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Abstract

Bolted joints are one of the most used types of fixture in industry and when the
contact area is small compared with the joint’s thickness, they represent an example of
receding contacts, which are characterised by the reduction of the contact area when
a loading is applied. Despite their ubiquity, axisymmetric receding contacts are not
fully understand, and the current literature on the problem is limited either to plane
problems or to frictionless cases.

This thesis presents an analysis of the frictional behaviour of fundamental axisymmet-
ric receding contacts. The geometry of the problem is represented in an idealised format,
through the contact of a semi-infinite thin layer of material and an elastic half-space.
This allows for a precise solution to be found.

The methodology consists of assuming that the bodies are fully adhered and applying
circular dislocation densities as nuclei of strain to correct the stresses when conditions of
partial slip and separation are violated. Singular integral equations with Cauchy kernels
are posed and solved in order to recover Signorini and orthogonality conditions.

In Part I, the methodology is implemented and verified through the solution of ring
cracks in a half-space and the frictional behaviour of a shaft/hub system under partial
slip subjected to an extraction force and to a torque.

Part II presents the solution for the thin layer resting against an elastic half-space
under three different normal loadings: uniform pressure outside a disk (stamping loading);
concentrated force; and uniform pressure over a disk.

It was shown that the receding contacts modelled present the basic properties that the
contact snaps upon the application of any load, the interfacial tractions are proportional to
the applied load, the extent of the contact size and slip zone are independent of the load,

and the tractions are independent of the material parameters (namely the Poisson’s ratio).
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Introduction

One of the main classifications of contacts is done by comparing the extent of the
contact in the deformed configuration with the initial configuration in the unloaded
state and observing whether or not new points come in contact as the bodies deform.
In advancing contacts, such as when two spheres are pressed against each other, new
surface points come in contact as the bodies deform and the extent of the contact is
dependent on the magnitude of the applied pressure. Now, consider the case where a
piece of cardboard is laid on a flat, soft cushion. Initially, contact is made throughout
the surface of the cardboard. However, if a line of load is applied to the cardboard layer
(say, by pressing the edge of your hand against it), the contact recedes. In receding
contacts, the contact shrinks when a load is applied, resulting in the deformed contact
being contained in the initial state.

In machines or structures with carefully fitted parts, receding contacts are more likely
to appear than advancing contacts, because of the opening of gaps between the individual
parts as they distort under application of loads. Examples of receding contacts are found
throughout solid mechanics, including a plate on unilateral simple supports, a layer resting
on a substrate, or a cylindrical shell fitted inside another shell.

A property of some receding contacts is that the change from the unloaded to the

loaded state is discontinuous, i.e. the contact ‘snaps’ to the deformed configuration as
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soon as any load is applied [1]. This presents a challenge in obtaining solutions through
the Finite Element Method, as a large portion of the nodes change status from being in
contact to being free with the application of any increment of load.

Notwithstanding the difficulties in obtaining converging solutions for receding con-
tacts through the usage of Finite Element Analysis, Thaitirarot et al. [2] were able to
develop a model for a lap joint formed using friction grip bolts. Even though it represents
a case of a frictional receding contact, the geometry is still in a plane formulation.
Nonetheless, the authors show that convergence is difficult and care must be taken to
guarantee a properly refined mesh around the contact.

Despite its importance, the literature in receding contacts was often limited to cases
where there is no friction between the bodies. Keer et al. [3] analysed the frictionless
receding contact between a layer and a half space for both the plane and axisymmetric
cases. The analysis results in a homogeneous Fredholm integral equation, which leads
to the extent of the contact being viewed as a eigenvalue problem. These results were
later expanded to a layer with a slightly curved bottom pressed against a half space [4].
Now the analysis leads to solving an inhomogeneous Fredholm integral equation, as the
contact advances gradually with the level of loading when the bottom is slightly curved.
Even recent studies were limited to investigating the properties of receding contacts with
no friction for different materials and geometries [5-8].

Expanding the work into frictional contacts, Ciavarella et al. [9] showed that the
extent of the contact remains independent of the load magnitude under Coulomb friction,
as long as the loading increases monotonically in time. Ahn & Barber [10] showed
that if the load changes non-monotonically, the size of the contact will vary during
both loading and unloading periods until a steady periodic state is achieved. Other
studies focused on including frictional contacts assuming slip throughout the contact
area, characterizing fully sliding cases [11, 12].

The next step was to consider the fundamental quasi-static frictional behaviour of

receding contacts when stick, slip and separation are present. Ahn & Barber [10] used



1. Introduction 3

finite elements to solve a quasi-static receding problem when both stick and slip are
present, applying a cyclic load. By using dislocation densities to correct stresses in the
region of contact of a receding problem, Chaise et al. [13] were able to modify a fully
stuck solution for a plane semi-infinite layer pressed against a half plane into a solution
where both slip, stick and separation are present. Furthermore, Parel et al. [14] solved
the problem of a semi-infinite elastic layer pressed against a half plane by a semi-infinite
surface pressure, using dislocation densities.

One of the applications of receding contacts in industry is to the analysis of frictional
contact in bolted joints, which are naturally axisymmetric, either for the whole joint or for
its individual elements. However, the work currently present in the literature for frictional
receding contacts is scarce, and generally focused on plane contacts. A thorough review
of receding contacts is presented by Barber [1].

Regarding experimental data, the current literature in receding contacts is restricted to
the analysis of fretting fatigue life in bolted joints [15, 16]. Even though the experiments
consider frictional receding contacts as their objects of investigation, their aim is to probe
ways of increasing fretting fatigue life, not to understand the fundamental properties of
the contact, such as the interfacial stress distributions.

An extension of the method used by Parel et al. [14] and Chaise et al. [13] can be
made to the solution of frictional axisymmetric contacts. Dislocation densities can be
applied as arrays of strain nuclei to correct the stresses in the contact, to satisfy either the
slip condition or contact opening. Ring dislocations have been used to solve axisymmetric
cracks [17, 18] and general contact problems [19].

The choice of strain nucleus can be any point source of strain (or stress), such as
a dislocation [17], a force-pair [20] or a dipole [21]. The consequence of the choice
of strain nucleus is the presence of higher order Cauchy terms in the singular integral
equations, which make the inversion more difficult. The dislocation is chosen as the
strain nucleus in this work, since it only induces singular Cauchy terms in the interfacial

stresses, which can be inverted using well known numerical quadrature schemes [22].
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While the dipole is desirable for being path-cut independent, it induces hypersingular
Cauchy terms in the stresses, which leads to a more difficult inversion. Besides, the
geometries considered in this work have the path-cuts along straight lines (parallel to the
r or z axes) and, therefore, can be solved using a path-cut dependent approach.

The objective of this thesis is to analyse frictional axisymmetric receding contacts,
through the solution of models of an axisymmetric layer pressed against a half space under
different loading regimes. This solution can then be applied to examples in industry, such
as the study of bolted joints. The focus is to represent the geometry in an idealised way,
so that a precise solution may be obtained, in contrast with methods such as the Finite

Element Method, where the geometry is precise but the obtained solution is approximate.

1.1 Summary

This thesis is a collection of research performed by the author in the Department of
Engineering Science under the supervision of Professor David Hills. This work is original
and no part of it has been submitted for a degree at this university of elsewhere. The

work in Parts I and II corresponds to the following published papers:

1. J. Lopes and D. Hills. “Ring cracks at the surface of a half-space”. In: Engineering

Fracture Mechanics 194 (2018), pp. 105-116

2. J. Lopes, D. Hills, and R. Paynter. “The axisymmetric shrink fit problem subjected
to axial force”. In: European Journal of Mechanics-A/Solids 70 (2018), pp. 172—
180

3. J. Lopes and D. Hills. “The axisymmetric shrink fit problem subjected to torsion”.

In: International Journal of Engineering Science 150 (2020), p. 103259

4. J. Lopes and D. Hills. “The axisymmetric frictional receding contact of a layer
pressed against a half-space by pressure outside a disk™. In: European Journal of

Mechanics-A/Solids 77 (2019), p. 103787
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5. J. Lopes and D. Hills. “The axisymmetric frictional receding contact of a layer
pressed against a half-space by a point force”. In: International Journal of Solids

and Structures 171 (2019), pp. 47-53

6. J. Lopes and D. Hills. “An idealised description of the frictional receding contact
behaviour of a bolted joint”. In: European Journal of Mechanics-A/Solids (2020),
p. 104022

In Chapter 2, an overview of axisymmetric contact mechanics is presented in in-
creasing levels of complexity. The chapter focuses on the loading of a half-space and
interactions between axisymmetric elastic bodies. The conditions for partial slip are
presented, as well as the basics of solving contact problems using dislocation densities.
An overview of the properties of receding contacts is also shown.

One of the difficulties in obtaining numerical solutions to receding contacts using
dislocation densities is that it usually involves solving singular integral equations which
are posed over a semi-infinite region. In addition, because of the complexity of the kernel
functions for the dislocation densities, the literature for the circular dislocation kernels and
Lipschitz-Hankel integrals are replete with typos and errors. The manual transcription of
the kernels and integrals when they are being implemented is also a considerable source of
errors. To circumvent these difficulties, it was proposed that simpler problems were solved
first in Part I, to guarantee that the kernel solutions were transcribed and implemented
correctly, and that the frictional problems can be solved using circular dislocations.

Chapter 4 uses a distribution of ring dislocations to determine the crack tip stress
intensity factors for a ring crack at the surface of a half-space subjected to a concentrated
normal force P put at the axis of symmetry. This solution will show that the circular
edge dislocations are suitable quantities to be used as stress correctors (nuclei of strain)
and will provide a verification for the implementation of the kernels.

Next, two ‘simpler’ axisymmetric frictional problems are proposed, where no opening

is expected. The first problem is presented in Chapter 5, where a shaft-hub system is
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subjected to a concentrated normal force. This illustrates the use of circular dislocations
to obtain the stress fields of a frictional contact in partial slip. In the second problem
(presented in Chapter 6), the same shaft-hub system is subjected to a monotonically
increasing torque after being shrink fitted in assembly. This shows the use of dislocation
densities in frictional contacts that involve orthogonal components of shear stress, as the
application of torque induces shear which is perpendicular to the one induced by the shrink
fit assembly. Careful consideration must be taken to ensure that the solution satisfies
the orthogonality condition at each time step, i.e. that the direction of the equivalent
shear stress is collinear but opposed to the slip velocity.

Part II corresponds to the solution of receding contacts involving a thin sheet of
material being pressed against an elastic substrate. In these problems, the sheet is
modelled by a semi-infinite layer of thickness a, which rests against an elastically similar
half-space (substrate). For each problem, a different loading is applied to the upper
surface of the layer, which will result in different frictional behaviour.

In Chapter 7, a stamping receding contact is proposed, where uniform pressure is
applied over the whole surface of the sheet, except for a disk of radius b. In this case, the
contact may recede over the unloaded region, depending on the radius of the unloaded
region and the coefficient of friction. Because this area is finite, this constitutes a receding
contact where the singular integrals are finite, and corresponds to an intermediate case of
complexity between the problems in Part I and the problems in Chapters 8 and 9.

The simplest axisymmetric frictional receding contact model is when the layer is
subjected to a concentrated force applied at its axis of symmetry (Chapter 8). Because
there are no intrinsic length dimensions associated with the loading, the only independent
parameter of the problem is the interfacial coefficient of friction.

In order to construct a better model for a bolted joint, Chapter 9 considers the
case where the layer is subjected to uniform pressure over a disk, which represents
the washer pressure.

Finally, Chapter 10 presents the conclusions drawn from this thesis.



Fundamentals of Contact Mechanics

While it is possible to apply body forces at the interior points of engineering compo-
nents through physical processes that act ‘at a distance’ (such as forces due to gravity
and magnetic or electrostatic attraction), the majority of the forces applied to engineering
components arise from contact with one or more parts. The scope of contact mechanics
is the mathematical analysis of the transmission of forces between contacting surfaces,
which is paramount for better describing the behaviour of assembled components.

As stated in Chapter 1, the aim of this thesis is to have an idealised geometry associated
with a precise solution. Since the contact area is usually small and the exact geometry of
the bodies away from the contact region is unimportant, a half-space approximation is
often very adequate to model the characteristics of the contact. Therefore, an idealised
geometry associated with a precise solution is preferred.

This chapter presents an overview of basic axisymmetric contact mechanics through
a half-space formulation in increasing levels of complexity. First, a categorisation of
contacts is presented, together with the properties of receding contacts and a mathematical
formulation for defining the contact between bodies. Afterwards, a half-space formulation
is presented, where a semi-infinite body is subjected to different loadings. This is followed
by the indentation of two elastic bodies under frictionless conditions. Later, the conditions

for partial slip are presented, as well as the problem of the indentation of two spheres
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(a) (b)

1

(©) (d)

Figure 2.1: Characterisation of contacts. (a) Complete and conformal. (b) Incomplete and
non-conformal. (¢) Common edge. (d) Receding.

subjected to a shearing load. Finally, the usage of dislocations as a distribution of strain

nuclei to correct the stresses is shown.

2.1 Contact Classification

In order to understand better the contacts between elastic bodies, it is advantageous
to classify them, as similar contacts should have similar properties. Figure 2.1 shows
four basic configurations in which contacts are generally classified, either as one type
or some combination of them [29].

The first classification regards the contact’s conformality (see [1, 29]). Figure 2.1a
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represents a rigid, flat-ended punch pressed against an elastic space, an example of
conformal or complete contacts, in which the contact is fixed geometrically and the
undeformed bodies share a common tangent. The bodies can be placed over an extended
region without requiring any material deformation.

Figure 2.1b shows a sphere pressed against an elastic space. Now, the contact is said
to be non-conformal or incomplete, and the contact’s extent is not fixed geometrically
but is dependent on the applied load. Initially, contact is restricted to a line (one or
more isolated points) and, as the load is increased, it is broaden to form a narrow strip.
Therefore, while the contact area is known a priori in conformal contacts, it must be
found as part of the solution for non-conformal contacts.

A common edge contact is formed when two components of the same size are clamped
together (Figure 2.1c). Finally, Figure 2.1d shows receding contact, exemplified by a
thin layer resting over an elastic substrate. A particularly interesting example of this is to
think of the layer as a piece of cardboard resting over a flat cushion. Initially, contact is
made throughout the layer’s surface, resulting in a significant contact area. As soon as a
normal load is applied, the contact area recedes to a deformed configuration.

The asymptotic behaviour of the contact pressure at the edges of the contact also
varies accordingly to the type of contact, as shown by Hills et al. [30]. In conformal
contacts, there is a common tangent for the bodies in contact at the edge of the contact,
and the slope of the deformed surfaces is continuous there. As a consequence, the contact
pressure falls continuously to zero at the contact edges. In non-conformal contacts,
however, the bodies do not have a common tangent at the edge of the contact, which
results in the contact pressure being singular there.

In common edge contacts, the pressure at the edges is not zero nor singular, but falls
to a finite value, determined by the contact’s characteristics. In receding contacts, since
the two bodies share a common tangent at the point of contact opening, the pressure
must also be zero at the edges.

The contact pressure singularity is relevant when considering the introduction of
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defects in manufacturing. In incomplete contacts, minor imperfections in surface finish
disturb the contact pressure only locally, but the same is not true for complete con-
tacts, where a minor manufacturing flaw may grossly influence the contact pressure

distribution [29].

2.1.1 Receding Contacts

Another characterization of contacts is done by comparing the extent C' of the contact
in the deformed configuration with the initial configuration C° in the unloaded state.
While the initial state is the determined by the geometric features of the bodies and their
fixtures, the deformed contact state C' generally depends on the nature of the applied
loads, the level of loading and the elastic constants of the materials.

The classification is done by observing whether or not new surface points come in
contact as the bodies deform. In advancing contacts, new surface points come in contact
as the load is applied and, as a consequence, the deformed contact C' is not contained
in the initial state C°. However, in receding contacts, the contact shrinks everywhere
resulting in C' being contained in C°.

Although it is not possible to determine whether the contact is advancing or re-
ceding for every case prior to the solution of the problem, in many cases this can
be predicted by inspection.

Dundurs [31, 32] proved the following properties about receding contacts:

(1) The displacement, strain and stress are proportional to the level of loading.
(i1) The contact C'is independent of the level of loading and remains stationary.

(iii) Except for the special case of C' = C?, the change from C? to C'is discontinuous.

The first property allows us to normalise the stresses with respect to the applied loads.
Thus, as the load changes the normalised stresses remain the same. However, it should

be noted that the proportionality between the applied loads and the elastic fields do not
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imply that the problem is linear in the sense of addition. Therefore, the application of
two systems of loads cannot be superposed [33].

The third property makes the study of receding contacts difficult when using Finite
Element Analysis. When any increment of load is applied from the unloaded configuration,
the contact ‘snaps’ to the deformed condition. This sudden change might lead to
convergence problems in FE codes.

Another property of receding contacts is that ‘if the bodies in the assemblage are
homogeneous and made of identical materials, neither the extent of contact nor the
stresses depend on the elastic constants’ [31, 32]. Therefore, in theses conditions,
the stresses and the contact extent are the same for all pairs of contacts between the

same materials.

2.2 Contact Definition

Figure 2.2 shows a non-conformal contact between the bodies 1 and 2. When no load
is applied, they make contact at the point O. As long as the bodies profiles are smooth, we
can identify a common tangent plane and a common normal at the point of contact. In a
Cartesian coordinate system, the undeformed profiles of the bodies can be defined by the
functions ¢ (x, y) and go(z, y), which represent the gap between the undeformed surface
and the common tangent or the equivalent gap that would exist in the contact between the

body in question and a plane surface. We can define a composite initial gap function as

go(z,y) = g1(w,y) + g2(2,y), (2.1)

which is the resulting gap between the bodies in the undeformed configuration shown in

Figure 2.2a.

Now, suppose we apply a normal force P that pushes the bodies together (Figure 2.2b),
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common

tangent plane

common
normal

1 2V
(a) (b)
2 y
I A
T
9o (x; y) ! uz(z) (ZL’, y)
1 9(z,y)
u’z(l) (x7 y)
(©)

Figure 2.2: Description of the gap for a non-conformal contact. (a) Unloaded state. (b)

Establishment of a contact region A. (c) Diagram of final gap function as function of the rigid

body displacement A and surface displacements ugl) (x,y) and ug) (x,y).

which will deform the bodies and establish a finite contact region A. Let A be the vertical
rigid body motion caused by the application of the force. This is equivalent to moving
the upper body downwards along the common normal by the same amount, which will
simply reduce the gap go(z,y) everywhere by A. We can superpose the rigid body
motion to the deformation of the bodies, which are characterized through the surface
displacements u" (z, y), u® (x, 7). A vertically downward displacement u{") (x,y) in
the lower body will result in the gap widening, while a vertically downward displacement

u®(z,y) in the upper body will decrease the gap.

Superposing these effects at a point on the surface of the undeformed bodies (Fig-

ure 2.2¢), the final gap is given by
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9(z,y) = go(z,y) — A+ ul(z,y) + u?(z,y). (2.2)

Since the bodies are not physically allowed to penetrate each other, the gap function
cannot be negative. In fact, the contact area A is defined as the region where the final gap
is zero, i.e. g(x,y) = 0. The region A not in contact, where g(x,y) > 0, defines

the separation zone.

Assuming, for simplicity, that the contact is frictionless (only a normal traction
in the form of the contact pressure p(x,y) appears in the contact region), it stands to
reason that outside the contact region the contact pressure p(z,y) must be zero, since
there is no contact between the material to induce tractions. Therefore, p(z,y) is only
non-zero inside the contact region A. Also, we assume throughout this work that the
pressure cannot be tensile. Thus, we can push against a frictionless surface, but we
cannot ‘pull” against it, i.e. p(z,y) < 0. At very small length scales (e.g. nanometer),
van der Waals attractive forces can be significant and would require the relaxation of

our assumptions regarding the contact pressure.

A formal statement of the frictionless contact problem can be established with these

definitions, through the following conditions:

g(z,y) = (z,y) € A (2.3)
>0 (z,y) € A (2.4)
plz,y) <0 (z,y) €A (2.5)
=0 (z,9) €A, (2.6)

Notice that each region contains one equality and one inequality. Also, the product

p(z,y)g(z,y) = 0 for all z,y.
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2.3 Half-Space Approximation

One property of contacts is that the contact area is generally small, which results in
the strains due to contact forces being concentrated in a small region. Hence, regions
away from the contact experience at most a rigid-body motion and, consequently, the
exact geometry of the bodies away from the contact region is unimportant. Therefore, we
can simplify our problem by assuming that the body extends to infinity and concentrate

our analysis in the contact region.

In addition, as long as there are no sharp corners or rapidly varying slopes on the
surface near the contact area, we can assume that the contact deformation is equivalent to
one produced by a body with a plane surface subjected to the same loading. Thus, we

can replace the contact problem by applying the same load to a half-space.

Green and Zerna [34] postulated a solution for the three-dimensional stress fields in a
homogeneous and isotropic half-space z > 0, with Poisson’s ratio v and shear modulus
(4, loaded purely by normal tractions. This solution can be expressed in terms of a single

harmonic potential function ¢(r, 6, z), where ¢ satisfies

2 2 2
Po 100 109 0p 2.7)

2 = J—
Vip= or? + r Or 1?2002 022

The stress fields in a point (7,0, z) are given by

z Py z P (1—=2w)| e 10
oro(r0.2) = 5 00: 2 a0: T+ |oroe v or (2.8)
P o | 0
= 1—20) =L — 2=t 2,
ore(r,6,2) =2 or2oz * V) or? V@zQ 2.9)
Po Py Py o
oo0(r,0,2) = = (1 = 2) o2 022 “or20z 0 (2.10)
3 2
0.2(r,0,2) =0 0v (2.11)

023 022
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Do

o (r,0,2) =2 5007 (2.12)
z Py

UZQ(T,Q,Z) —;m (213)

Notice that the component of shear stress parallel to the free surface, o,,, vanish
when z = 0. Therefore, the stress function satisfies the boundary condition that there
is no shear stress in the free surface.

The displacements of the surface can also be determined from the potential function,

being given as:

0% O
2uu(r,0,z) ==z 50 +(1- 21/)5 (2.14)
oz P (1-2v) dp
2uug(r, 0, z) = 5002 + ] (2.15)
0% Op
2pu,(r, 0, z) z@—Q(l—y)g. (2.16)

This formulation can be used to find solutions to the stresses and displacements for
different loadings in a half-space under axisymmetric conditions by taking the variations

with respect to 6 as zero, i.e. J(-) /00 = 0.

2.3.1 The Boussinesq Solution

The fundamental problem for the frictionless half-space is the application of a normal
force acting at the surface of the half-space. This problem was first solved by Boussinesq
[35, 36], but a more modern approach is presented by Barber [37]. Consider the isotropic
elastic half-space z > 0 of Poisson’s ratio v and shear modulus x, shown in Figure 2.3a.
A normal force P is applied at the origin of the cylindrical coordinate system shown,
at the surface of the half-space.

Notice that the problem is self-similar, since there is no intrinsic length scale. An

enlarged view of the body including the loaded portion would be identical to the
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Figure 2.3: Half-space subjected to different loadings. (a) Concentrated normal force P. (b)
Uniform pressure p over a disk of radius . (¢) Concentrated tangential force Q... (d) Concentrated
torque 7'.

original figure. Therefore, the elastic fields must also be self similar, i.e. the stress and
displacement contours must all have the same shape. Equilibrium considerations result
in fields being proportional to R~2 (R = /72 + 22), as the force P must be transmitted

across a sequence of self-similar surfaces whose surface area is proportional to R~2.

Barber [37] proposes the following potential function as a solution:

e=AIn(R+ 2), 2.17)

where A is a constant to be determined by the boundary conditions of the problem.

Substituting eq. (2.17) into eq. (2.11), we find
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Po 0o 3AZ

T %08 922 R 2.18)

O-ZZ

resulting in the surface 2 = 0 being free of normal traction except at the origin, as required.

The remaining boundary condition is that the force at the origin must be P. Since
the body is in equilibrium, the integral of the normal stress over a finite depth h gives

the applied force over the origin:

27 o)
P=— / / 022 (. 0, h) rdrdd
0 JO

_ 3 [ r
= 67TAh/O (7‘2+h2)5/2dr

= —27A. (2.19)

Substituting eq. (2.19) into eq. (2.17), the solution for the problem is given by

the following potential

P
p=—5 In(R+ 2). (2.20)

Finally, the non-zero stress fields arising on a point (r, z) are given by [36]:

P 1 2z 372z
0'7‘7’(7‘7 Z) = ﬁ {(1 — 2”) ’]"72 - T’2 (7"2 + 22)1/2] - (TQ + 22)5/2} (221)

P [ 1 z z

3
Gl 2) = — 22 {Z} (2.23)

2w | (r2+ 22)52
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3P r 22
Orz(rv Z) = = by { (7“2 + 22)5/2 } (2.24)

2.3.2 Circular Disk of Pressure

Since the elastic problem is linear, additional solutions can be obtained by superposi-
tion. The displacements corresponding to Boussinesq’s solution can be integrated over a
finite area to produce a solution for uniform pressure p applied over the circular region

0 < r < b (Figure 2.3b). This solution was obtained by Love [38] (see also [39, 40]).

In the cylindrical coordinate set shown in the figure, the tractions o;;(r, z) arising

at a point (r, z) of the half-space are given by:

bz 2 2 2 2 2, .2
O, 2) = — 7rr2l2(1—k2){ {— (k2 =3) (2 —r?) +2(k> = 1) (2 + ) | K (k)+
[2r(bk —r)(1+E)+ (1 -k (B —2v—k(1- 21/))] E(k)—
(1— k%) {bQ (1 —2v)+7r*(2+2v) | (n; k)} (2.25)

oag(T, 2) _p{ — V(1 —2v)+22 (l% (3—2v) +7r°(1 +21/)) K(k)+

272l

3 (=34 2v) B(k) — (=b*(1 — 2v) + (1 + 2v)) T (n; k)] } (2.26)

0. (r2) = —p {2Z lME(k) i wfg(k) _ lH(n; k:)]}

m e e T
(2.27)
222 [+ R E(k) — (1 - k) K(F)
R (el e s

where
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1
b= 2{¢<r+b)2+z2—¢<r—b>2+22} (2.29)
1
b= (Ve 0P -0+ ) (2.30)
l
k= — (2.31)
ly
L\’
n= = (2.32)
r

and K (k?), E(k?), I1(h; k?) are the complete elliptic integrals of the first, second and

third kind respectively. These functions are continuous and bounded at every point inside

the half-space, but II(h; k%) cannot be evaluated numerically along the z-axis, since

r = 0 there. In this region, we take the limits as » — 0, which gives:

3
2

B Qu41)— 2u+1) (B +22)7 + 2072 (y+1)}
2 (b2 + 22)2

UTT(Ov Z) =D {

0..(0,2) = —P{M}
099(0, 2) = 0,,(0, 2)

0-(0,2) =0.

2.3.3 Concentrated Tangential Force

(2.33)

(2.34)

(2.35)

(2.36)

An analogous to the Boussinesq solution is presented in this section, where a tangential

point force (), is applied to the origin of a half-space, acting along the z direction

(Figure 2.3c). The solution is given by Johnson [41] and at a point (7,6, z) of the

half-space, the force will induce tractions o;;(, 6, z) given by:

" ® R

™

(1,0, 2) = gm r cos(6) {322 5 + (1-—2v) (TQ +22(z - R)) } (2.37)
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oo (1.0, 2) = 22; r cos(6) (1 — 2v) {M} (2.38)
0..(r,0,2) = — g; r cos(f) {?’RZ;} (2.39)
oro(r, 0, 2) = ;2; r sin(8) (1 — 2v) {(anZ;)QR} (2.40)
ors(r,0,2) = — ;2; r? cos(6) {i’;} (2.41)

where R = /72 + 22 is the spherical radius.
Note that, in an axial cut (z = constant surface) the application of a tangential
force induces both shear (0,, and o,4) and normal (0,,) components, which have no

axisymmetry because of the non-axisymmetric nature of ().

2.3.4 Concentrated Torque

Another solution of interest is when a point torque 7" is applied normal to the free
surface of the half-space, at its origin (Figure 2.3d). Chowdhury [42, 43] showed that

this results in the following non-zero stress components:

3T zr
0.9(r,2) = — ir {(7”2"‘22)5/2} (2.42)

3T r?
O'TQ(T,Z) = — H {(7"2—|—,22)5/2} (243)

2.4 Frictionless Indentation

In Section 2.3, the contact was represented by a known loading being exerted onto a
half-space, which represented a single body. The next level of complexity is to consider
the interaction between two axisymmetric deformable bodies being pushed against each

other. It is assumed that either the bodies are elastically similar or the contact is perfectly
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Figure 2.4: Frictionless indentation of two half-spaces.

lubricated, such that the indentation will produce no shear tractions.

