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Abstract

Two vehicular optimal control problems are visited. The first relates to the

minimum lap time problem, which is of interest in racing and the second

the minimum fuel problem, which is of great importance in commercial

road vehicles. Historically, minimum lap time problems were considered

impractical due to their slow solution times compared with the quasi-

steady static (QSS) simulations. However, with increasing computational

power and advancement of numerical algorithms, such problems have be-

come an invaluable tool for the racing teams. To keep the solution times

reasonable, much attention still has to be paid to the problem formula-

tion. The suspension of a Formula One car is modelled using classical

mechanics and a meta-model is proposed to enable its incorporation in

the optimal control problem. The interactions between the aerodynamics

and the suspension are thereby studied and various related parameters

are optimised.

Aerodynamics plays a crucial role in the performance of Formula One cars.

The influence of a locally applied perturbation to the aerodynamic balance

is investigated to determine if a compromise made in design can actually

lead to lap time improvements. Various issues related to minimum lap

time calculations are then discussed.

With the danger of climate change and the pressing need to reduce emis-

sions, improvements in fuel consumption are presently needed more than

ever. A methodology is developed for fuel performance optimisation of a

hybrid vehicle equipped with an undersized engine, battery and a flywheel.

Rather than using the widely used driving cycles, a three-dimensional



route is chosen and the optimal driving and power management strategy

is found with respect to a time of arrival constraint. The benefits of a

multi-storage configuration are thereby demonstrated.

Finally, the nonlinear stability of a vehicle model described by rational vec-

tor fields is investigated using region of attraction (RoA) analysis. With

the aid of sum-of-squares programming techniques, Lyapunov functions

are found whose level sets act as an under-approximation to the RoA.

The influence of different vehicle parameters and driving conditions on

the RoA is studied.
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Notation

Rn denotes the n-dimensional Euclidean space, Rn×m is the set of n×m real matrices.

Lower capital letters denote scalars e.g. x, unless defined otherwise in the text. Bold

lower capital letters denote column vectors e.g. x = [x1, ..., xn]T . The ith element of

a vector is identified by the unbolded vector symbol with subscript i, e.g. xi is the

ith element of x. A bold capital letter denotes a matrix, e.g. X. Partial differential

operation on vector function f(x) = [f1(x), ..., fm(x)]T results in a m× n matrix.

∂f(x)

∂x
=


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· · · ∂f1
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...
. . . · · · ...
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
The gradient of a scalar function f(x) with respect to a vector x is denoted by

∇xf(x) and is a n × 1 column vector. The Hessian of f(x) with respect to x is

denoted by ∇2
xxf(x) and is a n× n square matrix. The subscript is often omitted if

f(.) is only a function of a single vector.

Physical units are given using the SI convention in plain fonts. Calligraphic char-

acters are used for sets, e.g. D. Unit vectors are denoted by a hat, e.g. x̂. Euclidean

norm on the vector x is denoted by ‖x‖2.
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Chapter 1

Introduction

E
ver since the industrial revolution, engineers have constantly attempted to find

ways to control physical systems with minimal human interaction. Classical

control theory, based on analytical methods such as Laplace transforms and the Routh

criterion, provided a framework to enable stabilisation of unstable systems. Graphical

methods such as root locus and Nyquist diagrams were then used to improve certain

transient behaviours.

Optimal control theory was introduced to not only obtain a controller that is

merely acceptable, but to find one which performs best with respect to some desired

performance measure. In space applications, it is of paramount benefit to find the

trajectory that places the spacecraft in the desired orbit with minimal fuel expen-

diture. In the Goddard rocket problem, given a limited amount of fuel, we seek to

find a thrust profile that results in the rocket achieving its maximum height. For an

industrial robot, we might want to know how the actuators of the manipulator arm

should be controlled such that it is taken from its current configuration to another

required configuration in the least possible time. Problems of this kind can be tackled

elegantly in an optimal control framework.

With the ever increasing power of digital computing, solution of many such diffi-

cult problems has now become achievable. Often, by posing the problem differently

or merely viewing it from a different perspective, we can obtain solutions that are

otherwise perceived impractical. For example, in proving the stability of a non-linear

system, rather than attempting to solve the differential equations analytically, we can
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try to find a Lyapunov function whose properties guarantee the system’s stability. An

optimal control problem can be transformed into a finite-dimensional problem using

gradient approximation, which can then be seen as a root-finding problem. Each view

angle has certain mathematical properties, some of which are better suited to digital

computers. Each transformation can open gates to allow the employment of powerful

numerical routines developed for otherwise seemingly unrelated applications.

The purpose of this thesis is to take advantage of such advancements to analyse

ground vehicles. Since the invention of cars, a continuous effort has been put to

improve their performance, efficiency and safety. In this thesis, these criteria are

studied separately in different chapters and will be discussed in detail.

Vehicle performance is of special concern in racing. The history of auto-racing is

as old as the history of cars themselves and has been a positive force for constant

innovation in the auto industry. Today, Formula One represents the pinnacle of auto-

racing. It is a place where constructors pursue maximum performance by exploiting

every millisecond out of the car to make theirs faster than that of their competitors.

The teams have to react quickly to redesign the car in response to changing regula-

tions. At every race weekend, the car has to be configured for a different track, whilst

considering several factors, ranging from the vehicle upgrades added by engineers to

changing weather conditions and information about other teams’ cars and strategies.

With the limited time allowed for on-track testing and expensive development costs,

simulations become an indispensable tool. Realistic models need to be used to predict

the car’s behaviour with respect to parameter changes to shorten development efforts

and significantly cut expenditures.

Minimum lap time problems entail calculating controls along with the state tra-

jectories that result in the vehicle traversing the circuit in the least time. Optimal

control is a natural framework to study this problem and allows simultaneous optimi-

sation of vehicle parameters. The improvements in processing power of computers and

the advancement of numerical methods have now made such calculations of practical

benefit to racing teams.
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These simulations, which are also known as dynamic lap time simulations in the

racing community, replace the driver with an ideal controller. The results from these

calculations represent the fastest time possible with respect to the considered physical

model and not one that can necessarily be achieved by an actual driver. The main

goal of these optimal control calculations is to find relative improvements rather

than estimating the minimum time as accurately as possible. Finding an accurate

minimum time would require a significantly complex model, which would make the

optimal control calculations impractical. Furthermore, in real racing, many external

factors including the presence of other vehicles, driver mistakes and weather changes

would influence the lap time. In addition, a very accurate estimate of the fastest lap

is not of significant benefit to the race engineers as the main concern is to find ways

to add performance to the vehicle relative to its current set-up. Another use of such

calculations is to inform drivers on possible strategies that they may be unaware of,

thereby assisting them in improving their performance.

It is crucial to use vehicle models that are suited to the chosen numerical rou-

tine so that practical solution times remain feasible, whilst maintaining a model that

reasonably matches the actual behaviour. For example, including components that

involve fast dynamics such as the stiff springs of the suspension systems can signifi-

cantly inhibit solution times. Although it can be tempting for a vehicle dynamicist

to include a complex vehicle model, an insight into the underlying optimisation algo-

rithms is essential for an appropriate formulation that results in successfully solving

the optimal control problem. One aim of this thesis is, therefore, to model Formula 1

car suspensions and propose surrogate meta-models for them such that they can be

employed in dynamic lap time simulations.

Today, there are around 1 billion road vehicles across the globe and this number

is expected to double in the next 20 years [8]. With the ever increasing consumption

of fossil fuels and the associated issues with climate change, air pollution and supply

pressures, improvements in fuel efficiency are urgently needed. In recent years, hy-

brid vehicles have proven to be a viable option for significant improvements in fuel

economy.
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In this thesis, we will propose a hybrid electric vehicle that incorporates a fly-

wheel as an extra source of energy storage. It will be shown that such devices have

the potential to result in significant amounts of fuel saving. Flywheels become partic-

ularly valuable in aggressive driving during which abundant braking regions manifest

themselves as sources of energy recovery. Furthermore, we propose an optimal con-

trol formulation that simultaneously finds the best driving and power management

strategies. As opposed to using a driving cycle, our approach allows a deeper insight

into the possible fuel saving strategies that can be obtained by having control over

the vehicle speed. A three-dimensional path description is used to allow timely trade-

offs between the kinetic and potential energies. It will be shown that with careful

formulation, optimal control calculations for a somewhat complex vehicle model can

remain tractable.

Minimum lap time calculations attempt to operate the racing car such that it

remains close to its limit as much as possible. The dynamical models in these formu-

lations do not take into account the effects of unpredictable external factors and driver

imperfections. The racing vehicle executing these optimal strategies can thus lose yaw

stability, which can result in the car spinning out of the track. More importantly,

in the case of road vehicles, loss of stability can have serious safety implications. It

is therefore important to study the vehicle stability for safe and reliable manoeuvre

completion. Merely determining whether the car, in a certain manoeuvre, is stable

does not offer a complete picture of how far the system is from instability. By finding

the region of attraction around the equilibrium point of the nonlinear system, we

can determine the direction and size of the external disturbance that will cause the

vehicle to enter the unstable region.

The basin of attraction of an equilibrium is defined by the set of initial conditions

for which the system trajectories converge to that equilibrium. An analytical solu-

tion for the ordinary differential equation (ODE) system can answer this question but

such solutions often do not exist for most ODEs. Simulations can be used to gain

insight into the system behaviour but they do not offer any mathematical guarantees,
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regardless of how finely the states are sampled. Lyapunov devised an ingenious alter-

native method in 1892 that can establish whether an equilibrium is stable, without

the need to solve the differential equations [9]. He proposed that the equilibrium sta-

bility can be proved by finding an energy-like positive definite function, referred to as

a Lyapunov function, whose time derivative is negative along the system trajectories.

A level set of such a Lyapunov function behaves like a trapping region, where an

incoming trajectory would remain inside it without being able to escape. Therefore,

the region of attraction can be estimated by finding the largest level set for which the

Lyapunov function satisfies the conditions of asymptotic stability.

Until recently, there was no algorithmic method for searching for a Lyapunov

function. However, by relaxing the search to positive polynomials that admit a sum-

of-squares (SOS) decomposition, this problem reduces to a convex semi-definite pro-

gram [10]. In a final study, we will employ SOS programming techniques to estimate

the region of attraction for the nonlinear lateral equations of motion of a vehicle.

1.1 Thesis Outline and Contributions

A summary of each chapter with an emphasis on contribution is given here. At the

beginning of each chapter, a more detailed introduction will be provided with a review

of relevant existing literature.

Since the majority of this thesis is based on solving vehicular optimal control prob-

lems, in Chapter 2, an overview of optimal control theory is provided to equip the

unfamiliar reader with the necessary background. Constrained and unconstrained

optimisation are discussed, followed by a description of existing numerical optimal

control methods. It is shown how calculus of variations can be used to derive the nec-

essary optimality conditions. The indirect methods, which aim to solve the boundary

value problem resulting from these necessary conditions, are discussed. An overview

of the direct methods, which do not require the derivation of optimality conditions,

is subsequently given. The choice of the numerical method employed in this thesis is

justified and the components of the algorithm are discussed in detail. This knowledge

5



will be invaluable for the proper problem formulation that enables successful solution

of the optimal control problem.

Chapter 3 focuses on suspension modelling of Formula One cars. The analysis is

based on considering the kinematics of the connecting rods using classical mechanics.

Currently, no such analysis dedicated to a Formula One car suspension has been

published in the literature (at least to the author’s knowledge). The analysis provided

here can thus be used by other researchers, who are seeking such models or want

to obtain a deeper understanding of suspensions systems of F1 cars. Following its

development, we propose a suitable meta-model that acts as a surrogate for the full

non-linear model to reduce the computational burden so that it can be employed in

the optimal control calculations.

In Chapter 4, we employ the suspension meta-model developed in the previous

chapter to quantify its influence on lap times. The vehicle model in [73] is upgraded

with an aerodynamics map that is sensitive to the chassis configuration, which is de-

termined by the suspension meta-model. The interactions between the aerodynamics

and the suspension are thereby studied and an extensive set of related parameters

are optimised. The proposed methodology can be used both in car set-up before

the racing weekend and in the longer term to guide the vehicle design. It will be

shown that the solution times remain reasonably low, making them invaluable to

performance engineers. The results from this chapter and the previous are largely

published in [11] and [12].

In Chapter 5, we study how a local perturbation applied to the aerodynamic

balance influences the lap time along the manoeuvre. This can help engineers to

see if any compromise made in the aerodynamics at the design stage would actually

translate to lap time improvements. Using data from a real F1 driving simulator,

the minimum lap time solutions were validated and the vehicle was calibrated for use

in the study. After visiting the assumptions behind the popular quasi-steady-state

(QSS) methods, we discuss how some of these assumptions can be incorporated into

dynamic lap time simulations. The influence of aero-balance perturbations on lap
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time is studied with these assumptions in place. The influence of including some

driver limits on the simulations is also investigated.

In Chapter 6, we solve a minimum fuel problem for a hybrid vehicle with a bat-

tery and flywheel as auxiliary storage systems. The problem will be solved over a

three-dimensional track to take road gradient information into account. By constrain-

ing the vehicle to complete the journey within a given arrival time, we offer a new

methodology to standardise the fuel performance evaluation of road vehicles. The ad-

vantages of the auxiliary storage systems for different levels of driving aggressiveness

are studied. The results from this chapter are summarised in [13].

In Chapter 7, nonlinear stability of vehicular lateral dynamics is studied. Using

sum-of-squares programming techniques, the region of attraction (RoA) of a vehi-

cle under constant speed cornering and straight line forward motion is found. The

tyre forces are approximated using rational functions, which capture the nonlinear

behaviour of the tyre much better than the polynomial approximations that are of-

ten used in the literature for RoA estimation. It is shown that with the proposed

method, a better RoA estimate can be obtained. The influence of vehicle parameters

and driving conditions on the stability region is then investigated. The results from

this chapter can be found in [14] and [15].

Finally, we conclude this thesis in Chapter 8 and give directions for future research.
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Chapter 2

Optimal Control

C
ontrol theory deals with systems whose behaviour can be influenced by ex-

ternal inputs. Optimal control is a field in control theory with a distinguished

history and is concerned with choosing the inputs of a system such that it is driven

to a desired state whilst minimising some criteria. Its early development dates back

to the brachistochrone problem [16] posed by Johann Bernoulli in 1696, which asks

the following question: What shape should a curve take, such that a frictionless bead

starting at rest at some point can travel to another point in the least time? This

problem motivated the start of a new branch of mathematics known as Calculus of

Variations. What distinguishes this field from the ordinary calculus, is that rather

than studying how a change in a quantity can affect the value of a function, we are

concerned with how function changes influence the value of a functional1. Calculus

of variations is the cornerstone of modern optimal control and has had wide-reaching

implications in many other branches of modern science and engineering.

The exposition given here aims to provide the necessary background for the un-

derstanding of numerical optimal control algorithms used for solving the practical

problems presented in this thesis. Therefore, the treatment focuses on highlighting

the main results and ideas behind the relevant methods rather than rigour or detail.

More importantly, we show how a change in viewpoint in interpretation of theoretical

results can enable the development of numerical methods that are better suited to

1A functional is a mapping from a set of functions to the real numbers.
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certain classes of problems. Nonetheless, necessary references are provided, which the

interested reader can refer to for more details.

Many formulations of numerical optimal control rely on methods developed in

numerical optimisation. Hence, a brief overview of unconstrained and constrained

optimisation methods are provided in Sections 2.1 and 2.2. Necessary conditions of

optimality for optimal control problems are then derived and presented in Section 2.4

using the tools arising from calculus of variations described in Section 2.3. The ex-

isting numerical methods for solving optimal control problems, which can be divided

into two general categories, namely, direct and indirect, are explained in Sections 2.5

and 2.6. The popular methods in each category are then discussed and their relative

strengths and weaknesses are highlighted. The pseudospectral method employed for

tackling the optimal control problems presented in the rest of the thesis is described

in Section 2.7. Finally, some issues related to numerical optimal control methods are

discussed in Section 2.8 and the summary is given in Section 2.9.

2.1 Unconstrained Optimisation

The problem of finding the largest or smallest value of a quantity is referred to as

an extremum problem in mathematics. Typical examples of such problems, to name

a few, could be finding the highest peak of a hill, maximising profit of a company

or finding the fastest way to travel between two points. It is not difficult to see why

studying such problems are of the utmost importance in many branches of engineer-

ing and science. To begin our formal exposition, let us consider a simple example.

Suppose we need to find the lowest point of a valley represented by y = f(x). To be

at the bottom of the valley, we have to find the point that lies below all the other

points. If we restrict our attention to only the region nearby our current position,

the lowest trough is referred to as the local minimum. In contrast, finding the lowest

point across the entire valley is the problem of finding the global minimum. This

concept is illustrated in Figure 2.1.
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Definition 2.1 [17] Consider a function f : D → R where D ⊆ Rn and let the

standard Euclidean norm on Rn to be denoted by ‖.‖. A point x∗ is said to be a

‘local minimum’ of a function f(x), if there is an ε > 0 such that for all the points in

‖x∗ − x‖ < ε, the following holds

f(x∗) ≤ f(x). (2.1)

Conversely, for x∗ to be a ‘local maximum’, we require that

f(x∗) ≥ f(x). (2.2)

Furthermore, if the inequalities (2.1) or (2.2) hold for all x ∈ D, then the ex-

tremum is ‘global’ over D.

To establish whether the current position is a local minimum, by definition, the

rate of change of valley height must be zero in whichever direction we proceed. If

this was not the case and the rate of change was negative in a certain direction, we

could move in that direction to reach a lower point, as demonstrated in Figure 2.1.

Furthermore, if there is a direction for which the rate of change of height is positive,

we could proceed in the opposite direction to arrive at a lower height. The same logic

would apply if we were to find the maximum height of a hill, since this can be viewed

as minimisation of the negative height. Therefore, we can see that for a point to be

an extremum, we require that the rate of change of f(x) has to be zero at that point

and this is known as the first order necessary condition. The second order conditions

can then assist us to determine whether this extremum is a minimum, maximum or

a saddle point.

Definition 2.2 The first order necessary condition for a function f(x) to

have x∗ as an extremum requires that the differential of f(x) to vanish in all directions

at x∗.

∇f(x∗) = 0 (2.3)
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Figure 2.1: Illustration of global and local minima.

where

∇f =

(
∂f

∂x1

, . . . ,
∂f

∂xn

)T
. (2.4)

A point x∗ satisfying (2.3) is called a ‘stationary point’ of f(x).

Definition 2.3 The second order necessary condition for a function f(x)

to have x∗ as a local minimum requires that the gradient of f(x) to vanish in all

directions at x∗

∇f(x∗) = 0 (2.5)

and the second derivative matrix to satisfy

∇2f(x∗) ≥ 0. (2.6)

Furthermore, if condition (2.6) is strengthened so that ∇2f(x∗) is positive definite

rather than positive semi-definite, then the following condition, along with (2.5), are

sufficient for the point x∗ to be a local minimum of f(x∗).

∇2f(x∗) > 0 (2.7)
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2.1.0.1 Newton’s Iterative Method

Suppose we need to find the roots of the nonlinear function f(x) = 0. By writing the

first order Taylor expansion of f(x), the function value at another point x̃ near x can

be approximated by

f(x̃) ≈ f(x) + f ′(x)(x̃− x). (2.8)

If we then set f(x̃) = 0, we can obtain an expression in terms of the new point x̃,

which takes us closer to a root.

x̃ = x− f ′(x)−1f(x) (2.9)

This process can be repeated to improve the root estimate and thus generates the

following iterative rule

xk+1 = xk − f ′(xk)−1f(xk). (2.10)

Suppose now that rather than finding a root of a nonlinear function, we need to

find a local minimum of a multi-variable scalar valued function f(x). Since, the

first order necessary condition requires that ∇f(x) = 0, the iterative method (2.10)

can be extended to obtain

xk+1 = xk −
[
∇2f(xk)

]−1∇f(xk), (2.11)

where ∇f(xk) and ∇2f(xk) can be interpreted as the Jacobian Gk and Hessian Hk

matrices evaluated at xk to give

xk+1 = xk −H−1
k Gk. (2.12)

2.1.0.2 Quasi-Newton Methods

Consider again the problem of minimising f(x). Our aim is to find an iterative rule

of the form

xk+1 = xk + αKDkdk, (2.13)
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where αk > 0 is the step length, Dk is a positive definite matrix and dk is the search

direction, which takes us recursively closer to the minimum from some initial guess

x0.

If we start by considering the first order expansion of f(xk+1)

f(xk+1) ≈ f(xk) +GT (xk)(xk+1 − xk), (2.14)

we can then substitute xk+1 − xk = αKDkdk into (2.14) to obtain

f(xk+1) ≈ f(xk) +GT
k (αkDkdk). (2.15)

Since αk > 0 and we require that the function’s value decreases at every step, i.e.

such that f(xk+1) < f(xk), we must have

GT
kDkdk < 0. (2.16)

One example of such an iterative rule is the Steepest Descent method where Dk =

I and the search direction is in the opposite direction to the function gradient and

thus given by dk = −Gk. The Steepest Descent iteration can therefore be expressed

as

xk+1 = xk − αkGk (2.17)

As can be seen in (2.17), Steepest Descent only uses gradient information to cal-

culate the next step and hence is a first order method. In comparison, Newton’s

iteration (2.12) utilises both the Jacobian and Hessian information, making it a sec-

ond order method. This enables Newton’s method to have quadratic convergence,

which is much faster than the linear convergence of Steepest Descent. However, con-

structing the Hessian information is a costly operation, which should preferably be

avoided. Quasi-Newton methods approximate the Hessian information recursively

and combine the robustness of Steepest Descent with the fast convergence of New-

ton’s iteration.

The idea is to replace Dk in (2.13) by an approximation of H−1
k such that

xk+1 = xk + αKB
−1
k dk (2.18)
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where Bk is the Hessian approximation that is recursively updated based on the

function and gradient information. There are many algorithms for this update, for

example DFP, BFGS and SR1 to name a few. These algorithms are described in detail

in [18] and hence we only outline the widely used BFGS algorithm. This update is

given by

Bk+1 = Bk −
Bkpkp

T
kB

T
k

pTkBkpk
+
yky

T
k

pTk yk
(2.19)

where pk = xk+1−xk is the function difference at step k and yk = Gk+1−Gk is the

gradient difference. These algorithms are then combined with a Line Search method,

which finds an appropriate value of step length αk.

2.2 Constrained Optimisation

Many optimisation problems are subject to equality and inequality constraints. A

good treatment of constrained optimisation can be found in [18–20]. The first order

necessary conditions for these problems are provided by the Karush-Kuhn-Tucker

(KKT ) conditions given in the following theorem.

Theorem 2.1 [19] Consider the following optimisation problem

min
x

f(x) (2.20a)

subject to g(x) = 0 (2.20b)

h(x) ≤ 0 (2.20c)

with f : Rn → R, g : Rn → Rng and h : Rn → Rnh. Define the Lagrangian function

to be

L(x,λ,µ) = f(x) + λTg(x) + µTh(x) (2.21)

where λ ∈ Rng and µ ∈ Rnh are referred to as multipliers. The optimisation problem

(2.20) is called a Nonlinear Program (NLP). Suppose x∗ is a local solution to the
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described NLP, and x∗ is a regular point2 for the constraints. There then exists

multipliers λ∗ and µ∗ such that

∇xL(x∗,λ∗,µ∗) = 0 (2.22a)

g(x∗) = 0 (2.22b)

h(x∗) ≤ 0 (2.22c)

µ∗ ≥ 0 (2.22d)

(µ∗)T h(x∗) = 0. (2.22e)

The conditions (2.22) provide the first order necessary conditions of local optimality

for the NLP described in (2.20) and are referred to as the KKT conditions. The

condition (2.22e) is known as the complementarity condition and implies that if hi(x
∗)

is inactive then we must have µ∗i = 0.

2.2.1 Sequential Quadratic Programming

Consider the following equality constrained optimisation problem

min
x

f(x) (2.23a)

subject to g(x) = 0. (2.23b)

The KKT necessary conditions for this problem are

∇xL(x∗,λ∗) = 0 (2.24a)

g(x∗) = 0 (2.24b)

where L is the Lagrangian function given by L(x,λ) = f(x) + λTg(x). This set of

nonlinear equations arising from the KKT conditions can be solved using Newton’s

iterative method (2.11). The iteration can be written as [18][
∇2
xxL(xk,λk) ∇g(xk)
∇g(xk)

T 0

] [
xk+1 − xk
λk+1 − λk

]
= −

[
∇f(xk) +∇g(xk)λk

g(xk)

]
(2.25)

2A point x is said to be regular if at x the gradients of active constraints remain linearly inde-
pendent.
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Substituting pk = xk+1 − xk and noting that λk will be eliminated after simplifi-

cation, we can write[
∇2
xxL(xk,λk) ∇g(xk)
∇g(xk)

T 0

] [
pk
λk+1

]
= −

[
∇f(xk)
g(xk)

]
. (2.26)

Solving (2.26) iteratively would then takes us to the solution of the equality con-

strained optimisation problem (2.23). We can therefore see that the minimum can be

found in a similar manner to the unconstrained case.

Now if we consider the following quadratic program (QP)

min
p̃

∇f(xk)
T p̃+

1

2
p̃T∇2

xxL(xk,λk)p̃ (2.27a)

subject to g(xk) +∇g(xk)
T p̃ = 0 (2.27b)

The KKT conditions for (2.27) imply that

∇p̃L̃(p̃∗, λ̃∗) = ∇f(xk) +∇2
xxL(xk,λk)p̃+∇g(xk)λ̃ = 0 (2.28a)

g(xk) +∇g(xk)
T p̃ = 0. (2.28b)

By setting p̃ = pk and λ̃ = λk+1 we can see that (2.26) and (2.28) become identical

and hence the solution of QP (2.27) and the original problem (2.23) will be the

same [18, 20]. Newton’s method for solving the equality constrained problem can

thus be interpreted as a Sequential Quadratic Program (SQP), where in each iteration

pk and λk+1 are found by solving a QP. This viewpoint is extremely useful in the

treatment of inequality constraints.

The NLP problem with equality and inequality constraints (2.20) can thus be

solved iteratively by finding the solution of the following QP at each step

min
p̃

∇f(xk)
T p̃+

1

2
p̃T∇2

xxL(xk,λk)p̃ (2.29a)

subject to g(xk) +∇g(xk)
T p̃ = 0 (2.29b)

h(xk) +∇h(xk)
T p̃ ≤ 0 (2.29c)

The inequality constrained QP sub-problem can be solved by using any well-known

QP implementation [18]. One approach is the Active Set Method where the active
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inequality constraints are identified and treated as equality constraints. The inactive

inequality constraints, on the other hand, are ignored. The main challenge is thus

finding the correct set of active constraints at each iteration, which can be done by

solving an auxiliary sub-problem or using some rules based on the estimates of the

Lagrange multipliers. The resulting equality constrained QP is particularly easy to

solve, as the inequality constraints appear linearly. A leading Active Set SQP software

code is the SNOPT [21] which has found special appeal in solving large scale NLPs.

2.2.2 Interior Point Methods

Consider again the NLP problem with equality and inequality constraint as given in

(2.20). Rather than trying to find the active constraints and applying the full KKT

conditions (2.22) to find the optimal solution, we can solve a perturbed set of KKT

conditions using a homotopy method. To this end, we replace the non-smooth L-

shaped set resulting from (2.22c), (2.22d) and the complementarity condition (2.22e)

with a smooth approximation. For instance, we can use the hyperbolic approximation

µi = − γ
hi(x)

where γ > 0 is a smoothing parameter such that as it tends to zero, makes

the approximation approach the original L-shaped set. The modified KKT conditions

in this case are given by [18]

∇f(x∗) +∇g(x)λ∗ +∇h(x∗)µ∗ = 0 (2.30a)

g(x∗) = 0 (2.30b)

µ∗ihi(x
∗) + γ = 0, i = 1, . . . , nh (2.30c)

This set of equations is then solved iteratively with decreasing values of γ, such that

at the final iteration, the local solution coincides with that obtained from the original

KKT conditions.

Another interpretation of this approach is by noticing that the perturbed KKT

conditions (2.30) are indeed the necessary conditions for the following barrier problem

min
x

f(x)− γ
nh∑
i=1

ln(−hi(x)) (2.31a)

subject to g(x) = 0. (2.31b)
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Noting that ∇ ln(−hi(x)) = ∇hi(x)hi(x)−1, the KKT conditions for this problem

can be written as [19]

∇f(x∗)− γ
nh∑
i=1

∇hi(x∗)hi(x∗)−1 +∇g(x)λ∗ = 0 (2.32a)

g(x∗) = 0, (2.32b)

which after comparing with (2.30) imply that µ∗i = γhi(x)−1, i = 1, . . . , nh as given

in (2.30c).

We can observe that as hi(x) → 0, the objective barrier function (2.31a) ap-

proaches infinity, even for a very small value of γ. This forces the inequality constraint

to remain interior to the feasible region. Solving the barrier problem KKT conditions

(2.32) using a Newton-type method results in strong ill-conditioning of the matrices

for small values of γ. Therefore, it is more common in practice to solve the full set

of perturbed KKT conditions (2.30), which also explicitly solve for the dual variables

µ.

The interior point methods have become a strong competitor to SQP methods.

One example of such a software is IPOPT [22], which is particularly efficient for sys-

tems with a large number of decision variables. A Newton-based method has to be

incorporated with appropriate globalisation strategies to ensure that iterations con-

verge to a local minimum from arbitrary initial guesses [20]. IPOPT uses a filter

method where the step is only accepted if it improves either the objective function or

the constraint violation. It then employs a line search method to choose an appro-

priate step size when a step is rejected.

2.2.3 Gradient Approximation

In a Newton-type optimisation it is necessary to construct gradient information for

the Jacobian and sometimes the Hessian. For some problems, this can be done using

analytical derivatives, but this has to be supplied by the user and is often cumbersome.

Therefore, in most instances these derivatives have to be approximated.
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2.2.3.1 Finite Differencing

The simplest way to approximate the gradient is the finite difference method given

by

df

dx
≈ f(x+ ε)− f(x)

ε
(2.33)

where ε is a perturbation value that should be small enough such that a good approx-

imation is obtained but not so small that the error due to subtractive cancellation

becomes dominant. The value ε should thus be chosen such that the sum of errors

due to Taylor series truncation and computer finite precision are minimised.

2.2.3.2 Complex Differentiation

One approach that avoids the issues due to subtractive cancellation on a finite preci-

sion machine is the use of complex differentiation. Consider a function f = u+ iv of

the complex variable z = x+ iy that is differentiable in the complex plane. For such

a function, the Cauchy-Riemann equations state that

∂u

∂x
=
∂v

∂y
(2.34a)

∂u

∂y
= −∂v

∂x
. (2.34b)

Using (2.34a), we can then write

∂u

∂x
= lim

ε→0

v(x+ i(y + ε))− v(x+ iy)

ε
. (2.35)

Since we are only interested in real-valued functions of real variables, we can set y = 0,

v(x) = 0 and u = f(x), which allows us to write (2.35) as

∂f

∂x
= lim

ε→0

v(x+ iε)

ε
= lim

ε→0

Im(f(x+ iε))

ε
(2.36)

Therefore, for a small ε we have the following complex-step derivative approxima-

tion

∂f

∂x
≈ Im(f(x+ iε))

ε
. (2.37)
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This approximation can be shown to be O(ε2) accurate, in contrast to the finite

difference method which is only O(ε). Furthermore, since no subtraction occurs in

the formula, it does not suffer from subtractive cancellation and hence extremely

small values of ε can be used to obtain accurate derivatives up to machine precision.

However, since it relies on complex arithmetic, it requires twice the memory when

compared to the finite difference method.

2.2.3.3 Automatic Differentiation

Automatic differentiation [23] (AD) exploits the fact that any differentiable function

is composed of elementary operations and functions such as addition, subtraction,

multiplication, sin, cos, log, etc. AD can then use the chain rule of calculus to

differentiate the elementary operations such that derivatives of arbitrary order are

obtained accurate up to machine precision. The chain rule, however, is applied to

the numerical values rather than symbolic expressions. Therefore, whilst providing

the same precision as the analytical derivatives, it avoids the symbolic derivation of

mathematical expressions, which become recursively more complicated as we proceed

through the chain rule. This is especially advantageous for derivative evaluation

of large matrices where symbolic manipulation can be slow. There are two main

approaches to AD, namely source transformation and operator overloading. In the

former, the user source code is taken as input and associated derivative producing files

are generated accordingly. In the context of the numerical optimal control calculations

in this thesis, we make use of the source transformation AD tool ADiGator [24] based

in MATLAB. Operator overloading on the other hand, relies on the capabilities of

object oriented programming languages to overload operators such that they record

operands and their results on a ‘tape’. This tape is then interpreted to provide the

required derivatives. As such, it negates the need to generate separate files for the

derivative information.
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2.3 Calculus of Variations

A functional J : Ω → R is a correspondence rule that maps a function of one or

several variables in a certain class Ω to a real number in R. In an manner analogous

to the ordinary calculus case, to find a stationary value of the functional J , we require

a perturbation on the function y = f(x) to check whether this results in a zero rate

of change of the functional. To this end, we introduce a perturbed function f̄(x)

f̄(x) = f(x) + εφ(x), (2.38)

where φ(x) is an arbitrary function and ε is a small variable parameter tending to-

wards zero. The difference between the original function f(x) and perturbed function

f̄(x) evaluated at x is referred to as the variation of the function f(x) and is given

by

δy = f̄(x)− f(x) = εφ(x). (2.39)

Definition 2.4 Let ‖.‖ denote the function norm. A functional J : Ω → R is said

to have a ‘local minimum’ at y∗ if there is an ε > 0 such that for all functions y ∈ Ω

that satisfy ‖y∗ − y‖ < ε, the following holds

∆J = J(y)− J(y∗) ≥ 0 (2.40)

Conversely, y∗ is a ‘local maximum’ if

∆J = J(y)− J(y∗) ≤ 0. (2.41)

Furthermore, if the inequalities (2.40) and (2.41) hold for all y ∈ Ω, the extremum

is said to be ‘global’ over Ω [25, 26].

