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Abstract

As machine learning systems become increasingly capable—often surpassing human
performance—they present both a challenge and an opportunity for understanding.
These complex systems may operate in ways that are distinct from human reasoning,
making them difficult to interpret. Yet, they also hold the potential to reveal new
knowledge and support critical decisions in domains such as healthcare, science,
and education.

This thesis examines interpretability as a means of understanding and learning
from machine learning models. We focus on two central goals: (1) to understand
what and how knowledge is encoded in machine learning models and (2) to extract
that knowledge in a form that is meaningful and accessible to humans. To this
end, we propose a structured pipeline with four stages: identifying explanation
desiderata, locating encoded knowledge or concepts, verifying that the concepts
influence model behaviour, and translating the concepts into a human-interpretable
form. Within this framework, we adapt existing methods where appropriate and
develop new ones where necessary—selecting the approach best suited to the task.
Our focus is not only on methodological development but also on understanding
how these methods behave and the assumptions they make.

Different parts of the thesis contribute to each stage of this pipeline. We
begin by investigating how models encode knowledge: first, by analysing the
linear representation hypothesis and then examining the universality of concept
representations in multilingual language models. We then shift to the user-facing
side of interpretability. We study how to make explanations more user-friendly by
leveraging uncertainty to generate realistic and unambiguous explanations. Finally,
we apply the full pipeline to develop a framework for extracting novel concepts from
AlphaZero and teaching them to chess experts. This final study illustrates how
interpretability can help bridge the gap between artificial and human understanding.
Together, these contributions advance our understanding of and ability to learn
from machine learning systems, laying the groundwork for future research at the

intersection of artificial intelligence and human insight.
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1.1 Motivation

At the core of human nature is an innate drive to understand and learn. Humans
are inherently curious; we seek to make sense of the world around us. From early
childhood, we display a persistent curiosity [Gopnik et all [1999], which leads
us to explore, ask questions, and build an understanding of how things work.
This curiosity is vital for our development—shaping how we learn, reason, and
make decisions [Kidd and Hayden, [2015]. Over time, this drive has led not only
to individual growth but also to collective progress, resulting in scientific and
technological advances that shape our society. Understanding is more than a source
of insight—it is a foundation for growth and discovery.

The field of machine learning presents new opportunities for understanding and
learning. We are observing a paradigm shift as models surpass human performance
across various domains. However, these systems may operate in ways that are

distinct from human cognitive processes and understanding how these models operate



2 1.1. Motivation

Figure 1.1: A cartoon of a human peeking into an Al system. This image captures the
central idea of this thesis: looking into Al systems to gain a deeper understanding of
them and discover new knowledge. This image was generated using DALL - E 3.

remains an open question[l] This has given rise to interpretability research, which
aims to understand and learn from the inner workings of these complex systems.
We can think about leveraging these systems in different ways:

1. (AI — Humans): using Al systems to model humans and the world
2. (Humans — AI): humans understanding Al systems

3. (Humans <> Al): learning from Al systems about humans and the world
These three directions are closely connected and often build on each other. We

elaborate on each in the paragraphs below.

ATl — Humans, World With the emergence of extensive datasets across various
domains, Al systems are increasingly used to model real-world phenomena. One
of the reasons neural networks are effective is their ability to approximate most
functions of interest under some mild assumptions |Leshno et al.,[1993]. This allows
them to capture complex mechanisms and has led to breakthroughs across different
domains. For example, Al systems can discover new biological structures |Jumper

et al) [2021]. In cognitive science, Al systems are used to model large-scale

'Even if these processes were the same, human cognition itself is not yet fully understood.
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behavioural data, generating new hypotheses about human cognition [Kuperwajs
et al., 2023 Peterson et al., 2021].

Humans — AI Al systems may operate in a manner that is distinct from
humans [Kosoy et al., [2023] |Geirhos et al., [2022]. To understand how these models
operate, we can explore questions such as: What knowledge do they encode? How
do they encode knowledge? How do they reason over knowledge? Understanding
how models operate is important for improving performance, safe deployment, and,

as we will later explain, learning from these systems.

Al +» Humans Al systems have surpassed human performance across a range of
domains |OpenAl, 2025 Phan et al 2025]. Given this superhuman performanceﬂ
we may want to extract new knowledge from these systems. By learning the
fundamental principles behind their decisions, we can extend upon and complement
our existing collective knowledge. For example, in healthcare, a highly predictive
model can be used for diagnosis. However, understanding how the model works
may give insight into the cause of disease and prognosis — how the disease develops
— which are crucial for prevention and treatment.

These three directions — using Al to model humans and the world, understand-
ing Al systems, and learning from Al to generate new knowledge — are deeply
interconnected. Understanding how models operate improves our ability to use
them as scientific tools, both to study human behaviour and to extract insights
about the world. In turn, these insights can be used to refine and improve the
models themselves, creating a feedback loop between humans and Al systems.
Interpretability is central to this process, helping us to both understand and learn
from these systems. However, despite its importance, deploying interpretability is
far from simple. In the next section, we introduce the field of interpretability and

explain why understanding machine learning systems is challenging.

1.2 Interpretability

Modern machine learning models are complex systems that often learn from vast
amounts of data. These models typically rely on high-dimensional, non-linear

transformations to extract patterns from this data and make predictions. However,

2We use superhuman performance to refer to cases where the Al system outperforms humans
on a given task. A more detailed discussion of this term can be found in Sections and [7}
However, models do not need to outperform humans for this to be valuable. Even models that
reason differently — using heuristics or strategies unfamiliar to us — may offer valuable insights.
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unlike rule-based systems that follow explicit interpretable logic, deep learning
models do not provide a clear step-by-step explanation of how decisions are made.
As such, they are often difficult for humans to interpret and are commonly described
as black boxes.

At its core, interpretability aims to explain machine learning models in a
way that is understandable to humans [Doshi-Velez and Kim, 2017]. One way
to think about understanding a model is as the ability to mentally simulate its
decision-making process [Lipton|, 2018| — similar to reading a manual, where you
can work through each step in your mind. However, as machine learning models
have grown in scale, manually performing their computations becomes infeasible.
For example, consider Llama-3-7B [Dubey et al., [2024], which contains 7 billion
parameters. If a human were to manually compute a single forward pass, performing
one operation (such as multiplication or addition) per second, the process would
take hundreds of years. Understanding the model would likely require more than a
single forward pass. This complexity highlights the need to find new approaches
to understand how these models operate.

Interpretability focuses on developing new methods to improve our understanding
of machine learning models. These methods vary in both the aspects of the model
they explain — such as the input, internal representations, or output — and the
form they take, ranging from prototype-based explanations to text explanations to
finding evidence of a concept encoding in the model’s representation space. Often,
rather than explaining the entire model, the goal is to provide insights that are
useful and relevant to the intended application or setting.

Interpretability can be used for various purposes, such as improving performance,
ensuring safety, or enabling knowledge discovery. The most appropriate approach
depends on the domain, as different settings introduce different considerations and
requirements. For example, in the context of identifying biomarkers in healthcare,
the primary goal is to uncover explanations that align with causal mechanisms in
human physiology. In such cases, we may emphasise realism — ensuring that the
explanation captures the true underlying data-generation process, and focusing on
less whether it captures the behaviour of the model. In contrast, in the context
of AI safety, we care more about the faithfulness of the explanation — ensuring
that it accurately reflects the model behaviour. For example, if we want to detect
potentially harmful or deceptive behaviour, we want to find behaviour that is
implemented and used by the model. Beyond the domain, factors such as the data
modality and model architecture can impose further constraints on the types of

explanations that are suitable. While saliency maps can provide useful visual insights
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for continuous real-valued data, such as images, they are not suited for discrete
input data, where alternatives, such as prototypes of counterfactual explanations,
may perform better. Given these varying goals and constraints, a natural next
question is how we can design interpretability methods that help us both understand

these systems and extract meaningful insights from them.

1.3 Thesis Contributions

Interpretability is an active and evolving field. As models become more capable
and are applied to increasingly complex domains, there is an ongoing need for
interpretability methods that are both effective and well-suited to the task. In
this thesis, we focus on designing interpretability methods to better understand
and learn from Al systems. Our goal is two-fold:

1. To understand what and how knowledge is encoded in machine learning

models.

2. To identify how this knowledge can be extracted in a human-interpretable
form.

We consider a range of settings with different data modalities, constraints,

and end users. Despite these differences, our work builds towards a common

interpretability pipeline for uncovering knowledge encoded in models, and making

that knowledge accessible to humans.

This pipeline consists of the following components:
o Identify Explanation Desiderata (Chapters , and @ We begin
by identifying the requirements that explanations must meet. These vary
depending on the context, the data type, the model architecture, and the

intended audience.

+ Identifying Knowledge Encoded in Model Representations (Chap-
ters[3] [ and [6). We examine the model’s internal representations to determine
what information is encoded and how it is organised in the latent space.
Throughout this thesis, we often isolate the concept or phenomenon of interest
by contrasting the model’s behaviour across two carefully constructed datasets.
This contrastive approach provides fine-grained control over what is being

analysed, while remaining broadly applicable across domains.

« Verify the knowledge influences the model behaviour (Chapters
and @ Neural networks are expressive enough to encode many features by

chance — features that may not be used in decision making (see Appendix [Al).
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To ensure our findings from the previous step are meaningful, we test whether

the knowledge is used by the model.

« Extract the knowledge in a human interpretable form (Chapters
and @ Finally, we develop methods to extract the encoded knowledge into
a form that is understandable to humans. The goal is to bridge the gap
between the model’s internal representations into a form that humans can
understand, and potentially learn from. In this thesis, we focus primarily
on prototypical examples — representative instances that capture the class or
concept of interest.

This thesis contributes to each stage of the pipeline. We adapt existing methods
where appropriate and develop new ones where necessary—choosing the approach
best suited to the problem at hand. From a technical perspective, we focus not
only on method development but also on understanding how these methods work

and the assumptions they rely on.

1.4 Thesis Structure

The thesis consists of four main parts.

Part I: Foundations. The first part provides a general background on inter-
pretability research, providing an overview of the field, including explanation desider-
ata, methods and evaluation. This section provides the foundational background

necessary for the subsequent chapters.

Part II: Understanding Knowledge Encoding in Models. This section
explores how machine learning models represent and encode knowledge.

o Chapter 3: Understanding the Linear Representation Hypothesis.
This chapter investigates a common assumption about how models encode
knowledge — the linear representation hypothesis (LRH), which posits that
knowledge is encoded linearly in the model’s representation space. We examine
the assumptions behind this hypothesis, focusing on polysemanticity, spatial
dependence, and the influence of interventions across layers. We use the LRH

in later chapters (Chapters 4 and 6).
This chapter builds on A. Nicolson, L. Schut, J. A. Noble, and Y. Gal. Explain-

ing explainability: Recommendations for effective use of concept activation
vectors. Transactions on Machine Learning Research, 2025. Accepted February
2025
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o Chapter 4: Universal Representations in LLMs This chapter inves-
tigates how knowledge is encoded in large language models — specifically,
whether these models learn universal representations or language-specific

representations.

This chapter builds on L. Schut, Y. Gal, and S. Farquhar. Do multilingual llms
think in english? Building Trust Workshop at the Thirteenth International

Conference on Learning Representations, 2025a

Part III: Human-Interpretable explanations This part shifts focus from

internal representations to the human side: how to create explanations that are
understandable to users.

o Chapter 5: Generating Explanations This chapter focuses on creating

prototypical explanations that are easy for users to understand. In particular,

we use uncertainty estimates to generate explanations that are both realistic

and unambiguous.

This chapter builds on L. Schut, O. Key, R. Mc Grath, L. Costabello,
B. Sacaleanu, M. Corcoran, and Y. Gal. Generating interpretable coun-
terfactual explanations by implicit minimisation of epistemic and aleatoric
uncertainties. In A. Banerjee and K. Fukumizu, editors, Proceedings of The
24th International Conference on Artificial Intelligence and Statistics, volume
130 of Proceedings of Machine Learning Research, pages 1756-1764. PMLR,
13-15 Apr 2021

o Chapter 6: Knowledge discovery in chess. This chapter combines
both thesis goals. Here, we explore how we can extract novel concepts from
AlphaZero, an Al system that plays chess at a superhuman level. The aim is
to uncover knowledge that is not known to humans and teach it to human
experts. As in Chapter 4, we find concepts using a contrastive approach, but
here, we operate in an unsupervised setting, which requires developing a new
method. Building on Chapter 5, we extract concepts as prototypical examples,

which we then teach to experts through a proof of concept human experiment.

This chapter builds on L. Schut, N. Tomasev, T. McGrath, D. Hassabis, U. Pa-
quet, and B. Kim. Bridging the Human-AI Knowledge Gap through Concept
Discovery and Transfer in AlphaZero. Proceedings of the National Academy
of Sciences, 122(13):€2406675122, 2025¢. doi: 10.1073/pnas.2406675122



8 1.4. Thesis Structure

Part IV: The final part reflects on the contributions of this thesis. It summarises
the main insights and outlines future directions for interpretability as a tool for

understanding and learning from machine learning systems.
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Foundations
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This chapter provides a general overview of the field of interpretability. Where

necessary, we include additional background in later chapters.

2.1 Defining Interpretability

In this section, we discuss what interpretability means in the context of machine
learning. There is an ongoing debate around the definition of interpretability. Some
commonly cited definitions include:

A method is interpretable if a user can correctly and efficiently predict
the method’s results [Kim et al., 2016].

The ability to explain or present [the model] in terms understandable to
a human [Doshi-Velez and Kim| [2017].

An interpretable ML model obeys a domain-specific set of constraints to
allow it to be more easily understood by humans. These constraints can
differ dramatically depending on the domain. |Rudin et al., 2022].

11
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Despite differences in phrasing and emphasis, these definitions share several
common themes. Below, we summarise key components that are frequently cited
in the interpretability literature:

o User comprehensibility: the target user can understand the explana-

tion |[Kim et al., 2016, Doshi-Velez and Kim)| 2017, |Adadi and Berrada, 2018,
Gilpin et al., 2018].

o Model faithfulness: the explanation should accurately reflect the model’s
inner workings [Doshi-Velez and Kim, [2017, |Gilpin et al., 2018]

o Data alignment: the explanation should reflect the (training) data [Murdoch
et al., 2019).

« Relevant to the output: the explanation should explain or influence the
model’s output or decision [Kim et al.; 2016, Miller, 2019, Molnar|, 2020].

o Domain-specific: the explanation should incorporate domain-specific as-
pects |Rudin|, 2019, Murdoch et al., |2019, |[Rudin et al., 2022].

There may be an inherent trade-off between different components of inter-
pretability. One example is the tension between model faithfulness and user
comprehensibility. A faithful explanation accurately reflects the model’s internal
mechanisms but may be too complex or unintuitive for users to understand.
Adversarial examples [Szegedy et al.l 2013, |Goodfellow et al., 2014] illustrate this
tension well. An adversarial example is a minimal perturbation to an input, typically
measured by the L, or L, norm, that changes the model’s prediction. In some
sense, these examples are explanations: they provide a counterfactual explanation
— an alternative input that changes the prediction of the model. However, these
perturbations are often imperceptible to humans and therefore may not be as easily
understood. On the other hand, a more intuitive explanation may oversimplify the
model’s reasoning. Therefore, while easier to understand, this explanation may no
longer be faithful to the model’s inner workings. This dichotomy was highlighted
by |Kim| [2022], who suggested that the reason for this trade-off may lie in that
humans and AI do not share a common language.

This trade-off raises a deeper question: what exactly do we want from the
definition of interpretability in machine learning? A definition is a statement that
explains the meaning of a word or phrase |Cambridge Academic Content Dictionary,
2023|. However, to be useful in the context of machine learning, a definition must also
possess the quality of being operationalisable, meaning that it should be something

we can measure or describe within a machine learning framework [Lipton, [2018].
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In this thesis, we take a practical approach to interpretability. Rather than
aiming for a single, universal definition, we focus on the usefulness of explanations
within a given context. We treat interpretability as a tool — it supports a specific goal,
and the form should adapt accordingly. For example, if the goal is to understand
model behaviour — for instance, in the context of safety or debugging — then
the emphasis should be on model faithfulness. The explanation should help us
understand the model’s internal mechanisms and how they influence the output.
Conversely, if the goal is to use interpretability to discover new knowledge, the focus
should shift toward accurately capturing patterns in the underlying data-generating
process. In this case, some deviation from model internals may be acceptable as
long as it captures the true causal mechanisms within the domain. This task-
dependent view allows for flexibility. It acknowledges that different objectives
may require different trade-offs — and that no single definition of interpretability
can serve all purposes equally well.

This framing also reduces the relevance of the distinction often drawn between
interpretability and explainability. Some argue that interpretability refers to whether
a model’s components can be directly understood — for example, through sparse
weights or decision rules — while explainability refers to post hoc methods applied to
black-box models [Flora et al. [2022]. In this work, we do not distinguish between
the two terms. Following Kim et al.| [2016] and Molnar [2020], we treat both as
referring to the broader goal of producing explanations that support understanding,

regardless of whether they are intrinsic to the model or externally applied.

2.2 Why Interpretability?

Following the idea that interpretability should be defined relative to its intended
use, the natural next question is: why do we want interpretability? In this
section, we summarise several common motivations for interpretability. For a

more comprehensive discussion, see Lipton| [201§].

Safety and Robustness As Al systems are increasingly deployed in real-world
settings, ensuring that they behave reliably and as expected is of critical importance.
This applies not only to safety-critical applications, such as healthcare or autonomous
driving, but also to high-impact systems like large language models, which affect
millions of users. Models can exhibit unexpected behaviours — for instance,
sycophancy, where a model insincerely agrees with user assertions [Sharma et al.,

2023| or goal misgeneralisation, where a model performs well during training but



14 2.2. Why Interpretability?

fails in new settings due to internal objectives that are misaligned with the intended
goal [Shah et al.| [2022, Denison et al., 2024]. Interpretability can help surface these
types of alignment failures by uncovering heuristics or internal rewards the model
has learned. In some cases, it can also shed light on the origin of these behaviours —
whether they emerge from architectural biases or are learned, and which training

examples may have contributed to the behaviour [Koh and Liang, 2017].

Building Trust Interpretability plays an important role in building trust between
machine learning systems and their users, particularly in high-stakes settings such
as healthcare and finance. By providing explanations, practitioners are better
positioned to evaluate whether the model’s reasoning aligns with their specialised
domain knowledge and ethical standards. This supports epistemic trust [Fonagy
and Allison, [2014] — the willingness to treat information as credible and relevant
for decision-making. Previous work has shown that domain experts are more
likely to adopt machine learning systems when they are able to question and
validate the model’s reasoning process |[Doshi-Velez and Kim, 2017]. As such,
interpretability is a necessary component for responsible deployment and sustained

practitioner confidence.

Figure 2.1: Learning from machine-unique knowledge, modified from Kim)| [2022] with
permission. Teal represents human knowledge and pink represents knowledge encoded
in Al systems. In the context of knowledge discovery, we are interested in extracting
machine-unique knowledge from the shaded region (M — H).

Human Knowledge (H) Machine Knowledge (M)

Knowledge discovery Interpretability is a powerful tool for scientific discovery.
As machine learning models are applied to increasingly large and high-dimensional
datasets, they offer the potential to reveal new insights and provide domain experts

with new hypotheses. In cognitive science, for example, extensive datasets are
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leveraged to model and better understand human cognitive processes [Kuperwajs
et al. [2023, Peterson et al., [2021]. In medicine, models have identified new
structures |[Jumper et al., 2021], and markers associated with a disease [Lundberg
et al., 2018, Kermany et al.. 2018].

Another avenue for discovery is analysing Al systems that surpass human
performance, such as chess engines. These systems encode knowledge that may not
be known to humans and is not captured in human-constructed datasets. The goal
of interpretability in this context is to extract new knowledge from these systems.
The idea is summarised in Figure 2.1} where we distinguish between the space
of human knowledge (H), machine-unique knowledge (M), and the intersection
(M N H). Interpretability may allow us to access (M — H), thereby expanding
the boundaries of human knowledge (H).

Ethics and Accountability Interpretability plays a key role in evaluating
whether machine learning models behave in a fair, transparent, and responsible
way. In particular, it can help address ethical concerns across three important
areas: fairness, privacy, and accountability.

o Fairness: Interpretability methods can help uncover and address discrimina-
tory patterns by showing how a model’s predictions vary across demographic
groups. For example, saliency maps or counterfactual examples can reveal
whether a model relies on protected attributes—such as race or gender—either
directly or through correlated proxies |[Zemel et al., 2013| Barocas et al., 2019).
These insights allow for targeted audits of disparate impact and can guide

interventions to improve fairness.

e Privacy: In privacy-sensitive contexts like healthcare, interpretability can
help identify when a model inappropriately memorises or relies on sensitive
data. For example, analysing feature attributions can expose data leakage
or overfitting to individual records. Prior work has shown that models are
vulnerable to membership inference [Shokri et al., [2017] and reconstruction
attacks [Song et al), 2017]. In this context, interpretability is useful for

auditing privacy risks and evaluating privacy-preserving methods.

e Accountability and algorithmic recourse: Interpretability is critical for
ensuring compliance with Al regulations. Under the EU’s GDPR, individuals
have a right to an explanation when subject to automated decisions [Sartor
and Lagioia, 2020]. Beyond compliance, interpretability supports algorithmic

recourse—helping users understand how to change their inputs to receive
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different outcomes (e.g., loan approvals). This can increase transparency and

procedural fairness.

Debugging, Understanding and Improving Model Behaviour Interpretabil-
ity can be used as a tool to debug and improve models. By understanding how
a model operates, we can alter its training and inference behaviour — such as
improving reasoning skills [Huang and Chang, 2022, |Wei et al., [2023, OpenAl, 2024]
Similarly, when models fail unexpectedly, interpretability methods can help pinpoint
the underlying causes. These failure modes can span a wide range, from reliance on
spurious correlations to limitations in a model’s reasoning capabilities. For example,
interpretability can be leveraged to find bugs [as in Ribeiro and Lundberg, 2022] or
reliance on spurious correlations [Gajcin and Dusparic, 2022]. However, it can also
find more general behavioural limitations such as specific problems in inter-agent
dynamics [Omidshafiei et al., 2022] or limitations in multi-step reasoning [Yang
et al., 2024]. In this way, interpretability allows us to find the cause of problems,

which we can, in turn, use to improve models.

2.3 Practical Considerations in Interpretability

While interpretability is often useful, it is not universally necessary. In some
settings — particularly low-stakes or well-understood applications — explanations
may provide little added value. For example, in sorting or hashing algorithms,
the internal logic is already transparent and deterministic, making interpretability
tools redundant [Molnar| [2020].

Moreover, interpretability can come at a cost. Inherently interpretable models,
such as decision trees or linear models, may struggle to match the predictive
performance of more complex alternatives like deep neural networks, particularly on
high-dimensional or unstructured data. While post-hoc explanation methods allow
us to apply interpretability to black-box models, they often incur computational
overhead at inference, particularly when applied at scale.

Interpretability may lower the barrier to security attacks: while many systems
can already be reverse-engineered, explanations can make it easier for attackers to
identify vulnerabilities or design targeted manipulations. Conversely, explanations
themselves can be misleading or unfaithful-especially when generated post hoc [Slack
et al., 2020, Lipton) 2018|—creating a false sense of understanding or trust across

users. Careful consideration is therefore required not only in how interpretability
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methods are designed, but also in the safeguards and governance structures that
determine who can access them and under what conditions.

When correctly implemented, interpretability rarely poses a drawback on its
own, but, in some cases, other tools — such as empirical evaluation or fairness audits
— may be more appropriate. The arguments in this section should therefore be read
not as objections to interpretability, but as reflections on the factors that inform

when and how it provides the greatest benefit.

2.4 Explanation Desiderata

In the previous section, we discussed arguments both for and against the use
of interpretability. In this section, we explore what properties we want from an
explanation when we use interpretability methods. Unless otherwise stated, these

attributes are generally summarised from Lipton, [2018] and Molnar [2020].

Informativeness An explanation should be informative — users should be able to
understand and learn from explanations [Schut et al., 2025¢|. We want explanations
to contain information rather than noise. An informative explanation should help
users learn something new about the model, the data, or the task, enabling them to
form more accurate mental models of how the system operates. This is particularly
important in contexts where users need to make decisions based on the explanation,

or when explanations are used as a tool for scientific discovery or debugging.

Model Faithfulness Model faithfulness refers to the extent to which an expla-
nation captures the inner workings of a model, such as identifying features that
are encoded in internal representations or circuits that are used by the model.
An explanation that is not faithful fails to describe the true model behaviour —
either because it oversimplifies, abstracts away relevant complexity, or incorrectly
attributes mechanisms.

A related concept is fidelity, which measures how accurately the explanation
can predict the model’s output. Explanations that are faithful may not have high
fidelity. For example, we may identify a feature that is encoded in the model,
which, on its own, is not highly predictive of the output. Some methods, such
as LIME [Ribeiro et al., 2016] and SHAP |Lundberg and Lee, 2017|, offer high
fidelity but only locally — i.e., they accurately approximate model behaviour in a

neighbourhood around a given instance but do not generalise globally.
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Some researchers further introduce the notion of translucency, which characterises
the degree to which an explanation requires internal access to the model [Selvaraju
et al., 2017, Molnar], 2020]. Inherently interpretable models — such as linear regression
or decision trees — are translucent. In contrast, post-hoc explanation methods
for black-box models that rely on perturbing inputs and observing outputs, are
not translucent.

Faithful explanations are particularly important in high-stakes or safety-critical

domains, where misleading explanations could result in misplaced trust or oversight.

Human understandable The goal of interpretability is generally to provide
explanations to humans. As such, a core requirement is that explanations should
be understandable. This can take many forms: highlighting important features,
identifying representative prototypes, or describing logic through rules.

However, not all explanations are equally easy to understand. Some may
accurately describe model behaviour but remain too complex for human reasoning.
For example, complex neural circuits or highly abstract activation patterns may
be faithful to the model, but too difficult to follow. [Lipton| [2018] formalises this
idea with simulatability—the notion that a person should be able to mentally step
through the model’s decision process.

In some settings, human understanding is not essential. When the goal is to
improve model performance or uncover failure modes, the explanation does not need
to be intuitive. Adversarial examples are a clear case: although unintuitive, they can
expose vulnerabilities. Here, the explanation is useful to researchers or developers,
who do not need to fully understand the explanation to use it to improve the model.

Ultimately, the need for human interpretability depends on the audience and
purpose. When explanations are used to inform human decisions, they must be
accessible. However, when the goal is technical insight or safety analysis, clarity

may be secondary to informativeness.

Expressivity and explanation format Another important consideration is
the format of the explanation. Should the explanation be in the form of a vector,
written text, or a visual explanation, such as a saliency map? Different formats
are better suited to explain different aspects of the model — whether we are trying
to explain the representation space, the output, or the important aspects of the
input. For example, probing methods are well-suited to explain the latent space,

whereas counterfactual explanations are better suited to explain the input.
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Each format, however, comes with inherent limitations. Text is often easier to
understand as it aligns with natural human language. However, its use of discrete
tokens can limit expressivity compared to formats operating in continuous spaces.
Even within a given format, there are often additional constraints. For example,
many interpretability methods probe models using linear vectors. The linearity
assumption simplifies analysis and improves interpretability — but may overlook
more complex, non-linear behaviours.

In general, no single format is universally best. The most appropriate choice de-

pends on what aspect of the model is being explained, and who the explanation is for.

Global vs. Local explanations Explanations can be of different granularity.
Local explanations focus on explaining the model’s behaviour on a specific instance.
This property may be useful for algorithmic recourse — when we want to explain
the model’s behaviour for an individual. Alternatively, sometimes, we may want
a global explanation, which describes the model’s behaviour across the entire
dataset. This allows us to determine how the model performs at scale and whether

it is suitable for deployment.

Concise We want an explanation to be as concise as possible [Huysmans et al.,
2011, Laugel et al., 2019, Wachter et al., 2017, [Lahav et al.| 2018, Molnar, 2020,
Van Looveren and Klaise, [2021]. By creating a concise explanation, we can
avoid overloading an individual with information, ensuring the information can

be processed more easily.

Complete We may want an explanation to be complete: to explain all of the
model’s behaviour. [Yeh et al|[2020] underscored this requirement in the context of
concepts, where they evaluate how sufficient concepts are in explaining a model’s
decision. Alternatively, we may want an explanation to cover all components of
the model — the input, model components (e.g., neurons) and output. This is
closely related to decomposability, where each part of the model is expected to

have an interpretable explanation.

Realism Another desideratum is that the explanation should be realistic, which
is rooted in the idea that it should originate from a ‘possible world’” [Wachter et al.|
2017, |Schut et al, [2021]. This means that the explanation should accurately capture
the underlying data model. Realism can be important for several reasons. For

example, we may want this because it increases the likelihood that the explanation
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can predict unseen data, which is useful for scientific discovery. Another context in
which we may care about realism is algorithmic recourse, where users are provided
with actionable feedback. In such cases, realism ensures that the suggested changes

are feasible, and more likely to lead to the desired outcome in the real world.

Actionable [Pawelczyk et al, 2020, Rawal and Lakkaraju), 2020, |Schut et al., 2021]
In some contexts, particularly algorithmic recourse, we may want an explanation to
be actionable. An actionable explanation is one that users can use to intervene on,
and should empower users to make informed decisions or take proactive measures.
For example, consider an individual who is rejected for a bank loan. In this case,
the explanation should highlight factors the user can realistically modify to improve
their eligibility. Some factors — such as the number of outstanding loans — may
be more easily addressed than others, like the duration of their banking history.
The actionability of the explanation is critical in such settings, as it enables users
to understand not just why a decision was made, but also what they can do to

achieve a different outcome.

Consistency and Robustness FExplanations should be consistent with the
model’s behaviour. When the model generates a particular prediction, the ac-
companying explanation should not contradict it. This consistency between the
prediction and explanation is crucial for building trust in the model. Similarly, we
want an explanation to be robust, meaning that irrelevant information or noise
should not lead to a change in the explanation. Zafar et al. [2021] show that model
explanations are often not robust. (Crabbé and van der Schaar| [2023] examine

explanation invariance and equivariance.

Computational Complexity Another important aspect is the computational
complexity of the methods that generate explanations. In many settings, particularly
interactive applications, the explanation must be computed quickly enough to be
useful [Schut et al) 2021, [Van Looveren and Klaise, 2021]. Space complexity
is also a key factor, especially when deploying models at scale. Given the size
of current machine learning models, the computational burden of interpreting
entire models can be prohibitive. As a result, researchers often focus on analysing
selected components, such as individual neurons or layers, rather than attempting

to explain the model as a whole.
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Model-Agnostic These methods are not restricted to specific models, and
can be applied across a wide range of models. This desideratum, sometimes
referred to as portability |Lipton, 201§|, allows explanations to be generated without
requiring access to a model’s internal structure or parameters. These methods
are particularly useful in settings where only black-box access to the model is
available or proprietary. However, this generality often comes at the cost of reduced

faithfulness to the model’s internals.

Target Audience Explanations should be tailored to their intended audience [Doshi-
Velez and Kim, [2017]. For example, explanations that highlight influential neurons
or weights may be useful for machine learning engineers, while domain experts
or general users may require explanations framed in terms of familiar concepts or
examples. Consequently, the form, complexity, and terminology of an explanation
should be adapted to match the user’s background and needs, ensuring that the

explanation is both accessible and useful.

Summary. Some desiderata may be at odds with others. We may need to focus
on some desiderata, while deprioritising others. For example, explanations that aim
to be complete may be less concise, while explanations that prioritise being model-
agnostic may be less faithful. Which desiderata are most important depends on the
specific use case and user group. In Table 2.1} we provide a high-level summary
of which desiderata are likely to be most critical in different contexts. This is not
intended to be prescriptive, but rather to highlight common priorities across settings
such as safety, trust-building, scientific discovery, ethics, and debugging. Moreover,
the entries should be interpreted as general (on average) tendencies — in practice,
the desiderata for specific use cases can vary considerably.

It is important to note that certain desiderata — such as computational complexity
and model agnosticism — are often more influenced by factors like model access,
scale, or deployment environment, rather than the specific application context.
For this reason, we omitted computational complexity and model agnosticism
from the table. For example, computational complexity is primarily influenced
by factors such as model size and deployment type (e.g., large-scale or interactive
settings). Similarly, model-agnostic methods may be necessary when model access
is unavailable, for example, in proprietary systems.

Different interpretability methods are better suited to different settings. In
the next section, we summarise key categories of interpretability methods and

outline which desiderata they tend to prioritise.



Table 2.1: Importance of explanation desiderata across different interpretability motivations. Symbols indicate relative importance: o o e=
high importance, ee= medium importance or depends on context, e= not critical. Gen = general public, Exp = domain expert, ML =
machine learning practitioner.

2.4. Explanation Desiderata
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Safety and Knowledge  Ethics and Model
Explanation desiderata robustness Trust discovery  accountability Behaviour
Informativeness oo ' XY XX '
Faithfulness eoce XX ° eoe 'YX
Human understandable oo XX XY XX °
Concise ° oo oo XX °
Complete ' XX ° ') ')
Realism ° ° XX XX °
Actionable oo ° ° XX eoe
Consistency oo eoe oo 'Y 'Y
Global vs local Both Either Either Either Either
Target audience Exp, ML Gen, Exp Exp Gen, ML ML
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2.5 Interpretability Methods

In this section, we provide a brief overview of different interpretability methods.

Feature-based explanations These methods explain model decisions by high-
lighting the importance of individual features or attributes in the input data.

Feature-based explanations have been explored in various domains, including

language [Karpathy et al.| 2015] and computer vision [Olah et al., [2017].

The most well-known techniques are Local Interpretable Model-agnostic Explana-
tions (LIME) [Ribeiro et al.,|2016] and Shapley Additive Explanations (SHAP) [Lund
berg and Lee| 2017]. LIME explains the model predictions by learning a sparse

linear regression that identifies the relative feature importance. SHAP estimates
the marginal contribution of each feature towards the model prediction, averaged
over all possible predictions. Both methods are post-hoc and generally focus on
local explanations, although global variants exist.

However, these methods are known to suffer from limitations, including instability
under small input changes and a lack of faithfulness to the model’s true decision-
making process [Alvarez-Melis and Jaakkola, [2018b|, Slack et al., |2020]. Some

researchers have suggested modifications of both methods to improve consistency,

reliability and computation efficiency [Slack et al., |2021].

Concept-based Methods Concept-based methods explain model predictions

using high-level abstractions, or concepts. These are designed to be more inter-

pretable to human users, especially domain experts [Bau et al., 2017, Kim et al.|
2018, [Alvarez-Melis and Jaakkolal, 2018¢, [Koh et al., [2020] Bai et al., 2022] [Achtibat]
, . Such explanations have been shown to be useful in scientific and
biomedical domains, where decisions are often grounded in expert-defined concepts
rather than low-level features [Graziani et al., 2018, Sprague et al., 2019, |Clough|
et all, 2019, Bouchacourt and Denoyer, 2019, [Yeche et al.| 2019, [Sreedharan et al.
2020, Mincu et al., [2021, [Jia et al., 2022].

Since the introduction of concept activation vectors (CAVs) [Kim et al., 201§,
several methods have extended or adapted this approach. For example,
2019] introduce causal formulations of concepts. Zhang et al.| [2020] and Schrouff
propose methods to generate local concept explanations in addition to
global ones. [Yeh et al. [2020] focus on identifying concepts that sufficiently explain

model predictions, while Ramaswamy et al. [2023] aim to improve the faithfulness

and controllability of concept representations.
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Recent work has also explored discovering concepts with or without supervision.
In supervised approaches, models are often probed using a labelled dataset of
concept exemplars [Kim et al., 2018]. When going beyond supervised concepts
derived from human labels [Yeh et al., 2020, |Ghorbani et al., 2019¢, Ghandeharioun
et al.; 2021], concepts may be expressed via example sets of data points [Yeh et al.,
2020, (Ghorbani et al.l 2019¢| or by generating new data [Ghandeharioun et al., 2021].

Saliency-based methods Saliency-based methods identify which parts of the
input are most influential for the model’s prediction. These methods work directly
on the input space and produce saliency maps that assign importance scores
to individual input components, such as pixels or tokens. Unlike feature-based
methods, which often aim to rank or describe the importance of features across
many predictions, saliency methods tend to provide local explanations — focusing
on the specific factors driving a single prediction.

There are several types of saliency-based methods. Gradient-based saliency maps
estimate the gradient of the model’s output with respect to the input |Baehrens
et al., 2010, Simonyan et al., [2013]. These gradients can be noisy, difficult to
interpret, and prone to saturation. To address these issues, several modifications
have been proposed, including adding noise and averaging the results [Smilkov
et al., 2017], interpolating gradients between a baseline and the input [Sundararajan
et al., 2017], modifying the ReLLU backpropagation |[Dosovitskiy et al., 2015], and
applying layer-wise relevance propagation [Bach et al., [2015].

Example-based methods Another family of interpretability methods is example-
based explanations. These methods explain model behaviour by presenting specific
examples, either from the training data or constructed inputs. One approach is
to use counterfactual explanations, which show alternative inputs that would have
led to a different outcome |[Wachter et al., 2017]. These highlight the minimal
changes needed to change the model’s decision, providing insight into important
features. Adversarial examples can also be seen as counterfactuals, but their goals
differ. They are inputs that are minimally perturbed but cause the model to
change its prediction [Szegedy et al., 2013| (Goodfellow et al. 2014]. While often
imperceptible to humans, they reveal vulnerabilities in the model’s behaviour and
can be used to probe its sensitivity. Influential examples identify training datapoints
that had the most influence on a given prediction [Koh and Liang, 2017]. By tracing
predictions back to key examples, we can uncover which parts of the training data

shaped a particular behaviour. Prototypical examples show inputs that are most
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representative of a concept or class [Kim et al., 2016]. They provide a reference point
that can help users understand what the model considers typical for a given category.
These methods are often model-agnostic and can be applied to a wide range of
models. However, they do not necessarily provide a unique explanation, as different
examples may offer different perspectives on the same behaviour. Depending on

the context, one approach may be more appropriate than others.

Rule-based methods These methods create explicit rules to explain the model’s
prediction. Some inherently interpretable models are rule-based; these learn rules on
a single feature [Holtel 1993], sequentially learn individual rules [Cohenl| [1995], and
take Bayesian approaches to learning rules [Letham et al., 2015, Yang et al., 2017].
These methods are often straightforward to interpret, and space and computationally
efficient. However, they are less suited to capturing linear relationships or complex
interactions between features [Molnar] 2020].

In addition to inherently interpretable models, rule-based explanations can be
applied post-hoc. For example, [Ribeiro et al.| [2018] propose Anchors, a method
that identifies a set of conditions under which the model’s prediction remains
stable. These rules aim to provide high-precision explanations that are easy

for users to understand.

Surrogate models Surrogate models are interpretable models that are trained to
approximate the behaviour of a more complex, black-box model [see, e.g., Bastani
et al., 2017]. They are flexible and model-agnostic, as they can be applied to
any predictive model by approximating its outputs on a given dataset. However,
this flexibility comes at the cost of faithfulness. The surrogate may not perfectly
capture the original model’s decision boundaries, especially in regions where the

model behaviour is highly non-linear or complex.

Mechanistic Interpretability Mechanistic interpretability is a subfield of in-
terpretability, that contains many different types of methods. The goal is to
reverse-engineer neural networks by mapping their learned weights and structures
into human-interpretable features, circuits, or graphs |[Cammarata et al., 2020,
Elhage et al., 2021]. The focus is on identifying how specific neurons, attention
heads, or subnetworks contribute to the model’s behaviour. This approach has
been applied across a range of models and domains, with methods such as feature
visualisation [Olah et all |2018], circuit analysis |Olah et al., [2020], activation patch-
ing [Meng et al., |2022] and sparse autoencoders (SAEs) [Cunningham et al., 2023].
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Mechanistic interpretability often takes a bottom-up perspective, analysing
the behaviour of individual units or small-scale circuits. However, as |Anthropic
[2023] note, there is also value in complementing this with top-down approaches—
starting from observable model behaviours and tracing them back to the respon-
sible components.

Recent work has also highlighted the challenge of superposition — where multiple
unrelated features are entangled within the same neuron or direction [Elhage et al.,
2022b). This adds complexity to mechanistic analysis, as components may not
map cleanly onto distinct or human-understandable concepts. For a more in-depth
review of mechanistic interpretability methods and their limitations, see |Bereska

and Gavves| [2024], Sharkey et al. [2025].

Intrinsically interpretable models Intrinsically interpretable models are de-
signed to be understandable by construction. Common examples include linear
regression [Gauss, 1809, [Legendre, |1805|, decision trees |[Breiman et al., 1984,
Quinlan|, [1986], k-nearest neighbours (KNN) [Cover and Hart, |1967], and rule-
based methods |[Cohenl|, [1995]. For example, in the context of regression, we can
understand the model’s behaviour by using the variable coefficients. The coefficient
is the model’s sensitivity to that feature — specifically, it measures the change in the
output for a unit change in the input feature, holding all other variables constant.

There is a large discussion on using inherently interpretable machine learning
models instead of post-hoc interpretability methods. Rudin [2019] argues that
inherently interpretable models are essential in safety-critical or high-stakes applica-
tions, as they provide more guarantees around the model behaviour than post-hoc
methods, which are less faithful and interpretable.

A commonly held belief is that there is an inherent trade-off between interpretabil-
ity and performance [Dziugaite et al., 2020]. Neural networks, which are typically
considered black-box models, can approximate any continuous function given
sufficient capacity, as formalised by the universal approximation theorem |Cybenkol
1989, |[Funahashil 1989, Hornik et al., |[1989]. In contrast, interpretable models
can potentially reveal the underlying data-generating process but may require
stronger assumptions, domain expertise, or careful design to achieve comparable
performance |[Rudin, 2019]. Moreover, black-box models may detect patterns
that are not easily discoverable by interpretable models, including behaviours or

structures previously unknown to domain experts.
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Summary. Table summarises how likely different interpretability methods
are to capture the different explanation desiderata. These summaries should
be understood as general tendencies — how likely each method is to support a
given desideratum varies in practice. However, within each category, methods
can vary considerably, and specific implementations may target these properties
more or less explicitly.

Moreover, some aspects are also context-dependent. For example, the realism
of an explanation depends not only on the method but also on how accurately
the underlying model reflects the true data-generating process. Similarly, the
actionability of an explanation will vary depending on the type of output it produces
and whether this output affords meaningful user interventions.

Finally, we excluded mechanistic interpretability from the table, as it is a group of
methods, each with different properties. Including it in the table would oversimplify

the diversity of the methods, and lead to misrepresentation.

2.6 Evaluation of Interpretability Methods

We have established that interpretability methods vary in type, the context they
are used in, and the desiderata they aim to address. Consequently, no single
evaluation approach can capture all aspects of interpretability across all settings.
Instead, the evaluation should be aligned with the specific claims made by the
method [Doshi-Velez and Kim, 2017].

Evaluation approaches can be broadly categorised into the following categories.

Correctness of the Explanation The correctness of the explanation measures
whether it captures the underlying (real-world) mechanisms. For example, whether
a feature-based method can accurately identify biomarkers. In some cases, the
correctness of an explanation can be directly evaluated against known ground
truth [Ribeiro et al., 2016, Arras et al., 2019} |Kim et al., 2018]. More generally, this
is often possible when constructing datasets so that we can control the ground-truth
generation process. To this end, [Yang and Kim| [2019] introduce a benchmark
and metrics to estimate feature importance.

Where direct evaluation is not possible, proxies are often used. A common
approach is to measure the impact on model accuracy after removing or perturbing
features identified as important by the method [Samek et al., [2016, [Fong and
Vedaldi, 2017, |Ancona et al., 2017, Hooker et al., 2019]. This approach, known

as feature removal or ablation, evaluates the selectivity of the explanation, i.e.,
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the method’s ability to correctly identify the most influential features [Montavon
et al., 2018]. More rigorous variants include protocols such as Remove and Retrain
(ROAR) [Hooker et al., [2019], where features are removed across the dataset and the

model is retrained, offering a more robust evaluation of feature importance estimates.

Sensitivity of Method to Changes in the Model For post-hoc interpretability
methods, it is difficult to evaluate the faithfulness of the explanation to the
model [Sundararajan et all 2017]. However, several proxies have been proposed.
These include measuring the sensitivity of explanations to model changes [Ade-
bayo et al., |2018, |[Heo et al., 2019] or to input perturbations |[Ghorbani et al.,
2019al, |Alvarez-Melis and Jaakkola), 2018a]. For instance, the model parameter
randomization test proposed by |Adebayo et al. [2018] involves randomising model
weights and observing if the explanation degrades accordingly. If explanations
remain unchanged despite the model being randomised, they may not reflect
the model’s learned knowledge.

Another approach is to evaluate implementation invariance, ensuring explana-
tions remain stable across functionally equivalent models [Sundararajan et al., 2017].
Practically, this involves evaluating explanations across differently parametrised or
even initialised models that produce identical outputs, and assessing the consistency

of the explanations.

Consistency This assesses whether explanations remain stable for similar or
near-identical inputs [Montavon et al., 2018]. High consistency is generally desirable,
as inconsistent explanations can erode user trust. Evaluation approaches often
involve measuring the similarity (e.g., using Jaccard similarity or rank correlation)
of explanations for perturbed versions of the same input or for inputs within a
local neighbourhood [Alvarez-Melis and Jaakkola, [2018a]. In some domains, such
as vision, consistency is also measured via metrics such as Intersection over Union

(IoU) for saliency maps generated for similar images [Hooker et al., 2019].

