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Abstract

This thesis explores generalizations of category in
the sense of Lusternik-Schnirelmann. The material falls
naturally into two parts.

Chapter 1 is concerned with numerical invariants.
Following Berstein, for a closed n-manifold M let N(M)
(resp. n(M)) denote the minimum cardinality of a covering
of M by open subsets, each of which embeds (resp. immerses) A
in R, In Chapter 1 the values of N(M) and n(M) are
determined when M = IRP" -- with the exception of N(RP")
when n = 31 or 47. For a vector bundle £ over a space X,
James has defined Vecat({) to be the minimum number of
open subsets required to cover X with the restriction of
£ to each subset stably trivial. 1In Chapter 1 the categories
of all vector bundles over all real projective spaces are
also determined.

In Chapter 2 it is undertaken to define Lusternik-
Schnirelmann category solely in terms of the category of
spaces modulo weak equivalences. This is done by equipping
the homotopy category with a notion of covering. The
reason for doing this is to obtain a more conceptual
definition of cocategory. It turns out that there are
many possible definitions of cocategory. The relationship
between two of them is discussed in Chapter 2.

The category of a connected space X is closely
related to the Milnor filtration of X regarded as the
classifying space of its loop space. This in turn is
intimately related to the H-space structure on QX. The
framework of homotopy coverings is exploited in Chapter 3
to yield a filtration of a (k-1)-connected space
analogously related to its k-fold loop space. There
results a theory of higher associativity for k-fold loop
spaces and a dual theory for k-fold suspensions.
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Introduction

In this thesis various generalizations of category
in the sense of Lusternik-Schnirelmann are explored.
The material falls naturally into two parts.

Chapter 1 is concerned with numerical invariants.
Following Berstein [3], for a closed n-manifold M let
N(M) (resp. n{(M)) denote the minimum cardinality of a
covering of M by open subsets, each of which embeds
(resp. immerses) in R™. Berstein posed the problem
of computing these numbers when M = RP". He introduced
upper and lower bounds which agreed in some cases (when
n+1=2%R1, modd, with k < 3 or k = 3 (4)), but in
general could be arbitrarily far apart. In Chapter 1
it is shown that the values of N(E&JU and n(nu“ﬁ are
in fact given by Berstein's lower bound - with the
possible exception of N(IRP?) when n = 31 or 47.

Closely related is the (stable) category of a vector

bundle. For a vector bundle & over a space X, James ([211])

has defined Vecat(f) to be the minimum number of open
subsets required to cover X, with the restriction of §
to each subset stably trivial, James introduced bounds
for this invariant when X = RP" which agreed in certain
cases. In Chapter 1, thecategories of all vector bundles
over all real projective spacesare computed. The values
of the Berstein covering numbers then follow easily.

A more detailed description of these topics appears in

section 2.1.




The Lusternik-Schnirelmann category of a space is
a homotopy invariant. One might expect that it could
be defined solely in terms of the category of spaces
modulo weak homotopy equivalence. This is indeed the
case and is done in Chapter 2 by equipping the homotopy
category with a notion of covering. The original reason
for doing this was to describe category as closely in
spirit to the original definition as possible, but in
such a way as to be able to apply Eckmann-Hilton duality.
The outcome, it was hoped, would yield a more conceptual
definition of cocategory than is usually given ([161]).
It turns out that there are many possible definitions
of cocategory. The relationships between them are
discussed in section 2.6.

The framework of homotopy coverings also produced
an unexpected byproduct. The category of a connected
space X is closely related to the Milnor filtration of
X regarded as the classifying space of its loop space.
This is generalized in Chapter 2 to a filtration of a
(k=1) ~connected space X analogously related to the k-fold
loop space structure on Qkx. There results a theory of
higher associativity for k-fold loop spaces and a dual
theory for k-fold suspensions. A more extensive
introduction to Chapters 2 and 3 can be found in section
2.1,

The results of Chapters 2 and 3 have been announced
in [20]. A.K. Bousfield has recently informed us that
D.W. Anderson obtained some of the results of Chapter 3

some time ago but did not publish them.




Chapter 1

Trivializing Covers of Vector Bundles

Introduction

Manifolds are usually described as the result of
gluing together open subsets of a fixed Euclidean space.
It is natural at the outset to ask how
efficiently a given manifold can be constructed. 1In
[6] Berstein formalized this notion by introducing the
following invariants. All manifolds, embeddings, and
immersions are assumed to be differentiable of class

o

Cc .

Definition. Let M be a closed n-manifold.

i) The embedding covering number N (M) is the

least integer k such that M can be covered by k open
subsets, each of which embeds in Efl.

ii) The immersion covering number n(M) is the

least integer k such that M can be covered by k open

. . . n
sets, each of which immerses in IR .

Berstein introduced upper and lower bounds for
n(M) and N(M) when M = ®rp" . Unfortunately they agree
only in certain cases. As an application of the results
of this chapter all but two of these gaps can be closed.

The proof of the following result will be given in

section 10.




k

Theorem 1. Set n + 1 = 2™m where m is odd.

max{2,m} if k < 3

i) n (RP™)

the least integer 2 7%%%%7 if k > 3

ii) N(RP™) = n(mP") with the possible exception
of the values n = 31 and n = 47. In that case there

are inequalities

N(]RP31) < 4

(¥%)
IA

Nre??) <6 .

wu
IA

Remark. i) A consequence of the proof of Theorem 1
is that n(®mRP") depends only on the homotopy type of
®P" and that N(RP") depends only on the topological
type of RP™ —-- at least when n # 31 or 47. It would be
interesting to know whether or not this holds more
generally.

ii) The values of n(M) and N(M) when M is either
P or HP" follow easily from Berstein's techniques.
The result is stated in section 10.

Using the work of Hirsch and Poenaru ([12], [20]),
the problem of determining n(M) reduces to deciding
the minimum number of parallelizable open subsets it
takes to cover M. One can ask a similar question about

any vector bundle, and in [15] James introduced the

following invariant.
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Definition. Let & be a vector bundle over a space

X. Then Vecat(ﬁ) < n provided X can be covered by n

open subsets over which § is stably trivial.

Such a covering of X will be called a trivializing

cover of £. One says that Vecat(f) = n if Vecat(g) < n

I but Vecat(g) £ n-1. A trivializing cover of § is said
: to be minimal if it consists of Vecat(§) elements.
James produced upper and lower bounds for this

invariant which were close enough to determine Vecat of
all complex vector bundles over real and complex
projective spaces. Unfortunately there are arbitrarily
large gaps between these bounds in the case of real
vector bundles over real projective spaces. The
purpose of this first chapter is to introduce a technique
for closing these gaps. A relationship between Vecat
and geometric dimension will also be discussed. The

results are stated in sections 1.1 and 1.2.




