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Abstract

Probabilistic modeling lets us infer, predict and make decisions based on incomplete
or noisy data. The goal of probabilistic programming is to automate inference in
probabilistic models that are expressed as probabilistic programs—programs that
can draw random values and condition the resulting stochastic execution on data.
The ability to define models using programming constructs such as recursion,
stochastic branching, higher-order functions, and highly-developed simulation
libraries allows us to more easily express and perform inference in models that have
simulators, a dynamic number of latent variables, highly structured latent variables
or nested probabilistic models. The key to success of probabilistic programming is
efficient inference and model learning in such models. The most powerful black-box
approximate inference algorithms for probabilistic programs are either sampling-
based (Monte Carlo simulations) or optimization-based (variational methods). In
both cases, one must re-run the inference algorithm for new data. Hence, our
first goal is developing algorithms for amortized inference which, here, refers to
reducing the run-time cost of inference by pre-training a neural network that
maps from observed data to efficient parameters for performing fast, repeated
inference. Our second goal is developing algorithms for model learning that are
advantageous for two classes of models that one might typically want to write as
probabilistic programs: models of sequential data and models that contain discrete
latent variables. In this thesis, we discuss the general topic of Bayesian machine
learning and probabilistic programming before moving on to our methodological
contributions in amortized inference and model learning.
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1
Introduction

How do we create systems that can gain understanding from limited data and use

this understanding to act intelligently? Deep learning approaches have shown great

potential in the applications in many domains including computer vision (Krizhevsky

et al., 2012), speech recognition (Graves et al., 2013), machine translation (Bahdanau

et al., 2014) and game-playing (Mnih et al., 2015; Silver et al., 2017). Success

in these tasks rests primarily on the availability of large datasets of inputs and

corresponding ground truth labels which are used to fit the parameters of deep

neural networks. Despite reaching extraordinary performance on many tasks, doing

so for all of them only via labeled data is infeasible. It is unlikely that achieving

human-level intelligence relies solely on collecting enough data to learn predictive

models for all possible input-output relationships. Humans seem to possess an

understanding of the world that allows us to learn from limited data and generalize

to related tasks by reusing this knowledge without having to learn from scratch.

One proposed computational account of human cognition suggests that this

understanding of the world is in the form of a probabilistic generative model where

beliefs about the world, represented as probability distributions, are updated in

light of evidence via the application of Bayes rule—a process known as Bayesian

inference. This hypothesis assumes that humans don’t learn from scratch, but

instead possess so-called core knowledge. This is knowledge that is already present
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2 1. Introduction

in humans, and even many animals, at the first encounter with tasks of interest. For

instance, babies understand that objects are permanent and solid (Baillargeon et al.,

1985), or that agents have goals and tend to take actions to achieve these goals

efficiently (Gergely et al., 1995). As a consequence of this hypothesis, we should

incorporate as much as possible of the core knowledge as priors in probabilistic

models in order to build intelligent systems (Tenenbaum et al., 2011).

Alternatively, one could argue that to tease out knowledge from limited data,

we must somehow encode assumptions about the kind of knowledge we are to learn,

whether implicitly or explicitly. Or as MacKay (2003, page 26) puts it, “you cannot

do inference without making assumptions.” In Bayesian statistics, we encode such

assumptions as a probabilistic model, and inference, prediction and decision-making

are simply the results of manipulating probability distributions and utility functions.

These ideas have been widely adopted in machine learning with many important

applications in unsupervised learning such as clustering (Rasmussen, 2000), time-

series analysis (Durbin and Koopman, 2012) and dimensionality reduction (Tipping

and Bishop, 1999).

The introduction of probabilistic graphical models (Pearl, 1988) has been key

to the widespread application of Bayesian ideas in machine learning. Here, a

probabilistic model is represented by a graph whose nodes correspond to random

variables in the model and edges to conditional probability distributions. However,

the expressiveness of graphical models is limited because they can only canonically

express models with finite number of random variables. In this thesis, we focus on

probabilistic programming (Gordon et al., 2014), which is a way of representing

probabilistic models as programs with inference resulting in a distribution over

program executions instead of just a set of variables as in the case of graphical models.

Probabilistic programming aims to be a tool in the Bayesian statistics pipeline that

allows modelers to focus on modeling, without having to worry about inference,

and designers of inference algorithms to have their algorithms be implemented

once and be widely used. Our interest in probabilistic programming stems from

its ability to easily express both cognitively and statistically motivated generative
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models that are difficult to express as graphical models. Such models typically

have one or more of the following elements:

• Simulator. Generative models which contain a simulator, typically written

using a programming language, are easily written as probabilistic programs.

Applications include intuitive physics (Battaglia et al., 2013), vision-as-inverse-

graphics (Mansinghka et al., 2013; Le et al., 2017b) as well as engineering

design (Rainforth et al., 2016a) and particle physics (Baydin et al., 2018).

• Dynamic number of variables. We often do not know how many things

there are in the world. Maintaining a dynamically changing number of random

variables is easily handled in a probabilistic program, for example using a

loop with a stochastic end condition. Applications include one-shot concept

learning (Salakhutdinov et al., 2012), object-tracking (Neiswanger et al., 2014)

as well as Bayesian nonparametrics for clustering, information retrieval and

text modeling (Teh et al., 2005).

• Structured latent variables. Latent variables which correspond to data

structures like trees, grids, directed graphs and even program text are

most naturally expressed using a programming language. Applications

include learning hand-written character concepts by inferring a drawing

program (Lake et al., 2015), inference of interpretable samplers using a

generative model of probabilistic programs (Perov and Wood, 2016), and

statistical parsing (Manning et al., 1999).

• Nested models. Reasoning about reasoning may require nested inference

(Stuhlmüller and Goodman, 2014; Rainforth, 2018). Nested inference subrou-

tines are easier to express and reason about in a probabilistic programming

framework. Applications include intuitive psychology (Baker et al., 2009;

Evans et al., 2017).

Despite this representational power of probabilistic programming, we don’t

escape the difficulties of inference and modeling. This thesis is about using neural
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networks for speeding up and automating inference and model learning in the kinds

of models one usually needs to use probabilistic programming for. First, inference

in complex models is typically slow and must be re-run for every new observed

data. To this end, we focus on amortized inference (Gershman and Goodman, 2014).

Given a probabilistic program, we “amortize” the cost of performing inference by

training a neural network, called the inference network (also known as recognition

network, encoder, or inference compilation artifact), which helps us in performing

fast repeated inference during test time. We only need to perform the amortization

step once. Once this is done, the inference network can be reused repeatedly for

various new observations. Second, if the model is not well-specified, inference

cannot be used for making predictions and decisions in the real world. However,

most approaches to modeling involve hand-tuning. To this end, we focus on model

learning by extending algorithmic advances in deep generative modeling (Kingma

and Welling, 2014; Rezende et al., 2014) to probabilistic programming with the

eventual goal of being able to write probabilistic programs in such a way that

certain parts of it are unspecified—typically functions that can be approximated

with neural networks—and learned from data.

Thesis structure. Chapter 2 provides background for Bayesian machine learning,

probabilistic programming and several inference algorithms. Chapter 3 presents

an approach to amortized inference in the context of higher-order probabilistic

programming languages. Chapter 4 is about two approaches to model learning

that are particularly suitable for probabilistic programming. Chapter 5 summarizes

our work and outlines future research directions.

This is an integrated thesis based on the following publications:

• Tuan Anh Le, Atılım Güneş Baydin, and Frank Wood. Inference

compilation and universal probabilistic programming. In Proceedings of

the 20th International Conference on Artificial Intelligence and Statistics,

volume 54, pages 1338–1348, 2017a,
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• Tuan Anh Le, Atılım Güneş Baydin, Robert Zinkov, and Frank Wood.

Using synthetic data to train neural networks is model-based reasoning. In

30th International Joint Conference on Neural Networks, pages 3514–3521.

IEEE, 2017b,

• Tuan Anh Le, Maximilian Igl, Tom Rainforth, Tom Jin, and Frank Wood.

Auto-encoding sequential Monte Carlo. In International Conference on

Learning Representations, 2018a, and

• Tuan Anh Le, Adam R. Kosiorek, N. Siddharth, Yee Whye Teh, and Frank

Wood. Revisiting reweighted wake-sleep. arXiv preprint 1805.10469,

2018b.

Contents of Section 3.2 are based on the first two publications. Contents of Sec-

tions 4.2 and 4.3 are based on the third and fourth publication respectively. The

contributions of each paper’s authors are given at the end of the corresponding

sections. All other text and figures in this thesis are mine.
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2
Bayesian Machine Learning and

Probabilistic Programming

In this chapter, we provide background for Bayesian machine learning and prob-

abilistic programing. The ideas in this chapter form the basis of the remaining

parts of the thesis on amortized inference and model learning.

Bayesian machine learning is a simple but powerful framework for formalizing

unsupervised learning. We cannot perform inference from unlabeled data without

making assumptions, implicit or explicit. Bayesian machine learning lets us

make these assumptions explicitly, by placing a joint probability distribution on

unobserved quantities—which we will call latent variables—that we want to infer

and observed data. This joint probability distribution consists of a prior distribution

and a likelihood. The prior distribution represents our initial belief about the latent

variables, before seeing data and the likelihood links the latent variables to observed

data through a conditional probability distribution. Inference in this framework

corresponds to updating our prior belief. Our belief about the latent variables,

after seeing data, is represented by the conditional distribution of latent variables

given observed data, known as the posterior distribution. That subjective beliefs

should be represented as probability distributions is often justified through Cox

7
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axioms (Cox, 1946) or the “Dutch book argument” (de Finetti, 1931, 1937). For a

good introduction to the philosophy of Bayesian inference, see (Jaynes, 2003).

Probabilistic programming advocates representing probabilistic models as stochas-

tic programs. Inference in such models corresponds to probabilistically conditioning

the program executions on observed data. The posterior distribution is then a

probability distribution on program execution traces. Probabilistic programs can

express and automate inference in a rich class of probabilistic models, including

ones not expressible using Bayesian networks. Why probabilistic programming?

First, probabilistic programming is a tool that can greatly increase the productivity

of Bayesian modelers, allowing them to write models as programs without having

to worry about the inference. Some probabilistic models—like hierarchical Bayesian

models over highly-structured objects which can be used to computationally

explain concept learning (Lake et al., 2015)—can be difficult to write without

probabilistic programing. Second, inference algorithms can be anchored to a

specific language specification, allowing inference algorithm writers to have their

algorithms widely adopted.

Section 2.1 provides background for Bayesian machine learning. Section 2.2

provides background for probabilistic programming systems. Section 2.3 intro-

duces two important general-purpose inference algorithms that are often used in

probabilistic programming systems.

2.1 Bayesian Machine Learning

In this section, we provide background about Bayesian machine learning and

establish the notation which will be used throughout the thesis. The central question

is: Given unlabeled data x ∈ X , how can we make meaningful inferences about

underlying patterns z ∈ Z? This is widely applicable to many domains, depending

on what we choose to be X and Z and what data x is available. Applications of

Bayesian inference include clustering, dimensionality reduction, speech recognition,

intent recognition, topic modeling or medical diagnosis.
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Section 2.1.1 introduces basic probability theory and the notation. Section 2.1.2

introduces inference and several examples of applications. Section 2.1.3 introduces

learning in probabilistic models. For an in-depth textbook treatment of the subject,

see e.g. (Gelman et al., 2013), (Murphy, 2012) or (Bishop, 2006). For a general

review of recent progress and trends in the field, see e.g. (Ghahramani, 2015).

2.1.1 Basic Probability Theory

We use random variables to model quantities that are not fixed. Formally, we start

by defining probability space (Ω,F ,P) consisting of a sample space Ω which is a set

of all possible outcomes, a set of events F where each event E ∈ F is a subset of Ω to

which we can assign a probability (i.e. it is measurable), and a probability measure

P : F → [0, 1] which is a function whose output P(E) represents the probability

of E ∈ F . A Z-valued random variable Z is a measurable function from Ω to the

state space Z with an associated set of events FZ . That Z is a measurable function

means that for all events A ∈ FZ , {ω ∈ Ω : Z(ω) ∈ E} ∈ F . The probability of

Z ∈ A, denoted P(Z ∈ A), is the value of P({ω ∈ Ω : Z(ω) ∈ E}). We typically

assume that there exists a probability density pZ : Z → [0,∞) such that

P(Z ∈ A) =
∫
A
pZ(z) dz, (2.1)

where
∫
A · dz is an integral with respect to the reference measure of the density

pZ over the set A. In case of continuous random variables with values in Z =

Rd, the reference measure is typically the Lebesgue measure. In case of discrete

random variables where Z is a countable set, the reference measure is the counting

measure and the integral turns into a summation. The probability of {Z ∈ Z},

and hence
∫
Z pZ(z) dz, is one.

For two random variables, say Z and X, we assume that there exists a joint

probability density pZ,X : Z × X → [0,∞). The probability of (Z,X) being in the

measurable set A ⊆ Z × X is P((Z,X) ∈ A) =
∫
A pZ,X(z, x) dz dx. The marginal

probability density of Z is obtained using the sum rule which integrates out x:

pZ(z) =
∫
pZ,X(z, x) dx. (2.2)
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The conditional probability density pX|Z(x|z) is a function pX|Z : Z × X →

R which, for a fixed value of z, is a probability density on x. For any z ∈

Z, P(X ∈ A|z) =
∫
A pX|Z(x|z) dx and P(X ∈ X |z) = 1. The product rule

relates pX|Z to pZ and pZ,X :

pZ,X(z, x) = pZ(z)pX|Z(x|z). (2.3)

We suppress the subscripts to avoid notational clutter when it is clear which

probability density is meant from its arguments or the context. We will also use

lowercase letters to denote random variables when the distinction between a random

variable and a value in its range is clear.

Bayes rule is obtained from the application of the product and sum rules. The

marginal distribution of X is obtained through the sum rule p(x) =
∫
p(z)p(x|z) dz.

The product rule lets us relate the marginal density p(x) and the conditional

density p(z|x) to the joint probability density as p(z, x) = p(x)p(z|x). Equating

this with (2.3) results in the Bayes rule:

p(z|x) = p(x|z)p(z)∫
p(z)p(x|z) dz . (2.4)

Expected values allow us to summarize information in a random variable

and make a decision based on it. Given a function f : Z → Rd, the expected

value of f(Z) is

E[f(Z)] =
∫
Z
f(z)p(z) dz. (2.5)

When f is the identity function, we obtain the expected value, or the mean, of Z.

We obtain particular realizations of random variables through sampling. We

denote “z is a sample of a random variable Z” as z ∼ p(z). We discuss in

Section 2.3.1.1 how sampling can be used to estimate expected values.

We denote known probability distributions and their densities using their names.

For example, a normal distribution is denoted as Normal(µ, σ2). Its density

evaluated at z is denoted as Normal(z|µ, σ2).
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2.1.2 Inference in Latent Variable Models

How do we make inferences about unobservable quantities given observable quanti-

ties? For instance, we want to infer the speed of a car given noisy radar measurements.

The radar measurement is dependent on the speed of the car, but there is a small

amount of noise that prevents us from getting the exact speed. Or we want to

infer inputs to an engineering simulator that results in a particular output. Or we

could infer and predict underlying patterns based on time series, like financial data.

Such predictions let us make decisions that take uncertainty into consideration.

These are some examples which can be formalized as latent variable models in

which inference can be viewed as applying Bayes rule.

In a latent variable model, we denote the unobservable quantity by z and the

observable quantity by x. We also call z the latent variable and x the observed

variable, or sometimes just data. The model consists of a probability distribution

over z called the prior, and a conditional probability distribution of x given z, called

the likelihood. The prior distribution, p(z), represents our subjective belief about z

before observing x. The likelihood of z, p(x|z), represents the plausibility of the

z in light of observed data x. These two components define the joint probability

distribution on (z, x) whose density is given by the product rule

p(z, x) = p(z)︸ ︷︷ ︸
prior

p(x|z)︸ ︷︷ ︸
likelihood

. (2.6)

Given an actual value of x, we can apply Bayes rule to get the posterior distribution:

p(z|x) = p(z)p(x|z)
p(x) . (2.7)

The posterior distribution represents our subjective belief about z after observing x.

Bayesian inference is the process of obtaining the posterior distribution.

The denominator in (2.7) is called the marginal likelihood or evidence:

p(x) =
∫
p(z)p(x|z) dz. (2.8)

It is the expected value of the likelihood—or the plausibility of z—under the

prior distribution p(z). We discuss in Section 2.1.3 how this quantity can be

used to perform model selection.
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2.1.2.1 Gaussian Unknown Mean

Let’s consider a latent variable model which we will refer to as the Gaussian

unknown mean. It can be used to model a single noisy radar measurement of the

car’s speed. Let’s model the car’s speed using a latent variable z whose prior is

a normal distribution with mean µz and standard deviation σz:

p(z) = Normal(z|µz, σ2
z).

The noisy radar measurement x is modeled as a normal distribution centered on

z, with a standard deviation σ:

p(x|z) = Normal(x|z, σ2).

The posterior density can be expressed in closed form as

p(z|x) = Normal(z|µpost, σ
2
post),

where σ2
post = 1/(1/σ2

z + 1/σ2) and µpost = σ2
post(µz/σ2

z + x/σ2). The evidence of

this model is also a normal density evaluated at x:

p(x) = Normal(x|µz, σ2
z + σ2).

A prior-likelihood pair for which the posterior distribution is in the same family

of distributions as the prior is called conjugate. Posterior density and evidence

in conjugate models can be computed in closed form.

Inference in the Gaussian unknown mean model can be intuitively understood

by parameterizing the normal distribution using the reciprocal of the variance which

is called precision (Figure 2.1). Let the prior, likelihood and posterior precisions be

defined as λz := 1/σ2
z , λ := 1/σ2 and λpost := 1/σ2

post. The posterior precision is a

sum of the prior and likelihood precisions: λpost = λz + λ. This intuitively means

that the more data we get, the more certain our posterior. The posterior mean is

a weighted sum of the prior mean and data, where the weights are proportional

to the prior and likelihood precisions: µpost = λz
λpost

µz + λ
λpost

x.
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prior p(z)

posterior p(z|x)
likelihood p(x|z)

observed value x

Figure 2.1: Bayesian inference in the Gaussian unknown mean model. The posterior
precision is a sum of the prior and likelihood precisions. The posterior mean is a weighted
sum of the prior mean and data, where the weights are proportional to the prior and
likelihood precisions.

2.1.2.2 Gaussian Mixture Model

Clustering is a canonical example of unsupervised learning. Given a set of unlabeled

data-points (without their corresponding cluster index), we seek to assign each one

to a cluster. Each cluster is characterized by a per-cluster parameter, which can

be used as a representation of data-points belonging to that cluster. Clustering

lets us ask questions such as “Are these two data-points in the same cluster?”,

“How many points are in a particular cluster?”, or given a new data-point “Which

cluster does it belong to?”. We present an approach to clustering based on Bayesian

inference in a Gaussian mixture model (gmm).

Inference. In a gmm, we model N unlabeled D-dimensional data-points x := x1:N

as being generated from K clusters. The latent variable z := (π, z1:N , µ1:K ,Σ1:K)

consists of a mixture probability vector π ∈ RK , a per-data cluster identity zn ∈

{1, . . . , K}, per-cluster means µk ∈ RD, and per-cluster covariance matrices Σk ∈

RD×D. Inference in a gmm cannot be performed in closed-form like in the Gaussian

unknown mean model and we must resort to approximate inference algorithms such

as Gibbs sampling (Murphy, 2012). We choose the following parameterization of a

gmm since it allows computing closed-form updates for a Gibbs sampler:

p(z) = p(π)
N∏
n=1

p(zn|π)
K∏
k=1

p(µk,Σk)

= Dirichlet(π|α)
N∏
n=1

Categorical(zn|π)
K∏
k=1

NIW(µk,Σk|µ0, λ,Ψ, ν)

p(x|z) =
N∏
n=1

p(xn|zn) =
N∏
n=1

Normal(xn|µzn ,Σzn).
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This model has the following hyper-parameters. The Dirichlet distribution is

parameterized by the positive concentration parameter α ∈ (0,∞)K . “NIW” is a

Normal-inverse-Wishart distribution over positive semi-definite matrices which is

parameterized by the location µ0 ∈ RD, λ > 0, scale Ψ ∈ RD×D, and degrees

of freedom ν > D − 1.

Queries about data. We can use the posterior expectation to answer queries

about our data. “What is the probability of xi and xj being in the same cluster?”

can be answered through Ep(z|x)[1(zi = zj)]. “How many points are in cluster

k?” is answered through Ep(z|x)[
∑N
n=1 1(zn = k)]. Given samples of the posterior

distribution, for example through Gibbs sampling, the posterior expectations are

estimated using the Monte Carlo method (see Section 2.3.1.1).

Learning. Instead of performing inference on all latent variables, we often learn

a subset thereof through maximum likelihood while inferring the rest. In a gmm,

the per-cluster parameters and cluster probabilities (µ1:K ,Σ1:K , π) can be learned

by maximizing the maximum marginal likelihood:

(µ∗1:K ,Σ∗1:K , π
∗) = argmax

µ1:K ,Σ1:K ,π
p(x1:N |µ1:K ,Σ1:K , π).

Direct evaluation of the marginal likelihood requires an intractable summation

p(x1:N |µ1:K ,Σ1:K , π) =
∑
z1:N

p(x1:N , z1:N |µ1:K ,Σ1:K , π).

We instead resort to the expectation maximization (em) (Dempster et al., 1977)

which is a class of algorithms for iteratively maximizing the marginal likelihood

when inference in the model is tractable.

Given the learned parameters (µ∗1:K ,Σ∗1:K , π
∗), inference of remaining latent

variables z1:N becomes tractable:

p(z1:N |x1:N , µ
∗
1:K ,Σ∗1:K , π

∗) =
N∏
n=1

p(zn|xn, µ∗1:K ,Σ∗1:K , π
∗)

=
N∏
n=1

Categorical(zn|π∗)Normal(xn|µ∗zn ,Σ∗zn)∑K
k=1 Categorical(k|π∗)Normal(xn|µ∗k,Σ∗k)

.
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In Figure 2.2, we show inference in two variants of a gmm. One where the

per-cluster parameters and cluster probabilities are learned and we only infer the

cluster assignments and one where we infer all latent variables.

Figure 2.2: Clustering using the Gaussian mixture model. (Left) Unlabeled two-
dimensional synthetic data. (Middle) Inference of cluster identities z1:N with K = 3.
The rest of the latent variables (µ1:K ,Σ1:K , π) is learned through maximum marginal
likelihood. Per-cluster parameters (µk,Σk) are represented as an ellipse centered on
µk which covers 95% of the probability mass under Normal(µk,Σk). Each ellipse is
colored according to the cluster identity k. Each data-point is colored according the to
the posterior distribution p(zn|xn) which is taken to be the RGB color vector. (Right)
Inference of all latent variables using Gibbs sampling. Posterior samples of µk,Σk are
represented as multiple ellipses.

2.1.2.3 State Space Models

How can we make decisions based on sequential data? For example, we may have

financial data such as prices of a commodity. We want to predict how the price will

evolve in the future and make a decision whether to buy or sell. Or we might have

noisy sensor measurements of a rocket’s position. How can we estimate its true

position so that we can accurately control it? We could just treat the data-points as

independent and estimate the position using, for example, the Gaussian unknown

mean model. This, however, ignores important information about the dynamics of

the rocket and as a result we can end up with a less accurate estimate of the position.

General state-space models. We denote each data-point as xt and observe

a sequence x := x1:T of T data-points. State-space models (ssms) are a class

of probabilistic models used to model sequences. In an ssm there is a latent
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state zt corresponding to each data-point xt. In general, the joint density of

an ssm factorizes as

p(z1:T , x1:T ) = p(z1)
T∏
t=2

p(zt|z1:t−1, x1:t−1)
T∏
t=1

p(xt|z1:t, x1:t−1), (2.9)

where p(z1) is the initial distribution, p(zt|z1:t−1, x1:t−1) is the transition distribution

and p(xt|z1:t, x1:t−1) is the emission distribution.

Markov state-space models. The generality of this factorization comes at a

cost. Since the transition and emission distributions depend on many variables, these

distributions have more parameters that must be learned. In order to make learning

more tractable, we often assume a Markovian factorization for the latent variable

sequence. This means that p(zt|z1:t−1, x1:t−1) = p(zt|zt−1). We also assume that the

emission distribution of xt only conditions on the current state zt, p(xt|z1:t, x1:t−1) =

p(xt|zt). The joint density of a Markovian ssm is

p(z1:T , x1:T ) = p(z1)
T∏
t=2

p(zt|zt−1)
T∏
t=1

p(xt|zt). (2.10)

Linear Gaussian state space models (lgssms) (also known as linear dynamical

systems) are a class of Markovian ssms where each latent variable zt ∈ RDz is

normally distributed with the mean being a linear function of zt−1 and each data-

point xt ∈ RDx is normally distributed with the mean being a linear function of zt:

p(z1) = Normal(z1|µ,Σ) (2.11)

p(zt|zt−1) = Normal(zt|Azt−1 + b, S) (2.12)

p(xt|zt) = Normal(xt|Czt + d,R). (2.13)

Here, the parameters θ := (A, b, S, C, d, R) can be learned by maximizing the

marginal likelihood p(x1:T |θ) using the em algorithm (Murphy, 2012).
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Higher order Markov state-space models. In a Markov ssm, zt is condition-

ally independent of z1:t−2 given zt−1. This modeling assumption is often incorrect

which can result in bad inferences and predictions. A compromise between a general

ssm which has too many parameters to learn and a Markov ssm whose modeling

assumptions are too strong is a higher order Markov ssm. Given M which satisfies

T > M > 1, an Mth order Markov ssm consists of an initial distribution p(z1:M),

transitions p(zt|zt−M :t−1) and emissions p(xt|zt) and factorizes as:

p(z1:T , x1:T ) = p(z1:M)
 T∏
t=M+1

p(zt|zt−M :t−1)
( T∏

t=1
p(xt|zt)

)
. (2.14)

Inference and prediction. Inference in a ssm results in a posterior p(z1:T |x1:T ).

State predictions to the next L time-steps can be made through the transition:

p(zT+1:T+L|x1:T ) =
∫
p(z1:T |x1:T )p(zT+1:T+L|z1:T ) dz1:T

=
∫
p(z1:T |x1:T )

T+L∏
t=T+1

p(zt|z1:t−1, x1:T ) dz1:T . (2.15)

In some applications, we are interested in data prediction, in which case we extend

the state prediction through the emission:

p(xT+1:T+L|x1:T ) =
∫
p(zT+1:T+L|x1:T )p(xT+1:T+L|zT+1:T+L) dzT+1:T+L

=
∫
p(zT+1:T+L|x1:T )

T+L∏
t=T+1

p(xt|z1:t, x1:T ) dzT+1:T+L. (2.16)

In Figure 2.3, we show inference and prediction in a lgssm and a higher order

Markov ssm. Since the latter is a more flexible family of models, inference and

prediction in the learned model can be better. However, if the family of models

is too flexible, the learned model can overfit. This results in bad inferences and

predictions given previously unseen data.

2.1.3 Learning in Latent Variable Models

Ideally, we would place a prior on all unobservable quantities of interest. Given

data, we perform Bayesian inference to obtain the posterior distribution over these
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Figure 2.3: Inference and prediction for a synthetic sine-wave time-series in two models.
The first model, which we denote plgssm, is a linear Gaussian state space model whose
parameters are learned using the em algorithm. Inference and prediction are performed
exactly. The second model, which we denote paesmc, is an Mth order Markov state
space model (M = 5) where the parameter for p(zt|zt−M :t−1) is the output of a neural
network whose input is zt−M :t−1. The neural network weights are learned using the auto-
encoding sequential Monte Carlo algorithm (Le et al., 2018a). Inference and prediction
are performed approximately using the sequential Monte Carlo algorithm. We show the
mean plus minus one standard deviation of p(z1:T+L|x1:T ).

quantities. The posterior distribution is all we need to know if we want to predict

or make a decision using our generative model.

In practice, we cannot place a prior on everything. We can place a prior on

a parameter, but that prior itself has parameters that we could place a prior on,

and so on. At some point, the prior distribution no longer reflects our subjective

belief about the parameters. The unobservable quantity could be the model itself.

We could place a prior on plausible models and perform inference in the space

of models. Do we place a prior on this prior?

Instead of placing a prior on all unobservable quantities, we resort to learning

a subset thereof. Learning refers to an optimization process that results in a

fixed set of parameters. Given data, we perform Bayesian inference on the latent

variables while having the parameters fixed. For example, we could want to learn

the means and covariances in a gmm, the number of states in a hidden Markov

model or the number of clusters in a gmm.
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In this thesis, we will view learning as maximizing the marginal likelihood. Let

θ denote the set of parameters to be learned. Both the prior distribution p(z|θ)

and the likelihood p(x|z, θ) are conditioned upon θ. Notationally, we will write the

parameters to be learned in the subscript of p. Therefore, we refer to learning as:

θ∗ = argmax
θ

pθ(x), (2.17)

where pθ(x) =
∫
pθ(z)pθ(x|z) dz is the marginal likelihood or evidence.

Expectation maximization (em)—which has been previously used to learn

parameters of the gmm in Section 2.1.2.2 and the ssm in Section 2.1.2.3—iteratively

updates a parameter θi and an auxiliary probability distribution qi over the latent

variable space Z in, what are known, the expectation (E) and the maximization

(M) steps as shown in Algorithm 1. If these steps can be done exactly, this

Algorithm 1 Em algorithm for maximum marginal likelihood.
1: Initialize θ0
2: for iteration i = 1, 2, 3, . . . until convergence do
3: E step: qi(z)← pθi−1(z|x)
4: M step: θi ← argmaxθ Eqi(z)[log pθ(z, x)]

return the final θi.

procedure is guaranteed to always increase the log-marginal likelihood at each

iteration, pθi+1(x) ≥ pθi(x). For a justification of learning or selecting models

through maximization of marginal likelihood based on the Occam’s razor, see

e.g. (MacKay, 2003, Chapter 28).

2.2 Probabilistic Programming Languages

In the previous section, we have introduced Bayesian inference, prediction and

learning in generative models with examples in clustering and time series analysis.