Figure 2.4 depicts the indentation of the two axisymmetric bodies, represented by
two half-spaces with Poisson’s ratio v;, shear modulus y;, and Kolosov’s constant x;
(k; = 3 — 4v; under plane strain), ¢ = 1,2. The relationship between the contact
pressure p(r) and the degree of overlap of freely interpenetrating bodies h(r) is given

by Green and Zerna [34] as

a sp(s)ds

h*(r) = —-A | —Lt—, 2.44
where h*(r) is a transformed displacement, defined by
d (" sh(s)d
— s his) ds (2.45)

L R

a is the contact radius and A is the composite compliance of the materials, given as

/€1+1+/€2—|—1‘

A=
41 4pto

(2.46)

The degree of overlap h(r) is obtained from the geometry of the specific problem
and substituted into eq. (2.45) to determine h*(7), which is then inserted into eq. (2.44)

to obtain the contact pressure distribution, p(r).
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Figure 2.5: Normalised contact pressure p(r) / po for frictionless indentation of: (a) cylindrical
punch in a half-space; (b) two spheres.

2.4.1 Cylindrical Punch

In this example, we consider the case where one of the bodies is an elastic half-space
and the other is a flat-ended rigid cylindrical punch of radius a. This indentation produces
a complete contact. If the punch were to penetrate the half-space freely, the resultant

deformation would be a constant amount A, since it has a square end. Hence,

h(r) = A. (2.47)

Substituting eq. (2.47) into eq. (2.45), we find that h*(r) = A, which results in

the contact pressure being given as:

(2.48)

Equilibrium states that

p= / " p(r) 27 dr, (2.49)
0
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which results in

A=— (2.50)

and

P 1
plr) =—5 o 2.51)

Figure 2.5a depicts the normalised contact pressure as a function of the radial distance
r. As expected, since this is a complete contact, the pressure is finite inside the contact

but singular at the edge, when r = a.

2.4.2 Hertzian Contact of Spheres

We now consider the case where two spheres of radii 17, and R, are being pressed
against each other. This represents an axisymmetric Hertzian contact [44] and produces an
incomplete contact. Besides the assumption that no shear tractions arise in the contact, we
also assume that the contact radius is small in comparison with the radii of the contacting
bodies. This restriction ensures that each sphere may be replaced by a half-space, which

results in the penetration function A(r) being represented by a rotated parabola:

h(r) = A — ;k r’, (2.52)

where A is the approach of two remote points and £ is the relative curvature, given by

1 1
k=—+4+ —. 2.53
R R (253)
Substituting eq. (2.52) into eq. (2.45), we find that
Wi(r)=—(A=kr?), (2.54)

which results in the contact pressure being given as
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2 A — kr?

A a2 —r?

—kva?—r2|. (2.55)

p(r)

Equation (2.55) represents the most general solution to the indentation problem. Note
that there are singular terms, varying with (a* — r2)_1, which represent either adhesion at
the edges of the contact or indentation in a complete contact. Since this is an incomplete
contact, the two bodies share a common tangent at » = a, and hence the contact pressure

must fall continuously to zero at that point, i.e. p(a) = 0. This gives

A = ka?, (2.56)
which results in
4k
p(r) = 1 a? —r2. (2.57)

Because this is a complete contact, a is also an output of the problem and must change

with the applied force P. Equilibrium states that

p= / p(r) 2w dr, (2.58)
0
which results in
3PA
S 2.59
a ey (2.59)

We can rewrite the results as

p(r) = —po /1 — (r/a)?, (2.60)

where p, represents the peak pressure, given by

3P

2ma?’

Do (2.61)
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Figure 2.5b depicts the normalised contact pressure as a function of the radial distance
r. As expected, the pressure is maximum at the centre of the contact and falls to

zero at the edge.

2.5 Partial Slip Formulation

The previous section focused on cases where the contact is either frictionless or the
friction is high enough to prevent slip everywhere. We now turn our attention to the
effects of shearing tractions on the contact surface.

First, it is necessary to introduce the commonly accepted laws of frictional contact. In
this work, we make use of Coulomb’s friction, formulated by Amontons [45] and Coulomb
[46] based on experimental investigations of sliding contact between two rigid bodies,
defined as macroscopic relative tangential motion between the two contacting bodies.

Consider two rigid bodies put in contact with a normal force P. If there is gross

sliding between the bodies, Coulomb’s law states that:

(i) The frictional force () is proportional to the normal force P between the bodies

through the relationship

Q= f P, (2.62)

where f is the coefficient of friction between the bodies.
(i) The direction of the slip velocity V, must be such as to oppose the frictional force.
(iii) The frictional force is independent of the apparent area of contact.

(iv) The frictional force occurring during gross sliding is independent of the velocity of

sliding.
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If the bodies are not sliding, then the slip velocity is null and the frictional force

is limited by friction:

V=0, [QI<fP (2.63)

It must be emphasised that not all contacting bodies conform to this model. It is
observed that tyres with larger width have better frictional performance, an apparent
violation of the observation (iii).

Even though this frictional model is restricted to the sliding contact of rigid bodies,
an extension can be made to enable the analysis of frictional elastic contacts by restating
the frictional law in terms of contact tractions. Consider a three dimensional contact
where p(r, ) and g(r, ) are the normal and shear tractions at the contacting surface. We
turn our attention now to the interaction between the surfaces at a particular point (r, 6).
At this point, the surfaces will either be slipping relative to each other or stuck. If they

are slipping, the tractions are related by the friction law:

lq(r,0)| = [ p(r,0). (2.64)

Furthermore, the direction of the shear tractions is opposite the relative motion of

the surfaces (orthogonality condition), i.e.

q(r,@) o h(T’,@)
la(r,0)|  |h(r,0)] (2.65)

where h(r,0,t) = uV(r,0,t) — ul®(r,0,t) is the relative tangential displacement of
the contacting surfaces as a function of the time ¢. The problem is quasi-static and the

introduction of a time variable is necessary, as a truly static load would not cause changes
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in surface displacements and the particles would not be slipping.

If the point (r, 6) is not in a slip condition (there is no relative tangential motion
between surfaces), then it is in a stick condition and the shear tractions must be less

or equal than the limiting frictional value:

\q(r,0)| < fp(r,0) and h(r, 0) = 0. (2.66)

It is possible now to analyse contacts where a shear force is applied which is less
than the limiting frictional value, by using the formulation in egs. (2.64) to (2.66) at
each individual point of the contact rather than to the elastic body as a whole. These
contacts are generally said to be in partial slip, characterized by two distinct regions in
the contact: the stick zone, where the shear tractions are less than the limiting frictional
value, with no relative motion between particles; and the slip zone, where the shear

tractions are limited by friction (egs. (2.64) and (2.65)).

In two-dimensional problems, where the contact can be represented along a line, we
can distinguish between forward slip (h(z) > 0) and backward slip (h(x) < 0). The

frictional law can be stated as p(z) > 0 for all r and

h(z) =0 g(z) =0 lq(x)] < fp(x) stick  (2.67)
h(z) >0 g(x) =0 q(z) = fp(z) forwardslip  (2.68)
h(z) <0 g(x) =0 q(z) = —fp(z) backward slip  (2.69)

g(xz) >0 q(z) =0, p(x) =0 separation.  (2.70)
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subjected to shear force Q).

2.5.1 Contact of Spheres under Partial Slip

Mindlin [47, 48] extended the solution presented in Section 2.4.2 to cases where a
tangential force (), is applied to the spheres, resulting in the contact being in partial
[29]

slip (Figure 2.6). A detailed exposition of the results is done by Hills et al.

and Johnson [41].
Assuming that the materials are elastically similar, the normal pressure in the contact

remains the one obtained in the Hertzian case, i.e.

p(r) = —po /1 — (r/a)?,

where a is the radius of contact, given by eq. (2.59).

Because of the nature of tangential force ()., axisymmetry is lost as soon as the load

(2.71)

is applied. If the contact was fully stuck, the shear traction required to cause a constant

x—direction displacement over the contact area is given by [30]

0 (2.72)
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where

Qu

2ma?

do 2.73)

In eq. (2.72), the magnitude of the distribution is radially symmetric, but the traction
is applied only in the z direction. Note that an infinite coefficient of friction would be
necessary to prevent slip at the edges of the contact, since ¢,(r) — oo when r — a.
Hence, we expect the contact to be stuck at a central disk of radius ¢, and to be in
partial slip inside the annulus ¢ < r < a.

Mindlin [47] states that the solution for the shear traction along the x axis, ¢,(r), can

be obtained as the sum of a full sliding term ( f p(r)) together with a corrective term ., (r):

Gu(r) = fpo /1= (r/a)* + ¢, (r). (2.74)

This corrective term is characterized by a geometrically similar distribution of opposed

sign and reduced magnitude, distributed over the central stick disk r < ¢:

q,(r) = —f po (Z) V1= (/e (2.75)

The size of the stick disk c is obtained through overall equilibrium, i.e.

Q. = / o rqu(r) dr, (2.76)
0
which gives
c 5 Q
- =1 - —. 2.77
. P (2.77)

Figure 2.7 depicts the distributions of shear traction and pressure over the contact
for a case where P = 1, ), = 7/8 and f = 1.0. From eq. (2.77), ¢c/a = 1/2. Note

that ¢ (c) = 0, which results in ¢,(c) = f p(c), as required, since this point is in partial



2. Fundamentals of Contact Mechanics 30

slip. Also, in the partial slip annulus ¢, () = 0 and ¢, (r) = f p(r). Finally, in the stick
disk ¢, (r) < fp(r), as required. Therefore, the shear traction distribution satisfies the
boundary conditions for partial slip and stick.

Since the shear tractions are all acting in the = direction, Mindlin’s solution does not
satisfy the orthogonality condition for slip, i.e. the requirement for shear tractions to
oppose relative slip is not precisely satisfied. The solution is accurate when the Poisson’s
ratio is zero and the error increases with v. Munisamy et al. [49] obtained a corrected

numerical solution to this problem, where the tractions are correctly aligned.

2.6 Dislocation Densities as Strain Nuclei

Models with higher level of complexity can be obtained by introducing modifications
to the half-space geometry through nuclei of strain. This opens the possibility of analysing
the contact between two semi-infinite bodies subjected to various loadings, such as a semi-
infinite shaft shrink fitted unto a hub or a semi-infinite layer pressed against a half-space.

The basic idea for obtaining a solution is to start with a simple geometry for the
contact pair. As the bodies are put in contact, we assume that the normal and shear
tractions that arise at the contact interface are such that the contact remains closed and
stuck throughout this region, i.e. the contact pressure is compressive everywhere and
the shear traction is limited by Coulomb friction. This is equivalent to the bodies being
‘adhered’ to each other and behaving elastically as one. We then apply superposition of
the stress fields in the bilateral (adhered) solution together with an unknown distribution
of ‘strain nuclei’ chosen so that separation and slip boundary conditions are recovered.

The choice of strain nucleus can be any point source of strain (or stress), such as a
dislocation, a force-pair or a dipole. In this work, we focus on the use of dislocations
as strain nuclei. One of the advantages of using dislocations is that solutions may
be obtained for the stress fields and displacements for a range of geometries, such as

in an infinite plane, a half-plane, a quarter-plane or around wedges, amongst others
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[50-53]. This allows us to maintain the boundary conditions of the problem while
introducing the dislocations.

Even though the quantities we wish to employ have precisely the same characteristics
as the edge dislocations arising in defect lattices (such as the introduction of a sheet of
atoms in a previously perfect lattice structure), the presence of those flaws is not implied
in any way. The dislocations are used solely as a mathematical means of introducing
a controlled and consistent state of stress within the body. A detailed exposition of
this method is given by Hills et al. [17].

In a two-dimensional plane context, a dislocation may be formed by making a slit
in an infinite solid, from the core of the dislocation to any infinitely remote point. The
dislocation is formed by imposing a constant displacement between adjacent points
located on either side of the slit, followed by inserting or removing material as necessary,
and then welding the material back together. The Burgers vector is defined as the constant
relative displacement imposed. This will induce a state of stress that is dependent on the
components of the Burgers vector (b,, b,) but independent of the path cut taken.

Figure 2.8 shows two methods of creating an edge dislocation with a Burgers vector
b... In Figure 2.8a, the material is cut along the y-axis and pulled apart, followed by the
insertion of a thin strip of thickness b,. Then, the material is welded together again. In
Figure 2.8b, a cut is made along the x-axis and the material is slipped by an amount
b, in the positive = direction before being re-joined. An impressive characteristic of
these operations is that the induced stress fields and displacements are the same for both
cases. As long as the material is displaced a constant amount b, along the positive x
axis, the solutions will be the same. The dislocation is path-cut independent. Also, since
we are specifying a constant displacement along the length of the cut, the dislocation
is said to be of the Volterra type.

Dislocations can be classified through the jargon ‘climb’ or ‘glide’, defined as follows:
if a strip of material is inserted (Figure 2.8a), so that the Burgers vector is perpendicular

to the path cut, the dislocation is said to be ‘climb’; if the material is displaced in
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Figure 2.8: Path cuts for a climb (a) and glide (b) plane dislocation.

shear, so that the Burgers vector is parallel to the path cut, the dislocation is said to

be ‘glide’ (Figure 2.8b).

2.7 Solution of Cracks and Contact Problems

The study of stress intensity factors in a crack subjected to external loading can be
made by applying Bueckner’s Principle [54], which may be stated as [17, 55]:

The mode I stress intensity factor for a crack in a body subjected to external forces
is identical to that for a similar crack, subjected to internal pressure in a similar body
which has no external forces acting on it where the internal pressure acting on the crack
is equal to the stress that would exist normal to the crack-line in the uncracked body
subjected to the external forces. An analogous procedure exists for shear stresses and
the calculation of sliding-mode stress intensity factors.

Bueckner’s principle can be exploited to model cracks by the distribution of strain
nuclei along crack lines in otherwise perfect bodies. Figure 2.9 illustrates this process. The
solution is a superposition of two problems. First, the stresses are found for the uncracked

body (Figure 2.9b). Then, stresses are found for the unloaded body due to the application
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Figure 2.9: Application of Bueckner’s principle: (a) overall problem, (b) stress in uncracked
body, (¢) inclusion of material.
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Figure 2.10: Insertion of material between the crack faces.

of equal and opposite tractions to those present along the line of the crack in the first
solution (Figure 2.9¢). The superposition of those two states result in the crack faces
being traction free (Figure 2.9a). The generation of corrective tractions consists in making
a slit along the line of the crack, separating the two sides of the cut and then ‘inserting
material to fill the crack’. A real crack has no material in its interior, of course, thus the
insertion of material is just a mathematical device to introduce corrective tractions.
The insertion of material can be visualised as a combination of infinitesimally thin

strips, illustrated in Figure 2.10. The first strip is put at one of the crack-ends, extending
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from there to infinity. More strips are added and strips are taken away until the geometry
of the crack is recovered. The single thin strip of material is an edge dislocation and
the geometry of the problem can be recovered by integrating the effects of each thin

strip along the crack line.

Mathematically, the problem is defined as finding corrective tractions to satisfy the
boundary conditions along the crack line. Consider, for instance, a crack with semi-
width a along the z axis, being loaded by tractions p(z) and ¢(z). Along its faces,

the tractions have to be null, i.e.

p(z) =0, ¢qx)=0 —a<z<a (2.78)

When this condition is violated, the stresses are corrected by introducing glide B, (&)

and climb B, () dislocation densities, resulting in

pa) oy (@) + [ G @ O B + @O BO]ds  @79)

d@) = @)+ [ |G (0.0 Ba(O) + G B ds,  @280)

where the functions G*

i b Js k = x,y, are the influence functions of a dislocation.

Equations (2.79) and (2.80) are substituted in eq. (2.78), resulting in two simultaneous
integral equations in B,(¢) and B, (). More details about the usage of dislocations to

solve crack problems can be found in [17].

The same procedure can also be used to model frictional contact problems. The
stresses in the contact region can be corrected by using integrals of dislocation densities

in order to satisfy the boundary conditions for a contact, shown in Section 2.5.
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(a) (b)

Figure 2.11: Path cuts for an axial prismatic dislocation (a) and a radial dislocation (b).

2.7.1 Circular Dislocation Loops

The construction of circular edge dislocations follows a similar procedure to the plane
dislocations. An axial edge dislocation may be formed, for example, by making a path
cut along the cylinder = ¢ and sliding the outer wall with respect to the inner wall by
a constant amount b, (Figure 2.11a). This generates a glide dislocation which is of the
Volterra kind and independent of the choice of path cut. A b,(¢) radial dislocation loop,
of radius c and with the dislocation lying at a depth £ may be formed by making a path
cut along the cylinder » = ¢ between the dislocation and the free surface of the half-space
and inserting a tube of wall thickness b, (Figure 2.11b). Even though the amount that the
material displaces (b,) is the same in all directions, the Burgers vector changes direction
since it points towards the exterior of the tube. Therefore, the radial dislocation is not of
the Volterra kind, as the Burgers vector changes direction along the path cut (the Burgers
vector is not constant). As a consequence, it depends on the chosen path cut.

In addition to edge dislocations, it is necessary to consider as well a screw loop. It
may be created by making a path cut along the cylinder » = c between the dislocation
and the free surface of the half-space and twisting the outer wall with respect to the

inner wall by by.



Numerical Solution of Singular Integral

Equations

The application of dislocation densities in cracks and contact problems results in the
need of solving Singular Integral Equations (SIEs). The imposition of distributions of
circular edge dislocations to correct stress fields relies on imposing integrals of those
dislocations along the contact interface (or the crack line). We then obtain the values of
those dislocations that satisfy a certain condition. Since the dislocation values appear
inside the integrals, those problems constitute Integral Equations. Besides, some of the
influence functions contain singular Cauchy terms (1/(¢ — s)). This section presents the

solution for Singular Integral Equations with Cauchy terms.

3.1 Finite Contacts

For a finite contact, a general singular integral equation of the first kind with a simple

Cauchy kernel can be written in standard form (with the contact lying along [—1, 1]) as

F(t) = /11 st, It < 1 3.1)

36
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where F'(t) is the bilateral traction in a contact (or the normalised traction component
on the line of the crack), B(s) = w(s) ¢(s) is the dislocation density, ¢(s) is a smooth

continuous function and w(s) is a weight function of the form

w(s) = (14 )* (1 —s)". (3.2)

Muskhelishvili [60] proved that, for solids, o and § must each be either 1/2 or —1/2,
resulting in four classes of SIEs, depending on the behaviour of B(s) at the end points.
If the function F'(t) is simple, eq. (3.1) can be inverted analytically. Several methods
for analytical inversion and known solutions are presented in [61, 62]. When F'(¢) presents

significant complexity, however, the inversion must be done numerically.

3.1.1 Gauss-Chebyshev Quadrature

Several quadratures have been developed to numerically solve singular integral
equations, including the use of piecewise quadratic polynomials [63] and closed-type
schemes, such as the Lobatto-Chebyshev quadrature [64].

Presented here is the standard Gauss-Chebyshev quadrature, devised by Erdogan,
Gupta and Cook [22]. Its main advantage is the closed form solution for the quadrature
points and weights, which results in its implementation being simple and straightforward.
For this quadrature, the weight function is associated with the Chebyshev polynomials

of the first kind 7. The solution for eq. (3.1) is given as

F(ty) =Y Wi tffi‘)si’

=1

k=1,...,N+n (3.3)

where s; are the integration points, ¢, the collocation points and I¥; the weights. These are

all dependent on the behaviour of the dislocation density function at the end points. Since
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Table 3.1: Gauss-Chebyshev quadrature formulae for Cauchy kernels

Case w(s) S; t W; n
1 2i—1 k 1
A i cos <7r SN ) cos (ﬂ'ﬁ) ~ -1
1—s 2 2k—1 2(1—s;)
B Its cos (7T 2N+1) cos (W 2N+1) 2N+1 0
1+s 2i—1 2k 2(1+s;)
¢ 1—s cos <7T 2N+1) cos (W 2N+1) 2N+1 0
. 2
S i 2k—1 1—s7
D vV1—s cos <7TN+1) coS (7T2(N+1)) SN +1

the function’s behaviour is dictated by w(s), there are four sets of s;, ¢, and W;. These
are shown in Table 3.1. Case A corresponds to a function with singular behaviour at both
ends. Case D corresponds to a function bounded at both ends of the integration interval.

Cases B and C describe functions bounded at one on end and singular at the other.

3.2 Semi-infinite contacts

While the majority of complete and incomplete contacts will happen over a finite
region, the modelling of receding contacts often involves imposing integrals over a
semi-infinite region, in order to account for the initial configuration of the contact.

In this case, a general singular integral equation of the first kind with a simple Cauchy

kernel can be written in standard form (with the contact lying along [0, co]) as

F(v) = /OOO w4, <w < oo (3.4)

vV —Uu -

where F'(v) is the bilateral traction in a contact, B(u) = w(u) ¢(u) is the dislocation
density, ¢(u) is a smooth continuous function and w(u) is a weight function.
Two numerical methods are considered here to solve these integrals: a standard

Gauss-Laguerre quadrature; and the application of a transformation function.
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3.2.1 Gauss-Laguerre Quadrature

For this quadrature, we take w(u) as

w(u) =ue™™, (3.5)

where o must be 1/2 when the contact is bounded at both ends of the interval or

—1/2 when it is bounded at v = 0 and singular at ©v = oc.

Toakimidis [65] shows that the solution of eq. (3.4) is given by

v — U

N
F(vk):ZXi E=1,....N+n (3.6)
i=1
where u; are the integration points, vy the collocation points and X; the weights for the
Gauss-Laguerre quadrature. When the solution is expected to be bounded at both ends
of the interval, n = 1, while n = 0 for the case where w(u) is bounded at infinity

and singular at v = 0.

The integration points u; are given as the roots of the Laguerre polynomial LS\?) (u).

The weights X; are given by:

NIT'(N +a+1)
X' = (a)/ 2
ui |1 (w)]

(3.7)

where I (-) represents the gamma function [66] and Lg\?)/(u) is the first derivative of

the Laguerre polynomial with respect to w.

The collocation points vy, are selected as the zeros of the function A(v):

)\g\?‘) (v) =7 cot (mar) v¥e™” LE\?)(U) —T'(a)1FA(N+1,1—a;—v), (3.8)



3. Numerical Solution of Singular Integral Equations 40

where | F (a, b; z) represents the Kummer confluent hypergeometric function [66].

For « = £1/2, eq. (3.8) simplifies to:

AGP(0) =2/ Fy (N +1,3/2;—0) (3.9)

AV (0) = — A B (N +1,1/2: —0). (3.10)

In each case, this reduces to finding the zeros of the confluent hypergeometric function
1Fi(a, b; z), which can be achieved through a Newton-Raphson algorithm. In addition,
there must be a v, point between a pair of consecutive u; [65]. Hence, we can take the
initial guess for each v as the average of consecutive integration points. Tables D.1
to D.4 in Appendix D show the Gauss-Laguerre quadrature points and weights for
N = 1,10,20 and 40.

The Gauss-Laguerre quadrature has some drawbacks when implemented in a computer
program. First, there are no explicit equations to determine the quadrature points and the
computational time to obtain them is significant for large N (N 2 40). In addition, for
large N, some of the weights are of order of magnitude 107% and cannot be operated
on properly using standard double precision arithmetic in a computer code. The need
for quadruple precision (or variable precision in MATLAB) increases computational

costs significantly.

3.2.2 Modified Gauss-Chebyshev Quadrature

An alternative to Gauss-Laguerre quadrature consists in modifying the Gauss-Chebyshev
scheme through a transformation function, which maps the semi-infinite interval [0, co] to
the regular interval [—1, 1]. Suitable mapping functions include polynomials, exponentials
and trigonometric functions.

Consider, for instance, the following transformations to map the coordinate v (0 <

v < 00) to the normalised coordinate ¢ (—1 < ¢t < 1):



3. Numerical Solution of Singular Integral Equations 41

_v—l

= 3.11
v+1 ( )
t=1—2¢" (3.12)
t =2 tanh (v) — 1. (3.13)

The solution to eq. (3.4) is, then, given by eq. (3.3), where o = 1/2 corresponds to
case D (bounded-bounded) and v = —1/2 corresponds to case B (singular-bounded)
and can be later mapped back to the interval 0 < v < oo by using the inverse of the

relationship chosen in eq. (3.11).

3.2.3 Quadrature Comparison

Consider the following illustrative singular equation with a Cauchy kernel:

o sl/2e ¢g(s)ds  emerfe(l) — 2/TxF (/) 314
/o s—x B z+1 ’ (3.14)

where erfc(1) is the complementary error function (erfc(z) = 1 — erf(x)) and F(z)

represents the Dawson integral [66], given as

F(z)=e* /x e’ dy. (3.15)
0

The analytical solution g(x) = w(x) ¢(z) to eq. (3.14) is given by

1
9(x) = o wle)=aPe, glr) = —. (3.16)

The numerical quadratures shown in the previous sections can also be applied to find
¢(x). The solution is expected to be bounded at both ends of the interval.
Figure 3.1 compares the analytical solution with the numerical inversions for the

Gauss-Laguerre and Gauss-Chebyshev quadratures, with N = 40. For the Gauss-
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0.35 T T T

Analytical Solution
® Modified Gauss-Chebyshev
0.3 ®  Gauss-Laguerre

0.25

0.1

0.05

Figure 3.1: Comparison between analytical and numerical solutions of illustrative singular
integral equation.

Laguerre quadrature, a scaling parameter o = 0.05 was used to ensure proper distribution
of points around the interval of interest. Note that there is no loss of accuracy by using
the modified Gauss-Chebyshev quadrature on this example.

However, computational time is significantly improved when using the modified
Gauss-Chebyshev quadrature, due to the need of extra precision in the computation when
using Gauss-Laguerre. Resolving this problem 100 times in a MATLAB implementation,
the Gauss-Laguerre scheme is approximately 26 times slower than the modified Gauss-

Chebyshev, even when the quadrature points are pre-calculated.
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The application of circular dislocations to solve contact problems often fails because of
implementation errors of the influence functions. Because of the complexity of the kernel
functions, the literature for the circular dislocation kernels and Lipschitz-Hankel integrals
are often ridden with typos and errors, which result in erroneous influence functions.

To circumvent this problem and bring a verified set of circular dislocations into public
domain, Part I presents a verification of the methodology of using dislocation densities as
modifiers of interfacial tractions and of the implementation of the axisymmetric influence
functions, through the solution of three simpler problems.

Chapter 4 uses a distribution of ring dislocations to determine the crack tip stress
intensity factors for a ring crack at the surface of a half-space subjected to a concentrated
normal force P put at the axis of symmetry. This solution will show that the circular
edge dislocations are suitable quantities to be used as stress correctors (nuclei of strain)
and will provide a verification for the implementation of the axial and radial kernels,
together with MATLAB code provided as supplementary material. For a short crack,
the stress intensity factors for a plane crack at the surface of a half-space under remote
tension is recovered (K; = 1.1215, K;; = 0).

Next, two ‘simpler’ axisymmetric frictional problems are proposed, where no opening
is expected. The first problem is presented in Chapter 5, where a shaft-hub system is
subjected to a concentrated normal force. This illustrates the use of circular dislocations
to obtain the stress fields of a frictional contact in partial slip. Because this problem can
be solved using only the axial dislocation loop, it provides a ‘controlled environment’
to test its implementation.

In the second problem (presented in Chapter 6), the same shaft-hub system is subjected
to a monotonically increasing torque after being shrink fitted in assembly. This shows the
use of dislocation densities in frictional contacts that involve orthogonal components of
shear stress, as the application of torque induces a shear stress which is perpendicular
to the one induced by the shrink fit assembly. Careful consideration must be taken to
ensure that the solution satisfies the orthogonality condition at each time step, i.e. that

the direction of the equivalent shear stress is collinear but opposed to the slip velocity. In
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addition to the implementation of the screw dislocation, a new algorithm for the solution
of contact problems involving orthogonal shearing stress is proposed.
A comparison between the analytical solutions presented in Part I and their respective

finite element solutions are presented in Appendix C.
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Ring Cracks at the Surface of a Half-Space

J.P. Lopes®*, D.A. Hills?

%Department of Engineering Science, University of Ozford,
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Abstract

This paper uses a distribution of ring dislocations to determine the crack tip stress intensity factors for a ring crack at
the surface of a half-space subjected to a point force at the axis of symmetry. Three cases are considered: a short crack
(relative to its radius), fully open to its root; a longer crack open at the surface but closed and slipping to the root; and
a longer crack open at the surface and slipping to some self-determining point in the closing region. The stress intensity

factors and points of closure and stick are determined.

