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Abstract

This thesis presents a measurement of CP-violation in partially recon-

structed B± → D∗K± and B± → D∗π± decays, where the neutral pion and

photon from the D∗ → Dπ0 and D∗ → Dγ decays are not reconstructed. The

D meson is subsequently reconstructed in the D → K0
Sπ+π− or D → K0

SK+K−

final state. The measurement of CP-violation is performed by analysing the

distribution of the signal yields over the D-decay phase space, without rely-

ing on a D-decay amplitude model. Instead, inputs for strong phase-related

parameters measured at CLEO and BESIII are used. The measurement is per-

formed using proton-proton collision data collected by the LHCb experiment

at centre-of-mass energies of 7, 8, and 13 TeV, with a total integrated luminos-

ity of approximately 9 fb−1. The work in this thesis measures CP-violating

observables using partially reconstructed B± → D∗K± and B± → D∗π± de-

cays at LHCb. These observables are interpreted in terms of physical param-

eters, including the Cabibbo-Kobayashi-Maskawa angle, γ, a fundamental

Standard Model parameter. This is found to be γ = (92+21
−17)

◦, where the total

uncertainty includes the statistical and all systematic uncertainties.
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1

Introduction

The universe emerged from the Big Bang 14 billion years ago consisting of matter

and antimatter. They interacted in different ways resulting in a very small imbal-

ance between them; a single extra matter particle for every 10 billion antimatter

particles. This imbalance was sufficient that when they annihilated, matter sur-

vived, enabling the evolution of the early universe into the matter-dominated

one we see today.

In 1967, Andrei Sakharov proposed three conditions necessary for this matter-

antimatter asymmetry [2]. First, baryon number violation to allow a net imbal-

ance of matter and antimatter. Second, a departure from thermal equilibrium to

prevent the reversal of any baryon-number-violating process. Finally, the topic

of this thesis, C and CP-violation where the charge-conjugation operator (C) con-

verts particles to their antiparticles, and the parity operator (P) inverts spatial

coordinates.

The Standard Model provides a mechanism for CP-violation in weak inter-

actions. This, as of yet, has only been measured in the quark sector. There are

two types of CP-violation: indirect, which occurs via mixing, and direct, which

1



Chapter 1. Introduction

occurs in the decay itself. Indirect CP-violation was first observed in 1964 by

Christenson, Cronin, Fitch, and Turlay in the decay of neutral kaons after mix-

ing [3]. Direct CP-violation was also observed in the kaon system in the 1990s by

the NA48 experiment [4]. Since then, it has also been measured in the B system

by the BaBar [5], Belle [6], and LHCb collaborations [7], the latter also observ-

ing CP-violation in the charm sector [8]. In the B system, one of the ways that

CP-violation is studied is using precise measurements of the CP-violating phase,

γ; a fundamental Standard Model parameter. Direct measurements of this phase

can be achieved using tree-level decays, where new physics contributions can

be neglected [9]. These are compared to indirect measurements of γ which are

sensitive to new physics, thereby testing the Standard Model [10]. This test is

especially important in the study of CP-violation where measurements show that

the Standard Model description, discussed in Ch. 2, insufficiently describes the

observed matter-antimatter asymmetry in the universe. Precise measurements of

CP-violation, described in Ch. 3, are therefore essential to facilitate searches for

new physics which could account for these differences.

One such measurement is presented here using data collected by the LHCb ex-

periment. This is a dedicated heavy flavour physics experiment which is uniquely

optimised to measure CP-violation, as will be discussed in Ch. 4. In the present

work, the CP-violating phase γ is measured using B± → D∗K± and B± → D∗π±

decays, where decays of the D∗ meson to Dπ0 and Dγ are partially reconstructed,

and the resulting D meson is reconstructed in the K0
Sπ+π− or K0

SK+K− final state.

The strategy for this is described in Ch. 5. Of note is the use of partial reconstruc-

tion which means candidates are reconstructed as B± → DK± or B± → Dπ±.

This is described in Ch. 6. Partial reconstruction leads to greater signal yields but

2



Chapter 1. Introduction

also requires a careful consideration of backgrounds, which is explained in Ch. 7.

The measurement of γ is detailed in Ch. 8, with a discussion of the systematic

uncertainties in Ch. 9. This is followed by an interpretation of the results, as well

as a discussion of their implications in Ch. 10. Finally, the thesis is concluded in

Ch. 11 with a look to the future of CP-violation measurements.

3



2

Theoretical Background

2.1 | The Standard Model of Particle Physics
The Standard Model (SM) is our current understanding of particle physics. It de-

scribes the known fundamental particles and interactions between them, which

are also exchanges of particles. This is depicted in Fig. 2.1. In black are the

fermions, spin-1
2 particles, named as such since they obey Fermi-Dirac statistics.

The first two rows are the quarks, consisting of up-type quarks (first row) with

electric charge +2
3 e and down-type quarks (second row) with electric charge −1

3 e.

The third and fourth rows of fermions are the leptons, the electron (e), muon (µ),

and tau lepton (τ) each with electric charge −e, followed by the electrically neu-

tral neutrinos (νe, νµ, and ντ). There are three generations of fermions, indicated

by the three columns. For the quarks and charged leptons, these generations de-

pict the mass hierarchies within each sector. In comparison, the neutrino states

in Fig. 2.1 are superpositions of separate states with well-defined, and almost

negligible, masses. In addition to the fermions shown in Fig. 2.1, there are also

anti-fermions, for example ū. These are anti-particles which have the same mass

4



Chapter 2. Theoretical Background

and spin but opposite additive quantum numbers, such as electric charge.

In Fig. 2.1, the coloured letters depict the bosons, integer-spin particles which

obey Bose-Einstein statistics. In blue is the photon, a massless spin-1 particle

which mediates the electromagnetic force between the quarks and charged lep-

tons. These are, therefore, enclosed within the blue line in Fig. 2.1. In red is the

gluon, also a massless spin-1 particle, but this mediates the strong force between

the quarks. Only quarks (and antiquarks) can participate in the strong interac-

tion because they carry colour charge, denoted red, green, and blue. Quarks form

bound states called hadrons (in quark-antiquark pairs as mesons or three-quark

systems as baryons) which are observable and overall colour-neutral. In Fig. 2.1,

the W± and Z bosons are shown in green. These are massive spin-1 bosons which

mediate the weak force between all fermions.

Finally, in Fig. 2.1, in orange is the Higgs boson, a massive spin-0 particle,

which provides the mechanism by which all fundamental particles acquire their

mass. Therefore, in Fig. 2.1, it is shown to interact with all massive particles. The

Higgs boson is an excitation of the Higgs field, which has a non-zero vacuum

expectation value. As a result, when an initially massless particle interacts with

the non-zero Higgs field, it acquires mass [11].

The SM is one of the most well-tested theories in physics. Despite this, there

are a number of phenomena which are not described; gravity, dark matter and

dark energy, the masses of neutrinos, and the matter-antimatter asymmetry of

the universe. There are new physics searches for Beyond the Standard Model

(BSM) particles to describe these phenomena. To facilitate these searches, precise

measurements of SM parameters are needed. Of particular interest for this thesis

is the search for BSM physics to describe the matter-antimatter asymmetry of the

5



Chapter 2. Theoretical Background

Figure 2.1: Elementary SM particles with fermions in black and bosons in blue,
red, green, and orange where they interact with particles enclosed within their
coloured lines.

universe. To aid this, measurements of CP-violation in the SM are necessary.

2.2 | CP-Violation in the Quark Sector

Symmetries are a vital component of physics. Noether’s theorem states that for

every continuous symmetry there is a corresponding conserved quantity [12].

For example, symmetry under translations in time results in the conservation of

total energy. This concept underpins the SM where interactions between particles

are derived by requiring invariance under local U(1) × SU(2) × SU(3) gauge

transformations [13].

Discrete symmetries are of particular importance for the work in this thesis,

6
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specifically charge conjugation (C), parity (P), and time reversal (T). Charge con-

jugation replaces particles with their antiparticles, and vice versa, for example

transforming an u quark into an ū quark. Parity inverts spatial coordinates about

the origin, for example, transforming a spatial vector from x⃗ to −x⃗. Finally, time

reversal inverts time coordinates from t to −t. The combination of these three

transformations, CPT, is believed to be an exact symmetry of the universe, and

this is known as the CPT theorem [14]. However, any one, or a combination of

two of these discrete symmetries, can be broken. Specific to this thesis is the com-

bination of C and P, known as CP, which is not conserved in the SM in weak

interactions. This non-conservation of CP is known as CP-violation and is one

of Sakharov’s conditions necessary for the matter-antimatter asymmetry of the

universe to arise, as discussed in Ch. 1.

This thesis presents a SM measurement of CP-violation. In the SM, CP-violation

occurs at a much smaller level than that required by Sakharov’s conditions. There-

fore, such measurements cannot explain the matter-antimatter asymmetry of the

universe, but they can facilitate BSM searches. Standard Model-only measure-

ments are compared to measurements which can be altered by new physics con-

tributions, thereby guiding BSM searches. Then, if a BSM mechanism is found

which exhibits much larger CP-violation than the SM and was also prevalent in

the early universe, this could reconcile our understanding of particle physics and

the matter-antimatter asymmetry of the universe.

In the SM, CP-violation is present in weak interactions. As yet, this has only

been observed in the quark sector, and is the focus of this thesis, but evidence has

also been found in the neutrino sector [15]. In the quark sector, there are three

classifications of CP-violation. First, CP-violation in decay, where a decay rate

7
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and its CP-conjugate are not equal, Γ(M → f ) ̸= Γ(M → f̄ ), for initial states, M,

with CP-conjugates M, and final states, f , with CP-conjugates f̄ . Second, there

is CP-violation in mixing, where the rate of mixing for a neutral meson differs

under CP-conjugation, Γ(M → M) ̸= Γ(M → M). Finally, interference can oc-

cur between an initial state, M, reaching a final state, f , directly through decay

without mixing, M → f , and decaying after mixing, M → M → f . This will only

occur in decays where f is common to both M and M. For a charged initial state,

as is the case in this thesis, only CP-violation in decay is possible, and this is the

mechanism by which CP-violation is measured here.

The theoretical description of CP-violation in the quark sector is encoded in

the Cabibbo-Kobayashi-Maskawa (CKM) matrix [16,17]. This matrix relates mass

eigenstates, which constitute observed hadrons, with weak eigenstates, which

interact with the W± boson,


d′

s′

b′

 = VCKM


d

s

b

 =


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb




d

s

b

 , (2.1)

where the primes indicate the weak eigenstates. This enables quark mixing, for

example, Vud describes mixing between an up and down quark. The weak inter-

action vertex between an up quark and down quark is shown in Fig. 2.2 and the

corresponding term in the Lagrangian is [18],

L = − gW√
2

[
uγµW+

µ V∗
udd

]
, (2.2)

where gW is the weak coupling constant, γµ are the Gamma matrices [19], and

W+
µ represents the W+ boson.

8



Chapter 2. Theoretical Background

u

d

W+

Figure 2.2: Example of a weak interaction vertex between an up and down quark.

The construction of the CKM matrix can be understood as follows. To relate

the weak and mass eigenstates for three generations of quarks, a 3 × 3 matrix

is needed. Regardless of the representation (weak or mass eigenstate), the same

physics results are observed. This means that, if |ψ⟩ is the mass eigenstate and

|ψ′⟩ is the weak eigenstate,

⟨ψ|ψ⟩ = ⟨ψ′|ψ′⟩ = ⟨ψ|V†
CKMVCKM|ψ⟩, (2.3)

hence, V†
CKMVCKM = 1, i.e. the CKM matrix is unitary. This can also be written as

∑
k
|Vik|2 = 1 and ∑

k
VikV∗

jk = 0, (2.4)

where the i, j, and k indices run over the three generations of quarks. This results

in three independent constraints from the first condition and six from the second.

As a result, the 3 × 3 matrix with 18 parameters (from 9 complex elements) is

reduced to 9 independent parameters.

Furthermore, as the CKM matrix is unitary, and not real, there can be six com-

plex phases, one associated with each quark in either its mass or weak eigen-

state. Of these six phases, five are unphysical. This is because the term in the

9
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Lagrangian, Eq. 2.2, is unchanged by the transformations,

u → ue−iθu (2.5a)

d → deiθd (2.5b)

Vud → Vudei(θu−θd) (2.5c)

and therefore complex phases in the CKM matrix can be absorbed into the defi-

nitions of the eigenstates. An overall phase applied to all CKM elements has no

physical effect, i.e. VCKM → VCKMeiθ. Using this, a common phase can be fac-

torised out of all CKM elements. For example, θ = θu and the phases for the five

other quarks can be written as θd = θu + θ′d. This absorbs five of the six phases

into the quark definitions since θ′u = 0 and the transformations are

u → ue−iθu (2.6a)

d → deiθd (2.6b)

Vud → Vudei(θu−θd) = Vude−iθd (2.6c)

where the equality in Eq. 2.6c arises from physics results being invariant under

VCKM → VCKMeiθ, and therefore also Vud → Vudeiθu . As a result, these transforma-

tions do change the Lagrangian. Hence, only one complex phase has a physical

effect.

This means that the CKM matrix can be described by four parameters: three

quark–mixing angles, θ12, θ23, and θ13, and one complex phase, δCP. Due to this

complex phase, the CKM matrix is not identical to its complex conjugate and this

allows for CP-violation. For ease of notation, the cosine and sine of the quark-

mixing angles can be written as cij = cos(θij) and sij = sin(θij). The CKM matrix

10
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is thus written as

VCKM =


c12c13 s12c13 s13e−iδCP

−s12c23 − c12s23s13eiδCP c12c23 − s12s23s13eiδCP s23c13

s12c23 − c12c23s13eiδCP −c12s23 − s12c23s13eiδCP c23c13

 . (2.7)

This is the standard parameterisation [20], where terms along the diagonal are

largest. Experimentally, it has been determined that s13 ≪ s23 ≪ s12 ≪ 1, and

using this hierarchy, an alternative parameterisation [21] can be defined using,

s12 ≡ Aλ (2.8a)

s23 ≡ Aλ2 (2.8b)

s13eiδCP ≡ Aλ3(ρ + iη). (2.8c)

This is called the Wolfenstein parameterisation [21],

VCKM =


1 − λ2/2 λ Aλ3(ρ − iη)

−λ 1 − λ2/2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1

+O(λ4), (2.9)

where CP-violation is parameterised using the complex plane in ρ and η. Since

only the Vub and Vtd matrix elements are complex, CP-violation in kaons and D

mesons is negligible up to O(λ4). A visual representation of the Wolfenstein

parameterisation can be derived using the six vanishing constraints given by the

second condition in Eq. 2.4. Each term represents the side of a triangle and thus

a unitarity triangle can be drawn. The most common form arises from,

Vub
∗Vud + Vcb

∗Vcd + Vtb
∗Vtd = 0, (2.10)

which can be normalised and rearranged as,

1 +
Vtb

∗Vtd
Vcb

∗Vcd
+

Vub
∗Vud

Vcb
∗Vcd

= 0. (2.11)
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Chapter 2. Theoretical Background

Figure 2.3: The unitarity triangle as given in Ref. [18].

This form is particularly useful as each term in Eq. 2.11 can be represented by

a vector in the ρ − η plane and drawn to form the unitarity triangle shown in

Fig. 2.3. The three angles can be determined using the vectors, leading to

α ≡ arg
[
− Vtb

∗Vtd
Vub

∗Vud

]
β ≡ arg

[
−Vcb

∗Vcd
Vtb

∗Vtd

]
γ ≡ arg

[
−Vub

∗Vud
Vcb

∗Vcd

]
. (2.12)

The final angle is the CKM angle γ; the subject of this thesis1.

From the definitions in Eq. 2.12, it is clear that γ is the only angle which does

not involve top-quark couplings. As a result, only γ can be measured using solely

tree-level processes, as BSM physics can enter via top loops in the form of new,

heavy particles and exhibit CP-violation. Therefore, under the assumption that

tree-level processes do not include BSM physics [22, 23], direct measurements of

γ provide a SM benchmark.

1There is also a formulation that exists in literature where the CKM angles α, β, and γ are
denoted ϕ1, ϕ2, and ϕ3 respectively.
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2.3 | Testing Standard Model CP-Violation
The SM description of CP-violation is tested by comparing direct and indirect de-

terminations of γ. From Fig. 2.3, it is evident that indirect determinations of γ

can be ascertained using measurements of the other angles and sides and impos-

ing unitarity. Figure 2.4 demonstrates how this is possible by combining mea-

surements of ∆md, ∆ms, ϵK, and sin(2β). The ∆md(s) parameters are related to

B0
(s) – B0

(s) mixing, and ϵK is a measure of kaon-mixing. By combining these the

length of the side opposite γ can be determined. Then, measurements of sin(2β)

can be obtained from time-dependent CP-violation in, for example, B0
s → J/ψK0

S

decays. The CKMFitter group reports a combination of these indirect determina-

tions, γ = (65.29+0.72
−1.86)

◦, and a combination of direct measurements using tree-

level processes, γ = (65.9+3.3
−3.5)

◦ [24]. The comparison of these determinations,

and therefore the test of the SM, is currently limited by the experimental uncer-

tainty on direct γ measurements. Here, precision is driven by studies of charged

and neutral B → D(∗)K(∗) decays. Therefore, further precision measurements of

CP-violation in these decays are needed to enable closer tests of the SM.

13



Chapter 2. Theoretical Background

(a) Combinations of tree-level measurements for γ.

(b) Combinations of loop-level measurements for γ.

Figure 2.4: Figures from the CKMFitter group as of Summer 2023 [24] demon-
strating how various measurements are combined to determine γ (a) directly
from tree-level processes and (b) indirectly from loop-level processes.
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2.4 | Measuring γ in Tree-Level Decays

This thesis presents a study of charged B decays which only exhibit direct CP-

violation where Γ(M → f ) ̸= Γ(M → f̄ ). Since the decay rate, Γ, is proportional

to the modulus-squared of the amplitude, |A|2, to measure a CP-violating phase,

there must be interference between two or more contributing amplitudes to a de-

cay. For a decay, M → f , with CP-conjugate, M → f̄ , if each decay has two con-

tributing amplitudes which interfere, this interference can be depicted as shown

in Fig. 2.5, where the amplitudes are labelled.

Figure 2.5: Interference diagrams for (left) a generic M → f decay, and (right) its
CP-conjugate, M → f̄ decay, with interfering amplitudes labelled.

Each amplitude can be written in terms of the magnitude of the amplitude, a

CP-conserving phase (or strong phase), δ, due to strong and electromagnetic in-

teractions, and a CP-violating phase (or weak phase), ϕ, due to weak interactions.

For example,

A1 = |A1|ei(ϕ1+δ1). (2.13)

Since the M → f̄ decay is the CP-conjugate of the M → f decay, the following

15
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relations are true,

|A1,2| = |A1,2|, (2.14a)

δ1,2 = δ1,2, (2.14b)

ϕ1,2 = −ϕ1,2. (2.14c)

Using these relations, the total amplitudes for the M → f and M → f̄ decays can

be written as,

A(M → f ) ≡ A = |A1|ei( ϕ1+δ1) + |A2|ei( ϕ2+δ2), (2.15a)

A(M → f̄ ) ≡ A = |A1|ei(−ϕ1+δ1) + |A2|ei(−ϕ2+δ2). (2.15b)

Then, since these decays exhibit direct CP-violation and Γ(M → f ) ̸= Γ(M → f̄ ),

it can be deduced that |A|2 ̸= |A|2. Therefore, the difference between the modulus-

squared of these amplitudes can be determined,

|A|2 − |A|2 =
∣∣∣[|A1|ei( ϕ1+δ1) + |A2|ei( ϕ2+δ2)

]∣∣∣2 −∣∣∣[|A1|ei(−ϕ1+δ1) + |A2|ei(−ϕ2+δ2)
]∣∣∣2

=− 4|A1||A2| sin(δ1 − δ2) sin(ϕ1 − ϕ2).

(2.16)

This means that for direct CP-violation to occur, δ1 ̸= δ2 and ϕ1 ̸= ϕ2; the interfer-

ing amplitudes must have different strong and weak phases. This is the case for

B± → DK± decays, which are similar to the B± → D∗K± decays studied in this

thesis, and are used as an example for the theoretical formalism here. The impact

of the D∗ decay is established later in Ch. 3.4.

In B± → DK± decays, the D meson is a superposition of the D0 and D0

states, both of which decay to the same final state. Thus, there are two interfering

amplitudes, as shown in Fig. 2.6, with strong and weak phase differences, δB
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Figure 2.6: Interference diagrams for (left) B− → DK− decays, and (right) its
CP-conjugate, B+ → DK+ decays, where ( f )D is the D-decay final state and
amplitudes are labelled.

and γ. The weak phase difference is found to be γ because using the Feynman

diagrams for the B− → D0K− and B− → D0K− decays in Fig. 2.7, the weak phase

difference is ∆ϕ = arg
[

VcbVus
∗

VubVcs
∗

]
. As shown in Eq. 2.9, up to O(λ4),

Vud ≈ Vcs, (2.17a)

Vcd ≈ −Vus. (2.17b)

Therefore, the weak phase difference,

∆ϕ ≈ arg
[
− VcbVcd

∗

VubVud
∗

]
(2.18)

= arg
[
−Vub

∗Vud
Vcb

∗Vcd

]
(2.19)

= γ, (2.20)

can be equated to the CKM angle γ [25].

Figure 2.6 also shows the ratio of the magnitude of the amplitudes using a

parameter, rB. For B± → DK± decays, this is defined as

rB ≡
∣∣∣∣A(B− → D0K−)
A(B− → D0K−)

∣∣∣∣
≡

∣∣∣∣A(B+ → D0K+)

A(B+ → D0K+)

∣∣∣∣ ,
(2.21)
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Figure 2.7: Feynman diagrams showing (left) the B− → D0K− decay, and (right)
the B− → D0K− decay, where vertices are labelled with the appropriate CKM
matrix elements.

and accounts for the difference in magnitude of the strong, electromagnetic, and

weak interactions between the two B−, or B+, decays.

Using Fig. 2.6, the total amplitudes for each of the B− and B+ decays can be

written as

A(B− → DK−) = AB(AD0 + rBei(δB−γ)AD0), (2.22a)

A(B+ → DK+) = AB(AD0 + rBei(δB+γ)AD0). (2.22b)

The amplitude of the D0 decay can be written in terms AD0 and a ratio of the

magnitude of the D-decay amplitudes and the strong phase difference between

them,

AD0 = AD, (2.23a)

AD0 = ADrDe−iδD , (2.23b)

where there is no weak phase difference since CP-violation in D decays can be

ignored up to O(λ4) [26]. This is safe to do given current experimental precision

18



Chapter 2. Theoretical Background

on γ. Using this, the decay rates for the B− and B+ decays can be written as,

Γ(B− → DK−) ∝ 1 + r2
Dr2

B + 2rDrB[cos(δD) cos(δB − γ) + sin(δD) sin(δB − γ)],

(2.24a)

Γ(B+ → DK+) ∝ r2
D + r2

B + 2rDrB[cos(δD) cos(δB + γ)− sin(δD) sin(δB + γ)].

(2.24b)

These are general equations for any D-decay final state. If a specific D final state

is studied, this will alter the sizes of the rD and δD parameters and, therefore,

impact the methods by which CP-violation is measured.
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3

Methodology

There are many different D-decay final states that can be considered, leading to

different methods for measuring CP-violation. This chapter outlines some impor-

tant examples, then details the D-decay final state studied in this thesis and how

it is used to measure γ.

3.1 | Types of D-decay Final States
The most intuitive final states to consider are CP-eigenstates, such as D → K+K−,

D → π+π−, or D → K0
Sπ0. A CP-eigenstate is an eigenvector of the ĈP operator

with eigenvalues ±1. In this thesis, the convention chosen for this is

ĈP|ψ⟩ = ±|ψ⟩. (3.1)

If the CP eigenvalue is +1, then the final state is known as CP-even. If the eigen-

value is −1, the final state is CP-odd. This means that for a D-decay final state

which is a CP-eigenstate, rD = 1 and δD = 0 if it is CP-even, and δD = π if it

is CP-odd. For CP-even (CP+) and CP-odd (CP−) final states, the decay rates in
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Eq. 2.24 become

ΓCP±(B− → DK−) ∝ 1 + r2
B ± 2rB cos(δB − γ), (3.2a)

ΓCP±(B+ → DK+) ∝ 1 + r2
B ± 2rB cos(δB + γ). (3.2b)

Experimentally, these final states are measured using the GLW method [27, 28]

developed by Gronau, London, and Wyler, where the measured observables are

CP asymmetries and ratios. The CP asymmetries are defined as

ACP± ≡ ΓCP±(B− → DK−)− ΓCP±(B+ → DK+)

ΓCP±(B− → DK−) + ΓCP±(B+ → DK+)
, (3.3)

and using Eq. 3.2, they can be related to the physical parameters as,

ACP± =
±2rB sin δB sin γ

1 + r2
B ± 2rB cos δB cos γ

. (3.4)

The CP ratios are defined as

RCP± ≡ 2
ΓCP±(B− → DK−) + ΓCP±(B+ → DK+)

Γ(B− → D0K−) + Γ(B+ → D0K+)
, (3.5)

where Γ(B− → D0K−) and Γ(B+ → D0K+) are the decay rates to flavour-specific

D mesons. The relations to the physical parameters are

RCP± = 1 + r2
B ± 2rB cos δB cos γ. (3.6)

Final states which are CP-eigenstates are the simplest scenario, but do not nec-

essarily lead to large asymmetries, and therefore high sensitivity to γ. To achieve

this, decays with approximately equal magnitudes for rD and rB are needed to

maximise the interference term in the B± decay rates shown in Eq. 2.24. These

are Cabibbo-favoured decays, D0 → f , and doubly-Cabibbo-suppressed decays,

D0 → f . The canonical examples are favoured D0 → K−π+ decays and sup-

pressed D0 → K−π+ decays. The interference diagrams for such a final state
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Figure 3.1: Interference diagrams for (left) B− → DK− decays, and (right)
B+ → DK+ decays with labelled amplitudes for the final state, f = K−π+. Bold
arrows represent favoured amplitudes and the thin arrows represent suppressed
amplitudes.

are shown in Fig. 3.1, where the bold arrows represent favoured amplitudes and

the thin arrows represent suppressed amplitudes. In the B− diagram, there is a

path to the final state where the favoured B− → D0K− decay is followed by the

favoured D0 → K−π+ decay, and overall this decay chain has a large amplitude.

This interferes with the decay chain where the suppressed B− → D0K− decay

is followed by the suppressed D0 → K−π+ decay, which together have a very

small amplitude. The total decay rate for this can be written as

Γ f av(B− → DK−) ∝ 1 + r2
Br2

D + 2rBrD cos(δB + δD − γ). (3.7)

In the B+ diagram, the favoured B+ → D0K+ decay is followed by the sup-

pressed D0 → K−π+ decay, and interferes with the suppressed B+ → D0K+

decay followed by the favoured D0 → K−π+ decay. These decay chains have

similar magnitudes, leading to maximal interference. The total decay rate is

Γsup(B+ → DK+) ∝ r2
B + r2

D + 2rBrD cos(δB − δD + γ). (3.8)

Additionally, favoured D0 → K+π− and suppressed D0 → K+π− decays can be

studied. Here, the total decay rate for the B− decay is

Γsup(B− → DK−) ∝ r2
B + r2

D + 2rBrD cos(δB − δD − γ), (3.9)
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and for the B+ decay it is

Γ f av(B+ → DK+) ∝ 1 + r2
Br2

D + 2rBrD cos(δB + δD + γ). (3.10)

Experimentally, these final states are measured using the ADS method [29, 30]

developed by Atwood, Dunietz, and Soni, where the measured observables are

a CP asymmetry and the ratio of the suppressed to favoured decay rates. The CP

asymmetry is defined as

AADS ≡ Γsup(B− → DK−)− Γsup(B+ → DK+)

Γsup(B− → DK−) + Γsup(B+ → DK+)
, (3.11)

and related to the physical parameters as,

AADS =
2rBrD sin(δB − δD) sin γ

r2
B + r2

D + 2rBrD cos(δB − δD) cos γ
. (3.12)

The ratio of the suppressed to favoured decay rates is defined as

RADS ≡ Γsup(B− → DK−) + Γsup(B+ → DK+)

Γ f av(B− → DK−) + Γ f av(B+ → DK+)
, (3.13)

and related to the physical parameters as,

RADS =
r2

B + r2
D + 2rBrD cos(δB − δD) cos γ

1 + r2
Br2

D + 2rBrD cos(δB + δD) cos γ
. (3.14)

Unlike the GLW method, where the CP-eigenstates set the values of the D-

decay hadronic parameters (rD and δD), it is evident that the ADS method re-

quires additional inputs for these [31, 32]. In both methods, the trigonometric re-

lations between the measured CP observables and the physical parameters result

in a four-fold symmetry, where (δB, γ) could be replaced by (−δB, γ), (δB,−γ),

or (−δB,−γ) and give the same CP observables. Alternatively, self-conjugate fi-

nal states can be measured which do not have this degeneracy. For example,
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D → K0
Sπ+π− and D → K0

SK+K− decays which are the topic of this thesis. The

K0
S meson is a mass eigenstate and can be written in terms of the CP-eigenstates,

|K0
S⟩ =

1√
1 + |ϵ|2

(|K1⟩+ ϵ|K2⟩), (3.15)

where, K1(2) are the CP-even(odd) eigenstates, and ϵ denotes indirect CP-violation

in the kaon-sector which is approximately 2 × 10−3. Therefore, the K0
S meson is

predominantly CP-even. In the final states, D → K0
Sπ+π− and D → K0

SK+K−,

under CP-conjugation, the momenta of the charged hadrons are exchanged, thus

the K0
Sπ+π− and K0

SK+K− states are self-conjugate states.

