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Abstract

This paper is primarily concerned with the following question which first appeared
in Koenigsmann’s On a Question of Abraham Robinson’s:

Is a finite field extension of a decidable field always decidable?

This offers a “twist” to a question that was originally posed by Abraham
Robinson in 1973 which had asked whether every finitely generated extension
of an undecidable field remains undecidable. The above-mentioned work of
Koenigsmann from 2016 (and independently, a result of Cherlin, van den Dries,
and Macintyre much earlier in the 1980s) showed that there are indeed undecidable
fields which admit decidable finite extensions. This paper aims to show that one
could, similarly, find examples of decidable fields which admit undecidable finite
extensions, thereby answering the above-stated question negatively.

This result is achieved by identifying a sufficient condition which a decidable
field must satisfy in order for it to have an undecidable finite extension. In an
earlier iteration of this work, we had pointed out what we had believed to be
one such condition. Unfortunately, this turned out not to be the case, which
we illustrate using an explicit example. Through this demonstration, we were
able to accentuate the weakness of the formerly-mentioned criterion, which we
strengthen in this thesis. We provide justification that the strengthened criterion
is indeed sufficient — any decidable field satisfying this strengthened criterion
would form a counterexample to the above-mentioned question.

We study one such class of decidable fields, known as the wonderful extensions
of the rational numbers, first introduced by Ershov in the early 2000s, whose
(sufficiently saturated) elementary extensions satisfy this strengthened criterion.
This provides us with a concrete counterexample which shows that there are
indeed decidable fields which admit undecidable finite extensions. We also point
out various attempts at finding other counterexamples to the above-mentioned
question, the difficulties faced in those instances, and some further questions
in the flavour of the above-mentioned question that appear to be interesting
in their own rights.
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Abstract

This paper is primarily concerned with the following question which first appeared
in Koenigsmann’s On a Question of Abraham Robinson’s:

Is a finite field extension of a decidable field always decidable?

This offers a “twist” to a question that was originally posed by Abraham Robinson in
1973 which had asked whether every finitely generated extension of an undecidable
field remains undecidable. The above-mentioned work of Koenigsmann from 2016
(and independently, a result of Cherlin, van den Dries, and Macintyre much earlier
in the 1980s) showed that there are indeed undecidable fields which admit decidable
finite extensions. This paper aims to show that one could, similarly, find examples
of decidable fields which admit undecidable finite extensions, thereby answering the
above-stated question negatively. This thesis is broken down into four main chapters.

In Chapter 1, we discuss the motivation and the history of this question. We
aim to provide partial answers to Koenigsmann’s question and explain situations
where a finite extension of a decidable field remains decidable. This chapter also
highlights the difficulty in finding a suitable counterexample that would show that
there are indeed decidable fields which become undecidable under finite extensions
— almost all known “classical” fields have this property. We end the chapter with
a promising criterion that a field must possess in order for there to be a suitable

counterexample to Koenigsmann’s question.

Chapter 2 points out the insufficiency of the criterion established at the end
of Chapter 1. We had mistakenly identified the criterion in Chapter 1 as being
sufficient in an earlier iteration of this work, but in this chapter, we show that
this cannot be the case, explaining why the said criterion is insufficient. In order
to understand the intricacies of the matter, we appeal to an example involving
pseudo algebraically closed (PAC) fields which accentuates this matter. Necessary
background information on PAC fields are highlighted at the beginning of the
chapter to ensure that the material in this paper is sufficiently self-contained. We
provide a refined criterion at the end of the chapter and explain why this criterion
is indeed sufficient in aiding us find a counterexample — any field which satisfies



this refined criterion would be a counterexample that would show the existence of

decidable fields with undecidable finite extensions.

In Chapter 3, we provide an example of a field whose sufficiently saturated
extension satisfies the refined criterion. These fields, known as Ershov’s Wonderful
Extensions of QQ, are multi-valued fields that satisfy three main properties — a
near-Boolean property, a local-global principle, and a maximality condition. In
order to better understand the structure of these wonderful extensions, we begin
the chapter with a brief introduction to valued and multi-valued fields. We then
introduce the wonderful extensions of @ (and a related class of fields known as
W-extensions of Q) which have been described by Ershov in a series of papers and an
encyclopedic monograph in the most general sense. We streamline these arguments
and show that such fields do indeed exist, focusing specifically on the W -extensions
(and WT-extensions/ wonderful extensions) of Q. We provide explicit descriptions
and examples of such fields, something that was not provided in Ershov’s On
Surprising Extensions of the Field of Rationals which introduced these fields. We
also show that TW-extensions (and W-extensions) are “model-theoretically” unique,
i.e. there is no first-order means of telling apart two W-extensions of Q (and
correspondingly, W-extensions of Q). This provides the basis of a decidability
result for these fields. We then go on to explain how one could use these fields to
construct a counterexample to Koenigsmann’s question by showing that a sufficiently
saturated extension of such fields would satisfy the refined criterion as set out in
Chapter 2.

In the final chapter, we highlight some of the other avenues that we had earlier
pursued in an attempt to find a counterexample to the above-stated question. Since
the counterexamples to Robinson’s original question were discovered within the
class of PAC fields, it was believed that one could similarly find counterexamples to
Koenigsmann’s question within this realm as well. This led to the idea of coding
undecidability into graph structures which could, in turn, be coded within projective
profinite groups — an avenue suggested by Hrushovski in private communication. We
point out some of the difficulties that were faced while pursuing this option. While
we were ultimately unsuccessful in finding a counterexample within the class of
PAC fields, several interesting observations and related questions sprung up during
this pursuit which we believe are worth exploring further in future works.
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Notations

K ........ The (separable) algebraic closure of K

Th(K) ... .. The first-order theory of K

Lring - - - - . The language of rings, Zine := {+, %, ; 0,1}

Lor The language of ordered rings, £ == Ling U {<}

ZLosits - - - The language of complete stratified inverse systems

Log -+ - - - - The language of linearly ordered groups, Hog :={0; +,—; <}
Kprime The prime subfield of K which is isomorphic to Q if the characteristic

of K is zero, or isomorphic to the finite field F,, for some rational

prime p if the characteristic of K is p

Sent .., The set of sentences in the language of rings
Formulaeg, . The set of formulae in the language of rings
Q . ... ... The field of p-adic numbers
PAC Field .. A pseudo algebraically closed field
X(K) ...... The space of orderings on K, X(K) := {P | P is an ordering of K}
Gk . ... ... The absolute Galois group of K, G := Gal(K /K)
Kae The algebraic part of K,
Kol {K NQ if the characteristic of the field K is 0;
K NT, if the characteristic of the field K is p > 0.
Th?'8(K) . ... The subset of Th(K) that determines K% up to isomorphism
g ... .. A profinite group, G := @nie ; G, where G;’s are finite groups,
and [ a partially ordered set
E, ....... The free profinite group on countably many generators
S(G) ... .. The complete inverse system of G
K . ... ... A sufficiently saturated elementary extension of K
qgR) ... ... The quotient field of a valuation ring R
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T Notations

mp . .. .... The maximal ideal of a local ring R

g .. ..... The value group of a valuation ring R

VR ... The valuation of the field K = ¢(R) determined by the valuation
ring of R.

Krp . ... ... The residue field, K = K,, = R/mp

(K, Ry < (K',R") The valued field (K’, R') is an extension of the valued field (K, R)

R ... The Henselization of the valuation ring R

Hz(K) ... .. The Henselization of (K, R), Hzr(K) := (K", R")

Rs . ... ... The localization of R at S, Rg = S™'R = {2 reR,se S}

R, ....... The localization of R at p, R, ={%|r € R,s € R\ p}

R ... The integral closure of R

Ry .. ... .. The holomorphy ring which is an intersection of all the valuation
rings in W, Ry :=N{R; | R, € W}

W(R) . ..... The set { Ry, | m is a maximal ideal of R} = {Ry | m € mSpec(R)}

Vit oo Open sets in the Zariski topology, V,-1 = {R; | R, € W, a™! €
R;}, where a € Ry \ {0}

W, oo The set W\ V-1, where W is an affine family of valuation rings

P ... . The set of all rational primes

P, ... .. .. A non-recursive set of rational primes

R =<1 R . ... Risexistentially closed in R’

JR) ... ... The Jacobson radical of R

RL(K) . .... The real closure of (K, L), Ry (K) := (K", L™), where K" is

the real closure of the field K (with respect to the ordering L),

and L™, its (unique) ordering

Ay ... The ring of integral adeles of Q, Ay := R X Z

A ... ... The ring of adeles of Q, Ag := Q ®z Ay

EW) ...... The set of all subsets of W that are open-closed and compact in
the Constructive topology, E(W) := {Wa4 | A Chnite Rw \ {0}}

ER) ...... The lattice structure, E(R) := (E(R), A, V, 1)

() oo The p-adic Kochen operator, ,(z) := % : (wf_pﬁ

Ry[v(L)] . ... The subring of L generated by y,(L) U R, where R, = X\ *(Z,)

is the valuation ring of K associated with the prime p
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Rioc(L)

The p-adic Kochen ring,

Rioet) = {

1—ps

‘ t,s € Ry[v,(L)] and 1— ps # O}
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In re mathematica ars proponendi quaestionem pluris
facienda est quam solvendi.

In mathematics the art of proposing a question must
be held of higher value than solving it.

— Georg Cantor [Can67]

Introduction

Contents
.1 Motivationl . . . . . . o v v v v i i e e e e 1
1.2 Some Observations and Partial Resultsl . ... ... .. 3

1.1 Motivation

This paper aims to address the following question raised in Koenigsmann’s “On

a Question of Abraham Robinson” [Koel6|:

Question 1.1.1 (cf. Question 4 of [Koel6)). Is a finite field extension of a decidable
field always decidable?

This question offers a twist on a question that was originally posed by Abraham
Robinson |Rob73] in his retiring presidential address, presented at the annual
meeting of the Association for Symbolic Logic in Dallas, in 1973. In that address,

Robinson asked the following:

Question 1.1.2. Is a finitely generated extension of an undecidable field always

undecidable?



2 1.1. Motivation

As it turns out, the answer to Question ([1.1.2]) is a definitive “no” in a rather

strong sense, and this was proven by Koenigsmann [Koel6]E|via the following theorem:

Theorem 1.1.3 (cf. Theorem 1 of [Koel6|). There are uncountably many pairwise
elementarily inequivalent undecidable algebraic extensions K of @(t) for which every
proper finite extension, L, of K is decidable (and all these L’s are elementarily

equivalent).

Here, @ denotes the algebraic closure of QQ, and @(t) denotes the rational
function field in one variable over @ In fact, one could narrow down Robinson’s

question to fields that are algebraic over Q and ask, instead, the following:

Question 1.1.4. Is a finite extension, L, of an undecidable algebraic extension, K,

of Q always undecidable?

Indeed, if K were taken to be a number field (and so K is a finite extension
of @), then this had to be the case since any finite extension, L, of a number
field is itself a finite extension of QQ, and is thus undecidable by a result of Julia
Robinson |[Rob59]. This, however, is not the case in general. Again, Koenigsmann’s
paper points out that there are finite extensions of undecidable fields that are

decidable via the following theorem:

Theorem 1.1.5 (cf. Theorem 2 of [Koel6]). For every prime p, there are infinitely
many pairwise non-isomorphic decidable algebraic extensions, L, of Q having

uncountably many undecidable subfields, K, of degree [L : K| = p.

Before proceeding any further, we begin by first elucidating what we mean

by a decidable field. A field K is said to be decidable if the (first-order)
theory of K, denoted Th(K), in the language of rings, L, := {+, %, ; 0,1},

D As it turns out, Gregory Cherlin, Lou van den Dries and Angus Macintyre had already
addressed this question sometime in 1980 in their (yet) unpublished manuscript entitled The
Elementary Theory of Regularly Closed Fields (cf. [CDM80a]; [CDM80b]), in which they had
constructed an “outlandish example” of an undecidable field of infinite transcendence degree over
Q with all proper finite extensions being decidable and isomorphic.
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is decidable. That is to say that there exists an algorithm which, given an input
of any .Z.e-sentence, ¢, produces an output

YES if p € Th(K), or equivalently, K = ¢

No otherwise

OUTPUT = {

or equivalently, that there is an effective axiomatisation of the theory of K, Th(K).

While there are known instances where finite extensions of decidable fields
remain decidable, in general, it is not entirely clear why decidability should always
“move up” finite extensions, and this paper aims to investigate whether this would,
inevitably, have to be the case so long as the field extension considered is a finite
one. It is worth pointing out that if we were to relax the condition necessitating
that the field extension be a finite one and allow, instead, for infinite extensions to
be considered, then one could easily cook up counterexamples where the base field is
decidable and the field extension is undecidable; for instance, consider a real closed
field K, which is known to be decidable by a result of Alfred Tarski [Tar51P and
let the field extension be L = K («), where « is an element transcendental over K.
Then, by a result of Raphael M. Robinson [Rob64], we know that L is undecidable

since one is able to define a model for the arithmetic of positive integers in L.

1.2 Some Observations and Partial Results

As mentioned above, there are several known instances where finite extensions of
certain decidable fields remain decidable. We begin by first highlighting those

known instances:

Observation 1.2.1. If the base field, K, is taken to be a finite field, then any finite
extension, L, of K, would itself also be finite and therefore would remain decidable

as well.

BTt is worth pointing out that while Tarksi showed that R is decidable in the language of
ordered rings, %, := ZLing U {<}, R (and hence any other real closed field) is also decidable in
Zring since the same algorithm that checks whether a Z,-sentence ¢ € Th(R) would necessarily
check if a Zing-sentence ¢ € Th(R). This follows immediately because every .Zing-sentence is,
after all, a %, -sentence.



4 1.2. Some Observations and Partial Results

Furthermore, we have the following:

Observation 1.2.2. Suppose K is a decidable field, and let L be a finite extension
of K, obtained by adjoining elements which are algebraic over the prime subfield,

Kp”mﬂ of K. Then L is decidable as well.

Instead of proving the above observation, we aim to provide a proof for a more

general claim of the above. Namely,

Observation 1.2.3. Suppose L = K(«) <Z a; ’) is a finite field extension
of a decidable field K, and the n-tuple of coeﬁ?czents a realises an isolated type.
Then L is also decidable.

Proof. We begin by first showing that L = K(«) is interpretable in K using the
language Zying U {a} where @ is the n-tuple of coefficients of the minimal polynomial

of o over K.

We interpret the symbols of Zine, = {+, X ; 0,1} in the following manner:

e “47 as the usual addition on the vector space K", the direct sum of n copies

of K;

o “X”in the following way:
Let
00 -+ 0 =—a
00 - 1 —a,
be a (n X n) matrix. Note that we had derived this matrix from f,(a)(a) = 0.

Then, we have that

n

Y2
(21,22, .., ) X (Y1, Y25 - - Yn) = ($1Ian+$2Ma+3?3M2+' e, MIT) |

Yn

where I,,, is the n x n identity matrix;

B'We recall that when the field K is of characteristic zero, KP""™€ is isomorphic to Q, and when
the characteristic of K is p for some rational prime p, then K?"™¢ is isomorphic to [F,, the finite
field of p elements.
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 the constant “0” as (0,0,...,0);
 the constant “1” as (1,0,...,0).

Note that while “+7, “0” and “1” are all definable in K without any additional
parameters, “x” was defined using the n-tuple @. However, since we had included the
n-tuple @ into our expanded language, we see that L = K («) is indeed interpretable

in K using the language %, U {a}.

Now since L is interpretable in K using the expanded language %, U {a}, if
K were to be decidable in the expanded language, then L has to be decidable in
the expanded language too. Notice further, that if L were to be decidable in the
expanded language, Zine U {@}, then, in particular, L would also be decidable in
Zing- Thus, in order to show that L is decidable in .Z}i,,, it suffices to show that K
is decidable in the expanded language Zin U {@}, i.e. the structure (K ; +, X ; @)
is decidable.

Since, by our assumption, we know that @ realises an isolated type, let us suppose

that () isolates tp(@). We then have that
(K +,x; a) =¢(a) if and only if K EVz (0(T) — ¢(T)) .

Since K is decidable in %, the latter statement can be recursively determined
and so we see that the structure (K ; +, x ; @) is indeed decidable. We thus have

that L is decidable in Zi,, U {@}, and hence, also in Zp,. O

Since n-tuples of algebraic elements realise isolated types, Observation
is indeed a generalisation of Observation . Observation above also
alludes to why Question is only interesting if we “control” what is allowed
within our language — if our language consists of as many constant symbols ¢;’s, each
to be interpreted as a (distinct) element of the structure, then any finite extension
of a decidable field (as considered within this expanded language) would remain

decidable as the finite extension would trivially be parameter-free interpretable in
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such a language. Our next observation underscores the main difficulty in finding

possible counterexamples to Question (|1.1.1)):

Observation 1.2.4. The following “classical” fields, known to be decidable in Ly,
are not suitable (as the desired base field K ) in helping us generate a counterexample

that would provide a negative answer to Question (1.1.1)):
1. Any finite field;
2. Any real closed field;
3. Any algebraically closed field;
4. The field of p-adic numbers for any prime p.
Proof.

1. As pointed out above, finite extensions of finite fields are themselves just finite

fields, which are clearly decidable;

2. By a 1951 result of Alfred Tarski [Tar51], it is known that any real closed field
is decidable. Any proper finite extension of a real closed field would be an
algebraically closed field, which is also a “classical” field known to be decidable

by yet another result of Tarski in the above-mentioned paper [Tar51];
3. Algebraically closed fields do not have any proper finite extensions;

4. That the field of p-adic numbers is decidable is a result proven by James Ax
and Simon B. Kochen [AK65], and independently, by Yuri L. Ershov [Ers65],
in 19651

Now suppose that L = Q,(«) is a finite extension of Q,, and suppose further

that f(X) is the minimal polynomial of a over @Q,. By an application of

A Similar to the case we had observed with the decidability of R in Zing, the theory of the field
of p-adic numbers, Q,, was originally shown to be decidable in an expanded language — in this
case, the language of valued fields, Zing U{R'}, where R’ is a unary relation symbol standing for
the valuation ring. As before, by restricting our language to %, we could then use the same
algorithm to decide whether each .Z}i,.-sentence belongs to Th(Q,) or not.
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Krasner’s Lemma, we can then “approximate” f(X) by another polynomial
g(X), and, in fact, choose g(X) € Q[X] rather than simply having g(X) €
@Q,[X] (this can be done essentially because Q is dense in Q) such that g(X)
has a root 8, with Q,(a) = Q,(8). Now, we have that Q,(3) is a finite
extension of Q, obtained by adjoining to @, an element, 3, which is algebraic
over Q (the prime field of Q, since the characteristic of Q, is zero). Then,
by Observation , we have that the decidability of the field Q, would
“move up” to its finite extension, making finite extensions of the field of p-adic

numbers decidable as well.
O]

Thus far, we have seen instances where finite extensions of decidable fields remain
decidable. Furthermore, Observation highlights the main difficulty in finding
a suitable base field which may be used to construct any possible counterexamples
that would indicate definitively a negative solution to Question — the
observation highlights the fact that if such a counterexample were to exist, then
the corresponding base field would have to be some decidable “non-classical” field.
Unfortunately, there are not that many known “non-classical” fields which happen

to be decidable.

Are we then inclined towards finding a proof asserting a positive solution to
Question ? While those instances which seem to propound an overall positive
solution to Question might provide us with some reasons to pursue looking for
a definitive solution in that direction, (though, as in the case with Question ,
it could very well turn out that the actual solution may oppose “commonly known”
examples), we instead make the following observation which might make it possible

for us to construct a counterexample to Question (1.1.1)):

Observation 1.2.5. A decidable field can become undecidable if the language is
modified.
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One obvious way would be to consider the following: Take the field R. This field
is known to be decidable in the language of rings, Zingﬂ. However, if we modify
the language to include a one-place predicate symbol .4, which is interpreted as

picking out the natural numbers of R,
ie. for all x € R, x € A4 <— x is a natural number,

then, in this new language, .2 = Zine U {4}, the field of real numbers becomes
undecidable, for arithmetic of natural numbers (which is known to be undecidable)

can be interpreted within this modified language.

A more illuminating example of the above observation would be if we had
modified our language to include a constant symbol, ¢, which is to be interpreted
as realising an undecidable Dedekind cut instead. Then in the language &' =
Zying U {c}, the field of real numbers also becomes undecidable. Indeed, if the
field of real numbers were to be decidable in this new language, then one could
effectively enumerate the rationals and print them on a list Cﬂ and every time an
element of R is printed onto this list (i.e. the element is a rational number), one

could check whether this element satisfies the formula

pr) =3y ((c—z =) A(y #0)).

If it does, then print the element on a second list, LC; otherwise print the element
on a third list, UC. In effect, this procedure takes as its input elements in the list Q

and sorts out those elements onto lists LC or UC. However, this ensures that the sets
{a€eQ | a<c} and {beQ | c<b}

are decidable (membership of these sets can be recursively determined by the

above-mentioned procedure), contradicting the fact that ¢ was chosen to be interpreted

BRefer to 2.

BWe aim to point out that while the set of rational numbers is itself not definable (or indeed
interpretable) within the field of real numbers in Z,g, each rational number individually is
@-definable within the field in Zi,g, and so it is possible for us to effectively enumerate the
rationals, by listing each element one at a time, even in this expanded language.
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as an element that realises an undecidable Dedekind cut.

Through this inspection, we highlight the fact that in general, if we are able to
“talk” about some undecidable subsets of our field within our modified language,
then the field would have to be undecidable within this modified language, for
otherwise, if the field were decidable, then there has to exist a decision procedure
which determines membership of the undecidable subset, which clearly cannot
happen. This observation thus provides us with some insights as to how one might
be able to construct a desired counterexample — if we are able to “talk” about an
undecidable subset within our finite field extension in .Z,s, a subset which, in
particular, was not expressible in the base field using .Z}i,s, then we can obtain
an undecidable finite field extension of a decidable field. We will return to this

observation a little later (cf. Chapter 4.

We end the chapter with one final observation:

Observation 1.2.6. Suppose K is a decidable field which admits only finitely many
pairwise elementarily inequivalent extensions Ly, Lo, ..., Ly of any fixed degree

n > 1. Then every extension L; for i € {1,2,...,k} is decidable.

Proof. Since the L;’s are all pairwise elementarily inequivalent, there exists some
Ziing-sentence, ¢;, which holds in L; but not in any other L;, whenever i # j
(simply take the conjunct of those sentences that differentiates L; from each L,
where j € {1,2,...,k} \ {i}). Now, suppose we consider the expansion of our ring
language to include a predicate, 2#°, which identifies the field K. Then the theory
of L; in the expanded language .2 := Zng U {#} can be seen as the theory of
the pair (L;, K). This theory of the pair (L;, K) is axiomatised by the theory of K,
the sentence that L; is a degree n-extension of K, and the sentence ;. Since K is
decidable, this axiomatisation is recursive, and hence the theory of the pair (L;, K)
is decidable as well. Thus, (L;, K) remains decidable in the reduct (i.e. within the

language, Zing) since the same algorithm used to decide whether a sentence in the
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expanded language belongs to the theory of the pair (L;, K) could be used in the
reduct. However, the theory of the pair (L;, K) in the reduct is precisely the theory
of Ll in zing . ]

Observation ([1.2.6) calls attention to the fact that if one were to find a
counterexample to answer Question negatively, then it is necessary to find
a decidable field which admits infinitely many pairwise elementarily inequivalent
extensions. As we shall see, by means of an example in the coming chapter, this

criterion is insufficient in generating counterexamples.



As far as I know, only a small minority of
mathematicians, even of those with Platonist views,
accept the idea that there may be mathematical facts
which are true but unknowable.

— Abraham Robinson [Rob65]
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In the previous chapter, we had pointed out that if a counterexample to answer
Question ([1.1.1)) negatively were to exist, then the base field, K, must satisfy

the following criterion:

Criterion 2.0.1. K is a decidable field which admits infinitely many pairwise

elementarily inequivalent extensions of some fived degree n > 1.

In this chapter, we refine the above criterion by first highlighting that it is
insufficient in producing suitable counterexamples. Towards this end, we introduce
the following classes of “non-classical” fields that arise rather naturally in the

study of Field Arithmetic.

11
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2.1 Introduction to Some “Non-Classical” Fields
2.1.1 Hilbertian Fields

We begin with the definition of a Hilbertian field:

Definition 2.1.1 (A Hilbertian Field). A field K is said to be Hilbertian if it satisfies
(the “generalised”) Hilbert’s Irreducibility Theorem: i.e. If for every irreducible
polynomial

f(XlaXQa"'7XT7Y17Y27"'a}/:9)

in T+ s variables over K, there exists infinitely many r-tuples (t1,ta, ..., t,) with
t; € K such that f(t1,ts, ... t.,Y1,Ys, ..., Ys) is irreducible in s variables over K.

In other words, for every irreducible
f(X1,o o X Ve, Y)) € KX, X, Vi, L Y],
there exists infinitely many irreducible specialisations.

As an example, by using the “classical” Hilbert’s Irreducibility Theorem (where
we take K = Q), we see that the field of rational numbers, Q, is Hilbertian,
and more generally, every number field (a finite extension of Q) is Hilbertian.
The following proposition helps us identify various Hilbertian fields, the proofs
of which could be found in Chapter 4 of Andrzej Schinzel’s Polynomials With
Special Regard to Reducibility [Sch00].

Proposition 2.1.2.

(a) Every finitely generated infinite field is Hilbertian;

(b) Every finitely generated transcendental extension of an arbitrary field is
Hilbertian,
(c) Every finitely generated extension of a Hilbertian field is Hilbertian.
We also have the following Weissauer’s Theorem:

Theorem 2.1.3 (Weissauer’s Theorem). Let K be a Hilbertian field. Suppose L is
a Galois extension of K, and M is a proper finite separable extension of L. Then

the field M is Hilbertian.



2. Criterion Refined 15

2.1.2 Pseudo Algebraically Closed Fields

We now introduce a different class of “non-classical” fields known as pseudo

algebraically closed (PAC) fields.

Definition 2.1.4 (A Pseudo Algebraically Closed Field). A field K is said to
be pseudo algebraically closed, or PAC, if every absolutely irreducible affine

variety, V', defined over K has a K -rational point, i.e. a point with all its coordinates

in K.

We note that Hilbert’s Nullstellensatz asserts that every variety defined over
an algebraically closed field, K , has a K -rational point. Hence, every algebraically
closed field is indeed PAC. We now state some properties of PAC fields relevant
to our endeavour, albeit without proofs — all of which could be found in detail in

Chapter 11 of Michael D. Fried and Moshe Jarden’s Field Arithmetic |FJOS§].
Proposition 2.1.5 (Some Properties of PAC Fields). Let K be a PAC field. Then:

(a) the space of orderings on K, denoted by X(K) :={P | P is an ordering of K}

18 empty;

(b) if L is an algebraic extension of K, then L is PAC as well. In particular, the

property of being PAC “moves up” finite field extensions;

(c) K is existentially closed in every reqular extension L of K. In fact, the
converse is also true (i.e. if K is existentially closed in every reqular extension,

then K is PAC).

The absolute Galois group of a PAC field — which happens to be a projective
profinite group — plays a central role in the study of the theory of such fields.
We, therefore, take a slight detour to recall some facts about these structures. A
profinite group, G, is said to be projective if it satisfies the following universal
property: whenever A and B are profinite groups, ¢ : ¢ — A a continuous
homomorphism and o : B — A a continuous epimorphism, there exists a
continuous homomorphism v : G — B such that o oy = . In other words,

the following diagram commutes:
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We say that the pair, (p: G — A, «: B — A) as above, forms an embedding
problem for the profinite group G — this problem is called finite if B itself is
finite. The existence of a continuous homomorphism 7 such that a0y = ¢ (as
above) is then called a weak solution to the prescribed embedding problem. It
is thus common to say that a profinite group, G, is projective if and only if every
finite embedding problem for G is weakly solvable. If v is, instead, a continuous
epimorphism (i.e. a surjective homomorphism), then it is called a (proper) solution
to the prescribed embedding problem. We say that G is free of countable rank
if and only if every finite embedding problem for G is (properly) solvabltﬂ. It
is also worth making explicit the following: whenever « is a proper solution to
an embedding problem of the form as described above, the condition a0y = ¢
ensures that the continuous homomorphism ¢ : G — A is, in fact, a continuous

epimorphism.