Completeness  This refers to whether the explanation fully captures the factors
contributing to the model’s prediction [Samek et al., 2016, Sundararajan et al.,
2017, [Yeh et al., [2020]. For instance, for concept-based methods, completeness can
be assessed by training a model to predict the original model’s output using only
the concept activations and reporting the fidelity of this approximation [Yeh et al.,

2020]. For feature attribution methods, completeness can be tested by verifying that
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the sum of feature attributions matches the change in the model output relative

to a baseline [Sundararajan et al., [2017].

Parsimonious Explanations should be as concise as possible, relating to the
desideratum of conciseness. Parsimony can be estimated by the model size |Guidotti
et al., 2018 Molnar et al., [2020], explanation complexity (e.g., number of features
and operations) [Slack et al., 2019 [Molnar et al.| [2020] or sparsity metrics. In
some settings, explanations can be evaluated along a complexity-fidelity trade-
off curve, where one measures fidelity at different levels of explanation complex-
ity [Lakkaraju et al., 2016].

Human Evaluation In some cases, human evaluation may be appropriate [Lakkaraju
et al., 2016, |Doshi-Velez and Kim, 2017, Ribeiro et al., 2016, |Lage et al., |2018|,
Narayanan et al., [2018, [Poursabzi-Sangdeh et al., [2021]. [Doshi-Velez and Kim| [2017]
introduce the following evaluation taxonomy for when to include human evaluation:

1. Application level: the end user should test the explanation.

2. Human level: the explanation should be evaluated by humans — these humans

do not need to be experts, but may be laymen.

3. Function level: the purpose of the explanation is to understand the model

behaviour. Therefore, this level can be done without human evaluation.

Summary and Practical Considerations In practice, robust evaluation of
interpretability methods benefits from combining multiple protocols to assess both
the functional fidelity and user-facing effectiveness of explanations. This could be a
combination of synthetic benchmarks, perturbation-based tests, and axiomatic
evaluations to verify correctness and robustness. Human-centred evaluations,
ranging from controlled user studies to real-world deployment trials, are important

for uses that exceed the functional-level analysis.

2.7 Problems in Interpretability

There are several open problems with interpretability methods. For example, as
highlighted by Leavitt and Morcos [2020]:

While these methods may be useful for building intuition, they can also
encourage three potentially misleading assumptions: that the visualization
is representative of the neuron’s behaviour; that the neuron is responsible
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for a clearly delineated portion of the task or the network’s behaviour; and
that the neuron’s behaviour is representative of the network’s behaviour.

This highlights core concerns around the faithfulness, sufficiency, and relevance
of explanations. Specifically, neuron-based explanations may not accurately reflect
the model’s internal mechanisms, nor can they ensure that the identified neurons
contribute directly or exclusively to the model’s predictions.

Below, we summarise some of the known problems in the field of interpretability.

Lack of Faithfulness FExplanations may not be faithful to the underlying model.
Adebayo et al.| [2018] show that saliency maps can produce similar visualisations
even when applied to untrained models, suggesting that these methods may not
reflect the true model logic or data-generating process. Similarly, Bilodeau et al.
[2024], Geirhos et al.| [2023] show that feature visualisations are processed very
differently from natural images and do not explain how natural input is processed.
Moreover, they show that feature visualisation can only be guaranteed to be reliable

if we already know how the model internals work.

Explanation is not used by the Model Interpretability methods may highlight
patterns present in the model, but this does not ensure that the model uses these

patterns when making predictions. This is highlighted in the following excerpt:

Units similar to those [hand-picked units] may be the exception rather
than the rule, and it is unclear whether they are essential to the function-
ality of the network. For example, meaningful selectivities could reside
in linear combinations of units rather than in single units, with weak
distributed activities encoding essential information. [Kriegeskorte, |2015]

This has been shown in practice. For example, Wiegreffe and Pinter| [2019] show
that attention mechanisms present in a model may be unused. Furthermore, Karimi
et al.| [2022] use causal inference to estimate the treatment effect of explanations
(E) on predictions (Y). They show that the relationship between the explanation

and predictions is often weak, and the gap is worse in high-performing models.

Limited Ability to Detect Model Failures Interpretability methods cannot
identify all model problems. |Adebayo et al.| [2020] investigate whether post-hoc
methods can be used for debugging and find that they are ineffective for detecting
mislabelled training examples. Moreover, |Adebayo et al.| [2021] show that post-hoc

methods may fail to identify spurious correlations.
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Lack of Stability and Susceptibility to Manipulation Interpretability
methods can be unstable. Kindermans et al.|[2019] show that attribution methods
can produce different explanations when the input is shifted, even if the function and
gradients remain unchanged. Ramaswamy et al.| [2022a] showed that using different
probe datasets to interpret the same model can lead to different explanations for
the same concept. Similarly, Soni et al.| [2020] found that models can be sensitive
to the seed used for probe datasets. In addition, interpretability methods can be
deceived. This includes fairwashing, where explanations are used to mask model
biases [Aivodji et al., 2019, |Anders et al., 2020]; data poisoning, where the training
data is manipulated to influence explanations [Goldblum et al.; 2022} Baniecki et al.|
2022|; and adversarial attacks targeting the model [Sabour et al., 2015, |Heo et al.,
2019] or the explanation itself |[Ghorbani et al., 2019a) Slack et al., 2020].

Limited Scope Most interpretability methods explain only a part of the model.
For example, prototype methods focus on explaining the input, whereas concept-
based methods tend to focus on explaining the representation space. Moreover, even
when explaining one part of the model, it can still differ in the type of explanation.
For example, saliency maps only show ‘where’ the model focused in the image, and

not ‘what’ it focused on [Achtibat et all, 2022, (Colin et al., 2022].

Incorrect Assumptions Most interpretability methods will make some assump-
tions — the form of the explanation, the part of the model that is explained or
the model behaviour more generally. One example is that features or concepts are
sometimes assumed to have a linear representation. However, this assumption has
limitations [Chen et al.| 2020b, [Soni et al., 2020]. Mahinpei et al.|[2021] challenge
the assumption that concept vectors align with human mental models, highlighting a
potential misalignment between explanation representations and user expectations.

Interpretability is often defined in task- or domain-specific ways, which introduces
several problems. First, different desiderata may conflict, leading to trade-offs
between evaluation metrics [Tsipras et al., 2018| [Tomsett et al., 2020]. Second,
methods may overfit to the chosen metrics rather than capturing meaningful
explanatory properties. |Doshi-Velez and Kim| [2017] warn that by explicitly defining
what we want from an explanation, we risk encouraging metric hacking, where

methods optimise for specific metrics without genuinely improving interpretability.
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Human Understandable Explanations generated by interpretability methods
may not be understandable or useful to humans. In some cases, they may
be misleading if they appear plausible while failing to reflect the true model
behaviour [Ribeiro et al., 2016, |Adebayo et al., 2018]. Users may overgeneralise
from local explanations to global model behaviour [Ribeiro et al., 2016], or over-
trust models regardless of explanation quality |[Poursabzi-Sangdeh et al.. [2021].
Moreover, the format and presentation of explanations play a key role in their
effectiveness. Lage et al.| [2018] and Lakkaraju et al. [2016] show that different
explanation formats, such as rules or prototypes, vary in their usefulness depending
on the task, user expertise, and presentation, and that explanations may confuse
or hinder users if not carefully designed. These findings suggest that explanations
need to be evaluated not only for technical correctness, but also for their ability

to support human reasoning and decision-making.
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Examining Assumptions about Concept
Vectors

One of the core questions of this thesis is to understand what knowledge is encoded
in machine learning models and how it is represented. As neural networks are highly
expressive, the way in which features are encoded could take many different forms.
This raises the question: how are feature represented in a neural network?

In this thesis, we assume that features are encoded linearly in the latent space.
This chapter examines this assumption, exploring its underlying premises and
the implications for interpreting model representations. This analysis lays the
foundation for subsequent chapters, where we leverage these insights to extract

and evaluate the knowledge that models have learned.

3.1 Introduction

Neural networks are highly expressive; they can approximate any function given
enough capacity [Cybenko, [1989]. This raises an important question: how are
features represented in a model? From an interpretability perspective, it would
be simple if each neuron encoded a feature. Then, we could simply read off the
meaning of each neuron to understand the features in a network. However, this
is likely not the case. Recent work suggests that models often represent more
features than they have neurons by combining features into the same dimensions—a

phenomenon known as superposition [Elhage et al., 2022b].

37
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A common assumption that we adopt in this thesis is the linear representation
hypothesis, which assumes that features are encoded linearly in the latent space. In
this view, a concept corresponds to a direction: a vector in the model’s representation
space. While this assumption is simple, it has proven effective in practice [Kim et al.|
2018 |Conneau et al., 2018, |Tenney et al.,|2019, McGrath et al.| [2022a}, |Nandal, [2023].

One way to think about the linear representation hypothesis is to assume that
it is possible to find a concept vector — a direction in the model’s representation
space that corresponds to a concept c¢. While we formally introduce concept vectors
in Section we refer to them informally here to explain the key properties we
analyse. We use this font to denote a concept.

Since the linear representation hypothesis is central to several methods used in
this thesis, it is important to understand how these assumptions can influence the
conclusions drawn about whether a model encodes and uses a concept. We leverage
the insights from this analysis in later chapters of the thesis.

The three properties we focus on are:

Polysemanticity If we find a concept vector v. that represents a concept ¢, we
can ask: to what extent does v, only capture a concept ¢? For example, we can
train a concept vector to represent the concepts striped or red. In doing so,
we implicitly assume that the label striped accurately describes the information
encoded by the vgipeq. However, in practice, the concept vector may capture
several concepts. Continuing the previous example, vVgipeq Mmight encode both
concepts striped and red. We refer to this phenomenon as concept entanglement
— a specific version of polysemanticity, where a single concept vector represents
multiple related concepts. This issue is explored further in Chapter [4] where we

analyse the entanglement of language and concepts.

Local vs Global Concepts If we find a concept vector v, to represent a concept
¢, does it encode a local or a global version of that concept? For example, consider
the colour blue in an image. Does the concept vector respond to blue if it appears
anywhere in the image? Everywhere in the image? Or only when it is present in a
specific part of the image — such as the top or bottom? We refer to this property as
spatial dependence. The property of spatial dependence is leveraged in Chapter [6.2]

While the first two properties focus on the meaning encoded in the concept vector,

our final property examines the influence of a concept on the model’s behaviour.
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Influence of a Concept in Different Layers We can study the effect of a
concept by intervening directly on a model’s hidden state. For example, we might
amplify a concept by perturbing the latent representation z;(x) of an input z in

the direction of a concept vector v
z(z) = zi(x) + YVey, (3.1)

where v € RT is an non-negative scalar. This intervention is used in interpretability
research for various purposes, such as verifying that a concept influences the
model’s output or steering the model’s behaviour at inference time [Subramani
et al., 2022, Turner et al., 2023].

However, a concept can often be detected in several different layers of a model.
Does it matter which layer we intervene on? More concretely, does amplifying
the concept in different layers lead to the same effect on the output? If not, can
this lead to different conclusions? We refer to this property as layer consistency.
This property is explored further in Chapter

Characterising these properties is therefore a crucial first step towards a more
nuanced and reliable application of concept-based interpretability methods. We focus
on the first concept-based interpretability method: concept activation vectors [Kim
et al., 2018|. For each property discussed above, we provide a formal definition
and introduce tools to analyse it. We also show how these properties can influence

the conclusions drawn from significance testing.

3.2 Background: Concept Activation Vectors

A concept activation vector (CAV) v.; is a vector that represents a concept ¢ in
the latent space of a layer [ of a neural network (NN) [Kim et al., 2018]. For
now, we assume binary concepts and denote the presence of a concept ¢ in an
input « by c¢(z) = 1 and its absence by c¢(z) = 0. Given a concept ¢, we can
divide a general set of inputs X into two subsets: X1, where the concept is present,

and X7, where it is absent:

Xt ={reX:c)
X" ={zreX:c(x)

1}
0}.

The negative samples are often randomly sampled from in-distribution inputs. For

the sets X and X~, we create two corresponding sets of activations in layer I:

Zzl = {fl<Xl) \V/Xi c X+}, and Z;l = {fl(Xz) VXZ- € Xi}, (32)
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Figure 3.1: Illustration of a Concept Activation Vector (CAV), modified from
[2018]. The neural network produces latent representations at each layer fi(x) for a given
input z. For a given concept ¢ (e.g., cat), a CAV v, is learned in the latent space of
layer [ by training a linear classifier to separate the activations of inputs containing the
concept (ZZl) from those that do not (Z,).

where the function f;(z) generates an activation for layer [ given an input x.
We find the CAV v, by training a binary linear classifier to distinguish between
the two sets ZF, and Z_:

2 ey F ey >0 Yz € Z, and 2z - vey + by <0 Vi € Zg, (3.3)

where v.; is the normal vector of the hyperplane separating the activations Z:l
and Z;l, and b.; is the intercept.ﬂ

To analyse the model’s sensitivity to v.;, Kim et al.[2018] introduce sensitivity

testing — testing with CAVs (TCAV) — which measures the model’s sensitivity

to a concept when predicting a class k:

|{Jf - Xk . Sc,k,l<x) > 0}|
| X | ’

TCAV, ., = (3.4)

where Xj is a set of inputs belonging to class k. The directional derivative of

'In this formulation, we make the simplifying assumption that the linear classifier in Eq.
has hard boundaries.
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Figure 3.2: Example images from the Elements dataset. Each square shows a different
input. Each input contains multiple elements — where an element is a shape with a specific
colour, brightness, size, shape, pattern and location. Classes in the dataset are mapped
to a specific combinations of shape, colour, and texture.

the concept, Sci;, is defined as

hye(fi(x) + evey) — hig(fi(z))

Sc,k,l(x) = 15% c (35)
= Vh (fi(z)) - vey (3.6)

where h; ;, pushforward operation from the activations in layer [ to the output class
k, and VR, is the partial derivative of the model output for class k with respect
to the latent representation f;(z). The TCAV score measures the fraction of class
k inputs whose intermediate representation at layer [ is positively influenced by
the concept vector v.;. To test whether the score is statistically significant, it is

compared to the scores of random vectors (see Appendix [B.3.1)).

3.3 Elements: Configurable Synthetic Dataset

To explore these properties, we introduce a new synthetic dataset: Flements. Using
a synthetic dataset gives us full control over both the training data and the class
definitions. This allows us to directly influence model properties, such as the
correlation between concepts in the latent space, and to design probe datasets to

test specific concept vector properties, such as spatial dependence.

Inputs In the Elements dataset, each input is an image that contains one or more
elements, as shown in Each element within an image is defined by its colour,

brightness, size, shape, pattern, and location (given by coordinates in the image).
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The dataset can be configured by specifying which combinations of these properties
are permitted for each element. Detailed descriptions of the property ranges and

configurations used in this chapter are provided in Appendix [B.1]

Labels Each class in the dataset is mapped to a specific combination of shape,
colour, and texture. For example, class 1 may correspond to images with green
striped circles. This design gives us access to the ground-truth relationship between
each concept and class. To ensure the model must learn these ground-truth
relationships, we include a class for every possible combination of concepts. As
a result, achieving high accuracy requires the model to develop explicit internal
representations of the concepts. This setup allows us to directly analyse the
faithfulness of concept-based explanation methods by comparing their outputs to

the model’s actual use of concepts in making predictions.

Properties The configurable design of the Elements dataset allows us to sys-
tematically investigate various aspects of model behaviour and concept activation
vectors (CAVs). To study entanglement, for example, we can introduce controlled
correlations between concepts by requiring that all red elements in the training
set are also striped, thereby linking the red and striped. To explore spatial
dependence, we can construct probe datasets in which all red elements appear only
on the right side of the image. This flexibility lets us design targeted experiments
to isolate and analyse specific properties of concept representations. An example

of such a probe dataset is shown in Figure

Other Datasets While several datasets have been introduced for evaluating
interpretability methods, they differ from ours in a few key ways. There are three
questions we need our dataset to help answer:

1. Is the concept represented in the network?
2. Is the concept used for the network’s prediction?

3. How does the network represent correlated concepts?
Existing datasets either do not allow insight into all three or are unsuitable due

to other practical reasons (such as runtime).
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3.4 Polysemanticity: Concept Entanglement

It is often assumed that a concept vector captures a single, distinct concept—that is,
the label in the concept dataset fully describes what the concept vector represents.
In practice, however, this assumption may not hold. If a concept is not linearly
separable from others in the model’s internal representation space, the learned
concept vector may capture multiple, overlapping concepts rather than isolating
the intended one. In some cases, this may even be desirable, as certain concepts
are naturally associated. For example, the concepts of blue and sky are inherently
linked, as a defining characteristic of the sky is that it is often blue.

However, when concepts are entangled, isolating the model’s sensitivity to a
single concept becomes difficult. As a result, when we compute a TCAV score
for concept ¢, we may inadvertently measure the model’s sensitivity to another,
entangled concept ¢, as well — we elaborate on this later.

In this section, we describe how concept entanglement can be discovered using
CAVs and discuss its implications for TCAV analysis. We begin by formalising

entanglement:

Definition 3.4.1 (Concept Entanglement). A concept vector v, ; for concept ¢; is
entangled with concept ¢, if it ‘activates’ for inputs containing the concept co, Z;"

and does not activate for inputs corresponding to Z; .

Continuing the example above, this means that a concept vector trained to
detect the sky may also activate for images that contain the colour blue but do not
include a sky. Importantly, this definition is not bidirectional: if v., ; is entangled
with ¢y, it does not imply that a concept vector for ¢, is entangled with ¢;.

Next, we derive this means for different implementations of concept vectors.

Mathematical Formulation and Constraints Concept vectors are typically
trained using a linear classifier. While the original implementation used support
vector machines (SVMs), the follow-up work often uses a logistic regression [Kim
et al., 2018, McGrath et al., 2022a]. In SVMs, the objective is to find a hyperplane

that separates the concept exemplars X7 from a set of negative samples X_ :

+ _ + +
Ver %y —bv=+1, 2z € Z,
Jey =

Vey12;) — by = —1, zi, € L,
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for the points on the margin. For all datapoints, it holds that:

+ + +

Vey %51 — by > 1, Ziy € ch
Je1 = _ _ _
Ver 1% — by < -1, Zi1 € L.,

If a concept is entangled, then the same vector v, ; also separates the concept

exemplars for a different concept:

Ucl,lzifl — by > +1, Z;L,z € ZZ; (3.7)

Veyp2iy — b2 < =1, 2z €2, (3.8)

Another common implementation for finding concept vectors is a logistic regres-

sion:

Gey = 0(Veyg2ig +b1), 2z € (L5 UZ), (3.9)

where o is the sigmoid function. Assuming a classification threshold of 0.5,

entanglement with concept ¢, implies:

Veraziy — b2 > In(0.5), 2 € Z, (3.10)
Vey 12 — by <In(0.5), 2z, € Z, (3.11)

In both cases, the threshold by is not part of the concept vector, and the constants
(e.g., In(0.5) or £1) are arbitrary. Therefore, we can simplify the entanglement
condition by removing the bias and focusing on the dot product:

+
zcg,l

“Verl > Zey 1 Verd (3.12)
We refer to this condition as soft entanglement:

Definition 3.4.2 (Soft Concept Entanglement). A concept activation vector v, ;
found for concept ¢ is entangled with concept ¢y iff

+
zcg,l

° UCl,l > ZCQ,l * ’Uchl \V/ZCQ,Z 6 Zch, ZCQ,Z 6 ZCQJ (313)

If the above equation holds, then the concept vector is entangled with concept cs.
Having derived the constraints for SVMs and logistic regression, we now distinguish

between two main sources of entanglement.
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Sources of Entanglement There are two main causes of concept entanglement.
One source of entanglement is that the two concepts are not linearly separable
in the model’s representation space. The second arises from an underspecified
objective for learning concept vectors.

Even when the latent space has dimensionality d, and we have more than d
datapoints, this may not be sufficient to uniquely determine a concept VGCtOI"EI
One reason is that the effective dimensionality of the data — i.e., the span s of
the latent space estimated from the training data — is often much smaller than
d: i.e., s < d. As a result, there are extra degrees of freedom when fitting a
concept vector. This means that if a concept is encoded in the model, multiple
distinct vectors may satisfy the objective.

Consequently, we may learn a concept vector v,,; that is entangled with another
vector v, ;. In such cases, we can attempt to disentangle the two by refining the
objective by augmenting the negative probe set for ¢y with examples of ¢;. If
disentangling is possible, we obtain a new concept vector that performs equally well
while excluding ¢;. If disentangling fails, we can conclude that the two concepts
are not linearly separable in that layer.

At a high level, the design of the negative set acts as a tool to refine a
concept vector by ruling out specific confounding variables. Next, we examine

the implications of entanglement.

Implications for Prototypes If we assume that the magnitudes of the latent

representations are approximately equal:

_l’_
co,l

|lze;.ll = [l (3.14)

ca,l

then soft entanglement implies that the positive examples of ¢, have higher cosine
similarity with v, ; than the negative examples do.

In Kim et al. [2018], cosine similarity is used to rank inputs by how strongly
they activate a concept vector. Under the soft entanglement condition, if all
representations have similar norms, then inputs containing ¢y will rank higher than

those without ¢y, even though the vector v, ; was not explicitly trained to detect c;.

2In practice, gathering high-quality concept data is often challenging.
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Implications for TCAV Concept entanglement has implications for how we
interpret TCAV scores. Let v.,; be a concept vector for concept c;. We can

decompose it into components that are dependent and independent of v, ;:

Vey) = ler 4 yte (3.15)

c2,l co,l

where v!zcll is the component that is linearly dependent on c;:

flet Veg,l * Vel

v =
R ]

Vgy 1+ (3.16)

We can rewrite this using the cosine similarity:

[|ve, |
[|ves |

ller .
v cos sim (Ve 1, Vey 1)

co,l

Vey 1+ (317)

Assuming unit-length concept vectors, this simplifies to:

vgsll = oS SIM(Vey 1, Vey i) Vey 1 (3.18)

The component that is independent of ¢; is defined as
VS = Ve — 00 (3.19)

This decomposition lets us analyse how entanglement may affect TCAV scores.
Let the TCAV score of v, ; be a, ie.

|{ZL’ e X : thﬁ (fl(lt)) * Vel > 0}|

=TCAV,, , = 2
[0 C \Y 1l |Xk| (3 O)
Then the TCAV score of v,,; can be written as:
X; : Vh .
TCAVC%Z — |{I 6 k V l7k’ (fl(l')) vc7l > 0}| (321>
| Xk
a | X '
x € Xg:Vh ) v >0

= cossim(ve, 1, Uey 1 )x + H ; e (i) - Ve H (3.23)

| Xk

where the first term captures the contribution of the entangled concept vector
Ve, to the TCAV score of v, .
Borrowing [Pearl| [2009]’s framework, the TCAV score measures the total effect

of v.,; when predicting class k. The component that routes through v., ; measures

leo
co,l

In practice, these effects may be further confounded by other variables, but this

the indirect effect, and the component caused by v, 7 measures the direct effect.

framing provides an intuition for the impact of entanglement on significance testing.
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Toy Experiments

In this section, we empirically investigate the impact of concept entanglement
on TCAV scores by designing a controlled toy experiment using the Elements
dataset. We analyse two aspects:

o How entanglement between concepts affects their relative orientation in

representation space, as measured by cosine similarity between CAVs.

o How entanglement influences the resulting TCAV scores.
We consider three synthetic settings, each varying in the degree of entanglement
between the concepts red and triangle in the training data:

E¢: All combinations of colour, shape, and texture are equally likely.
Es: Red elements are always triangles, but triangles can appear in other colours.

E3: Red and triangle always co-occur — every red element is a triangle, and vice
versa.

We train a classification model for each setting (see Appendix . For each
concept, we compute multiple CAVs and report their average. As a baseline, we
also calculate the average cosine similarity of each CAV with itself across repeated
runs, which serves as a reference for evaluating cross-concept similarity. As noted
earlier, concept vectors are often underspecified, and as a result, vectors obtained
for the same concept may not have a cosine similarity of 1.

The results are shown in Figure [3.3] In E; the concepts are independent by
design and we do not observe a significant correlation between the concepts red and
triangle CAVs. In Es, only triangles are red, but triangles may be other colours. In
this setting, we find a mild positive cosine similarity between the red and triangle
CAVs. In Ej, where all triangles are red (and vice-versa), the cosine similarity
between the red and triangle CAVs is similar to the self- cosine similarity of the
concepts. These results are consistent with the idea that concept co-occurrence in
the training data may induce entanglement between the learned representations. We
extend this analysis to ImageNet and observe similar patterns in Appendix [B.3.1}

Interestingly, we observe a negative cosine similarity between mutually exclusive
concepts. This suggests that the model has encoded the fact that certain concepts
cannot co-occur — for example, an object can only have one colour at a time. As
a result, the directions of the colour concept vectors are negatively aligned. The
presence of red reduces the likelihood of blue or green being present. Consequently,
the red CAV does not solely represent red, but also implicitly encodes not blue

and not green.
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Figure 3.3: Cosine similarities demonstrating entangled concepts. Mean pairwise cosine
similarities for all concepts from different versions of the simple Elements dataset, with
an increasing association between red and triangle from left to right: E;, Es and Es.

Next, we examine how entangled concept vectors can affect TCAV scores.
Specifically, we analyse the TCAV scores for the class striped triangles in
settings E; and Es. Recall that in Eq, all concepts are independent in the training
dataset, while in Es, only triangles are red-though triangles can also appear in other
colours. This allows us to use Es to assess the influence of concept entanglement on
significance testing, with E; serving as a control. In both settings, the class label
depends solely on the presence of the stripes and triangle concepts. Accordingly,
we expect all other concepts to yield low or insignificant TCAV scores—either
because they reduce the likelihood of the class (i.e., negative sensitivity) or are
uninformative Pl

The results are shown in [3.4] with E; on the left and E5 on the right. For E,
where concepts are not correlated in the dataset, we find that only the stripes
and triangle vectors have a high TCAV score across multiple layers. In contrast,
in Ey, the model appears to be sensitive to red, triangle and stripes, with
high TCAV scores for each. This occurs even though red is not part of the
ground-truth definition of the class.

The model obtains a high test accuracy — it classifies 2,374 striped triangle images
in the test set of the 5,000 correctly — i.e., around 95%. This makes it unlikely that
the model relies on the red concept for its prediction. Instead, this suggests that
the entanglement of the concepts red and triangle influences the TCAV scores.
In particular, the TCAV score captures the total effect, instead of the direct effect.
This example illustrates that entangled CAVs can lead to explanations that appear

meaningful but reflect underlying associations rather than true model behaviour.

3 Assuming the model uses each concept appropriately.
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Figure 3.4: Entangled CAVs increase red TCAV scores for E5. TCAV scores for all
concepts in E; (left) and Eg (right) for the class of striped triangles. The standard
deviation is black or red for significant and insignificant results, respectively. The null for
each layer is shown as a horizontal black line.

3.5 Local Concepts: Spatial Dependence

In this section, we focus on the property of spatial dependence. Spatial dependence
can arise for various reasons, including architectural choices and biases in the training
data. In convolutional neural networks (CNNs), for example, the intermediate

representations may retain spatial information, particularly when there is insufficient

pooling or data augmentation [Biscione and Bowers, |2021b]. Due to the localised

receptive fields of convolutional filters, neuron activations often correspond to
specific regions of the input image. As a result, the representation of high-level
concepts in CNNs may depend not only on whether a feature is present, but also
on where it appears in the input.

For example, a feature detector sensitive to wheels may respond strongly when
the pattern appears in the lower part of an image, where wheels are commonly
found on vehicles, but not when the same pattern appears at the top. We refer
to this phenomenon as spatial dependence. Despite this, concept vectors typically
assume spatial invariance, implicitly treating concepts as position-independent,
ignoring where the features appears. As we will show later in this section, this
assumption can be misleading, as it may cause us to overlook concepts that are
encoded in a location-specific manner.

In this section, we formalise spatial dependence and explore its implications
for CAVs and TCAV scores. We define two types of spatial dependence: in the
activations and in the concept vectors. Let X, ,, and X, ,, be two probe datasets that
contain the same concept ¢, but in different locations ji; # pe. For example, X,
contains striped objects on the left of the image, while X ,, contains striped
objects on the right (see Figure for an example).
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Figure 3.5: Example of the probe dataset for the concept striped. The left show the
probe dataset for X ipes, the middles shows the probe dataset for Xgipes 1eft and the
right shows the probe dataset for Xy ipes right-

Definition 3.5.1 (activation spatial dependence). Let z;; be the activations
corresponding to input z; in layer [, and let p; . be the location of concept c
in z;. A layer has a spatially dependent representation of a concept iff there exists

some function ¢ which maps z;; to ;. for all inputs x;:
E|¢ . V.TZ € X;r, ¢(hl,z) = Heyi (324)

Activation spatial dependence can arise from the design of the architecture
(e.g., convolutional filters), the dataset, or training procedures. If activations are
spatially dependent and the probe dataset is location-specific, the resulting CAV

may also exhibit spatial dependence.

Definition 3.5.2 (concept vector spatial dependence). A concept vector v, is
spatially dependent with respect to the locations p; and po iff

Z+

ot~ Vel > 25 ve Vb€ Zlfm, szm c 7 (3.25)

c,l,p2 L NN

where Z., ,, and Z., ,, are latent representations in layer [ corresponding to the

probe datasets X.,, and X. ,,. This means the concept vector is more similar to

CH1
representations of the concept in one location than another. In such cases, the CAV
encodes not just the concept, but the concept at a specific location (e.g., “striped
on the right” instead of just “striped”). As we will show later, we can use concept

vector spatial dependence to detect activation spatial dependence.

Spatial Dependence Metric

We propose a simple metric to determine whether a concept vector encodes a spatial

dependence. In the case of a convolutional neural network, where the activations
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are of shape H x W x D, we can reshape the CAVs back into the original shape

of the activations, and compute the channel-wise norm as follows:
S = |[reshape(vey, (H, W, D))z, (3.26)

where S.; € R¥*W "and || - ||2 is the Ly norm across the channel dimension. We
refer to this array as the spatial norms of the CAV.

If a CAV’s spatial norm varies substantially across the (H,W) dimensions,
it indicates that the CAV is spatially dependent (see Appendix for an
explanation). Visualising the spatial norm shows us which regions contribute

most to the directional derivative and, consequently, to the TCAV score.

Toy Experiments

We empirically investigate spatial dependence in concept vectors by examining
two key aspects:
o whether spatial dependence in the probe dataset leads to spatial dependence

in the corresponding concept vectors; and

» how spatial dependence affects significance testing.

To induce spatial dependence in concept activation vectors (CAVs), we con-
structed spatially dependent probe datasets for both Elements and ImageNet. In
these datasets, we restricted the concepts to specific regions of the image or by
masked out parts of the input image. An example is shown in Figure [3.2] In the
example, the concept of stripes is presented under three conditions:

 unrestricted across the entire image (left),
o restricted to the left side of the image (middle), and

« restricted to the right side of the image (right).
Further details on dataset can be found in the Appendix

To address our first research question—whether spatial dependence in the probe
dataset leads to spatial dependence in the corresponding concept vectors. Specifically,
we measured the spatial norms of the resulting CAVs and present the results in
Figure When using spatially independent probe datasets (top row of Figure,
the spatial norms appear uniform, indicating that the CAVs themselves do not
exhibit spatial dependenceﬁ In contrast, the second and third rows, corresponding
to spatially dependent probe datasets, reveal clear spatial dependence in the CAVs.
Bright regions highlight areas where the gradients contribute significantly to the

“While individual CAVs may still display some degree of spatial dependence, this effect tends
to cancel out when aggregated across training runs. See Appendix for details.
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Figure 3.6: Spatial norms reflect the spatial dependence of the probe dataset. Left:
Mean spatial norms for red (top), red left (middle) and red right (bottom) for
Elements. Right: Mean spatial norms across for striped (top), striped edges (middle)
and striped middle (bottom) for ImageNet.

TCAV score, while areas with near-zero spatial norms indicate regions of the
image that do not contribute meaningfully to the directional derivative or the
resulting TCAV score.

We next turn to our second research question: Does the concept’s location in
the input image influence conclusions draw about the model’s conceptual sensitivity?
Taking a step back, we can show that a model is not translation invariant if:

1. The model has activation spatial dependence, i.e. concepts in different input

locations leads to (predictably) different activation patterns in a given layer.

2. Each depth-wise slice of the activations, of shape (1,1, D), affects the logit
output differently.
Both of these components influence the TCAV score with (1) influencing the concept
vector v.; and (2) influencing the partial derivative Vi (fi(x)). The results in
Figure address part (1) — these results show that the model has activation
spatial dependence as the locations with the highest spatial norms approximately
correspond to the location of the concept in the image space.

To address (2), we computed TCAV scores using different sets of spatially
dependent CAVs to assess whether the model’s sensitivity to a concept varies with
its spatial location in the input. To investigate this, we created spatially dependent
classes in the Elements dataset, where the class depends on what concepts are
present and where they are in the image. shows the results for the classes
‘striped triangles on the left’” (left) and ‘striped triangles on the right’ classes.

The TCAV scores for stripes, triangle, stripes left and triangle left

are significant, indicating a positive influence of these concepts on the class. The
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Figure 3.7: TCAV scores are spatially dependent for the ‘striped triangles on the
left” (left) and ‘striped triangles on the right’ (right) classes in Elements. The standard
deviation is black or red for significant and insignificant results, respectively. The null for
each layer is shown as a horizontal black line.

difference between the left- and right-biased TCAV scores highlights that the
model’s conceptual sensitivity is location-dependent.

Overall, these findings demonstrate that CAVs can be effectively used to detect
spatial dependence in models. Further examples for ImageNet are provided in the
Appendix B.3.1] Additionally, we present preliminary evidence suggesting that

spatially dependent CAVs can also be found in transformer-based architectures

(see Appendix [B.3.1)).

3.6 Consistency of Concept Interventions across
Layers

There has been a recent thread of work on intervening on concepts or features in a

model’s latent space [Turner et al., 2023]. The idea is simple: we amplify a concept

by perturbing the hidden state in the direction of a concept vector. This is used
in interpretability for two main purposes: (1) to test whether a concept influences
the model’s output, and (2) to steer model behaviour at inference time.

Often, we can detect a concept in several different layers of the model. Suppose
we find a representation of concept ¢ in both layers [; and l5. The question we ask
is: does it matter which layer we intervene on? More concretely, does amplifying
the concept in different layers lead to the same effect on the model’s output?

We formalise this as follows:

Definition 3.6.1 (Layer Consistency). g, ;,(-) maps the latent representations
from layer [; into activations in layer [y, where [; < l;. Two concept vectors, v.;,
and v.,, are consistent across layers iff for every input = with corresponding latent

representations z;, and zy,, g(z;, + Vey,) = 21, + Ve, -

It follows from the definition that if two CAVs are consistent across layers,
then they have the same downstream effect on the model when activations are

perturbed in their direction. Our first question is:
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(a) Inconsistent TCAV scores across layers. Left: TCAV scores for shape concepts for
the ‘solid red squares’ class in Elements. Right: TCAV scores for striped for a subset
of ImageNet classes.

Figure 3.8: Consistency can affect TCAV scores. The standard deviation is black or red
for significant and insignificant results, respectively. The null for each layer is shown as a
horizontal black line.

Are concept vector representations consistent across layers?

We analyse this question from a theoretical perspective and find the conditions

g(+) must meet for CAVs to be consistent. Then, we explore this question in a toy

setting using the Elements and ImageNet [Deng et al., 2009] datasets.

Theory

We begin by analysing layer consistency for different activations — trying to
understand under which conditions consistency can hold. Let z;; be the activation
vector in layer [ for the input x; € X. g;,;, maps the activations in layer {; to
layer Iy, where Iy < lo, i.e. gi,1,(21,.4) = 21,.. We assume that g, 4, is continuous
and differentiable. Let 2, and Z;, be perturbed latent representations in layers
[y and Iy, defined as:

251 =z + Ve,ly (327)
212 = 2, T Velos = Giylo (le) + Ve,lo (328>
We want to investigate if v.;, and v.;, have the same effect on the activations
(and hence the model), i.e. if g, 4,(2,) = Z,. Assuming ¢ is continuous and

differentiable, in the next section, we will prove the result that this can hold if

and only if g takes the following form:
i (21,) = w(z,) + Mz, + b, (3.29)

where w(+) is a periodic function with period v.;, and M €™2*"1 is a non-zero

matrix and b € R™=. In theory, g could approximate a function of this form, as

neural networks are universal approximators [Sonoda and Murata, [2017]. However,
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it is unlikely that, even if the model captured a periodic function, its period would

align exactly with the direction of a CAV. The derivations for common activations

can be found in Appendix

Experiments

Our goal is to investigate the question are the concept vectors consistent across

layers? We measure the consistency of two perturbations using the consistency error:

€consistency = ||gll712 (211) - 212” = Hgll,lQ (le + UC,ll) - (Zl2 + UC,lz)H (330)

In our experiments, we use a scaling term to reduce the size of v.;, and v, to
ensure the perturbed activation remains in distribution — see Appendix for
details. If two perturbations have a consistency error of 0, then they have the same

downstream effect on the model. We include the following benchmarks:
» Optimised CAV (lower bound): when using an SVM, we may not find a v.,
that has a consistency error of 0 with v.;,. Therefore, we use gradient descent

on v, to minimise the consistency error, which acts as a lower bound.

» Projected CAV: the error between g, 1,(v, ) and v.,, which measures how
consistent the vectors are when projected into the next layer. If g, ,(+)

conserves vector addition, the projected CAVs would have 0 error.

e Random (upper bound): included as benchmarks. We include two variants:
Random CAVs are found using probe datasets containing random images, and
a Random Direction vector: v.;, ~ Uniform(—1,1). If the consistency error
is similar to random, it suggests that the CAVs between layers are as similar
to each other as random directions.

Figure shows the €consistency for different v.;, across different training runs
(see Appendix for details). The concept CAV obtains a nonzero consistency
error, suggesting that CAVs across different layers are not consistent. When we
compare it with the benchmarks, we find:

o The consistency error for the optimised CAVs is lower, implying that the

standard approach for finding CAVs does not find optimally layer consistent
CAVs. However, the nonzero error for optimised CAVs suggests it is not

possible to find consistent vectors across these layers.

o As expected, the projected CAVs have a nonzero error, indicating that vector

addition is not preserved.



56 3.6. Consistency of Concept Interventions across Layers

Econsistency
N ~
o N

=
©

=
o

©
Optimised CAV  Concept CAV  Projected CAV  Random CAV Random Direction

Figure 3.9: Empirical evidence for inconsistent CAVs across layers. The consistency
error for different v.;, for striped in the penultimate convolutional layer of a ResNet-50
trained on ImageNet. The optimised CAV acts as a lower bound, whereas the random
CAYV and direction act as baselines that provide upper bounds. Concept CAV: striped
CAVs, trained as normal. Projected CAV: striped CAVs from layer [; projected into

layer l2, g, 1, (Ve )-

o The random CAVs have a higher error, suggesting the concept CAVs are more

similar than random vectors.

The inability to (easily) find consistent concept vectors across layers suggests
that the directions encoded by CAVs in different layers are not equivalent; instead,
we speculate that they represent different components of the same concept. This
result is unsurprising given that previous works have demonstrated that model
representations are more complex later in the NN |[Mordvintsev et al.| 2015, Olah
et al., 2017, Bau et al [2017], therefore it is unlikely that the same aspects of a
concept are represented in different layers (discussed further in Appendix .
Consequentially, TCAV scores across layers can vary as they perform different tests
— they measure the class sensitivity to a different version of the concept.

Figure [3.8a] shows that concept vectors found in different layers of a model can
give contradictory TCAV scores (further examples available in Appendix .
In the Elements dataset, shape concepts are encoded in each layer as the test
accuracy for each layer is above 93%. Therefore, we expect to be able to use TCAV
on each of these layers. However, the TCAV scores for cross in the Elements
dataset contradict each other across ‘layers.3’ and ‘layers.4’, suggesting a positive
and negative influence, respectively. This contradiction makes it difficult to draw
a conclusion about the model’s class sensitivity to cross.

On the right of we show the TCAV scores for striped for various classes in
a ResNet-50 model trained on ImageNet. The accuracy for the striped vectors in
ImageNet is above 96% for all layers tested, suggesting that the concept is encoded
by the model in each of the layers. As in Elements, we do not observe consistent
TCAV scores across layers. Instead, we observe a large change in the TCAV scores

for striped in the penultimate layer, compared to earlier layers. ‘layerd.1’ suggests
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striped positively influences the likelihood of the classes tiger and leopard. However,
earlier layers suggest that the class is not sensitive to the concept. This shows how,

depending on the layers that are tested, different conclusions can be drawn.

3.7 Related Work

Concept Correlation and Entanglement Chen et al,|[2020a] discuss how
concept vectors can be correlated, making it challenging to create a vector that
solely represents one concept. While their work focuses on de-correlating concepts
during training, we focus on analysing the impact of correlated concepts after
training and show how they can lead to misleading explanations ( Fong and
Vedaldi| [2018] use cosine similarity to demonstrate that the similarity between
concepts varies based on the vector creation method. In our work, we also use
cosine similarity to compare concept vectors. The distinction lies in our focus on
CAVs and the insights they provide into the dataset and model. There have been
several works analysing correlated concepts in interpretable-by-design networks
[Heidemann et al., 2023, Zarlenga et al., 2023]. Our work complements these works
by studying standard neural network architectures and the post-hoc explanations
of TCAV. Raman et al. [2024] examine the effect of inter-concept relationships in
CAVs and provide several useful metrics for measuring how well these relationships

are represented, but they do not explore its effect on TCAV scores.

Spatial Dependence Biscione and Bowers [2021a] describe how CNNs are not
inherently translation invariant but can learn to be (under certain conditions on
the dataset). This finding challenges the common assumption that CNNs possess
inherent translation invariance. Through spatially dependent CAVs, we demonstrate
translation invariance with respect to a specific concept and class rather than,
in general, providing more detailed information about a model. [Raman et al.
[2023] examine the locality of concept bottleneck models (CBMs) and find that,
in some cases, CBMs make concept predictions using information far from the
object of interest. In this work, we examine post-hoc concept-based explanations
rather than predictions of an interpretable-by-design model. Additionally, our
definition of spatial dependence is more related to whether we can learn CAVs,
which mean stripes on the right of the image, rather than whether a CAV

is using information near/far from where the concept is located in the image.
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What concept representations does our analysis apply to? Most concept-
based interpretability methods represent concepts as wvectors in the activation space
of a trained neural network [Kim et al., 2018 [Fong and Vedaldi, 2018, |Zhou et al.,
2018, |Ghorbani et all 2019b, [Zhang et al., 2020, Ramaswamy et al. [2022b]
, . However, some concept-based methods use different representations:
individual neurons [Bau et al., [2017], regions of activation space [Crabbé and van der

Schaar, [2022] or non-linear concepts [Bai et all, [2022] [Li et all [2023]. Our work

focuses on the properties of concept wvectors.

How is our work relevant in practice? To give insight into when the various
properties may be relevant, we performed a review of computer vision papers which

use CAVs in (1) the high-stakes applications of medical imaging (including skin

cancer, skin lesions, breast cancer, and histology [Yan et al., 2023, [Fiirbock et al.|

2022, [Pfau et al., 2020]), and (2) computer vision research on models trained with
well-known datasets [Krizhevsky, 2009, [Lin et al., [2014], [Wah et al., 2011, Zhou
et al), 2017, Sagawa et al. 2020, Deng et al,, 2009]. A summary table can be
found in |Nicolson et al.| [2025]. We found that the following papers could have

benefited from evaluating: consistency [Yan et al., 2023, Ramaswamy et al., 2022a|

Furbock et all, [2022] [Yuksekgonul et al.l 2023, |Ghosh et al., [2023| [Lucieri et al.
2020|, entanglement [Yan et al., 2023, Ramaswamy et al., [2022a; [Furbock et al.

2022, [Yuksekgonul et al., [2023], (Ghosh et all, 2023, |Graziani et al., [2020, McGrath!
et al, 2022b, Lucieri et al., 2020, [Pfau et al., [2020], and spatial dependence
et all 2023, Ramaswamy et all [2022al Furbock et all 2022, [Yuksekgonul et al.l
2023, |Ghosh et al.], 2023, McGrath et al., 2022b], Lucieri et al., 2020, [Pfau et al.]
2020]. We provide a detailed example, using the application of skin cancer diagnosis
[Yan et al. 2023], in Nicolson et al. [2025].

3.8 Conclusion and Future Work

In this chapter, we examined three key properties underlying the linear repre-
sentation hypothesis that shape how we interpret and apply Concept Activation
Vectors (CAVs): concept entanglement, spatial dependence, and the consistency
of intervention effects across layers.

We began by analysing concept entanglement. We derived the conditions under
which entanglement can arise and showed how it can affect the conclusions drawn
about whether a concept is present and used by the model. Next, we formalised

two forms of spatial dependence: activation spatial dependence and concept spatial
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dependence. We demonstrated how concept vectors can be used to detect spatial
dependence in a model’s internal representations. Finally, we investigated the
consistency of concept interventions across layers. We showed that, unless certain
structural constraints hold, intervening on a concept in different layers may lead
to different effects on the model’s output. This sheds light on why concept vector
explanation methods can give different conclusions across layers.

These findings have practical implications for how CAVs are used in inter-
pretability research. Building on this analysis, Nicolson et al. [2025] provide
concrete recommendations for incorporating these insights into real-world use cases,
including a detailed application to medical imaging. We further explore these
properties in Chapters [4] and [l By establishing this groundwork, we can proceed
with a clearer understanding of the assumptions and limitations of our methods

in those subsequent analyses.
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Universal Representations in LLMs

In this chapter, we continue to work toward the broader goal of understanding what
knowledge is encoded in machine learning models and how it is represented. Here,
we focus on the latter — examining how knowledge is encoded in large language
models (LLMs). We choose to study LLMs because they are widely deployed and
influence many aspects of society [Weidinger et al., 2023|, making it increasingly

important to understand how they operate.