In these examples, learning and inference was done by painstakingly deriving and

implementing update equations. This can be error-prone and slow. Probabilistic

programming lets modelers write models as programs while inference is automated

using a general-purpose inference back-end. Modeling and inference are thus

decoupled, making it possible for modelers to focus on modeling and inference
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designers to focus on inference. Van de Meent et al. (2018) show that a restricted

class of probabilistic programming languages which we will refer to as first-order

probabilistic programming languages (foppls) can express the same models as

graphical models with finite number of variables. On the other hand, a higher-order

probabilistic programming language (hoppl) can express a much larger class of

models since it is created by taking a Turing-complete programming language and

extending it with a construct for defining random variables, which we call sample,

and a construct for conditioning, which we call observe. Our interest is in hoppls

and their ability to easily express generative models that are cumbersome (though

not impossible) to express as graphical models. Such models typically have one

or more of the following characteristics.

Simulator-based models. Generative models which contain a simulator are

readily expressed as probabilistic programs since simulators are typically written

using a programming language. Physical core knowledge may be encoded as priors

in a probabilistic program containing a physics engine. Inference in such a model

corresponds to inverting this engine to obtain plausible physical properties of the

objects like mass and velocity using which we can simulate the program forward to

predict the state of the world a ew seconds into the future. For instance, looking at

wooden blocks stacked on a table, we’d like to predict whether they will fall if subject

to a slight push to the table (Battaglia et al., 2013). The vision-as-inverse-graphics

paradigm is also readily implemented as inference in a probabilistic program. This

program places a prior on inputs to a graphics renderer and inference returns a

distribution of inputs which satisfy the constraint of matching the renderer output

to the observed image. We took this approach to solve Captchas in the absence

of labeled data (Le et al., 2017b; Mansinghka et al., 2013). Simulators are also

widely used in engineering. For instance, given a simulator of how radiators spread

heat around a house, we might want to find radiator temperatures that satisfy

cost constraints as well as make the house occupants comfortable (Rainforth et al.,

2016a). In particle physics, Baydin et al. (2018) have used a large-scale particle
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interaction simulator together with a particle detection simulator in a probabilistic

program which defines a forward generative model of particle interactions and the

observed particle detections. Inference in this probabilistic program results in a

distribution over particle properties and interactions that could plausibly have

generated the observed particle detections.

Dynamic number of variables. In modeling data with groups, we seldom know

how many there are. Placing a prior on the number of groups leads to a dynamic

number of group-specific variables, which is easily handled using a loop with a

stochastic end condition. For instance, it is difficult to know how many objects

there are in a scene and it is unrealistic to fix this number ahead of time. Moreover,

objects often appear and disappear from a scene, requiring the model to maintain a

dynamically changing number of variables (Neiswanger et al., 2014). Salakhutdinov

et al. (2012) place a prior on the number of object categories, which allows us to

learn about new categories from just one instance of an object from it. Even in the

aforementioned Captcha generative model, we must place a prior on the number of

letters since it is unlikely to be fixed. From a statistical point of view, Bayesian

nonparametrics (e.g. Dirichlet process) is one of the leading approaches to modeling

data with uncertain number of groups with applications in many other domains

like information retrieval and text modeling (Teh et al., 2005).

Models with structured latent variables. Probabilistic models with struc-

tured latent variables are often used in Bayesian cognitive science to model human

concept learning (Tenenbaum et al., 2011). These latent variables are data structures

like trees, grids, directed graphs and even program text which are easily expressed

using a programming language. For example, learning different kinds of hand-written

characters can be viewed as inference in a hierarchical Bayesian model which places a

prior on simple drawing programs consisting of curves, lines and their relations (Lake

et al., 2015). Perov and Wood (2016) have written a probabilistic program

which places a prior over probabilistic programs in order to automatically infer

interpretable samplers. In natural language processing, inference in probabilistic
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context free grammars is one of the key ideas in parsing syntactically ambiguous

sentences (Manning et al., 1999).

Nested models. Intuitive psychology may be formalized as Bayesian inference of

agent’s goals given the observed effect of its actions on the environment (Baker et al.,

2009; Evans et al., 2017). Similarly to vision-as-inverse-graphics, this approach

to intuitive psychology can be understood as inverting an approximately rational

planner. This model consists of a subroutine which takes a goal as input, and

potentially the agent’s observations, and outputs an appropriate action. If the

agent only partially observes the environment, this subroutine may advantageously

perform inference as an intermediate step prior to choosing an action. It is easier

to reason about inference in models which consist of such subroutines (which may

themselves perform inference) in a probabilistic programming framework than a

probabilistic graphical model (Rainforth, 2018).

We first introduce hoppls through examples written in the Anglican probabilistic

programming language (ppl) (Section 2.2.1). We then explain in more detail

differences between foppls and hoppls (Section 2.2.2). Then, we explain the

concepts of addressing (Section 2.2.3) and execution traces (Section 2.2.4). Lastly,

we provide a notion of joint and posterior distributions in a hoppl (Section 2.2.5).

For an in-depth tutorial treatment of the subject, see e.g. Goodman and Stuhlmüller

(2014) or van de Meent et al. (2018).

2.2.1 Anglican Probabilistic Programming Language

There are many probabilistic programming languages each targeting a different

class of models and coming from a different community1:

• programming languages: Hakaru (Narayanan et al., 2016), Augur (Tristan

et al., 2014), R2 (Nori et al., 2014), Figaro (Pfeffer, 2009), IBAL (Pfeffer,

2001), PSI (Gehr et al., 2016), monad-bayes (Ścibior et al., 2015),
1this list is adapted from van de Meent et al. (2018, Section 1.2.1)
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• machine learning: Church (Goodman et al., 2008), Anglican (Wood et al.,

2014), BLOG (Milch et al., 2004), Turing.jl (Ge et al., 2018), BayesDB (Mans-

inghka et al., 2015), Venture (Mansinghka et al., 2014), Probabilistic C (Paige

andWood, 2014), webPPL (Goodman and Stuhlmüller, 2014), CPProb (Casado,

2017),

• statistics: Biips (Todeschini et al., 2014), LibBi (Murray, 2013), Birch (Murray

and Schön, 2018), STAN (Carpenter et al., 2017), JAGS (Plummer et al., 2003),

BUGS (Lunn et al., 2000), Infer.NET (Minka et al., 2018), Factorie (McCallum

et al., 2009),

• deep generative modeling: Pyro (Bingham et al., 2018), Edward (Tran et al.,

2016), Probtorch (Siddharth et al., 2017), pyprob (Le et al., 2017a), and

• probabilistic logic: ProbLog (Kimmig et al., 2011), PRISM (Sato and Kameya,

1997).

Here, we illustrate principles of hoppls using probabilistic programs written

in the Anglican ppl (Wood et al., 2014). Anglican is a ppl built on top of

a subset of the Clojure programming language (Hickey, 2008)2. In general, a

hoppl extends a Turing-complete programming language with sample and observe

statements (Gordon et al., 2014). Both sample and observe are functions that

specify random variables in a generative model using probability distribution objects

as an argument. The observe statement, in addition, specifies the conditioning

of a random variable upon an observed value. These observed values induce a

posterior probability distribution over execution traces.

We present three Anglican programs in order to illustrate different aspects of

ppls. First, we present a simple Anglican program to illustrate the usage of sample

and observe statements. Second, we present an Anglican program denoting a

open-universe gmm. This example illustrates how one can write generative models

with potentially unbounded number of variables in Anglican. Lastly, we present an
2The syntax and language reference can be found on http://probprog.ml/anglican.

http://probprog.ml/anglican
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Anglican program which denotes a stochastic Captcha renderer. This illustrates

how we can use the full machinery of a programming language—in this case a

rendering library—to define generative models.

A simple Anglican program. Figure 2.4 shows an Anglican program that

denotes the Gaussian unknown mean model in Section 2.1. An Anglican pro-

gram is defined as a defquery statement. This program has one argument, x.

The let statement first binds (sample (normal 0 1)) to the variable z. This

denotes that z is drawn from Normal(0, 12). The next statement in the let block,

(observe (normal z 1) x), serves two purposes. First, it defines the conditional

distribution of the observed value given in-scope variables, in this case p(x|z) =

Normal(x|z, 12). Second, it provides an actual observed value of x, here denoted

as the variable x. The last statement of the let block, z, simply defines its return

value. The return value denotes variables we are interested in inferring. In this

case, we are interested in the distribution of z given that we observe x under the

Gaussian unknown mean model.

1 ( defquery [x]
2 (let [z ( sample ( normal 0 1))]
3 ( observe ( normal z 1) x)
4 z))

Figure 2.4: Gaussian unknown mean (see Section 2.1.2.1) model in Anglican.

Open-Universe Gaussian Mixture Model. Next, we consider an extension of

the gmm (see Section 2.1.2.2) where the number of clusters is potentially unbounded.

Being able to define generative models with potentially unbounded number of

variables is one of the features distinguishing hoppls from foppls. In Figure 2.5,

we show an Anglican program that denotes a gmm where the prior distribution on

number of clusters has an infinite support. The let binding in line 2 denotes that

the number of clusters K is distributed according to (1 + Poisson(λ = 3)) whose

support is all positive integers. The cluster probabilities π, whose prior is defined in



2. Bayesian Machine Learning and Probabilistic Programming 25

lines 3–4, are distributed according to a Dirichlet distribution whose dimensionality

is dependent on K. The priors for cluster means µ1:K and variances σ2
1:K are defined

in lines 5–8. The number of these per-cluster parameters is dependent on K can

take values in {1, 2, . . . } (although it is finite with probability one). The rest of

the probabilistic program consists of a loop statement which loops through all

data points x1:N represented by the variable data. For each data point xn, we

sample its cluster identity zn in line 13. The observe statement in lines 14–16,

defines a likelihood Normal(xn|µzn , σ2
zn) and fixes the observed value of xn (here

through (first data)). The return value of the loop statement and the whole

probabilistic program—defined in line 12—are the cluster probabilities π, means

µ1:K , variances σ2
1:K and cluster identities z1:N . This probabilistic program denotes

that we are interested in a posterior distribution p(K, π, µ1:K , σ
2
1:K , z1:N |x1:N). Its

support doesn’t have a fixed dimensionality.

1 ( defquery gmm [data]
2 (let [ num-clusters (inc ( sample ( poisson 3)))
3 cluster-probs ( sample
4 ( dirichlet ( repeat num-clusters 1)))
5 means ( repeatedly num-clusters
6 #( sample ( normal 0 1)))
7 vars ( repeatedly num-clusters
8 #( sample (gamma 1 1)))]
9 (loop [data data
10 clusters []]
11 (if ( empty? data)
12 [ cluster-probs means vars clusters ]
13 (let [ cluster ( sample ( discrete cluster-probs ))]
14 ( observe ( normal (nth means cluster )
15 (nth vars cluster ))
16 (first data ))
17 (recur (rest data) (conj clusters cluster )))))))

Figure 2.5: Open-Universe Gaussian mixture model in Anglican. The prior distribution
on the number of clusters, in line 2, has infinite support. Hence, the number of cluster
probabilities, means and variances (lines 2–8) is unbounded. This distinguishes hoppls
from foppls.
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Figure 2.6: The Captcha renderer takes as inputs values such as the font size, kerning
and the letters and outputs a Captcha image. In the vision as inverse graphics paradigm,
we can solve Captchas by inverting this renderer. Probabilistic programming allows us
to write the rendering process as a generative model in which inference corresponds to
computing posterior distributions over the renderer inputs.

Inverting a Captcha renderer. Finally, we consider a generative model of a

stochastic Captcha renderer. Given an actual Captcha image, posterior inference in

this program “inverts” the rendering process. The posterior represents a distribution

over inputs to the renderer that could have given rise to the given Captcha image.

This is an instance of vision as inverse graphics—a paradigm that poses the problem

of computer vision as the inverse of graphics rendering. In order to be able to

formulate this as probabilistic inference, ppls can use graphics rendering libraries

as part of the probabilistic programs. In Figure 2.7, we show an Anglican program

that “inverts” a Captcha renderer. Lines 2–4 define a prior distribution on the

number of letters, font size and kerning. Kerning refers to the distance between two

rendered letters. Line 5 defines a prior distribution on letter identities which are

used in line 6 to select the actual letters from a pre-specified alphabet. Line 10 uses

the render function, which comes from a Captcha rendering library (see Fig. 2.6).

It takes the letters, font size and kerning as input and outputs a rendered Captcha

image. The observe statement in lines 11–12 acts as an approximate Bayesian

computation (abc) (Sisson et al., 2018) distance. The “likelihood” defined by this

observe statement is high when the rendered-image is similar to observed-image
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and low otherwise. The distance between images are implemented as a scaled

L2 distance between the vectors obtained through flattening the image matrices

although other choices, like distance in the feature space, are also possible.

1 ( defquery captcha [ observed-image ]
2 (let [ num-letters ( sample ( uniform-discrete 6 8))
3 font-size ( sample ( uniform-discrete 38 44))
4 kerning ( sample ( uniform-discrete -2 2))
5 letter-ids ( repeatedly
6 num-letters
7 #( sample ( uniform-discrete 0 (count letter-dict ))))
8 letters (apply str (map ( partial nth letter-dict )
9 letter-ids ))
10 rendered-image ( render letters font-size kerning )]
11 ( observe ( abc-dist rendered-image abc-sigma )
12 observed-image )
13 letters ))

Figure 2.7: Inverting a Captcha renderer in Anglican. Ppls let us define generative
models using the full machinery of a programming language. In this case, we use the
render function in line 10 that comes from a Captcha rendering library.

2.2.2 Differences to First Order Languages

Foppls can be shown to be equivalent to finite graphical models (van de Meent

et al., 2018). Van de Meent et al. (2018) formalize a notion of hoppl that extends

foppls in two ways. First, functions can be recursive. Second, functions can

accept other functions as arguments. These additional features let hoppls denote

generative models which don’t have fixed number of random variables. Executing

these programs by sampling from the prior results in an arbitrary number of calls

to sample and observe statements that can be different from one execution to

another. This can arise in at least two ways. First, using recursion, where the

recursive condition is a function of a random variable, can result in variable number

of recursive calls each of which can have their own sample statements. This allows

writing models such as probabilistic context-free grammars and stick-breaking non-

parametric models which have infinite number of random variables (though for

inference, only a finite number of them need to be evaluated). Second, the number
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of iterations in a loop can be sampled from a distribution with an infinite support

(like Poisson). If each loop iteration has a sample statement, the number of them

is not fixed and unbounded. The open-universe gmm is an example of this.

From a practical perspective, a hoppl lets users write their models in an unre-

stricted manner since they can use the full machinery of the underlying programming

language, including libraries, as has been the case in the Captcha example.

2.2.3 Addressing

Consider, again, the open-universe gmm program in Figure 2.5. Generating from

the prior defined by this program (without conditioning on observed values) results

in a variable number of per-cluster parameters, depending on the number of clusters

K which is sampled from a Poisson distribution. In particular, the sequence

of sampled values is (K,µ1, . . . , µK ,Σ1, . . . ,ΣK , z1, x1, . . . , zN , xN) whose length,

1 + 2K + 2N , depends on the value of K.

Many sampling-based inference algorithms used for probabilistic programming

require uniquely identifying the elements of a sequence of samples. In Markov chain

Monte Carlo (mcmc)-based algorithms such as single-site mcmc (Wingate et al.,

2011) and particle mcmc (Andrieu et al., 2010; Wood et al., 2014), one needs to

implement a transition kernel which is a conditional distribution of one sample

sequence given another sample sequence, and evaluate the acceptance probability

of accepting a new sample sequence given by the transition kernel. This requires

a unique identifier for each sample statement in order to correctly align elements

from the old and the new sample sequences. In particle-based methods such as

importance sampling (is) and sequential Monte Carlo (smc) that don’t propose from

the prior also need a unique identifier for each sample statement in order to align the

proposal distribution with the prior distribution so that we can evaluate the weights.

Wingate et al. (2011) propose a dynamic addressing scheme which transforms

probabilistic program to an equivalent program which additionally generates an

address during runtime for each sample statement based on the current call-stack.
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In this thesis, we use a static addressing scheme which assigns an address to

each sample statement during compilation according to its lexical position. Each

sampled value is then uniquely identified using its static address together with the

instance number. The instance number refers to the number of times the same

sample statement (including the current one) has been encountered so far. In the

case of open-universe gmm program, assume that the sample statements have been

assigned static addresses "a1" through "a5" as indicated in Table 2.1. This can

be either done automatically during compilation, or manually by the user. The

sample instances of sampled values for K and π are both 1 since we encounter

these values only once when running the program forward. For µ1:K and Σ1:K , the

sample instances increase from 1 to K = 3. For example, the address of the second

sampled value obtained from (sample (normal 0 1)) (in lines 5–6) is ("a3", 2).

We choose the static addressing scheme due to the ease of implementation and

the ability to uniquely identify sample statements. This addressing scheme requires

the user to manually annotate sample statements (e.g. with "a1" through "a5")

and has no information about the program stack. However, in our applications,

this information is not used.

2.2.4 Execution Trace

We formalize the concept of a sample sequence of a probabilistic program through

execution traces. An execution trace of a probabilistic program is obtained by

successively executing the program deterministically, except when encountering

sample statements at which point a value is generated according to the specified

probability distribution and appended to the execution trace. We denote the

sequence of observed values encountered during execution by x := (xn)Nn=1. In

general, the order and the number of observe statements that are encountered can

be dynamic and different from one execution to another. However, some inference

algorithms like smc require x to be fixed.

Depending on the probabilistic program and the values generated at sample

statements, the order in which the execution encounters sample statements as well
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as the number of encountered sample statements may be different from one trace

to another. Therefore, given an addressing scheme which assigns a unique static

address to each sample statement according to its lexical position in the probabilistic

program, we represent an execution trace of a probabilistic program as a sequence

(zt, at, it)Tt=1 , (2.18)

where zt, at, and it are respectively the sample value, address, and instance (call

number) of the tth entry in a given trace, and T is a execution-dependent length.

Instance values it = ∑t
j=1 1(at = aj) count the number of sample values obtained

from the specific sample statement at address at, up to time step t. For each trace,

a sequence z := (zt)Tt=1 holds the T sampled values from the sample statements.

Table 2.1 shows an example of execution trace by running the open-universe

gmm program in Figure 2.5 forward, and sampling from the prior distribution

when encountering sample statements.
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2.2.5 Joint and Posterior Distributions

The joint probability density of an execution trace is

p(z, x) :=
T∏
t=1

fat (zt|z1:t−1)
N∏
n=1

gn(xn|z1:τ(n)), (2.19)

where fat is the probability density specified by the sample statement at address

at and gn is the probability distribution specified by the nth observe statement.

fat(·|z1:t−1) is called the prior conditional density given the sample values z1:t−1

obtained before encountering the tth sample statement. gn(·|z1:τ(n)) is called the

likelihood density given the sample values z1:τ(n) obtained before encountering the

nth observe statement, where τ is a mapping from the index n of the observe

statement to the index of the last sample statement encountered before this observe

statement during the execution of the program. Inference in such models amounts

to computing an approximation of p(z|x) and its expected values Ep(z|x)[f(z)]

of chosen functions f .

2.3 Inference Algorithms

We have discussed Bayesian machine learning (Section 2.1) as a coherent conceptual

framework for unsupervised learning and probabilistic programming languages

(Section 2.2) as a way to define probabilistic models as programs. Now, we present

inference algorithms that are suitable for hoppls in that they only depend on

being able to evaluate the probabilistic program forward. We introduce importance

sampling (is) (Section 2.3.1), sequential Monte Carlo (smc) (Section 2.3.2) and

variational inference (vi) (Section 2.3.3). These so-called evaluation-based inference

algorithms for hoppls are foundational for amortized inference and model learning

algorithms presented later in the thesis.

We omit algorithms from the mcmc family (Wingate et al., 2011; Ritchie et al.,

2016a; Le, 2015) and more advanced ones from the particle mcmc family (Andrieu

et al., 2010; Paige et al., 2014; Rainforth et al., 2016b) which are also suitable for

hoppl, however not directly needed for algorithms presented later in this chapter.

In the following, we omit derivations which can instead be found in Appendix A.
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2.3.1 Importance Sampling

Given a function f : Z → R and a probability distribution on Z with the

density π, importance sampling (is) aims to provide a low-variance estimator

of the following integral:

I := Eπ(z)[f(z)] :=
∫
f(z)π(z) dz. (2.20)

In Bayesian inference, we are usually interested in evaluating Ep(z|x)[f(z)] given

data x and some query function f , in which case π(z) = p(z|x).

Intuitively, is aims to reduce the variance of the estimator for I by sampling

a proposal distribution different than π which puts mass on regions where the

integrand is high and later accounting for this change in the sampling distribution

by a multiplicative factor.

We first introduce Monte Carlo (mc) estimation which forms the foundation of is

and other sampling-based algorithms. We then introduce basic is where we assume

the density π : Z → R can be evaluated pointwise. Next, we relax this assumption

and introduce self-normalized is, where π can only be evaluated up to a normalizing

constant. Finally, we describe how is can be used for performing inference in hoppls.

Is is also known as likelihood weighting. It has first been proposed in (Kahn,

1950a,b). For a good textbook treatment, see e.g. Owen (2013).

2.3.1.1 Monte Carlo Estimation

Given K independently and identically distributed (iid) samples zk ∼ π, k =

1, . . . , K, the mc estimator of I is given by the following empirical average:

Imc
K = 1

K

K∑
k=1

f(zk). (2.21)

It can be shown via linearity of expectations that Imc
K is an unbiased estimator of

I, i.e. E[Imc
K ] = I. The variance can be expressed as

Var [Imc
K ] = 1

K
Var[f(z)] = 1

K

(∫
π(z)f(z)2 dz − I2

)
. (2.22)

This is due to additivity of variance for independent random variables and the fact

that given a constant a ∈ R and a random variable z, Var[az] = a2 Var[z].
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2.3.1.2 Basic Importance Sampling

Assume there exists a proposal distribution on Z which we can sample from and

whose density q can be evaluated pointwise. Additionally, we require
∫
A f(z)π(z) dz =

0 whenever
∫
A q(z) dz = 0 for all measurable sets A. Then the basic is estimator

of I is given by a weighted average:

I is
K = 1

K

K∑
k=1

wkf(zk), (2.23)

where zk ∼ q and wk = π(zk)/q(zk). The samples z1:K are often called particles.

The ratio wk is called an importance weight (or just weight).

It can be shown that I is
K is an unbiased estimator I, i.e. E [I is

K ] = I and the

variance can expressed as (see Appendix A.1.1):

Var [I is
K ] = 1

K

(∫ π(z)2f(z)2

q(z) dz − I2
)
. (2.24)

This means that increasing number of particles K decreases the variance, provided

it is finite. This might not be the case. Intuitively, this happens when q is small

in large areas where πf is not small. Owen (2013, Example 9.1) provides the

following example where the variance Var [I is
K ] is infinite. Consider Z = R where

π(z) = Normal(z|0, 12), q(z) = Normal(z|0, σ2) and f(z) = z. The variance of

the is estimator is only finite when σ > 1/2. In practice, if we don’t know f , q

should be designed to have heavier tails than π.

optimal proposal qopt(z)

query function f(z)
target distribution (z)

Figure 2.8: The optimal proposal for estimating I =
∫
π(z)f(z) dz using basic is has

the form qopt(z) ∝ |f(z)|π(z). This proposal minimizes the variance of the estimator I is
K

given in (2.23). Intuitively, samples from qopt come from an “important” region of Z.
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normalize

weigh

propose

proposal q(z)

unnormalized target distribution (z)

Figure 2.9: Illustration of self-normalized is. There are three steps: 1) propose zk ∼ q,
2) weigh wk = π̃(zk)/q(zk) and 3) normalize w̄k = wk/

∑K
`=1w`. The samples z1:K are also

called particles. The target distribution π is approximated using weighted delta masses
π(z) ≈

∑K
k=1 w̄kδzk(z). The integral I =

∫
π(z)f(z) dz is estimated as the weighted sum∑K

k=1 w̄kf(zk). The horizontal position of the particles represents their values z1:K . Their
areas represent the weights w1:K .

One notion of an optimal proposal for is is minimization of Var [I is
K ]. Such

proposal, denoted qopt has the form (see Appendix A.1.1):

qopt(z) = |f(z)|π(z)∫
|f(z′)|π(z′) dz′ . (2.25)

In other words, the optimal proposal qopt is proportional to π(z)|f(z)|. Intuitively,

a good proposal has high probability mass in a region that is “important” for

estimating I. We illustrate this in Figure 2.8. However, such proposal is difficult to

obtain in practice since it requires the difficult evaluation of the expectation Eπ[f(z)].

2.3.1.3 Self-Normalized Importance Sampling

We wish to use is for Bayesian posterior inference where the target distribution π(z)

is the posterior distribution p(z|x). Basic is is not suitable for this since we can

seldom evaluate the posterior density pointwise. However, we can often evaluate

the joint density p(z, x) which is proportional to the posterior density p(z|x) with

the normalizing constant being the marginal likelihood p(x).

Self-normalized is relaxes the need to evaluate the target density π(z). Instead,

assume that we can (i) draw samples from a proposal distribution on Z with

density q, (ii) evaluate density q, and (iii) evaluate the density p only up to a

normalization constant, i.e. we can evaluate π̃(z) = Zπ(z) where Z =
∫
π̃(z) dz is
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the normalization constant. We also require that
∫
A π(z) = 0 whenever

∫
A q(z) dz =

0 for all measurable sets A (i.e. π must be absolutely continuous with respect to q).

In the case of Bayesian inference, π̃(z) = p(z, x), π(z) = p(z|x) and Z = p(x).

The self-normalized is estimator of I is given by:

Ĩ is
K =

1
K

∑K
k=1wkf(zk)

1
K

∑K
k=1wk

, (2.26)

where zk ∼ q and wk = π̃(zk)/q(zk). The ratio wk is often called the unnormalized

weight. The normalized weight is defined as w̄k := wk/
∑K
`=1w`. The estimator in

(2.26) be rewritten in terms of the normalized weight as follows:

Ĩ is
K =

K∑
k=1

w̄kf(zk). (2.27)

This estimator is biased: E[Ĩ is
K ] 6= I. However, Ĩ is

K converges to I almost surely as

K goes to infinity because the numerator and the denominator converge almost

surely to ZI and Z respectively and so the estimator is consistent.

The target distribution is approximated as a weighted sum of delta masses:

π(z) ≈
K∑
k=1

w̄kδzk(z). (2.28)

Self-normalized is also gives us an unbiased estimator (see Appendix A.1.2) of

the normalizing constant Z:

Z is
K = 1

K

K∑
k=1

wk. (2.29)

Being able to estimate Z allows us to estimate the marginal likelihood p(x) of a

generative model p(z, x). This is useful for model learning (see Section 2.1.3).

A proposal that minimizes the asymptotic variance of Ĩ is
K has the form

qopt(z) = π(z)|f(z)− I|∫
π(z)|f(z)− I| dz (Owen, 2013, Chapter 9.2). (2.30)

In most cases, f is not known ahead of time and we might want to evaluate I

for multiple f . In this case, there is no single optimal proposal distribution in

terms of estimator variance minimization. Instead, we often consider an optimal

proposal to be

qopt(z) = π(z). (2.31)
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If we manage to achieve this, the self-normalized is estimator becomes

Ĩ is
K = 1

K

K∑
k=1

f(zk), (2.32)

where zk ∼ qopt = π and hence follows the properties of a standard mc estimator.

2.3.1.4 Importance Sampling for Probabilistic Programming

Using self-normalized is for inference in hoppls requires designing proposal dis-

tributions qa,i corresponding to the addresses a of all sample statements in the

probabilistic program and their instance values i. A proposal execution trace zk1:Tk

is built by executing the program as usual, except when a sample statement at

address at is encountered at time t, a proposal sample value zkt is sampled from

the proposal distribution qat,it(·|zk1:t−1) given the proposal sample values until that

point. We obtain K proposal execution traces zk := zk1:Tk (possibly in parallel)

to which we assign weights

wk =
N∏
n=1

gn(xn|zk1:τk(n)) ·
Tk∏
t=1

fat(zkt |zk1:t−1)
qat,it(zkt |zk1:t−1) (2.33)

for k = 1, . . . , K with Tk denoting the length of the kth proposal execution trace.

Given a particle set (wk, zk)Kk=1, we can estimate the integral in (2.20) using the

self-normalized is estimator in (2.26). Since the sequence zk doesn’t necessarily

have the same number and type of elements, the domain of the query function

f must be the space of possible zk. The posterior distribution is approximated

by the following empirical distribution:

p̂(z|x) = 1
K

K∑
k=1

w̄kδzk(z) ≈ p(z|x), (2.34)

where w̄k = wk/
∑K
`=1w` is the normalized weight and δzk is a delta mass centered

on zk. The marginal likelihood is approximated using the following expression:

p̂(x) = 1
K

K∑
k=1

wk ≈ p(x). (2.35)
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2.3.2 Sequential Monte Carlo

The is estimator suffers from the curse of dimensionality. It is essentially a guess-

and-check procedure. We obtain particles by sampling from a proposal distribution

and assign a weight according to how well the sample scores against the target

distribution. If the proposal distribution is far away from regions of high probability

mass under the target distribution3, the variance of the estimator can explode.

In high dimensions, this becomes worse due to the curse of dimensionality (e.g.

(Doucet and Johansen, 2009, Section 3.6)).

We are interested in applying is to problems of Bayesian inference where the

latent variable is often high-dimensional. For instance, in a ssm, the number of

latent variables increases with time T . In an ssm, each observation at time t, xt,

gives us additional information about the state of the system until now, z1:t. The key

idea in smc is to exploit this intermediate information to direct computation into

promising areas of the target distribution unlike is which only uses the aggregate

information at the end. Intuitively, instead of guessing and checking at the last

time-step, smc checks at every time-step and modifies its guess accordingly.

To introduce smc, we abstract away from ssms and formulate the inferential

problem in terms of sequences of target distributions (Liu and Chen, 1998). This

simplifies the presentation while preserving the essence of smc, allowing us to

apply smc outside of ssms. Next we introduce the smc algorithm and the resulting

estimators. We then illustrate the smc algorithm on the lgssm. Finally, we describe

how smc is used in the context of probabilistic programming.

Smc was perhaps first introduced in the signal processing context by Stewart and

McCarty (1992) and Gordon et al. (1993) and is often known as “particle filtering”.

For a mathematically rigorous treatment of the subject, see e.g. Del Moral (2004).

For a more introductory tutorial to the subject, see e.g. Doucet and Johansen (2009)

or Doucet et al. (2001). The use of smc, together with other, more advanced, particle

methods in probabilistic programming has been proposed by Wood et al. (2014).
3See Section 2.3.1 for a more nuanced discussion.
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2.3.2.1 State Space Models as Sequences of Target Distributions

We introduce smc in terms of sequences of target distributions which are defined as

follows. Let (z1, z1:2, . . . , z1:T ) be a sequence of variables of increasing dimensions.

