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Abstract
Experimentally, it is observed that upon photoexcitation, conjugated polymers undergo
sub-picosecond coupled exciton-phonon dynamics, in which the nuclei distort to stabilise
the new electronic state. Previously, such relaxation dynamics of highly excited electronic
states of poly(p-phenylenevinylene) have been modelled using Ehrenfest dynamics. Rather
than the system relaxing onto a single emissive chromophore as physically expected, the
dynamics were seen to bifurcate into a quantum superposition of chromophore states.
In this thesis, the dynamics are instead modelled using a quantum mechanical treatment for the nuclei. In accordance with previous work, the excited electronic states of a
polymer are described by a single Frenkel exciton and exciton-phonon coupling is explicitly included using the Frenkel-Holstein model. The time evolution of the system is then
described by a Lindblad master equation, which includes damping of the internal nuclear
degrees of freedom by the environment.
Firstly, the associated equations of motion are solved using the quantum jump trajectory and time evolving block decimation techniques. Within such a framework, we find
that the unphysical bifurcation behaviour is corrected for and the dynamics reproduce the
. 50 fs time scale observed in experiment. Processes such as exciton-polaron formation,
exciton decoherence and exciton density localisation are also present within the model
dynamics.
Secondly, the steady state solution associated with the dynamics is calculated using a
Lindblad perturbation theory. Within this approach, the limited functional space (LFS)
method is used to obtain numerical results for the steady state. These results confirm that
our model dynamics do proceed into a ‘chromophore like’ steady state, with associated
short-ranged exciton-phonon, exciton coherence and exciton localisation lengths.
Finally, we introduce two techniques designed to efficiently describe the time evolution
of ‘classical’ torsional modes. These modes are thought to give rise to the ∼ 100 fs time
scale observed in experiments, which is currently absent from our model.
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Glossary of Scaling and Units
Parameters:
Dimensionless Time:
Dimensionless External Dissipation Parameter:
Exciton-Phonon Coupling Parameter:
Dimensionless Harmonic Oscillator Destruction Operator:

t̃ = ωt
γ
γ̃ =
ω
A2 ~ω
λ=
2
r
~ω
b̂0m =
b̂m
2λ

The operator b̂m is another dimensionless harmonic oscillator destruction operator that
satisfies:
i
h
b̂m , b̂†m = 1
Units:
Name
Time
External Dissipation Parameter
Harmonic Oscillator Angular Frequency
Phonon Energy
Exciton-Phonon Coupling Parameter

Symbol
t
γ
ω
~ω
λ

Unit
s
−1
s
s−1
eV
eV
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Abbreviations

Abbreviation:

Definition:

PPV
TEBD
LFS
HOMO
LUMO
LEGS
QEES
VRS
MPS
SVD
DMRG
MPO
LEES
vMCG

Poly(P-Phenylene Vinylene)
Time Evolving Block Decimation
Limited Functional Space
Highest Occupied Molecular Orbital
Lowest Unoccupied Molecular Orbital
Local Exciton Ground State
Quasi-Extended Exciton State
Vibrationally Relaxed State
Matrix Product State
Singular Value Decomposition
Density Matrix Renormalisation Group
Matrix Product Operator
Local Excited Exciton State
Variational Multi-Configurational Gaussian
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1
Introduction
Interest in conjugated polymer materials over the last few decades has arisen for multiple
reasons. Firstly, these materials are semiconductors, making them possible candidates
for use in many electronic devices. While the large exciton binding energies associated
with conjugated polymers poses a challenge for making efficient solar cells, this property
makes these materials ideal for use in LEDs. In particular, it has been known since the
1990s that phenyl based polymers (such as poly(p-phenylene vinylene) (PPV)) undergo
electroluminescence, with an optical band gap generally in the visible-UV region [1]. Such
materials are also more flexible, lighter and easier to deposit as thin films compared to
their inorganic counterparts.
Secondly, understanding the electronic properties of these materials poses a challenge
to theorists. The quasi one-dimensional nature of polymer chains leads to weak screening
of the electron-electron interactions, as well as an enhancement of the effects associated
with electron-phonon coupling and disorder. The large electron-electron and electronphonon interactions leads these materials to be strongly correlated and quantum manybody approaches are required to correctly describe the underlying physics. Obtaining
the optical properties associated with conjugated polymers requires all these features to
be taken into account, where drastically different behaviour can result from relatively
small changes in the constituent moieties. For example, poly(p-phenylene) undergoes
electroluminescence, while trans-polyacetylene does not [2].
Finally, the combined experimental and theoretical interest in these materials means
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that there is a plethora of experimental data by which theoretical models and predictions
can be tested. In particular, many spectroscopic studies have been performed which
investigate the initial quantum dynamics induced by photoexcitation of a conjugated
polymer to an electronically excited state (referred to as the exciton relaxation dynamics).
We consider such spectroscopic studies in more detail now.

1.1

Overview of Experimental Results

The exciton relaxation dynamics have been investigated using a wide array of timeresolved spectroscopic techniques for the polymer PPV (the polymer particularly considered in this thesis). The first such experimental data was obtained using fluorescence
depolarisation spectroscopy [3–5]. In this experiment, the polymer is first photoexcited
using plane polarised light, with the polarisation of the subsequent emitted light (fluorescence) measured as a function of time. During the exciton relaxation dynamics, the
transition dipole moment associated with the polymer chain is known to rotate, which
is captured by this experimental measurement (the results of which are often presented
using a quantity called the fluorescence anisotropy, r). Subsequently, more sophisticated
pump-probe experiments have been used to investigate the relaxation dynamics in this
system, such as three-pulse photon-echo [6–8] and coherent electronic two-dimensional
spectroscopy [9], which are able to measure the dynamics with a much greater time resolution.
Within all of these experiments, three distinct time scales are observed. The largest
time scale of >1 ps is widely accepted to correspond to the diffusion of the exciton
between different chromophores [4,10]. The two shorter time scales of .50 fs and ∼100 fs,
however, have been studied in less detail. While it has been suggested that these two time
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scales correspond to the dynamic localisation of the exciton as it relaxes onto the low
energy chromophores [3–9], to our knowledge this has yet to be confirmed by theoretical
simulations. While the shortest of these time scales cannot be observed directly using
fluorescence depolarisation spectroscopy, it can still be deduced from the fact that the
initial anisotropy value measured is <0.4 (the theoretical value expected for a perfectly
homogeneous sample), suggesting that an ultra-fast relaxation process is occurring with
a time scale shorter than the time resolution of the experiment.
Although the exciton relaxation dynamics in these systems remains far from being fully
understood, much progress has still been achieved in obtaining a theoretical description
of such processes. We now consider the results produced from such theoretical studies.

1.2

Overview of Theoretical Results

The easiest time scale associated with the dynamics to theoretically model is the longest
one of >1 ps. Two distinct processes are thought to contribute to the dynamics at these
times. Migration of the exciton between chromophores on different polymer chains can
be described as a Förster type exciton energy transfer process, induced by long range
dipole-dipole interactions [4, 10–12]. In addition, intrachain exciton diffusion is induced
by thermal fluctuations in the torsional modes of the polymer and can essentially be
described correctly by treating these low frequency modes classically within the so-called
Ehrenfest approximation [13, 14].
The shorter time scales are in contrast much harder to describe. One approach is
again to treat the nuclear degrees of freedom classically. Indeed, this technique has been
applied to study the ultra-fast exciton relaxation dynamics of photoexcited electronic
states in PPV [15–17]. However, the Ehrenfest approximation fails in this case because

3

Chapter 1. Introduction
of the absence of exciton decoherence occurring during the time evolution induced by
the exciton-phonon coupling [18–22], as well as its inability to correctly describe the
splitting of a nuclear wave packet when passing through a conical intersection or avoided
crossing [22, 23]. A full quantum treatment of all degrees of freedom is therefore needed
to correctly describe the dynamics on these short time scales.
A full quantum treatment of the dynamics has been preformed within coarse-grained
models, using a range of techniques including the time evolving block decimation [24–27],
hierarchical equations of motion [28, 29] and the multi-layer multiconfigurational timedependent Hartree techniques [30, 31]. However these calculations were limited to extremely short chain lengths and are therefore unrepresentative of physically realistic polymers. Full quantum calculations for realistic chain lengths have been performed on the
Frenkel-Holstein model, to calculate static electronic absorption and emission spectra [32].
The obtained results showed good agreement with experiment [33–35]. Therefore in this
thesis we aim to use the theoretical models that have already been successfully applied
to calculate the static spectroscopic properties of conjugated polymer systems, to gain a
correct theoretical description of the exciton relaxation dynamics on the ultra-fast time
scales of interest.

1.3

Thesis Structure

In order to describe the exciton relaxation dynamics within polymer systems, a range
of theoretical models will be employed, which are all introduced in Chapter 2. We first
introduce the two-level conical intersection model, used to ascertain whether a particular
quantum dynamics method is able to correctly describe evolution through such features.
Nuclear coherent states are then introduced as a way of describing the dynamics of nu-
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clear degrees of freedom close to the ‘classical limit’. Within polymer systems the low
lying excited electronic states are described by the Frenkel model. This constitutes to
representing a single polymer chain as a one-dimensional array of sites (one for each moiety) and describing the electronic excitation as a single quasi-particle: a tightly-bound
electron-hole pair referred to as a Frenkel exciton. The exciton-nuclear coupling, which
induces the exciton relaxation dynamics, is then incorporated into the model by including a harmonic oscillator on each site, which couples locally to the exciton. This is the
so-called Frenkel-Holstein model. The different types of eigenstates for the Frenkel and
Frenkel-Holstein model are discussed, along with their analytical solutions in the adiabatic and anti-adiabatic limits. Finally, the Lindblad master equation is introduced,
which describes the time evolution of the system, while accounting for the dissipation of
the internal nuclear degrees of freedom by the environment.
In Chapter 3, the computational methods employed to obtain the quantum dynamics
associated with these models are outlined. The Lindblad master equation can be solved
using the quantum jump trajectory technique, which represents the system density matrix
as an average over so-called quantum trajectories. The time evolution of each trajectory
is then obtained from an effective time-dependent Schrödinger equation. One method
for approximately solving the time-dependent Schrödinger equation is to use Ehrenfest
dynamics, where the nuclei are treated classically. Additionally, a numerically exact
solution of this time-dependent Schrödinger equation can be achieved by using the time
evolving block decimation (TEBD) technique. For obtaining a large number of excited
eigenstates of the Frenkel-Holstein model, the limited functional space (LFS) approach
is introduced, in which the Hamiltonian is diagonalised in a reduced dimensional Hilbert
space containing basis states which have solely short range exciton-phonon correlations.
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The exciton relaxation dynamics associated with PPV polymer chains are obtained in
Chapter 4 using the quantum jump trajectory and time evolving block decimation techniques. Certain processes associated with the dynamics will be discussed, such as polaron
formation, exciton decoherence and exciton density localisation, where their corresponding time scales and mechanisms will also be elucidated. Finally, the model dynamics are
then compared to experiment by calculating the fluorescence anisotropy decay associated
with the time evolution.
In Chapter 5, the steady state solution to the Lindblad master equation is obtained
using a Lindblad perturbation theory developed by us. An analytical solution for the
steady state in the adiabatic and anti-adiabatic limits will be derived, while numerical
results are obtained using variants of the limited functional space approach. Expected
properties associated with the chromophore states of a polymer, such as polaron character
and short ranged exciton coherence and exciton localisation lengths, will be discussed with
regards to the steady state solutions. Finally, these results will be compared to the TEBD
dynamics obtained in the previous chapter.
To describe ‘classical’ torsional modes within our model, we introduce suitable computational techniques in Chapter 6. The TEBD-Ehrenfest technique is first introduced,
which is ideally suited to describe the adiabatic relaxation of an initial local exciton
ground state, with the dynamics occurring on a single potential energy surface. Finally,
the branching bundle trajectory technique is introduced, which is designed to describe
the relaxation dynamics of high energy initial exciton states in the classical limit. The
method is then tested on the two-level conical intersection model.
We conclude with a summary of the main results in this thesis, given in Chapter 7,
along with possible avenues for future research.
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2
Theoretical Background
To obtain a theoretical description of the exciton relaxation dynamics within polymers requires a model Hamiltonian, which contains the electronic and nuclear degrees of freedom
within the system, from which the quantum dynamics can then be computed. In general,
polymers contain many thousands of atoms, meaning that obtaining the dynamics from
a full atomistic model is computationally infeasible. Coarse-grained models are therefore
required, which contain only the most important degrees of freedom for describing the
particular process of interest.
In this section, we identify the important polymer degrees of freedom needed for an
accurate description of the exciton relaxation dynamics within these systems, as well as
introducing the various model Hamiltonians used to describe them. Additionally, the
equations of motion used to obtain the time evolution arising from these model Hamiltonians are given, which also includes the effect of weak system-environment coupling on
the system dynamics in a perturbative manner.

2.1

The Two-Level Conical Intersection Model

Exciton relaxation dynamics are induced in a polymer by photoexcitation of the system
into an excited electronic state. One important feature that strongly influences the resulting dynamics within this excited state manifold is the presence of conical intersections.
These features occur when two or more potential energy surfaces cross (i.e., become degenerate in energy at a particular nuclear geometry) and during the dynamics give rise

7
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to ultra-fast population transfer between the surfaces. It is also known that conical intersections are associated with strong nonadiabatic couplings, which require a quantum
mechanical treatment of the nuclear degrees of freedom to correctly describe the time
evolution of the system around these features.
One simple model used to describe a single conical intersection between two electronic
potential energy surfaces is the two-level conical intersection model, whose Hamiltonian
is given by [36, 37]:
ĤCI =


~ω  2
P̂x + P̂y2 + Ĥel (x̂, ŷ)
2

(2.1)

where P̂x and P̂y are the dimensionless momentum operators for the two nuclear degrees
of freedom (x and y) which both have phonon energy ~ω. Additionally, Ĥel (x̂, ŷ) is the
electronic Hamiltonian, which in the diabatic basis depends on the dimensionless nuclear
displacement operators x̂ and ŷ as follows:
x̂ ŷ
Ĥel (x̂, ŷ) = A~ω
ŷ −x̂

!
+


~ω 2
x̂ + ŷ 2
2

(2.2)

This model therefore corresponds to a two dimensional harmonic oscillator, which is linearly coupled to the electronic degrees of freedom through the first term in Eq. (2.2). The
strength of this electron-nuclear coupling is determined by the dimensionless electronphonon coupling parameter, A.
To identify the presence of a conical intersection in the model, the adiabatic potential
energy surfaces are obtained as the eigenvalues of the electronic Hamiltonian. Using two
dimensional polar coordinates:

2

2

2

r =x +y ,
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φ = tan

−1

y
x

(2.3)

2.1. The Two-Level Conical Intersection Model
the potential energies of the two surfaces can be written as follows [37]:

E+ (r) =


~ω 
(r + A)2 − A2 ,
2

E− (r) =


~ω 
(r − A)2 − A2
2

(2.4)

These adiabatic energies are shown in Fig. 2.1 as a function of x, for y = 0 and A = 10.
From this figure, a conical intersection between the two potential energy surfaces can be
identified, characterised by a crossing point at r = 0. For completeness, the corresponding
adiabatic basis states which diagonalise the electronic Hamiltonian are given by [37]:

|ψ+ (φ)i = cos

φ
2



|1i + sin

φ
2



|2i ,

|ψ− (φ)i = − sin

φ
2



|1i + cos

φ
2



|2i

(2.5)

where |1i and |2i are the diabatic basis states initially used to represent the electronic
Hamiltonian in Eq. (2.2).
While this model does not provide an accurate description of the excited electronic
states within complicated systems such as polymers, its simplicity does make it a useful
tool to test whether a particular dynamics technique can correctly describe the time
evolution through a conical intersection. To this end, we consider the following scenario.
The system, initially at the energy minimum of the E− surface (i.e., at x = A in Fig. 2.1),
undergoes photoexcitation to the upper E+ surface under a static nuclear geometry. This
process is illustrated by the black arrow in Fig. 2.1. The gradient of the upper E+ surface
at this nuclear geometry means that the subsequent dynamics will pass through the conical
intersection (positioned at x = 0) at some later time, as illustrated by the dashed and
dotted arrows in this figure. Numerically exact results for such a process within this model
can be obtained using the exact diagonalisation technique, allowing the correct physics
for passing through the conical intersection to be determined.
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Figure 2.1: The potential energy surfaces for the two-level conical intersection model for
y = 0 and A = 10, as a function of the nuclear displacement x. The solid arrow illustrates
the photoexcitation process considered from the energy minimum of the lower E− surface
to the upper E+ surface, from which the resulting quantum dynamics of interest occur.
The resulting dynamics before the conical intersection is reached is labelled by the dashed
arrow, while the dynamics after passing through the conical intersection is labelled by the
dotted arrows.


Figure 2.2, shows the time dependence after photoexcitation of P1 t̃ (the probability
of the system being in the diabatic electronic state |1i during the dynamics) for A = 10
and ~ω = 0.01 eV. In addition, t̃ = ωt is the dimensionless time. For simplicity, the case
where the initial nuclear geometry satisfies y = 0 and |x| = r is chosen so that numerically
it is observed that hŷi = hP̂y i = 0 during the resulting dynamics. This means that the
adiabatic and diabatic basis states become identical (i.e., |ψ+ i = |1i and |ψ− i = |2i for
x > 0 and |ψ+ i = |2i and |ψ− i = |1i for x < 0, as can be seen from Eqs. (2.3) and (2.5)).
From this figure, it can be seen that away from the conical intersection, the population on
each surface remains constant during the dynamics. However, a large population transfer
between the two surfaces occurs at t̃ ∼ 1, which corresponds to the time at which the
system passes through the conical intersection.

10
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Figure
 2.2: The probability of the system being in the |1i diabatic electronic state,
P1 t̃ , during the dynamics as a function of the dimensionless time, t̃ = ωt, after the
photoexcitation process has occurred. The parameters A = 10 and ~ω = 0.01 eV were
used. The a) and b) labels indicate whether the system has not or has passed through
the conical intersection respectively.

One effect of this population transfer is the splitting of the nuclear trajectory on passing
through the conical intersection [37]. This is shown in Fig. 2.3, which gives the probability

distribution for the harmonic oscillator having a displacement x, P x, t̃ , as a function of
the dimensionless time during the dynamics. Before the conical intersection is reached, the
system evolves purely on the E+ surface and therefore follows a single nuclear trajectory,
as illustrated by arrow a) in Fig. 2.1. After the population transfer, the system now
evolves independently on both surfaces, giving rise to two separate nuclear trajectories,
as illustrated by the arrows b) in Fig. 2.1. It is this splitting of the nuclear trajectory
on passing through the conical intersection which explains why a quantum treatment of
the nuclear degrees of freedom is needed to correctly describe the time evolution of the
system around these features.
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Figure 2.3: The
 probability distribution for the harmonic oscillator having a displacement x, P x, t̃ , as a function of the dimensionless time, t̃ = ωt, after the photoexcitation
process has occurred. The parameters A = 10 and ~ω = 0.01 eV were used. The a) and b)
labels illustrate whether the system has not or has passed through the conical intersection
respectively.

2.2

Coherent States

In the previous section, it was shown that for the two-level conical intersection model, the
time dependent probability density for the harmonic oscillator having a displacement x
took the form of a linear combination of multiple ‘classical like’ trajectories. This is known
to be a more general result for the dynamics of the nuclear degrees of freedom in electronnuclear coupled models close to the classical limit (i.e., where ~ω → 0). Hence to efficiently
describe the time evolution of the nuclear degrees of freedom in this limit requires quantum
states that have the form of frozen Gaussian wavepackets (i.e., a wavepacket with fixed
width) and whose average displacements and momenta evolve along the correct ‘classical
like’ trajectories. Coherent states satisfy both of these requirements.
Coherent states, |αi, are defined as the eigenstates of the harmonic oscillator destruc-
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tion operator, b̂, as follows [38, 39]:

(2.6)

b̂ |αi = α |αi ,

where α is the associated eigenvalue and is in general complex, as a result of b̂ not being a
Hermitian operator. Additionally, the harmonic oscillator destruction operator is defined
as [40]:

1 
b̂ = √ Q̂ + iP̂
2

(2.7)

where Q̂ and P̂ are the dimensionless displacement and momentum operators respectively.
From this definition of a coherent state, the following expression can be obtained in terms
of the harmonic oscillator eigenstates, |ni [38, 39, 41]:

|αi =

1 2
e− 2 |α|

∞
X
αn
√ |ni
n!
n=0

(2.8)

where it can be shown that Eq. (2.8) does indeed satisfy Eq. (2.6) by using the property
of the harmonic oscillator destruction operator that b̂ |ni =

√

n |n − 1i.

Coherent states have several convenient properties. One such property is that the
eigenvalue of a coherent state encodes its average displacement and momentum. To see
this, the following expressions for Q̂ and P̂ can be obtained using Eqs. (2.6) and (2.7) [39]:
hα|(b̂† + b̂)|αi √
√
= 2Re(α)
2
i hα|(b̂† − b̂)|αi √
√
hα|P̂ |αi =
= 2Im(α)
2

hα|Q̂|αi =

(2.9)

where b̂† is the harmonic oscillator creation operator and corresponds to the Hermitian
conjugate of the analogous destruction operator.
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Secondly, coherent states have the minimum uncertainty allowed by the Heisenberg
uncertainty principle. To show this, expressions for hQ̂2 i and hP̂ 2 i can be obtained from
Eqs. (2.6) and (2.7) [39]:
hα|(b̂† + b̂)(b̂† + b̂)|αi
= 2 [Im(α)]2 + 12
2
− hα|(b̂† − b̂)(b̂† − b̂)|αi
= 2 [Re(α)]2 +
hα|P̂ 2 |αi =
2

hα|Q̂2 |αi =

(2.10)
1
2

where we have additionally used that [b̂, b̂† ] = 1. Combining these results with Eq. (2.9)
gives us the following expression, which is satisfied by coherent states [39]:

∆X∆P =

where ∆A =

q

1
2

(2.11)

2

hÂ2 i − hÂi is the standard deviation for the observable corresponding

to Â. The fact that coherent states have minimum uncertainty (confirmed by comparing
Eq. (2.11) to the uncertainty principle ∆X∆P ≥ 21 ) makes them ideally suited to describe
any nuclear degrees of freedom close to the classical limit.
Finally, coherent states exactly solve the time-dependent Schrödinger equation for a
linearly driven harmonic oscillator [42]. The Hamiltonian for such a system can be written
as follows:


†

ĤHO = ~ω b̂ b̂ +
where ~ω is the phonon energy and f t̃



1
2





f t̃ ~ω  †
− √
b̂ + b̂
2

(2.12)

is the time-dependent, dimensionless external

force. For the following coherent state ansatz:

|ψCoh i = eiχ |αi
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the associated time-dependent Schrödinger equation is then given by:
i
d |ψcoh i
= − ĤHO |ψcoh i
~ω
dt̃

(2.14)

where t̃ = ωt is the dimensionless time. Inserting the definition of a coherent state
given by Eq. (2.8) into this time-dependent Schrödinger equation results in the following
expression:
dχ 1 d |α|2
−2
i
dt̃
dt̃

!
|ψcoh i +

−i

1 2
eiχ e− 2 |α|


∞ 
X
dα nαn−1
√
|ni =
d
t̃
n!
n=0

 !
!
∞
1 2X
f
t̃
1 f t̃ α
nαn−1
√
− √
|ψcoh i − ieiχ e− 2 |α|
α− √
|ni (2.15)
2
2
2
n!
n=0

where we have used the fact that a coherent state is an eigenstate of the harmonic oscillator
destruction operator, b̂, given by Eq. (2.6). In addition, the following expression for the
application of the harmonic oscillator creation operator, b̂† , to a coherent state has also
been used:

†

b̂ |αi =

1 2
e− 2 |α|

∞
X
n=0

where b̂† |ni =

√
∞
X
1
n + 1αn
nαn−1
− |α|2
2
√
√
|n + 1i = e
|ni
n!
n!
n=0

(2.16)

√
n + 1 |n + 1i. To solve the expression in Eq. (2.15), we equate terms of

similar form to give:

if t̃
dα
= √ − iα
dt̃
2

dχ
i d |α|2 f t̃
1
=−
+ √ α−
2 dt̃
2
dt̃
2

(2.17)

This expression for χ can be simplified by using the first line in Eq. (2.17) to generate an
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expression for

d|α|2
,
dt̃

which leads to the final result:

if t̃
dα
= √ − iα
dt̃
2



dχ
1
=
f t̃ hQ̂i − 1
2
dt̃

(2.18)

where we have used the equation for hQ̂i given in Eq. (2.9). Therefore Eqs. (2.13) and
(2.18) form the exact solution to the time-dependent Schrödinger equation for a linearly
driven Harmonic oscillator. The physical interpretation of the first line in Eq. (2.18) can
be identified by using Eq. (2.9) to obtain the time dependence of hQ̂i and hP̂ i:
d hQ̂i
= hP̂ i
dt̃

d hP̂ i
= f t̃ − hQ̂i
dt̃

(2.19)

which are identical to Newton’s equations of motion for the classical driven Harmonic
oscillator. Thus the time evolution of coherent states do indeed mimic ‘classical like’
trajectories as required.

2.3

Polymer Conformations and Coarse-Graining

Before we consider models which can be used to accurately describe the exciton relaxation
dynamics within polymers, we first need to understand the structure of such materials.
In this thesis we consider solely amorphous phases of poly(p-phenylene vinylene) (PPV),
for which the individual polymer chains themselves occur in many quasi-random conformations, arising from fluctuations in the torsional angles around the single carbon-carbon
bonds, as well as defects in the polymer chains themselves. While in the solid state these
torsional angle fluctuations are quasi-static, in solution they give rise to dynamical dis-
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order. However, as the time scale for exciton relaxation is much shorter than for the
conformational dynamics, the observables associated with the exciton relaxation dynamics can be calculated by averaging over an ensemble of static polymer chain conformations
for both phases.
Figure 2.4 illustrates how each polymer conformation of PPV is generated. With a
phenylene unit as the starting moiety, the polymer chain is obtained using the parameter
values given in Table 2.1, along with the following rules [15]:
• The torsional angles about the single carbon-carbon bonds, φm , are taken as Gaussian random variables, with a mean hφi and standard deviation σφ .
• With equal probability, the torsional angles, φm , and the vinylene bond angles, θm ,
can be positive or negative, corresponding to an anticlockwise or clockwise rotation
respectively.
• For a pure polymer chain, all vinylene units take the lowest energy trans geometry.
However, trans-cis defects are introduced randomly along the chain, with probability
xcis .
Parameter
hφi
xcis

Value
15°
0.08

Parameter
σφ
θ

Value
5°
60°

Table 2.1: Parameters used to generate the conformations associated with PPV polymer
chains [15].
Such polymer chain conformations can then be used to aid the parametrisation of coarsegrained models.
As stated previously, the exciton relaxation dynamics of interest proceed initially from
an excited electronic state of the polymer accessible by photoexcitation. Therefore a
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Figure 2.4: The mapping of a polymer chain conformation to a coarse-grained linear site
model. Each site corresponds to a moiety along the polymer chain, with the connection
between sites characterised by the torsional angle, φm . Also shown is the dipole unit
vector, sm , associated with site/moiety m.

prerequisite of any model used in this thesis is that it can accurately describe such electronically excited states. Due to the photon energy associated with radiation in the visible
to ultraviolet range of the electromagnetic spectrum, the photoexcitation process in conjugated polymers will involve a π ∗ → π transition. Within this description, the orbitals
which make up the fully occupied π band are formed from the highest occupied molecular
orbital (HOMO) on each moiety of the polymer chain, while the orbitals which make
up the unoccupied π ∗ band are analogously formed from the lowest unoccupied molecular orbital (LUMO) on each moiety. The resulting excited electronic state can then be
described by an electron in the unoccupied π ∗ band and a hole (i.e., the absence of an
electron) in the fully occupied π band. Together, this electron-hole pair is commonly
referred to as an exciton.
An exciton state can be characterised in terms of two coordinates; the centre of mass
coordinate of the exciton, R, and the electron-hole separation, r. These coordinates are
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defined as follows [43]:
R = 12 (re + rh ) ,

r = re − rh

(2.20)

where re and rh are the coordinates of the electron and hole respectively. Due to the large
electron-electron interactions present in conjugated polymer systems and one-dimensionality,
an exciton in general has a large binding energy on the order of ∼ 1 eV [2, 44], such that
the electron and hole typically occupy the same moiety of the polymer chain. This is
known as a Frenkel exciton [45]. This feature suggests that an advantageous way to
coarse-grain the electronic degrees of freedom is to represent the polymer chain as a linear
array of sites, where each site corresponds to one of the moieties of the polymer [15]. This
mapping is illustrated in Fig. 2.4. The advantage of such a coarse-grained model is that
now we only need to consider how the centre of mass of the Frenkel exciton, R, propagates
along the array of sites. In creating the model, a single Frenkel exciton state is kept per
site, corresponding to the lowest energy excitation of each moiety (i.e., the LUMO to
HOMO transition), such that in principle all physically relevant transitions between the
fully occupied π band to the fully unoccupied π ∗ band are included. Additionally, only
the singlet spin state of the exciton is considered, such that the spin selection rules are
satisfied for its formation during the photoexcitation process.

2.4

The Frenkel Model

Within the Hilbert space associated with the linear site model introduced above, the
initial exciton state of a PPV polymer generated after photoexcitation can be described
by the Frenkel Hamiltonian [2, 46, 47]:

ĤF =

X
m

m â†m âm +

X



Jm â†m+1 âm + â†m âm+1

(2.21)

m
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where â†m (âm ) is the exciton creation (destruction) operator, which creates (destroys) a
Frenkel exciton on site/moiety m of the polymer chain. For PPV, the odd and even sites,
m, correspond to phenylene and vinylene moieties respectively. Within this Hamiltonian,
the on-site energy is given by:

m = E0 + (−1)m

∆
+ αm
2

(2.22)

where E0 − ∆/2 and E0 + ∆/2 are the respective LUMO-HOMO excitation energies for
phenylene and vinylene moieties. In addition, αm represents the diagonal disorder, with
standard deviation σα . This diagonal disorder arises physically from density fluctuations
in the environment around the polymer chain, due to the inhomogeneity of the material
[11, 48].
The final term in the Frenkel Hamiltonian gives rise to the migration of the Frenkel
exciton between nearest-neighbour sites/moieties, through the hopping integral given by
[43, 49]:
Jm = J DD + J SE cos2 φm

(2.23)

where φm is the torsional angle between moieties m and m + 1, which is obtained from the
generated polymer conformations discussed in the previous section. From Eq. (2.23), we
see that there are two contributions to the nearest-neighbour hopping integral. The first
contribution arises from a through space dipole-dipole interaction, which is incorporated
DD
through the term Jn,m
:
DD
Jn,m
=

κn,m µ20
3
4πr 0 Rn,m

(2.24)

where µ0 is the magnitude of the transition dipole moment on any given moiety and Rn,m
is the distance between the centres of moieties n and m. In addition, κn,m is a structure
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Frenkel Exciton
LUMO
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Charge-Transfer Exciton

Frenkel Exciton
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+

HOMO
Figure 2.5: A schematic diagram illustrating the migration of the Frenkel exciton from
site m to site m + 1 via the through bond superexchange mechanism. The solid circle
represents the electron, while the open circle represents the hole, which together form the
exciton. The superexchange mechanism results in an intermediate charge-transfer exciton
state, in which the electron and hole occupy different moieties along the polymer chain.

factor given by:
κn,m = sm · sn − 3 (Rn,m · sm ) (Rn,m · sn )

(2.25)

where sm is the dipole unit vector on site/moiety m (illustrated in Fig. 2.4) and Rn,m is
a unit vector which points between the centres of moieties m and n. While in principle
this interaction term is non-zero between all moieties in the polymer chain, the rapidly
3
in Eq. (2.24) means that we only include the largest nearestdecaying nature of 1/Rn,m
DD
DD
).
= Jm+1,m
neighbour interactions within the Hamiltonian (i.e., J DD = Jm,m+1

The second contribution to the hopping integral arises from a through bond superexchange interaction, in which the system passes through an intermediate charge-transfer
exciton state [2]. This process is illustrated pictorially in Fig. 2.5, where the Frenkel
exciton moves to a nearest-neighbour moiety by successive migrations of the electron and
hole (in either order) through the π bond linking the two moieties. An expression for the
hopping integral associated with such a process is given by:

SE
Jm,m+1
=−

2t2m
∆E

(2.26)

where tm is the electron/hole transfer integral linking moieties m and m + 1, ∆E is
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the energy difference between the charge-transfer and Frenkel exciton states and the
factor of 2 occurs because there are two pathways through which the superexchange
process can proceed, differing by which particle (i.e., the electron or hole) moves first.
The electron/hole transfer integral tm has a cos φm dependence, arising from the overlap
between the pz orbitals on neighbouring moieties through which the electron and hole
are transferred. This leads to the expression for the superexchange contribution to the
nearest-neighbour hopping integral given by the second term in Eq. (2.23). Thus from
Eq. (2.23), torsional fluctuations in the polymer chain give rise to disordered hopping
integrals in the Frenkel Hamiltonian.
For the Frenkel Hamiltonian containing L sites, the eigenstates and associated energy
eigenvalues can be obtained using the exact diagonalisation technique, for a particular
instance of the disorder. These energy eigenvalues can be visualised using the associated
density of states, which is given in Fig. 2.6 and corresponds to the thermodynamic limit
(when L → ∞). Figure 2.6 has also been averaged over many instances of the disorder.
The two distinct bands present in the spectrum correspond to the different exciton energies
for the phenylene and vinylene moieties, while the divergent nature of the density of states
at the band edges is a symptomatic feature of one-dimensional systems [50]. The presence
of disorder in the model, which enters through the site energies and hopping integrals,
gives rise to the band asymmetry in the spectrum.
This disorder also leads to the Frenkel Hamiltonian having two forms of eigenstates.
The low energy states of the Hamiltonian are Anderson localized [51], non-overlapping and
nodeless states, called local exciton ground states (LEGSs) [52–55]. A LEGS is quantified
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Figure 2.6: The density of states, N (E), for the Frenkel Hamiltonian eigenstates, as
a function of the energy eigenvalues E. The density of states is averaged over several
instances of the disorder and corresponds to the thermodynamic limit, when L → ∞.

by a signed-value parameter, α, defined as:

α=

X

|ψm | ψm

(2.27)

m

where ψm is the probability amplitude of the Frenkel exciton being on site m. In accord
with previous work, we define a LEGS as satisfying α ≥ 0.95 [52,55]. The exciton density
for three LEGSs corresponding to a particular conformation of a 99 moiety PPV polymer
chain are given in Fig. 2.7. It is the width of these states that define the size of the
polymer’s absorbing chromophores [56]. In addition, the Frenkel Hamiltonian has higher
energy eigenstates that are delocalised over several chromophores, called quasi-extended
exciton states (QEES) [2]. The exciton density for a QEES on the same 99 moiety PPV
polymer chain is given in Fig. 2.8.
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Figure 2.7: The three local exciton
ground states (LEGSs) for one particular conformation of a PPV polymer
chain made up of 99 moieties. The exciton centre-of-mass quantum number, j,
for each state is also given.

