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ABSTRACT

"Simultaneous identification and control of discrete time
single input single output systems?™"
P.Saratchandran. | D.PHIL.

St.John's College. Michaelmas term, 1978.

This thesis is concerned with suboptimal adaptive control
of discrete linear stochastic processes whose parameters
are unknown. The suboptimal adaptive controllers considered
are (i) Open Loop Feedback Optimal (OLFO) controller,

(ii) self-tuning controller, and (iii) optimal k step ahead
controller. Two more controllers, certainty about parameter
(CAP) controller and no learning (NOL) controller, that
provide bounds on the performance of these adaptive
controllers are also considered. Performance of these
controllers have been evaluated for a first order process

through monte-carlo simulations.

Simulation of OLFO controller together with the bounding
controllers for the first order process when there is only
one unknown parameter revealed that OLFO controller 1is
unsuitable to control unstable processes and would be an
unwise choice even for controlling stable processes. Self-
tuning and OK controllers have been simulated for the first
order process with all the parameters unknown. Three cases
for the unknown parameters have been considered. They are:
(i) constant unknown parameters (ii) slowly time-varying
unknown parameters and (iii) rapidly time-varying unknown

parameters. Simulation results showed that in certain regions
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of the unknown parameter space the cost produced by self

tuning controller and OK controller are very similar, in
certain regions the OK controller produces lesser cost than
the self-tuning controller and in certain other regions both
controllers perform very badly. But self-tuning controller

always took only half as much computing time as OK controller.

A necessary condition for convergence of OK controller to

a linear constant parameter controller having the same
functional form as CAP controller is found out using the
ideas of uniform complete observability. Fof a first order
process under OK controller the only occasion the condition

would be violated is when there is 'turn-off'.

Finally, it is shown that using the cdmbined state/parameter
estimator in the place of extended Kalman filter the computational
requirement of OK controller can be reduced. For the first

order process, OK controller with the combined estimator took

only sixty percent as much computing time as the OK controller
with extended Kalman filter without any appreciable

deterioration in the performance.
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CHAPTER ONE

INTRODUCTION

1.1 Introduction

Optimal control of linear gaussian stochastic systems with guadratic
performance criterion has been a solved problem ever since the early
sixties, when the fundamental works of Kalman on linear filtering and
of Bellman on decision theory came about. The optimal controller is
known (1) to consist of an optimal linear (Kalman) filter cascaded to
an optimal control law derived using Bellman's principle of optimality.
But in many practical situations even if the dynamics of the system
could be assumed linear and stochastic, the various parameters involved
in the dynamics are seldom known. Examples of such situations in aero-
space systems are given in (4,5), process control are given in (2),
economics are given in (3). There are essentially two approaches to

the control of such systems:

i) Identify the unknown parameters that describe the dynamics using
an appropriate pff-line identification algorithm and then use optimal
stochastic control to control the identified system. Thus, in this
approach identification and control take place separately. The dis—
advantage of this approach is that the identification procedure often
involves time consuming experiments and computations. Further this
approach would be unsuitable if the unknown dynamics change in time
(6).

ji) Simultaneously identify and control the unknown dynamic system.
As identification is carried out on-line this approach is suitable
even when the unknown dynamics change in time and consequently there

is growing interest towards this approach. The controller in this



approach performs two functions: identification of the unknown
dynamics and cortrolling of the unknown system. Such controllers are
commonly kmown as stochastic adaptivé*controller8(7). Unfortunately
optimal adaptive controller , except for very simple systems, requires
enormous computer memory (8) and hence is not practically implementable.
This has motivated the need for a suboptimal adaptive controller that
is a good trade off between optimality and easy implementability. The
structure of a suboptimal adaptive controller, as will be seen in
Chapter 2, is a suboptimal estimator cascaded to a suboptimal control

law. Suboptimal adaptive controllers in the literature are all

designed on the basis of this structure.

*Here after 'stochastic adaptive' will be referred to simply as
'adaptive'.



1.2 Brief survey of suboptimal adaptive controllers in literature

This section presents only a brief survey of the work that has been done
in the field of suboptimal adaptive controllers. A detailed survey can

be found in (7) which has over 80 references.

Jenkins and Roy (10), Saridis and Lobbia (11) obtained a suboptimal
adaptive controller using the well known certainty-equivalence (12, 13)
principle. These certainty-equivalent controllers consider the estimates
of unknown parameters to be their true values and are referred to as naive
feedback controllers by Bertsekas (12). Deshpande et al. (14),Athans and
Wilper (16), Athans et al. (15) all used the Multiple Model Adaptive
Control (MMAC) method in which the unknown parametef process is gssumed to
belong to one of a number of known parameter linear models. For each
linear model the optimal control can be evaluated since all parameters for
that model are known. The probability of the process belonging to any
particular model is then evaluated using a certain algorithm. The adaptive
control is calculated as the weighted average of the various model con-

trols with the probabilities generated acting as weights.

Using certainty-equivalence principle Astrom and Wittenmark (6) derived
a self-tuning regulator which required only the knowledge of certain
combinations of the unknown parameters. Many practical applications

of this regulator have been reported in the literature (50, 51, 52).
Later Clarke and Gawthrop (17) extended the work of Astrom and
Wittenmark and derived a self-tuning controller for a more general

performance criterion.

Barshalom and Sivan (20), Aoki (23), Spang (24), Tse and Athans (18),
Ku and Athans (19) all used the Open Loop Feedback Optimal (OLFO) policy

of Dreyfus (25) and obtained a suboptimal adaptive control law. It is



shown in Chapter 4 that OLFO controller is computationally very

demanding and unsuitable for processes that are unstable.

Jacobs and Hughes (26) proposed a 'neutral' control algorithm for sub-
optimal adaptive control. Their algorithm yields a control law which,
in general, is characterised by extremely complex equations and con-
sequently can only be used for very simple systems. Hughes (68),
Potter and Jacobs (27), Bohlin (29), Zstrtm and Wittenmark (28) used
a one step ahead (0SA) control where the control law minimises only
the next output; This control is a special case of the optimal k

step ahead (0K ) control (30) where the control law is designed to

minimise k step ahead output.

Tse and Barshalom (31, 22) derived an actively adaptive dual control-
ler which performed much better than a certainty-equivalent controller.
But calculation of the control law in their algorithm involves numeri-
cal minimisation at every step and this makes their controller far

from 'easily implementable'. Sternby (32) derived a two step control
in which the control law minimises the next two outputs; a logical
extension of one step ahead control. But as in Tse and Barshalorm's (31)

controller it also suffers from computational complexity.



1.3 Adaptive Control problem considered in this thesis

As mentioned in section 1.1 adaptive control problems are characterised
by situations where it is necessary to simultaneously learn about the
dynamic characteristic of a process and to control its behaviour. It
is well known (7, 34) that such situations are méthematically chgrac-
teriéed by equations which are both non-linear and stochastic and con-
sequently defy theorétical analysis. In the absence of a satisfac-
tory theoretical approach, knowledge regarding the performance of any
adaptive controller can best be built up from systematic simulation
studies. It is believed that simulation study on a simple but non-
trivial mathematical model can lead to conclusions:of some general
validity. This thesis is therefore primarily concérned with the adap-
tive c&ntrol of single input single output stochastic processes setis-

fying a first order difference equation:
y(i) + a(i-1)y(i-1) = v(i-1)u(i-1) + €(1) + c(i-1)g(i-1) 1.1

where u is the input or control, y is the output;;’is an uncorrelated stationary
zero mean normal random sequence(white noise)having a known variance

og , 1 is the discrete time index and a, b, c are the parameters that

describe the dynamics of the process and their true values are unknown.

Further a, b, ¢ could be either constants or time-varying. The pur-

pose of control is to regulate the output y to a desired value of zero,

and the performance is measured by a quadratic cost function

i.-1
I, = zjii {3°(3) + (91 + 3 (i) .2
0]

where q is a positive weighting factor on cost of control, io and if

are the starting and finishing times respectively and N is the number

of control stages from io to if.



The suboptimal adaptive controllers investigated are OK controller,
the self-tuning controller of Clarke and Gawthrop (17) and OLFO
controller. Two more controllers that provide bounds (35) on the
cost achieved by these adaptive controllers are also considered.
These are the certainty about parameter (CAP) controller which is
given perfect information about a, b, ¢ and the no learning (NOL)
controller which mskes no attempt to learn about the parameters

a, b, c. CAP corntroller would provide a lower bound and NOL control-
ler would provide an upper bound on the cost achieved by the adaptive

controllers.



1.4 A note on noise model

In equation 1.1 the noise affecting the output y(i) at any time is

e(i) where

e(i) = £(i) + c(i-1)&g(i-1). 1.3a

If in a particular problem the coloured noise e(i) is physically mean-
ingful and stationary, then using representation theorem (2) e(i) can

always be represented by
e(i) = g(i) +e£(i-1) ;| c}«l.

£ s and c then do not carry any physical meaning; they are mathemati-

calfictions used to generate the physically meaningful e(i).

If in a particular problem & S and c¢ of equation 1.3a are really mean-
ingful and not mere mathematical fictions used to generate e(i), then
it is possible for the parameter ¢ to be constant or time-varying and
have a value inside or outside the unit circle., If ¢ is constant and

has a value greater than one then the noise e{(i),

e

(1) = B(1) + E(E-1)5 le[>1 1.3b

can also be representedt invoking representation theorem (2), as
N . 1 .
e1(1) = 51(1) 4-(:5 1(1—1). 1.4a

is an uncorrelated zero mean stationary normal random sequence (white noise)

2

with a varianceo’E1 given by

020 4 1.4b

o, = ¢ 9
t1

If the actual value of c is unkmnown then the actual value of o

|3

1
will also be unknown.

1-Valid only if the noise§ is stationary.



A noise e1(i) produced by a constant |c|> should be represented by
equation 1.3b if an adaptive controller design requires knowledge of
the variance of the white noise. If on the other hand an adaptive
controller design does not require knowledge of this variance then
e1(i) can be represented either by equation 1.3b or 1.4a. As will be
seen in Subsequent chapters OK and OLFO controller require this

knowledge whereas self-tuning controller does not require it.

If the parameter ¢ is time-varying and greater than one then the

noise e2(i),
e5(i) = £(i) + c(i-1)&(i-1) le(i)>1 1.5

is non-stationary and representation theorem can not be invoked. So

there is no alternative representation for e2(i).

When the parameter c¢ is constant, the noise model of equation 1.%a is

non-minimum phase if |c¢|> and minimum phase if k4$1.
P P



1.5 Contribution of the thesis

Much of the work in this thesis is concerned with the evaluation of
the performances of the three adaptive controllers - viz. Open Loop
Feedback Optimal Controller, Self-Tuning Controller, OK Controller -
through simulations. A preliminary simulation study pointed out the
need to divide the unknown parameter space into regions in order to
obtain meaningful results. A contribution of this thesis is to pre-
sent a basis for such division of the unknown parameter space into
various regions. Three factors form the basis for the division:

i) Open loop stability of the process to be controlled, ii) apriori
knowledge about the sign of the control gain parameter, iii) non-

minimum phaseness of the noise model.

Simulation study carried out on a regional basis showed that Open Loop
Feedback Optimal controller is unsuitable to control unstable processes
and would be an unwise choice to control stable processes. The simu-
lation study also showed that there are regions in the parameter space
where both self-tuning and OK controller produce similar costs and regions
where the self-tuning controller produces more cost: than the OK control-
ler and regions where both these controllersperform very badly. But the
computing time and memory requirement of the self-tuning controller is

always found to be less than that of the OK controller.



Suboptimal estimator used in OK controller in the above simulation
study was extended Kalman filter (38) although later it was found

that a combined state/parameter would be computationally more economical.

An important requirement for any adaptive controller is convergence.
Using the idea of uniform complete observability a necessary condition
for the convergence of OK controller to a linear constant parameter
controller has been obtained and, for a first order process, occasions
when this condition would be viclated are found out. Further, con-
ditions for closéd loop stability are presented assuming the OK con-

troller has converged to a linear constant parameter controller.

Finally it is shown how, by using a combined state/parameter estima-
tor (36,56) in the place of an extended Kalman filter, the computa-
tional requirement of an adaptive controller can be considerably
reduced with out any deterioration in the performance. Although the
combined estimator has been used in the place of extended Kalman
filter in (36, 56, 57), it is believed that this thesis is the first
to report the use of this combined estimator in an adaptive control

problem,
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1.6 Organisation of the thesis:

Chapter 2 of this thesis contains a description of controller struc-
ture, presents various suboptimal adaptive controllers and bounding
controllers. The controller description is based on a state space
representation of the controlled process, hence the input output
equation 1.1 is transformed to a state-space form in section 2.1.
This chapter also brings out the interelations between the various

adaptive controllers presented.

Chapter 3 describes the computer program used to simulate the adap-
tive and bounding controllers and also presents details of the

division of parameter space into regions.

Open Loop Feedback Optimal Control law is derived in Chapter 4 for a
special case of equations 1.1 and 1.2 (only parameter b is unknown
but constant, and gq=0) and, using the program described in Chapter 3,
simulated along with the two bounding controllers. The simulation
results, presented in graphic form, are discussed in section 4.4

and the conclusions are stated in section 4.5.

Chapter 5 presents the simulation results of self-tuning controller ,
CK controller and the two bounding controllers for the first order
process described in section 1.3 when *he three unknown parameters
are (i) constants, (ii) slowly time-varying, (iii) rapidly time-
varying. Simulation results are presented in section 5.2 and con-
clusions about relative merits of the adaptive controllers are

stated in section 5.3.

Chapter 6 considers the convergence of OK controller using an exten-
ded Kalman filter as. suboptimal estimator., A necessary condition for

cenvergence to a linear constant parameter controller having same



functioral form as CAP controller has been obtained for a general
nJCh order single input singlwoutput process through a -theorem proved
in section 6.3. In section 6.4 the occasions when this condition
would be violated are examined for a first order controlled process.
Assuming the OK controller has converged to a constant parameter

linear controller, the stability conditions for the closed loop sys-

tem are presented in section 6.6.

Chapter 7 considers the combined estimator of (36, 56) for simultane-
ous state and parameter estimation. The computational advantages of
the combined estimator over the extended Kalman filter are discussed
and the governing equations for ccmbined estimator are given in
section 7.2. Simulation results of OK controller with (i) the com-
bined estimator, and (ii) the extended Kalman filter are presented in

section 7.3 for the first order process of equation 1.1 when the

unknown parameters are constants.

Finally the main conclusions of this thesis are summarised in

Chapter 8.

12
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CHAPTER TWO

CONTROLLERS

2.1 Introduction

This chapter describes the structure of controllers, presents eguations
for various suboptimal adaptive and bounding controllers and summarises

their interelations.

A controller design based on an input output representation of the con-
trolled process does not takethe transient process dynamics into account.
Since in many problems the transient behaviour of the controlled process
is important, the description of controllers in this Chapter is based on
a state-space representation of the controlled process. The input

output form of equation 1.1 is therefore transformed to a state-space
form in section 2.2 whereby all unknown pareameters become unknown

states.

