never reduces to 0 since each batch of examples is labeled by a

different function (with high probability). We train for a large number of steps (200k)
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Hyperparameter Transformer and others LSTM

D_model/Hidden Size [256, 512] [64, 512]
Heads 4, 8 | -
Order 2, 3] -
Number of Layers [1, 16] 1, 8]
Learning Rate [le-2, le-5] [le-2, le-5]
Position Encoding Scheme [Learnable, Absolute] -

Table 4.3: Different hyperparameters and the range of values considered for each of
them. The hyperparameter Heads is only relevant for Transformers and RetNets. The
hyperparameter Order is only relevant for Hyena. See Section 4.6.4 for more details.

if the loss doesn’t reduce or train till the loss has reduced and converged for at least
20k steps. For instance, for tasks like Conjunctions models converge to low loss in 20k
steps so we train the models to up to 40k steps. For other tasks such as Parities, we
train for 500k steps. For the additional linear regression task (Figure 4.4), we follow
the same setup and hyperparameters as described in [57].

Based on the experiments, we find that Transformers and Hyena are relatively much
more robust across various hyperparameters than other architectures. Among most
tasks and architecture, we find that the learning rate has the most influence on the
performance and the depth has a nontrivial influence. For other hyperparameters such
as heads and widths, we do not see any nontrivial difference in performance.

Direct Evaluation Experiments. For experiments with open-source models such
as LLaMA-2, we use Huggingface Text-Generation-Inference®. Experiments using
GPT-3.5-Turbo and GPT-4 were performed using the OpenAl API*. Experiments
with locally deployed large models like LLaMA-2 were conducted using 2 A100 GPUs
each with 80GB memory. For all experiments, we decode greedily and generate a

maximum of two tokens (whitespace and the label®).

3https://github.com /huggingface/text-generation-inference
4https:/ /platform.openai.com/
°If the model does not predict a label in {0, 1}, we consider the prediction incorrect.

92


https://github.com/huggingface/text-generation-inference
https://platform.openai.com/

4.7 Conclusion

In this chapter, we highlighted certain limitations of Transformers in in-context learning
and their ability to leverage more informative examples, such as teaching sequences for
learning in a more sample-efficient manner. Additionally, we showed that pretrained
models also learn mechanisms to solve tasks in the stylised ICL setting. Further, we
show that LLMs are also capable of performing as well as certain baseline learning
algorithms in a more practical setting. Our results raise several interesting questions for
future work: (a) Can LLMs leverage more informative examples to sample-efficiently
learn practical tasks in-context? (b) What aspects of the pretraining process of LLMs
lead to their ability to implement learning algorithms since they are not primarily
trained in the meta-learning-like framework? (c) What are the theoretical limitations
behind the difficulty of learning Parities in the in-context learning setting? (d) What
are the mechanisms that various architectures (attention, recurrence, and convolution)

use to learn tasks using different operations?
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Chapter 5

Learning Attention with Queries

5.1 Introduction

We now turn to the theoretical learnability of our model classes. Rather than learning
from random examples as in previous chapters, we consider richer supervision settings,
such as access to value and membership queries. In this chapter, we study the
learnability of attention-based models with queries, focusing on proper learning, where
the target and hypothesis lie in the same class. In the subsequent chapter, we study
the learnability of automata from various query models and apply them to more
realistic Transformer-based language models.

Transformer-based models [161] are being widely deployed in the industry. Given their
ubiquity, a natural question is the following: given blackbox access to the outputs of
a target model (e.g., via an API), can an adversary recover the weights of the target
model? Such questions regarding model stealing have been widely studied empirically
and theoretically for feedforward and related networks [158, 140, 77, 115]. A natural
formalisation of this problem is the problem of learning with queries [29, 8] where a
learner adaptively chooses inputs and observes labels (or real-valued outputs) with the
goal of reconstructing the target function or, more stringently, the target parameters.
Beyond security-driven model extraction, parameter recovery is also a natural lens
for understanding what aspects of a model are identifiable from behaviour alone and
which architectural components admit efficient reconstruction.

A strand of work has focused on providing provable guarantees for recovering ReLU
networks under value or membership queries, often under additional structural as-
sumptions [35, 105, 45|. In parallel, there is a body of work that studies simplified
attention models and one-layer Transformers, establishing learnability results or char-

acterising training dynamics under random examples [154, 97, 164, 99, 9]. However,
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parameter recovery guarantees for softmax-attention from value queries have been
largely underexplored.

Problem. We study parameter recovery for attention-based sequence models with
value-query access. Concretely, we begin with a single-head attention-based regressor
which can be formulated in the following way (See Sec. 5.2 for details). For an input
sequence X € RV*4 (with variable length N > 1) and parameters W € R4 and

v € R, the model computes

fwo(X) = softmax(x]{ Way, ... ,a:ITVWwN)T(Xv) € R,

where the last token plays the role of the query and the softmax produces attention
weights over positions. A learner receives black-box access to VQ(X) = fw+ »(X) and
can query any sequence X; the goal is to recover (W* v*) exactly or approximately.
Contributions. We initiate a systematic study of learning softmax attention with
value queries and provide the first, to our knowledge, provable guarantees for parameter
recovery. We analyse learnability in different query models and regimes, and establish
the following results in this chapter.

(i) Learning single-layer attention and Transformers. We give an elementary,
polynomial-time algorithm that exactly recovers (W™, v*) for the single-head attention
regressor using O(d?) value queries (Theorem 9). The key observation is that we can
use short sequence vectors to isolate the softmax nonlinearity. Using queries of length
two reduces softmax to a sigmoid, which can be inverted, turning each oracle response
into linear equations that can be solved to obtain the target parameters. Further, we
show that the single-head algorithm can be lifted to learn a one-layer, single-head
Transformer that composes attention with a two-layer ReLU MLP: assuming an
algorithm exists for learning the corresponding ReLU FFN from value queries, we
combine it with our attention-recovery method to obtain a value-query learner for the
Transformer (Section 5.3.1).

(ii) Faster recovery in low-rank regime. Motivated by the common setting where
the head dimension r < d, we analyse the case rank(W™*) < r. We give a randomized
algorithm that recovers (W*, v*) using O(rd) queries (Theorem 11). The main idea
is to design probes that implement rank-one linear measurements of W*, reducing
recovery to a standard low-rank matrix sensing problem and enabling reconstruction
via compressed sensing tools.

(iii) Robustness and Stability. Our exact recovery algorithm relies on inverting a
sigmoid, which is not globally Lipschitz. We therefore study a more realistic oracle

that returns values within additive tolerance 7. Under mild norm bounds and a simple
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margin condition, we show that one can recover (W*, v*) to € accuracy in polynomial
time with O(d?) queries and with tolerances scaling polynomially in d and the target
accuracy (Section 5.5). The proof constructs probes that keep the recovered attention
weights in a stable range where the inverse-sigmoid behaves well.

Lastly, we show that multi-head attention parameters are not identifiable from value
queries in general: distinct parameter settings can induce exactly the same input—
output map (Proposition 13). Consequently, guarantees analogous to the single-
head case cannot hold without additional assumptions. We discuss some structural
conditions that allow identifiability and outline possible approaches in this regime
(Section 5.6).

At a high level, our first main result shows that single-head softmax attention admits
surprisingly straightforward parameter recovery. This stands in contrast to learning
with random examples (without queries), where the problem is non-convex for standard
loss functions and is quite challenging. Further, the analogous problem of learning a
one-hidden-layer ReLU MLP with queries, which is similar in surface form, has also
been substantially more challenging [35]. Taken together, our results clarify what
value queries can and cannot reveal about attention-based models. In the idealized
query setting, single-head softmax attention is fully and efficiently reconstructible, and
low-rank structure further reduces query complexity. At the same time, the multi-head
setting exhibits non-identifiability barriers, suggesting that provable extraction for

realistic attention blocks will require additional structure or weaker learning goals.

5.2 Definitions

Each example consists of a matrix-label pair (X,y) where X € R¥*4 contains N
2
row-vectors X = © |, =z € RY and the target label is a scalar y € R.

T
Y

Model class ATT. Fix an integer d > 1 and the model can take inputs of any length
N > 1. We focus on a single attention-based regressor that takes a sequence of vectors
as input and produces a scalar as output. Let Q, K,V € R"™*¢ be the query, key, and
value projection matrices. Let w, € R" be the output projection vector. For any NV,

the output of a single attention-based model SHA : RV*¢ — R is computed by,

SHA(X) = softmax(z; K'Qxy, ..., 2N K ' Qxy) (XV ' w,)
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The model can be viewed in a simpler way in which the query and key projections
are merged into one matrix, i.e., ;K ' Qxy = x;Wxy for some matrix W € R,
Additionally, the value projection and output vector can be merged: XV "w, = Xv
for some vector v € R%. More precisely, an equivalent definition is as follows. For

parameter vectors W € R%¢ and v € R? define the score vector
si(X, W) =z Way, i=1,...,N,
and the (row) attention weights
a(X,W) = softmax(sl, ce SN) e AN-L

where softmax(z2); = exp(z;)/ Y-, exp(z;) and AN~ is the probability simplex. The

attention model associated with (W, v) is the map
fwao(X) =a(X,W)" (Xv) e R.
With all such functions, we have the hypothesis class
ATTy = { fwo|W € R”? and v € R?}.

The class ATT = Ug>1 ATT,4. The single-head attention-based model considered here
is essentially a one-layer Transformer with a linear network instead of a ReLU MLP.
Multi-head Attention. For positive integers H and dj, let d = Hd,. We will
have H parameter matrices W .. W) ¢ R4 with rank < dj, where W =
(KM)TQM similar to the single head definition. We will have H value projection
matrices V..., V) ¢ R%*d and one output projection vector w?*'. The hth

o

attention weight will then be computed by

oM (X, W) = softmax(x] WWxy, ... el Whxy) e AN
and the output of the Ath head will be,
a® — a(h)(X, W(h))T(X(V(h))T) c R
Following the standard definition, the outputs are then concatenated to compute the
final output,
a=[aY,. . .  aPecR™ fI(X)=a"w,cR,

where 6 has all the parameter matrices W®_ V®) for all h and the vector w,. Note

that we can merge the value matrices and output projection matrices in the following
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way. Partition w, in H equal and contiguous parts w, = [w((,l), e ,'w((,H)] where

w € R%. Then for vectors v = (V)T € R we can rewrite,

H
X)) = Z a(X, W) (X (V)T = Za(h) (X, W) T (XpM).

o
h=1 h=1

Thus, the multi-head attention model can be seen as a sum of H single-head attention
models with their own parameters (W " ("),

Learning objective. Throughout, we primarily focus on parameter estimation
from value or membership queries. By learning, we will mean exact or approximate
identification of the target parameters. Given black-box access to the target function,
the goal of the learner is to identify the target either exactly or approximately by
querying the target function. For instance, for a target function f* parameterised by
(W™, v*), the learner is given access to a value query oracle VQ(X) = f*(X) which
returns the true output exactly (or in some cases approximately as in Sec. 5.5). The

learner can query any input X € X to the value query oracle and the learner aims to
recover (ﬁ\/,'ﬁ) such that (ﬁ\/,'ﬁ) = (W™, v%), or,

IW* = W|r<e and [v*—5|<e

A class of functions is efficiently learnable if the number of queries used and the
runtime of the learning algorithm are polynomial in the parameters of the concept

class (such as d for the class ATT).

5.3 Learning Single-Head Attention with Queries

We will analyse whether an unknown single-head attention-based regressor can be
learned exactly using value queries only. The learner has access to the value query
oracle fy«.+ @ RV — R such that for any X € RV*? it can query the label
Jw+ o+ (X) € R. We describe a value query (VQ) method that exactly identifies the
target parameters (W*, v*) whenever v* # 0. Throughout, let e; € R? denote the ith

standard basis vector, and let o(t) = 1/(1 + e™*) denote the sigmoid function.

Theorem 9. Assuming v* # 0, given access to a value query oracle VQ(X) =
Jfw+ o+ (X), the parameters W* and v* are exactly learnable in polynomial-time with

O(d?) value queries.
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Proof. The algorithm has two phases. The first phase is trivial, and recovers v* using

one-row or length-one queries. The second phase recovers W* column—by—column

using two—row or length-two queries.

(i) Identifying v*. With N = 1 the softmax weight is 1, so fw ([x"]) = = v and is

independent of W. Query the d one-row inputs X = [e]] for i = 1,...,d to obtain
= v;. Hence, the vector v* is recovered with d VQs.

(ii) Identifying W* (column—wise recovery). Fix j € {1,...,d} and let w; := W*e; €

R? and (w;); = W/.. For any probe vector u € R?, consider the two-row input

(u+e;)’ .
X = . The attention scores are
el
J
_ T * _ T T * o
S1 = (’U,+ ej) W ej = (’U, + ej) W, SS9 = ej W ej = (Wj)j-

So the attention weight on the first row or position is

. 681
aluij) = g = olsi = 52) = o(u'wy), (5.1)

where o(t) = 1/(1 4+ e™"). Since (Xv*) = [uTv* + vy, 'v]*] T, the label returned by the

oracle is the convex combination
y = a(u;j) ((u+e) v) + (1 - a(w))) v = v} +alu; j) (u'v).

If uw"v* # 0, we can recover the attention weight from the observed y via

N Y=
a(u;j) = === € (0,1).

Thus, combining with equation 5.1, we have,

*

_ Yy—v;
'u,TWj:a1 — J
u' v*

Thus, each probe vector u yields a linear equation in the unknown column w;. This

leads to one linear equation for d variables in w;. We can use d linearly independent
vectors to identify w; by solving a system of linear equations.

Let wy,...,uy be d linearly independent vectors such that u, ,v* # 0 for all £ € [d].
Take invertible Z = [u];...;u] € R™? and collect d measurements t = [t, ..., ]
with Zw; = t. One can recover the jth column of W* with w; = Z 't and repeating
this for j =1,...,d recover W*.

One could sample d vectors uy, ..., uq i.i.d. from N(0, I;) and they will be linearly

independent and the inner product u, v* # 0 for all £ almost surely. Another intuitive
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approach to understand how the parameters are recovered is the following. Pick any

index p with v} # 0. For £ =1,...,d, set the probe vector u, in the following way,

ey, if v; # 0,

e/ +e, ifv;=0.