Keywords:

Ring dislocations, Axisymmetric, Crack, Stress intensity factor

1. Introduction

A powerful method for solving for crack tip stress in-
tensity factors and slip conditions for cracks in simple ge-
ometries, but where there may be at least some crack clo-
sure, is to use a combination of the nominal stress field in
the crack’s absence, together with arrays of strain nuclei
in the form of dislocations. This expedient is numerically
very efficient and is well established for plane problems [1].
In principle, the same ideas may be applied both to general
three dimensional problems (where a cruder discretisation
of the crack face is needed [2]) and to axi-symmetric prob-
lems. Here we address the latter, using circular dislocation
loops. This permits all the quadratures and techniques de-
veloped for plane problems to be used but suffers from a
drawback associated with the nature of the dislocation so-
lution: straight dislocations (that is, those used in plane
elasticity) are of the Volterra kind, because they have a
constant Burgers vector and, as a consequence, the solu-
tion is independent of the path cut used to form the dis-
location, so that we may tacitly assume that this follows
the line of the crack, without detailed considerations of
how we actually form the dislocation solution. Turning to
circular dislocations, we see that the ring edge dislocation
with axial Burgers vector (b,) is also Volterra in nature,
but the same is not true of the radial dislocation (b,), al-
though a number of crack solutions have either been sent
to journals or actually appeared in the literature in which
this need has been ignored. In order to circumvent this
problem, some authors resort to using dislocation dipoles
[3], but this results in singular integral equations with hy-
persingular kernels (i.e., kernels with 1/(t — s)? terms),
requiring a much more powerful quadrature scheme to be

*Corresponding author
Email addresses: jhonatan.dapontelopes@eng.ox.ac.uk (J.P.
Lopes), david.hills@eng.ox.ac.uk (D.A. Hills)

solved. The purpose of this paper is to solve an illustrative
axi-symmetric crack problem using the path-cut depen-
dent approach, by making use of the dislocation kernels
for a circular dislocation in a homogeneous elastic half-
space where the plane of the ring is parallel with the free
surface, and due to Paynter [4, 5]. Supplementary material
will be attached giving MATLAB code to enable others to
use these results in further problems without the need to
transcribe the solutions manually, we hope, thereby, avoid-
ing errors.

2. Bilateral Problem

The basic, illustrative, bilateral problem is shown in
Figure 1. A point force, P is applied acting into an elastic
half-space whose Poisson’s ratio is v. In the cylindrical
coordinate set of Figure 1, the state of stress within the
half-space is given by Timoshenko [6], and the tractions
arising on any cylindrical cut (an r = constant surface),
Gij (r, z) are given by

&TT’(T’Z) _;{(1_2]/) [;_W]
312z
<+>/} W

N 3P rz2
Gra(r,2) = _27T{(7“2+22)5/2} (2)

As we would expect the stress field is self-similar, as
there are no length dimensions in the problem, and the
stresses decay as [L™2]. For a force acting inwards there
is a band, making an angle of approximately 83° with re-
spect to the axis of symmetry where the radial stress is
tensile, and a band between the angles of 83° and 15°
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Figure 1: Bands of stress given by the bilateral solution for an in-
wards force.

where the radial stress is compressive, and then the nar-
row cone around the axis where it again becomes tensile.

Therefore, a short crack (relative to its radius) will be
fully open to its root, Figure 2b, and denoted case I. A
longer crack, Figure 2c, and where the inter-face coefficient
of friction is small, will be open at the surface but closed
and slipping to the root, case I, but, if the coefficient of
friction is high enough slip will not penetrate to the root
but will stop at some self-determining point in the closed
region, case I11, Figure 2d. Thus, case I will give rise to
both modes I and IT stress intensities, case 11 will give to
a mode [T stress intensity only, and case 11 will give rise
to a wholly bounded state of stress everywhere. This set
of cases is not exhaustive, and we explicitly exclude the
case where the crack is so deep relative to its radius that
its tip penetrates into the near-axis tension region.

3. Formulation

The general principle in obtaining a solution will be
to develop expressions for the tractions on the surface of
the crack, N(z), S(z), representing the normal and shear
components, respectively, as the sum of the bilateral so-
lution together with an integral representation of slip in
the form of a distribution of climb and glide dislocations.
The dislocations needed are all ‘edge’ in character, with
their Burgers vectors lying in a 8 = constant plane. A
b-(§) climb dislocation loop, of radius ¢ and with the dis-
location lying at a depth £ may be formed by making a
path cut along the cylinder » = ¢ between the disloca-
tion and the free surface of the half-space and inserting a
tube of wall thickness b,. It models crack opening, and

P,
C
2
(a)
> r
(b)
: Case 11
L > r

()

! Case 111

(d)

Figure 2: A radial crack subjected to a point force.



will induce tractions along the same cylinder 6,;(z),where
i =7,z given by

6ri(2) = Gr;(2,6)br(£). (3)

The functions G7,(z,&) are extremely complicated in
form and are defined in [5], as well as being explicitly pro-
vided in the supplementary material and in Appendix A.
They are bounded (‘regular’) when ¢ = z but display a
Cauchy singularity when i = 7.

In a similar way, a second edge dislocation may be
formed by (for example) making the same path cut on the
same surface as above, but now sliding the outer wall with
respect to the inner wall by a constant amount b,. This
generates a glide dislocation which is of the Volterra kind
and will be used to represent crack slip displacement. It
will induce tractions along the same cylinder 6,;(z), where
1 =r,z, given by

62i(2) = GZi(2,€)b=(§)- (4)

The functions G%,(z,§) are again extremely compli-
cated in form and are also defined in [5], as well as being
explicitly provided in the supplementary material and in
Appendix A. This time they are bounded (‘regular’) when
1 = r but display a Cauchy singularity when i = z. The
resulting tractions on the plane of the crack surface are
given by

NG = ol + [ G0 Bredsr
opening

| i p (5)
S@ =)+ [ GLEO B
| creon.@ (6)

where B; (§) = db;/d§, i = r,z. Glide dislocations are
installed over the whole of the length of the crack where
slipping occurs, including the open portion, and climb dis-
locations are installed over that part of the crack which is
open. Equations (5) and (6) form the basis of the solu-
tion and integral equations may be generated in slightly
different forms for the three cases of response described in
2.

3.1. Case I

This is the most straightforward problem to consider,
and is hence dealt with first, Figure 2b. The crack is of
depth a, which is sufficiently small (relative to ¢) for it
to be open to the root. The boundary conditions for the
crack faces to be traction-free are

N(z) =0 (7)
S(z) =0 0<z<a (8)

which, with egs. (5) and (6) define the two simultaneous
Cauchy integral equations

/oa [G’;r(z,ﬁ) B (&) + GZ,.(2,€) Bz(g)} ¢ =

— G (2) 0<z<a (9)
| (656050 + 629 B o -
— Grz(2) 0<z<a. (10)

These equations possess the property that the range
of the integrals is the same as the range of imposition
of the right hand side, so that they constitute two well-
posed integral equations with generalized Cauchy kernels.
They must be solved numerically using a standard numer-
ical quadrature devised by Erdogan, Gupta and Cook [7].
First, we put them in standard form over the intervals
[—1,1] utilizing the substitutions

2 2
=281, =21 g<ie<a (1)
a a
which give

/1 |:G:‘7'(t78) B.(s) + GZ,(t,s) Bz(s)]ds _

-1

— Gy (2) —1<t<1 (12)
/_ et Bs) + Gt Bu9)]as -
0 —1<t<1. (13)

The next step is to consider the general form of the
solution required, and here we note that, at the crack root
(t = 1), the displacement gradient must be square root sin-
gular in nature, while at the surface it must bounded. The
quadratures available do not give us the option of letting
the gradients take a finite value, so we instead choose it to
be square root bounded. This is slightly over restrictive —
it means that the crack faces must parallel, for example —
but is known to have only a very tiny effect on the crack
root [1], and so we assume fundamental functions B;(s) as
shown below, which leaves the unknown dislocation densi-
ties being represented by the functions ¢;(s):

1+ s

Bi(s) = ¢i(s) 1=

i=rz (14)

and egs. (12) and (13) become, in normalised form
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I
—

{Wz‘ Gry(ti, si) or(si) + GL (b, 8i) 2(84) }

2
=——0 =1,...,N 1
ﬂaarr(tk) k 5 ’ ( 6)

[

{Wz G:z(tkvsi)(bT(Si)+Giz(tk7si)¢z(si) }
1 |

(2

2
= Waam(tk) k=1,...,N (17)
where the integration points s;, collocation points t; and
weights W; for the quadrature are given in Appendix B.
Thus, we have a set of 2N equations for 2N unknowns.
Once the vector [¢r(s;), ¢-(s:)] is known the crack tip
stress intensities may be found from the following relations

— Vara_ 2K
Kr=V2ma D) or(1) (18)

s 2p
Kir=v2ma (H+1) d)z(l)v (19)

where g is the modulus of rigidity (shear modulus) and «
Kolosov’s constant (k = 3 — 4v for plane strain).

3.2. Case Il

The solution described above will be valid for suffi-
ciently small a/c. As this ratio is increased the mode
I crack tip stress intensity factor will decrease until it
reaches zero at a unique value of a/¢, which corresponds to
crack-tip closure. In this section we look at what happens
for larger values of a/c, and denote the closure point by b,
Figure 2c. Notice that, in this problem, point a is specified
but point b is an output of the problem. The boundary
conditions on the tractions are now rather different. In the
open part we require, as before,

N(z) =0 (20)
S(z) =0 0<z<b (21)

whereas, in the closed, slipping region, the shearing trac-
tion is limited by friction:

N(z) <0 (22)
S(z) =fN(z) b<z<a. (23)

These two sets of conditions may be combined into one
by making use of the Heaviside step function, H(-), giving

N(z)=0 0<2z<b (24)
S(z) = fH(z—b)N(z)=0 0<z<a. (25)

A further complication is that the climb dislocations
are non-zero only over the interval 0 < z < b, whereas

the glide dislocations must be distributed over the whole
interval 0 < z < a:

b
N(z2) = 7pr(2) + G (2,€) Br(§)dé+

0
anmz, ) B.(€)de (26)
b
S(Z) = 6%(2)"‘ o G:Z(z,ﬁ) Br(g)df‘F
OaGiz(% ) B.()de (27)

or

b a
/ G (=€) Bo(€)de + / G, (=€) B.(€)de
0 0
= *5”(2) (28)

/Ob B..(§) [G:Z(AS) ~ fH(z—0) G:r(Z,ﬁ)}d@r
| B0 [660 - £ -0 G0 ac
= [&TZ(z) — fH(z—b) 5rr(z)}. (29)

Notice that, as required, the region of imposition of the
integral equations (eqs. (24) and (25)) matches those inte-
grals in egs. (28) and (29) which are Cauchy in character.

Since there are two regions of imposition for the inte-
gral equations, two sets of quadrature points are needed.
Again, the equation must be solved numerically, using
Gauss-Chebyshev quadrature [7]. Putting them in stan-
dard form over the intervals [—1, 1] using the substitutions

2¢& 2z

w=" -1, v= -1 0<2E<b  (30)
2 2

s=28 1, =21 g<ie<a (1)
a a

gives

1 1
/ G, (v,u) By (u)du + / GZ.(v,s) B, (s)ds
~1 -1
= —0

v (0) —1<v<1 (32

[ B [er.m - £ 8O @ )]s

-1

1
/ B.(s) [Gu(t,) — H(Q) Gi,(t,9)]ds (33)

o)+ FHQ5(s)] 1251

where ( = (t+1) — 2b/a.

For the general form of the solution, the behaviour of
the climb and glide dislocations are distinct. At the sur-
face, both climb and glide solutions must be bounded. At



the closure point b (v = 1), the climb solution must be
bounded, since this point is a cusp. At the crack root
(z = a, t = 1), the glide solution must be square root
singular. Thus, we choose

B, (u) = ¢r(u) V1 —u? (34)

B.(s) = 6:(5) | 1

and egs. (32) and (33) become, in normalised form,

-

{Xib 60 (w) Gy (vp, i) + Wi (s) G (v, s:) }
1

2
—_25, k=1,...
—G (vk)

7

N +1 (36)

-

s
I
—

{ X0 Gt w) = £ HG) Gt )| 6, () |+

-

~
Il
—

{Wia |G th.s0) = [ H(G) Gt 50)] 0:(s0) |

:—%[&TZ(tk)_fH(Ck)&rr(tk)} kzl,,N (37)

where (; = (tx + 1) — 2b/a. The integration points (s;,
u;), collocation points (tx, vi) and weights (W;, X;) for
the quadrature are given in Appendix B.

Equations (36) and (37) form a system of 2N +1 equa-
tions and 2NN + 1 unknowns. These are the N values of
or(u;), N values of ¢,(s;) and the closure point b. Once
the vector [¢,(u;), ¢.(s;)] is known the crack tip stress in-
tensity may be found from the following relation

i =vama s 6.01) (38)

(k+1)

The value of the mode II crack tip stress intensity

will depend on the coefficient of friction. It will reduce in

magnitude as the friction is increased. When it vanishes,

there is no longer a mode I1 stress intensity factor, and
the solution is as detailed in the following section.

3.8. Case II1

The problem we look at now is that of a relatively deep
crack (but not so deep that it approaches the region of ra-
dial tension, Figure 1), and the general format of the prob-
lem is depicted in Figure 2d. We denote the closure point
by b and the stick point by a’ (Figure 2d). In this problem,
point a does not appear in the solution and points b and
a’ are outputs of the problem. The boundary conditions
are similar to those applied in case II. In the open region
we require, as in case I,

and in the closed, slipping region, the shearing traction is
limited by friction:

N(z) <0 (41)
S(z) =fN(2) b<z<d. (42)

Combining the sets of conditions into one, we have

N(z) =

0 <z<
S(z)—fH(z—=b)N(z)=0 0<z<d. (44)

The same procedure used for case II can be applied
here, giving

; G7.(2,€) Bz(§)dS, (46)

or

b a’
/ G (=€) B (€)dé + / G, (=€) B.(€)de
0 0
= —0rr(2) (47)

/Ob B,.(¢) [G:Z(z,g) —fH(z—b) G:r(z,f)}d@r

| B0 - rHE b6 o]
S [5Tz(z) — fH(z—0) arr(z)}. (48)
Equations (47) and (48) need to be solved numerically

as before. Normalising the integrals over the intervals
[—1,1] using the substitutions

2 2
u:?f_L v= 21 0<zE<b  (49)
2¢ 2z
== -1, t= - 0<2¢<d (50
give



1 1
/ G, (v,u) By(u)du + GZ.(v,s) B, (s)ds

—1 —1
= —G,r(v) —1<v<1  (51)

[ B [er.m - £ 5O @t 0]

-1

1
| B [Grtts) - 1 1O G 0,9)]as

= —[oO+ FHQom(s)] —15t<1 (52)

where ( = (t+1)—2b/d'.

The integral equations in egs. (51) and (52) for case 111
are the same as those found in case I7T (egs. (32) and (33)),
with @’ in place of a. The difference in cases lies in the
general form of the solution. For case I11, both the climb
and glide dislocations must be bounded at both ends of
the interval. Therefore,

and egs. (51) and (52) become, in normalised form,

[

{Xi b¢r(ui) G:r(wﬁ ui) + W da (bz(sl) Gir(vkv Sl)}

2

= 7;67’7"(1}]6)

i=1

k=1,...,N+1 (55)
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(Wi |G th. ) = £ H(Q Gt si)] 6:(51) |
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where (; = (tx + 1) — 2b/a’. The integration points (s;,
u;), collocation points (tx, vi) and weights (W;, X;) for
the quadrature are given in Appendix B.

Equations (55) and (56) form a system of 2N 4 2 equa-
tions and 2N + 2 unknowns: N values of ¢,.(u;), N values
of ¢.(s;), the closure point b and the stick point a’. For
this case, there are no mode I or I stress intensity factors.

4. Results

Each of the three classes of problem was coded up us-
ing the numerical processor MATLAB. Setting N to 80
makes the solution converge for all cases, i.e. the changes
in the stress intensity factors become negligible when N
is increased beyond 80. The results are for v = 0.3. In

problems where a length dimension is an unknown of the
problem (b in case II and both b, a’ in case ITI), there are
additional collocation equations which need to be satisfied
and which enable the values of b/c and a’/c to be found.
In practice, we guess values of the lengths to be found and
omit the central equations from the N 4 1 generated. The
column vector of ¢ is found. The omitted equation is then
evaluated and the lengths needed are adjusted to minimise
the residue.

Consider case [ first, the crack fully open to the root,
where the results are portrayed in Figure 4. We choose
as a non-dimensionalising constant the crack tip stress in-
tensity factor for a crack of length 2a embedded in a half-
plane, and choose as a reference stress the radial stress at
the surface (eq. (1)), so that

P(1-2v)
27mc?

Ko = Jra. (57)

This means that, as expected, when a/c — 0 we recover
the standard result for a plane surface breaking crack un-
der uniform tension (Kj/Ko = 1.1215). As the crack is
made longer the normalised mode I stress intensity falls,
and goes to zero when a/c — 0.207. This contrasts with
the depth at which the radial stress becomes zero (eq. (1))
of a/c = 0.122. The same non-dimensionalising constant
is also used for mode I7 loading. Of course the mode IT
stress intensity vanishes for short cracks and increases as
the crack length is increased.

Figure 3 shows what happens when we make the crack
longer than those just considered (case IT). At the left
of the figure (a/c < 0.207) the mode II stress intensity
for the open crack is re-plotted, and then the right hand
part of the figure shows what happens as the crack is made
longer, and hence remains closed, with no mode I inten-
sification. First, look at the response with no friction.
The Kj; value, in normalised form, first increases in mag-
nitude, until a/c ~ 1.1, beyond which it decreases. We
do not attempt to investigate what happens for very large
values of a/c, when the crack tip approaches the tension re-
gion. Secondly, consider the curves for increasing values of
the coeflicient of friction. The crack faces are closed along
part of their length, including the crack tip, and some of
the shear traction is sustained by friction, with the unsat-
isfied part contributing to a stress intensity of lower mag-
nitude, as expected. The case Il solution remains valid
until the coeflicient of friction reaches the value 0.625. At
this point Kj; falls to zero and, if we attempt to obtain
a solution for long cracks slipping at higher coefficients of
friction we find that the crack slip displacement changes
sign, and this is inconsistent with our assumption that the
sign of slip is constant along the whole of the closed por-
tion of the crack. Thus, the solution for a short crack with
an interfacial coefficient of friction of 0.7 is valid only for
cracks which penetrate a very short distance into the com-
pression region, and the mode I stress intensity vanishes
when a/c — ~ 0.3.
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The next question which arises is "What happens when
we have a crack which is longer than 0.207¢, and where
the coefficient of friction is greater than 0.6257 These are
case III problems, in which the crack does not slip all
the way to the root, but sticks at some self-determining
depth. The depth at which this occurs (a’/c), is shown in
Figure 5 as a function of the coefficient of friction. If the
coefficient of friction is less than 0.625 the crack will slip
to the root. Note that, because of the coupling inherent in
the kernels, glide dislocations modify the contact pressure
between the crack faces, that is, they induce a change in
the direct traction o, (z), so that we would expect the
point of crack closure, b/c, to change. In fact, there is
practically no change in this value for realistic coefficients
of friction, Figure 5.

5. Conclusions

The crack tip stress intensity factors have been found
for a surface-breaking ring crack loaded by a point force.
This problem shows the interesting properties that there
are regions in which the crack tip suffers both opening and
shear loading modes of stress intensity (case I), regions in
which the crack tip is closed but it suffers shear mode
stress intensity only (case IT), and regions in which the
crack is closed and the crack root does not slip (case I17).
The transition from cases I to II was found to occur at
a unique value of crack length a/c, and is independent of
the applied load. The transition to case II1, however,
was found to be dependent both on the crack length (only
occurs for short cracks) and on the coefficient of friction.

One of the prime motivations for carrying out this cal-
culation was to show that the ring dislocation is a vi-
able quantity to use as a kernel in studying axi-symmetric
cracks problems, and also to bring the kernel functions
into the public domain. They are attached to this paper
as supplementary material suitable for use with MATLAB.
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Appendix A. State of stress induced by circular
edge dislocation loops

This section presents the influence functions due to cir-
cular edge dislocation loops. An axial edge dislocation may
be formed, for example, by making a path cut along the
cylinder » = ¢ and sliding the outer wall with respect to
the inner wall by a constant amount b,. This generates a
glide dislocation which is of the Volterra kind and indepen-
dent of the choice of path cut. A b,(¢) radial dislocation
loop, of radius ¢ and with the dislocation lying at a depth
¢ may be formed by making a path cut along the cylinder
r = ¢ between the dislocation and the free surface of the
half-space and inserting a tube of wall thickness b,.. The
radial dislocation, however, is not of the Volterra kind,
since the Burgers vector changes direction along the path
cut (the Burgers vector is not constant) and, therefore, it
depends on the chosen path cut.

Appendiz A.1. Azial dislocation

Consider a glide axial dislocation loop of radius a put
at a position (r,z) in a cylindrical coordinate system and
being observed at a depth d, with a Burgers vector com-
ponent b,. The stress fields at a position (r, z) are given
by

oi(r,2) = Gri(r,2,d)b(d) i=r, 2 (A1)

The influence functions GZ;(p,¢,0) (i = r, z) for the
glide dislocation in a half-space are given as [5]:
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where p, ¢ and ¢ are the normalised coordinates, given
as

p=r/ec, ¢ =z/c, 0=dJ/e, (A4)

1 is the modulus of rigidity and & is the Kolosov’s constant.

Appendiz A.2. Radial dislocation

The radial dislocation is not of Volterra kind and, thus,
is path-cut dependent. There are four possible path-cuts
to create a climb dislocation of Burgers vector b,., defined
by Paynter & Hills [5] and shown in Figure A.6. These
result in significantly different solutions for the influence
functions and should match the path in which the integrals
are being evaluated.

Appendiz A.2.1. Outer cut (b2)

An ‘outside ring’ path cut is made by inserting a ring
of material at the depth z = d, from r = ¢ to infinity,
displacing the materials by an amount b, (Figure A.6a).
The angle parameter o designates the angle of the cut
with respect to the r axis. For the outer cut, « = 0. The
influence functions are given as [5]:

OG:z(p’ Ca 5’ Oz) = [Jo,l;l - IO,l;l_

2p
c(k+1)
(C=0)Jo2+ (C+0) Lo12—

2(6[0,1;3] (A.5)
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Figure A.6: Path cuts for a radial climb dislocation.
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Appendiz A.2.2. Inner cut (b.)

An ‘inside disk’ path cut (Figure A.6b) can be formed
by inserting a disk of material at a depth z = d, from r =0
to r = ¢, displacing the material by the same amount b
(thickness of the disk). For the inner cut, o = 0.
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2
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Appendiz A.2.3. Cylindrical cuts (b%°)

The two other path cuts involve cylindrical cuts. The
‘exterior’ path cut is made by inserting a cylinder of ma-
terial of wall thickness b at a position (r,z) = (¢,d) ex-
tending along the z axis from z = d to z = 0, i.e. towards
the ‘exterior’ of the half-space (Figure A.6¢). The ‘core’
path cut is made by inserting a cylinder of material of wall
thickness bS at a position (r, z) = (¢, d) extending along the
z axis from z = d to infinity, i.e. towards the ‘core’ of the
half-space (Figure A.6d). These are dependent of radial
dislocations with inside and outside path-cuts (b%. and b2)
and the corrective Kelvin and Boussinesq terms (b* and
b2). The radial dislocations are also dependent of the an-
gle argument «. For an ‘exterior’ cut, « = —7 /2 and for
a ‘core’ cut, @ = 7 /2. From Paynter & Hills [5]:
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bsz (pv Cv _W/Z)] .7 =Tz (AlO)

cyJ  eryd i oy ke b
where “Gy;, Gy, ‘G, °Gyy, "Gy, and "Gy are, respec-
tively, the influence functions for a radial dislocation with
core, exterior, inner and outer cuts, and the Kelvin and
Boussinesq corrective terms. These corrective terms are

given as:

Kelvin term (bF)
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Boussinesq term (b2)
Kelvin term with depth set to zero (6 = 0).

'GrL(p. Q) =c l J100(e) + ¢ J1,001 — %J1,1;o+

(k1)
2p

Jl,l;_l(oz)] (A13)

*Gr.(p,¢) =¢ l— CJ1,1;11 (A.14)

Appendiz A.3. Lipschitz-Hankel integrals

In the influence functions, the terms Jy, p.q and I, piq
represent Lipschitz-Hankel integrals. The standard defini-
tion for these functions is as an integral of the product of
Bessel functions (J;(+)), an exponential term and a power
term. Using normalised coordinate variables, it is given as
8]

Povr(psC) = / T6) J(pt)e St de. (A15)
0
In the kernels, the follow definition is applied:
In.psa = Prpig(p, ¢ = 0) (A.16)
Inpig = Prpiq(p, —C = 0) (A.17)

The Lipschitz-Hankel integrals needed in the kernels
are given in [4, 5].



Appendix B. Gaussian Quadrature for SIEs with
Cauchy Kernel

A general singular integral equation of the first kind
with a simple Cauchy kernel can be written in standard
form (with the crack lying along [—1,1]) as

F(t) /1 oS g <1 B

—1 t—s

where F'(t) is the normalised traction component on the
line of the crack, B(s) = w(s) ¢(s) is the dislocation den-
sity, ¢(s) is a smooth continuous function and w(s) is a
weight function of the form

w(s) = (14 5)*(1—s)". (B.2)

It can be proved that the exponents o and 8 must be
either —1/2 or +1/2 [9], resulting in four classes of SIEs,
depending on the behaviour of the B(s) at the end points.
Solutions were presented by Erdogan, Gupta and Cook [7].
In those cases, the weight function is associated with the
Chebyshev polynomials of the first kind 7. The solution
for eq. (B.1) is given as

N

Fi) =S w28 N B.3

k)_z ltk_8_7 — Ly +n ()
=1 v

where s; are the integration points, ¢; the collocation points
and W; the weights. These are all dependent on the be-

haviour of the dislocation density function at the end points.

Since the function’s behaviour is dictated by w(s), there
are also four sets of s;, tp and W;. These are shown in
Table B.1.

For the cracks solved in this paper, the behaviour of
w(s) is either bounded at both ends, which corresponds to
case C in Table B.1, or bounded at s = —1 and singular
at s = 1, which corresponds to case D in Table B.1.

Table B.1: Gauss-Chebyshev quadrature formulae for Cauchy kernels

Case w(s) S (27 Wi n
A g ocos(rimt)  cos(ry)  x -
B \im cos(madi) cos(viizh) A o
c iii cos (7" 221377-5-11 ) cos (77 213111 ) 22(11\;;81) 0
D 1+ s2 cos (7r NfH) cos (72(21@111» ;&il +1

11
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The Axisymmetric Shrink Fit Problem Subjected to Axial Force
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Abstract

A solution for the stress fields in a shaft-hub shrink-fit assembly subjected to an axial force is presented. The assembly
is modelled as a semi-infinite shaft embedded within an elastic half-space. The stress field for a bilateral solution is
obtained, considering that the contact interface is everywhere subjected to pressure and that the coefficient of friction
is sufficient to prevent slip everywhere. This solution is then corrected to satisfy the slip condition using an array of
strain nuclei in the form of glide ring dislocations. The contact pressure, shear traction and their ratio is presented as a
function of the coefficient of friction and the ratio of shrink-fit to axial force stresses. Finally, the solution is extended

to a finite shaft.
Keywords:

Ring dislocations, Axisymmetric, Shrink Fit, Contact

1. Introduction

The classical solution for the contact pressure induced
in an axisymmetric shrink fit problem is the well-know
Lamé solution [1]. It is normally used in plane strain, and
represents a very satisfactory solution at interior points
well away from the edges, i.e. when z > a, Figure 1,
where a is the radius of the shaft, and when the outer
radius of the ‘hub’ (the part incorporating the hole) is
much greater than the radius of the shaft, which is often
at least approximately true. The question arises of how
that pressure should be modified at the point of insertion
of the shaft into the hub, and where the shaft and hub
terminate. The latter problem was solved in closed form
[2] providing a true local three dimensional correction for
the presence of the free surface, and here we enquire how
such an assembly responds to the application of a normal
force (Figure 1) tending either to push the central shaft in,
as shown, or tending to pull it out. In practice the details
of the solution will depend, of course, on how the loading is
distributed across the end of the shaft but providing that
the points we are considering are not too close the details
will not matter.

The general idea will be first to use the bilateral solu-
tion, that is one where we assume that the interface be-
tween shaft and socket is everywhere subjected to pressure
and that the coefficient of friction is sufficient to prevent
slip everywhere, so that the presence of the interface is
not ‘felt’. We will then probe the limits of this assump-
tion, and go on to consider problems where a slip zone of
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Lopes), david.hills@eng.ox.ac.uk (D.A. Hills),
robert.paynter@eng.ox.ac.uk (R.J.H. Paynter)

finite extent develops by deploying distributions of circular
glide dislocations to represent the effects of slip.