4.1 Introduction

While LLMs are predominantly trained on English data, they are deployed in
several languages, including some that are rarely seen during training. This raises
an important question: how do LLMs operate across different languages?

LLMs are hypothesised to operate in an abstract concept space [Chris Olah,
2023, [Nanda et al., 2023al [Wendler et al., 2024, Dumas et al., 2024]. From the
multilingual perspective, one important question is whether the concept space is
language-specific or language-agnostic. We consider three different hypotheses:

1. LLMs operate in a language-agnostic space (i.e., universal).

2. LLMs operate in a language-specific space, which is determined by the input

language.

3. LLMs operate in a space that is English-centric (or centred on the dominant

pretraining language).
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This first view aligns with an objectivist stance, in which concepts are assumed to
exist independently of culture or context. In the second and third case, the views
are aligned with a setting where concepts are shaped by the cultural traditions and
usage of the language. Existing work follows two main threads: the concept space is

universal, and the concept space is biased towards the training-dominant language.

A universal representation space One stream of research argues that the
concept space is universal. When analysing the latent space with the logit lens,
Wendler et al. [2024] find that the concept space is language-agnostic, but more
closely aligned with the English output space. In their follow-up work, Dumas et al.
[2024] used tracing to find further evidence of language-agnostic representations of
concepts[] Concurrent to this work, Brinkmann et al| [2025] showed that models

share morpho-syntactic concept representations across languages.

A language-specific representation space Other researchers found that the
concept space is biased towards the training-dominant language. Using the logit lens,
Zhong et al.| [2024] focused on Japanese, showing that Swallow [Fujii et al., 2024],
which is fine-tuned on Japanese, and LLM-jap |Aizawa et al.|[2024], pre-trained on
Japanese and English, are Japanese-centric. [Fierro et al.|[2025] found that subject
enrichment — retrieving attributes about the subject — is language-agnostic whereas
object extraction is language-dependent, when studying EuroLLM [Martins et al.,
2024], XLGM [Lin et al. 2022] and mT5 [Xue et al [2021].

In this chapter, we show that the underlying mechanism is more nuanced, and
depends on the part of speech modelled. While prior work focuses predominantly
on single-token nouns, we consider the open multi-token generation setting. As
a result, this allows us to focus on different parts of speech, whereas prior work
focuses predominantly on nouns.

To provide an intuition, Figure shows the logit lens to Llama-3.1-70B as it
generates the French text “Le bateau naviguait en douceur sur '’eau au calme
du lac. Le soleil ...”, with the bold text representing Llama-3.1-70B’s outputE]
The English translation is “The boat sailed smoothly on the calm water in of
the lake. The sun ...”. Lexical words like “water”, “lake,” and “sun” are selected
in English, whereas grammatical elements such as “du” and “le” are not.

We analyse this question on three levels:

!They used tracing to mitigate potential shortcomings of cosine-similarity [Steck et al., 2024]
2In general, we use parentheses for (generated) text and words. We use this font to refer to
a concept.
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Figure 4.1: Logit lens applied to Llama-3.1-70B’s latent space, when prompted with Le
bateau naviguait en douceur sur I’. Each row depicts the decoded latent representations for
one layer and each column corresponds to the generated token. Dark red boxes highlight
words selected in English. The nouns “eau”, “lac”, and “soleil” are selected in English,
whereas other parts of speech are not.

1. Latent space representation: we study how representations evolve within the
model, showing that for lexical words, English-focused representations often

appear first before being transformed into the target language.

2. Intervening on the behaviour: we show that steering the representations is
more effective when using vectors constructed in English than in the target

language.

3. Understanding the behaviour: we show that the latent representation structure
is consistent with the language and semantic context being represented
separately.

Recall Chapter [2, where we discussed model desiderata. When the goal is to

understand model behaviour, a key consideration is faithfulness — that is, whether the
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explanation reflects what the model actually does. This is why we include all three
steps in our approach — identifying behavioural patterns, verifying the behavioural
patterns and understanding the behavioural patterns. Appendix provides a
more formal intuition for why the verification step matters for model faithfulness.

We analyse four open-source models — Llama-3.1-70B, Gemma-2-27b, Aya-23-
35B, and Mixtral-8x22B— which vary in architecture and language coverage. Overall,
we find that LLMs tend to make semantically-loaded decisions in regions of the
representation space closely aligned with English, regardless of the input or output
language. In contrast, other aspects of language-such as grammar—appear to
be processed in a more language-specific way. These patterns may help explain
observed performance gaps in multilingual settings.

The English-centric bias in semantic representation can negatively affect down-
stream performance in other languages [Shafayat et al., |[2024, Huang et al.| 2023|
Bang et al., |2023, [Shi et al., 2022|. This also raises fairness concerns, as models
exhibit cultural and linguistic biases [Shafayat et al., 2024].

Language-specific processing also introduces additional challenges — in particular
for lower-resource languages. First, these models tend to be less fluent in non-
English languages |[Guo et al., [2024]. Second, this may also affect the robustness and
reliability in multilingual settings [Marchisio et al. 2024, |Deng et al., [2024]. This
observation is consistent with our finding that safety-tuning does not appear to gener-
alise across languages, suggesting that safety interventions may be language-specific.

We further find that the English-centric behaviour occurs the most in models
that are trained with less diverse training datasets. This suggests that diverse

training datasets can mitigate this behaviour.

4.2 Background

4.2.1 Large Language Models

Language models are trained to operate across different languages. Table
summarises the four LLMs we study, which differ in the number of languages
they were trained on. Aya-23-35B supports the widest range of languages, while
Gemma-2-27b covers the fewest.

We evaluate these models across five languages, selected based on their varying
levels of representation during training. English, the predominant training language,
serves as a baseline. French and German represent high-resource, non-English

languages, while Dutch and Chinese are lower-resource languages. Dutch is only
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a high-resource language in Aya-23-35B and therefore provides an interesting
comparison to German due to their linguistic similarity. This analysis allows us
to understand the performance disparities across languages with varying levels

of representation in training.

4.2.2 Methods

Our goal is to understand whether LLMs have a universal representation space.
To address this question, we use three mechanistic interpretability methods. The
logit lens allows us to examine the internal representations, while causal tracing
provides insight into where facts are encoded in the model across different languages.
Finally, steering vectors let us intervene on the models’ internal representations,

which allows us to verify that the representations influence the output.

Logit Lens

The logit lens [nostalgebraist, 2020] decodes the internal representations of an LLM
into tokens. LLMs take an input x and output a probability distribution over the
next token. The logit lens decodes the intermediate representation z(z) at layer

[ into an output token by applying the unembedding layer:
argmax, softmax (W, z(norm(z))) (4.1)

where z is the input, W, is the unembedding matrix of the model and the subscript
t corresponds to the token. Figure [4.1] shows the logit lens applied to Llama-
3.1-70B when generating:

“Le bateau naviguiait en douceur sur '’eau au calme du lac. Le
soleil ..."

For each layer (y-axis) and token position in the generation (x-axis), a token is
decoded from the internal representation. The decoded tokens from the middle
layers onward are more interpretable, whereas earlier layers are less interpretable.

The logit lens is a common approach in mechanistic interpretability for analysing
the latent space of large language models (LLMs) [Wendler et al.; 2024, [Wu et al.,
2024, |Zhong et al., 2024]. While it has known limitations |Belrose et al 2023,
Ghandeharioun et al., 2024], we favour it for its simplicity and minimal assumptions
— it avoids introducing additional inductive biases that more complex interpretability

methods may impose.
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Causal Tracing

Causal tracing [Meng et al. 2022, |Vig et al. 2020] uses causal mediation analysis
to identify where facts are stored within a network. For example, imagine that we
want to find where the fact “The capital of Canada is Ottawa” is represented in an
LLM. We could prompt the model with “The capital of Canada is” to find where
“Ottawa” is stored in the network. There are two main steps in causal tracing:
1. Corrupt the signal: destroy the information so that the model no longer

outputs the fact.

2. Restore the signal: determine where in the network the representation

needs to be restored so that the LLM can recover the correct output.

Let e9**® ¢ R™< be the embedding of the prompt “The capital of Canada is”,
where m is the number of tokens and d is the embedding dimension. In the first step,
the information is destroyed by adding noise to the embedding of the subject tokenf]

¥ = (4.2)

gClean otherwise

corrupted __ {ejlean + ¢ if token j is a subject token
j

where ¢ is noise sampled from an isotropic Gaussian distribution, and e®upted jg
the corrupted embedding. We apply the pushforward operator to the corrupted
embeddings e“™"Pted through the network to obtain the probability that the model
outputs Ottawa, f[Ottawalecorrupted],

Next, we want to determine which part of the hidden states encodes the relevant
information to restore the correct output. At a given layer [ in the network,
we restore part of the corrupt hidden state by copying back part of the clean
hidden state z at position p:

clean e
Zrestored _ Zj,l if J=D (4 3)
Jil - corrupted h . .
il otherwise,
where the hidden state z{1® = [y¢lean  zclean] ig ghtained by pushing the original

embeddings, e“**, through the network.

Finally, we propagate zf*d through the remaining layers to produce the output
probability f[Ottawa|zj%*rd]. The difference f[Ottawa|zd]— f[Ottawalz """ ted),
measures the importance of layer [ and token position p in encoding a fact. The
difference in the output probabilities of the target token in the two forward passes is
the average indirect effect (AIE) (see Meng et al.|[2022] for further details). Through
this approach, causal tracing helps identify which parts of the representation are

sufficient to retrieve the correct output.

3The subject token is the token(s) corresponding to the subject of the sentence.
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Steering Vectors

Steering vectors |Subramani et al., 2022 [Turner et al., 2023| |Panickssery et al.,
2024] are used to nudge the behaviour of the LLM in the desired direction. The
main idea is to add activation vectors during the forward pass of a model to

modify its behaviour as follows:
zi(x) < z(x) + Yoy, (4.4)

where v; is the steering vector, and v € RT is a scalar hyperparameter. One example
of how steering vector could be used is to generate an output that contains more

love. We can compute a steering vector as follows:
v = z(love) — z;(hate), (4.5)

and modify the model behaviour as in Equation [£.4, Further details can be found
in Subramani et al|[2022] and [Turner et al. [2023].

4.3 Datasets

LLM-Insight We created a dataset to analyse the behaviour of LLMs, specifically
designed to study steering in LLMs. It includes 72 target words, each paired with
10 prompts and 10 sentences in English, Dutch, French, German and Mandarin.
Table shows a sample of the data.

A prompt is a partial sentence that the LLM needs to complete. Each prompt
is designed so the target word could appear as the next token, but the prompt
sufficiently open-ended so that other (semantically unrelated) words can be used
to complete the sentence. For example “They adopted a” can be completed with
the word “animal” as well as “daughter” (see Appendix for examples).

The sentences provided in the dataset can be used to find steering vectors.
Some words in the dataset naturally form pairs (as in Equation that can be
used to create steering vectors, such as the words “good” and “bad”. For words
without a natural pairing, such as “thermodynamics”, we provide a general set
of sentences as the counter set to create the steering vector. Further details on

the dataset can be found in Appendix [C.2]
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(a) Aya-23-35B (b) Llama-3.1-70B

in English

9% Words Chosen in English

% Words Chosen

(c) Mixtral-8x22B

Part of Speech Part of Speech

Figure 4.2: Logit lens analysis of LLMs routing through English. Each plot shows
the proportion of words routed through the English representation space for each model.
The shaded bars indicate the portion explained by homographs — words that are spelled
the same in English and the specified language. Overall, the degree of English routing
depends on the model: less diverse pretraining leads to more English routing. Similarly,
most routing occurs for lexical words.

City facts Ghandeharioun et al.[[2024] We use this dataset to investigate how

facts in different languages are encoded in LLMs. The task is to provide the capital
city of a given country. For example, when prompted with “The capital of Canada is”,
the model should output “Ottawa”. This allows us to identify where the concept of
Ottawa is encoded in the network. We augment the dataset by translating these facts

into German, Dutch, French and Mandarin to analyse cross-lingual representations.

4.4 Experiments

We want to understand whether LLMs process prompts differently depending
on the input/output language. First, we analyse the latent space to find that
LLMs make semantic decisions that are more closely aligned with the English
representation space (Section . Next, we show that we can steer activations
better when using English steering vectors (Section . Lastly, in Section m,
we show that the representations of facts are shared across languages, but have

an English-centric bias when decoded.
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4.4.1 Inspecting the latent space of LLMs using the Logit
Lens

Qualitative Examples To build an intuition on how LLMs operate when
prompted in different languages, we analyse their latent space using the logit
lens, which decodes the internal representations. In Figure nouns and pronouns
are routed through English, whereas the coordinating conjunction is not. Similarly,
Figure [4.3] shows the logit lens applied to Llama-3.1-70B for the Dutch prompt
“Ze telen hun eigen”. The noun “fruit”, verb “kweken”, and pronoun “they” are
all routed through the English words, whereas the coordinating conjunction “en”
is not routed through the English word “and”. Interestingly, the word “growing”
appears in the latent space several tokens before “kweken” is generated, suggesting
that the LLM may plan words in advance in English, which builds on [Pal et al.
[2023]’s finding that LLMs encode future tokens in the latent space.

Quantitative Evaluation The qualitative examples in Figures[4.T]and [4.3|suggest
that the part of speech determines whether LLMs employ English routing. To
investigate this, we prompt each LLM to generate 720 sentences. For each generated
word, we evaluate whether the English equivalent of a word appears in the latent
space. For example, in Figure 4.3} for the word “groenten”, we check whether
the English equivalent, “vegetables”, appears in the decoded latent space. We
then aggregate the results across different parts of speech. Further implementation
details are provided in Appendix

Figure shows the results for Aya-23-35B, Llama-3.1-70B, Mixtral-8x22B and
Gemma-2-27b. Each bar shows the percentage of words that route through the
English representation space. The shaded part shows the proportion explained by
cross-lingual homographs — words that are the same in English and the specified
language (e.g., water in English and Dutch). For homographs, it is not possible
to disambiguate whether the word routes through English.

Lexical words — nouns and verbs — are often chosen in English. These parts
of speech influence the semantic meaning of the sentence. Other parts of speech,
such as adpositions, determiners and compositional conjugates are infrequently
routed through English in Aya-23-35B and Llama-3.1-70B.

The degree of English routing is model-dependent, as shown in Table 4.3 One
explanation is the degree of multilingualism in the pre-training data — with more
multilingual models, such as Aya-23-35B, routing less through English, in contrast to
the least multilingual model, Gemma-2-27b, which routes the most through English.
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Figure 4.3: Logit lens applied to the latent space of Llama-3.1-70B, prompted in Dutch
with “Ze telen hun eigen”. Each row depicts decoded latent representations across layers,
and each column corresponds to the token generated at a specific time step. Orange boxes
highlight words selected in English, darker red boxes highlight related words, while grey
boxes indicate explicit terms omitted from the figure (see Appendix |C.3.1)). The noun
“fruit” and the pronoun “they” are selected in English.

However, this does not account for the differences observed between Mixtral-8x22B
and Llama-3.1-70B, for which French and German are both high-resource languages.
Another possible explanation is model size. Smaller models, such as Mixtral-8x22B
and Gemma-2-27b, route through English more frequently than larger models,

potentially due to their more limited representation space.

4.4.2 Cross-Lingual Steering

Our experiments in Section suggest that large language models (LLMs) may
make conceptual choices in an English latent representation space, before translating
this content into the target output language in later layers. To further investigate

this hypothesis, we test whether non-English outputs can be influenced using
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Table 4.3: English routing in LLMs: percentage of generated words routed through
English. Aya-23-35B shows the least routing behaviour, whereas Gemma-2-27b shows the

most routing behaviour.

MODEL DutcH

FRENCH

GERMAN MANDARIN AVERAGE

GEMMA-2-27B 0.72 £ 0.01
MIXTRAL-8X22B 0.69 4+ 0.01
LramMa-3.1-70B  0.51 + 0.01
Ava-23-35B 0.58 + 0.01

0.67 £ 0.01
0.63 £ 0.01
0.57 £ 0.01
0.49 £ 0.01

0.72 £ 0.01 0.71 £0.01 | 0.70 £ 0.00
0.71 £ 0.01 0.69 £ 0.01 | 0.68 £ 0.01
0.58 £ 0.01 0.55 £ 0.01 | 0.55 £ 0.00
0.50 £ 0.01 0.41 £ 0.01 | 0.50 £ 0.00

(a) Aya-23-35B

(b) Llama-3.1-70B

(c) Mixtral-8x22B

(d) Gemma-2-27b

Figure 4.4: Cross-Lingual Steering LLMs: The language on the x-axis is the prompt
and the desired output language, while the colour of each bar indicates the language used
to generate the topic steering vectors.

steering vectors derived from English inputs.

More concretely, we test whether we can steer models to generate a sentence

in a specified output language using two types of steering vectors:

» Topic steering vector — encourages the LLM to generate a sentence with

the given topic, such as animals.

« Language steering vector — encourages the model to generate text in the

desired output language.

We evaluate the effectiveness of steering across various topics and prompts,
using the LLM-Insight dataset (see Section [4.3)). As an example, consider the word
“slecht”, which is “bad” in Dutch. Here, Dutch is the input and output language.

Imagine we select English as the steering language. For the word “slecht”, we have

10 prompts in LLM-Insight. An example of a Dutch prompt is “Ze had een”, which
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translates to “She had a”. Our goal is to steer the LLM to complete this sentence
with the word “slecht”, which is bad in Dutch. We do this as follows:

1. Compute the Topic Steering Vector. For the word “bad”, there are
10 English sentences in the dataset, X®*Pi¢* and 10 sentences containing the
counter-word “good”, X'"Pi%~  For each sentence, we compute its representa-
tion at layer [, averaged across token positions, to create the sets Z}fpiC’Jr and
Z}fpic’f for each sentence in X'Pi¢+ and X'Pi¢~ respectively. We compute

the topic steering vector as

o topic,+ topic,—
Uelstopic = D Zigy = D i Yz € L7 20, € Z7POT. (4.6)
i J

2. Compute a Language Steering Vector. To encourage the LLM to
complete the sentence in the target language (Dutch), we compute a language

vector. We encode 10 Dutch sentences, X'am8uage+ and 10 English sentences,

language,—

B ) ) 1
Xlanguage,~  Ag in the previous step, we construct Z,**¢"*8" and 7Z
? l2 l2

for X'anguage+ apd Xlansuage,~ regpectively. We compute the language steering

vector as

vi‘f[‘g”“ge = Z Zily — Z Zj1, VZi, € Z}jﬁguage’Jr, Zj1, € Z}‘;ng“age’_ (4.7)
( J
3. Apply Steering Vectors to the Hidden State. We encode the Dutch
prompt “Ze had een” to obtain its hidden state z;,. We then steer the model
by modifying the hidden states as follows:

topic

2, < 2y +avg) (4.8)
language

2, < 21, +av,y, (4.9)

The layers [; and ls may differ; different parts of the model may perform concept
selection and language selection. We evaluate the performance at every fifth layer,
starting with the post-embedding layer, and report results for the layer combination
that yields the best performance.

We evaluate steering as successful if the generated sentence meets the fol-
lowing three criteria:

o Topic: Sentences that contain or is about the topic word obtain the the

maximum score of 1.

o Avoids stuttering: Outputs containing repetitions at the end of the sentence

(e.g., “they went to the store store store”) are assigned the lowest score, 0.
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o Fluency: We use GPT-40 to assess fluency. Sentences that are grammatically
correct but exhibit collapsed or unnatural structure (e.g., “the doctor treated
the animal and the animal was treated by the doctor”) receive a score of 0. To
ensure the reliability of the GPT-40 fluency evaluations, we manually verified
100 examples per language.

We aggregate the scores across each criteria by multiplying the three scores.
We perform this experiment for the entire LLM-Insight dataset — 72 words, 10
prompts per word, for each of the combinations of the five languages. Additional
implementation details are provided in Appendix [C]

Figure shows results when steering different LLMs. In general, we observe
that English steering vectors perform the best — outperforming steering vectors
generated using the desired output language. This suggests that the representation
space is not universal — if it were, we would expect the cross-lingual performance
to be roughly equal across languages. Instead, this supports the hypothesis that

these models make semantic decisions in English.

4.4.3 Investigating the Representation Space

The previous sections showed that LLMs have an English-centric conceptual bias, but
what does this imply for the structure of the latent space? We begin by using causal
tracing to identify which layers encode factual information. Next, we interpolate

between concept representations to explore the underlying geometry of fact encoding.

Causal Tracing In this section, we study how cross-lingual facts are encoded
relative to each other using the city facts dataset (see Section . First, we perform
causal tracing to determine whether facts in different languages are encoded in
the same part of the model. Figure shows the causal traces for Aya-23-35B,
Llama-3.1-70B, Mixtral-8x22B, and Gemma-2-27b. We find that facts are generally

localised in similar layers, regardless of the language.

Fact Interpolation Next, we want to understand if the representation of a
fact is shared across different languages. In particular, if we have the same fact
in two different languages, such as English and Dutch, can we decompose the

representation as follows:

h(capital of Canada) = 2ottawa + ZEnglish (4.10)
h(hoofdstad van Canada) = 2owawa + ZDutchs (4.11)
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Figure 4.5: Causal traces of the City Facts dataset for (top-to-bottom): Aya-23-35B,
Llama-3.1-70B, Mixtral-8x22B, and Gemma-2-27b. Each sentence varies in length, so we
divide it into three segments: pre-subject tokens, subject tokens (i.e., tokens corresponding
to the subject of of the sentence), and final tokens. Corrupting either the subject or final
tokens typically has the greatest impact on the model’s output, as these regions carry
critical information needed to recover the correct response. The AIE scores are similar
across different languages, suggesting that facts are localised in the same area of the
model.
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where h represents a vector in the latent space. If the above equations hold, we

may be able to interpolate between the facts:

ah(hoofdstad van Canada) + (1 — «)h(capital of Canada),
= Z0ttawa + QZDutch T (]- - a)ZEnglish

If we pushforward the interpolated hidden state, and the output is correct, then this

suggests that we may be able to disentangle the language from the semantic meaning.

Which language does Llama answer in? Which language does Aya answer in?
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Figure 4.6: Relative propensity of (starting top left, clockwise) Llama-3.1-70B, Aya-
23-35B, Mixtral-8x22B, and Gemma-2-27bto answer in German (red) vs English (blue).
Llama-3.1-70B is most likely to answer in English.

We find that interpolating between hidden states corresponding to different
languages does not result in significant accuracy degradation; in most cases,
performance smoothly interpolates between the accuracies of the two languages
(see Appendix [C.6)). Additionally, models exhibit a strong bias toward generating
English responses, as shown in Figure [4.6] where we quantify this bias as the
difference in probability assigned to the English versus German output when the
interpolated hidden state is decoded.

These findings support the conclusion that LLMs represent factual content in a

language-agnostic latent space, with language information encoded along a distinct
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and separable direction. This is consistent with prior work by Dumas et al.| [2024],
who also observed a disentangling of conceptual and linguistic representations.
Our contribution extends this insight: we show that factual knowledge can be
smoothly transferred between languages via latent space interpolation, without
any loss in task performance — only the output language shifts. This suggests
that the direction between the hidden states primarily encodes language, while the
underlying factual content remains stable. Notably, English appears to occupy a
disproportionately large region of this latent space, as evidenced by the model’s

tendency to default to English during interpolation.

4.5 Limitations

Our work provides evidence suggesting that LLMs primarily operate in English.

Below, we outline potential limitations and directions for future research.

Tokenization Sentences in different languages often vary in tokenization length [Rust
et al., 2021} Muller et al., 2021} [Petrov et al., 2024], which complicates cross-lingual
comparisons. In this work, we provide heuristics (e.g., for causal tracing, which
operates on a per-token level) to compare the results when tokenization lengths
vary. However, tokenization remains an important consideration for developing

interpretability methods that are used in a cross-lingual setting.

Language confidence and confusion Models often assign higher probabilities
to outputs in certain languages, which can affect analyses such as causal tracing
by requiring higher noise levels. Similarly, models often exhibit language confu-
sion [Marchisio et al., 2024], continuing to respond in English even when prompted
in other languages. Both factors influence our analysis. We can mitigate some
issues associated with the first problem — e.g., in causal tracing, we ensure the
probabilities all fall below a specified threshold when a prompt is noised. However,
we do not actively address language confusion, as doing so could alter the natural

behaviour of the LLMs, which we aim to understand.

Factors affecting interpretability methods Interpretability methods are
influenced by various factors. Steering performance, for example, depends on
the intrinsic steerability of a prompt [Turner et al., 2023, [Tan et al., 2024]. To
address this, we designed a custom dataset that, to the best of our knowledge, is

equally steerable across all languages. Another challenge is that steering could push
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activations outside the expected data distribution, leading to unintended outputs.
To mitigate this, we checked for stuttering in the generated outputs. However,
further work is needed to deepen our understanding of steering mechanisms and

to develop more robust evaluation procedures.

Other Methods Exploring alternative methods could provide valuable insights.
For example, sparse autoencoders (SAEs) |Olshausen and Field, |1997, Hinton
and Salakhutdinov, 2006, Templeton et al., 2024] are a popular interpretability
tool. However, training SAEs for each layer is computationally expensive and
beyond our computational budget. While some pre-trained SAEs are available,
they are predominantly trained on English data, which introduces biases we aim
to avoid [Lieberum et al. [2024].

4.6 Related Work

We can think about understanding a model from two perspectives:
o An internal perspective, focused on analysing the model through the latent
space and operations performed inside of the model. Examples of questions
include: How do models represent knowledge across different languages? How

does a model retrieve facts?

« An external perspective, focused on analysing the model output. For
example, how well do models perform in different languages?
Having a unifying theory that combines both perspectives is important — the internal
perspective helps us understand the mechanisms underlying behaviour, while the
external perspective examines the real-world impact of that behaviour. Below, we

summarise the research on multilingual language models from both perspectives.

4.6.1 How do LLMs Operate Internally?

The current main theory in mechanistic interpretability suggests that there are
three general phases in the forward pass of an LLM |Chris Olah| [2023], Nanda et al.
[2023a], Wendler et al.| [2024], Dumas et al.| [2024], Fierro et al.| [2025]:

1. Detokenization: In this phase, individual tokens are combined into abstract
units that the model uses for analysis. These units can be referents — for
example, Nanda et al.| [2023a] found evidence that the tokens [Michael] and
[Jordan] are combined into a unit representing the basketball player Michael

Jordan. Similarly, these units can encode instructions, as shown by [Dumas
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et al.| [2024], where the model extracts the target language during translation

tasks in these layers.

2. Processing: In this phase, the model processes or reasons over abstract units.
For instance, this stage may involve tasks like fact recall |(Geva et al.| [2023],
Nanda et al.|[2023a)].

3. Selecting the output: In this phase, the model selects the output. This
may involve selecting the correct attribute Nanda et al.| [2023a], mapping an
abstract concept to the corresponding word in the target language Wendler
et al. [2024] and/or selecting the correct token for the intended word.

In the context of multilingual models, an important question is whether the
concept space (in phase 2) is universal. Here, universal means the representation
is shared across languages, i.e., the representation of “cat” (cat in English) and
“kat” (cat in Dutch) is the same.

One stream of research argues that the concept space is universal. When
analysing the latent space with the logit lens, Wendler et al.| [2024] find that the
concept space is language-agnostic, but more closely aligned with the English
output space. In their follow-up work, [Dumas et al. [2024] used tracing to find
further evidence of language-agnostic representations of conceptsf] Concurrent
to this work, Brinkmann et al.| [2025] showed that models share morpho-syntactic
concept representations across languages.

Other researchers found that the concept space is biased towards the training-
dominant language. Using the logit lens, Zhong et al.|[2024] focused on Japanese,
showing that Swallow [Fujii et al., 2024], which is fine-tuned on Japanese, and
LLM-jap |Aizawa et al.| [2024], pre-trained on Japanese and English, are Japanese-
centric. Fierro et al.| [2025] found that subject enrichment — retrieving attributes
about the subject — is language-agnostic whereas object extraction is language-
dependent, when studying EuroLLM [Martins et al., [2024], XLGM |[Lin et al.,
2022 and mT5 [Xue et all [2021].

Overall, our findings suggest the presence of a language-specific latent space, in
line with [Zhao et al. [2024]. Specifically, our results indicate that the concept space
is largely English-centric, consistent with prior work Zhong et al.| [2024], [Wu et al.
[2024], where English is the dominant training language. However, unlike previous
studies, we uncover additional nuance: non-lexical words are not necessarily routed
through the English representation space. Moreover, we find that the behaviour

varies across models. One potential explanation is that we focus on open language

4They used tracing to mitigate potential shortcomings of cosine-similarity [Steck et al., [2024]
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generation — which differs from prior work that predominantly focuses on single-token

and translation tasks. We provide a more in-depth discussion in Section [4.8]

4.6.2 Multilingual LLM Behaviour

The internal mechanisms of LLMs affect their performance in several different

ways, which we summarise below.

Performance The performance of multilingual language models varies across
languages |Shafayat et al.| [2024], Huang et al.|[2023], Bang et al.| [2023], |Shi et al.
[2022], |Ahuja et al.| [2023], often performing best in English. This can even be
leveraged to improve performance in other languages, for example, through cross-
lingual chain-of-thought reasoning (Chai et al. [2024], or by modifying prompts, such
as using multilingual instructions or asking the LLM to translate the task into
English before completing it |[Zhu et al.| [2023], |[Etxaniz et al. [2023].

Fluency and language confusion Marchisio et al.|[2024] showed that English-
centric models are prone to language confusion, i.e., providing the answer in
the incorrect language. Moreover, even when LLMs output text in the correct
language, they can produce unnatural sentences in other languages, akin to an
accent |Guo et al. [2024].

Bias and culture Moreover, LLMs tend to be biased toward certain cultures,
with content performing better when dealing with facts originating from Western
contexts Naous et al.| [2024], Shafayat et al. [2024], falling short when answering
questions on other cultures (Chiu et al|[2024]. [Liu et al.| [2024] investigate the
cultural diversity of LLMs using proverbs and find that these models often struggle
to reason with or effectively use proverbs in conversation. Their understanding
appears limited to memorisation rather than true comprehension, creating a culture

gap when translating or reasoning with culturally specific content across languages.

4.7 Conclusion

Our results provide evidence that semantic decisions in LLLMs are predominantly
made in a representation space close to English, while non-lexical words are processed
in the prompt language. However, we find that this behaviour varies across models,
likely due to differences in multilingual proficiency and model size. The English-

centric behaviour is further validated by our findings that steering non-English
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prompts using vectors derived from English sentences is more effective than those
from the prompt language.

Exploring the structure of the latent space, we find that factual knowledge across
languages is stored in roughly the same regions of the model. Interpolating between
the latent representations of these facts in different languages preserves predictive
accuracy, with the only change being the output language. This suggests that facts
encoded in different languages likely share a common representation. However,
when interpolating, we find that the model output is most frequently in English,
further underlining the English-centric bias of the latent space.

The English-centricity of the latent space is consistent with prior observations
about LLM behaviour. In particular, Etxaniz et al|[2023] found that instruct-
ing LLMs to first translate a non-English prompt into English improves model
performance. However, this bias can be detrimental. If the latent space is English-
centric, this may lead the LLMs to exhibit Western-centric biases |[Naous et al.,
2024) [Shafayat et all 2024].

Future work could investigate ways to mitigate the English-centricity. We
hypothesise that training with a more diverse corpus leads to less English-centric
behaviour, as observed in Aya-23-35B. However, retraining was beyond our com-

putational capacity.

4.8 Discussion

There are currently two perspectives in interpretability research on concept repre-
sentations in multilingual models: (1) concept representations are universal; and (2)
concepts have language-centric representations, where the language is the training-
dominant language. Our work aligns more closely with the second perspective —
namely, that LLMs encode language-specific representations. However, we argue
that there are two sources: the training-dominant language and input/output
language. Below, we discuss how the different theories may be reconciled.

Wendler et al.[[2024] and |Dumas et al.| [2024] argue that the concept space is
universal, but likely more aligned with the English output space. However, our
findings contest this conclusion, as we find that interventions in the latent space are
more effective when using English text, even when the target language is not English.
If the concept space were truly universal, we would expect interventions using all
languages to perform equally well. Our findings are consistent with concurrent
work by [Wu et al.|[2024], who similarly find that steering using English performs
comparably to, or slightly better than, the target language.
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One possible way to reconcile the two theories is via the difference between
concepts that are encoded and concepts that are used [as discussed in Brinkmann
et al., |2025]. There may be multiple representations of any given concept [Hase
et al., 2023, McGrath et al., [2023], or a concept may be represented in an LLM but
not used during generation. Wendler et al.| [2024] focus more on the encoding of
concepts, whereas our work focuses more on the generation of text.

An alternative explanation is that different behaviour is captured in the each
task. In Wendler et al. [2024], Dumas et al.|[2024], the tasks are designed to
generate a single token. In this setting, the task is to select the correct token, and
we expect a high probability mass on a single token. In contrast, we focus on a
more open-ended setting where there are several different possible continuations.
These two settings are inherently different, leading to different conclusions about
the behaviour of LLMs. Even within the same task of fact retrieval, prior work
found that different components of the forward pass are language-specific and
language-agnostic [Fierro et al., 2025].

More generally, the open-generation setting allows us to analyse different parts
of speech. This leads to the second main difference in conclusions, which is that
LLMs encode language-specific representations. For semantically loaded words, we
find evidence that the latent space is English-centric (in LLMs where English is
the dominant training language). This is consistent with one line of prior work,
which generally focuses on nouns [Wu et al., 2024, Zhong et al., [2024]. However,
we find that the same pattern does not hold for non-lexical words.

This is in contrast to concurrent work by Brinkmann et al.| [2025], who showed
that models share morpho-syntactic concept representations across languages in
Llama-3-7b and Aya-8B. In line with their previous work [Wendler et al.; 2024],
they argue that the representations are universal. While our high-level conclusions
differ, our findings also support the hypothesis that smaller models emit more
shared representations than larger models, which permit more language-specific
representations.

Lastly, there is an inherent challenge in disentangling whether a model thinks
in English or whether its encoder and decoder perform better in English than in
other languages. One way to probe this distinction is to ask whether the concepts
represented by the model encoded English versions of those concepts. |[Zhang et al.
[2025] explore this idea — for example, if we ask an LLM which colour a pumpkin is
does it answer green or orange? In Japan, pumpkins are typically green whereas in
English-speaking countries, they tend to be orange. Their findings provide further
evidence that LLMs exhibit English-centric concept biases.
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In conclusion, our findings suggest that the sharing of representations across
languages is more nuanced than previously assumed. Representations appear both
to reflect universal structure—yet often centred on English, the dominant training
language—and to be shaped by the specific input or output language. Conceptually,
this is significant: universal representations capture abstractions that extend beyond

individual languages. We explore this idea of generality in Chapter [6]
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Leveraging Uncertainty for Realistic
Prototypes

In the previous part, we focused on understanding what knowledge is encoded in
machine learning models and how it is represented. In this part, we turn to the second
goal: how this knowledge can be extracted in a form that is interpretable to humans.

This chapter explores how to generate explanations that are both useful and
understandable to end users — whether the general public, in the case of algorithmic
recourse or experts in the medical domain, In particular, we focus on prototypical
explanations and propose a method for generating explanations that are both

realistic and unambiguous by leveraging model uncertainty.

5.1 Introduction

Machine learning systems are increasingly used to make decisions with real-world
consequences. As these systems are deployed in high-stakes settings, there is a
growing need to explain why a particular prediction was made [Sartor and Lagioial
2020|. Explanations help users understand which factors influenced a decision, and
what changes might lead to a different outcome.

One setting where this is particularly important is algorithmic recourse, where
the goal is to provide individuals—such as someone denied a loan—with actionable
guidance: what they could realistically change to receive a different result [Spangher
et al., 2018|. Another critical domain is healthcare, where explanations not only

help build trust in predictions but can also offer insights into disease pathology.

87
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In this chapter, we focus on prototypical explanations. In particular, counter-
factual explanation (CE) of the form “If X had not occurred, then Y would not
have occurred” [Wachter et al. 2017]. For example, consider the following binary
classification problem: “Given the current specifications of my house (e.g., location,
number of bedrooms, etc.), am I likely or unlikely to sell it for $300,000?”. On
inputting the details of their apartment, the user might receive the classification
“unlikely”. In this example, a CE could be the same house with upgraded furnishings
to increase the desirability, resulting in the classification “likely”.

Methods for generating CEs focus on finding an alternate input that is close
to the original input, but with the desired classification [Molnar}, 2020]. However,
this highlights a fundamental difficulty in designing CEs, namely their similarity
to adversarial examples [Szegedy et al.| 2013, |Goodfellow et al., [2014]. Both CEs
and adversarial examples search for a minimal perturbation to add to the original
input that changes the classification. The distinguishing conceptual feature is
interpretability: while CEs should be interpretable, adversarial examples need not
be. [[] However, interpretability is an ambiguous term, with varying definitions

in existing literature |[Lipton| [201§].

919191y

.. N . Unambiguous
O 1 Amb CE ’
rigina Unrealistic CE mbiguous Realistic CF

Figure 5.1: Examples of possible CEs for an input image of the digit 9 when changing
the classification to 4. From left to right: the original image, an unrealistic CE, an
ambiguous CE (it can be interpreted as either a 4 or 9), a realistic and unambiguous CE
(output from our algorithm).

We propose defining an interpretable CE as one that is realistic, i.e., a likely
scenario for the user in question, and unambiguous, i.e., not a pathological ‘borderline’
case. Figure provides an illustration of these two properties for an MNIST
image [LeCun et al. 2010]. Here, we want to find a minimal change to alter the

original image of a 9 so that it is 4. Second from the left is an example of a CE that is

L Although there is a common conception that adversarial attacks generate imperceptible changes,
the term ‘perceptible’ is ill-defined, and many adversarial perturbations are visible to the human
eye [see e.g. [Papernot et al., 2016, (Sharif et al.| [2016| [Brown et al.| [2017].
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not realistic — it doesn’t resemble a “normal” 4 found in MNIST. Third from the left
is an example of an ambiguous counterfactual; it is unclear whether it depicts a 4 or
9. In the final image is a CE that is both realistic and unambiguous, which is clearly
preferable. We give a more extensive definition of realism and unambiguity in [5.2]

Existing work largely focuses on generating realistic CEs, and does not consider
ambiguity [Wachter et al.) 2017, Dhurandhar et al., 2018, Joshi et al.| [2019].
Additionally, many of these approaches rely on using an auxiliary generative
model, in addition to the classifier, to either generate realistic CEs or evaluate the
realism of CEs in order to guide a search process. This may impose a bottleneck,
as generative models may be poorly suited for some datasets and often require
additional engineering and maintenance.

In this chapter, we propose capturing realism and ambiguity using the predictive
uncertainty of the classifier. We leverage two types of uncertainty: epistemic and
aleatoric uncertainty [Kendall and Gal, 2017]. Epistemic uncertainty is uncertainty
due to a lack of knowledge, stemming from observing only a subset of all possible
data points. We argue that CEs for which the classifier has low epistemic uncertainty
are more realistic, as they are more likely under the data distribution. Aleatoric
uncertainty captures inherent stochasticity in the dataset, such as proximity to
the decision boundary between two classes. Therefore, CEs with lower aleatoric
uncertainty will have lower ambiguity. We discuss both types of uncertainty in
more detail in Section [(.3.1]

Based on these insights, we propose a new method for generating interpretable
CEs by using a classifier that provides estimates of both epistemic and aleatoric
uncertainty. Our approach avoids the need for a separate generative model and
requires less hyperparameter tuning than existing methods. Existing neural network
classifiers can often modified to capture uncertainty without incurring additional
overhead, for example, by using Monte Carlo dropout |Gal and Ghahramani,
2016]. Moreover, in many real-world applications where explanations are required,
uncertainty estimates are also important for downstream decisions. In such cases,
uncertainty-aware classifiers may already be in use, and their outputs can be
repurposed to generate counterfactuals with minimal additional cost.

In summary, our contributions are that we:

o link the concepts of aleatoric and epistemic uncertainty to the concepts of
unambiguous and realistic CEs ([5.3.1]),

e introduce a new method for generating interpretable CEs based on implicit
minimisation of both epistemic and aleatoric uncertainty (/5.3.1)),
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» demonstrate empirically, from both a qualitative and quantitative perspective,
that our method generates more interpretable CEs than existing methods,
despite not requiring an auxiliary model ([5.3.5)).

5.2 Explanation Desiderata

We begin by clarifying the terminology used for counterfactual explanations. Con-
sider an input z, the goal is to find an alternative input 2’ such that the model’s
prediction changes. We can write this as '’ = z+ A, where A is the minimal change
required to alter the prediction. Throughout this chapter, we will use explanation
to refer to a’, and counterfactual perturbation (CP) to refer to A.

Next, we define the desiderata of CEs. Explanation desiderata are subjective,
and some are not mentioned below. Our goal is not to define an exhaustive
list of all possible desiderata, but to make explicit the framework and targets
we consider in this chapter.

To illustrate each desideratum, we use the example introduced in the introduction:
a landlord has a two bedroom, one bathroom, one garage house in Boston with a
small garden. A classifier answers the question “Is this property likely to sell for
$300,000?” with False. The goal is to generate counterfactual explanations of the
form “If the property had X, then the classifier would return True”.

Minimal The CE should be as similar as possible to the original instance, i.e.
there should be as few changes as possible between x and 2’ [Huysmans et al., 2011}
Wachter et al., 2017, Molnar, 2020, Laugel et al., 2019, |Van Looveren and Klaise,
2019]. Minimal changes result in more concise and interpretable explanations,
reducing cognitive load for users [Lahav et al.| 2018]. For example, consider the
following two CPs that both change the classification to True:

A1 repainting the kitchen

Ay repainting both the kitchen and the bathroom

As both obtain the desired outcome, A; is more desirable as it is more concise.

Realistic Explanation The suggested explanation must reflect a “possible
world” [Wachter et al., 2017]. Realistic explanations are important for several
reasons. They are often easier for users to understand, as they resemble familiar
scenarios. More importantly, they are more likely to reflect true real-world dynamics.

For example, the explanation “if the garage were rebuilt into 100 small rooms,

then the house would likely sell for 300,000” is clearly unrealistic and unlikely to
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affect the outcome in practice. In contrast, “if the garage were rebuilt into an
ensuite bedroom” is a plausible and informative alternative. In addition, the feature
values should be realistic when considered together |Joshi et al., 2019]. For example,
a one-bedroom house with 6 bathrooms would not be a realistic explanation as

most houses have a higher bedroom-to-bathroom ratio.

Unambiguous Explanation CEs should be unambiguous to be informative. In
this context, we take informative to mean explanations that humans can understand
and learn from. For example, doctors may be interested in informative explanations
from a breast cancer detection model.

Ambiguous inputs may be classified with a low confidence score, resulting in
‘borderline’ cases or inputs that resemble multiple classifications. For example, an
‘ambiguous’ house specification is one that one buyer might value over $300,000,
but another buyer might value under $300,000. For a visual example, see [5.1],

where the input resembles both a 4 and 9.

Realistic or Actionable Perturbation It must be possible for the user to apply
the suggested CP in practice. While the ‘Realistic Explanation’ property ensures
that the explanation is a possible instance, it will only provide the user with recourse
if it is possible for them to apply the suggested perturbation to transition from their
original input to the explanation. For example, while having an identical house to
the original but in New York City would be a realistic counterfactual, it is not an

actionable perturbation because the user cannot move their house to a different city.

Run Time of the Algorithm The algorithm must generate counterfactual
examples (CEs) efficiently enough to be usable in practice [Van Looveren and
Klaise, 2019]. While other computational properties of the algorithm, such as
memory usage, are also important, we highlight run time because recourse is often
delivered through an interactive, user-facing system, where latency directly affects
user experience. In these settings, the algorithm must produce CEs fast enough
to support real-time interaction. However, many CE generation methods rely on
non-convex optimisation and repeated evaluations of a potentially expensive model.
As a result, run time becomes a primary bottleneck.

Our approach is designed to satisfy all of the desiderata outlined above. We
explicitly target the unambiguous and realistic desiderata through the design of
our loss function. These properties are particularly important, as they distinguish

counterfactual examples from adversarial examples. The remaining desiderata are
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addressed implicitly through the optimisation procedure that underlies our CE
generation algorithm. In the next section, we introduce our method and explain

how each desideratum is incorporated.

5.3 Leveraging Uncertainty for Explanations

In this section, we introduce our method for generating interpretable CEs. Our
approach is motivated by the idea that realism and unambiguity can be captured
through epistemic and aleatoric uncertainty. We show that minimising both forms
of uncertainty can be achieved efficiently by optimising a cross-entropy objective of
specific model classes. Based on these insights, we present a fast, greedy algorithm
that generates minimal perturbations for a given input that minimises both types
of uncertainty, resulting in interpretable explanations. Our method is post hoc:

it operates on a trained classifier to generate CEs.

5.3.1 Uncertainty as a Proxy for Realism and Unambiguity

We begin by following Wachter et al. [2017] in framing the task of generating CEs
as an optimisation problem. Given an input x, we can generate an explanation

x' with target class 3’ by solving
a' = argmin \(f,Z,y") + h(Z), (5.1)

where f is the classifier, /(-) is a loss function, A € R" is a hyperparametelﬂ, and
h(-) is a metric of interpretability (for which lower is better). Intuitively, we want to
generate an explanation in class ¢/, which is encouraged by ¢(+), and is interpretable,
as encouraged by h(:). The main difficulty is the definition of h(-), the measure of
interpretability. As previously introduced, we define h(-) by considering two key
aspects of interpretability: realism and unambiguity.

