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Abstract

This thesis studies derived categories of coherent sheaves on affine Kac-Moody flag
varieties and their associated Grothendieck groups. In chapter 2, we equip such
categories with a rigid monoidal structure, and compute explicitly the ring obtained
for the affine flag variety. In chapter 3, we study P. Achar’s theory of staggered
sheaves in the context of affine flag varieties. In particular, we construct non-standard
t-structures on Schubert varieties on both the thin and thick affine flag variety. In
chapter 4, we study a conjecture of Cautis and Williams describing the equivariant K-
theory of the affine Grassmannian. More specifically, we prove a special case of their
conjecture in rank 1 by an explicit computation, and provide a strategy for a proof
in type A. We also provide further evidence for the conjecture to hold in type ADE
by relating simple perverse coherent sheaves under convolution with fusion products

of Demazure modules.



Contents

[0__Introduction|

[0.1  Geometric Representation Theory in infinite dimensions|. . . . . . . .
[0.2  Coulomb branches and the Coherent Satake Category| . . . . . . . ..

(1 The geometry of affine Kac-Moody flag varieties|
(1.1 ~Affine Grassmannians over non-constant group schemes| . . . . . . . .
(1.1.1 T'he construction of the athne Grassmannian over GL,)|
(1.1.2  Affine Grassmannians: the general casel . . . . . . . . ... ..
(1.2 Orbit decompositions| . . . . . . . . . . . ... ... ... ...
(1.2.1 Fixing the root datum| . . . . . .. ... ... .. ... ....
[1.2.2  Bruhat-Cartan-Iwahori-Matsumoto decompositions| . . . . . .
(1.3 Affine Kac-Moody Lie algebras and central extensions|. . . . . . . ..
[1.3.1 Kac-Moody Lie algebras and representations| . . . . . . . . ..
[1.3.2 Central extensions and integration| . . . . ... ... ... ..
[1.3.3  Projective embeddings| . . . . . . . ... ... ... ... ...
(1.4 A different approach: Kashiwara’s thick flag varieties| . . . . . . . ..
2 Coherent sheaves on affine flag varieties and their K-theory|

2.1 Equivariant coherent sheaves on athne Kac-Moody flag varieties . . .

[2.1.1 Derived categories of coherent sheaves on ind-schemes|. . . . .

2.1.3 Duality] . .. ... ...
[2.2  Equivariant K-theory ot Flg . . . . . . ... ... ... ...

2.2.1 Demazure operators| . . . ... .. .. ... ... .. ... ..

[2.2.2  The affine Hecke algebra and convolution| . . . . . . . . .. ..

[2.2.4  Duals for the athne flag variety|] . . . . . ... ... ... ...

[2.2.5  Pulling back from the affine Grassmannian| . . . . . . . . . ..

10
13
13

23
23
27
29
32



[3 Perverse and staggered coherent sheaves on Kac-Moody flags| 65
[3.1 Perverse and staggered coherent t-structures| . . . . . . . .. ... .. 65
3.1.1  Setup| . .. ... 66

[3.1.2  The Bezrukavnikov-Deligne theory| . . . . . ... .. ... .. 67

[3.1.3  Staggered coherent sheaves|. . . . . . . . ... ... ... ... 69

[3.1.4  Stratified semismall maps| . . . . . .. ..o 73

B.1.5  Perverse coherent sheaves on the affine Grassmannianl . . . . . 74

[3.2  Staggered sheaves on thin and thick Schubert varieties| . . . . . . .. 78
[3.2.1 Staggered perversities on affine Schubert cells| . . . . . . . .. 78

[3.2.2 Proof of Theorem 3.2, 1.1 . . . . . . .. ... ... .. .. ... 81

[3.2.3  The thick flag variety case| . . . . . . .. ... ... ... ... 84

[4 Cluster algebras and the Cautis-Williams conjecture| 89
4.1 Determinant bundles and perverse coherent sheaves on the athne Grass- |

I mannianl . . ... ... L e e 90
4.1.1 Global Iine bundles on Grgl . . . . . . . oo 90

4.1.2 The Determinant bundlel . . . . . . .. ... ... ... 91

“.1.3  Canonical bundle of Affine Schubert varieties/. . . . . . . . .. 94

[4.1.4 Computations for GL,| . . . . . .. ... ... .. ... ... 99

4.2 The Cautis-Williams conjecture in type A| . . . . .. ... ... ... 101
[4.2.1 Cluster algebras and categorifications| . . . . . . . .. ... .. 101

[4.2.2  The conjecture] . . . . . . . . ... 104

423 Prooftinrank Il . . .. ... ... ... 105

[4.2.4 A proot strategy in type Al . . . . ... 114

4.3 Beyond type A: KR-modules and the Q)-system| . . . . .. ... ... 118
[4.3.1 Kirillov-Reshetikhin modules and the Q-system| . . . . . . .. 118

4.3.2  Convolution and fusionl . . . . . . .. ... ... ... ... .. 121
(Bibliography| 127

i



Chapter 0O

Introduction

This thesis focuses on the study of sheaves on certain infinite-dimensional spaces
called affine Kac-Moody flag varieties. Affine Kac-Moody Lie algebras, on which the
corresponding groups and flag varieties are based, arise naturally from physics (2-
dimensional conformal field theory, string theory) and have found many applications
in pure mathematics such as combinatorics (Macdonald identities) and finite group
theory (the Monstrous Moonshine conjecture). Enhancing the study from Lie algebras
and representations to sheaves on flag varieties allows us to construct new interesting

algebras and provide additional insights into old results.

0.1 Geometric Representation Theory in infinite
dimensions

The field of geometric representation theory is concerned with constructing algebras
and representations out of geometric data on spaces. A simple example of this pro-
cedure is to fix an algebraic group G, and to consider the category of G-equivariant
coherent sheaves on a point Cth(pt). We can see that this category is equivalent

to the category of finite-dimensional representations of the group G. More generally,



one usually studies categories of sheaves on spaces equipped with an algebraic group
action. Depending on the context, these sheaves might be constructible, coherent,

perverse, Mixed Hodge modules etc.

One fundamental insight of the theory is that certain properties of algebras and
their representations arise out of properties of the corresponding geometric categories
considered. For instance, if when applying this procedure we obtain a monoidal
abelian category C, its Grothendieck group Ky(C) will naturally possess an algebra
structure. Furthermore, one might hope that simple objects in C will provide an

interesting basis of the algebra Ky(C).

An early application of this philosophy appears in the work of Kazhdan and
Lusztig in the 1980s. In [KL87], [Lus85|, the authors construct the affine Hecke
algebra and some of its representations by considering GG x C*-equivariant coherent
sheaves on the Steinberg variety. The monoidal structure arises from convolution, of

which the following is a typical example.

Let G be a complex reductive group with a choice of a Borel subgroup B and a
torus T' and associate to this data the flag variety G/B and Weyl group W. We can
equip the (derived) category Coh”(G/B) with a monoidal structure by considering

the following diagram:

GxG/B—— GxzG/B

I [

G/B x G/B G/B.
Here G x5 G/B is the quotient of G x G/B by the diagonal B actions b(g, hB) =

(gb~',bhB), m is the multiplication map and p,q are the natural quotient maps.



Taking two sheaves F,G, their convolution product is then defined as

F*G=mq)"'p (FRG).

Note that equivariance here is essential, as ¢* induces an equivalence

Coh®*®(G x G/B) = Coh®(G x5 G/B).

Therefore we obtain an algebra structure on the Grothendieck group K?(G/B). More
insight can be gained into this algebra by fixing a basis. A natural choice is to take
the classes of structure sheaves Schubert varieties X,, = BwB/B for w € W, which
we will denote by O,. We will show in Chapter 2 that if l[(ws) > l[(w) for w € W
and s a simple reflection, then [O,,] x [Os] = [Oys) and else [O,] * [Os] = [O,], which
combined with the natural R(T')-module structure describes the algebra K?(G/B)

completely (we refer to [CG10] for more examples of this kind).

The first two chapters of this thesis study generalisations of the previous exam-
ple to the infinite-dimensional setting. More precisely, we will replace the complex
reductive group G by the loop group Gx = G(C((t))) and the Borel subgroup by
parahoric subgroups P of Gx. We then obtain the affine Kac-Moody flag varieties
X%(P) := Gx/P. These spaces are not schemes in general and are acted on by
pro-linear groups, therefore some care will be needed to set-up categories of coherent
sheaves. Following [Kum02] and [Zhul7], in Chapter 1, we equip affine Kac-Moody
flag varieties with an ind-scheme structure and prove some key geometric properties.
In Chapter 2, we construct the P-equivariant derived category of coherent sheaves on
X%(P) and equip it with a rigid monoidal structure arising from convolution. Fur-
thermore, in the special case of the affine flag variety Fls obtained taking P to be

the Iwahori subgroup, we obtain the following result:



Theorem 0.1.0.1 (2.2.0.1]in the text). Let G be a simply-connected almost simple
complex algebraic group, and let [O,,] be the class of the structure sheaf of the Schubert
variety X, forw € W/ viewed as an element of K'(Flg). Then the set {[O,] | w €
WaeITY forms a generating set of K!(Flg) as an R(T)-module. Furthermore, if s is a

simple reflection in W we have

[Ows) if l{ws) > (w)
[Ow] *1 [OS] -

[O,] else.

We also obtain an explicit description of duals in terms of the classes of affine

Schubert varieties in K'(Flg).

Perverse (constructible) sheaves have become ubiquitous in modern geometric
representation theory, as the spaces one is interested in are usually very singular. In
the finite-dimensional case, they have been central in proving the Kazhdan-Lusztig
conjectures, and in the infinite-dimensional set-up play a fundamental role in the
geometric Satake equivalence of Lusztig-Ginzburg-Mirkovic-Vilonen (see [BR1§| for
details). In analogy with the constructible case, Bezrukavnikov (after Deligne) defined
in [AB10] a category of perverse coherent sheaves on certain schemes with group
actions. This construction was later generalized by P. Achar in [Ach09], to the theory
of staggered sheaves which depends on a stratifcation of the category called an s-
structure. In Chapter 3, we present an overview of the theory of perverse coherent
and staggered sheaves. Taking an affine Schubert variety X,,, our main result is the

following.

Theorem 0.1.0.2 (3.2.1.1)in the text). With respect to a suitable s-structure and du-
alizing complex, D*(Coh’(X,,)) admits an Artinian staggered t-structure. The simple

objects in the heart are the staggered IC-sheaves ZC(v, x) for x a character of T and



v <w.

We also apply similar techniques in the case of the thick flag variety defined by
Kashiwara in [Kas89]. Taking a suitable open cover Qg, we construct a staggered

t-structure on D’(Coh’ ().

Theorem 0.1.0.3 (3.2.3.1)in the text). With respect to a suitable s-structure and du-
alizing complex, D*(Coh! (Qg)) admits an Artinian staggered t-structure. The simple
objects in the heart are the staggered 1C-sheaves ZC(v, x) for x a character of T and

veSs.

0.2 Coulomb branches and the Coherent Satake
Category

In chapter 4, we turn our focus to a special affine Kac-Moody flag variety, the affine
Grassmannian Grg obtained by taking P = Go := G(C[[t]]) and to its equivariant K-
theory K%©(Grg). Whilst a description of its spectrum as a geometric space has been
known since the appearance of [BEMO05], it has been of renewed interest as a special
intance of a Coulomb branch for 3-dimensional N' = 4 SUSY Gauge theory, of which
a rigorous construction was provided in [BEN1S8] and subsequent work. Motivated by
this, Cautis and Williams in [CW19] have recently equipped the algebra with a cluster
structure in the case of G = GL,, using the Beilinson-Drinfeld Grassmannian. More
precisely, they show that the category of perverse coherent sheaves Pgl,;"(c[[t”) (Grear,)
is a cluster categorification of a specified cluster algebra. Furthermore, they conjecture
that such a categorification should exist in all types.

In semisimple rank 1, we use the results of [BFMO05] to prove the Cautis-Williams

conjecture:



Proposition 0.2.0.1 (4.2.2.1]in the text). There is an algebra isomorphism

KSL2 (GI‘pGLz) = A(2, 2),

where the perverse sheaves P1 g, P11 are mapped to the initial cluster. Furthermore,
under the isomorphism, all cluster variables are classes of simple perverse sheaves

supported on the orbit Gry.

We also explain work in progress to prove the conjecture in type A using the re-

sults of [CWT9).

In the final part of the chapter, we provide further evidence of the Cautis-Williams
conjecture. In particular, we show that in the simply-laced case the global sections
of certain perverse coherent sheaves are Demazure modules, and show that for these,
global section of convolution goes to fusion. We also provide some open questions

and directions for further work.



Chapter 1

The geometry of affine Kac-Moody

flag varieties

Introduction

The goal of this chapter is to provide a self-contained exposition to the theory of
affine Kac-Moody flag varieties, in particular avoiding as much as possible the use
of affine buidlings. Affine Kac-Moody flag varieties are ind-schemes which can be
understood as certain homogeneous spaces for infinite-dimensional groups. For the
topology-inclined reader, they closely resemble based loop groups in topology. In the
first section, we will work in the special case of GL,, and then proceed to the general
case using an embedding argument. Finally, we construct stratifications and realise
them as singular projective varieties. As this will be used later on in the text, we
conclude the chapter by explaining a different approach to affine Kac-Moody flag
varieties pionneered by Kashiwara ([Kas89]). Although none of the results presented
in this chapter are new, the use of the Bialynicki-Birula stratification to construct the
Cartan decomposition does not seem to appear written down in the litterature and

some of the proofs are new. Our approach will at times be close to [Kum02], [Sor00]



and [Zhul7].

1.1 Affine Grassmannians over non-constant group

schemes

1.1.1 The construction of the affine Grassmannian over GL,

Definition 1.1.1.1. Let R be a commutative C-algebra, and let R[[t]] :== R ®c¢ C[[t]]
the R-valued Taylor series and R((t)) := R ®c C((t)) the R-valued Laurent series.
An R-lattice A is a finitely generated projective R][[t]]-module such that as an R[[t]]-

module,

o A C R((t)"

o A®pp R(() = R((1))"
Definition 1.1.1.2. The affine Grassmannian for GL, is the C-space Grgr, given

by

Commutative C-algebras®” — Sets

R — {A C R((t))"|A a lattice}

Example 1.1.1.1. We let Ao r be the standard lattice R[[t]]™. In general, we can

obtain a lattice by picking n linearly independent elements of R((t))".

Theorem 1.1.1.1. The C-space Grg, can be represented by an ind-projective ind-

scheme of ind-finite type.

The proof will take the remainder of this section. While this is standard (see
[BL94a], [Kum02], [Zhul7] for instance), the arguments will be useful for computa-
tions in chapter 4. To prove the theorem, we want to realise Grgr, as a union of

finite dimensional projective schemes. These are obtained as follows:

8



Definition 1.1.1.3. For N € Z>,,

GI‘N(R) = {A € GrGLn (R) ’ tNAO,R CAC tiNA()’R }

As any projective module is finitely generated, this defines a filtration of Grgr,

by subfunctors. To deduce the theorem, we will show the following:

Proposition 1.1.1.1. Gry can be represented by a proper scheme over C.

Proof. We follow [ZhulT].
We will exhibit Gry(R) as a closed subscheme of the classical Grassmannian. Let

Vy.r be the free R-module t=" Ao r/t" Ao r

oén : Gry(R) — Grass(Vy g)

given by A — 7N Aq g/A.
We claim that this is a closed immersion, with image the ¢-stable subspaces of Vy g.
Here ¢ is the induced endomorphism coming from the action of ¢ € RJ[[t]]. This will
be broken down into several steps:
(1) First we need to show that the quotient ¢V Ag g/A is projective. As A/tA =
A gy R is projective by assumption, note that R((¢))"/A is also projective
(as it is isomorphic to a direct sum of copies of A/tA). Furthermore, there is a
natural injection ¢~V R[[t]]*/A — R((t))"/A whose cokernel is the free module

R((t))/t N R[[t]]. Therefore, t~V R[[t]]/A is projective.

(2) Consider the set Grass(Vor)"! := {W € Grass(Vyg) | tW C W }. Using
Pliicker coordinates, we can see that it defines a closed subscheme of Grass(Vy r),

and that ¢y factors through Grass(Vp g)".

(3) It remains to show that the induced map ¢y : Gry(R) — Grass(Vog)! is

surjective. We only need to check this for finitely generated C-algebras R as any

9



C-algebra is the limit of finitely generated subalgebras and Grass(Vy g) is finite-
dimensional. Take P € Grass(Vy g)! and define Ap as ker(t VAo r — P). Note
that Viy z =t~V R[t]/tY R[t] and thus we can construct an R[t]-module A" such
that A" @gy R[[t]] = Ap. Thus we only need to show that AL™ is projective
as the embedding R[t] — R[[t]] is flat. We can then reduce by localisation to

the case that R is a local ring, and then conclude using Nakayama’s lemma.

1.1.2 Affine Grassmannians: the general case
Let O := C[[t]] and K := C((t)).
Definition 1.1.2.1. (1) Let X be a scheme over C. The positive loop space is the

functor

Xo : AffSchy — Sets

Spec(R) — X (R[[t]])

(2) Let Y be a scheme over C. The loop space is the functor

Yic : AffSch? — Sets

Spec(R) = Y (R((t)))

The following lemma is well-known and its proof can be found in [Zhul7].

Lemma 1.1.2.1. (i) If X is a scheme of finite type over O, Xo can be represented

by a scheme. Furthermore, if X is affine, so is Xo.

(i) If Y is an affine scheme of finite type over I, Yi can be represented by an

ind-affine ind-scheme. Furthermore, if Y = X Xgpeco Spec K where X is affine

10



of finite type over O, Xo is a closed subscheme of Yy
Using this lemma, we can define our main object of study:

Definition 1.1.2.2. Let G be a smooth affine group scheme over O. The affine

Grassmannian for G is the fpqc quotient

Grg := Gx/Gop

Lemma 1.1.2.2. Taking G = GL,, the two definitions of the affine Grassmannian

agree.

Proof. Let Ay := CJ[[t]]*. Note that GL,(K) acts transitively on the set of lattices
(taking g € GL,(K) to gAy), and that GL,(O) is the stabiliser of the standard lattice
Ag. Thus it remains to show that fpqc-locally every lattice A admits a basis. Indeed,
picking one such basis would give an element g € GL,,(K) such that gAy = A.

The statement follows from noting that finitely generated projective modules over a

Noetherian ring are locally free (see [G10] for details). O

Remark 1.1.2.1. Yet another definition exists in the literature (see [Zhul7]): one can

define the affine Grassmannian of G as the C-space given by

& a G-bundle over Spec(R|[[t]])
Ri— ¢ (E,0) |

f a trivialisation £ Xgpec gy Spec R((t)) =2 E° Xspec ri) SPeC R((t))

We will not use this definition here, but one can show the various definitions are

equivalent using the Beauville-Laszlo glueing theorem ([BL95]).

To obtain an ind-scheme structure on Grg, we will use embeddings G — GL,
together with the ind-scheme structure from the previous section. The main result in

that direction is the following:

11



Theorem 1.1.2.1. [BDI1] If p : G — GL,, is a linear representation such that the

quotient G\GL,, is affine, the induced map f, : Grg — Grar, is a closed embedding.

Remark 1.1.2.2. The theorem leaves open the question of determining which group
schemes satisfy the assumption. A large class of such group schemes are called para-
horic subgroups. These can be described using the affine building of the group G. In
the remainder of the text, we will tacitly use the fact that all group schemes consid-
ered are parahoric.

A stronger result due to T. Richarz (|Ricl6]) states that the affine Grassmannian is
ind-proper if and only if the group scheme G is a parahoric model associated with a
connected reductive group over K. This closely resembles the finite-dimensional case:
homogeneous spaces for reductive groups over C are projective if and only if they are

of the form G /P where P is a parabolic subgroup.

Proof. We provide a sketch of the arguments in [PROS8]. Let Z be the quotient G\GL,,
and consider the natural map f :

GL,x — Zk. By the previous lemma, we know that Zop C Zx is closed. Therefore
Y := f7Y(Zo) is a closed subscheme of GL,x. Furthermore, note that by con-
struction, Y is stable under the action of GL,(O). Therefore, we can find a closed
Y' C Grqy, such that Y = ¢~!(Y”) under the quotient map ¢ : GL,,(K) — Grqr,. Fi-

nally, note that the map Gy — Y induces an isomorphism between Y’ and Grg. O

Corollary 1.1.2.1. For G a reductive group scheme over C, Grg can be represented
by an ind-projective ind-scheme of ind-finite type.
More generally, for any parahoric group scheme G over O, Grg can be represented

by an ind-projective ind-scheme of ind-finite type.

Remark 1.1.2.3. We will describe explicitly the parahoric group schemes we will use

in the next section.

12



1.2 Orbit decompositions

1.2.1 Fixing the root datum

In this section, we will take G to be a connected complex reductive group together
with a choice of maximal torus and Borel subgroup 7" C B. The Weyl group W is
given as the quotient Ng(7T')/T. To this data we can associate the root lattice @,
choose positive roots A and simple roots A;. We let X, (7') = Hom(G,,,T) be the
cocharacter lattice, which contains the coroot lattice Q¥ and the dominant cocharac-

ters X7 (7).

