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ABSTRACT
We present high angular resolution (0.19 arcsec or ≈ 24 pc) Atacama Large Millimeter/submillimeter Array observations of the
12CO(3–2) line emission of the galaxy NGC 4751. The data provide evidence for the presence of a central supermassive black hole
(SMBH). Assuming a constant mass-to-light ratio (M/L), we infer a SMBH mass MBH = 3.43+0.45

−0.44[stat, 3σ ]+0.22
−0.64[sys] × 109 M�

and a F160W filter stellar M/LF160W = 2.68 ± 0.11[stat, 3σ ]+0.10
−0.80[sys] M�/L�,F160W, where the first uncertainties are statistical

and the second systematic. Assuming a linearly spatially varying M/L, we infer MBH = 2.79+0.75
−0.57[stat, 3σ ]+0.75

−0.45[syst] × 109 M�
and (M/LF160W) /

(
M�/L�,F160W

) = 3.07+0.27
−0.35[stat, 3σ ]+0.08

−1.14[sys] − 0.09+0.08
−0.06[stat, 3σ ]+0.08

−0.01[sys] (R/arcsec), where R is the
galactocentric radius. We also present SMBH mass estimates using the Jeans Anisotropic Modelling (JAM) method and Very
Large Telescope Spectrograph for INtegral Field Observations in the Near Infrared (SINFONI) stellar kinematics. Assuming a
cylindrically aligned velocity ellipsoid (JAMcyl), we infer MBH = (2.52 ± 0.36) × 109 M�, and while assuming a spherically
aligned velocity ellipsoid (JAMsph), we infer MBH = (3.24 ± 0.87) × 109 M�. The SMBH mass assuming a constant M/L is
statistically consistent with that of JAMsph, whereas the mass assuming a linearly varying M/L is consistent with both JAMcyl

and JAMsph (within the uncertainties). Our derived masses are larger than (and inconsistent with) one previous stellar dynamical
measurement using the Schwarzschild orbit-superposition method and the same SINFONI kinematics.

Key words: galaxies: elliptical and lenticular, cD – galaxies: individual: NGC 4751 – galaxies: ISM – galaxies: kinematics and
dynamics – galaxies: nuclei.
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bservations over the last three decades have demonstrated that
early every massive galaxy hosts a supermassive black hole (SMBH)
t its centre. These SMBHs dynamically influence only the most
entral regions of their host galaxies. Despite this, their properties
re tightly correlated with those of their hosts (e.g. Magorrian et al.
998; Kormendy & Ho 2013; McConnell & Ma 2013). The tightest
f these correlations is that between SMBH mass (MBH) and stellar
elocity dispersion measured within one effective (i.e. half-light)
adius (σe), commonly referred to as the MBH–σe relation (e.g.
ebhardt et al. 2000; Gültekin et al. 2009). These correlations suggest

hat SMBHs co-evolve with their host galaxies, but the details of the
elf-regulating processes are still poorly understood.
E-mail: pandora.dominiak@physics.ox.ac.uk (PD);
artin.bureau@physics.ox.ac.uk (MB)
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The ability to study SMBH – host galaxy correlations relies on
ccurate methods of SMBH mass determination. The most reliable
stimates are obtained by probing matter within the gravitational
pheres of influence (SoI) of the SMBHs, where the SMBH domi-
ates the gravitational potential. These methods thus require high-
patial resolution observations to discern the impacts of the SMBHs
n the matter in the innermost regions of their host galaxies. While
variety of kinematic tracers exist to probe the SMBH SoI, such

s stars, ionized gas and megamaser discs (referred to as masers
hroughout), different methods tend to work best in different types
f targets. Stellar kinematic methods have mainly been used in
arly-type galaxies (ETGs), whereas ionized gas is typically used
n late-type galaxies (LTGs), and masers are predominantly present
n rather low-mass Seyfert 2 and low-ionization nuclear emission
egion (LINER) galaxies. Additionally, each method suffers from
istinct systematic weaknesses that might bias the derived SMBH
asses (van den Bosch 2016).
The strength of stellar dynamical modelling is that it offers
ubiquitous probe of supermassive black hole (SMBH) masses,
is is an Open Access article distributed under the terms of the Creative
h permits unrestricted reuse, distribution, and reproduction in any medium,
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s all galaxies host stellar populations. However, the construction
f robust dynamical models necessitates sophisticated modelling
echniques and generally requires high signal-to-noise ratio (S/N)
tellar kinematic data to measure the full shape of the LOSVD.
cquiring such data often demands large aperture telescopes or long

ntegration times, particularly for low surface brightness galaxies
uch as massive cored galaxies. Dust extinction can also significantly
mpact kinematic measurements, frequently motivating observations
n the near-infrared regime (e.g. Thater et al. 2019). While dynamical
odels have historically often adopted an axisymmetric potential

e.g. Gebhardt et al. 2003), a non-negligible fraction (≈ 12 per cent)
f ETGs with M∗ > 1010 M� are classified as weakly triaxial slow
otators (Emsellem et al. 2011). Triaxial models (e.g. van den Bosch
t al. 2008) may be formally required for these systems, although
arly investigations have indicated that the recovered SMBH masses
re consistent with those derived from axisymmetric models within
he quoted uncertainties (van den Bosch & de Zeeuw 2010). Further-
ore, stellar dynamical models employing Schwarzschild’s orbit-

uperposition method must describe the galaxy potential to large
adii, necessitating the inclusion of a dark matter halo component,
hich can potentially increase the overall systematic uncertainties
f the SMBH mass measurements (Gebhardt & Thomas 2009).
Whilst modelling the ionized gas is conceptually straightforward,

elying on the rotational velocities of a dynamically cold thin disc,
t presents a different set of difficulties. Firstly, the assumption of

dynamically cold thin disc is seldom borne out by the data, as
onized gas is particularly susceptible to non-gravitational forces
uch as turbulence, shocks and radiation pressure. It is therefore
o surprise that most galaxies, especially disc systems, do not
ulfil the requirements for easy ionized gas modelling. It is a long-
tanding issue that ionized gas methods yield systematically lower
MBH mass estimates than stellar kinematic methods due to pressure
upport (Kormendy & Ho 2013).

Similarly, despite maser observations generally offering the best
esolution of the SMBH SoI, and thus being considered the gold-
tandard for SMBH mass determination, the method is not without
ts problems. Maser observations yield the velocities of only a few
pots along the major axis of the disc, effectively yielding one-
imensional kinematics. The lack of two-dimensional kinematic
nformation makes it difficult to assess the internal structure of the
isc for warps and other non-circular motions (e.g. Greenhill et al.
003), which themselves can affect the determined SMBH mass.
The fact that SMBH mass measurements vary so starkly between
odelling methods has consequences on our understanding of
MBH – host galaxy relations. First, we do not know how much
f the observed scatters in SMBH – host galaxy relations is intrinsic
r a consequence of the uncertainties of the SMBH masses. This is a
articularly pressing issue, as the best-fitting slopes of the ETG and
TG relations differ significantly (Lauer et al. 2007; McConnell &
a 2013), but as discussed above so do the methods of SMBH mass

etermination in galaxies of different morphological types. Due to
parser measurements, there are also significant uncertainties in the
lopes, scatters and forms of the relations towards the high-mass
nd (McConnell & Ma 2013). This issue is exacerbated by the fact
hat many of the aforementioned simplifying assumptions add to the
MBH mass uncertainties. Lastly, there is evidence of a divergence
etween the two most fundamental SMBH – host galaxy relations: the

BH–σe and the MBH–bulge luminosity (Lbul) relation, whereby the
ormer predicts far fewer massive SMBHs (MBH > 109 M�; Walsh
t al. 2013; Bosch 2016). It is clear that one of these relations must
t the very least be more fundamental than the other, and may even
e wrong at the high-mass end.
NRAS 542, 2039–2059 (2025)
To identify potential inconsistencies between different methods,
ncover systematic SMBH mass biases and resolve the uncertainties
n SMBH – host galaxy relations, there is an acute need to cross-
heck SMBH masses obtained using different methods in the same
argets. However, such cross-checks have proven to be incredibly
hallenging due to the limited number of targets suitable for multiple
ethods of mass determination. To date, the SMBH masses of only

1 targets have been cross-checked between some of the stellar,
onized gas, reverberation mapping and maser methods (see Liang
t al. 2023 for a summary).

In recent years, a new method of SMBH mass determination has
merged that utilizes cold molecular gas as the kinematic tracer.
articularly, CO has come to dominate the field. Attempts at using
ther molecular gas tracers such as hot molecular hydrogen have
roven difficult due to turbulence and excitation from accretion
nd jet heating (e.g. Scharwächter et al. 2013). CO is a good
ynamical tracer as it can be detected in a wide variety of galaxies
long the Hubble sequence (even those that are no longer star
orming), it is generally dynamically cold and, in the case of low-J
otational transitions, the observations (and the derived kinematics
nd dynamical masses) are unaffected by dust. It is however worth
oting that subsequent modelling steps still require the use of an
ptical or near-infrared image to quantify the stellar contribution
f each galaxy, and this can be affected by dust (thus potentially
ffecting the fraction of the total dynamical mass attributed to the
tars and the SMBH). The molecular gas method has been used most
ften in typical ETGs (Davis et al. 2013b, 2017a, b, 2020; Barth et al.
016; Onishi et al. 2017; Boizelle et al. 2019; Nagai et al. 2019; North
t al. 2019; Ruffa et al. 2019, 2023; Smith et al. 2019, 2021; Boizelle
t al. 2021; Cohn et al. 2021; Kabasares et al. 2022; Dominiak et al.
024; Zhang et al. 2025), but it has also been used in three LTGs
all barred spirals; Onishi et al. 2015; Nguyen et al. 2020, 2021),
dwarf ETG (Davis et al. 2020) and a peculiar luminous infrared

alaxy (LIRG) with central spiral arms (Lelli et al. 2022).
The variety of targets in which this method can be utilized makes
olecular gas SMBH mass measurements promising candidates for

ross-checks. Thus far, molecular gas has enabled the following
ross-checks in 7 objects, increasing the number of cross-checked
asses by two thirds: (i) ‘molecular gas vs. ionized gas’ in NGC

261 (Ferrarese, Ford & Jaffe 1996; Boizelle et al. 2021) and NGC
052 (van der Marel & van den Bosch 1998; Smith et al. 2021) and
ii) ‘molecular gas versus stars’ in NGC 524 (Krajnović et al. 2009;
mith et al. 2019), NGC 1332 (Rusli et al. 2011; Barth et al. 2016),
GC 4697 (Schulze & Gebhardt 2011; Davis et al. 2017a), NGC
861 (Rusli et al. 2013; Kabasares et al. 2022) and the dwarf galaxy
GC 404 (Nguyen et al. 2017; Davis et al. 2020).
In this paper, we present observations and kinematic modelling of

he 12CO(3–2) line emission of the ETG NGC 4751, observed at high
ngular resolution with the Atacama Large Millimeter/submillimeter
rray (ALMA). NGC 4751 already has an SMBH mass determined
sing Schwarzschild orbit-superposition modelling of its stellar
inematics (Rusli et al. 2013). In this paper, we present an alternative
tellar kinematic SMBH mass estimate using the same data as Rusli
t al. (2013) but the Jeans Anisotropic Modelling (JAM) method
Cappellari 2008, 2020). Not only will these new measurements
llow us to add NGC 4751 to the growing list of SMBH masses cross-
hecked between the molecular gas and stellar kinematic methods,
ut they will also allow us to compare SMBH masses determined
sing different stellar kinematic modelling methods.
The structure of this paper is as follows. In Section 2, we discuss the

arget and its relevant properties. In Section 3, we present the ALMA
ata and properties of the resulting CO data cube and continuum
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Figure 1. Unsharp-masked HST Wide Field Camera 3 F160W filter (H -band) image of NGC 4751 (left), overlaid with the 12CO(3–2) integrated-intensity
contours from our ALMA observations (right). A scale bar is shown in the bottom-right corner of each panel.
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mission. We describe and present the results of the molecular gas
ynamical modelling in Section 4, whereas in Section 5, we present
he alternative SMBH mass measurements using stellar kinematics.

e discuss these results within the context of other SMBH mass
easurements in the literature in Section 6, and summarize and

onclude in Section 7. In Appendix A (Fig. A1), we provide a
omparison of the CO data with our best-fitting model with a constant
tellar mass-to-light ratio M/L.