Let π̃t(z1:t) be a sequence of unnormalized target densities and πt(z1:t) = π̃t(z1:t)/Zt
be a sequence of the corresponding normalized densities, where the normalizing

constants are defined as Zt =
∫
π̃t(z1:t) dz1:t. The goal is to

1. approximate the normalized distributions πt,

2. estimate integrals of the form I =
∫
f(z1:t)πt(z1:t) dz1:t, and

3. estimate the normalizing constants Zt.

This formulation of inference is general and encompasses ssms as follows.

Recall that a joint density of a general ssm is given by:

p(z1:T , x1:T ) = p(z1)
T∏
t=2

p(zt|z1:t−1, x1:t−1)
T∏
t=1

p(xt|z1:t, x1:t−1), (2.36)

where z1:T is a sequence of latent variables and x1:T is a sequence of observed data

points. We are often interested in the smoothing distributions p(z1:t|x1:T ) and the

filtering distributions p(z1:t|x1:t). A common choice is to set

π̃t(z1:t) := p(z1:t, x1:t) = p(z1)
t∏

τ=2
p(zτ |z1:τ−1, x1:τ−1)

t∏
τ=1

p(xτ |z1:τ , x1:τ−1), (2.37)

which implies

Zt =
∫
π̃t(z1:t) dz1:t = p(x1:t), (2.38)

πt(z1:t) = π̃t(z1:t)/Zt = p(z1:t|x1:t). (2.39)

The target distributions πt directly correspond to the filtering distributions. The

smoothing distributions can be obtained as a marginal distribution of πT :

p(z1:t|x1:T ) =
∫
πT (z1:T ) dzt+1:T . (2.40)

Given a sample z1:T from πT (z1:T ), a sample from p(z1:t|x1:T ) can be obtained

by simply taking the first t elements of z1:T and ignoring the rest. Lastly, the

normalizing constant ZT corresponds to the marginal likelihood p(x1:T ) which can

be used for model learning or model selection. Hence, we can pose both inference

and learning tasks in ssms in terms of sequences of target distributions.
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2.3.2.2 Sequential Monte Carlo Estimators

Assume that at every time-step t, there exists a proposal distribution qt(zt|z1:t−1),

where for a given z1:t−1 we can sample zt and evaluate its density. For t = 1,

we assume that there exists q1(z1) from which we can sample z1 and evaluate its

density. The smc algorithm is shown in Algorithm 2.

In the first time-step (lines 1–3), we proceed in the same way as self-normalized

is and sample zk1 from q1 and evaluate the weights wk1 ∼ π̃1(zk1 )/q1(zk1 ). Our kth

particle set, denoted z̄k1 , at this point consists of only zk1 . At every subsequent step

(t = 2, 3, . . . , T ), we first perform a resampling step, where we sample an ancestral

index akt−1 from a Categorical distribution whose probabilities are given by the

normalized weights at the previous time-step w̄1:K
t−1 (line 5). The ancestral index is

used to select which particle set at the previous time z̄k1:t−1 is used for sampling

the current particle value: zkt ∼ qt(·|z̄
akt−1
1:t−1) (line 6). The resampling procedure

“kills off” particles that have a low weight w̄kt−1, thus focusing computation on only

high-weight particles. The newly sampled particle zkt is appended to z̄a
k
t−1
t−1 to form

the kth particle set at time-step t, denoted z̄k1:t (line 7). We then compute the new

weights based on the new particle set (line 8).

Algorithm 2 Sequential Monte Carlo for a sequence of target distributions.
1: Sample initial particle values zk1 ∼ q1.
2: Initialize particle set: z̄k1 ← zk1
3: Compute and normalize weights:

wk1 = π̃1(zk1 )
q1(zk1 ) , w̄k1 = wk1∑K

`=1w
`
1
. (2.41)

4: for t = 2, 3, . . . , T do
5: Sample ancestral index akt−1 ∼ Categorical(w̄1:K

t−1).
6: Sample particle value zkt ∼ qt(·|z̄

akt−1
1:t−1).

7: Update particle set z̄k1:t ← (z̄a
k
t−1

1:t−1, z
k
t ).

8: Compute and normalize weights:

wkt = π̃t(z̄k1:t)

π̃t−1(z̄a
k
t−1

1:t−1)qt(zkt |z̄
akt−1
1:t−1)

, w̄kt = wkt∑K
`=1w

`
t

. (2.42)
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z
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k
t−1
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z̄
k
1:t

z̄
a
k

t−1

1:t−1

k = 2

t = 3 t = 3 t = 3

k = 2 k = 2

Figure 2.10: Smc in Algorithm 2 generates TK particle values z1:K
1:T and (T − 1)K

ancestral indices a1:K
1:T−1. We show three diagrams of the same run of smc with T = 4

and K = 3. Each particle value zkt is represented as a filled circle; each ancestral index
akt−1 is represented as an edge between zkt and za

k
t−1
t−1 . At iteration t of the algorithm, we

sample ancestral indices akt−1 from a Categorical distribution with probabilities w̄1:K
1:t−1.

We then propose zkt by sampling from the proposal distribution qt(·|z̄
akt−1
t−1 ) conditioned

on the prefix of the kth particle set at time-step t, z̄a
k
t−1
t−1 . We append the newly proposed

particle zkt to z̄a
k
t−1
t−1 in order to obtain the kth particle set at time-step t, z̄k1:t.

Approximating target distributions. The target distributions πt can be ap-

proximated as a weighted sum of delta masses:

πt(z1:t) ≈
K∑
k=1

w̄kt δz̄k1:t
(z1:t). (2.43)

Huggins and Roy (2015) prove convergence properties of this approximation. We

can also approximate πt after the resampling process as a sum of equally weighted

delta masses, 1
K

∑K
k=1 δ

z̄
ak
t

1:t

(z1:t). However, this approximation results in higher-

variance integral estimators.

Integral estimators. We can estimate the expectation of f(z1:t) under the target

distribution πt, Eπt [f(z1:t)] as

IKsmc =
K∑
k=1

w̄kt f(z̄k1:t). (2.44)

This can be seen as evaluating the expectation with respect to the approximation

given in (2.43).
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Normalizing constant estimators. We can obtain the following unbiased

estimators of the normalizing constants Zt (t = 1, . . . , T ):

Ẑt =
t∏

τ=1

1
K

K∑
k=1

wkτ . (2.45)

We are mainly interested in the estimator of the last normalizing constant ZT , as it

corresponds to the marginal likelihood p(x1:T ) of the ssm provided the sequence of

target distributions is defined as (2.37)–(2.39). We provide a proof of unbiasedness

of Ẑt in Appendix A.2.1.

Resampling. In Algorithm 2, the resampling process consists of sampling an-

cestral indices ak (k = 1, . . . , K) independently from the Categorical distribution

whose probabilities are given by the normalized weights w̄1:K . It is, however,

only required that the ancestral indices ak are marginally distributed according to

Categorical(w̄1:K), while the joint distribution of a1:K need not factorize. Choosing

resampling schemes that leverage this can lead to lower variance integral and

normalizing constant estimators. In this thesis, we use systematic resampling which

generates a1:K by Algorithm 3 below. For a comparison of resampling schemes,

Algorithm 3 Systematic resampling
1: Input: normalized weights w̄1:K .
2: Sample a single uniform random variable u1 ∼ Uniform([0, 1/K)).
3: for k = 1, . . . , K do
4: Set uk = u1 + (k − 1)/K.
5: Set ak = ` for ` such that uk ∈ [∑`−1

i=1 w̄i,
∑`
i=1 w̄i].return a1:K .

see Douc and Cappé (2005).

2.3.2.3 Sequential Monte Carlo for Probabilistic Programming

The joint probability density of a probabilistic program can be viewed as a a

sequence of target distributions if it has fixed number and order of observe

statements. Recall that the joint probability distribution of an execution trace

of a probabilistic program is given by:

p(z, x) =
T∏
t=1

fat (zt|z1:t−1)
N∏
n=1

gn(xn|z1:τ(n)), (2.46)
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where z1:τ(n) refers to the sample values obtained before encountering the nth

observe statement and that there are no sample statements after the last observe

statement. We define the unnormalized target distribution π̃n as the joint distri-

bution of the program up until the nth observe statement:

π̃n(z1:τ(n)) :=
τ(n)∏
t=1

fat (zt|z1:t−1)
n∏
i=1

gi(xi|z1:τ(i)). (2.47)

Hence, πN(z1:τ(N)) corresponds to the posterior p(z|x) and ZN corresponds to

the marginal likelihood p(x).

We can run Algorithm 2 to obtain the integral and normalizing constant

estimators (2.44) and (2.45) as follows. We run K copies of the probabilistic

program forward. At every sample statement at time t, we sample a value zt
from the proposal distribution qat,it(·|z1:t−1). When we hit an observe statement,

we interrupt the execution of all K copies of the program in order to weigh and

resample. The unnormalized weight of the kth program copy at the nth observe

statement is computed as

wkn =
π̃n(z̄k1:τ(n))

π̃n−1(z̄a
k
n−1

1:τ(n−1))qn(zkτ(n−1)+1:τ(n)|z̄
akn−1
1:τ(n−1))

(2.48)

= gn(xn|z̄k1:τ(n)) ·

 τ(n)∏
t=τ(n−1)+1

fat

(
zkt |zkτ(n−1)+1:t−1, z̄

akn−1
1:τ(n−1)

)
qat,it

(
zkt |zkτ(n−1)+1:t−1, z̄

akn−1
1:τ(n−1)

)
 , (2.49)

where z̄k1:τ(n) = (zkτ(n−1)+1:τ(n), z̄
akn−1
1:τ(n−1)) is the kth particle set at time n. z̄a

k
n−1

1:τ(n−1) is

the (resampled) prefix of the kth particle set at time n and zkτ(n−1)+1:τ(n) are the newly

sampled values of the kth particle set between (n−1)st and nth observe statement.

In other words, the weight is a product of the likelihood term gn and the ratios of

the prior and proposal densities of the sample values encountered between (n− 1)st

and nth statement, fat/qat,it . Using weights, we can sample ancestral indices.

Implementing the resampling step requires the ability to continue the program

execution multiple times from each observe statement onwards, while keeping

the program state of the prefix the same. In pure functional languages where

variable reassignment is disallowed, continuation-passing style compilation can be
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used for stopping and/or continuing the program at predefined barriers (such as

observe statements). This approach has been taken by the WebPPL (Goodman

and Stuhlmüller, 2014) and the Anglican (Wood et al., 2014) systems which extend

the purely functional subsets of JavaScript and Clojure respectively. In imperative

languages, variable reassignment is allowed and we typically must resort to copying

the entire program state when execution is copied. This approach is taken by

the Turing probabilistic programming system (Ge et al., 2018) which implements

execution using co-routines and copies the entire program state when a co-routine

is copied. The Probabilistic-C system (Paige and Wood, 2014) propose using the

fork function of operating systems to copy execution. However, since this language

is meant to be a compilation target, the program state is not copied, instead relying

on the compiler to disallow variable reassignments.

2.3.3 Variational Methods

In the previous sections, we have introduced is and smc which approximate difficult-

to-compute posteriors by sampling. Variational methods are a family of approximate

inference algorithms that are based on optimization. Recall that given an observation

x, our goal is to approximate the posterior distribution p(z|x) and possibly use this

to make predictions or to compute expectations of the form Ep(z|x)[f(z)]. The idea

is to define a family of probability distributions Q of Z-valued random variables

and search for a member q∗(z) ∈ Q that is closest to the posterior p(z|x) where

closeness refers to some divergence metric:

q∗(z) = argmin
q(z)∈Q

divergence(q(z), p(z|x)). (2.50)

Here, divergence(·, ·) is a function that takes two probability distributions and

returns a positive value if and only if the two distributions are distinct and zero

if and only if they are the same. The set Q is often called the “variational

family” and its element q(z) ∈ Q is often called the “variational posterior” or

the “variational approximation.”
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A common choice for the divergence is the Kullback-Leibler (kl) divergence

which is defined, for arbitrary distributions π and ρ, as:

kl (π(z)||ρ(z)) =
∫
π(z) log π(z)

ρ(z) dz. (2.51)

Since the kl divergence is not symmetric, one can either choose kl (q||p) or kl (p||q).

In Section 2.3.3.1, we introduce the approach that minimizes the kl (q||p) from q

to p which is widely used in vi. We call this the “vi kl.” In Section 2.3.3.2, we

introduce an approach that minimizes the kl (p||q) from p to q which is perhaps

most prominently used in the expectation propagation (ep) algorithm (Minka,

2001). We call this the “ep kl.” In Section 2.3.3.3, we compare the properties of

these objectives on the resulting variational approximation.

Variational methods for performing inference have first been introduced by

Peterson and Anderson (1987) and Hinton et al. (1995), in the context of training

neural networks. kl (q||p) and kl (p||q) are not the only divergences that can be

used in variational methods. For methods that use different divergences, see e.g.

Wang et al. (2018a); Li and Turner (2016); Dieng et al. (2017); Minka (2001);

Hernández-Lobato et al. (2016). For papers that compare the behavior of different

divergences, see e.g. Minka et al. (2005); Turner and Sahani (2011) or Turner

et al. (2008). For a tutorial treatment of the subject, see e.g. Jordan et al. (1999);

Wainwright et al. (2008) or Blei et al. (2017).

2.3.3.1 Minimizing the “Variational Inference” KL

We are interested in the following optimization problem:

q∗(z) = argmin
q(z)∈Q

kl (q(z)||p(z|x)) . (2.52)

This optimization problem is typically equivalently viewed as maximization of the

evidence lower bound (elbo) which is defined as:

elbo(q) := log p(x)− kl (q(z)||p(z|x)) . (2.53)
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Maximization of (2.53) is equivalent to (2.52) because the log of the marginal

likelihood (or evidence), log p(x), is independent of q. The elbo is a lower bound

to the the log evidence, log p(x), since the kl term is non-negative.

The elbo can be rewritten as a single expectation under q(z) of the log joint

density minus the log density of q(z):

elbo(q) = log p(x)− kl (q(z)||p(z|x))

= Eq(z)[log p(x)]− Eq(z)[log q(z)− log p(z|x)]

= Eq(z)[log p(x)− log q(z) + log p(z|x)]

= Eq(z)[log p(z, x)− log q(z)]. (2.54)

There are several ways to maximize the elbo. In mean-field vi, one assumes that

Q is a family of fully factorized distributions, i.e. for z = z1:D, Q = {q : q(z) =∏D
d=1 qd(zd)}. Each distribution qd has its own parameters, say φd. The mean-field

optimization procedure then iteratively updates each parameter φd by solving the

local maximization problem argmaxφd elbo(q) at each iteration, while fixing all

other parameters. One drawback of this method is that these local maximization

problems must be solved analytically, something that is model-specific and only

possible in a limited set of models.

In this thesis, we will focus on a set of methods called black-box vi (Ranganath

et al., 2014; Paisley et al., 2012; Wingate and Weber, 2013; Kucukelbir et al., 2017),

which relies on stochastic optimization (Robbins and Monro, 1951). Black-box vi

merely requires that the joint density p(z, x) can be evaluated. Assuming that the

variational approximation qφ(z) is parameterized by parameters φ, we would like

to obtain noisy but unbiased estimator of the gradient ∇φ elbo(φ) using which

we can update φ until convergence.

In general, we can obtain an unbiased gradient estimator using the reinforce

trick:

ĝreinforce := (log p(z, x)− log qφ(z))∇φ log qφ(z), (2.55)
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where z ∼ qφ(z). That this is unbiased can be seen as follows:

Eqφ(z)[ĝreinforce] = Eqφ(z)[(log p(z, x)− log qφ(z))∇φ log qφ(z)]

= Eqφ(z)

[
(log p(z, x)− log qφ(z)) 1

qφ(z)∇φqφ(z)
]

=
∫

(log p(z, x)− log qφ(z))∇φqφ(z) dz

= ∇φ

∫
(log p(z, x)− log qφ(z))qφ(z) dz

= ∇φ elbo(φ).

Note that the term f(z) := (log p(z, x)− log qφ(z)) can be any function f and

the reinforce trick can be used for estimating any expectation of the form

∇φ Eqφ(z)[f(z)]. In fact, this estimator originated from the reinforcement learning

(rl) literature (Williams, 1992) where it is used to maximize expected cumulative

reward with z being the state-action trajectory sampled by the policy qφ parame-

terized by φ and f(z) being the expected cumulative reward. Unfortunately, for

the purposes of vi, greinforce often has too high variance which prevents effective

optimization. Ranganath et al. (2014) propose variance reduction schemes which

to some extent mitigate this issue.

Alternatively, we can use the reparameterization trick (Kingma and Welling,

2014; Rezende et al., 2014). This requires the random variable z ∼ qφ(z) to be

reparameterizable. This means that there exists (i) a simple distribution s(ε) over

ε ∈ E which is independent of φ, and (ii) a reparameterizing function r : Φ×E → Z

differentiable with respect to φ, such that the distribution of the random variable

r(φ, ε) is the same as that of z. For example, if z is normally distributed with

the mean and standard deviation given by φ = (µ, σ), we could pick s(ε) to

be the standard normal distribution and r(φ, ε) = µ + σε. We can estimate

∇φ elbo(φ) using a mc estimator:

ĝreparam := ∇φ(log p(r(φ, ε), x)− log qφ(r(φ, ε))), (2.56)

where ε ∼ s(ε). This additionally requires p(z, x) and qφ(z) to be differentiable

with respect to z and qφ to be differentiable with respect to φ. The estimator in
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(2.56) is unbiased because the distribution s is independent of φ:

Es(ε)[ĝreparam] = Es(ε) [∇φ(log p(r(φ, ε), x)− log qφ(r(φ, ε)))]

= ∇φ Es(ε) [log p(r(φ, ε), x)− log qφ(r(φ, ε))]

= ∇φ Eqφ(z) [log p(z, x)− log qφ(z)] .

The last equality can be verified either through the change-of-variable formula

for densities of dependent random variables or directly via the measure-theoretic

definition of expected values. The ĝreparam estimator typically has much lower vari-

ance than ĝreinforce. Unfortunately, not all random variables are reparameterizable.

Perhaps most importantly, discrete random variables are not reparameterizable.

2.3.3.2 Minimizing the “Expectation Propagation” KL

Here, the goal is to minimize the kl divergence in the other direction:

q∗(z) = argmin
q(z)∈Q

kl (p(z|x)||q(z)) . (2.57)

Unlike minimizing the “variational inference” kl, we cannot rewrite this as an

expectation under q. There are many ways to perform the optimization problem

in (2.57) including the ep algorithm (Minka et al., 2018).

We focus on an approach based on stochastic optimization. Again, assume that

the variational approximation qφ(z) is parameterized by variational parameters φ.

The gradient ∇φkl (p(z|x)||qφ(z)) can be estimated using self-normalized is (see

Section 2.3.1.3). First, rewrite the gradient as follows:

∇φkl (p(z|x)||qφ(z)) = ∇φ Ep(z|x)[log p(z|x)− log qφ(z)]

= Ep(z|x)[−∇φ log qφ(z)].

This has the form Ep(z|x)[f(z)] which can be estimated using self-normalized is:

ĝSNIS :=
K∑
k=1

w̄k(−∇φ log qφ(zk)), (2.58)

where zk ∼ qφ(z) are independently sampled and w̄k = wk/
∑K
`=1w` are the

normalized weights with wk = p(zk, x)/qφ(zk). ĝSNIS is biased but converges to
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the correct gradient almost surely and its asymptotic variance decreases linearly

with the number of particles K. Convergence of stochastic gradient descent (sgd)

is theoretically guaranteed on convex objectives and empirically on non-convex

objectives (Chen and Luss, 2018). Learning φ using this estimator has been

proposed by Oh and Berger (1992). It also forms the wake-phase update for φ

in reweighted wake-sleep (rws) (Bornschein and Bengio, 2015; Le et al., 2018b).

Gu et al. (2015) and Perov et al. (2015) propose using an smc-based estimator

instead of self-normalized is.

2.3.3.3 Differences Between the Two KLs

If the variational family Q contains the posterior distribution p(z|x), the minimizer

of both kl (q||p) and kl (p||q) is the posterior, q∗(z) = p(z|x). How different are the

minimizers when Q doesn’t contain p(z|x)? Which divergence should we minimize?

The minimizer of kl (q||p) = Eq(z)[log q(z) − log p(z|x)] generally tends to be

zero-avoiding (a.k.a. mode-seeking). It will avoid placing mass to regions where p(z)

has small mass. This is because the term − log p(z|x) will be too large (because

of the log), making the expectation too large as well. This means that if p(z|x) is

multi-modal, q∗(z) will generally concentrate on one of the modes.

The minimizer of kl (p||q) = Ep(z|x)[log p(z|x) − log q(z)] generally tends to

be mass-covering (a.k.a. mean-seeking). It will attempt to place mass wherever

there is non-zero mass in p(z|x). This is because missing any mass of p(z|x)

will mean − log q(z) will be too large (because of the log), again making the

expectation too large. If p(z|x) is multi-modal, q∗(z) will generally try to cover

all modes and match the mean.

The zero-avoiding and mass-covering behavior is illustrated in Fig. 2.11 on

a simple example where

p(z) = 1
2Normal(z|0, 12) + 1

2Normal(z|µp, 12),

Q = {q(z) = Normal(z|µq, σ2
q ) : µq ∈ R, σ2

q > 0},

where µp is varied evenly from 0 to 10. Since the mode-seeking behavior is only

a consequence of the zero-avoiding behavior, it doesn’t arise when there isn’t
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p argminq KL(p||q) argminq KL(q||p)

Figure 2.11: Minimizing the ep kl divergence leads to the mass-covering behavior while
minimizing the vi kl divergence leads to the zero-avoiding (or mode-seeking) behavior.

sufficiently small mass in p(z|x) that q(z) needs to avoid. This can be seen in the

second and third plots of Fig. 2.11: there are two modes but q∗ is not mode-seeking

because there there isn’t sufficiently small mass between the two modes.

Which divergence we should minimize depends on the model. In models such as

the gmm, the posterior contains many modes, each corresponding to one permutation

of labels {1, . . . , K}. A good approximation of one of the modes already lets us

answer questions such as “Are data points xi and xj in the same cluster?”, “What’s

the mean of the cluster of xi?”, “How many points are the cluster of xi?”. Hence,

minimizing kl (q||p) is suitable. In other models, we are interested in an accurate

approximation of the posterior over the full space of latent variables. There, it is

more suitable to minimize kl (p||q). Moreover, if q is to be used as a proposal for

is, it is preferable to minimize kl (p||q) since in is, it is required that the proposal

puts mass on non-zero regions of the posterior.



3
Amortized Inference

In the previous chapter, we introduced Bayesian machine learning, probabilistic

programming and several general-purpose inference algorithms suitable for higher-

order probabilistic programming languages (hoppls). These inference algorithms,

however, must be re-run for every new instance of observed data. Can we do better?

Amortized inference is about making repeated inference fast. In this chapter, we

propose a method for amortizing inference in probabilistic programming systems:

given a probabilistic model, can we obtain an amortized inference artifact which

during test time makes inference faster than performing inference from scratch?

In other words, if we take seriously the hypothesis that human reasoning can be

computationally explained as Bayesian inference, how is it possible for humans

to make some inferences—that would in principle be exponential-time—in what

seems like constant-time, or just one feed-forward, computation? We call our

approach inference compilation as it “compiles away” the cost of performing test-

time inference in a probabilistic program.

Section 3.1 provides background and related work for amortized inference. In

Section 3.2, we introduce our method for amortizing inference in hoppls. We

conclude this chapter by discussing potential future research (Section 3.3).

51



52 3.1. Background and Related Work

3.1 Background and Related Work

Approaches for making single-shot (as opposed to repeated) inference fast are often

known as adaptive Monte Carlo methods. Adaptive importance sampling (is)

methods aim to to design proposal distributions in an online fashion to make the

estimator of the integral in (2.20) have low variance (Owen, 2013, Chapter 10),

(Cheng and Druzdzel, 2000). Oh and Berger (1992) target the minimization of

kl (p||q). Such approaches have been widely studied in the context of Bayesian

networks (Shachter and Peot, 2013; Yuan and Druzdzel, 2012; Yu and Van Engelen,

2012; Hernández et al., 1998; Salmerón et al., 2000; Ortiz and Kaelbling, 2000).

Recent advances (Chwialkowski et al., 2016; Liu et al., 2016; Liu and Wang, 2016) in

bridging the gap between Stein’s method (Stein, 1972) and kernel methods (Hofmann

et al., 2008) have allowed the development of adaptive is methods that don’t require

a parametric family for the proposal distribution (Han and Liu, 2017). Adaptive

sequential Monte Carlo (smc) methods, in general, try to minimize the variance of

intermediate weights in smc by making the intermediate proposal distributions as

close as possible to the so-called optimal proposal distribution (Cornebise, 2009;

Cornebise et al., 2014). Other work in adaptive smc aims to adapt the resampling

step (Del Moral et al., 2012) and provide more exploration (Rainforth et al., 2018b).

Adaptive Markov chain Monte Carlo (mcmc) methods focus on learning parameters

of the mcmc algorithm (Roberts and Rosenthal, 2009; Haario et al., 2006; Wang

et al., 2018b; Li et al., 2017), although one must take care not to violate ergodicity

properties (Gilks et al., 1998; Andrieu and Thoms, 2008).

Approaches for making repeated inference fast, which is the focus of this chapter,

can be categorized according to whether inference is learned (i) for a set of related

models or for one model and (ii) before seeing data or by reusing previous inferences.

• Gershman and Goodman (2014) provide experimental evidence that humans

tend to reuse inferences on related models made in the past in order to speed

up current inference. With the same motivation, Choi et al. (2019) propose a

method that extends the variational auto-encoder (vae) (Kingma and Welling,
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2014; Rezende et al., 2014)—in a similar way to the conditional vae (Sohn

et al., 2015)—to learn inference for related models.

• In this thesis, we focus on amortized inference for one model.

– Methods that learn inference before seeing data are mostly in the family

of the wake-sleep algorithm (Dayan et al., 1995; Hinton et al., 1995)

which sample training data for an inference-aiding neural network from

the prior of the probabilistic model. Paige and Wood (2016) adopt this

approach for learning smc proposals for fixed graphical models.

– Methods for learning inference by reusing previous inferences may be cate-

gorized according to the objective they target. Vaes and related methods

target kl (q||p) while methods such as reweighted wake-sleep (Bornschein

and Bengio, 2015; Le et al., 2018b) and their smc counterparts (Gu et al.,

2015; Perov et al., 2015) target kl (p||q).

– Stuhlmüller et al. (2013) and Bornschein and Bengio (2015) propose

a combination of learning before seeing data and learning by reusing

previous inferences.

Algorithmically, our work is similar to the methods for amortizing inference for

one model, most notably, the early work on the wake-sleep algorithm and more

recently vaes. These methods also amortize inference in the manner we describe,

but additionally learn the generative model. However, the class of models they

focus on consists of a typically uninterpretable, independent multivariate normal

latent variable and a likelihood whose parameters are obtained via a non-linear

transformation of this latent variable.

Our aim is to amortize inference in structured and interpretable models defined

by probabilistic programs. The approach of Paige and Wood (2016) is closest to ours

in spirit: they propose learning autoregressive neural density estimation networks

offline that approximate inverse factorizations of graphical models so that at test

time, the trained “inference network” starts with the values of all observed quantities
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and progressively proposes parameters for latent nodes in the original structured

model. Our goal is to go beyond fixed graphical models to universal probabilistic

programs where the inversion of the dependency structure is no longer possible.

Our approach instead focuses on learning proposals for “forward” inference methods

in which no model dependency inversion is performed. In this sense, our work can

be seen as being inspired by that of Kulkarni et al. (2015) and Ritchie et al. (2016b)

where program-specific neural proposal networks are trained to guide forward

inference for inverse graphics and procedural graphics applications respectively.

What exactly do we mean by amortized inference? In this thesis, we

define amortized inference as reducing the cost of performing repeated inference by

spending time upfront to learn a fast “inference network”. An inference network is

a mapping from an observation x to a distribution on the latent variable z which

is in some sense close to the posterior p(z|x). Formally, we denote this mapping

as q : X → P(Z) where Z and X refer to supports of the latent and observed

variables (respectively) and P(Z) refers to the set of distributions with the support

Z. Hence, an inference network is a conditional probability distribution and we will

denote it as q(z|x). We take the variational approach. Given a family of inference

networks, Q′, we minimize a loss of the following form:

q∗(z|x) = argmin
q(z|x)∈Q′

Ea(x) [divergence(q(z|x), p(z|x))] , (3.1)

where a(x) is a distribution over x. In principle, minimizing this objective amortizes

inference. This is because achieving the global minimum of zero implies that the

required divergence is zero almost surely. In practice, we can’t achieve perfect

amortization and so a(x) directly affects how well inference is amortized for different

observations x. It is usually chosen to be the data distribution p(x), meaning that

we want to amortize inference well for data sampled from the data distribution.

The inference network is typically a function parameterized by, say φ, mapping

from x to parameters of a distribution on z. Hence, we often write the inference

network as qφ(z|x), i.e. the family Q′ is parameterized by φ.
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Differences between variational and amortized inference. In Section 2.3.3,

we describe variational inference (vi), where given a family of distributions on z, the

goal is to find a member in this family that minimizes the divergence from the true

posterior. As defined in the previous paragraph, in amortized inference, we start with

a family of conditional distributions of z given x (or in other words functions from x

to distributions on z) and find a member in this family that minimizes the expected

divergence from the true posterior, where the expectation is with respect to some

distribution over x. More generally, amortized inference as a method for speeding up

repeated inference can be combined with non-variational approaches such as mcmc.

Differences between the two KLs. Like in vi, we have the freedom to choose

the form of the divergence in (3.1). In the non-amortized setting, choosing kl (q||p)

(the vi kl) typically results in a zero-avoiding behavior, and choosing kl (p||q) (the

ep kl) typically results in a mass-covering behavior (see discussion in Section 2.3.3.3).

This transfers to the amortized inference setting. In particular, amortized inference

based on the loss of the form E[kl (q||p)] results in inference networks that map to

distributions that are zero-avoiding. On the other hand, using the loss E[kl (p||q)]

results in inference networks that map to distributions that are mass-covering. This

effect is illustrated in Fig. 3.1 on an example where the generative model is given by

p(z) = 1
2Normal(z|−5, 12) + 1

2Normal(z|5, 12), (3.2)

p(x|z) = Normal(x|z, 102), (3.3)

and the inference network is given by

qφ(z|x) = Normal(z|η1
φ1(x), η2

φ2(x)), (3.4)

where η1
φ1 and η2

φ2 are multi-layer perceptrons parameterized by φ = (φ1, φ2).