Prior work has shown that realism is one of the most difficult desiderata to
satisfy (see Section . As a result, we place particular emphasis on targeting
this property. To do so, we generate counterfactuals a2’ for a target class y' by
maximising D(z’ | y'), the distribution of training examples in that class. This idea
builds on insights from previous work [Dhurandhar et al., 2018, |Joshi et al., 2019,
Van Looveren and Klaise, 2019|, which we review in Section

2)\ can be selected by iteratively solving the optimisation problem and increasing A until &’ is
classified as 3’ with a loss below a user selected threshold.



5. Leveraging Uncertainty for Realistic Prototypes 93

The core intuition is simple: explanations that are likely under the training
distribution are more likely to be accurately captured by the model. In other
words, the model is more likely to behave reliably on examples that resemble the
data it was trained on, making these counterfactuals more faithful to the true
data-generating process. Such examples also tend to appear more familiar to users,
and are therefore more likely to be perceived as realistic.

When generating CEs, we focus on the distribution for the target class, i.e.
D(z' | ¢), in order to generate examples which look realistic for the particular
target class 3. For example, it would not be realistic for a house classified as
expensive to be very small and in a cheap area.

Given this definition of realistic, Bayes’ rule gives us the following expression

for the un-normalized density function,

po(y'|2")pp(2')
po(y')
o< pp (Y| )pp (). (5.3)

po(2'ly’) = (5.2)

If we use a standard classification model with a softmax output, then pp(y'|z’)
is estimated by the output of the model. To compute pp(z’), the likelihood of
2’ under the training data distribution, we have several choices. One option
would be to use a separate generative model to estimate pp(z'). This would
lead us to a similar objective to that introduced by Dhurandhar et al.| [2018] and
Van Looveren and Klaise| [2019].

Instead of training an additional model to estimate pp(z’), we can approximate
it directly using a classifier that provides uncertainty estimates over its predic-
tions [Smith and Gal, 2018| |Grathwohl et al., 2020]. In particular, we focus on
epistemic uncertainty — which captures uncertainty about which function best
explains the data, due to the fact that many functions may fit the finite training
set. In the input space, a Bayesian classifier will have lower epistemic uncertainty
on points which are close to the training data, and the uncertainty will increase
as we move away from the training data. As a result, low epistemic uncertainty
is correlated with a higher pp(z’). |Gal and Smith| [2018] show empirically for
Bayesian neural networks implemented using deep ensembles. Therefore, given
a classifier that estimates epistemic uncertainty, we can use it to approximate
an unnormalised value of pp(z’ | v/).

Lastly, we consider how to generate unambiguous counterfactual examples. To
capture ambiguity, we rely on aleatoric uncertainty — which arises from inherent

noise or stochasticity in the data distribution [Smith and Gal, 2018]. To ensure
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unambiguous explanations, we generate counterfactuals in regions of the input space

where the classifier exhibits low aleatoric uncertainty.

5.3.2 Uncertainty in Practice

There are several different approaches for obtaining classifiers that offer estimates of
epistemic and aleatoric uncertainty. For the experiments in this section we choose
an ensemble of deep neural networks, as this is a simple method for computing
high-quality uncertainty estimates [Lakshminarayanan et al., [2017]. Contrary to
other methods for estimating uncertainty in deep learning, deep ensembles do not
impose constraints on the architecture class of the classifier. However, our approach
will work with any model that offers uncertainty estimates.

We define h(z') as the predictive entropy of the classifier when evaluated on
input 2’. Predictive entropy captures both aleatoric and epistemic uncertainty,
and both are low when the predictive entropy is low. The predictive entropy

estimated using ensembles is

h(z') = — %p(yll”) log p(ylz) (5.4)
plyla’) 7me yla'), (5.5)

where we have M models in the ensemble [Smith and Gal, 2018]. Here, p,,(y|z’)
is the softmax output of the mth model in the ensemble.

Having defined h(z’) as the predictive entropy, we note that the term h(z’) in
is redundant. This is because a counterfactual that minimizes the cross-entropy (i.e.,
that maximizes the probability to be assigned to a class) must also minimize the
predictive entropy (i.e., be likely under our approximation of the data distribution).
Intuitively, the cross-entropy is minimized (equal to 0) when the target class has a
probability 1 and all other classes have a probability 0. In this scenario, predictive
entropy will also be minimized at 0. We provide a formal derivation in [D.T]

As a result of this intuition, we can drop the terms A and h(-) from [5.1] u and

objective becomes
o' = argmin ((f, z,y"). (5.6)

This simplification of the objective makes it cheaper and easier to generate
CEs. We avoid the iterative optimization of the hyperparameter A, which might
otherwise increase the computational cost of the optimization. As we discuss in

detail in [5.5.1], this is an improvement over existing approaches such as Wachter



5. Leveraging Uncertainty for Realistic Prototypes 95

et al.| [2017], which requires tuning of A, and Van Looveren and Klaise [2019], which

uses an objective with several hyperparameters.

5.3.3 A Greedy Algorithm for Generating Minimal CEs

In this section, we present the algorithm used to generate counterfactual examples,
targeting the objective defined in Equation[5.6] Optimising this loss function directly
yields a sample in the target class y/, but does not account for the minimality or
realistic perturbation desiderata. To address these, we constrain the optimisation
process through the design of the algorithm itself. Specifically, we adapt the
Jacobian-based Saliency Map Attack (JSMA), originally proposed by |Papernot
et al.| [2016] for generating adversarial examples.

JSMA is an iterative algorithm that updates the most salient feature, i.e. the
feature that has the largest influence on the classification, at each step. To generate
realistic CEs rather than adversarial examples, we replace the original definition of
saliency by defining the most salient feature as that which has the largest gradient
with respect to the objective in [5.6

most_ salient_ feature(z’) = arg max Vo [U(f, 'y, (5.7)
J

where V denotes the partial derivative and z; denotes the jth feature of z. Updating
each feature iteratively by 0 acts as a heuristic for minimising the L distance between
the original input and the CE [Papernot et al., 2016]. The algorithm terminates
when the input is classified as the target class with high confidence, or after reaching
the maximum number of iterations. Alternatively, the algorithm can be configured
to fail if the explanation does not reach the predefined confidence level. This enforces
that generated explanations are those on which the classifier has low uncertainty;,
which may be important for certain applications. We give pseudocode in [I]
This is a fast algorithm for generating realistic and unambiguous explanations
using minimal perturbations. We also want to ensure that the perturbation is
actionable. In many cases, we can manually identify the features a user cannot
change, and lock these features to prevent the algorithm from perturbing them. For
example, we might prevent the algorithm from changing the location of a house.
This simple approach assumes that we are explicitly aware of factors that can be
changed, which is often but not always the case. We leave a detailed investigation

into other approaches for generating realistic perturbations for future work.
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Algorithm 1 Generating Counterfactuals
(For more detail, see D.2))

1: Input original observation x; target class y'; ensemble of models {f,,}_;;
maximum number of iterations /N; minimum confidence of target class ~;
perturbation size §; maximum number of times each feature is changed n;
optional: a function that clips the values to a permitted pre-defined range clip.
Output counterfactual z’
ez
c+0
P = 0,,, where n,, is the number of input features
while +; 3, pn(y/|2) < v and ¢ < N do
Compute forward derivative
S y) = Vi dy SN U f ')
L= argmaXi:ieP,P[ian(I,? y)ld]
9:  2'[i] = 2'[i] + sign(S(2',y)[i]) - 6
10: 2’ = clip(a2’)
11:  Pli] « Pli] +1
12: c+—c+1
13: end while
14: return x’

*®

5.3.4 Adversarial Training

Our proposed method works with any classifier that both offers uncertainty estimates
and for which we have access to the gradients (of cross-entropy loss with respect
to some input). However, if it is possible to retrain the classifier then the realism
of the generated explanations can be improved by applying adversarial training,
as we demonstrate empirically in [5.3.5] Specifically, we augment the dataset
during training using adversarial examples generated by FGSM |Goodfellow et al.,
2014], see for details.

We suggest that adversarial training might improve the realism of the generated
CEs for two reasons. First, [Lakshminarayanan et al. [2017] demonstrate that
adversarial training improves uncertainty estimation, both on in-distribution and
out-of-distribution inputs. This should improve the performance of our method, as
we generate CEs in areas of input space where the classifier has low uncertainty.

Second, adversarial training can lead to learning more robust features [Tsipras
et al., 2018, [llyas et al) [2019]. Augmenting the training set with adversarial
examples during training ensures that the model does not focus on noise when
learning features for classification. As such, the model is more likely to learn features
that are not noise, and therefore are more interpretable [Tsipras et al., 2018|. An

example of the effect of adversarial training is shown in [5.2] The saliency of an
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Figure 5.2: Gradients of classifiers trained with adversarial training (middle image),
versus without (right image) for an input image (left image). We observe that adversarial
training results in gradients (which can used to identify a salient features) that are more
aligned with human perception. This example is inspired by |Tsipras et al.|[2018, Figure 2].

adversarially trained model, as shown by the middle image, is more aligned with

human interpretation than the saliency of a regular model (shown by the right
image). We discuss these two effects further in [D.3]

5.3.5 Evaluation Metrics

To evaluate counterfactual explanation (CE) generation algorithms, we assess
two key properties: realism and minimality. To measure minimality, we report

the L; distance between the original input and the counterfactual. To measure

realism, we adopt the metric proposed by [Van Looveren and Klaise| [2019], based

on reconstruction losses from autoencoders. Two variants are defined as follows:

' AEy (2|2 AE, (z') — AE(2))|)?
|2/ — ABy(2")||% + [2'][, + €

Here, AE, denotes an autoencoder trained on instances from class y, and AE
is trained on all classes.

IM1 computes the ratio between the reconstruction loss under the counterfactual
class and the original class. A lower value indicates that the counterfactual resembles
the target class more closely than the original. IM2 measures the normalized
difference between reconstructions from the class-specific and general autoencoders.

We use IM1 to evaluate the realism of generated counterfactuals. We omit IM2,
as it fails a basic sanity check: it does not reliably distinguish between in-distribution

data and out-of-distribution “junk” inputs. See Appendix [D.4]for further discussion.

5.4 Empirical Analysis

We train a classifiers for each of the datasets — gives full details of the models

we use in each experiment.
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5.4.1 Datasets

We perform our analysis on three datasets: MNIST [LeCun et al., 2010], the
Breast Cancer Wisconsin Diagnostic dataset [Dua and Graff, 2017|, and the Boston
Housing dataset [Dua and Graff, [2017]. We chose MNIST as it is easy to visualize,
which allows non-experts to evaluate the interpretability of the generated CEs. We
consider the two tabular datasets because this type of data is frequently used in

the interpretability literature. We briefly describe each dataset below.

MNIST dataset A dataset containing gray-scale images of handwritten digits
ranging between (0 and 9. The goal of the CE explanation is to find a perturbation
that changes the image classification from, e.g., a 1 to a 7. We consider MNIST,
as image-based data allows us to visually inspect the quality of the CEs. Our

classifiers obtain an accuracy of 98.5% on the test set.

Breast Cancer Wisconsin Diagnostic dataset A tabular dataset where each
row contains various measurements of a cell sample from a tumour, alongside
a binary diagnosis of whether the tumour is benign or malignant. A CE for a
particular input changes the classification from benign to malignant, or vice-versa.

Our classifiers obtain an accuracy of 96.9% on the test set.

Boston Housing dataset A tabular dataset where each row contains statistics
about a suburb of Boston, alongside the median house value. To construct a
classification problem, we divide the dataset into suburbs where the price is below
the median, and those where it is above. A CE for a particular input changes
the classification from below the median to above, or vice-versa. Our classifiers

obtain an accuracy of 86.3% on the test set.

5.4.2 Benchmarks

We benchmark the performance of our method against Van Looveren and Klaise
[2019], a state-of-the-art approach for generating CEs. We also compare against
JSMA, the adversarial attack from which we draw inspiration for our algorithm.
We include JSMA for two reasons: [1] to determine that we are able to generate
more interpretable counterfactuals, and [2] to validate that JSMA can efficiently

create minimal perturbations.
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Table 5.1: Realism (IM1) and minimality (L;) of generated explanations. IM1 serves as
a proxy for the distance to the class data manifold, measured via reconstruction error (see
Section ; lower values indicate more realistic. The L distance is measured between
the original input and the counterfactual example; lower values are better. Results are
reported as the mean over 100 randomly selected test points, averaged across 10 random
seeds, and the standard deviations across seeds are shown in parentheses. VLK refers to
the method introduced by [Van Looveren and Klaise| [2019]. Note that the reported values
for VLK are based on our own implementation and differ from those in the original paper.
While we improve upon their reported results on MNIST, we obtain a worse performance
on the Breast Cancer dataset. We discuss the steps we took to reproduce their results in

Appendix

Method Realism (IM1 |) Minimality (L; )

MEAN STD MEAN STD
MNIST
JSMA 1.11 (0.01) 14.4 (2.3)
VLK 1.12 (0.06) 47.7 (4.9)
OURS 0.98 (0.02) 38.3 (3.5)
BREAST CANCER DIAGNOSIS
JSMA 1.06 (0.01) 1.23 (0.04)
VLK 2.81 (0.27) 1.27 (0.09)
OURS 0.89 (0.04) 2.57 (0.13)
BosToN HOUSING
JSMA 1.50 (0.00) 0.72 (0.01)
VLK 2.55 (0.08) 0.73 (0.20)
OURS 0.85 (0.00) 1.47 (0.02)

5.4.3 Results

Table [5.1| shows our results. Overall, we find that our approach generates more
realistic CEs than |[Van Looveren and Klaise [2019] despite not requiring an auxiliary
generative model, as can be seen from the lower IM1 scores. Comparing our method
to JSMA, we note that our method generates larger perturbations but with better
IM1 scores. This demonstrates that our adapted loss function successfully trades off
perturbation size for realism, as desired. We emphasise that we only report JSMA
to show that it can efficiently create minimal perturbations, although it does not
generate realistic explanations. This can be seen in [5.3, which shows qualitative
examples of the explanations generated by the three methods.

[5.3] shows qualitative examples of counterfactual examples. Here, we observe a
failure mode of our proposed algorithm: the strokes in the counterfactual examples

are less smooth than the strokes in real images. This is due to the algorithm design,
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Original

Figure 5.3: Qualitative Examples of Counterfactual Explanations. Each row shows a
different example. From top to bottom, the goal is to change the classification from a
4—9,4—1,and 5 — 8. The left column shows original images. The following three
columns show examples of generated CEs by the algorithms. From left to right: our
algorithm, JSMA, VLK. Our algorithm is able to create more realistic counterfactuals
— i.e., images that are likely under the data distribution. We note that the CEs above
generated by VLK appear less realistic than those shown in the original paper. This is
likely because we consider targeted CEs, i.e., we randomly specify a target class for the
explanation, whereas in |[Van Looveren and Klaise [2019] the explanation can be in any
class, which is an easier task.

which changes single pixels iteratively. As a result, our method does not capture
the stylistic properties of the dataset, which would be important if we want to
employ our method as a generative model. However, our method is able to grasp
high-level changes required, such as adding a white stroke to 4 to turn it into 9,
which is more important for explanatory purposes. In[D.6 we show more examples
of CEs generated by our method on both MNIST and tabular data, and provide

further insight into which features are altered.
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Figure 5.4: Ablation Study on the MNIST: effect of adversarial training and number
of models in the ensemble on interpretability (top), as measured by the IM1 score, and
minimality (bottom), as measure by the mean L; distance. The shaded areas show 95%
ClIs, as estimated over 10 seeds.

5.4.4 Ablation Study

We perform an ablation study to investigate the effects of adversarial training, and
the number of models in the ensemble, on the quality of generated CEs for MNIST
images. The results are shown in Initially, the interpretability of CEs tends to
improve as the number of ensemble components increases — this can be seen from the
initial downward slopes of IM1 in the top graph of 5.4, However, after 10 ensembles,
the improvement in performance saturates; likely because uncertainty estimation
does not improve further. Adversarial training improves the interpretability scores,

however leads to less sparse explanations.

5.5 Related Work

5.5.1 Generating CEs

Below we summarize the different methods used to generate CEs. We begin with
Wachter et al.| [2017], who frame the task of finding a CE 2’ in target class y for

initial input x as the optimization problem
¢’ = argmin N(f,z,y) + d(x, z), (5.9)

where f is the classifier, £(-) is a loss function (the authors use MSE loss), d is

some measure of distance (the authors use a weighted L; distance), and \ is a
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hyperparameter which is selected by iteratively increasing it until the target class
is predicted with a desired level of confidence. This is equivalent to the objective
function we use in our approach, as given in , if h(z') is defined as distance
to the original input. This definition of h(z') does not give any consideration to
ensuring that 2’ is realistic, and [Wachter et al|[2017] note that it risks generating
adversarial examples.

Various approaches adapt in an attempt to generate realistic CEs:

o Dhurandhar et al.| [2018] include an additional penalty in the objective to
encourage CEs to lie on the training data manifold. The authors fit an
auxiliary autoencoder model to the training data. In the objective, they then
include the reconstruction loss of applying this autoencoder to the CE. The
assumption is that reconstruction loss will be higher for CEs which are not
likely under the training distribution, which will encourage the approach to

generate realistic CEs.

 [Van Looveren and Klaise| [2019] note that the approach introduced by Dhus
randhar et al.| [2018] does not take into account the data distribution of each
class, for example a very large house is unlikely to also be very cheap. Thus,
the authors include an additional loss term which guides the search process
towards a ‘prototype’ instance of the relevant class. The prototype for each
class is defined as the average location in a latent space of all the training
points in that class. Again, the authors use an autoencoder to map inputs
into the latent space. One disadvantage of this approach is that the objective
function contains several terms, and a hyperparameter must be specified for

each in order to scale them appropriately.

o The methods above generate CEs by searching in input space. In contrast,
Joshi et al.| [2019] search in a latent space, and use a generative model to map
instances from this latent space into the input space in order to evaluate them.

The objective is

= argmin M (F(G(:), ) + (. 61). (5.10)
2rp(z

where p(z) is a distribution over the latent space, G(+) is the generative model

mapping the latent space to input space, ¢(+) is a cost function (which we

can view the same as the distance function), and A is a hyperparameter. One

limitation of this approach is that the CEs are produced by the generative

model, thus suffer from the pathologies of that model. For example, a VAE is

likely to generate blurry explanations.
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We claim that our approach has several advantages over these methods. First, we
avoid the engineering, and potential computational, overheads of implementing,
training, and maintaining an auxiliary generative model. Second, we have a simple
objective function which does not involve minimax optimization or specifying
hyperparameters, both of which incur additional computational cost.

One weakness of our method is that it requires a classifier which offers reliable
uncertainty estimates. This is likely to have higher computational cost, and in
particular the ensemble of classifiers that we use in our experimental work is more
expensive to train and evaluate than a single model. However, our method can be
used with any classifier that offers both epistemic and aleatoric uncertainty, and
several fast approaches are available for deep learning models [Gal and Ghahramani,
2016, Liu et al. 2020, Van Amersfoort et al} 2020]. Additionally, we argue that
many applications where the machine learning system must offer the user recourse,
estimates of the uncertainty in the classification will also be required, and so
will already be available from the classifier. For example, when using a machine
learning tool to make a decision, estimates of the uncertainty in the predictions
are very important to be able to act cautiously, or defer to a human expert,

when the model is unsure.

5.5.2 Adversarial examples

Counterfactual examples are closely related to adversarial examples [Pawelczyk
et al., 2021} [Freiesleben| |2021]. Adversarial examples are crafted by finding the
minimal perturbations required to change the classification of an image [Szegedy:

et al. [2013]. Mathematically, this can be formulated as

¢’ =argmin  d(x,7) (5.11)

T

st f(z)=1v, (5.12)

where x is the original input, 2’ is the adversarial example, ¢ is the target class,
d(-) is a distance metric and f(-) is the classifier.

This is very similar to the mathematical formulation used to generate CEs in [5.9]
In literature, the distinguishing feature between the two fields is interpretability.
While we want counterfactual examples to be interpretable, adversarial examples
need not be. Our approach focuses on this distinguishing feature; we design an

algorithm that leverages uncertainty to generate interpretable CEs.
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5.6 Conclusion

We have introduced a fast method for generating realistic, unambiguous, and
minimal CEs. In the process, we collect, define, and discuss the properties which
CEs should have. In comparison to existing methods, our algorithm does not rely
on an auxiliary generative model, reducing the engineering overhead. Nevertheless,
we demonstrate empirically that our approach is able to match or exceed the
performance of existing methods, with respect to the realism of the CEs generated.

One could argue against the chosen desiderata — for example, that minimality is
unnecessary, or at least secondary to realism. Yet without constraining optimisation
for minimality, explanations risk becoming superfluous, including features that either
(1) do not influence the outcome or (2) form a superset of those truly required.
Moreover, our approach incorporates realism by enforcing a threshold that must
be satisfied before optimisation terminates.

In future work, methodological developments could be explored by adapting the
proposed method to work for black-box models [Afrabandpey et al., 2020]. Similarly,
it would be interesting to extend these ideas to more complex models, such as
LLMs. While using ensembles would be computationally infeasible, researchers
could explore generating CEs that leverage the uncertainty in the latent space
[Holtgen et al. 2021 Kossen et al., [2024].

It would also be valuable to compare a model’s epistemic uncertainty with
that of humans. From the perspective of learning and knowledge discovery,
counterfactual explanations may be especially informative in cases where humans are
uncertain but the model is confident. Conversely, inherently ambiguous examples
can be pedagogically useful: as complex cases, they help humans refine their
internal decision boundaries. More broadly, focusing on cases of maximal user
uncertainty may reveal insights that are particularly informative for improving

human understanding.



Knowledge Discovery in Chess

This chapter brings together the two central goals of this thesis: (1) understanding
what knowledge is encoded in machine learning models, and (2) extracting that
knowledge in a form that is interpretable to humans. In particular, we explore
whether we can extract mew knowledge from Al systems— knowledge that was
not previously known to humans. We consider the setting of chess, focusing on
AlphaZero, a highly capable system that plays at a superhuman level.

The chapter follows the interpretability pipeline introduced earlier in this
thesis: identifying explanation desiderata, locating knowledge encoded in the model,
verifying that it influences behaviour, and translating it into a human-interpretable
form. Moreover, we demonstrate — through a small-scale study — that the extracted

knowledge can be communicated to and learned by domain experts.

6.1 Introduction

Artificial Intelligence (Al) systems are often treated as problem-solving machines;
they can carry out the jobs humans are already capable of but more efficiently
or with less effort, which brings benefits in several domains. In this chapter, we
pursue a different goal: treat Al systems as learning machines and demand that
they teach us the fundamental principles behind their decisions to extend upon
and complement our knowledge. We can imagine many benefits of learning from
machines. For example, while a system that provides accurate cancer diagnosis
or effective personalised treatment than human experts is useful, transferring

the rationale behind their decisions to doctors could not only bring advances in
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medicine but also leverage human doctors’ strength and generalisation ability to
enable new breakthroughs. There is a tremendous untapped opportunity across
various domains where the capabilities of Al systems are reaching or exceeding
those of human experts (super-human Al systems).

The super-human capabilities of Al systems may arise in a few different ways:
pure computational power of machines, new ways of reasoning over existing
knowledge, or super-human knowledge we do not possess. In the next two chapters,
we focus on the last two cases and for simplicity, refer to both as super-human
knowledge from now on.

What does this mean from a research standpoint? The human representational
space (H) has some overlap with the machine representational space (M) (see
Figure [Kim, 2022]). A representational space forms the basis of and gives rise
to knowledge and abilities, which we are ultimately interested in. Thus, we use
representational space and knowledge interchangeably — roughly speaking, H to

represent what humans know and M to represent what a machine knows.

Figure 6.1: Learning from machine-unique knowledge, modified from Kim| [2022] with
permission. Teal represents human knowledge and pink represents knowledge encoded
in Al systems. In the context of knowledge discovery, we are interested in extracting
machine-unique knowledge from the shaded region (M — H).

Human Knowledge (H) Machine Knowledge (M)

We believe that the knowledge gap represented by (M — H) is crucial to
empowering humans by identifying new concepts and new connections between
existing concepts within highly performant Al systems.

One prominent example of (M-H) in the history of Al is move 37 — an excep-
tionally strong, novel idea — that AlphaGo made in the second game of its match
against Lee Sedol. This move surprised both commentators and Lee Sedol, and

is still discussed to this day as an example of machine-unique knowledge. If there



6. Knowledge Discovery in Chess 107

are more such examples, exemplifying new conceptual knowledge that enables new
capabilities, we would like to discover them using a structured approach.

In this chapter, we take a first step towards discovering super-human knowledge
in (M — H). We focus on a domain that has inspired Al practitioners for decades,
and captivated human imagination for centuries: the game of chess. Chess is
a well-suited domain to explore the existence and usefulness of set (M — H) for
several reasons. First, chess knowledge has been developed over a long period of
time, and the ground truth is easier to validate compared to the frontiers of other
fields, such as science or medicine. Moreover, we have a quantitative measure of
the quality of play, both for human experts as well as machines, known as the
Elo rating [Wikipedia contributors, 2023c].

Chess engines have performed at a super-human level for a long time, ever since
DeepBlue’s match against Garry Kasparov. While early engines were based on
human knowledge, AlphaZero [Silver et al., |2018] (AZ) was the first self-taught
deep learning model that surpassed human capabilities without relying on any prior
human knowledge. However, as humans, we have not yet been able to fully tap
into their knowledge. Through analysis of AZ’s games, humans manually distilled
patterns, such as its proclivity to play on the flank of the chess board with moves
such as a4 or h4 [Sadler and Regan, [2019]. However, this still analyses M through
the lens of H, a bias that limits what we can find from M N H.

In this chapter, we aim to take the first step to change that by facilitating learning
from the super-human knowledge in the (M — H) set of AZ. We hypothesise that
(M — H) exists, and can be taught to humans. We validate our hypothesis by
showing that we can teach new chess concepts to four top human grandmasters,
the best chess players in the world. Also, due to their undeniable strength, and
talent, (M — H) may fall into their ‘proximal zone of development’ in Vygotsky’s
education theory: “the space between what a learner can do without assistance and
what a learner can do with adult guidance or in collaboration with more capable
peers”. While communicating (M — H) may require new language |Kim, 2022], we
bypass this need in this work by leveraging chess champions’ ability to connect the
dots and generalise from patterns that arise in chess positions.

We develop a new framework to search for concepts in (M — H), i.e., unearth
AZ’s super-human knowledge. In our framework, we:

e develop a new method for finding unsupervised concepts in the latent

space. By using the full AZ machinery, both the policy value network and

MCTS tree, our method discovers dynamic concepts that motivate a sequence
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of actions in chess. We show that our method can find vector representations

of concepts in a data-efficient manner.

o ensure concepts are novel. Through spectral analysis, our framework only
select concepts that contain information unique to the vector space of AZ’s

games compared to that of human games]]

« ensure that concepts are teachable. We develop a new metric that evaluates
whether concepts are teachable to another Al agent with no prior knowledge
of the concept. Through this metric, we select concepts based on their

informativeness (i.e., useful for the AT agent in a downstream task).

o provide insight into the meaning of the new concepts via graph analysis to
reveal new concepts’ relations to human-labelled concepts.

We validate the new methodology in the supervised setting in Section After

finding these concepts in (M — H), we analyse whether we can expand the human

representational space (H) to include these new concepts. We collaborate with four

world top chess grandmasters and former World Champions to test whether they

could learn and apply the concepts, by learning from prototypical examples.

6.2 AlphaZero

AlphaZero (AZ) is the first chess Al system that mastered the game without
any prior human knowledge [Schrittwieser et al., [2019]. Here, we provide a brief
description; for a complete description, we refer the reader to |Schrittwieser et al.

[2019]. AZ leverages two main components: a policy value network and Monte
Carlo Tree Search (MCTS).

Policy Value Network For a given input state, the policy-value network fy

outputs a policy p and value estimate v:

(p,v) = fols), (6.1)

where s is the input state. The input state contains the chess position, history
and metadata required for legal moves, such as castling rights. The policy is the
probability distribution over the next actions. The value estimate whether the
player to move in the state will win (1), or whether the opponent is likely to win (-1).

The main body of the network is a ResNet backbone [McGrath et all 2022a).

The body consists of 19 residual blocks. Each block contains two convolutional

IThis difference is not due to variance, as the human games have a larger span in input space.
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Figure 6.2: Policy Value Network in AlphaZero. Adapted with permission from ref.
McGrath et al. [2022a], which is licensed under CC BY 4.0.
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layers, followed by a skip connection. The post-activation latent representation

z; the corresponding to block [ is given by:
2 = ReLU (21 + gi(z1-1)), (6.2)

where g;(-) is the composition of two convolution layers. The intermediate layers in
PV network extract features before outputting a policy and value estimate.

Figure [6.2] shows an overview of the network. We refer to layers using integers.
For the main body of the network, these integers denote the ResNet blocks. In
the value head, we have three layers, which we will refer to as layers 20, 21 and 22
(from the body to value output). In the policy head, we have two layers, which
we refer to as layers 23 and 24 (from body to policy output).

Search The search algorithm used in AlphaZero is Monte Carlo Tree Search
(MCTS). For a state-action (s, a), the visit count N(s,a), the total action value
W (s, a), mean action value Q(s, a) and prior probability P(s,a) are stored. W (s, a),

Q(s,a) and N (s, a) are initialised to zero. P(s, a) is the probability assigned to action
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a in the policy p of the policy-value network fy(s). During training, noise sampled
from a Dirichlet distribution is added to the prior probabilities of the root node.
The search algorithm starts at the initial state sy and finishes at maximum

depth T. At each time step t < t, the next action is chosen as follows:
argmax,Q (s, a) + U(s, a) (6.3)

The first term, Q(s;,a) is for exploitation whereas U(s;, a) ensures exploration.
U(sy,a) is defined as:

(N (s)

U(s,a) = C(S)P(s,a)m,

(6.4)

where N(s) is the parent visit count and C(s) is the exploration rate, define as:

1 N ase
log RO =+ Cinit (6.5)

Chase

The value v of the leaf node sy is estimated using the policy value network.

The visit counts and values are updated in the backward pass:

N(s¢,a) < N(sg,a) +1 (6.6)
W(st,ar)  W(sg,ai) +v (6.7)
Q(s1,ar) I]AV/E:ZZ)) (6.8)

Training The PV network is trained using RL from self-play. Each game starts
at the initial position. At every time step, a move is sampled proportionally to
the root node visit count. Games are simulated until a terminal state is reached.
A score of —1 is assigned for a loss, 0 for a draw and 1 for a win. The model

parameters are trained using gradient descent on the loss:
£= (= v)2 =" logp+ oI, (6.9)

where c is a hyperparameter controlling the Ly regularisation.

Evaluation During evaluation, the moves are greedily sampled with respect

to the root node visit count.
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6.3 What are Concepts?

There are several possible definitions of a concept — varying from a human-
understandable high-level feature to an abstract idea. In this work, we use the

following definition:
Definition 6.3.1 (Concept). A concept is a unit of knowledge

There are two properties we focus on. The first is that a concept contains
knowledge: information that is useful. In the context of machine learning, we
take this to mean that it can be used to solve a task| For example, consider the
concept of a beak. We can teach an algorithm or a person what a beak is. If
the person grasps the beak concept, they can use it to identify birds. The second
property is wunit, which implies minimality; a concept is concise and irrelevant
information has been removed.

There are many ways to operationalise this definition and properties, and we
choose one of them: showing a concept can be transferred to another agent to help
them solve a task (e.g., follow the strategy represented in a concept). Being able to

do so implies that the concept is self-contained and useful for the task.

Concepts in Reinforcement Learning What types of concepts do we aim to
discover in the RL setting? We aim to discover concepts that give rise to a plan,
where a plan is a deliberate sequence of actions optimizing for one or more relevant
concepts. We take deliberate to mean that there is an underlying reason. More
specifically, we assume a plan is motivated by one or more concepts. Although the
terminal goal of a plan is the same across states — maximizing the outcome (win or
draw) — plans in a specific state will have more context-specific instrumental goals
along the way, for instance, capturing a particular piece in an advantageous position,
or maximising one’s board control. We assume that plans in similar contexts will
share similar instrumental goals, and thus give rise to similar concepts.

How do we represent concepts? We leverage rich literature that assumes concepts
are linearly encoded in the latent space of a neural network [McGrath et al. 2022a|
Kim et al., 2018, (Gurnee et al., 2023] (Conneau et al., [2018, [Tenney et al., [2019,
Nanda,, [2023]. The latent space refers to the space spanned by post-activation
features of a neural network. Although our assumption of linearity is a strong

assumption, it has a surprising amount of empirical support: linear probing and

2The definition of a task can be broadly defined. Relating this to previous — in the context of
LLMs, this task may simply be communicating a fact.
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related techniques have successfully extracted a wide range of complex concepts
from neural networks across multiple domains [Kim et al.; 2018 |(Gurnee et al., [2023|
Conneau et al., 2018| Tenney et al., 2019, McGrath et al., |2022a, Nanda, 2023].
Although we may miss concepts with non-linear representations, we nevertheless

show that we can find useful concepts for our goal using purely linear representations.

6.4 Finding Concepts

Recall, Figure[6.1] Our goal is to find concepts in (M — H). Our approach is as fol-
lows:

1. Find concepts in (M), using an unsupervised approach.
2. Ensure concepts are useful, using a teachability metric.

3. Ensure concepts are in (M — H), using a novelty metric

We elaborate on each step in the following subsections.

6.4.1 Finding concepts in (M)

To find concepts in (M) without bias from (H), we need to use an unsupervised
approach. We propose a new approach as existing methods are not well-suited
for the type of data. Firstly, the model input is a mix of binary and real-valued
inputs, and existing methods often require continuous values inputs (e.g., saliency
maps). Second, we want to analyse both parts of AZ machinery — the policy-value
network and MCTS. Leveraging both the network and MCTS is crucial, since
each component plays a different yet important role in deciding the optimal action
(see Section for more detail).

We formulate concept discovery as a convex optimisation problem. Using
a convex optimisation framework is not new; many existing methods for finding
concept vectors, such as non-negative matrix formulation, can often be approximated
as a convex optimisation problem |Ding et al., 2008].

For each concept vector we want to find, we formulate a separate convex
optimisation problem. As mentioned in Section we define a concept as a
unit of knowledge. Minimality is achieved by encouraging sparsity [Tibshirani,
1996] through the L; norm

min ||ve,|

such that concept constraints hold, (6.10)
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where v.; € R¥ is a vector that lives in the latent space of layer [ to represent
concept ¢, and d; is the dimension of layer .
We outline the concept constraints used for two different types of concepts:

static and dynamic concepts.
Definition 6.4.1. Static concept. Static concepts are found in a single state

An example of a static concept in autonomous driving is that the car is located

on the highway.

Definition 6.4.2. Dynamic concept. Dynamic concepts are found in a sequence of

states.

A dynamic concept is that the car is accelerating. While our framework only
aims to discover dynamic concepts, we use both static and dynamic concepts

to validate our method.

Static concepts

We use supervised data, where the label indicates whether a state contains a
concept ¢, to learn static concept vectors. These concepts encode human knowledge,
and therefore, can be used to validate our approach. One example of a static
concept in chess is the concept of ‘space’, which we can be inferred from the
pawn structure in a single state.

For now, assume we have binary Conceptsﬂ and denote the presence of concept ¢
(concept score) in chess position x by ¢(x) = 1, and ¢(x) = 0 otherwise. For each
concept ¢, we can split a general set of chess positions X into positive examples

X*, where the concept is present, and X~, where it is absent

1)
0}.

Xt ={zeX:c(z)
X" ={zeX:(z)

These positive and negative examples allow us to generate corresponding positive
and negative examples of latent representations (intermediate post-activation
representations in the network). The function fj(z) generates an activation for

layer [ given an input x:

Z ={filz) :x € X"}
Z; = {fl(x) HEGES X7}7

3We show how to handle non-binary concepts in Section
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where z; = fi(x) denotes the latent representation obtained at layer [ by passing
input x through the network.

The convex optimisation goal is to learn a sparse vector v.; that represents a
concept c. We hypothesise that the inner product v, - 2; is higherﬂ for activations
from Z;" (the set where the concept is present) than for activations from Z; (the

set where the concept is absent). Thus, the formulation becomes
min ||vey||i such that wve; -2 > 20 Vet €Z), 2 €Z;. (6.11)

We can evaluate how well a concept is represented by v.; in the supervised setting
by splitting X into two sets: Xipain and Xiesr and then v.; only using Xaim. We
then measure the fraction of elements in X;. on which the concept constraints
hold. If v.; represents the concept ¢ well, we expect the concept constraint to hold

on previously unseen activations derived from Xi.

Dynamic concepts

Dynamic concepts are found in a sequence of states. We use the MCTS statistics to
find candidates for meaningful sequences of states — sequences where we may expect
to find dynamic concepts. MCTS generates a tree of possible moves for a given start
state sg, including a chess position xOE] While the exact details are not essential to
understand for our procedure, what matters is that AZ chooses a rollout (i.e., a
sequence of potential moves and corresponding states) XZ, = (27,23, 23,...,27),
where T is the maximum depth of the rollout, which terminates in the most
favourable state according to AZ. We contrast this optimal rollout XZ, with a
sub-par rollout X_7, which is defined as a path in the MCTS search tree that
is suboptimal, according to the value estimate or visit count in MCTS. This
intuition is visualised in Figure [6.3]

The mathematical reason for AZ choosing X;T over X_r is that it is a continu-
ation where at each state the player maximises their action-value estimate. There
may be many conceptual explanations why AZ chooses X;T over X_r. However,
we can broadly classify these explanations into the following three scenarios:

1. Active planning X;T increases the presence of a concept c¢. For example,

the rollout X;T may increase the concept of piece activity.

2. Prophylactic planning X;T avoids increasing the presence of a concept c.

For example, the plan in X;T avoids losing a piece.

4A larger inner product corresponds to a higher cosine similarly.
5In addition to xg, s¢ contains the game history, and metadata.
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Figure 6.3: Contrasting the optimal rollout with subpar MCTS rollouts at different time
steps. The green rollout shows the optimal rollout, and the red rollouts depict subpar
trajectories. At each time step, MCTS finds subpar trajectories. We include each of these
pairs in the concept constraints.

t=3 t=3 t=3

3. Random X;T is arbitrarily chosen above the XZ;, as all concepts are
equally present in both rollouts and the value estimates of the final states are
approximately equal.

We are interested in scenarios 1 and 2, but not scenario 3. Scenario 3 can
be filtered out by ignoring rollout pairs with similar value estimates and visit
counts in the MCTS statistics.

Using a similar approach to static concepts, we derive our concept constraints
on the vector v.; by contrasting the positive and negative examples, except that
this time our contrasting examples are pairs from the chosen rollout X;T and the
subpar rollout XZ,. We denote the activations at layer [ at depth ¢ by z;“l and
z,, for positive and negative examples, respectively. A single pair of positive and

negative rollouts gives rise to the following convex optimisation problem

min  |Jue||: (6.12)
such that vy -2} > vy -2, VE<T, (6.13)

for scenario 1, with the inequality reversed for scenario 2.

We extend this idea by contrasting the optimal trajectory with multiple subpar
trajectories across different MCTS depths, as illustrated in Figure [6.3 On the left
side of Figure [6.3, we find the optimal and subpar trajectory at the initial chess
position, t = 0. However, we can also use the MCTS statistics (value estimate
and visit count) to find subpar trajectories at ¢ = 1 (shown in the middle) and
t = 2 (shown on the right). The idea behind using multiple subpar trajectories

is to further reduce the solution space with the goal of reducing noise (thereby
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Table 6.1: Datasets Summaries: from concepts more known to humans (top rows) to
AZ (bottom rows). Complexity refers to the concept complexity, where low is beginner
level and high exceeds the level of the strongest human chess players.

Name Concept Type Data type Complexity
Piece Static Human Low
Stockfish Static Human Varies
Strategic Test Suite (STS) Dynamic Human Medium
Opening Dynamic Both Varies
AZ games Dynamic Al High

increasing the likelihood that we find a meaningful concept) and decreasing the
likelihood of learning a polysemantic concept vector.

Let Z;T,l denote the latent representations in layer [ corresponding to the
optimal rollout XZ,, and Z<ry,; denote the latent representations in layer [
corresponding to the subpar rollout X, selected at time step j. We find the

dynamic concept as follows:

min  ||ve|s (6.14)

such that vy~ 2 > ver- 2, VE<T,j< T,

where T denotes the maximum depth at which we find suboptimal rollouts. 7' = 3
in Figure . In general, we set T = T — 5 to ensure the rollout is sufficiently
deep. Details on how 7' is set can be found in Section [E.2.1]

6.4.2 Method Evaluation

Having introduced our new method for identifying concept vectors, we first evaluate
its performance in a supervised setting. We focus on the supervised setting, as we
can leverage existing datasets that allow us to evaluate our method in a controlled
setting on known concepts. Table [6.1] summarises the datasets used (further details
can be found in Section [E.2.2). For each datasets we find concept vectors using the
approaches described in Section and Section [6.4.1] Implementation details
for each individual dataset can be found in Section [E.2.3

We want to verify whether the concept vector represents the intended concept,
however, evaluating this directly is difficult. We hypothesise that if the concept

vector represents a concept, it will be able to identify unseenﬁ positions that contain

6Unseen means that the positions were not used to in the concept constraints.
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the concept. We implement this by testing whether the concept constraints hold
for positions in a held-out dataset.

However, this does not ensure that AlphaZero uses the concept. A concept
may be encoded in the latent space, but not used by AlphaZero. To address
this, we further validate our approach by showing that amplifying the concept
vector in the latent representation influences AZ to select moves that leverage
the concept (Section [6.4.2)).

Unfortunately, it is computationally expensive to evaluate all layers. Therefore,
we focus on evaluating our method on layers 19, 20, 21 and 23 (See Section .
These layers are selected due to their proximity to the network outputs — the

policy and value estimate.

Do the concept constraints hold for a test dataset?

For each concept vector, we measure the percentage of times the concept constraints
are satisfied on a held-out set. We use an 80 — 20 train-test split. The aggregate
results for each dataset are shown in Table[6.2] Overall, the concept vectors achieve
a high accuracy in detecting unseen concept prototypes, indicating that the concept
vectors capture the intended concept. A concept-level breakdown of the accuracy
for each dataset can be found in Section [E.3.11

Table 6.2: Evaluation: % the concept constraints hold on test data. The standard error
is shown in parentheses.

Concept Layer 19 Layer 20 Layer 21 Layer 23
Pieces 0.99 (0.00) 0.98 (0.00) 0.95 (0.00) 0.99 (0.00
Stockfish 0.76 (0.03) 0.75 (0.03) 0.73 (0.02) 0.77 (0.02
STS 0.92

) )

) (0.03)
0.09) 0.92 (0.09) 0.92

) 1.00 (0.00)

) (0.14)

) )

) )

0.06) 0.90 (0.06)

) )

0.99 (0.14 ) )

(

(
1.00 (0.00

(

(

(
1.00 (0.00

( 0.99 (0.13

(

(
Opening (general)  1.00 (0.00

( 0.14

Openings (per line) 0.99 (0.13 0.99

Does amplifying concept increase concept-related behaviour?

We use concept amplification to test whether the concept influences model behaviour.
Let z; denote the latent representation in layer [ of a chess position x. To amplify
the presence of a concept, we nudge the latent representation in the direction

of the concept vector v,

|z2]

Z=(1—-a)z+ aﬁHU I

Vel (615)
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where a € [0,1] and 8 are hyperparameters for the size of the perturbation; and
|| - || is the Ly norm. We use cross-validation to determine (3, and find that 5 = 0.01
is the best overall (see Section [E.2.4).

For our evaluation, we use the STS dataset (see Section , which includes
different types of puzzles grouped according to a strategic theme, such as ’square
vacancy’. For each concept, there are 100 chess positions (X) and a solution set S; for
each chess position x; € X. The solution moves require applying the concept given
a chess position. As a baseline, we first evaluate AZ’s performance by recording the

percentage of times the move selected by AZ under the policy is in the solution set:

A= Z I[argmax m(2;;) € Sy, (6.16)

where m;(2;;) is AZ’s policy on the latent representation z;;, and 1[-] is an indicator
function that is equal to 1 if the move selected by AZ is in the solution set 5;. We
compare the performance difference between with and without concept amplification
and report the normalised values (A — A)/A in Figure .

Figure 6.4: Performance improvement in solving puzzles using STS dataset across
different a values (x-axis). Layers 18 (left) and 19 (centre) are before value/policy head
split, and the policy head (layer 23) (right). Each line indicates a set of concepts of
different quality (measured by test accuracy as in Section . Higher quality (high
threshold, orange line) achieves the highest improvement.
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As this experiment focuses on the impact of the concept on the predicted move
(only the policy output, not the value), we analyse the performance of concepts
found in layers 18 and 19 (layers before policy and value head split, see Section ,
and layer 23 (policy head). Each line in Figure represents the results for a
different concept quality, where concept quality is measured by test accuracy as in
Section[6.4.2] We observe that amplifying the concept can improve AZ’s performance
on the puzzles of the concept. Naturally, the quality of concepts influences this;
concepts with higher test accuracy (shown by the line in orange) lead to a larger
performance improvement, suggesting a higher test score is a good proxy for how

well the concept vector captures the semantic meaning of the concept.
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How many data points do we need to learn a concept?

