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Abstract. Stokes variational inequalities arise in the formulation of glaciological problems5
involving contact. We consider the problem of a two-dimensional marine ice sheet with a grounding6
line, although the analysis presented here is extendable to other contact problems in glaciology, such7
as that of subglacial cavitation. The analysis of this problem and its discretisation is complicated8
by the nonlinear rheology commonly used for modelling ice, the enforcement of a friction boundary9
condition given by a power law, and the presence of rigid modes in the velocity space, which render the10
variational inequality semicoercive. In this work, we consider a mixed formulation of this variational11
inequality involving a Lagrange multiplier and provide an analysis of its finite element approximation.12
Error estimates in the presence of rigid modes are obtained by means of a specially-built projection13
operator onto the subspace of rigid modes and a Korn-type inequality. These proofs rely on the fact14
that the subspace of rigid modes is at most one-dimensional, a property which is a consequence of15
the two-dimensionality of the domain. Numerical results are reported to validate the error estimates.16
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1. Introduction. We consider the problem of a marine ice sheet resting on20

a bedrock and sliding into the ocean, where it goes afloat. Such a configuration is21

found in Greenland and Antarctica, and the dynamics of the grounding line, the point22

where ice loses contact with the bedrock, is of crucial importance for predicting future23

sea level rise and comprehending large scale climate dynamics [44, 37, 35, 21]. This24

contact problem is modelled by coupling a Stokes problem for the ice flow with a time-25

dependent advection equation for the free surface. At each instant in time, the Stokes26

equation must be solved with contact boundary conditions that allow the detachment27

of the ice from the bedrock. These contact conditions transform the instantaneous28

Stokes problem into a variational inequality. Similar contact conditions appear in29

a related problem of subglacial cavitation (see Remark 2.1 below), which is also of30

fundamental importance in glaciology [18, 36, 45], and the results presented in this31

work are extendable to such problems [10].32

Numerous finite element simulations of these equations have been carried out33

[13, 16, 41]. However, to the best of our knowledge, no formal analysis of these prob-34

lems and their approximation exist in the mathematical literature. Moreover, we35

believe that the discretisations used in these computations can be improved upon,36

by exploiting the structure of the variational inequality. Although the Stokes varia-37

tional inequality is superficially similar to the elastic contact problem, which has been38

widely studied [33, 27], the Stokes problem in the context of marine ice sheets with a39

grounding line includes three substantial difficulties that must be addressed carefully:40

the presence of rigid body modes in the space of admissible velocities, the nonlinear41

rheological law used to model ice as a viscous fluid, and the nonlinearity of the friction42

boundary condition.43

In this work we analyse the instantaneous Stokes variational inequality and its44

approximation. The presence of rigid body modes renders this problem semicoercive.45
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Although semicoercive variational inequalities have been studied in the past [26, 40, 2],46

existing analyses use purely indirect arguments which give very limited information47

on how different meshes and finite elements affect the discretisation. Here, we present48

a novel constructive approach based on the use of a specially designed projection49

operator onto the subspace of rigid modes that satisfies a Korn type inequality. Error50

estimates are obtained for the rigid component of the velocity error by exploiting the51

fact that the dimension of the subspace of rigid modes is at most one. The nonlinear52

rheology and friction boundary condition complicate the estimation of errors for the53

discrete problem. Here, we use the techniques from [4, 29] to establish a convergence54

analysis.55

We propose a mixed formulation of the Stokes variational inequality where a La-56

grange multiplier is used to enforce the contact conditions. This formulation permits57

a structure-preserving discretisation that explicitly enforces a discrete version of the58

contact conditions, up to rounding errors. This allows for a precise distinction between59

regions where the ice detaches from the bed and those where it remains attached. This60

precision is extremely useful when coupling the Stokes variational inequality with the61

time-dependent advection equation for the free surface. Numerical results with this62

scheme in the context of subglacial cavitation can be found in [10].63

1.1. Outline of the paper. In Section 2, the Stokes variational inequality and64

its mixed formulation are presented. We prove a Korn-type inequality involving a65

projection operator onto the subspace of rigid modes that will be used throughout the66

analysis, and we demonstrate that the mixed formulation is well posed. In Section 3,67

we analyse a family of finite element approximations of the mixed problem and present68

error estimates in terms of best approximation results for the velocity, pressure and69

Lagrange multiplier. Finally, in Section 4, a concrete finite element scheme involving70

quadratic elements for the velocity and piecewise constant elements for the pressure71

and the Lagrange multiplier is introduced. We then present error estimates for this72

scheme and we solve a problem with a manufactured solution to calculate convergence73

rates and compare these with our estimates.74

1.2. Notation. Given two normed vector spaces X and Y and a bounded linear75

operator T : X → Y , the dual of X is denoted by X ′ and the dual operator to T by76

T ′ : Y ′ → X ′. The range of T is denoted by RanT and its kernel by KerT . The norm77

in X is denoted by ‖·‖X and the pairing between elements in the primal and dual78

spaces by 〈f, x〉X for f ∈ X ′ and x ∈ X. We will work with the Lebesgue and Sobolev79

spaces Wm,r(Ω), where m ≥ 0 and r ≥ 1, defined as the set of functions with weak80

derivatives up to order m which are r-integrable. When m = 0 we write Lr(Ω). The81

space of polynomials of degree k over a simplex E (interval, triangle, tetrahedron) is82

denoted by Pk(E). The space of continuous functions over a domain Ω is given by83

C(Ω). Vector-valued functions and vector-valued function spaces will be denoted with84

bold symbols, e.g. u and Wm,r(Ω). We write f ∼ g, f . g and f & g if there exist85

generic constants c, C > 0 such that cf ≤ g ≤ Cf , cf ≤ g, and cf ≥ g, respectively.86

Throughout this work, we assume that these generic constants do not depend on the87

mesh size or on the continuous and discrete solutions of the problem.88

2. Formulation of the problem. In this section we introduce the semicoercive89

variational inequality that arises in the study of marine ice sheets and present its90

formulation as a mixed problem with a Lagrange multiplier. We then analyse the91

existence and uniqueness of solutions for the mixed problem.92
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Fig. 1. Geometry of the problem under consideration. The domain Ω represents a half of a
symmetric marine ice sheet. The boundary of Ω is partitioned into Γb (the ice-bedrock interface),
Γs (the ice-ocean and ice-atmosphere interface), and Γd (the symmetry axis). The horizontal dotted
line represents the sea level.

2.1. A model for ice flow. We consider a two-dimensional symmetrical marine93

ice sheet resting on a bedrock and sliding into the ocean. This is the most common94

configuration considered when studying marine ice sheets [38, 37, 13] and is generally95

used as a benchmark test case [34]. We denote by Ω ⊂ R2 the domain which represents96

one half of the ice sheet and we assume it to be connected and polygonal. The97

latter assumption is made to simplify the analysis, but we expect the essential results98

presented here to extend to domains with smooth enough boundaries. Ice is generally99

modelled as a viscous incompressible flow whose motion is described by the Stokes100

equation [19]:101

−∇ · (2η(|Du|)Du) +∇p = f in Ω,(2.1a)102

∇ · u = 0 in Ω.(2.1b)103104

In the equations above, u : Ω→ R2 represents the ice velocity, p : Ω→ R the pressure105

and f : Ω→ R2 is a prescribed body force, generally due to gravitational forces. The106

tensor Du is the symmetric part of the velocity gradient, that is,107

Du =
1

2

(
∇u+∇u>

)
.108

The coefficient η(|Du|) is the effective viscosity of ice, which relates the stress and109

strain rates. A power law, usually called Glen’s law [23], is the most common choice110

of rheological law for ice:111

η(|Du|) =
1

2
A−1/n

(
1

2
|Du|2

) 1−n
2n

.(2.2)112
113

Here, | · | represents the Frobenius norm of a matrix: for B ∈ Rm×m with components114

Bij we have |B|2 =
∑
ij Bij . The field A ∈ L∞(Ω) is a prescribed function for which115

ess infA > 0. The parameter n is constant and is usually set to n = 3; for n = 1 we116

recover the standard linear Stokes flow. From now on, we simply write117

η(|Du|) =
1

2
α|Du|r−2,(2.3)118

119
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where α = (1/2)(r−2)/2A1−r is in L∞(Ω) and satisfies α ≥ α0 a.e. on Ω for some120

