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ON THE FINITE ELEMENT APPROXIMATION OF A
SEMICOERCIVE STOKES VARIATIONAL INEQUALITY ARISING
IN GLACIOLOGY

GONZALO G. DE DIEGO*, PATRICK E. FARRELL*, AND IAN J. HEWITT*

Abstract. Stokes variational inequalities arise in the formulation of glaciological problems
involving contact. We consider the problem of a two-dimensional marine ice sheet with a grounding
line, although the analysis presented here is extendable to other contact problems in glaciology, such
as that of subglacial cavitation. The analysis of this problem and its discretisation is complicated
by the nonlinear rheology commonly used for modelling ice, the enforcement of a friction boundary
condition given by a power law, and the presence of rigid modes in the velocity space, which render the
variational inequality semicoercive. In this work, we consider a mixed formulation of this variational
inequality involving a Lagrange multiplier and provide an analysis of its finite element approximation.
Error estimates in the presence of rigid modes are obtained by means of a specially-built projection
operator onto the subspace of rigid modes and a Korn-type inequality. These proofs rely on the fact
that the subspace of rigid modes is at most one-dimensional, a property which is a consequence of
the two-dimensionality of the domain. Numerical results are reported to validate the error estimates.

Key words. non-Newtonian Stokes, glaciology, variational inequality, semicoercive, convergence
analysis

AMS subject classifications. 65N12, 65N15, 65N30, 86 A40

1. Introduction. We consider the problem of a marine ice sheet resting on
a bedrock and sliding into the ocean, where it goes afloat. Such a configuration is
found in Greenland and Antarctica, and the dynamics of the grounding line, the point
where ice loses contact with the bedrock, is of crucial importance for predicting future
sea level rise and comprehending large scale climate dynamics [44, 37, 35, 21]. This
contact problem is modelled by coupling a Stokes problem for the ice flow with a time-
dependent advection equation for the free surface. At each instant in time, the Stokes
equation must be solved with contact boundary conditions that allow the detachment
of the ice from the bedrock. These contact conditions transform the instantaneous
Stokes problem into a variational inequality. Similar contact conditions appear in
a related problem of subglacial cavitation (see Remark 2.1 below), which is also of
fundamental importance in glaciology [18, 36, 45], and the results presented in this
work are extendable to such problems [10].

Numerous finite element simulations of these equations have been carried out
[13, 16, 41]. However, to the best of our knowledge, no formal analysis of these prob-
lems and their approximation exist in the mathematical literature. Moreover, we
believe that the discretisations used in these computations can be improved upon,
by exploiting the structure of the variational inequality. Although the Stokes varia-
tional inequality is superficially similar to the elastic contact problem, which has been
widely studied [33, 27], the Stokes problem in the context of marine ice sheets with a
grounding line includes three substantial difficulties that must be addressed carefully:
the presence of rigid body modes in the space of admissible velocities, the nonlinear
rheological law used to model ice as a viscous fluid, and the nonlinearity of the friction
boundary condition.

In this work we analyse the instantaneous Stokes variational inequality and its
approximation. The presence of rigid body modes renders this problem semicoercive.
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Although semicoercive variational inequalities have been studied in the past [26, 40, 2],
existing analyses use purely indirect arguments which give very limited information
on how different meshes and finite elements affect the discretisation. Here, we present
a novel constructive approach based on the use of a specially designed projection
operator onto the subspace of rigid modes that satisfies a Korn type inequality. Error
estimates are obtained for the rigid component of the velocity error by exploiting the
fact that the dimension of the subspace of rigid modes is at most one. The nonlinear
rheology and friction boundary condition complicate the estimation of errors for the
discrete problem. Here, we use the techniques from [4, 29] to establish a convergence
analysis.

We propose a mixed formulation of the Stokes variational inequality where a La-
grange multiplier is used to enforce the contact conditions. This formulation permits
a structure-preserving discretisation that explicitly enforces a discrete version of the
contact conditions, up to rounding errors. This allows for a precise distinction between
regions where the ice detaches from the bed and those where it remains attached. This
precision is extremely useful when coupling the Stokes variational inequality with the
time-dependent advection equation for the free surface. Numerical results with this
scheme in the context of subglacial cavitation can be found in [10].

1.1. Outline of the paper. In Section 2, the Stokes variational inequality and
its mixed formulation are presented. We prove a Korn-type inequality involving a
projection operator onto the subspace of rigid modes that will be used throughout the
analysis, and we demonstrate that the mixed formulation is well posed. In Section 3,
we analyse a family of finite element approximations of the mixed problem and present
error estimates in terms of best approximation results for the velocity, pressure and
Lagrange multiplier. Finally, in Section 4, a concrete finite element scheme involving
quadratic elements for the velocity and piecewise constant elements for the pressure
and the Lagrange multiplier is introduced. We then present error estimates for this
scheme and we solve a problem with a manufactured solution to calculate convergence
rates and compare these with our estimates.

1.2. Notation. Given two normed vector spaces X and Y and a bounded linear
operator T : X — Y, the dual of X is denoted by X’ and the dual operator to T by
T':Y’' — X'. The range of T is denoted by Ran T and its kernel by Ker T'. The norm
in X is denoted by |||y and the pairing between elements in the primal and dual
spaces by (f,x)x for f € X’ and x € X. We will work with the Lebesgue and Sobolev
spaces W™ (Q), where m > 0 and r > 1, defined as the set of functions with weak
derivatives up to order m which are r-integrable. When m = 0 we write L"(2). The
space of polynomials of degree k over a simplex E (interval, triangle, tetrahedron) is
denoted by Py (E). The space of continuous functions over a domain € is given by
C(£2). Vector-valued functions and vector-valued function spaces will be denoted with
bold symbols, e.g. w and W""(Q2). We write f ~ g, f < g and f = g if there exist
generic constants ¢, C' > 0 such that cf < g < Cf, c¢f < g, and cf > g, respectively.
Throughout this work, we assume that these generic constants do not depend on the
mesh size or on the continuous and discrete solutions of the problem.

2. Formulation of the problem. In this section we introduce the semicoercive
variational inequality that arises in the study of marine ice sheets and present its
formulation as a mixed problem with a Lagrange multiplier. We then analyse the
existence and uniqueness of solutions for the mixed problem.
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Fi1Gc. 1. Geometry of the problem under consideration. The domain € represents a half of a
symmetric marine ice sheet. The boundary of Q is partitioned into 'y (the ice-bedrock interface),
T's (the ice-ocean and ice-atmosphere interface), and T'gq (the symmetry azis). The horizontal dotted
line represents the sea level.

2.1. A model for ice flow. We consider a two-dimensional symmetrical marine
ice sheet resting on a bedrock and sliding into the ocean. This is the most common
configuration considered when studying marine ice sheets [38, 37, 13] and is generally
used as a benchmark test case [34]. We denote by Q C R? the domain which represents
one half of the ice sheet and we assume it to be connected and polygonal. The
latter assumption is made to simplify the analysis, but we expect the essential results
presented here to extend to domains with smooth enough boundaries. Ice is generally
modelled as a viscous incompressible flow whose motion is described by the Stokes
equation [19]:

(2.1a) -V - (2n(|Du|)Du) + Vp = f in Q,
(2.1b) V-u=0 in Q.
In the equations above, u : 2 — R? represents the ice velocity, p : {2 — R the pressure

and f : Q — R? is a prescribed body force, generally due to gravitational forces. The
tensor Dw is the symmetric part of the velocity gradient, that is,

Du = (Vu + VUT) .

N =

The coefficient n(|Dwu|) is the effective viscosity of ice, which relates the stress and
strain rates. A power law, usually called Glen’s law [23], is the most common choice
of rheological law for ice:

1—n
2n

(22 (i) =y~ (GDu?)