Uy =

For any column vector w;, it is easy to see that the measurements t, = u; w; = wy;
when v} # 0 (e.g. for £ = p) and t, = wy; + w,; when v; = 0.

The first phase uses d queries to recover v* and the second phase uses d VQs per
column, totalling d* additional queries. Hence, the entire procedure uses O(d*) VQs
and runs in polynomial time. If v* = 0, then fyw+,~ = 0 for all X and W™ is not
identifiable from VQs (many W induce the same function). Conversely, when v* # 0,
the column—wise linear system above uniquely determines (W*, v*).

]

Discussion. Our result indicates that the problem of learning a single-head attention
model with value queries is relatively straightforward. It is worth understanding
why this is somewhat surprising. First, in contrast, proving comparable guarantees
from i.i.d. random examples (i.e., without queries) for attention-style models typically
requires nontrivial assumptions on the data model, task, or training dynamics, and
substantial effort has gone into understanding learnability and establishing such
results even in restricted settings [164, 154, 9, 99, 97]. Similar to the problem of
learning a single-head attention model, the problem of learning a one-hidden-layer
ReLLU MLP also has a single nonlinearity together with a parameter matrix and a
vector. However, this analogous problem appears substantially more challenging: under
minimal assumptions, existing efficient guarantees are generally distribution-dependent
and focus on approximate function recovery (e.g., under Gaussian marginals), while
exact recovery typically requires additional structural assumptions; see Chen et al.
[35] for further discussion. Lastly, it is worth noting that many elementary concept
classes, such as conjunctions or singletons, are not learnable with a polynomial number

of queries alone.

5.3.1 Learning 1-Layer Transformers

In this section, we show how to learn a one-layer Transformer with single-head attention,
assuming a value-query learner for two-layer ReLU MLPs exists. In particular, given

an algorithm Appy that learns two-layer ReLU MLPs from value queries, we give a
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method that combines Appy with our algorithm for single-head attention to learn a
one-layer, single-head Transformer.

Model and Setup. A one-layer Transformer with single-head attention is the
composition of a ReLU MLP and a single-head attention block. The attention block
produces a single vector (here we attend using the last token as the query), and
the FFN maps R? — R. Concretely, let Q, K € R™? and V € R%? denote the
query, key, and value projections, and let the FFN be a two-layer ReLU network
FFN(z) = wy ReLU(W;2) with W; € R™*? and w, € R™. We assume the FFN has

no bias terms. Then for X € RV*? the model can be written as
TF(X) = w] ReLU(W1 - [softmax(mjKTQmN)T(XVT)]).

As in Section 5.2, we merge query and key parameters by setting W := K 'Q € R,
so the scores are s;(X, W) = ¢/ Wzy and a(X, W) = softmax(si, ..., sy). We also
merge the value map and the first FFN layer by defining A := VW, € R*™ and

rename the second-layer vector w, := wsy. With these reparameterisations,
TF(X) = w, ReLU(a(X, W) X A),

which is the same architecture with the three parameters (W, A, w,). We assume
access to a value-query oracle VQ(X) = TFw+ 4w (X).

Using an FFN learner. We will reduce learning TF to (i) learning a two-layer ReLU
network from black-box queries and (ii) learning single-head attention as in Theorem 9.
Formally, assume there exists an algorithm Appy that, given oracle access to a function
of the form z — w*" ReLU(z" A*) (no biases), outputs parameters (27 w,) computing
the same function on all x € R%. To invoke Appn, we use one-row queries. When
N =1, the softmax weight is 1, and the attention output equals its single token, hence
for X = [27] we have the scalar identity VQ([z"]) = w’" ReLU(z" A*). Therefore,
restricting the Transformer oracle to length-1 inputs yields exactly the FFN target
needed by Appy, and we can recover an equivalent pair (2, W,).

Recovering parameters of attention. We next show that W* can be recovered
independently of Appy by eliminating the ReLU using two queries. Define {/\Q/(X )=
VQ(X) — VQ(—X). For softmax attention, negating all tokens does not change the
scores because s;(—X, W) = (—x;) W (—zy) = 5;(X, W), and thus a(—X, W) =
a(X, W). Consequently,

a(-X, W) (-X)A = —a(X,W)"XA.
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Using ReLU(u) — ReLU(—u) = u coordinate-wise, we obtain

VQ(X) = w;T(ReLU(z) —ReLU(—z)) = w' s = a(X, W) X v,

z=a(X, W TXA*

where v* := A*w?* € R Thus V@ is exactly a value-query oracle for the single-
head attention regressor fyy+ »+(X) = (X, W*)T (Xv*) considered in Section 5.3.1.
Whenever v* # 0, Theorem 9 applied to \//\Q recovers W* (and v*) exactly; each

query to VQ uses two regular value queries.

Together, the two steps yield a learning algorithm for one-layer single-head Trans-
formers: use length-1 queries and Appy to recover an equivalent FFN (2, w,), and
use antisymmetric queries {/\Q together with Theorem 9 to recover W =Ww=* If
v* = A*w} = 0, then {/\Q = 0 and W™ is not identifiable from such queries. The over-
all query complexity is Qppn(d, m) + O(d?) up to constant factors, where Qppx(d, m)
is the number of black-box queries used by Appn.

Discussion. Several prior works have studied the learnability of ReLU FFNs with
queries. Milli et al. [105] show that when the columns of A are linearly independent,
then a ReLLU network is efficiently learnable with queries and their algorithm can act as
Arpn to learn one-layer Transformers under the somewhat strong linear independence
assumption. While learning 2-layer ReLU MLPs without any structural assumptions
is quite difficult [35], Daniely and Granot [45] provide an efficient algorithm for
learning ReLU FFNs with relatively much milder assumptions. While their algorithm
is not directly applicable to FFNs without bias terms, we conjecture that with some
modifications, their algorithm can also be applied in this scenario to learn one-layer

Transformers.

5.4 Low Rank Recovery

We now consider the problem where the target matrix W* has a known upper bound
on the rank: rank(W™) < r. This studies the scenario where the head dimension in
an attention block is much smaller than the embedding dimension. In modern usage
of Transformers, the head dimension is often small (e.g., 128) relative to the width
(e.g., 4096 or 8192) [156, 28]. For query and key projection matrices Q, K € R"™4,
if r < d, then rank(W*) = rank(K 'Q) < r. We show that in such a scenario, we
can leverage techniques from compressed sensing [30] to recover the target parameters
W* v* with O(rd) queries, which is much more efficient than O(d?).
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5.4.1 Background: Matrix Sensing

For matrices A, B, we write (A, B) = tr(A" B) for the Frobenius inner product on
R4 and ||W ||, for the nuclear norm (sum of singular values). For vectors a, b € R?,
we use a ® b :=ab' to denote a rank-one matrix.

Matrix sensing and the ROP model. A matrix sensing problem specifies an

unknown matrix W* € R%*492 and a linear map
ARWE SR (AW), = (A, W) (1< k< m),

with known sensing matrices Ay. Cai and Zhang [30] introduced the "rank-one
projection" (ROP) model that takes A; = apb] with a; € R%, b, € R%® (typically

i.i.d. Gaussian), so each measurement is
T * T *
Y = (akbk, W > = a, W bk

They also introduce a concept of Restricted uniform boundedness (RUB) property
[30, Definition 2.1], which is analogous to the Restricted Isometry Property (RIP)
but more suited to the ROP model. They show that the RUB property leads to
guaranteed recovery of low-rank matrices. In particular, given a collection of matrices
A satisfying the RUB property and measurements y = A(W™), one can recover a
low-rank matrix W by solving a convex program which minimizes the nuclear norm
Milyy cpaixay ||W . under the constraints that (Ag, W) = y;, for all k.

The final useful fact is that constructing rank-one projections by randomly sampling
i.i.d. from the standard Gaussian distribution N(0, [;) leads to a collection A =
{A;,..., A} that satisfies the RUB property with probability at least 1 — e M),
See Section 2.1 in Cai and Zhang [30] for more details on the background described in

this section.

Theorem 10 (Recovery under ROP; 30, Thm. 2.2 and Cor. 2.1). Let Ay = aib;
with a, € R4, b, € R® i.i.d. standard Gaussian for k = 1,...,m where m =
Q(r(dy + do)). For some unknown W € R4*% the measurements are of the form
(A(W)) = (A, W). Then with probability at least 1 —e~¥™) | the operator A satisfies

RUB and the following convex program recovers any rank < r matrizc W exactly,

min  |[|W|,. st (A,W)=y, (k=1,...,m). (5.2)

WE]Rdl Xdo
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5.4.2 Result for Low Rank

Using Theorem 10, we show that we can obtain the parameters of a single-head
attention model with significantly fewer queries when the head dimension is much
smaller than the width of the model.

Theorem 11. Assume v* # 0 and rank(W*) < r. Then, with access to VQ, there
is a randomized, polynomial-time algorithm that with probability at least 1 — e~ (™)
returns (‘/47,1’3) = (W*,v*) using d +m queries, where m = Cr(2d) for an absolute

constant C.

Recovering v* is trivial and can be done in the same way as the vanilla problem by
querying X = [e)] fori=1,...,d.
Hence, the main focus is to recover W* using rank-one measurements. Fix a,b € R?

and query
(a+b)"
bT

Let s; = (a+b)"W*b, s, = b'W*b. Then s; — so = a' W*b, and the attention

weight on the first row equals

e’ T
=—— = — 89) = W*b).
o= o(s1 —s2) =o0(a )

Since Xv* = [(a+b)"v*, b'v*]", the oracle returns y = b’ v*+a (a'v*). If a"v* # 0
(this occurs almost surely for Gaussian a when v* # 0), then

Y- bTov*

a'v*

a € (0,1), t:=0Ya)=a"W*b=(ab", W*).

Thus one two-row VQ produces a rank-one sensing matrix A := ab' and its linear
observation t = (A, W*).
Draw ii.d. (ag, by) ~ N(0,1;) x N(0,1;), and for each pair query the oracle to

compute

T/\

- by
b :(,—1<%> — (@b, W), k=1,..m.
k

Let A be the measurement operator with rows A, = akb,j. We have gathered the

noiseless ROP system A(W*) =t € R™. Solve the convex program

—~ . _|_ o .
W € arg in W/l st. (apb,, W)=t (k=1,...,m).
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By Theorem 10 (with d; = dy = d), if m > C'r(2d) then, with probability at least
1 — e ™ over {(ay, by)}, the operator A satisfies RUB with the required condition.
Hence, by Theorem 10, we have W = W*. This proves Theorem 11.

The first part uses d VQs and the recovery of W* uses m queries. Thus, the total is

d+ m = O(rd). Program equation 5.2 is convex and solvable in polynomial time.

5.5 Robustness and Stability of Learning

We study a variant of the learning problem where the learner only has access to
approzrimate value queries rather than exact ones. The primary motivation is that the
algorithm for the noiseless case makes use of o~!(+) function which is not Lipschitz.
Hence, if a teacher or an API access provider adds even a tiny amount of noise to
the labels or values, then the output of the algorithm can change significantly and
the guarantees do not hold. In this section, we show that, even with approximate
values, with some assumptions on the norms of the parameters, we can still obtain
some reasonable guarantees.

Approximate value query oracle. Fix a target function f* : X — R (here
f* = fw+w+). Given an input X and tolerance 7 > 0, the oracle returns AVQ(X; 7)
satisfying

AVQX;7) € [F(X) = 7, F1(X) +7),

and is deterministic (repeated queries on the same X return the same value). The
setting is similar in spirit to the widely studied statistical query oracle [83] but is
distribution-independent.

Setup assumptions. We assume ||[W*||p < W for a known scalar W > 2, ||[v*]|s < 1,
and [|z;||2 < 1. For simplicity we assume a value margin min;cig [vf| > g > 0. Since
|lv*]|2 < 1 and |[|x;||2 < 1, the output is bounded: |f*(X)| < 1.

Notation. Let o(t) = 1/(1+ ") and o~ !(p) = log(p/(1 — p)). For 7 € (0,1/2)
define clip(u; 7,1 — 7) = min{max{u,7},1 — 7}.

We will make use of the following elementary helper Lemma which shows that o=1(-)

is Lipschitz within a certain region even if it is not globally Lipschitz.

Lemma 5. If a* € [Taip, 1 — Tenp) With Taip = a(—%), then for all @ € R,

o™ (clip(@; Tetip, 1 — Taip)) — 0~ ()| < Ly, |6 — | < 5la — o).

— Tclip

Proof. On (0,1), (o~Y(p) = =,
Ly, = m Also, v — clip(u; Telip, 1 — Tanp) is 1-Lipschitz and maps into
clip clip

hence on [7uip, 1 — Tarip) the derivative is at most
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[Tetips 1 — Tetip). Applying the mean value theorem to o~ ! on this interval leads to the

claim, and L <5 gives the desired bound. ]

Theorem 12. Fiz d > 1 and let f* = fw+ o+ with |[W*||p < W for a known W > 2,
|[v*]]2 < 1, and minp |vi| > p > 0. Assume that the learner has access to a
deterministic oracle AVQ(+;7) returning a value within 7 of f*(-). Then for any

€, €w € (0,1) there is a polynomial-time algorithm that makes O(d?) approzimate
value queries, each with tolerance T = O(min {/L, f/—”a, ’%} and outputs (v, ‘/7[7)

such that
15 —v*a<e, and  ||[W—W*p<ew.

Approximating v* is straightforward, the key challenge is to approximate W*. The key
technical idea is to construct probes such that o~!(-) is always applied to values within
certain bounds where it is Lipschitz, and consequently the error in the remaining

operations can be controlled to achieve the desired guarantee.

Proof. To approximate v*, we can simply query basis vectors, X = [e/] for each

i € [d] with tolerance 7, and set
v; = AVQ([e] ]; 7).

Then |v; —v}| < 7, for all 7, and therefore | v — v*||; < Vd7,. If additionally 7, < 1/2,
then |v;| > u/2 for every i, which will be used to control ratios below.