They are also multi-body final states, and unlike the 2-body D decays, there

are extra degrees of freedom in the decay. This leads to decay rates which can

vary over the D-decay phase-space and means that in some regions of the phase

space the CP asymmetry can be larger than in the global phase-space. Therefore,

this provides greater sensitivity to γ, albeit with additional complexity to the

analysis.

3.2 | Self-ConjugateMulti-BodyD Final States
When studying multi-body D-decay final states, the phase space is parameterised

depending on the degrees of freedom available in the decay. For D → K0
Sπ+π−

and D → K0
SK+K− decays, commonly referred to together as D → K0

Sh+h− where

h = {π, K}, the number of degrees of freedom is determined as follows. Given

that each decay product has a corresponding four-momentum, there are 12 de-

grees of freedom. Conservation of four-momentum removes 4 degrees of free-

dom. Furthermore, since the D meson is a pseudoscalar meson (J = 0), the D
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decay is isotropic, removing another 3 degrees of freedom. Finally, each decay

product is required to have on-shell masses, and this removes another 3 degrees

of freedom. These constraints result in 2 degrees of freedom, which in the case

of D → K0
Sh+h− decays are described using the squared invariant masses of the

K0
Sh+ and K0

Sh− systems, denoted m2(K0
Sh+) and m2(K0

Sh−), or m2
+ and m2

− for

brevity.

These degrees of freedom can be visualised using Dalitz plots [33], as shown

in Fig. 3.2, where the x and y axes are m2(K0
Sπ−) and m2(K0

Sπ+) respectively,

and each point on the Dalitz plot represents a different kinematic final state. The

boundary of the Dalitz plot is determined using the kinematic limits of the D

decay. The vertical, horizontal, and diagonal bands across the Dalitz plot are

caused by resonances, where the structure of these bands is dependent on the

spin of an intermediary resonance. For example, in Fig. 3.2, the vertical band at

m2(K0
Sπ−) ≈ 0.8 GeV2/c4 is caused by the K∗(892)− → K0

Sπ− resonance. The

spin−1 nature of this resonance gives rise to the lobe-gap-lobe structure in the

band, the gap being caused by the forbidden kinematic regions.

The decay rates for the B+ and B− decays at specific phase-space points can

be written as

Γ(B− → DK−) ∝ 1 + r2
D(m

2
−, m2

+)r
2
B

+ 2rD(m2
−, m2

+)rB[cos(δD(m2
−, m2

+)) cos(δB − γ)

+ sin(δD(m2
−, m2

+)) sin(δB − γ)],

(3.16)

Γ(B+ → DK+) ∝ r2
D(m

2
−, m2

+) + r2
B

+ 2rD(m2
−, m2

+)rB[cos(δD(m2
−, m2

+)) cos(δB + γ)

− sin(δD(m2
−, m2

+)) sin(δB + γ)],

(3.17)
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Figure 3.2: Dalitz plot for B− → DK− decays with D → K0
Sπ+π− using pseudo-

data.

where rD and δD are written explicitly with dependence on m2
− and m2

+ as they

vary over the Dalitz plot. The CP-conjugate of B− → D0K− decays is B+ → D0K+

decays, and the CP-conjugate of D0 → K0
Sπ+π− decays is D0 → K0

Sπ+π− where

the momenta of the charged pions are now swapped due to parity transforma-

tion. This means that the CP-conjugate for a decay at phase-space point (m2
−, m2

+)

is found at (m2
+, m2

−). Therefore, CP-violation results in different decay rates, and

hence different yields, between B− and B+ decays at opposite phase-space points

on either side of the diagonal in the Dalitz plot where m2
− = m2

+. This is illus-

trated in Fig. 3.3, where it should be noted that the axes are swapped between the

B− and B+ Dalitz plots.

In this thesis, D → K0
Sπ+π− and D → K0

SK+K− final states are studied using

the BPGGSZ method [34–37], developed by Bondar, Poluektov, Giri, Grossman,

Soffer, and Zupan.
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Figure 3.3: Dalitz plot for (left) B+ → DK+ and (right) B− → DK− decays with
D → K0

Sπ+π− decays from pseudodata. Note the change of axes between the
two plots.

3.3 | The BPGGSZ Method

To use the BPGGSZ method, the values of rD and δD can be determined from an

amplitude model for the D-decay or measured using coefficients related to the

D-decay. In this thesis, the latter, the model-independent approach, is favoured.

First, this is because an amplitude model is determined through a fit to flavour-

tagged D∗± data. These data provide an intensity distribution, which is propor-

tional to the modulus-squared of the amplitude, meaning phase information is

absorbed. Therefore, there is no direct access to strong-phase information. The

data are fitted using an isobar model where the amplitude model is approximated

as a sum of resonant contributions and a non-resonant contribution. This means

that the intensity distribution can be modelled well by altering the amplitude

model. Components can be added or removed, or alternative methods, such as

the K-matrix method [38], can be used until good agreement is achieved with
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data. The phase information in data, however, cannot be checked in this way

since it is not accessible.

In addition, because the amplitude model can be altered in different ways,

the uncertainty on γ due to the model can be assessed in different ways as well.

Alternative components can be considered in the isobar model, or an alternative

methods, such as the K-matrix method [38], can be used. The choice in variation

significantly changes the associated systematic uncertainty, and is a choice made

by the analyst, but not one based on the phase agreement.

The model-independent approach avoids these problems. As will be detailed

below, parameters related to the D-decay (denoted ci and si) are measured by

separate experiments and input to a γ measurement. To be able to use these

measurements, the Dalitz plot must be divided into bins, which reduces the sta-

tistical precision on γ by 10% compared to the unbinned model-dependent ap-

proach [36]. This is an acceptable compromise given the more reliable inputs and

estimate of systematic uncertainty. It should be noted that it is also possible to

employ an unbinned model-independent approach [39], though the viability of

this method on real data is yet to be proven.

To divide the Dalitz plots into bins, one of the simplest binning schemes is

shown in Fig. 3.4 from Ref. [35]. These bins are labelled using indices, i, such that

bins where m2
− > m2

+ are referred to as the +ith bins and those where m2
+ > m2

−

are referred to as the −ith bins. Thus, under CP-transformation a B− → D0K−

decay in bin i becomes a B+ → D0K+ decay in bin −i.

The B+ and B− decay rates, from Eqs. 3.16 and 3.17, can be integrated over a
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Dalitz plot bin, i, yielding

Γi(B− → DK−) ∝ Ki + r2
BK−i + 2rB

√
KiK−i[ci cos(δB + γ) + si sin(δB + γ)],

(3.18a)

Γi(B+ → DK+) ∝ K−i + r2
BKi + 2rB

√
KiK−i[ci cos(δB − γ)− si sin(δB − γ)],

(3.18b)

where Ki is the fractional yield of a flavour-tagged D0 decay in bin i and is de-

fined as

Ki ≡
∫

i ds2 |AD|2∫
ds2 |AD|2

, (3.19)

where
∫

i ds2 denotes integration over the phase space of the ith Dalitz plot bin.

Since CP-violation in the D decay is ignored, the fractional yield for a flavour-

tagged D0 decay in bin i is identical to that of a flavour-tagged D0 decay in bin

−i.

The ci and si values are strong-phase input parameters defined as

ci ≡
∫

i ds2 |AD|
∣∣AD

∣∣ cos(δD)√∫
i ds2 |AD|2

∫
i ds2

∣∣AD

∣∣2 , (3.20a)

si ≡
∫

i ds2 |AD|
∣∣AD

∣∣ sin(δD)√∫
i ds2 |AD|2

∫
i ds2

∣∣AD

∣∣2 . (3.20b)

These are the amplitude-weighted averages of the cosine and sine of δD. To CP-

transform the D decay, AD is replaced by AD, and vice versa, and δD is replaced

by −δD. As CP-violation in the D decay is ignored, this means that c+i = c−i and

s+i = −s−i.

The Dalitz plot binning scheme shown in Fig. 3.4 was initially proposed due

to its simplicity, but it can be optimised for sensitivity to γ, as detailed in Ref. [40].

The resulting binning scheme with N = 8 Dalitz plot bins for i = −N to i = N ,
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Figure 3.4: The binning of the Dalitz plot for D → K0
Sπ+π− decays, as found in

Ref. [35].

Figure 3.5: The Dalitz plot binning schemes for D → K0
Sπ+π− (left) and

D → K0
SK+K− (right) decays, as determined in Ref. [40].

excluding i = 0, for the D → K0
Sπ+π− mode is shown on the left of Fig. 3.5

and is called the ‘optimal’ binning scheme. For the D → K0
SK+K− mode, the

optimisation procedure results in the ‘2-bins’ binning scheme, shown on the right

of Fig. 3.5.

For each of these Dalitz plot bins, the ci and si input values are needed and

are taken from a combination of measurements by CLEO [41] and BESIII [42, 43]

as found in Refs. [42, 43] and shown in Tab. 3.1. The CLEO and BESIII collabora-
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tions make these measurements using e+e− collisions at the ψ(3770) resonance,

which is the threshold for cc̄ production and has C = −1. At this resonance, the

predominant decay is to DD pairs via the strong interaction. As this is a strong

interaction, the quantum number C is conserved and the DD pair is quantum-

correlated. Since there are no other decay products, the C value of the DD pair

can be known. This is, therefore, an entangled state which has direct access to

phase information.

Using DD pairs produced at CLEO and BESIII, by tagging the flavour or CP

eigenstate of one of the D mesons, the flavour or CP eigenstate of the other D

meson collapses. This other D meson is subsequently reconstructed in the desired

D → K0
Sπ+π− or D → K0

SK+K− final state and enables measurements of the

strong-phase inputs as follows.

1. By tagging the flavour of one of the D mesons using, for instance, Cabibbo-

favoured D0 → K−π+ decays, the other D meson can be reconstructed as

D0 → K0
Sπ+π−, where its yield is proportional to Ki [41].

2. By tagging the CP-eigenstate of one of the D mesons using, for instance,

DCP+ → K+K−, the other D meson is reconstructed as DCP− → K0
Sπ+π−,

and the yield per Dalitz plot bin is [41]

Mi ∝ Ki + K−i + 2
√

KiK−ici. (3.21)

3. Finally, both D mesons can be reconstructed as D → K0
Sπ+π−, where each

D meson is a superposition of the D0 and D0 states, leading to interference.

The event rate for one D meson decaying in bin i and the other in bin j is
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given as [41],

Mij ∝ KiK−j + KjK−i − 2
√

KiK−iKjK−j(cicj + sisj). (3.22)

Following this procedure, by studying a variety of flavour and CP tags, the ci and

si values can be measured.

Thus far, the BPGGSZ formalism has been described using B± → DK± de-

cays. The topic of this thesis is a measurement of CP-violation in B± → D∗K±

decays. Therefore, extra considerations regarding the presence of the D∗ decay

are necessary.
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Table 3.1: Combination of measured ci and si values from CLEO and BESIII, from
Refs. [42, 43], for D → K0

Sπ+π− decays in the ‘optimal’ binning scheme and for
D → K0

SK+K− decays in the ‘2-bins’ binning scheme. Note that there is a change
of sign convention between LHCb measurements and the si values as presented
in Refs. [42, 43].

Dalitz plot bin ci si

D → K0
Sπ+π−

1 –0.037 ± 0.049 0.829 ± 0.097
2 0.837 ± 0.067 0.286 ± 0.152
3 0.147 ± 0.066 0.786 ± 0.154
4 –0.905 ± 0.021 0.79 ± 0.059
5 –0.291 ± 0.041 –1.022 ± 0.064
6 0.272 ± 0.082 –0.977 ± 0.176
7 0.918 ± 0.017 –0.184 ± 0.065
8 0.773 ± 0.033 0.277 ± 0.118

D → K0
SK+K−

1 0.713 ± 0.032 –0.107 ± 0.132
2 –0.758 ± 0.037 –0.394 ± 0.173

3.4 | Measuring γ with B± → D∗K± Decays
This thesis measures CP-violation in B± → D∗K± decays followed by subsequent

D∗ → Dπ0 and D∗ → Dγ decays. Therefore, instead of two decay rate equations

as in Eq. 3.18, there are four equations. To deduce these, the interference diagrams

for the B± → D∗K± decays with intermediate D∗ → Dπ0 and D∗ → Dγ decays

are shown in Fig. 3.6. In this figure, the rB parameter is defined as,

rB ≡ |A(B− → D∗0K−)|
|A(B− → D∗0K−)| ≡ |A(B+ → D∗0K+)|

|A(B+ → D∗0K+)| , (3.23)

and δB is the strong-phase difference between the two B−, or B+, decays. These

values are different compared to those for B± → DK± decays since they param-
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eterise a different B decay.

In Fig. 3.6, there is a factor of −1 between the B decay amplitudes when there

are intermediate D∗ → Dγ decays. This derives from the CP eigenvalues of the

D∗ meson and its decay products, as detailed in Ref. [44], and is summarised

here. Using the convention where ĈP|D∗0⟩ = |D∗0⟩ and ĈP|D∗0⟩ = |D∗0⟩, the

CP-eigenstates of the D∗ mesons can be written as

AD∗
CP+

=
AD∗0 +AD∗0√

2
, (3.24a)

AD∗
CP− =

AD∗0 −AD∗0√
2

. (3.24b)

Therefore, taking for example B− decays, the amplitude,

A(B− → D∗K−) = AB(AD∗0 + rBei(δB−γ)AD∗0), (3.25a)

can be written as

A(B− → D∗K−) = AB

(AD∗
CP+ +AD∗

CP−√
2

+ rBei(δB−γ)AD∗
CP+ −AD∗

CP−√
2

)
.

(3.26a)

For D∗ → Dπ0 decays, the CP-eigenvalue of the D∗ meson is

ηD∗ = ηD × ηπ0 × (−1)L, (3.27)

where ηπ0 = −1, thus L = 1 due to angular momentum conservation, and

D∗
CP± → DCP±π0. For D∗ → Dγ decays,

ηD∗ = ηD × ηγ × (−1)L, (3.28)

where ηγ = +1, thus L = 1 due to parity conservation, and D∗
CP± → DCP∓γ.
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Figure 3.6: Interference diagrams (from top to bottom) for B+ and B− decays
with intermediate D∗ → Dπ0 decays, and B+ and B− decays with intermedi-
ate D∗ → Dγ decays. Amplitudes labelled in red correspond to the decay path
shown by the red arrows, and amplitudes labelled in blue correspond to the blue
arrows. For clarity, CKM angle γ is denoted ϕ3, and photons are denoted γ.
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Therefore, for an intermediate D∗ → Dπ0 decay, the B− amplitude can be

written in terms of the D meson amplitudes as,

A(B− → D∗K−) ∝ AB

(ADCP+ +ADCP−√
2

+ rBei(δB−γ)ADCP+ −ADCP−√
2

)
(3.29a)

= AB(AD0+rBei(δB−γ)AD0). (3.29b)

For an intermediate D∗ → Dγ decay, the B− amplitude can be written as,

A(B− → D∗K−) ∝ AB

(ADCP− +ADCP+√
2

+ rBei(δB−γ)ADCP− −ADCP+√
2

)
(3.30a)

= AB(AD0−rBei(δB−γ)AD0). (3.30b)

This results in a change of sign, highlighted in red, between Eqs. 3.29b and 3.30b,

due to the intermediate D∗ decay.

Propagating this to the B+ and B− decay rates in Eq. 3.18, for intermediate

D∗ → Dπ0 decays this leads to

Γ+
i = K−i + r2

BK+i + 2rB
√

K−iK+i[ci cos(δB + γ)− si sin(δB + γ)], (3.31a)

Γ−
i = K+i + r2

BK−i + 2rB
√

K+iK−i[ci cos(δB − γ) + si sin(δB − γ)], (3.31b)

and for intermediate D∗ → Dγ decays, this is

Γ+
i = K−i + r2

BK+i − 2rB
√

K−iK+i[ci cos(δB + γ)− si sin(δB + γ)], (3.32a)

Γ−
i = K+i + r2

BK−i − 2rB
√

K+iK−i[ci cos(δB − γ) + si sin(δB − γ)]. (3.32b)

Yield equations are then extracted by integrating over the decay time, there-

fore for intermediate D∗ → Dπ0 decays this results in

N+
i = h+B (K−i + r2

BK+i + 2rB
√

K−iK+i[ci cos(δB + γ)− si sin(δB + γ)]), (3.33a)

N−
i = h−B (K+i + r2

BK−i + 2rB
√

K+iK−i[ci cos(δB − γ) + si sin(δB − γ)]), (3.33b)
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and for intermediate D∗ → Dγ decays, this is

N+
i = h+B (K−i + r2

BK+i − 2rB
√

K−iK+i[ci cos(δB + γ)− si sin(δB + γ)]), (3.34a)

N−
i = h−B (K+i + r2

BK−i − 2rB
√

K+iK−i[ci cos(δB − γ) + si sin(δB − γ)]), (3.34b)

where h±B are normalisation constants for the B+ and B− decays. These normal-

isation constants include sensitivity to γ via the phase-space integrated B+ and

B− yields, similarly to the global asymmetries for the 2-body D-decay final states.

3.5 | Previous γ Measurements
The current world average for γ from direct measurements is γ = (65.9+3.3

−3.5)
◦, as

determined by CKMFitter [24]. There are a range of decay modes which con-

tribute to this, for example B → D(∗)K(∗) decays from both charged and neutral

B mesons, to name a few. However, the sensitivity to γ is overwhelmingly dom-

inated by B± → DK± decays, which alone have a sensitivity of 4◦ [45, 46].

The measurement of CP-violation in B± → DK± decays is dominated by two

LHCb measurements [45,46]. Reference [45] studied the D → K0
Sh+h− final states

and Ref. [46] studied the 2-body D-decay final states. The sensitivity of the

B± → DK± mode to γ is driven by its rDK
B value. This hadronic parameter con-

trols the level of interference in the decays through which γ is measured. At a

value of 0.1 [47], rDK
B is relatively large, and paired with its relatively high branch-

ing ratio compared to other B decays, 3.64 × 10−4 [18], leads to a golden decay

mode to measure γ.

The B± → D∗K± mode is expected to be equally as sensitive to γ, since its

rD∗K
B value is expected to also be approximately 0.1 [47], and its branching ratio is
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15% larger [18]. At the start of the work for this thesis, the B± → D∗K± mode had

not been fully exploited. The following sections present an overview of measure-

ments of γ made using the B± → D∗K± mode, and motivate the measurement

presented in this thesis.

3.5.1 | Belle and BaBar

Measurements of CP-violation in B± → D∗K± decays have been performed by

the Belle [48] and BaBar [49] collaborations, which analysed data from e+e− col-

lisions at the Υ(4S) resonance, the threshold for bb̄ production. These studied

the D → K0
Sπ+π− final state, and in the case of BaBar also the D → K0

SK+K− fi-

nal state. In conjunction with measurements of B± → D∗K± decays, they also

considered B± → DK±, and also B± → DK∗± decays at BaBar. This resulted

in determinations of γ shown in Tab. 3.2. In this table, the uncertainties on γ

are divided into statistical, experimental systematic and model-related system-

atic components. The latter is due to the use of the model-dependent approach,

where amplitude models for D → K0
Sπ+π− [48] and D → K0

SK+K− [50] are used

to determine values of rD and δD. The subjectivity in the use of this approach

is evidenced by the disparity between these uncertainties in the Belle and BaBar

measurements, as shown in Tab. 3.2, with a conservative estimate from Belle at

9◦, and a much smaller estimate from BaBar at 3◦. In both measurements, the

amplitude models were determined using similarly sized datasets, and therefore

the statistical uncertainties on the models were similar. It is the subjectivity of the

model-dependent method which led to very different model-related uncertain-

ties on γ.
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Table 3.2: Results for the CKM angle γ from Belle [48] and BaBar [49] analyses of
B± → D(∗)K(∗)± decays. The first uncertainty is statistical, the second is the ex-
perimental systematic uncertainty, and the third is the model-related uncertainty.

γ(◦)

Belle 78 +11
−12 ± 4 ± 9

BaBar 68 ± 14 ± 4 ± 3

3.5.2 | LHCb: B± → D∗K± and 2-body D final states

At the start of the work for this thesis, there was only one CP-violation measure-

ment by the LHCb collaboration studying B± → D∗K± decays, and this consid-

ered 2-body D-decay final states [46]. The ADS and GLW methods discussed in

Sec. 3.1 were used to measure CP-violation, where the observables are CP asym-

metries and ratios. The trigonometric relation between these measured observ-

ables and the physical parameters (rD∗K
B , δD∗K

B , and γ) lead to a four-fold symme-

try, as shown in Fig. 3.7. To break this degeneracy and, most importantly, to fully

exploit B± → D∗K± mode, a study with self-conjugate D → K0
Sh+h− final states

was necessary.

3.5.3 | LHCb: B± → D∗K± and D → K0
Sh+h− final states

Considering the status of measurements at the time of starting the work for this

thesis, a study of B± → D∗K± decays with the D → K0
Sh+h− final states by the

LHCb collaboration was imminent. To tackle this, two studies began work on

this mode concurrently, differing in analysis strategy based on the reconstruction

of the D∗ decay. One of these is Ref. [51], where the neutral pion and photon

from the D∗ decays are reconstructed. The second does not reconstruct these

light neutral particles, and is the work presented in this thesis.
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Figure 3.7: Results from Ref. [46], which studied B± → D∗K± decays with 2-body
D-decay final states, showing the 68.3%, 95.5%, and 99.7% confidence regions for
δD∗K

B vs. γ and indicating the four-fold symmetry in the solutions.
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The LHCb experiment

The Large Hadron Collider beauty (LHCb) experiment is designed as a heavy

flavour physics experiment at the Large Hadron Collider (LHC) at CERN [52].

The CERN accelerator complex is depicted in Fig. 4.1. Hydrogen atoms are ionised

to produce protons which are accelerated from rest to 50 MeV by LINAC 2 (Lin-

ear Accelerator 2), and then further accelerated to 1.4 GeV by the BOOSTER (Pro-

ton Synchrotron Booster) [52]. Protons are then accelerated in the PS (Proton

Synchrotron) to 25 GeV, followed by the SPS (Super Proton Synchrotron) to 450

GeV, at which stage they are injected into the LHC machine in bunches of up

to O(1011) protons [52]. They then circulate around the 27 km ring for approx-

imately 12 hours (which is called a fill). The proton beams are bent by dipole

magnets and focused by quadrupole magnets and boosted to their final energies

by RF (radiofrequency) cavities [52]. During a fill, beams travelling in opposite

directions collide at a frequency of 40 MHz [52] at four points along the ring

where experiments are located. These are the ATLAS, CMS, ALICE, and LHCb

experiments. During 2011 and 2012 (collectively called Run 1), LHCb collected

data at centre-of-mass collision energies of 7 and 8 TeV, respectively, and during
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Figure 4.1: The CERN accelerator complex, as presented in Ref. [53]. The parts
relevant to pp collisions at LHCb are the LINAC 2, BOOSTER, PS, SPS, and the
LHC machine.

4.1 | The LHCb detector

The LHCb detector is shown in Fig. 4.2 in a right-handed coordinate system

where the origin is at the interaction point, the beam line is along the z-axis, the x-

axis points into the page, and the y-axis points upwards. The detector is a single-

arm forward spectrometer with pseudorapidity coverage 1.6 < η < 4.9 [54],

where η = − ln(tan(θ/2)). The parameter θ is the angle with respect to the beam

line in the x and y directions. The detector acceptance covers 15–300 mrad in

the x direction and 15–250 mrad in the y direction. This geometry facilitates the

study of b and c quarks since, as shown in Fig. 4.3, the bb̄ production cross-section
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Figure 4.2: Side-view of the LHCb detector, as found in Ref. [54], in a right-
handed coordinate system where the origin is at the interaction point and the
beam line is along the z-axis. Sub-detectors are labelled.

peaks in the forward (and backward) region which is enclosed by the detector ac-

ceptance.

As a heavy flavour physics experiment, good vertex resolution is necessary

because displaced vertices are a signature of b and c-hadron decays. To ensure

this, luminosity-levelling is used. This is when the transverse overlap of collid-

ing beams is adjusted to ensure roughly constant luminosity [56], as shown in

Fig. 4.4. It leads to a relatively lower luminosity than other LHC experiments,

with only 1 pp collision per bunch-crossing, and therefore smaller data samples.

For example, the Run 1 and Run 2 combined dataset collected by LHCb has a

total integrated luminosity of 9 fb−1, whereas that collected by ATLAS in Run 2

alone was 140 fb−1. Using luminosity-levelling, the datasets at LHCb are smaller
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Figure 4.3: The bb̄ production cross-section and detector acceptance at LHCb
(highlighted in red) as found in Ref. [55].

but include less pile-up. These are soft pp collisions and reducing them leads to

a cleaner environment for reconstructing events.

The following sections describe the different sub-detectors at LHCb with a

focus on reliable tracking and particle identification since these are vital to the

measurement in this thesis.

4.1.1 | Tracking

The tracking system measures tracks formed by the path of charged particles

from which the charges and momenta of these particles are deduced. There are

four parts of the LHCb detector needed for this; the vertex locator (VELO), the
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Figure 4.4: Roughly constant instantaneous luminosity as a function of fill du-
ration at LHCb, compared to ATLAS and CMS, achieved using luminosity-
levelling, as presented in Ref. [56].

tracker turicensis (TT), the magnet, and three downstream tracking stations (T1–

T3).

4.1.1.1 | Vertex Locator

The VELO is the closest part of the detector to the interaction region, as shown

in the leftmost part of Fig. 4.2. A cross-section of the VELO stations is shown at

the top of Fig. 4.5 from Ref. [54]. Each station consists of a left and right detector

module on either side of the beam axis. This, in turn, consists of R and ϕ sensors

to measure the radial distance and azimuthal angle of a vertex from the beam

line, as shown on the bottom of Fig. 4.5. The R and ϕ sensors are composed

of silicon strip detectors (semiconductor detectors) oriented as concentric semi-

circular strips for resolution in R, or oriented radially outward for resolution in

ϕ. This resolution is improved by reducing the pitch (width) of sensors closest
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Figure 4.5: Figures from Ref. [54] of (top) a view from above of the VELO stations
with left and right modules on either side of the beam line along the z-axis, with
alternating R sensors (in red) and ϕ sensors (in blue), and (bottom) a view along
the beam pipe of the R and ϕ sensors when the VELO is (left) closed and (right)
open.

to the beam. To achieve good flight distance measurements, the left and right

modules must be located as close as possible to the beam. They are held 8 mm

from the beam during physics running, but for safety they are retracted to 3 cm

during beam injection [57]. This is illustrated at the bottom of Fig. 4.5.

This detector design enables excellent vertex resolution with a typical pri-

mary vertex (PV) resolution in the transverse plane of 10 µm and 50 µm along the

beam axis [58]. This facilitates measurements of impact parameter, defined as the

distance of closest approach between a track and its PV. For a particle with trans-

verse momentum greater than 1 GeV/c, the impact parameter can be measured

with a resolution of 35 µm [58].
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Figure 4.6: Variations of the magnetic field over the tracking system, as presented
in Ref. [58], with a diagram of the different track types depending on their recon-
struction.

4.1.1.2 | Magnet

To make momentum measurements, a non-superconducting dipole magnet with

a maximum field strength of 1 T [58] in the y-direction provides a total bending

power of around 4 T m in the x − z plane [59]. The magnet consists of aluminium

coils around an iron yoke, and is positioned between the TT and T1–T3. This

results in a magnetic field over the tracking system as shown in Fig. 4.6.

Since the magnet deflects charged particles in the x − z plane, if there are

variations between the left and right halves of the detector, this will result in

detection asymmetries. Therefore, the LHCb experiment collects data in one of

two magnet configurations, ‘up’ or ‘down’, depending on the direction of the
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Figure 4.7: Cross-sections of (left) an x-layer and (right) a u-layer in the TT, as
provided in Ref. [60].

magnetic field. This allows control over the detection asymmetries to a precision

of 10−3 [58].

4.1.1.3 | Tracking Stations

The Tracker Turicensis (TT) is upstream of the magnet and consists of four layers

of silicon micro-strip detectors in an x − u − v − x geometry, where the x layers

have vertical strips and strips in the second and third layers are rotated by a

stereo angle +5◦ and −5◦ [60], as shown in Fig. 4.7. With a strip pitch of around

200 µm [60], the TT has a spatial resolution of approximately 50 µm [58].