Section 2.3 discusses optimal controller structure which provides a
basis for the design of suboptimal adaptive controllers. Suboptimal
adaptive controllers designed on this basis consists of a suboptimal
estimator cascaded to a suboptimal control law. In section 2.4
equations for a commonly used suboptimal estimator, extended Kalman
filter (38), are presented for the controlled process described in
section 2.2. Five suboptimal control laws are described in sections
2.5, 2.6, 2.8, 2.9. They are: Open Loop Feedback Optimal (OLFO)
control (25, 18, 19), Neutral control (26), Optimal k step ahead (0K)
control, Certainty-equivalent k stepahead control and Self-tuning control
(17). The two bounding controllers, Viz. CAP controller and NOL

controller, are described in section 2.7. Finally, a summary of the

interelations between the various controllers is presented in

gection 2.10.
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2.2 Controlled process in state-space form:

Controlled process has been characterised in chapter 1 by the

following equation:
y(1) + a(i-1)y(i-1) = b(i-1)u(i-1) +& (i) + c(i-1)E(i-1). 1.1

A state-space representation of the above equation requires three
state variables to represent the three unknown parameters a, b, ¢ and
a fourth state variable to represent the dynamics of the controlled

process., It is convenient to define

x (1) = -c(i),

x(1)= b(1),

x3(i)E c(i) - a(i), 2.1a
x,(1) = y(i) -¥(5). 2.1b
Substitu tion of equation 2.1 into equation 1.1 gives a first

order difference equation for the state X5

x,(i+1) =z (1)x, (1) + x,(D)u(i) + x5(3)y(4), 2.2a

If the unknown parameters are time-varying and stochastic then they
are represented by first order difference equations for the cther

three states

(i+1) = g.x. (i) + o, + &€ (i i o= 1 .
xJ(l ) ngJ(l) 5 3(1) 3 , 2, 3 2.2Db

where g5 O are assumed to be known coefficients (Igj|<1) and.gj
are uncorrelated zero mean normal random sequences having variance

03' Equation 2.2b specifies stochastic variables having mean value

-— [0 A
X. = 2.2C
1-g. °
J gJ

and variance



0.
var(xj) = —_

(1-g32) .

If the unknown parameters are constants

. = 1,0

gJ

a. = 0.0
J

o. = 0.0
J .

and equation 2.2b becomes

xj(i+1) = xj(i)

15

2.24

2.2e
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2,5 Controller Structure

The starting point for discussion of a controller design is the cost

function IN’>

if
v = .

-1
5 (7@ +aut@)y + 5P, 1.2

=t

At any time i the cost to go from i to i, is random because of the

f
stochastic variables &€ in equations 2.1 and 2.2, so the control u(i)
mist be designed to minimise the expected value Jn(i) (n is number
of stages from i to if) of the cost from i to if conditional on the
information available at time i

if—i
ga(i) =E[ T {y%(i) + qui(i)} + y2(if)| il. 2.3
j=i
If there were no uncertainty about the parameters a, b, ¢ of equation
1.1 there would be no need to consider the state variables of equation
2.,1a. Equation 2.2a would be linear in a single state variable Xy and
could be regarded together with equation 2.1b as an innovation represen-
tation of the input output equation 1.1. The optimal control law would
be given by standard LQG results (1); it would be the certainty-
equivalent CAP control law

nG-AP(

Uy (1) = =k [ xB(xy(1) | 1) + x5y(3) ) 2.4

where kn is the certainty-equivalent feedback gain specified by a

Riccati equation and E(x4(i)|i) is the mean of the conditional probabi-
lity distribution p(x4(iﬂ i) generated by a Kalman filter. The optimal
controller separates, as shown in fig. 2.1, into two operations of esti-

mation and control found in all stochastic controllers (12, 37).
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In the presence of uncertainty about some or all of the coefficients

a, b, ¢ some or all of the state variables of equation 2.1a must be
used and equation 2.2a may become linear, bilinear or non-linear. If
the only uncertain parameter were a, the only additional state variable
needed would be Xz and linearity would be preserved because the term

X3

varying coefficient y(i) whose current value is known at current time i.

(i)y(i) in equation 2.2a can be regarded as linear in x3 with a time-

If there were also uncertainty about b the state variable x, would be

2
needed and equation 2.2a would not be linear but bilinear because the

term x2(i)u(i) is bilinear (27). In the presence of uncertainty about

¢ the state variable X, is needed and equation 2.2a is then non-linear
because x1(i)x4(i) is non-linear. When equation 2.2a is either bilinear
or non-linear the optimal control is characterised by insoluble equations.
When 2.2a is non-linear, but not when it is bilinear, estimation of states

is a non-linear filtering problem which also has no practical optimal

solution.

The consequence of uncertainty about a,b and ¢ is thus that one or both
of the two operations shown in fig. 2.1, estimation and control, cannot
be performed optimally. Practical adaptive controllers for the control-
led process of equation 1.1 are therefore suboptimal. Fig. 2.1 provides
a basis for designing suboptimal adaptive controllers in the form of a
suboptimal control law cascaded with a suboptimal estimator. In this
chapter attention is focussed on subortimal control laws and. suboptimal
estimztion where necessary is performed by an extended Kalman filter
(37, 38). One possible disadvantage of extended Kalman filter is

that it would become computationally extravagent for higher order sys-
tems having many more than four state variables. In chapter [ . an

alternative suboptimal estimaition scheme is described.
P



2.4

Extended Kalman filter (37, 38)

The extended Kalman filter is derived by linearising the dynamic equa-

tion 2.2a about the current estimate and assuming all random variables

to be normally distributed.

the mean and the covariance matrix of the conditional Probability dis-

It generates estimates X(i) and X(i) of

tribution p(x(i)]i). For the system of equations 2.1b and 2.2 the

extended Kalman filter equations are

R(i+1) = x(i+1] 1) + £ (i+1 )Q_Tog
&1
€2
2(i+1]i) =
&3
0 u(i)  y(i)
I(it1) = Z4 - _}Z_O_C_T(og + C_ZOQ_T
c = [ooo0 1]
1o = AME(DAN(E) + I
&1
€2
A(i) =
€3
z2,(1) u(i)  y(i)

{y(i+1) - §4(i+1|i)}
%(1) +
%, (1)
)"1 Gy
%
3 §=-g =
x, (1)
- -

o

245

18
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2.5 Approximation to future cost: OLFO control and neutral controil

Suboptimal control laws can be derived by considering the insoluble
equation which characterises optimal control. The equation is derived
by dynamic programming (12). It characterises optimal control by

defining the optimal cost function

fn(i) = u(i),???,u(if—1) {Jn(i)} 2.6

and takes the form of a functional recurrance equation (12, 47)

min
i

£,(3) = D) + au(

i) + E[f__, (i+1) [1]) 2.7
embodying the principle of optimality. The optimal uéﬂm{i) is the
value of u(i) which minimises the right hand side of equation 2.7 and
cannot generally be found in any closed analytic form because the last
term E[fn_1(i+1) li] cannot generally be evaluated in closed form. In
LQG problems, as when equation 2.2a is linear, fn(i) is quadratic in
the conditional mean, the last term can be evaluated and equation 2.7
can be solved., Suboptimal controls, for problems where E[fn_1(i+1)|i]
cannot be evaluated, can be derived by replacing E[In_1(iﬁ1)|i] in
equation 2.7 by appfoximate expressions. The significance of
E[fn_1(i+1)| i] is that it represents the optimal cost to be expedted
from all future stages in the summation of equation 2.3%; different
approximate expressions for future costs lead to different suboptimal

control laws.

One approximation is to replace fn—1(i+1) in equation 2.7 by the

optimal cost that could be achieved over future stages if there were

to be no future observations of the ouput y so that future control would
be open loop control. The resulting suboptimal control law is open loop
feedback optimal control (25). Another approximation is to replace

fn—1(i+1) in equation 2.7 by the optimal cost that could be achieved
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over future stages if there were to be no uncertainty about any of
the states at any future time (26). The resulting suboptimal control
is neutral (13) in the sense that it would exclude any probing (39) action.

These two suboptimal controls, OLFO control uOLFO and neutral control

uNUT, are characterised by equations which are too complex to implement

for the general class of process of equations 1.1 and 1.2. The OLFO
control is nevertheless simulated for a special case (no uncertainty
about a, ¢ and q = 0) in chapter 4. The neutral control can be
expressed in closed form (26) for the restricted class of problems where
cost of control is excluded from the cost function of equation 1.2

= 0); it is then identical with the optimal k step ahead (OK)
q 5 p

control derived below.



2.6 OK contral law

The OK control law is derived by replacing fn_1(i+1) in equation 2.7 by
y2(i+k) where the integer k represents time delay in the controlled
process. The resulting controllaw is similar to the 'minimum variance!
control (2) in that it only minimises the k step ahead output y(i+k).

With this approximation equation 2.7 becomes
.y _ Min [ 2,. 2/ . 2¢. 1}
fn(l) _u(i)'{y (1) + qu(i) + Ely (1+k)ln] . 2.8
For the process described by equation 1.1.the value of k is one (k=1).

Substituting equations 2.1b and 2.2a into equation 2.8 gives

£(1) = TR ¢ 0f() + By ()x,() + x,(3)u() +

xs(1)y(1) +£ (141)] 24} . 2.9

The u(i) that minimises the right hand side of the above equation is
the OK control and is given by
E x, X2X4| 1] +y E[X2X3 li]

E[x22[i] +9q

uOK(i) _ _

where for notational simplicity x1(i) etc. are written as X, .

The conditional expectation in equation 2.10 could be evaluated if

the conditional probability distribution p(x|i) were normal. The
extended Kalman filter equations 2.5 provide estimates of the mean

and covariance matrix of p(zji), based on the assumption that it is
normal, These estimates are used, together with standard results (40)

about moments of normal distributions, to give an explicit expression

for the OK control law

AO, >/\ AN
X0+ x4s12 + (x2x3 +()23)y].

A
0] ,
DK (5) - [ X X%, + X0 54 .11

+
A2
X, + 0,5 + Q
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CAP control law and NOL control law are both k step ahead control laws.
The GAP control law, given perfect information about the parameters
Xy Xy x3, minimises the right hand side of equation 2.8 or 2.9.
It provides a lower bound on the cost of all adaptive controls designed

to minimise the k step ahead output. This lower bounding CAP control

law is given by

N
X, XX, + X Xy .
u,ICAP(i) = [ 242 2 3] 2.12
: X, +q
where §4, the conditional mean of the dynamic state Xys is generated
by a Kalman filter having the following equations.
Y . -1 . Al
x4(1) = x4(1|1 1) + 044(1)0€ [y(1) x4(1|1 1)], 2.13a
A o] - A . . .
x4(1|1—1) = X1X4(1—1) + x2u(1—1) + x3y(1—1),
2 2 -1
i) = -1 -1 . .
044(3) Op X 04401 ){OE + x; 0,,(i-1) ) 2.13b
The upper bound on the cost is provided by a control law identical to
equation 2.12, 2.13 except that the actual values X1y Xy Xy of the
states representing a, b, ¢ are replaced by apriori estimates %1(0),
%2(0), §3(O). This upper bounding NOL control law is given by
A A A . A A )
(%, (0)2,(0)%,(1) + %,(0)25(0)3(i) _y

NOLy .y _
“ L(l) /};22(0) + q

This control law has no mechanism for using measurements to update
the estinates of the parameters and is therefore described as 'no
learning'. The NOL control provides an upper bound by indicating the

worst that can happen as a result of uncertainty about a, b, c.
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2.8 Certainty-equivalent k step ahead control law:

An alternate way to derive suboptimal control law is to use certainiy-
equivalence (12, 13). The procedure is to consider an equivalentdeter-
ministic problem in which all random variables are replaced by their mean
values and to use the optimal feedback control law for this problem as
a suboptimal control'law in the controller of fig. 2.1. The arguments
of the certainty-equivalent control law are the current conditional
means of the random variables. The certainty-equivalent k step ahead
control law to minimise the k step ahead output for the process of
equation 2.1b, 2.2 (where k=1) is

A A

A
u1CE(i) = -l 1%0%4 i
A2
%o

>

A
o*z¥ ] 2.15

+

Q0

where notation is simplified as in equation 2.11. The certainty equi-~
valent k step ahead control of equation 2.15 could also be obtained from
the optimal k step ahead (0K) control of equation 2.11 by neglecting all
the covariance terms . The difference between the two controls can be
described as ‘'caution' (39), and the poor performance of certainty-
equivalent control laws in some adaptive control problems (9) has been

attributed (9,39) to lack of caution.
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2.9 Self-tuning controller

The self-tuning controller uses a control law which is a certainty-

equivalent version of the asymptotic CAP control 1aw1Lng The CAP
control law of equation 2,12 in terms of a, b, ¢ is
1JCAP1) _ [ ck (1) + (c- a)y(lh - q » 16
1 (b +2) b

and the estimate X, evolves according to the Kalman filter equations

4
2.13a, 2.13b. Asymptotic versions of the Kalman filter equations 2.13,

when is»ew , depend on whether Iclz 1 as follows:

If |c|g 1, equation 2.13b becomes 044(i)+o and equation 2.1%a in terms

of a, b, c¢c becomes

A
X

4(i) = - c§4(i—1) + bu(i-1) + (c-a)y(i-1); 2.17

and substituting .w from equation 2.16 , §4(i) = “Au(i-1). 2.18

If |c|>]1 equation 2.13b becomes 044(1) > (1- %Q)UE

and eugation 2.13%a becomes

%4(i) = —c% (1—1) + bu(i-1) + (c-a)y(i-1) + %2 iy i) -

| (—c§4(i—1) + bu(i-1) + (cFa)y(i—1))} : 2.19

and substituting u(i) from equation 2.16

2,(1) = -1 u(i-) + (- Diy(e). 2,20

Substituting these asymptotic expressions for X, into the CAP control

4

law of equation 2.16 gives

CAF/. . ‘ .
cau, M (i-1) + (c-a)y(i)] :
CAP(°) = —[ L (b +A‘) Y ;"When 1 o and |c|g], . 2.21
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Ly PG ) ¢ (- a)y()
Ck%i) = - ™ 1 € ]; when i + o and |c |>1. 2.22
(b +2)

This asymptotic control law (equations z.21, 2.22) can be shown to set
the optimal (least squares) prediction of a generalised output ¢ to

zero (17) where
g(i+1) = y(i+1) +Au(i) 2.23

ag follows. Substituting equations 2.1b and 2.2a into 2.23% and replac-
ing %4(i) by its asymptotic value from equations 2.18, 2.20, the predic-

A
tion @(i+1|i) asymptotically becomes
A ‘
g(i+1]i) = Au(i-1) + bu(i) + (c-a)y(i) #ru(i) if| c|s1 2.24

B(a+1]1) ﬁ‘-u(i—1) + %y(i) + bu(i) - ay(i) + au(i) if |e|>1.  2.25

1l

Clearly the control law of equation 2.21, 2.22 sets this prediction to

zZero.

