Calc. Var. (2019) 58:47

https://doi.org/10.1007/500526-019-1483-6 Calculus of Variations
()

Check for
updates

Partial regularity for manifold constrained p(x)-harmonic
maps

Cristiana De Filippis’

Received: 25 June 2018 / Accepted: 18 January 2019
© The Author(s) 2019

Abstract

We prove that manifold constrained p(x)-harmonic maps are locally C!-#0-regular outside
a set of zero n-dimensional Lebesgue’s measure, for some By € (0, 1). We also provide an
estimate from above of the Hausdorff dimension of the singular set.
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Introduction

We prove local C'!-#0-partial regularity for manifold constrained p(x)-harmonic maps. More
precisely, we consider local minimizers of the functional

Wl,P(')(Q’ nm) s> w &w, Q) ::/ k(x)|Dw|17(X) dx, 0.1)
Q

where p(-) and k(-) are Holder continuous functions (see (P1)-(P2) and (K1)-(K2) below
for the precise assumptions), 2 C R", n > 2, is an open, bounded set and 771 C RN, N > 3,
is an m-dimensional, compact submanifold endowed with a suitable topology. We refer to
Sect. 1 for the precise notation. Our final outcome is that there exists a relatively open set
Qo C Q2 of full n-dimensional Lebesgue measure such that u € Cltf (R0, M) for some
Bo € (0,1) and Xo(u) := 2\ Qo has Hausdorff dimension at the most equal to n — .
Moreover, after imposing some extra restrictions on the variable exponent p(-), we are able to
provide a further reduction to the Hausdorff dimension of the singular set of 771-constrained
minimizers of the p(-)-energy

wr—)/lle”(") dx. 0.2)
Q

Let us put our results into the context of the available literature. Functionals with variable
growth exponent modelled on the one in (0.2) have been introduced in the setting of Calculus
of Variations and Homogenization in the fundamental works of Zhikov [51-54]. Energies as
in (0.2) also occur in the modelling of electro-rheological fluids, a class of non-newtonian
fluids whose viscosity properties are influenced by the presence of external electromagnetic
fields [3,43]. As for regularity, the first result in the vectorial case has been obtained by Coscia
and Mingione in [8], where it is shown that local minimizers of energy (0.2) are locally C1-#-
regular in the unconstrained case. This is the optimal generalization of the classical results of
Uhlenbeck concerning the standard case when p(-) is a constant. We refer to [32,33,36,39,48,
49] for a survey of regularity results in the p-growth case, both for scalar and vector valued
minimizers. Subsequently, the regularity theory of functionals with variable growth has been
developed in a series of interesting papers by Ragusa, Tachikawa and Usuba [40-42,46,47],
where the authors established partial regularity results for unconstrained minimizers that are
on the other hand obviously related to the constrained case. Especially, in [46] Tachikawa
gives an interesting partial regularity result and some singular set estimates for a class of
functionals related to the constrained minimization problem in which minimizers are assumed
to take values in a single chart. This generalizes the well-known results of Giaquinta and
Giusti [22] valid in the case of quadratic functionals with special structure. In this paper we
finally tackle the case of local minimizers with values into a manifold, provided that suitable
topological assumptions are considered on the manifold 771 and optimal regularity conditions
are in force on p(-) and k(-). Our first main result is the following:

Theorem 1 Letu € W'PO(Q, M) be a local minimizer of the functional in (0.1), where p(-)
satisfies assumptions (P1)-(P2), k() satisfies (K1)-(K2) and 1 is as in (1111)-(1112). Then
there exists a relatively open set Qo C 2 such that u € Cltcﬁo (R0, M) for some By € (0, 1),
and #H"(Q\ Q) = 0.

By strengthening further the assumptions on the variable exponent p(-), we are then able to
provide a better dimension estimate for the singular set. This is in the following:

Theorem 2 Let u € W'PO (2, M) be a constrained local minimizer of energy (0.2), where
p() € Lip(Q), y1 = 2 and N is as in (1111)-(112). Then,
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i. ifn < [y1]+ 1, then u can have only isolated singularities;
ii. ifn > [y1]+1, then the Hausdorff dimension of the singular set is at the most n —[y1]— 1.

As they are stated, our results are the natural generalization of the classical ones in [27,
28,34,44] for the case p(-) = constant. For the vectorial quasiconvex case with standard
p-growth we refer to the recent work of Hopper [31]. The extension we make here to the
variable exponent case requires a number of non-trivial additional ideas and tools, in particular
as far as the dimension estimates stated in Theorem 2 are concerned. This is also related
to the recent, aforementioned paper of Tachikawa [46], and it is based on the use of a
suitable monotonicity formula. We remark that the variable exponent functional in (0.1) is a
significant instance of functionals with (p, g)-growth (following the terminology introduced
by Marcellini, [37,38]). These are variational integrals of the type w f F(x, Dw) dx,
where the integrand F(-) satisfies

lz2IP SF(x,y,2) S +1zl9), 1<p=<gq.

The study of such functionals has undergone an intensive development over the last years,
see for instance [5,11,15,35,37-39]. Another prominent model in this class is the so called
Double Phase energy, where

F(x,2) =zl +a®)z]?, 0<a(x) <L.

This model shares several features with the variable growth exponent and has been again
introduced by Zhikov in [53]. Indeed, here once again the growth exponent with respect to
the gradient variable is determined by the space variable x, since the ellipticity type changes
according to the the positivity of the coefficient a(-). There are several analogies between
the variable exponent energy and the double phase one. In particular, one should notice the
similarities between the use of the Gehring’s Lemma-based reverse Holder inequalities made
here and the reverse Holder inequality coming from fractional differentiability exploited
in [6,7]. Moreover, compare the use of localization methods based on p-harmonic type
approximation implemented here and in [4]. Such analogies point to a unified approach to
non-autonomous functionals with (p, g)-growth conditions, partially implemented in [9].
We plan to investigate this in the context of constrained minimizers in a forthcoming paper
[10].

1 Notation, main assumptions and functional setting

Throughout this paper, €2 denotes an open, bounded subset of R” with n > 2 and the target
space will be a submanifold of RN, N > 3. As usual, we denote by ¢ a general constant
larger than one. Different occurrences from line to line will be still indicated by ¢ and relevant
dependencies from certain parameters will be emphasized using brackets, i.e.: ¢(n, p) means
that ¢ depends on n and p. We denote B, (xp) := {x € R": |[x — xg| < r} the open ball
centered in x¢ with radius » > 0; when not relevant, or clear from the context, we shall
omit indicating the center: B, = B,(xp). Moreover, for integer k > 1, by w; we mean
the k-dimensional Lebesgue measure of the unit ball B;(0) C R¥. Along the paper, k will
assume values N or m. When referring to balls in Rk k € {m, N}, we will stress it with
an apex “k”, i.e.: Bf (ap) is the open ball with center ag € R¥ and positive radius r. For
a,fef{l,---,nyandi,j € {1,---, N}, we set §*f = 0, Sij =0ifa #B,i #]
respectively and §** = 6;; = 1. With U C R”" being a measurable subset with positive, finite
Lebesgue measure 0 < |U| < oo and with f: U — R¥ being a measurable map, we shall
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denote by

1
(f)U3=][f(x)dX=7/ fx)dx
U [l Ju

its integral average. In particular, when U = B, (xo), we will indicate only the radius and,
if necessary, the centre of the ball, i.e.: (), = (f)r.xg = (f)B,(xo)- For g: 2 — R¥ and
U C @, with y € (0, 1] being a given number we shall denote
lg(x) — gl
[g]O,;/;U = sup T oy [g]O,y = [g]O,y;SZ~
x,yeU;x#y |)C - y|

It is well known that the quantity defined above is a seminorm and when [g]o, ;v < 00, we
will say that g belongs to the Holder space C%¥ (U, R¥). Let us turn to the main assumptions
that will characterize our problem. When considering the functional in (0.1), the exponent
p(-) will always satisty

(P1) p € C**(Q), a € (0,11,
P2)1 <y < p(x) <yr <oo forall x € Q,
y1 ;= inf p(x) and 1y, := sup p(x),

xeQ

xeQ

while the coefficient k(-) is so that

K1) ke CO(Q), ve(0,1],
K2)0 <A <k(x) <A <oo forall x € 2,

hold true. Clearly, in hypotheses (P1)-(K1) there is no loss of generality in supposing « = v,
since in the forthcoming estimates only min {«, v} will be relevant, so, for simplicity, from
now on we will assume p(-), k(-) € C%¥(2). These assumptions are optimal in order to
get local Holder continuity for the gradient of a minimizer of problem (0.1). This is evident
already in the scalar, linear case, (Schauder estimates). For any given ball B, € €2, we denote
p1(r) := inf p(x) and pa(r) ;= sup p(x). (1.1)
X€EB, xE€B,
Notice that there is no loss of generality in assuming y; < y», otherwise p(-) = const on 2,
and in this case the problem is very well understood, [23,27,28,34,44,45]. Furthermore, we
need to impose some topological restriction on the manifold 771. Precisely, we ask that

(1M1) M is a compact, m — dimensional, C 3 Riemannian submanifold without boundary of RN )
(M2) M is [y2] — 1 connected.

Here [x] denotes the integer part of x. We refer to Sect. 2 for a detailed description of the
geometry of 771. Finally, for shorten the notation we shall collect the main parameters of the
problem in the quantity

data:= (n, N, 1M, %, A, y1, 2, [klo.a» [Plo.a> @)

As to fully clarify the framework we are going to adopt, we need to introduce some basic
terminology on the so-called Musielak-Orlicz-Sobolev spaces. Essentially, these are Sobolev
spaces defined by the fact that the distributional derivatives lie in a suitable Musielak-Orlicz
space, rather than in a Lebesgue space as usual. Classical Sobolev spaces are then a particular
case. Such spaces and related variational problems are discussed for instance in [29,54], to
which we refer for more details. Here, we will consider spaces related to the variable exponent
case in both unconstrained and manifold-constrained settings.
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Definition 1 Given an open set  C R”, the Musielak-Orlicz space LP") (2, RN, k > 1,
with p(-) satisfying (P1)-(P2), is defined as

L”(')(Q, Rk) = { w: Q — R measurable and /

lw|P™ dx < oo } ,
Q

and, consequently,

whrO(Q, R .= { we WhIQ, RY N LPO(Q, RY) such that Dw € LPO (@, RF*™) } )

The variants Wé‘p O(Q, R¥) and Wlf)‘cp ©)(Q, R¥) are defined in an obvious way.

It is well known that, under assumptions (P1)-(P2), the set of smooth maps is dense in
WhrO(Q, Rb), see e.g. [15,51,53,54]. Following [9,31] we also recall the analogous defi-
nition of such spaces when mappings take values into 771.

Definition 2 Let 771 be a compact submanifold of R¥, k > 3, without boundary and Q2 C R”
an open set. For p(-) satisfying (P1)-(P2), the Musielak-Orlicz-Sobolev space W7 (€2, M)
of functions into 771 can be defined as

whrO @, m) = { we WhPOQ, R : w(x) € Mfora.e x € Q ]

The local space W]L‘CP(')(Q, M) consists of maps belonging to W) (U, M) for all open
sets U € Q.

When (P1)-(P2) and (7711)-(7712) are in force, a quick modification of [9, Lemma 6] shows
that Lipschitz maps are dense in whrO(Q, M) as well. Of course, when p(-) = const,
Definitions 1 and 2 reduce to the classical Sobolev spaces wlr (2, ]Rk) and Wl’p(Q, m)
respectively. Owing to the p(-)-growth behavior of the integrand in (0.1), we display our
definition of local minimizer.