The discussion on profinite groups and, in particular, projective profinite groups
is relevant in our investigation of PAC fields since by a result of Lubotzky and van
den Dries (cf. Proposition 4.8 of [LD81]), a profinite group, G, is projective if and
only if G is isomorphic to the absolute Galois group of some PAC field. Furthermore,
the absolute Galois group of a field K often plays a significant role in determining
the decidability of K as it generally encodes a wealth of information about the field
K. In fact, when the field K is PAC, the decidability of K reduces to checking if

@7t is worth pointing out that some books refer to “a weak solution” (i.e. when v is a continuous
homomorphism) simply as “a solution”, and explicitly use the term “proper solution” to refer to
instances where v happens to be a continuous epimorphism. In this paper, we would explicitly
make use of the phrases “weak solution” (and correspondingly, “weakly solvable”), and “proper
solution” (and correspondingly, “properly solvable”) to describe situations where v is a continuous
homomorphism and where « is a continuous epimorphism respectively to avoid any confusion.
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the absolute Galois group of K is decidable and whether the theory that determines
the algebraic part of K is decidable. We will make this statement precise in the
proceeding theorem. Before we state the theorem though, let us establish some

notational conventions: For a PAC field, K, of characteristic zero, we denote by

K the (separable) algebraic closure of K;

e Gy := Gal(% /K) the absolute Galois group of K which is, in fact, a projective
profinite group by Theorem 11.6.2 of [FJO§];

e K .= KNQ the algebraic part of K, defined as the set of elements of K

which are algebraic over its prime subfield, Q;

o Th*$(K) the subset of Th(K) that determines K®#& up to isomorphism,
axiomatised by saying which irreducible, monic polynomials in Z[X] have a

zero in K and which ones do not.

From the work of Cherlin, van den Dries and Macintyre [CDMS8]1|, we get the

following theorem:

Theorem 2.1.6 (Decidability Criterion I). Let K be a PAC field. The theory of K,
denoted Th(K), is determined by the isomorphism types of the field K% (which is
determined by the set of polynomials in Z[X| with a root in K ) and of the restriction

map G — Ggay (considered as morphism in the category of profinite groups).

While we do not prove the above theorem, we have, in particular, the following
proposition from Koenigsmann’s [Koel6|, which helps us determine whether a PAC
field satisfying a certain condition is decidable by isolating the question to simply
determining whether the corresponding theory that determines the algebraic part

of the PAC field (up to isomorphism) is decidable.

Proposition 2.1.7 (Decidability Criterion II). Let K be a countable PAC field of
characteristic zero with Gy = F’w, where F,, is the free profinite group on countably

many generators. Then K is decidable if and only if Th*¥(K) is decidable.
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Proof.

1. We begin by extending the language of rings, Zing, by (infinitely) countably
many predicate symbols R,, (one for each n € N) so as to be able to talk
about those monic polynomials which have a root in K*&, and those that

don’t;

2. Let Tro be the theory of fields of characteristic zero with algebraic part K

satisfying the following axiom:

R, (Xo,...,Xn1)
—

(32)(Z" + X1 Z" + -+ Xy =0) for each R, n € N;

3. Suppose that the fields F' and E satisfy Tro, with I’ a substructure of £.
In this case, we say that £ is a Tz o-extension of F', i.e. the field extension
E over F'is an extension of models of T (. Recall that the field extension
E over F'is an extension of models of Tg, if and only if F' is algebraically
closed in E. Since we are working with fields of characteristic zero, F is also
separable over F', and as such FE is a regular extension of F. Thus, F is
linearly disjoint from F over F, and so we have the following diagram, where
EF is the compositum of £ and F (the smallest field containing both F and
F):

It follows that Tg( has the amalgamation property;
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4. Let TR,O be a model companion of Ty whose models are w-free (i.e. any
countable elementary substructure has absolute Galois group ﬁw), PAC fields
of characteristic zero with algebraic part K*#. Such a model companion exists
by Theorem 27.2.3 in [FJO§|. Since T has the amalgamation property, then

fR,O is, in fact, a model completion of Ty o;

5. Recall that a model F' of TR,O is said to be fRyo—eXistentially closed if F' is
existentially closed in each of its fRVO—extensions. By using Proposition (C)
and applying Abraham Robinson’s Test for Model Completeness (cf. Lemma
27.1.11 of [FJ08]), we can conclude that Tgy is model complete. Thus, by

Proposition 3.5.19 of [CK12], T, ko admits quantifier elimination;

6. Since this theory has quantifier elimination, then it is decidable if and only if
the atomic formulae are decidable. This happens if and only if we know which
polynomials Z" +a,_1Z" ! +- -+ ag have roots in K22 (i.e. if and only if we
are able to decide which sentences of the form R,(ay,...,a,_1) with a; € Z

hold in K), which, in turn, is possible if and only if Th®9(K) is decidable.

O

The above proposition is also particularly helpful in our study of decidability of
finite extensions of PAC fields satisfying the conditions stated in that proposition
since finite extensions of PAC fields correspond to taking open subgroups of the
associated absolute Galois groups, i.e. if L is a finite field extension of a PAC
field, K, then G, is an open subgroup of Gg. Since the profinite analogue of
the Nielsen-Schreier theorem holds for open subgroups (cf. Proposition 17.6.2 of
[FJ08]), all open subgroups of [, are free and of rank w, i.e. are themselves all
isomorphic to F,,. Hence, in such a situation, checking the decidability of a finite
extension, L, of a countable PAC field, K, of characteristic zero with Gx = E,
boils down to once again checking if the theory that determines the algebraic part

of L is decidable, i.e. checking whether Th®9(L) is decidable.
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Remark 2.1.8. While the decidability of PAC fields can be deduced from its absolute
Galois group and the decidability of the theory that determines the algebraic part
of the field, this recipe is not true in general; for instance, let F,(t) be the field of
rational functions (in the indeterminate t) with coefficients in the finite field with
p elements (where we take p to be a prime number greater than 2), and consider
the maximal cyclotomic extension of Fy(t), denoted by Fp(t). By Corollary 4.2 (b)
of [Har93] (cf. Section 4 of [Jar93], as well as Theorem in [Pop93b]), we know

that Gﬁp(t) ~F,. Furthermore, the algebraic part of Fp(t) is simply ]E, and thus,

Th(F,(t)) is also decidable. However, being a function field of characteristic p > 2,

F,(t) is known to be undecidable by a result of Eisentrdiger and Shlapentokh [ES09).

As pointed out above, Proposition differs from Theorem by informing
us that in the event that the absolute Galois group of the PAC field, K, is isomorphic
to F.,, one only needs to check if Th*9(K) is decidable, suggesting that the absolute

Galois group of K, G = F,,, is, in fact, decidable. This is indeed so, and follows

from the following result of Kenkichi Iwasawa:

Theorem 2.1.9 (cf. Theorem 4 of [Iwab3|, Corollary 3.5.10 of [RZ10]). Let G be a
profinite group of rank Ny. Then G is a free profinite group on a countably infinite
set converging to 1 (i.e. G = ﬁw) if and only if every finite embedding problem for

G has a proper solution.

By Remarks 23.4.1 and 23.4.2 of [FJO§| the statement “every finite embedding
problem over a field, K, is properly solvable” is elementaryEL and can be expressed
in the language of rings with an additional unary predicate to represent the elements
of the field K, i.e. in the language £ = ZLing U {H#} (cf. the expanded language
used in the proof of Observation ([1.2.6))). Since Theorem asserts that the

statement “every finite embedding problem over K is properly solvable” completely

B The statement “the embedding problem over a field K” is commonly written to express the
statement “the embedding problem over the profinite group G” where G = G corresponds to the
absolute Galois group of the field K. We will follow this convention and use the former statement
whenever the profinite group is obtained as the absolute Galois group of a PAC field K, and the
latter whenever we are purely discussing about a profinite group which doesn’t necessarily arise
from any particular field.
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axiomatises the theory of F,, and the fact that this can be written in a recursive
way as suggested by Remarks 23.4.1 and 23.4.2 of [FJ0§| allows one to conclude
that the theory of E,, is decidable in the language .Z, and hence also in the reduct
Lring-

In our investigation of PAC fields, it is common to encounter absolute Galois
groups of such fields which do not necessarily happen to be (isomorphic to) ﬁw,
and as such, it might be instructive to study profinite groups arising as absolute
Galois groups of such fields in a language that is better equipped to handle both its
group structure and its topology — after all, profinite groups are abstract groups
equipped with a compact, Hausdorff, totally disconnected group topology. We
therefore need a language that would be able to take into consideration both the
algebraic structure, as well as the topological structure of these groups. This leads
us to consider the language of complete stratified inverse systems, Zgs,
as first introduced by Cherlin, van den Dries, and Macintyre in [CDM80a] and
[CDM80b], and later developed by Chatzidakis in [Cha84]. This language allows
one to study profinite groups by dualizing the problem and studying, instead, a
rather simple algebraic system, working with embeddings of complete systems as
opposed to continuous epimorphisms of profinite groups. In light of the fact that

a profinite group, G, is defined as an inverse limit

of a surjective inverse system {Gj;, y;;, I} of finite groups, G; (with each group
equipped with the discrete topology), Zosis appears to be a “natural” language to
study such profinite groups — here I = (I, %) denotes a directed partially ordered
set (also known as a directed poset) with the finite groups, G;, indexed by I, and
©;; + G; — G is a continuous group homomorphism, defined whenever i »= j

such that the diagrams of the form
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Pik

Pij Pik

commute whenever they are defined, i.e. whenever 7,7,k € [ and 7 = j = k.

Definition 2.1.10. Let Zcgis denote the many-sorted language {<, B, T } with
sorts indexed by the positive integers, with < and % being binary relation symbols,
and 7 being a ternary relation symbol. For a profinite group, G, and a non-empty
collection, N = {N <ypen G | G/N s finite}, of open normal subgmupsﬂ of G such
that G/N s finitd), let S(G) be the following Lesis structure: The universe of S(G)
is |-) G/N. Furthermore,

NeN
e gN is of sort n if and only if [G : N] <n;
e gNy < hNs if and only if Ny C Na;
e B(gN1,hNy) if and only if gN1 < hNy and gNy = hNy;

e T (91N1,92N2, gsN3) if and only if Ny = Ny = N3 and g1g2N1 = g3Ns.

S(G) is called the complete inverse system of G. Note that, gN € S(G) is a

coset of N, where N is, in turn, an open normal subgroup of G.

Bl As profinite groups are compact topological spaces, an open subgroup of a profinite group, G,
necessarily has finite index. On the other hand, if G is a topologically finitely generated profinite
group (i.e. G contains a dense finitely generated subgroup), then by a result of Nikolay Nikolov
and Dan Segal (cf. Theorem 1.1 of [NS03|) every subgroup of finite index in G is open.

BWe say that A is filtered from below if A satisfies the following condition:

whenever Ny, Ny € N, there exists N € N such that N < N; N N,.

Note that if A is as described above, then it is indeed (non-empty and) filtered from below. Note
further that the finite groups, G;, that we referred to earlier in our definition of profinite groups
can then be seen as corresponding to the finite groups, G/N, for N € N with these finite groups
inheriting the profinite topology.
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Remark 2.1.11.

e Note that < is a transitive and reflexive relation, that induces an equivalence
relation x ~ y if and only if v <y and y < x. If we denote the corresponding
class of = by [x], then we see that gN1 ~ hNy if and only if Ny = Ny and
[gN1] = [N1] = G/N;y. This, in turn, induces a partial ordering on the set

S(G)/ ~ of equivalence classes;
e The ternary relation, 7, defines on every equivalence class, a group operation;
e If x <y, then the binary relation, A, defines a group epimorphism
Tay * [2] — [y].
If gN1 < hN,, then the map
NNy 2 G/N1 — G/ Ny
is the canonical projection;

e The inverse system is called complete as it contains all continuous quotients

of G.

e The manuscripts of Cherlin, van den Dries, and Macintyre (cf. [CDM80aj;
JCDMB80b]) show, in particular, that for a PAC field K with absolute Galois
group G, the theory of the system S(Gp) is interpretable in Th(K) (using
Lring). Hence, if S(G) is undecidable in Lcsis, then correspondingly, Th(K)

is undecidable in Ly,

We point out that, henceforth, whenever we talk about decidability of a profinite
group G, we are, in fact, referring to the decidability of the corresponding complete
inverse system of G, S(G), in the language Zcg1s. Recall that we say that a profinite
group, G, is small if for every n € N, there are only finitely many open subgroups
H < G of index n. Now note that Observation , in particular, asserts that
if K is a decidable field with small absolute Galois group and of finite degree of

imperfection, then every finite extension of K is decidable. Thus, if one were to
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consider a decidable PAC field, K (in the language %), whose absolute Galois
group, Gg, is small and indeed decidable in Zg1s, by virtue of the last point in
Remark then since every finite extension of K is decidable (in the language
Zing), the corresponding open subgroups of Gk are also decidable (in the language
Zesis)- Alternatively, examination of the proof of Observation shows that
the exact same argument can be utilised to show directly that if G is a decidable
small profinite group, and n is a positive integer such that the open subgroups, H,
of index n lie in only finitely many complete elementary classes (and this holds

trivially in small profinite groups), then every open subgroup H of G of index n is

decidable.

We point out that through the above discussion, it is easy to see that F., remains
decidable in Zcgis. Now, we say that a PAC field, K, is w-free if and only if
every finite embedding problem for G is properly solvable, i.e. Gx = F, (in the
language Zcsis). Note that if, in addition, K is countable, then by Theorem ,
we have that G is, in fact, actually isomorphic to ﬁ We note that in the proof
of Proposition , we only needed that the model companion of Tk has models

that are w-free. As such, we could “weaken” Proposition in the following way:

Corollary 2.1.12. Let K be an w-free PAC field of characteristic zero. Then K is

decidable if and only if Th*Y(K) is decidable.

2.2 Refining Criterion [2.0.1

With the above detour, we are now able to show that Criterion [2.0.1] as it stands,
would not be sufficient in generating a counterexample to answer Question (|1.1.1))

negatively.

Bndeed, there are uncountable w-free PAC fields whose absolute Galois groups are not
isomorphic to Fi,.
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2.2.1 Insufficiency of Criterion [2.0.1

In order to show the insufficiency of Criterion [2.0.1 we construct a decidable field,
K, which admits infinitely many pairwise elementarily inequivalent extensions of

some fixed degree n > 1, all of which remain decidable.

Theorem 2.2.1. There exists a decidable PAC field K admitting infinitely many

pairwise elementarily inequivalent quadratic extensions, all of which are decidable.

Proof. Let K be a countable PAC field of characteristic zero with Gx = ﬁ’w, and
algebraic part, K78 = K N Q = Q. We first claim that K is decidable. Now, by
Decidability Criterion II (Proposition , in order to show that K is decidable, it
suffices to show that Th*#(K) is decidable. By Step 6 of the proof of Proposition m,
we know that Th*#(K) is decidable if and only if we can determine which polynomials
f(Z)=2"+an_1Z" 1 + -+ ag where a; € Z have roots in K8 = Q. By Gauss’s
Lemma, we know that if a polynomial of the form f(Z) as described above has a root
rin @, then r is in fact an integer factor of aqy (i.e. r € Z divides ag). Since ag can
only have finitely many divisors dy, ds, . . ., ds, we can check for each i € {1,2,...,s}
whether f(d;) = 0. If there exists some i € {1,2,..., s} for which f(d;) = 0, then we
can take r = d; and conclude that the given f(Z) has a root in K% = Q. Otherwise,
f(d;) #0 for all i € {1,2,...,s} and so the polynomial f(Z) does not have a root
in K*8 = Q. This provides an effective algorithm to determine whether any
given monic polynomial with integer coefficients has a root in K®8, and as such, we

can conclude that Th#8(K) is decidable from whence we get that K is also decidable.

We now claim that K has infinitely many pairwise elementarily inequivalent
quadratic extensions. Indeed, let L; be the quadratic extension of K obtained
by adjoining a square root of the (i 4+ 1)™ rational prime, i.e. L; = K(\/pis1)-
Since there are infinitely many rational primes, there are infinitely many such
quadratic extensions. That all of these quadratic extensions are pairwise elementarily

inequivalent can be seen by considering sentences of the form ; := 3z (2* — p;11 = 0).
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For any pair (7, 7) with ¢ # j, we see that L; = ¢; but L; ~ ¢;, and so L; # L;.

We now aim to show that all these quadratic extensions, L;’s, are themselves
decidable. As mentioned above, since the profinite analogue of the Nielsen-Schreier
theorem holds for open subgroups, all open subgroups of E, are themselves
isomorphic to F,. Thus, appealing to Decidability Criterion II (Proposition
once again, we only need to show that the theory that determines the algebraic part,
L?lg =L;,NQ = Q(\/Pit1), of such L;’s are all decidable. As before, this comes down
to determining which polynomials of the form f(Z) = Z" +a, 1 Z" ' + -+ + ag
where a; € Z have roots in L& = Q(/Pi+1)- Note that if a root a € Q(/pi+1) to
f(Z) were to exist, then a would, in particular, be an algebraic integer since f(Z2)
is a monic polynomial with integer coefficients. Since L?lg is a quadratic number
field, we know that the ring of integers of L*¢ is determined by whether p;.q = 1
mod 4 or p;v; =2 or 3 mod 4. In particular, if & belongs in the ring of integers of

L8 then

- {’2"+§\/ZT+1, for pir1=1 mod4 withr,s€Z, r=s mod 2
r+8yDit1, for piy1=2or3 mod4 withr,s € Z.
We can therefore substitute the corresponding form of « into the monic polynomial
f(Z) based on the quadratic number field in question, and by comparing coefficients,
determine whether appropriate r, s € Z exist by solving simultaneous equations.
If such r and s exist, then f(Z) has a root in L?lg. Otherwise, the polynomial
f(Z) has no roots in L8, This allows us to determine whether any given monic
polynomial with integer coefficients has a root in L?lg , and as such, we can conclude

that Th8(L;) is decidable from whence we get that L; is again also decidable. We
therefore have that all the L,;’s are decidable. O

Would the situation be any different if we had passed the above field, K, to a
sufficiently saturated elementary extension, K*, instead? Note that K* would itself
be an w-free PAC field since, based on the exposition from above, the property of
being w-free is elementary, and further, the property of being PAC is elementary

— cf. Proposition 11.3.2 of [FJ0§|. Hence, the theory of K* would once again be
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determined essentially by its absolute Galois group (which is elementarily equivalent
to ﬁw) and the theory that determines the algebraic part of K*. It is worth noting
that Gk« is not isomorphic to E, in this instance — the sufficiently saturated
extension K* has uncountably many open subgroups of index n. Now, the fact that
K* = K allows us to conclude that K* is itself decidable with at least as many
different pairwise elementarily inequivalent quadratic extensions as K had. Given
that a saturated extension is “element-rich”, it is reasonable to ask whether there
are any new quadratic extensions in K* that does not directly correspond to those
quadratic extensions L;’s of K as described above — if such new extensions were
to arise, then one might speculate that some of these new extensions (and only
these new extensions) could give rise to undecidable theories since those quadratic
extensions L}’s of K* that corresponds to the quadratic extensions L;’s of K would

inevitably be decidable for the same reason that the L;’s are decidable.

While one could always find some non-standard (rational) element, a € K* such
that @ does not belong in the square class of Q (since K* is sufficiently saturated),
and construct the quadratic extension L* = K*(y\/a), we claim that even such a
new quadratic extension would remain decidable. We first note that this quadratic
extension is indeed a new one as L* is pairwise elementarily inequivalent to all the
other quadratic extensions L}’s of K* which correspond respectively to the quadratic
extensions L;’s of K — this follows from the fact that (L})* = Q(\/pi+1) while
(L*)% = Q, and the theories that determine these algebraic parts can therefore
be distinguished (so this is indeed a new quadratic extension that arises only in a

sufficiently saturated extension of K).

Further, notice that since K* is an w-free PAC field of characteristic zero, it
is, in fact, Hilbertian — a result of Moshe Jarden attributed to Peter Roquette
(cf. Theorem 3.1 of [Jar80]). By Proposition [2.1.2] (¢) and Proposition 2.1.5] (b),
L* is also Hilbertian PAC of characteristic zero. By Theorem A of [FV92], we

then have that every finite embedding problem over L* is properly solvable, i.e.
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G- = F, as well. Combining the facts that G, = F, and (L*)* = Q tells us,
via Corollary 2.1.12] that L* is also decidable. It is worth noting that since, for a
PAC field, the data about its absolute Galois group and the theory that determines
the algebraic part of the field fully characterise theory of the PAC field, we have, in
this case, that L* = K*.

Notice, furthermore, that if we take another non-standard (rational) element,
B € K* where [ also does not belong in the square class of Q, with § being distinct
from v, we would essentially get a quadratic extension, K*(+/3), that is elementarily
equivalent to L* = K*(y/«), since there is no first-order way of distinguishing «

from [ — in both instances, by the exposition above, we have that

(K*(v/a)™ = (K*(y/8)™ = Q,

and the respectively absolute Galois groups are related in the following way:

GK*(\/E) = GK*(\/E) = Fw.

Indeed, it is the case that the theory of L* consists of all the sentences that are
true in almost all of the L}’s. This highlights that one would not be able to
extend this process by taking further saturated extensions, K**, of K*, to get new
quadratic extensions that are elementarily inequivalent to any of those of K* as
previously described — we get at most one new quadratic extension that is pairwise
elementarily inequivalent to the others that correspond with quadratic extensions
of the unsaturated base field, K, and moving to further saturated extensions of

of K would not provide us with anything new.

2.2.2 Strengthening Criterion [2.0.1

The above PAC field not only highlights the inadequacy of Criterion [2.0.1 but
the preceding analysis also provides a glimpse into how one might strengthen
Criterion [2.0.1] so as to guarantee an undecidable finite extension. As with the

example above, if we had started with a base field, K, that admits infinitely
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many pairwise elementarily inequivalent quadratic extensions, then by taking a
sufficiently saturated extension K* of K, it may happen that K* admits at most
one more (non-standard) quadratic extension that is itself also pairwise elementarily
inequivalent to the infinitely many other quadratic extensions that correspond to
those of K. In such situations, K (and indeed, any saturated extension of K) has
only countably many pairwise elementarily inequivalent quadratic extensions, and
this does not, prima facie, allow us to make any undecidability claims. In fact, in
the particular example above, it happened to be the case that all the quadratic
extensions obtained were themselves decidable. If we had, instead, begun with some
field (or a sufficiently saturated extension of that field) which admits uncountably
many pairwise elementarily inequivalent extensions of a fixed degree n > 1, then
a simple counting argument shows that most of the degree n-extensions would
have to be undecidable since there can only be at most countably many decidable
theories (as there are at most only countably many different algorithms). It is worth
pointing out that if K is a field which has a saturated extension, K* = K, that
admits uncountably many pairwise elementarily inequivalent extensions, then it
is possible to identify one such undecidable finite extension (say L*) and “move”

only to a sufficiently saturated extension K** of K with

in which this particular finite extension is realised, i.e. one does not have to
move to a saturated extension which realises all the uncountably many pairwise
elementarily inequivalent extensions, but only up to an adequately saturated
extension which realises one of those undecidable extensions — note that this
particular saturated extension may itself only admit Ryp-many pairwise elementarily

inequivalent extensions.

In order to identify fields which (perhaps in a sufficiently saturated extension)
have the potential of admitting uncountably many pairwise elementarily inequivalent

extensions, we first begin by recalling the notion of Boolean independence. A subset
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X of a Boolean algebra A is independent if X freely generates the subalgebra
of A which it generates. Within our context, the relevant Boolean algebra to
consider would be the Lindenbaum-Tarski algebra algebra, and so we say that a set
T ={pi|1<i<k}CSenty,, of Zing-sentences is Boolean independent if /k\ Wi
is not a contradiction where 1); is either y; or —y;. Alternatively, we can sayi T;ilat
the set {1; | 1 <14 < k} is consistent. Notice that since each 1); is either ¢; or —y;,

there are a total of 2¥ many different consistent sets.

Now suppose we have a decidable field K which admits infinitely many extensions
L,’s of a certain fixed degree m > 1. Suppose further that there exists a Boolean
independent set T = {¢; | i < w} of ZLng-sentences such that for any ¢; € T
and any infinite collection of L,’s, ; is true in infinitely many of those L,’s and
false in infinitely many other of those L,’s. This allows us to sequentially, for
each 7, partition any given infinite collection of degree m-extensions of K into two
further infinite collections of m-extensions of K — one in which ¢; is true and the
other in which —y; is true. So if we denote by A the infinite collection of degree
m-extensions of K, then the sentence ¢; partitions A into two infinite sets A, and
A

such that for every L, € A,,, we have that L, | ¢ and for every L, € A

-1 -1

we have that L, [~ ¢;. We can then partition A

®1)

o, into further infinite collections

Ay, and Ay ., based on whether L, € A, models s or =9, and similarly

for A

~¢1- Continuing this process allows us to see that we would eventually get
2% many different partitions of A, and by virtue of the fact that Y is a Boolean
independent set, we would get 2% many different consistent theories. Hence, we see
that within a sufficiently saturated extension K* of K one could realise all of the 20
many theories, i.e. K* would be a decidable field having uncountably many finite
extensions of degree m which are all pairwise elementarily inequivalent. A simple

Cantor-like counting argument would indicate that most of these extensions would

have to be undecidable, thereby providing a negative answer to Question (1.1.1]).
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In order to be able to express the above-mentioned idea of partitioning the
collection of degree m-extensions of a decidable field K, let us introduce the
following terminology: we say that a Boolean independent set ¥ = {¢; | 1 <i < k}
is realisable in degree m-extensions of K if every set of the form {¢; | 1 <i < k}
where 1); is either ¢; or —y; is modelled by finite extensions L;’s of K of the fixed
degree m > 1.We now update Criterion [2.0.1] to the following instead:

Criterion 2.2.2. K is a decidable field and there exists some Boolean independent
set, T, where | Y| = Rg, which is realisable in degree m-extensions of K for some

m € N>1.

It is clear, through the exposition above, that if K is a decidable field that
satisfies Criterion then, K admits a finite extension of a certain fixed degree
m that is undecidable, thereby providing a negative answer to Question . It
is worth noting that if K satisfies Criterion [2.2.2] then, in particular, K satisfies
Criterion In this way, Criterion can be viewed as a “strengthening”
of Criterion [2.0.1] In the coming chapter, we study a certain elementary class
¢ of decidable fields, first introduced by Ershov, and show that for this class
of fields, one can find a reasonable choice of a Boolean independent set T of
cardinality Ny that is realisable in quadratic extensions of K for some K € €.
The fields in this class are therefore ideal in allowing us to show that there are
indeed decidable fields which admit finite extensions that happen to be undecidable,

thereby answering Question (1.1.1]) negatively.
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Alles Gescheite ist schon gedacht worden.
Man muss nur versuchen, es noch einmal zu denken.

All intelligent thoughts have already been thought;
what is necessary is only to try to think them again.

— Johann Wolfgang von Goethe |Goe29

Ershov’s Wonderful Extensions of Q
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In this chapter, we introduce the wonderful extensions of Q (also sometimes
referred to as W-extensions of Q), and a slightly “weaker” variant of such fields
called the W-extensions of Q. These are classes of multi-valued fields first discovered
and extensively studied by Yuri Ershov in the late 1990’s and early 2000’s. The
existence of such fields and their decidability are highly non-trivial results established

by Ershov over a series of articles and an encyclopedic monograph (cf. [Ers00];

[ErsOlal; [Ers01b]; [Ers02al; [Ers02b]; [Ers02c]). Rather than undertaking the odious

task of providing a full treatise of the subject, we aim to instead provide a brief
sketch of the main beats involved in proving the existence and the decidability of
such extensions, referring back to the above-mentioned monograph and papers for

in-depth proofs whenever necessary. Before we introduce these classes of fields,
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however, we take yet another slight detour in recalling some relevant results from

Valued Fields, and introduce some relevant notions in the study of multi-valued fields.