So far, we have focused on labelled datasets to evaluate the concept vector quality
(as in the previous section). However, these can be hard to come by in practice.
This section shows that our formulation can find concept vectors efficiently using a
few examples (for the concept constraints). We measure the test set accuracy (as
in Section while varying the size of the training set for two datasets: pieces
and the strategic test suite (STS). Here, we discuss the result for the piece dataset.
The results for the STS dataset are similar and can be found in Section [E.3.2]

Figure 6.5: Sample efficiency of the convex optimisation framework, averaged across 10
seeds, for the bottleneck layer (19), value head (20) and policy head (23).
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As shown in Figure 6.5 we find that the method reaches close to full-set accuracy
with only a few samples — often as little as 10 data points on the pieces dataset.

Interestingly, we observe relatively lower performance in the value head (layer
20) than the policy head (layer 23). One potential explanation is that the concept
of a specific piece no longer has to exist when estimating the value, which is a
scalar — a highly compressed representation of the state of the game. We speculate
that it is possible that simple concepts are combined with other concepts. For
example, the network may encode the presence of light pieces, i.e., bishops and
knights, rather than the presence of bishops. This may explain the relatively low,

but not significantly lower performance in layer 20.

6.5 Finding New Concepts

Previously, we have proposed a method to find concept vectors, and showed that it
is a data-efficient approach in the supervised setting. In this section, we show how

the method can be adopted in an unsupervised setting to find new concepts.
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6.5.1 Curating Position Sets

There are three main steps to finding concepts:

1. Curate a set of positions, X, in which we may find concepts.
2. For each position, run MCTS.

3. For each position, formulate a convex optimisation formulation problem using
the MCTS statistics.

Steps (2) and (3) were described earlier. In the previous setting, the supervised

setting, step (1) is provided; in unsupervised case, we need to construct the position

set X. This section explains how we generate X.

Simulate Games As our goal is to find concepts unique to AlphaZero, we search
for concepts in AlphaZero’s games. To ensure diversity, we generate games from
different starting positions.[z] We use the Encyclopedia of Chess Openings (ECO)
to find a diverse set of starting chess positions (see the ECO)) and simulate 1,308

games from these initial chess positions.

Find candidate positions in each game From these games, our aim is to
identify positions that may contain concepts. To do so, we focus on positions where
two agents make meaningfully different choices.

We compare two versions of AlphaZero that differ by 75 Elo pointsf| Both models
are from the final stages of AZ’s training, when it has surpassed the strongest human
chess player’s level. This increases the likelihood that we find concepts in (M — H).

From each self-play game, we select positions where the two versions disagree on
the best move according to their policies, and where this disagreement leads to a
different evaluation by the stronger version. Using this approach, we constructed a

dataset with 3,974 chess positions. In each of these positions, we search for a concept.

6.5.2 Layer Selection

In the field of interpretability, deciding which layers to analyse is an open discussion.
We want to determine which layers are most likely to contain new concepts. Taking
a step back, the most information-rich latent spaces are likely those where the
information contained in AZ games exceeds the information contained in human

games. To this end, we contrast AZ’s games with human games, through the lens

"Conditional on hardware, AZ’s play is deterministic (after training).
8For reference, a player rated 75 Elo points higher has an expected score of 0.68, with 1 for a
win, 0.5 for a draw, and 0 for a loss.


https://github.com/lichess-org/chess-openings 
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Table 6.3: Rank of latent representation of Human Games and AZ’s Games. Max
denotes the maximum theoretical rank.

Input Layer 19 Layer 20 Layer 21 Layer 23

Human 730 7857 64 86 6544
AZ 728 8269 64 38 6771
Max. 7616 16384 64 256 16384

of the encoding in AZ’s PV network, to determine which activation spaces may
contain new concepts in AZ’s games compared to human games.

Let Z} denote a matrix where we stack the latent representations in layer [ of
chess positions sampled from AZ’s games. Each row represents a chess position,
and each column represents a dimension in the latent space in layer [. Similarly,
we define Z as a matrix of chess positions sampled from grandmaster games. The
number of the basis vectors (i.e., the ranks of Z! and Z?) estimates the size of
the span of the latent representations of the games — informally, we can think of
it as a proxy for the number of concepts.

Table shows the ranks for Z! and Z? for different layers. We focus on the
final layers in the architecture as these tend to be more complex concepts [Kim
et al., 2018, (Ghandeharioun et al., [2021] and are more likely to influence the policy.

We include the rank of the input as a reference. Differences in input rank
may not be meaningful, e.g. AZ has longer games than humans, which may not
contain informative concepts. However, the higher variance of position types may
lead to a larger input rank, and therefore a larger rank in other layers. However,
we observe that this is not the case. The rank of AZ’s games is smaller, and
therefore we can assume that the differences in rank are due to other factors
driving the observed difference.

In Table [6.3, Max. shows the maximum possible rank for each layer. In our
analysis, we used 17,184 positions to ensure that the number of samples does not
impact the rank estimation, as 17,184 is larger than the number of dimensions in
each layer. Therefore, the maximum is equal to the number of neurons in each layer.

AZ games’ rank is higher than the human games’ rank at layers 19 (final layer
in main bottleneck) and 23 (policy layer), suggesting that there may be concepts
present in AZ games that are not in human games. Therefore, we focus on finding

new concepts in these layers.
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6.5.3 Finding Meaningful Concepts

Our approach provides many concept vectors, some or many of which represent
known concepts or non-generalisable concepts (i.e., only applicable to a single chess
position). In this section, we describe how we further filter concepts to ensure
that they are useful (transferable) and novel.

Recall that we defined a concept as a unit of knowledge — a key aspect is that
it is teachable to another Al agent or person, who can apply the concept to solve
an unseen task. To ensure our concepts are teachable, we use teachability as a
selection criterion for the final concepts. The idea is simple:

1. Phase 0: Find prototypes of a concept vector. Given a concept v,

find chess positions that epitomise the concept.

2. Phase 1: Baseline find an agent that does not know the concept. We can
estimate the agent’s knowledge by evaluating its performance on a concept-
related task.

3. Phase 2: Teach the agent the concept using concept prototypes.

4. Phase 3: Evaluate the agent’s performance on an unseen concept-related
task
If a concept is teachable, we expect the agent’s performance to improve between
the first and third steps. We use a similar process to evaluate when we evaluate
our approach with humans (Section [6.7).

Selecting prototypes. In Phase 2, we use AZ as a teacher to supervise a student
network on a set of ‘prototypes’ — chess positions where the concept motivates
the plan in the optimal rollout. For each candidate concept ¢, we have a concept
vector v.;. Our goal is to find chess positions z from a dataset X that epitomise the
concept c. We create X by sampling 30,000 chess positions from AZ games. We
find these prototypes by selecting chess positions for which the convex optimisation
constraints for v.; hold. For static concepts, we do this by computing a concept score
c(x) = vey- fi(z) for every x € X and then selecting the top 2.5% of X according to the
concept score c(x). We use 2.5%, as we found the concept score ¢(x) to be comparable
to vy - 2", where 2" € Z; is the training set used to find v.;. This procedure gives
us a prototype set XP* = {z € X : ¢(z) in 2.5th percentile of ¢(x)}. For dynamic
concepts, we find chess positions using the MCTS statistics. For each chess position
x € X, we ran MCTS. Next, we found the chosen rollout X* (and the corresponding

latent representations Z*) and subpar rollout X~ (and the corresponding latent
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representations Z~) as in Section [6.4.1, For a prototype z; € XP™' we require
that v, - zft > Uyt 2Vt < T

Student and teacher. We use AZ as the teacher network. For the student
network, we want to find an agent that does not know the concept but does
understand chess. As chess is a complex game, we cannot train an agent from scratch
(using only the curriculum). Instead, we select a training checkpoint of AZ (i.e.,
the model parameters at a specific point during training) and estimate the model’s

knowledge of the concept using the empirical overlap of the neural network policies:

1
overlap(7®, ') = Kol > Il[argmax(ws(:vi)) = argmax(7*(z;))|.  (6.17)
test x; €EXtest

Here, 7® and 7* are the student and teacher neural network policy heads, which
output a probability distribution over the possible actions. The overlap measures
how often the teacher and student agree on the best move. We select the student

as the latest checkpoint for which the top-1 policy overlap is less than 0.2.

Teaching and measuring learning. Intuitively, we can interpret the set of
prototypes as a curriculum. We can split X, into a training set X4, and a
test set Xyest. The teacher (AZ) teaches the student by minimising the Kullback-
Leibler (KL) divergence between the policies of the teacher (m;) and the student
(ms) on the training prototypes: > ,.cx,.. KL[m(x;),ms(x;)]. We use the Adam
optimiser [Kingma and Bal,[2014] with learning rate of 1 x 107*. As we have several
concepts, we train each student for 50 epochs, as we find that this is sufficiently
indicative of performance if we train for longer.

To determine whether the student has acquired the new knowledge, we evaluate
the student’s performance on the test set prototypes by estimating how often the

student and teacher select the same top-1 move

T= Y 1largmax(my(x;)), argmax(m(x;))]. (6.18)

miextest

Benchmark. Teaching using any curriculum may improve students’ performance
on the task due to the difference in strength between the teacher and the student.
To differentiate general learning from concept-specific learning, we compare the
student’s performance when taught using concept prototypes versus random chess
positions sampled randomly from AZ’s games (but with meaningful plans). We

sample the chess positions from AZ’s games instead of human games for two reasons:
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(1) AZ’s games tend to be of a higher quality than human games (as AZ has a
higher Elo rating), and (2) the data is closer to AZ’s natural training data (avoiding
any confounding effects due out-of-distribution data).

Moreover, we further test whether the student performs better on concept
prototypes as well as randomly sampled positions. The concept prototypes allow
us to test whether the student improves their understanding of the concept. The
randomly sample positions allows us to test whether the student improve their
play more generally.

Figure shows the student’s performance in four settings:

1. Student trained on concept ¢ and evaluated on concept ¢ (dark blue line);

2. Student trained on concept ¢ and evaluated on random data from AZ’s games

(dark green line);

3. Benchmark: student trained on random data and evaluated on concept ¢

(light blue line); and

4. Benchmark: student trained on random data and evaluated on random data
(light green line).

When teaching a student with concept-specific prototypes, the student improves
its performance on concept-specific prototypes (dark blue line) and on a random set
of prototypes (dark green line). The improvement on concept prototypes (dark blue
line) indicates that it learns to apply the concept. The improvement on randomly
sampled data (dark green line) indicates that it learns to improve its play more
generally. The student taught with randomly sampled chess positions, labelled with
optimal play, improves its performance significantly less (light lines) than when
taught with concept-specific prototypes (dark lines).

Overall, the student learns quicker when taught with concept-specific prototypes
(dark blue line) than random prototypes (light blue line). Further, the concepts
can be taught efficiently. The student’s performance after training for 50 epochs
on a small set of prototypes would have taken 10K — 100K epochs using self-play
(dark dotted line). Recall that the student is evaluated on a holdout test set, ruling
out the possibility that the student network memorised the chess positions.

We select the student to be the latest checkpoint for which the top-1 policy
overlap is less than 0.2, resulting in 97.6% of the concepts being filtered out.
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Figure 6.6: Teachability: AZ Concepts. The y-axis shows how often the student and
teacher select the same move (normalised version of Equation , and the x-axis shows
the training time step. The dark dotted lines show the level of a training checkpoint
at which AZ obtains the same level on the concept set as our student. Each plot is a
different concept found in layer 19 (top) and layer 23 (bottom).
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6.5.4 Novelty

There are many different ways to ensure the novelty of concepts. There is a
level of subjectivity involved when evaluating the novelty of chess concepts from
a human point of view, as any potentially newly discovered complex concept
may be closely related to a number of known, more general chess concepts (e.g.
material sacrifice, dynamic compensation, long-term structural weakness). However,
even if related in this way, these concepts may still be novel insofar as they are
contextualised and instantiated within certain types of piece configurations and
patterns on the chessboard, which come with a unique set of considerations that
influence how a position is conventionally approached. Moreover, any description of
a concept in natural language will inevitably resemble existing concepts, as words
are inherently tied to pre-existing ideas; instead, a truly novel concept may require
a new corresponding term. Lastly, even if descriptions could correctly encompass
a concept, our method does not provide a written description. It is difficult to
qualitatively establish novelty in the absence of a detailed language description.
We aim to sidestep the more subjective pitfalls above by focusing on a more
quantitative and objective measure, aiming to determine whether the concepts
arise in AZ’s games but not in human games. Leveraging the fact that concepts
are represented in the latent space as a vector, we can compare the vector space

of AZ games to that of human games.

Setup to measure novelty. While the data selection process (see Section
ensures that concepts that emerge in the final stages of training in AZ are complex
by construction, it does not ensure that the concepts are novel to humans. One
way to validate novelty is to determine whether the concepts arise in AZ’s games
but not in human games. Leveraging the fact that concepts are represented in the
latent space as a vector, we can compare the vector space of AZ games to that
of human games. Specifically, let Z' denote a matrix where we stack the latent
representations in layer [ of 17,184 chess positions sampled from AZ’s games. Each
row represents a chess position, and each column represents a dimension in the
latent space of layer . Similarly, we define Z/ as a matrix of 17,184 chess positions
sampled from human games. Using the latent representations, (1) we first get
evidence that AZ’s game is likely to contain new concepts using a rank experiment,
and then (2) measure the novelty scores by regressing concepts onto AZ’s games’

vector space and human games vector space, on which we filter concepts based.
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Novelty scores for filtering. We define the novelty scores based on how well a
concept vector can be reconstructed using a set of basis vectors that derived from
AZ’s games. Naturally, a lower reconstruction loss means the concept is better
represented using a set of given basis vectors. In other words, we look for concepts
that are better explained using AZ’s language (basis vectors) than humans’ language.
We define novelty score as the difference between the concept’s reconstruction loss
(see Equation using basis vectors from humans’ games and AZ games. A
higher score means a closer alignment with the basis vectors arising from AZ’s games.

Specifically, for Z* and Z#, we find the singular value decomposition to find

the basis of the space spanned by AZ’s and human games

Zt =0V
Z = Ursivet,

where the columns of U and U form an orthonormal basis for the rows of Z!' and
Z¢, respectively; ¥ and X¢ are the singular value matrices; and the columns of VT
and V;*T form the orthonormal basis for the columns of Z! and Z¢, respectively.

The novelty score of concept vector v.; is defined as

k 2 k 2
rgii’ln (vc,z — ; ﬁi,IU?,l> — min (vc,z - ; %,zu?,l> : (6.19)
where 3;;, v, are coefficients estimated using linear regression, ug) and uﬁl are
columns of U and U, respectively, and k is the number of basis vectors used.
We do not set k as the rank of the matrix because they differ for Z¢ and 2, and
doing so would favour the matrix with the largest rank. Instead, we estimate
Equation for various values of k.

Figure shows the novelty scores for concepts in layer 19 for 120 concepts.
We accept concepts for which the reconstruction error using AZ’s basis vectors is
less than that of the human game’s basis vectors. The light green lines denote the
novelty scores for the concepts we accept, and the light blue lines denote the novelty

scores for the concepts we reject. We filter 27.1% using the novelty metric.

6.6 Learning a Mapping between Human Vocab-
ulary and AI Vocabulary

In the previous section, we introduced a method to discover concept vectors within

(M — H). These vectors represent a ‘new’ vocabulary specific to AlphaZero. One



128 6.6. Learning a Mapping between Human Vocabulary and AI Vocabulary

Figure 6.7: Filtering concepts based on novelty scores. Concepts for which the
reconstruction error using AZ’s basis vectors is less than the reconstruction error using
human game’s basis vectors for every k are accepted (not filtered). The darker green and
blue lines show the average over the accepted and rejected concepts.
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approach to understanding them is to connect these new concepts back to human-
labelled concepts.

This idea is analogous to learning lacunae in a foreign language. For example,
the Dutch word gezellig is a lacuna — there is no translation in English. However,
we can gain insight into the meaning of gezellig by relating it to English words
we know, such as ‘cosinesss’, ‘fun’ and ‘warmth’. Following this idea, we construct
a directed graph that links AZ’s unlabelled concept vectors to human-labelled

concepts, providing insight into the potential meaning of AZ’s concepts.

How do we fit a graph?  We assume that if two concepts are related, they will
arise in the same chess positions. Let s.;(z) denote whether the concept represented
by wv.; is present in a chess position z. For each AZ concept ¢, we learn which

human-labelled concepts (V) it shares an edge with by fitting a regression model

(similar to Meinshausen and Bithlmann| [2006]):

Sei(1) =D D Braska(w) + AllBral® forall z € X, (6.20)

leL keV

where f3;,; are regression coefficients, X is a set of chess positions, and L is the layers
we want to consider. If 8y, is significant at a 5% level, we add a directed edge from
Vg1 £ vey. We use a regression as a concept Ve May be important for Uk 1 but not
vice-versa. We run the same regression for all human-labelled concepts, using AZ’s

concepts as the explanatory variables to compute the edges in the opposite direction.
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Is the concept present in a position? As before, we assume that product
Ve - fi(z), where fi(x) extracts the post-activation latent representation in layer
[ for the position z, corresponding to positions that contain concept c. For static
concepts, we measure the concept presence as

s¥atic — yoy - filr) @ € X5, (6.21)

c,l

We create X* by sampling 2,000 positions from human games (taken from Chess{
Base [2021]) as static concepts are found using human-labelled positions (see

Section [6.4.1)).

For dynamics concepts, we estimate the concept relevance as

Sfinamic(x) => €uv- filzy)) (6.22)
t<T
where 27, ..., 27 corresponds to AZ’s chosen MCTS rollout of depth 7T for a starting
chess position z5. We sample 2,000 positions from AZ’s games to construct X¢,
as the dynamic concepts are predominantly found in AZ’s games.

In our analysis, we only keep human concepts of high quality, i.e., those with a
concept constraint score of higher than 0.90 (see Section . Further, for our
analysis to be stable, we removed variables with a correlation coefficient higher
than 0.99 |Robinson, 1974} Snee, |1973, |Snee and Marquardt|, |1984].

Graph Summary. We focused our analysis on layers 19 and 23. We included
all concepts found using our unsupervised approach for AlphaZero, and human
concepts found using the datasets described in Section [6.5.1} The resulting graph
contains 29% (180,609/625,681) of the possible directed edges. As the graph is
very dense, we do not provide the entire graph. Instead, we provide parts of the

graph in Section when presenting examples of AZ’s concepts.

Graph Verification. To verify the graph, we run an experiment to test whether
two adjacent concepts — concepts that share an edge — contain more related
knowledge than non-adjacent concepts. For a concept ¢, let C. denote the set
of adjacent concepts and C,, denote the set of non-adjacent concepts. Following the
teachability procedure in Section [6.5.3] we train a student model using prototypes
of concept ¢. Next, using Equation [6.18] we evaluated students’ performance on:

« adjacent concepts C.; we denote the performance by 7., , and

« non-adjacent concepts C,; we denote the performance by 7., ,
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where T is defined in Equation If the graph correctly captures the relationships
between concepts, then we expect that a model trained on ¢ performs better on
Ce than C,, ie. T.. > Te.,.

However, the concepts in C, may be inherently easier to learn than those in C,,.
To account for this, we train a model on a random set of data (as in Section ,
which we use as a benchmark. We estimate the performance of this model on C,

and C,,, which we denote by T, . and T,.,, respectively.

Figure 6.8: Teachability score on adjacent concepts (blue line) and non-adjacent concepts
(red line).
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If our graph accurately captures the underlying relationships, we expect that
Tece — Ty, > Tepe, — T, Figure shows the training curves for two concepts,
each with 5 adjacent concepts and 5 non-adjacent concepts. We find that the
performance on adjacent concepts is significantly better than on non-adjacent
concepts at a 5% significance level. This suggests that the graph structure may
accurately capture the relationship between concepts. We provide examples of

subgraphs in the next section, alongside chess prototypes.

6.7 Human evaluation

We investigate whether top chess grandmasters can learn and subsequently apply
the concepts we discovered (in Section . In particular, we investigate whether
they can learn these concepts via exposure to a small set of prototypes of each
concept. These prototypes are found using a concept vector as in Section [6.5.3]
and then filtered based on a set of criteria aimed at identifying the most relevant
high-quality prototypes (see Section for more information). Learning from
prototypes is similar to the traditional learning approaches in chess, where students

are often presented with thematic puzzles (opening, chess position type, piece



6. Knowledge Discovery in Chess 151

sacrifices, etc.). Solving these puzzles (i.e., finding the correct next moves) allows
chess players to learn a new skill, thereby improving their overall strength and
ability [Alisa Melekhina, 2014].

In this chapter, we use puzzles to denote prototypes and their ‘solutions’
(AZ’s selected move). The human evaluation follows three phases, similar to
how teachability is measured in Section [6.5.3}

o Phase 1: Establishing a baseline performance. Each grandmaster is

asked to solve a set of puzzles based on concepts. This phase determines the
baseline performance: the number of puzzles in which the chess grandmaster

identifies the correct continuation before the learning phase.

o Phase 2: Learning from AZ’s calculations. AZ’s suggested top line,
based on MCTS calculations for each puzzle from Phase 1 is shown to chess

grandmasters. This ‘explanation’ follows the tandem set-up in chess.

o Phase 3: Assessing the final performance. Grandmasters are tasked
with providing solutions for a test set of unseen puzzles sampled from the
same concepts as in Phase 1. We compute the grandmasters’ accuracy on the
puzzle test set and compare it to their performance on the puzzle training set
in Phase 1 to measure whether their performance changes.

The train-test split of puzzles (i.e., allocation to Phase 1 and Phase 3) is random.
At no point during any phase are the grandmasters shown labels identifying the
underlying concepts behind the prototypes. At each stage, we also asked the
grandmasters to summarise their thought process in free form.

We worked with four experts, all of whom hold the grandmaster titleﬂ one of our
participants is rated 2600-2700, and three are rated 2700-2800. As each puzzle is
complex, the study participants would likely spend considerable time on each puzzle
to analyse the chess positions in great depth. Therefore, to avoid over-burdening
the study participants, they were presented with four puzzles (per concept) for 3-4
discovered concepts at each stage of the study. In total, each grandmaster saw 36
to 48 chess puzzles. While there was some overlap between study participants in
terms of puzzles shown, different participants were shown different concepts. Given
that the participants had a limited amount of time and the high time investment
per puzzle, this randomisation allows us to explore a more extensive concept set
(compared to showing every grandmaster the same concepts and puzzles). While
some chess concepts may be more teachable than others, it is difficult to establish

this beforehand without inserting human bias.

9They are ranked in the top 0.004% of internationally ranked players worldwide.
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6.7.1 Grandmaster performance

Table 6.4: Improvements in grandmasters’ performance. The percentage scores are
the % of puzzles that the grandmaster solved correctly (according to AZ’s solution). #
Puzzles is the number of puzzles shown to the grandmaster in total.

Grandmaster Percentage Score

Phase 1 Phase 3 Improvement # Puzzles
: 0 42 +42 36
2 33 58 +25 36
s 25 42 +16 36
4 38 44 16 s

Overall, we find that all study participants improve notably between phases 1 and
3, as shown in Table [6.4] suggesting that the chess grandmasters were able to learn
and apply their understanding of the represented AZ chess concepts. The magnitude
of improvement does not correlate with the chess player’s strength (i.e., Elo rating).
Breaking down performance at a concept level, we found an average improvement of
solving 0.85 more puzzles correctly between phases 1 and 3, with a standard error
of 0.12, which is statistically significant. Of the 13 concepts tested, participants
improved their performance on 8 concepts, showed no change on 3, and showed
a decrease in performance on 2 concepts. Within the context of the small-scale

experiment, this suggests that the majority of concepts were learnable by humans.

6.7.2 Limitations and Confounders

There are limitations and possible confounders in our setup.

Sample Size The number of participants in the sample is small, as we focus
on world experts. Therefore, while our results suggest that the grandmasters may

acquire the concepts, this should only be seen as a proof of concept.

Confounders Other factors may have influenced performance, such as:
 Variability in difficulty and quality. We filter prototypes (as described in
Section [E.4) to ensure quality and complexity. However, the difficulty and

quality of puzzles players received may vary across puzzles.

« Variability in teachability. While we filter based on teachability (as
described in Section [6.5.3)), this metric is based on teaching the concept to

another Al agent, which may be inherently different from teaching humans.
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o Overthinking. We observed that grandmasters often mention AZ’s move in
Phase 3 in their free-form comments but ultimately did not choose the move
(which was not counted as ‘correct’). We speculate that this may be because
players are more familiar with existing strategies in their decision process,

despite having learnt the concept.

« Baseline We did not include a baseline to measure the grandmasters’ im-
provement on an unseen concept. Therefore, it is possible their improved
performance was caused by a more general learning — they learnt to look for
patterns that a chess engine would consider. However, the significance of
this effect is debatable. The participants are all top-level players who are
accustomed to working extensively with chess engines. Moreover, this type
of generalized learning would still be a beneficial outcome, given that chess

engines perform at a superhuman level.

6.7.3 Qualitative Analysis of the Concepts and Illustrative
Examples

In this section, we provide a qualitative analysis of some concepts with the associated
puzzles (plotted using the chess python package [Fiekas, [2023]), along with the
grandmasters’ analysis of the puzzles and (part of) AZ’s calculations. Any text or
notation referring to the chessboard or moves is written in this font. When giving
direct quotes, we refrain from providing players’ names to preserve anonymity. These
examples will cover some cases of successful and some cases of unsuccessful learning.
We discuss potential sources of differences between humans and AZ in Section [6.7.4]

Overall, the grandmasters appreciated the concepts, describing them as ‘clever’
(Figure[6.9)), ‘very interesting’ (Figure [E.4)), and ‘very nice’ (Figure [E.€]). Further,
they found that the ideas often contained novel elements, commenting that the
moves were ‘something new’ and even ‘not natural’ (Figures and [6.11)). Often,
the grandmasters found the positions were very complex — making remarks such
as that it was “very complicated - not easy to understand what to do”. Even
when seeing AZ’s solutions, they remarked that it was a ‘very nice idea which
is hard to spot’ (Figure [E.10).

Concept example: positive knowledge transfer

Here, we explore a concept that possesses both strategic and prophylactic character-
istics, involving plans that improve the player’s piece placement while restricting the

opponent’s piece activity. This concept contains an additional element of exploiting
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tactical motifs and weaknesses, combining strategic and tactical play. We speculate
that the concept is learnable to humans, as the grandmasters who trained on the
concept puzzles improved their performance between Phases 1 and 3. In Phase 1,
they were not able to identify AZ’s plan in any concept puzzle (0/4), whereas they
successfully identified the correct AZ plan in 2/4 of the concept puzzles in Phase 3.

Figure 6.9: Puzzle of shown in Phase 1. White is to play.

AZ’s calculations: 9.Bg5 (9. Be3 Nxf3+ (9...0-0 10.Nxd4 exd4 11.Bxd4
Nxe4 12.Nxed4 Qh4 13.Bxg7 Qxed+ 14.Qe2 Qxe2+ 15.Bxe2 Kxg7 16.Kd2 Bd7)
10.Qxf3 Nh5 11.g3 0-0 12.Be2 f5 13.exfb5 Bxfb5 14.Qg2 Bd7 15.0-0-0 a6
16.c5) 9...Nxf3+ 10.Qxf3 h6 11.Be3 b6 12.Bd3 Qe7 13.Qe2 a6 14.Qd2
Nd7 15.Bc2 hb5 16.0-0-0 h4 17.g4 White is slightly better

Figures and show two of the puzzles provided to a grandmaster in Phase
1. In Figure[6.9, AZ plays the move 9.Bg5; the idea is to provoke 9. ..h6 before
retreating to the square e3, thereby inducing a structural weakness. Instead, the
grandmaster chose 9.Be3, a natural move to develop the bishop. After seeing AZ’s
calculations, the grandmaster acknowledged the strength of provoking this weakness:

“9.Be3 allows Black the clever option of playing [9...Nxf3 10.Qxf3]
Nh5 [as provided by AZ, followed by] {5 ... but 9.Bgb is clever as it
provokes h6 after which f5 is not great and also [the pawn on]| h6 serves
as a hook for the pawn advance g4-g5. Blacks’ plan of stopping cb
with b6 and playing h4-h5 is interesting too but with g4 anyways White
manages to open lines so I would prefer White there."

The idea of playing provocative bishop moves to induce pawn weaknesses is
not new and arises in human play. However, the interesting and potentially novel

element here lies in the planned strategic queen sacrifice that emerges in one of the

critical lines in the MCTS calculations. Consider one such critical continuation:
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9.Bgb h6 10.Be3 0-0 11.Nxd4 exd4 12.(Qxd4 Ng4 13.hxg4d!

Figure 6.10: Further analysis of the puzzle in Figure In both puzzles, Black is to
move.

Queen sacrifices are among the most beautiful (and rare) tactical motifs in chess,
as they go against the established chess principles — do not trade more valuable
pieces (i.e., the queen) for less valuable pieces (a knight and bishop). However,
here AZ’s queen sacrifice is strategic — after sacrificing the queen, White continues
developing their pieces. The line continues 13...Bxd4 14.Bxd4, as shown on the
left of Figure [6.10 Here, due to the pawn on h6, Black’s king is vulnerable, and
White is better. Therefore, it was critical to play 9.Bgb, rather than 9.Be3, to
make the queen sacrifice feasible by creating this weakness. The puzzle on the
right of Figure [6.10] arises in the same line if one opts for immediate 9.Be3 instead,
failing to induce h6 first. Without the pawn on h6, White is lost, highlighting
that this is the critical positional element.

In general, some moves in the AZ’s calculations are more important for the
concept than others. In our convex optimisation formulation, we do not require the
concept to be equally important for every chess position (see Equation . This
is illustrated in the previous example, where Bgb is more important for the concept.

The next puzzle from the same concept, also given in Phase 1, is shown in
Figure [6.11] This puzzle is of particular interest due to the unconventional plan
of AZ — it increases space on both sides of the board, expanding with the pawn
move b4 while the king is still on bl. To this end, AZ initiates this plan with the
prophylactic move 21.Qd2, preventing the immediate 21...Ne4 by Black.
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Figure 6.11: Second puzzle shown in Phase 1. White is to move.

A7Z’s calculations: 21.Qd2 Qc7 (21...Rh7 22.h5 Rdh8 23.Rh3 Qc7 24.b4
Ned4 25.Nxe4 dxed 26.gb gxh5 27.a4) 22.Bf3 Rh7 23.Rh3 Rdh8 24.Rdhl
Ne8 25.Bd1l (25.b4 f6 26.Bdl e5) White is slightly better

Unlike AZ, the grandmaster’s suggestion in this puzzle was 21 . g5, with the inten-
tion of following up with 21..Nh5 22.Bxh5 Rxh5 23.Rh3 Rdh8 24.Rdh1l. Upon
seeing the suggested AZ line starting with 21.Qd2, however, the grandmaster

study participant remarked

“21.Qd2 is a useful move as it stops Ned4 and protects f4 and can be
better placed in case of b4 in the future. One curious line [given by AZ]
is 21...Rh7 [22.h5 Rdh8] 23.Rh3 gxh5 24.g5 Ng4 White can just
play 25.Rf1 and then focus on getting the b4 [pawn] break, which is
not natural."

The unconventional plan of pushing the pawn to b4 with the king potentially
exposed on b1 is particularly strong in this chess position (shown in Figure as
it allows White to gain space and open up the chess position under unfavourable
circumstances for Black, and claim an advantage. Therefore, the more general rules

here are discarded based on concrete analysis. For example

21.Qd2 Rh7 22.h5 Rdh8 23.Rh3 gxh5 24.g5 Ng4 25.Rf1!?7 Nf8 26.b4!!
Qxb4+ 27.Kal Qab 28.f5! exf5 29.Qb2 Ne6 30.Nxd5!! cxd5 31.Ra3
Qc7 32.Bxab6 White is better.

In this line, we see the dynamic play of AZ: the rooks from f1 and h3, switch
over to the b-file to attack Black’s king.
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Figure 6.12: Expanding on the critical line in the puzzle shown in Figure White
has just played b4.

The grandmaster missed the ideas in both positions. AZ’s ideas require
unconventional continuations that go against common human chess principles.

These observations hint at the existence of super-human knowledge (M — H).

Figure 6.13: In the left puzzle, White is to move. In the right puzzle, Black is to move.

Figure [6.13] shows the puzzle from the same concept provided to the same
grandmaster in Phase 3; Phase 3 tested whether the grandmasters had learnt the
concept. As before, the puzzles underscore the concept’s multifaceted attributes,
encompassing its prophylactic characteristics and its integration of tactical and
strategic elements.

In the puzzle (from Phase 3) shown on the left of Figure the grandmaster
correctly found the move suggested by AZ: 24.Bb3, with the idea of forcing the
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Black rook on e8 into a more passive position (d8 to defend the pawn) before
commencing activity on the other side of the board. The idea can be seen in

a possible continuation:

24...Rd8 25.Ba4 Nab 26.Rdhl Nc4? 27.Bh6 and White picks up the
pawn on f7.

As in the previous puzzles, AZ uses both sides of the board to optimise piece activity.

In the puzzle, shown on the right in Figure [6.13] the grandmaster again found
the correct idea: 22...Bc6, with the idea of preventing the critical pawn advance
23.f4 because of:

23.f4 Qb7 24 .Nc3 exf4 25.Rxf4, resulting in a weakened pawn
structure,

where White cannot recapture with 25.gxf4 as e4 is hanging. The move 22. . .Bc6
is both prophylactic and tactical; it prevents White from executing their plan
to advance the kingside pawns while improving Black’s position by activating
the bishop and rook.

The overall improvement of the grandmaster on this concept suggests that they
may have learnt AZ’s concept, thereby expanding H with (M — H). Other examples
of concept learning can be found in Section [E.5|

Figure 6.14: Graph of AZ’s concept in Figures 16.11{[6.10] and [6.13| between
AZ’s (white), strategic (green) and Stockfish concepts (purple). The information in
the parentheses means the layer in which the concept is found, and w = white, b=Dblack,
eg= endgame, mg = middlegame, ph=phased. The edge colour denotes the edge weight.
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examples is, and what specifically makes these applications of advanced (yet more

generally known and recognisable) chess principles form a distinct concept, from
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the perspective of AlphaZero. While we recognise that interpretability remains an
open challenge, especially for intricate and complex concepts, here we outline one
possible approach that can act as a starting point for improving our understanding

of the discovered concepts - graph analysis.

Understanding AZ’s concept using graph analysis and human-labelled
concepts. Using a simple way to learn a graph (see Section between concept
vectors, we discover strong relationships between existing and discovered concepts
to gain further insight into the concept meaning (shown in Figure . Edge
weight is influenced by (1) the strength of the relation between two concepts and
(2) the frequencies at which concepts co-occur. Below, we further discuss the two
concepts with the largest edge weights.

Space. AZ’s concept has a strong positive weight on the outgoing edge with the
(White-side) space concept. In puzzles where White is to move (Figures
and , an important component of the plan is to increase space. In a similar vein,
given that the idea is to increase space, which is ‘easier’/more likely if the initial
value is lower, AZ has a negatively weighted incoming edge with the concept space.

Recapture. We observe positive incoming and outgoing edge weights with
the recapture concept. Recall that we have dynamic concepts, which refer to a
sequence of states. As such, we postulate that this connection is because the plan

may be to recapture/gain material in the subsequent chess positions, as in the

puzzles in Figures and (left side).

Concept example: unsuccessful learning

This concept is related to gaining and playing with a space advantage with positional
advantage despite less material. In this section, we provide an example of when
a grandmaster found the correct move in Phase 1, but provided an incorrect (i.e.,
not AZ’s choice) move in Phase 3. The puzzle on the left side in Figure [6.15]
was provided to the grandmaster in Phase 1, and they correctly chose the same
move as AZ: g4. However, while the grandmaster found the correct move, there
were further finesses in AZ’s calculations that the grandmaster missed during

their time-constrained analysis:

White is a pawn down, [and AZ plays the move I suggested] g4 ... The
computer plays with h4-h5 [and] g4 and the queen on £2 or g2. White
is playing on the kingsideET] Black has no active moves, is playing

0For readers - the queenside refers to the left side marked a-d and the kingside refers to the
right side of the board marked e-h.
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Rd8 or [R]f8, Kh8. Seems convincing to me. On g6 [AZ] goes [Q]g2
which is nice, it didn’t occur to me. I was mainly focused on making
h4 work for White. White is not in a hurry, will at some point play g5.
Compensation, zero counterplay, and AZ is acting on these premises.

Figure 6.15: In both puzzles, White is to move.

AZ’s calculations: 33.g4 g6 (33...f6 34.Qg2 Rf8 35.Rf1; 33...Rad8
34.Qf2 f6 35.Rgl) 34.Qf2 Kh8 35.h4 White is better

As remarked by the grandmaster, AZ is a pawn down, however, Black’s pieces,
particularly the Bishop on b7, are placed passively. Instead of prioritising regaining
material, AZ focuses on improving the kingside position. While the grandmaster
understood the general plan, they missed the intricate idea Qg2, and slowly advancing
the g- and h- pawns.

The puzzle on the right in Figure [6.15 was provided to the grandmaster in Phase
3. Similar to the previous example, AZ focuses on space rather than recapturing
material. It continues with the move 18.a4, which was rejected by the grandmaster
on account of 18.Rcb, where Black tries to maintain the material advantage.

However, AZ finds the rook on ¢5 misplaced and continues

18.a4 Rcb 19.ab Be7 20.a6 where after Bf67? White has 21.d4

The idea behind the pawn advance is to weaken Black’s pawn structure.
Overall, the evidence suggests that the grandmaster did not learn this concept.
Here, AZ selects stronger moves due to its prioritisation of concepts (e.g., focusing
on space and activity). Humans tend to prioritise these concepts differently (e.g.,
prioritising bringing the king to a safe location as soon as possible). This concept

may be inherently difficult and require further examples to learn.
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Figure 6.16: Graph of AZ Concept in Figure between AZ’s (white), strategic (green)
and Stockfish concepts (purple). The information in the parentheses is the layer number
in which the concept is found. w = white, b=black, eg= endgame, mg = middlegame,
ph=phased. The edge colour denotes the edge weight.
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Understanding AZ’s concept using graph analysis and human-labelled
concepts. Figure [6.16| shows the relationship between AZ’s concept and high-
quality human-labelled concepts. The graph is dense, and we elaborate on the
two concepts with the largest edge weight.

Rook. AZ’s concept has an incoming positive edge with the rook (activity)
concept. In the puzzles in Figure [6.15] we observe that White has active rooks
(the rooks on al and c5, in the left chess position) or plans to activate the rook
(the rook on al, in the chess position on the right).

King. AZ’s concept has an outgoing negative edge with king safety. In the
chess positions in Figure [6.15] the king is less safe than usual. In the left chess
position in Figure AZ pushes forward the pawn to g4 (and later the pawn
to h4) around the king — thereby removing some of the king’s defenders. In the
position on the right, White does not castle to improve the king’s safety but
instead leaves the king in the centre.

Further examples of concept puzzles can be found in Section [E.5]

6.7.4 Differences between Humans and AZ

In this section, we share a few observed differences between the grandmasters and
A7 and speculate where they come from. While we do not have definitive answers,
the discussion may lead to further research.

The qualitative examples suggest that AZ has different priors over the relevance

of concepts in a chess position than humans. Human chess players formulate and
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adopt heuristic chess principles to inform their analysis, predisposing them to biases
that influence which concepts they deem relevant for specific chess positions. An
example is the three ‘golden rules’ of the opening: control the centre, develop your
pieces, and bring your king to safety [Hansen, |2021, Brunia and van Wijgerden,
2021}, King, 2000]. Consequently, in the opening, humans may focus on moves that
align with these guidelines. Instead, AZ is self-taught and does not seem to have the
same priors over chess concepts as humans. We believe this lack of prior allows AZ
to be more flexible — it can apply concepts to various different chess positions and
change plans quickly. In essence, AZ formulates its own priors over the relevance
of chess concepts for a given chess position. Examples of this behaviour are that
AZ plays over the entire board, as opposed to focusing on a specific side (see, e.g.,
Figures [E.4] [E.5] [6.13] and ; places less importance on the material value of
pieces, and prioritises space and piece activity (see, e.g., Figures or . This

may result in the super-human application of concepts, and new concepts.

One may ask where does the differences between AZ’s and humans’ play come
from?” We conjecture that they may arise from differences in objectives and
capabilities. AZ learnt to play chess against itself. As such, AZ assumes optimal
play and information symmetry["] On the other hand, humans play chess against
other humans and, therefore, may assume information asymmetry and imperfect
play. Moreover, psychological tactics may underlay human’s move selection. This
leads to a difference in behaviour: while AZ focuses on finding the best move,
human chess players often make practical choices. Humans’ choices do not always
increase the expected outcome against an optimal opponent (their choices may even
slightly decrease the expected outcome), but may increase their odds against another
human. For example, in drawn chess positions, humans may try to complicate
the chess position or opt for continuations where the best moves are less clear-
cut in hopes that their opponent makes a mistake (see Figure . However,
AZ will try to find the optimal plan, disregarding aspects such as complexity.
Therefore, AZ’s play may be fundamentally different and better reflect conceptually
relevant plans in a chess position.

Another difference between humans and AZ’s play is the role of time. Humans
have limited energy@ and time allocation for a game. In chess positions where
humans are better, they often simplify the chess position to try to secure the win

as quickly as possible and minimise risk (see, e.g., the grandmasters’ chosen moves

1With information symmetry, we mean that Black and White have the same general knowledge
and perform the same calculations in a given chess position.
12Classical time control (see match time controls in [FIDE [2019]) chess games take hours.
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in Figures and . However, AZ does not care about how quickly the game
finishes. The training loss function does not have a penalty term to encourage
winning as quickly as possible. As a result, it has a different treatment of time.
This results in sometimes choosing slow strategic wins (as can be seen in the chess
positions in Figure . While the lack of time constraint may lead to super-human
concepts, it also may result in complex concepts that are difficult for humans to learn.

AZ and humans have different computational capacities. As a result, AZ can
opt for more computationally expensive moves and, therefore, defend complicated
chess positions where humans might be more hesitant. In terms of playing style,
A7 will often opt for what it calculates as the optimal move, while humans have a
more limited computing budget and may opt for a safer move. In chess, safer is
used to describe continuation where there is less probability of making an incorrect
move. Sometimes, humans may even play a slightly suboptimal move to minimise
the risk. We see this phenomenon in Figures [E.10] and [E.11]i. While computational

capacity cannot be transferred, it may still lead to super-human concepts, as AZ

can find new ideas that can still be taught to humans.

6.8 Related Work

6.8.1 Generating explanations in Reinforcement Learning

Explanations for Reinforcement Learning (RL) methods [Alharin et al., 2020} Vouros,
2022| have different requirements compared to traditional supervised learning
settings. These differences arise due to the temporal dependency between states,
actions, and subsequent states, where an agent’s past, present and future state-
action sequences may relate to a long-term goal [Dazeley et al.,[2021]. Explainability
methods in RL can help identify issues such as over-fitting to training data, reliance
on spurious correlations [Gajcin and Dusparic, 2022, poor out-of-distribution
performance [Annasamy and Sycaral, 2019] and challenges in inter-agent dynam-
ics [Omidshafiei et al., 2022]. Moreover, these methods in RL may help provide
useful counterfactuals [Deshmukh et al., 2023| Olson et al., 2019].

There is a need for post-hoc RL interpretability methods. Currently, input
saliency maps are commonly used [Wang et al., 2016| [Selvaraju et al., 2019,
Greydanus et al., 2018, Mundhenk et al.| 2020]. However, saliency maps can suffer
from unfalsifiability and cognitive bias |Atrey et al. 2020| |Adebayo et all 2018§]
and lead to incorrect results [Bilodeau et al. 2024]. Moreover, while saliency maps

may help give insights into individual actions in terms of the inputs, they do not
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allow us to easily identify generalisable higher-level concepts across sets of inputs.
Other extensively used methods include tree-based methods [Craven and Shavlik,
1995, Bastani et al., 2018, [Roth et al.l 2019, |(Coppens et al.l 2019, Liu et al., 2019,
Vasié et al. 2022, Madumal et al.; 2020], and various techniques for analysing agent
behaviour — e.g., visualising the agent memory over trajectories |[Jaunet et al.; 2020],
extracting finite-state models [Koul et al 2018|, and leveraging Markov decision
processes |Finkelstein et al 2022, Zahavy et al., 2016| for detecting sub-goals or
emerging structures |[Rupprecht et al., 2019].

While most prior work focuses on understanding agent policies without search,
our work considers discovering concepts for explaining agent decisions based on
MCTS. Given that different explainability methods offer different insights into model
predictions, future work should move towards more holistic, composite approaches
that bridge and combine existing techniques to give a more comprehensive and
reliable set of explanations [Gilpin et all 2018, [2022].

6.8.2 Chess and Al

Chess has been a test bed for Al ideas for decades. Early engines were based on
human knowledge, and their super-human strength came from their computational
capacity, which allowed them to evaluate orders of magnitude more variations
than human chess players. The introduction of neural networks and RL-based
approaches led to a surge of improvements in computer chess engines. These
advances were in part inspired by the prominent results of AZ in chess [Silver
et al., 2018|, and LcO [LCZero Development Community, 2018], an open-source
re-implementation of the original model.

As interactions with chess engines play a key role in chess players’ preparation
and training, interpretability can play an important role in helping players improve
their abilities. To this end, prior work has looked at piece saliency |Gupta et al.|
2020|, tree-based explanations [Kerner, |1995| and natural language [Jhamtani et al.|
2018, |DecodeChess, 2017]. Recently, natural language explanations for chess were
explored in ChessGPT [Feng et al.| 2023].