Definition3 A map u € WIL’CP (')(Q, M) is a constrained local minimizer of the functional

&(-) defined in (0.1) if and only if

x = k(x)|Du(x)[P® e LL (2) and /k(x)lDuV’(x) dx 5/ k()| Dw|P® dx,
U U

for all opensets U € Q2 and all w € Wtz’p(')(U, 1), where
WO, m = (u+ Wo O, RN n WO W, m.

In Definition 3, local minimizers are given as maps belonging to the local space
Wl:)’cp (')(Q, N1). We stress that, since all the regularity properties of constrained local min-
imizers treated in this work are of local nature, there is no loss of generality in assuming
that u € WHPO(Q, M) and that x — k(x)|Du(x)|?®) e LY(), see the statements of
Theorems 1-2.

Remark 1 By continuity, all the constants depending on certain fixed values of the map p(-)
are stable when p(-) varies in the interval [yy, y»]. Thus, whenever a constant depends on
some p € [y, 2], this dependence will be denoted by only mentioning y; and y», i.e.:

c(p) =clyr, v2).
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2 Preliminaries

We shall split this section into two parts. In the first one, we collect some basic results
concerning the regularity of minimizers of certain type of functionals and in the second
one we will give a detailed description of the topology of 771, together with some extension
lemmas, which will turn fundamental in order to construct suitable comparison maps in some
steps of the proofs of Theorems 1 and 2.

2.1 Known regularity results

We start by reporting a Lipschitz estimate for the gradient and a decay estimate for the excess
functional of unconstrained local minimizers of functionals of the p-laplacean type.

Proposition 1 [2,20,24] Let Q C R" be an open, bounded set, p € (1,00), 0 < A < A and
0 < { < L be absolute constants, g* and h; i be constant matrices, uniformly elliptic in the
sense that

(1§ < g*PEukp < LIEP foralle € R and (|n* < hijn'n’ < Lin|* forall n € RY,
uniformly bounded, [g“ﬁ] = [gaﬁ]_l; o, Be{l,---,n},i,je{l,---,k}. Then, ifv €
WLP(Q, R¥) is a local minimizer of the integral functional

) N
WP (Q, R 3 w > F(w, Q) ;:f ko (g“ﬂh,»jpawlz)ﬁwl)p dx,  (2.1)
Q

where ko € [A, Al is a constant, then for all B, C B, € Q2 the following reference estimates
hold:

|Dv|? dx < c][ |Dv|?” dx and ][ [Dv — (Dv),|? dx < c(Q/r)W][ |Dv|? dx,
B, B, B, B,
(2.2)

forc=cn, k, A, A, (,L, p)and = u(n, k, x, A, (, L, p).

The following result is a p-harmonic approximation lemma, which will play a crucial role
in the proof of Theorem 1. We will state it in the form which better fits our necessities.

Lemma1 [12] Let Q@ C R" be an open subset and p € (1, 00). For every 6 > 0 and
d € (0, 1) there exists § > 0 depending only on 6,d, p, such that the following holds. Let
B, C R" be aball and B, denote either B, or Ba,. Ifv e wh ”(B,, R¥y is almost p-harmonic
in the sense that

D -
][ pIDVP™ 2 Dy dx < a][ (1Dvl” +1D¢ 1} g, dx. @3
B, |Dv| B (Br)
Sforall p € C°(B,, R¥), then the unique map h € WhP (B, RY), solution to the Dirichlet
Problem

v+ Wy (B,,R*) 5 w > min | [Dw|” dx 2.4)
B,

satisfies

l—

( |Dv — Di|P? dx> < 5]( |Dvl? dx. (2.5)
B, B,
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The next are a couple of simple inequalities which will be used several times throughout the
paper. They are elementary, see e.g.: [8,40,46].

Lemma 2 The following inequalities hold true.

i. For any gg > O, there exists a constant ¢ = c(gg) such that forallt > 0,1 > m > 1
there holds |t — ™| < c(I —m) (1 4 tdFe0)ly

ii. Fort € (0, 1], consider the function g(t) := =< where ¢ > 0 is an absolute constant
andy € (0, 1]. Then lim;_,o g(t) = 1 and sup,e,17 8(1) < exp(c/y).

We conclude this section by recalling another fundamental tool in regularity theory, which
will help establishing the behavior of certain quantities.

Lemma3 [2]] Let h: [0, Ro] — R be a non-negative, bounded function and 0 < 6 < 1,
0 < A 0 < B. Assume that h(r) < A(d — r)™P + 0h(d), foro < r < d < Ry. Then
h(o) < cA/(Ry — 0)~F holds, where ¢ = (8, B) > 0.

2.2 Some extension results

We report some results concerning locally Lipschitz retractions. They have been extensively
used in the realm of functionals with p-growth, see [27,28,31]. For integrands exihibiting
(p. g)-growth they were used for the first time in [9], to prove that if the Lavrentiev phe-
nomenon does not occur in the unconstrained case, then it is absent also in presence of
a geometric constraint. According to assumptions (17111)-(7712), M c RY is a compact,
m-dimensional C3 Riemannian submanifold, 3771 = ¢ and, in particular, 771 is [y»] — 1
connected. Let us clarify this concept.

Definition 4 [31] Given an integer j > 0, a manifold 771 is said to be j-connected if its
first j homotopy groups vanish identically, that is 7o(1711) = 71(M) = --- = 7;_1(MN) =
;M) =0.

It is reasonable to expect some good properties in terms of retractions for this kind of mani-
folds endowed with a relatively simple topology, as the following lemma shows.

Lemma4 Let M C RN, N > 3 be a compact, j-connected submanifold for some integer
j e {l,---, N — 2} contained in an N-dimensional cube Q. Then there exists a closed
(N — j —2)-dimensional Lipschitz polyhedron X C Q \ 111 and a locally Lipschitz retraction
Y O\ X — M such that for any x € Q \ X, |DY¥(x)| < ¢/ dist(x, X) holds, for some
positive c = ¢(N, j, ).

Proof See e.g., [28, Lemma 6.1] for the original proof, or [31, Lemma 4.5] for a simpli-
fied version relying on some Lipschitz extension properties of maps between Riemannian
manifolds. O

A major technical obstruction one can face when dealing with manifold-constrained varia-
tional problems is finding comparison maps which satisfy the constraint (notice that, without
further regularity details on minimizers, we cannot localize in the image). Precisely, we are
no longer allowed to use convex combinations of a minimizer with a suitable cutoff function
as to realize valid competitors for the problem. Hence, given any w € W]L’Cp (')(Q, RY), we
overcome this issue by applying Lemma 4 to assure a local control on the L”)-norm of the
gradient of a suitable projected image of w in terms of the L”)-norm of w itself. This is the
content of the next lemma.
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47  Page 8 of 38 C. De Filippis

Lemma 5 (Finite energy extension.) Let 111 be as in (1111)-(1112) and U &€ 2 an open subset
of Q2 with Lipschitz boundary. Given w € Wli)‘cp(')(Q, RN Ly (R, RN) withw(@U) C M,

there exists W € W,L‘p(')(U,m) satisfying fUIDlZJIP(") dx < chllep(X) dx, where
c=c(N, N, y).

Proof Following [31, Section 2.2], we define Unp(771) as the set of all x € RY for which
there exists a unique point of 771 nearest to x and, for a € 171, we denote by reach(171, a)
the supremum of the set of all numbers » > 0 for which {x € R¥: |x —a| < r} C
Unp(A). Then, we can set reach(711) := inf,¢m Reach(771, a). Notice that, by assumptions
(NM1)-(N12), reach(N1) > 0, see [17,28,31]. Now, if for some 0 < o < reach(1), V :=
{a e RN dist(a, M) < a} is a neighbourhood with the nearest point property, then the
metric projection IT: V — 111 associating to any a € V the unique ag € 771 such that
dist(a, M) = |a —ao|, is Lipschitz continuous and V and 771 are homotopy equivalent spaces
with 7; (V) = 7; M) for alli € {0, - - -, [y2] — 1}, see e.g.: [30, Proposition 1.17] for more
details on this matter. Since 771 is compact and w is bounded, there exists an N-dimensional
cube Q such that 771 € V C Q and dist(w, M) < %dist(m, d Q) almost everywhere. By
Lemma 4 with j = [y2] — 1, there exists a locally Lipschitz retraction ¥: Q \ X — V for
some (N — [y»] — 1)-dimensional Lipschitz polyhedron X C Q \ V, which, by construction
stands strictly away from 771. Thus we have amap P :=Tlo ¢y: QO \ X — 17, satisfying
c

IVP(a)| < It X))’ (2.6)
for ¢ = ¢(N, ). By a change of variables, the definition of the dual skeleton, the fact that
M is ([y2] — 1)-connected and dim(X) < N — [y»] — 1, there holds:

1 1
————da < 1+——— ) d , 2.7
/Qdist(a,x>ﬂ<x> “—/Q< +dist<a,x>n) e=c @7

for a finite, positive constant ¢ = ¢(N, 11, y»). Now, for a sufficiently small 0 < o <
min {% w and a point a € BY . denote the translations Q, := {b+a: b € Q)
and X, := {b+a: b € X}, so that one can define the retraction P,: Q, \ X, — 171 given
by P,(b) := P(b — a). Then, by the chain rule, Fubini’s theorem, (2.6) and (2.7) we obtain

/ /|D(Pa(w))|1’<x>dxda5[|Dw|1’<x) / IVP(w—a)|P™ da | dx
BY Ju U BY

S/IDwI"‘X) (/ VP @b)|P db) dec/|Dw|1’(X) dx,
U 0 U
(2.8)

where ¢ = ¢(N, 111, y»). Estimate (2.8) and Markov’s inequality then render the existence
of a positive c = ¢(N, 11, y») and aa € BZ)V so that

/|D(Pd(w))|p(x) dx < c/ [Dw|”™ dx, (2.9)
U U

where again ¢ = ¢(N, 111, y»). Since w(dU) C 171, the map w := (P[;lm)*1 o P;ow is well
defined and given that the inverse map P&_l is Lipschitz on 171, from (2.9) we conclude that
Jy|Dw|P® dx < ¢ [,;|Dw|P® dx, with ¢ = ¢(N, M, y»). Moreover, since w(3U) C 1,
by construction we have that w|;; = w|yy and this concludes the proof. O
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Lemma 5 will be particularly helpful when U is a ball B, or an annulus B, \ B, for a proper
choice of r and p.

3 Partial regularity

In this section we first collect a couple of essential inequalities, some basic regularity results
stemming only from the minimality condition and then carry out the proof of Theorem 1.