1.1 The main theorems.

Prior to stating our main results we review some notions related to
category in the sense of Lusternik - Schnirelmann. For

further discussion the reader is referred to [15].

Definition. ([7], [8]) Let £ : X - Y be a map to

a path connected space Y. The category of £, cat(f), is

less than or equal to n if X can be covered by n open
subsets Ui with the restriction f : Ui +~>Y, i=1,...,n,

null homotopic.

One says that cat(f) = n if cat(f) < n but
cat(f) £ n - 1.

When ¥ = X and f is the identity map then cat(f)
is just the Lusternik - Schnirelmann category of X.
When Y = BO, BU or BSp and f classifies a vector bundle

£, then cat(f) is just Vecat(f).

If £f : X+Yand g : Y + Z then clearly
cat(g o f) < min{cat(f), cat(g)}.

If Yl""’Yn have base points =%, let
T(Yyeees¥) = {(ygresesy,) € ¥) X oo X Y : some y, = *}
denote the fat wedge. When all Y; =Y we shall abbreviate
this Tn(Y). There is the following analogue of Whitehead's

definition of category [7].

=




Proposition 1.1.1, Let £ : X - Y be a map to a

path connected space Y. If X and Y are paracompact and
locally contractible then cat(f) < n if and only if
A o f factors (up to homotopy) through Tn(Y),where

A : Y + Y? is the iterated diagonal.

ATR(Y)

7
7/
7

4

7f A n

X =—>Y —Y

We shall henceforth assume all spaces to be .cw
complexes in order to guarantee the hypotheses of
Proposition 1.1.1, |

The cofibre of Tn(Y)-+Yn is the iterated smash

n
product AY.

Definition, weak cat(f) €n provided the composite

f n n
X—Y — Y — A\Y

is nullhomotopic.

Proposition 1.1.2. i) weal cat(f) <cat(f),

ii) Suppose X has dimension
d and Y is (m-1l)-connected. Then weak cat(f) =cat(f)

in the 'stable" range cat(f)+12(d+2)/m .




proof: Part i) is immediate from the definition.

Part 1ii) is a consequence of the following lemma of Ganea

together with the observation that Tn(Y) is (m-1)-
n
connected and AY is (mn - 1)-connected.

Lemma 1.1.3 (Ganea [10 ]). Let A-+X-X/A be a

cofibration and ¥F-+X the fibre of the collapse. There

is a canonical map A-+F and ZIF/A=xA*Q(X/A) .

Note: There are other ways to prove Proposition
1.1.2 (for example using the Serre spectral sequence).
We have chosen to appeal to Lemma 1.1.3 since we will be

needing the identification ZIF/A zAxQ(X/A) later,.

Now let & be a vector bundle over X and let

E be a multiplicative cohomology theory.

~ %
Definition. An element c€E (X) is a character-

*
istic class of & if i (¢)=0 for any 1:U-+X with

*
i (&) stably trivial.

Examples. 1) 0 € (X)
ii) The Stiefel-Whitney classes
w, (£) € H*(X;2/2)
iii) The reduced class [§] of ¢§

itself in the appropriate K-theory.




Given an element ¢ in a ring R let
nil(c)==min{k:ck==0} . The following proposition and

its proof are due to James [ 15] (but see also [61).

Proposition 1.1.4. For any characteristic class

c of &, there is an inequality nil(c) < Vecat(g).

proof: Suppose X==U1u--uJUn with the restriction
of & to each Ui stably trivial., Then ¢ is in the
*
image of E (X’Ul) ,

2 ¢ * n_ . *
¢ €im E (X,UlL)UZ),...ﬂ: eim E (X,U u--nJUn)=().

1

Proposition 1.1.4 provides an effective lower bound
for Vecat (§). Upper bounds come from open coverings
of the base.

If V is a real or complex vector space let P(V)

denote the projective space of V . One can write
P(VOW) = [P(VOW) -P(V)]U[P(VOW) -P(W)] ,
and observe that the inclusions
P(W) — [P(V@W)-P(V)]a_nd_P(V) — [P(VBW) - P(W)]

are homotopy equivalences. We will often abbreviate this
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by writing Pn_lqu—l=Pn+m_l. These are the coverings used

by James.

The following theorem can be extracted from [15 ].

Theorem 1,1.,5 (James): Let & be a complex vector

bundle over either real or complex projective space.

Vecat (£) =nil [E] = nil (lowest non-vanishing Chern class

of & ).

proof: The easiest way to see that the upper and
lower bounds agree is to choose a representative for [£&]
in the Atiyah - Hirzebruch spectral sequence and observe

what happens to its powers.

As we have remarked, there are arbitrarily large
gaps between these bounds in the case of real vector
bundles over real projective space. The following theorem

closes these gaps.

Theorem 1.1.6. Let £=25(odd)h be a (stable)

vector bundle over RPn where h is the canonical line

bundle., Then

nil [&] if k>3
Vecat (&) =

nilwk(E) if k<3 .
2
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Let Tt and Vv denote respectively the tangent
and normal bundles of RP?  and write n-+1==2km with

m odd.

Corollary 1.1.7. Vecat (1) =Vecat (v) 1is the least

integer greater than or equal to

For example, the (complex) tangent bundle of ¢P31

has category 32 whereas the (real) tangent bundle of

RP31 has category 3 .

Remark: The case k<3 of Theorem 1.1.6 follows

from the methods of [15 ]. See the remark after Lemma 1.4.3.
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1.2 A Relation with Geometric Dimension

On aesthetic grounds it seems as if Vecat (tangent
bundle) should have some bearing on immersions of the
base -- or more generally that Vecat(f) should relate
to the geometric dimension of & (to be denoted g.d. (£)).
The calculation at the end of section 1.1 shows, however,

thatIRP31 can be covered by 3 open sets, each of which

immerses in IR31. The fact that ]RP31 doesn't immerse
until:IR53 seems to discourage such a notion.
There is a variant of Vecat which does relate
to geometric dimension. For a real vector bundle over
a finite dimensional base X let P(§) denote the projective

bundle of £ and let hg be the canonical line bundle over

P(&).

Definition. v-cat(f) = Vecat(hg) - dim(g) .