Which (expected) divergence we should minimize depends on the model in the

same way as in the non-amortized setting. For models where a good approximation

of one of the posterior modes is good enough, we should minimize E[kl (q||p)]. For

models where we need to approximate the posterior over the full latent space, we
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prior posterior inference network qp inference network pq test obs

Figure 3.1: Minimizing the expected ep and vi kls as is typically done in variational
methods for inference amortization leads to the mass-covering and zero-avoiding behaviors
in the inference network respectively. We show the prior distribution, the posterior
distribution, and the optimal inference network under both divergences for five different
observations x.

should minimize E[kl (p||q)]. Moreover, if q is to be used as a proposal in is, we

should minimize E[kl (p||q)] since it is required that the proposal q puts non-zero

mass on regions with non-zero mass under p (Section 2.3.1).

3.2 Inference Compilation and Universal Proba-
bilistic Programming

In this section, we introduce a method for using deep neural networks to amortize

the cost of inference in models from the family induced by universal probabilistic

programming languages, establishing a framework that combines the strengths

of probabilistic programming and deep learning methods. We call what we do

“compilation of inference” because our method transforms a denotational specification

of an inference problem in the form of a probabilistic program written in a universal

programming language into a trained neural network denoted in a neural network

specification language. When at test time, this neural network is fed observational

data and executed, it performs approximate inference in the original model specified

by the probabilistic program. Our training objective and learning procedure are

designed to allow the trained neural network to be used as a proposal distribution

in a is inference engine. We illustrate our method on mixture models and Captcha

solving and show significant speedups in the efficiency of inference.
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Compilation

Probabilistic program
p(z; x)

Inference

Training data
fz(m)

; x
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x
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NN architecture

Compilation artifact

qφ(zjx)

KL (p(zjx) jj
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Figure 3.2: Our approach to compiled inference. Given only a probabilistic program
p(z, x), during compilation we automatically construct a neural network architecture
comprising an lstm core and various embedding and proposal layers specified by the
probabilistic program and train this using an infinite stream of training data {z(m), x(m)}
generated from the model. When this expensive compilation stage is complete, we are left
with an artifact of weights φ and neural architecture specialized for the given probabilistic
program. During inference, the probabilistic program and the compilation artifact is used
in a is procedure, where the artifact parameterizes the proposal distribution qφ(z|x).

We focus on performing inference in generative models specified as probabilistic

programs while recognizing that alternative methods exist for amortizing inference

while simultaneously learning model structure. Our contributions are twofold:

(1) We work out ways to handle the complexities introduced when compiling

inference for the class of generative models induced by universal probabilistic

programming languages and establish a technique to embed neural networks in

forward probabilistic programming inference methods such as is (Doucet and

Johansen, 2009). (2) We develop an adaptive neural network architecture, comprising

a recurrent neural network core and embedding and proposal layers specified by

the probabilistic program, that is reconfigured on-the-fly for each execution trace

and trained with an infinite stream of training data sampled from the generative

model. This establishes a framework combining deep neural networks and generative

modeling with universal probabilistic programs (Figure 3.2).

In Section 3.2.1 we introduce inference compilation for is, the objective function,

and the neural network architecture. Section 3.2.2 demonstrates our approach on

two examples, mixture models and Captcha solving, followed by the discussion
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in Section 3.2.4.

3.2.1 Learning Proposals For Importance Sampling

Recall that probabilistic programs allow us to define probabilistic models as programs

that include sample and observe statements. An execution trace of a probabilistic

program is obtained by successively executing the program deterministically, except

when encountering sample statements at which point a value is generated according

to the specified probability distribution and appended to the execution trace.

Depending on the probabilistic program and the values generated at sample

statements, the order in which the execution encounters sample statements as

well as the number of encountered sample statements may be different from one

trace to another. Therefore, given a scheme which assigns a unique address to each

sample statement according to its lexical position in the probabilistic program, we

represent an execution trace of a probabilistic program as a sequence

(zt, at, it)Tt=1 , (3.5)

where zt, at, and it are respectively the sample value, address, and instance (call

number) of the tth entry in a given trace, and T is a trace-dependent length. The

instance value it = ∑t
j=1 1(at = aj) refers to the number of sample statements with

the same address as the address of the current one, at, that was encountered during

the execution of the program. For each trace, a sequence z := (zt)Tt=1 holds the

T sampled values from the sample statements. Given observations x := x1:N , the

joint probability of a single execution trace is defined in (2.19).

We achieve inference compilation in universal probabilistic programming systems

through proposal distribution adaptation, approximating p(z|x) in the framework

of is. Assuming we have a set of adapted proposals qat,it(zt|z1:t−1, x) such that

their joint q(z|x) is close to p(z|x), the resulting inference algorithm remains

unchanged from the one described in Section 2.3.1.4, except the replacement of

qat,it(zt|z1:t−1) by qat,it(zt|z1:t−1, x).
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Figure 3.3: Results from counting and localizing objects detected in the PASCAL VOC
2007 dataset (Everingham et al., 2010). We use the corresponding categories of object
detectors (i.e., person, cat, bicycle) from the MatConvNet (Vedaldi and Lenc, 2015)
implementation of the Fast R-CNN (Girshick, 2015). The detector output is processed
by using a high detection threshold and summarized by representing the bounding box
detector output by a single central point. Inference using a single trained neural network
was able to accurately identify both the number of detected objects and their locations
for all categories. MAP results from 100 particles.

Inference compilation amounts to minimizing a function, specifically the loss of a

neural network architecture, which makes the proposal distributions good in the sense

that we specify in Section 3.2.1.1. The process of generating training data for this

neural network architecture from the generative model is described in Section 3.2.1.2.

At the end of training, we obtain a compilation artifact comprising the neural

network components—the recurrent neural network core and the embedding and

proposal layers corresponding to the original model denoted by the probabilistic

program—and the set of trained weights, as described in Section 3.2.1.3.

3.2.1.1 Objective Function

We use the Kullback-Leibler (kl) divergence kl (p(z|x)||qφ(z|x)) as our measure of

closeness between p(z|x) and qφ(z|x). We choose kl (p||q) as opposed to kl (q||p)

since the former typically leads to mass-covering q, which is more suitable as a

proposal distribution for is. To achieve closeness over many possible x’s, we take

the expectation of this quantity under the distribution of p(x) and ignore the

terms excluding φ in the last equality:

L(φ) := Ep(x) [kl (p(z|x)||qφ(z|x))] (3.6)

=
∫
x
p(x)

∫
z
p(z|x) log p(z|x)

qφ(z|x) dz dx

= Ep(z,x) [− log qφ(z|x)] + const. (3.7)
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This objective function corresponds to the negative entropy criterion. Individual

adapted proposals qat,it(zt|ηt(z1:t−1, x, φ)) =: qat,it(zt|z1:t−1, x) depend on ηt, the

output of the neural network at time step t, parameterized by φ.

Considering the factorization

qφ(z|x) =
T∏
t=1

qat,it(zt|ηt(z1:t−1, x, φ)) , (3.8)

the neural network architecture must be able to map to a variable number of

outputs, and incorporate sampled values in a sequential manner, concurrent with

the running of the inference engine. We describe our neural network architecture

in detail in Section 3.2.1.3.

3.2.1.2 Training Data

Since Eq. 3.7 is an expectation over the joint distribution, we can use the following

noisy unbiased estimate of its gradient to minimize the objective:

∂

∂φ
L(φ) ≈ 1

M

M∑
m=1

∂

∂φ

(
− log q(z(m)|x(m);φ)

)
(3.9)

(z(m), x(m)) ∼ p(z, x), m = 1, . . . ,M . (3.10)

Here, (z(m), x(m)) is the mth training (probabilistic program execution) trace

generated by running an unconstrained probabilistic program corresponding to the

original one. This unconstrained probabilistic program is obtained by a program

transformation which replaces each observe statement in the original program

by sample and ignores its second argument.

Universal probabilistic programming languages support stochastic branching and

can generate execution traces with a changing (and possibly unbounded) number of

random choices. We must, therefore, keep track of information about the addresses

and instances of the samples z(m)
t in the execution trace, as introduced in Eq. 3.5.

Specifically, we generate our training data in the form of minibatches (Cotter et al.,

2011) sampled from the generative model p(z, x):

Dtrain =
{(
z

(m)
t , a

(m)
t , i

(m)
t

)T (m)

t=1
,
(
x(m)
n

)N
n=1

}M
m=1

, (3.11)
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whereM is the minibatch size, and, for a given tracem, the sample values, addresses,

and instances are respectively denoted z(m)
t , a(m)

t , and i(m)
t , and the values sampled

from the distributions in observe statements are denoted x(m)
n .

During compilation, training minibatches are generated on-the-fly from the

probabilistic generative model and streamed to a stochastic gradient descent (SGD)

procedure, specifically Adam (Kingma and Ba, 2015), for optimizing the neural

network weights φ.

Minibatches of this infinite stream of training data are discarded after each SGD

update; we therefore have no notion of a finite training set and associated issues

such as overfitting to a set of training data and early stopping using a validation

set (Prechelt, 1998). We do sample a validation set that remains fixed during

training to compute validation losses for tracking the progress of training in a less

noisy way than that admitted by the training loss.

3.2.1.3 Neural Network Architecture

Our compilation artifact is a collection of neural network components and their

trained weights, specialized in performing inference in the model specified by a

given probabilistic program. The neural network architecture comprises a non-

domain-specific recurrent neural network (rnn) core and domain-specific observation

embedding and proposal layers specified by the given program. We denote the set

of the combined parameters of all neural network components φ.

Rnns are a popular class of neural network architecture which are well-suited

for sequence-to-sequence modeling (Sutskever et al., 2014) with a wide spectrum of

state-of-the-art results in domains including machine translation (Bahdanau et al.,

2014), video captioning (Venugopalan et al., 2014), and learning execution traces

(Reed and de Freitas, 2016). We use rnns in this work owing to their ability to

encode dependencies over time in the hidden state. In particular, we use the long

short-term memory (lstm) architecture which helps mitigate the vanishing and

exploding gradient problems of rnns (Hochreiter and Schmidhuber, 1997).
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The overall architecture (Figure 3.4) is formed by combining the lstm core with

a domain-specific observe embedding layer f obs, and several sample embedding

layers f smp
a,i and proposal layers fprop

a,i that are distinct for each address–instance pair

(a, i). As described in Section 3.2.1.2, each probabilistic program execution trace can

be of different length and composed of a different sequence of addresses and instances.

To handle this complexity, we define an adaptive neural network architecture that is

reconfigured for each encountered trace by attaching the corresponding embedding

and proposal layers to the lstm core, creating new layers on-the-fly on the first

encounter with each (a, i) pair.

Evaluation starts by computing the observe embedding f obs (x). This embed-

ding is computed once per trace and repeatedly supplied as an input to the lstm

at each time step. Another alternative is to supply this embedding only once in the

first time step, an approach preferred by Karpathy and Fei-Fei (2015) and Vinyals

et al. (2015) to prevent overfitting (also see Section 3.2.2.2).

At each time step t, the input ρt of the lstm is constructed as a concatenation of

1. the observe embedding f obs(x),

2. the embedding of the previous sample f smp
at−1,it−1 (zt−1), using zero for t = 1,

and

3. the one-hot encodings of the current address at, instance it, and proposal type

type(at) of the sample statement

for which the artifact will generate the parameter ηt of the proposal distribution

qat,it(·|ηt). The parameter ηt is obtained via the proposal layer fprop
at,it (ht), mapping

the lstm output ht through the corresponding proposal layer. The lstm network

has the capacity to incorporate inputs in its hidden state. This allows the parametric

proposal qat,it(zt|ηt(z1:t−1, x, φ)) to take into account all previous samples and

all observations.

During training (compilation), we supply the actual sample values z(m)
t−1 to the

embedding f smp
at−1,it−1 , and we are interested in the parameter ηt in order to calculate

the per-sample gradient ∂
∂φ
− log q

a
(m)
t ,i

(m)
t

(z(m)
t |ηt(z1:t−1, x, φ)) to use in SGD.
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LSTM . . .
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at

it

type(at)

one-hot

one-hot
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fobs

f
smp
at−1;it−1

f
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at;it

ηt ηt+1 ηt+2

ht ht+1 ht+2

ρt ρt+1 ρt+2

observe

sample

Figure 3.4: The neural network architecture. fobs: observe embedding; f smp
at−1,it−1

:
sample embeddings; zt−1: previous sample value; at, it, type(at): one-hot encodings of
current address, instance, proposal type; ρt: lstm input; ht: lstm output; fprop

at,it
: proposal

layers; ηt: proposal parameters. Note that the lstm core can possibly be a stack of
multiple lstms.

During inference, the evaluation proceeds by requesting proposal parameters ηt

from the artifact for specific address–instance pairs (at, it) as these are encountered.

The value zt−1 is sampled from the proposal distribution in the previous time step.

The neural network artifact is implemented in Torch (Collobert et al., 2011),

and it uses a ZeroMQ-based protocol for interfacing with the Anglican probabilistic

programming system (Wood et al., 2014). This setup allows distributed training

(e.g., Dean et al. (2012)) and inference with GPU support across many machines,

which is beyond the scope of this paper.

3.2.2 Experiments

We demonstrate our inference compilation framework on two examples. In our

first example we demonstrate an open-universe mixture model. In our second, we
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Figure 3.5: Typical inference results for an isotropic Gaussian mixture model with
number of clusters fixed to K = 3. Shown in all panels: kernel density estimation of
the distribution over maximum a posteriori values of the means {maxµk p(µk|x)}3k=1 over
50 independent runs. This figure illustrates the uncertainty in the estimate of where
cluster means are for each given number of particles, or equivalently, fixed amount of
computation. The top row shows that, given more computation, inference, as expected,
slowly becomes less noisy in expectation. In contrast, the bottom row shows that the
proposal learned and used by inference compilation produces a low-noise, highly accurate
estimate given even a very small amount of computation. Effectively, the encoder learns
to simultaneously localize all of the clusters highly accurately.

demonstrate Captcha solving via probabilistic inference (Mansinghka et al., 2013).1

3.2.2.1 Mixture Models

Mixture modeling, e.g. the Gaussian mixture model (gmm) shown in Figure 3.6, is

about density estimation, clustering, and counting. The inference problems posed

by a gmm, given a set of vector observations, are to identify how many, where, and

how big the clusters are, and optionally, which data points belong to each cluster.

We investigate inference compilation for a two-dimensional gmm in which the

number of clusters is unknown. Inference arises from observing the values of

xn (Figure 3.6, line 9) and inferring the posterior number of clusters K and the

set of cluster mean and covariance parameters {µk,Σk}Kk=1. We assume that the

input data to this model has been translated to the origin and normalized to lie

within [−1, 1] in both dimensions.

In order to make good proposals for such inference, the neural network must

be able to count, i.e., extract and represent information about how many clusters

there are and, conditioned on that, to localize the clusters. Towards that end, we
1A video of inference on real test data for both examples is available at: https://youtu.be/

m-FYEXVyQjQ

https://youtu.be/m-FYEXVyQjQ
https://youtu.be/m-FYEXVyQjQ
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select a convolutional neural network as the observation embedding, whose input

is a two-dimensional histogram image of binned observed data x.

In presenting observational data x assumed to arise from a mixture model to the

neural network, there are some important considerations that must be accounted

for. In particular, there are symmetries in mixture models (Nishihara et al., 2013)

that must be broken in order for training and inference to work. First, there are

K! (factorial) ways to label the classes. Second, there are N ! ways the individual

data points could be permuted. Even in experiments like ours with K < 6 and

N ≈ 100, this presents a major challenge for neural network training. We break the

first symmetry by, at training time, sorting the clusters by the Euclidian distance of

their means from the origin and relabeling all points with a permutation that labels

points from the cluster nearest the original as coming from the first cluster, next

closest the second, and so on. This is only approximately symmetry breaking as

many different clusters may be very nearly the same distance away from the origin.

Second, we avoid the N ! symmetry by only predicting the number, means, and

covariances of the clusters, not the individual cluster assignments. The net effect of

the sorting is that the proposal mechanism will learn to propose the nearest cluster

to the origin as it receives training data always sorted in this manner.

Figure 3.5, where we fix the number of clusters to 3, shows that we are able to

learn a proposal that makes inference dramatically more efficient than smc (Doucet

and Johansen, 2009). Figure 3.3 shows one kind of application such an efficient

inference engine can do: simultaneous object counting (Lempitsky and Zisserman,

2010) and localization for computer vision, where we achieve counting by setting the

prior p(K) over number of clusters to be a uniform distribution over {1, 2, . . . , 5}.

3.2.2.2 Captcha Solving

We also demonstrate our inference compilation framework by writing generative

probabilistic models for Captchas (von Ahn et al., 2003) and comparing our results

with the literature. Captcha solving is well suited for a generative probabilistic

programming approach because its latent parameterization is low-dimensional and
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1: procedure GaussianMixture
2: Sample K ∼ p(K) . sample number of clusters
3: π ∼uniform(1, K) . sample cluster probabilities
4: for k = 1, . . . , K do
5: µk,Σk ∼ p(µk,Σk) . sample cluster parameters
6: Generate data:
7: for n = 1, . . . , N do
8: zn ∼ p(zn|π) . sample class label
9: xn ∼ p(xn|zn = k, µk,Σk) . sample data
10: return x1:N

Figure 3.6: Pseudo algorithm for generating Gaussian mixtures of a variable number of
clusters. At test time we observe data xn and infer K, {µk,Σk}Kk=1.

interpretable by design. Using conventional computer vision techniques, the problem

has been previously approached using segment-and-classify pipelines (Starostenko

et al., 2015; Bursztein et al., 2014; Gao et al., 2014, 2013), and state-of-the-art

results have been obtained by using deep convolutional neural networks (cnns)

(Goodfellow et al., 2014b; Stark et al., 2015), at the cost of requiring very large

(in the order of millions) labeled training sets for supervised learning.

We start by writing generative models for each of the types surveyed by Bursztein

et al. (2014), namely Baidu 2011 ( ), Baidu 2013 ( ), eBay ( ), Yahoo

( ), reCaptcha ( ), and Wikipedia ( ). Figure 3.7 provides an overall

summary of our modeling approach. The actual models include domain-specific

letter dictionaries, font styles, and various types of renderer noise for matching

each Captcha style. In particular, implementing the displacement fields technique

of Simard et al. (2003) proved instrumental in achieving our results. Given a

gray-scale image, a displacement field is generated by sampling a two-dimensional

displacement vector from a uniform distribution for each pixel (x, y). Then, we

apply a Gaussian convolution over this vector field and normalize the vectors to

obtain (∆x(x, y),∆y(x, y)) for each (x, y). Finally, a new gray level value for (x, y) is

obtained by bilinearly interpolating the original image at (x+∆x(x, y), y+∆y(x, y)).

Note that the parameters of stochastic renderer noise are not inferred in the example

of Figure 3.7. Our experiments have shown that we can successfully train artifacts

that also extract renderer noise parameters, but excluding these from the list
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1: procedure Captcha
2: ν ∼ p(ν) . sample number of letters
3: κ ∼ p(κ) . sample kerning value
4: . Generate letters:
5: Λ← {}
6: for i = 1, . . . , ν do
7: λ ∼ p(λ) . sample letter identity
8: Λ← append(Λ, λ)
9: . Render :

10: γ ← render(Λ, κ)
11: π ∼ p(π) . sample noise parameters
12: γ ← noise(γ, π)
13: return γ

a1 =“ν” a2 =“κ” a3 =“λ” a4 =“λ”
i1 = 1 i2 = 1 i3 = 1 i4 = 2
x1 = 7 x2 = −1 x3 = 6 x4 = 23

a5 =“λ” a6 =“λ” a7 =“λ” a8 =“λ”
i5 = 3 i6 = 4 i7 = 5 i8 = 6
x5 = 18 x6 = 53 x7 = 17 x8 = 43

a9 =“λ” Noise: Noise: Noise:
i9 = 7 displacement stroke ellipse
x9 = 9 field

Figure 3.7: Pseudo algorithm and a sample trace of the Facebook Captcha generative
process. Variations include sampling font styles, coordinates for letter placement, and
language-model-like letter identity distributions p(λ|λ1:t−1) (e.g., for meaningful Captchas).
Noise parameters π may or may not be a part of inference. At test time we observe
image γ and infer ν,Λ.

of addresses for which we learn proposal distributions improves robustness when

testing with data not sampled from the same model. This corresponds to the well-

known technique of adding synthetic variations to training data for transformation

invariance, as used by Simard et al. (2003), Varga and Bunke (2003), Jaderberg

et al. (2014), and many others.

For the compilation artifacts we use a stack of two lstms of 512 hidden units each,
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Table 3.1: Captcha recognition rates.

Baidu
2011

Baidu
2013

eBay Yahoo reCaptchaWikipediaFacebook

Our method 99.8% 99.9% 99.2% 98.4% 96.4% 93.6% 91.0%
Bursztein et al. (2014) 38.68% 55.22% 51.39% 5.33% 22.67% 28.29%
Starostenko et al. (2015) 91.5% 54.6%
Gao et al. (2014) 34% 55% 34%
Gao et al. (2013) 51% 36%
Goodfellow et al. (2014b) 99.8%
Stark et al. (2015) 90%

an observe-embedding cnn consisting of six convolutions and two linear layers or-

ganized as [2×Convolution]-MaxPooling-[3×Convolution]-MaxPooling-Convolution-

MaxPooling-Linear-Linear, where convolutions are 3×3 with successively 64, 64, 64,

128, 128, 128 filters, max-pooling layers are 2×2 with step size 2, and the resulting

embedding vector is of length 1024. All convolutions and linear layers are followed by

ReLU activation. Depending on the particular style, each artifact has approximately

20M trainable parameters. Artifacts are trained end-to-end using Adam (Kingma

and Ba, 2015) with initial learning rate α = 0.0001, hyperparameters β1 = 0.9,

β2 = 0.999, and minibatches of size 128.

Table 3.1 reports inference results with test images sampled from the model,

where we achieve very high recognition rates across the board. The reported results

are obtained after approximately 16M training traces. With the resulting artifacts,

running inference on a test Captcha takes < 100 ms, whereas durations ranging from

500 ms (Starostenko et al., 2015) to 7.95 s (Bursztein et al., 2014) have been reported

with segment-and-classify approaches. We also compared our approach with the one

by Mansinghka et al. (2013). Their method is slow since it must be run anew for each

Captcha, taking in the order of minutes to solve one Captcha in our implementation

of their method. The probabilistic program must also be written in a way amenable

to Markov Chain Monte Carlo inference such as having auxiliary indicator random

variables for rendering letters to overcome multimodality in the posterior.

We subsequently investigated how the trained models would perform on Captcha

images collected from the web. We identified Wikipedia and Facebook as two major
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services still making use of textual Captchas, and collected and labeled test sets of

500 images each.2 Initially obtaining low recognition rates (< 10%), with several

iterations of model modifications (involving tuning of the prior distributions for font

size and renderer noise), we were able to achieve 81% and 42% recognition rates with

real Wikipedia and Facebook datasets, considerably higher than the threshold of 1%

needed to deem a Captcha scheme broken (Bursztein et al., 2011). The fact that we

had to tune our priors highlights the issues of model bias and “synthetic gap” (Zhang

et al., 2015) when training models with synthetic data and testing with real data.3

In our experiments we also investigated feeding the observe embeddings to the

lstm at all time steps versus only in the first time step. We empirically verified

that both methods produce equivalent results, but the latter takes significantly

(approx. 3 times) longer to train. This is because we are training fobs end-to-

end from scratch, and the former setup results in more frequent gradient updates

for fobs per training trace.4

In summary, we only need to write a probabilistic generative model that produces

Captchas sufficiently similar to those that we would like to solve. Using our inference

compilation framework, we get the inference neural network architecture, training

data, and labels for free. If you can create instances of a Captcha, you can break it.

3.2.3 Training Neural Networks Using Synthetic Data is
Amortized Inference

How do we go about solving Captchas, and for that matter, any regression or

classification task if we lack labeled training data? We must either resort to

performing inference in a generative model or train using synthetic data. In the

case of Captcha, Mansinghka et al. (2013) have used the former approach, which
2Facebook Captchas are collected from a page for accessing groups. Wikipedia Captchas appear

on the account creation page.
3Note that the synthetic/real boundary is not always clear: for instance, we assume that the

Captcha results in Goodfellow et al. (2014b) closely correspond to our results with synthetic test
data because the authors have access to Google’s true generative process of reCaptcha images for
their synthetic training data. Stark et al. (2015) both train and test their model with synthetic
data.

4Both Karpathy and Fei-Fei (2015) and Vinyals et al. (2015), who feed cnn output to an rnn
only once, use pretrained embedding layers.
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involves running inference afresh for every new instance of a Captcha image. This

can take several minutes per Captcha. The deep learning community has reported

remarkable results taking the latter approach, either in the limited form of data

augmentation (Simard et al., 2003; Krizhevsky et al., 2012), where a dataset is

artificially enlarged using label-preserving transformations, or training models solely

on synthetic data, such as the groundbreaking work on text recognition in the wild

(Jaderberg et al., 2014, 2016; Gupta et al., 2016), which was achieved by training

a neural network to recognize text using synthetically generated realistic renders.

Goodfellow et al. (2014b) addressed recognition of house numbers in Google Street

View images in a supervised fashion, also solving reCaptcha (von Ahn et al., 2008)

images using synthetic data to train a recognition network from image to latent

text. More recently, Stark et al. (2015) also used synthetic data for Captcha-solving

and Wang et al. (2015) for font identification.

Training the inference network using the objective function in (3.7) is equivalent

to training a neural network using data (z, x) that comes from a synthetic data-

generating distribution p(z, x). If the latent variables are discrete, the objective

corresponds to the cross-entropy loss that is typically used to train classifiers. A

consequence of this is that there is no need to ever reuse training data, as “infinite”

labeled training data can be generated at training time from the generative model.

Another consequence that in training a neural network using synthetic data allows

us to obtain an inference network for performing fast, repeated inference in a

well-calibrated Bayesian generative model. This allows us to obtain interpretable

uncertainties. In the case of Captchas, posteriors over letter identities reflect the

uncertainties one would expect a human to have—the posterior is peaked if the

Captcha is unambiguous and multi-modal if the Captcha is ambiguous (Figure 3.8).

The connection between training using synthetic data and amortized inference

also can be seen as a reminder and guidance to the neural network community

as it continues to move towards tackling unsupervised inference and problems in

which labeled training data are difficult or impossible to obtain. One can draw from

insights from the Bayesian model misspecification literature (Gelman and Shalizi,



3. Amortized Inference 71

YPL9
ce

u

YPL9
ce

L

YJL
9c

eu
0.0
0.2
0.4
0.6
0.8
1.0

mJG
D7z

P

mJC
D7z

P

mJC
D2z

P

z7
T7J

da

z7
T7jd

a

z7
TZJd

a

8V
NARw

BVNARw

5V
NARw

RVNARw

MwFFKw

MwFFXw

MwEFKw

MvF
FKw

GeP
HEz4

GaP
HEz4

GeP
H5z

4
0.0
0.2
0.4
0.6
0.8
1.0

9x
PBS5k

gx
PBS5k

9v
PBS5k

aG
8B

PY

aG
8R

PY

8L
6x

BhE

8L
CxB

hE

8L
6x

8h
E

8L
5x

BhE

8L
SxB

hE

8L
Cx8

hE

WrC
JC

dN

WrC
Dcd

N

WrC
DCdH

MrC
Dcd

N

MrC
Jc

dN

WrC
DQdN

jim
myd

ice
y

jin
myd

ice
y

0.0
0.2
0.4
0.6
0.8
1.0

ca
rdp

oc
ls

ca
rdp

oc
ks

bir
thg

art
h

bir
tbg

art
h

ba
lkle

pe
r

ba
lklz

pe
r

ba
lklg

pe
r

sc
ore

oin
ks

sc
ors

oin
ks

sc
ofs

oin
ks

sc
ora

oin
ks

ac
ors

oin
ks

wile
sc

za
rs

wile
sc

zd
rs

wile
sc

zs
rs

0.0
0.2
0.4
0.6
0.8
1.0

am
os

qa
lls

am
os

ga
lls

se
as

rum
ba

se
as

run
ba

sh
ae

nju
mpy

sh
ee

nju
mpy

eh
ee

nju
mpy

sh
se

nju
mpy

sc
ats

sc
ou

t

sc
ata

sc
ou

t

ac
ats

sc
ou

t

Figure 3.8: Posteriors of real Facebook and Wikipedia Captchas. Conditioning on each
Captcha, we show an approximate posterior produced by a set of weighted importance
sampling particles {(wm, x(m))}M=100

m=1 .

2013; Shalizi et al., 2009). The answer to the question “To what extent can we trust

posterior distributions if our generative model is misspecified?” is likely to be useful

in answering the question “To what extent can we trust neural networks trained

with synthetic data whose distribution doesn’t match the true data distribution?”.

3.2.4 Discussion

We have explored making use of deep neural networks for amortizing the cost of

inference in probabilistic programming. In particular, we transform an inference

problem given in the form of a probabilistic program into a trained neural network

architecture that parameterizes proposal distributions during is. The amortized

inference technique presented here provides a framework within which to integrate
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the expressiveness of universal probabilistic programming languages for generative

modeling and the processing speed of deep neural networks for inference. This merger

addresses several fundamental challenges associated with its constituents: fast and

scalable inference on probabilistic programs, interpretability of the generative

model, an infinite stream of labeled training data, and the ability to correctly

represent and handle uncertainty.

Our experimental results show that, for the family of models on which we focused,

the proposed neural network architecture can be successfully trained to approximate

the parameters of the posterior distribution in the sample space with nonlinear

regression from the observe space. There are two aspects of this architecture that

we are currently working on refining. Firstly, the structure of the neural network

is not wholly determined by the given probabilistic program: the invariant lstm

core maintains long-term dependencies and acts as the glue between the embedding

and proposal layers that are automatically configured for the address–instance pairs

(at, it) in the program traces. We would like to explore architectures where there is a

tight correspondence between the neural artifact and the computational graph of the

probabilistic program. Secondly, domain-specific observe embeddings such as the

convolutional neural network that we designed for the Captcha-solving task are hand

picked from a range of fully-connected, convolutional, and recurrent architectures

and trained end-to-end together with the rest of the architecture. Future work will

explore automating the selection of potentially pretrained embeddings.

A limitation that comes with not learning the generative model itself—as is

done by the models organized around the variational autoencoder (Kingma and

Welling, 2014; Burda et al., 2016)—is the possibility of model misspecification

(Shalizi et al., 2009; Gelman and Shalizi, 2013). Section 3.2.1.2 explains that our

training setup is exempt from the common problem of overfitting to the training

set. But as demonstrated by the fact that we needed alterations in our Captcha

model priors for handling real data, we do have a risk of overfitting to the model.

