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Abstract

We analyse the complexity of approximate counting constraint satisfactions problems
#CSP(F), where F is a set of nonnegative rational-valued functions of Boolean variables.
A complete classification is known in the conservative case, where F is assumed to contain
arbitrary unary functions. We strengthen this result by fixing any permissive strictly in-
creasing unary function and any permissive strictly decreasing unary function, and adding
only those to F: this is weak conservativity. The resulting classification is employed to
characterise the complexity of a wide range of two-spin problems, fully classifying the fer-
romagnetic case. In a further weakening of conservativity, we also consider what happens if
only the pinning functions are assumed to be in F (instead of the two permissive unaries).
We show that any set of functions for which pinning is not sufficient to recover the two
kinds of permissive unaries must either have a very simple range, or must satisfy a certain
monotonicity condition. We exhibit a non-trivial example of a set of functions satisfying the
monotonicity condition.

1 Introduction

A counting constraint satisfaction problem (counting CSP or #CSP) is parameterised by a
finite set F of functions taking values in some ring. An instance Q of #CSP(F) consists of a
set of variables taking values in some domain D, and a set of constraints. Each constraint is a
tuple containing a list of (not necessarily distinct) variables, called the scope, and a constraint
function, which is an element of F whose arity is equal to the number of variables in the scope.
Any assignment of values to the variables yields a weight, which is the product of the
resulting values of the constraint functions. Given the instance €2, the computational problem
is to determine (either exactly or approximately) the sum of the weights of all assignments.
Many counting problems can be expressed in the counting CSP framework. Consider, for
example, the problem of counting the number of 2-colourings of a finite graph G = (V, E). A
2-colouring is an assignment from V to {0,1} which has the property that any two vertices
connected by an edge are assigned different values. This can be expressed as an instance €2
of #CSP({f}), where f is the symmetric binary function satisfying f(0,1) = f(1,0) = 1 and
£(0,0) = f(1,1) = 0. The variables of the instance correspond to the vertices of the graph and
the constraints correspond to the edges. An assignment of values in {0, 1} to the variables has
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weight 1 if it corresponds to a valid 2-colouring, and weight 0 otherwise. Thus the sum of the
weights of all assignments is exactly the number of 2-colourings of G.

Counting CSPs are closely related to certain problems arising in statistical physics. Each
variable can be thought of as an object which can be in one of several states. Adjacent objects
interact and the strength of such an interaction is captured by a constraint function. Thus, an
assignment associates states with objects. The sum of the weights of all assignments, denoted
Z(Q), is called the partition function of the physical system.

Throughout this paper, we will consider Boolean counting CSPs, which are counting CSPs
in which the variables take values from the domain D = {0,1}. Constraint functions will be
assumed to take nonnegative rational values. The set of all arity-k nonnegative rational-valued
functions of Boolean inputs is denoted By, and we write B = (J;,cy By, for the set of nonnegative
rational-valued functions of Boolean inputs with arbitrary arity.

The complexity of exactly solving Boolean counting CSPs is fully classified, even when the
constraint functions are allowed to take algebraic complex values [5]. This classification takes
the form of a dichotomy: if F is a subset of one of two specific families of functions, the problem
is in FP; otherwise it is #P-hard. When the ranges of constraint functions in F are restricted to
be nonnegative rational values (or even algebraic real values), there is only one tractable family,
known as product-type functions and denoted N (see Definition 20).

In this paper, we consider the complexity of approximately solving counting CSPs. We
classify constraint families F according to whether or not there is a fully polynomial-time
randomised approximation scheme (FPRAS) for the problem #CSP(F).

If all the constraints in F are Boolean functions, i.e. functions in B whose range is {0, 1},
then the approximation problem #CSP(F) is fully classified [12]. We state the precise clas-
sification of [12] as Theorem 29 of this paper. Informally, the classification takes the form of
a trichotomy, separating problems into ones that are in FP, ones that are equivalent to the
problem of counting independent sets in a bipartite graph (denoted #BIS), and ones that do
not have an FPRAS unless NP = RP. The equivalence is under approximation-preserving re-
ductions (AP-reductions); in the following, we write A <4p B if A can be reduced to B under
AP-reductions.

There is also a conservative classification for nonnegative efficiently-computable real-valued
functions, where “conservative” means that F is assumed to contain arbitrary unary functions
[2]. This classification straightforwardly restricts to the case in which constraint functions take
non-negative rational values [6]. The restriction is stated in this paper as Theorem 30. It uses
the class of log-supermodular functions, denoted LSM. A k-ary function f is log-supermodular
if fxVy)f(xAy) > f(x)f(y) for all x,y € {0,1}*, where V and A are applied bit-wise.
The classification shows that #CSP(F) is at least as hard as #BISif F ¢ N. If F ¢ N/
and F ¢ LSM then it is (presumably) even harder — it is as hard as counting the satisfying
assignments of a Boolean formula (so there is no FPRAS unless NP = RP). The paper [2] also
implies a #BIlS-easiness result for the case when F C LSM and all constraint functions have
arity at most three.

In this paper, we give a complexity classification for counting CSPs under a significantly
weaker conservativity assumption: instead of adding arbitrary unary functions to F, we fix
one strictly increasing permissive unary function and one strictly decreasing permissive unary
function, and we add (only) these to F.

Theorem 1. Let up be a permissive unary strictly increasing function, let down be a permissive
unary strictly decreasing function, and let F C B. Then the following properties hold.

1. If F C N, then, for any finite subset S of F, #CSP(S U {up,down}) is in FP.
2. Otherwise, if F C LSM, then
(a) there is a finite subset S of F such that #BIS <ap #CSP(S U {up,down}), and



(b) for every finite subset S of F such that all functions f € S have arity at most 2,
#CSP(S U {up,down}) <4p #BIS.

3. Otherwise, there is a finite subset S of F such that #CSP(S U {up,down}) does not have
an FPRAS unless NP = RP.

Our main application of Theorem 1 is a characterisation of the complexity of two-spin
problems. A two-spin problem corresponds to the problem #CSP({f}) where the constraint
function f is in By. These problems arise in statistical physics. For example, the problem
of computing the partition function of the Ising model is a two-spin problem where, for some
value 3, f(0,0) = f(1,1) = S and f(0,1) = f(1,0) = 1.

Our application requires the following definitions. We say that a binary function f is mono-
tone if f(0,0) < f(0,1) < f(1,1) and f(0,0) < f(1,0) < f(1,1). The Fourier coefficients of f
are defined by fy, = %Z%qe{o’l}(—l)pzﬂyf(p, q) for all z,y € {0,1}.

Let EQ be the binary equality function defined by EQ(0,0) = EQ(1,1) = 1 and EQ(0,1) =
EQ(1,0) = 0. Let NEQ the binary disequality function defined by NEQ(0,0) = NEQ(1,1) =
0 and NEQ(0,1) = NEQ(1,0) = 1. A binary function f is log-modular if f(0,1)f(1,0) =
£(0,0)f(1,1). A binary function f is called trivial if it is log-modular or there is a unary function
g € By such that f(x,y) = g(x)EQ(z,y) or f(z,y) = g(xr)NEQ(x,y). A binary function f is log-
supermodular if and only if it is ferromagnetic, which means that f(0,0)f(1,1) > f(0,1)f(1,0).
Our classification theorem is as follows.

Theorem 2. Let f € Bs.
1. If f is trivial, then #CSP({f}) is in FP.

2. Otherwise, if f is ferromagnetic:

(a) If forfro <0, then #CSP({f}) is equivalent to #BIS under AP-reductions.
(b) Otherwise, #CSP({f}) has an FPRAS.

3. Otherwise, if both f(x,y) and f(1 —x,1 —y) are non-monotone, then #CSP({f}) does
not have an FPRAS unless NP = RP.

The classification in Theorem 2 is not exhaustive: #CSP({f}) is now fully classified if
f is ferromagnetic. For anti-ferromagnetic functions f, the complexity of #CSP({f}) is still
open, except in the doubly non-monotone case (where both f(z,y) and f(1 — x,1 — y) are
non-monotone) and in the symmetric case where f(x,y) = f(y,z). The symmetric case has
been resolved with a classification into situations where #CSP({f}) has a fully polynomial-time
approximation scheme (FPTAS) and situations where #CSP({f}) does not have an FPRAS
unless NP = RP. More details are given in Section 2.5 however we mention here that the known
classification depends on universal uniqueness and there is no simple closed form criterion, cf.
Theorems 31 and 32, which are taken from [18].

Theorem 1 relaxes the conservativity assumption in known counting CSP classifications by
adding only two permissive unaries to the set F of constraint functions. Pushing this idea
even further, we consider what happens if we allow the pinning functions §y and é; defined by
90(0) = 1,80(1) = 0 and 0,(0) = 0,d1(1) = 1 instead of the permissive unaries up and down.

Given a strictly decreasing permissive unary function down, §y can be realised: this means
that the effect of a constraint using the function dy can be (approximately) simulated by some
combination of constraints using down. Similarly, §; can be realised using up. This notion of
realisation is formalised using the theory of functional clones and (w, p)-clones in Section 2.3.
It implies that allowing only the pinning functions instead of allowing both kinds of permissive
unaries is a weaker assumption, though not necessarily a strictly weaker one.

For many sets of functions F C B, adding pinning is sufficient to realise two permissive
unaries with the desired properties: then the complexity classification of #CSP(F U {dp,d1})



follows from Theorem 1. If pinning does not yield both kinds of permissive unaries, we show
that either every function f € F has range {0,7¢} for some nonnegative rational 7, or all
functions in F satisfy a certain monotonicity condition. These results form Theorem 58.

In Section 5.2, the goal is to identify a large functional clone that does not contain both a
strictly increasing permissive unary function and a strictly decreasing permissive unary function.
In other words, we are looking for a set of functions which provably does not allow both a strictly
increasing permissive unary function and a strictly decreasing permissive unary function to be
realised. The set of monotone functions fits the bill, but in some sense it is a trivial solution
since it does not contain both dp and §;. Theorem 59 identifies a functional clone that is strictly
larger than the set of monotone functions and contains dg and d; but still does not contain
both a strictly increasing permissive unary function and a strictly decreasing permissive unary
function. This shows that the monotonicity property in the pinning classification can be satisfied
in a nontrivial way.

2 Definitions and preliminaries

Throughout this paper, we consider nonnegative rational-valued pseudo-Boolean functions, i.e.
functions from {0, 1}’“ to Q>9. We write By for the set of all nonnegative rational-valued
pseudo-Boolean functions of arity k, and B = [,y Bk

A function f € By is permissive if f(x) > 0 for all x € {0,1}¥, i.e. all its values are non-zero.
The set of permissive unary strictly decreasing functions and the set of permissive unary strictly
increasing functions will be of particular interest; we denote them by

By :=={f€Bi:f(0)>f(1) >0} and
Bf :={f €B1:0< f(0) < f(1)}.

These two sets differ from the sets BYP? and B{°*™ defined in [2] as the latter do not require
strictness or permissiveness, and they allow polynomial-time computable real values rather than
just rational values. We will also sometimes require normalised unary functions, thus we define
By i={feBy: f(0)=1} and By " := {f € BY : f(1) = 1}.

The relation underlying a function f € By (also called the “support of f”) is defined as

Ry ={(z1,...,2) : f(x1,...,2) # 0}

A relation is affine if it contains exactly the tuples specified by a set of linear equations over
GF(2). If the underlying relation of f is affine, we say that f has affine support. A function
is pure affine if has affine support and its range is {0,r} for some r > 0 [11]. We extend this
definition to say that any function is pure if its range is {0,7} for some r > 0, regardless of its
support.

A function f € By is log-supermodular (or Ism) if f(xVy)f(xAy) > f(x)f(y) for all
x,y € {0,1}*, where V and A are applied bit-wise. The class of all lsm functions of any
arity is denoted LSM. A k-ary function f is log-modular if f(x Vy)f(x Ay) = f(x)f(y) for
all x,y € {0,1}*. It is straightforward to check that all unary functions are both lsm and
log-modular.

For any positive integer n, we write [n] := {1,...,n}.

Let dp and d; be the unary functions satisfying do(0) = 1,9(1) = 0 and 6;(0) = 0,0:(1) = 1;
these are often called the pinning functions. If f is a function in By with k > 2, then a 2-pinning
of f is a binary function g that arises from f by pinning all but two of the variables to a fixed
value. Formally, g is of the form

g(.pr,(Eq) = Z f(xlv'”axk) H 5ai($i)7

(1i17~~~7$ik72)€{0»1}k72 ie[k]\{pv‘Z}
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where p and ¢ are distinct indices in [k], {i1,...,ix—2} = [k]\ {p, ¢}, and for each i € [k]\ {p, q},
a; is a value in {0, 1}.

A function f € By is monotone if for any a,b € {0,1}* with a < b we have f(a) < f(b).

A function is monotone on its support if for any a,b € Ry with a < b we have f(a) < f(b).
All monotone functions are also monotone on their support, but the latter set is bigger: a
function f € By, that is monotone on its support may have inputs a, b € {0,1}* such that a < b
and f(a) > f(b), as long as f(b) = 0. For example, dy is trivially monotone on its support, but
it is not monotone.

Let # = 1—x for x € {0,1}. The bit-flip of a function f € By is the function f(x1,...,x3) =
f(z1,...,7%). The bit-flip of a set F C Bis F :={f: f € F}.

2.1 Binary functions

Much of this paper is concerned with binary functions, it is thus useful to introduce specific
notation and results. A binary function is said to be ferromagnetic if it is log-supermodular
and it is anti-ferromagnetic otherwise. We often write a binary function as a 2 x 2 matrix:

(40,00 £(0,1)
f@y) = <f<1,o> 11, 1>> '

Observation 3. A binary function f is log-supermodular (or, equivalently, it is ferromagnetic)
if £(0,0)f(1,1) > f(0,1)f(L,0).

The binary equality function EQ is defined by EQ(0,0) = EQ(1,1) = 1 and EQ(0,1) =
EQ(1,0) = 0 and the binary disequality function NEQ is defined by NEQ(0,0) = NEQ(1,1) =0
and NEQ(0,1) = NEQ(1,0) = 1. A binary function f is called trivial if it is log-modular or
there is a unary function g € By such that f(z,y) = g(x)EQ(z,y) or f(z,y) = g(z)NEQ(z,y).
It is easy to see that a binary function f is log-modular if and only if f(z,y) = g(x)h(y) for
some unary functions g and h. We will use the following observation.

Observation 4. A permissive binary function is trivial if and only if it is log-modular.

A binary function f is symmetric if f(0,1) = f(1,0) and it is an Ising function if it depends
only on the parity of its input, i.e. f(0,1) = f(1,0) and f(0,0) = f(1,1).

It is often easier to work with symmetric binary functions than with general ones. The
following lemma gives some properties of different methods for symmetrising a given function.