3.1 Basic regularity results

The first result is Poincaré’s inequality, well known in the unconstrained case, see [14,

Theorem 3.1], and since it is valid for any map w € WIL’CP O (€2, RY), it transfers verbatim

for functions in WIL’CP © (2, ). However, given that we are dealing with bounded maps (171

is compact), we present a simplified proof, including also the case in which the domain is an
annulus A9 := B, \ Br(1—g) forsome 0 <6 < 1.
LPO @ RN, with p(-) satis-

Lemma 6 (Poincaré’s inequality) Let w € Lﬁfc(Q, RN Wiee

Sfying (P1)-(P2) and B, € @, 0 < r < 1. Then, there holds

J,

withc = c(n, N, y1, 2, [Plo,a, @, lw| L (B,)). Furthermore, if for some 0 < 0 < 1, w €
L®(Arg, RNy N WLPO (A9, RY) is such that wlyp, =0, then

w = (), |

dx §c( | Dw [P dx+|B,|>, (3.1)
r B,

f lw/(r6) P dxy(/ | Dw|P™) dx+|A9|), (3.2)
Arg Arg

forc=cm, N, y1, v, [Ploa, @, lwllLea,g))-

Proof Fix B, € 2,0 < r < 1. From assumptions (P1)-(P2), Lemma 2 (ii.), (1.1) and the
standard Poincaré’s inequality holding for p = p;(r) we obtain

J,

p1(r)
dx

w — (w), P w — (w),

dx <crP? =0 max {1, 2w (s, } > /

r r

Sc/ IDw|P'D dx <c [ (1DulP™ +1) dx,
B, B,

with ¢ = c(n, N, y1, v2, [Plo,a, @ lwllzo<(B,)). In the same way, for w € L*°(A,g, RMN

WLrO(A,g, RN) such that wlyp, =0, we have

/ |w/(r9)|l7(x) dx < c(rg)m(m)*m(r@)f |Dw|171(79) dx < ¢ (|Dw|17(x) + 1) dx,
Arg Arg Ao

for c(n, N, y1, v2, [Plo,a, &, |lwllL=(4a,q)). Here we denoted pi(r6) := infyea,, p(x) and

p2(rf) :=sup, ey, p(X). ]

As to successfully implement Lemma 1, we also need an intrinsic version of Sobolev-
Poincaré’s inequality.
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Lemma 7 (Intrinsic Sobolev-Poincaré’s inequality) Let p € (1, 0o) and w € Wlt’cp (2, RM).
Then, there exist a positive ¢ = c(n, N, p) and exponents di > 1 and 0 < dp < 1 such that

pdi ﬁ %
][ dx <c ( | Dw|P% dx)
r B,

holds whenever B, € K is such that 0 < r < 1. Here, di = di(n, N, p) and d» =
dy(n, N, p).

w — (w)r

r

Proof We start by considering the case 1 < p < n. Fix any y € (max {% n_’; } 1)

and notice that w € Wll)’cyp (€2, RM) for all such y. From the standard Sobolev-Poincaré’s
inequality we obtain
n-yp

Ayp. nyp L
n—yp Yp
][ dx <c < |Dw|"P dx) ,
B, B,

forc =c(n, N, p, y), but, being y ultimately influenced only by n and p, we can conclude
that ¢ = ¢(n, N, p). Choosing d| := nf);p > I since y > #, and d, := y < 1 we obtain
the thesis. Now, if p > n, thenthereexistsy € (n/p, 1)sothat py > n.Letk :=1—n/(y p).
From Morrey’s embedding theorem we then have

» 5
Y
<][ dX) < c[wloer ' <c (

forc = c(n, N, p). Fixingd| :==y~

w — (w)r

r

w= ) |Dw|PY dx)ﬂ ,

r B,

l'and d» := y we can conclude.

Remark 2 Since 111 is compact, for a function w taking values in 771 the dependence of the
constants appearing in the inequalities in Lemma 6 on the L°°-norm of w will be expressed
as a dependence on 771.

In the following lemma, we present a Caccioppoli-type inequality, which is fundamental for
regularity.

Lemma 8 (Caccioppoli-type inequality) Letu € WP (2, 1) be a constrained local min-
imizers of (0.1). Then, for any ball B, € 2 there holds

][ |DulPY dx < c][
B2 r

forc=cm, N, %, A, y1,y2. [Plo,«, @)

P(x)

u— (u), dx

r

Proof With 0 < r/2 < s <t < r < 1 we determine a cutoff function n € CC] (B;) such
that xp, < n < xp, and |Dn| < 2(t — 5)~! and define the map w := u — n(u — (u),). By
construction, w € WHPO (B, RV)N L>®(B,, RY) and wlyp, = ulyp,,so Lemma 5 renders

amap w € Wul’p (')(Bt, 1) which is an admissible competitor for u in problem (0.1) and

satisfies
px)
dx |,

(3.3)

u— (u)l

t—s

|Dﬁ)|P(x) dx <c |Dw|l7(x) dx < c / |Du|p(x) dx _,’_/
B B B\By :
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for ¢ = ¢(N, 1M, y1, y»). The minimality of «, (K2), the features of 1, (3.3) and (1.1) give

A
|Du|P™ dx <— [ |DwP® dx
B, A JB,

§c/ |Du|P™) dx—l—c/
B\ By By

§C/ |Du|P® dx + c(t — s)_!’z(r)/ i — (), [P dx,
Bf\BS Br

px)

u— (u)r dx

t—s

with ¢ = ¢(N, M, A, A, y1, y2). Now we are in position to apply Widman’s hole filling
technique and Lemma 3 to conclude that

/ | Du|P® dx Scr_m(r)/ lu — (), |P® dx
B2 By

u—(u), |P
u=@r 7

r

_ C,m(r)—pzm/ PO (), PY) dx < C/
B,

)

forc =c(n,N,1M, A, A, y1, 2, [Plo,«. «). Here we also used assumption (P1), definition
(1.1) and Lemma 2 (ii.). ]

The next step consists in proving an interior higher integrability result for local minimizers
of (0.1).

Lemma9 Let u € W-PO(Q, M) be a conftrained local minimizer of (0.1). Then there
esists a positive integrability threshold 8o = 8o(n, N, 1M1, X, A, y1, v2, [Plo.a, @) such that

|Du| PO e Ll (Q) for all § €10, 5)

and, for any B, € Q2

1

145
<][ | Dy |1 H9P) dx) < c][ (1 + [Dul>)PM? dx  for all § € [0, ),
Br/2 B,

withc =c(n, N, M, A, A, y1, 2, [Plo.a. @).

Proof For a fixed B, € €2, combining Lemmas 8 and 7 with p = p;(r), we end up with

— p(x)
][ |Du|p(x) dx Scf m dx
B2 » r
_ u— (u), pi(r)
5cmax{1,2||u||Loc(Br)}V2 4 rm(r)—pz(r)][ e dx
B, r

u— (u)r

r

1
p1(r)d dy é
<c ][ dx §c(][ |Du|”‘(’)d2 dx)

1
iy
Sc( |Du|p(““)d2 dx) ’ +c,
B,

for c = c(n, N, N, A, A, y1, 2, [Plo.a, @). Here we also used (P1)-(P2), Lemma 2 (ii.)
and Holder’s inequality. Now, an application of Gehring-Giaquinta-Modica’s lemma, [26,
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Chapter 6] renders the existence of a positive SO = So(n, N, ML A, A, v, v2, [Plo,es ) SO
that

1

T
][ | Du|1FOPE) gy <cH4 (1+|Dul?)P®72 gy,
Br/2 B,

with ¢ = c(n, N, 11, A, A, y1, v2, [plo.«, ), for all § € [0, 50). Finally: after a standard
covering argument, we obtain that | Du|(1H49r0) ¢ LIIOC(Q) for all § € [0, &g). ]

Remark 3 Before proceding further we need to stress that, if B, € Qand w € wl.r (B, RN )

issuchthatw = 0on U C B, with |U| > ¢|B,| for some positive, absolute ¢, then Sobolev-
Poincaré’s inequality gives

.
f lw/r|P dx < er—"®/ps=D ( |Dw|P* dx) " (3.4)
B, B,

np
> n+p

forc =c(n, N, p, ¢). Here p, := max {1 }, as usual.

The following lemma is an up to the boundary higher integrability result. The argument is
well-known to specialists, see [1,40], and it essentially relies on the fact that Caccioppoli’s
inequality can be carried up to the boundary. However, we did not manage to find in the
literature a proof for the manifold-constrained case, so we shall report it here.

Lemma 10 Let p € [y1, y2l, u € W,oP(Q, M) be such that | Du|PAH0) € L (Q) for some
81 > Oandletv € Wul’p(B,, M) be a solution to the Dirichlet problem

WP (B, M) > w min/ ko| Dw|? dx,
B,
where ko € [X, A] is a positive constant and B, € Q is any ball with r € (0, 1]. Then there
exists a positive integrability threshold 6o € (0, 81) such that

(1 + |Dv)IFP2 gx < c 4 (14 |[Dul>)FOP2 gx forall o € [0, ).
B, B,

Here 69 = oo(n, N, 1M, A, A, y1,v2) and c = c(n, N, N, A, A, y1, y2).

Proof Withxy € B,,letusfixaball B,(xp) C R",0 < ¢ < 1. We start with the case in which
|Bo(x0) \ Br| > |By(x0)|/10. Let us fix parameters 0 < ¢/2 < s < t < @ and consider
n € CH(B/(xp)) such that xp () < 1 < XB,(x) and |Dn| < 2(¢t — s)~!. The function
w := v — n(v — u) coincides with v on d B, and on 9 (B, N B;(x()) in the sense of traces, so
Lemma 5 with p(-) equal to constant p, provides us with a map w € Wyl’p(B, N By (xo), 1)
such that

/ |DW|P dx 50/ |Dw|? dx
BNB; (x0) BrNB; (xo)

|Dv|? dx —l—c/ |Du|P +
ByNBy(xo)

p

v
dx,

t—s

<[
B, N(B; (x0)\ Bs (x0))
3.5)
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for ¢ = ¢(N, 1, y1, y2). The minimality of v in the Dirichlet class Wvl’p(B, N B;(xg), M)
and (3.5) render

A -
|Dv|? dx <— |DW|P dx
B,NBy(x0) A J BB (x0)

P

v —
fc/ |Dv|? dx +c/ |Du|P + dx,

BrN(B; (x0)\ Bs (x0)) BrN By (x0) I—s
forc = c¢(N, N, 1, A, y1, y2). By filling the hole and applying Lemma 3, we get
u—vl?
/ |Dv|? dx < cf |Du|? + |——| dx, (3.6)
BrﬂBQ/z(xo) BrmBQ(XO)

with ¢ = c(n, N, 11, ©, A, y1, y2). Notice that we can extend v — u = 0 outside B,, since

Uu—v € W(;’p(Br, R™), so there are no discontinuities on 9(B, N By (x0)). Recalling also
that | B, (x0) \ Br| > |B,(x0)|/10, from (3.4) we have that

P
] 5=,
B;NBy(x0) By (x0)
"
ECQ*"(P/P**I) </ |Du — Dv|P* dx)
By (x0)
P

Px
— CQ—n(P/P*—l) / |Du — Dv|P* dx i
B,NB,(x0)

forc = c(n, N, y1, y2). Averaging in the previous display and keeping in mind that | B, (xo) N
B:| < |By(x0)|, we obtain
i

)4 Px
][ dx <c ][ |Du — Dv|P* dx , (3.7)
B,0B, (x0) B,NB, (x0)

withc = c(n, N, 1, A, A, y1, y2). Coupling (3.6) and (3.7) we get, by triangle and Holder’s
inequalities,

Px
][ |Dv|? dx < ¢ ][ |Du|? dx + ][ |Dv|P* dx ,
BrﬂBg/Z(XO) BrmBQ(XO) BrmBQ(XO)

with ¢ = c(n, N, 1M, X, A, y1, y2). We next consider the situation when it is B, (xo) € B,.
In this case, we can apply the standard Sobolev-Poincaré’s inequality, thus getting, as in the
interior case, (Lemma 9 with p(-) equal to constant p),

P
dx

u—v

4

u—v

[

u—v

o

a

Px
][ |Dv|? dx < ¢ ][ |Dv|P* dx ,
Byo/2(x0) By (x0)

for ¢ = c¢(n, N, N, A, A, y1, y2). The two cases can be combined via a standard covering
argument. Precisely, upon defining
[Dv(x)|P*  x € By(xp)

0 x € R"\ By(xo)

|Du(x)|? x € By(xo)

Vx):= [ )
0 x € R"\ By(xp)

and U(x) := :
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we get

Px
][ V(x) dx < c ][ Ux) dx + ][ V(x)dx ,
By /2 (x0) By (x0) By (x0)

withe = c(n, N, N1, A, A, y1, y2). Atthis point, by a variant of Gehring’s Lemma, we obtain
that there exists a positive 69 = ao(n, N, 111, A, A, y1, y2) such that 0 < 69 < §; and

1 1
T+ e
( |Dy|PU+) dx) <c : |Dv|? dx + <][ |Du|1+o)P dx> } , (3.8)
B, B, B,

forall o € [0, 69) where ¢ = c(n, N, 11, X, A, y1, v2), see [25, Theorem 3 and Proposition
1, Chapter 2]. From (3.8) and the minimality of v within the Dirichlet class Wu1 P (B, M)
we can conclude that

][ |Du|P1H) gx < c][ |Du|PU9) dx forall o € [0, &),
B, B,

withe =c(n, N, M, A, A, y1, 12). o

The next corollary allows recovering some useful estimates for the average of the gradient
of solutions to problem (0.1).