3.1 Introduction to Valued and Multi-Valued Fields

Definition 3.1.1 (Valuation Ring). A subring R of a field K is called a valuation
ring of K if for anya € K\ {0}, a € R ora™' € R.

If R is a valuation ring of a field K, then we call K the quotient field of R. A
domain, R, is called a valuation ring if R is a valuation ring of its quotient field,

denoted by ¢(R). We make the following observations regarding valuation rings:
Observation 3.1.2 (Properties of Valuation Rings).
1. If R is a valuation ring with quotient field K, and R’ is a ring such that
RCR CK,

then R' is also a valuation ring of K, i.e. every intermediate ring is also a

valuation ring of K;
2. If p is a prime ideal of a valuation ring R, then R = R/p is a valuation ring;

3. If R is a valuation ring, then for any two elements a,b € R, either a | b or

b | a holds. Consequently, the ideals of R are totally ordered by inclusion;

4. Fvery valuation ring has a unique maximal ideal, i.e. every valuation ring is

a local ring.
Proof.

1. This follows immediately from the definition of valuation rings;

2. Let K = q(R), and suppose @ € K \ {0} be such that @ = b - ¢! for some
b,ec€ R\ {0}. We aim to show that either @ or @ ! is in R. Let b, c € R such
that b=b+p and ¢ = ¢+ p. Since R is a valuation ring, either b-c™' € R or
(b-cY) '=cbleR Iftb-ct € R thenb-cl=bc'+p=bec'=acR.

Otherwise, a similar working shows that @~ € R;
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3. Let K = q(R) be the quotient field of R. Suppose that a 1 b. Then for all r € R,
b#a-r, ie b-a~* &€ R. Since R is a valuation ring, (b-a™) "' =a-b"! € R,
i.e. there exists some s € R such that a-b~' = s. Thus, b | a. This, in
particular, shows that the principal ideals (a)g and (b)r of R generated by
the elements a and b respectively are ordered by inclusion. Indeed, if a | b,
then b € (a)g and so (b)g C (a)r. Now suppose that I, J are ideals of R and
suppose that I € J. Then there exists some i € I\ J. Now, since I £ J, for
all j € J, j1i. Thus, we must have that i | j as previously argued. Thus, we
have that J C (i)g C [;

4. Any ring with identity possesses at least one maximal ideal, and by part (3),
since the ideals of a valuation ring R are ordered by inclusion, there can be at

most one maximal ideal.

]

Let R be a valuation ring, and K = ¢(R). We denote the maximal ideal of R by
mp. Note that since R is a local ring, R\ mg is the multiplicative group U(R) of
invertible elements (or units) of the ring R. The quotient field R/mp is called the
residue field of R, denoted K. Note further that for any a € ¢(R) \ {0} we have
that a € R if and only if a™! € mp. Indeed, if a € R, then a~! € R (and, in fact,
a~! is not a unit). Thus, (a™!)r # R. Consequently, (a~!)g is a proper ideal of R,
and so (a~!) € mg. We then have that a= € mp. Conversely, suppose a~! € mpg.
Assume to the contrary that a € R. Then, surely 1 = o' - a € mp, contradicting

the fact that a maximal ideal of R is, by definition, a proper ideal.

When dealing with a family of valuation rings of a field, the following proposition
helps us to identify when the intersection of these valuation rings is itself a

valuation ring.

Proposition 3.1.3. Let I be some index and suppose W = {R; | i € I} is a family
of valuation rings of a field K. Suppose further that for any a,b € I, there exists a

c € I such that R. € R, N Ry. Then the ring R = ﬂ R; is a valuation ring of K.
icl
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Proof. Suppose to the contrary that R is not a valuation ring. Then there exists
some k € K \ {0} such that neither & nor £~ belong to R. Since R = (| R;, then
there exists some a,b € I such that k € R, and k' & R,. Since tzﬁére exists
some ¢ € I such that R. C R, N R, by the assumption, we have that k, k! & R,.
However, R. € W, and so is, in particular, a valuation ring of K, and so for any

k € K, either k € R, or k~! € R, must hold. This gives rise to a contradiction as

required. O

We can further associate, to the valuation ring R of a field K, an additional
derivative structure known as the (linearly ordered) value group, I'g, which is the
quotient of the multiplicative group of the field K (i.e. the group of non-zero
elements of K) by the multiplicative group of the units of R,

ie. Tp:=(K\{0)/UR).

Note that the linear order on I'g is defined by the cone of non-negative elements
(R\ {0}) /U(R). Note further that by taking quotients of the multiplicative group of
the field K, we have essentially excluded the element 0 € K from consideration. As
such, for convenience, it is customary to extend I'g to a linearly ordered semigroup,
I'r U {00}, which would then allow us to consider the whole of K. Note that the
symbol oo denotes an element that is not in the value group I'g, and is not ascribed

any meaning other than those prescribed by the following rules:
e 00 > « for all a € I'y; and
e at+o00o=00+a=o0 forall o € I'p.

The above rules thereby allows us to extend the ordering and the group law on

I'r to the whole of T'r U {oc0}.

Definition 3.1.4 (Valued Field). Suppose R is a valuation ring and K = q(R) be
the corresponding quotient field of R. The valuation, vg, of the field K determined

by the valuation ring R is a map

vp: K = TrU{oc0}
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from K to the ordered abelian semigroup, T'r U {oc}, such that the following

conditions hold:
1. vg(x) = oo if and only if x = 0;
2. vr(z - y) = vr(x) + vr(Y);
3. vr(z +y) > min{vg(z), vr(y)}, with equality holding if vr(x) # vr(y).

For any a € K, vg(a) is called the value of the element a. The field K, together

with the valuation vg, is called a valued field, denoted as the pair (K, vg).

Note that we will always assume that the valuation is surjective. The valuations
determined by valuation rings are valuations of a field K, and it turns out that there

are no other valuations besides those arising from these — if R is a valuation ring, then
R={a € K | vg(a) > 0}

and conversely, if we have a valuation v of a valued field K, then the set {a €
K | v(a) > 0} forms a valuation ring of K. Note that the corresponding maximal
ideal, m = {a € K | v(a) > 0}. If the valuation, vg, is given, then we sometimes

also denote the residue field Kr = R/mp as K,,.

Remark 3.1.5. Given how a valuation of a field corresponds to some valuation
ring of the field, it is also common to call the pair (K, R) a valued field, where R is
a valuation ring of the field K without having to explicitly represent the valuation

as was the case in Definition [3.1.4]

A prominent example of a valued field that is relevant especially in our discourse
is the pair (K,v) where K = Q and v = v, is the so-called p-adic valuation:
For any z € Q\ {0}, we can write z = { - p" with a,b,n € Z and ged(a,b) = 1
such that p { a. By setting v,(z) = n, we give a valuation on Q known as the

p-adic valuation. In this instance,
« the valuation ring is R, = Z,) = {} | =,y € Z, ged(p,y) =1} € Q;

« the maximal ideal is m, = (p) g, the principal ideal generated by the prime p;
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o the residue field is K, = R,/m, = Z,/(p)x = Fy;
e the value group is I'p, = Z.

We point out some basic properties of a valuation vy which follow mainly
as a consequence of the definition of vg: For a,b € K\ {0} = ¢(R) \ {0} and

vgr as defined above,

4. If vg(a) < wvg(b), then the principal ideal of R generated by a, (a)g, contains
the principal ideal of R generated by b, (b)g, i.e. (a)r 2 (b)g;

5. If f € R[x] and a,b € R, then vg (f(a) — f(b)) > vr(a —b).

Indeed, the first 3 properties follow immediately from the definition of a valuation,
noting further that for any a € R\ {0}, vg(a) = vg(1l-a) = vg(1l) + vg(a). From
part (1), we can then get part (2) and (3) by noting that vg(1) = vg(a-a™!) and
vr(1l) = vr(—1 x —1). For part (4), notice that since vg(a) < vg(b), we have
that vg(b) — vr(a) > 0 and so by part (2), vg(b-a') > 0. Thus, b-a™' € R,
from whence we get that (b)gr C (a)g. In order to show the validity of part (5),
let f = cp2" + ap 12" ' + -+ + a1z + a9 € R[x]. Then

fla) = f(b) = epla” =0") + -+ c1(a = b) = (a = b) - g(a, )

for some g(z, y) € Rlz, ], and so vg(f(a)—F(b)) = va(a—b)+vn(g(a, b)) = vala—b)
since g(a,b) € R (and so vg(g(a,b)) > 0).

It is particularly noteworthy in our study to ask what happens to the relevant
structures (such as the valuation ring, value group, residue field etc.) when we
consider extensions of valued fields. In order to tackle this issue, we introduce some

well-established terminology. Suppose that R and R’ are valuation rings such that
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R C R'. We say that R’ dominates R, denoted as R C R/, if mp N R = mp.
This is equivalent to the condition R’ N ¢(R) = R.

Definition 3.1.6 (Extension of a Valued Field). Suppose (K, R) and (K', R') are
valued fields. We say that (K', R') is an extension of (K, R), denoted

(K,R) < (K',R')
if K is a subfield of K' and R’ dominates R.

It is easy to see that if (K’, R’) is an extension of (K, R), then the field K =
R/mp is naturally isomorphic to a subfield of the field K3 = R'/mpg, i.e. there
exists a natural embedding of the residue field K in the residue field K’%,. Similarly,
the linearly ordered group I'p = (K \ {0})/U(R) is naturally isomorphic to a
subgroup of the linearly ordered group I' = (K’ \ {0})/U(R’), i.e. there exists
a natural embedding of the value group I'r in the value group I'g:. This, in
turn, implies that if vz and vy are valuations of K and K’ respectively, then
vgr = vr | K. A prominent extension in the study of valued fields occurs when

both the above-mentioned embeddings are onto.

Definition 3.1.7 (An Immediate Extension). Suppose (K, R) < (K',R') is an
extension of valued fields. We say that the extension is immediate if the embedding
of the residue field K in the residue field Ky, and the embedding of the value group

I'r in the value group I'r is surjective,
i.e. (FR’ . FR) = [KI/Q’ : KR] =1.

We will express this condition by simply saying that K and K' have the same value
group and residue field, writing I'rr = I'g and K5 = Kp.

The following lemma is a useful characterisation of immediate extensions:

Lemma 3.1.8. Suppose that (K, R) < (K', R') is an extension of valued fields.
The extension is immediate if and only if for every k' € K'\ {0} there is a k € K
such that vg (k' — k) > v (k).
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Proof. Suppose that (K, R) < (K', R') is an immediate extension. Let ¥ € K\ {0}.
Then vg/ (k') € ' = I'g, and so there exists some s € K such that vg(s) = v/ (k).
Note that since vg = vg | K, there is no harm in saying that vg (s) = vg (k).
Then, vg (k') — vr/(s) = 0 and so vg/(K's™!) =0, i.e. K's™t € U(K’). We thus have
that k's~! € K, = Kg. So there exists a t € K such that f = ks~ from whence

we get that k's™' —t € mp.. Thus, vr/(k's™' —t) > 0 and so,
vpi(K' — st) = vp(k's™! —t) + vpi(s) > vp(s) = v (k)

with £ = st € K being the desired element.

Conversely, if £/ € K" and k € K are such that vg (k' — k) > vg/(k'), then by
Condition 3 of Definition we have that ' 3 v/ (K') = v/ (k) = vr(k) € [g.
On the other hand, if £’ € K’ is such that vg/ (k') = 0 and k € K with vg (kK'—k) > 0,
then k' — k € mp and hence, K} > k' =k € Kp. O

Lemma 3.1.9. Suppose that (K, R) < (K', R') is an immediate extension, and let
K e K \K. Let
UR/(k/ — K) = {UR/(k'/ — k’) | k e K}

Then

1. vp/(kK' — K) has no mazimal element;

2. If o € vp/(K'—K) and there is a B € T'r such that B < «, then § € vr/(k'—K).
Proof.

1. Suppose for a contradiction that vg (k" — K) has a maximal element, and let
m € K be such that vg (k' — m) is that maximal element. Since k' € K"\ K,
we have that &' —m € K’\ {0}. Thus, by Lemma [3.1.8] there exists some
k € K such that

vp/(K'=m —k) =vp (k' — (m+k)) > vp (K’ —m).

However, m 4+ k € K and so vr/ (k' — (m + k)) € vp (kK — K), contradicting

the maximality of vg (K" —m).
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2. Suppose that there exist ky, ko € K such that vg (K’ —k1) = a and vg/ (k) =
with vg (k2) < vgp/(K'—ky). Take k3 = k1 + ko € K and consider vg (k' —k3) €
vr (k' — K). Now, we have that

vp (K — k) = vp (K — k1 — ko)
= vp (K = k1) = k2)
> min{vg (K — k1), v (k) }
= min{vp (k' — k1), vr (k2)}
g

]

Remark 3.1.10. Note that part (2) of the above lemma indicates that vg (k' — K)
is a convex subgroup of I're = T'r. Notice that in particular, if g is (isomorphic to)
Z, then since Z does not have any non-trivial proper convex subgroup, vg (k' — K)

is itself (isomorphic to) Z too.

Among the class of immediate extensions of valued fields are the so-called
Henselizations of valued fields. In order to describe what they are, we first look at
Henselian valued fields which are of particular interest and of central importance

within the subject area.

Definition 3.1.11 (Henselian Valued Field). A valuation ring R of a field K is
called a Henselian valuation ring if for any separable algebraic extension K' of

K, there is a unique valuation ring of K' dominating R. In this case, we say that

(K, R) is a Henselian valued field.

Remark 3.1.12. If (K, R) is a Henselian valued field with valuation vg, then we
also say that K is Henselian with respect to the valuation vg. In this case, it is clear
that vg has a unique extension to every algebraic extension of K. In particular,
vr(o(x)) = vg(x) for any x in the separable closure of K, where o € Gg. Thus,

every algebraic extension of a Henselian field remains Henselian.
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It is worth noting that R being a Henselian ring is equivalent to saying that
R is a valuation ring in which the following statement, commonly referred to

as Hensel’s Lemma, holds:

Lemma 3.1.13 (Hensel’s Lemma). Suppose f € R|x] is a monic polynomial whose
reduction f € Kg[x] has a simple root o € Kr. Then o can be lifted to a root of f

in R, i.e. there exists some root of f, 3, such that B = c.

Every valued field (K, R) admits a Henselian minimal separable algebraic
extension (K" R") known as its Henselization (or its Henselian closure). Here,
R" is a Henselian valuation ring which dominates R such that for any Henselian
valuation ring R’ dominating R, there exists an R-isomorphic embedding of R" into
R, and K" = ¢q(R"). Note that, in particular, K" is a separable algebraic extension
of K. For notational convenience, we denote by Hg(K') the Henselization of (K, R),
i.e. Hr(K) := (K" R". If (K’, R') is a Henselian extension of (K, R), then Hz(K)
can be found inside of (K', R').

Suppose that (K’, R') is a valued field and K is a subfield of K’. We say that K
is dense in (K’, R') if for any k' € K’ and any v € '/, there exists a k € K such
that vg (K" — k) > v. Note that in this case, by the proof of Lemma we see
that the valued field (K’, R') is an immediate extension of (K, R) where R = R'NK.

The following simple lemma would come in handy in the later subsection:

Lemma 3.1.14. Suppose (K, R) be a valued field with value group U'r (isomorphic
to) Z. Then (K, R) is dense in every immediate extension. In particular, it is dense

in its henselization Hr(K).

Proof. By part (2) of Lemma we have that for any immediate extension
(K',R') of (K,R) and any k' € K"\ K, the set vg (k' — K) is a convex subgroup
of g = g & Z, and so, by Remark [3.1.10, vp/ (k' — K) = Z. Thus, any v € 'y
is of the form vg (k' — s) for some s € K. By part (1) of Lemma [3.1.9 the set
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vr (k' — K) does not have a maximal element, and hence, there is some k € K such
that

vp/(K' = k) > vr (K — s) =,
from whence we have that (K, R) is dense in (K', R'). O

Remark 3.1.15. We note that the above lemma is a specific instance of a more
general result that states that if the value group, U'r, of a valued field, (K, R), is
an Archimedean group, then K is dense in Hgr(K). For our purposes, however, the

above lemma itself is sufficient.

Given a commutative ring R with identity, and a subset S C R that is closed

under multiplication with 0 ¢ S and 1 € S, the localization of R at S is the ring

Rs=57R={"|
S

reR,seS } )

Throughout this paper, the subset S being considered would be complements of
prime ideals, i.e. for some prime ideal p of R, we take S = R\ p. For notational
convenience, we will use R, instead of Rpg\, to refer to this particular ring. This

ring is called the localization of R at p.

Remark 3.1.16. Note that R, = {% | r € R,s € R\ p} is, in fact, a local ring

with (unique) mazximal ideal

r

pR\p:pRp:{‘rep,seR\p}.

S

The group of units of R, is given by

U(Rp):{ZeRp\reR\p}.

Further, note that R is, in fact, a subset of R, by identifying any r € R with the

fraction 7 € R,.

Proposition 3.1.17. Let R be a subring of a field K, and suppose M is an

R-module contained in a K vector space V. Then, we have that
M = ﬂ M, = ﬂ M,,
m p

where m ranges over the mazximal ideals of R, p ranges over the prime ideals of R,

and the intersections take place in V.
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Proof. From Remark |3.1.16} it is clear that M C ﬂ My,. Thus, we only need to show

the reverse inclusion. Suppose z € (| My, and consider the set {r € R | rz € M}.
m
It is easy to check that this set forms an R-ideal, say t. Note that v, however, is
not contained in any maximal ideal m. Indeed, since x € ﬂ M, then, in particular,
m

r € M, for some maximal ideal m. Thus, there exists r, s such that
r
r=- re M, seM\m.

Hence r = sz € M, andso s € t. If t C m, then s € m, contradicting that s € M \m.
It follows that v = R, from whence we have that since 1 € v, x =1-2 € M. This

establishes the first equality.

For the second equality, notice that since every prime ideal p is contained in
some maximal ideal m, each My, C M,. Furthermore, every maximal ideal is prime.

Hence ﬂ M, = ﬂ M,. O
m p

Proposition 3.1.18. Let R be any domain. Then the integral closure, R, of R
in q(R) is given by

Re= () V.
RCVCq(R)

where V' are all the valuation rings of q(R) containing R.

Proof. We first note that any valuation ring is integrally closed. Since the intersection

of integrally closed domains is integrally closed, and since R C ﬂ V', we have

RCVCq(R)
that R* C ﬂ V. For the reverse inclusion, let x € ﬂ V. We need to
RCVCq(R) RCVCq(R)

show that z is integral over R. Suppose to the contrary, = is not integral. Let
r =y~ . Note that if y=! € R, then surely y~' & R[y|. Since y is not a unit
in the ring Ry, the ideal generated by y in the ring Ry| is not the whole of
R[y|. Hence there is a maximal ideal m containing (y)gp, and so there exists some
valuation domain V' containing R[y] with (y)y # V. However, this contradicts
the fact hat x = y=! € V. Thus, x is integral from whence we conclude that

Re= (1 V. O
RCVCq(R)



3. Ershov’s Wonderful Extensions of Q 43

Recall that if I and J are fractional ideals of a noetherian domain R with

K = q(R), we can perform the following arithmetic operations:
o Addition: I +J:={i+j|iel,je J};
o Multiplication: I -.J = I.J which is the set generated by {ij | i € I,j € J};
o Quotient: (I:J):={zre K |aJ CI}.

These operations give rise to further fractional ideals. A fractional ideal I of R is
invertible if there exists some fractional ideal J such that IJ = R. We point out
that if I is a fractional ideal of R, then I is invertible if and only if [(R: I) = R.
Indeed, note that if inverses were to exist, then they would have to be unique since
if we were to suppose that [ is an invertible ideal with J and J’ being the inverses
of I, then since IJ = R = 1.J’, we have that J = JR = JIJ = RJ' = J. We
thus, just need to show that the inverse of I is (R : I). Suppose [ is invertible
such that IJ = R. Then jI C R for all j € J, and so J C (R : I). Now,

R=1J CI(R:1I)C R which forces an equality throughout.

Lemma 3.1.19. If R is a domain that admits only finitely many maximal ideals,

then every invertible ideal is, in fact, principal.

Proof. Indeed, suppose R admits only n < w many maximal ideals, say m;, mo, ..., m,,
and suppose I is some invertible ideal of R. Since I(R : I) = R, there exist a; € |
and b; € (R : I) such that a;b; ¢ m;. By the Chinese Remainder Theorem, we
then have ¢; € R such that ¢; € m; and ¢; € ﬂ m;. Now consider d = zn: c;b;. It is
clear that dI C R is an ideal of R and not cjgérzltained in any maximalzi:(ieals since

da; ¢ m;. Hence, dI = R and so [ = d"'R = (d!)g is the ideal generated by d~!

and thus is principal. O

The following lemma shows that the arithmetic operations as described above

respect localization:
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Lemma 3.1.20. Suppose I and J are fractional ideals of R, K = q(R), and let p

be a prime ideal of R. Then I, and J, are fractional ideals of R,. Furthermore,
U+T)p=L+Jy (I)py=1LJy (I:J)y=(l:J)
are all fractional ideals of R,.

Proof. Note that I, = IR, is a finitely generated R, module, and is therefore (by
definition) a fractional ideal of R,. For the same reason, J; is also a fractional ideal

of R,. Now, we have
I+ J)y=U+J)Ry,=1R,+JR, =1, + J,

and

(1), = (IJ)Ry = IRy JR, = I,J,.

Furthermore,
(I:J)py={reK|aJCIl},={axecK|aJ, CL}=(:J).
m

Proposition 3.1.21. Suppose I is a fractional ideal of a noetherian domain R.
Then I is invertible if and only if its localization at every maximal ideal m of R is

invertible.

Proof. Let us suppose that [ is invertible. Then by our exposition above, we see
that I(R: I) = R. Suppose m is a maximal ideal of R. Then, by Lemma
we have that I,(Ry : In) = Ry, so, in particular, I, is invertible as well. On
the other hand, if we suppose I, is invertible for every maximal ideal m, then
In(Ry ¢ L) = Ry, for every m. Since R satisfies the conditions of Proposition
we have that R = ﬂ R,. We therefore get the following equality

m

NUI(R: D), = In(Ra : In) = () R = R.

m

Thus, we have that (R : I) = R, from whence we conclude that I is invertible. [
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Remark 3.1.22. Note that the same proof works to show that I is invertible if and

only if its localization at every prime ideal p of R is invertible.

We recall that a domain is called a Priifer domain if every finitely generated
ideal in the domain is invertible. These domains were first introduced by Heinz
Priifer (after whom the domain is named) in his 1932 paper [Pru32], and the notion

has since been generalised to commutative rings with identity.

Definition 3.1.23 (A Priifer Ring). A domain R is called a Priifer ring if every

non-zero finitely generated ideal of R is invertible.

Note that any non-zero finitely generated ideal of R is invertible if and only
if any two-generated ideal of R is invertible. One direction is obvious. For the
reverse direction, note that if Iy + I, I; + I3, and Iy 4+ I3 are invertible ideals of
R, then there exist Ji, Jo, Js, ideals of R such that (I; + )y = (I1 + I3)Jy =
(I + I3)J3 = R. Then by noticing that

(Lh+1) (Lh+13) (Lb+13) =+ L+ I3) - (11 + L1 I3 + I213),
we get that

R=(L+105L) (L+13) -(Io+13) - J - Jo- J3

=L+ L+1) (Lix+ LI+ L) - Jy-Jy - Js

and thus see that (I; + I + I3) is, in fact, invertible. We can then prove the above
statement by induction: assume that for any n > 2, any non-zero ideal with less
than 2 generators is invertible. Let I be an ideal generated by aq,as,...,a,. Let
I; be the ideal generated by a;, Io be the ideal generated by as, and I3 be the
ideal generated by the elements as, ..., a,. Then it is clear that I = I, + I, + I5.
Further, notice that I, + I, Iy + I3, and I, + I3 are all ideals generated by lesser
than n generators. By the induction hypothesis, these are invertible, and thus [ is
invertible as well. This demonstrates that we can change the definition of Priifer

rings to only consider non-zero two-generated ideals of R, i.e. R is a Priifer ring
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if every non-zero two-generated ideal of R is invertible.

For our purposes, we will use an equivalent condition that was established by
Wolfgang Krull (who had named these domains in honour of Priifer) involving the
localization of R at a prime ideal p to define the notion of Priifer rings. Recall
that a Bézout ring is a ring in which the sum of two principal ideals is again a
principal ideal (and so every finitely generated ideal is principal since the sum of
any two principal ideals I = (a)g and J = (b)g is precisely the (two-generated)
ideal generated by a and b). In light of the exposition above, it is clear that

any Bézout ring is a Priifer ring.

Lemma 3.1.24. Let R be a local ring. R is a valuation ring if and only if R is a

Bézout ring.

Proof. Note that by Condition 3 of Observation (3.1.2)), it is clear that if R is
a valuation ring, then every finitely generated ideal of R is principal. Indeed, if
I = (a)g + (b)g is an ideal of R for some a,b € R, then since either a | b or b | a,
either (a)g is contained in (b)g or vice-versa. Hence I is a principal ideal. Thus R
is a Bézout ring. On the other hand, suppose R is a local Bézout ring with (unique)
maximal ideal m, and suppose a,b € R. Without a loss of generality, let us suppose
that ged(a,b) = 1. We thus have that (a)g + (b)g = R. It is then clear that both
of a and b cannot be contained within m. Hence, one of them must be a unit and
thus divides the other. So either ab™' or (ab™')~! = ba~! is in R, from whence we

conclude that R is a valuation ring. O]

Theorem 3.1.25. Let R be an integral domain. Then R is a Priifer ring if and

only if for every mazximal ideal m of R, the localization Ry, is a valuation ring.

Proof. For the forward direction, it suffices for us to show that Ry, is a Bézout ring in

light of Lemma [3.1.24] Suppose =+, 22 ... ;5= € Ry such that r; € Rand s € R\ m.

s17 827"

Consider the ideal I = (1) g+(r2)r+- - -+ (1) r. Since R is Priifer, I is invertible and
50 In = ()R + (32)Ro + -+ (52)r, is invertible by Proposition 3.1.21] Since Ry
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is a local ring, it has only one maximal ideal, and so by Lemma [3.1.19] I, is principal.

In the reverse direction, let R, be a valuation ring. Then clearly it is a Bézout
ring by Lemma Suppose [ is a finitely generated ideal of R, generated by
11,79, ...,1,. We need to show that I is invertible. Note that since I is finitely
generated, so is I, and thus, I, is principal. Suppose, to the contrary, that [ is
not invertible. Then there exists an ideal J such that IJ C m. Since [, = IR, is
principal, there exists some ¢ € I such that I, = (i)g,. Note that there thus exist
some 1, € R and s, € R\ m such that ik:ig—: for1<k<mn. Let s=51-8y--5,.
Then, s-i~! -4, € R for every generator i, of I. Thus, we have that s-i~! € J.
This implies that s = s-i7! i € JI C m, contradicting the fact that s € R\ m.

Thus [ is invertible, from whence we have that R is a Priifer ring. O]

Note that if R is a Prifer ring and there exists another ring R’ such that
R C R C q(R), then R’ is itself also a Priifer ring. Indeed, if m’ is a maximal
ideal of R', and p = m’ N R, let m be a maximal ideal of R containing p. Then

we have the following chain of localizations
Ry C R, C R,

Since Ry, is a valuation ring by Theorem then by part (1) of Observation ,
we have that both R, and Ry, are valuation rings of ¢(R). In light of this, notice
that another equivalent condition to R being a Priifer ring is that R, is a valuation
ring for every prime ideal p of R. Indeed, the discussion preceding this statement
asserts that R, O Ry, is a valuation ring, while the “forward direction” of our proof
of Theorem [3.1.25] can be re-written replacing all considerations of maximal ideals

by prime ideals without any issue.