Lemma 5. Let f be a nontrivial binary function.
1. If f is non-lsm, then f'(z,y) = f(x,y)f(y,z) is nontrivial, symmetric, and non-lsm.
2. If f is lsm, then f"(x,y) = 226{0’1} fx,2)f(y, 2) is nontrivial, symmetric, and lsm.

3. If f is lsm and Ising, then f"(x,y) = Zze{o 1} f(z,2)f(y, 2)up(z) is nontrivial, symmet-
ric, lsm, and not Ising, where up is any strictly increasing permissive unary function.

flzy) = <CCL Z)

For Property 1, suppose f is nontrivial and non-lsm, i.e. ad — bc < 0 and a, d are not both
zero. Let f/(xay) = f(xay)f(y>$)7 Le. fI(O,O) = CL2, f/(oa 1) =bc = f/(170)> and f,(l? 1) = d*.
It is straightforward to see that f’ is symmetric. As b,c¢ > 0 and a,d are not both zero, f’
does not have the form g(z)EQ(z,y) or g(z)NEQ(z,y) for any unary function g. Furthermore,
ad < be and a, b, c,d > 0 implies that a?d? < b?c? = (bc)?, so f(0,0)f'(1,1) < f'(0,1)f'(1,0).

Proof. Throughout, we write



This shows that f’ is not log-modular and therefore nontrivial. Additionally, it also shows that
f' is non-Ism, concluding the proof of the property.

For Property 2, suppose f is nontrivial and lsm, i.e. ad — bc > 0 and b, ¢ are not both zero.
bt 240 ac+bd

" a ac
f (m,y) = Z f(:n,z)f(y,z) = <ac+bd c2 —|—d2> :

z€{0,1}
This can easily be seen to be symmetric. Since at most one of a, b, ¢, d is zero, f” is permissive.
Finally, f”(0,0)f”(1,1) — £”(0,1)f"(1,0) = (ad — bc)®> > 0, so (using Observation 4) f” is
nontrivial and lsm.

For Property 3, suppose f is nontrivial, Ism and Ising, i.e. ad — bc > 0, a = d, and b = ¢,
with a,b,c,d > 0. We can thus write

tan =5 V)

the property of f being both nontrivial and lsm becomes a? —b? > 0. Now, let ug := up(0) and
ug := up(1); these values satisfy 0 < ug < uj. Then

fm(‘ray): Z f(x,z)f(y,z)up(z) =

< a’ug + b*u1  ab(ug + uy) >
z€{0,1}

ab(uo +uy) a?uy + b2ug

Since a, b, ug, u1 are all positive, f” is permissive. It is also clearly symmetric. Furthermore,
f”l(O, O)f”/(l, 1) _ f/”((), 1)f/”(170) — (GQ _ bZ)QUOul > 0.

Thus, using Observation 4, f”” is nontrivial and lsm. The function f” is Ising if a?ug + b?u; =
a’uy + b*ug or, equivalently, if (a? — b?)(ug — u1) = 0. But f being nontrivial implies that
a’? — b?> # 0 and up being strictly increasing implies that uy # w1, hence this equality is never
satisfied. That means f” cannot be Ising, so f” has all the desired properties. O
2.2 Fourier transforms

The Fourier transform of a k-ary function f € By is given by

~ 1
flon m) =g X (P ).
P1,--,pR€{0,1}

The values of fare called the Fourier coefficients of f. The following fact is well-known. See,
e.g., [9, Equation 2.1].

Observation 6. For any f € By,

f(l'l,. . .,xk) = Z (—1)plxl+"'+pkxk‘f/\(p1,... ,pk>.

P1,.-,pE€{0,1}

We denote by P the set of all nonnegative functions whose Fourier coefficients are also
nonnegative:

P = {f € B: f(x) >0 for all x € {0, 1}arity(f>} ,

where arity(f) denotes the arity of f. If f is binary, with

ran= (2 5),



its Fourier coeflicients are sometimes written as

~

fmﬁ):im+b+c+®

i
=)

(0,1) = i@—b+c—@

)

(1,0) = i@+b—c—@

i
—

fo
Jo1
fio
-~ 1
fin = f(1,1) = z(a—b—c—i—d).
Observation 7. Let f'(z,y) = f(z,y) = f(1 — 2,1 — y), where we are renaming the function
temporarily in order to avoid clumsy notation. Then f 0 = — f01 and f 0= - f10, while
f 00 = f()() and f = f11 In other words, a bit-flip changes the signs of f01 and f10 while
leaving foo and f11 unaffected.

Observation 8. Let f"(x,y) = f(y,x). Then f”01 = f10 and f”10 = f01, while again f”oo = foo
and f” 1= f11 Hence, swapping the variables swaps the values of f 01 and fw

These properties will be useful when considering two-spin problems in Section 4.
Lemma 9. Let f € P with arity k. Then f(x1,...,xr) < f(0,...,0) for any x1, ...,z € {0,1}.

Proof. In the following, we write p - x = p1z1 @ ... ® pprg, where x = (x1,...,2k),p =
(p1,...,pr) € {0,1}*. By Observation 6, for any f € By,

~

fx) = > (—~DP*f(p). (1)
pe{0,1}*

~

For any x € {0, l}k, let Sf.x be the set of all k-bit strings p such that f(p) appears with
coefficient —1 in (1):

Sf;x:{pE{O,l}k:p-x:l}.

Note that if x is the all-zeroes string, then p - x = 0 for all p € {0,1}. This implies that
Sf0,..0 =0 and f(0,...,0) =3 croqy+ f(P). Thus, (1) can be rewritten as

Soofe) -2 Y. Fe) | =f0,00-2 Y )] < £(0,...,0),

pE{O,l}k pGSf;x PESfx

where the inequality holds because f € P implies that all terms in the sum are nonnegative. [J

2.3 Relational clones, functional clones, and w-clones

Functional clones, w-clones and (w, p)-clones are sets of functions that are closed under certain
operations. These operations are listed in Lemma 14 for functional clones; w-clones and (w, p)-
clones additionally have different ways of taking limits. Their definitions build on the well-
established theory of relational clones. To simplify our notation, we take our definitions from [1,
2] though relational clones have a longer history [20]. In the following, let I" be a set of relations
and let V = {v1,...,v,} be a set of variables.

Definition 10 ([2]). A primitive positive formula (pp-formula) over I' in variables V' is a formula
of the form

g1 Vngm /\ Pi,
%

where each atomic formula ; is either a relation R from I' or the equality relation, applied to
some of the variables in V' = {vy,...,vp4m}-



Definition 11 ([2]). The relational clone (or co-clone) (I') g is the set of all relations expressible
as pp-formulas over I'.

The definition of a functional clone is similar, we again follow the explanation in [2]. Note
that functional clones, w-clones and (w,p)-clones were originally defined for nonnegative real-
valued functions. The definitions can be restricted to nonnegative rational-valued functions as
explained just after Definition 15.

Let F C B be a set of functions and V' = {v1,...,v,} a set of variables. In the context
of functions rather than relations, an atomic formula ¢ = g(vj,,...,v;, ) consists of a function
g € F and a scope (vi,...,v;) € V¥ where k = arity(g). The scope may contain repeated
variables. Given an assignment x : V' — {0,1}, the atomic formula ¢ specifies a function
fo :{0,1}" = Q>0 given by

f%’(x) =9(Tiy - - 7xik)7

where z; = x(v;) for all j € [n].

Definition 12. A primitive product summation formula (pps-formula) in variables V' over F

has the form i
v= > Tl

Un415-+Un4+m j=1

where ¢; are all atomic formulas over F in the variables V' = {v1, ..., Un4m }. The variables in
V are called free variables, those in V' \ V are called bound variables.

The pps-formula 1 represents a function fy : {0,1}" — Q> given by

fl/)(x) = Z Hf<ﬂj(x’y)7

ye{0,1}m j=1

where x is an assignment V' — {0,1} and y is an assignment V'\V — {0, 1}. If f is represented
by some pps-formula v over F, it is said to be pps-definable over F.

Definition 13 ([2]). The functional clone generated by F is the set of all functions in B that
can be represented by a pps-formula over F U {EQ}. It is denoted by (F).

There is a another perspective on functional clones [1]. In the following, let f € By. We say a
(k+1)-ary function h arises from f by introduction of a fictitious argument if h(x1,...,xg41) =
f(z1,...,xx) for all x1,...,z, € {0,1}. Let g € By, then the product of f and g is the function
h satisfying h(x1,...,zx) = f(x1,...,2k)9(x1,...,2;). The function h resulting from f by a
permutation of the arguments m : [k] — [k] is h(x1, ..., 2k) = f(Tz(1)s - - - Tn(k))- Furthermore, a
(k —1)-ary function h arises from f by summation if h(z1, ..., xk-1) = 35, cro1y f (@1, k).

Lemma 14 ([1, Section 1.1]). For any F C B, (F) is the closure of FU{EQ} under introduction
of fictitious arguments, products, permutation of arguments, and summation.

We adopt the shorthand notation from [2], so if F, ..., F; are sets of functions and g1, ..., gk
are functions, then (Fi,..., Fj,01,...,9%5) == (F1U---UF; U{g1,...,0k})-
Note that if 7 C B and g € (F), then (F,g) = (F) [2, Lemma 2.1].

Definition 15 ([2]). A function f € By is pps.-definable over F C B if there exists a finite
subset Sy of F such that, for every ¢ > 0, there exists a k-ary function f’, pps-definable over
S¢, such that

Hf/*fHoo = max |f/(x) —f(x)‘ < e.

x€{0,1}*



Note that to be pps,-definable over some subset of B, a function must itself be in B, i.e. it
must take rational values. This avoids complications resulting from the limits of some rational
sequences being irrational.

Definition 16. Let / C B. The set of all functions that are pps,-definable over the set
FU{EQ} is called the w-clone generated by F; it is denoted (F),,.

In [2], w-clones were originally called “pps,-definable functional clones”; we instead use the
shorter terminology from [1].

Definition 17 ([2]). A function f € B is efficiently pps,-definable over F if there is a finite
subset Sy of F and a Turing machine My g, with the following property: on input € > 0, My s,
computes a pps-formula 1) over Sy such that fy has the same arity as f and || fy — fllec < e.
The running time of My g, is at most a polynomial in log e~ L.

Definition 18. Let 7 C B. The set of all functions that are efficiently pps,-definable over the
set F U {EQ} is called the (w,p)-clone generated by F; it is denoted (F)q, p.

The (w,p)-clones were originally called “efficiently pps,-definable functional clones”; we
shorten the terminology here to bring it in line with the term “w-clone”. We use the same
shorthand as for functional clones, so (Fi,...,Fj, g1, -, 0k)w := (F1U---UF;U{g1,. .., 9k })w
and <]:1, . ,fj,gl, cee ,gk>w7p = <.7:1 U---u ]:j @] {gl, c.. ,gk}>w7p

Note that if 7 C B and g € (F),,, then (F, g)o, = (F)w [2, Lemma 2.2]. Similarly, if 7 C B
and g € (F)up, then (F,g)wp = (F)wp [2, Lemma 2.4].

Observation 19. If up € By'", then §; € (up)y, and if down € B{™", then & € (down)y, .
(Indeed, let up € By'", that is up(0) = a,up(1) = 1 for some a < 1. Then up*(0) = a* and
up®(1) = 1. Therefore limy_,, up*(z) = 1, witnessing that d; € (up),,p-.)

Recall the definition of NEQ from Section 2.1 and the definition of By from Section 2. We
next define the functional clone N, which arises in our classification theorems. Elements of N
are called product type functions.

Definition 20. NV := (NEQ, By).

Two collections of functions defined earlier in this paper are in fact w-clones: the log-
supermodular functions and the functions with nonnegative Fourier transform.

Lemma 21 (]2, Lemma 4.2]). If F C LSM, then (F), C LSM.

Lemma 22 ([1, Theorem 28]). (P), = P.

2.4 Approximate counting and counting CSPs

A counting constraint satisfaction problem #CSP(F) is parameterised by a finite set of functions
F over some domain D, which we take to be D = {0,1}. An instance Q of #CSP(F) is specified
by a finite set V of variables and a finite set C' of constraints. Each constraint ¢ = (v, f)
consists of a tuple v, of k variables for some k£ € N, which may involve repeated variables, and
a function f, € F of arity k. Any assignment o : V' — {0, 1} of values to the variables is thus
associated with a weight wy = [[ .o fe(o(ve)), where o(v,) is computed component-wise. The
partition function of instance €) is the sum of the weights of all the different assignments:

Z(Q) = Z Wo = Z H fe(o(ve)). (2)

o:V—{0,1} 0:V—{0,1} ceC



We will be interested in the problem of approximating the partition function associated with
a counting CSP. An approximation scheme for the problem #CSP(F) is an algorithm that takes
as input an error parameter € and an instance €2, and outputs a value Z, which satisfies

eSZ(Q) < Z < e Z(Q).

This algorithm is an FPTAS or fully polynomial-time approximation scheme if its running time
is polynomial in the size of the instance and in e7!.

The problem #CSP(F) has a randomised approximation scheme if there exists a randomised
algorithm which takes as input an instance Q and an error parameter € > 0, and which outputs

a value Z, satisfying
- 3
Prie“Z(Q) <Z<eZ(Q)| > 1

for all inputs £ and e. This algorithm is an FPRAS or fully polynomial randomised approzi-
mation scheme if its running time is polynomial in the size of the instance and in e~ [10].

An approximation-preserving reduction (or AP-reduction) from a counting problem C' to
a counting problem C’ is an algorithm turning an FPRAS for C’ into an FPRAS for C. A
rigorous definition of this notion may be found in [10]. If there exists such a reduction, we write
C <ap C" and say C is AP-reducible to C'. If AP-reductions exist in both directions, C' and
C' are said to be AP-interreducible, denoted C' =,p C'.

Observation 23. Let F be a finite subset of B, then #CSP(F) =4p #CSP(F).

This holds because the value of the partition function (2) is unchanged if each constraint
function in that equation is replaced by its bit-flip. We use the same shorthand for count-
ing CSPs that we do for clones, so #CSP(Fi,...,Fj,91,...,9%) := #CSP(FiU---UF; U

{gl, PN ,gk})

Lemma 24. For all f € By there is an f' € Bf’n such that, for all finite F C B, the problem
#CSP(F, f) =ap #CSP(F, f'). Similarly, for all f € By there is an f' € B{"" such that, for
all finite F C B, #CSP(F, f) =ap #CSP(F, f').

Proof. To see the first statement, note that f € By implies f is permissive. The function
f'(x) = f(x)/f(1) is therefore well-defined, and an element of By™". Consider an instance
of #CSP(F, f) with n constraints, m of which use the function f. Construct an instance
of #CSP(F, f') by replacing each of those m constraints with a constraint using f’. Then
Z(Q)=(f1))™Z(), so since m = O(n), any FPRAS for #CSP(F, f') can be turned into an
FPRAS for #CSP(F, f). Similarly, any FPRAS for #CSP(F, f) can be turned into an FPRAS
for #CSP(F, f'), so #CSP(F, f) =ap #CSP(F, f').