Corollary 3 Letu € WHPO(Q, M) be a constrained local minimizer of (0.1). Then, for any
B, C Qwithr € (0, 1], such that B4, € Q there holds

[Du|P® dx < cr—P2C0), (3.9)
Br

][ IDuPOUH) gy < cp=p2dr)(145) (3.10)

where ¢ = c(n, N, N, A, A, y1, 2, [Plo.«, @) and § € (O, So), where So is the higher inte-
grability threshold given by Lemma 9.

Proof Inequality (3.9) comes from an application of Lemma 8 and the boundedness of u. In
fact we have

px)

u— (u
& dx 5cmax{1,2||u||Loo(BZr)}V2,»—pz(2r)’

|Du|P™ dx < c][
p

Bor

B,

forc =c(n, N, 1M, A, A, y1, ¥2, [Plo.«» @). On the other hand, combining Lemmas 9 and 8,
we have

1+68
| Du| TP gy < ¢ ( (1 + |Du|?)P®/? dx)

B By

<c 1+][
Buy

with ¢ = c(n, N, M, A, A, y1, v2, [Plo.a, @), for any § € (0, §).

u— (u)4r

p@) +8
dx < op— M+
. < ,
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3.2 Proof of Theorem 1

Now we are ready to prove Theorem 1. For the reader’s convenience, we shall split the proof
in seven steps.

Step 1: comparison, first time. We define §p := %min {So, 1}, where 8 is the higher
integrability threshold from Lemma 9. Notice that by (P1), the set

Q= :XGQ:p(x)>n—%0}, 3.11)

8
is open and by Lemma 9, | Du |1 T90r0) ¢ L1(Q*), thusu € wln+3d (Q+, M). An applica-
tion of Morrey’s embedding theorem then renders that u € C%F'(Q*, 117) with g’ : %

= In+dy
We will treat this case in Step 7, so, from now on, y» < n holds. We set 0
1 . o
0p:= —min{dy, —————— (3.12)
2 2max{ys, n}
and fix a Ié* € (0, 1] so small that
~ ooY1
4R% < 3.13
[Plo.«4R; < o0+ 2 (3.13)

is satisfied on B R = B i (x0) € Q. Clearly this condition transfers on any ball B, (x1) C
B IR We select also an R, € (0, R’* /2), whose size will be specified along the proof. Now
notice that, since Lemma 9 holds true for all balls By, C Bg, C B R | Du|(1+9P12r) ¢
L! (By;) for all 6 € (0, §p]. Therefore, by (3.13) and assumption (P1) it easily follows that

00
p22) < (143) p22r) = (1 + 00) i 2r). (3.14)

so, recalling that op < §p, we get
| Du|1+o/2P2C0) ¢ L1(B,.) for all o € (0, 0p]. (3.15)

On such a ball we impose the following smallness condition on the energy: there exists an
e € (0, 1), whose size will be fixed later on, such that

1
@r)
<(2r)!’2(2’)_" / (1+|Du|2)p2(2’)/2dx)p2 <e. (3.16)
BZr

Letv e Wu1 p220) (By, M) be a solution to the frozen Dirichlet problem

inf G(w, By) = inf / ko| Dw|P*®") dx, (3.17)

wew, 2% (B,,m) wew, 2% g my J B,

where ko := k(xg) is the value the coefficient k(-) attains in the centre of B,. Needless to
say, being (K2) in force, k(-) ranges between two positive, absolute constants A and A, so
none of the estimates we will provide is going to depend on xp. By minimality, v solves the
Euler-Lagrange equation

0= / kop2(2r)|Dv|P*®) =2 (Dv - Dp — A,(Dv, Dv)g) dx, (3.18)
B,
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for any ¢ € Wé'pZ(zr)(B,, RV) N L®(B,,RY), where, for y € M, Ay: TyM x Ty —
(Ty M)+ denotes the second fundamental form of 771. In particular, by tangentiality,

V2I1(v)(Dv, Dv) = —A,(Dv, Dv) and |A,(Dv, Dv)| < cm|Dvl?, (3.19)
where ¢y depends only on the geometry of 171, see [45, Appendix to Chapter 2]. In all the
forthcoming estimates, any dependency on ¢y of the constants will always be denoted as a

dependency on 171, i.e.: c(cyn) = c¢(M). From (3.15), the compactness of 171 and the fact
that v|yp = ulyp, . we see that the map ¢ := u — v is admissible in (3.18). Let us define

1
o= 5 min {69, o9}, (3.20)

where o is the boundary higher integrability threshold given by Lemma 10. Now, exploiting
assumptions (P2)-(K2), (3.19), and Holder’s inequality we estimate

‘ / kop2(2r)|Dv|P*?) 72 A, (Dv, Dv)(u — v) dx
Br

<c | |DvP®) |y — v dx
B,

1 a
I+o T+o
<cr'" ( | Dy|(1+0)P2r) dx) < lu — v|P2C") dx) =:cr [(T) - AD],
B, B,
(3.21)

where ¢ = c(n, N, 1M, A, A, y1, y2). Using Lemma 10, (3.20), Holder’s inequality, (1.1),
assumptions (P1)-(P2), (3.14), Lemma 9, (3.16) and Lemma 2 (ii.) we have

o __men
IHo o) p1 ()
(I) <c (f |Du|(1+0)l72(2f) dx) <c (f |Du|(]+(7())p(x) dx)
B, B,

p2@n
(2r)
§c<][ (1+|Du|2)p(“‘)/2dx)m ][ (1 + | Du)P2@0/2 gy
B, Boyr

p2(2r)—py(2r)
p1@2r)

Scr—4ara[p]o,a% <(2r)p2(2r)—n (1 + | Du 2y @12 dx)
BZr

(1 + | Du*)P220/% gy
BZr
P2 Q2r)(pp(2r)—py (2r)

<ce e (14 |Du?HP22 4x < ¢ (1 + |Du?P2?)/2 dx,
By By

with ¢ = c¢(n, N, M, X, A, y1, v2. [Plo.a» ). On the other hand, by Poincaré’s inequality,
the minimality of v in class W, 2" (B,, M) and (3.16) we bound

fevs
I <c (rm@’) |Du — Dv|P2?") dx)

B,

ﬁ o
<c ((2r)1’2<2’)—”/ (1 + |Dul?P2@n/2 dx> T <ot
Boy
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forc =c(n, N, A, A, y1, y2). Inserting the content of the previous two displays in (3.21) we
obtain

<ce™s [ (14 [DuP)CP7 dx,

’/ kop2(2r)| Dv|P*®) 72 A (Dv, Dv)(u — v) dx
B, By,

(3.22)

forc = c¢(n, N, 1M, A, A, y1, ¥2, [Plo.«» ). For the ease of notation, if z € RN* et us
name g(z) := ko|z|P2"). The convexity of g(-) and (3.18) then render

g(”» Br) - Q(vv Br)

= / dg(Dv)(Du — Dv) dx
Br
1
-l—f (/ (11— t)azg(tDu + (1 —=1)Dv) dt) (Du — Dv)(Du — Dv) dx
B, 0

> — ‘ / ko p2(2r)| Dv|P> )2 A, (Dv, Dv)(u — v) dx
B,

1
+ c/ (/ (1 =)|tDu + (1 — 1) Dy|P2?)72 dt) |Du — Dv|* dx,
B, 0

with ¢ = ¢(n, N, A, y1, y2). From this and (3.22) we obtain

2 2 pa(2r)—2 2 paks 2 p2(2r)
c | (Do +|Dul>) > T |Du—Dv*dx < cetio | (14 |Dul®) "7 dx
By By

+ Q(I/{, B}’) - g(vv Br)’ (323)

with ¢ = c(n, N, 1M, A, A, y1, 2, [Plo.«, @). Using this time the minimality of u, we see
that

g("h Br) - g(vs Bl)
= G(u, Br) = G(v, Br) + &(v, By) — &(u, By)
<I1G(u, By) — &(u, B))| + |8(v, By) — G (v, B))l.

Recall the definitions of o and of kg. From assumptions (K1)-(K2) and (P1)-(P2), Lemma 2
(i.) with &9 = 0p/2, (3.14), Lemma 9 and (3.16) we obtain

|G (u, Br) — &(u, Br)|

§f lko — k(x)|| Du|P2" dx—l—A/ ‘|Du|p2(2r)—|Du|p(") dx
B, B,

< CI’OH—"f 1+ |Du|p2(2r)(l+ao/2) dx SCrot+n][ 1+ |Du|p1(2r)(l+zfo) dx
B, B,
1409
< crotn ( (14 |Du|?)P2@0/2 dx>
By

[0
< cratn—ro <(2r)pz<2r>—n/ (1 + | Dup2)r@n/2 dx) ][ (1 + | Du)yP2@02 gy
By, Bor

<er€eno [ (14 |Dul?)P2?/2 dx,
By
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where ¢ = c¢(data) and k := o — y»00 > 0because of (3.12). Choosing now o as in (3.20),
using also Lemma 10 and (3.14), in a totally similar way we get

|E(v, By) — G(v, By)|

<cra+nf 1+|Dv|(1+0)172(2r) dx <cr0t+"f ]+|Du|(1+0)ﬁz(2r) dx

)

1400
< cr‘”"][ 1+ |Du|TTo0P®) gy < cpotn ( (1 + |Dul)P™/? dx)

By

<er€en [ (14 |Dul?)P2?/2 dx,
By

where we set ¢9 = o while applying Lemma 2 (i.). Here ¢ = c¢(data) and x > 0 is as
before. All in all, remembering that, by definition, 0 < o < 09, we can conclude

/(lDuI +|Dv| DvI dx

<c [em + rwl“]f (1 4 |Du>)P2@072 g (3.24)
B

2r

Since the next estimates will be slightly different for the cases p2(2r) > 2or1 < p2(2r) < 2,
we introduce the quantities

. K 2 < pa(2r) o Y10 2 < p2(2r)
200y < prry <2’ noREN | < py2r) <2’

yio
K = m(zr)a 2= pa(2r) '
% 1 <p2r) <2

Now, if p>(2r) > 2, then we directly have

Dvl2 dx

|Du — Dv|P2®) gx gc/ (|Du)? + |Dv|?
B, B,

<c [el% +rKsW’]/ (14 [Duy2@2 gy (3.25)
By,

while, if 1 < p>(2r) < 2, by Holder’s inequality and the minimality of v we obtain

p2(2r)
2

|Du — Dv|P2?") dx <</ (|Du|?> + | Dv|?

(U, dx)

v10p2(2r) kpp(2r)  ypopp(2r)
<c|:8 Wt 4r 2 e 2 (14 |Du|?)P2@0/2 gx.
BZr

(3.26)

Dv| dx)
B,
2—po(2r)
2

Coupling estimates (3.25) and (3.26), we can conclude in any case that

|Du — Do|”?®) dx < c [ + r¥1e2] / a (3.27)

B,
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where ¢ = c¢(data). As mentioned before, our choice of oq assures the positivity of x| as
well.

