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Abstract

Deep neural networks have demonstrated remarkable success in finding

patterns in raw data, yet their purely data-driven nature often results in

predictions that violate fundamental background knowledge. In this thesis,

I address this critical problem by proposing novel neuro-symbolic methods,

which integrate background knowledge constraints into neural networks

for real-world applications. While background knowledge broadly refers

to established logical rules or physical constraints that govern a specific

domain, in the context of this work, background knowledge (or simply

knowledge) refers to: (i) a set of propositional logic formulae written over

a set of labels, (ii) a set of linear inequalities, or (iii) a set of disjunc-

tions over linear inequalities, capturing the relations between data fea-

tures. Consequently, a knowledge-refined neural network is one that either

augments standard data-driven learning by strictly adhering to this back-

ground knowledge or guides the learning using the background knowledge.

I focus on two main real-world applications for my proposed methods: the

synthesis of tabular data across domains such as healthcare and finance, as

well as safety-critical applications like autonomous driving. Importantly,

the datasets used to evaluate the methods for data synthesis cover a di-

verse range of characteristics to address real-world challenges, including:

binary and multi-class classification datasets, regression datasets, data-

scarce settings, large-scale data, and background knowledge constraints

of various complexities. Similarly, in the context of autonomous driving, I

evaluate my approach on a complex dataset annotated with a large num-

ber of constraints.

Firstly, I focus on integrating background knowledge into deep generative

models for tabular data synthesis. While powerful, these models often fail

to comply with inherent relationships between the tabular features. To

solve this, I propose the first framework capable of injecting constraints,

expressed as linear inequalities, into deep generative models. Based on a



novel layer added directly into the model’s topology, this approach en-

sures compliance with the constraints during both training and inference,

obviating the need for inefficient rejection sampling. Additionally, I in-

vestigate how different heuristics for constructing this layer affect model

performance.

Secondly, I advance this work to a more complex scenario involving back-

ground knowledge constraints expressed as disjunctions over linear in-

equalities. These constraints are significantly more expressive, capable of

modelling non-convex and even disconnected output spaces. To this end,

I introduce a new layer that corrects the generated data to adhere to

these complex relationships. This constitutes the first framework to in-

tegrate such constraints into deep generative models while guaranteeing

their satisfaction. Crucially, the layer not only ensures compliance but also

significantly improves the machine learning efficacy of the models without

hindering sample generation times.

Thirdly, to complement the layer-based approaches above, I investigate

an alternative neuro-symbolic paradigm for the task of multi-label classi-

fication. I demonstrate that popular loss-based neuro-symbolic methods,

which use constraints to guide learning, become impractical when deal-

ing with a large number of propositional logic constraints. To overcome

this, I design a memory-efficient, logic-based loss function that effectively

penalises non-compliant outputs, significantly improving predictive accu-

racy, particularly in scenarios where little annotated data is available.

Finally, to bridge the gap between research and practice, I introduce

PiShield, a package that encapsulates the methods developed in this thesis.

By providing accessible implementations of both layer-based mechanisms

as well as of the memory-efficient loss-based functions, PiShield is a ver-

satile tool for applying neuro-symbolic approaches to practical problems,

allowing users to build more accurate and reliable models for real-world

challenges.
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Chapter 1

Introduction

Deep neural networks (DNNs) have demonstrated a remarkable ability to find patterns

in raw data, leading to their prevalence. This success, however, has been met with

growing concerns about the safety and reliability of purely data-driven approaches,

as such approaches do not account for any available background knowledge and, thus,

can lead to contradictory outputs. Neuro-symbolic AI, which aims to combine neural

networks with symbolic reasoning capabilities, has been proposed to tackle these con-

cerns (d’Avila Garcez and Lamb, 2023). In this thesis, I address this critical problem

by proposing novel neuro-symbolic methods while also ensuring their feasibility for

real-world applications.

To provide context for my work, background knowledge (or simply knowledge)

specifically refers to a user-defined set of: (i) propositional logic formulae written

over a set of labels (e.g., in autonomous driving, expressing that a pedestrian cannot

be on both the left and right pavement simultaneously), (ii) linear inequalities (e.g.,

in healthcare, ensuring a patient’s minimum haemoglobin level is less than or equal

to their maximum), or (iii) disjunctions over linear inequalities, which capture the

inherent relations between data features. Consequently, I design knowledge-refined

neural networks, defined as models that either augment standard data-driven learning

by strictly adhering to this predefined background knowledge or guide the learning

process using this knowledge.

To ensure my proposed knowledge-refined methods can be deployed in practice,

I focus on two main real-world applications: the synthesis of tabular data across dif-

ferent domains such as healthcare and finance, and safety-critical applications like

autonomous driving. Importantly, the datasets used to evaluate these methods span

a wide range of complexities to reflect real-world challenges. For tabular data, this in-

cludes binary and multi-class classification datasets, regression datasets, data-scarce
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settings, large-scale data, and background knowledge constraints of various complexi-

ties (from linear inequalities to expressive disjunctions of linear inequalities capturing

relations among the data features). Similarly, in the context of autonomous driv-

ing, I evaluate my approach on a highly complex dataset annotated with a large set

of propositional logic constraints capturing relations between the output labels in a

multi-label classification scenario.

Although neuro-symbolic AI is not new, with a history of works spanning over 20

years (see, e.g., (Towell and Shavlik, 1994) and (d’Avila Garcez and Zaverucha, 1999),

which are early methods that encode symbolic knowledge into the neural networks’

weights), it has gained significant new excitement and interest from the research

community in the recent years. This resurgence has been driven, in large part, by

the breakthrough paper on deep learning by Hinton et al. (2006), often considered

the turning point for the practical success of neural networks. Neuro-symbolic AI

encompasses approaches that use pre-defined constraints (given by a user or domain

knowledge) and approaches that discover constraints from data (e.g., Daniele et al.

(2023a); Debot et al. (2024)). In this thesis, I focus only on the former group of

methods, among which two main categories of methods have emerged: (i) approaches

that embed the constraints into the loss function to guide the learning process and

penalise neural networks when they violate the constraints (e.g., (Diligenti et al.,

2012; Donadello et al., 2017; Xu et al., 2018; Fischer et al., 2019; Badreddine et al.,

2022; Li et al., 2023)), and (ii) methods that integrate the constraints directly into

the architecture of the neural networks to guarantee that the predictions satisfy the

constraints (e.g., (Giunchiglia and Lukasiewicz, 2021; Hoernle et al., 2022; Ahmed

et al., 2022b)).

As prior work has shown, integrating background knowledge into neural net-

works offers several key advantages, as the constraints (i) are often easier to obtain

than large-scale annotated datasets, e.g., creating autonomous driving datasets re-

quires the expensive and time-consuming process of annotating millions of bounding

boxes (Giunchiglia et al., 2023b), (ii) are often interpretable, as they capture domain

knowledge, (iii) offer a formal way to verify whether the predictions are correct (with

respect to the background knowledge), (iv) have the potential to improve prediction

quality, and (v) have the potential to allow models to learn from fewer examples.

Beyond a formal language, neuro-symbolic systems also require that they are mod-

ular, a fundamentally important property for any computing system, as argued by

d’Avila Garcez and Lamb (2023). Modularity creates a separation between the sys-

tem’s neural network and reasoning mechanism modules. This separation, in turn,
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allows for the easy integration of new advancements from a fast-paced field like

deep learning, enabling neuro-symbolic systems to co-evolve. As I demonstrate in this

thesis, this property not only facilitates adding constraint-enforcing mechanisms to

multiple standard, off-the-shelf deep learning architectures but also allows for swap-

ping out the constraint-enforcing mechanisms themselves (for instance, replacing a

constraints-aware layer designed for one formal language with another designed for

more expressive constraints).

Despite the growing development of neuro-symbolic approaches, such methods

have largely been designed for and applied to small datasets that fail to capture real-

world challenges. A notable exception is the work in (Giunchiglia et al., 2023b), which

introduced the first autonomous driving dataset annotated with logical constraints. In

this thesis, I emphasise that, in addition to modularity, the neuro-symbolic field would

benefit from focusing on developing methods in the context of real-world applications.

This focus is essential to derive practical benefits, ensure the utility of proposed

methods that account for the background knowledge, and ultimately advance the

state of the art.

Furthermore, especially in these real-world contexts, it is critical to determine

whether systems that account for and enforce constraints are truly useful in practice

compared to the standard models. To this end, evaluating the prediction quality of

the neuro-symbolic approaches offers a more principled way to compare these new

methods against standard deep learning. This raises a key research question: is there

a trade-off between enforcing constraints and the quality of the neural network’s

predictions when considering real-world applications? This is a central question that

I address in my thesis, specifically in scenarios involving deep generative modelling

for tabular data and autonomous driving.

Naturally, designing neuro-symbolic methods for such complex scenarios comes

with unique challenges, which I describe and address in the relevant parts of my thesis.

Furthermore, in an effort to bridge theory with practice, I package these methods into

practical modules capable of enforcing constraints, ready for use also in other real-

world scenarios. In what follows, I provide an overview of this thesis and a summary

of my contributions.

First, in Chapter 2, I present the concepts needed to navigate the later content

and related work relevant to the methods I introduce in this thesis. Specifically, I

provide the necessary background into neuro-symbolic methods, as well as the real-

world scenarios where such methods have been applied or could be applied as a

potential future direction. Further, I focus on a specific deep learning task, namely
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deep generative modelling, and review the approaches used for tabular data synthesis,

which is one of the main real-world applications considered in in this thesis, while

also offering a new perspective on what makes synthetic data practically useful, and

outlining key steps toward achieving such a goal.

The motivation for focusing on synthetic data is that modern deep learning relies

on massive datasets, yet real-world tabular data is often restricted by privacy regu-

lations or limited by class imbalances and scarcity of rare data examples. Synthetic

data generation addresses these bottlenecks by providing realistic, artificial datasets

that democratise data access (Jordon et al., 2022; Savage, 2023) and improve model

robustness through data augmentation. However, for such data to be realistic, they

must adhere to background knowledge that captures domain-specific constraints. This

is the primary motivation for the constrained generative models I propose in Chap-

ters 3-5.

To this end, in Chapter 3, I first introduce a framework for deep generative mod-

elling using background knowledge to synthesise realistic tabular data. To this end,

I formalise the problem of constrained generative modelling with background knowl-

edge expressed as linear inequalities. Then, I propose a novel approach which auto-

matically parses user-defined linear inequality constraints and builds a differentiable

Linearly-constrained Layer (LL) that can be seamlessly integrated with a given Deep

Generative Model (DGM). This, in turn, results in a novel model, namely the deep

generative model equipped with the Linearly-constrained Layer (DGM+LL), whose

sample space is guaranteed to be compliant with the constraints. Importantly, this

framework distinguishes itself from the prior works which rely on rejection sampling,

being the first work to directly incorporate background knowledge into DGMs and

guarantee its satisfaction. Further, through an in-depth experimental analysis, I show

that integrating constraints via LL into DGMs provides significant overall improve-

ments w.r.t. two measures commonly used for evaluating the quality of synthetic data,

namely: machine learning efficacy and detection, all while not hindering the sample

generation runtime during inference. In the context of real-world applications, it is

worth noting that LL is easy to use, as it requires only two inputs in order to be

applied to any DGM, namely: the user-defined constraints and an ordering of the

tabular data features.

The ordering of the features determines the order in which LL corrects the pre-

dicted features’ values. Thus, the output of LL for a given sample may depend on the

chosen ordering (i.e., different feature orderings may lead to different LL outputs).

To this end, in Chapter 4, I propose five different methods to determine such feature
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orderings, namely: (i) random, (ii) correlation-based, (iii) kernel density estimation-

based, (iv) Wasserstein distance-based, and (v) causal-based methods. I analyse and

contrast these methods from two primary perspectives: their analytical focus (e.g.,

whether they prioritise the feature distributions or specific statistical relationships

between the features), and their dependency on the unconstrained deep generative

model. Finding the best ordering can be a challenge, as different orderings work bet-

ter in different scenarios. Nevertheless, through an extensive experimental analysis, I

show that there are orderings which are reliable in the sense that they provide clear

improvements in performance w.r.t. efficacy and detection.

The Linearly-constrained Layer considers the problem of background knowledge

alignment only for constraints provided as linear inequalities and restricts the DGMs’

output space to coincide with the one defined by such constraints. However, this so-

lution is only available when the knowledge can be captured by linear inequalities,

which have very limited expressivity. Since real-world data often involve non-linear

relationships among features, e.g., such as those captured using disjoint intervals,

it becomes necessary to have a solution for these, more complex, cases. To address

this problem and allow for more expressive constraints, in Chapter 5, I propose a

novel layer, called the Disjunctive Refinement Layer (DRL), which is the first frame-

work able to constrain any DGM output space according to background knowledge

expressed as quantifier-free linear real arithmetic (QFLRA) formulae, which I also

refer to as disjunctive inequality constraints. QFLRA formulae can capture any rela-

tionship over the features that can be represented as a combination of conjunctions,

disjunctions and negations of linear inequalities. Due to their expressivity, QFLRA

formulae can define spaces that are not only non-convex but can also be disconnected,

unlike linear inequalities, which can only capture convex output spaces. While linear

inequalities establish a single lower and upper bound (if existent) for each feature,

QFLRA formulae define multiple intervals where the background knowledge holds,

each with its own boundaries. This significantly increases the complexity of the prob-

lem, especially when modelling the inherent, hidden relations between the features

that can be derived from the explicitly-provided constraints. Once built, by defini-

tion, DRL (i) guarantees the satisfaction of the constraints, (ii) can be seamlessly

added to the topology of any neural model, (iii) allows the backpropagation of the

gradients at training time, (iv) performs all the computations in a single forward

pass (i.e., no cycles), and (v) given a sample generated by a DGM, it returns a new

one that is optimal with respect to the original (intuitively, which minimally differs
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from the original sample while taking into account the user preferences on which fea-

tures should be changed first). Further, I empirically demonstrate that adding DRL

to DGMs improves their machine learning efficacy on a range of different scenarios,

while also providing inference runtimes comparable to the unconstrained models.

Importantly, through extensive evaluations conducted across Chapters 3 to 5, I

show that there is no trade-off between ensuring that the samples generated using my

methods satisfy the background knowledge and the sample quality, with the resulting

models (i.e., models equipped with LL or DRL) in fact demonstrating significant

improvements in quality, according to one of the most important measures used for

benchmarking synthesisers, namely machine learning efficacy. Secondly, I show that

the standard method, i.e., rejection sampling, for creating sample sets that adhere to

the constraints, is sub-optimal as: (i) it often takes longer to be applied at inference

time, with some cases proving impossible to apply it to (i.e., when all generated

samples violate at least one constraint), (ii) it often results in degraded sample quality

according to the machine learning efficacy. Finally, the experiments demonstrate a

strong need for methods like LL and DRL. Indeed, standard DGMs generate synthetic

datapoints violating the background knowledge more often than expected. In more

than half of the evaluated real-world scenarios, the DGMs produced datasets with

over 50% datapoints violating the constraints, and in many cases this reached 100%.

Finally, in Chapter 6, I propose PiShield, a PyTorch-based package supporting

methods belonging to the two main categories of neuro-symbolic AI: methods able

to integrate constraints in the loss function and penalise the neural network models

when they violate the constraints, and methods that emerged later and that are

able to incorporate constraints directly in the architecture of the neural networks

to guarantee their satisfaction. PiShield is the first package designed for seamlessly

integrating background knowledge into neural networks via layer-based and loss-based

methods. Specifically, these two methods are enforced by two core mechanisms: (i)

Shield Layers, which are based on the LL and DRL layers introduced in the previous

chapters, guaranteeing the satisfaction of the constraints regardless of the input, and

(ii) Shield Losses, which can be added to the training objective of neural networks to

penalise outputs that contradict the background knowledge constraints, thus guiding

the learning process.

It is important to note that, while the above chapters are dedicated to the latter

branch of neuro-symbolic AI methods, the focus of Chapter 6 is on Shield Losses,

which belong to the former branch of approaches. First, I show that popular loss-

based neuro-symbolic methods, which use constraints to guide learning, become im-
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practical when dealing with a large number of propositional logic constraints. To

overcome this, I design a memory-efficient, logic-based loss function that effectively

penalises non-compliant outputs, significantly improving predictive accuracy, particu-

larly in scenarios where little annotated data is available. In the context of real-world

applications, these losses are suitable for complex settings with a large number of

constraints. To this end, I demonstrate the capabilities of my proposed approach for

the task of multi-label classification in autonomous driving.

By providing accessible implementations of both layer-based mechanisms, for guar-

anteed constraints’ satisfaction, as well as of the memory-efficient loss-based functions,

for guiding the learning according to the constraints, PiShield is a versatile tool for ap-

plying neuro-symbolic approaches to practical problems. Indeed, a key motivation for

creating PiShield was to make my proposed neuro-symbolic methods easily accessible

to researchers and practitioners working with real-world applications.

The rest of this thesis is organised as follows:

1. In Chapter 2, in order to place my contributions into context, I provide the

background, general notation and concepts relevant to the rest of this thesis.

Additionally, I discuss the related work on neuro-symbolic approaches, with an

emphasis on deep generative modelling.

2. In Chapter 3, I introduce the Linearly-constrained Layer (LL), the first frame-

work capable of injecting background knowledge expressed as linear inequalities

into deep generative models.

3. In Chapter 4, I present different heuristics to construct feature orderings, which

determine the order in which LL corrects the features’ values.

4. In Chapter 5, I present the Disjunctive Refinement Layer (DRL), which ad-

vances the work from the previous two chapters to a more complex scenario

involving background knowledge constraints expressed as disjunctions over lin-

ear inequalities.

5. In Chapter 6, I introduce a memory-efficient logic-based loss function able to

integrate constraints into neural networks, along with PiShield, a package that

encapsulates the methods developed in this thesis.

6. In the remaining Chapter 7, I present a summary of this thesis and the findings,

along with my perspective on future research directions.
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Chapter 2

Background

In this Chapter, based on (Stoian et al., 2026), I will present the concepts needed

to navigate the later content and related work relevant to the methods I introduce

in this thesis. Specifically, Section 2.1 provides the necessary background into neuro-

symbolic methods, as well as the real-world scenarios where such methods have been

applied or could be applied as a potential future direction. Further, Section 2.2 dis-

cusses a specific deep learning task, namely deep generative modelling. In particular,

I review the approaches used for tabular data synthesis, which is one of the main real-

world applications considered for the methods in this thesis. Finally, in Section 2.3,

I conclude with a summary and a discussion on future directions and opportunities

for improvement.

2.1 Deep Learning with Constraints

In this Section, I review neuro-symbolic methods, which focus on combining deep

learning with reasoning based on background knowledge constraints. In particular, I

discuss and group such approaches into two broad categories: methods that constrain

the architecture of the neural networks, and methods that constrain the loss function.

Finally, I discuss why background knowledge is important in real-world applications.

2.1.1 Neuro-symbolic Methods

Deep neural networks (DNNs) have shown their strengths in various application do-

mains. However, their data-driven nature restricts their learning capabilities to ob-

served examples, and standard models ignore any available background knowledge.

This often leads to them failing to comply with given constraints that define the safe
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output space of the model. Addressing this shortcoming, neuro-symbolic AI meth-

ods have gained popularity recently by aiming to combine neural networks with the

formal reasoning capabilities of symbolic systems (Raedt et al., 2018; d’Avila Garcez

et al., 2019; d’Avila Garcez and Lamb, 2023).

Integrating symbolic knowledge improves the learning efficiency and can lead to

better performance (e.g., (Giunchiglia et al., 2023b)). Additionally, learning from do-

main knowledge brings little annotation overhead, as formulating constraints is often

less costly than the efforts needed to annotate large datasets. Initially, a variety of

neuro-symbolic methods were introduced to integrate such background knowledge

constraints into the loss function. Later, a second category of methods emerged, in-

corporating constraints directly into the network’s topology and offering stronger

guarantees.

2.1.1.1 Constraining the Neural Network Loss Function

The first major category of neuro-symbolic methods comprises approaches that inte-

grate constraints into the loss function to penalise models when they violate the given

constraints (e.g., Diligenti et al. (2012); Minervini et al. (2017); Diligenti et al. (2017b);

Donadello et al. (2017); Xu et al. (2018); Fischer et al. (2019); Nandwani et al. (2019);

Badreddine et al. (2022); Li et al. (2023); Ahmed et al. (2022c); Stoian et al. (2023)).

While these approaches help reduce the incidence of constraint violations, they can-

not guarantee their satisfaction. Indeed, the goal becomes an optimisation problem,

where the constraints-derived penalty is balanced against the primary task objective.

These methods primarily differ in how they translate discrete logical formulae into a

differentiable loss term.

A foundational strategy involves using fuzzy or real-valued logic. These methods

map logical formulae to a continuous value in [0, 1], which represents a degree of

truth. One of the earliest frameworks, Semantic-Based Regularisation (SBR) (Dili-

genti et al., 2017b), uses fuzzy logic T-norms to convert first-order logic formulae into

a differentiable regularisation term that measures the extent of a violation. Similarly,

Logic Tensor Networks (LTNs) (Serafini and d’Avila Garcez, 2016) define “real logic”

where predicates and functions are mapped to tensors. The satisfaction of a formula

is aggregated across the training data to create a loss term that guides the neural

network to learn embeddings consistent with the provided knowledge.

Another family of methods approaches the problem from a probabilistic perspec-

tive. Instead of measuring a degree of truth, they penalise a model for assigning a

low probability to outcomes that satisfy the constraints. DeepProbLog (Manhaeve
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et al., 2018) is one such popular method, combining probabilistic logic programming

with deep learning. It uses neural networks to provide probabilities for a set of neural

predicates, which are then taken as input to a ProbLog (Raedt et al., 2007) program.

The gradient from the loss is then backpropagated through the neural predicates,

allowing the network to learn directly from the logical constraints. A more direct

approach is the Semantic Loss (Xu et al., 2018), which offers a syntax-independent

penalty. Specifically, the proposed loss is proportional to the negative logarithm of

the probability of generating an output that satisfies the constraints, for any given

input. This encourages the network’s probabilistic output distribution to assign high

likelihood to valid configurations.

There are also methods that use constraints more indirectly to guide the learning

process. Rather than adding a penalty to the loss, they use the constraints to actively

generate challenging new data. For instance, the method proposed by Minervini and

Riedel (2018) improves the logical consistency of natural language inference (NLI)

models by first mapping constraints (e.g., that contradiction is a symmetric relation:

if sentence s1 contradicts sentence s2, then s2 contradicts s1) into a loss function.

In turn, this loss function is used to guide a search for adversarial examples that

cause the model to violate the constraints. Importantly, when using these examples

for training, the method drastically reduces the number of times the model violates

the constraints and provides a major increase in predictive accuracy on adversarial

datasets.

2.1.1.2 Constraining the Neural Network Architecture

Emerging later, the second category consists of methods that incorporate a given

set of constraints directly into the topology of the network (e.g., Giunchiglia and

Lukasiewicz (2021); Hoernle et al. (2022); Ahmed et al. (2022b)). These approaches

do not compromise on adhering to a strict set of constraints and are thus able to

guarantee their satisfaction, which is crucial for safety-critical applications.

Early pioneering work in this area includes the Knowledge-Based Artificial Neu-

ral Network (KBANN) (Towell and Shavlik, 1994) and CIL2P (d’Avila Garcez and

Zaverucha, 1999). Both frameworks map a set of logical rules into the initial struc-

ture of a neural network. As a foundational method in this domain, KBANN directly

translates a set of acyclic rules into the initial structure of a neural network. The

process involves mapping supporting facts to input neurons, intermediate conclusions

to hidden neurons, and final conclusions to output neurons. The connections between

these neurons are created to mirror the dependencies in the rule set. For instance,
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a rule like A ∧ B → C, where A, B, and C are labels, would result in the neurons

for A and B having connections to the neuron for C. The weights and biases are ini-

tialised to closely approximate the behaviour of the AND/OR logical gates. After this

rule-based initialisation, standard backpropagation is used to refine the network on

training data. One disadvantage is that KBANN only allows for acyclic sets of rules,

as cycles would lead to a recurrent and potentially unstable network structure that

was not supported by the framework. In order to address this limitation and handle

cyclic rules, CIL2P uses a different mapping that creates a recurrent network capable

of handling recursion in the rules, and demonstrates that the resulting network can

compute the stable model of the corresponding logic program.

More recent approaches build on this principle by designing specialised layers or

modules that enforce constraints. An important such work is C-HMCNN (Giunchiglia

and Lukasiewicz, 2020), which introduces a new layer that is able to incorporate hi-

erarchical classification constraints into the topology of neural networks. Instead of

defining the entire network topology from the constraints, this architecture allows a

standard deep learning model (e.g., a convolutional neural network) to perform fea-

ture extraction and initial prediction. The unconstrained outputs of this base neural

network are then fed into the new layer, placed on top of the model (i.e., as a final

layer). This layer is mathematically constructed from the set of logical constraints to

act as a projection function, mapping any input prediction vector to the nearest valid

vector that satisfies all of the provided constraints. Thus, this method ensures com-

pliance while retaining the powerful representation learning capabilities of modern

neural networks. Later, CCN (Giunchiglia and Lukasiewicz, 2021) was introduced to

generalise C-HMCNN to explore more complex logical relations between classes in a

hierarchical structure.

Yet another work able to guarantee the satisfaction of the constraints is the neuro-

symbolic constrained structured predictor (referred to as NESTER) (Dragone et al.,

2021), which integrates a constraint programming solver into the architecture in a

differentiable manner. NESTER works in two stages: first, the neural network pro-

duces an initial, unconstrained prediction; second, this prediction is fed as input to

the constraint programming solver, which enforces the constraints to find a compli-

ant final output. As the entire architecture is differentiable end-to-end, the gradients

from the constraint satisfaction mechanism (i.e., how much the initial prediction had

to be changed) can flow back and train the neural network to produce better, more

compliant initial predictions over time. This hybrid approach is versatile, capable of

handling both hard and soft constraints over categorical and numerical variables, with
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the authors presenting an empirical evaluation on tasks such as handwritten equation

recognition.

While most of such works require that the constraints are provided as proposi-

tional constraints, there are also recent methods where the constraints can be on

numerical outputs. For instance, MultiPlexNet (Hoernle et al., 2022) supports con-

straints written as quantifier-free linear arithmetic formulae over the rationals. It

first transforms the set of constraints into disjunctive normal form (i.e., a disjunction

of conjunctions). Then, for each disjunct (a conjunction of constraints), a separate

transformation is added to the network’s output layer. The final output is then a

“multiplexed” combination of these transformations, which is guaranteed to satisfy

at least one of the disjuncts, and, thus, the entire original formula.

More recently, an alternative method (van Krieken et al., 2023), also capable of

guaranteeing compliance with the constraints, proposed using neural networks for per-

forming approximate inference in polynomial time to address the scalability problem

of probabilistic neuro-symbolic learning frameworks such as DeepProbLog (Manhaeve

et al., 2018).

For a more in-depth survey of methods combining deep learning with logical con-

straints, I refer the reader to Giunchiglia et al. (2022), and for a broader overview of

neuro-symbolic AI, to d’Avila Garcez et al. (2019).

2.1.2 Real-World Applications

Deep learning models are increasingly deployed in high-stakes, real-world applications

where errors can have significant safety, financial, or ethical consequences. However,

standard deep learning models often struggle with data scarcity and an inability to

incorporate explicit background knowledge, leading to unpredictable behaviour that

is inconsistent with the available knowledge. As discussed in the previous Section,

neuro-symbolic methods have emerged as a promising solution to these challenges.

In this thesis, I will explore the critical role of background knowledge constraints in

two such domains: autonomous driving and tabular data synthesis, with a primary

emphasis on the latter.

Autonomous driving is one of the most representative examples of a safety-critical

application. Thanks to its success in finding patterns in raw data and turning them

into accurate predictions, deep learning has been central to the development of the

autonomous driving systems (Grigorescu et al., 2020; Huang and Chen, 2020). How-

ever, the limitations of purely data-driven models are a major obstacle to achieving

full autonomy (Hacohen et al., 2022). A self-driving vehicle must not only perceive
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its environment but also operate within a strict set of rules: from traffic laws to the

laws of physics. Integrating such fundamental background knowledge directly into

the model can lead to more robust, reliable, and data-efficient systems, a key moti-

vation for applying neuro-symbolic techniques in this field, especially with the recent

developments highlighting a positive impact particularly in scenarios where little an-

notated data is available (see, e.g., (Li and Srikumar, 2019; Fischer et al., 2019; Marra

et al., 2019)).

While autonomous driving highlights the need for constraints in physical systems,

tabular data synthesis presents an equally important challenge from the perspective

of logical and semantic integrity. The generation of high-quality synthetic tabular

data has become increasingly valuable across numerous sectors, including finance,

healthcare, and manufacturing. Fuelled by advances in deep generative modelling,

synthesisers are now used to augment datasets in low-resource scenarios (Chen et al.,

2019; Zhao et al., 2021; Jia et al., 2024), create privacy-preserving datasets for re-

search (Park et al., 2018; Vero et al., 2024), and ultimately improve the performance

of downstream machine learning tasks such as disease diagnosis or credit scoring (Kim

et al., 2021, 2023).

Traditionally, the success of generative models was often measured by metrics such

as downstream machine learning efficacy or statistical fidelity (e.g., (Xu and Veera-

machaneni, 2018)). However, these evaluations frequently overlook a fundamental

requirement for creating trustworthy data: background knowledge alignment. Real-

world tabular data is almost always governed by implicit, domain-specific constraints.

When a synthesiser violates these rules, the generated data becomes logically incon-

sistent, unreliable, and potentially harmful if used for decision-making. For example,

in healthcare, synthetic patient data must adhere to physiological constraints (e.g.,

ensuring the minimum blood pressure value recorded for a patient is not higher than

the maximum value). In finance, generated market data must comply with known

economic principles, and synthetic loan applications must follow logical rules (e.g.,

loan term cannot be negative). Similarly, in resource management, synthetic inven-

tory data must not violate logistical constraints, such as production capacity limits

or non-negative stock levels.

Clearly, data that violate such background knowledge are inherently flawed. Thus,

ensuring that synthetic data aligns with the constraints is not just a desirable property

but a necessity for its trustworthy application. In this thesis, I focus on developing

methods that explicitly address this challenge, aiming to create generative models
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which produce data that are not only useful for real-world downstream applications

but also realistic with respect to the background knowledge constraints.

2.2 Deep Generative Modelling with Constraints

In recent years, the synthesis of realistic tabular data has emerged as a critical re-

search area, driven by the need for privacy-preserving machine learning, robust AI

benchmarking, and data augmentation in high-stakes applications such as finance and

healthcare. These diverse needs led to not only a proliferation of different generative

models, but also to an explosion of diverse evaluation metrics whose aim is to evaluate

whether a model is able to address all the requirements of the given use case. How-

ever, the sheer diversity of these metrics has made it increasingly difficult to assess

and compare different synthesisers in a standardised manner.

The literature review I present in this Section takes a unique stance and analyses

models and evaluation methods alike from the point of view of the user, categorising

them on the ground of the requirements they primarily address and measure: machine

learning efficacy, background knowledge alignment, statistical fidelity, and privacy.

The analysis thus serves as a structured resource for both newcomers and experienced

practitioners seeking a formal evaluation framework for tabular data synthesis. To

this end, I first give an overview of the tabular data synthesis problem (Section 2.2.1)

and its requirements (Section 2.2.2). Then, I examine in detail existing methods along

two dimensions (Sections 2.2.2.1-2.2.2.4), grouping them (i) by the requirement they

primarily focus on and (ii) by the model architecture type they are based on. For

each requirement, I detail the relevant evaluation protocols and metrics. A summary

of the surveyed approaches can be found in Table 2.2, which also gives an overview

of the characteristics for each model, such as their ability to handle high-dimensional

and mixed data types, as well as their sample generation times. Lastly, I review

other deep generative models originally developed for other fields (such as natural

language processing and computer vision), which can be adapted to tabular data

synthesis (Section 2.2.3).

2.2.1 Synthesising Tabular Data

First, I provide the preliminaries and notation used in the rest of this Chapter, but

also in the later Chapters of this thesis, for facilitating the discussion on synthesising

tabular data using deep generative models and on the desiderata for these data.
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In the tabular data synthesis field, a tabular dataset D is a set of N independent

and identically distributed (i.i.d.) samples x drawn from an unknown distribution

pX over X ∈ RD, where D is the number of features. Each feature of D uniquely

corresponds to a variable in the finite set X = {xk | k = 1, . . . , D}. Further, the

features can be of mixed types: they can be continuous (real-valued), discrete1, or

even a mixture of the previous two types, and their values might be missing for some

datapoints. Typically, each x in D represents a row in the dataset, while each feature

represents a column in D. To ease the notation, I will assume that the k-th entry of

x corresponds to the value of xk at that datapoint of dataset D.

One of the many challenges of this field is given by the fact that the domain D of

each feature can be very different from one another. Common domains are the follow-

ing: binary domains, i.e., D = {0, 1}, categorical domains, e.g., D = {Red,Yellow,Blue},
and numerical domains, i.e., D ⊆ R. Given a dataset D with N > 1, it is always possi-

ble to partition its instances in order to obtain a training set used to train a machine

learning model, and a test set used to test a machine learning model.

The goal of standard deep generative modelling is to learn from D the parameters

θ of a generative model such that the model distribution pθ approximates pX . While

synthesising tabular data is a long-standing problem (Reiter, 2005), in this thesis, I

focus on methods that use deep generative models, i.e., models based on deep neural

networks.

2.2.2 Requirements over Synthetic Data

Different use cases can lead to additional requirements, which, in turn, can lead to

different goals for the generative task. Thus, the above goal for standard generative

modelling would become insufficient if the aim is to satisfy these requirements. In

what follows, I will review and group the related works based on the requirements

listed below:

1. Machine learning efficacy. Synthetic data should yield similar predictive

performance to real data when used to train machine learning models for the

same task, such as classification or regression. For instance, given a healthcare

dataset like WiDS (Matthys et al., 2021), which contains medical records of

patients from the first 24 hours of intensive care, and where the target column

specifies whether a patient has been diagnosed with diabetes mellitus, training

1Note that I refer to discrete features to be both the numerical discrete and the categorical
features.
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a classifier on synthetic data should yield comparable (or better) performance

on the real test set to that obtained by training the classifier on real data

of the same size. Hence, given a machine learning model m and a predictive

performance metric r (e.g., accuracy), maximising machine learning efficacy

entails learning fromD the parameters θ of a generative model such that training

m on the dataset D′ sampled from pθ leads to the best score according to r.

2. Background knowledge alignment. Synthetic data should align with any

known (user-provided) domain-specific knowledge. The knowledge can be ex-

pressed in multiple ways: simply as constraints on the range of values that a

single feature can assume, or as more complex constraints capturing relations

between the features. Continuing the example above, if the minimum and the

maximum haemoglobin level are two of the features recorded for each patient,

then clearly the real data do not contain any records for which the value of the

minimum is higher than the value of the maximum level. This type of constraint

is easily captured using a linear inequality. Hence, given a set of constraints ex-

pressing some background knowledge about the sample space of pX , i.e., stating

which samples are admissible and which are not, the goal is to learn the parame-

ters θ of a generative model such that (i) the model distribution pθ approximates

pX , and (ii) the sample space of pθ is compliant with the constraints.

3. Statistical fidelity. Synthetic data should preserve the statistical properties

of the real data. Continuing with the same example, if the aim is to maximise

the fidelity on the WiDS dataset, then the distribution of the synthetic values of

the minimum haemoglobin level feature should resemble the real distribution of

the same feature. Hence, in this case, the goal is to learn parameters θ such that

(i) the marginals of pθ are as similar as possible to the corresponding marginals

of pX , and (ii) the joint distribution pθ closely follows pX .

4. Privacy. Synthetic data should present minimal risk of disclosing sensitive

attributes and of re-identifying individuals from the real data. In the example

above, the WiDS dataset contains sensitive features such as: the patient’s age,

whether the patient had an elective surgery, and whether the patient received a

leukaemia diagnosis. If a rare combination of values for these features is retained

in the synthetic data, then a patient might be identified, hence failing to meet

privacy requirements. Hence, in this case, the goal is to learn the parameters θ

such that it is impossible to sample a data point from pθ that would allow for

the re-identification (or for disclosing sensitive attributes) of a real data point.
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Table 2.1: Overview of the evaluation metrics typically used for the four synthetic
tabular data requirements. The formula and terminology definitions for each metric
are provided in Appendix G.

Requirement Evaluation Metric

Machine learning efficacy

Accuracy
F1-score
Weighted F1-score
Root mean square error (RMSE)
Mean absolute error (MAE)
Explained variance

Alignment
Constraint violation rate (CVR)
Constraint violation coverage (CVC)
Sample-wise constraint violation coverage (sCVC)

Fidelity

Feature-wise

Wasserstein distance
Kolmogorov-Smirnov test statistic
Jensen-Shannon divergence
Total variation distance

Pair-wise
RMSE differences in mutual information
MAE differences in mutual information
Correlation difference

Joint Likelihood fitness score

Privacy

AUCROC (for membership attacks)
Precision (for attribute disclosure attacks)
Recall/Sensitivity (for attribute disclosure attacks)
Distance to the closest record (DCR)
Nearest neighbour distance ratio (NNDR)
k-anonymity

In what follows, I group existing deep generative modelling methods for synthesis-

ing tabular data by the requirement they primarily address. Prior surveys on tabular

data synthesis generally compare methods by the architecture-specific properties of

the models. For example, both Borisov et al. (2024) and Davila R. et al. (2025) group

methods mainly by their architectures, while also describing the necessary data trans-

formation and regularisation techniques. Lautrup et al. (2024) provide an overview of

the models proposed in the field and the metrics used to evaluate them, while not tak-

ing this requirement-centric perspective which helps both newcomers and seasoned

practitioners and researchers in the field to find the perfect model and evaluation

protocol for their needs.

For each of the four requirements above, Table 2.1 lists the metrics that are com-

monly used to evaluate the generated data. Further, in Appendix G, I provide the

formula for each of these metrics, along with the terminology definitions.

2.2.2.1 Machine Learning Efficacy

Determining whether synthetic data can replace real training data in downstream

tasks has been the most common evaluation approach (e.g., Choi et al. (2017); Park
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Figure 2.1: Visualisation of common model types used for synthesising tabular data.
Here, x, z, and x̃ denote a real sample, noise sample, and synthetic sample, respec-
tively; x̃′ is a sample modified by layer-based models; xi is the sample at step i of
forward diffusion (for i in {1, . . . , T}, where T is the maximum number of diffusion
steps); and x̃i is the sample at step i of reverse diffusion.

et al. (2018); Kotelnikov et al. (2023); Borisov et al. (2023)). The main reason for this

is that synthetic data are often generated to augment or create datasets for real-world

applications, where good predictive performance is crucial, e.g., predicting diabetes

diagnoses from intensive care unit data (Matthys et al., 2021). Therefore, machine

learning efficacy still remains a key requirement for synthetic data and benchmark

for comparing synthesisers.

The most common protocol used to evaluate the machine learning efficacy of

generative models is the Train on Synthetic, Test on Real (TSTR) Protocol (see, e.g.,

Esteban et al. (2017)). The procedure is to train a suite of machine learning models

(e.g., a support vector machine, XGBoost) on the synthetic data, and then test their

performance on a real test set, reporting the performance using different metrics on

the ground of the task defined by the dataset of interest: for classification datasets

standard metrics include accuracy (Eq. G.1) and F1-score (Eq. G.2), and weighted

F1-score (Eq. G.3), while for regression datasets mean absolute error (Eq. G.5), root

mean square error (Eq. G.4) and explained variance (Eq. G.6) are commonly used.

Note that a dataset can be for either a classification or a regression task, depending

on whether its target column (i.e., the feature whose values are to be predicted by

the model) is a discrete or a continuous variable, respectively.
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In the context of this thesis, machine learning efficacy is formally defined as the

predictive performance of a (suite of) machine learning model(s) trained on synthetic

data and tested on a real test dataset, benchmarked against the generalisation perfor-

mance of the same model(s) trained on the original real dataset. To ensure a consistent

and robust evaluation throughout this thesis, and to acknowledge the No Free Lunch

Theorem (Wolpert and Macready, 1997), which states that no single machine learn-

ing algorithm is universally superior across all datasets and tasks, I describe here

the downstream setting for measuring machine learning efficacy (which is consistent

across all of my proposed methods for synthesising tabular data, i.e., in Chapters 3-5).

Specifically, rather than relying on a single model, I use the TSTR protocol to mea-

sure the machine learning efficacy with a diverse suite of standard classification and

regression algorithms (as detailed in Sections 3.4.1 and 5.4.1), namely (i) for binary

classification datasets, I use Decision Tree (Wu et al., 2008), AdaBoost (Schapire,

2013), Multi-layer Perceptron (MLP) (Haykin, 1994), Random Forest (Ho, 1995),

XGBoost (Chen and Guestrin, 2016), and Logistic Regression (Cox, 1958) classifiers,

(ii) for multi-class classification datasets, I use Decision Tree, MLP, Random Forest,

and XGBoost classifiers, and (iii) for regression datasets, I use MLP, XGBoost, Ran-

dom Forest regressors and linear regression. By averaging the predictive performance

(which I measure via F1-score, weighted F1-score, and Area Under the ROC Curve

for the classification datasets, and the previously mentioned standard error metrics

for the regression datasets) across this diverse set of algorithms, I ensure that the re-

ported machine learning efficacy reflects the utility of the synthetic data itself, rather

than the suitability of one specific downstream algorithm.

It is important to note that the literature on tabular data synthesis lacks a fully

standardised terminology for this metric. Consequently, the related works reviewed

here (and summarised in Table 2.2) often use different terminology to describe the

same underlying concept, including: downstream utility, machine learning utility, pre-

dictive performance, and efficiency, TSTR performance (naming the specific evalua-

tion methodology used to calculate the efficacy). Regardless of the specific terminol-

ogy used by these works, all these terms align with the rigorous definition of machine

learning efficacy established here: measuring the performance of models trained on

synthetic data when evaluated on real test sets.

GAN-based models. Many of the works surveyed here are based on the original

Generative Adversarial Network (GAN) (Goodfellow et al., 2014), which relies on

two neural networks: (i) a generator, which given a noise vector returns a synthetic

datapoint and hence learns the real data distribution, and (ii) a discriminator, which
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given a data point (either real or synthetic) classifies it as either real or synthetic

and hence learns to distinguish between synthetic and real data. The GAN jointly

trains these two models in an adversarial framework, where the generator’s objective

is to produce samples that confuse the discriminator. See the first schema from the

left in Figure 2.1 for a simple abstraction of GAN-based models. CWGAN: Build-

ing on the seminal Wasserstein GAN (WGAN) (Arjovsky et al., 2017), which used

the Wasserstein distance as a loss function for a GAN model, Engelmann and Less-

mann (2021) proposed CWGAN as an oversampling framework for class balancing.

CWGAN generates synthetic samples for under-represented classes, augmenting the

training set. Results indicate that oversampling is beneficial primarily for strongly

non-linear datasets. OCT-GAN: Proposed by Kim et al. (2021), it incorporates neu-

ral ordinary differential equations (neural ODEs) in the design of its GAN-based

generator and discriminator through the introduction of a new layer that allows for

the extraction of a sequence of hidden vector representations given an input sample,

i.e., the hidden evolution trajectory of the sample. The trajectory is used to help the

discriminator decide whether a sample is real or synthetic. While improving machine

learning efficacy, the usage of ODEs makes OCT-GAN slower than most GAN-based

models.

GAN and BN-based models. GANBLR: Zhang et al. (2021) construct the

generator and discriminator as Bayesian Networks (BNs), which are able to encode

known feature interactions. The background knowledge inclusion leads to better ma-

chine learning efficacy than standard GANs.

Diffusion-based models. TabDDPM: Motivated by the their success in com-

puter vision, Kotelnikov et al. (2023) introduced a diffusion-based model for synthe-

sising tabular data. Popular for its high machine learning efficacy results, TabDDPM

is able to model both discrete and continuous features, but separately, by using multi-

nomial (Hoogeboom et al., 2021) and Gaussian diffusion models (Sohl-Dickstein et al.,

2015), respectively. For a simple abstraction on how a diffusion model can be used to

generate data, see the top right schema in Figure 2.1. STaSy: Proposed by Kim et al.

(2023), STaSy is built on a score-based generative model (SGM), which was shown to

be a competitive alternative to diffusion-based models in (Ho et al., 2020). Contrar-

ily to TabDDPM, STaSy estimates the score function (gradient of log-probability)

instead of explicitly modelling the forward and reverse Markov processes. As the

loss is difficult to train, STaSy uses a self-paced learning strategy, which starts with

a reduced set of training data—yielding a stable, low loss—and gradually expands

to the full dataset. Evaluated on 15 real-world datasets against 7 baselines (mostly
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GAN-based models), STaSy achieves high machine learning efficacy. Due to the for-

ward and backward passes, both STaSy and TabDDPM suffer from slow sampling

times. Moreover, the base SGM model is known to be unstable in high-dimensional

settings. This can limit its suitability for real-world datasets which may often have

more features than 58, the largest number of dimensions in the datasets considered for

evaluating STaSy, as we can also see in Table 2.2. CoDi: Motivated by the difficulty

of modelling discrete features, Lee et al. (2023) proposed a framework comprising

co-evolving diffusion models that separately handle continuous and discrete features

as in TabDDPM (Kotelnikov et al., 2023), with the difference that the two models

condition on each other during training. At each training step, the discrete (resp.,

continuous) diffusion model takes the perturbed sample from the continuous (resp.,

discrete) one as input, and both models are conditioned on both samples from the

previous step during the denoising process. Slower than most GAN-based models (ex-

cluding OCT-GAN), CoDi is faster than STaSy and TabDDPM, while also obtaining

higher machine learning efficacy on mixed types datasets.

LLM-based models. GReaT (Borisov et al., 2023) represents an answer to the

abundance of works that convert tabular data into numerical representations thus los-

ing the contextual connections between the features, which very often carry semantic

meaning. To address this, GReaT takes the following steps, which are also illustrated

in Figure 2.1. First, the tabular data undergoes a textual encoding process, applied

specifically on the features’ naming and values (provided in a given order), to convert

them into text. Next, a feature order permutation step is applied. The resulting sen-

tences are then used to fine-tune the pretrained self-attention-based large language

models (LLMs) (Vaswani et al., 2017). At sampling time, either a single feature name

or arbitrary feature-value pairs are given as input to the LLM, which then completes

them (note that this allows for arbitrary conditioning). Using this approach, GReaT

outperforms most of the baselines w.r.t. machine learning efficacy, although its data

sampling time is notably high. TabuLa: To address this problem, Zhao et al. (2025)

introduce a method to reduce the length of the generated token sequences. Unlike

GReaT, which relies on large language models pre-trained on natural language pro-

cessing tasks, TabuLa starts with a randomly initialised model and iteratively fine-

tunes it on tabular data synthesis tasks. Another key distinction is that TabuLa does

not use GReaT’s feature permutation mechanism. Instead, it targets scenarios where

arbitrary feature conditioning is not needed and assumes that the feature values ap-

pear in a consistent order across all data points. To this end, the authors tokenise the

dataset feature-wise, ensuring that each generated token can be mapped to a specific
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feature based on its absolute position in the row. Specifically, for each feature, they

determine the longest token sequence across the dataset and pad all sequences (corre-

sponding to that feature) to this length during training. Using this approach, TabuLa

manages to significantly reduce the training time compared to GReaT. However, its

sample generation time is still considerably higher than GAN-based models such as

CTGAN or TableGAN.