An analogous argument holds if f € By . O

The complexity of counting CSPs is closely linked to the theory of (w,p)-clones, as can be
seen from the following AP-reduction.

Lemma 25 ([2, Lemma 10.1]). Suppose that F is a finite subset of B. If g € (F)u p, then
#CSP(F, g) <ap #CSP(F).
We will frequently use the following subset of CSPs called Holant problems [3].

Definition 26. A counting CSP in which each variable appears exactly twice is called a holant
problem. Thus, an instance of Holant(F) is an instance 2 = (V, C) of #CSP(F) such that each
variable in V appears exactly twice in constraints in C'. The objective of the problem Holant(F)
is to compute Z(92).
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Figure 1: The multigraph representation of a holant instance Q = (V,C) with variables V =
{v,w,z,y,z} and constraints C = {a,b,c,d,e} with a = ((v,v,w), f), b = (w,x),9), ¢ =
((x),h), d = ((y,2),9), and e = ((y, z), k), constructed as in Observation 28. Note that V' =
{a,b,e,d,e}, S = {{a,a}}, T = {{a,b},{b,c}, {d,e},{d,e}}, and B/ = S UT. The set of
constraint functions used is F = {f, g, h, k}.

There is an equivalent view of holant problems that will also be useful. Let EQs be the
ternary equality function, that is, EQs(z,y,2) = 1 if and only if z = y = z and EQ3(z,y,2) =0
otherwise. It turns out (see [4, Proposition 1] ) that the problem #CSP(F) is equivalent to
Holant(F, EQ3) in following sense. For each instance Q of #CSP(F) there is an instance €/
of Holant(F,EQj3) such that Z(Q2) = Z(£'). There is an easy polynomial-time algorithm that
turns Q into ' and vice-versa.

Holant problems are an object of study in their own right and exhibit some properties not
found in counting CSPs. For example, the holant framework allows reductions by holographic
transformations, which transform all the constraint functions but nevertheless keep the partition
function invariant. These transformations are easiest to define by exploiting the following
bijection between functions in B and vectors in (on)zk:

feBy o f=(f(0,...,0), £(0,...,0,1), ..., f(1,....1)).

Let M be an invertible 2 x 2 matrix with nonnegative rational values. The holographic transfor-
mation of f by M, denoted M o f, is the function corresponding to (M ® ... ® M)f, where the
tensor product contains k copies of M. For a set F C B, we define MoF := {Mof: f € F}. We
can now state a corollary of Valiant’s Holant Theorem [24, 4], adapted to our setting. The result
follows from [4, Proposition 5] because constant factors can be absorbed into AP-reductions.

Theorem 27 (Corollary of Valiant’s Holant Theorem). Let F be a finite subset of B and let
M be a 2 x 2 matriz such that MMT = cI where I is the identity matriz and c is a rational
number. Then Holant(F) =p Holant(M o F).

A holant instance (V, C') can be represented as a multigraph with vertex set C'. The edges of
the multigraph correspond to the variables in V. Informally, there is a self-loop for each variable
that appears twice in the same constraint. If the two appearances of a variable v are in different
constraints, say ¢ and ¢, then there is an edge of the multigraph from ¢ to ¢’ corresponding to
v. This notion is formalised in the following observation and illustrated by example in Figure 1.

Observation 28. Any holant instance €2 with variables V' and constraints C corresponds to
a multigraph G’ = (V' E') where V' = C and E’ is defined as follows. Let S be the multiset
whose elements are of the form {c, ¢} where ¢ € C. The multiplicity of {c,c} in S is equal to the
number of variables that are repeated in the scope v.. Let T be the multiset whose elements
are of the form {c,¢'} where ¢ € C and ¢ € C but ¢ # ¢/. The multiplicity of {c,¢'} in T is
equal to the number of variables that are in the scope of v. and the scope of v. E’ is defined
to be the multiset SUT.

For asymmetric constraints it is necessary to specify an enumeration of the edges incident
on each vertex in order to be able to recover the original holant instance from the graph.

Many counting problems defined on graphs have natural expressions in the holant framework
which are easily understood using this perspective. For example, the problem of counting the
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perfect matchings of a graph corresponds to Holant ({EXACT-ONEy : k € Nyg}) with

1t Y =1

EXACT-ONEg(z1,...,25) =
K@ 2 {0 otherwise.

An edge is in the perfect matching if the corresponding variable is assigned 1. The constraint
functions ensure that any assignment with non-zero weight includes exactly one edge incident
on any vertex, and thus corresponds to a perfect matching of the graph.

The problem of counting the number of satisfying assignments of a Boolean formula in
conjunctive normal form is denoted #SAT. This problem, and any problem that #SAT AP-
reduces to, cannot have an FPRAS unless NP = RP [10].

The problem of counting the number of independent sets in a bipartite graph is denoted
#BIS. While #BIS <4p #SAT, no AP-reduction from #SAT to #BIS is known. At the same
time, #BIS is not known to have an FPRAS [10].

2.5 Existing results

There is a trichotomy for the complexity of counting CSPs where all constraints are Boolean
relations. This can straightforwardly be transformed into a result about pure pseudo-Boolean
functions as multiplying a constraint function by a nonnegative rational constant does not affect
the complexity of the counting problem with respect to AP-reductions.

IM5 is the set of relations that can be expressed as conjunctions of the unary relations
{(0)} and {(1)} (which correspond to the functions dy and d1) as well as the binary relation
IMP = {(0,0),(0,1),(1,1)}.

Theorem 29 ([12, Theorem 3]). Let T' be a set of Boolean relations.
1. If every relation in T is affine then, for any finite subset S of T, #CSP(S) is in FP.

2. Otherwise, if every relation in I" is in IM>, then

o for any finite subset S of ', #CSP(S) <ap #BIS, and
e there is a finite subset S of T' such that #BIS <,p #CSP(95).

3. Otherwise, there is a finite subset S of T' such that #CSP(S) =ap #SAT.

We also use the following complexity classification from [2]. It is called a “conservative”
classification because of the way that unary functions (those in the set S below) are considered,
even though they may not belong to F. In essence, this theorem is Theorem 10.2 of [2]. However,
we quote the version from [6, Lemma 7], where the ranges of functions are restricted to rational
numbers.

Theorem 30 ([2]). Suppose F is a finite subset of B.
1. If F C N then, for any finite subset S of By, #CSP(F,S) is in FP.
2. Otherwise,

(a) There is a finite subset S of By such that #BIS <4,p #CSP(F,S).
(b) If F € LSM then there is a finite subset S of By such that #SAT =ap #CSP(F,S).

The statement of the theorem in [2, 6] only guarantees an FPRAS when F C A but this
is because [2] was working over (approximable) real numbers. The proof guarantees an exact
algorithm in our setting where elements of the range of functions are rational.

We also require some results about the complexity of symmetric antiferromagnetic two-
spin systems (on simple graphs) with external fields. A symmetric two-state spin system with
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parameters (3,7, A) € Q%, x Qx¢ corresponds to the problem #CSP(f, g), where g is the unary

function g(x) = A'=%, and f is the symmetric binary function

fla,y) = <f i)

The binary constraints are characterised by an undirected simple graph G = (V, E) whose set
of vertices V is the set of variables of the instance. Formally, all constraints must satisfy the
following conditions:

e For every vertex v € V, there is exactly one constraint of the form ((v), g), and there are
no other unary constraints.

e For every undirected edge e = {v,w} € E, there is exactly one constraint of the form
((v,w), f) or ((w,v), f) and there are no other constraints with scope (v, w) or (w,v).

e For any pair v/, w’ € V such that {v/,w'} ¢ E, there are no constraints with scope (v, w’)
or (w',v").

The spin system is antiferromagnetic if 5y < 1. By Observation 3, this is exactly the same as
saying that f is not lsm. The following results additionally assume 5 < ~.

In the following, A denotes the maximum degree of the graph describing the binary con-
straints in the given instance of #CSP(f, g). The expression “A = 00” indicates that the result
applies to graphs of unbounded degree.

Theorem 31 ([18, Theorem 1.2]). For any finite A > 3 or A = oo, there exists an FPTAS for
the partition function of the [symmetric] two-state antiferromagnetic spin system on graphs of
mazximum degree at most A if for all d < A the system parameters (8,7, ) lie in the interior
of the uniqueness region of the infinite d-reqular tree.

See also related work of Sinclair, Srivastava and Thurley [21].

Theorem 32 ([22, 13], as stated in [18, Theorem 1.3]). For any finite A > 3 or A = oo,
unless NP = RP, there does not exist an FPRAS for the partition function of the [symmetric/
two-state antiferromagnetic spin system on graphs of maximum degree at most A if for some
d < A the system parameters (8,7, ) lie in the interior of the non-uniqueness region of the
infinite d-regular tree.

These two theorems classify most symmetric antiferromagnetic two-spin system with exter-
nal fields — the only case that is still open is that of system parameters on the boundary between
the uniqueness and non-uniqueness regions.

We will only need a subset of the properties proved in [18, Lemma 3.1] and therefore state
only these. In the following, “up-to-A unique” means that the system parameters lie in the
interior of the uniqueness region of the infinite d-regular tree for every d < A, and “universally
unique” means that the system parameters lie in the interior of the uniqueness region of the
infinite d-regular tree for every d.

Lemma 33 ([18, Lemma 3.1]). Let (5,7, ) be antiferromagnetic.

(2) If v < 1, then uniqueness does not hold on the infinite d-regular tree for all sufficiently
large d.

d+1dd

(5) If B =0, for any A, there exists a critical threshold Ao = A(7y,A) = minjg<a W
such that (8,7, ) is up-to-A unique if and only if X € (0, A.).

(8) If B > 0 and v > 1, there exists an absolute positive constant A\, = A.(B,7) such that
(8,7, ) is universally unique if and only if X € (0, ).
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In fact, the proof of (2) in the full version of [18] (where this result is part of Lemma 21)
shows that, for sufficiently large d, the system parameters lie in the interior of the non-uniqueness
region. The proof of (5) and (8) similarly shows that the system parameters lie in the interior
of the non-uniqueness region when A > A..

3 Counting CSPs with strictly increasing and strictly decreas-
ing permissive unary functions

We first consider the complexity of counting CSPs where two permissive unary functions are
available: one which is strictly increasing and one which is strictly decreasing, i.e. problems of
the form #CSP(F,up,down). The goal is to prove the complexity classification in Theorem 1.

The proof splits into several cases, given here as individual lemmas, depending on which
binary functions are contained in (F,up,down),, ,. The function EQ(z,y) is contained in any
(w, p)-clone, so there always exists some binary function in (F, up, down),, .

In some lemmas, we will also assume that the permissive unary functions up and down are
normalised. This can be achieved using AP-reductions, as shown in Lemma 24.

3.1 Non-lsm functions with nontrivial binaries

First, we consider the case where F ¢ LSM and (F, up,down),,,, contains a nontrivial binary
function.

Lemma 34. Let F C B, up € By'", and down € B{™. Suppose f,g € (F,up,down),, ,, where
f is non-lsm and g is binary and nontrivial (but may be lsm). Then (F,up,down), , contains
a binary nontrivial non-lsm function.

Proof. By Observation 19, dg, 91 € (F, up,down),, .
Since f is non-lsm, there are a,b € {0,1}", where r is the arity of f, such that

f(@)f(b) > f(aAb)f(aVb).

Suppose a[i] = bli] for some i € [r]. Then let

h(z1, ..o i1, i1y ey Typ) = Z Safi) (i) f(T1, -, 20),
z;€{0,1}

this function is contained in (F,up,down),, ,. We say h is f with the i-th input pinned to a[i].
Define &’ = (a[l],...,a[i — 1],a[i + 1],...,a[r]), and similarly b’. Now,

h(a)h(B') = f(a)f(b) > f(aAb)f(aVb) = h(a' AD)h(a VD),

so h is non-lsm. Thus we may continue the proof with A in place of f. This process can be
repeated until the bit-strings a, b, which witness that f is non-lsm, satisfy a[i] # bl[i] for all
i€lr]

Without loss of generality, we may furthermore assume that a = (0%,1%) and b = (1%,0%):
otherwise permute the arguments, which does not affect the non-lsm property. Now, identify
the first s and the last ¢ variables of f to obtain a binary function f’ satisfying

f/(a//)f/(b//) > f/(a// A b/l)f/(a// V ]:)//)7
where a” = (0,1),b” = (1,0),a” Ab” = (0,0) and a” vV b” = (1,1).

If £/(0,0) # 0 or f'(1,1) # 0, then f’ is a binary nontrivial non-lsm function and we are
done. Otherwise f’ has the form f”(z)NEQ(z,vy), say, f”(0) = ¢, (1) = d with ¢,d > 0.

14



By the assumptions of the lemma, there is a binary nontrivial function g € (F, up, down), .

Suppose
g(fc,y)Z(: §>

If g is non-lsm, we are done. Otherwise, we have ad > 7. This inequality is strict because g
is not log-modular. Then let ¢’(x,y) be given by

J(@y)= Y g(z2)f(zy) = ( ?3 :2 )

z€{0,1}
Thus,
9'(0,0)g'(1,1) = Byed < aded = ¢'(0,1)g'(1,0),

that is, ¢’ is non-lsm. It is also nontrivial because g being nontrivial implies that at least one
of B3, is strictly positive. This completes the proof. O

3.2 Log-supermodular functions with nontrivial binaries

Suppose now that 7 C LSM and (F,up,down),,, contains a nontrivial binary function. The
first property is equivalent to (F, up,down), , € LSM by Lemma 21 and the fact that B; C LSM.

Lemma 35. Let F be a finite subset of B and let up € By, down € By . If (F,up,down),, C
LSM and there is a nontrivial binary function g € (F,up,down),, ,, then #CSP(F, up, down) is
#BIS-hard.

Proof. The nontrivial binary function g may be assumed symmetric by replacing it with the
function }°, o1y 9(2,2)g(y, 2) (which is contained in (g)) if necessary. By Lemma 5 (2), the
proposed replacement function is also nontrivial and Ism. A nontrivial symmetric Ism function

can be written as
_ g1
g(xa y) =c < 1 "}’ 9

k
where 37 > 1 (cf. Observation 3) and ¢ > 0. Let ¢'(z,y) := 1g(x,y) and let h(z) := (j‘;‘:’v:Eﬁ)

for some positive integer k that we will determine below. Note that h(1) = 1 and let u := h(0),
which is strictly greater than 1. Constant factors do not affect the complexity of CSPs, so
#CSP(g', h) <ap #CSP(g,down). We now distinguish cases according to the relative size of 3
and 7.