Step 2: harmonic approximation. We aim to apply Lemma 1 in order to obtain an uncon-
strained p»(2r)-harmonic map suitably close to v. Hence, we need to transfer condition
(3.16) from u to v. From the minimality of v in class W, "2 (B,, M) and (3.16) we see
that

E(B,) ::][ |Dv|P2@) dx grly[ ko| Du|P2®" dx
Br Br

SznimAr—Pz(Zr)(zr)P2(2r)—n 1+ |Du|2)172(2r)/2 dx < c*(s/r)m(zr),
kwn Bo,
(3.28)
where we set ¢, = 2”;;“\ + 1. Now we claim that v is approximately p;(2r)-harmonic

in the sense of (2.3). This is actually the case: in fact, with reference to the terminology
used in Lemma 1, let d = d, where dy € (0, 1) is the exponent given by Lemma 7, pick
any 6 e, 1)andlets =5(0,d, p2(2r)) be the “closeness” parameter appearing in (2.3).
Moreover, for reasons that will be clear in a few lines, we also impose a first restriction on
the size of ¢. Precisely, keeping in mind the definition of c¢,, we ask that

Y1

_ Awn 78 n=t
& < min . (3.29)

21NA + dw,” \ Ayrem + A
By (3.18), we estimate

‘ ][ p2(2r)|Dv|p2(2r)_2Dv - Do dx
B,

=k ’ ][ ko p2(2r)| Du|P2?)=2 A (Dv, Dv)g dx
B,
3G.19) Ayaem By
< =B Do ®lg| dx < EDgllL 5, E(By),
B,
for all ¢ € CX°(B,,RY), where ¢ := 1 + % For § € (0, 1), by Young’s inequality:

L
ab < 8aP + 5 7 TbP, with exponents ps(2r) and p,(2r) := p2p(22(r2)rzl we get

1 /
CE(B)r || DgllLo(s,) <8 72C71E D (rE(B,)"2?) + 6| Dy || 137,

1 /
<6 T (rE(B) TN E(By) + 8] Dol AT

(3.28)

I B 5(2r)
< 8§ nIEn [rc*(s/r)p2(2r)]p2

—1
2
(rE(B) + 8| Dgll}3Ty

L _7Phen—1 )
<§ AN [c*s(e/ry’z@” 1] (rE(By)) + 8 Dol 2%y )

(3.29

Y 1,
<A (e/r)rE(By) + 81 Dol

.
< 8 T EeE(B,) + 8| Dol )25y -
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Choosing 8 = § in the previous display, we can conclude that

‘ ][ p2(2r)|Dv|P2?) 2Dy - Dy dx
B,

3.29) .
=54 (1pue + 1pe1, ) ax

thus Lemma 1 renders a map hev+ Wol’pzm)(Br, RN) solution to (2.4) with p = p»(2r)
and satisfying

1
( |Dv — Dh P22 dx) “ 54 |pu@ gy (3.30)
B, B,
Before going on, we would like to stress that & depends on & as well, since by looking at the
dependencies of d, it is evident that §=35 (n, y1, 2, é), and (3.29) yields in particular that
&= 8(5). This is not an obstruction, since the value of § will be fixed in the next step as a
function of (data).
Step 3: comparison, second time. First notice that, since v is a solution to the frozen
Dirichlet problem (3.17), a Caccioppoli-type inequality holds. In fact, with the same strategy
adopted for the proof of Lemma 8, we have

|DU|I72(27) < c][

By

p2(2r)

v (@) dx, (3.31)

B, Q
with ¢ = c(n, N,1M, A, A, y1, y») for all balls By, € B,. Now fix any ¢ € (0,r/4).
According to the previous estimates we can proceed in the following way

/ (1 + |Du|?yP2@n/2
By

<co" +c / |Du7Dv|P2(2r)dx+Q”][ [Dv[P2@) g
Bo Bo

(3.31 v— (v p2(2r)
= )CQn +c / |Du — Dv|l’2(2r) dx +Qn][ & i
Br BZQ o
1
3.27)

< el e[+ reR] | [Du)PE0 2 dx 0" (f
B B

d
|DU|P2(2r)d2 dx
2r

20

<co" +c[e + r"lskz]/ (1 + |Du|?)P2@/2 dx
By,

1
s a "
+co" (f |Dv — Dh|P2(21d dx) + 0" ][ |DRIP2C") dx
B2Q BzQ

(3.30)
< co"+c [£K3 + rKlaKz]/ 1+ |Du‘2)p2(2r)/2 dx
By,

_] - _
+er/o)" ‘”0/ |Dv|P2@) dx—i—ch][ D2 4y
By BZQ

2.2) “1_4 -
< o +c [e"3 K162 4 (r/0)" (2 *1)9} / (1 + | Du|?)P22N12 gy
By

+c(g/r)"/ |Dv|P2@) g

r

—1 ~
<cd" +c [EK} +r1692 4 (r/0)" D D + (Q/r)n] (1+ |Du*)P2C/2 gy,
By,
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where we also used Lemma 7, the minimality of v in the Dirichlet class w2 g m

and of /2 in v + Wo1 p2(20) (B, RN and the reference estimate in (2.2); which holds for h
since /1 is a solution to (2.4) with p = p(2r), (setkg = 1, p = p2(2r), g“ﬁ = §% and
hij =6;jfora, B € {1,--- ,n}andi, j €{l,---, N}in (2.1)). Here ¢ = c(data). For the
ease of exposition, let us set s = 2r. Hence we can rewrite the previous estimate as

[+ 10U dx < cog e [65 4 516 4 (510" VG + (of)']

BQ
/(1+|Du|2)"2‘”/2dx, (3.32)
By

for co = co(n, y1, y2) and ¢ = c1(data).
Step 4: Morrey-type estimates. Our goal now is to prove a Morrey type estimate for the
energy which will eventually lead to the continuity of solutions. For t € (0, %), weletpo = ts

in (3.32) and multiply both sides of it by (r5)2)~", We then have

(.L-S)Pz(s)*n a1+ |Du|2)172(5)/2 dx
BT.\'

< C].Cﬂz(‘?) {T—ﬂ(gks + sK1gk2) 4 t—"dflé + 1] gh2(s)—n

/ (1 + [Du?)P2972 dx + co(zs)P2). (3.33)
B

Adopting the notation introduced in [42], we consider the following quantities:

1
» -1 P
o(r, p) = (ﬂ’][ (1 + |Du*)?/? dx) =w, "’ (rp—"/ (1 + |Du»P/? dx) :
B, B,
V() = ¢(r, pa(r)).

In these terms, (3.33) reads as

97O (x5, pa(s)) < 1T [T (e 4 596) 4 7RG 1} 4O (5) 4 oz,
(3.34)

so recalling that
¢(r,p) =¢(r,q) for p <gq, (3.35)

we obtain from (3.34)

n K K K n ~ 1
Y(Ts) < et {I_W [g P2%S) + sz%x) SPZ%-Y):I 4+ 1 ane§ne 4 1} Y (s) + c3(ts),
(3.36)

where ¢, = cx(data) and ¢3 = c3(n, y1, ¥2). Since 1, s, €, 0 e (0, 1), from the definitions
of k1, Kk and k3 we have

n n

n n
o) - Il ey il eyl y K
T P2(s) S T 7V s T dypy(s) S T dyyi s SI’Z(“> <y 1

3 ~ ~ 1 ~ 1
" K "
em® < B Hgmne <gn,
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where
L2 < pacs N2 9 < po(s
fo=q < pa(s) L=l < pa(s) 7
5 L<pas) <2 5 L<pals) <2
7 = Vzg/lliff) 2 = pals)
; e 1< ps) < 2’
thus (3.36) becomes
_n __n ~L
Y(rs) <cpTit 7 ( €54 kg Kz) +1 Drhn ] Y (s) + c3(zs). (3.37)

Now we need to make a proper choice of the parameters appearing in (3.37). We first select
any 8 € (0, 1) and an n € (B, 1) and ask that c;7 < t"7/5, thus obtaining

_n __n ~L
Y(rs) < (z"/5) {'L’ " ( oy sk ’Q) +1 ngn } Y (s) + c3(ts)P.
Moreover, we require that the threshold radius R, introduced at the beginning of Step 1 sat-

isfies c3(t R:)P < (¢ /5). Finally we recall that 0 is arbitrary, therefore we fix =217 '1271
and, since k> > &3 renders €2 < &3, the choice

2N ! 5 AT
e < ( +1) (=)
Awy, Ayrem + A

and (3.16) allow concluding that

W(rs) < TP (s) + e3(s)f and ¥ (rs) < gr"w(s) +§ <. (3.38)

We remark that, since 7 is ultimately influenced only by the choice of 8, we can incorporate
the dependency from 7 in the one from B, so the above procedure defines the following

dependencies: T = t(data, B), ¢ = (data, B) and R, = R.(data, B). Estimate (3.38),

legalizes iterations, so we can repeat (3.38); replacing s by ts, t2s, T3s, - - - to get

j
(@i tls) < 1D () 4 o3sPrPUHD 37 gi0=B) < cU+Dny () 4 ¢ysPrU+DE,
i=0
(3.39)

for c4 = cs4(data, B). Now, for any ¢ € (0,s/8) we can find an integer j > 1 with
titly < ¢ < s, so, from (3.39) we obtain

V() =t Tyl = o e s) + eas o
<t {(s/9)"W(5) + casP (s /5)")
3.16 n
RN {(s/9)Pe+cacP} < es(s/s)P, (3.40)

with ¢s = ¢5(data, B), while if ¢ € [s/8, s), since (s/¢) < 8, there obviously holds

v(g) <8P e B {wis) + 5P} < 87PN (grf (e +5P) < e(c/s)f, (34D
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again for ¢ = c(data, B). We can actually imprO\ie estimates (3.40)-(3.41) by getting rid of
t[le restriction s < R,; we shall only retain s < R,/2.In fact,incase 0 < ¢ < Ry, < s <
R./2, we see that

3.40) 5 8
Y(s) = cs(s/R)" <c(s/s)”, (3.42)

with ¢ = c(data, B), while,if 0 < R, < ¢ <s5 < ﬁ*/Z we have

n

no_ 1 no_
Y(S) <(s/) () < Ry R/ TP/ Pu(s) <cls/s)f,  (343)

again for ¢ = c(data, ). Now, by the continuity of Lebesgue’s integral and of the mapping
Y > pa(y,s) = SUP,ep, (y) P(X), We can conclude that if (3.16) holds for B;(xg) then it
holds also on B;(y) for all y belonging to a sufficiently small neighborhood of x(. Hence, if
we let

1
P2(y.s)
Do =1y € B (x0): (sl’z(%“—"/ (1 + |Dul*)P20-9)/2 dx) ’
* Bs(y)
< eforsome s < R,/2; By(y) € Bﬁ*(x())] )

we see that it is open and, taking radii 0 < ¢ < s, for y € Dy we have

(3.35 (3.40
gmmn=hn / DU dx 0,597 (6. 7)) TS wnsTPYTI(e) TS ees TN,
Bg(y)

(3.44)

for c¢ = ce¢(data, B), so, from Morrey’s growth theorem, u € Co'ﬁ(Do, 11). We would
like to stress that § is an arbitrary number in (0, 1) and, being the interval open it is always
possible to find n € (0, 1) so that 8 < n < 1. Hence we can take any 8 € (0, 1) in the
above estimates and deduce from (3.44) that actually u € C%# (D, 1) for all 8 € (0, 1).
Of course, the values of all the parameters involved will change accordingly to the one
of B (and consequently of n) we choose. After a standard covering argument, we obtain
that u € Cloo’cﬂ (20, M) for any B € (0, 1). Now consider any open subset Q € Q. From
(3.40)-(3.43) and a standard covering argument, we also obtain the Morrey type estimate