Lemma 1.2.1. If wj(—E) # 0 then v-cat(&) = j.

In particular v-cat(§) = 0.

Proof: Let o ¢ Hl(P(E); Z@/z) be the Stiefel-
Whitney class of hg' We calculate nil(a). Suppose

dim(€) = n and let 1 + w, + ... + Wk’ Wk # 0, be the

1
total Stiefel~Whitney class of -§. By definition

ot o+ wlan_l + ... +w, =0, hence

0Ln+:] - (an fw 0‘n—l j-l; n+j

j
1 +...-+wn)(a + o

l+.-- +Wj) +CX

which is zero if and only if j 2 k. It follows that

nil(a) = n+k. This completes the proof.
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Example. If n denotes the n-~dimensional trivial

bundle over X then v-cat(n) = 0.

Lemma 1.2.2. Let & and n be vector bundles over

X. There is an inequality
V-cat(£ & n) < V-cat(g) + v-cat(n) .
In particular, V-cat(f @ 1) < v-cat(f).

Proof: The decomposition of P(V & W) given after
Proposition 1.1.4 can be applied fibrewise to obtain a

decomposition
P(£ ® n) = P(E) v P(n) .

The lemma follows easily from this.

Lemma 1.2.2 allows for the following definition.

Definition. v=~cat(f) = lim V-cat(f & n) .
-

Lemma l.2.1 provides the inequality
j < v-cat(g) < v-cat(g)

whenever wj(-E) # 0. This suggests a relationship between

v-cat(g) and g.d.(-E&).

Theorem 1.2.3. Let £ be a vector bundle over X.

There is an inequality

v-cat(g) < g.d.(-&) .

Equality holds provided v-cat(£) > 5 dim(X).
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Equality is guaranteed in Theorem 1.2.3 if, for
example,wj(-E) # 0 with j > % dim X. In this sense one
can say that v-cat(g) and g.d.(-f) agree in the metastable
range.

Before proving Theorem 1.2.3 we need to recall
another characterization of the category of a map. The

proof of the following lemma can be found in [22] or [15].

Lemma 1.2.4. Let £ : X » P* classify a line bundle

h. Then Vecat(h) < n if and only if £ factors (up to

homotopy) through P71,

Proof of Theorem 1.2.3: Suppose £ has dimension n.

Fix a Riemannian metric on & and let E » X be the

associated principal O(n)-bundle. Let Visk.n denote
14
+k

the Stiefel manifold of orthonormal n-frames in IRn

and let En+k,n

Sn—l to Sn+k-1

be the space of Zz/z-equivariant maps from
. It is well-known ([111, [14]) that the

inclusion V is a (2k-1)-equivalence.

< E
n+k,n n+k,n

Consider the following diagram of fibrations

v

v
e}

n+k,n n+k,n
EXb(n)vn+k,n ‘>Ex0(n)En+k,n

>
v
>
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It follows easily from the 5-lemma that the map between
total spaces is also a (2k-1)-equivalence. By adding
trivial bundles to &, n can be increased. For
sufficiently large values of n, v-cat(g) < k if and
only if q admits a section (Lemma 1.2.4). Also for
sufficiently large values of n, g.d.(-£) < k if and
only if p admits a section. The theorem follows.

The characterization of v-cat used in the above
proof also provides a condition on dim(&) which
guarantees the equality v-cat(&) = v-cat(f). We
first require a lemma which, though a standard fact,

seems not to appear explicitly in the literature.

Lemma 1.2.5. The suspension map Em,n - Em+1,n+l

is a min{2n-m-2, n-l}-equivalence.

Proof: The proof is by induction on n using the

. . n-l_m-1
fibrations S - Em,n > Em,n-l [14].

Corollary 1.2.6. There is an equality

v=cat(g) = v-cat(f) provided either

i) v-cat(&) # 0 and dim(g) > dim(X) - v-cat(g)
or

ii) v=cat(g) = 0 and dim(&) > dim(X) + 1 .

Example. Consider £ = (m+l)h on P, For most
values of m and n, v-cat(§) = v-cat(g) by Corollary 1.2.6.
The space P(£) is just P™ x P™ and the line bundle hg is
the tensor product of the line bundles classified by

the two projections. The problem of calculating v-cat
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is equivalent to deciding the smallest projective space

to which the map classifying

p™ x p? » p%

can be deformed. This is the well-known "axial-map"
problem [5]. In this sense, the problem of calculating
v-cat can be thought of as an axial map problem for

arbitrary vector bundles.
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1.3 A specific case of Theorem 1.1.6

The main idea behind the proof of Theorem 1.1.6
is quite simple, but the bookkeeping and a few exceptional
cases make the general argument somewhat involved. It
seems best then to present a specific example of the argu-

ment before proceeding to the complete proof.

Consider €==29h over RP39 . This bundle is trivial on

RP17 but not on RP18 . The decomposition

rP3? = rp7U rP7U RP®  shows that Vecat (£)<3. On the

other hand, R0°(RP3%)=2/2% ana [£1%=-122%h]=0 so
that Vecat (£)2>2. We will show that the latter inequality
is an equality. First some conventions.

For a space or a spectrum X let X<n> denote its
(n-1)-connected cover., The spectrum for connective K-
theory will be denoted bo . Since we will be dealing only

with real projective spaces we can safely abbreviate rp"

to ph . The symbol pl

k
jective space Pn/Pk—1 , and when it will cause no con-

will denote the stunted pro-

fusion we will use a single symbol to denote both a vector
bundle and its classifying map.
Finally, the reader may wish to look ahead to
Lemmas 1.5.1 - 1.5.3 since they will be used in this section.
The map £==29h 1lifts (uniquely) through & to
BO<16> . Since cat(f)>cat(f) it suffices to show that

cat(€) <2 . Further, since (2+1)(16)-2=462>39 it is
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enough by Proposition 1.1.2 to show that weak cat(&)<2
We are therefore led to the following composite:

p32 . BO<16> x BOK16> — BO<16> . BO<S1E> .