Case 1. Suppose 8 < 7. Then by [19, Theorem 2], the problem #CSP(¢’, h) is #BIS-hard

k
if p is sufficiently large. But p = (jm:g) , which can be made arbitrarily large by choosing &

large enough. Hence #CSP(g, down) is #BIS-hard, and thus by Lemma 25, #CSP(F, up, down)
is #BIS-hard.

Case 2. Suppose 3 > 7. By Observation 23, #CSP(F, up,down) =4p #CSP(F, up, down).
But up € By and down € B, and g(0,0) < g(1,1). Thus we can apply the argument of Case 1
to the bit-flipped functions to find that #CSP(F, up, down) is again #BIS-hard.

Case 3. Suppose 8 = 7, i.e. ¢’ is a ferromagnetic Ising function. Historically, this case
was considered first, in a paper by Goldberg & Jerrum [14]. However, the main result of [14]
(Theorem 1.1) is stated in a setting where the input has “local fields”, which means that different
unary functions are available for different variables. While [14] does contain a reduction from
a problem with restricted local fields to the general problem, the proof of this result is only
given for an explicit choice of fields. This proof is widely known to generalise, as e.g. noted
in [19], but rather than writing out the general proof here, it will be shorter (if ahistorical) to
note the following: Let ¢"(z,y) = >_.c(0.13 9(2, 2)9(y, z)up(2). By Lemma 5 (3), this function
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is nontrivial, symmetric, lIsm, and non-Ising. Thus the problem reduces to one of the previous
cases.

Therefore, #CSP(F,up,down) is #BIS-hard whenever (F,up,down),, € LSM and there
exists a nontrivial binary function in (F, up, down),, ,. O

3.3 All binary functions are trivial

Having considered two cases with nontrivial binaries, we now look at (w,p)-clones that do not
contain any nontrivial binary functions. In the following, ®3(z,y,z) is the ternary indicator
function for inputs of even parity, i.e.

1 ifx+y+ zis even,
©3(z,y,2) = .
0 otherwise.

We will also use the following two lemmas.

Lemma 36 ([23], as stated in [2, Lemma 5.1]). A permissive function f € B is log-modular if
and only if every 2-pinning is log-modular.

Lemma 37. A permissive function f € By, is log-modular if and only if it is a product of
permissive unary functions, i.e. f(x1,...,xn) = [[1_ ui(z;), where u; € By is permissive for
all i € [n].

Proof. Any product of permissive unary functions must be permissive and log-modular, i.e. the
“if” direction is immediate. It remains to prove that if f is permissive and log-modular, then it
must be a product of permissive unary functions. For n = 1 that result is trivial and for n = 2
it follows straightforwardly from the definition of log-modularity.

Now assume the desired result holds for some n > 2 and consider a permissive log-modular
function f € Bj,41. Define fy(x1,...,2y) := f(x1,...,2pn,a) for a € {0,1}, then

f(xla cee 7xn+1) = fO(xh ceey xn)éo(xn-i-l) + fl(xla cee ,$n)51($n+1)~

Since f is permissive and log-modular, f; and f; must also be permissive and log-modular.

Hence by the inductive assumption, there exist permissive unary functions uq, ..., u, € B such
that fo(x1,...,2,) = [ ui(2;), and there exist permissive unary functions vi,...,v, € B;
such that fi(z1,...,2,) = [[;=; vi(x;). Thus we can write
n
f(x1, ., 2nq1) (H ui(x; ) do(Tpy1) + (H Uz(lﬁz)) 01 (Znt1)-
i=1

Let k € [n] be arbitrary and consider some 2-pinning of f that leaves the variables k and n + 1
untouched, pinning each variable i € [n] \ {k} to the value b;. This yields the function

9k (T Tpg1) := H ui(b;) | uk(xg)do(xni1) + H vi(bi) | vk(Tr)61(Tny1)-
i€[n]\{k} i€n]\{k}

By Lemma 36, gj is log-modular, i.e.

0= gx(0,0)9(1,1) — g(0, )g(1,0) = | JT wilbi)vi(bi) | (ur(0)vi(1) — v (0)ur(1)).
ieln]\{k}

Since all the unary functions u; and v; are permissive and take non-negative rational values,
this implies that there exists ¢ € Q<o such that vy = ¢ - up. But k was arbitrary, therefore

n+1
f(xla .- xn—f—l (H uz «772 ) (50 xn—i—l) +51($n+1 H ) H uz xz

=1
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where up11(0) = 1 and wup41(1) =[]} ¢i, SO up1 is permissive and in B;. Hence f has the
desired form, completing the proof. O

Lemma 38. Let F C B, up € Bf’n, and down € Bl>’n. Suppose (F,up,down),, does not
contain any nontriwial binary functions and F ¢ N. Then there exists a ternary function
g € (F,up,down),, ,, satisfying g(x,y,z) = c- ®3(x,y,2), where ¢ > 0 is a constant.

Proof. The proof of the lemma has two parts. First, we show that if (F,up,down),, does
not contain any nontrivial binary functions, then every function in (F,up,down),,, has affine
support. Next, we show that if every function in (F, up, down),, , has affine support and F ¢ N,
then there exists g € (F, up,down),, , which satisfies g(x,y, 2) = ¢- ®3(z,y, ) for some non-zero
constant c.

To prove that every function in (F, up,down),, , has affine support, we assume the opposite
and show this leads to a contradiction. In particular, assume there exists a function f €
(F,up,down),, , which does not have affine support. All unary functions have affine support,
so f cannot be unary. Furthermore, all binary functions in (F,up,down),,,, are trivial and a
trivial binary function is either log-modular or it has a support on exactly 2 inputs. Recall from
Section 2.1 that any log-modular binary function b(x,y) can be written as u(z)v(y) for some
u,v € B1; hence it has support on 1, 2 or 4 inputs. Now any subset of {0, 1} of size 1, 2 or 4
is an affine relation — in other words all trivial binary functions have affine support. Therefore,
the function f cannot be binary, so it has arity at least 3.

By Observation 19, the pinning functions dp and d; are contained in (F, up, down),, ,. Now,
the proof of Lemma 11 in [11] shows that, if f is a nonnegative function with arity(f) > 2 and
f does not have affine support, then (f,dp, 1) (and thus (F,up,down), ,) contains a function
of arity 2 which does not have affine support. This contradicts the assumption that all binary
functions in (F, up,down),, ,, are trivial. Therefore, every function in (F, up, down),, , must have
affine support.

To prove that (F,up,down), , contains a scaled parity function, suppose there exists a
function h € (F,up,down),, \ N. All unary functions are contained in N since they are
generators of the functional clone N. Furthermore, as noted in Section 2.1, any binary log-
modular function can be written as u(x)u'(y), where u,u € By are appropriate unary functions.
Thus, all trivial binary functions are contained in N. Hence, h has arity at least 3. It is not
the all-zero function, as that is also contained in A/. By the first part of this proof, h has affine
support. Since all binary functions in (F, up, down),, , are trivial, all 2-pinnings of h (as defined
in Section 2) must be trivial.

We now consider the relations underlying some of the functions in (F, up, down),, ,. Recall
from Section 2 that we denote by Ry the relation underlying a function f. According to
Lemma 3.1 of [2], for any set of nonnegative functions G, we have

{Ry [ feGhr={Rs| [ €9} (3)

Note that the above result is about functional clones, not (w, p)-clones, and allowing limits may
change the set of underlying relations, as can be seen for example in Observation 19. Yet it is
straightforward to see that

{Rp | feGhr={Rs[f€(9)} SARs | [ € (Gup}

Furthermore, we already know that {Ry | f € (F,up,down),, ,} contains only affine relations.
These are the only facts we use below.

Let Rp be the relation underlying h, which is affine and non-empty. It can then be seen
from Table 2 and the proof of Proposition 3 of [7] that the relational clone (R}, dg, d1) g must be
either IRy = (EQ, dp,01)r or ID; = (EQ,NEQ, 6o, d1) g or ILo, the relational clone containing
all affine relations. For an example of the argument for this, see the proof of Theorem 9.1 in
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[2]. The argument in the next few paragraphs is also (a simplified version of) an argument in
that proof.

Suppose that (Rp,d0,01)r C ID; (i.e. (Rp,00,1)r = IRg or (Rp,do,01)r = ID1), then in
particular R;, € ID;j. The relation Ry is also non-empty because h ¢ N. Since Ry, is affine,
its elements are solutions to a set of linear equations (cf. Section 2). We can thus find a
partition of the arguments of h into a set of free variables and a set of dependent variables
such that for any assignment of values to the free variables there exists a unique assignment
of values to the dependent variables for which the resulting tuple of bit values is in Rj. Let

n := arity(h) and assume without loss of generality that xi,...,z) are the free variables and
Zk+1,-- -, Ty are the dependent variables (if necessary, permute and rename variables). Define
W(xy,...,¢p) = Zxk+1,...,:ﬁn€{0,l} h(z1,...,z,), then b’ € (F,up,down),, , and k' is permissive.

As b’ € (F,up,down),, ,, all its 2-pinnings are binary functions in (F,up,down),,, and are
thus trivial by assumption. Since b’ is permissive, by Observation 4 its 2-pinnings can be trivial
only if they are log-modular. Therefore, by Lemma 36, A’ is log-modular. Furthermore, by
Lemma 37, b’ is a product of unary functions, so b’ € N.

Now, in going from h to h/, we summed out the dependent variables. Thus, for any fixed

Z1,...,Tk, there is only a single assignment of zj1,...,z, such that h(zy,...,z,) is non-zero.
Therefore, h(z1,...,2n) = Xn(21,...,2n)h (21, ..., 21), where Yy, is the indicator function for
the relation Ry, —i.e. xp(z1,...,2,) = 1if (21,...,2y,) € Ry, and xp(x1,...,2,) = 0 otherwise.

We assumed Ry, € ID; = (EQ,NEQ, 6o, d1) g, therefore x, € N and thus h € (xn,h') C N.
But this contradicts the assumption that h € (F,up,down),, \ N. So instead we must have
(Rp,00,01)r € ID1. The only way for this to happen is if (R, do,d1)r = ILg and thus ILy C
{Ry | F € (F,up,down),, ,}.

Now, the relation corresponding to ®s is

Re, ={(0,0,0),(0,1,1),(1,0,1),(1,1,0)}.

This is affine and therefore contained in ILy = (Rp,d0,d1)r. Hence, by letting G equal
(F,up,down),, ,, in (3), there must be a ternary function g € (F, up,down),, , which has Rg,, as
its underlying relation.

Let a = ¢(0,0,0), b =¢(0,1,1), ¢ = g(1,0,1), and d = ¢g(1,1,0) be the non-zero values of g.
Now consider the binary function ¢'(z,y) =, g(z,y, 2), which takes the form

, _fa b
By construction, ¢’ € (F,up,down), p, so it must be trivial. As a,b,c,d > 0, ¢’ must be
log-modular, i.e. ad = bc. Similarly, by summing out y or  and applying the log-modularity
condition to the resulting binary function, we deduce ac = bd and ab = cd. Multiply together

the first two of these equations to get a?cd = bcd, which implies a = b since all four values are
positive. By symmetry, we find that in fact a = b =c=d, i.e. g(z,y,2) = c- B3(z,y, 2). O

Lemma 39. Let F be a finite subset of B and let up € By, down € By . Suppose (F,up,down),, ,
contains a function g(z,y,z) = c- ®3(x,y,2) for some constant ¢ > 0. Then the problem
#CSP(F, up,down) does not have an FPRAS unless NP = RP.

Proof. We show the desired result by reduction from the problem of approximating weight
enumerators of linear codes. The definition and reduction follow [11, p. 1977 and Lemma 13],
with some modifications because that paper was concerned with hardness of exact evaluation.

A linear code is specified by a binary generating matrix A. Let Y be the linear subspace
generated by the rows of A over GF(2), then any vector in T is a code word. The weight
enumerator of the code specified by A with weight parameter A € Q is given by W4 (\) :=
S ver AV, where |v| is the Hamming weight of v. The computational problem WE()) takes as
input a matrix A and outputs Wa(\).
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The linear space T can be specified by a pure affine function hy taking values in {0, 1},
with the arity of ha being equal to the number of columns of A. The set of {0,1}-valued
pure affine functions is in bijection with the set of affine relations ILs. Now, by adding new
variables and breaking linear equations into pieces, we have (®3,0d0,01)r = ILg. Thus, in
particular, hy € (®3,00,01) for any A. Define uy(z) = A* for z € {0,1}, then Wy(\) =
> amefon} ha(@1, .o an) [T, ua(z;i). Therefore, by Lemma 25,

WE(X) <ap #CSP(®3,ux, do, 01).

up(1)
up(0)°

Suppose that A = then uy € By and up(0) - uy = up. We have

#CSP(@37 U, 507 51) <ap #CSP(]:a up, dOWﬂ, D3, ux, do, 51) <ap #CSP(]:v up, dOWI'])

where the first reduction is because adding more constraint functions cannot make the problem
easier and the second reduction is by repeated applications of Lemma 25, since all of ¢ - @3,
up(0)-uy, do, 01 are in (F, up,down),, , and constant factors can be absorbed into AP-reductions.

Hence, combining the different reductions, we find WE (Eggég) <ap #CSP(F,up,down).

Now by [15, Corollary 7], the problem of approximating the weight enumerator of a linear
code with weight parameter A > 1 does not have an FPRAS unless NP = RP. But A = % >1
by the definition of up, hence the desired result follows. O

3.4 Putting the pieces together
Recall Theorem 1, which we can now prove.

Theorem 1 (restated). Let up be a permissive unary strictly increasing function, let down be
a permissive unary strictly decreasing function, and let F C B. Then the following properties

hold.
1. If F C N, then, for any finite subset S of F, #CSP(S U {up,down}) is in FP.
2. Otherwise, if F C LSM, then

(a) there is a finite subset S of F such that #BIS <4p #CSP(S U {up,down}), and

(b) for every finite subset S of F such that all functions f € S have arity at most 2,
#CSP(S U {up,down}) <4p #BIS.

3. Otherwise, there is a finite subset S of F such that #CSP(S U {up,down}) does not have
an FPRAS unless NP = RP.

Proof. By Lemma 24, there exist functions up’ € Bf ™ and down’ € B1> ™ such that
#CSP(S, up,down) =4p #CSP(S, up’, down’)

for any finite S C F. By replacing the problem on the left-hand side with the one on the
right-hand side, we may therefore assume in the following that the permissive unary functions
up and down are normalised.

Property 1 follows from Theorem 30.