Here, |- | represents the Frobenius norm of a matrix: for B € R™*™ with components
B;; we have |B|* = > Bij. The field A € L>(Q) is a prescribed function for which
essinfA > 0. The parameter n is constant and is usually set to n = 3; for n = 1 we
recover the standard linear Stokes flow. From now on, we simply write

1
(2.3) n(|Dul) = SaDu|"?,

3
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where a = (1/2)"=2/2A1=" is in L>(Q) and satisfies @ > o a.e. on Q for some
ag > 0. Moreover, r = 14 1/n is in (1,2] for n > 1. This expression for n reveals
the r-Stokes nature of the problem when considered as a variational problem in the
setting of Sobolev spaces.

2.2. Boundary conditions. For a given velocity and pressure field, we define
the stress tensor o = o(u,p) by

o = a|Du|""*Du — pl,

where I : QO — R2*2 is the identity tensor field. Let m denote the unit outward-
pointing normal vector to the boundary 9 and T = I — nn' the orthogonal pro-
jection onto the tangential component to the boundary. We define the normal and
tangential stresses at the boundary as

Onn = (omn)-n and o, = Ton.

The boundary 0f2 is partitioned into three disjoint open sets I'y, T'y and I'y of
positive measure, see Figure 1. The subset I'; represents the part of the boundary in
contact with the atmosphere and the ocean. Here we enforce

(2.4) Onn=ps and on =0 on Dy,

where p; : I's — R represents a prescribed surface traction force. On I'y, the ice is in
contact with the bedrock. Here, we enforce the contact conditions which allow the ice
to detach from but not penetrate the bedrock. In particular, detachment can occur
if the normal stress equals the subglacial water pressure, which is defined everywhere
along a thin lubrication layer in between the ice and the bedrock. We also assume
that the ice slides along the bedrock according to a power law. Then, the boundary
conditions on I', are given by

2.5a) u-n<0, o <-p, and (u-n)(On,+pw) =0 only,
(2.5b) ont = —7|Tu|""?Tu on Ty,

where p,, : 'y — R is the water pressure at the ice-bedrock interface and 7 > 0 a con-
stant. A power-law boundary condition as in (2.5b) was first proposed by Weertman
[43] and has since become a popular model for glacier sliding [25, 19].

Finally, T'; represents the ice divide of the ice sheet, which is essentially its symme-
try axis. As such, it is a vertical surface on which we enforce the symmetry conditions

(2.6) u-n=0 and o,;,=0 only,.

2.3. The mixed formulation. We now present the mixed formulation whose
analysis and approximation is the focus of this work. To do so, we first write (2.1)
with boundary conditions (2.4)-(2.6) as a variational inequality. Then, we introduce
the mixed formulation by defining a Lagrange multiplier which enforces a constraint
that arises due to the contact boundary conditions (2.5a). In Appendix A we specify
and prove the sense in which these different formulations are equivalent.

In order to build a weak formulation of (2.1) and (2.4)-(2.6), we must first define
suitable function spaces in which to seek the velocity and the pressure. For r' =
1/(r — 1), we write

V={veW"(Q):v-n=0 onTy}, Q=L"(Q).

4
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We denote by v, : V. — L"(T'}) the normal trace operator onto I'y. This operator is
built by extending to V' the operator v — v - n on I, defined on smooth functions.
The closed convex subset K of V' is then defined by

K={veV:vv<0 ae only}.

We also introduce the operators A:V — V', G:V — V' and B : Q — V', defined
by

(2.7) (Au,v)y = / a/Du|""? (Du : Dv) dz,
Q

(2.8) (Gu,v)y = / 7| Tul"~2 (Tu - To) ds,
Ty

(2.9) (Bq,v) = /Q (V-v)qdz.

Moreover, the action of the applied body and surface forces on the domain 2 is
expressed via the function F' € V', defined as

(2.10) (F,v)vz/ﬂf~vdx+/r'ps(v~n) ds—/rbpw(v~n) ds.

s

In order for (2.10) to make sense, we require f € L" (), p, € L () and p,, €
L™ (T'). Then, (2.1) with boundary conditions (2.4)-(2.6) can be reformulated as the
variational inequality: find (u,p) € K x @ such that

(2.11) (Au+Gu—Bp—F,v—u)y + (Bq,u)y >0 VY(v,q) € K xQ.

In the mixed formulation, the constraint v-n < 0 on I'y, is enforced via a Lagrange
multiplier. We denote the range of ,, by 3 and equip this space with the Wlfl/“(I‘b)
norm. We assume the geometry of € and I', to be sufficiently regular for this space
to be a Banach space, see [33, Section 5], [27, Chapter III] and [1, Chapter 7] for
discussions on normal traces and trace spaces. The Lagrange multiplier is sought in
the convex cone of multipliers

A={pe (1, Ox >0 V(e Tst. (<0}.

The equivalent mixed formulation of (2.11) is: find (u,p,\) € V x @ x A such that

(2.12a) (Au+Gu — Bp — F,v)y — (A, 7,v)s =0 Yv eV,
(2.12b) (Bg,u)y =0 Vg€ Q,
(2.12¢) (=X mu)s >0 Vi € A.

The Lagrange multiplier \ essentially coincides with o, + p,, on I',. Indeed, if
the solution to (2.12) is sufficiently smooth for integration by parts to hold, we arrive
at A = o + Dy on T'p. Moreover, the conditions A € A and (2.12¢) are equivalent to

(2.13) (1 nt)s >0 YpeA, AeA and (A yu)s =0,

which is a weak representation of the contact boundary conditions (2.5a).
5
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2.4. Well posedness of the mixed formulation. Questions on the existence
and uniqueness of solutions of the mixed system (2.12) can be answered by studying an
equivalent minimisation problem. This equivalence depends on the so-called inf-sup
property holding for the operators B and ~,. Let

(2.14) Vo={veV:yv=0 aec onI}}.

These inf-sup conditions can be stated as

(2.15) sup (Ba,v)y

2 llgllg Vee@
vev, |vlly @ ’

(1, 1)
(2.16) sup W Z s VieX.
v 1%

Condition (2.15) is proved in [31, Lemma 3.2.7] and (2.16) follows from the inverse
mapping theorem because 7, is surjective onto the Banach space ¥. We also define
the space of divergence-free functions V and the convex set K as

V={veV:V-v=0} and K=VnNK.

Then, (2.12) is equivalent to the minimisation of the functional
1 1

(2.17) J(v) = f/ a/Dv|"dz + f/ 7|Tv|" ds — (F,v)v
rJo rJr,

over K , see Appendix A. The existence of minimisers of 7 over K hinges on whether

the set
Ry = {r eV: / |Dr|rdx+/ |Tr|"ds = 0}
Q Iy

is equal to or larger than the trivial set {0}. As shown in [33, Lemma 6.1], the kernel
of D coincides with the set of rigid modes in €2, defined by

R= {reHl(Q) Lr(z,y) = ( ) > +w< - ) (a,b,w) €R3}.

Hence, Ry is the set of rigid modes r € R satisfying Tr = 0on I'y and r-n =0
on I'y. For this reason, the dimension of Ry can be at most 1 whenever I'y, is a flat
surface perpendicular to I'y. In this case, Ry is given by purely vertical translations.

REMARK 2.1. Although a flat bedrock may appear to be unrealistic, these are con-
sidered in many theoretical studies of marine ice sheets [38, 3/, 41]. One-dimensional
subspaces of rigid modes in V also arise in marine ice sheets which can slide freely
(t = 0) and in the subglacial cavity problem considered in [20, 10] (whenever a hor-
izontal velocity boundary condition is imposed at the top boundary). An analysis of
these two problems and their discretisation can be completed using the techniques and
steps presented in this paper.