Using probing-based techniques, researchers found that AZ and Stockfish encode
human-like concepts in its network [McGrath et al.; 20224, [Palsson and Bjornsson,
2023|. This prior investigation of concepts in AZ focused on known human concepts
in the policy-value network and did not consider search, move sequences, or new
concepts. This work is the first to use an unsupervised approach to find new

concepts. However, preliminary questions have been raised regarding whether
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human players have been adopting AZ’s ideas |Gonzalez-Diaz and Palacios-Huerta,
2022|, as some prominent motifs had been analysed in detail in the book Game
Changer [Sadler and Regan| 2019|.

6.9 Conclusion

Our research represents a step towards understanding the potential of human
learning from Artificial Intelligence (Al). In this work, we focused on AlphaZero
(AZ) — an Al model that attained a super-human chess level through self-play,
without prior knowledge or human bias. We provide evidence for the existence of
super-human knowledge in AZ using spectral analysis to show that AZ’s games
encode features that are not present in human games. To extract this knowledge
from AZ’s representational space, we developed a framework to uncover new chess
concepts. To mitigate human bias, we use an unsupervised approach that leverages
A7Z’s training history to curate a set of complex chess positions. We ensured each
concept is useful, by verifying that the concept can be taught to another Al agent
who can apply the concept to solve a downstream task, and novel, by measuring the
alignment with the basis vectors of human and AZ games. Communicating novel
concepts requires developing a common language between humans and AI. We bypass
the need for this language by leveraging puzzles (i.e., prototypes) for each concept.

We collaborated with four world-top grandmasters to (1) validate the human
capacity to understand and apply these concepts on an unseen test set by studying
AZ’s concept prototypes and (2) improve our understanding of the differences
between AZ’s and humans’ chess representation space. In our small-scale study,
all grandmasters improved their performance after learning concepts compared to
baseline performance. We speculate that the differences in the representation space
between AZ and humans may stem from: (1) prior biases over concepts, including
their perceived applicability, importance, and how they can be combined with other
concepts. For example, AZ shows a reduced emphasis on factors such as material
value and is more agile in switching between playing on different sides of the board.
(2) a difference in the motivation and objectives when playing chess; AZ is trained
to play optimally rather than competitively. Human players may leverage their
opponents’ weaknesses, such as limited strength, time or energy.

There are several aspects of the work that could be further explored. In our
work, we identified a subset of all possible concepts. From those found, we only
tested 10% in experiments with human participants. Moreover, our analysis was

subject to several limitations: we considered only two layers (less than 10% of the
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network’s total layers), focused on concepts learned by AZ at the end of training,
and represented concepts solely as linear sparse concept vectors. Relaxing these
assumptions could potentially reveal a broader spectrum of interesting concepts,
such as those with non-linear representations, thereby expanding the concepts
we discover in AlphaZero.

Beyond individual concepts, the current work focuses on finding a single concept
to explain a plan. However, a plan may inherently contain multiple concepts. As
such, an interesting aspect to further explore is how these concepts relate to each
other, influence the overall plan, and, critically, how their combined presentation
might further aid human learning.

Further work could also expand on the human experiment study. While our
work provides a proof of concept, a larger-scale study is crucial to draw statistical
conclusions regarding human learning from AI. We limited our subjects to top-
ranked grandmasters, as we suspected that acquiring novel knowledge at the
frontier of human understanding (in (M — H)) would require experts. However, a
different group of learners may require alternative pedagogical approaches beyond
the prototype-based learning studied here.

Moreover, it would be interesting to further explore the optimal conditions
for humans to learn concepts. We allotted a fixed time budget for grandmasters
to assimilate the concepts due to the time availability of the world-class players.
However, it is plausible that an unlimited time budget would improve learning
and performance. In our research, we provided grandmasters with part of AZ’s
Monte Carlo Tree Search (MCTS), in which the rollouts are motivated by the
concept, as an explanation for the concept. We used this approach to keep the
explanations as familiar and simple as possible. Nonetheless, it would be interesting
to augment this phase with an interactive component: e.g., for each puzzle, humans
can actively engage with AZ by playing moves and asking AZ what its response
is. This interactive element would allow humans to investigate counterfactual
scenarios, allowing for a deeper understanding of why AZ did not select their
solutions or approaches. More generally, optimizing individual learning strategies
when interacting with advanced Al systems remains a significant open question.

While this chapter explored AlphaZero within the domain of chess, it would
be interesting for future work to investigate knowledge discovery in other complex
domains. A crucial direction for future research is the quantification of the human-
AT knowledge gap. An important question lies in identifying when there exists a

meaningful difference in performance or conceptual grasp exists between humans and
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advanced Al systems. Developing methods to quantify this gap, and subsequently
how much of this difference is learnable by humans, is an open challenge.

This work also prompts deeper reflection on the nature of human learning from
Al To what extent can and do humans learn the concepts encoded by the Al
system versus learn more generally through interaction with AI’s knowledge? For
example, humans may acquire new knowledge or skills that, while not identical
to the Al systems’ internal representations, are nonetheless useful for solving the
downstream task. If the primary goal is to advance human understanding, it may
not be paramount to understand ezactly what the Al systems know, as long as
learning is advanced more generally.

Learning from and interacting with Al systems may lead to significant shifts in
human behavior and strategic thinking. Within the context of chess, for instance,
the advent of chess engines has fundamentally altered how humans play [Gonzélez:
Diaz and Palacios-Huertal, [2022] and prepare for matches. At a surface level, players
leverage chess engines to better understand the game and find new ideas. However,
this already leads to a shift in required human skills — moving towards finding
and memorizing engine-generated ideas. This, in turn, can lead to a ripple effect
that follows game-theoretic notions of information (a)symmetry. On the next level,
players prepare knowing that their opponent also has access to an engine. This can
lead to optimizing for trajectories where the engine might perform suboptimally
or where it’s easy for engines to play but difficult for humans without specific
preparation. Given this, it becomes strategically important for players to infer
whether their opponent is 'in-preparation’. This then leads to a further layer: players
may use subtle cues, such as body language and time usage, to signal (or more
importantly, to influence their opponent’s belief) about whether they have prepared
ideas with a chess engine in particular positions.

While these dynamics are particularly evident in chess, they raise critical
questions about how Al influence will reshape human interactions and skill sets
across other domains. There may be a broader shift in human skills as Al automates
some tasks while emphasizing others, alongside a need for more proactive thought
on how human intelligence can best interact with, and perhaps even strategically

circumvent, these advanced systems.
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Conclusion

The goal of this thesis is to understand how knowledge is encoded in machine
learning models and how that knowledge can be extracted in a meaningful way.

First, in Part II, we examine how knowledge is represented within neural
networks. In Chapter [3] we start by examining the linear representation hypothesis,
which states that concepts are encoded as directions within a model’s representation
space. We analyse the implications of this assumption, focusing on three key
properties: spatial dependence, polysemanticity, and the effects of interventions
across layers. We formalise each property and show how it can influence the
conclusions drawn from concept-based analyses.

In Chapter 4 we turn to the question of how knowledge is encoded in large
language models (LLMs). Specifically, we investigate whether LLMs learn universal
representations or language-specific representations. Our findings suggest that
models exhibit language-specific behaviour. Conceptual knowledge tends to be
tied to the training language, while the input language primarily determines other
linguistic features, such as grammar.

Next, in Part I1I, we shift to the second goal of this thesis: extracting knowledge
that humans can easily understand. We begin by focusing on generating human-
understandable prototypical explanations in Chapter [f] By leveraging uncertainty
estimates, we produce realistic and unambiguous explanations.

Finally, we combine both goals of the thesis. In Chapter [0, we explore how
interpretability can be used to discover new knowledge. In the domain of chess, we
introduce an unsupervised framework for concept discovery. We ensure that the

identified concepts are both novel — not observed in human games — and teachable —
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able to be transferred to another Al agent. In a small-scale experiment, we further
demonstrate that these concepts can be taught to human experts, who then apply
them to solve previously unseen puzzles.

Taking a step back, the work presented in this thesis can be contextualised within
the broader perspective on interpretability introduced in Chapter 2. We adopt a
pragmatic stance, moving away from a single, rigid definition of interpretability.
Instead, we argue for a more practical approach where the methods and goals
are tailored to the task at hand. This perspective motivates a structured process,
and the research in this thesis builds towards a general interpretability framework

composed of four key steps:

1. Identify Explanation Desiderata Different explanations require different
properties. These can vary depending on the context, data type, model
architecture, and intended audience. Therefore, it is important to identify

these objectives upfront.

2. Find a concept or evidence of a behavioural phenomenon. The main
technique employed in this thesis is a contrastive approach, comparing model
behaviour across two settings that differ along a single axis, which helps isolate

and analyse the behaviour of interest.

3. Verify that the model uses the concept. A concept may be present in
a model’s representation space without being used by the model. Therefore,
it is important to verify that the model uses the concept. In this thesis, we
do this by intervening on a concept — modifying the latent representation to

amplify a concept — to estimate its influence on the model’s output.

4. Extract the explanation in a human-interpretable form. The goal is
often to present explanations in a form that humans can understand and/or
learn from. In this thesis, we focus on prototypical examples, as humans are

highly effective at learning from examples.

In practice, each of these steps presents challenges. Consider the first step: identi-
fying explanation desiderata. The goals we care about often vary as interpretability
is applied in different settings. Translating high-level aims, such as fairness or
usability, into concrete mathematical objectives is not always straightforward. Some
properties are difficult to define precisely without losing important nuance. Even
when goals can be formalised, they may be defined in different ways by different
researchers, making it difficult to compare or evaluate methods in a consistent way.
The lack of unified evaluation protocols can lead to a chicken-and-egg problem

in research papers: a researcher defines a property of interest and then creates a
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metric to measure it. However, if a method performs well on that metric, it may
be because the metric is tailored to the property, not because the method is truly
effective. In essence, we risk metric hacking, resulting in a strong performance
that may not generalise beyond the setup.

Next, finding meaningful concepts in a model is like looking for a needle in
a haystack. As machine learning models have grown in size and complexity,
pinpointing where knowledge is stored has become increasingly difficult. Even
when we find evidence of a concept or phenomenon, it is still difficult to verify
whether we truly identified a part of the model behaviour or whether our finding
is a false positive — an artefact of the interpretability method. This is why the
next step — verification—is so important.

However, verifying concept usage is also non-trivial. The correct way to intervene
on a concept is often unclear. For example, if we choose to intervene on a neuron,
what value should we assign to the neuron? The mean? The minimum? Moreover,
does this value make sense given the joint distribution over the other neurons?
Poorly designed interventions can lead to out-of-distribution behaviour, making
results hard to interpret. Furthermore, simple interventions may be misleading
altogether. A single feature might not be sufficient to influence behaviour, due to
reasons such as the hydra effect [McGrath et all 2023, where the model encodes
backup mechanisms for important model behaviour.

However, verifying concept usage is not always necessary — particularly when
the goal is to extract novel insights for human use. In such cases, the utility of
a concept to humans can outweigh the need for strict faithfulness to the model’s
internal representations. However, human evaluation is costly. To minimise reliance
on manual assessment, it is important to reduce the number of candidate concepts
through filtering techniques, such as novelty and teachability scores (see Chapter @

Lastly, extracting concepts in a human-interpretable form is inherently chal-
lenging. In translating internal representations into forms accessible to humans —
such as natural language, examples, or rules — we may lose important nuance or
fidelity. The model’s internal concepts may not map cleanly to human concepts, and
some representations may encode abstractions for which we lack a corresponding
representation or vocabulary. For example, in language models, we are limited to
human language. However, the model may encode a useful concept that we do
not yet have a word for. This step remains one of the key challenges in making
interpretability truly valuable.

In conclusion, all of the steps are difficult. However, the broader motivation

behind this framework is to move away from thinking about interpretability as a
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single-step process. Instead, we can think about it as hypothesis testing. Each step
provides evidence for a hypothesis about model behaviour. While each individual
has a false positive rate, combining multiple, partially independent steps lowers the
risk of drawing the wrong conclusion. This makes it easier to build confidence in our
conclusions, particularly in the absence of a ground truth that can be easily verified.

As stated in Chapter 2, this entire process is guided by intended use. While
this thesis explores several applications, its ultimate trajectory points towards
one of the most ambitious goals for the field: knowledge discovery. Two main
takeaways emerge. First, interpretability is most effective when we focus on the
usefulness of an explanation for a specific purpose rather than aiming for a perfect
or complete one. Second, by structuring interpretability as an iterative, evidence-
building process, we gain a more robust and practical way to understand model
behaviour. It is this structured approach that can allow us to explain what Al
models have learned, and to leverage them as tools for discovering novel, human-

understandable knowledge about the world.



Discussion and Future Work

In this section, we discuss open challenges in the field.

8.1 Definitions are Difficult

One of the central challenges in interpretability research is specifying definitions
[Lipton, 2018]. Interpretability, at its core, aims to provide explanations for model
behaviour-but what is an explanation? Even if we could agree on a definition,
explanations are often not unique. Multiple valid explanations may account for the
same behaviour, depending on the type and the criteria used for evaluation.

Consider concepts and features — both terms are frequently used in interpretabil-
ity research but rarely formally defined. A definition we use in this thesis is that a
concept is a unit of knowledge. However, this definition makes assumptions — for
example, that a concept is concise or minimal. While this assumption is common
in practice, it imposes constraints on what counts as a valid explanation, and these
constraints may not always be justified. Consider a bike[] What are the features of
a bike? Should a feature be a partial curve, a tire, or a complete wheel? Perhaps,
more importantly, what level of feature granularity does the model use?

A similar problem is found in the field of object-oriented learning, where objects
are difficult to define. It has been argued that objects only gain meaning relative
to the task or context |[Smith, 2020, Bienenstock et al., [1996]. Similarly, in this

thesis, we argued that concepts are defined relative to their usefulness for a task.

!This idea arose when working on [Smith et al.| [2021]. See also [Smith| [2020].
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This perspective aligns with the idea that concepts are cognitive abilities [Margolis
and Laurence, 2023] and frames them functionally.

While this approach may not be perfect, it offers a practical way forward. It
allows us to move from abstract debates to empirical investigation — trading off
some philosophical precision for tractability and enabling progress in understanding

and explaining model behaviour.

8.2 Mutable Concepts

The inherent ambiguity surrounding the definition of concepts underscores a deeper
philosophical challenge. Within the field of philosophy, there is extensive research
on trying to define concepts and their role in human cognition. Concepts can refer
to mental representations, cognitive abilities, or abstract categories [Margolis and
Laurence), [2023]. Two different people may hold different internal definitions of
the same concept — even one as familiar as a cat. Moreover, these definitions can
evolve over time with experience, culture, and context.

Building on the idea that the definition of a concept is not fixed, perhaps
we should reconsider how we think about concepts and features. Often, we
extract features or concepts from a network operating under the assumption that
these entities exist independently of specific inputs and can be interpreted in
isolation. This perspective assumes that concepts or features are immutable
and context-independent.

However, this viewpoint may oversimplify the intricate behaviour of concepts.
In reality, the meaning and function of a concept can vary significantly depending
on the context or input ] Extracting a singular, absolute representation of a concept
may not capture its multifaceted nature. It would be interesting to understand
the progression of a concept as a model trains. Similarly, we could more explicitly
capture the multifaceted nature of a concept. For example, we could treat it as a
function that maps an input to a vector. This approach may allow us to improve our

understanding of the concept’s role in a model — and how it changes across inputs.

8.3 Human Learning

When learning from Al systems, we can think about the three core components:

1. Training models that meaningfully outperform humans.

2We, as researchers, take a similar approach to word embeddings [Peters et al., 2018].



8. Discussion and Future Work 157

2. Finding knowledge that is unique to Al systems.

3. Extracting the knowledge in a human-interpretable form.

Each of these components is non-trivial and requires careful consideration.

Consider the first step. By meaningfully, we mean that the model outperforms
humans due to better reasoning or novel ideas — rather than a computational
advantage. While Al systems may outperform humans by calculating more or
faster, this kind of performance gap is often not what we care about from a learning
perspective. However, evaluating whether a performance gap is meaningful is
inherently difficult. In practice, we evaluate performance on a specific task under
specific conditions. This often amounts to asking whether a human could solve the
task within a limited time. However, a more relevant question is often: could a
human solve the task given unlimited time or more information?

Another important factor is which human we consider. Are we comparing
against a randomly sampled individual or an expert? Finally, the evaluation metric
itself is often a proxy — measuring only part of the behaviour we care about. As a
result, it is often difficult to definitively conclude whether an Al system performs
meaningfully better than a human in a given domain.

Now, moving on to the second part. Let us suppose we have a model we want
to learn from. A natural question follows: to what extent can we understand it?
The representation space of a model is high-dimensional and complex. Some of this
knowledge may be interpretable if we can extract it. However, some of it may be
fundamentally inaccessible to humans. Here, we refer to ‘humans’ in the collective
sense—but it is important to note that people differ in their backgrounds, experiences,
and cognitive abilities. Understanding across humans is not uniform, and this
diversity is a strength, as it may increase the likelihood of learning from Al systems.

One component of interest is quantifying the human-Al knowledge gap. In
Chapter [6] we take a first step by comparing the span of human and Al represen-
tation spaces. However, more refined approaches are possible, such as estimating
distributional differences between human and model behaviours. A second step
would be to estimate how much of the model’s knowledge is learnable by humans. In
Chapter[6], we approached this using estimating teachability. However, this idea could
be improved upon. Inspired by cognitive science, we could build models that simulate
human learners to estimate more accurately what type of knowledge is learnable.

Now, moving on to the last step — extracting knowledge in human-interpretable
form is difficult and unlikely to be lossless. In Chapter[6], we approached this in three

ways: identifying prototypical examples, showing optimal actions, and linking new
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concepts to known concepts. These methods rely on formats humans are already
familiar with — concepts, inputs, and actions. This constraint can lead to important
limitations. First, what happens when a concept cannot be expressed in any of these
forms? Second, does our insistence on mapping new ideas to familiar ones distort
our understanding of the new concept? It may lead us to interpret every concept as
a reapplication or recombination of existing ideas. This suggests the need for richer
representational tools—or entirely new conceptual languages [Hewitt et al., 2025].

Finally, suppose we can extract knowledge from a model. How can we best
teach it to humans? While this depends on the individual, there are useful design
principles we can draw on. In Chapter [6] we allowed humans to learn by observing
the AZ’s calculations. A more powerful approach would involve interaction, for
example, by allowing the experts to play against the model to explore the reasoning
behind its suggestions. One important signal in this process is understanding why
the human’s solution was incorrect. More broadly, the fields of cognitive science
and human-computer interaction are critical for designing learning environments
that support human understanding. One concrete direction is identifying which
settings are most conducive to human learning [Schut et al., 2025b].

This challenge of teaching is further compounded by the mutable nature of
concepts, a central theme of our earlier discussion. As we have established, different
people will inevitably hold different conceptualisations of the same concept, each
shaped by unique backgrounds and prior knowledge. This inherent variability in
human cognition implies that a one-size-fits-all approach to knowledge transfer is
unlikely to succeed. Consequently, effective learning environments must be adaptive,
capable of acknowledging and bridging the gap between an Al’s representation and

the individual learner’s unique conceptual framework.

8.4 Multi-step Explanations

Most model explanations are ‘one-step’ — for a given model prediction, we provide
a single explanation — typically without feedback, iteration, or clarification. While
this can be informative, it may not be optimal for how humans best understand
or learn from information.

As previously discussed, humans often learn better through interaction. This
may help explain the success of systems like ChatGPT: the explanation is not
fixed but part of an ongoing exchange. A user can ask for clarification, probe
edge cases, or challenge assumptions. The conversation continues until the human

either understands or decides to disagree.
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This type of interaction improves performance and understanding on multiple
levels. For example, in a debate between agents, an explanation is refined and
tested through challenge. Interaction is not only useful for improving human
understanding — it can also improve model behaviour.

Now, consider the context of clinical decision-making. If a model fails to use a
feature that clinicians view as essential, trust in the system is likely to be low. An
ideal setup would not only allow the model to explain its reasoning but also allow
the clinician to provide a counter-explanation, highlighting the missing feature or
reasoning path. The model can then incorporate this feedback by updating its
representations, circuits and/or adjusting its predictions.

This idea is simple: explanations should not be static, one-shot outputs but
part of an interactive loop. A multi-step explanation allows both the human and

the model to update, resulting in improved understanding, trust, and performance.
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188 A.1. Concept Encoding is a Weak Requirement

A.1 Concept Encoding is a Weak Requirement

A large part of interpretability research focuses on identifying what is encoded inside
neural networks. However, we argue that this is often not sufficient[] In many
settings, we are not only interested in whether a concept is encoded, but whether it is
used by the model. In this section, we show that concepts can be encoded by chance.

This result is not intended as a novel contribution. To the best of our knowledge,
it has not been explicitly stated in the interpretability literature, but it follows

directly from established results.

A.1.1 Theory

Assume we have an untrained neural network f with parameters 6;,;; sampled from
a standard initialisation scheme, such as Kaiming initialisation [He et al., |2015].
Let fi(z) denote the intermediate representation at layer [ for input z.

Further, let ¢(z) be a function that indicates whether a concept c is present in z,

o(z) = {2 k if the concept is present in x (A1)

< k otherwise,

where k£ is an arbitrary value.

Our goal is to show that, under some mild assumptions, for any concept ¢, there
exists a trainable decoder ¢ such that |¢(f;(z)) — c(z)| < e.

The universal approximation theorem states that any continuous function on a
compact domain can be approximated arbitrarily well by a neural network with
at least two layers, under some conditions [Cybenko, 1989, [Hornik et al., [1989].
Zhang et al.| [2019] extended this result for the finite-data regime:

Theorem A.1.1. There exists a two-layer neural network with ReLLU activations
and 2n + d weights that can represent any function on a sample of size n in d

dimensions.

Therefore, if we assume ¢(z) is a continuous function, there must exist a two-layer
neural network with ReLLU activations ¢ that can approximate this function. An
implication for interpretability is that a model f(z) can learn any c(x) — i.e., it can
extract any concept from an input z, under the assumptions given above.

We can make this claim even stronger by invoking the lottery ticket hypothesis
(LTH) [Frankle and Carbin, 2019, Ramanujan et al., 2020, Malach et al., 2020].
The LTH states that:

IThere are exceptions — particularly in applications where we care about whether a feature is
present, regardless of whether it is used.
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For any such target network h*, there exists a large enough randomly
initialized network f, and a binary mask m € {0, 1}/ such that:

fn(@) = fmoo(x) = h'(x)

Combining this with the universal approximation theorem, it follows that:
e An untrained network f contains a subnetwork that extract any concept

function c(z).

o there exists a decoder ¢ that can learn to decode this masked subnetwork’s
activations.

More formally, there exists a neural network decoder ¢ such that:

6(fe(x)) —c(z)] <e, VreX

This implies that, given a sufficiently expressive decoder, any concept can, in
principle, be decoded from an untrained network. Empirical work has also found
evidence that concepts can indeed be decoded from untrained models [Adebayo
et al., 2018 [Heap et al., 2025|.

A.1.2 Implications

These results suggest that models may encode concepts by chance at initialisation,
which can be detected by expressive decoders. The ability to decode a concept
from a representation does not imply that the model has learned or uses the
concept meaningfully.

From a research perspective, this implies that we should do more than identify
that concepts are encoded in a network. For example, it places importance on
showing that the model uses the concept during inference. Alternatively, perhaps
rather than focusing on finding concepts, we should think about how easy it
is to extract or use concepts. For example, we could place restrictions on the
expressivity of the decoder ¢.

More generally, an important implication of this result is that we need to think
about whether behaviour is learned or unlearned during training. Are we actively
encoding features or removing subnetworks for irrelevant ones? This distinction
is important as it would imply that mechanisms —including potentially unsafe
behaviour— may already be present at initialisation rather than being learned during
training. This suggests that alignment failures or shortcut behaviours could, in

some cases, be rooted in the model’s inductive biases.
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Appendix: Examining Assumptions of
Concept Vectors

B.1 Derivations for Activation Functions
Let Z;, and Z;, be linearly perturbed activations in each of these layers:

2, = 2,0+ Vel (B.1)

212 = Zlo,i + Vel = Giy,lo (le,i) + Ve,lo (BQ)

where u € R™1 and v € R™2 are vectors of non-zero norm. The non-zero norm
follows from that CAVs are directions in activation space and m;, and my, are
the dimensions of layer [; and [y, respectively.

For the two perturbations to have the same effect on the activations (and
hence the model) it must hold that:

9y 1o (211 ) = 212

(B.3)
g lo (Zh,i + UC,ll) =010 (leﬂ') +v

For u and v to be consistent for all activations, they must be constant with respect
to zj, 4, i.e. we can assume that v and v are not functions of z;, ;. If we rearrange
Eq. to obtain an equation for v, we obtain

v = gl1,l2(z + UC,ll) — 9,2 (Z> (B4)

where we have simplified the notation by writing z;, ; as z. Let us differ-
entiate Eq. [B.4]
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d d
%U = @(911,12(2 + UC,ll) — Gl 1o (Z)) (B5>
d d
0= @gllh (Z + UC,ll) - @gll,b (Z) (B6>
0 = glll,lg(z + vC,ll) - glll,lg (Z) (B7>
glll,lg(z + UCJl) = gl/l,lg (Z) (B8>

which implies that the derivative of gy, 1,, gj, ;,, is periodic with period u. This
is a strong restriction on the form that g; ;, can take. Let’s integrate to find out
what implications it has on the form of f. First, let’s split the periodic function

921,12 into its mean value and its oscillatory part:

gzl,lz (Z) - wl(’Z) + M (B9>
where M € R™2*™u is the mean value across one interval for each component of

91,.1,(2) and w'(z) is a periodic function with zero integral across a single period, i.e.
/ w'(2)dz = 0. (B.10)
0

If we integrate ¢'(z) from z to z +v,.;, (using a change of variables with ¢ € R4 ) we
find

z+ve,
[ g0t = g+ ven) - 0(2) (B.11)
and by using Eq. we find

9(z 4+ vey,) —g(z) = 0. (B.12)

Therefore g is periodic with period w. If we now take the integral of g; ; (z), we find

Gin 1o (2) = /gfhl2 z)dz (B.13)
91 12(2) /w dz—i—/Mdz (B.14)
91, (2) = w(z) + Mz + . (B.15)

Hence, g; ,, satisfies Eq. (and therefore Eq. [B.4)) if and only if it is composed
of a periodic function with period u and a linear term. However, there are further

restrictions upon f. Let M = 0 so that f is simply a periodic function. In this case

UV = giy,ls (Z + 'Uc,ll) - gllJz('Z) (B16)

U= 91.02(2) = 91,12 (2) (B.17)
v=0 (B.18)
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which contradicts our non-zero assumption on the norm of v. Hence we can obtain
layer consistent vectors v and u if and only if f is composed of a periodic function
with period v and a non-zero linear term M. We provide no proof as to whether
this form of f can occur in practice in a neural network, however our empirical
results in the main paper and § [B.4] suggest that it does not. Our proof holds
generally, however, in the next three sections, we go into more detail for a linear
function as it is a special case of Eq. and for the ReLLU and sigmoid functions

as they are common activation functions used in neural networks.

Special Case: Linear Function One counter-example that at first look seems
to contradict Eq. is a linear function. If f is a linear function, i.e. it conserves

vector addition, then Eq. [B.4] trivially holds:

UV =g,y (Z + 'Uc,h) - gl1,l2<z) (Blg)
V=gl (Z) + iy 1o (u) - gll,lQ(Z) <B2O)
v = g1, (u). (B.21)

The general result (Eq. requires that f be a combination of a periodic
function, g(z), and a linear function, M z+b, but we have just shown that f = Mz+b
would also hold. This is because a function that outputs some constant value is a
special case of a periodic function, where there is no minimal period as all periods
are valid. So, for the case where f is linear g(z) = ¢, where ¢ € R™2. Or for
a more specific example, in the case of f = Mz + b, ¢ = 0. Hence, the result
in Eq. generally holds and, for the case where f is linear, the only layer
consistent vector v in layer [y for some vector u in layer [; is that same vector

projected into layer Iy by f, i.e. gy, (u).

ReLU Function In a neural network, f often involves a rectified linear unit
(ReLU), so below we find v when f = ReLU. Let z,,;, v; and u; refer to
the individual elements of z;,;, v and u, respectively. By the definition of a

ReLU activation:

2y A >0

(B.22)
0 2y, <0

G 12 (21,,6,5) = max(0, 2z, 5) = {
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So, Eq. [B.4] becomes:

v = maX(O, 21,5t Uc,ll,j) - maX(O, le,z’,j>

Ziig T Vel j — Zhig  Phig T Veng > 0,215 >0

Ayt e+ 0 2, T Vetiy > 0,215 <0
0— 21,5 2,05 T Veir; < 0,245 >0
0—0 2t Vet < 0,255 <0 (B.23)
U 2,5 T Vedrj > 0,245 >0
Szt Veny Zng Tt Veng > 0,2, <0
21 3,5 2+ Vety; < 0,245 >0
0 2, T Vet < 0,255 <0.

If 255+ Ve > 0,205 < 0o0r 2,5+ Ve ; < 0,2,,; > 0 for any element j
then there does not exist a v such that Eq. is true for all 7, i.e., when either
of these statements are true, you cannot have two vectors which have the same
effect on the activations across layers for all possible inputs. And if we assume
that the elements of z can take any value in practice then there exists no two

layer consistent vectors across a ReLLU function.

Sigmoid Function In this section, we consider the sigmoid activation: g, ;,(z) =

1
1+exp(—z)*

2z, and z, refer to z,;; and z,;;, respectively. From Eq. [B.3, the concept

For ease of notation, we drop ¢ and j as they do not change, but

vectors are consistent iff

Gt (21 + Vety) = G105 (21) + Ve, (B.24)

1 1
= + v, B.25
1+ exp(—z, —u) 1+ exp(—z,) 2 ( )

Simplifying Eq. for v, we get:

1 1
v = —
1+ eXp(_le - U) 1+ exp(—zh)

(T4 exp(—2,)) — (1 +exp(—2, —u))
Y= 0 T exp(o)) (1 + oxp(—z — W) (B.27)

B exp(—zy,) —exp(—z;, — u)

v= (1 +exp(—2zy,))(1 + exp(—z, —u)) (B.28)
_ 1 — exp(—u)

v= (exp(z;,) + 1)(exp(z,) + exp(—u)) (B.29)

(B.26)
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This can be simplified further with partial fractions:

_ 1 — exp(—u)

o (exp(z1,) + 1)(exp(zy,) + exp(—u)) (B.30)
_ exp(—21,) _ exp(—z;, — u)
a (exp(z;,) +1)  (exp(z,) + exp(—u)) (B.31)
_ exp(—2,) B exp(—z,) B.22)

(exp(z,) +1)  (exp(z, + veyy) + exp(—u))

For a single v to exist which is consistent for all z;, it cannot depend on z,.
Since the left half of Eq. depends on z;,, the only way that v does not depend
on zj, is if the right hand side cancels out the left. This only occurs when uw = v = 0.
Since v and v are directions in activation space, and hence have a non-zero norm,
this is a contradiction. Therefore, for the sigmoid function, under no conditions

does there exist layer consistent vectors.

B.2 Elements Dataset Versions

Standard The default version contains four objects in each image and the allowed
concepts are the primary colours and their pairwise combinations (red, green, blue,
yellow, cyan, magenta), five shapes (square, circle, triangle, plus, cross) and three

textures (solid, spots and diagonal stripes).

Simple In some experiments, when stated, we use a simpler version which contains
fewer shapes and colours. This is to reduce the complexity of the figures. The
standard and simple dataset configurations are in Table [B.1]

Spatially Dependent For some experiments we use a spatially dependent version
of the standard Elements dataset. This has the same configuration but introduces
spatially dependent classes. As in the standard dataset, there is a class for all
combinations of two and three concepts, e.g., ‘striped squares’ or ‘spotted cyan
triangles’ However, there are additional classes which depend on where the element
is present in the image. For all classes involving triangles, we add two new classes
which depend on if the object is in the top or bottom half of the image. For
example, the class ‘blue triangles’ will now have two additional classes related to
it of ‘blue triangles on the top’ and ‘blue triangles on the bottom’ Similarly, we
introduce two new classes for all classes involving squares, but for the left/right

halves of the image rather than the top/bottom.
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Table B.1: Configurations for the standard and simple versions of the Elements dataset.
Element size and image size are in pixels. Brightness is the value of the pixels in the
element.

Property Standard Simple
Colours red, green, blue, yel- red, green, blue
low, cyan, magenta
Shapes square, circle, trian- square, circle, trian-
gle, plus, cross gle, plus
Textures spots, stripes, solid spots, stripes, solid
Brightness 153-255 153-255
Element Size / pixels 48-80 48-80
No. Elements per image 4 4
Image Size / pixels 256 256
- m X v
V %
H XK g T T 2@ %
[ ) o 4 B
/}/,,m 7/{/ o
. . . p
//// w , y s
7 ; .
Y ® ||+

Figure B.1: Example images from the standard elements dataset. The number of classes
each image belongs to is displayed above it.

Entangled We use two alternative versions of the simple dataset in the Entangle-
ment experiments: Eo and E3. As described in the main text, these are identical
to the simple dataset, apart from the association between the red and triangle
concepts. In each case, we restrict some of the allowed combinations of concepts
that an element can take. This also removes some classes from the dataset which
we reflect in any trained models. E; does not allow any shape apart from triangles
to be red. This removes classes like ‘red circles’ or ‘spotted red squares’. Ejs has
this restriction and then places a further restriction that triangles have to red. This

removes classes such as ‘blue triangles’ or ‘striped green triangles’
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Figure B.2: Example images from the simple elements dataset. The number of classes
each image belongs to is displayed above it.

B.3 Implementation Details

In this section, we provide general implementation details applicable to the whole

paper. For details relating to individual experiments and additional results, see

Sections [B.4] and [B.6

B.3.1 Concept Activation Vectors

Background In [Kim et al., 2018], the statistical test, TCAV, determines whether

the model’s sensitivity to a concept is significant. The test compares a set of

CAV scores found using a concept dataset with CAV scores found using random
data. To do this, we must find multiple CAVs for each concept. In practice, each
of these CAVs is trained with the same positive set, Xt but a different random
set, XI~, where r € 1,2... R denotes the random index. A CAV corresponding

to a specific random index is labelled v,.

Implementation Details In this work, we create multiple CAVs per training
run (30 unless otherwise stated), each using the same positive probe dataset but a
different random set. We label a CAV trained with a specific random set as vy,
where r € 1,2... R denotes the random index. Random CAVs are generated from
pairwise combinations of random data sets, and we conduct a two-sided Welch’s

t-test to test whether the means of concept and random TCAV scores are equal.
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Table B.2: The number of channels for the models trained on the simple, standard, and
spatial versions of the Elements dataset.

Layer Simple Standard Spatial

layers.0 64 64 64
layers.1 64 64 64
layers.2 64 64 128
layers.3 64 128 256
layers.4 64 128 256
layers.5 64 128 256

If a set of CAVs passes this test with a p value less than 0.01[ we consider the
concept meaningful. We refer to the mean TCAV score of the random CAVs as
the null; it acts as the TCAV score all other CAVs should be compared against
to understand their sensitivity to the model. The null is often very close to 0.5,
simplifying the interpretation of the TCAV score to the concept having positive

sensitivity when greater than 0.5 and negative when less.

B.3.2 Elements

Classification Model The model architecture is a simple convolutional neural
network with six layers: each layer contains a convolution, batch norm and ReLU,
followed by an average pooling and fully connected layer to give the logit outputs.
The first three convolutional layers utilise a max-pooling operation to reduce
dimensionality. We train the model using Adam [Kingma and Bal [2015] with a
learning rate of le-3 until the training accuracy is greater than 99.99%, giving a
validation accuracy of 99.98% for the standard dataset. We use a different number
of channels for the models trained on different datasets. This allows us to provide
more model capacity when needed. The number of channels per layer for each
model/dataset is summarised in Table [B.2]

The models for datasets [E; and E5 in Section [3.4] are the same architecture

as for the simple dataset (E,).

Probe Dataset For Elements, the probe datasets are generated so that the
positive examples for a concept contain only objects with that concept, so, for
example, a red concept image will contain four objects with random shapes and
textures that occur within the dataset, but all of them will be red. The negative

set consists of random samples from the dataset.

e use a threshold of 0.01 to help reduce the false discovery rate
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B.3.3 ImageNet

ImageNet is used to demonstrate the experiments on a real-world application.

Classification Model We use the default weights for a ResNet-50 [He et al., [2016]
in the TorchVision package in PyTorch, which used a variety of data augmentation
techniques including Mixup |Zhang et al) 2018], Cutmix [Yun et al., [2019], Triv-
ialAugment |[Miiller and Hutter} |2021], and Batch Augmentation [Hoffer et al., |[2020].

Probe Dataset Most probe datasets used to train CAVs were collated from
the Broden dataset [Bau et al) 2017], particularly focusing on textures such
as striped, meshed or dotted, or objects such as car, sea or person. Some
concepts were manually curated, such as the anemone concept, which was collected
from test images of the ‘anemone fish’ class from ImageNet that were not used

elsewhere in the experiments.

B.3.4 Layer Selection

When creating CAVs, we need to choose a model layer. For the small CNN used
for Elements, we can create CAVs for all layers, but for larger models, such as
the ResNet-50 for ImageNet, it is computationally infeasible. In this paper, we
focus on layers near the end of the model. The justification for this is twofold.
(1) From an information theory perspective, the activations earlier in the network
may contain more irrelevant information, suggesting the activations closer to the
output may be more relevant to the prediction [Xu et all, [2020, McGrath et al.,
2022b]. We aim to use TCAV to explain the model output, therefore later layers
may be more desirable. (2) The model representations may be more complex in
later layers. This allows us to create CAVs for more complex concepts. We find
that the empirical evidence supports these hypotheses. Figures and [B.4] show
the accuracy of the linear classifiers used to create the CAVs on a held-out test
set for each probe dataset. The accuracy for each concept tends to increase in
later layers. This suggests the CAVs better capture the model representations in
later layers. However, we observe variation across the concepts. For example, the
colours in Elements are easily classified in all layers, whereas the shapes/textures
have lower performance in layers.1. As our goal is to understand the behaviour of
concept vectors (when the concept is represented), we focus on CAVs that obtain

at least 90% test accuracy. Therefore, we omit layers.1 in our analysis.
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Figure B.3: Mean test accuracy for the linear classifiers from which the CAVs are
generated for all concepts in the standard Elements dataset (split by concept type).

We do not create CAVs for the final convolutional layer in either the simple
CNNs for Elements (layers.5) or the ResNet-50 for ImageNet (layer4.2) due to the
gradient behaviour in these layers. In both cases, the network has no non-linearities
after the layer. Therefore, the gradient of the logit with respect to the activations
solely depends on the model weights, not the activations. TCAV relies on having
a distribution of directional derivatives, which are then thresholded and averaged
over different data points. For these layers, the gradient is the same for all inputs,
and hence so is the directional derivative. This means the TCAV score for an
individual CAV in these layers will be exactly 1 or 0. As such, we do not perform

TCAV on layers after which there are no non-linearities.

B.4 Consistency Experiment Detalils

Figure [3.9 shows the consistency error for various types of CAV. In this section,
we describe how we find the different types of CAV. In each case, v.;, is a CAV
trained as normal using a probe dataset, whereas the creation method for v,

varies for each experiment and is described below:

Optimised CAV We use gradient descent to optimise v.;, to minimise the

consistency error:

arg min [[ (21, +veu,) = (212 + Ve (B.33)
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Figure B.4: Mean test accuracy for the linear classifiers from which the CAVs are
generated for a selection of concepts in ImageNet.

The starting point for each optimisation process is a CAV in layer ly, v.j,,
trained on a different random probe dataset. The nearly identical errors for each

optimisation process support the likelihood of a global minimum being reached.

Concept CAV These are CAVs trained using a probe dataset containing X
and X_. The distribution is over ry for different random probe datasets X, ,, for

Uel,, Where 19 # 1y denotes the random set.

Projected CAV CAVs in layer [ projected into layer [ using f: f(v.;,). The

distribution is over different CAVs in layer Iy, i.e., v, .

Random CAV CAVs trained using a random probe dataset for both the positive
and negative sets:

X, =X,
N B (B.34)
Xc :Xc,m? 7“27é’f’1

Random Direction Each element of v.;, is drawn from a uniform distribution
between [-0.5, 0.5], and rescaled to be a unit vector. The distribution is over

different random seeds for the random number generator.
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B.4.1 Scaling perturbations

To ensure that z; + v.; stays in-distribution, we scale the perturbations as follows:

2= 21+ ey (B.35)

where v is a hyperparameter used for perturbation size (typically set to 0.01), || - ||
the Ly norm of a vector, and ||z|| the average norm of z;. We scale the perturbation
by the mean activation norm to account for the difference in the norms between the

activation and concept vector to have consistently sized perturbations across layers.

We performed experiments to explore the sensitivity of consistency error to
the size of the perturbation, ~, for various layers and concepts for the ImageNet
and Elements datasets. In Figures and [B.6], we show the results for a variety
of concepts for both the ImageNet and Elements datasets. Similar patterns were
observed across experiments. As we increase ||, the consistency error scales linearly,
as a larger perturbation causes a larger difference between f(2;,) and 2;,. The scale

of the y axis on the left of Figures[B.5]and [B.0]is not particularly meaningful without

BN
I,

context, so we scale it by the norm of the perturbation in layer Iy, [[yves, 1,2
Gt

on the right of the same figures. Values greater than one mean that the difference

between f(%;,) and 2, are larger than the perturbation made in layer l5.

In addition to scaling - for both perturbations (in layer /; and l), we explored
fixing the size of the perturbation in layer /; and varying v in l5. We fixed 7, to
be 0.01 and then varied +;, from 0 to 0.02 and measured the consistency error of
the two perturbations. In Figure [B.7, we show these results for striped CAVs
from a ResNet-50 trained on ImageNet. We repeated the experiment on two types
of CAVs: (1) standard CAVs (2) optimised CAVs (as described in the previous
section). In both cases having ~ fixed at 0.01 gives a larger error, but the minimum
error is not substantially different. We observe a larger difference in error between
Y, = 0.01 and the minimum error for the standard CAVs than for the optimised
CAVs. This is to be expected, as the directions of the standard CAVs are less
aligned than the optimised CAVs.
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Figure B.5: The mean consistency error for (from top to bottom) red, blue, triangle
and striped CAVs across layers (left) scaled by the size of the perturbation (right) for
the Elements dataset.
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Figure B.6: The mean consistency error across 10 CAVs for striped (top), lined
(middle) and dotted (bottom) CAVs across layers (left) scaled by the size of the
perturbation (right) for a ResNet-50 trained on ImageNet.
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Figure B.7: The sensitivity of the mean consistency error to scaling +;, for optimised
CAVs (top) and standard CAVs (bottom) where [; =layer3.0 (left) and /; =layer4.0 (right)
of a ResNet-50 trained on ImageNet. v = 0.01 is the standard perturbation made in
our experiments and is marked by a grey dashed line and the v which gives a minimal
consistency error is marked by a red dashed line.

In order to determine how often TCAV scores are inconsistent across layers,
we introduce a new metric, the TCAV layer consistency score. It is a measure
of how well the significant TCAV scores for some concept, ¢, and class, k, agree
with each other across different layers [;,7 € 1...L. It is based on how many
layers are on the same side of the null TCAV score. The null TCAV score is the
mean TCAV score for a set of random CAVs (see Appendix for more detail).

Mathematically the metric, Sconsistent, 1S defined as

1
Seonsistent = |2((Z Z TCAV,};, > TCAV, ,.) — 0.5)] (B.36)

where 7 indicates the TCAV score is calculated using random CAVs. It is difficult
to make confident statements about the sensitivity of the model when the layer
consistency score is close to 0 as it indicates the TCAV scores from different layers
tend to disagree on the direction of the sensitivity.

We obtain a mean TCAV consistency score of 0.841 across all concepts/classes/layers

for Elements and a mean TCAV consistency score of 0.868 for a selection of 6 classes
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and 16 concepts for a ResNet-50 trained on ImageNet (See Appendixfor further
details). The scores indicate that although complete disagreement across layers is
not common (5.5% and 2.1% of scores were equal to 0 for Elements and ImageNet,
respectively), it can occur, and a not insubstantial number of concepts/classes have
a reasonable amount of disagreement across layers (23% and 14% of scores were

< 0.5 for Elements and ImageNet, respectively).

B.4.2 Additional Results

In this section we provide additional results for the different consistency experiments
as in Figure [3.9 We include the results for multiple concepts and layers for both
the ImageNet and Elements datasets. To allow for better comparison between
layers, we normalise the consistency errors in some of the figures. For each layer,
the consistency error is divided by the mean error for the optimised CAVs. For
the normalised plots, a value of one can be seen as the lowest error possible for
that layer. The relative ordering of layers is approximately consistent across the
different types of CAV. For example, in Figure [B.8] there is a downward trend

between layer3.0 to layer3.5 and then an increase for layer4.0.
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Figure B.8: The distribution of consistency errors (top) and normalised consistency
errors (bottom) for different v, for striped in a selection of layers from a ResNet-50
trained on ImageNet. Optimised CAV: The lower bound — a vector optimised to have
the minimum error. Concept CAV: striped CAVs, trained as normal. Projected CAV:
striped CAVs from layer [; projected into layer lo, f(v.;, ). Random CAV: CAVs with
random images for the probe dataset. Random Direction: Random vectors drawn from a
uniform distribution.
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Figure B.9: The distribution of consistency errors for different v, for square, triangle,
red, green, solid and stripes CAVs for ‘layers.1’; ‘layers.2’ and ‘layers.3’ of a CNN
trained on the Elements dataset. Optimised CAV: The lower bound — a vector optimised
to have the minimum error. Concept CAV: CAVs, trained as normal. Projected CAV:
striped CAVs from layer [ projected into layer lo, f(v;,). Random CAV: CAVs with
random images for the probe dataset. Random Direction: Random vectors drawn from a
uniform distribution.
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Figure B.10: The distribution of consistency errors (top) and normalised consistency
errors (bottom) for different v, for square CAVs for a variety of layers for the Elements
dataset. Optimised CAV: The lower bound — a vector optimised to have the minimum
error. Concept CAV: CAVs, trained as normal. Projected CAV: striped CAVs from layer
l1 projected into layer lo, f(vc;,). Random CAV: CAVs with random images for the probe
dataset. Random Direction: Random vectors drawn from a uniform distribution.
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B.4.3 DeepDream

DeepDream |[Mordvintsev et al. 2015] is a feature visualisation tool. It starts from
an image, generated by sampling noise from a random uniform distribution and
then iteratively updates the input image to maximise the L2 norm of activations of
a particular layer. We use a similar approach but instead maximise the dot product
between the activations and a CAV: v, - 2. In Figures[B.1Tand [B.12] we show these

visualisations for a selection of ImageNet CAVs for successive layers in a ResNet-50.