][ |DM|P2(§) dx < C7g—}/2(1—ﬁ), (3.45)
B¢

forall B, € Q, ¢ < R./2and any 8 € (0, 1). Here c7 = c7(data, p).
Step 5: Hausdorff dimension of the Singular Set. Given the characterization of Dy, we
easily see that, if Xo(u, Bé* (x0)) := BE* (x0) \ Do, then

1
| | (y.5)
2o(u, By (x0)) C [y € B; (xo): limsup (sm(w)—"/ | Du| P20 dy) S 0}.
) ) By (y)

s—0
Now, if p, (xo, Ié*) = infxeBRg (xo) P(x), then, as in (3.14),

P20y, $) < (1 +00)pm(x0, Ry) forall 0 <s < Ri/2, Bi(y) € B (x0),  (3.46)
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SO we obtain,

1
<Sp2()”5) ][ |Du|p2(yu¥) dx) P207:5)
Bs(y)

(3é6) (Spm(xo.ﬁ*)(l-&-(m) f
B

I B
| Du|Pm (x0, Ri) (1400) dx) pm (0. Re)(1-+00)
s ()

N B
< <Spm(x0,1§*)(l+50)f |Du|p,,,(x0,1§*)(l+50) dx) pm(x()«R*)(lJrr?())’
Bs(y)

where we also used that o9 < §p. Hence, if y € B R, (x0) is such that

i
0 < lim sup (sm(y’s)_" / | Du| P20 dx) P ,
Bs(y)

s—0

then

1

0 < lim sup <sp,n(xo,ﬁ*)(1+8o)—n/ |Du|pm(x0,1é*)(1+ao) dx) pmGro-Re)130)

s—0 Bs(y)

This allows to conclude that

Zo(u, By (x0)) C {y € B (y) " limsup (s”m("o’é*)(”“s‘))_"

s—0

R S
R m (x(. Rx) (1+80)
/ | Dy | P F0- Re)(1+60) dx)p 0 v s O} =: D;.
Bs(y)

By [26, Proposition 2.7] it follows that dimg (D) < n — p, (xo, Ié*)(l + 80). Now, covering
2 with balls having the same features of B £ (xp) and remembering that p,, (xo, R*) >y,
we obtain that dimg (Zo(u)) < n — y1(1 4+ 8p) < n — y1, and so dimge (Zo(u)) <n — y1.

Step 6: partial C'-Po-regularity. In this part we follow the approach of [28, Theorem 3.1].
So far we know that the regular set 29 C €2 is a relatively open set of full n-dimensional
Lebesgue measure and u € Cloo’cﬂ (R0, M) for all B € (0, 1). For reasons that will be clear in
a few lines, we fix

~ 1 I .1 y1o
B:=max{—-,1— —min{ -, a0 —noyp, —— ¢t ¢ € (0, 1), (3.47)
2 4y, 2 2(1+o0)

where o9, o are as in (3.12)-(3.20) respectively, and two open subsets Q € Q' € Q. Given
the expression of /§ , we shall incorporate any dependency from /§ of the constants appearing
in the forthcoming estimates into the one from (data). We cover Q with finitely many balls
contained in ', (with size and number depending only on 771, [“]0, Fio and on diam (")),
whose image lies in small coordinate neighborhoods of 771. Precisely, by the continuity of u
and up to scaling, rotating and translating 777 we can now assume that u () is contained into
the image of a single chart f(B{"), so we can find an : Q — R such that u = f(w) and
|lw| < 1. Here f: R™ > 111 is such that

IV F ey < ), IV fllpepr) < e and [V(f~H@)] < (). (3.48)
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The above conditions are for instance satisfied by the inverse of the stereographic projection

2
—1 2
S:RN_19y|—> bl , Y e sV,
PP+ 17 [y2+1

see [10,28]. From (3.48)3 we get that

/lle”(x) dx < c/ [Du|P™ dx, (3.49)
U U

for any U C Q, with ¢ = c(M, y1, y2). Since u is an 111-constrained local minimizer of
(0.1), then w minimizes the variational integral

WhPOQ,R™) 5 ¢ > H (L, Q) = / k()G hij () Dug' Dpg )P dx,  (3.50)
Q

where (8“’3)0,,3 is the n x n identity matrix and (h;;);; is the m X m symmetric matrix
«vf y'v f)ij. From (3.48) and being f a chart, (h;;);; is uniformly elliptic and uniformly
bounded, in the sense that

sup  [lhijlleqpny < ¢ and eilg] < hij(0Eicd < ealg
i,je{l,-,m}

forall ¢ € R™*™ whenever |y| < 4m. Here c, c1, ca depend only on 171. Given the previous
considerations, it is easy to see that the integrand

H(x,y,2) == k()P hij(0)zzp) P
satisfies the following set of conditions:

c1lz]P™ < H(x, y,2) < calz|P®™
|H(x1, y, 2)—H (x2,y, 2)| < ol — xa|® (42| He0) maxtpCe).p)l) - for any &9 > 0
|H(x, y1,2) — H(x, y2,2)| < clyi — yallz|P®
[0H (x, y, 2|z + [0 H (x, y, 2)||z]* < ¢|z|P™
(2H(x,y,2)&, &) > c|z|PD72|g %,
(3.51)

for |y| < 4m. Here, all the constants depend only on m, 171, A, A, y1, y2, [klo,«, [Plo.« and
a, except for ¢y, which, in addition, depends also from &¢. In particular, from (3.51)1, we
see that w minimizes a functional controlled from below and above by the p(-)-laplacean
energy, so there is no loss of generality in assuming that Lemmas 8 and 9 (and 10 for the
associated frozen problem) hold true with the same parameters as before. Moreover, (3.48)3,
(3.49) and (3.45) allow transferring regularity from u to w. In fact we have

we COMQR™), [0l 4 < Ml 4.q, ][ |Dw|”@ dx < cg™?17P) (3.52)
BQ

for any B € (0,1) and all B, € €. Notice that, by (3.49) and (3.52), we can incorporate
any dependency from || (| Dw|)?®|| L&) OF from [w], B0 of the constants in the forthcoming

estimates into the one from ||(|Du|)?®) ||L1(§2) or from [”]0,/3;52' In (3.52) we are going to
choose B = f, where B is as in (3.47). Let 0y, R, and o be as in (3.12), (3.13) and (3.20)
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respectively and fix any ball B, € By € Q,0<R,/2andlet® € Wl”’2(9)(BQ/4, R™) be
the solution to the frozen Dirichlet problem

W+ Wy By, R™) 5 ¢ > min/ ko8P hij (()g/4) Dat' Dpg )P @72 dx,
Boya
(3.53)

where kg is the value of k(-) in the centre of B,/4. For simplicity, define Hy(y,z) :=

ko(8%F hij (y)zfxz'é)m (@/2 and notice that, since | (w)g/4] < 1,thentheintegrand Hy((®)y/4, 2)
is of the type covered by Proposition 1, see [2,20,24]. Furthermore, given the specific struc-
ture of the integrand, the Maximum principle in [13] applies, thus sup, . By |9 (x)] < m.By
(3.14), w is an admissible competitor for # in problem (3.53) and, as a consequence

/ dHy((w)g/4, DV)(Dw — D) dx = 0. (3.54)
Bo/a
Taking into account (3.51)5 (with p> (o) instead of p(x)) and (3.54) we then estimate
2 2 r2(0)—2 2
c (|Dw|” 4+ |DV¥|7) 2 |Dw— DU|"dx +c dHy((®)g/4, DV)(Dw — D) dx
Boja Boja

r2(@)-2

=c/ (|Dw|? + |DY*) "2 |Dw — DY|? dx
Bo/a

< Hy((@)o/4, Dw) — Ho((w)o/4, DY) dx
By/a

= Hy((w)o/4, Dw) — H(x, (0)p/4, Dw) dx
Bo/a

+ H(x, (w)p/4, Do) — H(x, w, Dw) dx
By4

+ H(x,w, Dw) — H(x, v, DY) dx
Boa

+ H(x, 9, DY) — H(x, (9)o/4, DY) dx
Boa

+ | H@, (9)p4. DY) — Ho(9)g/4. DY) dx
Byya
6
+ Ho((9)g/4, D¥) — Ho((@)g/a, DY) dx = Z(I)i,
Boa i=1

where c = c(m, 11, A, A, y1, 2, [klo.«» [Plo.«). Before estimating terms (I);-(I)¢, let us take
care of some quantities which will be recurrent in the forthcoming estimates. By (3.52); 2,
we easily have

sup | (x) — (@)g/al < co”, (3.55)

X€By/4

with ¢ = ¢(1M, [u]07 5;52). Moreover, it follows from the convex-hull property in [13] that

(3.52), j
sup [9(x) =M= sup o) —o()| = co”,
x,yEBg/4 x,yeBBg/4
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forc = c(IM, [”]o,é;fz)’ therefore

sup [9(x) — ()4l < coP. (3.56)

X€EBy4

Finally, from Poincaré’s and Holder’s inequalities, Lemmas 9, 2 (ii.), 8 and by the minimality
of ¥ we see that

f|ww—mww@w
Boja

()
(3.14 oo @
<ch<g>][ D@ dx O or@ ][ | Dao| 1+00P®) 1
Bo /4 Bya

r2(@—prji(0)

r1(@)
< CQP2(Q) f 1+ |Dw|2)P(X)/2 dx ][ 1+ |Dw|2)l)(x)/2 dx
Bo2 B2

< CQPZ(Q)f 14+ ‘L(CL))Q
B, @

P (352)1,
dx <

X Cgpz(a)+(3—1)pz(g)

- CQ,gpz(Q)’ (3.57)

with ¢ = c(data, [(|1Du))? 11, [uly 5.g)- From (3.51)2 with g9 = 00/2 and Lemma 9
we get

|(I)1| ECQOH—nf 1+|Dw|(l+80)P2(Q) dx (324) CQoH—nf (1+|Dw|2)(1+00)p(x)/2 dx
Boya

Bo/a

00
<co®t" ][ (1 + |D|)?™M/? dx ][(l—i—|Dw|2)p2(9)/2dx
Bo/a By

<co™ i (1 + |Dw|?)P2@/2 gy, (3.58)
(4

where ¢ = c(data, [[(|Du)?V|| 1 q,) and &1 := a—nay > 0 by (3.12). Now, from (3.51)3
and (3.55) we have

(D), 50/ | — (@)g4l| Dw|P® dx < CQ’g/ (1 + |Dw|?)P2 @72 gy, (3.59)
Boja Bo
for ¢ = c(data, [”]O,ﬁ;{))- Since w is a local minimizer of (3.50), then

(D3 < 0. (3.60)

Concerning term (I)4, we use (3.51)3, (3.56) and the minimality of ¥ to bound

MMy/ 19 — ()0l DI|P) dix
By/a

SCQB/ 1+ D@2 gy < coP | (14 |Dw)?@2ax,  (3.61)
Bo/a Bo
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with ¢ = c(data, [u], 0.5: &)+ To take care of term (D)5, we use (3.51)2 with &9 = o again
together with the mlnlmahty of ¥ and Lemmas 10-9 to obtain

[(Ds] ECQaJrnf 1+ |D19|(1+0)P2(Q) dx < CQOFH[][ 1+ |Dw|(1+a)p2(g) dx
Boya Bo/a

ECQaJrn][ 14+ |Dw|(l+ao/2)l?2(9) dx < orotn ][
Bo/a Bojs

1400
(1 + |Dw|?)P™/? dx)
<coM / (1 + |Dw|H)P2@/2 gx, (3.62)
BQ
with ¢ = c¢(data, ||(|Du|)PV) ||L1(Q)).Finally, by (3.51)3, Lemmas 10-9 and (3.57) we obtain