We define the projection operator P: V' — Ry by
be v-nds

P(v) =9 [, er-nds

0 if dim Ry =0,

er if dlmRV = 1,
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where eg € Ry is a basis function that spans Ry when dim Ry = 1. We choose this
projection operator because it satisfies P(K) C K. The operator Q = I—P then maps
elements in V onto a closed subspace whose intersection with Ry is {0}. As a result,
we have the following variation of Korn’s inequality:

LEMMA 2.2. The inequality
(2.18) 1Qully < (D] r ) + [TollLr (1)

holds uniformly for allv e V.

Proof. Following the proof of [8, Lemma 3], we first notice that (2.18) follows
from

(2.19) /\v|’”dx§/ |Dv|’“dx+/ [Tv|"ds Vo € RanQ
Q Q Ty

due to the generalised Korn inequality [8, Lemma 2]. Since RanQ N Ry = {0}, the
proof of (2.18) is completed by assuming (2.19) to be false and mimicking the steps
in the proof of [8, Lemma 3. O

Whenever Ry # {0}, (2.12) is semicoercive in the sense that the operator A +
G has a nontrivial kernel. In Theorem 2.3 below, we show that a consequence of
semicoercivity is that (2.12) will have a solution only when the following compatibility
condition holds:

(2.20) <F,’I‘>V <0 Vre (RV n K) \ {O}

Condition (2.20) allows us to establish the well-posedness of (2.12) and the error
estimates, because the restriction of the map r — (F,r)y to the boundary of the unit
ball in K N Ry is a continuous map defined over a compact set. Therefore, whenever
(2.20) holds, we have the inequality

(2.21) Srlly, < —(F,r)v ¥YreRyNK,
where

s P A
Il =1
Inequality (2.21) is used to prove that the solutions to the continuous and discrete
problems are bounded from above in Theorems 2.3 and 3.1 below, respectively. It is
also used in the proof of Lemma 3.2 to obtain error estimates for the rigid component
of the velocity error.

The importance of the compatibility condition (2.20) is well-known in the study
of semicoercive variational inequalities, see [30, 40, 33] in the context of general vari-
ational inequalities and [39, 8] in a glaciological setting. The compatibility condition
has the geometrical interpretation that the applied force F' should have an obtuse
angle with the directions of escape of the body given by Ry N K, which in this case
correspond with vertical upward movements whenever I'y is flat.

THEOREM 2.3. If Ry = {0}, then a solution to (2.12) exists and is unique. If
Ry # {0}, then there is a unique solution to (2.12) provided the compatibility condi-
tion (2.20) holds. Conversely, if Ry # {0} and a solution exists, we have that

(2.22) (F,r)y <0 VreRyNK.

7
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Moreover, a solution (u,p,\) € V x Q x A of (2.12) is bounded from above, i.e.
(2.23) lully +llpllg + [Alls < 1,

if (2.20) holds when Ry # {0}.

Proof. It Ry = {0}, then Q = I and we can establish the coercivity of J with
(2.18). Existence then follows from [15, Theorem 2, Section 8.2] due to the convexity
of J [8]. We may prove existence when Ry # {0} and (2.20) holds with the method
used in [17, 1.IT]. If a minimising sequence (u,,) in K contains a bounded subsequence,
then we may extract a subsequence that converges weakly to a point uw. By the weak
lower semicontinuity of 7, we can then show that w minimises 7. We must therefore
show that a minimising sequence (u,) has a bounded subsequence. Assume it does
not; we must then have that ||u,||,, = co. From inequality (2.18) we deduce that

(2.24) 1Qunlly S T (un) + (Fun)v.
We define w,, = u,/ ||u, ||, and deduce from (2.24) that

£y -

[ Iy

||anH(/ S T (un) +

[l

Hence, Qw,, — 0 as n — co. Also, since ||w||,, = 1, we have that Pw,, is bounded in
Ry, so there is a subsequence, which we also denote by (w,,), that converges to a r €
Ry. In fact, since Qw,, — 0, we have that w,, — r and therefore » € (K N Ry)\ {0}.
We reach a contradiction when we write (2.24) as

—1
[unlly " [1Qwally <

(T (un) = T(0)) + (F,wn)v.

[[enlly

and observe that the lim sup of the left-hand side is strictly positive, while the lim inf
of the right-hand side is strictly negative due to the compatibility condition (2.20).

Regarding the uniqueness of solutions, if u; and wy are two minimisers for J in
K , it follows that

<AU1 — AUQ,Ul — UQ>V + <Gu1 — Guz,ul — ’LL2>V S 0.

Since the operator A 4+ G is monotone, the inequality above must be an equality and
using (2.18) we deduce that ||Q(u; —u2)||;, = 0. Therefore, if w € K minimises
J, any other minimiser must be of the form v + r with » € Ry. If Ry = {0},
we see that any solution must be unique. On the other hand, if Ry # {0}, since
J(u+r)=J(u)+ F(r), the function r € Ry must also satisfy F'(r) = 0. Moreover,
whenever (2.20) holds, we have that F'(r) = 0 if and only if » = 0 because dim Ry = 1.
As a result, » = 0 and the solution is unique.

For the converse statement, assume Ry # {0} and let (u,p, \) solve (2.12). Then,
from (2.12a) we deduce that

<F,7">V = _</\,’Yn7°>2 <0 Vre KNRy.
To prove (2.23), we first note that (2.12a) and (2.18) lead to

(2.25) |Qully S (Au + Gu,u)y = (F,u)y.

8
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If Ry = {0}, we have that ||u||§/_1 S Fly-- If Ry # {0} and (2.20) holds, then
(F,Pu)y < 0 and we find that ||Qu|\’{,_1 < ||Fly«. By using the inf-sup conditions
and Holder’s inequality, we can establish the bounds

r—1
(2.26) M5 + el S 1Qully ™ + 1Flly- < 1]y~ -

We then use (2.21) to show that

(2.27) Pl < —(F,Pu)y = (A7 (Qu))s < ||FIfL. .

We finally establish the bound (2.23) by putting together (2.25), (2.26), and (2.27),
and noting that ||ul, < [[Pu|, + ||Qul, . O

3. Abstract discretisation. In this section we propose an abstract discretisa-
tion of the mixed system (2.12) built in terms of a collection of finite dimensional
spaces satisfying certain key properties. We can then introduce a discrete system
analogous to (2.12) and investigate the conditions under which we have a unique so-
lution. Then, we prove Lemmas 3.2, 3.4, and 3.6, which establish upper bounds for
the errors of the discrete solutions.

3.1. The discrete mixed formulation. For each parameter A > 0, let V}, C V,
Qn C Q and ¥;, C L3(T',) be finite dimensional subspaces. We also assume that
Ry C V,, to avoid the need of introducing discrete compatibility conditions. We
define the discrete convex sets

Ah:{uhEEhluhSOOHFb},

and
K ={vn € Vi : (pn, Ton)s >0 Yun € Ap}.

An immediate consequence of the definitions of A;, and K}, is that A, C Abut K ¢ K
unless 7, (V) C Xp. By the assumption Ry C V3 and the fact that Ry is given by
purely vertical translations whenever Ry # {0}, we have that K N Ry = K; N Ry.

The discrete analogue of the variational inequality (2.11) is: find (uy, pp) € Kp X
Qy, such that

(3.1) (Aup + Gup, — Bpp — Fyvp — up)v + (Ban, un)y >0 V(vn,qn) € Kp X Q.
This discrete variational inequality can be written as a mixed problem by introducing

a Lagrange multiplier. This results in the discrete mixed formulation that is the
counterpart of (2.12): find (wp,pn, An) € Vi X Qp x Ay such that

(3.2&) (Auh + Guy, — Bpyp, — F, 'Uh>V — </\h,’7n'0h>2 =0 Yoy € Vp,
(32b) <th, uh>v =0 th c Q}“
(32C) <[I,h — )\h,'ynuh>g >0 V,U,h €.

An advantage of using a mixed formulation at the discrete level is that we explic-
itly enforce a discrete version of the contact conditions (2.5a). Just as in (2.13), it is
possible to show that the conditions A, € Ay and (3.2¢) are equivalent to

(33) <,uh,’ynuh>g >0 V,LLh S Ah, A € Ah and <>\h,’)/n’u,h>2 =0.