2. Adhered Solution

The geometry of the problem is shown in Figure 1.
Upon assembly, an infinitely long shaft of radius a + Ay is
inserted in a hub with a cylindrical hole of radius a, present
in an elastic half-space. Both the shaft and the hub have
Poisson’s ratio v and Young’s modulus E. The assembly
can be thought as inserting a shaft of radius a into a hole
of same size under isothermal conditions and then heating
only the shaft through a temperature differential AT, or
by cooling the oversized shaft until it fits and then letting
it warm back up. This results in an induced radial strain

*

€* in the shaft, given by

€ = B0 = aAT (1)
a
where « is the coefficient of thermal expansion for the
shaft.
If the coefficient of friction is sufficiently high to pre-
vent any slip, the state of stress that arises from this
shrink-fit assembly is given by Paynter et al [2], and the

stresses o in a point (7,2), z > 0, are given by

)



Figure 1: A semi infinite shaft of radius a in a half-space z > 0.
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where g = E€*/(1 — v) is the reference axial stress and
JImn;p are Lipschitz-Hankel integrals, defined in Appendix
A.

The third kind elliptic integrals present in the Lipschitz-
Hankel integrals in Equations (2) and (4) are singular when
(r,z) = (a,0). For this point, we obtain the stress values
by taking the limit as z — O:

72 (@0) =a0 (v~ 5) 6)
o2l (a.0) = (6)
o (a.0) = - 2. (7)

After assembling the shrink-fit, a point force P is ap-
plied acting into the elastic half-space. In the cylindrical
coordinate set of Figure 1, the state of stress within the
half-space is given by Timoshenko [3], and the tractions
arising on any cylindrical cut (an r = constant surface),
ol (r, z) are given by

P 1 z
P _ _ -
o (r,2) = 2n {(1 2v) lrz 2 (r? + ZZ)I/Q]

3r2z
_ W} 8)
3P 23
02(7“72): _27T{(7"2+Z2)5/2} (9)
3P rz?

Considering a fully stuck solution, the stresses 7;;(r, 2)
for the bilateral solution can be obtained as a sum of the
shrink-fit stresses (egs. (2) to (4)) and the tractions due to
the application of the load P (egs. (8) to (10)):

Grr (1, 2) :afTF(r, z) + Uﬁ(r, 2) (11)
G.2(7, 2) ZJZSZF(T, z) + oi(r, z) (12)
Grz(r, 2) :UfZF(T, z) + Ufz(r, z). (13)

Figure 2 shows the radial normal stress (G,(a, 2)), the
shear stress (6,,(a, z)) and the ratio between those at the
shaft-hole interface (r = a). The stresses are normalised
by the the reference axial stress og. A normalised variable
A is chosen as a measurement of the shrink-fit to applied
load stress ratio, given by

P
= . 14
A a2 ao ( )

Therefore, A = 0 represents the contact assembly, i.e.
only the shrink-fit stresses are present. A positive A implies
that the shaft is being ‘pushed in’, towards the core of the
half-space, while A < 0 represents the shaft being ‘pulled
out’, towards the exterior of the half-space.

Analysing the radial stress (Figure 2 (a)), we notice
that as we push the shaft in (A > 0), o, is compressive
and increases in absolute value inside the contact interface
(underneath the surface). However, at the surface, as A
increases, the radial stress decreases in absolute value until
it reaches zero for A = 3.1, which would indicate contact
separation at the surface. As we pull the shaft out (A < 0),
o, is still compressive but increases in absolute value at
the surface as the load P is increased. Beneath the surface,
as A increases in absolute value, the radial stress decreases
until it reaches zero for A = —2.9, which would indicate
sub-surface contact separation.

Now, looking at the shear to normal stress ratio (Fig-
ure 2 (c)), we notice that for a realistic coefficient of fric-
tion (0 < f < 1) the slip condition is violated even on
assembly. For instance, if A\ = 0, a coefficient of friction of
1.6 would be required to guarantee that the shaft-hole in-
terface does not slip. Therefore, the assumption of a fully
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Figure 2: Stresses at the interface radius (r = a) versus depth z/a for
varying A. Adhered solution: (a) pressure, (b) shear and (c) traction
ratio.

stuck contact interface does not hold. Slip would penetrate
from the surface to a self determining point ¢. The trac-
tion ratio —o,, /o, increases even further in value as the
force P is applied, at the surface if A\ > 0 and subsurface
if A <0.

3. Formulation

The general principle in obtaining a solution will be
to develop expressions for the tractions on the shaft-hole
interface, N(z),S(z), representing the normal and shear
components, respectively, as the sum of the bilateral solu-
tions together with an integral representation of slip in the
form of a distribution of glide dislocations. The disloca-
tions needed are all ‘edge’ in character, with their Burgers
vectors lying in a 8 = constant plane. Only glide disloca-
tions are needed in this problem.

A b, (&) dislocation loop, of radius a and with the dislo-
cation lying at a depth £ may be formed by making a path
cut along the cylinder » = a between the dislocation and
the free surface of the half-space and sliding the outer wall
with respect to the inner wall by a constant amount b,.
This generates a glide dislocation which is of the Volterra
kind (path-cut independent) and will be used to represent
slip displacement. It will induce tractions along the same
cylinder 7,,(z), where i = r, z, given by

7:i(2) = GZi(2,6)b2(§). (15)

The functions G%,(z,&) are extremely complicated in
form and are defined for an isotropic half-space in [4], as
well as being explicitly provided in Appendix A and as a
supplementary material in [5]. They are bounded (‘regu-
lar’) when ¢ = z but display a Cauchy singularity when
i=r.

8.1. Pulling the shaft out

We first look at the problem where the shaft is being
‘pulled out’ (A < 0). In this case, the resulting tractions
on the plane of the shaft-hole interface are given by

N(2) = Gv(2) + / G2 (=€) B.(©)de (16)

slip

G7.(2,€) Bz(§)d¢ (17)

slip

S<Z) = &rz(z) +

where B; (§) = db;/d§, i = r,z. Glide dislocations are
installed over the interface region where slipping occurs.

The condition of slip states that the shear traction is
limited by normal traction at the contact interface, giving,
if the bilateral shear traction is positive,

N(z) <0 (18)
S(z) = — FN(2)



where f is the coefficient of friction between the shaft and
the hole, and ¢ the depth to which slip penetrates.

The boundary conditions in egs. (18) and (19) together
with eqgs. (16) and (17) define the following Cauchy integral
equation

/0 G (2.6) + £ G (2 6)] Bu(€)de =
— [r2(2) + [0 (2)] 0<z<ec. (20)

This equation possesses the property that the range of
the integrals is the same as the range of imposition of the
right hand side, so that it constitutes a well-posed integral
equation with a generalized Cauchy kernel. It must be
solved numerically using a standard numerical quadrature
devised by Erdogan et al. [6].

First, we put it in standard form over the interval
[—1,1] utilising the substitutions

2 2
s=28 1, =21 g<ie<e (21)
C C
which give

1
/ (G2 (t,3) + £ G2 (1, )] Ba(s)ds =

-1
- [57% (t) + f 5” (t)] . (22)

Now, we must consider the general form of the solution
required, noting that the displacement gradient must be
square root bounded at both ends of the interval, at the
surface (t = —1) and at the sticking point (¢ = 1). Thus,
we assume a fundamental function as

B.(s) =¢.(s) V1 —s2 (23)

which leaves the unknown dislocation density being repre-
sented by the function ¢, (s).

Equation (22) can be expressed now, in normalised
form, as

N
Z T W; (bz(s)
i=1

Giz(siv tk) + fGir(Sh tk)] =

— [5rz(tk)+férr(tk)1 tr=1,..., N+1 (24)

where the integration points s;, collocation points ¢; and
weights W; for the quadrature are given as

$; = €08 (FNil) i=1,...,N (25)
m 2k—1
tk = COS <2(ZVJ'—1)> k 1, ,N + ]. (26)
1-—s2
W= (27)

2(N+1)

From eq. (24), we have a set of N + 1 equations for
N + 1 unknowns. These are the N values of ¢.(s;) and
the stick point ¢. Once ¢, is known, the stresses at a point
(r,z) can be found as

S /O G (r, 2, €) B(€)de
i,j=r,z (28)

3.2. Pushing the shaft in

When the shaft is pushed towards the core of the half
space (A > 0), there is further forward slip at the interface,
extending from the surface to a self-determining point b
(b < ¢). The set of dislocations used before is not sufficient
to correct the additional slip. This requires the imposition
of a new set of dislocations at the shaft-hole interface inside
the slip zone.

The resulting tractions on the plane of the shaft-hole
interface are now given by

NG =l + |

initial slip

| G Boua (29)

G7(2,8) Bz(§)dé+

8(2) = ral2) + / G=.(2,€) Ba(€)dé+

initial slip

G7.(2,€) Bz(§)d¢. (30)

slip

The boundary conditions remain those in egs. (18) and (19),

that together with egs. (29) and (30) define the following
Cauchy integral equation

/0 R 6) + £ G2 (. 6)] Bu(€)der

b
/O (G2, (2,6) + f G2 (5,6)] Ba(€)dé =

= [0r2(2) + [ Grr(2)]

Once again, the integrals have to be put in standard
form over the interval [—1, 1] utilising the substitutions

0<z<b  (31)

2 2
s=28 1, =B g<se<e (32
& &
2 2
u:%—l, v:{—l 0<2¢<b  (33)
which give

1
[ (G2 t5) + £ G(15) B(s)as

/ (G2 (v,u) + f Gn(v,)] Ba(u)du =

—1
= [6r2(v) + £ Grr (V)] (34)
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Figure 3: Stresses at the interface radius (r = a) versus depth z/a Figure 4: Stresses at the interface radius (r = a) versus depth z/a
for A < 0 and f = 0.3. Corrected solution: (a) pressure, (b) shear for A < 0 and f = 1.0. Corrected solution: (a) pressure, (b) shear
and (c) traction ratio. and (c) traction ratio.
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The displacement gradient again must be square root
bounded at both ends of the interval (v = +1) and we
assume

(35)

B, (u) =1, (u) V1 — u?.

Equation (34) can be expressed now, in normalised
form, as

N

Z w W; ¢z(5)

i=1
N

Z ™ X; ql)z(u)

=1

— [&Tz(vk)+f&rr(vk)] t,=1,...,N+1 (36)

Giz(shtk) + vaz"r(Siatk) +

Gy, (ui,vg) + fGT, (ui, vx)

where the integration points w;, collocation points vy and
weights X; for the quadrature are given as

) .
ui—cos<7rN+1> i=1,...,N (37)
T 2k —1
V. = COS <2(]V-i—1)) k —1, ,N+1 (38)
1—u?
YT (39)

From eq. (36), we have a set of N + 1 equations for
N +1 unknowns. These are the N values of 9, (u;) and the
point b. The function ¢,(s;) is obtained from the solution
of eq. (24). Once 1), is known, the stresses at the bodies
can be found as

1
Gij(t, s) ¢=(s)ds
1

0i;(r,z2) =045(r, ) +/

1
+[ G ig=rs (0)
-1

4. Results

The problem was coded up using the numerical proces-
sor MATLAB. Convergence of the solution was obtained
when N was set to 80. The results are for v = 0.3. In
the problem, there are two length dimensions to be deter-
mined (¢ and b, if A > 0) from the additional collocation
equations that need to be satisfied. In practice, we guess
the value of the length to be found and omit the central
equation from the N + 1 generated. The column vector of
¢, or 1, is found and the omitted equation is evaluated.
The length to be found is adjusted to minimize the residue
obtained from the omitted equation.

Consider first the shear stress (Figures 3 to 6 (b)). For
the case where the shaft is being ‘pulled out’ (A < 0) we

§ o =0
08[< ore /O =71
0.6 Forward Slip ©
“ P £
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Figure 7: Values of load ratio X required to cause contact opening or
reverse slip for a given f. The solution is valid in the region marked
‘Forward Slip’.

notice that the more we ‘pull the shaft out’ (as A becomes
more negative), the larger the slip zone. Therefore, as we
extract the shaft, the size of the slip zone increases with
the magnitude of the extraction load P. When the shaft
is being ‘pushed in’ (A > 0) we notice that the size of the
slip zone is independent of A\. As X increases, the slip zone
remains ‘locked’ at the assembly position (when A\ = 0).
To account for this effect there is additional forward slip
closer to the surface (0 < z < b). For all values of A, as the
coefficient of friction f decreases, the slip zone increases,
as expected. Figures 3 to 6 (a) show the contact pressure.
If A < 0 (shaft being ‘pulled out’), we notice that, as
the extraction force increases in magnitude, the pressure
increases at the surface but decreases sub-surface. When
A reaches a critical value (—=3.7 for f = 0.3 or —3.1 for f =
1.0), the contact pressure becomes null, which results in
contact opening in a sub-surface point. This is in line with
what was expected from the adhered solution. The ratio
between the shear traction and contact pressure (Figures 3
and 4 (c)) remains positive and does not violates the slip
condition as A increases in magnitude.

If A > 0 (‘pushing the shaft in’), it is noted that as the
force increases in magnitude, the pressure now increases
sub-surface but decreases at the surface. For f = 1.0, a
value of A equal to 2.9 results in contact opening at the sur-
face (oyr(a,0) = 0). However, for f = 0.3, as A increases,
the slip condition is violated before there is contact open-
ing at the surface (0./0r > —f). This would result in a
sub-surface patch of reverse slip.

Figure 7 summarises the region where the solution is
valid for a given coefficient of friction, labelled ‘Forward
Slip’. The blue lines represent contact opening at the sur-
face (for A > 0) or sub-surface (for A < 0). The red line
represent the values of A\ that result in a patch of reverse
slip for a given f. For f = 0.34 and A = 3.61, reverse slip
and contact opening happen simultaneously. For f < 0.34,
reverse slip occurs before the contact opens at the surface.



4.1. Finite Shaft

The next step is to consider what happens if the shaft
is of finite length and terminates at a depth d, by the
introduction of a ‘free’ surface at a depth d outside the
slip zone (d > ¢). Figures 8 and 9 show the stresses at
a constant depth (obtained from egs. (28) and (40)) for
the two values of A that would cause contact separation
at the shaft-hole interface. From these results, we notice
that, at a potential surface of depth d, the axial stress
is compressive for all depths, even if the shaft is being
extracted from the hole (Figures 8 and 9 (a)). This is due
to the compressive nature of the shrink-fit assembly that
results in the axial stresses due to shrink-fit being at least
six times the values of axial stresses for the application of
the load P, when A ~ 3. Besides, the ratio between the
shear and axial stress does not surpasses the coefficient
of friction, which means that the potential surface would
be stuck to the half space beneath it. Even though these
results are only for f = 1.0, the same behaviour is observed
for all values of f. Therefore, the introduction of a free
surface at any depth would result in this surface being
stuck to the half-space underneath it (Figure 10) and the
solution found in Section 3 remains valid.

5. Conclusions

The slip present in a shrink fit, axisymmetric problem,
devoid of torsion, subjected to an axial force, has been
solved by using a bilateral solution for a shrink fitted shaft
finishing flush with the surface of the surrounding mate-
rial. Slip surfaces are represented by using arrays of ax-
isymmetric dislocations. Conventional Gauss-Chebyshev
quadrature is used to find their density. It was shown
that, when the shaft is being ‘pulled out’ towards the ex-
terior of the hub, the size of the slip zone increases with
the load magnitude, but as we ‘push the shaft in’, towards
the core of the hub, the slip zone remains locked at the
assembly position. Also, the solution for a semi-infinite
shaft is still valid for a finite shaft of depth d, as long as
the surface extends beyond the slip zone.

Besides obtaining the stress fields for the shaft-hub as-
sembly, one of the prime motivations for carrying out this
calculation is to show that the glide ring dislocation is a
viable quantity to use as a kernel in studying axisymmetric
contact problems.
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Appendix A. State of stress induced by circular
edge dislocation loops

Consider a dislocation loop put at a position (r,z) in
a cylindrical coordinate system and being observed at a
depth d. To calculate the influence functions, the coordi-
nates are normalised with respect to the dislocation ring
radius a:

¢=z/a

The influence functions GZ; (¢ = r, z) for the glide
dislocation in a half-space are given as [4]:

p=r/a d=d/a. (A1)
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Appendixz A.1. Lipschitz-Hankel integrals

In the influence functions, the terms J,, ;. and I, p.q
represent Lipschitz-Hankel integrals. The standard defini-
tion for these functions is as an integral of the product of
Bessel functions (J;(+)), an exponential term and a power
term. Using normalised coordinate variables, it is given as

[7]
PasalpO= [ R Lptye <t Pd (aa)
0
In the kernels, the follow definition is applied:

Inpia = Prpia(p, ¢ = 9) (A.5)
Inpiq = Popig(p; —C = 0). (A.6)
The Lipschitz-Hankel integrals needed in the kernels

are given in [8, 4] and by Lopes and Hills [5] as a supple-
mentary material.
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The axisymmetric shrink fit problem subjected to torsion
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Abstract

The problem of an elastic shaft fitted into an under-sized hole in an elastically identical body, the latter in the form
of a half-space, has been studied when the assembly is subject to increasing and then subsequently reducing torque.
The solution has been found as the superposition of a unilateral solution for an adhered contact pair and a set of ring
dislocations along the contact interface to represent slip. The dislocations needed are prismatic (b,) and twist or screw
(bp), and by using continuous distributions of them the modified traction may be represented very effectively in a way
which enables the local orthogonality requirement of slip to be followed rigorously. The residual interface tractions left
when the applied torque has been completely removed are found. The whole calculation was carried out on a quasi-static

basis.

Keywords: Axisymmetric, Contact, Shrink fit, Torsion, Orthogonality, Frictional slip, Plane/anti-plane slip

1. Introduction

The problem of a cylinder shrink fitted into an under-
sized cavity arises in a a number of engineering problems
such as when a disk (pulley, gear etc) is shrink fitted onto
a shaft, or in the domestic environment of, for example, a
cork or stopper closure. The relationship between the de-
gree of interference and the contact pressure generated in
a plane problem has been known for a very long time and
is associated with the name Lamé, but the presence of a
free surface, where the contact terminates, produces inter-
esting complicating three dimensional effects which can be
solved in closed form [1]. The gradients along the axis of
the shaft which the free surface induces means that axial
shear tractions arise, and these have been shown [1] to be
sufficiently severe for slip always to be present when the
contact is formed, for realistic coefficients of friction.

The object of the present paper is to extend this solu-
tion to problems in which a torque is inserted at the free
surface itself, and to see how this modifies the interfacial
shear tractions present. Although the solution has rele-
vance to engineering assemblies it also has relevance to the
cork closure refereed to: a corkscrew is normally twisted
and released before an axial force is applied, and this pa-
per shows how a self-equilibrating residual interface shear
traction is developed by the twisting action. Although the
axial force part of the problem is not considered, it is is
clear that the torque pre-load will reduce the value of the
axial force needed to achieve extraction of the cork.

*Corresponding author
Email addresses: jhonatan.dapontelopes@eng.ox.ac.uk (J.P.
Lopes), david.hills@eng.ox.ac.uk (D.A. Hills)

The formulation presented in this work relies on two
idealisations that might lead to gross aproximations when
applied to practical applications but have to be made due
to the current state of knowledge of the tools for analytical
modelling of shrink fit under partial slip.

The method used to introduce interfacial slip relies on
the knowledge of the state of stress induced in a half-space
by a ring dislocation lying in a plane parallel with the sur-
face (kernel or core of the solution). In practical applica-
tions, the hub and the shaft might be made of different
materials and this would imply knowing the kernel for a
mismatched half-space, which is not available in the liter-
ature. We assume, therefore, that the hub and the shaft
are made of the same material, and consider the the case
where the half-space is homogeneous [2].

In addition, the application of a torque is usually dis-
tributed over the surface of the shaft. However, a point
torque was chosen to be applied because; (a) the solution
was available in the literature in an elegant format for
a homogeneous half-space [3], (b) the only mathematical
singularity in the stress fields appears at the origin (away
from the contact interface), (c) and it presents no intrinsic
length dimension, i.e. it introduces no extra parameters
in the model.

2. Shrink fit assembly

The stresses due to the shrink fit assembly (shown in
Figure 1) are given by Paynter et al. [1] and are reproduced
here. Upon assembly, an infinitely long oversized shaft of
radius a+ A is inserted in a hub with a cylindrical hole of
radius a, present in an elastic half-space. Both the shaft
and the hub have Poisson’s ratio ¥ and Young’s modulus
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Figure 1: A semi infinite shaft of radius a in a half-space z > 0
subjected to shrink fit.

FE. The assembly can be achieved by cooling the oversized
shaft through a temperature differential AT until it fits in
the hub and then letting it warm back up. This results in
an induced radial strain €* in the shaft, given by

€ = Bo = aAT (1)
a
where « is the coefficient of thermal expansion for the
shaft.
If the coefficient of friction is sufficiently high to pre-
vent any slip, the stresses Uij at a point (r,z), z > 0, are
given by

SF

JT’I"

(r,z) = o9

a(Proo(p.€) = 2 Proa(p, )+

—1
§P1,1;0(P7 ¢)— KT Pr1-1(p, C))+
-1/2 r<a
{—0,2/(27‘2) r>a 2)
opl(r,2) = o0az Pia(p,C), (3)

where g = E€*/(1 — v) is a reference axial stress and
P,y nip(p, ) are Lipschitz-Hankel integrals, defined in Ap-
pendix A.

The third kind elliptic integrals present in the Lipschitz-
Hankel integrals in egs. (2) and (3) are singular when
(r,z) = (a,0). For this point, we obtain the stress val-
ues by taking the limits as z — 0, which give

72 (@0)=a0 (v~ 3) @)

SF 90
0)=-22 5
o3 (a,0) = ~ % )
For the stresses in egs. (2) and (3) to be valid, they

cannot violate the slip condition, i.e.

o7 () < foplf(z) <0 2>0. (6)

However, Paynter et al. [1] show that a realistic coef-
ficient of friction (f < 1.0) will result in the violation of
eq. (6) and, consequently, the contact must be in partial
slip.

Because the coeflicient of friction is insufficient to main-
tain complete adhesion, a region of slip will develop when
the assembly is put together, whose extent we wish to
know. In order to satisfy slipping conditions, a modified
solution can be developed by representing the tractions at
the contact interface as a sum of the bilateral (adhered) so-
lution together with a correction in the form of an integral
representation of slip as a distribution of glide dislocations.

We emphasise that the introduction of dislocations is
used only as a mathematical device to correct the tractions
in the formulation as a distribution of strain nuclei. This
does not mean that physical defects are being inserted in
the micro-structure of the material. Detailed explanations
of the method can be found in [4, 5].

The modelling of contact slip is achieved by introducing
an axial glide dislocation loop b, (§) of radius a, placed at a
depth £. This loop has a Burgers vector which is constant
in magnitude and orientation so that it is of the Volterra
kind and may be formed by making a path cut along the
cylinder r = a between the dislocation and the free surface
of the half-space and sliding the outer wall with respect to
the inner wall by a constant amount b,. This will introduce
tractions &;,(z), i = r,z, along the same path cut, given
by

The influence functions GZ,(z, §) are described as sums
of Lipschitz-Hankel integrals, and for a half-space are given
by Paynter et al. [2, 6] and in the Appendix A.

We can now write the contact pressure p(®(z) and

shear stress qﬁg)(z) at the interface as

PO =oF(2)+ | Gi(28B.()d¢  (8)

slip

¢ D(z) = o2F(2)+ |  Gi(2€B.(§)ds.  (9)

slip

The slip condition requires that the shear stress must
be limited by friction in the slip zone, i.e.



p9(2) <0 (10)

D@ =-110 0<z<e (1)

where f is the coefficient of friction between the shaft and
the hole, and ¢ the depth to which slip penetrates.

Substituting egs. (8) and (9) into eq. (11), we have the
following singular integral equation:

/0 (GR(2.6) + £ G2y (2.6)] BL(6)de =

[P+ foSf ()] 0<z<e  (12)

which can be solved using standard Gauss-Chebyshev quadra-

ture [7, 4].

After solving eq. (12) for B,(&), the stresses can be
recovered from integration (egs. (8) and (9)) and the slip
displacement is given by:

h9(z) =

Tz

- / " B.(e)de. (13)

3. Formulation of twist problem

After assembling the shrink fit, a point torque T is
applied acting into the elastic half-space. In the cylindrical
coordinate set of Figures 2a and 2b, the state of stress
within the half-space is given by Chowdhury [3, 8], and
the non-zero tractions arising on any cylindrical cut (an
r = constant surface), O’;-Tj (r, z) are given by

3T Tz
Ufe(ﬁz): 47T{(7"2+2’2)5/2} (14)

3T r?
oly(r,z) = M{W} (15)

A normalised variable «y is chosen as a measure of the
shrink fit to applied torque stress ratio, given by

T
V= a300'

(16)

Therefore, v = 0 represents the contact assembly, i.e.
only the shrink fit stresses are present. A positive v implies
that the shaft is being twisted clockwise (when looking
from the free surface), while a negative v represents the
shaft being twisted anticlockwise.

Notice that, on any cylindrical cuts (r = constant sur-
faces), the shrink fit assembly produces only ¢, shear
stress, acting in the z direction, while the application of
the torque results in a shear stress ¢.¢ in the 6 direction,
perpendicular to the direction of slip in the assembly.
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Figure 2: A semi-infinite shaft of radius a in a half-space z > 0
subjected to shrink fit. (a) State (k) on the left: the system holds a
torque T'. State (k + 1) on the right: an increment of torque AT is
applied. (b) View from free surface showing a positive torque.

Close to the contact edge, ¢, acts as an ‘in-plane’ com-
ponent of shear, while g,.¢ represents an ‘anti-plane’ com-
ponent. While over the whole contact these components
are acting along a constant r = a cylinder instead of a
plane, we shall employ the nomenclature in-plane/anti-
plane to reference the shear components g,./q.¢ respec-
tively.

Because there are now two components of shear stress
in perpendicular directions being applied to the bodies,
the slip condition needs to be modified. In the stick zone,
the total shearing traction at each point must be less than
that needed to cause slip, i.e.

4= () + [ (2)]” < [F ()" (A7)

and in the slip zone, the total shearing traction is limited
by friction:

p(z) <0,



[4r2(2))* + [ar0(2)]* = [f ()] (18)

In addition, the direction of the equivalent shearing
traction must be such that it is collinear with, but opposed
to, the slip velocity (orthogonality condition) [9]:

p(z) <0,

dre (Z)
Qrz (Z)

_ o) (19)

where h,.;(z) represents the slip velocity in the direction
1=r,60.

Consequently, it is necessary to solve the problem in-
crementally, to ensure that this condition is met instanta-
neously at each time step.

3.1. Incremental solution

In order to find the solution for a general time step k41,
we assume that we have a solution for the stresses and slip
displacements for the shaft/hub system in the current step
k, where the system holds a torque T. The solution at

step k is characterized by the normal stress p(*) (7, 2), in-

plane shear stress q(- )('y,z), in-plane tangential displace-

ment h&z) (7, ), anti-plane shear stress qff;) (v, z) and anti-

plane tangential displacement h( )( z). Tt is also assumed
that in this step a slip zone was developed7 extending from
2z =0 to a point z = d®) (left side of Figure 2a).

When &£+ 1 =1, the k state is defined as the shrink fit
assembly, where p(9)(z), ¢'? and h&g)(z) were obtained in
Section 2, and q(O) h(O)( )=0.

The solution for the state k& must obey the slip condi-
tion, i.e. the magnitude of the shear stress must be limited
by friction:

2

[o®2)] + [ %02 =

(20)

An increment of torque A~ is applied, giving rise to the
new state of stress k + 1. The torque in the system is now
v+ A~. Due to a bilateral change caused by the increase
in torque, the current solution (state k) is no longer valid,
since it now violates the slip condition in eq. (20). We also
expect the increment of torque to increase the size of the
slip zone, which will now extend from z = 0 to a point z =
d* D where d**t1 > d(®) (right side of Figure 2a). This
self-determining stick-slip transition point is an output of
the problem. For simplicity, we shall drop the superscripts
for the new state and write d = d*+1D | p(z) = pF+1(2),
0a2) = 45 () and gra(2) = 5 (2)

A modified solution for the new state k + 1 can be ob-
tained as described in Section 2, by developing expressions
for the tractions at the contact interface as the sum of the
solution in the current state k together with a correction

[fa(k)( z)}2 0<z<d®,

in the form of an integral representation of slip as a distri-
bution of glide dislocations. Because of the introduction of
org stresses, a screw glide dislocation loop by(z) is needed
in addition to the axial glide loop b,(z). The screw glide
loop may be created by making a path cut along the cylin-
der r = a between the dislocation and the free surface of
the half-space and twisting the outer wall with respect to
the inner wall by by. This will introduce the following
tractions along the same path cut

G:(2,€) by (€). (21)

The influence functions GY,(2,&), i = r, 2, are also de-
scribed as sums of Lipschitz-Hankel integrals, and for a
half-space are given by Sackfield et al. [10] and in the
Appendix A.