The range of this map is 3l-connected so it can be
considered a map of suspension spectra. Further, by

Lemma 1.5.2 the range can be replaced by
32

bo<16> A bo<16> = bo<32> vI"“Y where Y is 3~connected.
We must consider the two components P39-+bo<32> and
P39-+232Y )

The map P39-+bo<16>,\bo<16> factors as

39 22 22 39 39 _EAE
P -_— P17,~P17 —_— P17,\P17 bo<16> . bo<16>

22 22 16,5 16,5
17.~P17-Z P™ A Z77P” +bo<16> . bo<16>

. It follows that the component

By Lemma 1.5.1 the map P
factors through 816 ASIB
P39-*232Y is null homotopic. The component P39-+bo<32>

is detected by the composite P39-+bo<32>-*bo (Lemmas 1.5.2,
1.5.3) which classifies the "0'" bundle [512. This completes

the proof.
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1.4 Some arithmetic

In order to do the bookkeeping in the proof of
Theorem 1.1.6 we need to establish some arithmetic
conventions.

Let IC KOO(X) be an ideal.

Definition. i) Vecat (I)<S<n if X can be covered

by n open sets Ui with the re-
striction of I +to each KO(Ui)
equal to O

k_ 0}

ii) nil (I)=min {k:1I

Note that when I = ({£]) is a principal ideal

Vecat (I)=Vecat (£) and nil (I)=nil (&) , It could happen
that nil(I)=+«

We will need to consider the p-adic valuation vp(I)

and the "Atiyah Hirzebruch valuation'" v(I)

Definition. Let Ic KO(X) be an ideal and let KO (X) < KO(X)

be the augmentation ideal. Set fp(I) =ndn{k:pkﬁb(X)C I}

*
and v(I)=min{k:f I #0 for some f:Y~+X with dimY = k}.

The following is clear.
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Lemma 1.4.1. V{(IJ) =2 V(I) + v(J) .

We will also need to refer to the largest ''skeleton"

on which In =0

Definition. QI(n)=\)(In)—l .

In the special case of KO(pd) certain principal

ideals will be of importance.

Definition. Ik==(2kh) where h 1is the reduced

class of the canonical line bundle.

In this case Q; (n) will be abbreviated to Q) (n) .

k

The following lemma simply restates some standard

facts about K0(PY) . To avoid degenerate cases we assume d » 0 .

Lemma 1.4.2. 1) I ,4-I =1 im-1 -

ii) v2(In)=11; vp(In)=+°° p odd.

m—1

iii) 1t n=4k +r-1 with 1Sr<4 ,
then v(In)=8k+2r‘1

iv) If m>n then v(Im)>\NIn)

With these conventions, the part of Theorem 1.1.6

which doesn't follow from [15 ] can be restated. Set

m=Q4k+r_1(n) and suppose k#O0 .
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Theorem 1,1.6'., On P7 one has

Vecat (I, 4)=nil(I, . )=n .

proof that (1.1.6')==(1.1.6): This uses the fact

m

that if Vecat (£)<n on P™ then Vecat (£)<n on PJ

with j<m . Details are left to the reader.

The following exercise uses the notation of this

section and the decomposition Pl_liPJ_1==Pl+J_l to obtain

an upper bound on Vecat (I).

Lemma 1.4.3. Vecat (I) <the least integer greater

than m/v(I) .

proof: Write m=d-v(I)+e with e<v(I) . We

must show that Vecat (I)<d+ 1. One can write

m_ & (1)1,

pP'= Up UPY , There are d+1 terms in this union.
and by the definition of v , the restriction of I +to each

term is zero.

Remark: Lemma 1.4.3 is also a consequence of a
standard inequality relating the Lusternik - Schnirelmann
category of a space X to the quotient of its dimension

by its connectivity. The role of X 1is played by the

. . m
stunted projective space Pv(I) .

Lemma 1.4.3 provides an upper bound for Vecat (I)

agreeing with the lower bound given by nil(w k(E)) in
2

case I=(2%1) with k<3

-
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The assertion of Theorem 1.1.6' falls naturally into

cases depending on the values of 4k+r-1 and n . Using

the notation of this section, Theorem 1.1.6' can be reduced

F to a "minimal" set of cases.

Lemma 1.4.4. 1) vz(Ip_l'Iq_l):=V2(Ip_1)'+V2(Iq—l)'+1

ii) v(Ip-Iq)==v(Ip)-+v(Iq) provided
qz-1 (4) .

iii) Qﬂ(n-+4)==Q£(n)-+Q£(4)‘%l :

proof: Parts i) and ii) follow from Lemma 1.4.2, Part iii)

follows from ii) and the definition.

Corollary 1.4.5. i) Theorem 1,1.6' is true in case r=4,

ii) It suffices to prove Theorem 1.1.6!

in case n<4 and r#4 .

i = n = . =
ErOOf. l) Q4k+3(n)_\)((14k+3) ) -1 n \)(I4k+3) 1 .
Now use Lemma 1.4.3.

ii) This follows from part i), Lemma 1.4.4 iii),

the decomposition pi-lypi-lopi*ti-1 14 induction.

Finally, we turn to some numerical estimates which will

be needed later.

T
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Lemma 1,4.6: i) Q4k+r_1(n)‘<8k(n~+1)a-2 provided

k>3 and rns<12 .,
ii) Q4k+r_l(n)<2'8kn—2 if nk>3 .

iii) Q4k+r-—1(n) -(8k+1)(n+1)s<7 .

proof: 1) Q4 .. ;(n) = "((I4k+r—l)n)“1
V(T ggpern-1) — 1

< -
Vlggns12-1) 1

= 8(kn+2)+2°-1

= 8(kn+3)-1
< 8(kn+k)-1=8k(n+1)-1 .

Parts ii) and iii) are proved similarly.

Remark: i) Lemma 1.4.6 i) remains true when k=3

(since rn <12)

)

rn<12 and when k=2 , r=1 ., This fact will be used later.

ii) Lemma 1,4.6 iii) is used to show that

certain stunted projective spaces which arise are suspensions

of ordinary projective spaces.
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1.5 Some facts from connective K-theory

This section recalls several results from connective
K-theory. Let p:bo<n>~+bo be projection from the (n-1)-
connective cover and let i:SO-+bo be the unit. Square

brackets will denote pointed homotopy classes of maps.