Theorem 2.2 [25] The first order necessary condition for a functional

J(y) to have y∗ as an extremum requires that the variation of the functional has to

vanish at y∗ for all δy ∈ Ω, i.e.

δJ(y∗, δy) = 0 (2.42)
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Proof. The increment of functional J at y∗ is defined as

∆J(y∗, δy) = J(y∗ + δy)−∆J(y∗) = δJ(y∗, δy) + g(y∗, δy) · ‖δy‖. (2.43)

The δJ(y∗, δy) is the linear part of the increment and is referred to as the variation

of J(y∗, δy). The higher order terms are represented by g(y∗, δy), which goes to zero

faster than δy does as ‖δy‖ approaches zero

lim
‖δy‖→0

g(y∗, δy) = 0. (2.44)

The sign of ∆J therefore depends on the sign of δJ for sufficiently small ‖δy‖ < ε.

Now, we assume that for some variation δy0 ∈ Ω, the variation of the functional is

not zero,

δJ(y∗, δy0) 6= 0. (2.45)

For any α > 0 such that ‖αδy0‖ < ε, the principle of linearity implies that

δJ(y∗, αδy0) = αδJ(y∗, δy0) (2.46)

δJ(y∗,−αδy0) = −αδJ(y∗, δy0). (2.47)

As mentioned earlier, for ‖δy‖ < ε, the signs of the increment and variation are the

same. Therefore, ∆J(y∗, αδy0) can be made to have either sign. However, by Defini-

tion 2.4, for y∗ to be an extremal, ∆J has to have the same sign in the neighbourhood

of y∗. This is a contradiction and proves the theorem. �

Lemma 2.1 [27] δ-process has commutative properties. More specifically, the ‘deriva-

tive of the variation’ is equal to the ‘variation of the derivative’:

d

dx
δy = δ

d

dx
y (2.48)

and the ‘variation of a definite integral’ is equal to the ‘definite integral of the varia-

tion’:

δ

∫ b

a

f(x)dx =

∫ b

a

δf(x)dx (2.49)
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Proof. The left hand side of the property (2.48) can be written as

d

dx
δy =

d

dx
(f̄(x)− f(x)) = εφ′(x) (2.50)

and the right hand side

δ
d

dx
y = f̄ ′(x)− f ′(x) = (y′ + εφ′)− y′ = εφ′(x) (2.51)

and hence we arrive at (2.48).

For the definite integral case,

δ

∫ b

a

f(x)dx =

∫ b

a

f̄(x)dx−
∫ b

a

f(x)dx =

∫ b

a

(f̄(x)− f(x))dx

=

∫ b

a

δf(x)dx. (2.52)

�

2.3.1 The Euler-Lagrange Equation

One of the earliest examples of a dynamics problem solved using variational techniques

is the brachistochrone problem formulated by Johann Bernoulli [17]. In problems of

this kind, a function y(x) needs to be found such that the definite integral J

J(y) =

∫ b

a

L(y(x), y′(x), x)dx (2.53)

shall be stationary subject to the boundary conditions given by

y(a) = ya, y(b) = yb (2.54)

A candidate function y(x) that results in the stationary value of J(y) should, by

Theorem 2.2, result in the vanishing of the first variation of J denoted by δJ .

δJ = δ

∫ b

a

L(y(x), y′(x), x)dx = 0. (2.55)

Since only variations on the function y are meaningful as x is only a ‘dummy’ variable,

we consider the variation of x to be zero.

δx = 0. (2.56)
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Furthermore, the variations at the boundary conditions (2.54) are zero as the function

y is fixed at these points

δy|x=a = 0 (2.57)

δy|x=b = 0 (2.58)

Using Lemma 2.1, we can write (2.55) as

δJ =

∫ b

a

δL(y(x), y′(x), x)dx (2.59)

and using the chain rule

δJ =

∫ b

a

(
∂L

∂y
δy +

∂L

∂y′
δy′
)
dx. (2.60)

Integration by parts can be applied to the term involving δy′ to obtain∫ b

a

∂L

∂y′
δy′dx =

∂L

∂y
δy
∣∣∣b
a
−
∫ b

a

d

dx

∂L

∂y′
δydx (2.61)

and using (2.57) and (2.58), the first term in (2.61) vanishes, and (2.60) can be written

as

δJ =

∫ b

a

(
∂L

∂y
− d

dx

∂L

∂y′

)
δydx = 0 (2.62)

Lemma 2.2 [28] If function h(x) is continuous in [a, b], and if∫ b

a

h(x)δy(x)dx = 0 (2.63)

for every function δy that is continuous in [a, b] such that δy(a) = 0 and δy(b) = 0,

then h must be zero everywhere in [a, b].

Proof. Suppose h(x) is positive for some x ∈ [a, b]. Since h(x) is continuous in

[a, b], there is some subinterval [x1, x2] contained in [a, b], where h(x) is also positive.

If we choose δy(x), which is arbitrary, to be

δy(x) =

{
(x− x1)(x2 − x) x ∈ [x1, x2]

0 otherwise
(2.64)

then δy(x) is continuous on [a, b] and clearly positive on [x1, x2].This implies that∫ b

a

h(x)δy(x)dx =

∫ x2

x1

h(x)(x− x1)(x2 − x)dx > 0, (2.65)

which is a contradiction and proves the lemma. �
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Invoking Lemma 2.2 on (2.62) we arrive at the celebrated Euler-Lagrange differ-

ential equation

∂L

∂y
− d

dx

∂L

∂y′
= 0, (2.66)

which provides the necessary and sufficient condition for the definite integral (2.53)

to take a stationary value.

Example 2.1 Find the path y(x) that connects the two points (x1, y1) and (x2, y2)

with the shortest length.

Using Pythagoras’ theorem, ds2 = dx2 + dy2, the path length can be defined by:

S(f) =

∫ x2

x1

√
1 +

(
dy

dx

)2

dx =

∫ x2

x1

√
1 + y′2dx (2.67)

Setting the Lagrangian to be L =
√

1 + y′2 the Euler-Lagrange equation gives

∂L

∂y
− d

dx

∂L

∂y′
= 0− d

dx
y′(1 + y′2)−1/2 = y′′(1 + y′2)−3/2 (2.68)

Since, the term (1+y′2)−3/2 is always positive, setting the right-hand side of (2.68)

to zero results in

d2y∗(x)

dx2
= 0, (2.69)

which implies y∗(x) must be a constant gradient line with equation y∗ = mx+ c. The

constants m and c can be determined using the boundary conditions to give,

y∗(x) =
y2 − y1

x2 − x1

x+
x2y1 − x1y2

x2 − x1

. (2.70)

Thus proving that the shortest distance between two points has to be a straight

line.

The derivation provided here is for a single degree of freedom, however, it can

be easily modified to account for n degrees of freedom. If the definite integral is a

function of several functions it can then be written as

J(y) =

∫ b

a

L(y(x),y′(x), x)dx (2.71)
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with boundary conditions:

y(a) =
[
y1a, y2a, . . . , yna

]T
, y(b) = [y1b, y2b, . . . , ynb]

T . (2.72)

In the same manner as the single function case, we can proceed to take the vari-

ation of J to obtain

δJ =

∫ b

a

(
∂L

∂y
δy +

∂L

∂y′
δy′
)
dx =

∫ b

a

(
n∑
i=1

∂L

∂yi
δyi +

n∑
i=1

∂L

∂y′i
δy′i

)
dx. (2.73)

Again using integration by parts on the second term and noting that δy(a) = 0

and δy(b) = 0, we arrive at

δJ =

∫ b

a

n∑
i=1

(
∂L

∂yi
− d

dx

∂L

∂y′i

)
δyidx = 0. (2.74)

Since δyi’s are independent and arbitrary, we proceed by assuming that all but

the first one is zero across x. We can then apply Lemma 2.2 to obtain ∂L
∂y1
− d

dx
∂L
∂y′1

= 0.

The same logic can be applied for other δyi’s to arrive at the necessary condition for

the multiple degrees of freedom case.

∂L

∂yi
− d

dx

∂L

∂y′i
= 0, for i = 1, . . . , n (2.75)

or more compactly in vector form,

∂L

∂y
− d

dx

∂L

∂y′
= 0 (2.76)

2.4 Variational Optimal Control

In a general optimal control problem we would like to find the control decision vector

u(t) that results in the system with state dynamics [17,25,26]

ẋ(t) = f(x(t),u(t), t), (2.77)

taking the minimum value of the cost functional J given by

J(u) = Φ(x(tf ), tf ) +

∫ tf

t0

L (x(t),u(t), t) dt. (2.78)
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Here, t0 and tf are the initial final times, L is the Lagrange cost-to-go function

and Φ is the terminal cost. General optimal control problems are typically subject

to path constraints, limits on the values of the control and also boundary conditions.

For now, we omit these complications for the sake of clarity and consider a system

with fixed initial states x(t0) = xt0 and initial time t0. However, we let the final

time tf and terminal state x(tf ) be free. Systems with a more complicated set of

constraints will be dealt with later.

The cost functional J (2.78) can be augmented with the constraint (2.77) using the

Lagrangian method to make the problem unconstrained. To this end, we introduce

the augmented cost functional Ja

Ja(u) = Φ(x(tf ), tf ) +

∫ tf

t0

[
L (x(t),u(t), t) + λT (t) (f(x(t),u(t), t)− ẋ(t))

]
dt,

(2.79)

where λ is the adjoint associated with the state dynamics, and we define the Hamil-

tonian H to be

H(x(t),u(t),λ(t), t) = L (x(t),u(t), t) + λT (t)f(x(t),u(t), t). (2.80)

Since the first order condition for optimality requires that the variation of the

functional has to be zero on an extremal, we start by expressing the variations of

each term.

δJa(u) = δΦ + δ

∫ tf

t0

(
H− λT ẋ

)
dt. (2.81)

The variation on the terminal cost term can be expressed as

δΦ =
∂Φ

∂x(tf )
δx(tf ) +

dΦ

dtf
δtf , (2.82)

since only x(tf ) and tf are free and x(t0) and t0 are assumed as fixed in this case.

Using the chain rule, the coefficient of δtf in (2.82) can be written as

dΦ

dtf
=

∂Φ

∂x(tf )

dx(t)

dt

∣∣∣
tf

+
∂Φ

∂tf
=

∂Φ

∂x(tf )
ẋ(tf ) +

∂Φ

∂tf
. (2.83)
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The variation in the final value of x comes from a combination of variations caused

by tf and x(tf ) changes, hence

δxf = δx(tf ) + ẋ(tf )δtf . (2.84)

Substituting (2.84) into (2.82) and (2.83) gives

δΦ =
∂Φ

∂x(tf )
δxf +

∂Φ

∂tf
δtf . (2.85)

Applying Lemma 2.1 to the second term in (2.81) and noting that tf is not fixed,

δ

∫ tf

t0

(
H− λT ẋ

)
dt =

∫ tf

t0

(
δH− δλT ẋ− λT δẋ

)
dt+

(
H− λT ẋ

)∣∣∣
tf
δtf . (2.86)

Variation in Hamiltonian H is

δH =
∂H
∂x

δx+
∂H
∂λ

δλ+
∂H
∂u

δu. (2.87)

In a similar fashion to (2.61) in the derivation of the Euler-Lagrange equation, the

term −λT δẋ in (2.86) can be integrated by parts to obtain∫ tf

t0

−λT δẋdt = −λT (tf )δx(tf ) +

∫ tf

t0

λ̇T δxdt. (2.88)

Noticing that δλT ẋ = ẋT δλ and substituting (2.87) and (2.88) into (2.86) we

obtain

δ

∫ tf

t0

(
H− λT ẋ

)
dt =

∫ tf

t0

(
∂H
∂x

δx+
∂H
∂λ

δλ+
∂H
∂u

δu− ẋT δλ+ λ̇T δx

)
dt

+
[
H(tf )− λT (tf )ẋ(tf )

]
δtf − λT (tf )δx(tf ). (2.89)

Using (2.84) in (2.89) and finally regrouping all the derived terms from (2.85) and

(2.89) in (2.81), we arrive at

δJa(u) =

∫ tf

t0

[(
∂H
∂x

+ λ̇T
)
δx+

(
∂H
∂λ
− ẋT

)
δλ+

∂H
∂u

δu

]
dt

+

(
H(tf ) +

∂Φ

∂tf

)
δtf +

(
∂Φ

∂x(tf )
− λT (tf )

)
δxf . (2.90)
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Setting δJa = 0 and invoking Lemma 2.2, we can obtain the well-known optimality

necessary conditions

ẋ∗T (t) =
∂H
∂λ

(x∗(t),u∗(t),λ∗(t), t) (2.91)

λ̇∗T (t) = −∂H
∂x

(x∗(t),u∗(t),λ∗(t), t) (2.92)

0 =
∂H
∂u

(x∗(t),u∗(t),λ∗(t), t) (2.93)

for t0 ≤ t ≤ tf with transversality conditions

H(x∗(tf ),u
∗(tf ),λ

∗(tf ), tf ) = −∂Φ

∂tf
(x∗(tf ), tf ) (2.94)

λ∗T (tf ) =
∂Φ

∂x(tf )
(x∗(tf ), tf ) (2.95)

If we denote the Hamiltonian on the optimal trajectory to be H∗, then its time

derivative is given by

dH∗
dt

=
∂H∗

∂x
ẋ∗ +

∂H∗

∂λ
λ̇∗ +

∂H∗
∂u

u̇∗ +
∂H∗
∂t

= −λ̇∗T ẋ∗ + ẋ∗T λ̇∗ +
∂H∗
∂t

=
∂H∗
∂t

(2.96)

whereH∗ = H(x∗(t),u∗(t),λ∗(t), t). Furthermore, if the Hamiltonian is not explicitly

a function of time t, then it is invariant and constant across the optimal trajectory,

H(x∗(t),u∗(t),λ∗(t)) = constant, (2.97)

and its value can be determined by (2.94).

The problem considered here assumes that the initial time and states are given.

However, extending the derivation to account for free t0 and x(t0) is straightforward.

This can be done by considering the variations that are caused by the variations of t0

and x(t0) in the Lagrange and terminals costs. Furthermore, the boundary conditions

constraint can be dealt with by augmenting the cost function and taking the variation

of the augmented cost in a similar manner to the above treatment. The necessary

conditions for the more complicated case will be stated in the next section.
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2.4.1 Pontryagin’s Minimum Principle

Optimal control problems in practice typically have bounds on the controls. The

total torque provided to the wheels of a vehicle is limited by the engine power, a

space rocket can only have a limited thrust and actuators of an industrial robot are

subject to saturation. When the control is subject to a bound, the control variation

δu might enter an inadmissible region and therefore equation (2.93), obtained by

requiring δJ(u, δu) to vanish, can no longer provide the necessary condition for opti-

mality of the control. Pontryagin and his students in 1956 formulated the necessary

conditions for the optimal control in the presence of control bounds [29]. If the set of

all admissible controls is denoted by U , this principle states that, the optimal control

u∗ that results in the minimum value of cost functional J must satisfy

H(x∗(t),u∗(t),λ∗(t), t) ≤ H(x∗(t),u(t),λ∗(t), t), ∀u ∈ U (2.98)

for all for t0 ≤ t ≤ tf .

Therefore, the optimal control u∗ is the one that causes the Hamiltonian to take

its global minimum. The principle is also often presented as

u∗(t) = arg min
u∈U
H(x∗(t),u,λ∗(t), t) (2.99)

In summary, if the u∗ lies on the boundary of U , then (2.98) or (2.99), which

are known as the weak form of the Minimum Principle, can be readily employed to

find the optimal control. In contrast, if u∗ lies inside of U , then the strong form of

Minimum Principle ∇uH = 0, also given in (2.93) can be applied.

Equations (2.91), (2.92), (2.94), (2.95) and (2.98) or (2.98) offer the necessary

but not the sufficient conditions for optimality. In much of classical literature and

Pontryagin’s original work, the Hamiltonian is defined with an opposite sign and

thus this result is also referred to as the Maximum Principle. A rigorous proof of the

Minimum Principle can be found in [17,29,30].

We will now consider the more general optimal control problem with boundary

conditions, free initial and final times, with bounds on control, and path constraints.
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The first order necessary condition for the following optimal control problem:

Minimise the cost functional

J(u) = Φ(x(t0), t0, x(tf ), tf ) +

∫ tf

t0

L (x(t),u(t), t) dt, (2.100a)

subject to the state dynamics

ẋ(t) = f(x(t),u(t), t), (2.100b)

the boundary conditions

φ(x(t0), t0,x(tf ), tf ) = 0, (2.100c)

and the path constraints

c(x(t),u(t), t) ≤ 0. (2.100d)

are given by



ẋ∗ = ∇λH(x∗,u∗,λ∗)

λ̇∗ = −∇xH(x∗,u∗,λ∗)

u∗ = arg min
u∈U
H(x∗,u,λ∗)

0 = φ(x(t0), t0,x(tf ), tf )

λT (t0) = − ∂Φ

∂x(t0)
+ νT

∂φ

∂x(t0)
, λT (tf ) =

∂Φ

∂x(tf )
− νT ∂φ

∂x(tf )

H(t0) =
∂Φ

∂t0
− νT ∂φ

∂t0
, H(tf ) = −∂Φ

∂tf
+ νT

∂φ

∂tf

µj(t) = 0, when cj(x,u, t) < 0, j = 1, . . . , nc

µj(t) ≤ 0, when cj(x,u, t) = 0, j = 1, . . . , nc

(2.101a)

(2.101b)

(2.101c)

(2.101d)

(2.101e)

(2.101f)

(2.101g)

(2.101h)

where µ(t) is the path constraint multiplier, H(x,λ,µ,u, t) = L+λTf −µTc is the

control Hamiltonian and ν is the Lagrange multiplier associated with the boundary

conditions. Note that we have omitted the optimality superscript * on (2.101d)-

(2.101h) for the sake of clarity.
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2.5 Indirect Optimal Control

The first order necessary conditions given by (2.101) result in a two-point boundary

value problem (TPBVP) as there are boundary conditions that need to be satisfied at

both ends. In an indirect optimal control method, the TPBVP is solved numerically

to find the optimal control and system trajectory. The simplest indirect method is

perhaps the single shooting [31].

2.5.1 Indirect Shooting

Indirect shooting involves making a guess of the boundary values and then numerically

integrating the differential equations from one end to the other. The error between

the propagated dynamics and the final boundary conditions are calculated and the

initial guess is adjusted until this error becomes smaller than a desired threshold.

To illustrate this, we consider the optimal control problem in Section 2.4 where the

problem has fixed initial conditions but free final time and states. The indirect single

shooting for this problem can be summarised as:

1. Define the guess vector to contain the unknown variables

g := (λ̃(t0)1, . . . , λ̃(t0)n, t̃f )

2. Integrate the dynamics vector ṗ = (ẋ, λ̇)=
(
∂H
∂λ

(x,λ,u∗),−∂H
∂x

(x,λ,u∗
)

to find

p̃(tf ).

3. Define the error vector to beE(g) :=

 λ̃(tf )− ∂Φ
∂x(tf )

∣∣∣
x(tf )=x̃(tf ),tf=t̃f

H
(
x̃(tf ), λ̃(tf ),u

∗
)

+ ∂Φ
∂tf

∣∣∣
x(tf )=x̃(tf ),tf=t̃f


4. Use some nonlinear solver to find the guess vector g which satisfies the boundary

conditions by having E(g) = 0. For Newton’s iterative method:(
∂E
∂g

(gi)
)

(gi+1 − gi) = −E(gi).

The BVP dynamics ṗ = (ẋ, λ̇) constitute a Hamiltonian system and by Liouville’s

theorem [32], its volume in the phase space must be preserved. This means that if

the dynamics of x are very stable and contracting fast, then the dynamics of λ
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are expanding and very unstable. Hence, as the dynamics are integrated, any error

made in the initial guess will grow, which can result in wild trajectories in the state

space. This ill-conditioning of the dynamics can in practice present many numerical

difficulties.

Indirect multiple shooting [33] can be used to alleviate the sensitivity issues associ-

ated with the single shooting. In this method, the optimisation horizon is broken into

multiple intervals and the simple shooting is applied at each subinterval t ∈ [ti, ti+1].

To ensure continuity of the solution, the end values of states and costates from the

integration are constrained to be equal to those at the start of the next interval.

p(t−i ) = p(t+i ) (2.102)

The logic is that by breaking the problem into smaller subintervals, the integration

is carried out over a shorter time, thereby reducing the sensitivity, which reduces the

chances of divergence problems. The disadvantage of multiple shooting compared

to simple shooting is the increased size of the problem as continuity constraints are

introduced into the problem. Initial guesses for state and costate equations are also

needed for every subinterval introduced, hence the dimension of the root finding

problem is significantly increased. Nevertheless, even at the cost of higher number of

decision variables, multiple shooting typically performs better than direct shooting

due to the reduced sensitivity to initial guesses. Another added benefit of the multiple

shooting method is that subinterval simulations can be solved for in parallel to reduce

the computation time.

2.5.2 Indirect Collocation

An alternative indirect method which can significantly help with overcoming the ill-

conditioning problems of the Hamiltonian dynamics is the simultaneous collocation.

In this method, the algebraic-differential system from the necessary conditions are

discretised over a defined gird and turned into a finite-dimensional algebraic problem.

For the purpose of demonstration, suppose initial and final times are given and define

y(p,u) = ṗ, (2.103)
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where p = (x,λ), to represent the dynamics. We can write the optimal control rule

as

g(p,u) = ∇uH = 0, (2.104)

and we can combine the boundary conditions into a lumped vector function b such

that

b (p(t0),p(tf )) = 0. (2.105)

If we now employ the midpoint rule, and split the time interval [t0, tf ] into N

subintervals defined by ti for i = 0, . . . , N , we can approximate (2.103) by

y

(
p(ti) + p(ti+1)

2
,u

(
ti + ti+1

2

))
− p(ti+1)− p(ti)

ti+1 − ti
= 0, (2.106)

and (2.104) by

g

(
p(ti) + p(ti+1)

2
,u

(
ti + ti+1

2

))
= 0. (2.107)

If we then define pi = p(ti) and ui =
( ti+ti+1

2

)
, we can combine (2.105), (2.106)

and (2.107) into the following finite-dimensional problem.

ζ(V ) = 0, V =
[
p0, . . . ,pN ,u1, . . . ,uN

]T
. (2.108)

Equation (2.108) constitutes a root finding problem and again can be solved using

a Newton-type method. This approach was taken in [34] to solve the minimum

lap time problem for a motorcycle on the Adria circuit. The path constraints were

handled by augmenting the cost functional with penalty functions. This allows the

strong form of the Minimum Principle (2.93) to be used and simplifies the first order

necessary conditions. The penalty function used to replace a constraint inequality of

type s ≥ 0 was

pb(s) =

{
(1 + s/h)n s > −h
0 otherwise

(2.109)

with the h and n being the tuning parameters used to control the sharpness of the pb.

This penalty function is depicted in Figure 2.2 for n = 10 and different values of h.
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Figure 2.2: Penalty function pb for h = 0.1 and h = 0.2 when n = 10.

As the constraint is violated, this value of the cost function increases rapidly, which

forces the variables to move towards the interior of the admissible region.

The first order necessary conditions were derived using symbolic manipulation

software. By focusing on multi-body systems with holonomic constraints, the struc-

ture of the conditions was exploited to improve the formulation of the boundary

value problem. For the particular studied example, there were 19 states and 3 con-

trols. Discretising the BVP on a grid with 3000 subintervals resulted in over 120000

equations, which were then solved using a modified version of the affine invariant

Newton scheme [35].

2.6 Direct Optimal Control

Direct methods aim to first discretise the optimal control problem and then opti-

mise [20]. In indirect methods, the slope of the augmented objective function is

found and the roots of the necessary conditions are then located. In the direct ap-

proach, we try to find the minimum of the objective by first approximating the infinite-

dimensional problem into a finite-dimensional nonlinear program through parametris-

ing the decision variables. Nonlinear programming (NLP) techniques are then applied

to solve the optimal control problem. This has the added benefit that problem con-

straints can be seamlessly integrated into the nonlinear program. Furthermore, sparse

solvers now exist that can exploit the structure of the large discretised system to ob-
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tain the required solutions fast and robustly. Direct methods are typically divided into

two general categories, shooting and collocation. We will describe both the methods

and discuss the associated advantages.

2.6.1 Direct Shooting

In a direct shooting method, the controls are parametrised using a specified function

approximation such as

up(t, q) =
M∑
k=1

qkψk(t) (2.110)

where ψk(t)’s are the predetermined basis functions and qk’s are the function coeffi-

cients, which comprise the problem decision variables. Alternatively, instead of using

a global function approximation, the control time horizon can be segmented into N

intervals and the control can be represented by piecewise polynomials [36].

up(t, q) =
M∑
k=1

qikpk(ti − t), for t ∈ [ti, ti+1]. (2.111)

In this case the most common parametrisation is actually the piecewise constant

control, where up(t) = qi for t ∈ [ti, ti+1]. For an OCP with fixed initial conditions

and no path constraints, the resulting NLP is

min
q
J(up(t, q)) = Φ(x(tf ), tf ) +

∫ tf

t0

L (x(t),up(t, q), t) dt. (2.112)

subject to

x(tf )−
∫ tf

t0

f(x,up(t, q)) = 0 (2.113)

Evaluation of the integral terms naturally requires numerical integration and

should be treated as an initial value problem. At every iteration, the gradient in-

formation has to be determined by considering the change in the cost function with

respect to the perturbation in every single parameter. Hence, each gradient compo-

nent evaluation requires the integration of the dynamics and the Lagrange cost.

The parametrisation of type (2.110) has shown its effectiveness in launch vehicle

and orbit transfer applications [37]. In such applications, the control profile can be

36



approximated accurately with few parameters at each phase. This results in the NLP

having a small number of variables. The second type of parametrisation (2.111) can

solve a wider class of optimal control problems. However, by having a larger set of

parameters, each NLP iteration becomes much more expensive.

2.6.2 Direct Multiple Shooting

In a similar manner to the indirect multiple shooting, to deal with error propagation

problems with the single shooting, the trajectory horizon can be split into several

segments. The dynamics are then integrated over each interval [ti, ti+1], which need

to be joined together using continuity conditions at the boundaries. The control

parametrisation would then take the form of (2.111). However, this time the dynamics

f(x,up) are integrated from ti with artificial values si = x(ti) to ti+1 over each

segment.

si+1 =

∫ ti+1

ti

f(si, qi)dt (2.114)

The total Lagrange cost is then the sum of

li(si, qi) =

∫ ti+1

ti

L (x(t),up(t, qi), t) dt. (2.115)

The optimal control problem can then be transcribed into the following NLP.

min
q
J(up(t, q)) = Φ(sN , tf ) +

N−1∑
i=0

li(si, qi). (2.116)

subject to

x(t0)− s0 = 0 (2.117)

x(ti+1)− si+1 = 0, i = 0, . . . , N − 1 (2.118)

where (2.117) ensures that the initial conditions are met and (2.118) enforces conti-

nuity between each segment. The direct multiple shooting has a significantly larger

number of decision variables and constraints compared to the single shooting method.

However, both the Jacobian and Hessian matrices of the resulting NLP in this method

are sparse and can be solved efficiently using appropriate solvers. Nevertheless, even

with the added robustness due to the segmentation, the limitations of shooting still

apply.
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2.6.3 Direct Collocation

In a direct collocation method both the control and the states are parametrised with

appropriate basis functions. Unlike shooting, rather than integrating the dynamics

over the specified time segments, the differential equations are discretised and turned

into algebraic defect constraints. This would mean that the mesh intervals are typi-

cally much smaller in collocation compared to multiple shooting. The optimal control

problem is then transformed into an NLP, where the aim is to minimise the objective

function with respect to the dynamics defect constraints. This has the added benefit

that the path constraint can be naturally dealt with as they can be enforced by the

NLP at each discretisation point. Furthermore, the direct collocation method still

has the benefit of other direct methods where there is no need to find first order

conditions that involve handling the transversality, Pontryagin’s minimum principle

and adjoint equations.

To illustrate this concept, we start by considering the simple Euler Forward col-

location where the state is approximated by

xk+1 ≈ xk + hkf(xk,uk, tk), for k = 0, . . . , N − 1 (2.119)

with hk being the step length at the discretisation point tk. These equations can

be written as defect constraints that need to be enforced at the collocation points

t0 < t1, . . . , < tN−1.

ζk = xk+1 − xk − hkf(xk,uk, tk) = 0, for k = 0, . . . , N − 1 (2.120)

Note that collocation points are the points at which the gradient of the differ-

ential equation is approximated. Therefore all collocation points are discretisation

points but the converse may not be necessarily true. For example, we might have

discretisation points at the boundaries but not treat them as collocation points.

The cost functional can be approximated using the same integration scheme to

obtain

Jd = φ(xN , tN) +
N−1∑
k=0

hkL(xk,uk, tk) (2.121)
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If we combine the boundary conditions and the defect constraints into a single

equality constraint vector g(z), where z = (x0, . . . ,xN ,u0, . . . ,uN−1) are the prob-

lem’s decision variables, we arrive at the following NLP.

min
z
Jd(z)

subject to

g(z) = 0 (2.122)

For a typical optimal control problem with 8 states and 2 controls, if 1000 collo-

cation points are employed, we would have more than 10000 decision variables in the

NLP. However, most of the elements of the NLP Jacobian are comprised of the de-

fect constraint gradients. A perturbation on a decision variable would only affect the

nearby constraints since by design each constraint is only a function of a few decision

variables. For example, using the Euler Forward method (2.120), only the adjacent

constraints can be influenced by xk. It is this decoupling that differentiates direct

collocation from the shooting methods and helps to overcome the sensitivity issues.

Furthermore, this decoupling implies that most of the other elements of the Jacobian

are zero, which makes the matrix structure sparse. Efficient algorithms can then be

used to evaluate the Jacobian and the Hessian matrices of the NLP [20], which makes

the direct optimisation feasible for practical applications.

2.6.3.1 NLP Lagrangian Versus the Optimality Adjoint

Suppose the cost function of the optimal control problem is given in the Mayer form

J = Φ(x(tf ), tf ) (2.123)

If the cost functional is of the Bolza form (2.78), it is straightforward to convert it

into the Mayer form by introducing an extra state where

xn+1(tf ) =

∫ tf

t0

L (x(t),u(t), t) dt. (2.124)

and ẋn+1 = L (x(t),u(t), t). The cost functional can then be written as

J = Φ̃(x̃(tf ), tf ) = Φ(x(tf ), tf ) + xn+1(tf ) (2.125)
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The Hamiltonian for the Mayer form is given by H = λTf , where f should be treated

as the dynamics vector augmented with the added variable. In this case, the NLP

objective function can be written as

F (z) = Φ(xN). (2.126)

The Lagrangian of this NLP can be written as

L(z,λ) = F (z)− λTg(z) = Φ(xN)−
N−1∑
k=0

λTk (xk+1 − xk − hkf(xk,uk)) (2.127)

The necessary conditions for this NLP are

∇λk
L = xk+1 − xk − hkf(xk,uk) = 0 (2.128)

∇xk
L = λk − λk−1 + hkλ

T
k∇xk

f = 0 (2.129)

∇uk
L = hkλ

T
k∇uk

f = 0 (2.130)

∇xN
L = −λN−1 +∇xN

Φ = 0 (2.131)

It is not difficult to see that in the limiting case where hk → 0, (2.128) becomes the

state dynamics ẋ = f , (2.129) approaches λ̇ = −∇xH, which is the adjoint equation,

(2.130) becomes the optimal control ∇uH = 0 and (2.131) becomes the transversality

condition λ(tf ) = ∇x(tf )Φ. This demonstrates that the necessary conditions that arise

from solving the NLP of the discretised problem approach that of the optimal control.

This concept becomes crucial in recovering the adjoint λ when a direct collocation

method is used. By having the adjoint vector across the time horizon, we will be able

to check that the optimal control necessary conditions are met and we will have all

the information that an indirect method would provide as part of the solution.

2.6.4 Orthogonal Collocation

In the standard direct collocation methods such as Euler and Runge-Kutta transcrip-

tion, the order of collocation polynomial is constant and convergence is achieved by

reducing the step size h. In an orthogonal collocation or pseudospectral method,

the order of the interpolating polynomial is increased to reduce error. Such meth-

ods have exponential convergence as a function of the number of collocation points
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for smooth and well-behaved problems as opposed to Runge-Kutta methods, which

only have polynomial convergence. The collocation points are non-uniform and are

obtained from the roots of orthogonal polynomials such as Chebyshev and Legendre

polynomials. The basis functions for state approximation can be Chebyshev or La-

grange polynomials. However, the majority of the pseudospectral methods employ

Lagrange polynomials because they satisfy the isolation property, which results in

simpler collocation conditions.