The resulting normal p(z), in-plane shear g¢,,(z) and
anti-plane shear ¢,¢(z) tractions along the contact inter-
face for the current step are given by

5'“9(2) =

d
p(y+ Ay, 2) = PP (y,2) + /0 G2,(2.€) B-(6)de, (22)

/ Gz
" /O GOy (=€) Bo(€)de
(24)

Gr-(7 + A7, 2) = ¢ (7, 2 B.(&§)d¢ (23)

QTB(’V + A’% Z) = 51"9(’7 + A’Y, Z)

where B; (§) = db;/d€, i = z,0 represents the dislocation
density and G,¢(y 4+ A, z) represents the sum of the anti-
plane shear stress in the previous state q( )( ,2) and the
contribution due to the increase in torque CTTQ(A")/, z),

Gro(y + Ay, 2) = 45 (71, 2) + 0% (Av,2).  (25)

Equations (22) to (25) form the basis of the solution
and integral equations may be generated to restore Sig-
norini and orthogonality conditions.

In the closed, slipping region, the equivalent shearing
traction must be limited by friction:

la(=)]” = [f p(2))”

p(z) <0

where

1(2) = Vlars (v + 2720 + lgro(r + Ay, )2 (27)

In addition, the in-plane and anti-plane shear trac-
tions must be subjected to the orthogonality condition
(eq. (19)).

Even though the loading is quasi-static, there is still
the need to correlate the application of the torque with
the pseudo time derivatives:

dh(T,z) _ dT dh(T,z)
dt  dt dT

(28)



Therefore, for a finite time step AT, we can approxi-
mate eq. (19) by

qu(Z) _ Ahr@(z)
QT‘Z(Z) Ahrz(z)

Equations (26) and (29) form a system of non-linear
singular integral equations with Cauchy kernels. There
are two unknown functions to be determined, B,(z) and
By(z), and an unknown stick-slip transition point, d. How-
ever, obtaining a solution in this non-linear format is ex-
tremely difficult. Previous attempts at solving plane/anti-
plane frictional problems involved the use of special ele-
ments of strain nuclei, such as triangular elements of dis-
location densities [11, 12, 13, 14]. We propose, instead, a
simple modification to the system that allows for an itera-
tive solution using standard Gauss-Chebyshev quadrature
devised by Erdogan et al. [7].

(29)

3.2. Numerical scheme

The angle of slip at each point a(z) can be given either
as the ratio between the components of shear stress or the
velocity components. Hence, each side of eq. (29) gives the
tangent of the angle of slip a(z) at each point and we can
rewrite the equation as:

4ro(2) = tan(a(z
Ah,,g(z) o
Ao () tan(a(z)) (31)

Substitution of eq. (30) in eq. (26), together with eq. (31),

leads to the following linear system of singular integral
equations:

Gr=(2) = —f cos(a(2)) p(2), (32)
aro(2) = —f sin(a(2)) p(z), (33)
Ahpo(z)
Wi@ = tan(o(2)). (34)

Applying eqgs. (22) to (24) to egs. (32) to (34), gives

/Od {Giz(z,f) +f COS(O‘(ZDGiT(Z,f)} B.(¢)dé+

= —|a9) + £ cos(a(=)pM(z)] 0<z<d (35)

d
/O G0y (=€) By(€) de+

 sin(a(2)) / G2, (=€) B.(€) de+

=— [57,3(2') + fsin(a(2)) p®(2)| 0<z<d. (36)

Owing to the nature of the functions present in egs. (35)
and (36), there is no hope of analytically inverting the
integral equations. However, there are no explicit non-
linearities in them and, assuming that «(z) is known, the
singular integral equations (SIE’s) can be solved numer-
ically, using Gauss-Chebyshev quadrature [7]. The two
equations are imposed over one region (0 < z < d), and,
as long as B,(z) and By(z) can each be described by the
same fundamental function (same behaviour at the ends of
the interval), only one set of quadrature points is needed.

The first step in solving the SIE’s is to put the integrals
in standard form over the interval [—1,1]. We choose the
following substitution

_ % 1 (37)
2z
t="7-1 (38)
(39)
which gives
/ [t + £ eostal) G 0.9)] B ast
=3[0+ £ eosa@) 0] —1<e<1
(40)

1
GY%(t,s) By(s) ds+

1

fsinfa(t) [ Gi(ts) Buo)dst

2
:—Ekm@+4xmmanﬂmw] _1<t<L
(41)
For the general form of the solution, the two dislocation

densities must be bounded at both ends of the interval.
Thus, we choose

B.(s) = ¢z(s) V1 —s° (42)
By(s) = ¢o(s) V1 —s? (43)

and egs. (40) and (41) become, in normalised form,

{[Gaattsss0) + £ cos(alty) Gr (15, 50)| Wid(s:) |+

i=1
=~ 2 [a®) + £ costalt,) p (1)
j=1,...,N+1

(44)
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{|F sin(a(t;)) G2 (1,50 0-(s1)}
= = [rolt) + 1 sintalt) o 1)) (45)
j=1,...,N+1

where the integration points s;, collocation points t; and
weights W; for the quadrature are given as

sizcos(ﬂN:_l) i=1,...,N (46)
T 2j—1 .
— =L =1,... 1 4
t cos(2(N+1)> Jj=1...,N+ (47)
1—s?
_ i 4
Wiz vt 1) (48)

Equation (31) can be rewritten in terms of the displace-
ments. Note that

d
Bhra() = - [ B.©d WD) a9)
Zd
Bheo(2) = = [ Ba(©)de - 1) (60)
which gives

_ — [ Bo(&)dg — hi(2)
— I B.(&)de — hP(2)

Equation (34) can also be rewritten in a discretised
form, viz.

tan(a(z))

(51)

Ahyo(t;) — Ahys(t;) tan(a(t;)) =0,
j=1,...,N+1. (52)

For a given angle of slip a(z), Equations (44), (45)
and (52) form a system of 3N + 3 equations and 3N + 2
unknowns. These are the N values of ¢,(s;), N values of
®(si), N + 1 values of a(t;) and the stick point d.

We can solve the system in eqgs. (44), (45) and (52) by
giving an initial guess for a(t;) and d, solving the system
in eqgs. (44) and (45) for ¢, and ¢y and using an iterative
procedure to adjust «(t;) and d to make sure that the
solution satisfies the orthogonality condition in eq. (52).

4. Results

The problem was coded using the numerical processor
MATLAB. Convergence was obtained using N = 80. A

Figure 3: Normalised tractions at the contact interface for f = 0.3,
v = 0.0,1.0,3.0 and 5.0. (a) Contact pressure and equivalent shear
stress. (b) In-plane and equivalent shear stress. (c¢) Anti-plane shear
stress.
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Figure 4: Normalised tractions at the contact interface for f = 1.0,
v =0.0,1.0,3.0 and 5.0. (a) Contact pressure and equivalent shear
stress. (b) In-plane and equivalent shear stress. (c) Anti-plane shear
stress.

0 0.5 1 15 2 2.5 3 3.5 4 4.5
o]

o

Figure 5: Normalised slip zone size d/a versus applied torque ~.

pseudo-time step of Ay = 0.05 was used in all calculations.
It was noted that changes in stresses and displacements
for large v was negligible when A~ was made smaller than
0.10. All the results presented in this paper are for v = 0.3.

Figures 3 and 4 show the tractions at the contact in-
terface for f = 0.3 and 1.0 for v = 0.0, 1.0, 3.0 and 5.0,
normalised by the reference stress op/2. The stresses at
the assembly are given by v = 0 and represented by the
curves in light grey.

Figures 3a and 4a show the variation with depth of
the equivalent shear stress ¢(z) (solid lines) together with
the product of the contact pressure and the coefficient of
friction f p(z) (dash-dotted lines). Far away from the sur-
face (z >> d), the contact is fully stuck and, as expected,
lg(2)] < fp(z). As we move closer to the surface, the
equivalent shear stress increases until it reaches f p(z). At
this point (z = d), the contact enters partial slip. For
0 < z < d, the quantities ¢(z) and —f p(z) follow the
same curve, since the contact is slipping. As v increases,
the slip-stick transition point d moves farther down, i.e. as
more torque is applied to the shaft, it slips more deeply.
Also, notice that the contact pressure itself at the surface
changes significantly with the application of torque, in-
creasing when v increases. Even though the application of
a torque produces no o,.. stresses to change p(z), the fric-
tional behaviour of the contact results in a coupling effect,
causing the pressure to change.

Figures 3b and 4b depict the variation with depth of
the in-plane shear stress ¢,.(z) (dashed lines) together
with the equivalent shear stress (solid lines). At assembly,
gro(z) = 0 and, consequently, ¢(z) = ¢,.(z), which results
in the two curves being the same. We notice that close
to the surface the effect of the torque is more pronounced,
and the difference between ¢(z) and ¢,,(z) is higher. For
greater depths, the effects of the torque vanish and the two
curves converge. This is also shown in Figures 3c and 4c,
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Figure 6: Angle of slip at the contact interface. (a) f = 0.3. (b)
f=1.0.

which represents the anti-plane shear stress g¢.¢(z) as a
function of z. We can see that g,.¢(z) is greater in magni-
tude closer to the surface and has a maximum inside the
contact for both values of f and all ~.

Figure 5 shows the normalised slip zone size d/a as
a function of the applied normalised torque v for differ-
ent values of coeflicient of friction. As expected, as more
torque is applied, the slip zone gets bigger. This effect is
more pronounced for smaller coefficients of friction. Also,
as expected, a higher value of f results in overall smaller
slip zones than lower f. Furthermore, d/a is symmetric
in 7, i.e. applying a negative torque would result in the
same value of d/a. Since the shaft is semi-infinite, a finite
torque can never cause spin, as it would require overcom-
ing an infinite shear force.

Figure 6 depicts the angle of slip a(z) at the contact
interface for f = 0.3 and 1.0. The vertical lines represent
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Figure 7: Normalised residual stresses at the contact interface for
f =1.0. (a) After applying v& = 1.0. (b) After applying v* = 3.0.

the normalised slip-stick transition points (d/a). For the
shrink fit assembly (v = 0), since there is no g, stress, slip
is only in-plane and, consequently, the angle of slip is 0°
throughout the slip zone. Notice that, as expected, close
to the surface a(z) is higher and closer to —90°, since
qro is dominant and results in slip being predominantly
in the anti-plane direction. However, because the shrink
fit assembly results in the development of an in-plane g,
stress, slip can never be purely in the anti-plane direc-
tion (a(z) = £90°) for 0 < z < ¢. This can be seen in
Figure 6b, for f = 1.0 and v = 5.0. Even though a consid-
erable amount of torque is being applied, a(z) presents an
asymptotic behaviour close to the surface, and it does not
reach —90°. In addition, at the slip-stick transition point,
the anti-plane shear stress is not required to be zero, as
shown in Figures 3c and 4c. Hence, a(d) will not neces-
sarily be equal to zero.
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Figure 8: Normalised residual anti-plane stress at the contact inter-
face.

4.1. Residual stresses

The next step in the analysis is to look at the resid-
ual stresses when a torque is monotonically applied to the
system and subsequently relaxed. After assembling the
shaft /hub system, a torque v = v® is monotonically ap-
plied. Subsequently, the torque is released (equivalent to
applying v = —~%), until the system is back to a no net
torque state.

In the loading phase (]| increasing), the slip zone size
will extend from 0 to d and increase as -y increases. When
v is a maximum, d/a will be a maximum as well. As
soon as the torque starts to decrease, the contact will stick
everywhere instantaneously. As |y| decreases even further,
new regions of slip will develop in the contact.

For simplicity, we shall consider only two cases, when
the coefficient of friction is high (f = 1.0, Figure 7). In
Figure 7a, a torque of v% = 1.0 is applied and then re-
laxed. In this case, after reaching the maximum torque,
the contact sticks everywhere instantaneously, as soon as
the torque starts to decrease. After unloading the torque
completely, the final state is fully stuck. The curves in light
grey represent the stresses at assembly, when no torque
was applied, while the black curves represent the residual
stresses. Notice that the equivalent shear stress is every-
where smaller than —f p(z). Even though the two states
represent no net torque, upon assembly the contact slips
from z = 0 until 0.674 a, while this new state is completely
stuck. There is also a considerable difference in the equiv-
alent shear stress but not a lot of variation in contact pres-
sure. We also note that the point where the shear stress
peaks moved farther inside the contact.

In Figure 7b, a higher value of torque v = 3.0 is ap-
plied and later relaxed. Similarly to the previous case,

the contact sticks everywhere as soon as the torque starts
to decrease. However, as vy decreases, the equivalent shear
stress close to the surface increases and results in violation
of the slip condition. A new slip zone is formed, extending
from z = 0 to z = 0.620a. After unloading the torque
completely, the new state is now in partial slip but in a
different configuration from assembly. The contact pres-
sure and equivalent shear are significantly different from
assembly.

The shaded areas in Figure 7 highlight the locked-in
anti-plane shear stress ¢.¢9. Because all states hold no net
torque, the integral of ¢,9(z) over the surface area of the
shaft must be zero. The red shaded areas represent the
places where ¢,.9(z) > 0, while the blue shaded areas rep-
resent ¢.9(z) < 0. In both figures, the areas are the same.
In Figure 7a, the blue area is ‘hidden’ between the ¢(z)
and ¢,,(z) curves, which are very similar but not exactly
the same. This is shown more clearly in Figure 8.

5. Conclusions

A solution was obtained for the tractions, displace-
ments and geometric parameters for an oversized shaft
shrink fitted to an elastically identical hub and subjected
to torsion. Due to the torque, there are in-plane and anti-
plane components of shear and, consequently, an incre-
mental solution was needed.

It was shown that the problem exhibits considerable
frictional coupling. Even though the torsion of the shaft
does not explicitly induce o,., and o, stresses, the solution
shows that the contact pressure and in-plane shear stress
are significantly affected by the application of the torque.

In addition, it was shown that in monotonic loading
the size of the slip zone is proportional to the magnitude
of the applied torque.

Finally, when unloading the system back to zero net
torque it was shown that the residual stresses are his-
tory dependent. Although the final state represents no
net torque, it still had locked-in anti-plane shear stress.
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Appendix A. State of stress induced by circular
edge dislocation loops

Appendiz A.1. Axial prismatic dislocation

Consider a glide axial dislocation loop of radius a at a
depth d and being observed at a position (r,z) in a cylin-
drical coordinate system, with a Burgers vector component
b.. The stress fields at a position (r, z) are given by

i (r,z) =G (r,z,d)b,(a) (A1)

1=, 2.

The influence functions GZ,(p,(,0) (i = r, z) for the

z
glide dislocation in a half-space are given as [2]:

2
G%.(p,¢,0) = aiu —Jio1 + 1101 —

(k+1)
(C=90)J102 = (C+0) [1,00F

QC(SILO;S (A2)

2
Giz(ﬂ»(a(;) = 7M

a(k+1)| (€= 0) Jirat

(C=0)I112—2¢0 1113 (A.3)

where p, ¢ and ¢ are the normalised coordinates, given
by

¢ =z/a,

1 is the modulus of rigidity and & is the Kolosov’s constant.
The axial dislocation loop does not induce shear stresses
in the @ direction, i.e. G§,(p,¢,6) =0.

p=r/a, 0 =d/a, (A4)

Appendiz A.2. Screw dislocation

Consider a glide screw dislocation loop of radius a at
a depth d with a Burgers vector component by and being
observed at a position (r,z) in a cylindrical coordinate
system. The stress field at a position (r, z) is given by

01‘09 (7“, Z) = Gfe (7‘, 2, d) be (a) (A5)

T=7, 2.

The influence functions G%(p,¢,0) (i = r, z) for the
glide dislocation in a half-space are given as [10]:

Jo,2:1 — 2 J1,250 — (o,2;1 — 211 250)

a
Gf@(pa Cv 5) = %

(A.6)

a
GZ@(/%Caé) :% ‘]1,2;1 _11,2;1 (A?)

Appendiz A.3. Lipschitz-Hankel integrals

In the influence functions, the terms Jy, p.q and I, p.q
represent Lipschitz-Hankel integrals. The standard defini-
tion for these functions is as an integral of the product of
Bessel functions (J;(+)), an exponential term and a power
term. Using normalised coordinate variables, it is given as
[25)

Pasalp O = [ L0 prje < e (a9
0
In this paper, the follow definition is applied:
In.pia = Ppiqg(p, ¢ —0) (A.9)
Inpiq = P piq(p, —C = 9) (A.10)

The Lipschitz-Hankel integrals needed in the paper are
given by Paynter et al. [16, 2] and are available in MAT-
LAB in [6].
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Part 11 corresponds to the solution of receding contacts involving a thin sheet of
material being pressed against an elastic substrate. In these problems, the sheet is
modelled by a semi-infinite layer of thickness a, which rests against an elastically similar
half-space (substrate). For each problem, a different loading is applied to the upper
surface of the layer, which will result in different frictional behaviour.

The main difficulty in solving these problems is that the contact area is infinite and,
consequently, the singular integral equations must be posed over an infinite domain. In
Chapter 7, a stamping receding contact is proposed, where uniform pressure is applied
over the whole surface of the sheet, except for a disk of radius b. In this case, the contact
may recede over the unloaded region, depending on the radius of the unloaded region
and the coefficient of friction. Because this area is finite, this constitutes a receding
contact where the singular integrals are finite, and corresponds to an intermediate case of
complexity between the problems in Part I and the problems in Chapters 8 and 9.

The simplest axisymmetric frictional receding contact model is when the layer is
subjected to a concentrated force applied at its axis of symmetry (Chapter 8). Because
there are no intrinsic length dimensions associated with the loading, the only independent
parameter of the problem is the interfacial coefficient of friction.

In order to construct a better model for a bolted joint, Chapter 9 considers the
case where the layer is subjected to uniform pressure over a disk, which represents
the washer pressure. Limit considerations show that the application of distributed
pressure is inherently different from applying a point force, even when the radius of
the circular patch tends to zero.

The modified Gauss-Chebyshev quadrature was chosen to numerically invert the
singular integral equations in Chapters 8 and 9, since it was shown in Chapter 3 that its
usage does not hinder the accuracy of the solution for singular integral equations posed
over a semi-infinite interval when compared to the Gauss-Laguerre quadrature, while
providing a much better computational cost. The choice of transformation function for
the interval mapping was carefully considered in both problems.

A comparison between the analytical solutions presented in Part I and their respective
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finite element solutions are presented in Appendix C.
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The axisymmetric frictional receding contact of a layer pressed against a half-space
by pressure outside a disk
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Abstract

This paper uses a distribution of ring dislocations to find the solution for the frictional axisymmetric receding contact
of a semi-infinite layer pressed against a half-space by a uniform surface pressure exerted outside a disk. Three cases are
considered: the contact is fully closed and stuck; the contact is fully closed and slipping; the contact is partially open
and slipping. The tractions in the contact interface are obtained, as well as the self-determining points of closure and

stick.
Keywords:

Axisymmetric, Receding Contact, Ring dislocations

1. Introduction

The main characterization of contacts is done by com-
paring the extent of the contact in the deformed configu-
ration with the initial configuration in the unloaded state.
While the initial state is determined by the geometric fea-
tures of the bodies and their fixtures, the deformed contact
state generally depends on the nature of the applied loads,
the level of loading and the elastic constants of the mate-
rials [1].

The classification is done by observing whether or not
new surface points come in contact as the bodies deform.
In advancing contacts, new surface points come in contact
as the load is applied and, as a consequence, the deformed
contact is not contained in the initial state. However, in
receding contacts, the contact shrinks resulting in the de-
formed contact being contained in the initial state.

In machines or structures with carefully fitted parts,
receding contacts are more likely to appear than advanc-
ing contacts, because of the opening of gaps between the
individual parts as they distort under application of loads.

A property of some receding contacts is that the con-
tact area in the deformed configuration is independent of
the applied load and, consequently, the change between
undeformed /deformed configurations is discontinuous, i.e.
the contact ‘snaps’ to the deformed configuration upon ap-
plying a load [1, 2]. This presents a challenge in obtaining
solutions through the finite element method, as a large
portion of the nodes change status from being in contact
to being free with any increment of load.

One of the applications of receding contacts in industry
is the analysis of frictional contacts in bolted joints, which

*Corresponding author
Email addresses: jhonatan.dapontelopes@eng.ox.ac.uk (J.P.
Lopes), david.hills@eng.ox.ac.uk (D.A. Hills)

are naturally axisymmetric, either for the whole joint or
for its individual elements. However, the scarce work cur-
rently present in the literature for receding contacts is fo-
cused either on plane contacts [3, 4] or on frictionless cases
[5, 6, 7].

This paper proposes the study of the frictional axisym-
metric receding contact of a homogeneous semi-infinite
layer of thickness a, Poisson’s ratio v and modulus of rigid-
ity p, pressed against an elastically similar half-space z > a
(Figure 1a) by a semi-infinite patch of pressure applied to
the layer’s surface (z = 0), such that

Uzz(Ta 0) =—-D r2> b (1)
0,2(r,0) =0, 0<r<hb. (2)

Furthermore, the objective of this study is to find the
solution to the proposed problem using ring dislocations to
introduce corrections to the stresses in the contact inter-
face as a distribution of strain nuclei. Initially, we assume
that the contact is in a fully closed and stuck configura-
tion. Then, dislocation densities are applied to correct the
stresses when this condition is violated.

2. Adhered Solution

First, we assume that the unloaded region of radius b is
small enough to prevent contact opening and that the coef-
ficient of friction f is high enough to prevent slip through-
out the contact area, as shown in Figure la (Case I). In
this case, the two bodies behave as one, since the contact is
closed and stuck everywhere. Therefore, the state of stress
in the bodies is equivalent to a half-space z > 0 under the
same loading. In the cylindrical coordinate set shown in
the figure, the state of stress is given by the superposition
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Figure 1: A layer subjected to semi-infinite pressure. (a) Fully closed
and stuck. (b) Closed and slipping. (c) Closed and slipping inside
contact. (d) Partially open and slipping.

of a uniform pressure p throughout the surface of the half-
space and a circular patch of uniform normal traction —p
and radius b [8, 9, 10]. The tractions ;;(r, z) arising on
any radial cut (z = constant surface) are given by:

P2 4 22— p2
(12)* (1= k2)?
b — (h)* L hm:
mK(k) 12 H( 71{)1 } (3)
222 | (L+K°) E(k) — (1 - 4°) K(k)
™ (k2 =121y

&zz(r>z): _p{l""zz E(k)+

™

Gra(r,2) =D {

(4)

where

;{\/(r+b)2+zz—\/(r—b)2+22} (5)
lg_;{\/(r+b)z+22+\/(rb)2+22} (6)

k=t (7)

0\’ <

n=(2) 0
and K (k), E(k), II(n; k) are the complete elliptic integrals
of the first, second and third kind respectively. These func-
tions are continuous and bounded at every point inside the
half-space, but II(n;k) cannot be evaluated numerically

along the z-axis, since r = 0 there. In this region, we take
the limits as r — 0, giving:

3
5.2(0,2) = —P{M} 9)
5.(0,2) =0. (10)

If the contact is, indeed, fully closed and adhered, the
normal N(r) and shear S(r) tractions at the layer/half-
space interface are given by:

N(r) =6,.(r,a) (11)
S(r) =6,.(r,a). (12)

Figure 2 shows the normalised contact pressure and
shear to normal stress ratio for the adhered solution. Ana-
lysing the stress ratio (Figure 2b), there is a minimum co-
efficient of friction that results in the contact being fully
stuck for each b/a. When b/a is relatively large, however,
there is no realistic coeflicient of friction that prevents slip.
Thus, we expect that some pairs of b/a and f result in a
case where the contact is closed but slipping from the axis
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Figure 2: Normalised tractions for the adhered (bilateral) solution.
(a) Normalised contact pressure. (b) Shear to normal stress ratio.

of symmetry to a self-determining radius d (Case II, Fig-
ure 1b). Analysing the contact pressure (Figure 2a), we
expect the contact to be closed when the normalised ra-
dius of the unloaded disk b/a is small. As the unloaded
region widens, the contact pressure becomes zero at the
interface, which results in the development of an open re-
gion. Therefore, for some pairs of b/a and f, we expect the
contact to be partially open from the axis of symmetry to
a radius ¢ and closed and slipping from ¢ to d (Case I11).

3. Formulation

If the contact is not fully stuck and closed, the bilateral
solution obtained in Section 2 is no longer valid. A mod-

ified solution can be obtained by developing expressions
for the tractions at the contact interface as the sum of the
adhered (bilateral) solution together with a correction in
the form of an integral representation of slip and open-
ing as a distribution of climb and glide dislocations. The
dislocations needed are all ‘edge’ in character, with their
Burgers vector lying in a 8 = constant plane. We empha-
sise that the introduction of dislocations is used solely as
a mathematical device to introduce corrections in our for-
mulation as a distribution of strain nuclei and do not imply
the introduction of physical defects in the micro-structure
of the material. A more detailed explanation can be found
in [11].

First, we introduce a b,(£) glide dislocation loop of
radius &, lying at a depth a. It may be formed by making
a path cut along the disk 0 < r < ¢ and sliding the surfaces
by a constant amount b,.. This models contact slip and will
induce the following tractions &;.(r) (i = r,z) along the
same disk

Giz(r) = Gi,(1,€) br (&) (13)

The influence functions G7,(r, §) are functions of Lipschitz-

Hankel integrals and have extremely complicated forms.
For a half-space, these are given by Paynter et al. [12] (see
also [13, 14]). They are bounded (‘regular’) when i = z
and display a Cauchy singularity when i = 7.

Next, we introduce a b,(£) climb dislocation loop of
radius &, lying at a depth a. Now, the dislocation loop
may be formed by making a path cut along 0 < r < ¢
and inserting a disk of thickness b,. This models contact
opening and will induce the following tractions ;. (r) (i =
r,z) along the same disk

&iz(r) = sz(rv g) bz(g) (14)

Once again, the influence functions G%,(r, &) are func-
tions of Lipschitz-Hankel integrals and have extremely com-
plicated forms. For a half-space, these are also given by
Paynter et al. [12]. This time, they are bounded (‘regu-
lar’) when ¢ = r and display a Cauchy singularity when
i=z.

The resulting normal N(r) and shear S(r) tractions
along the contact interface are given by

N() = 62(r) + / G2, (1, €) B.(€)dé+

opening
JRCREAGEE (15)
S)=dna(r) + [ GrLn€) Bu(deH
opening
L€ B(€)de (16)
slip



where B; (§) = db;/d§, i = r,z. Glide dislocations are
installed over the whole of the length of the contact in-
terface where slipping occurs, including the open portion,
and climb dislocations are installed over the part of the
contact interface which is open. Equations (15) and (16)
form the basis of the solution and integral equations may
be generated in slightly different forms for the cases IT
and I11 of response described in Section 2.

3.1. Case II

Case II represents the situation where there is a re-
gion of slip of radius d but there is no separation. The
coefficient of friction f is small enough so that slip occurs
but is high enough to prevent contact opening. The point
d where the contact sticks is self-determining and, thus, is
an output of the problem.

In the slip region, the boundary conditions require that
the normal stress must be compressive and the shear stress
must be limited by friction:

S(r)=— fN(r), N(r) <0, 0<r<d. (17)

Since there are no open regions in Case I1, only glide
dislocations b, are needed to correct the stresses. Applying
egs. (15) and (16) to eq. (17), we obtain the following

Cauchy integral equation

d
/ {sz(ﬁ &+ fGQZ(r,g)} B, (€)d¢ =
0

- {&m(r) + f&zz(r)] 0<r<d (18)

The problem consists now in finding the dislocation
density B, (&) that satisfies eq. (18). Since the functions
present in eq. (18) are of extreme complexity, there is no
hope of analytically inverting the singular integral equa-
tion. It must be solved numerically using a standard nu-
merical quadrature devised by Erdogan, Gupta and Cook
[15]. First, we put them in standard form over the intervals
[—1,1] utilizing the substitutions

2¢
=2 t
S d s

2r
= — -1
d

which gives

1
/ [G:Z(t, s)+ f G (¢, 5)} B, (s)ds =

-1

~ Z[oret + £522(0)

-1<t<1 (2
: <t<L(20)

Next, we need to consider the general form of the so-
lution required. We note, first, that at » = d the contact
transitions smoothly from slip to stick. Thus, at this point
(t = 1) the shear displacement gradient must be zero (both

upper and lower surfaces displace the same amount tan-
gentially), which means that the dislocation density must
be bounded. At the other end of the integration interval
(r =0, t = —1), by symmetry, the tangential displacement
gradient must be zero and, thus, the dislocation density is
also bounded. Hence, we assume a fundamental function
B, (s) as shown below, which leaves the unknown disloca-
tion density being represented by the function ¢, (s):

Br(s) = ¢r(s) V1 - 52 (21)

and eq. (20) becomes, in normalised form,

G;z (tk7 Si) + f GZz(tkv Sl)] W; ¢r(32)}

>

— _7d l&rz(r, Z)(tk) + fézz(ra Z)(tk)‘| (22)

™
k=1,...,N+1

where the integration points s;, collocation points ¢; and
weights W; for the quadrature are given as [15]

)
i = COS ,=1,...,N 2
s cos<7rN+1> i (23)
T 2k —1
= — =1,...,.N+1 24
te COS<2(N+1)) k=1,...,N + (24)
1—s?
:72 . 2
T2 (N+1) (25)

From eq. (22), we have a set of N + 1 equations for
N + 1 unknowns. These are the N values of ¢,(s;) and
the stick point d. Once ¢, is known, the stresses at a point
(r,z) can be found as

d
0in(r, 2) = Gia(r, 2) + /0 GL.(r, 2,€) B, (€)de
(26)

=7

3.2. Case II]

The problem we look at now is when b/a is large and f
is small, which allows for the contact to have an open re-
gion extending from the origin to a radius » = ¢ and a slip
region from r = ¢ to r = d. Both the closure point ¢ and
stick point d are outputs of the problem (self-determining
points).