Energy-based models. TabPFGen (Ma et al., 2023) is a generative model that

uses a pretrained network as an energy-based model for data augmentation and class

balancing. Although its capabilities are limited to low-dimensional inputs (it was

tested on datasets with maximum 10 features), TabPFGen demonstrates good ma-

chine learning efficacy performance in the data augmentation task by simply using a

pretrained model compared to specialised GAN-, VAE-, and diffusion-based models.

Transformer and GAN-based models. TabTransGAN (Zhang et al., 2025)

achieves performance comparable to GReaT by combining the strengths of Transformer-

(Vaswani et al., 2017) and GAN-based models, which allows it to model both con-

textual and structural relationships across all features. Specifically, TabTransGAN

adopts a GAN architecture in which the generator is based on CTGAN, while the

the discriminator replaces the standard design with a Transformer architecture. This

enables it to better capture both feature-wise distributions and dependencies between

the features, leading to more accurate discrimination between synthetic and real data.

2.2.2.2 Background Knowledge Alignment

Brought to the attention of the research community more recently (Chen et al., 2019)

than the other requirements, background knowledge alignment is an important condi-

tion for synthetic data when evaluating their realism. Specifically, alignment requires

that synthetic data should comply with user-provided knowledge, which is an impor-

tant condition in practice, as many real-world applications have available domain-

specific knowledge which must be satisfied. For example, synthetic patient data in

healthcare must adhere to physiological constraints, ensuring a recorded minimum

value for an indicator (like blood pressure or haemoglobin level) is not higher than

the maximum value recorded. Similarly, in resource management, synthetic inventory

and demand data must not violate logistical constraints, such as production capacity

limits or non-negative stock levels.

As I will present later, in my work (Stoian et al., 2024a), I have proposed three

different metrics to evaluate alignment, namely: (i) the Constraint Violation Rate
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(CVR) (Eq. G.7), which computes the percentage of samples that do not satisfy at

least one of the constraints in the available set of constraints, (ii) Constraint Violation

Coverage (CVC) (Eq. G.8), computing the percentage of constraints that have been

violated at least once by the sample set, and (iii) the sample-wise Constraint Violation

Coverage (sCVC) (Eq. G.9) which determines the average percentage of samples

violating each of the constraints. Out of these three metrics, CVR has also been

used in (Jia et al., 2024), albeit called feasibility rate there.

GAN and AE-based models. ITS-GAN: proposed for tabular data augmen-

tation ITS-GAN (Chen et al., 2019) is an early method advocating for the use of

background knowledge. The knowledge it can express is of two types: (i) rules stat-

ing that the value of one feature uniquely determines the value of another (e.g., the

feature Position determines the feature Salary), and (ii) rules stating that a specific

value for a set of features determines the specific value for another (e.g., if Position =

“CEO” then Salary = “2M”). To encode the first types of rules, the authors train on

the real data an autoencoder (AE) for each rule to output the value of the dependent

features given the values of the independent ones. Then, at training time, the GAN

generator is trained to minimise the difference between its output and one of the

AEs, while also being penalised if it violates any rule of the second type. Addition-

ally, the discriminator receives as input the difference between the AE’s outputs and

the synthetic samples, thus being able to use this information to assess the sample.

GAN and BN-based models. C3-TGAN: Similarly to GANBLR, C3-TGAN (Han

et al., 2023) uses Bayesian networks to capture background knowledge. However, while

GANBLR models only discrete features, C3-TGAN can handle both discrete and con-

tinuous features by following the CTGAN (Xu et al., 2019) approach. To incorporate

explicit attribute correlations and property constraints from background knowledge,

it represents constraints as control vectors (similar to the conditional vectors in CT-

GAN) and uses them to guide training, ensuring better alignment.

VAE and GNN-based models. GOGGLE: Proposed by Liu et al. (2022), it is

a different approach which integrates knowledge about pairwise feature dependencies

by encoding them in a graph where each feature is a node and an edge exists if

a relation between the two features is known. New relations can be learnt using a

message passing mechanism from graph neural networks (GNNs), which is jointly

trained with a VAE-based architecture, where only relationships prioritised by the

learned graph influence feature generation. Importantly, the background knowledge

can take various forms, but it always encodes properties for the graph structure. For

example, they allow for encoding sparsity (i.e., requiring that the features depend
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on small subsets of other features) and graph connectivity constraints (i.e., allowing

for penalising learned graphs with large differences in the number of connections

each feature has). Due to its relational learning graph-based component, it might be

difficult to scale GOGGLE to datasets of higher dimensionality.

Diffusion-based models. TDGGD: The first framework encoding background

knowledge about feature relations into diffusion-based models is TDGGD (Jia et al.,

2024). The relations can express lower and upper bounds over single features or their

sum. Rather than explicitly modelling the relations, TDGGD models whether the

features are part of such relations or not, which only gives an indication of hidden

relations between the columns to the model.

My frameworks: Layer-based constrained deep generative models. In

order to put my work in context and offer a comparison against the existing relevant

works on synthesising tabular data using deep generative models, I will briefly describe

here two of the frameworks that I developed, namely (Stoian et al., 2024a) and (Stoian

and Giunchiglia, 2025), and that I will later present in detail as part of this thesis.

DGM+LL (Stoian et al., 2024a) is the first method to constrain deep generative

models and guarantee the constraints satisfaction. The constraints can capture any

set of linear inequalities over the feature space. Differently from the methods surveyed

above, my approach relies on a new layer, which I call the Linearly-constrained Layer

(LL), that is added immediately after the sample output layer. The layer restricts the

output space of the model to coincide with the space defined by the constraints and

can be added on top of any deep generative model, with the resulting models called

DGM+LL models. As the layer is differentiable and acyclic, it can be added both

at inference and training time, while also improving the machine learning efficacy

of the model. DGM+DRL (Stoian and Giunchiglia, 2025): I developed this layer-

based model in order to capture constraints as expressive as disjunctions over linear

inequalities, which allow for expressing relations like “if the sum of two features is

greater than 10 then the difference of other two features should be lower than 5”.

Allowing for modelling non-convex and even disconnected output spaces, I refer to the

new layer as the Disjunctive Refinement Layer (DRL). Further, a DGM constructed

using DRL is called DGM+DRL. Just as DGM+LL, DGM+DRL is able to guarantee

alignment with the background knowledge, while also improving machine learning

efficacy across all considered baselines. For a visual representation on how the layer-

based methods can be integrated into GAN models, see the bottom right schema in

Figure 2.1.
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2.2.2.3 Statistical Fidelity

While statistical fidelity is not a good predictor of downstream task performance

(Hansen et al., 2023), it can provide useful observations on how the synthetic data

compares to the real data. Fidelity was indeed one of the requirements often measured

in early works on synthesising tabular data.

Being the longest-standing requirements, a large number of methods were de-

veloped evaluating the statistical fidelity of synthetic data w.r.t. real data. In this

Chapter, I will focus only on quantitative evaluations when reviewing the relevant

work. These can be categorised into (i) feature-wise, (ii) pair-wise, and (iii) joint

evaluations.

Feature-wise evaluation: compares synthetic and real data feature by feature,

using different metrics based on feature type. For continuous features, Wasserstein dis-

tance (Eq. G.10) and the Kolmogorov-Smirnov test statistic (Eq. G.11) are common,

while Jensen-Shannon divergence (Eq. G.12) or total variation distance (Eq. G.13)

are common metrics for discrete features. The difference in treatment is supported

empirically in (Zhao et al., 2021), which found that Jensen-Shannon divergence is

unstable for measuring the statistical similarity between continuous features’ distri-

butions, especially with no overlap between synthetic and real data.

Pair-wise evaluation: investigates how well relationships between pairs of fea-

tures are preserved in the synthetic data w.r.t. the real data. Common metrics include:

(i) root mean squared error (RMSE) (Eq. G.14) and mean absolute error (MAE)

(Eq. G.15) differences in mutual information between pairs of features, and (ii) cor-

relation difference (Eq. G.16), using Pearson’s coefficient for continuous pairs, Theil’s

uncertainty coefficient or the total variation distance for discrete pairs, and the cor-

relation ratio between discrete-continuous pairs of features.

Joint evaluation: compares the joint distribution of the synthetic samples against

the real samples’ distribution. It is more difficult to determine how similar are two

(potentially high-dimensional) joint distributions. Thus, such an analysis is often

conducted in a controlled environment, e.g., on simulated data, rather than real-

world data. Relevant evaluation methods include measuring the likelihood fitness

score (Eq. G.17), separately for real and synthetic data, as in (Xu et al., 2019).

GAN-based models. TGAN (Xu and Veeramachaneni, 2018) is an early GAN-

based model that proposes using long short-term memory networks with an attention

mechanism to synthesise data sequentially, feature by feature, in order to model tabu-

lar data of mixed types. Comparing with conventional statistical models and showing

better fidelity performance, TGAN contributed to the popularity of the GAN-based
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approaches for tabular data. CTGAN (Xu et al., 2019): focused on better modelling

the types of the variables in an effort to increase fidelity. Indeed, the authors propose

a new preprocessing method, which is column-type-specific and models discrete fea-

tures in the continuous space via Gumbel-Softmax transformations, while it employs

mode-specific normalisation via a variational Gaussian mixture model applied for

each continuous features. Thanks to these transformations, CTGAN is able to avoid

mode collapse, which often burdens other GAN-based models, such as medGAN (Choi

et al., 2017) and TableGAN (Park et al., 2018). CTAB-GAN (Zhao et al., 2021):

Building upon CTGAN, it enhances statistical fidelity by addressing data imbalance

and long-tail issues. It introduces a conditional vector to handle mixed-type features

and multi-modal continuous variables, extending support beyond discrete and con-

tinuous features. Further, it supports mixed-type features, which are features that

might have highly-recurring discrete values but also continuous values across the

data points (e.g., a feature Credit Card Transaction USD might often have value 0,

but it can also exceed 500). The benefit of providing support for mixed-type features

is reflected in the fidelity performance, with CTAB-GAN outperforming CTGAN.

CTAB-GAN+ (Zhao et al., 2022) is an extension of CTAB-GAN, addressing privacy

concerns by training a discriminator using differential private-SGD (Abadi et al.,

2016). Importantly, CTAB-GAN+ demonstrates high fidelity performance.

VAE-based models. TVAE (Xu et al., 2019), proposed along with CTGAN, was

designed to check whether CTGAN’s generator’s lack of access to the real data during

training makes it weaker compared to models that do use these data for training their

generator, such as models based on Variational Autoencoders (VAEs) (Kingma and

Welling, 2014). Indeed, TVAE’s architecture showed an improvement over CTGAN in

terms of fidelity. However, like CTAB-GAN+, the authors also considered the impact

of their proposed models w.r.t. privacy and noted that TVAE’s access to the training

data might make it unsuitable in downstream tasks where sensitive data are present.

Normalising flows-based models. Neural Spline Flows: Rather than using the

common transformations found in normalising flows, Durkan et al. (2019) proposed

using a fully-differentiable module based on monotonic rational-quadratic piecewise

functions. This adaptation, combined with the inherent properties of normalising

flows, which model the data as the output of an invertible differentiable transforma-

tion of a noisy sample drawn from a known distribution, can help synthesise high-

fidelity tabular data. The authors note that such a result is conditional on having

enough training data compared to the datasets dimensionality.
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Diffusion-based models. FinDiff: Motivated by the need to preserve the statis-

tical properties of real data of mixed types in real-world financial contexts, Sattarov

et al. (2023) propose FinDiff, which is capable of generating mixed-type tabular finan-

cial data using a diffusion model to capture high-dimensional dependencies. Unlike

another popular diffusion model, TabDDPM (Kotelnikov et al., 2023), which uses

one-hot encoding for categorical features, FinDiff employs an embedding encoding

for better handling of mixed data types. This leads to higher fidelity performance

compared to the baselines, indicating that FinDiff effectively captures both feature-

wise and joint distributions of the data.

Diffusion and AE-based models. AutoDiff: Proposed in (Suh et al., 2023), Au-

toDiff is a diffusion-based model designed to preserve statistical fidelity by modelling

the joint distribution via an autoencoder, rather than modelling the distributions of

individual features separately, as seen in GAN- and diffusion-based models like CT-

GAN and TabDDPM. More precisely, AutoDiff uses the autoencoder to learn the joint

distribution of the features (which can be of mixed types) in a continuous space, and

then passes these continuous representations to the diffusion model. This model, in

turn, generates latent representations that are then decoded back into representations

in the original feature space. Moreover, like CTAB-GAN, it introduces an approach to

handle mixed-type features by adding a new feature to the autoencoder that encodes

the frequency of recurring values in a mixed-type feature.

Diffusion and VAE-based models. TabSyn: Introduced by Zhang et al. (2024),

it trains a score-based diffusion model, like STaSy, but in a joint VAE-learned space

of numerical and categorical features, aiming to preserve the correlations between the

features. Notably, TabSyn significantly reduces the runtime of diffusion-based models

while outperforming baselines w.r.t. fidelity and machine learning efficacy.

2.2.2.4 Privacy

Synthetic data are particularly valuable in privacy-sensitive domains like finance and

healthcare. Hence, there has been growing focus on generating data without revealing

sensitive information that could identify entities from the original dataset.

Privacy is typically evaluated by assessing the risk of attacks succeeding in tar-

geting sensitive information. The most common attacks are: (i) membership attacks,

which use machine learning classifiers or black-box attacks (e.g., see (Chen et al.,

2020)) to determine whether an entity was part of the set used to train a model,

(ii) attribute disclosure attacks, which try to gain access to sensitive attributes of an
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entity from the real dataset, and (iii) re-identification attacks, which try to map a

synthetic data point back to the original dataset.

To measure the risk of the attacks being successful, for (i), AUCROC (Eq. G.18)

is reported for the trained attack models (typically one for each class of a feature

of interest), for (ii), precision (Eq. G.19) and sensitivity (i.e., recall) (Eq. G.20) are

measured while varying the number of attributes known to the attacker, and, for (iii),

common metrics include: the distance to the closest record (DCR) (Zhao et al., 2021)

(computed as the minimum L2 distance from a synthetic data point to each real data

point, as in Eq. G.21), the nearest neighbour distance ratio (computed as the ratio

between the distances to the closest and second-closest real neighbours for a synthetic

record, as in Eq. G.22), but also k-anonymisation (Eq. G.23) as seen in (Jia et al.,

2024).

Finally, methods using differential privacy (Dwork, 2006) introduce noise during

training to reduce retention of original data features. Privacy is then evaluated using

different privacy budget values, which determine the amount of added noise and

balance machine learning efficacy and privacy (e.g., see (Park et al., 2018)).

AE and GAN-based models. medGAN: Proposed by Choi et al. (2017) for

synthesising healthcare datasets, medGAN is one of the pioneering models for syn-

thesising tabular data using deep generative models. It generates distributed repre-

sentations of health records using the generator of a GAN-based model, then decodes

these representations using an autoencoder pretrained on the real data, and passes

the decoded representations to the discriminator component of the GAN, which is

trained to distinguish the synthetic from the real data. In terms of privacy, medGAN

showed low attribute disclosure risks, except when an attacker focused on a small

number of data points. IT-GAN: Similar to OCT-GAN, but designed to enhance

privacy robustness, IT-GAN (Lee et al., 2021) employs a generator based on neural

ordinary differential equations (neural ODEs) to balance machine learning efficacy

and privacy protection. Instead of directly synthesising samples in the input space,

the generator produces hidden representations, as seen also in medGAN. Notably,

it ensures that the hidden representation space matches the input dimensionality,

enabling the application of neural ODEs.

GAN-based models. TableGAN: Another model that marked an important

milestone for deep generative modelling of tabular data is the framework developed

by Park et al. (2018), which, unlike medGAN, can model continuous features. While

it is based on a standard GAN model, consisting of a generator and a discriminator,

TableGAN has an additional component: a classifier that predicts the value of the
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target feature for synthetic samples using semantic integrity constraints learned from

the real data. As exemplified in the original paper, a sample with values of 60 and

1 for features Cholesterol and Diabetes, respectively, does not align with the back-

ground knowledge, as the cholesterol level is too low for the target feature to indicate a

diabetes diagnosis. Focusing on ensuring privacy, the authors argue for the use of syn-

thesiser models, which do not learn bijective relationships between real and fake data,

making them less vulnerable to re-identification attacks, unlike prior perturbation or

anonymisation methods. Indeed, TableGAN shows that it can synthesise tabular data

with a low risk of re-identification, membership and attribute disclosure attacks to

succeed. PATE-GAN: Another model that is based on a GAN architecture, but alters

it for preserving privacy, is PATE-GAN (Jordon et al., 2019). Rather than using the

standard GAN discriminator, it relies on a modified Private Aggregation of Teacher

Ensemble (PATE) (Papernot et al., 2017) mechanism to ensure that the discrimina-

tor is differentially private. More specifically, a number of teacher-discriminators are

created and trained to improve their loss w.r.t. the generator, which adjusts its loss

according to the single student-discriminator in the mechanism. In turn, the student-

discriminator adjusts its loss according to the teacher-discriminators and allows for

backpropagation to the generator, closing the loop. Critically to the privacy require-

ment, specialising each of the teacher-discriminators on small partitions of the training

set ensures that the effect of individual samples is small and, thus, higher differential

privacy. CuTS: Vero et al. (2024) proposed CuTS as a customisable framework, which

can adapt to user-defined specifications, such as background knowledge constraints,

but also to differentially private training. In the private setting, CuTS builds on the

DP iterative framework from (McKenna et al., 2022), but uses its own GAN-based

generator, which is equipped with a mechanism that matches the generator’s output

distribution to the real data distribution by comparing marginals. Additionally, CuTS

can incorporate background knowledge in the form of propositional logical constraints

that each datapoint must satisfy via a new loss term. More specifically, since these

constraints are hard, i.e. non-differentiable, this method uses a binary mask that indi-

cates the synthetic samples which do not satisfy a given constraint all while working

within the one-hot encoding representation of the feature values, which is differen-

tiable. Finally, rejection sampling is used to ensure that the model’s outputs satisfy

the constraints. Although the framework works only with discrete features, it takes

a step towards synthesisers for tabular data that account for multiple requirements,

including alignment and privacy.
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Figure 2.2: Visualisation of the reviewed models based on the requirements they
address.

2.2.3 Other Metrics and Models Adapted to Tabular Data
Synthesis

Other metrics. Synthetic data can be evaluated in terms of other considerations.

Sampling diversity is another such evaluation measure and it is typically determined

by one of the following metrics: (i) coverage, i.e. the proportion of real datapoints

that have at least one synthetic datapoint contained within their manifold, as used

by STaSy, (ii) the proportion of unique synthetic samples weighted by their efficacy

scores, as used by TabGFN to measure the sampling diversity of discrete data, and

(iii) authenticity, as used by GOGGLE. A different measure which can be used to

evaluate the synthetic data is detection. It measures how easy it is for a machine

learning model to predict whether the data are real or synthetic, with results typically

reported using AUCROC.

Moreover, tabular data can also be synthesised using deep generative models

adapted to this application domain. While in Sections 2.2.2.1-2.2.2.4 I compared deep

generative models originally proposed for tabular data synthesis, here I discuss sem-

inal models first developed in other fields and later adapted for tabular data.

Models adapted to tabular data synthesis. WGAN (Arjovsky et al., 2017):

Originally designed for computer vision tasks, it was introduced in a paper that ex-

plores ways to measure the distance between the real and model distributions, arguing

that weaker loss functions induce weaker model topologies, thus creating weak mod-
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els for the real distribution. The authors compare the Wasserstein distance with tra-

ditional probability distance measures, including Kullback-Leibler (KL) divergence,

Jensen-Shannon divergence, and total variation distance, showing that the Wasser-

stein distance has properties that would be better suited for learning distributions in

low-dimensional manifolds. They thus propose GAN models that use the Wasserstein

distance as loss function. WGAN-GP: A popular extension of WGAN is the model

proposed by Gulrajani et al. (2017), which added a new term in the loss that penalised

the gradient norm of the discriminator w.r.t. the discriminator’s input, providing an

alternative to the weight clipping that was leading to the generator retaining the real

data points and adding Gaussian noise to fill the gaps. VEEGAN: Srivastava et al.

(2017) jointly train a generator and a novel reconstructor network in order to avoid

mode collapse. The reconstructor learns to map the real data distribution to Gaus-

sian random noise, approximating the inverse of the generator and encouraging the

generator to map the noise distribution back to the real data distribution.

2.3 Summary and Discussion

In this Chapter, I reviewed popular neuro-symbolic methods, grouping them into

two main branches, namely (i) the methods that integrate background knowledge

constraints into the topology of the neural networks, and (ii) those that integrate

constraints into the loss function. I then focused on deep generative modelling meth-

ods for synthesising tabular data. Through a detailed survey, I identified four key

requirements for the effective deployment of synthetic data, along with the relevant

evaluation procedures and deep generative models, at the same time categorising the

models by their architecture.

Tabular data generation is a rapidly evolving field, and early approaches have

often prioritised individual objectives such as machine learning efficacy or privacy.

As illustrated in Figure 2.2, this fragmentation highlights a key challenge: the need

for models that can balance multiple, often competing, requirements. Bridging this

gap will be essential for advancing the field and enabling more reliable applications

of tabular data generation.

In this thesis, I propose methods for synthesising tabular data that focus on the

background knowledge alignment and belong to the first neuro-symbolic branch men-

tioned above. A key contribution of this work, as demonstrated later in this thesis, is

that my proposed methods do not introduce trade-offs between alignment and other

requirements, such as machine learning efficacy. Since my proposed frameworks are
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layer-based, they can be applied to any deep generative model, inheriting the require-

ments handled by the underlying architecture, as indicated in Table 2.2. As the field

matures, new requirements will likely emerge, and this kind of hybridisation will be

crucial for developing more versatile models.

Finally, in this thesis I also present a method that belongs to the second group of

neuro-symbolic methods. Applied to yet another complex real-world scenario, namely

autonomous driving, my proposed method demonstrates that it is possible to inte-

grate constraints into the neural networks’ loss function efficiently, even in such a

demanding scenario. Similarly to the tabular data synthesis methods, I show that

this method does not introduce a trade-off between satisfying constraints and achiev-

ing high predictive performance. In fact, I show that it often improves the predictive

performance, particularly in low-data regimes.
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Chapter 3

Deep Generative Modelling with
Linear Constraints

In this Chapter, which is based on (Stoian et al., 2024a), I introduce a framework for

deep generative modelling using background knowledge, expressed as linear inequali-

ties, to synthesise realistic tabular data.

3.1 Motivation and Overview

As we have seen in Chapter 2, synthetic data generation has seen dedicated efforts

from the machine learning community, its importance growing due to its numerous

applications in the real world. Indeed, synthetic data have been increasingly used to

augment real data to improve the predictive performance of machine learning models

(see, e.g., (Han et al., 2005)) and even to generate new datasets to ensure privacy in

sensitive settings (see, e.g., (Jordon et al., 2019; Yoon et al., 2020; Lee et al., 2021)).

One of the most powerful tools for synthesising tabular data are the Deep Gen-

erative Models (DGMs), whose capability to capture the complex distributions that

characterise the real data has progressively improved (see, e.g., (Kim et al., 2023)).

However, generating realistic tabular data requires more than merely learning a good

distribution approximation. The synthetic samples must also obey constraints that

express background knowledge about known characteristics of the features and/or ex-

isting relationships among them. For example, assume a healthcare dataset containing

features for the minimum and maximum haemoglobin level recorded for each patient.

Clearly, any synthesised data must satisfy the constraint that the maximum value is

greater than or equal to its corresponding minimum value. This relationship can be

simply represented by a linear inequality over two variables and yet existing meth-

ods, while excellent at capturing complex distributions, are still not able to learn even

34



from this type of background knowledge, and, thus, do not provide any guarantee of

constraint satisfaction. In addition, no prior work incorporates background knowledge

in DGMs for tabular data except for GOGGLE (Liu et al., 2022), which, however,

is only able to inject very simple background knowledge about existing correlations

among features.

To address this limitation, in this Chapter, I show how to integrate any back-

ground knowledge that can be expressed as a set of linear inequalities into standard

DGMs for tabular data. To this end, in Section 3.2, I first introduce the problem of

constrained generative modelling with background knowledge expressed as linear in-

equalities and then, in Section 3.3, I introduce a novel approach which takes as input

user-defined linear inequality constraints and a DGM, and then automatically parses

the constraints and generates a differentiable Linearly-constrained Layer (LL) that

can be seamlessly integrated with the DGM. This, in turn, results in a novel model,

namely the Deep Generative Model equipped with the Linearly-constrained Layer

(DGM+LL), whose sample space is guaranteed to be compliant with the constraints.

Importantly, this framework distinguishes itself from the prior works which rely on

rejection sampling, being the first work to directly incorporate background knowledge

into DGMs and guarantee its satisfaction.

To evaluate my approach, I conduct an extensive experimental analysis involving

(i) five different DGM architectures: Wasserstein GAN (WGAN) (Arjovsky et al.,

2017), CTGAN (Xu et al., 2019), TableGAN (Park et al., 2018), TVAE (Xu et al.,

2019), and GOGGLE (Liu et al., 2022), and (ii) six different datasets. Crucially, I

select datasets enriched with background knowledge, annotated with up to 31 con-

straints, each encompassing up to 17 distinct features. To this end, I first show

that these models frequently violate the constraints: WGAN generates 100% non-

compliant samples for one dataset, while four out of five models produce over 95%

non-compliant samples for another dataset (see Table 3.3).

Then, I consider two standard measures used to evaluate the quality of the syn-

thetic tabular data: (i) detection, which determines whether the synthetic data are

distinguishable from the real data, and (ii) machine learning efficacy, which deter-

mines to what extent the synthetic data can replace the real data to train machine

learning models on downstream tasks. I quantitatively demonstrate that the addition

of the constraints in the architecture of the network improves the both the detection

and the efficacy. Furthermore, I show that LL can also be applied when the user lacks

access to the DGM, or the ability to retrain it with the background knowledge, by
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simply incorporating it at inference time as a guardrail. Finally, I show that LL does

not hinder the sample generation time of the models.

3.2 Problem Statement

Recall from Section 2.2.1 that for the problem of standard generative modelling, I

assumed to have pX , an unknown distribution over X ∈ RD, and D, a training dataset

consisting of N independent and identically distributed (i.i.d.) samples drawn from

pX . The goal in this case is to learn from D the parameters θ of a generative model

such that the model distribution pθ approximates pX .

In this Chapter, I focus on the problem of constrained generative modelling, where

I assume to have access to a set of constraints expressing some background knowledge

about the sample space of pX . In particular, here I will assume the constraints to be

linear inequalities capturing the background knowledge. Based on these constraints,

it is possible to decide whether a sample is admissible (i.e., it satisfies the constraints)

or not. The goal in this case is to learn the parameters θ of a generative model such

that not only the model distribution pθ approximates pX , but also that the sample

space of pθ is compliant with the constraints.

Linear constraints represent an important class of constraints, a fact underlined

by the existence of entire fields, such as linear programming, dedicated to their study.

They possess many favourable properties, including that (i) they are logically com-

plete, as inconsistencies can be determined by computing linear combinations of the

given constraints (Farkas, 1902), (ii) it is possible to compile them into a backtrack-

free representation that allows for computing satisfying samples in linear time pro-

portional to the size of the compiled representation (Dechter, 1999), and (iii) they

always define a convex space.

In the rest of the Chapter, I will assume that X = {xk | k = 1, . . . , D} is a

set of variables xk, each variable uniquely corresponding to a feature of the given

dataset D. Note that from this point onwards, I will use the variables and the features

interchangeably. Further, I will assume Π is a finite set of constraints, where each

constraint is a linear inequality over X having the following form:∑
k

wkxk + b ≥ 0, (3.1)

with wk ∈ R, b ∈ R, and xk representing a continuous feature. Given a constraint of

the form (3.1), I will say that a variable xk appears positively (resp., negatively) in

it if wk>0 (resp., wk<0). See Example 3.2.1 for a simple set of constraints.
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Example 3.2.1. The set of constraints Π = {x1−x2 ≥ 0, x2− 4.6 ≥ 0} requires that
for every generated sample x̃, (i) the first feature (associated with x1) must be greater

than or equal to the second feature (associated with x2), and (ii) the second feature

must always be at least equal to 4.6. In this example, variable x1 appears positively

in the first constraint, while variable x2 appears in both constraints: negatively in the

first, and positively in the second.

Note that any set of linear inequalities
∑

k wkxk + b ≤ 0, can be rewritten as∑
k w

′
kxk+b′ ≥ 0, where w′

k = −wk and b′ = −b. Additionally, any equality
∑

k wkxk+

b = 0 can be easily expressed as the conjunction of two inequalities, captured by the

set of constraints {
∑

k wkxk+b ≥ 0,
∑

k wkxk+b ≤ 0}. Furthermore, strict constraints

of the form
∑

k wkxk + b > 0 can easily be expressed as
∑

k wkxk + b′ ≥ 0, where

b′ = b− ϵ and ϵ is the smallest representable positive real number.

I will denote by x̃ a sample generated by a DGM. Any x̃ is an assignment to

the variables in X such that x̃k is the value of the sample corresponding to variable

xk. Further, a sample x̃ satisfies: (i) a constraint of the form (3.1), if substituting

x̃k for xk yields a valid inequality, and (ii) a set Π of constraints of the form (3.1),

if it satisfies all the constraints in Π. On the other hand, if x̃ does not satisfy a

constraint (resp., Π) then x̃ violates the constraint (resp., Π). A set Π of constraints

is satisfiable if there exists a sample satisfying Π. A DGM m is compliant with Π if all

of its generated samples satisfy Π. Moreover, I will refer to the space determined by

the samples that satisfy Π as the valid output space. Thus, it is possible to rephrase

the above as follows: a DGM m is compliant with Π if its generated samples always

fall in the valid output space.

Given the above, I can now formulate the problem I am addressing as follows.

Suppose there is a DGM m generating samples that do not necessarily satisfy Π. The

goal is to create a DGM m′ such that: (i) m′ is compliant with Π, and (ii) for each

sample x̃ generated by m, m′ generates a sample x̃′ such that x̃′ satisfies Π and x̃′

minimally differs from x̃ (while taking into account the user preferences on which

features should be changed first).

3.3 Constrained Deep Generative Models

To achieve the goal above, I propose a framework that builds a differentiable layer that

(i) can be seamlessly integrated with DGMs of multiple architectures, (ii) guarantees

the satisfaction of the constraints, and (iii) guarantees an output that minimally
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(a) A standard GAN-based model. (b) A GAN-based model with LL.

Figure 3.1: Illustrating how LL can be integrated into a GAN-based model.

changes the initial DGM predictions. As the constraints are assumed to be linear

inequalities, I will call the layer the Linearly-constrained Layer (LL).

Given a standard DGM, LL can be added immediately after the layer generating

the samples. Furthermore, LL allows the gradients to backpropagate through it and,

therefore, (i) LL can be used during both training and inference, and (ii) the network

can learn to exploit the background knowledge that LL encodes. I will refer to a DGM

equipped with LL simply as a DGM+LL model.

To see how LL can be integrated into a DGM, consider Figure 3.1. On the left

panel, in Figure 3.1a, we can see an overview of a standard DGM with a GAN-based

architecture, where a noise vector z is passed to the generator, which in turn outputs a

sample x̃. Often, the real datapoint r ∈ D is first processed by a pre-defined bijective

mapping f before being passed to the discriminator along with x̃. This transformation

is needed as the generator’s output space may differ from the feature space in which

the real data reside.

Given this GAN-based architecture, in Figure 3.1b, I show how LL can be inte-

grated into the DGM. Specifically, the sample x̃ received from the generator needs

to be first transformed into the feature space in which LL works. As f is assumed

to be a bijective function, it is invertible and, thus, f−1 exists. Hence, the LL simply

receives as input f−1(x̃) and returns the corrected x̃′, which is now compliant with

the constraints Π. Similarly to the real datapoint r, x̃′ needs to be processed by f

before being passed to the discriminator.

In the following, I focus on the construction of LL, and, for ease of presentation

and without loss of generality, I assume that the output space of the generator co-

incides with the feature space of the real dataset. Thus, I assume that the generator

generates a sample x̃, which is directly passed to LL to obtain LL(x̃), the output of
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the DGM+LL. Then, given a sample x̃, the constraint layer changes x̃ feature by

feature w.r.t. an ordering of the features. More precisely, LL minimally changes the

value x̃i of the i-th feature in the sample whenever x̃i is not compatible with the values

of the already analysed features in the feature ordering and the given constraints. To

this end, let λ : X 7→ [1, D] be a variable ordering function injectively mapping each

variable in X to an integer in [1, D]. I will assume that this ordering is user-defined

and that it determines the order in which LL computes the values of the features. To

ease the notation, and without loss of generality, from now on I assume that λ(xi) = i

and, thus, I denote the i-th variable within the ordering i simply by xi.

Hence, given λ and Π, LL automatically creates a set of constraints Πi for each

variable xi in the reversed λ ordering, as follows:

Πi =

{
Π, if i = D,

Πj \ (Π−
j ∪ Π+

j ) ∪ {redj(ϕ1, ϕ2) | ϕ1 ∈ Π−
j , ϕ

2 ∈ Π+
j }, otherwise,

(3.2)

where (i) j = i + 1, (ii) Π−
j (resp., Π+

j ) is the subset of Πj in which xj appears

negatively (resp., positively), and (iii) redj(ϕ
1, ϕ2) is the reduction of ϕ1 and ϕ2 over

xj defined, assuming ϕ1 =
∑

k w
1
kxk + b1 ≥ 0 and ϕ2 =

∑
k w

2
kxk + b2 ≥ 0, as∑

k ̸=j

(w1
k|w2

j |+ w2
k|w1

j |)xk + b1|w2
j |+ b2|w1

j | ≥ 0.

Example 3.3.1. Continuing Example 3.2.1, where Π = {x1 − x2 ≥ 0, x2 − 4.6 ≥ 0},
we have that Π2 = Π and Π1 = {red2(x1 − x2 ≥ 0, x2 − 4.6 ≥ 0)} = {x1 − 4.6 ≥ 0}.

Consider now a generic DGM model m and a sample x̃ generated by m. The

constraints Π define the valid output space, and the goal is for the outputs of m to

fall within this space. LL determines the bounds of this space and uses them to correct

x̃ whenever it does not belong to this region. To define LL(x̃), I will first introduce

the bounds which can be derived from the constraints.

Definition 3.3.2. For any i in {1, . . . , D}, a constraint ϕ of the form (3.1) s.t. wi ̸= 0

defines a bound on xi given by the expression:

εϕi = −
∑
k ̸=i

(wk/wi)xk − b/wi.

Furthermore, if wi is positive, ε
ϕ
i is a lower bound on xi, i.e., xi− εϕi ≥ 0. Otherwise,

εϕi is an upper bound on xi, i.e., −xi + εϕi ≥ 0.
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Given Definition 3.3.2, the constraints Πi, and the computed values LL(x̃)j asso-

ciated with the features xj with j < i, I can now determine the upper bounds (resp.,

lower bounds) on xi, for each i in {1, . . . , D}. Clearly, each constraint ϕ in Π+
i (resp.,

Π−
i ) defines a lower (resp., upper) bound on xi. And, as each bound expressed by εϕi

may contain variables xj distinct from xi, all xj’s need to be instantiated to get a

value for the bound. Note that, instead of substituting x̃j for xj, it is crucial LL(x̃)j is

substituted for xj. This step will ensure that the changes made to compute the values

of LL(x̃)j corresponding to the variables xj appearing before xi in the λ ordering are

accounted for when computing LL(x̃)i.

Importantly, xi may appear in multiple constraints in Π+
i (resp., Π−

i ), this means

that multiple lower (resp., upper) bounds will be placed on xi. For this reason, from

all the lower (resp., upper) bounds only the greatest (resp., least) value need to be

considered when constraining the value of each xi, as in Definition 3.3.3 below.

Definition 3.3.3. For any i in {1, . . . , D}, given sample x̃ and the values of LL(x̃)1,. . .,

LL(x̃)i−1, the values associated with the greatest lower bound (lbi) and the least upper

bound (ubi) for feature i are defined to be: 1

lbi = max(
⋃
ϕ∈Π+

i

εϕi (LL(x̃))) ubi = min(
⋃
ϕ∈Π−

i

εϕi (LL(x̃))), (3.3)

where εϕi (LL(x̃)) corresponds to εϕi instantiated with the values of LL(x̃) such that

each xj is replaced by the corresponding value of LL(x̃)j, for any j in {1, . . . , i− 1}.

Clearly, the fact that Π is satisfiable and the definition of ubi and lbi in (3.3) which

incorporates the values of LL(x̃)j for j < i, ensures lbi ≤ ubi for any i = 1, . . . , D (as

formally stated below in Lemma 3.3.7).

Definition 3.3.4. For any i = 1, . . . , D, LL(x̃)i is defined as:

LL(x̃)i = min(max(x̃i, lbi), ubi). (3.4)

Thus, for every i = 1, . . . , D, I can define LL(x̃)i and ultimately obtain a new

sample LL(x̃), which is guaranteed to satisfy the constraints in Π.

Example 3.3.5. Continuing with the example, Π = {x1 − x2 ≥ 0, x2 − 4.6 ≥ 0},
Π2 = Π, Π1 = {x1 − 4.6 ≥ 0}. If x̃1 = 7 and x̃2 = 3, then LL(x̃)1 = 7 and

LL(x̃)2 = 4.6, while if x̃1 = x̃2 = 3, then LL(x̃)1 = LL(x̃)2 = 4.6.

1I assume the function min(V ) over a finite set V of values in R to be defined as min(∅) = +∞,
and min({v}∪V ′) = v if v ≤ min(V ′) and min(V ′) otherwise. Analogously for the function max(V ).
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I will now prove that LL(x̃) satisfies the constraints in Π.

Theorem 3.3.6. Let m be a deep generative model. Let Π be a satisfiable and finite

set of constraints over the sample space. Let λ be a variable ordering and LL be the

constraint layer built from λ and Π. Then, the model m+LL obtained by incorporating

LL into m is compliant with Π.

Proof. The proof is by induction on the number of variables in Π, denoted by n.

Recall that {x1, . . . , xD} is the set of variables and that I assumed, w.l.o.g., λ(xi) = i.

For the base case n = 0, Π does not contain variables and, since Π is satisfiable,

for each constraint
∑

k wkxk + b ≥ 0 in Π, wk = 0 for all k, b ≥ 0, and any sample

satisfies the constraint. Thus, any sample satisfies Π.

Assume now that n > 1 variables appear in Π and let xk be the variable with the

highest λ value occurring in Π. This means that xD, xD−1, . . . , xk+1 do not occur in

Π. So, by the definition of Πi in (3.2), ΠD = ΠD−1 = . . . = Πk = Π and exactly n

variables appear in Πk. Moreover,

Πk−1 = Πk \ (Π−
k ∪ Π+

k ) ∪ {redk(ϕ1, ϕ2) | ϕ1 ∈ Π−
k , ϕ

2 ∈ Π+
k }. (3.5)

Clearly, by construction, less than n variables appear in Πk−1. Then, for the in-

ductive hypothesis, assume LL(x̃) satisfies Πk−1, for an arbitrary sample x̃.

For the induction step, I will prove that if the induction hypothesis holds, then

LL(x̃) satisfies Πk. Since Equation (3.5) implies that Πk ⊆ Πk−1 ∪ Π−
k ∪ Π+

k , proving

that LL(x̃) satisfies Πk reduces to proving that LL(x̃) satisfies both Π+
k and Π−

k .

I will first prove that LL(x̃) satisfies each constraint ϕ ∈ Π+
k . From Definition

(3.3.2), recall that ϕ can be expressed as xk ≥ εϕk . It is then sufficient to prove

that the inequality holds if we instantiate both sides with LL(x̃), i.e., show that

LL(x̃)k ≥ εϕk(LL(x̃)) holds. From Definition (3.3.3), lbk ≥ εϕk(LL(x̃)). Additionally,

by Definition (3.3.4), it is clear that LL(x̃)k ≥ lbk. Thus, LL(x̃)k ≥ εϕk(LL(x̃)), proving

that LL(x̃) satisfies ϕ, for all ϕ ∈ Π+
k . Analogously, LL(x̃) satisfies each constraint

ϕ ∈ Π−
k .

Before proving the rest of the LL’s properties, I introduce below a helpful Lemma.

Lemma 3.3.7. For an arbitrary sample x̃, let lbi and ubi be the greatest lower bound

and the least upper bound, respectively, determined by the constraint layer LL for

feature xi. Then:

(a) If at least one of lbi and ubi is not finite, then lbi < ubi.

(b) If both lbi and ubi are finite, then lbi ≤ ubi.
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Proof. (a) If at least one of lbi and ubi is not finite, then at least one of Π+
i and Π−

i

is empty. By Definition (3.3.3), we have that (i) if Π+
i is empty, then lbi is −∞, and

(ii) if Π−
i is empty, then ubi is ∞. Thus, lbi < ubi.

(b) If both lbi and ubi are finite, then both Π+
i and Π−

i are non-empty. Then,

by Definition (3.3.3), there exist constraints ϕ+ ∈ Π+
i and ϕ− ∈ Π−

i such that lbi =

εϕ
+

i (LL(x̃)) and ubi = εϕ
−

i (LL(x̃)), respectively. Substituting LL(x̃)j for each xj in

εϕ
+

i and εϕ
−

i , it is possible to rewrite ϕ+ and ϕ− as lbi ≤ xi and xi ≤ ubi, respectively,

from which the Lemma statement immediately follows.

Corollary 3.3.8. Suppose that the assumptions of Theorem 3.3.6 hold. Then, for

any i in {1, . . . , D}, the following is true:

LL(x̃)i = min(max(x̃i, lbi), ubi) = max(min(x̃i, ubi), lbi). (3.6)

Proof. If both lbi and ubi are finite then, from Lemma 3.3.7, lbi ≤ ubi for any sample

x̃ produced by m and any i ∈ {1, . . . , D}. Hence, we have three possibilities: x̃i ≤
lbi ≤ ubi, or lbi ≤ ubi ≤ x̃i, or lbi ≤ x̃i ≤ ubi. For each of these, it is easy to check

that the value of min(max(x̃i, lbi), ubi) matches the value of max(min(x̃i, ubi), lbi).

Analogously, if at least one of lbi and ubi is not finite, from Lemma 3.3.7, lbi < ubi.

Thus, the similar three possibilities involving the value of x̃i can be easily checked to

arrive at the same result.

In addition to satisfying the constraints, LL(x̃) needs to be optimal in the sense

that LL(x̃) has to minimally differ from x̃. This intuition is formalised below, in

Definition 3.3.9.

Definition 3.3.9. Given a sample x̃ of a DGM m, a satisfiable and finite set of

constraints Π, and the constrained layer LL, LL(x̃) is optimal (with respect to Π) if

(i) LL(x̃) satisfies Π, and (ii) there does not exist another sample x̃′, different from

LL(x̃), which satisfies Π and such that |x̃′i− x̃i| ≤ |LL(x̃)i− x̃i|, for each i = 1, . . . , D.

Indeed, if a sample x̃ satisfies the constraints, we expect LL(x̃) to return x̃ and,

thus, be optimal. Notice that more than one value might satisfy the above definition of

optimality. Given a sample x̃, the proposed definition has the advantageous properties

that (i) if x̃ satisfies the constraints then LL(x̃) = x̃ is the unique optimal solution,

and (ii) if x̃ does not satisfy the constraints then it is not possible to get “closer”

to x̃ along all the dimensions while satisfying the constraints. This rather relaxed
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definition of optimality allows for considering different methods to compute LL(x̃),

each corresponding to a preference about the set of features which should minimally

change. In this case, the features that need to minimally change are those whose

distribution is better approximated by the unconstrained DGM. For this reason, in

Chapter 4, I discuss how to define different policies to compute LL(x̃), which take

into account the ability of the DGM to learn the features’ distribution and different

relations (such as statistical and causal relations) between the features.

Theorem 3.3.10. Let m be a deep generative model and x̃ a sample produced by m.

Let Π be a satisfiable and finite set of constraints over the sample space. Let λ be a

variable ordering and LL be the constraint layer built from λ and Π. If x̃ satisfies Π,

then LL(x̃) = x̃ and LL(x̃) is optimal.

Proof. I will first prove by contradiction that if x̃ satisfies Π, then LL(x̃) = x̃.

Assume LL(x̃) ̸= x̃ and let i be the lowest index w.r.t. λ such that LL(x̃)i ̸= x̃i.

Then, LL(x̃)i = min(max(x̃i, lbi), ubi) ̸= x̃i. There are two cases in which this could

happen: either (i) x̃i < lbi, or (ii) x̃i > ubi.

Consider case (i). By the assumption on i and given λ(xi) = i, x̃j = LL(x̃)j holds

for all j < i. Hence, for any ϕ ∈ Π+
i , εϕi (LL(x̃)) = εϕi (x̃), which implies that

lbi = max(
⋃
ϕ∈Π+

i

εϕi (LL(x̃))) = max(
⋃
ϕ∈Π+

i

εϕi (x̃)). (3.7)

If x̃ satisfies Π, then it must satisfy Π+
i , since Π+

i is derived from Π. Thus, x̃i ≥ εϕi (x̃),

for any ϕ ∈ Π+
i . Combining this with Equation (3.7), we get x̃i ≥ lbi, which contradicts

the assumption of case (i) under which x̃i < lbi. We thus reach a contradiction. The

proof for case (ii) is obtained in a similar way. Since in both cases a contradiction is

reached, LL(x̃) = x̃ holds.

Now I will prove that if x̃ satisfies Π, then LL(x̃) is optimal. If x̃ satisfies Π then,

from Theorem 3.3.10, LL(x̃) = x̃. So there is no other sample x̃′ ̸= LL(x̃) for which

|x̃′i− x̃i| ≤ |LL(x̃)i− x̃i| = 0, for all i. Hence, by Definition 3.3.9 of the optimality of

LL(x̃), we have that LL(x̃) is optimal w.r.t. Π if x̃ satisfies Π.

Except in the fortunate cases where sample x̃ already satisfies the constraints, I

will show that LL(x̃) is guaranteed to be optimal.

Lemma 3.3.11. Let m be a deep generative model. Let Π be a satisfiable and finite

set of constraints over the sample space. Let λ be a variable ordering and LL be the

constraint layer built from λ and Π. Let x̃ be a sample produced by m. Then LL(x̃)

is optimal with respect to Π.
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Proof. Recall that, w.l.o.g., λ(xi) = i. To show that LL(x̃) is optimal with respect to

Π, it suffices to show that for every i = 1, . . . , D, there is no other sample x̃′ satisfying

Π such that (i) x̃′j = LL(x̃)j, for all 1 ≤ j < i, and (ii) |x̃′i − x̃i| < |LL(x̃)i − x̃i|. The

proof is by induction on i.

For the base case i = 1, the only variable that can appear in Π1 is x1. Hence, there

are four subcases:

1. Π1 is either empty or contains a constraint of the form b ≥ 0, which is always

satisfied since Π is satisfiable. Thus, LL(x̃)1 = x̃1.