9
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In order to state a minimisation problem equivalent to (3.2), we must introduce
the subspace of V}, of discretely divergence-free functions and the discrete convex set
-[O(h: o o o

Vh:{vh e Wy :b(’vh,qh):() Yan GQh} and Kjp =V, N Ky.

Then, the discrete mixed problem (3.2) is equivalent to the minimisation over Ky,
of the functional J : V' — R defined in (2.17), provided that two discrete inf-sup
conditions hold. For V;;, = Vj, NV}, these discrete conditions can be stated as

tha'uh 1%
(3.4) sup {Ban, vr)y 2 llanllq  Van € Qn,
VR EVYh ”vhHV
y YnU
(3.5) sup OS> € S
VR EVS ||'UhHV

When the conditions (3.4) and (3.5) hold, then (3.1), (3.2) and the minimisation of
J over K are equivalent problems. The proofs for such equivalences require the same
arguments as the proofs presented in Appendix A. If J admits a unique minimiser
over Io(h, the discrete inf-sup conditions guarantee a unique solution for (3.2) and
set constraints on the choice of spaces Vj, @p and Xj used when approximating
solutions of (2.12). As in the continuous case, the well-posedness of (3.2) requires the
compatibility condition (2.20) to hold. The theorem below can be proved in the same
way as Theorem 2.3.

THEOREM 3.1. Assume that the discrete inf-sup conditions (3.4) and (3.5) hold.
If Ry = {0}, then a solution to (3.2) exists and is unique. If Ry # {0}, then there is
a unique solution to (3.2) if the compatibility condition (2.20) holds. Conversely, if
Ry # {0} and a solution exists, (2.22) must hold. The solution of (2.12) is bounded
from above independently of h, provided (2.20) holds when Ry # {0}.

3.2. Upper bounds for the velocity error. An important tool presented
in [4, 29] for establishing error estimates for non-Newtonian flows is the use of the
function F. Here, for ease of notation, we denote by F an operator that acts on both
R2*2 and R? by

(3.6) F(A)=|A|"Z A for A € R*?2or A € R%.

This operator is closely related to the operators A and G. Let the operator E :
V xV — R be given by

E(u,v) = [F(Du) — F(D)|[2z 0 + [F(Tu) — F(T0) 3,
We then have that
(3.7) E(u,v) ~ (Au — Av,u — v)y + (Gu — Gv,u — v)y
for all u,v € V. The following variation of Young’s inequality,
(3.8) (Au — Av,u — w)y + (Gu — Gv,u — w)y < eE(u,v) + c.E(u, w),

is valid for any w,v,w € V and € > 0, with the constant ¢ > 0 depending on ¢.
Additionally, the inequalities

2 2 2—r
(3.9) [Dv — DwHLr(Q) < |F(Dv) - F(Dw)||L2(Q) [Dv] + |DwH|L7‘(Q) )

2 2 2—
(3.10) ITv = TwlL.(r,) S IF(Tv) = F(Tw)|p,) I To] + [Twl[ L1, )

10
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hold for any v,w € W'"(Q). A proof for inequalities (3.7) and (3.9) can be found
in [29, Lemmas 2.3, 2.4], and [4, Lemma 2.7] for (3.8), for the case without friction.
The presence of the operator G requires a version of [29, Lemmas 2.3, 2.4] and [4,
Lemma 2.7] stated in terms of vectors in R%. Since these results are based on algebraic
inequalities for matrices, the extension to vectors in R? can be proved by considering
diagonal matrices.

By applying the triangle inequality, (2.18) and (3.9)-(3.10), the velocity error can
be decomposed into two components as

(3.11) lw —unlly S [[P(w —wun)lly + E(w, un).

For the first term on the right of (3.11), which represents the rigid component of the
error, we present the following result:

LEMMA 3.2. Assume that Ry # {0} and that the compatibility condition (2.20)
holds. Let (u,p, \) € VXQXA be the solution to (2.12) and (wpn,ph, An) € VaXQpxAp
o (3.2). Then,

(3.12) P(w = wn)lly S Bl ) + A=l Vi € An.
Proof. Under the assumption that Ry # {0}, we either have that P(u — up) €

Ry NK or —P(u —up) € Ry N K. If P(u — up) € Ry N K, then inequality (2.21)
and the continuous mixed system (2.12) allow us to write

IP(u —wun)lly S —=(FP(u —un))v = Ay (Plu —un)))s,
where the equality follows from (Au + Gu — Bp,P(u — up))y = 0. Then, by noting
that P(u — up) = —Q(u — up) + ©u — uyp, and (A, y,u)x = 0, using inequalities (2.18)
and (3.9)-(3.10), and using the uniform in h boundedness of solutions to (3.2) (see
Theorem 3.1), we arrive at

(3.13) [P(w —wun)lly S E(w, un) — (X ynun)s.

On the other hand, if —P(u — up) € Ry N K, then, by appealing to (2.20) and the
discrete mixed system (3.2),

[P(w —wn)lly S (F,P(u—up))v = —=(An, mm(Pu —up)))s.
Following the same steps as before, we deduce that
(314) ||P('LL - uh)HV 5 E(U, Uh) - <)‘ha ’YTLu>Z S E(u7 ’LLh),

where the final inequality follows from the fact that A\;, < 0 on I'y, by the definition of
Ap. As a result of (3.13) and (3.14), we have that

[P(w — wn)lly < E(w, wn) + max {0, = (A, ynun)s}
in all cases. Finally, given a pj € Ap, we have

—(Anun)s < (pn = A nun) S A — pnlls

because {(pp, ynun)s > 0. a
11
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REMARK 3.3. As mentioned in the introduction, previous analyses of finite ele-
ment approximations of semicoercive variational inequalities either only consider the
error in a seminorm [30] or use indirect arguments to prove the convergence of the ap-
proximate solution in the complete norm [42, 26, 40, 2, 7]. In these cases, arguments
by contradiction involving a sequence of triangulations are used. In Lemma 3.2, on
the other hand, we provide a fully constructive proof for bounding the rigid compo-
nent of the velocity error from above. This result is a key ingredient in obtaining the
error estimates for the finite element scheme presented in the next section. The proof
of Lemma 3.2 relies on dim Ry < 1, which holds for almost all Stokes variational
inequalities considered in glaciology [15, 34, 16, 41, 10].

The second term on the right of (3.11) can be bounded from above by using the
properties of the operator E.

LEMMA 3.4. Let the triples (u,p,A) € VX QX A and (up,pn, An) € Vi X Qn X Ay,
be solutions to (2.12) and (3.2), respectively. Then

(3.15) E(u,un) S B, v) + [P = anllgy + (X = My v (v — un))s
holds for all (vh,qn) € Vi X Qp.
Proof. From (2.12a) and (3.2a), we see that, for any (vp,qn) € Vi, X Qp, we have

(Au — Aup,u — up)y + (Gu — Gup, u — up)y =
(Au — Aup,u — vp)v + (Gu — Gup, u — vp)v
H(BP = qn),vn — un)v + (A = An, Yo (vn — up))s

Using (3.7) and (3.8)
E(u,up) < e1E(u,up) + ce, E(v,vp,)
+(B(P = qn)s vn = un)v + (A = A, Y (Vh — un))s
for an arbitrary €7 > 0. Additionally, by using Young’s inequality,
(B(p—aqn),vn —un)v S cey |lp — %Hé + &2 [[D(up, — ”h)||ir(n)

for any €5 > 0. Then, via (3.9), and by setting 1 and e, sufficiently small, inequality
(3.15) is established.

O

REMARK 3.5. If the pair Vi, xQy, is divergence free in the sense that (Bgqy,, wp)v
0 for all qn, € Qp implies that V-wy, = 0, then the term ||p — qh||i2 in inequality (3.15)
can be removed.