Definition 1.2.1.1. (1) The affine Weyl group W/ is the semidirect product

W x QY
(2) The extended affine Weyl group W/ is the semidirect product W x X, (7).

The natural length function on the finite Weyl group can be extended to the
(extended) affine Weyl group as follows: for w € W, A € X, (T),

lwh) = > [+ > e+

acANw—IA aEANw—1(—A)
The affine Weyl group is a Coxeter group, generated by simple reflections sg, ..., s,
which depend on our choice of simple roots. s; for i = 1,...,n can be defined as the

reflection through the i-th simple root, and so(A) = A — ((A,0) — 1)0¥ where 6 is the
highest root. Furthermore, this choice induces a partial ordering > which restricts to
the standard Bruhat ordering on W.

To any element w € W%/, we can associate (non-uniquely) an element w € G as
follows: Write w = wA and pick a lift W € Ng(7T) of w. Furthermore A : G,,, = T

induces a group homomorphism ¢ : G,,(K) — Tx and let t* € G be given by A\(t).

13



Then we let w = wt?.
Similarly, we can write W7 as the quotient N /T where N = Ng(T) x X,(T) C Gx.
As with the finite-dimensional case, to any pair («, m) where « is a root and m € Z,

we have a root-group homomorphism

¢a,m : SLQ(C) — jS,

given as the composition of the root map ¢, x with the homomorphism

We let U, ,,, be the unipotent group in G given by the image of the standard unipo-

tent subgroup U C SLy(C)

Definition 1.2.1.2. The Iwahori subgroup I C G is the preimage ev™1(B) under
the natural map ev : Go — G obtained by setting ¢ to 0.

For any set of simple reflections J in W/ the parahoric subgroup P, is given by
IW;I C Gx, where W; C W%/ is the subgroup generated by the simple reflections

Si,’i e J.

Remark 1.2.1.1. Note that I is generated by U,, ,, for the simple reflections «; and

m > 0, and the root subgroups ¢,, 0(SL2(C)) C Go.
Lemma 1.2.1.1. P; s indeed a subgroup of Gi.

Proof. We prove this for G simply-connected (i.e. Wwell = weff ), but the result
holds more generally (see [Kum02]). This reduces to showing that if s is a simple
reflection and w € W/, IsTwl € Twl U Iswl. We will use the unipotents U, and
follow the argument of [Kum02 6.2 E3.(c)].

First note that Is;] = Is;U,,: indeed, we have wldyw™ = Uye and Uy, C I for

14



wa > 0. Hence, as sj(c;) > 0 for ¢ # j, the claim follows.

Now Is;Iwl = Is;Ud, wl. For w'a; > 0, so repeating the previous argument for w
leads to the result.

If wla; < 0, we can note that Uy, s; C TU,U_,, U TU,,s; which can be checked

directly on SLy. The result then follows. O

Example 1.2.1.1. For SLy(K) under the standard choice of simple root, the Iwahori

0O O
subgroup 1is given by matrices in N SLy(K). There are two other mazximal
tO O
O t'o
parahoric subgroups: SLy(O) and N SLy(K).
t0 O
In SL3(K), the situation is more complicated. We still obtain the mazimal parahoric
O 0 0

SL3(O) and the Iwahori I, but also | t® © © | NSL3(K).

t0 0 0O

Remark 1.2.1.2. As mentioned in the previous section, we assume without proof that

these groups are indeed parahoric in the sense of Corollary [1.1.2.1

Definition 1.2.1.3. The Kac-Moody flag variety flag variety associated with a para-
horic subgroup P is denoted X%(P) := G /P. Taking P = I the Iwahori subgroup

we obtain the affine flag variety, usually denoted Flg = X%(I).

By definition, each of the parahoric subgroups we use contain I, and therefore

admit a map Flg — X%(P). The main property of this map is as follows.

Proposition 1.2.1.1. Let P C G be a parahoric subgroup. Then the natural quo-

tient map 7 : Flg — Gx /P is a locally trivial fibration with projective fibres.

For the proof, see [PR04, 8.e.1].
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1.2.2 Bruhat-Cartan-Iwahori-Matsumoto decompositions

In this section and for the remainder of this text, unless specified otherwise, all
spaces will be understood as their C-points equipped with the reduced (ind-)scheme

structure, and G will be as in the previous section.

The Cartan decomposition of Grg

The main result in this section is the following:

Theorem 1.2.2.1 (Cartan decomposition). The affine Grassmannian decomposes as
a disjoint union

GI"G = I_l Grg

Aex;H(T)
where Gy = (Go t* Gop)/Go such that:

(1) Each Gr* is a single Go-orbit.

(2) Let 0:=1/23" cn . Then Gr* is a smooth quasi projective scheme with

dim Grg, = (20, \)

(3)

Gr

Q>

_ H
=&k
H<A

(4) Gry is an affine bundle over the generalised flag variety G/ Py.

Remark 1.2.2.1. Note that the theorem provides an explicit stratification of Grg by
finite-dimensional projective schemes, which will allow us to study the geometry of
the affine Grassmannian more explicitly. Furthermore, the objects we will consider
in the next chapter are Gp-equivariant and therefore will naturally be supported on
unions of such varieties. This theorem will follow from identifying the T-fixed points

using an argument of Zhu, then using the Bialynicki-Birula stratification.
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First, note that for a torus 7T, Gry is naturally isomorphic to the cocharacter

lattice X, (7).

Proposition 1.2.2.1. The embedding T — G induces an identification

(Grg)T = GI"T

where (Grg)T is the set of fized points under the left T-action.
To prove this, we will use the following lemma:

Lemma 1.2.2.1 (|[Zhu09]). There is a decomposition

Gx = BxGo

Proof of Proposition[1.2.2.1. Note that for any cocharacter \, t*Go/Go is a fixed
point of Grg under the left T-action.

Conversely, take g € (Grg)?. By the lemma, we can take g € B(K). Now as C-
varieties, B = T x U where U is the unipotent radical. Therefore, we can write
g = su where s € Tic and u € Ug. Furthermore, as U is unipotent, we can write
u=u_uy where u_ € U(t"'C[t™!]) and u, € Up (indeed the result holds for G, and
U is generated by a product of such).

Therefore, for any ¢ € T', we have tgGp = gGo <= Ad,1t € Gp N Bx = Bo.
Writing ¢ = su_u, as above, we see that this reduces to u~'tu_ € By, which is
equivalent to u”'tu_ = t. As this holds for all ¢t € T, we see that u_ = 1. Therefore,

as uy € Go, g € TxGo/Go as required. O

Now, consider the T'x G,,, action on Grg where G,,, acts by loop rotation zP(t) =

P(zt).
Proposition 1.2.2.2. We can choose a cocharacter G,, — T x G,, such that the
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attracting sets of the Bialynicki-Birula stratification under the induced G,,-action are

of the form It'Go/Go for X € X, (T).

Remark 1.2.2.2. A priori, it is not clear that one can use the Bialynicki-Birula strat-
ification in this context. One approach is to observe that as an ind-scheme the affine
Grassmannian is formally smooth, and embeds in an infinite dimensional smooth
scheme (the thick affine Grassmannian, which we will discuss in section 4). Fur-
thermore, the T-fixed points are discrete, and we can apply the BB decomposition
(see |Gin90] for some more details). For the definition of the tangent space of an

ind-scheme and some basic computations, we refer the reader to [HLRIS].

Proof. Let X, be the attracting set corresponding to the fixed point ¢*. Decompose
the Lie algebra g((¢)) as

g((t) =n-@h@nt

where nt is nt & tg[[t]], and similarly for n—. Note that we can choose the G,,-action
such that the above decomposition of g((t)) corresponds to the plus/minus decom-

position [[] Now, the tangent space T. Gre = g[[t]]/g[[t] and therefore Tjx Grg =

gllt]]/(Adpgl[t]]) N g[[t]]. Thus

X =T Grg & @ 9a(0) /N g (O).
(a,\)>0,0€A
Note that this is a finite-dimensional vector space over C, with dimension (2p, \).
Furthermore, note that Ut* C X where U is the pro-unipotent radical of I. Finally,
Ut C X is both dense open (by dimension checks, and U unipotent) and closed (as

X is affine), so therefore X\ 2 Ut*"Go/Go = [t'Go/Go as required. O

!See MathOverflow:The Bialynicki Birula stratification of the affine Grassmannian
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Corollary 1.2.2.1. The affine Grassmannian Grg decomposes as

| | 1#*Go/Go

XX, (T)
Furthermore, It*"Go/Ge is an affine space of dimension (2p, \).

Note that this immediately implies parts (1) and (2) of Theorem as Go =
| |ew [wl and each Weyl group orbit has a unique dominant representative. Part
(4) follows from the Bialynicki-Birula decomposition, noting that Gt*Ge/Go is the
fixed set of the loop rotation action on Gry and is isomorphic to G/Py. It remains to

show part (3):

Lemma 1.2.2.2.

Gry = UGrﬂ

1590
Remark 1.2.2.3. There are various ways of proving this result, we will present here

the approach taken in [BD9I] and [Zhul7]. Note that the proof of theorem [1.2.2.2

below provides an alternative proof.

Proof. Let p: G — GL(V) be a lowest weight representation of V' with lowest weight
w and lowest weight vector v. Consider V ® O as a Go-module. Then t*v = ¢ty
and therefore, for any g € Got*Go, p(g) € t™* End(V ®O). Furthermore, the above
calculation also implies that p(g) ¢ t*“+! End(V ® O). Therefore, if Gr, C Gry, we
deduce that (p,w) < (A, w) for all dominant weights w and therefore u < A.

Conversely, we will show that for any < A, we can construct a closed curve in Gry
containing t*~® for a a positive coroot such that 4 < A —a < X and A — a dominant
(the general result then follows from induction). We proceed as follows: consider

the root homomorphism ¢, : SLy — G and as before, extend it to a homomorphism
a t"b
bax : SLox — Gi. Now, define the subgroup K,, = { } € SLyx and
t™c d
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define C,, = ¢poxc(K,n)t*"Go/Go C Gry for m = (a, p) — 1.

Note that K\ = ev~(Id) N K, acts trivially on t*Go/Ge: indeed, and element

of Kr(nl) can be written as

a t<a7“> b
t7<auu'>c d
a b
such that € SLy . We can then use the identity Adp o c(X) = Gax (Adyrm X)
c d

to conclude that Kﬁ,}) C t*Got=> and therefore Kfnl) stabilises t*.

Now the evaluation map SLy o — SLy(C) gives a natural isomorphism Km/Kﬁ) =
SLy(C) and therefore ¢, x(K,,)t is isomorphic to P! (noting that x, does not fix
t*. Furthermore, separating the action of the root subgroups z, and z_, we see that

GoNdax(Kn)t*Go/Go = Al C P, Finally, we can note that the point at infinity is

0o -t
given by the image of . Writing it as a commutator of unipotent matri-
t™™ 0
0 _4m
ces (see [Jan03l 2.1.2] ), we see that ¢q i ( WGo/Go =12 Go/Go. O
t= 0

This concludes the proof of theorem [1.2.2.1

The Iwahori decomposition of the affine flag variety

Recall that we have a Gg-equivariant map 7 : Flg — Grg which is a locally trivial
fibration with fibres G/B. Using theorem [1.2.2.1] and the map 7 we obtain the

following decomposition of the affine flag variety:

Proposition 1.2.2.3 (The Iwahori Decomposition). Flg admits a decomposition into

I-orbits

Flo= || TwI/I.

weWwalf
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Furthermore, each orbit X,, := Iwl/I is an affine space of dimension l(w).

Proof. We can use the Bialynicki-Birula decomposition again. To obtain the T-fixed
points, note that as 7 is equivariant, all fixed points are contained in 7= (t*\Gp /Gp) =
t*G /I for some cocharacter \. Now T commutes with t* and Go /I = G /B, therefore
the problem reduces to finding the T-fixed points in G/B. But these are precisely of
the form wB for w € W.

Suppose, without loss of generality, that A is dominant. Then, the tangent space to

Twt*1 /I is isomorphic to

b @ tg[[1]]
h© (Bacarnwa tV8ua(0) ® (Bacacu(-a) 1™+ 8ua(0)) © (D<o 9allt]])

which has dimension [(w). O

As with the affine Grassmannian, the main theorem concerns identifying the I-

orbit closures in Flg.

Theorem 1.2.2.2. For any w € W/ the closure of X,, in Flg is given as follows.

Xo=|]x
v<w
The techniques of theorem do not apply here, therefore we need a new
approach. For simplicity, we will assume that G is simply-connected so that W/ =
Weaff although the results will readily generalise to the general case (as the affine
flag variety decomposes in disconnected blocks labelled by 71 (G), see [Fal03]). The

main ingredient of the proof is the following:

Definition 1.2.2.1. Let w € W%/ and write it as a reduced decomposition w =

5152...5, where s; is a simple reflection. The Bott-Demazure-Samuelson-Hansen
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resolution (BDSH) Z,, of X,, is the map

TTw - D(w) =Py Xy Py Xp--- XIIPT/I—>FIG

where P; = I U I's;I the minimal parahoric corresponding to s;.

Proposition 1.2.2.4. [Ful03, [Kum02] D(w) is smooth, proper and irreducible. Fur-

thermore, the map m, is a resolution of singularities of X,,.

Remark 1.2.2.4. First, note that theorem |1.2.2.2|follows immediately from the propo-
sition: by the proof of lemma (l.2.1.1] the image of 7, consists precisely of the orbits

Ivl/I for v < w (by picking in the product which elements are in I or Is;I).

Proof. Note that P;/I = P! and therefore smoothness, properness and irreducibility
follow by induction on I(w). Now, note that the open dense subvariety IsiI X--- X7
Is.I/I maps isomorphically to X, under m,. Furthermore, the image of a projective

variety under a scheme morphism is closed, and therefore the result follows. O

More generally, we can repeat the arguments in the case of parahoric flag varieties

Gx /Py, and obtain the following:

Corollary 1.2.2.2. We have the following decompositions of X%(P):

(1)
x¢Py= || T1wP/P

’wEWaff/Wp

where the I-orbits are affine spaces.

(ii)
X9(P) = | | PwP/P

wGW’p\Waff/W'p

22



1.3 Affine Kac-Moody Lie algebras and central ex-
tensions

Another approach to defining Kac-Moody flag varieties comes from the work of Kumar
and Mathieu. For them, the starting point is the theory of Kac-Moody Lie algebras,
and the theory then tries to mimic the finite dimensional case (by defining the loop
groups as exponentiated Lie algebras in some precise sense). While the previous
sections provided us with the ind-projective ind-scheme structure using embeddings
into the affine Grassmannian of GL,, in this section we will use the representation
theory of Kac-Moody Lie algebras to obtain embeddings into projective space. We
will first provide a short overview of the theory of Kac-Moody Lie algebras so as to
be able to state and prove the results we will need. This follows [Kac90], [Kum02],
[Sor00].

1.3.1 Kac-Moody Lie algebras and representations

Definition 1.3.1.1. Let g be a simple Lie algebra over C with Killing form (—, —).
The affine Kac-Moody Lie algebra (AKLA) g is defined as the vector space g ®
Cl[t,t71] ® Cc @ Cd together with Lie bracket

d d
X ®f+md Y ®g+pd = [X7Y]®f9+(XvY)Res<gdf>c+utd—z®Y—u’td—£®X

and ¢ central.

As in the finite-dimensional case, associated to an AKLA there is a root system,
a set of simple roots, a Killing form, a Weyl group and etc. The following theorem

summarises the results we will use later on.
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Theorem 1.3.1.1. (i) The roots of g are given by

A={j5]jeZ\{0}}U{jd+B|jE€Z and s € Alg) C (h/™ @ Cc® Cd)*}

where 8lyringe. = 0 and 6(d) =1 so that gjs15 = gpt’.

(i1) The positive roots are

AT ={jo|j>0 u{jé+pB]j>0anddecA(g}U{B[BecA(g)"}

leading to a triangular decomposition g = (h @ Ccd Cd) dnt dn~.

(i1i) The simple roots are given by Q = {ag = 6 — 0,0a4,...,q} where 6 is the
longest root in g and «; are the simple roots of g. The simple coroots are then

QV={c—0",af,...,q)}.

(iv) The associated Weyl group is the affine Weyl group WS = W/in w QV where

Q" is the coroot lattice of g.

(v) The Killing form is given by

(X® [,Y ®g)=(X,Y)Res(fdg)

(Ce+Cd, glt, t™1]) = (e, ¢) = (d,d) =0

Remark 1.3.1.1. We also obtain associated simple roots, raising and lowering opera-

tors e;, f; and a notion of highest-weight representation.

As AKLAs are infinite-dimensional, it is important to restrict the representations

we look at. An especially well-behaved class are the integrable representations.

Definition 1.3.1.2. Let V be a highest-weight representation. V' is an integrable

representation of g if f; acts nilpotently on Cv for all 4 and v € V.
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Finally, we can state a classification of the irreducible representations of g.

Definition 1.3.1.3. Let A € h*. The Verma module M(A) is the universal highest-

weight module.

Theorem 1.3.1.2. Let P, = {A € b* | (A, o)) € Zzo}.
If A € Py, the Verma module M(A) has a unique irreducible integrable quotient
denoted L(A).

Remark 1.3.1.2. As c is central in @, ¢ acts by the integer (¢, A) on the irreducible
representation L(A). This integer is called the level of the representation. The level
1 representations are parametrised by the fundamental weights A;,i = 0, ..., [ defined
by (Ai;af) = ;5 and (A, d) = 0 up to a multiple of §. L(Ao) is usually called the

basic level 1 representation.

Let T=0b® 1@ g®tC[t] C g be the Iwahori subalgebra (note it corresponds up

to completion to the Lie algebra of I from the previous section).

Definition 1.3.1.4. Let w € W%/ and A € P,. The Demazure module V,,(A) is the

cyclic U(J)-submodule of L(A) generated by a non-zero vector v,y € V(A)ya-

Remark 1.3.1.3. One can check (see [Kac90]) that the subspace V' (A),, is 1-dimensional,
hence the definition is independent of the choice of v,s. Furthermore, note that we

can chose w € W7 /W,.

The goal of the next section will be to embed the Schubert varieties Gryv in
P(V,,(A)) for some choices of w and A. For this to be possible, we need to select our
Demazure module to be g[t|-stable, and to have suitable weight vectors. The first
step is to note the following: we can extend our construction of Demazure modules
in the following way. The quotient P/Q) is isomorphic to the group ¥ of automor-
phisms of the affine Dynkin diagram and therefore we can view the affine Weyl group

Weet =2 W x . Now both W/ and ¥ act on the weights, extending the action to
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any w € Wet,

Lemma 1.3.1.1. V,,(A) is a g[t]-module if and only if s;jw < w mod W= for all

real simple reflections s;.

Proof. We know that V,,(A) is stable under raising operators e;, so to obtain the
result, we need to study the action of f; for ¢ a real root. Note that for V,,(A) to be
g-stable, we need the lowering operators to act trivially on v, (as all non-zero weight
spaces are higher in the Bruhat ordering). Now from [Kac90], we see that fiv,n =0
if and only if (wA,«)) < 0. This only holds if s;w < w, up to the stabiliser of A,
as required. Finally, note that the the subalgebra of U(g) generated by J and g is

precisely U(g[t]). O

The Demazure modules of most interest to us will be the ones coming from the

level 1 representations L(A;). The main results used later on is the following:

Proposition 1.3.1.1. Let i be the isomorphism h @z Q — b* ®z Q induced by the
Killing form. For any dominant coweight NV, we can find a fundamental level 1
weight A; and wyv € W such that the corresponding Demazure module Vyy (A;) is

generated by a lowest weight vector of weight wyi(AY).
We will denote the corresponding Demazure module by D yv.

Proof. Let A be a dominant affine weight of level 1. Note that wA satisfies the
conditions of the previous lemma if and only if (wA, ;") < 0 for all real simple roots
a;. Writing A = Y  p;A; + md, we see that this means wA € —P, + Ay + md
for some integer m € Z. Conversely, take A\Y a dominant coweight, and consider the
dominant weight 4(A\¥). Then A" = i(AY) + Ag+mé is a dominant (affine) weight and
therefore wyA’ is of the required form. Finally A’ has level 1, therefore by changing m

we can assume that A" = A; for some i (see [Kac90|, 12.4.4]). This gives the result. O
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Remark 1.3.1.4. By the lemma, D, v is naturally a g[t]-module, and we will see in

the next section that it integrates to a Gp-representation.

1.3.2 Central extensions and integration

Let G be a complex, simply-connected, simple algebraic group with corresponding Lie
algebra g. We can construct an extension of G by G,, as follows: note that there
is an action of G,, on K by z.P(t) = P(zt). This induces a group homomorphism
Gy — Aut(Gr). Then we let C/T';\C be the corresponding semi-direct product.