In the open region, we require the surfaces to be traction-
free

N(r)=0, 0<r<ec (27)

whereas, in the closed, slipping region, the shearing trac-
tion is again limited by friction:



N(r) <0 S(r)=—fN(r) c<r<d. (28)

The three sets of conditions in eqs. (27) and (28) may
be combined into two by making use of the Heaviside step
function, H(-), giving

0 <r<
S(r)+ fH(r—c)N(r)=0

The climb dislocations are non-zero only over the in-
terval 0 < r < ¢, whereas the glide dislocations must be
distributed over the whole interval 0 < r < d. Applying
egs. (15) and (16) to egs. (29) and (30), gives

/ G7.(r,€) B,(€)d¢ + /O ()

= —0,.(r)

/od (G108 + T Hr =) GLL(r,6)| B.(6) de+

B.(£)d¢
0<r<ec (31)

/oc (GoLr &)+ FH(r =) GL(r, )] B-() g
= |6+ FHIr -0 7(r)] 0<r<d (32)

Since there are two regions of imposition for the inte-
gral equations, two sets of quadrature points are needed.
Again, the equation must be solved numerically, using
Gauss-Chebyshev quadrature [15]. Putting them in stan-
dard form over the intervals [—1, 1] using the substitutions

2 2

uzigfl’ v:lfl O<T7§SC (33)
C &
2 2

527571, t:4§44 0<ré<d (34)

B, (u)cdu

1
dds+/ GZ,(v,u)
-1

—1<v<1 (35)

/ 11 G7.(0,5) By(s)

= —06,,(v)

/ () [GT (ts) + F H(3) GL(t,5)| dds+

S(tu)+ FH(7)G (tuﬂcdu (36)

B
[ <>+fH<>azz<t>} —1<i<

where v = (t 4+ 1)d / (2¢) — 1.

For the general form of the solution, both the climb
and glide dislocations must be bounded at both ends of
the interval. Thus, we choose

B,(s) = ¢r(s) V1 — s (37)
B.(u) = ¢.(u) V1 —u? (38)

and eqgs. (35) and (36

) become, in normalised form,

-

{Wido,(s:) GL v, ) + X e (us) G2 (v, wi) |

i=1
k=1,...

= —;@z(vk) N +1 (39)

s

ﬁ
Il
-

{[Gretts) + £ HOW) Gt 50| Wed oo (s0) p+

-

©
Il
—

{[G5 ) + £ HOw) G2t 0)] X))

LN+
(40)

:_%men+fHWw®A%ﬂk:1

where v, = (t + 1)d/(2¢) — 1. Since both dislocations
have the same behaviour, s; = u;, tx = vy and W; =
X;. Furthermore, they are the same as those presented in
Section 3.1 and are given in egs. (23) to (25).

Equations (39) and (40) form a system of 2N +2 equa-
tions and 2N + 2 unknowns. These are the N values of
&r(8;), N values of ¢, (u;), the closure point ¢ and the stick
point d. Once ¢, and ¢, are known, the stresses at a point
(r,z) can be found as

d
0in(r2) =50, (r,2) + / G (1, €) Bo(€)de+
/G (r,z,€) B,(£)d¢ i=r,z. (41)

4. Results

The two problems relating to cases Il and II] were
coded up using the numerical processor MATLAB. Setting
N to 80 makes the solution converge for both cases, i.e.
the changes in the closure point ¢ and stick point d, as well
as changes in stress, are negligible when N is increased
beyond 80. All the results presented in this paper are
for v = 0.3. In problems where a length dimension is an
unknown of the problem (d in case IT and both ¢, d in case
I11), there are additional collocation equations which need
to be satisfied and which enable the values of ¢/a and d/a
to be found. In practice, we guess values of the lengths
to be found and omit the last equations from the N + 1
generated. The column vector of ¢ is found. The omitted
equations are then evaluated and the lengths needed are
adjusted to minimise the residues.



o0al e = =f=030 = = =
b/a=225 PR
7
| [F===rvm/p |
025 5(r)/p
[ Y A SRR — 0.20= = = —

Normalised Stress
o
&
T

0.1 - =010 = = = o

0.05

0 1 2 3 4 5 6
r/a
(a)
T
0.7F _ [=070= = =1
b/a=3.00 PR
7
7
067 [ — ——fN(r)/p // 7
S(r)/p
1
l
05 1 _ = =050 = = =1
2 1 e
= "
= ’
R 04r o, E
o
2
E
Z03fF e = =030 = = —|
(=] -
Z
02r B
0.1 0.10+ =
o . . .
0 1 2 3 4 5 6
r/a
(b)

Figure 3: Normalised tractions in the contact interface. (a) b/a =
2.25. (b) b/a = 3.00.

Figure 3 shows the contact pressure and shear stress
normalised by the applied pressure p for b/a = 2.25 and
3.00. We notice that the stresses are proportional to the
applied pressure, i.e. for a given b/a doubling the ap-
plied pressure p would result in the stresses being dou-
bled, such that the normalised traction distributions re-
main constant. Since the distributions do not change, the
points of stick and closure do not change as well. The
contact size is, therefore, independent of p and varies only
with the coefficient of friction and the normalised radius
of the unloaded disk b/a. For any increment of load the
contact ‘snaps’ from the undeformed unloaded condition
to the deformed configuration, which means that, as ex-
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Figure 4: Normalised closure point ¢/a and stick point d/a as a

function of the coefficient of friction for b/a = 2.25.

0.9

0.8

0.7

0.6

0.4

0.3

0.2

Case I

Case II

Case II1

0.1

Figure 5: Transition between cases.

pected, the contact area changes discontinuously from an
infinite size when unloaded to a finite size upon applying
any increment of load [1, 2, 16].

Consider, now, the values of normalised stick point d/a
and closure point ¢/a as a function of the coeflicient of
friction for b/a = 2.25 (Figure 4). For 0 < f < 0.229, the
contact is in Case III. As f increases, the opening and
slip regions decrease, but the contact remains in Case 117
(there is an open region). When f reaches 0.229, ¢/a =
0 and the contact closes. For 0.229 < f < 0.903, the
contact is in Case I] and as f increases the radius of the
slip zone decreases. For 0.903 < f < 0.933, there are no
solutions for d/a in Case II. This region characterizes
an intermediate state between Cases I1 and I where the
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Figure 6: Normalised point of closure c/a.
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Figure 7: Normalised point of stick d/a.

contact has a finite region of slip inside the contact (Case
I17*). Because this case represents only a small portion of
the results, its solution was not found. The line f = 0.933
represents the minimum coefficient of friction that results
in the contact being fully stuck. For f > 0.933, the contact
is in Case I (fully closed and stuck).

This same procedure can be used to find the transition
values between cases for pairs of b/a and f (Figure 5).
From Cases I to III, the transition is characterized by
contact opening at the origin. Therefore, we look for the
value of b/a that results in N(0) = 0 for a given f (right-
most solid line in Figure 5). In Case I, the transition is
given by the minimum coefficient of friction required to
guarantee no slip for each b/a (leftmost solid line in Fig-

ure 5). Finally, the dashed line represents the limit in so-
lution for Case I1. The region inside the solid and dashed
lines between Cases I and I represents the intermediate
Case IT*.

Figures 6 and 7 show the contours of normalised point
of closure ¢/a and point of stick d/a as functions of f and
b/a. It may be noted that the normalised closure point is
always smaller than the unloaded radius b/a, i.e. contact
opening never extends into the loaded region. Also, ¢/a
decreases as the coefficient of friction increases and/or b/a
becomes smaller. The contact closes at the line of ¢/a =
0 (black line in Figure 6). The point of stick d/a also
decreases when f increases and/or b/a becomes smaller.

If there is no friction, from Figure 5, the contact is in
case IT if b/a < 1.771 and in Case II] otherwise. In Case
11, the point of stick is finite and increases as b/a increases
(Figure 7). In Case I11, the point of closure is finite and
increases as b/a increases (Figure 6) but d/a — oo, which
means that the contact would be sliding and not in elastic
equilibrium (Figures 4 and 7).

5. Conclusions

The contact properties and tractions were obtained for
a receding contact between a layer subjected to axisym-
metric ‘external’ semi-infinite pressure and an elastically
similar half-space. It was shown that the problem is fully
characterised by two variables, the coefficient of friction
between interfaces f and the normalised length of the un-
loaded radius b/a. Depending on the relationship between
f and b/a, the contact may be fully closed and stuck (Case
I), closed and partially slipping from the axis of symmetry
(Case IT), closed and partially slipping inside the contact
interface (Case I1*), or partially open and slipping (Case
IIT). The curves that characterise the transition between
cases were also found.

In addition, it was shown that, as expected, the inter-
facial tractions are proportional to the applied load while
the contact area is independent of it and changes discon-
tinuously from the unloaded to loaded configuration with
the application of an incremental load

Finally, in Case I11 it was found that contact opening
never penetrates into the loaded regions, as d/a is always
smaller than the unloaded radius b/a.
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Appendix A. State of stress induced by circular
edge dislocation loops

Appendiz A.1. Azial dislocation

Consider a climb axial dislocation loop of radius a put
at a depth d and being observed at a position (r,z) in
a cylindrical coordinate system , with a Burgers vector
component b,. The stress fields at a position (r,z) are
given by

i (r,z) =GZ,(r,z,d)b,(a) (A1)

1=,z

The influence functions GZ,(p,(,0) (i = r, z) for the

glide dislocation in a half-space are given as [12]:

2
G%.(p, ¢, 0) :a(Tj—l)

(C—=0)Ji02 — ((+9) 102+

—Jr,00 + 11001~

2¢0 603 (A.2)
z 2[1,
Gr(p, G, 0) = art D |~ (€ —9) Ji12+
(C=0) T2 —2C6 L1133 (A.3)

where p, ¢ and § are the normalised coordinates, given
as

p=rja, C(=z/a, d=dfa,  (A4)

1 is the modulus of rigidity and & is the Kolosov’s constant.

Appendiz A.2. Radial dislocation

The radial dislocation is not of Volterra kind and, thus,
is path-cut dependent. In this paper, an ‘inside disk’ path
cut is used [12]. This path cut can be formed by inserting
a disk of material at a depth z = d, from » =0 to r = a,
displacing the material by the same amount b, (thickness
of the disk). The stress fields at a position (r, z) are given
by

O-ZT,Z(T’ Z) = G:z(rv Z,d) br(a) = rz.

(A.5)

The influence functions G, (p,(,0) (i = r, z) for the

glide dislocation in a half-space are given as [12]:

2
GLp:60) = s | = (€= ) o+ (C = D) aa
2(6[2)0;3 (A6)
r 2p
Gr.(p,¢,0) = m —Jo11 + 1200+
((=08)J212+ (C+6) Iz 12+
2(5]2,1;3 (A?)



Appendiz A.3. Lipschitz-Hankel integrals

In the influence functions, the terms Jy, ., and I, p.q
represent Lipschitz-Hankel integrals. The standard defini-
tion for these functions is as an integral of the product of
Bessel functions (J;(+)), an exponential term and a power
term. Using normalised coordinate variables, it is given as
17)

Puuix(p, €) =/O Ju(t) I (pt)e=S A dt. (A.8)

In the kernels, the follow definition is applied:

Inpiq = an;q(ﬂa ¢—9) (A.9)
I piqg = Pmp;q(/’v —(¢—9) (A.10)

The Lipschitz-Hankel integrals needed in the kernels
are given by Paynter et al. [13, 12] (see also [18]).
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Abstract

This paper uses a distribution of ring dislocations to find the solution for the frictional axisymmetric receding contact
of a semi-infinite layer pressed against a half-space by a point force. The frictional behaviour between the surfaces of
the layer and the half-space is modelled via Coulomb friction. The problem is fully characterized by the coefficient of
friction between the interfaces. For a realistic coefficient of friction and finite load, the contact will always be partially
open and partially slipping, even if there is no friction. It is shown that the interfacial tractions are proportional to the
applied load while the contact area is independent of it. The transition from the unloaded to loaded configuration is

discontinuous.
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1. Introduction

Receding contacts are those where the application of
a normal load causes a reduction in the size of the con-
tact. In some problems, for example that of an over-sized
pin shrink fitted into a hole in a plate have the property
that the contact contracts smoothly as the applied load is
gradually increased [1], but in others the contact ‘snaps’
to the final size on application of the normal load. So, for
example, if the pin just referred to was mathematically of
precisely the same size as the hole in which it is journalled,
this property would be observed.

In machines or structures with carefully fitted parts,
receding contacts are more likely to appear than advanc-
ing contacts, because of the opening of gaps between the
individual parts as they distort under application of loads.
Despite its importance, the literature in receding contacts
was often limited to cases where there is no friction be-
tween the bodies [2, 3, 4]. More recently, Ahn and Barber
[5] studied a frictional receding contact between an elastic
block and a rigid substrate under cyclic loading.

Further examples include the simple, plane problem of
a layer resting on a frictional, elastically similar half-plane,
and with a normal line load gradually applied [6]. This
problem is the axisymmetric equivalent, where we have a
layer resting on a frictional, elastically similar half-space,
and a normal point load applied. The problem is so fun-
damental in character that it is worth studying to learn its
general properties. If the thickness of the layer is a then,

*Corresponding author
Email addresses: jhonatan.dapontelopes@eng.ox.ac.uk (J.P.
Lopes), david.hills@eng.ox.ac.uk (D.A. Hills)

from St Venant’s principle, if pressure is applied over a
small disk of radius p (p << a) the results to be found
may be expected to apply. Qualitatively, we would expect
the axisymmetric problem to have much in common with
the plane problem, but with one major distinction — in the
plane problem the lifted-off layer, being free of stress be-
comes straight at points remote from the contact, and the
separation from the half-plane becomes infinitely great at
infinitely remote distances. In the axisymmetric case this
is inhibited by the development of circumferential (ogg)
stress so that the surface layer has a decreasing gradient
which falls smoothly at remote points.

As well as its fundamental nature the solution to be
presented may be expected to have relevance to bolted
plates. In reality the bolt load is spread over a washer
which distributes pressure over a finite disk, as mentioned
above, and the bolt must pass through a hole, of course,
in both layer and half-space but, nevertheless, this ideali-
sation may be expected to show a lot of the key properties
for the bolted problem.

This paper proposes the study of the frictional axisym-
metric receding contact of a homogeneous infinite layer
of thickness a, Poisson’s ratio v and modulus of rigidity
1, pressed against an elastically similar half-space z > a
by a point force applied to the layer’s axis of symmetry
(Figure 1). This represents a ‘fundamental’ axisymmet-
ric receding contact problem, with only one characteristic
length (the layer’s thickness a). The only independent
parameter in this problem is the coefficient of friction be-
tween the layer and the half-space.

The objective of this study is to find the solution to the
proposed problem using ring dislocations to introduce cor-
rections to the stresses in the contact interface as a distri-



bution of strain nuclei. First, we assume that the contact
is in a fully closed and stuck configuration. Then, disloca-
tion densities are applied to correct the stresses when this
condition is violated.

2. Adhered Solution

We start our analysis by assuming that the applied
force induces normal and shear tractions at the layer/half-
space interface such that the contact remains closed and
stuck throughout this region, i.e. the contact pressure is
compressive everywhere and the shear traction is limited
by Coulomb friction. Following this assumption, the state
of stress in the bodies is equivalent to a half-space z > 0
under the same loading. In the cylindrical coordinate set
shown in Figure 1, the tractions &;,(r, 2), ¢ = r, 2 arising
on any radial cut (z = constant surface) are given by [7]:

- 3P 23
Jzz(rvz): 27T{(7’2+Z2)5/2} (1)

. 3P r 22
Orz(r,z) = — o {(7“2‘|'22)5/2} (2)

If the contact is, indeed, fully closed and adhered, the
normal N(r) and shear S(r) tractions at the layer/half-
space interface are given by:

N(r) =6,.(r,a) (3)
S(r) =6p2(r, a). (4)

From egs. (1) and (2), the ratio between the normal
and shear tractions at the contact interface is given by:

S(r) _ Grz (T, Q)
N(r) &..(ra)

=~ (5)

Analysing eq. (5), we note that as r — oo the shear
to normal traction ratio also goes to oo, which means that
no realistic coefficient of friction would be high enough to
prevent contact slip. Furthermore, as » — oo the con-
tact pressure goes to zero (eq. (1)), resulting in contact
opening.

3. Formulation

Since our assumption that the contact is fully stuck and
closed does not hold true, the bilateral solution obtained
in Section 2 is no longer valid. We expect the contact to
develop regions where it is closed and partially slipping
and regions where it is open as shown in Figure 1.

A modified solution can be obtained by developing ex-
pressions for the tractions at the contact interface as the
sum of the adhered (bilateral) solution together with a cor-
rection in the form of an integral representation of slip and
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Figure 1: A layer resting in a half-space subjected to a point force.

opening as a distribution of glide and climb dislocations,
respectively. The dislocations needed are all ‘edge’ in char-
acter, with their Burgers vector lying in a 8 = constant
plane. We emphasise that the introduction of dislocations
is used solely as a mathematical device to introduce correc-
tions in our formulation as a distribution of strain nuclei
and do not imply the introduction of physical defects in
the micro-structure of the material. A more detailed ex-
planation can be found in [8].

First, we introduce a b,(§) glide dislocation loop of
radius &, lying at a depth a. It may be formed by making
a path cut along the annular disk £ < r < oo and sliding
the surfaces by a constant amount b,.. This models contact
slip and will induce the following tractions 6;.(r) (i = r, 2)
along the same disk

The influence functions GZ, (r, §) are functions of Lipschitz-

Hankel integrals and have extremely complicated forms.
For a half-space, these are given by Paynter et al. [9] (see
also [10, 11]). They are bounded (‘regular’) when i = z
and display a Cauchy singularity when i = 7.

Next, we introduce a b,(£) climb dislocation loop of
radius &, lying at a depth a. Now, the dislocation loop
may be formed by making a path cut along £ < r < oo
and inserting a disk of thickness b,. This models contact
opening and will induce the following tractions ;. (r) (i =
r,z) along the same disk

&iz(r) = sz(ra 6) bz(f) (7)

Once again, the influence functions G%,(r, &) are func-
tions of Lipschitz-Hankel integrals and have extremely com-
plicated forms. For a half-space, these are also given by



Paynter et al. [9]. This time, they are bounded (‘regular’)
when ¢ = 7 and display a Cauchy singularity when i = z.

From the bilateral solution, we expect the contact to
be closed and stuck from the origin to a radius r = b,
closed and slipping in the region b < r < ¢, and open in
a region extending from a radius ¢ to infinity. Both the
closure point ¢ and stick point b are outputs of the problem
(self-determining points).

The resulting normal N(r) and shear S(r) tractions
along the contact interface are given by

N(r) =6 (r / G2, (r,€) B.()d¢ +
/ G (r.€) BL(€)de, (8)
S(r) =6, (r / G=.(r,€) B(€)d¢ +

/b G (r.€) BL(€)de, (9)

where B; (§) = db;/d§, i = r,z represents the dislocation
density. Glide dislocations are installed over the whole of
the length of the contact interface where slipping occurs,
including the open portion, and climb dislocations are in-
stalled over the part of the contact interface which is open.
Equations (8) and (9) form the basis of the solution and in-
tegral equations may be generated to restore conventional
Signorini inequalities.
In the open region, we require the surfaces to be traction-

free

c<r<oo (10)
whereas, in the closed, slipping region, the shearing trac-
tion is limited by friction:

N(r) <0 S(r)= fN(r) b<r<ec (11)
The three sets of conditions in egs. (10) and (11) may
be combined into two by making use of the Heaviside step

function, H(-), giving

N(r)=0 c<r<oo (12)
S(r)y—fH(c—r)N(r)=0 b<r<oo. (13)
Applying egs. (8) and (9) to egs. (12) and (13), gives

B.(§)d¢

c<r<oo

/ T (r) B©)

a + / G=. (1 €)
= —0..(r)

| [en0 - £ = 1) 6.9 B e+
/:O (G2.0r,) = [ H(c = 1) G2(r,€)] B.(¢) a

~[Frat) = FH(e=1)5.2(0)] b <00 (1)

Due to the nature of the functions present in eqs. (14)
and (15), there is no hope of analytically inverting the in-
tegral equations. The Singular Integral Equations (SIEs)
must be solved numerically, and we choose to use Gauss-
Chebyshev quadrature [12]. Since there are two regions of
imposition for the integral equations, two sets of quadra-
ture points are needed. Notice that in eq. (14), the kernel
G%_(r, &) is Cauchy singular over the region ¢ < r,& < oo
while G, (r, &) is regular. In eq. (15), the kernel G (r,¢)
is Cauchy singular over the region b < r, & < oo while all
the other terms are regular.

The first step in solving the SIEs is to put the inte-
grals in standard form over the interval [—1,1]. The fol-
lowing transformation functions were proposed to map a
normalised coordinate ¢ to a physical coordinate r:

:A(tj;i):w (16)
rr+)\log<1it> (17)
r=r [1 + A tanh™* (12_t>] , (18)

where 7 corresponds to the lower bound of the physical
interval [, 00] (# = borc) and A is a scaling parameter.

From the proposed mappings, the logarithm transfor-
mation resulted in the best description of the solution as
well as the best convergence. Hence, normalising the inte-
grals using the following substitutions:

u-l—2€xp< ;5) c<E<o00 (19)
U—1—2€Xp<c)\r> c<r<oo (20)
821—2exp<b)\€) b< &< oo (21)
t:1—2exp<b ) b<r<oo. (22)

gives
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For the general form of the solution, both the climb
and glide dislocations must be bounded at both ends of
the interval. Thus, we choose

Br(s) = ér(s) V1 = 82 (28)
Ba(u) = ¢z(u) V1 —u? (29)

and egs. (23) and (24) become, in normalised form,
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b oA 1—t
fykzl—c+clog<2k> (32)

and the integration points s;, u;, collocation points t, vy
and weights W;, X; for the quadrature are given as [12]

)
§; = U; =COS <7TN+1>

i=1,....N (33)

m 2k—1
tk—Uk—COS (2(]\]_'_:[)) k—17 ,N+1 (34)
1—s?

Equations (30) and (31) form a system of 2N + 2 equa-
tions and 2N + 2 unknowns. These are the N values of
¢r(8i), N values of ¢,(u;), the closure point ¢ and the
stick point b. Once ¢, and ¢, are known, the stresses at a
point (r, z) can be found by the discrete versions of egs. (8)

and (9)

(s1) G™. (v, si)}—&—

> { IA_X;i 6-(0) G (v, )} (36)
S@@m+§Xf (0) Gt 5:) | +
i {%aﬁ (u;) G2, (t,ui)}. (37)

Finally, the axial dislocation density B, is related to
the axial displacement of the contact w,(r) through the
following relationship [8]:

_du(r)
B,(r)=— Ep (38)
Thus, u,(r) can be found by integration:
urtr) = [ Bk (39)

4. Results

The problem was coded up using the numerical pro-
cessor MATLAB. Due to the semi-infinite nature of the
integrals and, consequently, of the mapping functions, the
problem is highly non-linear and obtaining a convergent
solution is not trivial. First, due to the unknown length
dimensions there are two additional collocation equations
which need to be satisfied and which enable the values
of b/a and c/a to be found. In practice, we guess val-
ues of the lengths b/a and ¢/a to be found and omit the
central equations corresponding to k = N/2 + 1 from the
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Figure 2: Normalised closure point c¢/a and stick point b/a as a
function of the coefficient of friction.

N +1 generated for each dislocation in egs. (30) and (31).
The column vectors of ¢, and ¢, are found. The omit-
ted equations are then evaluated and residues are taken as
the difference between the left and the right-hand sides of
egs. (30) and (31) for k = N/2 + 1. A programme is then
used to find the values of b/a and c¢/a that result in the
residuals being as close to zero as numerically possible.

Convergence is dependent on obtaining adequate val-
ues of quadrature points N and the scaling parameter A.
For the present solution, convergence was obtained for
N = 150 and A = 8a, i.e. changes in the stresses, b/a
and ¢/a were negligible when N was increased beyond 150
and \ varied slightly around 8 a. All results present in this
paper are for v = 0.3.

Figure 2 shows the stick and opening points normalised
with respect to the layer’s thickness as a function of the
coefficient of friction. As f increases, both b/a and c¢/a
increase as well, resulting in the contact area becoming
larger. This is followed by an increase in the stick zone,
characterized by its radius (b/a) becoming larger. How-
ever, the size of the slip zone is practically insensitive to
the variation of the coefficient of friction, corresponding
to an annulus of width ~ 1.8a for 0.2 < f < 1.0. This
behaviour was also observed in the equivalent plane reced-
ing contact problem of a layer subjected to a line loading
[6]. On the other hand, when f is small (f < 0.2),b— 0
as f decreases resulting in the stick region collapsing to
a point, and the decrease in ¢/a results in a smaller slip
zone.

Consider, now, the the contact pressure and shear stress
normalised by the reference stress og = P /a? for different
coefficients of friction (Figure 3). Note that the stresses
are proportional to the applied pressure. The contact size,
however, is independent of it and varies only with the coef-
ficient of friction. Therefore, for any increment of load the
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Figure 3: Tractions in the contact interface. (a) Normalised con-
tact pressure and shear stress. (b) Ratio between shear and normal
stresses.

contact ‘snaps’ from the undeformed unloaded condition
to the deformed configuration, which means that, as ex-
pected, the contact area changes discontinuously from an
infinite size when unloaded to a finite size upon applying
any increment of load [13, 14]. For f = 1.0, even though
the shear stress seems to have a peak inside the stick zone,
we can see from Figure 3(b) that the ratio between S(r)
and N (r) is still less than f, i.e. the slip condition is not
violated.

Another property of this problem is that since the bi-
lateral stresses in egs. (1) and (2) are independent of the
Poisson’s ratio, so does the stresses in our solution. There-
fore, the tractions at the contact surface are independent
of v and, consequently, so are the points of stick and open-
ing.

Figure 4 shows the normalised tractions and disloca-
tions densities for a sample coefficient of friction (f = 0.7).
Note that the radial dislocation B,.(r) goes to zero at both



‘
— Na&/P (a)
— Sa*/(fP) 1
£ %
b5 I 1
3 <
EE >
i'%': 4
E o02r .
Q
Z
0.15 | 1
=
a8
3
0.1 1 4
0.05 F .
0 | ‘ ‘ ‘ |
0 05 1 15 2 25 3
r/a
x10®
‘
16 By = 7r(;,+1) a? (b)
n P

c/a=2384

B/ By

N
T
—b/a=0.521
i
;
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ends of the interval and is, therefore, bounded-bounded,
as imposed in the solution. Also, since B,.(r) models con-
tact slip, it has a maximum inside the region b < r < ¢,
where slip occurs. The axial dislocation B, also tends to
zero as 7 becomes larger, but decays slower than the radial
dislocation. Also, while the shear stress distribution varies
significantly with respect to the coefficient of friction, the
pressure distribution only changes slightly as f varies.

Figure 5 shows the normalised displacements at the
contact interface for different values of f (v = 0.3). In
the equivalent plane receding contact problem, as the load
is applied the normal contact displacement ‘snaps’ to a
straight line, corresponding to a constant angle [6]. In this
problem, however, the presence of a non-zero hoop strain
€p makes the normal contact displacement present a loga-
rithmic curvature. As the coefficient of friction increases,
it is noted that the contact opening becomes smaller.
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Figure 5: Normalised displacements at the contact interface. (a)
Axial displacement. (b) Radial displacement.

Finally, due to the symmetry of the problem, the con-
tact is in partial slip even for f = 0. Note from eq. (5)
that when » = 0, S(r)/N(r) = 0, which means that the
point (r,z) = (0, a) needs no friction to be stuck.