2.5

20

40

60

80

Moiety Number

Figure 2.8: The associated exciton
density of a QEES, with quantum number j = 7, for one particular conformation of a PPV polymer chain made up of
99 moieties.

The Frenkel-Holstein Model

Relaxation of a LEGS or QEES is physically induced by exciton-nuclear coupling, which
allows the nuclear geometry of the polymer to distort so that it best stabilises the newly
formed excited electronic state. Most vibrational normal modes in a polymer, such as
in PPV, can be neglected within our model, because they either couple weakly to the
exciton or have a low vibrational frequency, such that they do not strongly influence the
exciton dynamics on the ultra-fast time scale of interest. As in previous work, we thus
consider the Frenkel exciton coupling to a single high frequency normal mode per moiety
(the benzenoid-quinoid distortion in the phenylene unit and the C-C double bond stretch
in the vinylene unit). These vibrational modes are illustrated in Fig. 2.9 and are shown to
couple strongly to the exciton degrees of freedom by quantum chemistry calculations [2].
The exciton and nuclear degrees of freedom within such a framework can be modelled
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Vinylene Stretch

Benzenoid-Quinoid
Distortion

Figure 2.9: A schematic diagram illustrating the vibrational mode associated with the
vinylene stretch and the benzenoid-quinoid distortion, occurring on the corresponding
moiety of the PPV polymer chain. Both normal modes couple strongly to the Frenkel
exciton degrees of freedom and have high vibrational frequencies of ∼ 1800cm−1 .
using the Frenkel-Holstein Hamiltonian [32, 57, 58]:



X
A~ω X †
b̂†m b̂m + 12
âm âm b̂†m + b̂m + ~ω
ĤFH = ĤF − √
2 m
m

(2.28)

where A is the dimensionless exciton-nuclear coupling parameter, which determines the
strength of the exciton-phonon coupling, and ~ω is the phonon energy associated with
the vibrational normal modes. Within the Frenkel-Holstein model, the vibrational normal
mode on moiety/site m is represented by a harmonic oscillator, where b̂†m (b̂m ) is the
associated dimensionless harmonic oscillator creation (destruction) operator. The values
for the Frenkel-Holstein Hamiltonian parameters that we used to model PPV [15] are
given in Table 2.2.
Parameter

Value

Parameter

Value

E0

9.24 eV

J DD

−1.35 eV

∆

3.20 eV

~ω

0.2 eV

σα

65 meV

A

4.00

J SE

−1.96 eV

γ̃

0.033

Table 2.2: Parameters used in the Frenkel-Holstein Hamiltonian [15].

25

Chapter 2. Theoretical Background

Figure 2.10: The three local exciton ground states (LEGSs, dashed lines) and the three
vibrationally relaxed states (VRSs, solid lines) for one particular conformation of a PPV
polymer chain made up of 99 moieties. The exciton centre-of-mass quantum number, j, for
each state is also given. The VRSs were obtained using the density matrix renormalisation
group technique [61], allowing a maximum of two phonons per site.

One effect of the exciton-nuclear coupling term in this Hamiltonian is to further localise
the exciton density of the low energy LEGSs, to create so-called vibrationally relaxed
states (VRSs) [59]. These VRSs are the low energy eigenstates of the Frenkel-Holstein
Hamiltonian [60], with their associated exciton densities given by the solid curves in
Fig. 2.10 for a 99 moiety PPV polymer chain. Comparing these VRSs with their associated
LEGSs (given by the dashed curves) shows that the degree of self-localisation arising from
coupling to the high frequency vibrational modes is small, leading to the spatial extent of
the VRSs still being largely determined by the disorder in the Frenkel Hamiltonian [59,60].
It is the width of these VRSs that define the size of the polymer’s emissive chromophores
[15].
One additional feature associated with the vibrationally relaxed states is that they
exhibit exciton-polaron character. An exciton-polaron is a quasiparticle consisting of an
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exciton ‘dressed’ by local displacements of the nuclei. The effective size of the excitonpolaron can be described by the exciton-phonon correlation function [62]:

Cnex-ph =

where the factor

1
A

tonian [63] (i.e.,

P

1X †
hâ âm Q̂m+n i
A m m

(2.29)

normalises the function for eigenstates of the Frenkel-Holstein Hamiln

Cnex-ph = 1). Physically, this correlation function corresponds to the

average nuclear displacement n sites away from the exciton. The exciton-phonon correlation function is given in Fig. 2.11 for the lowest energy VRS of a 99 moiety polymer
chain, for several values of the phonon energy, ~ω. The exciton-phonon correlation function shows an exponential dependence on the exciton-phonon separation n, which is a
signature of exciton-polarons [60, 64]. Deviations from this exponential behaviour arise
due to the disorder in the model, which leads to non uniform exciton density distributions
among the moieties/sites, which enter the correlation function through the density operator â†m âm . From this figure, the size of the exciton-polaron is shown to depend strongly
on the phonon energy, ~ω, with the exciton-phonon correlation length increasing with
decreasing phonon energy. This arises because as ~ω decreases, the time scale associated
with the nuclear motion decreases relative to the exciton. Therefore the nuclei cannot respond as quickly to the exciton propagation, leading on average to a larger exciton-phonon
separation [60].
In practice, the physics of the model can be best controlled by using the adiabatic
parameter, which is defined as follows [60]:

ω0 =

~ω
|hJi|

(2.30)
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Figure 2.11: The exciton-phonon correlation function, Cnex-ph , which corresponds to
the average nuclear displacement n sites away from the Frenkel exciton and is defined in
Eq. (2.29). This correlation function is given for the lowest energy VRS of a PPV polymer
chain conformation made up of 99 moieties, for several values of the phonon energy, ~ω.

where hJi is the exciton nearest-neighbour hopping integral averaged over all sites. Physically, the adiabatic parameter gives the ratio of the exciton and nuclear time scales. Using
this parameter, we can define two limits. The adiabatic limit is defined by ω 0 → 0 and
corresponds to the nuclei being essentially stationary on the time scale of the exciton,
while the opposite anti-adiabatic limit is defined by ω 0 → ∞ and corresponds to the
nuclear dynamics being much faster than that of the exciton.
For both limits to be well defined, all the terms in the Frenkel-Holstein Hamiltonian,
given by Eq. (2.28), must remain finite. For the harmonic oscillator part of the Hamiltonian, this can be ensured by defining new scaled harmonic oscillator destruction operators
√
equal to ~ω b̂m . Therefore for the exciton-phonon coupling term in the Frenkel-Holstein
Hamiltonian, given by Eq. (2.28), to have a finite contribution with these new scaled harmonic oscillator destruction operators, the following exciton-phonon coupling parameter
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must remain constant [60]:
λ=

A2 ~ω
2

(2.31)

This parameter physically corresponds to the exciton-polaron relaxation energy in the
atomic limit. Keeping λ constant also ensures that the exciton localisation length remains
static as the adiabatic limit is approached (as will be shown in Section 2.5.1) [60]. Instead
√
of using the scaled harmonic oscillator destruction operators, ~ω b̂m , it is often more
convenient to use the following dimensionless operators:
r
b̂0m

=

~ω
b̂m
2λ

(2.32)

As the average nuclear displacement for an eigenstate of the Frenkel-Holstein Hamiltonian
satisfies hQ̂m i = A hâ†m âm i, using these dimensionless operators therefore results in the
primary dependence of the exciton-phonon coupling parameter being removed from such
expectation values.
Analytic solutions for the eigenstates of the Frenkel-Holstein model exist in both the
adiabatic and anti-adiabatic limits. We now consider these two cases in turn.

2.5.1

Adiabatic Limit

In the adiabatic limit, the nuclear degrees of freedom behave classically and the BornOppenheimer approximation becomes valid [40]:

|ψβ i = |ψβ, ex (Q0 )i ⊗ |φph, 1 i ⊗ · · · ⊗ |φph, L i

(2.33)

Within this mean-field ansatz, |φph, m i is the nuclear quantum state associated with the
harmonic oscillator on site m. In addition, |ψβ, ex (Q0 )i is the quantum state associated
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with the exciton degrees of freedom, with quantum number β, which in general also
depends on the nuclear coordinates, Q0m = hφph, m |Q̂0m |φph, m i. This excitonic quantum
state can be written in the exciton site basis:

|ψβ, ex (Q0 )i =

X

(2.34)

ψβ, m |mi

m

where |mi is the quantum state associated with the exciton residing on site m and ψβ, m
is the corresponding probability amplitude.
From the expression for the Frenkel-Holstein Hamiltonian given in Eq. (2.28), the
following Born-Oppenheimer Hamiltonian can be obtained:

ĤBO = ĤF − 2λ

X

Q0m â†m âm + λ

m

X

(Q0m )

2

(2.35)

m

where Q0m is the classical nuclear displacement for the oscillator on site m, given in terms
of the new dimensionless coordinates introduced in Eq. (2.32). The eigenvalues, Eβ , of this
Hamiltonian correspond to the adiabatic potential energy surfaces for the Frenkel-Holstein
model:
ĤBO |ψβ, ex (Q0 )i = Eβ (Q0 ) |ψβ, ex (Q0 )i

(2.36)

Of particular interest are the minimum points of these surfaces, which correspond to the
stable equilibrium geometries of the system. Using the Hellmann-Feynman theorem, the
following expression can be obtained for the surface gradients [40]:
dEβ
=
dQ0m

*
ψβ, ex (Q0 )

+

dĤBO
ψβ, ex (Q0 )
0
dQm

(2.37)

Inserting Eq. (2.35) into Eq. (2.37) then leads to the following constraint that is satisfied
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for the stationary points of the adiabatic surfaces [15]:

Q0m = |ψβ, m |2

(2.38)

Imposing this constraint by inserting Eqs. (2.35) and (2.38) into Eq. (2.36) results in a
non-linear eigenvalue equation for the probability amplitudes, ψβ, m , associated with these
stationary points. In the case where the Frenkel Hamiltonian contains no disorder (i.e.,
ĤF corresponds to the Hamiltonian for a continuum tight binding model with uniform
nearest-neighbour hopping integrals, hJi), this non-linear eigenvalue equation has the
following analytic solutions [57, 65, 66]:
s
ψβ, m =



λ (m − m0 )
λ
sech
4 |hJi|
2 |hJi|

(2.39)

These correspond to the VRSs of the model and describe the exciton becoming selflocalised around the site m0 , with a spatial extent inversely proportional to the excitonnuclear coupling strength. In addition, all these states (each corresponding to a different
value of m0 ) are degenerate, arising from the translational invariance of the system in the
case where no disorder is present in the model. Adding disorder breaks this translational
symmetry and ‘pins’ these solutions to certain specific values for the central site, m0 . This
can be seen by obtaining the stationary points of the adiabatic surfaces numerically, for a
particular instance of the disorder within the Frenkel-Holstein Hamiltonian, by iteratively
solving Eq. (2.36) while simultaneously imposing the constraint given by Eq. (2.38).
For the 99 site Frenkel-Holstein model considered previously, five adiabatic VRSs exist,
with their associated exciton densities and centre-of mass quantum numbers, j, given in
Fig. 2.12. The exciton densities for all these adiabatic VRSs are much further localised
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Figure 2.12: The five vibrationally relaxed states (VRSs) for one particular conformation
of a PPV polymer chain made up of 99 moieties, calculated in the adiabatic limit. The
exciton centre-of-mass quantum number, j, for each state is also given. The VRSs given
by the solid curves in this figure each have an associated LEGS in the underlying Frenkel
model, all of which are given in Fig. 2.7. In contrast, the VRSs given by the dashed curves
have no associated localised state in the Frenkel model and arise solely as a result of the
exciton-nuclear coupling.

than for the VRSs corresponding to the system with quantum nuclei of ~ω = 0.2 eV
(whose exciton densities are given in Fig. 2.10). This is because coupling the exciton to
static classical nuclei is known to have a much greater localisation effect compared to
the Anderson localisation arising from the disorder in the model, giving rise to so called
Landau polarons [59, 67, 68]. Of these adiabatic VRSs, those given by the solid curves in
Fig. 2.12 are ‘pinned’ in the same location as a LEGS (whose exciton densities are given
in Fig. 2.7), while those VRSs given by the dashed curves have no corresponding localised
state in the underlying Frenkel model. To understand the origin of the adiabatic VRSs
given by the dashed curves, we consider the strong coupling limit of the Born-Oppenheimer
Hamiltonian, where λ/ hJi → ∞. In this limit, the effect of the nearest-neighbour exciton
hopping term in ĤF becomes vanishingly small, giving rise to L adiabatic VRSs which
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correspond to |ψβ, ex i = |mi (i.e., the VRSs correspond to the exciton becoming selflocalised onto a single site within the model) [69]. Hence the number of adiabatic VRSs
for a given Frenkel-Holstein model must be between nLEGs (the number of LEGSs) and L
and solely depends on the value of λ/ hJi.
Additionally, for the adiabatic VRSs, the exciton-phonon correlation function is given
by:
Cnex-ph =

X

|ψβ, m |2 |ψβ, m+n |2

(2.40)

m

The exciton-polaron therefore has maximal size in the adiabatic limit, with the range
of exciton-phonon correlations only limited by the spatial extent of the exciton density
[60, 64].

2.5.2

Anti-Adiabatic Limit

In the limit ω 0 → ∞ (while the exciton-phonon coupling parameter, λ, is kept constant)
the Frenkel-Holstein Hamiltonian can be diagonalised by performing the so-called LangFirsov transformation [70, 71]. This unitary transformation is defined as follows:

ˆ = e−Ŝ Ĥ eŜ
H̃
FH
FH

(2.41)

where Ŝ is an anti-Hermitian operator given by:
r
Ŝ = −i

and P̂m =

√i (b̂† − b̂m )
2 m

2λ X †
â âm P̂m
~ω m m

(2.42)

is the dimensionless momentum operator, for the oscillator on site

m. Physically, the Lang-Firsov transformation corresponds to a shift in the displacement
of the oscillator on the exciton site, by an amount given by the dimensionless exciton-
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phonon coupling parameter, A.
To simplify this expression for the transformed Frenkel-Holstein Hamiltonian, the comh
i
h
i
Ŝ
Ŝ
mutator ĤFH , e must be evaluated. While a simple expression for Â, e for an
arbitrary operator Â does not exist, in the case where [Â, Ŝ] commutes with Ŝ (i.e.,
[[Â, Ŝ], Ŝ] = 0), the following equation is valid:

h
i h
i
Â, eŜ = Â, Ŝ eŜ

(2.43)

which is obtained by inserting the Taylor expansion of exp[Ŝ] into the left-hand side
of Eq. (2.43). From Eq. (2.43), the following expression for the transformed operator,
Ãˆ = e−Ŝ ÂeŜ , can be obtained [38, 72]:

h
i
Ãˆ = Â + Â, Ŝ

(2.44)

One such operator that satisfies the requirement that [[Â, Ŝ], Ŝ] = 0 is the harmonic
oscillator destruction operator for site m, b̂m . As a result, this operator has the following
form, after the Lang-Firsov transformation has been applied:
A †
ˆb̃ = b̂ + √
âm âm
m
m
2

(2.45)

The Lang-Firsov transformed Hamiltonian can now be obtained by inserting Eq. (2.45)
into the Frenkel-Holstein Hamiltonian, given by Eq. (2.28) [73]:



ˆ = e−Ŝ Ĥ eŜ + ~ω X b̂† b̂ + 1 − λ
H̃
m
FH
F
m
2

(2.46)

m

From Eq. (2.46), we see that the only term not to be brought into diagonal form is
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that which involves the Frenkel Hamiltonian, ĤF . In this Frenkel Hamiltonian term, the
additional exponential factors, eŜ , physically correspond to the presence of a vibrational
overlap contribution to the exciton nearest-neighbour hopping [74], as a result of the
applied transformation. However in the anti-adiabatic limit, when ~ω → ∞ while λ and
hJi remain constant, e−Ŝ ĤF eŜ ' ĤF and as a result the Lang-Firsov transformation fully
diagonalises the Frenkel-Holstein Hamiltonian:



ˆ ' Ĥ + ~ω X b̂† b̂ + 1 − λ
H̃
FH
F
m
m
2

(2.47)

m

Therefore in the anti-adiabatic limit, the eigenvalues of the Frenkel-Holstein Hamiltonian
for a L site chain are given by:

Ek, nphon = k + ~ω nphon +

1
2



−λ

(2.48)

where k is the eigenvalue of the Frenkel Hamiltonian corresponding to the state with
quantum number k and nphon is the total number of phonons present. Additionally, the
corresponding eigenkets have the following form in the transformed basis:

|ψ̃k, n1 , n2 ,.., nL i = |ki ⊗ |n1 i ⊗ |n2 i ⊗ · · · ⊗ |nL i

(2.49)

where |ki is the eigenket of the Frenkel Hamiltonian, with quantum number k, |nm i is the
harmonic oscillator eigenket for site m, with quantum number nm and the untransformed
and transformed eigenkets of the Frenkel-Holstein Hamiltonian are related as follows:

|ψk, n1 , n2 ,.., nL i = eŜ |ψ̃k, n1 , n2 ,.., nL i

(2.50)
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Hence in the anti-adiabatic limit, any observables solely associated with the exciton are
unaffected by the presence of the exciton-phonon coupling term in the Frenkel-Holstein
Hamiltonian.
Additionally, for the eigenstates of the Frenkel-Holstein Hamiltonian in their vibrational ground state, the exciton-phonon correlation function is given by [64]:

Cnex-ph = δn, 0

(2.51)

where δn, 0 is the Kronecker delta. The exciton-polaron therefore has minimal size in the
anti-adiabatic limit. This result can be confirmed from the expression for the associated anti-adiabatic eigenkets within the untransformed basis, obtained using Eqs. (2.49)
and (2.50). Firstly, the exponential operator, exp[Ŝ], can be simplified using the BakerHausdorff formula [75, 76]:
eÂ+B̂ = eÂ eB̂ e−[Â, B̂]/2

(2.52)

which is valid if the operators Â and B̂ commute with their commutator, [Â, B̂]. Using this
expression, along with that for the operator Ŝ given in Eq. (2.42), leads to the following
expression for the exponential transformation operator [38, 72]:
√ 2λ P †
√ 2λ P †
†
λ
eŜ = e ~ω m âm âm b̂m e− ~ω m âm âm b̂m e− 2~ω

(2.53)

Finally, an expression for the eigenstates of the Frenkel-Holstein model in their vibrational
ground state, |ψk, 01 ,.., 0L i, can then be obtained by inserting Eq. (2.53) into Eqs. (2.49)
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and (2.50), as well as using b̂m |0m i = 0 [38, 72]:

|ψk, 01 ,.., 0L i =

X
m

 λ
ψk, m |mi ⊗ |01 i ⊗ · · · ⊗ e− 2~ω

∞
X

=

ψk, m |mi ⊗ |01 i ⊗ · · · ⊗ αm =

m

λ
~ω

λ
~ω

qm

√

qm =0

r
X

q

qm !



|qm i 
 ⊗ · · · ⊗ |0L i

+
⊗ · · · ⊗ |0L i
(2.54)

In this expression, ψk, m is the probability amplitude for the exciton residing on site m,
for the Frenkel eigenstate with quantum number k and |qm i is the harmonic oscillator
eigenstate for the oscillator on site m, with quantum number qm . Hence the quantum
state associated with the oscillator on the exciton site corresponds to a displaced coherent
state (as defined in Eq. (2.8)), confirming that the exciton-phonon correlations are purely
local in the anti-adiabatic limit.

2.6

The Lindblad Master Equation

To describe the time evolution of a Frenkel exciton (initially prepared in a high energy
QEES or LEGS) relaxing into the low energy VRSs of the polymer chain, the model
must allow the system to lose excess energy to the environment (where throughout this
thesis, the system is defined as containing both the exciton and internal phonon degrees of
freedom and is described by the Hamiltonian given in Eq. (2.28), whereas the environment
is defined as anything external to the polymer chain of interest). Dissipation of energy
arising from system-environment coupling is commonly accounted for by describing the
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time evolution of the quantum system by a Lindblad master equation [77–79]:

i γ̃ X 
i h
∂ ρ̂
†
†
†
=−
b̂m b̂m ρ̂ + ρ̂b̂m b̂m − 2b̂m ρ̂b̂m
Ĥ, ρ̂ −
~ω
2 m
∂ t̃

(2.55)

where t̃ = tω is the dimensionless time. Such an equation describes the time dependence
of the system density matrix, ρ̂, which for a system with a Hilbert dimension of size N ,
becomes a N × N matrix. From the system density matrix, the expectation value of any
operator corresponding to a system observable, Ô, can be calculated [80]:

h i
hÔi = Tr ρ̂Ô

(2.56)

where Tr[· · · ] corresponds to taking the trace of the quantity inside the brackets. One
desirable feature of the Lindblad master equation is that it ensures that the physical
constraints imposed on the reduced density matrix are preserved throughout the time
evolution (i.e., that the density matrix remains Hermitian, positive-definite and continues
to have a trace of one).
From Eq. (2.55), we see that the time dependence of the system density matrix depends
on two terms. The first term on the right of Eq. (2.55) corresponds to the unitary evolution
of the system density matrix under the Hamiltonian, Ĥ, given by:

Ĥ = ĤFH + Ĥ∆

(2.57)

where:
Ĥ∆ =
In this equation, Q̂m =
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2 m


γ̃~ω X 
Q̂m P̂m + P̂m Q̂m
4 m

(2.58)

+ b̂m ) is the dimensionless displacement operator and
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P̂m =

√i (b̂†
2 m

− b̂m ) is the dimensionless momentum operator, for the oscillator on site

m and physically this correction term, given by Eq. (2.58), corresponds to the damping
correction to the harmonic oscillator frequency induced by the external dissipation [81].
The second term in Eq. (2.55) accounts for energy dissipation of the system induced by the
system-environment coupling. The effect of the system-environment coupling is controlled
by the dimensionless dissipation parameter γ̃ = ωγ , as well as the Lindblad operator for site
m, b̂m , which for the system considered in this thesis becomes the dimensionless harmonic
oscillator destruction operator.
While the Lindblad master equation only approximately describes dissipation effects
due to system-environment coupling, the perturbative nature of its derivation means that
we expect the master equation to describe the dynamics of systems in which the systemenvironment coupling is weak (i.e., when γ̃ is small). Such a situation is indeed physically
relevant to the exciton relaxation dynamics in polymer chains, in which the excitonphonon coupling strength is much larger that any coupling terms to the environment.
It is not necessarily obvious why the harmonic oscillator destruction operator is a good
choice for the Lindblad operator in our master equation in Eq. (2.55). To show that it is,
we can derive the following equations of motion for the dimensionless nuclear displacement
and momentum, using equations (2.55) and (2.56):
dhQ̂m i
= hP̂m i
dt̃
dhP̂m i
= Ahâ†m âm i − hQ̂m i − γ̃hP̂m i
dt̃

(2.59)

which have the form of Newton’s equations of motion for a damped harmonic oscillator
[79, 81] and are the identical equations of motion used previously for modelling exciton
relaxation dynamics for classical nuclei [15]. The dissipation terms in Eq. (2.55) thus
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result in an effective frictional damping force which is experienced by the internal nuclear
degrees of freedom of the polymer.

2.6.1

Superoperator Formalism

The differential equation given be Eq. (2.55) has a complicated form and a general solution

for ρ̂ t̃ does not exist. The Lindblad master equation can however be simplified by
writing it in Liouville space. In this space, the system density matrix becomes a N 2
column vector:




ρ11
ρ21 
 
|~
ρi =  
ρ31 
..
.

(2.60)

where ρij are the various matrix elements of the system density matrix. This process of
converting a matrix into a column vector is known as vec-ing [82]. In this Liouville space
representation, the Lindblad master equation takes the following Schrödinger like form:
d |~
ρi
ˆ
ρi
= −iL̂ |~
dt̃

(2.61)

ˆ
where L̂ is a N 2 × N 2 matrix called the Lindblad superoperator, which is given by [83]:

 iγ̃ X 

T
 T
1 
ˆ
T
†
†
†
L̂ =
1̂ ⊗ Ĥ − Ĥ ⊗ 1̂ −
1̂ ⊗ b̂m b̂m + b̂m b̂m ⊗ 1̂ − 2 b̂m ⊗ b̂m
~ω
2 m
(2.62)
where 1̂ is the N × N unit matrix, A ⊗ B refers to the Kronecker product between
matrices A and B and AT is the transpose of matrix A. The proof that Eqs. (2.55) and
(2.61) are equivalent is given in Appendix A. A general solution to Eq. (2.61) can be
obtained by writing the system density matrix in the basis of the Lindblad superoperator
eigenstates. The Lindblad superoperator is in general non-Hermitian, leading it to have
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complex eigenvalues, λµ , as well as associated left and right eigenvectors, |w
~ µ i and |~uµ i,
which are not the same. These quantities are obtained from the following eigenvalue
equations [82]:
ˆ
L̂ |~uµ i = λµ |~uµ i ,

ˆ
L̂† |w
~ µ i = λ∗µ |w
~ µi

(2.63)

where the left and right eigenvectors can be normalised so that they obey the following
bi-orthogonality relation:
(2.64)

hw
~ µ |~uν i = δµ,ν

The fact that the right eigenvectors of the Lindblad superoperator are not themselves
orthogonal raises the question as to whether these states form a complete basis. While
the Lindblad superoperator cannot in general be brought into diagonal form, under an
appropriate similarity transformation S, the superoperator can always be transformed
ˆ
into Jordan canonical form, L̂J , given by [82]:

ˆ
ˆ
L̂J = S −1 L̂S = Jn1 (λ1 ) ⊕ Jn2 (λ2 ) ⊕ ... ⊕ Jnp (λp )

(2.65)

The Jordan canonical form given by Eq. (2.65) corresponds to a direct sum of Jordan
ˆ
blocks, Jnµ (λµ ), of dimension nµ , such that the total dimension of L̂J , n = n1 +n2 +...+np ,
is equal to the size of the Liouville space of the system. Each eigenvalue of the Lindblad
superoperator λµ has an associated Jordan block, given by:

λµ 1

λµ 1


... ...
Jnµ (λµ ) = 


λµ









1
λµ

(2.66)
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where all other elements in the matrix are zero. We will write the states which transform
the Lindblad superoperator into Jordan canonical form as follows. The vector |uµ,k i is the
state associated with the kth row or column of the Jordan block associated with eigenvalue
λµ . In this notation, |~uµ,0 i is then the right eigenvector of the Lindblad superoperator
associated with eigenvalue λµ . The states |~uµ,k i therefore form a complete basis of the
Liouville space of the system. Using these basis states, it can be shown that the solution
to the Lindblad master equation given in Eq. (2.61) can be written as follows [84, 85]:
n

p
µ
k
X
X
X

α

aµ,(k−α) −it̃ e−iλµ t̃ |~uµ,k i
|~
ρ t̃ i =

(2.67)

µ=1 k=0 α=0

where aµ,(k−α) are coefficients which can be determined from the system density matrix
at t̃ = 0.
Of particular interest is the form of the system density matrix in the limit t̃ → ∞, at
which point the system has reached equilibrium. From Eq. (2.67), we see that only states
which satisfy the following relation contribute to the system density matrix in this limit:

ˆ
L̂ |~us i = 0,

i.e., λs = 0

which are known as the steady state solutions of the system.
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(2.68)

3
Computational Methods
In the previous section, model Hamiltonians were introduced which include the necessary
electronic and nuclear degrees of freedom needed to accurately describe the exciton relaxation dynamics within polymer systems. In addition, the Lindblad master equation
was shown to describe the time evolution of the system under a given model Hamiltonian, while also including the effects of the system-environment coupling in a perturbative
manner. To obtain dynamical observables which can be compared to experiment, computational methods are therefore needed which can solve the Lindblad master equation for
a suitable model Hamiltonian.
For electron-nuclear coupled models, the Hilbert space is known to scale exponentially
with the system size (i.e., for the Frenkel-Holstein model, the Hilbert space scales as
∼ dL , where L is the number of sites/moieties in the model and d is the size of the Hilbert
space associated with a single site). Therefore the Frenkel-Holstein model Hilbert space
becomes too large to manipulate on a computer for a number of sites/moieties physically
relevant for modelling realistic polymer chains. Additionally the system density matrix,
which is the quantity used in the Lindblad master equation, has a size equal to the square
of the system Hilbert space. To circumvent these issues, we first introduce the quantum
jump trajectory method, which allows the Lindblad master equation to be solved by using
standard time-dependent Schrödinger equation based methods. For the rest of the section,
we introduce various techniques that solve the time-dependent Schrödinger equation for
the Frenkel-Holstein model, all of which use a truncated Hilbert space to do so.

43

Chapter 3. Computational Methods

3.1

Quantum Jump Trajectory Approach

The Lindblad master equation, which describes the time evolution of the system and was
previously introduced in Section 2.6, is given by [77–79]:

i γ̃ X 
∂ ρ̂
i h
=−
b̂†m b̂m ρ̂ + ρ̂b̂†m b̂m − 2b̂m ρ̂b̂†m
Ĥ, ρ̂ −
~ω
2 m
∂ t̃

(3.1)

where Ĥ is the system Hamiltonian, γ̃ is the dimensionless dissipation parameter and b̂m
is the Lindblad operator for site m. For a system with Hilbert space size N , the system

density matrix, ρ̂ t̃ , is a N × N matrix that contains all known information about the
system at time t̃. Observables associated with a system operator, Ô, can be obtained
from this system density matrix as follows [80]:

h i
hÔi = Tr ρ̂Ô

(3.2)

where Tr[· · · ] corresponds to taking the trace of the quantity inside the brackets. For a
system in a pure state (i.e., one that can be fully described by a single quantum state
|ψi), the system density matrix takes the following form [80]:

ρ̂ = |ψi hψ|

(3.3)

Within the quantum jump trajectory method, observables associated with the density
matrix solution of a Lindblad master equation are obtained by averaging over many socalled quantum jump trajectories. In other words, a set of Ntraj trajectories, |ψj i, are
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used to represent the system density matrix as follows:
Ntraj
1 X
ρ̂ =
|ψj i hψj |
Ntraj j=1

(3.4)

such that from Eq. (3.2), the expectation value of an observable associated with the system
operator Ô is obtained as an average over the individual trajectories:
Ntraj
1 X
hψj |Ô|ψj i
hÔi =
Ntraj j=1

(3.5)

The time evolution of a single quantum jump trajectory is obtained using the following
procedure [86–89]:

• Step 1: The total time evolution of a single trajectory is divided into several small
time steps of length δ t̃. Next, the effective Hamiltonian for the system is defined as
follows [90]:
Ĥeff = Ĥ −

iγ̃~ω X †
b̂ b̂m
2 m m

(3.6)


Evolving this single quantum trajectory, initially in state |ψ t̃ i, under the effective
Hamiltonian gives us a trial state for the trajectory at time t̃ + δ t̃:



iĤeff δ t̃
|ψtrial t̃ + δ t̃ i = e− ~ω |ψ t̃ i

(3.7)

• Step 2: As the effective Hamiltonian in Eq. (3.6) is non-Hermitian, the time evolution in Eq. (3.7) does not conserve the quantum state’s norm:



hψtrial t̃ + δ t̃ |ψtrial t̃ + δ t̃ i = 1 − δp

(3.8)
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where δp is the decay in the norm over the time step δ t̃. From the Taylor expansion
of the evolution operator, exp[−iĤeff δ t̃/~ω]:

e−

iĤeff δ t̃
~ω

=1−

iĤeff δ t̃
+ O(δ t̃2 )
~ω

(3.9)

the following expression for δp can be obtained valid in the limit δ t̃ → 0:

δp =

X

δpm ,



δpm = γ̃δ t̃ hψ t̃ |b̂†m b̂m |ψ t̃ i

(3.10)

m

where the expression for Ĥeff in Eq. (3.6) has also been used. Using Eq. (3.8), the
state of the single quantum trajectory at time t̃ + δ t̃ is determined probabilistically
as follows:
a) With probability 1 − δp, the state at time t̃ + δ t̃ is:



|ψ t̃ + δ t̃ i =

e−

iĤeff δ t̃
~ω


|ψ t̃ i

p
1 − δp

(3.11)

b) With probability δpm , the state at time t̃ + δ t̃ is:

b̂m |ψ t̃ i
|ψ t̃ + δ t̃ i = q
δpm /γ̃δ t̃


(3.12)

which is commonly referred to as the trajectory undergoing a quantum jump.