Therefore we need to ensure that our generative model is ideally as close as possible

to the true data generation process and remember that misspecification in terms
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of broadness is preferable to a misspecification where we have a narrow, but

uncalibrated, model.
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3.3 Conclusions and Future Work

In this chapter, we have introduced an objective and a neural network architecture

that can be used to amortize inference in any arbitrary probabilistic program.

We have shown the utility of our approach for amortizing inference in a Captcha

generative model and open-universe gmms. Baydin et al. (2018) have extended

the proposed framework for amortizing inference in a generative model of particle

collision and detection system. Inference in this model results in a posterior

distribution over the properties of particle collisions given the particle detections.

The advantage of amortizing inference in this model is that the forward generative

model is known to high accuracy, owing to the accuracy of the Standard Model.

However, we are far from being able to effectively amortize inference for all

probabilistic models of interest. In the following, we outline several research

directions we think can further improve amortized inference.

Automatic design of inference networks. The key requirement for amortized

inference in a hoppl is that the inference network must return a distribution at

every sample statement which is uniquely identified using its address. We must be

able to sample from this distribution and evaluate the gradient of its log density

with respect to the parameters φ. In Le et al. (2017a), we choose an autoregressive

factorization for the inference network which is highly expressive but potentially

inefficient to learn. How can we design a family of inference networks that exploits

the highly structured generative model? There are two promising directions to

explore. First, Webb et al. (2018) propose a way of automatically deriving minimal

factorizations of the inference network based on a generative model represented

by a general probabilistic graphical model. For example, given a generative model

p(z)p(y|z)p(x|y) of an observation x, the autoregressive family of the inference

network factorizes as q(z, y|x) = q(z|x)q(y|x, z). However, q(z, y|x) = q(y|x)q(z|y)

can be easier to learn since (i) we can decompose the learning of the inference

network to two parts (q(y|x), and q(z|y)) and (ii) this factorization has to learn

conditional distributions which condition on fewer variables than the autoregressive
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factorization. This insight has been used to learn 3D shapes (z) from 2D images

(x) via 2.5D sketches (y) (Wu et al., 2017). Second, we can use attention (Vaswani

et al., 2017) (i) when the graph inversion algorithm of Webb et al. (2018) is not

applicable due to the graphical model not being fixed (e.g. when the model has an

open-universe or a non-parametric prior) or (ii) to further specialize the inference

network conditional distributions to attend to relevant context.

Amortizing more powerful inference algorithms. Our proposed amortized

inference scheme learns an inference network that maps to an efficient proposal

distribution for is. Is performs inference essentially by guessing and checking.

Without an inference network that guides the guessing, is is very inefficient. Can

we amortize inference for a more powerful inference algorithm? For instance, we

might want to learn an efficient sequence of proposal distributions for smc or a

proposal kernel for mcmc. The key problem in smc is that the optimal proposal

distribution has the form qt(zt|z1:t−1, x1:T ) ≈ p(zt|z1:t−1, x1:t) which doesn’t make use

of the future data xt+1:T . On the other hand, if we make use of the future data and

learn a proposal distribution of the form qt(zt|z1:t−1, x1:T ) ≈ p(zt|z1:t−1, x1:T ), it is no

longer optimal for the standard sequence of target distributions γt(z1:t) = p(z1:t, x1:t).

Instead, this proposal is optimal for the sequence of target distributions that takes

into account the future observations γt(z1:t) = p(z1:t, x1:T ). In this sequence of target

distributions, p(zt|z1:t−1, x1:T ) which takes into account the future data xt+1:T is

the optimal proposal distribution, but now, we cannot evaluate the intermediate

weights exactly since they contain terms of the form p(xt+1:T |z1:t). Lawson et al.

(2018) present a potential solution to this problem, making it possible to take

the best of amortized inference and smc. Wang et al. (2018b) present a method

for learning transition kernels for mcmc.

Amortized decision-making. Our amortized inference scheme learns an infer-

ence network that is close the the posterior distribution p(z|x). However, this

posterior distribution is almost always eventually used for evaluating an expectation

of the form Ep(z|x)[f(z)]. We can estimate this expectation using is. However,
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a proposal distribution that matches the posterior distribution is not optimal.

Golinski et al. (2018) propose taking f into consideration when amortizing inference

as well as amortizing over the distribution of fs. In decision-making, we go one

step further: given a utility function (a.k.a. reward function or negative loss

function) U : Z → R which takes in an action a, we want to choose a∗ such that

it minimizes the expected utility a∗ = argmaxa Ep(z|x,a)[f(z)]. Can we amortize

the process of maximization with respect to a?

Nested amortized inference. Many probabilistic models of agent behavior

(Stuhlmüller and Goodman, 2014; Seaman et al., 2018) require nested probabilistic

models (Rainforth, 2018). There is an inner and an outer probabilistic model.

Inference in the inner model are linked with the observations in the outer model.

For instance, consider the problem of inferring agent’s intention i given the observed

effect o of its action a∗. Given that the agent observes x and has a latent state z,

we can model its decision-making as maximization of the expected utility under the

inner model pin(z|i, a)pin(x|z, i, a), i.e. a∗ = argmaxa Epin(z|x,i,a)[f(z)] given a utility

function f . The outer model consists of a prior pout(x, i) and a likelihood pout(o|a∗)

using which we can obtain the posterior over agent’s intention pout(i|o). Inference

in nested models is typically doubly-intractable because even evaluating the outer

model’s joint probability requires inference in the inner model. Can we amortize

inference for the outer model by first amortizing inference for the inner one? The key

technical challenge is that the inner model typically has a free variable which can

vary depending on the outer model and hence we must amortize inference for a family

of models. We can take inspiration from the conditional vaes (Sohn et al., 2015)

which amortizes inference over a family of models indexed by the condition variable.
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4
Model Learning

In the previous chapter, we have introduced a method for amortizing inference

suitable for higher-order probabilistic programming languages (hoppls). This

allowed us to train a neural network, called the “inference network”, that would

take as an input the observation x and output an approximation to the posterior

distribution p(z|x). The evaluation of this neural network only takes one feed-

forward computation and is much faster than performing approximate inference

for observation x from scratch. In the case of inverting the Captcha renderer, the

inference network would output a posterior distribution over letter identities, fonts,

and other inputs that are fed to the renderer.

In this chapter, we focus on model learning. The key assumption of the previous

chapter is that we have access to the generative model. In the Captcha example,

we had to fine-tune the renderer so that the generated Captchas resemble real

Captchas. Failing this would result in inaccurate inferences. Can we learn the

model in a more automated way?

In Section 4.1, we introduce background knowledge and situate our work in

context of other work in this area. In Section 4.2, we introduce an approach for

model learning in state-space models called auto-encoding sequential Monte Carlo

(aesmc). Aesmc improves on previous state-of-the-art methods by exploiting the

sequential nature of state-space models. In Section 4.3, we revisit an approach for

79
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model learning called reweighted wake-sleep (rws) (Bornschein and Bengio, 2015).

Rws allows us to perform model learning in general class of hoppl. In particular,

the algorithm can deal with discrete latent variables and stochastic control flow.

We conclude this chapter by discussing potential future research (Section 4.4).

4.1 Background and Related Work

We are interested in gradient-based approaches to model learning: given a family

of generative models {pθ(z, x) : θ ∈ Θ} parameterized by θ, we search for the

best θ using gradient-based optimization. Typically, the optimization objective

is the marginal likelihood pθ(x). For methods for model learning that are not

gradient-based, see literature on Bayes net structure learning (e.g. Margaritis

(2003)), search-based program induction (e.g. Solar-Lezama (2008)), automatic

discovery of compositional Gaussian process kernels (e.g. Duvenaud et al. (2013)),

or causal inference (e.g. Pearl (2009)).

In Section 4.1.1, we revisit maximum marginal likelihood in the context of

multiple observations. In Section 4.1.2, we review the variational auto-encoder

(vae) family of methods for model learning. This is based on maximizing the

evidence lower bound (elbo) which simultaneously amortizes inference.

4.1.1 Maximum Marginal Likelihood With Multiple Obser-
vations

As introduced in Section 2.1.3 model learning in latent-variable models is typically

done via maximum marginal likelihood:

θ∗ = argmax
θ

pθ(x), (4.1)

where x is a single observation under the model—in the Gaussian unknown mean

model (Section 2.1.2.1), x refers to a single scalar, whereas in a state-space model

(ssm), x = x1:T refers to a sequence of observations since the whole sequence

is observed under p(z1:T , x1:T ).
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In this thesis, we will treat model learning as learning from multiple observations.

Given a dataset (x(n))Nn=1, sampled independently and identically distributed (iid)

from p(x) and a family of generative models pθ(z, x) of a latent variable z and data

x, we would like to learn the model using maximum marginal likelihood:

θ∗ = argmax
θ

N∏
n=1

pθ(x(n)) = argmax
θ

1
N

N∑
n=1

log pθ(x(n)), (4.2)

where the second equality is due to log(·)/N being a monotonically increasing

function which doesn’t change the result of an argmax. The latter can be seen

as a Monte Carlo (mc) approximation of Ep(x)[log pθ(x)] whose maximization is

equivalent to the minimization of kl (p(x)||pθ(x)) = Ep(x)[log p(x)]−Ep(x)[log pθ(x)]

which is a monotonically decreasing function of Ep(x)[log pθ(x)]. Thus, maximum

marginal likelihood of a dataset (x(n))Nn=1 in (4.2) is equivalent to minimizing the

Kullback-Leibler (kl) divergence, kl (p(x)||pθ(x)). The maximization in (4.2) can

also be equivalently viewed as maximum marginal likelihood under the model which

contains the full dataset p(z)∏N
n=1 p(x(n)|z).

Note that this kl divergence is mass-covering (see Section 2.3.3.3). This can be

one of the reasons why generative models of images learned via maximum marginal

likelihood tend to produce blurry images if pθ(x) is not expressive enough.

4.1.2 Variational Auto-Encoders

Vae (Kingma and Welling, 2014; Rezende et al., 2014) refers to a family of methods

for simultaneous model-learning and amortized inference based on the maximization

of the elbo. Like in Section 4.1.1, we are given a dataset of observations (x(n))Nn=1,

sampled iid from p(x) and a family of generative models pθ(z, x). In addition, we

have a family of mappings from the data space to the space of distributions on the

latent variable qφ(z|x)1, parameterized by φ, called the encoder or the inference

network. The vae maximizes 1
N

∑N
n=1 elbo(θ, φ, x(n)), where the elbo is defined as

elbo(θ, φ, x) = Eqφ(z|x)[log pθ(z, x)− log qφ(z|x)]. (4.3)

1See discussion on the notation in Section 3.1.
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This quantity is a lower bound to log pθ(x) and maximizing the vae objective

simultaneously performs model learning and inference amortization. In this thesis,

we will focus on this view of the vae. In Section 4.1.2.2, we describe how a vae

can also be viewed as a method for representation learning.

4.1.2.1 Simultaneous Model Learning and Inference Amortization

The elbo in (4.3) can be rewritten as

elbo(θ, φ, x) = Eqφ(z|x)[log pθ(z, x)− log qφ(z|x)]

= Eqφ(z|x)[log pθ(x) + log pθ(z|x)− log qφ(z|x)]

= Eqφ(z|x)[log pθ(x)]− Eqφ(z|x)

[
log qφ(z|x)

pθ(z|x)

]
= log pθ(x)− kl (qφ(z|x)||pθ(z|x)) . (4.4)

From (4.4), it follows that elbo(θ, φ, x) is a lower bound to log pθ(x) and that the

gap (also called the variational bound), given by kl (qφ(z|x)||pθ(z|x)), is zero if

and only if qφ(z|x) = pθ(z|x) almost everywhere.

The maximization of 1
N

∑N
n=1 elbo(θ, φ, x(n)) is an approximation to

θ∗, φ∗ = argmax
θ,φ

{
Ep(x)[log pθ(x)]− Ep(x)[kl (qφ(z|x)||pθ(z|x))]

}
, (4.5)

which can be seen as simultaneous model learning and inference amortization

in the following sense.

Proposition 4.1. Assuming that φ ∈ Φ indexes the family of inference networks

that contains all mappings from X to distributions on Z, Q′ = {q : X → P(Z)},

the solution to the maximization problem in (4.5) satisfies:

θ∗ = argmax
θ

Ep(x)[log pθ(x)], and (4.6)

φ∗ = argmin
φ

Ep(x) [kl (qφ(z|x)||pθ∗(z|x))] . (4.7)

The proof is given in Appendix B.1. Proposition 4.1 says that the maximization

in (4.5) simultaneously achieves (4.6) and (4.7), where (4.6) achieves model learning

via maximum marginal likelihood (with multiple observations) and (4.7) achieves

inference amortization for the learned model (see Section 3.1).
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4.1.2.2 Representation Learning

The elbo in (4.3) can also be rewritten as

elbo(θ, φ, x) = Eqφ(z|x)[log pθ(z, x)− log qφ(z|x)]

= Eqφ(z|x)[log pθ(x|z) + log pθ(z)− log qφ(z|x)]

= Eqφ(z|x)[log pθ(x|z)]− kl (qφ(z|x)||pθ(z)) . (4.8)

Given a fixed prior pθ(z), one can see qφ(z|x) as an encoder and pθ(x|z) as a decoder

in an auto-encoder, where the first term in (4.8) is the reconstruction loss and the

second term is a regularizer for the encoder. The prior pθ(z) is typically taken to

be the standard multivariate Normal distribution, the decoder pθ(x|z) is typically a

neural network mapping from z to the means and variances of independent Normal

distributions on x, and the encoder is typically a neural network mapping from x

to the means and variances of independent Normal distributions on z. A summary

statistic (typically the mean) of the encoder qφ(z|x) is treated as a low-dimensional

representation of data x. Elbo maximization is then a method for learning these

representations in an unsupervised fashion.

4.2 Auto-Encoding Sequential Monte Carlo

In this section, we introduce a method for gradient-based model learning that builds

on vaes (Kingma and Welling, 2014; Rezende et al., 2014) and the importance

weighted auto-encoder (iwae) (Burda et al., 2016) which we call aesmc. Aesmc is

similarly based on maximizing a lower bound to the log marginal likelihood, but

uses sequential Monte Carlo (smc) (Doucet and Johansen, 2009) as the underlying

marginal likelihood estimator instead of importance sampling (is). For a very wide

array of models, particularly those with sequential structure, smc is a substantially

more powerful inference method than is, typically returning lower variance estimates

for the marginal likelihood. Consequently, by using smc for its marginal likelihood

estimation, aesmc often leads to improvements in model learning compared with

vaes and iwaes. We provide experiments on time-series data that show that aesmc



84 4.2. Auto-Encoding Sequential Monte Carlo

based learning was able to learn useful representations of the latent space for both

reconstruction and prediction more effectively than the iwae counterpart.

We express the gap between a generic elbo based on an sampling-based inference

algorithm (like is or smc) and the log marginal likelihood as a kl divergence between

two distributions on an extended sampling space. Doing so allows us to investigate

the behavior of this family of algorithms when the objective is maximized perfectly,

which occurs only if the kl divergence becomes zero. In the iwae case, this

implies that the proposal distributions are equal to the posterior distributions under

the learned model. In the aesmc case, it has implications for both the proposal

distributions and the intermediate set of targets that are learned. We demonstrate

that, somewhat counter-intuitively, using lower variance estimates for the marginal

likelihood can actually be harmful to proposal learning. Using these insights, we

experiment with an adaptation to the aesmc algorithm, which we call alternating

elbos, that uses different lower bounds for updating the model parameters and

proposal parameters. We observe that this adaptation can, in some cases, improve

model learning and proposal adaptation.

4.2.1 Background

We start by briefly reviewing notation for ssms, smc and iwae. The first two topics

are covered in more detail in Sections 2.1.2.3, 2.3.2 respectively.

4.2.1.1 State-Space Models

Ssms are probabilistic models over a set of latent variables z1:T and observed variables

x1:T . Given parameters θ, a ssm is characterized by an initial density µθ(z1), a series

of transition densities ft,θ(zt|z1:t−1), and a series of emission densities gt,θ(xt|z1:t) with

the joint density being pθ(z1:T , x1:T ) = µθ(z1)∏T
t=2 ft,θ(zt|z1:t−1)∏T

t=1 gt,θ(xt|z1:t). We

will consider model learning as a problem of maximizing the marginal likelihood

pθ(x1:T ) =
∫
pθ(z1:T , x1:T ) dz1:T in the family of models parameterized by θ.
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4.2.1.2 Sequential Monte Carlo

Smc performs approximate inference on a sequence of target distributions (πt(z1:t))Tt=1.

In the context of ssms, the target distributions are often taken to be (pθ(z1:t|x1:t))Tt=1.

Smc assumes that we have access to the proposal distributions q1,φ(z1|x1) and

(qt,φ(zt|x1:t, z1:t−1))Tt=2 from which we can sample and whose densities we can evaluate.

These proposal distributions are parameterized by a set of parameters φ. Algorithm 4

shows smc in the context of an ssm parameterized by θ and proposal distributions

parameterized by φ. This is the same algorithm as the general one shown in

Algorithm 2 which is in the context of sequence of target distributions.

Using the set of weighted particles (z̃k1:T , w
k
T )Kk=1 at the last time step, we can ap-

proximate the posterior as ∑K
k=1 w̄

k
T δz̃k1:T

(z1:T ) and the integral Iϕ as ∑K
k=1 w̄

k
Tϕ(z̃k1:T ),

where w̄kT := wkT/
∑
j w

j
T is the normalized weight and δz is a Dirac measure centered

on z. Furthermore, one can obtain an unbiased estimator of the marginal likelihood

pθ(x1:T ) using the intermediate particle weights:

ẐSMC :=
T∏
t=1

[
1
K

K∑
k=1

wkt

]
. (4.9)

The sequential nature of smc and the resampling step are crucial in making

smc scalable to large T . The former makes it easier to design efficient proposal

distributions as each step need only target the next set of variables zt. The

resampling step allows the algorithm to focus on promising particles in light of

new observations, avoiding the exponential divergence between the weights of

different samples that occurs for importance sampling as T increases. This can be

demonstrated both empirically and theoretically (Del Moral, 2004, Chapter 9). We

refer the reader to (Doucet and Johansen, 2009) for an in-depth treatment of smc.

4.2.1.3 Importance Weighted Auto-Encoders

Given a dataset of observations (x(n))Nn=1, a generative network pθ(z, x) and an infer-

ence network qφ(z|x), iwae (Burda et al., 2016) maximizes 1
N

∑N
n=1 elboIS(θ, φ, x(n))
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Algorithm 4 Sequential Monte Carlo
1: Sample initial particle values zk1 ∼ q1,φ(·|x1).
2: Compute and normalize weights:

wk1 = µθ(zk1 )g1,θ(x1|zk1 )
q1,φ(zk1 |x1) , w̄k1 = wk1∑K

`=1w
`
1
.

3: Initialize particle set: z̃k1 ← zk1
4: for t = 2, 3, . . . , T do
5: Sample ancestor index akt−1 ∼ Categorical(·|w̄1

t−1, . . . , w̄
K
t−1).

6: Sample particle value zkt ∼ qt,φ(·|x1:t, z̃
akt−1
1:t−1).

7: Update particle set z̃k1:t ← (z̃a
k
t−1

1:t−1, z
k
t ).

8: Compute and normalize weights:

wkt = ft,θ(zkt |z̃
akt−1
1:t−1)gt,θ(xt|z̃k1:t)

qt,φ(zkt |x1:t, z̃
akt−1
1:t−1)

, w̄kt = wkt∑K
`=1w

`
t

.

9: Compute marginal likelihood: ẐSMC = ∏T
t=1

1
K

∑K
k=1w

k
t .

10: return particles (z̃k1:T )Kk=1, weights (wkT )Kk=1, marginal likelihood estimate ẐSMC

where, for a given observation x, the elboIS (with K particles) is a lower bound

on log pθ(x) by Jensen’s inequality:

elboIS(θ, φ, x) =
∫
QIS(z1:K) log ẐIS(x1:K) dx1:K ≤ log pθ(x), where (4.10)

QIS(z1:K) =
K∏
k=1

qφ(zk|x), ẐIS(x1:K) = 1
K

K∑
k=1

pθ(xk, y)
qφ(zk|x) . (4.11)

Optimization of elbois(θ, φ, x) is performed using stochastic gradient ascent (sga)

where a sample from
(∏K

k=1 qφ(zk|x(n))
)
is obtained using the reparameterization

trick (Kingma andWelling, 2014) and the gradient 1
N

∑N
n=1∇θ,φ log

(∑K
k=1

pθ(xk,x(n))
qφ(zk|x(n))

)
is used to perform an optimization step.

Note that for K = 1 particle, this objective reduces to a vae objective which

we will also refer to as

elboVAE(θ, φ, x) =
∫
qφ(z|x)(log pθ(z, x)− log qφ(z|x)) dz. (4.12)

4.2.2 Approach

Aesmc implements model learning, proposal adaptation, and inference amortization

in a similar manner to the vae and the iwae: it uses sga on an empirical average
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of the elbo over observations. However, it varies in the form of this elbo. In

this section, we will introduce the aesmc elbo, explain how gradients of it can

be estimated, and discuss the implications of these changes.

4.2.2.1 Objective Function

Consider a family of ssms {pθ(z1:T , x1:T ) : θ ∈ Θ} and a family of proposal

distributions {qφ(z1:T |x1:T ) = q1,φ(z1|x1)
∏T
t=2 qt,φ(zt|z1:t−1, x1:t) : φ ∈ Φ}. Aesmc

uses an elbo objective based on the smc marginal likelihood estimator (4.9). In

particular, for a given x1:T , the objective is defined as

elboSMC(θ, φ, x1:T ) :=
∫
QSMC(z1:K

1:T , a
1:K
1:T−1) log ẐSMC(z1:K

1:T , a
1:K
1:T−1) dz1:K

1:T da1:K
1:T−1,

(4.13)

where ẐSMC(z1:K
1:T , a

1:K
1:T−1) is defined in (4.9) and QSMC is the sampling distri-

bution of smc,

QSMC(z1:K
1:T , a

1:K
1:T−1) =

(
K∏
k=1

q1,φ(zk1 )
)(

T∏
t=2

K∏
k=1

qt,φ(zkt |z̃
akt−1
1:t−1) · Categorical(akt−1|w1:K

t−1)
)
.

(4.14)

elboSMC forms a lower bound to the log marginal likelihood log pθ(x1:T ) due to

Jensen’s inequality and the unbiasedness of the marginal likelihood estimator. Hence,

given a dataset (x(n)
1:T )Nn=1, we can perform model learning based on maximizing the

lower bound of 1
N

∑N
n=1 log pθ(x(n)

1:T ) as a surrogate target, namely by maximizing

J (θ, φ) := 1
N

N∑
n=1

elboSMC(θ, φ, x(n)
1:T ). (4.15)

For notational convenience, we will talk about optimizing elbos in the rest of this

section. However, we note that the main intended use of aesmc is to amortize

over datasets, for which the elbo is replaced by the dataset average J (θ, φ) in the

optimization target. Nonetheless, rather than using the full dataset for each gradient

update, will we instead use mini-batches, noting that this forms unbiased estimator.
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4.2.2.2 Gradient Estimation

We describe a gradient estimator used for optimizing elboSMC(θ, φ, x1:T ) using sga.

The smc sampler in Algorithm 4 proceeds by sampling z1:K
1 , a1:K

1 , z1:K
2 , . . . sequen-

tially from their respective distributions ∏K
k=1 q1(zk1 ), ∏K

k=1 Categorical(ak1|w1:K
1 ),∏K

k=1 q2(zk2 |z
ak1
1 ), . . . until the whole particle-weight trajectory (z1:T

1:K , a
1:K
1:T−1) is sam-

pled. From this trajectory, using equation (4.9), we can obtain an estimator

for the marginal likelihood.

Assuming that the sampling of latent variables z1:K
1:T is reparameterizable, we can

make their sampling independent of (θ, φ). In particular, assume that there exists a

set of auxiliary random variables ε1:K
1:T where εkt ∼ st and a set of reparameterization

functions rt. We can simulate the smc sampler by first sampling ε1:K
1 ∼ ∏K

k=1 s1

and setting zk1 = r1(εk1) and z̃k1 = zk1 , then for t = 2, . . . , T cycling through

sampling a1:K
t−1 ∼

∏K
k=1 Categorical(akt−1|w1:K

t−1) and ε1:K
t ∼ ∏K

k=1 st, and setting zkt =

rt(εkt , z̃
akt−1
1:t−1) and z̃k1:t = (z̃a

k
t−1

1:t−1, z
k
t ). We use the resulting reparameterized sample of

(z1:T
1:K , a

1:K
1:T−1) to evaluate the gradient estimator ∇θ,φ log ẐSMC(z1:K

1:T , a
1:K
1:T−1).

To account for the discrete choices of ancestor indices akt one could additionally

use the reinforce (Williams, 1992) trick, however in practice, we found that

the additional term in the estimator has problematically high variance. We

explore various other possible gradient estimators and empirical assessments of

their variances in Appendix B.2.1. This exploration confirms that including the

additional reinforce terms leads to problematically high variance, justifying our

decision to omit them, despite introducing bias into the gradient estimates.

4.2.2.3 Bias & Implications on the Proposals

In this section, we express the gap between elbos and the log marginal likelihood

as a kl divergence and study implications on the proposal distributions. We present

a set of claims and propositions whose full proofs are in Appendix B.2.2. These give

insight into the behavior of aesmc and show the advantages, and disadvantages,

of using our different elbo. This insight motivates Section 4.2.3 which proposes

an algorithm for improving proposal learning.
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Definition 4.2. Given an unnormalized target density P̃ : Z → [0,∞) with

normalizing constant ZP > 0, P := P̃ /ZP , and a proposal density Q : Z → [0,∞),

then

elbo :=
∫
Q(z) log P̃ (z)

Q(z) dz, (4.16)

is a lower bound on logZP and satisfies

elbo = logZP − kl (Q||P ) . (4.17)

This is a standard identity used in variational inference and vaes. In the case

of vaes, applying Definition 4.2 with P being pθ(z|x), P̃ being pθ(z, x), ZP being

pθ(x), and Q being qφ(z|x), we can directly rewrite (4.12) as elboVAE(θ, φ, x) =

log pθ(x) − kl (qφ(z|x)||pθ(z|x)).

The key observation for expressing such a bound for general elbos such as

elboIS and elboSMC is that the target density P and the proposal density Q need

not directly correspond to pθ(z|x) and qφ(z|x). This allows us to view the underlying

sampling distributions of the marginal likelihood Monte Carlo estimators such as

QIS in (4.11) and QSMC in (4.14) as proposal distributions on an extended space Z.

The following claim uses this observation to express the bound between a general

elbo and the log marginal likelihood as kl divergence from the extended space

sampling distribution to a corresponding target distribution.

Claim 4.3. Given a non-negative unbiased estimator ẐP (z) ≥ 0 of the normalizing

constant ZP where z is distributed according to the proposal distribution Q(z), the

following holds:

elbo =
∫
Q(z) log ẐP (z) dz = logZP − kl (Q||P ) , (4.18)

where P (z) = Q(z)ẐP (z)
ZP

(4.19)

is the implied normalized target density.
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In the case of iwaes, we can apply Claim 4.3 with Q and ẐP being QIS and

ẐIS respectively as defined in (4.11) and ZP being pθ(x). This yields

elboIS(θ, φ, x) = log pθ(x)− kl (QIS||PIS) , where (4.20)

PIS(z1:K) = 1
K

K∑
k=1

(
qφ(z1|x) · · · qφ(zk−1|x)pθ(zk|x)qφ(zk+1|x) · · · qφ(zK |x)

)
.

(4.21)

Similarly, in the case of aesmc, we obtain

elboSMC(θ, φ, x1:T ) = log pθ(x1:T )− kl (QSMC||PSMC) , where (4.22)

PSMC(z1:K
1:T , a

1:K
1:T−1) = QSMC(z1:K

1:T , a
1:K
1:T−1)ẐSMC(z1:K

1:T , a
1:K
1:T−1)/pθ(x1:T ). (4.23)

Having expressions for the target distribution P and the sampling distribution Q

for a given elbo allows us to investigate what happens when we maximize that elbo,

remembering that the kl term is strictly non-negative and zero if and only if P = Q.

For the vae and iwae cases then, provided the proposal is sufficiently flexible, one

can always perfectly maximize the elbo by setting pθ(z|x) = qφ(z|x) for all x. The

reverse implication also holds: if elboVAE = logZP then it must be the case that

pθ(z|x) = qφ(z|x). However, for aesmc, achieving elbo = logZP is only possible

when one also has sufficient flexibility to learn a particular series of intermediate

target distributions, namely the marginals of the final target distribution. In other

words, it is necessary to learn a particular factorization of the generative model, not

just the correct individual proposals, to achieve P = Q and thus elboSMC = ZP .

These observations are formalized in Propositions 4.4 and 4.5 below.

Proposition 4.4. QIS(z1:K) = PIS(z1:K) for all z1:K if and only if q(z|x) = p(z|x)

for all z.

Proposition 4.5. If K > 1, then PSMC(z1:K
1:T , a

1:K
1:T−1) = QSMC(z1:K

1:T , a
1:K
1:T−1) for all

(z1:K
1:T , a

1:K
1:T−1) if and only if

1. πt(z1:t) =
∫
p(z1:T |x1:T ) dzt+1:T = p(z1:t|x1:T ) for all z1:t and t = 1, . . . , T , and

2. q1(z1|x1) = p(z1|x1:T ) for all z1 and qt(zt|z1:t−1, x1:t) = p(z1:t|x1:T )/p(z1:t−1|x1:T )

for t = 2, . . . , T for all z1:t,
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where πt(z1:t) are the intermediate targets used by smc.

Proposition 4.5 has the consequence that if the family of generative models is

such that the first condition does not hold, we will not be able to make the bound

tight. This means that, except for a very small class of models, then, for most

convenient parameterizations, it will be impossible to learn a perfect proposal that

gives a tight bound, i.e. there will be no θ and φ such that the above conditions can

be satisfied. However, it also means that elboSMC encodes important additional

information about the implications the factorization of the generative model has on

the inference—the model depends only on the final target πT (z1:T ) = pθ(z1:T |x1:T ),

but some choices of the intermediate targets πt(z1:t) will lead to much more efficient

inference than others. Perhaps more importantly, smc is usually a far more powerful

inference algorithm than importance sampling and so the aesmc setup allows for

more ambitious model learning problems to be effectively tackled than the vae or

iwae. After all, even though it is well known in the smc literature that, unlike for

is, most problems have no perfect set of smc proposals which will generate exact

samples from the posterior (Doucet and Johansen, 2009), smc still gives superior

performance on most problems with more than a few dimensions. These intuitions

are backed up by our experiments that show that using elboSMC regularly learns

better models than using elboIS.