2. Π1 is of the form {x1 + b ≥ 0} and, thus, LL(x̃)1 = max(x̃1,−b).

3. Π1 is of the form {−x1 + b ≥ 0} and, thus, LL(x̃)1 = min(x̃1, b).

4. Π1 is of the form {x1 + a ≥ 0,−x1 + b ≥ 0}. Since Π is satisfiable, a + b ≥ 0.

Then,

LL(x̃)1 =


−a, if x̃1 < −a,
x̃1, if − a ≤ x̃1 ≤ b,

b, otherwise.

Clearly, the statement trivially holds in each of these four subcases.

For the induction hypothesis, assume that the statement holds when i = k, for

some k > 0. Now, for the induction step where i = k+1 > 1, assume by contradiction

that there exists another sample x̃′ satisfying Π such that x̃′j = LL(x̃)j, for all 1 ≤
j < i, and |x̃′i − x̃i| < |LL(x̃)i − x̃i|. From the construction of Πi, we know that only

x1, . . . , xi appear in Πi. So if LL(x̃)j is substituted for each variable xj in Πi, where

j < i, then the only variable appearing in the resulting set of constraints will be xi.

However, this simply represents the base case, for which the statement to be proved

holds. Therefore, a contradiction is reached and, thus, the statement is proved.

3.4 Experimental Analysis

In this Section, I quantitatively evaluate different aspects of the approach I proposed

above, in Section 3.3, to support the following claims:

1. Background knowledge alignment: How often do constraint violations occur?

In Section 3.4.2, I show that standard DGMs often violate the constraints express-

ing background knowledge. On the other hand, the DGM+LL models guarantee

the constraints’ satisfaction.
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2. Synthetic data quality: Does background knowledge improve the synthetic data

quality? In Section 3.4.3, I empirically demonstrate that DGM+LL models out-

perform the standard DGMs in terms of two metrics: machine learning efficacy

and detection.

3. Post-processing ability: Can LL act as a guardrail at inference time? In Sec-

tion 3.4.4, I show that LL can be used as a guardrail while slightly improving the

overall performance of the DGMs.

4. Impact on generation time and training dynamics: Does background knowl-

edge injection affect generation time? In Section 3.4.5, I compare the sample gen-

eration time of the standard DGMs and the DGM+LL models and show that LL

does not hinder generation at inference time. Lastly, I investigate the effect of LL

on the training dynamics.

First, in Section 3.4.1, I provide details for (i) the models, (ii) the datasets, (iii)

the metrics used for evaluating the performance of the models, as well as (iv) the

hyperparameter search used for setting up the experiments in the following Sections.

The full code is provided on GitHub.2

3.4.1 Experimental Setup

Models. I experimented with five DGM models, namely WGAN (Arjovsky et al.,

2017), TableGAN (Park et al., 2018), CTGAN (Xu et al., 2019), TVAE (Xu et al.,

2019), and GOGGLE (Liu et al., 2022). Each model was augmented by LL, resulting in

WGAN+LL, TableGAN+LL, CTGAN+LL, TVAE+LL, and GOGGLE+LL models.

Below I include a short description for each base model:

• WGAN (Arjovsky et al., 2017) is a GAN model trained with Wasserstein loss

in a typical generator-discriminator GAN-based architecture. The variant used

here relies on a MinMax transformer for the continuous features and on one-hot

encoding for categorical ones. Indeed, the original version of WGAN was not

specifically designed for tabular data and therefore needed to be adapted for

this use case.

• TableGAN (Park et al., 2018) is among the first GAN-based approaches pro-

posed for tabular data generation. In addition to the typical generator and

discriminator architecture for GANs, the authors proposed adding a classifier

trained to learn the relationship between the labels and the other features. The

2The code is available at https://github.com/mihaela-stoian/ConstrainedDGM.
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classifier ensures a higher number of semantically correct produced records.

TableGAN uses a MinMax transformer for the features.

• CTGAN (Xu et al., 2019) uses a conditional generator and training-by-sampling

strategy in a generator-discriminator GAN architecture to model tabular data.

The conditional generator generates synthetic rows conditioned on one of the

discrete columns. The training-by-sampling ensures that the data are sampled

according to the log-frequency of each category. Both help to better model

the imbalanced categorical columns. CTGAN transforms discrete features us-

ing one-hot encoding and a mode-based normalisation for continuous features.

A variational Gaussian mixture model (Camino et al., 2018) is used to estimate

the number of modes and fit a Gaussian mixture. For each continuous value,

a mode is sampled based on probability densities, and its mean and standard

deviation are used to normalise the value.

• TVAE (Xu et al., 2019) was proposed as a variation of the standard Variational

AutoEncoder to handle tabular data. It uses the same transformations of data

as CTGAN and trains the encoder-decoder architecture using evidence lower-

bound (ELBO) loss.

• GOGGLE (Liu et al., 2022) is a graph-based approach to learning the rela-

tional structure of the data as well as functional relationships (dependencies

between features). The relational structure of the data is learned by building a

graph where nodes are variables and edges indicate dependencies between them.

The functional dependencies are learned through a message passing neural net-

work (MPNN). The generative model generates each variable considering its

surrounding neighbourhood.

Datasets. To evaluate the models, I selected real-world datasets for which a

clear description of the feature relationships was either available or derived from the

domain expertise. The selection was limited to datasets with at least three known

constraints. As a result, I found six such datasets, four for binary classification tasks,

one for multi-class classification, and one for regression.

The selected datasets are listed below:

• URL3 (Hannousse and Yahiouche, 2021) is used to perform webpage phishing

detection with features describing statistical properties of the URL itself as well

as the content of the page.

3Link to dataset: https://data.mendeley.com/datasets/c2gw7fy2j4/2
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Table 3.1: Datasets statistics. For each dataset, the following are provided: (i) the
number of samples in the training partition, (ii) the number of samples in the vali-
dation partition, (iii) the number of samples in the testing partition, (iv) the number
of features, (v) the number of categorical features, (vi) the number of continuous
features, and (vii) the type of downstream task (along with the number of output
classes, if the task is multi-class classification).

Dataset # Train # Val. # Test # Feats. # Cat. # Cont. Task (# classes)

URL 7K 2K 2K 64 20 44 Binary classification
WiDS 22K 6K 7K 109 9 100 Binary classification
LCLD 494K 199K 431K 29 8 21 Binary classification
Heloc 8K 2K 0.2K 24 8 16 Binary classification
FSP 2K 0.2K 0.2K 28 0 28 Multi-class class. (7)
News 31K 7K 1K 60 14 46 Regression

• WiDS4 is used to predict if a patient is diagnosed with a particular type of

diabetes named Diabetes Mellitus, using data from the first 24 hours of intensive

care.

• LCLD5 is used to predict whether the debt lent is unlikely to be collected. In

particular, the LCLD version I used is the feature-engineered dataset from Si-

monetto et al. (2022), inspired from the LendingClub loan data. The dataset

captures features related to the loan as well as client history.

• FICO’s Home Equity Line of Credit dataset (Heloc6) from the FICO xML

Challenge is used to predict whether customers will repay their credit lines

within 2 years. Similarly to LCLD, the dataset has features related to the credit

line and the client’s history.

• FSP7(Buscema, 1998) is used to predict 7 types of surface defects in stainless

steel plates. The features approximately capture the geometric shape of the

defect and its outline.

• News8 (Fernandes et al., 2015) is used to predict the number of times a news

article will be shared on social networks. The features capture properties of the

text, as well as the publishing time.

4Link to dataset: https://www.kaggle.com/competitions/widsdatathon2021
5Link to dataset: https://figshare.com/s/84ae808ce6999fafd192
6Link to the dataset: https://huggingface.co/datasets/mstz/heloc
7Link to dataset: https://www.kaggle.com/datasets/uciml/faulty-steel-plates
8Link to dataset: https://archive.ics.uci.edu/dataset/332/online+news+popularity
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Table 3.2: Constraints statistics. For each dataset, the following are provided: (i) the
number of constraints, (ii) the number of features appearing in the constraints set
out of the total number of features available in the dataset, (iii) the average number
of features per constraint, (iv) the average number of positive features per constraint,
and (v) the average number of negative features per constraint.

Dataset # Constr. F / D Avg. Fϕ Avg. F+
ϕ Avg. F−

ϕ

URL 8 24 / 64 4.25 1.00 3.25
WiDS 31 62 / 109 2.00 1.00 1.00
LCLD 4 5 / 29 1.50 0.75 0.75
Heloc 7 10 / 24 2.00 1.00 1.00
FSP 4 7 / 28 2.00 1.00 1.00
News 5 9 / 60 2.00 1.00 1.00

For URL, WiDS, and LCLD, I used the training-validation-testing splits provided

by Simonetto et al. (2022). For Heloc I used the training-testing split of 80-20%,

and 20% of the training set was later held out for validation. Finally, for FSP and

News I split the data into 80-10-10% sets, and for the former (which is a multi-class

classification dataset) I preserved the class imbalance.

The selected datasets vary not only in size (2K to 1M rows), but also in fea-

ture number (24 to 109) and feature type (continuous, categorical, or mixed). The

constraints between features are equally varied in number (from 4 to 31) as well as

number of features appearing in each constraint (from 1 to 17). An overview of these

datasets’ statistics can be found in Table 3.1.

Finally, I will outline the structure of the constraints found in the selected datasets.

To this end, let F be the number of features appearing in at least one constraint, and

recall that D is the total number of features. Then, given a constraint ϕ, let F+
ϕ (resp.

F−
ϕ ) be the number of features appearing positively (resp. negatively) in ϕ, and let

Fϕ = F+
ϕ + F−

ϕ be the number of features appearing in ϕ.

As shown in Table 3.2, the constraints characteristics greatly vary from between

the datasets. Indeed, we can have from 4 to 31 constraints annotated for each dataset,

with as little as 15% of the variables appearing in at least a constraint in News to as

much as 56.88% in WiDS. Further, for almost all datasets, the average number of fea-

tures appearing per constraint is 2, except for (i) URL, which has a constraint where

as many as 17 different features appear, and (ii) LCLD, which has two constraints

where a single variable appears. For examples of constraints, see Tables H.1 and H.2

of Appendix H.1.
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Sample Quality Evaluation. I quantitatively evaluate two characteristics of the

quality of generated samples: (i) machine learning efficacy, i.e., whether the synthetic

data can be used as an alternative to the real data to train models for downstream

tasks, and (ii) detection, i.e., whether a classifier can be trained to tell apart the

synthetic samples from the real data.

In order to evaluate the machine learning efficacy of the generated samples, I fol-

lowed the Train on Synthetic, Test on Real (TSTR) framework (Esteban et al., 2017;

Jordon et al., 2019). More precisely, I followed closely the TSTR variant presented

in Kim et al. (2023). For completion, the protocol is reproduced also here:

1. First, I generated a synthetic dataset and split it into training, validation and

test partitions using the same proportions as the real dataset.

2. Then, I performed a hyperparameter search using the synthetic training data

partition to train different classifiers/regressors.

(a) Specifically, for the binary classification datasets (i.e., URL, WiDS, LCLD,

and Heloc) I used Decision Tree (Wu et al., 2008), AdaBoost (Schapire,

2013), Multi-layer Perceptron (MLP) (Haykin, 1994), Random Forest (Ho,

1995), XGBoost (Chen and Guestrin, 2016), and Logistic Regression (Cox,

1958) classifiers.

(b) For multi-class classification datasets, (i.e., FSP) I used Decision Tree,

MLP, Random Forest, and XGBoost classifiers.

(c) For the regression dataset (i.e., News), I used MLP, XGBoost, and Random

Forest regressors and linear regression.

For all the classifiers and regressors above, I considered the same hyperparam-

eter settings as those from Table 26 of (Kim et al., 2023) and picked the best

hyperparameter configuration using the real validation set according to the F1-

score.

3. Finally, I tested the selected best models on the real test set and averaged the

results across all the classifiers/regressors to get performance measurements for

the synthetic samples. More precisely, for the classification datasets, I reported

the average F1-score, weighted F1-score, and Area Under the ROC Curve. On

the other hand, for the regression datasets, I reported the explained variance

and mean absolute error.
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Table 3.3: Constraint violation rate (CVR) for each model and dataset.

Model/Dataset URL WiDS LCLD Heloc FSP News

WGAN 11.1±1.6 98.2±0.2 100.0±0.0 57.0±13.0 70.7±8.3 45.6±9.6
TableGAN 4.9±1.4 96.4±2.4 6.1±0.9 45.6±16.3 71.6±8.7 72.6±5.3
CTGAN 3.1±2.6 99.9±0.0 11.8±2.7 41.6±12.1 74.3±5.2 54.3±10.1
TVAE 3.0±0.7 99.9±0.0 3.9±0.5 55.5±1.4 66.4±3.0 50.3±3.9
GOGGLE 5.9±6.6 78.2±11.6 13.1±2.9 47.3±7.0 63.7±17.6 44.8±7.2

All models+LL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0 0.0±0.0

The above procedure was repeated five times for each standard DGM and each

DGM+LL model, and the results were averaged separately for every metric.

To evaluate the models in terms of detection, I followed the popular evaluation

method for tabular data generation (see, e.g., Liu et al. (2022)). More precisely, I

adapted the procedure presented by Kim et al. (2023) and trained multiple classifiers

(e.g., Decision Tree, AdaBoost etc.) to distinguish between the real and synthetic

datasets. I first created the training, validation, and testing sets by concatenating real

and synthetic data, including their targets as usual features, and adding a new target

column that specifies whether the data is real or not. By construction, these datasets

are binary classification datasets and, thus, are suitable for the hyperparameter search

procedure presented in Kim et al. (2023) using the six different binary classifiers

mentioned above. I selected the best model using the newly-created validation set,

and reported the final detection performance on the newly-created testing data (which

combines the real and the synthetic data) w.r.t. the average F1-score, AUROC and

weighted F1-score. Again, I reported the metrics over five runs.

Hyperparameter search. To ensure that the comparisons between the DGM+LL

models and the baseline unconstrained DGMs are meaningful, I conducted an exten-

sive hyperparameter search to reveal the best configurations. In Table A.1 of Ap-

pendix A, I provide the best hyperparameter configurations, which I used for the

experiments presented in the next Sections. Importantly, I used the same hyperpa-

rameters for the DGM+LL models. Furthermore, for the DGM+LL models, I reported

the variable ordering hyperparameter that needs to be given to the LL. I give a full

description of the orderings and of the impact they have on the performance in Chap-

ter 4.
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Table 3.4: Constraints violation coverage (CVC) for all datasets and models.

Model/Dataset URL WIDS LCLD HELOC Faults News

WGAN 11.1 ± 1.6 100.0 ± 0.0 75.0 ± 0.0 100.0 ± 0 75.0 ± 0.0 84.8 ± 8.7
TableGAN 24.5 ± 3.7 100.0 ± 0.0 50.0 ± 0.0 100.0 ± 0 75.0 ± 0.0 100.0 ± 0.0
CTGAN 16.5 ± 3.8 100.0 ± 0.0 50.0 ± 0.0 99.4 ± 1.3 75.0 ± 0.0 100.0 ± 0.0
TVAE 12.5 ± 0.0 100 ± 0.0 50.0 ± 0.0 100.0 ± 0.0 75.0 ± 0.0 100.0 ± 0.0
GOGGLE 17.5 ± 6.9 99.2 ± 1.7 50.0 ± 0.0 100.0 ± 0.0 75.0 ± 0.0 100.0 ± 0.0

All models+LL 0.0 ± 0.0 0.0 ± 0.0 0.0 ± 0.0 0.0 ± 0.0 0.0 ± 0.0 0.0 ± 0.0

Table 3.5: Sample-wise constraints violation coverage (sCVC) for all models and
datasets.

Model/Dataset URL WIDS LCLD HELOC Faults News

WGAN 1.4 ± 0.2 21.2 ± 1.3 29.8 ± 0.2 10.5 ± 2.5 23.3 ± 4.3 12.1 ± 2.4
TableGAN 0.6 ± 0.2 14.4 ± 2.8 1.5 ± 0.2 9.0 ± 3.3 22.9 ± 3.2 24.1 ± 3.3
CTGAN 0.4 ± 0.3 21.6 ± 0.5 3.0 ± 0.7 7.6 ± 0.3 24.4 ± 2.4 15.8 ± 3.9
TVAE 0.4 ± 0.1 21.0 ± 0.2 1.0 ± 0.1 9.4 ± 0.2 21.5 ± 1.5 14.3 ± 1.1
GOGGLE 0.8 ± 0.9 10.6 ± 2.4 3.3 ± 0.7 17.2 ± 4.9 18.8 ± 5.3 10.7 ± 1.6

All models+LL 0.0 ± 0.0 0.0 ± 0.0 0.0 ± 0.0 0.0 ± 0.0 0.0 ± 0.0 0.0 ± 0.0

3.4.2 Background Knowledge Alignment

Quantitative analysis. In order to assess the ability of standard DGMs to create

samples that are aligned with the available background knowledge, I measure the

constraint violation rate (CVR). Given a set of synthetic samples S and a set of

constraints Π, CVR computes the percentage of samples in S violating Π. Table 3.3

shows the CVR for each tested model and dataset. In particular, the first five rows

report the CVR for the standard DGMs, while the last row reports the CVR for all

their respective constrained versions (i.e., WGAN+LL, TableGAN+LL, etc.) as it is

always equal to zero for all models, datasets and runs. This is expected, since the

DGM+LL models offer theoretical guarantees to always generate samples compliant

with the constraints. As we can see in Table 3.3, no standard DGM guarantees to

produce only samples satisfying the constraints. Further, in more than half of the

reported experiments, CVR > 50% (i.e., more than half of the generated samples

violate the constraints), with peaks of CVR = 100% for WGAN tested on LCLD and

CVR > 95% for four out of five DGMs tested on WiDS.

Additionally, to give a better overview of the results, I present the results accord-

ing to two other metrics: (i) constraints violation coverage (CVC), which represents

the percentage of constraints in Π that have been violated at least once by any of
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Figure 3.2: Sample distribution for real data and data obtained from an unconstrained
TableGAN model and its corresponding constrained TableGAN+LL model on the
WiDS dataset.

the samples in S, and (ii) sample-wise constraints violation coverage (sCVC), which

represents the average over the samples in S of the percentage of the constraints

violated by each sample.

Table 3.4 shows that for 5 out of 6 datasets, for every unconstrained DGM tested,

the generated samples collectively violate at least 50% of the constraints, with CVC

reaching up to 100% for WiDS, Heloc and News. This entails that the models actually

struggle with the majority of the constraints specified, and that the problem cannot

be solved by just fixing a very small subset of the available constraints. Meanwhile, all

DGM+LL models guarantee that no constraints are violated by any of the samples.

Regarding sCVC, the results in Table 3.5 show that for all models and datasets,

on average each sample can violate up to 29.8% of the constraints. As a reminder,

violating even one constraint makes the example infeasible in a real setting. The

unconstrained DGM models learn different representations that produce different

rankings for sCVC. For example, WGAN violates on average the most constraints

per samples in LCLD. But, for TableGAN, CTGAN, TVAE and GOGGLE, LCLD is

among the datasets with the lowest sCVC. Again, all DGM+LL models ensure that

sCVC is 0, meaning not a single constraint is violated for all the samples.

Qualitative analysis. In order to visually demonstrate the difference between

DGMs and the DGM+LL models, I first select a constraint where only two variables

appear: MaxHaemoglobinLevel ≥ MinHaemoglobinLevel from the WiDS dataset.

Then, I create two-dimensional scatter-plots of (i) the real data, (ii) the samples

generated by an unconstrained DGM, and (iii) the samples generated by the cor-

responding DGM+LL model, as shown in Figure 3.2 for TableGAN. Note that the
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Table 3.6: Results for every DGM+LL and their respective unconstrained DGM ver-
sions. The best results are in bold.

Efficacy (↑) Detection (↓)
F1 wF1 AUC F1 wF1 AUC

WGAN 0.463 0.488 0.730 0.945 0.943 0.954
WGAN+LL 0.483 0.502 0.745 0.915 0.912 0.934

TableGAN 0.330 0.400 0.704 0.908 0.907 0.926
TableGAN+LL 0.375 0.432 0.714 0.898 0.895 0.917

CTGAN 0.508 0.526 0.770 0.905 0.907 0.928
CTGAN+LL 0.510 0.533 0.770 0.893 0.896 0.922

TVAE 0.497 0.527 0.767 0.869 0.868 0.892
TVAE+LL 0.507 0.537 0.773 0.868 0.867 0.898

GOGGLE 0.344 0.373 0.624 0.926 0.926 0.943
GOGGLE+LL 0.409 0.427 0.667 0.925 0.916 0.937

variables appearing in the constraint are marked on the axes of the plots. Furthermore,

in each plot, I highlight in red the region violating the constraint.

Clearly, the Figure confirms the quantitative analysis presented earlier, as the

unconstrained model often violates the constraint, while the constrained counterpart

produces outputs only within the feasible regions of the real data. Further, the Figure

shows how the distribution of the samples generated by the DGM+LL models match

more closely the distribution of the real data.

3.4.3 Synthetic Data Quality

Does background knowledge improve the synthetic data quality? To answer this ques-

tion, in this Section, I compare the performance of the standard DGMs with their

respective DGM+LL models in terms of machine learning efficacy and detection, as

specified in Section 3.4.1. Note that the results for each DGM+LL correspond to the

best ordering indicated by the hyperparameter search from Table A.1 of Appendix A.

The results of the conducted experiments are summarised in Table 3.6, where I

report the average machine learning efficacy performance (left) and the average de-

tection performance (right) over all datasets with respect to: F1-score (F1), weighted

F1-score (wF1), and Area Under the ROC Curve (AUC).

As shown in the Table, the DGM+LL models consistently improve upon their stan-

dard unconstrained DGM counterparts. In terms of efficacy, the constrained models
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show superior or equal performance across every metric for every model. For detec-

tion, the constrained models achieve a better (i.e., lower) score in all but one instance:

the AUC score for TVAE+LL.

Often, the performance gain is non-negligible. For instance, in efficacy, the DGM+LL

models yield an average improvement of 2.8%, 2.3%, and 1.5% w.r.t. the F1-score,

weighted F1-score, and AUC, respectively. Further, in the case of GOGGLE, the con-

strained GOGGLE+LL model registers the highest improvement (of 6.5%) in F1-score

for efficiency. These results demonstrate that incorporating background knowledge not

only ensures compliance with the constraints but also enhances the overall quality of

the synthetic data.

Notice that the machine learning efficacy results obtained on News are reported

separately, in Table B.4. The reason is that News is a regression dataset and, as

described in Section 3.4.1, the metrics (i.e., Explained Variance and Mean Absolute

Error) for this type of data use different scales than the metrics reported for the

classification datasets in Table 3.6. For News, in all cases except TableGAN, the

DGM+LL models either yield an improvement or no change in the machine learning

efficacy performance according to at least one of the two metrics.

For reference, I provide the real data efficacy performance for each model and

dataset in Table F.1 of Appendix F.1, also comparing it with the results from the

DGM+LL models.

3.4.4 Post-processing Ability

Can LL act as a guardrail at inference time? The DGM+LL models use the con-

straints to correct the predictions both at training and inference time. However, the

constraints can simply be used at inference time to correct the predictions only once.

Indeed, in many practical scenarios, users might not want to modify and retrain their

model to add a constraint layer. For example, this might be the case for companies

that already have their (possibly black-box) models and/or already generated data

that simply needs to be aligned with the available background knowledge. In this

Section, I show that LL can be added at inference time as a guardrail on any model

without hindering the quality of the generated data.

The results of the conducted analysis are shown in Table 3.7, where P-DGM stands

for a standard DGM with LL added as a post-processing step at inference time. The

results demonstrate that P-DGMs outperform their standard counterparts 20 times

out of 30 (in 2 other cases having equal performance), thus showing the potential of

using LL as a post-processor. As expected, the difference in results is often very small,
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Table 3.7: Results for every P-DGM and their respective standard version. The best
results are in bold.

Efficacy (↑) Detection (↓)
F1 wF1 AUC F1 wF1 AUC

WGAN 0.463 0.488 0.730 0.945 0.943 0.954
P-WGAN 0.462 0.489 0.732 0.930 0.929 0.946

TableGAN 0.330 0.400 0.704 0.908 0.907 0.926
P-TableGAN 0.328 0.399 0.707 0.901 0.898 0.922

CTGAN 0.508 0.526 0.770 0.905 0.907 0.928
P-CTGAN 0.512 0.528 0.770 0.897 0.900 0.927

TVAE 0.497 0.527 0.767 0.869 0.868 0.892
P-TVAE 0.495 0.524 0.767 0.875 0.876 0.902

GOGGLE 0.344 0.373 0.624 0.926 0.926 0.943
P-GOGGLE 0.348 0.374 0.626 0.925 0.924 0.942

Table 3.8: Training time (in minutes). The results are reported for the unconstrained
CTGAN models and the constrained CTGAN+LL models, across all datasets, where
the models have been trained for the same number of epochs.

URL WiDS LCLD Heloc FSP News

CTGAN 10.60 19.23 54.03 10.40 1.68 18.51
CTGAN+LL 34.12 59.00 125.33 27.31 3.93 52.48

as the LL layer is only applied at inference time. On the contrary, comparing the P-

DGMs models with the DGM+LL models from Table 3.6 shows that the DGM+LL

models perform better almost always. This is again expected, as the DGM+LL models

are injected with the background knowledge at training time, thus making them able

to exploit it.

3.4.5 Impact on Generation Time and Training Dynamics

Training time. During training, LL requires (i) first mapping the unconstrained

samples from the latent space (the neural network space) to the feature space (where

the real data reside), at which point LL corrects the samples, and (ii) then mapping

the corrected samples back to latent space to continue training. Given this sequence

of transformations, incorporating the LL layer into DGMs is expected to introduce a

computational overhead. In Table 3.8, I provide the training times for the CTGAN

model and its constrained counterpart, across all six datasets, namely URL, WiDS,
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Table 3.9: Sample generation time (in seconds).

URL WiDS LCLD Heloc FSP News

WGAN 0.02 0.03 0.01 0.00 0.00 0.01
WGAN+LL 0.02 0.04 0.01 0.01 0.01 0.02

TableGAN 0.18 3.21 0.17 0.17 0.18 0.20
TableGAN+LL 0.19 3.19 0.18 0.18 0.18 0.19

CTGAN 0.13 0.26 0.08 0.06 0.08 0.14
CTGAN+LL 0.14 0.27 0.08 0.06 0.08 0.14

TVAE 0.12 0.27 0.06 0.06 0.06 0.12
TVAE+LL 0.13 0.27 0.07 0.06 0.07 0.13

GOGGLE 0.71 3.99 9.91 0.16 0.06 2.01
GOGGLE+LL 0.71 3.86 10.18 0.16 0.06 2.04

LCLD, Heloc, FSP, News. On average, the constrained models need approximately

2.7 times the training duration of their unconstrained counterparts.

Inference time. At inference time, however, the workflow differs. While samples

must still be transformed from latent to feature space, this operation is necessary

also for the unconstrained models. Thus, LL is applied directly to these feature-space

samples as a final step. Crucially, this eliminates the inverse transformation (back to

the latent space) required during training. This distinction motivates the following

investigation.

Does background knowledge injection affect generation time? Another important

aspect of synthetic data generators is their sample generation time (see, e.g., Kim

et al. (2023); Xiao et al. (2022)). To evaluate the overhead of incorporating LL into

DGMs at inference time, for each dataset and model I measure the generation time of

1000 samples and report the average results over 5 runs to mitigate system variance

(with all runtime experiments conducted on the same machine) in Table 3.9.

In theory, the additional processing brought by LL should strictly add runtime.

However, the results show that in 15 out of 30 cases, the constrained versions (the

DGMs+LL) are empirically indistinguishable from, or even slightly faster than, their

unconstrained counterparts (the DGMs). In particular, in 3 of these cases (namely,

for TableGAN and GOGGLE on the WiDS dataset, and for TableGAN on the News

dataset), the constrained models’ average is slightly lower than the unconstrained

models’ average runtime. These counter-intuitive discrepancies are small enough to

be attributed to the operating system’s scheduling variance and background load.
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Figure 3.3: Training and validation loss curves (measuring the auxiliary classifier
loss of the generator) for the Heloc dataset. The plots compare the convergence of
the unconstrained TableGAN baseline against the constrained TableGAN+LL model
over the same number of training epochs.

Conversely, in the cases where overhead is observed (i.e., in the remaining 15 out

30 cases), the differences are minimal. Indeed, only one such case (i.e., GOGGLE

on LCLD) shows a noticeable difference of 0.27s (however, relative to the base run-

time of 9.91s, this represents only an increase of 2.7%), while in the other cases, the

constrained DGMs take at most 0.03s more than the unconstrained DGMs.

Overall, LL introduces no statistically significant overhead to the sampling pro-

cess. To support this claim, I conducted a Wilcoxon signed-rank test across all 30

cases, which yielded a p-value of 0.058 (which is above the standard 0.05 significance

threshold, thus, failing to reject the null hypothesis). This result is particularly inter-

esting given that the proposed representation of the constraints within LL may have

an exponential size (Dechter, 1999). Indeed, no experiment showed any exponential

blow-up, which happens in the worst case, when the constraints have many variables

in common.

Training dynamics. Finally, to investigate the training dynamics, in Figure 3.3,

I show the auxiliary classifier loss of the TableGAN generator trained on the He-

loc dataset. I selected this model as its classifier loss is able to directly evaluate the

discrepancy between the target feature (which is used in downstream tasks) of a gen-

erated sample and the label predicted by TableGAN’s classifier for that sample (Park

et al., 2018). The Figure empirically validates that the gradients flow through the

LL layer. Further, the validation loss closely tracks the training loss, indicating that

the LL layer accelerates early convergence and maintains a more stable, lower loss

throughout the majority of training, without causing the model to overfit.
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3.5 Related Work

The framework presented in this Chapter lies at the intersection of standard tabu-

lar data synthesis and neuro-symbolic AI for its ability to incorporate background

knowledge into neural architectures.

Tabular Data Synthesis. Several approaches based on DGMs have been specif-

ically designed to address particular challenges in generating tabular data such as

mixed types of features, and imbalanced categorical data. Notable among these are

GAN-based approaches like TableGAN (Park et al., 2018), CTGAN (Xu et al., 2019),

OCT-GAN (Kim et al., 2021), and IT-GAN (Lee et al., 2021). These methods lever-

age the power of GANs to model the underlying data distribution and generate syn-

thetic samples that closely resemble real-world tabular data. Few approaches focus

especially on particular domains like healthcare where privacy is important (see, e.g.,

(Choi et al., 2017; Che et al., 2017)). Following privacy concerns, two approaches, i.e.,

DPGAN (Xie et al., 2018) and PATE-GAN (Jordon et al., 2019), incorporate differ-

ential privacy techniques to ensure that the generated synthetic data does not reveal

sensitive information about the individuals in the original dataset. Alternatively to

GANs, Xu et al. (2019) proposed TVAE as a variation of the standard Variational Au-

toEncoder, while TabDDPM (Kotelnikov et al., 2023) and STaSy (Kim et al., 2023)

were proposed following the achievements of score-based models. Finally, Liu et al.

(2022) proposed GOGGLE, a model that uses graph learning to infer relational struc-

ture from the data. Although GOGGLE takes a step forward in incorporating prior

knowledge into the tabular data generation process, it only allows for injecting back-

ground knowledge about existing correlations between pairs of features, differently

from the framework I introduced in this Chapter, which can capture any relationship

among any group of features that can be expressed as a linear inequality.

Neuro-symbolic AI Methods. Neuro-symbolic AI raised great interest in the

recent past for many reasons (see, e.g., (Raedt et al., 2018; d’Avila Garcez and Lamb,

2023), among which there is the ability to incorporate complex background knowl-

edge in deep learning models. Standard approaches in the field incorporate logical

constraints in the training of a neural network by introducing additional terms in the

loss function that penalise the network for violating them (see, e.g., (Diligenti et al.,

2012, 2017b; Xu et al., 2018; Fischer et al., 2019; Badreddine et al., 2022; Stoian et al.,

2023)). These approaches, while often easy to incorporate into neural models, do not

give any guarantee that the constraints are actually satisfied. Alternative approaches,

e.g., DeepProbLog (Manhaeve et al., 2018), rely on a solver to inject background
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knowledge as a set of definite clauses both at training and inference time. A more

recent work (van Krieken et al., 2023) in this line proposed using neural networks

for performing approximate inference in polynomial time to address the scalability

problem of probabilistic neuro-symbolic learning frameworks. More closely to the

framework here, there are the recent methods that are able to incorporate the back-

ground knowledge into the topology of the network itself. However, these methods

are either only able to deal with constraints expressed in propositional logic (Ahmed

et al., 2022b) or less expressive constraints (Giunchiglia and Lukasiewicz, 2021) or

become quickly intractable for even moderately complex logical constraints (Hoernle

et al., 2022). Regarding the application of neuro-symbolic AI in generative tasks: Liello

et al. (2020) incorporate propositional logic constraints on GANs for structured ob-

jects generation, while Misino et al. (2022) show how to integrate ProbLog (Raedt

et al., 2007) with VAEs. The framework here differs from the last two both in the

application domain and in the type of background knowledge incorporated into the

neural networks.

3.6 Conclusion and Discussion

In this Chapter, I introduced a novel method able to translate complex constraints,

expressed as linear inequalities, into a seamlessly-integrated layer, called the Linearly-

constrained Layer (LL), within Deep Generative Models (DGMs), thereby yielding

Linearly-constrained Deep Generative Models (DGM+LL models). This infusion of

domain-specific knowledge directly into the network’s architecture facilitates the gen-

eration of more realistic tabular data samples, as DGM+LL models are guaranteed

to comply with the specified constraints. Furthermore, the conducted experiments

reveal that including the new layer during the training phase enhances the quality of

the generated samples, thus underlining the importance of constraint integration not

only during data generation but also throughout the model’s learning process.

In this Chapter, I focused on constraints that can be expressed as linear inequal-

ities. While this covers a wide range of scenarios, some relationships among features

may demand more expressive constraint representations. In Chapter 5, I will introduce

a framework where even more complex constraints are considered.
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Chapter 4

Feature Ordering in
Linearly-constrained Deep
Generative Models

In this Chapter, which is based on (Stoian et al., 2024a) and (Stoian et al., 2025), I

propose and evaluate several methods for determining the feature ordering used by

the Linearly-constrained Layer (LL). This ordering is critical as it defines the sequence

in which the LL corrects the features’ values.

4.1 Overview and Motivation

The Linearly-constrained Layer (LL), which I introduced in Chapter 3, requires two

inputs to be applied to any deep generative model, namely: the constraints provided

in a finite set Π, and an ordering λ of the tabular data features, which correspond

to a finite set of variables X = {x1, x2, . . . , xD}. The ordering λ : X 7→ {1, 2, . . . , D}
is user-defined and maps every variable (i.e., feature) xi to a unique number that

identifies its position in the order in which LL computes the values of the features.

The Linearly-constrained Layer corrects the value of the i-th feature in a given

sample whenever that value is not compatible with the values of the features in the

λ ordering already corrected by LL (i.e., whenever it violates any of the constraints).

Thus, given a sample x̃, the value of LL(x̃) may depend on the chosen λ ordering

(i.e., different variable orderings may lead to different LL(x̃) values). One advantage

of customising the order is that it can be tailored to the user’s needs. For example,

if users require orderings that consider how closely the generated data distribution

matches the real data distribution, there are a number of ways to achieve this, with

two of them being presented in this Chapter (i.e., the KDE- and Wasserstein distance-
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based methods, as detailed later). Ideally, the ordering should be selected such that

it would help in generating samples of the highest possible quality.

In this Chapter, I address the problem of how to order the variables. To this end,

my intuition is that features whose distributions (and/or relationships with the other

features) are easier to learn should be assigned a lower λ value, so that their value

can be fruitfully used to compute the values associated with features with higher λ

values. Using this intuition as a starting point, I design five different methods to de-

termine such variable orderings. As a baseline ordering method, I randomly permute

the features. Then, I consider two orderings that depend on the performance of the

unconstrained model. In particular, one of the ordering methods I propose relies on

comparing the real and synthetic feature-wise distributions using the Wasserstein dis-

tance. I selected this metric over the standard f-divergences (such as Jensen-Shannon)

or Bregman divergences due to its desirable properties when comparing distributions

whose support might not overlap. Indeed, as noted by Zhao et al. (2021) and Srivas-

tava et al. (2019), these standard divergences are often numerically unstable (or un-

defined) in such cases (a frequent problem with continuous-valued features), whereas

the Wasserstein distance remains robust. Moreover, as a separate method, I propose

ordering the features based on comparisons between the real and synthetic joint fea-

ture distributions by relying on a Kernel Density Estimator. As an alternative, I also

propose two methods that order the features based on intrinsic relationships in the

data, specifically correlations and cause-effect relationships. Finding the best ordering

can be a challenge, as different orderings work better in different scenarios. Never-

theless, through an extensive experimental analysis, I show that three out of the four

proposed heuristic-based orderings provide clear improvements in performance over

the random-based ordering and over the unconstrained models.

This Chapter is organised as follows: in Section 4.2, I present five different methods

to determine an order in which LL will correct the tabular data features, then, in

Section 4.3, I conduct an in-depth experimental analysis of how the different orderings

perform with each model w.r.t. efficacy and detection, and I conclude in Section 4.4

with a summary of the findings and a discussion on the potential future directions.

4.2 Methods to Order Data Features

In this Section, I propose five methods for computing feature orderings, namely: (i)

random, (ii) correlation-based, (iii) kernel density estimation-based, (iv) Wasserstein
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distance-based, and (v) causal-based methods. These can be grouped along two pri-

mary axes: their analytical focus, and their dependency on the unconstrained deep

generative model.

First, the methods differ in their analytical focus. The KDE- and Wasserstein

distance-based methods prioritise the feature distributions when determining the vari-

able orderings, while the correlation- and causal-based methods focus on the relation-

ships between the features. By definition, the random-based method does not rely on

any specific data characteristics.

Second, the methods are distinguished by their model dependency. The random-

and causal-based methods are model-independent, requiring only the real dataset D
to establish an ordering. Conversely, the remaining three of my proposed methods

(i.e., the correlation-, KDE-, and Wasserstein distance-based methods) are model-

dependent, determining the variable orderings according to how well the features

are modelled by the standard deep generative models. They require that for each

DGM+LL, the corresponding unconstrained DGM is first trained to generate a set of

synthetic samples, S. The final ordering is then computed by applying each method’s

protocol to both the real dataset D and the generated samples S.

4.2.1 Random-based Ordering

Selected as a baseline to compare against the other ordering methods, the random-

based ordering method simply generates a random permutation of the integers in the

set {1, . . . , D}. It is the simplest ordering method because it is model-independent

and, unlike other approaches, does not require any information on the distribution of

the features, nor on the relationships between the features.

4.2.2 Correlation-based Ordering

For establishing an ordering of the features I propose the following steps for the

correlation-based method:

1. Given the initial real dataset D and a DGM, I train the DGM on D to obtain

the synthetic dataset S.

2. I compute the D × D correlation matrices CD and CS separately for D and

S, respectively. Precisely, the element of CD (resp., CS) at (i, j) (i.e., i-th row,

j-th column) is computed as the correlation between the vector of the values of

the i-th column and the vector of the values of the j-th column in D (resp. S).
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3. Then, I assign a score σi to each variable xi, computed as the average of the

absolute differences between the correlation between xi and xj in the real data

and the correlation between xi and xj in the synthetic data, over all xj, where

j ̸= i:

σi =
1

D − 1

∑
j ̸=i

|CS
i,j −CD

i,j|.

4. Finally, I sort the variables in ascending order of their scores σi.

The intuition is that a lower σi score indicates that the variable’s relationships

with other features are well-modelled by the DGM, justifying its placement earlier in

the variable ordering λ.

4.2.3 Kernel Density Estimation-based Ordering

A different ordering approach that I propose is a kernel density estimation (KDE)-

based method. To this end, I design a heuristic that assigns scores to features using a

joint density model, ultimately ordering the features based on these scores. The steps

of this method are outlined below:

1. Similarly to the correlation-based method above, given the initial real dataset

D and a DGM, I first train the DGM on D to obtain the synthetic dataset S.

2. Using scikit-learn’s 1 (Pedregosa et al., 2011) implementation of KDE, I estimate

a probability density function of the multidimensional real data. To this end, I

use a Gaussian kernel for the KDE estimator, with bandwidth 1.

3. I then compute the log-likelihood of each sample belonging to D and S under

the estimated model, using again scikit-learn.

4. It is worth noting that scikit-learn provides log probability densities, rather than

probability values normalised over the sample spaces under evaluation. Thus, I

handle this separately by exponentiating and re-normalising them to obtain a

valid probability distribution over the samples.

5. Using these probability values, I treat the problem in a discrete setting and ap-

proximate the marginal probability mass function of each variable. More specif-

ically, for each feature xi, I determine its unique values from D ∪ S and, for

each unique value uij I sum the KDE scores of the samples for which xi = uij,

1https://scikit-learn.org/stable/index.html
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separately for D and S. In case no sample is observed with xi = uij, I set the

value of the marginal probability mass function of xi to 02.

6. Hence, I obtain two marginal probability mass functions for each feature xi

(one for the real data D and one for the synthetic samples S) and compute the

Kullback-Leibler divergence (KL) between them to get a single value σi.

7. Finally, I order the features xi based on their KL scores σi in ascending order.

One disadvantage of this method is that the marginals are computed in a dis-

crete setting, which may be a coarse approximation for continuous data. Further, its

reliability is limited by the curse of dimensionality affecting the initial KDE fit. Never-

theless, this heuristic provides an approach to obtain feature orderings which account

for the joint distribution of the features. As future work, one interesting direction

would be to use a higher-fidelity approximation of the marginal distributions, based

on which the KL divergence scores, and hence the variable ranks in the ordering, are

computed.

4.2.4 Wasserstein Distance-based Ordering

Previously I described the KDE-based ordering method that compares the joint dis-

tributions of the features. However, a simpler alternative method would be to use

the Wasserstein distance, which differs from the KDE approach in that it compares

individual distributions of the features rather than joint ones. Also known as the

earth mover’s distance, Wasserstein distance can be interpreted as the minimum ef-

fort needed to transform a distribution (e.g., a pile of sand) into another distribution.

In particular, the effort refers to the amount of mass (e.g., sand) required to be moved,

multiplied by the distance it has to be moved to reach the desired goal. To compute

a Wasserstein-based ordering, I follow the steps below:

1. Similarly to the previous two methods, I first train a given DGM on the real

data D to obtain the synthetic dataset S.

2. Then, for each feature, I calculate a score σi determined by the Wasserstein

distance (WD) between the values observed in the feature’s real and synthetic

data empirical distributions:

σi = WD(cSi , c
D
i ),

2It is worth noting that such cases can be dealt with by using a KDE with a triangular or
Epanechnikov kernel, which would allow for zero probabilities in the tails.
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where cDi (resp. cSi ) is the vector corresponding to the values of the i-th column

of D (resp., S).

3. Finally, I arrange the features in ascending order based on the calculated scores

σi, such that the features with generated data distributions furthest from the

real data distributions would be assigned a higher λ value and would, thus, be

corrected later by LL.

It is important to note that the Wasserstein distance can only be defined on a

metric space, making it impractical for use with categorical features without addi-

tional modifications (e.g., it is possible to define distance metrics for each of the

categorical features and then apply Wasserstein distance on these features). However,

here I assume that LL can only be applied on continuous features and, thus, the

position of the categorical features in the orderings will not impact the final results,

as the constraints exclude such features. As an alternative, I investigated using the

Jensen-Shannon divergence to derive another ordering that compares individual fea-

ture distributions. And while this method offers the advantage that it can be applied

on both continuous and categorical features, I found that it was unstable in its results,

aligning with the observations made by Zhao et al. (2021).

4.2.5 Causal-based Ordering

The final ordering method is, like the random method, model-independent. It relies

solely on relationships within the real data, but instead of using statistical correla-

tions, it leverages cause-effect relationships between features. The resulting causal-

based ordering adheres to a strict principle: an effect should never appear before its

cause. More precisely, for any cause-effect pair of features (xi, xj), where xi is the

cause and xj is the effect, xj cannot be assigned a lower λ value than xi.

To satisfy this property, the first step is to obtain a directed acyclic graph (DAG)

that captures the cause-effect relationships. Since none of the datasets I experi-

ment with provide any information on causal relations between features, I use DAG-

GNN (Yu et al., 2019), which is a gradient-based causal discovery method employing

graph neural networks to learn a DAG structure which encodes cause-effect relations.

However, using such a discovery method poses challenges. In fact, DAG-GNN does

not guarantee that its output structure is a DAG, as the acyclicity constraint is en-

forced via a loss term during training. Consequently, its output is prone to containing

self-loops (edges connecting a node to itself) and cycles.
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To address these problems and compute the causal-based ordering, I follow the

steps below:

1. First, I use DAG-GNN (Yu et al., 2019) to obtain cause-effect relations between

the features in the training partition of a given dataset D.

2. Then, I eliminate the self-loops and break the cycles by randomly selecting an

edge from each cycle and removing it from the graph.

3. The resulting graph is a DAG, from which I extract the final feature ordering

by performing a topological sort.

One important aspect of this method is interpretability. Depending on the dataset,

it may be possible to manually check whether the causal relations found by DAG-

GNN are sensible. For example, the feature descriptions in the WiDS dataset are

clear enough to allow for such a qualitative evaluation. As a future research direction,

other causal discovery methods that guarantee a DAG output could be explored as

an alternative to DAG-GNN.

4.3 Experimental Analysis

While in the previous Chapter, I treated the ordering as a hyper-parameter (varying

over the orderings obtained using three of the methods presented here, namely the

random-, correlation- and KDE-based methods) and only reported results using the

ordering method that yielded the best performance w.r.t. machine learning efficacy

and detection, here I focus on the effect of using different feature orderings with

LL from the perspective of both of these two measures. Recall from Chapter 3 that

machine learning efficacy measures how well a classifier (or regressor) performs when

it is trained on synthetic data and tested on real data, while detection measures how

well a classifier can distinguish the real from the synthetic data.

4.3.1 Ordering Impact on Models Trained with LL

In this Section, I assess the impact of using the five proposed orderings during train-

ing. For each DGM+LL model, Table 4.1 summarises (i) the average machine learn-

ing efficacy performance over the binary and multiclass classification datasets (i.e.,

all datasets except News, for which the results can be found in the Appendix B in Ta-

ble B.4) according to three different metrics: F1-score (F1), weighted F1-score (wF1),

and Area Under the ROC Curve (AUC), and (ii) the average detection performance
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Table 4.1: Feature orderings comparison for DGMs+LL, where the constraints have
been used during both training and inference. The results are reported as averages
over all the datasets for detection, and over all classification datasets (i.e., excluding
the regression dataset, News) for efficacy. The best results are in bold.