2.6.4.1 Gaussian Quadrature

The quadrature rules based on equidistant points such as the Newton-Cotes formulae

can exhibit oscillatory behaviour at the edges of the interval when a high degree poly-

nomial is used. This problem, which can even occur in the quadrature of well-behaved

integrands, is known as the Runge’s phenomenon, where increasing the polynomial

order does not result in an error reduction [38]. Gaussian quadrature rules can over-

come this issue and are highly accurate even at relatively low polynomial degrees.

Suppose we use a quadrature rule to approximate the following integral∫ +1

−1

f(τ)dt ≈
N∑
i=1

wif(τi) (2.132)

where wi are the quadrature weights and τi are the associated evaluation nodes. In

Gaussian quadrature, these weights and nodes are chosen such that the quadrature

error

E(f) =

∫ +1

−1

f(τ)dt−
N∑
i=1

wif(τi) (2.133)

remains zero for as a high degree of f as possible [39]. It turns out that if the nodes

are chosen to be the zeros of the N th degree Legendre polynomial PN(τ), with

Pn(τ) =
1

2nn!

dn

dτn
[(τ 2 − 1)n], (2.134)

then the quadrature weights are given by [40]

wLGi =
2

(1− τi)2[P ′N(τi)]2
(2.135)
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where P ′N(τ) denotes the derivative of PN(τ) with respect to τ . In this case, the

quadrature is known as the Legendre-Gauss (LG) quadrature and the nodes are re-

ferred to as the LG points. LG quadrature is exact for a polynomial integrand f of

degree up to 2N − 1. All LG points lie in the interior of the interval. There are two

other related quadrature schemes, widely known as Legendre-Gauss-Radau (LGR)

and Legendre-Gauss-Lobbato (LGL). In LGR, one of the interval boundaries is also

chosen to be a quadrature point, making it accurate up to degree 2N − 2. The LGR

nodes are given by the zeros of the sum of degree N and N−1 Legendre polynomials,

PN(τ) + PN−1(τ). The weights are given by

wLGR1 =
2

N2
, wLGRi =

1

(1− τi)[P ′N−1(τi)]2
for i = 2, . . . , N (2.136)

LGL has both boundary points τ = −1 and τ = +1 as quadrature points. Since two

degrees of freedom are lost due to the boundary fixed points, LGL is only accurate up

to polynomial order 2N − 3. The interior LGL nodes are the zeros of P ′N−1(τ), which

is the derivative of the degree N − 1 Legendre polynomial. The LGL quadrature

weights are given by [40]

wLGL1,N =
2

N(N − 1)
, wLGLi =

2

N(N − 1)[PN−1(τi)]2
for i = 2, . . . , N − 1 (2.137)

The quadrature points for N = 5 are shown in Figure 2.3. In practice, the quadra-

ture nodes and weights are typically included in computer codes in tabular format or

are calculated using dedicated fast algorithms.

Since LGL points have collocation points at both sides of the interval, it makes

them the most natural choice for optimal control problems as they include the bound-

ary conditions at each end. However, the LGL scheme leads to a defect in optimality

conditions at the boundary points, which makes the costate estimation potentially

non-convergent [41]. LG and LGR points do not suffer from this deficiency. The

LGR scheme has the initial boundary collocated, which means that the control at

the initial point is provided by the NLP solution. This is especially useful when a

multiple segment strategy is employed, where using a LGR points would lead to an

efficient formulation as the end boundary coincides with the initial collocation point

of the next mesh [41].
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Figure 2.3: N = 5 Quadrature points for Legendre-Gauss, Legendre-Gauss-Radau
and Legendre-Gauss-Lobato.

2.7 LGR Pseudospectral Method

Throughout this thesis, a LGR pseudospectral method will be used to solve difficult

optimal control problems. These problems have the general form of (2.100). In this

section we will explain how the infinite-dimensional optimal control problem can be

turned into a finite-dimensional problem by using LGR points as collocation points

and LGR quadrature for cost functional approximation. The exposition provided

here is largely based on [42, 43] and references therein, which entail the operation of

the software code GPOPS-II. Since pseudospectral quadrature methods are typically

defined on the interval τ ∈ [−1,+1], it is natural to introduce the following time

transformation

t =
tf − t0

2
τ +

tf + t0
2

, (2.138)

which maps the time t ∈ [t0, tf ] into the fixed interval τ ∈ [−1,+1]. This fixed

interval is then split into K subintervals with each segment being represented by

Sk = [Tk−1, Tk], k = 1, . . . , K, where −1 = T0 < T1 < . . . < TK = +1 are the

mesh points. If we define x(k)(τ) and u(k)(τ) to be the state and the control in the

subinterval Sk, the optimal control problem (2.100) can then be written as follows.

Minimize the cost functional

J = Φ(x(1)(−1), t0,x
(K)(+1), tf ) +

tf − t0
2

K∑
k=1

∫ Tk

Tk−1

L(x(k)(τ),u(k)(τ), τ ; t0, tf ) dτ,

(2.139)
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subject to the dynamic constraints

dx(k)(τ)

dτ
=
tf − t0

2
f(x(k)(τ),u(k)(τ), τ ; t0, tf ), k = 1, . . . , K, (2.140)

the path constraints

cmin ≤ c(x(k)(τ),u(k)(τ), τ ; t0, tf ) ≤ cmax, k = 1, . . . , K, (2.141)

and the boundary conditions

b(x(1)(−1), t0,x
(K)(+1), tf ) = 0. (2.142)

Similar to any other multi-interval method, since the state must remain continuous

between subintervals, we require that the continuity conditions x(T−k ) = x(T+
k ) are

satisfied at T1, . . . , TK−1.

The multiple-interval form of the LGR collocation method [41] is then stated as

follows. First, the state of the continuous-time optimal control problem is approxi-

mated using Lagrange polynomials in Sk, k ∈ [1, . . . , K] by

x(k)(τ) ≈X(k)(τ) =

Nk+1∑
j=1

X
(k)
j `

(k)
j (τ), (2.143)

where `
(k)
j (τ) is the Lagrange polynomials basis given by

`
(k)
j (τ) =

Nk+1∏
l=1
l 6=j

τ − τ (k)
l

τ
(k)
j − τ (k)

l

, j = 1, . . . , Nk+1. (2.144)

Using a Lagrange polynomial basis is especially useful as it satisfies the isolation

property

`
(k)
j (τl) =

{
0 , j 6= l

1 , j = l
(2.145)

which results in the interpolation being exact at the collocation point, i.e. x(k)(τj) =

X(k)(τj). The support points for the Lagrange polynomials are the LGR collocation

points in Sk = [Tk−1, Tk), with τ
(k)
Nk+1 = Tk being a noncollocated point. Differentiating

X(k)(τ) in (2.143) with respect to τ gives

dX(k)(τ)

dτ
=

Nk+1∑
j=1

X
(k)
j

d`
(k)
j (τ)

dτ
. (2.146)
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Then collocating the dynamics (2.140) at the LGR points, we obtain

Nk+1∑
j=1

D
(k)
ij X

(k)
j −

tf − t0
2

f(X
(k)
i ,U

(k)
i , τ

(k)
i ; t0, tf ) = 0, i = 1, . . . , Nk (2.147)

where

D
(k)
ij =

d`
(k)
j (τ)

dτ

∣∣∣
τ=τ

(k)
i

, i = 1, . . . , Nk, j = 1, . . . , Nk + 1 (2.148)

are the elements of the Nk × (Nk + 1) LGR differentiation matrix D(k) associated

with the mesh interval Sk, k ∈ [1, . . . , K]. Alternatively, the dynamics can be collo-

cated using an equivalent implicit integral form [41] to obtain the following integral

collocation condition

X
(k)
i+1 −X(k)

1 −
tf − t0

2

Nk∑
j=1

I
(k)
ij f(X

(k)
i ,U

(k)
i , τ

(k)
i ; t0, tf ) = 0 i = 1, . . . , Nk. (2.149)

where I
(k)
ij are the elements of the Nk ×Nk LGR integration matrix associated with

the mesh interval Sk, k ∈ [1, . . . , K], and is obtained from the inversion of a submatrix

of the LGR differentiation matrix as given below.

I(k) =
[
D

(k)
2 , . . . ,D

(k)
Nk+1

]−1

. (2.150)

Furthermore, it was shown in [41] that I(k)D
(k)
1 = −1, where −1 denotes a column

vector of all ones with length Nk.

The cost functional (2.139) can be approximated with an LGR quadrature

J ≈ Φ(X
(1)
1 , t0,X

(K)
NK+1, tf ) +

K∑
k=1

Nk∑
j=1

tf − t0
2

w
(k)
j L(X

(k)
j ,U

(k)
j , τ

(k)
j ; t0, tf ), (2.151)

where w
(k)
j , j = 1, . . . , Nk are the LGR quadrature weights [40] in the mesh interval Sk.

Finally, the optimal control problem can be transcribed into a finite-dimensional non-

linear programming problem (NLP) where the approximated cost functional (2.151)

is minimised subject to the defect constraints (2.149), the discretised path constraints

cmin ≤ c(X(k)
i ,U

(k)
i , τ

(k)
i , t0, tf ) ≤ cmax, i = 1, . . . , Nk, (2.152)
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and the discretised boundary conditions

b(X
(1)
1 , t0,X

(K)
NK+1, tf ) = 0. (2.153)

The continuity condition in the state at the interior mesh points can be automatically

satisfied by using the same variable for X
(k)
Nk+1 = X

(k+1)
1 , k = 1, . . . , K − 1.

It is worth mentioning that some optimal control problems are also subject to

integral equality and inequality of type

qmin ≤
∫ tf

t0

q(x(k)(τ),u(k)(τ), τ ; t0, tf )dτ ≤ qmax. (2.154)

Inclusion of such an integral constraint is straightforward in this framework. This

can be done by applying LGR quadrature to (2.154) so that it is transformed into

the following algebraic inequality

qmin ≤
K∑
k=1

Nk∑
j=1

tf − t0
2

w
(k)
j q(X

(k)
j ,U

(k)
j , τ

(k)
j ; t0, tf ) ≤ qmax, (2.155)

which can be directly included in the NLP.

It is also important to mention that inclusion of static parameters is also very

convenient as they can simply be added as extra decision variables in the NLP.

2.7.1 Mesh Refinement

Traditional fixed order methods such as Euler, Trapezoidal and Runge-Kutta rely on

mesh width reduction for error convergence and hence are known as local collocation

or h-methods. In global collocation or pseudospectral methods, one approximat-

ing polynomial is used across the entire horizon. The order of this polynomial is

then increased to reduce the error, hence giving the name p-methods. For problems,

which are infinitely smooth and well-behaved, p-methods benefit from exponential

convergence but in the presence of any non-smoothness this behaviour is lost. In

this situation, error convergence becomes very slow and an excessively large order

polynomial is needed to achieve an acceptable error threshold.

Many optimal control problems have piecewise continuous solutions with discon-

tinuous first order derivatives. In these problems, a p-method would be inefficient
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and will exhibit a poor error behaviour. One reason for this inefficiency is that a

large polynomial order approximation would result in dense Jacobian and Hessian

matrices of the defect constraints. The main success of collocation methods arises

from the fact they result in sparse NLPs upon transcription. This loss of sparsity at

high polynomial orders significantly inhibits the solution speed of the NLP. In con-

trast to p-methods, an adaptive h-method can use a denser grid at positions where

non-smoothness occurs to obtain a relatively good estimate. However, having a fixed

order approximation prevents such methods benefiting from the exponential conver-

gence in places where the solution is smooth. This means that they might require an

unreasonably large number of mesh segments to achieve the desired error threshold,

which will in turn increase the size of the NLP.

In order to combine the benefits of both methods, an h- and p-adaptive pseu-

dospectral method can be implemented where the mesh position and width, and the

polynomial order are simultaneously determined based on the error behaviour [44].

If the error across a particular segment has a uniform behaviour, the number of col-

location points can be increased. Conversely, if the error at an isolated point within

a segment is significantly larger than the errors at other points within the segment,

the segment can be subdivided and an appropriate order polynomial can be used

in each subinterval. As such, the exponential convergence in the smooth sections is

maintained, whilst ensuring that NLP sparsity is not significantly diminished in the

presence of non-smoothness.

2.7.1.1 Error Estimation

The error between the calculated solution and the actual solution is the main indicator

of where a finer mesh or higher degree polynomial is required. Since the exact solution

is not known, this error has to be estimated using some method. For example, in a

h-method, a finer mesh can be used and the difference between the solution from the

original mesh and the finer mesh can act as an error estimate. In an LGR method

where Lagrange polynomials are used with LGR points as support nodes, one strategy

would be to use interpolation between the collocation points to find a higher order

47



estimate of dynamics by using the state derivative approximation and comparing

them against the values that are produced by the state dynamics equation. More

precisely, suppose in the mesh Sk = [Tk−1, Tk], we have Nk collocation points at

τ
(k)
j , j = 1, . . . , Nk with τ

(k)
Nk+1 = Tk being the non-collocated point at the end of the

interval. The state approximation denoted by X(k)(τ) in this case is as was given in

(2.143). Likewise, the control approximation can be written as

u(k)(τ) ≈ U (k)(τ) =

Nk∑
j=1

U
(k)
j

ˆ̀(k)
j (τ), ˆ̀(k)

j (τ) =

Nk∏
l=1
l 6=j

τ − τ (k)
l

τ
(k)
j − τ (k)

l

(2.156)

with U
(k)
j , j = 1, . . . , Nk giving the control values at the collocation points.

Now we will introduce a finer estimate with Mk LGR points such that Mk > Nk.

We will denote the new set of support points by τ̂
(k)
j , j = 1, . . . ,Mk + 1. The right-

hand side of the dynamics, i.e. the function f can then assist us to obtain an improved

approximation of the state derivative. To this end, if we use the differential form of

LGR collocation, we obtain

ˆ̇X(τ̂j
(k)) =

Mk+1∑
l=1

D̂
(k)
jl X̂(τ̂j

(k)), j = 1, . . . ,Mk, (2.157)

where D̂
(k)
jl is the Mk×Mk + 1 LGR derivative matrix corresponding to the finer grid

with collocation points at τ̂
(k)
1 , . . . , τ̂

(k)
Mk

. On the other hand,

Ẋ(τ̂j
(k)) =

tf − t0
2

f(X(k)(τ̂l
(k)),U (k)(τ̂l

(k)), τ̂l
(k)), j = 1, . . . ,Mk, (2.158)

gives the state derivatives from interpolation of the original state derivatives. Clearly,

the state derivative absolute error estimate can then be written as [44]

E
(k)

Ẋ
(τ̂j

(k)) = | ˆ̇X(τ̂j
(k))− Ẋ(τ̂j

(k))|, j = 1, . . . ,Mk. (2.159)

Alternatively, if we seek a state error estimate, we can define

X̂(τ̂j
(k)) = X(k)(τk−1) +

tf − t0
2

Mk∑
l=1

Î
(k)
jl f(X(k)(τ̂l

(k)),U (k)(τ̂l
(k)), τ̂l

(k)), (2.160)

for j = 2, . . . ,Mk + 1 with Î
(k)
jl being the Mk ×Mk LGR integration matrix corre-

sponding to LGR points at τ̂
(k)
1 , . . . , τ̂

(k)
Mk

. Then, by interpolating the original state
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variables, we can determine X(τ̂j
(k)) to arrive at the following state absolute error

estimate [43].

E
(k)
X (τ̂j

(k)) = |X̂(τ̂j
(k))−X(τ̂j

(k))|, j = 1, . . . ,Mk + 1. (2.161)

The relative state error vector can then be defined by

e
(k)
X (τ̂j

(k)) =
E

(k)
X (τ̂j

(k))

1 + max
l∈[1,...Mk+1]

|X(τ̂l
(k))|

. (2.162)

The maximum relative state error, e
(k)
max, is then given by the largest element of e

(k)
X

across all the new LGR points in mesh Sk. By considering an example that had

an analytical solution, it was shown in [43] that the state error estimates from this

method match the actual errors very closely.

2.7.1.2 Mesh Adaptation

Many mesh adaptation strategies have already been developed for pseudo-spectral

methods with some examples including [43–45]. The goal of these algorithms is to

decide whether a segment should be divided into more intervals or the order of approx-

imating polynomial should be increased when the desired error threshold is not met

across that segment. One example of such an algorithm is the ph-adaptive method

described in [43]. In this scheme, the order of polynomial is first increased to check

whether the required error threshold can be achieved. The size of this order increase

is based on the following rule

Pk =

⌈
log

(
e

(k)
max

ε

)⌉
, (2.163)

where e
(k)
max is the maximum relative error estimate as explained earlier, ε is the desired

relative error threshold and d.e denotes the ceiling operation. This rule was obtained

by considering the error behaviour of pseudospectral methods. The user defined

parameters Nmin and Nmax set the minimum and maximum number of collocation

points in each mesh. If Nk is the number of collocation points in mesh Sk at the

current iteration, then the polynomial order is increased by Pk, as long as Nk + Pk is
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less than Nmax. In contrast, if Nk + Pk > Nmax, then the mesh has to be subdivided.

Each new mesh is then started with Nmin collocation points with the number of new

subintervals in Sk being given by

Bk = max

(⌈
Nk + Pk
Nmin

⌉
, 2

)
. (2.164)

This process is then repeated until the maximum relative error across all meshes is

reduced under the desired level or the maximum number of iterations is reached. It is

worth mentioning that if the user defines Nmin = Nmax, the described scheme becomes

a standard fixed order method with adaptive step-size.

2.8 Related Issues

In this section, we discuss two of the limitations of the direct optimal control methods

and suggest remedies to overcome these issues. One is the presence of discontinuities

in the problem formulation and the other the presence of singular arcs along the

solution.

2.8.1 Non-smooth Features

Newton-type algorithms typically require first-order derivative information and some-

times also second-order information for functions defining the cost and constraints.

For this reason any discontinuity or non-smooth problem features have to be approx-

imated in a way that does not significantly change the problem’s solution. Functions

such as min(x, 0) and max(x, 0) have undefined derivatives at x = 0, and are therefore

approximated using [4],

max(x, 0) ≈ x+
√
x2 + ε

2
and min(x, 0) ≈ −−x+

√
x2 + ε

2
, (2.165)

in which ε is a ‘small’ constant. Since

∂

∂x

(
1

2

(
x+
√
x2 + ε

))
=

1

2

(
x√
x2 + ε

+ 1

)
, (2.166)

one sees that the derivative approximation for max(x, 0) at x = 0 is now well-defined.

One may also make use of max(a, b) = a+ max(0, b− a).
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In the case of |x|, one can use

|x| ≈
√
x2 + ε

in this case
∂

∂x

√
x2 + ε =

(
x√
x2 + ε

)
,

with the derivative approximation at x = 0 again well-defined. These approximations

become more accurate as the value of ε is reduced, with values in the range 10−5 ≤
ε ≤ 10−2 typical for the results given in this thesis.

2.8.2 Singular Arcs

In many optimal control problems, the Hamiltonian is linear in control and can be

written as

H(x,u,λ) = H0(x,λ) + uH1(x,λ). (2.167)

where H1 is referred to as the switching function,

In such situations, if the control is bounded, according to PMP (2.99) the optimal

control would be switching between the boundaries and the profile would typically

be bang-bang so long as the switching function remains non-zero. However, when

H1 = 0, PMP provides no information as to how the optimal control should be

chosen. This situation manifests itself as a singularity in the transcribed NLP where

the optimisation routine becomes unable to choose the correct control. Along the

singular arc the control then becomes oscillatory, which inhibits the convergence of

the solution. However, this behaviour is caused by the nature of numerical algorithms

and it is not in fact the optimal solution.

Application of (2.99) in this case results in

∇uH(x∗,u∗,λ∗) = H1(x∗,λ∗) = 0, (2.168)

which also implies ∇2
uuH = 0 as H1 does not involve u. In this case (2.168) can

be differentiated with respect to time repeatedly until an expression explicit in u
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appears. The additional necessary condition of optimality for the singular arcs is

given by the generalised Legendre-Clebsch condition [46]

(−1)k
∂

∂u

(
d2k∇uH
dt2k

)
≥ 0, k = 1, 2, . . . (2.169)

In context of a direct optimal control method, the additional necessary condi-

tion can then be used as a feedback law to remove the singularity and enable the

optimiser to choose the optimal control. This can be done by having a multi-phase

problem description, where the derived feedback law is inserted in the phase where

the singularity occurs.

Nevertheless, one of the main motivations of using a direct method is avoiding the

cumbersome procedure of deriving the optimality conditions. This means that it is

highly desirable to avoid deriving the higher order necessary conditions along singular

sub-arcs. Some remedial solutions have been suggested in the literature to alleviate

this issue. In [47] it was proposed that a perturbation term of form ε/2uTRu be

added to the Lagrange cost, with R being a positive definite weight matrix. This

would make Huu non-singular along the singular sub-arcs for some ε > 0 .

H̃uu(x,u,λ) = Huu(x,u,λ) + εR > 0. (2.170)

The problem can then solved successively for deceasing values of ε. This makes

the solution approach that of the original problem in a similar way to a homotopy

method. Results from each step are then used as the starting guess for the next

iteration. When ε reaches below a pre-defined threshold, the result is then chosen as

the optimal solution. However, it was found that as ε approaches zero, the problem

would become singular again, at which point the algorithm should be stopped [47].

In [48] a similar idea was proposed which did not require ε to go to zero. A

piece-wise derivative variation perturbation term was introduced in the cost objective

and it was shown that the solution of transcribed problem would approach that

of the original as the number of mesh points increased whilst subduing the erratic

oscillations. A similar but simpler to implement approach is suggested here, in which
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a regularisation term is added for the control, such that the modified Lagrange cost

becomes

J̃ =

tf∫
t0

(
L(x(t),u(t), t) + ε/2u̇TRu̇

)
dt. (2.171)

Intuitively, since the cost functional is augmented with a term that penalises fast

changes in control, the optimisers choose a control that is more smooth, which helps

the problem converge faster.

2.9 Summary

In this chapter, we provided the necessary background for understanding numerical

optimal control algorithms. We started with an explanation of optimisation methods

and presented the main general techniques of solving nonlinear programs (NLP). It

was shown how the main results from calculus of variations can be used to derive the

necessary optimality conditions for general optimal control problems.

Indirect optimal control methods aim to solve the boundary value problem (BVP)

arising from the necessary conditions. Various methods of solving the BVP were then

discussed. In this thesis, a direct LGR pseudospectral method is used. We showed

how LGR collocation can be used to transcribe an optimal control problem into a

finite-dimensional problem, which can then be solved using a suitable NLP solver.

An insight into the practical implementation of an LGR pseudospectral method was

then provided to illustrate the inner workings of the algorithm used for solving the

optimal control problems presented in subsequent chapters.
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Chapter 3

Suspension Modelling of a
Formula-1 Car

3.1 Introduction

S
uspension systems are sprung mechanisms that connect the chassis of a car to

the wheel carriers. This flexible connection uses a parallel spring-damper com-

bination to support the weight of the vehicle, improve road holding and isolate the

driver from road disturbances. An introductory discussion of vehicular suspension

systems can be found in [49]. A number of independent suspensions are surveyed

in [50], where the synthesis of suspension linkages is studied, including their kine-

matic structure, their dimensions, and their compliance properties. The well-known

MacPherson strut suspension is modelled in [51] as a three-dimensional kinematic

mechanism; both linear and nonlinear analyses are provided. A MacPherson suspen-

sion mechanism model is also developed [52], where a parameter estimation technique

based on the singular value decomposition is studied.

Multiple link suspension systems, of the type used in open-wheeled race cars,

have been analysed in both industrial and academic papers. The design of a race

car suspension is considered in [53]. This paper outlines a procedure for determin-

ing optimal suspension parameters, and contains an example that includes a heave

spring, anti-roll bar, torsion bar and rocker assembly. The kinematic and dynamic

behaviours of a five-link suspension unit are studied in [54], where the movement of

the wheel carrier is constrained by five rods terminated at each end with a spheri-
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cal joint. Rigid-body analyses of five-rod suspensions are extended to mechanisms

with flexible joints in [55]. Flexible joints with experimentally determined linearized

compliance matrices are considered, leading to an algorithm for the elasto-kinematic

analysis of the mechanism. The optimal synthesis of a five-link independent sus-

pension system is considered in [56]. The synthesis objective is the minimisation of

variations in the wheel track, and the toe and camber angles during the jounce and

rebound of the wheel. The kinematic design of double-wishbone suspension systems

is studied in [57], where multi-objective design optimisation is employed. The design

parameters include the lengths of the links and the position of the ground joints. An

in-plane 2-DOF kineto-dynamic quarter-car model for a double wishbone suspension

was developed in [58] to obtain equivalent stiffness and damping rates for response

analysis and suspension synthesis. The kinematics of a MacPherson strut mechanism

and a five rod Mercedes 190 series rear wheel suspension are studied in [59] using

symbolic computation and interval analysis.

Aerodynamics influences play a major role in the performance of Formula One

cars. It is important for high-performance car designers to minimise drag, while si-

multaneously seeking to maximise downforce effects in order to improve road holding

and tyre performance. Although Formula One regulations limit the use of ground

effect aerodynamics, they are still an effective means of creating downforce with only

a small drag penalty. Since aerodynamic effects are strongly influenced by the orien-

tation and proximity of the car to the road, the vehicle’s suspension system plays an

important part in determining the aerodynamic performance of the car.

A typical Formula One car deploys a double wishbone suspension system with a

push rod, or pull rod for force transmission, and a rack-and-pinion steering arrange-

ment. In this chapter, we aim to model a general purpose double wishbone suspension

system so that its effect on aerodynamic performance can be studied and optimised in

Chapter 4. The kinematics of the suspensions are derived by studying its geometrical

properties. Using force analysis, the normal wheel loads are then related to the sus-

pension configuration. In order to keep the computational burden to an acceptable
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Figure 3.1: The suspension system of a typical Formula One car. The wishbones are
shown in black, the suspension push rods are shown in green and the track rods are
shown in red. The origin of the SAE coordinate system is Oc.

level for use in optimal calculations, an appropriate meta-model, which captures the

suspension behaviour accurately is presented.

In Figure 3.1 the 24 elements of a Formula One car suspension are shown; the

wishbones are coloured black, the push rods are coloured green and the track rods

are coloured red. The wheel carrier fixed points are shown as blue hexagrams. The

car-body fixed points, the chassis ends of the push rods and the chassis ends of the

track rods are marked with red hexagrams.

3.2 Suspension Analysis

The kinematics of a suspension system are determined by its motion constraints.

To fix ideas, we will focus on Figure 3.2 that shows the front-left suspension of a

Formula One car. Rods one to four make up the double-wishbone suspension elements.

Rod five is the steering track rod, which connects the wheel carrier to the steering

56



FTL
MTL

P2

P1

P5

P4

P3
P6

Q1,2

Q3,4

Q5

Q6

l1

l2

l3

l4

l5

l6

x

y

z

Oc

Ow

x

y

z

Figure 3.2: Front-left suspension configuration of a typical Formula One car with a
push rod suspension system. The axis system OCxyz is fixed in the car body, while
OWxyz is fixed in the wheel carrier with its origin at the wheel’s geometric centre.
The points Pi are in the car chassis (with points P1 · · · , P4 fixed in the car chassis)and
the points Qi are fixed in the wheel carrier. The lengths of the double wishbones are
l1 · · · , l4, the push rod l5 and the track rod l6.

rack. Rod six is the suspension push bar, which connects the wheel carrier to a

suspension strut rocker mechanism mounted within the car’s body; see Figure 3.3. In

the following analysis all the joints in Figure 3.2 are treated as spherical.

In order to describe the suspension motion constraints in detail, we introduce car-

fixed and wheel-carrier-fixed reference frames OCxyz and OWxyz respectively. As

shown in Figure 3.2, points P1 to P4 are fixed in car chassis and are connected to

Q1 to Q4 that are fixed in the wheel carrier using fixed-length wishbones of length

li i = 1, · · · , 4. Points P5 and Q5 are at opposite ends of the steering track rod with

Q5 fixed in the wheel carrier. Point P5 is connected to the steering rack and moves

in the car body as the steering wheel position is varied. Points P6 and Q6 are at

opposite ends of the suspension push rod with Q6 fixed in the wheel carrier. Point

P6 is connected to a rocker mechanism and moves in the car body in sympathy with

movements of the push rod; see Figure 3.3. The steering track rod and suspension

push rod have lengths l5 and l6 respectively. This system has two degrees of freedom
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Figure 3.3: Push-rod and rocker set-up. The heave spring has stiffness Kh. Right-
and left-hand quantities are labelled with subscripts R and L respectively.

corresponding to changes in the steering angle and to changes in the angular position

of the suspension rocker mechanism. The suspension rockers are also connected to a

parallel heave spring and damper combination, a torsion bar and an anti-roll bar; the

damper is not considered in the quasi-static analysis presented here. A tyre moment

MTL is applied to the wheel carrier body, with a tyre force FTL applied at the wheel’s

ground contact point.

Six motion constraints derive from the fixed lengths of the six suspension elements.

If we suppose that Pi and Qi are vector representations of the corresponding points

in Figure 3.2 (expressed in a common reference frame), then the magnitudes of each

of the six differences Pi −Qi (lengths) must be fixed too. That is

‖Pi −Qi‖2
2 = l2i i = 1, · · · , 6 (3.1)

in which the lengths li are constant. A steering angle δ results in a displacement

of the steering rod mount point in the y-axis direction, which is proportional to the

radius r of the steering pinion

P5 =
[
0 −rδ 0

]T
+ P 0

5 ; (3.2)

P 0
5 is the straight-running position of P5.

These equations determine a hypersurface over which the twelve points in Fig-

ure 3.2 must move. In order to describe points that are fixed in the wheel carrier, in

the car’s reference frame, we need to recognise the relative motion of the two. There

are six degrees of relative motion movement that are constrained by (3.1).
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The translational freedoms of the wheel carrier (relative to the car) are

D =
[

∆x ∆y ∆z
]T
. (3.3)

The rotational freedoms of the wheel carrier relative to the vehicle’s chassis are

described in terms of the elementary rotations Rx(φ), Ry(θ) and Rz(ψ), which are

described by

Rx(φ) =

1 0 0
0 cφ −sφ
0 sφ cφ

 Ry(θ) =

 cθ 0 sθ
0 1 0
−sθ 0 cθ

 Rz(ψ) =

cψ −sψ 0
sψ cψ 0
0 0 1

 (3.4)

in which sφ and cφ are the sine and cosine, respectively, of φ. The same notation is

used for θ and ψ. As a result

xci = Rz(ψ)Rx(φ)Ry(θ)xwi +D (3.5)

describes a point xwi that is fixed in the wheel carrier in the chassis frame. When

working with (3.1) all points are referred to the chassis frame. Equations (3.1) and

(3.5) provide six motion constraints that determine the kinematic behaviour of the

suspension system.

As shown in Figure 3.3, the left- and right-hand sides of the suspension system

are coupled through a heave spring (and a parallel damper which is not shown) and

a rocker assembly. The right- and left-hand rockers are mounted on torsion bars with

stiffnesses Ktr and Ktl respectively. The two rockers are also coupled by an anti-roll

bar that resists chassis roll. This is represented by a moment (αR+αL)Karb applied to

each rocker, in which αR and αL are the right- and left-hand rocker angles. The anti-

roll bar stiffness is denoted by Karb. In Figure 3.3, FPL and FPR are the magnitudes

of the right- and left-hand push rod forces, P6L and P6R are the push rod attachment

points, PHL and PHR are the end points of the heave spring, RRPL and RRPR are the

rocker pivot points and Kh is the heave spring stiffness.

In order to compute a moment balance for the rockers, we introduce the rotation

matrix R = R(n̂, α) that describes a rotation through α around the unit vector n̂:

R(n̂, α) = cos(α)I + (1− cos(α))n̂n̂T + sin(α)S(n̂) (3.6)
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in which the skew-symmetric matrix S(n̂) is defined by

S(n̂) =

 0 −nz ny
nz 0 −nx
−ny nx 0

 . (3.7)

Taking moments around the pin joint PRPL gives

0 = (FPL(R(n̂RL, αL)(P6L − PRPL))× d̂6).n̂RL

+(Fheave(R(n̂RL, αL)(PHL − PRPL))× d̂hs).n̂RL
−KtlαL −Karb(αL + αR) (3.8)

in which n̂RL is the left rocker pivot rotation axis, d̂6 is a unit vector in the direction of

l6, d̂hs is a unit vector in the heave spring direction pointing from PHL to PHR, Fheave

is the heave spring force magnitude, ‘.’ represents the dot product and × represents

the cross product.

In the same way one can take moments around PRPR to obtain

0 = (FPR(R(n̂RR, αR)(P6R − PRPR))× d̂6).n̂RR

−(Fheave(R(n̂RR, αR)(PHR − PRPR))× d̂hs).n̂RR
−KtrαR −Karb(αL + αR) (3.9)

in which the various term in (3.9) must be interpreted in the context of the right-hand

suspension assembly. The heave spring force Fheave is a function of the change in its

length, and is given by

Fheave = Kh(∆L)∆L (3.10)

in which ∆L = |PHR−PHL| −L0 with L0 the unloaded length. In general, the heave

spring stiffness is non-linear and tends to ‘harden’ as it is compressed.