The certainty-equivalent control law used in the self tuning controller

is based on the CAP control law of equation 2.21, 2.22;

-\
ST, . .
uST(i) = - G g%;lz + (c-a)y(4)) when | c|% 1 2.26
fb + 1)
2355 (501) + (£ - a)y(d)
@) = - % ) (7\) S d when |c| >1 . 2.27
(b + A)

AN NN NN SN

An estimator to generate ci , (c-a), (b #) or %=, (%-a), (b +A) is
derived by assumiﬁg equations 2.24, 2.25 are satisfied. This assump-
tion would not be true unless the estimated values had been identical
with the true values for such a long time that the resulting control
system had settled to its steady state. The sssumption is a form of
linearisation. From (17) the generalised output ¢ can be written in

N
terms of ¢ as



Blir1) = P(at1]i) + ¢ (4+1)

26

2.28

where €(i+1) is the prediction error. Substituting for‘a from equations

2,24, 2.25,

B(i+1) = 27(1)0 + e(i+1)

3 R

u(i-1)

z2(i) = | u(i)

|©
i
—
~

(L -a)

—

-l

|©

if| c|> 1.

(b+))

(c-a)

if e

The estimates of @ can be obtained by Kalman filter equations,

8(3+1) = 8(3+1]1) + B(1+1)2(1) { #(3+1) - 27(1)8(3+1] 1) ).

When the unknown parameters are constants,

§Ki+1|i) =

p(1+1) =7 [B(3) - (8 + 2/ (1)R(1)2(1)) 7' B(1)2(3)2"(D)E(1)] |

8(i) ;

3

-

2.29

.
’

2.30a

2.30b

where P (i) is a matrix proportional to the covariance of the estimated

parameters and B is an exponential forgetting factor (O< 8 <1) intro-

duced to prevent the norm of gﬂi) approaching zero more rapidly than

';B(i+1|i) (7).



When the unknown parameters are time-varying either of two modifications
could be used;
i) Assume the controller parameters © are constants and use the same

estimation equations 2.30a, 2.30b but choose an appropriate for-
getting factor to account for the time-varyingness of the actual

controller parameters.
ii) Model the controller parameters 6 as time-varying parameters. This

involves translation of process parameter dynamics of equation

2.2b into controller parameter dynamics.

When |c(i)|¢1 the controller parameter dynamics is

—~ . i ©o- r -
-
91(1+1) g1 91(1) ‘->\0.1
92(i+1) =. g, . 92(1) + A=, |+
93(i+1 ) & 93(1) o
_ _ _ 4 L d L i
= -
xg1«
Eo .
}
&3
" i

and the estimation equation 2.30b becomes
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6(i+1]1) =

€3

-l

|©>

(1) +

P(i+1) = B(3+1]1) - (1 + 2 (£)R(i+1] 1)2(1)) 7 B(i+1 [1)2(1) 2 ()R (i+1 [1),

P(i+1]i) =

-

|

€1

-

€3

~

p(i)

|

b

ﬂ

€3

o

-

C3

Here there is no need to introduce a forgetting factor since the norm

of P(i) would not approach zero.

When |c(i)l >1, linear translation of process parameter dynamics into

28

2.50¢c

controller parameter dynamics is impossible; so in this case modification

(i) is the only choice.

N\
From equations 2.26,2.27 it is clear that the estimate (b+A)

must be prevented from becoming zero.

fixing 92

and 93

This is achieved by initially

at a nominal value and estimating only the two parameters ©

(or%2)

1

(17,48). 1t is shown in (67,48) that as long as the initially

A
fixed value 92(0) is not less than()é50§ﬂtrue 92 the self-tuning con-

troller would converge, otherwise (i.e.

6,(0)

become unbounded and the estimates would never converge.

< 0.5) the control would



2.10 Summary

Relationship between control laws are clarified by summarising them

here. The following control laws have been defined.
i)  certainty-equivalent CAP control law (section 2.3)
1%$A%j) = -k _[x, E[x4(i)|i] +xgy(i)], 2.4
ii) OLFO control law (section 2.5)
assume no future measurement and solve equation 2.7,
iii) neutral control (section 2.5),

assume perfect future.information and solve equation 2.7,

ivj) OK control law (section 2.6),

AAA A A A AA
uOK( [x1x2x4 + X 0y + Ep0qy + Xpop, + ~(X2x3 +023)y] , 2.11,

+
i) = - NG
X2 + 022 + q

v) certainty-equivalent k step ahead control law (section 2.8),

>

A
4 7 Xp%sY] 2.15

.
) q

M

AN AN
u1CE(i) = - [X1X2

MY | W>

vi) self-tuning control law (section 2.9),

ST Subl(i-1) + (éj;) (1)
u” (1) - o l/\ M if]c|£1,

2.26
(b +X)
X ST, oy oL v
WBSUa) = o Lo G0+ G-l e oy 2.27
N
(b + )
vii) k step ahead CAP control law (section 2.7),
uCAP(i) = - x,x.% + X, X,y
1 [F1%2%4 © To™3Y] 2.12

X2'f
2 q



viii) no learning control law (section 2.7),

uNoI) _ % (0)%,(0)%, (1) + Z,(0)x;(0)y(1) ] 514
?:5(0) +q

The OK control law of equation 2.11 is more complicated than the various
certainty-equivalent control laws because it takes into account the un-
certainties in the parameter estimates, i.e. it is cautious. The self-
tuning control law is simple partly because it is:a certainty-equivalent
control law which,neglects the uncertainties in the estimates and partly
because it neglects the non-linearities by assuming steady state; i.e.
assuming equations 2.24, 2.25 are satisfied. Further it regulates only
¢ (17). In general there is no guarantee that a control designed to
regulate ¢ would perform well when judged by the original cost function
1.2, except when q = O in which case ¢ = y. Then the self-tuning

controller regulates the output y and the control law of equation 2.26,

2.27
ST1) = o
v\ == y(i) if |c|g 1
7>
uST(i) = —(E- 2)
--g;--'y(l) if |c|> 1

is the same as the self-tuning regulator control law (6). Other simpli-

fications result when cost of control is-zero (q:O):

i) the certainty-equivalent CAP control law is the k step ahead CAP

control law

O O A

X

2

ii) the OK control law of equation 2.11 is the neutral control law of (26).
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CHAPTER THREE

SIMULATION PROCEDURE

el Introduction

Chapter 2 contained the description of various suboptimal adaptive
controllers for a linear stochastic process with unknown parameters.

It was pointed out in Chapter 1 that a good way to find the relative
merits and demerits of these suboptimal adaptive controllers both in

terms of cost achieved and computation required is by systematically
simulating them along with the process to be controlled on a digital
computer. A preliminary simulation study (43) indicated that to obtain
-meaningful results first the process parameter 'space should be devided into
regions and then the various controllers should be simulated in each of

these regions.

This chapter contains the description of the simulation program used
throughout this thesis and the details of division of the parameter

space into regioms.

Section 3.2 describes the simulation program. The simulation program
is written in FORTRAN language and it simulates the first order pro-
cess described by equations 2.1, 2.2 under the various suboptimal con-
trollers discussed in Chapter 2, This section also contains the

details of the input data to be supplied to the program.

Section 3.3 contains the description of the division of the parameter

space into regions. Altogether there are eight regions. The division
is based on such factors as open loop stability of the controlled pro-
cess, sign of the control gain parameter, and non-minimum phaseness of

the noise model.



3.2 Description of simutation program

The simulation program is written with flexibility and reduced storage
requirement in mind. This is achieved by arranging it in the form of

a main program calling a number of subroutines. The program can simu-
late any or all of the different controllers discussed in the previous
chapter. The main program reads in all the input data, realises the
initial values of states and parameters and calls the controller sub-
routines in sequence. Each controller subroutine simulates the first
order process under a particular controller., Data is transmitted between
the main program and subroutines through COMMON areas; thus reducing

the overall storage requirement. A flow diagram of ‘the simulation pro-

gram is given in fig. 3.1.

The input data to be supplied to the main program is as follows:

1)  Initial estimates of the state and parameters; Z(0)

2) Diagonal elements of the initial covariance matrix gﬂo); the off-
diagonalelements of the initial covariance matrix are set to zero.
If certain parameters are known initially the corresponding

diagonal entry of zﬂO) is set to zero.

%)  Values of the dynamics gj of the unknown coefficients of equation-
2.2b. For constant parameter case gj = 1.0; aj = 03 oj = 0. For
time varying parameter case the values Qs and Oj are determined
according to equations (cf. equations 2.2c, 2.2d).

@ =‘(1-gj),%j(o), 0, = (1—g§5. var(ij(O)) which make the steady

state mean and variance of xj same as the mean and variance of

its initial estimate.

4)  The names of the controllers to be simulated.

33
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5) Variance of the white process noise;g

3

6) The weighting on cost of control; g
7) The exponential forgetting factor; R
8) Total number of stages N to be simulated.

A complete simulation or experiment consists of M repeated trials with

the random numbers EKO), the random noise sequence g(i) taking different
values in each trial. Each trial involves simulating once an N stage
process under a set of controllers. In each trial the random numbers
5(0), the random noise sequence £(i) are the same for all the controllers.
The frequency of repetition of the random number generator was large
enough so that repetition of random numbers did not occur. The expected
cost JN of equation 2.3 is estimated by averaging the M costs IN of

equation 1.2 generated by M different trials. The number of trials M

was chosen on the basis that:
Number of Trials (M) x Number of Stages (N) = 10,000.

This M gave, for 15% confidence interval (i.e. I _ (average) + 15%),

N
a confidence level (66) of 90X when N> 1CO and a confidence level of

more than 95% when ¥ s 100.

In order to be absolﬁtely certain that the main program and the various
subroutines are error free, quantities such as the estimates, control,
cost, output etc., generated by the program were checked with a hand
calculation of these quantities for a short trial of five stages (N=5).
The simulation program takes about 50 sec. on a CDC 7600 computer for
a complete simulation of OK controller, self-tuning controller, CAP

1-

controller and No learning controller.

4'The covariance undating equation in the extended Kalman filter and in the least
square estimator of ST controller could pose serious numerical problems resulting
from rounding off errors. But this did not occur in any of the simulations
reported in the thesis because the word length of the computer used was large
enough (64 bit) for the number of stages N considered. (Maximum number of stages

=1000). However with many more stages than 1000 the numerical difficulty would
show up and one way of solving this problem is to use a square root algorithm(48)

which updates a square root of the covariance.
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3.3 Division of parameter space into regions

This section présents the details of the division of the parameter
space into meaningful regions. The motivation for such a division
came from a preliminary simulation study (43) which was done in order
to gain some idea about the performances of OK controller and self-

tuning controller.
The division is based on the following points:

i) Whether the process to be controlled is openloop stable or not;
ii) Whether the sign of the control gain parameter is known apriori
or not;

iii) Whether the noise model is non-minimum phase or not.

For first order constant parameter linear processes of the form des-
cribed by equation 1.1, the above three conditions become conditions on
la |, sign of b, |c| respectively and give rise to eight regions in the

parameter space a, b, c. These regions are:

Region 1 | a]<1,|cl<1 )
Region 2 | a| >1, | e|< 1

) and sign of b known.
Region 3 I a| <1, |c|> 1
Region 4 | a| >1, |c|>1

J
Region 5 | a| <1, | c|< 1 )
Region 6 | a| >1, |c]< 1

. and sign of b unknown.
Region 7 |a| <1, |c|> 1
Region 8 | al|>t, lc|> 1

«/

Fig. 3.2 shows all the eight regions. 1In later chapters various sub-
optimal adaptive controllers are simulated systematically in each of
these above regions. Even when the parameters are time-varying and

stochastic, still the simulations are performed on the basis of these

regions,
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3.4  Summary

The computer program used in later chapters for simulating the first
order process with various suboptimal controllers has been described.
A systematic procedure for conducting the simulation study is also
given. According to this procedure first the parameter space is to be
divided into regions and then the simulations are to be carried out

in each of the regions. For a first order linear process with con-

stant parameters these regions have been shown in fig. 3.2.
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CHAPTER FOUR

PERFORMANCE OF OPENLOOP FEEDBACK OPTIMAL CONTROLLER

4.1 Introduction

Open Loop Feedback Optimal (OLFO) control policy is one of the oldest
of all the suboptimal adaptive control policies. It was first proposed
by Dreyfus (25) as early as in 1964. Dreyfus considered a three stage
decision problem for which the ULFO policy gave a performance very close
to what could be achieved under optimal policy. vThough several people
(18, 19, 20, 23, 24) have since considered this as a suboptimal control
policy to control nonlinear stochastic processes, T%e and Athans (18)
are believed to be the first to produce non-trivial simulation results.
They used OLFO controller to subpptimally control a linear stochgstic
plant whose control gain parameters were all unknown. In terms of
equation 1.1 or 2.2a the problem they considered is equivalent to a
case where b or X, is the only unknown parameter. Later Ku and Athans
(19, 49) extended Tse's work to cover problems where all the parameters
were unknown and compared through simulations the performance of OLFO
controller with that of a certainty-equivalent controller. ZXu's work
showed that the cost échieved under OLFO controller would be greater than
that under certainty-equivalent controller for unstable controlled pro-
cesses and very close to that under certainty-equivalent controller for
stable controlled processes. The results of this chapter show that the
| cost achieved under OLFO controller is far greater than that under even
NOL controller for unstable controlled processes and very close to that
under NOL controller for stable controlled processes, Further OLFO con-
troller required enormous computation. Thus the conclusion of this

chapter is that OLFO controller is unsuitable to control unstable pro-

cesses and because of its enormous computational requirement is
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unattractive even for controlling stable processes.

OLFO control law is derived for a simple problem where the controlled
process is characterised by equation 1.1 or 2.2 with b or X, the only
unknown parameter and performance criterion governed by equation 1.2
with g=0. Since b or X, is theonly unknown parameter, the. controlled
process is only bilinear and so estimates of uncertain states can be
generated using a Kalman filter (8). The controller is then simulated
along with the two bounding controllers, viz. CAP and NOL controller,
in all the four régions 1, 2, 3, 4 of the parameter space shown in
fig. 3.2. The simple case for equation 1.1, 1.2 is chosen as it

jllustrates the worthiness of OLFO controller.

The OLFO control law even for this simple problem is extremely complex
and involves solving of Riccati equations. Furthermore its performance
is very bad, worse than even the NOL controller, when the parameters
of the controlled process are in regions 2 or 4. When the parameters

are in regions 1 or 3 the performance of OLFO and NOL controllers are

indistinguishable and close to that of the CAP controller.



4.2 OLFO control law

OLFO control policy is already described in section 2.5 of chapter 2.
In this section the resulting control law is derived for the first

order process of equation 1.1 with b the only unknown constant para-

meter, The state space equations then become ,

x2(i+1) = x2(i),
x4(i+1) = x1x4(i) + xz(i)u(i) + x3y(i), 4.1a
y(i+1) = x4(i+1) + g(i+1). 4.1D

Further no cost of control is included in the performance criterion of

equation 1.2. Thus equation 1.2 becomes

2.
IN = 5 y(i). 4.1c

The procedure for deriving OLFO control law is as follows: At time 1
assume that no observations will be made in future. Under this assump-
tion generate an open loop optimal control sequence { uo(j|i)}3£;1

that minimises the expected value of the cost Jn(i) from i to if based

on all the information available at i. Implement only the first control

{uo(i|i)} of this sequence. This control produces an output y(i+1).