N G C 4 7 5 1

GC 4751 is an ETG located at 12h52m50.s79, −42◦39′35.′′7
J2000.0). In this paper, we adopt a distance D = 26.9 Mpc, that was
alculated using the galaxy heliocentric velocity corrected for infall
f the Local Group into the Virgo Cluster of galaxies and assuming
Hubble constant H0 = 72 km s−1 Mpc−1 (Rusli et al. 2013). We

hoose the same distance and cosmology as Rusli et al. (2013),
llowing us to perform a direct comparison of the SMBH mass
easurements. At this distance, 1 arcsec corresponds to ≈ 130 pc.
NGC 4751 has a total absolute B-band magnitude of −19.71

nd a total absolute V -band magnitude of −20.75 (Rusli et al.
013). Based on Two Micron All Sky Survey Ks filter images, it
as a spheroid absolute magnitude of −21.53 ± 0.60 and a total
bsolute magnitude of −22.11 ± 0.20 (Sahu, Graham & Davis
019). Based on these and a 3.6μm stellar M/L of 0.7 M�/L�,3.6μm

Sahu et al. 2019), NGC 4751 has an estimated spheroid stellar mass
�,sph = 3.09+2.53

−1.39 × 1010 M� and an estimated total galaxy stellar
ass M�,gal = 5.25+1.67

−1.27 × 1010 M� (Sahu et al. 2019).
Hubble Space Telescope (HST) optical images reveal a prominent

early edge-on dust disc, ≈ 34 arcsec in diameter along its major
xis, with dust lanes to the west of an unobscured nucleus (see
ig. 1). There is a small object ≈ 18 arcsec south of NGC 4751 that

s most likely a foreground star (Fig. 1).
There is some disagreement as to whether NGC 4751 is an

lliptical or a lenticular galaxy. Images of NGC 4751 suggest that it is
omprised of two components, a relatively round central component
ith a steep radial surface brightness profile and an outer component
hat is flatter and has a shallower surface brightness profile. This is a
efining characteristic of S0 galaxies, and if the central component is
nterpreted as a bulge and the outer component as a disc, the bulge-to-
otal luminosity ratio B/T = 0.55 ± 0.05 (Kormendy & Ho 2013).
hus, canonically speaking, NGC 4751 should be classified as an S0
alaxy. However, some studies suggest that both cluster (Kormendy
t al. 2009) and field (Huang et al. 2013) ellipticals are naturally
ivided into objects with cored stellar profiles that formed through
ry (gas-poor) mergers and cuspy stellar profiles that formed through
et (gas-rich) mergers. Thus, Kormendy & Ho (2013) argued that
GC 4751 is really a highly flattened extreme (E6) cuspy elliptical
alaxy, whereby the central component is interpreted as resulting
rom a starburst event and the outer component is the consequence
f the violent relaxation of pre-existing stars (Mihos & Hernquist
994; Hopkins et al. 2009).
Integral-field spectroscopic data obtained using adaptive optics-

ssisted SINgle Faint Object Near-IR Investigation (SINFONI)
bservations on the Very Large Telescope were modelled using three-
ntegral Schwarzschild models by Rusli et al. (2013) to infer a central
MBH mass MBH = (1.4 ± 0.1) × 109 M� and an R-band stellar
/LR = 12.2+0.6

−0.7 M�/ L�,R (based on a model with dark matter
resent) or M/LR = 13.1+0.3

−0.4 M�/ L�,R (based on a model without
ark matter).
NGC 4751 has an effective radius Re = 22.8 arcsec, a central

elocity dispersion σ0 = 357.6 ± 17.7 km s−1 (Campbell et al. 2014)
nd an effective stellar velocity dispersion σe = 355.4 ± 13.6 km s−1

Rusli et al. 2013). Using the latter and the MBH–σe relation of Bosch
2016), we expect a SMBH mass of ≈ 4.5 × 109 M�, about three
imes larger than that inferred by Rusli et al. (2013). The radius of a
MBH’s sphere of influence (RSoI) quantifies the spatial extent over
hich the gravitational potential of the SMBH is dominant. One
seful estimate of RSoI is GMBH/σ 2

e , where G is the gravitational
onstant. Using the SMBH mass of Rusli et al. (2013) yields RSoI ≈
8 pc (≈ 0.37 arcsec), whereas the SMBH mass estimate from the

BH–σe relation yields RSoI ≈ 154 pc (≈ 1.18 arcsec).
MNRAS 542, 2039–2059 (2025)
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Table 1. CO data cube properties.

Property Value

Spatial extent (pix) 800 × 800
Spatial extent (arcsec) 32.0 × 32.0
Spatial extent (kpc) 4.2 × 4.2
Pixel scale (arcsec pix−1) 0.04
Pixel scale (pc pix−1) 5.2
Velocity range (km s−1) 1300 − 2800
Channel width (km s−1) 30
RMS noise (mJy beam−1 channel−1) 0.44
Number of constraints 86,091
Synthesized beam (arcsec) 0.20 × 0.18
Synthesized beam (pc) 26 × 23
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1https://github.com/TimothyADavis/pymakeplots
A L M A O BSERVATIONS

he 12CO(3–2) emission line of NGC 4751 was observed using the
2-m ALMA array in band 7, as part of project 2016.1.01135.S (PI:
agar). The data were collected with one track on 2017 May 17,

or a total of 1361 s on source. The baselines ranged from 15 m to
.1 km, a maximum recoverable scale of 2.2 arcsec (≈ 290 pc) and a
eld of view of 16.7 arcsec (≈ 2.2 kpc).
The observations had four spectral windows, each with a band-

idth of 2.0 GHz (≈ 1735 km s−1) subdivided into 128 channels of
16 MHz (≈ 13.5 km s−1). Two of the spectral windows were

entred on both sides of the redshifted frequency of the 12CO(3–2)
ine (rest frequency νrest = 345.796 GHz), with a small gap in
requency between them. The remaining two spectral windows were
sed to map the continuum. The data were calibrated using the
OMMON ASTRONOMY SOFTWARE APPLICATIONS (CASA) package
ersion 4.7.2 (McMullin et al. 2007) and its ALMA pipeline. The
ollowing imaging steps used CASA version 6.4.3.

.1 Line emission

e remove the continuum emission by linearly fitting the channels
f the continuum spectral windows and the line-free channels of the
ine spectral windows, and subtracting the best fit from the data in
he uv-plane using the CASA task uvcontsub. Using the CASA task
clean, we interactively cleaned the continuum-subtracted uv data

o a threshold equal to the root-mean-square (RMS) noise of the dirty
hannels in the cube (in regions without line emission). We imaged
he data using the same CASA task, Briggs weighting with a robust
arameter of 0.5 and a channel width of 30 km s−1. We chose this
hannel width, roughly twice the native one, to improve the signal-
o-noise ratio of the emission within the cube, in turn allowing us
o adopt a higher angular and thus physical resolution, as required
y our science goals. While the minimum SMBH mass detectable
ends to increase with increasing channel width (Davis 2014), we
xpect the SMBH mass to be large enough (based on estimates from
he MBH–σe relation) for this not to be an issue here. The resulting
ata cube has a synthesized beam of 0.20 arcsec × 0.18 arcsec (≈
6 × 23 pc2), sampled with 0.04 arcsec spaxels (spatial pixels), and a
MS noise of 0.44 mJy beam−1 channel−1. Here and throughout the
aper, the beam sizes are all full-widths at half-maxima (FWHM).
he properties of our adopted data cube are summarized in Table 1.
Integrated-intensity, intensity-weighted mean line-of-sight veloc-

ty and intensity-weighted line-of-sight velocity dispersion maps
ere created using a standard masked-moment technique (Dame
NRAS 542, 2039–2059 (2025)
011) implemented in the PYMAKEPLOTS package1. The CO data
ube without primary-beam correction was first spatially and spec-
rally smoothed, with a boxcar spatial kernel of 1.5 times the width
f the synthesized beam and a boxcar spectral kernel of 4 times
he channel width. This smoothed data cube was then clipped at a
hreshold of 5 times the RMS noise of its line-free channels, creating a
inary mask. We then applied this mask to the unsmoothed primary
eam-corrected (i.e. the original) data cube to create the moment
aps. A kinematic major-axis position-velocity diagram (PVD) was

reated by taking a cut through the primary beam-corrected cube
with the same mask applied) at a position angle of 354.◦8. The
esulting moment maps and PVD are shown in Fig. 2.

We detect a highly inclined disc of molecular gas, ≈ 9 arcsec ×
arcsec in projection, in regular rotation and coincident with but
uch smaller than the dust disc (see Fig. 1). The molecular gas of
GC 4751 appears to extends all the way to the centre, with no
isible circumnuclear hole nor clear depression at the dynamically
etermined centre of the galaxy (marked with a cyan cross in Fig. 2).
here is however a small depression ≈ 0.2 arcsec north of the centre.
he vast majority of existing molecular gas SMBH measurements
sed lower-J transitions, most commonly 12CO(2–1). The lack of
central hole in our 12CO(3–2) data could suggest that thermal

ffects in accretion discs reduce the fraction of gas emitting in
he low-J transitions in the innermost regions. The PVD shows

rotation curve with a remarkably extended Keplerian rise in the
entre.