The T1–T3 tracking stations are downstream of the magnet and consist of an

Inner Tracker (IT) close to the beam, as shown in Fig. 4.8, and an Outer Tracker

(OT) for the outer regions, as shown in Fig. 4.9. The IT uses the same silicon

microstrip detectors as the TT, but the OT is a straw-tube detector. As shown

in Fig. 4.9, each tracking station is made up of 4 modules in an x − u − v − x

geometry, where each module consists of two layers of straw tubes. Each straw
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Figure 4.8: Example of an x-layer of the IT as shown in Ref. [63].

Figure 4.9: Schematics from Ref. [61] of (a) the cross-section of a layer of the OT
and (b) the arrangement of modules in x − u − v − x layers in each of the T1, T2,
and T3 stations.

tube has dimensions as shown in Fig. 4.9 and is filled with a mixture of Ar, CO2,

and O2 in relative amounts of 70%, 28.5%, and 1.5%, resulting in a drift time

of less than 50 ns [61]. The spatial resolution was found to be 205 µm in Run

1 [62]. This improved to 171 µm in Run 2, when calibration of the time and spatial

alignment of the OT was moved from offline to online (during data-taking) [62].
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4.1.1.4 | Track Reconstruction

Figure 4.6 shows the different types of tracks and the sub-detectors they leave

hits in. Of particular importance in this thesis are long and downstream tracks.

Long tracks are reconstructed using an algorithm called ‘forward tracking’ where

VELO tracks are extrapolated to associated T-tracks [64]. Hits in the TT are then

added and checked for consistency. Downstream tracks are reconstructed us-

ing T-tracks which are extrapolated back to the TT to search for a compatible

hit [65]. All reconstructed tracks are then processed using a Kalman filter [66]

where measurements of a track from different sub-detectors are added individu-

ally and combined. This allows the full trajectory of the particle to be determined

and removes noise from multiple scattering [67].

Tracking efficiency is defined as the probability of reconstructing the trajec-

tory of a charged particle that has traversed the entirety of the tracking sys-

tem [56]. This can be measured using J/ψ → µ+µ− decays where one muon

is tagged and the other is probed. The efficiency is shown in Fig. 4.10 and varies

with the momentum of a single track and the number of tracks in an event. There

is a discrepancy in this efficiency between 2011 and 2012 data which is partially

due to the difference in centre-of-mass energies leading to higher hit multiplici-

ties in 2012 [56]. In Run 2, the efficiencies were similar [68] but a small decrease

was observed due to the reduction in bunch-spacing (from 50 ns in Run 1 to 25 ns

in Run 2), resulting in more spillover [69]. These are remnant events from previ-

ous and following bunch crossings [54].

The momentum resolution of the tracking system is shown in Fig. 4.11 and

is also determined using J/ψ → µ+µ− decays. A relative uncertainty of 0.5% is
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Figure 4.10: Tracking efficiency as a function of (left) momentum for a single
track and (right) number of long tracks from J/ψ → µ+µ− decays in Run 1 data,
as presented in Ref. [56].

Figure 4.11: Relative momentum resolution as a function of momentum for long
tracks from J/ψ → µ+µ− decays in Run 1 data, as found in Ref. [56].

found at low momentum and 1% at 200 GeV/c [56].

4.1.2 | Particle Identification

Particle identification (PID) is provided using the remaining parts of the LHCb

detector. These are the two Ring-Imaging Cherenkov Detectors (RICH 1 and

RICH 2), the calorimeters, and the muon detectors (M1–M5).
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4.1.2.1 | RICH Detectors

The two RICH detectors provide PID using Cherenkov radiation. This is a cone

of radiation emitted by charged particles when they travel faster than light in a

medium. As shown in Fig. 4.12, spherical and flat mirrors reflect and focus this

radiation out of LHCb acceptance and on to Hybrid Photon Detectors (HPDs)

where they form Cherenkov rings [54]. The radius of these rings depends on the

Cherenkov angle, θc, which is defined by,

cos(θc) =
1

nβ
, (4.1)

where n is the refractive index of the medium (or radiator) and β = v/c. Us-

ing the Cherenkov angle β can be measured, and in conjunction with track mo-

mentum measurements from the tracking system, the particle mass can be de-

termined. This is illustrated in Fig. 4.13 where the Cherenkov angle varies with

track momentum for isolated tracks (where Cherenkov rings do not overlap on

the HPDs) in the RICH 1 detector. There is clear separation between the particle

species, thus showing excellent PID.

As shown in Fig. 4.12, the two RICH detectors differ in their radiators and

their positions along the beam pipe. This results in different angular acceptance

and momentum coverage. The upstream RICH 1 detector has an angular ac-

ceptance of 25–300 mrad and uses C4F10 gas leading to a momentum range of

p ∈ [1, 60]GeV/c [54]. The downstream RICH 2 detector has an angular accep-

tance of 15–120 mrad and uses CF4 gas resulting in a momentum coverage of

p ∈ [15, 100]GeV/c [54]. During Run 1, RICH 1 additionally included an aerogel

radiator, for particles below the threshold for C4F10 gas. However, this was later

removed in Run 2 as it did not reach performance requirements [71].
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Figure 4.12: Schematics of (left) the RICH 1 detector from the side and (right) the
RICH 2 detector from above with their z positions labelled, as found in Ref. [54].

Figure 4.13: Distribution of Cherenkov angle as a function of momentum for
isolated tracks in the RICH 1 detector, as found in Ref. [70].

4.1.2.2 | Charged Hadron Separation

Charged hadrons are primarily differentiated using information from the RICH

detectors. To do this, the observed pattern of hits in the RICH detectors are com-
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Figure 4.14: The RICH kaon identification efficiency (red) and pion misidentifi-
cation rates (black) for ∆LL(K − π) > 0 and ∆LL(K − π) > 5 requirements using
2017 data, as found in Ref. [73].

pared to expected patterns given a particle mass hypothesis, forming a likelihood

function, L(hits|K) [72]. To achieve separation between different charged parti-

cle species, all likelihoods are compared to a reference hypothesis, chosen to be

a pion hypothesis. Therefore, for kaons this forms the ∆LL(K − π) variable1 de-

fined as,

∆LL(K − π) = lnL(hits|K)− lnL(hits|π). (4.2)

The RICH kaon identification efficiency and pion misidentification rates are shown

in Fig. 4.14 in red and black, respectively, and show excellent separation between

kaons and pions. The plot was made using 2017 calibration data with the proce-

dure outlined in Ch. 6.3.2.

In a similar fashion to the ∆LL(K − π) variable, a ∆LL(e − π) variable can be

defined, though using observed and expected hits in the calorimeters.

1This variable is denoted PIDK in the measurement presented in this thesis.
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4.1.2.3 | Calorimeters

The calorimeter system consists of 4 sub-detectors. From left to right in Fig. 4.2,

they are the Scintillating Pad Detector (SPD), the Pre-Shower (PS), the Electro-

magnetic Calorimeter (ECAL), and finally the Hadronic Calorimeter (HCAL).

Together, they measure energies and identify signatures of electrons, photons,

and hadrons.

The SPD/PS are two layers of scintillating pads separated by a 15 mm thick

lead wall, as shown in Fig. 4.15. When a charged particle passes through a scin-

tillating pad it produces scintillation light on photomultiplier tubes (PMTs). This

means that the presence or lack of scintillation light in the SPD informs whether

the particle is charged or neutral. The lead wall varies the profile of the energy

deposit for charged pions and electrons in the PS, thus enabling them to be dis-

tinguished.

The ECAL has a "shashlik" structure, consisting of alternating layers of 4 mm

scintillator and 2 mm lead absorbers [74]. As shown in Fig. 4.15, similarly to the

SPD and PS, the ECAL is divided into an inner (red), middle (blue), and outer

(white) section, where the sizes of calorimeter cells increase with distance from

the beam. The ECAL extends to 25 radiation lengths such that the entire electro-

magnetic shower can be contained, allowing accurate energy measurements [74].

The relative resolution of ECAL energy measurements is shown on the left of

Fig. 4.16 and is proportional to 1/
√

E.

The HCAL extends to 5.6 interaction lengths and consists of alternating layers

of 1 cm iron absorbers and scintillator [74]. As shown in Fig. 4.15, it is divided

into an inner section (green) and an outer section (red) with varying cell sizes.
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Figure 4.15: Layout of the LHCb calorimeter system, as found in Ref. [74].

The resolution of HCAL energy measurements is shown on the right of Fig. 4.16.

Using calorimeter information, photons and neutral pions can be reconstructed.

Photons require clusters in the ECAL that are clearly separated from clusters ex-

trapolated from charged tracks. Neutral pions are predominantly reconstructed

from their decay to a pair of photons using two resolved ECAL clusters. The

ECAL clusters are determined by grouping 3 × 3 cells around a local maximum

in energy deposition [75]. The smaller the transverse energy of a photon, the

more the ECAL cluster can overlap with other clusters, making it harder to re-

solve. Therefore, as shown in Fig. 4.17, low transverse energy clusters have worse

reconstruction efficiency.
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Figure 4.16: Relative resolutions of (left) ECAL energy measurements as a func-
tion of energy and (right) HCAL energy measurements as a function of 1/

√
E

using electron and pion test-beam data. Reproduced from Ref. [54] and Ref. [76],
respectively.

Figure 4.17: Reconstruction efficiency for an ECAL cluster as a function of the
transverse energy in the cluster as determined using simulation for B0 → K∗0γ
decays, as shown in Ref. [77].

4.1.2.4 | Muon Detectors

The muon system is located at the end of the detector, as shown in Fig. 4.2, and

consists of 5 stations. The first station, M1, is between RICH 2 and the calorime-

ters and is used in the first level trigger, as will be described in Ch. 4.2. The

remaining stations, M2–M5, are downstream of the calorimeters with 80 cm thick
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Figure 4.18: The arrangement of (left) the muon stations, M1–M5, with 80 cm
thick iron absorbers labelled ‘muon filters’, as found in Ref. [78], and (right) re-
gions in a quadrant of a station divided into logical pads, as found in Ref. [79].

iron absorbers between each station [78], as shown on the left of Fig. 4.18. Each

muon station consists of four quadrants divided into regions, as shown on the

right of Fig. 4.18, where each region then consists of a number of logical pads [79].

The muon detectors are made of multi-wire proportional chambers (MWPCs) or-

ganised onto these logical pads. These identify muon hits and the information is

then encoded in a variable called isMuon.

4.2 | Trigger System
With an input bunch crossing rate of 40 MHz, it is not possible to retain all data

collected by the LHCb detector. To manage this, a series of triggers are used to

select and save only interesting data. The trigger system comprises of a hardware

trigger followed by two software triggers, as shown in Fig. 4.19.
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Figure 4.19: Flow diagrams of trigger schemes in (left) Run 1 and (right) Run 2
with associated rates, from Refs. [80] and [69], respectively.

The hardware trigger uses thresholds on transverse energy measurements

from the ECAL and HCAL along with the information from the SPD and PS to

distinguish hadrons, photons, and electrons. Muons are also identified in this

stage using hits in the muon detectors with associated straight-line tracks. The

transverse momentum of a muon is estimated using the track direction. If this is

above a threshold, the event is retained [69].

There are two software triggers denoted HLT1 (High Level Trigger 1) and

HLT2 (High Level Trigger 2). In HLT1, events are partially reconstructed. The po-

sitions of PVs are determined and long tracks are identified and retained if their

transverse momentum is over a threshold [69]. In addition, fake tracks from ran-
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dom combinations of hits are removed. During Run 1, this was achieved using a

goodness-of-fit parameter from the Kalman Filter used to fit tracks, as explained

in Ch. 4.1.1.4. During Run 2, a neural network was introduced [69].

During Run 1, events then move to a second stage software trigger called

HLT2. However, for data collected in Run 2, events are buffered while they wait

for updates to the detector calibration and alignment during data-taking [69].

Examples include alignments of the VELO and tracking stations, alignments of

the mirrors in the RICH detectors, and calibration of the refractive indices of the

gases in the RICH detectors [69]. During Run 1, these were performed offline, but

having moved them online (during data-taking) for Run 2, a great improvement

in trigger efficiency was seen [69].

At the HLT2 stage, the full event is reconstructed and further track and vertex

quality requirements are placed on data. In addition, a multivariate classifier is

used to remove fake events from random combinations of hits [81]. The events

that are output from HLT2 then enter a ‘stripping’ stage. Here, candidates are

reconstructed as a specific decay chain. The reconstruction specific to this thesis

is described in Ch. 6.

4.3 | Simulation
In this thesis, simulation is used to determine selection efficiencies and model

mass distributions of signal and background components. Different types of sim-

ulation are used for this, primarily centrally produced samples. For these, pp col-

lisions are generated using Pythia8 [82] configured to LHCb [83]. The resulting bb̄

pairs hadronise and decay, where this and the decay of subsequent unstable par-
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ticles is described using EVTGEN [84] with final state radiation generated using

PHOTOS [85]. The detector response to the resulting particles is modelled using

a full LHCb detector description with the GEANT4 toolkit [86,87] as described in

Ref. [88].

When generating simulation the implementation of the detector response is

the most computationally intensive. In simulation, signal events are generated

on top of underlying pp interactions. Therefore, to avoid repeating the detector

response on underlying pp interactions, these interactions are reused multiple

times with the REDECAY algorithm [89].

Fast simulation samples are also used in this thesis. These are generated using

RAPIDSIM [90] or amplitude models fitted using LAURA++ [91]. Here, a decay is

generated using EVTGEN then the detector response is modelled using Gaussian

functions to estimate resolution effects.
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Analysis Strategy

This thesis presents a measurement of γ using B± → D∗K± and B± → D∗π±

decays where the D∗ meson decays to either D∗ → Dγ or D∗ → Dπ0, and the

resulting D meson decays to the K0
Sπ+π− or K0

SK+K− final state. The measure-

ment uses a data sample collected by the LHCb experiment from 2011–2012 and

2015–2018 in pp collisions at centre-of-mass energies of 7, 8, and 13 TeV, corre-

sponding to a total integrated luminosity of approximately 9 fb−1. These data

are divided into bins according to the D-decay phase space using the ‘optimal’

binning scheme for D → K0
Sπ+π− decays, and the ‘2-bins’ binning scheme for

D → K0
SK+K− decays. The measurement is model-independent, and therefore

combined strong-phase inputs from CLEO [41] and BESIII [42, 43] are used. As

detailed in Ch. 3, the signal yield per Dalitz-bin for intermediate D∗ → Dπ0

decays can be parameterised as,

N+
i = h+B (K−i + r2

BK+i + 2rB
√

K−iK+i[ci cos(δB + γ)− si sin(δB + γ)]), (5.1a)

N−
i = h−B (K+i + r2

BK−i + 2rB
√

K+iK−i[ci cos(δB − γ) + si sin(δB − γ)]), (5.1b)
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and for intermediate D∗ → Dγ decays as,

N+
i = h+B (K−i + r2

BK+i − 2rB
√

K−iK+i[ci cos(δB + γ)− si sin(δB + γ)]), (5.2a)

N−
i = h−B (K+i + r2

BK−i − 2rB
√

K+iK−i[ci cos(δB − γ) + si sin(δB − γ)]), (5.2b)

where the hadronic parameters, rB and δB, are unique to each B decay. To apply

these equations to an LHCb data set, a number of modifications must be made.

5.1 | Efficiency Modulation
In Eqs. 5.1 and 5.2, Ki is the probability of a flavour-tagged D0 decay in a Dalitz

bin i and, as shown in Ch. 2, is defined as

Ki ≡
∫

i ds−ds+ |AD|2∫
ds−ds+ |AD|2

. (5.3)

This assumes a uniform acceptance over the D-decay phase space, but this does

not hold at LHCb. The LHCb detector is a forward-arm spectrometer, and thus,

depending on their momenta, K0
S mesons can escape the tracking region and de-

cay outside of the acceptance. In addition, low-momentum pions from the K0
S

decay can escape the tracking region. This results in a non-uniform efficiency

profile, as illustrated in Fig. 5.1. The figure shows the variation of the efficiency

relative to the mean over the Dalitz plot for the D → K0
Sπ+π− final state from

intermediate D∗ → Dγ and D∗ → Dπ0 decays. The relative efficiency is seen

to decrease as s± increases, which corresponds to higher momentum K0
S mesons.

The same trend is seen for D → K0
SK+K− decays. In this analysis, yields in a

given Dalitz bin are measured as a proxy for decay rates. The Ki parameters

could be measured if the reconstruction efficiency profile, η(s−, s+), were known.

63



Chapter 5. Analysis Strategy

1 2 3

s+[GeV2/c4]

0.5

1.0

1.5

2.0

2.5

3.0

s −
[G

eV
2 /
c4

] B±→ [Dγ]D∗K
±

1 2 3

s+[GeV2/c4]

0.5

1.0

1.5

2.0

2.5

3.0

s −
[G

eV
2 /
c4

] B±→ [Dπ0]D∗K
±

0.6

0.8

1.0

1.2

1.4

E
ffi

ci
en

cy
re

la
ti

ve
to

m
ea

n

0.6

0.8

1.0

1.2

1.4

E
ffi

ci
en

cy
re

la
ti

ve
to

m
ea

n

Figure 5.1: Efficiency relative to mean over the Dalitz plot for D → K0
Sπ+π−

decays from simulation for (left) B± → [Dγ]D∗K± decays and (right) B± →
[Dπ0]D∗K± decays with downstream K0

S candidates.

Since it is not, the measured values are efficiency-modulated. This defines a new

quantity,

Fi ≡
∫

i ds−ds+η(s−, s+) |AD|2∫
ds−ds+η(s−, s+) |AD|2

, (5.4)

the measured fractional yield of a D0 decay in a Dalitz bin.

The strong-phase inputs, ci and si, could also be efficiency-modulated, leading

to

c′i ≡
∫

i ds−ds+η(s−, s+) |AD|
∣∣AD

∣∣ cos(∆δD)√∫
i ds−ds+η(s−, s+) |AD|2

∫
i ds−ds+η(s−, s+)

∣∣AD

∣∣2 , (5.5)

and a similar equation for s′i. However, previous analyses indicate that the im-

pact on the strong-phase inputs is small [45]. Therefore, values from CLEO [41]

and BESIII [42, 43] are used directly and an associated systematic uncertainty is

assigned, as will be detailed in Ch. 9.

The Fi values vary depending on the D decay and the K0
S candidate type, re-

sulting in 40 values. It is possible to determine them using the signal B± → D∗K±

decays alongside the determination of CP-violation in this mode, however this
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results in 43 observables and significantly degrades the precision of the measure-

ment. To reduce the number of observables, the Fi values can be measured using

another decay mode.

In the most recent analysis of B± → DK± decays [45], the B± → Dπ± channel

was used to determine the Fi values since this channel has similar kinematics to

the B± → DK± mode. A similar approach is employed here with B± → D∗π±

decays, which are topologically very similar to B± → D∗K± decays. Figure 5.2

shows that s(K0
Sπ+), s(K0

Sπ−) and s(π+π−) distributions in phase-space simula-

tion are very similar, as seen by the p-values from Kolmogorov-Smirnov tests [92,

93]. As the p-values are all above 5%, the distributions with kaon and pion com-

panion hadrons are compatible.

This means that the Fi values can be shared between the B± → D∗K± and

B± → D∗π± decays and are measured in both. Due to the relative branching frac-

tions, there is an order of magnitude more B± → D∗π± decays than B± → D∗K±.

This means the Fi measurement is driven by the B± → D∗π± mode which greatly

improves the precision of the Fi measurement compared to using B± → D∗K±

decays alone. The B± → D∗π± mode also exhibits CP-violation, and therefore is

also a signal mode. Compared to B± → D∗K± decays, the level of CP-violation

in B± → D∗π± decays is expected to be much smaller. This is because rD∗π
B is

expected to be around 0.009 [47], whereas rD∗K
B is expected to be around 0.1 [47].

This means that the interference, using which γ is measured, is smaller in B± → D∗π±

decays. The γ measurement is therefore driven by the B± → D∗K± mode, and

the primary role of the B± → D∗π± channel is to determine the Fi values.
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Figure 5.2: Normalised histograms (from left to right) of s(K0
Sπ+), s(K0

Sπ−), and
s(π+π−) for (top) B± → [Dγ]D∗K± and B± → [Dγ]D∗π± decays in blue and
red respectively, and (bottom) B± → [Dπ0]D∗K± and B± → [Dπ0]D∗π± in blue
and red respectively. The histograms are from simulation with D → K0

Sπ+π−

decays and downstream K0
S candidates. The p-values from Kolmogorov-Smirnov

tests [92, 93] are labelled.

5.2 | CP Observables
From Eqs. 5.1 and 5.2, one could fit the parameters rB, δB, and γ. However, this

poses a problem as the uncertainty on γ is inversely proportional to rB, and rB is

bounded (must be greater than 0). This leads to a non-Gaussian uncertainty on γ

which can lead to underestimated errors. Therefore, CP observables are defined

for each B decay, which are unbounded and have reliable errors. For B± → D∗K±

decays they are defined as,

xD∗K
± = rD∗K

B cos(δD∗K
B ± γ) (5.6a)

yD∗K
± = rD∗K

B sin(δD∗K
B ± γ). (5.6b)
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A similar parameterisation is also applicable for B± → D∗π± decays, but leads

to fit instabilities. This is because rD∗π
B is almost an order of magnitude smaller

than rD∗K
B [47]. If rB is small, the associated CP observables, when parameterised

as shown in Eq. 5.6, become highly correlated with the Fi values, leading to fit

instabilities. To avoid this, the cartesian parametrisation for the B± → D∗π± CP

observables is replaced by an alternative parameterisation [94],

ξD∗π =
rD∗π

B
rD∗K

B
exp[i(δD∗π

B − δD∗K
B )]. (5.7)

By taking the real and imaginary parts of ξD∗π, the cartesian CP observables can

be recovered:

xD∗π
± = ℜ(ξD∗π)xD∗K

± −ℑ(ξD∗π)yD∗K
± (5.8a)

yD∗π
± = ℜ(ξD∗π)yD∗K

± +ℑ(ξD∗π)xD∗K
± . (5.8b)

This parameterisation does not depend on γ, and therefore all information re-

garding CP-violation in both the D∗K and D∗π modes are measured via xD∗K
±

and yD∗K
± .

Using the CP observables and Fi values, the yields in Eqs. 5.1 and 5.2 can be

re-written. For B+ decays with intermediate D∗ → Dπ0 decays, the yield per

Dalitz bin is

N+
i = h+B (F−i + [x2

+ + y2
+]F+i + 2

√
F−iF+i[cix+ − siy+]), (5.9)

and the yield for B− mesons is

N−
i = h−B (F+i + [x2

− + y2
−]F−i + 2

√
F+iF−i[cix− + siy−]). (5.10)

For B+ decays with intermediate D∗ → Dγ decays, the yield per Dalitz bin is

N+
i = h+B (F−i + [x2

+ + y2
+]F+i − 2

√
F−iF+i[cix+ − siy+]). (5.11)
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and for B− mesons, it is

N−
i = h−B (F+i + [x2

− + y2
−]F−i − 2

√
F+iF−i[cix− + siy−]). (5.12)

Therefore, in this analysis, CP observables are obtained from fits to the Dalitz bin

yields, and then interpreted in terms of the hadronic parameters and γ.

5.3 | Partial Reconstruction
To determine the CP observables, candidates are split into categories based on

the B charge, the B decay, the D decay, long or downstream K0
S candidates and

the Dalitz bin. Within these categories, extended maximum-likelihood fits are

performed to the reconstructed mass spectra. Candidates are reconstructed as

B± → Dh±, where the light neutral particle from the D∗ decay is missed. This

is because, at LHCb, the reconstruction of low momentum neutral particles is

complicated by overlapping clusters in the calorimeters. Reconstructing the π0 or

γ from the D∗ decay can cause a 70–90% reduction of the signal yield depending

on the identification criteria applied. To circumvent this, the neutral pion and

photon are missed and the signal decays are partially reconstructed.

Although the π0 or γ from the D∗ decays are not reconstructed, the signal

components from each intermediate D∗ decay can be distinguished using their

Dh mass spectra, m(Dh), determined using the momentum and total energy

of the Dh combination: m(Dh) =
√

E(Dh)2 − p(Dh)2. This is a result of the

spin-parity (JP) structure of the D∗ decays: 0− → [0−0−]1−0− for decays such

as B± → [Dπ0]D∗h±, and 0− → [0−1−]1−0− for decays such as B± → [Dγ]D∗h±.

To conserve total angular momentum and parity in the D∗ decay, the photon is
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preferentially emitted perpendicular to the momentum of the D∗ meson and the

neutral pion is preferentially emitted parallel to the D∗ momentum. To quantify

this, the helicity angle, θ, is defined as the angle between the momentum of the

light neutral particle in the D∗ rest frame and the D∗ momentum in the B± rest

frame. The probability distribution of cos θ, P(cos θ), is derived using spheri-

cal harmonics, Ym
l , where to conserve parity in the D∗ decay, the orbital angular

momentum, l, must be 1. The photon is massless and has spin 1, therefore it

has m = ±1, and the pion has spin 0, therefore it has m = 0. The probability

distributions of the helicity angle have the following proportionalities,

D∗ → Dπ0 : P(cos θ) ∝ |Y0
1 |2 ∝ cos2 θ, (5.13)

D∗ → Dγ : P(cos θ) ∝ |Y±1
1 |2 ∝ 1 − cos2 θ, (5.14)

To relate this dependence to the reconstructed mass, four-momentum conserva-

tion results in the mass of the Dh combination as,

m2
Dh = m2

D + m2
h + EDEh − pD ph cos θ, (5.15)

where E is total energy and p is linear momentum. By taking cos θ = −1 and

cos θ = +1, the kinematic limits of m2
Dh can be found, and are denoted A and B

respectively. With these, the reconstructed mass can be re-written as

m2
Dh =

1
2
(A2 + B2 + (B2 − A2) cos θ). (5.16)

A Taylor expansion of this then shows that mDh is proportional to cos θ. This

means that, for D∗ → Dπ0 decays, since P(cos θ) is proportional to cos2 θ, the

m(Dh) spectrum is a parabola with a positive coefficient, as illustrated on the left

of Fig. 5.3, and for D∗ → Dγ decays, P(cos θ) is proportional to 1 − cos2 θ, and
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Figure 5.3: Illustrations of (left) a positive parabola in m(Dh) distribution for sig-
nal decays with intermediate D∗ → Dπ0 decays, and (right) a negative parabola
for signal decays with intermediate D∗ → Dγ decays.

the m(Dh) spectrum is a parabola with a negative coefficient, as illustrated on the

right of Fig. 5.3. The m(Dh) distribution for intermediate D∗ → Dπ0 decays can

be written as,

P(mDh) =

(
mDh −

A + B
2

)2

(5.17)

and for intermediate D∗ → Dγ decays it can be written as,

P(mDh) = −(mDh − A)(mDh − B). (5.18)

Thus far, these m(Dh) spectra have been derived in the absence of detector ef-

fects. To obtain realistic distributions, both reconstruction and resolution effects

must be taken into account. Reconstruction efficiencies at LHCb are larger for

higher momentum candidates, and therefore events at higher m(Dh). This is pa-

rameterised using a linear term in the m(Dh) distribution with the parameter ζ.

When ζ is close to one, the variance due to reconstruction effects is small. Resolu-

tion effects also alter the m(Dh) distribution and are accounted for by convolving

it with a resolution function, pRes(m|⃗θ), such as a Gaussian function. The exact

functional form is determined using the fully reconstructed B± → Dh± peak,
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Figure 5.4: Mass distributions from simulation for (left) B± → [Dπ0]D∗K± signal
decays and (right) B± → [Dγ]D∗K± signal decays with D → K0

Sπ+π− decays
and downstream K0

S candidates. The fit projections are overlaid.

which in the absence of detector effects is a δ-function. Therefore, the B± → Dh±

peak can be used to calibrate the resolution of the detector. These reconstruc-

tion and resolution effects result in a double-peaked structure for intermediate

D∗ → Dπ0 decays, with the probability density function (PDF)

p(m) =
∫ B

A
dµ

(
µ − A + B

2

)2

pRes(m|⃗θ)
(

1 − ζ

B − A
µ +

Bζ − A
B − A

)
, (5.19)

and a single wide peak for intermediate D∗ → Dγ decays, where the PDF is

p(m) = −
∫ B

A
dµ(µ − A)(µ − B)pRes(m|⃗θ)

(
1 − ζ

B − A
µ +

Bζ − A
B − A

)
. (5.20)

These distributions are shown using fits to simulation samples in Fig. 5.4.

5.4 | Preliminary Sensitivity Study
Given that this is the first analysis of its kind studying this signal mode, a prelim-

inary sensitivity study is useful to determine the optimal fit configuration and the

expected sensitivity to γ to assess the viability of this analysis. Since B± → D∗K±

decays drive the sensitivity to γ, for simplicity only this mode is included in this
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sensitivity study. It is performed in a signal-only set-up to determine the maxi-

mum sensitivity obtainable. Since there are two types of intermediate D∗ decays,

the interplay between these is assessed by considering various fit configurations.