The equations of motion describing the suspension system will now be determined

using force and moment balances with the aid of the free body diagram shown in

Figure 3.4 below. We will suppose that the reaction force acting at point Qi has

magnitude RLi and acts in direction d̂i. It should be noted that although the reaction

forces are vector-valued quantities, it is only the magnitudes of these vectors that are
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Figure 3.4: Free body diagram of the front-left wheel carrier. The reaction force
magnitudes are given by RLi with their directions given by d̂i for i = 1, · · · , 6. The
external torque acting on the wheel career is MTL and FTL is the external tyre force
applied at the ground contact point QGC .

unknown, since their directions are determined by the kinematic constraints. The

external forces acting on the wheel carrier are the tyre force FTL, and the gravitational

force due to the wheel carrier’s mass mL, which is given by

FLg =
[
0 0 mLg

]T
. (3.11)

The tyre force FTL and the gravitational force FLg are expressed in the chassis ref-

erence frame, which is assumed for present purposes to be aligned with the inertial

frame. Summing forces on the left-hand wheel carrier gives

0 = FTL + FLg +RL1d̂1 +RL2d̂2 +RL3d̂3 +

RL4d̂4 +RL5d̂5 + FPLd̂6 (3.12)

in which RL6 = FPL is the force acting on the left-hand rocker. This equation provides

three scalar equations in the six left-hand unknown reaction force magnitudes. A

similar force balance on the right-hand front wheel carrier gives

0 = FTR + FRg +RR1d̂1 +RR2d̂2 +RR3d̂3 +

RR4d̂4 +RR5d̂5 + FPRd̂6, (3.13)
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where RR6 = FPR is the force acting on the right-hand suspension rocker. In this

case

FRg =
[
0 0 mRg

]T
(3.14)

with the d̂i’s interpreted in a like manner in the context of the right-hand front wheel.

This equation provides another three equations in the six right-hand reaction force

magnitudes.

As we will now show the remaining equations come from moment balance calcula-

tions. To begin, we define a set of vectors that point from point Q1, which is fixed in

the wheel carrier, to points Qi i = 2, · · · , 6, OW and the tyre ground contact point

QGC . These vectors are given by d12, d13, d14, d15, d16, d1W and d1GC respectively.

With the exception of d1GC , these vectors are known and fixed in the wheel carrier.

In order to find the vector d1GC , which represents a moving point in the wheel

frame, we need to study the geometry of the ground contact point. To that end we

introduce the vector êw = [0 1 0]T , which is fixed in the wheel carrier, and points in

the direction of the wheel spindle. The wheel spindle unit vector, expressed in the

car frame, is thus given by

êcw = Rz(ψ)Rx(φ)Ry(θ)êw. (3.15)

If the pitch and roll of the car relative to the road is ‘small’, the unit road-normal

expressed in the chassis frame can be approximated by êrn = [0 0 1]T . This means

that the vector pointing from the wheel centre to the ground contact point is given

by

rw = Rfw(FTL)r̂w (3.16)

where r̂w is the wheel’s unit road normal vector expressed in car frame defined by

r̂w = − êcw × (êcw × êrn)

‖êcw × (êcw × êrn)‖2

(3.17)

and hence d1GC = rw+d1W . Figure 3.5 illustrates the loaded tyre radius characteristic

used here, which is given by

Rfw = 326.0 + 4.00× 10−3FTL + 4.075× 10−8F 2
TL, (3.18)
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Figure 3.5: Tyre loaded radius as a function of the normal tyre load.

in which FTL is the normal tyre load and is given in Newtons.

Taking moments around Q1 in Figure 3.4 gives

0 = MTL + d1GC × FTL + d1W × FLg +RL2(d̂2 × d12)

+RL3(d̂3 × d13) +RL4(d̂4 × d14) +RL5(d̂5 × d15)

+RL6(d̂6 × d16). (3.19)

A similar calculation for the front right wheel gives

0 = MTR + d1GC × FTR + d1W × FRg +RR2(d̂2 × d12)

+RR3(d̂3 × d13) +RR4(d̂4 × d14) +RR5(d̂5 × d15)

+RR6(d̂6 × d16) (3.20)

in which the vectors d̂2, · · · , d̂6, d1GC and d12, · · · ,d16 must be interpreted in an

analogous manner in the context of the right-hand suspension.

In sum, equations (3.1) are used to determine the right- and left-hand Euler angles

(3.4) and the right- and left-hand wheel carrier displacements in (3.3); twelve variables

in total. Equations (3.8) and (3.9) determine the two rocker angles. Equations (3.12),

(3.13), (3.19) and (3.20) determine the twelve right- and left-hand push rod force mag-

nitudes. Equations (3.1), (3.8), (3.9), (3.12), (3.13), (3.19) and (3.20) can be solved

for the twenty six unknowns associated with each axle using the nonlinear equation
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solver fsolve in MATLABTM. Figures 3.6 and 3.7 illustrate the force-displacement be-

haviour of the front-left suspension system as a function of the normal tyre load; the

front-right hand tyre is assumed un-loaded. To focus the attention on the suspension

behaviour, the tyre is assumed to be rigid and tyre squash is ignored. It is evident

from Figure 3.6 that the wheel’s camber and toe angles vary very little as a result of

normal load variations. These two quantities are defined by

δcamber = arcsin(êcw · êrn) (3.21)

γtoe = arctan

(
ecpy
ecpx

)
(3.22)

where ecpx and ecpy are the x- and y-axis components of êcp, which is the unit vector

perpendicular to the wheel spindle axis and the unit road normal vector êrn, given

by

êcp =
êcw × êrn
‖êcw × êrn‖2

. (3.23)

Figure 3.7 shows that the suspension movement resulting from normal load varia-

tions is almost entirely in the vertical direction. As the load increases on the left tyre,

the ground contact point moves upwards and slightly outwards as the wheel cambers.

The conclusions relating to Figures 3.6 and 3.7 are not necessarily general ones, and

relate only to the particular race car suspension geometry being studied here. The

description of the nonlinear equations provided here could be alternatively derived

using a multi-body modelling software.

3.2.1 Suspension Metamodels

Given its complexity, the suspension model described by Equations (3.1), (3.8), (3.9),

(3.12), (3.13), (3.19) and (3.20), and the tyre squash, are replaced by a metamodel,

which acts as a “surrogate” for these equations. The intention is to preserve the

accuracy of the physical kinematic model, while seeking simultaneously to signifi-

cantly increase its solution speed in the context of optimal control calculations. The
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function of tyre vertical load. These results are expressed in an SAE coordinate
system fixed in the car body - a right-hand rule is used for angles.
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Figure 3.7: Ground contact point displacements as a function of tyre vertical load.
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Figure 3.8: Suspension and tyre squash induced roll angle φr and ride height hr at
the rear axle; the car is driving into the page and into a right-hand bend. The rear-
axle ride height in the nominal configuration is hr0 and is measured relative to the
reference plane (fixed in the car); see Drawing 7 in [1]. The front axle is treated in
the same way with φr, hr and hr0 replaced with φf , hf and hf0. The ride height is
expressed in the inertial coordinate system given by nx and ny.

interested reader is referred to [60] for a review of metamodelling in the context of gen-

eral engineering design optimisation. Models based on approximating polynomials,

splines, radial basis functions, neural networks and Kriging are all discussed.

Since the suspension deflection is dominated by the normal tyre load, the tyre

moments MTL and MTR, the x- and y-axis components of FTL and FTR, and the

steering angle δ can all set be to zero for the purpose the aerodynamic force studies

carried out later. Although these forces and moments can become sizeable in certain

manoeuvres, their influence on the vertical displacement of the wheel remains small

compared to that of the normal wheel load. This is especially true in the F1 car

considered, where a large part of the chassis vertical movements is due to tyre squash,

which is largely dictated by the normal tyre load. Nevertheless, the influence of other

components can be taken into account by augmenting the metamodel with sweeping

values of the required components. In these studies we make use of a SAE coordinate

system that is fixed in the road.

Figure 3.8 shows the rear axle of the car with its associated roll angle and ride

height. In its nominal configuration1 the front ride height is hf0 = −14 mm, while the

1The car is stationary on the garage floor.
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Figure 3.9: Front axle ride height and roll angle variations as a function of right-
and left-hand normal tyre load changes. The left-hand plot shows the front axle ride
height, while the right-hand plot shows the front axle roll angle.

rear ride height is hr0 = −74.1 mm. The nominal values of the heave spring stiffness

are chosen to be 1000 kN/m and 650 kN/m for the front and rear axles respectively.

In the case of the front axle, the normal tyre loads are swept from zero to -6 kN, with

the resulting ride height and roll angle variations shown in Figure 3.9. If the tyre

normal loads are swept from zero to -8 kN at the rear axle, the resulting ride height

and roll angle variations are shown in Figure 3.10.

Figure 3.10 shows that the rear ride height varies between -88 mm and -27 mm,

with the rear axle roll angle ranging over ± 5o. The front ride height varies between

-24 mm and 7 mm, while the front axle roll angle varies over the ± 2.4o range as

shown in Figure 3.9. Under cornering conditions the car rolls out of the bend and

so right-hand corners result in negative roll angles; this is the situation illustrated in

Figure 3.8. As the tyre loads increase, the car moves towards the road (in the positive

nz-axis direction; see Figure 3.8).2

2The fact that the reference frame can pitch relative to the road means that ride heights can take
on positive and negative values within the suspension’s operating range.
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Figure 3.10: Rear axle ride height and roll angle variations as a function of right-
and left-hand normal tyre load changes. The left-hand plot shows the front axle ride
height, while the right-hand plot shows the front axle roll angle.

In optimal lap time simulations it will be necessary to perform these calculations

many times over and so it is necessary to perform these calculations fast. To that

end, we will fit multivariate polynomials to pre-computed data of the type shown in

Figures 3.9 and 3.10 using the least squares algorithm described in Appendix A. The

smooth nature of the ride height and roll angle data shown in these figures suggests

that this data can be accurately represented by relatively low-order multivariate poly-

nomials. Table 3.1 gives the coefficients associated with the multivariate polynomial

descriptions of the rear- and front-axle ride height and roll angles.

- 1 Fl Fr F 2
l FlFr F 2

r

hf -21.52 -2.513 -2.513 -0.08324 0.1126 -0.08324
φf 0 0.00851 -0.00851 0.000256 0 -0.0002562
hr -89.04 -4.1305 -4.1305 -0.09450 0.1119 -0.09450
φr 0 0.01118 -0.01118 6.134×10−05 0 -6.134×10−05

Table 3.1: Multivariate polynomial coefficients of the front- and rear-axle ride height
(in mm) and roll angle (in rad) in Graded Reverse Lexicographic Order. The left- and
right-wheel normal loads Fl and Fr, respectively, are given in (kN).
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- 1 Fl Fr Kh F 2
l

hf -2.53e1 -3.70e0 -3.70e0 -1.19e-3 -1.07e-1

φf 6.56e-16 8.57e-3 -8.57e-3 -6.2e-19 2.88e-4
hr -9.07e1 -6.90e0 -6.90e0 -1.83e-2 -9.71e-2
φr -3.95e-16 1.11e-2 -1.11e-2 7.2e-19 6.88e-5

- FlFr FlKh F 2
r FrKh K2

h

hf 1.22e-1 9.77e-4 -1.07e-1 9.77e-4 3.13e-6
φf 6.49e-18 2.24e-7 -2.88e-4 -2.24e-7 1.8e-22
hr 9.43e-2 4.04e-3 -9.71e-2 4.04e-3 3.01e-5
φr 1.91e-18 2.28e-7 -6.88e-5 -2.28e-7 -3.5e-22

Table 3.2: Multivariate polynomial coefficients of the front- and rear-axle ride height
(in mm) and roll angle (in rad) in Graded Reverse Lexicographic Order with heave
spring stiffness included as an input. The left- and right-wheel normal loads Fl and
Fr, respectively, are given in (kN) and heave spring stiffness Kh in (kN/m).

Despite the relatively low order of these polynomial descriptions, the largest rear

axle ride height error across all mesh points is only 0.03 mm with a corresponding

maximum roll angle error of 0.027o. The largest front axle ride height error across all

mesh points is 0.147 mm with a corresponding maximum roll angle error of 0.038o.

In the context of racing lap time optimisation, it is often desirable to optimise

the suspension parameters. One important example of such a parameter is the heave

spring stiffness Kh value. Suspension optimisation can be achieved by including the

required parameter in the meta-model. To this end, the ride height and roll angle

of each axle can be solved for a range of varying spring stiffnesses in addition to the

normal tyre forces. The solution dataset can again be fitted to a multivariate poly-

nomial using the linear least squares algorithm in Appendix A to obtain the desired

meta-model. Table 3.2 gives the coefficients of the fitted multivariate polynomials

with the front and rear heave spring stiffness values included as input variables. Even

though the polynomials are only of quadratic order, the maximum error across all

mesh points for the front axle ride height was 0.44 mm and 0.047o for the roll angle,

with similar results obtained for the rear.

Figure 3.11 shows the front ride heights when equal normal tyre loads are applied

on each wheel for a range of heave spring stiffness values. As one can expect, with
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Figure 3.11: Front axle height ride for different values of heave spring stiffness as the
tyre loads are increased equally.

increasing tyre load the ride height increases (in SAE coordinates) thus bringing the

car closer to the road. A lower heave spring stiffness results in a higher variation in

the ride height.

Figure 3.12 shows the front axle roll angle for the case where the vertical force on

the left tyre is increased whilst the right tyre is kept unloaded. During a right-hand

turn, the load on the left tyre is higher than the right and this causes the car to

have a negative roll angle. In a high roll angle configuration, the bulk of the external

forces is resisted by the anti-roll and torsion bars. The value of the heave spring has

a relatively small influence on the axle roll angle since it essentially acts as a force

transmitter between the two rockers. Nevertheless, a more stiff heave spring results

in a larger roll angle variation as its length reduces less under a high normal wheel

load, which in turn causes the opposite rocker to rotate more.

3.3 Summary

In this chapter, the suspension of a typical Formula One car in push rod configuration

was modelled. This was done by considering the kinematics of the connecting rods

and deriving the equations which relate the external forces acting on the tyre to

the movements of the ground contact points. The developed model has a fairly high
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Figure 3.12: Front axle roll angle for different values of heave spring stiffness. The
left tyre load is varied while the right wheel load is kept at zero.

fidelity and takes into account the suspension geometry by considering the suspension

pick-up points and the length of suspension linkage bars. It also models the effects of

heave springs, anti-roll and torsion bars, tyre squash and movements of tyre ground

contact point as the configuration of the wheel carrier changes. This results in a

relatively large set of nonlinear equations that are suited to off-line computations. In

the following chapter, we aim to study the interactions of the vehicle’s aerodynamics

with the suspension and optimise various related quantities. Therefore, we proposed

to use multi-variate polynomials to act as a surrogate for the full suspension model

such that it can be employed in the dynamic lap time optimisation routines. It was

shown that low order multi-variate polynomials can approximate the behaviour of

stiff Formula One cars accurately. Various suspension parameters can be included in

the meta-model for purpose of optimisation as required.
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Chapter 4

Aero-Suspension Analysis and
Optimisation

4.1 Introduction

M
inimum lap time problems are of great importance to Formula One racing

teams. Such problems involve calculating the trajectory along with controls

which allow the car to traverse the circuit in minimum time. These problems are

typically solved by replacing the driver with a perfect controller that drives the car

at its absolute limits around the circuit. Using this approach, the performance of

the car against parameter changes can also be studied and optimised. In some races,

even a millisecond a lap can mean a different finishing grid position and hence the

racing teams try to optimise every aspect of the car to suit the circuit as best as

possible. The first attempt to tackle problems of this type appears to be due to

Mercedes-Benz race analysis department in 1950s [61]. The track was dissected into

straights and constant radius corners and optimum speeds together with required

gears were calculated using steady-state methods to determine the optimal lap times.

The results from these simulations were then discussed with the racing drivers to

provide them with guidance on possible ways to improve their manoeuvre times.

Quasi-steady-state (QSS) methods [62] have been widely used in racing teams for

many years for track-side optimisation, where fast run-times are required. To evaluate

the vehicle’s performance, QSS methods rely on using the so-called g-g diagrams,

which represent the boundaries of maximum lateral and longitudinal accelerations at
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each specific speed. The positive longitudinal acceleration limit is largely dictated

by the engine power, while the braking and cornering accelerations are limited by

the available tyre grip. Although QSS methods have proven to be a very useful tool

in lap time analysis, they all have an inherent limitation; they assume the lap can

be broken into a series of segments where the longitudinal and lateral accelerations

and the yaw rate are assumed constant. This makes them unsuitable for studying

vehicle transient behaviour. Another pitfall of such methods is that the racing line

is typically required a priori. In order to alleviate these issues, an optimal control

formulation can be used.

As mentioned in Chapter 2, there are two general methods of solving optimal

control problems numerically, direct and indirect methods. An indirect collocation

approach was taken in [63], where manoeuvrability of motorcycles was studied. The

resulting two point boundary value problem (TPBVP) from the first-order necessary

conditions was solved using a relaxation method, SOLVDE, from [64]. In this method,

the TPBVP is discretised and turned into a set of finite-difference equations, which

can then solved using a root finding algorithm. In this paper, vehicle position and

orientation were described using curvilinear coordinates. This has the advantage of

formulating the track boundary violation constraint in a more convenient manner as

well as reducing the size of problem variables by one by using a distance dependent

description.

In [34] symbolic manipulations tools were used to obtain the optimality conditions

for large multi-body systems, whilst exploiting the structure of differential algebraic

equations. A modified Newton Affine Invariant scheme [35] was then used to solve

the discretised TPBVP. The minimum lap time problem for a motorcycle on Adria

raceway was solved using this method. Minimum time cornering manoeuvres of cars

were studied using this methodology for different road surfaces and transmission

layouts in [65].

One of the downsides of the indirect methods is the need to derive the necessary

conditions for optimality. Even for simple problems, this requires a user with at least

some knowledge of optimal control theory. Symbolic manipulation software can be
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employed to lift much of this burden, but for larger problems with multiple phases

even this can become error prone and tedious. The path constraints are usually

needed to be handled using penalty functions, or more complication will be added to

the necessary conditions. Furthermore, in process of deriving the optimality condi-

tions, the number of dynamic equations is doubled due to the addition of Lagrange

multipliers associated with the state dynamics vector. Finally, for certain problems

such as ones with look-up tables, these methods are not readily available [20]. To

avoid these problems direct methods can be applied.

Direct methods aim to discretise the problem and then optimise [20] as opposed to

indirect methods where optimality conditions are first derived and then solved by dis-

cretisation. Direct methods involve approximating the infinite-dimensional problem

with a finite-dimensional problem and then applying nonlinear programming (NLP)

techniques to solve the optimal control problem. Such methods are typically divided

into two general categories, shooting and collocation.

In [66], a two-dimensional, three degrees of freedom car model with nonlinear tyres

was used to study time-optimal lane change manoeuvres. Front wheel steering rate

and longitudinal force were the controls of the problem. The car was constrained to

stay within the road boundary by adding a penalty to the cost functional. A Gradient

method [67] was then used to solve the optimal control problem for a front- and a

rear- wheeled drive car. The optimal strategy was shown to be significantly different

for each vehicle configuration.

A direct multiple shooting method [68] was used to solve the minimum lap time

problem for a race car in [69]. In such methods, the time interval is broken into

subintervals and then the direct shooting is applied for each segment. To ensure that

the segments join at the boundaries, continuity constraints are enforced. The vehicle

model in [69] was represented as a single point mass with seven degrees of freedom.

The model assumed a rigid chassis with yaw, lateral and longitudinal freedoms. The

wheels, rigidly attached to the body, were allowed to spin around their own axis

relative to the chassis frame thus adding four more degrees of freedom to the system.

Constant drag and lift coefficients were used to calculate the aerodynamic forces. Tyre
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forces were calculated using the Magic Formula tyre model from [70]. The vertical

load acting on each wheel was evaluated by summing the contributions from the static

weight distribution, downforce, and longitudinal and lateral load transfers.

The model used steering angle for lateral control and throttle aperture/braking for

the longitudinal control. The torque available to each wheel was calculated by consid-

ering gear ratios and using an engine map, which took throttle and engine rotational

velocity as inputs. The vehicle model also included a speed sensitive limited-slip

differential. Under braking, the total negative torque applied was obtained by the

product of the longitudinal control with the maximum braking torque available. This

total torque was then distributed between front and rear axles according to a constant

ratio. The front wheels were set to share the torque equally, whereas the rear wheels

also took into account the effect of the limited-slip differential.

The track position of the car was described using curvilinear coordinates, as pro-

posed in [63]. To obtain an initial guess for the racing line, the map of the circuit

was loaded from a pre-stored data file that contained the track information such as

the distances from the start/finish line, curvatures and centre line tangent angles.

Initially, the racing line was reconstructed from on-board telemetry data using two

different algorithms. However, it was found that this racing line did not usually

match the loaded map. The initial guess for the racing line was therefore obtained

by drawing it over the map via a graphical user interface (GUI) and then fitting a

spline across the selected points. The velocities were initialised from a complete lap

of measured data on a real racing car.

The resulting NLP problem from direct multiple shooting was solved using SNOPT

[21]. Automatic Differentiation (AD) [23] was used to provide SNOPT with accurate

first-order derivatives at low computational costs. The control discretisation grid

points were chosen to be closer together when the rate of change of controls was large,

for example during braking or cornering, to improve solution accuracy. Conversely,

lower density grids were used when the rate of change of controls was small to decrease

the problem size. Finally, double lane change manoeuvres were set up to study the

influence of yaw inertia on vehicle performance. Minimum lap times were calculated
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for Barcelona and Suzuka circuits and their sensitivity to vehicle mass and weight

distribution was evaluated. The run-time for a full lap of Barcelona circuit on a Sun

Spark station with six CPUs running at 336 MHz was around 28 hours for the case

that converged and 60 hours for cases that did not satisfy the tolerance within the

maximum major iteration limit of 200.

Building on this work, [71] used a more elaborate car model to study a set of short

manoeuvres and full laps. The feasible sequential quadratic programming (FSQP)

method, which is based on SQP, was used to solve the NLP. FSQP generates iterates

that remain feasible with respect to the inequality constraints, thus making it similar

to interior point methods in that regard. FSQP was found to solve the problem more

robustly when stability constraints were added to help the optimiser avoid objective

function evaluations inside the highly non-linear regions. A sprung vehicle model was

also considered. The suspension consisted of four pairs of rigid links, which connected

the wheel carrier to the chassis. Each link pair had one rotation degree of freedom,

hence giving the suspension four degrees of freedom in total. Each axle was coupled

with linear heave and roll springs and dampers. The effects of the suspension stiffness

and damping rates on the vehicle stability and performance over a short cornering

manoeuvre with and without kerbs were studied. It was stated that it is difficult to

obtain reliable results for kerbs above a certain height. The influence of suspension

movements on aerodynamics was ignored. A thermodynamic tyre model was also

developed and its effects on lap times were investigated. A full lap time of the Jerez

circuit for the basic vehicle model with 10 meters control spacing on a 2.4 GHz single

core processor took approximately 8 hours.

A direct collocation method based on the trapezoidal rule was used to calculate

minimum lap times for the Barcelona circuit in [2]. The track was modelled using

curvilinear coordinates. Track curvatures were reconstructed from global positioning

system (GPS) data by solving an auxiliary optimal control problem to avoid issues

associated with integration drift error and ensure track closure. The optimal control

problem was transcribed into an NLP using MATLAB based ICLOCS [72] toolbox and

then solved using the NLP solver IPOPT, which is based on the interior point method.
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Analytical derivatives were supplied to IPOPT using symbolic manipulation software.

A set of parameter optimisation problems including mass centre position, location of

aerodynamic centre of pressure, roll balance ratio and differential viscosity constant

was also considered. A full lap of Barcelona circuit was calculated in 15 minutes on

a quad-core 3.4 GHz desktop station for states and controls sampling distance of 2

meters [73].

In a later paper [7], the minimum lap time problem for cars with energy recovery

systems (ERS) was studied. GPOPS-II [42] software, which implements a variable-

order adaptive pseudospectral method with LGR collocation points [44] was used to

solve the optimal control problem. To obtain the derivatives required by the NLP

solver, complex-step differentiation was used to avoid subtractive cancellation errors

associated with finite-differencing and increase approximation accuracy. It was shown

that the less powerful turbo-engined car with ERS could achieve comparable lap times

with only a two-third of the fuel required by the 2013 and earlier Formula One cars.

Three-dimensional track modelling and identification of roads was considered in

[74]. The track was modelled as a ribbon using an augmented version of Frenet-Serret

equations to represent track widths. A twist angle was then introduced to allow

representation of the ribbon camber vector. As with the 2D case, to avoid issues

with noise and drift errors, the problem was formulated and solved as an auxiliary

optimal control. In a 3D formulation, the car has a gravitational vector that varies in

the body frame and centripetal forces can augment or undermine the car’s downforce

when travelling through dips and peaks. Road camber affects the side forces, which

are particularly important around the corners, and gyroscopic moments can impact

the load transfers. A minimum lap time calculation was carried out for the Barcelona

track and it was demonstrated that using a 3D track can lead to different optimal

racing lines and vehicle maximum speeds. The 3D model was shown to result in a

lap time that is 0.67 s slower.

Suspensions allow the car to heave, pitch and roll relative to the road. They

play a crucial role in the performance of Formula One cars, where aerodynamic char-

acteristics are sensitive to attitude and height of the chassis. Including a complete
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suspension model in the optimal control problem will result in impractical solution

times, as fine meshes will be required to capture the fast dynamics of the stiff sus-

pension. Furthermore, this approach will increase the number of states, which in

turn will considerably inflate the number of decision variables in the NLP problem.

Therefore, the suspension meta-model that was described in Chapter 3 will be em-

ployed here to study the interactions between the suspension and the aerodynamics.

The meta-model is used to map the normal tyre loads to suspension configuration,

which is then used to determine the aerodynamic forces acting on the vehicle. A full

lap of Barcelona is simulated using a pseudospectral collocation method and a set

of parameter optimisation studies are carried out to find the suspension set-ups and

aerodynamics characteristics that result in optimal lap times.

The rest of this chapter is organised a follows. The car and track models appear in

Sections 4.2. Vehicle-related modelling features that have been used before are dealt

with briefly with appropriate references provided and the new model upgrades are

described. The optimal control problem is summarised in Section 4.3. The results

appear in Section 4.4 with the conclusions given in Section 4.5.

4.2 Car and Track Model

The car model used in this chapter is an extension of one that has been used elsewhere

[2, 4, 7], and so will be described only briefly. Relative to prior art models, the key

upgrades relate to the introduction of a suspension system, and the introduction of

an aerodynamic model that is responsive to the car’s disposition relative to the road

and its direction of travel. The three degree of freedom description, tyre and wheel

torque distribution models remain the same. The load transfer equations reflect the

inclusion of a suspension model. The positivity of vertical tyre forces are ensured

more elegantly by having hard bounds on them in the optimal control calculations

rather than introducing extra constraints.

In order to study suspension-related influences, one might consider augmenting

existing vehicle models with dynamic suspension models, and main-body heave, roll
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Figure 4.1: Plan view of a Formula One car with its basic geometric parameters. The
car’s mass centre is at Mc, with the body-fixed axes xb and yb in the ground plane
beneath Mc.

and pitch freedoms, which would inform the aerodynamic maps given in Table 4.1 with

the appropriate ride height and body-angle information. A model of this type would

be complex, since it would have to include three new main-body freedoms and the

multi-link suspension system described in Section 3.2. Another complication, from an

optimal control perspective, related to the fact that the suspension dynamics would

contain ‘fast’ dynamics requiring a fine integration mesh. Rather than pursuing this

line of investigation, we will use the quasi-static meta model given in Table 3.1 to

compute the front- and rear-axle ride heights, and the front and rear vehicular roll

angles. These suspension-related variables are then fed directly into the aerodynamic

map (see Figure 4.4). If one wishes to model the car body as ‘rigid’, the front- and

rear-axle roll angles can be constrained in the optimal control problem to be equal.

The remaining modelling elements are now described briefly, with further details

widely available in the literature.

As has been explained elsewhere [2, 7, 74], the track and car kinematics are mod-

elled using ideas from classical differential geometry. The car model is standard and

is based on a rigid-body representation of a chassis with longitudinal, lateral and

yaw freedoms. We will use the tyre description given in [71] in combination with the

upgraded aerodynamic model given in Table 4.1. The important geometric modelling

quantities are shown in plan view in Figure 4.1.
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4.2.1 Track Model

We will model the track using a curvilinear coordinate system that follows the vehicle

using the track spine (centre line) position as the curvilinear abscissa [63]. Referring

to Figure 4.2, we describe the location of the mass centre of the vehicle in terms of

the curvilinear abscissa s(t) and the vector n(s(t)). The former quantity defines the

distance travelled along the track centre line, while the latter gives the position of the

vehicle’s mass centre in a direction perpendicular to the track spine tangent vector

t(s(t)). It is assumed that the travelled distance s(t) is an increasing function of time,

and that ‘time’ and ‘distance’ are alternate independent variables. The standard dot

notation will be used to signify derivatives with respect to time. At any point s,

the track’s radius of curvature is given by R. The track spine tangent vector t will

be described in terms of the track orientation angle θ, with the track’s (possibly

unequal) half-widths given by Nr and Nl. The yaw angle of the vehicle is given by ψ

and the angle between the vehicle and the track by ξ; ψ = θ + ξ. In this coordinate

system constraints on the track width are easily expressed in terms of constraints

on the magnitude of n. The car and track kinematics have been extended to three

dimensions in [4] and [74].

It follows by routine calculation [2] that

ṡ =
u cos ξ − v sin ξ

1− nC , (4.1)

in which u and v are the longitudinal and lateral components of the car’s velocity and

C is the track curvature. This equation shows how the car ‘drags’ s along the track’s

spine. The rate of change of n is given by

ṅ = u sin ξ + v cos ξ. (4.2)

Differentiating ψ = ξ + θ with respect to time results in

ξ̇ = ψ̇ − Cṡ. (4.3)
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Figure 4.2: Curvilinear-coordinate-based description of a track segment Z. The in-
dependent variable s represents the elapsed centre-line distance travelled, with R(s)
the radius of curvature and Nr(s) is the the track’s right-hand half-width; nx and ny
represent an inertial reference frame [2].

4.2.1.1 Change of Independent Variable

The ‘distance travelled’, rather than time, will be used as the independent variable.

This has the advantage of maintaining an explicit connection with the track position,

as well as reducing (by one) the requisite number of state variables. Suppose

dt =
dt

ds
ds = Sf (s)ds,

where Sf comes from (4.1) as follows

Sf =

(
ds

dt

)−1

=
1− nC

u cos ξ − v sin ξ
. (4.4)

The quantity Sf is the reciprocal of the component of the vehicle velocity in the

track-tangent direction (on the centre line at s). There follows

dn

ds
= Sf (u sin ξ + v cos ξ) (4.5)

from (4.2), and
dξ

ds
= Sfω − C (4.6)
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from (4.3); ω = ψ̇ is the vehicle yaw rate.

4.2.2 Car Model

Each tyre produces longitudinal and lateral forces that are responsive to the tyres’

slip [75]. These forces together with the steer and yaw angle definitions are illustrated

in Figure 4.3.

nx

ny

uv

ψ
β

δ

δ

Frlx
Frly

Frrx
Frry

Fflx

Ffly

Ffrx
Ffry

Figure 4.3: Tyre force system. The car’s yaw angle is given by ψ relative to the inertial
reference frame nx and ny. The body side-slip angle is given by β = tan−1

(
v
u

)
, where

u and v are the longitudinal and lateral components, respectively, of the car’s mass
centre velocity.

M
d

dt
u(t) = Mωv + Fx

M
d

dt
v(t) = −Mωu+ Fy

Iz
d

dt
ω(t) = a (cos δ(Ffr y + Ffl y) + sin δ(Ffr x + Ffl x))

+wf (sin δFfr y − cos δFfr x)− wrFrr x
+wf (cos δFfl x − sin δFfl y) + wrFrl x − b (Frr y + Frl y) , (4.7)
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in which Fx and Fy are the longitudinal and lateral forces, respectively, acting on the

car. These forces are given by

Fx = cos δ(Ffrx + Fflx)− sin δ(Ffry + Ffly) + (Frrx + Frlx) + Fax (4.8)

Fy = cos δ(Ffry + Ffly) + sin δ(Ffrx + Fflx) + (Frry + Frly) (4.9)

in which Fax is the aerodynamic drag force. These equations can be expressed in

terms of the independent variable s as follows:

du

ds
= Sf (s)u̇ (4.10)

dv

ds
= Sf (s)v̇ (4.11)

dω

ds
= Sf (s)ω̇. (4.12)

4.2.3 Tyre Forces

The tyre forces have normal, longitudinal and lateral components that act on the

vehicle’s chassis at the tyre ground contact points and react on the inertial frame.