3.3. Upper bounds for the pressure and Lagrange multiplier errors.
We finalise the analysis of the abstract discretisation by bounding the errors for the
pressure and the Lagrange multiplier from above.

LEMMA 3.6. Assume that the discrete inf-sup conditions (3.4) and (3.5) hold. Let

(u,p,\) € V x Q x A be the solution of (2.12) and (wp,pn, An) € Vi X Qn X Ap of
(3.2). Then

(3.16) Ip = pallg S Elw,un)™ +lIp = anlg,

(3.17) 1A= Anllg S Bl un)™ +lp = anllg + 1A = sl

for all q;, € Qp and pp € Xy,
12
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Proof. Since @ and Xj are subsets of ) and X respectively, we can obtain the
following equality from (2.12a) and (3.2a):

<AU — Auy, ’Uh>v + (Gu — Guy, ’Uh>v =

3.18
(3.18) (B(p—pn)svn)v + (A= A, vmvn)s Yo € V.

The inf-sup condition (3.4) for the pressure space holds over the space V; 5, C V3, of
vector fields with a normal component vanishing on I',. For vy, € V, p,, from equation
(3.18) we derive

(B(pr = an),vn)v = (Au — Aup, vp)v + (B(p — qn), va)v.
From the inf-sup condition (3.4) it follows that

<<Au— Aup, o)y
|vnlly

(3.19) lpn —anllg S sup
V€V

>+M—%M.

Then, by Holder’s inequality and [29, Lemma 2.4], we have that

((Au — Auh,vh>v
[wnlly

(3.20) sup

v €Vin

) % IF(Dw) ~ FOw) [

Finally, (3.16) follows by applying the triangle inequality to ||p — px| o and using
(3.19) and (3.20). The bound (3.17) follows in the same way. However, in this case,
the inf-sup condition (3.5) is set over the whole space V},, so the friction term in (3.18)
does not vanish. Following the argument used in [29, Lemma 2.4], we can show that

e r— 2/r!
|||TU| 2Tu - |TUh| QTUhHL?(Fb) S ||F(T’LL) - F(Tuh)HL/?(Fb)

and therefore

< <GU — Guh, ’Uh>v
sup

< |[F(Tw) — F(Tun) |27
oy ) L2(Ty)

v €Vh O

Lemmas 3.2, 3.4, and 3.6 give discretisation error estimates in terms of best
approximation results. To derive a convergence result, we require bounds on these
best approximations. We discuss this in the context of a finite element discretisation
in the next section.

4. A finite element scheme. We now consider a particular finite element dis-
cretisation of the mixed problem (2.12). We introduce a non-degenerate (in the sense
of [6, Definition 4.4.13]) sequence of triangulations 7y, where h > 0 denotes the max-
imum cell diameter in 7. The set of edges in 7T}, is denoted by &,; we assume that
every edge e € &, in 99 is either in Ty, Ty, or T'y. We write &,(T's) and &, (T}) to de-
note the edges in I'y and T, respectively. Associated to each 7y, are the finite element
spaces V3, Qp and Xy, defined by

(4.1a) Vi ={vn € C() :vplc € Pac) YeeT, vp-m=0 onTly4},
(4.1b) Qn = {an € L*(Q) : qu|c € Polc) Vee T},
(4.1(3) Xn = {,uh € LQ(Fb) : uh|e € Po(e) Ve € E(Fb)} .

13
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4.1. Analysis of the scheme. The first step in analysing this discretisation is
to investigate whether the discrete mixed problem (3.2) is well-posed for this choice
of Vi, x Qp, x ¥, subject to the compatibility condition (2.20). Specifically, we must
verify the discrete inf-sup conditions (3.4) and (3.5). The pair V}, x Qp, is well-known to
satisfy (3.4), see [5, Proposition 8.4.3] for the case of r = 2; the general case r € [1, 0]
follows from the same arguments by using the interpolation operator 7y discussed in
Appendix B.2. A proof for (3.5) is presented below using a similar argument to the
one presented in [9, Proposition 3.3].

LEMMA 4.1. The finite element pair Vi, and Xy, defined in (4.1) is inf-sup stable
in the sense of (3.5).

Proof. Let pp € ¥p. By the Hahn-Banach theorem, there is a 1 € % such

that (un,¥)s = ||unllsy and [|9|y = 1. In Appendix B.3 we construct an extension
operator ® : ¥ — Vj, which is bounded uniformly with respect to h, i.e. ||®¥|, <

1¥]ls;, and
(s i (@V))s = (pn, ¥y Yun € i,

for all ¢» € ¥. Then

(V) o i 1 (PP - (B Y n)

il = <
ol Y l2vlly wnevi |[onlly

and the result follows. 0

We end this section with a discussion on the approximability of the mixed system
(2.12). We show that the approximate solutions (uy,pp, A\n) converge to the exact
solutions of (2.12) as h — 0 under a regularity condition, and we establish a rate of
convergence for these approximations.

THEOREM 4.2. Assume that the compatibility condition (2.20) holds whenever
Ry # {0}. Let the triple (u,p,\) € V x Q x A be the solution to (2.12) and
(wn, pr, An) € Vi x Qp, < A, to (3.2). Additionally, assume that (u,p,\) € W27 (Q) x
WL (Q) x W=V (1) and F(Du) € Wh2(Q) and F(Tu) € WH2(Ty). Then

(4.2a) lw —unlly < h,

(4.2b) lp = prllg + IX = Anllse S h2™ +h.

Proof. We proceed by first finding a suitable upper bound for the term involving
the Lagrange multiplier in (3.15). Since (Ap, Yotp)s = 0 and (un, ¥nvn)s > 0 for all
(vn, 1n) € Kp x Ap, one can show that

(A=A, yn(vn —un))s < (X = pn, yn(vn —u))s

(4.3) + O\ = s (w0 — wp))s + (i, YnOn) s

for all (vp, pr) € Kp X Ay. By applying Young’s inequality in (4.3) and using inequal-
ities (3.11), (3.12), and (3.15), we arrive at

(4.4) le — unlly S Ew,00)"? + [lp = anllg + X = pallsy + (nsynvn)s

for all (v, qn, ptn) € Kn X Qp X Ap.

Let my : V. — Vj by the interpolation operator introduced in Appendix B.2.
Additionally, let m7g : @ — Qp and s : L?*(I'y) — Xj be standard interpolation
operators onto the space of piecewise-constant functions. We refer to [14] and the

14
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results in Appendix B.1 for proofs of optimal interpolation error estimates in the @
and ¥’ norms. From the properties of these interpolation operators it follows that
myu € Ky and A € Aj,. Additionally, we have that [ w-nds = [ (7yu)-nds for
alle € &, so

(meX, Wmrvu)s = (A, T (mu))s = (A, Te () — 1ntt)s.
Since (rs A, s (Yntt) — Ypu)y = 0, we have that
(4.5) (oA, v u)s = (A = s\, s (1) — ) s.

Therefore, by setting vy, = myu, g, = mgp, and pp = 7\ in (4.4) and using (4.5),
we can show that

(4.6)

lu = unlly S E(u,myu)'/?

+lp = mapllg + 1A = Al + lme = 7 (el

We then establish (4.2a) with the approximation properties of the interpolation op-
erators presented in Appendices B.1 and B.2 for 7wy and 7y respectively, and [14] for
7g- The estimate (4.2b) then follows from Lemma 3.6. |

REMARK 4.3. The velocity and pressure error estimates coincide with those ob-
tained in [{, Theorem 2.14] and in [29, Theorem 3.1] for the r-Stokes system without
contact or friction boundary conditions. This indicates that these boundary conditions
and the Lagrange multiplier do not reduce the order of convergence. This may be due
to the use of piecewise constant elements for Xyp. In [9], a proof with non-optimal
convergence rates is presented for the case when continuous piecewise quadratic poly-
nomials are used for the Lagrange multiplier.