Inspired by the finite-dimensional case, one might wonder if it is possible to pass
between integrable g-representations to representations of C/v’; Let us first do this for

the adjoint representation.

Lemma 1.3.2.1. The completed Lie algebra Geomp = 8 @ K @ Ce @ Cd is naturally a

representation of é;\g, extending the adjoint action of G on g.

Proof. First note that as G acts on g we obtain a natural adjoint action Ad of Gx
on g ®c K. Choose an embedding of G in SL,(C) for some n. Then, for g € Gy,
2€ Gy, Xeg® K and A\, u € C, we let

d d 1 d
Ad(g)(X+e+pd) = Ad(g)(X) =t ()9~ +(A=Resilg™ = X = putg™ ) )o-+ pud

Ad(2)(X + e+ pd) = X(2t) + Ae+ pd

Here we've used the embedding to define the derivative dg/dt, and one can check that
the image is indeed in Gepmp. Taking A = p = 0 and g € G, we recover the adjoint

action on g as required. O]

Theorem 1.3.2.1 (Faltings,[BLI5]). Let p: g — End(H) be a highest-weight inte-

grable representation. Then there exists a unique algebraic representation p : C/??C —
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GL(H) whose derivative corresponds to p up to homothety and such that

p(Ad(g)X) = Ad(p(g))p(X).

Remark 1.3.2.1. Integrability here is essential: it allows us to extend any representa-

tion of g to one of the completion g,,,,, without the appearance of infinite sums.

We can use the integration theorem to construct a central extension of the loop

group G as follows: consider the short exact sequence of ind-groups
1 — G,, — GL(L(Ag)) — PGL(L(Ap)) — 1. (A)

By the theorem, we have a homomorphism ¢ : (/J;\C — PGL(L(Ay))-

Definition 1.3.2.1. The Kac-Moody group G associated with G is the central ex-

tension of é;c obtained by pullback of (A) along the homomorphism ¢y.

Remark 1.3.2.2. The group G can also be obtained using a Chevalley-type presenta-

tion. This is the approach of the book [Kum02].

Proposition 1.3.2.1. (1) The Lie algebra of G is isomorphic to the Kac-Moody

Lie algebra g associated with G.
(2) The central extension restricted to Go X G, splits.

Remark 1.3.2.3. The proof of Proposition [1.3.2.1| can be found in [LS97]. The main
step is that integrability provides a section pgl(Ao)|zm(p) — 81(Ao)|1m(p), which readily

induces the Kac-Moody cocycle.
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1.3.3 Projective embeddings
The simply-connected case

In this subsection, we keep the assumptions of the previous subsection and assume G is
a simple, simply-connected, complex reductive group. Consider the g-representation
L(Ap). By the previous section, this integrates to a projective representation. There-

fore, we obtain an action of G on P(L(Ay)).

Lemma 1.3.3.1. The stabiliser of the highest-weight line [vg] € P(L(Ay)) is exactly

—~

Go.

Proof. Note that by [Kac90, 10.4], vy is annihilated by e;,f; for i« > 0, h and d. The
Lie subalgebra generated by these is the Lie algebra of Gp x G, and the previous

section allows us to conclude. O

Proposition 1.3.3.1. The action of Gx on P(L(Ay)) induces a closed embedding
@ : Grg = P(L(Ay)),

where P(L(Ag)) is given the ind-scheme structure by finite-dimensional subspaces.

Proof. [BL94al, [LS97] The map is injective by construction. It preserves the ind-
scheme structure by theorem [1.3.2.11 To show that it is an embedding, by G-
equivariance it is enough to show that d®. is injective. Now, theorem [1.3.2.1] also

describes the differential as

d®. - g((1))/a[[t] = L(Ao)/C*

X — XUAO-

But as noted in the previous lemma, the stabiliser of vy, under the action of g((¢)) is

precisely g|[t]], proving the result. O
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By the ind-scheme structure of P(L(Ay)), the proposition yields an embedding of
the Schubert varieties Gry into some projective space. This can be described more

precisely:

Lemma 1.3.3.2. The map ® identifies Gryv with the closure of Golvwiavy] C

P(Dy,5), where vyginy is a vector of weight wyi(A) in L(Ao).

Proof. This comes from the adjoint action and Proposition [1.3.1.1] noting that in the
simply-connected case the map ¢ induces an isomorphism between the coweight and

root lattices. [l

Remark 1.3.3.1. As with the definition of D v, the lemma does not depend on the

choice of weight vector.

Remark 1.3.3.2. The lemma also offers an alternative definition of the Schubert va-
rieties Gr, which is entirely based on Kac-Moody Lie algebras. This is the approach
taken by Mathieu [Mat8§].

The non-simply connected case

For GG non-simply connected, the situation is somewhat more complicated. First note

the following

Proposition 1.3.3.2. The connected components of Grg are labelled by minuscule
coweights \;. Furthermore, the corresponding connected component GriG 15 1somorphic
to G5¢/P" where P* is the mazimal parahoric subgroup obtained by removing the ith

simple reflection.

Remark 1.3.3.3. Removing the affine reflection sg, the corresponding connected com-

ponent is isomorphic to the affine Grassmannian Grgse.

Proof. This is a slight simplification of the arguments of [Zhu09].

The first part is purely combinatorial: the orbits Gry and Gr, corresponding to two
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dominant coweights A and p are in the same connected components if and only if we
can find a sequence of dominant coweights A\’ with A = X\ and A" = y such that there
are dominant coweights pu; < A7 and pu; < M. Taking p; minuscule (including 0)
without loss of generality, we see ([Bou05l, VIex5]) that Gry and Gr, are in the same
connected component iff the unique minuscule coweight under A is the same as the
one under . This concludes the first part.

To obtain the second part, note that we can write

Gr'= ] G§tt*Go/Go.

XexH(T)

Finally, the orbit of “'Go /G under G§¢ contains Gr' and is connected, therefore we

can conclude noting that Adw. G = P;. O

By a similar argument as in the simply-connected case, we can embed the var-
ious connected components and Schubert varieties in the corresponding projective

representations:

Proposition 1.3.3.3. There is a Gi¢-equivariant closed embedding of ind-schemes

sc

obtained by letting G3¢ act on the highest-weight line [vy,].
Furthermore, the map ®; identifies Gryv C Grly with the closure of GEvwyiny] C

P(D1,5), where vygicny is a vector of weight woi(X) in L(A;).
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1.4 A different approach: Kashiwara’s thick flag
varieties

A different approach to constructing affine Kac-Moody flag varieties was introduced
by Kashiwara in [Kas89]. The difference between his approach and ours so far is
that instead of obtaining an ind-scheme of ind-finite type, he constructs a scheme of

infinite type.

Definition 1.4.0.1. Let G be a complex reductive group with a choice of Borel
subgroup B and opposite Borel B, and let for any commutative C-algebra R, consider
the group scheme I~ (R) = ev™!(B) and ev : G(R[t]) — G. The thick affine flag

variety is the C-space X given by
R — G(R((t™))/I"(R)

Remark 1.4.0.1. In the same way as we have defined parahoric flag varieties, we can

replace the Borel by any parabolic subgroup of G.
Theorem 1.4.0.1. X can be represented by a scheme of infinite type.

Proof. We present a quick sketch here. Start with the completed Kac-Moody Lie
algebra @3 at ¢t~ considered as a Tate vector space (as the completion of finite-
dimensional subspaces).

The Sato Grassmannian Grass(@) is the C-space which assigns to any C-algebra

R the set
{A an open bounded submodule of Feomp@R | Geomp®@R/A projective R — module }.

One can check that the Sato Grassmannian is a separated scheme. Furthermore,

X embeds naturally in Grass(geomp) as the G((¢7!)) orbit of the Iwahori subalgebra
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—~

b C gj);p. One can check that this is an embedding of schemes, giving X4 its

scheme structure. O

The main theorem concerning thick flag varieties that we will need is the following

(it can be proven analogously to the Iwahori decomposition from the previous section).

Proposition 1.4.0.1. Let W% be the affine Weyl group associated with the AKLA
g. Let XV = Iwl /I~ the I orbit through w and for a set of roots S of g let

U(S) = Il,cs 8a- Then there is a decomposition

X = |_| Xv

weweaeff

such that

(i) X" is locally closed, isomorphic to
UA"NwA™) = X"

thus to A, and codim X* = l(w).
(i) X0 =Uysy X"
(i) X 2 UAT NwAT) CUJye,, X¥-
Remark 1.4.0.2. Note that the proposition gives an embedding of Flg; into Xg.

A technical difficulty in working with the thick flag variety is that the orbits and
orbit closures are non-Noetherian. We will see with the following two results that

when working [-equivariantly, some of those difficulties disappear. The first one is

the following easy corollary of Proposition [1.4.0.1}]

Definition 1.4.0.2. Let S be a finite subset of W/, We say S is open if w € S and

v < w implies that v € S.
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Lemma 1.4.0.1. If S is an open subset of W7/ then the set

QS = |_|Xw

weS

1s an I-stable open subscheme of Xq. Furthermore, the collection of all Qs with S

open forms an open cover of X¢g

The main result we will be using later on is the following proposition, whose proof

can be found in [KT95, [VV09al

Proposition 1.4.0.2. Let [ be a positive integer, and define U; < I to be the subgroup
generated by the positive roots of length > .
Then, for any open S, there exists anl > 0 such that the quotient U;\Qgs is a separated

smooth scheme of finite type.
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Chapter 2

Coherent sheaves on affine flag

varieties and their K-theory

Introduction

The goal of this section is twofold: firstly, to define (equivariant) derived categories of
coherent sheaves on the affine Kac-Moody flag varieties constructed in the previous
chapter. Secondly, equip these categories with a rigid monoidal structure induced by
convolution. These constructions will be computed more explicitly in the case of the
affine flag variety Flg. In particular, we will show that KZ(Flg) is isomorphic as an
algebra under convolution with the Iwahori-Matsumoto Hecke algebra, and provide

an algorithm to construct the duals of structure sheaves of Schubert varieties.

2.1 Equivariant coherent sheaves on affine Kac-
Moody flag varieties

In this section, we define an equivariant derived category of coherent sheaves and

construct a monoidal structure. We mostly follow the first section of [VVO9D].
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2.1.1 Derived categories of coherent sheaves on ind-schemes
Coherent sheaves on ind-schemes

Let X be an ind-scheme, given as a direct limit of quasi-compact schemes X, where
a € I adirected set with closed embeddings i.3 : X, — X3. To obtain a well-behaved

category of coherent sheaves, we need the following definition:

Definition 2.1.1.1. X is ind-coherent if it can be represented as the direct limit of

coherent schemes with good embeddings.

Remark 2.1.1.1. Recall that a scheme X is coherent if its structure sheaf Oy is
coherent. A closed embedding Y < X is then good if for any open set U, Zy (U) is

finitely generated in Ox(U).

Definition 2.1.1.2. Let X = colim X, be an ind-coherent ind-scheme, and consider
the associated direct system of triangulated categories (D?(Coh(X,)),%a..). Then,

we define the derived category of coherent sheaves on X by

D’(Coh(X)) := 2 colim, D"(Coh(X,)).

Remark 2.1.1.2. (1) From general considerations, this is a triangulated category.

(2) We will write an object of D?(Coh(X)) as a pair (F, o) where F € D°(Coh(X,)).

Definition 2.1.1.3. The Grothendieck group of an ind-coherent ind-scheme X is
defined as
K(X) :=Ky(D"(Coh(X))).

Pro-group actions, equivariant derived categories

Most of the spaces considered will be equipped with a group action. Therefore, we
want to consider equivariant derived categories. However, the groups acting will in

general be pro-linear groups, so we need to define the precise meaning of those.
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Definition 2.1.1.4. Suppose an algebraic group G acts on an ind-coherent ind-
scheme X. Suppose further that the ind-scheme X can be represented as the colimit
of a system of quasi-compact G-invariant schemes X,. Then we define the equivariant

derived category as

D¥(Coh®(X)) := 2 colim, D*(Coh®(X,))

Remark 2.1.1.3. In general, an ind-scheme with a G-action does not need to be strat-
ified by G-schemes. If this holds, we call the ind-scheme a ind-G-scheme. Note that
for instance the affine Grassmannian is a G-ind-scheme when using the orbit closure

stratification.

Now, suppose we have a pro-linear group G = limG"™ where G" is a finite-
dimensional linear algebraic group. We would like to simplify the situation further
by letting G act only through a given G™ on each X,. A set of conditions for which

this holds is the following:

Theorem 2.1.1.1. Let G = lim G™ be a pro-group and suppose X is a ind-G-scheme.
Suppose further that it can be represented by a system of G-invariant schemes of finite
type X, such that the action of G on X, factors through some G™ for n large enough.

Then there is a natural equivalence of triangulated categories

2 colimy, 2 colim,,s,,, D°(Coh®" (X,)) = D*(Coh® (X))

Remark 2.1.1.4. (1) This theorem is useful as the categories on the left hand side
are all categories of coherent sheaves on a finite-dimensional scheme with finite
dimensional group actions and therefore the standard theory of derived functors,

coherent duality and so on can be used. As Ky commutes with colimits, we also

37



get

KY%X) := Ky(D"(Coh“(X))) = colim, colim, >, Ko(D?(Coh®" (X,))).

(2) If Gy = ker(G — G°) is pro-unipotent, we further get that K¢(X) =~ K (X),

which we will use implicitly throughout the text.

Example 2.1.1.1. The thin flag varieties X9(P) acted on the left by P all satisfy
the assumptions of the above theorem. To see this explicitly, we can note that on
the affine Grassmannian Grgr, , the endomorphism t acts nilpotently on each stratum
Gr? viewed as a set of lattices. Therefore, the GL,(O)-action factors through a finite
dimensional quotient, and the general case then follows using an embedding f, as in
theorem[1.1.2.1 Furthermore, remark (2) above also applies to Go and I (see [NPOI,
2]). In particular, we’ll freely use in the remainder of the text the isomorphisms

K!(Flg) = KT(Flg) and K% (Grg) = K¢(Grg)

Global line bundles on ind-schemes

As the affine Grassmannian is a homogeneous space, one might want to extend certain
results such as the Borel-Weil-Bott theorem to the infinite-dimensional case. So far,
the sheaves considered on Grg have all been supported on finite-dimensional varieties,
but the natural line bundles associated with characters are not. For this, we need the

following definition ([Kum02]).

Definition 2.1.1.5. Let X be a G-ind-scheme equipped with a G-invariant filtration
X,,n € N by finite-type schemes. Then a G-equivariant vector bundle of rank r on

X is a G-equivariant map of ind-schemes 7 : £ — X such that:

(1) The following diagram of ind-schemes commutes:
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GxE ——F

L

GxX — X

and the action is linear on fibres.
(2) E, =7(X,) gives a G-invariant filtration of E.
(3) E, — X, is a G-equivariant vector bundle of rank r.

Example 2.1.1.2. An important example is the following: consider an affine Kac-
Moody flag variety Gi /P equipped with its ind-scheme structure. To any character
X : P — C* we can associate a line bundle L, = Gk xp C, where P acts by right

multiplication on P and by x on C,.

As with the finite-dimensional case, one can associate to a vector bundle £ — X
its sheaf of sections E. Note that however £ ¢ Coh(X) as it is not supported on a

finite-dimensional stratum. However, we have the following:

Proposition 2.1.1.1. Let E be a G-equivariant vector bundle over a G-ind-scheme

X. Then, there is a well-defined exact functor
E ® — : D"%(Coh(X)) — D"%(Coh(X)),

which is an auto-equivalence when E is a line bundle.

Proof. Let (F,n) € D% Coh(X)). Then we define E ® F = i*(E) ® F. This is
well defined as X,, are finite-dimensional varieties, therefore the left derived tensor
product exists and is bounded. If instead we take m > n and (iym«F,m), the pro-
jection formula gives i (E) ® ipmsF = lnms(i5E ® F), which provides the required
compatibilities. Exactness follows from reducing to the case of E = Oy.

Finally, if ' is a line bundle, tensoring by its dual defined in the standard way provides

the required inverse. O
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Remark 2.1.1.5. By the previous proposition, for any vector bundle E on X, we obtain
an R(G)-module endomorphism on K¢(X), which we will denote by £ ® —, slightly

abusing notation.

Definition 2.1.1.6. The G-Picard group of an ind-scheme X is the group Pic®(X)
of G-equivariant line bundles on X up to isomorphism, where the operation is given

by tensor product.

Some thoughts on the derived category of X

For the thick flag variety, defining a suitable derived category of coherent sheaves is

more difficult. We present some conjectures in this section.

By lemma [1.4.0.2] the categories
Coh’(Qs) = Cohyy, (U)\2s)

are well-behaved triangulated categories for [ large enough. However, by the orbit
closure relations of [1.4.0.1], to get a triangulated category out of those, the natural

candidate would be to define it as
DP(Coh'(X¢) ) =2 lim Coh’(Qsg).

However, the 21im of a system of triangulated categories with exact functors between
them does not have to be triangulated. Bypassing conjecturing this, the equivariant
K-theory is still well-defined, and has been used in the literature (see [KS09],[VV09b]).
However, in chapter 3 we will be concerned with constructing a non-standard coherent
t-structure induced from a t-structure on the orbits, which does require an underlying
triangulated category.

Another direction one could look at is to take the limit in the oo-category of stable

oo-categories. In this case, the limit is indeed a well-defined stable co-category, and
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taking its homotopy category leads to a triangulated category.

A final candidate would be to consider the full unbounded derived category D(QCoh(X%))
and to look at the triangulated subcategory of compact objects. It is a plausible can-
didate, as for a finite-dimensional smooth scheme X this gives the category of perfect
complexes, which is equivalent to the derived category of coherent sheaves. We intend

to explore those questions in further work.

2.1.2 Convolution
What we want to do

As mentioned in the introduction, for an algebraic group G and a closed subgroup
H, certain categories of H-equivariant sheaves on the quotient G/H can be equipped

with a monoidal structure, obtained by looking at the following diagram:

GxG/H—— GxyG/H

lp [

G/H x G/H G/H
where p is the quotient map on the first factor, ¢ is the quotient by the middle H

action (right action on G and left action on G/H), and m is the group multiplication.

For two "nice” sheaves F,G on G/H , the convolution product should be given
by the sheaf FxG = m.(q¢*)"'p*(F X G). The goal of this section is to make sense of

this for equivariant coherent sheaves on affine flag varieties.

Remark 2.1.2.1. Note that H-equivariant sheaves on G/H are equivalent to sheaves
on the stack H\G/H. In the terminology of [BD9I], this is called a Hecke stack,
and categories of sheaves on such with the right restrictions will usually possess a

monoidal structure.
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Definition of the operations

Let P := Py C Gx be a parahoric subgroup corresponding to a subset Y of the simple

roots. We will show that the category D°(Coh” (G /P)) admits a monoidal structure.

Start with two objects (F,w) and (G,v) in D?(Coh”(Gx/P)) and let w e v be
the maximal elements in the poset {zy | + < w, y < v} € W/, and consider the

following diagram:

I_lugw PuP x ‘X_VU # X_wiyv = |—|u§’w PuP Xp Z

_lp I

Xw X Z Xwo'u

where the maps are as in the previous part, and by convention, if w e v consists in
more than one element, we take the union of the corresponding closures. Now, note

that there is a natural projection
P XXX, — Xy
Furthermore, by descent, we have an equivalence of categories

D*(Coh”(X,,xX,)) = D*(Cob™ P (| | PuP x X,)),

u<w

which gives a pullback morphism
py : D*(Coh”(X,)) — D°(Coh” (X, xX,)).

Definition 2.1.2.1. For (F,w), (G,v) € D*(Coh” (X)), the convolution product is
defined as
(Fow) % (G,v) = (mi(piF @ psG), w e v).
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Remark 2.1.2.2. In the remainder of the text, we will often write the convolution

product as

F*xG=m,(¢") p(FRG).

This has the added advantage of being more canonical for categorical uses (one does
not need to look at the stratification directly), but the disadvantage of not being

clearly well-defined.

Proposition 2.1.2.1. The convolution product defined in|2.1.2.1| gives a well-defined

monoidal structure on D’(Coh” (X%)).

We will break down the proof in two steps: first we need to show that convolution

is well-defined:
Lemma 2.1.2.1. For F,G € D*(Coh”(X%)), F xG € D*(Coh™(X%)).

Proof. First note that all the maps used to define convolution are equivariant. Thus,
we only have to show that m. and p} preserve coherence to get a well-defined opera-

tion.
e p; is a map of projective varieties, therefore its pullback preserves coherence.

o m : X, xX, = Xy is a locally trivial fibration with projective fibres, thus is

proper. Therefore its pushforward preserves coherence.

e py [ ,c PUP X X, — X, is a trivial fibration with Noetherian fibres (the
orbits PuP are isomorphic to a quotient of P x P which is Noetherian as C|[t]]

is), and therefore the pullback preserves coherence.

]

Lemma 2.1.2.2. Convolution on D*(Coh” (X%)) is associative and unital with left

and right unit the structure sheaf of the orbit eP, O,.
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Remark 2.1.2.3. The proof will follow the structure sketched in [BRI1§| for con-

structible sheaves on Grg.