The rear-wheel tyre forces are expressed in the vehicle’s body-fixed reference frame,

while the front tyre forces are expressed in a steered reference frame; refer again to

Figure 4.3. In each case these forces are a function of the normal load and the tyre’s

longitudinal slip coefficient κ and a slip angle α [75]. Following standard conventions

we use

κ = −
(

1 +
Rωw
uw

)
, (4.13)

tanα = −vw
uw
, (4.14)

where R is the wheel radius and ωw the wheel’s spin velocity. The quantities uw and

vw are the absolute speed components of the wheel centre in a wheel-fixed coordinate

system. The four tyre slip angles are given by

αrr = arctan
(

v−ψ̇b
u−ψ̇wr

)
,

αrl = arctan
(

v−ψ̇b
u+ψ̇wr

)
,

αfr = arctan
(

sin δ(ψ̇wf−u)+cos δ(ψ̇a+v)

cos δ(u−ψ̇wf )+sin δ(ψ̇a+v)

)
,

αfl = arctan
(

cos δ(ψ̇a+v)−sin δ(ψ̇wf+u)

cos δ(ψ̇wf+u)+sin δ(ψ̇a+v)

)
.

(4.15)
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The complete tyre model with parameters is provided in Appendix B.

4.2.4 Load Transfer

In our optimal control codes the tyre normal forces are treated as time-varying non-

positive inputs normal to the ground plane that must be constrained by the laws of

mechanics. To this end we balance the forces acting on the car in the nz direction and

balance moments around the body-fixed xb- and yb-axes; see Figure 4.1. Balancing

the vertical forces gives

0 = Frrz + Frlz + Ffrz + Fflz +Mg + F f
az + F r

az, (4.16)

in which the F··z’s are the vertical tyre forces for each of its four wheels, g is the

acceleration due to gravity, and F f
az and F r

az are the front and rear, respectively,

aerodynamic downforces acting on the car. Balancing moments around the car’s

body-fixed xb-axis gives

0 = wr(Frlz − Frrz) + wf (Fflz − Ffrz) + hFy, (4.17)

in which Fy is the lateral inertial force acting on the car’s mass centre; see (4.9).

Balancing moments around the car’s body-fixed yb-axis gives

0 = b(Frrz + Frlz + F r
az)− a(Ffrz + Fflz + F f

az) + hFx, (4.18)

where Fx is the longitudinal inertial force acting on the car’s mass centre (see (4.8)).

Equations (4.16), (4.17) and (4.18) are a set of linear equations in the four un-

known normal wheel loads. A unique solution for the tyre loads is obtained by

including the suspension-related roll constraint

φf = φr, (4.19)

which ensures that the front- and rear-axle roll angles are the same; see Figure 3.8.

Equation (4.19) enforces a rigid vehicular main body, which is not the same as using

a suspension roll stiffness parameter [2, 4, 7].
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4.2.5 Wheel Torque Distribution

In order to optimise the vehicle’s performance, one needs to control the torques ap-

plied to the wheels. The braking system applies equal pressure to the brake callipers

on each axle, with the braking pressures between the front and rear axles satisfying

a design ratio, which is stipulated by the Formula One technical regulations [1]. The

drive torques applied to the rear wheels are controlled by a differential mechanism.

4.2.5.1 Brakes

We approximate equal brake calliper pressures with equal braking torques when nei-

ther wheel on a particular axle is locked. If a wheel ‘locks up’, the braking torque

applied to the locked wheel may be lower than that applied to the rolling wheel. For

the front wheels this constraint is modelled as follows

0 = max(ωfr, 0) max(ωfl, 0)(Ffrx − Fflx), (4.20)

in which ωfr and ωfl are the angular velocities of the front right and front left wheel,

respectively. If either road wheel ‘locks up’, the corresponding angular velocity will

be non-positive and the braking torque constraint (4.20) becomes inactive.

4.2.5.2 Differential

The drive torque is delivered to the rear wheels through a limited-slip differential,

which is modelled by

R(Flrx − Frrx) = −kd(ωlr − ωrr), (4.21)

in which ωlr and ωrr are the rear-wheel angular velocities, R is the wheel radius

and kd is a torsional damping coefficient. The special cases of an open- and a locked-

differential correspond to kd = 0 and kd arbitrarily large respectively. Limited slipping

occurs between these extremes.

4.2.6 Aerodynamics

The external forces acting on the car come from the tyres and from aerodynamic

influences. The dynamic car model used in the optimal control calculations compute
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the normal tyre loads Frrz · · ·Fflz, and the steering and side slip angles δ and β,

respectively, for each track location on an optimal lap. As shown in Figure 4.4 these

data are supplied to the suspension and aero models to produce the aerodynamic

coefficients, which are then updated continuously. The front and rear axle downforce

coefficients are given by Cf
L and Cr

L respectively, while the drag coefficient is CD. The

 

Fzrr

Fzrl

Fzfr

Fzfl

Suspension
Meta Model

hr

φr

hf

φf

δβ

Aero Map

Cr
L

Cf
L

CD

Figure 4.4: Quasi-static aero-suspension model. The dynamic model generates the
normal tyre loads, and the steering and side-slip angles, while the quasi-static meta
model generated the aero dynamic drag and downforce coefficients.

resulting aerodynamic downforces are computed using

F f
az =

1

2
Cf
L ρAu

2, (4.22)

F r
az =

1

2
Cr
L ρAu

2, (4.23)

which are applied at the centres of the front and rear axles, while the drag is given

by

Fax = −1

2
CD ρAu

2, (4.24)

which is applied at the car’s mass centre. The drag has a negative sign, since it acts in

the negative x-axis direction. The drag and down-force coefficients used in this study

derive from track and wind tunnel measurements and are given in Table 4.1. These

coefficients are responsive to the front and rear ride heights, the side-slip angle (β);

see Figure 4.3, and the steer (δ) and roll (φ) angles. Figure 4.5 depicts the influence

of front and rear ride heights on the aerodynamics downforce coefficients when β, δ

and φ are assumed to be at a zero constant. The front downforce coefficient increases

as the front axle is brought closer to the floor, whilst at a given front ride height it
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decreases as the rear axle sinks towards the ground. The rear downforce coefficient

variation is dominated by the rear ride height with the maximum achieved around

hr = −50 mm.

Cf
L Cr

L CD Input
1.2000 0.9494 0.9455 Nominal Value
10.0000 1.0000 0.1000 hf (m)
-5.0000 -22.2222 -0.1000 hr (m)

0 -222.2222 0 h2
r (m2)

-5.1294 -10.2588 0 β2 (rad2)
-0.1641 -0.1641 0 δ2 (rad2)
-8.2070 -32.8281 0 φ2 (rad2)

Table 4.1: Downforce and drag coefficients and sensitivities.
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Figure 4.5: The front and rear downforce coefficient variations with respect to the
front and rear ride heights in absence of side-slip, steering and roll.

4.3 Optimal Control

In this section, we will describe the optimal control problem used to calculate the

minimum lap time. The states of this problem for the basic case are the vehicle

perpendicular distance to the centre-line, the orientation angle with respect to the
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track, the longitudinal and lateral velocities, and the yaw rate.

x =
[
n ξ v u ω

]
(4.25)

The controls are the vehicle steering angle, the longitudinal slip and the normal load

of the four wheels.

u =
[
δ κfl κfr κrl κrr Fflz Ffrz Frlz Frrz

]
(4.26)

The aim is to find the controls and values of the static parameters that minimise

the lap time given by

J =

sf∫
s0

Sf (s) ds, (4.27)

where Sf is the reciprocal of the vehicle speed given in (4.4). The s0 and sf are the

start and end track centre-line distances. The problem is subject to state dynamics

of the form
dx(s)

ds
= f(x(s),u(s),p) (4.28)

given in equations (4.5), (4.6), (4.10), (4.11) and (4.12). The path constraints are

given by equations (4.16)-(4.21). The vehicle perpendicular distance to the centre-

line, n, is also bounded to not exceed the track width. The static parameters, p,

will be included in the problem for optimisation studies carried out later and will

be explained in detail in Section 4.4. In racing, the car completes many laps of the

circuit before the race is finished. Therefore, it is more useful to study the periodic

lap time, where the vehicles’ states are considered continuous immediately before and

after the start/finish line. To that end, the following boundary condition is imposed

x(s0)− x(sf ) = 0. (4.29)

General purpose numerical optimal control problem solvers are now widely avail-

able. When solving new problems for the first time, it is prudent to check the solutions

from multiple initial conditions, and if possible against measured data. One should
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also verify that parameter changes produce the trends expected, and if possible, con-

sistency against alternative optimisation algorithms should be checked. The pseu-

dospectral numerical optimal control solver GPOPS-II [76] based on the Legendre-

Gauss-Radau (LGR) collocation scheme was used here to solve the minimum lap time

problem. In this scheme the states are approximated using Lagrange polynomials as

basis functions. The state dynamics are then transcribed into algebraic constraints

using the derivative of the approximating polynomial. The optimal control problem

is then represented by an NLP problem whose cost function is obtained by approx-

imating the cost functional using LGR quadrature. This NLP problem is subject

to the transcribed algebraic constraints and path constraints of the original problem

imposed at the collocation points.

GPOPS-II uses a segment and polynomial degree adaptation scheme [44] so that

error reduction can still be achieved in the presence of non-smooth problem features.

The transcribed NLP problem is typically very large but sparse. The IPOPT [77]

software library (based on interior point methods) was used here to solve the NLP

problem. Automatic Differentiation was used to provide IPOPT with fast and accu-

rate first and second order derivatives.

4.3.1 Scaling

Scaling can have a significant influence on the performance of optimisation algorithms.

One scaling methodology is to transform variables from their original physical quan-

tities into dimensionless variables that have desirable optimisation properties. In our

work we take the length of the car to be the fundamental unit of length — after scaling

the car has a dimensionless length of one. In the same way the fundamental unit of

mass is the mass of the car. To scale time we choose a non-dimensional gravitational

constant of unity and so a time scale of
√
g/l0 is used in which l0 is the car’s length.

This scaling of the basic length, mass and time variables induces a scaling on all the

other physical quantities involving acceleration, velocity, force, torque, power and so

on. This scaling scheme forces the NLP’s decision variables into a ‘more spherical’

space than that associated with the original physical units.
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Figure 4.6: Racing line with distances from Start/Finish (SF) line in (m) for Circuit
de Catalunya-Barcelona. The suspension and aerodynamic parameters are set to their
base-case values.

4.4 Results

The study presented here is based on minimum-time optimal laps of a 2D model of

the Circuit de Barcelona-Catalunya, which is shown in Figure 4.6. This particular

track has sixteen corners with their approximate distances from the start-finish given

on the same figure. The track’s corner distances are useful features when seeking to

understand the detailed behaviour of the car.

We will begin our study by considering the case when the car’s suspension is

‘frozen’ in its nominal configuration (hf = -14 mm and hr = -74.1 mm), and with an

90



aero map that has no angular sensitivities; in this case the last three rows of Table 4.1

are set to zero. The optimal lap time is computed as 83.22 s as shown in case (A)

in Table 4.2. Introducing the steer angle sensitivity (row 6 in Table 4.1) causes a

marginal increase in the lap time that is too small to compute reliably. As shown in

row (B), when the steer and sideslip sensitivities are recognised, the lap time increases

to 83.67 s.

The baseline car, corresponding to row (C) Table 4.2, includes the aerodynamic

coefficients given in Table 4.1 and the suspension system described by Table 3.1. Nom-

inal values for the car and tyre parameters can be found in Appendix C.1 and Ap-

pendix B respectively. The introduction of the suspension system means that the car

has roll and pitch freedoms and all the rows in Table 4.1 come into effect. As compared

with rows (A) and (B) in Table 4.2, the car will now benefit from increased downforce

due to reduced ride heights at high speed, but it will also suffer the detrimental effects

of roll motions on the downforce coefficients.

Figure 4.7 shows the whole-track speed profile of the baseline car, with the optimal

racing line for the baseline car shown on Figure 4.6; this figure shows the trajectory of

the car’s mass centre. In the optimal control problem formulation used here, the car’s

mass centre is constrained to remain within ±4 m of the track centre. The track width

is approximately 12 m on almost all parts of the track. This constraint ensures that

the car’s front wheels remains on the track whatever the vehicle’s orientation (relative

to the track). This explains why the racing line on the turn around 3350 m appears

slightly conservative, where the track widens to approximately 20 m. A constraint

set that allows for a variable width track, and which ensures that each of the four

wheels remain on the track, is easy to implement, but takes longer to process. The

differences between the solutions with these alternative problem formulations are not

visible on plotted graphs and so the more complex constraint formulation was not

used.

The mesh refinement and collocation adaptation scheme is demonstrated in Fig-

ure 4.8, which focuses on the upper-right section of the track. It is evident that the

optimal control solver chooses smaller segments on corner entries and small radius
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Figure 4.7: Speed for one lap of the Circuit de Barcelona. The suspension and
aerodynamic parameters are set to their baseline values; see row (C) in Table 4.2.

turns, where the rate of change of controls are high. Conversely, on the straights,

larger meshes and a smaller number of collocation points are required to achieve the

desired error threshold.

The suspension ride heights for the baseline car are shown in Figure 4.9. One can

see that as the car accelerates on the straight crossing the SF line towards the first

corner (track positions 4400 m to 600 m), the air flow over the front wing causes the

front of the car to move closer to the road under the influence of increased downforce.

The car’s increasing speed, and the increased airflow under the vehicle, also causes

the car’s rear axle to move closer to the road.

The high-speed straight running car operates with a very small roll angle on this

section of the track as shown in Figure 4.10. As the car’s speed drops into the right-

hand corner, the car’s suspension is unloaded and car moves away from the track

surface, with the vehicle simultaneously rolling out of the corner; see the roll angle

decrease at 725 m. Following on immediately after the turn, is the left-hand at 800 m,

which causes the roll angle to switch from approximately -1.8o to 1.8o. As the car

accelerates towards the third turn, the vehicle moves closer to the track with the

roll angle remaining negative in the long, fast right-hand corner. The roll angle and

ride heights are derived from the normal tyre loads and the suspension meta-model
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Figure 4.8: Mesh and polynomial degree adaptation for the upper-right section of
the track (approximately distance 3000 m-4500 m) for the baseline case. Collocation
points are shown in black dots and the mesh points in red circles. The solid green
line is the centre-line.

given in Table 3.1. The variations in the suspension posture produce changes in the

aerodynamic drag and downforce coefficients in accordance with Table 4.1. These

changes, as well as the accompanying changes in the drag and downforces, are shown

in Figure 4.11 and Figure 4.12 respectively.

It is evident that the drag Coefficient CD is essentially constant (at approximately

0.95). To explain this, we observe that the aerodynamic model in Table 4.1 shows

that the drag is linearly dependent on the difference between the front and rear ride

heights; CD = 0.9455 + 0.1(hf − hr). Further, a pitch angle of 1o, which is large for

a F1 race car, would produce a ride height difference of about 59 mm. This differ-

ence represents a change of 0.006 to the drag coefficient. For that reason the drag

coefficient is not significantly affected by suspension pitch movements, or differential
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Figure 4.9: Suspension ride heights with the suspension and aerodynamic parameters
set to their base-case values; see row (C) in Table 4.2. The figure shows the vehicle
speed (black dot-dash), the front ride height (blue) and the rear ride height (red).
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Figure 4.10: The front and rear axle roll angles for the baseline car, which are con-
strained to be equal in the optimisation process.
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Figure 4.11: Aerodynamic coefficients with the suspension and aerodynamic param-
eters set to their base values; see row (C) in Table 4.2. The drag coefficient is shown
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ride height variations. In contrast the downforce coefficients Cf
L and Cr

L vary signifi-

cantly between approximately 1.3 and 1.6. Figure 4.12 shows that the total downforce

reaches approximately 20 kN, which is roughly 3.5 times the weight of the car.

The remainder of Table 4.2 shows the effect on the optimal lap time of a variety

of suspension and aerodynamic set-up changes, some of which act in combination.

In row (D) the front and rear ride heights can be adjusted by ± 10mm and ± 30mm

respectively. In order to minimise the lap time, the optimiser finds that the front ride

height should be brought closer to the road by 6.0 mm, while the rear ride height

should be adjusted by 12.7 mm. The front lift coefficient increases linearly with ride

height (see Table 4.1) and hence more downforce can be generated by operating the

front of the car closer to the road. In all the cases investigated here, the front ride

height of the car was constrained to not exceed 15 mm. This prevents the car from

sinking too close to the road surface, which can potentially cause excessive wear on

the under-body plank of the car. This explains why the optimiser does not increase

the front ride height by the maximum allowed. The rear downforce coefficient is a

quadratic function of the rear ride height as shown in Figure 4.5 and by increasing

hr, it is kept closer to its optimum operating point. These ride height adjustments

reduce the predicted lap time by 0.46 s.

In case (E), the front and rear heave springs were allowed to vary between±500 kN/m

and ±300 kN/m of their nominal values respectively. The optimiser softened both

springs by the maximum allowed – apparently to drop the car closer to the road

thereby gaining an aerodynamic advantage.

In case (F), both the heave spring stiffnesses and ride heights for the front and

rear axles were allowed to be optimised by the same amount as in case (D) and (E).

The results show that ride heights are increased by 7.6 mm and 13.8 mm at the front

and rear respectively and both axles are stiffened to their maximum value. The ride

heights for case (E) and (F) are shown in Figure 4.13, whilst the difference between

the front downforce coefficients is highlighted in Figure 4.14. One can see that the

ride height and heave spring optimised car benefits from higher front downforce coef-

ficients for the majority of the lap. It is evident that at high speeds when downforce
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levels are significant, the front ride height increases, thereby supporting further gains

in Cf
l . Furthermore, with the increased heave spring stiffnesses, the ride height offsets

can be increased by more than the amount achieved by the ride height only optimised

car (case E). As shown in Figure 4.13, the ride height variations are smaller in case (F)

compared with case (E). Stiffer suspensions, in general, can lead to faster manoeuvre

times in F1 cars as this allows them to be kept closer to their optimum aerodynamic

operating configuration. However, in practice, there is a trade-off between the per-

formance and ride comfort and care has to be taken to not arbitrarily increase the

suspension stiffness. The total reduction in lap time for case (F), when compared

with case (E), was 0.29 s.
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Figure 4.13: Ride height comparisons between the car with ride height and heave
spring offsets optimised (see row (F) in Table 4.2) against the car with only heave
springs optimised (see row (E) in Table 4.2). The solid curves correspond to row (F)
results and the dashed curves to row (E). Front ride heights are shown in blue and
the rear ride heights in red.

In the next three tests, rows (G-I) in Table 4.2, the effect of changing the aero-

dynamic sensitivities to side slip, steer and roll are investigated. If the changes in

the side slip, steer and roll sensitivities are ∆Cβ
L, ∆Cδ

L and ∆Cφ
L, then changes in the

nominal downforce coefficients ∆CL is constrained by

∆CL = −
(
w1∆Cβ

L + w2∆Cδ
L + w3∆Cφ

L

)
wi ≥ 0,
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Figure 4.14: Front downforce coefficient comparison between the car with ride height
and heave spring offsets optimised (shown in blue and corresponds to row (F) in
Table 4.2) against the car with only heave springs optimised (shown in red and cor-
responds to row (E) in Table 4.2). The lap times difference between the two cases is
shown in dashed green.

for weights wi. The purpose of this constraint is to ensure that the optimisation

process is not offered a ‘free lunch’, whereby the benefits of reducing the aerodynamic

sensitivities can be introduced without reducing the nominal downforce coefficient in

compensation. One example of a constraint of this form is a water-bed constraint

that preserves the “area under the aerodynamic downforce curves”. In this case the

change in the nominal downforce coefficients are given by

0 =

∫ βmax

−βmax

∫ δmax

−δmax

∫ φmax

−φmax

(
∆CL + ∆Cβ

Lβ
2

+∆Cδ
Lδ

2 + ∆Cφ
Lφ

2
)
dβdδdφ,

which means that

∆CL = −
(
β2
max

3
∆Cβ

L +
δ2
max

3
∆Cδ

L +
φ2
max

3
∆Cφ

L

)
(4.30)

in which βmax = 4π
45

rad, δmax = π
12

rad and φmax = π
90

rad are the ranges of validity of

the aerodynamic maps.

In row (G) we allow the front and rear side slip aero-dynamic sensitivities to be

changed by ±5 and ±10 respectively, with the downforce coefficients constrained by
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(4.30). The nominal values for these sensitivities are -5.1294 and -10.2588 respectively;

see the fifth row in Table 4.1. In this case, the optimal strategy is to maximise the

front and rear side slip sensitivities (more negative values) in order to increase the

nominal front and rear downforce coefficients. The associated lap time reduction is

0.25 s. In row (H) the front and rear steer aerodynamic sensitivities are allowed to

change by ±0.15. The nominal values for these sensitivities are -0.1641; see the sixth

row in Table 4.1. Again, the water-bed constraint allows a higher nominal downforce

coefficient to be ‘bought’ with increased sensitivity. In this case, there is a small gain

in the predicted lap time of 0.04 s.

In row (I), the front and rear roll aerodynamic sensitivities are allowed to change

by ±5 and ±20 respectively. The nominal values for these sensitivities are -8.2070 and

-32.8281 respectively; see the seventh row in Table 4.1. In this case, the sensitivities

are minimised thereby decreasing the nominal front and rear downforce coefficients.

The rear downforce coefficients for the car with roll sensitivity optimised is compared

against the baseline car in Figure 4.15. It is evident that on the straights, where

the roll angle of the car is negligible, the baseline vehicle benefits from a higher rear

downforce coefficient. Conversely, during high speed cornering, where roll angles are

large, the roll optimised car has the higher coefficient. The overall lap time reduction

for this case compared with the baseline was 0.08 s.

The three angular sensitivities are optimised simultaneously in row (J), again with

constraint (4.30) in place. The strategy turns out to the same as those used when these

parameters were optimised separately. The predicted lap time reduction is 0.31 s. The

row (K) considers the optimisation of the aerodynamic angular sensitivities along

with the ride heights, which makes the car faster than case (J) by 0.51 s. If the heave

springs offsets are also added to the optimisation, a further time reduction of 0.05 s

is achieved. The associated optimal parameter values are shown in row (L).

In row (M) the aerodynamic balance of the car is adjusted by facilitating a reloca-

tion of the aerodynamic centre of pressure. The optimal control calculation is allowed

to add a fixed aero offset −1 ≤ aoff ≤ 1 to the nominal rear downforce coefficient of
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Figure 4.15: Rear downforce comparison between the vehicle with aerodynamic roll
sensitivity optimised (see row (I) in Table 4.1) and the baseline car (see row (C) in
Table 4.1). The roll angle for the optimised car is shown in dashed black.

0.9494; see Table 4.1. If aoff is added to the rear, then it is subtracted in compen-

sation from the front nominal downforce coefficient of 1.20 in order to keep the total

downforce constant. In effect, positive values move the centre of pressure (CoP) rear-

wards, while negative values move the CoP forwards. In the case of the vehicle, tyres

and aero map used here, the optimal aero balance adjustment is to move the CoP

rearwards by aoff= 0.1926, with a resulting lap time reduction of 0.82 s compared to

the baseline. Row (N) considers the aero balance optimisation along with the ride

heights. By moving the centre of aerodynamics pressure rearwards, the front ride

height can now be increased to near its maximum value. This drops the lap time by a

further 0.50 s when compared with the case (M). Row (O) considers the aero-balance

optimisation in combination with the aerodynamic angular sensitivities with the re-

sults being self-explanatory. Row (P) shows the effect of adjusting the ride heights

and heave springs in combination with the three aerodynamic sensitivities and the

aero balance parameter aoff described above. The optimal aero balance coefficient is

0.2427, with the front ride height dropped by the maximum 10 mm, while the rear

ride height is dropped by only 3 mm. It appears that adjusting the aero balance

coefficient renders rear ride height adjustments virtually unnecessary, because these
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Figure 4.16: Continuously adjustable aero-balance uCoP (red) and vehicle speed
(dashed black); see row (P) in Table 4.2. The red curve shows a continuously variable
aero-balance control; positive values increase the rear downforce coefficient.

changes produce the same effect. These changes, in combination, reduce the predicted

lap time of the baseline car by a significant 1.72 s.

The study given in row (Q) treats the aero balance coefficient as an idealised

and continuously variable control input −1 ≤ uCoP (t) ≤ 1. The front downforce

coefficient is given by Cf
L − uCoP (t), while the rear downforce coefficient is given by

Cr
L + uCoP (t) thereby keeping CL = Cr

L + Cf
L constant. Positive values of uCoP (t)

move the CoP rearwards, while negative values move the CoP forwards. Figure 4.16

shows the aero balance control uCoP (in red) with the vehicle speed (dashed black).

The optimal strategy is to move the CoP rearwards under firm acceleration when

high normal loads on the rear tyres are required. The CoP is then moved forwards

under braking and prior to turning into corners when high front tyre side forces are

needed. The influence of this hypothetical control is substantial and reduces the lap

time by over 2 s, thereby emphasising the importance of good aerodynamic balance.

By way of comparison, Figure 4.17 shows the changes in the aerodynamic forces

produced by optimised suspension and aerodynamic parameters (Row P) against

the baseline case. It is evident that the rear downforce is increased significantly

all around the track by moving the centre of pressure rearwards. This results in

102



a lower front downforce along the straights. However, similar front downforces are

achieved in cornering, where they are needed the most, due to the added benefits

from optimisation of the other suspension and aerodynamic parameters. There is a

sizeable increase in the total downforce and a slight reduction in the drag force as a

result of the optimisation. In the optimised case, the front downforce coefficient was

observed to be rarely less than 1.5, while this minimum was approximately 1.4 in the

base case. A similar improvement was witnessed in the rear coefficients.
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Figure 4.17: Aerodynamic force comparisons between the baseline case (dash lines)
and the study with optimised ride heights, heave spring, aero-balance and aero-
sensitivities (solid lines); see rows (C) and (P) respectively in Table 4.2. The front
downforce is shown in blue, the rear in red and the drag force is shown in black.

Figure 4.18 highlights the improvements in optimal lap time and speed due to the

suspension and aerodynamic parameter optimisation in row (P). The main optimi-

sation gains appear to be on corner exits, with some small benefit achieved almost

everywhere else. On average, the simulation times were less than 10 minutes on an 8

core 3.4 GHz machine.
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Figure 4.18: Speed difference between the study with optimised ride heights, aero-
balance and aero-sensitivities and the baseline case; see rows (P) and (C) respectively
in Table 4.2. Positive values indicate that the optimised car is faster. The resulting
lap time improvement along the circuit is shown in dashed green.

4.5 Conclusion

Pseudospectral methods for solving numerical optimal control problems are a useful

tool for the aerodynamic performance optimisation of high-performance race cars.

The results presented in this chapter focus on the interactions between the vehicle’s

aerodynamic performance and its suspension system. The kinematics of multi-link

suspension systems that are typical of open-wheeled race cars involve the solution

of a complex set of nonlinear algebraic equations. One source of complication are

the torsion bars and heave spring rocker assemblies that produce coupling influences

between the road wheels on each axle. It is not practical, or necessary, to include

these equations in the vehicle dynamics model used for optimal control calculations.

Instead, the solution to these equations can be accurately approximated by a mul-

tivariate polynomial, or ‘meta-model’, which is fitted off-line to the solution of the

describing kinematic equations. In this way, the interactions between the car’s aero-

dynamics and its pull-rod suspension system can be accurately represented by smooth

(almost linear) polynomials that can be quickly evaluated as part of an optimal con-

trol calculation. It is shown that parameter optimisation problems, involving the

car’s suspension and aerodynamics, are readily soluble. The results demonstrate that
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the track-specific optimisation of these systems can substantially reduce the lap time.

The specific figures will depend on the track, the tyre and vehicle properties, and the

closeness of the base vehicle to its optimal set-up. A good mesh-refinement strat-

egy along with the use of Automatic Differentiation for supply of fast and accurate

derivatives to the optimisation routine can significantly help improve solution times.

This work suggests that ever more complex vehicular optimisation problems may now

become tractable.
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Chapter 5

Aero-balance Perturbation

5.1 Introduction

T
he aim of this chapter is to analyse how and to what extent the lap time

changes in response to a local perturbation applied to the aerodynamic bal-

ance. The aerodynamic balance (aero-balance) is defined by the ratio of the front

downforce coefficient to the total of front and rear coefficients and has a significant

influence on vehicle performance. This study involves perturbing the aero-balance

over a short section of the track and then moving position of this perturbation across

the entire manoeuvre. This will enable us to understand how the lap time changes

as a function of the application point of perturbation, thereby providing an insight

into the aerodynamic operation of the vehicle, which can then be used to guide the

car design.

Problems of this type are relatively straightforward to formulate and solve in an

optimal control framework, as opposed to the quasi-steady state (QSS) methods that

constitute the predominant track-side analysis tool used by F1 teams. Therefore an

aim of this study is to investigate how the assumptions made in the QSS simula-

tions would affect the solutions synthesised from an optimal control framework. For

instance, QSS methods typically presume that the racing line is given and remains

fixed along the manoeuvre. Another assumption is that the car is temporarily in

total yaw equilibrium. We will investigate both of these assumptions in more detail

subsequently, and will discuss how they can be incorporated into the optimal con-
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trol problem. As such, one outcome of this chapter is a methodology allowing for

reconciliation of the dynamic lap time simulations with the QSS methods.

We commence the chapter with a brief description of QSS methods. We will

then calibrate the vehicle against simulator data to both validate the optimal control

solutions and obtain a baseline for comparison purposes. The influence of aero-balance

perturbation location is then studied on the manoeuvre time. The effect of fixing the

racing line and neglecting the yaw dynamics are then highlighted. Finally, the effect

of including driver performance limits on the lap time sensitivity to aero-balance

perturbations is studied.

5.1.1 QSS simulations

Quasi-steady state simulations take advantage of the so called g-g diagrams to cal-

culate the minimum-time manoeuvre of vehicles. The underlying principle is that a

minimum-time manoeuvre must involve the vehicle being at its limits at all times.

The g-g diagram is a way of representing these limits. It is a contour plot of the vehi-

cle’s maximum lateral and longitudinal accelerations. F1 cars of today have strongly

speed dependent characteristics as they make use of aerodynamic downforce to in-

crease grip and traction. This means that the g-g boundary of the vehicle has to

be determined at different speeds to obtain the complete picture. A typical g-g dia-

gram is illustrated in Figure 5.1. The solid contour shows the boundary for the car

at one particular speed, while the dashed contour demonstrates how this boundary

will change at a higher speed. One can see that the higher speed vehicle has a lower

longitudinal acceleration limit, but enjoys a higher lateral acceleration limit. This is

due to the quadratic dependency of drag and downforces on the speed.

The g-g boundary for a vehicle can be established by setting up a nonlinear pro-

gram (NLP) for various operating boundary points at each given speed [78]. QSS

methods assume that u̇ = constant, v̇ = 0 and ω̇ = 0, for short time periods (see

Section 4.2.2 for a vehicle model). In a straight line, the vehicle has zero yaw rate and

side slip velocity, i.e. ω = 0 and v = 0. The maximum longitudinal acceleration and

deceleration, shown as point A and B in Figure 5.1, can be determined by solving an
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Figure 5.1: A typical GG-digram. The horizontal axis is the lateral acceleration and
the vertical axis is the longitudinal acceleration, which are denoted by ay and ax
respectively. The dash-lined contour corresponds to the vehicle a higher speed.

NLP whose objective is to maximise ±u̇, subject to the QSS conditions mentioned

and the vehicle model equations. The decision variables of this NLP are the state and

control vectors of vehicle. The other boundary points, such as C, D and E, which have

a combination of longitudinal and lateral accelerations, can be found by setting the

objective to maximise the steady-state lateral acceleration given by uω for different

values of longitudinal acceleration ax = arefx between points A and B.

After the g-g diagram boundaries have been found at different speeds, the track

is then broken into multiple segments. At each segment, the vehicle accelerations are

chosen to lie on the boundary at all points, thus keeping the vehicle at its absolute

limit. To illustrate this, let us consider the hairpin manoeuvre shown in Figure 5.2.

The vehicle starts at rest and aims to complete the manoeuvre in the least time

possible. To achieve this, it must start by accelerating at its maximum longitudinal

velocity on the straight. This corresponds to the point A on the g-g diagram shown in

Figure 5.1. The vehicle then starts braking at some point B, to prepare for cornering.

In cornering, the switch from braking to acceleration, assumed to occur at the apex

(point D), implies zero longitudinal acceleration. Moreover, the speed at point D has
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to satisfy u2(s) = ay(s)/C̃(s) where C̃ is the racing line curvature. The apex is the

point with the highest curvature across the corner, which has to be identified from the

path data. By working backwards from the apex in the braking region and forwards

in the acceleration region until the two meet, we can then determine the speed profile

from point A to D [3]. This concept is demonstrated in Figure 5.3.
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Figure 5.2: The hairpin manoeuvre with the different operating points marked by
capital letters.
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Figure 5.3: Speed profile reconstruction using the approach proposed in [3].

Across each segment the longitudinal acceleration is constant, therefore the fol-

lowing relations can be used to move forward or backward in each segment [3].

u(sk+1)2 = u(sk)
2 + 2ax(sk)∆sk (5.1)

ay(sk+1) = u(sk+1)2C̃(sk+1) (5.2)

where ∆sk = sk+1 − sk. The curvature before and after the apex is smaller than the

maximum and hence the lateral acceleration is also smaller. To keep the car at its

limit, we therefore have to choose a longitudinal acceleration that puts the vehicle
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on the boundary of the g-g diagram, corresponding to points C and E. It is also

important to note that in this scheme, immediately before and after the apex, the

longitudinal velocity remains constant as ax = 0. The segment widths adjacent to the

apex therefore need to be made small so that ax remains zero for as small a distance

as possible.