4.2. Discrete algebraic formulation. We now present an algebraic counter-
part of (3.2) using the finite element spaces specified in (4.1) in terms of matrices
and vectors. Let V}, = span {'vi}fv:“l, Qn = span {qj};i"l and Y; = span {,uk}iv:“l,
where N, = dim V},, Ny = dim @} and N,, = dim . For the functions (wn, pn, A\n) €
Vi, X Qp x Xy, we write u, p and A for the vectors containing the respective degrees
of freedom (DoFs) in R™Y> RN« and RV«. In order to write an algebraic counterpart
of (3.2¢), we need to introduce the discrete normal trace operator

Y : RN — RVe

that returns the average normal components of a vector vy, € V},, along the edges on
I'y. That is, for each ¢ € {1,2,...,N,}

1
(YnVv)i = / vy, - nds,

le:]

where e; € £(T'}) is the unique edge along I';, associated to the degree of freedom in
¥, with index i. Then, the algebraic counterpart of (3.2) can be written in terms of
matrices and vectors as

(4.7a) A.(u)+ G.(u) —Bp—-DA=T{,
(4.7b) B u=0,
(4.7¢) A+ C(Au)=0.

15
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Here, we have introduced the matrices B € RV**Ne and D € RM*Nu the vector
f € R and the nonlinear operators A, : R — RM G, : RY¥ — R and
C : RM: x RV — RM«. The matrices are given by the elements B;; = (Bgj,v;)v
and D;; = (ij,7v;)x and the vector by f; = (F,v;)y. The nonlinear operators are
defined as

(4.8) [Ac(u)]; = /Qa (e + |Du|)" " (Du : Dv;) dx,
(4.9) G.(w)); = /Q 7 (e + |Tul)"% (Tu - Tv;) da,
(4.10) C(A,u) = max {0, —A + c(ynu)},

for an arbitrary ¢ > 0 and a regularisation term ¢ > 0. This regularisation term is
commonly used to avoid numerical complications caused when |Du| or |Tu| is equal
to or very close to zero [32]. In (4.10), the max operation is understood to be carried
out componentwise on each of the elements in the vector —X + c(y,u) € RVe. The
use of the operator C in (4.10) is a common way of expressing contact conditions.
A particular advantage is that the nonlinear system (4.7) can be solved with a semi-
smooth Newton method that enjoys superlinear convergence in a neighbourhood of
the solution [28]. Equation (4.7¢) is equivalent to (3.2c) whenever 3, is defined as in
(4.1c). By solving (4.7¢) we enforce

(4.11) You <0, A<0 and (ypu)-A=0,

exactly, which is the algebraic equivalent of the discrete contact conditions (3.3).

4.3. Numerical results. We present numerical results computed for a Stokes
variational inequality with a manufactured solution on the domain = (0,1)2. Com-
putations of subglacial cavitation with the algorithm presented in this document can
be found in [10]. Subglacial cavitation is a time-dependent problem in which a free
surface is evolved with an advection equation. We do this in [10] by coupling the
algorithm presented in this study with a solver for the advection equation.

The manufactured solution considered here is taken from [4] and is given by

(4.12) w(x) = 2| g, —z1) ", plx) = |2|7,

where the parameters a and ~ are chosen such that u € W2"(Q), p € WL (Q),
F(Du) € W'%(Q) and F(Tu) € W?(I',) hold. This is ensured whenever o > 1
and v > -1+ %7 so we set « = 1.01 and v = -1 + % + 0.01 in order to be critically
close to the regularity assumed in Theorem 4.2.

Contact boundary conditions are enforced on the lower boundary {y = 0}. Given
the velocity and pressure fields defined in (4.12), we have that

(@-n)(z1) = =27, A1) = —a],

on {y = 0}. In order to define the contact boundary conditions in such a way that
both the kinematic and dynamic conditions are active, we define the “obstacles”

X(x1) = {(a.n)(xl) if z¢1 <0.5 o)) = {0 if z1 <0.5

—o—o if £, >05" Mzy) ifazg >05"

16
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Then, for this numerical test we solve the r-Stokes system (2.1) together with the
boundary conditions

(4.13a) u-n<y, A<p and (u-n—x)(A—p)=0 on {y=0},
(4.13b) u-n=u-n on{r=0}
(4.13c¢) Onn = Gnn on 02\ ({y =0} U {z =0}),
(4.13d) Ont = Op¢ on Of,

where & = o(@, p). Boundary conditions are set for the normal velocity along {x = 0}
in (4.13b) to mimic the boundary conditions enforced at I'y and make dim Ry = 1. In
this case, Ry is a one-dimensional vector space containing vertical motions. Therefore,

Ry NK ={(0,0) : 0 <minx},

and, since F' = A.a 4+ G.u — Bp — fy;L;\, we have that

1
(F,7)y :9/ zdz <0
0

for all 7 = (0, 0) with 6 < 0 (note that min x < 0). This proves that the compatibility
condition (2.20) holds and the system is well-posed. Although the functional setting of
this numerical test differs slightly from the setting studied in this paper, the numerical
test contains the fundamental elements of the setting analysed.

We compute solutions to the r-Stokes system on € = (0,1)? with boundary
conditions (4.13) on a sequence of uniformly refined meshes using the finite element
spaces in (4.1). The regularisation parameter in (4.8) is set to ¢ = 10~%. In Glen’s
law (2.2) we fix A = 0.5 and for the friction boundary condition we set 7 = 1. We
consider the values n = 1, 2, 3 and 4, which correspond with » = 2, 1.5, 1.33 and
1.25. The resulting orders of convergence for the velocity are shown in Tables 1 and 2,
and for the pressure and Lagrange multiplier in Table 3. For the Lagrange multiplier
error, we use the discrete norm

lnllss g, = 2" linll oy

which should yield the same order of convergence as the one that would be obtained
with the ¥’ norm by a standard inverse inequality.

Table 1 indicates that the orders of convergence for the velocity in the seminorm
D)l (o and in the V-norm coincide. This demonstrates that the presence of rigid
modes in the velocity space does not affect the accuracy of the velocity computation
in the V-norm. The computed orders of convergence for the velocity in the V-norm
coincide with those estimated in (4.2a). In Table 2 we see that the orders of conver-
gence for the velocity in the L"(£2)-norm appear to increase by one when compared
to the orders computed with the V-norm. On the other hand, the orders of con-
vergence obtained for the pressure appear to be independent of r. A closely related
problem (without contact boundary conditions) is solved in the work of Belenki et
al. [4]. In the work of Belenki et al., the problem is formulated as an r-Stokes problem
with Dirichlet boundary conditions and the MINI element is used for the velocity and
pressure. Interestingly, their numerical results deliver the predicted orders of con-
vergence for the pressure error. Hence, the apparent suboptimality of (4.2b) for the
pressure could be due to the finite elements used here or to the presence of contact
boundary conditions and a Lagrange multiplier. Regarding the Lagrange multiplier,
the estimated orders of convergence are exceeded, but a dependence on 7 is observed.

17

This manuscript is for review purposes only.



e e e B B B S S BN IS BN S N BN S N BN BN RS BN

TABLE 1
Calculated orders of convergence for the velocity computed with a manufactured solution to-
gether with estimated orders according to Theorem /.2.

| ID(u) =D(un)lprq | [ —unlly
h\r 200 1.50 1.33 125200 150 1.33 125

3.54 x 10~1 - - - - - - -
1.77x 107t | 0.96 1.05 1.08 1.11 | 0.97 1.10 1.14 1.18
884 x1072 097 1.03 105 1.07|098 1.06 1.09 1.12
442 x 1072 | 0.97 1.02 1.04 1.06| 098 1.04 1.06 1.08
221 %1072 | 097 1.02 1.03 1.04| 098 1.03 1.04 1.06
1.10 x 1072 | 0.97 1.01 1.02 1.03|0.98 1.02 1.03 1.04

1 | .00 1.00 1.00 1.00 | .00 1.00 1.00 1.00

TABLE 2
Calculated orders of convergence for the velocity in the L™ (Q2)-norm computed with a manufac-
tured solution.