Proof. First note that the structure sheaf O, of the orbit eP is both the left and right

unit.

For associativity, we will construct natural isomorphisms (FxG)xH = C(F,G, H)
and F x (G +H) = C(F,G,H) where C(F,G,H) will be defined during the proof.
First, note that the following diagram of ind-schemes is Cartesian:

mgpX1

G}C X G}C X .’{G GIC
l{j lpxl
GIC XP%G m—><1> %G X%G
But by definition, we can write the convolution of the three (complexes of) sheaves

as

(F*G)*H =Zm(q")  (p"m.(¢") ' (" FRG) K H).

Before using flat base change to compute p*m,, note that pushing forward under the
map myg, X 1 is not a priori well-defined. However, as the sheaves are equivariant, we
have the following equivalences:
First, D*(Coh™*”*7 (G x G x X)) = D*(Coh”(Gx xp Gk xp X%)). Similarly,
DP(Coh™*P (G x X)) = D*(Coh” (Gx xp X%)).
This leads to the commutative diagram of categories:
DP(Coh” (G xp Gx xp X)) —2— Db(Coh” (G xp X%)
d dl
DY(Coh”*P*P (G x G x X)) DY(Coh™*P (G x X))
q*T p*xlT
Db (Coh”*P (G xp X6 x X¢) 2Ly Db(CohP*P(xC x x€)

where p1 1 G Xp G xp X9 = Gx xp X% is the map [g1, g2, 93] = [9192, g3]. From
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the diagram, we deduce that

(FxG) % H = my iy, (FRGXH)

Define C(F,G,H) = FXGXH. Therefore, as the composition ms = myy is the

multiplication map [g1, g2, 93] — [919293), we deduce that

(F*G)*H =2m3.C(F,G,H)

A similar reasoning applied to the map s : [g1, 92, 93] — [91, 9293] leads to a natural
isomorphism

Fx(GxH)2msC(F, G, H)

which proves associativity. O]

2.1.3 Duality

In this section, we generalise the construction of [CW19, 3] and show that the

monoidal category D°(Coh” (%X%)) admits duals.

Motivation: the Geometric Satake equivalence

The definition of duals we will use is inspired by the Geometric Satake equivalence. It
says that the category Pg,(Grg) of Go-equivariant perverse (constructible) sheaves
on the affine Grassmannian under convolution is tensor equivalent to the category of
representations of the Langlands dual group G*. The proof of this equivalence uses
Tannakian reconstruction, and in particular the fact that the category Pg,(Grg) is
a rigid symmetric monoidal category. In the constructible case, duals can be con-

structed in the following way:
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Note that inversion g — ¢g~! induces an involution i : Gx — Gy and therefore an
autoequivalence i* : Pg,(Grg) = Pg,(Grg). The dual of a perverse sheaf A is then
defined by AY = D(i*A), where D is the constructible Verdier dual. For more details,

see [MVOT].

In the coherent case, the situation is more involved: the categories while still
monoidal are no longer symmetric, so the Tannakian formalism cannot be applied.
This will lead to a different notion of right and left duals. Note that however, the

fundamental ingredient remains the inversion map on the group Gi.

The Cautis-Williams dual

Theorem 2.1.3.1. D’(Coh”(X%)) is a rigid monoidal category.

The monoidal structure given by convolution was defined in the previous section.
It remains to define left and right duals and check the unit and counit axioms. This
is done in [CWI19] for the case of the affine Grassmannian, and their proof readily
adapts to the affine Kac-Moody case with some minor modifications. We will point
those out and define the unit and counit, leaving it to the interested reader to look at
[CW19] for the bulk of the technical work. Concrete computations of the duals will

be interspersed in the remainder of the text.

Consider the convolution space

G}C Xp %G

x¢ x¢

The map p; has a section, given by



This is well-defined as if h € P, s([gh]) = (gh, [h"'g7']) = s([g])
Furthermore, the map s preserves the ind-structure: if we restrict s to an orbit closure

X,, we obtain

XU Xvov*
where we can chose v* € W to be the unique minimal coset representative in Wpv ='Wy /W

such that Iv*P/P — X,-1 is open.

Example 2.1.3.1. For the affine Grassmannian, taking v = AV to be a dominant

coweight, v¥ = —woy\Y where wy is the longest element of the finite Weyl group W.
Now, define (—)* = s*(OX—) on D*(Coh” (X%)).
Lemma 2.1.3.1. (—)* is an involution on D*(Coh” (X%)).

Proof. For any F € D'(Coh”(%X%)), we want to construct an isomorphism F =
s*(OXs*(ORF)).

Let 5: Gx xp X9 — Gx xp Gk xp XY be given by [g, h] — [g,h, h™1].
Claim: (ONs*(OXF)) = 5*(OROXF).

Indeed, consider the commutative square

G}CXGK Xp:{G L) GIC XpG/C Xp:fG

GKX.%G % G}C XP%G
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Then

ONs*(OXF) = (¢") O K s*(OXF))
= (¢")7H(1 x 5*)(O K OKF)
= (¢") 7' (1 x s")(7") (OROKF)

= 5 (OXOXF)

This proves the claim.

Let ¢ be the composition s, which is the map X% — G xp G xp X9 given by

1

g~ 9,97, g]. Then we have the following commutative diagram:
Ge —2 s G x Gy x X6 7, x6
J Js
%G L G/C Xp GIC Xp .'{G.

Therefore,

s*(OXs*(ORF)) = ¢*(OROXF)
=¢"(¢) T H(ORORF)

- 6'(@) 5 F)

By the diagram, p¢ = Go and furthermore p3q~5 = p. Therefore

PH(F) = p"(6"(q") " (p5(F))-

As p* is fully faithful (p is flat and surjective), we get an isomorphism F = ¢*(§*) " 'p4(F)) =
5*(OXs*(OKRF)). O

Let D be the coherent duality functor.
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Definition 2.1.3.1. For F € D’ Coh”(X%)), the (CW) left and right duals are
defined by

Fl=D(F?)

F=D(F)*.

For Theorem [2.1.3.1| to be true, we need to construct maps F x F% — O, and
O, — FEx F (and similarly for FZ). These are given as follows (see [CW19] for the

equivalent maps using left duals):

Consider the composition
FRFR = 5,.5"(FRD(F)*) = 5.(F @ D(F)) = s.wx -

where the first map is the adjunction, the isomorphism comes from the previous
lemma and the final map is the evaluation. Pushing forward under m, we get the
required map

FxFRE S m.s.w— O,

(note that the composition ms is the projection to the base point e).
To apply a similar strategy for the counit map, note that by adjunction, a map

5.0 — FEXF is equivalent to a map Ox. — s'(FRXF). But now,

s (FERF) = Ds*D(D(F)'RF) = Ds*(D(D(F)*)XD(F))

1%

D(D(D(F)") @ D(F))

Note that D(D(D(F)*))@D(F)*) = End(D(F)*) and therefore we have a map Ox- —
D(D(D(F)* @D(F)*) = s (FEXF). Taking the induced map on adjoints and pushing

forward yields the desired map.
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Remark 2.1.3.1. As can be inferred from the definition of the unit and the counit,
the fact that those maps make D?(Coh”(X%)) into a rigid monoidal category is far
from obvious. The proof in section 3 of [CW19] is based on a series of technical

compatibilities within the 6-functor formalism for quasi-coherent sheaves.

2.2 Equivariant K-theory of Flg

In this section, we describe the algebra K’ (Flg) under convolution using Demazure
operators. We study further its relationship with the convolution algebra K (Grg).
Throughout this section, assume G is simply-connected. The main theorem is the

following:

Theorem 2.2.0.1. Let [O,)] be the class of the structure sheaf of the Schubert variety
X forw € W viewed as an element of K'(Flg). Then the set {[O,] | w € W/}
generates K'(Flg) as a left R(T)-module. Furthermore, if s is a simple reflection in

the affine Weyl group W'7T we have

[Ows) if l(ws) > l[(w)
(0] 4 [0,] = ]

[O,] else.

K!(Flg) being generated by the classes of Schubert varieties is an application
of the excision sequence in equivariant K-theory. The content of the theorem is in
computing the convolution. This will follow from Proposition [2.2.2.1| below together

with the results of [Sch16].

Remark 2.2.0.1. (i) This can be viewed as an algebro-geometric analogue of [KK87],

working with algebraic instead of topological K-theory.

(ii) This theorem is known to experts (it is stated in [ET17]), but as far as the

author can tell no complete proof has appeared in the literature to date.
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(iii) Thanks to the work of Schmidt [Sch16], the results in this section make sense
over an algebraically closed field of positive characteristic. As this is not the
focus of this work, we will remain in characteristic 0, but all proofs readily

generalise.

2.2.1 Demazure operators
Warm-up: Demazure operators in the finite-dimensional case

Let (G, B,T) be a simple complex reductive group with a choice of Borus T' C B.
Following [Dem74], we can construct operators on K7 (G/B) as follows.

Pick a simple reflection s in the finite Weyl group W associated with (G, B,T) and
consider the associated parabolic subgroup P, = B U BsB. The natural map m, :
G/B — G/P, is a P-bundle, and we can then define an operator on K7 (G/B) by
Dy = mim,.. Here, we explain this construction in some detail, and will then show

how it naturally generalises to affine flag varieties, following the work of [KK8&7].

Definition 2.2.1.1. Let X, Y be quasi-projective G-varieties and suppose 7 : X — Y
is a G-equivariant P!-fibration. The operator D = 7*m, € End(K%(X)) is called a

Demazure operator.

Let us first compute this for the trivial P!-bundle over a point in T-equivariant

K-theory.

Lemma 2.2.1.1. Let G = SL(2) with standard torus T and Borel subgroups B, and
consider the Demazure operator associated with the map 7 : P! — pt. Then for any

character A\ : T — C*,

in KT (PY) where



for s the simple reflection generating the Weyl group and o the unique positive simple

r00t.

Proof. Note that by definition 7. [L(\)] = Y, (=1)'[H*(P*, £(\))]. Furthermore, recall
that the degree of the line bundle £(\) is (A, &). Therefore,we can use our knowledge

of the cohomology of line bundles on P! to obtain the following

e If (A, &) > 0, then the cohomology is concentrated in degree 0 and thus

mL(\) = HOPY, LN) = e+ eA% 4o e,

o If {1.&) < ~1, we can use Serve duality: H!(P', £(\)) = H(B!, £(a—)). thus
T (L)) = —(eM¥ 4 .o M),

e Finally if (A\,&) = —1, we get 0.

By separating cases, we observe that this is precisely Ds(\).

Thus
D[L(N)] = 7*Ds(A) = Ds(N) ® [O].

Now, recalling that [S"C?*® O] = [O(n)] + [O(n — 2)] + - - - + [O(—n)], and using the

above expansions, we get the required formula. O]
We can now state and prove the general case: (see [KL87, (0)]).

Proposition 2.2.1.1. Let V be a T-equivariant rank 2 vector bundle over a Noethe-

rian T-scheme Y, and consider the associated projective bundle X = P(V). Then if
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L is a line bundle with degree d along the fibres, in KT (X) we have

¢ d
Y Lo, ifd>0
=0

—1-d
PL=yS ooy, i<
=1

0 ifd=—1.

\

Proof. This follows from standard facts about dualizing sheaves of projective fibra-
tions (see for instance [Har77, III, Ex 8.4]).First note that Pic(X) = Pic(Y) x Z,
where the isomorphism is given by pullback on the first factor and tensoring by the
line bundle Ox(d) for d € Z. Now, L has degree d along the fibre, which means that

we can write £ = 1Ly @ Ox(d).

First, suppose d > 0. Then we have

DL =7 (7" Lo ® Ox(d))
=1"(Ly ® m.0x(d))

= W*Eo & W*de

where we have used the projection formula in the first line and loc. cit. in the second.

Now, the relative Euler sequence gives a short exact sequence
0 — Qx)y(l) — 7V — Ox(1) — 0.

Therefore, in K7 (X), we have
d d

[V =Y [xy (1) © Ox(1)%] = [0x(d)] @ Y _[QF)y]-

=0 i=0
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Combining the two leads to the first part of the proposition.

For d < —1, note that the derived pushforward is concentrated in degree 1, and
therefore we need to compute the derived pushforward R'm,O(d). But by loc. cit.
again, this is 7.0x(—d —2)¥ @ (A*V)". But Qx,y = 7*(A*V)(—2), so we can use the

previous part. ]

Demazure operators in the affine case

We want to apply the previous section to the maps m; : Flg — G/P; defined in
Proposition [1.2.1.1} First note the following:

Proposition 2.2.1.2. The quotient map 7; : Flg — X§ naturally identifies

FlG = GIC Xp, P(‘/;)

where V; is the unique 2-dimensional representation of P; which pulls back to the

standard representation of SLy under the root homomorphism ¢, .

Proof. Let v; € V; be the highest-weight vector in V; and consider the map ¢ : Flg —
G xp, P(V;) given by ¢(gl) = [g,v;]. This is well-defined: if ¢’ = g« with ¢ € I, then
as I = Stab(1;), t0; = 0; and therefore [¢', v;] = [g, Ui].

Now an easy check shows that the map is injective and surjective. O]

Definition 2.2.1.2. For each simple reflection s; in the affine Weyl group W/, the

Demazure operator D; € End(K”(Flg)) is defined by D; = 7i ;..

Note that for these to make sense, we need to check compatibility with the ind-
scheme structure given by the X,,. The following lemma and its proof come from
[Sch16].

Lemma 2.2.1.2. The Demazure operators are well-defined.
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Proof. For any minimal parabolic subgroup P;, define a stratification of G/P; by
Sn(Pi) = U t(w)=n Xw(P;). This induces a filtration on Flg by 7 (S (P)).

Note that the maps 7; are flat and proper and thus define operators
i KT (1 (Su(Py))) — KT (Sa(P))

and similarly

71';K : KT(Sn(PZ)) — KT(W_l(Sn(Pl)))

%

Thus to get a well-defined global operator, we need to check that the Demazure
operator commutes with the inclusions i, 1 : 7 (S, 1(P;)) — m *(S.(P;)) and

Jn—1: Snfl(Pi) — Sn(Pi)-

Now, we have the Cartesian diagram

i (Sn-1(Pr) —— Sua(R)

7
l’in—l ljn—l :

m; H(Sn(P)) —— Su(P)

By flatness of 7;, base change gives 7} J,,—1. = in,—1.7" and furthermore commutativity

of the diagram leads to 7i,_1+ = Jjn_1+Tix. Combining the two gives the result. [

Proposition 2.2.1.3. [KK87, [Schi6] Let w € W and let O, = Og,, . Then we have

[Ows,] if lws;) > 1(w)
Di[Ow] =

(O] else.

Proof. There are two cases:

e Either ws; < w. In this case, m; 'm(X,) = X, and therefore the map ;

restricts to a (finite-dimensional) P!-bundle X ,, — X, (P;). By standard results
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on cohomology of P!-bundles, we deduce that 7, [O,] = [O,]. Therefore, by
flatness of m;, D;[O,] = [Ou].

If ws; > w, m; L (Yw) = 7w3¢~ First notice the result holds trivially if w is the

identity, so we consider w # e. Then the restriction of m; to the open cells

Tws; I /T — Tws;P;/P;

is an isomorphism, therefore the induced map 7 : X ., — X,,(7P;) is birational,
and proper by construction. Therefore, as the varieties are normal, we obtain
Tix|Ow] = [Oy] and therefore invoking flatness of 7; again, we get D;[O,] =
[Ouws -

2.2.2 The affine Hecke algebra and convolution

In this subsection, we relate the Demazure operators to convolution. First, note the

following;:

Lemma 2.2.2.1. Let s; be a simple reflection in W. Then S; = Is;I/I = P(V};),

equivariantly for the left P; action.

Proof. Let v; be the highest weight vector in V;. As noted in Proposition [1.2.1.1] the

stabiliser of [v;] € P(V;) is I. Furthermore, Is;I/I = (Is;,] UI)/I = P;/I. As the

action is transitive on the highest-weight vector, we deduce the result. O

Proposition 2.2.2.1. For any element F € KT (Flg), D;F = F %; [O,,].

The main diagram we will use in this proof is the following:

G}CXSZ'L)G]CX[S%L)GKXPZ.SI'

bk

Flg % S; Flg ———— Gx/P;
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Proof. Let F € D(Coh!(Flg)). We'll prove the result in two steps: first we identify
the twisted product FX©; with q; F, then we use flat base change on the right square

of the above diagram.

(1) By[2.2.2.1land [1.2.1.1] we have that Gx xp, S; = Flg. Furthermore, the compo-

sition ¢;q : Gx X S; — Flg under the isomorphism takes (g,v) +— gI. Therefore

(¢:q)*F = (ppry)*F = p"(FRO;).

(2) By (1), we have

F *1 [Os] = muqi F
= T, T F

— D.F

where we have used flat base change for the quotient maps ¢; and ;.
O

Lemma 2.2.2.2. Convolution on KT (Flg) is R(T)-linear. That is for A,B € KT (Flg),
and x1,x2 € R(T),
(X1 A) * (x2B) = x1x2(A * B).

Proof. Recall that the module structure comes from pulling back along the projection
to a point. Let V) be the representation of 7' (viewed as a T-bundle over a point)
associated with the character y. For any F,G € D"!/(Flg), we want to compute

(piVy ® F) % G, where py is defined in the following diagram.

Now, consider the following diagram, where p; are the natural projections to a

point.

o7



G]C X FIG G}C X1 FIG

\/
/\

FIG X FIG

By definition, we have

(PiVy ® F)xG = m.(¢") "' (p* (piVy, © F) K G)
= m.(¢*) N (p*(F) R G) @ piVy)
= m.((¢") 7 ((p"(F) B G)) @ p3V4)
= m.((¢") N ((p*(F) K G) @ m*piV,)

— m.(q") (0" (F) B G) ® Vi,

where we have used the above diagram throughout and the projection formula in the

second to last line. R(T)-linearity in the right factor follows analogously. O]

2.2.3 An aside: convolution and structure constants

There are two natural ways of generating K7 (Flg): on the one hand, we can use the
structure sheaves of Schubert varieties [O,,] as an R(7T) basis. On the other hand,
we can consider the equivariant line bundles £() associated with a character x, and

restrict those to Schubert varieties, which form a C-basis. Thus we can write

The main result presented in this section is a combinatorial algorithm to compute the
coefficients cX". As a consequence, this allows us to refine our description of the con-
volution product on the affine flag variety. Note that these results appear elsewhere

in the literature, starting in the finite dimensional case with Pittie and Ram in 98
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[PRO4].

Let Ly € Endgrry(KT(Flg)) be the operator given by tensoring by £(A) and let

A SiA
D= e R(T).

]l —e

Theorem 2.2.3.1. Let v € KT (Flg). Then
LA(DZZL’) = DZ(LSZ)\CC) + LDM(JZ).

Proof. The class of z is supported on some Schubert variety X,,. We want to use
Proposition but the Schubert varieties are not smooth. To remedy this, we
can use BDSH resolutions. Take w € W%/ and suppose that I(ws;) < I(w) (the
other case follows analogously). Write w = w's; where w’ € W, and pick a reduced

decomposition of w with associated Bott-Samelson varieties Z,,, Z,.

Then we have the following diagram, where the left square is Cartesian:

Zw —2 0 X, — = Flg

N

Zy —25 Xi, —— Gy /P

Here my, : Z,, — X, and mfui, D Dy —> X_ZU, are BDSH resolutions in Flg and G /P;
respectively, ; is the restriction of the projection 7 : Flg — Gx/P; to X, and

Il; : Z, — Z, is the natural quotient map. By flat base change, we have:

T T L(N )y = T T L(N)

= ﬂ*m;—,*Hi* (L(N)w)
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= iy LT (L)

(S
~—

= mw*ﬁ(D@)\)w

]

The combinations of the above theorem with Proposition [2.2.1.3| allows us to

compute the change of bases coefficients between the two bases: indeed, we see

Corollary 2.2.3.1. Let w = wis; € W be a reduced decomposition where s; is a

simple reflection. Then
Ly\[Oy] = Di(Ls\[Ow]) + Lpa[Ow].
Thus we get the following algorithm: write

L] @ [0u] = ) i [Ow],

w’' <w

where Ci\v’,w € R(T). Then we can compute the coefficients cfv’,w recursively:

e Fix a simple reflection s such that [(ws) = I(w) + 1. Then

A, Ds(A),w
Y+ ¢ f( ) where w”s = w’ and w” < w
A ws w w

cy =

MW if w' = ws.

As _ o=sA A _ ,—s)
For example, ¢ = e, ¢0° = e + Dy(A).

As a corollary, we obtain an expression for the convolution product in K7 (Flg):
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Corollary 2.2.3.2.

»C)\,w * 'C)\’,w’ = Z C;}J’wcg’,w’ [Ow] * [Ow']

w<w,w<w’
where [Oy) x [Ow] = Dy, ... Ds, ([O]) and w' = s1... s, is a reduced decomposition.

Remark 2.2.3.1. Note that the above result leaves open the question of interpreting
the right hand side in terms of a C-linear combination of classes [L) ). As far as we

know, this is an open problem.