Efficacy (↑) Detection (↓)

F1 wF1 AUC F1 wF1 AUC

WGAN+LL

Random 0.453 0.477 0.735 0.936 0.933 0.950
Correlation 0.475 0.497 0.746 0.919 0.915 0.936
KDE 0.485 0.504 0.748 0.917 0.915 0.935
Wasserstein 0.442 0.478 0.731 0.921 0.916 0.938
Causal 0.527 0.522 0.766 0.920 0.908 0.931

TableGAN+LL

Random 0.346 0.409 0.710 0.908 0.904 0.926
Correlation 0.361 0.422 0.717 0.897 0.893 0.916
KDE 0.349 0.413 0.706 0.895 0.893 0.916
Wasserstein 0.360 0.422 0.714 0.894 0.889 0.914
Causal 0.341 0.401 0.702 0.896 0.895 0.917

CTGAN+LL

Random 0.509 0.530 0.770 0.894 0.896 0.924
Correlation 0.514 0.536 0.772 0.887 0.890 0.920
KDE 0.516 0.537 0.773 0.888 0.889 0.919
Wasserstein 0.509 0.532 0.777 0.878 0.879 0.910
Causal 0.506 0.528 0.769 0.873 0.879 0.912

TVAE+LL

Random 0.487 0.522 0.766 0.873 0.870 0.901
Correlation 0.504 0.534 0.771 0.868 0.868 0.898
KDE 0.504 0.536 0.774 0.875 0.875 0.905
Wasserstein 0.488 0.519 0.769 0.877 0.878 0.907
Causal 0.506 0.536 0.771 0.876 0.877 0.907

GOGGLE+LL

Random 0.384 0.406 0.653 0.922 0.916 0.937
Correlation 0.409 0.424 0.661 0.929 0.918 0.940
KDE 0.393 0.416 0.661 0.928 0.926 0.941
Wasserstein 0.444 0.432 0.679 0.940 0.930 0.945
Causal 0.413 0.415 0.663 0.928 0.921 0.937

over all datasets according to the same three metrics. Note that a higher efficacy score

(according to any of the three metrics) indicates better performance. Conversely, a

lower detection score indicates better performance. For completeness, the full results

for each dataset and each model can be found in Appendix B in Tables B.1-B.7.

First of all, the Table shows that the random-based ordering, which I proposed as

a baseline for the rest of the ordering methods, is almost always outperformed by the

other four, more sophisticated, ordering methods. Surprisingly, however, it achieves

the best detection performance on GOGGLE+LL, showing that even simple ordering

methods can be effective in some specific contexts.
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Figure 4.1: The average ranking (over all models, all datasets, and all metrics) w.r.t.
the efficacy and detection performance of the unconstrained DGMs (i.e. Base in
the plot) and constrained DGM+LL models using five different orderings: random-,
correlation-, KDE-, Wasserstein distance-, and causal-based orderings. A lower rank
value (i.e. a taller bar) corresponds to a better performance. In case of ties, each tied
model is assigned the average of the ranks that would have been assigned to these
models if there were no ties.

The correlation-based ordering consistently provides an increase in performance

over the random-based ordering across most models. It achieves the best efficacy

performance in TableGAN+LL and the best detection scores in TVAE+LL models.

While it is not always the best performing ordering, it can be seen as a reliable choice

for an ordering that also offers a predictable gain, aside from being based on a simple,

well-understood statistical relationship between the features.

The KDE-based ordering yields the best efficacy performance for the more recent

and complex GAN- and VAE-based architectures, specifically the CTGAN+LL and

TVAE+LL models, although it is less effective for models such as TableGAN+LL or

GOGGLE+LL.

The Wasserstein distance-based achieves the best efficacy performance for GOG-

GLE+LL and the best detection scores for TableGAN+LL. The results suggest that

it is a heuristic that generalises well across several different types of deep generative

models, similarly to the correlation-based ordering.

Less reliable than the above three orderings (i.e., correlation-, KDE-, and Wasser-

stein distance-based), the causal-based ordering is not consistently improving the

performance over the random ordering, but it presents the highest performance gain
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across all of the results, specifically on WGAN+LL in efficacy (i.e., a 16.3% F1-score

improvement over the random-based ordering) and detection.

Overall, there is no single variable ordering method that is better across all models

and all metrics and the optimal choice appears to be highly dependent on the specific

DGM being used (as well as on the specific dataset being used, as shown in the

full results from Appendix B in Tables B.1-B.7). Nevertheless, the results show that

the ordering methods that are based on statistical properties and that are model-

dependent (i.e., correlation, KDE and Wasserstein) tend to be more reliable than

methods that solely rely on the relationships between the real data features (e.g.,

causal-based methods), providing more consistent improvements over the random-

based ordering.

To put the above analysis into context, in Figure 4.1, I illustrate the performance

rankings of DGM+LL models using each ordering method against the unconstrained

DGM baselines. First of all, the Figure clearly shows that applying the LL framework

improves performance. Specifically, for both efficacy and detection, the DGM+LL

models using three of the four proposed heuristic-based ordering methods (i.e., the

correlation-, KDE-, and Wasserstein distance-based methods) achieve on average a

better rank (i.e., a lower rank) than the unconstrained DGMs.

Further, the DGM+LL models using these three orderings consistently outper-

form the random ordering method across both measures. Out of all the orderings,

the causal-based one has the highest discrepancy in its ranking between efficacy and

detection. Its efficacy rank is worse than that of the random-based ordering, while its

detection rank is strong, performing nearly as well as the correlation-based method.

This result indicates that the causal-based method is a high-risk, high-reward or-

dering choice. Finally, the Figure complements and strengthens the earlier analysis,

identifying the correlation-based ordering as a particularly reliable choice.

Adversarially-chosen ordering. To further investigate the layer’s sensitivity to

feature ordering, I evaluated the layer with a reversed causal ordering using the

TableGAN+LL model on the Heloc dataset. This dataset was selected because the

causal ordering resulted in the highest F1-score among all orderings used with Table-

GAN+LL, as shown in Table B.1 of Appendix B. The reversed ordering represents

an adversarially-chosen ordering contrary to the optimal causal structure, derived by

inverting the topological ordering of the DAG induced by the cause-effect relations

among the tabular data features. Interestingly, this reversed causal ordering resulted
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in an absolute increase of 1.7% and 1.6% in Area Under the ROC Curve with re-

spect to the causal- and random-based orderings, respectively. This suggests that the

adversarial ordering did not negatively impact the model’s global ranking capabil-

ity. However, this ranking robustness did not translate to the F1-score and weighted

F1-score performance, indicating that the adversarial ordering degraded the specific

decision boundary required for high performance across these two metrics. Indeed, the

reversed causal ordering resulted in an absolute decrease of 10.7% and 2.7% in F1-

and weighted F1-score, respectively, compared to the causal-based ordering, as well

as an absolute decrease of 7.8% and 1.6% in F1- and weighted F1-score, respectively,

compared to the random-based ordering.

Are heuristic-based orderings needed or is the random-based ordering

enough? To rigorously evaluate the random-based baseline ordering, I train Table-

GAN+LL models on the FSP dataset with the random-based ordering using 35 dif-

ferent seeds. Unlike heuristic-based methods, where the feature ordering is fixed, the

random-based method generates a different ordering with every seed, thus inducing

high variance in the order in which the features are corrected by LL. Therefore, a

larger number of seeds is necessary to fully capture the performance variance that is

intrinsic to the baseline, whereas 5 seeds are sufficient to quantify the variance arising

from initialisation and training dynamics for the heuristic-based ordering methods. As

shown in Figure 4.2, the heuristic-based orderings result in a lower variance compared

to the broad spread of the random baseline, particularly regarding detection. While

the random-based ordering occasionally yields individual results with high efficacy or

low detection, it is not a reliable method due to its high unpredictability.

This lack of reliability is further highlighted in Figure 4.3, where I show the rela-

tionship between efficacy and detection scores. The random-based ordering yields a

Pearson correlation coefficient of just 0.03, indicating a decoupling of the two metrics.

In other words, a high efficacy score obtained with a random-based ordering is just as

likely to be paired with poor detection performance as it is with good performance.

This lack of correlation, combined with the extreme variance observed in the box-

plots from Figure 4.2, shows that the random-based ordering offers no control on the

trade-off between machine learning efficacy and detection.

Navigating the machine learning efficacy vs. detection trade-off. To analyse

the overall impact of the different feature orderings relative to the two measures (i.e.,

machine learning efficacy and detection), I compare the results for three datasets
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Figure 4.2: Boxplots for machine learning efficacy (top), and detection (bottom), both
in terms of weighted F1-score. The results are reported for the unconstrained Table-
GAN model and for the constrained TableGAN+LL models using different feature
orderings (random-, KDE-, correlation- (corr), WD-, and causal-based), each trained
with 5 different seeds on the FSP dataset, except for random-based ordering where
35 seeds were used. For each model, each point (i.e., circular marker) represents an
individual result, and the mean (resp., median) of these results are shown using a
green triangle (resp., an orange line). The maximum/minimum values are shown for
each model (the top and bottom black horizontal bars, along with a box (in varying
colours), which captures the middle 50% of the points (i.e., the points that lie between
the 25th and the 75th percentile of the data). The circles represent outliers.
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Figure 4.3: Machine learning efficacy vs. detection (in terms of weighted F1-score) for
TableGAN models, unconstrained and constrained using different feature orderings
(random-, KDE-, correlation- (corr), WD-, and causal-based), trained on the FSP
dataset.

that capture the diverse range of dataset complexities examined in the experiments,

namely: (i) FSP, the smallest (multi-class) classification dataset with only 2K training

samples, (ii) LCLD, the largest (binary) classification dataset with more than 490K

samples, and (iii) News, a regression dataset having 31K samples.

For the smallest dataset (FSP) the trade-off between the two measures is most

pronounced. However, the Wasserstein distance-based ordering for TableGAN+LL

successfully navigates this challenge, lowering detection scores across all three metrics

when compared to the unconstrained TableGAN (e.g., from 90.6% to 80.2%, the

lowest among competitive models, w.r.t. the weighted F1-score), while also improving

machine learning efficacy. A similar trend is observed for CTGAN. On the other hand,

this “win-win” dynamic is not observed in WGAN or GOGGLE, which follow the

traditional trade-off (where lower detection scores are accompanied by lower efficacy),

nor in TVAE. For the large-scale dataset (LCLD), using heuristic-based orderings

has a positive impact on detection. In particular, TVAE+LL with correlation-based

ordering achieves a detection weighted F1-score of 79.5%, which is notably lower

(better) than all of the unconstrained models’ performance (e.g., WGAN with 99.9%

or TableGAN with 89.5%). Simultaneously, it maintains a competitive efficacy score.

In such cases where data volume is high, the results indicate that using a correlation-
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Table 4.2: Feature orderings comparison for P-DGMs, where the constraints have
been used only for post-processing the generated data. The results are reported as
averages over all the datasets for detection, and over all classification datasets (i.e.,
excluding the regression dataset, News) for efficacy. Best results are in bold.

Efficacy (↑) Detection (↓)

F1 wF1 AUC F1 wF1 AUC

P-WGAN

Random 0.456 0.484 0.731 0.930 0.928 0.945
Correlation 0.462 0.489 0.732 0.931 0.930 0.947
KDE 0.463 0.489 0.731 0.933 0.931 0.948
Wasserstein 0.459 0.487 0.730 0.931 0.929 0.947
Causal 0.460 0.488 0.730 0.931 0.929 0.947

P-TableGAN

Random 0.328 0.398 0.705 0.902 0.901 0.925
Correlation 0.328 0.399 0.703 0.900 0.900 0.922
KDE 0.326 0.398 0.706 0.901 0.901 0.924
Wasserstein 0.330 0.400 0.702 0.900 0.901 0.923
Causal 0.329 0.398 0.704 0.899 0.899 0.923

P-CTGAN

Random 0.508 0.524 0.769 0.899 0.901 0.926
Correlation 0.508 0.527 0.770 0.899 0.902 0.928
KDE 0.507 0.524 0.769 0.899 0.903 0.927
Wasserstein 0.515 0.532 0.772 0.903 0.903 0.927
Causal 0.509 0.524 0.767 0.898 0.900 0.925

P-TVAE

Random 0.490 0.521 0.764 0.879 0.879 0.905
Correlation 0.493 0.523 0.763 0.876 0.879 0.904
KDE 0.494 0.524 0.767 0.876 0.875 0.901
Wasserstein 0.493 0.524 0.761 0.877 0.879 0.906
Causal 0.489 0.519 0.766 0.875 0.877 0.904

P-GOGGLE

Random 0.347 0.373 0.626 0.925 0.925 0.943
Correlation 0.348 0.375 0.625 0.929 0.926 0.945
KDE 0.347 0.374 0.626 0.929 0.927 0.944
Wasserstein 0.344 0.372 0.625 0.929 0.926 0.944
Causal 0.347 0.373 0.626 0.925 0.920 0.939

based feature ordering is a robust method to lower detection risk, while also achieving

high efficacy in downstream tasks. For the regression dataset (News), the correlation-

and causal-based orderings allow the model to generate data that is both more useful

in practice (i.e., lower MAE scores for the machine learning efficacy) and often harder

to detect compared to the random-based ordering.

4.3.2 Ordering Impact on Models Post-processed with LL

In this Section, I assess the impact of using the five proposed orderings when LL is

applied as a postprocessing step. For each P-DGM model, Table 4.2 summarises (i)
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the average machine learning efficacy performance over the binary and multi-class

classification datasets (i.e., all datasets except News, for which the results can be

found in the Appendix B in Table B.11), and (ii) the average detection performance

over all datasets. For completeness, the full results for each dataset and each model

can be found in Appendix B in Tables B.8-B.14.

For efficacy, the results show that the key contrast with the scenario where LL

is used during training is the scale of improvement. Indeed, when using LL during

training, the maximum improvement brought by the more complex orderings over the

random-based ordering is of 7.4% w.r.t. F1-score (recorded for WGAN+LL with the

causal-based ordering in Table 4.1), while when using LL only during post-processing,

the maximum improvement is of only 0.7% w.r.t. F1-score (for P-CTGAN with the

Wasserstein distance-based ordering).

A similar trend can be seen for detection, where the more complex orderings

barely surpass the random-based ordering baseline. The causal-based ordering, for

example, frequently ranks as the best method for detection (e.g., for P-CTGAN and

for P-GOGGLE w.r.t. all three metrics, and for P-TableGAN w.r.t. two out of three

metrics). In spite of this, the performance gains are minimal. The largest improvement

it offers over the random baseline is of only 0.4% on the F1-score (recorded for P-

TVAE). Further, in some cases (e.g., P-WGAN) the more sophisticated orderings

perform worse than the random baseline.

As opposed to the clearer trends observed for the DGM+LL models, it is difficult

to establish patterns in the preference of the P-DGMs towards any of the orderings

and to distinguish trends where the heuristic-based orderings might be more helpful

than the random-based ordering. This is mainly due to the very small performance

differences between the ordering methods, as it can be seen from the Table. Thus,

the simpler random-based method often suffices for selecting a feature ordering for

LL when constraining the DGMs only as a post-processing step.

4.4 Conclusions

The work conducted in this Chapter highlights the importance of choosing a feature

ordering in an informed way when applying LL during training. Complementing the

findings from Chapter 3, the results here show that in order to achieve state-of-the-

art performance, a heuristics-based ordering method, such as correlation-based, as

opposed to random-based, must be used when training with LL. Furthermore, the

analysis of the efficacy-detection trade-off from Section 4.3.1 shows that the choice of
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feature ordering depends on the dataset complexity, as well as on the underlying model

architectures. While the correlation-based ordering generally offers a robust balance

for large-scale or regression datasets (e.g., LCLD and News), it is not universally

optimal. For small, data-scarce environments (e.g., FSP), the results indicate that

distance-based orderings (specifically, the Wasserstein distance) are better suited, es-

pecially when the underlying model has a GAN-based architecture. In these scenarios,

informed orderings provide a win-win outcome (i.e., lowering detection without sac-

rificing efficacy), a balance that the random-based ordering typically fails to achieve.

Crucially, the findings reveal it is not simply that ordering matters, but also when

it is applied. Indeed, there is a strong contrast in the results between applying LL

with different orderings during the training and applying it only as a post-processing

step. When used during training, informed orderings can offer large improvements

over the random-based baseline. For example, the causal-based ordering improved the

F1-score of WGAN+LL by 7.4% when evaluating efficacy. Conversely, when used for

post-processing, the benefits of informed orderings are small, if any. With a maximum

efficacy gain of only 0.7%, the additional complexity of these methods often provides

little advantage over a simple random ordering, making the random-based ordering

sufficient in many cases when applying LL as a post-processing step.

While none of the experimented orderings can be considered a universal gold stan-

dard (as results indicate the best choice depends on the specific model and dataset),

future work could explore methods to learn an optimal feature ordering for each

specific case. To this end, recent approaches such as Implicit Maximum Likelihood

Estimation (IMLE) (Niepert et al., 2021) allow for backpropagation through com-

binatorial optimisation solvers, theoretically enabling the model to learn a discrete

ordering that maximises the specific loss function. A similar approach could be ap-

plied here to find an optimal feature ordering, albeit at significant computational

cost, as IMLE would require solving, e.g., an integer linear programming (ILP) at

each step or epoch. To mitigate these costs, a simpler approach could involve dy-

namically adjusting the ordering after a set number of training iterations, although

this would necessitate rebuilding the LL layer each time the ordering changes. Alter-

natively, a reinforcement learning module could be integrated to explicitly learn the

optimal sequence as part of the training process.
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Chapter 5

Deep Generative Modelling with
Quantifier-Free Linear Real
Arithmetic Constraints

In this Chapter, which is based on (Stoian and Giunchiglia, 2025), I introduce a

framework for deep generative modelling using background knowledge which can de-

fine non-convex and even disconnected spaces.

5.1 Motivation and Overview

The problem of tabular data generation is a critical area of research, driven by its

numerous practical applications across various domains. High-quality synthetic data

offer solutions to pressing challenges such as data scarcity (Choi et al., 2017), bias

in unbalanced datasets (van Breugel et al., 2021), and the general need for privacy

protection (Lee et al., 2021). However, due to the varied nature of the data distri-

butions in the tabular domain—which are often multi-modal, and present complex

dependencies among features—it is difficult to create models able to generate realis-

tic data. Indeed, no matter the Deep Generative Model (DGM) used, when synthetic

datapoints are tested for alignment with the available background knowledge, they

frequently fail such a test. Even when considering simple knowledge like “the feature

representing the maximum recorded level of haemoglobin should be greater than or

equal to the one representing its minimum”, DGMs often generate datapoints violat-

ing it. So far, this problem has only been solved by either rejecting the non-aligned

samples, or by adding a layer to the DGM that restricts its output space to coin-

cide with the one defined by linear inequalities (Stoian et al., 2024a), as presented in

Chapter 3. However, while the first solution is not feasible in the presence of a high
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violation rate, the second is only available when the knowledge can be captured by

linear inequalities, which have limited expressivity.

(a) (b)

Figure 5.1: Example of spaces de-
fined by (a) a set of linear inequal-
ities and (b) a set of QFLRA for-
mulae.

In this Chapter, I propose a novel layer—

called Disjunctive Refinement Layer (DRL)—

able to constrain any DGM output space ac-

cording to background knowledge expressed as

quantifier-free linear real arithmetic (QFLRA)

formulae. QFLRA formulae can capture any re-

lationship over the features that can be repre-

sented as a combination of conjunctions, disjunc-

tions and negations of linear inequalities. Due to

their expressivity, QFLRA formulae can define

spaces that are not only non-convex but can also be disconnected. On the other

hand, linear inequalities can only capture convex output spaces. See Figure 5.1 for an

example of spaces defined by linear inequalities and QFLRA formulae.

While linear inequalities establish a single lower and upper bound (if existent) for

each feature, QFLRA formulae define multiple intervals where the background knowl-

edge holds, each with its own boundaries. This significantly increases the complexity

of the problem, as compiling knowledge into DRL not only requires keeping track of

these intervals but also deriving the intricate hidden interactions among variables.

And, while integrating such constraints into DGMs to guarantee their satisfaction

is increasingly challenging, it is essential, as real-world data often involve non-linear

relationships among features, e.g., such as those captured using constraints of the

type if ... then ... and/or disjoint intervals.

Example 5.1.1. Consider the following background knowledge statement: “The value

of x5 should be always at least x1 and, if greater than x2, then it should also be at

least equal to x3. Furthermore, x5 should never be greater than x4”. Clearly, this

statement cannot be expressed by a set of linear inequalities. Instead, it corresponds

to the QFLRA formula:

(x5 ≥ x1) ∧
(
(x5 > x2)→ (x5 ≥ x3)

)
∧ (x5 ≤ x4). (5.1)

Moreover, this formula entails other hidden relations among the variables such as,

e.g., ¬(x1 > x4), which can be immediately derived from the first term and the last

term of the disjunction.
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To derive such additional hidden relations, I introduce a novel variable elimination

method which generalises the analogous procedure for systems of linear inequalities

based on the Fourier-Motzkin result (see, e.g., (Dechter, 1999)). Once built, by defi-

nition, DRL (i) guarantees the satisfaction of the constraints, (ii) can be seamlessly

added to the architecture of any neural network model, (iii) allows the backpropaga-

tion of the gradients at training time, (iv) performs all the computations in a single

forward pass (i.e., no cycles), and (v) given a sample generated by a DGM, it returns

a new one that is optimal with respect to the original (intuitively, which minimally

differs from the original sample while taking into account the user preferences on

which features should be changed first).

I conduct an extensive experimental analysis, which shows that adding DRL to

DGMs improves their machine learning efficacy (Xu et al., 2019) on a range of different

scenarios. This is the most widely used performance measure for evaluating the quality

of synthetic data, as it assesses how useful the generated data is for downstream tasks.

In particular, I considered five different DGMs (i.e., WGAN (Arjovsky et al., 2017),

TableGAN (Park et al., 2018), CTGAN (Xu et al., 2019), TVAE (Xu et al., 2019),

and GOGGLE (Liu et al., 2022)) and added DRL into their topology. The results

show that DRL yields improvements for all datasets of up to 21.4%, 20.5%, and

20.9% in terms of F1-score, weighted F1-score, and Area Under the ROC Curve,

respectively. Finally, the experiments demonstrate a strong need for a method like

the one proposed here. Indeed, DGMs generate synthetic datapoints violating the

background knowledge more often than expected. In 13 out of 25 scenarios, the DGMs

produced datasets with over 50% datapoints violating the constraints, and in five

cases this reached 100%. Clearly, the standard rejection sampling technique cannot

be used in the latter case. Moreover, I show that even in the other cases, where

not all samples produced by the DGMs violate the constraints, rejection sampling

hinders both the efficacy and the sample generation runtime. On the other hand,

DRL not only improves the machine learning efficacy, but is able to provide runtimes

comparable to the unconstrained DGMs.

This Chapter is organised as follows: in Section 5.2 I first provide the problem

statement, then in Section 5.3 I introduce DRL, the first-ever layer that can be

integrated into any DGM to enforce background knowledge expressed as QFLRA

formulae, in Section 5.4 I show experimentally how integrating DRL in DGMs im-

proves their machine learning efficacy, even when the constraints define a possibly

non-convex and disconnected space, in Section 5.5 I describe the related work, and,
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(a) (b)

Figure 5.2: Example of valid spaces w.r.t. variable xi defined by (a) a set of linear
inequalities of the form {xi ≥ a, xi ≤ b} and (b) a QFLRA constraint of the form
(xi ≤ a) ∨ (xi ≥ b).

finally, in Section 5.6 I provide concluding remarks along with a discussion on future

directions.

5.2 Problem Statement

Suppose the following are given: an unknown distribution pX over X ∈ RD, a training

dataset D consisting of N independent and identically distributed (i.i.d.) samples

drawn from pX , and formally expressed background knowledge about the problem.

In particular, the background knowledge states which samples are admissible and

which are not. Recall from Chapter 3, constrained generative modelling is defined

as the problem of learning the parameters θ of a generative model, such that (i) the

model distribution pθ approximates pX , and (ii) the sample space of pθ is aligned with

what is stated in the background knowledge. As described in the introduction, so far

this problem has only been solved by either rejecting the non-aligned samples or by

including a layer into the DGM that restricts its output space to coincide with the

one defined by the linear inequalities (Stoian et al., 2024a).

Here, the background knowledge can be expressed as a set of formulae, each be-

ing a disjunction of linear inequalities. This allows for capturing any relationships

among features which can be represented as Quantifier-Free Linear Real Arithmetic

(QFLRA) formulae. Indeed, through syntactic manipulation using De Morgan’s laws

and the mathematical properties of linear inequalities, any knowledge formulated as

a combination of conjunctions, disjunctions, and negations of linear inequalities can

be rewritten as a set of disjunctions over linear inequalities. Formally, I consider a set

Π of constraints, where a constraint is a disjunction of nΨ ∈ N linear inequalities of

the form:

Ψ = Φ1 ∨ Φ2 ∨ · · · ∨ ΦnΨ
, (5.2)
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where each Φi is a linear inequality over the set of variables X = {xk | k = 1, . . . , D},
each variable uniquely corresponding to a feature in the dataset. Further, I assume

each linear inequality has the following form:∑
k

wkxk + b ≥ 0, (5.3)

with wk ∈ R, b ∈ R, and xk ranging over R. Variable xi occurs in (5.3) whenever

wi ̸= 0. Moreover, xi occurs positively if wi > 0 and negatively otherwise.

For an ease of notation, given two linear expressions φ =
∑

k wkxk + b and φ′ =∑
k w

′
kxk + b′, I write (φ + φ′) for the linear expression

∑
k(wk + w′

k)xk + (b + b′).

Similarly, I write (φ− φ′) and φ/w, if w ∈ R \ {0}. Additionally, I express the linear

inequality (5.3) as wixi + φ ≥ 0, by this implicitly assuming that wi ̸= 0 and that xi

does not occur in φ, i.e., that φ =
∑

k ̸=iwkxk + b.

Given a DGM with distribution pθ, a sample x̃ drawn from pθ is an assignment to

the variables in X , and x̃k indicates the value assigned by x̃ to the variable xk. Then,

a sample x̃ satisfies

• the linear inequality (5.3) if
∑

k wkx̃k + b ≥ 0,

• the constraint Ψ with form (5.2) if Φi is satisfied by x̃ for some i ∈ {1, . . . , nΨ},
and

• a set Π of constraints if x̃ satisfies all the constraints in Π.

Further, each linear inequality Φ (resp. constraint Ψ, resp. set of constraints Π) is

associated with the set Ω(Φ) (resp. Ω(Ψ), resp. Ω(Π)) of the points in RD that satisfy

Φ (resp. Ψ, resp. Π). Clearly, Ω(Φ), Ω(Ψ) and Ω(Π) define a subspace of RD and have

the following properties:

1. Ω(Φ) is non-empty and convex,

2. Ω(Ψ) is non-empty but may be non-convex and also disconnected, and

3. Ω(Π) may be empty or non-convex and also disconnected,

all the above assuming some variable occurs in Φ, Ψ and Π. A linear inequality Φ

(resp. a constraint Ψ, resp. a set of constraints Π) is violated by a sample x̃ if x̃ does

not belong to the corresponding set Ω(Φ) (resp. Ω(Ψ), resp. Ω(Π)). A linear inequality

Φ (resp. a constraint Ψ, resp. a set of constraints Π) is satisfiable if the corresponding

set Ω(Φ) (resp. Ω(Ψ), resp. Ω(Π)) is not empty.
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For the sake of simplicity, I do not consider strict inequalities (i.e., inequalities

with >). From a theoretical perspective, the entire theory can be easily generalised

to consider them. From a practical perspective, each strict inequality can be simply

rewritten as an inequality of the following form:
∑

k wkxk+b > 0 as
∑

k wkxk+b−ϵ ≥
0, where ϵ > 0 denotes the desired precision of the representation, taking into account

the limitations of floating-point accuracy.

Finally, I represent each constraint Ψ ∈ Π of the form given in (5.2) also as the

set {Φ1,Φ2, . . . ,ΦnΨ
}. Under this notation, Π is a set of sets of linear inequalities.

Hence, the linear inequalities in a set should be interpreted as disjunctively defining a

constraint in Π, while the constraints should be interpreted as conjunctively defining

Π.

5.3 Disjunctive Refinement Layer

Given a finite set of constraints Π and a DGM, in this Section, I propose a method

for constructing a layer that satisfies all of the following desirable properties: (i) it

guarantees satisfaction of the constraints in Π, (ii) it can be seamlessly integrated

into the architecture of any DGM, (iii) it supports gradient backpropagation during

training, (iv) all computations can be performed in a single forward pass (i.e., without

introducing cycles), and (v) given a sample x̃ generated by the DGM, it returns a

new sample that is optimal w.r.t. x̃.

Here, I assume that the function min(S) over a finite set S of values in R is defined

as follows: min(∅) = +∞, and for any v ∈ R and finite set S ′ ⊂ R,

min({v} ∪ S ′) =

{
v, if v ≤ min(S ′),

min(S ′), otherwise.

An analogous definition applies to the function max(S), with max(∅) = −∞.

Before illustrating the general case in Section 5.3.2, I will present a basic case in

Section 5.3.1 and assume Π is a finite set of constraints on a single variable xi.

5.3.1 Single Variable Case

Given an arbitrary variable xi, a constraint Ψ of form (5.2) may contain multiple

linear inequalities of the form (5.3) in which xi occurs. More precisely, any inequality

written as wixi + φ ≥ 0 in which xi occurs negatively (resp., positively) defines an

upper (resp., a lower) bound on xi of the form xi ≤ − φ
wi

(resp., xi ≥ − φ
wi

). Then,

finding the largest interval (or union of intervals) in which xi can take values that
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Figure 5.3: Visualisation of the left and right boundaries defined by constraint Ψ. The
green regions correspond to the values of xi such that xi ∈ Ω(Ψ).

satisfy Ψ amounts to identifying the largest upper bound and the smallest lower

bound on xi imposed by Ψ. I will refer to these bounds the left and right bound1,

respectively.

Formally, each constraint Ψ defines a single left bound lΨi and a single right bound

rΨi on variable xi as follows:

lΨi = max
(wixi+φ≥0)∈Ψ:wi<0

(
− φ

wi

)
,

rΨi = min
(wixi+φ≥0)∈Ψ:wi>0

(
− φ

wi

)
.

(5.4)

In a single variable case, assuming Ψ contains a linear inequality in which wi ̸= 0,

a sample x̃ satisfies Ψ if and only if either x̃i ≤ lΨi or x̃i ≥ rΨi , as represented in

Figure 5.32. As the Figure clearly shows, Ω(Ψ) is already non-convex whenever both

lΨi and rΨi are finite and lΨi < rΨi .

The above discussion pertains to a single constraint Ψ. In general, computing the

intervals for the whole set of constraints Π requires finding the satisfying boundaries

for each constraint in Π and then ordering these boundaries. However, given a sample

x̃ violating some constraint in Π, in order to obtain a new sample that is optimal

w.r.t. x̃ it is enough to set DRL(x̃)i equal to the bound that satisfies Π and that is at

minimal Euclidean distance from x̃i. To this end, I first define the closest satisfying

left and right boundary for x̃i as:

lΠi (x̃) = max
Ψ∈Π

({lΨi : x̃i > lΨi , l
Ψ
i ∈ Ω(Π)}),

rΠi (x̃) = min
Ψ∈Π

({rΨi : x̃i < rΨi , r
Ψ
i ∈ Ω(Π)}),

(5.5)

1I use the terms “left” and “right” because, in any non-vacuous constraint, the largest upper
bound will be less than the smallest lower bound.

2For ease of notation, I will write xi ∈ Ω(Ψ) to denote the values of xi that do not violate Ψ.
The same convention applies to Ω(Φ), Ω(Π).
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respectively. Then, DRL(x̃)k = x̃k for k ̸= i (as the set of constraints Π is written

over a single variable, xi), and

DRL(x̃)i =


x̃i if x̃ ∈ Ω(Π),

lΠi (x̃) if x̃ ̸∈ Ω(Π) and |x̃i − lΠi (x̃)| < |x̃i − rΠi (x̃)|,
rΠi (x̃) otherwise.

(5.6)

By construction, DRL(x̃) satisfies the constraints in Π and is optimal w.r.t. x̃. In

other words, there does not exist another sample satisfying Π with smaller Euclidean

distance from x̃.

Lemma 5.3.1. Let Π be a finite and satisfiable set of constraints in a single variable

xi. For every sample x̃, DRL(x̃) satisfies Π and is optimal w.r.t. x̃.

Proof. The proof is in two parts. First, I will prove that for every sample x̃, DRL(x̃)

satisfies Π. If x̃ ∈ Ω(Π), then by definition DRL(x̃) = x̃, and the result of the

Lemma trivially follows. Now consider the other possible case where x̃ /∈ Ω(Π). I will

prove that DRL(x̃) ∈ Π by contradiction. Assume, for the sake of contradiction, that

DRL(x̃) /∈ Π. Then, Π ̸= ∅ and, since Π is a satisfiable set of constraints, it must be

the case that lΠi (x̃) and rΠi (x̃) exist and at least one of them is finite. By definition,

lΠi (x̃) and rΠi (x̃) satisfy Π. Thus, DRL(x̃) also satisfies Π (by the definition of DRL(x̃)

in (5.6)), and a contradiction is reached.

In the second part, I will prove that for every sample x̃, DRL(x̃) is optimal w.r.t.

x̃. If x̃ ∈ Ω(Π), then by definition DRL(x̃) = x̃, and the result of the Lemma trivially

follows. Now consider the other possible case where x̃ /∈ Ω(Π). It suffices to show that

for every x̃, DRL(x̃)i is the solution of Π with minimal Euclidean distance from x̃i.

Let d be the minimum Euclidean distance between any point in Ω(Π) and x̃. Let r

and l be two samples with rk = lk = x̃k = DRL(x̃)k for all k ̸= i and k ∈ {1, . . . , D},
and li = x̃i − d and ri = x̃i + d. Either l or r, or both, belong to Ω(Π).

Now let v be l if l ∈ Ω(Π), and r otherwise. By definition, v ∈ Ω(Π) and is

optimal w.r.t. x̃. This means that there is no other sample v′ ∈ Ω(Π) such that

|x̃i − v′i| < |x̃i − vi| = d. Hence, there must exist a constraint Ψ such that:

1. vi = lΨi , if v = l. From the optimality of v, it must then be the case that

lΠi (x̃) = lΨi . Then, by construction, DRL(x̃)i = lΠi (x̃).

2. vi = rΨi , otherwise. From the optimality of v, it must then be the case that

rΠi (x̃) = rΨi . Then, by construction, DRL(x̃)i = rΠi (x̃).

Clearly, in both cases, DRL(x̃) = v. Thus, DRL(x̃) is optimal w.r.t. x̃.
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Figure 5.4: Constraints for Example 5.3.2. The green regions correspond to the values
of x5 ∈ Ω(Π).

Example 5.3.2. Let Π be the set of constraints {Ψ1,Ψ2,Ψ3} over the unique variable
x5, with Ψ1,Ψ2 and Ψ3 defined as follows:

Ψ1 = (x5 ≥ a),

Ψ2 = (x5 ≤ b) ∨ (x5 ≥ c),

Ψ3 = (x5 ≤ d).

The constraints, along with the set Ω(Π), can be visualised in Figure 5.4. The left and

right boundaries corresponding to each constraint are as follows:

lΨ1
5 = −∞, lΨ2

5 = b, lΨ3
5 = d,

rΨ1
5 = a, rΨ2

5 = c, rΨ3
5 = +∞.

Depending on the value of x̃5, DRL(x̃)5 gets correspondingly different values. In par-

ticular:

1. if x̃5 < a then DRL(x̃)5 = a,

2. if a ≤ x̃5 ≤ b then DRL(x̃)5 = x̃5,

3. if b < x̃5 <
b+c
2

then DRL(x̃)5 = b,

4. if b+c
2
≤ x̃5 < c then DRL(x̃)5 = c,

5. if c ≤ x̃5 ≤ d then DRL(x̃)5 = x̃5,

6. if x̃5 > d then DRL(x̃)5 = d.

Independently from the value of x̃5, DRL(x̃)5 satisfies the constraints and is optimal

w.r.t. x̃.

5.3.2 General Case

As stated in the beginning of this Section, one of the desiderata for DRL is that all

the necessary computations need to be done in a single forward pass. To this end,

consider a variable ordering x1; x2; . . . ;xD corresponding to the order of computation

of the features. The ordering can be arbitrarily selected or, more appropriately, may
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reflect the user preferences on which features should be changed first when the sam-

ple violates the constraints. Indeed, the value of each feature xi will be computed

taking into account the values of the features x1, . . . , xi−1, with the latter considered

immutable. To make this possible, when building the layer, it is crucial to ensure that

the chosen value for the variables xj, with j < i, guarantees the existence of a value

for xi satisfying the constraints.

Starting from ΠD = Π and i = D, this amounts to deriving a finite set Πi−1 of

constraints in the variables x1, x2, . . . , xi−1 such that, for every value of x1, x2, . . . , xi−1

satisfying Πi−1, there must exist a value for xi satisfying Πi (or, alternatively, each

assignment to x1, x2, . . . , xi−1 that satisfies Πi−1 can be extended to satisfy also Πi).

In order to define Πi−1, it is possible to use standard propositional and cutting planes

(CP) rules, as defined, e.g., in (Kraj́ıcek, 1998), to derive a new rule that can be used

to construct Πi−1 with the desired properties stated above. I refer to this rule as the

cutting planes resolution rule and formally describe it in Definition 5.3.3 below.

Definition 5.3.3. Given two constraints, Ψ = (
∨n
k=1(wkxi + φk ≥ 0) ∨ Φ) and

Ψ′ = (
∨m
j=1(w

′
jxi + φ′

j ≥ 0) ∨ Φ′), with w′
1, . . . , w

′
m < 0 < w1, . . . , wn and m,n ≥ 1,

the cutting planes (CP) resolution rule between Ψ and Ψ′ on xi is as follows:∨m
j=1(w

′
jxi + φ′

j ≥ 0) ∨ Φ′ ∨n
k=1(wkxi + φk ≥ 0) ∨ Φ∨m

j=1

∨n
k=1(φk/wk − φ′

j/w
′
j ≥ 0) ∨ Φ ∨ Φ′ . (5.7)

In the above rule, Ψ and Ψ′ are the premises, and the formula below the line is

the conclusion denoted with CPres i(Ψ,Ψ
′), which forms a new constraint.

Lemma 5.3.4. The CP resolution rule is sound: the premises entail the conclusion

of the rule.

Proof. Given the CP resolution rule (5.7) between Ψ and Ψ′ on xi from Defini-

tion 5.3.3, where Ψ and Ψ′ are the premises and CPres i(Ψ,Ψ
′) is the conclusion,

proving that the rule is sound amounts to proving that if the premises hold, then the

conclusion also holds.

To this end, consider an arbitrary instantiation x̃ of the variables x1, x2, . . . , xD.

There are two cases:

1. If Φ and Φ′ hold, then the conclusion trivially holds.

2. If the premises hold, but none of Φ and Φ′ are true, then it must be the case

that:

x̃i ≥
n

min
k=1
−φk(x̃)

wk
and x̃i ≤

m
max
j=1
−
φ′
j(x̃)

w′
j

,
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where, φ(x̃) is simply the value obtained by substituting x̃j for each variable xj

in a given expression φ.

Clearly, if these two inequalities hold, then the following must be true:

n

min
k=1
−φk(x̃)

wk
≤ m

max
j=1
−
φ′
j(x̃)

w′
j

.

This means there is a pair (j, k) such that −φk(x̃)
wk
≤ −φ′

j(x̃)

w′
j

. Thus, the conclusion

of the CP resolution rule must hold.

As Lemma 5.3.4 states, the rule is sound for any Φ and Φ′ for which the assump-

tions hold. However, for the sake of simplicity, I assume that (i) Φ does not contain

positive occurrences of xi, and (ii) Φ′ does not contain negative occurrences of xi. As

shown later, it is possible to impose much stronger conditions on the applicability

of the rule, still enabling the derivation of a set of constraints Πi−1 with the desired

properties.

Example 5.3.5 (Example 5.1.1, cont’d). Recall that the QFLRA formula in (5.1)

from the first example translates to the set of constraints Π = {Ψ1,Ψ2,Ψ3} with:

Ψ1 = (x5 ≥ x1),Ψ2 = ((x5 ≤ x2) ∨ (x5 ≥ x3)) and Ψ3 = (x5 ≤ x4). By repeatedly

applying the CP resolution rule, a new set of constraints is obtained that (i) is entailed

by Π and (ii) is logically equivalent to the statement that there is a value for x5 such

that
∧

Ψ∈Π Ψ holds. The step-by-step process is as follows:

1. First I identify the pairs of constraints Ψ and Ψ′ on the variable x5, where

x5 occurs only positively in Ψ and negatively in Ψ′. There are only two such

pairs, namely: (Ψ1, Ψ2) and (Ψ1, Ψ3). By applying the rule the following new

constraints are derived:

CPres5(Ψ1,Ψ2) = ((x1 ≤ x2) ∨ (x5 ≥ x3)),

CPres5(Ψ1,Ψ3) = (x1 ≤ x4).

2. Then, I identify all pairs of constraints Ψ and Ψ′ on the variable x5, where (i)

Ψ is in Π and Ψ′ is in the set of constraints previously derived using the CP

resolution rule, and (ii) x5 occurs positively in Ψ and negatively in Ψ′. There

is only one such pair, namely (Ψ3, CPres5(Ψ1,Ψ2)), from which the following

new constraint is obtained:

CPres5(Ψ3,CPres5(Ψ1,Ψ2)) = ((x1 ≤ x2) ∨ (x3 ≤ x4)).
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As it is derived from the multiple application of the CP resolution rule, the above set

of constraints admits a solution for x5 if and only if (x1 ≤ x4)∧ (x1 ≤ x2 ∨ x3 ≤ x4).

In the example, there is only one constraint with both positive and negative oc-

currences of xi and the CP resolution of any two distinct constraints always leads to

a conclusion with either only positive or only negative occurrences of xi. However, in

general, the CP resolution of two constraints Ψ and Ψ′ will lead to a new constraint

CPres i(Ψ,Ψ
′) which might contain both positive and negative occurrences of xi. This

new constraint can be one of the premises of other CP resolutions, which can produce

new constraints and the process can iterate. Nevertheless, the goal is to derive the

constraints in the variables x1, . . . , xi−1 whose satisfying assignments can be extended

to satisfy also the constraints with xi. The standard solution to make all the possible

CP resolutions on xi while considering also the conclusion of the already done reso-

lution may turn out to be too computationally expensive. To avoid such scenarios, it

is possible to further restrict to CP resolutions between two constraints Ψ and Ψ′ in

which Ψ does not contain negative occurrences of xi. To this end, let:

1. Π+
i be the set of constraints in Πi with only positive occurrences of xi (i.e.,

without negative occurrences of xi);

2. Π−
i be the set of constraints in Πi with only negative occurrences of xi (i.e.,

without positive occurrences of xi);

3. Π±
i be the set of constraints in Πi in which xi occurs both positively and nega-

tively;

4. Π +
+

i be the set of constraints obtained by the recursive application of the CP-

resolution between one constraint without negative occurrences of xi and one

constraint in Π±
i :

Π +
+

i =

|Π±
i |⋃

k=0

Πk
i

where Π0
i = Π+

i and

Πk
i = {CPres i(Ψ,Ψ′) | Ψ ∈ Πk−1

i ,Ψ′ ∈ Π±
i }, for any k > 0.

By construction, every constraint in Π +
+

i has only positive occurrences of xi.
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Then, Πi−1 is the set of constraints in Πi in which xi does not occur plus the set of

constraints obtained by the CP resolution of the constraints in Π+
i ∪ Π−

i ∪ Π +
+

i . More

precisely,

Πi−1 = (Πi \ (Π+
i ∪ Π−

i ∪ Π±
i )) ∪ {CPres i(Ψ,Ψ′) | Ψ ∈ Π +

+

i ,Ψ
′ ∈ Π−

i }. (5.8)

Clearly, for any i, the set of constraints Πi−1 does not contain any occurrence of

xi and can contain a non-polynomial number of constraints, the latter fact echoing

similar results for variable elimination methods in propositional logic and sets of linear

inequalities (Dechter, 1999). The above definition generalises the standard variable

elimination procedure for systems of linear inequalities—based on the Fourier-Motzkin

result—to disjunctions of linear inequalities.

Example 5.3.6 (Example 5.3.5, cont’d). Consider the variable ordering x1, x2, x3, x4, x5.

Then, Π5 = Π,Π−
5 = {Ψ3},Π±

5 = {Ψ2},Π+
5 = Π0

5 = {Ψ1},Π1
5 = {((x1 ≤ x2) ∨ (x5 ≥

x3))}, and Π +
+

5 = Π0
5∪Π1

5. As a consequence, Π4 = {(x1 ≤ x4), ((x1 ≤ x2)∨(x3 ≤ x4))},
and Π3 = Π2 = Π1 = ∅.

For each set of constraints Πi, the set Πi−1 has the desired properties above, as

formally stated in Lemma 5.3.7.

Lemma 5.3.7. Let Π be a set of constraints in the variables x1, . . . , xi. Then Πi = Π

and Πi−1 are equisatisfiable, and each assignment to the variables x1, . . . , xi−1 satis-

fying Πi−1 can be extended in order to satisfy Πi.

Proof. Clearly, given the soundness of the CP resolution rule shown in Lemma 5.3.4,

if Πi is satisfiable, then Πi−1 is also satisfiable. This is because every constraint in

Πi−1 that is not in Πi is entailed by Πi.

It remains to show that if x̃:i is an assignment to the variables x1, . . . , xi−1 satisfy-

ing Πi−1, the set of constraints Πi(x̃
:i) is satisfiable. Similarly to the notation used in

the proof of Lemma 5.3.4, the expression Πi(x̃
:i) denotes the set of constraints in the

variable xi obtained by substituting the value x̃:ij for the variable xj in the constraints

in Π, for all j < i.

Assume, for the sake of contradiction, that Πi(x̃
:i) is not satisfiable. Then, there

are two constraints Ψ,Ψ′ in Πi(x̃
:i) such that3 Ψ ≡ (xi ≥ ri) and Ψ′ ≡ (xi ≤ li).

There are two possible cases:

3I use ≡ to denote logical equivalence.
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1. In this case, ri > li. The constraint CPres i(Ψ,Ψ
′) belongs to Πi−1(x̃

:i) and is

equivalent to ri ≤ li. Thus, a contradiction is reached.

2. In the remaining case, ri ≤ li, and there are additional n ≥ 1 constraints

{Ψ1,Ψ2, . . . ,Ψn} in Πi(x̃
:i), with each Ψj ≡ (xi ≤ l

Ψj

i ) ∨ (xi ≥ r
Ψj

i ), such that:

lΨ1
i < ri ≤ rΨ1

i ,

lΨ2
i < rΨ1

i ≤ rΨ2
i ,

. . . ,

lΨn
i < r

Ψn−1

i ≤ li < rΨn
i .

This simply results in the following:

lΨ1
i < ri ≤ rΨ1

i ≤ rΨ2
i ≤ . . . ≤ r

Ψn−1

i ≤ li < rΨn
i ,

and thus lΨ1
i < ri ≤ li < rΨn

i . In this case, Ω(Ψ) ∩ Ω(Ψ′) ∩
(⋂n

j=1 Ω(Ψj)
)

= ∅.