For Property 2a, suppose F C LSM and F ¢ N. If all binary functions in (F, up,down),,
are trivial, then by Lemma 38 there is a ternary function g € (F,up,down), ), satisfying
g(z,y,2) = c-®3(x,y, z) where ¢ > 0. Note that

9(0,1,1)g(1,0,1) = ¢* > 0 = ¢(0,0,1)g(1,1,1)

i.e. ¢ is not lsm. But this is a contradiction as the set of lsm functions is closed under taking
w-clones by Lemma 21. Hence we may assume that there is a nontrivial binary function f in
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(F,up,down), ,. By the definition of (w,p)-clone (Definition 18) there is a finite subset Sy of
F such that f € (S¢,up,down),, . Then by Lemma 35, #CSP(S¢, up, down) is #BIS-hard.

Property 2b follows from Part 3 of [6, Theorem 6], noting that the property of “weak log-
supermodularity” used there encompasses all binary log-supermodular functions.

Finally, suppose F is not a subset of NV, nor is it a subset of LSM. Then, if (F, up,down),, ,
contains a nontrivial binary function, by Lemma 34 it contains a nontrivial binary non-lsm
function g. It then contains the function g(x,y)g(y,z), which is symmetric, nontrivial and
non-lsm by Lemma 5 (1). This function can be written as

g’(ﬂf,y)zd(f i)

for some d > 0 and 8,y > 0. By the definition of (w,p)-clone, there is a finite subset S of F
such that ¢’ € (S, up, down),, ,. We distinguish two subcases.

Case 1. Suppose S < v. As ¢’ is non-lsm, by Observation 3, we have 8y < 1: i.e., the
function corresponds to an antiferromagnetic two-spin model. Let f(z,y) = d~'¢'(x,y) and

k
let h(x) = (jg‘x:gg) for some sufficiently large positive integer k (to be determined below).

Then h(1) = 1; set A := h(0). Since constant factors can be absorbed into AP-reductions,
#CSP(f,h) =ap #CSP(¢',down). Now #CSP(f,h) corresponds to the spin system (8,7, ),
cf. Section 2.5. We have 0 < § <« with 8y < 1 and A can be made arbitrarily large by choosing
k large enough.

e If v <1, then Lemma 33(2) says that for sufficiently large d, uniqueness does not hold on
the infinite d-regular tree.

e Otherwise, if 5 = 0, then by Lemma 33(5), (5,7, ) is not up-to-A unique if \ is large
enough.

e Otherwise we must have § > 0 and v > 1. In that case, by Lemma 33(8), for large enough
A, universal uniqueness does not hold.

In each of these cases, the proof of Lemma 33 in the full version of [18] shows that (8,7, )

actually lies in the interior of the non-uniqueness region. Now, if (3,7, \) is in the interior of

the non-uniqueness region, Theorem 32 (due to [22, 13]) shows that #CSP(f, h) does not have

an FPRAS unless NP = RP. Hence, #CSP(¢’, down) does not have an FPRAS unless NP = RP.
Case 2. Suppose 3 > v. By Observation 23, #CSP(¢, up) =ap #CSP(¢/,up). Now

dam=a(] 4 ).

so ¢'(0,0) < ¢/(1,1). Furthermore, up € By. Hence, by the argument of Case 1, #CSP(¢’,up)
does not have an FPRAS unless NP = RP and so #CSP(¢’, up) does not have an FPRAS unless
that condition is satisfied.

If, instead, there are no nontrivial binaries in (F, up,down),, ,, we get the property of not
having an FPRAS unless NP = RP from Lemmas 38 and 39. This completes the proof of
Property 3 and thus of the theorem. O

4 Two-spin

In this section, we partially classify the complexity of the problem #CSP(f), where f € Bs. This
is similar to the two-spin problem widely studied in statistical physics and computer science: the
relevant quantity is the partition function arising from the pairwise interactions of neighbouring
spins. Progress so far has mainly been restricted to the symmetric case, but we consider more
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general interaction matrices. From Theorem 30, we know that #CSP(f) is in FP if f € N. We
furthermore give a complete classification of the complexity of #CSP(f) if f is lsm, as well as
determining the complexity if f is non-lsm and both f and f are non-monotone.

Recall from Section 2.1 that a binary function is trivial if it is log-modular or if f(z, y)\:
9()EQ(z,y) or f(x,y) = g(x)NEQ(x,y) for some unary function g € B;. Recall also that f is
the Fourier transform of f (cf. Section 2.2). We often write f., to denote f(z,y).

The proof of Theorem 2 is split into various lemmas that are stated and proved individually
before being assembled into the proof of the theorem in Section 4.5. Throughout, we write

flzy) = <CCL Z)

4.1 Functions whose middle Fourier coefficients have opposite signs

First, we show that we can realise a strictly increasing and a strictly decreasing permissive unary
function if the middle Fourier coefficients of f, i.e. fo1 and fi0, have opposite signs. Availability
of these two unary functions reduces the problem to the case considered in Section 3.

Lemma 40. Let f € By be a nontrivial binary function and suppose ﬁanlo < 0. Then both
(fyNBy and (f) N By are non-empty.

Proof. The condition f01 fm < 0 implies that the Fourier coefficients have opposite signs. With-
out loss of generality, we may assume that f01 > 0 and f10 < 0, i.e. (cf. Section 2.2)

at+c>b+d
at+b<cH+d.

Otherwise, replace f(z,y) by f”(z,y) := f(y,x). Then, by Observation 8, ﬁm = f10 > 0 and
f"10 = fo1 <0 so the replacement function satisfies the desired property.
Let up(z) := >_, f(z,y) and down(y) := >_, f(z,y); then up,down € (f). These functions
satisfy:
down(0) =a+ ¢ > b+ d = down(1)
up(0) =a+b<c+d=up(l).

Furthermore, since f is nonnegative and nontrivial, up and down are permissive. Hence, up €

(f) N By and down € (f) N By, as desired. O

Thus, if f satisfies fm fm < 0, we can use the complexity classification from Theorem 1.

4.2 Log-supermodular functions

The case of an Ism function whose middle Fourier coefficients have opposite signs is included in
Lemma 40. Thus, it only remains to consider the case of an Ism function where the two middle
Fourier coefficients have the same sign (or at least one of them is zero).

Lemma 41. Suppose f is a nontrivial binary lsm function with %1ﬁ0 > 0. Then fll > 0.

Proof. By Observation 3, the Ism condition is ad > bc, where the inequality is strict as f is
nontrivial. We distinguish cases according to whether the Fourier coefficients are both zero,
both nonpositive or both nonnegative.

Case 1. f01 f10 =0, i.e.

at+c=b+d,
at+b=c+d.
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This implies a = d and b = ¢, i.e. f is an Ising function. Now,
b+c=2Vbe < 2Vad = a + d,

where the first step uses b = ¢, the second step the Ism property, and the last step uses a = d.
But a +d > b+ c is equivalent to ]/“\11 > 0, the desired result.

Case 2. fm, f10 < 0 and fm, fl(] are not both zero. Without loss of generality, assume that
ﬁ)l < 0, the argument is analogous if ﬁo < 0 instead. Thus, we have

a+c<b+d, (4)
a+b<c+d, (5)

as well as the Ism condition ad > bec. We will show the result by contradiction, i.e. assume for
a contradiction that fi1 < 0 or, equivalently,

a+d<b+ec. (6)

Adding the inequalities (4) and (5), we have a < d. Adding (4) and (6) gives a < b, and adding
up (5) and (6) we obtain a < ¢, with all of these inequalities being strict. Furthermore, the Ism
condition ad > bc now implies b, ¢ < d.

Next we show that a2* +d2* < 2" +¢2" for any k. Since d > a, b, ¢, this is a contradiction if
k is large enough. We prove the property by induction on k. The base case, k = 0, is f 11 <0.
For the induction step, suppose a2 + " < b2 + " for some k € N. By squaring both sides
of this inequality we get

k+1 k+1
a2 62 .

202 @ + 2 < (7)

Now, ad > bc implies a2 @2 > b2 2t Subtracting this from (7) we find

k41 k1 k41 k1
o+ dET <+

so the property does indeed hold for all k. Yet, since d is strictly the largest of the four values,
this inequality cannot be true for large k, a contradiction. Thus, the assumption f11 < 0 must
have been false and in this case, too, we have fH > 0.

Case 3. fo1, fio > 0 and fo1, fio are not both zero. Let f'(z,y) = f(x,y), where we are
renaming the function to avoid clumsy notation. Note that, if f is nontrivial and lsm, then so
is f’. By Observation 7, we have foo = foo, f01 = f01, f;o f10, and f 11 = f11 Now,
f' is a nontrivial binary lsm function with f 01 f 10 <0 and f/y, f 10 not both zero. Thus, by
Case 2 of this proof, f 11 is nonnegative. This immediately implies that fu > 0.

Thus, by exhaustive case analysis, we have shown that f11 > 0 whenever f01 f10 > 0. O

4.3 FPRAS for binary functions with nonnegative Fourier coefficients

Recall from Section 2.2 that P is the set of functions in B whose Fourier transform takes
nonnegative values. Recall from Section 2.4 that, for a finite set of constraint functions F, the
problem Holant(F) is the restriction of #CSP(F) to instances where every variable appears
exactly twice.

In this section, we show that for all binary functions f € P N By, the problem #CSP(f)
has an FPRAS. This result, Corollary 56 below, arises as a corollary of a stronger statement
(Theorem 55).

An arity-k function is said to be self-dual if f(z1,...,2x) = f(Z1,...,Zx). Let SDP be
the set of self-dual functions in P. The set SDP, introduced in [1], is a functional clone. Let
SDP3 := SDP N Bs. We show in Theorem 55 that, for any finite subset F C SDP3, the problem
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#CSP(F) has an FPRAS. This is a somewhat surprising result because there are functions in
SDP3 that are not log-supermodular. See [1, Theorem 14].

To prove Theorem 55, in Lemma 46 we transform #CSP(F) to a suitable “even subgraphs”
holant problem. In Lemma 48 we find a bound on the weight of “near-assignments” of this
holant problem. In Lemma 51 we reduce the holant problem to a perfect matchings problem.
In Lemma 52 we bound the number of nearly perfect matchings in terms of near-assignments.
Finally, we apply a result of Jerrum and Sinclair (Lemma 54, from [17]) to approximate the
solution to the perfect matching problem.

Corollary 56 follows from Theorem 55 via an AP-reduction #CSP(f) <ap #CSP(f’), where
fl(x,y,2):= f(x® 2,y ® z) is shown to be in SDP3 for any f € P N Bs.

Our proofs will use the following characterisation of SDP.

Lemma 42 ([1, Lemma 38]). Suppose f € B, then f € SDP if and only if the Fourier transform
of f is nonnegative on inputs of even Hamming weight and is zero on inputs of odd Hamming
weight.

As before, let &3 be the ternary indicator function for inputs of even parity:

@3(33,:% Z) =

1 ifx+y+ zis even,
0 otherwise.

The following observation is well-known and arises frequently in holographic transformations.
See, e.g., [3]. It also arises as a special case of [1, Lemma 27].

Observation 43. The Fourier transform of &3 is @3 = %EQ&

Lemma 44. Suppose f € By and let f'(x,y,z) == f(x ® 2,y D 2). Then
f/(ﬂ?, Y, Z) = f(iU, y) : @3(1', Y, Z)'

Furthermore, if f € P, then f' € SDPs3.

~

Proof. Let g(z,y,2) := f(x,y) ®3 (z,y,2), so in the first part of the lemma we are aiming to
prove f/ = g. Note that by Observation 6 and the definition of the Fourier transform, we have
f(@,y,2) = 8f'(2,y, 2). (8)

By taking the Fourier transform, the desired equality f/ = g is equivalent to f’ = g. Substituting
into (8), this is equivalent to f’ = 8g. For the first part of the lemma, it thus suffices to show
that the Fourier transform of g is equal to % f'; this is more technically elegant than evaluating
the Fourier transform of f’ directly. R

It will be useful to first define another function related to f. Let h(z,y,z) = f(x,y) be the
function arising from J/“\by introduction of a fictitious argument. By [1, Lemma 25|, we have
h(z,y,1) = 0 and

ey 0)=F @)= 3 (1P = (7).

4
p,q€{0,1}

where the second equality is the definition of the Fourier transform of f and the third is by
Observation 6.

It is straightforward to see that g(x,y, z) = h(z,y, 2)®3(z,y, ). Thus, the Fourier transform
of g can be expressed as a convolution:!

gy, z)= > hpgr)Bs(p@r.qoy,r®2).
p,q,r€{0,1}

!This is a well-known result in the theory of Fourier transforms. For pseudo-Boolean functions it follows from
[9] together with the straightforward-to-derive property that Fourier transforms are involutive up to scalar factor.
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Substitute for /l{, and for @3 using Observation 43, then the Fourier transform becomes

. 1 1
g(z,y,2) = E Zf(p, q)§EQ3(p@$,q@y,Z)'
p,q€{0,1}

Now, the ternary equality function enforces p @ z = z and ¢ @ y = z, which is equivalent to
p=x®zand g =1y D z. Hence, the expression simplifies to

—~ 1 1
g(mayvz> = gf(m@z,y@z) = gf,<$7y72)7

the desired result.

For the second part, note that f € P implies that f has a nonnegative Fourier transform.
Then, f is the product of two nonnegative functions, so it is nonnegative, and therefore feP.
Yet f’ is 0 on inputs of odd Hamming weight because of the factor of &3. Thus, by Lemma 42,
f' € SDPs. O

Lemma 45. Suppose f € By and f'(x,y,z) = f(x ® 2,y @ z), then #CSP(f) <ap #CSP(f’).

Proof. Consider an instance 2 = (V, C) of #CSP(f). Suppose V = {x1,...,z,} and label each
constraint ((z;, x;), f) € C by the tuple (¢, j) as a shorthand. This fully specifies the constraint
as there is only one constraint function. Then

x€{0,1}" (i,5)eC

Because of the sum over all x, the following holds:

Z H flas,xy) = Z H flai,xj) + Z H flxi®l,z;®1)

x€{0,1}™ (i,5)eC x€{0,1}™ (1,5)eC x€{0,1}™ (i,j)eC

Z > 1 f@eyzey.

yE{O 1} x€{0,1}" (i,5)eC

[\D\H

Now, the latter formula is 5 tlmes the partition function for an instance of #CSP(f’) with set
of variables V' = {zq,... mn,y} and set of constraints C" = {((x, z;,y), f') | (i,j) € C}. Thus
we have #CSP(f) <ap #CSP(f’). O

Lemma 46. For any finite subset F C SDP3 we have #CSP(F) <ap Holant(F, ®3), where
F=A{f:feF}

Proof. We will argue
#CSP(F) <ap Holant(F,EQs) <ap Holant(F, ®s).

The first reduction is exactly a transformation to the holant framework; see Section 2.4 or

[4, Proposition 1].
For the second reduction, let
1 1
=t 1),
Note that MMT = 2I. The entry of the k-fold tensor product M & ... ® M corresponding to
row (x1,...,x) and column (py,...,pg) is (—1)P1%¥1+FPk¥  Thus, for any k-ary function h,

(Moh)(xl,...,nvk) = Z (—1)p1x1+"'+pkxkh<p1,...,pk) 22’(};(1'1,...,:(}]6).
P1,-pe€{0,1}
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Hence if f has arity 3, then M o f = 23f. In particular, M o EQ3; = 23E/Q\3 = 2®3 by
Observations 6 and 43.