The intuitive configuration is where the two D∗ modes are fitted simultaneously,

but a hypothetical configuration can also be explored where each D∗ mode is

fitted separately and then statistically combined by taking the weighted average.

The sensitivity study is performed by generating pseudodata for both D∗ de-

cay modes. The CP observables are then fitted while the Fi values are fixed to

those from Ref. [45]. For each fit configuration 1000 pseudodatasets are gener-

ated and fitted using the same model. The mean statistical uncertainty on each

CP observable is then compared between the fit configurations. The fit configu-

rations in question are referred to as:

1. D∗ → Dγ signal;

2. D∗ → Dπ0 signal;

3. Both D∗ decays as signal,

and these are illustrated in Fig. 5.5. The first configuration, shown in blue in

Fig. 5.5, refers to the scenario where only the D∗ → Dγ mode is used to deter-

mine the CP observables. Dalitz-bin yields for both the D∗ →Dγ and D∗ →Dπ0

modes are generated using central values for the CP observables [47], then only

yields for the D∗ →Dγ mode are fitted to determine the CP observables. Those for

the D∗ →Dπ0 mode are fixed from their generation, since this mode is not treated

as a signal decay. The second scenario, shown in red in Fig. 5.5, considers the op-

posite case where only the Dalitz-bin yields of the D∗ → Dπ0 mode are used to
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signal signal

Both

decays
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Figure 5.5: Illustration of fit configurations tested in the sensitivity study where
the blue sector represents the configuration where only events from the D∗ → Dγ
mode are used as signal, the red sector represents the configuration where only
events from the D∗ → Dπ0 mode are used as signal, and finally the intersection
where both D∗ decays are used as signal.

Table 5.1: Statistical uncertainties on the CP observables for different fit configu-
rations, as calculated using pseudodata. The last column corresponds to a simul-
taneous fit to both D∗ modes.

CP D∗ → Dπ0 D∗ → Dγ Combining D∗ → Dπ0 Both D∗ decays
Observable signal signal and D∗ → Dγ signals as signal

xD∗K
− 0.018 0.048 0.017 0.022

yD∗K
− 0.025 0.053 0.023 0.027

xD∗K
+ 0.016 0.048 0.015 0.019

yD∗K
+ 0.019 0.061 0.018 0.025

determine the CP observables and those of the D∗ → Dγ mode are fixed from

generation. Finally, the third configuration is the intersection in Fig. 5.5 where

the Dalitz-bin yields of both D∗ decay modes are fitted simultaneously to deter-

mine the CP observables. The mean statistical uncertainties on the CP observables

for each of these configurations are shown in Tab. 5.1, where the uncertainties in

the "D∗ → Dπ0 signal" and "D∗ → Dγ signal" columns are additionally statis-

tically combined by taking the weighted average. These results are given in the

"Combining D∗ → Dπ0 and D∗ → Dγ signals" column.
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Table 5.2: Fit errors on the CP observables for toys where events are generated
and fitted exclusively for one D∗ decay and there are no events for the other D∗
decay.

CP Observable Dπ0 Dγ

xD∗K
− 0.013 0.017

yD∗K
− 0.017 0.020

xD∗K
+ 0.012 0.018

yD∗K
+ 0.016 0.023

The branching ratio for D∗ → Dπ0 decays is approximately twice that of

D∗ → Dγ decays [18], and therefore, in the generated sample, the yield for the

D∗ → Dπ0 mode is twice that of the D∗ → Dγ mode. However, comparing

the uncertainties in the "D∗ → Dπ0 signal" and "D∗ → Dγ signal" columns of

Tab. 5.1, those in the "D∗ → Dγ signal" column are more than a factor of
√

2 times

greater than those in the "D∗ → Dπ0 signal" column. This is because when the CP

observables are determined using only the D∗ → Dπ0 mode, the D∗ → Dγ mode

is treated as a background. This means that the "D∗ → Dπ0 signal" configuration

has a purity of 67%, and the "D∗ → Dγ signal" configuration has a purity of

33%. Thus, the per-event sensitivity of the D∗ → Dγ mode is lower due to the

presence of the D∗ → Dπ0 mode. If both D∗ decay modes had the same per-

event sensitivity, the uncertainties in the "D∗ → Dγ signal" column would be
√

2

times larger than those in the "D∗ → Dπ0 signal" column. This is observed when

generating and fitting events exclusively for each D∗ decay with no events for

the other D∗ decay mode. The results of this are shown in Tab. 5.2.

The maximum sensitivity possible from the B± → D∗K± signal mode is found

using the hypothetical scenario where the "D∗ → Dγ signal" and "D∗ → Dπ0 sig-

nal" configurations are statistically combined. This is compared to the configura-
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tion which is used in this analysis ("Both D∗ decays as signal") and demonstrates

that since the D∗ → Dγ and D∗ → Dπ0 modes are each a background with

respect to the other, they dilute each other’s sensitivities when fitted simultane-

ously. Since these are signal-only sensitivity studies with only the D∗ → Dπ0 and

D∗ → Dγ modes, their yields are anti-correlated. If the yield of one mode fluctu-

ates up, the yield of the other must fluctuate down. These fluctuations result in

uncertainties on the yields and further enhance the dilution of the sensitivity of

these modes. The maximum sensitivity of this analysis is as shown in the "Both

D∗ decays as signal" column of Tab. 5.1. This corresponds to a sensitivity to γ of

around 9◦. This is a promising result for the B± → D∗h± decay mode since the

uncertainty in the latest LHCb γ combination is around 4◦ [47].

This analysis will also measure hadronic parameters, such as δD∗K
B and δD∗π

B

which are not well-constrained by other measurements of the same B mode [46]

due to trigonometric ambiguities. The present work can remove these ambigui-

ties and in doing so improve the weight of other analyses in future γ combina-

tions.

5.5 | Analysis Overview
The CP observables and Fi values are determined using extended maximum-

likelihood fits to the m(Dh) spectra. A two-step fit procedure is used. First

data are fitted in the global D-decay phase-space without splitting by B-charge or

Dalitz bin. This fit is used to determine the mass distributions of the signal and

background contributions. These distributions are subsequently fixed in each

Dalitz bin for the second fit where data are also split by B-charge. In this second
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fit, the CP observables and Fi values are determined. The overall analysis strategy

can be summarised as follows.

First, data collected by the LHCb experiment are reconstructed as B± → Dh±

candidates in the D → K0
Sh′+h′− final states. A set of selection requirements are

applied to these candidates to reduce background levels and increase the purity

of the data sample, while maintaining a high efficiency on the signal processes.

The resulting dataset is then split into eight categories: every combination of the

two B decays, the two D decays, and the two K0
S candidate types. Within each

of these categories the m(Dh) spectrum is fitted, parameterising the signal and

background components. This fit considers events from the entire Dalitz phase

space inclusively, and is therefore called the ‘global fit’. Following the global fit,

candidates are further split by B charge and their assigned Dalitz bin. The mass

shape parameterisations from the global fit are fixed in each Dalitz bin, and the

yield per Dalitz bin is fitted to determine the CP observables and Fi values. This

is the ‘CP fit’. The resulting CP observables are then interpreted in terms of the

physical parameters, including γ.
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Selection and Efficiencies

Candidates are reconstructed as B± → [K0
Sh+h−]Dh′± decays by combining tracks

of decay products. At each step of this combination, conditions on momentum,

track and vertex quality, and loose PID requirements reduce backgrounds from

random track combinations and ensure data is collected at a manageable rate.

These conditions are later superseded by tighter candidate selections which im-

prove the purity of the data sample.

There are three stages to the candidate selection: a base selection, a multivari-

ate classifier in the form of a boosted decision tree (BDT), and particle identifica-

tion of the companion hadron. The selection and BDT developed for Ref. [45] are

used again here since the candidate reconstruction is identical. However, some

working points are re-optimised due to kinematic differences between the signal

decays in this work and in Ref. [45].
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Table 6.1: Summary of the candidate selection split by their application before
and after the BDT.

Variable Cut Comment
Base selection requirements before BDT

DTF convergence True
m(D) |m(D)− mPDG(D)| < 25 MeV/c2

m(K0
S) |m(K0

S)− mPDG(K0
S)| < 15 MeV/c2

p(h±) < 100 GeV/c Companion hadron
h± has RICH True Companion hadron
p(K±

D) < 100 GeV/c In D → K0
SK+K−

K±
D has RICH True In D → K0

SK+K−

K0
S flight distance χ2 > 49 Long K0

S
∆zDB

sig > 0.5 All candidates
Selection requirements after BDT

h± is muon False In B± → D∗h±

h′±D is muon False In D → K0
Sh′+h′−

π±
D PIDe < 0 In D → K0

Sπ+π−

K±
D PIDK > −5 In D → K0

SK+K−

Companion hadron particle identification
K± PIDK > 12 Companion hadron
π± PIDK < 12 Companion hadron

6.1 | Base Selection

Reconstructed events must first fulfill hardware trigger requirements. These are

related to transverse energy measurements in the HCAL and ECAL for candi-

dates associated with the signal, and additionally in the muon chambers for

candidates that are not associated with the signal. This is followed by soft-

ware trigger requirements which vary depending on when data samples were

collected. For Run 1 data, the HLT1TrackAllL0 trigger is followed by one of

the HLT2Topo{2,3,4}BodyBBDT triggers. Whereas, for Run 2 data, one of the

HLT1{Track,TwoTrack} triggers is followed by one of the HLT2Topo{2,3,4}Body

triggers. These were discussed in Ch. 4.2.
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The resulting candidates are then subject to the base selection which was de-

veloped for the work in Ref. [45] and is shown in the first 9 rows of Tab. 6.1. The

DTF convergence refers to a kinematic fit [95] where the masses of the D and K0
S

mesons are constrained to their known values [18] to improve the mass resolution

of the final B meson candidate. The unconstrained D and K0
S meson masses are

then also required to be within 25 MeV/c2 and 15 MeV/c2 of their PDG values,

respectively, to suppress backgrounds from random track combinations. Then,

the momentum of the companion hadron is required to be less than 100 GeV/c

with activity in the RICH detectors, to ensure good particle identification. This is

also a requirement on the charged kaon from the D → K0
SK+K− decay.

These selections are followed by specific background-suppressing require-

ments. First, background contributions from D → h+h−π+π− final states are

reduced using a flight distance (FD) requirement, χ2
FD, on the K0

S meson,

χ2
FD =

(
FD

σ(FD)

)2

, (6.1)

where σ(FD) denotes the error associated with the flight distance measurement

(FD). This requirement is only necessary for long K0
S candidates since down-

stream K0
S candidates decay further into the detector, and therefore must have

longer flight distances.

There are also background contributions from B decays which reach the final

state without an intermediate D meson. This is called the charmless background

and it is reduced by ensuring well-separated D and B decay vertices in the z-

axis. This is essentially a requirement on the flight distance of the D meson in the
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Table 6.2: Signal efficiency in the B± → D∗K± sample for different ∆zDB
sig require-

ments.

∆zDB
sig requirement

0.5 1 2 4
Efficiency (%) 84 77 64 44

z-direction, and it is constructed as,

∆zDB
sig =

zD
DV − zB

DV√
σ2(zD

DV) + σ2(zB
DV)

, (6.2)

where zX
DV refers to the z position of the X particle at its decay vertex, and σ(zX

DV)

is the uncertainty associated with this measurement. The z-axis is specifically

chosen as B-meson candidates, and therefore also D-meson candidates, are boosted

in this direction. This means that the magnitude of the flight distance is similar

to its projection in the z-direction, but the associated uncertainty is much larger

than that in the z-direction. Therefore, the ∆zDB
sig distribution is wider than the

χ2
FD distribution, and the selection requirement can be considered more carefully.

The requirement chosen on the ∆zDB
sig parameter in Ref. [45] is 0.5. By tighten-

ing this, the presence of any residual charmless background can be probed using

the m(Dh) distribution from data in the D-mass sidebands. This is shown in

Fig. 6.1. Regardless of the requirement, the mass spectrum is seen to be very sim-

ilar to that of the combinatorial background (an exponential function), such that

any residual charmless background could be accounted for by it. Furthermore,

as shown in Tab. 6.2, tightening the ∆zDB
sig requirement significantly impacts the

efficiency. Therefore, to maximise the statistical sensitivity of the analysis, the

selection is not tightened.
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Figure 6.1: Distributions of m(Dπ±) in data for different ∆zDB
sig require-

ments using candidates in the upper D-mass sideband reconstructed as
B± → [K0

Sπ+π−]Dπ± with downstream K0
S mesons.

6.1.1 | Signal Efficiencies

The selection described thus far can be applied to simulation to determine the

associated efficiencies. These are evaluated using samples generated with the

D → K0
Sπ+π− final state. They are then shared with the D → K0

SK+K− mode

in the global and CP fits since they are input as efficiency ratios relative to the

B± → Dπ± background component.

The efficiencies for the trigger and base selection are shown in Fig. 6.2 with

separate plots for Run 1 and Run 2, as well as each K0
S candidate type. There is

little variation between these plots, showing that the selection does not bias be-

tween these categories. The figure shows efficiencies for the signal decays but

also, for reference, the background from B± → Dπ± decays. The selection was

originally developed for the analysis in Ref. [45], where the signal was B± → Dπ±
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Figure 6.2: Selection efficiencies at the trigger and base selection stages for (left)
long K0

S candidates, (right) downstream K0
S candidates, (top) Run 1, and (bottom)

Run 2.

decays. The reuse of the selection here is validated as the efficiencies do not vary

significantly between the signal decays and the background from B± → Dπ± de-

cays.

6.2 | Boosted Decision Tree
The cut-based initial selection removes background components efficiently if the

signal and background distribution in the selection variables are well-separated.

There are a number of variables for which these distributions differ in shape but

overlap. A BDT is a machine learning algorithm which uses correlations between
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Figure 6.3: Illustration of (left) a decision tree for arbitrary cuts on variables, A
and B, leading to the classification of events as signal or background indicated in
green and red, respectively, as well as their (right) in the two-dimensional space
for A and B.

input variables to discriminate between signal and background [96]. Using signal

and background training samples, a decision tree, as illustrated in Fig. 6.3, can be

used to classify events as signal or background using a sequence of selection re-

quirements based on the input variables. This produces an N-dimensional space

(for N input variables), as shown in Fig. 6.3, of labelled signal and background

events which are used to assess the discriminating power of the decision tree.

Multiple decision trees can be used sequentially (thus producing a boosted deci-

sion tree) where at each step events that were incorrectly classified have increased

weights [97]. Once the BDT has been trained, it is applied to a test sample to check

for overtraining. This may occur when there are too many input variables and

the training sample is too small, such that the BDT uses statistical fluctuations to

classify events.

In this analysis, the BDT is implemented using the TMVA toolkit [98] and

re-used from the analysis in Ref. [45]. It is trained using B± → [K0
Sπ+π−]Dπ±

decays, separately for long and downstream K0
S candidates since input distri-

butions are expected to differ. The signal sample is taken from simulation for
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B± → [K0
Sπ+π−]Dπ± decays for Run 1 and Run 2. The background sample con-

sists of candidates from the high m(Dh) sideband (5800–7000 MeV/c2), which

is predominantly combinatorial background. Candidates in each of these sam-

ples are evenly split by eventNumber to separate odd events, used for training,

and even events for testing. The input variables for the BDT are summarised in

Tab. 6.3, as determined for the work in Ref. [45], and are ranked by importance

for long K0
S candidates. The importance of a variable can differ between long and

downstream K0
S candidates. In particular, the largest differences are for variables

associated with the K0
S meson where the presence or lack of VELO tracks can alter

the distribution of the variable. In Tab. 6.3, the BDT variables which have not yet

been defined are:

■ θDIRA: the angle between the flight distance and momentum vectors of a

particle,

■ pT asymmetry for the B± meson defined as (pB
T − pcone

T )/(pB
T + pcone

T ) where

pcone
T is the the sum of the pT of all other tracks in a cone of radius 1.5 units

around the B± candidate,

■ χ2
IP: the difference in χ2 of the PV fit with and without a particle,

■ ‘Distance of closest approach’ between pairwise combinations of particles

from a decay vertex.

As mentioned, the same BDT trained for the analysis in Ref. [45] (which is

detailed in Ref. [99]) is used here. This is because candidates are reconstructed

in the same way and the BDT is used to reduce combinatorial background. To
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ensure this is valid for the signals in this analysis, distributions of the most im-

portant variables for long K0
S mesons can be compared between simulation for

B± → Dπ±, B± → [Dγ]D∗π±, and B± → [Dπ0]D∗π± decays, as well as data in

the high m(Dh) sideband (5800–7000 MeV/c2) representing a background-enriched

sample. This is shown in Fig. 6.4, for log(ρ) of the B meson which uses the ra-

dial distance of the B vertex to the beam line, log(pT) of the companion hadron,

and log10(1 − cos(θDIRA)) of the K0
S and D meson. The plots show that the dis-

tributions in simulation are very similar regardless of whether or not there is a

D∗ meson in the decay. These distributions are also very different to that of the

background-enriched sample. Therefore, B± → Dπ± decays can be used as a

proxy for the signal in this analysis and the same BDT trained for the analysis in

Ref. [45] is applicable here.

The BDT response is shown in Fig. 6.5 and was determined in Ref. [99]. There

is good separation between signal and combinatorial background and the sim-

ilarity of the BDT output distributions between the training and test samples

suggest little overtraining. In Fig. 6.5, the logarithmic y-scale plot for the down-

stream K0
S candidates shows some signal at a BDT output of −1. The analysis

in Ref. [45] found this was due to random track combinations in the simulation

sample which could not be removed, and this had a negligible impact on perfor-

mance in the analysis.
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Table 6.3: BDT input parameters ranked by importance for long K0

S candidates from the analysis in Ref. [45] as
given in Ref. [99].

Parameter Importance for long/downstream Description
K0

S candidates
(Rank for downstream K0

S candidates)
log10(1-Ks_DIRA_BPV) 7.2 % / 3.5 % (16) log(1 − cos(θDIRA)) of the K0

S meson
log(Bu_RHO_BPV) 5.7 % / 5.5 % (5) Radial distance from B vertex to beam line
log(Bach_PT) 5.2 % / 6.9 % (1) Transverse momentum of the companion hadron
log10(1-D0_DIRA_BPV) 4.9 % / 5.8 % (4) log(1 − cos(θDIRA)) of the D meson
log10(1-Bu_DIRA_BPV) 4.9 % / 6.4 % (3) log(1 − cos(θDIRA)) of the B± meson
log(D0_RHO_BPV) 4.8 % / 5.3 % (6) Radial distance from D vertex to beam line
Bu_PTASY_1.5 4.7 % / 4.9 % (7) pT asymmetry for the B± meson
log(D0_PT) 4.7 % / 6.6 % (2) Transverse momentum of the D meson
log(Bu_constD0KSPV_CHI2NDOF) 4.2 % / 4.5 % (9) χ2/d.o.f of the DTF
log(Bu_FDCHI2_OWNPV) 3.9 % / 4.1 % (11) χ2

FD of the B± meson
log(max_Ksh1h2_IPCHI2_OWNPV) 3.9 % / 3.0 % (20) Maximum χ2

IP of the K0
S decay products

log(D0_IPCHI2_OWNPV) 3.8 % / 3.3 % (17) χ2
IP of the D meson

log(min_Ksh1h2_IPCHI2_OWNPV) 3.7 % / 0.9 % (26) Minimum χ2
IP of the K0

S decay products
log(Bu_P) 3.7 % / 3.9 % (12) Momentum of the B± meson
log(Bu_IPCHI2_OWNPV) 3.6 % / 4.6 % (8) χ2

IP of the B± meson
Bu_MAXDOCA 3.6 % / 3.3 % (18) ’Distance of closest approach’ for B± vertex
log(Bach_IPCHI2_OWNPV) 3.3 % / 4.3 % (10) χ2

IP of the companion hadron
log(Bu_PT) 3.3 % / 3.7 % (14) Transverse momentum of the B± meson
log(max_h1h2_IPCHI2_OWNPV) 3.1 % / 3.8 % (13) Maximum χ2

IP of the D decay products
log(min_h1h2_IPCHI2_OWNPV) 3.0 % / 3.4 % (19) Minimum χ2

IP of D decay products
log(Ks_VTXCHI2DOF) 2.9 % / 2.3 % (21) χ2 of the vertex fit for the K0

S meson
D0_MAXDOCA 2.9 % / 1.0 % (25) ’Distance of closest approach’ for the D vertex
log(D0_VTXCHI2DOF) 2.7 % / 1.6 % (24) χ2 of the vertex fit for D meson
log(D0_P) 2.7 % / 1.8 % (22) Momentum of the D meson
log(Bach_P) 2.2 % / 3.6 % (15) Momentum of the companion hadron
log(Bu_VTXCHI2DOF) 1.8 % / 1.7 % (23) χ2 of the vertex fit for the B± meson
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Figure 6.4: Normalised distributions from simulation for B± → Dπ± (in red),
B± → [Dγ]D∗π± (in blue), B± → [Dπ0]D∗π± (in purple), and in high m(Dh)
sideband data (in grey) for the most important input variables for long K0

S
mesons: (top, left) the logarithm of the radial distance between the B meson ver-
tex and the beam line, and (top, right) log(pT) of the companion hadron, as well
as the log10(1− cos(θDIRA)) of (bottom, left) the K0

S meson and (bottom, right) the
D meson.

6.2.1 | BDT Working Point

The working point of the BDT is re-optimised because the signal from partially

reconstructed B± → D∗h± decays is at a lower m(Dh) range compared to the

signal in Ref. [45]. This means that the signal in the present work is more suscep-

tible to the combinatorial background. Only working points tighter than those

in Ref. [45] are tested because loosening the BDT requirement was shown not
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Figure 6.5: Reproductions of the BDT response from Ref. [99] with training and
testing samples in logarithmic y-scale for (left) long and (right) downstream K0

S
candidates.

to significantly improve the signal efficiency [45]. The optimal working point is

determined using a pseudodata study with the aim to maximise sensitivity to γ.

This pseudodata study requires a full description of all signal and background

contributions, which are discussed in Ch. 7. The optimisation was therefore re-

peated as the analysis evolved. The procedure is as follows. First, the full data

sample is split by Run 1 or Run 2 and K0
S candidate type, and the BDT require-

ment under testing is applied. Then, the global fit is performed to each data

sample to determine the signal and background yields. Using these yields, pseu-

dodata are generated and fitted in the CP fit. At generation, inputs for the CP

observables are taken from the latest LHCb γ combination [47]. The fitted CP

observables are then interpreted to determine γ and the corresponding statistical

uncertainty. The statistical uncertainties are averaged over 100 pseudodatasets,

and are shown in Fig. 6.6 for each BDT requirement tested.

Figure 6.6 shows that there is a small improvement to the sensitivity of the

analysis when tightening the BDT requirement, and therefore the tightest work-
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Figure 6.6: Variation in mean uncertainty on γ at different BDT requirements
determined using pseudodata for separate data-taking runs and K0

S candidate
types.

ing points are used in this analysis, as shown in Tab. 6.4. A different working

point is necessary for data with downstream K0
S candidates collected in Run 1

to ensure similar signal-to-background ratios between all data sets. This ratio

differs between long and downstream K0
S candidates because a different BDT is

trained for each and it differs between Run 1 and Run 2 due to differences in

trigger selections when candidates are reconstructed.
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Table 6.4: BDT working points for Run 1, Run 2, and different K0
S candidate types.

Run 1 Run 2
Long K0

S 0.9 0.9
Downstream K0

S 0.75 0.9

6.2.2 | BDT Efficiency

The BDT efficiencies on the signal components are shown in Fig. 6.7 with the

B± → Dπ± component, on which the BDT was trained, for comparison. The effi-

ciencies do not vary significantly between the data categories, indicating that dif-

ferent working points are necessary to ensure similar BDT performance. The ef-

ficiencies on the signal components are around 85–90%. Therefore 10–15% could

be gained, at most, by retraining the BDT on the partially reconstructed signal if

the performance of BDT were perfect. However, this is not true as the efficiency

on the B± → Dπ± component suggests. The difference in efficiency for the signal

and B± → Dπ± component is 3%, and therefore only a 3% efficiency gain would

be achievable. This validates the re-use of the BDT from Ref. [45] in the present

work.

6.3 | Particle Identification
Following the BDT, the remainder of the selection requirements in Tab. 6.1 refer

to particle identification. The IsMuon cuts refer to activity in the muon chambers,

and together with the PIDe selection, suppress semi-leptonic background contri-

butions. The PID requirement on the charged kaon from the D decay is used to in-

crease signal purity and reduces contributions from mis-identified D → K0
Sπ±h∓

decays.
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Figure 6.7: BDT efficiencies on signal components, and for reference the fully
reconstructed B± → Dπ± background, split by Run 1, Run 2 and K0

S candidate
type.

The final part of Tab. 6.1 refers to PID requirements on the companion hadrons.

These requirements do not remove events from the analysis, but instead separate

the data into the Dπ and DK modes. Therefore, this varies the size of the cross-

feed component from mis-identified companion hadrons. The working point of

this PID requirement is tightened for this analysis compared to Ref. [45] where a

requirement at 4 was used. When studying a partially reconstructed B± → D∗h±

signal, the m(Dh) distribution is broader, therefore the associated crossfeed is

also broader, and a tighter PID requirement is necessary. The plots in Fig. 6.8

show the variations in the signal and crossfeed components when the PID re-

quirement is varied. The plot labelled Dπ → DK is the crossfeed from true

pions misidentified as kaons. When the PID requirement for a kaon is tight-

ened, the crossfeed component in the DK mode is reduced, resulting in a purer
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B± → D∗K± sample. The plot labelled DK → DK shows the signal in the DK

sample, that is true kaons identified as kaons. Tightening the PID requirement

for a kaon lowers the efficiency for kaons to be correctly identified. Overall,

tightening the PIDK requirement moves events from the DK to the Dπ mode.

Therefore, as shown in the plots labelled Dπ → Dπ and DK → Dπ, the effi-

ciency for correctly identifying pions increases and the crossfeed component in

the B± → D∗π± sample increases. This means there is a compromise between

purity and efficiency to be made, as shown in Tab. 6.5.

6.3.1 | PID Working Point

Similarly to the optimisation of the BDT working point, a pseudodata study is

used and this requires a full description of all signal and background compo-

nents. For this study, PID efficiencies are determined using PIDCALIB2 [100], an

LHCb software package which uses calibration samples to determine PID effi-

ciencies as a function of momentum and pseudorapidity, as will be discussed in

Ch. 6.3.2. Simulation events in similar kinematic regions are weighted by these

efficiencies and used to determine the m(Dh) distributions of signal and back-

ground components, as well as their associated crossfeed components. The com-

binatorial background is modelled separately by an exponential function where

the slope is measured in the high m(Dh) sideband in data and extrapolated to the

fit region (4900–5600 MeV/c2). Pseudodata are then generated for the CP fit using

these mass distributions and fitted. When doing so, the yields of the crossfeed

components are parameterised in terms of those for the correctly identified com-

ponents and scaled for PID efficiencies and the removal of events from the m(Dh)
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Table 6.5: Signal efficiency and purity in the B± → D∗K± sample for different
PID requirements.

PID requirement
6 8 10 12

Efficiency (%) 81 76 72 67
Purity (%) 78 87 92 95

Table 6.6: Average statistical uncertainty on γ for different PID requirements from
the pseudodata study.

PID requirement
6 8 10 12

Fit Error on γ (◦) 9.83 9.69 9.63 9.46

fit range due to the PID requirement. The yield for the combinatorial background

is taken from those found in Ref. [45] and scaled between PID requirements using

data in the high m(Dh) sideband. The fitted CP observables are then interpreted

in terms of γ and the average statistical uncertainty on γ over 100 pseudodatasets

is calculated, as shown in Tab. 6.6.

In Tab. 6.6, the uncertainty on the fit error on γ is around 10%. Therefore,

although there is no significant improvement in sensitivity by tightening the PID

requirement, there is a clear trend indicating the tightest reasonable kaon PID re-

quirement on the B± → D∗K± signal maximises sensitivity to γ. This is because

the B± → D∗π± sample has an order of magnitude higher yield. Therefore, any

increase of B± → D∗K± crossfeed events in the B± → D∗π± sample has a negli-

gible effect on the B± → D∗π± purity. In contrast, reducing B± → D∗π± cross-

feed in the B± → D∗K± sample improves its purity and sensitivity to γ.
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Figure 6.8: Changes in m(Dh) distributions for loose and tight PID requirements
in B± → D∗(→ Dπ0)h± decays for (top, left) the DK signal in the DK channel,
(top, right) the Dπ signal in the Dπ channel, (bottom, left) the Dπ crossfeed in
the DK channel, and (bottom, right) the DK crossfeed in the Dπ channel.