α0 > 0. Moreover, r = 1 + 1/n is in (1, 2] for n ≥ 1. This expression for η reveals121

the r-Stokes nature of the problem when considered as a variational problem in the122

setting of Sobolev spaces.123

2.2. Boundary conditions. For a given velocity and pressure field, we define124

the stress tensor σ = σ(u, p) by125

σ = α|Du|r−2Du− pI,126

where I : Ω → R2×2 is the identity tensor field. Let n denote the unit outward-127

pointing normal vector to the boundary ∂Ω and T = I − nn> the orthogonal pro-128

jection onto the tangential component to the boundary. We define the normal and129

tangential stresses at the boundary as130

σnn = (σn) · n and σnt = Tσn.131132

The boundary ∂Ω is partitioned into three disjoint open sets Γs, Γb and Γd of133

positive measure, see Figure 1. The subset Γs represents the part of the boundary in134

contact with the atmosphere and the ocean. Here we enforce135

σnn = ps and σnt = 0 on Γs,(2.4)136137

where ps : Γs → R represents a prescribed surface traction force. On Γb the ice is in138

contact with the bedrock. Here, we enforce the contact conditions which allow the ice139

to detach from but not penetrate the bedrock. In particular, detachment can occur140

if the normal stress equals the subglacial water pressure, which is defined everywhere141

along a thin lubrication layer in between the ice and the bedrock. We also assume142

that the ice slides along the bedrock according to a power law. Then, the boundary143

conditions on Γb are given by144

u · n ≤ 0, σnn ≤ −pw and (u · n) (σnn + pw) = 0 on Γb,(2.5a)145

σnt = −τ |Tu|r−2Tu on Γb,(2.5b)146147

where pw : Γb → R is the water pressure at the ice-bedrock interface and τ > 0 a con-148

stant. A power-law boundary condition as in (2.5b) was first proposed by Weertman149

[43] and has since become a popular model for glacier sliding [25, 19].150

Finally, Γd represents the ice divide of the ice sheet, which is essentially its symme-151

try axis. As such, it is a vertical surface on which we enforce the symmetry conditions152

u · n = 0 and σnt = 0 on Γd.(2.6)153154

2.3. The mixed formulation. We now present the mixed formulation whose155

analysis and approximation is the focus of this work. To do so, we first write (2.1)156

with boundary conditions (2.4)-(2.6) as a variational inequality. Then, we introduce157

the mixed formulation by defining a Lagrange multiplier which enforces a constraint158

that arises due to the contact boundary conditions (2.5a). In Appendix A we specify159

and prove the sense in which these different formulations are equivalent.160

In order to build a weak formulation of (2.1) and (2.4)-(2.6), we must first define161

suitable function spaces in which to seek the velocity and the pressure. For r′ =162

1/(r − 1), we write163

V =
{
v ∈W 1,r(Ω) : v · n = 0 on Γd

}
, Q = Lr

′
(Ω).164165
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We denote by γn : V → Lr(Γb) the normal trace operator onto Γb. This operator is166

built by extending to V the operator v 7→ v · n on Γb, defined on smooth functions.167

The closed convex subset K of V is then defined by168

K = {v ∈ V : γnv ≤ 0 a.e. on Γb} .169170

We also introduce the operators A : V → V ′, G : V → V ′ and B : Q → V ′, defined171

by172

〈Au,v〉V =

∫
Ω

α|Du|r−2 (Du : Dv) dx,(2.7)173

〈Gu,v〉V =

∫
Γb

τ |Tu|r−2 (Tu ·Tv) ds,(2.8)174

〈Bq,v〉 =

∫
Ω

(∇ · v) q dx.(2.9)175
176

Moreover, the action of the applied body and surface forces on the domain Ω is177

expressed via the function F ∈ V ′, defined as178

〈F,v〉V =

∫
Ω

f · v dx+

∫
Γs

ps (v · n) ds−
∫

Γb

pw (v · n) ds.(2.10)179

180

In order for (2.10) to make sense, we require f ∈ Lr
′
(Ω), ps ∈ Lr

′
(Γs) and pw ∈181

Lr
′
(Γb). Then, (2.1) with boundary conditions (2.4)-(2.6) can be reformulated as the182

variational inequality: find (u, p) ∈ K ×Q such that183

〈Au+Gu−Bp− F,v − u〉V + 〈Bq,u〉V ≥ 0 ∀(v, q) ∈ K ×Q.(2.11)184185

In the mixed formulation, the constraint v ·n ≤ 0 on Γb is enforced via a Lagrange186

multiplier. We denote the range of γn by Σ and equip this space with the W 1−1/r,r(Γb)187

norm. We assume the geometry of Ω and Γb to be sufficiently regular for this space188

to be a Banach space, see [33, Section 5], [27, Chapter III] and [1, Chapter 7] for189

discussions on normal traces and trace spaces. The Lagrange multiplier is sought in190

the convex cone of multipliers191

Λ = {µ ∈ Σ′ : 〈µ, ζ〉Σ ≥ 0 ∀ζ ∈ Σ s.t. ζ ≤ 0} .192

The equivalent mixed formulation of (2.11) is: find (u, p, λ) ∈ V ×Q× Λ such that193

〈Au+Gu−Bp− F,v〉V − 〈λ, γnv〉Σ = 0 ∀v ∈ V,(2.12a)194

〈Bq,u〉V = 0 ∀q ∈ Q,(2.12b)195

〈µ− λ, γnu〉Σ ≥ 0 ∀µ ∈ Λ.(2.12c)196197

The Lagrange multiplier λ essentially coincides with σnn + pw on Γb. Indeed, if198

the solution to (2.12) is sufficiently smooth for integration by parts to hold, we arrive199

at λ = σnn + pw on Γb. Moreover, the conditions λ ∈ Λ and (2.12c) are equivalent to200

〈µ, γnu〉Σ ≥ 0 ∀µ ∈ Λ, λ ∈ Λ and 〈λ, γnu〉Σ = 0,(2.13)201202

which is a weak representation of the contact boundary conditions (2.5a).203
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2.4. Well posedness of the mixed formulation. Questions on the existence204

and uniqueness of solutions of the mixed system (2.12) can be answered by studying an205

equivalent minimisation problem. This equivalence depends on the so-called inf-sup206

property holding for the operators B and γn. Let207

Vb = {v ∈ V : γnv = 0 a.e. on Γb} .(2.14)208209

These inf-sup conditions can be stated as210

sup
v∈Vb

〈Bq,v〉V
‖v‖V

& ‖q‖Q ∀q ∈ Q,(2.15)211

sup
v∈V

〈µ, γnv〉Σ
‖v‖V

& ‖µ‖Σ′ ∀µ ∈ Σ′.(2.16)212
213

Condition (2.15) is proved in [31, Lemma 3.2.7] and (2.16) follows from the inverse214

mapping theorem because γn is surjective onto the Banach space Σ. We also define215

the space of divergence-free functions V̊ and the convex set K̊ as216

V̊ = {v ∈ V : ∇ · v = 0} and K̊ = V̊ ∩K.217218

Then, (2.12) is equivalent to the minimisation of the functional219

J (v) =
1

r

∫
Ω

α|Dv|r dx+
1

r

∫
Γb

τ |Tv|r ds− 〈F,v〉V(2.17)220

221

over K̊, see Appendix A. The existence of minimisers of J over K̊ hinges on whether222

the set223

RV =

{
r ∈ V :

∫
Ω

|Dr|r dx+

∫
Γb

|Tr|r ds = 0

}
224

225

is equal to or larger than the trivial set {0}. As shown in [33, Lemma 6.1], the kernel226

of D coincides with the set of rigid modes in Ω, defined by227

R =

{
r ∈H1(Ω) : r(x, y) =

(
a
b

)
+ ω

(
−y
x

)
, (a, b, ω) ∈ R3

}
.228

229

Hence, RV is the set of rigid modes r ∈ R satisfying Tr = 0 on Γb and r · n = 0230

on Γd. For this reason, the dimension of RV can be at most 1 whenever Γb is a flat231

surface perpendicular to Γd. In this case, RV is given by purely vertical translations.232

Remark 2.1. Although a flat bedrock may appear to be unrealistic, these are con-233

sidered in many theoretical studies of marine ice sheets [38, 34, 41]. One-dimensional234

subspaces of rigid modes in V also arise in marine ice sheets which can slide freely235

(τ = 0) and in the subglacial cavity problem considered in [20, 10] (whenever a hor-236

izontal velocity boundary condition is imposed at the top boundary). An analysis of237

these two problems and their discretisation can be completed using the techniques and238

steps presented in this paper.239

We define the projection operator P : V → RV by240

P(v) =


∫

Γb
v · n ds∫

Γb
eR · n ds

eR if dimRV = 1,

0 if dimRV = 0,

241

242
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where eR ∈ RV is a basis function that spans RV when dimRV = 1. We choose this243

projection operator because it satisfies P(K) ⊂ K. The operator Q = I−P then maps244

elements in V onto a closed subspace whose intersection with RV is {0}. As a result,245

we have the following variation of Korn’s inequality:246

Lemma 2.2. The inequality247

‖Qv‖V . ‖Dv‖Lr(Ω) + ‖Tv‖Lr(Γb)
(2.18)248

249

holds uniformly for all v ∈ V .250

Proof. Following the proof of [8, Lemma 3], we first notice that (2.18) follows251

from252 ∫
Ω

|v|r dx .
∫

Ω

|Dv|r dx+

∫
Γb

|Tv|r ds ∀v ∈ RanQ(2.19)253

254

due to the generalised Korn inequality [8, Lemma 2]. Since RanQ ∩ RV = {0}, the255

proof of (2.18) is completed by assuming (2.19) to be false and mimicking the steps256

in the proof of [8, Lemma 3].257

Whenever RV 6= {0}, (2.12) is semicoercive in the sense that the operator A +258

G has a nontrivial kernel. In Theorem 2.3 below, we show that a consequence of259

semicoercivity is that (2.12) will have a solution only when the following compatibility260

condition holds:261

〈F, r〉V < 0 ∀r ∈ (RV ∩K) \ {0}.(2.20)262263

Condition (2.20) allows us to establish the well-posedness of (2.12) and the error264

estimates, because the restriction of the map r 7→ 〈F, r〉V to the boundary of the unit265

ball in K ∩RV is a continuous map defined over a compact set. Therefore, whenever266