Given this construction, Π +
+

i (x̃:i) contains the following constraints:

Υ1 = CPres i(Ψ,Ψ1) ≡ (lΨ1
i ≥ ri) ∨ (xi ≥ rΨ1

i ) ≡ xi ≥ rΨ1
i ,

Υ2 = CPres i(Υ1,Ψ2) ≡ (lΨ2
i ≥ rΨ1

i ) ∨ (xi ≥ rΨ2
i ) ≡ xi ≥ rΨ2

i ,

. . . ,

Υn = CPres i(Υn−1,Ψn) ≡ (lΨn
i ≥ r

Ψn−1

i ) ∨ (xi ≥ rΨn
i ) ≡ xi ≥ rΨn

i .

Therefore, Πi−1(x̃
:i) contains CPres i(Υn,Ψ

′) ≡ li ≥ rΨn
i , which contradicts the

above.

As a corollary of the above lemma we have that the CP resolution is refutationally

complete. More precisely, if Π is unsatisfiable then it is possible to derive a disjunction

of linear inequalities in Π0 in which each inequality of the form (5.3) has wi = 0 for

i = 1, . . . , D and b < 0. Thus, at the end of the layer construction, Π unsatisfiability

is automatically detected.

Corollary 5.3.8. For any finite set of constraints Π, the CP resolution rule is refuta-

tionally complete: if Π is unsatisfiable, then repeated application of the CP resolution

rule will eventually derive a contradiction.
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Starting from i = 1, the value of DRL(x̃)i is computed considering the constraints

in Π̃i, where Π̃i is the set of constraints in the variable xi obtained by substituting

DRL(x̃)1,DRL(x̃)2, . . . ,DRL(x̃)i−1 for the variables x1, x2, . . . , xi−1 in Πi. As in the

single variable case, assuming x̃i violates some constraint in Π̃i, I define the closest

satisfying left and right boundary for x̃i as:

lΠ̃i
i (x̃) = max

Ψ∈Π̃i

({lΨi : x̃i > lΨi , l
Ψ
i ∈ Ω(Π̃i)}),

rΠ̃i
i (x̃) = min

Ψ∈Π̃i

({rΨi : x̃i < rΨi , r
Ψ
i ∈ Ω(Π̃i)}).

(5.9)

Then,

DRL(x̃)i =


x̃i if x̃i ∈ Ω(Π̃i),

lΠ̃i
i (x̃) if x̃i ̸∈ Ω(Π̃i) and |x̃i − lΠ̃i

i (x̃)| < |x̃i − rΠ̃i
i (x̃)|,

rΠ̃i
i (x̃) otherwise.

(5.10)

Example 5.3.9 (Examples 5.3.2, 5.3.6, cont’d). Consider a sample x̃ where x̃1 =

a, x̃2 = b, x̃3 = c, and x̃4 = d, arranged as in Figure 5.4. Then, since Π3 = Π2 = Π1 =

∅, DRL does not change the values of the features x1, x2, and x3, and so: DRL(x̃)1 = a,

DRL(x̃)2 = b, and DRL(x̃)3 = c. For x̃4, we have that Π̃4 = {(x4 ≥ a), ((a ≤
b) ∨ (x4 ≥ c))} which reduces to {(x4 ≥ a)}. Since Π̃4 is satisfied, DRL(x̃) = d.

Finally, Π̃5 = {(x5 ≥ a), ((x5 ≤ b) ∨ (x5 ≥ c)), (x5 ≤ d)} and the value of DRL(x̃)5

can be computed on the ground of x̃5, as detailed in Example 5.3.2.

Theorem 5.3.10. Let Π be a finite and satisfiable set of constraints. For any sample

x̃ and variable ordering, the corresponding sample DRL(x̃) satisfies Π.

Proof. The statement can be proved by induction over the number n of variables

appearing in Π.

Base case: Let n = 0. Then, Π is satisfied by any sample x̃, and DRL(x̃) = x̃.

Inductive step: Assume n > 0 and let xi be the last variable in the given ordering

that occurs in Π. Clearly, Πi−1 contains (n − 1) variables. Thus, for the inductive

hypothesis, assume that DRL(x̃) satisfies Πi−1. Then, it remains to show that DRL(x̃)

also satisfies Πi. From the inductive hypothesis and from Lemma 5.3.7, we have that

Π̃i is satisfiable. Hence, the result of the Theorem follows from Lemma 5.3.1.

Further, given the variable ordering x1, x2, . . . , xD, DRL(x̃) is optimal w.r.t. x̃,

Π and the variable ordering: for each i = 1, . . . , D there does not exist a sample

x̃′ ∈ Ω(Π) such that (i) |x̃i − x̃′i| < |x̃i − DRL(x̃)i|, and (ii) x̃′j = DRL(x̃)j for all

j < i.
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Theorem 5.3.11. Let Π be a finite and satisfiable set of constraints. For any sample

x̃ and variable ordering, the corresponding sample DRL(x̃) is optimal w.r.t. x̃, Π and

the variable ordering.

Proof. The statement can be proved by induction over the number n of variables

occurring in Π.

Base case: Let n = 0. Then, Π is satisfied by any sample x̃, and DRL(x̃) = x̃.

Thus, the result of the Theorem trivially follows.

Inductive step: Assume n > 0 and let xi be the last variable in the given ordering

that occurs in Π. Clearly, Πi−1 contains only the variables x1, x2, . . . xi−1. Thus, for

the inductive hypothesis, assume that DRL(x̃) is optimal with respect to x̃, Πi−1 and

the variable ordering, for any sample x̃. Then, it remains to show that DRL(x̃) is also

optimal with respect to Π̃i.

From the inductive hypothesis and from Lemma 5.3.7, we have that Π̃i is satisfi-

able. Furthermore, from Lemma 5.3.1 we have that for every x̃, DRL(x̃) is optimal

w.r.t. x̃ and Π̃i. Hence, the result of the Theorem follows.

5.4 Experimental Analysis

To assess how DRL4 performs in practice, I conduct the following studies. First,

in Section 5.4.2, I investigate whether the DRL layer improves the quality of the

synthetic data generated by standard DGMs. In Section 5.4.3, I then compare the

constrained models (referred to as DGMs+DRL) with the models obtained by con-

sidering only the linear constraints in each dataset and adding the layer introduced in

Chapter 3. More precisely, the latter models are constrained using only linear inequal-

ities, rather than QFLRA constraints, and are obtained by adding a constraint layer

on top of each DGM to create corresponding DGM + Linearly-constrained Layer

(DGM+LL) models (i.e., WGAN+LL, TableGAN+LL, CTGAN+LL, TVAE+LL,

and GOGGLE+LL). Then, in Section 5.4.4, I conduct experiments to determine how

the background knowledge injection affects the sample generation time.

The results of the experimental analysis reveal that DRL is not only able to correct

the samples such that they are compliant with the background knowledge, but it is

also able to improve the machine learning efficacy of the models across the diverse

range of dataset complexities examined in the experiments. Out of all datasets, on

the smallest dataset (CCS) which contains only 835 training samples and 36 features,

4The code is available at https://github.com/mihaela-stoian/DRL DGM.
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the unconstrained DGMs yield constraint violation rates as high as 78.5% as well

as low machine learning efficacy. DRL not only eliminates these violations, but also

provides consistent improvements in all three metrics across four out of five models.

Moreover, these improvements are often non-negligible (with the largest ones being

21.4%, 20.5%, and 20.9% on GOGGLE, in terms of F1-, weighted F1-score, and AUC,

respectively). On the other hand, the largest dataset (LCLD) which contains more

than 490K training samples, demonstrates the scalability of DRL. Indeed, despite the

very large number of training samples, DRL consistently improves nearly all metrics

(improving 13 out of 15 cases). Finally, on the regression dataset (House), where every

baseline model results in 100% constraint violation rate, DRL successfully corrects

this to 0%, while improving all metrics (i.e., MAE and RMSE) for every model.

Before delving into these studies, I describe the metrics used to compute the

sample quality, along with the models and datasets.

5.4.1 Experimental Setup

Models. Below I give a brief description of each of the five models used in the

experimental analysis. For each of the following DGMs, I build the DRL on top of

the DGM to create corresponding DGM+DRL models.

• WGAN (Arjovsky et al., 2017): is a GAN-based model which has been trained

by using the Wasserstein distance as a loss, which improves the stability of

learning.

• TableGAN (Park et al., 2018): is a GAN-based model designed for generat-

ing realistic tabular data. It uses a convolutional neural network (CNN) as a

discriminator to better the capture dependencies among features.

• CTGAN (Xu et al., 2019): is again a GAN-based model which uses a conditional

generator to model feature distributions and applies a mode-specific normalisa-

tion technique to improve the generation of imbalanced categorical data.

• TVAE (Xu et al., 2019): uses a variational autoencoder architecture to capture

both continuous and categorical feature distributions, learning a probabilistic

latent space representation of the data. By optimising the evidence lower bound,

it balances reconstruction accuracy and regularisation.

• GOGGLE (Liu et al., 2022): uses a VAE framework combined with a graph

neural network, which allows the model to learn complex feature relationships
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Table 5.1: Dataset statistics. For each dataset, the following are provided: (i) the
number of samples in the training partition, (ii) the number of samples in the vali-
dation partition, (iii) the number of samples in the test partition, (iv) the number of
features, (v) the number of constraints, and (vi) the type of downstream task.

Dataset # Train # Val # Test # Features # Constraints Task (# classes)

URL 7K 2K 2K 64 18 Binary classification
CCS 1K 0.02K 0.15K 36 12 Binary classification
LCLD 494K 199K 431K 29 16 Binary classification
Heloc 8K 2K 0.2K 24 12 Binary classification
House 17K 0.5K 4K 20 13 Regression

by representing the data as a graph, where each node corresponds to a feature,

and edges capture dependencies between features.

Datasets. For the experimental analysis, I consider five real-world datasets and

associated constraints. Four datasets (i.e., URL, CCS, LCLD, and Heloc) are used

for classification tasks, while one dataset (i.e., House) is used for regression.

Below I provide a brief description for each dataset and the links to the pages

where they can be downloaded:

• URL5 (Hannousse and Yahiouche, 2021) is used to perform webpage phishing

detection with features describing statistical properties of the URL itself as well

as the content of the page.

• CCS6 is used to identify individuals at high risk of cervical cancer from features

describing the patients’ demographic and medical history.

• LCLD7 is used to predict whether the debt lent is unlikely to be collected

from features related to the loan as well as client history. In particular, I use

the feature-engineered dataset from (Simonetto et al., 2022), inspired from the

LendingClub loan data.

• HELOC8 is a dataset from FICO used to predict whether customers will repay

their credit lines within 2 years from features related to the credit line and the

client’s history.

5Link to dataset: https://data.mendeley.com/datasets/c2gw7fy2j4/2
6Link to dataset:https://www.kaggle.com/datasets/ranzeet013/cervical-cancer-dataset/data
7Link to dataset: https://figshare.com/s/84ae808ce6999fafd192
8Link to dataset: https://huggingface.co/datasets/mstz/heloc
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Figure 5.5: Visualisation of the considered types of DGMs and how to add DRL in
their topology.

• House9 is used to predict the prices of houses in King County (USA) and con-

tains data collected from May 2014 to May 2015. The features describe various

features of the sold houses, including the date of sale, house prices, the number

of bedrooms and bathrooms etc.

For each dataset above, Table 5.1 shows the number of samples in the train, val-

idation and test partitions, along with the number of features and the number of

constraints. In all cases, the real data always satisfy the constraints. In particular,

the constraints were already included in the original URL, Heloc and LCLD datasets.

Regarding the CCS and House datasets, I manually annotated the constraints using

background knowledge about the problem, then checked whether the data were com-

pliant with the constraints and finally retained only the constraints that were satisfied

by all the datapoints. For examples of constraints, see Table H.3 of Appendix H.2.

Sample Quality Evaluation. To judge the quality of the synthetic samples I

measure (i) how well they align with the background knowledge and (ii) how well they

can replace the real data in downstream tasks. In particular, to measure background

knowledge alignment of the synthetic data in (i), I consider the metrics proposed

in (Stoian et al., 2024a): i.e, constraint violation rate (CVR), constraint violation

coverage (CVC), and samplewise constraints violation coverage (sCVC), as described

in Chapter 3. To determine the usability of the synthetic data in downstream tasks

for (ii), I evaluate the machine learning efficacy (Kim et al., 2023), also known as

utility (e.g., in (Liu et al., 2022)) or efficiency. To compute it, I follow the “Train on

Synthetic, Test on Real” protocol (Esteban et al., 2017), along with the steps from

(Kim et al., 2023). For clarity, I describe the protocol below.

First, I generate a synthetic dataset and split it into training, validation, and test-

ing sets, maintaining the same proportions as in the real dataset. Next, I conduct a

9Link to dataset: https://www.kaggle.com/datasets/harlfoxem/housesalesprediction/data
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hyperparameter search using the synthetic training set to train various classifiers and

regressors. Specifically, for the classification datasets (i.e., URL, CCS, LCLD, Heloc),

I use the following six classifiers: AdaBoost (Schapire, 2013), Decision Tree (Wu et al.,

2008), Logistic Regression (Cox, 1958) Multi-layer Perceptron (MLP) (Haykin, 1994),

Random Forest (Ho, 1995), and XGBoost (Chen and Guestrin, 2016). For the regres-

sion dataset (i.e., House), I use: Linear Regression, MLP, Random Forest regressors,

and XGBoost. Across all classifiers and regressors, I use the same hyperparameter set-

tings as those in Table 26 of (Kim et al., 2023). Then, based on the F1-score obtained

on the real validation set, I select the best hyperparameter configuration. As a last

step, I evaluate the selected models on the real test set and average the performance

across all classifiers/regressors.

For classification datasets, I report: F1-score (F1), weighted F1-score (wF1), and

Area Under the ROC Curve (AUC), while for the regression dataset, I compute the

mean absolute error (MAE) and the root mean square error (RMSE). I run the entire

process described above five times for each model, then compute the average results

for each metric individually across the repetitions.

Hyperparameter search. In order to provide strong baselines for the DGMs,

I conducted a hyperparameter search for each model and each dataset. Notice that

the hyperparameter configurations selected for a specific DGM have been used for

all associated DGMs equipped with the LL and the DRL layers (i.e., the associated

DGM+LL and DGM+DRL models). To ensure the reproducibility of the results, I

included all the necessary details for the hyperparameter search in Appendix C, along

with the best hyperparameter configurations in Table C.1 of Appendix C.

DGM+DRL schemas. In Figure 5.5 I give an overview on how to add DRL in

the topology of the three types of DGM architectures considered in the experimental

analysis. In all figures I indicate with z a noise vector, with x a real datapoint from

the original dataset, with x̃ a sample generated by the DGM, and with DRL(x̃) the

final sample obtained from DRL. In particular, we can see that:

• The leftmost panel in the Figure shows that DRL needs to be added on top of

the generator module in GAN-based models,

• The middle panel shows that DRL needs to be added after the decoder module

in VAE-based models, and

• The rightmost panel shows that DRL needs to be added after the generator

module in GOGGLE-like models.
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Table 5.2: CVR for each model and dataset. Cases with CVR≥50% are underlined.
Best results are in bold.

URL CCS LCLD Heloc House

WGAN 22.8±4.9 44.7±7.1 47.5±14.5 80.6±9.3 100.0±0.0

TableGAN 8.5±2.2 61.2±13.3 32.0±4.7 59.9±16.7 100.0±0.0

CTGAN 9.7±2.0 78.5±5.7 7.1±1.3 56.6±9.8 100.0±0.0

TVAE 10.3±1.1 16.9±1.6 10.3±0.6 44.9±1.0 100.0±0.0

GOGGLE 7.3±8.1 60.3±6.8 70.4±16.1 52.7±6.3 100.0±0.0

All models + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0

Table 5.3: Constraint violation rate (CVR) for each unconstrained DGM model and
each dataset.

Constraint Type Model/Dataset URL CCS LCLD Heloc House

Linear

WGAN 17.9±5.0 15.0±5.6 28.5±16.3 69.1±8.6 100.0±0.0

TableGAN 5.4±1.4 14.5±3.6 19.1±3.7 45.6±16.3 100.0±0.0

CTGAN 3.8±1.3 56.1±7.5 1.9±1.1 55.8±10.2 100.0±0.0

TVAE 3.0±0.7 8.6±1.9 3.9±0.5 44.8±1.0 100.0±0.0

GOGGLE 47.3±6.9 42.5±3.9 16.5±13.2 47.3±6.9 99.9±0.1

All models + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

Disjunctive

WGAN 8.6±1.7 38.3±10.0 26.8±5.2 47.3±15.5 74.2±4.4

TableGAN 3.9±1.4 56.1±14.4 16.0±3.5 33.8±14.7 73.7±14.8

CTGAN 6.3±1.0 58.8±6.4 5.3±0.8 1.7±1.4 42.8±23.1

TVAE 7.6±0.7 11.8±0.7 6.6±0.5 0.0±0.0 52.7±24.7

GOGGLE 2.0±2.8 37.1±15.8 65.3±15.8 35.2±4.2 20.4±20.5

All models + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

In general, DRL can be added in many different DGMs, and it simply needs to be

added right after the sample x̃ is generated.

5.4.2 Synthetic Data Quality

Background knowledge alignment. To assess how often the samples violate the

constraints, I calculate the CVR, which is defined as the percentage of samples that

violate at least one constraint. Table 5.2 shows the CVR for each unconstrained model

(first five rows) and the models equipped with the DRL (last row). As expected, the

models with DRL always satisfy the constraints, while the samples obtained with

standard DGMs very often violate them. Additionally, in many cases, the CVR is

extremely high: out of 25 cases, 13 cases have CVR greater than 50% and 5 cases

have CVR equal to 100%, thus making the standard procedure of rejecting non-aligned
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Table 5.4: Samplewise constraints violation coverage (sCVC) for each unconstrained
DGM model and each dataset.

Constraint Type Model/Dataset URL CCS LCLD Heloc House

Linear

WGAN 2.2±0.6 7.9±2.9 15.1±9.4 14.3±2.5 50.0±0.0

TableGAN 0.7±0.2 7.5±1.9 9.8±1.9 9.0±3.3 50.0±0.0

CTGAN 0.5±0.2 32.1±5.6 1.0±0.5 9.9±2.8 50.0±0.0

TVAE 0.4±0.1 4.4±1.0 2.0±0.3 7.4±0.2 50.0±0.0

GOGGLE 17.2±4.9 22.0±2.3 8.6±7.1 17.2±4.9 50.0±0.0

All models + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

Disjunctive

WGAN 0.9±0.2 5.3±1.7 2.2±0.5 11.5±4.4 7.0±0.4

TableGAN 0.4±0.1 6.8±1.9 1.5±0.3 7.9±3.7 6.7±1.3

CTGAN 0.6±0.1 8.0±1.2 0.4±0.1 0.3±0.3 3.9±2.1

TVAE 0.8±0.1 1.3±0.1 0.5±0.0 0.0±0.0 4.8±2.3

GOGGLE 0.2±0.3 5.0±2.1 10.0±3.4 7.1±0.9 1.9±1.9

All models + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

Table 5.5: Constraints violation coverage (CVC) for each unconstrained DGM model
and each dataset.

Constraint Type Model/Dataset URL CCS LCLD Heloc House

Linear

WGAN 45.0±5.0 100.0±0.0 100.0±0.0 100.0±0.0 100.0±0.0

TableGAN 34.0±4.2 100.0±0.0 100.0±0.0 100.0±0.0 100.0±0.0

CTGAN 17.5±4.3 100.0±0.0 100.0±0.0 100.0±0.0 100.0±0.0

TVAE 12.5±0.0 100.0±0.0 100.0±0.0 99.4±1.3 100.0±0.0

GOGGLE 100.0±0.0 100.0±0.0 100.0±0.0 100.0±0.0 100.0±0.0

All models + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

Disjunctive

WGAN 50.0±0.0 40.0±0.0 28.0±1.3 80.0±0.0 34.9±2.4

TableGAN 53.6±3.8 40.0±0.0 51.3±3.9 80.0±0.0 36.4±0.0

CTGAN 56.4±5.0 40.0±0.0 22.3±2.2 55.2±6.6 34.9±3.3

TVAE 55.2±4.6 40.0±0.0 20.3±3.4 24.8±11.1 36.0±0.8

GOGGLE 28.4±21.3 40.0±0.0 49.1±8.1 48.8±15.6 33.3±5.2

All models + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

samples unfeasible.

In addition to the CVR metric, I also compute the samplewise constraints vi-

olation coverage (sCVC) and the constraint violation coverage (CVC). Recall that

sCVC indicates the average percentage of constraints violated per sample, across all

samples, and CVC represents the percentage of constraints violated at least once by

the samples. Moreover, as constraints expressed as linear inequalities are a special

case of the QFLRA constraints, I have also partitioned the constraints between those

that can be captured as linear inequalities and those that cannot. In Tables 5.3, 5.4,

and 5.5, I provide a breakdown in terms of the CVR, sCVC, and CVC, respectively,
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Table 5.6: Machine learning efficacy comparison between the unconstrained DGMs,
and their +DRL and +RS counterparts. The performance is measured using F1, wF1,
and AUC, for each classification dataset.

F1 wF1 AUC

URL CCS LCLD Heloc URL CCS LCLD Heloc URL CCS LCLD Heloc

WGAN 0.794 0.303 0.139 0.665 0.796 0.330 0.296 0.648 0.870 0.814 0.605 0.717
+ RS 0.792 0.051 0.156 0.628 0.794 0.088 0.312 0.617 0.862 0.570 0.611 0.685
+ DRL 0.800 0.313 0.197 0.721 0.801 0.340 0.339 0.652 0.875 0.885 0.623 0.717

TableGAN 0.562 0.196 0.259 0.593 0.659 0.228 0.393 0.615 0.843 0.802 0.655 0.707
+ RS 0.544 0.138 0.251 0.568 0.648 0.172 0.389 0.599 0.854 0.682 0.653 0.685
+ DRL 0.619 0.163 0.269 0.628 0.693 0.196 0.401 0.628 0.865 0.742 0.657 0.709

CTGAN 0.822 0.145 0.247 0.736 0.799 0.159 0.379 0.675 0.859 0.914 0.651 0.744
+ RS 0.817 0.086 0.201 0.706 0.795 0.095 0.342 0.650 0.856 0.515 0.615 0.706
+ DRL 0.836 0.288 0.288 0.744 0.815 0.308 0.409 0.680 0.883 0.955 0.643 0.745

TVAE 0.810 0.325 0.185 0.717 0.802 0.351 0.330 0.686 0.863 0.858 0.631 0.750
+ RS 0.788 0.024 0.237 0.420 0.778 0.061 0.283 0.465 0.846 0.522 0.480 0.497
+ DRL 0.835 0.467 0.189 0.731 0.832 0.487 0.330 0.694 0.893 0.926 0.635 0.752

GOGGLE 0.622 0.039 0.248 0.596 0.648 0.076 0.296 0.566 0.742 0.549 0.551 0.600
+ RS 0.608 0.047 0.235 0.577 0.639 0.084 0.322 0.549 0.727 0.571 0.532 0.592
+ DRL 0.720 0.253 0.298 0.698 0.673 0.281 0.310 0.636 0.747 0.758 0.563 0.691

for the unconstrained DGM models, according to the two possible types: linear con-

straints and constraints that have at least two linear inequalities in disjunction. This

breakdown allows for checking how much each of the two partitions contributes to the

high CVR results. To this end, I found that in 13 (resp. 6) out of 25 cases, the CVR

was greater than 25% (resp. 50%) on the constraints presenting disjunctions alone.

Machine Learning Efficacy. Table 5.6 shows that: (i) making the samples com-

pliant with the constraints via rejection sampling (RS) often reduces their machine

learning efficacy (indicated as DGMs+RS), and that (ii) adding DRL improves the

performance of the unconstrained models according to at least one metric in all cases

but one (TableGAN over the CCS dataset). Indeed, we can see that rejection sam-

pling decreases the performance with respect to the standard DGMs in 17, 17 and 17

out of 20 cases for F1, wF1 and AUC, respectively.

On the other hand, DRL improves the performance w.r.t. the unconstrained mod-

els in 19, 18 and 17 out of 20 cases for F1, wF1 and AUC, respectively. Additionally,

the improvements are often non-negligible. For F1, in more than half of the cases,

the improvement is of at least 3.5%, with the largest one recorded on GOGGLE for

CCS of 21.4%. For wF1, in more than half of the cases, the improvement is of at least

98



Table 5.7: Machine learning efficacy comparison between the unconstrained DGM
models and their DRL counterparts in terms of F1. The performance, along with the
standard deviation, is reported for each classification dataset.

URL CCS LCLD Heloc

WGAN 0.794±0.041 0.303±0.060 0.139±0.053 0.665±0.050

WGAN+RS 0.792±0.031 0.051±0.037 0.156±0.074 0.628±0.043

WGAN+DRL 0.800±0.011 0.313±0.127 0.197±0.060 0.721±0.027

TableGAN 0.562±0.051 0.196±0.037 0.259±0.011 0.593±0.058

TableGAN+RS 0.544±0.071 0.138±0.025 0.251±0.020 0.568±0.077

TableGAN+DRL 0.619±0.046 0.163±0.079 0.269±0.025 0.628±0.083

CTGAN 0.822±0.017 0.145±0.040 0.247±0.087 0.736±0.035

CTGAN+RS 0.817±0.008 0.086±0.016 0.201±0.066 0.706±0.014

CTGAN+DRL 0.836±0.004 0.288±0.116 0.288±0.013 0.744±0.020

TVAE 0.810±0.008 0.325±0.190 0.185±0.021 0.717±0.013

TVAE+RS 0.788±0.023 0.024±0.011 0.237±0.018 0.420±0.007

TVAE+DRL 0.835±0.009 0.467±0.100 0.189±0.022 0.731±0.009

GOGGLE 0.622±0.094 0.039±0.016 0.248±0.156 0.596±0.072

GOGGLE+RS 0.608±0.098 0.047±0.024 0.235±0.149 0.577±0.093

GOGGLE+DRL 0.720±0.086 0.253±0.144 0.298±0.153 0.698±0.023

Table 5.8: Machine learning efficacy comparison between the unconstrained DGM
models and their DRL counterparts in terms of wF1. The performance, along with
the standard deviation, is reported for each classification dataset.

URL CCS LCLD Heloc

WGAN 0.796±0.026 0.330±0.057 0.296±0.037 0.648±0.027

WGAN+RS 0.794±0.020 0.088±0.035 0.312±0.056 0.617±0.018

WGAN+DRL 0.801±0.014 0.340±0.122 0.339±0.049 0.652±0.036

TableGAN 0.659±0.035 0.228±0.035 0.393±0.010 0.615±0.030

TableGAN+RS 0.648±0.046 0.172±0.024 0.389±0.015 0.599±0.036

TableGAN+DRL 0.693±0.028 0.196±0.076 0.401±0.018 0.628±0.038

CTGAN 0.799±0.033 0.159±0.042 0.379±0.061 0.675±0.015

CTGAN+RS 0.795±0.014 0.095±0.019 0.342±0.054 0.650±0.009

CTGAN+DRL 0.815±0.011 0.308±0.118 0.409±0.007 0.680±0.011

TVAE 0.802±0.012 0.351±0.182 0.330±0.016 0.686±0.004

TVAE+RS 0.778±0.026 0.061±0.010 0.283±0.007 0.465±0.001

TVAE+DRL 0.832±0.014 0.487±0.096 0.330±0.014 0.694±0.006

GOGGLE 0.648±0.074 0.076±0.015 0.296±0.066 0.566±0.050

GOGGLE+RS 0.639±0.068 0.084±0.023 0.322±0.065 0.549±0.051

GOGGLE+DRL 0.673±0.039 0.281±0.139 0.310±0.057 0.636±0.020
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Table 5.9: Machine learning efficacy comparison between the unconstrained DGM
models and their DRL counterparts in terms of AUC. The performance, along with
the standard deviation, is reported for each classification dataset.

URL CCS LCLD Heloc

WGAN 0.870±0.012 0.814±0.072 0.605±0.010 0.717±0.021

WGAN+RS 0.862±0.019 0.570±0.070 0.611±0.022 0.685±0.023

WGAN+DRL 0.875±0.007 0.885±0.050 0.623±0.023 0.717±0.029

TableGAN 0.843±0.020 0.802±0.044 0.655±0.011 0.707±0.007

TableGAN+RS 0.854±0.016 0.682±0.086 0.653±0.010 0.685±0.020

TableGAN+DRL 0.865±0.022 0.742±0.096 0.657±0.007 0.709±0.011

CTGAN 0.859±0.040 0.914±0.039 0.651±0.020 0.744±0.009

CTGAN+RS 0.856±0.010 0.515±0.083 0.615±0.031 0.706±0.014

CTGAN+DRL 0.883±0.009 0.955±0.022 0.643±0.019 0.745±0.008

TVAE 0.863±0.011 0.858±0.100 0.631±0.004 0.750±0.004

TVAE+RS 0.846±0.024 0.522±0.040 0.480±0.008 0.497±0.006

TVAE+DRL 0.893±0.010 0.926±0.039 0.635±0.002 0.752±0.003

GOGGLE 0.742±0.071 0.549±0.051 0.551±0.034 0.600±0.056

GOGGLE+RS 0.727±0.060 0.571±0.077 0.532±0.049 0.592±0.052

GOGGLE+DRL 0.747±0.029 0.758±0.091 0.563±0.027 0.691±0.039

1.0%, with the largest improvement, of 20.5%, again recorded on GOGGLE for CCS.

And, for AUC, the improvement is at least 1.2% in half of the cases, with the largest

improvement, of 20.9%, recorded on GOGGLE for CCS.

For detailed results, Tables 5.7, 5.8, 5.9 show the efficacy, along with the standard

deviations from the mean, for each unconstrained DGM model and the corresponding

DGM+DRL models on every classification dataset, using the F1, wF1, and AUC

metrics, respectively.

Further, in Table 5.10, I report MAE and RMSE for each unconstrained DGM

model and the corresponding DGM+DRL models on the regression dataset (i.e.,

House). We find a similar trend in terms of improvements brought by DRL, where

the DGM+DRL models improve the performance w.r.t. the unconstrained models in

all cases.

It is worth noting that the CCS dataset, which sees the highest improvements

overall when using DRL, is the smallest out of all datasets, with only 835 samples

and 36 features. For a comparison of the datasets, see Table 5.1.

I also verify the statistical significance of the results following the recommendation

of (Demsar, 2006). To this end, I perform the Wilcoxon signed-rank test on the efficacy

results for the classification datasets, obtaining p-value < 0.001 w.r.t. the F1 and wF1
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Figure 5.6: Sample distributions w.r.t. the Zipcode and Price features from the House
dataset, for real data (first panel) and synthetic data from TVAE (second panel),
TVAE+LL (third panel) and TVAE+DRL (last panel). The regions where samples
violate the constraints are highlighted in red.

Table 5.10: Machine learning efficacy performance comparison between DGM and
DGM+DRL models trained on House, using MAE and RMSE.

MAE RMSE

WGAN 547652.6±6.1 688130.1±4.8

WGAN+DRL 547637.5±17.4 688118.0±14.9

TableGAN 547655.3±5.9 688132.7±4.9

TableGAN+DRL 547653.6±22.8 688131.4±18.7

CTGAN 547652.9±2.7 688130.4±2.0

CTGAN+DRL 547642.9±18.1 688122.1±14.0

TVAE 547650.0±5.1 688128.5±4.2

TVAE+DRL 547645.4±31.8 688124.6±27.8

GOGGLE 547639.5±13.8 688119.6±11.5

GOGGLE+DRL 547633.9±16.0 688115.7±11.3

results and < 0.005 w.r.t. AUC. Importantly, the test confirms that DRL significantly

improves the performances of DGMs.

Comparison with real data performance. For reference, I report the efficacy

performance when training on the real data in Table F.2 of Appendix F.2. From

the Table, we can see that the synthetic data generated with all the DGMs (uncon-

strained, and +DRL) manage to obtain very good results. On multiple occasions,

the models trained on the synthetic data not only get results comparable with the

ones obtained with the real data, but actually perform better than them. In spite of

this, the classification models trained on synthetic data never manage to get better

performance than those trained on the real data for all metrics. On the other hand,
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the regressors trained on the synthetic version of the House dataset always manage

to get lower MAE and RMSE, no matter the DGM used to generate the synthetic

data.

(a) (b)

(c) (d)

(e)

Figure 5.7: t-SNE visualisations of the distribution of the samples generated for the
CCS dataset by (i) WGAN and WGAN+RS in Figure 5.7a, (ii) TableGAN and Table-
GAN+RS in Figure 5.7b, (iii) CTGAN and CTGAN+RS in Figure 5.7c, (iv) TVAE
and TVAE+RS in Figure 5.7d, and (v) GOGGLE and GOGGLE+RS in Figure 5.7e.

Training dynamics. To evaluate training dynamics and convergence speed, I show

the auxiliary classifier loss of the TableGAN generator. As noted by Park et al. (2018),
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Figure 5.8: Training and validation loss curves (measuring the auxiliary classifier loss
of the generator) for the Heloc dataset. The plots compare the convergence of the
unconstrained TableGAN baseline against the constrained TableGAN+DRL model
over the same number of training epochs.

this loss directly evaluates the discrepancy between the label (assigned to the target

feature of the dataset) of a generated sample and the label predicted by TableGAN’s

classifier for that sample. By monitoring this loss (in Figure 5.8), we can observe

the training dynamics and empirically validate the gradient flow through the DRL

layer. To this end, the learning curves show that DRL is fully differentiable and does

not impede the gradients. In fact, it provides the generator with informative gradient

signals, effectively guiding the model towards valid data distributions (according to

the classifier loss) faster than the unconstrained baseline. Further, comparing the plots

reveals that the validation loss closely tracks the training loss, indicating that the DRL

layer leads to improved convergence without causing the model to overfit. Finally,

regarding computational training time, the integration of the DRL layer introduces

an expected overhead during the training process, similar to the one reported for

LL (in Chapter 3), with the constrained model from the Figure taking 2.9× the

time to train the unconstrained model for the same number of epochs. However, as

a future experiment, the faster convergence speed of the DRL could be leveraged

to implement early stopping, potentially allowing the constrained models to achieve

optimal performance in fewer epochs than the unconstrained models.

Qualitative analysis. Further, to visualise the impact of DRL, I consider the

features Price and Zipcode from the House dataset and create the scatter plots of

(i) the real data, and the synthetic data from (ii) the unconstrained DGMs, (iii) the

DGMs+LL, and (iv) the DGMs+DRL. The constraints considered are the following:

(i) if the Zipcode is 98004 or 98005 then the Price is greater than 400K USD and (ii)

if the Zipcode is between 98006 and 98008 then the Price exceeds 225K USD. In each

plot, the regions that violate the constraints are highlighted in red.
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Table 5.11: CVR for each DGM+LL model and dataset. Cases with CVR≥50% are
underlined. Best results are in bold.

URL CCS LCLD Heloc House

WGAN+LL 8.9±3.2 51.5±11.2 27.0±3.6 20.6±6.3 100.0±0.0

TableGAN+LL 3.6±0.8 54.0±17.8 11.3±0.9 26.6±7.7 23.9±2.7

CTGAN+LL 7.0±2.6 55.7±16.3 2.6±1.1 2.6±2.4 10.8±7.8

TVAE+LL 6.8±0.6 8.4±2.0 5.8±0.8 0.0±0.0 13.0±12.6

GOGGLE+LL 6.5±7.0 23.0±10.7 81.9±6.5 11.5±7.1 2.6±2.6

All + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0

The scatter plots obtained from the real datapoints and from the samples gener-

ated using TVAE, with and without LL and DRL, are shown in Figure 5.6. The plots

obtained from the other models are given in Figure E.1, Appendix E. The Figures

clearly show that standard DGMs and DGMs+LL fail to comply with the constraints,

with many of the samples falling in the red-shaded regions. On the contrary, the sam-

ples obtained using DRL not only never violate the constraints, but also better match

the real data distribution.

Finally, in order to show the unintended consequences of using rejection sampling,

in Figure 5.7, I provide t-SNE (van der Maaten and Hinton, 2008) visualisations of

the differences between the distributions of the samples generated by the standard

DGMs and by DGMs+RS (i.e, with rejection sampling). As we can see in the Figure,

there can be cases where rejection sampling actually creates some changes in the

distribution, which can then affect the machine learning efficacy.

5.4.3 Linear vs. QFLRA Constraints

Background knowledge alignment. Table 5.11 shows the CVR for each DGM+LL

model (first five rows) and for the DGM+DRL models (last row). As expected,

DGMs+LL cannot guarantee the compliance with QFLRA constraints and in 5 out

of 25 cases we see a CVR greater than 50%. Moreover, there is one case (i.e., House

for the WGAN+LL model) where the CVR is 100%, thus demonstrating the need for

models that support more expressive constraints.

Overall, the linearly-constrained models do show a decrease in CVR, when com-

pared to the unconstrained models. However, their results also demonstrate the need

for having models that can support more expressive constraints, such as the QFLRA

constraints, further motivating the DRL layer’s applicability. This is detailed in Ta-

ble D.1 of Appendix D, which breaks down the CVR results by the two constraint

types: linear inequalities and disjunctions of linear inequalities.
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Table 5.12: Machine learning efficacy comparison between the DGM+LL models and
the models with DRL. The performance is measured using F1, wF1, and AUC, for
each classification dataset.

F1 wF1 AUC

URL CCS LCLD Heloc URL CCS LCLD Heloc URL CCS LCLD Heloc

WGAN+LL 0.803 0.359 0.183 0.694 0.799 0.383 0.330 0.662 0.869 0.857 0.608 0.732
WGAN+DRL 0.800 0.313 0.197 0.721 0.801 0.340 0.339 0.652 0.875 0.885 0.623 0.717

TableGAN+LL 0.612 0.169 0.232 0.638 0.695 0.203 0.373 0.633 0.868 0.794 0.640 0.704
TableGAN+DRL 0.619 0.163 0.269 0.628 0.693 0.196 0.401 0.628 0.865 0.742 0.657 0.709

CTGAN+LL 0.836 0.250 0.265 0.729 0.820 0.271 0.392 0.688 0.880 0.959 0.641 0.755
CTGAN+DRL 0.836 0.288 0.288 0.744 0.815 0.308 0.409 0.680 0.883 0.955 0.643 0.745

TVAE+LL 0.824 0.413 0.158 0.730 0.816 0.436 0.310 0.691 0.878 0.933 0.633 0.747
TVAE+DRL 0.835 0.467 0.189 0.731 0.832 0.487 0.330 0.694 0.893 0.926 0.635 0.752

GOGGLE+LL 0.787 0.233 0.284 0.723 0.749 0.262 0.310 0.663 0.802 0.765 0.554 0.719
GOGGLE+DRL 0.720 0.253 0.298 0.698 0.673 0.281 0.310 0.636 0.747 0.758 0.563 0.691

In Appendix D, in Tables D.2 and D.3, I also report the results for the sCVC and

CVC metrics for each DGM+LL model, again according to the the two constraint

types.

Machine Learning Efficacy. For the sake of completeness, in Table 5.12 I include

the comparison between DGMs+DRL and DGMs+LL on the classification datasets.

Since in Chapter 3, I already reported improvements over the unconstrained DGMs by

adding LL, as expected in this scenario, the improvements brought by the DGM+DRL

models over the DGMs+LL are more modest than the ones registered above for the

DGM+DRL w.r.t. the unconstrained models. As shown in the Table, the DGM+DRL

models improve the efficacy w.r.t. the DGMs+LL for at least one metric in 17 out

of 20 cases. Similarly, the number of times DGM+DRL outperforms the respective

DGM+LL is lower than the number of times it outperforms its unconstrained counter-

part. Indeed, out of 20 comparisons, the models with DRL outperform their linearly

constrained counterparts 13, 10 and 11 times for F1, wF1, and AUC, respectively. Ta-

bles D.4, D.5, D.6 in Appendix D show the efficacy, along with the standard deviations

from the mean, for each DGM+LL model and the corresponding DGM+DRL models

on every classification dataset, using the F1, wF1, and AUC metrics, respectively.

Regarding the regression dataset, House, Table D.7 in Appendix D shows that the

DGM+DRL models have a comparable performance to the DGM+LL models, with

6 out of 10 the cases showing an improvement in performance when using DRL.
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Table 5.13: Sample generation time (in seconds) for all DGMs and their respective
DGM+RS and DGM+DRL models, for all datasets. The last three rows show the
average runtimes for the unconstrained DGMs, the DGMs+RS and the DGM+DRL
models. The hyphen indicates timeout after 24h.

URL CCS LCLD Heloc House

WGAN 0.01 0.01 0.01 0.01 0.00
WGAN+RS 0.08 0.11 0.12 0.25 -
WGAN+DRL 0.08 0.07 0.08 0.04 0.09

TableGAN 0.21 0.10 0.09 0.10 0.07
TableGAN+RS 0.43 1.57 0.38 0.78 -
TableGAN+DRL 0.28 0.14 0.19 0.15 0.18

CTGAN 0.16 0.11 0.10 0.09 0.07
CTGAN+RS 0.45 1.71 0.37 1.01 -
CTGAN+DRL 0.28 0.19 0.22 0.14 0.16

TVAE 0.14 0.08 0.07 0.06 0.05
TVAE+RS 0.37 0.31 1.08 0.96 -
TVAE+DRL 0.25 0.16 0.20 0.11 0.14

GOGGLE 0.22 0.08 0.08 0.06 0.06
GOGGLE+RS 0.48 0.35 5.63 0.25 -
GOGGLE+DRL 0.29 0.14 0.11 0.09 0.16

Avg. DGM 0.15 0.08 0.07 0.06 0.05
Avg. DGM+RS 0.37 0.83 1.54 0.66 -
Avg. DGM+DRL 0.22 0.13 0.14 0.10 0.13

As in the previous experiment, I use the Wilcoxon signed-rank test to assess

whether adding DRL significantly improves over the linear layer LL. As expected, the

test reveals that the performances of DGMs+DRL and DGMs+LL are not statistically

different w.r.t. any of the metrics.

5.4.4 Sample Generation Time

To assess the impact of constraints on sample generation time, I compare the runtimes

of the unconstrained DGMs, the DGMs+RS, and the DGMs+DRL. I generate 1,000

samples for each model and dataset using five different seeds and report the mean

runtime (over the different seeds) in Table 5.13. Additionally, in the last three rows of

the Table, I report the average runtime across all datasets. As expected, DGMs+DRL

are slower on average than their unconstrained counterparts. However, they are faster

than the DGM+RS models.
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The largest runtime difference registered between an unconstrained DGM and its

constrained counterpart is of only 0.12 seconds (i.e., for CTGAN on the URL and

LCLD datasets). Notably, in 20 out of 25 cases, the additional runtime recorded for

the DGM+DRL models is less than 0.1 seconds.

On the other hand, for the DGM+RS models, the sample generation procedure

timed out after 24h for all the models tested on the House dataset (where the CVR

reached 100%). The registered times are also not very promising for any of the other

datasets when using DGM+RS, where the minimum absolute difference registered

equals 0.07 seconds and the maximum equals 5.55 seconds (notice that no DGM nor

DGM+DRL model has sampling time above 0.29 seconds). Indeed, excluding extreme

cases with 100% CVR (where it was not possible to generate samples even in 24h),

in all other cases, the DGMs+RS take more than twice as long as the unconstrained

DGMs.

5.5 Related Work

This framework lies at the intersection of two fields: neuro-symbolic AI and tabular

data generation. Thus, this section on the related work will mirror this duality.

Neuro-symbolic AI. Neuro-symbolic AI (Raedt et al., 2020; d’Avila Garcez and

Lamb, 2023) refers to the broad area of AI that combines the strengths of symbolic

reasoning with neural networks. As the framework I introduced in this Chapter falls

into the more specific field of injection of background knowledge into neural models,

(see, e.g., (Stewart and Ermon, 2017; Hoernle et al., 2022; Giunchiglia et al., 2023a;

Daniele et al., 2023b; Calanzone et al., 2025)), I will focus the discussion on this topic.

Many methods for this task are based on the intuition that logical constraints can

be transformed into differentiable loss function terms that penalise the networks for

violating them (see, e.g., (Xu et al., 2018; Badreddine et al., 2022; Diligenti et al.,

2012; Fischer et al., 2019)). As expected, since these methods operate at a loss level,

they give no guarantee that the constraints will be satisfied. Other works manage to

integrate neural networks and probabilistic reasoning by mapping the predicates ap-

pearing in logical formulae into neural networks (Manhaeve et al., 2018; Yang et al.,

2020; Sachan et al., 2018; Pryor et al., 2023; van Krieken et al., 2023). This procedure

allows for performing reasoning on the networks’ predictions as well as constraining

the output according to the background knowledge. The most similar line of work
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to this Chapter’s is the one where the constraints in input are automatically com-

piled into neural layers (Giunchiglia and Lukasiewicz, 2021; Ahmed et al., 2022b;

Giunchiglia et al., 2024). However, these methods can compile and incorporate con-

straints that are at best as expressive as propositional logic formulae.

Focusing specifically on the incorporation of constraints on generic generative

models, we can find the work by Stoian et al. (2024a) (i.e., the work on which Chap-

ter 3 was based on), where the tabular generation process was simply constrained by

linear inequalities. When considering different application domains, we can find the

work proposed by Misino et al. (2022), where ProbLog (Raedt et al., 2007) works

in tandem with variational-autoencoders, and the one by Liello et al. (2020), where

the authors incorporate propositional logic constraints on GANs for structured ob-

jects generation. For surveys on the integration of formally expressed background

knowledge in neural networks see (Giunchiglia et al., 2022; Dash et al., 2022).

Tabular Data Generation. In recent years, various DGMs have been proposed

to tackle the problem of tabular data synthesis. Many of these approaches are based

on Generative Adversarial Networks (GANs), like TableGAN (Park et al., 2018), CT-

GAN (Xu et al., 2019), IT-GAN (Lee et al., 2021), OCT-GAN (Kim et al., 2021),

and PacGAN (Lin et al., 2018). Other methods try to reduce the problems that of-

ten characterise GANs, such as mode collapse and unstable training, by introducing

Variational AutoEncoders (VAEs) based models, see, e.g., (Xu et al., 2018; Srivastava

et al., 2017; Wan et al., 2017). An alternative solution to such problems is given by

the usage of denoising diffusion probabilistic models as done in (Kotelnikov et al.,

2023) or (Kim et al., 2023), where the authors designed a self-paced learning method

and a fine-tuning approach to adapt the standard score-based generative modelling

to the challenges of tabular data generation. Finally, GOGGLE (Liu et al., 2022) uses

graph learning to infer relational structure from the data and use it to their advan-

tage especially in data-scarce settings. Since synthetic tabular data are often used to

replace the original dataset to preserve privacy in sensitive settings, a parallel line of

research revolves around the development of DGMs with privacy guarantees. Exam-

ples of models that have such privacy guarantees are PATEGAN (Yoon et al., 2020)

and DP-CGAN (Torkzadehmahani et al., 2020). For a survey on deep generative

modelling see (Stoian et al., 2026), which part of Chapter 2 is based on.
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5.6 Conclusions

In this Chapter, I have proposed the Disjunctive Refinement Layer (DRL), the first-

ever neuro-symbolic AI layer able to automatically compile constraints expressed as

QFLRA formulae into a neural layer and thus guarantee their satisfaction. This sort of

work is needed in the tabular data synthesis field, as the experimental analysis shows

that Deep Generative Models (DGMs) very frequently generate datapoints that are

not aligned with the background knowledge, with some extreme cases where all the

datapoints are violating the constraints. DRL presents many desirable properties: (i)

it can be seamlessly integrated into the architecture of any neural network, (ii) it

allows for the backpropagation of the gradients, (iii) it performs all the computations

in a single forward pass (i.e., there are no cycles), (iv) it optimally refines the original

predictions and, last but not least, (v) it improves the performance of all the tested

DGMs in terms of machine learning efficacy. Indeed, in the experimental analysis

DRL improved the performance for all datasets of up to 21.4%, 20.5%, and 20.9% in

terms of F1-score, weighted F1-score, and Area Under the ROC Curve, respectively.
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Chapter 6

PiShield: Learning with Real
Constraints

In this Chapter, which is based on (Stoian et al., 2024b) and (Stoian et al., 2023),

I introduce PiShield, the first PyTorch-based package designed for integrating back-

ground knowledge into neural networks via layer-based and loss-based methods.