6.3.2 | PID Efficiencies

The PID efficiencies are estimated using the PIDCALIB2 software package [100]

instead of applying the selection to simulation samples. It is non-trivial to model

PID variables in simulation as they depend on not only kinematics, detector oc-

cupancy, and alignment, but also temperature, gas pressure, and beam condi-

tions [100]. Therefore, a data-driven method is used with calibration samples.

The calibration sample for kaon-pion identification uses D∗+ → [K−π+]D0π+

decays, where the charge on the pion from the D∗ decay tags the flavour of the

D meson, and the kaon and pion from the D meson are distinguished using their
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charges. A two-dimensional mass fit is performed to the calibration sample using

the m(D) and m(D∗ − D) distributions to extract signal sWeights [101]. The PID

efficiency is then calculated using the ratio of the sum of the signal sWeights

before and after applying a PID selection. These efficiencies are determined for a

number of kinematic bins in momentum and pseudorapidity.

The PID efficiency for a specific simulation sample is then found by weighting

the calibration sample in each momentum and pseudorapidity bin [100],

wi =
Ri

Ci
× R

C
, (6.3)

where Ri(Ci) is the number of tracks in the simulation (calibration) sample in

the ith kinematic bin, and R(C) is the total number of tracks in the simulation

(calibration) sample. The PID efficiency in each kinematic bin for the simulation

sample is calculated as the efficiency for the calibration sample multiplied by the

weights, wi.

In this analysis, simulation samples are generated using signal B± → D∗h±

decays and have the full selection and BDT applied. Separate samples are used

for each companion hadron and each K0
S candidate type. However, all samples

are generated in the D → K0
Sπ+π− final state and the resulting efficiencies are

shared with the D → K0
SK+K− mode. This is because, as found in studies for

the analysis in Ref. [45], the PID efficiencies are similar regardless of the D-decay

mode. Figure 6.9 shows these PID efficiencies per kinematic bin in the (p, η)

phase space of the kaon for B± → [Dπ0]D∗K± simulation samples for a PID

requirement of PIDK > 12.

These PID efficiencies are used to weight simulation events in order to pa-

rameterise the mass distributions of the signal and misidentified crossfeed com-

95



Chapter 6. Selection and Efficiencies

3 37 68 100
p [GeV/c]

1.5

3.25

5.0η

0.0

0.2

0.4

0.6

0.8

P
ID

E
ffi

ci
en

cy

Figure 6.9: Variation in PID efficiency across the (p, η) phase space for
B± → [Dπ0]D∗K± signal for a PID requirement at 12.

ponents. The efficiencies are then averaged over the kinematic phase space as

well as over Run 1 and Run 2 and used to parameterise yields in the global fit.

The resulting efficiencies are shown in Tab. 6.7.

In Tab. 6.7, there are 3 sources of uncertainty on the PID efficiencies which are

added in quadrature. The uncertainty due to the choice of the (p, η) binning is

assessed using 4 alternative binning schemes and the standard deviation of these

is the associated uncertainty. The systematic uncertainty due to the use of the

sWeights procedure is estimated to be an absolute value of 0.1% [100]. Finally, the

statistical uncertainty due to the finite size of the simulation sample is assessed

by bootstrapping [102] the efficiency calculation 500 times.
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Table 6.7: Signal PID efficiencies averaged over Run 1 and Run 2 and given as
percentages.

Decay Mode ϵPID (%)
Downstream K0

S Long K0
S

B± → [Dγ]D∗π± 99.7 ± 0.1 99.7 ± 0.1
B± → [Dπ0]D∗π± 99.7 ± 0.1 99.7 ± 0.1
B± → [Dγ]D∗K± 68.2 ± 0.6 67.6 ± 0.4
B± → [Dπ0]D∗K± 67.3 ± 0.6 65.9 ± 0.4

6.4 | Final Sample

In the final sample there are instances where more than one candidate is recon-

structed per event and may share tracks. To remove such candidates, they are

identified by finding candidates with the same eventNumber and runNumber for

each combination of the B decay, D decay, K0
S candidate type, and magnet polarity

in the fit region, 4900–5600 MeV/c2. Then, one of these candidates is randomly

chosen to be retained.

The resulting number of candidates reconstructed as B± → DK± is approxi-

mately 40,000 and as B± → Dπ± is around 700,000. The B± → DK± candidates

reconstructed in the D → K0
Sπ+π− final state with downstream K0

S mesons is

shown in Fig. 6.10 for the fit region. The fully reconstructed B± → DK± peak

can be seen clearly at around 5270 MeV/c2, and the double peak structure of the

signal from partially reconstructed B± → [Dπ0]D∗K± decays is seen in the region

4950–5150 MeV/c2. However, the purity in this region is not comparable to that

near the fully reconstructed peak. This is evident by the large presence of events

around 4900 MeV/c2, for which simulation (shown in Fig. 5.4) indicates very few

signal events. Candidates in the signal region (4900–5250 MeV/c2) can be plotted
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Figure 6.10: Distribution of m(DK±) for candidates in the fit region (4900–
5600 MeV/c2) reconstructed as B± → DK± in the D → K0

Sπ+π− final state with
downstream K0

S mesons.

in the Dalitz phase space, as shown in Fig. 6.11, where large contamination from

partially reconstructed backgrounds means CP-violation is not directly visible by

comparing plots for B+ and B− mesons. This also means that especially careful

parameterisation is required to differentiate components when performing the

global fit.
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Figure 6.11: Dalitz plot distributions for candidates in the signal region (4900–
5250 MeV/c2) reconstructed as (left) B+ → DK+ or (right) B− → DK−, in (top)
the D → K0

Sπ+π− or (bottom) the D → K0
SK+K− final states with downstream

K0
S mesons.
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Global Fit

In this analysis, CP-violation is measured by examining yield variations over D-

decay Dalitz phase spaces for B± meson decays. This is determined by fitting the

m(Dh) spectrum in every Dalitz plot bin separately for B+ and B− decays. As

the mass distribution can also vary depending on the B decay, D decay, and K0
S

candidate type, data are additionally split into these categories. However, this

results in 160 categories, in which fitting every mass shape parameter and yield

would not be reliable. Therefore, a two-step fit procedure is employed.

First is the global fit. Data are split into 8 categories depending on the B de-

cay, D decay, and K0
S candidate type, and the m(Dh) spectrum is fitted. All shape

parameters and global yields, that is yields over the entire D-decay phase space,

are fitted inclusively for B± decays. This is followed by the CP fit, where data

are now additionally split by B± charge and Dalitz plot bin. The shape parame-

ters are fixed from the global fit and the global yields are used as normalisation

factors. Therefore, only variations of the yields over the Dalitz phase space are

fitted, hence determining the CP observables. The following chapter describes

the parameterisation of the first step, the global fit.
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7.1 | Fit Set-Up

The Run 1 and Run 2 data samples for both magnet polarities are combined and

split into 8 categories as outlined above. The fit is performed simultaneously

across these categories to the m(Dh) range, [4900, 5600] MeV/c2. This encapsu-

lates all of the partially reconstructed signal candidates, while including a suffi-

cient amount of the combinatorial background above the B± meson mass in order

to constrain it.

An extended maximum likelihood fit [103] is applied to the resulting data

to determine mass shape parameters and global yields. In each category, the

m(Dh) spectrum is divided into 250 uniform mass bins to make the fit faster. In a

standard maximum likelihood fit, the likelihood is the product of the normalised

PDFs at each data point given a set of estimators [103]. Therefore, locating the

maximum of this likelihood, determines the most likely estimators, and the shape

of the distribution that best describes the data. An extended maximum likelihood

fit is similar, except the PDF is not normalised [103]. This means that both the

shape and size of the distribution are fitted. In the global fit, these are fitted

simultaneously in each of the 8 categories. The total m(Dh) distribution for each

category is,

Ptot(m|⃗θ) = Nsps(m|⃗θ) + ∑
b

Nbpb(m|⃗θ), (7.1)

where ps(b)(m|⃗θ) denotes the normalised signal (background) PDF in m(Dh) given

a set of parameters, θ⃗, and Ns(b) is the associated yield. The total expected yield is

found by adding all Ns and Nb yields and is denoted, Nexp
tot . This means that the
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total normalised PDF is,

ptot(m|⃗θ) = 1
Ntot

Ptot(m|⃗θ). (7.2)

The data are a set of observed, binned masses, mi, with an observed yield, Nobs
i ,

in mass bin i. The resulting likelihood function for each category in a mass bin is

therefore,

L(mi |⃗θ) =
[
∏

i
pi(mi |⃗θ)

] [
∏

i
Poisson(Nobs

i |Nexp
i )

]
, (7.3)

where pi(mi |⃗θ) is the normalised PDF in bin i. In practice, rather than maximise

this likelihood, the negative log-likelihood is minimised,

− lnL(mi |⃗θ) = −
[
∑

i
pi(mi |⃗θ)

]
−

[
∑

i
Poisson(Nobs

i |Nexp
i )

]
, (7.4)

and this is implemented using ROOFIT [104].

7.2 | Mass Shape Parameterisation
For each signal and background component, except the combinatorial background,

the parameterisation of the m(Dh) distribution is determined using simulation,

of which there are 3 types. Simulation produced by LHCb with complete de-

tector description is used to model dominant two-body B decays, including the

signals, as well as their associated crossfeed components. Samples for the latter

are determined by swapping the mass hypothesis of the companion hadron when

reconstructing candidates. When this simulation is used, samples corresponding

to Run 1 and Run 2 are combined and weighted by luminosity and beam en-

ergy using Ref. [105]. This weighting is used to account for different B-hadron

102



Chapter 7. Global Fit

production cross-sections. The tracks are then additionally weighted by the PID

efficiency on the companion hadron in their (p, η) phase-space.

Simulation samples are also generated using RAPIDSIM [90]. This is a fast

simulation package and is used to model multi-body decays or less common

two-body decays, and their associated crossfeed components. Instead of a full

detector description with GEANT4, generated momenta are smeared by Gaussian

functions to estimate resolution effects. In general, the backgrounds chosen to be

modelled using RAPIDSIM are broad in the m(Dh) spectrum, with widths of the

order 100 MeV/c2 compared to 10 MeV/c2 for B± → Dh± decays, one of the nar-

rowest background components modelled using centrally produced LHCb sim-

ulation. This means that the resolution difference between simulation and data

is negligible for background components modelled using RAPIDSIM.

Finally, simulation samples are also generated using amplitude models fitted

using LAURA++ [91], a Dalitz plot fitting package. Pseudodatasets are generated

from amplitude models to model 3-body B decays, namely B0
s → DK±π∓ decays

using the amplitude model in Ref. [106], B0 → DK±π∓ decays using Ref. [107],

and B0 → Dπ±π∓ decays using Ref. [108]. The generated four-momenta are then

smeared to account for resolution effects. These background components are also

very broad in the m(Dh) spectrum, and resolution differences between simula-

tion and data are negligible.

Where RAPIDSIM was used, I generated the simulation samples myself, but

samples from LAURA++ had already been produced. Simulation samples pro-

duced by LHCb were centrally generated but I wrote some of the decay files

which specify how the decay proceeds using EVTGEN [109]. The crossfeed com-

ponents associated with multi-body B decays were modelled using centrally pro-
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duced LHCb simulation using the dominant resonances for each background.

The contribution from these crossfeed components is very small, therefore it is

sufficient to only consider these resonances.

7.2.1 | Mass Shapes

The mass shapes of the signal components and most background contributions

can be described using two parameterisations. These are the HORNSdini and

HILLdini mass shapes which parameterise components where either a pion or a

photon is not reconstructed. They arise due to the spin-parity of the D∗ decay, as

detailed in Ch. 5.3, and their functional forms are,

p(m) =
∫ B

A
dµ

(
µ − A + B

2

)2

pRes(m|⃗θ)
(

1 − ζ

B − A
µ +

Bζ − A
B − A

)
, (7.5)

for the HORNSdini distribution and,

p(m) = −
∫ B

A
dµ(µ − A)(µ − B)pRes(m|⃗θ)

(
1 − ζ

B − A
µ +

Bζ − A
B − A

)
, (7.6)

for the HILLdini distribution. The parameters A and B refer to the kinematic

end-points of the decay and ζ describes the variance in the shapes due to re-

construction effects. The resolution function, pRes(m|⃗θ), is described by a set of

parameters, θ⃗, and the form of this function can differ depending on the shape

and size of the component in the fit range. Generally, a single or double Gaussian

function is sufficient for broad backgrounds where only tails enter the fit range.

However, for components such as the signals, a more complex shape is required

and is discussed next.
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Figure 7.1: Simulated mass distributions of B± → [Dπ0]D∗π± decays with long
K0

S mesons. This is fitted with (left) a double Gaussian resolution function and
(right) using the mass shape of the fully reconstructed B± → Dπ± component as
the resolution function.

7.2.2 | Signal Components

7.2.2.1 | B± → [Dπ0]D∗h±

The mass shape of the signal component from B± → [Dπ0]D∗h± decays is mod-

elled using the sum of two HORNSdini functions. The choice of resolution func-

tion is a key factor for obtaining an accurate fit to simulation. In previous anal-

yses, such as Ref. [46], a double Gaussian function was used. This was not suf-

ficient in this analysis, as shown on the left of Fig. 7.1 as evidenced by the large

pull distribution. The pulls are worst at the tails indicating that it is the resolution

function which is incorrect and must be re-evaluated.

The work presented in this thesis is one of the first instances where the res-

olution function is determined by fitting the m(Dh) distribution of the fully re-

constructed B± → Dh± background, which will be detailed in Ch. 7.2.3.1. In the

absence of resolution effects, the mass distribution of this background would be
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Figure 7.2: Comparison of fit projections for mass distributions of
B± → [Dπ0]D∗π± decays with downstream (in blue) and long (in red) K0

S
mesons. The fit projections have been normalised and show that the models for
downstream and long K0

S mesons are very similar.

close to a δ-function. Therefore, by fitting the mass peak, resolution effects are cal-

ibrated. The resolution is dependent on momentum and therefore varies over the

mass fit range. This means that a secondary HORNSdini function is required to

allow sufficient freedom in the fit to correctly model the tails of the distribution.

This parameterisation significantly improves the fits to simulation, as shown on

the right of Fig. 7.1 where pulls are predominantly contained within ±3σ and do

not deviate out of this range for the tails of the distributions. The parameterisa-

tions are very similar between the two K0
S candidate types, as shown in Fig. 7.2.

Therefore, only fits for downstream K0
S mesons are shown, and where possible

only fits to the DK sample are included in this chapter. Fits to the Dπ sample are

shown in App. A.

The majority of the shape parameters from this simulation fit are subsequently

fixed in the fit to data, however, a few vary freely to account for data-simulation

resolution differences. These are the ζ parameter, the width of the resolution
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function for the core HORNSdini function, and the shift between the two HORNS-

dini functions. The ζ parameter is shared between all B decays, D decays, and K0
S

candidate types, but there is a separate width parameter for each B decay. This

is because, candidates reconstructed as B± → DK± have a larger companion

hadron mass compared B± → Dπ± candidates, therefore the momentum distri-

bution of the decay products is smaller. This leads to improved resolution and a

smaller width parameter. The shift between the HORNSdini functions accounts

for resolution differences between simulation and data and is separate for each

K0
S candidate type. This is because long K0

S candidates have better resolution com-

pared to downstream K0
S candidates since they are reconstructed with additional

information from the VELO.

7.2.2.2 | B± → [Dγ]D∗h±

The mass shape of the signal component from B± → [Dγ]D∗h± is parameterised

using a HILLdini function where resolution effects are accounted for using the

mass distribution of the fully reconstructed B± → Dh± background. One of the

resulting fits to simulation is shown in Fig. 7.3.

In the fit to data, since the shape of this signal component is broad, the ζ

parameter can account for resolution differences between simulation and data

and varies separately for each B decay and D decay. However, to ensure a stable

fit, these parameters must be fixed. To determine what the new parameters are,

an iterative fitting procedure is used until the ζ parameters converge.
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Figure 7.3: Simulated mass distributions of (left) B± → [Dπ0]D∗K±,
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7.2.2.3 | B± → [Dπ0/γ]D∗h± Crossfeed

Crossfeed components from signal decays with misidentified companion hadrons

also contribute to the measurement of γ. These are modelled using simulation

samples where the mass hypothesis of the companion hadron is swapped and

events are weighted by PID misidentification rates. The mass distributions of

the crossfeed components associated with B± → [Dπ0]D∗h± decays are described

using a HORNSdini function with a quadruple Gaussian resolution function.

The crossfeed components associated with B± → [Dγ]D∗h± decays, are modelled

using a HILLdini function with a triple Gaussian resolution function. In both

cases, these shapes were determined empirically by adding Gaussian functions

to model the resolution until a sufficient fit to simulation was obtained. Exam-

ples of these fits are shown in Fig. 7.3. These crossfeed components are relatively

small with negligible resolution differences between simulation and data. Thus,

in the fit to data, all shape parameters are fixed from the fit to simulation.

7.2.3 | Background Components

The following section provides the mass shape parameterisations for each of

the backgrounds. First, the background component from fully reconstructed

B± → Dh± is discussed, which is one of the largest background components.

There is also a discussion of the numerous partially reconstructed backgrounds.

These are grouped by similar families of decay and how they are modelled. Back-

grounds from B0
s → D0K−π+, B0 → D0K−π+, and B0 → D0π−π+ are discussed

together, and are modelled using LAURA++. This is followed by backgrounds

from B± → Dh±π0, B± → Dπ±π∓π±, and Λ0
b → Dpπ− decays, which are mod-
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elled using RAPIDSIM. This is also used for backgrounds from B → D∗hπ and

B0
s → D∗K∓π± decays, which are explained next. Then, the parameterisation of

the crossfeed components for these backgrounds is explained. Finally, the com-

binatorial background is discussed.

7.2.3.1 | B± → Dh±

The mass shape of the fully reconstructed B± → Dh± background is modelled

using the sum of a modified Gaussian function [45] and a single Gaussian func-

tion. The shape is parameterised as,

p(m) =


f exp

(−(∆m)2(1+β(∆m)2)
2σ2+αL(∆m)2

)
+ (1 − f )pG(m|µ, σ), if ∆m < 0

f exp
(−(∆m)2(1+β(∆m)2)

2σ2+αR(∆m)2

)
+ (1 − f )pG(m|µ, σ), if ∆m > 0,

(7.7)

where pG(m|µ, σ) is a Gaussian function, αL, αR, and β model the tails, and f

corresponds to the fraction of the modified Gaussian function in the total mass

shape. The parameter ∆m is defined as m − mB, where mB is the B-meson mass.

This shape was first used in Ref. [45], and found to be a more accurate fit for

the B± → Dh± mass distribution compared to a double Crystal Ball function or

a number of Gaussian functions. An example of the fit to simulation is shown in

Fig. 7.3. In the subsequent fit to data, the width parameters vary separately for

different B decays and K0
S candidate types due to expected resolution differences

similar to the signal components.

7.2.3.2 | Partially Reconstructed Backgrounds

One of the most prominent background contributions is from B0 → [D0π−]D∗−h+

decays (and the charge-conjugate) where the pion from the D∗ decay is not re-
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constructed. This means that the mass shape for this background decay is very

similar to that of the signal component, B± → [Dπ0]D∗h± decays and is param-

eterised identically. An example of fit to simulation is shown in Fig. 7.3. In the

subsequent fit to data, resolution parameters between this background and the

signal B± → [Dπ0]D∗h± decays are shared.

For all remaining partially reconstructed backgrounds, the mass distributions

are considerably wider than the components described thus far. This means they

are parameterised using either a HORNSdini or HILLdini function where a single

or double Gaussian function is sufficient for the resolution function. For these

broad distributions, resolution differences between simulation and data are small

and all shape parameters from simulation fits are fixed in the fit to data.

There are a number of background contributions with complex resonant struc-

tures which are modelled using simulation samples generated with LAURA++

and appropriate amplitude analyses. Namely, background components from

B0
s → D0K−π+ decays with the amplitude analysis in Ref. [106], B0 → D0K−π+

decays with Ref. [107], and B0 → D0π−π+ decays with Ref. [108], where charge-

conjugates are implied. The mass distributions of these components are mod-

elled using a HORNSdini function with a single Gaussian resolution function.

In contrast to other components described thus far, this relatively simple res-

olution function provides a sufficient fit to the simulation sample. This is be-

cause the sample is generated using LAURA++, where generated momenta are

smeared to model resolution effects. The resulting simulation fits are shown in

Fig. 7.4. Of note are the simulation fits for the B0 → D0π−π+ decays, where

there are two fits, one to the m(D0π−) sample and the other to m(D0π+), which

are subsequently combined in equal proportions for the fit to data. The simula-
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tion generated by LAURA++ is flavour-specific, and therefore to account for the

charge-conjugates of all resonances in the amplitude analysis, the m(D0π−) and

m(D0π+) samples are fitted separately and combined.

There are also background components with multiple resonances but no ex-

isting amplitude analyses, meaning LAURA++ cannot be used. Instead, these are

modelled by estimating the largest expected resonance structures using ampli-

tude analyses for similar decays. There is no amplitude analysis for B± → DK±π0

decays. However, a sample can be generated by estimating the leading contri-

butions to the B± → DK±π0 component. To do this, the fit fractions for reso-

nant and non-resonant structures in the amplitude analysis of B0 → D0K−π+ de-

cays [107] are scaled by the ratios of branching fractions [18] for the correspond-

ing B0 and B± decays. From this, a RAPIDSIM simulation sample is generated

consisting of 99% B± → DK∗±(892) decays and 1% B± → D∗(2400)K± decays.

It is subsequently fitted using a HORNSdini function with a Gaussian resolution

function, as shown in Fig. 7.4.

Similarly, the background contribution from B± → Dπ±π0 decays is mod-

elled using simulation generated using RAPIDSIM for B± → Dρ± decays and a

non-resonant component. These are fitted using a HORNSdini and HILLdini

function, respectively, each with a Gaussian resolution function, as shown in

Fig. 7.4. Here, each of the contributions are shown separately, since this is a large

background component and the fit to data is sensitive to the relative amounts of

these contributions which therefore varies freely.

There is also a background component from B± → Dπ±π±π∓ decays where

two pions are not reconstructed. Here, only the contribution where two like-sign

pions are missed is considered. This is because in the B+ sample the favoured
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Figure 7.4: Simulated mass distributions of (left) B0
s → D0K−π+, B0 → D0K−π+,

and B0 → D0π−π+ decays. Distributions for (right) B± → DK±π0 decays,
B± → Dπ±π0 decays from the B± → Dρ± resonance, B± → Dπ±π0 de-
cays from non-resonant contributions, and B± → Dπ±π±π∓ decays from the
B± → Da±1 resonance. The projections of the fit results overlaid.
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Figure 7.5: Feynman diagram of Cabibbo-favoured B− → D0[π−[π+π−]ρ0 ]a−1
de-

cays.

decay is via D0 mesons. The dominant contribution to the B± → Dπ±π±π∓

component is from B± → Da±1 decays where, as shown in Fig. 7.5, favoured

B− → Dπ−π+π− decays result in D0 mesons. Here, when the like-sign pions

are not reconstructed, these events are reconstructed in the B+ sample. Hence,

this background results in D0 decays in a sample where the predominant decay

is to D0. The background where the oppositely charged pions are missed leads to

D0 decays in the B+ sample and is therefore a small contribution that can be ac-

counted for by other larger backgrounds with similar mass shapes. The PDF for

the B± → Dπ±π±π∓ background is modelled using RAPIDSIM simulation gen-

erated using resonant B± → D[[π±π∓]ρ0π±]a±1 decays. Since only the tail of this

background enters the mass fit range, this resonance alone is sufficient to model

the background. It is fitted with a HILLdini function as shown in Fig. 7.4.

There is a small background contribution from Λ0
b → Dpπ− decays where the

pion is missed and the proton is misidentified as a kaon and here, only the tail en-

ters the m(Dh) fit region. This background was also included in the measurement

of γ using partially reconstructed B± → D∗h± decays with 2-body D-decays [46],
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and since the background is very small the same Gaussian parameterisation is

used.

The background contributions from B → D∗hπ decays (with either charged

or neutral B mesons) are modelled using simulation samples for charged B de-

cays, B± → D∗[π±π0]ρ± and B± → D∗[K±π0]K∗±(892). This is because only the

tails of the m(Dh) distributions enter the fit range, therefore the shapes are very

similar for decays from charged and neutral B mesons. For the DK sample, the

mass distributions with a missing photon or pion from the D∗ decay are similar

and thus the shape for B± → [Dγ]D∗ [K±π0]K∗±(892) decays represents all contri-

butions to the B → D∗Kπ background. For the Dπ sample, as the companion

hadron mass is smaller, more of the mass shape is enclosed by the fit range, and

the difference in the parameterisation with a missing photon or pion is not neg-

ligible. These samples are fitted using HORNSdini and HILLdini functions and

are shown in Fig. 7.6.

For B0
s → [Dγ/π0]D∗K±π∓ decays, the m(Dh) distributions are parameterised

using simulation samples for B0
s → [Dγ/π0]D∗ [K±π∓]K∗0 decays. Here, a pseu-

doscalar particle decays to two vector particles, therefore for each D∗ decay there

is a longitudinal and transverse polarisation to consider. This leads to different

mass distributions, as shown in Fig. 7.6, which are fitted using HORNSdini or

HILLdini functions. In the fit to data, for each D∗ decay, the distributions of the

polarisations are combined using fL = 0.9 ± 0.06 ± 0.03 [110], the fraction of the

longitudinal component.
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Figure 7.6: Simulated mass distributions of B → [Dπ/γ]D∗hπ and
B0

s → D∗K±π∓ decays where either a photon or pion is missed for longitu-
dinal and transverse polarisations. The projections of the fit results overlaid.

7.2.3.3 | Crossfeed Components

The crossfeed components associated with partially reconstructed backgrounds

are very small. Therefore, for backgrounds with complex resonant structure, sim-

ulation generated using only the dominant resonance is sufficient. For some of

these components, only the tails of their m(Dh) distribution enter the fit range

and a Gaussian function is sufficient to model this. However, in other cases

where the fit range covers more of the mass shape, the mass distributions are
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determined empirically using either a HORNSdini or HILLdini function with an

appropriate number of Gaussian functions to model the resolution. The cross-

feed due to the partially reconstructed B0 → [D0π−]D∗−h+ background decay is

modelled using a HORNSdini function with a quadruple Gaussian function for

the resolution and is shown in Fig. 7.3. Also shown in this figure is the crossfeed

component associated with the fully reconstructed B± → Dh± background. This

is modelled using the sum of two Crystal Ball functions.

All crossfeed components are much smaller than components with correctly

identified hadrons. This means that the difference in resolution between simula-

tion and data for the crossfeed components can be neglected without significant

impact on the quality of the global fit. Therefore, in the fit to data all shape pa-

rameters are fixed using the fits to simulation.

7.2.3.4 | Combinatorial Background

There are a number of different decays and combinations of random tracks which

contribute to the combinatorial background. Therefore, in the global fit, it is mod-

elled using an exponential function with a slope and yield which vary separately

for each B decay, D decay, and K0
S candidate type.

7.2.3.5 | Backgrounds that are not included

A number of other backgrounds were considered but not included in the final

fit configuration. In some cases, this is because they do not enter the fit range,

for example, B0
s → DK±π∓ and B0 → DK±π∓ decays where the kaon is not re-

constructed. In other cases, they are very small backgrounds at the very low end
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of the m(Dh) fit region and have mass distributions similar to other components

which can account for them. This is true for the crossfeed component associ-

ated with B± → Dπ±π±π∓ decays and the background from B± → DK±π±π∓

where the kaon is not reconstructed. These are omitted from the fit model and

are accounted for by the combinatorial background since it is modelled with a

freely varying yield.

7.3 | Yield Parameterisation
The yield parameterisation of the signal and background components vary de-

pending on the size of the component and how accurately branching fractions

are known. The fully reconstructed B± → Dπ± background is a prominent com-

ponent with a peaking shape in the m(Dh) spectrum. It lies in a region where

there are few other components, and as a result, the yield for this component

is allowed to vary freely in every category since it can be fitted accurately. For

other components, except the combinatorial background which also varies freely

in every category, there are three types of yield parameterisation.

If the branching fractions [18] of the decays are known with relatively small

uncertainty, then the yield is parameterised in terms of the B± → Dπ± yield,

NDπ± . For example, the yield of the B± → [Dπ0]D∗K± signal component is pa-

rameterised as,

N[Dπ0]D∗K± = NDπ± × RB
D∗K± ×B(D∗ → Dπ0)×

ϵ[Dπ0]D∗K±

ϵDπ±
, (7.8)

where RB
D∗K± is the ratio B(B± → [Dπ0]D∗K±)/B(B± → Dπ±) and ϵ encapsu-

lates all efficiencies. This parameterisation is applied for all signal components
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and the fully reconstructed background from B± → DK± decays. In each of

these cases, the ratio of the branching fractions is fixed to their values from the

PDG [18]. The yield for the background from B0 → D∗∓h± decays is parame-

terised similarly but the ratio of the branching fractions is Gaussian-constrained

rather than fixed. This ensures fit stability and is necessary since this background

contribution has a very similar shape to the B± → [Dπ0]D∗h± signal. Further-

more, the ratio of the branching fractions can be cross-checked against values

from the PDG [18].