(2.20) holds, we have the inequality267

δ ‖r‖V ≤ −〈F, r〉V ∀r ∈ RV ∩K,(2.21)268269

where270

δ = min
r∈RV ∩K,
‖r‖V =1

−〈F, r〉V .271

272

Inequality (2.21) is used to prove that the solutions to the continuous and discrete273

problems are bounded from above in Theorems 2.3 and 3.1 below, respectively. It is274

also used in the proof of Lemma 3.2 to obtain error estimates for the rigid component275

of the velocity error.276

The importance of the compatibility condition (2.20) is well-known in the study277

of semicoercive variational inequalities, see [30, 40, 33] in the context of general vari-278

ational inequalities and [39, 8] in a glaciological setting. The compatibility condition279

has the geometrical interpretation that the applied force F should have an obtuse280

angle with the directions of escape of the body given by RV ∩K, which in this case281

correspond with vertical upward movements whenever Γb is flat.282

Theorem 2.3. If RV = {0}, then a solution to (2.12) exists and is unique. If283

RV 6= {0}, then there is a unique solution to (2.12) provided the compatibility condi-284

tion (2.20) holds. Conversely, if RV 6= {0} and a solution exists, we have that285

〈F, r〉V ≤ 0 ∀r ∈ RV ∩K.(2.22)286287
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Moreover, a solution (u, p, λ) ∈ V ×Q× Λ of (2.12) is bounded from above, i.e.288

‖u‖V + ‖p‖Q + ‖λ‖Σ′ . 1,(2.23)289
290

if (2.20) holds when RV 6= {0}.291

Proof. If RV = {0}, then Q = I and we can establish the coercivity of J with292

(2.18). Existence then follows from [15, Theorem 2, Section 8.2] due to the convexity293

of J [8]. We may prove existence when RV 6= {0} and (2.20) holds with the method294

used in [17, 1.II]. If a minimising sequence (un) in K̊ contains a bounded subsequence,295

then we may extract a subsequence that converges weakly to a point u. By the weak296

lower semicontinuity of J , we can then show that u minimises J . We must therefore297

show that a minimising sequence (un) has a bounded subsequence. Assume it does298

not; we must then have that ‖un‖V →∞. From inequality (2.18) we deduce that299

‖Qun‖rV . J (un) + 〈F,un〉V .(2.24)300301

We define wn = un/ ‖un‖V and deduce from (2.24) that302

‖Qwn‖rV .
1

‖un‖rV
J (un) +

‖F‖V ∗
‖un‖r−1

V

.303

304

Hence, Qwn → 0 as n→∞. Also, since ‖w‖V = 1, we have that Pwn is bounded in305

RV , so there is a subsequence, which we also denote by (wn), that converges to a r ∈306

RV . In fact, since Qwn → 0, we have that wn → r and therefore r ∈ (K̊ ∩RV ) \{0}.307

We reach a contradiction when we write (2.24) as308

‖un‖r−1
V ‖Qwn‖rV .

1

‖un‖V
(J (un)− J (0)) + 〈F,wn〉V .309

310

and observe that the lim sup of the left-hand side is strictly positive, while the lim inf311

of the right-hand side is strictly negative due to the compatibility condition (2.20).312

Regarding the uniqueness of solutions, if u1 and u2 are two minimisers for J in313

K̊, it follows that314

〈Au1 −Au2,u1 − u2〉V + 〈Gu1 −Gu2,u1 − u2〉V ≤ 0.315316

Since the operator A+G is monotone, the inequality above must be an equality and317

using (2.18) we deduce that ‖Q(u1 − u2)‖V = 0. Therefore, if u ∈ K̊ minimises318

J , any other minimiser must be of the form u + r with r ∈ RV . If RV = {0},319

we see that any solution must be unique. On the other hand, if RV 6= {0}, since320

J (u+r) = J (u) +F (r), the function r ∈ RV must also satisfy F (r) = 0. Moreover,321

whenever (2.20) holds, we have that F (r) = 0 if and only if r = 0 because dimRV = 1.322

As a result, r = 0 and the solution is unique.323

For the converse statement, assume RV 6= {0} and let (u, p, λ) solve (2.12). Then,324

from (2.12a) we deduce that325

〈F, r〉V = −〈λ, γnr〉Σ ≤ 0 ∀r ∈ K ∩RV .326327

To prove (2.23), we first note that (2.12a) and (2.18) lead to328

‖Qu‖rV . 〈Au+Gu,u〉V = 〈F,u〉V .(2.25)329330
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If RV = {0}, we have that ‖u‖r−1
V . ‖F‖V ∗ . If RV 6= {0} and (2.20) holds, then331

〈F,Pu〉V ≤ 0 and we find that ‖Qu‖r−1
V . ‖F‖V ∗ . By using the inf-sup conditions332

and Hölder’s inequality, we can establish the bounds333

‖λ‖Σ′ + ‖p‖Q . ‖Qu‖r−1
V + ‖F‖V ∗ . ‖F‖V ∗ .(2.26)334

335

We then use (2.21) to show that336

‖Pu‖V . −〈F,Pu〉V = 〈λ, γn(Qu)〉Σ . ‖F‖r
′

V ∗ .(2.27)337338

We finally establish the bound (2.23) by putting together (2.25), (2.26), and (2.27),339

and noting that ‖u‖V ≤ ‖Pu‖V + ‖Qu‖V .340

3. Abstract discretisation. In this section we propose an abstract discretisa-341

tion of the mixed system (2.12) built in terms of a collection of finite dimensional342

spaces satisfying certain key properties. We can then introduce a discrete system343

analogous to (2.12) and investigate the conditions under which we have a unique so-344

lution. Then, we prove Lemmas 3.2, 3.4, and 3.6, which establish upper bounds for345

the errors of the discrete solutions.346

3.1. The discrete mixed formulation. For each parameter h > 0, let Vh ⊂ V ,347

Qh ⊂ Q and Σh ⊂ L2(Γb) be finite dimensional subspaces. We also assume that348

RV ⊂ Vh to avoid the need of introducing discrete compatibility conditions. We349

define the discrete convex sets350

Λh = {µh ∈ Σh : µh ≤ 0 on Γb} ,351

and352

Kh = {vh ∈ Vh : 〈µh, γnvh〉Σ ≥ 0 ∀µh ∈ Λh} .353

An immediate consequence of the definitions of Λh and Kh is that Λh ⊂ Λ but Kh 6⊂ K354

unless γn(Vh) ⊂ Σh. By the assumption RV ⊂ Vh and the fact that RV is given by355

purely vertical translations whenever RV 6= {0}, we have that K ∩RV = Kh ∩RV .356

The discrete analogue of the variational inequality (2.11) is: find (uh, ph) ∈ Kh×357

Qh such that358

〈Auh +Guh −Bph − F,vh − uh〉V + 〈Bqh,uh〉V ≥ 0 ∀(vh, qh) ∈ Kh ×Qh.(3.1)359360

This discrete variational inequality can be written as a mixed problem by introducing361

a Lagrange multiplier. This results in the discrete mixed formulation that is the362

counterpart of (2.12): find (uh, ph, λh) ∈ Vh ×Qh × Λh such that363

〈Auh +Guh −Bph − F,vh〉V − 〈λh, γnvh〉Σ = 0 ∀vh ∈ Vh,(3.2a)364

〈Bqh,uh〉V = 0 ∀qh ∈ Qh,(3.2b)365

〈µh − λh, γnuh〉Σ ≥ 0 ∀µh ∈ Σh.(3.2c)366367

An advantage of using a mixed formulation at the discrete level is that we explic-368

itly enforce a discrete version of the contact conditions (2.5a). Just as in (2.13), it is369

possible to show that the conditions λh ∈ Λh and (3.2c) are equivalent to370

〈µh, γnuh〉Σ ≥ 0 ∀µh ∈ Λh, λh ∈ Λh and 〈λh, γnuh〉Σ = 0.(3.3)371372
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In order to state a minimisation problem equivalent to (3.2), we must introduce373

the subspace of Vh of discretely divergence-free functions and the discrete convex set374

K̊h:375

V̊h = {vh ∈ Vh : b(vh, qh) = 0 ∀qh ∈ Qh} and K̊h = V̊h ∩Kh.376

Then, the discrete mixed problem (3.2) is equivalent to the minimisation over K̊h377

of the functional J : V → R defined in (2.17), provided that two discrete inf-sup378

conditions hold. For Vb,h = Vh ∩ Vb, these discrete conditions can be stated as379

sup
vh∈Vb,h

〈Bqh,vh〉V
‖vh‖V

& ‖qh‖Q ∀qh ∈ Qh,(3.4)380

sup
vh∈Vh

〈µh, γnvh〉Σ
‖vh‖V

& ‖µh‖Σ ∀µh ∈ Σh.(3.5)381

382

When the conditions (3.4) and (3.5) hold, then (3.1), (3.2) and the minimisation of383