Now generate another sequence of open loop optimal controls

ie-1
{uO(j|i+1)} based on all the information available at i+1. As
J=i+1

before implement only the first control{'uo(i+1|i+1)} and continue
i1
the procedure. The controls-{uo(i|i)} are the open loop feedback

1=1
optimal controls uOLFO(i).



At time i the expected cost from i to i. is Jn(i) (c.f. equation 2.3);

if
J (1) = E{ £ y2(3) i}
j=i

Substituting for y from equation 4.1b and taking -the expectation,

ip 5
<) — A y .
Jn(l) _-E-{X4 (Jll) + 044(J|1) } o+ n.og
j=i
-1 is a

: i
Finding the open loop optimal control sequence{'uo(jli) }
J=1

deterministic optimal control problem since the dynamics of §4(j|i),

044(j|i) are governed by the dterministic equations given below.
A (a1 :\ A (s A (] . .

x4(1+1|1) = x1x4(1|1) + x2(1|1)u(1) + X3y(l)

’:%2(i+1| i) = %.(i] 1)

2 -
q44(i+‘l|i) = x12 044(i|i) +u2(i‘) 022(i|i) + 2x1u(i)024(i|i)

024(i+1|i) = x1024(i|‘i) + u(i)g22(i| i)

0,5, (i+1]1) = o,,(3]1)

%4(j+1|i) = (xy + x5)2,(3]1) + %,(5]1)u(3) .

L)1) = %05 ) icj<p

ou3[1) = (xy + x5)%0,(313) + u(9op,(3] 1) +
2u(,j)(x1+x3)024(j|i) + x320g

024(j+1|i) = (x1 + x3)024(j|i) + u(j)022(j|i)

0 5o(3#1] 1) T 0,,(311) -

The initial conditionsfor these equations at Jj=i are §4(i|i), QZ(ili),

4.2a

4.2b

4.3%a

4.3b

0'44(:1] i), %4(:;[1), 0,,(i[i). The two sets of equations 4.3a, 4.3b can

be combined to one set of equations by a change of variables. A trajec-

tory with initial conditions §4(1|1), x2(1|1), 044(1|1), 024(1|1),
022(i|i) and following the dynamics of 4.3%a, 4.3b will be identical
with one starting from gﬂili) and having the following dynamics for

isj<if.
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z1(j+i|i) = (xy+x5)2(5)2) + 2,(3]1)u(y)
z2(j+1|i) = 22(j|i)
z5(3+1]1) = (xg + x3)2z3(j|i) + u2(j)z5(j|i) + 2(xy+x5)u(i)z, (3] )+ L
2 4.4a
X3 GE
7 (3+1)1) = (x + 25)2,(3]3) + u(3)z5(3) 1)
z-(J+1]1) = 7. (3]1) |
2, (4 1) x,%,(1]1) + x53(5)
(X.1 + X3)
a(i]1) = 7,(i]1) %2(i|i)
X2 ( [ ) 2
z (ili 1 o ili) - o ]
3( l ) X1+X3 2 44 x1+x & 4.4b
z (ili 10, (1] 1)
4( | ) X+ 24
.-z5(1|1)«j ._022(ili) |

Further the open loop optimal control sequence that minimise Jn(i) of

equation 4.2b would be identical with the control sequence that mini-

7 (1),

mise

1)- 4.5

{Z%ﬂ i) + z5(3]1)}

and can be obtained via dynamic programming. The details of derivation

of the control sequence is in Appendix 1.

OLFO(i ) is given below:

The resulting open loop feed-

back optimal cortrol law u

e CHND NNt oY ETE D Y I AN EDE X

ili) + V12(i+1|i)o22(i|i)]
[z %, (1]1) + xg3(3)] + [V, (s DR, (5]1) + Vu (i1 ) (] 1) +

B(1+1]1)] [x;9,,(i]1)]) 4.6

where



44

2,(i[1) Vo, (i1]4) V12(i+1|i)q '§2(i|i) T
K(i]i) = +B(i+1]i).
022(i|i) V12(i+1|i) V22(i+1|i)J 022(i|i{J ()22(111)

V11, V12, V22, B are solved backwards in time according to the Riccati
equations A11, A12, A13, A14 in Appendix 1. The estimates §4(i|i),

Vo) 4 o o o . 1. A - .
x2(1|1), 044(1|1),(J24(1|1), 022(1]1) are generated by a Kalman filter

as the controlled process is bilinear (8, 27).

The OLFO control law, like the OK control law of equation 2.11 is
cautious in that the control law is a functiorn of the covariance of
the unknown parameters., But the OLFO control law is more complicated

and involves solving of time consuming Riccati equations on-=line,



4.3 CAP and NOQOIL control laws

The two bounding control laWS‘quIZi) and ui“n(i) for the process of

equations 4.1a, 4.1b can be obtained by setting ¢ = O in equations

2.12, 2.14 and further replacing ?1(0) and ?B(O) by the true values of

X, and x, in equation 2.14.

3
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4,4 Simulation results

The program described in chapter 3 is used to simulate th? process
described by equations 4.1 when controlled by (i) OLFO controller

(ii) CAF controller (iii) NOL controller in each of the four regions
1, 2, 3, 4 of fig. 3.2. Table 4.1 gives the data used to specify

these regions

Region x, ?2(0) X \F;22(O)

1 0.25 4.0 0.25 0.5

2 0.5 4.0 4.0 0.5

P! 4.0 4.0 -4.5 0.5

4 2.0 4,0 2.0 0.5
Table 4.1 Data specifying regions of fig. 3.2

Data common to all the trials are the following:

P

Xy (0) = 1.0, g,= 1.0.

(0) = 10.0, £

%44

The value of %2(0) andJB22(O) are so chosen to ensure negligible pos-

sibility of any uncertainty about the. sign of Xye

Figs. 4.1, 4.2, 4.3, 4.4 show the simulation results. They are drawn

as ordinate

to logarithmic scales with average cost of I and number

N

of stages N as gbscissa.

Figs. 4.1 and 4.3 show that in regions 1 and 3 the cost achieved by
OLF0 and NOL controllers are indistinguishable and close to the lower
bound achieved under CAP ccntroller. The closeness of NOL ccst to
CAP cost indicates that for the simple process of equations 4.1a,
4.1b almost any controller would perform well when the process para-

meters occupy these regions.
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In regions 2 and 4 (figs. 4.2, 4.4) both OLFO controller and NOL
controller performed very badly. Furthermore, the cost achieved by
OLFO controller far exceeded (more than»10 times) the cost achieved by
NOL controller. This indicates that OLFO controller is totally unsuit-

able when the parameters of the process to be controlled are in regions

2 or 4.

Regions 2 and 4 characterise unstable controlled processes. The bad
performance of OLFO controller in these regions may be because OLFO
controller, . since it assumes no future observations, would be an
overly cautious controller (22) and consequently would fail to apply
sufficient control. When the parameters of the cont%olled process are
in regions 1 or 3 this overly cautious controller will, nonetheless,

bring the output close to zero as the controlled process is stable.

The computing time taken by the three controllers are of the order

CAP:NOL:0LFO equals 1:1:12.

The reason for Ku not observing such bad OLFO controller performance
as in figs. 4.2 and 4.4 may be . (i) length of a run N, for his

unstable process (pole at 1.2) was short (N=30) and (ii) his average

cost was based on too few trials (M=20).
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4.5 Conclusions

OLFO control law has been derived for a simple process having only
one unknown parameter. Its performance is then evaluated through
computer simulations. The simulation study leads to the following

conclusions:

i) The OLFO control policy yields a control law which is cautious;
ii) The resulting control law (equation 4.6) is extremely complex and
involves solving of time consuming Riccati equations'onfliné.

iii) The performaﬁce of OLFO controller is never better than and some-
times (for unstable processes)worse than that of NOL controller.

iv) The above conclusion together with the computing time it takes
makes OLFO controller unsuitable for unstable controlled processes

"and an unwise choice even for stable controlled processes.
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CHAPTER FIVE

PERFORMANCE OF OK CONTROLLER AND SELF-TUNING CONTROLLER

5.1 Introduction

This chapter contains the simulation results for OK controller, self-
tuning controller, CAP controller and NOL controller. The process to

be controlled is described by the equation

x4(i+1) = x1(i)x4(i) + x2(i)u(i) + x3(i)y(i) 2.2a

y(1) = x,(1) + g(1) 2.1b

with the parameters Xy Xy, X3 unknown. The parameters could further

be constants or slowly time-varying or rapidly time-varying.

The simulation results showed that OK controller and self-tuning control-

ler produces similar costs when

i)  unknown parameters of the controlled process are constants and
occupy regions 1, 2, 3, 4, or
ii) unknown parameters are time-varying but occupy only region 1;
and the OK controller Produces léss cost than self-tuning controller
when
iii) unknown parameters are constants and occupy regioms 5, 7, or
iv) unknown parameters are slowly time-varying and occupy regions
2y 3y 45 5, 1, or
v) unknown parameters are rapidly time-varying and occupy regions
2y, 3, 5, T3

and both controllers perform badly when



vi) unknown parameters occupy regions 6, 8, or

vii) unknown parameters are rapidly time-varying and occupy region k.
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5.2 Simulation Results

This section presents results of 192 simulations, consisting of eight
different values of N (no¢ of stages), for each of three conditions of
uncertainty in each of eight regions (fig. 3.2) in the unknown para-

meter space. Table 5.1 gives data-usedto specify each of the eight

regions.

Region % (0)  %,(0) 323(0) Jo1,00)  [o,,(0) 1'033(0)
1 0.1 4.0 0.1 0.2 0.5 0.2
2 0.0 4.0 4.0 0.2 0.5 1.0
3 4.0 4.0  =4.0 0.2 0.5 0.2
4 4.0 4.0 4.0 1.0 0.5 1.0
5 0.1 0.2 0.1 0.2 0.5 0.2
6 0.0 0.2 4.0 0.2 0.5 1.0
7 4.0 0.2  -4.0 0.2 0.5 0.2
8 4.0 0.2 4.0 1.0 0.5 1.0

Table 5.1 Data specifying the eight regions of Fig. 3.2

The three conditions of uncertainty specify whether the unknown para-—
meters are constants or slowly time-varying or rapidly -time-varying
and are obtained by assigning different values to gj of equation 2.2b.

Table 5.2 gives the gj s specifying the three conditions of uncertainty.

(i) constant g; = 1.0
(ii) slowly time-varying gj = 0.8
(iii) rapidly time-varying gj = 0.6

Table 5.2 Data specifying conditons of uncertainty.




Data common to all simulations was as follows:

A — — — pu—
x4(0) = 10.0, 044(o) = 1.0,05 = 1.0, q = 0.01

For self-tuning (ST) controller forgetting factor B was chosen as
0.99 for constant parameter case (condition i) of Table 5.2). For
time-varying parameter cases, when [c(i)|#1, as described in section
2.9 two modifications to the basic self-tuning algorithm are possible.
ST controller was simulated using both modifications and the forgetting
factor used for modification (1) was B = g. Modification (i) produced
larger costs than modification (ii) except for region 1 where both
modifications produced very similar costs. Hénce, where both modi-
fications are possible, simulation results shown for ST controller are

using modication (ii).

Figs. 5.1 to 5.24 show the simulation results. Figs. 5.1 to 5.8 are
results when the unknown parameters are constants, figs. 5.9 to 5.16
are results when the unknown parameters are slowly time-varying and
figs. 5.17 to 5.24 are results when the unknown parameters are rapidly
time-varying. They are drawn to logarithmic scales and have the

following features.,

1) Figs. 5.1, 5.9, 5.17 show that in region 1 the costs achieved by
the two adaptive controllers under all the three conditions of
uncertainty are indistinguishable and very close to tﬁe lower

| bound achieved by the CAP controller. The cost achieved by the

no learning controller under all the three conditions of uncer-
tainty is close to that of the adaptive controllers. This indi-
cates that almost any controller will perform well when the control-
led process is in region 1 and the desired value of y is zero.

Since the performance of the no learning controller is close to that
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of the adaptive (learning) controllers, adaptation is only mar-

ginally beneficial in this region.

No learning controller performed very badly outside regions 1 and
5. It produced costs so large that they are not shown in Figs.
5.2-5.4, 5.6-5.8, 5.10-5.12, 5.14-5.16, 5.18-5.20, 5.22-5.24,
This indicates that a more sophisticated controller like adaptive

controller is need when the process is outside regions 1 and 5.

In regions 2 and 3 both adaptive controllers performed equally
well and produced costs close to the lower bound of the CAP
controller when the uncertain parameters were constants (Figs.
5.2, 5.3). But when the parameters were time-varying (conditions
(ii) & (iii) of Table 5.2) ST controller produced higher costs
(Figs. 5.10, 5.11, 5.18, 5.19) than OK controller. This is because
the self-tuning control law is derived assuming the controller
parameter estimates have all converged to their true values which

is only possible when the parameters are constants.

Fig. 5.4 shows that in region 4 under uncertainty condition (i),
both ST and OK controller perform equally well., But, as shown by
fig. 5.12, under conditon (ii) the ST controller performance is
totally unsatisfactory and the OK controller produces costs much
greater (about 10 times) than would be produced by the CAP control-
ler. Under condition (iii) both the adaptive controllers performed

very badly. This is shown in fig. 5.20.

The scatter of the OK points for condition (ii) and the very bad
performance for condition (iii) suggest that the average cost of

equation 2.3 may not be well defined for processes with time-

varying coefficients in region 4 under OK controller. This could
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be resulting from an unstable closed loop system. The question
then arises whether the optimal adaptive controller would result
in a stable closed loop system? If not, the solution to the func-
tional recurrance equation 2.7 might be non-existant for these

processes. Finding an answer to this question is a subject for

future research.

The performance of ST controller in regions 5, 6, 7 and 8 was

so bad for all the three conditions of uncertainty that it could
not be shown in figs. 5.5-5.8, 5.13-5.16, 5.21-5.24. The reason
for the bad performance is as follows: In these regions the sign
of the control gain parameter X, (or b) and hence the self-tuning
controller parameter 92 (equation 2.29) is not known apriori. So
it is inevitable that the fixed value of 62(0) will violate the
convergence and stability requirement given in section 2.9 for

certain runs, thus producing a very bad performance.

OK controller performed well in regions 5 and 7 for all thé three
conditions of uncertainty. Its performance in regions 5 and 7

is similar to that in regions 1 and 3; thus implying that prior
knowledge about the sign of x2( or b) is not an important faftor

as long as |x; + x3|(or| a| )<1.