There are a number of backgrounds for which branching fractions carry large

uncertainties and the parameterisation in Eq. 7.8 would be unreliable. In this case,

yields from Ref. [46] are used, which studied B± → D∗h± decays with 2-body D-

decays, leading to a larger dataset with similar backgrounds to this analysis. The

larger dataset enabled more freedom in the yield parameterisations of these back-

ground contributions, and therefore can provide a reliable parameterisation here.

For example, the yield for the B0
s → D0K−π+ background can be parameterised

as,

N(B0
s → D0K−π+)K0

Shh =
N(B0

s → D0K−π+)πK

N(B− → D0π−)Kπ
× N(B− → D0π−)K0

Shh (7.9)

where N(B− → D0π−) refers to the yield of the fully reconstructed B− → D0π−

background, and charge conjugates are implied. The subscripts refer to the modes

the decays belong to in this analysis and in Ref. [46]:

■ K0
Shh denotes yields in this analysis;

■ πK denotes yields in the D(→ π±K∓)K± modes in Ref. [46];

■ Kπ denotes yields in the D(→ K±π∓)π± modes in Ref. [46].
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The yields can be deconstructed into branching ratios and efficiencies. Equa-

tion 7.9 is written with explicit D flavours to highlight where the branching ra-

tios with different D flavours cancel; B(D0 → K+π−) = B(D0 → K−π+) and

B(D0 → K0
Sπ+π−) = B(D0 → K0

Sπ+π−). This analysis and Ref. [46] have the

same lower limit in the m(Dh) fit range, and the same PID requirements, there-

fore the following assumption of the ratio of the efficiencies can be assumed to

hold;
ϵ(B0

s → [K0
Shh]D0K+π−)

ϵ(B− → [K0
Shh]D0π−)

=
ϵ(B0

s → [πK]D0K+π−)
ϵ(B− → [Kπ]D0π−)

. (7.10)

This assumption was tested using simulation samples for the B0
s background, as

well as other low-mass backgrounds by calculating the ratio of the two sides of

the equality. It was found to be consistent with unity within 1–3%, indicating that

the assumption is valid.

The parameterisation in Eq. 7.9 uses explicit D flavours and thus is only ap-

plicable to decays with negligible global CP asymmetry. There are two decays for

which this is not the case, B0 → DK±π∓ and B0 → D∗K±π∓. For these the yield

of the B0
s → D0K−π+ and B0

s → D∗0K−π+ decays are used. For example,

N(B0 → DK±π∓) = N(B0
s → DK±π∓)

× B(B0 → DK±π∓)
B(B0

s → DK±π∓)
× fd

fs
× ϵ(B0 → DK±π∓)

ϵ(B0
s → DK±π∓ ), (7.11)

where fd(s) are fragmentation fractions, the probability that a b-quark is bound to

a d(s)-quark.

The yields of the crossfeed components, Ncrossfeed, are fixed to the yield of the

correctly identified components, Ncorrect PID, scaled to the misidentification rate,

Ncrossfeed = Ncorrect PID × 1 − ϵPID

ϵPID × ϵmass
crossfeed

ϵmass
correct PID

. (7.12)
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In this equation, ϵPID denotes the PID efficiency, and ϵmass
correct PID (crossfeed) is the

efficiency due to the mass fit range for the correctly identified (crossfeed) com-

ponent. The latter accounts for the fact that when the mass hypothesis of the

companion hadron is swapped, the mass shapes skew, shifting events into or out

of the mass fit range.

7.4 | Summary
In the global fit, the m(Dh) spectrum is fitted to determine all shape parameters

and global yields. The parameters which are allowed to vary in this fit are:

■ The width of the resolution function associated with the core HORNSdini

functions for the B± → [Dπ0]D∗h± and B0 → [Dπ∓]D∗∓h± components.

■ The shift between the two HORNSdini functions for the B± → [Dπ0]D∗h±

and B0 → [Dπ∓]D∗∓h± components.

■ The ζ parameter for the B± → [Dπ0]D∗h± and B0 → [Dπ∓]D∗∓h± shapes

which describes reconstruction effects.

■ The width parameters for the B± → Dh± shapes.

■ The ∆m parameter, related to the mean of the B± → Dh± shapes.

■ The yield of the B± → Dπ± component for every D decay and K0
S candidate

type.

■ The Gaussian-constrained ratio of branching fractions for B0 → [Dπ∓]D∗∓π±

and B± → Dπ± decays.
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■ The Gaussian-constrained ratio of branching fractions for B0 → [Dπ∓]D∗∓K±

and B± → Dπ± decays.

■ The fraction of the resonant contribution from B± → Dρ± decays in the

B± → Dπ±π0 component.

■ The combinatorial yield and shape parameters in all 8 categories.

7.5 | Validation
Pseudoexperiments are used to assess the stability and performance of the global

fit and determine if there are any biases due to the parameterisation. To do this,

pseudodata are generated using the fit model described above and fitted to the

same model. Then pull distributions,

P =
Ofit −Ogen

σfit
, (7.13)

are determined using the generated and fitted values, Ogen(fit), and the error on

the fitted values, σfit. From 1000 pseudodata sets, 99% converge successfully,

indicating very good fit stability. The means and widths of the pull distributions

are calculated and if the fit is unbiased, pull means are consistent with 0, and

if the associated statistical uncertainty is correctly estimated the pull width is

consistent with 1. This is true for all parameters, and one example is shown in

Fig. 7.7. However, there are two combinatorial slope parameters which show

small biases, as shown in Fig. 7.8. This is taken into account when determining

the systematic uncertainty due to the mass shape parameterisation in Ch. 8.
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Figure 7.7: Pull distribution for the yield of B± → Dπ± decays in the
D → K0

Sπ+π− final state with downstream K0
S candidates. The solid line shows a

Gaussian function with the mean (µ) and width (σ) of the pull distribution, and
the dashed line indicates a normal Gaussian function corresponding to a correctly
estimated parameter with no fit biases.

7.6 | Results

The m(Dh) distribution and projections of the fit results are shown in Figs. 7.9–

7.12, where the residuals indicate a good fit to data. The signal and background

yields over the fit region are quoted in Tab. 7.1. In general, the yields of most

components are determined with smaller uncertainties than their Poisson error.

This is because these yields are parameterised in terms of ratios of other yields

which have been fixed from external measurements [18, 46] or simulation. The

yields of the fully reconstructed B± → Dh± background can be cross-checked

using the results of Ref. [45] where they were treated as signal, and are consistent

given selection differences between the two analyses. The Gaussian-constrained

yield parameters for the B0 → [D0π−]D∗−h+ background can be cross-checked

and are found to be consistent with PDG values [18] for the ratio of the branching

123



Chapter 7. Global Fit

−5 0 5
P

0

50

100

150

200

250
µ = −0.11± 0.03
σ = 0.96± 0.02

−5.0 −2.5 0.0 2.5 5.0
P

0

50

100

150

200
µ = −0.14± 0.03
σ = 1.01± 0.03

Figure 7.8: Pull distributions for combinatorial slope parameters in the DK sam-
ple with (left) D → K0

Sπ+π− decays and downstream K0
S candidates and (right)

D → K0
SK+K− decays and long K0

S candidates. The solid line shows a Gaussian
function with the mean (µ) and width (σ) of each pull distribution, and the
dashed line indicates a normal Gaussian function corresponding to a correctly
estimated parameter with no fit biases.

fractions in the yield parameterisation.

Using the results of the global fit, shape parameters are fixed in each Dalitz

plot bin for the CP fit, and the global yields are used as normalisation factors

in order to determine how each component is distributed over the Dalitz phase

space, thus measuring CP-violation.
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Table 7.1: Signal and background yields from the global fit over the full mass
range, 4900–5600 MeV/c2. All yields and uncertainties are rounded to the nearest
integer and uncertainties of 1 mean one or fewer. Backgrounds that are not writ-
ten explicitly in this table are included in the ‘Other Backgrounds’ component.

Reconstructed as:
D decay Component B± → DK±wwwB± → Dπ±

D → K0
Sπ+π− B± → D∗[Dπ0]K± 6244 ± 12 2716 ± 5

B± → D∗[Dπ0]π± 340 ± 1 113 170 ± 229
B± → D∗[Dγ]K± 3144 ± 6 1247 ± 2
B± → D∗[Dγ]π± 166 ± 1 60 285 ± 121
B± → DK± 10 398 ± 21 4726 ± 9
B± → Dπ± 590 ± 1 196 804 ± 398
Other backgrounds 10 402 ± 105 206 664 ± 592
Combinatorial background 1343 ± 147 15 177 ± 706

D → K0
SK+K− B± → D∗[Dπ0]K± 790 ± 3 344 ± 1

B± → D∗[Dπ0]π± 43 ± 1 14 327 ± 65
B± → D∗[Dγ]K± 397 ± 1 157 ± 1
B± → D∗[Dγ]π± 21 ± 1 7636 ± 34
B± → DK± 1527 ± 6 694 ± 2
B± → Dπ± 88 ± 1 29 786 ± 135
Other backgrounds 1573 ± 15 31 278 ± 115
Combinatorial background 263 ± 46 4413 ± 261
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Figure 7.9: Mass distributions for DK samples with D → K0
Sπ+π− decays recon-

structed with (top) downstream K0
S candidates and (bottom) long K0

S candidates.
The projections of the fit results are overlaid. In the legend, particles in square
brackets are not reconstructed. 126
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Figure 7.10: Mass distributions for Dπ samples with D → K0
Sπ+π− decays recon-

structed with (top) downstream K0
S candidates and (bottom) long K0

S candidates.
The projections of the fit results are overlaid. In the legend, particles in square
brackets are not reconstructed.
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Figure 7.11: Mass distributions for DK samples with D → K0
SK+K− decays recon-

structed with (top) downstream K0
S candidates and (bottom) long K0

S candidates.
The projections of the fit results are overlaid. In the legend, particles in square
brackets are not reconstructed. 128
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Figure 7.12: Mass distributions for Dπ samples with D → K0
SK+K− decays recon-

structed with (top) downstream K0
S candidates and (bottom) long K0

S candidates.
The projections of the fit results are overlaid. In the legend, particles in square
brackets are not reconstructed.
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Measurement of CP-Violation

The second part of the two-step fit procedure is the CP fit. Here, data from the

8 categories depending on B decay, D decay, and K0
S candidate types, are addi-

tionally split by the charge of the reconstructed B meson and their Dalitz plot bin

assignment. There are 16 possible Dalitz plot bins for candidates reconstructed

in the D → K0
Sπ+π− final state, and 4 for the D → K0

SK+K− final state.

Similarly to the global fit, a simultaneous, binned extended maximum likeli-

hood fit is performed to the m(Dh) spectrum in the fit range, 4900-5600 MeV/c2.

The mass distributions for all components are fixed from the global fit. The yield

per Dalitz plot bin is determined differently depending on the component, as dis-

cussed in Ch. 8.1-8.3. In these parameterisations, the normalisations are also com-

posed differently depending on the component. Some components use global

yields as normalisations. For the signal and fully reconstructed B± → Dh± com-

ponents, these global B+ and B− yields are allowed to vary freely, to account for

production and detector asymmetries. For most backgrounds, these global yields

are fixed to their values from the global fit. For the combinatorial background,

the yield per Dalitz plot bin is allowed to vary freely.
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8.1 | Signal Parameterisation
As detailed in Ch. 5, and presented in Eqs. 5.9-5.12, the signal yield per Dalitz

plot bin, i, is parameterised as,

N+
i = h+B (F−i + [(xD∗K

+ )2 + (yD∗K
+ )2]F+i + 2

√
F−iF+i[cixD∗K

+ − siyD∗K
+ ]) (8.1)

for B+ → [Dπ0]D∗K+ signal decays,

N−
i = h−B (F+i + [(xD∗K

− )2 + (yD∗K
− )2]F−i + 2

√
F+iF−i[cixD∗K

− + siyD∗K
− ]) (8.2)

for B− → [Dπ0]D∗K− signal decays,

N+
i = h+B (F−i + [(xD∗K

+ )2 + (yD∗K
+ )2]F+i − 2

√
F−iF+i[cixD∗K

+ − siyD∗K
+ ]) (8.3)

for B+ → [Dγ]D∗K+ signal decays, and

N−
i = h−B (F+i + [(xD∗K

− )2 + (yD∗K
− )2]F−i − 2

√
F+iF−i[cixD∗K

− + siyD∗K
− ]) (8.4)

for B− → [Dγ]D∗K− signal decays. In these equations, the normalisation con-

stants, h±B , are modified using charge-separated global yields, N+
total and N−

total,

which are allowed to vary in the CP fit to account for production and detector

asymmetries. Therefore, the yield per Dalitz plot bin is,

N±
i =

Y±
i

∑j Y±
j

× N±
total, (8.5)

where, for example for B+ → [Dπ0]D∗K+ signal decays, Y+
i is defined as,

Y+
i = F−i + [(xD∗K

+ )2 + (yD∗K
+ )2]F+i + 2

√
F−iF+i[cixD∗K

+ − siyD∗K
+ ], (8.6)

where the Fi parameters and the cartesian CP observables are determined in the

CP fit.
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In the case of the B± → D∗K± signal component, there are 4 CP observables;

xD∗K
± and yD∗K

± . For the signal from B± → D∗π± decays an alternative parameter-

isation is used to ensure stability, as discussed in Ch. 5. This results in 2 additional

observables; ℜ(ξD∗π) and ℑ(ξD∗π).

For the parameterisation in Eqs. 8.1-8.4, external strong-phase inputs, ci and

si, are used [42, 43]. The Fi parameters refer to the measured fractional yields of

D0 decays in a Dalitz plot bin and these are determined in the CP fit. As discussed

in Ch. 5, they are shared between the B± → D∗K± and B± → D∗π± signal com-

ponents, but their measurement is driven by B± → D∗π± decays due to their

larger yield. In Ch. 8.4, the exact configuration of the Fi parameters is detailed.

The form of the parameterisation for the fully reconstructed B± → Dh± back-

ground component is similar to the signal parameterisation, with the exception of

separate CP observables, Fi parameters, and normalisations. The CP observables

for this background have been measured previously [45] and serve as an impor-

tant cross-check. This is especially true given that candidates are reconstructed

identically in the present work and in Ref. [45], with only small variations in se-

lection. Therefore, the datasets in both measurements are highly correlated and

one can expect very similar results.

8.2 | Crossfeed Component Parameterisation
The crossfeed components from misidentified companion hadrons are distributed

over the Dalitz phase space in the same way as their correctly identified counter-

parts, but with additional scale factors. These account for the PID efficiency and

the fact that events can be shifted into or out of the mass fit range when the mass
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Table 8.1: Dalitz plot distribution for every background component, except the
combinatorial background.

Component Dalitz Distribution
B0 → D∗−h+ D0-like
B0 → D(∗)ππ 50/50
B0 → D(∗)Kπ CP-violating
B+ → D(∗)h+π0 CP-violating
B → Dπππ D0-like
Bs → D(∗)Kπ D0-like
B0 → D∗−K+π0 D0-like
Λ0

b → D0pπ− D0-like

hypothesis of the companion hadron is swapped. The yield parameterisation per

Dalitz plot bin is

Ncrossfeed, i = Ncorrect PID, i ×
1 − ϵPID

ϵPID × ϵmass
crossfeed

ϵmass
correct PID

. (8.7)

8.3 | Background Parameterisation
In general, background components can be split into one of four types of distri-

butions over the Dalitz plot: D0-like, D0-like, 50/50, and CP-violating. The cat-

egorisation depends on the underlying physics process causing the background

and how the background is reconstructed. Table 8.1 shows the distribution for

each background component. The only background which does not fall into any

of these categories is the combinatorial background. Since this is due to random

track combinations, the yield in each Dalitz plot bin is allowed to vary freely. The

following sections describe the four main types of background and how they are

parameterised in the CP fit.
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8.3.1 | D0-like Backgrounds

Backgrounds which are not CP-violating are labelled D0-like if they decay via

D0 mesons and are reconstructed as B− mesons, or conversely decay via D0

mesons and are reconstructed as B+ mesons. For example, the background from

B0 → [D0π−]D∗−h+ decays is in this category. A background such as this would

exhibit distributions over the Dalitz plot similar to those shown in Fig. 8.1, where

the change of axes between the two plots should be noted. Since these back-

grounds occur via D0(D0) mesons for B−(B+) meson candidates, and F+(−)i is

the fractional yield of a D0 (D0) decay in a Dalitz plot bin, i, the yield per Dalitz

plot bin, N−(+)
i is proportional to F+(−)i. The constant of proportionality is fixed

using the total yield determined in the global fit which is then halved to obtain

charge-separated global yields. Thus, the yield per Dalitz plot bin is,

N−(+)
i = N−(+)

total × F+(−)i. (8.8)

8.3.2 | D0-like Backgrounds

The D0-like backgrounds also do not violate CP and occur in the opposite way

to D0-like backgrounds. They decay via D0 mesons and are reconstructed as B−

mesons, or via D0 mesons and are reconstructed as B+ mesons. One example is

from Λ0
b → D0pπ− decays, where the pion is not reconstructed and the proton

is misidentified as a kaon. These decays occur via D0 and are reconstructed as

B+ mesons. Therefore, the resonances in the Dalitz plots, shown in Fig. 8.2, are

flipped compared to those in Fig. 8.1. Thus, yield per Dalitz plot bin is

N−(+)
i = N−(+)

total × F−(+)i. (8.9)
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Figure 8.1: Dalitz plot distributions for (left) B+ → D0K+ samples and (right)
B− → D0K− samples from pseudodata for D0-like backgrounds. Note the
change of axes between the two plots.
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Figure 8.2: Dalitz plot distributions for (left) B+ → D0K+ samples and (right)
B− → D0K− samples from pseudodata for D0-like backgrounds. Note the
change of axes between the two plots.

8.3.3 | 50/50 Backgrounds

The third type of background arises from decays with either D0 or D0 mesons in

equal measure, such as B0 → D0π+π− decays. This decay occurs via a D0 meson,
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Figure 8.3: Dalitz plot distributions for (left) B+ → DK+ samples and (right)
B− → DK− samples from pseudodata for 50/50 backgrounds. Note the change
of axes between the two plots.

but either of the pions could be missed, hence the decay could be reconstructed as

either B+ or B− with equal probability. This means that the observed distribution

over the Dalitz plot will be a sum of those in Figs. 8.1 and 8.2, as shown in Fig. 8.3.

Therefore, the yield per Dalitz plot bin is proportional to the average of the Fi

parameters, and is parameterised as

N+(−)
i = N+(−)

total × F+i + F−i

2
. (8.10)

8.3.4 | CP-violating Backgrounds

The backgrounds described above are CP-conserving backgrounds where decays

occur via either a D0 meson or a D0 meson. There are also CP-violating back-

grounds, such as B± → DK±π0, with decays to both D0 and D0 mesons. This

results in interference between the two possible decay amplitudes, and therefore,

these backgrounds are parameterised over the Dalitz phase space in a similar
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fashion to the signal components. The yield per Dalitz plot bin for a candidate

reconstructed as a B+ meson is

N+
i ∝ F−i + [x2

+ + y2
+]F+i + 2κ

√
F−iF+i[cix+ − siy+], (8.11)

where the cartesian CP observables correspond to the decay in question and κ is

the coherence factor. Unlike the signal decays, contributions from CP-violating

backgrounds can include multiple resonances. However, as the CP observables

used to parameterise these backgrounds only correspond to a single resonance,

the interference term is diluted, and this is accounted for by κ. If a background

consists of predominantly one large resonance, then κ is close to unity, otherwise

it is smaller than 1. For these backgrounds, it is not possible to determine the CP

observables in the CP fit as the mass spectrum does not include the entirety of

these components. As a result, the CP observables must be fixed. To do this, they

are calculated using a value for γ from the latest LHCb γ combination [47] (63.8◦)

and hadronic parameters, for which the inputs are summarised in Tab. 8.2.

In Tab. 8.2, numerical values are generally taken from the latest LHCb γ com-

bination [47] for relevant resonances. The backgrounds from B0 → DK+π− and

B0 → D∗K+π− decays are parameterised using the rB value for the B0 → DK∗0

resonance. The same resonance is used to fix the δB value for B0 → DK+π−

decays, whereas auxiliary studies for the analysis in Ref. [111] are used to fix

the δB value for B0 → D∗K+π− decays. The backgrounds from B+ → DK+π0

and B+ → D∗K+π0 decays are parameterised using the rB and δB values for the

B+ → DK∗+ resonance. The B+ → Dπ+π0 and B+ → D∗π+π0 decays are pa-

rameterised using the rB value for B+ → Dπ+ decays, since, as yet, there are no

CP-violation measurements for B+ → Dρ+ decays. This also means that the δB
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Table 8.2: Hadronic inputs for CP-violating backgrounds. Numerical values
are taken from Ref. [47] for relevant resonances, or using auxiliary studies in
Ref. [111] unless stated otherwise.

Component rB δB(◦) Resonance κ

B0 → DK+π− 0.250 197 B0 → DK∗0 0.5
B0 → [Dπ0]D∗K+π− 0.250 70 Ref. [111] 0.5
B0 → [Dγ]D∗K+π− 0.250 70 Ref. [111] 0.5
B+ → DK+π0 0.106 35 B+ → DK∗+ 0.5
B+ → D∗K+π0 0.106 35 B+ → DK∗+ 0.5
B+ → Dπ+π0 0.0048 100 B+ → Dπ+ 1.0
B+ → D∗π+π0 0.0048 200 B+ → Dπ+ 0.5

values for these backgrounds are arbitrarily chosen to be 100◦ and 200◦, respec-

tively. An arbitrary choice can be made since the accuracy of the parameterisation

of these backgrounds is driven the choice of the coherence factor, rather than the

strong phases.

For all CP-violating backgrounds, except B+ → Dπ+π0 decays, the coherence

factor is 0.5. This was estimated by calculating the fraction of the B0 → DK∗0

decay in the B0 → DK+π− background component using branching fractions

and efficiencies. This is then applied to all CP-violating backgrounds where it

is likely that there are contributions from multiple resonances. The exception

here is the background from B+ → Dπ+π0 decays. In the global fit, the fraction

of the B+ → Dρ+ contribution compared to the non-resonant component was

determined. The fit to data found that B+ → Dρ+ decays constitutes 99% of the

background. Therefore, the coherence factor for this background is set to unity.

The systematic uncertainty due to the choices of all hadronic parameter inputs is

assessed by considering the full range of their possible values, and is determined

in Ch. 9.6.
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8.4 | Fi Parameterisation
As detailed in Ch. 5, there are separate Fi values for each D decay and K0

S candi-

date type, but they are shared between the B± → DK± and B± → Dπ± can-

didates, since they have similar kinematic distributions. As explained in the

preceding sections of this chapter, the Fi values are included in the parameter-

isation of all signal and background components. Therefore, one could consider

sharing them or having two sets of Fi parameters; one for signals and one for

backgrounds. To determine the optimal configuration, pseudodata studies are

used to assess the corresponding change in the sensitivity to the CP observables.

The set of Fi values used to parameterise the B± → D∗h± signal components

is labelled, Fsig, i, and the set used to parameterise the background components is

labelled, Fbkg, i. There are 3 configurations which are tested:

■ Configuration A: Both sets of Fi values, Fsig, i and Fbkg, i, are allowed to vary

in the CP fit.

■ Configuration B: The Fi values are shared, that is Fsig, i = Fbkg, i, and these

are allowed to vary in the CP fit.

■ Configuration C: Since the B± → Dπ± component will dominate the mea-

surement of the Fbkg, i values, these are fixed to the results from the B± → Dh±

measurement [45], and only the Fsig, i values are allowed to vary in the CP

fit.

The procedure for the study is as follows. In total, 100 pseudodatasets are

generated for each of these configurations. The CP fit is run on these pseudo-

datasets and the mean and standard deviations of the statistical uncertainty on
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the resulting B± → D∗h± CP observables are calculated and compared. Fig-

ure 8.4 shows this comparison and it is evident that all 3 configurations result

in similar statistical sensitivities to the CP observables. However, Fig. 8.4 does

not include systematic uncertainties, specifically in configuration C due to the

fixed Fbkg, i values. This means that configuration C should not be used. Fur-

thermore, in configuration B, when sharing the Fi values between the signal and

background components, if there are inaccuracies in the background modelling,

this could lead to a contamination of the signal measurements. Therefore to avoid

this, configuration A is used where there are two separate sets of Fi values, Fsig, i

and Fbkg, i, and each is allowed to vary in the CP fit.

As the Fi values are measured fractional yields, they should sum to unity.

Naïvely imposing this condition leads to fit instabilities [45], therefore in practice,

the Fi values are reparameterised in terms of recursive fractions, Ri. For 2N
Dalitz plot bins this is defined as,

Fi =


Ri , i = −N

Ri ∏j<i(1 −Rj) ,−N < i < +N

∏j<i(1 −Rj) , i = N .

(8.12)

8.5 | Validation
Pseudoexperiments are used to assess the stability and performance of the CP fit

and to determine if there are any biases due to the parameterisation. Similarly to

the global fit, pseudodata are generated using the model described above with CP

observables and Fi parameters that are approximately equal to those found from
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Figure 8.4: Similar mean and standard deviation of the statistical uncertainties on
CP observables from 100 pseudodatasets in three possible configurations of the Fi
values.

the fit to data, given in Ch. 8.6. This is with the exception of the combinatorial

background which is due to a combination of random tracks. This is modelled by

splitting the background into contributions from real and fake D mesons. When

a real D meson is paired with a random companion hadron, the Dalitz distribu-

tion is 50/50 since the companion hadron could have either positive or negative

charge. When there is a fake D meson, the background is assumed to be evenly

distributed over the Dalitz phase space. Figure 8.5 shows the distribution over

the Dalitz plots for events in the B mass sideband (mB ∈ [5600, 6000]MeV/c2 for

D → K0
Sπ+π− events and mB ∈ [5600, 7000]MeV/c2 for D → K0

SK+K− events)

and outside the D mass sideband (mD ∋ [1750, 1950]MeV/c2). Since only events

from the high B mass sideband are selected for this figure, there are more events

in the high s+ and high s− range. However, except for this feature, all events
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Figure 8.5: Distributions over the Dalitz plot for events in the B
mass sideband (mB ∈ [5600, 6000]MeV/c2 for D → K0

Sπ+π− events and
mB ∈ [5600, 7000]MeV/c2 for D → K0

SK+K− events) and outside the D mass
sideband (mD ∋ [1750, 1950]MeV/c2) in data, which are reconstructed as
B+ → DK+ with (left) D → K0

Sπ+π− or (right) D → K0
SK+K− and downstream

K0
S candidates.

are evenly distributed over the Dalitz plot, and the assumption is valid. This

means that the yield per Dalitz plot bin for the combinatorial background from

fake D mesons is proportional to the area of that Dalitz plot bin. The fraction of

real and fake D mesons was determined in the B± → Dh± analysis [45], by fit-

ting the D mass spectrum for candidates with m(Dh) greater than 5600 MeV/c2.

This assumption and model for phase space distribution of the combinatorial

background is only necessary for pseudoexperiments. In the fit to data, no such

assumption is made.

A total of 1000 pseudoexperiments are performed using the model described

in the preceding sections and all pseudodatasets converge successfully, indicat-

ing very good fit stability. The means and widths of the pull distributions, de-

fined in Eq. 7.13, are calculated and shown in Tab. 8.3. In general, all pull means

are consistent with 0 within 2σ, except for the ℜ(ξD∗π) observable. This param-
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Table 8.3: Means and widths of pull distributions for the B± → D∗h± CP observ-
ables from 1000 pseudodatasets with yields similar to those in data.

CP Observable Pull Mean Pull Width
xD∗K
− 0.07 ± 0.03 1.02 ± 0.02

yD∗K
− 0.05 ± 0.03 1.05 ± 0.03

xD∗K
+ -0.06 ± 0.03 0.99 ± 0.02

yD∗K
+ 0.03 ± 0.03 1.06 ± 0.03

ℜ(ξD∗π) 0.15 ± 0.03 0.95 ± 0.02
ℑ(ξD∗π) 0.03 ± 0.03 0.99 ± 0.02

eter also has a pull width which deviates significantly from unity. To be certain

that this is not due to incorrect parameterisation, the pseudoexperiments are re-

peated with yields that are 100 times larger than those expected in data. The

results of this are shown in Tab. 8.4. Here, all parameters are determined with-

out biases and their uncertainties are estimated correctly since the pull widths

are consistent with unity. Therefore, the bias seen in the ℜ(ξD∗π) observable in

Tab. 8.3 is a statistical effect. A correction is applied due to this, where the fitted

value of the ℜ(ξD∗π) observable is corrected using

∆ℜ(ξD∗π) = ℜ(ξD∗π)gen− < ℜ(ξD∗π)fit >, (8.13)

which is 0.02, and the overestimated uncertainty is corrected for by multiplying

the statistical uncertainty by the pull width.