4.2.3 Improving Proposal Learning

In practice, one is rarely able to perfectly drive the divergence to zero and achieve a

perfect proposal. In addition to the implications of the previous section, this occurs

because qφ(z1:T |x1:T ) may not be sufficiently expressive to represent pθ(z1:T |x1:T )

exactly and because of the inevitable sub-optimality of the optimization process,

remembering that we are aiming to learn an amortized inference artifact, rather

than a single posterior representation. Consequently, to accurately assess the merits

of different elbos for proposal learning, it is necessary to consider their finite-time

performance. We therefore now consider the effect the number of particles K has

on the gradient estimators for elboIS and elboSMC.
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Figure 4.1: Density
estimate of ∇φ elbo
for different K

Counter-intuitively, it transpires that the tighter bounds

implied by using a larger K is often harmful to proposal

learning for both iwae and aesmc. At a high-level, this is

because an accurate estimate for ẐP can be achieved for a

wide range of proposal parameters φ and so the magnitude

of ∇φ elbo reduces as K increases. Typically, this shrinkage

happens faster than increasing K reduces the standard

deviation of the estimate and so the standard deviation of the

gradient estimate relative to the problem scaling (i.e. as a ratio of true gradient

∇φ elbo) actually increases. This effect is demonstrated in Figure 4.1 which shows

a kernel density estimator for the distribution of the gradient estimate for different

K and the model given in Section 4.2.4.2. Here we see that as we increase K, both

the expected gradient estimate (which is equal to the true gradient by unbiasedness)

and standard deviation of the estimate decrease. However, the former decreases

faster and so the relative standard deviation increases. This is perhaps easiest to

appreciate by noting that for K > 10, there is a roughly equal probability of the

estimate being positive or negative, such that we are equally likely to increase or

decrease the parameter value at the next sga iteration, inevitably leading to poor

performance. On the other hand, when K = 1, it is far more likely that the gradient

estimate is positive than negative, and so there is clear drift to the gradient steps.

We add to the empirical evidence for this behavior in Section 4.2.4. Note the critical

difference for model learning is that ∇θ elbo does not, in general, decrease in

magnitude as K increases. Note also that using a larger K should always give better

performance at test time; it may though be better to learn φ using a smaller K.

In simultaneously developed work (Rainforth et al., 2017), we formalized this

intuition in the iwae setting by showing that the estimator of ∇φ elboIS(θ, φ, x)

with K particles, denoted by IK , has the following signal-to-noise ratio (snr):

snr := E[IK ]√
Var[IK ]

= O

√ 1
K

 . (4.24)
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We thus see that increasing K reduces the snr and so the gradient updates for

the proposal will degrade towards pure noise if K is set too high.

4.2.3.1 Alternating ELBOs

To address these issues, we suggest and investigate the alternating elbos (alt)

algorithm which updates (θ, φ) in a coordinate descent fashion using different

elbos, and thus gradient estimates, for each. We pick a θ-optimizing pair and

a φ-optimizing pair (Aθ, Kθ), (Aφ, Kφ) ∈ {is, smc} × {1, 2, . . . }, corresponding to

an inference type and number of particles. In an optimization step, we obtain an

estimator for ∇θ elboAθ with Kθ particles and an estimator for ∇φ elboAφ with

Kφ particles which we call gθ and gφ respectively. We use gθ to update the current θ

and gφ to update the current φ. The results from the previous sections suggest that

using Aθ = smc and Aφ = is with a large Kθ and a small Kφ may perform better

model and proposal learning than just fixing (Aθ, Kθ) = (Aφ, Kφ) to (smc, large)

since using Aφ = is with small Kφ helps learning φ (at least in terms of the snr)

and using Aθ = smc with large Kθ helps learning θ. We experimentally observe

that this procedure can in some cases improve both model and proposal learning.

4.2.4 Experiments

We now present a series of experiments designed to answer the following questions:

1) Does tightening the bound by using either more particles or a better inference

procedure lead to an adverse effect on proposal learning? 2) Can aesmc, despite

this effect, outperform iwae? 3) Can we further improve the learned model

and proposal by using alt?

First we investigate a linear Gaussian state space model (lgssm) for model

learning and a latent variable model for proposal adaptation. This allows us to

compare the learned parameters to the optimal ones. Doing so, we confirm our

conclusions for this simple problem.

We then extend those results to more complex, high dimensional observation

spaces that require models and proposals parameterized by neural networks. We
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do so by investigating the Moving Agents dataset, a set of partially occluded

video sequences.

4.2.4.1 Linear Gaussian State Space Model

Given the following lgssm

p(z1) = Normal
(
z1; 0, 12

)
, (4.25)

p(zt|zt−1) = Normal
(
zt; θ1zt−1, 12

)
, t = 2, . . . T, (4.26)

p(xt|zt) = Normal
(
xt; θ2zt,

√
0.12

)
, t = 1, . . . , T, (4.27)

we find that optimizing elboSMC(θ, φ, x1:T ) w.r.t. θ leads to better generative models

than optimizing elboIS(θ, φ, x1:T ). The same is true for using more particles.

We generate a sequence x1:T for T = 200 by sampling from the model with

θ = (θ1, θ2) = (0.9, 1.0). We then optimize the different elbos w.r.t. θ using

the bootstrap proposal q1(z1|x1) = µθ(z1) and qt(zt|z1:t−1, x1:t) = ft,θ(zt|z1:t−1).

Because we use the bootstrap proposal, gradients w.r.t. to θ are not backprop-

agated through q.

We use a fixed learning rate of 0.01 and optimize for 500 steps using sga.

Figure 4.2 shows that the convergence of both log pθ(x1:T ) to maxθ log pθ(x1:T ) and

θ to argmaxθ log pθ(x1:T ) is faster when elboSMC and more particles are used.
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Figure 4.2: (Left) Log marginal likelihood analytically evaluated at every θ during
optimization; the black line indicates maxθ log pθ(x1:T ) obtained by the expectation
maximization (em) algorithm. (Right) learning of model parameters; the black line
indicates argmaxθ log pθ(x1:T ) obtained by the em algorithm.
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4.2.4.2 Proposal Learning

We now investigate how learning φ, i.e. the proposal, is affected by the the choice

of elbo and the number of particles.

Consider a simple, fixed generative model

p(µ)p(x|µ) = Normal(µ; 0, 12)Normal(x;µ, 12),

where µ and x are the latent and observed variables respectively and a family of

proposal distributions qφ(µ) = Normal(µ;µq, σ2
q ) parameterized by φ = (µq, log σ2

q ).

For a fixed observation x = 2.3, we initialize φ = (0.01, 0.01) and optimize elboIS

with respect to φ. We investigate the quality of the learned parameter φ as

we increase the number of particles K during training. Figure 4.3 (left) clearly

demonstrates that the quality of φ compared to the analytic posterior decreases

as we increase K.

Similar behavior is observed in Figure 4.3 (middle, right) where we optimize

elboSMC with respect to both θ and φ for the lgssm described in Section 4.2.4.1.

We see that using more particles helps model learning but makes proposal learning

worse. Using our alt algorithm alleviates this problem and at the same time

makes model learning faster as it profits from a more accurate proposal distribution.

We provide more extensive experiments exploring proposal learning with different

elbos and number of particles in Appendix B.2.3.3.

4.2.4.3 Moving Agents

To show that our results are applicable to complex, high dimensional data we

compare aesmc and iwae on stochastic, partially observable video sequences.

Figure B.3 in Appendix B.2.3.2 shows an example of such a sequence.

The dataset consists of N = 5000 sequences of images (x(n)
1:T )Nn=1 of which 1000 are

randomly held out as test set. Each sequence contains T = 40 images represented as

a 2 dimensional array of size 32×32. In each sequence there is one agent, represented

as circle, whose starting position is sampled randomly along the top and bottom of

the image. The dataset is inspired by (Ondrúška and Posner, 2016), however with the
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Figure 4.3: (Left) Optimizing elboIS for the Gaussian unknown mean model with
respect to φ results in worse φ as we increase number of particles K. (Middle, right)
Optimizing elboSMC with respect to (θ, φ) for lgssm and using the alt algorithm for
updating (θ, φ) with (Aθ,Kθ) = (smc, 1000) and (Aφ,Kφ) = (is, 10). Right measures the
quality of φ by showing

√∑T
t=1(µkalman

t − µapprox
t )2 where µkalman

t is the marginal mean
obtained from the Kalman smoothing algorithm under the model with em-optimized
parameters and µapprox

t is an marginal mean obtained from the set of 10 smc particles
with learned/bootstrap proposal.

crucial difference that the movement of the agent is stochastic. The agent performs

a directed random walk through the image. At each timestep, it moves according to

yt+1 ∼ Normal(yt+1; yt + 0.15, 0.022)

xt+1 ∼ Normal(xt+1; 0, 0.022)
(4.28)

where (xt, yt) are the coordinates in frame t in a unit square that is then projected

onto 32× 32 pixels. In addition to the stochasticity of the movement, half of the

image is occluded, preventing the agent from being observed.

For the generative model and proposal distribution we use a variational recurrent

neural network (vrnn) (Chung et al., 2015). It extends recurrent neural networks

(rnns) by introducing a stochastic latent state zt at each timestep t. Together

with the observation xt, this state conditions the deterministic transition of the

rnn. By introducing this unobserved stochastic state, the vrnn is able to better

model complex long range variability in stochastic sequences. Architecture and

hyperparameter details are given in Appendix B.2.3.1.

Figure 4.4 shows max(elboIS,elboSMC) for models trained with iwae and

aesmc for different particle numbers. The lines correspond to the mean over

three different random seeds and the shaded areas indicate the standard deviation.
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The same number of particles was used for training and testing, additional hyper-

parameter settings are given in the appendix. One can see that models trained

using aesmc outperform iwae and using more particles improves the elbo for

both. In Appendix B.2.3.2, we inspect different learned generative models by using

them for prediction, confirming the results presented here. We also tested alt on

this task, but found that while it did occasionally improve performance, it was

much less stable than iwae and aesmc.
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Figure 4.4: (Left) Rolling mean over 5 epochs of max(elboSMC,elboIS) on the test
set, lines indicate the average over 3 random seeds and shaded areas indicate standard
deviation. The color indicates the number of particles, the line style the used algorithm.
(Right) The table shows the final max(elboSMC,elboIS) for each learned model.

4.2.5 Discussion

We have developed aesmc—a method for performing model learning using a new

elbo objective which is based on the smc marginal likelihood estimator. This elbo

objective is optimized using sga and the reparameterization trick. Our approach

utilizes the efficiency of smc in models with intermediate observations and hence

is suitable for highly structured models. We experimentally demonstrated that

this objective leads to better generative model training than the iwae objective

for structured problems, due to the superior inference and tighter bound provided

by using smc instead of importance sampling.

Our work is most similar to works simultaneously developed by Maddison

et al. (2017a) and Naesseth et al. (2018). Maddison et al. (2017a) additionally

draw a connection between the variance of the marginal likelihood estimator and
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tightness of the variational bound. This is a powerful theoretical result that can

drive further research in marrying powerful inference algorithms and gradient-based

model-learning algorithms. Naesseth et al. (2018) focus on the inference perspective.

They view smc as a way to enlarge the variational family. This allows for more

expressive and thus accurate posterior approximations in variational inference. The

loss they minimize ends up being the same as one proposed by us and Maddison

et al. (2017a). They prove that this loss is in fact an upper bound on the kl

divergence between a distribution obtained by running smc and resampling at

the last time-step and the posterior.

In addition to Maddison et al. (2017a); Naesseth et al. (2018), in Claim 4.3, we

provide a simple way to express the bias of objectives induced by log of marginal

likelihood estimators as a kl divergence on an extended space. In Propositions 4.4

and 4.5, we investigate the implications of these kls being zero in the case of iwae

and aesmc. In addition to Maddison et al. (2017a), we prove the “only if” case

of Proposition 4.5. We also study the properties of the proposal distribution as

we increase number of particles during training. Using our assertion that tighter

variational bounds are not necessarily better, we then introduce and test a new

method, alternating elbos, that addresses some of these issues and observe that,

in some cases, this improves both model and proposal learning. We discuss the

issue of tighter variational bounds in more detail for the iwae case in Rainforth

et al. (2018a).
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4.3 Revisiting Reweighted Wake-Sleep

In the previous section, we introduced a method, called aesmc, for gradient-

based model-learning in ssms that uses smc as the underlying marginal likelihood

estimator. Aesmc is especially useful in models that can be formulated as ssms as it

uses intermediate observations to resample particles and hence direct computation

to promising areas of the state-space. Probabilistic programs can be naturally

formulated as ssms and so aesmc is a step forward towards bridging the gap between

unstructured models typically found in the deep generative modeling literature, like

the sigmoid belief networks, and highly structured probabilistic programs.

There are two issues with aesmc that prevent it from being a fully-fledged

solution for model learning and amortized inference in probabilistic programs. First,

we require the latent variables to be reparameterizable in order to estimate gradients

and to perform stochastic gradient descent (sgd). This means that we cannot have

discrete latent variables which are often the key feature in probabilistic programs.

Second, with increasing number of particles, the resulting proposal network (or

inference network) gets worse. This means that although aesmc is a good method

for model-learning, it is unsatisfactory for amortized inference.

In this section, we revisit rws (Bornschein and Bengio, 2015) which has been

introduced as an extension of the wake-sleep algorithm (Hinton et al., 1995; Dayan

et al., 1995) in the context of deep generative models like sigmoid belief networks.

Through extensive evaluations, show that it circumvents both of the above issues,

outperforming current state-of-the-art methods in learning discrete latent-variable

models. Moreover, we observe that, unlike the importance weighted auto-encoder,

rws learns better models and inference networks with increasing numbers of

particles, and that its benefits extend to continuous latent-variable models as well.

Our results suggest that rws is a competitive, often preferable, alternative for

learning deep generative models.
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4.3.1 Learning Stochastic Control-Flow Models

Stochastic control-flow models (scfms) describe generative models that employ

branching (i.e., the use of if / else / cond statements) on choices from discrete

random variables. Recent years have seen such models gain relevance, particularly

in the domain of deep probabilistic programming (Siddharth et al., 2017; Bingham

et al., 2018; Tran et al., 2017; van de Meent et al., 2018, Ch. 7), which allows

combining neural networks with generative models expressing arbitrarily complex

control flow. Scfms are encountered in a wide variety of tasks including tracking and

prediction (Neiswanger et al., 2014; Kosiorek et al., 2018), clustering (Rasmussen,

2000), topic modeling (Blei et al., 2003), model structure learning (Adams et al.,

2010), counting (Eslami et al., 2016), attention (Xu et al., 2015), differentiable

data structures (Graves et al., 2014, 2016; Grefenstette et al., 2015), speech &

language modeling (Juang and Rabiner, 1991; Chater and Manning, 2006), and

concept learning (Kemp et al., 2006; Lake et al., 2018).

While a variety of approaches for amortized gradient-based learning (targeting

model elbo) exist for models using discrete random variables, the majority rely

on continuous relaxations of the discrete variables (e.g. Rolfe, 2016; Vahdat et al.,

2018b,a; van den Oord et al., 2017; Maddison et al., 2017b; Jang et al., 2017),

enabling gradient computation through reparameterization (Kingma and Welling,

2014; Rezende et al., 2014). The models used by these approaches typically do

not involve any control flow on discrete random choices, instead choosing to feed

choices from their continuous relaxations directly into a neural network, thereby

facilitating the required learning.

In contrast, scfms do not lend themselves to continuous-relaxation-based

approaches due to the explicit branching requirement on choices from the discrete

variables. Consider for example a simple scfm—a two-mixture Gaussian mixture

model (gmm). Computing the Elbo for this model involves choosing mixture

identity (Bernoulli). Since a sample from a relaxed variable denotes a point on the

surface of a probability simplex (e.g. [0.2, 0.8] for a Bernoulli random variable),

instead of its vertices (0 or 1), computing the elbo would need evaluation of both
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Figure 4.5: An overview of learning algorithms for discrete latent-variable models, with
focus on scfms.
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Figure 4.6: The challenge faced by continuous-relaxation methods on scfms—requiring
exploration of all branches, in contrast to exploring only one branch at a time. Stochastic
control flow proceeds through discrete choices (ci) yielding values (vi).
branches, weighting the resulting computation under each branch appropriately.

This process can very quickly become intractable for more complex scfms, as it

requires evaluation of all possible branches in the computation, of which there

may be exponentially many, as illustrated in Fig. 4.6.

Alternatives to continuous-relaxation methods mainly involve the use of the

iwae (Burda et al., 2016) framework, employing the reinforce (Williams, 1992)

gradient estimator, combined with control-variate schemes (Mnih and Gregor, 2014;

Mnih and Rezende, 2016; Gu et al., 2016; Tucker et al., 2017; Grathwohl et al.,

2018) to help decrease the variance of the naïve estimator. Although this approach

ameliorates the problem with continuous relaxations in that it does not require

evaluation of all branches, it has other drawbacks. Firstly, with more particles, the

iwae estimator adversely impacts inference-network quality, consequently impeding

model learning (Rainforth et al., 2018a). Secondly, its practical efficacy can still

be limited due to high variance and the requirement to design and optimize a

separate neural network (c.f. Section 4.3.4.3).

Having characterized the class of models we are interested in (c.f. Fig. 4.5), and

identified a range of current approaches (along with their characteristics) that might
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apply to such models, we revisit rws (Bornschein and Bengio, 2015). Comparing

extensively with state-of-the-art methods for learning in scfms, we demonstrate its

efficacy in learning better generative models and inference networks, using lower

variance gradient estimators, over a range of computational budgets. To this end,

we first review state-of-the-art methods for learning deep generative models with

discrete latent variables (Section 4.3.2). We then revisit rws (Section 4.3.3) and

present an extensive evaluation of these methods (Section 4.3.4) on (i) a probabilistic

context free grammar (pcfg) model on sentences, (ii) the Attend, Infer, Repeat

(air) model (Eslami et al., 2016) to perceive and localize multiple mnist digits,

and (iii) a pedagogical gmm example that exposes a shortcoming of rws which we

then design a fix for. Our experiments confirm that rws is a competitive, often

preferable, alternative for learning scfms.

4.3.2 Background and Related Work

Consider data (x(n))Nn=1 sampled from a true (unknown) generative model p(x),

a family of generative models pθ(z, x) of latent variable z and observation x

parameterized by θ and a family of inference networks qφ(z|x) parameterized by φ.

We aim to learn the generative model by maximizing the marginal likelihood over

data: θ∗ = argmaxθ 1
N

∑N
n=1 log pθ(x(n)). Simultaneously, we would like to learn an

inference network qφ(z|x) that amortizes inference given observation x; i.e., qφ(z|x)

maps an observation x to an approximation of pθ∗(z|x). Amortization ensures this

function evaluation is cheaper than performing approximate inference of pθ∗(z|x)

from scratch. Our focus here is on such joint learning of the generative model and the

inference network, here referred to as “learning a deep generative model”, although

we note that other approaches exist that learn the generative model (Goodfellow

et al., 2014a; Mohamed and Lakshminarayanan, 2016) or inference network (Paige

and Wood, 2016; Le et al., 2017a) in isolation.

We begin with a review of iwaes (Burda et al., 2016) as a general approach

for learning deep generative models using sgd methods, focusing on generative-

model families with discrete latent variables, for which the high variance of the
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naïve gradient estimator impedes learning. We will also review control-variate

and continuous-relaxation methods for gradient-variance reduction. The iwae

used alongside such gradient-variance reduction methods is currently the dominant

approach for learning deep generative models with discrete latent variables.

4.3.2.1 Importance Weighted Autoencoders

Burda et al. (2016) introduce the iwae, maximizing the mean elbos over data,
1
N

∑N
n=1 elboKIS(θ, φ, x(n)), where, for K particles,

elboKIS(θ, φ, x) = EQφ(z1:K |x)

[
log
(

1
K

K∑
k=1

wk

)]
, (4.29)

Qφ(z1:K |x) =
K∏
k=1

qφ(zk|x), wk = pθ(zk, x)
qφ(zk|x) .

When K = 1, this reduces to the vae (Kingma and Welling, 2014; Rezende et al.,

2014). Burda et al. (2016) show that elboKIS(θ, φ, x) is a lower bound on log pθ(x)

and that increasing K leads to a tighter lower bound. Further, tighter lower bounds

arising from increasing K improve learning of the generative model, but impair

learning of the inference network (Rainforth et al., 2018a), as the signal-to-noise

ratio of θ’s gradient estimator is O(
√
K) whereas φ’s is O(1/

√
K). Note that

although Tucker et al. (2019) solve this for reparameterizable distributions, the

issue persists for discrete distributions. Consequently, poor learning of the inference

network, beyond a certain point (large K), can actually impair learning of the

generative model as well; a finding we explore in Section 4.3.4.3.

Optimizing the iwae objective using sgd methods requires unbiased gradient

estimators of elboKIS(θ, φ, x) with respect to θ and φ (Robbins and Monro, 1951).

The θ gradient ∇θ elboKIS(θ, φ, x) is estimated by sampling z1:K ∼ Qφ(·|x) and

evaluating ∇θ log ẐK , where ẐK = 1
K

∑K
k=1wk. While ∇φelboKis(θ, φ, x) is estimated

similarly for models with reparameterizable latents, discrete (and other non-

reparameterizable) latents require the reinforce gradient estimator (Williams,

1992)

greinforce = log ẐK∇φ logQφ(z1:K |x)︸ ︷︷ ︸
1

+∇φ log ẐK︸ ︷︷ ︸
2

. (4.30)
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4.3.2.2 Continuous Relaxation and Control Variate Methods

Since the gradient estimator in (4.30) typically suffers from high variance, mainly

due to the effect of 1 , a number of approaches have been developed to ameliorate

the issue. These can be broadly categorized into approaches that directly transform

the discrete latent variables (continuous relaxations), or approaches that target

improvement of the naïve reinforce estimator (control variates).

Continuous Relaxations. Here, discrete variables are transformed to enable

reparameterization (Kingma and Welling, 2014; Rezende et al., 2014), which helps

reduce the variance of the gradient estimators. Approaches range from the use of

the Gumbel distribution (Maddison et al., 2017b; Jang et al., 2017), spike-and-X

transforms (Rolfe, 2016), overlapping exponentials (Vahdat et al., 2018b), and

generalized overlapping exponentials for tighter bounds (Vahdat et al., 2018a).

Besides difficulties inherent to such methods, such as tuning temperature

parameters, or the suitability of undirected Boltzmann Machine priors, these

methods are not well suited for learning scfms as they generate samples on the

surface of a probability simplex rather than its vertices. For example, sampling from

a transformed Bernoulli distribution yields samples of the form [α, (1− α)] rather

than simply 0 or 1—the latter form required for branching. With relaxed samples,

as illustrated in Fig. 4.6, one would need to execute all the exponentially many

discrete-variable driven branches in the model, weighting each branch appropriately—

something that can quickly become infeasible for even moderately complex models.

However, for purposes of comparison, for relatively simple scfms, one could apply

methods involving continuous relaxations, as demonstrated in Section 4.3.4.3.

Control Variates. Here, approaches build on the reinforce estimator for the

iwae elbo objective, designing control-variate schemes to reduce the variance of the

naïve estimator. Variational inference for Monte Carlo objectives (vimco) (Mnih

and Rezende, 2016) eschews designing an explicit control variate, instead exploiting
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the particle set obtained in iwae. It replaces 1 with

g
1

vimco =
K∑
k=1

(log ẐK −Υ−k)∇φ log qφ(zk|x), (4.31)

Υ−k = log 1
K

(
exp

(
1

K − 1
∑
`6=k

logw`
)

+
∑
`6=k

w`

)

where Υ−k ⊥⊥ zk and highly correlated with log ẐK .

Finally, assuming zk is a discrete random variable with C categories2, Re-

bar (Tucker et al., 2017) and relax (Grathwohl et al., 2018) improve on Mnih

and Gregor (2014) and Gu et al. (2016), replacing 1 with

g
1

relax =
(

log ẐK − cρ(g̃1:K)
)
∇φ logQφ(z1:K |x) +∇φcρ(g1:K)−∇φcρ(g̃1:K), (4.32)

where gk is a C-dimensional vector of reparameterized Gumbel random variates, zk

is a one-hot argmax function of gk, and g̃k is a vector of reparameterized conditional

Gumbel random variates conditioned on zk. The conditional Gumbel random

variates are a form of Rao-Blackwellization used to reduce variance. The control

variate cρ, parameterized by ρ, is optimized to minimize the gradient variance

estimates concurrently with the main elbo optimization, leading to state-of-the-art

performance on, for example, sigmoid belief networks (Neal, 1992). The main

practical difficulty in using this method is choosing a suitable family of cρ, as some

choices lead to higher variance despite the concurrent gradient variance minimization.

4.3.3 Revisiting Reweighted Wake-Sleep

Reweighted wake-sleep (rws) (Bornschein and Bengio, 2015) comes from a family

of algorithms (Hinton et al., 1995; Dayan et al., 1995) for learning deep generative

models, eschewing a single objective over parameters θ and φ in favour of individual

objectives for each. We review the rws algorithm and discuss its pros and cons.

2The assumption is needed only for notational convenience. However, using more structured
latents leads to difficulties in picking the control-variate architecture.
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4.3.3.1 Reweighted Wake-Sleep

Reweighted wake-sleep (rws) (Bornschein and Bengio, 2015) is an extension of

the wake-sleep algorithm (Hinton et al., 1995; Dayan et al., 1995) both of which,

like iwae, jointly learn a generative model and an inference network given data.

While iwae targets a single objective, rws alternates between objectives, updating

the generative model parameters θ using a wake-phase θ update and the inference

network parameters φ using either a sleep- or a wake-phase φ update (or both).

Wake-phase θ update. Given φ, θ is updated using an unbiased estimate

of ∇θ

(
1
N

∑N
n=1 elboKIS(θ, φ, x(n))

)
, obtained without reparameterization or control

variates, as the sampling distribution Qφ(·|x) is independent of θ.3

Sleep-phase φ update. Here, φ is updated to maximize the negative kl diver-

gence between the posteriors under the generative model and the inference network,

averaged over the data distribution of the current generative model

Epθ(x)[−kl (pθ(z|x)||qφ(z|x))] = Epθ(z,x)[log qφ(z|x)− log pθ(z|x)]. (4.33)

Its gradient, Epθ(z,x)[∇φ log qφ(z|x)], is estimated by evaluating ∇φ log qφ(z|x), where

z, x ∼ pθ(z, x). The estimator’s variance can be reduced at a standard Monte Carlo

rate by increasing the number of samples of z, x.

Wake-phase φ update. Here, φ is updated to maximize the negative kl diver-

gence between the posteriors under the generative model and the inference network,

averaged over the true data distribution

Ep(x)[−kl (pθ(z|x)||qφ(z|x))] = Ep(x)[Epθ(z|x)[log qφ(z|x)− log pθ(z|x)]]. (4.34)

The outer expectation Ep(x)[Epθ(z|x)[∇φ log qφ(z|x)]] of the gradient is estimated

using a single sample x from the true data distribution p(x), given which, the inner
3We assume that the deterministic mappings induced by the parameters θ, φ are themselves

differentiable, such that they are amenable to gradient-based learning.
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expectation is estimated using self-normalized importance sampling withK particles,

using qφ(z|x) as the proposal distribution. This results in the following estimator

K∑
k=1

(
wk/

K∑
`=1

w`

)
∇φ log qφ(zk|x), (4.35)

where, similar to (4.29), x ∼ p(x), zk ∼ qφ(zk|x), and wk = pθ(zk, x)/qφ(zk|x). Note

that (4.35) is the negative of the second term of the reinforce estimator of the

iwae elbo in (4.30). The crucial difference between the wake-phase φ update and

the sleep-phase φ update is that the expectation in (4.34) is over the true data

distribution p(x) and the expectation in (4.33) is under the current model distribution

pθ(x). The former is desirable from the perspective of amortizing inference over data

from p(x), and although its estimator is biased, this bias decreases as K increases.

4.3.3.2 Advantages of Reweighted Wake-Sleep

While the gradient update of θ targets the same objective as iwae, the gradient

update of φ targets the objective in (4.33) in the sleep case and (4.34) in the

wake case. This makes rws a preferable option to iwae for learning inference

networks for the following reasons.

First, rws leads to lower variance gradient estimators for φ, despite using control-

variate methods to reduce variance of the reinforce estimator (c.f. Fig. 4.11).

Second, the φ updates in rws directly target minimization of the expected kl

divergences from the true to approximate posterior. With an increased computa-

tional budget, using more Monte Carlo samples in the sleep-phase φ update case and

more particles K in the wake-phase φ update, we obtain a better estimator of these

expected kl divergences. This is in contrast to iwae, where optimizing elboKis
targets a kl divergence on an extended sampling space (Le et al., 2018a) which

for K > 1 doesn’t correspond to a kl divergence between true and approximate

posteriors (in any order). Consequently, increasing K in iwae leads to impaired

learning of inference networks (Rainforth et al., 2018a).

Third, targeting kl (p||q) as in rws can be preferable to targeting kl (q||p)

as in vaes. The former encourages mean-seeking behavior, having the inference
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network to put non-zero mass in regions where the posterior has non-zero mass,

whereas the latter encourages mode-seeking behavior, having the inference network

to put mass on one of the modes of the posterior (Minka et al., 2005). Using

the inference network as an is proposal requires mean-seeking behavior (Owen,

2013, Theorem 9.2). Moreover, Chatterjee et al. (2018) show that the number

of particles required for is to accurately approximate expectations of the form

Ep(z|x)[f(z)] is directly related to exp(kl (p||q))).

4.3.3.3 Disadvantages of Reweighted Wake-Sleep

While a common criticism of the wake-sleep family of algorithms is the lack of a

unifying objective, we have not found any empirical evidence where this is a problem.

Perhaps a more relevant criticism is that both the sleep and wake-phase φ gradient

estimators are biased with respect to ∇φ Ep(x)[kl (pθ(z|x)||qφ(z|x))]. The bias in

the sleep-phase φ gradient estimator arises from targeting the expectation under

the model rather than the true data distribution, and the bias in the wake-phase φ

gradient estimator results from estimating the kl divergence using self-normalized is.