It can be shown that time evolving the trajectories in this way leads to Eq. (3.4) being
an exact solution to the Lindblad master equation in the limit Ntraj → ∞. To see this, the
system density matrix at time t̃ + δ t̃ can be written within the quantum jump trajectory
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approach as follows, using Eq. (3.4) [90]:



ρ̂ t̃ + δ t̃ = (1 − δp)

e−

†
δ t̃

 iĤeff


X
|ψ t̃ i hψ t̃ | e ~ω
b̂m |ψ t̃ i hψ t̃ | b̂†m
p
p
q
+
δpm q
(3.13)
1 − δp
1 − δp
m
δpm /γ̃δ t̃ δpm /γ̃δ t̃

iĤeff δ t̃
~ω

where the two terms in this expression correspond to the two ways in which the trajectory
can be evolved during the time step δ t̃ (given by Eqs. (3.11) and (3.12)), along with their

associated probabilities. Inserting in the expressions for ρ̂ t̃ in Eq. (3.3), δp and δpm
in Eq. (3.10), as well as using the Taylor expansion for exp[−iĤeff δ t̃/~ω], the above
expression can be simplified into the following form:
X


 †

 iδ t̃ 
b̂m ρ̂ t̃ b̂†m
+ γ̃δ t̃
Ĥeff ρ̂ t̃ − ρ̂ t̃ Ĥeff
ρ̂ t̃ + δ t̃ = ρ̂ t̃ −
~ω
m

(3.14)

which is indeed the time discretised version of the Lindblad master equation given by
Eq. (3.1).
Hence, we now need a technique by which to apply the time step evolution operator,
exp[−iĤeff δt/~ω], for the system of interest. This is the focus for the remainder of this
section.

3.2

Ehrenfest Dynamics

In this thesis, we will predominately use the Frenkel-Holstein Hamiltonian, introduced
in Section 2.5, to model the exciton relaxation dynamics within polymer systems. Using
the quantum jump trajectory approach introduced above, this amounts to solving the
following time-dependent Schrödinger equation (ignoring the γ̃ dependent terms in the
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effective Hamiltonian, which can be incorporated using the same methodology):
i
d |ψi
= − ĤFH |ψi
~ω
dt̃

(3.15)

where ~ω is the phonon energy of the harmonic oscillator, t̃ = ωt is the dimensionless
time and the Frenkel-Holstein Hamiltonian, ĤFH , is given by [32, 57, 58]:

ĤFH




X
A~ω X †
†
†
1
b̂m b̂m + 2
âm âm b̂m + b̂m + ~ω
= ĤF − √
2 m
m

(3.16)

where ĤF is the Frenkel Hamiltonian, which was introduced in Section 2.4 and contains
solely exciton operators. The Hilbert space associated with the Frenkel-Holstein Hamiltonian grows exponentially with the number of sites/moieties in the system and therefore
to solve the associated time-dependent Schrödinger equation, we must employ techniques
which use a reduced dimensional, truncated Hilbert space.
One option is to use a mean-field ansatz for the quantum state of the system [91]:

|ψMF i = e−iA

P

R t̃ †
m 0 hâm âm ihQ̂m idt

|ψex i ⊗ |ψph,1 i ⊗ · · · ⊗ |ψph,L i

(3.17)

where the exciton and nuclear degrees of freedom are restricted to a product state during
the entire time evolution. In this expression, |ψex i corresponds to the quantum state of
the exciton, while |ψph,m i corresponds to the quantum state of the harmonic oscillator
on site m, for a Frenkel-Holstein model containing L sites. The time-dependence of the
quantum states for the exciton and harmonic oscillators are given by the following:
d |ψex i
i
=−
~ω
dt̃
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!
ĤF − A~ω

X
m

â†m âm

hQ̂m i |ψex i

(3.18)

3.2. Ehrenfest Dynamics



d |ψph,m i
A
†
†
†
|ψph,m i
= −i b̂m b̂m + 12 − √ hâm âm i b̂m + b̂m
dt̃
2
where hQ̂m i = hψph,m |Q̂m |ψph,m i, hâ†m âm i = hψex |â†m âm |ψex i and Q̂m =

√1 (b̂†
2 m

(3.19)
+ b̂m ) is

the dimensionless displacement operator for the harmonic oscillator on site m. Together,
Eqs. (3.17), (3.18) and (3.19) are referred to as the time-dependent self-consistent field
equations [91–93]. Taking the time derivative of the mean-field ansatz given in Eq. (3.17)
results in the following Schrödinger like equation:

X

i
d |ψMF i
= − ĤFH |ψMF i − iA
â†m âm − hâ†m âm i Q̂m − hQ̂m i |ψMF i
~ω
dt̃
m

(3.20)

While the mean-field ansatz does not exactly solve the time-dependent Schrödinger equation for the Frenkel-Holstein model, as can be seen by comparing Eqs. (3.15) and (3.20),
it does approximately do so in the limit where quantum fluctuations about the mean nuclear displacements, hQ̂m i, vanish. This is indeed the case in the limit where the nuclear
degrees of freedom behave classically.
To proceed, we notice that Eq. (3.19) has the form of the time-dependent Schrödinger
equation for a linearly driven harmonic oscillator. In Section 2.2, it was shown that such
an equation can be solved exactly using a coherent state ansatz. Using the equations
associated with the exact solution derived in that section, it can be shown that |ψph,m i is
given by:
i t̃
†
|ψph,m i = e− 2 0 [1−Ahâm âm ihQ̂m i]dt |αm i
R

dαm
iA
= −iαm + √ hâ†m âm i
dt̃
2

(3.21)

where |αm i is a coherent state of the harmonic oscillator on site m. Using the expressions
for the average dimensionless nuclear displacement and momentum associated with the
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coherent state, given by Eq. (2.9), the second term in Eq. (3.21) can be turned into the
following:
d hQ̂m i
= hP̂m i
dt̃
d hP̂m i
= A hâ†m âm i − hQ̂m i
dt̃

(3.22)

which is exactly Newtons equations of motion for the harmonic oscillator on site m.
Therefore the approximation associated with the dynamics of the mean-field ansatz can
be thought of as a classical treatment of the nuclear degrees of freedom in the model. The
mean-field dynamics of the system can equally be performed using Eqs. (3.18) and (3.22),
with this alternative procedure referred to as Ehrenfest dynamics [94].

3.3

Time Evolving Block Decimation (TEBD)

For many situations, the nuclear degrees of freedom in a system cannot be accurately described by classical displacements and momenta, meaning a quantum treatment is required
to describe the dynamics. In such circumstances, we must find a procedure for truncating
the exponentially large Hilbert space such that the states required to describe the properties of interest are retained. For one-dimensional strongly correlated systems, the density
matrix renormalisation group technique has been successful in obtaining accurate numerical results for properties associated with the ground state of the system [61, 64, 95, 96].
Using the same Hilbert space truncation scheme, the time evolving block decimation
(TEBD) technique [97–99] is an efficient and accurate method for computing the short
time dynamics of such systems. The essential features of this technique involve efficiently
representing the time evolving quantum state using a matrix products state (MPS), truncating the Hilbert space associated with this matrix product state through singular value
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decompositions (SVDs) and partitioning the evolution operator into manageable parts
using a Trotter decomposition. We now consider all of these elements in more detail.

3.3.1

Matrix Products States

For a one-dimensional system containing L sites, any quantum state can be described
using the following form:

|ψi =

X

Cσ1 ,..., σL |σ1 , ..., σL i

(3.23)

σ1 ,..., σL

where σm are referred to as the physical indices and correspond to the quantum numbers
associated with the local Hilbert space basis on site m. The size of this index, d, therefore
corresponds to the size of the corresponding local Hilbert space. In addition, |σ1 , ..., σL i
is the product state basis corresponding to the set of quantum numbers, σ = {σ1 , ..., σL },
given by:
|σ1 , .., σL i = |σ1 i ⊗ · · · ⊗ |σL i

(3.24)

and Cσ1 ,...,σL is the probability amplitude tensor. As the size of this tensor, dL , grows
exponentially with the number of sites, this quantum state representation soon becomes
impractical for realistic system sizes.
Alternatively, a quantum state can be described using matrix product states (MPSs)
[61]:

|ψi =

X

X

σL
L−1
M1,σ1α1 Mασ12, α2 · · · MασL−2
, αL−1 MαL−1 , 1 |σ1 , ..., σL i

(3.25)

σ1 ,..., σL α1 ,..., αL−1

which corresponds to the probability amplitude tensor being decomposed into a matrix
m
product of smaller site tensors, Mασm−1
,αm . Within this new definition, αm , are referred
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to as the internal indices, which have size χm . Matrix product states can be used to
represent any arbitrary quantum state of a one-dimensional system, as long as the size of
the internal index associated with ‘bond’ m, χm , is given by [61]:
(
χm =

for m <
L−m
d
, for m ≥
dm ,

L
2
L
2

(3.26)

In other words, the internal index dimensions must be exponentially large.
Physically, the internal index can be understood by considering the entanglement entropy between two partitioned parts of a system [97]. Forming two sub-systems that
are separated by ‘bond’ m, the von Neumann entropy associated with each sub-system
is [100]:
E(ρA,m ) = −Tr [ρA,m log(ρA,m )] = E(ρB,m )

(3.27)

where ρA,m and ρB,m are the reduced density matrices for the left and right sub-systems
respectively. For a matrix product state, it can be shown that the maximum possible
encoded entanglement entropy across ‘bond’ m is given by:

Emax (ρA,m ) = log(χm )

(3.28)

This means that MPSs can efficiently describe minimally entangled states (i.e., these
states can be accurately described by a MPS with small internal index dimensions). To
illustrate this, consider the set of MPSs which have χm = 1. From Eq. (3.25), the MPS
ansatz in this case can be written as:
!
|ψMF i =

X
σ1
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M1,σ11 |σ1 i

!
⊗ ··· ⊗

X
σL

M1,σL1 |σL i

(3.29)
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Figure 3.1: Tensor network diagram corresponding to a three site MPS.

which corresponds to all possible uncorrelated mean-field product states, with E(ρA,m ) =
0. ‘Truncating’ the size of the internal index in a MPS therefore allows for an accurate
reduced Hilbert space representation of a quantum state with an entanglement entropy
less than the upper bound given in Eq. (3.28).

3.3.2

Tensor Network Diagrams

MPSs can be helpfully represented and manipulated using tensor network diagrams [101].
Figure 3.1 shows the tensor network diagram for a three site MPS. In these diagrams,
m
the circles (or nodes) represent the site tensors in the MPS, Mασm−1
,αm , the vertical lines

correspond to their physical indices and the horizontal lines correspond to their internal
indices. If a line is ‘closed’, then the index it represents is implicitly summed over.
Using these rules, other objects can be constructed in diagrammatic form. For example,
m†
the Hermitian conjugate of a site tensor, Mασm−1
,αm , can be illustrated as a reflected node,

where the physical index now points ‘up’ rather than ‘down’. This is shown in Fig. 3.2.
0
Finally, operators Oσm , σm
can be represented by objects which have an equal number of

physical indices that point ‘up’ and ‘down’, as also shown in Fig. 3.2. The advantage
of using such diagrams is that it circumvents the complicated algebra behind algorithms
involving MPSs and makes these procedures easier to understand.
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Figure 3.2: Tensor network diagrams corresponding to the conjugate transpose of a site
m†
0 .
tensor, Mασm−1
,αm , and a single site operator, Oσm , σm

3.3.3

Normalisation

For a given state |ψi, a unique MPS representation does not exist. This is because a unit
operator, 1 = XX−1 , can always be inserted in between any of the site tensors within the
MPS, which gives rise to:

m
Mασm−1
, αm →

X

m
Mασm−1
, α0m Xα0m ,αm ,

Mασmm+1
, αm+1 →

α0m

X

σ

m+1
Xα−1
0 Mα0 , α
m , αm
m+1
m

(3.30)

α0m

and overall leaves the quantum state unchanged. This gauge degree of freedom can be
exploited to convert the MPS into different canonical forms. Firstly the site tensors,
Aσαmm−1 ,αm , can be left-normalised, such that [102]:

XX

Aσαmm†, αm−1 Aσαmm−1 , α0m = δαm , α0m

(3.31)

σm αm−1

Site tensors which have this property are denoted by ‘A’ and a MPS consisting entirely
m
of such tensors is referred to as left-canonical. Secondly the site tensors, Bασm−1
,αm , can
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be right-normalised, such that [102]:

XX

σm †
m
Bασm−1
, αm Bαm , α0

m−1

= δαm−1 , α0m−1

(3.32)

σ m αm

Site tensors which have this property are denoted by ‘B’ and a MPS consisting entirely of
such tensors is referred to as right-canonical. The reason that left and right normalised site
tensors differ is because the αm and αm−1 internal indices in general having different dimensions, so that the tensors Mασmm,αm−1 are rectangular. These orthonormality properties
of the site tensors ensure that for these two canonical forms, the full MPS is normalised.
A final useful MPS canonical form is the following [103]:

|ψi =

X

X

σ1 ,..., σL α1 ,..., αL−1

σL
σm+1
m
Aσ1,1α1 · · · Aσαm−1
Mασm−1
, αm Bαm , αm+1 · · · BαL−1 , 1 |σ1 , ..., σL i
m−2 , αm−1

(3.33)

where the left of the MPS is formed of left-normalised site tensors and the right of the
MPS is formed of right-normalised site tensors. The boundary between the two types of
site tensors, in this case at site m, is called the orthogonality centre and has a site tensor
which is neither left or right normalised, denoted by ‘M ’. Such a MPS is referred to as
mixed-canonical and is in practice the most useful canonical form for numerical algorithms
considered in this thesis. We now show how these MPS properties can be used to perform
useful calculations.

3.3.4

Observables

Within this thesis, observables of interest can always be separated into expectation values involving products of single site operators. Such expectation values can be efficiently
calculated using MPSs. Consider the observable hψ|Ô2 |ψi corresponding to a local op-

55

Chapter 3. Computational Methods

2

9

6
4
8

1

11

5
3

7

10

Figure 3.3: Tensor network diagram corresponding to the expectation value, hψ|Ô2 |ψi
for a four-site MPS given by |ψi. The operator Ô2 is a single-site operator that acts on the
local Hilbert space of site two. The most efficient way of contracting the indices within
this object are given by the numbers 1-11.

erator, Ô2 , which acts on the Hilbert space of site two. If |ψi is given by a four node
MPS, then this expectation value corresponds to the object represented in the tensor
network diagram given in Fig. 3.3. Within this tensor network diagram, the upper MPS
corresponds to |ψi and the lower MPS corresponds to hψ| (i.e., a conjugate transpose of
the upper MPS). In addition, the observable tensor Oσ2 , σ20 contains the following local
operator matrix elements:
Oσ2 , σ20 = hσ2 |Ô2 |σ20 i

(3.34)

For expectation values containing products of multiple local operators, the appropriate
tensor network diagram is similar to Fig. 3.3, but with the observable tensor for each
operator applied at the appropriate physical index.
For such an object, there are multiple ways in which the various indices can be contracted. The most efficient way to do so is illustrated in Fig. 3.3, where the order of
index contractions is given by the numbers 1-11. Algebraically, this corresponds to first
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performing the sum over the physical index, σ1 , in the following expression [103]:

hψ|Ôm |ψi =

X

X

M1,σLα†L−1

···

σL αL−1 , α0L−1



!
X

X

Mασmm,†αm−1



···

σm αm−1 , α0m−1

X

Mασ11,†1 M1,σ1α0

1



!
···

Eασ0m

0
m−1 , αm

 (3.35)

σ1

!
· · · Mασ0L

L−1 , 1

and then performing successive summations on moving out from the centre. In this
expression, Eασ0m

0
m−1 , αm

is the tensor given by:

Eασ0m

0
m−1 , αm

=

X

σ0

0
hσm |Ôm |σm
i Mα0m

0
σm

0
m−1 , αm

(3.36)

and contains the operator contribution to the expectation value. Performing the index
contractions in this order has an overall cost of O (2(L − 1)χ3 d) (where χ is the average
internal index dimension) and therefore scales linearly with the number of sites in the
system. This means that it is computationally feasible to calculate expectation values
involving local operators for even large systems.
The calculation of such expectation values is even more efficient for a MPS in mixed
canonical form. Consider the expectation value of a single local site operator, Ôm , which
acts on the orthogonality centre of a MPS given by:

|ψi =

X

X

σ1 ,..., σL α1 ,..., αL−1

σL
σm+1
m
Aσ1,1α1 · · · Aσαm−1
Mασm−1
, αm Bαm , αm+1 · · · BαL−1 , 1 |σ1 , ..., σL i
m−2 , αm−1

(3.37)

Using the orthonormality properties of the left and right-normalised site tensors, given in
Eqs. (3.31) and (3.32), the expectation value in this case reduces down to the following
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simplified form:

hψ|Ôm |ψi =

X

X

0

0
m
i Mασmm,†αm−1 Mασm−1
hσm |Ôm |σm
, αm

(3.38)

0 αm−1 , αm
σm , σm

and only requires four index contractions to be performed, irrespective of the number of
nodes in the MPS.

3.3.5

Hilbert Space Truncation

For large systems, the Hilbert space is too big to allow for the manipulation and storage
of any possible MPS on a computer. Therefore, an algorithm is needed to truncate the
internal indices, αm , of a MPS so that an approximate and reduced dimensional representation of the original quantum state can be obtained. As shown in Section 3.3.1, the
size of the internal index dimension corresponds to the maximum possible site entanglement that can be described by a given MPS. Truncating the internal index of a MPS will
therefore only be a valid procedure for minimally entangled states.
To truncate the dimension of internal index αm , the MPS must first be converted into
the following form:

|ψi =

X

X

X

, σm+1
L
Aσ1,1α1 · · · Dασm
· · · BασL−1
, 1 |σ1 , ..., σL i
m−1 , αm+1

(3.39)

σ1 ,..., σL α1 ,..., αm−1 αm+1 ,..., αL−1

This for example could be achieved as a result of applying a two-site operator to an mixedcanonical MPS with an orthogonality centre either on site m or m + 1. Additionally, for
a mixed-canonical MPS given by Eq. (3.37), the form given by Eq. (3.39) is achieved by
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contracting the αm internal index as follows:

, σm+1
=
Dασm
m−1 , αm+1

X

σm+1
m
Mασm−1
,αm Bαm , αm+1

(3.40)

αm

The state given in Eq. (3.40) can be converted back into MPS form by first applying
, σm+1
[104]:
a singular value decomposition (SVD) on the tensor Dασm
m−1 , αm+1

, σm+1
=
Dασm
m−1 , αm+1

X

m+1
Aσαmm−1 ,αm Sαm , αm Bασm
, αm+1

(3.41)

αm

m+1
where Aσαmm−1 , αm and Bασm
, αm+1 are left and right-normalised tensors respectively (defined

in Eqs. (3.31) and (3.32)) and Sαm , αm is a diagonal matrix containing the positive singular
values, Sαm . The diagonal matrix Sαm , αm can then either be incorporated into Aσαmm−1 , αm
m+1
to reform the MPS in Eq. (3.37) or can be incorporated into Bασm
, αm+1 to give a mixed-

canonical MPS with the orthogonality centre on site m + 1.
Alternatively, inserting Eq. (3.41) into Eq. (3.39) converts the quantum state |ψi into
the Schmidt decomposed form [105]:

|ψi =

X

Sαm |αm iA |αm iB

(3.42)

αm

where |αm iA are orthonormal states of sub-system A, which corresponds to sites 1 through
m, and are given by [90]:

|αm iA =

X

X

Aσ1,1α1 · · · Aσαmm−1 , αm |σ1 , ..., σm i

(3.43)

σ1 ,..., σm α1 ,..., αm−1

while |αm iB are orthonormal states of sub-system B, which corresponds to sites m + 1
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through L, and are given by [90]:

|αm iB =

X

X

σL
m+1
Bασm
, αm+1 · · · BαL−1 , 1 |σm+1 , ..., σL i

(3.44)

σm+1 ,..., σL αm+1 ,..., αL−1

In particular, the reduced density matrix for sub-system A (as well as the reduced density
matrix for sub-system B) has a simple form within the Schmidt decomposition basis [105]:

ρ̂A = TrB |ψi hψ| =

X

Sα2 m |αm iA hαm |

(3.45)

αm

Within the density matrix renormalisation group technique (DMRG), it is known that
the optimum Hilbert space truncation scheme for one-dimensional systems is to retain the
eigenstates of the reduced density matrix with the largest eigenvalues. From Eq. (3.45),
this is therefore equivalent to retaining the internal index ‘states’ with the largest singular
values [105]. For the work in this thesis, the degree of truncation performed for each SVD
is determined using two different measures. Firstly, we impose a maximum internal index
dimension, χ, so that only the χ largest singular values are ever retained. Secondly,
additional singular values, Sαm , are discarded if they satisfy:
S αm
< Sratio
Slarge

(3.46)

where Slarge is the largest singular value for that particular SVD and Sratio is a parameter
set in the algorithm to determine the extent of truncation.

3.3.6

Matrix Product Operators

In a similar way to the MPS scheme discussed so far, any operator which acts on the full
Hilbert space of a one-dimensional system can be expressed as a matrix product operator
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(MPO) [102]:

V̂ =

X

X

X

σ , σ0

σ , σ0

σ , σ0

L
0
0
L
N1,1β1 1 Nβ12,β22 · · · NβL−1
, 1 |σ1 , ..., σL i hσ1 , ..., σL |

(3.47)

0 β ,..., β
σ1 ,..., σL σ10 ,..., σL
1
L−1

0
where βm is the internal index for ‘bond’ m, while σm
and σm are the incoming and out-

going physical indices for site m, respectively. For certain types of operators, expressions
for these MPO site tensors are easily obtainable. In particular if an operator, V̂ , is given
as a linear combination of single-site operators, Ôm :

V̂ =

X

(3.48)

cm Ôm

m

then V̂ can be written as an MPO with an internal index dimension of χ = 2, whose site
tensors are obtained by [102]:

0

Nσ m , σ m =

δ
0
0
0
cm Oσm , σm δσm , σm

!

0
σm , σm

(3.49)

0 are the single-site operator matrix elements:
where Oσm , σm

(3.50)

0
0 = hσm |Ôm |σ i
Oσm , σm
m

As the first and last site tensors only have a single internal index, they are instead given
by the following vectors:

N

σ1 , σ10





= c1 Oσ1 , σ10 δσ1 , σ10 ,

N

0
σL , σL

=

δσL , σL0
cL OσL , σL0

!
(3.51)

In addition to MPOs offering a compact way of storing such operators (they contain
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Ld2 χ2 elements, which is much less than the expected d2L ), MPOs are also easily applied
to MPSs. Applying V̂ , given by the MPO in Eq. (3.47), to the following MPS:

|ψi =

X

X

L
M1,σ1α1 Mασ12, α2 · · · MασL−1
, 1 |σ1 , ..., σL i

(3.52)

σ1 ,..., σL α1 ,..., αL−1

leads to a new MPS, whose site tensors are obtained by the following [106]:

σm
=
M(α
m−1 βm−1 ), (αm βm )

X

σ , σ0

0

m
σm
m
Nβm−1
, βm Mαm−1 , αm

(3.53)

0
σm

Hence the internal index dimensions of this new MPS are the product of the corresponding
internal index dimensions of the MPO and the original MPS.
While MPOs have many useful properties, not all operators can easily be converted
into this form. In particular for a general time step evolution operator, exp[−iĤδ t̃/~ω],
an analytic expression for the site tensors within a MPO representation does not exist.
For the TEBD technique, the exponentially large evolution operator is instead dealt with
in the following way.

3.3.7

Evolution Operator

In order to obtain the quantum dynamics for a system, the evolution operator for a time
step, exp[−iĤδ t̃/~ω], must first be computed. For systems that have a large Hilbert
space, this is not possible. Within the TEBD technique, this issue is circumvented by
using the Trotter decomposition to expand the evolution operator into several smaller and
more manageable terms.
For Hamiltonians that contain solely on-site and nearest-neighbour terms, it can be
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shown that the full Hamiltonian can be written as the following sum:

Ĥ =

L−1
X

Ĥm, m+1

(3.54)

m=1

where Ĥm, m+1 is the Hamiltonian for the ‘bond’ m. Using Eq. (3.54), the Trotter decomposition for the evolution operator is given by [107]:

e−iĤδt̃/~ω ' e−iĤ1, 2 δt̃/2~ω e−iĤ2, 3 δt̃/2~ω · · · e−iĤ2, 3 δt̃/2~ω e−iĤ1, 2 δt̃/2~ω + O(δ t̃ 3 )

(3.55)

The Trotter decomposition given in Eq. (3.55) is not exact, as the Hamiltonian terms
Ĥm, m+1 in general do not commute with each other. However, the error associated with
this Trotter decomposition is of O(δ t̃ 3 ), which becomes negligible if the time steps are
chosen to be small. For a single time step, the form of this Trotter decomposition gives rise
to a forward and backward ‘sweep’ process [103, 107]. The last L − 1 terms in Eq. (3.55)
are first applied successively in a forward ‘sweep’ along the MPS from site 1 to site L,
while the first L − 1 terms are then applied on the reverse ‘sweep’ on going from sites L
to 1. Repeating this process allows the dynamics to be obtained for many time steps.
Other possible Trotter decompositions of the evolution operator exist, many of which
have a smaller associated error. The disadvantage of these decompositions are that they
contain more terms that have to be applied to the quantum state for each time step.
The Trotter decomposition given in Eq. (3.55) is therefore generally seen as the optimum
choice.
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Step 1

Step 2

Step 3

Figure 3.4: Diagram outlining the TEBD procedure.

3.3.8

The Algorithm

Now that the various elements of the TEBD technique have been introduced, we now
consider the algorithm itself. The procedure for applying a single Trotter decomposition
evolution operator onto a MPS in the forward (left to right) ‘sweep’ within the TEBD
algorithm is illustrated in Fig. 3.4, with the first tensor network diagram in this figure
corresponding to the object exp[−iĤm,m+1 δ t̃/2~ω] |ψi. The state |ψi is in mixed-canonical
form, with the orthogonality centre on site m. This figure illustrates the following steps:

0
0
• Step 1: The closed indices αm , σm
and σm+1
are summed over to form the new
, σm+1
tensor Θσαmm−1
, αm+1 . From Fig. 3.4, we see that this new tensor is given by [97]:

,σm+1
Θσαmm−1
,αm+1 =

X X
0 , σ0
αm
σm
m+1

σ ,σ

0

σ0

m
m+1
m+1
m
Mασm−1
Uσm
0 , σ0
, αm Bαm , αm+1
m+1

(3.56)

where
σ ,σ

m
m+1
0
0
Uσm
= hσm , σm+1 | e−iĤm,m+1 δt̃/2~ω |σm
, σm+1
i
0 , σ0
m+1

64

(3.57)

3.3. Time Evolving Block Decimation (TEBD)
, σm+1
• Step 2: A singular value decomposition is applied on the tensor Θσαmm−1
, αm+1 to obtain
0
[97, 104]:
three new tensors, as well as a new internal index αm

σ

σm
m+1
, σm+1
Θσαmm−1
, αm+1 = Ãαm−1 , α0m Sα0m , α0m B̃α0m , αm+1

(3.58)

0
If the size of the original internal index αm was χ, then the new internal index αm

has grown to size χd on completion of the procedure outlined above, where d is
the size of the site basis. To keep the internal indices constant in size, we truncate
0
0
index by discarding the αm
‘states’ associated with the smallest values of
the αm

the singular values (as discussed in Section 3.3.5) [97]. The error associated with
this truncation procedure can be quantified by computing the sum of the discarded
singular values, Sα0m , which gives a bound on the error associated with the time
evolved quantum state. It is this truncation procedure that keeps the total Hilbert
space of the system finite and manageable throughout the dynamics.
• Step 3: The resulting tensor network diagram is transformed back into MPS form
σ

by creating the new tensor M̃α0mm+1
, αm+1 :

σ

σ

m+1
M̃α0mm+1
, αm+1 = Sα0m , α0m B̃α0m , αm+1

(3.59)

This leads to the orthogonality centre of the MPS moving to site m+1 and is now in
the correct location for applying the next term of the Trotter decomposed evolution
operator in the forward (left to right) ‘sweep’.
Hence to complete a dynamics time step within the TEBD algorithm, the same three
step procedure outlined above is performed for every evolution operator in the Trotter
decomposition, given in Eq. (3.55).
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The process for the backward (right to left) ‘sweep’ is almost identical to the forward
‘sweep’ shown in Fig. 3.4. The only differences are that the orthogonality centre of the
starting MPS is now on site m + 1 and on reforming the MPS in Step 3, the diagonal
Sα0m , α0m matrix is instead incorporated into the left-hand site tensor, Ãσαmm−1 , α0m , with the
resulting orthogonality centre now on site m.