Fig. 3 shows the 12CO(3–2) integrated spectrum of NGC 4751,
xtracted from a 12 arcsec × 12 arcsec (≈ 1.6 × 1.6 kpc2) region
round the centre of the galaxy, using the primary beam-corrected
ube with the same mask applied as for the moment maps and
VD. The spectrum exhibits the characteristic double-horn shape
f a rotating disc. The integrated flux of our cube (measured within
he mask defined above) is 80.5 ± 0.2 [stat] ± 8.1 [sys] Jy km s−1,
here the systematic uncertainty represents the 10 per cent absolute
ux calibration accuracy (Andreani et al. 2016). The statistical
ncertainty is calculated as in Liang et al. (2023), where for each
ine channel we calculate the integrated flux uncertainty within
he two-dimensional (2D) masked region and then propagate this
ncertainty in the standard manner to the flux integrated over all
hannels. We assume no covariance between adjacent channels due
o the large channel width. This number includes emission in the

issing channels, which was interpolated linearly from the closest
hannels on either side. Assuming a 12CO(3–2)/12CO(1–0) line
atio of 0.31 (in brightness temperature units; Leroy et al. 2022)
nd a standard CO(1-0)-to-molecule conversion factor (with con-
ribution from heavy elements included) αCO(1–0) = 4.35 M� pc−2

K km s−1)−1, we obtain a CO(3-2)-to-molecule conversion factor
CO(3–2) = 14.0 M� pc−2 (K km s−1)−1, yielding a total molecular
as mass of (2.27 ± 0.01[stat] ± 0.22[sys]) × 108 M� over an inner
egion of ≈ 1 kpc in diameter.

.2 Continuum emission

e imaged the continuum emission of NGC 4751 using the same
ontinuum spectral windows and line-free channels of the line
pectral windows that were used for continuum subtraction in
ection 3.1. We used the multi-frequency synthesis mode of the
ASA task tclean and Briggs weighting with a robust parameter of
.5, resulting in a continuum emission map with a central frequency

https://github.com/TimothyADavis/pymakeplots
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Figure 2. 12CO(3–2) data products of NGC 4751 derived from our ALMA data. Top-left: zeroth-moment (integrated-intensity) map, with a cyan cross overlaid
indicating the dynamical centre of the galaxy. Top-right: first-moment (intensity-weighted mean line-of-sight velocity) map. Bottom-left: second-moment
(intensity-weighted line-of-sight velocity dispersion) map. Bottom-right: kinematic major-axis position-velocity diagram. The synthesized beam is shown in
the bottom-left corner of each map as an open ellipse. A scale bar is shown in the bottom-left corner of the PVD.
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f 343.548 GHz (0.87 mm) and a RMS noise of 0.09 mJy beam−1.
e cleaned this map to a threshold equal to 3 times the RMS noise

nd detected a small central source. Fitting this source with a 2D
aussian function using the CASA task imfit reveals a spatially

esolved source with deconvolved full-widths at half-maximum
FWHM) of (106 ± 8) × (75 ± 9) m arcsec2 and an integrated flux
ensity of 9.9 ± 0.2 mJy. The properties of the continuum emission
re listed in Table 2.

DY NA M I C A L M O D E L L I N G O F TH E C O G A S
INEM ATICS

.1 Modelling method

ynamical modelling is carried out by fitting a model to the
bserved molecular gas distribution and kinematics, i.e. the data
ube discussed in the previous section. This method of SMBH mass
etermination has been used in other papers of this series (e.g. Davis
t al. 2017a; Smith et al. 2021; Ruffa et al. 2023).

First we need to model the molecular gas distribution of the galaxy.
ue to its simple morphology, we can reproduce the molecular
as distribution of NGC 4751 with an infinitely thin (i.e. 2D)
xisymmetric exponential surface brightness profile parametrized as

(R) ∝ e−R/R0 , (1)

here R is the galactocentric radius and R0 the exponential
cale length, the latter being a free parameter of our model. This
xponential surface brightness profile matches the NGC 4751 data
ell, and the choice of a centrally concentrated profile has also been

mplemented in other works (e.g. Davis et al. 2013a; Ruffa et al.
019). However, it is worth noting that such a profile may not be
enerally appropriate for all ETGs. We also conducted tests where we
llowed the exponential surface brightness profile to have a central
ole, but the results of these tests suggest that there is no hole or
hat the hole is significantly smaller than our synthesized beam size.

Whilst no clear hole is visible in the moment maps, given the high
nclination of the molecular gas disc, it is of course very hard to rule
ut the presence of a hole of a size similar to or smaller than the
ynthesized beam. Indeed, at such a high inclination a small central
ole would not be well resolved along the minor axis and emission
long the minor axis of the galaxy might be beam-smeared and
ive the impression of a filled central hole. Nevertheless, due to the
odelling results above, we proceed assuming no hole is present.
ur surface density profile is then scaled to match the integrated

2CO(3–2) flux, leading to another free parameter of our model.
MNRAS 542, 2039–2059 (2025)
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Figure 3. 12CO(3–2) integrated spectrum of NGC 4751, with the character-
istic double-horn shape of a rotating disc. Statistical uncertainties are shown
as grey shading. The spectrum was extracted from a 12 arcsec × 12 arcsec
(≈ 1.6 × 1.6 kpc2) region centred on the galaxy centre, that includes all
detected emission. The data were obtained in two spectral windows which do
overlap, but the pipeline calibration process masked the end channels, likely
due to bandpass calibration issues, hence the small gap at ≈ 1940 km s−1.

Table 2. Parameters of the NGC 4751 continuum image and the detected
cleaned continuum source.

Image property Value

Image (pix) 800 × 800
Image (arcsec) 32 × 32
Image size (kpc) 4.2 × 4.2
Pixel scale (arcsec pix−1) 0.04
Pixel scale (pc pix−1) 5.2
RMS noise (mJy beam−1) 0.09
Synthesized beam (arcsec) 0.19 × 0.17
Synthesized beam (pc) 25 × 22

Source property Value
Right ascension (J2000.0) 12h52m50.s7444 ± 0.s0001
Declination (J2000.0) −42◦39′35.′′546 ± 0.′′001
Integrated flux (mJy) 9.9 ± 0.2
Deconvolved size (mas) (106 ± 8) × (75 ± 9)
Deconvolved size (pc) (14 ± 1) × (10 ± 1)
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Table 3. Parameters of the ‘deconvolved’ best-fitting MGE components.

log I ′� log σ ′ q ′
(L�,F160W pc−2) (arcsec)
(1) (2) (3)

5.491 −0.815 0.647
4.851 −0.422 0.494
4.441 −0.238 0.990
4.150 0.171 0.750
4.099 0.177 0.319
4.002 0.524 0.517
3.511 0.934 0.397
2.913 1.411 0.420

Note. ‘Deconvolved’ MGE Gaussian components. (1) Central surface bright-
ness. (2) Standard deviation. (3) Axial ratio.
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2https://pypi.org/project/mgefit/
3https://pypi.org/project/jampy
Another free parameter of our model is the velocity dispersion
f the molecular gas (σgas), which we assume to be constant at all
adii and relatively small compared to the rotational velocities of the
olecular gas disc. This is a standard assumption when modelling

earby, dynamically cold molecular gas discs (e.g. Davis et al. 2017a,
orth et al. 2019, Dominiak et al. 2024).
Secondly, to estimate the SMBH mass accurately, we must account

or the stellar mass contribution to the molecular gas kinematics. In
rinciple the contribution dark matter should also be considered, but
t the small radii probed here that contribution is expected to be
egligible (it would in any case be largely degenerate with that of
he stars; Cappellari et al. 2013). We parametrize the stellar light
istribution using a multi-Gaussian expansion (MGE) model of a
ST Wide Field Camera 3 (WFC3) F160W filter (H -band) pipeline-
rizzled image (GO-15909, PI: Boizelle) with a total exposure time
f 997 s, obtained from the Mikulski Archive for Space Telescopes.
or this, we use the mge fit sectors procedure in the MGEFIT
NRAS 542, 2039–2059 (2025)
ackage2 (Cappellari 2002). This is the longest wavelength HST
mage available, to minimize dust extinction. We adopt the spatial
oint-spread function (PSF) of the F160W filter from Dominiak et al.
2024).

The 2D projection of the stellar light distribution captured by the
ST image is parametrized by the MGE as a sum of Gaussians, each
ith a central surface brightness I ′, a width σ ′ and an axial ratio
′, which once convolved by the PSF best reproduce the image.
he surface brightnesses can be converted to luminosities using

he AB magnitude system with a zero-point of 25.94 mag (Sahu,
nderson & Baggett 2021) and a Solar absolute magnitude in the
160W filter of 4.60 mag (Willmer 2018). Additionally, we adopt a
alactic extinction of 0.062 mag from the NASA/IPAC Extragalactic
ata base (Schlafly & Finkbeiner 2011) to correct for interstellar

eddening. The parameters of these ‘PSF-deconvolved’, projected
est-fitting MGE Gaussians are listed in Table 3 in physical units and
he best fit is shown in Fig. 4, revealing significant dust extinction on
he near side of the NGC 4751 disc. For our best-fitting model, we

asked these dust lanes by hand, thus excluding the most obviously
ust-obscured pixels, to minimize their impact on our final model.
owever, we explore the use of a more complex pixel-by-pixel colour

orrection of the dust in Section 6.2. The resulting MGE model
rovides a good fit, especially in the central regions the galaxy,
hich is crucial for determining an accurate SMBH mass.
By assuming an inclination and axisymmetry, the 2D Gaussians

an be analytically deprojected into three-dimensional (3D) Gaus-
ians. By multiplying each Gaussian by a stellar M/L, we can in turn
onvert the resulting 3D light volume density distribution into a 3D
tellar mass volume density distribution, as required for dynamical
odelling. This M/L is another free parameter of our model and is

sually assumed to be spatially constant. However, in this paper we
lso consider a M/L varying linearly with radius, as the J–H colour
ap of NGC 4751 suggests an increase of the colour towards the

entre of the galaxy that cannot be explained by an embedded dust
isc (see Section 6.2 for more details).
We implement this radially linearly varying M/L by first deriving

he circular velocity curve of our stellar mass model assuming a
/L of unity (1 M�/L�,H ) and using the mge vcirc routine

f the JEANS ANISOTROPIC MODELLING PYTHON package (JAMPY3;
appellari 2008; Cappellari 2020). We then scale these circular
elocities by the square root of the desired M/L profile (as circular
elocities are proportional to the square root of the enclosed masses).

https://pypi.org/project/mgefit/
https://pypi.org/project/jampy
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Figure 4. HST WFC3 F160W filter image of NGC 4751 (black contours),
overlaid with our best-fitting MGE model (red contours). The western side
of the image is masked (yellow shading), to exclude the most obviously
dust-obscured pixels along the near side of the embedded disc.

I
g
t
c

v
L

t
A
p
‘
v
r
s
t
t

c
M
a
fi
1
c
c
s
p

m
s
a

4

5

d
i
c
t
o
t
b
t
t
s
m
p
s
C
t
t
o
b
s
d
y
o
m
S

a
p
a
l
(
r
o

4

T
p
m
b

4

T
t
m
a
t
c
f
s
3
T

t
w
t
(

n this linearly varying M/L case, the M/L intercept and M/L

radient are thus free parameters of our model. Lastly, we add
he contribution of a (free) SMBH mass to the circular velocity
urve.

By combining the molecular gas distribution and the circular
elocity curve obtained above, the KINEMATIC MOLECULAR SIMU-
ATION (KINMS; Davis et al. 2013a) task KinMS fitter4 recreates
he molecular gas disc by simulating it as a set of point particles.

model data cube is then created by computing the line-of-sight
rojections of the particles, whilst taking into consideration other
nuisance’ free parameters of our model: central position, systemic
elocity, inclination and position angle (the latter two assumed to be
adially constant). To replicate instrumental effects, this data cube is
patially convolved with the clean Gaussian synthesized beam and
hen binned (spatially and spectrally) into pixels identical to those of
he real data cube.