In regions 6, 8 even the CAP controlier performed very badly for
q = 0.01. This was because the CAP controller was producing an
unstable closed loop system for several runs. The control weight
q, was then changedto zero and the results for this q (=0) are
shown in figs. 5.6, 5.8, 5.14, 5.16, 5.22, 5.24. ST controller
and OK controller still performed.very badly and produced huge

costs. The reason for the bad performance of ST controller is

the same as given in (6) above. The bad performance of the OK

controller is due to stochastic instabilities which have been reported
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elsewhere (68, 69) and described as 'escapes'. In (68, 69) it is
further shown for a simple example that even optimal adaptive con-

troller produces 'escapes'. So it may be that adaptive control

is impossible when the process occupies these regions.

The logarithmic scales of Figs. 5.1 to 5.24 are such that conver-
gence (as N imcreases) of non-CAP costs towards CAP costs indicates
convergence of non-CAP controllers towards CAP controller. With
constant unknown parameters OK controller and ST controller both
have this convergence except for the special cases discussed in

(6) and (8) above. Convergence of OK controller is never slower
than, sometimes (in region 4) slightly faster than the convergence

of ST controller.

The performance of CAP controller indicate that the average cost

or X,. For the

2 3

case ¢ = O it can be shown using standard analysis (37) that for

achieved by it depends only on |X1| and not on x

large N the average cost JN achieved by the CAP controller is:

Iy - N'.oE if |X1|< 1
Iy ~ xfﬁog if [x” >1 .

Finally the ST controller took only half as much computing time as
the OK controller for any trial. This is because i) the ST
controller requires estimates only of the controller parameters
where as the OKcontroller requires estimates of the process
parameters and of the states, and ii) the ST control law is simpler

than the OK control law.

The computing time taken by CAP, ST and OK controllers are of the order

1:3:6.



Fig. 5.25 shows distribution of costs when N=100, process parameters

constants and in region 2. Distribution of costs for other regions

also had similar shape; an initial hump and a long tail. Similar

cost distributions are also reported in (8, 9).
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5.3 Conclusions

The simulation results show . that the performance of OK controller is
never worse than and sometimes appreciably better than that of ST
controller. The reasons for this could be that the 0K controller is
based on a more accurate approximation to the underlying non-linear
process equations (linearisation in the extended Kalman filter of
section 2.4 rather than linearisation by assuming convergence as in
section 2.,9), and that OK controller is cautious where as the ST con-

troller is certaintyrequivalent (or naive) (12).

It has not been possible to obtain theoretical proofs for convergence
of OK controller to CAP controller, However some theoretical proofs
are obtained in chapter 6 showing convergence of OK controller to a

linear constant parameter controller.

The advantages ST controller has over OK controller are 1) lesser com—
puting requirement and 2) simpler control law. For a process of order
n and delay k the ST controller estimafes only 2n + k-1 controller
parameters (48) where as the 0K controller estimates 3n process para-
meters and n+k-1 stated. As the order of the process becomes large,
computational requirement of (K controller would become excessive and
the difference in the requirement between OK and ST controller would
become significant. Computational requirement of OK controller may be
reduced to some extent by replacing the extended Kalman filter by a
more economical suboptimal estimator, This has been investigated in

Chapter 7.

TSee Appendix 3
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CHAPTER SIX

CONVERGENCE AND STABILITY OF OK CONTROLLER

6.1 Introduction

Simulation results of chapter 5 indicate OK controller converging
to CAP controller when the unknown parameters of the controlled process
are constants. A necessary condition for this convergence is that the
non-linear OK control law should converge to a linear constant pérameter
control lawhaving the same functional form as CAP control law. So per-—
haps the first dtep towards a theoretical analysis of convergence of
the OK controller is to investigate when or whether the 0K control

law will converge to a linear constant parameter coﬂtrol law. This can
be done by studying the convergence of the exfended Kalman filter

used in the 0K controller because when the estimates of the unknown
parameters of the extended Kalman filter converge to some constant
values, the OK control law would converge to a linear constant para-

meter control law.

Ljung (41) studied the convergence of extended Kalman filters when used
to generate estimates of states and parameters of linear processes. But
his analysis assumes that the control input u is notgenerated by a feed-
back, and so cannot as such be applied to adaptive control problems.

In (53, 55) Ljung et al. studied convergence of a class of adaptive
controllerswhich used a linear controllaw (e.g. uST). Extension of the
analysis in (41, 53, 55) to an=adaptive control problem where there is

a non-linear feedback control law (e.g. uOK) leads to intractable mathe-

matics.
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However, a necessary condition for convergence of 0K control law to a
linear constant parameter control law is hat the estimated covariences
of the unknown parameters generated by the extended Kalman filter should
converge to zero. A sufficient condition would be that these covariances
should go to zero faster than the divergence of the estimates of the
unknown parameters. In this chapter it is shown through a theorem that
the necessary condition would be satisfied if certain matrix pair of

the extended Kalman filter is uniformly completely observable. In order
for the analysis to be general, an nth order constant paraméter single
input single output (SI30) stochastic difference equation is used to

represent the controlled process.

In section 6.2 extended Kalman filter equations are presented for the

nth order constant parameter controlled process. In section 6.3 the
theorem for convergence to zero of the estimated covariances of the
unknown parameters is proved assuming certain matirx pair of extended
Kalman filter is uniformly completely observable (UCO). When the
controlled process is first order this UCO condition reduces to a require-
ment that a determinant should always remain non-zero. The occasions

when this determinant become zero and the reasons for that are discussed

in section 6.4.

Time histories of several trials for a first order process under OK
controller showed the estimated covariances of the unknown parameters
always converging to zero and the estimates of theiunknown parameters
always converging to constant values. This suggests, at least for
first order processes under OK controller, (i) that UCO requirement is
not a stringent one but is always satisfied, (ii) thatthe convergence

of the estimated covariances of the unknown parameters is always faster
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than the divergence of the estimates Of the unknown parameters.

A typical time history in region 4 is given in section 6.5.

In section 6.6 closed loop stability conditions are derived :zor a
first order process under the OK controller when the estimates of the

unknown parameters have all converged to constant wvalues.



6,2 Extended Kalman filter for nth order SISO process

The controlled process is described by the following nth order SISO

stochastic difference equation.

y(1) + a y(i-1) + .. + a y(i-n) = bouli-k) +..+ b u(i-k-n-1) +

E(1) + 015(1—1) +oot ¢ £ (i-n) 6.1

where y, u are the output and input respectively, £ is an uncorrelated

zero mean random sequence having variancercg )

Byseeesdy h})“”bn—ﬁ¢1"°" c,6 are the unknown constant parameters.
k is the delay between input and output (k31). n is the order of the

process.

The extended Kalman filter is designed on the basis of a state space
representation of the controlled process. This requires state varia-

bles [a ], [B] and[y]  where

a =log,... ) 0] T
- T

B OE[B,eee 48]
T

y =[Ypseee Y]

to represent the unkmown parameters a,... a , Eoeeon bh—bc1---- c -
The dynamics of the process is represented by another state variable x

where

= T
E = [X1 9. o’Xn_*_k__l] .

The state variables Q, B and Y are related to a s, b s and ¢ s of

equation 6.1 as follows:

j = 1,..,n



E1

%) = bj—l j = 1,..,n
Tj =Ccy 7 2&j J = 1,..,n 6.2a

The dynamic state x is related to the single output y as

x (1) = y(i)-  &(1) 5.2b

Substituting equations 6.2a, 6.2b into equation 6.1 gives the state

space dynamics of the controlled process as

T - rc(, | —~ - r - - o
Z' | C:D }k—l 1'-
| (o]
. . P
x(i+1) | = | [I;]ux-z,m-k-z @[+ | ucd) + Y(
n %
| e °
| i o |o-- o JL | |& 0}"-'
o - 603

The extended Kalman filter equations for the process of equations 6.3

are as follows:
s | [ Mo
8 (i+1) B3)
& (141) e

(i+111)

[ >

x(i+1)

L J &
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L r—d‘l)‘ — — - - - r - ", .-
.' ; qul'l O Yl.(‘)
! :
- I Al )] . .
x(i+1 ‘I)H A '( ]n+¥:-2,n+k-z x(1) |+ + P U(L) Y
op(Q) | g A
0 | «nX, '\'ﬂ(i)
. 9 o
o Lo ! A '
ol — 1O (o) ‘;')
— I o B o
- 04 L -
6.4b
Z(3 = - T Ty-1
Hart) =g5 -2 (o + ez je) ez, 6.5a
[2]1,4n+kfl[ [ O]1,3n o1 [011,n+k-]2
: = A(1)p(2)aT(3) 6.5b
._O fudenly & —_— 05
Since the unknown parameters are constant,
- L —_—
S
|
(1) {1] %n, 3n , 3n,n+k~-1
A(i)] = e
Amtk-1, |— — - e e —  — — — —
dn+k-1 ] [d] T +f, !
l °k1 { l
O] 15 l S y(OITY, b i,
L_ o _' " | Nikz
— “ ' k-b}\" o !o. cO ]
—
[Epp(l) 13n,3n [Z‘px(l) b, nex-1
[)i(l)] 4.n+k—1~
4n+k-1 i '
! [ZPX n+k 1,3n [ZXX(l)]n+k—1,n+k—1
i) = the estimated covariance matrix generated by the extended
Kalman filter and
% = the estimatedcovariance matix of the coefficients 2, _@ and X

—PP



Lix

m

the estimated covariance matrix of the states x

the estimated covariance between the state x and the coeffi-

cients &, B and Y.
Identity matirix of J rows and k columns.

Null matrix of jJ rows and k columns.
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6.3 Convergence of parameter covariance ¥
—PPp

Equations 6.5 governing th2 estimated covariance _Lge nerated by the
extended Kalmén filter c¢re¢ similar to equations governing covariance
matrices of Kalman filters for linear systems having time-varying
coefficients., So the convergence properties of E?p in equations 6.5 can
be studied through standard observability conditions (38,42)of the matrices
A&i) and C. The observability conditions are expressed in terms of trans-

ition matrices ¢,
o(i,3) = a(i-1). A(5+1)A(S) i>

o(i,i) =[ I ].

The pair {C, A} is completely observable at time J if and only if the
observability matrix
J+N-1

M(3+N-1,3) = Z [
i=5

"(1,3)¢ of (s, 3)

*
is positive definite (N is a +ve integer; here N=4n+k-1)ang uniformly
completely observable if and only if M(j+N-1,j) is +ve definite for

all j.

Theorem 1

1f {¢, A} is a uniformly completely observable pair then the parameter
covariance Z  of the extended Kalman filter will asymﬁotically con-
—PPp :

verge to zero.

Proof

The covariance matrix gﬂj) is related to the observability matrix as (42)

' T T,. AT T/ - AnaT
*M(j+N-1,j)>Q_(+ve definite)only if rank[:c .»@ (5+1,3)e": @ (3+N-1,3)¢ ]=4n+k4



£(3) = &(3,1) [277(0) + m(3,1) 1" ¢7(3,1)

when I(0)>0.

It follows then that

1(3)¢ & (3,0 (5,1)¢ "(5,1).

¢

The transition matrix ®(j,1) is of the form

2(3,1)

and so

I3 £

pun

[I]Bn,3n

[¢21 Rakd 51

L

[1]

)

g

Define B(j,1) =

[O]3n,m—k~|
[¢22 ]mu-x,
nak-i
[0] [T]
n(5,1)

6,,) [dT
— -
F-BH(J.J) B12(j,1)_[
i Boy(3s1) 1322(3,1>J

Inequality 6.8 can be written as,
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6.6
6.7
—
[p,] "
6.8
[ 6,17
—
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3ut the pair{ C, A} is uniformly completely observable, sol | M(3,1) A

increases monotonically without bound (38,42) as j increases.

J & ||M(j,1)||-+w , where|| . || is the spectral norm.

j+oo

Since B(j,1) ;_M—1(j,1),

Lt]]B(3,1)]|> 0; or the matrix Bj,1) tends to a nullmatrix as
J e

J>o o

[t follows then that,

Lt |8y, (3,1 |0 .
Foo

But since from equation 6.10

;Pp(:in) < By, (3,1,
E:J]Z pp(j,1)|| +0 or the matrix gpp(j,1) tends to a null matrix
1s jE® .

I'his completes the proof of the theorem.

sorollary:

*rom equation 6.6 it follows that Eﬁj) is at least positive semi definite;

or
(i) s 0.

50, the above theorem implies that

.gtl_z_px(j,1)r]+[oJ 6.11
Jroo

’heorem 1 does not imply that the estimates of the: unknown parameters
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generated by the extended Kalman filter converge to constant values.
However, if it is assumed that the parameter estimates do not diverge
faster than the convergence of Epp’ then Theorem 1 does imply that the

parameter estimates converge asymptotically to constant values.



6.4 Convergence condition of j%p for a first order process

The requirement for the proof of convergence to zero of the estimated
parameter covariance Epp was that the matrix pair {C, A }should be

uniformly completely observable.

When the controlled process is of first order this requirment is that

the matrix M1(i+3,i),

- o
¢ A(i)

31(i+3,i) =
¢ Ali+1)A(d)
e A(i+2)A(i+1)A(4)

should have a rank 4 for all i. Since the controlled process is first
order it is perhaps more convenient to refer to equations 2.1 and 2.2
than putting nz1 in equation 6.1. Substituting C and A from equation
2.5 and performing simple algebraic manipulations the matrix M1(i+3,i)

can be expressed as

A . A . A .
0 x4(1) x4(1+1) X4(1+2)
o u(i) u(i+1) u(i+2)
M, (i+3,1) =
: o (i)  yl+1)  y(is2)
L_1 '}Ei(i) 0 o |
—_— -
1 0 0 0
o 1 R REDAGw
X
0 0 1 }'%1(i+2>
0 0 0 1




ﬂq would have a rank 4 for all i ornly if the determinant of

’24(1) §4(i+1)
w(i) u(i+1)

y(i)  y(i+1)

§4(i+2)
u(i+2) £0 ¥i

y(i+2)

There are two reasorns why the requirement 6.13 might be violated.

i) One of the sequence §4,u,y might be identically zero.

The sequence y would never be identically zero. The best regulation

of y can be achieved under certainty about parameter control u

CAP
1

with no cost of control term (q=0 in equation 1.2), when y becomes

identical with the random noise sequence £ (2). Under 0K controller

with a non zero cost of control (q#O), y and the estimate %, would

both be farther from zero.

4

When there is no cost of control (g=0)

the estimate §4 under OK controller can converge to zero; but not

before the parameter estimates have converged to constant values since

A L .
G4 0d x4(1]1-1) (equation

£  has converged to zero.
—PP

until there was no need for

2.5) can not go to zero, i.e. not before
Thus condition 6.13 would not be violated

further convergence.

The sequence u can sometimes be zero over finite intervals of time.

This is descwibed as 'turn-off' (8, 69). The convergence condition

6.13 would then be violated.

However it is shown in (8) for OK con-

trollier, that the likelihood of 'turn-off!' diminishes as the number

of unknown parameters in the controlled process increases.

ii) Two or more of the sequence §4,u,y might be directly correlated.