Lemma 1.5.1. 1) i*:[Pm,SO]-*[Pm,bo] is an epimorphism.

ii) p*:[Pm,bo<n>]-+[Pm,bo] is a monomorphism.

proof: i) [Pm,bo] is a cyclic group generated by the
reduced class of the canonical line bundle. This generator
factors through SO via, say, the map of the Kahn-Priddy
theorem,

ii) This follows from the Ativah-Hirzebruch

spectral sequence,

Lemma 1.5.2. In the category of spectra, the

"evaluation' map BO<n> +bo<n> is a 2n-equivalence.

proof: This is a standard consequence of the

fibration X*QX->IQX-+X .,

Lemma 1.5.3. 1) bo.iboxbovY where Y 1is 3-connected.

ii) bo<8k>::28kbo and the following diagram

commutes:
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bo<8k> A bo<8k> = Lo¥bo . 1%%¥bo « £16%¥po v £ 16Xy = po<i6k> v £ 1BKy
pinch
v
D
!
bo A bo H —  bo

proof: i) Since bo is a ring spectrum, bo.bo=zbovyY .
The connectivity of Y 1is a consequence of the fact that the
unit i:So-+bo is a 3-equivalence.

ii) This will be proved in greater generality

in section 1.7.
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1.6 Proof of Theorem 1.1,6' in case k> 3,

We can now proceed with the proof of Theorem 1,1.6'

in case k>3 . For ease of typography set m==Q4k+r_1(n) .

We need to show that Vecat (I4k+r—l) <n on Pm . We have
reduced to the case 1<rs<3, 2s<n<4
Let & generate I, .. 4 . Since v(I, .. ;)>8k

(r#4), & 1lifts through £ to BO<8k> . Clearly,
Vecat (§)<cat (Z) . By Lemma 1.4.6, m<8k(n+1)-2 and
so cat (£)=weak cat (§) . We are therefore led to the

following composite :

I n 1 f n ?
%)  PT — BO<8k> xe++e+x BO<K8k> —> BO<KS8K> As++A BO<8k> .

By Lemma 1.4.6, m<2+8kn -2 so we can consider this

as a map of suspension spectra. By Lemmas 1.5.2 and
n —

1.4.6 the range can be replaced by bo<8k> A+++A bo<8k> .

The composite *) can then be rewritten

[ n —
m-(8k+1)n ,... m-(8k+1)n
8lc+1 Areeh Payil

n 2}

*%)  pP® — p — bo<8k> A+ **A bo<8k> |

m-(8k+1)n _

. 8k m—(8k+1)(n+l)+1
Since P8k+l D) P

(Lemma 1.4.6 iii)),

Lemma 1,5,1 factors it through S8kn .

An appeal to (iteration of) Lemma 1.5.3 splits

f n ]
bo<8k> Aes+*A bo<8k> in the form bo<8kn> vY' where Y' is
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8kn +3 connected. The above paragraph then shows that the

component of **) in Y' is null., The component in bo<8kn>

is detected by the composite P™ + bo<8kn> +~ bo (Lemma 1.5.1),

which by Lemma 1.5.3 classifies the "0" bundle [E]n.
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1.7 More facts from connective K~theory

In order to complete the proof of Theorem 1,1.6'
we need a deeper study of the spectrum for connective
K-theory. The basic references for this section are
[ 2], [ 4] and [17].

Until the statement of Lemma 1.7.10, all spectra
will be localized at 2 and have Z(z)—cohomology of
finite type. This ensures that mod 2 homology equivalences
are stable homotopy equivalences.

Let Alc A be the subalgebra of the mod 2 Steenrod

1

algebra generated by Sq and Sz . For 1i=0,1,2,4 1let

Mi==A /Ji where Ji is the left ideal with generators

1

described as follows:

I, = (s;,sz)

1 - (s2)

3, = (sg)

3, = (S;,Si sg)

Following Mahowald we can represent Mi by a graph

R —————
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in which the nodes represent a homogeneous basis for Mi R
the straight lines represent multiplication by S; , and the

curved lines represent multiplication by Si

N .
Lemma 1.7.1. For n=0,1,2,4 H (bo<i>;Z/2)zZlA®A M,

1
as graded A-modules.

proof: Proofs of this can be found in [ 4 1}
and [211].

Lemma 1.7.2. There exist stable complexes Ni with

*
H (N;;2/2) =M, .

proof: For NO use the sphere S0 . The existence

of N1 and N4 follows from the fact that 2n=0 ., The

existence of N2 follows from the relation n2£5<2,n,2> .
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Lemma 1.7.3. For 1=0,1,2,4 there exists a map

ZlNi-+bo extending the generator of nibo on the bottom

cell.

proof: This follows easily from the Atiyah-

Hirzebruch spectral sequence.

Since bo 1is a ring spectrum these maps extend to

maps ZlNi,Nbo-+bo .

Corollary 1.7.4. lei ~bo = bo<i>

proof: The maps ZiNi ~bo+bo 1lift for reasons of
connectivity to bo<i> . By Lemma 1.7.3 these lifts induce
isomorphisms in T and hence in Hi( ;Z/2) . The corollary
follows since the mod 2 cohomology of the spectra involved are

isomorphic cyclic A modules.

Let NZ denote the 4-fold suspension of the Spanier-

Whitehead dual of N2 . This arranges matters so that both

N2 and Nz have their bottom cells in dimension zero.

Observe also that N1 and N4 are Spanier-Whitehead

2-duals.

Corollary 1.7.5. ZZNZ ~bo xbok2> .,

— e ——
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proof: The proof of Corollary 1.7.4 depended only

on the cohomology of N2 as an Al—module.

Lemma 1.7.6. The duality pairings N, AN2+S4 and

Nl,\N4-+S3 are projections onto wedge summands.

proof: There are two types of duality pairings. Their

composites S4-+N2,~N2-+S4 and S3-+N1,\N4-+S3 are multi-

plication by the Euler characteristics which are 1 .

Corollary 1.7.7. N2‘~N

free as an Al—module. Nl,NN

*
zS4\/Z where H (2;Z/2) 1is

2

*
4zSBVZ' where H(Z’;Z/2)~A1

as Al—modules.

proof: Let Q0=sé

and Q1==[S;,Si] be the Milnor
elements. Since Qg==Q§==0 one may speak of the Q0 and
Ql homologies of an Al-module. It is well known ([ 31,
[19 1) that an Al—module is free if and only if both its

Q, and thomologies vanish. Since H*(Nz,\lriz;Z/Z)ZM2®M2
the QO and thomologies of H*(N2,~N2;Z/Z) both have
rank 1 . It then follows from Lemma 1.7.6 that H*(Z;Z/Z)
has neither QO nor Ql homology. A similar argument
works for N1,~N4 . A dimension count verifies the last

assertion.
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Corollary 1.7.8. The products ZNl,\Z4N+-+bo and
2
ZzNz,\Z“N2-+bo of the maps of Lemma 1.7.3 factor through

the duality pairings composed with a generator of wsbo .

proof: An elementary Adams spectral sequence argu-
ment shows that any map Z4Z-+bo or 25Z'-+bo must be
null homotopic. The maps therefore factor through the
duality pairings. Since n8bo is torsion free a calcula-
tion using the rational Hurewicz homomorphism will suffice
to verify the statement about generation of nsbo . This
is easily done, for example, by calculating the Chern charac-

ters of the maps of Lemma 1,7.3. Details are left to the

reader.