8.6 | Results
The m(Dh) distributions and the fit projections are shown in App. B, but one

set of results is shown in Fig. 8.6. The plot on the left corresponds to the +2

Dalitz plot bin in the B− → DK− sample and on the right is the corresponding
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Table 8.4: Means and widths of pull distributions for the B± → D∗h± CP observ-
ables from 1000 pseudodatasets with 100 times the yield in data.

CP Observable Pull Mean Pull Width
xD∗K
− -0.02 ± 0.04 0.99 ± 0.03

yD∗K
− 0.04 ± 0.04 1.03 ± 0.03

xD∗K
+ -0.05 ± 0.04 0.99 ± 0.03

yD∗K
+ 0.03 ± 0.04 1.00 ± 0.03

ℜ(ξD∗π) 0.05 ± 0.04 1.00 ± 0.03
ℑ(ξD∗π) 0.01 ± 0.04 1.03 ± 0.03

Dalitz plot bin, −2, for the B+ → DK+ sample. The asymmetry between the

B± → [Dπ0]D∗K± signal components (shown in dark blue) in the B− and B+

samples suggests that there is CP-violation in this mode. However, due to the

comparatively smaller yields in the B± → [Dγ]D∗K± signal components (shown

in light blue), the asymmetry here is less obvious.

Another feature of Fig. 8.6 is that the asymmetry in the B± → DK± back-

ground between the B− and B+ samples is in the opposite direction compared

to that for the B± → [Dπ0]D∗K± signal. This is because the strong phases, δDK
B

and δD∗K
B , are expected to differ by 180◦. This leads to a sign change on the CP

observables, which changes the sign on the interference term in the Dalitz plot

bin yield parameterisation, resulting in a reversed asymmetry.
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Figure 8.6: Mass distributions for DK samples with D → K0
Sπ+π− decays recon-

structed with downstream K0
S candidates in (left) the B− sample in Dalitz plot

bin +2 and (right) the B+ sample in Dalitz plot bin −2. The projections of the fit
results are overlaid.

From the CP fit, the B± → D∗h± CP observables are determined to be:

xD∗K
− = (−6.3 ± 2.9)× 10−2,

yD∗K
− = (−4.8 ± 5.7)× 10−2,

xD∗K
+ = ( 6.0 ± 2.6)× 10−2,

yD∗K
+ = ( 5.4 ± 2.9)× 10−2,

ℜ(ξD∗π) = ( 11.5 ± 9.4)× 10−2,

ℑ(ξD∗π) = (−0.9 ± 9.7)× 10−2,

with their associated statistical uncertainties. The uncertainty on the yD∗K
− param-

eter is larger than that of the other D∗K CP observables. This is because, as shown

in Eqs. 8.2 and 8.4, the yD∗K
− parameter and si appear in the same term, and are

therefore highly correlated. This means that the Dalitz plot bins where the mag-

nitude of si is largest is where there should be the most sensitivity to yD∗K
− , and

for the D → K0
Sπ+π− mode this is in bins ±5 and ±6. As shown in Fig. 8.7, these
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Figure 8.7: Dalitz plot bin yields determined using the fitted CP observables from
the CP fit for (top) B+ decays, (bottom) B− decays, (left) with D∗ → Dγ decays
and (right) D∗ → Dπ0 decays.

are also the Dalitz plot bins which are among the smallest yields, and therefore

there is low sensitivity to yD∗K
− .

The statistical uncertainty is also much larger for the ξD∗π than the D∗K CP

observables. This is because in the B± → Dπ± mode there are much larger

backgrounds, such as B± → Dρ±, which severely contaminate this sample and

reduce its purity.

The correlation matrix associated with these statistical uncertainties is shown

in Tab. 8.5. Here, there is a large variation in the correlations from 10–77%. Sim-

ilar correlations were also observed using pseudodata with all signal and back-
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ground components. To determine the cause of the size of the correlations, pseu-

dodata was also generated with only the signal components. When doing so,

the size of the correlations dropped to 35%. Furthermore, generating signal-only

pseudodata with only the D∗ → Dγ mode produced correlations of up to 40%,

and pseudodata with only the D∗ → Dπ0 mode produced correlations of up to

30%. This means that there are two sources driving the sizes of the statistical cor-

relations in Tab. 8.5. First, the contamination due to the large background sources

which severely impacts the purity of this measurement. Second, the presence of

two signal modes, D∗ → Dγ and D∗ → Dπ0, which, as discussed in Ch. 5.4, di-

lutes the sensitivity of this measurement. Both of these are due to the partially

reconstructed nature of this analysis and cannot be avoided.

The results for these CP observables can be plotted, as shown in Fig. 8.8, where

a likelihood scan is performed to determine the 68.3% and 95.5% confidence re-

gions. Since the contours are close to ellipses, this suggests that the uncertainties

are modelled well using a Gaussian function and therefore those obtained in the

fit are accurate. From the definitions of the B± → D∗K± CP observables, it can be

deduced that the length of the red and blue lines from the origin are each rD∗K
B ,

and the angle between them is 2γ. Similarly, using the definition of the ξD∗π pa-

rameter, the distance from the black point in the right-hand plot of Fig. 8.8 to the

origin is the ratio rD∗π
B /rD∗K

B . The value of rD∗K
B and rD∗π

B /rD∗K
B are each expected

to be around 0.1 [47], therefore these appear to be consistent with the results in

Fig. 8.8. The CKM angle γ is expected to be around 63.8◦ [47], but the result

in Fig. 8.8 appears to be larger than this. Figure 8.8 does not give a clear indi-

cation of the uncertainty on γ, and therefore the consistency of this result with

Ref. [47] cannot be judged without a complete interpretation of the results. This

147



Chapter 8. Measurement of CP-Violation

Table 8.5: Statistical correlation matrix for the CP observables.

xD∗K
− yD∗K

− xD∗K
+ yD∗K

+ ℜ(ξD∗π) ℑ(ξD∗π)

xD∗K
− 1.000 0.420 0.158 0.105 0.445 0.422

yD∗K
− 1.000 0.115 0.232 0.765 0.631

xD∗K
+ 1.000 −0.095 0.012 0.409

yD∗K
+ 1.000 0.263 0.112

ℜ(ξD∗π) 1.000 0.597
ℑ(ξD∗π) 1.000
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Figure 8.8: Contours at the 68.3% and 95.5% confidence levels indicated by
the darker and lighter regions, respectively, for (left, red) (xD∗K

− , yD∗K
− ) which

is labelled B− and (left, blue) (xD∗K
+ , yD∗K

+ ) which is labelled B+, and (right)
(ℜ(ξD∗π),ℑ(ξD∗π)), including only statistical uncertainty. The black points in-
dicate the central values.

is discussed in Ch. 10.

8.7 | Cross-Check
In this analysis, the CP observables for the fully reconstructed B± → Dh± modes

are used as cross-checks. They do not supersede results from Ref. [45], since the
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Figure 8.9: The B± → Dh± CP observables in this analysis (purple) and Ref. [45]
(red), with statistical uncertainties only.

selections used here have been optimised for the partially reconstructed B± → D∗h±

modes.

A comparison of the B± → Dh± CP observables in this analysis and in Ref. [45]

is shown in Fig. 8.9 where the error is only the statistical uncertainty. Given that

there is a large overlap between the datasets in this analysis and in Ref. [45], a

strong agreement is expected and is seen, with consistency across all CP observ-

ables. Furthermore, there is a mix of both upward and downward fluctuations

showing that there is no systematic effect between this analysis and Ref. [45] caus-

ing a skew of the results.
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Systematic Uncertainties

Throughout this analysis, there are a number of assumptions that have been

made. These result in systematic uncertainties which are evaluated here and

summarised in Tab. 9.4. First, the systematic uncertainty due to the external

strong-phase inputs is discussed in Ch. 9.1. This is followed by discussions of

all LHCb-related experimental systematic uncertainties. In Ch. 9.8 a justification

for those which are ignored and not evaluated is provided. The leading sources

of systematic uncertainty are then discussed in Ch. 9.9, with commentary on their

further reduction.

9.1 | Strong-Phase Inputs
In the CP fit, the ci and si values are fixed to the combination [42,43] of the CLEO

and BESIII measurements and these carry uncertainties. The systematic uncer-

tainty due to ignoring these uncertainties is estimated by generating alternative

strong-phase inputs by varying the central value of the ci and si inputs according

to the statistical uncertainty on their measurement while taking into account the
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Table 9.1: Systematic uncertainty (σ) expressed in units of 10−2 associated with
the external strong-phase inputs.

xD∗K
− yD∗K

− xD∗K
+ yD∗K

+ ℜ(ξD∗π) ℑ(ξD∗π)

σ 0.57 1.54 0.18 0.41 2.33 2.13

correlations between them. Then the CP fit is performed to data 1000 times, each

time with a different set of ci and si inputs. The standard deviation for each CP

observable from these 1000 fits is taken to be its systematic uncertainty, this is

shown in Tab. 9.1.

9.2 | Efficiency Correction of (ci, si)

The strong-phase inputs used in this analysis are defined as,

ci =

∫
i ds2 |AD|

∣∣AD

∣∣ cos(∆δD)√∫
i ds2 |AD|2

∫
i ds2

∣∣AD

∣∣2 , (9.1a)

si =

∫
i ds2 |AD|

∣∣AD

∣∣ sin(∆δD)√∫
i ds2 |AD|2

∫
i ds2

∣∣AD

∣∣2 , (9.1b)

and their inputs have been corrected for efficiency effects at these experiments.

As mentioned in Ch. 5.1, the non-uniform acceptance at LHCb over the D-decay

phase space means that the ci and si values should be efficiency-corrected with

the reconstruction efficiency profile, η(s−, s+). This would result in strong-phase

inputs that are defined as,

c′i ≡
∫

i ds−ds+η(s−, s+) |AD|
∣∣AD

∣∣ cos(∆δD)√∫
i ds−ds+η(s−, s+) |AD|2

∫
i ds−ds+η(s−, s+)

∣∣AD

∣∣2 , (9.2a)

s′i ≡
∫

i ds−ds+η(s−, s+) |AD|
∣∣AD

∣∣ sin(∆δD)√∫
i ds−ds+η(s−, s+) |AD|2

∫
i ds−ds+η(s−, s+)

∣∣AD

∣∣2 . (9.2b)
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To assess the systematic uncertainty due to ignoring this efficiency-correction,

amplitude models for D → K0
Sπ+π− decays [112] and D → K0

SK+K− decays [49],

are used to provide a set of inputs, {cmodel
i , smodel

i }, and their efficiency-corrected

values, {ceff
i , seff

i }. This efficiency correction is performed by estimating the re-

construction efficiency profile using simulation. By generating simulation with a

uniform phase-space distribution, the reconstruction efficiency at a phase-space

point is proportional to the yield at that point.

Pseudodata are generated with signal yields parameterised in terms of efficiency-

corrected strong-phase inputs, {ceff
i , seff

i }. Then the CP fit is performed where the

strong-phase inputs in the fit model are not efficiency-corrected, {cmodel
i , smodel

i }.

The mean bias in the CP observables is assigned as the systematic uncertainty.

9.3 | Mass Shape Parameterisation
In the mass shape parameterisation described in Ch. 7, there are a number of

parameters that are obtained in fits to simulation and subsequently fixed in the

fit to data. These carry uncertainties which need to be propagated. Therefore,

the associated systematic uncertainty due to ignoring them is evaluated using

bootstrapping [102], as follows:

■ The simulation samples are re-sampled with replacement such that each

candidate is sampled with the same probability. The fits are then repeated

100 times for every signal and background component.

■ The data are also re-sampled with replacement and the global fit is repeated
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100 times, each time using a different set of results from the fits to simula-

tion in the previous step.

■ Without further re-sampling of the data, to avoid a statistical spread in the

results, the CP fit is repeated 100 times, each time using a different result

from the global fits in the previous step.

From the 100 CP fits, the standard deviations of the resulting CP observables

are evaluated and taken to be the systematic uncertainties. This bootstrapping

method benefits from ensuring that correlations between shape parameters are

accounted for in the error propagation. It also implicitly accounts for the small fit

biases identified when validating the global fit in Ch. 7.5.

9.4 | Fixed Ratios
The yield parameterisations in both the global fit and CP fit include a number of

fixed branching ratios, efficiencies, and yield ratios. Each of the fixed values are

taken from the PDG [18], simulation, or another analysis [46], respectively, and

carry uncertainties. The associated systematic uncertainty due to ignoring them

is evaluated as follows:

■ Each fixed quantity is varied by sampling a shift using a Gaussian function

with a mean of 0 and a width which is the uncertainty on the fixed quantity.

■ The global and CP fits are repeated with the new fixed value.

■ This is repeated 100 times.
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The standard deviation of each CP observable from the 100 fits is taken to be its

systematic uncertainties. The systematic uncertainties associated with the fixed

branching ratios, efficiencies, and yield ratios are evaluated separately and sum-

marised in Tab. 9.4.

In the global fit, the fixed yield ratios are determined using yields from the

partially reconstructed B± → D∗h± analysis with 2-body D-decay final states [46].

These are employed in yield parameterisations similarly to the example shown in

Eq. 7.9. For this parameterisation to be correct, the efficiencies in this analysis and

Ref. [46] are assumed to be the same. This assumption was tested in simulation,

as detailed in Ch. 7.3, and found to be correct within 1–3%. The systematic un-

certainty due to this 1–3% variation is included in the procedure outlined above

by multiplying the yield ratio by a factor sampled from a Gaussian function with

a mean of 1 and a width of 0.03.

9.5 | Dalitz Plot Bin Migration
Dalitz plot bins are assigned using measurements of a candidate’s momentum.

The resolution of these measurements can lead to incorrect bin assignment and

migration of events between neighbouring bins. The Fi values are measured in

the CP fit, therefore any migration between bins is largely accounted for. How-

ever, the measurement of the Fi values for the signal decays are dominated by the

B± → D∗π± components. Therefore, differing levels of bin migration between

B± → D∗π± and B± → D∗K± decays will impact the CP-violation measure-

ment. This is expected to be a small effect and the systematic uncertainty asso-

ciated with ignoring this is accounted for as follows. A signal-only pseudodata
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study is performed where data are generated assuming the physical observables

(rD∗K
B , rD∗π

B , δD∗K
B , δD∗π

B , γ) are at their current LHCb γ combination values [47]

and using the amplitude model for D → K0
Sπ+π− decays [112]. Then, the phase-

space coordinates of each generated decay are smeared, to mimic resolution ef-

fects and the Dalitz plot bins are reassigned. The CP fit is then performed on this

pseudodataset. After this, the signal-only pseudodata study is repeated without

smearing the phase-space coordinates of each generated decay, thus isolating the

effect of the momentum resolution. By comparing the resulting CP observables

between the two pseudodata studies, the mean bias in them is determined and

assigned as the systematic uncertainty.

In order to perform this study, first the experimental resolution is measured

in simulation by comparing reconstructed phase-space coordinates to those cal-

culated from truth-matched momentum measurements. As the sensitivity of this

analysis is driven by candidates with D → K0
Sπ+π− decays, the experimental res-

olution is measured using only these. Furthermore, to evaluate the resolution the

rectangular Dalitz plot binning scheme, shown at the top of Fig. 9.1, is used, be-

cause it better describes continuous trends over the Dalitz phase space. The dis-

tribution of the resolution is shown at the bottom of Fig. 9.1 for B± → [Dπ0]D∗π±

candidates.

Signal-only pseudodata are generated and the phase-space coordinates of each

generated decay are smeared. To do this, first a shift is sampled from the ∆(m2)

distributions in Fig 9.1 for a simulated event in the same Dalitz plot bin as the

generated decay. Then, this shift is multiplied by 120% to account for data-

simulation resolution differences, and applied to the generated event. Once these

shifts are sampled and applied to all pseudodata, the data are assigned new
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Figure 9.1: Shifts in simulation between true and reconstructed m2(K0
Sπ+) for

(bottom) B± → [Dπ0]D∗π± decays in Dalitz plot bins of the (top) rectangular
Dalitz plot binning scheme for D → K0

Sπ+π− decays. The widths (σ) of the shifts
in simulation are shown in units of GeV2/c4.

Dalitz plot bins and the CP fit is performed with the nominal fit model.

Then, by repeating this procedure without smearing the phase-space coordi-

nates, the CP observables in both cases are compared. Since both sets of pseu-

dodata studies generate data with the same input CP observables, the systematic
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uncertainty is calculated using the mean biases between the resulting CP observ-

ables. For example, the systematic uncertainty (σsyst) is

σsyst(x) = µ(x)smear − µ(x)no smear, (9.3)

for a CP observable, x, and the mean of its fitted values, µ(x)(no) smear, when pseu-

dodata are generated with(out) phase-space coordinate smearing.

9.6 | Inputs for CP-Violating Backgrounds
In the CP fit, the CP-violating backgrounds are parameterised with corresponding

CP observables which are fixed. The hadronic parameters used to calculate these

CP observables carry uncertainties, and therefore there is an associated systematic

uncertainty. This is evaluated by generating 1000 pseudodatasets with alternative

hadronic parameter inputs and performing the CP fit with the nominal fit model.

The systematic uncertainty for a CP observable, x, is then calculated as

σsyst(x) = [µ(x)gen ̸= fit − I(x)]− [µ(x)gen = fit − I(x)], (9.4)

where:

■ µ(x)gen ̸= fit is the mean of the fitted values of the CP observable when the

model at generation and fitting are different, i.e. where alternative inputs

are used for the CP-violating backgrounds during generation.

■ µ(x)gen = fit is the mean of the fitted values of the CP observable when the

model at generation and fitting are the same, i.e. the mean of the fitted val-

ues from the pseudodata study in Ch. 8.5.
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■ I(x) is the input value for the CP observable in each pseudodataset. The

same value is used when generating pseudodata with alternative inputs for

the CP-violating backgrounds and in Ch. 8.5.

To determine the systematic uncertainty, the coherence factors, κ, for all CP-

violating backgrounds are varied from 0.5 to unity, except for the background

contributions from B0 → DK±π∓ and B± → Dπ±π0 decays. For B0 → DK±π∓

decays, the coherence factor is varied to 0.958 instead. This is because this was the

coherence factor measured for the B0 → DK∗0(892) signal component in an am-

plitude measurement of B0 → DK±π∓ decays [107]. In this thesis, B0 → DK∗0(892)

decays form a background component and therefore, 0.958 represents a max-

imum coherence factor for the B0 → DK±π∓ background. For B± → Dπ±π0

decays, the coherence factor is nominally set to unity, and an associated system-

atic uncertainty is not evaluated. This is because the global fit showed with very

good precision that the background from B± → Dπ±π0 decays consists of almost

entirely B± → Dρ± decays. Therefore, the coherence factor for B± → Dπ±π0 de-

cays is not varied in these pseudodata studies.

The strong phases for the B0 → [Dπ0]D∗K±π∓ and B0 → [Dγ]D∗K±π∓ de-

cays are assumed to be equal in the CP fit, but this may not be true. The systematic

uncertainty associated with this is assessed by introducing a phase shift between

these δB parameters. Since the CP-violation parameters for these backgrounds

have not been measured, the effect due to a maximal phase difference of 180◦ is

assessed.

The systematic uncertainty due to the remaining rB and δB hadronic param-

eters is assessed by shifting their nominal values to the upper and lower limits
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of the 68.3% confidence level quoted in Ref. [47]. This results in two sets of in-

puts which are tested and shown in Tab. 9.2. Set A denotes the shift to the upper

limits, and set B the shift to the lower limits. There are two cases where a lack

of information on CP-violation, specifically in B± → D(∗)π±π0 decays, means

that the strong-phase inputs were chosen arbitrarily. To assess the systematic un-

certainty due to this, the strong phases are rotated by 180◦ in both set A and set

B. Pseudodata studies were also carried out where they were rotated by 90◦ and

270◦ to assess the full spectrum of possible values, and it was found that all three

rotations led to very similar systematic uncertainties.

For each CP observable, the systematic uncertainty is determined by taking

the largest uncertainty from sets A and B. Large backgrounds for which there

is little knowledge about their CP-violation dominate these uncertainties. The

B± → DK±π0 decays have the largest impact on the D∗K CP observables, and

the B± → D(∗)π±π0 decays impact the D∗π CP observables the most.

9.7 | Bias Correction
The validation of the CP fit in Ch. 8.5 found that a bias correction was necessary

for the ℜ(ξD∗π) observable. The size of this bias can differ depending on the

input parameters for the pseudoexperiments. Therefore, alternative pseudoex-

periment inputs are tested to determine the range of possible biases. Three sets

of alternative inputs were chosen, shown in Tab. 9.3, from the 68.3% confidence

level for the physical observables in the latest LHCb γ combination [47]. The

pseudoexperiments are performed with these alternative inputs and the range of

biases on the CP observables is taken as the systematic uncertainty.
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Table 9.2: Variations in hadronic input parameters for CP-violating backgrounds
to assess their associated systematic uncertainty.

Component rB δB(◦) κ

Set A
B0 → DK±π∓ 0.271 208 0.958
B± → DK±π0 0.124 54 1.0
B0 → [Dγ]D∗K±π∓ 0.271 111 1.0
B0 → [Dπ0]D∗K±π∓ 0.271 291 1.0
B± → D∗K±π0 0.124 54 1.0
B± → Dπ±π0 0.0055 280 1.0
B± → D∗π±π0 0.0055 20 1.0

Set B
B0 → DK±π∓ 0.224 188 0.958
B± → DK±π0 0.089 19 1.0
B0 → [Dγ]D∗K±π∓ 0.224 29 1.0
B0 → [Dπ0]D∗K±π∓ 0.224 209 1.0
B± → D∗K±π0 0.089 19 1.0
B± → Dπ±π0 0.0044 280 1.0
B± → D∗π±π0 0.0044 20 1.0

Table 9.3: Nominal (top row) and alternative inputs for physical observables to
determine the systematic uncertainty due to the bias correction.

γ rD∗K±
B δD∗K±

B rD∗π±
B δD∗π±

B

63.8◦ 0.098 308◦ 0.0091 137◦

64◦ 0.100 315◦ 0.010 150◦

60◦ 0.079 283◦ 0.0035 54◦

67◦ 0.115 320◦ 0.0172 159◦

9.8 | Negligible Systematic Uncertainties

There are some sources of systematic uncertainty which are ignored as their ef-

fects are negligible compared to the statistical precision of this result. These are

discussed here.
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9.8.1 | Bin-Dependent Mass Shapes

The mass shape parameterisations from the global fit are fixed in every Dalitz

plot bin in the CP fit. It is possible that these shapes could vary over the D-decay

phase space due to variations in particle kinematics over the Dalitz plot. This

is predominantly minimised by the constraints on the D and K0
S meson masses

during candidate reconstruction, as explained in Ch. 6.1. To determine how large

any remaining effect is, Kolmogorov-Smirnov tests [92, 93] are used to compare

mass distributions in simulation for the signal decays and the fully reconstructed

B± → Dh± backgrounds. Comparisons are made of these distributions between

the global D-decay phase space and in each Dalitz plot bin of the rectangular

binning scheme for the D → K0
Sπ+π− final state. For this test, candidates from

the B± → Dπ± mode with downstream K0
S mesons are used as this category has

the largest yield, making differences between the mass shapes more evident. In

Fig. 9.2, the mass shapes in simulation for the global D-decay phase space are

shown by the grey filled regions and the mass shapes in each Dalitz plot bin are

shown by the coloured lines. The legend includes p-values from the Kolmogorov-

Smirnov tests. This is an indication of how similar two histograms are, and if the

p-value is greater than 5%, the histograms can be assumed to be similar. This is

the case for all components and Dalitz plots bins, with most p-values at approxi-

mately 50%.

The slope of the combinatorial background can also vary between Dalitz plot

bins. To investigate this, the high m(Dh) sideband, (5600–6500 MeV/c2) in data

is fitted with an exponential for each Dalitz plot bin. Figure 9.3 shows very little

variation between the exponential slope for each Dalitz plot bin and that for the
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global D-decay phase space. Therefore, any associated systematic uncertainty

would be very small, and negligible compared to the statistical precision of this

measurement.

9.8.2 | Other CP-Violation Effects

The presence of D and K0
S mesons in this analysis means that effects due to ignor-

ing CP-violation, regeneration in K0
S interactions with matter, and charm-mixing

could affect the CP-violation measurement. The systematic uncertainty due to ig-

noring these effects was evaluated in the measurement of γ in B± → Dh± decays

with the D → K0
Sh+h− final state [45]. It was found to be an order of magnitude

smaller than the statistical precision in that measurement. Given that there are

larger statistical uncertainties here compared to Ref. [45], the systematic uncer-

tainty due to ignoring these effects is expected to have a minimal effect on the

final result and is ignored.

9.9 | Summary
All systematic uncertainties are summarised in Tab. 9.4. The total LHCb-related

systematic uncertainty is shown, and once including the systematic uncertainty

due to the external strong-phase inputs, the total systematic uncertainty is also

given. For comparison, the statistical uncertainties are included at the bottom of

the table, where it is evident that the result is statistically limited.

The correlation matrix related to the systematic uncertainty due to the exter-

nal strong-phase inputs is shown in Tab. 9.5. In addition, the correlation matrix
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Figure 9.2: Mass distributions in simulation for (top) B± → [Dπ0]D∗π±, (center)
B± → [Dγ]D∗π±, and (bottom) B± → Dπ± with downstream K0

S mesons split by
Dalitz bin in the rectangular binning scheme indicated by the coloured lines and
the global D-decay phase space indicated by the shaded grey histograms. The
p-values from Kolmogorov-Smirnov tests are shown in the legend.
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Figure 9.3: Exponential slopes fitted to the high mass sideband in data for (top)
B± → DK± and (bottom) B± → Dπ± candidates with (left) downstream K0

S can-
didates and (right) long K0

S candidates. The coloured points indicate the slopes
when fitting in each Dalitz plot bin in the rectangular binning scheme, and the
green shaded lines indicate the fitted slope to the global D-decay phase space.

associated with the LHCb-related systematic uncertainties is shown in Tab. 9.6.

For systematic uncertainties determined using repeated fits to data, the correla-

tions are taken from those of the fitted central values. For systematic uncertain-

ties assessed using pseudodata studies, if the average bias between a pair of CP

observables is in the same direction a correlation of +100% is used, otherwise a

correlation of −100% is used.

The leading sources of systematic uncertainty (mass shape parametrisation,

fixed branching ratios, fixed yield ratios, and inputs for CP-violating backgrounds)

are driven by the parameterisation of two background components; B± → DK±π0

and B± → Dπ±π0 decays. These are large CP-violating backgrounds for which

there are currently no amplitude analyses or CP-violation measurements. The
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Table 9.4: Summary of the systematic uncertainties, and for comparison, the sta-
tistical uncertainties. Values are expressed in units of 10−2.

Source xD∗K
− yD∗K

− xD∗K
+ yD∗K

+ ℜ(ξD∗π) ℑ(ξD∗π)

Strong-phase inputs 0.57 1.54 0.18 0.41 2.33 2.13

Efficiency correction of (ci, si) 0.23 0.29 0.21 0.20 0.47 0.31

Mass shape parameterisation 0.38 0.61 0.41 0.34 1.19 0.96

Fixed branching ratios 0.58 0.44 0.33 0.50 1.09 0.54

Fixed efficiencies 0.23 0.48 0.18 0.27 0.70 0.38

Fixed yield ratios 0.66 0.85 0.46 0.43 1.45 0.77

Dalitz-bin migration 0.00 0.02 0.04 0.10 0.03 0.11

Inputs for CPV backgrounds 0.35 0.33 0.38 0.21 2.22 1.93

Bias Correction 0.29 0.35 0.12 0.16 0.62 0.51

Total LHCb systematic uncertainties 1.11 1.36 0.85 0.87 3.28 2.46

Total systematic uncertainty 1.25 2.05 0.87 0.95 4.02 3.26

Statistical uncertainty 2.93 5.69 2.58 2.87 9.37 9.67

lack of amplitude analyses means that the m(Dh) distribution has been modelled

by estimating the largest contributions to these decays. The lack of CP-violation

measurements for these backgrounds results in hadronic parameter inputs which

carry large uncertainties or are unknown and therefore the full spectrum of possi-

ble values must be considered. Both of these result in large systematic uncertain-

ties. Therefore, to avoid limiting a future version of this measurement, further

work must include amplitude analyses and CP-violation measurements of these

backgrounds.
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Table 9.5: Correlation matrix associated with the systematic uncertainty due to
the external strong-phase inputs.

xD∗K
− yD∗K

− xD∗K
+ yD∗K

+ ℜ(ξD∗π) ℑ(ξD∗π)

xD∗K
− 1.000 0.886 −0.117 −0.063 0.916 0.904

yD∗K
− 1.000 −0.124 −0.115 0.935 0.889

xD∗K
+ 1.000 −0.280 −0.130 0.063

yD∗K
+ 1.000 0.085 −0.077

ℜ(ξD∗π) 1.000 0.941
ℑ(ξD∗π) 1.000

Table 9.6: Correlation matrix associated with the LHCb-related experimental sys-
tematic uncertainties.

xD∗K
− yD∗K

− xD∗K
+ yD∗K

+ ℜ(ξD∗π) ℑ(ξD∗π)

xD∗K
− 1.000 0.630 −0.241 −0.016 0.602 0.083

yD∗K
− 1.000 0.008 0.154 0.735 0.230

xD∗K
+ 1.000 0.515 0.232 0.618

yD∗K
+ 1.000 0.237 0.112

ℜ(ξD∗π) 1.000 −0.201
ℑ(ξD∗π) 1.000
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CKM Angle γ Result

The CP observables for B± → D∗h± decays are measured to be:

xD∗K
− = (−6.3 ± 2.9 ± 1.1 ± 0.6)× 10−2,

yD∗K
− = (−4.8 ± 5.7 ± 1.4 ± 1.5)× 10−2,

xD∗K
+ = ( 6.0 ± 2.6 ± 0.9 ± 0.2)× 10−2,

yD∗K
+ = ( 5.4 ± 2.9 ± 0.9 ± 0.4)× 10−2,

ℜ(ξD∗π) = ( 11.5 ± 9.4 ± 3.3 ± 2.3)× 10−2,

ℑ(ξD∗π) = (−0.9 ± 9.7 ± 2.5 ± 2.1)× 10−2,

where the first uncertainty is statistical, the second is systematic, and the third is

due to external strong-phase inputs. The following chapter explains how these

CP observables are interpreted in terms of the physical observables, rD∗K
B , δD∗K

B ,

rD∗π
B , δD∗π

B , and the CKM angle γ. To do this, a maximum-likelihood fit is per-

formed using the LHCb GAMMACOMBO package [113].
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10.1 | Method
The statistical methods by which the GAMMACOMBO package combines multi-

ple CP-violation measurements to determine underlying physical observables are

detailed in Ref. [113]. The same software package can be used to interpret a single

measurement and this is outlined here.