PiShield is designed to be a versatile tool for applying neuro-symbolic approaches—

whether layer- or loss-based—to practical problems. A key motivation for creating

PiShield was to make my proposed neuro-symbolic methods easily accessible to re-

searchers and practitioners working with real-world applications. To this end, PiShield

implements my methods described so far in Chapters 3-5, but also my work on guid-

ing neural networks via a logic-based loss function, which I present in detail in Sec-

tion 6.2. In addition to the work described in this thesis, the package also incorporates

the method from (Giunchiglia et al., 2024), a paper I have co-authored, but which I

have not included in my thesis.

6.1 Motivation and Overview

Neuro-symbolic AI methods can be broadly classified into two categories. The first

comprises methods able to integrate constraints in the loss function and penalise the

neural network models when they violate the constraints (e.g., (Diligenti et al., 2012,

2017b; Donadello et al., 2017; Xu et al., 2018; Fischer et al., 2019; Nandwani et al.,

2019; Badreddine et al., 2022; Li et al., 2023; Ahmed et al., 2022c; Stoian et al., 2023)).

Emerging later, the second category consists of methods that incorporate constraints

directly directly in the topology of the neural networks to guarantee their satisfaction

(e.g., (Giunchiglia and Lukasiewicz, 2021; Hoernle et al., 2022; Ahmed et al., 2022b)).
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While the previous Chapters of this thesis were dedicated to the latter category,

the focus of this Chapter is on the loss-based approaches. Although these methods

do not offer the formal guarantees of the latter category w.r.t. the constraints’ satis-

faction, they are a powerful tool for guiding models towards more reliable behaviour,

especially in complex scenarios where architectural changes might be infeasible.

In this Chapter, I propose PiShield1,2, a PyTorch-based package supporting both

of these two categories of neuro-symbolic AI methods and allowing for seamlessly

integrating domain constraints into neural networks by means of two core mechanisms:

1. Shield Layers: The focus of the previous Chapters, these layers can be built

on top of any neural network. Adhering to the principles outlined in the previ-

ous Chapters, they advocate for a more-constraints-driven machine learning by

bringing constraints into neural networks, and guarantee the satisfaction of the

constraints regardless of the input.

2. Shield Losses: The focus of this Chapter, these losses can be added to the

training objective of neural networks to penalise outputs that contradict the

background knowledge constraints, thus guiding the learning process.

The initial version of PiShield, from (Stoian et al., 2024b), focused exclusively

on the layer-based neuro-symbolic methods, such as the Linearly-constrained Layer

(from Chapter 3) and the Disjunctive Refinement Layer (from Chapter 5). However,

the latest version extends PiShield with Shield Losses, which are suitable for com-

plex scenarios with a large number of constraints and which I will present here in

Section 6.2, within the context of autonomous driving. Specifically, this extension is

based on (Stoian et al., 2023), where I introduced a memory-efficient logic-based loss

that guides the learning of neural networks using propositional logic constraints.

6.2 Shield Loss: Memory-efficient Logic-based Loss

A popular method to include background knowledge expressed as logical constraints

into neural networks involves relaxing the constraints using T-norms and adding them

in the loss function (e.g., (Diligenti et al., 2017b; Donadello et al., 2017; Diligenti et al.,

2017a)). However, T-norm-based losses tend to have high memory requirements due

to their need to: (i) compute the T-norm for each constraint and each prediction,

where the constraints involve multiple variables that are to be instantiated to the

1Code: https://github.com/mihaela-stoian/PiShield
2Website: https://sites.google.com/view/pishield
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corresponding values in the predictions, (ii) then aggregate the T-norm based results

to obtain a single value that gives the degree of constraint satisfaction (across all

constraints) for the set of predictions. Therefore, in scenarios where there is a large

number of constraints, if not implemented in a way to minimise the computational

costs, standard implementations of T-norm-based losses generate massive intermedi-

ate tensors (e.g., storing values for all labels across all constraints, even if those labels

do not appear in all constraints). This dense representation forces the allocation of

memory for all possible combinations (most of which are zeros), and, thus, may be in-

feasible (or even impossible) to apply when considering complex application domains

like event detection in autonomous driving.

In this Section, I introduce Shield Losses, which are memory-efficient logic-based

loss functions that allow for exploiting T-norms for such demanding tasks. Through an

extensive experimental analysis on the ROAD-R dataset (Giunchiglia et al., 2023b), I

show that my approach can be implemented and run on GPUs with less than 25 GiB of

available memory, while standard T-norm-based losses are estimated to require more

than 100 GiB, far exceeding the amount of memory normally available. Further, by

training a state-of-the-art event detection model using different percentages of labelled

training data (i.e., 10%, 20%, 50%, 75%, and 100%), I show that while logic-based

losses can improve the performance of the models in all cases, they are particularly

helpful when data are scarce. Indeed, the models yield an improvement of up to

1.85% and 3.95% when using, 10% and 20% of the labelled training data, respectively.

Finally, I investigate the behaviour of the memory-efficient logic-based loss when only

10% annotated data are available, along with 10% unlabelled data, and find that

applying the new loss on both labelled and unlabelled data after a warm-up training

phase leads to further improvements, i.e., up to 2.75% w.r.t. the fully-supervised

baseline.

6.2.1 Problem Statement

In the task of event detection in video, the goal is to identify and classify multiple

objects within each frame, for a given dataset X that contains labelled datapoints.

Specifically, each datapoint consists of an image X and of its ground truth Y . The

image X ∈ R3×W×H is a multi-dimensional array (i.e., tensor) representing a single

video frame, where W and H are the frame’s width and height, respectively, and

3 corresponds to the three different RGB colour channels. Furthermore, the ground

truth Y for X is a set of pairs (b,P), each pair identifying an object in the frame,

since a single frame may contain multiple objects. More precisely, each pair consists of
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Figure 6.1: Visualisation of a datapoint consisting of a frame X and its ground truth
Y , where there are two objects in the frame.

a bounding box b ∈ R4 and, importantly, a set of predicted labels P associated with

that object, since there can be multiple labels that apply to the detected object. The

bounding box b marks a rectangle around the detected object and, thus, identifies

the position of the object within the frame. Figure 6.1 illustrates an example of a

datapoint X and its ground truth Y , given an image with two objects. Note that since

there are two objects in the frame, Y contains two elements.

An event detection model processes a sequence of video frames, producing outputs

for each frame X. These outputs are pairs (b̂, p̂), where b̂ ∈ R4 is a predicted bounding

box and p̂ ∈ [0, 1]|L| is a vector of confidence scores, for all possible event labels in

the set L, indicating which labels can be associated with the object identified by b̂.

In order to generate bounding box predictions, these models typically use a set

of D anchor boxes, which are predefined boxes of varying sizes and and aspect ratios

positioned at different locations within the frame. Specifically, the model predicts the

generated bounding box locations by calculating their offsets relative to these anchors.

A final prediction is formed by associating a set of labels P̂ to each bounding box b̂.

Note that a label L ∈ L is included in P̂ if its corresponding confidence score, p̂L, is

at least as large as a user-defined threshold θ.

To ensure the model’s outputs are compliant with the background knowledge, I

first introduce a finite set of propositional logic constraints, denoted by Π, where

each constraint ψ is a clause expressed over the set L of all possible output labels.

Specifically, each ψ is a disjunction of literals l1, l2, . . . , l|ψ|, where a literal li is either

a label L ∈ L or its negation, ¬L, for all i ∈ {1, 2, . . . , |ψ|} and |ψ| is the number of

literals appearing in ψ. Example 6.2.1 illustrates a possible set of constraints Π for a

simple event detection problem in the context of autonomous driving, with only three

labels available.

Example 6.2.1. Let L = {Car,Moving, Stopped} be the set of labels for an event

detection problem. And suppose that the background knowledge consists of the follow-
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ing two constraints on the possible combinations of labels that can be assigned to an

object: (i) if an object is labelled with Moving, then that object is a Car, and (ii) if

an object is Moving, then it is not Stopped. Clearly, it is possible to express the two

constraints as:

ψ1 = (¬Moving ∨ Car),

ψ2 = (¬Moving ∨ ¬Stopped),

and, thus, the set of constraints can be captured as Π = {ψ1, ψ2}.

Intuitively, a clause ψ means that for any predicted bounding box b̂ its associated

set of predicted labels P̂ must make the statement of ψ true. And for the clause to be

satisfied, at least one of its literals must be true for that prediction. If at least one of

the literals in ψ is true, then ψ is satisfied. Formally, a label L ∈ L occurs positively

(resp., negatively) in the clause ψ if there is a literal l in ψ such that l = L (resp.,

l = ¬L). Further, L occurs in ψ if L occurs either positively or negatively in ψ.

A positive literal l is satisfied if its associated label L is included in the final

predicted set P̂ . Similarly, a negative literal ¬l is satisfied if its associated label L is

not included in the final predicted set P̂ . I assume w.l.o.g. that in any given clause,

a label can appear at most once, either in its positive or negative form.

If a set of predicted labels P̂ for a detected bounding box b̂ does not satisfy a

clause ψ, then P̂ violates ψ. A set of clauses Π is satisfied by P̂ if all its clauses are

satisfied by P̂ . The set Π is satisfiable if there is at least one set of labels that satisfies

Π. Finally, a model m is compliant with Π if all of its generated sets of labels satisfy

Π.

6.2.2 Memory-efficient Logic-based Loss

Inspired by the semantic-based regularisation (SBR) framework (Diligenti et al.,

2017a,b), I added a new regularisation term to the existing losses (i.e., to the lo-

calisation and classification losses) to express the degree of the logical constraints

satisfaction. While the logic-based function I use is mathematically equivalent to the

SBR formulation (i.e., relying on T-norms to relax logical constraints into a differen-

tiable regularisation term), my contribution is a novel computational implementation.

In particular, the standard SBR approach relies on tensor operations that do not scale

to complex domains such as autonomous driving. For instance, applying the standard

SBR implementation to the ROAD-R dataset (Giunchiglia et al., 2023b) would re-

quire over 100 GiB of GPU memory, which is infeasible in practice. My method relies
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on a sparse matrix representation that exploits the fact that constraints typically

involve only a small subset of labels, allowing T-norm-based losses to be applied to

large-scale, resource-intensive tasks where the standard implementation would fail, as

detailed in this Section.

Since all constraints in Π are clauses (i.e., disjunctions of literals), it is easy to

convert each of them into a form containing only negations and conjunctions (i.e.,

l1 ∨ l2 ∨ · · · ∨ ln ≡ ¬(¬l1 ∧ ¬l2 ∧ · · · ∧ ¬ln)). This step can be seen as relaxing:

1. the conjunction by using different triangular norms (T-norms) (Metcalfe, 2005),

where a T-norm is a function ⊤ : [0, 1]2 → [0, 1] such that, for every a, b, c ∈
[0, 1], the following properties hold:

⊤(a, b) = ⊤(b, a) (commutativity)

⊤(a, 1) = a (1 is the identity element)

⊤(a, 0) = 0 (0 is the absorbing element)

⊤(a,⊤(b, c)) = ⊤(⊤(a, b), c) (associativity)

a ≤ b→ (⊤(a, c) ≤ ⊤(b, c)) (monotonicity).

2. the negation by using strong negation, which, given a ∈ [0, 1], is defined as 1−a.

The above step is equivalent to directly relaxing the disjunction using the appro-

priate T-conorm. In general, a T-conorm is a function ⊥ : [0, 1]2 → [0, 1] such that,

for every a, b ∈ [0, 1], ⊥(a, b) = 1−⊤(1− a, 1− b). Thus, it is easy to see that ⊥ has

the following properties:

⊥(a, b) = ⊥(b, a) (commutativity)

⊥(a, 0) = a (0 is the identity element)

⊥(a, 1) = 1 (1 is the absorbing element)

⊥(a,⊥(b, c)) = ⊥(⊥(a, b), c) (associativity)

a ≤ b→ (⊥(a, c) ≤ ⊥(b, c)) (monotonicity)

for every a, b ∈ [0, 1]. In the first two columns of Table 6.1, I summarise the most

used T-norms together with their respective T-conorms.

To simplify the notation, I will extend the definitions of ⊤ and ⊥ to support

matrices and tensors (which is possible given the properties, in particular the com-

mutativity and the associativity, of the T-norms and T-conorms). Specifically, given

a tensor Q of size p × q × r, ⊥(Q) returns a matrix of size p × q whose element at
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Table 6.1: The most common T-norms and their associated T-conorms.

T-norm T-conorm

Gödel min(a, b) max(a, b)
 Lukasiewicz max(a+ b− 1, 0) min(a+ b, 1)
Product a · b 1− (1− a)(1− b)

position (i, j) is equal to the value of the T-conorm computed over the last dimension

of Q, i.e. over the vector3 Qij:. For instance, ⊥(Q) = maxQij: = maxrk=1Qijk, when

using the Gödel T-conorm. Furthermore, given two matrices Q and R of the same

size, ⊥(Q,R) returns a matrix of the same size whose element at position (i, j) is

⊥(Q,R)ij = ⊥(Qij,Rij). Analogously, the definition of ⊤ can be extended to tensors

and matrices in a similar way.

I will show how to implement logic-based loss functions: (i) by the standard ap-

proach, and (ii) by my memory-efficient method, which relies on sparse tensors. Before

presenting each solution, I will introduce the relevant terminology. Given an event de-

tection problem with propositional logic constraints Π, it is possible to express Π using

two matrices C+ and C−, both of size |Π| × |L|, such that:

C+
ij =

{
1, if the jth label appears positively in the ith constraint,

0, otherwise,

and

C−
ij =

{
1, if the jth label appears negatively in the ith constraint,

0, otherwise.

Let m be a model for this problem that uses D anchor boxes for each frame. For

each input frame, m outputs the prediction matrix P of size D × |L|. Given P, C+

and C−, the goal is to compute the degree of satisfaction of each constraint for each

output, which can be compactly expressed as a matrix G of size D× |Π|. Ultimately,

G can be used to compute the frame-wise logic-based regularisation term in the loss

as follows:

Llogic(G) = 1− 1

D

1

|Π|
∑
ij

Gij . (6.1)

3To ease the notation, I denote the vector Qi,j,1:r by Qij:.
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Standard approach. Recall that P is a matrix of size D×|L|, and C+ and C− are

matrices of size |Π| × |L|. Starting from these three matrices, the standard approach

constructs three tensors, each of size D × |Π| × |L|, to align their dimensions for

element-wise operations. To this end, let P̂ be the tensor obtained by repeating P

along a new second dimension |Π| times, and let Ĉ+ and Ĉ− be the tensors obtained

by repeating C+ and C−, respectively, along a new first dimension D times. Then,

the matrix G can be computed directly by using a chosen T-conorm along the last

dimension:

G = ⊥(P̂⊙ Ĉ+ + Ĉ− − P̂⊙ Ĉ−),

where ⊙ is the Hadamard (element-wise) product.

Example 6.2.2 (cont’d). Given the event detection problem, from Example 6.2.1,

with propositional logic constraints Π = {¬Moving∨Car,¬Moving∨¬Stopped} writ-
ten over the set of labels L = {Car,Moving, Stopped}, I assume that the labels are

numbered as listed in L. Then, the matrices C+ and C− are as follows:

C+ =

[
1 0 0
0 0 0

]
C− =

[
0 1 0
0 1 1

]
.

Further, suppose the model m for this problem uses 3 anchor boxes and produces a

prediction matrix P:

P =

0.1 0.7 0.3
0.9 0.9 0.2
0.2 0.9 0.9

 .
Then, with the Gödel T-conorm, the goal matrix G is equal to:

G =

0.3 0.7
0.9 0.8
0.2 0.1

 .
The approach has a critical shortcoming, namely: it requires working with dense 3-

dimensional tensors, inducing a large computational overhead. This makes the method

unfeasible, especially for demanding application domains like autonomous driving.

For example, consider an event detection scenario with |Π| = 200 constraints,

|L| = 50 labels, and a model that processes 10-frame sequences with D = 55K anchor

boxes per frame (a common number for event detection problems). This translates

to processing 550K anchors per sequence, and storing just a single tensor of size

D × |Π| × |L| requires approximately 20 GiB (550, 000× 200× 50× 4 bytes).

Moreover, the standard approach works with five matrices of this size to compute

the loss Llogic in the forward pass and then backpropagate through it. Excluding any
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Table 6.2: Operations used to update the goal matrix G, on the grounds of the chosen
T-conorm, when computing the memory-efficient logic-based loss. To simplify the
notation, in the last two columns, I use 1 to refer to the matrix of ones of appropriate
size.

Operation to update Gs+L
Operation to update Gs−L

Gödel max(Gs+L
,PL · 1T|s+L |) max(Gs−L

, 1−PL · 1T|s−L |)

 Lukasiewicz min(Gs+L
+ PL · 1T|s+L |, 1) min(Gs−L

+ 1−PL · 1T|s−L |, 1)

Product 1− (1−Gs+L
)⊙ (1−PL · 1T|s+L |) 1− (1−Gs−L

)⊙ (PL · 1T|s−L |)

other memory needed for storing the input and intermediate outputs, just computing

the loss would take over 100 GiB. This exceeds the memory space limits of even

high-end GPUs (e.g., the NVIDIA A100 Tensor Core GPU having 80 GiB RAM).

Furthermore, notice that this computation is for a single sequence of only 10 frames.

However, deep learning models for event detection are generally trained using batches

of 4 or even 8 sequences, each comprising up to 32 frames in sequence. It is thus

impossible to use the above standard dense representation to train event detection

models, even with the largest GPU available to date.

Memory-efficient approach. In practice, most of the constraints are written over

a subset of the available labels L, and this subset is usually much smaller than L. For

example, in the experimental analysis that I will present later, although L consists

of 41 labels, the longest constraint is written over just 15 labels. As a result, C+ and

C− contain mostly zeros. Hence, I designed a method to capture the logic-based loss

that makes use of this sparsity property and ultimately avoids the high computational

costs induced by the 3D tensors, operating only on 2D matrices.

Given Π, I associate with each constraint an index and then define two sets of se-

quences: (i) S+ = {s+L : L ∈ L}, where s+L is the sequence of indices of the constraints

in which L occurs positively, and (ii) S− = {s−L : L ∈ L}, where s−L is the sequence of

indexes of the constraints in which L occurs negatively. These sets of sequences allow

for immediately accessing the constraints which each label occurs in when needed.

To compute the goal matrix G, I first instantiate it to the identity element of

the disjunction. Then, I iterate through the labels in L and, for each label L ∈ L, I

update all the columns of G associated with constraints in which L occurs, according

to the values in P. More precisely, I set G = 0D×|Π|, where 0D×|Π| is a matrix of zeros
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of size D × |Π|, and then, for each label L ∈ L, I compute:

Gs+L
←− ⊥(Gs+L

,PL · 1T|s+L |)

Gs−L
←− ⊥(Gs−L

, 1−PL · 1T|s−L |),

where (i) Gs+L
(resp., Gs−L

) selects the columns of G associated with constraints in

which L occurs positively (resp., negatively), (ii) PL corresponds to the column of

P associated with the label L, and (iii) 1n indicates the unit column vector with n

elements. In Table 6.2, I give the update operations4 for three of the most common

T-conorms: Gödel,  Lukasiewicz, and Product T-conorms.

Finally, I compute Llogic(G) as defined in Equation 6.1. Example 6.2.3 shows how

my proposed memory-efficient approach computes the goal matrix G step by step.

Example 6.2.3 (cont’d). Given the same event detection problem, from Example 6.2.2,

assume that each constraint in Π is assigned an index: constraint (¬Moving∨Car) in-
dex 0, and constraint (¬Moving∨¬Stopped) index 1. Further, let ϵ denote the empty

sequence. Then, the sequences associated with each label are:

s+Car = (0), s−Car = ϵ,

s+Moving = ϵ, s−Moving = (0, 1),

s+Stopped = ϵ, s−Stopped = (1).

Recall that the prediction matrix P obtained from the model is the following:

P =

0.1 0.7 0.3
0.9 0.9 0.2
0.2 0.9 0.9

 .
Supposing that the Gödel T-conorm is used, G is initialised with matrix 03×2 (as there

are 3 bounding boxes and 2 constraints). Then, the first update of G is w.r.t. the label

Car. Since Car appears only in one constraint, only the column of G associated with

that constraint will be updated:

Gj+Car
= max

0
0
0

 ,
0.1

0.9
0.2

 =

0.1
0.9
0.2

 ,
which changes the goal matrix to:

G =

0.1 0
0.9 0
0.2 0

 .
4Notice that, given two matrices, max (resp., min) represent the element-wise operation taking

the maximum (resp., minimum) between two elements at the same position in the two input matrices.
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Since j−Car = ϵ, there is no need to further update G for Car. So the next step is

to consider the label Moving and update G according to s−Moving (as s+Moving = ϵ). This

time all constraints involve Moving. Thus, the update affects all columns of the goal

matrix:

Gs−Moving
= max

0.1 0
0.9 0
0.2 0

 , 1−

0.7 0.7
0.9 0.9
0.9 0.9

 =

0.3 0.3
0.9 0.1
0.2 0.1

 ,
and, clearly, G is the same as Gs−Moving

after this step:

G =

0.3 0.3
0.9 0.1
0.2 0.1

 .
The last step is to update G w.r.t. the label Stopped:

Gs−Stopped
= max

0.3
0.1
0.1

 , 1−

0.3
0.2
0.9

 .

Thus, the goal matrix is:

G =

0.3 0.7
0.9 0.8
0.2 0.1

 .
As expected, the goal matrix G obtained in Example 6.2.3, contains low values in

the last row, as the last prediction (i.e., the last row of P) clearly violates both con-

straints from Π w.r.t. any threshold larger than 0.5, above which a label is predicted

as positive.

6.2.3 Experimental Analysis

To evaluate the efficiency of my proposed memory-efficient logic-based loss, I conduct

experiments in the context of event detection for autonomous driving. The goal of

this task is to assign to each detected bounding box in each video a subset of labels,

typically containing one object (also referred to as agent) label, and a subset of the

action (i.e., what the agent is doing) and location (i.e., where the agent is located)

labels.

To this end, I use the ROAD-R dataset (Giunchiglia et al., 2023b) for autonomous

driving, which extends the ROAD dataset (Singh et al., 2023) with 243 manually anno-

tated constraints, provided in disjunctive normal form. Examples of these constraints

can be found in Table H.4 from Appendix H.3. The dataset contains 22 videos, each

approximatively 8 minutes long, annotated with tubelets (also referred to as tubes)
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Figure 6.2: Comparison between the standard and the proposed approach in terms
of GPU memory allocated when using different number of constraints. Each point
on the continuous (resp., dashed) line corresponds to an actual observation (resp.,
estimate).

that link a sequence of bounding boxes in time. Each bounding box is annotated with

a subset of the 41 labels available, which can be grouped into three categories, de-

pending on which class of objects they represent: agents, actions, and locations. For

these experiments, I use the dataset’s training partition for training the models and,

for reproducibility purposes, I report the results on the held-out validation dataset,

as the test set is not publicly available.

The models are based on the 3D-RetinaNet (Singh et al., 2023) detector with a

ResNet50 (He et al., 2016) backbone. For temporal feature learning, I combine this

with a Random Connectivity Gated Recurrent Unit (RCGRU) (Hua et al., 2018),

which I selected for its high performance in (Giunchiglia et al., 2023b). The models

use sequences of 8 frames as input and a weight of 10 for the logic-based loss term.

Memory assessment. To assess the efficiency of my method for computing the

logic-based loss w.r.t. how much GPU memory is allocated during training the models,

I compared it to the standard implementation of the logic-based loss. I used a Titan

RTX GPU with 24 GiB of RAM for training models for 50 iterations on ROAD-R,

while using different numbers of constraints. Note that, most constraints in ROAD-

R contain only two labels. However, to ensure a fair comparison with the standard

implementation, I selected constraints with a variety of label counts. For reference,

in each iteration, the number of anchors D was of about 67K. Figure 6.2 shows that
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my proposed method significantly reduced the memory costs, making it possible to

use logic-based losses on the ROAD-R dataset, where the number of constraints and

datapoints per batch are both large. Using the standard implementation supports at

most 40 constraints—this is 203 constraints less than the ones in ROAD-R.

Results. I first investigate how the memory-efficient logic-based loss performs in

a fully-supervised scenario. To this end, I test the methods w.r.t. three different T-

norms (i.e., Gödel,  Lukasiewicz, and Product, described in Table 6.1) using 10%, 20%,

50%, 75% and 100% of the available annotated ROAD-R data, and training for 110,

70, 45, 30, and 30 epochs, respectively. I use a learning rate of 0.0041 for all models,

but for 100% labelled data, I drop it at epochs 18 and 25 by a factor of 10, as in

(Giunchiglia et al., 2023b). Note that I always compute the logic-based losses w.r.t.

all of the 243 constraints from ROAD-R. Finally, for evaluation, I use the frame-wise

mean average precision (f-mAP) metric and report its result at the best training

epoch. The f-mAP is a standard metric used in autonomous driving scenarios and

it is computed by computing the average precision at a fixed intersection-over-union

(IoU) threshold (often set to 0.5) over each frame for each class and then taking the

mean of these per-class scores, as follows:

f-mAP =
1

|X |
∑

(X,Y)∈X

( 1

|LX|
∑
L∈LX

AP0.5(X, L)
)
, (6.2)

where LX represents the set of classes that occur in frame X (and which is assumed to

be non-empty), and AP0.5(X, L) represents the average precision (i.e., the area under

the precision-recall curve) computed on frame X at class L, using an intersection-over-

union threshold of 0.5. More specifically, AP0.5(X, L) is computed by first ranking all

the predicted bounding boxes by their confidence scores. The predictions are then

matched to the ground truth bounding boxes using the IoU threshold of 0.5, such

that a prediction is considered true positive if it has IoU of at least 0.5 with an

unmatched ground truth object, and false positive otherwise. Finally, the precision

and recall are computed at each rank position in the sorted list of predictions, to

ultimately compute the average precision.

The results can be found in Table 6.3, which shows that the logic-based losses

always improve the baseline performance, except when using 100% labelled data,

where only the  Lukasiewicz T-norm outperforms the baseline. Moreover, the Gödel

and  Lukasiewicz T-norms bring non-negligible improvements. Lastly, as expected,

integrating background knowledge via the logic-based loss in neural network models
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Table 6.3: Comparison between the constrained models with different logic-based
losses and the baseline unconstrained models when varying the percentage of labelled
data, as indicated on top of each column.

10% 20% 50% 75% 100%

Baseline 24.49 26.81 31.56 33.57 33.39
Gödel 26.34 (+1.85) 30.76 (+3.95) 32.71 (+1.15) 34.39 (+0.82) 32.16 (−1.23)
 Lukasiewicz 26.24 (+1.75) 29.13 (+2.32) 34.07 (+2.51) 33.89 (+0.32) 34.42 (+1.03)
Product 24.53 (+0.04) 26.96 (+0.15) 31.66 (+0.10) 34.06 (+0.49) 33.34 (−0.05)

Table 6.4: The best- and worst-performing models across fully-supervised models
and models using unlabelled data, with or without warm-up. All models here used
10% labelled data for training. The models in the last two columns used also 10%
unlabelled data during the training phase.

Fully-supervised With unlabelled data

- - Warm-up

Gödel 26.34 26.38 26.76
 Lukasiewicz 26.24 25.48 26.75
Product 24.53 25.79 27.24

is more helpful when little data are available. Indeed, the proposed approach yields

an improvement of up to 1.85% and 3.95% when using, 10% and 20% of the labelled

training data, respectively.

This last observation led to an investigation into whether the known result—

that background knowledge helps when unlabelled data are available (e.g., (Stewart

and Ermon, 2017; Marra et al., 2019))—also holds in this setting. To this end, I

trained models where I applied the logic-based losses on 10% labelled and 10% unla-

belled data. As shown in the second column of Table 6.4, neither the Gödel nor the

 Lukasiewicz T-norm were particularly helpful relative to their fully-supervised per-

formance. Surprisingly, the Product T-norm improved its performance instead, now

surpassing the baseline. Since the added unlabelled data were not helpful in two out

of three cases, I analysed the losses at the beginning of the training and hypothe-

sised that it would be beneficial to introduce a warm-up training phase, during which

the logic-based loss would be inactive, and after which the unlabelled data would be

added and the logic-based loss activated. As expected, using this strategy, the results

from the last column of Table 6.4 show a consistent improvement over the previous

performances of all logic-based losses, with the Product T-norm giving the highest

result (of 27.24 f-mAP) w.r.t. the baseline (of 24.49 f-mAP).
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Figure 6.3: Visualisation of the Shield
Layer integrated into a given DNN.

Figure 6.4: Visualisation of the Shield
Loss for a given DNN.

6.3 PiShield

PiShield is built on top of PyTorch, allowing for a seamless integration of Shield

Layers and Losses into neural networks.

The Shield Layers can be applied during inference and/or training, depending on

the practitioners’ needs. For users that have restricted access to a model but require

that the outputs of their models are compliant with a set of rules, PiShield offers

an easy-to-use interface to meet this need. To achieve this, it is enough to simply

build a Shield Layer outside the neural network and apply it on the outputs to make

them compliant with the constraints. Alternatively, Shield Layers can be used to

constrain deep neural networks during training, suiting also practitioners accustomed

to modifying their models. To this end, the architecture of the neural network needs

to be changed by appending a Shield Layer immediately after the output layer, as

shown in Figure 6.3.

On the other hand, the Shield Losses are designed to aid model learning by us-

ing logic-based loss functions to penalise outputs which are not compliant with the

background knowledge. Indeed, they can be an option when the underlying models’

architecture cannot be modified and only the existing weights can be updated based

on signals from the constraints, as shown in Figure 6.4.

Regardless of its usage, any Shield Layer (and any Shield Loss) requires only two

elements to be instantiated: (i) the dimension of the input to the layer (which typically

corresponds to the dimension of the output of the network), and (ii) the path to the

file which contains the constraints.

Constraints. The constraints can be either: (i) a set of disjunctive inequalities

(e.g., QFLRA formulae) over a set of variables (e.g., capturing features in tabular
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data generation tasks), or (ii) a set of propositional logic formulae over a set of atoms

(e.g., capturing output classes in classification tasks).

Note that the first types of constraints is supported by the Shield Layer (e.g., for

generative modelling), while the second type of constraints is supported by both the

Shield Layer and Shield Loss (e.g., for multi-label classification). Regardless of the

type, each line in the constraints file should contain a single constraint, which will

thus be either: (i) a single disjunctive inequality (notice that this can also simply be

a linear inequality), or (ii) a propositional logic formula in disjunctive normal form.

Examples 6.3.1 and 6.3.2 illustrate scenarios for each constraints type and how to

specify such constraints in PiShield.

Example 6.3.1. Consider a tabular data generation problem, where the goal is to

generate a synthetic dataset for a clinical trial. Additionally, suppose the following

knowledge about the problem is available: (i) the maximum haemoglobin recorded per

patient should be always higher or equal than the minimum, (ii) the maximum tem-

perature recorded should be at least as high as the minimum, and (iii) if the minimum

haemoglobin level recorded for a patient is of at least 2.1 (using standard metrics)

and the minimum temperature is of at least 29 degrees Celsius, then the number of

tests conducted since the start of the trial is at least 2. Assuming that the outputs

of the neural network are ordered as MaxHaemoglobin, MinHaemoglobin, MaxTemp,

MinTemp, NumTests, the input file should have the following format:

y 0 - y 1 >= 0

y 2 - y 3 >= 0

neg y 1 >= 2.1 or neg y 3 >= 29 or y 4 >= 2

Note that the package expects the linear inequalities to contain either ≥ or >. This

is only a notational convention which does not restrict the constraints’ expressivity,

as any inequality written using ≤ or < can be transformed into one of the forms

above.

Example 6.3.2. Consider a simple multi-label classification problem where the in-

puts are images taken from an autonomous vehicle, and the goal is to identify whether

a traffic light appears in the image, and whether it is green, yellow, or red. For each

image, a standard neural network for this task will output a 4-dimensional vector

where each element corresponds to the confidence score assigned to each of the la-

bels, which are ordered (for example) in the following way: TrafficLight, Red, Yellow,

Green. Then the file, containing the knowledge that a traffic light is always associated
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Listing 1: Correcting predictions with a Shield Layer at inference time.

1 from pishield.shield_layer import build_shield_layer

2

3 def correct_predictions(predictions, constraints_path):

4 num_variables = predictions.shape[-1]

5 shield_layer = build_shield_layer(num_variables, constraints_path)

6 corrected_predictions = shield_layer(predictions)

7 return corrected_predictions

Listing 2: Building a Shield Layer into a deep neural network (DNN) to train with it.

1 from pishield.shield_layer import build_shield_layer

2

3 class DNN_with_Shield_Layer(torch.nn.Module):

4 def __init__(self, num_dim, constraints_path, ..):

5 self.model = torch.nn.Sequential(...)

6 self.shield_layer = build_shield_layer(num_dim, constraints_path)

7 ...

8

9 def forward(self, input):

10 output = self.model(input)

11 corrected_output = self.shield_layer(output)

12 return corrected_output

with one of the colours and that the colours associated with a traffic light are mutually

exclusive, should have the format below:

not y 0 or y 1 or y 2 or y 3

not y 0 or not y 1 or not y 2

not y 0 or not y 1 or not y 3

not y 0 or not y 2 or not y 3

Usage. As shown in Listings 1 and 2 (resp., Listing 3), only one call to the function

build shield layer (resp., build shield loss) is needed to build a Shield Layer

(resp., Shield Loss). More precisely, this function takes as input two parameters: (i)

the dimension of the input to the Shield Layer (resp., Shield Loss), and (ii) the path to

the constraints file. Optionally, a pre-defined ordering of the variables can be passed as
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Listing 3: Adding a Shield Loss into a deep neural network (DNN) to train with it.

1 from pishield.shield_loss import build_shield_loss

2

3 class DNN_with_Shield_Loss(torch.nn.Module):

4 def __init__(self, num_dim, constraints_path, ..):

5 self.model = torch.nn.Sequential(...)

6 self.shield_loss = build_shield_loss(num_dim, constraints_path)

7 ...

8

9 def training_step(self, input, labels):

10 output = self.model(input)

11 logic_loss = self.shield_loss(output)

12 loss = self.model_loss(output, labels) + logic_loss

13 loss.backward()

input to the Shield Layer, and a chosen T-norm (either Gödel, Product or  Lukasiewicz

T-norm, which are supported in PiShield) can be specified for the Shield Loss.

Once instantiated, the Shield Layer receives as input a tensor of predictions p

(possibly violating the constraints) and returns a tensor p̂ (of the same dimension

as p), which is now guaranteed to be compliant with the constraints. Similarly, the

Shield Loss receives as input p and returns the value of the underlying logic-based

loss, as described in Equation 6.1 of Section 6.2. The value returned by the Shield

Loss should be added to the standard loss used by the model, as shown in Listing 3

(line 12).

PiShield benefits from an easy-to-use interface. Thus, correcting p with a Shield

Layer is a one-step operation consisting of a forward call of the Shield Layer on p.

Listing 1 shows how to do all these steps at inference time and Listing 2 shows how to

integrate the layer at training time for which the layer’s forward call needs to be done

before the backpropagation step. As shown in the latter Listing, the easiest way to

match this condition is to instantiate the Shield Layer in the constructor of the deep

neural network and then call the layer inside the usual forward method (as shown

in line 11). Similarly, adding the memory-efficient logic-based loss to the standard

loss function used on p is also a one-step operation consisting of a forward call of the

Shield Loss on p.

Feature ordering. As an additional input to the Shield Layer, the user has the

option to provide an ordering: either as a separate argument to the layer or within

the constraints file. As discussed in Chapter 4, the feature orderings can affect the
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Scenario Baseline PiShield Shield type

Tabular data generation, linear constraints 0.430 0.458 Layer
Tabular data generation, QFLRA constraints 0.450 0.503 Layer
Autonomous driving, fully-supervised 0.288 0.303 Layer
Autonomous driving, 10% labelled & unlabelled data 0.245 0.272 Loss

Table 6.5: Aggregated performance of PiShield and baselines across different scenarios.
The results for tabular data generation and autonomous driving tasks are reported
in F1-score for efficacy and f-mAP, respectively. The best results are in bold.

performance of the model. Depending on the scenario, different ordering might be

more suitable. For example, in a tabular data generation task where there are known

causal relations between the features, an intuitive approach would be to provide an

ordering that respects the topological order of the underlying directed acyclic graph

capturing the causal relations. Alternatively, the user can set the ordering to be

randomly generated.

6.4 Example Scenarios

The need for a package like PiShield naturally raises in many application domains.

Here, I discuss different example scenarios where I have applied it and compare the

performance between the baseline unconstrained models and the models equipped

with PiShield. Nevertheless, its applications extend to performing checks on the out-

puts of the models mentioned above, and can also help make tasks more systematic,

for example by helping with creating new datasets by checking annotations.

Tabular Data Generation. Applying Shield Layers to standard deep generative

models (DGMs) for synthesising tabular data produces more realistic outputs that are

compliant with the background knowledge constraints, such as linear or disjunctive

inequalities. As demonstrated in Chapters 3 and 5, this approach significantly im-

proves machine learning efficacy, a standard benchmark for tabular data generation.

Table 6.5 highlights this effect, comparing the F1-score of baseline models against

their constrained counterparts. Specifically, the table presents performance averaged

over five DGM types for two distinct scenarios: (i) the first row shows results from

Chapter 3, where models were constrained with up to 31 linear inequalities across

five classification datasets, and (ii) the second row shows results from Chapter 5,

where models were constrained with up to 18 disjunctive inequalities across four clas-

128



B
as

el
in

e
P

iS
h

ie
ld

Figure 6.5: PiShield case scenario: autonomous driving. The unconstrained models
(top row) violate simple background knowledge rules, predicting (i) that a pedestrian
is both on the right and on the left pavement, and (ii) that a person is both a
pedestrian and a cyclist, and is moving towards and away from the self-driving vehicle
at the same time. On the other hand, the predictions made using PiShield (bottom
row) do not violate the background knowledge.

sification datasets. In both scenarios, using the constraints during training provides

significant improvements over the baselines.

Road Events Detection. For tasks like road event detection, where predictions

must obey strict constraints, PiShield can integrate domain knowledge into the neural

network models in two ways: (i) as a Shield Loss to guide model training or (ii) as

a Shield Layer to guarantee compliant outputs. To this end, consider the scenario I

presented in Section 6.2, specifically: the task of multi-label classification using the

ROAD-R autonomous driving dataset (Giunchiglia et al., 2023b), which is annotated

with 243 propositional logic constraints. The final two rows of Table 6.5 summarise the

results, showing that both approaches improve predictive performance as measured

by frame-wise mean average precision (f-mAP). Specifically, the third row details

these gains5 in a fully-supervised setting, while the fourth row shows the results in

a challenging low-resource setting, where the model was trained with only 10% of

the labelled data, supplemented by an additional 10% of unlabelled data used (along

with the labelled data) only for the Shield Loss after a warm-up phase. Finally, in

Figure 6.5 I provide visual examples of how enforcing these constraints improves

prediction quality, which is intrinsically coupled with the safety guarantees.

5I showed this result as part of my contribution in (Giunchiglia et al., 2024), a paper I have
co-authored, but which I have not included in this thesis. Table 2 of this paper shows the full results
over five different models, from which I obtain the average f-mAP performance reported here.
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Ultimately, these experiments demonstrate that PiShield is a powerful tool for

safety-critical applications. It is capable of ensuring that predictions adhere to cru-

cial domain knowledge during training and inference, but also of leveraging those

constraints to guide the learning process towards more accurate and reliable models.

6.5 Related Work

Neuro-symbolic AI methods. Neuro-symbolic works have proposed ways to em-

bed available background knowledge by either embedding it into the topology and/or

into the loss. In the former category, directly relating to the Linearly-constrained

Layer and the Disjunctive Refinement Layer I introduced in Chapters 3 and 5, respec-

tively, we find works that build a constrained layer on top of a neural network, such

as Coherent-by-Construction Network (CCN) (Giunchiglia and Lukasiewicz, 2021),

MultiplexNet (Hoernle et al., 2022), and Semantic Probabilistic Layer (SPL) (Ahmed

et al., 2022b), all of these approaches being able to guarantee the satisfaction of hard

constraints under certain conditions. Having a similar goal, NESTER (Dragone et al.,

2021) proposes another end-to-end approach by imposing soft and hard constraints

via a program applied on the outputs. Yet another recent work is Iterative Local

Refinement (ILR) (Daniele et al., 2023b), which proposed an analytic way of inte-

grating T-norm-based functions as neural network layers to refine the predictions in

a differentiable manner.

The other main line of work comprises methods that relax the constraints and in-

tegrate them into the neural networks’ loss, directly relating to the memory-efficient

logic-based loss I introduced in Section 6.2. Early work on semantic based regularisa-

tion (SBR) (Diligenti et al., 2012) on kernel machines led to the development of ways

to map the constraints into the neural networks’ loss according to the T-norm oper-

ations (Diligenti et al., 2017b; Marra et al., 2019; Serafini and d’Avila Garcez, 2016;

Badreddine et al., 2022). However, among other issues highlighted in (van Krieken

et al., 2020, 2022), one problem occurring in these approaches is that they are syntax-

dependent. To address this, Semantic Loss (Xu et al., 2018) and DL2 (Fischer et al.,

2019) introduced syntax-independent loss functions. Another work, by Ahmed et al.

(2022c), integrates logic into the standard entropy regularisation (Grandvalet and

Bengio, 2004) term of the loss. The recent work by Li et al. (2023) explores another

problem with the previous approaches, namely, that models tend to settle on the

easier solutions that satisfy the constraints, and proposes a way to enforce the model
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to fully explore the available knowledge. While many such works proved to be par-

ticularly helpful when little annotated data are available (Li and Srikumar, 2019;

Fischer et al., 2019; Marra et al., 2019; Hu et al., 2016a,b; Stewart and Ermon, 2017),

they have been designed for small and/or synthetic datasets and would not scale to

complex scenarios. For a complete survey on how to incorporate logical constraints

in deep learning, see, e.g., (Giunchiglia et al., 2022).

Packages. A closely related work is Pylon (Ahmed et al., 2022a), a framework built

on PyTorch which allows users to integrate constraints into a loss function. Similarly,

the LTN package (Badreddine et al., 2022) provides a TensorFlow implementation

of the Logic Tensor Networks (LTNs), while LTNTorch (Carraro, 2022) provides its

PyTorch implementation. However, unlike PiShield, all the methods described above

cannot guarantee the satisfaction of the constraints.

6.6 Conclusions

In this Chapter, I introduced PiShield, a package designed to bridge the gap between

research and practice in constraint-based machine learning. It provides two core mech-

anisms for integrating background knowledge into neural networks: (i) Shield Layers,

which are built into a model’s architecture to guarantee that all outputs comply with a

given set of rules, and (ii) Shield Losses, which are memory-efficient T-norm-based loss

functions that guide the learning process, proving effective even in resource-intensive

scenarios like autonomous driving.

Built on PyTorch, PiShield is a versatile tool that supports multiple constraint

types and is designed for easy integration with state-of-the-art models across diverse

tasks, from tabular data synthesis to road event detection.
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Chapter 7

Conclusions

In this thesis, I investigated how to integrate background knowledge constraints into

deep neural networks in order to refine their outputs so that they are compliant

with the constraints. In the context of this work, background knowledge refers to:

(i) a set of propositional logic formulae written over a set of labels, (ii) a set of lin-

ear inequalities, or (iii) a set of disjunctions over linear inequalities, which capture

the inherent relations between data features. Focusing on two real-world applica-

tions, I have developed, implemented, and evaluated methods that belong to two

primary neuro-symbolic approaches: layer-based methods that guarantee constraint

satisfaction for deep generative models in the context of tabular data synthesis, and

loss-based methods that guide the learning process for multi-label classifiers in the

context of autonomous driving. Further, to evaluate my proposed methods, I utilised

datasets which span a wide range of complexities to accurately reflect real-world chal-

lenges. For tabular data, this includes binary and multi-class classification datasets,

regression datasets, data-scarce settings, large-scale data, and background knowledge

constraints with varied expressivity. Similarly, in the context of autonomous driving, I

evaluate my approach on a highly complex dataset annotated with an extensive set of

constraints. The work presented demonstrates that integrating background knowledge

constraints and, thus, creating knowledge-refined neural networks, not only prevents

models from making predictions which are inconsistent with the constraints but can

also significantly improve their performance and reliability.

I presented the contributions of this thesis across four core Chapters, as sum-

marised below. In Chapter 3, I introduced the Linearly-constrained Layer (LL), the

first framework to directly incorporate background knowledge constraints expressed

as linear inequalities into the architecture of Deep Generative Models (DGMs). Able

to automatically parse such user-defined constraints, LL was designed as a differ-

entiable layer that guarantees all generated samples satisfy the given constraints.
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Further, through an in-depth experimental analysis, I showed that integrating con-

straints via LL into DGMs provides significant overall improvements in the quality

of synthetic data, measured by machine learning efficacy and detection, all without

incurring additional runtime costs at inference.

In Chapter 4, I proposed and evaluated five different methods for providing an

order in which the features’ values are corrected by LL. As different variable orderings

may lead to different LL outputs, a core question of this Chapter was whether varying

the ordering affects the sample quality. The extensive experimental analysis revealed

that while no single ordering is universally optimal, there are reliable ordering choices

that consistently improve the quality of the generated data over the unconstrained

models.

Two future work directions could be (i) to further investigate these patterns,

aiming to uncover why certain models and datasets exhibit preferences for specific

orderings, and (ii) to ultimately design a method that automatically learns the feature

ordering, which could further boost the improvements already provided by LL.

In order to address the limitations of linear inequalities, in Chapter 5, I proposed

the Disjunctive Refinement Layer (DRL), which is a novel layer that extends the core

idea of LL to handle far more expressive constraints in the form of quantifier-free linear

real arithmetic (QFLRA) formulae. This allows for the enforcement of constraints that

define non-convex and even disconnected output spaces, which are common in real-

world data. Designed to be compatible with any deep generative architectures (e.g.,

GANs, VAEs, graph-based models etc.) and applicable across various downstream

tasks (e.g., classification and regression), DRL is a differentiable layer that guarantees

constraint satisfaction while finding an optimal correction to the original sample.

Further, through an in-depth experimental analysis, I showed that DRL consistently

improves the machine learning efficacy of the underlying generative models, while also

providing inference runtimes comparable to the unconstrained models.