J over K̊ are equivalent problems. The proofs for such equivalences require the same384

arguments as the proofs presented in Appendix A. If J admits a unique minimiser385

over K̊h, the discrete inf-sup conditions guarantee a unique solution for (3.2) and386

set constraints on the choice of spaces Vh, Qh and Σh used when approximating387

solutions of (2.12). As in the continuous case, the well-posedness of (3.2) requires the388

compatibility condition (2.20) to hold. The theorem below can be proved in the same389

way as Theorem 2.3.390

Theorem 3.1. Assume that the discrete inf-sup conditions (3.4) and (3.5) hold.391

If RV = {0}, then a solution to (3.2) exists and is unique. If RV 6= {0}, then there is392

a unique solution to (3.2) if the compatibility condition (2.20) holds. Conversely, if393

RV 6= {0} and a solution exists, (2.22) must hold. The solution of (2.12) is bounded394

from above independently of h, provided (2.20) holds when RV 6= {0}.395

3.2. Upper bounds for the velocity error. An important tool presented396

in [4, 29] for establishing error estimates for non-Newtonian flows is the use of the397

function F. Here, for ease of notation, we denote by F an operator that acts on both398

R2×2 and R2 by399

F(A) = |A|
r−2
2 A for A ∈ R2×2 or A ∈ R2.(3.6)400401

This operator is closely related to the operators A and G. Let the operator E :402

V × V → R be given by403

E(u,v) = ‖F(Du)− F(Dv)‖2L2(Ω) + ‖F(Tu)− F(Tv)‖2L2(Γb)
.404

405

We then have that406

(3.7) E(u,v) ∼ 〈Au−Av,u− v〉V + 〈Gu−Gv,u− v〉V407

for all u,v ∈ V . The following variation of Young’s inequality,408

〈Au−Av,u−w〉V + 〈Gu−Gv,u−w〉V ≤ εE(u,v) + cεE(u,w),(3.8)409410

is valid for any u,v,w ∈ V and ε > 0, with the constant cε > 0 depending on ε.411

Additionally, the inequalities412

‖Dv −Dw‖2Lr(Ω) . ‖F(Dv)− F(Dw)‖2L2(Ω) ‖|Dv|+ |Dw|‖
2−r
Lr(Ω) ,(3.9)413

‖Tv −Tw‖2Lr(Γb)
. ‖F(Tv)− F(Tw)‖2L2(Γb)

‖|Tv|+ |Tw|‖2−rLr(Γb)
,(3.10)414

415
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hold for any v,w ∈ W 1,r(Ω). A proof for inequalities (3.7) and (3.9) can be found416

in [29, Lemmas 2.3, 2.4], and [4, Lemma 2.7] for (3.8), for the case without friction.417

The presence of the operator G requires a version of [29, Lemmas 2.3, 2.4] and [4,418

Lemma 2.7] stated in terms of vectors in Rd. Since these results are based on algebraic419

inequalities for matrices, the extension to vectors in Rd can be proved by considering420

diagonal matrices.421

By applying the triangle inequality, (2.18) and (3.9)-(3.10), the velocity error can422

be decomposed into two components as423

‖u− uh‖V . ‖P(u− uh)‖V + E(u,uh).(3.11)424425

For the first term on the right of (3.11), which represents the rigid component of the426

error, we present the following result:427

Lemma 3.2. Assume that RV 6= {0} and that the compatibility condition (2.20)428

holds. Let (u, p, λ) ∈ V ×Q×Λ be the solution to (2.12) and (uh, ph, λh) ∈ Vh×Qh×Λh429

to (3.2). Then,430

‖P(u− uh)‖V . E(u,uh) + ‖λ− µh‖Σ′ ∀µh ∈ Λh.(3.12)431432

Proof. Under the assumption that RV 6= {0}, we either have that P(u − uh) ∈433

RV ∩K or −P(u − uh) ∈ RV ∩K. If P(u − uh) ∈ RV ∩K, then inequality (2.21)434

and the continuous mixed system (2.12) allow us to write435

‖P(u− uh)‖V . −〈F,P(u− uh)〉V = 〈λ, γn(P(u− uh))〉Σ,436

where the equality follows from 〈Au + Gu − Bp,P(u − uh)〉V = 0. Then, by noting437

that P(u− uh) = −Q(u− uh) + u− uh and 〈λ, γnu〉Σ = 0, using inequalities (2.18)438

and (3.9)-(3.10), and using the uniform in h boundedness of solutions to (3.2) (see439

Theorem 3.1), we arrive at440

(3.13) ‖P(u− uh)‖V . E(u,uh)− 〈λ, γnuh〉Σ.441

On the other hand, if −P(u − uh) ∈ RV ∩K, then, by appealing to (2.20) and the442

discrete mixed system (3.2),443

‖P(u− uh)‖V . 〈F,P(u− uh)〉V = −〈λh, γn(P(u− uh))〉Σ.444

Following the same steps as before, we deduce that445

(3.14) ‖P(u− uh)‖V . E(u,uh)− 〈λh, γnu〉Σ ≤ E(u,uh),446

where the final inequality follows from the fact that λh ≤ 0 on Γb by the definition of447

Λh. As a result of (3.13) and (3.14), we have that448

‖P(u− uh)‖V . E(u,uh) + max {0,−〈λ, γnuh〉Σ}449

in all cases. Finally, given a µh ∈ Λh, we have450

−〈λ, γnuh〉Σ ≤ 〈µh − λ, γnuh〉 . ‖λ− µh‖Σ′451452

because 〈µh, γnuh〉Σ ≥ 0.453
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Remark 3.3. As mentioned in the introduction, previous analyses of finite ele-454

ment approximations of semicoercive variational inequalities either only consider the455

error in a seminorm [30] or use indirect arguments to prove the convergence of the ap-456

proximate solution in the complete norm [42, 26, 40, 2, 7]. In these cases, arguments457

by contradiction involving a sequence of triangulations are used. In Lemma 3.2, on458

the other hand, we provide a fully constructive proof for bounding the rigid compo-459

nent of the velocity error from above. This result is a key ingredient in obtaining the460

error estimates for the finite element scheme presented in the next section. The proof461

of Lemma 3.2 relies on dimRV ≤ 1, which holds for almost all Stokes variational462

inequalities considered in glaciology [13, 34, 16, 41, 10].463

The second term on the right of (3.11) can be bounded from above by using the464

properties of the operator E.465

Lemma 3.4. Let the triples (u, p, λ) ∈ V ×Q×Λ and (uh, ph, λh) ∈ Vh×Qh×Λh466

be solutions to (2.12) and (3.2), respectively. Then467

(3.15) E(u,uh) . E(u,vh) + ‖p− qh‖2Q + 〈λ− λh, γn(vh − uh)〉Σ468

holds for all (vh, qh) ∈ V̊h ×Qh.469

Proof. From (2.12a) and (3.2a), we see that, for any (vh, qh) ∈ V̊h ×Qh, we have470

〈Au−Auh,u− uh〉V + 〈Gu−Guh,u− uh〉V =

〈Au−Auh,u− vh〉V + 〈Gu−Guh,u− vh〉V
+〈B(p− qh),vh − uh〉V + 〈λ− λh, γn(vh − uh)〉Σ

471

Using (3.7) and (3.8)472

E(u,uh) . ε1E(u,uh) + cε1E(v,vh)

+ 〈B(p− qh),vh − uh〉V + 〈λ− λh, γn(vh − uh)〉Σ
473

for an arbitrary ε1 > 0. Additionally, by using Young’s inequality,474

〈B(p− qh),vh − uh〉V . cε2 ‖p− qh‖
2
Q + ε2 ‖D(uh − vh)‖2Lr(Ω)475

476

for any ε2 > 0. Then, via (3.9), and by setting ε1 and ε2 sufficiently small, inequality477

(3.15) is established.478

Remark 3.5. If the pair Vh×Qh is divergence free in the sense that 〈Bqh,wh〉V =479

0 for all qh ∈ Qh implies that ∇·wh = 0, then the term ‖p− qh‖2Q in inequality (3.15)480

can be removed.481

3.3. Upper bounds for the pressure and Lagrange multiplier errors.482

We finalise the analysis of the abstract discretisation by bounding the errors for the483

pressure and the Lagrange multiplier from above.484

Lemma 3.6. Assume that the discrete inf-sup conditions (3.4) and (3.5) hold. Let485

(u, p, λ) ∈ V × Q × Λ be the solution of (2.12) and (uh, ph, λh) ∈ Vh × Qh × Λh of486

(3.2). Then487

‖p− ph‖Q . E(u,uh)1/r′ + ‖p− qh‖Q ,(3.16)488

‖λ− λh‖Σ′ . E(u,uh)1/r′ + ‖p− qh‖Q + ‖λ− µh‖Σ′ ,(3.17)489
490

for all qh ∈ Qh and µh ∈ Σh.491

12

This manuscript is for review purposes only.