In theory, these biases should not affect the fixed point of optimization (θ∗, φ∗)

where pθ∗(x) = p(x) and qφ∗(z|x) = pθ∗(z|x). First, the data distribution bias

should reduce to zero as θ → θ∗ through the wake-phase θ update. Second,

although the wake-phase φ gradient estimator is biased, it is consistent—with a

large enough K, convergence of stochastic optimization is theoretically guaranteed

on convex objectives and empirically on non-convex objectives (Chen and Luss,

2018). Moreover, this gradient estimator follows the central limit theorem and

hence its asymptotic variance decreases linearly with K (Owen, 2013, Equation

(9.8)). Thus, using larger K improves learning of the inference network.

In practice, the families of generative models, inference networks, and the data

distributions determine which of the biases are more significant. In most of our

findings, the bias of the data distribution appears to be the most detrimental. This is

due to the fact that initially pθ(x) is quite different from p(x), and hence using sleep-

phase φ updates performs worse than using wake-phase φ updates. An exception to
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this is the pcfg experiment (c.f. Section 4.3.4.1) where the data distribution bias

is not as large and inference using self-normalized is is extremely difficult.

4.3.3.4 Is This Suitable for Probabilistic Programming?

Can this method for simultaneous model learning and amortized inference be

implemented for a hoppl? What is needed is that we can propose a value z ∼ qφ(z|x)

from an inference network. For the wake-phase θ update, we require the gradient of

log pθ(z, x) with respect to θ. This is doable as long as log pθ(z, x) is differentiable

with respect to θ and the z sampled from qφ can be matched to the forward generative

model using an addressing scheme. For the sleep-phase φ update, we require sampling

(z, x) from the generative model and evaluating the gradient of log qφ(z|x) with

respect to φ. This can be done in a manner similar to the inference amortization

method introduced in Section 3.2 which also requires an addressing scheme. For the

wake-phase φ update, we require sampling z ∼ qφ(z|x) and evaluating (4.35). This

requires evaluating log pθ(z, x), log qφ(z|x) and ∇φqφ(z|x). This can also be done,

provided there exists an addressing scheme that matches the samples z ∼ qφ(z|x)

with the forward generative model and the inference network itself.

4.3.4 Experiments

The iwae and rws algorithms have primarily been applied to problems with

continuous latent variables and/or discrete latent variables that do not actually

induce branching (such as sigmoid belief networks; Neal (1992)). The purpose of the

following experiments is to compare rws to iwae combined with control variates

and continuous relaxations (c.f Section 4.3.3) on models with conditional branching,

and show that it outperform such methods. We empirically demonstrate that

increasing the number of particles K can be detrimental in iwae but advantageous

in rws, as evidenced by achieved elbos and average distance between true and

amortized posteriors.

In the first experiment, we present learning and amortized inference in a

pcfg (Booth and Thompson, 1973) which is an example of a scfm where continuous
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relaxations are inapplicable. We demonstrate that rws outperforms iwae with

a control variate both in terms of learning and inference.

The second experiment focuses on Attend, Infer, Repeat (air), the deep

generative model of Eslami et al. (2016). It demonstrates that rws leads to better

learning of the generative model in a setting with both discrete and continuous

latent variables, for modeling a complex visual data domain (c.f. Section 4.3.4.2).

The final experiment involves a gmm (Section 4.3.4.3), thereby serving as a

pedagogical example. It explains the causes of why rws might be preferable

to other methods in more detail.

Notationally, the different variants of rws will be referred to as wake-sleep

(ws) and wake-wake (ww). The wake-phase θ update is always used. We refer

to using it in conjunction with the sleep-phase φ update as ws and using it in

conjunction with the wake-phase φ update as ww.

We tried using both wake- and sleep-phase φ updates, but found that it doubles

the required stochastic sampling, while yielding only minor improvements on the

models we considered. The number of particles K used for the wake-phase θ and φ

updates is always specified, and computation between them is matched so a wake-

phase φ update with batch size B implies a sleep phase φ update with KB samples.

4.3.4.1 Probabilistic Context-Free Grammars

In this experiment we learn model parameters and amortize inference in a pcfg (Booth

and Thompson, 1973). Each discrete latent variable in a pcfg chooses a particular

child of a node in a tree. Depending on each discrete choice, the generative model

can lead to different future latent variables. A pcfg is an example of an scfm

where continuous relaxations cannot be applied—weighing combinatorially many

futures by a continuous relaxation is infeasible and doing so for futures which

have infinite latent variables is impossible.

While supervised approaches have recently led to state-of-the-art performance

in parsing (Chen and Manning, 2014), pcfgs remain one of the key models for

unsupervised parsing (Manning et al., 1999). Learning in a pcfg is typically
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Figure 4.7: Pcfg training. (Top) Quality of the generative model: While all methods
have the same gradient update for θ, the performance of ws improves and is the best as
K is increased. Other methods, including ww, do not yield significantly better model
learning as K is increased, since ws’s inference network learns the fastest. (Bottom)
Quality of the inference network: Vimco and reinforce do not improve with increasing
K. Ws performs best as K is increased, and while ww’s performance improves, the
improvement is not as significant. This can be attributed to the data-distribution bias
being less significant than the bias coming from self-normalized is (c.f. Section 4.3.3.3).
Median and interquartile ranges from up to 10 repeats shown (see text).

done via expectation-maximization (Dempster et al., 1977) which uses the inside-

outside algorithm (Lari and Young, 1990). Inference methods are based on dynamic

programming (Younger, 1967; Earley, 1970) or search (Klein and Manning, 2003).

Applying rws and iwae algorithms to pcfgs allows learning from large unlabeled

datasets through sgd while inference amortization ensures linear-time parsing in

the number of words in a sentence, at test-time. Moreover, using the inference

network as a proposal distribution in is provides asymptotically exact posteriors

if parses are ambiguous.

A pcfg is defined by sets of terminals (or words) {ti}, non-terminals {ni},

production rules {ni → ζj} with ζj a sequence of terminals and non-terminals,

probabilities for each production rule such that ∑j P (ni→ζj) = 1 for each

ni, and a start symbol n1. Consider the Astronomers pcfg given in Manning

et al. (1999, Table 11.2) (c.f. Appendix B.3.1). A parse tree z is obtained by

recursively applying the production rules until there are no more non-terminals. For

example, a parse tree (S (NP astronomers) (VP (V saw) (NP stars))) is obtained

by applying the production rules as follows:
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S 1.0−−→ NPVP 0.1−−→ astronomersVP 0.7−−→ astronomersVNP
1.0−−→ astronomers sawNP 0.18−−→ astronomers saw stars,

where the probability p(z) is obtained by multiplying the corresponding pro-

duction probabilities as indicated on top of the arrows. The likelihood of a

pcfg, p(x|z), is 1 if the sentence x matches the sentence produced by z (in

this case “astronomers saw stars”) and 0 otherwise. One can easily construct

infinitely long z by choosing productions which contain non-terminals, for example:

S → NPVP → NPPPVP → NPPPPPVP → · · · .

We learn the production probabilities of the pcfg and an inference network

computing the conditional distribution of a parse tree given a sentence. The

architecture of the inference network is the same as described in (Le et al., 2017a,

Section 3.3) except the input to the rnn consists only of the sentence embedding,

previous sample embedding, and an address embedding. Each word is represented

as a one-hot vector and the sentence embedding is obtained through another rnn.

Instead of a hard {0, 1} likelihood which can make learning difficult, we use a

relaxation, p(x|z) = exp(−L(x, s(z))2), where L is the Levenshtein distance and

s(z) is the sentence produced by z. Using the Levenshtein distance can also be

interpreted as an instance of approximate Bayesian computation (Sisson et al.,

2018). Training sentences are obtained by sampling from the astronomers pcfg

with the true production probabilities, discarding the corresponding parse trees.

We run ww, ws, vimco and reinforce ten times for K ∈ {2, 5, 10, 20},

with batch size B = 2, using the Adam optimizer (Kingma and Ba, 2015) with

default hyperparameters. We observe that the inference network can often end

up sub-optimally sampling very long z (by choosing production rules with many

non-terminals), leading to slow and ineffective runs. We therefore cap the run-time

to 100 hours—out of ten runs, ww, ws, vimco and reinforce retain on average

6, 6, 5.75 and 4 runs respectively. In Fig. 4.7, we show both (i) the quality of

the generative model as measured by the average kl between the true and the

model production probabilities, and (ii) the quality of the inference network as
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measured by Ep(x)[kl ((||p) (z|x), qφ(z|x))] which is estimated up to an additive

constant (the conditional entropy H(p(z|x))) by the sleep-φ loss Eq. (4.33) using

samples from the true pcfg.

Quantitatively, ws improves as K increases and outperforms iwae-based algo-

rithms both in terms of learning and inference amortization. While ww’s inference

amortization improves slightly as K increases, it is significantly worse than ws’s.

This is because is proposals will rarely produce a parse tree z for which s(z) matches

x, leading to extremely biased estimates of the wake-φ update. In this case, this

bias is more significant than that of the data-distribution which can harm the

sleep-φ update. We inspect the quality of the inference network by sampling from it.
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Figure 4.8: Samples from the inference network trained with ws (K = 20). Highest
probability samples correspond to correct sentences (s(z) = x).

Figure 4.8, shows samples from an inference network trained with ws, conditioned

on the sentence “astronomers saw stars with telescopes”, weighted according to the

frequency of occurrence. Appendix B.3.1 further includes samples from an inference

network trained with vimco, showing that none of them match the given sentence

(s(z) 6= x), and whose production probabilities are poor, unlike with rws.

4.3.4.2 Attend, Infer, Repeat

Next, we evaluate ww and vimco on air (Eslami et al., 2016), a structured deep

generative model with both discrete and continuous latent variables. Air uses the

discrete variable to decide how many continuous variables are necessary to explain

an image. The sequential inference procedure of air poses a difficult problem, since

it implies a sequential decision process with possible branching. See (Eslami et al.,

2016) and Appendix B.3.2 for the model notation and details.
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We set the maximum number of inference steps in air to three and train on

50× 50 images with zero, one or two mnist digits. The training and testing data

sets consist of 60000 and 10000 images respectively, generated from the respective

mnist train/test datasets. Unlike air, which used Gaussian likelihood with fixed

standard deviation and continuous inputs (i.e., input x ∈ [0, 1]50×50), we use a

Bernoulli likelihood and binarized data; the stochastic binarization is similar to

Burda et al. (2016). Training is performed over two million iterations by RmsProp

(Tieleman and Hinton, 2012) with the learning rate of 10−5, which is divided by

three after 400k and 1000k training iterations. We set the glimpse size to 20× 20.

We first evaluate the generative model via the average test log marginal where

each log marginal is estimated by a one-sample, 5000-particle iwae estimate.

The inference network is then evaluated via the average test kl from the inference

network to the posterior under the current model where each kl ((||q)φ (z|x), pθ(z|x))

is estimated as a difference between the log marginal estimate above and a 5000-

sample, one-particle iwae estimate. Note that this estimate is just a proxy to the

desired kl from the inference network to the true model posterior.

This experiment confirms (Fig. 4.9) that increasing number of particles improves

vimco only upto a point, whereas ww improves monotonically with increased K.

Ww also results in significantly lower variance and better inference networks

than vimco.

0 200 400 600 800 1000

epoch

−120

−115

−110

−105

−100

lo
g

p
θ
(x

)

IWAE+VIMCO K=80

IWAE+VIMCO K=40

IWAE+VIMCO K=20

IWAE+VIMCO K=10

IWAE+VIMCO K=5

WW K=80

WW K=40

WW K=20

WW K=10

WW K=5

5 10 20 40 80

number of particles

−106

−104

−102

−100

−98

lo
g

p
θ
(x

)

IWAE+VIMCO

WW

0 200 400 600 800 1000

epoch

6

8

10

12

14

16

18

20

K
L

(q
φ

(z
|x

)
||

p
θ
(z
|x

))

Figure 4.9: Training of air. (Left) Training curves: training with vimco leads to
larger variance in training than ww. (Middle) Log evidence values at the end of training:
increasing number of particles improves ww monotonically but improves vimco only up
to a point (K = 10 is the best). (Right) ww results in significantly lower variance and
better inference networks than vimco. Note that kl is between the inference network
and the current generative model.
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4.3.4.3 Gaussian Mixture Model

0 190

p true(x)
p true(x, z = i)

Figure 4.10: The gmm with true model parameters.

In order to examine the differences between ww and iwae more closely, we study

a gmm which branches on a discrete latent variable to select cluster assignments.

The generative model and inference network are defined as

pθ(z) = Categorical(z|softmax(θ)), p(x|z) = Normal(x|µz, σ2
z),

qφ(z|x) = Categorical(z|softmax(ηφ(x))),

where z ∈ {0, . . . , C−1}, C is the number of clusters and µc, σ2
c are fixed to µc = 10c

and σ2
c = 52. The generative model parameters are θ ∈ RC . The inference network

consists of a multilayer perceptron ηφ : R → RC , with the 1-16-C architecture

and the tanh nonlinearity, parameterized by φ. The chosen family of inference

networks is empirically expressive enough to capture the posterior under the true

model. The true model is set to pθtrue(x) where softmax(θtrue)c = (c+5)/∑C
i=1(i+5)

(c = 0, . . . , C − 1), i.e. the mixture probabilities are linearly increasing with the

z (Fig. 4.10). We fix the mixture parameters in order to study the important

features of the problem at hand in isolation.

We train using ws, ww, as well as using iwae with reinforce, relax, vimco

and the Concrete distribution. We attempted variants of dvae (Rolfe, 2016; Vahdat

et al., 2018b) in this setting, but it performed considerably worse than any of

the alternatives (c.f. Appendix B.3.4). We fix C = 20 and increase number of

particles from K = 2 to 20. We use the Adam optimizer with the learning rate

10−3 and default β parameters. At each iteration, a batch of 100 data points is

generated from the true model to train. Having searched over several temperature

schedules for the Concrete distribution, we use the one with the lowest trainable
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Figure 4.11: Gmm training. Median and interquartile ranges from 10 repeats shown.
(Top) Quality of the generative model: ws and ww improve with more particles thanks
to lower variance and lower bias estimators of the gradient respectively. Iwae methods
suffer with a larger particle budget (Rainforth et al., 2018a). Ws performs the worst as a
consequence of computing the expected kl under the model distribution pθ(x) Eq. (4.33)
instead of the true data distribution p(x) as with ww Eq. (4.34). Ww suffers from
branch-pruning (see text) in low-particle regimes, but learns the best model fastest in the
many-particle regime; δ-ww additionally learns well in the low-particle regime. (Middle)
Both inference network and generative model quality develop identically. (Bottom) Ww
and ws have lower-variance gradient estimators of φ than iwae, as they avoid the high-
variance term 1 in (4.30). This is a necessary, but not sufficient, condition for efficient
learning, with other factors being gradient direction and the ability to escape local optima.

terminal temperature (linearly annealing from 3 to 0.5). We found that using

the control variate cρ(g1:K) = 1
K

∑K
k=1 mlpρ([x, gk]), where the architecture of the

multilayer perceptron (mlp) is (1 + C)-16-16-1 (with tanh nonlinearity) led to

most stable training (c.f. Appendix B.3.3).

We evaluate the generative model, inference network and the variance of the of

φ. The generative model is evaluated via the L2 distance between the probability

mass functions (pmfs) of its prior and true prior as ‖softmax(θ)− softmax(θtrue)‖.

The inference network is evaluated via the L2 distance between pmfs of the current

and true posteriors, averaged over a fixed set (M = 100) of observations (x(m)
test)Mm=1

from the true model: 1
M

∑M
m=1 ‖qφ(z|x(m)

test) − pθtrue(z|x
(m)
test)‖. Finally, φ’s gradient-
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estimator standard deviation is given by 1
Dφ

∑Dφ
d=1 std(gd) where gd is the dth (out

of Dφ) element of one of φ’s gradient estimators (e.g. Eq. (4.30) for reinforce)

and std(·) is estimated using 10 samples.

Here, we demonstrate that using ws and ww with larger particle budgets

leads to a better inference networks whereas this is not the case for iwae methods

(Fig. 4.11, Middle). Recall that the former is because using more samples to

estimate the gradient of the sleep φ objective Eq. (4.33) for ws reduces variance at

a standard Monte Carlo rate and that using more particles in Eq. (4.35) to estimate

the gradient of the wake φ objective results in a lower bias. The latter is because

using more particles results in the signal-to-noise of iwae’s φ gradient estimator

to drop at the rate O(1/
√
K) (Rainforth et al., 2018a).

Learning of the generative model, as a consequence of inference-network learning,

is also better for ws and ww, but worse for iwae methods with an increased particle

budget. This is because the the θ gradient estimator (common to all methods),

∇θ elboKis (θ, φ, x) can be seen as an importance sampling estimator whose quality

is tied to the proposal distribution (inference network).

Ww and ws have lower variance gradient estimators than iwae, even if used

with control-variate and continuous-relaxation methods. This is because φ’s gradient

estimators for ww and ws do not include the high-variance term 1 in Eq. (4.30).

This is a necessary but not sufficient condition for efficient learning with other

important factors being gradient direction and the ability to escape local optima

(explored below). Employing the Concrete distribution gives low-variance gradients

for φ to begin with, but the model learns poorly due to the high gradients bias

(due to high temperature hyperparameter).

We now describe a failure mode affecting ws, ww, vimco, relax and re-

inforce, which we call branch-pruning. It is best illustrated by inspecting the

generative model and the inference network as training progresses, focusing on the

low-particle (K = 2) regime (Fig. 4.12). For ws, the generative model pθ(z) peaks

at z = 9 and puts zero mass for z > 9; the inference network qφ(z|x) becomes the

posterior for this model which, here, has support at most {0, . . . , 9} for all x. This
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Figure 4.12: Generative model and inference network during gmm training shown as
Hinton diagrams where areas are proportional to probability. Rows correspond to start,
middle and end of optimization. (Left half) Learning with few particles leads to the
branch-pruning (described in text) of the inference network (shown as conditional pmf
given different x) and the generative model (first column of each half) for all methods
except δ-ww. Concrete distribution fails. (Right half) Learning with many particles
leads to branch-pruning only for ws; ww and δ-ww succeed where iwae fails, learning a
suboptimal final generative model.

is a local optimum for ws as (i) the inference network already approximates the

posterior of the model pθ(z, x) well, and (ii) the generative model pθ(z), trained

using samples from qφ(z|x), has no samples outside of its current support. Similar

failures occur for ww and vimco/relax/reinforce although the support of the

locally optimal pθ(z) is larger ({0, . . . , 14} and {0, . . . , 17} respectively).

While this failure mode is a particular feature of the gmm, we hypothesize that

ws and ww suffer from it more, as they alternate between two different objectives

for optimizing θ and φ. Ws attempts to amortize inference for the current model

distribution pθ(x) which reinforces the coupling between the generative model and

the inference network, making it easier to get stuck in a local optimum. Ww with

few particles (say K = 1) on the other hand, results in a highly-biased gradient

estimator Eq. (4.35) that samples z from qφ(·|x) and evaluates ∇φ log qφ(z|x); this

encourages the inference network to concentrate mass. This behavior is not seen

in ww with many particles where it is the best algorithm at learning both a good

generative model and inference network (Fig. 4.11; Fig. 4.12, right).
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We propose a simple extension of ww, denoted δ-ww, that mitigates this

shortcoming by changing the proposal of the self-normalized importance sampling

estimator in Eq. (4.35) to qφ,δ(z|x) = (1− δ)qφ(z|x) + δUniform(z). We use δ = 0.2,

noting that the method is robust to a range of values. Using a different proposal

than the inference network qφ(z|x) means that using the low-particle estimator in

Eq. (4.35) no longer leads to branch-pruning. This is known as defensive importance

sampling (Hesterberg, 1995), and is used to better estimate integrands that have

long tails using short-tailed proposals. Using δ-ww outperforms all other algorithms

in learning both the generative model and the inference network in the low-K

regime and performs similarly as ww in the high-K regime.

4.3.5 Discussion

The central argument here is that where one needs both amortization and model

learning for scfms, the rws family of methods is preferable to iwae with either

continuous relaxations or control-variates. The pcfg experiment (Section 4.3.4.1)

demonstrates a setting where continuous relaxations are inapplicable due to poten-

tially infinite recursion, but where rws applies and ws outperforms all other methods.

The air experiment (Section 4.3.4.2) highlights a case where with more particles,

performance of vimco degrades for the inference network (Rainforth et al., 2018a)

and consequently the generative model as well, but where rws’s performance on

both increases monotonically. Finally, the analysis on gmms (Section 4.3.4.3) focuses

on a simple model to understand nuances in the performances of different methods.

Beyond implications from prior experiments, it indicates: (i) that gradient-estimator

variance can be high despite using control-variates, and (ii) for the few-particle

regime, the ww gradient estimator can be biased, leading to poor learning. For

the latter, we design an alternative involving defensive sampling that ameliorates

the issue. The precise choice of which variant of rws to employ depends on which

of the two kinds of gradient bias described in Section 4.3.3.3 dominates. Where

the data distribution bias dominates, as with the air and gmm experiments, ww
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is preferable, and where the self-normalised is bias dominates, as in the pcfg

experiment, ws is preferable.
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4.4 Conclusions and Future Work

In this chapter, we have introduced aesmc as a method for learning models that

is particularly suitable for ssms. However, aesmc requires using reparameteri-

zable latent variables and, additionally, with increasing number of particles the

performance of the inference network deteriorates. Based on these drawbacks, we

revisit rws which is a simple but powerful method for simultaneously learning

a model and amortizing inference in probabilistic models. Rws can be used in

models with discrete latent variables and the performance of the inference network

doesn’t deteriorate with increasing number of particles. All we need is to align

samples from the inference network z ∼ qφ(z|x) to the forward execution of the

probabilistic program in order to evaluate the joint probability pθ(z, x) and be able

to differentiate it with respect to the model parameters θ. In the following, we

outline future directions of research that can further improve model learning.

Learning realistic graphics models. Treating computer vision as graphics

engine inversion lets us infer interpretable latent variables of scenes such as properties

of objects and their relationships. However, the quality of inference crucially

depends on the quality of the generative model, which consists of both the prior

on latent variables and the graphics engine. For instance, the Captcha renderer

must be realistic in order to infer correct character sequences from real Captcha

images (Le et al., 2017a). Similarly, the hand-drawing renderer must be realistic

in order to infer graphics programs from hand-drawn images (Ellis et al., 2018).

In scene understanding, one must write an accurate model of scene generation

which must account for, at the very least, the shape and texture of objects. Can

we view learning such generative models as gradient-based maximum marginal

likelihood and use algorithms such as rws? How can we develop scene-understanding

algorithms where low-level statistical regularities like texture are modeled using an

unstructured latent variable while high-level features are modeled using a discrete

program-like representation?
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Concept learning through model structure learning. How do we learn

uniquely human concepts like the natural numbers from core knowledge? Accounts

from cognitive science (Barner and Baron, 2016) hypothesize that such conceptual

change can occur, for example, from a productive combination of existing concepts,

aided by language (Spelke, 2017) or from our ability to induce new “placeholder”

symbols and derive their meanings by making analogies between existing con-

cepts (Carey, 2011). In terms of probabilistic programming, this means that the

structure of the program is unknown and the problem can be viewed as probabilistic

program induction (Goodman et al., 2014) or equivalently inference of hidden

causes (Pearl, 2009). In either case, existing gradient-based methods for model

learning may not be applicable and an algorithmic solution may seem to require an

extremely difficult search over a combinatorially large space. Yet, it seems that if

we were to understand concept learning as inducing hidden causes or equivalently

functions in a probabilistic program, it must transpire that such search must happen

in some tractable way, possibly by restricting the search space. To give a concrete

example of a problem that we can attempt to tackle, consider the MNIST dataset of

hand-written digits. In a typical vae, we learn a generative model of data consisting

of a latent variable which is an uninterpretable feature vector and a conditional

distribution of the image given the latent variable. An arguably more realistic

model of data has two latent variables: one discrete latent variable corresponding

to the digit identity and the other corresponding to the digit style. What are the

mechanisms that can propose the second model from the first one, preferably in an

unsupervised, or weakly-supervised setting? In other words, how do we suddenly

know there are many distinct things where before there was only one?

Learning models for planning. Can we use the learned models to plan and take

actions? The closest to what we mean is our work (Igl et al., 2018) on combining

aesmc and decision-making in a partially observable Markov decision process

(pomdp). Here, we learn a policy network by using model-free policy-gradient based

loss together with an auxiliary loss based on the elbosmc which serves to learn the
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model. The policy network takes a pomdp belief, represented as an encoding of a

set of weighted particles from running smc. The latent space is an uninterpretable

feature vector which serves more as an auto-encoding bottleneck, rather than

something that could be used for planning. Given a potentially learned reward

function, can we learn a policy that plans using the forward generative model?
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5
Conclusion

We have focused on inference and learning methods in probabilistic programming

systems. These allow us to express a rich class of probabilistic models as programs

and perform inference in them by conditioning the random execution traces.

In Chapter 3, we proposed a method for performing amortized inference in

probabilistic programs. The main idea is to train a neural network that maps from

observed data to highly accurate approximations of posteriors which are then used

as proposal distributions in an importance sampling (is) inference engine. Once

the neural network is trained, we can perform fast, repeated test-time inference

in the specified probabilistic program.

In Chapter 4, we tackle the main drawback of the amortized inference approach

which assumes that we have an accurate generative model. We propose an algorithm

for model learning called auto-encoding sequential Monte Carlo (aesmc) which

uses the strengths of sequential Monte Carlo (smc) in order to improve learning of

state-space models (ssms) through maximum marginal likelihood. We also revisit

reweighted wake-sleep (rws) which addresses two drawbacks of aesmc. First, rws

allows performing simultaneous model learning and amortized inference in a way

that the performance of the latter doesn’t deteriorate with increasing computation

as is the case with aesmc. Second, rws is applicable to generative models which

contain discrete latent variables, stochastic control flow and recursion. This makes
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it suitable as a technique for simultaneous model learning and amortized inference

in higher-order probabilistic programming languages (hoppls).

In Sections 3.3 and 4.4, we outline future research directions in amortized

inference and model learning. These research directions are broad but their common

thread is improving amortized inference and model learning, in addition to combining

these with the decision-making element of Bayesian machine learning.

In amortized inference, the first direction is about automating the design of

inference networks to make inference networks easier to train by reducing the number

parameters. Secondly, given that the main workhorse behind current amortization

algorithms is importance sampling, we want to explore whether amortizing more

powerful inference algorithms can make amortized inference more effective in models

with high-dimensional latent-variables. Lastly, we want to make computational

models of intuitive psychology algorithmically possible by amortizing nested models.

In model learning, the first direction is about truly solving vision as inverse

graphics. Current systems heavily rely on tuning graphics engines in order to make

the generative model realistic. However, it isn’t straightforward to automatically

learn such models by applying gradient-based techniques described in this thesis

or proposed in the deep generative modeling literature. How can we bridge this

gap? The second direction is about learning model structure which seems to be

essential part of automatic reasoning and something that, if we are to believe

the Bayesian view of cognition (Tenenbaum et al., 2011), must somehow be

algorithmically implemented. How can we do this, at least in domains where

it seems that humans can do it?

Ultimately, we would like to contribute to model-based reinforcement learning

and use learned generative models with amortized inference artifacts in order

to plan and take actions.
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A
Proofs and Derivations for Inference

Algorithms

A.1 Importance Sampling

A.1.1 Basic Importance Sampling

This section contains derivations for Section 2.3.1.2 on basic is.

Properties of the estimator. The expectation of I is
K is equal to I

E [I is
K ] = E

[
1
K

K∑
k=1

wkf(zk)
]

= 1
K

K∑
k=1

E [wkf(zk)] = 1
K

K∑
k=1

E
[
π(zk)
q(zk)

f(zk)
]

= 1
K

K∑
k=1

∫ π(x)
q(z) f(z)q(z) dz = 1

K

K∑
k=1

∫
π(z)f(z) dz = I,

and its variance can be expressed as

Var [I is
K ] = 1

K2

K∑
k=1

Var
[
π(zk)
q(zk)

f(zk)
]

= 1
K2

K∑
k=1

E
(π(zk)

q(zk)
f(zk)

)2
− E

[
π(zk)
q(zk)

f(zk)
]2


= 1
K2

K∑
k=1

∫ (
π(z)
q(z) f(z)

)2

q(z) dz − I2


= 1
K

∫ (
π(z)
q(z) f(z)

)2

q(z) dz − I2

 = 1
K

(∫ π(z)2f(z)2

q(z) dz − I2
)
.
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An optimal proposal. One notion of an optimal proposal for is is minimization

of Var [I is
K ] for which the optimal proposal density, denoted qopt, is

qopt(z) = |f(z)|π(z)∫
|f(z′)|π(z′) dz′ .

The variance of an estimator using an optimal proposal, Var
[
I is,opt
K

]
is not greater

than the variance of an estimator using an arbitrary proposal q, Var [I is
K ]:

Var
[
I is,opt
K

]
= 1
K

(∫ π(z)2f(z)2

qopt(z) dz − I2
)

= 1
K

∫ π(z)2f(z)2

|f(z)|π(z)∫
|f(z′)|π(z′) dz′

dz − I2


= 1
K

((∫
|f(z)|π(z) dz

)2
− I2

)

= 1
K

(∫ |f(z)|π(z)
q(z) q(z) dz

)2

− I2


≤ 1
K

∫ (
|f(z)|π(z)
q(z)

)2

q(z) dz − I2


= 1
K

∫ (
f(z)π(z)
q(z)

)2

q(z) dz − I2


= Var [I is

K ] ,

where we have used the Jensen’s inequality.

A.1.2 Self-Normalized Importance Sampling

Unbiasedness of ZIS
K (equation (2.29)) can be established by noting that

E
[
ZIS
K

]
= E

[
1
K

K∑
k=1

wk

]
= 1
K

K∑
k=1

E [wk] = 1
K

K∑
k=1

∫
q(zk)

π̃(zk)
q(zk)

dzk

=
∫
q(z) π̃(z)

q(z) dz = Z
∫
π(z) dz = Z.