Approzimating W*. We want to estimate W* such that ||I/7[7—W*||F <ew. Fixa=3

uT

and b = 1/W so that |ab W};| < ab|W*||p < i. For a two-row input X = , we

ZET

can write
fwo(X)=2"v+ o (u'v—2"v), ar=o(u' Wz —z"Wa). (5.3)

To estimate entry (7, ) of W*, use the probe

(be; + ae;) "

(ae;) "

Plugging it to equation 5.3 we have,

[1(X) =av; +a7 (bv]), o = (X; W) =

106



On the other hand, the logit term in equation 5.3 simplifies to (be; + ae;)" W*(ae;) —
(ae;)TW*(ae;) = ab W, so

i)

o~ (o).

Sk

oy = o(ab W) — W} =

Since ab W} € [—3,3], we have of € [0(—3), 1 — o(—3)]. Let 7o 1= o(—3) and
L, =-—"1 <5
Te 1p Tclip(]-_Tclip)

Estimators from approximate values. Fix (i,j) and let X be the probe above.

Query the oracle once on X with tolerance 7 and define

FX) = AVQ(X;7p) = f*(X) +np, Iyl <77

Use the coordinate estimates v;, v; obtained earlier with tolerance 7,, so Uy = v} + 1
with |nx| < 7,. Define

We have

o fO-a® L JX) —avt ;- §) —oibd
M= TS o, ’

and adding and subtracting ajbv} gives

F(X) — av; —ajbvy + a(vy —v;) + ajb(vf —v;)
b, '

6?1 — (171k =
Since f*(X) = av} + ajbv;, the first three terms equal 7y, hence

ny +alvy —v5) +aib(vf — ;)| _ gl +alo; — v [ — o]

. A4
b, < el B O

lay —af| <

From tolerances to accuracy. Assume 7, < 11/2, so |v;| > p/2 for all i. Then

12 oW |5 2
A~ S == bl ~ S _T’U'
bo;[ T b p |v;] Iz

Using 1| < 7 and [v; — v}| < 7, in equation 5.4 yields

R . 2W 2W W + 2
|051—Oé1|§—(7—f+a7—v)+—7—v: T + Ty-
T Il Il fu
With the choices
W Ew . no pew
< — < L i
= 50wrd T“—mm{Q’ 80W2d}’
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we obtain |a; — of| < e /(10Wd). Define

—~ 1 4
W, = 0 Y(clip(@y; Tetip, 1 — Terip)) -

By Lemma 5,

~

a; —aj] < EFW for all (1, j),

J

Wy - W] < S
ab

and hence |[W — W*||p < ey .
Query complexity and required precision. The reconstruction uses d one-row

queries and d? two-row probe queries, for a total of d+d? queries. The only requirement

is that the oracle can answer these queries with additive error at most 7, 7 = O(‘;‘fg‘c’l)
(up to constants), and 7, < u/2 to ensure the denominator in equation 5.4 is bounded

away from 0. n

5.6 Learnability of Multi-head Attention with Queries

In this section, we consider the problem of learning a multi-head attention layer.
Let d;, denote the embedding dimension of each head, and d the total embedding
dimension, such that the number of heads is H = d/dj,. The parameter matrices for
the multi-head attention are given by W) ... WH) ¢ R4 and the corresponding
projection vectors by v, ... v#) € Re. Let W and v denote the sets of all weight
matrices and vectors, respectively. The output of the multi-head attention layer is
then defined as
it (X) =Y a® (X, W) T(Xo®).

H
h=1
where a (X, W ")) represents the attention weights computed for head .

We observe that, unlike the single-head attention layer, not every set of parameters
(W, v) corresponds to a unique function ff,(X). In particular, we show the following

proposition.

Proposition 13. Let fvlf,m be a multi-head attention layer with H heads and with a
set of parameters (W, v). Then, there exist multiple set of parameters (W,v) that lead

to the same function fI{I_I/v : RVxd 3 R,

Proof. We consider the set of weight parameters W such that the weight matrices of
all heads are identical, i.e., W) = A for all h € [H], where A is any fixed matrix.

Let b € R? be any arbitrary non zero vector and let \;,..., Ay be H non negative
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weights such that 3277, A; = 1. For any such weights, set v = \,b for all h € [H].

Then, the multi-head attention model computes,

T
T

fis(X)=>"a"(X, WM T(Xo") = a(X, A)T Y "M\ (Xb) = a(X, A)T(XD).

h=1 h=1
Thus, for different weights A;,..., Ay, we will have different projection vectors
v, .. v but all of them would lead to the same function as defined above. [

Discussion. As a consequence of Proposition 13, the parameters of the multi-head
attention layer cannot be uniquely identified from value queries alone, and achieving
guarantees like Theorem 9 is not possible. For exact learning with queries to be
feasible, the parameter-function map needs to be one-to-one. Different from efficient
learning, we say a class of functions is identifiable from queries if there exists some set
of input-output pairs that uniquely determines the target function.

Learnability of multi-head attention with queries is left for future work, and many
questions around that remain open. We discuss some potential directions and ap-
proaches to tackle the multi-head problem. (i) It could be useful to first identify
structural assumptions under which the class is identifiable. We observe that if the
parameters of each head (W ™) lie in mutually orthogonal subspaces, then the
class is identifiable (up to permutations). It could also be feasible to efficiently learn

the parameters by decomposing the Hessian with respect to probe vector z for inputs

-
X = (= +Tej) and using block-diagonalisation methods [109] to identify the basis
€
of each subspace. (ii) Apart from parameter estimation, an interesting direction is
to understand functional equivalence. Given access to queries, is it possible to learn
a function that closely approximates the target even if the parameters are different?
Even basic decidability questions around this are not clearly understood — for instance,
given two sets of parameters of multi-head attention models, is the problem of check-
ing whether they represent the same function decidable? (iii) Further, it could be
interesting to analyse whether distribution-dependent PAC guarantees (such as Chen

et al. [35] for MLPs) are attainable, unlike distribution-independent ones in our work.
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Chapter 6

Learning Automata with Queries and
Support of Language Models

6.1 Introduction

Language models (LMs) are now deployed across text, vision, and bioinformatics;
yet their internal computation and potential outputs they generate remain difficult
to interpret. This motivates a basic question: given black-box access to a model,
can we extract a compact, interpretable formal object, such as a deterministic finite
automaton (DFA), that accepts (approximately) the same strings as those that lie in
the model’s generative support? We develop a formal framework for this problem and
study its learnability in a setting that closely mirrors how LMs are typically used in
practice.

We formalise and study the problem of learnability of languages in the Next Symbol
Prediction (NSP) setting. Here, a learner receives only positive strings from a target
language, together with rich supervision for every prefix: a membership bit indicating
whether the prefix itself is in the language and a vector of “continuation” bits indicating
which next symbols admit some accepting continuation. A prediction is correct only
if the hypothesis matches all membership and continuation labels at every prefix of
the example.

This setup has a natural interpretation in the context of language models: when
decoding with top-p [74], top-k, or min-p [108] sampling, the per-prefix continuation
set is precisely the set of admissible next tokens, and termination corresponds to
allowing the end-of-sequence token. In particular, positive-only NSP supervision is
naturally obtained from black-box models and avoids the need for inventing artificial
distributions over negative strings; at the same time, the requirement for correct

predictions at every prefix makes the task challenging. Figure 6.1 illustrates NSP
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labels on a Dyck example and how admissible-next-token sets can be read from a
language model.

Additionally, while NSP has been widely used to evaluate sequence models on formal-
language benchmarks (see e.g. Gers and Schmidhuber [59], Suzgun et al. [150],
Ebrahimi et al. [51]|, Bhattamishra et al. [18] and references therein), the learnability
of languages under NSP and its relationship to conventional binary classification has
not been established.

Our contributions. We investigate the question of learnability in the NSP setting
within the computational learning theory framework by studying computational
complexity and oracle requirements. We also conduct a systematic empirical evaluation
with several regular languages, using Transformer-based language models as teachers.
This chapter makes the following contributions.

(i) Identifiability and hardness. We give a PAC-style formulation of learning
using NSP labels and show that positive examples augmented with NSP labels are
information-theoretically sufficient to identify minimal DFAs. Concretely, distinct
minimal DFAs always disagree on the NSP labelling of some positive string, yielding
finite teaching sets and a well-defined equivalence oracle in the NSP model. At the same
time, we prove that NSP supervision does not remove the key computational barriers
for learning regular languages. The key technical argument is a construction that
renders all but one continuation label uninformative, allowing a reduction to well-known
hardness results [84]. Thus, even with the richer labels, efficient (improper) learning
remains computationally intractable (under standard cryptographic assumptions). We
further show that identification with membership queries alone cannot be achieved in
polynomial time for certain natural DFA families, even when each query returns all
NSP labels. Together, these results suggest that while NSP labels offer some benefit,
they do not, in general, circumvent computational hardness.

(ii) Learning with a language-model teacher. Motivated by the hardness results,
we study a more powerful, though still practically motivated, learning framework
based on prefix-conditional generative queries. These can easily be simulated using
black-box access to an LM. In addition to membership queries, the learner can issue
generative queries that return positively labelled NSP strings conditioned on a prefiz
prompt. We extend Angluin’s L* algorithm [7] to design a new algorithm we denote
Lx, , that uses membership and generative queries to construct a DFA consistent with

nsp’

the observed NSP labels. The guarantee is distribution-specific: Li,, PAC-learns with
respect to the distribution induced by the teacher language model. This perspective is

aligned with our goal of identifying the model’s (truncated) support and is particularly
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Figure 6.1: Left: An example of a string with NSP labels from the Dyck-2 language.
The language consists of well-balanced parentheses with two types of brackets. Right:
An illustration of how NSP labels can be obtained from a language model. See Section
6.2 for details.

appealing in the context of generative models, where the target distribution over
negative strings is either undefined or arbitrary. Conditional generation is both a
natural capability of modern LMs and turns out to be a powerful query primitive for
efficient learning in the NSP framework.

(iii) Empirical evaluation and analysis. We apply the L}, algorithm to extract

nsp
DFAs from Transformer teachers trained on eleven regular languages of varying
complexity, including the Tomita grammars, Parity, and bounded Dyck languages.
We study how NSP accuracy, the number of extracted states, and runtime scale with
the number of positive training strings. Across tasks, a modest amount of positive
data with NSP labels typically suffices to recover the target automata or their teacher-
support counterparts. When the teacher is imperfect (e.g., for Parity, Tomita-5),
the extracted DFA reveals systematic errors by identifying strings in the symmetric
difference between the target and the teacher’s support. Ablations further indicate
that the continuation labels are heavily used on languages with transitions to dead
states (e.g., bounded Dyck), leading to improved sample complexity over binary labels
alone. These experiments underscore a practical point: while NSP labels cannot break
worst-case computational barriers, they are easy to obtain from modern sequence

models and can be leveraged effectively in practice.

6.2 Problem Definition

Notation. A deterministic finite automaton (DFA) is a tuple A = (Q, %, 0, qo, Fa)
with finite state set (), alphabet Y, transition function ¢ : ) x ¥ — @, start state
qo, and a subset of accepting states Fy C ). The language of A is L, C X*; write
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A(z) = La(z) € {0,1} and |A| denotes the number of states |Q|. Fix an order
Y ={o1,...,0n}. For x =w;---wy, let the length-n prefix be z., := w; - - - w,, for
0 <n < N. We use ggeaq to denote a dead state with gqeaq & Fa and 0(qaead; 7) = Gdead
for all 0 € ¥ (unique, if present, in a minimal DFA). We use DFA,, to denote the class
of DFAs with at most n states.

6.2.1 Next Symbol Prediction (NSP) Setting

For a language L C ¥* and any x € ¥*, 0 € %, define the continuation bit
or(z,0) == I[I3seX* st.x-0-seL].

If L is regular with minimal DFA A, then with ¢ = (g, z) we have pa(z,0) =0
if and only if 0(q,0) = qaeaa- The continuation vector at ¢ is defined as ¢a(q) =
[pa(g,01), ..., pa(g, 015))] € {0, 1}=] For strings « € X*, write pa(x) == ¢4(6(go, ))
and @4(z,0) = ©a(6(qo, ), 0).

A positive NSP-labeled example is a string x = w; - - - wy € L together with, for every
prefix x., (0 < n < N), its membership L(z.,) and all continuation bits (¢ (2., 0))sex.
We collect these as

fule) = ((orlem o) L))

n=

€ {0,1 DO+
efo,1)

We will use the term NSP labels to refer to such labels (See Fig. 6.1, left for an
illustration). We instantiate predictors via automata. For a DFA A define f4(z) :=
((@A(x;n,ai))gl, La(z.,) )1‘:":0' Let fa« denote the target NSP labelling function.
The per-example loss is the 0/1 sup-norm mismatch err(fa(x), fas(x)) = || fa(z) —
fac(X)|loo = I[fa(z) # fa-(z)], ie., it equals 1 iff any membership/continuation
label for any prefix is wrong; the NSP loss on D (supported on strings in L«) is
Lnsp(fa; fas, D) == Epoplerr(fa(zx), fa«(x))]. Because all (|X|+1)(|z|+ 1) labels must
be simultaneously correct, NSP is stringent in the sense that a naive random guesser
has a near-zero chance of zero error on a typical example (contrast with ~50% in

binary classification).

6.2.2 Learning the Truncated Support of Language Models

For a vocabulary X containing [EOS], let a language model LM define next-token
probabilities ppy(- | y) on X for each prefix y € ¥*. A sampling/truncation rule
T (e.g., top-p, top-k, per-step min-p) maps y to the admissible next-symbol set
Cr(y) C X, with [EOS] € Cr(y) exactly when y may terminate (see Fig. 6.1, right for
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an illustration). The T -truncated support of LM is the set of all strings that can be
generated by running LM under 7. Formally,

Ll = {x:wl---w]\;: V0<n<N, wy1 €Cr(wy---w,) and [EOS] ECT(JC)}.

The NSP labelling oracle induced by the language model LM and truncation strategy
T is then,

Lin(y) :=T[EOS € Cr(y)], ¢ (y,0):=1T[o € Cr(y)] (0 €3),

and we set fl\(z) = ((@T(x:n,ai))gll, L{M(x;n))lio. If generation under 7 ter-

minates almost surely, then for any admissible step there exists a finite accepting
continuation, so ¢’ coincides with the global NSP semantics above.

From NSP learning to learning support. Let D/, be the distribution of strings
generated by LM under 7. Any PAC learner that, from NSP-labeled positive examples
(z, f*(x)), outputs f with Lsp(f; f*,D) < € immediately yields, by instantiating
f*= fly and D = D/}, a procedure that learns the T-truncated support of LM with
NSP error at most e.