Proof. Since Qh and Σh are subsets of Q and Σ respectively, we can obtain the492

following equality from (2.12a) and (3.2a):493

〈Au−Auh,vh〉V + 〈Gu−Guh,vh〉V =

〈B(p− ph),vh〉V + 〈λ− λh, γnvh〉Σ ∀vh ∈ Vh.
(3.18)494

495

The inf-sup condition (3.4) for the pressure space holds over the space Vb,h ⊂ Vh of496

vector fields with a normal component vanishing on Γb. For vh ∈ Vb,h, from equation497

(3.18) we derive498

〈B(ph − qh),vh〉V = 〈Au−Auh,vh〉V + 〈B(p− qh),vh〉V .499

From the inf-sup condition (3.4) it follows that500

‖ph − qh‖Q . sup
vh∈Vb,h

(
〈Au−Auh,vh〉V

‖vh‖V

)
+ ‖p− qh‖Q .(3.19)501

502

Then, by Hölder’s inequality and [29, Lemma 2.4], we have that503

sup
vh∈Vb,h

(
〈Au−Auh,vh〉V

‖vh‖V

)
. ‖F(Du)− F(Duh)‖2/r

′

L2(Ω) .(3.20)504

505

Finally, (3.16) follows by applying the triangle inequality to ‖p− ph‖Q and using506

(3.19) and (3.20). The bound (3.17) follows in the same way. However, in this case,507

the inf-sup condition (3.5) is set over the whole space Vh, so the friction term in (3.18)508

does not vanish. Following the argument used in [29, Lemma 2.4], we can show that509 ∥∥|Tu|r−2Tu− |Tuh|r−2Tuh
∥∥
L2(Γb)

. ‖F(Tu)− F(Tuh)‖2/r
′

L2(Γb)
510

and therefore511

sup
vh∈Vh

(
〈Gu−Guh,vh〉V

‖vh‖V

)
. ‖F(Tu)− F(Tuh)‖2/r

′

L2(Γb)
.

512

Lemmas 3.2, 3.4, and 3.6 give discretisation error estimates in terms of best513

approximation results. To derive a convergence result, we require bounds on these514

best approximations. We discuss this in the context of a finite element discretisation515

in the next section.516

4. A finite element scheme. We now consider a particular finite element dis-517

cretisation of the mixed problem (2.12). We introduce a non-degenerate (in the sense518

of [6, Definition 4.4.13]) sequence of triangulations Th, where h > 0 denotes the max-519

imum cell diameter in Th. The set of edges in Th is denoted by Eh; we assume that520

every edge e ∈ Eh in ∂Ω is either in Γs, Γb or Γd. We write Eh(Γs) and Eh(Γb) to de-521

note the edges in Γs and Γb respectively. Associated to each Th are the finite element522

spaces Vh, Qh and Σh, defined by523

Vh = {vh ∈ C(Ω) : vh|c ∈ P2(c) ∀c ∈ T , vh · n = 0 on Γd} ,(4.1a)524

Qh =
{
qh ∈ L2(Ω) : qh|c ∈ P0(c) ∀c ∈ T

}
,(4.1b)525

Σh =
{
µh ∈ L2(Γb) : µh|e ∈ P0(e) ∀e ∈ E(Γb)

}
.(4.1c)526527
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4.1. Analysis of the scheme. The first step in analysing this discretisation is528

to investigate whether the discrete mixed problem (3.2) is well-posed for this choice529

of Vh ×Qh × Σh, subject to the compatibility condition (2.20). Specifically, we must530

verify the discrete inf-sup conditions (3.4) and (3.5). The pair Vh×Qh is well-known to531

satisfy (3.4), see [5, Proposition 8.4.3] for the case of r = 2; the general case r ∈ [1,∞]532

follows from the same arguments by using the interpolation operator πV discussed in533

Appendix B.2. A proof for (3.5) is presented below using a similar argument to the534

one presented in [9, Proposition 3.3].535

Lemma 4.1. The finite element pair Vh and Σh defined in (4.1) is inf-sup stable536

in the sense of (3.5).537

Proof. Let µh ∈ Σh. By the Hahn-Banach theorem, there is a ψ ∈ Σ such538

that 〈µh, ψ〉Σ = ‖µh‖Σ′ and ‖ψ‖Σ = 1. In Appendix B.3 we construct an extension539

operator Φ : Σ → Vh which is bounded uniformly with respect to h, i.e. ‖Φψ‖V .540

‖ψ‖Σ, and541

〈µh, γn(Φψ)〉Σ = 〈µh, ψ〉Σ ∀µh ∈ Σh,542

for all ψ ∈ Σ. Then543

‖µh‖Σ′ =
〈µh, ψ〉Σ
‖ψ‖Σ

.
〈µh, γn(Φψ)〉Σ
‖Φψ‖V

≤ sup
vh∈Vh

〈µh, γnvh〉Σ
‖vh‖V

544

545

and the result follows.546

We end this section with a discussion on the approximability of the mixed system547

(2.12). We show that the approximate solutions (uh, ph, λh) converge to the exact548

solutions of (2.12) as h → 0 under a regularity condition, and we establish a rate of549

convergence for these approximations.550

Theorem 4.2. Assume that the compatibility condition (2.20) holds whenever551

RV 6= {0}. Let the triple (u, p, λ) ∈ V × Q × Λ be the solution to (2.12) and552

(uh, ph, λh) ∈ Vh×Qh×Λh to (3.2). Additionally, assume that (u, p, λ) ∈W 2,r(Ω)×553

W 1,r′(Ω)×W 1−1/r′,r′(Γb) and F(Du) ∈W 1,2(Ω) and F(Tu) ∈W 1,2(Γb). Then554

‖u− uh‖V . h,(4.2a)555

‖p− ph‖Q + ‖λ− λh‖Σ′ . h2/r′ + h.(4.2b)556
557

Proof. We proceed by first finding a suitable upper bound for the term involving558

the Lagrange multiplier in (3.15). Since 〈λh, γnuh〉Σ = 0 and 〈µh, γnvh〉Σ ≥ 0 for all559

(vh, µh) ∈ Kh × Λh, one can show that560

〈λ− λh, γn(vh − uh)〉Σ ≤ 〈λ− µh, γn(vh − u)〉Σ
+ 〈λ− µh, γn(u− uh)〉Σ + 〈µh, γnvh〉Σ

(4.3)561

562

for all (vh, µh) ∈ Kh×Λh. By applying Young’s inequality in (4.3) and using inequal-563

ities (3.11), (3.12), and (3.15), we arrive at564

‖u− uh‖V . E(u,vh)1/2 + ‖p− qh‖Q + ‖λ− µh‖Σ′ + 〈µh, γnvh〉Σ(4.4)565
566

for all (vh, qh, µh) ∈ K̊h ×Qh × Λh.567

Let πV : V → Vh by the interpolation operator introduced in Appendix B.2.568

Additionally, let πQ : Q → Qh and πΣ : L2(Γb) → Σh be standard interpolation569

operators onto the space of piecewise-constant functions. We refer to [14] and the570
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results in Appendix B.1 for proofs of optimal interpolation error estimates in the Q571

and Σ′ norms. From the properties of these interpolation operators it follows that572

πV u ∈ K̊h and πΣλ ∈ Λh. Additionally, we have that
∫
e
u ·nds =

∫
e
(πV u) ·nds for573

all e ∈ E , so574

〈πΣλ, γnπV u〉Σ = 〈λ, πΣ(γnu)〉Σ = 〈λ, πΣ(γnu)− γnu〉Σ.575576

Since 〈πΣλ, πΣ(γnu)− γnu〉Σ = 0, we have that577

〈πΣλ, γnπV u〉Σ = 〈λ− πΣλ, πΣ(γnu)− γnu〉Σ.(4.5)578579

Therefore, by setting vh = πV u, qh = πQp, and µh = πΣλ in (4.4) and using (4.5),580

we can show that581

‖u− uh‖V . E(u, πV u)1/2 + ‖p− πQp‖Q + ‖λ− πΣλ‖Σ′ + ‖γnu− πΣ(γnu)‖Σ .
(4.6)

582
583

We then establish (4.2a) with the approximation properties of the interpolation op-584

erators presented in Appendices B.1 and B.2 for πΣ and πV respectively, and [14] for585

πQ. The estimate (4.2b) then follows from Lemma 3.6.586

Remark 4.3. The velocity and pressure error estimates coincide with those ob-587

tained in [4, Theorem 2.14] and in [29, Theorem 3.1] for the r-Stokes system without588

contact or friction boundary conditions. This indicates that these boundary conditions589

and the Lagrange multiplier do not reduce the order of convergence. This may be due590

to the use of piecewise constant elements for Σh. In [9], a proof with non-optimal591

convergence rates is presented for the case when continuous piecewise quadratic poly-592

nomials are used for the Lagrange multiplier.593

4.2. Discrete algebraic formulation. We now present an algebraic counter-594

part of (3.2) using the finite element spaces specified in (4.1) in terms of matrices595

and vectors. Let Vh = span {vi}Nvi=1, Qh = span {qj}Nqj=1 and Σh = span {µk}
Nµ
k=1,596

where Nv = dimVh, Nq = dimQh and Nµ = dim Σh. For the functions (uh, ph, λh) ∈597