3.4

Limited Functional Space Approach

One simple method for solving the time-dependent Schrödinger equation is to obtain the
full eigenstate spectrum of the associated Hamiltonian. While several methods exist for
calculating the ground state of the Frenkel-Holstein Hamiltonian, such as the density matrix renormalisation group (DMRG) technique [61, 95], few methods are able to calculate
large numbers of excited eigenstates.
The excited eigenstates of the Frenkel-Holstein Hamiltonian exist within several vibronic manifolds, involving coupled electronic and vibrational excitations. While in general these excited eigenstates can have arbitrarily large exciton-phonon separations, the
low energy states of each manifold are known to exhibit exciton-polaron character and are
characterised by having solely short ranged exciton-phonon correlations, as discussed in
Section 2.5. As we will show in this thesis, it is these excited states that are important in
describing the steady state associated with the exciton relaxation dynamics within polymer systems. One way to target such eigenstates is to use a truncated Hilbert space, in
which only states with short exciton-phonon separations are included. This is the premise
of the limited functional space (LFS) approach [108].
Within the LFS approach, the starting Hilbert space is the Frenkel Hamiltonian basis,
|mi, which corresponds to the exciton residing on the various sites, m, of the model, with
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the harmonic oscillators in their ground state. Therefore this Hilbert space contains L
states, where L is the number of sites in the model. The Hilbert space associated with
the LFS approach is then generated in a series of steps, where the collection of states
associated with the Hilbert space after nstep steps is given by [109]:
nstep

X

Ĥcoup + Ĥkin

q

(3.60)

|mi

q=0

The state generation shown in Eq. (3.60) is then repeated for every possible starting
Frenkel Hamiltonian basis state |mi. This procedure corresponds to applying two different
terms in the Frenkel-Holstein Hamiltonian, Ĥkin and Ĥcoup , to all generated states in the
previous step of the LFS approach and removing any duplicate terms. The first term,
Ĥcoup is the exciton-phonon coupling part of the Hamiltonian, given by:

Ĥcoup



A~ω X †
†
âm âm b̂m + b̂m
=− √
2 m

(3.61)

and physically gives rise to new states in which a phonon has been added to the site in
which the exciton resides. The second term, Ĥkin , corresponds to the exciton hopping
part of the Hamiltonian, given by:

Ĥkin =

X

Jm



â†m+1 âm

+

â†m âm+1



(3.62)

m

and physically gives rise to new states in which the exciton-phonon separation is increased
by one. Therefore, the maximum possible exciton-phonon separation for a state generated
in the LFS approach after nstep steps is given by nstep − 1.
Pictorially, this process is illustrated in Fig. 3.5, for the generation of states where the
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Ex

Step 1

a)

b)

Ex

Step 2
Ex

a)
Ex

b)
Ex

Figure 3.5: A schematic diagram illustrating how Hilbert space states for the FrenkelHolstein Hamiltonian are generated within the LFS approach. The ‘Ex’ illustrates the
site on which the exciton is located, while the solid circles represents a phonon present
on the corresponding site. These states are generated in successive steps, where at each
step either a phonon can be created on the exciton site, a), or all phonons can ‘hop’ left
or right to a neighbouring site, b).
exciton resides on the middle site. In this diagram, process a) corresponds to applying
the exciton-phonon coupling part of the Hamiltonian, while process b) has an analogous
effect to applying the exciton hopping part of the Hamiltonian, where the exciton-phonon
separation increases by one. Once the Hilbert space is generated from the required number
of steps in the LFS approach, the associated eigenstates are obtained by diagonalising the
Hamiltonian in this basis.
Table 3.1 shows the growth in the Hilbert space size as a function of the number of
steps in the LFS generation procedure for a 99 moiety/site Frenkel-Holstein model. While
the Hilbert space size grows exponentially with the number of steps in the procedure, it
still remains manageable for a reasonably large number of steps. Therefore, as long as
the excited electronic eigenstates converge to their "exact" form in a reasonable number
of LFS generation steps, the technique will be effective.
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nstep

Hilbert Space Size

0

99

1

198

2

493

3

1178

4

2639

5

5741

6

12301

7

26030

Table 3.1: The growth of the Hilbert Space size as a function of the number of steps in
the LFS generation procedure for a 99 moiety/site Frenkel-Holstein model.
The convergence of the ground state energy to its "exact" value as a function of the
number of steps in the LFS generation routine, nstep is given in Fig. 3.6, for a 99 site
Frenkel-Holstein Hamiltonian. The "exact" ground state energy is obtained using the
density matrix renormalisation group (DMRG) technique. For large values of the phonon
energy, ~ω, the energy obtained from the LFS approach rapidly converges to the "exact"
value with only a few generation steps [110]. As the phonon energy decreases, the LFS
approach becomes less effective and more generation steps are required to converge. This
is a result of the exciton-phonon correlation length associated with the exciton-polaron
increasing as ~ω decreases, as discussed in Section 2.5. Overall, the LFS approach has been
effective in obtaining time-dependent and static properties associated with the FrenkelHolstein model in previous work [24, 109, 111–113].
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Figure 3.6: The relative error in the ground state energy of the Frenkel-Holstein Hamiltonian associated with using the incomplete Hilbert space generated from the LFS approach involving nstep steps for a model containing 99 sites/moieties. The "exact" ground
state energy is obtained using the density matrix renormalisation group (DMRG) technique. This relative error in the ground state energy is given for different values for the
phonon energy, ~ω.
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4
Exciton Dynamics in
Poly(p-phenylenevinylene) - a TEBD
approach
In Chapter 2, the ingredients for describing the exciton relaxation dynamics within polymer systems were introduced. Namely it was postulated that the system, which must
contain the necessary exciton and nuclear degrees of freedom, could be adequately described using the Frenkel-Holstein model, while the associated time evolution could be
adequately described using a Lindblad master equation. It is however a priori unclear
whether such a coarse-grained approach will be successful in producing physically sensible
dynamics, along with reproducing the experimental time scales introduced in Section 1.1.
To ascertain whether this is the case, numerical solutions to the underlying equations of
motion will be obtained in this chapter.
To theoretically obtain the exciton relaxation dynamics within conjugated polymer systems, a good description of the starting quantum state is needed, from which the dynamics
then proceed. In an experiment, the initial exciton state is formed by photoexcitation
from the electronic ground state. On application of this pulse, the nuclear degrees of freedom remain static (i.e., the harmonic oscillators remain in their ground state), while the
exciton is created as a linear combination of the eigenstates of the Frenkel Hamiltonian,
which were introduced in Section 2.4. The probability that an eigenstate of the Frenkel
Hamiltonian with energy E contributes to this initial exciton state is given by the spectral
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function:
I (E) =

*
X

+
(4.1)

fk δ (E − k )

α

Disorder

where k is the energy eigenvalue associated with eigenstate |ψk i of the Frenkel Hamiltonian. In addition, fk is the associated oscillator strength for this eigenstate, given by:

fk =

2me k
3e2 ~2

 X

|hψk |µ̂s |0i|2

(4.2)

s=x,y,z

where |0i corresponds to the electronic ground state of the system. The Frenkel Hamiltonian contains disordered parameters, the values of which are generated from polymer
conformations obtained using the process described in Section 2.3. On calculating the
spectral function using Eq. (4.1), we average our result over the various instances of the
disorder in the Frenkel Hamiltonian, as well as over all possible conformations of the
polymer chain. For a particular conformation, the transition dipole moment operator, µ̂,
takes the form:
µ̂ = µ0

X

sm â†m + âm



(4.3)

m

where µ0 is the magnitude of the transition dipole moment for a Frenkel exciton localised
on a single moiety of the polymer and â†m (âm ) is the exciton creation (destruction)
operator for site/moiety m. Additionally, sm is the dipole unit vector that points along
the polymer axis at moiety m, which is illustrated in Fig. 2.4.
Figure 4.1 shows the calculated spectral function for PPV, using the parameter values
given in Tables 2.1 and 2.2. In this work, we chose to perform our relaxation dynamics
for initial Frenkel exciton energies of 2.68 eV and 2.88 eV, shown by the dotted lines in
Fig. 4.1. Both of these Frenkel exciton energies have appreciable formation probabilities
and also allow us to investigate the differing relaxation dynamics for different Frenkel
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Figure 4.1: The theoretically obtained spectral function, I(E), for PPV polymers, that
corresponds to the probability that Frenkel exciton states with energy E are produced by
a broadband photoexcitation pulse. The low energy part of the spectrum is dominated by
the LEGSs, whose spatial extent define the size of the polymers absorbing chromophores.
The dotted lines at 2.68 eV and 2.88 eV illustrate the initial Frenkel exciton energies from
which the exciton relaxation dynamics are simulated.
eigenstates, such as LEGSs, low energy QEESs and high energy QEESs.
Within the theoretical framework outlined in Chapter 2, the exciton relaxation dynamics, proceeding from an initial quantum state generated as above, can be modelled by
solving the Linblad master equation introduced in Section 2.6. Computationally, this can
be achieved by using the quantum jump trajectory technique, introduced in Section 3.1,
in tandem with a method to solve the time-dependent Schrödinger equation, examples of
which are given in Chapter 3. How do we know if the dynamics obtained from such a
procedure are correct? Experimentally, fluorescence is known to occur from the emissive
chromophores of the polymer, which correspond to the VRSs within the polymer model
considered in this thesis (i.e., the low energy eigenstates of the Frenkel-Holstein model,
introduced in Section 2.5). For the theoretically obtained exciton relaxation dynamics
to be physically sensible, the time evolution must cause the system to relax into a single
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VRS of the polymer chain. To test whether this is the case, we preform the dynamics
using two different time-dependent Schrödinger equation solvers.

4.1

Ehrenfest Dynamics

We first consider the dynamics within the Ehrenfest approximation, introduced previously in Section 3.2. Within this method, the nuclei are treated classically, such that
the time evolution of each degree of freedom is described by a single classical displacement and momentum. In other words, the nuclear degrees of freedom are described by
coherent states (introduced in Section 2.2), whose average displacement and momentum
are evolved using Newton’s equations of motion. As coherent states are eigenstates of
the harmonic oscillator destruction operator, quantum jumps within the quantum jump
trajectory technique have no effect on the dynamics and the time evolution is solely described by the effective Hamiltonian. This corresponds to evolving the electronic degrees
of freedom under the standard electronic Hamiltonian, while the time dependence of the
classical nuclear coordinates are given as follows:
dhQ̂m i
= hP̂m i
dt̃
dhP̂m i
= Ahâ†m âm i − hQ̂m i − γ̃hP̂m i
dt̃

(4.4)

This expression can also be obtained directly from the Lindblad master equation, as in
Eq. (2.59).
Consider an initial QEES with E = 2.88 eV and an exciton density given in Fig. 4.2.
Under Ehrenfest dynamics, this QEES evolves such that the exciton density at 100 fs is
given by the solid blue curve in Fig. 4.3. In this same figure, the dashed curves correspond
to the three VRSs for this particular polymer chain conformation. Rather than the system
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Figure 4.2: The associated exciton density of a QEES, with quantum number j = 7,
for one particular conformation of a PPV polymer chain made up of 99 moieties.
relaxing onto a single emissive chromophore, as physically expected, the exciton density
‘bifuricates’ under Ehrenfest dynamics and becomes a superposition of multiple VRSs.
Additionally, while the peaks in the exciton density at t = 100 fs are broadly located in
the same positions as the VRSs, their shape is substantially different. Such a calculation
has been performed in previous work, with similar findings [15].
Ultimately Ehrenfest dynamics fails in this case, because it cannot correctly describe
the branching of a nuclear wavepacket on passing through a conical intersection. Such
branching processes are illustrated in Section 2.1 for a two-level conical intersection model
and are important in describing excited electronic state dynamics. It is unclear, however,
whether the unphysical result given in Fig. 4.3 is solely due to the failure of Ehrenfest
dynamics to correctly describe the coupled exciton-nuclear dynamics, or whether the
model is defective as well. To ascertain whether the coarse-grained model is valid, the
exciton dynamics are now calculated by treating the nuclear degrees of freedom quantum
mechanically.
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Figure 4.3: The exciton density at t = 100 fs, given by the solid blue curve, for an initial
QEES given in Fig. 4.2. The exciton density was evolved using Ehrenfest dynamics. Also
present are the scaled exciton densities for the three VRSs of the polymer chain, given by
the dashed curves.

4.2

Time Evolving Block Decimation

The time evolving block decimation technique (TEBD) was introduced earlier in Section 3.3 and is ideally suited to solving the time-dependent Schrödinger equation for
one-dimensional systems. To apply this technique, the starting quantum state must first
be written in matrix product state form. Consider the site basis given by:

(|0m i + |1m i) ⊗

n
max
X

|nm i

nm =0

where |1m i and |0m i corresponds to site m being occupied or unoccupied by a Frenkel exP
citon, respectively and nnmax
|nm i corresponds to a truncated harmonic oscillator eigenm =0
state basis, containing the lowest nmax + 1 eigenstates. Within this site basis, a Frenkel
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eigenstate with quantum number k can be written as:

|ψk i =

L
X

ψk,m â†m |0i

(4.5)

m=1

where â†m is the Frenkel exciton creation operator, which creates a Frenkel exciton on
site m of a L site chain. Additionally, ψk,m is the probability amplitude for finding
an exciton on site m for a Frenkel eigenstate with quantum number k and |0i is the
vacuum, corresponding to the state of the system with no Frenkel exciton and all harmonic
oscillators in their ground state. The vacuum, |0i, is a product state and can easily be
P
written in matrix product state form, while the operator Lm=1 ψk,m â†m is a sum of on-site
terms and can be constructed as a matrix product operator (MPO), using the formalism
in Section 3.3.6. A Frenkel eigenstate can thus be constructed as a matrix product state
with an internal index dimension of χ = 2 (the same internal index dimension as the MPO
used to form it). As the dynamics proceed, this internal index dimension must increase
to accurately describe the time evolving state, with the rate at which the internal index
dimension grows determining the time, t, for which the dynamics can feasibly be obtained.
In practice, we have found that t ' 100 fs is feasible for polymer chains made up of 99
sites/moieties.
To use the TEBD technique for the Frenkel-Holstein model, sensible values must be
obtained for the dimensionless time step, δ t̃, the maximum internal index dimension,
χ, the ratio of the smallest retained singular value in each SVD step compared to the
largest value, Sratio and the maximum number of phonons used in the truncated harmonic
oscillator eigenstate basis, nmax . In addition, the number of trajectories needed to generate
accurate observables within the quantum jump trajectory technique is also required. For
the results obtained in this thesis, the parameter values used are given in Table 4.1,
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while Appendix B gives the necessary justification for why these values were chosen. The
code used to perform the TEBD dynamics for this system was written within the Tensor
Network Theory library [114].
Parameter
δ t̃
Sratio
ntraj

Value
5 e−4
2 e−5
160

Parameter
χ
nmax

Value
150
2

Table 4.1: Parameters used in the time evolving block decimation technique (TEBD).

As discussed previously, for the model dynamics obtained using TEBD to be correct,
the total energy of the system must decrease, approaching the energies of the VRSs. We
indeed find that the system energy does decrease in our model dynamics, as shown by the
time evolution of the total energy of the system for two different initial Frenkel exciton
energies given in Fig. 4.4. This confirms that the form of the external dissipation in our
model, described by the damping terms in the Lindblad master equation, is having the
desired effect. Also shown in this figure are the energies associated with the VRSs, for
various instances of the disorder, given by the dotted curves. The fact that the total
system energy at t = 60 fs is greater than the energy of these VRSs for both initial
Frenkel exciton energies, as well as dE/dt being non-zero at this time, suggests that
the dynamics are far from equilibrium. This is not surprising, since the value of the
exponential dissipation time scale, γ −1 ∼ 100 fs, means that the system will only reach
equilibrium at times much longer than computationally practical simulations of ∼100 fs.
We observe a separation of time scales within our computed dynamics. This is illustrated in Fig. 4.5, which shows the time-dependent phonon energy for two different initial
Frenkel exciton energies, with and without external dissipation. For very short times, the
evolution of the system observables depend on the Frenkel-Holstein parameters and are
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Figure 4.4: The time dependence of the total system energy. The blue curve corresponds
to an initial Frenkel exciton energy of 2.88 eV, while the orange curve corresponds to an
initial Frenkel exciton energy of 2.68 eV. The black dotted lines show the corresponding
system energy for the VRSs of the polymer chain for different instances of the disorder.
largely independent of the external dissipation, γ̃. From Fig. 4.5, we see that the phonon
energy initially increases during the dynamics, suggesting that this ultra-fast time scale
is characterised by energy transfer from the exciton to the internal nuclear degrees of
freedom (i.e., the phonon degrees of freedom act as a heat bath for the exciton). Eventually, the energy associated with the nuclear degrees of freedom saturates, with the time
evolution of the observables now dependent on the longer external dissipation time scale.
Figure 4.5 shows that for γ̃ 6= 0, the phonon energy decreases at long times, suggesting
that the long time scale dynamics are characterised by dissipation of the phonon energy
to the environment (i.e., the environment acts as a heat bath for the internal nuclear
degrees of freedom).
Even though the system is far from equilibrium for the times considered in our relaxation dynamics simulation, we should expect the time evolution of observables to still
exhibit features associated with the steady states (i.e., the state of the system as t̃ → ∞).
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Figure 4.5: The time dependence of the phonon energy. The blue curves correspond
to an initial Frenkel exciton energy of 2.88 eV, while the red curves correspond to an
initial Frenkel exciton energy of 2.68 eV. In addition, the dashed curves correspond to the
relaxation dynamics with no energy dissipation to the environment, while the solid curves
correspond to the dynamics with γ̃ = 0.033.

Indeed, if the system does relax to the low energy VRSs as physically expected, processes
such as exciton-polaron formation, exciton decoherence and exciton density localisation
should be present in the short time dynamics. We now consider each of these processes.

4.2.1

Exciton-Polaron Formation

In systems with strong exciton-phonon interactions, the low energy excitations of the
system are described by exciton-polarons, which are quasiparticles consisting of an exciton
‘dressed’ or ‘self-trapped’ by local displacements of the nuclei [67]. The effective size of
the exciton-polaron can be described by the exciton-phonon correlation function [62]:

Cnex-ph =

80

1X †
hâ âm Q̂m+n i
A m m

(4.6)
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Figure 4.6: The time dependence of the exciton-phonon correlation function, Cnex-ph ,
for an initial high energy QEES given in Fig. 4.2.
where the factor 1/A normalises the function for eigenstates of the Frenkel-Holstein HamilP
tonian (i.e., n Cnex-ph = 1) [63]. Physically, this correlation function corresponds to the
average nuclear displacement n sites away from the exciton. As discussed in Section 2.5, it
is known that for the VRSs of the Frenkel-Holstein model, the exciton-phonon correlation
function has an exponential form, with a correlation length that is a function of the parameters ~ω, A and hJi [60]. If the system does evolve to the VRSs, then we would expect
the exciton-phonon correlation function to acquire this exponential behaviour during the
exciton relaxation dynamics.
Figure 4.6 shows the time evolution of the exciton-phonon correlation function for an
initial high energy QEES given in Fig. 4.2. This correlation function acquires an exponential form during the dynamics, confirming that exciton-polaron formation is occurring
within our model. Exciton-polaron formation occurs on an ultra-fast time scale (∼10 fs),
with the dynamics being largely independent of the external dissipation. Indeed, we find
that the time scale associated with exciton-polaron formation solely depends on the pa-
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Figure 4.7: The exciton-phonon correlation function, Cnex-ph , at t = 60 fs for two initial
photoexcitation energies (2.68 eV and 2.88 eV) as well as several instances of the disorder
in the Frenkel-Holstein Hamiltonian (given by the solid curves). Also shown is the excitonphonon correlation function for the VRSs, given by the dashed curve and averaged over
the same instances of the disorder.

rameter ~ω, with the local exciton-phonon correlations present within half a vibrational
time period. In addition, persisting oscillations occur in the exciton-phonon correlation
function with a time period (∼20 fs) that matches the vibrational time period of the
harmonic oscillators in the model. These oscillations thus arise from the time evolution of
the nuclear displacements Q̂m , which physically correspond to the C-C bond oscillations.
We now consider whether the correlation length associated with the dynamical excitonphonon correlation function given in Fig. 4.6 is the same as for the VRSs. The solid curves
in Fig. 4.7, which correspond to the exciton-phonon correlation functions at t = 60 fs for
two initial Frenkel exciton energies (2.68 eV and 2.88 eV), as well as several instances
of the disorder, all coincide. This is to be expected, as the parameters ~ω, A and hJi
have the same values for all these curves, giving rise to an identical exciton-polaron
formation time scale and exciton-phonon correlation length. Also shown in Fig. 4.7 is
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the exciton-phonon correlation function associated with the VRSs, given by the dashed
curve and averaged over the same instances of the disorder. The form of the dynamical
exciton-phonon correlation functions at t = 60 fs shows good agreement with the same
function for the VRSs, which is consistent with the system evolving to these states during
the dynamics. However the agreement is not perfect, with deviations arising due to the
persistent oscillations in the dynamical correlation function, which are symptomatic of
the time evolution having not yet reached the steady state.

4.2.2

Exciton Decoherence

An exciton confined to a one-dimensional polymer chain in general can have long range
quantum coherences between the moieties, which physically give rise to interference effects
in the calculated observables. While the range of these coherences are often limited by
the presence of disorder in the system, for QEESs the exciton coherences can still persist
over a distance of several chromophores. If the exciton localises onto a single chromophore
during the relaxation dynamics, then these long range coherences will decay.
One way to quantify the magnitude of the exciton coherences is from the off-diagonal
elements of the exciton reduced density matrix, ρ̂ex :

ρ̂ex =

X

hv|ρ̂|vi

(4.7)

v

which is obtained by taking the trace of the system density matrix over the nuclear degrees
of freedom (characterised by the quantum number v). The following exciton coherence
correlation function can then be defined, which gives the average magnitude of the exciton
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coherences between moieties/sites a distance n apart [115, 116]:

Cncoh =

X

|hm|ρ̂ex |m + ni|

(4.8)

m

where |mi is the ket corresponding to the exciton on site m.
Figure 4.8 shows the time dependence of the exciton coherence correlation function for
an initial high energy QEES given in Fig. 4.2. The correlation function rapidly localises,
showing that within our model, decoherence of the exciton occurs on an ultra-fast time
scale. This time scale is more evident from the time dependence of the exciton coherence
number, Ncoh :
Ncoh =

X

Cncoh

(4.9)

n

which corresponds to the average number of moieties over which exciton coherences persist
and is given in the inset of Fig. 4.8. Indeed, we find that the coherence number reaches
its equilibrium value within ∼10 fs. As for exciton-polaron formation, the short time
scale associated with this decoherence leads to the associated dynamics being largely
independent of the external dissipation and depending solely on the Frenkel-Holstein
parameters.
The exciton decoherence mechanism present within our model can be elucidated by
considering the following state representation for the Frenkel-Holstein model:

|ψi =

X

ψm |mi |Vm i

(4.10)

m

Within this representation, ψm corresponds to the probability amplitude for the Frenkel
exciton residing on site/moiety m, given by |mi, while the ket |Vm i corresponds to the
state of the L harmonic oscillators when the exciton is on this site. Using this state
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Figure 4.8: The time dependence of the exciton coherence correlation function, Cncoh ,
for an initial high energy QEES given in Fig. 4.2. In addition, the time dependence of
the associated coherence number, Ncoh , is given in the inset figure.
representation, the exciton coherence correlation function takes the form:

Cncoh =

X

∗
ψm ψm+n
hVm+n |Vm i

(4.11)

m

∗
, corresponds to the exciton
This expression contains two terms. The first term, ψm ψm+n

wavefunction overlap between the two sites/moieties. As shown in Sec. 4.2.3, this term
remains essentially stationary over the time scale of exciton decoherence. The second
term, hVm+n |Vm i, corresponds to the overlap of the vibrational states associated with
the exciton being on sites/moieties m + n and m. In Sec. 4.2.1, we saw that during the
exciton relaxation dynamics, exciton-polaron formation occurs on an ultra-fast time scale,
leading to the nuclear displacements of the polymer becoming locally correlated to the
exciton. This means that during the dynamics, the vibrational state |Vm i will only have
nuclear displacements spatially close to moiety/site m (where the exciton resides), thus
causing the vibrational overlap hVm+n |Vm i to decrease with increasing site separation n.
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It is this local nature of the vibrational overlap that accounts for the local nature of the
exciton coherence correlation function in Fig. 4.8. Exciton-polaron formation is therefore
the mechanism by which the exciton decoheres, which is consistent with decoherence
mechanisms found in other electron-nuclear coupled systems [19–21].
Knowledge of the exciton decoherence mechanism now gives insight into the dependence
of the associated time scale on the Frenkel-Holstein parameters. Based on this mechanism,
we would expect the exciton decoherence time scale to be identical to that for excitonpolaron formation, depending solely on ~ω and with decoherence occurring within half a
vibrational time period. While this is consistent with our results, we find that the exciton
decoherence time scale additionally depends on the exciton-phonon coupling strength, A,
with the time scale decreasing with increasing A. This arises, because increasing A leads
to an increase in the nuclear displacements associated with the exciton-polaron, which
results in a more rapid decay of the vibrational overlaps that lead to decoherence.

4.2.3

Exciton Density Localisation

In Sec. 4.2.2, we saw that rapid exciton decoherence occurs during the relaxation dynamics, driven by the decay in the overlap of the vibrational states associated with excitonpolaron formation. As exciton decoherence arises from the vibrational configuration of the
system, the exciton density can in principle be delocalised along the polymer chain, even
if the exciton coherences between different sites/moieties are short ranged. Therefore,
if the system does relax to the low energy VRSs, the exciton density must also localise
during the time evolution.
In Fig. 4.9, the solid blue curve corresponds to the exciton density at time t = 100 fs for
an initial high energy QEES given in Fig. 4.2. Also shown are the scaled exciton densities
for the three VRSs of the polymer chain, given by the dashed curves. Three of the peaks
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Figure 4.9: The exciton density at t = 100 fs, given by the solid blue curve, for an
initial QEES given in Fig. 4.2. Also present are the scaled exciton densities for the three
VRSs of the polymer chain, given by the dashed curves.

in the exciton density at t = 100 fs match those corresponding to the VRSs, suggesting
that the system is relaxing into these low energy states during the time evolution. The
presence of additional peaks in the time evolved exciton density are probably a result
of the system having not reached the steady state at t = 100 fs, but could also signify
that the steady state solutions of our Lindblad master equation do not correspond to the
VRSs. This potential issue is pursued in the next chapter.
While the time evolved exciton density contains peaks corresponding to the VRSs of
the polymer chain, the solid blue curve in Fig. 4.9 seems to show that the exciton density
remains quasi-delocalised during the dynamics. However, as the system is described by
a mixed state density matrix, the associated observables physically correspond to an
ensemble average over many different environment configurations (or alternatively, over
many quantum trajectories). This means that it is not a priori obvious whether the
non-local nature of the ensemble averaged exciton density is symptomatic of an actual
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absence of exciton density localisation in our model or whether it is simply a consequence
of ensemble averaging over exciton density that has localised onto different chromophores.
To distinguish between these two possibilities requires a correlation function that measures
the spatial extent of the exciton for a single environment configuration, such as [117,118]:

Cnloc

P
m |hm, 0|ρ̂|m + n, 0i|
= P
m |hm, 0|ρ̂|m, 0i|

(4.12)

where the scaling factor is chosen so that C0loc = 1. In this definition, the ket |m, 0i
corresponds to the exciton being on site/moiety m, while all the L harmonic oscillators
are in their ground state, signified by the ‘0’ index.
The physical interpretation of this exciton localisation correlation function can be
understood by considering the state representation for the Frenkel-Holstein model, given
in Eq. (4.10). Using this state representation, the correlation function takes the form:
P
Cnloc

=

m

∗
hVm+n |0i h0|Vm i
ψm ψm+n
P
2
2
m |ψm | |hVm |0i|

(4.13)

where ψm is the probability amplitude for the exciton being on moiety/site m, |Vm i
corresponds to the state of the nuclear degrees of freedom when the exciton resides on
site m and |0i corresponds to the ground state of the L harmonic oscillators in the
system. To a good approximation, the quantity hVm |0i will be independent of the exciton
site index m. This is because the spatial distribution of the oscillator displacements
around the exciton depend on the exciton-phonon correlation length, which will be largely
independent of the exciton site index. Applying this approximation to Eq. (4.13) leads to

88

4.2. Time Evolving Block Decimation

Figure 4.10: The time dependence of the exciton localisation correlation function, Cnloc ,
for an initial high energy QEES given in Fig. 4.2. The main figure corresponds to the time
evolution with γ̃ = 0.033, while the upper inset figure corresponds to the time evolution
without external dissipation. In addition, the time dependence of the associated exciton
localisation number, Nloc , with γ̃ = 0.033 is given in the lower inset figure.

the following simplified form for the exciton localisation correlation function:

Cnloc ≈

X

∗
ψm ψm+n

(4.14)

m

This expression shows that the correlation function can be regarded as giving the average
magnitude of the exciton wavefunction overlap between moieties/sites a distance n apart
and therefore gives a measure of the spatial extent of the exciton on a polymer chain.
Figure 4.10 shows the time dependence of the exciton localisation correlation function
for an initial high energy QEES given in Fig. 4.2. The main figure corresponds to the time
evolution with the standard external dissipation parameter of γ̃ = 0.033, while the upper
inset corresponds to the time evolution without external dissipation to the environment.
When external dissipation is present, this correlation function does localise, confirming
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that exciton density localisation is present within our model of the relaxation dynamics.
However, the time scale associated with this process appears substantially different from
the ultra-fast exciton-polaron formation and exciton decoherence time scales studied previously. Indeed, the exciton localisation correlation function remains essentially static for
initial times on the order of the ultra-fast time scale (∼10 fs) with the function only starting to localise at longer times. This time scale is more evident from the time dependence
of the exciton localisation number, Nloc [118]:

Nloc =

X

Cnloc

(4.15)

n

which corresponds to the average number of moieties over which the exciton wavefunction overlap remains non-zero and is given in the lower inset of Fig. 4.10. The exciton
localisation number continues to decrease for t > 60 fs, illustrating the much longer time
scale associated with this process. This suggests that the exciton density localisation is
driven by the external dissipation to the environment. Further confirmation of this is
given in the upper inset of Fig. 4.10, which shows that without external dissipation, the
correlation function remains delocalised during the time evolution.
The mechanism by which external dissipation drives this exciton density localisation
can be understood by investigating the time evolution of individual trajectories within
the quantum jump trajectory method. Figure 4.11 shows the time dependence of the exciton density for a typical trajectory associated with this technique, where the system is
initially in a high energy QEES given in Fig. 4.2. For t < 20 fs, the dynamics correspond
to time evolution under the effective Hamiltonian, Ĥeff , where the figure shows that during this evolution, the exciton density remains quasi-delocalised along the polymer chain.
The discontinuity in the exciton density at t ∼ 20 fs corresponds to a ‘quantum jump’, in
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Figure 4.11: The time dependence of the exciton density for a single trajectory of
the quantum jump trajectory method. The discontinuity in the density at ca. 20 fs is
a ‘quantum jump’ caused by the stochastic application of a Lindblad jump operator.
The dynamics were performed for an initial high energy QEES given in Fig. 4.2, with
γ̃ = 0.033.

which one of the harmonic oscillator destruction operators, b̂m , is randomly applied to the
system. The effect of this ‘quantum jump’ process is to cause an immediate localisation
of the exciton density, as seen in Fig. 4.11. This arises because only states of the harmonic oscillator on site m with a non-zero displacement remain after application of the
operator, b̂m . As these nuclear displacements are locally correlated to the exciton through
exciton-polaron formation, application of b̂m therefore leads to a state with the exciton
localised around site m. Physically this process corresponds to ‘wavefunction collapse’,
where local environment interactions with the internal phonon degrees of freedom act as
a quantum measurement. Hence, it is the position of these local environment interactions
that determines the particular chromophore that the exciton density relaxes onto during
the time evolution.
Overall, comparing Sections 4.2.2 and 4.2.3 , these results show that exciton decoher-
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ence and exciton density localisation, which are terms that are often used interchangeably
in the literature, are different physical processes that occur on different time scales.

4.2.4

LEGS Dynamics

In the preceding analysis, the main focus has been on understanding the short time
exciton relaxation dynamics of initial QEESs. However, the features of the dynamics, as
well as their associated time scales, are largely identical for initial LEGSs, with a few
important differences. For QEESs, we saw that the system evolves to become a mixed
state combination of the various VRSs on the polymer chain, as seen in the time evolved
exciton density. In contrast, we find that an initial LEGS adiabatically relaxes almost
entirely onto a single VRS, with the exciton density remaining on the same chromophore
throughout the time evolution. This finding is in agreement with previous work on the
relaxation dynamics of LEGSs and is why Ehrenfest dynamics is found to give physically
sensible results for the relaxation of these states [15, 119]. Finally, as the spatial extent of
LEGSs and VRSs are very similar (see Fig. 2.10) the extent of exciton decoherence and
exciton density localisation during the time evolution is much less pronounced compared
to that for an initial QEES, resulting in a smaller time dependence of the associated
correlation functions.

4.2.5

Fluorescence Depolarisation

So far, we have outlined many features present in our model of the exciton relaxation
dynamics in polymer systems, such as exciton-polaron formation, exciton decoherence
and exciton density localisation. We now consider whether such features can be seen in
experimental observables used to study the dynamics.
One such experimental technique is the measurement of the time-dependent decay in
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the fluorescence anisotropy after photoexcitation. It is known experimentally that as the
exciton relaxes, the polarisation axis associated with the fluorescence rotates from that
of the incident radiation, caused by a rotation of the transition dipole moment of the
polymer. This can be quantified using the fluorescence anisotropy, r [120]:

r=

Ik − I⊥
Ik + 2I⊥

(4.16)

where Ik and I⊥ are the intensities of the fluorescence radiation polarised parallel and
perpendicular to the incident radiation, respectively.
For an arbitrary state of a quantum system, |ψi, the fluorescence intensity polarised
along the x axis is related to the x component of the transition dipole operator, µ̂x , by:

Ix ∝

X

|hψ|µ̂x |0, vi|2

(4.17)

v

where |0, vi corresponds to the system in the ground electronic state, with the nuclear
degrees of freedom in the state characterised by the quantum number v. In principle, the
expression for Ix also has an energy dependent term. However, as long as the variance
of the energy associated with the system remains small during the time evolution, this
term just becomes a multiplicative constant that can be neglected in Eq. (4.17). The
expression given in Eq. (4.17) can be generalised for a mixed state density matrix, ρ̂, as
follows [121]:

Ix ∝

X

h0, v|µ̂x ρ̂µ̂x |0, vi

v

∝

X

(4.18)
sm, x sn, x hm|ρ̂ex |ni

m, n
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where the final equation is obtained by using the expression for the transition dipole
moment given in Eq. (4.3). In this equation, ρ̂ex corresponds to the exciton reduced
density matrix, defined in Eq. (4.7), while |mi is the ket corresponding to the exciton
residing on site m. In addition, sm, x is the x component of the unit vector that points
along the polymer axis at site m, illustrated in Fig. 2.4. Inserting the required intensity
components, given in Eq. (4.18), into Eq. (4.16) allows the fluorescence anisotropy to be
obtained for a specific polymer conformation. The fluorescence anisotropy can then be
averaged over several different polymer conformations and initial exciton states using the
following expression [120]:
P
hr (t)i = 0.4 ×

Ij (t) rj (t)
P
j Ij (t)

j

(4.19)

where Ij (t) is the total fluorescence intensity and rj (t) is the fluorescence anisotropy, both
associated with conformation j at time t. The factor of 0.4 is included on the assumption
that the polymers are oriented uniformly in the bulk material [120].
Figure 4.12 shows the calculated time dependence of the fluorescence anisotropy for
two different initial Frenkel exciton energies. The mechanism for the decay of the fluorescence anisotropy can be understood by comparing the expression for the components of
the fluorescence intensity, given in Eq. (4.18), with the expression for the exciton coherence correlation function, given in Eq. (4.8). While the fluorescence intensity components
cannot be directly written in terms of the exciton coherence correlation function, since
both quantities depend on the elements of the exciton reduced density matrix, the time
dependence of the two quantities are related. Indeed, we find numerically that the time
dependence of the fluorescence intensity components are dominated by the decay of the
off diagonal elements of the exciton reduced density matrix, which also give rise to the
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Figure 4.12: The time dependence of the fluorescence anisotropy, hr (t)i, for two initial
Frenkel exciton energies. The orange curve corresponds to an initial Frenkel exciton
energy of 2.68 eV, while the blue curve corresponds to an initial Frenkel exciton energy
of 2.88 eV
localisation of the exciton coherence correlation function. The decay in the fluorescence
anisotropy can therefore be attributed to the decoherence of the exciton during the relaxation dynamics, induced by exciton-polaron formation. This is also consistent with the
observations that the decay of the fluorescence anisotropy is independent of γ̃ and also
occurs on a time scale equal to the exciton decoherence time scale from Fig. 4.8.
The difference in the magnitude of the fluorescence anisotropy decay for the two initial Frenkel exciton energies can now be explained in terms of this exciton decoherence
mechanism. For the lower initial Frenkel exciton energy of 2.68 eV, Fig. 4.1 shows that
a large fraction of the initial Frenkel exciton states are LEGSs. As the exciton is already localised onto a single chromophore in a LEGS, the extent of exciton decoherence
during the relaxation dynamics is much reduced for an initial LEGS compared to an
initial QEES. This therefore explains why the magnitude of the fluorescence anisotropy
decay is smaller for the lower initial Frenkel exciton energy in Fig. 4.12, consistent with
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experimental observations [3].
We now attempt to interpret experimental observations in the light of these simulations.
As stated in Section 1.1, experimental studies of the exciton relaxation dynamics in PPV
observe two sub picosecond time scales (.50 fs and ∼100 fs). Fluorescence depolarisation
experiments on PPV observe that the initial anisotropy value is <0.4, suggesting that an
ultra-fast relaxation process is occurring with a time scale shorter than the time resolution
of the experiment. This is consistent with the anisotropy decay time scale in our model
and therefore we assign this ultra-fast process to the exciton decoherence arising from
coupling to the high frequency C-C bond oscillations.
We also noted, however, that our calculated fluorescence anisotropy decay is essentially
independent of the dissipation time scale, γ −1 , and therefore our simulation cannot account for the time scale of ∼100 fs observed in fluorescence depolarisation experiments. As
suggested in previous work [5], we predict that this further decay in the anisotropy arises
from coupling of the exciton to the low frequency torsional modes in the polymer, which
have an oscillation period of ∼ 100 fs [17, 122]. Indeed, as these torsional modes behave
classically, they would be expected to form self-localised Landau polarons [59,60] (see Section 2.5.1) and therefore cause further exciton decoherence in addition to that arising from
coupling to the high frequency C-C bond oscillations. However, because classical normal
modes give rise to a diverging exciton-phonon correlation length, the exciton decoherence
and exciton density localisation processes will occur via different mechanisms than for the
high frequency modes. As most spectroscopic quantities depend on the exciton reduced
density matrix, it is likely that the two time scales seen in these experiments arise from
exciton decoherence through coupling of the exciton to these two different normal modes.
How to incorporate these torsional modes into our model, and therefore account for both
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experimental time scales, is addressed in Chapter 6.
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5
Exciton Dynamics in
Poly(p-phenylenevinylene) - the Steady
State
In the previous chapter, we showed that exciton-polaron formation, exciton decoherence
and exciton density localisation all occur during the exciton relaxation dynamics within
our model, which is consistent with the system relaxing into the low energy chromophore
states of the polymer chain, as physically expected. However, the relaxation dynamics can
only be obtained for relatively short times of t ∼ 100 fs within the TEBD technique and
it is therefore difficult to come to any definitive conclusions about what the steady state
solution of the dynamics is (i.e the state of the system when t → ∞). In this chapter, the
steady state solution of the exciton relaxation dynamics is obtained to identify whether
the system does indeed relax into the emissive chromophore states of the polymer chain
at long times.
In Section 2.6.1, it was shown that the steady state solution of a Lindblad master equaˆ
tion can be obtained from the Lindblad superoperator, L̂, using the following equation:

ˆ
L̂ |~us i = 0

(5.1)

i.e., the steady state solution is an eigenstate of the Lindblad superoperator, with eigenvalue λs = 0. The Lindblad superoperator is a N 2 × N 2 matrix, where N is the size of the
Hilbert space associated with the system. Since the system of interest in this thesis has
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an exponentially large Hilbert space, the Lindblad superoperator is too large to generate
and hence its eigenstates cannot be determined directly. To circumvent this issue, we have
developed a Lindblad perturbation theory, which is introduced in the following section.