These visualisations offer qualitative evidence that the CAVs represent different
components of the same concept in different layers. For example, the car concept
in Figure consists of many square box-like objects in earlier layers, but
nothing recognisable as a car, whereas, in later layers, whole car sections can

be seen in the visualisations.
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Figure B.11: CAV visualisations using DeepDream for a selection of concepts from
ImageNet. Each row corresponds to a layer of a ResNet-50 and each column a different
concept.
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person

Figure B.12: CAV visualisations using DeepDream for a selection of concepts from
ImageNet. Each row corresponds to a layer of a ResNet-50 and each column a different
concept.
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B.4.4 Inconsistent TCAV Scores

In this section, we display additional examples of inconsistent TCAV scores across
layers for ImageNet classes. In Figure each subfigure contains at least one

concept that has inconsistent TCAV scores. We include example images from

those classes in Figure
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TCAV Score
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(a) TCAV scores for a selection of concepts for the ‘car wheel’ class in ImageNet.
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(b) TCAV scores for a selection of concepts for the ‘dock’ class in ImageNet.
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(c) TCAV scores for a selection of concepts for the ‘sidewalk’ class in ImageNet.
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(d) TCAV scores for a selection of concepts for the ‘lionfish’ class in ImageNet.

Figure B.13: Inconsistent TCAV scores for a selection of concepts and classes in
ImageNet. The standard deviation is shown in black for significant results and red for
insignificant results. The mean TCAV score for random CAVs are shown as horizontal
black lines.
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fountain dock car wheel

lionfish

Figure B.14: Example images from a selection of ImageNet classes.

B.4.5 TCAV Layer Consistency Score

At the end of Section [3.6] we defined the TCAV layer consistency score as a measure
of how often significant TCAV scores disagree on the direction of sensitivity for a
specific concept and class across a set of layers. Here, we provide some example
results for both the ImageNet and Elements datasets. In each case we train 30
CAVs for each concept/layer pair to calculate the TCAV score across. For Elements,
when analysing all 69 classes from the simple version of the dataset, we obtain a
mean TCAV consistency score of 0.841 across all concepts and all layers of the
simple NN. 38/690 sets of TCAV scores had a TCAV layer consistency score of
less than 0.2 and 158/690 less than 0.5. For ImageNet, we obtain a mean TCAV
consistency score of 0.868 across the last 8 convolutional layers (from layer 3.0
to layer 4.1) for a range of concepts (striped, polka, meshed, road, sidewalk, car,
bicycle, boat, person, anemone, water, waterfall, sea, sky, snow, tree) and classes
(zebra, leopard, tiger, car wheel, acoustic guitar, academic gown). 7/96 sets of
TCAV scores had a TCAV layer consistency score of less than 0.2 and 13/96 had

a score less than 0.5. See Figure [B.I5] for the full distributions.
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Figure B.15: Distribution of TCAV layer consistency score for the simple Elements
dataset (left) and a selection of classes/concepts for a ResNet-50 trained on ImageNet
(right).

B.5 Entanglement Experiment Details

We use cosine distance to measure how similar two CAVs are. Assuming the CAVs,

Ve, and v, , are unit vectors this simplifies to the dot product of the two:

Vey,l * Veyl
[V, al + llves il (B.37)

= Vel * Uyl

Cosine Similarity =

In our visualisations (Figures and we compare multiple CAVs for
each concept, each with a different random probe dataset, denoted by r. This
allows us to see how similar CAVs for the same concept are on repeat training
runs. Each value in the visualisation is the mean cosine similarity between the
concepts on its corresponding x and y axis labels between all CAVs which do not

have the same random probe dataset, i.e.:

R R T1 T2
vcl,l ’ UCQ,Z (B 38)
2 5, B 1)

where v} ; is the CAV corresponding to concept ¢y, layer [ and random probe

dataset X ,,.
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B.5.1 Additional Results

Elements

In Figure [B.16] we show the cosine similarities for all concepts in the standard
Elements dataset. The conclusions are similar to the visualisation for E; in
Figure [3.3] but the negative associations between the mutually exclusive concepts
are weaker. We hypothesise that this is because there are more concepts within
each group. This is empirically justified as the average cosine similarity of each
group approximately corresponds to the number of concepts in the group. If this
hypothesis is true, it makes it unlikely that we will find similar groupings in real

datasets containing natural images as concepts are rarely partitioned as neatly

or in as few possible combinations.
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Figure B.16: Mean pairwise cosine similarities between 30 CAVs for different concepts

from the standard Element dataset.
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ImageNet

In Figure [B.17], we show the pairwise cosine similarities for a selection of concepts
for a ResNet-50 trained on ImageNet. The associations between concepts are
less clear-cut than for Elements, but qualitatively they make intuitive sense. For
example, the concepts most similar to field are grass and earth, in the top of
Figure [B.17] and the concepts most similar to sidewalk are bicycle, road and
hedge. The latter makes sense as many of the hedge exemplars in the probe dataset
are next to a path or road. This emphasises the importance of designing your probe

dataset to match the concept you want the CAV to represent.
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Figure B.17: Mean pairwise cosine similarities between 30 CAVs for different concepts
from ImageNet.

B.5.2 Polysemanticity

In Figures and we find that the vector representations of mutually exclusive
concepts are anti-correlated with each other. Each concept vector does not just
mean, for example, red. It means red, not green and not blue.

Elhage et al.|[2022a] also find evidence for polysemantic representations. However,
they found individual neurons which were polysemantic, whereas here vectors, i.e.,
groups of neurons, are polysemantic. In addition, the reasoning is different. The
polysemanticity discussed in |[Elhage et al.| [2022a] is caused by sparse features being
compressed into fewer neurons than there are features. Here, we do not have sparse
features and have more neurons than features. Instead, the polysemanticity is
caused by associations between the concepts and the optimisation process favouring

negatively correlated representations for mutually exclusive concepts.
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Figure B.18: Example images for the positive and negative sets of the probe dataset for
the red top in the simple elements dataset.

B.6 Spatial Dependency Experiment Details

B.6.1 Spatially Dependent Probe Datasets

For Elements, the probe datasets contained elements that only appear in specified
locations — an example is shown in Figure|3.2] For ImageNet, we do not have direct
control of where objects can appear. Therefore, we greyed out different regions
of the image. For example, we created oppositely dependent concepts by either

greying out the middle of the image, or the edges - see Appendix [B.6.1] for examples.

B.6.2 Spatial Norms Details

When finding CAVs, we use the activations of layer [ in a convolutional neural
network, which has shape H x W x D, where H, W and D are the height, width

and number of channels, respectively. When finding the CAV, these activations
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Figure B.19: Example images from spatially dependent probe datasets for ImageNet.
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are flattened to be vectors of length m = H x W x D. The value of each element
in the activations depends on its specific height, width and depth indices. As a
result, each corresponding element of the resultant CAV is also index-dependent.
We are interested in spatial dependence, so to visualise how a CAV varies across
the width and depth dimensions we calculate the L2 norm of each depth-wise

slice — the CAV’s spatial norms.

B.6.3 Individual Spatial Norms

In Figure [B.20] we present the spatial norms for striped in a ResNet trained
on the ImageNet dataset. Each heatmap is for a different random probe dataset,
denoted by r. The different patterns in the heatmaps show that each individual
v, has a spatial dependency which differs across r. However, when we average the
norms across multiple CAVs, % | S7,/ R, we obtain a uniform distribution across
the spatial dimensions. This uniformity suggests that the spatial dependencies

of each individual CAV cancel out across multiple seeds, as depicted in the top

rows of Figure in the main text.

AL TR

Figure B.20: Individual spatial norms for striped, where each CAV was trained on a
different negative probe set, for layer4.1 of a ResNet trained on ImageNet.

o o
= N
Spatial Norm

o
o



B. Appendiz: Examining Assumptions of Concept Vectors 219

B.6.4 Additional Spatial Norms
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Figure B.21: Mean CAV spatial norms across 30 CAVs for a selection of concepts in the
Element dataset for the second convolutional layer.
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Figure B.22: Mean CAV spatial norms across 30 CAVs for a selection of concepts in the
Element dataset for the fifth convolutional layer.

B.6.5 Spatial Means

Instead of visualising the norm of each depth-wise slice, we can visualise the mean.
We default to showing the norm because you could have a spatial mean of zero in
a region of activation space which has a large effect on the directional derivative.
This could occur, for example, if half the elements of the CAV are large and positive
and the corresponding gradients are positive, and half the elements of the CAV are
large and negative and the corresponding gradients are also negative. This would

lead to that spatial region having a large contribution to the directional derivative,
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but the spatial mean would be close to zero. The spatial norm, however, would be
large for this region. This makes the norm a better measure of the effect of each

region, but the mean can still be useful to show the direction of that effect.
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Figure B.23: Mean CAV spatial means across 30 CAVs for a selection of concepts in
the Element dataset for the second convolutional layer.
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Figure B.24: Mean CAV spatial means across 30 CAVs for a selection of concepts in
the Element dataset for the fifth convolutional layer.

B.6.6 Spatially Dependent TCAV Scores

In this section we provide example TCAV scores which differ across complementary
spatially dependent CAVs, i.e.,, for at least one concept, the TCAV score is the
opposite side of the null for the edges version of a concept compared to the middle

version (or the left/right and top/bottom versions).
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Figure B.26: Examples of spatially dependent TCAV scores in the spatially dependent
version of Elements for a ResNet-50. Each subfigure is a separate class. The standard
deviation is shown in black for significant results and red for insignificant results. The
mean TCAV score for random CAVs are shown as horizontal black lines.
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Figure B.25: Examples of spatially dependent TCAV scores in ImageNet. Each subfigure
is a separate class. The standard deviation is shown in black for significant results and red
for insignificant results. The mean TCAV score for random CAVs are shown as horizontal

black lines.
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B.6.7 Spatially Dependent CAVs in ViTs

Even though we cannot use spatial norms to visualise the spatial dependence of

CAVs in a transformer based architecture, in this section we have some preliminary

results suggesting that that spatially dependent CAVs can still be created for a

ViT-B16 [Dosovitskiy et al., 2021]. As for the ResNet-50, we test the model on the

spatially dependent Elements dataset and found TCAV scores that vary by location.

We finetuned a ViT-B16 model pretrained on ImageNet for 50 epochs on the

spatially dependent version of Elements (i.e. there are some classes which depend

on the location of the objects as well as which concepts are present). We used an

exponentially decaying learning rate with initial learning rate of 0.0001 and a ~ of

0.95. Similarly to the previous section, we demonstrate that we obtain different

TCAV scores for the left versions of a concept than the right, although there is

substantially less variation in TCAV score than for the ResNet-50 (Figure [B.26]).

Future work should perform more extensive experiments to determine how the

properties analysed in this paper are affected by architecture.
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Figure B.27: Spatially dependent TCAV scores in the spatially dependent version of
Elements for a ViT-B16. The TCAV scores for the classes “striped triangles on the left”
(top) and “striped triangles on the right” (bottom) are shown. The standard deviation is
shown in black for significant results and red for insignificant results. The mean TCAV
score for random CAVs are shown as horizontal black lines.

B.6.8 Dot Product Distributions

The definition of concept vector spatial dependence in Equation [3.25 compares a

CAV, v.;, with the activations of two positive probe datasets with different spatial

J’_

dependencies, 2!, . and z, _, by taking the dot product between them 2l

¢l c,l,p2)
In Equation mt we shov: the distribution of dot products for three concepts
and three test probe datasets in the spatially dependent version of Elements. The
separation between the distributions for the stripes left and stripes right
probe datasets (blue and green bars, respectively) for both the stripes left

and stripes right CAVs (left and right plots, respectively) demonstrate that

*Ve,l-

these CAVs are spatially dependent.
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Figure B.28: Distribution of dot products between spatially dependent CAVs and image
activations (Z:l, W ve,) for the spatially dependent Elements dataset. Each column is for
different CAVs. From left to right these are: stripes left, stripes, stripes right.
For each CAV we show the distribution for three positive probe datasets: stripes left
(blue), stripes (orange), stripes right (green).



C

Appendix: Understanding Knowledge
Encoding in LLMs

225



220

C.1. LLM Training Data Languages

C.1 LLM Training Data Languages

Table summarizes the languages the different models are trained on.

Table C.1: LLMs: High resource training languages

Languages

Model

LLAMA-3.1-70B [DUBEY ET AL.|
2024]

MIXTRAL-8X22B-v0.1 [J1aNG
ET AL., 2024]

AYA-23-35B [ARYABUMI ET AL.|
2024]

GEMMA-2-27B [TEAM, 2024]

ENGLISH, GERMAN, FRENCH, ITALIAN, POR-
TUGUESE, HINDI, SPANISH, AND THAI
ENGLISH, FRENCH, ITALIAN, GERMAN, AND
SPANISH

ARABIC, CHINESE (SIMPLIFIED AND TRADI-
TIONAL), CZECH, DUTCH, ENGLISH, FRENCH,
GERMAN, GREEK, HEBREW, HINDI, INDONE-
SIAN, ITALIAN, JAPANESE, KOREAN, PERSIAN,
Povrisa, PORTUGUESE, ROMANIAN, RUSSIAN,
SPANISH, TURKISH, UKRAINIAN, AND VIET-
NAMESE

ENGLIisH

C.2 LLM-Insight Dataset

Our goal is to generate a dataset that can be used for cross-lingual interpretability.

We wanted a dataset that can be used to introspect LLM internal representations

and analyze LLM behavior when the internal representations are intervened on.

Additionally, the dataset focuses on open-ended sentence generation rather than

being restricted to specific tasks like fact recall or sentiment analysis, as text

generation is an important real-world application.

Text Generation

We use GPT-40 to generate sentences and prompts. For each target word, we gener-

ate:

e 10 unique sentences containing a version of the word — for example, for the

verb ‘(to) see’, a suitable sentence is ‘She saw a bird in the sky

« a list containing the version of the word used in each sentence. In the previous

example, the version of the word is ‘saw’.

e 10 unique prompts, designed to be completed with the target word.

a list containing a version of the word used in each sentence
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We instruct GPT-40 to generate prompts that can be completed with the target
word, as well as semantically distinct words. However, we observe that the model
sometimes produces sentences and prompts that do not meet the criteria.

An example of a sentence that does not meet the criteria is:

Target word: bouquet (boeket in Dutch)
Sentence: Het boeket was gevuld met levendige rozen en lelies.
Translation: The bouquet was filled with live roses and lilies.

The issue with this sentence is its unnatural phrasing-the word "live" is not typically
used in this context.

An example of a prompt that does not meet the criteria is:

Target word: money
Prompt: He went to the bank to withdraw

In this case, the only plausible continuation is "money." While the prompt is
coherent, it lacks the open-endedness needed to analyze how interventions influence
model behavior.

An example of a well-constructed prompt is:

Target word: bus
Prompt: She took a

This can be completed with the intended word "bus', as well as semantically
different alternatives such as "walk" or "long road trip".
To ensure data quality, we asked native speakers to review and correct the data.

The original version of the data and the corrections are provided in the dataset.

Dataset Summary

We selected words that vary in the number of tokens (in non-English languages),
whether the word is a homograph with the English version of the word, and the
part of speech. Table summarizes the words used.

Table C.2: Word Translations Across Languages

Word English Dutch French German Mandarin
animal animal, dier, dieren animal, Haustier, Tier, BI¥Y)
animals animaux Tiere
bad bad slecht, slechte =~ mal, mauvais,  schlecht, AN IR T
mauvaise, schlechte,
mauvaises schlechten
ballet ballet ballet ballet Ballett B

bank bank bank banque Bank BT
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Word English Dutch French German Mandarin
beautiful beautiful mooi, mooie beau, bel, schon, schoéne, &0
belle, schonen
magnifique
big big, tall groot, groots,  grand, grande, groBe, groen, K
grote grands, gros grofler, grofles
bouquet bouquet boeket bouquet Straufl e
brother brother broer frére Bruder HEF, R,
S
bus bus bus bus Bus AE /B
=+
cat cat kat chat Katze, Katzen, 8, /N, Uit
Mutterkatze TR
centre centre centrum centre Zentrum EF“L‘,‘, A
L, BrFH
iy, FEX A
L, ZARH
I
chair chair stoel chaise Stuhl, Stuhls, ¥, #FF,
Stiithlen PLia
chauffeur chauffeur, chauffeur chauffeur, Chauffeur HIHL
driver chauffeuse
child child kind enfant Kind “r
club club club, club Club {EIRHER
vereniging
cold cold ijskoud, kou, froid, froide, kalt %, FES
koud, koude froides
computer PC, computer, computer ordinateur Computer, FEL A
laptop, Computern,
machine, rig, Laptop
system
culture culture, culturen, culture, Kultur AL
cultures cultuur cultures, la
culture
day day dag jour, journée Tag x, HF
dog dog hond chien Hund /NJ ) A
drink drink drank, drankje, boire, boisson, trinken okl
drinken drinken
eat eat eten diner, manger, essen nz,
repas
fast fast fast, snel, rapide, vite schnell R
snelle
film film film, films film Film, film L, T,
eI
food cuisine, gerecht, cuisine, Essen, Futter, &%)
cuisines, dish,  gerechten, nourriture Nahrung
food, meals voedsel




C. Appendiz: Understanding Knowledge Encoding in LLMs 229
Word English Dutch French German Mandarin
fruit fruit fruit fruit, fruits Frucht, KR
Friichte, Obst
garage garage garage, garage Garage T
parkeergarage
give give geven, helpen  dire, donnent, geben “a
donner,
partager
goal goal doel, doelpunt  but, objectif Tor, Ziel, Ziele EK[], HR
gobbledygook buzzwords, gebazel, baragouin, Kauderwelsch  J&id, MEf&E
gibberish, geheimtaal, bla-bla, HIARTE
jargon, jargon, charabia,
nonsense koeterwaals, galimatias,
onzin, retoriek, gargouilloux
waanzin,
wartaal
good delicious, goed, goede bien, bon, gut T
excellent, fun, bonne, bons
good, great,
helpful
hand hand hand, handen = main Hand, Héande F
happy happy blij content, froh, gliicklich PR, &>,
contente, ET)—\Q, IR
contents,
enthousiaste,
gais, heureux,
joyeuse
horse horse, pony paard, paarden cheval Pferd, Pferde 5
hot hot heet, hete chaud, chaude, heifl
chaudes
incomprehen- incomprehen-  onbegrijpe- incompréhen-  Unverstdnd- ANA]HRfE,
sibility sibility lijkheid sibilité lichkeit M DA
information information informatie information, Information, )5,
informations Informationen
land land land, landen atterrir, Land T, 3,
campagne, Ex
nature, terrain,
terrains, terre,
territoire
machine device, machine machine Maschine Hles
equipment,
machine,
maker, system
menu menu menu, menu Menii SR
menukaart
money money geld argent Geld 57
no no nee non nein A
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Word English Dutch French German Mandarin
please please alsjeblieft s’il te plait, s’il  bitte H
vous plait
police police politie police Polizei i3 e
radio radio radio, fréquence, Radio I8, s
radiozender radio L.
read read lezen lire lesen [34] 3¢
room room kamer chambre Zimmer 55 18]
sea sea zee mer, zoo Meer Kitg, 1, 1
T, B3R, &
A
see see zien voir sehen R, &, M
g
serendipity = serendipity toeval, chance, gliickliche iRz ST
toevalstreffer coincidence, Zufalle,
hasard, gliicklicher
sérendipité, Zufall
éventualité
sister sister 7us, zusje soeur Schwester IEL7N
sleep asleep, sleep slaap, slapen coucher, Schlaf, REERR, HEE T
dormir, schlafen
s’assoupir, se
coucher, se
reposer,
sommeil,
somnoler
slow slow, slowly langzaam, lent, lente, langsam ]
langzame lentement,
lentes, lents
small compact, little, klein, kleine petit, petite klein /N
small, tiny
speak speak spreken communiquer, sprechen RE, Fik,
parler, YFE, U, Ui
s’exprimer 1%
supermarket grocer, grocery, supermarkt supermarché Supermarkt R T
market, store,
supermarket
table table tafel table Tisch 8, %5, 5F
take take maken, neemt, prendre mitnehmen, B, #, &
nemen, zorgen nehmen
taxi taxi taxi taxi Taxi A
thermo- thermo- thermo- thermo- Thermo- I
dynamics dynamics dynamica dynamique dynamik
tour tour excursie, Tour, tour, Tour FRAT, FhE
rondleiding, visite
tour, tournee
water water water eau Wasser 7K
write write schrijven écrire schreiben 5, 5%
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Word English Dutch French German Mandarin

yes yes ja oui ja Xf, JE

We selected words that varied in the number of tokens used to represent the words
and selected some that were the same as English words. Table [C.3] summarizes the
word overlap across the different languages. Tables[C.4] [C.5], [C.6] and [C.7] summarize

the average tokenization lengths of the words in different languages and models.

The average number of tokens per word in English is lower than in other languages.

Table C.3: Word overlap between languages

ENGLISH MANDARIN GERMAN DuTcH FRENCH

ENGLISH 75 0 0 14 16
MANDARIN 0 75 0 0 0
GERMAN 0 0 75 0 0
DurcH 14 0 0 75 8
FRENCH 15 0 0 8 75

Table C.4: Llama-3.1-70B tokenization statistics

LANGUAGE 1 2 3 4 5+ MEAN
ENGLISH 55 15 2 2 1 1.39
MANDARIN 35 18 5 3 3 1.80
GERMAN 17 30 13 2 2 2.12
DutcH 19 29 11 2 3 2.09
FrRENCH 20 32 7 3 2 2.03

Table C.5: Gemma-2-27b tokenization statistics

LANGUAGE 1 2 3 4 5+ WEIGHTED MEAN
ENGLISH 66 6 1 1 1 1.20
MANDARIN 50 7 3 3 1 1.41
GERMAN 33 24 5 2 O 1.62
DurcH 34 23 4 2 1 1.64
FRENCH 39 20 2 2 1 1.53
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Table C.6: Mixtral-8x22B tokenization statistics

LANGUAGE 1 2 3 5+ MEAN

4
ENGLISH 65 3 3 2 2 1.31
MANDARIN 0 22 22 4 16 3.52
2
3
)

GERMAN 15 30 13 4 2.25
DutcH 17 29 12 3 2.19
FRENCH 21 28 8 2 2.11

Table C.7: Aya-23-35B tokenization statistics

LANGUAGE 1 2 3 4 5+ MEAN
ENGLISH 59 11 3 2 0 1.31
MANDARIN 47 11 1 3 2 1.47
GERMAN 20 35 7 1 1 1.88
DutrcH 29 24 7 1 3 1.83
FRENCH 32 25 4 1 2 1.70

C.2.1 Parts of Speech Analysis

In this experiment, we analyze how often a word is first ‘selected’ in English, for each
part of speech. To identify the part of speech, we used spacy models [Honnibal and
Montani, 2017]. To identify English words, we use enchant.Dict("en_US"). We
usenl_core_news_sm, de_core_news_sm, fr_core_news_smand zh_core_web_sm.
In general, we can use spaces to identify words in sentences. For Mandarin, we

use the package jieba.

C.3 Logit Lens Quantitative Evaluation

To evaluate whether a word is chosen in English, we use GPT-40. We considered
alternative evaluation procedures. We tested various translation packages but found
issues with both word- and sentence-level approaches. When used on a word level,
this caused problems with colexification and did not allow for close synonyms
often only providing a single translation per word. When using translation on
a sentence level, it was difficult to map tokens to each word (due to changes in
the sentence structure). We also considered WordNet [Miller, 1994], but it only

covers nouns, verbs, adjectives, and adverbs, making it unsuitable for other parts
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Table C.8: Part of Speech Abbreviations, Terms, and Examples

ABBREVIATION TERM EXAMPLES

ADJ ADJECTIVE

ADP ADPOSITION IN, TO, DURING

ADV ADVERB VERY, EVERYWHERE
AUX AUXILIARY HAS (DONE), WAS (DONE)
CCONJ COORDINATING CONJUNCTION  AND, OR, BUT

DET DETERMINER THEIR, HER, SOME
INTJ INTERJECTION OUCH

NOUN Noun PLACE, THING, IDEA
NUM NUMBER 10, 200

PRON PRONOUN HE, SHE, THEY
PROPN ProPER NOUN SPECIFIC NAME, PLACE
SCONJ SUBORDINATING CONJUNCTION THAT, IF, WHILE

SYM SYMBOL

VERB VERB SEE, RUN

of speech. Ultimately, we chose GPT-40 and manually verified 100 samples to
ensure the evaluation was accurate.
We ask GPT-40 to score words as follows:

e 5: An exact translation.
4: A close synonym.
e 3: A word with a similar but distinct meaning.
2: A word whose meaning is at best weakly related.

e 1: A word whose meaning is not related.
When a word receives a score of 4 or higher, we evaluate the word as cho-
sen in English.

An example of the command we use is:
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r—(Dutch Instructions} \

Below, you will be given a reference word in Dutch and a context (i.e.,
phrase or sentence) in which the word is used. You will then be given
another list of English words or subparts of words/phrases. You should
respond with the word from the list that is most similar to the reference
word, along with a grade for the degree of similarity. Special Note on
Contextual Translations: If an English word could form a common phrase
or idiomatic expression that accurately translates the reference word,

it should be rated highly. For example, if a phrase like “turned out”
perfectly matches a Dutch verb, the word “turned” alone would receive
a high score due to its idiomatic fit. Special Note on Tenses: Do not
penalize for different tenses. For example, the word ‘want’ matches ‘wilde’
and should receive a 5.

Degrees of Similarity: Similarity should be evaluated from 1 to 5, as
follows:

5: An exact translation.

4: A close synonym.

3: A word with a similar but distinct meaning.

2: A word whose meaning is at best weakly related.

1: A word whose meaning is not related.

Consider the following examples:

**Example 1**

Reference Word in Dutch: 'waarop’ Context: ‘Ze had een hekel aan de
manier waarop hij zijn’

English Word List: ['hicks’, 'mild’, 'rut’, ’sens’, ’spiral’, Thometown’, how’,
‘manner’; "van’, '101°, "ward’]

Analysis: ‘waarop’ means "on which" in Dutch. The word ‘how’ is most
similar to this in the list, while the other options are unrelated.

Answer Word: ‘how’

Similarity Score: 4 - a close synonym

**Example 2**

Reference Word in Dutch: ‘bleek’

Context: ‘Ze adopteerde een zwerfdier, maar het bleek een wolf te zijn’
English Word List: ['cup’, 'freed’, 'freeman’, ’laurent’, turns’, "turned’,
'van’, ’348’, ’1’, ’ken’, 'oms’]

Analysis: ‘bleek’ means "turned out" in Dutch, making ‘turned’ the most
similar option.

Answer Word: ‘turned’

Similarity Score: 5 - an exact translation
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,—(Dutch Instructions (continued)} \

**Example 3**

Reference Word in Dutch: ‘vaas’

Context: ‘Ze schikte een prachtig boeket bloemen in een vaas’

English Word List: ['tucker’, 'van’, ’container’, 'opp’, 'van’, 'vessel’, -g’,
-7, ’397’, "art’, 'as’, 'ed’, ’ion’, let’]

Analysis: ‘vaas’ means "vase" in Dutch. The word ‘vessel’ is somewhat
similar, as vases are vessels for holding items like flowers.

Answer Word: ‘vessel’

Similarity Score: 3 - a word with a similar but distinct meaning
**Example 4**

Reference Word in Dutch: ‘werd’

Context: ‘Ze ging geld opnemen bij de bank en werd overvallen.

English Word List: ['dee’, 'lafayette’, 'bank’, 'bu’, "herself’, ’kw’, 'met’,
‘ramp’, ‘return’, 'returning’, ’113’, ’347’]

Analysis: ‘werd” means ‘was’ in Dutch. None of these words are related.
Answer Word: None

Similarity Score: 1 - a word whose meaning is not related

**Example 5**

Reference Word in Dutch: ‘vrienden’

Context: ‘Ze bracht het weekend door met haar vrienden in een huisje in
de Ardennen’

English Word List: [‘sag’, ‘sat’, ‘tween’, ‘bro’,‘families’, ‘family’, ‘her’,
‘herself’, ‘mo’; ‘own’, ‘parents’, ‘weekend’; ‘666’, ‘elf’]

Analysis: ‘vrienden’ means "friends" in Dutch. The closest word here is
‘families’, which is weakly related but distinct.

Answer Word: ‘families’

Similarity Score: 2 - a word whose meaning is at best weakly related

The examples are complete. Now it is your turn. The reference word will
be in Dutch, and you must find the most similar English word and assess
the degree of meaning similarity on a scale from 1 to 5.
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The commands for other languages are similar but adapted to provide examples

in the language.
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C.3.1 Other Language-specific Phenomena
Explicit Text

We observe explicit vocabulary in the latent space of LLMs (examples can be

found in Appendix (C.3.1). Table shows the frequency of vulgar words in
the latent space, with Llama-3.1-70B showing the highest count. This model is

safety-tuned in eight languages [Dubey et al.| 2024], including English, German,

and French, but not Dutch. This may suggest that explicit terminology is a

language- and model-specific feature.

Table C.9: Frequency of explicit words decoded in the latent space across LLMs.
Llama-3.1-70B has the highest proportion of explicit terms.

MODEL ExpriciT WORDS (%)
ENG FR NL DE ZH

Lrama-3.1-70B 6.25 11.25 1835 &8.13 7.19
MIXTRAL-8x22B 1.56 3.91 521 4.53 10.19
Ava-23-35B 2.50 297 344 2.89 2.69
GEMMA-2-27B 0.00 031 031 0.39 0.38

Prompt: Ze houdt ervan om met

anom

Probability

Layer

apse

_ .

te k lets

Figure C.1: Example 1: Logit Lens applied to Llama-3.1-70B.

Terms such as kutje (pussy), pornofilm (porn film), lul (dick), and knull (fuck)
appear in various contexts, including inappropriate sentences about children. For

example, in Figure [C.I] during the generation:

Ze houdt ervan om met haar vriendinnen te winkelen en te

klets(en) ...
English translation: She enjoys shopping and talking with her friends ...
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We find the explicit words ‘kutje’ and ‘pornofil(m)’ when decoding the latent

space using the logit lens. This behavior is consistent across other examples

(see Figure |C.2)).

10

Prompt: Hij was trots op zijn

Prompt: Heb je ooit een

3 REAM  deferred i dream fore you ben

5

stuation  such  Interpret

occasion such .

certain

pomofilm

Layer

Probability
Layer
Probability

-0z

Figure C.2: Logit Lens applied to Llama-3.1-70B.
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C.4 Steering

For the steering experiment, we use the LLM-Insight dataset. We compute two
steering vectors:
» a topic steering vector: this is a steering vector that captures the intended
topic. For example, for the topic ‘love, we create a steering vector that is
vi = hy(love) — hy(hate), where h; is the hidden state in layer .

» alanguage steering vector: we add a steering vector that captures the intended
output language. For example, for the target language Dutch, we can create

a steering vector v} = hy(Dutch) — h;(English).

o For each steering vector, we take the difference between sets of sentences
containing the topic.

Currently, we consider steering successful if (1) the generated sentence contains
the target word and (2) does not lead to output collapse (stuttering). We set
the steering vector weights by using a hold-out set of 5 words (50 prompts). We
found that 5 was optimal for the topic steering vector, and 10 was optimal for
the language steering vector. For the layers, we considered every 5-th layer of
the model for the topic steering vector. We considered every 2nd layer for the
language vector. We reported the results across the best layers. On average, we
found that 20-40 % of layers allowed for successful steering, with English steering

vectors being the least sensitive to layer selection.
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C.5 Causal Tracing
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Figure C.3: The causal traces of the city facts in Aya-23-35B.

Figures [C.3] [C.4] [C.5] and [C.6] show the causal traces, averaged over different
country-city pairs for Aya-23-35B, Llama-3.1-70B, Mixtral-8x22B and Gemma-2-27b

respectively. Across all models, we find that facts are generally localized in similar

layers, regardless of the language. Two main traces emerge: a mid-layer trace on the

subject token(s), which may correspond to entity resolution, and a later trace when

attribute recollection occurs (as suggested by Nanda et al. [2023b]). Overall, these

plots suggest that facts are approximately stored in the same parts of the model.
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Figure C.4: The causal traces of the city facts in Llama-3.1-70B.
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Figure C.5: The causal traces of the city facts in Mixtral-8x22B.
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Figure C.6: The causal traces of the city facts in Gemma-2-27b.

C.6 Hidden State Interpolation

These figures can be found in the Appendix of Schut et al.| [2025a].
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Appendix: Leveraging Uncertainty for
Realistic Prototypes

D.1 Derivations

Below, we provide a formal derivation of the intuition introduced in Section [5.3.2
We start by introducing the notation, definitions and assumptions. Let X be
the observation space, and Y the set of classes. For 2/ € X and y' € Y, let ps(y/|2")
denote the softmax probability assigned to class ' for input 2’ by the classifier f.
We assume 0 - log(0) := 0; log(0) := —o0; and ps(y|z) > 0,Vz € X,y € Y. We

also assume that there exists an z € X such that ps(y'|z) = 1.

Proposition 1. Under the above assumptions, arg min,, (f,2’,y’) € argmin,, h(z’),

where [(-) is cross-entropy and h(-) is predictive entropy.

Proof. For simplicity, we provide the derivation for a single input 2’ € X with

target class y’. However, the proof can be easily extended to multiple observations.

When generating a CE 2’ targeted to class iy’ we minimize the cross-entropy loss,
defined as

U',y') = —logpy(y'['). (D.1)

We observe that the function obtains a minimum at pg(y'|z) = 1 and ps(y|x) =

0 Vy € Y\y for which ¢(z,y') = 0. This is a unique minimum because [1]

cross-entropy is bounded below by 0 and [2] it is monotonically decreasing in py(-).

Predictive entropy, h(x’), is defined as

h(z') = =" pryla’) log pr(yla’). (D.2)

yey

2/3
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Ifpr(y|z) =1, and pr(y|z) =0 Vy € Y\y/, then h(2’) = 0. This is a minimum

because predictive entropy is also bounded below by 0. [

We note that the assumption that there exists an z € X such that ps(y/|z) =1
may not hold in practice. However we find in our experiments that our method
performs well even if we allow a tolerance of p;(y'|z) = =, for v close to 1. This is
likely because minimizing the cross-entropy results in a near-zero value for both

the cross-entropy and predictive entropy.

D.2 Counterfactual Explanation Generation Al-
gorithm

Algorithm 2 Generating Counterfactuals

1: Input original observation x; target class y'; ensemble of models {f,,}*_;;
maximum number of iterations N; minimum confidence of target class ~;
perturbation size §; maximum number of times each feature is changed n;
optional: a function that clips the values to a permitted pre-defined range clip.
Output counterfactual x’
' —x
c+0
Create a n, vector, where n,, the number of input features, with all values
initialized to zero, P = 0,,, This vector will ensure keep track of the number of
times each feature has been changed.
while p(y/|z') <y and ¢ < N do

Compute forward derivative: S(z',y') = V=70 fim, 2, y')

Select the most salient feature: i = argmax;.;c p ppyj<,, S (7', y')[7]

Update the most salient feature by o: z'[i] = «'[i] + sign(S(2',y/)[¢]) - §
10:  Clip the counterfactual so that it stays within the pre-defined range: x’ =

clip(2)

11:  Pli] « Pli]+1
12: c+—c+1
13: end while
14: return 2’

D.3 Adversarial Training

Recent work in adversarial literature has linked adversarial robustness to improving
model interpretability [Tsipras et al., |[2018]. Improving adversarial robustness can

be achieved through adversarial training, corresponding to minimizing the loss:

min E |max/{(x+9,y|0)], D.3
in B |maxd yl0) (D.3)
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where 6 are the model parameters, ¢ is the loss function, x is the original input, y
is the original class, d is a perturbation, and A is set of possible perturbations.

In practice, adversarial training is often implemented by augmenting the dataset
with adversarial examples during training. These additional images ensure that the
model does not focus on noise when learning features for classification. Thus, the
model is more likely to learn features that are not noise, and therefore are more
interpretable [Tsipras et al., 2018 Ilyas et al., 2019]. This means that adversarial
training can also be used to improve the performance of models, outside of the
adversarial literature setting.

Further, (Chalasani et al.| [2020] show a connection between feature-attribution
explanations and adversarial training, finding that it leads to more sparse and
stable explanations from [1] an empirical perspective for image data and [2] a
theoretical perspective for single-layer models.

Lastly, adversarial training can be used to improve uncertainty estimation.
Lakshminarayanan et al.| [2017] show that adversarial training is a computationally
efficient solution for smoothing the predictive distribution, and can improve the
accuracy and calibration of classifiers in practice.

The aforementioned work motivates the use of adversarial training to generate

more interpretable, stable explanations.

D.4 Ewvaluation

We omit IM2 evaluation as we found that it failed to pass a sanity check that
compares the metric for in- and out-of- distribution images. We perform the check
using MNIST, as it made it easier to visually verify test results.

We use MNIST as in-distribution data, and EMNIST as out-of-distribution
data. This means that the autoencoders are trained on MNIST images. For the
‘in-distribution’ CEs, we take MNIST training data in the target class — these images
can be considered as ‘gold standard’ CEs. For the ‘out-of-distribution” CEs, we
select a random image from EMNIST. We expect to see a clear different in the
IM2 scores for the in- and out-of-distribution data as we are comparing the gold
standard CEs with random images from a different dataset.

However, the right-hand plot of demonstrates that the IM2 scores for out-
of-distribution did not differ significantly than IM2 scores of in-distribution data at
a 5% significance level. On the contrary, for IM1, we find a significant difference
(measured using a t-test) for in- and out-of distribution IM1 score at a 5% significance
level. Visually, the difference can be observed in the left box-plot in Figure [D.1]
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Figure D.1: IM1 and IM2 scores for in-distribution data versus out-of-distribution data

D.5 Experiment Setup

Below, we summarize the experiment setup for the different experiments. All
experiments are implemented in PyTorch. The code repository contains the
instructions for reproducing each result and generating example CEs, alongside the

details of the environment setup including the versions of dependencies.

D.5.1 MNIST

Dataset Configuration For our method and JSMA we normalize the inputs to
[0, 1]. For Van Looveren and Klaise| [2019] we normalize to [—0.5,0.5], as suggested.
We train the classifier on the training set, and generate CEs on the test set. We
tune the hyperparameters of our method by generating CEs on the training set.
We did not tune the hyperparameters of Van Looveren and Klaise| [2019], as we
could select them from the original paper.

For each point in the test set, we select the target class for the explanation by
randomly selecting from a set of classes specific to the class of the input image. This
allows us to avoid selecting target classes which are difficult for a particular input
class, for example transforming a 6 into a 2. For a complete list of the possible

target classes for each input class, see the code release.

Model Architecture We use a three-layer MLP with 200, 200 and 10 nodes
per layer, respectively. The first two layers have ReLLU activations and batch
normalization after the activation. The final layer has a softmax activation. We

use an ensemble of 50 models.

Optimisation We train the network using mini-batches of size 128 and Adam
[Kingma and Bal 2014] (with default PyTorch hyper-parameters) to optimize the
weights. We train the model for 50 epochs.
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Our Method: adversarial training We implement adversarial training as
follows: For each iteration, perform a training step a (clean) batch of data (X, y)
followed by a training step on an adversarially-augmented batch of data. To
create the latter, we use FGSM [Goodfellow et al. 2014] to generate adversarial
examples X’. The augmented dataset is (X,y) U (X', y). We choose ¢ = 0.15 as
the perturbation is large enough to fool a trained classifier 90% of the time (and

therefore will improve robustness), however does not change the true classification.

Our Method: hyperparameters The maximum number of permitted changes
is 5 and the maximum number of iterations is 3,920. The confidence level, v, is set
to 0.99. The perturbation (§ in the pseudo-code) is set to 0.2 (which is equal to

1/n, where n is the number of times each feature can be changed).

IM1 Evaluation We implement IM1 evaluation following Van Looveren and
Klaise| [2019], and include the configuration here for completeness. Table
shows the architecture of the all class and single class autoencoders. We train
both autoencoders using the mean-squared objective and Adam with a batch size
of 128. For the all class autoencoder we train for 4 epochs, for the single class

autoencoder we train for 30 epochs.

Results aggregation The results in Table [5.1] are aggregated as follows:

o For each method and dataset pair we choose 100 points from the test set.
o For 10 random seeds

— Generate a CE for each of the 100 test points

— Compute the mean IM1 score and L; distance

o Compute the mean of the means, and the standard deviation of the means.

Configuration of[Van Looveren and Klaise [2019] We use the implementation
released by the authors in the ALIBI library [Klaise et al. [2020], largely in its
default configuration as given in the documentation. We use the same classifier
architecture as above. As the classifier is a white-box model, we follow the ALIBI
documentation and use loss function D from [Van Looveren and Klaise [2019).
Thus, the hyperparameter configuration is ¢ = 1, x = 0, § = 0.1, v = 100,
6 = 100, max iterations = 2000. As in [Van Looveren and Klaise [2019] we use the
encoder to find the class prototypes, and following the ALIBI documentation

set K = all instances.
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D.5.2 Wisconsin Breast Cancer Dataset and Boston Hous-
ing Dataset

We generally use the same setup for both the Wisconsin Cancer and the Boston

datasets, except where we clearly indicate differences below.

Dataset Configuration For our method and JSMA we normalize the inputs to
[0,1]. For Van Looveren and Klaise [2019] we standardize the inputs to mean 0
and standard deviation 1, as suggested. We randomly select 70% of each dataset
as the train set, 10% as the validation set, and 20% as the test set. We train
the classifier on the training set, tune hyperparameters on the validation set, and

generate CEs on the test set.

Model Architecture We use a three-layer MLP with 80, 80 and 2 nodes
per layer, respectively. The first two layers have ReLLU activations and batch
normalization after the activation. The final layer has a softmax activation. We

use an ensemble of 20 models.
Optimisation We follow the same setup as for MNIST.

Our Method: adversarial training We perform adversarial training similarly
to MNIST. Contrary to MNIST, each feature has a different scale and distribution.
A list of perturbation sizes can be found in the code in the configuration file in

demo data, after the word perturbation.

Our Method: hyperparameters The maximum number of permitted changes
is 5 and the maximum number of iterations is 150. The confidence level, 7, is set
to 0.99. The perturbation sizes (§ in the pseudo-code) are feature-specific and can

be found in the file breast_cancer config.txt in the code.

IM1 Evaluation For the Wisconsin Breast Cancer dataset we follow [Van Looveren
and Klaise [2019], and include the configuration here for completeness. We use the
same procedure for the Boston Housing Dataset. We use the same autoencoder
architecture for both the all class and single class autoencoders, and Table shows
the architecture. We train both autoencoders using the mean-squared objective
and Adam with a batch size of 128 for 500 epochs.

Results aggregation The same as for MNIST.
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Configuration of Van Looveren and Klaise|[2019] We use the implementation
released by the authors in the ALIBI library [Klaise et al., [2020], largely in its
default configuration as given in the documentation. We use the same classifier
architecture as above. As the classifier is a white-box model, we follow the ALIBI
documentation and use loss function B from Van Looveren and Klaise [2019] for
both datasets. For both datasets we use the kd-tree approach to find the prototypes.
For the Wisconsin Breast Cancer dataset the hyperparameter configuration is ¢ = 1,
k=0 =01 v=0,60 =100, k£ = 1, max iterations = 2000. We set 6 by
examining the grid search shown in [Van Looveren and Klaise| [2019, Figure 7]. We
set k = 1 as this is the default value in ALIBI. For the Boston Housing dataset
we use the same configuration as for the Wisconsin Breast Cancer dataset. The
exception are k and 6 for which we perform a grid search similar to that run by
Van Looveren and Klaise [2019, Appendix A] for the Breast Cancer dataset, based
on which we choose £ = 10 and 6 = 100.

We note that the IM1 scores we report for Van Looveren and Klaise| [2019] are
worse than those in their paper. They report an IM1 score which is not significantly
different to ours. However, their results are not directly comparable because we
use a test set of 100 points while the original paper uses one of 19 points. To try
and ensure our results are correct, we took the following steps:

o Used the implementation of the generation algorithm provided by the authors

o Ensured inputs to the generation algorithm are standardized as in the original
paper
e Ensured we use the same hyperparameters as in the original paper

e Visually examined the CEs generated by the method to ensure they were
reasonable
We repeated the experiment using a test set of 19 points rather than 100, but this

also did not reproduce the results in the original paper.