Vh ×Qh × Σh, we write u, p and λ for the vectors containing the respective degrees598

of freedom (DoFs) in RNv , RNq and RNµ . In order to write an algebraic counterpart599

of (3.2c), we need to introduce the discrete normal trace operator600

γn : RNv → RNµ601602

that returns the average normal components of a vector vh ∈ Vh along the edges on603

Γb. That is, for each i ∈ {1, 2, ..., Nµ}604

(γnv)i =
1

|ei|

∫
ei

vh · nds,605

606

where ei ∈ E(Γb) is the unique edge along Γb associated to the degree of freedom in607

Σh with index i. Then, the algebraic counterpart of (3.2) can be written in terms of608

matrices and vectors as609

Aε(u) + Gε(u)−Bp−Dλ = f ,(4.7a)610

B>u = 0,(4.7b)611

λ+ C(λ,u) = 0.(4.7c)612613
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Here, we have introduced the matrices B ∈ RNv×Nq and D ∈ RNv×Nµ , the vector614

f ∈ RNv and the nonlinear operators Aε : RNv → RNv , Gε : RNv → RNv and615

C : RNµ × RNv → RNµ . The matrices are given by the elements Bij = 〈Bqj ,vi〉V616

and Dij = 〈µj , γnvi〉Σ and the vector by fi = 〈F,vi〉V . The nonlinear operators are617

defined as618

[Aε(u)]i =

∫
Ω

α (ε+ |Du|)r−2
(Du : Dvi) dx,(4.8)619

[Gε(u)]i =

∫
Ω

τ (ε+ |Tu|)r−2
(Tu ·Tvi) dx,(4.9)620

C(λ,u) = max {0,−λ+ c(γnu)},(4.10)621622

for an arbitrary c > 0 and a regularisation term ε > 0. This regularisation term is623

commonly used to avoid numerical complications caused when |Du| or |Tu| is equal624

to or very close to zero [32]. In (4.10), the max operation is understood to be carried625

out componentwise on each of the elements in the vector −λ + c(γnu) ∈ RNµ . The626

use of the operator C in (4.10) is a common way of expressing contact conditions.627

A particular advantage is that the nonlinear system (4.7) can be solved with a semi-628

smooth Newton method that enjoys superlinear convergence in a neighbourhood of629

the solution [28]. Equation (4.7c) is equivalent to (3.2c) whenever Σh is defined as in630

(4.1c). By solving (4.7c) we enforce631

γnu ≤ 0, λ ≤ 0 and (γnu) · λ = 0,(4.11)632633

exactly, which is the algebraic equivalent of the discrete contact conditions (3.3).634

4.3. Numerical results. We present numerical results computed for a Stokes635

variational inequality with a manufactured solution on the domain Ω = (0, 1)2. Com-636

putations of subglacial cavitation with the algorithm presented in this document can637

be found in [10]. Subglacial cavitation is a time-dependent problem in which a free638

surface is evolved with an advection equation. We do this in [10] by coupling the639

algorithm presented in this study with a solver for the advection equation.640

The manufactured solution considered here is taken from [4] and is given by641

û(x) = |x|α−1(x2,−x1)>, p̂(x) = |x|γ ,(4.12)642643

where the parameters α and γ are chosen such that u ∈ W 2,r(Ω), p ∈ W 1,r′(Ω),644

F(Du) ∈ W 1,2(Ω) and F(Tu) ∈ W 1,2(Γb) hold. This is ensured whenever α > 1645

and γ > −1 + 2
r , so we set α = 1.01 and γ = −1 + 2

r + 0.01 in order to be critically646

close to the regularity assumed in Theorem 4.2.647

Contact boundary conditions are enforced on the lower boundary {y = 0}. Given648

the velocity and pressure fields defined in (4.12), we have that649

(û · n)(x1) = −xα1 , λ̂(x1) = −xγ1 ,650651

on {y = 0}. In order to define the contact boundary conditions in such a way that652

both the kinematic and dynamic conditions are active, we define the “obstacles”653

χ(x1) =

{
(û · n)(x1) if x1 ≤ 0.5

−2−α if x1 > 0.5
, ρ(x1) =

{
0 if x1 ≤ 0.5

λ̂(x1) if x1 > 0.5
.654

655
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Then, for this numerical test we solve the r-Stokes system (2.1) together with the656

boundary conditions657

u · n ≤ χ, λ ≤ ρ and (u · n− χ)(λ− ρ) = 0 on {y = 0},(4.13a)658

u · n = û · n on {x = 0},(4.13b)659

σnn = σ̂nn on ∂Ω \ ({y = 0} ∪ {x = 0}),(4.13c)660

σnt = σ̂nt on ∂Ω,(4.13d)661662

where σ̂ = σ(û, p̂). Boundary conditions are set for the normal velocity along {x = 0}663

in (4.13b) to mimic the boundary conditions enforced at Γd and make dimRV = 1. In664

this case, RV is a one-dimensional vector space containing vertical motions. Therefore,665

RV ∩K = {(0, θ) : θ ≤ minχ} ,666

and, since F = Aεû+Gεû−Bp̂− γ′nλ̂, we have that667

〈F, r〉V = θ

∫ 1

0

xγ dx < 0668

for all r = (0, θ) with θ < 0 (note that minχ < 0). This proves that the compatibility669

condition (2.20) holds and the system is well-posed. Although the functional setting of670

this numerical test differs slightly from the setting studied in this paper, the numerical671

test contains the fundamental elements of the setting analysed.672

We compute solutions to the r-Stokes system on Ω = (0, 1)2 with boundary673

conditions (4.13) on a sequence of uniformly refined meshes using the finite element674

spaces in (4.1). The regularisation parameter in (4.8) is set to ε = 10−4. In Glen’s675

law (2.2) we fix A = 0.5 and for the friction boundary condition we set τ = 1. We676

consider the values n = 1, 2, 3 and 4, which correspond with r = 2, 1.5, 1.33 and677

1.25. The resulting orders of convergence for the velocity are shown in Tables 1 and 2,678

and for the pressure and Lagrange multiplier in Table 3. For the Lagrange multiplier679

error, we use the discrete norm680

‖µh‖Σ′,h = h1/r′ ‖µh‖Lr′ (Γb) ,681

which should yield the same order of convergence as the one that would be obtained682

with the Σ′ norm by a standard inverse inequality.683

Table 1 indicates that the orders of convergence for the velocity in the seminorm684

‖D(·)‖Lr(Ω) and in the V -norm coincide. This demonstrates that the presence of rigid685

modes in the velocity space does not affect the accuracy of the velocity computation686

in the V -norm. The computed orders of convergence for the velocity in the V -norm687

coincide with those estimated in (4.2a). In Table 2 we see that the orders of conver-688

gence for the velocity in the Lr(Ω)-norm appear to increase by one when compared689

to the orders computed with the V -norm. On the other hand, the orders of con-690

vergence obtained for the pressure appear to be independent of r. A closely related691

problem (without contact boundary conditions) is solved in the work of Belenki et692

al. [4]. In the work of Belenki et al., the problem is formulated as an r-Stokes problem693

with Dirichlet boundary conditions and the MINI element is used for the velocity and694

pressure. Interestingly, their numerical results deliver the predicted orders of con-695

vergence for the pressure error. Hence, the apparent suboptimality of (4.2b) for the696

pressure could be due to the finite elements used here or to the presence of contact697

boundary conditions and a Lagrange multiplier. Regarding the Lagrange multiplier,698

the estimated orders of convergence are exceeded, but a dependence on r is observed.699
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Table 1
Calculated orders of convergence for the velocity computed with a manufactured solution to-

gether with estimated orders according to Theorem 4.2.

‖D(u)−D(uh)‖Lr(Ω ‖u− uh‖V
h\r 2.00 1.50 1.33 1.25 2.00 1.50 1.33 1.25

3.54× 10−1 - - - - - - - -
1.77× 10−1 0.96 1.05 1.08 1.11 0.97 1.10 1.14 1.18
8.84× 10−2 0.97 1.03 1.05 1.07 0.98 1.06 1.09 1.12
4.42× 10−2 0.97 1.02 1.04 1.06 0.98 1.04 1.06 1.08
2.21× 10−2 0.97 1.02 1.03 1.04 0.98 1.03 1.04 1.06
1.10× 10−2 0.97 1.01 1.02 1.03 0.98 1.02 1.03 1.04

1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Table 2
Calculated orders of convergence for the velocity in the Lr(Ω)-norm computed with a manufac-

tured solution.