5.1

Lindblad Perturbation Theory

Perturbation theory is a commonly used technique to solve eigenvalue problems, such as
the following:
ˆ
L̂ |~uµ i = λµ |~uµ i

(5.2)

in which the operator (in this case the Lindblad superoperator) is partitioned into an
ˆ
ˆ
unperturbed part, L̂0 , and a perturbation, V̂ :

ˆ
ˆ ˆ
L̂ = L̂0 + αV̂

(5.3)

where α is a book-keeping parameter introduced to keep track of the order of the perturbation and is set to one at the end of the calculation. The partitioning of the superoperator
ˆ
ˆ
in Eq. (5.3) is chosen so that L̂0 has known eigenstates and eigenvalues and V̂ corresponds
ˆ
ˆ
to a small correction to L̂0 , meaning that the exact eigenvalues and eigenstates of L̂ can
be written as a convergent Taylor expansion in the perturbation:
(1)
2 (2)
λµ = λ(0)
µ + αλµ + α λµ + · · ·

|~uµ i =

|~uµ(0) i

+

α |~uµ(1) i

+α

2

|~uµ(2) i

(5.4)
+ ···

where the superscripts signify the order of the perturbation. Perturbation theory has
already been successfully applied to Lindblad master equations, for any arbitrary partiˆ
tioning of the Lindblad superoperator for which the eigenvalues of L̂0 are non-degenerate
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[123–126].
Our approach differs from this previous work by considering a particular partitioning
of the Lindblad superoperator (the expression for which is given by Eq. (2.62)) such that
the unperturbed part contains the terms that involve the system Hamiltonian (in this
case the Frenkel-Holstein Hamiltonian, ĤFH ) [127]:

1 
ˆ
T
1̂ ⊗ ĤFH − ĤFH
⊗ 1̂
L̂0 =
~ω

(5.5)

while the perturbation contains all the terms that involve the system-environment coupling [127]:
"

#

 i X

T
 T
1
ˆ
V̂ = γ̃
1̂ ⊗ Ĥ∆ − Ĥ∆T ⊗ 1̂ −
1̂ ⊗ b̂†m b̂m + b̂†m b̂m ⊗ 1̂ − 2 b̂†m ⊗ b̂m
~ω
2 m
(5.6)
where γ̃ is the dimensionless dissipation parameter, which controls the strength of the
system-environment coupling and Ĥ∆ (given by Eq. (2.58)) is the Hamiltonian that describes the damping correction to the harmonic oscillator frequency induced by the external dissipation. We think that this is the most natural partitioning of the Lindblad
superoperator, since the Lindblad master equation is only valid for systems in which the
system-environment coupling is weak (i.e., when γ̃ is small), as discussed previously in Section 2.6. This particular partitioning of the Lindblad superoperator is also advantageous,
ˆ
because the unperturbed part of the superoperator, L̂0 , is Hermitian, ensuring that the
unperturbed eigenstates form a complete orthonormal basis. This property leads to much
simpler expressions for the perturbative corrections to the eigenvalues and eigenstates.
To obtain expressions for these perturbative corrections, we first insert Eqs. (5.3) and
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(5.4) into the Lindblad superoperator eigenvalue equation, given by Eq. (5.2):



ˆ
ˆ
L̂0 + αV̂




|~uµ(0) i + α |~uµ(1) i + · · · =
(1)
λ(0)
µ + αλµ + · · ·



|~uµ(0) i + α |~uµ(1) i + · · ·



(5.7)

in analogous fashion to conventional perturbation theory [80]. Grouping together terms
with identical powers of α then leads to the following result:

h


i
h



i
ˆ
ˆ
ˆ
(0)
(0)
(1)
(1)
(0)
L̂0 − λ(0)
|~
u
i
+
α
L̂
−
λ
|~
u
i
+
V̂
−
λ
|~
u
i
+ ··· = 0
0
µ
µ
µ
µ
µ
µ

(5.8)

The eigenvalue and eigenstate corrections for a particular order of perturbation can then
be obtained by solving the corresponding term in Eq. (5.8).
For our system of interest, the internal exciton-phonon interactions dominate the much
weaker system-environment coupling, making it sufficient to calculate the Lindblad superoperator eigenvalues to first order in the perturbation, while only considering the
zeroth-order eigenstates. However, it is indeed possible to calculate the eigenstates and
eigenvalues to any order in the perturbation, using the same method employed in conventional perturbation theory for the time-independent Schrödinger equation. The required
perturbative terms are now derived in the following sub-sections.

5.1.1

Zeroth-Order Term

From Eq. (5.8), the zeroth-order term gives rise to the following eigenvalue equation for
the zeroth-order eigenvalues and eigenstates:

ˆ
L̂0 |~uµ(0) i = λ(0)
uµ(0) i
µ |~
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To solve this equation, it proves beneficial to work in the Hilbert space basis given by the
eigenstates of the Frenkel-Holstein Hamiltonian, ĤFH :

ĤFH |ψj i = Ej |ψj i

(5.10)

where j corresponds to the quantum number associated with the eigenstate |ψj i. The
analogous Liouville space basis states are then |~
ρl, j i, which correspond to the matrix
elements of the system density matrix in this Hilbert space basis. Using the form of the
ˆ
unperturbed part of the Lindblad superoperator, given by Eq. (5.5), the eigenstates of L̂0
are shown to be:
(0)

|~ul, j i = |~
ρl, j i

(5.11)

while the corresponding zeroth-order eigenvalues are:
(
(0)
λl, j

=

El −Ej
,
~ω

0,

for l 6= j
for l = j

(5.12)

where Ej is the eigenvalue of the Frenkel-Holstein Hamiltonian with quantum number j,
as defined in Eq. (5.10).
Now that the zeroth-order eigenvalues and eigenstates have been determined, the first(1)

order correction to the eigenvalues, λµ , can be obtained by solving the first-order term
in Eq. (5.8):





ˆ
ˆ
(1)
(1)
L̂0 − λ(0)
|~
u
i
+
V̂
−
λ
|~uµ(0) i = 0
µ
µ
µ

(5.13)
(0)

There are two situations to consider. For the ‘off-diagonal’ zeroth-order eigenstates (|~ul,j i,
where l 6= j), the zeroth-order eigenvalues (given by Eq. (5.12)) are non-degenerate,
meaning that Eq. (5.13) must be solved using non-degenerate perturbation theory. In
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(0)

contrast, for the ‘diagonal’ zeroth-order eigenstates (|~ul, j i, where l = j), the zeroth-order
eigenvalues are degenerate, meaning that Eq. (5.13) must be solved using degenerate
perturbation theory. We now consider each case in turn.

5.1.2

Off-Diagonal Zeroth-Order Eigenstates
(0)

For non-degenerate eigenstates, |~uµ i, Eq. (5.13) can be solved by pre-multiplying by
(0)

h~uµ | to give:





ˆ
ˆ
(0)
(1)
(1)
|
|~uµ(0) i = 0
i
+
h~
u
V̂
−
λ
|~
u
h~uµ(0) | L̂0 − λ(0)
µ
µ
µ
µ

(5.14)

This term can be simplified as follows. Applying Eq. (5.9) shows that the first term in the
above equation is zero. Additionally, the orthonormality of the zeroth-order eigenstates
(0)

(0)

(i.e., h~uµ |~uν i = δµ,ν ) leads to the following expression for the first-order eigenvalues,
valid for non-degenerate states:

ˆ
λ(1)
uµ(0) |V̂ |~uµ(0) i
µ = h~

(5.15)

(0)

Applying Eq. (5.15) to the off-diagonal zeroth-order eigenstates (|~ul,j i, where l 6= j) leads
to the following expression for the corresponding first-order eigenvalue:

(1)
λl,j


= γ̃


1 
hψl |Ĥ∆ |ψl i − hψj |Ĥ∆ |ψj i
~ω
#

i X
−
hψl |b̂†m b̂m |ψl i + hψj |b̂†m b̂m |ψj i − 2 hψl |b̂m |ψl i hψj |b̂m |ψj i
(5.16)
2 m

where |ψj i is the Frenkel-Holstein eigenstate with quantum number j. A detailed derivation for this expression is given in Appendix A.1. From Eqs. (5.12) and (5.16), we see
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that for the off-diagonal zeroth-order eigenstates, the corresponding zeroth and first-order
eigenvalues are generally non-zero, meaning that none of these states correspond to the
steady state solution of the Lindblad master equation, which is defined in Eq. (5.1).

5.1.3

Diagonal Zeroth-Order Eigenstates

(0)

From Eq. (5.12), all the diagonal zeroth-order eigenstates, |~uj, j i, are shown to have the
(0)

same zeroth-order eigenvalue, λj, j = 0. Therefore, any linear combination of these diago(0)

nal states, |uj, j i, also forms a valid zeroth-order eigenstate with the same eigenvalue:

|~uµ(0) i =

X

(0)

(5.17)

aµ, j |~uj, j i

j

(0)

(0)

where aµ, j are the coefficients for the new zeroth-order eigenstate, |~uµ i, with λµ = 0.
To obtain the first-order eigenvalues for these degenerate states, we insert Eq. (5.17) into
(0)

Eq. (5.13), as well as pre-multiply by h~ul, l |, to give:



X (0)  ˆ
ˆ
(0)
(0)
(1)
(1)
h~ul, l | L̂0 − λ(0)
|~
u
i
+
h~
u
|
V̂
−
λ
|~uj, j i aj = 0
µ
µ
µ
l, l

(5.18)

j

This term can be simplified as follows. Applying Eq. (5.9) shows that the first term in the
above equation is zero. Additionally, the orthonormality of the zeroth-order eigenstates
(0)

(0)

(i.e., h~ul, l |~uj, j i = δl, j ) leads to the following expression for the first-order eigenvalues,
valid for degenerate states:

X

(0) ˆ
(0)
h~ul, l |V̂ |~uj, j i aj = λ(1)
µ al

(5.19)

j
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(1)

Hence the first-order eigenvalues, λµ , are obtained as the eigenvalues of the perturbation
(0) ˆ
(0)
(0)
matrix, h~ul, l |V̂ |~uj, j i, formed in the basis of the diagonal zeroth order-eigenstates, |~uj, j i.
(0)

Additionally, the coefficients for these zeroth-order states (|~uµ i), defined in Eq. (5.17),
are obtained as the corresponding eigenvectors of this perturbation matrix. From the
expression for the perturbation superoperator given by Eq. (5.3), the diagonal elements
of this perturbation matrix are given by:

X
2
ˆ
†
h~
ρj, j |V̂ |~
ρj, j i = −iγ̃
hψj |b̂m b̂m |ψj i − hψj |b̂m |ψj i

(5.20)

m

while the off-diagonal elements are given by:

X
ˆ
hψl |b̂m |ψj i
ρj, j i = iγ̃
h~
ρl, l |V̂ |~

2

(5.21)

m

(0)

ρj, j i ( as given by Eq. (5.11)) and |ψj i are the eigenstates of the Frenkelwhere |~uj, j i = |~
Holstein Hamiltonian, with quantum number j. A detailed derivation of these results is
given in Appendix A.1. This perturbation matrix has size N , where N is the size of the
system Hilbert space.
(0)

As stated before, all these diagonal zeroth order eigenstates satisfy λµ = 0. Therefore,
the steady state solution of the Lindblad master equation corresponds to the state which
(1)

also satisfies λµ = 0. It can be proved that such a state must exist. To this end, we
consider the following result for the sum of all the elements within a single column of the
perturbation matrix:

X
l
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ˆ
h~
ρl, l |V̂ |~
ρj, j i = −iγ̃

X
m

hψj |b̂†m b̂m |ψj i −

X
l

2

hψl |b̂m |ψj i

!
=0

(5.22)
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∗

where we have used that hψl |b̂m |ψj i = hψj |b̂†m |ψl i (i.e., b̂†m is the Hermitian conjugate of
P
b̂m ) as well as that 1̂ = l |ψl i hψl | is the unit operator. Equation (5.22) can be interpreted
as showing that the following row vector:



h~uµ(0) | = 1 1 1 · · ·

(5.23)

(1)

is a left eigenvector of the perturbation matrix, with eigenvalue λµ = 0 (where the left
eigenvector of a matrix is defined by the right-hand side of Eq. (2.63)). As a result, the
perturbation matrix must contain at least one zero eigenvalue.
We have shown that within the perturbation theory outlined above, the steady state
solution of the Lindblad master equation can be obtained from the eigenstates of the perturbation matrix, of size N . While this is an advantageous method compared to obtaining
the steady state solution from the eigenstates of the full Lindblad superoperator, of size
N 2 , for systems with an exponentially large Hilbert space, such as the Frenkel-Holstein
model, the perturbation matrix is still too large to generate and determine its eigenstates
directly. To proceed, we first consider the adiabatic and anti-adiabatic limits, introduced
initially in Section 2.5, for which the eigenstates of the Frenkel-Holstein Hamiltonian can
be obtained analytically.

5.2

Adiabatic Limit

Consider the solution of the Lindblad master equation obtained with the quantum jump
trajectory technique, discussed previously in Section 3.1. In the adiabatic limit (where
~ω/ hJi → 0), the time evolution for an individual trajectory (away from conical intersections) is exactly described by the following mean-field ansatz (introduced previously
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in Section 3.2):

i2λ

|ψMF i = e− ~ω

P

R t̃ †
0
m 0 hâm âm ihQ̂m idt

|ψex i ⊗ |ψph,1 i ⊗ · · · ⊗ |ψph,L i

(5.24)

where Q̂0m is the dimensionless displacement operator for the harmonic oscillator on site
m, defined as:
r
Q̂0m =

~ω
Q̂m
2λ

(5.25)

From Section 3.2, the time dependence of the quantum state associated with the harmonic
oscillator on site m, |ψph,m i, corresponds to a coherent state for the Frenkel-Holstein
model. As coherent states are eigenstates of the harmonic oscillator destruction operator:

0
0
0
b̂0m |αm
i = αm
|αm
i

(5.26)

the quantum trajectories defined by Eq. (5.24) are unaffected by quantum jumps, with
their time dependence solely determined by the effective Hamiltonian, Ĥeff , of the system.
The steady state solution in the adiabatic limit is therefore a mixed state density
matrix consisting of the various minima on the adiabatic potential energy surfaces (i.e.,
the points on the surface where the nuclear force is zero, so that a stationary solution of
the Ehrenfest equations of motion results). For the ground state potential energy surface,
the minima correspond to the adiabatic VRSs, which were introduced in Section 2.5.1.
In addition, minima also exist on the excited potential energy surfaces, corresponding
to ‘nodeful’ exciton states. The exciton density associated with one such example of
this is shown in Fig. 5.1, which corresponds to a minimum on the first excited potential
energy surface and hence contains a single node in the exciton wavefunction. Such states
are analogous to local excited exciton states (LEES), which are sometimes formed as
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Figure 5.1: The exciton density associated with the state corresponding to a minima
on the first excited adiabatic potential energy surface of the Frenkel-Holstein model,
for one particular conformation of a PPV polymer chain made up of 99 moieties. The
corresponding exciton wavefunction contains a single node.

eigenstates of the Frenkel Hamiltonian [56].
To ascertain the stability of the exciton states associated with these surface minima,
we derive an expression for the transition probability rate between two adiabatic surfaces,
at an instantaneous nuclear geometry Q00 . To begin, the time dependent quantum state
associated with the exciton degrees of freedom is given in the adiabatic basis [80]:

X
R t̃

0
|ψex t̃ i =
aβ e−i 0 Ẽβ (Q )dt |ψβ, ex (Q00 )i

(5.27)

β

where aβ is the probability amplitude associated with the adiabatic state |ψβ, ex (Q00 )i and
Ẽβ (Q0 ) is the associated adiabatic surface energy:

ĤBO |ψβ, ex (Q0 )i = Eβ (Q0 ) |ψβ, ex (Q0 )i

(5.28)
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where ĤBO is the Born-Oppenheimer Hamiltonian for the Frenkel-Holstein model, defined
in Eq. (2.35). These eigenvalues are then made dimensionless by scaling them with the
phonon energy, ~ω:
Ẽβ (Q0 ) =

Eβ (Q0 )
~ω

(5.29)

Inserting Eq. (5.27) into the time-dependent Schrödinger equation and rearranging leads
to the following expression for the time derivative of the probability amplitude, aβ [80]:
R t̃
daβ X X 0
0
0
=
pm dm (β, Q00 ) e−i 0 (Ẽβ0 (Q )−Ẽβ (Q ))dt aβ 0
dt̃
m
β0

(5.30)

where the transition probability to state |ψβ, ex (Q00 )i is obtained as Pβ = |aβ |2 . In this expression, p0m = dQ0m /dt̃ is the classical momentum associated with the harmonic oscillator
on site m and dm (β, Q00 ) is the nonadiabatic derivative coupling vector between states
|ψβ, ex (Q00 )i and |ψβ 0 , ex (Q00 )i, induced by the oscillator on site m. This quantity is given
by:
dm (β,

Q00 )



∂ψβ, ex
= ψβ 0 , ex
∂Q0m

(5.31)
Q0 =Q00

where β = (β, β 0 ) is a vector containing the quantum numbers associated with the two
coupled surfaces. From Eq. (5.30), the magnitudes of the nonadiabatic couplings associated with a state |ψβ, ex (Q00 )i therefore determine the transition rate from that particular
surface. Hence a state associated with a surface minima must have small nonadiabatic
derivative couplings to have a large contribution to the steady state solution.
An exact expression for the nonadiabatic derivative coupling vector can be obtained
using time-independent perturbation theory [80]:

dm (β,

110

Q00 )

−2λψβ∗ 0 , m ψβ, m
=
Eβ (Q00 ) − Eβ 0 (Q00 )

for β 0 6= β

(5.32)
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Figure 5.2: The nonadiabatic derivative coupling vector for two states corresponding to
minima on the adiabatic potential energy surfaces. The solid blue curve corresponds to
the adiabatic VRS with quantum number j = 2 (see Fig. 2.12), while the solid orange
curve corresponds to a minima on the first excited surface, with associated exciton density
given by Figure 5.1. For these two states, the value of β 0 is chosen such that the elements
of the derivative coupling vector have their largest values.

where ψβ, m is the probability amplitude associated with site m, for the state |ψβ, ex (Q00 )i
and λ is the exciton-phonon coupling parameter given by:

λ=

A2 ~ω
2

(5.33)

A derivation of this expression is given in Appendix C. Using this expression, the nonadiabatic derivative coupling vectors can be calculated for minima of the potential energy
surfaces within the Frenkel-Holstein model, some of which are given in Fig. 5.2. In this
figure, the solid blue curve corresponds to the adiabatic VRS with quantum number j = 2
(see Fig. 2.12), while the solid orange curve corresponds to a minima on the first excited
surface, with the corresponding exciton density given by Fig. 5.1. For these two states,
the value of β 0 is chosen such that the elements of the derivative coupling vector have
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Figure 5.3: The three lowest energy adiabatic potential energy surfaces corresponding
to a linear path between the nuclear geometries associated with the j = 2 adiabatic
VRS and the ‘LEES’ given in Fig. 5.1. The minima in the lowest energy surface (blue)
at Path = −1 corresponds to this adiabatic VRS, while the minima in the first excited
surface (orange) at Path = 1 corresponds to the ‘LEES’.

their largest values. The nonadiabatic derivative coupling vector associated with the
‘LEES’ (the state on an excited potential energy surface) is much larger than that for the
adiabatic VRS, meaning that the adiabatic VRSs dominate the steady state solution in
the adiabatic limit. Indeed numerical results presented later in this chapter will confirm
that the disparity between the magnitudes of these derivative couplings is so large that
essentially the steady state solution consists entirely of the adiabatic VRSs in this case.
The reason why the excited state minima have large associated derivative coupling
vectors can be understood by considering the form of the potential energy surfaces within
the model. Figure 5.3 gives the energies associated with the three lowest energy adiabatic
potential energy surfaces, for a linear path between the nuclear geometries associated
with the j = 2 adiabatic VRS and the ‘LEES’ given in Fig. 5.1. The minima in the
lowest energy surface (blue) at Path = −1 corresponds to this adiabatic VRS, while the
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minima in the first excited surface (orange) at Path = 1 corresponds to the ‘LEES’. From
Eq. (5.32), the large nonadiabatic derivative coupling vector for the ‘LEES’ hence arises
from the small energy gap between the ground and first excited potential energy surface
at this nuclear geometry, which induces a large population loss from this minimum to the
lower surface.
Overall, this result for the steady state solution shows that the exciton relaxation
dynamics do indeed proceed into the low energy chromphore states of the polymer (i.e.,
the VRSs) in the adiabatic limit, as physically expected.

5.3

Anti-Adiabatic Limit

In Section 2.5.2, it was shown that in the anti-adiabatic limit (where ~ω/ hJi → ∞) the
Frenkel-Holstein Hamiltonian can be diagonalised by performing the Lang-Firsov transformation. In this transformed basis, the Frenkel-Holstein Hamiltonian for the anti-adiabatic
limit is given by [73]:


ˆ ' Ĥ + ~ω X b̂† b̂ + 1 − λ
H̃
m
FH
F
m
2

(5.34)

m

where λ = A2 ~ω/2 corresponds to the exciton-polaron relaxation energy in the atomic
limit and A is the dimensionless exciton-phonon coupling parameter. In addition, ĤF is
the Frenkel Hamiltonian (introduced in Section 2.4), which in the eigenstate basis is given
by:
ĤF =

X

k ĉ†k ĉk

(5.35)

k

where k is the energy of the Frenkel eigenstate with quantum number k and ĉ†k /ĉk are the
corresponding creation/destruction operators respectively. From Eqs. (5.34) and (5.35),
the eigenstates in the anti-adiabatic limit of the Frenkel-Holstein Hamiltonian are given
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by the following equation in the transformed basis:

|ψ̃k, n1 , n2 ,.., nL i = |ki ⊗ |n1 i ⊗ |n2 i ⊗ · · · ⊗ |nL i

(5.36)

where |ki is the eigenket of the Frenkel Hamiltonian with quantum number k and |nm i is
the harmonic oscillator eigenket on site m, with quantum number nm . The corresponding
eigenvalues are then:
Ek, nphon = k + ~ω nphon +
where nphon =

P

m

1
2



−λ

(5.37)

nm is the total number of phonons associated with the corresponding

eigenstate.
To generate the perturbation matrix, given by Eq. (5.20) and (5.21), from which the
steady state solution of the Lindblad superoperator can be obtained, we need an expression
for the harmonic oscillator destruction operator in the Lang-Firsov basis, ˆb̃m . This was
already determined in Section 2.5.2 and is given by:
A †
ˆb̃ = b̂ + √
âm âm
m
m
2

(5.38)

Consider the anti-adiabatic Frenkel-Holstein Hamiltonian eigenstates in their vibrational
ground state (i.e., those with nm = 0 for all m). Applying the harmonic oscillator destruction operator to these states gives the following:
A
ˆb̃ |ψ̃
m
k, 01 ,.., 0L i = √ ψk,m |mi ⊗ |01 i ⊗ |02 i ⊗ · · · ⊗ |0L i
2

(5.39)

where |mi is the state which corresponds to the Frenkel exciton residing on site m and
ψk,m is the associated probability amplitude, for an eigenstate of the Frenkel Hamiltonian
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with quantum number k. From Eq. (5.39), we see that applying the harmonic oscillator
destruction operator keeps a state within the vibrational ground state manifold. As the
harmonic oscillator destruction operator introduces no vibrational excitations in the antiadiabatic limit, only eigenstates in their vibrational ground state make any contribution
to the steady state solution. We thus only need to consider the subspace of these states
when calculating the perturbation matrix in this limit. Using Eqs. (5.20), (5.21) and
(5.39), the required elements of the perturbation matrix are:

iγ̃A2 X
ˆ 0 0
1 − |ψk0 ,m |4
h~
ρk0 ,k0 |V̂ |~
ρk ,k i = −
2 m

h~
ρ

k0 ,k0

iγ̃A2 X
ˆ
ρk, k i =
|V̂ |~
|ψk0 ,m |2 |ψk, m |2
2 m

(5.40)

(5.41)

|ψk, m |2 = 1 (i.e., the eigenstates of the Frenkel Hamiltonian
P
ˆ
ρk, k i = 0 within the subspace
are normalised). From Eqs. (5.40) and (5.41), k0 h~
ρk0 ,k0 |V̂ |~

where we have used that

P

m

of the vibrational ground state eigenstates, which means that this matrix has a zero
eigenvalue (as shown in Section 5.1.3) and as such confirms that the steady state solution
consists solely of these states.
Additionally, from Eq. (5.41) we see that the perturbation matrix in this subspace
is anti-Hermitian, which means that the left and right eigenvectors of the perturbation
matrix are identical in this case. In Section 5.1.3, it was shown that the left eigenvector
for the steady state solution is always given by Eq. (5.23), so that the elements of the
corresponding right eigenvector in the anti-adiabatic limit are given by:

ρk, k

(
1, for nphon = 0
∼
0, for nphon 6= 0

(5.42)
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This steady state solution physically corresponds to an ‘infinite temperature’ thermal
exciton state, showing that the exciton relaxation dynamics do not proceed solely into
the VRSs in this limit.
Now that the steady state solution is understood in the anti-adiabatic limit, in the
following we consider perturbative corrections away from this limit, to see how the steady
state solution is altered.

5.3.1

Perturbation Theory about the Anti-Adiabatic Limit

In Section 2.5.2, it was shown that applying the Lang-Firsov transformation to the FrenkelHolstein Hamiltonian results in the following [73]:


X
ˆ
†
−Ŝ
Ŝ
1
b̂m b̂m + 2 − λ
H̃FH = e ĤF e + ~ω

(5.43)

m

where the only remaining non-diagonal contribution to this Hamiltonian is that which
involves the Frenkel Hamiltonian, ĤF . To obtain the Frenkel-Holstein Hamiltonian valid
in the anti-adiabatic limit (as given previously by Eq. (5.34)) the limit ~ω/ hJi → ∞ is
taken, which results in e−Ŝ ĤF eŜ → ĤF . Therefore, by Taylor expanding the exponential
operators in this Frenkel Hamiltonian term, we can obtain the following correction to the
anti-adiabatic Frenkel-Holstein Hamiltonian [128]:

e−Ŝ ĤF eŜ ' ĤF + V̂1 + · · ·

(5.44)

where V̂1 is the first-order perturbation operator:

h
i
V̂1 = ĤF , Ŝ
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and Ŝ is an anti-Hermitian operator given by:
r
Ŝ = −i

where P̂m =

√1 (b̂†
2 m

2λ X †
â âm P̂m
~ω m m

(5.46)

− b̂m ) is the dimensionless harmonic oscillator momentum operator

for site m. From Eq. (5.44), we identify the second term in this expression as the largest
perturbative correction to the anti-adiabatic Frenkel-Holstein Hamiltonian in the limit
~ω/ hJi → ∞. Noting that the Frenkel exciton creation operator for site m can be
written in terms of the creation operators for the Frenkel Hamiltonian eigenstates:

â†m =

X

†
∗
ψk,
m ĉk

(5.47)

k

we obtain the following expression for this first-order perturbation operator:

V̂1 = iA

X X
m



k ψk∗00 ,m ψk0 ,m ĉ†k00 ĉk0 ĉ†k ĉk − ĉ†k ĉk ĉ†k00 ĉk0 P̂m

(5.48)

k, k0 ,k00

where we have also used the expression for the Frenkel Hamiltonian given in Eq. (5.35),
as well as the definition A = 2λ/~ω. In this thesis, we consider solely the single Frenkel
exciton subspace of the system. Therefore, for an operator to give a non-zero contribution
in this subspace, any Frenkel exciton destruction operators present must act on the same
state that the Frenkel exciton is created in previously, meaning that:

ĉ†k ĉp ĉ†q ĉr = ĉ†k ĉr δq,p

(5.49)
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Inserting this relation into the expression for the first-order perturbation operator (given
by Eq. (5.48)) and rearranging leads to the following simplified expression for this term:

V̂1 = iA

XX
m k, k

(k − k0 ) ψk∗0 ,m ψk, m ĉ†k0 ĉk P̂m

(5.50)

0

We now have all the necessary ingredients to apply standard perturbation theory to
ascertain how the steady state solution of the Lindblad master equation changes away
from the anti-adiabatic limit. The unperturbed Hamiltonian, Ĥ0 , is the anti-adiabatic
Frenkel-Holstein Hamiltonian given by Eq. (5.34), while the perturbation is given by
Eq. (5.50). Hence to first order in perturbation theory, the eigenstates of the FrenkelHolstein Hamiltonian that correspond to the vibrational ground state (i.e., those with
nj = 0 for all sites j), are given by:
A X X (k − k0 ) ψk∗0 ,m ψk, m (0)
(0)
|ψ̃k0 ,01 ,.., 1m ,.., 0L i
|ψ̃k, 01 ,.., 0L i = |ψ̃k, 01 ,.., 0L i − √
(k − k0 − ~ω)
2 m k0

(5.51)

where this expression is given in the transformed basis and is valid close to the antiadiabatic limit.
To generate the steady state solution of the Lindblad superoperator, the perturbation
matrix (given by Eqs. (5.20) and (5.21)) must be obtained. To this end, consider the
Frenkel-Holstein Hamiltonian eigenstates in their vibrational ground state. Applying the
harmonic oscillator destruction operator in the Lang-Firsov basis (given by Eq. (5.38)) to
these states gives the following:
"

A
ˆb̃ |ψ̃
ψk, m |mi ⊗ |01 i ⊗ .... ⊗ |0L i −
m
k, 01 ,.., 0L i ' √
2
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X (k − k0 ) ψk∗0 ,m ψk, m
k0

(k −  − ~ω)
k0

#
(0)

|ψ̃k0 , 01 ,.., 0L i
(5.52)
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where we have only retained terms to first-order in the dimensionless exciton-phonon coupling constant, A, which is consistent with the order of perturbation used for the FrenkelHolstein eigenstates given by Eq. (5.51). Additionally, |mi is the state which corresponds
to the Frenkel exciton residing on site m. From Eq. (5.52), we see that applying the
harmonic oscillator destruction operator will keep a state within the vibrational ground
state manifold. Therefore, as in the beginning of Section 5.3, we only need to consider
the subspace of these states when calculating the perturbation matrix in this limit. Using
Eqs. (5.52), (5.20) and (5.21), the required elements of the perturbation matrix are:
iγ̃A
ˆ
ρk, k i = −
h~
ρk, k |V̂ |~

2

P P
m

k0 6=k

|ψk, m |2 |ψk0 ,m |2

2 (˜k0 − ˜k + 1)2

P
iγ̃A2 m |ψk, m |2 |ψk0 ,m |2
ˆ 0 0
ρk ,k i =
h~
ρk, k |V̂ |~
2 (˜k − ˜k0 + 1)2

(5.53)

(5.54)

where ˜k = k /~ω are the dimensionless eigenvalues of the Frenkel Hamiltonian. Inserting
these expressions for the elements of the perturbation matrix into the eigenvalue equation
for the zeroth-order Lindblad superoperator eigenstates (given by Eq. (5.19)) results in
the following equation for the steady state:


iγ̃A2 X X
−ρk, k
ρk0 ,k0
2
2
|ψk, m | |ψk0 ,m |
+
=0
2 m k0 6=k
(˜k0 − ˜k + 1)2 (˜k − ˜k0 + 1)2