Once the speed profile has been determined for the entire path, the minimum

manoeuvre time is simply given by [3]

Tmin =
M−1∑
k=0

∆sk
[u(sk+1) + u(sk)] /2

. (5.3)

5.2 Vehicle Calibration

In order to generate a baseline for the analysis in this chapter, the vehicle model had

to first be calibrated to the data obtained from an F1 driving simulator. This was

done to bring the model into line with the actual behaviour of the car on the track and

more importantly, to validate the vehicle model and the optimal control calculations.

Overall, very good agreement was found between the simulator data and the optimal

control results.

Four laps of representative simulator data for the Barcelona circuit were considered

for the purpose of model validation. This included the time elapsed, distance travelled,

race-line coordinates, yaw velocity and acceleration, longitudinal and lateral velocities

and accelerations of the vehicle, wheel slips and tyre forces. Since the optimal control

problem formulation in this thesis is based on curve-linear coordinates, it could not

readily take the race-line given in Cartesian coordinates as an input. Furthermore,

the optimal control problem is parameterised in terms of the distance travelled on

the centre-line rather than the actual distance travelled by the vehicle. Therefore,

the simulator data provided and optimal control problem results had to be made

consistent first. To this end, the curvature and arc length of the race-line given in

Cartesian coordinates were extracted and then used as the centre-line in the optimal

control problem. The perpendicular distance from the centre-line (state n) was then
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set to zero, forcing the vehicle to conform to the intended race-line. The tuning of

parameters was performed by reverse calculations using the equations of motion and

system constraints. To make this calibration easier, speed dependent aerodynamic

coefficients were employed, and the suspension was removed. This stands in contrast

to the aerodynamic map and suspension meta-model used in the previous chapter.

This is the model utilised in the subsequent studies of the chapter.

A low-pass filter was used to remove the high frequency oscillations present in the

simulator data. Some vehicle parameters such as mass centre height or suspension roll

stiffness could be calculated using simple algebraic manipulation. More complicated

parameters such as those involved in the tyre model were calculated using heuristics

that compared the outputs produced by related model inputs. After estimation of all

parameters, the model was updated and the optimal control problem was resolved.

The calculated states and controls were in good agreement with the simulator data

but are not published here due to freedom of information constraints associated with

competitive F1 racing.

5.3 Baseline Generation

Once the vehicle was calibrated, a track section approximately connecting the midway

of the third and fourth corners with the midway of the fourth and fifth corners of the

Barcelona track was chosen for the studies of the chapter. This corresponds to centre-

line distances of ∼1370 m to ∼1860 m on the original track data. The optimal control

problem solver, GPOPS-II, was set up to divide the track into 1000 meshes, which

resulted in a mesh size of ∼0.5 m. In order to avoid inconsistencies that could arise

from different mesh strategies, the maximum number of mesh-refinement iterations

was set to one. The total number of collocation points across each mesh segment was

fixed at four by setting the minimum and maximum number of collocations to four.

This essentially forces the solver to have a fixed order and mesh size and disables

any mesh refinement. The same fine mesh grid is used across all subsequent studies.

Finally, tolerance of IPOPT was lowered to 10−8 from the default value of 10−7 to get
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more accurate and reliable results. In Figure 5.4, we can see the race-line from the

full lap simulation of calibrated vehicle in red. For the shorter manoeuvre, the vehicle

starts with fixed initial conditions obtained from the full lap simulation results at the

starting point of the shorter manoeuvre. The race-line for this manoeuvre is shown

on the same plot in blue (referred to as the ‘4th Corner Baseline’). The speed profile

for both the full lap and the shorter manoeuvre are shown in Figure 5.5.
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Figure 5.4: Racing line of the full lap and fourth corner for the calibrated vehicle.

It is interesting to note that the speed profile of shorter manoeuvre does not

match that of the full lap as only the initial conditions are taken from the full lap

simulation. The end boundary conditions are free and the optimiser chooses to take

a shorter path at the expense of sacrificing speed, in order to minimise time. This

reduced the manoeuvre time by around 20 ms. This also highlights the importance of

preview information. In the infinite horizon case, the vehicle has to prepare itself for

the next corner but this is not the case for the shorter manoeuvre. It can therefore

take advantage of the extra freedom to lower the manoeuvre time by taking the path

that has a higher curvature so that it reduces the total distance it has to travel. At

the same time, it is evident that the initial part of the manoeuvre closely matches
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Figure 5.5: Speed profile for the fourth corner manoeuvre along with the full lap.
The initial conditions of the manoeuvre are taken from the full lap.

that of the full lap. This implies that it is potentially feasible to solve for the entire

lap by solving an overlapping set of finite horizon problems, so long as a large enough

preview distance is chosen. This problem, however, is beyond the scope of this thesis.

5.4 Aero-Balance Perturbation Analysis

The corner simulation was repeated but this time a localised change of 1% was applied

in the aerodynamic balance over a short track section of ∼10 m. The aerodynamic

balance is defined as

αbal =
Clf

Clf + Clr
. (5.4)

The local perturbation was applied so as to increase Clf by 1% and decrease Clr by

the same amount, thus keeping the sum of the downforce coefficients constant. The

location of this perturbation was then shifted along the track as shown in Figure 5.6

and the manoeuvre time was recorded. In this way, we obtained a picture of how the

manoeuvre time varies as the perturbation is moved through the corner.
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Figure 5.6: Aerodynamics balance perturbation profile. The perturbation is applied
for a fixed distance and then shifted along the path in the next simulation.

5.4.1 Fixed Race-line

The aero-balance simulation was first carried out by fixing the race-line to be the same

as the baseline manoeuvre. This can be done by introducing an extra path constraint

which makes the perpendicular distance to the centreline, state n, to be the same

as that recorded from the baseline manoeuvre. The speed profile for the case where

the race-line from baseline was used is shown in Figure 5.7. The 1% perturbation

on aerodynamic balance seems to not make a major difference in speed profile. The

largest time difference occurs when the perturbation is applied from 1603 m to 1613 m.

This lap time difference is in the order of milliseconds so the difference is not visible

on the speed plot. Figure 5.8 shows the speed profile for different application points

of perturbation. The plots are magnified so as to highlight the speed differences at

various locations along the corner.

5.4.2 Race-line Optimisation

To quantify the effect of aero-balance perturbations on the race-line, the simulation

was repeated but this time additionally optimising the race-line. The results for this

case are shown in Figure 5.9 and Figure 5.10. We can see that the 1% perturbation

has a barely observable effect on the race-line and speed. The difference in the racing

line was on the order of a few centimetres and the speed profiles were quite similar

to those of the fixed racing line case.
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Figure 5.7: Speed profile with the racing line fixed.
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Figure 5.8: Speed profile zoomed in at the corner entry, mid-corner and corner exit.
The racing line was fixed. Green corresponds to the perturbation being applied at
1544 m, red at 1603 m, and blue at 1663 m.

5.4.3 Aero-Balance Perturbation Results

If the simulation is repeated as the location of perturbation is shifted along the track,

a picture of how the lap time changes with the perturbation location emerges. This

result is depicted in Figure 5.11 for both the case where a fixed race-line was used

and the case where the race-line was allowed to be optimised. The first point on

the plot corresponds to the case where no perturbation was applied, i.e. the baseline
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Figure 5.9: Racing line for the aero-balance perturbation at 1603 m when the racing
line was allowed to be optimised.
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Figure 5.10: Speed profile for the aero-balance perturbation at 1603 m with race-line
optimisation.

case. We can see that on the straight, the perturbation essentially makes no difference
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to the lap time. On the corner entry, a higher value of Clr is beneficial to the lap

time as the car is limited by the rear tyre grip. A decrease in rear tyre downforce

causes larger lateral slips on the rear tyres, which in turn leads to an oversteering

behaviour. The vehicle, in this case, travels at a lower speed through the corner entry,

thus increasing manoeuvre time. However, at mid corner a higher front downforce

coefficient is advantageous as the front tyres, which provide most of the turning force,

can generate more lateral force due to the increased load. Finally, at corner exit,

the sudden transfer of rear lift to front causes the rear tyres to take larger lateral

slips. This results in the vehicle needing a steering correction to maintain its path.

Furthermore, since the vehicle is under traction, the lower rear downforce results in

a lower longitudinal acceleration. For these reasons, the perturbation at corner exit

results in a higher lap time. Figure 5.8 highlights the speed differences caused by

these behaviours.
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Figure 5.11: Manoeuvre times against the location of application of aero-balance
perturbation.

We can see that race-line optimisation has a negligible effect on the aero-balance

perturbation results. The simulation was originally carried out with the IPOPT

tolerance set to its default value of 10−7. The numerical error, in this case, was found

to be too large for a clear picture of the lap time evolution to appear (see the blue
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trace on Figure 5.11). The NLP solver tolerance was therefore decreased to 10−8 to

obtain more accurate results.

5.5 Effects of Yaw Dynamics

As a large proportion of the vehicle simulations carried out within F1 are based

on quasi-steady state (QSS) methods, it is important to quantify the effect of yaw

dynamics on the aero-balance perturbation simulation. To ignore yaw dynamics, the

sum of the yaw moments around the car needs to be constrained to zero and the yaw

rate must be set to the product of speed and curvature, with the car slip angle free

to vary. This was done by introducing two additional control inputs that provided

direct control over yaw rate and lateral velocity (denoted by ω̃ and ṽ respectively).

More precisely, we introduce the following two constraints∑
Mz = 0 (5.5a)

ω̃ − Fy cos β − Fx sin β

M
√
u2 + ṽ2

= 0, (5.5b)

where

β = arctan
ṽ

u
, (5.6)

is the side slip angle. The first constraint corresponds to setting the yaw acceleration

to zero, where Mz denotes the moment around z-axis given by the right-hand side of

(4.7). The second constraint sets the yaw rate to be the product of speed and path

curvature, using the fact that

ω̃ = ṡ× Path Curvature =
Centripetal Acceleration

ṡ
. (5.7)

The centripetal acceleration can be obtained by projecting the longitudinal and lateral

forces Fx and Fy, as given in (4.8) and (4.9), to be perpendicular to the path. Note

the distinction between the path curvature, and the centre-line curvature denoted by

C.
In terms of implementation, rather than converting the states ω and v to inputs,

one could set the ω and v derivatives to be equal to the new controls. This would
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mean that ω̃ and ṽ are able to remain as states, and ˙̃ω and ˙̃v instead act as the inputs,

which replace the original dynamics such that they can be arbitrarily controlled whilst

satisfying the constraints given in (5.5).

Having the state v as an input allows the optimiser to arbitrarily set the side-slip

angle to any value and thus exploit the available grip. The gross effect of neglecting

yaw dynamics can be highlighted by comparing the solutions of the original optimal

control problem against that of the modified problem. Figure 5.12 shows the racing

line for the case with yaw dynamics included and neglected. On the same plot, the

racing line for the model with neglected yaw dynamics and with the aero-balance

perturbation applied at 1613 m, which corresponds to the largest lap time difference,

is shown in green. We can see that ignoring yaw dynamics negligibly affects the

race-line. The perturbation at 1613 m has an even smaller effect on the race-line.

Indeed, as with the case including yaw dynamics discussed in the previous section,

the difference is on the order of a few centimetres.
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Figure 5.12: Race-line for the case with yaw dynamics included and yaw dynamics
ignored.

The vehicle speed in both the presence and absence of yaw dynamics is shown

on Figure 5.13. Ignoring yaw dynamics appears to cause the vehicle to brake slightly

119



earlier and to have a higher cornering speed. One can see that influence of race-line

optimisation on speed is small but visible. In Figure 5.14 the lateral velocity, which is

controlled as an input in the case of dropped yaw dynamics (with and without race-line

optimisation), is shown along with the baseline case. Having the lateral velocity as

an input could potentially inject artificial external energy into the system. However,

Figure 5.14 shows that the magnitude of the difference in lateral velocity between the

two cases remains relatively small. The yaw rates are shown in Figure 5.15.
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Figure 5.13: Speed profile comparison between the baseline and dropped yaw dynam-
ics case with and without race-line optimisation.

Manoeuvre times for the aero-balance perturbation simulation are shown in Fig-

ure 5.16 for the baseline case, and the dropped yaw dynamics case with and without

race-line optimisation. When a fixed racing line from the baseline case was utilised,

ignoring yaw dynamics resulted in a manoeuvre time which was 62 ms faster. In the

model with yaw dynamics neglected, race-line optimisation reduced the manoeuvre

time by 12 ms. In order to compare the shape of the aero-perturbation lap time sen-

sitivity curve for these three cases, the normalised lap times were calculated. These

results are shown in Figure 5.17. We can observe the same pattern as when the yaw

dynamics are included (see Figure 5.11). In the latter case, a higher Clf is advanta-

geous in mid-corner but disadvantageous in corner entry and exit. We can therefore
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Figure 5.14: Lateral velocity comparison between the baseline and dropped yaw dy-
namics case.
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Figure 5.15: Yaw rate comparison between the baseline and dropped yaw dynamics
case.

conclude that the inclusion of yaw dynamics negligibly affects the aero-balance per-

turbation simulation.

5.6 Driver Limits

In order to determine the extent to which driver characteristic limits can influence

the aero-perturbation simulation, slew rate limits are imposed on the steering angle

and longitudinal slips. By comparing the optimal control results against the simu-
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Figure 5.16: Manoeuvre time vs. location of aero-balance perturbation for the case
where yaw dynamics are ignored (blue is with race-line optimisation and red without)
and the case where yaw dynamics are included (green).

1350 1400 1450 1500 1550 1600 1650 1700 1750 1800 1850 1900
0.9998

0.9999

1

1.0001

Perturbation Position (m)

N
or

m
al

is
ed

 M
an

oe
uv

re
 T

im
e

 

 

With Yaw dyn, RL fixed
No Yaw dyn − RL Optimised
No Yaw dyn − RL fixed

Figure 5.17: Normalised lap times vs. the location of aero-balance perturbation.

lator data, it was determined that slew rates of 20 deg/s on steering and 0.17/s on

longitudinal slips would be appropriate. The influence of including these limits on the

steering and longitudinal slips are demonstrated on Figure 5.18 and Figure 5.19. Slew

rate limits were imposed by bounding the rate of change of steering and longitudinal

slips such that |u̇control| was less than the chosen slew rate limit.

The aero-balance perturbation simulation was repeated with the mentioned slew

rate limits in place. The results are summarised in Figure 5.20 and Figure 5.21. The
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Figure 5.18: Comparison of rear right tyre longitudinal slip, κrr, between the vehicle
model with and without slew rates imposed
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Figure 5.19: Comparison of the steering angle, δ, between the vehicle model with and
without slew rates imposed.

simulations were carried out with and without race-line optimisation to see whether

the driver having to ‘drive around’ the perturbation would manifest itself as a need for

him/her to pre-empt and prepare for it in a way that is damaging to lap time. As can

be seen in Figure 5.20, imposing the slew rate limits increases the lap time by around

6 ms. However, as shown in Figure 5.21, the actual shape of the aero-perturbation

lap time sensitivity plot remains almost the same. Overall, we can conclude that the

slew rate limits do not have a large influence on the aero-perturbation simulation.
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Figure 5.20: Manoeuvre times for aero-balance perturbation simulation for the cases
with and without slew rates imposed.
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Figure 5.21: Normalised manoeuvre times for aero-balance perturbation simulation
for the cases with and without slew rates imposed.

5.7 Conclusions

In this study, we investigated the influence of aerodynamic balance perturbations

on lap time. After calibrating the vehicle against the simulator data, a baseline

was generated for a cornering manoeuvre extracted from the Barcelona circuit. The
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aerodynamic balance of the car was then perturbed along a short distance of the

track. The lap times were calculated for different positions of perturbation along

the manoeuvre. It was shown that an aero-balance perturbation towards the rear

axle is more beneficial at corner entry, while one towards the front axle is more

beneficial mid-corner. The optimal control problem formulation was then modified to

ignore yaw dynamics. It was found that the influence of yaw dynamics on the aero-

balance perturbation simulation is small. Finally, slew rates limits were identified

and imposed on the controller. It was shown that although such driver limits can

increase the overall lap time, the response to the aero-balance perturbation remains

unchanged.
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Chapter 6

Minimum Fuel Problem

6.1 Introduction

F
uel efficiency and the reduction of CO2 emissions from road vehicles are prob-

lems of ever increasing importance. Energy storage systems based on lithium-

ion batteries can be used to recover and then redeploy vehicular kinetic energy. This

type of electrical storage has already proved its worth in achieving significant im-

provements in fuel efficiency in a number of commercially available road cars. In

comparison with current battery technologies, flywheel-based energy storage systems

have a high power density, high maximum power delivery limits, but a relatively low

energy-storage capacity. This makes flywheels especially suitable for kinetic energy

recovery systems in high-performance closed-circuit racing cars. In this chapter, we

will consider a vehicle that utilises a combined battery-flywheel energy-storage system

that exploits the complementary strengths of each energy-storage medium, with the

fuel consumption performance of a vehicle subsequently optimised.

Vehicular fuel consumption minimisation has attracted a great deal of recent at-

tention. In the majority of cases driving cycles are used to optimise the drivetrain and

control the vehicle in order to reduce fuel consumption. Power management strategies

and component sizing for a fuel cell hybrid vehicle are considered in [79]. The driving

scenario was modelled as a stochastic process and the power management strategy

was calculated using stochastic dynamic programming (SDP). A ‘Pseudo-SDP’ con-

troller was designed to reduce the computational burden and near optimal results
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were obtained. SDP was also used in [80] to control a power-split hybrid vehicle. An

Equivalent Consumption Minimisation Strategy (ECMS), which is an instantaneous

optimisation algorithm, was also designed. The results from both the SDP and the

ECMS approach were compared to DP and were shown to be near optimal. This

work was then extended in [81], where the hybrid vehicle was optimised by SDP over

a distribution of driving cycles to obtain a strategy that is optimal in an ‘average’

sense.

In [82] the fuel consumption of a hybrid electric vehicle was computed using dy-

namic programming (DP) on a specific driving cycle. A simple vehicle model was used

and the simulation was run for different battery and electric motors sizes in order to

optimise these parameters. To control the energy sources in real driving conditions,

when the future is unknown, an ECMS algorithm was developed for real-time control.

This sub-optimal control law was derived using Pontryagin’s principle.

In [83] optimal control was used to synthesise a controller for a parallel hybrid

vehicle for a given drive cycle. The controller has the required wheel torque and the

vehicle speed as inputs, and the controller’s task is to find the gear and power drain

from battery in order that the fuel consumption is minimised. The optimal control

was found by discretising the cost function (fuel consumption) and computing controls

that satisfy the first- and second-order optimality conditions. Much faster results were

obtained using this method as compared with DP or simulated annealing.

Optimising vehicle parameters over one drive cycle does not necessarily mean

that the vehicle will perform well over other drive cycles; this issue was recognised

in [84]. A method was proposed that optimised the HEV over a combined range

of drive cycles, with different levels of driving aggressiveness and traffic conditions,

in order to reduce the fuel economy variability with respect to drive cycle changes.

Nevertheless, this method is still restricted by the set of drive cycle combination used

and there were cases where a single driving cycle resulted in a lower fuel variability

compared with the proposed multi-cycle method.

Establishing an absolute lower bound on fuel consumption requires controlling the

vehicle speed. An alternative method of minimising fuel consumption over different
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driving conditions, without using driving cycles, is proposed in this chapter. The

method involves optimisation over a given travelled route, which is possible using

GPS-based navigation systems. Once the driven route has been established, one then

chooses a time of arrival constraint, which acts as an ‘aggressiveness’ surrogate. The

optimal driving algorithm then seeks to minimise the fuel consumption within the

time of arrival constraint. A shorter travel time corresponds to a more aggressive

driving style and a higher consumption. A realistic vehicle model with three degrees

of freedom and non-linear tyres is employed. It is shown that flywheels are an excellent

means of reducing fuel consumption in manoeuvres where high levels of braking are

involved such as extra-urban driving on fast roads.

Another distinguishing feature of this study over the majority of the existing liter-

ature is that unlike rule-based methods, system dynamics and non-linear constraints

can be included as part of the optimal control problem without further modifica-

tions and optimal rather than near optimal results are obtained. A pseudo-spectral

method will be used to solve the optimal control problem, which makes use of first-

and second-order gradient information for fast convergence. Compared to DP/SDP,

models of much higher complexity can be solved using this approach.

In this study, we will take the road geometric profile into consideration. In me-

chanical systems with comparable potential and kinetic energies, the optimal control

strategy is typically highly dependent on trade-offs between the two sources of energy,

as was the case in the famous ”Minimum Time to Climb” problem of the jet-powered

aircraft [85]. A simple motivating example is hence provided in Section 6.2 to high-

light the importance of road gradient influences. In Section 6.3 the vehicle and track

models employed in the study are described. In Section 6.4 the optimal control prob-

lem is formulated and in Section 6.5 the numerical solution to the problem is presented

and discussed. The conclusions are given in Section 6.6 and the vehicle parameters

used in the study are provided in the Appendix C.2.

128



6.2 Illustrative Example

Imagine a path-constrained point mass (bead) that is required to reach a given des-

tination within a pre-specified time. Suppose the trajectory’s starting point is (0, 0)

in absolute Cartesian coordinates and that the path is parabolic and defined by

y = ax2 + bx. If the destination point (xf , yf ) is given, there holds yf = ax2
f + bxf

and so the path is specified by a single free parameter. We would like to minimise the

energy supplied to the bead in order that it arrives at the destination ‘just in time’.

If the effects of air resistance and friction forces are neglected, the bead’s height is

indicative of its speed. If the bead has unity mass, conservation of energy dictates

1

2
v2 = Efuel − gy. (6.1)

The bead’s speed is v, its instantaneous height above the origin is y and Efuel is the

amount of external energy supplied. The speed of the bead is thus

v =
√

2Efuel − 2gy. (6.2)

An infinitesimal path segment can be described as

ds =
√
dx2 + dy2 = dx

√
(1 +

(
dy

dx

)2

= dx
√

1 + (2ax+ b)2. (6.3)

Using (6.2) and (6.3) the manoeuvre time is given by

T =

T∫
0

dt =

L∫
0

1

v
ds (6.4)

=

xf∫
0

√
1 + (2ax+ b)2

2Efuel − 2g(ax2 + bx)
dx. (6.5)

The thrust programme that minimises the total external energy supplied is the

optimal control problem of minimising

Efuel =

sf∫
s0

F (s) · ds =

tf∫
0

F (t) · v(t)dt (6.6)
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subject to state dynamics 
ẋ = v

dx

ds
=

v√
1 +

(
dy
dx

)2

v̇ = F − g dy
dx√

1 +
(
dy
dx

)2

(6.7)

where F is the externally applied force. The boundary conditions are{
x(t0) = 0 x(tf ) = 5

v(t0) = 0 v(tf ) = free.
(6.8)

The control Hamiltonian of this system is

H = λ1ẋ+ λ2v̇ + Fv. (6.9)

Since v(tf ) is free, λ2(tf ) = 0. For the quadratic path the control Hamiltonian

becomes

H = F (λ2 + v) +
λ1v√

1 + (2ax+ b)2
+

λ2g(2ax+ b)√
1 + (2ax+ b)2

(6.10)

with co-state equations

λ̇ = −∂H
∂x

=

(
∂H/∂x

−F − λ1/
√

1 + (2ax+ b)2

)
(6.11)

where

∂H/∂x =
2λ2ag√

1 + (2ax+ b)2
− 2λ2ag(2ax+ b)2

(1 + (2ax+ b)2)3/2

+
2λ1av(2ax+ b)

(1 + (2ax+ b)2)3/2
. (6.12)

Since the drive force is bounded, Pontryagin’s minimum principle determines that
F = Fmax if λ2 < −v

F = 0 if λ2 > −v

F = singular if λ2 = −v.

(6.13)

In a manner reminiscent of simple variants of the Goddard rocket problem, the op-

timal thrust programme turns out to be impulsive [86], with all the external energy
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Figure 6.1: Solution of the optimal control problem for a = 0.1 and yf = −1.

injected into the system at the beginning of the manoeuvre. To illustrate this, the de-

scribed optimal control problem was solved with GPOPS-II in the case that yf = −1

and a = 0.1; the states, control and co-states are shown in Figure 6.1.

Nine cases are considered that highlight the significance of interactions between

the kinetic and potential energy of the bead. These paths correspond to three values

for the a parameter and three values for the terminal point; the resulting paths are

shown in Figure 6.2.

For each of the nine cases, Table 6.1 shows the path lengths L, the zero-fuel times

T0 (in the cases that a zero-fuel journey is possible), and the external energy Efuel

required to complete the journey under a 1 s time of arrival constraint.

The first column in Table 6.1 shows the elevation of the terminal point. To calcu-

late the arrival time, (6.5) is solved numerically by running a bisection on Efuel until

the journey time constraint is met.

Superior fuel consumption performance is achieved when the initial part of the

journey is downhill, because the early conversion of potential energy into kinetic

energy results in higher speeds throughout the journey. Shorter journey paths do
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Figure 6.2: Quadratic paths taken by the bead from the starting point (0, 0), to the
terminal points (5,−1), (5, 0) and (5, 1).

not necessarily result in lower fuel consumption (e.g. compare Case 1 and 2). As

one would expect, the journeys in Cases 7 to 9 are the most arduous due to the

high terminal point. This example demonstrates that the path elevation curvature

can have a significant influence on fuel usage and sometimes in a counter-intuitive

manner.

6.3 The Mathematical Model

A bicycle model of the car is used that has yaw, lateral and longitudinal freedoms,

and nonlinear tyres. The road is assumed three-dimensional and is represented by a

geometric construct called a ‘ribbon’, which is describable in terms of three curva-

ture variables. The three-dimensional mathematical model used here was previously

described in detail in [4,74]. We make use of the same track description and the equa-

tions governing the movement of the point mass on the track. However, the vehicle
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Case yf a b L(m) T0(s) Efuel(J)
1 -1 0.1 -0.7 5.29 1.57 6.02
2 -1 0 -0.2 5.10 2.30 8.56
3 -1 -0.1 0.3 5.29 - 13.51
4 0 0.1 -0.5 5.20 2.38 9.70
5 0 0 0 5.00 12.50
6 0 -0.1 0.5 5.20 - 17.73
7 +1 0.1 -0.3 5.29 - 15.83
8 +1 0 -0.2 5.10 - 18.37
9 +1 -0.1 0.7 5.29 - 23.31

Table 6.1: Path lengths (L), zero-fuel arrival times (T0) and fuel requirements (Efuel)
for a 1 s arrival time.

model differs by being single track and corresponds to a hybrid passenger vehicle with

a battery and flywheel.

6.3.1 Track Model

A moving coordinate system (called a Darboux frame) is used to describe the track.

As shown in Figure 6.3 the origin of this moving system is ‘dragged along’ by the car.

The independent variable in the track description is s, which is the distance travelled

by the car projected onto the track spine. The spine could be, but need not be, the

track centre line.

The x-axis of this coordinate system is the track tangent t, the z-axis is perpen-

dicular to the road surface, while the y-axis is orthogonal to x and z-axis and lies on

the road surface and is given by n = t ×m. The road is represented locally by the

t-n plane, which ‘travels’ with the car down the road.

The orientation of this local ‘patch’ is described in terms of three Euler angles

that are all functions of s [74]. If the track orientation is described by the roll, yaw

and pitch angles, respectively φ, µ and θ, then the track curvatures are given by

Ω =

Ωx

Ωy

Ωz

 =
1

ṡ

 φ̇− sin(µ)θ̇

cos(φ)µ̇+ cos(µ) sin(φ)θ̇

− sin(φ)µ̇+ cos(µ) cos(φ)θ̇

 . (6.14)
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Figure 6.3: Differential-geometric description of a track segment T . The independent
variable s represents the distance travelled. The track half-width is N , with ξ the
car’s yaw angle relative to the track spine’s tangent direction. The inertial reference
frame is given by nx, ny and nz [4].

The angular velocity of the Darboux frame is given by

ω =
[
ωx ωy ωz

]T
= ṡΩ. (6.15)

The next kinematic relationships we will require relates to the way in which the

car progresses down the road. Suppose that the absolute velocity of the car in its

body-fixed coordinate system is [u v w]T ; the longitudinal velocity component u is

determined by the throttle/brakes, the lateral component v is determined by the

steering, while the vertical component w is determined by the track characteristics.

The car’s geometric centre (the car’s mass centre projected down on to the road) is

given by n = [0 n 0]T in the Darboux frame. The absolute velocity of the car in the

Darboux frame is:ṡṅ
0

 = n× ω +Rz(ξ)v =

nωz + u cos ξ − v sin ξ
v cos ξ + u cos ξ

w − nωx

 (6.16)

where

Rz(ξ) = R(ez, ξ) =

 cos ξ − sin ξ 0
sin ξ cos ξ 0

0 0 1

 (6.17)
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represents the yawing of the car relative to the spine of the track. The first term

in (6.16) derives from the angular velocity of the Darboux frame, while the second

is the velocity of the car’s geometric centre expressed in Darboux coordinates. The

first row of (6.16) gives the speed of the origin of the Darboux frame in its tangent

direction and can be re-written as

ṡ =
u cos ξ − v sin ξ

1− nΩz

, (6.18)

since ωz = ṡΩz. The function

Sf (s) =
dt

ds
(6.19)

transforms ‘time’ as the independent variable into the ‘elapsed distance’ as the inde-

pendent variable. It is assumed that Sf (s) and its inverse remain non-zero everywhere

along the spine. The second row of (6.16):

ṅ = u sin ξ + v cos ξ (6.20)

describes the way in which the vehicle moves normal to the spine.

Transforming (6.20) into the distance-travelled domain gives

dn

ds
= Sf (s) (u sin ξ + v cos ξ) . (6.21)

Expressing the absolute angular velocity of the car in its body-fixed reference frame

gives

ω̄ =

 ω̄x
ω̄y
ω̄z

 =

 cos ξωx + sin ξωy
cos ξωy − sin ξωx

ωz + ξ̇

 . (6.22)

This will be used in the next section to derive the vehicle’s equations of motion. The

car’s yaw angle in Darboux frame ξ expressed in distance domain is deduced from

the third row of (6.22) by integrating

dξ

ds
= Sf (s)ω̄z − Ωz. (6.23)
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6.3.2 Dynamics

The equations describing the dynamics of the car are derived using standard vectorial

methods. The absolute velocity of the car’s mass centre (expressed on the vehicle’s

coordinate system) can be written as [4]

vB = v + ω̄ × h

=

 u
v
nωx

+

ω̄xω̄y
ω̄z

×
 0

0
−h

 =

u− hω̄yv + hω̄x
nωx

 (6.24)

where × denotes the cross product. The Newton-Euler equations for this system are

given by

M (v̇B + ω̄ × vB) = FB +MgRTez (6.25)

IB ˙̄ω + ω̄ × (IBω̄) = MB, (6.26)

where the car’s inertia matrix is assumed to be diagonal and is given by IB =

diag(Ix Iy Iz), with FB = [Fx Fy Fz]
T and MB = [Mx My Mz]

T being the exter-

nal force and moment. The last term in (6.25) is due to the gravitational acceleration

of the car’s mass centre and can be expressed as

gRTez = RT
z (ξ)RT

x (φ)RT
y (µ)

[
0 0 g

]T
= g

sin ξ sinφ cosµ− cos ξ sinµ
sin ξ sinµ+ cos ξ sinφ cosµ

cosφ cosµ

 . (6.27)

The car’s equations of motion can now be assembled from (6.25), (6.26) and (6.27)

as follows:

u̇ = (v + hω̄x)ω̄z − nωxω̄y + h ˙̄ωy + g (sin ξ sinφ cosµ− cos ξ sinµ) + Fx/M (6.28)

v̇ = nωxω̄x − (u− hω̄y)ω̄z − h ˙̄ωx + g (sin ξ sinµ+ cos ξ sinφ cosµ) + Fy/M (6.29)

˙̄ωz = ((Ix − Iy)ω̄xω̄y +Mz) /Iz, (6.30)
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in which Fx, Fy are the resultant longitudinal and lateral forces, and Mz is the z-axis

tyre moment acting on the car. These quantities are given by

Fx = Ffx cos δ − Ffy sin δ + Frx + Fax + (Ffz cos δ + Frz)Cr (6.31)

Fy = Ffy cos δ + Ffx sin δ + Fry + Ffz sin δCr (6.32)

Mz = a (Ffy cos δ + Ffx sin δ)− bFry. (6.33)

The tyre force system is illustrated in Figure 6.4 and is discussed in Section 6.3.4.

The coefficient Cr is the tyre rolling resistance coefficient and the last two terms in

(6.31) and (6.32) represent the rolling resistance forces. The aerodynamic drag force

Fax acts in negative x-axis direction and is given by

Fax = −1

2
CD ρAu

2 (6.34)

where CD is the drag coefficient. Expressing the equations of motion (6.28), (6.29)

and (4.7) in terms of s gives

du

ds
= Sf u̇ (6.35)

dv

ds
= Sf v̇ (6.36)

dω̄z
ds

= Sf ˙̄ωz. (6.37)

6.3.3 Load Transfer

The vertical tyre loads can be calculated by balancing the forces acting on the car

normal to the road, and then balancing the moments around the body-fixed yb axis

(see Figure 6.4). The contributions from the gravitational, inertial, centripetal and

aerodynamic forces acting on the car as well as the road-related gyroscopic moments

must all be recognised in these calculations. Balancing the forces in road normal

direction gives

(Frz + Ffz)/M − nω̇x + g cosφ cosµ+ (u− hωy)ω̄y − (v + hωx)ω̄x = 0, (6.38)
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Figure 6.4: Tyre force system. The car’s yaw angle with respect to the Darboux
frame, which is defined in terms of the vectors t and n, is ξ and δ is the steering
angle.

in which the Ffz and Frz are the front and rear tyre normal loads, the second term

is the acceleration due to inertial moment around xb axis, the third term is the

acceleration due to gravity, while the last two terms are centripetal accelerations.