Importantly, through extensive evaluations conducted across Chapters 3 to 5, I

show that there is no trade-off between ensuring that the samples generated using

my methods satisfy the background knowledge and the sample quality. In fact, the

resulting models (i.e., models equipped with LL or DRL) significantly improve sam-

ple quality, as measured by machine learning efficacy. Moreover, these approaches

are superior to the standard technique of rejection sampling, which is slower, can fail

completely when violation rates are high, and often degrades data quality. The ex-

periments also validate the strong need for these new methods, showing that existing
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generative models frequently violate constraints, with over half the data being invalid

in many real-world scenarios.

The development and application of synthetic data generation techniques, particu-

larly in tabular data, have the potential to significantly impact a wide range of sectors,

including healthcare, finance, and social sciences. While the LL and DRL frameworks

that I proposed for synthesising tabular data improve the quality of generated data

by ensuring alignment with user-specified constraints, there are ethical implications

of synthetic data use. Firstly, there is the potential for misuse. Synthetic data may be

seen as a substitute for real-world data, but it should not be viewed as a perfect re-

placement. Secondly, the use of synthetic data in automated decision-making systems

poses risks for fairness and bias. While both LL and DRL allow for the specification

of constraints that align with real-world domain knowledge, it is important to ensure

that these user-specified constraints do not embed existing biases or discrimination.

Provided this condition is met, injecting domain knowledge into generative models

does not pose any direct negative impact. Regarding privacy, when the constraints

are derived from public domain knowledge (e.g., physical laws or general business

rules), my proposed methods (LL and DRL) preserve the privacy guarantees of the

underlying base model. However, additional care is required if constraints are derived

directly from sensitive datasets, as this could introduce new leakage channels not

present in the unconstrained model.

As future work, one possible direction is to further expand the expressivity of the

background knowledge constraints that can be injected into DGMs, while ensuring

that they are satisfied during training and inference. Secondly, another level of au-

tomatisation could be explored in the future. For instance, it would be interesting

to investigate whether combining a module that automatically discovers constraints

between the features would help the layer-based methods presented in this thesis.

Finally, in Chapter 6, I proposed PiShield, a PyTorch-based package designed for

seamlessly integrating background knowledge into neural networks via layer-based

and loss-based methods. For the former type of methods, the package provides Shield

Layers, which are implementations of the layer-based methods (i.e., the LL and DRL

layers) from previous Chapters. For the latter type of methods, this Chapter expanded

the scope of the thesis to the second category of neuro-symbolic AI by contributing

a novel, memory-efficient, logic-based loss function, which I refer to as the Shield

Loss. Empirically, I demonstrated that this loss function is highly effective for guid-

ing the training of multi-label classifiers in complex settings with a large number of

constraints, such as autonomous driving, especially in data-scarce scenarios.
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For Shield Losses, as future work, a possible research direction is conducting a

study into how the loss can help in a semi-supervised scenario, with varying amounts

of unlabelled data added during the training and using the warm-up phase that I

found helpful for reducing the runtime strain brought by integrating background

knowledge into neural networks. Another research direction could be a study on the

effect of using different intervals of warm-up, before introducing the T-norm loss and

applying it on the unlabelled data.

I encapsulated the methods developed in this thesis in PiShield to make them

accessible to researchers and practitioners, thus, creating a versatile tool for apply-

ing neuro-symbolic approaches—whether layer- or loss-based—to practical problems.

Based on the theoretical and empirical evidence presented in this thesis, I offer the

following recommendations for practitioners regarding the selection of the proposed

methods. The decision process should prioritise the type of constraint enforcement

required (soft vs. hard) and the complexity of the domain knowledge. This choice cor-

responds to the distinction between Shield Losses and Shield Layers. If the primary

goal is to guide the training of the model using the background knowledge (expressed

as propositional logic) without requiring strict guarantees for its satisfaction, then

Shield Losses should be used, as shown in Chapter 6 in the context of autonomous

driving. Conversely, Shield Layers should be used when mathematical guarantees for

constraint satisfaction are required, as shown in Chapters 3-5 in the context of tabular

data synthesis.

If a Shield Layer is selected, it can be deployed in two ways: it can be either inte-

grated into a deep generative model at training time (e.g., if practitioners have access

to the underlying model), or it can simply be used as a post-processing step at infer-

ence time (e.g., if the goal is solely compliance with background knowledge, without

requiring the performance gains associated with the LL integration at training time).

Further, the specific Shield Layer variant depends on the complexity of the constraints.

Specifically, if the background knowledge consists of linear inequalities capturing the

relations between the tabular data features, then the Linearly-constrained Layer (LL)

should be used. If LL is used during training, it is crucial to note that the ordering

of features is an important factor influencing downstream performance and should

be chosen based on the underlying model architecture and dataset characteristics,

as discussed in Chapter 4. Finally, if the background knowledge involves non-convex

constraints that can be captured using QFLRA formulae (including disjunctions over

linear inequalities), then the Disjunctive Refinement Layer (DRL) should be used.
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While a significant portion of this thesis focuses on synthetic tabular data, the abil-

ity to inherently incorporate constraints into neural networks has implications beyond

generative modelling. Purely data-driven models are prone to producing physically im-

possible, unsafe, or logically inconsistent outputs when faced with out-of-distribution

inputs. Incorporating constraints (whether through Shield Layers or Shield Losses)

acts as a powerful inductive bias. This is especially important for predictive and

decision-making systems in safety-critical domains. For instance, in healthcare, pre-

dictive models must obey biological constraints (e.g., predicting drug dosages that

do not exceed dangerous limits); in physics-informed machine learning, models must

conserve mass and energy; and in robotics or autonomous driving, reinforcement

learning agents must strictly adhere to safety requirements and traffic laws. Thus,

the knowledge-refined neural networks presented in this thesis serve as a step towards

generally safe, reliable, and trustworthy AI.

As I have shown, the proposed methods in this thesis have the capability to im-

prove AI systems by incorporating constraints over their purely data-driven counter-

parts. Moreover, learning from domain knowledge brings little annotation overhead,

as constraints are often easier to obtain than large annotated datasets. For these rea-

sons, my belief is that the interest in neuro-symbolic AI will continue to grow, further

paving the way for the creation of more reliable and trustworthy systems.
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Appendix A

Hyperparameter Search for
Chapter 3

For reproducibility, I present the hyperparameter search I conducted as part of the

experimental analysis in Section 3.4 of Chapter 3 in order to ensure that the com-

parisons between the standard DGMs and the DGM+LL models are meaningful. I

always chose the best settings according to the machine learning efficacy performance

measured either (i) by the average over the F1-score, weighted F1-score, and Area

Under the ROC Curve for the binary and multi-class classification datasets or (ii) by

the Mean Absolute Error for the regression dataset.

For GOGGLE, I used the same optimiser and learning rate set as Liu et al. (2022).

Specifically, I used Adam (Kingma and Ba, 2015) with a set of three different learning

rates: {1×10−3, 5×10−3, 1×10−2}. For TVAE, I used Adam with a set of five different

learning rates: {5 × 10−6, 1 × 10−5, 1 × 10−4, 2 × 10−4, 1 × 10−3}. And for each of

the other DGM models, I used three different optimisers, Adam, RMSProp (Hinton,

2014), SGD (Ruder, 2016), each with a different set of learning rates:

• for WGAN {1×10−4, 1×10−3}, {5×10−5, 1×10−4, 1×10−3}, and {1×10−4, 1×
10−3}, respectively.

• for TableGAN, {5×10−5, 1×10−4, 2×10−4, 1×10−3}, {1×10−4, 2×10−4, 1×10−3}
and {1× 10−4, 1× 10−3}, respectively.

• for CTGAN, {5× 10−5, 1× 10−4, 2× 10−4}, {1× 10−4, 2× 10−4, 1× 10−3} and

{1× 10−4, 1× 10−3}, respectively.

Then, for each of the above optimiser-learning rate pairs, I tested different batch

sizes, depending on the DGM model: {64, 128, 256} for WGAN, {128, 256, 512} for

TableGAN, {70, 280, 500} for CTGAN and TVAE, and {64, 128} for GOGGLE. The
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Table A.1: Best hyperparameter configurations used for the DGMs (and DGM+LL
models) in the experiments.

Model/Dataset Hyperparameter URL WiDS LCLD Heloc FSP News

WGAN

Batch size 64 128 128 64 128 128
Optimiser Adam RMSProp SGD Adam RMSProp RMSProp
Learning rate 0.0001 0.001 0.001 0.0001 0.001 0.001
Epochs 300 80 30 200 20 50
Discriminator iters 10 10 5 10 10 10
Ordering Rnd KDE KDE KDE KDE KDE

TableGAN

Batch size 128 128 128 128 128 128
Optimiser Adam RMSProp Adam Adam Adam RMSProp
Learning rate 0.001 0.001 0.001 0.001 0.001 0.001
Epochs 300 50 25 200 200 50
Ordering Corr Corr KDE Corr KDE KDE

CTGAN

Batch size 500 500 500 500 500 500
Optimiser Adam RMSProp Adam Adam Adam Adam
Learning rate 0.0002 0.0005 0.0002 0.0002 0.0002 0.0002
Epochs 150 50 20 500 300 100
Ordering KDE Corr Rnd Corr Corr Corr

TVAE

Batch size 70 70 500 500 70 70
Optimiser Adam Adam Adam Adam Adam Adam
Learning rate 0.0002 0.000005 0.00001 0.000005 0.00001 0.00001
Epochs 150 50 40 150 500 50
Loss factor 2 2 4 2 1 3
Ordering KDE KDE Corr Corr Corr Corr

GOGGLE

Batch size 128 128 128 64 128 64
Optimiser Adam Adam Adam Adam Adam Adam
Learning rate 0.005 0.01 0.001 0.001 0.005 0.001
Epochs 1000 200 200 1000 1000 250
Patience 50 50 50 50 50 50
Ordering Random Corr Corr Random Corr KDE

batch sizes for CTGAN are multiples of 10, to allow for using the CTGAN’s recom-

mended PAC (Lin et al., 2018) value of 10, among other values.

The initial phase of the hyperparameter search allowed to narrow down the space

of configurations and focus on further investigating the most promising one. For the

second phase, I varied the following parameters for each DGM, keeping fixed the rest

from the best model of the initial phase:

• for WGAN, I varied initially PAC values within {4, 8, 16} and then discriminator

iterations within {1, 2, 10}.

• for TableGAN, I changed separately the generator layers’ dimensions to 128

(from 100 initially) and the embedding dimensions by doubling the value.
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• for CTGAN, I varied the value of PAC within {1, 5, 15}.

• for TVAE, I varied the multiplier of the loss within {1, 2, 3, 4}.

In Table A.1, I provide the hyperparameter configurations determined after the

search conducted. Note that for the DGM+LL models I report the best ordering

among random, correlation-based and KDE-based methods (detailed in Chapter 4).
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Appendix B

Linearly-constrained Layer: Full
Results

B.1 Context of Collaboration

The experimental analysis in (Stoian et al., 2024a) and (Stoian et al., 2025), both

of which are included in my thesis, is the result of a joint research effort where the

experimental work was divided equally between my collaborator, Salijona Dyrmishi,

and me. Some of these results are presented in Sections 3.4 and 4.3, and Appendix B.

Below I list the individual contributions that led to these results:

• I designed and implemented the Linearly-constrained Layer.

• I designed and implemented all feature orderings methods for the Linearly-

constrained Layer.

• Equally-split experimental analysis (including Table F.1): I conducted the ex-

periments using WGAN, GOGGLE, and half of the TableGAN experiments,

and Salijona Dyrmishi conducted the experiments using CTGAN, TVAE, and

the other half of the TableGAN experiments.

• Salijona Dyrmishi converted the data transforms into differentiable operations

for the CTGAN and TVAE models.

B.2 DGMs vs. DGMs+LL

In Tables B.1-B.7, I present the full machine learning efficacy and detection results.

More specifically, in each table I report results for each dataset, each DGM and each

DGM+LL. Additionally, for each result in the table, I report the standard deviation
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from the mean. As a reminder, the results are obtained by running each experiment

with 5 different seeds.

Machine learning efficacy. In Tables B.1-B.3, I present the machine learning

efficacy results on all classification datasets using three metrics: F1-score, weighted

F1-score, and Area Under the ROC Curve, one per table (in this order). Separately,

in Table B.4, I report the performance of real and synthetic data for the News dataset

(which is a regression dataset), using two different metrics: Explained Variance (XV)

and Mean Absolute Error (MAE).

Below, I provide a discussion of the machine learning efficacy results for each DGM

and its corresponding DMG+LL model:

1. Comparing WGAN with WGAN+LL shows that the only dataset for which no

improvement in efficacy is registered w.r.t. any of the three metrics is LCLD.

However, in this case, the gap between the WGAN and the best WGAN+LL

(i.e., using the KDE-based ordering) is small for all the 3 different metrics: 0.8%

and 0.6% for F1-score and Area Under the ROC Curve, respectively, with a tie

for the weighted F1-score. In most cases, WGAN+LL brings significant machine

learning efficacy improvements, e.g. 7.7%, 5% and 3.8% for Heloc in F1-score,

weighted F1-score and Area Under the ROC Curve, respectively.

2. For TableGAN, the results show that TableGAN+LL outperforms the uncon-

strained models for all binary and multi-class classification datasets in terms of

machine learning efficacy on all three metrics. The only dataset where this is

not the case is the regression dataset, News. It is worth noticing that out of all

the DGM+LL models, TableGAN+LL brings major improvements overall. For

example, it outperforms the unconstrained model by at least 4.5% according to

the F1-score in 4 datasets, with the highest improvement, of 7.5%, recorded for

WiDS.

3. As opposed to TableGAN+LL, CTGAN+LL does not show the same trend,

with most models giving either moderate improvements or performing close

to the unconstrained CTGAN. However, it is still the case that most of the

datasets (four out of six) show improvements over all three metrics (with the

remaining two datasets showing improvements on two out of three metrics).

Notably, CTGAN+LL yields a large improvement of 64.9 points in the mean

absolute error for machine learning efficacy when training on the News dataset,

which is the second highest improvement observed (i.e., after WGAN+LL).
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4. Similarly, to the WGAN+LL case, there is only one dataset for which TVAE+LL

does not improve the machine learning efficacy performance in any of the

three metrics, namely the Heloc dataset. Nevertheless, the difference between

the overall best TVAE+LL model (i.e. using the correlation-based ordering)

and TVAE is small for all the 3 different metrics: 0.2%, 0.6%, 0.3% for F1-

score, weighted F1-score and Area Under the ROC Curve, respectively. In most

cases, TVAE+LL yields major machine learning efficacy improvements, e.g.

4.0%, 3.6% and 1.5% for WiDS in F1-score, weighted F1-score and Area Under

the ROC Curve, respectively, and 2.6%, 2.9% and 1.4% for FSP in F1-score,

weighted F1-score and Area Under the ROC Curve, respectively.

5. The GOGGLE+LL models outperform the standard GOGGLE model in five

out of six datasets on all metrics, giving major improvements (with the largest

improvement being of 17.1% in the F1-score for machine learning efficacy when

training on the URL dataset). Only the FSP dataset does not show any im-

provements on any of the orderings when using the GOGGLE+LL version.

Detection. In Tables B.5-B.7, I present the detection results on all datasets using

three metrics in the following order: F1-score, weighted F1-score and Area Under the

ROC Curve. The results show that:

1. The best WGAN+LL models bring an improvement over five out of six datasets

in all metrics. Further, WGAN+LL improves two out of three metrics for the

remaining dataset (i.e., the URL dataset).

2. The best TableGAN+LL models yield improvements over the baseline across

all three metrics for four datasets (i.e., WiDS, LCLD, FSP, and News).

3. The CTGAN+LL models show improvement in all six datasets, across all three

metrics.

4. The best TVAE+LL models register improvements (or do not change the per-

formance, as it happens in one case, i.e., for News) across all three metrics for

three datasets (i.e., LCLD, Heloc, and News). Further, TVAE+LL improves two

of the three metrics for the URL dataset.

5. Unlike the previous models, the best GOGGLE+LL models bring improvements

in only half of the datasets according to at least one out of three metrics for three

datasets. In particular, for WiDS and FSP, GOGGLE+LL yields improvements

across all three metrics.
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Table B.1: Binary (macro) F1-score machine learning efficacy results with their cor-
responding stddevs for binary (multiclass) classification datasets.

URL WiDS LCLD Heloc FSP

WGAN - 0.756±0.030 0.329±0.059 0.239±0.026 0.634±0.099 0.357±0.020

WGAN+LL

Rnd 0.792±0.021 0.303±0.075 0.196±0.026 0.643±0.060 0.334±0.028

Corr 0.790±0.026 0.284±0.040 0.231±0.050 0.704±0.039 0.367±0.027

KDE 0.801±0.004 0.316±0.044 0.231±0.050 0.711±0.030 0.367±0.027

WD 0.771±0.033 0.273±0.070 0.157±0.062 0.667±0.029 0.346±0.013

Caus 0.786±0.026 0.275±0.072 — 0.702±0.030 0.346±0.013

TableGAN - 0.562±0.051 0.171±0.037 0.123±0.041 0.593±0.058 0.199±0.044

TableGAN+LL

Rnd 0.535±0.096 0.213±0.027 0.149±0.058 0.635±0.073 0.199±0.031

Corr 0.612±0.111 0.246±0.047 0.131±0.036 0.638±0.061 0.179±0.036

KDE 0.577±0.074 0.208±0.043 0.174±0.063 0.581±0.114 0.207±0.053

WD 0.515±0.086 0.242±0.021 0.173±0.038 0.646±0.070 0.226±0.036

Caus 0.486±0.075 0.225±0.028 0.174±0.063 0.664±0.041 0.159±0.012

CTGAN - 0.822±0.017 0.362±0.033 0.247±0.087 0.736±0.035 0.374±0.034

CTGAN+LL

Rnd 0.832±0.006 0.364±0.019 0.235±0.057 0.743±0.010 0.371±0.006

Corr 0.830±0.009 0.365±0.020 0.260±0.081 0.729±0.027 0.383±0.019

KDE 0.836±0.002 0.360±0.022 0.265±0.040 0.736±0.010 0.381±0.030

WD 0.831±0.006 0.368±0.013 0.224±0.060 0.732±0.026 0.391±0.018

Caus 0.835±0.007 0.365±0.010 0.222±0.034 0.733±0.010 0.374±0.035

TVAE - 0.810±0.008 0.282±0.029 0.185±0.021 0.735±0.010 0.473±0.016

TVAE+LL

Rnd 0.824±0.004 0.248±0.038 0.142±0.018 0.720±0.014 0.501±0.012

Corr 0.826±0.007 0.305±0.021 0.158±0.011 0.733±0.017 0.496±0.018

KDE 0.824±0.004 0.321±0.041 0.146±0.023 0.731±0.008 0.498±0.014

WD 0.829±0.003 0.297±0.033 0.150±0.042 0.731±0.010 0.430±0.027

Caus 0.821±0.009 0.316±0.019 0.163±0.037 0.729±0.009 0.499±0.012

GOGGLE - 0.622±0.094 0.189±0.038 0.163±0.119 0.596±0.072 0.152±0.003

GOGGLE+LL

Rnd 0.782±0.035 0.139±0.068 0.157±0.085 0.723±0.018 0.117±0.008

Corr 0.793±0.013 0.185±0.108 0.219±0.023 0.714±0.013 0.136±0.024

KDE 0.787±0.014 0.171±0.036 0.167±0.082 0.709±0.025 0.134±0.016

WD 0.722±0.019 0.207±0.133 — 0.706±0.020 0.142±0.013

Caus 0.640±0.057 0.175±0.051 — 0.707±0.013 0.129±0.020
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Table B.2: Weighted F1-score machine learning efficacy results with their correspond-
ing stddevs for binary and multiclass classification datasets.

URL WiDS LCLD Heloc FSP

WGAN - 0.764±0.018 0.381±0.057 0.359±0.019 0.599±0.050 0.339±0.021

WGAN+LL

Rnd 0.782±0.025 0.360±0.068 0.340±0.020 0.585±0.079 0.317±0.029

Corr 0.784±0.011 0.343±0.036 0.359±0.037 0.648±0.022 0.350±0.028

KDE 0.790±0.007 0.372±0.040 0.359±0.037 0.649±0.011 0.350±0.028

WD 0.775±0.018 0.331±0.064 0.312±0.046 0.646±0.017 0.327±0.015

Caus 0.784±0.022 0.334±0.067 — 0.643±0.039 0.327±0.015

TableGAN - 0.659±0.035 0.240±0.034 0.286±0.029 0.615±0.030 0.199±0.043

TableGAN+LL

Rnd 0.644±0.061 0.279±0.025 0.307±0.043 0.618±0.042 0.198±0.030

Corr 0.695±0.071 0.309±0.042 0.292±0.029 0.633±0.036 0.180±0.034

KDE 0.670±0.052 0.274±0.039 0.314±0.029 0.596±0.048 0.209±0.051

WD 0.627±0.052 0.305±0.019 0.322±0.031 0.634±0.032 0.224±0.033

Caus 0.615±0.047 0.289±0.026 0.314±0.029 0.629±0.025 0.160±0.012

CTGAN - 0.799±0.033 0.405±0.034 0.379±0.061 0.675±0.015 0.372±0.034

CTGAN+LL

Rnd 0.819±0.008 0.408±0.019 0.369±0.044 0.684±0.005 0.369±0.007

Corr 0.816±0.012 0.409±0.019 0.388±0.060 0.688±0.010 0.379±0.020

KDE 0.820±0.008 0.403±0.023 0.392±0.030 0.690±0.010 0.381±0.032

WD 0.821±0.003 0.411±0.013 0.361±0.041 0.682±0.010 0.387±0.018

Caus 0.816±0.019 0.409±0.010 0.356±0.026 0.688±0.009 0.372±0.033

TVAE - 0.802±0.012 0.342±0.027 0.330±0.016 0.696±0.006 0.463±0.017

TVAE+LL

Rnd 0.818±0.007 0.311±0.034 0.300±0.012 0.687±0.006 0.491±0.013

Corr 0.817±0.007 0.363±0.019 0.310±0.011 0.690±0.009 0.488±0.019

KDE 0.816±0.008 0.378±0.038 0.304±0.016 0.694±0.003 0.489±0.014

WD 0.821±0.007 0.356±0.030 0.306±0.027 0.693±0.004 0.419±0.028

Caus 0.814±0.013 0.373±0.018 0.313±0.027 0.691±0.002 0.490±0.014

GOGGLE - 0.648±0.074 0.198±0.067 0.315±0.086 0.566±0.050 0.139±0.002

GOGGLE+LL

Rnd 0.742±0.032 0.210±0.061 0.314±0.065 0.663±0.012 0.103±0.008

Corr 0.752±0.024 0.253±0.098 0.357±0.020 0.637±0.023 0.121±0.024

KDE 0.749±0.029 0.239±0.032 0.318±0.060 0.656±0.014 0.119±0.017

WD 0.675±0.046 0.273±0.121 — 0.654±0.023 0.126±0.012

Caus 0.668±0.031 0.244±0.046 — 0.637±0.033 0.113±0.021
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Table B.3: Area under the ROC curve machine learning efficacy results with their
corresponding stddevs for binary and multiclass classification datasets.

URL WiDS LCLD Heloc FSP

WGAN - 0.839±0.016 0.775±0.038 0.618±0.011 0.677±0.033 0.742±0.007

WGAN+LL

Rnd 0.860±0.018 0.797±0.028 0.617±0.009 0.672±0.037 0.728±0.010

Corr 0.864±0.011 0.796±0.017 0.612±0.016 0.715±0.017 0.742±0.022

KDE 0.858±0.011 0.815±0.015 0.612±0.016 0.715±0.011 0.742±0.022

WD 0.852±0.012 0.770±0.019 0.594±0.032 0.712±0.020 0.726±0.008

Caus 0.856±0.014 0.775±0.024 — 0.705±0.024 0.726±0.008

TableGAN - 0.843±0.020 0.740±0.021 0.587±0.027 0.707±0.007 0.642±0.026

TableGAN+LL

Rnd 0.853±0.018 0.777±0.017 0.593±0.019 0.692±0.029 0.636±0.022

Corr 0.868±0.007 0.775±0.015 0.605±0.016 0.704±0.030 0.630±0.037

KDE 0.865±0.010 0.767±0.016 0.587±0.017 0.676±0.037 0.635±0.028

WD 0.830±0.019 0.770±0.013 0.608±0.010 0.710±0.020 0.651±0.034

Caus 0.844±0.019 0.770±0.011 0.587±0.017 0.691±0.035 0.615±0.024

CTGAN - 0.859±0.040 0.835±0.012 0.651±0.020 0.744±0.009 0.760±0.014

CTGAN+LL

Rnd 0.880±0.004 0.836±0.003 0.627±0.028 0.749±0.008 0.757±0.008

Corr 0.877±0.010 0.826±0.013 0.644±0.015 0.755±0.007 0.761±0.009

KDE 0.880±0.007 0.832±0.007 0.641±0.015 0.751±0.011 0.760±0.012

WD 0.878±0.006 0.842±0.004 0.645±0.016 0.754±0.002 0.766±0.010

Caus 0.870±0.013 0.838±0.007 0.635±0.016 0.749±0.005 0.753±0.014

TVAE - 0.863±0.011 0.800±0.016 0.631±0.004 0.752±0.003 0.789±0.007

TVAE+LL

Rnd 0.875±0.008 0.773±0.036 0.630±0.002 0.750±0.005 0.803±0.009

Corr 0.878±0.005 0.804±0.014 0.633±0.003 0.749±0.005 0.791±0.015

KDE 0.878±0.007 0.816±0.028 0.632±0.003 0.751±0.002 0.793±0.009

WD 0.883±0.005 0.794±0.022 0.637±0.005 0.751±0.001 0.778±0.017

Caus 0.873±0.012 0.808±0.012 0.630±0.006 0.752±0.002 0.795±0.008

GOGGLE - 0.742±0.071 0.656±0.049 0.543±0.039 0.600±0.056 0.577±0.010

GOGGLE+LL

Rnd 0.800±0.029 0.643±0.088 0.569±0.055 0.719±0.005 0.534±0.016

Corr 0.794±0.030 0.675±0.051 0.593±0.046 0.696±0.022 0.545±0.011

KDE 0.802±0.016 0.678±0.029 0.571±0.051 0.713±0.021 0.538±0.020

WD 0.759±0.034 0.705±0.040 — 0.709±0.022 0.543±0.020

Caus 0.741±0.030 0.681±0.039 — 0.694±0.023 0.535±0.019
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Table B.4: Machine learning efficacy performance comparison between DGM and
DGM+LL models trained on News, using XV and MAE. In the first row, I report the
real data performance.

XV MAE

Real data - -0.001±0.001 3001.1±55.0

WGAN - -0.006±0.003 3133.6±242.1

WGAN+LL

Rnd -0.008±0.012 3093.0±202.3

Corr -0.002±0.002 3014.0±79.1

KDE -0.004±0.001 3070.0±98.4

WD -0.012±0.010 3042.2±100.5

Caus -0.012±0.011 2968.5±70.6

TableGAN - -0.001±0.001 2992.2±35.8

TableGAN+LL

Rnd -0.001±0.001 3033.1±53.9

Corr -0.002±0.002 3015.9±40.0

KDE -0.002±0.002 3016.8±70.8

WD -0.001±0.001 3009.8±62.4

Caus -0.002±0.001 3030.4±39.0

CTGAN - -0.002±0.001 3043.8±37.8

CTGAN+LL

Rnd -0.002±0.001 3034.6±29.4

Corr -0.002±0.001 2978.9±28.7

KDE -0.003±0.001 3029.1±72.7

WD -0.003±0.001 3007.4±72

Caus -0.002±0.001 3035.2±60.8

TVAE - -0.001±0.000 3021.3±10.0

TVAE+LL

Rnd -0.002±0.001 3067.7±71.5

Corr -0.001±0.001 3005.0±56.2

KDE -0.002±0.001 3011.7±44.2

WD -0.001±0.001 2995.0±35.7

Caus -0.002±0.001 2996.9±22.8

GOGGLE - -0.004±0.003 3054.5±44.7

GOGGLE+LL

Rnd -0.001±0.001 3042.6±54.1

Corr -0.001±0.001 3026.0±34.6

KDE -0.001±0.000 2999.0±27.3

WD 0.000±0.000 3000.9±28.5

Caus -0.001±0.001 3028.4±39.4
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Table B.5: Binary F1-score detection results with their corresponding stddevs for all
datasets.

URL WiDS LCLD Heloc FSP News

WGAN - 0.865±0.035 0.975±0.002 0.999±0.001 0.964±0.004 0.914±0.018 0.954±0.022

WGAN+LL

Rnd 0.864±0.046 0.995±0.003 0.916±0.013 0.970±0.024 0.899±0.078 0.969±0.015

Corr 0.879±0.027 0.975±0.006 0.923±0.005 0.964±0.007 0.843±0.037 0.929±0.023

KDE 0.877±0.016 0.975±0.002 0.923±0.005 0.958±0.018 0.843±0.037 0.927±0.011

WD 0.887±0.018 0.932±0.014 0.940±0.014 0.968±0.015 0.864±0.022 0.937±0.011

Caus 0.892±0.012 0.944±0.005 — 0.959±0.013 0.864±0.022 0.941±0.023

TableGAN - 0.831±0.029 0.963±0.006 0.895±0.024 0.923±0.011 0.909±0.021 0.927±0.009

TableGAN+LL

Rnd 0.840±0.020 0.984±0.002 0.870±0.016 0.963±0.021 0.839±0.061 0.953±0.010

Corr 0.848±0.025 0.956±0.004 0.874±0.011 0.952±0.010 0.818±0.012 0.933±0.011

KDE 0.827±0.031 0.962±0.007 0.870±0.014 0.948±0.018 0.830±0.015 0.933±0.011

WD 0.848±0.025 0.961±0.006 0.872±0.034 0.955±0.014 0.808±0.040 0.918±0.008

Caus 0.833±0.025 0.962±0.003 0.870±0.014 0.957±0.011 0.830±0.014 0.924±0.007

CTGAN - 0.850±0.027 0.990±0.002 0.848±0.016 0.914±0.024 0.926±0.011 0.901±0.018

CTGAN+LL

Rnd 0.834±0.026 0.990±0.001 0.864±0.022 0.910±0.013 0.859±0.022 0.909±0.016

Corr 0.820±0.025 0.988±0.003 0.845±0.025 0.903±0.012 0.861±0.021 0.905±0.019

KDE 0.838±0.033 0.986±0.002 0.848±0.017 0.897±0.023 0.857±0.022 0.902±0.014

WD 0.839±0.019 0.953±0.003 0.829±0.030 0.888±0.026 0.860±0.025 0.901±0.018

Caus 0.811±0.046 0.954±0.003 0.837±0.034 0.900±0.012 0.853±0.039 0.882±0.021

TVAE - 0.813±0.037 0.926±0.001 0.842±0.019 0.914±0.011 0.843±0.027 0.877±0.013

TVAE+LL

Rnd 0.825±0.037 0.965±0.001 0.796±0.030 0.905±0.022 0.873±0.015 0.875±0.018

Corr 0.814±0.037 0.959±0.003 0.808±0.030 0.905±0.014 0.855±0.020 0.864±0.008

KDE 0.813±0.030 0.961±0.002 0.799±0.020 0.907±0.021 0.879±0.008 0.891±0.019

WD 0.801±0.037 0.958±0.001 0.815±0.020 0.911±0.015 0.885±0.011 0.890±0.019

Caus 0.828±0.042 0.958±0.001 0.798±0.015 0.896±0.022 0.868±0.009 0.905±0.008

GOGGLE - 0.892±0.019 0.987±0.018 0.890±0.017 0.924±0.006 0.912±0.010 0.949±0.023

GOGGLE+LL

Rnd 0.890±0.044 0.965±0.006 0.903±0.011 0.939±0.008 0.866±0.020 0.967±0.009

Corr 0.898±0.021 0.972±0.005 0.910±0.017 0.938±0.010 0.884±0.009 0.968±0.015

KDE 0.903±0.019 0.975±0.013 0.911±0.017 0.937±0.008 0.887±0.014 0.957±0.020

WD 0.922±0.009 0.980±0.015 — 0.937±0.011 0.881±0.010 0.976±0.007

Caus 0.885±0.019 0.966±0.008 — 0.938±0.009 0.881±0.012 0.971±0.011
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Table B.6: Weighted F1-score detection results with their corresponding stddevs for
all datasets.

URL WiDS LCLD Heloc FSP News

WGAN - 0.856±0.008 0.976±0.002 0.999±0.001 0.964±0.004 0.910±0.027 0.954±0.020

WGAN+LL

Rnd 0.850±0.017 0.996±0.003 0.911±0.013 0.970±0.024 0.900±0.072 0.969±0.016

Corr 0.860±0.016 0.976±0.006 0.917±0.007 0.964±0.007 0.844±0.022 0.929±0.022

KDE 0.870±0.010 0.975±0.002 0.917±0.007 0.957±0.019 0.844±0.022 0.925±0.013

WD 0.879±0.009 0.925±0.016 0.939±0.014 0.967±0.016 0.849±0.031 0.935±0.012

Caus 0.861±0.009 0.929±0.014 — 0.958±0.013 0.849±0.031 0.941±0.023

TableGAN - 0.822±0.007 0.964±0.006 0.895±0.022 0.925±0.011 0.906±0.028 0.929±0.013

TableGAN+LL

Rnd 0.829±0.011 0.984±0.002 0.859±0.015 0.962±0.021 0.834±0.054 0.953±0.011

Corr 0.835±0.011 0.957±0.003 0.866±0.022 0.952±0.010 0.813±0.020 0.936±0.010

KDE 0.826±0.006 0.963±0.007 0.871±0.013 0.947±0.019 0.818±0.021 0.934±0.011

WD 0.828±0.013 0.962±0.005 0.867±0.038 0.955±0.015 0.802±0.015 0.920±0.012

Caus 0.835±0.014 0.963±0.003 0.871±0.013 0.956±0.012 0.816±0.019 0.930±0.008

CTGAN - 0.862±0.014 0.990±0.002 0.850±0.019 0.915±0.023 0.927±0.016 0.896±0.023

CTGAN+LL

Rnd 0.843±0.017 0.990±0.001 0.868±0.015 0.911±0.013 0.861±0.022 0.904±0.018

Corr 0.839±0.015 0.988±0.002 0.847±0.024 0.904±0.013 0.865±0.028 0.902±0.023

KDE 0.849±0.020 0.986±0.002 0.838±0.014 0.897±0.023 0.868±0.009 0.895±0.018

WD 0.843±0.010 0.955±0.003 0.822±0.025 0.890±0.024 0.865±0.018 0.899±0.017

Caus 0.836±0.018 0.956±0.003 0.837±0.020 0.901±0.013 0.863±0.017 0.883±0.017

TVAE - 0.831±0.013 0.927±0.001 0.832±0.010 0.916±0.010 0.847±0.006 0.855±0.019

TVAE+LL

Rnd 0.829±0.014 0.965±0.001 0.796±0.025 0.908±0.020 0.867±0.018 0.856±0.012

Corr 0.833±0.011 0.960±0.003 0.795±0.014 0.908±0.013 0.857±0.011 0.855±0.010

KDE 0.829±0.014 0.962±0.002 0.797±0.019 0.909±0.020 0.873±0.014 0.883±0.024

WD 0.828±0.012 0.959±0.001 0.811±0.013 0.914±0.013 0.876±0.016 0.880±0.021

Caus 0.827±0.010 0.959±0.001 0.801±0.016 0.899±0.020 0.870±0.014 0.904±0.009

GOGGLE - 0.880±0.012 0.987±0.018 0.892±0.014 0.926±0.005 0.916±0.011 0.955±0.019

GOGGLE+LL

Rnd 0.892±0.030 0.965±0.005 0.905±0.010 0.940±0.008 0.823±0.030 0.970±0.008

Corr 0.899±0.014 0.971±0.005 0.912±0.017 0.939±0.009 0.817±0.004 0.972±0.012

KDE 0.903±0.017 0.975±0.013 0.912±0.018 0.939±0.008 0.865±0.033 0.963±0.015

WD 0.906±0.030 0.980±0.015 — 0.939±0.010 0.847±0.039 0.978±0.006

Caus 0.887±0.018 0.965±0.009 — 0.939±0.009 0.842±0.032 0.974±0.009
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Table B.7: Area under the ROC curve detection results with their corresponding
stddevs for all datasets.

URL WiDS LCLD Heloc FSP News

WGAN - 0.872±0.008 0.989±0.002 1.000±0.000 0.983±0.004 0.916±0.016 0.964±0.021

WGAN+LL

Rnd 0.877±0.017 0.999±0.001 0.941±0.009 0.983±0.018 0.918±0.060 0.981±0.010

Corr 0.879±0.009 0.989±0.002 0.946±0.006 0.982±0.007 0.875±0.020 0.945±0.020

KDE 0.883±0.009 0.989±0.001 0.946±0.006 0.975±0.018 0.875±0.020 0.941±0.011

WD 0.897±0.009 0.948±0.013 0.972±0.011 0.983±0.013 0.879±0.029 0.948±0.018

Caus 0.885±0.008 0.956±0.006 — 0.977±0.009 0.879±0.029 0.956±0.018

TableGAN - 0.850±0.007 0.980±0.004 0.926±0.020 0.953±0.009 0.907±0.022 0.940±0.011

TableGAN+LL

Rnd 0.851±0.006 0.996±0.001 0.900±0.012 0.978±0.016 0.866±0.048 0.963±0.012

Corr 0.856±0.004 0.974±0.002 0.904±0.019 0.969±0.008 0.845±0.005 0.950±0.010

KDE 0.850±0.005 0.979±0.005 0.909±0.012 0.964±0.017 0.849±0.012 0.947±0.010

WD 0.853±0.004 0.977±0.004 0.905±0.026 0.974±0.010 0.840±0.005 0.934±0.013

Caus 0.854±0.012 0.979±0.003 0.909±0.012 0.974±0.011 0.847±0.010 0.938±0.009

CTGAN - 0.879±0.008 0.996±0.001 0.896±0.011 0.953±0.016 0.932±0.007 0.912±0.021

CTGAN+LL

Rnd 0.865±0.013 0.997±0.000 0.908±0.011 0.950±0.008 0.897±0.016 0.925±0.021

Corr 0.864±0.009 0.995±0.001 0.900±0.020 0.946±0.004 0.894±0.025 0.922±0.019

KDE 0.867±0.015 0.994±0.001 0.897±0.012 0.943±0.018 0.893±0.007 0.919±0.022

WD 0.864±0.007 0.970±0.002 0.877±0.021 0.937±0.017 0.895±0.015 0.917±0.016

Caus 0.867±0.010 0.970±0.002 0.891±0.016 0.946±0.010 0.894±0.019 0.904±0.016

TVAE - 0.854±0.007 0.935±0.002 0.861±0.009 0.947±0.005 0.872±0.008 0.881±0.019

TVAE+LL

Rnd 0.855±0.008 0.982±0.001 0.843±0.013 0.942±0.015 0.904±0.015 0.882±0.012

Corr 0.854±0.009 0.977±0.001 0.840±0.011 0.943±0.011 0.896±0.008 0.880±0.014

KDE 0.850±0.013 0.979±0.001 0.842±0.012 0.944±0.014 0.904±0.013 0.908±0.030

WD 0.854±0.007 0.976±0.001 0.850±0.008 0.947±0.010 0.906±0.011 0.907±0.024

Caus 0.852±0.003 0.976±0.001 0.846±0.018 0.933±0.017 0.905±0.012 0.930±0.008

GOGGLE - 0.891±0.009 0.993±0.013 0.928±0.010 0.949±0.003 0.920±0.006 0.973±0.013

GOGGLE+LL

Rnd 0.897±0.028 0.979±0.007 0.938±0.010 0.957±0.008 0.871±0.009 0.977±0.007

Corr 0.906±0.020 0.984±0.005 0.944±0.013 0.959±0.007 0.865±0.011 0.980±0.012

KDE 0.906±0.018 0.984±0.009 0.945±0.013 0.959±0.007 0.880±0.014 0.973±0.009

WD 0.914±0.012 0.990±0.008 — 0.958±0.009 0.878±0.022 0.984±0.006

Caus 0.893±0.019 0.979±0.009 — 0.956±0.008 0.873±0.023 0.982±0.006
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B.3 DGMs vs. P-DGMs

The Linearly-constrained Layer uses the constraints to correct the predictions both at

training and inference time. However, the constraints can simply be used at inference

time to correct the predictions only once. This latter approach, which results in P-

DGM models, is a way of putting guardrails on the output space of the DGMs and

could be the preferred option for users who do not want to make any modifications to

their models or retrain them. And, while both methods guarantee that the constraints

are satisfied by the predictions, their impact on the models’ performance might differ.

To see this, I compare DGMs with P-DGMs whose predictions have been corrected

according to the five different label ordering methods detailed in Chapter 4: random-,

correlation-, KDE-, Wasserstein distance-, and causal-based methods.

For completeness, I also report the mean performance and standard deviation

from the mean for:

1. Machine learning efficacy: In Tables B.8, B.9 and B.10, I compare the perfor-

mance of the DGM and P-DGM models in terms of machine learning efficacy

and report the results w.r.t. 3 different metrics: F1-score, weighted F1-score,

and Area Under the ROC Curve. Separately, in Table B.11, I report the per-

formance of the synthetic data for the News dataset, using two metrics: XV

and MAE. As the results show, putting guardrails on the output space of the

models can help increase the performance. However, the overall gains are not

as high as those obtained by the DGM+LL models, which correct the outputs

at training time.

2. Detection: In Tables B.12, B.13 and B.14, I compare the performance of the

DGM and P-DGM models in terms of detection. Similarly to the machine learn-

ing efficacy case, post-processing the outputs of the unconstrained models can

only slightly help increase the overall performance.
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Table B.8: Binary (macro) F1-score machine learning efficacy results with their corre-
sponding stddevs for binary (multiclass) classification datasets when postprocessing
the unconstrained predictions.

URL WiDS LCLD Heloc FSP

WGAN - 0.756±0.030 0.329±0.059 0.239±0.026 0.634±0.099 0.357±0.020

P-WGAN

Rnd 0.767±0.034 0.319±0.053 0.200±0.030 0.641±0.113 0.356±0.020

Corr 0.767±0.036 0.332±0.050 0.214±0.021 0.641±0.115 0.359±0.024

KDE 0.767±0.035 0.334±0.059 0.214±0.021 0.641±0.112 0.359±0.024

WD 0.763±0.035 0.332±0.052 0.210±0.019 0.640±0.107 0.353±0.019

Caus 0.762±0.034 0.332±0.049 0.210±0.019 0.643±0.101 0.353±0.019

TableGAN - 0.562±0.051 0.171±0.037 0.123±0.041 0.593±0.058 0.199±0.044

P-TableGAN

Rnd 0.565±0.048 0.173±0.049 0.115±0.028 0.594±0.058 0.194±0.046

Corr 0.553±0.050 0.174±0.045 0.125±0.032 0.594±0.060 0.194±0.037

KDE 0.556±0.060 0.171±0.042 0.120±0.025 0.592±0.060 0.193±0.042

WD 0.562±0.070 0.181±0.045 0.126±0.030 0.595±0.058 0.188±0.043

Caus 0.563±0.060 0.171±0.040 0.124±0.030 0.595±0.056 0.191±0.050

CTGAN - 0.822±0.017 0.362±0.033 0.247±0.087 0.736±0.035 0.374±0.034

P-CTGAN

Rnd 0.818±0.014 0.364±0.032 0.255±0.089 0.735±0.038 0.365±0.021

Corr 0.813±0.008 0.365±0.038 0.246±0.087 0.743±0.032 0.372±0.033

KDE 0.823±0.017 0.357±0.040 0.248±0.077 0.735±0.031 0.371±0.035

WD 0.823±0.017 0.375±0.033 0.263±0.076 0.738±0.032 0.375±0.027

Caus 0.823±0.012 0.363±0.036 0.249±0.092 0.738±0.033 0.369±0.021

TVAE - 0.810±0.008 0.282±0.029 0.185±0.021 0.735±0.010 0.473±0.016

P-TVAE

Rnd 0.810±0.011 0.266±0.020 0.172±0.011 0.739±0.004 0.464±0.019

Corr 0.815±0.009 0.282±0.026 0.176±0.028 0.730±0.006 0.462±0.018

KDE 0.815±0.009 0.285±0.034 0.171±0.030 0.735±0.007 0.463±0.021

WD 0.811±0.012 0.280±0.028 0.179±0.028 0.735±0.007 0.462±0.012

Caus 0.809±0.011 0.269±0.051 0.169±0.018 0.734±0.007 0.463±0.019

GOGGLE - 0.622±0.094 0.189±0.038 0.163±0.119 0.596±0.072 0.152±0.003

P-GOGGLE

Rnd 0.626±0.098 0.192±0.042 0.164±0.121 0.601±0.060 0.151±0.007

Corr 0.623±0.089 0.191±0.038 0.169±0.126 0.601±0.063 0.155±0.010

KDE 0.626±0.096 0.189±0.039 0.169±0.126 0.597±0.066 0.155±0.011

WD 0.610±0.102 0.191±0.042 0.166±0.118 0.601±0.063 0.154±0.006

Caus 0.624±0.100 0.191±0.041 0.166±0.118 0.598±0.069 0.154±0.009
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Table B.9: Weighted F1-score machine learning efficacy results with their correspond-
ing stddevs for binary and multiclass classification datasets when post-processing the
unconstrained predictions.

URL WiDS LCLD Heloc FSP

WGAN - 0.764±0.018 0.381±0.057 0.359±0.019 0.599±0.050 0.339±0.021

P-WGAN

Rnd 0.768±0.028 0.372±0.052 0.342±0.019 0.600±0.057 0.337±0.022

Corr 0.769±0.027 0.384±0.048 0.353±0.014 0.598±0.054 0.341±0.026

KDE 0.761±0.028 0.386±0.057 0.353±0.014 0.603±0.059 0.341±0.026

WD 0.765±0.024 0.384±0.051 0.349±0.014 0.600±0.056 0.335±0.021

Caus 0.772±0.021 0.383±0.048 0.349±0.014 0.601±0.050 0.335±0.021

TableGAN - 0.659±0.035 0.240±0.034 0.286±0.029 0.615±0.030 0.199±0.043

P-TableGAN

Rnd 0.660±0.035 0.242±0.045 0.281±0.022 0.614±0.028 0.195±0.046

Corr 0.656±0.035 0.242±0.041 0.286±0.023 0.614±0.030 0.195±0.036

KDE 0.658±0.040 0.240±0.039 0.285±0.018 0.613±0.029 0.193±0.042

WD 0.659±0.045 0.250±0.041 0.287±0.023 0.614±0.029 0.189±0.041

Caus 0.660±0.041 0.240±0.036 0.286±0.021 0.615±0.028 0.191±0.050

CTGAN - 0.799±0.033 0.405±0.034 0.379±0.061 0.675±0.015 0.372±0.034

P-CTGAN

Rnd 0.794±0.031 0.407±0.032 0.383±0.070 0.671±0.015 0.363±0.019

Corr 0.801±0.008 0.407±0.040 0.379±0.068 0.678±0.010 0.370±0.033

KDE 0.802±0.032 0.400±0.042 0.380±0.058 0.671±0.010 0.369±0.033

WD 0.802±0.032 0.419±0.034 0.386±0.056 0.679±0.012 0.373±0.025

Caus 0.799±0.039 0.406±0.037 0.376±0.065 0.673±0.011 0.366±0.021

TVAE - 0.802±0.012 0.342±0.027 0.330±0.016 0.696±0.006 0.463±0.017

P-TVAE

Rnd 0.802±0.015 0.327±0.018 0.323±0.009 0.696±0.004 0.454±0.020

Corr 0.807±0.008 0.342±0.024 0.325±0.018 0.691±0.004 0.451±0.019

KDE 0.807±0.008 0.345±0.031 0.322±0.020 0.694±0.004 0.452±0.022

WD 0.809±0.005 0.340±0.026 0.323±0.020 0.694±0.004 0.452±0.013

Caus 0.801±0.015 0.329±0.046 0.321±0.012 0.693±0.005 0.452±0.020

GOGGLE - 0.648±0.074 0.198±0.067 0.315±0.086 0.566±0.050 0.139±0.002

P-GOGGLE

Rnd 0.646±0.071 0.202±0.070 0.315±0.086 0.566±0.047 0.138±0.006

Corr 0.646±0.070 0.201±0.067 0.318±0.090 0.566±0.047 0.142±0.009

KDE 0.650±0.072 0.197±0.069 0.318±0.090 0.565±0.048 0.141±0.011

WD 0.636±0.073 0.200±0.072 0.317±0.084 0.566±0.049 0.140±0.005

Caus 0.645±0.072 0.200±0.070 0.317±0.084 0.564±0.052 0.141±0.009
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Table B.10: Area under the ROC curve machine learning efficacy results with their
corresponding stddevs for binary and multiclass classification datasets when post-
processing the unconstrained predictions.