D SCQn][ [(@)o/a — (9)g/al| DV P2@ dx
Boya

g 1
T+ T+
<co" ][ [(w)g/4 — (ﬂ)g/4|1’2(9) dx ][ | D |12 gy
Boja Boja

] P20
1 (I+op)p (@)
Brio
SCQVH—W f |Dw|l+(7()p(x) dx
Bosa

pr2(0)—p1(@)

ki r1()
< Qn+ 117 <][ A+ |Dw|2)P(X)/2> ][ a-+ |Dw|2)P2(Q)/2 dx
Bo2 B,

Byo
<co'Te f (1 + |Dw|H)P2@/2 gy, (3.63)
o

where ¢ = c(data, ||(|Du|)||L1(§z), [“]0,5;{2)- Collecting estimates (3.58)-(3.63) we can
conclude that

/ (IDw? + D9} "
Bo4

Brio _ 5
Dy dx <c (QIYTIG + 0" +Qﬂ>
(1+ D)@/ dx,
BQ

withe = c(data, [[(|Dul) |l () [ul A: &)- Manipulating the content of the previous display
as we did in Step 1, estimates (3.25)-(3.26) we can conclude that

Byio I B
/ |Dw — DY |P*@ dx < ¢ (wuiw +o7 + Q7> / (14 |Dw|)P* @72 gx. (3.64)
Boya By

Recalling also that, by (3.47), 5 > 1/2, we can rewrite (3.64) as

/ |Dw — D§|P*@ dx < CQKZ/ (14 |Dw|»)P* @72 gx, (3.65)
Boja By
with kp = % min [ é, K1, 2(1+a) } Averaging in (3.65) and using (3.47) again, we readily
see that
(3.52); .
][ |Dw — DO|P*@ dx < cof, (3.66)
Boya
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forc = c(data, [(1Dul”? )l 11y [y g.q)- Here & := k2 — y2(1 = B) = 2/2 > 0. Now
fix any 0 < ¢ < o/8 and notice that, being ¥ a solution to (3.53), the decay estimate (2.2),
holds true. So we estimate

|Dw — (Dw)|"2@ dx
B§

|DY® — (D) |"2@ dx
B€

<cil/)" ][ |Dw — DY@ dx +
Bosa

(3’<66) n Kk up2(0)
< cqy(/9)"e" +(s/0)

|Da)|p2(9) dx
Boya

3.52) . o (1—
< c[(@/;)”@“+(§/@)“"2("’g nd ﬂ)}, (3.67)

with B € (0, 1) still to be fixed and ¢ = c(data, [|(|Du)?O|,1q). [uly 5.5 B). Set B 1=
1 — M€ i1 (3.67) and pick ¢ = 0" /2 with @ := SZHY) 1y these terms, (3.67) reads

2ny; n(n+up2(0))”

as
—antk ) _ muky

|Dw — (D) |172(Q) dx <c{§ 2 4 el } < ¢ MOFu Ry = cgﬁoyz
BS‘
where we also denoted

nuK
Bo = pien . (3.68)

2ny2(n + py2) + ky2(2n + pyr)
From the content of the previous display and Holder inequality we finally get

1

7 )
][lDw—(Da))gP’l dx| < ][|Da)—(Dw)§|”2(Q) dx <ccho,
B§ BS‘

][ |Dw — (Dw) "' dx < cg”P,
Bé‘

thus

with ¢ = c¢(data, ||(|Du|)P® ||L.(§~2), [ul g &)» S0, after covering, we can conclude that
Do e ¢XFfo (€2, R™*") because of Morrey’s growth theorem. By (3.68), it is evident that

loc

Bo = Po(data) does not depend on €2, thus (3.48)2 3 and a standard covening argument
render that Du € CloC (S0, RN>my,

Step 7: the case p(-) > n — 89/2. As mentioned in Step I, u € C* ﬁ/(Q'*' 1), with
B = 4n8+5 , so we no longer need to impose a smallness condition like (3.16). Being p(-)
continuous, Q7 is open, so we can fix a ball BR = B (xo) € QT with R, satisfying (3.13).
Let og be as in (3.12), so (3.14) is matched on all balls B4y, C BR, C By, where the size of
R, < R*/% will be specified later on. As we did in Step 6, we fix open subsets Qe eqt
and cover €2 with a finite number of balls contained inside " whose size and number will now
depend on 771, on [”]o, P and on diam(2'), having images contained in small coordinate
neighborhoods of 771. Again we can find w € wLrO(Q R™N CcOF (€2, R™), unconstrained
local minimizer of the variational integral (3.50) with integrand H (-) matching (3.51), such
that |w| < 1, u = f(w) where f is as in (3.48). Our goal is to show the validity of a Morrey
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decay estimate like (3.52)3. To do so, fix By, € Bg, and let ¥ € WI'I’Z(@)(BQ/4, R™) be a
solution to the frozen Dirichlet problem (3.53). Notice that the estimates obtained in Step 6
till (3.64) do not require any specific value of g, therefore, by (3.64) with 5 replaced by B’
we immediately have

/ |Dw — DBP2@ dx < co | (14 |Dw>)@ dx, (3.69)
Bo/a By

140 >
T € (0, %) and recall that, being ¥ a solution of (3.53), inequality (2.2); holds for all
B, C B;, C By4. Adopting the same terminology appearing in Step 4, clearly with w
instead of u, we readily have

with ¢ = c(data, [[(1Dul”)] 1 g, [uly 4.g) and &’ := 3 min {W“ 71, ,8’}. Now fix

3.35)
Y(to) =< ¢(r0.0)

=p [(w)m‘g)—” [(rg)" +f
By

(3.569) c :_L_pz(g)—n I:_En + QK’:I sz(g)—n

1
r2(0)
|Dw — Do |P2(©@ dx +/ |Do|P2@ dx:“

o Brg

1
P2()
(14 |Do|*)P2@ dx}

BQ
<tPlec'P +¢ % =
< QT o ¥(o), (3.70)
where we also used p(-) > n — %0 Here § € (0, 1) is arbitrary and ¢ = c(data,
Y. Y
14Dl 1 gy [l gr:y. B). Choosing in (3.70) T < 2¢)/ = and R, < ¢ ¥ 27 ¢
2nyy

7 @=30" we end up with ¥ (r0) < ¥ (o), by remembering also that o < R,.. Notice that
our previous decisions fixed the following dependencies: t = t(data, || (|1Du))PV|| L&)

[ulg pr.g> B) and Ry = Ri(data, [(1Du)?V 1) [uly .5 B)- By induction, it is easy
to see that for any integer j there holds

¥ (/o) < /Py (o). (3.71)

Now, if ¢ € (0, 0/8), there exists an integer j > 1 such that /*!p < ¢ < t/p. Therefore,
proceeding as we did for (3.40), using (3.71) we get

¥(g) <7 TPy (o) < e(c/0)P Y (o), (3.72)

with ¢ = c(data, ||(|Du[)?") (Fx @) [”]o,ﬁ';fz’ B). This is the estimate we were looking for.
In fact, as in Step 4, (3.41) we can extend (3.72) to the full range 0 < ¢ < o and, proceeding
as in estimates (3.42)-(3.43) we can get rid of the restriction s < R,; as already mentioned,
we shall only retain s < R, /2. Furthermore, it directly implies that

V1
B ~ P2 (Rx/2)
== [l dx <cRITP (7[ <1+|Dw|2>P2<R*/2>/2dx)
Bc B

<cRN0-P ][
B

Ry /2

v
(I400)p1 (Rx/2)
1+ |Dw|2)(l+tfo)ﬁ(x) dx)

Ry /2
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V1
- P1(R%/2)
SCRZI(I_ﬂ) (f (l + |Dw|2)17(JC)/2 dx) <c,
Bkg*

for ¢ = c(data, ||(|Du|)1’(')||L1(Q), [“]o,ﬂ/;fzv B) and therefore, being 8 € (0, 1) arbitrary,
by Morrey’s growth theorem and a standard covering argument, we can conclude that w €
clF @+, R™) for any B € (0, 1). Now, for all By € QF such that 0 < ¢ < R,/2, by
Lemmas 9, 8 and 2 (ii.), we obtain

P2(5)=p1(s)
r1(s)

|Dw|P2() dx <c ( (1 4 |Do|*)P®)/2 dx) (14 |Do*)P@/? dx

B¢ By

Sc][ H‘w—(wu;
By S

where ¢ = c(data, ||(|Du)?|| L1@ [y g0 B)- Once (3.73) is available, we can con-
clude as in Step 6.

B¢

p(x)
dx < ccU=P), (3.73)

4 Dimension reduction

In this section we obtain a further reduction of the dimension of the singular set of p(x)-
harmonic maps, for p(-) > 2 Lipschitz continuous, thus improving, at least in this case, the
result given in Theorem 1, Step 5.

4.1 Compactness of minimizers and Monotonicity formula

The proof of Theorem 2 essentially needs two components to be carried out. The first is
the compactness of sequences of minimizers of (0.1) under uniform assumptions, while the
second is the monotonicity along solutions to (0.1) of a certain quantity strictly related to the
p(x)-energy. Those arguments are quite classical, see e. g. [23,27,46].

Lemma 11 (Compactness) Let (k;) jeN, (Pj) jen be two sequences of a-Hélder continuous
Sunctions, a € (0, 1], satisfying

supjenlkjloe < ck

A=<kj(x)<Aforallx e B and

lkj = kllzoos) — 0, k() € C**(By)

supjeN[p]O,(x <Cp
pj(x) >y > 1lforallx € By, j eN “4.1)
lpj — pollLee(s)) — 0, po = y1 > 1 constant,

respectively. For each j € N, letu; € whri®)(By, M) be a constrained local minimizer of
5,-(w,31):=/ k; ()| Dw|Pi™ dx,
B

where 1 is as in (N11)-(1112). Then, there exists a subsequence, still denoted by (u;) jen,
such that

uj—v weakly in WhU+0P0 (g, 1) 4.2)
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for some 6 > 0 and any r € (0, 1) and v is a constrained local minimizer of the functional

&o(w, By) := / k(x)|Dw|P° dx.
B

Moreover, §j(uj, By) — (v, By) for all v € (0, 1). Finally, if x; is a singular point of u

and xj — X, then X is a singular point for v.

Proof The proof is divided into three steps.
Step 1: weak W90 _convergence. Since 1M1 is compact, supjeNllujIILoo(Bl) <c(M),
and given that y; > 1, we obtain, up to (non relabelled) subsequences,

uj—v weakly in LY (By, RY). (4.3)

Moreover, being the bounds in (4.1) uniform in j € N, Lemma 9 and Corollary 3 (and
Lemma 10 for the associated frozen problems) hold for all the &;’s with parameters indepen-
dent of j. By Lemma 9, we know that (u;) jeny C wLa+9r0 (B M) for all § € (0, SO).
Let 8, := % min{&o, 80}, where & is the higher integrability threshold given by Lemma 10
and pick any 6 € (0, 7). Because of the uniform convergence of the p;’s to the constant py,
taking j sufficiently large we can find positive constants y; < g1 < g2 < y» such that

B )
I <q1 <=pj(-) <g2 <ooon By, qz<1+5>5q1(1+8), q25p0<1+5>.