2.2.4 Duals for the affine flag variety

Now that we have a description of the algebra K7 (Flg), we can ask for a description
of the right and left duals of the structure sheaves O,,. First, we need to know what

the dualising sheaves of Schubert varieties are.

Lemma 2.2.4.1. [Kuml7/
wx, = € "L(=p)Ox,, (—0Xy)[l(w)],

where Ox, (—0X,,) is the ideal sheaf of the boundary of X,,.

Proposition 2.2.4.1. Write [Ogx,| = >, TowlOd] in KT (Flg). Then we have

(Ow)" = (=1)!"WeP([Op1] = 3y cpcur Tow-rc (O]

(0u) = (=1)®e?([Ou1] = Eucpcw Towcs ™ [Our]).

Remark 2.2.4.1. While we have a recursive formula for ¢;»~”, we have not yet described

how to compute the coefficients 7,,. One can check using [Kumi7, BK0G] that
— (_1)l(w)—l(v)+1.

Tvw
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Proof. Note that (O,)* = O,-1 as we are pulling back the structure sheaf along the
map X,-1 — X,-1xX,. Therefore, using the fact that D(0,,) = wy,, we deduce

that

Now, the short exact sequence
0 — Ox,(-0X,) — Oy — Opx,, — 0

leads to the equality

[wx,] = (=) ™ePL(=p)([0u] = Y ruu[OW]).

v<w

Finally, using the previous section, we can write L(—p)[O,] = > ..., 2 ?[O,] which

u<v “u

allows us to conclude the result for left duals.
The case of right duals follows analogously, where we first use the expansion of the

canonical sheaf in the structure sheaf basis and then apply (—)*. ]

Example 2.2.4.1. Applying the above formula for a simple reflection s;, we see that

[0:] = [0:] = =10s] + e [0

2.2.5 Pulling back from the affine Grassmannian

First recall the following corollary of Proposition [1.2.1.1

Corollary 2.2.5.1. The quotient map 7 : Flg — Grg is a G-equivariant locally

trivial fibration with fibres G/ B.

Therefore, pulling back gives a functor 7* : D?(Coh’(Grg)) — D(Coh!(Flg))

which induces an embedding 7* : K7 (Grg) — K*(Flg).
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A natural question now is to try to relate the convolution algebra structures arising
from both sides: note that K%(Grg) embeds in K7 (Grg) as the Weyl invariants
(see [CGI0]), and admits a convolution product, but so does K7 (Flg). The precise

relationship is as follows:

Proposition 2.2.5.1. Let F : D*(Coh®(Grg)) — DP(Coh!(Grg)) be the forgetful

functor. Then for any F,G € D*(Coh®(Grg)), we have isomorphisms
T F(F % G) & 1* F(F) % 7 F(G).

Proof. Firstly, consider the convolution diagrams for the affine Grassmannian and
affine flag variety, together with the composition of the pullback map and the forgetful
map 7.

DGOXGO(GK X Grg) <q—* DGO (GIC XGO Grg)

P M
DCoxGo(Grg x Grg) DGO\((Grg)
e 1
D!(Flg x Flg) D!(Fle)
; .
DIXI(G;; x Flg) — DY(Gx x; Flg)

Using the notation from the diagram, we want to show that for F,G € D% (Grg),

there is an isomorphism
mr(q;) " (pjmF B G) = wima(q”) ™ (0" F K G).
First, notice that we can rewrite the left hand side as

mp.(qp) " (F(p*F) B 73G).
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Secondly, the following square commutes

l)GOXGO (G/C X GI'G') <q—* DGO(G]C XGo Grg)

lFXﬂ; lFofr*

DIXI(G;C X Flg) <q—* DI(GK X1 Flg)
I

Therefore, as ¢* and g7 are equivalences, the above expression becomes
mr.(F o 7)(FXG).

Thirdly, by flat base change, we obtain the following commutative square:

D](G;C Xr Flg) (T DI(G]C X1 Grg)

II
lml* lﬁ’b[*

DI(Flg) — D!(Grg).
Letting u : G x;Grg — Gk X, Grg be the natural quotient map, the above diagram
implies that
mp.(F o #*)(FXG) = m*m,u* (FRG).

Finally, we can decompose
Mry - G;C X1 GI‘G — GK XGo GI”G — Grg.

Therefore, as u is a locally trivial fibration with projective fibres G/B_ and therefore

is proper, we obtain
Tt (FRG) & ﬂ;‘cm*u*u*(}"gg).

Using the projection formula combined with local triviality of u, we can conclude. [
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Chapter 3

Perverse and staggered coherent

sheaves on Kac-Moody flags

Introduction

In this chapter, we introduce the categories of perverse coherent sheaves and of stag-
gered sheaves on a scheme equipped with an algebraic group action. Provided they
exist, these provide interesting non-standard t-structures inside equivariant derived
categories. We then specialise to the case of the affine Grassmannian and of the
affine flag variety. In particular, we show that perverse coherent sheaves on the affine
Grassmannian are stable under convolution, mimicking the classical argument in the
constructible case and following [BEFMO05]. We then construct staggered t-structures
on Schubert varieties inside the thick and thin affine flag variety, generalising the

techniques of [ASQ9] to the infinite-dimensional case.

3.1 Perverse and staggered coherent t-structures

In this section, we will describe two similar but distinct ways of equipping the equiv-

ariant derived category of coherent sheaves on a finite type scheme with a t-structure.
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In both cases, we will study when the corresponding heart is of finite length.

3.1.1 Setup

Let X be a finite-type scheme over C equipped with an action of a complex linear
algebraic group G. We will be concerned with the derived category of G-equivariant

coherent sheaves on X, D% (X), defined as the subcategory of D*¢(QCoh(X)) con-

coh

sisting of complexes with coherent cohomology, where x € {4+, —, b}. Any functor will

be understood as derived, and any subscheme as G-invariant.

coh

For any closed subscheme Z C X, we have the following functors D>$(X) — D"%(Z):

iy, =07 (—)

@'Z = Homo, (Oz, —)

We will also consider the (equivariant) coherent duality functor D, whose existence

is proved in [AB10], associated with a dualizing complex DC.

Finally, we will consider the associated functors of Cy-modules, given by

i, =Cz®(—)

i, = Homc, (Cz, —).

For any point x, we assume that the complex i,DC is concentrated in a single coho-

mological degree. In Section [3.1.2 this will be normalized to be —dim z.

We write X9°" for the set of generic points of G-orbits, and will often interchange

between an orbit and its generic point.
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3.1.2 The Bezrukavnikov-Deligne theory

The results in this section are due to Bezrukavnikov-Deligne, and are explained in the
more general context of stacks in [AB10]. Let X'? be topological space underlying
X (the reader might like to think of X' as the set of generic points of locally closed
subschemes of X). Define an equivalence relation on X' by x ~ y if x,y are in the

same G-orbit

Definition 3.1.2.1.

A perversity p is a function p : X*? — Z which is constant on the equivalence
classes of ~.

The dual perversity associated with p is the perversity p(x) = —dim(z) — p(x).

A perversity is

e monotone if v € 2’ = p(2’) > p(x)

e strictly monotone if v € 2’ = p(z') > p(z)

e comonotone if the dual perversity is monotone.

Associated to a perversity, define the following subcategories:
Definition 3.1.2.2. Let p be a perversity.

DP=Y = {F € D~Y(Coh(X)) | itF € D=F)(0,)}

DP=0 = {F € DEF(QCoh(X)) | iLF € D=P@(0,)}

coh

Theorem 3.1.2.1. If the perversity p is monotone and co-monotone, then the pair

(D0 1 DL (X), D720 DY)

coh coh
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forms a t-structure on D%S (X).

Definition 3.1.2.3. For p a monotone and co-monotone perversity, objects in the
heart of the t-structure obtained by Theorem [3.1.2.1] are called perverse coherent

sheaves.

In this case, we also have a description of the simple objects, called coherent

IC-sheaves.

Theorem 3.1.2.2. Suppose p is strictly monotone and comonotone. Then the fol-

lowing are equivalent:
(1) F is a simple perverse coherent sheaf

(2) There ezists a G-orbit j : O — X and a G-equivariant line bundle L on O such

that F is the unique perverse coherent sheaf with the property j*F = Lp(O)].

Remark 3.1.2.1. In keeping with the constructible case, the perverse coherent sheaf

F is called a coherent IC-sheaf, and written ZC(O, L).

Corollary 3.1.2.1. If G acts on X with finitely many orbits and p is monotone and

comonotone, then the category of perverse coherent sheaves PC is Artinian.

Example 3.1.2.1. (1) If we take N to be the nilpotent cone associated with a Lie
algebra g and acted on by an algebraic group G with the perversity given by

p(O) = —dim(0)/2, we get an Artinian heart. This is studied in [Bez03).

(2) Similarly, in the affine Grassmannian Grg, dimensions of Go-orbit closures
differ by even numbers, thus the middle perversity p(Gry) = —dim(Gry)/2 (al-

lowing for half-integer shifts) gives an Artinian heart on the derived category

phGo

oi©(Gry). The corresponding coherent IC-sheaves will be written Py, for

X : T — C* a character which is dominant for the Leuvi factor of the parabolic

Py.
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In many classical examples, such as flag varieties, there will be no obvious perver-
sity function that is both monotone and comonotone. In the following two subsections,
we will present an analogous theory due to P. Achar [Ach09], called staggered sheaves.
In it, we incorporate weights of the action in the definition of the perversity. This

will lead to t-structures with finite length hearts in a wider class of examples.

3.1.3 Staggered coherent sheaves

In this subsection, we review the definitions and main theorems of the theory of
staggered sheaves, as introduced by Achar in [Ach09]. Most of the result proved in
that paper have been later generalised using baric structures in [AT11]. However, we
have chosen to stick with the original definitions, as they do not rely on the number
of orbits being finite. While this will not be needed in this text, it is our belief that
this theory has a better chance of giving a global t-structure on the thick flag variety,
which is why we choose it here (see the end of the chapter for a more thorough

discussion of this point).

s-structures

An s-structure on X is a way of filtering the category of coherent sheaves by well-
behaved subcategories. The definition is very lengthy, so we will only write the few

axioms that will be needed in the rest of the text.

Definition 3.1.3.1. An s-structure on X is a collection of full subcategories of
Coh%(X), denoted
(Coh®(X) <, Coh%(X)50)),

labelled by integers w € Z satisfying the axioms S1-S9 in [Ach09]. In particular

e Coh“(X)<, is a Serre subcategory, Coh®(X)<, C Coh®(X)<yy1.
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e For a fixed w € Z, (Coh®(X )<y, Coh%(X)swy1) is a torsion pair in the abelian

category Coh®(X).

e For every object F € Cth(X) there exists wy, w, such that F € Coh%(X )<,

1

and F € Coh®(X)sy,.

o If F € Coh%(X)<y, and G € Coh®(X)<y,, then F @ G € Coh®(X)<u; 41w, -

Example 3.1.3.1. If we take X = pt, the category Cth(pt) becomes naturally equiv-
alent to the category of finite dimensional representations of G, Rep(G). If G is reduc-
tive and (B, T) is a choice of torus and Borel subgroup, one can obtain an s-structure

by picking a dominant weight p and letting

Rep(B)<, ={V | (A, u) < n for all the weights A of V'}.

The main theorem we will use to construct s-structures is the following:

Theorem 3.1.3.1. [AS0Y] Suppose G acts on X with finitely many orbits. For each
orbit C C X, suppose that the category Cth(C’) 15 equipped with an s-structure.
Then there ezists a unique s-structure on Coh®(X) which restricts to the various

s-structures on the orbits provided that

it.Tole € Coh®(C)<_y,

where ic : C — X is the closed embedding and I is the ideal sheaf of C in X.

Staggered sheaves

The construction of the staggered t-structure will be similar to the one of perverse
coherent sheaves, but the perversity function will be modified to incorporate the

s-structure. First we need the following definition:
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Definition 3.1.3.2. For X irreducible, the altitude, denoted by alt X is the unique
integer such that for any open subset V' C X such that DC|y is concentrated in a

single degree d, DC|y[d] € Coh®(V)sa x and DC|y[d] ¢ Coh®(V)sai x+1-

Remark 3.1.3.1. By our assumptions, there is an open cover of X such that all open

sets in that cover have the property of the definition.

Definition 3.1.3.3. The staggered codimension of an irreducible closed G-invariant

subscheme Y C X is given by
scodY = codimY +altY.

Remark 3.1.3.2. The codimension of an orbit closure G.y is given by the cohomological
degree of i!y]D)C. For a subscheme Y, we take the minimal codimension over all orbit

closures of generic points.

Equipped with our notion of codimension, we can now define the perversities we

will work with:
Definition 3.1.3.4. A (staggered) perversity function is a map p : X9 — Z which
is

e Monotone: for any x € Gy, p(x) > p(y)

e Comonotone: define the dual function p(z) = scod(Gz)—p(z). Then we require

p to be monotone as well.
Now we have all the necessary data to define our t-structure.

Definition 3.1.3.5. Let p be a (staggered) perversity function. Define the subcate-
gory of D™¢(Coh(X)) by

for any © € X9, iz : Z = Gr — X,
DYP=0 = { F e D~ Coh(X))| ’ i

LiyF € DE—=P@)(Coh(X))
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Now define the categories DEP<0 = DG»=0 — DEP=0 DGb(Coh(X)) and let

DEP20 — (DYP=0) 0 DPC(Coh(X)).

Theorem 3.1.3.2. The pair (D=0 D%P20) forms a non-degenerate bounded t-

structure on D% (Coh(X)).

Definition 3.1.3.6. Objects of the heart of the t-structure defined in Theorem 3.1.3.2

are called staggered sheaves.

Simple objects

In both the perverse coherent t-structure and the staggered t-structure, we can obtain
a description of the simple objects provided the perversity function satisfies some

constraints.

Remark 3.1.3.3. Supposing that the number of orbits is finite, Achar and Treumann
in their paper [AT11] showed that the heart of the staggered t-structure is always
of finite length, regardless of the perversity. As mentioned earlier, the results stated
in this text however use a different, earlier construction of Achar ([Ach09]), which
has the advantage of working even in the case where the number of orbits is infinite,
but which imposes restrictions on the staggered codimension. This will require us to

choose our perversities more carefully.

Theorem 3.1.3.3. Suppose the perversity is strictly monotone and comonotone.

Then, the category of staggered sheaves has finite length, and there is a bijection

{Simple staggered sheaves} <+ {(C, L) | C an orbit, L an irreducible vector bundle on C'}.

Remark 3.1.3.4. The simple staggered sheaf corresponding to (C, L) is denoted by

ZIC(C, L). Tt is supported on C and has the property that

IC(C, L)|¢ = L]—d + step L]
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where d is given in the definition of altitude, and step £ is just the s-structure grade
of £ in Coh®(C).

Remark 3.1.3.5. Note that if scod(Gz) — scod(Gy) > 1, then there always exists a
strictly monotone and comonotone perversity. In the final section of this chapter, we

will use this inequality in order to apply the theorem.

3.1.4 Stratified semismall maps

Let X,Y be schemes over C acted on by a linear algebraic group G and admitting
equivariant dualizing complexes. Fix two G-invariant stratifications X and ) on X, Y

respectively.

Definition 3.1.4.1. A proper G-map f : (Y, X) — (X,)) is stratified semismall if

for each stratum 7' C f(U) and x € T, we have
2dim f () NU 4+ dim T < dimU

Pushforward

Denote by X the stratification of X by G-orbits (which we assume are locally closed).

Theorem 3.1.4.1. Let X,Y be G-schemes with even-dimensional orbits, and let f be
a flat, proper stratified semismall map Y — X with respect to a stratification (X, Xg),
(Y, V). Then the pushforward f. maps Puon(Y') = Peon(X) where both categories are

equipped with the middle perversity.

Proof. We will first show that f; = f, is right t-exact, and use duality to conclude.
Let z € X9" and consider the orbit O,. We want to show that if F' € DP=0
i, I € D=P@) _We have the following fibre diagram:

J7HO) Y

b

i

0, —— X.
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By flat base change, we have

P HF 2 failF

Now f~1(0,) is locally closed, so by [ABI0, Lemma 3.3], it F € DPs~©=="_ Simi-
larly, it U € Y, we get [, F' € DPr=1©0a)nv =0

By [ABI0, Lemma 2.21], we can find a cover of f~*(O,) N U by open sets U, with
generic points y such that z'*UyF € D=,

Now by semismallness, 2dim(f~!(z) N U,) + dim O, < dim f~'(0,) N U,, which we
can rewrite as

dim f~(x) N U, + p(y) < p(x).

But f|y,. has homological dimension < dim f~!(x) N U,, therefore
flo,F € D=,
as required.

p,<0

To prove that f, is left t-exact, we use the fact that D interchanges D and

DP=0 and that Df,D = f,. m

3.1.5 Perverse coherent sheaves on the affine Grassmannian

The goal of this subsection is to give a proof of the following theorem, and of its

corollaries.

Theorem 3.1.5.1. [BFM0J] The convolution map m is proper and stratified semis-

mall. Therefore Pg,‘f(Grg) is a monoidal category.

First note that the convolution space Gk Xq, Grg is stratified by the varieties

(ir,\,u = Gr,\>~<GrM so the statement indeed makes sense.
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The proof

We follow the argument from [BR18, MV07], assuming the following technical lemma
from [MVO07].

Lemma 3.1.5.1. For any dominant coweight X\, and X C Gry a T-invariant subva-
riety,

dim(X) < max (p, A+ u).

u| treX

Lemma 3.1.5.2. For any dominant coweights \, i, v,

dim(Gry,, Nm (7)) < {p, A+ — v).

Proof. We want to use the previous lemma, so we need to study 7T-fixed points.

Note the map (py,m) : Gk Xg, Grg — Grg x Grg is an isomorphism, T-equivariant
for the left torus action. By Chapter 1, we can deduce that the T-fixed points of
the convolution space Gx Xg, Grg are of the form [t*,t°] for some coweights a, 3.
Therefore, the fixed points inside the stratum (ir,w are of the same form, with the
additional constraint that the dominant conjugate of o is < p and the dominant

conjugate of 5 is < p.

Finally, note that the restriction of the map (p;,m) to Gry, Nm~'(t™") gives an
isomorphism between the latter and a subvariety of Grg x{t~"}. Therefore by the

previous lemma, we deduce that

dim(Gry, Nm~H(t™)) < max (p, A+ ),
(a,8) | [ta,tﬁ]EGrkuﬂm_l(t—")

giving the result. O]

Using this lemma, we can finish the proof of the theorem.
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Proof of Theorem |3.1.5.1]. As mentioned in [2.1.2] the map m is proper and locally

trivial so for F,G € Pgﬁ, FXG € Pf;,‘f (Gk X@p Grg). Therefore, we can use Theorem
3.1.4.1) i.e. we need to show that m is stratified semismall.
Recalling that the map m is left Go-equivariant, we see that the previous lemma

precisely gives the required inequality. O

Some consequences

Now that the category PCGO}?(Grg) has been equipped with a monoidal structure, we

can look at convolution of simple perverse coherent sheaves.

Proposition 3.1.5.1. [CWI19] Let \Y, Ay be dominant coweights and x1, x2 weights,

dominant for the corresponding Levi factors. Then in K%°(Grg), we have

[PA1V7X1 *PAE/,Xz] = [PA}/+>\§/,X1+X2] + Z CAV,X[PAV,X]
(AV.x)

where the sum is taken over dominant pairs where XY < XY + Xy or ||x]I* < [|Ixal|* +

|x2||? for some W -invariant bilinear form.

Proof. The main observation is that the map m : Gry, XGry, — Gry, 1, is birational,
and restricts to an isomorphism on the open orbit Gry,»,.

Now, by Theorem [3.1.5.1], Py, v, * Pxy,x» is a perverse coherent sheaf, and therefore its
restriction to the open orbit Gry, 1), is a Gp-equivariant vector bundle up to shifts.
To determine the corresponding character, we can restrict to the fixed points: note
that the restriction of the convolution map is just the multiplication t" xt*?Gy —
t"Ft22@G ., therefore the fibre of the vector bundle at the fixed point t* 22 is just
Vi, ® Vy,, where V,, are the corresponding representations. Decomposing this tensor

product as a sum of irreducible representations leads to the result. O

In Section [2.1.3] we have constructed duals on the derived category of coherent

sheaves. This behaves well under perverse coherence:
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Lemma 3.1.5.3. [CW19] The category PS° (Grg) is stable under left and right dual.

coh

In particular, it forms a rigid monoidal category.

Proof. From [AB10], we know that the category of perverse coherent sheaves is sta-
ble under Verdier duals. It remains to check that it is stable under (—)*. Let
F e Pg,‘f(GrG). This means that for all dominant coweights A\, i}F is supported
in degrees < 1/2dim Gry and i},F is supported in degrees > 1/2dim Gr).