I VR Y PP
h\r 200 150 133 125

3.54x 1071 | - - - -
1.77x 1071 | 1.97 2.07 1.99 1.85
884 %1072 | 195 195 1.87 1.72
442 %1072 | 1.96 196 1.86 1.71
221 %1072 | 196 197 187 1.72
1.10x 1072 | 1.96 1.98 1.87 1.74

5. Conclusions. In this study, we present a Stokes variational inequality that
arises when modelling a symmetrical marine ice sheet. We prove the well-posedness of
this system whenever the subspace of rigid modes in the velocity space is of dimension
at most one under the condition that a compatibility condition holds in Theorem 2.3.
We consider a family of finite element discretisations for this problem in Section 3
and prove an analogous well-posedness result for the discrete system in Theorem 3.1.
Using the techniques from [4, 29], we then establish error estimates for a particular
finite element discretisation in Theorem 4.2. These error estimates, which are verified
with a numerical test using a manufactured solution, indicate that the presence of
rigid modes and the nonlinearity of the friction boundary condition do not affect the
order of convergence of the scheme.

The results from this study give a theoretical justification for using a finite el-
ement discretisation belonging to the family considered in Section 3 in glaciological
applications. Moreover, this analysis can be extended to different contact problems
in glaciology such as the subglacial cavitation problem, where the subspace of rigid
modes present in the velocity space is of dimension one whenever Dirichlet bound-
ary conditions are enforced for the tangential component of the velocity on the top
boundary, as done in [20]. This extension would require taking into consideration the
presence of non-homogeneous boundary conditions for the velocity and the use of a
periodic domain. However, if instead of Dirichlet boundary conditions, we enforce
Neumann boundary conditions on the top boundary, as described in [10], the space
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TABLE 3
Calculated orders of convergence for the pressure and the Lagrange multiplier computed with a
manufactured solution together with estimated orders according to Theorem /.2.

| D — pallg | A= Anllgr p
R\r | 200 150 133 125|200 150 133 1.25

3.54 x 1071 - - - - - -
1.77x 1071 [ 0.88 0.93 096 0.98 | 1.00 1.00 1.00 0.98
8.84x1072 | 0.90 094 097 098] 1.00 1.00 0.98 0.93
442 %1072 | 091 0.95 097 095|101 1.00 096 0.87
221 %1072 0.92 095 097 090 | 1.01 1.00 0.93 0.80
1.10x 1072 [ 0.93 0.96 096 0.84 | 1.01 1.00 0.88 0.73

2/r ‘1.00 0.67 0.5 04 | 100 0.67 05 04

of rigid modes is then of dimension two. This situation would require a more com-
plicated extension that should be considered in future work. Subglacial cavitation is
considered in [10] and the Stokes variational inequality that arises is solved using the
finite element discretisation from Section 4.

A major assumption of this paper is that the domain is two-dimensional. An
extension of the analysis presented here to three dimensions would require a careful
consideration of the rigid modes present in the velocity space, since the space of
rigid modes in three dimensions is larger than in two dimensions. However, in most
problems of interest, three dimensional marine ice sheets are considered to be enclosed
within two lateral walls, see for example [16]. In this case, if the lateral walls and
the bedrock are flat, the space of rigid modes in V' is once again reduced to vertical
movements and is therefore one-dimensional. As a consequence, much of the analysis
from this paper would still be valid in three dimensions. However, the extension
operator presented in Appendix B.3, used to prove Lemma 4.1, relies heavily on the
fact that the domain is two-dimensional. Therefore, the choice of finite elements used
to solve the variational inequality would have to be chosen and studied carefully.

Appendix A. Equivalence of formulations.

In this appendix we demonstrate the equivalence between the strong formulation
(2.1) of the contact problem with boundary conditions (2.4)-(2.6), the variational
inequality (2.11), the minimisation of 7, defined in (2.17), and the mixed formulation
(2.12). This analysis is similar to the one presented in [8], with the difference that in
this case we consider contact boundary conditions.

LEMMA A1 If (u,p) € C3(Q) x CY(R), then the strong formulation (2.1) with
boundary conditions (2.4)-(2.6) holds if and only if the variational inequality (2.11)
is satisfied.

Proof. Let (u,p) € C*(Q) x C'(Q) satisfy (2.1) and (2.4)-(2.6). It is clear that
if (2.1b) holds, then (Bq,u)y = 0 for all ¢ € Q. Let v € K and multiply (2.1a) by
v — u and integrate over (). The equality

- [ [+ @lDu*Du) - V] - (0 - w) e =
(A1)

(Aupr,vfu>Vf/ o(v—u) -nds
19)
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follows from the divergence theorem. We also have that

/ a(’u—u)-nds:/ (onn(v—u) -n+0on - (v—u)) ds.
o9 re)

As a result of the contact conditions (2.5a), we have

/ann('u—u)-'ndSZ—/ pw (v —u) -nds,
Iy Ty

from which the variational inequality (2.11) follows.

The converse statement is deduced by means of the integration by parts formula
(A.1) and the use of the fundamental lemma of calculus of variations with adequate
test functions. The examples in [24, 27] contain similar derivations. |

For the next step, we need to use the inf-sup condition (2.15) between the velocity
and the pressure spaces.

LEMMA A.2. Given a solution (u,p) € K x Q of the variational inequality (2.11),
the velocity field is then divergence free, i.e. u € K and is a minimiser of the func-
tional 7 : K — R defined in (2.17). Conversely, if u € K minimises J : K — R,
then there is a unique p € @ such that (u,p) € K x Q solves (2.11).

Proof. For the first part of the Lemma, for a test function v € K , the variational
inequality (2.11) can be written as

(A.2) (Au+Gu—Fv—u)y >0 YveK.

By the convexity of J and the fact that (DJ (u),v)v = (Au+Gu—F,v)y, it follows
from (A.2) that J(u) < J(v) for all'vEK

Conversely, if we assume w € K to minimise J over K, then u solves (A.2).
Now, using [3, Lemma 3.3], we can decompose v € K into the sum v = vy + w of
a divergence-free velocity field vy € K and the field w € V. Then, the variational
inequality (2.11) will hold if there is a p € @ such that

(A.3) (Au — F,w)y = (Bp,w)y Yw €V,
By (2.15), there is a p € @ for which (A.3) holds and it is unique. |

Finally, we show that the variational inequality (2.11) is equivalent to the mixed
problem (2.12). This proof relies on the fact that the range of the operator 7y, : V — X
is closed.

LEMMA A.3. If (u,p) € K x Q solves the variational inequality (2.11), then there
is a unique X € A such that (u,p, \) is a solution of the mized problem (2.12). Con-
versely, if (u,p,\) € V x Q x A solves (2.12), then (u,p) is a solution of (2.11).

Proof. Equation (2.12a) can be rewritten as
(A.4) YA =Au+Gu—-Bp—F inV"
Since 7, : V — X has a closed range, we have that Ran/, = (Ker~,)°, where
(Kermn)® = {1 € %' (1, 8)s =0V € Kery}
Therefore, if (u,p) € K x @ is a solution to (2.11), then there is unique A € ¥/ if
Au+Gu — Bp— F € (Ker,)°. For aw € Ker+,, we clearly have that u +w € K.
Using the variational inequality (2.11), we can write
(Au+ Gu — Bp — F,w)y =0,
20
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which means that Au+Gu—Bp—F € (Ker~,)°. Next, we must show that A € A and
that (2.12¢) holds. By setting v = 0 and v = 2u in (2.11) we see that (A, y,u)x = 0.
Since y,u < 0 in 3, it follows that (2.12¢) must hold. Finally, A € A follows from
(2.11), (A.4) and the fact that v+ u € K for any v € K.