5. Conclusions

The contact properties and tractions were obtained for
a receding contact between a layer subjected to a point
force and an elastically similar half-space. It was shown
that the problem is fully characterised by the coefficient
of friction between interfaces. For a realistic coefficient
of friction, the contact will always be partially open and
partially slipping, even if there is no friction.

In addition, it was shown that, as expected, the inter-
facial tractions are proportional to the applied load while
the contact area is independent of it and changes discon-
tinuously from the unloaded to loaded configuration with



the application of an incremental load. Also, the stresses
at the contact interface are independent of Poisson’s ratio.

With regards to the contact area, for 0.2 < f < 1.0,
it was shown that an increase in the coefficient of friction
results in an increase in the stick zone but no significant
variance in the size of the slip annulus. Finally, due to the
presence of a non-zero hoop strain, the contact opening
presents a logarithmic curvature.
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Appendix A. State of stress induced by circular
edge dislocation loops

Appendiz A.1. Azial dislocation

Consider a climb axial dislocation loop of radius a put
at a depth d and being observed at a position (r,z) in a
cylindrical coordinate system, with a Burgers vector com-

ponent b,. The stress fields at a position (r, z) are given
by

o7, (r,z) = GZ,(r,z,d) b,(a) (A1)

1=T7,2.

The influence functions GZ,(p,(,0) (i = r, z) for the

glide dislocation in a half-space are given as [9]:

2
G%.(p,C,0) :a(Til)

(C—=9)Ji02 — (C+6) 102+

—Ji,0;1 + 11,01~

2<§ILO;3 (A2)
2 2p
Gr.(p,¢,0) = artD) |~ (C—0)Ji12+
(C=0)I112—2¢0 1113 (A.3)

where p, ¢ and ¢ are the normalised coordinates, given
as

¢ =z/a,

1 is the modulus of rigidity and & is the Kolosov’s constant.

p=r/a, 0 =d/a, (A.4)

Appendiz A.2. Radial dislocation

The radial dislocation is not of Volterra kind and, thus,
is path-cut dependent. In this paper, an ‘outside disk’ path
cut is used [9]. This path cut can be formed by inserting
a disk of material at a depth z = d, from r = a to r = o,
displacing the material by the same amount b, (thickness
of the disk). The stress fields at a position (r, z) are given
by

o (r,z) =G (r,z,d) b.(a) i=r,z. (A.5)

The influence functions GI,(p,(,0) (i = r, z) for the

z
glide dislocation in a half-space are given as [9]:

G;Z(p7<’6) = a

ﬁ — (¢ =0) Jo,0;2 + (¢ = 6) 10,02+

2¢01o0;3 (A.6)



2
G:z(p7 C)é) = G(Til)

((—=9)Jo,12+ (C+6) Ip1,2—

Jo,1;1 — Lo,1;1—

24510,1;3] (A.7)

Appendiz A.3. Lipschitz-Hankel integrals

In the influence functions, the terms J,, p.q and I, p.q
represent Lipschitz-Hankel integrals. The standard defini-
tion for these functions is as an integral of the product of
Bessel functions (J;(+)), an exponential term and a power
term. Using normalised coordinate variables, it is given as

[15]

Povr(p,C) = / T Tty et rdl. (AS)
0
In the kernels, the follow definition is applied:

Jnpig = Prpig(ps ¢ = 9) (A.9)
Inpiq = Papiq(p, —C = 9) (A.10)

The Lipschitz-Hankel integrals needed in the kernels
are given by Paynter et al. [10, 9].
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Abstract

This paper proposes a description for the contact behaviour of bolted joints through the solution of the frictional
axisymmetric receding contact of a semi-infinite layer pressed against an elastically similar half-space by uniform pressure
over a disk of radius b. First, the contact is assumed to be adhered and closed, and a bilateral solution is obtained. The
adhered solution is then corrected using an integral formulation based on a kernel of circular dislocation loop to describe
the interfacial tractions at the regions where partial slip and opening occur. A numerical solution is obtained for the

corrected tractions and radius of slip and opening.
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1. Introduction

One of the ways to classify contacts is to observe whether
or not new points come in contact as the bodies deform. In
receding contacts, the application of a normal load causes
a reduction in the size of the contact. A property of some
receding contacts is that the contact area in the deformed
configuration is independent of the applied load and, con-
sequently, the change between undeformed/deformed con-
figurations is discontinuous, i.e. the contact ‘snaps’ to the
deformed configuration upon applying a normal load [1].
This presents a challenge in obtaining solutions through
the Finite Element Method, as a large portion of the nodes
change status from being in contact to being free when an
infinitesimal normal load is applied.

Amongst the examples of axisymmetric receding con-
tacts is the contact in bolted joints. Even though this
type of fixing is ubiquitous in industry, the description of
axisymmetric receding contacts in the literature is still re-
stricted to either plane problems [2, 3] or frictionless cases
[4, 5, 6]. More recently, a solution for an axisymmetric
receding contact of a layer pressed against a half-space
by a point load has been presented [7]. Even though the
fundamental nature of this solution is crucial to better
understanding receding contacts, in reality the bolt load
is spread over a washer which distributes pressure over a
finite disk.

In order to model better the normal characteristics of a
bolted joint, the effect of the bolt/washer loading over the
layer will be modelled by a disk of pressure. This paper
proposes, then, the study of the frictional axisymmetric
receding contact of a homogeneous semi-infinite layer of

*Corresponding author
Email addresses: jhonatan.dapontelopes@eng.ox.ac.uk (J.P.
Lopes), david.hills@eng.ox.ac.uk (D.A. Hills)

thickness a, Poisson’s ratio v and modulus of rigidity u,
pressed against an elastically similar half-space z > a (Fig-
ure la) by a disk of pressure applied to the layer’s surface
(z =0), such that

Furthermore, the objective of this study is to find the
solution to the proposed problem using ring dislocations
to introduce corrections to the stresses in the contact in-
terface as a distribution of strain nuclei. First, we assume
that the contact is in a fully closed and stuck configura-
tion. We then apply dislocation densities to correct the
stresses when this condition is violated. This methodol-
ogy has been presented in previous papers by the authors
8, 7].

2. Adhered Solution

We start our analysis by assuming that the applied
pressure induces normal and shear tractions at the layer/
half-space interface such that the contact remains closed
and stuck throughout this region, i.e. the contact pressure
is compressive everywhere and the shear traction is limited
by Coulomb friction. Following this assumption, the state
of stress in the bodies is equivalent to an augmented half-
space z > 0 under the same loading (Figure la). In the
cylindrical coordinate set shown in the figure, the state of
stress is given by Love [9, 10, 11] and the tractions &;;(r, 2)
arising on any radial plane (z = constant surface) are
given by:
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Figure 1: A layer subjected to semi-infinite pressure. (a) Fully closed
and stuck. (b) Partially open and slipping.
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and K (k), E(k), II(n; k) are the complete elliptic integrals
of the first, second and third kind respectively. These func-

tions are continuous and bounded at every point inside the
half-space, but II(n;k) cannot be evaluated numerically
along the z-axis, since r = 0 there. In this region, we take
the limits as r — 0, giving:

3
7.2(0,2) = p{W} 9)
G,.(0,2) =0. (10)

When b — 0 and p — oo, we would expect the bilat-
eral loading due to the circular patch of pressure (egs. (3)
and (4)) to converge to the stress distribution due to a con-

centrated point force applied at the origin [7]. However,
taking the limits results in:
limé,.(r,z) =0 (11)
b—0
lim &,,(r, z) = 0. (12)
b—0

Therefore, even if the pressure is infinite, the limit-
ing stress distribution would be a constant over the half-
space. Hence, the circular patch of pressure and the point
force are inherently different loadings and result in distinct
stress distributions even in the limiting case where b — 0.

If the contact is, indeed, fully closed and adhered, the
normal N(r) and shear S(r) tractions at the layer/half-
space interface are given by:

Figure 2 shows the normalised contact pressure and
shear to normal stress ratio for the adhered solution. Ana-
lysing the stress ratio (Figure 2b), we notice that no real-
istic value of coeflicient of friction would be high enough
to prevent slip as r/a — co. Furthermore, for all values of
b/a the contact pressure (Figure 2a) eventually falls to zero
at the contact interface, which results in the development
of an open region.

3. Formulation

The bilateral solution developed in Section 2 is, there-
fore, not valid, as the assumption that the contact is fully
stuck and closed is violated for realistic values of f and b/a.
The contact should develop regions where it is closed and
partially slipping and regions where it is open, as shown
in Figure 1b.

It is necessary to correct the bilateral solution in order
to satisfy opening and slipping conditions. A modified so-
lution can be developed by representing the tractions at
the contact interface as a sum of the bilateral (adhered)
solution with a correction in the form of an integral repre-
sentation of slip and opening as a distribution of glide and
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Figure 2: Normalised tractions for the adhered (bilateral) solution.
(a) Normalised contact pressure. (b) Shear to normal stress ratio.

climb dislocations, respectively. The dislocations needed
are all of ‘edge’ type, with their Burger’s vectors resting in
a 0 = constant plane. We stress that the insertion of dis-
locations is used only as a mathematical device to correct
the tractions in our formulation as a distribution of strain
nuclei. This does not mean that physical defects are being
inserted in the micro-structure of the material. Detailed
explanations of the method can be found in [12, 7, §].

In order to model contact slip, we introduce a radial
b,-(§) glide dislocation loop of radius &, placed at a depth a.
It may be created by cutting a path along the annular disk
¢ <r < oo and sliding the surfaces by a constant amount
b,. This will introduce the following tractions along the

path cut disk

a'iz(’r) = G;’nz(T’ 5) bT(g) (15)

The influence functions GJ, (r, §) are described as sums
of Lipschitz-Hankel integrals and have extremely compli-
cated forms. For a half-space, these are given by Paynter
et al. [13] (see also [14, 15]) and in the Appendix A. They
are bounded (‘regular’) when i = z and display a Cauchy
singularity when ¢ = r.

The modelling of contact opening is done by introduc-
ing an axial b,(&) climb dislocation loop of radius &, lying
at a depth a. Now, the dislocation loop may be formed by
making a path cut along £ < r < oo and inserting a disk
of thickness b,. This will induce the following tractions
6i2(r) (i =r,z) along the path cut disk

Oz (T) = Gzzz (Tv 5) b. (6) (16)

Once again, the influence functions G%,(r, ) are func-
tions of Lipschitz-Hankel integrals. For a half-space, these
are also given by Paynter et al. [13]. This time, they
are bounded (‘regular’) when ¢ = r and display a Cauchy
singularity when ¢ = z.

From the bilateral solution, we expect the contact to
be closed and stuck from the origin to a radius r = ¢,
closed and slipping in the region ¢ < r < d, and open in
a region extending from a radius d to infinity. Both the
closure point d and stick point ¢ are outputs of the problem
(self-determining points).

The resulting normal N(r) and shear S(r) tractions
along the contact interface are given by

N(r) = 82a(r) + /d G (r ) Bo(6)de +

/ TG (r6) B (O)de, a7)
S(r) = Gra(r) + / G () Ba()de +
/ G (r.6) Bo(€)de, (18)

where B; (§) = db;/d¢, i = r,z represents the dislocation
density. Glide dislocations are installed over the whole
of the length of the contact interface where slipping oc-
curs, including the open portion, and climb dislocations
are installed over the part of the contact interface which
is open. Equations (17) and (18) form the basis of the so-
lution and integral equations may be generated to restore
conventional Signorini inequalities.
In the open region, we require the surfaces to be traction-

free



whereas, in the closed, slipping region, the shearing trac-
tion is limited by friction:

N(r) <0 S(r)= fN(r)

The three sets of conditions in egs. (19) and (20) may
be combined into two by making use of the Heaviside step
function, H(-), giving

c<r<d. (20)

0 00 (21)
S(r)y—fH(d—-r)N(r)=0 00
Applying egs. (17) and (18) to egs. (21) and (22

| eno B+ / T e ne)
= —0,.(r)

| [6n00 - pa-n 6] B e

), gives

B.(£)d¢
d<r<oco (23)

| (6200 - rta - 6200 B(e) ag
d

-{@An—me_ﬂ&m@ﬂ ¢ <1< oo (24)

Due to the nature of the functions present in egs. (23)
and (24), there is no expectation of obtaining an analyti-
cal inversion of the integral equations. We must solve the
singular integral equations numerically, choosing to use
Gauss-Chebyshev quadrature [16]. Since there are two re-
gions of imposition for the integral equations, two sets of
quadrature points are needed. Notice that in eq. (23),
the kernel G7,(r,€) is Cauchy singular over the region
d < r¢ < oo while G, (r,§) is regular. In eq. (24),
the kernel G7_(r,&) is Cauchy singular over the region
c < r,& < oo while all the other terms are regular. Since
there is no overlap of Cauchy regions, the two sets of
quadrature are sufficient and no special interpolation is
needed.

The first step in solving the SIEs is to put the inte-
grals in standard form over the interval [—1,1]. The fol-
lowing transformation functions were proposed to map a
normalised coordinate ¢ to a physical coordinate r:

CA(E+1) 27
BT (25)
r—r—&-)\log(li ) (26)

r=r [1+/\tanh_1 (124)} (27)

where 7 corresponds to the lower bound of the physical
interval [, 00] and A is a scaling parameter.

From the proposed mappings, the logarithm transfor-
mation resulted in the best description of the solution as

well as the best convergence. Hence, normalising the inte-
grals using the following substitutions:

u:l—2@m< ;§> d<&<oo (28)
v=1—2wp(fx) d<r<oo (29)
lemp( > c<E< (30)
t:1—2mm(CAr> c<r<oo. (31)

gives

[ s

B, (s) (jﬁ) ds+

/?&@ulﬂ@(i)@
= —02(v) -1<v<1 (32)

[ B o + re) G s>} () as

—1 S

/_1132<>[Gz (PO 0] () au
=[50 <

)+ FH(G )azzos)} Sl @39)

where

c A 1-—t
=14 2 g (2 4
y=1- 5+ 5 o (45 (34)
e A
ds 1-—s (35)
e A
T (36)

For the general form of the solution, both the climb
and glide dislocations must be bounded at both ends of
the interval. Thus, we choose

Br(s) = ér(s) V1 = 82 (37)
Bz(u) = ¢z(u) V1 —u? (38)

and egs. (32) and (33) become, in normalised form,
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where

& A lftk
=1—-—=+-=1 41
Tk d+dog< 5 > (41)

and the integration points s;, u;, collocation points tx, vg
and weights W;, X; for the quadrature are given as [16]

i=1,...,N (42)

m 2k—1
tr = vg os< (N—l—l)) k LN+1 (43)
1—s?

Equations (39) and (40) form a system of 2N +2 equa-
tions and 2N + 2 unknowns. These are the N values of
&r(8;), N values of ¢ (u;), the closure point d and the stick
point ¢. Once ¢, and ¢, are known, the stresses at a point
(r,z) can be found by the discrete versions of eqs. (17)
and (18)

(si)G (’u,si)} +

G2 (v, u; )} (45)

60 () Gt 5i) | +

N
Z{l—ul(ﬁz u;) G

i=1

2 (1, u)} (46)

Finally, the axial dislocation density B, is related to
the axial displacement of the contact wu.(r) through the
following relationship [12]:

B.(r) = -2 (47)

Thus, u,(r) can be found by integration:

ua(r) = - /d " B.(6)de. (48)
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Figure 3: Normalised contact pressure and shear stress in the contact
interface for b/a = 0.5
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interface for b/a = 5.0.
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4. Results

The problem was coded using the numerical processor
MATLAB. Due to the semi-infinite nature of the integrals
and, consequently, of the mapping functions, the problem
is highly non-linear and obtaining a convergent solution is
not trivial. First, due to the unknown length dimensions
there are additional collocation equations which need to be
satisfied and which enable the values of ¢/a and d/a to be
found. In practice, we guess values of the radii to be found
and omit the central equations from the N + 1 generated
for each dislocation. The column vectors of ¢; are found.
The omitted equations are then evaluated and the lengths
needed are adjusted to minimise the residues. Convergence
is dependent on obtaining adequate values of quadrature
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0 L L Il Il Il Il Il
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Figure 7: Normalised closure radius d/a and stick radius c¢/a for
f=01
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Figure 8: Normalised closure radius d/a and stick radius c¢/a for
f=10

points N and the scaling parameter A. For the present
solution, convergence was obtained for N = 150 and A
varying between 5a and 11a. Changes in the stresses,
displacements, ¢/a and d/a were negligible when N was
increased beyond 150. All results present in this paper are
for v = 0.3.

Figures 3 and 4 show the normalised contact pressure
N(r) and shear traction S(r) at the contact interface. As
expected, for a fixed coefficient of friction f, the shear
stress increases until it reaches f N(r), at which point slip
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Figure 9: Normalised axial displacement at the contact interface for
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occurs. From there, the normal and shear tractions fall to
zero, where opening occurs. Notice that the tractions are
proportional to the magnitude of the applied pressure p.
Therefore, the points of slip and opening are independent
of p. As a consequence, as soon as an increment of pressure
is applied, the contact changes discontinuously from an
unloaded configuration to the loaded one [1].

We also note, from egs. (3) and (4), that the bilateral
stresses are independent of the Poisson’s ratio. Conse-
quently, this results in the tractions at the contact surface
and the points of stick and opening being independent of v.
Therefore, to completely describe the interfacial stresses,
only two parameters are needed: f and b/a.

The contours of the normalised points of slip and open-
ing as functions of the coefficient of friction f and the
normalised radius of the loaded disk b/a are shown in Fig-
ures 5 and 6. It can be noted that as f and b/a increase,
¢/a and d/a also increase. Figures 7 and 8 show the nor-
malised slip and opening points as a function of b/a for
f = 0.1 and f = 1.0. The region below the ¢/a curve
represents the stick disk, while the region between the d/a
and ¢/a curves shows the slip annulus. For low coefficients
of friction (f = 0.1 for instance, Figure 7), we notice that
as b/a increases the slip annulus becomes larger and ac-
counts for a larger portion of the closed region. For higher
f, however (f = 1.0, Figure 8), the slip annulus remains
approximately of the same size as b/a increases. In this
case, the increase in the closed region results in the stick
disk becoming larger.

Finally, it is of special interest to look at the contact
displacements, especially the axial component, which rep-
resents the layer’s lifted shape, shown in Figure 9. Away
from the origin, the layer is subjected to no shear force
across its cross-section, which is similar to a circular plate

under the same loading. As expected, this results in the
layer’s axial displacement following a logarithmic shape,
due to the presence of a non-zero hoop strain. This be-
haviour was also observed when the bodies were subjected
to a normal point force [7].

5. Conclusions

A solution was obtained for the tractions, displace-
ments and geometric parameters for a receding contact
between a layer subjected to a disk of pressure and an
elastically similar half-space. It was shown that the prob-
lem is fully described by two parameters; the coefficient
of friction between interfaces and the normalised radius of
the loaded disk b/a. For a realistic coefficient of friction,
the contact will always be partially open and partially slip-
ping.

In addition, it was shown that the magnitude of pres-
sure p applied to disk does not change the behaviour of the
outputs of the problem, since the interfacial tractions are
proportional to the applied pressure. The contact’s geo-
metric parameters are independent of the pressure which
results in the contact changing discontinuously from the
unloaded to loaded configuration with the application of
an incremental pressure.

With regards to the geometry of the contact, it was
noted that the variation of the size of the slip annulus
changes considerably with the coefficient of friction. For
low f, minimization of the slip annulus size is achieved
by reducing the radius of the loaded disk b/a. For high f,
however, changes in b/a do not result in significant changes
in the slip region’s size.

Finally, due to the presence of a non-zero hoop strain,
the contact opening presents a logarithmic curvature.
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Appendix A. State of stress induced by circular
edge dislocation loops

Appendiz A.1. Azial dislocation

Consider a climb axial dislocation loop of radius a put
at a depth d and being observed at a position (r,z) in a
cylindrical coordinate system, with a Burgers vector com-
ponent b,. The stress fields at a position (r,z) are given
by

o7, (r,z) = GZ,(r,z,d) b,(a) (A1)

1=T, 2.

The influence functions GZ,(p,(,0) (i = r, z) for the

glide dislocation in a half-space are given as [13]:

2
Gzz(pa <7 5) = (Z(Kiff-].)

(C—0)J102 — (C+9) I1 02+

—Ji,0;1 + 11,01~

2C5I1’0;3 (A?)

2p

Gr.(p, ¢, 9) Zm

—((—90)J112+

where p, ¢ and § are the normalised coordinates, given
as

p=r/a, ¢ =z/a, 0 =d/a, (A4)

1 is the modulus of rigidity and & is the Kolosov’s constant.

Appendiz A.2. Radial dislocation

The radial dislocation is not of Volterra kind and, thus,
is path-cut dependent. In this paper, an ‘outside disk’ path
cut is used [13]. This path cut can be formed by inserting
a disk of material at a depth z = d, from r = a to r = o,
displacing the material by the same amount b, (thickness
of the disk). The stress fields at a position (r, z) are given
by

o (r,z) =G (r,z,d)b-(a) i=r,z. (A.5)

The influence functions G, (p,(,0) (i = r, z) for the

glide dislocation in a half-space are given as [13]:

G..(p,(,0) = a(miil) — (¢ —9) Jo,0:2 + (¢ — ) Io0.2+
24-5[0)0;3 (A6)
2
Gr.(p,¢,0) = a(Til) Joi;1 — Lo11—
((—=0)Jo1.2+ ((+9)Ip12—
2451011;3 (A?)

Appendiz A.3. Lipschitz-Hankel integrals

In the influence functions, the terms J, p.q and I p.q
represent Lipschitz-Hankel integrals. The standard defini-
tion for these functions is as an integral of the product of
Bessel functions (J;(+)), an exponential term and a power
term. Using normalised coordinate variables, it is given as

[17]

P (p,C) =/0 Ju(t) J(pt)e=Cttr dt. (A.8)



In the kernels, the follow definition is applied:

Inpig = Pmp;q(/)v ¢—9) (A.9)
I piqg = Pn,p;q(ﬁa —(¢—9) (A~1O)

The Lipschitz-Hankel integrals needed in the kernels
are given by Paynter et al. [14, 13].



Conclusions

In Chapter 4, it was shown that the circular dislocations are viable quantities to
use as kernels in studying axisymmetric cracks and contact problems. In addition, it
provided a verification for the kernels that were brought into public domain in the paper
[23] (as MATLAB code included as supplementary material), through the recovery
of known results.

The viability of using the circular dislocation kernels as correctors of stresses in
axisymmetric problems was further demonstrated in Chapter 5. It was shown that, as
expected, the application of a normal extraction force to a semi-infinite shaft shrink fitted
to a hub causes the slip zone to increase. Unexpectedly, because of the semi-infinite nature
of the shaft, when it was pushed in towards the core of the hub, the slip zone remained of
the same size and an additional zone of forward slip developed close to the surface.

Chapter 6 provided an integration scheme for solving frictional axisymmetric contact
problems that involve orthogonal components of slip, i.e. the axisymmetric equivalent
of the frictional ‘in-plane/anti-plane’ slip problem. Even though previous attempts at
solving these kinds of problems involved the use of special elements of strain nuclei,
such as triangular elements of dislocation densities, it was shown that a marching-in-
time scheme with a standard Gauss-Chebyshev quadrature is suitable for obtaining the

solution, provided that a simple modification is made to the system of equations. The
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new method has several advantages, including the maintenance of consistency with the
assumed functional forms from the quadrature; smoother representation of tractions and
higher order variation with position; and computational efficiency, since there is no need
to generate and store a ‘look-up’ table for the influence functions.

General properties of the axisymmetric frictional receding contact between a layer
and a substrate were presented in Part II. For these types of receding contact, it was shown
that the interfacial tractions are proportional to the applied load, which results in the slip-
stick and closure-opening transition points being independent of the load. Consequently,
the change from loaded to unloaded configurations was shown to be discontinuous, as
expected, and the application of any increment of load results in the contact ‘snapping’.

For the fundamental axisymmetric frictional receding contact problem, shown in
Chapter 8, when the layer was subjected to a point force, it was noted that the only
parameter in the model is the coefficient of friction between the contacting interfaces.
Because the bilateral stresses are independent of the Poisson’s ratio, the model is
consequently also independent of v. When the coefficient of friction was varied, an
increase in f was followed by an increase in the size of stick disk but resulted in no
significant changes in the size of the slip annulus.

In plane frictional receding contacts, the application of a knife-edge normal load to a
layer resting on a substrate results in the layer curving at a constant angle (lift-off angle)
away from the contact interface, as shown by Chaise et al. [13] and Parel & Hills [14].
However, it was shown that the presence of non-zero hoop strains in the axisymmetric
equivalent problem (Chapter 8), results in the layer now displaying a logarithmic curvature
away from the contact, which becomes asymptotically parallel with the free surface.

In Chapter 9, an idealised model of a bolted joint was constructed by applying uniform
pressure to a disk at the surface of the layer. In this problem, it was also shown that the
solution is independent of v, since the bilateral tractions are independent of this parameter
as well. The solution was fully characterised by two parameters: the interfacial coefficient

of friction, and the normalised radius of the loaded disk. Additionally, it was shown that
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the model exhibits different behaviours regarding the size of the slip annulus when the
coefficient of friction is varied. For low f, minimization of the slip annulus was obtained
by reducing the normalised radius of the loaded disk, while for high f changes in this

parameter do not result in significant changes to the slip annulus size.

From this work, it was also possible to show that singular integral equations posed
over semi-infinite regions can be properly inverted using the modified Gauss-Chebyshev
quadrature, without suffering from loss of accuracy when compared to Gauss-Laguerre.
In addition, there are no explicit formulae for the points and weights for Gauss-Laguerre
quadrature, which have to be calculated beforehand. Also, taking more than 40 gaussian
points in the implementation requires the use of higher precision floating point numbers,
such as quadruple or variable precision, since the quadrature weights have a range of order
of magnitude of 10758, These factors result in the implementation of the modified Gauss-

Chebyshev quadrature being simpler and quicker when compared to Gauss-Laguerre.

Furthermore, in Chapter 2, a solution is presented for the application of a tangential
shear force (), towards the = direction of a half-space (see Section 2.3.3). One proposed
problem was to apply this tangential load to the surface of the layer together with a
concentrated normal force, hence expanding the work done in Chapter 8. This would

follow similar ideas to the work presented by Mindlin [47, 48], presented in Section 2.5.1.

Assuming that the layer and the half-space are adhered, the interfacial tractions are
given by the bilateral solution obtained in Section 2.3.3, i.e. the two bodies behave as
one. The normal o,(r, ) and shear o,,(r, ) tractions along the interface are given, in

this case, by the sum of the contributions of the normal load P and tangential load @),:

2 3
0..(r,0,2) = — ;2;7" cos(0) {3;5} - ?;]; {25} (10.1)

3P | rz2
_%{R} (10.2)
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where R = +/r? + 22 is the spherical radius.
Taking ~y as the ratio between applied shear to normal force (y = @, / P), Equa-

tions (10.1) and (10.1) can be rewritten in a simplified format as:

2
0..(r,0,2) = — 32]; {Z S = COS(Q))} (10.3)
ra(r,0,2) = — “;]; {m (= +1¥ cos(6)) } (10.4)

From Equations (10.3) and (10.3), the ratio between shear and normal tractions along

the adhered interface is given by:

op(r,0,2) 1
_r 10.
0..(r,0,2) =z (10.5)

Even though the shear to normal stress ratio is axisymmetric, it was also expected that
along the line (r > 0,60 = 0, z = a), that the o,., shear traction and the pressure o, would
be radially symmetric for the fully adhered case, similarly to Mindlin’s problem. However,
egs. (10.3) and (10.4) shows that these components of stress are actually not axisymmetric,
as they have a cos(6) term, which is proportional to the applied shear force. In this case,
the contact would need to be represented by two coordinates (r, ) and, therefore, would

be beyond the scope of solution of the methodology presented in this thesis.

10.1 Further Work

One improvement to the bolted joint model could be made by considering the effects
of introducing a torque loading, which could be represented by the concentrated torque
applied to the half-space (see Section 2.3.4). The twisting of the receding layer will

give rise to a shear stress 0,49, which is perpendicular to the shear stress o,., due to the
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application of the normal force only. Since there are, now, two components of shear
stress which are perpendicular to each other, the solution must satisfy the orthogonality
condition at each pseudo-time step. This can be achieved by employing the methodology
developed in Chapter 6 to the solutions obtained in Chapters 8 and 9.

Semi-analytical methods could be used to solve the problem of the application of a
normal and a non-axisymmetric tangential force to the frictional contact problem of a
layer and a substrate, including the use of triangular elements of dislocation density
over an area [17].