The observables from the measurement in this thesis can be denoted,

A⃗obs = (xD∗K
− , yD∗K

− , xD∗K
+ , yD∗K

+ ,ℜ(ξD∗π),ℑ(ξD∗π)), (10.1)

where the underlying physics parameters are,

α⃗ = (rD∗K
B , δD∗K

B , rD∗π
B , δD∗π

B , γ). (10.2)

The PDF associated with the measurement, f (A⃗obs |⃗α), is assumed to be a multi-

dimensional Gaussian distribution,

f (A⃗obs |⃗α) ∝ exp
[
−1

2
(A⃗(⃗α)− A⃗obs)TV−1(A⃗(⃗α)− A⃗obs)

]
, (10.3)

where V is the covariance matrix, including both statistical and systematic uncer-

tainties and their correlations. In the case of interpreting a single measurement,

the likelihood function is equal to the PDF, L(⃗α) = f (A⃗obs |⃗α). Using this, a χ2-

function, defined as χ2(⃗α) = −2 lnL(⃗α), is minimised to determine the best-fit

physics parameters at the global minimum, χ2(⃗αmin).

The confidence level (CL) where, for example, γ is γ0, is determined as fol-

lows:

1. With γ = γ0, a new χ2-function is defined and minimised, resulting in a

new minimum, χ2(α⃗′min).
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2. The deviation from the global minimum is calculated

∆χ2 = χ2(α⃗′min)− χ2(⃗αmin).

3. Pseudodatasets, A⃗MC, are generated according to the PDF, f (A⃗obs|α⃗′min).

4. Each pseudodataset is minimised. Once where γ allowed to vary, and once

where it is fixed to γ0.

5. The difference between these minima is computed, (∆χ2)MC.

6. The value of 1−CL is the fraction of pseudodatasets with ∆χ2 < (∆χ2)MC.

Within the GAMMACOMBO package, this is called the PLUGIN method. There

is also an alternative procedure called the PROB method. In this case, the de-

viation, ∆χ2, from the global minimum is calculated, and assumed to follow a

χ2-distribution. The CL is then determined using the cumulative distribution

function for a χ2-function. For example, for one degree of freedom, the 68.3%

CL corresponds to a ∆χ2 value of 1. This approach relies on the assumption

that the ∆χ2 deviation follows a χ2-distribution, and therefore that the parame-

ter estimates follow Gaussian distributions. This is true for asymptotically large

samples [114], and is a good assumption given the elliptical contours for the CP-

observables, shown in Fig. 8.8. However, there are small deviations in the con-

tours in Fig. 8.8 from an ellipse. Therefore, the PLUGIN method is more suitable

as the generation of sufficient pseudodatasets ensures reliable coverage.
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10.2 | Interpretation
The parameterisation of the CP observables allows for a two-fold symmetry with

solutions where γ → γ + 180◦ and δB → δB + 180◦. By convention, 0 < γ < 180◦

is chosen, and therefore the physics parameters are interpreted to be,

γ = (92+21
−17)

◦,

rD∗K
B = 0.080+0.022

−0.023,

δD∗K
B = (310+15

−20)
◦,

rD∗π
B = 0.009+0.005

−0.007,

δD∗π
B = (304+37

−38)
◦.

The solution for γ is consistent with the current LHCb γ combination, where

γ = (63.8+3.5
−3.7)

◦ [47]. These solutions are depicted in Fig. 10.1 where the con-

fidence intervals for γ are shown, and in Fig. 10.2 where the two-dimensional

confidence regions between the hadronic parameters are shown.

The solutions listed above were determined using the PLUGIN method de-

scribed in the preceding section. The confidence intervals for γ are shown in

Fig. 10.1, where the PLUGIN (points) and PROB (purple shaded region) methods

are compared. There is reasonable agreement between the two methods, with a

small deviation in the right-hand tail of the 1−CL distribution. This is because

the uncertainty on γ is inversely proportional to the central value of rB, which is

bounded to be greater than 0. This is taken into account when generating pseu-

dodata for the PLUGIN method and results in a slightly higher right-hand tail in

the 1−CL distribution for γ.

Taking, as an example, the lower limit of the uncertainty on γ, 17◦, this is
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Figure 10.1: Confidence intervals at 68.3% and 95.5% for the CKM angle γ de-
termined using the PLUGIN (black points) and PROB (purple shaded region)
methods.

composed of a large statistical component, 16◦, an LHCb-related systematic un-

certainty of 4◦, and a strong-phase-related uncertainty of 4◦. A sensitivity study

with all signal and background components estimated a statistical sensitivity of

15◦. Therefore, the result found here is slightly larger, but within expectation.

The sensitivity study was performed using current LHCb averages for inputs for

the physical observables. Here, the input for rD∗K
B = 0.098, is larger than, though

still consistent with, the central value measured in this analysis. Since the uncer-

tainty on γ is inversely proportional to the central value of rB, the smaller central

value of rD∗K
B leads to a larger statistical uncertainty on γ.
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Figure 10.2: Two-dimensional confidence regions at 68.3% and 95.5% indicated
by the lighter and darker shades respectively, for (top, left) γ vs. rD∗K

B , (top, right)
γ vs. δD∗K

B , (bottom left) γ vs. rD∗π
B , and (bottom, right) γ vs. δD∗π

B .

10.3 | Comparison with Other Measurements

The results of this measurement can be compared to a number of similar LHCb

measurements [46,51]. These are considered below and a combination of γ, rD∗K
B ,

and δD∗K
B using these measurements for B± → D∗K± decays is given in Ch. 10.3.3.

This is subsequently compared to γ measurements from Belle [48] and BaBar [49]

for the same B decay in Ch. 10.3.4.
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10.3.1 | Fully Reconstructed B± → D∗h±, D → K0
Sh+h−

at LHCb

A description of this measurement [51] is given in Ch. 3.5.3. Similarly to the work

in this thesis, B± → D∗h± decays with D → K0
Sh+h− final states are studied, but

candidates are fully reconstructed. As there is an overlap in selection, the corre-

lation between Ref. [51] and the measurement in this thesis must be determined.

10.3.1.1 | Correlation

All events in Ref. [51] also appear in this analysis. Therefore, one may naïvely

expect that there is a strong correlation between the two analyses. In fact, the

correlation can be dismissed as negligible due to a number of differences between

the two analyses that result in common events carrying different weights.

By comparing signal yields in each analysis, it is found that Ref. [51] con-

tains 45% of the B± → [Dγ]D∗K± signal yield and 18% of the B± → [Dπ0]D∗K±

signal yield in the present work. It is not viable to remove these overlapping

events from the measurement in this thesis. An example of the m(Dh) spec-

trum of events in Ref. [51] and the present work is shown in Fig. 10.3, and below

this spectrum is the efficiency of remaining events if overlapping events are re-

moved from the present work. This efficiency drops significantly in the signal

region, 4950–5200 MeV/c2, indicating that removing fully reconstructed events

would result in a large signal loss. Furthermore, the trend in the efficiency is not

simple, rising from low to high m(Dh) values since reconstruction efficiency is

dependent on momentum. Therefore, if fully reconstructed events are removed
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Figure 10.3: The m(Dh) spectrum of events in the fully reconstructed analysis [51]
(labelled ‘FR’) and the present work with partial reconstruction (labelled ‘PR), in-
dicating their overlap and below this, the efficiency associated with the remain-
ing events if fully reconstructed events are removed from the present work.

from the present work, it would complicate the parameterisation of the signal

and background components in the 4950–5500 MeV/c2 mass range. Instead, the

correlation between Ref. [51] and the present work is determined.

First, the sensitivity in each analysis is driven by different D∗ decays. In

Ref. [51], the reconstruction efficiency for a single photon in a D∗ → Dγ can-

didate is higher than that for two low-momentum photons forming a D∗ → Dπ0
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candidate. This results in a larger yield for candidates with D∗ → Dγ decays

compared to D∗ → Dπ0 decays, and thus the sensitivity is driven by the D∗ → Dγ

mode. In contrast, the present work does not reconstruct photons or neutral pi-

ons, therefore the reconstruction efficiency does not differ between the two D∗

decays. Instead, the yield for the D∗ → Dπ0 mode is larger that of the D∗ → Dγ

mode because B(D∗ → Dπ0) is twice B(D∗ → Dγ). Therefore, here, the sen-

sitivity is driven by the D∗ → Dπ0 mode. Furthermore, in Ref. [51], the recon-

struction of photons and neutral pions means that the two D∗ decay modes are

well-separated. Whereas, in the present work, they overlap and occupy the same

m(Dh) region. The correlation between the two analyses due to these differences

and the overlap in the signal yield is assessed using pseudodata studies.

The CP fit model is modified to separate the D∗ → Dγ and D∗ → Dπ0 modes.

Then, 1000 signal-only pseudodata are generated using signal yields measured

in Ref. [51], and the CP fit is performed. Then, a second pseudodata study is

performed using the nominal signal-only CP fit model, where the two D∗ decay

modes are not separated. For this study, pseudodata must include the overlap

between the signal yields in the two analyses. Therefore, pseudodata from the

previous toy study are reused and only excess events are generated to total the

signal yields in this analysis. The nominal signal-only CP fit is then performed.

The correlations between the fitted CP observables for each set of pseudodata

studies are calculated and shown in Tab. 10.1. The average of the diagonal com-

ponents shows there is an average correlation of 17% due to the overlap and

treatment of the signal components in the two analyses.

This 17% correlation is then diluted due to the different background environ-

ments in each analysis. The impact of this in the present work is determined as
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Table 10.1: Correlation matrix for the fitted B± → D∗h± CP observables in signal-
only pseudodata for this analysis (labelled ‘PR’) and the fully reconstructed anal-
ysis (labelled ‘FR’).

xD∗K
−,PR yD∗K

−,PR xD∗K
+,PR yD∗K

+,PR ℜ(ξD∗π
PR ) ℑ(ξD∗π

PR )

xD∗K
−,FR 0.18 0.01 0.04 −0.01 −0.01 0.04

yD∗K
−,FR 0.02 0.20 −0.03 0.03 0.08 −0.01

xD∗K
+,FR 0.01 −0.04 0.24 0.01 0.00 −0.02

yD∗K
+,FR 0.02 0.01 −0.01 0.19 −0.00 0.07

ℜ(ξD∗π
FR ) −0.00 −0.04 0.02 −0.02 0.10 −0.02

ℑ(ξD∗π
FR ) 0.01 −0.06 −0.03 0.05 −0.04 0.10

follows. First, 1000 signal-only pseudodata are generated and the CP fit is per-

formed. Then, 1000 pseudodata with signal and background components are

generated and the CP fit is performed. The signal components in both sets of

pseudodata studies must be identical to avoid a statistical spread in the correla-

tion. The correlations between the resulting CP observables are calculated, and

are shown in Tab. 10.2. From the diagonal elements, an average correlation of

53% is found due to the background environment in the present work. The same

study was repeated by the proponents of Ref. [51], and an average correlation of

42% was found.

Overall, the correlation due to the overlap and treatment of the signal compo-

nents, and the background environment in each analysis can be calculated as, at

most, 3%, since

17% × 53% × 42% = 3%. (10.4)

This is an upper limit since there are further differences between the two anal-

yses which have not been assessed here, such as the looser PID requirement in

Ref. [51]. The correlations due to these differences cannot be determined trivially
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Table 10.2: Correlation matrix for the fitted B± → D∗h± CP observables in signal-
only pseudodata (labelled ‘sig’) and in pseudodata with all signal and back-
ground components (labelled ‘sig+bkg’).

xD∗K
−, sig yD∗K

−, sig xD∗K
+, sig yD∗K

+, sig ℜ(ξD∗π
sig ) ℑ(ξD∗π

sig )

xD∗K
−, sig+bkg 0.61 −0.01 −0.08 0.01 −0.15 0.12

yD∗K
−, sig+bkg 0.01 0.42 0.01 0.01 −0.06 −0.12

xD∗K
+, sig+bkg −0.03 0.06 0.58 −0.15 0.09 −0.06

yD∗K
+, sig+bkg −0.04 −0.03 −0.19 0.48 −0.02 0.12

ℜ(ξD∗π
sig+bkg) −0.13 −0.07 0.01 −0.04 0.56 −0.01

ℑ(ξD∗π
sig+bkg) 0.12 −0.12 −0.03 0.15 0.04 0.54

and would further reduce the 3% correlation found. The effect of this 3% statis-

tical correlation on a combined value of γ is estimated using pseudodata. The

inclusion of a 3% statistical correlation shifts the uncertainty on γ by 1%. There-

fore, the correlation can be dismissed as negligible, and the two analyses can be

treated as statistically independent.

The experimental systematic uncertainties are uncorrelated since the global

and CP fits are parameterised differently in the two analyses due to the difference

in reconstruction. Therefore, any fixed quantities and the systematic uncertainty

associated with ignoring the uncertainties on the fixed quantities are uncorre-

lated. This is not the case for the systematic uncertainty due to use of external

strong phase inputs, since the same inputs are used. The correlation between

the two analyses due to this is evaluated by repeating the CP fit to data for each

analysis 1000 times with the same randomly sampled strong-phase inputs. The

correlations between the resulting CP observables are shown in Tab. 10.3.
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Table 10.3: Correlation matrix between this analysis (labelled ‘PR’) and the fully
reconstructed analysis (labelled ‘FR’) due to the use of the same external strong-
phase inputs.

xD∗K
−,PR yD∗K

−,PR xD∗K
+,PR yD∗K

+,PR ℜ(ξD∗π
PR ) ℑ(ξD∗π

PR )

xD∗K
−,FR −0.02 −0.03 −0.04 0.10 −0.02 −0.04

yD∗K
−,FR 0.04 0.05 0.05 0.10 0.06 0.03

xD∗K
+,FR 0.03 0.01 0.11 0.16 0.07 0.04

yD∗K
+,FR 0.19 0.26 −0.20 0.14 0.26 0.17

ℜ(ξD∗π
FR ) 0.04 0.02 0.01 −0.16 −0.00 0.05

ℑ(ξD∗π
FR ) 0.01 0.01 0.07 −0.04 0.02 0.06

10.3.1.2 | Comparison

The results for the CP observables in this analysis and in Ref. [51] are compared

in Tab. 10.4. The uncertainties on the ξD∗π parameter are twice as large in this

analysis as in Ref. [51]. This is due to the dominant presence of the B± → Dπ±π0

background in this analysis which is suppressed in Ref. [51] due to the extra

discrimination power from the neutral reconstruction.

The results for the D∗K CP observables are depicted in Fig. 10.4 with their cor-

responding 68.3% and 95.5% confidence regions due to statistical uncertainties.

The central values are consistent, and in general, the results from this analysis

have smaller statistical uncertainties, indicating that they will carry more weight

when the two results are combined. Furthermore, Fig. 10.4 shows that the central

value for rD∗K
B is larger in Ref. [51], and therefore the fully reconstructed anal-

ysis has smaller statistical uncertainties on γ. The value of γ from Ref. [51] is

γ = (69+13
−14)

◦ indicating this. Nevertheless, the central values in both analyses

are consistent.
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Table 10.4: Comparison of B± → D∗h± CP observables in this analysis and in
Ref. [51] with implicit ×10−2.

CP Observable This Analysis Ref. [51]
xD∗K
− -6.3 ± 2.9 ± 1.1 ± 0.6 -8.9 ± 3.6 ± 2.1 ± 0.4

yD∗K
− -4.8 ± 5.7 ± 1.4 ± 1.5 -16.8 ± 4.0 ± 1.5 ± 0.4

xD∗K
+ 6.0 ± 2.6 ± 0.9 ± 0.2 11.4 ± 3.2 ± 1.3 ± 0.3

yD∗K
+ 5.4 ± 2.9 ± 0.9 ± 0.4 3.6 ± 4.4 ± 2.2 ± 0.7

ℜ(ξD∗π) 11.5 ± 9.4 ± 3.3 ± 2.3 0.5 ± 5.0 ± 2.8 ± 0.8
ℑ(ξD∗π) -0.9 ± 9.7 ± 2.5 ± 2.1 7.9 ± 5.0 ± 4.1 ± 1.5
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Figure 10.4: Comparison of D∗K CP observables in this analysis (purple) and
Ref. [51] (red) with their 68.3% and 95.5% confidence regions due to statistical
uncertainties.

10.3.2 | B± → D∗h±, D → h+h− at LHCb

A description of the measurement of CP-violation in B± → D∗h± with 2-body

D-decay final states at LHCb [46] is given in Ch. 3.5.2. In this analysis, partially

reconstructed B± → D∗h± decays are signal but with 2-body D-decay final states.

This means that the observables are CP asymmetries and ratios, as opposed to the
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Figure 10.5: Results from Ref. [46], which studied B± → D∗h± decays with 2-
body D-decay final states, depicting the four-fold symmetry in solutions for γ

in two-dimensional confidence regions in (left) δD∗K
B and γ, and (right) δD∗K

B and
rD∗K

B .

cartesian CP observables. The trigonometric relation between these asymmetries

and ratios and the physical observables leads to a four-fold degeneracy in the

solution for γ, as shown in Fig. 10.5.

The analysis in this thesis and Ref. [51] consider the self-conjugate D → K0
Sh+h−

final state, and therefore in each case a single solution for γ is found, breaking the

degeneracy in Ref. [46]. Also, as is evident by comparing results for the hadronic

parameters in Fig. 10.5 and those in this thesis, the present work places very

strong constraints on these parameters.
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10.3.3 | Combination of B± → D∗K± Decays at LHCb

The combined value of γ and the D∗K hadronic parameters from this analysis,

Ref. [46], and Ref. [51] using the PROB method are

γ = (74 ± 8)◦,

rD∗K
B = 0.096 ± 0.013,

δD∗K
B = (315 ± 8)◦,

and Fig. 10.6 shows the γ result with its 68.3% and 95.5% confidence levels. It is

evident from the comparison of these combinations to results from Ref. [46] that

the inclusion of this analysis and Ref. [51] significantly improve constraints on

the hadronic parameters.

The uncertainty on γ using B± → D∗K± decays is around twice that from a

combination using only B± → DK± decays (4◦) [45,46]. This can be attributed to

the difference in purity for B± → D∗K± and B± → DK± decays. As shown in

the global fit results in Ch. 7.6, the region for B± → DK± decays contains very

little background. In comparison, the region for B± → D∗K± decays is contam-

inated by many different backgrounds, leading to CP-violation measurements

with comparatively worse statistical sensitivity per signal decay.

The CKM angle γ and the D∗K hadronic parameters have also been measured

by the Belle [48] and BaBar [49] collaborations. Therefore, the combination of the

LHCb B± → D∗K± results can be compared to these.
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Figure 10.6: Confidence intervals at 68.3% and 95.5% for the CKM angle γ from
a combination of this analysis, Ref. [51], and Ref. [46].

10.3.4 | Belle and BaBar Results

The Belle and BaBar collaborations have also performed measurements [48,49] of

γ using B± → D∗h± decays in the D → K0
Sh+h− final states with full reconstruc-

tion. As discussed in Ch. 3.5.1, the Belle and BaBar measurements [48, 49] use a

model-dependent approach, whereby instead of using external strong-phase in-

puts, ci and si, an amplitude model is used to determine rD and δD. This method

leads to model-related uncertainties. Therefore, no global combination is made

between the LHCb, Belle, and BaBar results.

A comparison of the results for the hadronic parameters and γ from Belle,

BaBar, and LHCb is shown in Fig. 10.7 using black error bars. The results are

consistent between all experiments. The comparison shows that the larger data

samples at LHCb lead to greater statistical sensitivity.
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10.4 | Future Work
If this analysis is repeated with Run 3 data without further consideration, it will

be systematically limited. To prevent this, a number of extra studies and mea-

surements must first be performed. The largest systematic uncertainties arise

from the mass shape parameterisation, fixed branching ratios, fixed yield ratios,

and the inputs for the CP-violating backgrounds. In all cases these are driven by

backgrounds from B± → Dh±π0 decays which are not well-understood, both in

terms of their m(Dh) spectra and their hadronic parameters.

To improve the modelling of the m(Dh) distributions, amplitude analyses for

B± → Dπ±π0 and B± → DK±π0 decays are needed. Using these, simulation

could be generated using LAURA++ in order to better model these backgrounds.

Furthermore, with a larger dataset, one can expect to allow more freedom in the

m(Dh) shape and yield parameterisation. This will additionally serve to reduce

the systematic uncertainty associated with the fixed branching ratios and yield

ratios.

To reduce the systematic uncertainty due to the inputs for the hadronic pa-

rameters in B± → Dh±π0 decays, CP-violation measurements are needed whereby

rB, δB, and κ are measured directly. Currently, a lack of prior knowledge of these

values means systematic uncertainties are evaluated by considering a wide spec-

trum of values. By having measurements of these parameters, a smaller set of

variations would be tested, reducing the associated systematic uncertainties.
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Figure 10.7: Results (with statistical and systematic uncertainties) for (top) γ,
(center) rD∗K

B , and (bottom) δD∗K
B , from a combination of B± → D∗K± results

from LHCb [46, 51] and this thesis (labelled ‘LHCb’), Belle [48], BaBar [49].
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Summary

A CP-violation measurement of CKM angle γ is presented using B± → D∗h± de-

cays in the D → K0
Sh+h− final state. The measurement uses 9 fb−1 of pp collision

data collected by LHCb at centre-of-mass energies of 7, 8, and 13 TeV. The can-

didates are partially reconstructed, meaning photons and neutral pions from the

D∗ meson decays are not reconstructed, thereby avoiding a signal efficiency re-

duction of 75% due to the reconstruction of low momentum neutral particles at

LHCb. The CP-violation measurement is performed by parameterising the phys-

ical observables, γ, rD∗K
B , δD∗K

B , rD∗π
B and δD∗π

B , in terms of CP observables, xD∗K
± ,

yD∗K
± , and ξD∗π. These are measured to be

xD∗K
− = (−6.3 ± 2.9 ± 1.1 ± 0.6)× 10−2,

yD∗K
− = (−4.8 ± 5.7 ± 1.4 ± 1.5)× 10−2,

xD∗K
+ = ( 6.0 ± 2.6 ± 0.9 ± 0.2)× 10−2,

yD∗K
+ = ( 5.4 ± 2.9 ± 0.9 ± 0.4)× 10−2,

ℜ(ξD∗π) = ( 11.5 ± 9.4 ± 3.3 ± 2.3)× 10−2,

ℑ(ξD∗π) = (−0.9 ± 9.7 ± 2.5 ± 2.1)× 10−2,
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where the first uncertainty is statistical, the second is systematic, and the third

is due to external strong-phase inputs from a combination of CLEO [41] and

BESIII [42, 43] measurements.

From this the physical observables are found to be

γ = (92+21
−17)

◦,

rD∗K
B = 0.080+0.022

−0.023,

δD∗K
B = (310+15

−20)
◦,

rD∗π
B = 0.009+0.005

−0.007,

δD∗π
B = (304+37

−38)
◦.

Excellent consistency is found between these results, the latest LHCb γ combina-

tion [47], and another LHCb analysis [51] which measures the same decay chain

with the inclusion of neutral particles in the reconstruction.

Given that this is a partially reconstructed analysis, an increased background

level is seen compared to Ref. [51], therefore requiring a careful parameterisation

of the m(Dh±) spectrum. This also results in one of the far-reaching outcomes of

this analysis. The mass shape parameterisation developed for this measurement

will be useful in future partially reconstructed γ measurements at LHCb. The

work presented here measures γ in one of the best channels, given the negligible

theoretical uncertainties, the high branching fraction for B± → D∗K± decays, and

their high sensitivity to γ. Furthermore, since the self-conjugate D → K0
Sh+h− fi-

nal state is studied, this results in a single value for γ. Therefore, the results of this

analysis also serve to remove degeneracies in existing analyses, such as Ref. [46],

and therefore increases their weight in future combinations. This not only im-

proves the combined measurement of γ, but also of the hadronic parameters,

186



Chapter 11. Summary

rD∗K
B and δD∗K

B . This is seen in the combination of LHCb B± → D∗K± measure-

ments presented.

11.1 | Outlook
Looking forward, if this analysis is repeated with Run 3 and Run 4 (50 fb−1) data,

and later with Run 5 and Run 6 data (300 fb−1), the statistical uncertainty on γ

will greatly improve, not only due to the higher luminosities but also due to Up-

grade I [115] and Upgrade II [116] developments. However, if the measurement

is repeated without further consideration, it will be systematically limited. To

prevent this, amplitude analyses and CP-violation measurements are needed to

improve the parameterisation of some of the largest backgrounds.

Currently, comparisons of γ between direct and indirect determinations are

limited by the experimental uncertainties on direct γ measurements. With future

measurements, the experimental uncertainty on the combination of γ measure-

ments is expected to reduce. The inclusion of Run 3 and Run 4 data is expected

to result in an uncertainty on γ of 1◦ [117], which is on par with theoretical un-

certainties on indirect measurements. The field is, therefore, entering an exciting

and pivotal stage.

187



Appendices

A | Mass Fits to Simulation
Figure A.1 shows fits to simulation in the Dπ sample for the signals and two

prominent backgrounds, as well as their crossfeed components.
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Figure A.1: Simulated mass distributions of (left, from top to bottom)
B± → [Dπ0]D∗π±, B± → [Dγ]D∗π±, B± → Dπ±, and B0 → [Dπ−]D∗−π+ de-
cays and (right) their associated DK → Dπ crossfeed components, with down-
stream K0

S candidates. The projections of the fit results are overlaid.
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B | CP Fit Projections
Figures B.3–B.7 shows with mass distributions from the CP fit with fit projections

overlaid. The legends are not included, but are identical to those in Fig. 8.6.
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Figure B.2: Mass distributions for DK samples with D → K0
Sπ+π− decays recon-

structed with downstream K0
S candidates for Dalitz bins 1-4. The projections of

the fit results are overlaid, and the Dalitz bin number and B meson charge are
labelled. The legend is not included, but is identical to that in Fig. 8.6
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Figure B.3: Mass distributions for DK samples with D → K0
Sπ+π− decays recon-

structed with downstream K0
S candidates for Dalitz bins 5-8. The projections of

the fit results are overlaid, and the Dalitz bin number and B meson charge are
labelled. The legend is not included, but is identical to that in Fig. 8.6
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Figure B.4: Mass distributions for DK samples with D → K0
Sπ+π− decays recon-

structed with long K0
S candidates for Dalitz bins 1-4. The projections of the fit

results are overlaid, and the Dalitz bin number and B meson charge are labelled.
The legend is not included, but is identical to that in Fig. 8.6
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Figure B.5: Mass distributions for DK samples with D → K0
Sπ+π− decays recon-

structed with long K0
S candidates for Dalitz bins 5-8. The projections of the fit

results are overlaid, and the Dalitz bin number and B meson charge are labelled.
The legend is not included, but is identical to that in Fig. 8.6
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Figure B.6: Mass distributions for DK samples with D → K0
SK+K+ decays recon-

structed with downstream K0
S candidates. The projections of the fit results are

overlaid, and the Dalitz bin number and B meson charge are labelled. The leg-
end is not included, but is identical to that in Fig. 8.6
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Figure B.7: Mass distributions for DK samples with D → K0
SK+K+ decays recon-

structed with long K0
S candidates. The projections of the fit results are overlaid,

and the Dalitz bin number and B meson charge are labelled. The legend is not
included, but is identical to that in Fig. 8.6
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