The purpose of introducing the complexes Ni is to
provide a calculus for the smash products of connective

covers of bo. For example bo<8k + 2> .bo<8Z + 2>

x 58%p0<a> . £8% 28(k+£)+4N2 A

x z8(k+£’.)+4(s4 vZ) ~(bovY)2bo<l8(k+L+1)>vY' for some

bo<2> % ~bo A bo

Y' . As another example bo<8k +1> .bo<8L +4>=zbo<8(k+L+1)>vY'
for some other Y' . Using the ideas of this section, the

following Lemma is easily verified.

Lemma 1.7.9. There is an equivalence

bo<8k + 2> . bo<8L +2> xbo<8(k +£ +1)>vY' and the following

diagram commutes up to homotopy:
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bo<8K + 2> A bo<8L + 2> x bo<8(k + £ + 1)> v Y ~RIEC, pocg(k + £+ 1)>

bo A~ bo K > Dbo

A similar statement holds for bo<8k + 1> .bo<8LZ +4> .,

Lemma 1.7.9 breaks the problem of determining a map

into bo<n.,> ~bo<n,> into two parts. One part consists

1 2
of a map to bo<n3> and the other part involves a map to
some other spectrum Y' . The notion of simplicity of a

spectrum Y is useful for obtaining information about this
other map. For the rest of this section all spectra will
be localized at some prime p and have Z(p) cohomology

of finite type.
If A is an abelian group then HA will denote the

Eilenberg MacLane spectrum with WOHA:rA .

Lemma 1.7.10. For a spectrum Y , the following

are equivalent:
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i) If dimX<n then any non-trivial map X->Y
* *
induces a non-zero homomorphism H (Y;M)-+H (¥X;M) for
some Z module M .
(p)
ii) The Hurewicz homomorphism nj(Y)-+Hj(Y;Z(p))
is a split monomorphism for j<n .
iii) There is a map Y- V IYHm.(Y) which is an

j<n
(n+l)-equivalence.

proof: i)==> ii) Let F denote the fibre of
X-*X,\HZ(p) and let F(n) denote the n-skeleton of F
Since F(n)-+X-+X,\HZ(p) is null homotopic, we have by part i)

F(n)-*X null. This results in the following diagram:

X — X NHZ ) — IF
w
<
AN
sp(n)

Applying w, yields ii).
ii) == iii) The splittings are elements of

Hom[Hj(X;Z ),Hj(X)] for j<n . Thinking of these as

(p)

cohomology classes gives the required map.

iji) == i) This is clear.

Definition. A spectrum Y is n-simple if it

satisfies the equivalent conditions of Lemma 1.7.10.
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Example. If Y is (n-1)-connected then Y is

n-simple.

Lemma 1,7.11. Let Y be n-simple and suppose Z

is (k~1l)-connected. Then Y .Z is (n+k)-simple.

proof: This follows from condition iii).

The following is a useful criteria for n-simplicity.

Lemma 1.7.12., Y is n-simple if the following are

satisfied for j<n ;
i) The p-torsion in ﬂj(Y) is of order P ;
ii) After tensoring with Z/p , the Hurewicz

homomorphism nj(Yd(DZ/p-+Hj(Y)(DZ/p is a monomorphism.
proof: This is immediate from the next lemma.

Lemma 1,7.13. Let M and N be finitely generated

Z(p)—modules with torsion of order at most p . Then
f:M+>N is a split monomorphism if and only if

f®Z/p : M®Z/p +N®Z/p is a monomorphism,

proof: The forward implication is trivial. For the reverse
implication, write N=T®F where T 1is the torsion sub-

group and F is a free Z(p)—module. There is clearly a
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map T-+M splitting the restriction of f <to the torsion
subgroup of M . Extend this to a map g:N->M by requiring
that g®Z/p : N®Z/p +M®Z/p split £®Z/p . Then g°f:M~+M
is surjective by Nakayama's lemma, hence an isomorphism

since M is finitely generated.
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1.8 Completion of the proof of Theorem 1.1.6 (nearlv)

The remaining cases confront us with greater difficulty

since the estimates of Lemma 1.4.6 fail. The argument for
handling these is essentially the same, however, and can be
outlined as follows.,

We are given a map

p? &, Bo A, Bo x .+ xBO

and must show that it factors through the fat wedge. We
know that & can be lifted through some connective cover

of BO so that A<f can be lifted (uniquely) through

B0<n1> X ese X B0<nk>
with nj‘<---:<nk . Equality need not hold. It will suffice
to factor this map through the fat wedge.
If the n;, can be chosen sufficiently large an
application of Lemma 1.1.3 will show that it is only neces-

sary to demonstrate that the composite

P" — BO<n > x ++e x BO<n, > — BO<n,> A+++A BO<n, >
is null homotopic. Again, if the n, can be chosen suf-
ficiently large, this can be considered a problem in stable
homotopy theory and the range can be replaced by

bo<n1> Aeoes A bo<nk> .
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The condition on the n; which we require is:

< e e e —
A) m nl'F(n1+ +nk) 1
Remark: In case m==nl-+(n1~+----+nk)-1 , the

map P+ Bo<n,> Ase++ ABO<n,> can still be replaced by

1 k

P" > bo<n. > Aeeeh bo<nk> . The problem is that the map from

1
the fat wedge to the fibre of the collapse is only (m-1)-
connected (Lemmas 1.1.3 and 1.5.2). One is confronted with

one more obstruction.

At odd primes and rationally this map is null. At
the prime 2 the range will split. Again, with carefully
chosen ng this splitting will be in the form bo<n> vY
The component of our map in bo<n> will be detected by the
composite P™ 5> po<n> +bo which vanishes since it classifies
[E]k==0 . The map into Y will vanish since we will be able
to show that Y is at least m-simple and that our map is not
detected in cohomology with coefficients in any Z(2) module.

We have imposed two more conditions on the sequence
{n;} .

B) After excluding at most one ni , the number of
n. =2(8) must be even and the number of nj =1 (8) must

J
equal the number of nj =4 (8).