Balancing pitching moments around the car’s mass centre results in

bFrz − aFfz + hFx − Iy ˙̄ωy + (Iz − Ix)ω̄zω̄x = 0. (6.39)

The first two terms represent the pitching moments produced by the normal tyre

forces, the third term is the pitching moment produced by the longitudinal force Fx

given in (6.31), the fourth is the inertia moment around the yb axis, whilst the fifth

term is a gyroscopic moment acting in the yb direction.

6.3.4 Tyre Forces

Similar to previous chapters, we make use of the well-known Magic Formula model

[87], where tyre forces are a function of the normal load, the tyre’s longitudinal slip

coefficient κ, and the tyre’s lateral slip angle α. The tyre equations are explained in

details in Appendix B. The tyre parameters are the same as those described in Ta-

ble B.1, with the exception that the peak longitudinal and lateral friction coefficients
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are scaled down by 30 % to reflect the fact that the considered vehicle is a road car

rather than a racing car. For the bicycle model employed here, the front and rear

tyre lateral slip angles are given by

αr = arctan

(
v − ψ̇b
u

)
, (6.40)

αf = arctan

(
cos δ(ψ̇a+ v)− sin δu

cos δu+ sin δ(ψ̇a+ v)

)
. (6.41)

6.3.5 Battery Model

We will use a simple ‘voltage behind output resistance’ model for the battery, as

shown in Figure 6.5. The terminal voltage is

Ib

+

VOC

Rb

Vb

Figure 6.5: Battery equivalent circuit model.

Vb = VOC − IbRb, (6.42)

where VOC is the battery open-circuit voltage, Ib is the battery current and Rb is the

internal resistor. In this convention positive Ib corresponds to discharging the battery,

while negative Ib corresponds to charging. The unloaded battery voltage VOC has a

dependency on the state of the charge SoC as follows

VOC = V min
OC + (V max

OC − V min
OC )SoC, (6.43)

where the SoC is defined as

SoC =
Qb

Qmax
b

. (6.44)
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The maximum battery charge Qmax
b is given by

Qmax
b =

2Emax
b

V max
OC + V min

OC

(6.45)

where Emax
b represents the maximum energy storage capacity of the battery. Using

(6.42) and (6.43) the power delivered, or drawn from the battery is

Pb = (V min
OC + (V max

OC − V min
OC )SoC − IbRb)Ib. (6.46)

Again negative Pb implies charging and positive Pb implies discharging.

The battery charge can be modelled by the dynamic equation

Q̇b = −Ib. (6.47)

The power transmission between the battery and the rear wheel requires an electric

motor, which is assumed to have an efficiency factor µem. The electric motor output

power is thus

Pem = µsign(Pb)
em Pb. (6.48)

6.3.6 Engine Map

The engine used in this study is the 1.5 L Prius engine with maximum power output

of 43 kW. The fuel consumption map (see Figure 6.6) for this engine was obtained

from the ADVISOR software [88]. One measure of fuel efficiency is brake specific fuel

consumption (BSFC), which represents the fuel mass needed to release one unit of

energy. A BSFC map can be calculated from the fuel consumption map using

BSFC =
ṁf (ωe, Te)

ωeTe
, (6.49)

where ṁf is the fuel-mass consumption rate and Te and ωe are the engine torque

and rotational speed respectively. We will use the BSFC to evaluate the efficiency

performance of the engine. The internal combustion engine power is represented by

PICE and is given by

PICE = Teωe. (6.50)

In the optimal control calculations a quadratic multivariate polynomial was fitted
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Figure 6.6: Engine fuel consumption map. The consumption rate in g/s is shown on
the contours/level sets. The black dashed line is the maximum engine torque available
as a function of speed.

to the engine map using a Linear Least Squares algorithm to speed up the fuel con-

sumption calculation. The polynomial captures the shape of the map quite well and

has an average absolute error of 2.6% over the entire engine operating range.

6.3.7 Flywheel

A high-speed flywheel is included in the drivetrain to provide a high-power energy

re-deployment capability, which complements the low-power high-energy storage ca-

pability of the battery. While batteries can store energy for a relatively long time due

to their low inherent losses, flywheel storage systems suffer from high losses especially

when running at high speeds. A basic flywheel storage system can be represented by

a spinning inertia with kinetic energy

Efly =
1

2
Jfω

2
f , (6.51)

where Jf is the moment of inertia and ωf is the flywheel’s angular velocity. The

dominant losses in the flywheel come from the friction in the bearings. These losses
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are modelled using the empirical relationship given on pg. 147 of [89]

Ploss = 2× 10−7ω2
f + 0.0151ωf + 4.0577, (6.52)

where ωf is given in rpm. The flywheel dynamics are described by

Ėfly = −Pfly − Ploss. (6.53)

There are also losses in the continuous variable transmission (CVT), which can be

lumped into an efficiency factor µCV T .

6.3.8 Power Transmission

The power transmitted to the rear wheel can be modelled by the constraint

PICE + Pem + µ
sign(Pfly)
CV T Pfly − (Frrx + Frlx)u ≥ 0, (6.54)

which ensures that the power delivered to the back wheels never exceeds the combined

power delivery capability of the internal combustion engine, the battery and the

flywheel. If the rear-wheel tyre force is positive, the vehicle is being driven, and the

sum of powers delivered by the engine, the flywheel CVT and electric motor will

match the mechanical power delivered to the rear wheel. Under braking, rear-wheel

tyre force is negative, and the mechanical power at the back wheels is used to charge

the battery and/or the flywheel, or else it is dissipated as heat.

At Pfly = 0, µ
sign(Pfly)
CV T is discontinuous and hence must be approximated using a

smooth function. The approximation used in this study is

µsign(P ) ≈ 0.5µ (1 + tanh(%P )) +
0.5

µ
(1 + tanh(−%P )), (6.55)

in which % is a constant. As % is increased, the approximation (6.55) approaches

µsign(P ).

6.4 Optimal Control

The minimum fuel problem can be formulated as an optimal control problem that is

now described.
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The system is described by a set of equations of the form

dx(s)

ds
= f(x(s),u(s)), (6.56)

in which the state-vector is given by

x =
[
n ξ u v ω Efly Qb

]T
. (6.57)

The associated differential equations are given by (6.21), (6.23), (6.28), (6.29), (4.7),

(6.47) and (6.53), respectively. The control vector is given by

u = [δ kf kr Ffz Frz ωe Te Pfly Ib]
T . (6.58)

The problem is also subject to the path constraints (6.38), (6.39), (6.54) and bounds

on states and controls. There is also a constraint on maximum engine torque available

as shown in Figure 6.6.

The minimum-fuel performance index to be minimised is given by

J =

sf∫
s0

Sf (s)ṁf ds. (6.59)

The arrival time constraint can be written as an integral constraint as below

sf∫
s0

Sf (s)ds ≤ T, (6.60)

where T is the arrival time.

In practice however, to avoid jerky controls and singular arcs, we actually control

u̇ and minimise

Jmod =

sf∫
s0

Sf (s)(ṁf + u̇TRu̇) ds (6.61)

in which R is an appropriate weighting matrix. We also impose slew-rate limits on

controls by placing hard constraints on |u̇|.
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6.5 Results

In order to illustrate the concepts described, the motor-racing Circuit de Spa Fran-

corchamps will be used as an exemplar track. The path is restricted to the neighbour-

hood of the track centre line in order to make comparisons easier; this was achieved

by constraining the state n, which is the perpendicular distance from the car mass

centre to the track centre line, to be ‘small’. The three-dimensional track, as well as

a two-dimensional projection on to a ground plane are shown in Figure 6.7.

Figure 6.7: Circuit de Spa-Francorchamps used in the presented study. Start/Finish
line (SF) is marked by the blue dot.

The route that the car is constrained to take together with the corner distances are

shown in Figure 6.8. This figure will be useful in analysing the results to be presented

later. In all the simulations described here, the vehicle will start at rest (in practice

the vehicle is set to start from a negligibly small velocity to keep the reciprocal of the

speed well defined) at the SF line, and will complete the circuit such that fuel usage

is minimised. The car will come to a standstill at the end of the route.
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Figure 6.8: The path that vehicle is set to follow with distances travelled marked on
the plot in meters.

The minimum fuel problem was solved for a journey time of 240 s on the three-

dimensional and two-dimensional track; this calculation is used to quantify the signif-

icance of the road undulations. The optimal speed profile of the full hybrid vehicle for

both the two and three-dimensional tracks, along with the track elevation changes,

are depicted in Figure 6.9. One can see that the track is on a slight incline when the

car starts its journey; this results in the car’s initial speed being slightly higher on

the 2D track. At approximately 400 m the track elevation falls away and the speed

on the 3D track overtakes that in the 2D track. The 3D track speed advantage is

then ‘given back’ as the car enters the rising gradient at approximately 1100 m. At
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Figure 6.10: Fuel consumption rate in g/s for the three-dimensional (red solid line)
and two-dimensional (blue solid line) track for the case when arrival time was set to
240 s. The black dashed line shows the road elevation profile.

the start of the incline at 1100 m, one also sees an increase in the fuel consumption

rate as shown in Figure 6.10.

The vehicle’s fuel consumption rate is high initially in order for it to accelerate

from rest. As the vehicle approaches the first turn at 400 m, the throttle is eased

off at approximately 150 m, with the brake applied at approximately 200 m (see also
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Figure 6.11). The full-lap fuel usage for the 2D case was 321.2 g, while that in the 3D

case was 320.5 g. Although this difference is small, Figure 6.10 shows that the fuel

consumption strategy is different in the two cases; more fuel is used ascending hills,

while fuel is saved coming down them.

Figure 6.11 shows the power management strategy of the vehicle. An inspection

of this plot brings a number of issues to light: (i) the battery power delivery and

absorption is relatively small compared to the flywheel; (ii) the controller tries to

utilise the stored flywheel energy as fast as possible in order to avoid energy dissipation

resulting from the rotational losses; (iii) The battery stored energy is only used when

that in the flywheel has been depleted; (iv) often times the power delivery from the

flywheel exceeds that of the engine; (v) the battery is discharged at relatively few

isolated points on the circuit, and only when the flywheel energy has been depleted.

The power losses associated with various dissipation mechanisms are shown in

Figure 6.12. Predominant are the aerodynamic drag power losses that are proportional

to the cube of the forward speed; see (6.34). The rolling resistance loss is given by

the product of forward speed and the rolling resistance forces. The flywheel losses

are the sum of internal rotational losses (6.52) and the CVT losses. The peaks that

appear in the flywheel loss plot are due to transmission losses. The low power loss

regions such as the one that appears around 4000 m and the gradients on the peaks,

are due to the flywheel self-discharging. The battery and electric motor losses come

from the battery’s output resistance and motor efficiency. There are also losses due

to the longitudinal and lateral tyre slips but are not shown in the figure.

The brake specific fuel consumption map (6.49) is shown in Figure 6.13. It can be

seen that the optimal controller tries to utilise the engine such that it operates as close

as possible to the optimum efficiency line; this implies that the controller chooses the

engine speed and torque such that maximum mechanical energy is extracted per unit

of fuel mass burnt.
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Figure 6.14: Flywheel power for different journey times for the vehicle with no battery.

It will be shown that the flywheel can provide a significant amount of fuel sav-

ings, especially when the journey times are low, and when the vehicle is required to

complete the route aggressively. In this case, there will be many braking regions that

will regenerate energy back into the flywheel that can then be quickly redeployed to

then speed up the vehicle. For longer journey times the vehicle can essentially com-

plete the circuit without braking; in this case the vehicle can go around the corners

with a low enough speed that tyres will have enough lateral grip to accommodate the

centripetal forces involved. These ideas are illustrated in Figure 6.14 and Figure 6.15,

which show the power and energy stored in the flywheel respectively for a vehicle

with engine and flywheel only. For a journey time of 230 s, the flywheel consistently

reaches high levels of stored energy. However when the journey time is increased to

265 s the braking regions become less frequent, and lighter, resulting in fewer oppor-

tunities to scavenge energy into the flywheel. The flywheel self-discharging power

losses are evident in Figure 6.15. These are low-gradient energy dissipation regions

when there is no power being delivered from the flywheel; see the flywheel power at

approximately 4500 m for example.

In order to analyse the battery management strategy, the vehicle with ICE and
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Figure 6.15: Flywheel energy for different journey times for the vehicle with no bat-
tery.

battery was considered. The optimal strategy for a journey time of 250 s is illustrated

in Figure 6.16.

The state of charge of the battery at the start and end of the lap is constrained

to be 60 %. The battery is discharged in the acceleration regions for power assist

and is charged in braking phases by electric motor energy regeneration. It is evident

that unlike the flywheel, the discharge does not happen in a bang-bang fashion. This

is because the power losses in the battery are proportional to square of the current.

This results in the optimal controller spreading the power delivery over a longer time

period in order to maintain high efficiency. In the charging mode the maximum power

available is absorbed as the braking phase has a short span so for maximum energy

regeneration, all the power available from the wheels is extracted. The electric motor

efficiency losses result in the power delivered to the battery being smaller than the

power from the wheels in regeneration phase. This efficiency loss is also evident in

the power assist mode when part of battery power is lost on its way to the wheels and

explains why the electric motor power is higher in braking and lower in acceleration.

In a final study, the minimum fuel problem was solved for a range of arrival

times with the full combination of auxiliary storage systems available; the results
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Figure 6.16: The battery power and state of charge along with the power at the
electric motor shaft. The journey time was 250 s.

are summarised in Figure 6.17. As one would expect, at lower journey times, when

the vehicle has to be driven more aggressively, the fuel consumption increases, since

at higher engine powers more fuel is consumed. Furthermore, the main vehicle-

related losses come from aerodynamic drag, which is proportional to the square of the

vehicle speed. The vehicle with both the flywheel and battery performs best at very

low journey times. However, as the journey time increases, the vehicle with engine

and flywheel performs the best as it does not have to carry the additional 100 kg of

battery load. With increasing journey times the fuel usage drops significantly and the

benefit of using an axillary storage system also diminishes as the amount of energy

regeneration decreases. The minimum journey times possible for the vehicle with

engine only, battery only, flywheel only and both battery and flywheel were 230.09 s,

225.76 s, 219.67 s and 217.35 s respectively. This highlights the power boost capability

of the flywheel in aggressive manoeuvrings.

6.5.1 Some computational details

In this study the optimal control solver was initialised with 100 mesh segments. The

number of collocation points was allowed to vary between 4 to 10 per mesh segment.
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Figure 6.17: Fuel usage against journey time for the case with engine and flywheel
(red), engine and battery (blue), full combination (black) and engine only (green).

The tolerance for error across all meshes was at 10−3 and IPOPT tolerance was set

to 10−7. For the vehicle with both battery and flywheel, when arrival time was set

to 240 s, the error tolerance was reached after 18 mesh adaptation iterations. The

final mesh had a total of 367 mesh segments and 2861 collocation points. The whole

problem took under 2 hours to solve on an 8 core 3.5 GHz computer. For the engine-

only case the error tolerance was reached with a similar number of collocations and

meshes. However, the total solution time was only 20 minutes as only 10 mesh

adaptation iterations were required and each iteration was faster to complete. The

solution time is sensitive to the problem set-up. For example, increasing the size of %

in (6.55) slows down convergence as the problem becomes ‘less continuous’. Avoiding

the use of look-up tables in the cost function speeds up the algorithm significantly.

In general, even though the direct pseudo-spectral method shows great robustness,

careful attention is required in problem set-up when fast solution speeds are needed.

6.5.2 Optimality

As with any gradient-based optimisation method, the optimal solution obtained from

the algorithm might be a local rather than the global minimum. It is therefore
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Initial Guess Fuel (g) Initial Guess Fuel (g)
Linear 10% DNC Linear 20% DNC
Linear 30% 320.53 Linear 40% 320.52
Linear 50% 320.53 Linear 60% 320.59
Linear 70% 320.52 Linear 80% DNC
Random 1 320.51 Random 2 320.59
Random 3 320.59 Random 4 320.60
Random 5 320.59 Random 5 320.59
Random 6 320.59 Random 7 320.59
Random 8 320.58 Random 9 320.57

Battery min 320.56 Battery max 320.53

Table 6.2: Optimal fuel usage for different initial guesses. DNC stands for ‘Did not
converge’.

important to quantify the sensitivity of the optimal solution to the initial guess. In

this study, the problem was initialised using a set of sensible constant values across

the entire solution space. A series of cases were then considered to examine whether

the solution obtained can be trusted to be a global optimum. In all the cases, the

vehicle was equipped with a battery and flywheel and the arrival time was set to

240 s.

Firstly, the initial guesses were chosen as constant numbers by linearly slicing

the states and controls bounds such that x0 = xmin + (xmax − xmin)w and u0 =

umin + (umax−umin)w, where w is the weighting percentage. The optimal fuel usage

for these cases are shown in Table 6.2 as ‘Linear x%’. For the 10%, 20% and 80%

cases, the solution did not converge (marked as DNC). However, for all the other cases

the solutions were essentially identical with the differences being less than the mesh

tolerance error of 10−3. Even though the set of initial guesses were vastly different,

the optimiser showed great robustness and managed to converge to the same optimal

solution.

Rather than slicing the bounds linearly, a random value between 20% to 80%

of the total bound of each state and control was then chosen as the initial guess.

The experiment was repeated 10 times and the results are shown as ‘Random n’ in

Table 6.2. All the runs converged successfully to the same solution. Finally, the
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problem was initialised with lowest charging current and SOC and then with highest

discharge current and SOC for the battery. The results are shown as ‘Battery min’

and ‘Battery max’. Identical solutions were obtained once more, demonstrating that

the optimal control problem has a great radius of convergence when solved using a

direct pseudo-spectral method.

To ensure the same minimal cost was not obtained using different trajectories the

cases with the highest cost difference were selected (Case Random 1 and Random

2). The state and controls for the two cases were then compared. The worst case

difference was found to be in the Engine Torque, Te, as plotted in Figure 6.18. As we

can see, the trajectories are nearly identical making us confident that the obtained

solution is indeed globally optimal.
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Figure 6.18: Optimal engine torques for the Random 1(sold blue) and Random
2(dashed red) initial guesses.
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6.6 Conclusions

We have presented a method of evaluating the fuel consumption performance of hy-

brid vehicles. In our approach, rather than utilising standardised driving cycles, we

make use of a specific route and then drive the vehicle so that we reach the desti-

nation within a given time, while controlling the vehicle in order to minimise the

fuel consumption. In this framework driving aggressiveness can be systematically

controlled by changing the arrival time. Another thrust of this work was to quantify

the effectiveness of flywheels and batteries in reducing fuel consumption. Finally, the

minimum fuel usage strategy for the hybrid vehicle over a three-dimensional route was

found and the effects of different combinations of auxiliary storage systems were stud-

ied. It was demonstrated that flywheels can help to achieve significant fuel reductions

in aggressive driving.
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Chapter 7

Nonlinear Stability

7.1 Introduction

S
tudies of vehicular lateral dynamics allow us to determine its directional stabil-

ity. A vehicle is directionally stable if it is able to return to its prior steady-state

condition after experiencing a disturbance. The disturbance might be a wind gust,

external forces from the road due to an uneven surface, or a sudden small change to

the steering [90]. Yaw stability is extremely important for vehicle safety; a lack of

yaw stability increases the propensity to roll-over [91]. In racing, where the vehicle

is often under grip limited conditions, a loss of yaw stability will result in the vehicle

spinning off the track. It is therefore of value to understand the factors that have the

most impact on vehicular stability and performance. In this chapter, we will propose

a method of finding the direction and extent to which a vehicle is vulnerable to in-

stability. This will be done using a region of attraction (RoA) analysis, which finds

the set of initial conditions for which the vehicle can return to its stable equilibrium.

As with many other applications, linear stability theory has been utilised exten-

sively in vehicle dynamics [60,87] and the eigenvalues of the linearised system can be

used to determine the stability of an equilibrium operating condition. This method

is simple and can be used to deduce many important system properties, but linear

models can only be used to determine local performance and stability properties. For

example, it is shown in [87] that a linearised model results in a straight handling

line, whereas the nonlinear model shows a curved line. Linear theory predicts that
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the gradient of the steering against lateral acceleration plot, known as the understeer

gradient, is constant [87]. If this gradient is positive, the car exhibits understeering

and can never become unstable. However, if it is positive, it will oversteer and will

become unstable above a certain value of forward velocity. A nonlinear model, on the

other hand, predicts that the steering behaviour can change as the lateral accelera-

tion increases. It was therefore suggested that handling diagrams should be used to

predict the steering behaviour, with isoclines employed as a means of approximating

the system trajectories and thereby estimating the domain of attraction.

Lyapunov’s second method was first used in [5] to estimate the RoA. Two can-

didate functions were considered: the Lyapunov function coming from solving the

Lyapunov equation, and a modified kinetic energy function. The RoA estimate was

then found by finding manually the largest level set of the candidate Lyapunov func-

tion that fits within the region, where the time derivative of the Lyapunov function

is negative. The estimated RoA was then compared with the results of the numerical

integration of the dynamics equations from a chosen set of initial conditions. The

RoA estimates were reasonable, but conservative. This method is extended in [92],

where the use of tangency points is suggested as a way of finding the largest level sets

of Lyapunov functions automatically. The use of trajectory reversal is also suggested,

which relies on forward and backward integration to find the simulation stability

boundary. A better RoA estimate is found in [6], using an examination of the phase

plots in combination with heuristic arguments. This estimate is still conservative and

so the use of Lyapunov exponents is proposed as a way of finding an accurate estimate

of the RoA [93].

Regions of attraction can be estimated with a Lyapunov function determined

by sum-of-squares (SOS) programming techniques. Before the advent of SOS pro-

gramming, the determination of a Lyapunov function was neither trivial nor system-

atic. It is shown in [10] that a Lyapunov function search can be written as SOS

constraints that can then be cast as a convex semi-definite program (SDP). Many

algorithms have been proposed subsequently that estimate the RoA using SOS pro-

gramming [10,94–97].
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In [14] we demonstrated how SOS programming can be used to improve the RoA

estimates published in [5, 6, 92]; one issue with the models used is the employment

of a cubic polynomial to describe the nonlinear tyre behaviour as a function of the

slip angle. In this research, we will show that rational functions can capture the non-

linearities of the tyre characteristic more effectively than polynomials. We will then

extend the algorithm proposed in [94] to utilise systems over rational vector fields.

Heuristics that can improve the performance of the RoA algorithm are also presented.

The influence of driving conditions and vehicle parameters on the region of stabil-

ity are investigated and compared with the predictions of linear theory. Using this

method, we can find regions of attraction without resorting to numerical integration

and mathematical guarantees can be obtained that can be used for safety verification

and validation.

The rest of this chapter is structured as follows. In Section 7.2 the mathematical

model of the vehicle and the tyre model approximation are presented. SOS program-

ming is briefly introduced in Section 7.3 with the RoA estimation algorithm presented

in Section 7.4. Finally, the results are presented in Section 7.5 with the conclusions

given in Section 7.6.

7.2 The Mathematical Model

The single track ‘bicycle’ model is employed here to describe the lateral dynamics

of the vehicle. This model benefits from its simplicity, whilst also capturing impor-

tant vehicular dynamic properties. This simplicity makes it suitable for the stability

analysis to follow.
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Figure 7.1: Vehicle bicycle model. The Fij’s represent the tyre forces, δ is the steering
angle, u and v are the longitudinal and lateral velocity, and a and b are the distances
between the mass centre and the front and rear axles respectively.

7.2.1 Dynamics

The standard and well known ‘bicycle’ model has longitudinal, lateral and yaw free-

doms and is given by

m(u̇− ωv) = Frx + Ffx cos δ − Ffy sin δ (7.1)

m(v̇ + ωu) = Fry − Ffx sin δ + Ffy cos δ (7.2)

Iω̇ = a(Ffy cos δ + Ffx sin δ)− bFry, (7.3)

where m is the vehicle mass, I its yaw moment of inertia and ω its yaw rate. The

remainder of the quantities are shown in Figure 7.1. In this study we assume that the

vehicle has a constant longitudinal velocity, which can be achieved by cruise control.

With this assumption, there will be no longitudinal acceleration and (7.1) can be

ignored. Assuming the steering angle is small and fixed and ignoring the effects of

longitudinal tyre forces, the lateral dynamics can be described by (see also [87])

m(v̇ + ωu0) = Ffy + Fry (7.4)

Iω̇ = aFfy − bFry, (7.5)

where u0 is the (constant) forward speed.

7.2.2 Tyre Forces

The lateral tyre slip angle α is given by

tanα = −vw
uw
, (7.6)

160



where uw and vw are the absolute speed components of the wheel centre in a wheel-

fixed coordinate system. The front and rear tyre lateral slip angles are given by

αf = arctan

(
cos δ(ωa+ v)− sin δu

cos δu+ sin δ(ωa+ v)

)
(7.7)

αr = arctan

(
v − ωb
u

)
. (7.8)

Expression (7.7) can be simplified by using the identity arctan( x+y
1−xy ) = arctan(x) +

arctan(y) to give

αf = arctan

(
ωa+ v

u

)
− δ. (7.9)

In this study we assume that the vehicle side-slip angle is small, i.e. the longitudinal

velocity is large compared to the lateral velocity. Therefore, we can approximate the

tyre slip angles by linearising (7.7) and (7.8) to obtain

αf =
ωa+ v

u
− δ (7.10)

αr =
v − ωb
u

. (7.11)

Tyre longitudinal and lateral forces are typically nonlinear functions of the wheel

loads and camber, and the longitudinal and lateral tyre slips. We make use of the

simplified ‘Magic Formula’ [87] tyre model described in [98] with the parameters for

the front and rear tyre corresponding to that of a dry road. The tyre model needs

to be approximated using either polynomials or rational functions for use in the

SOS programs described later. The front tyre curve from [98] is shown in dots in

Figure 7.2. The polynomial and rational approximations are shown on the same plot.

The polynomial approximation is given by

Fiy =
m∑
k=0

pikα
k
i , i = f, r. (7.12)

It is evident in Figure 7.2 that the fitting error decreases as the order of the polynomial

is increased. However, even with a high-degree polynomials, it is difficult to approxi-

mate the cornering force accurately. On the other hand, the rational approximation

given below fits the ‘Magic Formula’ model quite accurately.

Fiy =
pi1α

3
i + pi2α

2
i + pi3αi

α4
i + qi1α2

i + qi2
, i = f, r. (7.13)
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Figure 7.2: Front tyre cornering force approximation. The ‘Magic Formula’ data
points are shown in black circles and the rational function fit of type (7.13) is shown
in blue. The 3rd and 7th order polynomial fits (7.12) are given in red and green
respectively.

Also, increasing the polynomial order leads to over fitting complications, where large

errors can appear between the sample points. Furthermore, polynomial fitting is

sensitive to the range of the data points chosen and extrapolating outside the data

range degrades badly; this is because any p(x) tends to ±∞ as x goes to ±∞. In

contrast, rational functions can have asymptotes and this makes them more suitable

for representing tyre saturation.

The lateral dynamics model used in the study is assembled by substituting (7.10)

and (7.11) into the tyre approximation fits (7.12) or (7.13), which can then substi-

tuted in (7.4) and (7.5) to obtain the two ordinary differential equations (ODE) that

describe the lateral dynamics. To validate the approximations made in the slip angles

and tyre forces we compare the phase portrait of the approximated systems against

the full nonlinear model. The phase portrait for the model with 7th order polynomial

tyre model approximation is shown in Figure 7.3. The full nonlinear model, which

has the slip angles described by (7.9) and (7.7), and uses the ‘Magic Formula’ tyre

model is shown in the dotted lines. We can see in Figure 7.3 that the approximation

shifts the equilibrium points (shown in magenta) away from the actual equilibriums
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Figure 7.3: Phase portrait for the vehicle model with a 7th order polynomial tyre
force approximation. The dashed lines show the fully nonlinear vehicle trajectories.
Equilibrium points for the original system are shown in green, while those for the 7th
order polynomial tyre are shown in purple.

(shown in green). This causes the region of stability to appear larger. The trajectory

paths also become distorted, because of fluctuations in the polynomial tyre model.

The vehicle model with the rational tyre force approximation of type (7.13) shows

much better agreement with the fully nonlinear model as demonstrated in Figure 7.4.

The saddle equilibriums are now much closer to that of original system and the

trajectories are almost identical. We will therefore make use of the rational function

approximation in the rest of this study for estimating RoA. The rational function

fitting can be done using a nonlinear least squares algorithm with an appropriate

initial guess. The lsqcurvefit function in MATLABTM was used here to find the

numerator and denominator polynomial coefficients pi’s and qi’s that resulted in the

minimum fitting error.

7.3 Sum-of-Squares Programming

The sum-of-squares techniques required here are summarized in the next two sections

(Sections 7.3 and 7.4). Our summary makes extensive use of [99] and the references

therein.
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Figure 7.4: Phase portrait for the vehicle model with rational function tyre force
approximation. The dashed lines show the fully nonlinear vehicle trajectories. Equi-
librium points for the original system are shown in green, with the model with the
rational function tyre approximation shown in purple.

Sum of squares (SOS) theory relates to multivariate polynomials p(x) in n real

variables, in which x is a vector with components x1, · · · , xn. A multivariate poly-

nomial p(x) is said to be sum of squares (SOS) if there exist polynomials fi(x), such

that

p(x) =
M∑
i=1

f 2
i (x). (7.14)

The set of SOS polynomials is denoted Σ[x]. If p(x) is SOS, then it is also positive

semi-definite, i.e. p(x) ≥ 0 for all x ∈ Rn. If p(x) is expressed as a linear combination

of monomials, then its degree is the degree of the highest order monomial. For example

p(x) = x2
1 + 3x4

2 + 7x1x
5
2 − x3

1x
2
2 + 5x2

6

has degree 6. If p(x) is a SOS polynomial then there exists a decomposition such

that p(x) can be written as

p(x) = ZT (x)Q0Z(x) (7.15)

where Z(x) is a vector of monomials in x up to half the degree of p(x) and Q0 ≥ 0 is

a Gram matrix [10]; this representation is not unique. If matrices Mi, i = 1, · · · , N ,
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span the null space of the representation of p(x) in (7.15), then

p(x) = ZT (x)(Q0 +
N∑
i=1

λiMi)Z(x). (7.16)

Thus p(x) is a SOS if and only if there exist λi, i = 1, · · · , N , such that

Q = Q0 +
N∑
i=1

λiMi ≥ 0,

which is a linear matrix inequality (LMI) feasibility problem. Not all non-negative

polynomials are SOS, but checking if a SOS decomposition exists is computationally

tractable with polynomial complexity. It is this feature of SOS techniques that assist

us in finding Lyapunov functions for non-linear systems.

7.3.1 Generalised S-procedure

In Lyapunov stability theory one is concerned with the sign definiteness of scalar

functions and their derivatives. To this end we consider p0(x) : Rn → R such that

p0(x) ≥ 0 (7.17)

for x ∈ D. In order to restrict the domain of x, one might require

pi(x) ≥ 0, · · · , pm(x) ≥ 0, (7.18)

where p0, p1, · · · , pm : Rn → R. The inequalities in (7.17) and (7.18) are equivalent

to the following set-containment condition

m⋂
i=1

{x ∈ Rn|pi(x) ≥ 0} ⊆ {x ∈ Rn|p0(x) ≥ 0} . (7.19)

A possibly conservative test for (7.17) and (7.18) is the existence of positive semi-

definite functions q1(x), · · · , qm(x) : Rn → R such that

p0(x)−
m∑
i=1

qi(x)pi(x) ≥ 0 for all x ∈ Rn. (7.20)

To see how this works consider a point x such that pi(x) ≥ 0, · · · , pm(x) ≥ 0. This

means that qi(x)pi(x) ≥ 0 and therefore that p0(x) ≥ 0.
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7.4 Regions of Attraction Estimation

Consider an autonomous non-linear system of the form

ẋ(t) = f(x(t)), (7.21)

where x ∈ Rn is the state vector. The locally Lipschitz function f : Rn → Rn

describes the system dynamics; we will assume without loss of generality that f(0) =

0 is an equilibrium point of (7.21). If ξ(x0, t) is a solution to (7.21) at t, then

the initial condition is ξ(x0, 0) = x0 and the region of attraction (RoA) is the set

{x0 ∈ Rn : limt→∞ ξ(x0, t) = 0}. The set M is invariant under the flow f(x(t)) if

x0 ∈M implies ξ(x0, t) ∈M for all t > 0.

The stability of the equilibrium at f(0) = 0 can be established by constructing a

Lyapunov function with the following properties [100].