(5.55)

where ρk, k is the diagonal steady state density matrix coefficient, corresponding to the
eigenstate of the Frenkel-Holstein Hamiltonian with eigenvalue k. Hence the diagonal
steady state density matrix elements must satisfy:

ρk0 ,k0 = ρk, k f (˜k − ˜k0 )

(5.56)
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where:

f (x) =

x+1
x−1

2

(5.57)

Expanding this function then leads to the following representation:

f (x) = 1 +

4
4
+
x − 1 (x − 1)2

(5.58)

The expression given in Eq. (5.56) is valid near the anti-adiabatic limit, when ~ω/ hJi → ∞.
This is the same limit in which the Taylor expansion of f (x) is valid, given by:

f (x) = 1 + 4x +

(4x)2
+ · · · ' e4x
2

(5.59)

As the first three terms in the Taylor expansion of f (x) are identical to that of exp(4x),
we can replace the function in Eq. (5.56) with this exponential. Finally, noting that the
eigenvalues of the Frenkel-Holstein Hamiltonian in the anti-adiabatic limit are given by:

Ek, nphon = k + ~ω nphon +

1
2



−λ

(5.60)

the solution to Eq. (5.56), valid close to this limit, is hence:

ρk,k

(
exp[−4Ek, 0 /~ω], for nphon = 0
∼
0,
for nphon 6= 0

(5.61)

Therefore, this steady state solution physically corresponds to a thermal exciton state,
with temperature T = ~ω/4. This is indeed consistent with the result given in Eq. (5.42),
which corresponds to the anti-adiabatic limit, when ~ω/ hJi → ∞.
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5.4

Limited Functional Space Approach

Away from the adiabatic and anti-adiabatic limits, analytical solutions for the eigenstates
of the Frenkel-Holstein model are not known to exist and the associated steady state
solution can only be obtained numerically. To obtain a representative Lindblad perturbation matrix, from which the steady state solution is obtained, requires a method that
is able to generate a large number of excited eigenstates of the Frenkel-Holstein Hamiltonian. The limited functional space (LFS) approach, which has already been introduced
in Section 3.4, is well suited for this task.
To calculate the steady state solution of the Lindblad master equation using the LFS
approach, a reduced dimensional Hilbert space is first generated for the Frenkel-Holstein
model using a set number of LFS ‘steps’. Within this reduced dimensional Hilbert space,
the Frenkel-Holstein eigenstates are obtained by diagonalising the Hamiltonian matrix.
The Lindblad perturbation matrix can then be calculated from these energy eigenstates
using Eqs. (5.20) and (5.21), from which the steady state solution corresponds to the
perturbation matrix eigenstate with an eigenvalue of zero. This procedure is then repeated
using larger Hilbert spaces generated with a greater number of LFS ‘steps’, until the
obtained steady state solution converges.
In some cases, the reduced dimensional Hilbert space grows too large for the FrenkelHolstein Hamiltonian to be diagonalised, before convergence of the steady state solution is
reached. To numerically obtain the steady state solution in this situation, we introduce a
modified LFS method developed by us, which calculates the Frenkel-Holstein eigenstates
with the lowest Neig energies, within a reduced dimensional Hilbert space. This reduced
dimensional Hilbert space is generated from Nstep ‘steps’ within the standard LFS approach. The basis states associated with this Hilbert space can be characterised using the
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following notation:
|m, qi = |mi ⊗ |Vm, q i

(5.62)

where |mi is the exciton basis state corresponding to the exciton residing on site m and
q is a quantum number which distinguishes the various Dm vibrational states, |Vm, q i,
associated with this particular exciton configuration. For example in Section 3.4, Fig. 3.5
gives a subset of the basis states generated by the LFS approach with Nstep = 2, which
correspond to all of the D2 = 5 states associated with the exciton residing on site 2 (i.e.,
states |2, qi corresponding to all possible quantum numbers q).
For the modified LFS method, ‘trial’ solutions for the eigenstates, |ψk i, with the lowest
Neig energies must firstly be supplied:

|ψk i =

L X
Dm
X

ckm, q |m, qi

(5.63)

m=1 q=1

In practice, these trial solutions can be initially chosen as the lowest energy eigenstates
from a previous smaller Hilbert space LFS calculation. The method then optimises these
coefficients, ckm, q , so that the eigenstates converge to their "exact" values. To optimise
these coefficients, the reduced dimensional Hilbert space is partitioned into a ‘system’ and
an ‘environment’, as illustrated in Fig. 5.4. The ‘system’ corresponds to one of the sites
within the model (i.e., site p in the figure) and its Hilbert space consists of all states for
which the exciton resides on this site (i.e., the states |p, qi corresponding to all possible
quantum numbers q). The ‘environment’ then consists of the remaining Hilbert space.
Rather than including all of the basis states contained within the ‘environment’, only the
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`Environment'
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`Environment'

`System'
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L

Figure 5.4: A schematic diagram to illustrate the partitioning of the Hilbert space
into the ‘system’ and the ‘environment’. The system consists of all the basis states
associated with the exciton residing on site p (i.e., the states |p, qi corresponding to all
possible quantum numbers q), while the environment consists of the remaining Hilbert
space. Within this modified LFS method, the ‘environment’ then represented by Neig
‘trial’ solutions. The system site then ‘sweeps’ backwards and forwards along the chain
as the procedure is repeated at each new iteration.

Neig ‘trial’ solutions are included, with their system basis coefficients set to zero:

ckm, q

(
ckm, q , for m 6= p
=
0, for m = p

(5.64)

This means that the total Hilbert space considered is now only of size Dp + Neig .
For the Frenkel-Holstein model, the Hamiltonian can be written as follows:

Ĥ =

L
X
m=1

ĥm +

L−1
X

(5.65)

ĥm, m+1

m=1

where ĥm corresponds to the Hamiltonian terms which involve the exciton on site m and
ĥm, m+1 corresponds to the nearest-neighbour Hamiltonian terms which link exciton sites
m and m + 1. In other words, for the Frenkel-Holstein Hamiltonian:
!
ĥm =

m − A~ω Q̂m + ~ω

X

b̂†j b̂j

(5.66)

j



ĥm, m+1 = Jm â†m+1 âm + â†m âm+1

â†m âm



Using Eq. (5.65), the Hamiltonian within the reduced ‘environment’ basis, |ψk i, is given
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by:
Ek, k0 = Ek δk, k0 − hψk |ĥp + ĥp, p+1 + ĥp−1, p |ψk0 i

(5.67)

where Ek are the energies associated with the initial ‘trial’ solutions. Eq. (5.67) corresponds to removing the energy contributions to Ek arising from the ‘system’ site p. As
the system basis coefficients have been set to zero in the ‘trial’ solutions, |ψk i, these states
are no longer orthonormal. An orthonormal basis, |ψ̃k i can be obtained from these states
using the Gram-Schmidt orthogonalisation procedure:
|u1 i

|u1 i = |ψ1 i ,

|ψ̃1 i = p

|u2 i = |ψ2 i − hψ̃1 |ψ2 i |ψ̃1 i ,

|u2 i
|ψ̃2 i = p
hu2 |u2 i

hu1 |u1 i

..
.
|uk i = |ψk i −

k−1
X

hψ̃s |ψk i |ψ̃s i ,

s=1

(5.68)

|uk i
|ψ̃k i = p
huk |uk i

The Hamiltonian within the ‘environment’ basis can then be updated as follows:

Ẽ = UT EU

(5.69)

where Uk, k0 is the transformation matrix which transforms states |ψ̃k0 i to states |ψk i:
hψk |uk0 i
Uk, k0 = p
huk0 |uk0 i

(5.70)

The full Hamiltonian matrix can now be constructed using the ‘system’ states, |p, qi
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Figure 5.5: The lowest Neig = 10 energies of a L = 99 Frenkel-Holstein model, with
parameters ~ω = 0.2 eV and A = 4, for a reduced dimensional Hilbert space generated
with Nstep = 8 steps of the LFS scheme. These energies were calculated using the modified
LFS method and are given as a function of the number of full ‘sweeps’, Nsweep , of the
procedure. The initial ’trial’ solutions for these eigenstates were chosen as the lowest
energy eigenstates of the standard LFS approach, with Nstep = 7.

and the ‘environment’ states, |ψ̃k i as the basis:

· · · hp, q|ĥp, p+1 + ĥp−1, p |ψ̃k0 i


..
...
H=

.
0
hψ̃k |ĥp, p+1 + ĥp−1, p |p, q i · · ·
Ẽk, k0


hp, q|ĥp |p, q 0 i
..
.

(5.71)

The size of this Hamiltonian matrix is Dp + Neig and hence if only a relatively few number
of energy eigenstates need to be obtained (i.e., Neig is not too large) then this matrix
is much smaller than the full Hilbert space and is easily diagonalisable. From this matrix, the lowest Neig eigenvalues become the new energies, Ek , and the corresponding
eigenvectors become the new ‘trial’ solutions, |ψk i. Physically the process described so
far corresponds to optimising the system site coefficients for the ‘trial’ solutions, while
keeping the environment coefficients fixed.
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This process is then repeated for a new system site in a ‘sweeping’ algorithm. In other
words, for the forward (left to right) ‘sweep’, the new system site would become site
p + 1, while for the backward (right to left) ‘sweep’, the new system site would become
site p − 1. This is repeated until the Neig energies and eigenstates have converged. The
convergence of the energies of the ‘trial’ solutions, Ek , as a function of the number of
full ‘sweeps’, Nsweep , of the procedure are given in Fig. 5.5. These results were obtained
for a L = 99 system, with parameters ~ω = 0.2 eV and A = 4. The Hilbert space used
consisted of 54502 states (generated using Nstep = 8 steps of the LFS scheme), in which
Neig = 10 eigenstates were calculated. The ‘trial’ solutions were initially chosen as the
lowest energy eigenstates of the standard LFS approach, with Nstep = 7. Convergence of
the energies is shown to be stable within this technique and generally requires only a few
full ‘sweeps’ of the algorithm. Additionally, as the size of the diagonalised Hamiltonian
matrix grows linearly with Neig , a relatively large number of eigenstates can in principle
be calculated using this technique. Practically, calculations involving Neig ∼ 5000 for
systems containing L = 99 sites are feasible.

5.5

Numerical Results

In this section, both the standard and modified LFS approaches are used to numerically
obtain properties associated with the steady state solution of the exciton relaxation dynamics. For a steady state density matrix, ρ̂, any property associated with a system
operator, Ô, can be calculated as follows:

h i
hÔi = Tr ρ̂Ô
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Figure 5.6: The dependence of the steady state energy, ESteady , on the harmonic oscillator phonon energy, ~ω, for a L = 99 site Frenkel-Holstein model with λ = 1.6 eV.
The numerical result is given by the solid blue curve, while the analytical result, valid in
the anti-adiabatic limit, is given by the dashed black line. Additionally, the ground state
energy, EGround , which corresponds to the lowest energy eigenvalue of the model, is given
by the solid orange curve in this figure, while the same quantity in the adiabatic limit,
EAdiab , is given by the dotted black line.

All results presented here are for to a L = 99 site Frenkel-Holstein model, with parameters
which correspond to a PPV polymer chain (values of which are given in Table 2.2) and
an exciton-phonon coupling parameter of λ = 1.6 eV. This value for the exciton-phonon
coupling parameter was chosen so as to be consistent with the parameters A = 4 and
~ω = 0.2 eV, as used in Chapter 4.
To begin, we check that our numerical results for the steady state solution are consistent
with the previously obtained analytical results valid in the adiabatic and anti-adiabatic
limits. In Section 5.2, it was suggested that in the adiabatic limit (where ~ω/ hJi → 0),
the steady state solution consists solely of the adiabatic VRSs. To confirm whether this
is the case, the energy associated with the lowest energy adiabatic VRS, EAdiab , is given
by the dotted black line in Fig. 5.6, while the numerically obtained steady state energy,
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ESteady , is given by the solid blue curve. The two results do indeed coincide as the
adiabatic limit is approached, confirming that only the potential energy surface minima
corresponding to the adiabatic VRSs contribute to the steady state solution in this limit,
as was initially thought in Section 5.2. Additionally, away from the adiabatic limit, the
numerically obtained steady state energy is always greater than the ground state energy of
the model (i.e., the lowest energy eigenvalue of the Frenkel-Holstein Hamiltonian), which
is given by the solid orange curve. This means that it is only in the adiabatic limit for
which the exciton relaxation dynamics proceed solely into the low energy VRSs of the
polymer.
In the anti-adiabatic limit (where ~ω/ hJi → ∞), it was shown in Section 5.3 that the
analytical solution for the steady state density matrix corresponds to ρk,k ∼ 1, where k
are the quantum numbers associated with the eigenstates of the Frenkel-Holstein model in
the vibrational ground state (i.e., the eigenstates where the oscillator quantum numbers
satisfy nm = 0 for all sites m). Using the expression for the associated eigenvalues of
these states, given by Eq. (5.37), the steady state energy in the anti-adiabatic limit is as
follows:
ESteady =

1X
k − λ
L k

(5.73)

where k are the eigenvalues of the Frenkel Hamiltonian, with quantum number k. The
value of this quantity for the L = 99 site Frenkel-Holstein model is given by the dashed
black line in Fig. 5.6. Indeed the numerical result for the steady state energy, given by
the solid blue curve, coincides with this analytical result as the anti-adiabatic limit is
approached, confirming that the two results are consistent with one another.
In Section 5.3 it was shown that close to the anti-adiabatic limit, the diagonal steady
state density matrix elements associated with the eigenstates of the Frenkel-Holstein
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Figure 5.7: The dependence of the diagonal steady state density matrix elements, ρk,k ,
on the Boltzmann exponent, 4(Ek − Eground )/~ω for a L = 99 site Frenkel-Holstein model
with λ = 1.6 eV. The different coloured data points correspond to different values of the
phonon energy, ~ω.
model in the vibrational ground state, take the following Boltzmann form:

ρk,k ∼ exp[−Ek,0 /T ]

(5.74)

where the effective temperature, T , is proportional to the harmonic oscillator phonon
energy, ~ω:
T =

~ω
4

(5.75)

These diagonal density matrix elements can be computed numerically to ascertain their
energy dependence away from the anti-adiabatic limit, the results of which are given in
Fig. 5.7, for several values of the phonon energy, ~ω. The diagonal density matrix elements
are given on a semi-log plot against (Ek − EGround )/T , to help identify deviations from
Boltzmann behaviour. As expected, for large values of ~ω, the numerically obtained
diagonal density matrix elements are "exactly" described by Eq. (5.74). However, far
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away from the anti-adiabatic limit, the numerically obtained diagonal density matrix
elements still appear to exhibit this Boltzmann behaviour for Ek  ~ω, with deviations
only appearing at higher energies (for example, in the ‘bending’ of the coefficients in the
upper band of the ~ω = 10 eV result). The fact that Eq. (5.74) appears to hold for
Ek  ~ω, irrespective of the value of the phonon energy, is entirely consistent with the
analytical solution for the steady state in the adiabatic limit, which can be thought of as
a zero temperature Boltzmann state (i.e., it consists entirely of the ground state adiabatic
VRSs).
Experimentally it is known that during the exciton relaxation dynamics within polymer systems, the exciton relaxes onto a single chromophore along the polymer chain. The
steady state solution of the exciton relaxation dynamics therefore describes these possible
chromophore states. For the chromophore states described by this theory to be physically
realistic, they must have associated with them short ranged exciton-phonon, exciton coherence and exciton localisation lengths (as discussed previously in Chapter 4). We now
consider each of these properties in turn, with regards to the Lindblad steady state.

5.5.1

Exciton-Polaron Formation

In real polymer systems, the low energy chromophore states are associated with shortranged exciton-phonon correlations and are therefore referred to as exhibiting excitonpolaron character. As discussed in Section 4.2.1, the effective size of the exciton-polaron
(i.e., the range of these exciton-phonon correlations) can be described by the excitonphonon correlation function [62]:

Cnex-ph =

X
m
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hâ†m âm Q̂0m+n i

(5.76)

5.5. Numerical Results
where Q̂0m is the nuclear displacement operator for the harmonic oscillator on site m, given
in dimensionless units defined by Eq. (2.32). As achieved previously for the exciton coherence and exciton localisation correlation functions (see Chapter 4), an exciton-phonon
correlation number can be defined:

Nex-ph =

1

X

C0ex-ph

n

(5.77)

Cnex-ph

As the exciton-phonon correlation function is normalised (i.e.,

P

n

Cnex-ph = 1) for eigen-

states of the Frenkel-Holstein model, this expression can be simplified as follows:
#−1

"
Nex-ph =

X

hâ†m âm Q̂0m i

(5.78)

m

Physically, this quantity corresponds to the average number of sites/moieties over which
the exciton-phonon correlations persist.
The orange curve in Fig. 5.8 shows this exciton-phonon correlation number for the
ground state of a L = 99 site Frenkel-Holstein model, for several values of the phonon
energy, ~ω. As expected, this quantity satisfies Nex-ph = 1 in the anti-adiabatic limit (i.e.,
as ~ω/ hJi → ∞, the exciton-phonon correlations become entirely local) with the quantity
increasing as the adiabatic limit is then approached (i.e., as ~ω/ hJi → 0, the excitonphonon correlations become ‘long-ranged’). Also shown in this figure is the excitonphonon correlation number for the steady state solution, given by the solid blue curve.
The exciton-phonon correlation number, Nex-ph , shows the same trend with ~ω for both
the steady state solution and the ground state, where in both cases the values of this
quantity are very similar. As the VRSs of the Frenkel-Holstein model exhibit excitonpolaron character (see Section 2.5), this confirms that the steady state also exhibits this
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Figure 5.8: The dependence of the steady state exciton-phonon correlation number,
Nex-ph , on the harmonic oscillator phonon energy, ~ω, for a L = 99 site Frenkel-Holstein
model (given by the solid blue curve). Additionally, the ground state exciton-phonon
correlation number, Nex-ph , is given by the solid orange curve in this figure.
property as well. This explains why the LFS approach is able to converge the steady state
solution so efficiently, as only basis states with short ranged exciton-phonon correlations
are needed to accurately describe the steady state, which can be included through only a
few generation steps within the LFS scheme.
We now compare the steady state exciton-phonon correlation function to the corresponding correlation function obtained from the TEBD dynamics (discussed in Section 4.2.1). The solid blue curve in Fig. 5.9 corresponds to the exciton-phonon correlation
function at t = 60 fs, associated with the TEBD dynamics of an initial QEES given
in Fig. 4.2. A L = 99 site Frenkel-Holstein model was used for this simulation, with
~ω = 0.2 eV and λ = 1.6 eV. In addition, the dashed black curve corresponds to the
steady state exciton-phonon correlation function, within the same Frenkel-Holstein model.
Both results show good agreement with one another, confirming that using perturbation
theory to obtain the steady state solution of the dynamics is valid for this parameter set
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Figure 5.9: The exciton-phonon correlation function, Cnex-ph , at t = 60 fs obtained using
the TEBD technique (given by the solid blue curve), for an initial QEES given in Fig. 4.2.
The parameters ~ω = 0.2 eV and λ = 1.6 eV were used. Additionally the corresponding
steady state exciton-phonon correlation function is given by the dashed black curve.

(indeed, the agreement is better than was found between this TEBD correlation function
and the ground state quantity, as was compared in Section 4.2.1 (see Fig. 4.7)). This
agreement is also to be expected, as the exciton-polaron formation time scale (∼10 fs, as
found in Section 4.2.1) is much less than the t = 60 fs for which the TEBD dynamics
were obtained, suggesting that this quantity has already reached its equilibrium value
during the dynamics. Slight deviations between the two results do however appear in
the exciton-phonon correlation function at small values of n. This arises because the
TEBD dynamics were performed with a phonon cut-off of nmax = 2, therefore reducing
the size of the nuclear displacements which are able to be described within this basis.
In addition, deviations within the ‘tail’ of the correlation function arise due to the presence of persistent oscillations in the dynamical quantity, as has already been discussed in
Section 4.2.1.
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5.5.2

Exciton Decoherence

The range of exciton coherences between different site/moieties in the model can be
quantified by the exciton coherence correlation function [115, 116]:

Cncoh =

X

|hm|ρ̂ex |m + ni|

(5.79)

m

which corresponds to the average magnitude of the exciton coherences between sites a
distance n apart. Within this expression, |mi is the state corresponding to the exciton
residing on site m and ρ̂ex is the exciton reduced density matrix:

ρ̂ex =

X

hv|ρ̂|vi

(5.80)

v

which is obtained by taking the trace of the system density matrix over the nuclear degrees
of freedom (characterised by the quantum number v). As in Section 4.2.2, the exciton
coherence number can be defined as follows:

Ncoh =

X

Cncoh

(5.81)

n

which corresponds to the average number of sites/moieties over which exciton coherences
persist.
As discussed in Section 4.2.2, the decay in the exciton coherence number during the
dynamics is dominated by the decay in the vibrational overlap factors arising from excitonpolaron formation. As the time scale for exciton decoherence is approximately equal to
that for exciton-polaron formation, we would therefore expect the steady state exciton
coherence correlation function to show good agreement with the TEBD result at t =
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Figure 5.10: The exciton coherence correlation function, Cncoh , at t = 60 fs obtained
using the TEBD technique (given by the solid blue curve), for an initial QEES given
in Fig. 4.2. The parameters ~ω = 0.2 eV and λ = 1.6 eV were used. Additionally the
corresponding steady state coherence correlation function is given by the dashed black
curve.
60 fs. The solid blue curve in Fig. 5.10 corresponds to the exciton coherence correlation
function at t = 60 fs, associated with the TEBD dynamics of an initial QEES given in
Fig. 4.2. In addition, the dashed black curve corresponds to the steady state coherence
correlation function, within the same Frenkel-Holstein model. Both results again show
good agreement with one another, confirming that this correlation function has indeed
reached its equilibrium value during the dynamics, as expected.

5.5.3

Exciton Density Localisation

In Section 4.2.3, it was found that the exciton density associated with the TEBD dynamics
contained additional peaks which did not correspond to VRSs on the polymer chain (see
Fig. 4.9). It was unclear whether these peaks were also present in the steady state or
arose because the exciton density had not reached its equilibrium value for the times
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Figure 5.11: The exciton density at t = 100 fs, given by the solid orange curve, for an
initial QEES given in Fig. 4.2. The parameters ~ω = 0.2 eV and λ = 1.6 eV were used.
Additionally the exciton density associated with the steady state solution is given by the
solid blue curve.
considered. The solid orange curve in Fig. 5.11 corresponds to this exciton density at
t = 100 fs during the TEBD dynamics, for an initial QEES given in Fig. 4.2. A L = 99
site Frenkel-Holstein model was used for this simulation, with ~ω = 0.2 eV and λ = 1.6 eV.
In addition, the solid blue curve corresponds to the steady state exciton density, within
the same Frenkel-Holstein model. The fact that the steady state exciton density also
contains these additional peaks confirms that the steady state does not solely consist of
the VRSs of the model, for this realistic parameter set corresponding to a PPV polymer
chain. This is not surprising, as earlier in Section 5.5 it was shown that the steady state
solution only corresponds to the VRSs of the model in the adiabatic limit. This therefore
means that the chromophore states described in this model are more complicated than
initially thought (i.e., they do not just correspond to the low energy eigenstates of the
Frenkel-Holstein model).
We now compare the exciton localisation correlation function, obtained for the same
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Figure 5.12: The exciton localisation correlation function, Cnloc , at t = 60 fs obtained
using the TEBD technique (given by the solid blue curve), for an initial QEES given
in Fig. 4.2. The parameters ~ω = 0.2 eV and λ = 1.6 eV were used. Additionally the
corresponding steady state exciton localisation correlation function is given by the dashed
black curve.

TEBD dynamics, with the identical quantity for the corresponding steady state solution.
The exciton localisation correlation function can be used to quantify the spatial extent of
the exciton and is given by [117, 118]:

Cnloc

P
m |hm, 0|ρ̂|m + n, 0i|
= P
m |hm, 0|ρ̂|m, 0i|

(5.82)

where ket |m, 0i corresponds to the exciton being on site/moiety m, with the L harmonic
oscillators in their ground state, signified by the ‘0’ index. In Section 4.2.3, it was shown
that this correlation function physically corresponds to the average magnitude of the
exciton wavefunction overlap between sites/moieties a distance n apart. The solid blue
curve in Fig. 5.12 corresponds to the exciton localisation correlation function at t = 60 fs,
associated with the TEBD dynamics of an initial QEES given in Fig. 4.2. Additionally,
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Figure 5.13: The dependence of the steady state coherence number, Ncoh (given by the
dashed blue curve) and the steady state localisation number, Nloc (given by the solid blue
curve) on the harmonic oscillator phonon energy, ~ω, for a L = 99 site Frenkel-Holstein
model with λ = 1.6 eV. Additionally the ground state coherence number, Ncoh (given by
the dashed orange curve) and the ground state localisation number, Nloc (given by the
solid orange curve) are also included.

the dashed black curve corresponds to the steady state exciton localisation correlation
function, within the same Frenkel-Holstein model. These two results are significantly
different, which is consistent with the exciton localisation correlation function having
not yet reached its equilibrium value during the dynamics. This is to be expected, as
the time scale associated with exciton density localisation is much longer compared to
the ultra-fast exciton-polaron formation and exciton decoherence time scales, while also
being considerably longer than the time for which the TEBD dynamics were performed
(see Section 4.2.3).
As stated previously, for the chromophore states of the model to be physically realistic, they must have an associated short ranged exciton localisation length. To quantify
the spatial extent of the exciton, the exciton localisation number can be defined as in
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Section 4.2.3 [118]:
Nloc =

X

Cnloc

(5.83)

n

which physically corresponds to the average number of moieties over which the exciton
wavefunction overlap remains non-zero. The phonon energy dependence of the exciton
localisation number is given by the solid curves in Fig. 5.13, for both the ground state
(solid orange curve) and steady state (solid blue curve) of a L = 99 Frenkel-Holstein model.
Also shown in this figure is the exciton coherence number, Ncoh , defined by Eq. (5.81), for
both the ground state (dashed orange curve) and the steady state (dashed blue curve).
Firstly, we note that the exciton coherence number is always less than the corresponding
exciton localisation number. This arises because the exciton coherence number contains
an additional vibrational overlap contribution, which always acts to decrease its value
relative to the corresponding exciton localisation number (see Sections 4.2.2 and 4.2.3).
Despite this difference, the figure shows that both quantities display the same dependence
on the phonon energy, for both the ground and steady state, and hence can be analysed
together. Secondly, the value of the steady state exciton localisation number is always
smaller than the corresponding value for the ground state (i.e., one of the VRSs of the
polymer). The same is equally true for the exciton coherence number. This means
that the concept of a chromophore (i.e., an exciton localised to a particular subset of a
polymer chain, with short ranged exciton coherences) is still retained within the theory,
even though the steady state solution does not correspond to the VRSs of the model.
Indeed for the steady state solution, the exciton is most localised in the anti-adiabatic
limit, where from this figure it is shown that Nloc = Ncoh = 1 and hence the chromophores
correspond to the sites/moieties of the model. However, this is also the limit for which
the steady state solution is most different from the ground state (i.e., it corresponds to
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an ‘infinite temperature’ exciton state).
In conclusion, there are therefore two factors which determine the properties associated
with the chromophores defined within our model. Firstly, the Frenkel-Holstein parameters
determine the properties associated with the energy eigenstates, which enter the steady
state solution via the diagonal density matrix elements, ρk, k . In the adiabatic limit, it is
solely this factor which determines the properties of the chromophores (i.e., the size of
the chromophores in this limit are determined by the spatial extent of the VRSs, which
is in turn controlled by the disorder within the model). Secondly, away from the adiabatic limit, the dissipation of the internal nuclear degrees of freedom by the environment
also alters the properties associated with these chromophore states. In other words, the
system-environment coupling is accounted for in this theory through the Lindblad master
equation, the form of which directly determines the steady state solutions. This can be
further understood by considering the dynamics of a single quantum trajectory within
the quantum jump trajectory technique (as discussed in Section 4.2.3). In this section, it
was shown that ‘quantum jumps’ lead to an immediate localisation of the exciton density
for a particular quantum trajectory, which therefore results in a reduction of the chromophore size within the model. Hence physically, the system-environment coupling is able
to effect the size of a chromophore through a ‘wavefunction collapse’ process, where local
environment interactions with the internal phonon degrees of freedom act as a quantum
measurement.
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6
Correcting Ehrenfest Dynamics
So far in this thesis, we have solely considered the exciton-phonon dynamics induced by
the coupling of the exciton to the high frequency C-C bond oscillations within a polymer.
The time evolution of these nuclear degrees of freedom can be well described by using a
truncated and static harmonic oscillator eigenstate basis within the time evolving block
decimation (TEBD) technique, as illustrated in Chapter 4. From experiment, it is known
that the coupling of the polymer’s low frequency torsional modes are also important in
describing the exciton relaxation dynamics within these systems [5]. However, nuclear
degrees of freedom close to the classical limit are hard to describe within our current
framework, as a large number of harmonic oscillator eigenstates must be retained, leading
to an unmanageably large Hilbert space basis. While using Ehrenfest trajectories seems
a more sensible approach to describe such nuclear degrees of freedom, their inability to
describe the branching of a trajectory on passing through a conical intersection leads to
unphysical dynamics, as discussed in Section 4.1 [22, 23].
In this chapter we introduce two methods, developed by us, which correct the unphysical properties of Ehrenfest dynamics, such that the nonadiabatic dynamics of nuclei close
to the classical limit can be accurately obtained. The underlying theory associated with
each method is outlined and its validity is then demonstrated by applying the methods
to the Frenkel-Holstein and the two-level conical intersection models, both of which were
introduced in Chapter 2.
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6.1

TEBD-Ehrenfest

The harmonic oscillator eigenstates, |ni, used in this thesis as the nuclear basis within
the TEBD technique, can be written as follows:
1
|ni = √
n!

r

2λ 0†
b̂
~ω

!n
|0i

(6.1)

where the dimensionless harmonic oscillator creation operator, b̂0† , is defined as:
r
b̂0† =

~ω †
b̂
2λ

(6.2)

so that taking the classical limit (where ~ω → 0) of a Hamiltonian represented in this basis
is well defined, as discussed in Section 2.5. For these eigenstates, the ground state, |0i, is
a minimum uncertainty Gaussian wavepacket, with an average nuclear displacement and
momentum of zero (i.e., hQ̂0 i = 0 and hP̂ 0 i = 0). From the definition given in Eq. (6.1), the
excited states then correspond to a number of phonon excitations, n, about this ground
state.
All of the harmonic oscillator eigenstates are associated with hQ̂0 i = 0 and hP̂ 0 i = 0.
These states can therefore be generalised as follows:
1
|n, α0 i = √
n!

r

2λ ˆ0†
b̄
~ω

!n
|α0 i

(6.3)

and are referred to as generalised coherent states [129–131]. Now the ‘ground state’
corresponds to a coherent state |α0 i; a minimum uncertainty Gaussian wavepacket with
√
√
hQ̂0 i = 2Re[α0 ] and hP̂ 0 i = 2Im[α0 ], where the prime signifies that the coherent state
parameter is scaled as in Eq. (6.2). In addition, the ‘excited states’ now correspond to
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a number of phonon excitations, n, about this coherent state. These phonon excitations
are created by:
ˆb̄0† = b̂0† − (α0 )∗

(6.4)

which is the shifted harmonic oscillator creation operator.
The time evolving block decimation Ehrenfest technique (TEBD-Ehrenfest) proceeds
as follows. We represent the time evolving state of our system in a basis of generalised
coherent states:

|ψi =

X



Cj, n1 ,.., nL |ji ⊗ |n1 , α10 t̃ i ⊗ · · · ⊗ |nL , αL0 t̃ i

(6.5)

j, n1 ,.., nL

0
, evolve
where |ji is the exciton site basis. In addition, the coherent state parameters, αm

so that the centre of each generalised coherent state always lies on the average nuclear
displacement and momentum associated with the time evolving state, |ψi. In other words:

1 
0
αm
= √ hψ|Q̂0m |ψi + i hψ|P̂m0 |ψi
2

(6.6)

This means that phonon excitations in this technique now purely describe quantum fluctuations of the nuclear wavefunction about its average. Within this state representation,
the time dependence of the probability amplitude tensor, Cj, n1 ,.., nL , can be obtained from
a time-dependent Schrödinger like equation, which involves an effective Hamiltonian, Ĥeff :

Ċj, n1 ,.., nL = −

i
~ω

X

hj, n1 , .., nL |Ĥeff |j 0 , n01 , .., n0L i Cj 0 ,n01 ,..,n0L

(6.7)

j 0 ,n01 ,..,n0L

where:


|j, n1 , .., nL i = |ji ⊗ |n1 , α10 t̃ i ⊗ · · · ⊗ |nL , α10 t̃ i

(6.8)
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This effective Hamiltonian accounts for the fact that the basis states are now time dependent. Finally, Eq. (6.7) is solved using the time evolving block decimation technique
(TEBD), which was outlined in Section 3.3.
To implement this technique, expressions for the effective Hamiltonian, Ĥeff and the
0
time derivative of the coherent state parameters, α̇m
, need to be obtained. This is achieved

as follows.