C) \)(E)>nl .
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Remark: Condition B) guarantees the appropriate splitting
and condition C) guarantees that the map
Pm->bo<n1> Ao o A bo<nk> will induce the zero map in

cohomology with coefficients in any Z(z)—module.

proof of remark: Condition B) places one in the

situation of Lemma 1.7.9. Given condition C), one

observes that the map in question factors as

PPcp B, pAaceonp EAAE bo<n,> A+ <A bo<n, >

where P denotes infinite dimensional real projective space.

The map E:P-+bo<n1> induces the zero map in Hnl( 12/2)

by condition C) and hence in H*( ;2/2) since H*(bo<n1>;Z/2)

is a cyclic A-module. It follows that P-+bo<n1> ARERNA bo<nk>
induces the zero map in mod 2 cohomology which is enough since re-
duction mod 2 of (untwisted) coefficients is a monomorphism

in the cohomology of P ,

We can now continue our computations of Vecat. The

following table summarizes the remaining cases:




40

-~
k r 4k +r-1 n Q4k+r—1(n)

1 4 8 17 27 39

1 2 5 12 34| 9 23 33 47

3 6 11 25 40 55

1 8 16 33 51 71

2 2 9 12 34|17 39 57 79

3 10 19 41 64 87

3 3 14 1 4| 27 119

In each instance we will describe the appropriate
sequence {ni} and state a lower bound for the simplicity
of the resulting summand Y . We leave to the reader the
task of verifying conditions A), B) and C). The statements

about simplicity are proved in Appendix A.

k=3 . The only case is r=3 , n=4 . Use the

sequence (26, 26, 26, 26). The summand Y has simplicity

119,

k=2 . The argument in section 1.5 works for k=2 ,
r=1 and in fact for k=2 , r=2 , n=2 . Since
Qg(3) =Qg(2) +Qg(1) +1 and Q (4)=Q (2)+Q (2)+1 this

settles k=2, r=2, n=3,4 . When r=3 we must deal




w
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with (Zloh) on P41 P64 and P87 . The appropriate

?
sequences to choose are (18, 18), (18, 18, 20) and
(18, 18, 18, 18). The resulting summands Y have simpli-

cities 47, 67 and 87.

k=1, When r=1 the argument of section 1.5
dispenses with, n=1,2,3 . When n=4 wuse the sequence

(8, 8, 8, 9). The simplicity of Y will be 40 .

When r=2 it suffices to consider n=2 ., 1In
this case use (8, 10) . The summand Y has simplicity 25,
For r=2 , n=2,3 use the sequences (10, 10)

and (10, 10, 12). The resulting summands have simplicities

31 and 43.

The case k=1, r=3, n=4 1is dealt with in the

next section.
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1.9 (2°n) on P°°

It remains t3 consider the case of 26h on P55 .

Using the sequence (10, 12, 12, 12) the argument of the
preceding section nearly goes through since
bo<10> A bo<12> . bo<12> . bo<1l2> is already 55-simple by
Example 2 in Appendix A. What fails is that the map
from the fat wedge to the fibre of the collapse

3

3 & BO<10> . \ BO<12>

B0<10> x Bo<12>

is only 54 - connected (see the remark after condition A).
We must deal with one more obstruction.

Let T,c BO<10>xB0<12>° and T,c B0<10>* denote
the fat wedges. Consider the following diagram in which the

vertical sequences are fibrations:

p95 . BO<10> x Bo<12>3 ——— Bo<10>%

3 4
B0<10> . \ Bo<12> ————— [\ BO<10>




.
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An application of Lemma 1.1.,3 with A==T2 s X==E2 reduces
the problem to showing that the composite P55-+E2/T2 is
nullhomotopic.

An elementary calculation using Lemma 1,1.3 again shows

2 3

that E /T
and a wedge of copies of Z_ll\bo<10> through dimension 59 ,

and hence that the map El/T -+E2/T2 induces the zero map in

1
cohomology through dimension 59 . We are therefore left with
a stable map

5
p%° — 71 ppo<io>

which is not detected in mod two cohomology.

At odd primes and rationally bo<10> 2 bo<12> so that
the range is 58-connected. At the prime 2 , the methods of
Appendix A show that the range is 58-equivalent to a wedge of
suspensions of mod 2 Eilenberg MacLane spectra. It follows
that this last obstruction vanishes.

This completes the proof of Theorem 1.1.6.

and E2/T2 can be replaced by 2—1[\b0<10>,\Abo<12>
5
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1.10 Berstein Covering Numbers

Using Corollary 1.1.7 we can now prove Theorem 1

of the introduction. The following lemma is a slight

modification of a result of Berstein ([6], Proposition 2.3).

Lemma 1.10.1. Let M be a closed n-manifold with

tangent bundle t. The immersion covering number n (M)

is equal to max{2,Vecat(t)}.

Proof: The lemma is immediate from the theorem of
Hirsch-Poenaru ([12], [20]) which states that a non-
closed n-manifold can be immersed in R"™ if and only
if it is parallelizable, together with the observation
that a non-closed manifold is parallelizable if and

only if it is stably parallelizable.

Part i) of Theorem 1 is an immediate consequence

of Lemma 1.10.1 and Corollary 1.1.7.

Following Berstein and James ([6]1, [16]), some

information about the embedding numbers N (P") can be

obtained from the coverings of projective space by projective
n n

spaces of smaller dimension. Suppose P = p 1 U ... U P k

is a trivializing cover of the tangent bundle of p" with

n

2ni <n, i=1,...,k. For dimensional reasons P +

embeds
in R". Let v, be the normal bundle of an embedding.

The total space of vy also embeds in R". The open
n-n,-1 n,
subset P - P + c P of which P * is a deformation

retract is diffeomorphic to the normal bundle v, of the
n,
embedding P 1 < P, since the tangent bundle of p"
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n,
restricts to a stably trivial bundle on P l, vy is

stably eqguivalent to V,. However, the dimensions of

v. and Vv, are n - n, > n,, so they are already stable.

1 i

It follows that the total space of Vo embeds in RR"
and that N(P") < k.

The decompositions of p" as a union of other
projective spaces therefore place an upper bound on

N(P®). A lower bound is given by the inequality

n(P?) < N(P"). Write n+l in the form 2km with m odd.
According to Corollary 1.4.5 and the remark after
Corollary 1l.1.7 these bounds agree when either k < 3

or k = 3 (4). They also supply the bounds for N(P3l)

47

and N(p~ ") .