We now turn our attention to multi-valued fields. Let K be a multi-valued
field, with a family of valuation rings W = {Ry, Rs,..., R,}. When n is finite,
these multi-valued fields are also commonly referred to in the literature as n-fold

valued fields. For our purposes, however, we will consider primarily the situation
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where n is countably infinite. We first introduce the notion of independence

between two valuation rings.

Definition 3.1.26. Let R; and Ry be proper valuation rings of a field K. We
say that Ry and Ry are independent if the subring of K generated by Ry and Rs,
denoted S, is not proper, i.e. S =K. A family W of valuation rings of a field K is
said to be independent if Ry and Ry are independent for any pair Ry, Ry € W with
R, # Rs.

Remark 3.1.27. Note that the independence of a family of valuation rings, W,
imply in particular, that any two valuation rings Ry and Ry in W are incomparable

by inclusion.

Much of the study of multi-valued fields involves understanding how the different
valuation rings in the family W “interact” with one another. A useful ring which
aids in this study is the holomorphy ring of W: for a family of valuation rings
W ={R; | i € w} of a field K, the holomorphy ring, denoted by Ry, is the

intersection of all the valuation rings in W, i.e.
Rw =({Ri | Ri € W}.

For each R; € W, we denote by pg, the prime ideal mp, N Ry of the holomorphy

ring Ry .

Now suppose R is a Priifer ring with field of fractions K = ¢(R). We denote
by W(R) the following set

W(R) = {Ry | m is a maximal ideal of R} = {R, | m € mSpec(R)}.

By Theorem [3.1.25 we know that this is a family of valuation rings of K. As
such, we can consider the holomorphy ring of W(R), Ry (g = ﬂ Ry. In light of
Proposition we have that Ry gy = R. We say that a family of valuation rings
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W of a field K is affine if the holomorphy ring Ry, of W is Priifer and W = W (Ry).

Thus, within an affine family of valuation rings W, we have the following equality
W = {(Rw)m | m is a maximal ideal of the Priifer ring Ry } = W(Rw).

It is therefore clear that if R is a Priifer ring, then the family W(R) = {R, | m €
mSpec(R)} of valuation rings of K = ¢(R) is affine. Examples of affine families
include any finite family of valuation rings of any given field, since the corresponding
holomorphy ring of such a family would then be a Priifer ring by virtue of Proposition
2.3.3 of |[ErsO1b]. A more appropriate example within the context of our study
would be that of the family W = {Z, | p a rational prime} of discrete valuation
rings obtained by the localization of Z at the prime ideal generated by p, for all
primes p. Henceforth, we will say that K is a multi-valued field if there is an
affine family of valuation rings W = {R; | i € w} of K, and denote this multi-valued
field by (K, W) or alternatively, by (K, R) where R is a Priifer ring (with K = ¢(R))

whichever is most convenient within the context.

The discussion above seems to suggest that one could introduce the Zariski
topology to study the family W of valuation rings of a field K. This is indeed the
case — on an affine family W of valuation rings, we introduce the Zariski topology

by the basis of open sets of the form
Vor={R; | R, €W, a ' € R;}, wherea € Ry \ {0}.

Remark 3.1.28. By Proposition 2.3.7 of [Ers01b], we see that a subfamily Wy C W
of an affine family W is also affine if and only if Wy is compact in the Zariski

topology.
Definition 3.1.29 (Boolean and Near-Boolean Families).

e An affine family W of valuation rings is said to be Boolean if all sets V-1
are open-closed (so W is a Boolean space relative to the above-mentioned

Zariski topology);
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o An affine family W of valuation rings is said to be near-Boolean if any

proper closed subfamily of W is Boolean.

Suppose K is a field and 7 is some non-zero element of K. A valuation ring
R of K is called a m-valuation ring, with corresponding m-valuation vg, if vg(m)
is the least positive element of the value group I'g of vg. If there exists at least
one such m-valuation of K, then we call K a formally 7m-adic field. Now for any
field K and 7 € K \ {0}, the family of all w-valuation rings of K is an example of
Boolean families (cf. Proposition 2.4.7 of [ErsO1b]). It is clear from the definition
above that any Boolean family is automatically a near-Boolean family as well.
Thus, we provide examples of near-Boolean families which are not Boolean families.
These include the example of the family W = {Z,) | p a rational prime} of discrete
valuation rings obtained by the localization of Z at the prime ideal generated by

p, for all primes p, as provided above. Similarly, the family
W = {F[X]n | m a maximal ideal of the polynomial ring F[X]}

where F[X],, is the localization of the polynomial ring in one variable, F[X], at
the maximal ideal m for any arbitrary field F', would be yet another example of

a near-Boolean family that is not a Boolean family.

Remark 3.1.30. Note that if R; is some valuation ring of the field q(R;), then for
any r € q(R;) \ {0}, we have that r € R; if and only if = € mgp,. Thus, if we let

W be an affine family of valuation rings, we can define
W, = {Rz | R, eW, a€ le.}

for a € Ry \ {0} (i.e. Wy =W\ V,-1). Then W is near-Boolean if the family W,
is Boolean for any a € Ry \ {0}. In fact, if W is near-Boolean, then the family
Wy is Boolean for any finite subset A C (Rw \ {0}). Note that we can define

another topology, sometimes referred to as the Constructive topology, on W via

the subbase W, for a € Ry \ {0}.

Definition 3.1.31 (B-Rings and NB-Rings).
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o A Priifer ring R is called a B-ring if the quotient ring, R = R/J(R), of R,
by its Jacobson radical, J(R) = ({m | m is a mazimal ideal of R}, is a von

Neumann regular ring, i.e. the following sentence holds in R: Vo Jy (2%y = x);

e A domain R with identity is called an NB-ring if it is a valuation ring or
M(R) =R\ (UR)UJ(R)) # @

and for all a € M(R) the ring R, := S;'R is a B-ring. Here, U(R) is the
family of invertible elements of the ring R, J(R) is the Jacobson radical of R,
and S, :={b| b€ R, (a,b)r = R} where (a,b)r is an ideal of R generated by

a and b.

Remark 3.1.32. Note that, in particular, we have that Sy = U(R) and S, = R for
allu € U(R).

The connection between Boolean (respectively, near-Boolean) families of valuation
rings, and the notions of B-rings (respectively, NB-rings) is established through the
following proposition which shows that for an affine family W of valuation rings
of a field K, the holomorphy ring Ry, is indeed able to fully capture the property

that W is a Boolean family (and correspondingly, if W is a near-Boolean family):

Proposition 3.1.33 (cf. Proposition 2.4.3 and Proposition 2.5.3 of [Ers01b]). A

family, W, of valuation rings of a field, K, is
e Boolean if and only if the holomorphy ring, Ry, is a B-ring;
e near-Boolean if and only if the holomorphy ring, Ry, is an NB-ring.

In light of the proposition above, we are able to provide examples of B-rings
and NB-rings by constructing at the corresponding holomorphy rings of those
examples of Boolean families and near-Boolean families, respectively, that we had
provided earlier. In particular, we point out that both the ring of rational integers,
Z, and the ring of polynomials in one variable over any arbitrary field F, F'[X],

are NB-rings that are not B-rings.



52 3.1. Introduction to Valued and Multi- Valued Fields

Of particular relevance to us in the study of wonderful extensions of the rationals
is the notion of generalized Dedekind rings. We first recall that R is a Dedekind

ring if and only if the following two conditions are satisfied:

1. every element a of ¢(R) is contained in almost all (i.e. all but finitely many)
rings of W(R) = { Ry | m € mSpec(R)}, i.e. the set {Ry € W(R) | a & Rn}

is finite; and

2. for every maximal ideal m of R, the localization of R at m, Ry, is a discrete

valuation ring.

Notice that for any a € ¢(R), the set U, = {R, € W(R) | a € Ry} is an open
set in the Zariski topology. Further, since the localization of R at m is a discrete
valuation ring, I'p, = Z. Using these observations, one can generalize the notion
of a Dedekind ring in the following way: a Priifer ring R is called a generalized

Dedekind ringfl] if the following conditions are satisfied:

1. every non-empty open set U of the family W (R) is cofinite, i.e. W(R) \ U is

finite; and
2. for all Ry, € W(R), the value group I'g, is Archimedean.

The relevance of the study of these generalized Dedekind rings within the context of
Boolean and near-Boolean families can be seen through the following observation:
if R is a generalized Dedekind ring, then the corresponding family W (R) is, in fact,
near-Boolean and independent. We had seen that every Dedekind ring satisfies the
conditions of a generalized Dedekind ring, and are thus examples of generalized

Dedekind rings. Further note that if R is an NB-ring (and so W (R) is a near-Boolean

TThe notion of “generalized Dedekind ring” as we are describing in this paper appears to be
specific to Ershov’s works and should not be confused with the same notion as introduced by
Nicolae Popescu in his work On a Class of Prifer Domains (cf. [Pop84]) in which a domain R is
defined to be a generalized Dedekind domain if and only if it is a Priifer domain, p # p? for every
non-zero prime ideal p of R, and every prime ideal of R is the radical of a finitely generated ideal.
Yet another notion of “generalized Dedekind domain” has also been introduced by Muhammad
Zafrullah in the paper On Generalized Dedekind Domains (cf. |Zat86]) in which an integral domain
R is defined to be a generalized Dedekind domain if and only if for all non-zero fractional ideals I
and J of R the following condition is satisfied: (I.J)~1 = I"1J~1
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family) such that for all R, € W(R), the value group I'g,, is Archimedean, then
R is a generalized Dedekind ring. In particular, if R is a valuation ring whose
value group is isomorphic to Q or R, then R is a generalized Dedekind ring that
is not a Dedekind ring. We state some properties of generalized Dedekind rings

in the form of a proposition:

Proposition 3.1.34 (cf. Proposition 5 of [ErsOlal). Suppose R is a generalized
Dedekind ring with K = q(R).

1. Any intermediate ring R' is a generalized Dedekind ring, i.e. for any ring R

such that R C R' C K, R' is a generalized Dedekind ring;

2. If K' is a finite extension of K and R is the integral closure of R in K',

then R is a generalized Dedekind ring.

If R is generalized Dedekind, then by a corollary of Erhsov (cf. Corollary on page
418 of [Ers09]), we see that the Zariski topology on the family W (R) is the so-called
T1-topology, referring to a topology consisting of all cofinite sets. Specifically, a
topological space is called a T1-space if the (non-empty) open sets of the space
are precisely all the (non-empty) cofinite sets. These 7i-spaces are endowed with

a least Ti-topology and carry the following properties:
1. every 1i-space is compact;
2. every subspace of a 1y-space is a Tj-space;

3. for any 7m-spaces X and Y, the map f: X — Y of X into Y is continuous if

and only if f~(y) is finite for any y € Y
4. every map of a 7y-space onto a 7i-space is open.

Note that property (2), in particular, implies that every subset of a 7j-space is

compact.
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Definition 3.1.35 (Residue Fields Being Ample in Infinity). We say that residue
fields of a near-Boolean family W of valuation rings of a field K are ample in
infinity if for any n > 0, there is an element d, € Ry \ {0} such that for any
R € V-1, for every absolutely irreducible polynomial h € Kpr [T, Y0, - -, Yn—1] which
is monic and separable in x and has degree < n (as a polynomial in x,yo, ..., Yn—1),
and for each polynomial g € Kgr/[y] \ {0} of degree < n, the fact that there exists
a,b € Kg such that h(a,b) = 0 and W (a,b) # 0 implies that there exists c¢,d € Kps
such that h(c,d) =0, h'(c,d) # 0, and g(d) # 0.

Remark 3.1.36. Note that it is only interesting to ask whether the residue fields of
near-Boolean families are ample in infinity, since if W is Boolean, then the residue
fields of W are automatically ample in infinity. This follows from the fact that
if Rw 1is a proper B-ring, then its Jacobson radical, J(Ry) is not trivial. Indeed,
if J(Rw) = {0}, then Ry is, in particular, von Neumann reqular. However, it
is known that von Neumann reqular rings without divisors of zero contain only
one ideal. Hence, this would indicate that q(Rw) = Rw, contradicting the fact
that Ry s proper. Since we know that W is Boolean if and only if Ry is a
B-ring by Proposition we thus have that J(Rw) # {0}. So each element

d € J(Rw) \ {0} can be taken to be d, for any n since we have that V-1 = &.

This condition on the residue fields of a near-Boolean family is related to
the notion of ampleness: A field K is ample or largeﬂ if for each polynomial
g € K[g] \ {0} and for every absolutely irreducible polynomial h € K[x,7] which is
monic and separable in x and for which there are a,b € K such that h(a,b) = 0
and h'(a,b) # 0, there exists ¢,d € K such that h(c,d) = 0, h/(c,d) # 0, and

g(d) # 0. Indeed, we have the following equivalence:

BI'The notion of “large fields” was first used by Florian Pop in [Pop96| to describe a class of
fields over which many “interesting mathematics” can be done — for instance, such fields can
be used to study inverse Galois theory, torsors of finite groups, rationally connected varieties,
elementary theory of function fields, etc. Because of its wide applications within different areas of
mathematics, such fields have been called by different names throughout the literature including,
“épais”, “fertile”, “weite Korper”, “anti-Mordellic”, etc.
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Proposition 3.1.37 (cf. Proposition 12 of [ErsOla)). Let W be a near-Boolean
family. Then the residue fields of W are ample at infinity if and only if for every
elementary extension (K', Rw) of (K, Rw) and for any R' € W' such that K C R/,

the residue field K is ample.

Definition 3.1.38. Let (K, W) be a multi-valued field, and let o(T) be a formula of
the signature L = LyingJI{Oy}, where O, is a unary predicate symbol distinguishing

a valuation ring. We say that

e the local truth of ¢ is continuous on (K, W) if for anya € K, the set
{R; | R, € W, Hg,(K) = (@)} is open in W (with respect to the Constructive

topology);

e local elementary properties are continuous on (K, W) if the local

truth of any formula is continuous.

Furthermore, for a multi-valued field (K, W) with a near-Boolean family W, we
say that its local elementary properties are mear-continuous if they are

continuous for any subfamily Wy, d € Ry \ {0}.

Let Ry € Ry be an extension of Prifer rings. We say that the extension is
geometric if, for any maximal ideal m, of the ring Ry, the prime ideal my N R; of
Ry is maximal. This induces a (continuous in the Zariski topology) restriction

map from W(Ry) into W(R;)
m: W(Ry) = W(Ry),

with 7 ((R2)m,) = (R1)pm,ng,- We now define the notion of an immediate extension

for Priifer rings.

Definition 3.1.39 (Immediate Extension of Priifer Rings). A geometric extension
Ry C Ry of Priifer rings with fields of fraction q(Ry) = K1 C Ky = q(R3) is said to

be tmmediate if the following conditions are satisfied:

1. the restriction map m : W(Ry) — W(Ry) is a homeomorphism between the
topological spaces W (Ry) and W (Ry);
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2. for every mazimal ideal my of Ry, the extension (K1, (R1)y,np,) < (K2, (R2),,)
of valued fields is immediate.

In this case, R1 = Ry N K.

Remark 3.1.40. Note that if Ry C Ry are Dedekind rings, then Condition (1)

above reduces to asking that the following mapping
my — My N Rl, my € mSpec(Rg),
of mSpec(Ry) onto mSpec(Ry) is one-to-one.

We state some properties that are preserved under immediate extensions of Priifer

rings.

Proposition 3.1.41 (Some Properties Preserved Under Immediate Extensions).

Suppose Ry C Ry is an immediate extension of Priifer rings, then
1. if the family W (Ry) is independent, then the family W (Rs) is also independent;
2. if Ry is a B-ring, then Ry is a B-ring;
3. if Ry is a NB-ring, then Ry is a NB-ring;

4. if local elementary properties of W(Ry) are continuous, then the local elementary

properties of W(Ry) are also continuous;

5. if the family W (Ry) is near-Boolean and if residue fields of W (Ry) are ample
in infinity, then the family W (Ry) is near-Boolean and the residue fields of

W (Rs) are also ample in infinity;

6. if Ry is a generalized Dedekind ring, then Ry is also a generalized Dedekind

ring.

Property (1) is established by Proposition 1 of [ErsOlaj, Property (2) and
Property (3) are established as part of Proposition 2 in |ErsOla], Property (4) is an

immediate consequence of Theorem 1 of [Ers94al. Property (5) follows simply from
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Property (3) and the definition of being ample in infinity. Property (6) follows from
Definition as W(Ry) being homeomorphic to W (R;) implies that W (Ry) is a
11-space. Further note that by our discussion above, W (Rs) is near-Boolean, and
so any non-empty open set U of W(R,) is cofinite. We thus only need to check
if for any R’ € W(Rs), the value group I'r is Archimedean. Note that since the
extension (q(R1), R’ Nq(Ry)) < (¢(Rs), R') is immediate for any R’ € W (Ry), it

follows that the value group I'pr = I'ring(r,) is Archimedean.

3.2 Wonderful Extensions of QQ

With the necessary preliminaries set up in the previous section, we are now able to
introduce the wonderful extensionsff] of the field of rational numbers, show that such
extensions do exist, and look at some of their model-theoretic properties that are
pertinent in showing the decidability of such fields. We will then go on to exhibit
how such fields make for “good” base fields — the kind that we are looking for to
answer Question negatively. We primarily refer to articles [Ers00], [ErsO1a]
and |[Ers02c|, and the volume [Ers01b] by Ershov in the development of this section.

Definition 3.2.1 (Wonderful Extensions of Q). Let Q be the field of rational
numbers, R the field of real numbers, and Q, be the field of p-adic numbers with
p € P, where P is the set of all prime numbers. An extension K of Q is wonderful
if there exist field embeddings A\, : K — R and A\, : K — Q,, with p € PP such that

the following three conditions are satisfied:

1. The Near-Boolean Property:
The family W = {R, = A\, '(Z,) | p € P} of valuation rings of the field K
is such that, for every a € K, \,(a) € Z, for almost all (i.e. all but finitely

many) primes p € P, i.e. the set {p |p € P, a & R,} is finite;

2. The Local-Global Principle:

For any absolutely irreducible affine variety V' defined over K, V' has a simple

BReferred to, in Russian, as “Yausurenpubix pacmupennsax” in Ershov’s original work, this
phrase is also sometimes translated as “amazing extensions” or “surprising extensions” by various
translators of Ershov’s works.
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K -rational point, provided that V' has a simple R-rational point and a simple

Qp-rational point for each p € P;

3. The Maximality Property:
The field K admits no proper algebraic extension, K', that is embeddable into
all fields R and Q, with p € P.

It is relatively clear that Q itself satisfies the near-Boolean Property. Indeed,
the valuation rings R, of Q are just the discrete valuation rings, Z,) = {#/n | z,n €
Z, p fn}, given by the localization of the Dedekind domain, Z, at the prime ideal
generated by p. Since Z is a Dedekind domain, then every a in the field of fractions
of Z (i.e. a € Q) is contained in almost all (i.e. all but finitely many) rings Z),
and therefore the set {p | a & Z,)} is finite. By an application of Chebotarev’s
Density Theorem, one can further see that Q also satisfies the Maximality Property
— indeed, if an algebraic extension, F', of the field QQ is embeddable into almost all
fields Q,, then almost all the rational primes of Q split completely in F' (i.e. the
density of the set of all rational primes of Q which split completely in F'is 1) and
hence, F' = Q. This, in particular, shows that if K is a wonderful extension of Q

(provided that such extensions do exist), then Q is algebraically closed in K.

Remark 3.2.2. Note that if a field K with embeddings A, and \, for p € P satisfies
the Local-Global Principle, then K has unique embeddings into R and Q, for p € P,
and these embeddings coincide precisely with the embeddings A\, and A\, for p € P

respectively.

3.2.1 A Sketch of the Existence of Wonderful Extensions
of Q

We first begin by showing that such wonderful extensions of Q do, in fact, exist.
We will approach this problem in two stages: In the first stage, we disregard any
reference made to the real field in Definition [3.2.1] (and the corresponding ordering
that would be induced by the embedding into R) and show that there exists a

countable immediate extension K of Q that satisfies the near-Boolean property, the
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(modified) local-global principle which now states that for any absolutely irreducible
affine variety V of K, V has a simple K-rational point, provided V has a simple
Q,-rational point for each prime p, and the (modified) maximality property which
now states that K does not admit any proper algebraic extension that is embeddable
into the fields Q, for all primes p. We will call such extensions W-extensions of
Q. In the latter stage, we will discuss how one could deal with the inclusion of R
into the mix by pointing out an appropriate property that the field K must satisfy
in order for the field to be a wonderful extension of Q (which we also term as a

W-extension of Q).

Suppose that 91 is an Z-structure in some language .Z, and with universe
M. Denote by %) the expanded language obtained by adding a new constant
symbol ¢, for each element m € M, ie. Ly = L U{c, | m € M}, and let
My == (I, m)men be the expanded model in %), where we interpret each new
symbol ¢, by the element m. Recall that we say that a structure 91 is existentially
closed in a structure M, denoted M <; N, if M is a substructure of N, and every
existential sentence which holds in 91,; also holds in 9%,;,. We state a property of

existentially closed structures via the following lemmata.

Lemma 3.2.3. Suppose that N and € are £ -structures in some countable language
£ such that is the cardinality of the universe of M, |N| < «, and € is a-saturated.
If every existential sentence holding in I holds in €, then N is isomorphically

embeddable in &.

Proof. We suppose that {n; | i < a} is an enumeration of the elements of 9. We
want to find a sequence of elements e; with e; in the universe F of € such that
the mapping n; — ¢; is an isomorphic embedding of 91 into €. We proceed by an
induction argument on [ < a. Suppose for all n < 3, there exist some sequence
{e; € E | i <n} such that every existential sentence that holds in the expanded
model (M, n,),<s also holds in the expanded model (€&, e,),<3. Let X be the set of

all existential formulae ¢(x) that is satisfied by ns in the model (M, n,),<5. We
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want to show that there exists some element eg € E that satisfies 2 as well. We take
finite conjunctions of formulae in X, say 1, and consider the existential sentence
dx1p. Since every existential sentence that holds in 91 holds in €, all (existential)
sentences Jz1) obtained as such (i.e. by taking finite conjunctions of formulae
in ¥ and existentially quantifying them) would also hold in (€&, e,),<g. We thus
have that ¥ is consistent with the theory of (&, e,),<s. We can then extend X to
some complete type of (&, e,),<3. Note that since (&, e,),<s is still a-saturated,
the complete type is realised by some element in E. Thus, ¥ itself is realised by
some element in . Let this element be eg € E as required. We then have that
every existential sentence that holds in the expanded model (91, 7,),<s also holds
in the expanded model (€&, e,),<g. Since a is a limit ordinal, we then get that every
existential sentence that holds in the expanded model (M, ng)s<, also holds in the
expanded model (€&, eg)s<. The lemma now follows by noting that existential
sentences contain all atomic and negations of atomic sentences, and so the mapping

ng to eg is an isomorphic embedding of 91 into €. []

Lemma 3.2.4. Let M and N be L -structures for some countable language £ .
Fvery existential sentence holding in N holds in I if and only if N is isomorphically

embeddable in some elementary extension of M.

Proof. For the forward direction, suppose the cardinality of the universe of 1,
|N| < a. We can then find a a'-saturated elementary extension of 9, say €. Note
that the cardinality of the universe of € is either finite or 2¢. By Lemma [3.2.3] we
see that 91 is isomorphically embeddable in €. The reverse direction is trivial by

virtue of the fact that existential sentences are preserved under extensions. O

The above lemma thus states that 91 is existentially closed in I, i.e. MM < N,
if and only if there exists some elementary extension € of 91 such that I is a
substructure of €. Now consider a Priifer ring R. We say that R is e-closed if R
is existentially closed in every immediate extension R’ of R, i.e. R <; R’ for all
immediate extensions R’ of R. We now attempt to show that for every countable

Priifer ring R, there exists a countable e-closed immediate extension R’ of R.



3. Ershov’s Wonderful Extensions of Q 61

Proposition 3.2.5. For every (countable) Prifer ring R, there exists a (countable)

e-closed immediate extension of R.

Proof. Indeed, suppose R is a Priifer ring , and let {¢; | i < w} be an enumeration of
all the existential sentences in an appropriate language to study R (so, in particular,
the constants in the existential sentences are interpreted in R). We construct an

ascending chain of immediate extensions of R
RiCRyC---CR,C---

in the following way: take Ry = R, and suppose R, is defined. If there does not
exist an immediate extension S such that R, C S and S |= ¢,, then set R,,11 = R,.
Otherwise, set R, 1 = 5. We now take the union of such extensions
RY = J R
<w

Notice that if ¢ is some existential sentence (with constants interpreted within R)
that is true in some immediate extension S such that R C S, then ¢ is, in fact,
true in R, This follows from the fact that ¢ = ¢,, for some n € w, and so since
R, € RM C S, and by construction, ¢, is true in R,1, the truth of the existential
sentence moves up the extension to R"). We note further, that RV is, in fact, an
immediate extension of R — one can easily check that the conditions as laid out
in Definition are all satisfied. Indeed, the union of any ascending chain of

immediate extensions (of bounded cardinality)ﬁ is again an immediate extension.

We now continue the process to construct R? by considering another ascending
chain of immediate extensions. This time, we consider an enumeration of all the

existential sentences with constants interpreted in R") and begin with Rgl) = RW,
We then take the union R® = U Rz(l). Similarly, obtain R®, and so on. In this

1<w
way, we obtain another ascending chain

RCRYCR®cCc...crR™WC...,.

A The condition on the cardinality is there so as to ensure that the union does not form a proper
class.
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We now let R@ = U R%. By the same reasons as stated above, R® is an
immediate extensiorﬁo;hat is e-closed. Further, note that if R is countable, we
could restrict our construction to countable immediate extensions and the unions
of ascending chains of such countable immediate extensions would once again be a

countable immediate extension. O

Suppose R is a Prifer ring of a multi-valued field (K, R), where K = q(R). We
say that R satisfies property (M) if there does not exist any proper separable
algebraic extension K’ of K such that for any R; € W (R), there exists a K-embedding
of K’ into the Henselization K" of K with respect to the valuation ring R;. Note that
property (M) corresponds exactly to the maximality property of the W-extension
of Q that we had described above. We say that an immediate extension R’ O R
of Priifer rings with corresponding fields of fractions K’ = ¢(R’) and K = ¢q(R) is
a lift if K’ is a separable algebraic extension of K and the Henselizations (R})"
and (R, N K)" of the rings R; and R.N K coincide under the natural embedding
of (R, N K)" into (R})" for any valuation ring R, € W(R'). We point out that the
relation “R’ is a lift of R” is inductive and transitive, and so by Zorn’s lemma, we
can conclude that for any Priifer ring R, we can find a “maximal” lift R', i.e. we
can find a Priifer ring R’ that is a lift of R such that R’ does not have any proper
lifts. If R’ is a lift of R which satisfies property (M), we call R an M-lift of R. We

now state the following proposition that appears in |ErsOlal:

Proposition 3.2.6 (cf. Proposition 4 of |[ErsOlal). Let R be a countable NB-ring
such that its Jacobson radical J(R) is trivial and the field of fractions K = q(R) is
dense in the Henselizations Hg,(K) for every R; € W(R). Then R has an M-lift.

We point out that if R = Z, then R satisfies the above conditions; indeed, R is
a countable NB-ring, with trivial Jacobson radical, and by virtue of Lemma [3.1.14]
Q = ¢(Z) is dense in the Henselizations. The condition that the Jacobson radical
J(R) be trivial can be replaced by the condition that the family of valuation rings
W (R) be independent based on the following proposition established in [Ers01b]

and the observation that follows:
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Proposition 3.2.7 (cf. Proposition 2.5.4 of [Ers01b|). Suppose R is an NB-ring
and let a,b € R\ J(R) and ab € J(R). Then R is a B-ring.

A corollary of the above proposition is that if R is an NB-ring that is not a
B-ring, then J(R) is a prime ideal. Indeed, if we suppose otherwise, then for some
z,y € R, xy € J(R) but x,y € J(R). Since we then have that z,y € R\ J(R)
and zy € J(R), then the conditions for the proposition are fulfilled and thus R

would be a B-ring, leading to a contradiction.