URL WiDS LCLD Heloc FSP

WGAN - 0.839±0.016 0.775±0.038 0.618±0.011 0.677±0.033 0.742±0.007

P-WGAN

Rnd 0.839±0.019 0.777±0.037 0.618±0.010 0.682±0.042 0.736±0.011

Corr 0.839±0.020 0.781±0.035 0.617±0.008 0.683±0.038 0.740±0.010

KDE 0.833±0.021 0.783±0.039 0.617±0.008 0.683±0.041 0.740±0.010

WD 0.839±0.017 0.776±0.037 0.612±0.010 0.682±0.039 0.741±0.012

Caus 0.846±0.012 0.774±0.033 0.612±0.010 0.675±0.034 0.741±0.012

TableGAN - 0.843±0.020 0.740±0.021 0.587±0.027 0.707±0.007 0.642±0.026

P-TableGAN

Rnd 0.848±0.019 0.749±0.019 0.585±0.027 0.703±0.008 0.641±0.030

Corr 0.846±0.020 0.731±0.022 0.588±0.028 0.707±0.011 0.645±0.031

KDE 0.854±0.016 0.735±0.016 0.587±0.027 0.707±0.011 0.644±0.035

WD 0.845±0.021 0.738±0.022 0.585±0.030 0.702±0.006 0.637±0.034

Caus 0.847±0.016 0.741±0.015 0.588±0.027 0.707±0.009 0.636±0.033

CTGAN - 0.859±0.040 0.835±0.012 0.651±0.020 0.744±0.009 0.760±0.014

P-CTGAN

Rnd 0.859±0.038 0.837±0.012 0.652±0.024 0.743±0.008 0.754±0.008

Corr 0.866±0.007 0.835±0.012 0.651±0.023 0.745±0.008 0.754±0.011

KDE 0.863±0.035 0.835±0.012 0.651±0.018 0.743±0.009 0.754±0.009

WD 0.863±0.035 0.836±0.012 0.653±0.017 0.747±0.009 0.759±0.012

Caus 0.856±0.039 0.835±0.013 0.646±0.021 0.743±0.008 0.754±0.008

TVAE - 0.863±0.011 0.800±0.016 0.631±0.004 0.752±0.003 0.789±0.007

P-TVAE

Rnd 0.865±0.013 0.785±0.017 0.630±0.007 0.751±0.003 0.787±0.011

Corr 0.870±0.007 0.787±0.009 0.629±0.004 0.752±0.004 0.779±0.014

KDE 0.870±0.007 0.797±0.016 0.630±0.002 0.750±0.001 0.788±0.010

WD 0.870±0.007 0.778±0.019 0.627±0.005 0.750±0.001 0.779±0.012

Caus 0.864±0.014 0.793±0.015 0.629±0.006 0.751±0.001 0.792±0.009

GOGGLE - 0.742±0.071 0.656±0.049 0.543±0.039 0.600±0.056 0.577±0.010

P-GOGGLE

Rnd 0.738±0.067 0.665±0.043 0.548±0.035 0.601±0.056 0.575±0.008

Corr 0.740±0.063 0.667±0.044 0.542±0.036 0.601±0.058 0.575±0.010

KDE 0.741±0.067 0.667±0.060 0.542±0.036 0.603±0.058 0.578±0.014

WD 0.738±0.070 0.663±0.054 0.542±0.036 0.601±0.057 0.578±0.012

Caus 0.739±0.069 0.669±0.044 0.542±0.036 0.601±0.060 0.579±0.013
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Table B.11: Machine learning efficacy performance comparison between DGM and
P-DGM models trained on News.

XV MAE

WGAN - -0.006±0.003 3133.6±242.1

P-WGAN

Rnd -0.005±0.002 3151.3±219.8

Corr -0.012±0.011 3109.2±220.4

KDE -0.006±0.003 3159.7±210.7

WD -0.013±0.011 3119.8±230.6

Caus -0.015±0.013 3076.4±211.5

TableGAN - -0.001±0.001 2992.2±35.8

P-TableGAN

Rnd -0.001±0.001 2981.9±32.3

Corr -0.001±0.001 3015.3±43.9

KDE -0.001±0.001 3022.7±23.6

WD -0.001±0.001 3006.6±20.3

Caus -0.002±0.001 3006.1±62.1

CTGAN - -0.002±0.001 3043.8±37.8

P-CTGAN

Rnd -0.003±0.004 3013.4±36.2

Corr -0.006±0.002 2999.3±27.3

KDE -0.003±0.003 3004.8±47.4

WD -0.001±0.000 3040.9±32.3

Caus -0.003±0.002 3090.7±60.6

TVAE - -0.001±0.000 3021.3±10.0

P-TVAE

Rnd -0.001±0.001 3040.5±60.4

Corr -0.002±0.001 3003.8±22.7

KDE -0.001±0.001 3032.2±39.3

WD -0.001±0.000 3013.1±47.1

Caus -0.002±0.001 3003.0±61.4

GOGGLE - -0.004±0.003 3054.5±44.7

P-GOGGLE

Rnd -0.006±0.005 3024.1±37.2

Corr -0.005±0.002 3077.9±54.1

KDE -0.004±0.003 3012.3±36.6

WD -0.010±0.010 3030±17.5

Caus -0.006±0.004 3012.1±41.6
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Table B.12: Binary F1-score detection results with their corresponding stddevs for all
datasets when post-processing the unconstrained predictions.

URL WiDS LCLD Heloc FSP News

WGAN - 0.865±0.035 0.975±0.002 0.999±0.001 0.964±0.004 0.914±0.018 0.954±0.022

P-WGAN

Rnd 0.856±0.037 0.979±0.003 0.916±0.008 0.965±0.004 0.910±0.015 0.955±0.022

Corr 0.857±0.033 0.976±0.002 0.921±0.004 0.968±0.005 0.911±0.018 0.954±0.026

KDE 0.862±0.037 0.978±0.003 0.921±0.004 0.967±0.004 0.911±0.018 0.957±0.019

WD 0.863±0.028 0.979±0.003 0.910±0.014 0.967±0.004 0.911±0.018 0.955±0.025

Caus 0.868±0.032 0.980±0.002 0.910±0.014 0.963±0.005 0.911±0.018 0.954±0.023

TableGAN - 0.831±0.029 0.963±0.006 0.895±0.024 0.923±0.011 0.909±0.021 0.927±0.009

P-TableGAN

Rnd 0.842±0.034 0.962±0.006 0.896±0.026 0.923±0.010 0.858±0.031 0.931±0.010

Corr 0.833±0.035 0.963±0.005 0.900±0.024 0.922±0.011 0.860±0.029 0.920±0.009

KDE 0.834±0.041 0.962±0.006 0.901±0.019 0.921±0.011 0.856±0.029 0.928±0.004

WD 0.839±0.038 0.962±0.006 0.889±0.019 0.924±0.010 0.861±0.027 0.925±0.006

Caus 0.826±0.036 0.963±0.006 0.899±0.027 0.922±0.011 0.861±0.027 0.925±0.006

CTGAN - 0.850±0.027 0.990±0.002 0.848±0.016 0.914±0.024 0.926±0.011 0.901±0.018

P-CTGAN

Rnd 0.845±0.028 0.991±0.002 0.839±0.015 0.916±0.028 0.902±0.029 0.898±0.012

Corr 0.855±0.014 0.989±0.003 0.845±0.019 0.913±0.028 0.895±0.030 0.898±0.006

KDE 0.850±0.023 0.991±0.002 0.841±0.019 0.913±0.027 0.895±0.032 0.902±0.010

WD 0.850±0.023 0.990±0.002 0.862±0.018 0.913±0.028 0.904±0.024 0.901±0.012

Caus 0.837±0.033 0.990±0.002 0.854±0.014 0.914±0.026 0.905±0.023 0.891±0.018

TVAE - 0.813±0.037 0.926±0.001 0.842±0.019 0.914±0.011 0.843±0.027 0.877±0.013

P-TVAE

Rnd 0.806±0.039 0.962±0.002 0.835±0.018 0.913±0.007 0.881±0.007 0.873±0.012

Corr 0.805±0.044 0.962±0.001 0.829±0.022 0.912±0.011 0.881±0.011 0.867±0.014

KDE 0.805±0.044 0.963±0.001 0.837±0.010 0.908±0.011 0.874±0.012 0.868±0.012

WD 0.800±0.041 0.962±0.002 0.834±0.019 0.908±0.011 0.884±0.010 0.871±0.009

Caus 0.809±0.031 0.962±0.001 0.826±0.016 0.910±0.011 0.880±0.009 0.866±0.016

GOGGLE - 0.892±0.019 0.987±0.018 0.890±0.017 0.924±0.006 0.912±0.010 0.949±0.023

P-GOGGLE

Rnd 0.885±0.025 0.988±0.017 0.892±0.012 0.927±0.006 0.907±0.005 0.951±0.021

Corr 0.897±0.010 0.988±0.016 0.902±0.005 0.925±0.006 0.909±0.006 0.950±0.021

KDE 0.898±0.015 0.987±0.017 0.902±0.005 0.927±0.007 0.907±0.009 0.950±0.020

WD 0.898±0.015 0.988±0.017 0.895±0.008 0.927±0.006 0.913±0.013 0.949±0.019

Caus 0.911±0.007 0.988±0.016 0.895±0.008 0.927±0.006 0.903±0.009 —
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Table B.13: Weighted F1-score detection results with their corresponding stddevs for
all datasets when post-processing the unconstrained predictions.

URL WiDS LCLD Heloc FSP News

WGAN - 0.856±0.008 0.976±0.002 0.999±0.001 0.964±0.004 0.910±0.027 0.954±0.020

P-WGAN

Rnd 0.852±0.011 0.980±0.003 0.907±0.010 0.964±0.004 0.906±0.009 0.956±0.020

Corr 0.852±0.008 0.977±0.002 0.914±0.002 0.968±0.004 0.912±0.018 0.954±0.025

KDE 0.855±0.010 0.978±0.003 0.914±0.002 0.967±0.004 0.912±0.018 0.959±0.017

WD 0.856±0.007 0.979±0.003 0.905±0.010 0.967±0.004 0.911±0.020 0.956±0.023

Caus 0.858±0.011 0.981±0.002 0.905±0.010 0.963±0.005 0.911±0.020 0.954±0.022

TableGAN - 0.822±0.007 0.964±0.006 0.895±0.022 0.925±0.011 0.906±0.028 0.929±0.013

P-TableGAN

Rnd 0.823±0.005 0.963±0.006 0.888±0.031 0.924±0.011 0.873±0.018 0.934±0.012

Corr 0.826±0.006 0.964±0.005 0.898±0.025 0.923±0.011 0.868±0.016 0.923±0.009

KDE 0.824±0.005 0.963±0.006 0.896±0.021 0.923±0.011 0.874±0.022 0.929±0.006

WD 0.826±0.008 0.963±0.006 0.894±0.017 0.925±0.010 0.874±0.029 0.924±0.010

Caus 0.819±0.009 0.964±0.007 0.898±0.023 0.924±0.010 0.865±0.018 0.925±0.011

CTGAN - 0.862±0.014 0.990±0.002 0.850±0.019 0.915±0.023 0.927±0.016 0.896±0.023

P-CTGAN

Rnd 0.859±0.017 0.991±0.002 0.840±0.014 0.917±0.027 0.905±0.026 0.894±0.006

Corr 0.860±0.012 0.989±0.003 0.851±0.009 0.914±0.027 0.902±0.017 0.894±0.014

KDE 0.861±0.017 0.991±0.002 0.848±0.006 0.914±0.027 0.904±0.025 0.899±0.014

WD 0.861±0.017 0.990±0.002 0.858±0.018 0.914±0.027 0.897±0.028 0.897±0.011

Caus 0.854±0.022 0.990±0.002 0.852±0.015 0.914±0.026 0.902±0.023 0.888±0.018

TVAE - 0.831±0.013 0.927±0.001 0.832±0.010 0.916±0.010 0.847±0.006 0.855±0.019

P-TVAE

Rnd 0.828±0.012 0.963±0.002 0.832±0.010 0.915±0.007 0.877±0.010 0.856±0.017

Corr 0.829±0.012 0.962±0.001 0.825±0.011 0.914±0.011 0.882±0.012 0.860±0.015

KDE 0.829±0.012 0.964±0.001 0.831±0.014 0.910±0.011 0.870±0.016 0.848±0.014

WD 0.823±0.012 0.962±0.002 0.832±0.010 0.910±0.011 0.885±0.015 0.861±0.013

Caus 0.828±0.010 0.962±0.001 0.827±0.008 0.912±0.011 0.884±0.016 0.852±0.014

GOGGLE - 0.880±0.012 0.987±0.018 0.892±0.014 0.926±0.005 0.916±0.011 0.955±0.019

P-GOGGLE

Rnd 0.878±0.018 0.988±0.017 0.889±0.015 0.928±0.005 0.911±0.007 0.957±0.017

Corr 0.875±0.021 0.988±0.016 0.901±0.006 0.926±0.005 0.907±0.012 0.957±0.017

KDE 0.883±0.011 0.987±0.017 0.901±0.006 0.928±0.006 0.906±0.011 0.956±0.017

WD 0.884±0.007 0.988±0.017 0.893±0.005 0.928±0.005 0.909±0.020 0.954±0.016

Caus 0.882±0.021 0.988±0.016 0.893±0.005 0.928±0.005 0.908±0.009 —
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Table B.14: Area under the ROC curve detection results with their corresponding
stddevs for all datasets when post-processing the unconstrained predictions.

URL WiDS LCLD Heloc FSP News

WGAN - 0.872±0.008 0.989±0.002 1.000±0.000 0.983±0.004 0.916±0.016 0.964±0.021

P-WGAN

Rnd 0.867±0.003 0.992±0.002 0.936±0.010 0.985±0.002 0.927±0.006 0.966±0.020

Corr 0.869±0.004 0.991±0.002 0.942±0.001 0.986±0.003 0.932±0.013 0.966±0.024

KDE 0.870±0.003 0.991±0.002 0.942±0.001 0.986±0.002 0.932±0.013 0.969±0.017

WD 0.873±0.005 0.992±0.002 0.937±0.006 0.986±0.002 0.930±0.015 0.965±0.024

Caus 0.873±0.004 0.992±0.001 0.937±0.006 0.983±0.003 0.930±0.015 0.965±0.022

TableGAN - 0.850±0.007 0.980±0.004 0.926±0.020 0.953±0.009 0.907±0.022 0.940±0.011

P-TableGAN

Rnd 0.850±0.006 0.980±0.004 0.925±0.024 0.952±0.009 0.894±0.016 0.945±0.012

Corr 0.848±0.007 0.981±0.003 0.929±0.023 0.953±0.008 0.886±0.018 0.937±0.011

KDE 0.853±0.009 0.980±0.003 0.934±0.016 0.952±0.008 0.890±0.022 0.939±0.006

WD 0.850±0.007 0.979±0.005 0.926±0.016 0.953±0.008 0.891±0.026 0.941±0.011

Caus 0.845±0.005 0.980±0.004 0.930±0.022 0.952±0.009 0.889±0.013 0.941±0.006

CTGAN - 0.879±0.008 0.996±0.001 0.896±0.011 0.953±0.016 0.932±0.007 0.912±0.021

P-CTGAN

Rnd 0.876±0.012 0.997±0.001 0.892±0.008 0.953±0.021 0.926±0.019 0.914±0.012

Corr 0.878±0.004 0.997±0.001 0.896±0.005 0.952±0.018 0.922±0.013 0.921±0.017

KDE 0.876±0.013 0.997±0.001 0.893±0.004 0.952±0.020 0.926±0.017 0.919±0.021

WD 0.876±0.013 0.997±0.001 0.899±0.009 0.952±0.018 0.920±0.020 0.914±0.012

Caus 0.875±0.013 0.997±0.001 0.893±0.010 0.951±0.020 0.924±0.018 0.910±0.015

TVAE - 0.854±0.007 0.935±0.002 0.861±0.009 0.947±0.005 0.872±0.008 0.881±0.019

P-TVAE

Rnd 0.850±0.010 0.978±0.002 0.862±0.008 0.947±0.004 0.908±0.008 0.886±0.021

Corr 0.851±0.009 0.979±0.001 0.857±0.007 0.946±0.007 0.910±0.011 0.883±0.014

KDE 0.851±0.009 0.979±0.001 0.861±0.005 0.943±0.006 0.896±0.013 0.874±0.018

WD 0.850±0.007 0.979±0.001 0.862±0.007 0.943±0.006 0.912±0.011 0.886±0.012

Caus 0.852±0.007 0.979±0.001 0.858±0.006 0.945±0.006 0.911±0.013 0.876±0.016

GOGGLE - 0.891±0.009 0.993±0.013 0.928±0.010 0.949±0.003 0.920±0.006 0.973±0.013

P-GOGGLE

Rnd 0.889±0.017 0.993±0.013 0.924±0.008 0.952±0.004 0.923±0.011 0.976±0.012

Corr 0.895±0.010 0.993±0.012 0.932±0.005 0.951±0.003 0.918±0.011 0.977±0.011

KDE 0.894±0.017 0.993±0.012 0.932±0.005 0.952±0.003 0.917±0.010 0.976±0.012

WD 0.897±0.008 0.993±0.012 0.927±0.006 0.952±0.003 0.920±0.019 0.972±0.010

Caus 0.901±0.009 0.994±0.011 0.927±0.006 0.951±0.003 0.921±0.011 —
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Appendix C

Hyperparameter Search for
Chapter 5

I carried out an extensive hyperparameter search to identify the optimal configura-

tions for each DGM. I selected these configurations based on the efficacy performance:

for the classification datasets (i.e., URL, CCS, LCLD, and Heloc), I used the average

of the F1-score, weighted F1-score, and AUC, whereas for the regression dataset (i.e.,

House), I used the average of the Mean Absolute Error and Root Mean Square Error.

For clarity, I describe the hyperparameter search space below, for each of the con-

sidered models. For the GOGGLE model, I adopted the same optimiser and learning

rate settings as in (Liu et al., 2022). Specifically, I used the Adam optimiser (Kingma

and Ba, 2015) with three learning rates: {1× 10−3, 5× 10−3, 1× 10−2}. Additionally,

I experimented with a set of values for the threshold parameter: {1× 10−1, 2× 10−1}.
For the TVAE model, Adam was used again, but with a different set of learning

rates: {5 × 10−6, 1 × 10−5, 1 × 10−4, 2 × 10−4, 1 × 10−3}. For the other three models

(i.e., WGAN, TableGAN, and CTGAN), I tested three different optimisers: Adam,

RMSProp (Hinton, 2014), and SGD (Ruder, 2016), each paired with its own set of

learning rates, as follows:

• WGAN: Adam: {1×10−4, 2×10−4, 1×10−3}, RMSProp: {5×10−5, 1×10−4, 1×
10−3}, SGD: {1× 10−4, 1× 10−3}

• TableGAN: Adam: {5× 10−5, 1× 10−4, 2× 10−4, 1× 10−3, 1× 10−2}, RMSProp:

{1× 10−4, 2× 10−4, 1× 10−3}, SGD: {1× 10−4, 1× 10−3}

• CTGAN: Adam: {5×10−5, 1×10−4, 2×10−4, 1×10−3}, RMSProp: {1×10−4, 2×
10−4, 1× 10−3}, SGD: {1× 10−4, 1× 10−3}
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Table C.1: Best hyperparameter settings used for DGMs (and also for DGMs+LL
and DGMs+DRL) in the experiments.

Model/Dataset Hyperparameter URL CCS LCLD Heloc House

WGAN

Batch size 510 256 510 510 510
Optimiser Adam Adam Adam Adam Adam
Learning rate 0.001 0.001 0.001 0.001 0.0002
Epochs 150 1250 15 150 100
Discriminator iters 5 5 5 5 1
LL Ordering Corr KDE Rnd Corr Rnd
DRL Ordering Rnd Rnd KDE Rnd KDE

TableGAN

Batch size 128 128 510 128 256
Optimiser Adam Adam Adam Adam Adam
Learning rate 0.001 0.0002 0.01 0.001 0.0001
Epochs 300 2000 20 200 50
LL Ordering Corr KDE KDE Corr KDE
DRL Ordering KDE KDE KDE Corr Rnd

CTGAN

Batch size 500 70 500 500 500
Optimiser Adam Adam Adam Adam Adam
Learning rate 0.0002 0.001 0.0002 0.0002 0.0002
Epochs 150 1000 20 500 150
LL Ordering KDE KDE KDE Corr Rnd
DRL Ordering KDE Corr Corr Corr Rnd

TVAE

Batch size 70 70 500 500 70
Optimiser Adam Adam Adam Adam Adam
Learning rate 0.0002 0.0001 0.00001 0.000005 0.0002
Epochs 150 1500 40 150 150
Loss factor 2 2 4 2 2
LL Ordering KDE Rnd Corr KDE Rnd
DRL Ordering Rnd Rnd Corr Corr KDE

GOGGLE

Batch size 128 32 128 64 64
Optimiser Adam Adam Adam Adam Adam
Learning rate 0.005 0.01 0.001 0.001 0.01
Epochs 1000 500 60 1000 400
Threshold 0.1 0.2 0.2 0.1 0.2
Patience 50 50 50 50 50
LL Ordering KDE Rnd Rnd Rnd Rnd
DRL Ordering Rnd Rnd Rnd Rnd Rnd

Additionally, I explored various batch sizes for each model:

• WGAN: {64, 128, 256, 510}

• TableGAN: {128, 256, 510}

• CTGAN and TVAE: {70, 280, 500}
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• GOGGLE: {32, 64, 128}

I did not separately tune the DGM+DRL models, nor the DGM+LL models.

However, for each of the DGM+DRL and DGM+LL models, I ran three versions

corresponding to three different ways of ordering the variables that decided the order

in which the layers (LL and DRL) change the values of the features. More precisely, I

tested the following ordering methods: (i) a random (Rnd) ordering, (ii) the correla-

tion (Corr)-based ordering, (iii) the Kernel Density Estimation (KDE)-based ordering,

all of which I introduced in Chapter 4. I then selected the best ordering separately

for each DGM+DRL and DGM+LL model.

In Table C.1, I report the optimal hyperparameter configurations, which I use in

all experiments that involve the DGM, DGM+LL and DGM+DRL models.
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Appendix D

Linear vs. QFLRA Constraints:
Full Results

For completeness, I provide the full results of the quantitative analysis from Sec-

tion 5.4.3 of Chapter 5. Specifically, I compare the DGM+DRL models (using QFLRA

constraints) against the DGM+LL models (using linear constraints) along two axes:

(i) background knowledge alignment, and (ii) machine learning efficacy. Recall that

the goal of the analysis in Section 5.4.3 was to determine whether the more complex

QFLRA constraints help increase the quality of the generated data relative to using

only linear constraints.

Background knowledge alignment. In Tables D.1, D.2, and D.3, I provide the

CVR, sCVC, and CVC, respectively, for the DGM+LL models, according to the two

possible types: linear and disjunctive constraints.

Efficacy. Tables D.4, D.5, D.6 show the efficacy, along with the standard deviations

from the mean, for each DGM+LL model and the corresponding DGM+DRL models

on every classification dataset, using the F1, wF1, and AUC metrics, respectively.

Similarly, in Table D.7, I report MAE and RMSE for each unconstrained DGM+LL

model and the corresponding DGM+DRL models on the regression dataset (i.e.,

House).
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Table D.1: Constraint violation rate (CVR) for each DGM+LL model and dataset.

Constraint Type Model/Dataset URL CCS LCLD Heloc House

Linear
All models + LL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

All models + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

Disjunctive

WGAN+LL 8.9±3.2 51.5±11.2 27.0±3.6 20.6±6.3 100.0±0.0

TableGAN+LL 3.6±0.8 54.0±17.8 11.3±0.9 26.6±7.7 23.9±2.7

CTGAN+LL 7.0±2.6 55.7±16.3 2.6±1.1 2.6±2.4 10.8±7.8

TVAE+LL 6.8±0.6 8.4±2.0 5.8±0.8 0.0±0.0 13.0±12.6

GOGGLE+LL 6.5±7.0 23.0±10.7 81.9±6.5 11.5±7.1 2.6±2.6

All models + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

Table D.2: Samplewise constraints violation coverage (sCVC) for each model and
dataset.

Constraint Type Model/Dataset URL CCS LCLD Heloc House

Linear
All models + LL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

All models + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

Disjunctive

WGAN+LL 0.9±0.4 6.9±1.1 2.2±0.4 4.2±1.4 9.1±0.0

TableGAN+LL 0.4±0.1 6.5±2.3 1.0±0.1 5.9±1.7 2.2±0.3

CTGAN+LL 0.7±0.3 7.0±2.1 0.2±0.1 0.5±0.5 1.0±0.7

TVAE+LL 0.7±0.1 0.9±0.2 0.4±0.1 0.0±0.0 1.2±1.2

GOGGLE+LL 0.7±0.7 2.6±1.4 11.2±2.1 2.3±1.4 0.2±0.2

All models + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

Table D.3: Constraints violation coverage (CVC) for each model and dataset.

Constraint Type Model/Dataset URL CCS LCLD Heloc House

Linear
All models + LL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

All models + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0

Disjunctive

WGAN+LL 50.0±0.0 40.0±0.0 28.0±1.3 79.2±1.8 13.1±4.1

TableGAN+LL 54.0±4.7 30.0±0.0 27.3±0.0 84.8±11.1 36.7±0.8

CTGAN+LL 52.8±2.3 30.0±0.0 25.4±2.7 41.6±12.8 32.7±5.0

TVAE+LL 51.2±1.1 29.2±1.8 22.6±0.6 20.8±14.3 32.0±4.6

GOGGLE+LL 33.6±12.4 27.5±5.0 46.2±0.0 28.0±16.7 17.6±1.0

All models + DRL 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0 ±0.0
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Table D.4: Machine learning efficacy comparison between the DGM+LL models and
their DRL counterparts in terms of F1. The performance, along with the standard
deviation, is reported for each classification dataset.

URL CCS LCLD Heloc

WGAN+LL 0.803±0.038 0.359±0.096 0.183±0.094 0.694±0.033

WGAN+DRL 0.800±0.011 0.313±0.127 0.197±0.060 0.721±0.027

TableGAN+LL 0.612±0.111 0.169±0.044 0.232±0.026 0.638±0.061

TableGAN+DRL 0.619±0.046 0.163±0.079 0.269±0.025 0.628±0.083

CTGAN+LL 0.836±0.002 0.250±0.081 0.265±0.040 0.729±0.027

CTGAN+DRL 0.836±0.004 0.288±0.116 0.288±0.013 0.744±0.020

TVAE+LL 0.824±0.004 0.413±0.057 0.158±0.011 0.730±0.009

TVAE+DRL 0.835±0.009 0.467±0.100 0.189±0.022 0.731±0.009

GOGGLE+LL 0.787±0.014 0.233±0.180 0.284±0.123 0.723±0.018

GOGGLE+DRL 0.720±0.086 0.253±0.144 0.298±0.153 0.698±0.023

Table D.5: Machine learning efficacy comparison between the DGM+LL models and
their DRL counterparts in terms of wF1. The performance, along with the standard
deviation, is reported for each classification dataset.

URL CCS LCLD Heloc

WGAN+LL 0.799±0.022 0.383±0.092 0.330±0.068 0.662±0.021

WGAN+DRL 0.801±0.014 0.340±0.122 0.339±0.049 0.652±0.036

TableGAN+LL 0.695±0.071 0.203±0.042 0.373±0.017 0.633±0.036

TableGAN+DRL 0.693±0.028 0.196±0.076 0.401±0.018 0.628±0.038

CTGAN+LL 0.820±0.008 0.271±0.083 0.392±0.030 0.688±0.010

CTGAN+DRL 0.815±0.011 0.308±0.118 0.409±0.007 0.680±0.011

TVAE+LL 0.816±0.008 0.436±0.055 0.310±0.011 0.691±0.007

TVAE+DRL 0.832±0.014 0.487±0.096 0.330±0.014 0.694±0.006

GOGGLE+LL 0.749±0.029 0.262±0.173 0.310±0.039 0.663±0.012

GOGGLE+DRL 0.673±0.039 0.281±0.139 0.310±0.057 0.636±0.020
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Table D.6: Machine learning efficacy comparison between the DGM+LL models and
their DRL counterparts in terms of AUC. The performance, along with the standard
deviation, is reported for each classification dataset.

URL CCS LCLD Heloc

WGAN+LL 0.869±0.014 0.857±0.058 0.608±0.021 0.732±0.013

WGAN+DRL 0.875±0.007 0.885±0.050 0.623±0.023 0.717±0.029

TableGAN+LL 0.868±0.007 0.794±0.015 0.640±0.005 0.704±0.030

TableGAN+DRL 0.865±0.022 0.742±0.096 0.657±0.007 0.709±0.011

CTGAN+LL 0.880±0.007 0.959±0.027 0.641±0.015 0.755±0.007

CTGAN+DRL 0.883±0.009 0.955±0.022 0.643±0.019 0.745±0.008

TVAE+LL 0.878±0.007 0.933±0.036 0.633±0.003 0.747±0.007

TVAE+DRL 0.893±0.010 0.926±0.039 0.635±0.002 0.752±0.003

GOGGLE+LL 0.802±0.016 0.765±0.084 0.554±0.039 0.719±0.005

GOGGLE+DRL 0.747±0.029 0.758±0.091 0.563±0.027 0.691±0.039

Table D.7: Machine learning efficacy performance comparison between DGM+LL and
DGM+DRL models trained on House, using MAE and RMSE.

MAE RMSE

WGAN+LL 547638.5±11.4 688118.2±11.0

WGAN+DRL 547637.5±17.4 688118.0±14.9

TableGAN+LL 547638.0±18.9 688118.3±17.9

TableGAN+DRL 547653.6±22.8 688131.4±18.7

CTGAN+LL 547642.3±14.6 688121.4±14.5

CTGAN+DRL 547642.9±18.1 688122.1±14.0

TVAE+LL 547658.1±9.8 688137.4±9.4

TVAE+DRL 547645.4±31.8 688124.6±27.8

GOGGLE+LL 547651.9±9.9 688129.6±8.4

GOGGLE+DRL 547633.9±16.0 688115.7±11.3
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Appendix E

Background Knowledge Alignment:
A Qualitative Analysis for DRL

Figure E.1 accompanies Figure 5.6 from Chapter 5 and shows the relevant sample

space for the same two constraints from the House dataset: if the Zipcode is 98004

or 98005 then the Price is greater than 400K USD and if the Zipcode is between

98006 and 98008 then the Price exceeds 225K USD. As we can see, in all cases, the

unconstrained DGMs and the DGMs+LL fail to comply with the constraints. Unlike

the synthetic data from the unconstrained DGMs, the samples generated using DRL

never cross into the areas that mark regions where datapoints violate the constraints

and, in addition, their distribution resembles more closely the real data in all five

cases.

In addition, I provide a similar comparison but for a different dataset and differ-

ent constraints. Specifically, I consider the following two constraints from the URL

dataset: if the Number of Subdomains is less than 2 then the Hostname length is less

than 30 and if the Number of Subdomains is less than 3 then the Hostname length

is less than 55. The two constraints capture the relation between the two features

(i.e., Number of Subdomains and Hostname length) and, differently from the two

constraints from the House dataset mentioned above, their respective violation space

intersects, as shown in red in Figure E.2. Nevertheless, the DGM+DRL models never

violate any of the constraints, unlike the unconstrained and DGM+LL models.
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Figure E.1: Comparison of sample distributions between real data and synthetic data
generated by the unconstrained DGM models and their corresponding DGM+LL and
DGM+DRL models, using the Zipcode and Price features from the House dataset.
In order (from the top to the bottom row), the DGM models used in the plots are:
WGAN, TableGAN, CTGAN, TVAE, and GOGGLE. The areas in red indicate re-
gions where samples violate the constraints on the given features.
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Figure E.2: Comparison of sample distributions between real data and synthetic data
generated by the unconstrained DGM models and their corresponding DGM+LL and
DGM+DRL models, using the No. subdomains and Hostname length features from
the URL dataset. In order (from the top to the bottom row), the DGM models used
in the plots are: WGAN, TableGAN, CTGAN, TVAE, and GOGGLE. The areas in
red indicate regions where samples violate the constraints on the given features.
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Appendix F

Performance on Real Data

Table F.1: Machine learning efficacy scores calculated on the real datasets: URL,
WiDS, FSP, LCLD, Heloc, and News.

F1 wF1 AUC XV MAE

URL 0.884±0.007 0.875±0.014 0.903±0.009 - -
WiDS 0.383±0.021 0.434±0.020 0.832±0.009 - -
FSP 0.662±0.011 0.659±0.009 0.848±0.010 - -
LCLD 0.171±0.030 0.316±0.013 0.645±0.007 - -
Heloc 0.772±0.003 0.662±0.011 0.707±0.008 - -
News - - - -0.001±0.001 3001.1±55.0

Here I present the efficacy of the real data on the datasets used in different Chap-

ters. Such results are important as they provide a reference point and allow for com-

paring the machine learning efficacy of the synthetic data with the one of the real

data.

F.1 Datasets from Chapters 3 and 4

In Table F.1, I train the same classifiers/regressors (following the protocol described

in Sections 3.4.1) on the real data and report (i) the F1-score, weighted F1-score, and

AUC for the classification datasets, and (ii) the Explained Variance and the Mean

Absolute Error for the regression dataset (i.e., News).

I also compare the machine learning efficacy performance of the synthetic data in

Tables B.1-B.4 with that of the real data, from Table F.1:

1. First, the WGAN+LL and CTGAN+LL models often produce synthetic data

that leads to strong machine learning efficacy, in some cases approaching the

performance of real data, particularly on the WiDS and Heloc datasets.
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Table F.2: Machine learning efficacy scores calculated on the real datasets: URL,
CCS, LCLD, Heloc, and House.

F1 wF1 AUC MAE RMSE

URL 0.884±0.007 0.875±0.014 0.903±0.009 - -
CCS 0.529±0.011 0.547±0.011 0.948±0.010

LCLD 0.171±0.030 0.316±0.013 0.645±0.007 - -
Heloc 0.772±0.003 0.662±0.011 0.707±0.008 - -
House - - - 547655.7±38.2 688133.1±30.8

2. For TableGAN+LL and TVAE+LL, there are several cases where LL helps

in bringing the performance of the synthetic data closer to the real data. In

particular, for LCLD, the real data get an F1-score 4.8% higher than the un-

constrained TableGAN, but the TableGAN+LL model is able to match the real

data performance (scoring slightly better than it, i.e., by 0.3%).

3. It is also worth noticing that the gap between real and synthetic performance is

reduced the most for the LCLD and WiDS datasets, both of which are highly un-

balanced. For instance, CTGAN+LL (with all orderings), CTGAN, WGAN+LL

(with most orderings), and WGAN models yield a higher F1-score than the real

LCLD data. Similar trends emerge for the other metrics.

4. On the other hand, none of the DGM or the DGM+LL models get as close to

the real FSP data. One possible reason is the dataset’s small size and multi-class

nature, which makes it harder for the DGM models to capture patterns that

lead to the correct different targets.

5. Finally, for the News dataset, several models get very close or even yield a better

MAE performance (e.g., WGAN+LL using the causal-based ordering).

Overall, integrating LL into the DGMs can improve synthetic data quality to

match or exceed real-world machine learning efficacy.

F.2 Datasets from Chapter 5

I train six classifiers (resp. regressors, as described in Section 5.4.1 of Chapter 5) on

the real classification datasets (resp. real regression dataset). Then, in Table F.2, for

the classification datasets, I report the average F1-score, weighted F1-score and AUC.

For the regression dataset, House, I report the average MAE and RMSE.
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Appendix G

Evaluation Metrics for Tabular
Data Requirements

In this Appendix, I provide the formulae for each of the metrics presented in Table 2.1.

I denote by N and D the sampled population size (i.e., the total number of rows in a

dataset) and the number of features (i.e., the total number of columns in a dataset),

respectively. Moreover, I(·) is the indicator function, which returns 1 if the condition

inside the parentheses is true, and 0 otherwise, I also denote the true positives, true

negatives, false positives, and false negatives by TP, TN, FP, and FN, respectively.

The sets R and S represent the real and synthetic datasets, respectively.

Utility

Accuracy =
TP + TN

TP + TN + FP + FN
(G.1)

F1-score =
2 · Precision · Recall

Precision + Recall
, (G.2)

where Precision = TP
TP+FP

and Recall = TP
TP+FN

.

Weighted F1-score =
C∑
i=1

wi · F1i, (G.3)

where C is the number of classes (assuming a categorical target feature in a tabular

dataset), F1i is the F1-score for class i, and wi is the frequency of class i relative to

the other classes.

Root mean square error (RMSE) =

√√√√ 1

N

N∑
i=1

(yi − ŷi)2, (G.4)
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where yi and ŷi denote the actual (i.e., ground-truth) target value and the predicted

target value for the i-th sample, respectively.

Mean absolute error (MAE) =
1

N

N∑
i=1

|yi − ŷi|, (G.5)

where yi and ŷi denote the actual (i.e., ground-truth) target value and the predicted

target value for the i-th sample, respectively.

Explained variance = 1− Var(y − ŷ)

Var(y)
, (G.6)

where y and ŷ represent arrays of actual and predicted values, respectively, and Var(·)
represents the variance of a set of values.

Alignment

CVR =
1

N

N∑
i=1

I(sample i violates any constraint) (G.7)

CVC =
#constraints violated by any of the N samples

#constraints
(G.8)

sCVC =
1

N

N∑
i=1

#constraints violated by sample i

#constraints
(G.9)

Fidelity In what follows, (i) F represents the cumulative distribution function of a

given feature in a dataset D, (ii) DKL(·||·) denotes the Kullback-Leibler (KL) Diver-

gence, measuring how one probability distribution diverges from a second, while P

and Q denote the probability distributions of the real and synthetic data, respectively,

(iii) M is the mixture (average) distribution between P and Q, and (iv) θ represents

the parameters of the model trained to synthesise data.

Further, supx is the supremum (i.e., the least upper bound of a set of values over

all possible x), and IS(i, j) represents the mutual information between features i and

j in dataset D. Finally, ρS,ij is the correlation coefficient (e.g., Pearson) between

features i and j in dataset D.

1. Feature-wise evaluation metrics:

Wasserstein distance =

∫ ∞

−∞
|FR(x)− FS(x)|dx (G.10)
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Kolmogorov-Smirnov test statistic = sup
x
|FR(x)− FS(x)| (G.11)

Jensen-Shannon divergence =
DKL(P ||M) +DKL(Q||M)

2
(G.12)

Total variation distance =
∑
x

|P (x)−Q(x)|
2

(G.13)

2. Pair-wise evaluation metrics:

RMSE differences in mutual information =

√
1

D2

∑
i,j

(IR(i, j)− IS(i, j))2

(G.14)

MAE differences in mutual information =
1

D2

∑
i,j

|IR(i, j)− IS(i, j)| (G.15)

Correlation difference =
2

D(D − 1)

∑
i<j

|ρR,ij − ρS,ij| (G.16)

3. Joint evaluation metrics:

Likelihood fitness score =
1

|R|
∑
x∈R

log pθ(x) (G.17)

Privacy

AUCROC (for membership attacks) = P(score(member) > score(non-member))

(G.18)

Precision (for attribute disclosure attacks) =
TP

TP + FP
(G.19)

Recall/Sensitivity (for attribute disclosure attacks) =
TP

TP + FN
(G.20)

Distance to the closest record (DCR) = min
xr∈R

dist(xs,xr), for xs ∈ S (G.21)
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Nearest neighbour distance ratio (NNDR) =
minxr∈R dist(xs,xr)

minx′
r∈R\{xr} dist(xr,x′

r)
, for xs ∈ S

(G.22)

k-anonymity =
1

|R|
∑
xr∈R

I(|{x′ : vx
′

QI = vxr
QI}| ≥ k), (G.23)

where vxQI represents the values of the quasi-identifier attributes (i.e., attributes that

can be combined to uniquely identify an individual) for a given sample x.
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Appendix H

Examples of Constraints

Table H.1: Examples of constraints, expressed as linear inequalities, and their natural
language explanations for the URL dataset.

Logical constraints Descriptions in natural language

length url− length hostname ≥ 0 The total length of the URL must be greater than
or equal to the length of its hostname.

length url− 3 · nb space− nb dots− nb hyphens
− nb at− nb qm− nb and− nb or− nb eq
−nb underscore−nb tilde−nb percent−nb slash
− nb star − nb colon − nb comma −
nb semicolumn ≥ 0

The URL’s length must be greater than or equal to
the sum of the counts of various special characters
(., -, @, ? etc.) plus three times the number of
spaces (with a single space encoded as “%20”).

length url−3·nb www−4·nb com−2·nb dslash−
4 · http in path ≥ 0

The URL’s length must be greater than or equal
to a weighted sum of the counts of “www”, “com”,
double slashes (“//”), and “http” in the path.

random domain− shortening service ≥ 0 This implies that if a URL is identified as a short-
ening service, it must also be classified as having
a random domain.

H.1 Linear Constraints

Tables H.1 and H.2 show examples of constraints expressed as linear inequalities for

the URL and WiDS datasets, respectively.

H.2 QFLRA Constraints

Table H.3 show examples of constraints expressed as disjunctive inequalities (i.e.,

QFLRA formulae) for the House dataset.
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Table H.2: Examples of constraints, expressed as linear inequalities, and their natural
language explanations for patient vital signs from the WiDS dataset.

Logical constraints Descriptions in natural language

map apache− resprate apache ≥ 0 The APACHE score component for mean arterial
pressure must be greater than or equal to the score
component for respiratory rate.

d1 heartrate max− d1 heartrate min ≥ 0 Within the first 24 hours of ICU stay, the patient’s
maximum heart rate cannot be less than the min-
imum.

d1 mbp max− d1 mbp min ≥ 0 Within the first 24 hours of ICU stay, the pa-
tient’s maximum mean blood pressure cannot be
less than the minimum.

d1 temp max− d1 temp min ≥ 0 Within the first 24 hours of ICU stay, the patient’s
maximum temperature cannot be less than the
minimum.

h1 heartrate max− h1 heartrate min ≥ 0 During the first hour of ICU stay, the patient’s
maximum heart rate cannot be less than the min-
imum.

h1 temp max− h1 temp min ≥ 0 During the first hour of ICU stay, the patient’s
maximum temperature cannot be less than the
minimum.

d1 calcium max− d1 calcium min ≥ 0 Within the first 24 hours of ICU stay, the patient’s
maximum serum calcium level cannot be less than
the minimum.

d1 creatinine max− d1 creatinine min ≥ 0 Within the first 24 hours of ICU stay, the patient’s
maximum serum creatinine level cannot be less
than the minimum.

d1 glucose max− d1 glucose min ≥ 0 Within the first 24 hours of ICU stay, the patient’s
maximum serum glucose level cannot be less than
the minimum.

d1 haemaglobin max− d1 haemaglobin min ≥ 0 Within the first 24 hours of ICU stay, the patient’s
maximum haemoglobin level cannot be less than
the minimum.

d1 haematocrit max− d1 haematocrit min ≥ 0 Within the first 24 hours of ICU stay, the patient’s
maximum haematocrit level cannot be less than
the minimum.

H.3 Propositional Logic Constraints

Table H.4 show examples of constraints expressed as propositional logic formulae from

the ROAD-R dataset.
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Table H.3: Examples of constraints, expressed as QFLRA formulae, and their natural
language explanations for the House dataset.

Logical constraints Descriptions in natural language

sqft lv− sqft abv− sqft bsmt ≥ 0
−sqft lv + sqft abv + sqft bsmt ≥ 0

The living area must equal the sum of the area
above ground and the area of the basement, where
area is measured in sq. ft.

¬(yr rnv ≥ 0) ∨ (yr rnv− yr blt > 0) If a house was renovated, the year of renovation
must be after the year it was built.

¬(prc ≥ 5000000) ∨ (sqft lv ≥ 2000) If the price of a house is greater than or equal to
$5,000,000, its living area must be at least 2,000
sq. ft.

(prc ≥ 100000) ∨ ¬(beds ≥ 1) ∨ (beds > 1) ∨
(−sqft lv > −800)

If the price of a house is less than $100,000 and it
has exactly one bedroom, the living area must be
less than 800 sq. ft.

¬(zip ≥ 98004) ∨ (zip > 98005) ∨ (prc ≥ 400000) If the zip code is between 98004 and 98005 (inclu-
sive), the price must be at least $400,000.

¬(zip ≥ 98006) ∨ (zip > 98008) ∨ (prc ≥ 225000) If the zip code is between 98006 and 98008 (inclu-
sive), the price must be at least $225,000.

¬(sqft lv ≥ 4000) ∨ ¬(baths ≥ 2) ∨ (beds ≥ 3) If the living area is at least 4,000 sq. ft. and there
are at least 2 bathrooms, there must be at least 3
bedrooms.

Table H.4: Examples of logical constraints and their natural language explanations
from Tables 9-11 of (Giunchiglia et al., 2023b).

Logical constraints Descriptions in natural language

{not Mobike, not Bus} A motorbike cannot be a bus

{not TL, not TurLft} A traffic light cannot turn left

{not Wait2X, not Ovtak} An agent cannot wait to cross and overtake

{Ped, not PushObj} If an agent pushes an object then it is a pedestrian

{PushObj, not Ped, MovAway, MovTow, Mov,
Stop, TurLft, TurRht, Wait2X, XingFmLft,
XingFmRht, Xing}

A pedestrian can only push objects, move away,
etc.

{VehLane, OutgoLane, OutgoCycLane, Incom-
Lane, IncomCycLane, Pav, LftPav, RhtPav, Jun,
XingLoc, BusStop, Parking, TL, OthTL}

Every agent but traffic lights must have a position
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