We use the Gibbs sampler with adaptive stepping GASTIMATOR5 to
ompare our model and ALMA data cubes. Initially, the Monte Carlo
arkov chain (MCMC) algorithm samples the parameter space of

ll the free parameters of the model, and the step size between each
t is adaptively scaled until the chain converges. Approximately
0 per cent of the total number of steps is used to identify the
onvergent chain. Once this chain is identified and the MCMC has
onverged, the maximum step size is fixed and the MCMC continues
ampling the parameter space, producing samples from the final
osterior probability distribution.
The parameter space is bounded by a set of priors. Some are set
anually to ensure a finite converging time; others are allowed to

pan their entire possible ranges. The priors for all the parameters
re linear, except for that on the SMBH mass which is logarithmic
https://github.com/TimothyADavis/KinMS fitter
https://github.com/TimothyADavis/GAStimator

i
b
(
d

ue to its large possible dynamic range. Assuming these maximally
gnorant priors and constant Gaussian uncertainties throughout the
ube, the posterior probability distribution of a model is proportional
o the log-likelihood function ln P ∝ −0.5χ2, where χ2 is the sum
f the differences between model and data squared normalized by
he uncertainties squared. The sum is taken over the mask defined
y KINMS, which contains all the pixels with fluxes at least 1.5 times
he RMS noise. To ensure that the large number of pixels within
he mask N (listed in Table 1) does not lead to unrealistically
mall formal uncertainties, we rescale the uncertainties in a standard
anner by a factor of (2N )0.25. This approach was originally

roposed by van den Bosch & van de Ven (2009) for use in least-
quares fitting and adapted to the Bayesian framework by Mitzkus,
appellari & Walcher (2017). It is not statistically rigorous, but tries

o approximately account for the fact that systematic uncertainties
end to dominate the total uncertainties when fitting a large number
f measurements (here tens of thousands). It relies on the sensible
ut crude assumption that each random uncertainty has an associated
ystematic one of similar magnitude. In the case of SMBH mass
eterminations from CO, the method has been shown to generally
ield uncertainties that are consistent with more realistic estimates
f the systematic uncertainties (Smith et al. 2019). Nevertheless, a
ore thorough exploration of systematic uncertainties is presented in
ection 6.2.
In Figs 5 and 6, the marginal distributions of our model parameters

re shown, produced as a part of the MCMC process. Each data
oint in the 2D marginalizations represents the log-likelihood of
given model, where the white and red data points are most

ikely and the blue data points least likely. The one-dimensional
1D) marginalizations are shown in the form of histograms with
oughly Gaussian shapes, representing the probability distributions
f individual model parameters.

.2 Results

hroughout our modelling, we considered models with various M/L

rofiles. The spatially constant and radially linearly varying M/L

odels yield equally good fits, so the results of both are presented
elow.

.2.1 Model with a constant M/L

his model has a total of 10 free parameters: SMBH mass, spa-
ially constant F160W filter stellar mass-to-light ratio (M/LF160W),
olecular gas exponential disc scale length (R0), integrated flux

nd velocity dispersion (σgas), and the ‘nuisance’ disc parame-
ers position angle, inclination (i), systemic velocity (Vsys) and
entre position (offsets in right ascension and in declination
rom the image phase centre). The model parameters and their
earch ranges, best-fitting values and 1σ (68.3 per cent) and
σ (99.7 per cent) confidence level uncertainties are listed in
able 4.
The final MCMC chain had 200 000 steps. It is clear that

here is a massive dark object at the centre of NGC 4751,
ith a best-fitting mass of 3.43+0.45

−0.44 × 109 M�, where here and
hroughout this paper the uncertainties are stated at the 3σ

99.7 per cent) confidence level. The best-fitting F160W filter M/L

s (2.68 ± 0.11) M�/L�,F160W. Fig. 5 also shows a degeneracy
etween MBH and M/LF160W, equivalent to the conservation of
total) dynamical mass (see e.g. Smith et al. 2019 for more
etails).
MNRAS 542, 2039–2059 (2025)
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Figure 5. Corner plots of NGC 4751, showing the covariances between selected (primarily non-nuisance) parameters of the constant M/L model. Each data
point is one realization of our model, colour-coded to show the relative log-likelihood of that realization, with white data points being most likely and blue data
points least likely. Coloured data points show models with �χ2 <

√
2N of the best-fitting model; grey data points show all remaining models. The histograms

show the 1D marginalized posterior distribution of each model parameter; in each case the black solid line indicates the median and the two black dashed lines
encompass the 68 per cent confidence interval.
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The quality of our best-fitting model can be gauged from Fig. 7,
here from left to right we overlay the best-fitting model with
o SMBH, our best-fitting SMBH, and an overly massive SMBH
≈ 0.2 dex more massive than the best-fitting SMBH), respec-
ively, over the kinematic major-axis PVD. In the first and third
ase, all parameters other than the SMBH mass were allowed
o vary. As expected for the best-fitting no SMBH model, a
igher stellar M/L is derived as the model attempts to account
or the high rotation velocities at small radii without an SMBH.
NRAS 542, 2039–2059 (2025)
evertheless, the model is unable to reproduce those central ve-
ocities without greatly exceeding the relatively low velocities at
arger radii. The compromise reached is thus unsatisfactory at
oth small and large radii. Again as expected, the best-fitting
verly massive SMBH model yields a smaller M/L, but the fit
s very poor at small radii, the model over-shooting even the
ighest velocities. The best-fitting SMBH model not only reproduces
he data best, but the fit is very good at all radii and veloci-
ies.
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Figure 6. As Fig. 5, but for the model with a radially linearly varying M/L.
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.2.2 Model with a radially linearly varying M/L

his model has a total of 11 free parameters: a stellar M/L intercept
nd a stellar M/L gradient replace the constant M/L of the previous
odel, while the other 9 parameters remain the same. The model

arameters and their search ranges, best-fitting values and 1σ and
σ confidence level uncertainties are listed in Table 4.
The final MCMC chain has 200 000 steps. The model has a

est-fitting SMBH mass of 2.79+0.75
−0.57 × 109 M� and a best-fitting

160W filter M/L of (M/LF160W) /
(
M�/L�,F160W

) = 3.07+0.27
−0.35 −

.09+0.08
−0.06 (R/arcsec). ETG M/L gradients have been explored in a

umber of previous works exploiting molecular gas dynamics (e.g.
avis & McDermid 2016; Davis et al. 2017b; North et al. 2019). In
hese works, both positive and negative M/L gradients were detected
nd in most of these cases the gradients are mild, very much like our
esults (e.g. −0.37 M�/L�,F160W kpc−1 in NGC 524 compared to our
0.69 M�/L�,F160W kpc−1; North et al. 2019).
Fig. 6 again shows a negative correlation between the M/L

ntercept (i.e. the M/L in the centre of the galaxy) and the SMBH
ass, again equivalent to the conservation of (total) dynamical
ass. Consequently, there is also a positive correlation between
MBH mass and M/L gradient – as more mass is attributed to

he SMBH, the M/L intercept decreases and thus the M/L gradient
ecomes less negative (to still fit the outer regions of the galaxy
ell).
MNRAS 542, 2039–2059 (2025)
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Table 4. Best-fitting molecular gas model parameters and associated uncertainties.

Parameter Prior Best fit 1σ uncertainty 3σ uncertainty

Model with a constant M/L
Mass model
log(MBH/M�) 7 → 11 9.54 ±0.02 −0.06,+0.05
Stellar M/LF160W (M�/L�,F160W) 0.0 → 5.0 2.68 ±0.04 ±0.11
Molecular gas disc
Velocity dispersion (km s−1) 0.0 → 50.0 15.1 ±2.3 −6.7,+6.5
Scale length (arcsec) 0.0 → 5.0 1.65 ±0.06 −0.15,+0.16
Integrated intensity (Jy km s−1) 0.0 → 150.0 89.5 −2.9,+2.8 −7.8,+7.5
Nuisance parameters
Centre RA offset (arcsec) −5.4 → 5.4 0.026 ±0.004 ±0.01
Centre Dec. offset (arcsec) −4.0 → 4.0 0.31 ±0.01 ±0.02
Inclination (◦) 71.4 → 89.9 78.7 ±0.1 −0.5,+0.6
Position angle (◦) 0.0 → 359.9 354.8 ±0.1 −0.3,+0.4
Systemic velocity (km s−1) 1800 → 2400 2094.5 ±1.1 −3.3,+2.9

Model with a radially linearly varying M/L
Mass model
log(MBH/M�) 7 → 11 9.45 ±0.04 ±0.10
Stellar M/LF160W intercept (M�/L�,F160W) 0.0 → 5.0 3.07 −0.13,+0.11 −0.35,+0.27
Stellar M/LF160W gradient (M�/L�,F160W arcsec−1) −2.0 → 2.0 −0.09 ±0.03 −0.06,+0.08
Molecular gas disc
Velocity dispersion (km s−1) 0.0 → 50.0 14.8 ±1.5 −4.3,+4.4
Scale length (arcsec) 0.0 → 5.0 1.65 ±0.06 −0.16,+0.15
Integrated intensity (Jy km s−1) 0.0 → 150.0 89.6 −2.7,+2.8 −7.3,+7.8
Nuisance parameters
Centre RA offset (arcsec) −5.4 → 5.4 0.025 ±0.004 ±0.01
Centre Dec. offset (arcsec) −4.0 → 4.0 0.31 ±0.01 ±0.02
Inclination (◦) 71.4 → 89.9 78.6 −0.2,+0.1 −0.5,+0.4
Position angle (◦) 0.0 → 359.9 354.8 ±0.1 −0.3,+0.4
Systemic velocity (km s−1) 1800 → 2400 2094.3 −1.1,+1.0 −4.4,+4.3

Note. The RA and Dec. offsets are measured with respect to the image phase centre, 12h52m50.s7484, −42◦39′35.′880 (J2000.0).

Figure 7. Observed kinematic major-axis PVD of NGC 4751 (orange scale with black contours), overlaid with the best-fitting no SMBH (left), free SMBH
mass (centre), and overly massive (by ≈ 0.2 dex) SMBH (right) model (blue contours), respectively. The SMBH mass and M/L of each model are listed in the
top-right corner of each panel. An error bar is shown in the bottom-left corner of each panel, showing the size of the synthesized beam along the kinematic
major-axis and the channel width. The need for a central dark mass to fully account for the gas kinematics at all radii is clear.
NRAS 542, 2039–2059 (2025)
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Figure 8. As Fig. 7, but for models with radially linearly varying M/L.
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As before, the quality of our best-fitting model is easiest to
udge by overlaying it over the kinematic major-axis PVD. From
eft to right in Fig. 8, we overlay the best-fitting model with a
adially linearly varying M/L and no-SMBH, a SMBH and an
verly massive SMBH (≈ 0.2 dex more massive than the best-fitting
MBH), respectively, allowing all parameters other than the SMBH
ass to vary in the first and third case. As expected, the best-fitting

o SMBH model has a higher M/L intercept, to account for the
igh rotation velocities at small radii, and a more negative M/L

radient, to lower the overall M/L at larger radii. As before, the
odel fails to reproduce the extremely high central velocities without

lso exceeding the low velocities at large radii. The best-fitting overly
assive SMBH model yields a significantly smaller M/L intercept

hat contributes less dynamical mass to the stellar component. As
xpected, the M/L gradient is also now positive, as otherwise the
ow central M/L would lead to undershooting the velocities at large
adii. Despite this, the overly massive SMBH model is unable to
eproduce the data satisfactorily. Once again, the best-fitting free
MBH model reproduces the data best, fitting well at all radii and
elocities.