Observation 3.2.8. Suppose R is an NB-ring that is not a B-ring. If J(R) # {0},
then the family of valuation rings W(R) of R is dependent, i.e. not independent.

Indeed, since R is an NB-ring that is not a B-ring, J(R) is a prime ideal and so
there exists a maximal ideal m such that J(R) C m. Thus, R, C Rj). But note
that since J(R) is the intersection of all maximal ideals of R, we must have that for
every maximal ideal m of R, Ry C Ry(r), i.e. all valuation rings in W (R) are, in
fact, contained in the proper valuation ring R;(g) of the field K = ¢(R). However,
this implies that any pair of different valuation rings in W (R) are dependent, and

so W(R) is dependent.

We further note that for our particular case, since Z is a (generalized) Dedekind

ring, one can significantly streamline the proof of Proposition |3.2.6;
Proposition 3.2.9. If R is a generalized Dedekind ring, then R has an M -lift.

First note that since R is a generalized Dedekind ring, W (R) is independent
and so the condition on the Jacobson radical is naturally satisfied in light of
Observation (3.2.8)). Furthermore, R satisfies all the remaining conditions of
Proposition [3.2.0] as well — the condition of being dense in its Henselization

follows from Remark [3.1.15l

Proof. We aim to show that if R is a generalized Dedekind ring such that it does
not have any proper lifts, then R must satisfy property (M). Assume, to the contrary,

that there exists some proper finite (separable) extension K’ of K = ¢(R) such
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that K’ is K-embeddable in the field ¢(R!) for any R; € W(R), i.e. R does not
satisfy property (M). Suppose R is the integral closure of R in K’. By part (2) of
Proposition [3.1.34] R’ is a generalized Dedekind ring. Since K’ is K-embeddable
in the field q(R") for any R; € W(R), we can, for every R; € W(R), find some
Rc € W(R) such that R; C Ri* C g(Rl'). Denote by

Note that W is then a 7i-space, and thus is a compact subfamily of W (R*) by
property (2) of 7i-spaces mentioned above. By Proposition 2.3.7 of [Ers01b], W is,

in fact, affine. Now we have the following inclusion
Ric = RW(Ric) g RWic g q(R) = K,

and by part (1) of Proposition [3.1.34] Ry« is a generalized Dedekind ring. Further,
by construction, we also note that Ry is, in fact, a proper lift of R. This contradicts

the fact that R does not have any proper lifts. m

We have thus seen that if we take R = 7Z, a countable NB-ring, then R
has an M-lift. We now claim that a countable e-closed immediate extension of

Z, is the desired M-lift.

Corollary 3.2.10. Let R be a countable e-closed immediate extension of Z. Then

R satisfies property (M).

Proof. By Proposition [3.2.5] we know that such an R does exist. Since R is an
immediate extension of Z, by Proposition [3.1.41] we know that R is an NB-ring and
W (R) is independent. Further, since the extension is immediate, the value group
g, is isomorphic to Z for every R; € W(R), and so by Lemma [3.1.14] we know
that the field K = ¢(R) is dense in the Henselizations Hpg, (K) for every R; € W(R).
Thus, R satisfies all the conditions of Proposition [3.2.6] and hence has an M-lift. It
suffices to show that R does not have any proper lifts, but this follows from the
definition of being e-closed. Indeed, if there were to exist a proper lift R’ of R,

then in particular, K’ = g(R’) would be a proper (separable) algebraic extension of
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K = q(R). However, since R is e-closed, every existential sentence that is true in
K’ is also true in K, and in particular, those existential sentences that purport the
existence of elements in K’ would likewise purport the existence of elements in K.

Hence, K’ cannot be a proper algebraic extension of K. O

We now turn our attention to dealing with the local-global principle. Suppose R
is a Prifer ring with quotient field K" = ¢(R), and let W (R) be the corresponding
affine family of valuation rings of K. We say that R possesses property (LG,) if
any absolutely irreducible affine variety V' defined over K has a R-rational point
provided that V has a simple RI-rational point for any valuation ring R; € W(R).
It is not too hard to see that this indeed corresponds with the local-global principle
as stated in the description of the W-extensions of . We want to show that there
exists some immediate extension of Z which satisfies property (LG,). Towards this
end, we define the property (HR<). We say that a ring R satisfies property (HR<)
if the following conditions hold: Let f € R[z,vo,v1,--.,Yn_1] be an absolutely
irreducible monic separable polynomial in the variable z, h; € R[x,y0, Y1, - -, Yn_1]
for i < k, and g € Rlyo,vy1,---,Yn-1) \ {0}. If, for any d € R\ (U(R) U {0}), there
exist a,b € Ry(= S;'R, cf. Definition B.1.31]) such that

fa(a,b) #0,

hi(a,b) # 0 for i < k,

f(a,b)- f(a,b)~*- (H hi(a,b)) € J(Ry), and

i<k

there exists some ¢; € Ry such that g(b) - ¢; = h;(a,b) for i < k,

then there are a,b € R such that



66 3.2. Wonderful Extensions of Q

o there exists some ¢; € R such that g(b) - ¢; = h;(a,b) for i < k.

The following proposition then provides a criterion to ensure that a given NB-ring

satisfies property (LG,):

Proposition 3.2.11 (cf. Proposition 3.3.3 of [Ers01b|). An NB-ring R possesses
property (LGy) if and only if R is a Bézout ring, W(R) is independent, and R

possesses property (HR<).
Using this proposition, we can show the following:

Corollary 3.2.12. Let R be a countable e-closed immediate extension of Z.. Then

R satisfies property (LGy).

Proof. We first note that, as before, R is an NB-ring and we have that W (R) is
independent. That R is a Bézout ring is established in part (1) of Theorem 1 of
|[ErsOla]. By Proposition 6 of [Ers09], we further know that the residue fields for
the family W (Z) are ample in infinity, and so by property (5) of [3.1.41] the residue
fields for the family W (R) are ample in infinity. The residue fields being ample in
infinity then allows one to establish that R does indeed satisfy property (HR<) as
shown in the proof of Theorem 2 of [ErsOlaj. Since all the conditions are satisfied,

one concludes that R satisfies property (LGy). O

As an immediate consequence of Corollary and Corollary we

have the following:
Corollary 3.2.13. There exist a countable W -extension of Q.

Proof. Indeed, since we have that Z = ﬂ Zp with ¢(Z) = Q, let us denote the
(multi-valued) field Q by (Q,Z). By Corgﬁ]}ary and Corollary we have
that there exists some countable e-closed immediate extension of Z, say R, which
satisfies property (M) and property (LG,). Denote by K = ¢(R). Then (K, R) is a
W-extension of (Q,Z). O
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We note that given any countable W-extension K of Q, one can construct a
proper countable extension K’ O K that is also a W-extension of Q. The uniqueness
of the embeddings of the W-extensions into Q, for all primes p (cf. Remark
would then naturally imply that K and K’ are non-isomorphic, i.e. W-extensions

of Q are not (algebraically) unique.

Remark 3.2.14. In the most general setting, we can consider a multi-valued field

(K, R) satisfying the following conditions:
1. K is a field of characteristic zero;
2. R is an NB-ring such that K = q(R) is a field of fractions of R;

3. All valuation rings R; in W(R) have locally bounded absolute ramification

indices, i.e. for every prime p, there exists some positive integer n, such that

for any R; € W(R), the set {7y € I'g,

0 <~ < wg,(p)} has no more than n,

elements;
4. Local elementary properties of the near-Boolean family W (R) is near-continuous.

Note that, in general, the absolute ramification index for a valuation ring

R; € W(R) is defined as being equal to
e 1 if the residue field of the valuation ring is of characteristic 0;

e the number of elements in the set {y € I'r, | 0 < v < vg,(p)} if the residue

field is of characteristic p > 0 and the set is finite;
e w otherwise.

If we then take (K, R) as described above such that W (R) is independent and the
residue fields are ample in infinity, then W -extensions for K exist. We construct
such W -extensions by first finding a countable elementary substructure K' < K.
Note that K' would also satisfy the conditions that W (R') is independent and that
the residue fields are ample in infinity (that these statements are indeed expressible in

a first-order manner is established in Ershov’s (Ers01b]). We then find a countable
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e-closed extension K* O K’ among the immediate extensions of K'. K* would then
satisfy both Corollary[3.2.10 and Corollary[3.2.19, and would be a W -extension of
K'. Note that K is elementarily embeddable in a suitable ultrapower (K')! /Q of the
multi-valued field K'. The induced embedding of K in (K*)! /Q is then the desired
W -extension of K.

In order to take into account the embedding into R to obtain a W '-extension,
we need to ensure that our multi-valued field K satisfies some further properties.
We first limit ourselves to dealing with only the real embedding for the moment
(without any considerations of the p-adic valuations). Observe that in order to
prove the existence of an immediate extension of (K, R) that satisfies property (M),
we needed the condition that W (R) is independent, and that the field of fractions
K is dense in the Henselizations Hg, (K) for every R; € W(R). On the other hand,
in order to prove the existence of an immediate extension (K, R) that satisfies
property (LG,), we needed that R is Bézout, W (R) is independent, and that R
possesses property (HR<) (which in turn required that the residue fields of W(R) be
ample in infinity). We therefore aim to describe the analogues for all these stated
properties when we are looking at orderings instead of valuations. Towards this
end, we recall some details from the study of orderings. A set L C K is a linear

order of the field K if the following conditions hold:

1. L+LCL;

3. LU-L=K;
4. LN —L = {0}.

These conditions imply that L contains the set of all sums of squares of K. Denote
the set of all orderings of K by X(K). One can turn this into a topological space by
using the so-called Harrison topology: the family of sets W, = {L € X(K) | a € L}
for all @ € K \ {0} forms a subbase for the topology. Note that X(K) is a Boolean

space under this topology, i.e. it is compact, Hausdorff, and totally disconnected.
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Let us denote by (K, L) the ordered field K, together with the ordering L. Every
ordered field has a real closure and so for a given system (K, L) as above, we denote
the corresponding system that represents the real closure by Ry (K) := (K"t L")
where K"°L is the real closure of the field K with respect to the ordering L, and

L7, its (unique) ordering.

We can generalise this notion of an ordering to that of a preordering: A proper

subset P C K is a preorder of K if the following conditions hold:

1. P+ P CP;

Note in particular, that —1 ¢ P for otherwise, for any k € K, we can write
k = 2? —y* where z = ¥ and y = 155 and we would have that k € K*+ P-K?* C

P+ P-P C P. Denote by X(P) the set of all orderings L of K such that L D P, i.e.
X(P)={LeX(K)|LD>P}.

We can similarly define a topology on X(P): the family of sets W, = {L €
X(P)|ae€ L} forall a € K\ {0} forms a subbase for the topology. If P is a proper
preorder of a field K, we then call the system (K, P) a preordered field. We
point out that while in our current setting, X(P) plays the role performed by W (R)
in the “valuation” situation, there is one important distinction worth mentioning —
X(P) is a Boolean space in the Harrison topology while within the case that is most
relevant in the study of W-extensions, W (R) is a near-Boolean space in the Zariski
topology. We also state that Ry (/) would now play the role of Hg, (K) within this
current context — indeed the analogous property to K being dense in Hg, (K) for

every R; € W(R) would now be that K is dense in Ry (K) for every L € X(P).
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Remark 3.2.15. For the purposes of our study involving the wonderful extensions
of Q, this distinction between the linear orders and the preorders is lost — indeed,
we are dealing with the “mazximal” preordering Py == {r € Q | r > 0} and so

the notions of preordering and (linear) ordering coincide, i.e. Py = L. Further,

X(Pg) = X(Q) = {Fo}.

The analogous property for the independence of W(R) corresponds to the
so-called Block Approximation Property. We say that the system (K, P) possesses
property (BAP) if the following holds: Suppose ay, az, . .., a, € K\{0} are such that
XP)= | W, is a finite partition of X(P) into compact subsets, by, b, ..., b, €
K and glfzegnPai \ {0} for 1 < i < n, where P,, := P+ a,P ={z+ay | z,y €
P}. Then there exists a ¢ € K such that ¢; £ (¢ — ;) € P,, for 1 < i < n.

One can easily check that each P, satisfies the above-mentioned conditions of

a preorder of the field K, and that
X(Po) ={L € X(K) | L2 Py} ={L € X(P) | a; € L} = W C X(P).

That the property (BAP) is indeed the analogous property for the independence of
W (R) is established in its full generality in Proposition 3 of [Ers94b]. Again, for
the purposes of our investigation into the wonderful extensions of QQ, we note that
this condition is automatically satisfied by virtue of the fact that there is only one

element (i.e. only one ordering) in X(Py) = X(Q).

A preordered field (K, P) satisfies the Strong Approximation Property if
the subbase W, for all a € K \ {0} is a multiplicative base, i.e. it satisfies the
following condition: for all a,b € K \ {0}, there exists a ¢ € K \ {0} such that
Wi N W, = W, In such a case, we call (K, P) a SAP field. Note that the
property of being SAP is analogous to the holomorphy ring R being a Bézout ring
(sum of any two principal ideals is a principal ideal). Furthermore, if (K, P) is a
SAP field, then every clopen subset of X(P) is precisely the sets of the form W,
for a € K\ {0}. Once again, focusing our attention to the case where K = Q,

and Py = {r € Q | » > 0}, we see that (Q, Pp) is a SAP field. Indeed, we have
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three possible scenarios which can occur — either a,b € Q \ {0} is such that both
of them are in L = Fy, one of them is not in L, or both of them are not in L. In
the first two cases, we can choose ¢ € L since we either have LN L =L = W or
LNg =L =WS. For the third scenario, choose ¢ € Q\ L since we then have that

oNo=2=W".

We finally point out that the analogue of property (HR<) is the following
property which we label as property (AHR<): Let f € Klz,yo,y1,-..,Yn—1] be
an absolutely irreducible monic separable polynomial in the variable x, and let
a,a’;b € K such that A(f(b)) # 0 and —f(a,b)f(a’,b) € P. Then for any
g € K[yo,y1,---Yn_1] \ {0}, there exists a,b € K such that f(a,b) = 0 and
g(b) # 0. Here A(f(y)) refers to the discriminant of the polynomial f regarded as

a polynomial in x.

We also need to elucidate what we mean when we say that a preordered field is
an immediate extension of another. As one would expect, we have that an extension
of preordered fields (K, P) < (K’, P') is immediate if the restriction mapping
7m: X(P") — X(P) with n(L') = L' N K where L' € X(P’) is a homeomorphism of
the spaces X(P’) and X(P) and, the field K is cofinal in (K’, L') for all L' € X(P’).
We now describe the corresponding conditions for both the maximality property
and the local-global principle in the current context. The corresponding condition
for maximality is as follows: a preordered field (K, P) satisfies the maximality
property if there exists no proper algebraic extension K’ O K such that for any
L € X(P), there exists a K-embedding of the field K’ into K"°¢. We say that a
preordered field (K, P) is regularly r-closed if for any absolutely irreducible affine
variety V over the field K, V has a simple K-rational point provided V has a simple
K"t-rational point for any order L € X(P). Just as we had Proposition for

the “valuations” case, we have the following proposition in this situation:
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Proposition 3.2.16 (cf. Theorem 3 of [Ers02c]). Suppose that a preordered field
(K, P) is SAP, satisfies property (BAP) and that K is dense in Rp(K) for all
L € X(P). Then K is regularly r-closed if and only if K satisfies property (AHR<).

We note that we did not require any analogous notion to the property of the
residue fields of W (R) being ample in infinity. This should not come as a surprise

in light of Remark [3.1.36f We therefore get the following result:

Corollary 3.2.17 (cf. Proposition 3 of [Ers02c|). Suppose K is a countable SAP
field. Then there exists a countable immediate extension of K that satisfies the

mazimality condition and is reqularly r-closed.

We can now combine the results from above and consider both the orderings and
the valuations simultaneously. For the most part, the definitions and terminologies
remain the same as above — for instance, we can consider the field K being dense
in Hg, (K) and being dense in Ry (K) for all R; € W(R) and L € X(P) “separately”
without any confusion to what it might mean in the combined setting. We will,
however, need to make some adjustments to accommodate property (HR<) and
property (AHR<) since we note that in the case of property (HR<), the polynomial
f was taken over R[x,yo,¥1,-..,Yn—1] (Where R is the holomorphy ring obtained
by intersecting all the valuation rings in W(R)) whereas in the case of property

(AHR<), we did not place any such restrictions and simply took f to be over

K[‘r’y(hyla cee 7yn_1].

Suppose R is a Priifer ring of a preordered multi-valued field (K, R, P), where
K = g(R) and P is a proper preorder of K. We say that the system (K, R, P)
satisfies property (M') if there does not exist any proper separable algebraic
extension K’ of K such that for any R; € W(R), there exist an K-embedding of
K’ into an Henselization K" of K with respect to the valuation ring R;, and for
any L € X(P), there exists a K-embedding of K’ in K™. In a similar fashion,
we say that the system (K, R, P) satisfies property (LGf) if for any absolutely

irreducible affine variety V over K, V has a simple R-rational point provided V'
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has a simple Rl'-rational point for any valuation ring R; € W(R), and V has a
simple K"L-rational point for any L € X(P). Note that these correspond exactly to
the local-global principle and maximality property as described in Definition [3.2.1]

taking into account that in this particular situation, P = Fy.

We say that a ring R satisfies property (HR’;) if the following conditions
hold: Let f € R[z,yo,%1,---,Yn_1] be an absolutely irreducible monic separable
polynomial in the variable x, h; € R[z,y0,y1,...,Yn—1] for i < k, and g €
R[Yo,y1, - - Yn_1] \ {0} be such that there exists a,a’,b € K for which A(f(b)) # 0
and —f(a,b)f(a’,b) € P. 1If, for any d € R\ {0}, there exist a,b € R4(=
S7'R, cf. Definition B.1.31)) such that

fu(a,0) #0,

hi(a,b) # 0 for i < k,

° f(&7 b) : f;(a75)72 : (H hz(a,b)) S J(Rd), and

i<k

there exists some ¢; € Ry such that g(b) - ¢; = h;(a,b) for i < k,

then there are a,b € R such that

fa(a,b) #0,

o hi(a,b) #0 for i < k, and

there exists some ¢; € R such that g(b) - ¢; = h;(a, b) for i < k.

The following theorem is the analogue of Proposition [3.2.11] when we take into

consideration both the ordering and the valuations of K:

Theorem 3.2.18 (cf. Theorem 5 of [Ers02c|). Suppose (K, R, P) is a preordered
multi-valued field such that

e R is a Bézout ring and (K, P) is a SAP field,
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e W(R) is independent and (K, P) possesses property (BAP),

e K is dense in Hg,(K) for any R; € W(R) and K is dense in R (K) for any
L eXx(P).

Then the system (K, R, P) satisfies property (LGy ) if and only if R satisfies property
(HRY).

In a similar fashion, one can then establish that

Theorem 3.2.19 (cf. Proposition 7 of [Ers02c|). Suppose (K, R, P) is a countable
preordered multi-valued field such that R is an NB-ring, W(R) is independent,
and the residue field of the families W (R) are ample in infinity. Suppose further
that (K, P) is a SAP field. Then there ezists a countable immediate extension
(K',R',P') of (K, R, P) such that the system (K', R', P') satisfies property (LG})

and property (MT).

In particular, since (Q, Fp) is indeed a SAP field as we had remarked earlier,
we have that W'-extensions (or wonderful extensions) of Q do indeed exist as
required. Just as we were able to point out that there exists some countable e-closed
immediate extension of Z which is a W-extension of Q, we are able to describe
what the appropriate wonderful extensions of Q actually look like. In order to do
so, however, we must first be able to generalise the notion of e-closedness. In the
most general setting, we begin with some class of algebraic systems € with some
transitive and reflexive relation <0 on these systems such that if 9 < 91, then 9 is
a subsystem of 9. We then say that 9t € € is e-closed (in the class €) if for any
M € € such that N < DT we have that N <1 N. In order for there to be an e-closed
system, one needs to ensure that the class € in question is closed under unions of
chains, i.e. for any system 9, € € with ¢ € I such that 9t; < 9, or M; < M,
for all 7,5 € I, the system 91 := U M; € € and NM; <M for all i € I. Indeed, we
see that immediate extensions ofi e131’1"1311”61" rings form such a class, and the proof of

Proposition which shows that one could find a countable e-closed immediate

extension of Z can be generalised to show that whenever the class is closed relative
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to unions, one could always find a (countable) e-closed system within the class.

We now attempt to describe the appropriate class of multi-valued fields that
would allow us to find a countable e-closed immediate extension of (Q,Z, Py).

Towards this end, we introduce the adele ring over the rational numbers.

Definition 3.2.20. The ring of integral adeles Az is the product of the profinite
completion of the integers Z with the real numbers R, i.e. Ay = R X Z. The
ring of adeles Aq itself is the rationalisation of the ring of integral adeles, i.e.

Ap =Q®z Ag.

Since Z H Z,, we could also write Az as
peP

AZgRX HZP’

peP
and correspondingly Ag as
Ag=Q®z (Rx HZI,).
peP
The advantage of studying the ring of adeles within the context of our investigation
into the wonderful extensions of QQ is that this ring allows us to simultaneously
handle both the valuations and the (unique real) ordering on Q in light of the

following observation which is derived as a specific instance of Theorem 5 of [Ers09):

Observation 3.2.21 (cf. Theorem 5 of [Ers09]). Suppose K is a countable subfield
of Ag with Q C K C Ag and K’ = K(x) be a field of rational functions in one
variable over K. Since |Q,| = |R| = 2%, we note that there exist embeddings

€ - K" — Qp for maximal ideals (p)r of Z, and ep, : K" — R such that

e Epr | K =7, [ K where my,, is a projection of Ag onto Q,, and

P)R

e ep, | K =mp, | K where mp, is a projection of Ag onto R.

These satisfy all the assumptions as stated in Theorem 5 of [Ers09Y], and hence, we

can conclude that there exists a K-embedding € : K' — Ag such that Tpy O € = Epy.
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Now consider the following class of multi-valued fields which are immediate

extensions of (Q,Z):
Co:={(K,R) | QC K CAgp, R=KnNAz}.

Note that if (K, R) € €g then R is a Dedekind ring by virtue of property (6) of
Proposition One can easily check that €g is indeed closed under union of
ascending chains and hence there exists some (countable) e-closed immediate (field)
extension — as before, we say that (K, R) € €q is e-closed if for any (K', R') € €q
such that (K, R) < (K’ R'), we have that (K, R) <1 (K', R'). We further point
out that we do not have to explicitly concern ourselves with the unique ordering of

K — Observation (|3.2.21)) ensures that this is always taken care of implicitly.

Remark 3.2.22. By Theorem 2 of (Ers09], (K, R) is e-closed (in class €g) if and

only if R is e-closed as a Priifer ring in the sense as described in Proposition |3.2.5|.

One can then show that such a countable e-closed immediate extension of (Q, Z)
(in the class €g) would satisfy the analogues of Corollary and Corollary
with very similar proofs, i.e. the countable e-closed immediate extension of (Q, Z)
satisfies both property (M) and property (LG). This result is stated as Theorem 6
of [Ers09], and is based on the proofs of Corollary 1 and Theorem 2 of [Ers0la]. Thus,
countable e-closed immediate extension fields within the class €y (i.e. e-closed fields
which are countable subfields of Ag) indeed are the desired wonderful extensions

of Q. More precisely, we have the following:

Corollary 3.2.23. Suppose that K is a countable extension of the field Q and
At K — R and \, : K — Q, with p € P are embeddings such that the family
{\1(Zy) | p € P} is near-Boolean. Then the field K has a countable e-closed
immediate extension, K', being a wonderful extension of Q, and the embeddings of

K' into R and Q, for p € P extend the embeddings A, and X\, with p € P.

Once again, we point out that wonderful extensions of Q are not unique. Indeed,
for any given wonderful extension K of Q, one can construct a proper countable

extension K’ of K that is also a wonderful extension of Q with K’ not being



3. Ershov’s Wonderful Extensions of Q 77

isomorphic to K by virtue of the fact that the embeddings of wonderful extensions

of Q into R and Q, for all primes p are unique as remarked previously.

3.2.2 A Sketch of the Decidability of Wonderful Extensions
of Q

We now move on to the task of describing how one would go about showing that
the theory of the wonderful extensions of QQ is decidable. As we had done before, we
first begin by showing the decidability of the WW-extensions of QQ before explaining
how one could generalise this to the situation of W'-extensions of Q. There are
two main steps involved in showing that the W-extensions are decidability — we aim
to show that the theory of W-extensions of QQ is complete and then argue that this
theory can be recursively axiomatised. Notice that if we can show that the theory
of W-extensions of QQ is complete, then any two distinct W-extensions, K and K’,
of Q are “model-theoretically” equivalent, i.e. there is no first-order way of telling
apart K from K’, and hence, as far as first-order logic is concerned, W-extensions
of Q are (“model-theoretically”) unique. This is in stark contrast to the fact that
“algebraically”, K and K’ are distinct (they are not isomorphic to one another)
due to the uniqueness of the embeddings of K and K’ into Q, for all primes p as

mentioned previously.

We first point out that many of the properties that we had described in our

exposition above are actually first-order expressible.

Observation 3.2.24 (Some Elementary Statements). The following statements

can be expressed in a first-order manner:
1. R is a Priifer ring;
2. R is a Bézout ring;
3. R is a B-ring;

4. R is an NB-ring;
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. All valuation rings R; € W(R) have an absolute ramification index less than

or equal to n;

. Local properties for a near-Boolean family W (R) are near-continuous;
. K is dense in Hg,(K) for any R; € W(R);
. The family W (R) satisfies property (LGy) (similarly, property (LGY));

. The family W (R) satisfies property (M) (similarly, property (MT)).

Proof.

1. That R is a Priifer ring can be expressed by the following statement:

Vo VYV, Jyo Jyp 32 (z = ToYo + T1y1 N ( /\ Ju (zu = :pzyj)>) )

i,j=0,1

2. It suffices to express the statement that any two-generated ideal is principal,

and this can be done so:

VeVy 3z (Yw (Ja 3 (w = ax + by) — Ju (w = uz))).

. We had seen that a Priifer ring R is a B-ring if the quotient R = R/J(R) is

a von Neumann regular ring. Statement (1) above tells us we can express
that R is a Priifer ring in a first-order way. We can define the Jacobson
radical J(R) of the ring R (within R) in the following way: m € J(R) if and
only if Vo (1 — maz) € U(R), where U(R) is the set of invertible elements
of R. Note that U(R) is also definable in R — indeed u € U(R) if and only
if v (u-v) = (v-u) = 1. We are thus able to express the elements of the
quotient ring R (and hence R is also definable). We need to say that R is a
von Neumann regular ring and this statement is clearly elementary, expressed

byVe e R Jye R (2%y =1x).
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4. Note that we can express the notion that R is a valuation ring by saying
that R is a commutative ring such that Va Vo 3c((a =0b-¢) vV (b=a-¢)) (cf.
property 3 of Observation ) If R is not a valuation ring, then R is an
NB-ring if and only if M (R) = R\ (U(R) U J(R)) # &, and for all a € M(R),
the ring R, = S; 'R is a B-ring. As we had seen U(R) and J(R) are both
definable in R, so M(R) is definable in R too. The set S, is definable in R
using the parameter a — indeed b € S, if and only if 3z Jy (a-z+b-y=1)
(cf. Definition . Hence R, is definable using the parameter a and the
statement that R, is a B-ring can be expressed in a first-order manner by

statement 3 above.

5. This statement can be expressed by an infinite set of sentences: for every

prime p,
VdVz (d€R A d#0 A xeJ(Ry)— a"p ' €Ra),

where Ry = S;'R = Ry, (cf. Remark [3.1.30) and J(R,) is the Jacobson
radical for the ring Ry.