For the second part of the lemma, if (u,p,\) € V x Q x A solves (2.12), then
V-u=0ae. in, (A\,7,v)s >0 for all v € K and (A, y,u)x, = 0. This implies that
(,ypu)sy > 0 for all g € A, hence u € K. The variational inequality then follows
directly from (2.12) by testing with (v — u, q), where (v,q) € K x Q. d

Appendix B. Technical results on finite element spaces.

B.1. Approximation properties in negative order Sobolev spaces. Sev-
eral technicalities arise from the need to handle the dual space of the fractional Sobolev
space W'=1/"7(I',) and its finite element approximation X,. Let s € (0,1) and

€ [1,00); on I'y, the norm of the fractional Sobolev space W*™(T',) with s € (0,1)
and m € [1, 00] can be defined by

(B.1) BT ey = 1B oy + (B

where ‘m
()T o.m / / dxdy,
wem(Ly) = r, Jr, |$ _ y‘l-‘y—sm

see [1 1]. In order to prove certain approximation properties on ;, we need to introduce
some theoretical results. We start by defining the following pair of spaces

gy ={oerm@: [oar—o}. wimio = wemionrye

for an edge e € £(T',). We can use the fractional normed Poincaré inequality proved
in [14, Lemma 7.1] to show that

(B.2) 10l ey < lel*[Plwamiey Vo € W5 (e).
Inequality (B.2) can be extended to negative norms by writing the L™ (e) norm for
any ¢ € L™(T) as

J v ds
||¢||Lm(e) = sup
werm (e) 1Pl pm (e

and deducing that, if ¢ € L7*(e), we have
[ o ds
6l (wemeyy = sup  t——
R %1l sm (e

; Je o ds
<lel* sup ]
veL™ (e)

(B.3)
= le|*[|¢]

L™ (e)

Lm’ (e)

For the finite element space X, defined in (4.1c), let ms : L™(T,) — 35, be the
standard interpolation operator onto piecewise constant polynomials which takes the
average of functions over each e € £(T'y). Then, from inequality (B.2) we can prove
error estimates in fractional norms. Moreover, (B.3) leads to

(B.4) 16 = 7l wremryyy S 22 Néllwrem x,)

where h = max {|e| : e € E(Tp)}.
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B.2. An interpolation operator for the velocity. Here, we compile a variety
of results from different sources and prove a result regarding an interpolation operator
for the velocity that preserves the discrete divergence and maps elements of K into
K. We denote by 7y the interpolation operator introduced in [22, Section 3.1] that is
defined as follows for each component of a vector-valued function: for a non-degenerate
simplex K € 7T, with edges {e;}?_, and vertlces {a;}3_,, we define the nodal basis
functions ¢, with € {e;}3_; U {az}z 1

bar(a5) = 61 /qsal ds =0, /aﬁel ds =5y, e (ay) =

for all 4,5 € {1,2,3}. For each vertex a; we choose a an edge eq, € {e;}7_; such that
a; € €,,. We then define the dual basis functions {tq, }?_; by

/ wai ¢y ds = 5049:7 wai € P, (eai);

where 2 denotes the edge eq, or its two end-points. We then define (the scalar version
of) my by

3

(ryu)(x) = (l / utha, ds] a, (@) + [ / uds} Pe, <w>> :

=1

When considering the definition of 7y in terms of a triangulation 7, of €2, for
vertices a € 9L, we set the associated edge e, to also be contained in 9€2. Then, we
have that 7y (V) C V}, and we can prove (B.9).

If the spaces Vj,, @), and ¥j, are defined as in (4.1), a straightforward consequence
of the definition of my, is that

(B.5) (Bgn,v)v = (B, mvo)v V(v,qn) €V x Qp,
(B.6) (1th, YnV) s = (fh, Tn TV V)5 Y(v,pup) €V x Xy,

Additionally, the interpolation operator my has two key approximation properties.
First, the optimal approximation property

(B.7) v — 7TVUHstm(Q) SRt ||U||ws+kvm(9)

holds for all m > 0 and s,k € N such that 0 < s <3 and 0 < k < 3—s. Finally, given
the operator F defined in (3.6), the additional approximation property holds:

(B.5) [F(Dv) ~ FDmy0)l| 200y S 1 [VFD) | 20

Property (B.7) is shown to hold in [22]. On the other hand, (B.8) follows from [4,
Theorem 3.4] by applying Poincaré’s inequality once points (a) and (b) from Assump-
tion 2.9 in that reference are shown to hold. These two points result from (B.5) and
(B.7).

Finally, we may also prove that

(B.9) |F(Tv) — E(Tryo)| oy S S [IVE(T)] 2,
ecE(09)
enTy#0
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by imitating the proof for [4, Theorem 3.4] and applying Poincaré’s inequality. Most
of the steps in this proof draw from algebraic relations for the function F and the
N-functions considered therein that continue to be valid in our context. Additionally,
we need the following Orlicz-continuity result analogous to that of [4, Theorem 3.2]:
for an N-function ¢ with Ay(1)) < co and an edge e € E(T),

/w(\vades < ¥ / (| Tv]) ds.

e’ eE(0N)
ene’£0

We may show the above inequality to hold by following the proof of [12, Theorem 4.5]
and using the local L'-estimate for e € £(T}):

/\vav|ds§ 3 /|Tv|ds.

e’ €E(0N)
ene’#0
To prove this inequality, we turn to the definition of 7y and use the bounds

||7/1a||Loo(ea) Slel ™, ||¢aHL1(ea) S lel  and ||¢e||L1(e) S L

B.3. An extension operator. In this section we prove an auxiliary result re-
quired for the proof of Lemma 4.1. We build an extension operator ® : ¥ — V}, which
is uniformly bounded and satisfies

(B.10) (tn, ¥ (D))s = (pn, ) Vun € X

Step 1. We will first find a uniformly bounded linear operator IT : ¥ — ~,,(V3)
with the property that

(B.11) /((b —I¢p)ds =0 for any e € E(T') and ¢ € X.

Let
A= {¢h S C(Fb) : ¢h‘e S Pg(e) Ve € g(Fb)}

and note that Z, C v,(V3). For ¢ € ¥ and e € £(Ty), we define Iy : ¥ — Z,, by
setting

(ITz¢)(a) = 0 for the endpoints a in e,

/6H2¢>ds:/€¢ds.

We clearly have that Ilo¢ = 0 if and only if }° o, [, [#]ds = 0, so the latter
defines a norm on II3(X). By exploiting this fact and the norm equivalence on finite
dimensional spaces, one can see that

M2@llyys-1/mrey S lel™ Nl Ve € E(Ts)

for all ¢ € X. Now, let 7z : ¥ — Z; be the quasi-interpolation operator defined in
[14]. This operator is uniformly bounded in the W'=/7"(T,) norm and satisfies

¢ — 7TZ¢||Lr(e) S ‘€|171/T ||¢||W171/r,r(e)
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for any edge e € £(T'y) and function ¢ € ¥. As a result, the operator I = 7z + 1o (1 —
mz) is uniformly bounded and possesses the required property (B.11).

Step 2. For the final step, we define a uniformly bounded operator v, }l c (Vi) —

V}, for which V;}quh -n = ¢y on I',. This operator can be defined as the solution of
the problem:

/ V(’y;}%b;» :Vop,de =0 Yovy, € Vp,
Q
SO on Iy,
’Y;}L(bh n=0 on T'y.

Then, the operator ® =, }L o IT is uniformly bounded and property (B.10) holds.

REMARK B.1. The construction of the uniformly bounded operator II : ¥ —

Y (V1) in step 1 above closely resembles that of the Fortin operator in [5, Proposition
8.4.3]. In fact, the operator ® o, : V. — V}, effectively acts as a Fortin operator in
the proof of Lemma 4.1.
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