Now by a corollary of Valiant’s Holant Theorem, given here as Theorem 27, and the above
connection between holographic transformations under M and the Fourier transform, we have

Holant(F, EQz) =ap Holant(M o F, M o EQ3) =ap Holant (F,23),

where F' = {23]?: f € F}. Recall that if a constraint function is multiplied by a constant, this
factor can be absorbed into an AP-reduction: hence Holant (F’,2®3) =4p Holant(F, ®3). This
completes the chain of reductions. ]

Recall from Section 2.4 that an assignment o of a holant instance 2 with variables V' and
constraints C' is a function o: V' — {0,1} choosing a spin from {0, 1} for each variable in V.
The assignment has a weight w,-.

Definition 47. A near-assignment of a holant instance Q = (V, () is defined as follows: take
two distinct variables u,v € V. Replace the two occurrences of u in constraints by two new
variables v/, u” and add a new constraint ((u/,u”), NEQ). Similarly, replace the two occurrences
of v with new variables v/, v” and add a new constraint ((v',v”), NEQ). This gives a new holant
instance €,,. Any assignment o of Q,, with o(u') # o(u”) and o(v') # o(v”) is called a
near-assignment of €.

Recall that Z(€2) is the total weight of all assignments of a holant instance Q (see (2)).
Define
Q)= Y Z(Quy) (9)

{u,w}CV

to be the total weight of all near-assignments.

Note that assignments of €, , which are not near-assignments of {2 according to Definition 47
do not satisfy both disequality constraints. The contribution of these assignments to the parti-
tion function Z(€,,) is thus 0; hence Z’(€2) is indeed the total weight of all near-assignments.

Lemma 48. For any n-variable holant instance Q) which uses only functions in P, we have
Z'(Q) < 2n*Z(Q).

Proof. Let Q = (V,C) and note that |V| = n. Recall the definition of pps-formula (Defini-
tion 12). Like any CSP instance, Q can be viewed as a pps-formula 1) with no free variables.
The atomic formulas of 1 correspond to the constraints in C.

Given any pair of distinct variables u,v € V, let v, , be the pps-formula obtained from
by removing the (bound) variables u and v and introducing four new free variables, wy, wa, ws
and wy. The two occurrences of u in atomic formulas are replaced with wi and ws. The two
occurrences of v in atomic formulas are replaced with ws and wy.

By construction, the function fy, , represented by the pps-formula v, , (see the text below
Definition 12) is in (). But P is a functional clone (see Lemma 22), so fy, , (21, 72,23, 24) € P.

The construction of v, , guarantees that for any pair of distinct vertices u, v, we have

Z(Q) = Z fwu,v <w7x7y7 y) (10)
x,y€{0,1}

Furthermore,

Z f¢u,v(x’1_$ayal_y)

z,y€{0,1}
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is exactly the value Z(€,,) arising in Definition 47. Thus, by (9), the total weight of near-
assignments of () is

o Y fe@l-zyl-y)

{uv}CV a,ye{0,1}

< YD f4,,(0,0,0,0)

{u,v}CV z,y€{0,1}

< (Z) 4 Z(Q) < 202Z(Q).

Here, the first inequality uses Lemma 9 and the second inequality uses (10). O

An edge-weighted multigraph is a multigraph in which each edge e is assigned a non-negative
rational weight w(e). Given an edge-weighted multigraph G, a matching of G is a subset
M C E(G) such that each vertex is incident to at most one edge in M. The weight of M,
denoted w(M), is the product of the weights of the edges in M. A matching M is perfect if
every vertex is incident to exactly one edge in M. A matching M is nearly perfect if every vertex
is incident to exactly one edge in M, except for two vertices which are not incident to any edges
in M; the concept of near-perfect matchings will be important in Lemma 54. The total weight
of perfect matchings of the multigraph G is defined by Zpm(G) = >, w(M), where the sum
is over all perfect matchings M of G. The total weight of near-perfect matchings is similarly
defined as Znpm(G) = D), w(M), where the sum is over all near-perfect matchings M of G.

Define WtEven3 C B3 to be the set of all ternary functions f with f(0,0,0) = 1 and

£(0,0,1) = £(0,1,0) = f(1,0,0) = f(1,1,1) = 0.

Observation 49. The set WtEven3 contains ®s3. Also, for every f € SDPj3, other than the all-
zero function, f (O 0,0) > 0. Furthermore, by Lemma 42, f is zero on inputs of odd Hamming
weight. Thus WtEven3 contains a scalar multiple of f

An even assignment of a holant instance 2 = (V,C) is an assignment o with the property
that there is an even number of 1 spins in the scope of each constraint. Formally, o : V' — {0, 1}
is an even assignment if, for all constraints ¢ € C,

lo(ve)l =Y o(w)=0 (mod 2),

WEVe

where the sum is over all variables w in the tuple v, with their correct multiplicities. If all
constraint functions in the holant instance are taken from WtEven3, then only even assignments
contribute to the partition function, as the contribution of each constraint is zero unless an even
number of the variables in its scope are 1.

Any holant instance using only constraint functions in WtEven3 can be transformed into the
problem of counting perfect matchings on an edge-weighted graph with non-negative rational
edge weights, as shown in the following definition and lemma. This result is different from
known results reducing the problem of computing holant values to counting perfect matchings
on edge-weighted graphs, which generally use negative edge weights, even when the constraint
functions satisfy parity conditions [8, Lemma 2.25 & Theorem 2.28].

Definition 50. Suppose that Q = (V,C) is a holant instance using only constraint functions
in WtEven3. Let G” = (V" E") be the edge-weighted multigraph defined as follows:

e G contains three distinct vertices ¢!, ¢, ¢®) for each constraint ¢ € C.
e (" contains the following weighted edges for each ¢ = (v, f.) € C:

— an edge {cV), ¢} with weight f.(1,1,0),
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I

T2 T3

Figure 2: A constraint ((x1,x2,x3), f) in a holant problem using only constraint functions from
WtEven3 corresponds to a triangle in the edge-weighted graph constructed in Definition 50.

— an edge {c1), c®)} with weight f.(1,0,1), and
— an edge {¢?,c®)} with weight f.(0,1,1).

These edges are called edges within triangles.

e G furthermore contains an edge {c¥,d)} with weight 1 for any pair of distinct con-
straints ¢,d € C and any i,j € {1,2,3} such that the same variable appears in the i-th
position of v. and in the j-th position of v4. Finally, G” contains an edge {c(i), c(j)} with
weight 1 for any ¢ € C' and any pair i,j € {1,2,3} with ¢ < j such that the same variable
appears in both the i-th and j-th position of v.. These edges are called edges between
triangles.

Note that G” may not be simple. For example, if some variable appears in position 1 and
position 3 of a constraint ¢ € C' then G” has the edge {c¢(V), ¢(®} with weight f.(1,0,1) but also
the edge {c(V), ¢®} with weight 1.

The “triangle” terminology is used because the graph G” can be constructed by taking the
graph representation G’ of Q as defined in Observation 28 and then expanding each vertex of
G’ into a triangle, as shown in Figure 2.

The following lemma relates the total weight of perfect matchings Zpyi(G”) to the partition
function Z(Q2) of the corresponding holant instance.

Lemma 51. Given any n-variable holant instance Q0 using functions in WtEven3, let G” be the
corresponding edge-weighted multigraph according to Definition 50. Then Zpy(G") = Z(Q).

Proof. Let Q = (V,C) and G"” = (V" E"). Note that all assignments contributing a non-zero
weight to the partition function Z(2) are even since the constraint functions have support only
on inputs of even Hamming weight.

We define a weight-preserving bijection between the sets

€ = {0 : 0 is an even assignment of Q} and
M = {M : M is a perfect matching of G"}.

Consider o € £. For every variable v € V, there is exactly one between-triangles edge e, =
{c®,d9)} € E” where ¢,d € C such that v appears in the i-th position of v, and in the j-th
position of vg4. Let S, = {e, : o(v) = 0}. This set is a matching because each vertex in
V" is incident on exactly one between-triangles edge, and S, is a subset of the edges between
triangles. Let T, be the following subset of within-triangle edges:

T, = {{c@,c(ﬂ')} cc€ C with o(veli]) = a(velj]) = land 1 <i < j < 3} .

A portion of the set M, = S, UT, is illustrated in Figure 3. We will show that M, is a
perfect matching. To see this, consider some vertex ¢(¥ € V. which corresponds to a variable
ve[i]. If o(v[i]) = 0 then ¢ is matched by an edge in S,, this edge is unique in S, as there is
only one edge between triangles incident on any given vertex. Furthermore, ¢(?) cannot appear
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Figure 3: Suppose that the assignment o maps (x1,x2,23) — (1,1,0). The thickened edge
labelled “1” is in S, and the other thickened edge is in T,. The dashed edges are not in M,.

Figure 4: The different matchings for a triangle, where thick lines denote edges in the matching
and dashed lines denote edges not in the matching.

in any edges in T,. If o(v,[i]) = 1 then ¢¥ cannot appear in any edges in S,. Yet since o is
even, there must be a unique j € {1,2,3} \ {i} such that o(v.[j]) = 1, and thus a unique edge
in T}, which is incident on ¢®. Thus M, is indeed a perfect matching.

Conversely, given M € M, define an assignment of {2 based on whether e,, the unique
between-triangles edge corresponding to variable v, is in M:

() 0 ife, € M,
oy (v) =
M 1 otherwise.

This definition fully specifies oj; and each assignment specified in this way is even. The latter
property arises because for M to be a perfect matching each triangle must satisfy one of the
following two properties, cf. Figure 4:

e either, none of the within-triangle edges and all three adjacent between-triangle edges are
in M, or

e one of the within-triangle edges and one of the adjacent between-triangle edges are in M.

A matching can contain at most one edge of a triangle, so this covers all cases. Thus, ops € £.
It is straightforward to see that the maps ¢ — M, and M — o); are inverse to each
other. Hence they define a bijection between £ and M. It remains to show this bijection is
weight-preserving.
Consider o € &, then w(o) = [[ . fe(o(ve)). Recall that all edges between triangles have

weight 1, so
w(My) = [] wle) = [] wle).
e€M, e€Tls
Observe from Definition 50 that for any {c¢,c0)} € T,, w({cD,cD}) = fo(o(v.). Let C' =
{c € C :|o(ve)| = 2}, where |-| denotes the Hamming weight, then w(M) = [[.cor fe(o(ve)).
But o is an even assignment and f.(0,0,0) =1 for all ¢. Thus w(o) = w(M,). O

Lemma 52. Given any n-variable holant instance Q using functions in WtEven3, let G” be
the corresponding edge-weighted multigraph according to Definition 50. Then Zyppy(G") <
nZ(Q)+ Z'(Q).
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Proof. Let Q = (V,C) where n = |V|. We now define three sets. Let

M = {M | M is a near-perfect matching of G” with w(M) > 0}.
A={(v,0) | v €V and o is an even assignment of Q with o(v) = 0}, and
B = {(u,v,0) |u €V and v € V are distinct and o is an assignment of €, that is
even at all constraints except ((v',u”), NEQ) and ((v',v"), NEQ)}.

Since the only assignments of Q that contribute to Z(2) are even assignments, we have
Z(w r)ed Wo < nZ(2). Similarly, since the only assignments of €, ,, that contribute to Z (2, ,)
are even at all ternary constraints, Z(uﬂ]’ o)eB Wo = Z'(92). We will define a weight-preserving
injection 7 from M into AU B.

Consider M € M. Every vertex of G” is incident to exactly one edge in M except for two

(41)

vertices, which are not incident to any edges in M. Say that these two vertices are c;

(iz)

and
for some ci,co € C and i1,12 € {1,2,3}. Note that ¢; might coincide with cp and i; might

commde with i, but c 7& c(l2 .

Now, for every variable v € V there is exactly one between-triangle edge, say {cg’ cz(f“)},
such that v occurs in position position i3 of ¢3 and position i4 of ¢4. The idea will be to define
onm(v) € {0, 1} based on whether this edge 1s 1n M.

First, if {C3 C4 } is disjoint from {c1 ,Cy 2)} we make the following definition, which is

similar to the construction in the proof of Lemma 51:

() = {0 AT e,
M 1, otherwise.

(11)

Now recall that cgil) and cziZ) are not matched in M. There are two cases to consider,

depending on whether {cgil), cgz)} is an edge of G” or not. In each case, we define 7(M) and
argue that it is weight-preserving. Later, we will argue that 7 is an injection.

Case 1. Suppose that {cgil), cgz)} is an edge of G”. In this case, there is exactly one variable
v for which op7(v) is not defined by (11) and this variable v is in position i; of ¢; and position iy
of ¢a. So define o/ (v) = 0 and define 7(M) = (v, opr). The fact that w(M) = w,,, is similar to
the argument that we already made in the proof of Lemma 51. Let M’ be the perfect matching
of G” consisting of M and the edge {cgil),c;iz)}. Since {cgil) (21 is a between-triangle edge
(with weight 1), we have w(M') = w(M). Since opr(v) =0, the assignment oy coincides with
the assignment o) constructed in the proof of Lemma 51 so w,,, = w,,,. But we have already
argued, in the proof of Lemma 51 that o)y = w(M’). So we have proved that w(M) = wy,,.
Since w(M) > 0, this ensures that o)/ is an even assignment, so 7(M) € A.