Now, note that (O@f) € Gry x Gry- is supported in degrees < 1/2dim Gry« as the
map Gry x Gry- — Gr, is a locally trivial fibration. Now the map s is a closed embed-

ding, and therefore the result follows from [Huy06, Lemma 3.29]. The corresponding

result for i' can be obtained by coherent duality. O]

Finally, the following lemma, credited to Mirkovic in [CW19] will allow us in

Chapter 4 to construct some simple perverse coherent sheaves.

Lemma 3.1.5.4. Let L be a Go-equivariant line bundle on Grg. Then for any

dominant coweight A\, the restriction
L.
£|@[§ dim Gr,]

1s a simple perverse coherent sheaf. Furthermore, its square under convolution is also

simple.

Remark 3.1.5.1. Simple perverse coherent sheaves P such that P x P is also simple
are called real. This will be important when we consider cluster categorifications in

chapter 4.
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3.2 Staggered sheaves on thin and thick Schubert
varieties

In [AS09], Achar and Sage constructed staggered t-structures on the finite-dimensional
partial flag varieties and showed that these are all of finite length. In this section, we
adapt their arguments to the infinite-dimensional setting. In particular, for any ele-
ment w in the affine Weyl group we will construct a finite-length staggered t-structure
on the category D’(Coh’(X,)), where X,, is a Schubert variety inside the affine flag
variety Flg. Similarly, we will construct a finite-length staggered t-structure on the
category D’(Coh’(Qs)) of coherent sheaves on the open affine Qg inside the thick
affine flag variety X5. We also expect our discussion to generalise easily to the case
of parabolic affine flag varieties.

While the thin and thick flag varieties may seem very different from a geometric
standpoint, the proofs of these two results are actually very similar, and boil down to
the same affine Weyl group combinatorics. Following Theorem [3.1.3.1] once we have
defined our s-structure, the main step will be to compute the associated staggered
codimension and show that it allows for stricly monotone and comonotone perversi-

ties.

3.2.1 Staggered perversities on affine Schubert cells

In this section, as in chapter 1, we use W%/ to mean the affine Weyl group associated
with an affine Lie algebra. The roots, weights etc. are the ones corresponding to the
affine root system. We use angled brackets to denote both the pairing between roots
and coroots, and a choice of the normalized invariant form on h* (which exists as the
Lie algebras considered are symmetrizable, see [Kum02, Chapter 1]). Let w € We//
and choose a weight p such that (p,«;) = 1 for all the affine simple roots. Now

consider the associated Iwahori orbit closure X,,. By Chapter 1, we know that we
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can write

We want to use theorem [3.1.3.1| to construct an s-structure on D’(Coh’(X,,)). First
note that Coh’(X,,) & Rep(I® N I) which contains Rep(T) where I¥ = wlw™". Thus
to a character y of I N I, we get an associated line bundle £(x). We will need the

following lemma:

Lemma 3.2.1.1. (1) For anyv € W%/ the dualizing sheaf wx, of the orbit X, is

T-equivariantly isomorphic to the line bundle L(—0(v™1)), where

O(v) = Z a.

acAtNvA—

(2) Furthermore, for v < w, let T, be the ideal sheaf of the orbit i, : X, — X,.

Then we have

L= P Lo

a€ll(v,w)
where

(v, w) = (At Nw A7)\ (AT NnvtA7).

Proof. Note that we have an isomorphism
X, =I/1°N1.

Under this isomorphism, the tangent space at the point vI can be identified with the

tangent space of the identity of I/I". But this is just

b+ tg[t]]
w.(b+tg([t]]) N (b + tg([t]])

T/ NI

Now using the Cartan decomposition of the (affine) Lie algebra, we see that the only
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weights which are not in the quotient are precisely the a € A" such that w.a < 0.

Taking the top exterior power of the dual gives the result.

Part (2) follows from (1) by noting that ¢}Z, is the conormal bundle of X, in
X O

These two observations allow us to construct an s-structure on Coh’(X,): for any

w e W we let

Coh! (Xy)<n = {V € Rep(I* N 1) |(\, —2w'p) < n for all the weights \ of V}

Coh! (Xy)sn = {V € Rep(I” N 1) |(\, —2w™'p) > n for all the weights X of V}.
Corollary 3.2.1.1. There is a unique s-structure on Coh’(X,,) compatible with the

one described above.

Proof. From Theorem [3.1.3.1] this follows provided that i*(Z,) € Coh’(X,)<_;. But

if a € Il(v, w), va > 0, so (a, —2vp) < 0 as required. O

Furthermore, we can find the staggered codimension with respect to the dualizing

complex wx—: from the first part of the lemma, we can see that for v < w,
scod X, = l(w) — l(v) — (B(v), 2p)

(note that v=10(v) = —0(v1)).

Theorem 3.2.1.1. With respect to the s-structure and dualizing complex as above,
Db(Coh!(X,,)) admits an Artinian staggered t-structure. The simple objects in the

heart are the staggered 1C-sheaves ZC (v, x) for x a character of T and v < w.

Corollary 3.2.1.2. K{(Flg) admits a basis as C-vector space formed by staggered
1C-sheaves.
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3.2.2 Proof of Theorem [3.2.1.1]

By Theorem [3.1.3.3, the proof of the theorem reduces to showing that scod X, —

scod X,, > 1. This reduces further to showing

Proposition 3.2.2.1. For any v; < vy in W7 we have
(6(vz) — 6(v1),2p) > 0

where 0 was defined in Lemma|5.2.1.1].

We will adapt the proof from [AS09| to the affine case. Most of the arguments
will remain the same, but there are a few key differences which will arise.

The strategy for the proof is to use induction on the length of the Weyl group.

Lemma 3.2.2.1. For any v € W/
0(v) =p—vp.
Thus for any simple reflection s € W'/ with respect to a root o, we have
0(sv) = sb(v) + a.

Proof. The first part is [Kum02, 1.3.22]. The second part follows from noting that

sp=p— . 0

We let ©(v) = AT N oA~ so that 0(v) = 3_, cep) W, T(v) = p+vp and I(v) =
{a € Af|va > 0}.

Lemma 3.2.2.2. For any v € W%/ (9(v), 7(v)) = 0.

Proof. From Lemma [3.2.2.1] and the definition of 7, the inner product is

(0(v), 7(v)) = (p = vp,p+vp).
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The lemma then follows from Weyl invariance of the inner product. O

Lemma 3.2.2.3. If a € II(v) is a simple root, then

(a,6(v)) <0.

Proof. Let s be the simple reflection corresponding to a and 8 € O(v). There are
three cases:

o If 55 =, then («, ) = 0.

o If s8 # [ but sf € O(v), then s(8 + sf) = 4 sf and thus from the previous
part (o, 4+ sf) = 0.

e Now, if 55 ¢ O(v), we want to show («, ) < 0. Suppose for contradiction that

(a, B) > 0. As a € TI(v), we can write & = vy where a, € AT. Then we have

(s8,v(2p)) = (B,v(2p)) — (", B){ex, v(2p))

= <U_16a 2p> - <Ofv,ﬁ><a+,2p>.

Note that by assumption (a, ) > 0, thus from the above equation we deduce
that (sB,v(2p)) < 0. But this means that s € vA~ as well as sf € A (as

a # [ is simple). Thus s € O(v), which contradicts our assumption.

Combining those three cases, we see that for any 5 € O(v), («, 8) < 0 and the result

follows. L

Lemma 3.2.2.4. Let s be a simple reflection corresponding to a simple root o, and

suppose v,w € W are such that l(vsw) = I(v) + l(w) + 1. Then

(B(vsw) — O(vw),2p) = (1 — (a", (v~ ")) (w ™ a, 2p) > 0.
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Proof. We proceed by induction on the length of v. For I(v) = 1, v = e, and thus
O(v—') = 0. Furthermore using Lemma [3.2.2.1| and the fact that s(p) = p — «

(0(sw) — 0(w),2p) = (p — swp — p+wp, 2p)
= (wp, 2p) — (swp, 2p)
= (wp,2p) — ((wp, 2p) — (2wp, a))

= (w™ ', 2p).

Furthermore I(sw) > I(w), thus w™'a € AT, and hence this expression is strictly

positive.

Now, take a general v € W/ such that [(v) > 1 and write it as tx where ¢ is
a simple reflection with respect to 8, and x is such that I(tx) = [(t) + I(z). Using

Lemma |3.2.2.1] again, we find

(O(vsw) — O(vw), 2p) = (B(tzsw) — O(tzw), 2p)
= (t0(zsw) — tO(zw), 2p)

= (f(xsw) — O(zw),2p — 25).

The first term of the expansion is given from the induction hypothesis, thus it remains

to calculate

(O(xsw) — O(zw), B) = (xwp — xswp, )
= (wp — swp,z~' )
= (wp,z”'B) — (wp,z7'B) + (", 27 ) (wp, )

= (a”, 27 B)(wp, ).
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Combining these two, we get that

(O(vsw) — O(vw), 2p) = (1 — (", 0(z" ")) (w™ e, 2p) — (', 27" B) (w(2p), o)
= (1= (a",0(z""))=)a", 27" B)){w "o, 2p)

= (1= {a", 0((tz)™"))){w ™", 2p).
This gives the required formula. To show that it is positive, note that Lemma|3.2.2.2
gives that (a,0(v™")) <0 and that (w™'a,2p) > 0. Thus the result follows. O

Using the lemma inductively, we deduce Proposition [3.2.2.1}

3.2.3 The thick flag variety case

We first want to define the appropriate notion of coherent sheaves on the thick flag

variety. Recall the following from [Gro60].

Definition 3.2.3.1. Let (X,Ox) be a ringed space. A sheaf F of Ox-modules is

called coherent if
(1) F is of finite type.

(2) For any open U C X, n > 0, and homomorphism ¢ : OY" |y — F|y, the kernel

ker ¢ is of finite type.
We will make use of the following lemma from loc.cit.

Lemma 3.2.3.1. Let f : X — Y be a morphism of O-modules. If Ox s coherent,

then f*G is also coherent for any coherent Oy -module G.

Let S be a finite subset of the affine Weyl group W%/, Recall that S is open if

for any w € S, v < w implies v € S. In particular e € S for any open S.

Lemma 3.2.3.2. The structure sheaf Oy is coherent.
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Proof. This follows from the open cover of X by U,, = wlI~ /I~ and noting that U, is
isomorphic to AN, which has a coherent structure sheaf (as any ideal in C[xy, 2o, .. . ]

is finitely generated). O

Proposition 3.2.3.1. Fiz an open set S, and let | = max,esl(v) + 1. Then U acts
freely on Qg and the natural quotient map p : Qg — U\Qg induces an equivalence of

triangulated categories

p* . D°(Coh!/Y(U,\Qg)) — D"(Coh’!(Qg)).

Proof. The structure sheaf of (2g is coherent, and therefore by the previous lemma,
pulling back via p preserves coherence. Furthermore, the map p is flat, which follows
from [Kuml7]. Therefore the pullback is exact, and we only need to show the equiv-

alence of categories at the abelian level. But this follows from equivariant descent:

Coh!(Qg) = Coh!/Y'(1 /U, x; Qs)

>~ Coh!/Y'(U)\Qs),

where we have used that U; is normal in I. O

Note that the left-hand side of the equivalence is a finite dimensional smooth
scheme, and therefore we can take the structure sheaf Op,\q4 as dualizing complex,
which allows us to consider the structure sheaf of )¢ as an equivariant dualizing
complex (pulling back by p preserves internal homs as we are working with finitely
presented modules and p is flat). This is useful as Qg is non-Noetherian, and therefore

a dualizing complex is not guaranteed to exist a priori.

We now want to define an s-structure, and compute the associated staggered

codimension. First note the following:
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Lemma 3.2.3.3. The I/U, orbits in U)\Q2s are given by
Xt =UNIvI~ /I~ =2 1/(Invlv YU,

Furthermore, the finite-dimensional torus embeds T" C Stabyy, (Ul /17).

Proof. This follows from the Cartan decomposition, noting that
T C INvl v = Staby (Ul /I7).

]

By an s-structure on Coh’(f2g), we will mean an s-structure on the equivalent
category Coh!/"(U;\Qg). The lemma and its proof say that this will be independent
of [.

As with the thin case, we can use this to get an s-structure on Coh”(Qg): for w €

Well | define an s-structure on Coh’(X™) by

Coh!(X") <, = {V € Rep(wI w™ ' N1I) | (X —2p) <n for all the weights \ of V'}

Coh!(X")s, = {V € Rep(wl " w™ "N 1I)| (X —2p) >n for all the weights X of V}.

Proposition 3.2.3.2. There is a unique s-structure on Coh’(Qg) which restricts to

the s-structure given above on the open orbits.
This follows from Theorem |3.1.3.1] provided that we can check the following:

Lemma 3.2.3.4. For any v € S,
izlﬁmgslxv € COhI<XU)§,1.

Proof. For v € W/ let V¥ = vII~/I~. By [Kas89], V¥ C Qg is an open subset
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and XV C VV. Furthermore, the embedding j, : X" — V" can be identified T-

equivariantly with the embedding

Il s 1] e

acATNVAT acvATt

Therefore the computation reduces to computing the pullback of the ideal I =
(zg | B € vAT N A" ) under the natural quotient homomorphism Clz,|a € vA*] —
Clzala € AT NovAT]. But this can be identified with I/I?, which is T-equivariantly

isomorphic to @, c a+na- O(—a), giving the required result. O

Finally, we want to obtain the staggered codimension, which requires us to find
the altitude of the open orbits. As we have chosen Ogq, as our dualizing complex, this

will reduce to the following computation:

Lemma 3.2.3.5. Let v, be as before. Then

alt Xv N Qg = { Z a, —2p).

acA-MvAT

Proof. By assumption, the dualizing sheaf of the orbit closure is given by the pullback
iLOﬁmQS. To make sense of this, note that i, is I-equivariant, and thus we can pass
to the finite dimensional quotient. Then, we want to find in which staggered degree
ii}(’)ﬁmgﬂ xv lives. But a similar argument to the previous lemma tells us that this

reduces to computing j'Oy v, where

g X = H Jo — H go = VL

acATvAT acvAt
ht(a)<l ht(a)<l

This follows by induction on [(v). O

From these two observations, we obtain that the staggered codimension is given
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scod XV N Qg = 1(v) + (0(v), 2p).
By the same proof as the thin case, we deduce that

Theorem 3.2.3.1. With respect to the s-structure and dualizing complex as above,
D*(Coh! (Qg)) admits an Artinian staggered t-structure. The simple objects in the

heart are the staggered I1C-sheaves ZC(v,x) for x a character of T and v € S.

Remark 3.2.3.1. This raises the natural question of the existence of a staggered t-

I
coh

structure on the whole derived category D = D. ,(Xg). As mentioned in chapter
2, a well-behaved definition of such a category is not clear to us at this time. But
once that is set, the t-structure could be obtained by letting D=° = {F € D [i{F €

D¥(Coh’(Q4))=° for all open S} and similarly for D=°.
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Chapter 4

Cluster algebras and the

Cautis-Williams conjecture

Introduction

In this chapter, we generalise some of the results of [CW19]. In particular, after
explaining the construction of the determinant bundle on the affine Grassmannian,
we construct a categorification of the bar involution on K%*¢m(Grg) in simply-
connected cases, and provide an explicit construction of dualizing sheaves for quasi-
minuscule Schubert varieties. We then state and prove a conjecture of [CW19] in rank
1, and provide a strategy for a proof in type A. Finally, we provide further evidence

of the conjecture by relating perverse coherent sheaves and Demazure modules.
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4.1 Determinant bundles and perverse coherent

sheaves on the affine Grassmannian

4.1.1 Global line bundles on Grg

Define the line bundle L(wy) on Grg as follows: using the Kac-Moody central ex-
tension, we realise Grg as G/G1 and let L(wy) = G xg+ C,,. Here xo is the third

projection Gt = Gp x G,, x G,,, = G,,.

Theorem 4.1.1.1. Suppose G is almost simple and simply-connected. Then
Pic(Crg) = Pic®® (Grg) 2 7Z

and is generated by L(wy).

Remark 4.1.1.1. We follow the proof from [Kum02], noting that a very similar ar-
gument can also be used to compute the Picard group of the affine flag variety (see

[Fal03] for details).

Proof. We will work using the Iwahori orbit stratification. First note that for w €
Welf the closed Schubert cell X,, C Gre has rational singularities and therefore
H (X, 0,) = 0 for i > 0. Using the exponential sequence and GAGA, we deduce
that Pic(X,) & H?(X,,Z). Now, the Schubert varieties are paved by affine spaces,
therefore taking w > sq the affine reflection, we deduce that H?(X,,, Z) & H*(X,,,Z).
Now, observe X,, = P! and Pic(P!) = ZO(1) and that O(1) = L(wo) | Therefore,
Pic(X,,) = ZL(wo)|x

Finally, we need to show that these isomorphisms glue globally, i.e. that there is an
isomorphism

Pic(Grg) 22 lim Pic(X,,).
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Surjectivity is clear as L(wy) is defined globally. To prove injectivity, suppose we have
a line bundle £ such that L|x— is trivial on all Schubert varieties. We want to show
that £ is isomorphic to the trivial line bundle, i.e. that it admits a nowhere vanishing
section. To this aim, fix v € L. a non-zero element. For any w, pick a non-vanishing
section oy, of Lx— such that o,(e) = v. We claim that these sections glue: indeed,
note that the restriction o,|%- is nowhere vanishing and sends e to v. Therefore,
we can find ¢ : X, = C* such that Owle = goy. As X, is projective, the only such
functions are constant, and fixing the base point implies that o,|, = 0,.

Finally, it remains to show that Pic®® (Grg) 2 Pic(Grg). There is a natural forgetful
map Pic®©(Crg) — Pic(Grg), which by the previous part is surjective. Thus it
remains to show that the map is injective, i.e. that £(wp) has a unique Gp-equivariant
structure. This follows from noting that Go x Grg is stratified by integral projective
varieties: two trivialisations differ by an invertible function f : Go x Grg — C*. As
Gr¢ is ind-projective, f is uniquely determined by its value on G». By the cocycle

condition, f has to be a character of Gp but any such has to be uniformly 1. O

4.1.2 The Determinant bundle

An important motivation for the study of the affine Grassmannian comes from the
uniformisation of G-bundles on a curve X. This result states that there is a natural
fibration Grg — Bung(X) (see [BL95), [LSI7, [Zhul7]). Moduli spaces of vector bun-
dles are equipped with a canonical line bundle called the determinant bundle, which
we can pull back to the affine Grassmannian. As the study of G-bundles will not be
needed for this work, we present here, following [Zhul7] and [Sor00], a construction

of this line bundle, starting with an explicit description in the case of G = GL(n).

Definition 4.1.2.1. The relative determinant bundle Lge; on Grar ) X Grarm) is the
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bundle whose fibres over a pair (A, Ay) is given by
det(Al/Al N Ag) X det(AQ/Al N AQ)il

The determinant bundle on Grgy,) is given as the restriction /Ldet|{AO} K GrGL () -

In general, consider the adjoint representation p : G — GL(g). By slight abuse of
notation, we define the determinant bundle Ly, to be the pullback f; L4.: under the

adjoint map f, : Grg — Grgr,()-

Theorem 4.1.2.1. [LS97] In Pic(Grg), Laer = L(2hYwy) where hY is the dual Coz-

eter number.

To prove the theorem, we will need a slightly different perspective on central

extensions:

Definition 4.1.2.2. Let £ be a C/JB equivariant line bundle on Grg. The Mumford
group Mg—(L) is the group of pairs (f,g) where g € Gx and f gL — Lisan

isomorphism.
Note that the group structure is provided by composing the isomorphisms.

Lemma 4.1.2.1. The Mumford group Mz-(L(wo)) is a central extension
1 = Gy = Mg=(L(wo)) — Ge — 1

which identifies Mg-(L(wo)) with G.

Proof. The Mumford group being a central extension follows from noting that Aut(L) =
Gy, To prove the lemma, observe that for any g € C/}E, alift v € G withy = g provides
an isomorphism ¢*L(wy) = L(wp) and that the group operations agree. Therefore,
G C Mg=(L(wp)) but as both of those fit in the same short exact sequence they have

to agree. O
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Remark 4.1.2.1. An alternative way to see the result is to use the short exact sequence

1 - G,, - GL(Ay) — PGL(Ay) — 1. The embedding from Proposition [1.3.3.1

Y

and ampleness imply that *O(1) = L(wp) and therefore this reduces to show that

GL(Ao) = Mpar(a) (Opag) (1))

Proof of Theorem[{.1.2.1 As L is a line bundle on Grg, Pic(Grg) = Z implies that
Laet = L(Ngqwo). It remains to determine n,y. Now note that the map f,4 induces a

map of central extensions

1 —— Gm E— M@(ﬁ(nadwo)) > GIC > 1
J l lfad
1 — G, — MSL@K)(L’(QJO)) —— SL(g® K) —— 1

By the above, My, (L(wp)) is SL the Kac-Moody extension, and therefore at the

Lie algebra level, we obtain

0 > C s g K — 5 g K ——— 0

l | [

—

0 > C > sl(g) » sl(g@ ) —— 0

By the above lemma, the cocycle corresponding to the top extension is then n,qy
where v is the Kac-Moody cocyle on g ® K (by [Kac90], all central extensions are

integer multiples of ¢). The result then follows from the next lemma. O]
Lemma 4.1.2.2. n,g = 2h"

Proof. Let 6 be the highest root. By the above, n,g = Tr(p(Xs), p(X_g)) where p is

the adjoint representation. But under sly(#), g decomposes as €, L(h;) where L(h;)
h;

is the irreducible sl representation of dimension h;, with highest weight w; = 50.
Now, using the standard basis of L(h;), we get that

Mg = Zi:k(h,- +1-k)=>_ éh(h +1)(hi +2).

i k=
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Now, note that

(bt )0+ 2) = 123 (mit2 - 6,67

J=0

Therefore, noting that the sly-strings provide the root space decomposition of g,we

can rewrite

Ngd = Z (o, 0Y)2

aceAt

Finally, as 6 is the longest root, («,0Y) € {0,1} for a # 6. Therefore, we get

Nea = 4 + Z (0,0,

acAT\{0}
=4+ (2p—6,0"),

=2(1+ (p,0")).