6. This is established via Theorem 4.6.1 of [Ers01b].
7. This is established via Proposition 1.6.1 of [Ers01b].

8. This is an immediate consequence of Proposition after noting that
the statements “WW(R) is independent” and “R possesses property (HR<)” are
elementary. Indeed, the statement “W(R) is independent” can be expressed
by the following (equivalent) statement: for any s,t,e € R\ {0}, if we have
that the ideal generated by s and ¢ is not proper, i.e. (s,t)g = R, then there is
an element k € K such that (1 — k)e™' € R, = S;'Rand ke™' € R, = S; 'R.
“R possesses property (HR<)” can be expressed by an (infinite) set of sentences
¢ur. y for N > 1 where pyp_ , describes property (HR<) for polynomials
fyg,hit <k k< N,n <N, such that the degree of the polynomials f, g, h;
in each variable z,yo,...,yr_1 does not exceed N (cf. Theorem 3.3.1 of

[Ers01D)).
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9. This is established via Lemma 4.6.1 of [Ers01b].
0

As with the model-theoretic study of most classes of fields that satisfy a certain
local-global principle, we now aim to classify these W-extensions of Q by certain
invariants, notably those that encode the way in which the different topologies
involved interact with one another. In order to make this precise, we will introduce
the notion of an E-lattice — a certain distributive lattice with relative complements
and a least element — and an enrichment of such lattices by a Boolean algebra
(more precisely, by the Lindenbaum-Tarski algebra) called the B-enrichment of
these E-lattices. As it turns out, the question of elementary equivalence of these
enriched lattices (which are definable within the W-extensions) determines the
elementary equivalence of the corresponding W-extensions and is considerably
easier to deal with rather than having to directly deal with the question of the
elementary equivalence of those W-extensions themselves. An analysis of such
enriched lattices would then allow us to conclude that any two W-extensions of Q
are elementarily equivalent, and hence, that the elementary theory of the class of
all W-extensions of Q is, in fact, complete. One can then deduce the decidability
of such W-extensions by showing that the axiomatisation of the theory of these

extensions also happens to be recursive.

Let W be a near-Boolean family of valuation rings and let the associated
E-lattice, denoted by E(W) = {W,4 | A Chnite Rw \ {0}}, be the set of all
subsets of W that are open-closed and compact in the Constructive topology (cf.
Remark . Note that, in this case, W4 is Boolean. If R is an NB-ring and
W(R) is the corresponding near-Boolean family of valuation rings, then we use
the notation E(R) for brevity, instead of the notation E(W(R)), to refer to the
associated E-lattice of the near-Boolean family of valuation rings. We first aim
to show that E(R) is indeed definable in R, and hence within the W-extension
(K = ¢(R),R) itself.
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Lemma 3.2.25. Let R be an NB-ring and a,b,c € R\ {0}. Then there exists a

d € R\ {0} such that (a,b,¢)r = (¢,d)r

Proof. Let R, = S;'R. Since R is an NB-ring, R, is a B-ring. Since every B-ring is
a Bézout ring (cf. Proposition 2.4.4 of [ErsO1b|), we have that R. is a Bézout ring
as well. Hence, there is some element d € R, \ {0} such that (a,b)r, = (d)g,. Since
d € R.\ {0}, we can rewrite d as d = s~'d, for some s € S. and dy € R\ {0}. Thus
we have that the principle ideal of R, generated by d is the same as that generated
by do, i.e. (d)gr, = (do)r., and so we can, without any loss of generality, simply

assume that d € R\ {0}.

Now, since (a,b)r. = (d)g,, we have ua + vb = d for some u,v € R.. Pick an
s € S, such that us,vs € R. Thus, usa + vsb = ds € (a,b)r. Given such an s € S,
we can find m,n € R such that em + sn = 1. We thus have d = (em + sn)d =
emd + snd = emd + (usa + vsb)n = (usn)a + (vsn)b + (md)c € (a,b,c)g. We

therefore have that (¢,d)r < (a, b, c)g.

For the reverse inclusion, notice that since (a,b)g, = (d)g., there exists some
u € R, such that a = ud. Let s € S, be such that us € R. Then sa = usd € (d)g.
Again, since s € S., there exist m,n € R such that em + sn = 1, and so a =
(em 4+ sn)a = ¢(ma) + sa(n) € (¢, d)g. In a similar fashion, we get that b € (¢, d)g.

Thus, (a,b,c)r < (¢,d)g. O

Corollary 3.2.26. Suppose R is an NB-ring. Then, for every finite subset A C

R\ {0}, there are a,b € R\ {0} such that Wa = Wyq .

Proof. By Lemma [3.2.25| there exist a,b € R\ {0} such that (A)r = (a,b)r. We
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thus have the following equalities:

Wy ={Rn | m € mSpec(R), A C m}

(1)
= {Rw | m € mSpec(R), (A)r € m}
= {Ru | m € mSpec(R), (a,b)r € m}
= {Ruw | m € mSpec(R), {a,b} € m}
= Wias-

]

Proposition 3.2.27. Let R be an NB-ring. Then the E-lattice, E(R), is definable
n R.

Proof. Given R an NB-ring, let us consider the corresponding family of valuation
rings W(R). Let A = {a; | 1 <i <n} be a finite subset of R\ {0} and suppose that
Sa={s|seR, (AUu{s})r = R} C R. Note that in this case, we have that W, =
{R, e W(R) | ACmpg,}. Let s € Sy. Then since we have that (AU {s})gr = R,
there exists u, vy, vq,...,v, € R such that us + vya; + veas + - - - + v,a,, = 1. Note
that s € mp, for any R; € W, for otherwise, since A C mpg,, we will have that
1 = us + via; + veas + ... + vpa, € mp,. Consequently, s7! € R; for all R; € Wy
(cf. Remark , and so s € Ry, = {R: | R € Wa}. We thus have that
Si'R C Ry,.

Now suppose that r € Ry,, and consider the following set I, = {t € R | rt €
R} C R. Clearly, I, is an ideal of R. Consider the ideal J = (I,UA)g of R generated
by the set I, U A. If J is not proper, then there exist t € I, u,vy,v9,...,v, € R
such that ut + a1v1 + asve + - - - + a,v, = 1, where a; € A. Thus, t € S4, and so
we have that r» = ¢t~'(rt) € S;*R. If, on the other hand, .J is proper, then let m
be a maximal ideal of R containing J. Since J is generated by A U I,, we have
that A C J C m from whence we can conclude that R, € W4. Thus, we have that
Rw, C Ry, and so r € R,. Hence, there exist x € R, and y € R\ m such that
r= % We then have that ry = x € R and so y € I.. However, since [, C J C m,

we have that y € m, a contradiction. Thus, J cannot be proper, and so we have
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that Ry, C S;'R. We can thus conclude that Ry, = S;'R.

We therefore have the following equivalence:
W4 C Wg if and only if S;R - Sle if and only if Sp C Sj4.

By Corollary [3.2.26] we thus know that the families W, exhaust all possible
elements of E(R). We can therefore express E(R) in terms of the pairs (a,b) and
the relations Wy, € Wy qy. Note that the latter relations are definable since they

are equivalent to the relations Si.q4y C Siqpy Which are easily definable. O

Note that if (A)g = (a)g and (B)gr = (b)g for some finite subset A and B of R\
{0} and a,b € R\ {0} —as it is in the case when R is a Bézout ring — then we get that

W, C W, if and only if S5, C S,.
Here, we can define a transitive relation, Cg, in the following manner:
a Cr b if and only if S, C S,.

Note that since S, = {c € R | (a,c)gr = R}, we can equivalently say that a Cg b

if and only if the following statement holds:
Ve (Fzq Jyr (bxy 4+ cyp = 1) = Tag Jyo (azs + cyp = 1))
We can further define the relation =g as follows:
a=grb if and only if a Cg b and b Cp a.
The relation Cg induces a partial order C on the quotient set Ly = R/ =p.

Remark 3.2.28. The relation Cg corresponds to the radical relation on R
defined by the family of maximal ideals, as introduced by Prestel and Schmid in
[PS90]. Indeed, a T b holds in R if and only if for any mazimal ideal m of R, if

a €m, then b € m.
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For suppose a T b holds in R and for a maximal ideal m of R, we have that a € m.
If b ¢ m, then the smallest ideal containing both b and m is the whole ring. Hence,
there exists a ¢ € R such that 1 = bc + m, i.e. there is some m € m such that
m = 1—bec. Thus, we have that 1 = bc +m and hence m € S,. Since a Cgr b, we
have that S, C Sy, and thus, m € S, as well. However, since a,m € m, the ideal
generated by a and m, (a,m)r Cm C R and hence m &€ S,, a contradiction. Thus

bem.

Conversely, suppose m is any mazximal ideal of R and that if a € m, we have that
b€ m. We want to show that S, C S,. We thus suppose that ¢ € Sy. In this case,
(b,c)r = R. Suppose to the contrary that (a,c)r # R. Then there exists some
maximal ideal m such that (a,c)p € m C R. Since we have that a € m, we thus
have that b € m, and so (b,c)p C m C R which implies that ¢ € Sy, contradicting

our assumption.

Let R be a Bézout ring and consider the lattice (Lg, C). For any a € R, let [a]g
denote an element of L containing a. Note that the lattice (L, C) is, in fact, an
upper semilattice, i.e. for any [a|g, [b]r € Lg, [a]r C [b]gr whenever [a]gV [b]r = [b]r.
By Remark [3.1.32] it is clear to see that [1]p = [u]g if and only if u € U(R).
We point out further that for any [a]g, [b]g € Lr the element [ab]g is indeed the
least upper bound of the elements [a]g and [b]g in (Lg,C), i.e. [a]g V [b]r = |[ab]r.
It is clear to see that [0]g is the largest element and [1]g is the least element of
(Lg,C). Note that if (¢)g = (a,b)r, we have that [a]g A [b]r = [c|g. We further
point out that S, ={b€ R| (a,b)p = R = (1)r} ={b€ R | [a|lgr A [b]r = [1]r}
By Proposition 2.3.11 of [ErsO1b], it follows that (Lg,C) is, in fact, isomorphic to
E(R) := (E(R),N,V, L), where E(R) = {W, | a € R\ {0}}. We will henceforth
refer to the structure E(R) as the E-lattice of the Bézout ring R.

Suppose B is some Boolean algebra and E(R) an E-lattice. We call the system
(E(R),A\,V, L, T, | b € B) a B-enrichment of the E-lattice if it satisfies the

following conditions:
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for every b € B, T, C F(R) is an ideal of the E-lattice;

To = {L} where 0 is the least element of B;

o T} = E(R) where 1 is the greatest element of B;

for every a,b € B, T, =T, N'Ty;

for every a,b € B, Toyy =T, VT, ={cVd | c€T,, deT,}.

Suppose R is a Bézout ring and let K = ¢(R) be the corresponding field of
fractions of R. Denote by K8 the algebraic closure of the field Q in K, and
let A be the integral closure of the ring Z in K*2. Let ¢(z1,7,...,2,) be an
arbitrary formula in %, ¥(21, 22, ..., x,) be an arbitrary formula in the language
of linearly ordered groups Ao, = {0 ; +,— ; <}, and suppose further that
ai,ag,...,a, € A\ {0}. We define the sets

Towa = 1{[rlr | 7 € R\ {0}, VR; € W, (K, |= ¢(a+mg,))}

and
Ty@a = {lrlr | r € R\{0}, VR; € W, (I'g, = ¥(vg,(a)))}.

One can easily check that T,z and Ty are ideals of the E-lattice E(R)
and that the following relations hold for any ¢;(%), ¢2(%) formulae in %, and
1(T),Y2(z) formulae in Loy

L Toi@a N Toyma = Toi(@)nee(@)a, and similarly,
Typ@a N Ty@a = To@ @

2. Toy@a V To@a = To@vea(@sa, and similarly,
Typ@a vV Te@a = Tu@ ve@a

3. Toy@ya N Tpu@a = {1} = {[1]r}, and similarly,
Tp@a N Twp@a = {4 = {[lsk

4. TSOI(E) a

)

Ty@a vV Ty @a = E(R).

<

Ty @@ = E(R), and similarly,
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We can thus regard the system
Eq0}(K) == (E(R), To@)a | P(T) € Formulaegy, u4.,, @ € (A\{0})")

as a B-enriched lattice where B is the Lindenbaum-Tarski algebra. We will

henceforth refer to the system E 4 (1 (K) as the (A \ {0})-expansion of K.

Remark 3.2.29. Given the above set-up, one can also say that the multi-valued
field (K, R) is a W-extension of (Q,Z) if the extension (Q,Z) < (K, R) induces an

elementary embedding Ez (0y(Q) < Ez\ 03 (K).

The following theorem allows us to deduce the elementary equivalence of two
multi-valued fields satisfying the conditions stated in Remark based on the

elementary equivalence of their corresponding (A \ {0})-expansions.

Theorem 3.2.30 (cf. Theorem 5 of [Ers02a]). Suppose (K1, Ry) and (Ks, Rs) are
two multi-valued fields satisfying conditions (1) to (4) of Remark as well as the
conditions that W (R;) satisfies property (LGy) and property (M) for j = 1,2. Suppose
that K is a common subfield of the fields Ky and Ky, K is algebraically closed in
Ki, and that R is a common subring of Ry and Ry such that q(R) = K. Suppose
further that for any Ry; € W(Ry), R* == R, N K = Rle,iﬂRf Kr,, is a separable
extension of Kg+, and I'r- is a pure subgroup of I'g, .. If the (R \ {0})-expansions
Er\ (0} (K1) and Ep qoy (K2) are elementarily equivalent, then (Ki, Ry) and (K, Ry)

are elementarily equivalent.

Suppose that (K7, Ry) and (K5, Ry) are two W-extensions of Q. We had noted
earlier that Q is algebraically closed in K; (and K5) by the maximality property.
Thus, in this particular case, we have that Abs(K;) = Q. Let us therefore take
K = Q and R = Z. Notice that all the conditions of Theorem [3.2.30] are indeed
satisfied — the condition on the elementary equivalence of the (Z \ {0})-expansions
of K and K> is satisfied in light of Remark [3.2.29] Hence, any two W-extensions

of Q are indeed elementarily equivalent.
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Remark 3.2.31. In fact, if (K1, Ry) and (Ks, Rs) are two W -eztensions of Q such
that (K1, Ry) < (Ks, Ry), then the extension is elementary. We therefore have a
means of constructing uncountable W -extensions of Q from our countable e-closed
immediate extension of Z (cf. Corollary via the Upward Lowenheim-Skolem

Theorem.
By virtue of these, we have the following:
Corollary 3.2.32. The elementary theory of W -extensions of Q is complete.

That the elementary theory of (the class of all) W-extensions of Q is decidable
now follows from Corollary [3.2.32] and the following axiomatisation of the theory
of a W-extension (K, R) of Q, which by Theorem 2 of [Ers02b], is known to

be recursively enumerable:

1. the theory of multi-valued fields with near-Boolean families of quasi-classical
valuation rings satisfying a corresponding maximality condition — that this

theory is decidable is the main theorem of [Ers02b|;

2. the set of sentences

N(Q) :={Vx (h(z) #0) | h € Z[z] is a monic polynomial such that
Q Vi (h(x) £ 0)}; and
3. the elementary characteristics x(¢,,a) for the ideals T,,5 N T}z of E(R),
where o(T) € Formulaegy,, , 1 (7) € Formulaey  and @ € Z\ {0} — this is

determined by asking, for any arbitrary sentence ¢ € Ling U {R’} where R/

is a one place predicate distinguishing a valuation ring, whether the set
P4 = {p|pis a prime number and (Q,,Z,) = ¢}

is finite or infinite, and how many element it contains if the set is finite.

Theorem 3.2.33. The elementary theory of the class of all W -extensions (alternatively,

the elementary theory of an arbitrary W -extension) of Q is decidable.
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For the purposes of constructing a counterexample to answer Question (|1.1.1))
negatively, we point out that it suffices for us to simply consider W-extensions of Q
as suitable base fields. We note that "W '-extensions, otherwise known as wonderful
extensions, of Q would likewise make suitable base fields, and we briefly describe
how one achieves a similar decidability result for them in what follows. In order
to address the decidability of wonderful extensions of QQ, we will likewise need a
theorem that establishes the fact that the elementary theory of W*-extensions of Q
is complete, and that the axiomatisation of such fields are indeed recursive. Just as
we had introduced a (A \ {0})-expansion of a W-extension K of Q, we will need to
introduce a Boolean lattice to deal with the preordering. Towards this end, recall
that for a preordered field (K, P), and a; € K'\{0}, theset P,, = {z+a;y | z,y € P}
is a preorder of the field K and X(F,,) = W,/ € X(P). We can then define an

elementary preorder Ct on K \ {0} as follows:
a C”t b if and only if P, C P, if and only if I/VaJr - Wb+.

For a SAP field (K, P), the factorisation B(P) := ((K \{0})/ =",C) of the
preordered set (K \ {0}, C") modulo the equivalence relation =* (which is defined
as a =T b if and only if a Tt band b CF a for all a,b € K\ {0}) is a Boolean
lattice isomorphic to the Boolean lattice B(X(P)) of clopen subsets of the Boolean
space X(P).

Let R be a NB-ring and (K, R, P) be a preordered multi-valued field in which
the following condition (PMV) holds: there exists some k£ > 1 a positive integer

such that for any R, € W(R),
Hp, (K) = V2 3y 2 ... Fue (ar: > yf) -
1<i<k

The following theorem then establishes an analogue of Theorem [3.2.30;

Theorem 3.2.34 (cf. Theorem 7 of [Ers02c|). Suppose (K1, Ry, P1) and (K, Ry, Py)
are two preordered multi-valued fields satisfying condition (PMVy) for a suitable k > 1
such that (K, Ry) and (Ks, Ry) satisfy conditions (1) to (4) of Remark [3.2.14
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as well as the conditions that W (R;) satisfies property (LGf) and property (M")
for 3 =1,2. Suppose that K is a common subfield of the fields Ky and Ky, K is
algebraically closed in K1, and that R is a common subring of Ry and Ry such that
q(R) = K. Suppose further that for any Ry, € W(R;), R* == R, N K = Rung, R
Kr, , is a separable extension of Kg«, and I'r- is a pure subgroup of U'r, . If the
(R\ {0})-expansions Eg\ 101 (K1) and Eg\(01(K2) are elementarily equivalent and
B(Py) is elementarily equivalent to B(P,), then (K1, Ry, P1) and (K, Ro, Ps) are

elementarily equivalent.

Remark 3.2.35. Just as we had previously provided an alternate characterisation
of W-extensions of Q in terms of the corresponding (Z \ {0})-expansions (cf.
Remark , one can also say that the preordered multi-valued field (K, R, P) is
a wonderful extension of (Q,Z, Py) if the extension (Q,7Z, Py) < (K, R, P) induces
an elementary embedding Ez) (03 (Q) < Ez\foy (K) and B(Fy) < B(P).

Again, it is clear to see that all of the conditions of Theorem [3.2.34] are satisfied

when we consider two wonderful extensions of Q, and hence we can conclude that:
Corollary 3.2.36. The elementary theory of W -extensions of Q is complete.

The decidability of these W T-extensions of Q then follows from Corollary [3.2.36|
and the fact that the theory of W -extensions of Q is indeed recursively axiomatisable
— this can be established analogously in a similar fashion as expressed above, taking

into account the embedding into R.

Theorem 3.2.37 (cf. Theorem 3 of [Ers00]). The elementary theory of the class
of all wonderful extensions (alternatively, the elementary theory of an arbitrary

wonderful extension) of Q is decidable.

3.3 The Undecidability of Finite Extensions of
Wonderful Extensions of Q

Thus far, we have seen that W-extensions (and W-extensions) of Q are decidable.

In this section, we will attempt to show that sufficiently saturated extensions of
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such fields are indeed the kinds of fields that would allow us to provide a definitive
solution to Question in the negative, by constructing a finite extension of a
sufficiently saturated extension of a W-extension (alternatively, a W*-extension)
that happens to be undecidable. As we had pointed out in Section [2.2.2] in order to
show the undecidability of such finite extensions, it suffices to exhibit the existence
of some appropriate Boolean independent set Y that satisfies Criterion [2.2.2 We

begin by first describing what this appropriate Boolean independent set should be.

Throughout this section, we fix the following convention: Let R be an NB-ring
and K = g(R) be the corresponding field of fractions such that (K, R) is a sufficiently
saturated extension of a W-extension of (Q, Z). Suppose further that L is a quadratic
extension of K. Now, since K is a W-extension of Q, we note that there exist
embeddings A\, : K — Q, for all p € P which, in turn, induce unique valuations v,
on K for each p € P — the corresponding valuation rings of K being R, = \; Yz,)
for all (rational) primes p. For every R, a valuation ring of K, there exists at least
one valuation ring Sy, of L which lies above R, i.e. the ring S,, dominates R,. In
this case, we also say that the prime p; of L lies above the prime p of K. For any
quadratic extension L of K, one of two situations can occur: for a fixed prime p,
there can either be exactly one valuation ring S,, = S, of L that dominates R, or
two valuation rings Sy, and Sy, of L that dominate R,. Note that for a prime g # p,

the number of valuation rings of L that dominate R, is not dependent on the number

of valuation rings of L that dominate R, — indeed for p # ¢, we can either have that

1. there exists exactly one valuation ring S, of L that dominates R, of K and

exactly one valuation ring Sy of L that dominates IR, of K; or

2. there exists exactly one valuation ring S, of L that dominates R, of K while

there are two valuation rings S;, and Sy, of L that dominate Ry; or

3. there exists exactly one valuation ring Sy of L that dominates R, of K while

there are two valuation rings S,, and Sy, of L that dominate R,; or
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4. there are two valuation rings Sy, and Sy, of L that dominate R, and there

are two valuation rings S;, and S, of L that dominate R,.

This demonstrates that if we are able to express the statement “there exists exactly
one valuation ring of L that dominates R,” for any prime p as ¢, in the language
of rings, then we could take the set T = {¢, | p € P} to be our desired Boolean
independent set. Note that the negation of the above-mentioned statement would be
that L has two valuation rings dominating R, for any prime p, and the collection of
these negated statements for all primes p would equivalently be a(nother) Boolean
independent set. In order to avoid any pathological issues which may arise because
of the even prime, we will exclude the even prime and construct T with only the
odd primes — note that T = {p, | p € P\ {2}} is still countably infinite and thus
would nevertheless satisfy Criterion [2.2.2] In what follows, we will aim to express
these statements in the language of rings from whence we can conclude that there

exists some undecidable quadratic extension of K.

Suppose K is a W-extension of Q, L a quadratic extension of K, and fix
p € P\ {2}. Note that K can be viewed as a p-valued field. We define the p-adic
Kochen operator of L over K as

P —x

1
() = p m-

We point out that the p-adic Kochen operator 7,(z) is indeed expressible using the
language of rings. Denote by R,[v,(L)] the subring of L generated by v,(L) U R,
where R, = A\J'(Zy) is the valuation ring of K associated with the prime p. The
p-adic Kochen ring, R .(L), of L over K is the subring of L defined by

Ry (L) := { ‘ t,s € Ry[v,(L)] and 1—ps # 0} :

1—ps

For brevity, we will henceforth use the notation R, instead of R, .(L) whenever

it is clear from the context as to which extension of K we are considering. By
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Theorem 6.14 of [PR], we know that Rf . is the integral closure of R, in L and is
the intersection of all the valuation rings Sy, of L which lie above R,, i.e.

Rf(oc: ﬂ Sz

RpCSy,

From the above-mentioned theorem, we also know that S, is the localization of
R at some maximal ideal m; of R, i.e. Sy, = (Rie)y, - Hence, it is clear that
if there are two distinct valuation rings S,, and Sy, of L that lie above R, then
RY.. cannot be a valuation ring — indeed, a valuation ring is a local ring and thus
must have a unique maximal ideal. On the other hand, if there is only one valuation
ring S, of L that lie above R,, then Ry . = S, is indeed a valuation ring. Hence,
we find another way of expressing the statement “L has only one valuation ring
dominating R,” — we simply say the following: “Rf . is a valuation ring”. As we
had pointed out in the proof of part (4) of Observation (3.2.24)), the statement “R
is a valuation ring” can be expressed in a first-order manner using the language
of rings. Hence, it suffices to define R, . in L using the language of rings since

we would then be able to express the above-mentioned statement that Rk, . is a

valuation ring in a first-order way.

Towards this end, we begin by claiming that

Rioe(L) = {p(®) + %(y) +(2) | 2,y,2 € L}

which would, in turn, imply that Rf,. is (existentially) definable in L using the

language Zing. Indeed,
L€ Rgoe == 3z 3y Iz (I=) +%(1Y) +%m(2).

We proceed to prove the claim asserting the above definition of Rf,.. For any

x,y,z € L, the fact that there exists some [ € Rk . such that

Yo(T) + 1Y) +w(2) =1
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follows from Theorem 6.14 of |[PR|. It therefore suffices to show that for any

[ € R, ., we have the following:

l=7(z)+v(y) +7(2) for some z,y,z € L.

In order to prove this direction, we modify Part C of the proof of Theorem 3.11
in Efrat and Jarden’s Free Pseudo p-adically Closed Fields of Finite Corank (cf.
[EJ90]). The above-mentioned Theorem 3.11 provides necessary and sufficient
conditions for a field K to be pseudo p-adically closed with e ©-sites where e € N
— here, by a ©-site on a field K, we mean a pair (7, ¢) where 7 is a Q,-place and
on K and ¢ : K\ {0} — lim Q}/(Q)" is a homomorphism such that ¢(z) = m(x)
whenever z € K \ {0} and 7(z) # 0,00 (cf. page 134 of [EJI0]).

Let us begin by denoting the p-adic valuation of K by v,, and let us suppose
that vy, and vy, are the two (possibly non-distinct) valuations of L that extend
the p-adic valuation of K with valuation rings S,, and S,, respectively. Let us
further suppose that L"1 and L2 are the p-adic closures of L under v,, and v,
respectively, and let their corresponding valuation rings be S,, and S,, respectively.

For any | € Rf,., we have

V(@) +7%(Y) +1(2) — 1
_ - L yP —y 2P —z L
p(@—aP-1)  p-(r—9?-D p-(-22-1)
(2 —2) - (" —y)? = 1) - ((z" = 2)* = 1)
p-((a? =22 =1)- (P —y)* = 1) - (28 = 2)> = 1)
(P —2)?—1)- (y" —y) - (2" = 2)* = 1)
p((a? =2 =1) - ((? —y)* = 1)- ((=* —2)> = 1)
(@ —2) = 1) - (" —y)?* = 1) - (z" — 2)
p-((a? =2 =1 - (W —y)?=1)-((r =2 =1
pl-(@ -1 (0 -y’ -1 -((z"=2)°-1)
p-((a? =z =1) - ((? =) = 1) - (2" = 2)* = 1)

By Hensel’s Lemma, we note that the following polynomial has a zero in S, and Sy,:

+

_I_

FX)=p-l-((XP =X =1) = X"+ X.
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Let 1 and 3 be those zeros in Sy, and Sy, respectively. Denote by G(X,Y, Z)
the numerator of 7,(X) + 7,(Y) + v,(Z) — [, i.e.

GX,Y,2) =" —2)- (" —9)?*—1) - ((z" =2 = 1)
+ (@ =22 =1) (" —w) - ((P =2 = 1)
(@ =2 = 1) ("~ ) 1) (" = 2)
—p-l (@ = =1) (P =y = 1) ((F—2)? = 1)

In Reducibility of Polynomials in Several Variables II, Schinzel proves that if K
is a field of characteristic 0, n > 3, and f; € K(x;)\ K, where i € {1,2,...,n}, then
>, fi is irreducible over K (cf. Corollary 1 of [Sch85]). Using this result, we can
conclude that G(X,Y, Z) is indeed absolutely irreducible. Note that since x; is a
zero in S,,, we have that (z1,0,0) is a L"1-rational point of G(X,Y, 7). Similarly,
(22,0,0) is a Lz2-rational point of G(X,Y, Z). We further note that (z1,0,0) is,

in fact, a simple L":-rational point of the variety V(G) since

g}i(xl,0,0) = -1 mod pS,,.

Note that the same holds, correspondingly, for (x9,0,0).