D.6 Additional Figures

D.6.1 Uncertainty And Calibration

Calibration

Calibration is important as we assume that our classifier outputs p(y|z). We
investigate the effect of the number of components in the ensemble by performing a

similar experiment to [Lakshminarayanan et al., 2017, Figure 6], and considering
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accuracy as a function of confidence. We train our network (same configuration
as in on MNIST. We test the network on a dataset formed by combining
MNIST and FashionMNIST, where we increase the proportion of the dataset taken
from FashionMNIST until the confidence of the classifier falls to the desired level.
Ideally the network will have a low-confidence for incorrect predictions. Figure
[D.2) shows the performance of a single classifer, and ensembles with between 5
and 50 components. We can see that the ensembles perform better than a single

classifier as their accuracy is higher.

1.0

Nr. Networks
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©

Accuracy for points with p(y|x)>

0'%.0 0.2 0.4 0.6 0.8 1.0
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Figure D.2: Accuracy of the model as a function of confidence, for ensembles containing
between 1 and 50 models. The solid line shows the mean, and the shaded area shows the
95% confidence level over 10 random seeds. A higher line is better.

Out-of-Distribution Uncertainty

Our method is reliant on the quality of the uncertainty estimates offered by the
classifier, thus we investigate the effect of ensembling and adversarial training
on the uncertainty estimates. We measure epistemic and aleatoric uncertainty
using predictive entropy. Ideally, we observe a high predictive uncertainty for
out-of-distribution data and a low predictive uncertainty for inputs similar to
the training data.

We consider in-distribution to be test samples from the Breast Cancer Dataset,
and out-of-distribution is tabular data sampled from a normal distribution. Figure
shows the effect of using adversarial training and ensembling on predictive
uncertainty. While a single model cannot distinguish between in- and out-of-
distribution inputs, when using ensembling and adversarial training we see a clear
separation of the predictive entropy of both sets of inputs. This goes some way to
explain why we see improved performance in the ablation study as we increase the

number of models in the ensemble and include adversarial training.
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Figure D.3: Predictive entropy of the model for in- and out-of distribution inputs. The
left plot shows a single model without adversarial training or ensembling. The right plot
shows an ensemble of 50 models with adversarial training.

D.6.2 Qualitative Analysis

Figure shows more qualitative examples of counterfactuals generated by our
algorithm on MNIST. The first column shows the original class; the second column
shows the counterfactual; the third column shows the proposed change. In the
third image in each tuple, black denotes “painting the pizels black in the original
image”, white denotes “painting the pixels white in the original image" and gray
denotes “no change'. For example, consider the first row in Figure [D.4 The goal
is to change a 0 into 3. Our model proposes:

 adding an additional stroke in the middle (shown by the white pixels in the

third image),

« removing some pixels so that the from the left and right part of the 0 (shown

by the black pixels in the their images).

Both changes are required to create a realistic 3. We observe that, in general,
our model can grasp high-level changes that are required. These changes suffice for
explanatory purposes. However, our model does not capture stylistic properties,
which be seen from the examples in the third row, left side in Figure Further
work is required if we want to employ our method as a generative model. An
example of a ‘failure case’ is on left side of the last row — this example is particularly
challenging for our model. However, on a high-level we can see that the algorithm

roughly understands the required changes.
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Figure D.4: Qualitative Examples of Generated CE on MNIST. The first column shows
the original image, the second column the counterfactual, and the third column the
proposed change (to the original image to generate the counterfactual).

»

Figure D.5: Qualitative Examples of Generated Counterfactuals for FashionMNIST.
For each pair, the left image shows the original images: a dress (left pair) and pullover
(right). The right images below show generated counterfactuals: pants (left pair) and a

coat (right pair).
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Figure shows more qualitative examples of counterfactuals generated by our
algorithm on FashionMNIST. Again, we observe that our model is able to grasp

high-level changes required, such as adding a split to the dress or a zipper to the coat.
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D.6.3 Feature Analysis

/
7/’.]7
1 denotes the observation. Using this, we determine which features are most

The importance of a feature j can be roughly estimated by >, ; ; — 2; ;, where
frequently changed. In Figure [D.7, we show examples for MNIST. Here features
denote pixels that are changed.

For each triple, the left image shows the average input image from the training
dataset — this represents a prototype of the MNIST digit. The blurriness is caused
by the natural variation of the class within the dataset. The second image in each
triplet is the average CE generated for the target class shown above the image. The
third row shows the most average pixel change, i.e. 1/nY; x;; — z; ;. In the third
image, black denotes “painting the pizels black in the original image", white denotes
“painting the pixels white in the original image" and gray denotes “no change’.

Overall, the proposed changes appear to be realistic. Let consider a specific
example: a counterfactual explanation that changes the predicted class from 0 to 6,
as shown in the first row of Figure[D.7] In Figure we highlight the key changes
that can be read from Figure [D.7 The red circles show the parts that have been
removed from the original input (left image) to create the counterfactual (shown in
the middle image). To change a zero into a 6, we need to paint some pixels black
at the top right — these pixels are shown in black in the average change plot (i.e.,
right image). The green circles show the parts that have been added to the original
input (left image) to create the counterfactual (shown in the middle image). To
change a zero into a 6, we need to add a white diagonal stroke — these pixels are

shown in white in the average change plot (i.e., right image).

Original Class 0 CE Class 6 Average Change CEClass 6

S (s
-

Figure D.6: Average Feature Perturbation for MNIST. In each tuple: the left image
shows the average original input image; the middle image is the average CE; the right
image is the average change.

Original Class 0 Average Change

Figure shows the most frequently changed cell nuclei properties, and
Figure [D.9 shoes the average perturbation size per changed feature. Further
interpretation of these results requires expert knowledge, which we intend to

look into for future work.



Original Class

original Class 0

- -

original Class 5

. Appendiz: Leveraging Uncertainty for Realistic Prototypes

CE Class 6 Average Change

3 CE Class 0 Average Change

CE Class 6 Average Change

255

Average Change

CEClass 7

sy

Original Class 1

,'1.

CE Class 9

Original Class 4 Average Change

Original Class 7 CE Class 2 Average Change

—

Figure D.7: Average Feature Perturbation for MNIST. The left image shows the average
original input image. The middle image is the average CE. The right image is the average

change.
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Table D.1: IM1 MNIST autoencoder architectures. Top-down in the table corresponds
to input-output in the architecture. The hyperparameters are output channels ¢, kernel

size k, padding p, stride s, scale sc.

All Class

LAYER PARAMETERS
ENCODER

2D CONVOLUTION c=16k=3,p=1

RELU ACTIVATION
2D CONVOLUTION
RELU ACTIVATION
MAX-POOL 2D

2D CONVOLUTION

DECODER
2D CONVOLUTION c=16k=3,p=1
RELU ACTIVATION
UPSAMPLE sc =2, MODE = “NEAREST”

2D CONVOLUTION
RELU ACTIVATION
2D CONVOLUTION

c=16k=3,p=1

Single Class

LAYER

PARAMETERS

ENCODER

2D CONVOLUTION
RELU ACTIVATION
2D CONVOLUTION
RELU ACTIVATION
MAx-pPoOoOL 2D

2D CONVOLUTION

c=16,k=3,p=1

c=16k=3,p=1

DECODER

2D CONVOLUTION
RELU ACTIVATION
UPSAMPLE

2D CONVOLUTION
RELU ACTIVATION
2D CONVOLUTION

c=16,k=3,p=1

sc =2, MODE = “NEAREST”
c=16,k=3,p=1
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Table D.2: IM1 VAE architecture for the Wisconsin Breast Cancer and Boston Housing
datasets. The top of the table corresponds to the input of the model, and the bottom the
output. The hyperparameter n is the number of hidden units.

LAYER PARAMETERS
ENCODER

LINEAR n =20

RELU ACTIVATION

LINEAR n =10

RELU ACTIVATION

LINEAR n==~6
DECODER

LINEAR n==~6

RELU ACTIVATION

LINEAR n =10

RELU ACTIVATION
LINEAR n = 20
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E.1 Background: How Humans and AZ Play
Chess

In this section, we provide further intuition on how humans play chess, and how
this relates to AZ’s system. This section provides context as to why concepts should

explain the policy value network and MCTS to provide a holistic view of chess.

Figure E.1: Simplified Summary of How Humans Play Chess

Step 1: Extract Important
Features

What are important/relevant
aspects of this position?

Step 2: Find Candidate Moves
What are the top 3-5 moves |
should consider?

Step 3: Calculation: Does this require calculation?
Yes: What moves will my opponent make? What are my replies?
No: What is the evaluation of the position?

Figure shows a simplified summary of how human chess players analyse a

chess position. They generally ask the following questions:
1. What are the critical aspects of this chess position? E.g., on which side of
the chess board do I have more space? How do I want to develop my pieces?

What are my opponent’s weaknesses?

2. Based on step 1, a chess player will find a couple candidate moves — actions

they could play in the chess position.

3. For each move, they may calculate a likely continuation — i.e., what is the
likely sequence of moves to follow?

This process loops until the player has considered all candidate moves, calculated
the relevant move sequences, and determined the optimal trajectoryﬂ To play
well, chess players must understand the important features of a chess position and
calculate move sequences to understand the correct evaluation of the chess position.
However, there are several different types of chess positions (e.g., endgames or
attacking chess positions) where principles alone are insufficient to determine the

optimal continuation, and calculation is necessary.

!This is a simplified model - in practice, other factors such as time are important.
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Figure E.2: Simplified Summary of How AZ Plays Chess

Step 1: Extract Important
Features using the
Policy-Value Network

&
Step 2: Find Candidate ,’
Moves using the policy from \
Policy-Value Network fo 2

»,
@

1

Step 3: Calculate next move using MCTS

A7 uses a similar approach. In a given chess position, AZ extracts features
using the layers in the policy-value network and outputs a policy and value estimate.
The policy weighs the different possible actions, and the moves with the most
probability mass can be interpreted as the candidate moves. Next, the policy is
passed on as an input to MCTS, a search algorithm that calculates the optimal
move. By drawing parallels between AZ’s system and how humans play chess, we
highlight the importance of each component of AZ. This motivates our method’s

design, which incorporates all components of AZ.

E.2 Further Details: Convex Optimisation For-
mulation for Concepts

This section provides further details on our convex optimisation framework to find
concepts. Subsection describes how we set the dynamic concept hyperpa-
rameters. Section explains how the convex optimisation formulations were

implemented for the different datasets.

E.2.1 Dynamic Concept Hyperparameters

As AZ learnt to play chess through self-play, the latent representations alternates
between the player’s and the opponent’s perspective within a rollout. For concepts,
we may want to find a concept that influences a single player or both players.
Therefore, we consider two different ways of using rollouts.

1. For arollout {z}7_,, we use every other latent representation, i.e., {zo Hoor "/,

to find concepts for a single player (i.e., for the player to move, or their

opponent). These concepts are referred to as ‘single’.
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2. We use every latent representation to find concepts for both players, i.e.
{2} . These concepts will be referred to as ‘both’.

For the rollout depth used in our dynamic concept formulations, we consider T" =5

and T' = 10. For the subpar variations, we required AZ to estimate a minimum value

difference of 0.20 and/or a visit count difference of 10% (of the most visited move).

E.2.2 Datasets

We use labelled and unlabelled datasets to construct concept constraints for the
convex optimisation formulation. We use a different convex optimisation formulation
for each concept we want to discover. Therefore, for each concept, we need a set
of chess positions X* that contains a concept. We leverage educational resources
designed to teach humans chess, which contains themed chess puzzles: positions
designed to encapsulate single important concepts and test the degree to which a
chess player can deploy them in realistic situations. We go beyond chess puzzles,
delving into chess positions arising from different openings and searching for AZ-

specific concepts to find new ones.

Factors in Datasets. The datasets we use vary in the following ways:
« Concept type e.g., the concepts can be strategic or tactical (see [Wikipedia
contributors| [2023a] and |Wikipedia contributors| [2023b] for a further explana-
tion on strategy and tactics), or correspond to different periods of the game

(opening/middle game/endgame).

e Degree of human knowledge some datasets contain human games while
others contain AZ’s games. The degree of human knowledge (or style of play)

may vary across the datasets.

« Complexity some concepts are elementary (i.e., can be learned by beginner-
level chess players), whereas others are highly complex (i.e., can only be
understood by top-level grandmasters).

Below, we briefly describe the different data sets used

1. Piece dataset We construct a labelled dataset that contains paired chess
positions that either contain or do not contain a chess piece. These simple
concepts indicate the presence of a piece - queen, rook, bishop, knight, or
pawn. We exclude the concept of ‘king’ as this piece is always present in a

chess game.
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2. Stockfish dataset We construct a labelled dataset for each concept in the
Stockfish engine [Stockfish Community, 2018]. Each dataset contains two
sets of chess positions - with and without the concept. Humans use Stockfish

concepts in chess position evaluation (such as piece placement, open files, etc.)

3. STS puzzles dataset This is a labelled dataset containing 15 different
categories (see (Corbit et al.| [2014] for further details). These puzzles capture
different types of strategic themes.

4. Chess openings (e.g., concepts in Griinfeld vs. Najdorf vs. Queens Gambit)
Openings (i.e., the first couple of moves) determine the pawn structure that
acts as the backbone of a chess position — it determines crucial aspects of the
game, such as optimal piece placement, square weaknesses and strengths, and
more generally, plans. We use the Encyclopedia of Chess Openings (ECO) to
create a set of labelled chess opening positions [LiChess, 2023]. For each chess
position, we use AZ’s MCTS rollouts to construct sequences of the opening

moves.

5. AZ self-play games We construct an unlabelled dataset. We sample 30, 000
chess positions from AZ’s games. To ensure that the chess positions we analyse
contain complex concepts, we only select chess positions where two versions
of AZ at different points in training select a different move. These versions
differ by 61 Elo points.

Table briefly summarises the different datasets.

Table E.1: Datasets Summaries: from concepts more known to humans (top rows) to
AZ (bottom rows)

Name Concept Type Type of Complexity
Strategic vs. Tactical Game Phase Knowledge

Piece N/A All Human Low

Stockfish Both All Human Varies

STS S Middle/End Human Medium

Opening S Begin Human/AZ Varies

A7 Both All AZ High

The human crafted datasets are used to (1) validate the convex optimisation
framework and (2) explain the novel concepts by relating discovered concepts to

something humans know (by learning a graph).
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E.2.3 Convex formulation for different datasets

In this section, we provide further details on the convex optimisation formulations
for each dataset. Unless otherwise stated, we use a 90-10 train-test split for the
supervised datasets. In our analysis, we generally consider layers 19, 20, 21 and
23. However, as layers 19 and 23 showed the largest difference in rank compared to
human data in our analysis (Section , we use layer these layers to discover

the concepts shown to grandmasters.

Piece. We artificially created a piece dataset by sampling chess positions from
grandmaster games sampled from |ChessBase| [2021]. For each concept, we sampled
100 chess positions with the concept to create the set Xt and then created 100
chess positions without the concept to create the set X~ (by removing the piece).

We formulated the convex optimisation problem as follows. For pair of chess
positions, x;” € X* and x; € X7, we find the corresponding latent representations
in layer [ to create Z;" and Z; , respectively. Using these latent representations, we

can search for the piece presence concept using the following formulation

min  |Jue||: (E.1)

such that v, -2z, > vy -2y, forall z, € Z/ 2, €Z;. (E.2)

Note that this is the same formulation as for static concepts more generally (see

Section [6.4.1)).

Stockfish. Following McGrath et al.| [2022a], we extract the concepts encoded in
the Stockfish engine. We use the Stockfish engine code to extract a concept value
for each position. We sampled 30, 000 chess positions from |ChessBase| [2021]. For
each of these chess positions, we found the chess positions that were in the top 5th
percentile (assumed to contain the concept) to construct X and the bottom 95th
percentile (assumed not to contain the concept) for the concept score to construct
X~. We randomly paired the chess positions that contained the concept, x;", with
chess positions that scored low for the concept x; . Similarly to before, we extracted
the latent representations for each concept. Then, using the formulation for static

concepts, we found the concept vector using the following formulation

min  |Jue||: (E.3)

such that v, - Z;’rl > ez, forall i:x;€ Xt jix; eX. (E.4)
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Table E.2: Hyperparameter selection for 3

0.05 0.01 0.025 0.05 0.1 025 0.5 1.0 2.0

Layer 18 58.42 58.58 58.50 5842 58.17 58.17 5742 56.75 55.00
Layer 19 60.17 60.42 60.42 60.17 60.08 60.17 59.75 58.00 55.83
Layer 23 58.83 59.42 59.33 58.83 58.58 56.25 53.92 47.75 40.33

Strategic. We use the strategic test suite to extract strategic concepts |Corbit
et al., 2014]. In this dataset, there are 15 different concepts. We omit the 12th
concept due to irregular data formatting. The remaining concepts are undermine,
open files, knight outposts, square vacancy, bishop vs. knight, recapture, offer of
simplification, fgh-pawn, abc-pawn, simplification, king activity, pawn push center,
7th rank, avoiding an exchange [see Corbit et al 2014] for further details].
Each concept has a set of 100 chess positions, X, and the solution (move) requires
applying a strategic concept in each chess position. In our analysis, we run MCTS
on the chess position and store the search statistics. We store the optimal trajectory
for each chess position x;, denoted as X;ET, where T is the maximum rollout depth.
Similarly we select a subpar rollout X; 7. To find the subpar rollout, we find a
rollout in the MCTS tree with the most visits where (1) the estimated difference
in value is at least 0.2, and (2) the visit difference is at least 10%. As in the
main text, for X;f <7 and X; 7, we find the corresponding latent representations
in layer [: Z%T and Z; .7, respectively. Then, we can find the concept vector

using the dynamic concept formulations as follows

min  ||ue||: (E.5)

such that v, -2z, > vey-2;, forall t<T, i:x;€X (E.6)

In our analysis, we use a maximum depth of T = 5.

Openings. For the openings, we focus on the English, Dutch, Scandinavian,
Najdorf, French, Tarrasch, Winawer, Ruy Lopez, Grinfeld, King’s Indian, Queen’s
Gambit Declined and Queen’s Gambit Accepted. We consider a subset of all
openings due to computational costs. For each opening, we use the encyclopedia
of chess openings to find relevant starting chess positions to construct X+ (see the
encyclopedia of chess openings). For each chess position, we ran MCTS to obtain
the search statistics and used the formula in Equation to find a concept for
each opening. Further, we create a concept set X* for each ECO index belonging

to one of the aforementioned openings.


https://github.com/lichess-org/chess-openings 
https://github.com/lichess-org/chess-openings 
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Other Implementation Details. We solve the convex optimisation problem us-
ing a standard solver in the package cvxpy |Diamond and Boyd, 2016} Agrawal et al.|

2015).

E.2.4 Beta hyperparameter tuning

In this section, we provide the validation values for the concept amplification
experiments in Section [6.4.2] For the values in Table [E.2] we randomly chose
2 concept sets from the STS dataset and estimated the amplification results for
different values of 5. Overall, we observe that the results are not very sensitive

to the value of .

E.3 Extra results

E.3.1 Concept Constraint Satisfaction

Table E.3: Constraint Satisfaction Results for Piece Dataset

Concept layer 19 layer 20 layer 21 layer 23

rook 1.0 1.0 1.0 1.0
knight 1.0 1.0 1.0 1.0
bishop 1.0 1.0 1.0 1.0
queen 1.0 1.0 1.0 1.0
pawn 1.0 1.0 1.0 1.0

In the table below, the concepts are extracted from Stockfish 8’s public API. Further

details can be found in Appendix A of McGrath et al. [2022a].
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Table E.4: Concept constraint Satisfaction Results for Stockfish Dataset. w/b/t denotes
White/Black/total difference; mg/eg/ph denotes middle game/ endgame/phased value,
where the phased value is the weighted sum between the middle and endgame values,
depending on the phase of the game.

Concept layer 19 layer 20 layer 21 layer 23
bishop [b,eg] 1.0 1.0 1.0 1.0
bishop [b,mg] 1.0 0.9 0.9 1.0
bishop [b,ph] 0.9 0.9 0.9 1.0
bishop [t,eg] 0.7 0.7 0.4 0.5
bishop [t,mg] 0.6 0.7 0.8 0.6
bishop [t,ph] 0.7 0.6 0.7 0.4
bishop [w,eg] 1.0 1.0 0.9 1.0
bishop [w,mg] 1.0 1.0 1.0 1.0
bishop [w,ph] 1.0 1.0 0.5 1.0
imbalance  [t,eg] 0.6 0.2 0.6 0.4
imbalance  [t,mg] 0.6 0.2 0.6 0.4
imbalance  [t,ph] 0.5 0.4 0.5 0.8
king safety  [b,eg] 0.9 0.9 0.9 0.8
king safety [b,mg] 1.0 1.0 1.0 1.0
king safety  [b,ph] 1.0 1.0 1.0 1.0
king safety  [t,eg] 0.7 0.9 0.6 0.7
king safety  [t,mg] 0.8 0.8 0.7 0.7
king safety  [t,ph] 0.6 0.6 0.7 0.6
king safety [w,eg] 0.6 0.7 0.6 0.6
king safety [w,mg] 1.0 1.0 1.0 1.0
king safety  [w,ph] 0.0 1.0 1.0 1.0
knights [b,eg] 0.0 0.0 0.9 0.0
knights [b,mg] 0.9 0.9 0.5 0.9
knights [b,ph] 0.0 0.0 1.0 0.8
knights [t.cg] 0.6 0.6 0.7 0.7
knights [t,mg] 0.9 0.5 0.9 0.9
knights [t,ph] 0.8 0.5 0.4 0.8
knights [w,eg] 0.9 0.8 0.8 0.9
knights [w,mg] 1.0 0.8 0.6 0.8
knights [w,ph] 0.8 0.6 0.3 0.8
material [t,eg] 0.8 0.7 0.3 0.7
material [t,mg] 0.6 0.8 0.5 0.6
material [t,ph] 0.6 0.6 0.6 0.7
mobility [b,eg] 1.0 1.0 1.0 1.0
mobility [b,mg] 1.0 1.0 1.0 1.0
mobility  [b,ph] 1.0 1.0 1.0 1.0
mobility [t,eg] 0.8 0.9 0.8 0.7
mobility [t,mg] 0.7 0.4 0.6 0.6

mobility [t,ph] 0.8 0.7 0.7 0.8
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Table E.5: Concept constraint Satisfaction Results for Stockfish Dataset. w/b/t denotes
White/Black/total difference; mg/eg/ph denotes middle game/ endgame/phased value,
where the phased value is the weighted sum between the middle and endgame values,
depending on the phase of the game.

Concept layer 19 layer 20 layer 21 layer 23
mobility [w,eg] 1.0 1.0 1.0 1.0
mobility [w,mg] 1.0 1.0 1.0 1.0
mobility [w,ph] 1.0 1.0 1.0 1.0
passed pawns [b,eg] 0.8 0.8 0.9 0.8
passed pawns [b,mg] 0.8 0.9 0.7 0.7
passed pawns  [b,ph] 0.9 1.0 0.9 0.9
passed pawns  [t,eg] 0.8 0.9 0.7 0.7
passed pawns [t,mg] 0.6 0.7 0.3 0.8
passed pawns  [t,ph)] 0.6 0.5 0.6 0.7
passed pawns [w,eg] 1.0 1.0 1.0 1.0
passed pawns [w,mg] 0.6 0.8 0.6 0.7
passed pawns [w,ph] 1.0 1.0 0.9 0.9
pawns [t,eg] 0.6 0.5 0.4 0.5
pawns [t,mg] 0.3 0.7 0.5 0.4
pawns [t,ph] 0.8 0.7 0.7 0.7
phase 1.0 1.0 1.0 1.0
queens [b,eg] 0.3 0.3 0.4 0.3
queens [b,mg] 0.9 0.9 0.8 0.8
queens [b,ph] 0.9 0.9 0.7 0.9
queens [t,eg] 0.3 0.3 0.4 0.3
queens t,mg] 0.6 0.4 0.2 0.7
queens [t,ph] 0.6 0.5 0.6 0.6
queens [w,eg] 0.3 0.3 0.4 0.3
queens [w,mg] 0.8 0.7 0.6 0.9
queens [w,ph] 0.9 0.8 0.7 0.7
rooks [beg] 1.0 0.9 1.0 0.9
rooks [b,mg] 1.0 1.0 0.9 1.0
rooks [b,ph] 0.9 1.0 1.0 0.9
rooks [t,eg] 0.6 0.5 0.3 0.7
rooks [t,mg] 0.7 0.8 0.7 0.7
rooks [t,ph] 0.7 0.5 0.5 0.8
rooks [w,eg] 1.0 1.0 0.9 1.0
rooks [w,mg] 1.0 1.0 1.0 1.0
rooks [w,ph] 0.9 0.9 0.8 0.9

scale factor 0.7 0.8 0.8 0.6
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Table E.6: Concept constraint Satisfaction Results for Stockfish Dataset. w/b/t denotes
White/Black/total difference; mg/eg/ph denotes middle game/ endgame/phased value,
where the phased value is the weighted sum between the middle and endgame values,
depending on the phase of the game.

Concept layer 19 layer 20 layer 21 layer 23
space [b,eg] 0.3 0.3 0.4 0.3
space [b,mg] 1.0 1.0 1.0 1.0
space [b,ph] 1.0 1.0 0.9 1.0
space [t,eg] 0.3 0.3 0.4 0.3
space [t,mg] 0.8 0.8 1.0 0.9
space [t,ph] 0.9 0.9 0.7 0.9
space [w,eg] 0.3 0.3 0.4 0.3
space [w,mg] 1.0 1.0 0.9 1.0
space [w,ph] 1.0 1.0 1.0 1.0
threats [b,eg] 1.0 1.0 0.9 0.9
threats [b,mg] 1.0 0.7 0.8 1.0
threats [b,ph] 1.0 0.8 0.9 1.0
threats [t,eg] 0.7 0.9 0.7 0.7
threats [t,mg] 0.4 0.7 0.4 0.3
threats [t,ph] 0.4 0.6 0.7 0.4
threats [w,eg] 0.9 0.9 0.8 0.9
threats [w,mg] 1.0 0.8 0.9 0.9
threats [w,ph] 1.0 0.9 1.0 1.0
total score 0.7 0.8 0.4 0.6
total [t,eg] 0.5 0.7 0.5 0.6
total [t,mg] 0.8 0.6 0.6 0.8
total [t,ph] 0.8 0.7 0.9 0.8

Further descriptions of the STS concepts can be found at this website.


https://sites.google.com/site/strategictestsuite/about
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Table E.7: Concept constraint Satisfaction Results for STS Dataset

Concept layer 19 layer 20 layer 21 layer 23
Undermine 1.0 1.0 1.0 0.9
Open files 1.0 1.0 1.0 1.0
Knight outposts 1.0 1.0 1.0 0.9
Square vacancy 1.0 1.0 1.0 1.0
Bishop vs. knight 1.0 0.9 0.9 1.0
Recapture 1.0 1.0 1.0 1.0
Offer of simplification 0.9 1.0 1.0 0.8
fgh-pawn 1.0 1.0 1.0 1.0
abc-pawn 1.0 1.0 1.0 1.0
Simplification 0.9 1.0 1.0 0.9
King activity 1.0 1.0 1.0 1.0
Pawn push center 1.0 1.0 1.0 1.0
7th rank 1.0 1.0 1.0 1.0
Avoid exchange 1.0 1.0 1.0 1.0

Table E.8: Concept Constraint Satisfaction Results for Opening Concept Configurations

Hyperparameters layer 19 layer 20 layer 21 layer 23

single 1.00 (0.00) 1.00 (0.00) 1.00 (0.00) 1.00 (0.00)
both (k=10) 1.00 (0.00) 0.99 (0.00) 0.99 (0.01) 1.00 (0.00)
both (k=5) 1.00 (0.00) 1.00 (0.00) 1.00 (0.00) 1.00 (0.00)

Table E.9: Concept Constraint Satisfaction Results for Opening Concepts

Concept layer 19 layer 20 layer 21 layer 23
English 1.0 1.0 1.0 1.0
Dutch 1.0 1.0 1.0 1.0
Scandinavian 1.0 1.0 1.0 1.0
Sicilian 1.0 1.0 1.0 1.0
Najdorf 1.0 1.0 1.0 1.0
French 1.0 1.0 1.0 1.0
Tarrasch 1.0 1.0 1.0 1.0
Winawer 1.0 1.0 1.0 1.0
Griinfeld 1.0 1.0 1.0 1.0

E.3.2 STS: Sample efficiency

Figure shows the result for sample efficiency experiment (Section [6.4.2]) on
the STS dataset. As with the piece dataset, we find that the convex optimisation
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method reaches close to full-set accuracy with as little as 10 or 25 data points.
However, contrary to the piece dataset, we find that the performance is relatively
similar across all layers, and slightly lower for the policy head (layer 23). One reason

may be that these concepts are more important for the value than the policy.

Figure E.3: Sample efficiency of convex optimisation framework across 10 seeds for the
bottleneck layer (19), value head (20) and policy head (21, 23).
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E.4 Human Experiment Setup

Recruitment. We recruited four chess players based on their Elo rating. All par-
ticipants hold the grandmaster title, and currently/previously the World Champion
title; one of our participants is rated 2600-2700, and three are rated 2700-2800.

Experiment Instructions. FEach grandmaster was asked to spend two hours on
Phase 1, one hour on Phase 2 and two hours on Phase 3. We ask the grandmasters
to provide (1) the move they would play or their ranked candidate moves and (2)
a thought record — the idea is to capture any thoughts about the chess position.
The grandmasters were sent the chess positions to solve at home, in their own time.
We explained that the chess positions could vary in nature. The chess positions
could be better, equal or worse for the player to move. Similarly, the continuation

may require calculation or finding a general plan.
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Evaluation. We evaluated how often the grandmasters find the move selected
by AZ. Note that if grandmasters made the right move but incorrect reasoning

appeared in their free-form comments, we counted this as an incorrect answer.

Prototype Filtering. To ensure the quality of the prototype selection, we filter
them according to the following criteria:

e Quality of the value estimate. We ensure that the AZ value estimate
is close to the correct assessment of the prototype by running self-play and
computing the expected score. If the expected score and the value estimate are
in concordance, the prototype chess position is kept, otherwise, it is discarded

from consideration for the human study.

o Chess position complexity. For the concepts to be sufficiently complex to
be of interest to the top grandmasters, we use prototypes where the policies
of the 512K step checkpoint and fully trained models disagree on their top
move. The 512K checkpoint model is 75 Elo points weaker than the final
model, and therefore, if the policies differ, AZ learned the continuation during

a late stage of training when it was already strong.

e Solution complexity. We manually remove trivial chess positions where
the solution is theoretically known (e.g., present as an entry in pre-computed
tablebases such as the Syzygy tablebase [Bojun Guo|, 2023]). Tablebases are
sets of chess positions where the ground truth evaluation (outcome with ideal

play) is known.

» Reliability. We reject chess positions where AZ’s limited compute budget may
lead to an unreliable chess position evaluation (i.e., where we observe abrupt
changes in the predicted outcome). Therefore, we require that the evaluation
stays approximately consistent (i.e., the predicted outcome (win/loss/draw)
does not change) throughout the provided lines.

We did not filter based on the difference in the value or the policy probability
mass of the optimal move compared to other moves. The reasons are that (1) AZ’s
value estimate is noisy, and (2) either filter could remove potentially interesting
chess positions. For example, requiring a small entropy and large value estimate
difference (between moves) would result in predominantly tactical chess positions,
thereby omitting interesting strategic puzzles.

While there was some overlap between study participants in terms of puzzles

shown, different participants were shown different concepts.
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AZ’s calculations. In the second stage of the human experiment, we provide
part of the MCTS statistics. We ran MCTS without a depth limit for a maximum
of 10,000 simulations. We pruned the MCTS tree to avoid providing too many
lines, or lines that were insufficiently explored. We provided the main line (most
frequently visited), second and third moves, ranked according to visits. We did
this for depth ¢t < 2.

E.5 Concept Puzzle Examples

In this section, we provide more examples of concept puzzles, along with the
grandmasters’ analysis of the puzzles and the provided AZ suggestions can be
found in the Appendix of |Schut et al.| [2025¢|. The puzzles are plotted using the
chess python package [Fiekas, 2023].

Concept Example: Positive Knowledge Transfer

On a high level, this concept appears to be intrinsically related to centre control
and improving piece activity. However, a more detailed analysis unveils a nuanced
dimension to this concept, as AZ leverages unconventional manoeuvres to achieve
these goals. The grandmaster improved performance by +2/4 between Phases
1 and 3, suggesting that this concept was not part of their existing knowledge
and is human-learnable.

Figure [E.4] shows a concept puzzle that was shown in Phase 1. Here, AZ
plays the move 5. ..Bf5 to control the square e4. The grandmaster chose 5. ..Bh5
while also considering the moves 5...Bxf3 and 5. ..Qf6. After seeing the solution,

the grandmaster commented

“5...Bh5 line looks quite natural ... [however, AZ’s move] 5... Bf5
with the concept in mind is very interesting as after 8.d4 [ the con-
tinuation for Black of] Nbd7-Bd6 is more natural but Bb4 is something
new. [ was curious about the idea after 11.Bb2 Nd7 12. Bd3 where
h5!? was probably the point.”

We explore the question posed by the grandmaster — what happens after 11.Bb27
The ideas is

5...Bf5 6.Nc3 h6 7.Bb2 Nf6 8.d4 Bb4 9.a3 Bxc3+ 10.Bxc3 Ned4 11.Bb2
Nbd7 12.Bd3 h5 13.0-0 gb!
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Figure E.4: Concept Puzzle 1: Black is to move.

A7Z’s calculations: 5...Bf5 (5...Bh5 6.Bb2 Nd7 7.cxd5 cxd5 8.Nc3 a6
9.Rcl Ngf6 10.g4 Bg6 11.Nh4 Be4 12.Nxe4 Nxe4 13.Nf3) 6.Nc3 h6 7.Bb2
Nf6 8.d4 Bb4 9.a3 Bxc3+ 10.Bxc3 Ned4 11.Rcl Nxc3 12.Rxc3 Qe7 13.Qcl
0-0 14.Be2 Nd7 Approximately equal

Figure E.5: Digging Deeper into the Concept in Figure In both positions, White is
to play.

This resulting chess position is shown on the left of Figure [E.5] If White
tries to castle kingside with 13.Qd2 instead of 13.0-0, Black can pursue a king-
side pawn advance:

13.Qc2 Rh6 14.0-0-0 b5!7.

The resulting chess position is shown in the right chess position in Figure

Both continuations are unorthodox; conventional human-designed chess principles
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emphasise completing piece development, securing the king’s safety and maintaining

the bishop pair over trading it for a knight, as outlined in [2000]. However,
AZ deviates from these principles favouring a continuation that prioritises a strong

control of the centre, space, and piece activity.

Figure E.6: Concept Puzzle 2: White is to play.

Another puzzle from the same concept is shown in Figure [E.6] given in Phase
3. Here, the grandmaster found the best continuation according to AZ: 10.Ndf4
threatening d5. The ideas are

10...a6 11.Qa4

10...Bd7 11.Bc4 gaining control over the square e6

10...d57 11.Qb3 and the pawn on db is lost

10...Bf6 Black’s best option 11.Bxf6 exf6 (12.d57 a6 13.Qa4d

then Black has the intermediate move 13...Re4!) 12.Ngl a6 13.Ba4
Bd7 14 .Nge2

The knight manoeuvres 10.Ndf4 and 12.Ngl are against the common rules which

advocate for finishing piece development and bringing the king to safety, above

further improving a developed piece [King, 2000, Brunia and van Wijgerden, [2021,

Hansen, [2021]. As in the previous puzzle, AZ prioritises controlling the centre

and piece activity.
The grandmaster missed the idea 12.Ngl, although did appreciate it remarking
that “Ng1 [is] quite nice actually, [knight] on h3 is gone, and then we probably

go for h4 at some point.”
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Figure E.7: Queen Manoeuvre. White is to move.

AZ’s calculations: 37.Qcl Kg7 (37...Rb5 38.a4 Rb4 39.Ka2; 37...Qeb
38.Qc4 Be6 39.Nxe6+ fxe6 40.Qxc6) 38.Rel Qe5 39.Rc2 Rb4 40.Bad Q46
41.a3 Rd4 42.e5 Qd5 43.Bxc6 Qxc6 44.Nb3 White is better

Informative Puzzles

In some puzzles, we observe manoeuvres from AZ. We provide a few examples here.

In the chess position in Figure [E.7] AZ plays Qc1 with the idea of manoeuvring
it to c4. Most human chess players would find this idea unconventional, as White’s
pieces seem to be active on the kingside. However, there is no way to break through
Black’s position. AZ’s idea is the only way to maintain an advantage. The plan is
to re-position the pieces to the queenside, with ideas like Rel, Ba4 and e5.

When analysing this position (and only spending a fixed amount of time), the
grandmaster misted the idea and opted for Rxh5, which was the only way for White
to equalise according to the grandmaster. We speculate that the difference between
A7 and humans is because AZ is more flexible in changing its plan. In this position,
humans are likely primed to continue playing on the kingside.

The puzzles in Figure [E.§ correspond to the same concept. In both positions,
A7 uses tactics to obtain a positional advantage by maintaining a space advantage.
In the left puzzle, the best move is 21.Nc5, which stops Black from advancing
their ¢b pawn to control the center. The tactic behind the idea is 21.Nc5 dxcb
22 .Bxf6 Bxf6 23.Rxd7.

In the puzzle on the right of Figure [E.8 Black plays 18.Rad1l which is pro-
phylactic against 18...b5 as White has tactic 19.c5 dxcb5 20.Nc6. Both of these
continuations were found by the grandmaster, who appreciated the importance of

Nc5. The grandmaster explained that they took a long time to analyse this position
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Figure E.8: Positional Tactics. White is to move in both positions.

AZ’s calculations (left): 21.Nc5
dxcb5 (21...Bc8 22.N5a4 Be6
(22...cb 23.Bxf6 Bxf6 24.a3 AZ’s calculations (right):

Ra6 25.f4) (22...f4 23.Nb6 Rb8 ||18.Radl Rbe8 (18...b5 19.c5
24 .Nxc8 Rbxc8 25.a3 Na6 26.e3) ||Rbe8 20.Ba3 Nd5 21.Rfel b4
23.a3 Na6 24.c5 dxcb 25.Nxcb 22.Bxb4 Nxb4 23.Qxb4) 19.Nf3
Nxcb 26.Bxch) 22.Bxf6 Bxf6 Bxb2 20.Qxb2 Nc6 21.Rfel h6
23.Rxd7 Bd4+ 24.Khl f4 22.Qc3 Re7 23.b4 Rfe8 24.a4
(24...Qe8 25.Rb7 Rf7 26.f4 Qc8 ||White is better

27 .Rb6 Qd8 28.Na4) 25.Ned
White is slightly better

as they found it complicated. While recognising Black’s threat of ¢5 (followed
by Bc6 or Nc6), they first explored several other options, including moves such as
a3, c5, Bf2 or Na4. However, after exploring other moves, they found Nc5. The
grandmaster commented that the idea was very strong and ’by far the best move’.
In this puzzle, the grandmaster opted for the tactical move Bxh7 but also
considered quieter moves such as Re3, Be4 or Bel. When analysing this position,
they commented
“This is tricky, if White decides to protect the pawn, it’s clearly better
due to the weakness in Black’s structure, but somehow getting addicted
to more forced attacking lines. Bxh7 is hard to figure out, maybe Kxh7
[followed by] Qh5-Qf7 then Rd3, Bxg2 ... [I] didn’t calculate until clear

much better position, but thought even with some play, h-file the long
problem, maybe certain chances [to win].”

However, this sequence ends in a draw, and AZ instead opts for £3, maintaining the

advantage for White. When reading AZ’s analysis, the grandmaster commented:
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“Wow, it’s a completely positional play. Well, my decision to [sacrifice]
is too emotional. To be honest, this choice £3 ... [makes| sense as
Black does not have any breakthrough idea, so if White successful
[in] controlling both ¢5 and e5 square then its clearly much better.
[My conclusion is] technically strong but again within [the] human
perspective.”

Here, we see a difference in style between humans and AZ. AZ opts for a slower,
longer-dominance play in chess positions where grandmasters tend to consider

more forcing sequences.

Human vs Al Play: AZ opts for Less Forced Lines than Hu-
mans

Figure E.9: White is to move.

AZ’s calculations: 18.f3 (18.Bf1 Ng6 (18...Nf5 19.c4 g6 20.cxb5 axbb
21.Bxb5 h5 22.Qh3 Rxa2 23.Bxe8 Qxe8) 19.Bd3 Nh4 (19...Bh4 20.Bxgbé
hxg6 21.Rd3) 20.f3) 18...Ng6 19.Bc5 Bh4 20.Bxg6 hxg6 21.g3 White is
better

Difficult or Non-instructive Puzzles

There may exist concepts that are intrinsically hard to understand and learn
for human chess players due to differences in ways of abstract thinking, overall
capabilities, and their computational budgets. The example in Figure [E. 10/ highlights
that humans and Al have different computational capacity, allowing AZ to make

moves that appear risky to humans.
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Figure E.10: AZ takes on more risk than humans due to computational capacity. White
is to move.

AZ’s calculations: 31.Qal f4 (31...Qe7 32.Re8 Qf6 33.Qxf6 Rxf6 34.RdS
Neb 35.Ne8) (31...h4 32.Re8 f4 33.exf4 gxfd 34.Bxed Nxed 35.Rxed Qf5
36.Qel Neb 37.Qe2 hxg3 38.hxg3 fxg3 39.fxg3) 32.exf4 gxf4 33.Neb6
Nxe6 34.Bh3 (b5 35.dxe6 Rg7 36.Rab White is slightly better

In the puzzle in Figure [E.I0] AZ plays Qal to activate the queen. This move
requires calculating carefully to ensure that Black has no counterplay due to an
attack on the kingside. As such, humans may perceive this move as risky, and it
was not chosen by the grandmaster. When seeing AZ’s calculations, they remarked

“I would be really worrie[d] to keep the queens on the board because
of the threat with £4 but AZ has a tactical solution. 33.Ne6 Nxe6

[34.]Bh3 is a very nice idea which is quite hard to spot. Black should
probably stay still and try to hold with 31...h4 [32] .Re8 Re7.

Here, we see that humans are more risk-averse than AZ. This is logical, given that AZ
has a much larger computational capacity and can calculate more/deeper than hu-

mans can to more accurately assess the chess position (and thereby take on less risk).

Differences in Motivation in Human and AI Play

The next example shows that AZ and humans play chess with different mo-
tivations. AZ forces the draw with g4. Upon seeing AZ’s calculations, the
grandmaster commented:

“... this is a very clear and important theme to understand. So, g4, the
move it proposes, in a practical sense it’s a very big move, because you
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Figure E.11: AZ simplifies the chess position for the draw whereas humans would
continue to try to win. Black is to move.

AZ’s calculations: 58...g4 59.hxgd4 (59.Qc7 gxh3 60.Kxh3 Qc3+)
59...Qxg4 60.Qc5 Qh4+ 61.Kgl Qel+ 62.Kh2 Qc3 (62...Qh4+) Draw

see, in such situations, the engine already knows the final result. For
engine it doesn’t matter which move it plays because it calculated it’s
a draw, but g4 is basically forcing it. After g4 Black has no winning
chances, but otherwise I have a feeling that after Black plays let’s say
Qd2, it’s not ... easy practically for White to make the draw. For an
engine it’s ok, but practically no one would play it because g4 is basically
offering a draw - and with other moves Black is running zero risk, yet
has practical chances to win the game if White makes a mistake. An
engine doesn’t understand the concept of practical play - while this is a
draw, it’s not an easy draw for White. g4 is one of many moves leading
to a draw, but in a practical sense the worst one as it gives Black zero
chances to win. So that is my understanding, that it’s not the objective
best move. Practically definitely a wrong move.”

This underscores a fundamental difference between AZ’s playing style and
human’s playing style. AZ was trained to obtain the expected outcome without
an explicit term in the loss function, encouraging it to win. The incentive to find
the best move comes from the exploration and move selection criteria in MCTS.
Further, AZ assumes an equally strong opponent. For AZ, there is no difference
between different equalising moves, even if one move requires a much more precise
sequence of moves to equalise. In contrast, humans assume that their opponent
may make suboptimal moves. As human chess players play competitively (i.e., their

goal is to maximise the outcome), they will try to leverage these chances. This
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example highlights how the difference in objectives and assumptions may lead to

different behaviour of AZ and humans when playing chess.

Shortcomings of Method for Generating Prototypes

In this puzzle, AZ chooses Rd1 whereas the grandmaster wanted to play Rel or

Kel. When seeing AZ’s calculations, the grandmaster commented:

“Drawing position? At first trying to find winning moves for White,
but really didn’t see any plan to make improvements. In the meantime,
considering the possibility for Black to push h pawn to h3, maybe tiny
chances, its better to plan Ke1-Qf1-Qf3 at the beginning, or moving the
rook to el with the idea Re7, forcing ... Ral check then White rook
retreat to el, ... [draw by] repetition.”

Figure E.12: White is to move

AZ’s calculations:

65.Rd1 Rh4 (65...Rac2 66.Rbl Rh4 67.Ral Rxf4+ 68.Kel Rgd 69.Qa7
Kg7) 66.Kel (66.Rbl Rxf4+ 67.Kel Re4+ 68.Kdl Rf4 69.Qhl Rff2)
66...Rhh2 67.Rcl Rag2 68.Qf1 h5 69.Rc7 Kg7 Draw

This puzzle can be seen as a shortcoming of our method for finding prototypes.
We only filter positions based on the criteria described in Section [E.4} however, this
position does not fall under one of our categories. This puzzle is not informative
for humans as there are many other viable options. As such, it is more difficult

to understand the concept from the sequence of moves.
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