Theorem 7.1 The origin of the system (7.21) is locally stable if there exists a con-

tinuously differentiable function V : Rn → R such that the following two conditions

hold:

(i) If V (x) is locally positive definite i.e. V (x) > 0 ∀x ∈ D \ {0} with V (0) = 0

(ii) V̇ (x) is negative semi-definite in D i.e. ∂V
∂x
f(x) ≤ 0 ∀x ∈ D

where D is a neighbourhood of the origin. Furthermore, if ∂V
∂x
f(x) < 0, the equilibrium

is locally asymptotically stable.

Lyapunov functions for systems with polynomial vector fields can be constructed

by relaxing conditions (i) and (ii) in Theorem 7.1 to SOS constraints [95].

Suppose ϕi(x) are positive definite polynomials defined by

ϕi(x) =
n∑
j=1

εijx
2
j (7.22)

in which εij are small positive real numbers. Define the neighbourhood of the origin

to be the set D = {x ∈ Rn | g(x) ≤ 0}. Then we can establish the local asymptotic

stability of the equilibrium at the origin of (7.21) using the following SOS program.
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Program 7.1 Given an ODE system (7.21) with polynomial vector fields, the local

asymptomatic stability of the equilibrium at the origin can be checked if we could find

V (x), such that V (0) = 0, and q(x) ∈ Σ[x] such that:

V (x)− ϕ1(x) ∈ Σ[x] (7.23)

−∂V
∂x
f(x)− ϕ2(x) + q(x)g(x) ∈ Σ[x]. (7.24)

The first constraint enforces V (x) > 0 ∀x 6= 0. Constraint (7.24) enforces condition

(ii) in Theorem 7.1, and comes from applying the generalised S-procedure.

The system of interest in this study is of rational form

ẋ =
n(x)

d(x)
(7.25)

with n(x) and d(x) polynomials and d(x) > 0 in D. The stability of the origin

can be checked with Program 7.1 if constraint (7.24) is multiplied by d(x) so that it

admits a SOS decomposition. The following modified program is obtained [95].

Program 7.2 Given a rational system of form (7.25), then the local asymptotic sta-

bility of the origin can be established by finding V (x), such that V (0) = 0, and

q ∈ Σ[x] such that:

V (x)− ϕ1(x) ∈ Σ[x] (7.26)

−∂V
∂x
n(x)− ϕ2(x)d(x) + q(x)g(x)d(x) ∈ Σ[x]. (7.27)

Once the stability of an equilibrium is established, we can then attempt to estimate

its region of attraction. The following result characterises some invariant subsets of

the RoA.

Lemma 7.1 [99] Suppose γ > 0 and suppose also that there exists a continuously

differentiable function V : Rn → R such that

(i) V (0) = 0, V (x) > 0 for all nonzero x ∈ Rn;

(ii) MV,γ := {x ∈ Rn : V (x) ≤ γ} is bounded;
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(iii) MV,γ\{0} ⊂ {x ∈ Rn : ∂V
∂x
f(x) < 0} .

Then, for all x0 ∈ MV,γ, the solution ξ(x0, t) of (7.21) exists on [0,∞) with

ξ(x0, t) ∈MV,γ for all t ≥ 0, and with limt→∞ ξ(x0, t) = 0.

If the conditions of Lemma 7.1 are met, MV,γ is an invariant subset of the RoA

for the equilibrium f(0) = 0. Both sets in (iii) are described by inequalities, and the

generalized S-Procedure can be used to establish containment. If ϕ(x) is positive

definite, q(x) is positive semidefinite and

q(x)(V (x)− γ) ≥ (ϕ(x) +
∂V

∂x
f(x)) ∀x,

then (iii) holds. If x 6= 0 satisfies V (x) ≤ γ, then the nonnegativity of q(x) and the

positivity of ϕ(x) ensures ∂V
∂x
f(x) < 0.

Following [94], a ‘shape function’ can be used to further refine the RoA estimate

by varying V (x). To this end a positive definite polynomial s(x) is introduced with

s(x) ≤ β in the region of attraction. The aim of the optimisation process is to max-

imise the value of β such that containment is guaranteed. In the following program

we will accommodate systems with rational vector fields of form (7.25).

Program 7.3 The region of attraction around the equilibrium of rational system

(7.25) can be estimated by finding V , q1 ∈ Σ[x] and q2 ∈ Σ[x] that maximise β

such that:

V (x)− ϕ1(x) ∈ Σ[x], (7.28)

q1(x)(s(x)− β)− (V (x)− γ) ∈ Σ[x], (7.29)

− ∂V

∂x
n(x)− ϕ2(x)d(x) + q2(x)d(x)(V (x)− γ) ∈ Σ[x] (7.30)

Condition (7.28) ensures that Lemma 7.1 (i) is satisfied, (7.29) ensures that

Ms,β ⊆MV,γ,

while (7.30) enforces Lemma 7.1 (iii). The decision variables are V (x), q1(x) and

q2(x), which makes Program 7.3 bilinear due to the q2V term. Program 7.3 can be
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solved using a local bilinear matrix inequality solver such as PENBMI [96]. It is

common for PENBMI to converge to different solutions for different runs due to its

built-in random initial point starter. Since PENBMI is not freely available, it is

useful to have an alternative method of solving Program 7.3. Upon closer inspection

one can see that this problem is quasi-convex [101] and can be solved using an iterative

algorithm [94] such as the following

Algorithm 7.1 Program 7.3 can be solved iteratively by repeating the following steps

until β no longer improves.

(i) γ step: Initialise V and maximise γ by finding q2 such that (7.30) holds;

(ii) β step: Keep V , γ and q2 fixed and maximise β by finding q1 such that (7.29)

holds;

(iii) V step: Keep γ, β, q1 and q2 fixed and find V such that (7.28)-(7.30) hold.

Constraint (7.30) can be solved using a bisection on γ until the difference between

the lower and upper estimates of γ attains some specified threshold. The β step is

treated likewise. Since V (x) = 0, V is positive definite and f(0) = 0, it is clear that

V , q1 and q2 need not contain constant terms. In the same way, it is important to

not include ‘unnecessary’ monomials in the SOS program. In addition, if we require

s1 − s2 ≥ 0 where s1 and s2 are SOS polynomials, the degree of s1 must be at least

equal to the degree of s2.

When implementing Program 7.3, we suggest that the following degree bounds are

recognised

deg(V ) ≥ deg(ϕ1) (7.31)

deg(q1) + deg(s) ≥ deg(V ) (7.32)

deg(q2) + deg(d) ≥ deg(n)− 1. (7.33)

In this application the ϕi are quadratic with ‘small’ coefficients. It is an interesting

consequence of (7.33), that the degree of q2 is dependent on the relative degree of the

rational vector field in (7.25).
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7.4.1 Scaling

When high degree monomials are used in the SOS program, the order of the poly-

nomial coefficients can become vastly different. In order to avoid numerical ill con-

ditioning, we need to scale the problem so that the optimisation decision variables

are in a ‘roughly spherical’ space. This was done here by scaling state x so that

x = xscx̄. The scaled dynamics are then given by ˙̄x = f(x̄/xsc). Once the problem

is solved, we can again use x = xscx̄ to go back to the original system’s dimensions.

7.5 Results

As is well known, the straight-running stability of the simple bicycle model described

in Section 7.2.1 can be studied with the help of an eigenvalue analysis. A linearisation

of (7.4) and (7.5) around a straight-running equilibrium at speed u0 is given by[
v̇
ω̇

]
=

[
Cf+Cr

Mu0

aCf−bCr

Mu0
− u0

aCf−bCr

Izu0

a2Cf+b2Cr

Izu0

] [
v
ω

]
(7.34)

where l = a+ b, with the tyre cornering stiffnesses given by

Ci =
∂Fi
∂αi

∣∣∣
αi=0

, i = f, r. (7.35)

The tyre cornering stiffnesses for the polynomial approximation are of the form Ci =

pi1, while those of a rational approximation of type (7.13) are Ci = pi3
qi2

.

A well-known condition for the (linear) stability of the vehicle is obtained by

examining the coefficients of the yaw rate differential equation and is given by [87]

CfCrl
2 −Mu2

0(aCf − bCr) > 0. (7.36)

Satisfaction of inequality (7.36) ensures that the system eigenvalues have negative

real part.

The stability of the equilibrium of the nonlinear vehicle model given in (7.4) and

(7.5) can also be checked using Lyapunov function based methods. We consider first

the constant-speed straight-running case with the data given in Table 7.1. Program 7.2

was used to find a Lyapunov function which guarantees the local stability of the
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system for the neighbourhood region D of xTx ≤ 1. Writing this SOS program

in SOSOPT [102] and solving the resulting SDP using SeDuMi [103] we obtain the

following Lyapunov function that establishes the stability of the straight-running

equilibrium.

Vlocal = 0.0746v2 + 0.0715vω + 2.9155ω2.

We will now focus our attention on estimating the region of attraction around the

stable equilibrium point; this will be done with using Algorithm 7.1. This algorithm

requires an initial Lyapunov function for the γ step at the first iteration. We follow

the suggestion made in [94], and initialise V with a quadratic Lyapunov function

Vlin = xTPx derived from the linearised system and the associated Lyapunov equation

ATP + PA = −Q; (7.37)

Q ≥ 0 was chosen to be the identity matrix. An important factor in the quality of

the RoA estimate is the choice of the shaping function s(x), which is used to enlarge

the size of the invariant set Ms,β. RoA estimates for different degrees of Lyapunov

function when s(x) = xTx are shown on Figure 7.5. The largest level set of s(x) for

Lyapunov functions of degrees two, four, six and eight are 0.639, 0.769, 0.772 and

0.774 respectively. Although the region s(x) ≤ β is expanding with increasing degree

of V , it is evident from Figure 7.5 that the RoA estimates forMV,γ are not enlarging

in all directions. Indeed, the size of the RoA estimate not increasing beyond V of

fourth order, which motivates the use of s(x) in determining the quality of the RoA

estimate.

To expand V in the ‘right direction’, we can use s(x) = Vlin, since it will be locally

aligned with the RoA and thus might be used to obtain a better estimate. Figure 7.6

depicts the RoA estimates for s(x) = Vlin. Once again, even though the region s ≤ β

gets larger, a higher degree Lyapunov function does not necessarily guarantee an

overall increase in the RoA estimate. Nonetheless, an improved estimate is obtained

using s(x) = Vlin as compared with s(x) = xTx.
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Figure 7.5: RoA estimate using s(x) = xTx for different degree Lyapunov function.
Phase portrait for the system with standard parameters are shown in blue and red.
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Figure 7.6: RoA estimate using s(x) = Vlin for different degrees of Lyapunov function.

Closer inspection of Figure 7.6 shows that as the degree of the Lyapunov function

is increased, the MV,γ estimate aligns more closely with the actual RoA. This leads

one to the idea that Lyapunov functions of lower degree can be used as the shape

function when finding higher order Lyapunov functions. This ‘bootstrapping’ process

does indeed result in a significant improvement in the RoA estimate as shown in

Figure 7.7. This technique requires running the program multiple times, but the
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Figure 7.7: RoA estimate for the case where s(x) is bootstrapped with the previous
Lyapunov function.

additional iterations result in much better RoA estimates; this technique will used in

the rest of this study.

Now that the RoA can be estimated with good quality, we can carry out a series

of parametric studies to investigate their influence on the RoA. As one might expect,

an important factor on the stability of the vehicle is the longitudinal velocity u0. Fig-

ure 7.8 shows the RoA estimates in black along with the phase portraits for different

forward velocities. As u0 increases, the region of stability becomes smaller in yaw

rate direction. This matches the linear stability results given by (7.36), where it is

predicted that an increased forward speed will bring the vehicle closer to instability.

In the next study the rear tyre cornering stiffness (7.35) is varied by ±10% of its

nominal value; see Figure 7.9. With a higher Cr value, the rear tyre will operate at

reduced slip and the vehicle will tend to understeer, which has a stabilising effect on

the vehicle and enlarges the region of attraction. The opposite occurs when Cr is

reduced by 10%, which causes the car to exhibit oversteer behaviour that shrinks the

RoA.

So far we have only considered the straight-running behaviour. Steady-state cor-

nering requires a non-zero steering angle that causes the equilibrium of system move
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Figure 7.8: RoA estimates (black) for different values of forward velocity u0 along
with the respective phase portrait from numerical integration.

away from the origin of the phase space. For pre-specified δ and u0, it is possible

to solve (7.4) and (7.5) using a nonlinear solver. The state-vector is then translated

so that the equilibria under study are at the origin of the transformed state space.

Figure 7.10 shows the estimated ROAs for steering angles of ±5 degrees. Under cor-
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Figure 7.9: Influence of rear tyre cornering stiffness Cr on RoA. In the top plot Cr is
reduced by 10% and in the bottom plot it is increased by 10%. The forward velocity
is 20 m/s.

nering the phase plot is no longer symmetric. This makes it more difficult for the

algorithm to approximate the RoA with the prior levels of accuracy. This is due to

s(x) hitting the stability boundary close to the equilibrium, thereby inhibiting the

enlargement of the MV,γ estimate. Figure 7.10 shows that the RoA shrinks in the

175



ω
 (

ra
d/

s)
δ= −5o

−10 −5 0 5 10

−2

−1

0

1

2
ω

 (
ra

d/
s)

δ= 0o

−10 −5 0 5 10

−2

−1

0

1

2

v (m/s)

ω
 (

ra
d/

s)

δ= +5o

−10 −5 0 5 10
−2

−1

0

1

2

Figure 7.10: RoA for cornering equilibria at a forward speed of 10 m/s. The steering
angle is at -5o degrees in the top plot, 0o degrees in the centre plot, and 5o degrees in
the bottom plot. The equilibrium points are shown in red stars.

yaw rate direction corresponding to the direction of steering. This is what one would

expect intuitively, because a vehicle making a right-hand turn is more vulnerable to

a clockwise yaw disturbance, whereas a left-turning vehicle is relatively exposed to

an anti-clockwise disturbance.
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Figure 7.11: RoA estimates for the vehicle with the centre of mass shifted 10 cm
backward (black) and 10 cm forward (green).

The effect of moving the centre of mass on the RoA is illustrated in Figure 7.11.

As the mass is moved forwards the RoA enlarges, which coincides with the prediction

made by (7.36); holding l constant and increasing a, while decreasing b, will bring

the vehicle closer to instability. With the mass centre being more forwards, the front

tyres have to provide larger proportion of the total lateral force. This in turn causes

the slip angles on the front tyres exceed that of the rear, hence causing understeer.

Increasing the mass of the vehicle has a destabilising effect according to the linear

stability criterion (7.36); the nonlinear stability region in Figure 7.12 supports this

prediction.

The influence of the vehicle yaw moment of inertia I on the RoA is considered in

Figure 7.13. It is interesting to note that I does affect the stability of the equilibrium,

since it does not appear in (7.36), but it can have a significant impact on the RoA as

shown in Figure 7.13.

In order to compare the proposed method with existing results published in the

literature, we will employ the model used in [104]. This model makes use of a third

order polynomial tyre model and is still useful for a RoA estimate comparisons, and

has been adopted in several prior studies [5, 6, 92,93]. Figure 7.14 compares the RoA

estimates obtained by the method proposed here and the previously published results.
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Figure 7.12: RoA estimates for the vehicle with mass increased (green) and decreased
(black) by 200 kg.
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Figure 7.13: RoA estimates for the vehicle for different values of moment of inertia.

In [5] two Lyapunov functions were used for estimating the RoA, the linearised system

Lyapunov function Vlit1 and the modified energy function Vlit2. The estimate that was

obtained in [6] by examining the phase plot, and rotating the Lyapunov function such

that it aligned with the stable region, is referred to as Vlit3; all the three Lyapunov

functions were quadratic. It is evident from Figure 7.14 that the proposed method

with quadratic V gives an estimate with a similar area to Vlit3, and a significantly

larger area when compared with Vlit1 and Vlit2. The quartic V encompassed all the
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regions covered by the quadratic Lyapunov functions, with the sixth order performing

slightly better still. The phase portrait along with the RoA estimate using the sixth

degree Lyapunov function is shown in Figure 7.15. The RoA estimate covers almost
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Figure 7.15: Phase plot of the vehicle model used in RoA comparison. The solid black
line is the RoA estimate using a degree 6 Lyapunov function with s(x) set to the
quartic Lyapunov function (dashed magenta). The green stars show the equilibrium
points.
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all of the stable region. The variable sized region s(x) was set to be the previous

fourth-order Lyapunov function and is shown in dashed magenta.

7.6 Conclusions

Sum-of-squares programming has been used to estimate the region of attraction of

the nonlinear lateral dynamics of a single-track car model. Existing polynomial-based

SOS programs were extended to allow for rational vector fields in the system dynam-

ics. The rational RoA algorithm performs well and is able to capture the majority of

the actual RoA for the vehicle-related problems studied here. It is shown that rational

approximations of the tyre friction characteristics result in significant improvements

in accuracy as compared with the more conventional polynomial approximations. It

is shown that the proposed method can be used to study the influence of various

vehicle parameters on the stability boundary.

Symbol Description Value

M Vehicle total mass 1500 kg
Iz z moment of inertia 3000 kgm2

a Mass centre from front axle 1.2 m
b Mass centre from rear axle 1.3 m
u0 Longitudinal Speed 20 m/s

Table 7.1: Vehicle parameter values [98].
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Chapter 8

Conclusions

In this thesis a series of problems related to performance, efficiency and stability

of four-wheeled vehicles were studied. The first part of the thesis relies mainly on

numerical optimal control so the necessary background was provided in Chapter 2. It

was shown that difficult problems of great practical importance can be solved with the

correct formulation and choice of algorithm. The second and smaller part focused on

vehicular nonlinear stability analysis using sum-of-squares (SOS) programming. The

knowledge obtained from this stability analysis can be used to predict the difficulty

of the related vehicular optimal control problem.

An F1 car suspension model was developed using a first principles kinematics

analysis in Chapter 3. Multivariate polynomials in normal tyre loads were employed

as surrogates for the full set of nonlinear equations for the purpose of optimal con-

trol calculations. Minimum lap time problems for the F1 vehicle with the suspension

meta-model in place were considered in Chapter 4. Rather than employing constant

aerodynamics coefficients, an aerodynamic map that is sensitive to the configuration

of the chassis was introduced. The optimal control problem was solved using a mesh

and order adaptive pseudospectral method with derivatives obtained from Automatic

Differentiation for faster solution times. It was shown that the car’s suspension mo-

tion can have a significant impact on the aerodynamic performance of the vehicle.

Parametric studies were then carried out to determine the optimal suspension set-up

and find trade-offs in the aerodynamic design that can lead to lap time improvement.

The influence of local aerodynamic balance perturbations on the lap time was
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investigated in Chapter 5. This is particularly useful in determining whether compro-

mises made in front and rear downforce coefficients would result in actual lap time

improvements. A series of smaller issues relevant to minimum lap time problems

were selected and discussed. Among these were the influence of imposing slew rate

limits on the steering and tyre longitudinal slips, importance of choosing an appro-

priate tolerance for the NLP solver, and quantifying the effects of ignoring race-line

optimisation and yaw dynamics.

A method for evaluating and optimising the fuel consumption performance of hy-

brid vehicles that does not require the use of driving cycles was proposed in Chapter 6.

The methodology was applied to a hybrid vehicle that utilised a powertrain compris-

ing an internal combustion engine, a flywheel and a battery. The benefits of using

multiple auxiliary storage systems were thereby demonstrated. It was shown that

flywheels can help in achieving significant fuel reductions in aggressive driving. Opti-

mum fuel efficiency was sought by controlling the vehicle so that the fuel consumption

is minimised over an arbitrary given three-dimensional path with a prescribed time-

of-arrival constraint. The described methodology can be used to establish an absolute

lower-bound estimate for the fuel consumption.

The region of attraction (RoA) estimation of the lateral dynamics of a nonlinear

single-track vehicle model was considered in Chapter 7. The tyre forces were approx-

imated using rational functions that were shown to capture the nonlinearities of tyre

curves significantly better than polynomial functions. By finding a Lyapunov func-

tion for a system, one can prove the stability of its equilibrium. The level sets of

this Lyapunov function are invariant sets that can be used for estimation of region of

attraction. Using SOS programming, one can systematically search for a Lyapunov

function by relaxing the positivity conditions to SOS conditions, which can then be

solved as a semi-definite program. An existing sum-of-squares (SOS) programming

algorithm for RoA estimation was extended to accommodate the use of rational vector

fields. This algorithm was then used to estimate the RoA of the vehicle’s lateral dy-

namics. The influence of vehicle parameters such as mass centre position and moment

of inertia, and driving conditions such as forward speed and tyre cornering stiffness on
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the stability region were studied. The results were then compared and reconciled with

predictions from linear stability theory. It was shown that SOS programming tech-

niques can be used to approximate the stability region relatively accurately without

resorting to numerical integration. The RoA estimates from the SOS algorithm were

compared to the existing results in the literature that are based on finding invariant

sets. The proposed method was shown to obtain significantly better RoA estimates.

8.1 Future Work

In this section we provide directions for future research.

• The suspension meta-model developed for the optimal lap time calculations ig-

nores the fast dynamics of the suspension by assuming a steady-state condition.

The impact of this assumption can be quantified by using a model that takes

into account the dynamics of the heave spring and damper combination. This

will result in much slower solution times. However, rather than solving the full

optimal control problem, one can take the previous state and control histories

and integrate the vehicle model with the full nonlinear suspension system to

quantify the impact of using the meta-model.

• The minimum lap time results correspond to the best open loop strategy ob-

tained from the optimiser. They take no account of solution robustness and

the difficulty of implementation in real-world racing. It would be of paramount

benefit to include driver characteristics in the model and develop an elegant

method to appropriately exclude solutions that are considered undesirable from

the racing driver perspective.

• In Chapter 5, comparing the modified optimal control problem with the QSS

assumptions included against a QSS code would determine the significance of

assuming the lateral acceleration to be temporarily constant.

• In the minimum fuel problem, it would be useful to study the effects of route

optimisation. Adding traffic information to the model would also make the
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simulations more realistic. Component sizing of the combustion engine and

auxiliary storage system can be formulated easily in the optimal control problem

by including static parameters. This is of great practical interest and has been

receiving much attention in the literature.

• An interesting extension to Chapter 7 would be an RoA study for the braking

and accelerating vehicle. In this case, the system dynamics would be time-

varying as the forward velocity would be a function of time and longitudinal

acceleration. The load transfer in these cases has a significant impact on the

steering behaviour [87]. It is therefore important to include the normal loads in

the tyre approximation model. The stability of a time-varying nonlinear system

can be established using Lyapunov functions [100]. The challenge would be to

determine whether SOS techniques can still be applied to find the invariant sets

of such a system for RoA estimation.
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Appendix A

Multivariate Polynomial Fitting

The set of all multivariate polynomials in n variables up to degree d over the field

of complex numbers C, together with addition and multiplication with a scalar, form

a vector space. This vector space is denoted by Cnd . A basis for this vector space

consists of all monomials from degree 0 up to d. Since the total number of monomials

in n variables from degree 0 to degree d is given by q =

(
n+ d
n

)
= (n+d)!

d!n!
, it

follows that dim(Cnd ) = q. The degree of a monomial xa = xa11 · · ·xann is defined

as |a| =
∑n

i=1 ai. The degree of a polynomial p is the degree of the monomial of

p with highest degree. The terms of multivariate polynomials can be ordered in

different ways. A formal definition of monomial orderings together with a detailed

description of some orderings in computational algebraic geometry is given in [105];

we will use the Graded Reverse Lexicographic Order. In this ordering system, a > b

if |a| = ∑n
i=1 ai > |b| =

∑n
i=1 bi, or if |a| = |b| and a >xel b, if in the vector difference

a− b the leftmost nonzero entry is negative. The ordering is ‘graded’ because it first

compares the degrees of the two monomials and then applies the >xel ordering when

there is a tie.

Example (2, 0, 0) > (0, 0, 1), because |(2, 0, 0)| > |(0, 0, 1)|, which implies that

x2
1 > x3. Likewise, (0, 1, 1) > (2, 0, 0), because (0, 1, 1) >xel (2, 0, 0) and so x2x3 > x2

1.

A monomial ordering allows a multivariate polynomial p to be represented by a

vector of its coefficients in a consistent way. To do this one orders the coefficients

in a row vector that is induced by the chosen ordering system. Suppose that p =

2 + 3x1 − 4x2 + x1x2 − 8x1x3 − 7x2
2 + 3x2

3 ∈ C2
3 ; since 5!

3!2!
= 10, the associated basis
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is 10 dimensional. As a result p can be represented by the vector of coefficients in

graded reverse lexicographic order

1 x1 x2 x3 x2
1 x1x2 x1x3 x2

2 x2x3 x2
3

2 3 −4 0 0 1 −8 −7 0 3

The least-squares fitting of multivariate polynomials to given data is an easy

extension of the univariate case. Suppose that we wish to fit a multivariate polynomial

of the form

[
1 x1 x2 · · · xdn

]

p1

p2
...
pq

 (A.1)

to given data, in which the terms are listed in graded reverse lexicographic order.

Since the of dimension of Cnd is q, we will suppose from now on that we have k ≥ q

independent experimental outcomes, which can be stacked as
e1

e2
...
ek

 =


f1

f2
...
fk

−


1 (x1)1 (x2)1 (x3)1 · · · (xdn)1

1 (x1)2 (x2)2 (x3)2 · · · (xdn)2
...

. . . . . .
...

1 (x1)k (x2)k (x3)k · · · (xdn)k



p1

p2
...
pq

 (A.2)

in which e is a k-vector of errors, f is a k-vector of experiment outcomes,

Φ =


1 (x1)1 (x2)1 (x3)1 · · · (xdn)1

1 (x1)2 (x2)2 (x3)2 · · · (xdn)2
...

. . . . . .
...

1 (x1)k (x2)k (x3)k · · · (xdn)k


and p is a q-vector of polynomial coefficients. More compactly we have

e = f − Φp. (A.3)

Optimum values for the parameter vector p can be found by completing the square

eTe = (p− (ΦTΦ)−1ΦTf)T (ΦTΦ)(p− (ΦTΦ)−1ΦTf)

+fT (Ik − Φ(ΦTΦ)−1ΦT )f . (A.4)

Since the first term on the right-hand side of (A.4) is non-negative for any choice of

p, the optimal polynomial coefficients come from making this term zero by setting

popt = (ΦTΦ)−1ΦTf (A.5)
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with the resulting optimal estimation error

‖e‖2
2 = fT (Ik − Φ(ΦTΦ)−1ΦT )f . (A.6)
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Appendix B

Tyre Friction

As explained previously in [2, 4, 7], the tyre frictional forces are modelled using em-

pirical formulae that are functions of the tyre normal loads and the combined slip.

The tyre’s longitudinal slip is described by a longitudinal slip coefficient κ, while the

lateral slip is described by a slip angle α [75]. Following standard conventions we use

κ = −
(

1 +
Rωw
uw

)
, (B.1)

tanα = −vw
uw
, (B.2)

where R is the wheel radius and ωw the wheel’s spin angular velocity. The quantities

uw and vw are the absolute speed components of the wheel centre in a wheel-fixed

coordinate system. The following formulae give the peak values and locations of the

lateral and longitudinal friction coefficients using linear interpolation [71]

µxmax = (Fz − Fz1)
µxmax2 − µxmax1

Fz2 − Fz1
+ µxmax1, (B.3)

µymax = (Fz − Fz1)
µymax2 − µymax1

Fz2 − Fz1
+ µymax1, (B.4)

κmax = (Fz − Fz1)
κmax2 − κmax1

Fz2 − Fz1
+ κmax1, (B.5)

αmax = (Fz − Fz1)
αmax2 − αmax1

Fz2 − Fz1
+ αmax1, (B.6)

where the quantities containing a ‘1’ or a ‘2’ in the subscript are measured tyre

parameters. Normalising the slips by the peak slips gives

κn = κ/κmax, (B.7)

αn = α/αmax. (B.8)
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Following normalisation, the slip is characterised by a combined-slip coefficient

ρ =
√
α2
n + κ2

n. (B.9)

The lateral and longitudinal coefficients of friction are given by

µx = µxmax sin (Qx arctan(Sxρ)), (B.10)

µy = µymax sin (Qy arctan(Syρ)), (B.11)

where Qx and Qy are the tyre longitudinal and lateral shape factors, and

Sx =
π

2 arctan(Qx)
, (B.12)

Sy =
π

2 arctan(Qy)
. (B.13)

Finally, the lateral and longitudinal tyre forces are given by

Fx = µxFz
κn
ρ
, (B.14)

Fy = µyFz
αn
ρ
. (B.15)

The normal loads are determined by solving the load balance equations. The

nominal tyre parameters are given in Table B.1. The left-hand diagram on Figure B.1

shows the load dependence of the longitudinal tyre force under pure longitudinal slip

conditions, i.e. α = 0. As the normal load increases, the tyre is able to generate

more longitudinal force. The main reason for introducing aerodynamic downforce

generating systems on Formula One cars is to exploit this effect. The right-hand

diagram on Figure B.1 shows how the longitudinal force is compromised when the

tyre is side slipping. As the side-slip angle increases, the longitudinal peak force

reduces and moves further away from the origin. The lateral tyre force exhibits

broadly similar behaviours.

The combined slip characteristics of the tyre model at a fixed normal load of 2 kN

is demonstrated in Figure B.2. On the left-hand diagram, the magnitude of the tyre

force generated is shown against the longitudinal and lateral slips. The contours of

equal force magnitude are shown on the right-hand diagram.

189



−0.2 −0.1 0 0.1 0.2
−8

−6

−4

−2

0

2

4

6

8

κ

F
x

−0.2 −0.1 0 0.1 0.2
−4

−3

−2

−1

0

1

2

3

4

κ

F
x

Figure B.1: Longitudinal tyre force Fx in kN against the longitudinal slip κ. The left-
hand diagram considers five normal loads (at α = 0◦); the lightest curve corresponds
to 1 kN with the normal load then increased in steps of 1 kN. The right-hand diagram
considers combined slip for five values of side-slip angle at a normal load of 2 kN; the
darkest curve corresponds to a slip angle of 0◦ with the slip angle increased in steps
of 5◦ [7].

κ
α

|F
| 1

1.8

2.5

2.5

2.5

2.5

2.5

2.9

2.9

2.9

2.9

2.9

2.9

2.9

2.9

3.
3

3.3

3.
3

3.3

3.
3

3.3

3.3

3.5

3.5

3.5

3.5

3.5

3.5

3.57

3.
57

−0.2 −0.1 0 0.1 0.2
−15

−10

−5

0

5

10

15

κ

α

Figure B.2: Combined tyre force magnitude as a function of the longitudinal slip κ
and lateral slip angle α (in degrees) at a normal load of 2 kN. The right-hand diagram
shows contours of equal tyre force [7].

190



Symbol Description Value

Fz1 Reference load 1 2000 N

Fz2 Reference load 2 6000 N

µx1 Peak longitudinal friction coefficient at load 1 1.75

µx2 Peak longitudinal friction coefficient at load 2 1.40

κ1 Slip coefficient for the friction peak at load 1 0.11

κ2 Slip coefficient for the friction peak at load 2 0.10

µy1 Peak lateral friction coefficient at load 1 1.80

µy2 Peak lateral friction coefficient at load 2 1.45

α1 Slip angle for the friction peak at load 1 9◦

α2 Slip angle for the friction peak at load 2 8◦

Qx Longitudinal shape factor 1.9

Qy Lateral shape factor 1.9

Table B.1: Nominal tyre friction parameters.
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Appendix C

Vehicle Parameters

C.1 Racing Car

The following table contains the nominal values for the vehicle parameters used in

Chapter 4. The air density is assumed to be ρ = 1.2 kg/m3.

Symbol Description Value

Pmax Peak engine power 560 kW

M Vehicle mass 660 kg

Iz Moment of inertia about the z−axis 450 kg m2

w Wheelbase 3.4 m

a Distance of the mass centre from the front axle 1.8 m

b Distance of the mass centre from the rear axle w − a
h Centre of mass height 0.3 m

wf Front wheel to car centre line distance 0.73 m

wr Rear wheel to car centre line distance 0.73 m

R Wheel radius 0.33 m

kd Differential friction coefficient 100 N/rpm

A Vehicle frontal area 1.5 m2

Table C.1: Racing vehicle nominal parameters
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C.2 Hybrid Vehicle

This table contains the hybrid vehicle parameters used in Chapter 6.

Symbol Description Value

M Vehicle total mass 1400 kg

Mcar Vehicle only mass 1280 kg

Mbat Battery and motor mass 100 kg

Mfly Flywheel mass 20 kg

Ix x moment of inertia 500 kg m2

Iy y moment of inertia 1000 kg m2

Iz z moment of inertia 1000 kg m2

a Mass centre from front axle 1.35 m

b Mass centre from rear axle 1.35 m

h Centre of mass height 0.5 m

Cd Drag coefficient 0.3

A Vehicle frontal area 1.8 m2

Cd Rolling resistance coefficient 0.009

Emax
b Max battery energy capacity 5 MJ

Pmax
b Max battery power 25 kW

V min
OC Min battery voltage 240 V

V max
OC Max battery voltage 210 V

Rb Battery internal resistance 0.5 Ω

SoCmin Min state of charge 40 % V

SoCmax Max state of charge 80 % V

Pmax
fly Max flywheel power 60 kW

µem Electric motor efficiency 85%

Emax
fly Max flywheel energy 400 kJ

Jfly Flywheel spinning inertia 0.02 kg m2

µCV T CVT efficiency 85%

Table C.2: Hybrid vehicle parameters
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