JA M M O D E L L I N G O F TH E S T E L L A R
INEM ATICS

e obtain an alternative SMBH mass estimate using the JAM method
Cappellari 2008, 2020) and the SINFONI stellar kinematics of NGC
751 published by Rusli et al. (2013). The JAM method is particularly
ell-suited to early-type fast-rotators, of which NGC 4751 is one

Rusli et al. 2013). We first use the WEBPLOTDIGITIZER software6

o extract the stellar kinematics (line-of-sight mean velocity V and
elocity dispersion σ ) from the published paper (fig. 24 of Rusli
t al. 2013). From these, we compute the second velocity moment
https://github.com/ankitrohatgi/WebPlotDigitizer

r

u

s Vrms ≡ √
V 2 + σ 2, which can be directly compared to the JAM

redictions.
We fit an image of the SINFONI PSF, kindly provided to us

y Jens Thomas, using the mge fit sectors procedure of the
GEFIT package as before. Two circular Gaussians were sufficient to
rovide a good representation of the PSF, with best-fitting parameters
WHM = [0.′′24, 0.′′82] and Frac = [0.55, 0.45], where Frac is the
ractional light contribution of each PSF component. As expected
he FWHM of the narrow component is close to the FWHM of 0.′′22
isted in Table 2 of Rusli et al. (2013), while the FWHM of the broad
omponent is typical of FWHM measured from similar SINFONI
bservations (see e.g. table 3 of Thater et al. 2019).
We adopt the same HST WFC3 F160W filter MGE parametrization

sed to model the molecular gas kinematics in Section 4.1 to
escribe the stellar surface brightness of the JAM dynamical models.
oreover, we assume that mass follows light and adopt a constant

rbital anisotropy. The latter assumption is unlikely to be accurate
ver large spatial scales, and in fact our more spatially extended CO
odel indicates an M/L gradient. However, the JAM models are

onstrained only by the stellar kinematics at R � 1 arcsec, so the
esults are only weakly sensitive to possible M/L gradients outside
hat region.

To test for systematics in the modelling, we explore the two
xtreme assumptions for the shape of the velocity ellipsoid: we
se either JAMcyl, with a cylindrically aligned velocity ellipsoid
Cappellari 2008), or JAMsph, with a spherically aligned orien-
ation (Cappellari 2020). The anisotropy has a different meaning
n the two cases. For JAMcyl, the anisotropy is βz ≡ 1 − σ 2

z /σ 2
R ,

here σz and σR are the intrinsic stellar velocity dispersions in
he R and z cylindrical coordinates, respectively. For JAMsph, the
nisotropy is βr ≡ 1 − σ 2

θ /σ 2
r , where σθ and σr are the intrinsic

tellar velocity dispersions in the r and θ spherical coordinates,
espectively.

The JAM models have three free parameters (in addition to the
sual nuisance parameters): the SMBH mass, the total mass-to-light
MNRAS 542, 2039–2059 (2025)
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7https://pypi.org/project/ppxf/
atio (M/L)tot and the orbital anisotropy βz or βr . As standard with
AM, we parametrize the inclination with the intrinsic axis ratio qmin

f the flattest Gaussian of the MGE. This is related to the galaxy
nclination via Eq. (14) of Cappellari (2008), where q ′

min is the
bserved (i.e. projected) axis ratio of the flattest Gaussian of the
GE (see Table 3):

= arctan

(√
1 − (q ′

min)2

(q ′
min)2 − q2

min

)
. (2)

A key practical difference between the Schwarzschild orbit-
uperposition method (Schwarzschild 1979) and JAM concerns the
patial extent of the kinematic data required. Schwarzschild mod-
lling generally necessitates large-scale stellar kinematics, extending
ignificantly beyond the immediate vicinity of an SMBH, to robustly
onstrain the orbital distribution and, consequently, the SMBH mass.
n contrast, JAM typically yields the most reliable results when the
inematic fit is confined to a relatively small field of view (FoV). This
oV needs to be just large enough to effectively break the degeneracy
etween MBH and the total mass-to-light ratio, (M/L)tot.

The underlying reason for this difference lies in the intrinsic
exibility of the models. A Schwarzschild model possesses signif-

cant freedom when constructing the orbital distribution; without
he constraints provided by extensive kinematic data, the orbital
tructure remains poorly determined, diminishing the model’s pre-
ictive power regarding MBH. Consequently, detailed modelling
ncorporating variations in the dark matter halo profile and stellar

/L gradients across the galaxy is often essential for accurate
esults with this method. Conversely, JAM operates under stronger
ssumptions, where the stellar kinematics is uniquely determined by
few global parameters (e.g. describing the anisotropy profile and

he M/L). This reduced flexibility means JAM does not inherently
equire large-scale data to constrain its parameter space. As a result,
ithin the limited spatial region typically used for JAM fits, one can
ften approximate both the stellar M/L and the velocity anisotropy as
onstant, simplifying the modelling compared to a full Schwarzschild
pproach. Furthermore, the stellar M/L gradient is constrained
y our CO dynamical modelling to be small, and therefore the
ssumption of a constant M/L over the small FoV required for
AM modelling is reasonable.

The optimal spatial region for a JAM fit should span from within
he SMBH’s sphere of influence (RSoI) to a radius several times, but
enerally not more than an order of magnitude, larger than RSoI.
his ensures the inclusion of kinematic data from the region where

he SMBH’s gravitational potential dominates stellar motions, as
ell as from a region where its influence is negligible, allowing

he separation of the SMBH mass signature from the stellar mass
ontribution.

This distinction in methodology and data requirements was ex-
lored in detail by Thater et al. (2022). They demonstrated that the

BH recovered using JAM, by fitting kinematics within only the
entral 5 arcsec in radius of their target while assuming a constant
/L and neglecting a putative dark matter halo, were consistent

ith results from comprehensive Schwarzschild models fitted out
o a radius of 30 arcsec that explicitly included a dark matter
omponent. Thater et al. (2022) showed this agreement arises because
he total dynamical M/L derived from JAM within the central region

atched the total M/L (including stars and dark matter) derived
rom the Schwarzschild model within that same central region, even
hough the Schwarzschild model’s M/L increased at larger radii
ue to the contribution of the dark halo (see fig. D1 in Thater
t al. 2022).
NRAS 542, 2039–2059 (2025)
We perform the fits and derive the corresponding formal uncer-
ainties using the CAPFIT least-squares fitting procedure7 (see section
.2 of Cappellari 2023). We start by assigning constant uncertainties
Vrms = 1 km s−1 to all kinematic measurements and perform the
t with CAPFIT. This yields the best-fitting parameters pj and their
ormal uncertainties �pj (from the diagonal terms of the covariance
atrix at the best fit) at the 1σ confidence level. We then make the

ommon assumption of a formally good fit (as indicated by our data-
odel comparison) to rescale the uncertainties in such a way as to

btain χ2
red ≡ χ2/DOF = 1, where DOF is the number of degrees

f freedom. This is achieved by setting the new formal uncertainties
pj ← �pj

√
χ2

red.
Contrary to the case of our CO SMBH determinations in Section 4,

ere we did not apply the approximate (2N )0.25 scaling of the
ncertainties of Mitzkus et al. (2017), because the crude correction
or very large data sets is no more justified. In fact, we are fitting just
5 Vrms data points and standard statistics can be used. However, this
mplies that the uncertainties of the two SMBH determinations are
ot directly comparable.
The results of the JAM fits are shown in Fig. 9. The data-model

omparisons are shown for the five angular sectors provided by
usli et al. (2013). The models fit the data to a high accuracy.
o obtain χ2

red = 1, one must set �Vrms = 10 km s−1, correspond-
ng to a median random uncertainty of the stellar kinematics of
ust 2.6 per cent, at the expected level for good-quality SINFONI
ata. The best-fitting parameters and their 1σ formal uncertainties
re MBH = (2.52 ± 0.12) × 109 M� and (M/L)tot = 3.759 ± 0.094
�/L�,F160W for JAMcyl, and MBH = (3.24 ± 0.29) × 109 M� and

M/L)tot = 4.22 ± 0.16 M�/L�,F160W for JAMsph. These best-fitting
arameters are remarkably consistent with those obtained from our
olecular gas modelling (see Section 4.2) and are summarized in
able 5. The best-fitting inclination for both JAM models is i ≈ 72◦,
lso close to that derived from the molecular gas kinematics.

Galaxies are generally expected to be close to isotropic (βz = 0 and
r = 0), with a tendency for the anisotropy to be tangential (βz < 0
nd βr < 0) close to the SMBH (see fig. 2 of Cappellari et al. 2008).
ere, we are fitting the SINFONI data near the SMBH and therefore

xpect the anisotropy to be tangential, as observed. However, the
nisotropy is poorly constrained, and for both the cylindrical and
pherical alignment of the velocity ellipsoid, an isotropic model is
lso consistent with the data at the 3σ confidence level.

D ISCUSSION

.1 Best-fitting molecular gas mass models

n this paper, we presented molecular gas-based mass models with
wo different M/L radial profiles. As shown in Figs 7 and 8, the two

odels provide near-identical fits visually. Whilst the χ2 statistic is
rimarily used to compare models against data, in a limited number
f situations it can also be used to compare model against model.
his is the case here, as the model with a constant M/L is nested
ithin the model with a linearly varying M/L (i.e. the model with a

onstant M/L is a particular case of the model with a linearly varying
/L, where the M/L gradient is equal to 0). We can thus judge the

elative goodness-of-fit of the two models more robustly by using the
educed χ2 statistic χ2

red. The best-fitting CO model with a constant
/L has χ2

red = 2.49, while the best-fitting CO model with a radially
inearly varying M/L has χ2 = 2.43. As such, we can conclude that

https://pypi.org/project/ppxf/
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Figure 9. JAMcyl (top) and JAMsph (bottom) modelling of the SINFONI
stellar kinematics from Rusli et al. (2013). The data are shown for five angular
sectors (as indicated) centred on the galaxy nucleus. The uncertainties are
scaled to yield χ2

red = 1.

Table 5. Best-fitting stellar kinematic model parameters and associated
uncertainties.

Parameter Best fit 1σ uncertainty 3σ uncertainty

JAMcyl model
MBH (109 M�) 2.52 ±0.12 ±0.36
(M/L)tot (M�/L�,F160W) 3.76 ±0.09 ±0.28
βz −0.23 ±0.09 ±0.26
qmin 0.05 −0.05,+0.08 −0.05,+0.24

JAMsph model
MBH (109 M�) 3.24 ±0.29 ±0.87
(M/L)tot (M�/L�,F160W) 4.22 ±0.16 ±0.48
βr −3.1 ±2.1 ±6.3
qmin 0.05 −0.05,+0.07 −0.05,+0.22

t
a
i
i
c
t

Table 6. Statistics of the models discussed.