6.1.1

The Effective Hamiltonian

The parameters within the TEBD-Ehrenfest ansatz, given by Eq. (6.5), must be evolved
such that the time-dependent Schrödinger equation is satisfied:
i
d |ψi
= − Ĥ |ψi
~ω
dt̃

(6.9)

Inserting Eq. (6.5) into Eq. (6.9) gives the following expression for the time derivative of
the probability amplitude tensor:

X

Ċj, n1 ,.., nL |j, n1 , .., nL i =

j, n1 ,.., nL

X

−

Cj, n1 ,.., nL

j, n1 ,.., nL

X
m

!
i
0
|ji ⊗ |n1 , α10 i ⊗ · · · ⊗ |nm , α̇m
Ĥ |j, n1 , .., nL i
i ⊗ · · · ⊗ |nL , αL0 i +
~ω
(6.10)

To proceed, the time derivative of a generalised coherent state can be written in the
following compact form:

0
|nm , α̇m
i
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i

2λ h 1
0 ∗ ˆ0
0
0 ∗ 0
0 ∗ 0
0 ˆ0†
i
=
(αm ) α̇m − (α̇m ) αm + α̇m b̄m − (α̇m ) b̄m |nm , αm
~ω 2

(6.11)
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where ˆb̄0†
m is the shifted harmonic oscillator creation operator for site m, defined in
Eq. (6.4). The derivation of this expression is included in Appendix D. Inserting Eq. (6.11)
into Eq. (6.10) and comparing the resulting expression to Eq. (6.7) leads to the following
equation for the effective Hamiltonian:

Ĥeff = Ĥ − 2iλ

Xh

1
2

i

0 ∗ 0
0 ∗ 0
0 ˆ0†
0 ∗ ˆ0
(αm
) α̇m − (α̇m
) αm + α̇m
b̄m − (α̇m
) b̄m

(6.12)

m

6.1.2

Generalised Coherent State Evolution

The coherent state parameters within the TEBD-Ehrenfest technique are evolved so that
the centre of the generalised coherent states always lie on the average nuclear displacements and momenta associated with the time evolving state, |ψi. Defining shifted nuclear
displacement and momenta operators as follows:
ˆ 0 = Q̂0 − √2Re [α0 ]
Q̄
m
m
m
√
0
P̄ˆm0 = P̂m0 − 2Im [αm
]

(6.13)

ˆ 0 i = 0 and hP̄ˆ 0 i = 0 must be satisfied throughout the whole time evolution.
means that hQ̄
m
m
In other words, using the shifted harmonic oscillator destruction operator, defined as:


ˆb̄0 = √1 Q̄
ˆ 0 + iP̄ˆ 0
m
m
m
2

(6.14)

the following expression must be satisfied:
d
hψ|ˆb̄0m |ψi = 0
dt̃

(6.15)
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0
are chosen so that hˆb̄0m i = 0 at the start of the
if the starting values of the parameters αm

dynamics.
Working in the time evolving generalised coherent state basis, the time derivative in
Eq. (6.15) can be performed using Eq. (6.7), to give:

h
i
hψ| ˆb̄0m , Ĥeff |ψi = 0

(6.16)

Inserting the expression for the effective Hamiltonian, Ĥeff , given in Eq. (6.12) and rearranging leads to the following expression for the time dependence of the coherent state
0
parameters, αm
:

h
i
i hψ| ˆb̄0m , Ĥ |ψi

=− 
dt̃
~ω 1 − hψ|P̂m |ψi

0
dαm

(6.17)

where we have used the commutation relation for the shifted harmonic oscillator creation/destruction operators in a truncated basis, which contains the nmax + 1 generalised
coherent states with the smallest quantum numbers:

i


h
ˆb̄0 , ˆb̄0† = ~ω 1 − P̂ δ
m
m, j
m j
2λ

(6.18)

In addition, P̂m is a projection operator defined as follows:

0
0
P̂m = (nmax + 1) |nmax , αm
i hnmax , αm
|

(6.19)

Therefore, the TEBD-Ehrenfest technique amounts to iteratively solving Eqs. (6.7),
(6.12) and (6.17). To illustrate the procedure, we now apply this technique to the FrenkelHolstein Hamiltonian.
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6.1.3

The Frenkel-Holstein Model

The Frenkel-Holstein Hamiltonian, introduced in Section 2.5, has the following form [32,
57, 58]:
ĤFH



X
√ X †
0†
0
0
= ĤF − 2λ
âm âm b̂m + b̂m + 2λ
b̂0†
m b̂m
m

(6.20)

m

where ĤF is the Frenkel Hamiltonian and λ is an exciton-phonon coupling parameter,
which must remain constant when the classical limit is taken. This coupling parameter is
given by:
λ=

A2 ~ω
2

(6.21)

where A is the dimensionless exciton-phonon coupling parameter. Using the definition for
the shifted harmonic oscillator creation operator given in Eq. (6.4), the Frenkel-Holstein
Hamiltonian can be written as:

ĤFH = ĤF −

√

2λ

X




ˆb̄0 + (α0 )∗ + α0  â† â
â†m âm ˆb̄0†
+
m
m
m
m
m m

m


X
0† ˆ0
0 ˆ0†
0 ∗ ˆ0
0 2
ˆ
b̄m b̄m + αm b̄m + (αm ) b̄m + |αm |
(6.22)
+ 2λ
m

Inserting this expression for the Hamiltonian into Eq. (6.17) then leads to the following
0
equation for the time dependence of the coherent state parameters, αm
:

0
i hâ†m âm i i
dαm
0
= −iαm
+ √
+
dt̃
2



hâ†m âm i hP̂m i



hâ†m âm P̂m i

−

√ 
2 1 − hP̂m i

(6.23)

where we have used the commutation relation for the shifted harmonic oscillator creation/destruction operators given in Eq. (6.18), as well as the following relation involving
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the phonon number operator:

i
h
ˆb̄0 , ˆb̄0†ˆb̄0 = ~ω ˆb̄0 δ
m, j
m j j
2λ m

(6.24)

From Eq. (6.23), we notice the following. Firstly, in the case when there are no phonons
present in the generalised coherent state basis (i.e., nmax = 0), hP̂m i = 1 from Eq. (6.19)
and the equation for the time dependence of the coherent state parameters becomes undefined. This arises because our imposed requirement that hˆb̄0m i = 0 during the dynamics
0
is satisfied for any evolution of the coherent state parameters, αm
, in this case.

Secondly, to obtain accurate results within the TEBD-Ehrenfest technique, the number
of phonons included within the generalised coherent state basis must be large enough,
such that the population of the generalised coherent states with quantum number nmax is
small (i.e., the expectation values hâm âm P̂m i and hP̂m i are approximately zero during the
dynamics). Assuming that this is the case, a simplified expression for the time dependence
of the coherent state parameters can be obtained, by setting these expectation values to
zero in Eq. (6.23):
0
i hâ†m âm i
dαm
0
= −iαm
+ √
dt̃
2

(6.25)

This expression is identical to the analogous one used in Ehrenfest dynamics, as given
in Section 3.2. Treating the coherent state parameters as encoding a classical nuclear
displacement and momentum:
1
0
0
αm
= √ (qm
+ ip0m )
2

(6.26)

illustrates that Eq. (6.25) is also equivalent to Newton’s equations of motion for the
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nuclear degrees of freedom in the Frenkel-Holstein model:
0
dqm
= p0m
dt̃
dp0m
0
= hâ†m âm i − qm
dt̃

(6.27)

Hence the evolution of the coherent state parameters under Eq. (6.25) is more physically motivated, while also being well defined when there are no phonons present in the
generalised coherent state basis.
Finally, inserting Eq. (6.25) into Eq. (6.12) gives the following expression for the effective Hamiltonian:

Ĥeff = ĤF − 2λ

X
m

0 †
qm
âm âm −

√

2λ

X



ˆb̄0
â†m âm − hâ†m âm i ˆb̄0†
+
m
m

m

+ 2λ

X
m

ˆb̄0† ˆb̄0 + λ
m m

X

0
hâ†m âm i qm
(6.28)

m

where the last term is a constant and can be neglected. In the case where there are
no phonons present in the generalised coherent state basis, only the first two terms in
Eq. (6.28) are non-zero. These two terms are identical to the electronic Hamiltonian used
in Ehrenfest dynamics, as given in Section 3.2.
Therefore, in the limit when no phonons are included in the basis, TEBD-Ehrenfest
as outlined above is entirely equivalent to Ehrenfest dynamics. Adding phonons to the
TEBD-Ehrenfest ansatz hence aids to correct Ehrenfest dynamics, by introducing fluctuations of the nuclear wavefunction about its average.
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Figure 6.1: The exciton density at t = 2 ps associated with the exciton relaxation
dynamics, for a L = 99 Frenkel-Holstein model. The dynamics were obtained using the
standard TEBD technique, with parameters ~ω = 0.01 eV and λ = 1.6 eV. The initial
LEGS is given by the solid blue curve, while the other curves correspond to different
phonon ‘cut-offs’, nmax , used for the calculation.

6.1.4

Numerical Results

To test the method, we now apply it to calculate the exciton relaxation dynamics within
a L = 99 site/moiety Frenkel-Holstein model. The parameters used for this model correspond to a PPV polymer chain (values of which are given in Table 2.2) with ~ω = 0.01 eV
and λ = 1.6 eV. These parameters were chosen so that the oscillator frequency corresponds to the torsional modes within the system and so that the exciton-phonon coupling
parameter is consistent with the parameters A = 4 and ~ω = 0.2 eV, as used in Chapter 4.
We first consider the exciton relaxation dynamics of an initial LEGS, given by the solid
blue curve in Fig. 6.1. Also given in this figure is the exciton density at t = 2 ps, obtained
using the standard TEBD technique for different values of the phonon ‘cut-off’, nmax .
For these low frequency nuclear modes, the standard TEBD technique with a site basis
containing only a few phonons is completely unable to describe the dynamics correctly,
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Figure 6.2: The exciton density at t = 2 ps associated with the exciton relaxation
dynamics, for a L = 99 Frenkel-Holstein model. The parameters ~ω = 0.01 eV and λ =
1.6 eV were used. The dynamics were obtained using the TEBD-Ehrenfest technique, for
an initial LEGS given by the solid blue curve in Fig. 6.1. The different curves correspond
to different phonon ‘cut-offs’, nmax , used for the calculation. Additionally, the inset of the
figure shows the exciton density peak located at the position of the central VRS of the
model.

with the associated exciton density essentially unchanged from that of the starting LEGS.
In contrast, the TEBD-Ehrenfest technique is able to give essentially "exact" results
for the relaxation dynamics of an initial LEGS, with a site basis containing only a few
phonons. Figure 6.2 gives the exciton density at t = 2 ps calculated using this method,
for several values of the phonon ‘cut-off’. The results given in this figure have essentially
converged for nmax = 1, showing that only small quantum fluctuations about the average
displacements and momenta of the nuclei are needed to correctly describe the nuclear
wavefunction for this relaxation process. Indeed, the relaxation dynamics of an initial
LEGS essentially corresponds to ‘Born-Oppenheimer’ like dynamics on a single adiabatic
potential energy surface, as discussed in Section 4.2.4.
Comparing the exciton density at t = 2 ps to that of the initial LEGS (given by the
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Figure 6.3: The difference between the average nuclear displacements of the system
(given by √
hQ̂0m i) and the displacements associated with the generalised coherent states
0
(given by 2Re[αm
]), for several values of the phonon ‘cut-off’, nmax . This quantity was
calculated at t = 2 ps during the exciton relaxation dynamics, for an initial LEGS.
solid blue curve in Fig. 6.1) shows that the dynamics have resulted in a large localisation
of the exciton density. This is to be expected, as the coupling of the exciton to ‘classical’
nuclei results in the formation of a highly localised Landau polaron (see Section 2.5.1).
However, one effect of adding ‘phonons’ to the Ehrenfest dynamics within the TEBDEhrenfest technique is the introduction of a non-zero transition probability for the system
to transfer to a neighbouring chromophore. This can be seen in the inset of Fig. 6.2,
where a peak appears in the exciton density located at the position of the central VRS
of the model, which is completely absent in the Ehrenfest dynamics calculation (given by
the solid blue curve).
We can also use the relaxation of an initial LEGS to ascertain whether evolving the
coherent state parameters using Ehrenfest dynamics (i.e., by Eq. (6.25)) is sensible. Figure 6.3 shows the difference between the average nuclear displacements of the system
(given by hQ̂0m i) and the displacements associated with the generalised coherent states
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Figure 6.4: The exciton density at t = 0.2 ps associated with the exciton relaxation
dynamics, for a L = 99 Frenkel-Holstein model. The parameters ~ω = 0.01 eV and
λ = 1.6 eV were used. The dynamics were obtained using the TEBD-Ehrenfest technique,
for an initial QEES given by Fig. 4.2. The different curves correspond to different phonon
‘cut-offs’, nmax , used for the calculation.
√

0
2Re[αm
]), for several values of the phonon ‘cut-off’, nmax . If the coherent state
√
0
parameters were evolved using Eq. (6.23), then the quantity (hQ̂0m i − 2Re[αm
]) would

(given by

necessarily be zero and the basis states would definitely be evolved correctly. However in
this figure, it is shown that the values of this quantity remain small when the coherent
state parameters are instead evolved using Eq. (6.25), confirming that this approximate
expression also correctly evolves the basis states so that they well describe the average
nuclear displacements associated with the system, as originally designed.
Finally, the TEBD-Ehrenfest technique is applied to the exciton relaxation dynamics of
an initial QEES. This calculation was much more difficult to perform, as the entanglement
between sites was found to increase much more rapidly than compared to the analogous
dynamics for an initial LEGS. This meant that it was only feasible to obtain the dynamics
for much shorter times of t = 0.2 ps. The exciton density associated with this time is given
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in Fig. 6.4, for several values of the phonon ‘cut-off’. These results have again converged
for nmax = 1, showing that the TEBD-Ehrenfest technique is able to accurately describe
the relaxation dynamics for these extremely short times (i.e., for times significantly less
than the vibrational time period of the nuclear degrees of freedom, which is ≈ 0.4 ps).
However, the growth of the entanglement within the calculation means that the technique
is ill-suited to describe the relaxation dynamics of a QEES over any useful time scale.
The reason that the TEBD-Ehrenfest technique struggles to efficiently describe the
relaxation dynamics of an initial QEES can be understood by considering how the system
behaves on passing through a conical intersection. Figure 6.5 shows the probability distribution for the x0 nuclear displacement within the two-level conical intersection model
(introduced in Section 2.1) as a function of the dimensionless time, t̃. In this model, the
conical intersection is positioned at x0 = 0. Before the conical intersection is reached (i.e.,
for x0 > 0), the x0 nuclear coordinate is well described by a single classical trajectory
and the TEBD-Ehrenfest technique can efficiently describe the dynamics. However, after
the conical intersection is passed (i.e., for x0 < 0), the dynamics are no longer well described by a single classical trajectory and a large number of phonons are needed within
the TEBD-Ehrenfest technique to describe the resulting branching process. As the initial
QEES corresponds to a high energy surface of the Frenkel-Holstein model, the exciton
relaxation dynamics will therefore involve passing through many conical intersections. In
the next section, we consider how the exciton relaxation dynamics of an initial QEES
could be efficiently obtained, for nuclei close to the classical limit.
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Figure 6.5: The probability
 distribution associated with the harmonic oscillator having
0
0
a displacement x , P x , t̃ , as a function of the dimensionless time, t̃ = ωt, after the
photoexcitation process has occurred. This quantity was calculated within the two-level
conical intersection model (introduced in Section 2.1) with λ = 0.5 eV and ~ω = 0.01 eV.

6.2

Bundle Trajectories

While the nuclear dynamics close to a conical intersection are not described by a single
Ehrenfest trajectory (i.e., a single average nuclear displacement and momentum) even
in the classical limit, the branching process illustrated by Fig. 6.5 can be described by
multiple trajectories. This is the basic idea behind bundle trajectory techniques [37].
In other words, consider a quantum state of the system, which at time t̃ = 0 has the
following form:

|ψ t̃ = 0 i = |ψel i ⊗ |α10 i ⊗ · · · ⊗ |αL0 i

(6.29)

0
where |ψel i is a quantum state involving the electronic degrees of freedom and |αm
i is a

coherent state for the nuclear coordinate m. The prime signifies that the coherent states
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have been scaled as follows:
r
0
=
αm

~ω
αm
2λ

(6.30)

so that they are well defined in the classical limit. Within a bundle trajectory technique,
observables associated with the subsequent dynamics are given as an average over Ntraj
trajectories:
Ntraj
1 X
hψj |Ô|ψj i
hÔi =
Ntraj j=1

(6.31)

where each trajectory, |ψj i, has a mean-field ansatz and is evolved using Ehrenfest dynamics:
(6.32)


0
0
|ψj t̃ i = |ψel, j i ⊗ |α1,
j i ⊗ · · · ⊗ |αL, j i

The time evolution for each trajectory differs, as the nuclear displacements and momenta
√
√
 0 
 0 
and p0m = 2Im αm,j
) are sampled from the
at time t̃ = 0 (i.e., x0m = 2Re αm,j
following Gaussian probability distributions:
√
2 #
0
0
−2λ
x
−
2Re
[α
]
2λ
m
m
exp
P (x0m ) =
π~ω
~ω
"
r
√
2 #
0
0
−
−2λ
p
]
2Im
[α
2λ
m
m
P (p0m ) =
exp
π~ω
~ω
"

r

(6.33)

which correspond to the quantum uncertainty associated with the nuclear coordinates of
the starting coherent states given in Eq. (6.29). Sampling the nuclear coordinates from
these distributions is entirely equivalent to sampling from the corresponding Classical
Wigner distribution [132]:

P (x0m )P (p0m )

156

2λ
=
π~ω

Z

∞

−∞

hx0m

+z

0

0 ∗
|αm
i

hx0m

−z

0



0
|αm
i exp


4iλp0m z 0
dz 0
~ω

(6.34)
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where |x0m − z 0 i is the position eigenstate at nuclear displacement x0m − z 0 .
To obtain exact quantum dynamics (i.e., dynamics that is an exact solution to the
time-dependent Schrödinger equation) the equations of motion for the electronic degrees
of freedom for each trajectory must be coupled. This gives rise to the multi-configurational
Ehrenfest technique [133]. Such equations of motion are unstable when Ntraj is large,
because the overlap matrix between trajectories becomes singular when the Hilbert space
basis becomes overcomplete. As we are only interested in obtaining the quantum dynamics
in the classical limit, we postulate that using uncoupled trajectories will be sufficient
in this case. Indeed, it is known that in the absence of conical intersections, the exact
dynamics in the classical limit corresponds to uncoupled trajectories evolving adiabatically
on a potential energy surface under Born-Oppenheimer dynamics [134,135]. Additionally
we find that uncoupled trajectories are also in principle sufficient to exactly describe the
nonadiabatic dynamics at a conical intersection in the classical limit, as we will now
illustrate.

6.2.1

A Conical Intersection in the Classical Limit

The quantum dynamics about a conical intersection can be described using the two-level
conical intersection model, introduced previously in Section 2.1. The Hamiltonian for this
model is given by [36, 37]:
 2
 2
ĤCI = λ P̂x0 + λ P̂y0 + Ĥel (x̂0 , ŷ 0 )

(6.35)
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where P̂x0 and P̂y0 are the momentum operators for the x and y nuclear degrees of freedom,
scaled according to Eq. (6.30). Additionally, Ĥel (x̂0 , ŷ 0 ) is the electronic Hamiltonian:
x̂0 ŷ 0
Ĥel (x̂0 , ŷ 0 ) = 2λ 0
ŷ −x̂0

!
2

+ λ (x̂0 ) + λ (ŷ 0 )

2

(6.36)

where λ = A2 ~ω/2 is the electron-phonon coupling constant and x̂0 and ŷ 0 are the nuclear
displacement operators for the two nuclear degrees of freedom.
Within this model, the mean-field trajectories take the form:


0
0
|ψj t̃ i = (ψ1, j |1i + ψ2, j |2i) ⊗ |αx,
j i ⊗ |αy, j i

(6.37)

where |1i and |2i are the diabatic electronic basis states and correspond to the basis
used to represent the electronic Hamiltonian in Eq. (6.36). The parameters within this
ansatz are evolved so that they solve the time-dependent self-consistent field equations,
introduced in Section 3.2. For the two-level conical intersection model, this means that
the time dependence of the coherent state parameters are given by:
0
dαx,
j

dt̃
0
dαy,
j
dt̃

i
0
= −iαx,
j − √
=

0
−iαy,
j

i
−√

2

2

|ψ1, j |2 − |ψ2, j |2


(6.38)

∗
ψ1,
j ψ2, j

+

∗
ψ2,
j ψ1, j



while the time dependence of the electronic probability amplitudes are given by the following time-dependent Schrödinger like equation:
d
dt̃
where x0j =
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ψ1, j
ψ2, j

!

2iλ
=−
~ω

x0j yj0
yj0 −x0j

!

ψ1, j
ψ2, j

!
(6.39)

√
 0 
 0 
0
2Re αx,
2Re αy,
j and yj =
j . Together, these equations of motion
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Figure 6.6: The potential energy surfaces for the two-level conical intersection model
for λ = 0.5 eV, as a function of the x0 nuclear displacement, with y 0 = 0. The solid
arrow illustrates the photoexcitation process considered from the energy minimum of the
lower E− surface to the upper E+ surface, from which the resulting quantum dynamics of
interest occur. The resulting dynamics before the conical intersection is reached is labelled
by the dashed line, while the dynamics after passing through the conical intersection is
labelled by the dotted lines.

correspond to Ehrenfest dynamics for this model.
We again consider the following scenario, first introduced in Section 2.1. As illustrated
in Fig. 6.6, the starting quantum state, which is formed by photoexcitation of the system
from a minimum of the lower E− surface, is given by:


|ψ t̃ = 0 i = |1i ⊗ |αx0 =

√1 i
2

⊗ |αy0 = 0i

(6.40)

where the nuclear degrees of freedom are in coherent states, centred at x0 = 1 and y 0 = 0,
while the electron occupies the |1i diabatic state, which to a very good approximation
corresponds to the |ψ+ i surface at this nuclear geometry. The gradient of the |ψ+ i surface
at this initial nuclear geometry results in the subsequent dynamics passing through the
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conical intersection at x0 = 0, as shown in Fig. 6.6.
To show that the resulting dynamics around the conical intersection can be described
by independent trajectories, we consider the time evolution of each degree of freedom
within the model in turn.

6.2.1.1

The x Coordinate

Away from the conical intersection and in the classical limit, the nuclear degrees of freedom
evolve on a single potential energy surface under Born-Oppenheimer dynamics. For the
two-level conical intersection model, the adiabatic potential energies are obtained as the
eigenvalues of the electronic Hamiltonian, given in Eq. (6.36) [37]:

2

E+ (r0 ) = λ (r0 ) + 2λr0 ,

2

E− (r0 ) = λ (r0 ) − 2λr0

(6.41)

where r is the distance from the conical intersection:
q
r = (x0 )2 + (y 0 )2
0

(6.42)

For the starting quantum state given in Eq. (6.40), hŷ 0 i = 0 throughout the dynamics and
we can therefore replace r0 with |x0 | in the potential energy expressions.
At t̃ = 0, the system initially populates the |ψ+ i surface. Hence the dimensionless
force associated with the x nuclear coordinate, F+,x , can be obtained from the gradient
of the E+ potential energy:

F+, x

1 ∂E+
=−
'
2λ ∂x0

(
−x0 − 1, for x0 ≥ 0
−x0 + 1, for x0 < 0

(6.43)

which gives rise to Newton’s equations of motion for the x nuclear coordinate evolving on
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this surface:
(
d x+
−x0+ − 1, for x0+ ≥ 0
'
−x0+ + 1, for x0+ < 0
dt̃2
2

(6.44)

As the x nuclear displacement initially satisfies x0 ≥ 0, we first solve the equations of
motion for this situation. Using the initial conditions x0 = x0 |t̃=0 and p0x = 0, the following
expression for the time evolution of the x coordinate on the |ψ+ i surface is obtained:



x0+ t̃ = (x0 |t̃=0 + 1) cos t̃ − 1,

for x0+ ≥ 0

(6.45)

and is shown by part of the solid blue curve in Fig. 6.7 for λ = 0.5 eV and x0+ ≥ 0.
Knowing that the conical intersection is located at x0 = y 0 = 0, from Eq. (6.45) we can
then obtain the time at which the system passes through the conical intersection, t̃c :

t̃c = cos

−1



1



(6.46)

x0 |t̃=0 + 1

After passing through the conical intersection, the x nuclear displacement now satisfies
x0 < 0. Hence we can now solve the equations of motion, given by Eq. (6.44), for this
situation as well. Requiring that the trajectory is continuous on passing through the
conical intersection (i.e., x0 = 0 and p0x = p0x |t̃=t̃c at time t̃ = t̃c ), the complementary
expression to Eq. (6.45) for the time evolution of the x coordinate on the |ψ+ i surface is
obtained:




x0+ t̃ = −cos t̃ − t̃c + p0x |t̃=t̃c sin t̃ − t̃c + 1,

for x0+ < 0

(6.47)

and is shown by the remainder of the solid blue curve in Fig. 6.7. At t̃ = t̃c , the conical
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intersection induces a nonadiabatic partial population transfer to the |ψ− i surface, as
discussed in Section 2.1. Hence at times after t̃c , there exist two x coordinate trajectories,
which evolve independently on each surface. From the expression for the E− potential
energy given in Eq. (6.41), the Newton’s equations of motion for the x coordinate evolving
on this surface can be obtained:
d2 x0−
= −x0− − 1,
dt̃2

for x0− < 0

(6.48)

As the trajectories x+ and x− must have the same displacement and momentum at the
crossing time, the conditions x0 = 0 and p0x = p0x |t̃=t̃c at time t̃ = t̃c must be satisfied.
Hence, the time evolution of the x coordinate on the |ψ− i surface is given by:



x0− t̃ = − (x0 |t̃=0 + 1) cos t̃ − 1,

for x0− < 0

(6.49)

and is shown by the solid orange curve in Figure 6.7, for λ = 0.5 eV. These classical
trajectories reproduce the paths seen in the "exact" quantum probability distribution for
the x nuclear coordinate, given in Figure 6.5.

6.2.1.2

The y Coordinate

The y nuclear coordinate enters into the model through the off-diagonal elements of the
electronic Hamiltonian, given in Eq. (6.36). Therefore, the evolution of the probability
distribution associated with this y nuclear displacement is important in determining the
nonadiabatic electronic transition probability on passing through the conical intersection.
The "exact" probability distribution associated with the y nuclear displacement is given
in Fig. 6.8, as a function of the dimensionless time, t̃. The width of this distribution at
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Figure 6.7: The time dependence of the x nuclear displacement associated with the
evolution of the nuclei on the two adiabatic potential energy surfaces within the twolevel conical intersection model, for λ = 0.5 eV. The solid blue curve corresponds to the
dynamics on the |ψ+ i surface, while the solid orange curve corresponds to the dynamics
on the |ψ− i surface, starting at the crossing time t̃c .

time t̃ = 0 is determined by the harmonic oscillator frequency through the initial coherent
state, given by Eq. (6.40). From Fig. 6.8, we see that this distribution narrows as the
conical intersection is approached at t̃ = π/3, which is induced by the electron-nuclear
coupling term in the electronic Hamiltonian.
The narrowing of this y coordinate probability distribution can be understood from
considering the dimensionless classical force acting on the y nuclear degree of freedom,
when evolving on the |ψ+ i surface. Using the expression for the E+ potential energy,
given in Eq. (6.36), the force can be obtained as follows:

F+, y = −

y0
1 ∂E+
0
q
=
−y
−
2λ ∂y 0
(x0 )2 + (y 0 )2

(6.50)

Hence the electron-nuclear coupling term in the model Hamiltonian leads to an additional
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Figure 6.8: The
 probability distribution for the harmonic oscillator having a displace0
0
ment y , P y , t̃ , as a function of the dimensionless time, t̃ = ωt, after the photoexcitation
process has occurred. This quantity was calculated within the two-level conical intersection model, introduced in Section 2.1, with parameters λ = 0.5 eV and ~ω = 0.01 eV. The
dynamics are shown up to the crossing time, t̃c = π/3.

restoring force, which pulls classical trajectories towards y 0 = 0. Such classical trajectories
can be obtained by solving Newton’s equations of motion for the y nuclear displacement
evolving on the |ψ+ i surface, given by:
0
0
y+
d2 y +
0
q
=
−y
−
+
dt̃2
0 2
(x0+ )2 + (y+
)

(6.51)

where x0+ is given by Eq. (6.45) for x0+ ≥ 0 and the initial y nuclear displacement and
momentum are sampled from the following Gaussian distributions:
r

"

0 2

#

2λ
−2λ (y )
exp
π~ω
~ω
"
r
 #
0 2

−2λ
p
2λ
y
P p0y =
exp
π~ω
~ω
P (y 0 ) =
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Figure 6.9: A histogram of the nuclear displacement, y 0 , for a set of trajectories generated within the bundle trajectory technique, as a function of the dimensionless time. The
inset gives some example trajectories that were used to obtain the histogram in the main
figure. The parameters λ = 0.5 eV and ~ω = 0.01 eV were used, while the dynamics are
shown up to the crossing time, t̃c = π/3.
Example trajectories generated in this way are given by the inset in Fig. 6.9. A
classical probability distribution for the y nuclear displacement can then be obtained as
a histogram of these classical trajectories. This classical probability distribution is given
in Fig. 6.9 and is seen to reproduce the "exact" quantum result given in Fig. 6.8.

6.2.1.3

The Nonadiabatic Transition

On passing through the conical intersection at r0 = 0, a nonadiabatic electronic transition
occurs. As y 0 → 0 during the dynamics in the classical limit, the diabatic and adiabatic
basis states coincide (i.e., |ψ1 i = |ψ+ i and |ψ2 i = |ψ− i for x0 > 0, while |ψ1 i = |ψ− i and
|ψ2 i = |ψ+ i for x0 < 0, as shown in Section 2.1). This means that the nonadiabatic tran
sition can be quantified by P1 t̃ , the probability that the system occupies the diabatic

state |1i. Figure 6.10 gives P1 t̃ for λ = 0.5 eV and several values of ~ω, confirming that
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Figure
 6.10: The probability of the system being in the |1i diabatic electronic state,
P1 t̃ , during the dynamics, for λ = 0.5 eV. The solid curves correspond to the "exact"
quantum dynamics, for several values of ~ω, while the dashed black line corresponds to
the transition probability calculated using Eq. (6.55).
the nonadiabatic transition probability remains finite when the classical limit is taken.
From Fig. 6.10, the nonadiabatic transition is seen to occur almost instantaneously at
the crossing time, t̃c . Hence the expression for the time dependence of the exciton probability amplitudes, given by Eq. (6.39), should be well approximated by Taylor expanding
the x and y nuclear displacements about the crossing time and retaining the first non-zero
terms. Doing so leads to the following expression:
d
dt̃

ψ1, j
ψ2, j

!

2iλ
'−
~ω

p0x, j |t̃=t̃c t̃ − t̃c
yj0 |t̃=t̃c



yj0 |t̃=t̃c

−p0x, j |t̃=t̃c t̃ − t̃c

!

ψ1, j
ψ2, j

!
(6.53)

which has the same form as the equation of motion for the Landau-Zener problem [136].
This model has an analytical expression for the nonadiabatic transition probability, given
by:
"

2πλ (y 0 )2
Ptrans (y 0 ) = exp −
~ωp0x
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Figure
 6.11: The probability of the system being in the |1i diabatic electronic state,
P1 t̃ , for a single typical Ehrenfest trajectory, given by the solid blue curve. The dashed
black line corresponds to the transition probability for this trajectory calculated using the
Landau-Zener formula given in Eq. (6.54). Additionally, the parameters λ = 0.5 eV and
~ω = 0.0001 eV were used.

where y 0 and p0x in this expression correspond to the value of these quantities at t̃ = t̃c .
Figure 6.11 compares the nonadiabatic transition probability for a single typical bundle
trajectory, evolved using Eqs. (6.38) and (6.39), with the Landau-Zener transition probability, given in Eq. (6.54). The agreement is essentially exact, confirming that the Taylor
expansion used to obtain Eq. (6.54) is valid in the classical limit [137].
To obtain the nonadiabatic transition probability for the conical intersection model,
given in Fig. 6.10, the Landau-Zener transition probability must be averaged over the
probability distribution associated with the y nuclear displacement at the crossing time,
t̃c . This probability distribution at the crossing time is given in Fig. 6.12 for λ = 0.5 eV
and several values of ~ω. This figure shows that as the classical limit is taken, the
distribution at the crossing point becomes Gaussian. Hence, the conical intersection
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transition probability is given as follows:
r
PConical =

2λ
~ωπσ 2

Z

"

∞

0 2

2λ (y )
Ptrans (y ) exp −
~ωσ 2
−∞
0

#
0

dy =



πσ 2
1+ 0
px

− 12

(6.55)

where σ is the dimensionless standard deviation for this Gaussian distribution associated
with the y nuclear displacement. Such an expression has already been obtained in the
literature, but additionally assumed that σ = 1 [138]. However we know from the previous
subsection that this distribution actually narrows as the crossing point is approached,
meaning that σ < 1. The exact value of σ in the classical limit can be obtained from
Fig. 6.12. Inserting this value for σ into Eq. (6.55) results in a value for the classical conical
intersection transition probability, given by the dashed black line in Fig. 6.10. Indeed, this
quantity coincides with the transition probabilities obtained from the "exact" quantum
dynamics, for several values of ~ω close to the classical limit, given by the solid curves in
this figure.
In conclusion, a classical treatment of the nuclear degrees of freedom in the two-level
conical intersection model can well describe all the features of the associated dynamics
in the classical limit. The problem with the bundle trajectory technique, however, is
that Ehrenfest dynamics does not correctly describe the evolution of the nuclei after the
conical intersection has been crossed. This is illustrated in Fig. 6.13, which gives the
time dependent classical probability distribution associated with the x nuclear displacement, calculated using the standard bundle trajectory technique with λ = 0.5 eV and
~ = 0.01 eV. After the nonadiabatic transition, the nuclei described by Ehrenfest dynamics evolve on the average potential energy associated with that trajectory, rather than
evolving on each adiabatic potential energy surface independently. This means that the
two distinct trajectories seen in the "exact" result given in Fig. 6.5 are not reproduced.
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Figure 6.12: The probability
distribution associated with the harmonic oscillator having

0
a displacement y, P y , t̃ , at the crossing time, t̃c , for λ = 0.5 eV. The solid curves
correspond to this probability distribution obtained for several values of ~ω, while the
dashed black line corresponds to a Gaussian distribution, with a dimensionless variance
given by σ 2 = 0.333.