Oracle simulation. With black-box access to LM and rule 7, one can simulate the
typical example oracle EX(f{y;; D/,;) by sampling x ~ D/, and returning (x, f{;()).
Membership queries can be computed by checking if a string takes an admissible path

based on the truncation strategy 7 and if [EOS] is permissible at the last step.

6.3 Preliminaries

We define Probabilistic DFAs (PDFAs) formally here. Our result on learning with
membership and generative queries (Theorem 19) has direct implications on learning
the support of PDFAs. We also use PDFAs to generate strings for training Transformer
language models.

Probabilistic DFAs (PDFAs). A probabilistic DFA is a DFA equipped with a

stochastic emission rule. Formally, a PDFA is a tuple
P = (Q72767 q07F77T)7

where (Q, %, 0, qo, F') is a DFA and, for each ¢ € @, 7 (- | q) is a probability distribution
on Y U{ [E0S] } where [EOS] denotes the termination symbol. At state g, the generator
samples w € ¥ U { [E0S] } according to 7(- | q); if w € ¥ the next state is d(¢, w), and
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if w = [E0S] the sequence terminates. We say a string = wy ---wy € X* is in the

support of P if

W(wl \ QO) -7 (ws | (5(610,7111)) e 'W(UJN ‘ (qo, v.n—1))m([EOS] | (5(610,1’)) > 0.

The DFA that accepts exactly this support is the support DFA of P.
NSP labels from PDFAs. In a PDFA P, the NSP labels coincide with positivity

of the local emission probabilities:

p(y,0) =r(o | (q0,y)) >0},  L(y) = {x([EOS] | 6(qo,y)) > O}

Thus, the NSP labelling oracle exposes exactly the admissible next symbols and
termination at each prefix; for a PDFA this recovers the (untruncated) support of P.
The following is an elementary but fundamental fact about minimal DFAs due to the

Myhill-Nerode Theorem that is at the heart of many of our proofs and constructions.

Lemma 6 (DFA basic fact). Let A be a DFA recognising La. For any two distinct
strings x,y € X*, if there exists a suffiv s € ¥* such that La(z -s) # La(y - s) then
the strings x and y lead to two distinct states in the DFA A, i.e., 04(qo, ) # 04(qo,y)-

If A is minimal and no such suffix exists, then they lead to the same state 04(qo, ) =

5A(C]07 y)

In a minimal DFA, distinct states are pairwise distinguishable by some continuation;
conversely, strings with indistinguishable residual languages must reach the same state.

This is the Myhill-Nerode characterization of minimality.

Lemma 7. Let the dead state Ggeaq be a state such that Gaeaqa ¢ F and §(qaead; 0) = Gdead

for all o0 € ¥. Then, a minimal DFA has at most one dead state.

Assume there are two dead states. Since every suffix from a dead state is rejected,
there cannot be a suffix that is accepted by one state and rejected by another. Further,
by definition, both of them are non-final. Hence, they are Myhill-Nerode equivalent

and must be merged in a minimal DFA.

Lemma 8. Let DFA,, be the class of DFAs over a fized alphabet Y with at most n
states. Then log|DFA,| = O(nlogn).

This is a well-known result [47]. For a DFA with at most n states, the transition
function is a map § : Q x ¥ — Q, so |Q x | < n|¥|. Thus, there are at most n/>I™
possible transition functions. Moreover, there are at most 2" choices for the set of
accepting states and at most n choices for the initial state. Hence, the total number
of possible DFAs is at most 2" - n/*I"*1 Thus, log |DFA, | = O(nlogn).
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6.4 Identifiability and Equivalence in the NSP setting

Before studying efficient learnability, it is first necessary to establish whether NSP
labels are necessary and sufficient, in an information-theoretic sense, to identify a
target language from positive examples alone. By unique identification from positive
NSP data for a target DFA A* with L4« # (), we mean that there exists a finite set
S C L4« such that

VA € DFA,, ( Vo €S, fa(z) = far(2) ) — A=A (6.1)

Any such S will be called a (positive) NSP teaching set for A*.

Equivalence query oracle. A closely related question is whether an equivalence
query oracle is well-defined in this setting. Let A and A* be a hypothesis and target
DFA, respectively. In the NSP setting, a valid Equivalence Query oracle EQ;[SP(A; A¥)
with respect to target A* should take a hypothesis A as input and output ‘equivalent’ if
L ; = L4~ or else it should return a counterexample = € L% such that f;(z) # fa-(z).
In other words, the counterexample is a string that is accepted by the target DFA A*
but disagrees with A on at least one of the NSP labels.

Note that positive strings alone without additional labels are not sufficient for such
identifiability: over ¥ = {0,1}, let Ly = ¥* and L4« = 1*. Every positive example
x € 1% is accepted by both, so no positive counterexample exists. The same obstruction
persists even if, in addition, the oracle reveals the membership of each prefix: for any
x € 1* and any prefix y of x we have La(y) = La«(y) = 1, so positive examples with
prefix-membership labels still cannot distinguish A from A*. The key property of the
NSP labels is that the continuation bits convey information about strings not in the
language: ¢(y,0) = 0 certifies that no extension of yo is accepted. This additional

information suffices to separate distinct minimal DFAs using positive examples only.

Proposition 14. Let A # A* be minimal DFAs with L« # (). Then there exists
x € La» such that fa(x) # fa-(x). Equivalently, the oracle EQ(A; A*) is well-defined:

it either returns “equivalent” or a positive counterezample (z, fa«(x)).

Proof. Since A # A*, there exists a string z € ¥* with A(z) # A*(z). If A*(z) =1
we may take x = z; the NSP vectors then disagree in the membership coordinate for

the full prefix z, so fa(z) # fa-(z) and we are done. Thus assume
A(z) =1 and A*(2) =0,

and let ¢ = da+(qo, z) be the state that the DFA A* reaches after traversing the string
z. We distinguish two possibilities for ¢'.

116



Case (i): ¢’ # Qqeaa- Because A* is minimal, any non-accepting state distinct from
the dead state has an accepting continuation (otherwise it would be equivalent to
(Jaeaa and hence identified with it by minimality). Hence there exists a suffix s € ¥*
such that A*(z-s) = 1.

Let z := z - s. In the NSP label sequence for x, the membership coordinate at the

prefix z is
LA(Z) =1 and LA*(Z> = 0,

so fa(x) # fas(x). The oracle may therefore return this positive example x together
with fa«(z).

Case (ii): ¢ = ¢geaq- Write z = wy - --wy with w; € ¥ and set z; 1= wy - - - w; for
0 <i < N (with 2,9 = ). There exists an index i € {0,..., N — 1} such that

5A*(Qo, Zz) 7& Qdead and O A (C_Im Z:i+1) = {dead- (6-2)

A*(z) = 0 and the DFA A* ends at ggeaq after traversing z, so select the first position
at which ggeaq is entered. By minimality (as in Case (i)), the non-dead state 04+ (qo, 2:;)
admits an accepting continuation; hence there exists a suffix s € £* with A*(z,;-s) = 1.
For the continuation bit at the prefix z,; and the next symbol w; i, equation 6.2
implies

@+ (2, wir1) = 0.
On the other hand, since A(z) =1 and z = z,; w;41 (Wig2 - - - wy ), there exists a suffix

(namely w; o - - - wy) witnessing that
pa(zi, wip1) = 1.

Now set = := z; - s. This z is accepted by A*, and the two NSP labelings disagree at
the continuation coordinate (z.;, w;11): fa(x) # fa=(z).

Thus x is a valid counterexample for the oracle.

In either case, there exists a positive example = (accepted by A*) with fa(z) # fas(x)

and if no such counterexample exists, then A = A*. n

Consequences. Proposition 14 has two immediate consequences. First, finite teaching
sets exist: for each A € DFA,,\{A*}, choose a witness x4 € L« with fa(z4) # fa<(xa)
guaranteed by the proposition, and set S :={x4: A € DFA, \ {A*}} C L4+. Then
S is a positive NSP teaching set for A* in the sense of equation 6.1. Second, it also
implies that the equivalence query oracle is well-defined in the NSP setting, which is

crucial for exact learning to be feasible.
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6.5 Hardness of Learning from Random Examples

We study efficient PAC learnability in the NSP setting. An algorithm A is an efficient
PAC learner for a class F if for every f € F and every distribution D supported on
positive examples, A runs in polynomial time on NSP—labeled inputs and outputs f
such that, with probability at least 1 — &, Lnsp( fif. D) <e.

Note that the continuation labels can be highly informative for certain classes. Consider
Conjunctions: Boolean monomials f : {0, 1} — {0,1}, e.g., f(2) = 22 A Z;. In the
conventional classification model, learning Conjunctions is known to require ©(N)
labeled examples. In the NSP model, one positive example z € f~1(1) suffices. For
each prefix z., the label ¢(z.,0) equals 0 if and only if the literal z;,, appears in
the target; likewise, p(x, 1) = 0 if and only if the literal z;,; appears. Thus, by
reading the continuation labels across the N prefixes, the learner recovers exactly
which literals are present and hence identifies the target monomial from a single
positive NSP example. While the NSP labels may provide a statistical advantage for
some classes, we show that in the general case, they are not enough to remove the
computational barriers for learning DFAs.

We relate learnability in the NSP setting to standard PAC learning for acyclic DFAs
that accept only strings of a fixed length. Throughout this section, we work over the
binary alphabet ¥ = {0, 1}.

Notation for classes. For N € N and a polynomial p(-), define

ADFAﬁN) = {A: Ais aDFA with at most p(N) states and L4 C {0,1}"},

and write ADFA,() :== Uy, ADFA;X ny- As defined earlier, DFA,, denotes the class of
DFAs with at most n states. Under the convention that the transition function is total,
any minimal A € ADFAQ{ ~) has a dead (sink) state with self-loops on both input
symbols. If instead one allows a partial transition function ¢, interpreting undefined
transitions as implicit moves to a dead state, then the automata in ADFAZJD\{ N) are
acyclic in the usual sense.

Background. Kearns and Valiant [84] show that, for a suitable polynomial p, weak
PAC learning of ADFA,y in the conventional classification (binary-label) model is as

hard as inverting certain cryptographic functions.

Theorem 15 (Kearns and Valiant [84]). There exists a polynomial p(-) such that
the problems of inverting RSA, , recognising quadratic residues, and factoring Blum
integers, are probabilistic polynomial-time reducible to weakly learning ADFA, .y in the
standard PAC setting.
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© 1 @ 0,1 @ 1 @ 0,1
0 0
@ 0,1 @ 0, @ 0,1
0,1
(a) DFA for 21 A 23, x € {0, 1}*. (b) Transformed DFA (21 A z3) V 25,
z € {0,1}5.

Figure 6.2: Transformation from Section 6.5. In (b), green states are from the original
DFA; blue states ¢, .. ., g, ensure every prefix of length < /N has continuation labels
[1,1,0], and ¢ routes to accept on input 1 (to the dead state on 0).

We prove that an efficient PAC algorithm for ADFA;,\E ) In the NSP setting would yield
an efficient PAC algorithm for ADFA;\Z ~) In the conventional classification setting.
Together with Theorem 15, this implies cryptographic hardness for NSP learning of
these Boolean Acyclic DFAs and consequently the general class of DFAs.

Fix N > 1 and a target DFA A = (Q, X, 6, qo, F) with L, C {0,1}". We first record

a basic structural property of minimal DFAs for fixed-length languages.

Lemma 9 (Unique depth in minimal ADFAﬁN)). If A is minimal and Ly C {0,1}7,
then every state ¢ € Q \ {Qaead} s reachable by strings of exactly one length ((q) €
{0,1,..., N}. Consequently, every transition increases depth by one: if §(q,0) = ¢

With ¢ # Qaead and ¢ # Qaead, then €(q') = €(q) + 1. Acceptance occurs only at depth
N.

Proof. Let ¢ € Q \ {qaeaa} be reachable both by a string of length ¢ and by a string of
length ¢ with ¢ < ¢'. The residual language at ¢ is R(q) = {s € ¥*:0(q,s) € F' }.
If g is reached after ¢ symbols, then every s € R(q) must have length exactly N — ¢; if
q is reached after ¢’ symbols, then every s € R(q) must have length exactly N — /¢
Since N — ¢ # N — (', these sets are disjoint; hence R(q) must be empty, contradicting
¢ # Qdeaa In @ minimal DFA. Thus, each non-dead state has a unique depth ¢(¢q). Any
transition consumes one symbol, so ¢(q¢’) < ¢(q) + 1; equality must hold by uniqueness
of depth. Finally, if ¢ € F had ¢(q) # N, then L would contain strings of length

other than N, contrary to the assumption. O]

By Lemma 9, we may index non-dead states by their unique depth ¢(¢q) € {0,..., N}
(the dead state has no depth).

Construction. The key technical idea is the construction in the following Lemma,
where we construct from any A € ADFA;,\E ~y & DFA A® over length-N+1 inputs whose

NSP labels are uninformative before length N, while at length N the continuation
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bit for symbol 0 recovers A’s label. More precisely, we will construct a DFA A% with
at most |A| + N + 1 states such that: (i) the NSP labels of any prefix of length < N
will be (1,1,0), and (ii) crucially, the NSP label for a string u € 3V of length N will
be (A(u),1,0). The ADFA A® accepts all strings z of length N + 1 ending with 1
and some ending with 0 depending on A(x.y). Thus, with respect to A%, predicting
the first continuation bit (corresponding to symbol 0) at length N is equivalent to

predicting membership in L 4.

Lemma 10. /[Padded Construction| From a Boolean Acyclic DFA A we can construct,
in time polynomial in |A| + N, a DFA A% with Le C {0,1}¥* and

forue {0,1}N and b€ {0,1}: wu-b€ Ly < (A(u)=1) or (b=1). (6.3)
Moreover, for every prefix y with |y| < N,

(0(y,0), ©(y,1), Lao(y)) = (1,1,0),

and for every u € {0,1},

(¢(u,0), @(u,1), Lae(u)) = (A(u), 1, 0).
The construction adds at most N-+1 states.