Model χ2
red k BIC

(1) (2) (3) (4)

Best-fitting CO model with constant M/L 2.49 10 610
Best-fitting CO model with linearly varying M/L 2.43 11 609

Note. (1) Model. (2) Reduced χ2 statistic. (3) Number of free parameters. (4)
Bayesian information criterion.

Figure 10. Cumulative mass function of NGC 4751 for the molecular gas
kinematic model with a constant M/L, showing the relative contributions of
the SMBH (black dotted line) and stars (magenta dashed line) to the total
enclosed mass (black solid line). The three vertical black lines indicate the
physical extent of the synthesized beam (Rbeam), the radius of the SMBH
sphere of influence (RSoI, assuming σe = 355.4 km s−1 and our best-fitting
SMBH mass) and the radius of equal mass contribution (Req).
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he model with a linearly varying M/L is a marginally better fit (the
dditional M/L gradient variable would be expected to converge to 0
f the data strongly suggested a constant M/L). As the χ2

red difference
s small, however, we choose to also report the Bayesian information
riterion BIC ≡ k ln N − 2 ln P to compare the models, where k is
he number of free parameters of each model and N and ln P are as
efined in Section 4.1. The BIC provides a heuristic approximation
f the Bayes factor, which is the statistically correct way to compare
odels. Indeed, the BIC not only allows for the comparison of

on-nested models with different numbers of parameters, but it also
enalizes models with excessive dimensionality that could otherwise
verfit the data. The BIC difference between the two best-fitting CO
odels presented in this paper is �BIC ≈ 1, and hence statistically

peaking it is not possible to formally prefer one model over the
ther. These results are summarized in Table 6.
Figs 10 and 11 show the cumulative mass distribution of NGC

751 for the molecular gas kinematic model with a constant M/L

nd the model with a radially linearly varying M/L, respectively.
sing the standard definition of an SMBH SoI (see Section 2) and

he best-fitting SMBH mass for the constant M/L model yields
SoI ≈ 116 pc (≈ 0.89 arcsec), whereas the best-fitting SMBH mass

or the linear M/L model yields RSoI ≈ 95 pc (≈ 0.73 arcsec). Both
f these are significantly larger than the size of the synthesized beam
Rbeam). One can also assess the impact of an SMBH by considering
he radius at which the enclosed stellar mass is equal to that of the
MBH. Fig. 10 shows this radius of equal mass contribution to be
eq ≈ 77 pc (≈ 0.59 arcsec), smaller than the usual RSoI but still

ignificantly larger than Rbeam. Fig. 11 shows the radius of equal
ass contribution to be Req ≈ 59 pc (≈ 0.45 arcsec), also smaller

han the usual RSoI, but still more than twice Rbeam. In fact, in both
MNRAS 542, 2039–2059 (2025)
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M

Figure 11. As Fig. 10, but for the model with a radially linearly varying
M/L.
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8https://github.com/Mark-D-Smith/KinMS-skySampler
odels the SMBH dominates the potential so significantly that at the
nnermost radius probed (Rbeam) ≈ 82 per cent of the enclosed mass
s due to the SMBH in the constant M/L model and ≈ 76 per cent in
he linear M/L model, making the SMBH mass determination trivial
n both models.

The quality of an SMBH measurement can also be assessed in
erms of how well resolved the SMBH SoI is and the proximity
f the dynamical tracer to the SMBH. In the region dominated by
he SMBH, Zhang et al. (2024) derived a simple relation between
he highest circular velocity measured vc and the innermost radius
robed Rmin, where Rmin can be normalized by respectively the
chwarzschild radius (RSchw ≡ 2GMBH/c2, where c is the speed
f light), RSoI and Req. The resulting relations allow to compare the
patial resolutions of different data sets and the sizes of the regions
robed in a MBH-independent manner. Our observations of NGC
751 detect a maximum line-of-sight velocity vobs ≈ 687 km s−1

see e.g. Fig. 7). Deprojecting this velocity using vc = vobs/ sin i,
here i = 78.◦7 (Table 4), the highest circular velocity probed is
700 km s−1. This is the second highest circular velocity ever

robed by a molecular gas measurement, rivaled only by the high-
esolution measurement of NGC 0383 (Zhang et al. 2025). While
ome of the high central velocities must originate from the dense
entral stellar component of the galaxy (see Fig. 1), our molecular
as data with a spatial resolution of ≈ 24 pc (0.19 arcsec) allow us
o probe remarkably close to the SMBH: down to Rmin/RSchw ≈
3, 000, Rmin/RSoI ≈ 0.23 and Rmin/Req ≈ 0.33 for the model with
constant M/L, and Rmin/RSchw ≈ 101, 000, Rmin/RSoI ≈ 0.28 and
min/Req ≈ 0.46 for the model with a radially linearly varying M/L.

.2 Molecular gas-derived SMBH mass uncertainties

side from the fitting uncertainties listed in Table 4, which are
undamentally statistical in nature, our molecular gas measurements
re subject to several potential sources of systematic error. The
rst of these is the distance. For all dynamical mass measurements,

BH ∝ D, so the adopted distance affects the SMBH mass linearly.
onversely, the inferred SMBH mass can be re-scaled for any
dopted distance. As standard, the distance uncertainties are neither
uoted nor propagated into our SMBH mass measurement, but these
re typically about 20–30 per cent when flow models are applied
NRAS 542, 2039–2059 (2025)
o relatively nearby galaxies (D < 50 Mpc; Lelli, McGaugh &
chombert 2016).
In our modelling, we have only considered the mass contributions

f the SMBH and stars, and have assumed the dark matter and
olecular gas to have negligible masses. The spatial scales over
hich dark matter effects are significant are much greater than those

onsidered in this paper and those where the SMBH dominates
he potential. In the very unlikely scenario that there is significant
iffuse dark matter in the central regions, its contribution to the
ircular velocity is expected to increase with radius similarly to that
f the stars, whereas the contribution of the SMBH declines in a
eplerian fashion (see e.g. fig. 7 of Lelli et al. 2022). Thus, the
ark matter contribution is most strongly degenerate with that of
he stars, which would lead to a different best-fitting M/L without
trongly affecting the SMBH mass. Furthermore, Rusli et al. (2013)
onsidered models of NGC 4751 with and without dark matter, and
here was no significant difference in the SMBH masses inferred,
ith only a minor impact on the M/L (see Section 2). Similarly, as
iscussed in Section 3.1, NGC 4751 has an extended molecular gas
istribution with a total mass of (2.27 ± 0.01) × 108 M�, which if
lotted would not even be visible in Fig. 10 (as the total mass is only
eached at the outer edge of the disc). The contribution of molecular
as is thus negligible compared to those of the SMBH and stars.

Another source of uncertainties of the model parameters reported
n this work comes from the modelling assumptions made. Our

odelling involves some trade-offs between allowing more model
omplexity, which should lead to more accurately reproduce the
ata, and introducing simplifying assumptions, to ensure model
onvergence and a reasonable computational time. Our models
learly include many simplifying assumptions, such as a constant
osition angle and inclination angle, but these assumptions are well
ubstantiated by the data themselves (see Fig. 2). Our exploration
f different M/L radial profiles appears in this case to be a useful
est of how variations of an important model assumption affect the

odel outcomes, and the differences between the best-fitting MBH

nd M/L of the two models are a reflection of systematic errors.
In addition to the two models presented in this paper, we tested

lternative models to better quantify potential systematic errors. In
he previous sections, we used an exponential surface brightness
rofile to parametrize the molecular gas distribution. An alternative
nd more appropriate, but often more computationally costly, way
f representing the molecular gas distribution is to simply use the
olecular gas distribution itself as a model input. This can be

one through the use of either the zeroth-moment map or the clean
omponents generated during the cleaning process. We chose to
reate such a model using the latter method and SKYSAMPLER8 (Smith
t al. 2019), a software compatible with the KINMS environment.
KYSAMPLER generates a large number of particles whose densities
nd positions are determined by the clean components, and which are
hen processed by KINMS as before: they are deprojected (according to
position angle and inclination under the assumption of an infinitely

hin disc) and assigned line-of-sight velocities to create a model data
ube. This yields a best-fitting SMBH mass MBH = 2.94+0.36

−0.35 × 109

� and a best-fitting F160W filter M/LF160W = (2.78 ± 0.11)
�/L�,F160W, representing a 17 per cent decrease of the SMBH mass

nd a 4 per cent increase of the M/L compared to the exponential
isc model with a constant M/L.
A potential source of systematic errors arises from the choice

f MGE model. In this paper we use the the MGEFIT procedure to

https://github.com/Mark-D-Smith/KinMS-skySampler
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Table 7. Parameters of the ‘deconvolved’ best-fitting dust-corrected MGE components.

Extinction-corrected Nuker-corrected
log I ′� log σ ′ q ′ log I ′� log σ ′ q ′
(L�,F160W pc−2) (arcsec) (L�,F160W pc−2) (arcsec)
(1) (2) (3) (1) (2) (3)

5.488 −0.935 0.951 5.577 −0.922 0.990
5.007 −0.590 0.405 5.028 −0.363 0.623
4.771 −0.446 0.790 4.183 −0.140 0.841
4.506 −0.272 0.990 4.518 0.043 0.351
4.033 0.088 0.990 4.212 0.235 0.708
4.255 0.103 0.327 3.991 0.466 0.556
3.928 0.328 0.441 3.631 0.787 0.456
4.017 0.534 0.512 2.702 1.255 0.334
3.526 0.935 0.401 3.029 1.255 0.778
2.923 1.412 0.416 −
Note. ‘Deconvolved’ MGE Gaussian components. (1) Central surface brightness. (2) Standard deviation. (3) Axial ratio.
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Figure 12. Central surface brightness profiles as a function of elliptical
radius along the far side of the minor axis. Included are the profiles of the
F160W filter image (black crosses), the original MGE (magenta solid line),
the extinction-corrected MGE (cyan dashed line) and the Nuker-corrected
MGE (blue dash-dotted line).
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arametrize the stellar light distribution, but this is not the only
ethod available to us. Davidson et al. (2024) present an alternative
GE model based on a 2D parametric galaxy fit obtained using

he algorithm GALFIT. In addition to using a different algorithm,
avidson et al. (2024) utilise a different PSF. These differences can
ave a significant impact on the innermost Gaussian of the MGE,
articularly in cuspy galaxies like NGC 4751, which can in turn
mpact modelling outcomes. To test these effects, we performed a fit
sing the Davidson et al. (2024) MGE (their table 5; with uniform
A), yielding a best-fitting SMBH mass MBH = 2.79+0.59

−0.61 × 109 M�
nd a best-fitting F160W filter M/LF160W = 2.42+0.13

−0.11 M�/L�,F160W,
epresenting a 19 per cent decrease of the SMBH mass and a
0 per cent decrease of the M/L compared to those of the model
ith the MGE components from Table 3.
Another likely major source of systematic errors arises from

oticeable dust extinction in the NGC 4751 HST image (Fig. 1).
hile care was taken to choose an image in the reddest filter possible

to minimize dust extinction) and we masked the most obviously
ust-obscured pixels, a more thorough treatment of dust involves
reating a dust-corrected MGE model. We now attempt this below.