Case 2. Suppose that {c&ll) (i) } is not an edge of G”. Then there are exactly two
variables uq and wug for which UM(’LLl) and oy (ug) are not defined by (11). Variable u; appears
in position i; of ¢; (and somewhere else). Variable ug appears in position iy of ¢a (and somewhere
else). Consider the instance €, 4, constructed as in Definition 47. Suppose that the variables

replacing uy in €y, 4, are v} and uf with «) appearing in c(1 ) and that the variables replacing

ug in Qy, 4, are v, and uf with uf, appearing in cg 2) Then set om(u)) = onm(uhy) = 0 and
om(uf) = op(uy) = 1. This gives an assignment for €, ,, which satisfies the disequality
constraints and which has an even number of spin-1 variables in each ternary constraint. So
define 7(M) = (u1,u2,0n) and note that 7(M) € B and (using the same arguments as in the
proof of Lemma 51) that w(M) = oy
To conclude the proof, we must ar%ue tl(la;c 7 is an injection. This is straightforward. From
i1) 19
}

(v,0) € A there is a unique edge {c; of G” corresponding to v. Leave this out of
M and recover the rest of the 1ntersect10n of M and the between-triangle edges of G” using
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Equation (11). There is a unique extension to the edges within triangles which gives a near-
perfect matching of G where ngl) and 0212) are unmatched. Similarly, given (u1,u2,0) € B it
is easy to identify the between-triangle edges of G” corresponding to u; and us. Leave u; and
ug unmatched in M and recover the rest of the between-triangle edges of M from (11). Again,

there is a unique extension to edges within triangles. O

Observation 53. Let G = (V, E) be an edge-weighted multigraph in which each edge e € E
has a non-negative rational weight w(e). Let d be the least common denominator of the positive
edge weights of G. Let G' = (V, E’) be the unweighted multigraph defined as follows. For each
{u,v} €V, let {e1,...,ex,,} be the set of edges from u to v in E. The number of edges {u,v}

in E' is defined to be dZ?Z{ w(e;). Similarly, for each v € V, let {e1,..., ey, } be the set of
self-loops on v in E. The number of self-loops on v in E’ is defined to be d Z?”Zl w(ej). Then
ZPM(G/) = d'v‘/QZpM(G) and ZNPM(G/) = d‘v|/2_1ZNpM(G)

Proof. Let n = |V|. Let H be an edge-weighted multigraph with the same vertices and edges
as G except that the weight of each edge e is dw(e). Since each perfect matching of G has
n/2 edges and each near-perfect matching has n/2 — 1 edges, Zpy(H) = dV?Zpym(G) and

Znpm(H) = dV? 1 Znpum(G). Note that all of the edge-weights of H are non-negative integers.
Then it is easy to see that Zpy(G') = Zpm(H) and Znpm(G') = Znpm(H). O

Observation 53 allows us to use the following result, where M,,(G) denotes the number of
perfect matchings of a 2n-vertex multigraph G, and M,,_1(G) is the number of near-perfect
matchings of G. While the result was originally stated for graphs, its proof also applies to
multigraphs.

Lemma 54 ([17, Corollary 3.7]). Let q be any fized polynomial. There exists an FPRAS for
| M, (G)| when the input is restricted to be a 2n-vertex multigraph G satisfying |Mp—1(G)| <

q(n) [My(G)|.
Theorem 55. Suppose that F is a finite subset of SDP3. Then #CSP(F) has an FPRAS.

Proof. If F contains the all-zero function fy, then any instance §2 of #CSP(F) which contains
a constraint using fj satisfies Z(2) = 0. The property of whether € contains a constraint using
fo can be checked in polynomial time. Thus, #CSP(F) <ap #CSP(F \ {fo}). In other words,
it suffices to consider sets F that do not contain the all-zero function.

By Lemma 46, we have #CSP(F) <4p Holant(F, ®s), where F = {f : f € F}. For any

f € F, since f is not the all-zero function and all values are nonnegative,

Cr :f(0,0,0):é Z f(fﬁ,y>z)>0-

x7y7’z€{071}

Let f"(z,y,2) = c}lf(x, y, z) be a normalised version of the Fourier transform of f, and let 7" =

{f":feF} Then Holant(]?, @®3) =ap Holant(F”, ®3). Now, F C SDP3, so by Observation 49,
F"U{®3} C WtEven3. Hence, given any instance 2 of the problem Holant(F”, ®3) we can use
Definition 50 to construct an edge-weighted multigraph G” so that, by Lemma 51, Z(Q2) =
Zpm(G”). Let n be the number of variables of 2. To avoid trivialities, we assume n > 1.

By Lemma 52, Znpm(G”) < nZ(Q) + Z'(Q) and by Lemma 48, Z'(Q) < 2n2Z() so
ZNPM(G”) < 377,2ZPM(G”).

Using Observation 53, it is easy to define an unweighted multigraph G’ such that Zpy(G') =
d‘V(G//)|/2ZpM(G”) and Znpm(G') = d‘V(GNWQ_lZNpM(G”), where d is the least common de-
nominator of the positive edge weights of G”.

The FPRAS for computing Zpp () from Lemma 54 can be used to approximate Zpy(G')
which gives an approximation to Zpy(G”) = Z(9).

30



As #CSP(F) <ap Holant(F”, ®3), this implies the existence of an FPRAS for #CSP(F).
O

Corollary 56. For all functions f € P N By, the problem #CSP(f) has an FPRAS.

Proof. Let f'(x,y,2) := f(x ® 2,y ® z), then #CSP(f) <ap #CSP(f’) by Lemma 45. Further-
more, f € SDP3 by Lemma 44, so #CSP(f’) has an FPRAS by Theorem 55. Therefore, there
exists an FPRAS for #CSP(f). O

4.4 Non-monotone nontrivial non-lsm functions

The remaining case in the statement of Theorem 2 is that of a nontrivial non-lsm non-monotone
function.

Lemma 57. If f € By is nontrivial and non-lsm, and both f and f are non-monotone, then
#CSP(f) does not have an FPRAS unless NP = RP.

Proof. Suppose f is nontrivial and non-lsm, then ad < bc by Observation 3 and a,d are not
both zero.

If fo1fi0 < 0, then both (f) N By and (f) N By are non-empty by Lemma 40. Hardness
then follows by Theorem 1 and Lemma 25, noting that the reduction used in the latter result
is actually a simulation (cf. the proof of Lemma 39).

Hence, suppose instead that fy1fi9p > 0. Without loss of generality, assume both Fourier
coefficients are nonpositive, i.e.

a+c<b+d, (12)
a+b<c+d. (13)

(If instead both Fourier coefficients are nonnegative, replace f with f’ := f, then #CSP(f") =ap
#CSP(f) by Observation 23 and f'y;, f’1o are both nonpositive by Observation 7. Furthermore,
the assumptions of the lemma remain unchanged since both f and f are non-monotone and the
properties of being nontrivial and non-lsm are invariant under bit-flips.)
Adding (12) and (13) gives
a <d. (14)

The function f is monotone if a < b < d and a < ¢ < d. Without loss of generality, it suffices to
consider two non-monotone cases: b < a or d < b; if only c fails to satisfy monotonicity, replace
f(z,y) by f(y,x) and proceed as before. By Observation 8, swapping the variables swaps the
Fourier coefficients fy1 and fig, so the assumption that both are nonpositive remains valid.

If b < a, then (12) implies that ¢ < d. But multiplying these two inequalities yields be < ad,
contradicting the assumption that f is non-lsm.

Thus the only case to consider is
d < b, (15)

which together with (13) implies
a<c. (16)

We distinguish two subcases.

1. Suppose that equality holds in both (12) and (13). Then, by adding or subtracting the
two equations, we find a = d and b = c. Since f is nontrivial, b # 0, so let f' := % - f. As
constant factors can be absorbed into AP-reductions, we have #CSP(f) =4p #CSP(/f’).
Now, f’ is an antiferromagnetic Ising function and, by [16, Theorem 3|, #CSP(f’) does
not have an FPRAS unless NP = RP.
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2. We may now assume that at least one of (12) and (13) is a strict inequality. If (12) is
strict, let up(z) := Eyf(y,x), which satisfies up(0) = a + ¢ < b+ d = up(1). Otherwise,
(13) is strict, so up(z) := 3_, f(x,y) satisfies up(0) = a +b < c+d = up(1l). In either
case, up is a strictly increasing unary function in (f). It is also permissive as (14), (15)
and (16), together with nonnegativity of all values, imply that (a+b) and (a+ c¢) are both
strictly positive. By Lemma 25, #CSP(f,up) <ap #CSP(f).

Now, according to Lemma 24, there exists up’ € By such that #CSP(f,up’) <ap
#CSP(f,up) <ap #CSP(f). It thus suffices to show that #CSP(f, up’) does not have an
FPRAS unless NP = RP.

Following from Observation 19, 6; € (f,up’),p. We can therefore pin inputs to the value 1.
In particular, down(z) := f(x,1) is a unary function in (f,up’),, p; it is strictly decreasing
as f(0,1) =b>d = f(1,1) by (15). It remains to check that down is permissive. To see
this, note that f is nontrivial and 0 < a < d. Together, these two properties imply that
d > 0, because 0 = a = d would make f trivial. So down is indeed permissive. Using
Lemma 25 again, we find that #CSP(f,up’,down) <ap #CSP(f). But, by Theorem 1,
#CSP(f,up’,down) does not have an FPRAS unless NP = RP; the same condition thus
applies to #CSP(f).

By exhaustive analysis of all cases, ‘we have therefore shown that, whenever f is a nontrivial
non-lsm function and both f and f are non-monotone, #CSP(f) does not have an FPRAS
unless NP = RP. O

4.5 Proof of Theorem 2

We now have all the pieces required to prove the main theorem of this section.
Theorem 2 (restated). Let f € Bs.

1. If f is trivial, then #CSP({f}) is in FP.

2. Otherwise, if f is ferromagnetic:

(a) If ]?01]/“\10 < 0, then #CSP({f}) is equivalent to #BIS under AP-reductions.
(b) Otherwise, #CSP({f}) has an FPRAS.

3. Otherwise, if both f(x,y) and f(1 —x,1 —y) are non-monotone, then #CSP({f}) does
not have an FPRAS unless NP = RP.

The only cases not covered by Theorem 2 are when either function f(z,y) or function
f(1 —2,1—y) is monotone. We address these cases to some extent in the next section.

Proof. For Property 1, note that any trivial binary function f is in N, and #CSP(f) has an
FPRAS by Theorem 30. R R

If f is a nontrivial binary Ism function whose Fourier coefficients fyp; and f1o have opposite
signs, then there exists up € (f) N By and down € (f) N By by Lemma 40. Thus, #CSP(f) is
#BIS-hard by Lemma 35. It is also #BIS-easy by [6, Theorem 47]. This establishes Property 2a.

If f is a nontrivial binary lsm function whose Fourier coefficients fo; and fig are both
nonnegative or both nonpositive, then by Observations 7 and 23, it suffices to consider the case
f01, f10 > 0: otherwise, replace #CSP(f) with #CSP( f), which is AP-interreducible with the
former. Now, foo > 0 for all f € B2 by the definition of the Fourier transform, and fu >0
for the given f by Lemma 41, so all Fourier coefficients of f are nonnegative. The problem
#CSP(f) thus has an FPRAS by Corollary 56, which proves Property 2b.
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If none of the above cases apply, f is nontrivial and non-lsm. Now, if both f and f are
non-monotone, then, by Lemma 57, #CSP(f) does not have an FPRAS unless NP = RP. This
is Property 3.

We have thus established all the desired properties. O

With the current state of knowledge, it is possible to determine the complexity of #CSP(f)
in some cases beyond the ones given in the above theorem. As we noted earlier, if f is a
nontrivial anti-ferromagnetic monotone symmetric function, the complexity of #CSP(f) can be

determined, but there is no known closed form that indicates when the counting CSP has an
FPRAS and when it cannot have an FPRAS unless NP = RP, cf. Theorems 31 and 32 (from

[18]).

5 Permissive unaries from pinning

In this section, we consider the following question: Given a set of functions F, when does
(F,d0,01) contain both a strictly increasing permissive unary function and a strictly decreasing
permissive unary function? In Section 5.1 we prove Theorem 58 which shows that if (F, dg, d1)
does not contain these, then F satisfies (at least) one of three specified properties. In Section 5.2
the goal is to identify a large functional clone that does not contain both a strictly increasing
permissive unary function and a strictly decreasing permissive unary function. The clone MON,
from [1] fits the bill, but in some sense it is a trivial solution since it does not contain both d
and §1. Theorem 59 identifies a clone that is strictly larger than MON and contains dy and d;
but still does not contain both a strictly increasing permissive unary function and a strictly
decreasing permissive unary function.

5.1 Condition for having both kinds of unaries

The following theorem shows that, unless each element of a set of functions F satisfies certain
monotonicity conditions on its support, the clone (F,dy,d1) contains both a strictly increasing
and a strictly decreasing permissive unary function. Recall from Section 2 that f denotes
the bit-flip of a function f, F the set containing the bit-flips of all the functions in F, and a
pure function is a constant times a relation. Furthermore, recall from Section 2 that f € B is
monotone on its support if for any a,b € Ry such that a < b it holds f(a) < f(b).

Theorem 58. Let F be a set of functions in B. Then at least one of the following is true:
1. Every function in F is pure.
2. Every function in F has the following properties

e it is monotone on its support, and

e its support is closed under V.
Furthermore, there is some function f € F such that f is not monotone on its support.
3. F satisfies Property 2.
4. (F,d0,01) N By and (F,d0,61) N By are both non-empty.

Proof. We distinguish cases according to the monotonicity properties of functions in F.
Case 1. Suppose there exists a function f € F which is not monotone on its support and a
function g € F such that g is not monotone on its support (these may be the same function).
As f is not monotone on its support, there must be a pair a,b € Ry such that a < b and
f(a) > f(b) > 0. By pinning in all places where a and b agree, we can obtain a function
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'€ (f,00,01) satisfying f’(0,...,0) > f/(1,...,1) > 0. Then down(z) := f'(x,...,z) €
(f,00,61) N By . Similarly, as g is not monotone on its support, there must be a pair ¢,d € R,
such that ¢ < d and 0 < g(c) < g(d). By pinning, we obtain a function ¢’ € (g, do, d1) satisfying
0 <4'(0,...,0) < ¢(1,...,1), and thus a unary function up(z) := ¢'(z,...,x), which is in
(g, d0,01) N By . Hence, F satisfies Property 4.

Case 2. Suppose all functions in F are monotone on their support and there exists a
function f € F such that f is not monotone on its support.

One possibility is that the supports of all functions in F are all closed under V. In this case,
F satisfies Property 2. Otherwise, there exists a function g € F whose support is not closed
under V, that is, there are a,b € R, such that aV b ¢ R,. Again, g may be the same as f, or
they may be distinct.

Since f is not monotone on its support, there exist c,d € Ry such that ¢ < d and 0 <
f(c) < f(d). By pinning and identification of variables, we can therefore realise a permissive
unary strictly increasing function up € (f, dp, 1) as in Case 1.

We will now show that we can also realise a permissive unary strictly decreasing function.

By pinning in all places where a and b agree, we may assume that aVb = (1,...,1) and
aAb=(0,...,0). Furthermore, by identifying all pairs 7, j of variables such that a[i] = a[j]
(and thus b[i] = b[j]), we obtain a function h(z,y) € (g, do,d1) such that h(0,1),h(1,0) # 0
but A(1,1) = 0. Let a = h(0,0), b = h(0,1), ¢ = h(1,0), where b,c > 0 and a > 0, and define

2
/ . _(a* be
) = et = (5, ).
Let ug := up(0) and wu; := up(1); these values satisfy 0 < ug < u;. Now,

Z R (0,y)up(y) = a*ug + beuy > beug = Z R (1,y)up(y),
ye{0,1} yef{0,1}

so down(z) := 3 h'(z,y)up(y) is strictly decreasing. It is also permissive since bc # 0 and
ug > 0, hence F satisfies Property 4.