Proof. Minimize the DFA A if it is not minimal. Create new states ¢}, ..., ¢y and a

new accepting state gg,. For 1 <7 < N set

5A@ <q1/'> 0) = QQJrla 5A€9 (q;7 1) = q£+1>
and at ¢ = N set
049 (qys 1) = G, 042 (qy,0) = Gaeaa-

From gz, send both symbols to ggeaq (S0 acceptance occurs only at length N+1).
Now modify A to create A% as follows. For each non-dead state ¢ with ¢(q) < N and
each o € {0,1}:

/

o If 04(q,0) = Qaeaa In A, set d40(q,0) = Q)1 (redirect the dead transition into
the chain).

e Otherwise set d4e(q,0) = d4(q, 0).
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For each state ¢ at depth N set

645(0.1) = G, Oan(q.0) = {qﬁ“’ 1c
Gdead; q & Fa.

See Figure 6.2 for a simple example construction for a Boolean Acyclic DFA computing
a conjunction.
All transitions out of ggeaq POINt t0 Gaead, i-€., 04e (¢dead, ) = Gdeaa fOr both symbols.
(If A recognises the empty language, then ) = {qqeaq}; in this case we additionally
introduce a fresh start state gy of depth 0 with d4e(go,0) = d42(Go, 1) = ¢} and take
do as the start state; the conclusions below still hold.)
By construction, acceptance can occur only at ¢g, after exactly N+1 symbols, so
Lo C {0,1}¥*1. The rule at depth N gives equation 6.3. For any prefix y with
ly| < N, either an original transition still has an accepting continuation, or a dead
transition is redirected to the chain q|’ g1 ¢ — ¢an (taking the last symbol
1). Hence ¢(y,0) = ¢(y,1) =1 and Las(y) = 0 for any y with |y| < N. At depth N,

for every u € {0,1}"¥ our construction enforces

Qfin, 04(qo,u) € Fy,

dae(040(qo,u),1) = gan and  dae( dae(qo,u),0) =
( ) ( ) Gdead 5A(Q07u) ¢ FA;

so p(u,1) =1, ¢(u,0) = A(u), and L4e(u) = 0, which is exactly

(0w, 0), ¢(u,1), Lao(u)) = (A(u), 1, 0).
O

Reduction from standard learning to NSP learning. Let D be any distribution
on {0,1}". Define the padded distribution D® on {0, 1} by sampling u ~ D and
returning z := u - 1. By equation 6.3, z € Lye for every u, so D? is supported on
positive examples as required by the NSP setting. Moreover, given a labeled standard
example (u,y) with y = A(u), the full NSP label vector fae(z) for z = w -1 is

computable from (u,y):

for 0 < /< N : (‘,0(53:37 0)7 @(Izb 1)7 L(ZL‘;()) = (17 17 O),
for ¢ = N : (QD(OC:N, 0), p(z.n, 1), L(m:N)) = (y,1,0),
for £ = N+1: (‘P(x:N+17 0)7 Qp(x:N+17 1)7 L(x:NJrl)) = (07 07 1)'

Here z., denotes the length-¢ prefix of the padded string .
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Theorem 16. Fiz N and a polynomial p(-). If ADFA;D\{N) is efficiently PAC-learnable
in the NSP setting from positive examples, then ADFAQ( Ny s efficiently PAC-learnable

in the conventional classification (binary-label) setting.

Proof. Let Axsp be an efficient NSP learner for ADFA?( n)- From i.i.d. labeled samples
(u®,y®) with y@ = A(u®?), form positive NSP examples (2@, f40(z()) where
2@ = u®. 1 using the rule above, and feed them to Axsp. Let f be the returned
predictor so that, with probability at least 1 — 4,

LNSP(f; fao, D@) =Eu-p [H[JE(U 1) # fae(u- 1)” < e
Define a standard classifier h : {0, 1} — {0,1} by
h(u) := the bit predicted by f for o(x.N,0) on z = u- 1.

Whenever ]I[f(x) = fae(z)] =1, Lemma 10 gives h(u) = A(u). Therefore

Pr [h(u) # A(w)] < Pr [f(u1) # fao(w D] < e,

u~D

yielding an efficient PAC learner in the standard setting. The state complexity of A®
is at most p(N) + N + 1, preserving polynomial time complexity. O

Corollary 16.1 (Cryptographic hardness for NSP learning of acyclic DFAs). Under
the assumptions of Theorem 15, there is no polynomial-time weak learner for ADFA,,
in the NSP setting. Otherwise, Theorem 16 would yield a polynomial-time weak learner

in the standard setting, contradicting Theorem 15.

Discussion. The theorem shows that richer supervision via NSP does not circumvent
the computational barrier for learning regular languages: under standard assumptions,
there is no polynomial-time weak learner for ADFA,,) and hence for DFAs even in the
NSP setting. This remains true when the learner receives both positive and negative
examples with NSP labels, showing that such additional supervision does not mitigate
these barriers. The hardness is improper: it rules out efficient learning even when the
hypothesis need not be a DFA, and thus applies to neural models trained to match
NSP labels.

6.6 Hardness of Learning with Membership Queries

Definition. A conventional membership query oracle MQ : X* — {0, 1} takes an
input string and returns whether it belongs to the target language or not. In the NSP
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setting, the membership query oracle MQ,, : ©* — {0, 1}(ZFD{2+D) yeturns all the
NSP labels for an input string z. Since it contains the membership label of the input
in its label, it has strictly more information than the conventional MQ oracle.

To understand how additional labels could provide more information, consider the
following. If for any pair of prefixes or strings x, y, the || continuation labels ¢(z), o (y)
differ, then it implies that they lead to two distinct states in the target DFA. This
is because disagreement in the continuation label implies that there exists a suffix s
such that L(x-s) # L(y - s) and by Lemma 6, they must lead to two different states.
There are some classes of functions that can be efficiently identified by MQ,s, but not
by conventional M(Q. For instance, consider the class of singleton Boolean functions
Fi1 over {0, 1} which contains 2 functions that accept exactly ‘one’ Boolean input
of length N. Such functions cannot be identified with a polynomial number of
conventional membership queries (see Angluin [8] for a general characterization). The
main idea is that no matter which input in {0, 1}" a learner queries, an adversary
can decide to always return 0 as the label until the learner queries 2V — 1 inputs.
Learning Singletons with MQ,s,. The membership query oracle in the NSP
setting is more powerful in the sense that such singleton Boolean functions can be
identified easily in polynomial time. To see how, consider the following procedure:
Let z* € {0,1}" be the only string accepted by the target f*: {0,1}" — {0,1}. A
learner first queries MQysp () any z € {0, 1} and checks the || continuation labels
for the first index corresponding to the empty prefix A. That indicates the first bit
in the string accepted by the target function. Let x7 be the first bit of the target
string. The learner then queries any string starting with 27 and obtains the second
bit. Similarly, it can iteratively query MQ,s, and obtain the string 2* with at most N
MQusp queries.

While the membership query oracle in the NSP setting MQ),;, is strictly more powerful
than the one in the conventional classification setting, we show that there are DFAs
in the class DFA,, that cannot be efficiently identified with membership queries only
in the NSP setting. Similar to the case of hardness of learning with DFAs, we will
construct functions where the NSP labels are uninformative and the problem becomes
as hard as learning with the conventional membership query oracle.

Suffix Language family. Consider the following family of languages. Let ¥ = {0, 1}
(the argument applies to any ¥ with |2 > 2). Let S = {0, 1}"/2 be the set of Boolean
strings of length exactly N/2. The suffix language family Lg contains 2/¥/2 languages,
where for each s € {0,1}"/2, the language L, € Lg only accepts strings which end
with the suffix s.
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Each of the language Ly € Lg can be represented by a DFA of size at most N/2+1. For
any suffix or string s, create a state corresponding to each prefix of s = sg - 515572
including the empty prefix sy = A which serves as the start state. Define transitions
d(S:k, Skt1) = Siy1. For every other transition, if the symbol is sq, then they go to the
state s.; or else they go to sg. From the first state, the shortest string that leads to
the accept state is of length N/2. For every other state ¢; in ¢i, ..., qn/2, the shortest

accepting suffix is of length % — 1.

Proposition 17. The class of Suffix languages Ls cannot be identified in polynomial
time with membership queries MQusp tn the NSP setting.

Proof. A key characteristic of any suffix language L, is that an accepting string exists
for any prefix x. For any string x, the string x - s is in the language Lg. Thus, the
continuation label for any prefix of any string will always be (¢(x,0), ¢(z,1)) = (1,1).
Hence, the continuation labels are not informative. The only informative signals are
the membership labels.

In the NSP setting, the oracle MQ,s, will provide the membership labels of every
prefix. Suppose a learner makes m MQ,s, queries where the maximum length of the
queried input strings is k. Then each query eliminates at most (k+ 1) — % < k suffixes
out of 2V/2 possible suffixes if all the membership labels are 0. Thus, in the worst
case, the learner can eliminate at most O(mk) suffixes or functions from the class.
If both the number of queries m and input length & are polynomial in N, then they
cannot identify the target s. Hence, either the number of queries must be exponential

or the learner must use exponential computational steps. O

Since the suffix language with suffixes of size n/2 can be represented with DFAs
with at most n states, Prop. 17 immediately implies that the class DFA,, cannot be
identified in polynomial time with membership queries alone in the NSP setting even
with the richer set of labels.

Boolean functions and Acyclic DFAs. A similar argument applies to the class of
Boolean functions as well. Consider the class of functions Fonv_; over {0, 1}? which
accept all bit strings of length N except one. It is straightforward to see that every
function in that class can also be represented by Boolean Acyclic DFAs with exactly
N + 2 states.

For such a class, the continuation labels will be unhelpful for all but one prefix of
length N — 1. The same line of argument as earlier shows that each membership
query can eliminate at most 1 function from the class. An adversary can decide to

return membership labels 1 for every input query and choose the function based on
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the inputs queried by the learner, and hence in the worst case, the learner must make
2N=1 _ 1 queries before it can identify the target functions.
This implies that certain classes of Boolean functions, as well as the class ADFA,,

cannot be identified with a polynomial number of MQ,g, queries in the NSP setting.

6.7 Learning with a Language Model Teacher

Given the hardness of learning with random examples or membership queries alone,
we now study the learnability of DFAs in a relatively more powerful model based on
the information one can conveniently obtain via blackbox access to language models
such as neural sequence models or PDFAs.

Problem and Assumptions. Let LM be a language model which induces a distri-
bution over strings Dy (correspondingly D/, for a sampling strategy 7). Assume
that the support of the distribution Dy is a regular language and let A* be the DFA
that recognises the support La«. Given blackbox access to such a language model, we
would like to find A such that Pryop [ filx) # f A*(x)} < e with high probability.
In this setting, a learner has access to two types of queries: (i) Membership queries
MQ(z) € {0,1} which return A*(x), and (i) Generative queries Genp,,,(-) which
take an input string or prompt x and generate a string s along with NSP labels based
on the distribution Dy, conditioned on the prompt z. Note that both these queries
can be simulated with blackbox access to the language model (cf. Sec. 6.7.3).
Approach. Broadly, we first sample a set X with m NSP-labeled examples from
the distribution Dy using Generative queries Genp, ,,(A) where A denotes the empty
string. We will then use an extension of the L* algorithm to make use of the membership
queries and generative queries to obtain a hypothesis DFA Ain polynomial time
such that |A| < |A*| and A is consistent with the NSP labels of all m examples.
A standard Occam-style generalization bound then yields a PAC-guarantee for the

learning problem.

6.7.1 L-star Preliminaries

We will first discuss the preliminaries of the L* framework based on modern and
minimal treatments [85, 43|.

Let A be a hypothesis DFA constructed by a learner and let A* be the target DFA. We
will refer to a string « such that A(z) # A*(x) as a counterezample that is provided

by an Equivalence query oracle or by disagreement with an example in a training set.
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Access and Test words. In this setup, we will have a pair of sets (Q,T) where
Q) C X¥* is a set of access words, and T C ¥* is a set of test words. Both ) and T are
always nonempty. Intuitively, the set () will play the role of states, where it will have a
string corresponding to every state of our DFA. The test words T act as distinguishing
strings for the access words (). Both the sets ), T contain the empty string \. We

will now define the notion of T-equivalence.

Definition 2 (7T-Equivalence). For a non-empty set 7' C ¥* and a language L, two
strings u, v are T-equivalent: u =r v, if for every string s € T', the string u - s € L if

and only if v-s € L.

Closed and Separable. A pair (Q,T) is closed if for every access word ¢ € ) and
every symbol o € ¥, there exists an access word ¢’ € ) such that ¢- o =7 ¢'. A pair
(Q,T) is defined to be separable if every two distinct access words ¢, ¢ € @) are not
T-equivalent: ¢ Zr ¢'.

Constructing a DFA. Given a closed and separable pair (Q,T) and access to

membership queries MQ, one can construct a DFA as follows.
e Set the go = )\ € Q.
e For every ¢ € ), add them to the set of accept states F' if MQ(q) = 1.

e For any access word ¢ and symbol o € X, let ¢’ be the word such that ¢- o =7 ¢'.
Then set the transition 6(q,0) = ¢'. Since (@, T) is closed, such a state or access

word ¢ must exist, and separability implies uniqueness of such a word.

To prove the correctness of our algorithm, we use the following technical lemmas from

L* without proof.

Lemma 11 (L* Fact [7]). Let (Q,T) be a closed and separable pair of sets which is
consistent with some language L. Let A* be the minimal automaton that accepts L.

Then, |Q] < |A*].

The above Lemma follows directly from Lemma 6 and the fact that we have a

distinguishing string in T" for each pair of strings in Q.

Lemma 12 (L* Fact [7]). Let (Q,T) be a pair that is separable but not closed.
Then, using at most |Q||T|(|3] + 1) membership queries, and in time polynomial in
(|1QI, |T|,|2]), we can identify ¢ & Q, such that (Q U{q'},T) is separable.
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The following lemma is the crux of the original L* algorithm in terms of how it updates
the pair (Q,T) based on disagreement between the hypothesis DFA and a labelled

example.

Lemma 13 (L* Fact [7]). Let (Q,T) be a closed and separable pair, and A be the
associated DFA. Let x € X* be a string such that A(z) # A*(x). Then using at most

|z| membership queries and in time polynomial in |x|, we can identify ¢ ¢ Q and
t' ¢ T such that (QU{¢'}, T U{t'}) is separable.