We perform the dust correction using a WFC3 F110W filter (J -
and) image in addition to the previously used F160W filter (H -
and) image. We first re-drizzle the F110W filter image to match the
ixels in the F160W filter image. Having converted both images to
nits of magnitude in the Vega system, we calculate the observed
–H colour of every pixel (J–H )obs. Given that the inner region
f the galaxy is reddened by the embedded dust disc, we can only
onfidently estimate the intrinsic J–H colour on the outskirts of the
mage, beyond the large-scale dusty circumnuclear disc. We measure
J–H )int = 0.8 mag and assume this number throughout. We then
alculate the colour excess of every pixel E(J–H ) ≡ (J–H )obs −
J–H )int and create an extinction map AH by dividing the colour
xcess map by the ratio of the total extinctions obtained using the
tandard Galactic extinction curve with RV = 3.1 (Fitzpatrick 1999),
here RV is the total-to-selective extinction ratio:

H = E(J − H )(
AJ

AV

AV

AH

− 1

) . (3)

e then correct our F160W filter image in the usual manner using this
xtinction map. Inspection of this extinction-corrected F160W filter
mage shows that whilst the effects of dust have been significantly
lleviated, the most prominent dust lane close to the central region of
he galaxy remains, suggesting that the dust in that region is (close to
eing) optically thick. We thus proceed to create two different MGE
odels, based on how we choose to treat this remaining dust.
In the first case, we simply use the same hand-drawn mask used

n our original MGE model (see Fig. 4), to exclude the near side
f the dusty disc that most affects the galaxy surface brightness.
e then create a new MGE (using the procedure outlined in

ection 4.1), which we refer to as the ‘extinction-corrected MGE’,
hose ‘deconvolved’ Gaussian components are listed in Table 7.
he minor-axis surface brightness profile of this extinction-corrected
GE is shown in Fig. 12 alongside that of the original MGE. This

emonstrates that our dust correction strongly enhanced the central
egions of the galaxy, especially the maximum (i.e. central) surface
rightness. This extinction-corrected MGE model leads to a best-
tting SMBH mass MBH = 3.21+0.49

−0.43 × 109 M� and a best-fitting
160W filter M/LF160W = (2.42 ± 0.10) M�/L�,F160W, representing
MNRAS 542, 2039–2059 (2025)
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7 per cent decrease of the SMBH mass and a 11 per cent decrease
f the M/L compared to our exponential disc model with a constant
/L.
In the second case, given that the standard extinction correction is

nsufficient to correct the dustiest portions of the image, we perform
n additional correction in the following manner. First, we identify
he dustiest pixels of our original F160W filter image by creating a
dust mask’, selecting all pixels with (J–H )obs > 0.9 mag. Having
etermined the outer position angle and axis ratio of the galaxy, we
alculate the elliptical radius of every pixel in the dust-masked image
o obtain a radial surface brightness profile which we fit with a 1D
uker model (Lauer et al. 1995). The Nuker model is a double-power

aw with a break radius rb, that represents the transition between the
nner and outer slopes γ and β, a surface brightness at the transition
reak radius Ib and a transition sharpness α. We perform the fit to
he data using the scipy.optimize.curve fit routine and
btain rb = 0.45 arscec, Ib = 13.3 mag arcsec−2, α = 1.48, β =
.60 and γ = 0.00. We note that this and subsequent fits represent the
bserved, and not intrinsic, Nuker parameters. We then repeat these
ust-masking and profile-fitting steps with the extinction-corrected
160W filter image used for the previous fit, whilst keeping the break

adius fixed to rb = 0.45 arcsec. This yields Ib = 13.2 mag arcsec−2,
= 1.26, β = 1.67 and γ = 0.01. Finally, we replace the surface

rightnesses of the dust-masked pixels in the extinction-corrected
mage with those predicted by the best-fitting Nuker model, and
roceed with a MGE as before, which we refer to as the ‘Nuker-
orrected MGE’, whose ‘deconvolved’ Gaussian components are
isted in Table 7. As before, the minor-axis surface brightness profile
s shown in Fig. 12 alongside the other models. This Nuker-corrected

GE leads to a best-fitting SMBH mass MBH = 3.65+0.39
−0.37 × 109 M�

nd a best-fitting F160W filter M/LF160W = 1.88+0.08
−0.07 M�/L�,F160W,

epresenting a 6 per cent increase of the SMBH mass and a 30 per cent
ecrease of the M/L compared to the exponential disc model with a
onstant M/L.

It is worth highlighting that there are other, more involved dust-
orrection methods that we could implement, such as an embedded
creen dust model. However, following the embedded screen model
f Viaene et al. (2017) and Boizelle et al. (2019) results in less than
0 per cent higher dust correction along the major axis, in large part
ue to our use of a near-infrared image. As this does not change the
est-fitting dynamical modelling parameters significantly more than
he spread of the two MGE models above, we do not attempt this

ore detailed dust correction here.
For all four alternative models, we also carried out analogous tests

sing a radially linearly varying M/L. The results of all the tests are
isted in Table 8.

Considering all these tests, it is clear that the systematic variations
f the SMBH mass are similar to the statistical uncertainties reported
n Table 4, with MBH = 3.43+0.45

−0.44[stat, 3σ ]+0.22
−0.64[sys] × 109 M�

or the model with a constant M/L, where the first uncertainties
re statistical and the second systematic. However, this is
ess clear when considering the M/L. Dust impacts the M/L

ignificantly, with M/LF160W = 2.68 ± 0.11[stat, 3σ ]+0.10
−0.80[sys]

�/L�,F160W for the model with a constant M/L. For the
adially linearly varying M/L case, the variations of the
MBH mass are also similar to the statistical uncertainties,
ith MBH = 2.79+0.75

−0.57[stat, 3σ ]+0.75
−0.45[syst] × 109 M�. And

gain dust has a significant impact on the M/L, with
M/LF160W) /

(
M�/L�,F160W

) = 3.07+0.27
−0.35[stat, 3σ ]+0.08

−1.14[sys] −
.09+0.08

−0.06[stat, 3σ ]+0.08
−0.01[sys] (R/arcsec). It is worth noting that the

uker-corrected MGE model with a linearly varying M/L yields a
NRAS 542, 2039–2059 (2025)
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radient remarkably close to zero, suggesting that much of the M/L

radient in previous models is due to the embedded dust disc.
These tests indicate that our method of rescaling the statistical un-

ertainties to approximate the systematic uncertainties is appropriate
n certain contexts, but not in others. It is clear that the choice of

GE model has a significant impact on the inferred M/L and that
he dust extinction correction of optical images needs to be more
ystematically implemented in the field of molecular gas modelling.
n the other hand, it is also clear that the inferred SMBH masses

rom this ALMA Cycle 4 dataset are largely unaffected by the MGE
odels and that even the simplest models yield robust SMBH masses.
his is consistent with the general understanding that, as long as the
inematic tracers remain regular and probe deep within RSoI, and the
ata resolve this RSoI, the SMBH mass will be less susceptible to
ncertainties in the galaxy’s central stellar light distribution.

.3 Comparison of stellar kinematic results

imilarly to Section 6.1, we can calculate the SMBH SoI of our stellar
inematic best fits. The best-fitting mass for the model with JAMcyl

ields RSoI ≈ 86 pc (≈ 0.66 arcsec), whereas that for the model
ith JAMsph yields RSoI ≈ 110 pc (≈ 0.85 arcsec). As mentioned

n Section 5, the field of view of the data modelled by JAM must be
arge enough to break the degeneracy between the SMBH mass and
M/L)tot, but no more. Given that the SINFONI data probe radii up
o ≈ 1.6 arcsec, they more-than-satisfactorily encompass the RSoI of
oth models, allowing for a break in the degeneracy.
As discussed in Section 2, prior to our JAM models, Rusli et al.

2013) used the same SINFONI data to infer an SMBH mass of
1.4 ± 0.1) × 109 M� at 1σ (68 per cent) confidence level, modelled
sing three-integral Schwarzschild models and assuming the same
istance as us. Unlike our JAM SMBH masses, the SMBH mass of
usli et al. (2013) is not consistent with our molecular gas mass. It

s not consistent with our JAM SMBH masses either.
Part of this disagreement may stem from a potential underes-

imation of uncertainties in the Rusli et al. (2013) determination.
xamining their Fig. 11, it is clear that the �χ2 line exhibits multiple
inima. The primary minimum corresponds to the formal best-fitting

olution, with a black hole mass of approximately 1.4 × 109 M�, as
eported in their paper. However, there is a secondary minimum
t 1.8 × 109 M�, lying outside the formal 3σ confidence interval.
his secondary minimum likely arises from numerical noise, a
ommon feature of the Schwarzschild (1979) dynamical modelling
ethod. It is also the reason why the associated �χ2 are sometimes

moothed before determining confidence intervals (see e.g. Gebhardt
t al. 2003). The sharp global minimum may also be an artefact
f numerical noise. Arguably, a more realistic uncertainty would
ncompass the region where the �χ2 profile sharply rises. This
ould correspond to a black hole mass range of approximately

1.1, 2.0] × 109 M� (3σ limits). If this were the true confidence
nterval of the Rusli et al. (2013) models, it would significantly
educe, although not eliminate, the tension between their result and
urs.
As discussed in Section 2, the M/LR derived by Rusli et al.

2013) is unusually high, with M/LR = 12.2+0.6
−0.7 M�/ L�,R (based

n a model with dark matter present) or M/LR = 13.1+0.3
−0.4 M�/

�,R (based on a model without dark matter). Such an M/LR is
nconsistent (approximately twice) that expected from similar targets
Ge et al. 2021). Rusli et al. (2013) do not use an R-band image
irectly, but rather re-scale a F160W filter HST image to a ground
ased R-band image, to achieve the desired resolution in the central
arts of the optical image. Neither the re-scaling procedure nor the
GE parametrization is described in the paper, rendering us unable
o perform any substantive further analysis of this issue. However, it
s worth nothing that the overly large M/LR may be contributing to
he smaller SMBH mass of Rusli et al. (2013), given the conservation
f (total) dynamical mass during modelling.
The Schwarzschild model of Rusli et al. (2013) is a far more

omputationally expensive and involved method than JAM, so one
ould ostensibly expect it to yield more realistic results. In addition,
usli et al. (2013) considered models with and without a contribution

rom dark matter which, as mentioned in Section 6.2, can be a source
f uncertainty especially affecting the stellar mass component of
odels. However, the NGC 4751 SMBH mass and M/LR of Rusli

t al. (2013) appear to be almost entirely unaffected by the addition
f dark matter. In fact, the angular resolution of the SINFONI data
i.e. the FWHM of the PSF) of NGC 4751 is 0.22 arcsec, whereas the
iameter of the SoI (assuming the SMBH mass of Rusli et al. 2013)
s 0.70 arcsec, suggesting that the SINFONI data have an angular
esolution sufficient to resolve the SoI. We would then expect the
MBH mass to be robust and less susceptible to any bias. If it is

ndeed the case that Rusli et al.’s (2013) SMBH mass is incorrect,
s our JAM and molecular gas modelling results seem to suggest,
t nevertheless highlights the aforementioned importance of cross-
hecks.