A simple, constant linear feedback control law of the form

u(i) = k1’§4(i) + k,y(4)

6.13
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would cause the determinant in 6.13 to be zero. The OK control law has
the form of equation 6.14 only when the estimates of all parameters have

converged; then the convergence condition 6.13 would be violated but

there would be no need for further convergence.

Thus as long as there is no ‘'turn-off' the convergence condition 6.13
would not be violated under OK controller. Since there are three
unknown parameters even for first order processes, it is unlikely that

there will be turn-off for 0K controller-when all the perameters are

unknown,

9N
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6.5 Numerical Example

Extensive simulation of constant parameter first order process when
controlled by OK controller showed zpp always converging to zero and
the parameter estimates always converging to constant values. A
typical time history in region 4 is shown in figs. 6.1, 6.2, 6.3,64 -

Details of the trial are in Table 6.1.

X1 X, x3
True Value 1.193 2.815 5.073
Initial Estimate 0.0 4,0 4.0
Initial Variance 1.44 1.44 1.44
Converged Estimate 1.132  2.728 5.013

Table 6.1 Details of Simulation, ¢=0.01, 0,.=1.0,

3
Length of run = 200 stages.

The estimates of parameter covariances go'tb zero as expected and the

estimates of parameters converge to constant values. The converged

values are however biased.

From the converged estimates for Xys X5y Xg the converged estimates for
a,b,c can be evaluated;

T = ~(%,4%,) = -6.1b5

b =%, =2.728

T= % = -1.132

where tilde represents converged values.

6.5.1 Effect of biased estimates on the OK control law:

Once the parameter estimates have converged the extended Kalman filter of
the OK controller becomes a Kalman filter and the OK control law has the
same functional form as CAP control law. This means the asymptotic OK

control law would have the same functional form as the asymptotic CAP control



law given by equations 2.21, 2.22 with the converged estimates of

parameters replacing the true parameters. Asymptotic OK control law for

the numerical example, where [¥|>], is given by

oK, (a/B) N (1/8 - &
) = gz -0 + 5 y“)}

and the asymptotic CAP control law for the numerical example, where Ie|>1,

is given by

uCAP(i) _

/D _ (1/c - a) .
_{c(b Yy I ey Y(1# 2.22

Substituting the values for 3;%,3 the asymptotic OK control law becomes
0K, . . .
u (i) = 0.0012 u(i-1) -1.9262 y(i).

Similarly substituting the values for a,b,c the asymptotic CAP control

law becomes

uCAP(i) = 0.0011 u(i-1) - 1.9257 y(i).

This indicates that although the parameter estimates could be biased the
resulting OK control law can still asymptotically converge to CAP control

law.
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6.6 Stability of closed loop system when the parameter estimates

have converged

As the parameter estimates converge, the OK control law tends to e
linear constant parameter control law. Since the converged values
of the estimates could in general be biased, it is possible for the
resulting closed loop system to be unstable., In this section the
stability conditions are derived for a first order process (equations

2.1, 2.2) when the OK controller has converged to a linear constant

parameter controller.

Once the parameter estimates have converged, the extended Kalman filter

becomes a Kalman filter generating the estimate of the dynamic state x

4°
The covariance equation of this Kalman filter is:
~?2 .
0y % o,,(i-1)
044(1+1) = E L 44 . 6.15
Op + %f%44(i—1)

where tilde represents converged values of the parameter estimates. It

can be easily shown that the steady stage value (i+“9 of this covariance,

SS

%4

, is zero if | §1|< 1 and (1 - %f)gi if [g,[> 1.

Thus for very large i, theequations for the dynamic state and its esti-

mate are
x4(i+1) = x1x4(i) + X, uOK(i) + x3y(i) 6.16
and
2,(ir1) = F,8,(3) + Fpu (1) + Fyy(d) o gyl y(a+1)-
(%3,(1) + Fu (@) + Ty(he 6.17

OK(

The 0K control u (i) when the parameter estimates have all converged

is:



Substituting for uOK(i), equation 6.16 becomes,

. 2 x5 noA . ~ . .
x4(1+1) (1) - —25; 1x4(1) + x3y(1) ] + x3y(1).

Equation 6.17, when | §1ls 1 becomes
%2 e

3, (141) = £,%,(1) - _~§___.[X1 £,(1) + Ty(1) 1 +
§2+q)

M

3Y(i),

and when |§1 |>1 becomes

~?2
% (1+1) = %‘1?:4(1) - X2 [§1§4(i) + '§3y(i)] + §3Y(i) +
(x5+q)
~ 2
(1= 1)1 y(a1) - (33,) - =2 (5,3,(3) +
%4 174 %;iq 4

Ty(1)) + Zy(i) 3]

Closed loop dynamics, for very large i, are described by equations
6.19 and 6.20 and they are linear. The condition for stability of the

closed loop system when | E&lé 1 is that the two characteristic roots

{[?22(x1+x3)+q(x1+13+'§1)—x ~]+[{§22(x +x3)+

~ ~~ 2 r~~
q(x1 - X, + X ) - X X X - 4 X, 3 2q]2 (2(x +q))

must lie within the unit circle.

The general condition for stability when r§1|> 1 is not simple. For

the case when q=0 the condition is that the roots
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6.18

6.19

6.20a

6.20Db

6.21a
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~2~ ~N S~ ~ ~ o~ o~
{ [x2 x1(x1 + x3) - 4 X%x, - X, 2(x1—1)] + [{x22x1(x1 + x3) -

al

X X X%, + x2x2(x1—1)} - 4 %,% xz(x2 (x1+ x3)(x1—1) -

6.21b

must be within the unit circle,

In (41) Ljung predicts the points of convergence of parameter estimates
of extended K:lman filters used for non-adaptive control problems. If
it were possible to predic¢ct the convergence points of extended Kalman

filters used for adaptive control problems, then visualising 3}, %, X

Xp0 Xz
as a point in the X1 Xo x3 space and using equations 6.21a, 6.21b one

could construct stability regions for a first order process under the

OK controller.



6.7 Conclusions

Extended Kalman filter equations are preszanted for an nth order SISO
linear process with constant parameters whose values are unknown., It

is shown through Theorem 1 that the estimated covariance of the unknown
parameters generated by the extended Kalman filter(i%p)asymptotically
converges to zero when the matrix pair {C, A(i)} is uniformly completely
observable. Theorer. 1 proves only the necessary condition for the con-
vergence Of the parameter estimates to constant values; or for the
convergence of OK controller to a linear constant parameter controller,
If it is assumed that the parameter estimates of the extended Kalman
filter do not diverge faster than the cenvergence of-gpp, then theoremi

proves the sufficient condition. For a first order SISO process the

wmecessary condition becomes a requirement that
A /. A . A .

x4(1) x4(1+1) X4(1+2)
det u(i) u(i+1) u (i+2) £0 ¥i.

y(1i) y(i+1) y(i+2)

Under the OK controller the only time this requirement would be violated
before the parameters had converged is when there is a 'turn-off!'. It
has been conjectured (8) that such a violation of the necessary con-

dition is an essential feature of 'turn-off’'.

Several trials of first order process when controlled by OK controller
showed the parameter estimates converging to constant values and their
estimated covariances converging to zero. From this, it is conjectured
that, at least for first order processes, the sufficient condition for
the convergence of 0K controller to a linear constant parameter control-

ler is alwaygsatisfied.
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Unfortunately it has not been able to predict the possible points of
convergence of the parameter estimates. Extension of Ljung's (41, 53,
55) approach in whichamen-linear differential equation describes. the
evolution of the parameter estimates, results in intractable mathe-
matics because of theron-linear nature of the OK control law. However,
if it were possible to predict the points of convergence of the param-
eter estimates, then for a first order process stability regions for

closed loop system can be constructed using the conditions 6.21

derived in section 6.6.















CHAPTER SEVEN

AN _ALTERNATIVE STATE AND PARAVMETER ESTIMATOR

7.1 Introduction

One of the conclusions of chapter s was that the OK controller when
used for controlling higher order processes would suffer from excessive
computational requirement . This excessive computational requirement
comes mainly from the extended Kalman filter which generates the esti-
mates of states and parameters. So, if extended Kalman filter could be
replaced by a computationally economical state and parameter estimator
then the overall computational requirement of the 0K controller could

be brought down considerably.

The suboptimal estimation scheme proposed in (36) and (56) for the com-
bined estimation of states and parameters of an linear process is a
computationally economical scheme. According to this scheme two

linear estimators, one for estimating the states and the other for esti

mating the parameters, together generate the estimates of states and
parameters of a linear process. If this combined estimator in addition
to being computationally economical does not cause any deterioration in
the performance of the 0K controller, then it can justifiably replace
the extended Kglman filter in the OK controller. In this chapter the
performance of OK controller with combined estimator is compared with
the performance of OK controller with extended Kalman filter, The
controlled process is described by the first order equation 1.1 and the

unknown parameters are assumed as constants.

In section 7.2 equations governing the combined estimator are presented
for the first order process of equation 1.1. Section 7.3 contains

simulation results when the first order process is controlled by
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(i) OK controller with combined estimator, and (ii) OK controller

with extended Kalman filter in all the eight regions of the parameter

space shown in Fig. 3.2. The simulation results indicate that the

combined estimator when used in the place of extended Kalman filter in

the OK controller will notaause any significant deterioration in the

overall performance, but at the same time will reduce the net computa-

tional requirement.
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7.2 Combined Estimator

The combined estimator consists of two linear estimators: a parameter
estimator generating the estimates of the unknown parameters and a state
estimator generating the estimates of the states using the parameter

estimates already generated, The structure of the combined estimator

is shown in fig. 7.1.

7.2.1 Parameter Estimator

The parameter estimator considers the input output relationship of
equation 1.1 and uses an algorithm of the type given in (54) for
generating the estimates of the unknown parameters. The input output

relationship of equation 1.1 is written below.

y(i+1) = z (i)e +& (i+1) 7.1
where ] )
(1) —a
z(i) = | u(i) ; e - o
| £(1) | c

Since the parameters a, b, ¢ are considered to be constants,
o(i+1) = o(i). 7.2

For the system of equations 7.1, 7.2 the following estimation algorithm
can be obtained by a formal application of the recursive least squares

formula (61).

B(i+1) = o(1) + k(i+1) [y(a+1) - 27(1) 8(3)) 7.3

K(i+1) = z.(i+1)2() og—1 7.4a

Z(
where gb is the estimated parameter covariance matrix and Og is the vari-

ance of the noise § .
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I (i41) = I(3) - £,(1)2(1) | Op + 27(1) Eg(i)é(i)}’1§T(i)§g(i) 7.4b

In equations 7.3, T.4a, T.4b 2(i) denotes a vector obtained from z(i)

A
by replacing E(i) by £(i) where from equation 7.1
e . AT . \A/.
e(1) = y(3i) - 2 (i-1)0(1) T.4c
Estimation of unknown parameters of a linear system using equations of
the type 7.3, T.4a, 7.4b, T.4c is believed to be first proposed by

Panuska (54). It i's also sometimes known as extended least squares

(ELS) method (53).

In this sub-section parameter estimator equations have been presented
only for constant unknown parameter case. If the process parameters
are time-varying then equations 7.3, 7.4b have to be modified. The
modifications are that éﬂi) and Xg(i) in equations 7.3, 7.4b should be
replaced by their predicted values 8(i+1]i) and 15(i+111).  These can

be easily obtained from the dynamicg of the parameters.

7.2.2 State Estimator
The state estimator assumes the parameter estimates é_generated by the

parameter estimator to beth€® {rye parameter values 6 and uses them ina

linear Kalman filter to generate the estimate of the dynamic state x

4
of equation 2.2a. Kalman filter equations generating the estimate'§4
are
A . A . ) 4 . -1 . AL .
x4(1+1) = x4(1+1ll) + 044(1+1) Oy { y(i+1) x4(1+1|1)} 7.5a
A (s s A A (- . A (.
x4(1+1|1) = X, x4(1) + Qzu(l) + XBY(l) T.5b
where %1,‘§2, §3 are obtained from §_(cf. equation 2.1a) and
/\_A
X, = -C
=
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The recursive equation for 44 is
A2
X (i) o
21944 £
044(1+1) = 7z, re 7.6
1 "44 3 |

Since the -state ‘estimator assumes that all the parameters are known,

estimates of covariances between state and parameters do not exist in
the combined estimator. So in the OK control law one could put these

terms (014,024 in equation 2.11) as simply zeros. The resulting OK
control law would be

A AN AN A A
—[X1x2x4 1%+ (x2x3 + O 23)y]

where q is the control weight (cf. equation 1.2). Alternatively one

could approximate 014 and %4 as

Y ~p4lo o

14 = 1[9393 "
~ g (0]

924 -~ pnggz 44

where pys Py AarTe apriori chosen constants having a value between zero
and one. In this chapter the simpler control law of equation 7.7 is
used as the OK control law that goes with the comhined estimator. As
will be seen from the next section this control law does not produce
any appreciable deterioration in the performance of the OK controller
with combined estimator as compared with that of the OK controller with
extended Kalman filter. The covariances Ty o9 023 and 955 in equation

7.7 are related to g of equation 7.4b as

o - _GO
12 6, 65 »



0 o

22 9292.

o} - 0 4+ O

25 9203 9192

The extended Kalman filter equations for the first order process are

given in section 2.4. The OK control law that goes with the extended

Kalman filter is given by equation 2.11.

Whereas the extended Kalman filter for the first order process deals

with a covariance matrix of size 4 x 4, the combined estimator only

deals with covariance matrices of size 3 x 3 and 1 x 1. So one can

expect a reduced computing time for the combined estimator.

7.8
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7.3 Simulation Results and Conclusions

The first order process with constant unknown parameters is simulated
under (i) OK controller with combined estimator, and (ii) OK controller
with extended Kalman filter with the same random variables in all the
eight regions of the parameter space described in chapter 3 . Data

specifying each of these regions is the same as given in Table 5.1

of Chapter 5

Although no special precaution was taken to ensure that the state esti-
mator of the combined estimator did not diverge due to poor parameter
estimates, this was not a problem in any of the simulations. If this
were a problem then some algorithmic modification of the estimated state
covariance would be necessary. The simulation results are shown in
Figs. 7.2 to 7.7. As in chapter .5 they are drawn to logarithmic

scale with average cost as ordinate and number of stages N as -abscissa.

Figs. 7.2, 7.3, 7.4, 7.6, 7.7 show that the cost achieved under both OK
controllers are very close to each other when the unknown parameters

occupy regions 1, 2, 3, 5 and 7.

When the unknown parameters occupy region 4 the performance of the 0K

controller with combined estimator, shown in fig. 7.5, is only marginally

inferior to that of the OK controller with extended Kalman filter for
short time (small N) processes. For long time processes, however, the

performances of both the OK controllers are very close to each other,

When theunknown parameters are in regions 6, 8 both the (K controllers
performed so badly that they are not< shown. The reason for this is
'escape' (68,69,8) ; the same as that given in chapter 5 where

similar bad performances have been reported.
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On  the computation side OK controller with combined es?imator took only
about sixty percent as much computing time as the OK controller with
extended Kalman filter. Thus simulation results of this chapter lead

to the conclusion that the combined estimator should be preferred to
extended Kalman filter as the suboptimal estimator in OK controller.
Although simulations have been carried out only for the constant para-
meter case, it is expected that similar conclusions regarding the com-

bined estimator would result for time-varying cases as well.