See Worrell [172] for a tutorial of L* in the framework described here and the proofs

of the precise Lemmas above.

6.7.2 Learning with Membership and Generative Queries

In the NSP setting, counterexamples may arise from continuation-labels rather than
membership disagreements, so Lemma 13 does not apply as is. This is where L
departs from L*: we use a different method to process counterexamples x € L 4+ using
continuation-label disagreements. The next lemma formalises this update rule for
L*

nsp*

Lemma 14. Let (Q,T) be closed and separable, and let A be the minimal DFA induced
by (Q,T). Suppose there exists a string x with f;(x) # fa-(x). Then one can find
¢ ¢ Q andt' ¢ T such that (QU{q'}, TU{t'}) is separable, using membership queries
and at most one generative query in polynomial time. If a generative query is used, let
y denote its output; otherwise, set y = \. The total number of membership queries is

at most |x| + |y|, and the running time is polynomial in |x| + |y| + Q).

Proof. By definition, we have a string such that A*(x) =1 and f;(x) # fa«(x). Thus,
there is a prefix x., of x at which the NSP labels disagree; the disagreement is either
(a) in the membership label for x.,, or (b) in one of the continuation labels for some
symbol o € 3. We treat these two cases separately. For all cases, our goal will be to
construct a string 2’ such that we can invoke Lemma 13 to obtain ¢’ and ¢'.

Case A: Membership-label disagreement. There exists a prefix x., of x such that
A*(2.,) # A(x,). In this case we may simply take ' = ., and apply Lemma 13. That
lemma produces an access word ¢’ ¢ @ and a test word ¢’ ¢ T in time polynomial in |2/
(and using at most |2'| membership queries), and it guarantees that (QU{¢'}, TU{t'})

is separable.
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Case B: Continuation-label disagreement. There exists a prefix x., of z and a symbol
o € ¥ such that

@A(‘Trm U) 7é P A* (xim U)'

We distinguish two subcases according to the value of the target continuation label.

Subcase B1: @a«(2.,,0) =0 and ¢ 4(z.,,0) = 1. By the semantics of the continuation
labels for the target, @as(z.,,0) = 0 means that for every suffix s € ¥* we have
A*(z., -0 - s) = 0. On the other hand, ¢ ;(z.,,0) = 1 means that the state ¢ :=
4 4(qo, x:n - 0) that A reaches after traversing ., - o is not the dead state.

Therefore, we can search within A from q to see whether there is some accepting
continuation. Run a breadth—first search in A starting at ¢; if the search reaches a final
state ¢ € F'j, let s’ be a shortest suffix labeling such a path. Then by construction,
the length |s'| < |Q]| and

Ay -0-5)=0 and fl(;pn o) =1,

so x’' :=x.,, -0 - s is a standard membership counterexample. Applying Lemma 13 to
2’ yields ¢ ¢ @ and t' ¢ T in polynomial time.

Subcase B2: pas(x.p,0) =1 and ¢ ;(x.n,0) = 0. The target label pa«(z.,,0) =1
asserts that there exists a suffix ' € ¥* with A*(z,, - 0 - ¢') = 1. In contrast,
¢ 4(2.,0) = 0 means that 04(94(qo, Z:n), 0) = Gdead, hence fl(xn -0 -s) =0 for every
suffix s.

As a consequence of Prop. 17, we also have that such a suffix cannot be found in
polynomial time using membership queries only. Thus, to find an accepting suffix, we
call the generative query oracle with input x., - 0. Since @4« (2.,,0) = 1, such a suffix
is guaranteed to exist. Let s’ = Genp,,,(x., - 0) and we have 2’ = ., - 0 - s’ which
is rejected by A (since it reaches a dead state after reading x., - o). Thus, invoking
Lemma 13 on 2’ produces the desired ¢’ and ¢’ in polynomial time.

In all cases we obtain ¢’ ¢ @ and ¢ ¢ T such that (Q U {¢'}, T U {t'}) is separable.
This completes the proof. O

Algorithm. Given a set of m NSP-labelled examples, the Li  algorithm works as
follows. It starts with @ = T = {\} and iteratively updates the pair (Q,T') such that
they are always separable. For a hypothesis A associated with (@Q,T), it finds the
first disagreement in the NSP labels with the examples in the training set X. Using
membership queries and generative queries based on Lemma 14, it updates the pair
(Q,T) and adds at least one state whenever there is a disagreement with the training

examples. The closure step remains the same as in the original L* algorithm. The

128



Algorithm 2 L}  algorithm

nsp
Q<+« {\}, T+ {\}

2: X = (2, fae (), > call Genp, ,,(A) m times
3: while (Q,T) not closed do

4:  Use Lemma 12 to obtain ¢/; Q < QU {¢'}

5: end while

6: Construct hypothesis automaton A from (Q,T)

7. while A not consistent with X do

8:  Choose z € X with f;(x) # fa(x)

9:  while f;(x) # fas(x) do > Use Lemma 14
10: Let z., be the prefix with first NSP mismatch
11: let o denote the symbol if it is a continuation mismatch
12: if membership mismatch at x., then > Case A
13: w' < z.,

14: else if continuation mismatch with A* forbids and A admits then > Case

B1

15: s « find fl—accepting suffix from z., - o

16: w 2,05

17: else > Case B2
18: W' < T, -0 - Genp,, (T - 0)

19: end if
20: Use Lemma 13 on w’ to obtain ¢’ and ¢’
21: Q<+ QU{{}, T+ TU{t}
22: while (@), T') not closed do
23: Use Lemma 12 to obtain ¢/; @ < QU {¢'}
24: end while
25: Reconstruct A from (Q,T)

26: end while
27: end while

algorithm terminates when A induced by (Q,T) is consistent with all the training
examples. Since |@| is guaranteed to be at most |A*|, the algorithm must terminate
after at most | A*| disagreements with the training examples. The pseudocode of the

L, is given in Algorithm 2.

nsp

Theorem 18. Let A* be the minimal DFA that recognises the support language Lo« C
Y* of the distribution Dry. Given m NSP labelled examples X = (z), f4 (@)™,
with access to membership query oracle MQ and generative query oracle Genp, ,, with
respect to Dy, Algorithm 2 outputs a DFA A such that fi(@®) = fau(zD) for all
i=1,...,m. The running time is polynomial in |A*|,|%|, max; ||, and the length

of the longest string returned by the generative query oracle.
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Proof. If the target language is L4« = @, then the initial hypothesis DFA A at Line 6
will also be such that 121(93) = 0 for all x € ¥*. Whenever a disagreement with any
training example is found, by Lemma 14, the algorithm will add at least one string
to ( and effectively identify at least one new state from A*. By Lemma 11, we have
that |Q] < |A*| and thus after at most |A*| iterations of the main loop (Line 7) or
equivalently, at most |A*| calls to Lemma 13, we have that || = |A*|. Each state in
() is uniquely identified with a set of distinguishing strings that are consistent with
A*. Since (Q,T) is closed and the transitions are defined using membership queries to
check T-equivalence, the final DFA is isomorphic to the target DFA A*. Hence, in
such a case A = A* and the hypothesis must be consistent with all training examples.
Thus, it will terminate. The algorithm can, of course, terminate with |Q| < |A*| if the
hypothesis DFA is consistent with all the training examples.

[

As a consequence of the above theorem and the fact that log |DFA, | = O(nlogn)

(Lemma 8), Theorem 19 follows from standard Occam’s razor arguments.

Theorem 19. Let A* € DFA,, be any minimal DFA with at most n states, and let
Dim be a distribution over strings whose support is La«. There exists an algorithm
with access to the membership query oracle MQ and generative query oracle Genp, ,,
producing NSP labeled examples in L, that runs in time polynomial in n,1/e,1/§
and the length of the largest string produced by the generative query oracle, and with
probability at least 1 — 9, outputs a DFA A such that,

Lxse(f4; far, Dim) = zNPl))I;M [fA@) # fA*(-T)] < e

Discussion. A key benefit of this model of learning is that the guarantee we get is
with respect to a desired distribution. For example, if one uses the L* algorithm to
learn DFAs using positive and negative examples, the target distribution (on negative
examples) is often unclear and can be artificial. In practice, for generative models,
we often do not have access to the target distribution on negative examples. For the
purpose of identifying the support of language models, arguably the most relevant
distribution is the one induced by the model itself, e.g., if one intends to predict

whether the language model will generate erroneous strings.

130



6.7.3 Simulating Membership and Generative Queries

We describe how membership and generative queries can be conveniently simulated
by blackbox access to the target language model LM. For a neural language model,
the empty string corresponds to [BOS] token.

(i) Membership Queries. Given a query string © = wy - - - wy € ¥*, compute the NSP
continuation labels for every prefix of x using the language model including the empty
string A. For a neural language model, this is simply done by obtaining the next
token probabilities for each prefix and applying the truncation rule 7 (cf. Sec. 6.2.2).
If for any prefix the continuation label ¢(z.,,w,.+1) = 0 then w,,; is not a valid
continuation, so the oracle can return 0. If the path traversed by wy,--- ,wy is valid,
then we can check whether ¢(z, [EOS]) is 1 or 0 and thus MQ(z) = ¢(z, [EOS]).

(ii) Generative Queries. For any string or prefix z, the Generative Query Oracle
Genp,,,(7) provides (s,y) where s is a string from the distribution D}y, conditioned
. If no such continuation exists and x is at a dead state, then it returns ‘None’.
To simulate the example oracle or equivalently, to obtain examples from the target
distribution D]y, one can simply query the oracle with empty string Genp,,,(\). To
obtain a continuation for a particular prefix x, one can provide it as an input prompt
to the language model and first check whether z traverses a valid path based on
the NSP labels as described above. If it does not, then return ‘None’. If it does,
then iteratively sample the next tokens using the truncation rule until the [EOS] is
permissible ¢(x - s, [EOS]) = 1.

6.7.4 On Exact Learning with Membership and Equivalence
Queries

We show that the class of DFAs can be learned exactly with membership queries
and two types of equivalence queries. (i) EQJ (A; A*) which returns a positive NSP-
labelled counterexample with at least one disagreement in NSP labels or else it returns
equivalence; (ii) EQ,.s(A; A*) which just returns a string with no additional labels,
such that the string is accepted by A* but rejected by A if there exists such a string,
otherwise it returns none. The problem of learning with just membership and NSP
equivalence queries remains open.

For the setting where a learner has access to two types of equivalence queries, the
algorithm is almost the same as the one described earlier (Alg. 2) with a couple
of differences. Similar to the previous algorithm with membership and generative

queries, the learner will maintain a pair (@), 7") and iteratively update them, but with
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counterexamples from EQ, . instead of a set of labelled examples. There are only two

nsp
changes to address, which we describe below.

(i) The first thing to note is that by Proposition 14, the equivalence query oracle
EQ;L, is well-defined and always guaranteed to return a counterexample. If the target
DFA A* is such that L4« = (), then the initial hypothesis DFA in Line 6 of Alg. 2 will
be the same as A* and thus, we do not need any counterexample.

(ii) Secondly, we do not have access to a generative query oracle anymore, so we
cannot use it to find an accepting continuation when the target NSP label says that a
suffix exists, but for our hypothesis DFA, no such suffix exists. The difficulty is that
EQ/, against our hypothesis need not return a counterexample beginning with the

nsp
particular prefix x., - 0. To force such a witness, we will use EQ_..(A, A*). Consider

(
pos
the DFA A, , whose language is

Ly = Z*\(:p;n-a-Z*),

T:no

i.e., A, , accepts exactly the strings that do not begin with the prefix z.,-o. Submit the

equivalence query EQ_ (A,..o; A*). Because pa«(x.,,0) = 1, there exists an accepted

pos
string with prefix x., - 0; therefore, the oracle must return a positive counterexample
of the form

¥ = x,-0-5 with A% () =1

But 2’ is rejected by A (the run reaches the dead state after reading ., - o), so 2’ is
again a standard membership counterexample.

Correction Queries. In the above approach and Sec. 6.7, we use generative queries
and the positive equivalence query oracle to find an accepting suffix. Becerra-Bonache
et al. [16] proposed a learning model where the learner has access to something called
correction queries (CQ). For a string € ¥*, using the query CQ(x) will return
the shortest accepting suffix (i) if = is not in the target language and (ii) if such an
accepting suffix exists. If the x is in the target language, then the oracle can return an
empty string, and if no accepting suffix exists, then CQ returns a special symbol not
in the alphabet . Thus, CQ provides the information provided by an M(Q along with
an accepting suffix when it exists. Becerra-Bonache et al. [16] analyze learnability
with correction and equivalence query oracle in the conventional classification setting.
CQ and generative queries are closely related in the sense that generative queries can
be seen as a distribution-dependent version of CQ along with additional NSP labels.
In the NSP setting, using the approaches discussed above, it is straightforward to

see that the class of DFAs is exactly learnable from positive examples only with a

_l’_

correction query CQ and equivalence query oracle EQ/ .
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Bounded Dyck Family: Key metrics vs Sample size
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Parity, Tomita 5 & 7: Key metrics vs Sample size
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Figure 6.3: Key metrics for Lj  across training-set sizes using a Transformer-LM

teacher. Each point shows the mean over 10 trials; shaded regions denote standard
deviation (see Sec. 6.8).

It is unclear whether exact learning with just membership and the NSP equivalence
queries is feasible and is left as an open problem. When the learner gets a coun-
terexample such that the only disagreement is of the form that @4« (x.,,0) = 1 and
¢ 4(2.,0) = 0, then one might wonder if a continuation can be recovered using the
NSP membership query oracle MQ,s, which provides additional label. But as a conse-
quence of Prop. 17, such an accepting continuation cannot be found in polynomial

time using MQpsp only.

6.8 Empirical Analysis

We evaluate the L. algorithm as a tool for extracting DFAs from Transformer

language models trail;led on regular languages. Given NSP-labeled strings from the
model, we study how the NSP error Lysp, the number of identified states, and the
running time vary with the size of the training set. When the extracted automaton is
not equivalent to the target DFA, we also find strings in the symmetric difference to
identify erroneous examples. Further, we conduct ablations to analyze the effectiveness
and usage of the continuation labels in the NSP setting.