To correct for this, we will now allow each trajectory to branch at the crossing point.

6.2.2

Branching Bundle Trajectories

Within the branching bundle trajectory technique, the ansatz used for the quantum state
of each trajectory changes as the conical intersection is passed. The conical intersection
crossing time for trajectory j is determined as the time at which x0j = 0. For times t̃ < t̃c ,
each trajectory has a mean-field ansatz, given by Eq. (6.37), and the technique becomes
identical to the standard bundle trajectory technique introduced earlier. However after
the conical intersection has been passed for t̃ ≥ t̃c , each trajectory is allowed to ‘branch’,
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Figure 6.13: A histogram of the nuclear displacement, x0 , for a set of trajectories generated within the standard bundle trajectory technique, as a function of the dimensionless
time. The parameters λ = 0.5 eV and ~ω = 0.01 eV were used.

by now having an ansatz which is a linear combination of two mean-field states:


0
0
0
0
|ψj t̃ i = (ψ1, 1j |1i + ψ2, 1j |2i) ⊗ |αx,
1j i ⊗ |αy, 1j i + (ψ1, 2j |1i + ψ2, 2j |2i) ⊗ |αx, 2j i ⊗ |αy, 2j i
(6.56)
The initial conditions for the parameters in this ansatz are chosen so that the dynamics
associated with each trajectory is continuous as it passes through the crossing point.
Thus, the coherent state parameters are chosen to be the same in the two ansatzes at
time t̃ = t̃c and the electronic probability amplitudes in the new ansatz at this time are
given by:


|ψel, 1j t̃ = t̃c i = |ψ+ i hψ+ |ψel, j t̃ = t̃c i
|ψel, 2j
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t̃ = t̃c i = |ψ− i hψ− |ψel, j t̃ = t̃c i

(6.57)
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i.e., the 1j sub-trajectory is chosen to correspond to the |ψ+ i surface and the 2j subtrajectory is chosen to correspond to the |ψ− i surface at t̃ = t̃c . This choice therefore
allows the nuclei corresponding to the 1j and 2j sub-trajectories to evolve independently
on the two adiabatic surfaces, meaning that together both sub-trajectories should reproduce the two distinct ‘paths’ seen in the "exact" quantum dynamics after the crossing,
given in Fig. 6.5.
The equations of motion for the coherent state parameters in the branched trajectory
ansatz are chosen to be of a similar form to the Ehrenfest equations for the unbranched
case:
0
dαx,
1j

dt̃
0
dαy,
1j
dt̃

i
0
= −iαx,
1j − √ Φx, 1j
2
i
0
= −iαy,
1j − √ Φy, 1j
2

(6.58)

where Φx, 1j and Φy, 1j are effective densities, which determine the strength of the linear
force acting on the x and y nuclear degrees of freedom for the 1j sub-trajectory. Possible
expressions for these effective density terms will be given later. Inserting the branched trajectory ansatz, given by Eq. (6.56), into the time-dependent Schrödinger equation, while
also using the time dependence of the coherent state parameters given by Eq. (6.58), leads
to the following expression for the time evolution of the electronic probability amplitudes:
d
dt̃

ψ1, 1j
ψ2, 1j

!

2iλ
=−
~ω

"

Tx, 1j Ty, 1j
Ty, 1j −Tx, 1j

hα10 |α20 i

+√
2 1 − |hα10 |α20 i|2

!

ψ1, 1j
ψ2, 1j

!

0
0
∆αx,
∆αy,
j
j
0
0
∆αy,
−∆α
j
x, j

!

ψ1, 2j
ψ2, 2j

!
− D1j

ψ1, 1j
ψ2, 1j

!#

(6.59)

The right-hand side of this expression contains three terms. The first term involves the
coupling of the probability amplitudes associated with the 1j sub-trajectory to its own
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nuclear degrees of freedom. The strength of this coupling term is determined by the
following parameter:
Tx, 1j =

x01j

0
0
0 2
∆αx,
1j |hα1 |α2 i|

+√
2 1 − |hα10 |α20 i|2

(6.60)

where:
0
0
0
∆αx,
1j = αx, 1j − αx, 2j

hα10 |α20 i

=

(6.61)

0
0
0
0
hαx,
1j |αx, 2j i hαy, 1j |αy, 2j i

Additionally, the second term involves the coupling of the two sub-trajectories, while the
last term is a phase factor, given by:

D1j =

Tx, 1j

x01j
−
2




Φx, 1j + Ty, 1j

0
y1j
−
2


Φy, 1j


0
0
hα10 |α20 i ∆αx,
1j Φx, 2j + ∆αy, 1j Φy, 2j
√

+
2 1 − |hα10 |α20 i|2
(6.62)

In the limit that the two sub-trajectories are far apart in space, hα10 |α20 i → 0 and, up to
a phase factor, Eq. (6.59) reduces to the independent evolution of each sub-trajectory under the Ehrenfest equations of motion, given by Eq. (6.39). Therefore the sub-trajectory
dynamics only differ from the standard bundle trajectory technique, for the time evolution close to the conical intersection. Additionally for t̃ ' t̃c , (1 − |hα10 |α20 i|2 ) ' 0 and
the equation of motion for the electronic probability amplitudes given in Eq. (6.59) diverges. To keep this equation of motion stable, we introduce a tolerance factor, δ, so that

terms which have a 1/ 1 − |hα10 |α20 i|2 factor are only included when 1 − |hα10 |α20 i|2 > δ.
Practically, the value of δ in our simulations is reduced until the dynamics converge.
To use this technique, we now need to find a sensible expression for the effective
densities. We first consider the case where the chosen effective densities result in the
equations of motion for the coherent state parameters, given by Eq. (6.38), becoming
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identical to Ehrenfest dynamics for each sub-trajectory:

Φx, 1j =
Φy, 1j =

|ψ1, 1j |2 − |ψ2, 1j |2
|ψ1, 1j |2 + |ψ2, 1j |2

!

∗
∗
ψ1,
1j ψ2, 1j + ψ2, 1j ψ1, 1j

!

(6.63)

|ψ1, 1j |2 + |ψ2, 1j |2

Figure 6.14 shows the time-dependent probability distribution associated with the x nuclear displacement for λ = 0.5 eV and ~ω = 0.01 eV, calculated by this branching bundle
trajectory technique. While the dynamics now correctly show two distinct classical trajectories that form after the conical intersection has been passed, these trajectories do not
match those from the "exact" dynamics given in Fig. 6.5. Also, the nonadiabatic electronic
transition probability obtained from the branching bundle trajectory technique, given by
the solid orange curve in Fig. 6.15, is significantly different from the "exact" result, given
by the solid blue curve in the same figure. The reason for this failure is because even
though at time t̃ = t̃c the two sub-trajectories correspond to the two adiabatic surfaces,
the evolution of the electronic probability amplitudes by Eq. (6.59) does not keep this the
case.
One arbitrary way to fix the nuclear trajectories is to choose the effective densities
such that the nuclei are forced to evolve on a single adiabatic surface:

Φx,1j =

 0
− x01j , for
r
1j



x01j
0 ,
r1j

for

|hψ+ |ψel, 1j i|2 ≥ 21 |hψel, 1j |ψel, 1j i|2
|hψ− |ψel, 1j i|2 < 21 |hψel, 1j |ψel, 1j i|2

(6.64)

i.e., the nuclei for a given sub-trajectory are evolved on the adiabatic surface for which
that sub-trajectory has the greatest overlap. Forcing the nuclei to evolve correctly in this
way gives a much improved nonadiabatic electronic transition probability, given by the
solid green curve in Fig. 6.15. Indeed, this nonadiabatic electronic transition probability
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Figure 6.14: A histogram of the nuclear displacement, x0 , for a set of trajectories
generated within the new branching bundle trajectory technique, as a function of the dimensionless time. After the crossing point, the nuclei associated with each sub-trajectory
are evolved using Ehrenfest dynamics. Additionally the parameters λ = 0.5 eV and
~ω = 0.01 eV were used.
becomes exact when the classical limit is taken.
In conclusion, the dynamics obtained using the branched bundle trajectory technique
are sensitive to the equations of motion used to evolve the nuclei within the branched
trajectory ansatz. Ehrenfest dynamics is insufficient to correctly evolve the nuclei and
thus we suspect that a variational theory is probably needed, such as the variational
multi-configurational Gaussian method (vMCG) [139]. While this technique still needs
further development before it can be applied to more complicated models, such as the
Frenkel-Holstein model, it does act to highlight the basic ingredients needed to describe the
dynamics within systems containing conical intersections, for which the nuclear degrees
of freedom are close to the classical limit.
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Figure
 6.15: The probability of the system being in the |1i diabatic electronic state,
P1 t̃ , during the dynamics, for λ = 0.5 eV and ~ω = 0.01 eV. The solid blue curve corresponds to the "exact" quantum dynamics. In addition, the solid orange curve corresponds
to the branching bundle trajectory technique, where the nuclei associated with each subtrajectory are evolved using Ehrenfest dynamics, while the solid green curve corresponds
to the same technique, but where the nuclei from each sub-trajectory are now evolved on
a single adiabatic surface.

175

Chapter 6. Correcting Ehrenfest Dynamics

176

7
Conclusion
A theory for the exciton relaxation dynamics within polymer systems has been developed
and then applied to the specific case of PPV. This theory is consistent with experimental findings and offers new insight into the associated mechanisms involved within the
dynamics.
In this thesis, the important nuclear and electronic degrees of freedom associated with
the polymer chain are described using a parametrised Frenkel-Holstein model. Within
this model, the sites correspond to the moieties of the polymer chain, the low energy
excited electronic states are described by a single Frenkel exciton and the site harmonic
oscillators are parametrised to describe a high frequency stretching mode for each moiety.
The dynamics associated with the model are then described by a Lindblad master equation, which includes damping of the internal nuclear degrees of freedom by the polymer
environment.
Firstly, the short time dynamics associated with this theory were obtained using the
quantum jump trajectory and time evolving block decimation techniques, for realistic
initial electronic excitation energies. The dynamics resulted in a decrease in the system
energy, confirming that the dissipative terms in the Lindblad master equation were having
the desired effect. Two distinct time scales arose from the time evolution: an ultra-fast
time scale that depends on the Frenkel-Holstein parameters and corresponds to energy
transfer from the exciton to the internal nuclear degrees of freedom, as well as a longer
external dissipation time scale that corresponds to the damping of the internal nuclear
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degrees of freedom by the environment. Several processes were found to be present within
our model dynamics, all of which are consistent with the system relaxing into the low
energy chromophore states of the polymer. Of these, polaron formation and exciton decoherence were found to occur on the ultra-fast time-scale (∼ 10 fs) within half a vibrational
time period of the internal harmonic oscillators. Indeed the mechanism for exciton decoherence within our model was found to correspond to the decay in the vibrational overlaps
as a result of polaron formation, showing that these two processes are intrinsically linked.
Exciton density localisation in contrast was found to occur on the much longer external
dissipation time scale via a ‘wavefunction collapse’ process, which is driven by instantaneous system-environment interactions. Therefore for the relaxation dynamics involving
the coupling of the exciton to the high frequency stretching modes within the polymer, our
results showed that exciton decoherence and exciton density localisation (terms which are
often used interchangeably in the literature) are distinct processes that occur on considerably different time scales. These results were then compared to experiment by calculating
the decay in the fluorescence anisotropy during the dynamics. The decay of this quantity
was shown to be a measure of the exciton decoherence process, with the associated time
scale in good agreement with the ultra-fast time scale observed within the corresponding
experiment.
Secondly, the long time dynamics associated with the model were investigated. The
steady state solution of the Lindblad master equation was obtained using a Lindblad
perturbation theory developed by us, in which the external dissipation parameter was
treated as a perturbation to the model. An analytical solution for this steady state was
obtained in the adiabatic and anti-adiabatic limits using this theory. In the adiabatic
limit, the steady state solution was shown to consist entirely of the vibrationally relaxed
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states of the polymer, such that relaxation to the ground state is complete in this limit.
In contrast, the steady state solution in the anti-adiabatic limit was shown to correspond
to a ‘high temperature Boltzmann state’. Numerical results were obtained using variants of the limited functional space approach and were shown to be consistent with the
previously obtained analytical solutions, as well as the time evolving block decimation
dynamics. These numerical results confirmed that the steady state solution contains all
the properties associated with the chromophores of a real polymer chain, such as excitonpolaron character and short ranged exciton coherence and exciton localisation lengths.
Away from the adiabatic limit, the exciton localisation length associated with the steady
state was found to be much smaller than that of the VRSs, showing that to correctly
describe the chromophore states of a polymer chain requires the effects of the external
dissipation to be taken into account, as well as the disorder within the polymer chain
itself.
Finally, we noted that one experimental time scale (∼ 100 fs) was absent in our model,
which we postulated arose from the coupling of the exciton to the low frequency torsional
modes of the polymer. Describing these ‘classical’ nuclear modes was unfeasible in our
current framework, so computational techniques developed by us were introduced that
were better suited to this task. The TEBD-Ehrenfest technique was firstly introduced,
which corresponds to representing the nuclear degrees of freedom using a generalised coherent state basis. In other words, the average nuclear positions and momenta of the
system are described by classical variables, which are evolved using the Ehrenfest equations of motion, while quantum fluctuations about this average in the nuclear quantum
state are described by adding phonons to the basis. The probability amplitude tensor
in the TEBD-Ehrenfest ansatz is then evolved using the time evolving block decimation
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technique. This technique was shown to be effective for obtaining the exciton relaxation
dynamics of an initial local exciton ground state in the classical limit, but was less well
suited to describing the analogous dynamics associated with an initial high energy quasiextended exciton state. The branching bundle trajectory technique was then motivated
by considering the branching process which results from passing through a conical intersection. We showed that a bundle of non-interacting classical trajectories was in principle
able to "exactly" describe the dynamics associated with a conical intersection in the classical limit, as long as these classical trajectories can ‘branch’ at the conical intersection.
Such a method was able to "exactly" reproduce the dynamics associated with the twolevel conical intersection model in the adiabatic limit, as long as an "exact" theory was
used to evolve the nuclear coherent state basis.
Possible future work consists of the following. We would like to include the torsional
modes into our model to ascertain whether both experimental time scales of . 50 fs and
∼ 100 fs can be simultaneously accounted for. This could be achieved for an initial local
exciton ground state using the TEBD-Ehrenfest technique. For initial quasi-extended
exciton states, the branching bundle trajectory technique would need to be developed
further, so that it can be applied to models with multiple conical intersections (i.e.,
developed into a ‘black box’ method, where prior knowledge of the conical intersection
locations are not required). To make better comparison to experiment, calculation of more
complicated experimental quantities associated with the dynamics, such as 2D electronic
spectra, would be advantageous. Finally, theories for more complicated dynamics, such
as exciton migration/transport along a polymer chain, could be developed using a similar
model to that outlined in this thesis.
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A
Superoperators in Liouville Space
In a Hilbert space of size N , the system density matrix, ρ̂, which contains all known
information about the state of the system, takes the form of a N × N matrix. Operators,
Â, which correspond to observables associated with the system and are also represented
by N × N matrices, can be applied to the system density matrix to calculate useful
quantities, such as expectation values.
Often it is beneficial to represent these quantities in Liouville space, where the system
density matrix becomes a N 2 column vector:
ρ1,1 
ρ2,1
|~
ρ i = ρ3,1 
(A.1)
..
.
where ρi,j are the various matrix elements of the system density matrix. In Liouville space,
any operators that act on the system density matrix, Â, are represented by superoperators
of size N 2 × N 2 . It will become apparent that expressions for these superoperators can
be written in terms of Kronecker products of Hilbert space operators, where a Kronecker
product of two matrices A and B is defined as follows:

  A1,1 B1,1 A1,1 B1,2 · · · A1,N B1,N 
A1,1 B · · · A1,N B
A1,1 B2,1 A1,1 B2,2 · · · A1,N B2,N 
..  = 
...
A ⊗ B =  ...
..
..
..

 (A.2)
...
.
.
.
.
AN,1 B · · · AN,N B
A B
A B
··· A B
N,1

N,1

N,1

N,2

N,N

N,N

for a Hilbert space of size N . Here, Ai,j = hψi |Â|ψj i corresponds to the various matrix
elements of operator Â. We now consider the following cases for Hilbert space operators acting on a system density matrix and obtain expressions for their corresponding
superoperator representations in Liouville space:
• ρ̂ 0 = Âρ̂B̂ :
To proceed, we consider the matrix elements of the above equation involving the system
density matrices ρ̂ and ρ̂ 0 :
X
hm|ρ̂ 0 |ni =
hm|Â|ri hr|ρ̂|si hs|B̂|ni
(A.3)
r, s

P
where we have used that 1̂ = r |ri hr| is the unit operator. As an illustrative case, consider a Hilbert space of dimension 2. Writing the density matrices ρ̂ and ρ̂ 0 as N 2 column
vectors, corresponding to their representation in Liouville space, the matrix elements in
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Eq. (A.3) can be reproduced from the following matrix
 0  
ρ1,1
B1,1 A1,1 B1,1 A1,2 B2,1 A1,1
0
ρ2,1
 B1,1 A2,1 B1,1 A2,2 B2,1 A2,1
ρ 0  = B1,2 A1,1 B1,2 A1,2 B2,2 A1,1
1,2
0
B1,2 A2,1 B1,2 A2,2 B2,2 A2,1
ρ2,2

equation:

B2,1 A1,2
B2,1 A2,2 
B2,2 A1,2
B2,2 A2,2

ρ1,1 !
ρ2,1
ρ1,2
ρ2,2

(A.4)

where we identify the middle 4 × 4 matrix as the superoperator representation in this
two-dimensional Hilbert space. Using the definition of the Kronecker product given by
Eq. (A.2), the superoperator representation for the case when Â is applied to the left of
the system density matrix and B̂ is applied to the right can then be seen to be given by
the following expression:
Âρ̂B̂ → B̂ T ⊗ Â |~
ρi
(A.5)
where B̂ T corresponds to the transpose of the operator B̂.
As introduced in Section 2.6, the Lindblad master equation has the following Hilbert
space representation:

i γ̃ X 
i h
∂ ρ̂
=−
b̂†m b̂m ρ̂ + ρ̂b̂†m b̂m − 2b̂m ρ̂b̂†m
Ĥ, ρ̂ −
~ω
2 m
∂ t̃

(A.6)

ˆ
Writing this equation in Liouville space, we define the Lindblad superoperator L̂ as follows:
d |~
ρi
ˆ
ρi
= −iL̂ |~
dt̃

(A.7)

Hence comparing Eqs. (A.6) and (A.7), while using the result given by Eq.(A.5), leads to
the following expression for the Lindblad superoperator:

 iγ̃ X 

T
 T
1 
ˆ
T
†
†
†
L̂ =
1̂ ⊗ Ĥ − Ĥ ⊗ 1̂ −
1̂ ⊗ b̂m b̂m + b̂m b̂m ⊗ 1̂ − 2 b̂m ⊗ b̂m
~ω
2 m
(A.8)
where 1̂ is the unit operator. This is indeed the same result that was stated in Section 2.6.1.

A.1

Matrix Elements of Superoperators

For the Lindblad perturbation theory introduced in Section 5.1, the expressions derived for
the perturbative corrections to the Lindblad superoperator eigenvalues involve calculating
matrix elements in Liouville space. In this subsection, we derive simplified expressions
for these perturbative corrections, for two different situations:
1. Off-Diagonal Zeroth-Order Eigenstates:
For the off-diagonal zeroth-order eigenstates, non-degenerate perturbation theory is used
to derive expressions for the various perturbative corrections. As shown in Section 5.1.2,
the first-order correction to the Lindblad superoperator eigenvalues is given by the fol-
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lowing expectation value:
ˆ
(1)
λl, j = h~
ρl, j |V̂ |~
ρl, j i ,

for l 6= j

(A.9)

ˆ
where V̂ is the perturbation superoperator, defined as follows:
"
#
 i X

T
 T
1 
ˆ
1̂ ⊗ Ĥ∆ − Ĥ∆T ⊗ 1̂ −
1̂ ⊗ b̂†m b̂m + b̂†m b̂m ⊗ 1̂ − 2 b̂†m ⊗ b̂m
V̂ = γ̃
~ω
2 m
(A.10)
T
The matrix representation of B̂ ⊗ Â for a two-dimensional Hilbert space is given by
Eq. (A.4). Looking at the diagonal elements of this matrix, the following relation for the
superoperator matrix elements is shown to hold:
h~
ρl, j |B̂ T ⊗ Â|~
ρl, j i = hψl |Â|ψl i hψj |B̂|ψj i ,

for l 6= j

(A.11)

where |ψj i are the eigenstates of the Frenkel-Holstein Hamiltonian with quantum number
j. Therefore, inserting Eqs. (A.10) and (A.11) into Eq. (A.9) leads to the following simplified expression for the first-order corrected eigenvalues associated with the off-diagonal
zeroth-order eigenstates:
(1)
λl, j


= γ̃


1 
hψl |Ĥ∆ |ψl i − hψj |Ĥ∆ |ψj i
~ω
#

i X
(A.12)
−
hψl |b̂†m b̂m |ψl i + hψj |b̂†m b̂m |ψj i − 2 hψl |b̂m |ψl i hψj |b̂m |ψj i
2 m

which is identical to the stated expression used in Section 5.1.2.
2. Diagonal Zeroth-Order Eigenstates:
As the diagonal zeroth-order eigenstates are degenerate (see Section 5.1.1), the various
perturbative corrections must be derived using degenerate perturbation theory in this
case. This involves calculating the perturbation superoperator within the basis of the
degenerate states. The matrix representation of B̂ T ⊗ Â for a two-dimensional Hilbert
space, given by Eq. (A.4), can be used to obtain the following relation for the perturbation
superoperator matrix elements in the degenerate subspace:
h~
ρl, l |B̂ T ⊗ Â|~
ρj, j i = hψl |Â|ψj i hψj |B̂|ψl i

(A.13)

Using the expression for the perturbation superoperator given in Eq. (A.10), Eq. (A.13)
can then be used to obtain the following formula for the diagonal matrix elements of this
superoperator, involving the degenerate states |~
ρj,j i:

X
2
ˆ
†
h~
ρj, j |V̂ |~
ρj, j i = −iγ̃
hψj |b̂m b̂m |ψj i − hψj |b̂m |ψj i
(A.14)
m
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Using the same equations also gives a similar expression for the off-diagonal matrix elements:
X
2
ˆ
h~
ρl, l |V̂ |~
ρj, j i = iγ̃
hψl |b̂m |ψj i
(A.15)
m

where |ψj i are the eigenstates of the Frenkel-Holstein Hamiltonian with quantum number
j and hψl |ψj i = δl, j (i.e., these states are orthonormal). Both these results are indeed
identical to those stated in Section 5.1.3.
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B
The TEBD Parameters
In this appendix, the values of the TEBD parameters used in this thesis are justified. For
simplicity, all results presented in this section correspond to the case with no external
dissipation (i.e., γ̃ = 0). We now consider each parameter in turn:
• nmax :

Figure B.1: The exciton density at t = 100 fs for a 99 site Frenkel-Holstein model
parametrised for PPV. Each curve corresponds to a different value for the phonon ‘cutoff’, nmax .
In this figure, the exciton density at t = 100 fs for the TEBD dynamics is given, for
several values of the phonon cut off, nmax . The dimensionless time step δ t̃ = 5 e−4 was
chosen by comparing TEBD simulations to "exact" results obtained from diagonalising
the Hamiltonian matrix for small system sizes of L ∼ 5. The value of χ was chosen to be
large, while the singular value ratio Sratio was chosen to be small, so the effect of truncation
was minimal. Within this figure, the nmax = 1 result appears to be significantly different
from the others, while the nmax = 2 and nmax = 3 results seem qualitatively similar.
Hence to reduce the computational expense of the calculation, nmax = 2 is chosen for
the simulations in this thesis. The other TEBD parameters are then chosen so that the
largest error in our results arises from this choice of nmax .
• δ t̃:
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Figure B.2: The exciton density at t = 100 fs for a 99 site Frenkel-Holstein model
parametrised for PPV. Each curve corresponds to a different value for the dimensionless
time step, δ t̃.
With nmax = 2, we now confirm whether δ t̃ = 5 e−4 is indeed a suitable value for a
Frenkel-Holstein model containing a much greater number of sites. As the correct value
of Sratio to choose for the simulation depends on the chosen time step, we again keep this
parameter small so that the effect of truncation is minimised. The curves in this figure
lie on top of one another, confirming that this value for the time step produces accurate
results.
• Sratio and χ:

Figure B.3: The exciton density at
t = 100 fs for a 99 site FrenkelHolstein model parametrised for PPV.
Each curve corresponds to a different
value of Sratio .
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Figure B.4: The exciton density at
t = 100 fs for a 99 site FrenkelHolstein model parametrised for PPV.
Each curve corresponds to a different
value of χ.

Finally, the truncation parameters are tuned so that the computational cost of the calculation is made as small as possible. Firstly, the singular value ratio, Sratio , is tuned
while keeping a large value of χ = 150. In Fig. B.3, we see that the calculation with
Sratio = 5 e−5 has a large associated truncation error, while the results with Sratio = 2 e−5
and Sratio = 1 e−5 are largely the same, with any error much less than that associated
with the choice of the phonon cut off, nmax = 2. Therefore, using Sratio = 2e−5 seems
an optimum choice. Figure B.4 confirms that the value of χ = 150 used is large, so that
altering its value does not change the obtained dynamics. This large value of χ is retained so that any trajectories that become strongly correlated within the quantum jump
trajectory technique can still be well described within this parameter set.
On using these TEBD parameters to evolve trajectories within the quantum jump
trajectory technique, the accuracy of the results can be tested by comparing the discarded
singular values at each time step with the same quantity associated with these results. We
find that the discarded singular values have similar magnitudes in both cases, meaning
that we can be confident in the accuracy of our calculations when external dissipation is
included. Finally the number of trajectories used within the quantum jump trajectory
technique was chosen so that the associated observables become converged.
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C
Nonadiabatic Derivative Coupling
Vector
The nonadiabatic derivative coupling vector between two surfaces (corresponding to quantum numbers β and β 0 at a nuclear geometry Q00 ) is given by:


∂ψβ, ex
0
dm (β, Q0 ) = ψβ 0 , ex
(C.1)
∂Q0m
Q0 =Q0
0

where |ψβ, ex (Q0 )i is the quantum state corresponding to the adiabatic surface β, which
is an eigenstate of the Born-Oppenheimer Hamiltonian for the Frenkel-Holstein model:
ĤBO |ψβ, ex (Q0 )i = Eβ (Q0 ) |ψβ, ex (Q0 )i

(C.2)

In addition, Eβ (Q0 ) are the associated adiabatic surface energies. To obtain the derivative of the quantum state |ψβ, ex (Q0 )i, which appears in Eq. (C.1), we write the BornOppenheimer Hamiltonian as an expansion about the nuclear coordinate Q00 :
X

(C.3)
ĤBO = Ĥ0 +
Q0m − Q00, m V̂m
m

where Ĥ0 is the Born-Oppenheimer Hamiltonian at this nuclear coordinate (except for
the quadratic potential) and V̂m includes the corrections to the linear coupling term:
X
X
2
Ĥ0 = ĤF − 2λ
Q00, m â†m âm + λ
(Q0m )
m
m
(C.4)
†
V̂m = −2λâm âm
Written in this way, the eigenstates of the Born-Oppenheimer Hamiltonian can then be
obtained as a perturbative expansion:
X
 (1, m)
(0)
Q0m − Q00, m |ψβ, ex i + · · ·
(C.5)
|ψβ, ex (Q0 )i ' |ψβ, ex i +
m
(0)

where |ψβ, ex i is an eigenstate of the unperturbed Hamiltonain Ĥ0 (i.e., |ψβ, ex (Q00 )i) and
(1, m)

|ψβ, ex i is the first-order correction to the eigenket associated with the perturbative term
V̂m :
X hψβ 0 , ex (Q0 )|V̂m |ψβ, ex (Q0 )i
(1, m)
0
0
|ψβ, ex i =
|ψβ 0 , ex (Q00 )i
(C.6)
0
0
Eβ (Q0 ) − Eβ 0 (Q0 )
β 0 6=β
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Expanding |ψβ, ex (Q0 )i as a Taylor expansion about the nuclear geometry Q00 results in
the following analogous expression:

X
 ∂ψβ, ex
0
0
0
0
|ψβ, ex (Q )i ' |ψβ, ex (Q0 )i +
Qm − Q0, m
+ ···
(C.7)
0
∂Q
0 =Q0
m
Q
m
0

(1, m)

Comparing Eqs. (C.5) and (C.7) gives |ψβ, ex i =

∂ψβ, ex
∂Q0m

E
Q0 =Q00

. Therefore inserting

Eq. (C.6) into Eq. (C.1) leads to the following exact expression for the nonadiabatic
derivative coupling vector:
dm (β,

Q00 )

−2λψβ∗ 0 , m ψβ, m
=
Eβ (Q00 ) − Eβ 0 (Q00 )

for β 0 6= β

(C.8)

where ψβ, m is the probability amplitude for site m, associated with the state |ψβ, ex (Q00 )i.
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D
Generalised Coherent States
A generalised coherent state can be defined as follows:
!n
r
2λ
1
ˆb̄0† |α0 i
|n, α0 i = √
~ω
n!

(D.1)

where the shifted harmonic oscillator creation operator, ˆb̄0† , is given by:
ˆb̄0† = b̂0† − (α0 )∗

(D.2)

Within Eq. (D.1), |α0 i is a coherent state; a minimum uncertainty Gaussian
wavepacket,
√
0
0
0
with
√ an 0 average nuclear displacement and momentum of hQ̂ i = 2Re[α ] and hP̂ i =
2Im[α ]. Such a coherent state can be written as:
!q
r
∞
X
2λ
1
0
2
√
α0 |qi
(D.3)
|α0 i = e−λ|α | /~ω
~ω
q!
q=0
where |qi is a harmonic oscillator eigenstate, with quantum number q.
We now consider a generalised coherent state, for which only the parameter α0 is time
dependent. Using Eqs. (D.1) and (D.3), the time derivative of such a generalised coherent
state is given by:
|n, α̇0 i = −


λ
∗
∗
(α0 ) α̇0 + (α̇0 ) α0 |n, α0 i
~ω
r
∞
2λ −λ|α0 |2 /~ω X q
0
√
e
+ α̇
~ω
q!n!
q=0

!q−1 r
!n
2λ 0
2λ ˆ0†
α
b̄
|qi
~ω
~ω
!n−1
r
r
2λ n
2λ ˆ0†
0 ∗
√
− (α̇ )
b̄
|α0 i (D.4)
~ω n!
~ω
r

We proceed by considering each term in turn.
1. Term 2:
From Eq. (D.4), this second term can be first simplified to give:
r
α̇

0

∞

2λ −λ|α0 |2 /~ω X
e
~ω
q=1

r

q
(q − 1)!n!

r

2λ 0
α
~ω

!q−1 r

2λ ˆ0†
b̄
~ω

!n
|qi

(D.5)
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Using the definition of the harmonic oscillator creation operator:
r
2λ 0†
√
b̂ |q − 1i = q |qi
~ω

(D.6)

the expression given in Eq. (D.5) can be rewritten as follows:
∞

1
2λα̇0 b̂0† −λ|α0 |2 /~ω X
p
e
~ω
(q − 1)!n!
q=1

r

2λ 0
α
~ω

!q−1 r

2λ ˆ0†
b̄
~ω

!n
|q − 1i

(D.7)

Performing the substitution p = q − 1 converts the right-hand side of Eq. (D.7) back into
a generalised coherent state, leading to the following compact expression for term 2:
2λα̇0 b̂0†
|n, α0 i
~ω

(D.8)

2. Term 3:
From Eq. (D.4), this third term can be first simplified to give:
0 ∗

− (α̇ )

r

2λ
~ω

r

n
(n − 1)!

r

2λ ˆ0†
b̄
~ω

!n−1
|α0 i

(D.9)

Using the definition for a generalised coherent state given in Eq. (D.1), we can simplify
the expression in Eq. (D.9) as follows:
r
2λ √
0 ∗
n |n − 1, α0 i
(D.10)
− (α̇ )
~ω
Using the definition of the shifted harmonic oscillator destruction operator:
r
√
2λ ˆ0
b̄ |n, α0 i = n |n − 1, α0 i
~ω

(D.11)

leads to the following compact expression for term 3:
2λ (α̇0 )∗ ˆb̄
−
|n, α0 i
~ω

(D.12)

Combining Eqs. (D.8) and (D.12) into Eq. (D.4) leads to the following expression for
the time derivative of a generalised coherent state:
i

2λ h 1
0 ∗ 0
0 ∗ 0
0ˆ0†
0 ∗ ˆ0
(α ) α̇ − (α̇ ) α + α̇ b̄ − (α̇ ) b̄ |n, α0 i
|n, α̇ i =
2
~ω
0

(D.13)

where we have also used the definition for the shifted harmonic oscillator creation operator,
given in Eq. (D.2).

202