This proves the result. [

Corollary 4.1.2.1. The determinant bundle admits a square root, unique up to iso-

morphism.

The inverse of this square root bundle is traditionally called the critical line bundle

and denoted L.

4.1.3 Canonical bundle of Affine Schubert varieties

An important part in understanding the perverse coherent t-structure on the affine
Grassmannian is to describe the dualizing complex of the orbit closures Gr) explicitly.
The importance of L. is the following theorem, due to [BD91] and [BK06]. Assume

for the rest of the section that G is simply-connected.

Theorem 4.1.3.1. Let A € X1 (T) be a dominant coweight. Then
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o The affine Schubert variety Gry is Gorenstein and normal.

e [ts canonical bundle is given by the restriction

QGI‘)\ = ECTit|GI‘A .

e [urthermore, Gry has canonical singularities.

To prove this, we will need a description of the fibres of L..;; at a coweight ¢*. Let

us first describe this for the determinant bundle:

Lemma 4.1.3.1. [[Zhul|]] As Go N Ady»Go-modules,

N 9(0) 2
Laet|pr = det (g((’)) N Adtxg(O)) '

In particular

'Ccrit |Gr,\ = WGry -

Proof. By the definition of the determinant bundle, we know that

g(0) Adpg(0) )_1.

Lget|p = det (g<0) N Adtxg((’))> ® det (g(@) N Adpg(O)

Thus it remains to show that

Adpg(0)  \7' g(0)
det (9(0) N Adt»9(0)> = et (g(O) N Adtkg(O))

as Gop N AdpxGp-modules.

Note that

8(0) ~

9(0) N Adpg(O) — 9.(0) /N g, (0)

aceAT (a,\)>0




and similarly

Adpg(O) ~
9(0) N Adpg(O)

t7<a7k>ga(o>/ga<0)-

a€A{a,\)>0

Finally, note that we only need to show the final isomorphism as Tp-modules given

that Go has no non-trivial characters. This follows from direct inspection. n
Now we can finish the proof of Theorem 4.1.3.1] following [BK06].

Proof of Theorem[}.1.3.1. Recall that Gry is normal and Cohen-Macaulay. There-
fore, its dualizing complex wg; - is a sheaf placed in appropriate cohomological de-
gree. By normality and the fact that Gry\ Gry has codimension 2, we deduce that

Wary = J«wWar, up to shifts, where j : Gry — Gr, is the inclusion. Therefore,

wars = JJ* (Leritlar;) and the result follows. O

Categorifying the bar involution

In [CW19], the authors construct a functor

Db’GL"(O)NGm (GTGLn) = Db,GLn(O) NG (GTGLn)

coh coh

which categorifies the involution ¢ — ¢! in K%*®m(Grqy,, ). A key observation
is that while GL, (O)-equivariantly the canonical sheaf of affine Schubert varieties
is global, this is no longer the case when incorporating loop rotation. For this, we
need the following refinement of Lemma 4.1.3.1, whose proof follows directly from the

proof of the lemma.

Corollary 4.1.3.1. As (Go % G,,) N Ad(Go % Gy,)-representations, we have

9(9) 2
8(0)N Adtxg(0)> {{2p,\)}.

Ldet|t>‘ = det <
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Here F(n) = F[n] with the n-th power of the G,, acting.

Remark 4.1.3.1. In order to use the perverse t-structure on the affine Grassmannian,
we need to fix the G,,-equivariance on the perverse coherent sheaves P,v , appropri-
ately. By convention, in the rest of this section, we let G,,, act as the double cover of
the loop rotation.We then let G, act on the fibers of £, (where Py, = ji.Ly[p(AY)])

by 2z ks 22X XHAM Gy (gee [CWT, 2.4] or [BEMO3] for details).

Now, fix an opposition o of GG, i.e. an automorphism ¢ : G — G which sends
B~ — Bt and T — T with o|7 : t — ¢!, which exists by [Jan03| II.1.16]. Twisting
the Go-action by ¢ induces an autoequivalence of DY9*®™(Gre)) which, following
[CW19], we denote by F — F .

Further, define IL to be the action of tensoring by L..;; and as above D denotes the

coherent Verdier dual.

Proposition 4.1.3.1. The involution ® : D52 (Grg)) — DE9*%m(Grg)) given by

coh

the composition

F = DoL((F*))

is contravariant with respect to convolution and Homs. Furthermore, F{k} = F{—k}

and P)\\/7X = ,P)\v7x.
Proof. This is just a slight generalisation of the arguments of [CW19, 6.22]. [

Remark 4.1.3.2. The involution in [CW19| is defined for GL, which is not simply-
connected. In that case, one needs to incorporate a twisting when tensoring by the
critical line bundle. Our results generalise with minor modification to the non-simply
connected case: using Proposition , we must replace the Lie algebra g(OQ) by

Ady; g(O) when working over the i-th connected component.
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The quasi-minuscule case

In this section, we study the dualizing complex of certain orbit closures in more detail,
and formulate a conjecture. Recall that a dominant coweight A is quasi-minuscule
if the only dominant coweight v < X\ under the Bruhat ordering is 0. If A is quasi-
minuscule, Ngo-Polo in [NP01] have constructed a canonical equivariant resolution of
singularities of Gry. We will use this to give an alternative description of Theorem
4.1.3.1] and formulate a conjecture about coherent IC-sheaves. This lemma is proven

in [NPO1].

Lemma 4.1.3.2. Let A =~V be a quasi-minuscule coweight, associated with a maxi-

mal root . Then for all roots o € R\{x~v}, we have (o, \) € {0, £1}.

Now, define P to be the parabolic subgroup of G generated by T and U,, for
a € R, such that (a,v) <0.

Further, define

V=bo P oo

aeR\{~}

By the lemma, V' is P-stable, so we can define a line bundle over G/P by
£, =Gx"g/V.

The Cartan decomposition of g gives a canonical isomorphism g/V = g,.

Theorem 4.1.3.2. [NPQ1] There is an isomorphism Gry = £, which extends to a

Go-equivariant resolution of singularities
Ty P(Og/p ©® 27) — Gr).

We will use this theorem to give a construction of the canonical bundle of Gr,.

Proposition 4.1.3.2. Let m : P(Og/p & £,) — Gry be the bundle map, and define
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o l . .
Py =3 D (amys0 @- We have an isomorphism

Oy & 1. (0(=2) @ 7°(L(=2py)))-

Proof. First note that by Theorem[.1.3.1], as Gry is Cohen-Macaulay and has rational
singularities, T, .Qpoy pose,) = Sary- Thus we only need to find the canonical bundle
of P(Og/p @ £,). But now, by [Har77, II1.9, exercise 8.4.], the canonical bundle of

P(Oq/p @ £5) is given by O(—2) ® 7*Q¢/p. Finally, the isomorphism

o/r P s

(ayV)>0

gives that the dual of the top exterior power of 7,G /P has character —2p.,, and thus
Qa/p = L(—2p,). O

A very similar situation occurs when looking at the closure of the middle nilpotent
orbit in SL(3) as studied by Achar-Hardesty [AHI9]. In this case, they construct the

coherent 1C-sheaves explicitly. This leads us to the following conjecture:

Conjecture 4.1.3.1. The coherent IC sheaves on Gry are given by

ZC(x, A) = Ty (7 (L(X)))-

We suspect that for this conjecture to be true, one might need to further truncate
the derived pushforward to live in the correct cohomological degrees. This will be

explored in further work.

4.1.4 Computations for GL,

Recall that a dominant coweight for GL, is given by an n-tuple of non-negative

integers. Denote the standard lattice Ag = C[[t]]" C C((¢))". We understand all
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inclusions are inclusions of lattices. Let us first rewrite the Cartan decomposition

explicitly for the general linear group:

Lemma 4.1.4.1. For any dominant coweight N of GL,, the corresponding orbit is
given by

Gryv = {A C Ag | t|ag/a has Jordan type X'}

Proof. We will show that the set on the right-hand side is GL,,(O)-stable and that the
only element of Ti it contains is *". Suppose A C Ay is such that t|ao/a has Jordan type AV
and let g9 € GL,(O). Then goA C Ay. Furthermore, we have the following commu-

tative square:

Ao/A —t> Ao/A

SR

Ag/g()A —t> Ao/goA
Therefore, as the two maps are conjugate, t|a/4a, also has Jordan type \".
Finally, note that #*” is the only diagonal matrix in G L,(K) such that the quotient

has the required Jordan type. O]

Example 4.1.4.1. In particular, for the fundamental coweights w)/, we get the closed

orbits

Gr, = {A C Ay | dlon/A =k, tAg C A}

Another useful class of GL,(O)-stable subvariety are the opposite
Gr* = {Ag CA | dimA/Ag=Fk, tA C Ao}

To obtain simple perverse coherent sheaves, we can use Lemma and re-

strict the determinant bundle to Gry. Following [CW19], we write the restriction as

det(Ag/A).

100



Lemma 4.1.4.2. [CWT1J] The object of D°,, (Grgy,) given by

coh

k(n — k)
T]’
k(n — k)
T]’

Pri = i (Oar, @ det(Ag/A)]

Py = i"(Ogpr @ det(A/No)))]

where iy, : Gr, — Grgr, and i* : Grt — Grgyr, are the natural inclusions and | € 7
are simple perverse coherent sheaves. Furthermore, they generate K (Grgy,) as a

Z-algebra under convolution.

4.2 The Cautis-Williams conjecture in type A

The Cautis-Williams conjecture relates the equivariant K-theory of the affine Grass-

mannian with cluster algebras.

4.2.1 Cluster algebras and categorifications

In this section, we provide a quick introduction to cluster algebras and cluster cat-
egorifications, mostly to set up notations and definitions that will be used later on.

Our approach will closely follow [FWZ16].

Cluster algebras

Cluster algebras are a certain class of finitely generated commutative algebras possess-
ing a (usually infinite) distinguished set of elements classed cluster variables. Those
cluster variables will generate the algebra, and furthermore all cluster variables can
be obtained using a recursive formula from a finite set called the initial cluster. The
full definition will therefore be broken into multiple parts. Let m > n integers and

F =C(y1,...,Ym) the field of rational functions in m variables.

Definition 4.2.1.1. A labelled seed in F is a pair (x, B) where
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(1) x=(x1,...,2m,) € F is such that z,...,z,, are algebraically independent and

F=C(z1,...,2m).

(2) B € Mat,xn(Z) can be transformed into a matrix which has a skew-symmetric

top n x n block by positive integer rescaling of the rows.
The elements x1,...,x, of a seed are called cluster variables.

Definition 4.2.1.2. Let 1 < k£ < n and consider a labelled seed (x, B) The seed

mutation ju(x, B) is a new labelled seed (x', B') such that

(1) the matrix B’ is given by

. b,’j + bzk,’bk‘] if b;, > 0 and bkj >0
b. Pp—
ij
bij — bzkbk] if by, < 0 and bkj <0
bij else.
\
(2) x' = (x),...,2,) where 2} = x; for i # k and

b _bs
Ty = H x;* + H x; .

b >0 bix<0

Remark 4.2.1.1. For the definition to make sense, one needs to check that B’ is satisfies

the requirements of the definition.

Definition 4.2.1.3. Let (x, B) be a labelled seed. The cluster algebra Ap is the
C-algebra generated by the cluster variables appearing in seeds obtained from (x, B)

by all possible iterated mutations.

Remark 4.2.1.2. (1) Note that there is a slight abuse of notation as we do not write

the dependence on x. This should always be clear from context.
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(2) The variables z,41,...2, are invariant under mutations, and are therefore
called frozen. We can see that the cluster algebra 45 is naturally an algebra

over Clzpi1,. .., Tm).

Example 4.2.1.1. Suppose we pick n = m = 2. Then by definition, we get that

where b, c are both positive (or both zero). Therefore, we can see that starting with
the initial cluster xy1,xs, the algebra Az := A(b, c) is generated by x,,,m € Z subject
to the relations

TmTmao = xl;nH +1 m odd

TyTmye = Xy + 1 m even.

Remark 4.2.1.3. Whilst the definition of cluster algebras might seem somewhat con-
voluted, a broad class of rings possess cluster algebra structures. For instance, the
coordinate rings of homogeneous spaces of reductive groups are cluster algebras, which
encompasses projective spaces, Grassmannians etc. For example, in the case of the
Grassmannian, the Plucker coordinates provide the cluster variables, and the cluster

relations are given by the Plucker relations.

Cluster categorification

Let C be a tensor category. The goal of this section is to find a structure on C which

makes the Grothendieck ring K (C) a cluster algebra.

Definition 4.2.1.4. A finite-length monoidal category C is a monoidal categorifi-
cation of the cluster algebra Ap if there is a ring isomorphism K (C) = Ap which

identifies cluster monomials with classes of simple objects.
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Remark 4.2.1.4. Tt is also standard to require that classes of simple objects corre-
sponding to cluster monomials are real, that is whose square is simple. Proposition
3.1.5.4|states that appropriately shifted restrictions of the determinant bundle to Gr)

provide simple real objects in ng (Grg).

4.2.2 The conjecture

One way to interpret the results of [BFEMO05| comes from the recent work of Cautis-
Williams [CW19]. In it, they show that for G = GL,, the equivariant K-theory of the
affine Grassmannian forms a cluster algebra, where simple perverse coherent sheaves

give a cluster basis. They conjecture the following:

Conjecture 4.2.2.1. Let C be a finite-type Cartan matriz, let G be the correspond-
ing simply connected simple algebraic group, and let G4q the adjoint group. Then
the monoidal category Pf,,? (Grg,,) forms a monoidal categorification of the cluster

algebra Ap,, where

cr—c —C7
Be =
C 0

and the initial monoidal cluster is given by the simple perverse coherent sheaves P,y o

and Py ;-

Remark 4.2.2.1. Here the algebra structure is induced by convolution, although one
might note that we are not in the Hecke stack case treated in Chapter 2, as we are
looking at the stack Go\Gaax/Gago. However, convolution is still well-defined as

before on the stack Go\G a4x/Go. Now we can notice that

Go\Gaax/Gaso = (Go\Gaax/Go)/Z(G),
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and therefore realise K“©(Grg,,) as the subalgebra of

K(Go\Gaix/Go) = K% 9 (Grg,,)

where the left Z(G) C Go-equivariance matches with the right Z(G)-equivariance.
See [F'T17] for details.

In rank 1, the CW conjecture becomes the following:

Proposition 4.2.2.1. There is an algebra isomorphism

K52 (Grpar,) = A(2,2),

where the perverse sheaves P1 g, P11 are mapped to the initial cluster. Furthermore,
under the isomorphism, all cluster variables are classes of simple perverse sheaves

supported on the orbit Gry.

4.2.3 Proof in rank 1
Some convolution computations

In this section, we will compute the algebra K°%2(Grpgr,) under convolution follow-

ing [BEMO5]. We will show the following proposition:

Proposition 4.2.3.1. [BEM05] There is an algebra isomorphism

Cla, b, ]

K52 (G =
¢ (Grear,) (abc — b — c? — 1)

where a = ,P071, b= PLO, Cc = 731,1.

To be able to compute convolutions using the lattice model, we will need a de-
scription of the convolution space Grg x Grg := Gy X ao Grg in terms of lattices. Let

S, = Gr,, where w is the fundamental weight of PG L.
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Lemma 4.2.3.1. We have the isomorphism

Sn>~<Sm = {A2 C A C A(C' diIIl((jAl/AQ =n, dimc¢ A(c/Al = m}

where multiplication is given by forgetting Ay .

Proof. The isomorphism is given by taking a pair [g, A] and mapping it to gA C
900 C Ac. O

Lemma 4.2.3.2. The stratum Sy of the affine Grassmannian for PGL(2) is isomor-

phic to the projective variety

Clz,y, z,T|

Sy == Proj( (22— 2)

).

Proof. Note from the appendix that Sy is isomorphic to the closed subspace of the
(standard) Grassmannian Gr(2,4) formed by the t-stable subspaces, where t acts on

C* by the matrix

0010

Now, we can use Pliicker coordinates to embed the Grassmannian into projective

space P(A2C?*). Under this embedding,

; C[Wha, Wis, Wiy, Was, Way, Wa4|
(WiaWsy + WisWay + Wiy Wa3)

Gr(2,4) = Pro

where W;; is the ijth minor of the matrix (w; wy) picking two basis vectors in

C*(which are the coordinates of the wedge product).

To determine the closed subvariety given by t-stable subspaces, take a 2 dimen-
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sional subspace V' = (vq,vy). V being t-stable means that we can find A\, X, u, ’ € C

such that

tvy = Avy + pvy
tvo = Nvy + p'vs.

This implies that Wiz = (uN — A/ )Way. Furthermore t>v; = 0 and t?vy = 0, therefore

()\2 +uXN =0
p(A+p') =0
NA+p)=0

\)\/M‘F,M/Z = 0.

Combining these two equations, we see that W3 = 0.

By the same argument, we deduce that Wiy + Waz = (A + p/)Way = 0.

It remains to show that these are the only additional equations. Let V be a 2-
dimensional subspace of C* such that V = (v, vy) where vy, vy satisfy Wiz = 0 and

W14 + Was = 0. In the standard basis, we can write

(651

Qg
Vi =

a3

Qg

and

/\Oél

B2

)\043

fa

Vo =
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with the additional constraint that A(asas — agaq) + @18y — Pacz = 0. If Wyy = 0,

we can write
/\CYl

2285/
Vo =

)\013

j21e%}
The constraint Wiy + Was = 0 gives that (A — p)(asasz — ajay) = 0. Therefore,

det(tvy | Avy — vg) = 0 and therefore tv; € V. We can then conclude as tvy = Atv;.

If W4 # 0, note that tvy = uvy 4+ vvy, where

v = (agag — 044041)W2_41

o= (fs— 52043)W2_41-

We can now describe the convolution diagram geometrically:

Lemma 4.2.3.3 ([BEMO5]). The convolution diagram for the two I1-dimensional

strata Grpgr(2),1 can be identified with the following:

PGL(Q)KJ x P! > P(Opl D Oﬂml (2))
P! x P! GI“PGL(Q),2 = Proj(C[faya ZaT]/@Q - yz))

where multiplication is identified with contraction of the (—2)-section.

Proof. As the weight 1 is minuscule, Grpgr(2),1 is isomorphic to the flag variety
PGL(2)/B, which is isomorphic to P'. The orbit closure Grpgr )2 is given by The-

orem [1.2.2.1 It remains to show that the multiplication is the blowup at the cone

point of Grpgr(2)2. For this, we can look at Lemmas |4.2.3.2| and |4.2.3.1|. The map m

is an isomorphism for Ay # tA¢ , and the fibre over the cone point is isomorphic to
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P!. By [Har77, Example 5.2.11.4] this means that the convolution space is isomorphic

to P(Oc ® Oc(1)) where C is the quadratic curve 22 — yz = 0 inside P2. O

Now, let v(n),, be the class of the simple perverse sheaf P, ,, in K°*2(Grpgy,).

From Chapter 3, we know the following:

Lemma 4.2.3.4. K2(Grpgr,) has a C-basis given by v(n),, for (n,m) € Z x

Z=oUZsy x {0}. The subspace generated by taking m even (respectively n even) can

be identified with K52(Grgy,) (respectively K¥GL2(Grpgr,)).

To compute convolutions of such sheaves, we have the following rewriting of propo-

sition B.1.5.1]

Lemma 4.2.3.5. There exist integers such that
V(nl)rm * Vi, <m2) = V(ml + mQ)nH—nQ + K,
where K can be written as a linear combination of simple perverse sheaves supported

on smaller dimensional orbits.

Proposition 4.2.3.2. K°%2(Grpgy,) is generated as an algebra under convolution

by v(1)o, v(0)1,v(1),. Furthermore, we have the relations
(1) v(n); *v(n), = v(2n)s,
(2) v(1)1 % v(=1); = v(0)y + 1,
(3) v(0); % v(1)p = v(1); + v(—1).