A. Proofs and Derivations for Inference Algorithms 133

A.2 Sequential Monte Carlo

A.2.1 Unbiasedness of the Normalizing Constant Estima-
tor

This is a proof of unbiasedness of the smc estimator ẐT of Z given in (2.45):

ẐT =
T∏
t=1

1
K

K∑
k=1

wkt . (A.1)

Let the sampling distribution of the smc algorithm be:

Q(z1:K
1:T , a

1:K
1:T−1) :=

(
K∏
k=1

q1(zk1 )
)(

T∏
t=2

K∏
k=1

qt(zkt |z̄
akt−1
1:t−1)

)(
T−1∏
t=1

K∏
k=1

w̄
akt
t

)
. (A.2)

We want to prove that

E[ẐT ] = ZT . (A.3)

Let bkT := k and bkt := a
bkt+1
t (t = T − 1, . . . , 1) so that kth particle set at the final

time-step is z̄k1:T = (zb
k
1

1 , z
bk2
2 , . . . , z

bkT
T ). Define the prefix of this particle sequence as

z
bk1:t
1:t := (zb

k
1

1 , z
bk2
2 , . . . , z

bkt
t ). Define the proposal density of z̄k1:T as

q(z̄k1:T ) :=
T∏
t=1

qt(z
bkt
t |z

bk1:t−1
1:t−1 ). (A.4)

Let z−k1:T := z1:K
1:T \ z̄k1:T and a−k1:T−1 := a1:K

1:T−1 \ b1:T−1.

Let m be a discrete, {1, . . . , K}-valued random variable and P (z1:K
1:T , a

1:K
1:T−1,m)

be an auxiliary distribution with the following density:

P (z1:K
1:T , a

1:K
1:T−1,m) = πT (z̄m1:T )

( 1
K

)T Q(z1:K
1:T , a

1:K
1:T−1)

q(z̄m1:T )
(∏T−1

t=1 w̄
bmt
t

) . (A.5)

This is a valid density of (z1:K
1:T , a

1:K
1:T−1,m) because the term in blue is a conditional

density of (z−m1:T , a
−m
1:T−1) given (z̄m1:T , b

m
1:T−1) while 1/KT is a uniform density of

bm1:T = (bm1 , bm2 , . . . , bmT−1, b
m
T ) = (bm1:T−1,m), and πT (z̄m1:T ) is a density of z̄m1:T :

P (z1:K
1:T , a

1:K
1:T−1,m) = πT (z̄m1:T )

( 1
K

)T
Q(z−m1:T , a

−m
1:T−1|z̄m1:T , b

m
1:T−1).
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We consider the ratio P/Qw̄mT :

P (z1:K
1:T , a

1:K
1:T−1,m)

Q(z1:K
1:T , a

1:K
1:T−1)w̄mT

=
πT (z̄m1:T )

(
1
K

)T (((((((
Q(z1:K

1:T ,a
1:K
1:T−1)

q(z̄m1:T )
(∏T−1

t=1 w̄
bm
t
t

)
((((((((
Q(z1:K

1:T , a
1:K
1:T−1)w̄mT

=
πT (z̄m1:T )

(
1
K

)T
q(z̄m1:T )

(∏T
t=1 w̄

bmt
t

)
=
(

T∏
t=1

1
K

K∑
k=1

wkt

)
· πT (z̄m1:T )
q(z̄m1:T )

(∏T
t=1w

bmt
t

)
= ẐT ·

πT (z̄m1:T )
q(z̄m1:T ) π̃T (z̄m1:T )

q(z̄m1:T )

= ẐT/ZT . (A.6)

Finally,

E[ẐT ] =
∫
Q(z1:K

1:T , a
1:K
1:T−1) · ẐT dz1:K

1:T da1:K
1:T−1

=
∫
Q(z1:K

1:T , a
1:K
1:T−1,m)w̄mT · ẐT dz1:K

1:T da1:K
1:T−1 dm

=
∫
P (z1:K

1:T , a
1:K
1:T−1,m) · ZT

ẐT
· ẐT dz1:K

1:T da1:K
1:T−1 dm

= ZT

∫
P (z1:K

1:T , a
1:K
1:T−1,m) dz1:K

1:T da1:K
1:T−1 dm

= ZT . (A.7)
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Appendices, Proofs, and Derivations for

Model Learning

B.1 Proof of Theorem 4.1

Here is a proof of Theorem 4.1 on page 82.

Proposition 4.1. Assuming that φ ∈ Φ indexes the family of inference networks

that contains all mappings from X to distributions on Z, Q′ = {q : X → P(Z)},

the solution to the maximization problem in (4.5) satisfies:

θ∗ = argmax
θ

Ep(x)[log pθ(x)], and (4.6)

φ∗ = argmin
φ

Ep(x) [kl (qφ(z|x)||pθ∗(z|x))] . (4.7)

Proof. First, let us denote the objective function in (4.5):

θ∗, φ∗ = argmax
θ,φ

{
Ep(x)[log pθ(x)]− Ep(x)[kl (qφ(z|x)||pθ(z|x))]

}

by f(θ, φ) = g(θ)− h(θ, φ), where we define:

g(θ) := Ep(x)[log pθ(x)] and

h(θ, φ) := Ep(x)[kl (qφ(z|x)||pθ(z|x))].
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We want to prove that:

θ∗ = argmax
θ

g(θ), and (B.1)

φ∗ = argmin
φ

h(θ∗, φ). (B.2)

To prove this by contradiction, assume that either

(i) θ∗ 6= argmaxθ g(θ) and φ∗ = argminφ h(argmaxθ g(θ), φ), or

(ii) θ∗ = argmaxθ g(θ) and φ∗ 6= argminφ h(argmaxθ g(θ), φ), or

(iii) θ∗ 6= argmaxθ g(θ) and φ∗ 6= argminφ h(argmaxθ g(θ), φ).

For (i), let θ′ = argmaxθ g(θ) 6= θ∗, such that g(θ′) > g(θ∗). Since φ∗ =

argminφ h(argmaxθ g(θ), φ), we have h(θ′, φ∗) = 0. Hence

f(θ′, φ∗) = g(θ′)− h(θ′, φ∗)

= g(θ′)

> g(θ∗)

≥ g(θ∗)− h(θ∗, φ∗)

= f(θ∗, φ∗),

where the penultimate step follows from the fact that a Kullback-Leibler (kl)

divergence is non-negative.

For (ii), θ∗ = argmaxθ g(θ) and let φ′ = argminφ h(θ∗, φ) 6= φ∗, such that

h(θ∗, φ′) < h(θ∗, φ∗). Hence

f(θ∗, φ′) = g(θ∗)− h(θ∗, φ′)

> g(θ∗)− h(θ∗, φ∗)

= f(θ∗, φ∗).
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For (iii), let θ′ = argmaxθ g(θ) 6= θ∗, such that g(θ′) > g(θ∗) and let φ′ =

argminφ h(θ′, φ) 6= φ∗, such that 0 = h(θ′, φ′) < h(θ′, φ∗). Hence

f(θ′, φ′) = g(θ′)− h(θ′, φ′)

= g(θ′)

> g(θ∗)

≥ g(θ∗)− h(θ∗, φ∗)

= f(θ∗, φ∗),

where the penultimate step follows from the fact that a kl divergence is non-negative.

In all cases, we have reached a contradiction, in which we could find a tuple

different than (θ∗, φ∗) that attains a larger value for the objective in (4.5).

B.2 Appendices for Auto-Encoding Sequential Monte
Carlo

B.2.1 Gradients

The goal is to obtain an unbiased estimator for the gradient

∇θ,φ

∫
QSMC(z1:K

1:T , a
1:K
1:T−1) log ẐSMC(z1:K

1:T , a
1:K
1:T−1) dz1:K

1:T da1:K
1:T−1. (B.3)

B.2.1.1 Full Reinforce

We express the required quantity as

∇θ,φ

∫
QSMC(z1:K

1:T , a
1:K
1:T−1) log ẐSMC(z1:K

1:T , a
1:K
1:T−1) dz1:K

1:T da1:K
1:T−1 (B.4)

=
∫
∇θ,φQSMC(z1:K

1:T , a
1:K
1:T−1) log ẐSMC(z1:K

1:T , a
1:K
1:T−1)+ (B.5)

QSMC(z1:K
1:T , a

1:K
1:T−1)∇θ,φ log ẐSMC(z1:K

1:T , a
1:K
1:T−1) dz1:K

1:T da1:K
1:T−1 (B.6)

=
∫
QSMC(z1:K

1:T , a
1:K
1:T−1)

[
∇θ,φ logQSMC(z1:K

1:T , a
1:K
1:T−1) log ẐSMC(z1:K

1:T , a
1:K
1:T−1)+

(B.7)
∇θ,φ log ẐSMC(z1:K

1:T , a
1:K
1:T−1)

]
dz1:K

1:T da1:K
1:T−1, (B.8)

which we can estimate by sampling (z1:K
1:T , a

1:K
1:T−1) directly from QSMC and evaluating

∇θ,φ logQSMC(z1:K
1:T , a

1:K
1:T−1) log ẐSMC(z1:K

1:T , a
1:K
1:T−1) +∇θ,φ log ẐSMC(z1:K

1:T , a
1:K
1:T−1).
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B.2.1.2 Reinforce & Reparameterization

We express the required quantity as

∇θ,φ

∫
QSMC(z1:K

1:T , a
1:K
1:T−1) log ẐSMC(z1:K

1:T , a
1:K
1:T−1) dz1:K

1:T da1:K
1:T−1 (B.9)

= ∇θ,φ

∫ (
K∏
k=1

q1(zk1 )
)(

T∏
t=2

K∏
k=1

qt(zkt |z
akt−1
t−1 ) ·Discrete(akt−1|w1:K

t−1)
)

log ẐSMC(z1:K
1:T , a

1:K
1:T−1) dz1:K

1:T da1:K
1:T−1 (B.10)

= ∇θ,φ

∫ (
K∏
k=1

s1(εk1)
)(

T∏
t=2

K∏
k=1

st(εkt ) ·Discrete(akt−1|w1:K
t−1)

)
log ẐSMC(r(ε1:K

1:T ), a1:K
1:T−1) dε1:K

1:T da1:K
1:T−1 (B.11)

=
∫ (

T∏
t=1

K∏
k=1

st(εkt )
)[
∇θ,φ

T∏
t=2

K∏
k=1

Discrete(akt−1|w1:K
t−1) log ẐSMC(r(ε1:K

1:T ), a1:K
1:T−1)+

(
T∏
t=2

K∏
k=1

Discrete(akt−1|w1:K
t−1)

)
∇θ,φ log ẐSMC(r(ε1:K

1:T ), a1:K
1:T−1)

]
dε1:K

1:T da1:K
1:T−1

(B.12)

=
∫ (

T∏
t=1

K∏
k=1

st(εkt )
)(

T∏
t=2

K∏
k=1

Discrete(akt−1|w1:K
t−1)

)
·

[
∇θ,φ log

(
T∏
t=2

K∏
k=1

Discrete(akt−1|w1:K
t−1)

)
log ẐSMC(r(ε1:K

1:T ), a1:K
1:T−1)+

∇θ,φ log ẐSMC(r(ε1:K
1:T ), a1:K

1:T−1)
]

dε1:K
1:T da1:K

1:T−1, (B.13)

where r(ε1:K
1:T ) denotes a sample with identical distribution as z1:K

1:T obtained by

passing the auxiliary samples ε1:K
1:T through the reparameterization function. We

can thus estimate the gradient by sampling ε1:K
1:T from the auxiliary distribution,

reparameterizing and evaluating

∇θ,φ log
(

T∏
t=2

K∏
k=1

Discrete(akt−1|w1:K
t−1)

)
log ẐSMC(r(ε1:K

1:T ), a1:K
1:T−1)

+∇θ,φ log ẐSMC(r(ε1:K
1:T ), a1:K

1:T−1).

In Figure B.1, we demonstrate that the estimator in (B.13) has much higher

variance if we include the first term.
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Figure B.1: T = 200 model described in Section 4.2.4.1. Kernel density estimation
(kde) of ∇θ1 elboSMC evaluated at θ1 = 0.1 with K = 16 using 100 samples.

B.2.2 Proofs for Bias & Implications on the Proposals

Derivation of (4.17).

elbo =
∫
Q(z) log ZPP (z)

Q(z) dz (B.14)

=
∫
Q(z) logZP dz −

∫
Q(z) log Q(z)

P (z) dz (B.15)

= logZP − kl (Q||P ) . (B.16)

Proof of Claim 4.3. Since ẐP (z) ≥ 0, Q(z) ≥ 0 and
∫
Q(z)ẐP (z) dx = ZP , we

can let the unnormalized target density in Definition 4.2 be P̃ (z) = Q(z)ẐP (z).

Hence, the normalized target density is P (z) = Q(z)ẐP (z)/ZP . Substituting these

quantities into (4.16) and (4.17) yields the two equalities in (4.18).

Proof of Proposition 4.4. ( =⇒ ) Substituting for QIS(z1:K) = PIS(z1:K), we obtain

K∏
k=1

q(zk|x) = 1
K

K∑
k=1

∏K
`=1 q(z`|x)
q(zk|x) p(zk|x) (B.17)

= 1
K

K∑
k=1

[
q(z1|x) · · · q(zk−1|x)p(zk|x)q(zk+1|x) · · · q(zK |x)

]
. (B.18)

Integrating both sides with respect to (x2, . . . , xK) over the whole support (i.e.

marginalizing out everything except x1), we obtain:

q(z1|x) = 1
K

[
p(z1|x) +

K∑
k=2

q(z1|x)
]
. (B.19)

Rearranging gives us q(z1|x) = p(z1|x) for all x1.
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(⇐= ) Substituting p(zk|x) = q(zk|x), we obtain

PIS(z1:K) = 1
K

K∑
k=1

QIS(z1:K)
q(zk|x) p(zk|x) (B.20)

= 1
K

K∑
k=1

QIS(z1:K) (B.21)

= QIS(z1:K). (B.22)

Proof of Proposition 4.5. We consider the general sequence of target distributions

πt(z1:t) (pθ(z1:t|x1:t) in the case of ssms), their unnormalized versions γt(z1:t)

(pθ(z1:t, x1:t) in the case of ssms), their normalizing constants Zt =
∫
γt(z1:t) dz1:t

(pθ(x1:t) in the case of ssms), where Z = ZT = p(x1:T ).

( =⇒ ) It suffices to show that ẐSMC(z1:K
1:T , a

1:K
1:T−1) = Z for all (z1:K

1:T , a
1:K
1:T−1)

implies 1 and 2 in Proposal 4.5 due to equation (4.19).

We first prove that ẐSMC(z1:K
1:T , a

1:K
1:T−1) = Z for all (z1:K

1:T , a
1:K
1:T−1) implies that the

weights

w1(z1) := γ1(z1)
q1(z1) (B.23)

wt(z1:t) := γt(z1:t)
γt−1(z1:t−1)qt(zt|z1:t−1) for t = 2, . . . , T (B.24)

are constant with respect to z1:t.

Pick t ∈ {1, . . . , T} and distinct k, ` ∈ {1, . . . , K}. Also, pick z1:t and x′1:t.

Now, consider two sets of particle sets (z̄1:K
1:T , ā

1:K
1:T−1) and (z̃1:K

1:T , ã
1:K
1:T−1), illustrated
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in Figure B.2, such that

z̄κτ =


x′τ if κ = ` and τ < t

x′τ if (κ, τ) = (k, t)
zτ if κ = k and τ < t

zκτ otherwise

for τ = 1, . . . , T, κ = 1, . . . , K, (B.25)

āκτ =

` if (κ, τ) = (k, t− 1) or (k, t)
κ otherwise

for τ = 1, . . . , T − 1, κ = 1, . . . , K,

(B.26)

z̃κτ =


x′τ if κ = ` and τ < t

zτ if (κ, τ) = (k, t)
zτ if κ = k and τ < t

zκτ otherwise

for τ = 1, . . . , T, κ = 1, . . . , K, (B.27)

ãκτ =

` if (κ, τ) = (k, t)
κ otherwise

for τ = 1, . . . , T − 1, κ = 1, . . . , K.

(B.28)
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Figure B.2: (Left) particle set (z̄1:K
1:T , ā

1:K
1:T−1) and (right) particle set (z̃1:K

1:T , ã
1:K
1:T−1). Lines

indicate ancestor indices.

The weights w̄κτ and w̃κτ for the respective particle sets are identical except when

(τ, κ) = (t, k) where

w̄kt = wt(x′1:t), (B.29)

w̃kt = wt(z1:t). (B.30)

Since Ẑ(z̄1:K
1:T , ā

1:K
1:T−1) = Ẑ(z̃1:K

1:T , ã
1:K
1:T−1), we have wt(x′1:t) = wt(z1:t). As this holds

for any arbitrary t and z1:t, it follows that wt(z1:t) must be constant with respect to

z1:t for all t = 1, . . . , T .



142 B.2. Appendices for Auto-Encoding Sequential Monte Carlo

Now, for z1:t, consider the implied proposal by rearranging (B.23) and (B.24)

q1(z1) = γ1(z1)
w1

(B.31)

qt(zt|z1:t−1) = γt(z1:t)
γt−1(z1:t−1)wt

for t = 2, . . . , T, (B.32)

where wt := wt(z1:t) is constant from our previous results. For this to be a normalized

density with respect to zt, we must have

w1 =
∫
γ1(z1) dz1 = Z1, (B.33)

and for t = 2, . . . , T :

wt =
∫ γt(z1:t)
γt−1(z1:t−1) dzt (B.34)

=
∫
γt(z1:t) dzt
γt−1(z1:t−1) (B.35)

= Zt
Zt−1

·
∫
πt(z1:t) dzt
πt−1(z1:t−1) . (B.36)

Since
∫
πt+1(z1:t+1) dzt+1 and πt(z1:t) are both normalized densities, we must have

πt(z1:t) =
∫
πt+1(z1:t+1) dzt+1 for all t = 1, . . . , T − 1 for all z1:t. For a given

t ∈ {1, . . . , T − 1} and z1:t, applying this repeatedly yields

πt(z1:t) =
∫
πt+1(z1:t+1) dzt+1 =

∫ ∫
πt+2(z1:t+2) dzt+2 dzt+1 = · · · =

∫
πT (z1:T ) dzt+1:T

(B.37)

such that each πt(z1:t) must be the corresponding marginal of the final target. We

also have

w1(z1) = Z1, (B.38)

wt(z1:t) = Zt
Zt−1

, t = 2, . . . , T, (B.39)

q1(z1) = π1(z1) = πT (z1), (B.40)

qt(zt|z1:t−1) = πt(z1:t)
πt−1(z1:t−1) = πT (z1:t)

πT (z1:t−1) , t = 2, . . . , T. (B.41)

(⇐= ) To complete the proof, we now simply substitute identities in 1 and 2 of

Proposal 4.5 back to the expression of Ẑ(z1:K
1:T , a

1:K
1:T−1) to obtain Ẑ(z1:K

1:T , a
1:K
1:T−1) =

Z.
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B.2.3 Experiments
B.2.3.1 VRNN

In the following we give the details of our variational recurrent neural network

(vrnn) architecture. The generative model is given by:

p(z1:T , h0:T , x1:T ) = p(h0)
∏
t

p(zt|ht−1)p(xt|ht−1, zt)p(ht|ht−1, zt, xt) (B.42)

where
p(h0) = Normal(h0; 0, I)

p(zt|ht−1) = Normal(zt;µzθ(ht−1), σzθ(ht−1)2)

p(xt|ht−1, zt) = Bernoulli(xt;µxθ(ϕzθ(zt), ht−1))

p(ht|ht−1, zt, xt) = δf(ht−1,ϕzθ(zt),ϕxθ (xt))(ht)

(B.43)

and the proposal distribution is given by

p(zt|xt, ht−1) = Normal(zt;µpφ(ϕxφ(xt), ht−1), σpφ
2(ϕxφ(xt), ht−1)) (B.44)

The functions µzθ and σzθ are computed by networks with two fully connected

layers of size 128 whose first layer is shared. ϕzθ is one fully connected layer of size 128.

For visual input, the encoding ϕxθ is a convolutional network with conv-4x4-2-1-

32, conv-4x4-2-1-64, conv-4x4-2-1-128 where conv-wxh-s-p-n denotes a convolutional

network with n filters of size w × h, stride s, padding p. Between convolutions we

use leaky ReLUs with slope 0.2 as nonlinearity and batch norms. The decoding µxθ
uses transposed convolutions of the same dimensions but in reversed order, however

with stride s = 1 and padding p = 0 for the first layer.

A Gated Recurrent Unit (GRU) is used as RNN and if not stated otherwise

ReLUs are used in between fully connected layers.

For the proposal distribution, the functions µpφ and σpφ are neural networks

with three fully connected layers of size 128 that are sharing the first two layers.

Sigmoid and softplus functions are used where values in (0, 1) or R+ are required.

We use a minibatch size of 25.
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For the moving agents dataset we use ADAM (adam) with a learning rate of 10−3.

A specific feature of the vrnn architecture is that the proposal and the generative

model share the component ϕxφ,θ. Consequently, we set φ = θ for the parameters

belonging to this module and train it using gradients for both θ and φ.

B.2.3.2 Moving Agents

In Figure B.3 we investigate the quality of the generative model by comparing visual

predictions. We do so for models learned by importance weighted auto-encoder

(iwae) (top) and aesmc (bottom). The models were learned using ten particles

but for easier visualization we only predict using five particles.

The first row in each graphic shows the ground truth. The second row shows the

averaged predictions of all five particles. The next five rows show the predictions

made by each particle individually.

The observations (i.e. the top row) up to t = 19 are shown to the model. Up

to this timestep the latent values z0:19 are drawn from the proposal distribution

q(zt|xt, ht−1). From t = 20 onwards the latent values z20:37 are drawn from the

generative model p(zt|zt−1). Consequently, the model predicts the partially occluded,

stochastic movement over 17 timesteps into the future.

We note that most particles predict a viable future trajectory. However, the

model learned by iwae is not as consistent in the quality of its predictions, often

’forgetting’ the particle. This does not happen in every predicted sequence but the

behavior shown here is very typical. Models learned by aesmc are much more

consistent in the quality of their predictions.

B.2.3.3 Optimizing Only Proposal Parameters

We have run experiments where we optimize various elbo objectives with respect

to φ with θ fixed in order to see how various objectives have an effect on proposal

learning. In particular, we train elboIS and elboSMC with number of particles

K ∈ {10, 100, 1000}. Once the training is done, we use the trained proposal

network to perform inference using both is and smc with number of particles

Ktest ∈ {10, 100, 1000}.
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Figure B.3: Visualisation of the learned model. Ground truth observations (top row in
each sub figure) are only revealed to the algorithm up until t=19 inclusive. The second
row shows the prediction averaged over all particles, all following rows show the prediction
made by a single particle. (Top) iwae. (Bottom) aesmc.

In Figure B.4, we see experimental results for the lgssm described in Sec-

tion 4.2.4.1. We measure the quality of the inference network using a proxy√∑T
t=1(µkalman

t − µapprox
t )2 where µkalman

t is the true marginal mean Ep(z1:T |x1:T )[zt] ob-

tained from the Kalman smoothing algorithm and µapprox
t =

(∑K
k=1w

k
T zt
)
/
(∑K

k=1w
k
T

)
is an approximate marginal mean obtained from the proposal parameterized by φ.

We see that if we train using elboSMC with Ktrain = 1000, the performance

for inference using smc (with whichever Ktest ∈ {10, 100, 1000}) is worse than

if we train with elboIS with any number of particles Ktrain ∈ {10, 100, 1000}.

Examining the other axes of variation:
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Figure B.4: (Left) Optimizing elbo with respect to φ for linear Gaussian state space
model (lgssm). (Right) The lengths of the squares are proportional (with a constant
factor) to

√∑T
t=1(µkalman

t − µapprox
t )2 which is a proxy for inference quality of φ described

in the main text. The larger the square, the worse the inference.

• Increasing Ktest (moving up in Figure B.4 (Right)) improves inference.

• Increasing Ktrain (moving to the right in Figure B.4 (Right)) worsens inference.

• Among different possible combinations of (training algorithm, testing algo-

rithm), (is, smc) � (smc, smc) � (is, is) � (smc, is), where we use “a � b”

to denote that the combination a results in better inference than combination

b.

B.3 Appendices for Revisiting ReweightedWake-
Sleep

B.3.1 Probabilistic Context Free Grammar

We show the astronomers probabilistic context free grammar (pcfg) in Fig. B.5.

Figure B.6 shows samples from an inference network trained with variational

inference for Monte Carlo objectives (vimco) with K = 20, conditioned on

the sentence x = “astronomers saw stars with telescopes”. Figure B.7 shows
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production probabilities of the non-terminal NP learned by vimco and wake-

sleep (ws) with K = 20.

S→ NPVP (1.0)
NP→ NPPP (0.4)|astronomers (0.1)|ears (0.18)|

saw (0.04)|stars (0.18)|telescopes (0.1)
VP→ VNP (0.7)|VPPP (0.3)
PP→ PNP (1.0)
P→ with (1.0)
V→ saw (1.0).

Figure B.5: The astronomers pcfg from Manning et al. (1999, Table 11.2).
The terminals are {astronomers, ears, saw, stars, telescopes,with}, the non-terminals
are {S,NP,VP,PP,P,V} and the start symbol is S. Each row above lists produc-
tion rules {ni → ζj} with the corresponding probabilities pij in the format ni →
ζ1 (pi1)|ζ2 (pi2)| · · · |ζJ (piJ).
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Figure B.6: Samples from the inference network which was trained with vimco with
K = 20.

NP PP astronomers ears saw stars telescopes0.0

0.5

P(
N

P
)

True
WS
VIMCO

Figure B.7: Production probabilities for the non-terminal NP learned via ws and vimco
with K = 20.

B.3.2 Attend, Infer, Repeat

Attend, Infer, Repeat (air) is a complicated model with many components and

might be difficult to understand if not described explicitly. Here, we outline details
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of our implementation and provide pseudo-code for the inference (Algorithm 5) and

generative models (Algorithm 6) in the case of continuous data and Gaussian

data likelihood.

Algorithm 5 Inference in air
Input: Image x, maximum number of inference steps N
1: h0, z

what
0 , zwhere

0 = initialize()
2: for n ∈ [1, . . . , N ] do
3: wn,hn = Rφ

(
x, zwhat

n−1 , z
where
n−1 ,hn−1

)
4: pn ∼ Bernoulli(p | wn)
5: if pn = 0 then
6: break
7: zwhere

n ∼ qwhere
φ

(
zwhere | wn

)
8: gn = STN

(
x, zwhere

n

)
9: zwhat

n ∼ qwhat
φ

(
zwhat | gn

)
10: return zwhat

1:n , zwhere
1:n , n

Algorithm 6 Generation in air
Input: zwhat

1:n , zwhere
1:n , n

1: y0 = 0
2: for t ∈ [1, . . . , n] do
3: ĝt = hdec

θ

(
zwhat
t

)
4: yt = yt−1 + STN−1

(
ĝt, z

where
t

)
5: x̂ ∼ Normal (x | yn, σ2

xI)
6: return x̂

B.3.3 Gaussian Mixture Model

The reparameterized sampling of Gumbels and conditional Gumbels is described

by Tucker et al. (2017, Appendix C) and Grathwohl et al. (2018, Appendix B).

In the following, we describe architectures used for the Gaussian mixture model

(gmm) experiment (Section 4.3.4.3).

Rebar proposes the following architecture for the control variate cρ(g1:K):

crebar
ρ (g1:K) = ρ1 log

(
1
K

K∑
k=1

pθ(softmax(gk/eρ2), x)
qφ(softmax(gk/eρ2)|x)

)
, (B.45)
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where ρ = (ρ1, ρ2). While the functional form of (B.45) suggests that it will

be highly correlated with log( 1
K

∑K
k=1wk), the terms probability mass functions

(pmfs) in the fraction are undefined due to the softmax. A straightforward fix

is the evaluate “a soft pmf” instead:

pθ(softmax(gk/eρ2), x) = pθ(softmax(gk/eρ2))p(x|softmax(gk/eρ2)) (B.46)

= Categorical(softmax(gk/eρ2)|softmax(θ))· (B.47)

Normal(x|µsoftmax(gk/eρ2 ), σ
2
softmax(gk/eρ2 )) (B.48)

≈ softmax(gk/eρ2)ᵀsoftmax(θ) (B.49)

Normal(x|µᵀsoftmax(gk/eρ2), (σ2)ᵀsoftmax(gk/eρ2)),
(B.50)

qφ(softmax(gk/eρ2)|x) = Categorical(softmax(gk/eρ2)|softmax(ηφ(x))) (B.51)

≈ softmax(gk/eρ2)ᵀsoftmax(ηφ(x)). (B.52)

Optimization of the log-temperature ρ2 is highly sensitive as low values can make

the training unstable.

Relax proposes using an arbitrary neural network for cρ(g1:K). Due to the

symmetry in the arguments, we pick the following for the gmm experiment:

crelax
ρ (g1:K) = 1

K

K∑
k=1

mlpρ([x, gk]), (B.53)

where the architecture of the multilayer perceptron (mlp) is (1 + C)-16-16-1 (with

the tanh nonlinearity between layers) and ρ are the weights are its weights. This

architecture is—unlike the one in (B.45)—well-defined for all inputs. A drawback

of using such control variate is that it can start out not being very correlated

with log( 1
K

∑K
k=1wk).

Relax also proposes using a summation of the free-form control variate like

the one in (B.53) and a more correlated control variate in (B.45).

We have tried all architectures and found that (B.53) leads to the most stable

and best training.

Using rebar/relax for more complicated models is possible, however designing

an architecture that is highly correlated with the high-variance term and stable

to train still remains a challenge.
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B.3.4 Discrete VAEs

Rolfe (2016) introduces discrete vae (dvae). It combines a prior over binary latent

variables with an element-wise spike-and-X smoothing transformation, allowing

approximate marginalization of the discrete variables. This results in a continuous

relaxation of discrete variables and a low-variance gradient estimator. Vahdat

et al. (2018b) replaced the original transformation with an overlapping exponential

transformation, leading to a yet lower-variance gradient estimator. While both

approaches produce relaxed binary variables, the relaxation is significantly less

tight (Vahdat et al. (2018b), Appendix C, Figure 5.) then the concrete of Jang

et al. (2017); Maddison et al. (2017b) Both approaches require analytical inverse

cdfs of the smoothing transformations, a shortcoming addressed by Vahdat et al.

(2018a) — it also leads to a tighter relaxation than its predecessors, however no

comparison to concrete is available.

Dvae was designed for undirected binary priors, e.g. restricted Boltzmann

machines (rbm), and it does not account for the case of categorical latent variables.

It is possible to construct a d-dimensional categorical variable from d− 1 binary

variables via stick-breaking construction. This process is slow, however, as it

requires O(d) sequential operations and cannot be parallelized. Moreover, in the

case of relaxed variables, the tightness of the derived relaxed categorical variable

decreases exponentially with the number of dimensions. This is a major issue in

control flows: not only we have to evaluate all branches of the control flow, but the

indicator variables that we multiply with outcomes of different branches become

exponentially loose with the depth of the flow.
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