In addition, questions remain about the interaction between receding contacts, i.e.
if the tightening sequence influences the contact behaviour of receding bolted joints,
which is corroborated by empirical evidence of the maintenance of aircraft engines. It is
observed that, when the engine is disassembled and reassembled, the vibration modes
and, consequently, the contact behaviour is changed. An investigation of this effect can be
done by looking at the interaction between a pair of fundamental receding contact models
under normal load and torque. Because there are, now, two contacts interacting with
each other, axisymmetry is lost and the analytical methods deployed earlier are no longer
valid. The use of high quality Finite Elements Methods could be used to analyse this
interaction. Two distinct problems can be considered, one where the bodies are tightened

sequentially, and another where the bolts are tightened simultaneously.
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Influence Functions for Circular

Dislocations

This section presents the solution for the state of stress induced by the axial prismatic,

radial and screw circular dislocation loops in a half-space.

A.1 Axial prismatic dislocation

Consider a glide axial dislocation loop of radius a put at a depth d in a cylindrical
coordinate system with a Burgers vector component b,. The stress fields at a position

(r,z) are given by

Ofi(n Z) = Gij(n'z?d) bz L= r,z. (Al)

The influence functions GZ;(p,(,d) (i = r, z) for the glide dislocation in a half-

space are given as [56]:
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2
Gr.(p,(,0) = a(/ﬂil) —Ji01+ L1+ (C—6) Jioz2+ (¢ —36) 102+
—1 -1 -0
(/<a2 ) Ji150 — (k= 1) I — (€=9) Jia+
p 2p
— 2C6
¢ -  hga + B g - 24611,0;3] (A2)

2
Gr.(p.¢,0) = a(mil)

—((=0)Jigo+(C—06) 11,0 — 2C5—71,1;3] (A.3)

2
Gzz(pu Ca 6) = ailu - Jl,O;l + Il,(];l - (C - 5) J1,0;2 - (C + 5) 11,0;2+

(k+1)
2C0hosl|, (A.4)
where p, ¢ and ¢ are the normalised coordinates, given as
p=r/a, ¢ ==z/a, 0 =d/a, (A.S)

(1 is the modulus of rigidity and « is the Kolosov’s constant. The terms J,, ,,., and I, .,

represent Lipschitz-Hankel integrals, detailed in Appendix B.

A.2 Radial dislocation

The radial dislocation is not of Volterra kind and, thus, is path-cut dependent. There
are four possible path-cuts to create a climb dislocation of Burgers vector b,, defined

by Paynter & Hills [56] and shown in Figure A.1. These result in significantly different
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Outer cut (o) .o Inner cut (i) .o Cylinder exterior cut (e) .o Cylinder core cut (c) .

(@ (b) (c) (d)

Figure A.1: Path cuts for a radial climb dislocation.

solutions for the influence functions and should match the path in which the integrals

are being evaluated.

A.2.1 Outer cut (0?)

An ‘outside ring’ path cut is made by inserting a ring of material at the depth z = d,
from r = a to infinity, displacing the materials by an amount b, (Figure A.la). The
angle parameter « designates the angle of the cut with respect to the r axis. For the outer

cut, « = 0. The influence functions are given as [56]:

2
°Gr.(p,(,6,a) = a(/fl—f—l) —2Jo01 — 2101+ (¢ —0) Joo2 — (C+30) Lot
k+1 k+1 — 0
) sosate) + D alial) - S
+ K0 2¢C6
M Ipqa + (2¢9) Inio —2C0 o3 (A.6)
2
°Gr.(p, ¢, 6,a) = a(mil) |:J0,1;1 —Jo1a—(C—9)Jo12+ (C+0)lo12—

2¢0 [0,1;3] (A7)



A. Influence Functions for Circular Dislocations 121

°G",(p,(,0) = —(C—=0) Jop2+ (C—9)oo2+2C o3| (A.8)

AR
a(k+1)

A.2.2 Inner cut (b)

An ‘inside disk’ path cut (Figure A.1b) can be formed by inserting a disk of material
at a depth z = d, from » = 0 to r = a, displacing the material by the same amount

bi (thickness of the disk). For the inner cut, a = 0.

) 2
‘G (p, ¢, 0, a) = a(ﬁ;/frl) 2 Jo0(a) + 2 Lpa(lal) = (¢ —6) Jo02+
Kk+1
(C+39) a2 — ( 2 ) Jap0(a)—
+1 -0
(H2 )1271;0(|Oé|> + (C )J2’1;1—
p p
+ K0 2C6
u Iyqq — (2¢9) Iy10+2Co 1503 (A.9)

; 2
‘GrL(p: G0, a) = aiﬂ —Jopa +Tana + (= 90) Jopo + (C+6) 10+

(k+1)

2( 611 (A.10)

) 2
lGZz(p7 C? 6) = 7/11

a (H + 1) - (C o 5) J270§2 + (C - 5)[2,0;2 - 2C5]270;3 . (All)

A.2.3 Cylindrical cuts (b5°)

The two other path cuts involve cylindrical path cuts. The ‘exterior’ path cut is
made by inserting a cylinder of material of wall thickness b¢ at a position (r,2) =

(a,d) extending along the z axis from z = d to z = 0, i.e. towards the ‘exterior’ of
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the half-space (Figure A.lc). The ‘core’ path cut is made by inserting a cylinder of
material of wall thickness b¢ at a position (r,z) = (a,d) extending along the z axis
from z = d to infinity, i.e. towards the ‘core’ of the half-space (Figure A.1d). These
are dependent of radial dislocations with inside and outside path-cuts (b’ and b°) and
the corrective Kelvin and Boussinesq terms (b* and b%). The radial dislocations are also
dependent of the angle argument «. For an ‘exterior’ cut, « = —7 /2 and for a ‘core’

cut, « = 7 /2. From Paynter & Hills [56]:

, 1) . A
G (0,6, 8) = G (0,6, 7/2) + G (5, C, 6,7/

(k+1) (k+1)
200 (3— K) 4 |
o GM kGrj(pa Ca 57 7T/2) J=nz (A.12)
eJ _(KJ_ 1)1 J 2 Yol
Grj(P, C75> _</<L—|- 1) GT‘j(ﬂaC:(Sa _7/2) + (/i+ 1) Gr‘j(p7C:5a _77'/2)
2 —1 - ‘
- M (kGij(pagaéu _7T/2) —t Gi’j(ﬂ7<7 _7T/2>) .] =nz
(A.13)

eyl ey i ory ke byi : : :
where °G;;, ‘G, ‘G, °Gry, "Gy and PG are, respectively, the influence functions

for a radial dislocation with core, exterior, inner and outer cuts, and the Kelvin and

Boussinesq corrective terms. These corrective terms are given as:

A.2.4 Kelvin term (b")

3
G n0) = | - B o) +

(Brk—1)
2

I oo (|a)+

(€ =0) Jioa + (K¢ —30) L1 01—
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—2(6 11,0;2] (A.14)

a k—1 k—1
kG:z(p7Ca 57 Oé) = (K) + 1) - ( 9 ) J1,1;0 + ( 9 ) 11,1;0 - (C - 5) J1,1;1+
(k¢ —0) 111 — 2C511,1;2] (A.15)
k—1 k—1
{609, 6.0.0) = o | = g honla) + 5 Roalal -

(A.16)

(C=06)Jioq — (6 +Cr) Lo +2C0 1102

A.2.5 Boussinesq term (b)

Kelvin term with depth set to zero (6 = 0).

k—1
bG:r(pa ()=a|— Jiool®) +CJr01 — i Ji 1.0+ ( 25 ) J1,1;—1(Oé)] (A.17)

bG:z(p7 C) =a [ - CJLI;l] (A.18)

ngz(pa ()=a [— Jl,o;o(Oé) —(¢—9) J1,0;1] (A.19)
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A.3 Screw dislocation

Consider a glide screw dislocation loop of radius a at a depth d with a Burgers vector
component by and being observed at a position (r, z) in a cylindrical coordinate system.

The stress fields at a position (r, z) are given by

afe(r, z) = G?e(r, z,d)by i=r,z. (A.20)

The influence functions G%(p,¢,d) (i = r, 2) for the glide dislocation in a half-

space are given as [57]:

r9<IO>C 5)

w\’;

Jo,2;1 —2J120 — ([0,2;1 -2 11,2;0)] (A.21)

z9<p7< 5)

w\’;

J1,2;1 — [1,2;1] (A.22)



Lipschitz-Hankel Integrals

In the influence functions presented in Appendix A, the terms J,, ,,., and I, ,,., represent
Lipschitz-Hankel integrals. The standard definition for these functions is as an integral
of the product of Bessel functions (.J;(-)), an exponential term and a power term. Using

normalised coordinate variables, it is given as [58]

Proa(p,¢) = /0 T L) J(pt) e St dt, (B.1)

where

p=r/a, ¢ ==z/a. (B.2)

In the kernels, the following definition is applied:

Inpg = Pn,p;q(/%( - 5) (B.3)

In,p;q = Pn,p;q(ﬂa —( - 5)‘ (B.4)
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The integral exists when 4+ v + A > —1, p > 0, ¢ > 0 [58] and are expressed as

functions of complete elliptic integrals of the first, second and third kind, defined as

/2 46
_ 2\ __
E=K(F) = 0 1— kZsin? 0 ®-5)

w/2

K = E(k?) = / V1= k2 sin® 6d6 (B.6)
0
/2

// dé
0 (1—~hsin? 6)vV1—k?sin® 6§

(B.7)

where the modulus (k) and the parameter (h) are given by

4p 2 2 4p

The Lipschitz-Hankel integrals needed in the kernels are given by Paynter et al. in

[56, 59] and reproduced here. After obtaining Py o.0(p, (), subsequent integral functions

can be derived by differentiation

0

P;L,I/;/\Jrl(pa <) = - aic P,u,l/;)\(p7 C) (B9)

v 0 —v
Pu,u+l;)\+l (pa C) = —p aip r P/L,l/;)\(p7 C) (BIO)

—v 0 v
P,u,ufl;)\Jrl(p? C) =p aip r Pu,u;x\(ﬂ? C) ) (Bll)
or through recurrence relationships [58]:

Pp+1,u;)\<p7 C) =2 % P,u,u;)\fl(pv C) - P,ufl,u;)\(pa C) (B12)

P,u,zﬂrl;)\(pv C) =2v pil Pu,l/;)\fl(pa C) - P,u,ufl;)\(pv C) (B13)
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P/H—I,V;)\(p7 C) = (:U’ +v+ /\) Pu,l/;)\—l(p7 C) - CPM,V;A(p7 C) —p Pu,l/—f—l;)\(pa C) (B14)
Pu—l,y;)\(p7 C) = (:u +v— )‘) Pu,u;k—l(pa C) + CPM,V;/\(P7 C) - pPM,V—l;A(pa g) (BIS)
PM—17V;>\(p7 C) = (lu — V- )‘) PM,V;A—l(pv g) + CPM,V;)\(pa g) + pPM,V—I—l;)\(pa g) (B16)

The Integrals .\

Poo(p: ¢) = L (B.17)
0,0;0\0;, T \/ﬁ .

k}S
Pooal(p,¢) = W (B.18)
K5 2(1+K? 4p
PooalpC) = 15 [( =) B¢ K] (B.19)
C/{?H
Poos(p,C) = 102477]@%11/2{ {11& +10¢" <P2 + 1) +
& (—13p4 + 58p° — 13) —12 <p2 - 1)2 (p2 T 1)} E+
(C+(p—1)) {—5& —2¢* (P +1) +3(p* - 1)2} K} (B.20)
The Integrals I .\
_ ¢ p—1
PO,l;O(,O; C7 OZ) - = 27Tp3/2 <K + p_{_]_H>+
0, p<l1
sign (arctan | E 1 — a) 172, p= (B.21)
P 1/p, r>1
B k C2 + 1 — p2
Poaalp, () = — W ( - Cz—l—(l—p)2H> (B.22)
Ck” 2
P0,1;2(P7 () = W{ {6 (CQ _ 1) P2 . (CQ + 1) + 704} E+
[+ (p—17] [¢2=p*+1] K} (B.23)
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/{211

Pors(p,¢) = 2048751372

{ { (23¢2 +20) p° — (¢ +1)" (2¢ — 1) +
(65¢* +51¢> — 18) p* + (¢ + 1) (33¢* — 79¢> + 4) p? — 7p8]E+
[+ (p-17] {2(6 +¢H(3-1197) — 1200 (2 — 1) +

= 1)3}1{} (B.24)

The Integrals I ».)

¢k | (K*p) (p—1)

Fyo. = — EF+ K+ —I1
0,2,1(p7C7a> 7Tp5/2 4/€/2 + + (p+ 1) +

5 ¢ 0, p<1

— sign (arctan - oz) 1/2, p=1 (B.25)

p lp—1

1/pa r>1
The Integrals P, .\
B k¢ 1—p
Proo(p, () = — 2l (K + 1+,0H>+
1, p<l1
sign (arctan — 04> 1/2, p=1 (B.26)
lp—1
0, r>1

k(R (1-¢-p%)

Proa(p.¢) = — 2mplT? ( e E - K) (B.27)
B¢ A=+, FBOA-C-p%)
Proa(p,¢) = - 8mk2p3/2 |: 4p2k"? E - 4pk” K (B.28)
Pios(p. ) ke [—2§8+§6 (33 —5p%) + ¢* (—3p" — 46p° +65) +
OB 20487 k'S p11/2

¢ (p° — 50" +51p° +23) + (p* - 1)3 (0 +7) ]E+
== (-] [ 2t (11— 3p) -

126 (p* — 1) + (p* - 1)‘11{} (B.29)
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The Integrals P, .\
¢ 2 (e k2R kO
P171;_1(p, Q,a) = 27‘(‘p1/2 |:kE ( 9 + 2p + k ) K + 2p H +
. I/p, p<1
§sign (arctan | E 1 — oz) 1/2, p=1 (B.30)
P P, r>1
2 2 — k?
Prio(p, Q) = - T ( 5 K—E> (B.31)
kC /2 — k2
Piia(p,¢) = - 22 ( T K) (B.32)
ok K2k , K22 (2 — k?)
P1,1;2(p7 C) - 27Tp3/2 [4,0]{3,2 (l{}lg —1- Y )E - (1 - 8pk/2 K
(B.33)
Piis(p.¢) = — e [9 (¢ +4)p°+ (¢ = 6) (9¢* +13) p'+
A 20487k/6p13/2
3(¢2+ 1)3 +(¢2+1) (3¢* = 77¢* + 36) p? + Bpﬂ E+
[ — 32— (p— 1)2} {3(4 (P +1) +2¢% (3p" — 10> +3) +
3(0” 1) (2 +1) }K} (B.34)
The Integrals P, ».)
2
Pioo(p, ¢ a) = ;Pl,l;—l(pa ¢,a) — Proo(p, ¢, @) (B.35)
2
P1,2;1<107 C? O‘) = ;Pl,l;O(pa Ca Oé) - Pl,O;l(pa ga Oé) (B36)
The Integrals P .\
Pz,o;l(% ¢ 04) =2 Pl,o;o(m ¢ OK) - Po,o;l(,O, C) (B.37)
Poa2(p,¢) = 2Proa(p,¢) — Pooz(p,C) (B.38)
P2,0;3(,07 () =2 P1,0;2(,07 ¢)— P0,0;3(,07 () (B.39)
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The Integrals P, .\

PQ,l;O(pa Ca O5) =2 Pl,l;*l(pa Ca Ol) - PO,l;O(pv C? Oé) (B40)
PQ,l;l(pv C) =2 Pl,l;O(p: C) - P0,1;1(107 C) (B41)
Po12(p,¢) = 2P11a(p,C¢) — Poa2(p, Q) (B.42)
P2,1;3(p7 C) =2 Pl,1;2(p7 C) - P0,1;3(p7 C) (B43)

Limits for p — 0

Some of the Lipschitz-Hankel integrals appear in the kernels as P, ,.\(p, () / p. When

p — 0, the denominator goes to zero as well and the fraction appears to be unbounded. It

is necessary, therefore, to define the values of this fraction as a limit, i.e.

(

Pp,,l/;)\<p7 C)>| — lim {Pu,u;)\(pa C) ‘
0

p—0

p

p

(B.44)

The limits which are relevant to the circular dislocation kernels are given by:

() - §(:2)"
; 2 _ 5/2
(Pomp(p,O) ~ _ 2( . 1 (1 _&(2)
; 2 _ 7/2
(P01,2p(/07<)) pzo: 6(2 9(143(2)
<P1,1 1(p ,C,Oé)) 0 — ;{Sign (arctan{ — ) —
o=
<P1,1;0p(P> O) ~ _ ;<1+1g2>3/2
(P1 1;1p(P7C)) N _ ?;C(lj@)m
. 2 7/2
<P1 1,2{50&)) . _ 3(4(2 1)(1—5@)

¢
VT ¢

(B.45)

(B.46)

(B.47)

(B.48)

(B.49)

(B.50)

(B.51)
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P )43 (p7 C) O[) Q(QCZ + 3) .
(210p> . = —W + sign (arctan ¢ — «) (B.52)
Po1a(p,Q) ___ 3
( p ) 0 —2(¢2 4 1)3/2 (B.53)
(Pm<p<>> 15¢ s
p

p=0 (¢4 1)



Finite Element Analysis

The problems presented in this thesis were also modelled independently through a
Finite Elements approach, using ABAQUS software (Dassault Systems, version 6.16).

Three models were constructed to solve the problems. The solution to each individual
problem can be done by modifying only the loading to either the ‘shaft’ body or the
‘layer’ body. Since Finite Elements cannot handle infinite domains, the infinite half-space
must be modelled as a finite domain. In this work, a rectangular block was chosen. At
the far edges of the block, proper boundary conditions must be set to ensure the same
behaviour at infinity as the half-space would experience. A sensitivity analysis was
conducted to determine the proper size of the finite models. The shrink fitted shaft-hub
contact problem was solved considering three sizes of half-space: 100, 70 and 50 times
the radius of the shaft. The effects of the boundary conditions were negligible only
when the block was 100 the radius of the shaft.

Figure C.1 depicts the models. The half-space was modelled as a 100 units wide,
isotropic, homogeneous square block, represented by the white regions in Figure C.1.
The shaft/layer bodies were modelled as 1 unit x 100 units, isotropic, homogeneous
rectangles, represented by the grey regions in Figure C.1. Axisymmetry is imposed
through the z-axis, which results in a 2D FE model. The black lines inside the domain

represent regions of mesh refinement.

132
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L IR | | I}

mrrrrtrtd

(a) (b) (0

Figure C.1: Axisymmetric Finite Element models. (a) Semi-infinite ‘shaft’ shrink fitted to infinite
hub (half-space). (b) Receding contact between a thin layer pressed against a half-space by
pressure outside a disk. (c¢) Receding contact between a thin layer pressed against a half-space.

For the shaft-hub model (Figure C.1a), the displacements due to the shrink fit, point
force, and point torque loadings are zero at infinity. Therefore, an encastre boundary
condition was imposed to the far edges of the half-space. A frictional contact interface
is modelled between the two bodies. The shrink fit assembly was modelled through
am imposed temperature differential to the shaft body. The point force or point torque
loadings were applied after assembly.

The model for the receding contact of a layer pressed against a half-space by a point
force or pressure inside a disk is shown in Figure C.1c. An encastre boundary condition
is applied to the far faces of the half-space block. The far face of the layer needs to be
able to move vertically but not horizontally, which results in a u,, = 0 boundary condition.
In order to improve convergence, contact is modelled only between the refined mesh
zones of the two bodies, where 0 < r < 15a. Initially, the refined zone was chosen
to be 15 times the thickness of the layer in order to ensure that contact opening was
occuring in the refined mesh zone. After getting the results, the size of the contact is
of order of magnitude ~ 10, and, therefore, can be reduced, in order to decrease the
mesh size and improve convergence.

When the layer is pressed against the half-space by pressure outside a disk (Fig-

ure C.1b), the displacements due to the bilateral loading at infinity are not zero and,
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therefore, an encastre boundary condition is not adequate. The expected displacements
were calculated and inputed as appropriate boundary conditions at the far faces of the
half-space block. In this case, because most of the contact is closed and recession only
occurs in a small area close to the origin, the contact region was modelled as the whole
interface between the two bodies.

For all three models, quadrilateral elements of 0.01 mm size were seeded through
the length of the shaft or layer and the refined portion of the half-space. At least 100
elements were placed through the thickness of the shaft/layer. The mesh was gradually
coarsened towards the far boundaries.

A Lagrange multiplier formulation was chosen for modelling the tangential frictional
behaviour of the contact, while the normal behaviour was modelled as a ‘hard’ contact.

Figures C.2 to C.8 depict a comparison between the results obtained through finite
element models and the analytical results presented in this thesis. In all figures, the
analytical results are represented by solid lines, while the finite element results are
represent by dots. Each dot represents the contact stresses at the face of an element of
the layer/shaft body, except in Figures C.4 and C.5, where the points were ‘filtered’ for
clarity. Therefore, the dots show not only the contact stresses along the interface but
also the relative size of the mesh along the same line.

Even though there is almost a perfect agreement between the two results, it must be
noted that the finite element calculations presented were set up in an academic context,
where accuracy was paramount. The mesh is extremely refined and computationally
expensive, even for a 2D problem. If the same mesh requirements were applied to a 3D
problem, the computational cost would be too onerous. Convergence of the semi-infinite
receding contacts was difficult, regardless of the mesh refinement.

The deficiencies of the finite element method can be seen even with such refined mesh,
as evidenced by the spread of the points in regions where there are sharp gradients in the
stresses, such as the shear stress distribution close to the slip/stick transition point and the

contact pressure distribution close to the surface for the shrink fit problems (Figures C.2
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Figure C.2: Comparison between Analytical and Finite Element solutions for shaft/hub system
subjected to shrink fit and concentrated normal force and (f = 0.3).

and C.3). Also, in Figures C.6 and C.8, it can be noted that the finite element method

fails to capture the maximum shear stress for high coefficients of friction.
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Figure C.6: Comparison between analytical and finite element solutions for layer pressed against
half-space by pressure outside a disk.
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Gauss-Laguerre Quadrature Tables

Table D.1: Gauss-Laguerre quadrature points and weights for N = 1.

i, k U; Xz Vg

1 1.5000000000000000e+00 8.8622692545275805e-01  3.5483389523526176e-01
2 3.8244030075698090e+00
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Table D.2: Gauss-Laguerre quadrature points and weights for N = 10.

.
o

U

Xi

Vg

O 0 1O N B~ W=

—_—
)

2.2987298051865621e-01
9.2448154698665741e-01
2.0994104627087982e+00
3.7828808737072901e+00
6.0199180277014612e+00
8.8803475979967086e+00
1.2474832404836205e+01
1.6990847293542554e+01
2.2791002894948946e+01
3.0806405917052722e+01

1.7547081504666026e-01
3.5522338880207205e-01
2.5268355967567796e-01
8.6356102695332629¢-02
1.5109778034860811e-02
1.3282156283635641e-03
5.4187800211703440e-05
8.7374758691871452e-07
4.0196998869397951e-09
2.2922215302047090e-12

5.7391431494020533e-02
5.1837552227723793e-01
1.4504741047416962e+00
2.8752264781900334e+00
4.8285533636786759¢+00
7.3665254394510198e+00
1.0576576140709943e+01
1.4601083292316480e+01
1.9694960301466008e+01
2.6409308817627146e+01
3.6674904936337754e+01

Table D.3: Gauss-Laguerre quadrature points and weights for N = 20.

.
o

Us

X;

(%3

O 0 1O\ Nk~ W=

1.1895908860796403e-01

4.7652106527261134e-01

1.0747619282656535e+00
1.9172162686228262¢+00
3.0089953882055487e+00
4.3569660743407423e+00
5.9700059058394359e+00
7.8593597210710424e+00
1.0039135311274345e+01
1.2526997979116508e+01
1.5345159806815014e+01
1.8521823078408456e+01
2.2093354952633664e+01
2.6107701768389951e+01
3.0630040952691157e+01
3.5752805853034708e+01
4.1615202272985911e+01
4.8446589065314569¢+01
5.6685019808011731e+01
6.7453383711098155e+01

7.2890472563476708e-02
2.0464756058744760e-01
2.5468502561168055¢e-01
1.9666755555059753e-01
1.0429708418429406e-01
3.9564676419709940e-02
1.0915967819206221e-02
2.1995244449111340e-03
3.2237602516737511e-04
3.4007746445557168e-05
2.5389053092581926e-06
1.3097453990576535e-07
4.5188859748141485e-09
9.9751438296765502e-11
1.3250477592223940e-12
9.7032223380562825e-15
3.4319296068706057¢e-17
4.7174749210545105e-20
1.6695481155796904e-23
5.3989144171417160e-28

2.9729115743119150e-02
2.6781813228000662¢-01

7.4537102725297200e-01

1.4651816792008450e+00
2.4315547702917062e+00
3.6504526727952733e+00
5.1297100394536805e+00
6.8793359124967237e+00
8.9119339447328496e+00
1.1243288257674807e+01
1.3893190257771142e+01
1.6886629429221223e+01
2.0255557025464167e+01
2.4041595173456596e+01
2.8300396970554424e+01
3.3109099641695849¢+01
3.8580122929105798e+01
4.4889689918464875e+01
5.2347216886354111e+01
6.1617090286686391e+01
7.5034073112988040e+01




D. Gauss-Laguerre Quadrature Tables

143

Table D.4: Gauss-Laguerre quadrature points and weights for N = 40.

~.

=~

Uy

X;

Uk

O 01N Nt B WIN -

6.0556079496847867¢-02
2.4231439945390584e-01

5.4554594294015102e-01

9.7070482530314739¢e-01

1.5184320613911118e+00
2.1895609453702050e+00
2.9851241535342448e+00
3.9063627190590040e+00
4.9547370720429882e+00
6.1319403903990413e+00
7.4399145697317222e+00
8.8808691964845501e+00
1.0457304002586541e+01
1.2172035397154005e+01
1.4028227819002220e+01
1.6029430842964775e+01
1.8179623217287791e+01
2.0483265328122386e+01
2.2945362007821824e+01
2.5571538165590827e+01
2.8368130478958264e+01
3.1342299426479435e+01
3.4502167391929746e+01
3.7856990620531676e+01
4.1417375758975119e+01
4.5195556043182862¢+01
4.9205748697573419e+01
5.3464625103369485e+01
5.7991941090827197e+01
6.2811400481950265e+01
6.7951868610018522e+01
7.3449129492632835e+01
7.9348523110720592e+01
8.5709080557254978e+01
9.2610371480811409e+01
1.0016466698884538e+02
1.0854067117146624e+02
1.1801641862593260e+02
1.2912430268615788e+02
1.4323588304664480e+02

2.8055708450423118e-02
9.3658763141360221e-02
1.5585245457077301e-01
1.8150740139695029¢-01
1.6446096273150190e-01
1.2146781246297257e-01
7.4926371635615260e-02
3.9138998066590373e-02
1.7457822896227847e-02
6.6824822337911323e-03
2.2013031987253846e-03
6.2486953448309061e-04
1.5287941224815336e-04
3.2214292582955626e-05
5.8377126104323602e-06
9.0778504475614353e-07
1.2079057915921143e-07
1.3704707146745409e-08
1.3203045787756135e-09
1.0747613458879108e-10
7.3502984741798143e-12
4.1955597676112370e-13
1.9836564034678418e-14
7.7006673080716012e-16
2.4298269862813704e-17
6.1588390186452082¢e-19
1.2368954134750845¢e-20
1.9366781913969396e-22
2.3191710054581008e-24
2.0755673449856517e-26
1.3497535054294870e-28
6.1594049634078483e-31
1.8871394756399462¢-33
3.6651639387950678e-36
4.1765559663948417e-39
2.5043449651182829¢e-42
6.7128205034376117e-46
6.1562788880242915e-50
1.1623049545398330e-54
1.2454315853037260e-60

1.5137613789563461e-02
1.3627228163666411e-01

3.7872196470310493e-01

7.4284883873087726e-01

1.2291998992958559e+00
1.8385115237561054e+00
2.5717156964722188e+00
3.4299480263539883e+00
4.4145577270364162e+00
5.5271197780160293e+00
6.7694495421212419e+00
8.1436201835923328e+00
9.6519833154916306e+00
1.1297193409998151e+01
1.3082236636821170e+01
1.5010464962210119e+01
1.7085636555751517e+01
1.9311963830796138e+01
2.1694170810021355e+01
2.4237561993056012e+01
2.6948105555444773e+01
2.9832534596482187e+01
3.2898471380169354e+01
3.6154581234037813e+01
3.9610765224710896e+01
4.3278404295497772e+01
4.7170672842475305e+01
5.1302947739018137e+01
5.5693351337371126e+01
6.0363487068209523e+01
6.5339459616546478e+01
7.0653329244203903e+01
7.6345253934583340e+01
8.2466771797700588e+01
8.908608168756975%e+01
9.6297078399532410e+01
1.0423611113902135e+02
1.1311671031888666e+02
1.2331433534235896e+02
1.3563821189570945e+02
1.5295059369705189e+02
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