Proof. We first note that relations (1),(2) and (3) combined with Lemma [4.2.3.5| im-
ply the generation. We can reason inductively on the support: in dimension 0, this
just says that C? is a tensor generator of the category of representations of SLy. In

dimension 1, this follows from (3).
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If we know that all perverse coherent sheaves can be obtained this way up to the orbit
n, then note that v(m),+1 = v(m), = v(0); + K, where the K can be obtained from

our induction hypothesis by the previous lemma.

Now for the relations:

(1) We will work in terms of lattices. As we are working with PG L, lattices are

considered equivalent when multiplied with an element of C((¢))*.

The multiplication map can be written as

m: {Ag C A CAy | dlmAZ/AH_l = 1} — {AQ C Ay | dlon/Ag = Q}U{t/\o C Ao},

given by forgetting A;. Using the notation from the previous section, we are

looking to compute the (derived) pushforward

My (Ogry 2 ary, @ (Mo/A1)" @ (A1/Ag)").

But note that m*(det(Ag/A2)) = Ag/A1 ® A1/Ay. Thus,

M (O, 5 oy (Ao/A1)" @ (A1/A2)") = mu(Ogy, % Gr, @ m*(det(Ag/A2)")
= m*(OGr1 X Grl) & PQJH

= PZ,TL

where we have used the projection formula and the fact that m is a blowup, and

thus the (derived) pushforward of the structure sheaf is the structure sheaf.

(2) Now, we seek to compute

MO, 5y @ No/Ar @ (A1/A2)7H).
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But note the following: the fibre of the map m at the point {tAg C Ag} is a
divisor D given as the degeneracy locus of the map ¢ : Ag/A; — A;/Ay. Thus

we can write the short exact sequence

0— OGrl x Gry ® AO/Al ® (Al/AQ)_l — OGrl XGrp — Op — 0.

When taking the derived pushforward with respect to m, Op is sent to O, = 1,

and the result follows.

(3) The convolution product in this case is the sheaf Op ® C? equivariantly. Note
that this is the sheaf of sections associated with the equivariant vector bundle
V = SLy xp C? Now V admits a natural subbundle £(1), and the quotient is

naturally isomorphic to £(—1). Thus the result follows.

Proposition [4.2.3.1] follows immediately.

The final step
Equipped with those computations, it remains to construct an algebra isomorphism.

Proof of Proposition |/.2.2.1. By Proposition [4.2.3.1], we only need to show that there

is an isomorphism of C-algebras

Cla, b, (]

=R
(abc — > — 2 — 1)

A(2,2) =
mapping the initial cluster x1, x5 to ¢, b respectively. To do this, note that both sides
are Z-graded:

e On R, we have an automorphism ¢ : R — R given by o(a) = a,0(b) = ab —

¢,0(c) = b. One can check that this is an isomorphism with o~!(¢) = ac — b.
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e On A(2,2), we have an automorphism s : A(2,2) — A(2,2) given by s(z,,) =
Tmy1 for all m > 1. This is also an isomorphism where s™1(x) = (vy24 —

ZE‘Q(L’g)[El — T9.

Now, consider the algebra homomorphism

®: Clry,29,...] — R

given by ®(z,,) = 0™ !(c). Then for m > 1

(@ rtmss — (22, + 1) = 0™ (e0*(c) — o) — 1)
= o™ Yabc — A —b* — 1)

=0.

Thus we get an induced homomorphism ® : A(2,2) — R.
We claim that ® is an isomorphism of algebras with inverse ¥ : A(2,2) — R given

by

U(a) = x124 — T2x3
\If(b) = T2

U(c) = x1.

Indeed, both ® and ¥ are Z-equivariant, and furthermore we have
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o ®oV(a)=a. Indeed,

Do W(a) = ®(r124 — 273)
= co®(c) — o(c)o?(c)
= c(a®b — ac — b) — c(ab — c)

= a.

e Similarly, ® o U(b) = b and ® o ¥(c) = c.

o Vod(x,)=umrx,as

where we have used equivariance of W.

Thus we get that the maps are mutual inverses.

To conclude, recall that from we have the following short exact sequence:

0— OGrl x Gry ® AO/Al ® (Al/A2)_1 — OGrl XGrp 7 Op — 0.

Tensoring by Q,, := (Ag/A1)®" ® (A1/A2)®" we obtain that

0= Oar, 2an @ (Mo/A)" 1 @ (A/A2)" ™ = Oy 26ry © Qu — Op ® Q,, — 0.

Pushing forward under m and noting that (Ag/A1)®" ® (A1/Ay)®" = m*(Ag/A1)®"
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we obtain the categorified relation:

2
Pl,n—l *,PLnJrl — Pl,n — Oe — ,Pl,n—l *,le+1[1].

4.2.4 A proof strategy in type A

In this section, we provide a strategy to prove the following:

Theorem 4.2.4.1. The isomorphism
Doy : K€ (Crqr, ) — Ag,
from [CW19] induces an isomorphism
K5 (Grpar, ) — Ap,

where

for C the type A Cartan matriz.
Furthermore, this makes the Coherent Satake category into a monoidal cluster cate-

gorification of the algebra Apg,.

In particular, we will define the corresponding map ® and show that it provides
the required isomorphism on the level of perverse coherent sheaves. The one missing
ingredient is to show that the map we have defined is an algebra morphism, which is

currently work in progress.
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Changing equivariance

The first step is to understand the difference between GL,, and SL,, equivariance. By
[BLO4b], there is a functor

TesgLL: : DGL"(GrGLn) — DSL"(GrGLn).

coh coh

Lemma 4.2.4.1. The functor resgfs 1s t-exact with respect to the perverse coherent

t-structure.

Proof. This follows from the fact that SL,,(O) and GL,,(O)-orbits on Grgy,, coincide,
and therefore so do their generic points. Commutativity with shriek and star pullbacks

is explained in [BLI4b]. O
Now note the following lemma from [FE21]

Lemma 4.2.4.2. Letv = (11 > vy > -+ > 1,) be a dominant coweight for GL,, and

let m; = |{k |vx = vi}|. Then there is an equivalence of categories
Coh %@ (Gr,)= Rep(] [ GLm, (C)).

Proposition 4.2.4.1. The following diagram commutes:

PELnO)(Grar,,) T COhGL"(O)(GYGLn) — Rep([[ GL, (C))

lRes lReS lRes

PIn(©)(Grar,) +—— Cob™ @ (Grar,) —— Rep(([] GLu, (C)) NSL,(C)).
Proof. Commutativity of the right-hand square is immediate, so it remains to show
that the intermediate extensions commute with the restriction functor.

This in turns follows from the construction of intermediate extension as the inverse

of j* (see [ABI10] for details), and Lemma {4.2.4.1] O

Corollary 4.2.4.1. The induced map on K -theory Resgf: : KSU(Grgr, ) — K5 (Grgr,)

sends the class of the simple perverse coherent sheaf [Pyv ,] to [Py zl.
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Projecting to Grpgr,

Recall that the affine Grassmannian for PGL,, can be realised as the space of lattices

up to scaling by elements of X*. This defines a map 7 : Grgr,, — Grpar, -
Lemma 4.2.4.3. The map 7 is a Z-torsor and is ind-finite.

Proof. The first statement follows from the fact that O preserves any lattice, and
therefore the fibres of 7 are isomorphic to */O* = Z.
For the second statement, consider the Cartan decomposition of the affine Grassman-

nians: we write

\

AV eX*+

)\\/
Grear, = U Grpar,

AVeX =t
where we have a natural map & : X — X = X/(3°, w;).

. . . v b
Then 7 induces an isomorphism 7|, v : Gr* — Gr* and therefore

7T_1(G1")\v) = U Gl")\v_,_lw;{ .

leZ

To conclude, we can use the ind-scheme structure by the stratification S, =
U<2p wy<n, GIav and note that
7 HGry) N Sy

is a finite union of Schubert varieties. O

As finite maps are proper, this allows us to define the pushforward

T - DSL"(O)(GrGLn) — DSL"(O)(GrpGLn).

coh coh

As the map 7 restrict to an isomorphism Gryv — Gryv, the previous lemma implies

the following.
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Corollary 4.2.4.2. In K-theory, m.[Pxv ] = [Psv 7).

The algebra structure

Define @ : K% (Grgr, ) — K5 (Grpgy,) as the composition 7, o Resgl™. The goal
of this section is to identify the kernel of ® and show that it is an algebra morphism.

First note the following corollary of the previous section.
Lemma 4.2.4.4. The map ® is surjective.

The following theorem is still work in progress at the time of writing.
Theorem 4.2.4.2. The map ® is an algebra morphism.

Remark 4.2.4.1. Note that this theorem is somewhat similar to Proposition [2.2.5.1]
The main subtlety is that [SL,(O)\ PGL,(K)/PGL,(O)] is not a Hecke stack, and

therefore the proof requires modification.

Lemma 4.2.4.5. Let r,7’ € Z with r > 0. In K% (Grqy, ),

[Pt gerrton] = [Pav] % [Pag ™ % [Puy ol ™"
Remark 4.2.4.2. Note that P,y is invertible, so the formula makes sense even if

r >,

Proof. As Gr,,v is a point, the pushworward map m, in the convolution diagram
is an isomorphism. Furthermore, both P,v ¢ and P,v ., are invertible, therefore the
convolution product from the statement is a simple perverse coherent sheaf supported
on @,\vﬂnw%, thus of the form Pyv,,yv, for some v. Now, by a similar argument to
the proof of Proposition [3.1.5.1], v can be obtained by looking at the fibres over the

T-fixed points. [

Corollary 4.2.4.3. The map ® identifies K5 (Grpgy,) with Ag /J where J is the

ideal generated by setting the frozen variables to 1.
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By the definition of a cluster algebra, Ap /.J is isomorphic to Ap,, and therefore

the corollary proves the Cautis-Williams conjecture in type A.

4.3 Beyond type A: KR-modules and the ()-system

In this final section, which will mostly be a literature survey, we provide some evidence
of the Cautis-Williams conjecture in type ADE. This can be seen as an expansion on

the remarks after Conjecture 1.10 in [CW19].

4.3.1 Kirillov-Reshetikhin modules and the Q-system

Let g be a Lie algebra.
Definition 4.3.1.1. The current algebra Cg is the Lie algebra g ®¢ Cl[t]

Write the generators  ® t" as x[n], and consider the natural shifted algebra Cge
generated by z[n| =z ® (t — §)".

If V() is a Cge-module, we also obtain a Cg-module structure by expanding
znjv=c® (t—-§+&)" v

We can naturally put a grading on the universal enveloping algebra U(Cg) by letting
t be of degree 1. In general, a cyclic module (v, V(§)) will not be graded. However,
taking F" = U="v, we obtain a filtration on V(£), and we let the associated graded
be denoted by V(¢). This depends on the choice of cyclic vector in general.

The fusion product takes as input { € C,i = 1,...,n and n cyclic Cgg,-modules

(v1, Vi(&1)), - -5 (Uny Vau(&n))-

Definition 4.3.1.2. The fusion product associated with the above data is given by

Vikeox V(& ..., &) = Gr(UCg)u @ - @ vy).
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Here the graded module is associated with the grading on U(Cg). Note that the
fusion naturally has the structure of a graded g-module. Conjecturally, the fusion
should be independent of &; provided they are distinct. This is known for some cases
but not in general.

Suppose from now on that g is simple with r simple roots. An interesting class of

Cg-modules is given by the Kirillov-Reshetikhin modules.

Definition 4.3.1.3. Let (§,a,i) € C* xZs¢x{1,2,...,r}. The Kirillov-Reshetikhin

module K Ry, (§) is the cyclic Cg-module with cyclic vector v and relations

zn|ev =0 ifn>0xen;
filnlev =0 for n > 4y
fi[O]nglU =0

hj [n]gv = 5n0(5¢jav.

Remark 4.3.1.1. (i) As before, we can take the graded version K R, (€).

(ii) We can use fusion to define KR modules in general: for w a dominant weight,

write w = )Y . nw; and take KR, = KRy, %+ * KRy, 0,

(iii) In the case of KR-modules, fusion will no longer depend on the parameters £

[AKOT], so we shall omit this.

The more natural Cg-modules which have appeared in connection with the affine
Grassmannians where the Demazure modules D;,v. These are connected to KR-

modules in the following way:

Theorem 4.3.1.1. [FLO7] Take a fundamental coweight w;’ and suppose that d; € 7
is such that i(w;") = dyw;. Then as Cg-modules, we have an isomorphism K Ry k., =

Dy
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Furthermore, this isomorphism is compatible with fusion: if XY =>"7 A a sum of

dominant coweights, then
Dy v = Dy y x - * Dy = KRy,

where a is obtained from the d;.

Remark 4.3.1.2. Note that in the simply-laced case, d; = 1 and therefore all KR-

modules are Demazure modules.

Let @, be the character of K R,,, as a g-module.

Theorem 4.3.1.2. [KR87, [Nak04), [Her10] The polynomials Qg satisfy the relations

Qoo=1for1<a<r and

ak+1Wak—1 — Wa — Nak
Qak+1Q Qip— K

where K, is a monomial in the ) depending on the Dynkin diagram. Conversely,
fizing Qqo = 1 and Q,1 = ch KR, , the solutions are the characters of the KR-

modules.
The relation of the theorem defines the Q-system.

Example 4.3.1.1. For sly, the Q-system becomes the simple recursion relation

Qr-1Qrp1 = QF — 1.

In this case we can see this explicitly: KRy, = L(k) and so Qy = chL(k) = 2+ 252+

..._i_z_k.

Definition 4.3.1.4. Let g as above. The Q-system algebra A is defined as

Ay =ClQq; |ae{l,...;r} 1€ Z|/T
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where 7 is the ideal generated by the Q-system relations.

Proposition 4.3.1.1. [DFK09] The algebra A is naturally a cluster algebra with

initial cluster {Qa0, Qa1 | @ € {1,...,7}} and exchange matriz given by
. ct—C -t
B—
C 0

Combining the above proposition with the results of the previous section, we see

that

Corollary 4.3.1.1. PiLff(O)(GrpGLQ) 1s @ monotdal cluster categorification of the clus-

ter algebra As,.

Remark 4.3.1.3. In the same way, the Cautis-Williams conjecture can be rewritten
as stating that PCC;;LC(O)(GrGa ,) is a monoidal categorification of Ay, which we assume
was the motivation for the statement. To provide evidence, we will see in the next
section that global sections of certain simple perverse coherent sheaves are Demazure

modules, and that in certain cases convolution is sent to fusion.

4.3.2 Convolution and fusion
The Beilinson-Drinfeld Grassmannian

Beilinson and Drinfeld made the important observation that the G-bundle description
of the affine Grassmannian can be made relative over a curve X. This leads to the

following definition

Definition 4.3.2.1. Let X be a smooth curve over C. The Beilinson-Drinfeld Grass-
mannian Grg xn» is the ind-scheme representing the functor

R— {(F,v,{z;}) {z:} € X(R)", F € Bung(Xg), v a trivialisation on Xg\U{z;}}/ =
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Taking the fibre of the natural map Grg x — X over a closed point p € X we get

an ind-scheme Grg j, isomorphic to the affine Grassmannian Grg.

Lemma 4.3.2.1. For a closed point (z1,75) € X2, we have

Grgaz, X Grga, if v1 #

I

GrG7($1,$2)
Gre s, if X1 = xo.

The most important application of this lemma for us will be the following corollary,

obtained by restricting to orbit closures:

Corollary 4.3.2.1. Let \Y, u¥ be dominant coweights and fix v € X a closed point.
Then there is a flat family GR v ,v — X such that the fibre away from x is isomorphic

to Gryv x Gryv and the fiber over x is isomorphic to Gryv.y,v.
Proof. The map is given by taking the restriction of Grg x2 — X? to {a} x X. O

Suppose G is simply connected and let £ be the (ample) generator of the Picard
group of Grg. Using a relative notion of the determinant bundle, we can see the

following;:

Proposition 4.3.2.1. There is an isomorphism of Go-modules

F(Gr)\V+MV7 £®k|>\v * £®k|uv) = F(Gr)\V+MV7 £®k|>\v+uv).

Proof. First note that £2%|\xL%*|, = m*L%|\,, where m : GryxGr, — Gry;, is
the convolution map. Therefore, we want to show that I'(m.m*L£%% |y, ) = T(L%], %

L#%|,). The derived projection formula states that

* PRk
mam" L5 5 = maOizy, @ Ly
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so this reduces to showing that the derived pushworward of the structure sheaf is given

by m, Oz, = Ogirry As Grayy, has rational singularities (see [BKO6] ), any resolution

of singularities 7 : Xy, — Grayy will satisfy Rm, Ok, , = Og; - Now, note that
taking X , to be the BDSH resolution, the map 7 factors as X, — GryxGr, —
Gry,,. Now, the map p : X, — GryxGr, is also a resolution of singularities of a

space with rational singularities (see [EIK78| and [Vie77]) and therefore
Mpx Oy = Om

and p.O, , = 0,5, which allows us to conclude. O

Perverse coherent sheaves and Demazure modules

As above, we assume g simply-laced and G simply connected.

Proposition 4.3.2.2. As Go-modules and for any k > 0,
F(GI')\\/7 ,C®k|>\v)v = Dk)\v.

Proof. We need to show that the cohomology is concentrated in degree 0 and that its
dual is isomorphic to the corresponding Demazure module. For the first, note that
L on Grg is given as i*O(1) under the embedding i : Grg — P(L(Ag)) and therefore
the restrictions £%¥|, are ample for all £ > 0. Finally, Gry has rational singularities

(see [BK06]) and therefore we can use Kodaira vanishing: note that
Hl(G_I')\, £®k|)\ ®w,\) = 0, 1> 0.

But by Theorem 4.1.3.1,, we know that w) = L |x» and therefore the result follows.
For the global section, we use Lemma, [1.3.3.2] together with the standard fact that on
P(V), HY(P(V),0(1)) 2 VV. O
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Remark 4.3.2.1. There is a version of the Borel-Weil-Bott theorem in the Kac-Moody
setting due to Kumar (see [Kum02, Chapter VIII] and references within) which also
yields the result. In Kumar’s proof, he uses the BDSH resolution explicitly to reduce
computations to the smooth case. Those same BDSH resolutions also imply rational

singularity of affine Schubert varieties, which is what we use instead.

Combining the proposition with Proposition 4.3.2.1f and Theorem [4.3.1.1] we ob-

tain the following:

Corollary 4.3.2.2.
F(Pw;/’kwi * Pw;/,kwj> g F(Pw;/,kwl) * F(Pw]\-/,kwj>'

Note that we have only considered convolution between restrictions of the same
power of the determinant bundle. The following proposition, which generalises [CW19)]

6.31], can be seen as the next simplest case.

Proposition 4.3.2.3. As complexes of G-modules,

F<7Dwiv,(k+1)wi * Pwiv,(kfl)wi)v = Dk:Jrl,wiv ® Dkfl,w%-v [_ dim eriv],

Proof. We follow the argument of [CW19]. Take m : Gr,,xGr,, — Gra,.. Note
that Puy et 1)w; * Puy (b— 1w = ma(m* (L) @ 75 L92 @ m*L7"7). Now, let G =
m*(LEH Y @ms £92. G is nef as it is the tensor product of an ample line bundle and
a nef line bundle. We can use the deformation from to see that over a curve X,
G deforms to G = LF1h" & £F-1+1" away from the base point z € X. Therefore G
is big as G is and bigness is stable in families. Thus, the Kamata-Viehweg vanishing
theorem for spaces with rational singularities allows us to conclude that the complex

is concentrated in a single degree. Furthermore, using the flat family as before, we
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see that the non-trivial degree is isomorphic to
F(Pwiv,(k—ﬁ—l)wi * Pwiv,(k—l)wi) = D1\€/+17w;/ ® Dl\c/—l,wg/a

as required. O

Open questions and further directions

As a first observation, Cautis and Williams conjecture the stronger result that the
algebra K¢0*®m(Grg) is a quantum cluster algebra. Once finished, we expect our

type A proof to naturally lift to the quantized case.

The proof of the Cautis-Williams conjecture is still open in general. Whilst this
work has provided some additional evidence for its validity, it is not clear to us how
one should proceed in general. We believe a generalisation of the techniques of [CW19)
might yield the desired short exact sequences in classical types (taking for instance
orthogonal or symplectic lattices) but one would then run into the issue of generation,

as the fundamental coweights are no longer minuscule.

Another approach is to use the embedding K¢°(Grg) — K!(Flg) and work in-
stead on the level of the Iwahori-Hecke algebra. The fundamental question in this
approach then becomes describing the pullback of coherent IC-sheaves in the Schu-
bert cell basis we worked on in chapter 2. This is where we believe working with
staggered sheaves might be necessary as there is no perverse coherent t-structure on
the affine flag variety. Furthermore, working with the affine flag variety has the added
advantage of allowing us to use BDSH resolutions of orbit closures, as those are I-

equivariant but not Gp-equivariant in general.
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Underlying the equivalence, we believe that the Cautis-Williams conjecture is a
shadow of an equivalence between P.,;,(Grg) with suitable equivariance and a certain
category of representations of some quantum loop algebra. Indeed, both of these
admit very similar categorical properties, such as the existence of renormalised R-

matrices.
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