‖u− uh‖Lr(Ω

h\r 2.00 1.50 1.33 1.25

3.54× 10−1 - - - -
1.77× 10−1 1.97 2.07 1.99 1.85
8.84× 10−2 1.95 1.95 1.87 1.72
4.42× 10−2 1.96 1.96 1.86 1.71
2.21× 10−2 1.96 1.97 1.87 1.72
1.10× 10−2 1.96 1.98 1.87 1.74

5. Conclusions. In this study, we present a Stokes variational inequality that700

arises when modelling a symmetrical marine ice sheet. We prove the well-posedness of701

this system whenever the subspace of rigid modes in the velocity space is of dimension702

at most one under the condition that a compatibility condition holds in Theorem 2.3.703

We consider a family of finite element discretisations for this problem in Section 3704

and prove an analogous well-posedness result for the discrete system in Theorem 3.1.705

Using the techniques from [4, 29], we then establish error estimates for a particular706

finite element discretisation in Theorem 4.2. These error estimates, which are verified707

with a numerical test using a manufactured solution, indicate that the presence of708

rigid modes and the nonlinearity of the friction boundary condition do not affect the709

order of convergence of the scheme.710

The results from this study give a theoretical justification for using a finite el-711

ement discretisation belonging to the family considered in Section 3 in glaciological712

applications. Moreover, this analysis can be extended to different contact problems713

in glaciology such as the subglacial cavitation problem, where the subspace of rigid714

modes present in the velocity space is of dimension one whenever Dirichlet bound-715

ary conditions are enforced for the tangential component of the velocity on the top716

boundary, as done in [20]. This extension would require taking into consideration the717

presence of non-homogeneous boundary conditions for the velocity and the use of a718

periodic domain. However, if instead of Dirichlet boundary conditions, we enforce719

Neumann boundary conditions on the top boundary, as described in [10], the space720
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Table 3
Calculated orders of convergence for the pressure and the Lagrange multiplier computed with a

manufactured solution together with estimated orders according to Theorem 4.2.

‖p− ph‖Q ‖λ− λh‖Σ′,h
h\r 2.00 1.50 1.33 1.25 2.00 1.50 1.33 1.25

3.54× 10−1 - - - - - - - -
1.77× 10−1 0.88 0.93 0.96 0.98 1.00 1.00 1.00 0.98
8.84× 10−2 0.90 0.94 0.97 0.98 1.00 1.00 0.98 0.93
4.42× 10−2 0.91 0.95 0.97 0.95 1.01 1.00 0.96 0.87
2.21× 10−2 0.92 0.95 0.97 0.90 1.01 1.00 0.93 0.80
1.10× 10−2 0.93 0.96 0.96 0.84 1.01 1.00 0.88 0.73

2/r′ 1.00 0.67 0.5 0.4 1.00 0.67 0.5 0.4

of rigid modes is then of dimension two. This situation would require a more com-721

plicated extension that should be considered in future work. Subglacial cavitation is722

considered in [10] and the Stokes variational inequality that arises is solved using the723

finite element discretisation from Section 4.724

A major assumption of this paper is that the domain is two-dimensional. An725

extension of the analysis presented here to three dimensions would require a careful726

consideration of the rigid modes present in the velocity space, since the space of727

rigid modes in three dimensions is larger than in two dimensions. However, in most728

problems of interest, three dimensional marine ice sheets are considered to be enclosed729

within two lateral walls, see for example [16]. In this case, if the lateral walls and730

the bedrock are flat, the space of rigid modes in V is once again reduced to vertical731

movements and is therefore one-dimensional. As a consequence, much of the analysis732

from this paper would still be valid in three dimensions. However, the extension733

operator presented in Appendix B.3, used to prove Lemma 4.1, relies heavily on the734

fact that the domain is two-dimensional. Therefore, the choice of finite elements used735

to solve the variational inequality would have to be chosen and studied carefully.736

Appendix A. Equivalence of formulations.737

In this appendix we demonstrate the equivalence between the strong formulation738

(2.1) of the contact problem with boundary conditions (2.4)-(2.6), the variational739

inequality (2.11), the minimisation of J , defined in (2.17), and the mixed formulation740

(2.12). This analysis is similar to the one presented in [8], with the difference that in741

this case we consider contact boundary conditions.742

Lemma A.1. If (u, p) ∈ C2(Ω) × C1(Ω), then the strong formulation (2.1) with743

boundary conditions (2.4)-(2.6) holds if and only if the variational inequality (2.11)744

is satisfied.745

Proof. Let (u, p) ∈ C2(Ω) × C1(Ω) satisfy (2.1) and (2.4)-(2.6). It is clear that746

if (2.1b) holds, then 〈Bq,u〉V = 0 for all q ∈ Q. Let v ∈ K and multiply (2.1a) by747

v − u and integrate over Ω. The equality748

−
∫

Ω

[
∇ ·
(
α|Du|r−2Du

)
−∇p

]
· (v − u) dx =

〈Au−Bp,v − u〉V −
∫
∂Ω

σ(v − u) · nds

(A.1)749
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follows from the divergence theorem. We also have that750 ∫
∂Ω

σ(v − u) · n ds =

∫
∂Ω

(σnn(v − u) · n+ σnt · (v − u)) ds.751

As a result of the contact conditions (2.5a), we have752 ∫
Γb

σnn(v − u) · n ds ≥ −
∫

Γb

pw (v − u) · nds,753

754

from which the variational inequality (2.11) follows.755

The converse statement is deduced by means of the integration by parts formula756

(A.1) and the use of the fundamental lemma of calculus of variations with adequate757

test functions. The examples in [24, 27] contain similar derivations.758

For the next step, we need to use the inf-sup condition (2.15) between the velocity759

and the pressure spaces.760

Lemma A.2. Given a solution (u, p) ∈ K×Q of the variational inequality (2.11),761

the velocity field is then divergence free, i.e. u ∈ K̊, and is a minimiser of the func-762

tional J : K̊ → R defined in (2.17). Conversely, if u ∈ K̊ minimises J : K̊ → R,763

then there is a unique p ∈ Q such that (u, p) ∈ K ×Q solves (2.11).764

Proof. For the first part of the Lemma, for a test function v ∈ K̊, the variational765

inequality (2.11) can be written as766

〈Au+Gu− F,v − u〉V ≥ 0 ∀v ∈ K̊.(A.2)767768

By the convexity of J and the fact that 〈DJ (u),v〉V = 〈Au+Gu−F,v〉V , it follows769

from (A.2) that J (u) ≤ J (v) for all v ∈ K̊.770

Conversely, if we assume u ∈ K̊ to minimise J over K̊, then u solves (A.2).771

Now, using [3, Lemma 3.3], we can decompose v ∈ K into the sum v = v0 + w of772

a divergence-free velocity field v0 ∈ K̊ and the field w ∈ Vb. Then, the variational773

inequality (2.11) will hold if there is a p ∈ Q such that774

〈Au− F,w〉V = 〈Bp,w〉V ∀w ∈ Vb.(A.3)775776

By (2.15), there is a p ∈ Q for which (A.3) holds and it is unique.777

Finally, we show that the variational inequality (2.11) is equivalent to the mixed778

problem (2.12). This proof relies on the fact that the range of the operator γn : V → Σ779

is closed.780

Lemma A.3. If (u, p) ∈ K×Q solves the variational inequality (2.11), then there781

is a unique λ ∈ Λ such that (u, p, λ) is a solution of the mixed problem (2.12). Con-782

versely, if (u, p, λ) ∈ V ×Q× Λ solves (2.12), then (u, p) is a solution of (2.11).783

Proof. Equation (2.12a) can be rewritten as784

γ′nλ = Au+Gu−Bp− F in V ′.(A.4)785786

Since γn : V → Σ has a closed range, we have that Ran γ′n = (Ker γn)
◦
, where787

(Ker γn)
◦

= {µ ∈ Σ′ : 〈µ, φ〉Σ = 0 ∀φ ∈ Ker γn} .788

Therefore, if (u, p) ∈ K × Q is a solution to (2.11), then there is unique λ ∈ Σ′ if789

Au+Gu−Bp− F ∈ (Ker γn)
◦
. For a w ∈ Ker γn, we clearly have that u+w ∈ K.790

Using the variational inequality (2.11), we can write791

〈Au+Gu−Bp− F,w〉V = 0,792
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which means that Au+Gu−Bp−F ∈ (Ker γn)
◦
. Next, we must show that λ ∈ Λ and793

that (2.12c) holds. By setting v = 0 and v = 2u in (2.11) we see that 〈λ, γnu〉Σ = 0.794

Since γnu ≤ 0 in Σ, it follows that (2.12c) must hold. Finally, λ ∈ Λ follows from795

(2.11), (A.4) and the fact that v + u ∈ K for any v ∈ K.796

For the second part of the lemma, if (u, p, λ) ∈ V × Q × Λ solves (2.12), then797

∇ ·u = 0 a.e. in Ω, 〈λ, γnv〉Σ ≥ 0 for all v ∈ K and 〈λ, γnu〉Σ = 0. This implies that798

〈µ, γnu〉Σ ≥ 0 for all µ ∈ Λ, hence u ∈ K̊. The variational inequality then follows799

directly from (2.12) by testing with (v − u, q), where (v, q) ∈ K ×Q.800

Appendix B. Technical results on finite element spaces.801

B.1. Approximation properties in negative order Sobolev spaces. Sev-802

eral technicalities arise from the need to handle the dual space of the fractional Sobolev803

space W 1−1/r,r(Γb) and its finite element approximation Σh. Let s ∈ (0, 1) and804

m ∈ [1,∞); on Γb, the norm of the fractional Sobolev space W s,m(Γb) with s ∈ (0, 1)805

and m ∈ [1,∞] can be defined by806

‖φ‖mW s,m(Γb)
= ‖φ‖mLm(Γb)