Tasks. We consider 11 regular languages spanning 2-86 states: 6 Tomita grammars
[155], Parity, and 4 bounded Dyck languages. Tomita grammars comprise small DFAs

(2-5 states) and are commonly used as a benchmark for automata extraction [163, 167,
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179]. Parity is the two-state language over 3 = {0, 1} which contains all strings with
an odd number of 1s. Bounded Dyck languages contain well-balanced parentheses up
to a fixed depth and are regular. We denote by DYCK-(n, k) the Dyck language with
n bracket types and depth at most k. The depth of a Dyck string is the maximum
number of unclosed brackets in any prefix of the string. These languages have a
relatively larger number of states: Zf:o n' + 1. We use four bounded Dyck instances:
DYCK-(2,2), DYCK-(2,4), DYCK-(3,3), and DYCK-(4, 3). Further details of the tasks
are in Sec. 6.9.

Setup. For each target language, we convert its canonical DFA to a PDFA to
generate training strings. At non-final states, probability mass is split uniformly
among transitions that avoid the dead state; at final states, generation terminates with
probability ¢ (otherwise, the next symbol is sampled as above). For each language, we
choose t so that the empirical expected length is below 40.

Model training. We train Transformers as next-token predictors on sequences of
the form [BOS] s; [EOS] s2 [EOS] - - - with context window 250. Models use 8 layers
and width 512, optimized with AdamW for up to 40k steps with early stopping.
Our evaluation focuses on the support of the first string produced after [BOS]; the
concatenated format matches standard training and provides additional learning signal.
DFA extraction. We use the trained Transformers to generate training sets of
various sizes to evaluate the Ly, algorithm. We create training sets with strings of
length up to 80 that are generated and labelled using min-p sampling with threshold
p = 0.05 as described in Sec. 6.2.2. The Transformer model serves as both membership
and generative query oracle for Ly .. We evaluate sample sizes {1, 5,10, 100, 1000};
for each size, we run 10 independent trials and report means and standard deviations.
For small targets (e.g., Tomita), even a single positive example can be informative.
Results. Figure 6.3 summarises NSP accuracy, running time, and the number of
extracted states for representative tasks. On Tomita, when teacher models are well
trained, L}, recovers the target DFA quickly (often within a second; bottom row).
For models that are not perfectly trained, such as for Parity, the algorithm extracts a
much larger DFA and takes longer, depending on the number of target states. Note
that since Ly, adds a state only after finding a distinguishing string, the number of
extracted states is always at most the number of states in the ground-truth DFA that
recognises the language model’s support. Thus, even when we recover more states
than the target DFA, the result is faithful to the language teacher’s support.
Bounded Dyck languages have a relatively much larger number of states (8-86 states).

As shown in the top row of Figure 6.3, Dyck tasks naturally require more samples
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Dyck-(2,2): L-star vs L-star-NSP Dyck-(2,4): L-star vs L-star-NSP Dyck-(4,3): L-star vs L-star-NSP
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Figure 6.4: Comparison between binary labels (L*) and NSP labels (Lj ) by including
negative examples by sampling from the untruncated distribution of the LM. Each
point in the plots is the mean value over 10 trials; shaded regions show standard

deviation. See Sec. 6.8 for details.

than Tomita, yet Ly, converges to the target DFA and achieves near-perfect NSP
accuracy within 100 examples. Our ablation experiments in Sec. 6.9.3 indicate that
the continuation labels are heavily used and play a crucial role in identifying the states
of the target (see Table 6.3).

Identifying erroneous examples. When the learned DFA A is not equivalent to
the target DFA A*, we construct the product DFA B which recognises the strings
in the symmetric difference of the two languages L(B) = L(A)AL(A*). We use a
BFS-like approach to identify several erroneous examples for the language model.
Table 6.2 illustrates some erroneous examples for Bounded Dycks, Parity, and Tomita-5
language with LMs that weren’t perfectly trained. Fig. 6.6 and 6.7 depict the extracted
automaton for Parity and Tomita-5; the ones for DYCK-(2,2) and DYCK-(3, 3) are too
large to be visually informative. Note that these models were not intentionally trained
to fail, and all the examples generated by the language models were in their respective
target languages. The DFAs extracted by Lj, were based on a few disagreements in
the NSP labels of the generated strings. Training the language models for longer avoids
such errors for synthetic languages of this scale. Note that the Transformer models
used for Tomita-5 and Dyck languages in Figure 6.3 (well-trained) and Table 6.2
(imperfect) are different. See Sec. 6.9.1 for further details.

NSP Label vs Binary Label Ablations. To assess the value of NSP labels, we
compare binary labels (classical L*) with NSP labels (Ly , extension) on six languages.

We sample strings from the model’s untruncated distribution (actual next-token
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Tomita 2, 3, 4, & 6: Key metrics vs Sample size
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Figure 6.5: Key metrics for Ly, on other Tomita grammars. See Sec. 6.8 for details.
probabilities) and label each as positive if it lies in the min-p truncated support D/,
and negative otherwise. Naturally, most (=~ 99.5%) samples are positive; nevertheless,
even positive strings serve as counterexamples for L* and using any natural variant of
the distribution Dy will have few negative examples.

Results. Figure 6.4 plots the number of extracted states versus sample size (means
over 10 runs). On bounded Dyck languages, L}, reaches the target DFA with ~ 10
examples for DYCK-(2,2) and with ~ 100 examples for DYCK-(2,4) and DYCK-(4, 3),
whereas L* fails to recover the target even with 10® samples. For small Tomita DFAs,
a single counterexample suffices, so both approaches perform similarly. For Parity,
although the target DFA has 2 states, the teacher’s support DFA is larger; with NSP
labels, Ly, identifies this larger support (enabling the discovery of erroneous strings),
while binary labels yield no disagreements and thus no additional states. Because
almost all samples are positive, classification accuracy is uninformative; predicting 1
leads to near perfect accuracy and thus the extracted state count is the meaningful
signal. Note that the claim here isn’t that Ly is superior (it is a direct extension of L*
itself). Rather, the goal here is to assess whether the additional labels are informative;
the results indicate that leveraging NSP labels can be sample efficient for problems

where the natural distribution primarily has positive examples.

6.9 Additional Ablations and Details of Experiments

We discuss additional details of the experimental setup as well as additional results
for DFA extraction from language models.

Tasks. We provide additional details about the tasks considered in our experiments.
Tomita grammars. Table 6.1 provides the description of the 7 Tomita grammars [155]
in the benchmark. We use all of them except the first one since it is trivial (1*) and

the results are uninformative. All the regular languages in the Tomita benchmark
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Table 6.1: Tomita grammars and descriptions.

Tomita grammar Description

Tomita 1 Strings of only 1s (including the empty string), 1*.
Tomita 2 Repeated “10” pattern, (10)*.
Tomita 3 Any block with an odd number of consecutive 1s is always followed

by a block with an even number of consecutive 0s.

Tomita 4 Strings that do not contain 000 as a substring.
Tomita 5 Strings with an even number of Os and an even number of 1s.
Tomita 6 Strings where the difference between the number of Os and the

number of 1s is a multiple of 3.

Tomita 7 0*1*0*1* (zero or more Os, then 1s, then Os, then 1s).

have 2-5 states. These benchmarks have primarily been used to extract DFAs from
RNN or Transformer-based classifiers [163, 167, 179].

Parity. The Parity language is a simple two-state DFA recognizing whether the number
of 1s in a string is odd or even. This task has been widely studied in the context of
Transformers, and previous works have shown empirical [18] and theoretical |70, 68]
evidence to indicate that such functions are difficult for Transformers to model.
Bounded Dycks. DYCK-(n, k) represents the language with well-balanced parentheses
with n types of brackets and depth at most k. These languages have also been
widely used in analysis of sequence models [72, 19] since they capture hierarchical
dependencies prevalent in natural languages. These DFAs have relatively larger
number of states than Tomita grammars and Parity, and hence provide a testbed to
evaluate learning algorithms on languages with increasing state complexity. We use
the following languages in our experiments: DYCK-(2,2): 8 states, DYCK-(2,4): 32
states, DYCK-(3, 3): 41 states, and DYCK-(4, 3): 86 states.

Compute. The experiments in the work are not compute heavy. All our experiments
were conducted using 8 NVIDIA Tesla V100 GPUs, each with 16GB of memory for
training language models. Each run for up to 40k steps could take 1-6 hours depending
on the task. Some runs are much shorter if the model achieves high accuracy quite
early. The execution of Ly, is primarily on CPU, and uses the GPU to answer
Generative and Membership queries with the Transformer language model. The time
taken for each run of L} is provided in the main plots (Fig. 6.3 and 6.5). All of our

implementations for language models are in PyTorch [121]. For our experiments with
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Figure 6.6: DFA with 26 states extracted by Ly, from Transformer trained on Parity.
See Sec. 6.9.1 for more details.

Transformers, we use the Huggingface Transformers library [171] with the GPT-2 [129]
backbone.

6.9.1 Identifying Erroneous Examples

When the Transformer models trained on regular languages are not perfect, the
extracted DFA is not isomorphic to the target DFA used to generate training data for
Transformers.

There are two key things to note about this event. (i) When the extracted DFA has
more states than the target DFA (such as for Parity in Fig. 6.3), then it implies that
the support language for Transformer has at least as many states as the extracted
DFA. This is because states are always created after identifying distinguishing strings
(Lemma 6) using the teacher model. (ii) The cases where models are not perfectly
trained, and our extracted DFA identifies erroneous strings, the models are still well-
trained in the sense that all 1k strings generated using the language model are in the
target language. Thus, the difference comes from disagreement in some NSP label,
which the L algorithm then leverages to extract a bigger DFA, which is then used
to identify erroneous strings.

Method. When the learned DFA A is not isomorphic to the target DFA A*, we
construct the product automaton B = A x A* where each state of B is a pair (p, q)
with p € Q(/l) and ¢ € Q(A*); on input symbol a, B transitions dg((p,q),a) =
(04(p,a),04+(q,a)). The state (p, q) is accepting if and only if exactly one of p or ¢ is
accepting (XOR). The product DFA accepts the strings in the symmetric difference of

A~

the hypothesis and target DFA L(B) = L(A)AL(A*). We then enumerate erroneous
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Figure 6.7: DFA with 28 states extracted by L;, from Transformer trained on Tomita-
5. See Sec. 6.9.1 for more details.

strings by doing a BFS-like search within B to find accepting strings in nondecreasing

length order.

Table 6.2: Examples of erroneous strings found via extracted DFAs. The A* column
within states denotes the number of states in the target DFA used to train the language
model. The A column indicates the number of states in the extracted DFA. Ground
truth labels are denoted by y,, and Teacher LM labels by y7. Note: The models
used as Teacher LM for Tomita-5, DYCK-(2,2) and DYCK-(3,3) for these results
were imperfect and not the same models used for the experiments in Figure 6.3. See
Sections 6.8 and 6.9.1 for more details.

Language States Labels Erroneous string x
A" Al ye yr

1 0 0010000000000
Parity 2 26 0 1 00100000000010
0 1 001000000000100
01 (HXL[1TCY )Y CHX>ILTCHYILT]
Dyck-(2,2) 8 189 0 1 [J L1 C) ) CH)ILTC)ILI]I
0 1 (HXL1T Y)Y CHY>DTCHYID11 )
0 1 {{HX>ITC0TL0TYC)ALZ
Dyck-(3,3) 41 87 0 1 {{C1C1C1C13>C)A{?}
0 1 {{{Y01 01012} CAL}
0 1 01100110010101011010101001
Tomita-5 4 28 0 1 01100110010101011010101010
0 1 01100110010101101010101001

Results. We observed erroneous strings for languages like Parity, Tomita-5, DYCK-(2, 2),
and DYCK-(3,3). Examples of some erroneous strings identified by the hypothesis
DFA are provided in Table 6.2. Figure 6.6 and 6.7 show the DFAs extracted for Parity
and Tomita-5, respectively. The DFAs for DYCK-(2,2) and DYCK-(3,3) are too large
to be visually interpretable. Constructing the product DFA is efficient, and identifying
several erroneous examples takes only a few seconds. There is no natural distribution
over the symmetric difference language, and further, it can even be finite in some

cases which makes it difficult to systematically compute the accuracy of predicting
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erroneous examples using the extracted DFA. The closest signal we have is the NSP
accuracy for the extracted DFAs which is near perfect.

Fortunately, identifying strings in the symmetric difference language of A and A* is
quite efficient which can allow one to find numerous erroneous examples (if they exist).
For instance, with 1k strings generated from a Transformer trained on Parity, the Lj

algorithm extracted a DFA with 26 states within 10 seconds, and using the extracted
DFA, we identified 1k strings in the symmetric difference language L(A)AL(A*) in
16 seconds. Out of the 1000 strings identified by A, 987 of them were erroneous:
A*(x) # MQ(z) where MQ(z) denotes whether the string was in the support of the
teacher language model and A*(z) indicates whether the string was in the target
regular language. Thus, such an approach can sometimes be far more efficient than
finding erroneous strings by repeatedly sampling from a language model and testing
whether they are correct or not.

For all languages except Parity, the language model became more robust when we
retrained them for longer steps. The curves for Tomita-5 and the two Dyck languages
in Fig. 6.3 are with retrained and more accurate Transformer models. We suspect
that for the lengths considered in this work, retraining a larger Transformer on Parity
for longer might make it more robust, but we keep the imperfect model to illustrate
the differences in Fig. 6.3.
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Table 6.3: Usage of different types of NSP labels by the Ly, algorithm on various tasks.
Refinement indicates the number of times states were added through disagreements
(number of times the loop in Line 9 is executed or equivalently Lemma 14 is invoked).
Mem fraction denotes the percentage of times prefix membership labels were used. Bl

and B2 fractions denote how many continuation labels were used. See Sec. 6.9.3 for

more details.