.4 The MBH–σe relation: comparison to the literature

s outlined in Section 1, SMBH masses are often considered within
he context of host galaxy – SMBH mass correlations, that aid our
nderstanding of their (co-)evolution. We thus compare our NGC
751 SMBH mass measurements to the MBH–σe relation of Bosch
2016). Despite being 2.0–2.5 times larger than the mass inferred by
usli et al. (2013), both of our SMBH mass measurements inferred
sing the molecular gas method are still slightly under-massive given
GC 4751’s stellar velocity dispersion, although both are also well
ithin the scatter of the relation. Likewise, our stellar kinematic
MBH masses are still slightly undermassive but within the scatter
f the MBH–σe relation.
The discrepancy between our SMBH mass measurements and

hose of Rusli et al. (2013) also highlight a long-standing issue in the
tudy of SMBHs and host galaxy – SMBH mass correlations. There
re differences between SMBH masses determined using different
inematic tracers, but also, as can be seen in NGC 4751, between
MBH masses determined using the same tracer but different mod-
lling methods/assumptions. It is commonly stated that ideally all
hese methods would be cross-checked against maser measurements,
enerally considered the gold standard of SMBH mass determina-
ion, to determine the accuracy and potential biases of the methods.
owever this gold standard status is more the exception than the

ule for maser discs. First, the rarity of masers and their strong bias
owards relatively low-mass active galaxies (with correspondingly
ight SMBHs) makes the pursuit of such comparisons impossible.
econdly, maser discs often have a complicated velocity structure,

ess extension towards the SMBH, and generally few data points
ampling the rotation curves. In fact, given this and the scarcity
f targets, ALMA CO data measurements are arguably the most
romising candidates for a new gold standard, extending to a broader
et of targets while better sampling the rotation curves within the
MBH SoI (Zhang et al. 2024).
Aside from the dwarf galaxy NGC 404, that has a SMBH mass of <

06 M�, there are currently only five galaxies with both a molecular
as and a stellar kinematic SMBH mass measurement: NGC 524
Krajnović et al. 2009; Smith et al. 2019), NGC 1332 (Rusli et al.
MNRAS 542, 2039–2059 (2025)
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M

Figure 13. Best-fitting SMBH mass–stellar velocity dispersion relation
(black line) of Bosch (2016), with SMBH masses derived using both stellar
kinematics (left) and molecular gas kinematics (right). Dashed and dotted
grey lines show the 1σ and 3σ scatter of the relation, respectively. Error bars
indicate 3σ confidence level uncertainties for Krajnović et al. (2009) and
Smith et al. (2019), 1σ uncertainties otherwise.
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Figure 14. Cross comparison of SMBH masses derived using stellar kine-
matics and molecular gas. For clarity we have only included two data points
for NGC 4751, representing the two extremes. One data point compares the
least massive stellar kinematic mass estimate (Rusli et al. 2013) and our most
massive molecular gas mass estimate (our model with a constant M/L); the
other compares the most massive stellar kinematic mass estimate (our model
assuming JAMsph) and our least massive molecular gas mass estimate (our
model with a linearly varying M/L). All data points comparing any other
two methods would lie between those two. Error bars are as in Fig. 13.
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011; Barth et al. 2016), NGC 4697 (Schulze & Gebhardt 2011;
avis et al. 2017a), NGC 6861 (Rusli et al. 2013; Kabasares et al.
022), and now NGC 4751 (Rusli et al. 2013 and this paper). Fig. 13
ompares the stellar (left panel) and molecular gas (right panel)
inematic measurements of the SMBH masses of these five objects.
hilst on average the molecular mass measurements tend to lie

loser to the MBH–σe relation, four of the five galaxies have SMBH
asses that are entirely consistent between the two methods (NGC

24, NGC 4751, NGC 4697 and NGC 6861). In addition, closer
nspection of these results provides context and demands caution
hen making such comparisons. Indeed, the masses were determined
sing a variety of methods, with a variety of assumptions and a variety
f data quality.
Krajnović et al. (2009) used Schwarzschild modelling with the

ssumption of axisymmetry to model NGC 524. The data have a PSF
WHM of 0.23 arcsec, which is a few times smaller than the SMBH
SoI of 0.6 arcsec (here and throughout we will use the SMBH mass of

he respective work when evaluating the SoI). However, as NGC 524
s face-on, it is challenging to estimate its inclination, as that involves
dditional assumptions about its intrinsic shape. Nevertheless, the
ssumed inclination of 20◦ is similar to that (i = 20.◦6) derived by
mith et al. (2019). Whilst the angular resolution of the Smith et al.
2019) data (Rbeam = 0.3 arcsec) is comparable to their estimated SoI
RSoI = 0.31 arcsec), the molecular gas data of NGC 524 exhibit a
arge central hole, determined to have a radius Rhole = 0.52 arcsec
hich, coupled with the low inclination angle, is likely responsible

or the unusually large confidence intervals of the reported SMBH
ass. Nevertheless, the SMBH masses derived using the two methods

re consistent with each other within 3σ .
NGC 1332 is one of the galaxies for which multiple results disagree

ith each other. This is particularly surprising as Barth et al. (2016)
sed the same stellar luminosity profile as Rusli et al. (2011). Rusli
t al. (2011) used Schwarzschild modelling with the assumption
f axisymmetry, but also assumed an inclination i = 90◦. The PSF
WHM of the data is 0.14 arcsec whilst RSoI = 0.38 arcsec, so that
ufficient resolution of the SoI was achieved. The molecular gas
ata of Barth et al. (2016) have a geometric mean resolution of
NRAS 542, 2039–2059 (2025)
.044 arcsec, which again more-than-adequately resolves the RSoI

f 0.23 arcsec. The data show that NGC 1332 is almost but not
xactly edge-on, with an inclination i = 84.◦1, so that the i = 90◦

ssumption of Rusli et al. (2013) was inappropriate. However, it is
nlikely that such a small change in inclination can lead to a factor of

2 shift in SMBH mass. We therefore conclude that the SMBH mass
iscrepancy does not have an easily identifiable dynamical cause.
Schulze & Gebhardt (2011) also modelled NGC 4697 using the

chwarzschild method, assuming axisymmetry and an inclination
= 90◦. The RSoI of 0.45 arcsec is fully resolved by the data, whose
SF FWHM is 0.08 arcsec. The molecular gas data of Davis et al.
2017a) have a synthesized beam of 0.53 arcsec, which does not
ormally resolve the RSoI of 0.34 arcsec. The dynamically determined
nclination of 76.◦1 suggests that Schulze & Gebhardt’s (2011)
ssumption of i = 90◦ is severely off. Whilst the results are formally
n disagreement with each other, they were also determined assuming
ifferent distances. When the Schulze & Gebhardt (2011) result is re-
caled to the distance assumed by Davis et al. (2017a), the resultant
MBH mass is 1.6 × 108 M�, significantly closer to and consistent
ith that of Davis et al. (2017a) within 3σ (despite the erroneous

nclination assumption).
Lastly, Rusli et al. (2013) used the Schwarzschild method to model

GC 6861, also assuming axisymmetry and an inclination i = 90◦.
he data have a PSF FWHM of 0.38 arcsec, which fully resolves

he RSoI of 0.38 arcsec. The molecular gas modelling of Kabasares
t al. (2022) yields an inclination i = 73◦, once again suggesting
hat the convenient i = 90◦ assumption in Schwarzschild modelling
s incorrect. Despite this, the SMBH masses derived through the two
ethods are entirely consistent with each other.
Despite no clear trend with respect to the MBH–σe relation, Fig. 14

uggests that molecular gas kinematics yields systematically lower
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MBH mass estimates than stellar kinematics. It is hard to establish
hether stellar kinematic modelling overestimates the masses or
olecular gas modelling underestimates the masses, but molecular

as modelling is generally considered to be a lot simpler. The main
ssumption underlying molecular gas modelling is the presence
f circular motions, which can be easily verified from the data
hemselves. Subsequently, the modelling is relatively straightforward
nd has considerable flexibility for implementing position angle
nd/or inclination warps. Both JAM and Schwarzschild modelling
annot rely on the simple assumption that the tracer population lies in
simple thin disc and they have to fit for the velocity anisotropy of the
tars. However, the stars, unlike the gas, have the advantage of being
naffected by non-gravitational forces such as inflows, outflows and
hocks. Both molecular gas and stellar methods can easily model
adial M/L gradients. Overall, more cross checks are needed to
each a conclusion on the reliability and possible biases of different
MBH mass determination methods.

C O N C L U S I O N S

igh angular resolution ALMA observations were obtained and
sed to create a 12CO(3–2) data cube of the ETG galaxy NGC
751. We presented dynamical models with two different M/L

adial profiles: constant and linearly varying. We estimated the
tellar mass distribution using a MGE model of a HST im-
ge and each of the M/L profiles, and then forward mod-
lled the molecular gas distribution and kinematics using KINMS

nd an MCMC framework. NGC 4751 has a regularly rotat-
ng molecular gas disc with an inferred SMBH mass MBH =
.43+0.45

−0.44[stat, 3σ ]+0.22
−0.64[sys] × 109 M� and a stellar F160W fil-

er M/LF160W = 2.68 ± 0.11[stat, 3σ ]+0.10
−0.80[sys] M�/L�,F160W when

ssuming a constant M/L, and an SMBH mass MBH =
.79+0.75

−0.57[stat, 3σ ]+0.75
−0.45[syst] × 109 M� and a stellar F160W fil-

er (M/LF160W) /
(
M�/L�,F160W

) = 3.07+0.27
−0.35[stat, 3σ ]+0.08

−1.14[sys] −
.09+0.08

−0.06[stat, 3σ ]+0.08
−0.01[sys] (R/arcsec) when assuming a radially

inearly varying M/L (all statistical uncertainties at the 3σ confi-
ence levels).
We additionally presented stellar kinematic SMBH mass estimates

sing the JAM method and SINFONI stellar kinematics. Assum-
ng JAMcyl we obtained MBH = (2.52 ± 0.36) × 109 M�, while as-
uming JAMsph we obtained MBH = (3.24 ± 0.87) × 109 M�. The
MBH mass of the molecular gas model with a constant M/L

s statistically consistent with that of the model with a linearly
arying M/L and JAMsph, whereas the SMBH mass of the molecular
as model with a linearly varying M/L is consistent with both
AMcyl and JAMsph. The SMBH masses of the molecular gas model
ith a constant M/L and JAMcyl are marginally inconsistent with

ach other. All our measurements are larger than the previous
tellar kinematic measurements of Rusli et al. (2013), obtained
sing Schwarzschild’s (1979) orbit-superposition method. All of
ur SMBH masses are consistent with that predicted by the MBH–
e relation of Bosch (2016). We conclude that the best-fitting
MBH mass of Rusli et al. (2013) is strongly excluded by our
bservations.
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Figure A1. 12CO(3–2) zeroth-moment (integrated-intensity), first-moment (intensity-weighted mean line-of-sight velocity), and second-moment (intensity-
weighted line-of-sight velocity dispersion) maps of NGC 4751. Moments extracted from the observed data cube are in the left panels, whilst those extracted
from the simulated best-fitting data cube are in the right panels. The best-fitting data cube was created using the parameters of the exponential disc model with
a constant M/L.
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