We now point out that since K is a wonderful extension of Q (and therefore
satisfies the Local-Global principle as stated in Definition , if we consider
the family S of all prolongations of all p-adic valuations of K to L, then L still
satisfies the Local-Global principle for rational points with respect to this family S.
We point out that for an odd prime g # p, every element of the g-adic completion
of L does lie in Ry, .. Hence, we can conclude that V(G) does, in fact, have an
L-rational point, say, (x,y, z). Since the denominator of the p-Kochen operator does
not vanish on a formally p-adic field, we must have that v,(z) + v, (y) +7,(2) = 1 =

0, from whence we have that

Rioe (L) = {p(x) +7p(y) +7(2) | 7,y,2 € L}.
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By defining the p-Kochen ring within L in a first-order manner using %y, we
are able to effectively write a first-order statement to say that “Rj, . is a valuation
ring”. Let ¢, be such a statement, i.e. ¢, be the sentence in .Z;,, that asserts that
RY.. is a valuation ring. Now consider the following set T = {¢, | p € P\ {2}}.
One can readily see that T is indeed a Boolean independent set that is realisable
in quadratic extensions of a sufficiently saturated extension of K, where K is
a W-extension (alternatively, a WT-extension) of Q. This, in turn, enables us

to state the following theorem:

Theorem 3.3.1. There exists a finite extension of a sufficiently saturated extension

of a W-extension (alternatively, a wonderful extension) of Q that is undecidable.

The above theorem therefore allows us to conclude that there is an example of
a decidable field which admits an undecidable finite extension. We highlight that
we exploited the following facts about W-extensions (alternatively, a wonderful

extensions) of Q that allowed us to make this conclusion:

o W-extensions (alternatively, a wonderful extensions) of Q are
dectdable fields
As pointed out in Chapter 1, it was necessary to first find a “non-classical”

decidable field.

o a W-extension (alternatively, a wonderful extension) of Q is a
multi-valued field with a family of countably infinitely many valuation
Tings
If one were to take a quadratic extension of a field that admits a valuation ring,
then in the extension field, there are either one or two distinct valuation rings
that lie above that particular valuation ring. Since W-extensions (alternatively,

a wonderful extension) of Q admit countably infinitely many valuation rings,
we see that there are essentially 2% many different possibilities which can
arise (two possibilities for each valuation ring of the W-extension/ wonderful

extension of Q). Further, note that how one prime ramifies in the extension
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is not determined by how another distinct prime ramifies, and so these events
are clearly independent. Thus, within a sufficiently saturated extension of
the W-extension/ wonderful extension of @, one can ensure that all the 2%
many possibilities are realised — i.e. a sufficiently saturated extension of
the W-extension/ wonderful extension of Q would admit uncountably many
different quadratic extensions, with any quadratic extension differing from

another in the way a certain rational odd prime ramifies in them.

the difference between any two quadratic extensions as obtained
from the discussion above can be expressed in a first-order manner
By being able to define the p-adic Kochen ring in the language of rings, we
were able to express the statement that the p-adic Kochen ring is a valuation
ring. Depending on how the rational odd prime p ramifies in the extension,
this statement would either be true or false in the quadratic extension. This
allows us to distinguish any two different quadratic extensions of a sufficiently
saturated extension of a W-extension/ wonderful extension of Q in a first-order
way — being pairwise elementarily inequivalent means that the uncountably
many quadratic extensions result in uncountably many different theories, only

countably many of whom can be decidable.

Indeed, in light of our discussions in Subsection [2.2.2] the Cantor-esque counting

argument invoked indicates that most of the quadratic extensions of a sufficiently

saturated extension of a W-extension (or W-extension) of Q are undecidable.

Notice, however, that while we have shown that such undecidable finite extensions

of a decidable field do exist, we had not explicitly provided a concrete example of one

such undecidable finite extension. We now aim to provide an explicit construction

using the main ideas borrowed from our treatise above.

Let P, be a non-recursive subset of P\ {2}. Let K be a sufficiently saturated

extension of a W-extension (alternatively, W-extension) of Q such that « € K
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realises the type o(x) defined in the following manner:

o(r) := {RY,.(K(v/7)) is a valuation ring | p € Py} U

{R?. (K(y/7)) is not a valuation ring | p € P\ (P, U {2})}.

Note that for a prime ¢ # p, the number of valuation rings of the quadratic extension
that dominate R, is not dependent on the number of valuation rings of quadratic
extension that dominate R,. Hence, whether R (K (y/z)) is a valuation ring is not
affected by whether R .(K(y/x)) is a valuation for p # ¢, with p,q € P\ {2}. Let
L = K(y/a). Then clearly L is an undecidable finite extension of K, for otherwise,
one would be able to determine the membership of the non-recursive set of primes
by checking for which primes the corresponding p-adic Kochen ring is a valuation
ring. Since K is a sufficiently saturated extension of a W-extension (alternatively,
a W-extension) of Q, K is decidable by our exposition in Subsection m Hence,
we have constructed an explicit example of a decidable field which has a finite

extension that is undecidable, answering Question ((1.1.1)) in the negative.
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Well, some mathematics problems look simple, and
you try them for a year or so, and then you try them
for a hundred years, and it turns out that they’re
extremely hard to solve. There’s no reason why these
problems shouldn’t be easy, and yet they turn out to
be extremely intricate.

— Andrew Wiles

Attempts at Constructing a PAC

Counterexample
Contents
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While, on hindsight, the choice of W-extensions (and, indeed, W' -extensions) of
Q as suitable starting points to investigate in order to construct counterexamples to
answer (Question negatively appears rather natural in light of the properties
of those fields which we had highlighted at the end of the previous chapter, the
path taken to arrive at this result had not always been that straightforward. In
this brief final chapter, we aim to outline some of the avenues that were pursued in

order to construct a counterexample that would answer Question (1.1.1) negatively.

As was pointed out by Observation ((1.2.4)), in order for a field K to act as
a suitable base field to answer Question (|1.1.1) negatively, it must, at the very
least, be a decidable “non-classical” field. We had, earlier in this thesis, seen that

the class of pseudo alegbraically closed (PAC) fields (cf. Subsection [2.1.2)) happen

99
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to be one such class of “non-classical” fields which admit an easily describable
decidability criterion (cf. Theorem — the decidability of a PAC field K is
completely determined by the isomorphism types of the field K®# (which, in turn,
is determined by the set of polynomials in Z[X] with a root in K) and of the
restriction map Gxg — G (considered as morphism in the category of profinite
groups). Thus, a PAC field K is decidable if and only if the theory of the algebraic
part of K is decidable (in the language Zin,) and its absolute Galois group is
decidable (in the language Zcsis). Furthermore, given that it was within this class
of PAC fields that counterexamples to Abraham Robinson’s original question (cf.
Question and Question ([1.1.4))) were produced, we had naturally considered
PAC fields as promising candidates to help us arrive at a similar negative answer
to Question . While we have ultimately been unsuccessful in constructing
one such PAC counterexample, exploring this avenue has provided us with some
insights and has raised some interesting questions in the flavour of Question (|1.1.1])

that appear to be worth investigating in their own rights.

4.1 Modifying Known Counterexamples

In Chapter 2, we had noted that by a result of Lubotzky and van den Dries
(cf. Proposition 4.8 of [LD81]), a profinite group is projective if and only if it is
isomorphic to the absolute Galois group of some PAC field. We recall further that
finite extensions of PAC fields correspond to taking open subgroups of the associated
absolute Galois groups, i.e. if L is a finite field extension of a PAC field, K, then G, is
an open subgroup of Gg. Now, suppose we are looking to find a PAC counterexample
to Question . In order to find such a counterexample, we would, in essence,

have to answer the following question negatively in light of Theorem [2.1.6}

Question 4.1.1. Is an open subgroup of a decidable projective profinite group always

decidable?
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If we are able to find a decidable projective profinite group, G, which admits
an undecidable open subgroup H, then the PAC field K with absolute Galois
group, G = G, and algebraic part, K*& = Q, would be a decidable field which
admits an undecidable finite extension L which has absolute Galois group, G = H,
and algebraic part, L*® = Q. Our aim for the rest of the paper is to try and
find a suitable PAC counterexample to Question . Towards this end, we
will primarily focus on attempting to address Question . Note that the
counterexample that we had constructed in Chapter 3 would not be able to solve
the above question definitively — W-extensions (and similarly, W*-extensions) of
Q are not PAC fields and their absolute Galois groups are not projective profinite
groups. However, since absolute Galois groups are indeed profinite groups, it is

extremely likely that the following question does have a negative solution:
Question 4.1.2. Is an open subgroup of a decidable profinite group always decidable?

Again, we appeal to our W-extension (alternatively, W *-extension) of Q
counterexample from the previous chapter which does appear to hint at this negative
solution: The countably infinite Boolean independent set T we had described in
Section shows us that a (sufficiently saturated extension of a) W-extension
(and similarly, a W T-extension) of @ has uncountably many pairwise elementarily
inequivalent extensions L;’s such that for every ¢ € T, ¢ is satisfied by infinitely
many of the L;’s and not satisfied by infinitely many other L;’s. Notice that these
pairwise elementarily inequivalent extensions were obtained by considerations of
the residue fields rather than through their absolute Galois groups. By Theorem
4.1 of [Koe95|, we know that if the absolute Galois group of L; is p-adic — i.e.
G, = Gy, for some finite extension F; of Q, — then L; is p-adically closed, i.e.
L; is elementarily equivalent to some finite extension of QQ,,. Since this fits within
the framework we are considering, we can in some sense “convert this story” to
address the absolute Galois groups of each of the L;’s instead. Indeed, for i # j,
note that since L; # L;, L; and L; cannot both be elementarily equivalent to the

same finite extension of Q, for some fixed prime p, so we have that Gr, # Gg,.
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However, as demonstrated, our set-up only allows us to conclude that the absolute
Galois group of the L;’s are all pairwise non-isomorphic. While we suspect that the
absolute Galois group of these L;’s would also be pairwise elementarily inequivalent
(and possibly be such that one can, in addition, find some other countably infinite
Boolean independent set Y’ with the property that whenever ¢ € Y’, then ¢ is true
in infinitely many Gp,’s and false in infinitely many other Gp,’s), at the moment

of this writing, we do not yet have a convincing argument for this assertion.

On the other hand, in light of Observation ([1.2.6) and our exposition following
Remark [2.1.11] we do have partial answers to the above questions based on the

following lemma — the proof of which follows in exactly the same way as that

of Observation (|1.2.6):

Lemma 4.1.3. If K is a decidable field with small absolute Galois group and of
finite degree of imperfection, then every finite extension of K is decidable. In
particular, if K is a decidable PAC field whose absolute Galois group Gk (which
is a projective profinite group) is small, then every open subgroup of G is also

decidable.

While Question (4.1.1]) and Question (4.1.2)) do remain open for the most part,

it is worth noting that there are, in fact, undecidable projective profinite groups, G,
which have decidable open subgroups. Indeed, the construction of an undecidable
PAC field, K, such that all proper finite extensions of K are (isomorphic and)
decidable as provided by Cherlin, van den Dries, and Macintyre in [CDM80a] give

us one such example of a projective profinite group G:

Example 4.1.1 (“C-D-M” Example). Let f be a non-recursive function from the
set of finite simple non-abelian groups to w. We then take G to be the closed
normal subgroup of F,, such that for any set S, f(S) is the largest k such that
Sk is a continuous image of G. That such a closed normal subgroup exists follows

from Theorem 3.3 of [Mel7§|. G is clearly undecidable in Zgis by virtue of its
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construction. On the other hand, if H is a proper open subgroup of G, then ‘H = E,,

and Z:L is known to be decidable.

We provide another, more illuminating, example of an undecidable (projective)
profinite group which has a decidable open subgroup which would also form the

basis of yet another counterexample to Robinson’s original question:

Example 4.1.2 (“Semi-Direct Product” Example). Suppose P, is a non-recursive

set of odd primes, and

Q = H Zp X ZQ,

p odd primes

where Z, is the ring of p-adic integers. Let a be a generator of Z, such that the

action of Zy on [  Z, is given as follows:
p odd prime

qba:

Identity on Z, if p € Py,
Inversion on Z,, if p & Py,.

Note that G is undecidable (in the language Zcgis) since we can essentially identify
the non-recursive set P, in the following manner:
pE€Py < Z/pZ x7Z/27 is a finite quotient of G.

On the other hand, let

H = I 2z, %422,
p odd primes
Note further that (G : %) = 2 and that the (induced) action of 2Z, on [ Z,
p odd prime
is simply the identity on Z, for all odd primes p. Thus,
H= [ Z,xs2Z:= T[] Z,x22,=][2,27,

p odd primes p odd primes peP

which is known to be decidable.

Earlier attempts to modify the above-mentioned examples to construct a
decidable projective profinite group with an undecidable open subgroup proved
to be tricky. The main objective in all these attempts was to “mask” some sort

of undecidability which would be expressed only within an open subgroup of the
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constructed projective profinite group. In the example provided by Cherlin, van den
Dries and Macintyre, properties of E., were exploited in order to get an undecidable
projective profinite group (an undecidable closed normal subgroup of ﬁw) with an
open subgroup that was decidable — indeed, any open subgroup of the constructed
projective profinite group was isomorphic to E., and that was known to be decidable.

The specificity of this example made it difficult to be generalised to suit our needs.

On the other hand, the second example provided above involving the semi-direct
products (cf. Example appeared to be a little more susceptible to generalisations:
For suppose

G= I 2Z, xy (Zs 11, Z»)
p odd prime
where Z, is the group of p-adic integers, and []; is the free pro-2 product. Note
that (Zs 1l Zs) is, in fact, a free pro-2 group of two generators, say « and 3 — for
brevity of notation, henceforth, we will denote the group (Zy Iy Zs) by F5(2). We
further note that G is indeed a projective profinite group since, for every prime p, the
Sylow p-subgroups of G are free pro-p groups. Now suppose P, is a non-recursive

set of odd primes as above. We define the action of £5(2) on Il Z, as follows:

p odd prime

by = Identity on Z, if p € Py,
Inversion on Z, if p & Py,.

Inversion on Z, if p € P,,.

Identity on Z, if p & Py,
Pp =

This complementary action of FQ(Z) on |][ Z, was defined in such a way that
p odd prime
attempted to “mask” the non-recursive set from being expressed within G. We
first aim to show that the following open subgroup
H= J] 2Z, xs ker(¢)

p odd prime

of G is undecidable. Here,

W Fy(2) — Z)27
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is an epimorphism such that ¢ (a) = s and ¥ (3) = ¥(a?) = 1 where Z/27 = {1, s}
with s? = 1. Clearly, we have that (F}(Z) ; ker(z,b)) = 2. We point out that ker())
is, in fact, the normal closure of the subgroup generated by the set {a?, 3} in
F2(2). Further, by the Nielsen-Schrier formula, we have that the rank — i.e. the
minimum number of topological generators — of ker(¢) is 3. It is clear that both

o? and 3 are generators of ker(z). Notice that
Yatpa)=5"1-1-5s=1

and so o~ !Ba € ker(¢)). Thus, let ker(v)) = (a?, 3,a !Ba). The (induced) action
of ker(¥) on  [[  Z, is then given as follows:

p odd prime

¢q2 = Identity on Z, for all odd primes p.

Identity on Z, if p € Py,
¢ﬁ = (ba—lﬁa = . .

Inversion on Z, if p € P,,.
Now, one can show that Z/2Z x Z/2Z x Z/2Z is indeed a finite quotient of ker(v)).
Thus, we would be able to express the complement of the non-recursive set P,

(which, itself, is yet another non-recursive set of odd primes) in the following way:
p€Py < Z/pL x ZLJ2Z x Z/27Z x 7/27 is a finite quotient of H.

Indeed, if p € P,,, then the action is non-trivial on Z, and hence we cannot have
a direct product. If, on the other hand, p & P,,, then the action is indeed trivial
on Z, and so the semi-direct product in our formulation is just the direct product.

This implies that H is undecidable.

However, as it turns out, the non-recursive set P, was already “visible” within
G, albeit in a rather convoluted way: For suppose we fix some odd prime p € Q.
Note that we know that either p € P, or p € P,,. Now, we could ask whether,
for any odd prime g # p, the group action on Z, is the same as that on Z,. This,
in essence, allows us to partition the set of odd primes into two classes — those

odd primes ¢ # p for which the group action on Z, is the same as that on Z,, and
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those odd primes ¢ # p for which the group action on Z, is different from that on
Z,. One of these classes corresponds to the non-recursive set P, (while the other
corresponds to its complement), and the above exposition demonstrates that one
could essentially reference either of the non-recursive sets (P, or its complement)
within G, implying that G had to, itself, be undecidable, for otherwise, one would

be able to effectively determine the membership of a non-recursive set of odd primes.

Note that pushing Example to further generalisations by constructing G as

G= [ Z %o |Zo1la Zo 1l -1 Zo|= J[ Z %6 Eu(2)

p odd prime p odd prime

n copies

where F,(2) denotes the free pro-2 group of n generators formed by a free pro-2
product of n copies of Zs, would not yield a counterexample that is very much more
different from the one with just two copies of Zs as constructed above — indeed, in this
case, one would simply have to take (n — 1) distinct odd primes (instead of just one
odd prime, as was the case for F5(2)), and ask whether the action of Z, for any odd
prime ¢ that is distinct from the pre-selected (n — 1) odd primes is the same as the
action of Z, for any one of the primes p among the (n— 1) primes chosen. Thus, the
constructed G in all these situations has to be undecidable as well, thereby making

them unsuitable to be potential candidates to answer Question (|4.1.1)) negatively.

4.2 Coding “Undecidability”

As alluded to in the previous section, the main strategy that we had attempted
to employ in order to find a negative solution to Question (|1.1.1)) was to “mask”
some undecidability within a projective profinite group that would be expressed
only within one of its open subgroups. Two main questions naturally arise during

the implementation of this strategy:

1. How can one “code” some undecidability within a projective profinite group?

2. What would this “undecidability” be?
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In this section, we aim to address these two questions partially and provide an

insight into the thought process surrounding the above-mentioned strategy.

4.2.1 Addressing Question 1

Taking inspiration from the works of Cherlin, van den Dries, and Macintyre (cf.
[CDMS80a[; |[CDMS80b]), we believed that one way of tackling the first question
was by coding the undecidability within graph structures. The above-mentioned
manuscripts then provide the technical means by which one could construct
projective profinite groups based on the given graph structures that, in turn,
interpret the underlying graph structure from which the group was constructed
from. For the sake of being self-contained, we describe in some detail the set-up
and this C-D-M Construction of a projective profinite group from a given graph,
elaborating Section 7.3 of [CDM80a]. We further refer one to Section 6 to 10 of
Chapter 28, in the encyclopedic volume of Michael D. Fried and Moshe Jarden (cf.
[FJO8]) which cover this technical means of coding graphs in projective profinite
groups in much greater detail. As it was pointed out to us after the submission of
this thesis, the materials covered especially in Section 8 to 10 appear to resolve

Question 1.

Throughout this section, we fix two distinct odd primes p and q. Let us suppose
that V' is a vector space over 5. Suppose further that H and Z are families of
linear subspaces of V' of codimension 1, A is a vector space over F, by taking
(am)mew as a basis, and B is a vector space over [F, by taking (by)rez as a basis.
We define an action of the additive group V on the additive group A & B in the
following way: for any v € V|

ag ifve H by ifvel
ay = b] =
—ay fvég H —by ifvegl
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Let us suppose that ¢ : V' — Aut(A& B) is a homomorphism such that ¢, (ay) = al;
and ¢, (br) = by, and define G := (A @ B) x, V. We now try and identify all normal
subgroups N of G such that

(i) G/N =TFy;
(i) p
(111) G/N g Dq e <7"’8 | rq — 82 — 1’ 3_17"8 — ,,,.—1)

In order to accomplish (i), we consider an epimorphism ¢ : G — Fy and aim
to show that A @ B C ker(p), i.e. ¢(a,b,ey) = ep, for any a € A and b € B.
Suppose to the contrary that ¢(a,b,ey) # ep,. Then ¢(a,b,ey) = n for some
n € Fy \ {er,}. Recall that for G = (A® B) x, V, the external semi-direct product

has the multiplication given by the following rule:

(ah bh”l) *a@ (az, b27U2) = (al *A ¢U1(a2), by *p %1(52), U1 *v UQ),

where %4, *p, and %y are the group operations for A, B, and V respectively. Now

consider

<p(a, b, eV)p = @(CL? b, eV) : 90<G7 b, eV) """ 90<Q7 b, eV)
p times

=y ((CL, ba 6\/) *G - kG ((I, b> eV))

=@ lakxg---*kaa, bxg---*xgb, ey xy - %y ey

p times p times p times

=p|eéa, bxp---*xpb, ey
—_———

p times

Note further that p(a,b, ey )P = n?. Since n € Fy \ {ep,}, we have that n? = ey,.
Further, since p is an odd prime, p = 1 mod 2, and so n? = n?+1 = n?k . pn =

n. We therefore have that

o |ea, bxp---xpb, ev | = ¢(a,bey)’ =n.
—_—

p times
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Now consider

2 €A7b*B"'*Bb76V =@ eAab*B"'*Bbaev S V2 6A7b>|<B"'>ka76V
—_——— —_——— —_———
p times p times p times
q times

=@ (€A, bxg---*pb, 6\/)*G"'*G(€A, bxp---*pb, €V)
— —_—

p times p times

q times

=@ |€a*a---*p6€4, bxg---*pb, ey *y -+ *y ey

q times pq times q times

=@ |eq, €EB*p - *pEpR, €y

p times

=@ (eAa €B, eV)

= €F,.
q
Note that ¢ | ea, b*p---*pb, ey | = n? and since n € Fy \ {ep, }, we have that
[ —
p times
n? = ep,. Further, since ¢ is an odd prime, ¢ = 1 mod 2, and so n? = n**! =
n?* .n = n. However, as we had mentioned, n # ep, and so it must be the case that

A® B C ker(p).

Now we consider the following exact sequence:

0 — A®B — G — V — 0.

Correspondingly, we also have the following:

0 — ker(p) — G 2 Fy — 0.

Now consider the following:
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Since G/(A® B) 2V, we get (a,b,v) & (ea,ep,v). As such, we have that

¢(€A7 €B, U) = QO(CL? b, 1))

= ((a,b,ev) *¢ (ea,ep,0))

since ¢, (e4) = e and ¢., (ep) = ep. Therefore, we have that

Y(ea,ep,v) = ¢ ((a,b,ey) *q (ea,ep,v))
= QO(CL, b7 6V> : QO(GA’ €B, U)
= ep, - p(ea, ep,v)

= p(ea,ep,v).
So we have that ¢y = ¢ and so
0 — ker()) — V -2 F, — 0.
We thus have that

V/ker(¢) = F
V/ ker(y)

12

[y
dimp, (V/ker(¢)) = dimp, (F2) =1
dimp, (V') — dimg, (ker(y)) =1

Pl

codim (ker(y)) =

Note that ker(¢) thus corresponds to those normal subgroups N of G such that
G/N = F,. This concludes (i).
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We now attempt to address (ii), i.e. find all normal subgroups N of G such
that G/N = D,,. Towards this end, consider an epimorphism ¢ : G — D,,. We first
aim to show that B C ker(y), i.e. p(ea,b,ey) = ep, for all b € B. For notation
convenience, let us denote the identity ep, of D, by 1. Suppose ¢(e4,b,ey) = r™s"

for1 <m < pand 1 <n < 2. Now consider

Q0(€A, bu eV)q - 90(6147 ba GV) e QD(GA, b7 €V)

q times

= | (ea,bey) *g -+ *g (ea, b ey)

q times

=@ |eaxa---*kaen, bxp---xpb, ey xy - ky ey

q times q times q times

= 90<€A> €B, €V>

=1
Now, note also that

olea,byey)? = (r"s")?

= pMagnd,
Thus, given that ¢(ea, b, ey )? = 1, we must have that ™% =1 and s" = 1, i.e.
mg=0 modp and ng=0 mod 2.
Since p and ¢ are distinct odd primes, we must have that
m=0 modp and n=0 mod 2.
Given that 1 < m < pand 1 <n < 2, we can conclude that m = p and n = 2.
Thus, we have that p(e4,b, ey) = rPs?> =1 and so B C ker(¢p).
Note that p(A,ep,ey) = (r) and p(ea,ep, V) = (s). Now let us take Hy € H
such that p(apm,,ep,ev) # 1. We aim to show that

ker(p) = ((amg | H # Hy) ® B) x H,.
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Towards this end, we first show that for all v € Hy, ¢(ea,ep,v) = 1. Note that

ov(apg,) = ap,. Now consider

QO(@A, 6371})2 = (10<€A7 eBa'U) : (10(6147 GB,U)

We point out that if (a,b,v) € G, then we have that
(&, bav)_l = <¢v*1(a_1)a qﬁv*l(b_l)? U_l) .
Consider the following

QD(EA,QB,U)il ' 90(61,63,6\/) : 90<€A>€B7U)'

-1

Note that p(es,ep,v)™! = ¢ ((ea,ep,v)™). Now,

90((6,476377))71 xq (a,ep,ey) *q (€A,€B,U))

((%*1(621% gbv*l(e]_i’l)’ U_l) *a (CL, eBaeV) *a@ (eAaerU))

(eA,eB, ) *¢ (a,ep,ev) *¢g (eA,eB,v))
((gbv 1(a),ep,v _1> * (eA,eB,v))
(va 1( ) 63,6\/)

'
'd
'
¥

Now note that since ¢, (ag) = ag, we have that ¢,-1(ag) = ¢,(an), for otherwise,
we would have that
ag ifvgH
¢v—1 (aH) =

—ay ifveH

If v € H, we would have that p,-1 (¢,(ag)) = ¢p-1(ag) = —ay. But, ¢,-1 (¢y(ay)) =
Gv-10(ag) = ¢e,(ag) = apg, a contradiction. We thus have that ¢,-1(a) =
¢,(a). Hence,

90(6147 €B, ,U)il : 90<CL, €B, eV) : SO(EA, €B, 'U) - SD((bv(a), €B, eV)-
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Let us suppose that a = apg,. In this case,

¢(€A7 €B, U)_l ° (;O(aHoy €B, 6V) . 80(614’ €B, U) - (,D(va(CLHO), €B, 6‘/)‘

Since v € H,,

v(ea, ep, U)_l ~plamy, e, ev) - plea,en,v) = p(p,(an,), en, ev)

— SO(aH07 €B, 6V)'

Now suppose that ¢(am,,ep, ey) = r™ where 1 < m < p (since p(an,, ep,ev) # 1).
1

Suppose ¢(ea,ep,v) = s # 1. Note that p(es,ep, V) = (s), with s* =

So, we have that

We also have that s7'-7r-s = r~1. Now,

Then,
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Since r # 1, r*™ = 1 holds if and only if 2m = 0 mod p (since r? = 1). Given
that p is an odd prime, 2m = 0 mod p implies that m =0 mod p. However, we
had earlier noted that 1 < m < p, so m Z 0 mod p. Hence, it must be the case
o(ea,ep,v) =1 for all v € Hy. We therefore have that Hy C ker(yp).

Note that Hy is a subspace of V' of codimension 1. Now, for H € H, H # H,,
we take v € Hy \ H. In this instance, we point out that ¢,(ay) = —ay. We aim

to show that ¢(ay,ep,ev)™! = p(an,ep,ey). Consider

plan,ep,ev) ™ = ¢ ((aH, en, €V)71)
= (cbe;l (—an), ¢.-1(en), €v)

= @(_aH7€BaeV) :

Now,

QO(GA,GB,U) : 80(—GH7€B,€V) =¢((€A,€B,U) *a (—GH,GB,GV))

=y (ay,ep,v).

Since ¢(ea,ep,v) = 1 for all v € Hy, we have that

olag,ep,v) = ¢ ((ag,ep,ev) *¢ (ea,ep,v))
:90<CLH7637€V) : QO(GA7€B,U)

— ¢<GH7 €B, €V)'

We therefore have shown that o(ag, ep, ev)™ = o(ag, ep, ey) as required.