Language States Prefix Memberships (%) Cont. B1 (%) Cont. B2 (%) Refinements
Sample size: 10

Dyck22 8.0+ 0.0 0.0£0.0 16.7£0.0 83.3 £+ 0.0 6.00 £ 0.00
Dyck24 21.0£54 0.0£0.0 5.9+2.6 94.1 + 2.6 19.00 £ 5.35
Dyck33 32570 0.0+0.0 3.5+1.2 96.5 +1.2 30.50 £7.01
Dyck43 374+14.1 0.0£0.0 3.8+£3.2 96.2 + 3.2 35.40 + 14.14
Parity 2.0+£0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.00 £ 0.00
Tomita 2 3.0+£0.0 0.0£0.0 0.0£0.0 100.0 + 0.0 1.00 £ 0.00
Tomita 5 4.0£0.0 100.0 + 0.0 0.0£0.0 0.0£0.0 2.00 £0.00
Tomita 7 5.0+ 0.0 0.0£0.0 100.0 4+ 0.0 0.0+0.0 3.00 £ 0.00
Sample size: 100

Dyck22 8.0+ 0.0 0.0£0.0 16.7 £ 0.0 83.3 £+ 0.0 6.00 £ 0.00
Dyck24 32.0£0.0 0.0£0.0 3.3+£0.0 96.7 £ 0.0 30.00 £ 0.00
Dyck33 41.0+0.0 0.0+0.0 2.6 £0.0 97.4+ 0.0 38.90 £0.32
Dyck43 85.6 £1.3 0.0£0.0 1.2+0.0 98.8 £ 0.0 83.60 £ 1.26
Parity 2.0+£0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.00 = 0.00
Tomita 2 3.0+0.0 0.0£0.0 0.0£0.0 100.0 + 0.0 1.00 £ 0.00
Tomita 5 4.0£0.0 100.0 + 0.0 0.0£0.0 0.0£0.0 2.00 £0.00
Tomita 7 5.0+ 0.0 0.0£0.0 100.0 4 0.0 0.0+0.0 3.00 £ 0.00
Sample size: 1000

Dyck22 8.0+ 0.0 0.0£0.0 16.7£0.0 83.3 £ 0.0 6.00 £ 0.00
Dyck24 32.0£0.0 0.0£0.0 3.3+£0.0 96.7 £ 0.0 30.00 £ 0.00
Dyck33 41.0+0.0 0.0+0.0 2.6 £0.0 97.4+ 0.0 39.00 £ 0.00
Dyck43 86.0 £0.0 0.0£0.0 1.2+0.0 98.8 £ 0.0 84.00 £ 0.00
Parity 18.3 £15.7 70.0 £+ 48.3 0.0£0.0 0.0£0.0 11.80 £ 11.72
Tomita 2 3.0+0.0 0.0£0.0 0.0£0.0 100.0 + 0.0 1.00 £ 0.00
Tomita 5 4.0+0.0 100.0 + 0.0 0.0£0.0 0.0£0.0 2.00 £0.00
Tomita 7 5.0+ 0.0 0.0£0.0 100.0 4+ 0.0 0.0+£0.0 3.00 £ 0.00

6.9.2 Practical Notes on the Algorithm

As mentioned in Sec. 6.10, if the DFA representing the support of the language model
has a large number of states, then the extraction algorithm can be extremely slow.
The key bottleneck for L*

rsp is the same as L*, which is the closure step (Line 22 in

Alg. 2). Even though it is polynomial, the time complexity O(|Q||T||X|) blows up
when both |Q] and |T'| are in the order of thousands, since the process is sequential.

We observe that when the models are partially or poorly trained, then the number of
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states blows up, and the algorithm slows down significantly, failing to terminate even
after a day.

The other step where the Ly algorithm might fail is if the assumptions about the
learning problem are violated, in which case the use of generative queries to find
accepting suffixes (Line 18 in Alg. 2) may not terminate. If the support language is
not regular, then even though a continuation is permissible according to min-p/top-p
sampling, the language model may still not terminate. However, we did not observe
any instance of this problem in all our experiments. We suspect that since the language
models are typically trained to predict [EOS] after a certain number of steps, they
always terminate (the EOS token becomes permissible) after a certain number of

inference steps.

6.9.3 Ablation: Usage of Continuation Labels

When we apply the Ly, algorithm on positive examples, information about refinements
or new states is provided by two types of labels: (i) prefix membership labels, and (ii)
continuation labels. Within continuation labels, there are two cases as described in
Lemma. 14. Whenever the algorithm finds one of the three types of disagreements in
the NSP labels between the hypothesis DFA and the examples in its set, it refines the
DFA and adds one more state to its hypothesis.

Results. We run the Ly, algorithm on 8 representative languages and track the
usage of the type of disagreement used to update its hypothesis. Table 6.3 depicts
the usage of different types of disagreements on three different sample sizes averaged
across 10 runs. The prefix membership column indicates the percentage of times the
prefix membership labels were used. The Cont. B1 column represents the cases where
the hypothesis predicted that a certain continuation is permitted, but the continuation
label indicated that no such continuation is allowed in the target DFA. The Cont.
B2 column represents the cases where the hypothesis predicts that continuation is
forbidden, but the true labels indicate otherwise. This is the case where the generative
query oracle is invoked to generate accepting suffixes. See Sec. 6.7 for the details of
the algorithm.

The results indicate that continuation labels are heavily used for all Dyck languages.
Such languages also contain several transitions with dead states, and the results
indicate that the algorithm is able to leverage continuation labels to identify new
states. On parity and Tomita-5, the algorithm relies only on the prefix membership
labels. This is natural since the DFAs for those languages do not have any dead states,

and hence the continuation labels are uninformative. From positive examples, the
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algorithm can obtain negative information from the prefix membership labels for such
languages. Both Tomita-2 and Tomita-7 have a transition to a dead state. Since
these are small DFAs, the algorithm converges to the target DFA with only a few

refinements.

6.10 Future Work and Limitations

A natural question that remains open is the efficient learnability of DFAs with
membership (MQ) and equivalence queries (EQ) in the NSP setting. In Sec. 6.7.4, we
describe how DFAs can be learned exactly with membership queries and two types of
equivalence queries, and discuss barriers to obtaining a standard MQ-+EQ algorithm.
Prop. 14 shows that NSP labels are sufficient, and a teaching (or characteristic) set
exists. However, the size of such a set obtained from Prop. 14 is likely to be quite
loose and could be improved.

Limitations. Even though the Lj, algorithm is polynomial-time, it inherits some
of the limitations of the L* framework it builds on, making it difficult to scale the
approach to practical language models. In particular, when the target DFA (language
model support) has a large number of states, the algorithm is quite slow. We observe
that when models are poorly trained, the underlying DFA typically has thousands
of states. The Ly, algorithm identifies about 1k states, and the closure step is slow
due to the |Q||T'||X| time complexity (discussed in more detail in Sec. 6.9.2). Further,
while the factor of |%| may not play a significant role for synthetic languages, it
has immediate consequences for language models trained on text that have a large
vocabulary. An interesting future work would be to develop more efficient system-level
improvements to speed up the algorithm to make it applicable to relatively more

practical language models.
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Chapter 7

Conclusion and Open Problems

This dissertation studied the expressivity and learnability of modern sequence models
through a combination of theoretical analysis and empirical investigation. While each
chapter contains its own set of open questions, we close by discussing several future

directions and high-level problems suggested by the thesis.

Our results in Chapter 3 establish sharp separations between the capabilities of
Transformers and recurrent models, and they also clarify concrete limitations of
one-layer Transformers. A particularly interesting and challenging direction is to
understand the limitations of multi-layer Transformers. As discussed in Chapter 3,
the techniques used to derive lower bounds for one-layer Transformers do not directly
extend to two layers. Sanford et al. [135] provide conditional lower bounds for multi-
layer Transformers, and more recently, a notable work by Chen et al. [33| proved
unconditional lower bounds for multi-layer Transformers with causal masking and
established depth separations. However, unconditional lower bounds for vanilla multi-
layer Transformers (without causal masking) have remained elusive. A related goal is
to develop lower-bound techniques beyond communication complexity that can better

capture the structure of attention.

More generally, we still lack a clean characterisation of what log-width two-layer (or
constant-depth) Transformers can compute. One open problem is whether constant-
sized Transformers can compute all functions in the class TC°, or whether they are
restricted to a strict subclass. It is known [101] that constant-sized Transformers
can only express functions within TC?, and that with pause tokens they can express
all functions in TC° [95]. Another related direction is to understand the capabili-
ties and limitations of hybrid architectures that combine attention with recurrence.

Using straightforward adaptations of the techniques in Chapter 3, one can obtain
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communication-complexity-based lower bounds for a two-layer network with a recur-
rent layer followed by a Transformer layer. The same approach does not apply when
the Transformer layer precedes the recurrent layer, and several natural computational

questions about such models remain open.

Beyond the intrinsic complexity-theoretic interest of these questions, a central motiva-
tion is to produce insights that can meaningfully inform architecture design. Ideally,
analyses on formal languages and algorithmic tasks would also help identify bench-
marks that are genuinely diagnostic of architectural choices. A key question is which
computational tasks serve as faithful proxies for real-world performance. For instance,
while Transformers struggle with Parity [68, 18], one could argue that Parity-like
tasks may not be representative of performance on practical applications such as
summarisation, question answering, or code generation. A notable example in this
direction is the work of Arora et al. [10], which shows that the synthetic multi-query
associative-recall task is closely related to real-world LLM performance. In Chapter 4,
we highlighted systematic differences in the empirical performance of Transformers
and recurrent models on nearest-neighbour tasks, and connected these differences to
practical in-context learning behaviour in Transformer-based LLMs. An important
direction is to identify additional tasks of this kind—tasks that are simple and precise

enough to study carefully, yet predictive of behaviour at scale.

Such tasks could also serve as small-scale proxy evaluations for architectural com-
ponents. At present, obtaining a meaningful signal about a new architecture often
requires training a large model (e.g., on the order of billions of parameters) on roughly
a trillion tokens, which makes systematic iteration expensive. A promising direction
is to curate a selective collection of existing synthetic tasks, identify new tasks, and
build a benchmark that compares Transformers with the many recently proposed
attention-free alternatives. A well-designed pipeline of this kind could allow researchers

to test ideas at a smaller scale before committing to large-scale training runs.

In Chapter 5, we studied the learnability of a single-head attention-based model from
queries. In contrast, the learnability of the same model from random examples is much
less well-understood. More broadly, learning neural networks from random examples
remains challenging in several regimes and is an active area of study, as discussed
in Sec. 2.3.3. Within the query-learning setting, an interesting direction is to design
methods that combine theoretical structure with practical heuristics and develop
algorithms that are both effective and scalable, even if they lack provable guarantees

to some degree. While related empirical approaches have been explored for feedforward
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networks, attention introduces additional structure that may be exploitable. Our
analysis in Chapter 5 also adopts an idealised setting in which the learner can query
arbitrary sequences of vectors and the model is a regressor. This suggests several
concrete follow-up questions, including the learnability of multi-head attention, query
models that take sequences of tokens rather than vectors, and the effect of additional

architectural components such as layer normalisation.

For the learnability of DFAs considered in Chapter 6, a natural extension is to ask
whether one can learn probabilistic or weighted variants of DFAs using next-token
probabilities from language models. Under the strong assumption that the target
distribution can itself be captured by a PDFA, our algorithm from Chapter 6 can be
modified in a relatively straightforward way to learn PDFAs. However, this is stronger
than assuming that the support is regular, and it is unlikely to hold for realistic neural
language models.

Even within the setting we consider, while our algorithm (in Chapter 6) is efficient
in the polynomial-time sense, it is not yet practically scalable. A potentially more
scalable approach is to train neural-parameterised PDFAs or HMMs with gradient
descent by sampling sequences together with NSP labels from a target language model.
Although heuristic, such an approach may scale better and enable learning automata
with a substantially larger number of states, after which one could apply search
algorithms to identify erroneous examples.

This line of work also raises a fundamental question about the role of extraction
itself. While extracting interpretable objects is actively pursued as a way to better
understand LLMs, even if we could extract a faithful DFA or a similar abstraction
(e.g., a circuit or a program) for a real language model, how would such an object be
useful in an actionable sense? For modern LLMs, any faithful abstraction is likely to
be enormous (e.g., millions of states, or an impractically large program), and hence
not directly human-interpretable. Making tangible progress on this question seems

essential for connecting formal abstractions to practical understanding and control.

To conclude, this dissertation explored multiple facets of expressivity and learnability
for sequence models, focusing on Transformers as the dominant modern architecture.
In Chapter 3, we analysed differences in the expressivity of Transformers and recurrent
models, and showed that problems such as Lookup, Equality, and Nearest Neighbour
are easier to express with Transformers. Along the way, we discussed how tools such
as almost-orthogonal vectors can be used to construct small-sized Transformers, and

how communication-complexity-based arguments can be used to prove limitations of
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recurrent models and one-layer Transformers. In Chapter 4, we empirically showed
that Transformers outperform attention-free architectures on the Nearest Neighbour
task, and studied the relation of the task to Transformer-based LLMs. Chapter 4
also explored broader questions around in-context learning, including interpretability,
learning from more informative examples, and whether LLMs can act as learning

algorithms.

Chapters 5 and 6 shift focus to theoretical questions about learnability in more powerful
models of learning that involve queries. In Chapter 5, we gave provable methods
for learning single-head attention-based models in various regimes. In Chapter 6,
we theoretically analysed the learnability of automata in a new setting relevant to
language models, and, beyond the complexity-theoretic analysis, gave a provable
method to PAC-learn the truncated support of a language model. The algorithms
in these two chapters are complementary. The method in Chapter 5 recovers the
weights of the target model and therefore learns the true target function, but it is
restricted to shallow one-layer regression models and requires query access to arbitrary
sequences of vectors. The automata-learning algorithm in Chapter 6 is more flexible:
it applies to any architecture, is designed for language models rather than regressors,
and operates on sequences of symbols rather than vectors, which is closer to the query
access provided by practical APIs. The trade-off is that the learned object is an

automaton rather than the target neural network itself.

Although Chapters 5 and 6 differ from Chapters 3 and 4 in their core questions,
they also contribute to our broader understanding of sequence models. Beyond its
algorithmic contributions, Chapter 5 clarifies which components of a Transformer
can be identified from input-output mappings alone, and in Chapter 6, we use the
DFA extraction algorithm to identify failure modes of Transformers trained on regular

languages.

Broadly, the first half of the dissertation characterised differences between Trans-
formers and recurrent or state-space models, through both theoretical separations
in expressivity and systematic gaps in empirical performance on algorithmic tasks.
The second half developed new provable methods for learning attention-based models
from black-box access to their outputs, both directly and through formal abstractions
such as DFAs. We hope that the techniques and perspectives developed here will be
useful both for sharpening our understanding of Transformers and for analysing new

sequence models that emerge in the future.
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