Case 3. Suppose that for all functions g € F, g is monotone on its support and there exists
a function f € F such that f is not monotone on its support.

The first step in Case 3 is to note the following equivalent formulation: All functions in F
are monotone on their support and there exists a function f € F such that f is not monotone
on its support.

Then, we can apply the argument from Case 2 to F to find that either F satisfies Property 3,
or (F,d0,01) N By and (F,dy,d1) N By are both non-empty. Note that the bit-flip operation is
its own inverse and that furthermore 6y = 6; and 6; = 8. Thus, if there is a permissive strictly
increasing function up € (F, 8y, 1) N By, then up € (F, 5, d1). But 0 < up(0) < up(1) implies
0 < up(1) < up(0), so up € By . Similarly, if down € (F, 8y, 61)NB; then down € (F, g, d1) NBT.
Hence, if (F, &y, 1) N By and (F,dy,d1) N B are both non-empty, then F satisfies Property 4.

Case 4. For all functions f € F, both f and f are monotone on their support.

One possibility is that all functions in F are pure. In this case, Property 1 is satisfied.
Otherwise, there exists a function g € F whose range contains at least two non-zero values.
In this case, we show that there are both a unary permissive strictly increasing and a unary
permissive strictly decreasing function in (g, g, d1).

As g is not pure, we can find a,b € R, such that 0 < g(a) < g(b). These two tuples a,b
must then be incomparable, otherwise g and § could not both be monotone on their support.
Pin in all places where a and b agree, then identify all pairs of inputs ¢, j such that ali] = a[j]
and b[i| = b[j] to obtain a binary function h(z,y). Without loss of generality, we may suppose
this function satisfies h(0,0) = g(a A b), h(0,1) = g(a), h(1,0) = g(b), and h(1,1) = g(aV b)
(otherwise replace h(z,y) with h(y, x)).
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Now, g and g both being monotone on their support also requires that there be no ¢ € R,
which satisfies ¢ < aA b or ¢ > aV b. In particular, a A b and a V b cannot be in the
support of g. Hence h(0,0) = h(1,1) = 0 and ¢ is a weighted disequality function. We assumed
0 < g(a) < g(b), which implies 0 < h(0,1) < h(1,0).

Let down(z) ==}, h(z,y)h?(y,x) and up(z) := >y h2(x,y)h(y, x), then

down(0) = h(0,1)R%(1,0) = g(a)g*(b) > g(b)g*(a) = h(1,0)h*(0,1) = down(1)
up(0) = h*(0,1)h(1,0) = g*(a)g(b) < g*(b)g(a) = h*(1,0)(0,1) = up(1).

Both functions are permissive and in (g, dg, d1). Therefore, Property 4 holds.
This concludes the analysis of all cases. O

Remark. Properties 1, 2, and 3 of Theorem 58 are disjoint.

Properties 2 and 3 being disjoint is immediate. For Properties 1 and 2, note that if f is a
pure function, then both f and f are monotone on their support. Thus, Property 1 is disjoint
from Property 2. If all functions in F are pure, then all functions in F are pure, so an analogous
argument applies for Property 1 and Property 3.

Remark. If F satisfies Property 1 of Theorem 58, then the complexity of #CSP(F, do,d1) can
be determined via the approximation trichotomy for Boolean #CSP in Theorem 29 from [12].
If F satisfies Property 4, then the complexity of #CSP(F, dp,d1) is determined by Lemma 25
and Theorem 1. So if the complexity of #CSP(F, dg,d1) is unresolved (up to the granularity of
Theorem 1) then F or F satisfies Property 2.

5.2 Condition for the absence of permissive strictly decreasing functions

In this section the goal is to identify a large functional clone that does not contain both types
of permissive unary functions (the two types being strictly increasing and strictly decreasing).

We start by defining the clone MON, using definitions from [1, Section 10]. Given a k-ary
function f, let ~; be the equivalence relation on [k] given by i ~¢ j if, for every a € {0, 1}
f(a) # 0 implies afi] = a[j]. If ~¢ is the equality relation, f is said to be irredundant. By
identifying variables in the equivalence classes of ~, any function f can be transformed into
an irredundant function ff. Note that any subset of variables of a function f can be identified
using the closure operations of a functional clone (cf. Lemma 14), whether or not they are in
the same equivalence class.

Recall from Section 2 that a function g € By, is monotone if for any a, b € {0,1}* with a < b
we have g(a) < g(b). The function f is in MON if fT is monotone. Bulatov et al. [1, Theorem 62]
have shown that MON is a functional clone.? It does not contain a strictly decreasing permissive
unary function, so in some sense it is a solution to the problem stated in the previous paragraph.
However, it also does not contain dg, so, in some sense, it is a trivial solution.

Theorem 59 below identifies a clone that is strictly larger than MON and contains dg and d;
but still does not contain both types of permissive unary functions.

Theorem 59. There is a functional clone Pin-MON containing d9 and 61 such that MON
is a strict subset of Pin-MON and Pin-MON contains no strictly decreasing permissive unary
functions.

In order to define Pin-MON, we use the following definition.

Definition 60. A function f € B is pin-monotone if the following condition holds for fT. Let
k = arity(f") and suppose that a,b € {0, 1}* satisfy

e afj] =0 and b[j] = 1 for some j € [k],

2Bulatov et al. [1] define MON in a slightly different but equivalent way.
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e afi] =b[i] for all i € [k] \ {j}, and

o fi(a) > fib),
then

1. ff(b) =0, and furthermore

2. fT(c) = 0 for every ¢ € {0, 1}* such that c[j] = 1.
Let Pin-MON be the set of all pin-monotone functions.

In other words, f is pin-monotone if, for every pair of bit strings a and b that differ only
in one bit, with a < b and ff(a) > fT(b), this implies that ff(b) = 0 and furthermore implies
that fT(c) = 0 for all input bit strings ¢ that agree with b on the bit where it differs from a.

Lemma 61. The pinning functions dy and 81 are pin-monotone.

Proof. Since they have arity 1, both dg and §; are irredundant. Then, §; is pin-monotone
because for any a,b € {0,1}, a < b implies d;(a) < d§;(b).

For dg, there are bit strings a, b satisfying the three conditions of Definition 60, namely a = 0
and b = 1. But then the two implications required by that definition are trivially satisfied, since
dp(1) = 0. Thus, Jp is also pin-monotone. O

Lemma 62. MON C Pin-MON.

Proof. To show MON C Pin-MON, consider f € MON and let k = arity(f7). By the definition
of MON, fT is monotone. We will show that fT is pin-monotone, which implies that f is also
pin-monotone.

To this end, suppose that there are a,b € {0,1}* such that a[j] = 0 and b[j] = 1 for some
j € [k], and a[i] = b[i] for all i € [k] \ {j}. Then by monotonicity of ff, ff(a) < ff(b). Hence
fT is trivially pin-monotone. We conclude that f is pin-monotone, so, since f was an arbitrary
function in MON, we conclude that MON C Pin-MON.

To show that the inclusion is strict, note that Jp is not monotone because dp(0) > dp(1), yet
it is pin-monotone by Lemma 61. Therefore, MON C Pin-MON. O

Lemma 63. The set Pin-MON is a functional clone.

Proof. The irredundant version of EQ is the constant function EQf(z) = 1 for z € {0,1}.
Hence EQ is pin-monotone, as there is no pair of bit strings a, b differing in one bit such that
EQf(a) > EQ(b).

To show that Pin-MON is a functional clone, it remains to show that the set is closed under
permutation of arguments, introduction of fictitious arguments, product, and summation (see
Lemma 14).

e It is straightforward to see that permuting arguments does not destroy the property of
being pin-monotone, so Pin-MON is closed under permutation of arguments.

e Consider the effect of introducing a fictitious argument: let h(x,y) = f(x), where f €
Pin-MON. The fictitious argument is in an equivalence class of its own since h(x,0) =
h(x,1) for all x € {0,1}*%({), Hence ht(x,y) = fT(x). Let k = arity(f!). We look at
input bit strings to A that differ in exactly one bit and distinguish cases according to
whether that single bit is the fictitious bit or not.

Case 1. Suppose there exist a,b € {0, 1}**! such that a[j] = 0 and b[j] = 1 for some
j € [k], a[i] = b[i] for alli € [k+1]\{j}, and hf(a) > hf(b). Let a’, b’ be the first k bits of
a, b, respectively. Then ff(a’) > fT(b’). Thus, by pin-monotonicity of f, ff(b’) = 0 and
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fT(c') = 0 for all ¢’ € {0,1}* such that ¢/[j] = 1. This implies hf(b) = 0 and hf(c) =0
for all ¢ € {0, 1}**! such that c[j] = 1.

Case 2. If a,b € {0, 1}**! such that a[k + 1] = 0 and b[k + 1] = 1 and a[i] = b][i] for all
i € [k], then hf(a) = h(b) by definition.

Hence h is pin-monotone, which implies that the set of pin-monotone functions is closed
under introduction of fictitious arguments.

To show closure under taking products, let h(x) = f(x)g(x), where f,g € Pin-MON.

If there exist 4,7 € [arity(f)] with ¢ # j such that f(x) # 0 implies x[i] = x[j], then
h(x) # 0 implies x[i] = x[j], so ¢ and j need to be identified to make the irredundant
function Af. The same holds for any pair of variables that are in the same equivalence
class for g. Hence, hf(x) = f'(x)¢(x), where f’ arises from fT by identifying some subset
of the variables (namely, variables that are in the same equivalence class for g but not f),
and similarly for ¢’ and ¢'.

Let k = arity(h') and suppose a, b € {0, 1}* satisfy a[j] = 0 and b[j] = 1 for some j € [k],
a[i] = b[i] for all i € [k]\ {j}, and hf(a) > hf(b). Then, f'(a) > f'(b) or ¢’(a) > ¢'(b) (or
both). Assume the former; in the other case, the argument is analogous with g in place
of f.

The function f’ arises from f! by identifying some variables. In particular, suppose the j-
th variable of f’ results from identifying variables ¢1, . .., ¢, of f1 for some positive integer
m. Let a’ be the extension of a that satisfies a’[p] = a’[q] for all pairs p,q € [arity(fT)]
such that variable z;,, was identified with variable x, in going from fTto f/, and let b’ be
the analogous extension of b. Then ff(a’) = f’(a) > f'(b) = fT(b’). Furthermore, for all
5 € [m], a'[ls] = 0 and b'[¢,] = 1. Finally, for all i € [arity (fT)]\ {f1,...,4n}, a'[i] = b'[i].

To use the pin-monotonicity property, we need two input bit strings for f1 that differ in
exactly one bit. If m = 1, then a’ and b’ are such a pair. Otherwise, we will identify two
suitable bit strings from a sequence of (m+ 1) bit strings, whose first member is a’, whose
last member is b’, and where neighbouring members differ in exactly one bit. Formally,
define the sequence ag,ay,...,a,, as follows. Let ag = a’ and for s € [m], let a, be the
bit string that agrees with a’ except on the bits with indices ¢1,...,#s. Then, a,, = b’
and furthermore, for each s € [m], a;_1 and a, differ in exactly the bit with index ¢s. In
other words, as_1[¢s] = 0, as[ls] = 1 and a,_1[i] = a,[i] for i € [arity(f1)]\ {£s}.

Since fT(ag) > fT(a,), there is an integer ¢ € [m] such that ff(a;_1) > fT(a;). Then,
by pin-monotonicity of f, we have ff(a;) = 0 and ff(c) = 0 for all ¢ € {0, l}aritY(fT)
with c[¢;] = 1. In particular, b’[¢(;] = 1, so we have fT(b’) = 0 and thus f'(b) = 0 and
hi(b) = f'(b)g'(b) = 0.

It remains to show that Af(d) = 0 for all d € {0,1}* that agree with b on the j-th bit.
Suppose d € {0,1}* with d[j] = 1. Let d’ be the extension of d that satisfies d’[p] = d’[q]
for all pairs p, ¢ € [arity(fT)] such that variable x,, was identified with variable z, in going
from f! to f’. Then d'[{;] = 1 since the variables with indices /1,...,#,, are identified
to form x; in going from ff to f/. Thus f7(d’) = 0, which implies that f’(d) = 0 and
rt(d) = f'(d)g’(d) = 0. Hence, h is pin-monotone and Pin-MON is closed under products.

Finally, consider the effect of summation over a variable: let h(x) = f(x,0) + f(x,1),
where f € Pin-MON. We distinguish cases according to whether the final input variable
of f is equivalent to another input variable.

Case 1. The final input variable of f is in an equivalence class of its own. Then hf(x) =
fT(x,0) + fT(x,1). Let k = arity(h") and suppose there exist a,b € {0,1}* such that
a[j] = 0 and b[j] = 1 for some j € [k], a[i] = b[i] for all i € [k] \ {j}, and h'(a) > hT(b).
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Then either fT(a,0) > fT(b,0) or fT(a,1) > ff(b,1) (or both). In either case by pin-
monotonicity of f we have ff(c,d) = 0 for all d € {0,1} and ¢ € {0,1}* with c[j] = 1.
Therefore, hf(c) = fT(c,0) + fT(c,1) = 0 for any such c: that is, A is pin-monotone.

Case 2. The final input variable of f is equivalent to the /-th input variable of f, where
¢ € [arity(f) — 1]. Then h(x) = f(x,0) + f(x,1) = f(x,x[{]) for all x € {0, 1}ty
since f(x,y) is 0 unless y = x[¢]. Furthermore, hf(x) = f'(x,x[{]), where f’ arises from f
by identifying all variables in the same equivalence classes, except the /-th and the final
variable. But f/(x,x[¢]) = fT(x) since identification of two variables that are always equal
does not change the value of the function. Therefore hf(x) = ff(x), and pin-monotonicity
of f immediately implies pin-monotonicity of h.

Hence, Pin-MON is closed under summation.

This concludes the proof. O

We can now prove the central theorem of this section.

Theorem 59 (restated). There is a functional clone Pin-MON containing dg and 01 such that
MON s a strict subset of Pin-MON and Pin-MON contains no strictly decreasing permissive
unary functions.

Proof. Recall that Pin-MON is the set of all pin-monotone functions. This is shown to be a
functional clone in Lemma 63. The pinning functions &g, d; are in Pin-MON by Lemma 61.
Furthermore, by Lemma 62, we have MON C Pin-MON.

Now let f be an arbitrary strictly decreasing permissive unary function, i.e. f(0) > f(1) > 0;
then f is irredundant. The bit strings a = 0, b = 1 satisfy the three conditions of Definition 60
for f. Yet f(b) # 0, so f is not pin-monotone. Since f was arbitrary, this establishes that
Pin-MON does not contain any strictly decreasing permissive unary functions. O

As the pinning functions are contained in Pin-MON, we also have the following corollary.

Corollary 64. For any F C Pin-MON, (F,d0,01) does not contain any strictly decreasing
permissive unary functions.
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