+ [φ]mW s,m(Γb)
,(B.1)807

808

where809

[φ]mW s,m(Γb)
=

∫
Γb

∫
Γb

|φ(x)− φ(y)|m

|x− y|1+sm
dxdy,810

see [11]. In order to prove certain approximation properties on Σh we need to introduce811

some theoretical results. We start by defining the following pair of spaces812

Lm0 (e) =

{
φ ∈ Lm(e) :

∫
e

φ dx = 0

}
, W s,m

0 (e) = W s,m(e) ∩ Lr0(e)813

for an edge e ∈ E(Γb). We can use the fractional normed Poincaré inequality proved814

in [14, Lemma 7.1] to show that815

‖φ‖Lm(e) ≤ |e|
s[φ]W s,m(e) ∀φ ∈W s,m

0 (e).(B.2)816
817

Inequality (B.2) can be extended to negative norms by writing the Lm(e) norm for818

any φ ∈ Lm(Γb) as819

‖φ‖Lm(e) = sup
ψ∈Lm′ (e)

∫
e
φψ ds

‖ψ‖Lm′ (e)
820

and deducing that, if φ ∈ Lm0 (e), we have821

‖φ‖(W s,m(e))′ = sup
ψ∈W s,m

0 (e)

∫
e
φψ ds

‖ψ‖W s,m(e)

≤ |e|s sup
ψ∈Lm′ (e)

∫
e
φψ ds

‖ψ‖Lm′ (e)
= |e|s ‖φ‖Lm′ (e) .

(B.3)822

For the finite element space Σh defined in (4.1c), let πΣ : Lm(Γb) → Σh be the823

standard interpolation operator onto piecewise constant polynomials which takes the824

average of functions over each e ∈ E(Γb). Then, from inequality (B.2) we can prove825

error estimates in fractional norms. Moreover, (B.3) leads to826

‖φ− πΣφ‖(W s,m(Γb))
′ . h2s ‖φ‖W s,m′ (Γb)

,(B.4)827
828

where h = max {|e| : e ∈ E(Γb)}.829
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B.2. An interpolation operator for the velocity. Here, we compile a variety830

of results from different sources and prove a result regarding an interpolation operator831

for the velocity that preserves the discrete divergence and maps elements of K into832

Kh. We denote by πV the interpolation operator introduced in [22, Section 3.1] that is833

defined as follows for each component of a vector-valued function: for a non-degenerate834

simplex K ∈ Th with edges {ei}3i=1 and vertices {ai}3i=1, we define the nodal basis835

functions φx with x ∈ {ei}3i=1 ∪ {ai}3i=1 by836

φai(aj) = δij ,

∫
ej

φai ds = 0,

∫
ej

φei ds = δij , φei(aj) = 0,837

838

for all i, j ∈ {1, 2, 3}. For each vertex ai we choose a an edge eai ∈ {ei}3i=1 such that839

ai ∈ eai . We then define the dual basis functions {ψai}3i=1 by840 ∫
eai

ψaiφx ds = δaix, ψai ∈ P2(eai),841

842

where x denotes the edge eai or its two end-points. We then define (the scalar version843

of) πV by844

(πV u)(x) =

3∑
i=1

([∫
eai

uψai ds

]
φai(x) +

[∫
ei

uds

]
φei(x)

)
.845

846

When considering the definition of πV in terms of a triangulation Th of Ω, for847

vertices a ∈ ∂Ω, we set the associated edge ea to also be contained in ∂Ω. Then, we848

have that πV (V ) ⊂ Vh and we can prove (B.9).849

If the spaces Vh, Qh and Σh are defined as in (4.1), a straightforward consequence850

of the definition of πV is that851

〈Bqh,v〉V = 〈Bqh, πV v〉V ∀(v, qh) ∈ V ×Qh,(B.5)852

〈µh, γnv〉Σ = 〈µh, γnπV v〉Σ ∀(v, µh) ∈ V × Σh.(B.6)853854

Additionally, the interpolation operator πV has two key approximation properties.855

First, the optimal approximation property856

‖v − πV v‖W s,m(Ω) . hk ‖v‖W s+k,m(Ω)(B.7)857
858

holds for all m ≥ 0 and s, k ∈ N such that 0 ≤ s ≤ 3 and 0 ≤ k ≤ 3− s. Finally, given859

the operator F defined in (3.6), the additional approximation property holds:860

‖F(Dv)− F(DπV v)‖L2(Ω) . h ‖∇F(Dv)‖L2(Ω) .(B.8)861
862

Property (B.7) is shown to hold in [22]. On the other hand, (B.8) follows from [4,863

Theorem 3.4] by applying Poincaré’s inequality once points (a) and (b) from Assump-864

tion 2.9 in that reference are shown to hold. These two points result from (B.5) and865

(B.7).866

Finally, we may also prove that867

‖F(Tv)− F(TπV v)‖L2(Γb)
. h

∑
e∈E(∂Ω)

e∩Γb 6=∅

‖∇F(Tv)‖L2(e)(B.9)868

869
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by imitating the proof for [4, Theorem 3.4] and applying Poincaré’s inequality. Most870

of the steps in this proof draw from algebraic relations for the function F and the871

N-functions considered therein that continue to be valid in our context. Additionally,872

we need the following Orlicz-continuity result analogous to that of [4, Theorem 3.2]:873

for an N-function ψ with ∆2(ψ) <∞ and an edge e ∈ E(Γb),874 ∫
e

ψ(|TπV v|) ds .
∑

e′∈E(∂Ω)

e∩e′ 6=∅

∫
e′
ψ(|Tv|) ds.875

876

We may show the above inequality to hold by following the proof of [12, Theorem 4.5]877

and using the local L1-estimate for e ∈ E(Γb):878 ∫
e

|TπV v|ds .
∑

e′∈E(∂Ω)

e∩e′ 6=∅

∫
e′
|Tv|ds.879

880

To prove this inequality, we turn to the definition of πV and use the bounds881

‖ψa‖L∞(ea) . |e|
−1, ‖φa‖L1(ea) . |e| and ‖φe‖L1(e) . 1.882

883

B.3. An extension operator. In this section we prove an auxiliary result re-884

quired for the proof of Lemma 4.1. We build an extension operator Φ : Σ→ Vh which885

is uniformly bounded and satisfies886

〈µh, γn(Φφ)〉Σ = 〈µh, φ〉Σ ∀µh ∈ Σh.(B.10)887888

Step 1. We will first find a uniformly bounded linear operator Π : Σ → γn(Vh)889

with the property that890 ∫
e

(φ−Πφ) ds = 0 for any e ∈ E(Γb) and φ ∈ Σ.(B.11)891
892

Let893

Zh = {φh ∈ C(Γb) : φh|e ∈ P2(e) ∀e ∈ E(Γb)}894

and note that Zh ⊂ γn(Vh). For φ ∈ Σ and e ∈ E(Γb), we define Π2 : Σ → Zh by895

setting896

(Π2φ)(a) = 0 for the endpoints a in e,897 ∫
e

Π2φ ds =

∫
e

φ ds.898
899

We clearly have that Π2φ = 0 if and only if
∑
e∈E(Γb

∫
e
|φ|ds = 0, so the latter900

defines a norm on Π2(Σ). By exploiting this fact and the norm equivalence on finite901

dimensional spaces, one can see that902

‖Π2φ‖W 1−1/r,r(e) . |e|
−1/r′ ‖φ‖Lr(e) ∀e ∈ E(Γb)903

for all φ ∈ Σ. Now, let πZ : Σ → Zh be the quasi-interpolation operator defined in904

[14]. This operator is uniformly bounded in the W 1−1/r,r(Γb) norm and satisfies905

‖φ− πZφ‖Lr(e) . |e|
1−1/r ‖φ‖W 1−1/r,r(e)906
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for any edge e ∈ E(Γb) and function φ ∈ Σ. As a result, the operator Π = πZ +Π2(I−907

πZ) is uniformly bounded and possesses the required property (B.11).908

Step 2. For the final step, we define a uniformly bounded operator γ−1
n,h : γn(Vh)→909

Vh for which γ−1
n,hφh · n = φh on Γb. This operator can be defined as the solution of910

the problem:911 ∫
Ω

∇(γ−1
n,hφh) : ∇vh dx = 0 ∀vh ∈ Vh,912

γ−1
n,hφh · n = φh on Γb,913

γ−1
n,hφh · n = 0 on Γd.914

915

Then, the operator Φ = γ−1
n,h ◦Π is uniformly bounded and property (B.10) holds.916

Remark B.1. The construction of the uniformly bounded operator Π : Σ →917

γn(Vh) in step 1 above closely resembles that of the Fortin operator in [5, Proposition918

8.4.3]. In fact, the operator Φ ◦ γn : V → Vh effectively acts as a Fortin operator in919

the proof of Lemma 4.1.920
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