Now suppose ¢(ag,ep,ey) = r™ for some 1 < m < p. Since we have that
Qp(aHaeBae‘/)il - go(aH7637€V)7
= (Mm)yt=ym

= r"=r



4. Attempts at Constructing a PAC Counterexample 115

Since r # 1 and r? = 1, we know that 2m = 0 mod p. Again, since p is an odd
prime, we get that m =0 mod p and so m = p. Thus, p(ag,ep,ey) =1 =1 from

whence we get that (ay | H # Hy) C ker(p). We can therefore conclude that
ker(¢) = ({(ag | H # Hy) @ B) x Hy.

So if Hy € H, take
N = ({ag | H e H\ {Hy}) ® B) x H,.

N is then a normal subgroup of G such that G/N = D,. This concludes (ii).

To address (iii), one merely repeats the steps in (ii) by modifying it accordingly

to address the prime ¢ instead of the prime p. This leads us to the following:
ker(p) = (A® (br [ I # Io)) > Lo,

and if Iy € Z, take
N=A& | IeZ\{l})) xI.

This N is a normal subgroup of G such that G/N = D,, concluding (iii).

Coding Graphs from Profinite Groups and Vice-Versa

With the above set-up, we now show that given a projective profinite group G, we can
construct a graph I'(G). Note that G plays the role of G from above. Again, suppose
that p and ¢ are distinct odd primes. We take the set of vertices of I'(G) to be the
set of open normal subgroups N of G such that G/N = D,. We point out that from

our set-up above, we can identify H with the underlying set of I'(G) via the map
Ho— ((ag | He H\{Hy})® B) x H,y.

Now, for every normal subgroup N with G/N = D,,, we note that there exists a
unique open normal subgroup N’ such that N’ O N with G/N’' = Fy. We define the

edge relation, F, in the following way: “vertices” N; and Ny are adjacent if and only if
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J N1 #Ng and

 there exists an open normal subgroup M such that M O N N N, with
G/M = Fy such that there is an open normal subgroup N with N C M and
G/N = D,.

This coding allows us to identify the vertices as the family H, and the graph relation
by the following: If Hy, Hy € H, then (Hy, Hy) € E (i.e. H; and H, are adjacent)
if and only if H; # H, and there exists [ € 7 with H; N Hy C I.

Thus far, we have seen how, given a projective profinite group G, we can construct
a graph T'(G). Now, we show that given a graph I', we can construct a projective
profinite group G such that I' = I'(G). By an abuse of notation, let us denote the
set of vertices of I' by I', and let the set of edges be denoted by E. We say that
(v1,v9) € E whenever vy and vy are adjacent (in the graph-theoretic sense). Let

V' denote a vector space over Fy with basis (v,),er, and let
H, = (v | 8 # 7).
Note that H, is a linear subspace of V' of codimension 1. Let
H={H,|yeT}.
For v # ¢, let
1(7,6) = (v, +v5) ® (0| A7, A# ).
Note that I(y,0) is also a linear subspace of V' of codimension 1. Let
T={1(7,9) | (n,9) € E}.
We can then construct the projective profinite group by taking
« A to be a vector space over F, with basis (ay)pgen

« B to be a vector space over F, with basis (br)ez.
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Let the additive group V act on the additive group A ® B by

by =

ag ifve H by ifvel
ay =
by gl

—Qpg lfUQH

Taking ¢ : V' — Aut(A® B) to be the corresponding homomorphism, we construct G

as

We are thus able to identify the set of elements in I'(G) with those in I', and so
also with those in H. The edge relation E of I'(G) holds between H, and Hj; if
and only if v # § and for some 7/, ' with v/ # ¢’ and (v/,0") € E we have that
I(v',6') 2 H, N H;.

Note, however, that there are exactly three subspaces of V' of codimension

1 containing H, N Hj, namely

1. Hy;

v

2. H(;;
3. 1(,9).

Clearly HNZ = @. So we must have that (H,, Hs) € E holds if and only if
I(v,d") = I(v,0) for some ~/,¢" with (7/,d") € E. But then, this would imply that
{v,0} ={/,0'} and so (v,0) € E. Thus, we have that (H,, Hs) € E if and only if
(7,6) € E. We can thus conclude that I'(G) = T'.

We now aim to justify our claim that the profinite group G constructed is indeed

projective. Towards this end, we recall the following definitions:

Definition 4.2.1 (Essential Epimorphism). An essential epimorphism p : Gy — G
s a surjective homomorphism of profinite groups such that there is no proper closed

subgroup Go of G1 with p(Goy) = Ga.
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Definition 4.2.2 (Projective Cover). A projective cover of a profinite group Gs
is an essential epimorphism p : G — Gy such that Gy is projective, i.e. a closed

subgroup Go of Gy is equal to Gy if and only if p(Go) = Go.

By a result of Banaschewski, we note that every profinite group has a projective
cover that is unique up to isomorphism (cf. Proposition 22.6.1 of [FJ0§]). For
notational convenience, if p : G — G, is a projective cover of Gy, we denote
the projective cover of Gy as p*(Gs). We will also, by an abuse of notation,
sometimes refer to Gy as the projective cover and use G; and p*(Gs) interchangeably

depending on the situation.

Remark 4.2.3. Note that the term universal Frattini covers is frequently used

to refer to projective covers.

In order to justify our claim that the profinite group thus constructed is indeed
projective, it suffices for us to show that for any profinite group G, we have
that I'(G) = T'(p*(G)). This therefore allows us to assume without any loss of
generality that G itself is a projective profinite group as we had done above.

Towards this end, let

p:p(G) =G

be the projective cover of G and H an open normal subgroup of p*(G) such that

one of the following conditions holds:
1. p*(G)/H = Fy; or
2. p*(G)/H = D,; or
3. p*(G)/H = D,.

Consider the induced epimorphism

0:p"(G)/H = G/p(H).
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We aim to show that # is an essential epimorphism, i.e. # is an epimorphism
such that there is no proper closed subgroup F' of p*(G)/H with 0(F) = G/p(H).
Suppose that F' is a subgroup of p*(G)/H with 0(F) = G/p(H), and let

¢:p'(9) = p"(9)/H

be an epimorphism. Consider the following commutative diagram:

p*(G) —— p"(9)/H

Identifying H with ker(¢), we have

0 (¢ (67 (F))) =G/p(H) and ¥ (p(¢ ' (F))) =G/p(H).
Thus, we have that
p(o7'(F) =6

= 67(F)=0'(0)
= F=0(p'(9) = p"(G)/H.

Therefore, 6 is indeed an essential epimorphism. Since 6 is an essential epimorphism,
we have that p*(G)/H = G/p(H). Now, since G/N = p*(G)/p~'(N) for every

open normal subgroup N of G, we have that

H =p~' (p(H)).
Thus, I'(G) and I'(p*(G)) are naturally isomorphic as sets via

N +— p '(N).
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One can further check that this map is also an isomorphism of I'(G) and I'(p*(G))
as graphs, thereby justifying our assumption that the constructed profinite group G

from a graph using the C-D-M Construction can indeed be taken to be a projective.

Remark 4.2.4. We point out that there are indeed several other ways of constructing
groups from graph structures, and we had earlier also attempted to construct groups
from graphs using the so-called Mekler’s Construction (cf. [Mek81] and Appendiz
A.3 of [Hod93]) in order to come up with a counterexample to answer Question
negatively. We briefly describe this Mekler’s construction and explain the reason

behind ultimately favouring the C-D-M Construction over Mekler’s Construction.

Definition 4.2.5 (Nilpotent Group of Class 2 and Prime Exponent p). Let G be
a group, and denote by |a,b] the commutator of group elements a,b € G, where
lab,b] = a~'b~tab. Denote by Z(G) :={a € G| forbe G, [a,b] =1} the centre
of the group G.

e The commutator subgroup of G is the group generated by |a,b] for a,b € G;

e G is nilpotent of class 2 (nil-2) if the commutator subgroup of G is contained

in Z(G);
e G is of exponent p if for all g € G, g = 1.
Some properties of a nilpotent group G of class 2 include: for all x,y,z € G
o [yl 2] =1
o [w-y, 2] =la, 2] [y, 2]
e [vy-2=[ryl-lz 2.

Denote by MY the variety of nilpotent groups of class 2 and exponent p. For a
graph T'= (V, E), we aim to define a group G(T') in the variety M5 by the following
presentation: the generators of the group G(I') are the vertex of T', the relations are
the equations |a,b] = 1 where a,b € V with (a,b) € E, i.e. if two vertices a and b

are connected in the graph I', then we make sure that the corresponding elements a*
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and b* of the group commute. In order for the properties of the graph to “transfer”
over to the group, we need a way of essentially “talking” about the graph within the
group. This is where the Mekler Construction comes in handy; it asserts that if the

graph I' is nice, then the graph is D-interpretable in the group.

Definition 4.2.6 (Nice Graph). A graph I' = (V| E) is nice if
(i) for each a,b € V distinct, there is a ¢ € V' such that (a,c) € E and (b,c) & E;
(i) any 2 vertices are adjacent to at most 1 vertex in common;

(iii) if 2 vertices are adjacent, then there is no third vertex to which they are both

adjacent to.

(i) basically ensures that there are more than 2 vertices such that for any 2 distinct
vertices, you can always find a third vertex which is joined to one but not the other.
(ii) asserts that no squares can occur in a nice graph, while (iii) assert that no

triangles can occur in a nice graph.

We point out that any graph can be made to be nice by the subdivision of an
edge. Let T" = (V', E') be any graph, then it could indeed be made into a nice graph
I' = (V,E) in the following way: Take V = V'U{v;}icipr by inserting a new vertex
v; into each edge (a,b) € E' such that (a,b) € E' is divided into (a,v;) € E and
(v;,b) € E.

Now let F be the free nilpotent group of class 2 and exponent p on the free
generators xg, x1,... (note that 0,1,... correspond to the vertices on the graph I").
By a result of MacHenry, we have that the centre, Z(F), of F is an abelian group
of exponent p that is freely generated by |x,,xs| for r # s andr < s (cf. [Mac60)).
Given a graph T, denote the group formed using Mekler’s construction as G(T).
Then,

GI)=F/N
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where N = ([x,,zs] | (r,s) € E). In [Mek81], Mekler shows that for any two nice
graphs T'y and Ty, we have that Ty = Ty if and only if G(I'y) = G(I's). Mekler
further provides a first-order interpretation (without parameters) which allows one

to interpret the underlying graph T' from the constructed group G(I').

While Mekler’s Construction in its original form only associates to each symmetric,
irreflexive nice graph a(n abstract) nilpotent group of class 2 and prime exponent
p, a recent paper by André Nies (cf. Section 7 of [Niel0]) asserts that one can
generalise this construction to form, instead, a profinite group — namely, one can
construct the profinite completion G(F) of G(I") with respect to a suitable basis
of neighbourhoods of the identity. Nies further shows that just as there was an
interpretation of the graph T' from the abstract group G(I'), Mekler’s interpretation
also carries through to this profinite setting, i.e. one can recover the nice graph I'
from the profinite group G(F) via essentially the same interpretation that Mekler

used to interpret I' from G(I').

This may indeed be another way of coding graphs into profinite groups. However,
what is lacking within this construction as compared to the C-D-M Construction
is the fact that the resulting profinite group obtained through this construction

need not necessarily be a projective profinite group. Thus, in order to address

uestion (4.1.1), one would first have to “move up” to a projective cover p* G(T
] p

of the resulting group G’(F), and this move might introduce some additional concerns
such as whether one could still interpret the nice graph within the projective cover
etc. It is for such technical concerns that the C-D-M Construction was eventually

preferred over Mekler’s Construction.

4.2.2 Addressing Question 2

Thus far, we have seen that one could construct a projective profinite group from
a (simple) graph (i.e. a graph with no multiple edges) in which the said-graph is

interpretable. This implies that if we are to find a negative solution to Question (4.1.1)),
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we must find a decidable simple graph, I', (in the graph language Zyaph == {£}
where £ is a binary relation symbol expressing the edge relation) from which we
could obtain an undecidable subgraph, IV, such that the relationship between the
graph and the subgraph translates correspondingly to the relationship between the
projective profinite group and the open subgroup. This highlights a major difficulty
in addressing Question 2 — other than trying to find the “right kind” of undecidability
that we want to “mask” in the graph that is only to be revealed in the subgraph,
we must also have a notion that naturally translates to the projective profinite
group/open subgroup relationship. For the moment, we focus on constructing
an undecidable graph, I, and checking whether we could expand this graph by
adding finitely many vertices and (possibly countably many) edges to I to obtain

a decidable graph, I'.

In the study of decidability of a structure 91, very often an undecidability
result is obtained in one of two ways: either arithmetic (or a related theory)m is
interpretable/definable within 90, or alternatively, there is some way of describing
a non-recursive set within 9. The former approach is used whenever the structure
9 is already given (and we want to show that it is undecidable), whereas the latter
technique is often employed in the construction of structures which we dictate to
be undecidable (as we have done for the most part throughout this thesis). In what
follows, we will show that while we can obtain an undecidable graph I'" using both
the above-mentioned techniques, masking the undecidability in the graph extension

I' proves to be quite a challenge.

We provide an example of a constructed graph IV in which the ring of natural
numbers can be interpreted. We will do this construction in stages. We first

claim that within the structure (N; R, 0,1,2) — where R is a suitably defined binary

@ Throughout the rest of this chapter, we will use the term “arithmetic” to mean the ring
structure of the natural numbers. By “a related theory” we specifically mean the Robinson
arithmetic, Q, which is a finitely axiomatised fragment of first-order Peano arithmetic that is
both recursively incompletable and essentially undecidable.
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relation symbol, and 0, 1, 2, are constant symbols — one could interpret the rational
numbers together with the operations of addition and multiplication. We will
construct a lattice of height 3 (i.e. every maximal chain of the lattice consists of 4
elements) that is isomorphic to our structure, and show that in that lattice, we could

interpret the rationals (together with the addition and multiplication operations).

Consider the (rational) affine plane 7 over the field of rational numbers, Q. We
denote by & a non-empty set of elements called points, and by £ a non-empty

collection of subsets of &2 called lines.

P =Q* ={(z,y) | z,y € Q},

le ¥ ifand only if [ = {(z,y) | ax + by = ¢},

where a,b,c € Q, a®> + b? # 0. Note that since we are considering an affine plane,

the following properties hold:

1. If P and @ are distinct points, then there is a unique line [ such that P €[
and @ € [ (we denote this line by I(P, Q));

2. If P is a point not contained in the line [, then there is a unique line m such

that P € m and m N1 = @ (so [ is parallel to m, denoted [ J/ m);
3. There are at least two points on each line.

Now consider the lattice L consisting of the points &2, the lines .Z, the whole plane
o/, and the empty set, partially ordered by inclusion (so we think of the language
of lattice as one containing simply the binary relation symbol “<” satisfying the
axiom that it is a partial order, and the axioms claiming the existence of the meet
and the join of two points of the lattice). Note that we can define the element
of the lattice which corresponds to the whole affine plane <7 by saying that it

is the “largest” element of the lattice:

e € L corresponds to o7 if and only if Vx € L z < e.
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Similarly,

e € L corresponds to @ if and only if Vx € L e < x.

For convenience, we let Max and Min denote the greatest and the smallest element
of the lattice corresponding to .« and @ respectively. Further, we can define the

set of elements of the lattice that corresponds to the set of points &:
peP <= (Min<e,) A Ve(e#Min—e £ep).

Denote this set by E». Note that here, e, is the element of the lattice that

corresponds to the point p € .

In a similar fashion, we could also define the set of elements of the lattice

that corresponds to the set of lines .Z:
le ¥ <= (e <Max) A Ve (e #Max — ¢ £ e).

Again, e; is an element of the lattice which corresponds to the line [ € .Z. Denote

this set of elements of the lattice by E«.

Distinct parallel lines in the affine plane are characterised by the property that
they do not intersect (i.e. no common point lies on the lines). In our lattice
ordered by inclusion, this is characterised by the property that their meet is @.
From the discussion above, we can see that the property of parallel lines can also

be expressed within the lattice:

() m) A (L #m)

<~

e,em €Ey ((e1#em) N Ae €Esp ((e<e)A(e<en))).

Now let the constants 0, 1,2 correspond to the three points (0,0), (1,0),(0,1) to
determine the coordinate system (affine transformations have 6 degrees of freedom
on a plane, so we need 3 distinct points). We now choose a bijection g : N — L which

maps the constants 0, 1 and 2 onto the points (0,0), (1,0), and (0, 1) respectively.
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We can then use g to “transfer” the order of the lattice onto N, and this obtained

order will be the relation R.

Since it is easier to work with the lattice than with the structure described above,
we first show that we can interpret the rational numbers, and the arithmetical
operations in the lattice. Then the bijection g would allow us to interpret the
same within our structure (N; R 0,1,2). We will employ techniques from Affine
Geometry to essentially define these arithmetical operations. We first note that in
Affine Geometry, we can only talk about addition and multiplication of points that
lie on a common line. So let us identify any rational number x with the point (z,0).
Then we can define “geometrically” the addition and multiplication of the points of

this form since they all lie on the common line, y = 0.

We recall the definition of addition in any affine plane (&2,.%). For a fixed line
l € &, pick a point O € [. Then for points A, C € [, we define A + C' as follows:

1. Select a point B that is not on [;

2. Let m be the line passing through B and parallel to [;

3. Let k be the line through A parallel (or equal) to (O, B);
4. Let D=mnNk;

5. Let n be the line through D parallel (or equal) to I(B, C);

6. A+ C is defined to be n N 1.
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Since this description of addition only involves concepts of lines, points, parallel
lines and intersection of lines, all of which, as we had seen above, are readily
“transferable” to the lattice, we can effectively talk about the addition of points
on the line y = 0. Note that the addition operation as defined by these steps
on the line y = 0 gives rise to the coordinate-wise addition as we would expect.
Also note that we needed to originally name the point O for the addition to be

defined; here our constants allow us to identify and name one such point immediately.

For the definition of multiplication, again take (£2,.Z) as the affine plane. For
a fixed line [ and O as above, pick another fixed point I different from O. For

points A and C' in [, multiply A and C as follows:

1. Select B not in [;

2. Let m be the line containing A and parallel (or equal) to I(, B);

3. Let D=mnI(O, B);

4. Let k be the line containing D and parallel (or equal) to (B, C);

5. A x C is defined to be kN 1.
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In this way, we can define multiplication on the line y = 0. Again, the constants

allow us to name a second point I immediately.

For a well-defined addition to satisfy the associative and commutative laws,
and for a well-defined multiplication to satisfy the associative law, Desargues’

Theorem is needed:
Theorem 4.2.7 (Desargues’ Theorem).

1. Suppose that A, B,C" are distinct non-collinear points with

(A A) ) (B, B') J] (C,CY),
I(A,B) /] (A, B), and
I(A,C) JI(A,C.

Then I(B,C) /| (B',C").
2. Suppose that A, B,C are distinct non-collinear points with
(A, A)YNI(B,B)YNI(C,C") =P,
I(A,B) JJ (A, B'), and
(A, C) ) I(A,C.
Then I(B,C) /| (B',C").
For multiplication to be commutative, Pappus’ Theorem is needed:

Theorem 4.2.8 (Pappus’ Theorem). Let I N'm = O, with P,Q, and R in | and
S, T, and U in m. Suppose also that I(P,T) /| I(Q,U) and I(Q,S) J/ (R, T). Then
I(P,S) )] I(R,U).

We note that our affine plane over Q satisfies both the above theorems (a result
in Affine Geometry) and as such, the addition and multiplication that we have
defined on a line satisfy all the necessary properties as we should expect from the
usual operations. Further, it suffices to define addition and multiplication on a

single line since we have the following theorem in Affine Geometry:
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Theorem 4.2.9. Let (£,.Z) be an affine plane. Suppose l,r € £. Then there
exists a bijective map f : 1 — r. That is, there exists a bijective correspondence

between the points of I and the points of r.

So if we think of the points (x,0) where z € Q as the new “rational numbers”,
we have a corresponding addition and multiplication operation based on Affine
Geometry as described above. Now we can define a bijection between the elements
of the lattice L and these new “rational numbers”, which will in turn allow us to

interpret arithmetic within the structure (N; R, 0,1,2).

We next show that we can modify this argument by removing the dependence of
the constants, thereby allowing us to show that (N; R) is also undecidable. Recall
that we needed the constants in order to name three non-collinear points so as to
be able to establish the coordinate system. The constants also were necessary to
help us define the addition and multiplication operations by identifying what were
essentially the additive and multiplicative identities. Thus, if three non-collinear
points could be defined and identified on our lattice, then the need for the constants

would disappear.

The idea is to use additional elements in order to distinguish some points of

the lattice. Let us begin with the lattice L from above, and suppose
X ={(00,1)} U {(z,0) |z eN}.

For every x € X, we add a new point, 2’ such that e, < e, in our lattice, and
2’ is incomparable with all lines and all points that are distinct from x. Denote
the resulting lattice by L*. Note that the definition of E5» as described above
still picks out the “old points” of L*, i.e. those elements of the lattice L that
corresponded with the old points. We can now define the set Ex: corresponding

to the set X’ in L* in the following way:

reX <= ey el ecEyp (e<ew).
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So the set of elements of the lattice L* that corresponds to the “points” of the affine
plane is now given by the set E» U Ex.. It is worth pointing out that the definition
of the set E» no longer identifies the set of lines of the affine plane in the new lattice

L*; indeed E&\Ex/ now corresponds to the set of lines.

Since we can identify the set X’ in the lattice L* as Ex/, we are able to identify the
set X too as Ex — these correspond to the set of elements that represent the points
of the new lattice that are “related” to the elements in Ex.. We can then identify

the elements corresponding to (0, 1), (0,0), and (1,0) in the following manner:
« Since all the elements of X except (0, 1) lie on the line y = 0,
z=(0,1)
<~
e, €Ex A N e€EL\Ex ((ex A1) N (Ve, €Ex (e, # ez) — (e, < 1))).

Denote this element by e(q ).

e The midpoint of a line segment joining points P and @ is the point M =
5(P 4+ Q). We can rewrite this as saying that M is the midpoint of the line
segment connecting P and @ if and only if M + M = P + (). Now the point
(0,0) can be distinguished from the other points of the set X\{(0,1)} by

saying that it is not the centre of any segment with endpoints in X\{(0,1)}:
2=1(0,0) <= zeX\{(0,1)} A Vz,ye X\{(0,1)} (z+2z#z+y).

Since each point on the affine plane corresponds to some element in the lattice,
the element corresponding to the point (0,0) can be identified. We denote
this element of the lattice by e ).

o In a similar fashion, the point (1,0) can be identified as the centre of exactly

one such line segment:
z2=(1,0) <= zeX\{(0,1)} A 3 2,y X\{(0,1)} (z4+z=z+7y).

We denote this element of the lattice by e o).
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Note that the lattice L* is still of height 3. With the three distinguished points,

we can then define the binary relation R for this lattice L* as we had done before for L.

Now we construct a graph, IV, based on the above construction of the lattice L*.
We obtain the graph by considering the Hasse diagram (so transitivity relations are
excluded from the graph) and removing Max and Min from the lattice L* (and all
the “edges” incident with them). Furthermore, we disregard the direction of the
edges that is inherited from the lattice (note that in the lattice, inclusion was not
a symmetric relation). We thus get a bipartite graph with one sort being formed
by the set Es, and the other formed by the set Ey (the “new” points and the
lines are part of the same sort). Note that we could identify the set Exs in this
graph since these are the elements of the graph that have degree 1 — every other
vertex of this graph has infinite degree. Thus the set Ex can also be identified —
those vertices that are adjacent to the elements in the set Ex/. The set of vertices
corresponding to the points &2 of the affine plane, together with the additional
points that were added to the lattice L to get L*, can be identified by the following

description: Vertex v corresponds to a point if and only if either
1. v €Ex; or
2. v € Exs; or

3. Juy,ve with v1 # vy, vy € Ex and vy ¢ Ex such that (vy,v3) € R and
(v2,v) € R

Denote this set of vertices by V. Note that, in addition, for all vy, ve € Vi \Ex,
we have that (vy,v2) € R and if there exists vy, v5 € Vy» such that (vy,v3) € R,
then either v; € Ex and v9 € Ex/ or v € Ex and v; € Exs. The set of vertices
corresponding to the lines of the affine plane can then be identified by the following
description: Vertex v corresponds to a line in .Z if and only if v € V5. Denote
this set by V. So essentially these two sets, V4 and Vg, can be identified by their

“distances” away from the elements of the set Ex. Note that the universe of the
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graph V = V4 U Vy. In this way, we can interpret the rational numbers and the
operations on them by “identifying the affine structure” that allowed us to interpret

these sets and operations, thereby getting an undecidable graph.

In what follows, we provide an example of a graph I'" such that when a vertex
is removed, the resulting subgraph I interprets some non-recursive subset of N.
We will, however, also show that within this context, the non-recursive subset was
already interpretable within I" itself. Let us begin by having a disconnected graph
that contains countably many connected components, each connected component
is a complete graph of precisely size n for each n € N. Let S be a non-recursive
subset of N such that there is an extra vertex s connected to all those components
corresponding to the numbers in 9, i.e. if the number 3 is in .S, then the additional
vertex s is adjacent to all the vertices in the connected component of 3 elements.
Suppose further that there is another vertex ¢ such that ¢ is connected to all those
components corresponding to the numbers in the complement of S, i.e. if the number
5 is not in S, then the vertex t is adjacent to all the vertices in the connected
component of 5 elements. Let us denote the resulting graph by I'. Notice that if
we remove the vertex ¢ and all its adjacent edges, then the induced subgraph I
is undecidable — indeed, the non-recursive subset S becomes “visible” in I" since
membership of S can be determined by looking at the neighbourhood relationship
of the vertex s (which is definable as being the only vertex that has infinitely many

neighbours).

However, we point out that, in this case, I' itself must already be undeciable since
S is again “visible” within I': as with the situation in our attempted modification of
Example 4.1.2] we know that, say, the complete graph of 3 elements is adjacent to
either s or t. We can thus ask whether the complete graph of n elements is adjacent
to the same vertex (that has infinitely many neighbours) as the complete graph of
3 elements. Depending on whether 3 is in S or its complement, we would thus be

able to identify either S or its complement, noting that in either case, both sets are
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non-recursive. The graph I' would therefore need to be undecidable as well.
We now provide a brief example of a decidable graph, I', that becomes undecidable

when a finite number of vertices are removed. Let
S:={m+nc | m,n € Q, ¢ € R realises an undecidable Dedekind cut}.

Taking addition as being component-wise, S can be viewed as an ordered group
in the language . := {+,< ; 0,1}. Here, we also take the language £ to be
relational by interpreting “+” as a ternary relation symbol and interpreting “<” as
a binary relation symbol. Note that despite S containing “undecidable” elements
— namely, those elements that realise undecidable Dedekind cuts — the theory of
S in Z is itself decidable; indeed, we are able to effectively axiomatise the full
theory of S by saying how any two elements in S are related. On the other hand, if
the element ¢ € S is removed from the set, then we would, in particular, be able
to define the element 2c¢ € S — it is the only element in S\ {¢} which is not the
sum of two identical elements of S\ {c}, i.e. there is no x € S\ {c} such that
x 4+ x = 2c. Note that the element 2c¢ also realises an undecidable Dedekind cut.
Thus, we see that the theory of S\ {¢} would be undecidable. By coding the group
S into a suitable graph (within which we can still interpret the original group), we
would be able to produce a decidable graph with an undecidable subgraph. It is,
however, still relatively unclear whether the projective profinite groups that could
be obtained from these graphs would respect the projective profinite group/open
subgroup relationship that we expect in order to construct a counterexample to

Question (4.1.1]).

We end this paper with the following related question:

Question 4.2.10. If L is a finite extension of K such that the Robinson Arithmetic,
Q, is interpretable in L using ZLying (without any parameters), then is Q already be

interpretable in K using Ly, (without any parameters)?
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By modifying the above example, it appears that at least the “graph analogue”
of Question could be answered negatively — that there is a graph I'” and
a “finite” extension graph I' (in the sense as described above) such that the ring
structure of the natural numbers is interpretable in IV but not in I". However,

as of this moment, we are unsure whether this can be “generalised” to the field

setting as laid out in Question (4.2.10]).
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