4.4)

For any B, (xo) = B, C By, Corollary 3 yields that
/ | Duj | P g < ¢
Boja

forall j € N, with ¢ = c(g,cp,n, N,NN, A, A, y1, y2, ). This last estimate and (4.4) 2
imply that

/ |Du ;|10 gy < ¢, (4.5)
Boya

for ¢ = c(o,cp,n, N, 1M, X, A, y1, y2, a). Now, for any fixed r € (0, 1), we can cover
B, = B,(0) by a finite number of balls B(j—y)/4(xo) with xo € B;, use (4.5) on each ball
and then sum them all to get

|Du ;|10 gy < ¢ (4.6)
Br

for large j € N. Here ¢ = c(r, cp,n, N, N, A, A, y1, y2, «). From the compactness of 17
and (4.6), we derive the uniform boundedness of the u ;’s in wlL(+8/D92(B. M), so, up to
extract a (non relabelled) subsequence, we obtain that # j—v weakly in wl(+8/292 (g, m),
forsome v € W(+8/242 (B, N). Anyway, by (4.3),9(x) = v(x),v(x) € M fora.e.x € B,
and, by Rellich’s theorem,

uj — v strongly in LU+/Dax (g ), 4.7)
Du; — Dv weakly in LU+9/2%(p, RN>m), (4.8)
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From (4.4); and (4.1), we see that g > po, so (4.2) is proved with 6 = §/2. In particular,
the weak lower semicontinuity of the norm renders that

|Dv|(1H9/D92 gy < ¢, 4.9)
B,

with ¢ = ¢(r, cp,n, N, n,x, Ay, y2, ).
Step 2: compactness. We aim to show that v is an 771-constrained local minimizer of &p.
To do so, we first claim that

& (v, B,) < liminf &;(u;, B,), (4.10)
j—)OO

for all » € (0, 1). Let us rewrite §;(u;, B;) = (é’j(uj, By) — &p(uj, Br)) + &o(uj, By).
From (4.2) and weak lower semicontinuity we have

& (v, By) < liminf & (u;, B,). @.11)
j—o00

On the other hand, from (4.4);, Lemma 2 (i.) with &g = 6/2 and (4.1) we have

8;(uj. By) — Eoluj. B | <clip; —ponLoo(Bl)f L4 | Du|0+9/D0 gy

.

1k —k||Loo<Bl)/B |Duj | dx

4.6)
< c(llpj = pollzcay) + lIkj — kllz~(s)) = 0, (4.12)

wherec = c(r,cp,n, N, 1, A, A, y1, y2, a). Combining (4.12) and (4.11) we obtain (4.10).
Let 9 € WhPo(B,, M) be a solution to the Dirichlet problem

WlPo(B,, M) 3 w > min & (w, B,),

and extend it to be equal to v outside B,. In this way, ¥ € W]L’CPO (B1, M) N wl-po (B, M).
Since we are assuming that (p;) jen converges uniformly to pg on By, we can take j € N so
large that

) 1)
lpjllLee(sy (1 + Z) < po <1 + 5) (4.13)

holds. Moreover, by (4.9) and (4.4); we have that v € wbha+8/2a (g My
wlLU+8/2p0(B, M), so, from Lemma 10 with p = po we obtain that § € W!(+8/2)po
(B, M) ¢ whU+3/4p;O (B 1mM)yN W92 (B,, M), where the last inclusion is due to (4.13)
and (4.4)3. From (4.13), Lemma 10 and (4.9) we get

Do+ gy < / |+ |D#| (/20 gy < C/ | 4+ | Do /2P0 gy < ¢,
B, B, :
(4.14)

where c = c(r,cp,n, N, 11, X, A, y1, 2, a). Let 0 € (0, 1) be a small parameter to be fixed
and 7 a cut-off function with the following specifics

n€CHBY). XByag <N <x8. |Dnl<@0)" on A (4.15)
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In correspondence of such a choice of 77, we define the comparison map w; := (1—n)u; +nv

and notice that wj|aBr(1—6) = Vlyp,_y and w; ’aB, = uj‘aBr. So Lemma 5 applies to w;

on A,y thus rendering a map w} e whri®) (A9, 1) such that

/ _5 / — 7pj(x) 1Pj(x)
w', =08, ,w.‘ = ujl, / |Dw’; |Pi dxfc/ [ Dw;|P7™) dx
J IBr(1_0) r(1—6) J 3B, |oB, ’ Ao J Ao ’
(4.16)

with ¢ = ¢(N, 11, ). Finally we define

5 B
b= [ v.ooonSa-e @.17)

w;. on A,g,

which, by (4.16) 3 and (4.14) is an admissible competitor for u ; on B,. From the minimality
of u; and (4.16)> 3 we have

8j(uj, By) <€;(Ww;, By) = &;(¥, Br1-0)) + &; (W}, Are)

5/ k;(x)|D5|Pi™) dx—f—c/ k()| Dw; [P dx == (@); + (D),
B, Arg

for ¢ = ¢(N, M, &, A, y»). By (4.1), (4.13), (4.4)1, (4.9) and Lemma 2 (i.) with &9 = §/4
we see that

‘/ k;(x)|D|Pi™) dx —/ k(x)| D[P0 dx
Br

r

“4.14)
< c(||k,»—k||Loo<Bl>+||p,-—ponuo(B.))/ I
B,

+ |Dv|UF/2P0 gy 5 0,
where ¢ = ¢(r,cp,n, N, 111, X, A, y1, y2, @). So we get that
D; — (v, By). (4.18)

Exploiting the very definition of the w;’s and (4.15)3 we have

pj(x)
dx

pjx)

uj—"v

(I); SC/ kj () |:|D14j|pj(x) +|DB|PI® 4
Ar re

vV—v
ré

uj—v
ro

Pj(x)
50/ kj(x) | |Duj|Pi® + |Do|Pi ™) 4 dx
Arg

. 1 2 3
=t (D] + (D} + D},
withc = c(r,cp,n, N, 1, A, A, y1, y2, a). Using (4.4)1, (4.5), (4.14) and (4.1) we get

(! §A/ |Du;|Pi™ + D3PI dx < c, (4.19)

Aro

where ¢ = c(r,cp,n, N, 1, A, A, y1, y2, ). By (4.4); and (4.7), a well known variation
on Lebesgue’s dominated convergence theorem allows concluding that

(I1); — 0. (4.20)
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Finally, by (3.2) with p(-) = p; () and (4.14) we obtain

(I3 < c/ |Dv — D|Pi™) dx + c|Asq| < c/ 1+ [Dv|1F/2P0 gy 4 c|Ag| < c,
ré Arg

(4.21)

forc =c(r,cp,n, N, 1, %, A, y1, 2, a). By the absolute continuity of Lebesgue’s integral,
(4.19) and (4.21), given o > 0 we can always choose 6 sufficiently small in such a way that

1 3_0
aD; + dhj = 7 4.22)
and, by (4.20), j large enough such that
o
(H); =5 (4.23)
All in all, collecting (4.10), (4.18), (4.22) and (4.23) we can conclude that

&o(v, By) <liminf §;(u;, B,) < limsup&;(u;, B,)
] j—00
<limsup&;(v, B;) + 0 = &(v, B,) + o,
j—00o

so, by the arbitrariety of o and the minimality of v, we can conclude that (v, B,) =
&o(v, B,). Being this true for any r € (0, 1), v is an 77l-constrained local minimizer of &g
and, as a direct consequence of the last chain of inequalities, &;(u, B,) — &g(v, B;).

Step 3: singular points. Once we have the results contained in Steps /-2 by hand, the proof
of Step 3 goes as the one in [46, Lemma 3.1] and we shall omit it. ]

We stress that Lemma 11 holds with p(-) > y; > 1 Holder continuous rather than Lipschitz.
We need stronger assumptions only to prove a suitable monotonicity formula.

Lemma 12 (Monotonicity formula) Let k() € CY¥(Q), « € (0, 1] be such that k(0) = 1,
p() € Lip(Q) andn > y» > p(x) > 2forallx € Q. Ifu € WHPO(Q, M) is a constrained
local minimizer of (0.1) on By, then for any y € (0, 1) there exist a positive c = c(data, y)
and T € (0, 1) such that forall0 <r < R < T, we have

R\ P21
/ lu(Rx) — u(rx) P27 dg" =1 (x) < erP2)=p2(R) <log 7)
9B
((®(R) = @(r)) + (R” =r7)),

where

O (1) := PO exp(Ar®) | k(x)|Du|P*? dx,
B;
with A = A(n, [klo,«, [Plo,1, @) > 0.
Proof The proof is actually the same as the one given in [46, Lemma 4.1]. There is only

one small detail to change: the map v introduced during the proof of Lemma 4.1 to obtain
estimate (4.17) must be replaced by a solution to the Dirichlet problem

w2 OB, M) 5w inf/ k()| Dw|P2® dx.
By

The rest stays unchanged. O
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4.2 Proof of Theorem 2

Combining the compactness Lemma 11 and the monotonicity formula obtained in Lemma 12,
we are ready to prove Theorem 2. If Q% is as in (3.11), then u € W1%/4(Q+ Mm). So,
by Morrey’s embedding theorem, u € COF (@t M) for B/ := 8o/ (4n + &) and, by Step
7 of Theorem 1, we can conclude that Du is locally By-Hélder continuous on Q7 for some
Bo € (0, 1). This observation shows that, to prove Theorem 2 it is enough to assume that
y2 < n, and this condition assures the applicability of Lemma 12.

Case 1: n < [y1]+ 1. Since t — P (¢) can be seen as a difference between an increasing
function of # and ct” for some y € (0, 1) and a positive constant c, it admits a finite limit as
t — 0. Assume that u has a singular point at x = 0 which is not isolated. Then we can find
a sequence of singular points (x;) jen such that x; — 0. Setting R; :=2|x;| < T < 1 we
see that, for any j the scaled function u(x) := u(R;x) is a constrained local minimizer of
the functional

6,~(w,Bl>:=/ RIOT N Dy (P dx, pix) = p(Rjx)
B

and each u; has a singular point y; := Rj_lxj with |y;| = 1/2. Now we notice that the
sequences (Rf(o)_pj('))jeN and (pj(-))jen satisfy (4.1), so by Lemma 11 we get, up to
extract a subs‘equence that the u;’s L?-weakly converge to a function v, constrained local
minimizer of &y(w, By) = fBI |[Dw|”©® dx and that the y;j’s converge to y, singular point
of v with |y| = 1/2. Now pick two constants 0 < A < p < 1 and apply Lemma 12 with

r=ARjand R = uR; to get

/ |uj(p,x)—uj()\x)|1’2<mﬂd5l€”*l(x):[ lu(R;x) — u(AR;jx)[P2RD agen=1 (x)
631 Z’Bl

SC(R))PHEITPURD (log(uu /)R (@ (uR)) = @GR)) + (W7 = WIRY )
0. (4.24)

Moreover, Lemma 11 also says that u; — v in L(1+&)1’(0)(Br, M) for all » € (0, 1) and this
leads to

luj (ux) — u; (x)[P2ARD 5 u(ux) — v(x0)|PQ ae. in By. (4.25)

Finally, the compactness of 771 renders the u;’s uniformly bounded, so, by the dominated
convergence theorem, (4.24) and (4.25) we deduce that

f o (x) — v POdF ™ (x) = 0,
dB]

for a.e. A and p. This means that v is homogeneous of degree 0, so the whole segment joining
X and y is made of singular points of v, but, since we are assumingn < [y1]+1 < [p(0)]+1,
we obtain a contradiction to [28, Theorem 4.5], which states that, under these conditions, v
can have only isolated singularities.

Case 2: n > [y1] + 1. Let us assume that for some / > 0, ' (Zo(u)) > 0. Then, by
blowing up, we obtain a constrained local minimizer v of g with F(Zo(v)) > 0, (see [23],
Chapter 10). On the other hand, by [28, Theorem 4.5],] <n —[p(O)]—1 <n—[y1]—1
and this concludes the proof.
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