Finally time history of a typical run in region 2 showing y, u, various
estimates, costs, of 0K controller with the two estimators is shown in

figs. 7.8, 7.9, 7.10, 7.11,
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CHAPTER EIGHT

CONCLUSIONS

8.1 Introduction

This thesis is concerned with the investigation of performances of the
adaptive controllers -~ viz. OLFO controller, OK controller, ST controller,
for a first order discrete-time single input single output stochastic
process whose parameters are unknown using monte-carlo simulations. The
following sections summarise the conclusions resulting from the inves-

tigation and also present some suggestions for future research.

8.2 Simulation study of OLFO controller

OLFO controller was simulated along with the two bounding (CAP and NOL)
controllers for a simple case of equations 1.1 and 1.2. Even for this
simple example OLFO controller took enormous computing time (12 times as
much as that of lower bounding CAP controller) mainly because of its
requirement to solve Riccati equations on-line. Further the cost achieved
under OLFO controller was indistinguishably close to that of NOL controller
for a stable controlled process and much higher than that of NOL controller
for an unstable controlled process. This leads to the conclusion that OLFO
controller is totally unsuitable for controlling unstable processes and

would be an unwise choice for controlling stable processes.

8.3 Simulation study of OK and Self-tuning controller

8.3.1 Choice of Parameters

Adaptive problems were simulated in each of the eight regions of the

unknown parameter space shown in fig 3.2. Data for the simulation, Table 5.1,
were chosen to ensure that problems, generated at random as described in
chapter 3, would remain within their specified regions. The discrete-time
system simulated could be regarded as a sampled coptinuous—time system

(for example under computer control) and it is of some interest to consider

what is implied by the data of Table 5.1 about the relationship between
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sampling rate and the response time of an underlying continuous-time process.

It is assumed that, as is usual with computer control, the continuous-time
process is periodically sampled, at time intervals &, and that the sampled
value is held constant (by a zero-order hold) over the sampling interval.
There are two continuous-time processes which, when sampled in this way,
would give rise to the discrete-time process of equation 1.1; they depend
on the sign of the parameter 'a'. For ac<0, the first order discrete-time

process of equation 1.1 could be generated-by a first order continuous-time

process of the form

Ki wes) -+ K"('“T"l-vr;,) 2.1

(1+4T) (1+4T)

Yo =

wherey ,U,\¢ are the continuous-time process output, control input and a
zero mean gaussian stationary white noise disturbance respectively. 4 is
the Laplace operator. This continuous-time process when sampled and held

by a zero order hold gives the first order discrete-time process having

-AfT
a = =€ /T_ R.-2a
b = Kt(l—e—Al.ﬁ) R.2b
c = _|+%“_e-olr.) g-2¢c
2
G—-:g- = (K:z :%_’;—-.) Vavy (\F) paS 'Zd'

and a is always negative.

For a»0, the first order discrete-time process could be generated by
sampling, at a special frequency, an under damped (8<1) second order

continuous-time process of the form
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y(”) ks Wwo U(’5> + HA_(AZ_*_ u;a) w(b) 8.3

At 28wk + Wy (A+23woi+ wf)

I

The frequency wj; of oscillations of the process is related to wy as

m‘:cgolh.31 . This continuous-time process when sampled at
kT L :
A =3, 0 k a positive odd integer, B. L

and held by a zero order hold gives a first order discrete-time

process having

k3
a = € (I-FV~* 8.5a
kT4
(1— 3D
b = K3 ("f‘ e ) 8-9b
2 -RT3
c = -1 +2_ (Il +e€ (n—at)h) g.5¢
mo
2
o = (KL,.> Var (w) | g.5;d

and a is always positive.

Table 8.1 gives the continuous-time parameter A or X for the discrete-time
processes in the simulations specified by the data of Table 5.1. By
'1ikely values' in the table is meant those that lie between Low a and

'High a. The table quotes'Low a' and 'High a' as follows.

Av (@) = - (il (o) + ig (o))
Yo
sp (0 = (ou(o) + o33 (@)

Low a = Av (o) — So (a)

Higna = Av(e) +$o(%)



121

. Continuous~time Parameter
Region Likely values
of a
A (For a<0) | (For a»0)
Low a High a Low A High A Low3s High$

1,5 -0.5 0 0.7T1 oQ
Av(a)=-0.2
oD (2)20. 28 0 0.1 0.59 1

2,6
Av(a)=-4, - -
v(a)=-4.0 5 3 1.1\T1[ 1.61\T‘1‘
SD(a)=1.02

3,7 -0.3 0 1.27, °Q
A =0.0
v(a) 0 0.3 0.36 1
SD(a)=0.28

4,8
Av (a)=—8 -9.4 -6.6 1.89|1)| 2.24]r)
SD(a)=1.4

Table 8.1 Continuous-time Parameter (&,3) corresponding to the likely

values of a in the simulated discrete-time processes.
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Whenever the likely values span over zero, as for regions 1,5,3,7, the likely
values are grouped into two; (i) 'Low a' to a=0, and (ii) a=0 to 'High a'.
The continuous-time parameter is obtained from equation 8.2a for a<0 and
8.5a (assuming k=1) for a»0. It can be seen that, for a<0, the sampling
interval & is mostly greater than the time constant T, of the continuous-
time process which would therefore be sampled rather slowly. The simulations
with a<0 are thus mostly atypical of discrete-time control of first order
continuous-time processes which would usually be sampled more rapidly, at
a period of sayaA =0.3T,;, giving rise to a value of a=-0.74. The simulations
with ay0 are also atypical because the condition of equation 8.4 also

represent rather slow sampling and would not normally be achievable in

practice.

8.3.2 Parameter variations

Consider the parameters of the continuous-time processto be time-varying
and their dynamics are represented by a first order differential equation

of the form

7}4& +x :KP. ¥-b

When the continuous-time processis sampled at A intervals and held by a
zero order hold the dynamics of the parameters in discrete-time would be

of the form

x(iyD) = € x@ + K (1-€ P). 8.7

The discrete-time model used to describe the parameter dynamics in the

simulation study is (c.f.equation 2.2b)
X(itl) = qx(id 4o + §C - g.Ta

The disturbance is added in equation 8.7a to have contiquing uncertainty

about the parameter; it does not affect the speed of variation of the
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parameter. Speed of variation of the parameter in equation 8.7a is

governed by 'g' and comparing with 8.7

g=elm 8-7h
The value of 'g' used in the simulation study was g=0.8 and g=0.6. From
equation 8.7b it can be seen that g=0.8, termed as 'slow' variation,
corresponds to a situation when the parameter time constant'TP is 4.5
times the sampling interval A (or Tp=L.5A) and g=0.6, termed as 'rapid’
variation, corresponds to a situation when the parameter time constant T}

is twice the sampling interval ( Tp =2A).

8.3.3 Simulation results

Figs 5.1 - 5.24 which show the total cost against the number of stages N
are perhaps not convenient to summarise the asymptotic behaviour of the
various controllers. Asymptotic behaviour can be summarised by the

incremental costs or rate of increase of average I, with respect to N

N
after many stages of operation. Small incremental costsrepresent good

control and completely successful adaptation is indicated by incremental

costs' as small as those achieved by CAP controller.

Table 8.2 shows the incremental cost for 1000th stage (i.e y2(1000) +

q u2(999)) for CAP,0K,ST,NOL controllers for all the conditions of
uncertainty in all the eight regions of.the parameter space. The last
column of the table contains the theoretically predicted incremental cost
due to 'no control', obtained from equation A2.6 of Appendix 2, when the
unknown parameters are constants and the process to be controlled is stable.
The table together with figures 5.1 - 5.24 lead to the following

conclusions.

(i) The performance of both OK and ST controller start to deteriorate as

the parameters start varying with time. More the speed of parameter
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Conditions
of uncer- CAP OK ST NOL No control
tainty
g=1.0 1.005 1.005 1.005 1.009 1.022
g=0.8 1.005 1.045 1.047 1.047
g=0.6 1.005 1.047 1.050 1.052
-
g=1.0 1.073 1.130 1,130 Huge
g=0.8 1.074 2.102 3.021 "
g=0.6 1.093 4,560 25.102 "
g=1.0 16.765 16.826 17.142 " 1531
g=0.8 16.807 17.472 24,487 "
‘g=0.6 16.847 17.486 93.360 "
g=1.0 20.160 20.332 22,786 "
g=0.8 20.301 562.44 Huge "
g=0.6 20.34 Huge " "
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Conditions
of CAP OK ST NOL No -control
uncertainty
R g=1.0 1.01 1.02 Huge 1.025 1.022
e
J =0
i g=0.8 1.021 1.076 " 1.085
o
n
5 g=0.6 1.025 1.087 " 1.093
R g=1.0 1.00 Huge " Huge
e
g
i g=0.8 1.00 " " "
o
n
6 g=0.6 1.00 " " "
R; g=1.0 16.671 17.65 " " 18.3}
e
g
i g=0.8 16.68 19,112 " "
o)
n
7 g=0.6 17.16 21.175 " "
R g=1.0 16.01 Huge " "
e
g 1
ij g=0.8 16.05 " " '
o )
n
8 g=0.6 16.05 " " "
th
Table 8.2 Incremental costs for 1000 stage.

(Note: For regions 6 and 8 the control weighting g=0)
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variation, more is the deterioration in the performance.

(ii) In general OK controller produces lesser cost (both incremental and
total) than ST controller for time-varying parameter processes.The
difference between the costs due to ST and OK controller increases as the
speed of parameter variation increases or 'g' of equation 2.2b decreases.
Exceptionsto this general conclusion are (i) regions 6 and 8 where both
controllers performed badly even when the parameters were constants and (ii)
region 4 with the parameters varying -'rapidly*' (g=0.6) which also resulted

in a bad performance for both controllers.

(iii) Table 8.3 shows the average cost/stage (Average IN/N) for OK and ST
controller when the unknown parameters are constants and the number of
stages N=5. Average cost per stage for small N, such as N=5, is a good
indicator of the transient performance of the controllers. As can be seen
from the table the transient performance of ST controller is not as gpod
as that of OK controlleroutside region 1. Since time-varying parameters
can be considered to represent a continuing transient case it is not
surprising that, outside region 1, OK controller produced lesser costs

than ST controller for time-varying processes.

(iv) Both OK and ST controller seem to converge to the lower bounding

CAP controller when the parameters are constants and there is no uncertainty
regarding the sign of b. Convergence of OK controller is found to be never
slower than and some times (;egion }) slightly faster than that of ST
controller. This can also be seen from figure 8.1 which shows excess
incremental cost against number of stages for both these adaptive
controllers in region 4. Excess incremental cost for an adaptive controller
is the difference between the incremental cost for the adaptive controller

and the incremental cost for CAP controller. This difference would go to
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Region OK ST
1 22,65 22.93
2 46.16 47.05
3 33.83 36.81
4 109.52 136.34

Table 8.3 Average cost/stage when N=5 and unknown parameters

constants.
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Fig.8.1 Excess incremental cost Vs Number of stages for OK controller (X)

and ST controller (0). Unknown parameters are constants and are

in Region.k.
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zero as the adaptive controller convergesto CAP controller.

(v) The computational requirement of ST controller is much less than that
of OK controller. For the first order process ST controller took only
half as much computing time as OK controller. Although use of the combined
estimator in the place of extended Kalman filter reduced the computational
requirement of OK controller, this reduced requirement is found to be

still larger than that required by ST controller.

For constant unknown parameter processes with no uncertainty about the sign
of b ST controller produced costs similar to those of OK controller. But
when sign of b is not known (Regions 5 - 8) the ST controller implemented
(i.e 62fixed) became unstable and produced huge costs. This bad performance
was due to the violation of convergence and stability condition given in
section 2.9. However this might have been avoided by fixing another
parameter about which more is known instead of 62 in the Self-tuning
algorithm and constraining the control magnitude. This has not been tried
in the study reported here. Proper constraints on control magnitude may
well make the ST controller perform as well in regions 5 and 7 as in
regions 1 and 3. But in regions 6 and 8, since the process to be controlled
is unstable and b is small, large inputs are needed to stabilise the
process. So constraining the control magnitude in these regions could result
in huge costs as observed by Sternby (32). Since OK controller also

produced huge costs in these regions (6 and 8) it may be that adaptive

control is impossible when the unknown parameters occupy regions 6 and 8.

It must be pointed out that in all the simulations the value of noise
variance oy was assumed to be known exactly and only the parameters were
considered unknown. This may be an idealised situation; in practice the
noise varisnce is seldom known exactly. Since ST controller does not

require knowledge of'fg, jts performance will not be sensitive tc>o§.
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However the same cannot be said for OK controller. OK control law is
cautious; it takes into account the uncertainties in the estimates

of the parameters. Since °§ affects these uncertainties, choosing a

wrong value for °§ would make all the estimates of the covariances of

the parameters generated by the controller also wrong . How this

'erroneous' OK controller would perform has not been investigated in the
thesis. Intuitively, too much undervaluing of cg é@(controller)((dg (actual))
should make the OK controller negligibly cautious resulting in a performance
close to a certainty—equivalent controller and too much over valuing of og
(qg(controller)))dg(actual)) should make the OK controller overly cautious

and may result in a performance close to OLFO controller.

8.4 Convergence of OK controller

Convergence of OK controller using an extended Kalman filter was considered
in chapter 6. Unfortunately it has not been possible to theoretically prove
convergence of OK controller to the lower bounding CAP controller. However
a necessary condition for convergence of OK controller to a linear constant
parameter controller having the same functional form as CAP controller is
found for an nthorder process. This condition is that the matrix pair
{C,A(i)} of the extended Kalman filter must be uniformly completely
observable. For a first order process this condition is shown to reduce to

a requirement that

Qh(i) | ?h(i+1) %h(i+2)
det u(i) - u(i+1) u(i+2) # 0 for all i.
y(i) y(i+1) y(i+2)

The only occasion the above requirement would be violated before the OK
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controller has converged is when there is 'turn off' which is

characterised by the control staying at zero for finite lengths of time.

8;5 Combined Estimator

Simulation of OK controller with the combined estimator in the place

of extended Kalman filter showed a reduction in the net computational
requirement without any appreciable deterioration in the cost. This
leads to the conclusion that the combined estimator should be preferred

to extended Kalman filter as the suboptimal estimator in the OK

controller.

8.6 Areas for further research

(1) Since the combined estimator is found to be preferable to extended
Kalman filter as the suboptimal estimator in OK controller, it may be
worthwhile to study the convergence properties of OK controller with

the combined estimator.

(ii) To investigate the sensitivity of the performance of OK controller

to the naise variance OE'

(iii) Comparison of performance of these adaptive controllers for
higher order (n>1), higher time delay (k>1) systems having a non-zere®

set point.
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APPEN X.1

Derivation of open loop control sequence u°(4|1) via
dynamic programming.
Problem Statement: Given the following dynamics for

z(5)i)

2 (3+1]1) = (x +xg)zy (J{1)+z,(311)uly),

2, (311 1) = 2,(J1L) 5

2,(3+41|1) = (x#x) 2o (380 u"(9)zg(3]4) b ha
+2(xprxg)u(§)z) (3)1) +5% ,

z), (J+1)1) = (xytx5)z), (3]i)+u(3)z503]4),

z5(3+1\i) = zS(j\i),
find the control sequence u(j|i) that minimises Jé(i),
e,
7r(1) =§{zl(j|i>+z3<j\i>} - b5
Functional recurrance equation is given by (¢ £ equation 2.7)
r(2(3)) = M0 Ll (g ez (3 (z<j+1>)4f :
n\Ztd uw(IU1 3 n-1 Al

Assume fn(g(jbihas the following form.

. -7 - -
Zi(J) Vll(j) Vlz(j) zl(j)
£, (2(3)=
2, (3) | [ V12(3) V,,(3) th(jl
+B(j)z3(j)+C(j) A2

1— Time index (li) i1s dropped for notational simplicity.
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Functional recurrance equation Al, using the above

form for fn_{g(j+l)), becomes

: Min (2, : : ,
fn_(?. () = uéi) Z (N +Z3G) +Vu (j+0) 2, (j40) + 2V (j+1) 2 (j+)-

Z, (J+0) +Vaa (j+1) zz (j+) +B(j+D) 253 (j+) +C (,j-H)} .

Substituting for zl(j+l), z3(j+l) and zh(j+l) from

equation §.ha fn(g(j)) becomes
§ @) = Thn {z?(J)+z (i) + E+ Fui) + G @)} A3
o \Z (i) 3\ )

where

= (% +x3) {Vg,(J-H)z. D+ 2Vi2 (J+D) 2D 2 (j) + Vaz (j+1) 2 ()
+B (j+0M]+B GG 6 +C(i+) AL
F= 2(X+xX3) {(Vu (G0 Z2 () + Vi 640 25 (3)) 7, (1) + (V2 (G40 z2 €) +
Vaa (j+0) 2, (§) + B (J+|)) z, (J)} ] AL
G= {V.. Cl+0) &€ + 2Vig (4D 72 ) 25 () + Vaa (G40 75 ()
+B (§+) =, (3)} . A6
The u(j) that minimises right hand side of A3 1is

w(p =-F . A7
926G

The {?(Ja' would be the open loop control sequence

provided the assumed form A2 for f (z j)) is correct.

Substituting u(j) into equation A3 gives

£, (ifd)) = znf.l)*'zsf«l)"‘s"zg .
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Again substituting E,F,G from AL,A5,A6 in the above

equation gives

Jcn (z ﬁ)) = 7 fi){:l + (xiexs) E’; ) (Vi (14D Va2 (§40 -vf,m.))

+ B G0 Virtien) 25 G [ 23 Q) u G0 +25 1) Vaa (549
-1
+22,0)2, () Vi (i) + B U+ Z5 (Y Jt +

220y i) - (2353 [ 2D (U G+ -V G40 Vaa (i)
.

- B (34D Vn (§+9 zz(jﬂ [113 @) Vi G0 +2Z5Q) Var G40

-1
4+ 2220 2, OV G+ + Bg+D zs5 (] ):l +

_ ; .
Zi_ (j){(xn— 13)1 Z:_' (J) (}/u 31V Vaa G+D = Viz U+ '))

~-B (J+')@ G+D + 2 Vi (#0022 Q) +Va2 G+ 25 (J)j[ziLDv“ 1)

-4
AV ANEED +22, 0025 G Ya G4) + BLH) 2. (3 )] 5‘\'

2 . . . 2
2, () {l + (X1 4+ X3) 3(J+D} + {C (+D) +B y+D X3 Jg} AS

- 4T — - -
Z,(3) Vi (1) Viz () Zi ()
1) = +
fE0)=
z, (1) Viz(}) Vaa () z405)
— — L p - -

B Q) =D+ CQ)
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Thus the assumec form A2 for fn(E(J)) is correct.

The open loop control sequence, after substituting for

F and G in equation AT, is given by
0 ,:]: -, A . il
@) = - Ky (]9 X+ EV" (G+1ft) =a G2
4+ Via G]i) zg (3“)) z, (3|0 + (Vsz.(jﬂlt)zz‘:’ﬁ)

+ Vzg(]+l|i.) zg (.ilt'-) +B (J-H“)) Z4 (3\":)] A9

where Kj (H'L) = Z ()\'&) Ny (j+1‘i-) +.z?c,: (j"‘) Vaz (J+1\L> t 11’-(“")25(”‘)
Vie (1)) + B (1] 25 (j[)

where the time index (li) is re-introduced.

Open loop feedback optimal control, uOLFO(i), is the

first control of the open loop loop optimal control

. O/«
sequence; i.e. u (1\1).

oLFO .

W = - K"(t]i} {6(. X, (ifi) + x;g(i)D (Vu (it X G
+ Vi, (i+||i.) 61 (i‘ 'L)) + Xiezy (illj (Vlz‘i‘”li);*“l‘.')

+ Va2 (ifIIL) G (i’i.) +B (i-l-lli.))} Alo

where zl(i\i), zg(i‘i), zh(i|i), zS(iii) are substituted
in terms of Qh(i\i), Qe(i\i), 02h(i‘i)’ 022(i\i)

according to equation L.4b of chapter L.

X2 Gl ' Va Ci+t]t) Viz (i+t]0) | Q;(il")
K(i]i)= +
65, (ifi) Viz Gi+1]D) Vaz (1[0 o752 (4]
] L 1 L _

B (H—l\‘t) 632 (i]V)
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\'f \'/ \'

11° Vip>o B are solved backwards in time according

22’

to the following equations

Vi Gl = 14 (xiexs) (};:mc) (Vu Gar]) Vax (G4+11E) —Via (j+sl£))

. -1,
+B G+1]O) Vi G| 632 (Jld_] K (3]0) A1l

Vizajl) = (x +x53 [9& (1) 632 (4] ) (V.i G418 = Vi (d+1]D) Vaz u‘+||‘cD

-1 ..
_B Ge)Va Grl) % Gl K G A12

Vaz GJE) = (xi+xs) |%a OO (Vu (1+1]i) Vaz G+|v - Via (J-H‘L))
B G+DIB G#|D +2Vi {._'!.+t]'t)’:\u.(3|1) 3

L -1
Vaz G+1|0) 63 (Jl'»_)}] K (J1) A13

B (Gl = 14 (x1+36) B G4]) Al

Vit (ig}t) = 10 Vla(ig.\i-)::O-O 3 Vaz (ig]t) = 0.0 ,

B (iﬁli.) = 1:0.
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APPENDIX.2

[ [ . .
Derivatiam of nocontrol cost for c mstant unknown ‘parameter process:

Praess dynamics under ‘no ccntrol' (u=0) is given by (c.f.equatim1.1)
) 4+ ay (i-) = F DO+ e§i-D. A2 |

Using the tackward shift operator z , the prccess dynamics of A2.1

can be written as

. I+c 2z
J = § i) - R2.2
1+az’

The ¢ ost under 'no c antrol’ will be finite aly if equatim A2 T is stable or
Jajci . When JaJ<41, using standard intesm tion tables (37,Ch.€), the

expected incrementa l cost far any given a,c can be

expressed as

2
(H-c_zea.)sg ; Az .3
(1—-a*)

where c‘i is the variance of S,In terms of xl,x3 the expected

incremental cost when 'x 1.:,)(;' €lis

(L-xo - 2%, 73) 6%

1- C(x) + 13)1

R2.3 a

When the true values of X ,X; are not known and are only specified by
norm 1 distributions, the expected imcrementalc ost for noc amtrol

would be the expe ted w lue of the expression A2.3a;

ElNi-xt-2xx3 oc . Az -4

- (Il-ti;):
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Expanding the denaminatar of A2.4 as a series, which is possible
since |x|+x3| (or|a|) should be less than e for "no control to
produce finite cost, the expression for expected incremental cost

bec anes

E [(l- qu—2xlx3){|+ (Ioi-xs)z-f- (xm—zs)‘r-r---— —}]6'3' A2.9

Since the marameters X, »X5 are specified by normal distributions

3
a1l their higher maments in A2.5 can be expressed in terms of
their mean and variance. The expression for incremental c ost.
when the series for (1—(x'+x3)2)—4 is approxima’éed to two terms
is derived below.
Expected incremental

~ E [(l—x?-le 3(3){9'*'(1! +13)1ﬂ 6’5

c ost

~ E[0-x*2xx3) + (x5 + 202 - ¥

- 5‘x|"13"— 4.1,3::3 -2 1332—] °-§ .

Using standard formulas for higher maments of normal distributions
(40) and noting that X, and X4 are independent parameters, the

above expectation can be written as

Expected incremental 2 o
2
o, (|_.m, ..o—“'_‘z.m.m3)+E‘m +6|| 4+ms3

c ost

+ 65 +2mmg— (mfp6m6n +3 i)
—5(m 4+ 6n) (m3+633)—4 (m'?-i-am.s;)(m.s)

_.2m|(m33+3m3 6'53)]} 6‘"3", A2.6
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where m, m3,rﬁ,c§3 are the mean and variance of the normal

distributions that specify x,and x3.

Considering more terms in the series for (L(x'fxs)z)-‘gives

more accurate but more c amplicated expressions for the expected

incremental c ost

In the simulation study for regions 1and 5, my= 0.40,@3 = 0.0k,
mg= 0.40, 633= 0.0k4. Substituting these values in equation A2.6
gives the expec ted incrementalc ost for 'noc ontrol’ in
these region ars 4.022. Similarly in the simulktion study for
regions 3 and 7 mj=L4.0, u =0.0k, m3=—h.0,6'3'3=0.0h'a nd the expected

incremental cost using equation A2.6 is 1834
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APPENDIX. 3

Discussion of derivation of OK control law for a general case:

: th .
Consider the n ‘'order single input sincle output process

represented by

YD 4+@Y ) 4----f Any (i-n) =by u(d-k) + -4 b U (i-k-7=7)
+HD+C§E-D+--—tn & (i-n) , 6.

where y,u are the scalar output and input respectively,g,is an
uncorrelated zero mean stationary random sequence having a variance
5} and al,..,an, bO"an—l' Cl""cn are the parameters whose values
are unknown. k is the delay between input and output, n is the order

of the process and i is the discrete time index.

State space representation of the above input output equation is
described in section 6.2 of chapter 6. The resultimg state space

equation is quoated below.

- T T T [
Xy (141) oly | s 109) o §(k_‘) \(f
l 0
| P .
= oln : E[]nfk—z)n-lrk—Z + W)+l vn | YO
o | ° }(k-')
s , : ,
Tk (Y o!o o |Xnty B 0 6
5 N B 4L 4 L L

X, (i+9) = Y (L+1) 'g (L+1) 6-2b
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n

to a s, b s, and c s of equation 6.1 is given by equation 6.2a of

The relationship of the coefficients oo '-C,\,)Fv"“”p ST
' - LW S

chapter 6.

The functional recurrance equation used for deriving OK control

law is given by

JC“ (2) = ﬂu}?) {Szci”%ma) +E [3:(1+k)’LJ} . 2.8

To derive OK control law for a general k time delay case involves:
extremely tedious algebra. However it is possible to show through
examples that to implement OK controller for an nthorder process
having a delay k requires the generation of the estimates of all

the 3n unknown parameters, (nt+k-1) states and their covariances.

Example 1. This example considers an nthorder process having a time

delay k=1.

Functional recurrance equation 2.8 when k=1 becomes

fn(i) = MNin 3‘(1)4.%&(»1) + E[g‘(i-r')\ij} .

wd

Substitution of equations 6.2b, 6.3 into the above gives

) = ':1[&){32‘(’:)-%%“2(0%— E[@-I:(i)-t'ﬁ‘ w(d) 4 v y(i)

F§Gr)) '4]} .
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The u(i) that minimises the right hand side of the above expression

ki,

e[ xli)+E[Bxfi £ elvip, [ ] 90
e[ £7[i] +g

Assuming the conditional distributions to be normal uOk(i) becomes,

i) = A3. |

oK, : 2 1 g 2
) = AR, % +& o5, +B o+ 6p, +F, %2 + o,
Al -1
+ 3(*)[7‘5. r]} (B‘ +6§Tﬁ: t Cb)

The control law requires only the estimates of the parameters a1'£$1’y
—and the states xl,x2 and their covariances. But to generate these
estimates it is necessary to generate the estimates of all the other
states, parameters and their covariances. SO for an n order process _
having unit time delay the OK controller would have to generate the

estimates of all the 3n unknown parameters, all the n states and their

covariances.

. th . .
Example 2. This emample considers an n ‘order process having a time

delay k=2.

Functional recurrance equation 2.8 in this case becomes

fn () = [:]Lié‘}){sz(i) +cbu1 DO+ E [3"(11—2), L]}

Substitution of equations 6.2b, 6.3 into the above equation, after
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some algebraic manipulation, yields

Fu = '3‘('}){ E[‘b o+ ﬁ:u‘z""z‘ﬂl“{(dl (o147 )2 ) X1 4(ty 41 ) X2

+%3 + (% (VL) + 13) 33 + Non u’wms:”{}

The u(i) that minimises the right hand side of the above expression

is v (1)

uOK (1) = —{E[("(l (o +Y|)+°(a.)'e; X ,L] + E[@(l-k*l')ﬂ,)fglg]
+E[Pa|id + € [(n (=i +m) +%) Bi 1] y¢idg
: (E[p.’]1]+q,)_'

. . o . . . ok ,,
Assuming the conditional distributions to be normal u (1) becomes,

A2 A A A A A A A
lLOK(i = —{[O(nﬁ, X +Z°(|ﬁ|6:(71n + 2oty Xy 6:(-,-p|+°‘lz G—FTI,

A A A A
+?' T et +2 Oy Sxim + O, O, +3 AT

A

+&|Bt 6vix, +

A AN A A
i G, + % X1 Ggivi + B G

2>



144

A
+% 6Fat+ B G + *a Gup |

[ﬁcga + Ggxs | + YD ["’\Gzﬁ: 427 Gipy

A
+?‘3'677;1+:’\‘| n?’u"l‘é\‘t()—p—f,‘ + B Saur

The control law requires only the estimates of the parameters a1,(12,81,

,X. and their covariances. However to

yl ;Yz and states XX 3

2

generate these estimates it is necessary to generate these estimates

of all the other states, parameters and their covariances. Thus for
th . .

an n  order process having a time delay k=2 the OK controller would

have to generate the estimates of all the 3n unknown parameters, all

the (n+1) states and their covariances.

Similarly for an nthorder process with k delay the OK controller
would have to generate the estimates of 3n unknown parameters, nt+k-1

states and their covariances.
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