Under certain circumstances this upper bound can

be improved. Consider for example the case of P79

where Vecat(t) = 8. There is the decomposition

P79 = P39 U P39. Let vl be the normal bundle of an

embedding P39 < ]R79 and let Vo be the normal bundle

of the inclusion P39 c P79. The tangent bundle of

P79 does not restrict trivially to P39 so v, and Vg,

are not isomorphic. However, Vecat(80h) = 4 on P39.

One can therefore decompose P39 as a union of 4 open

sets over which the tangent bundle of P79 does restrict

trivially. Over each of these open subsets v, and v,

are therefore isomorphic. This results in a decomposition

of P79 into 4 + 4 = 8 open subsets, each of which embeds

in ]R79. It follows that N(P79) = 8,
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In general, this situation will arise whenever a
minimal trivializing cover of the tangent bundle of p"

can be obtained by refining a decomposition

n n1 nk
=P U «os U P with 2ni <n, i=1,...,k. It

P
turns out that this is nearly always the case. Let
£ be a vector bundle over PR, According to the proof

of Corollary 1.4.5 one obtains a minimal trivializing

n n
cover of £ by refining a decomposition p? = p 1 U 0o U P k

with Vecat(g) < 4 on each Pni. The condition 2ni < n

is automatically satisfied if Vecat(&) 2 8. Combined
with the previous estimate this shows that n(P7?) = N(PT)
provided k < 3, k £ 3 (4) or 7%£E¥7 2 8. The only values
of n which do not satisfy these inequalities are

15, 31, 47 and 63. The decomposition P15 = P7 ] P7 is

a minimal trivializing cover of the tangent bundle of
P15. The decomposition P63 = P25 u P25 u Pll can be
refined to a minimal trivializing cover of the tangent

bundle. This completes the proof of Theoren 1.

Remark: The values of n(M) and N(M) when M is
complex or gquaternionic projective space follow easily
from the methods of [6] and [16]. The lower bound
nil [t] agrees with the upper bound coming from the
decomposition of projective space as a union of other

projective spaces. The values are as follows:

n+l if n is even

n(cp™) = N(rP?)

T if n is odd

n(mP?) = N(mp")

1l
o]
+
=
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1.11 A semi-explicit construction

Theorem 1.1.6 abstractly provides unusual covers
of real projective spaces. In this section one of
these covers is described somewhat more explicitly.
This is done largely for amusement though the construction
does give some insight into the cohomological properties
of these "exotic" covers. It also serves to motivate
the more abstract notions of the next chapter.

Consider 25h on on. This bundle is trivial on P9

but not on Plo. The decomposition P20 = P9 u P9 u P0

shows that Vecat(25h) < 3. According to Theorem 1.1.6
however, Vecat of this bundle is actually 2. As a
first step toward finding a better covering we must
look for a l0-dimensional complex over which 2°h is
trivial.
9 7 10

Let X be the complex P v S° u e, where the

attaching map of the 10 cell is the sum of the double

cover 89 -> P9 2 of w 37. The

9
9 clearly extends over X. What's

and the generator n
P20

inclusion P~ =

more, the map P’ + X induces an isomorphism KO(X) ® Kb(Pg).
It follows that ZSh is trivial on X.

The complex X is to play the role of one of the
open subsets of a cover. The easiest guess is that X
could also play the role of the other. We are left
looking for a space to use for their intersection.

Phrased another way, we seek a space U and two

maps P,,P, : U > X so that the double mapping cylinder of
PS 4752

— e — — e ey
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is on. It is however, not necessary that this double

20

mapping cylinder actually be P -- only that it dominate

P20. With this relaxation of our requirements
in mind we can ask whether a universal example of an

"intersection" exists. One does.

Let U be the homotopy inverse limit of the diagram

X X
\/2
P20 .

This is the subspace of X X (P20

)I x X consisting of

triples (x,w,y) satisfying w(0) = x,w(l) = vy.
Restriction of the two projections gives rise to maps
PysPy = U * X. The composites i1 ° Py and i2 ° P,

are canonically homotopic. The double mapping cylinder of

*) 1}/ \P2

X X

therefore maps to on (the evaluation map) in such a
way as to extend the maps i, and i2. The diagram ¥*)
also has the following universal property: given any

diagram

**) ql qz
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and a homotopy of il ° 4y with i2 ° dgy, there is a unique
map of diagrams from **) to *) which respects the fixed
homotopies il ° gy ~ 12 ° qzand i1 S < i2 ° Py

This means that the map from the double mapping cylinder
of **) to P20 factors through the map from the double
mapping cylinder of *) to P20. In particular, if the
diagram **) can be used to "cover" P20 then so can the
diagram *).

For our purposes it is no loss of generality to
compose our maps to on with the inclusion P20 c p%.
This has certain technical advantages as will be
apparent later.

We are now left with the fcllowing problem. Let X

be as above and let il,i2 : X + P be two non null-

homotopic maps. Form the diagram

where U is the appropriate homotopy inverse limit,

and let Y be the double mapping cylinder. There is a
canonical map Y - P” and we must show that the

inclusion P20 + P” factors (up to homotopy) through Y.
In this sense we will have "covered" on by two copies
of X. This will give another proof that Vecat (25h) = 2
on P20 since Y actually is covered by two open sets,
each having the homotopy type of X, and since 25h on on

will be induced by a map to Y.
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To describe the space Y we must digress and discuss
fibre products over P, Let A > P and B » P be two
maps, and let N A, B - B be the associated double

covers. The homotopy inverse limit of

A\ oo/ B

can be replaced by A x §, and the double mapping

Z /2
cylinder of
A x B
/ Z/2
A \B
is also known as the projective join A * B. It

is the gquotient of A * B by the obvious Z/z action.

For example, if A - P~ and B + P* are the inclusions of

Pn'-l and Pm-1 respectively, the double mapping cylinder

resulting from the above construction is Pm+n—l.
The double cover of the map X -+ P” is the double

mapping cylinder of
S9
2
r/\nz ,
S7 S7 _

The group 22/2 acts antipodally on 59 and interchanges
the two copies of S7. Representatives of the maps n2
can be chosen so as to admit such an action. The space

Y is obtained from the join of this double mapping

cylinder with itself by passing to the orbit space of
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the Z”Q action. This join can be described as the

homotopy limit of the diagram

S15 S17 SlS

S17 : S19 S17

| | |

SlS S17 SlS

(all maps are n2).
It is the quotient of the disjoint union of S19 X I2,

four copies of Sl7 x I, and four copies of S15 by the

identifications suggested by the diagram. The group

17

Z/c! acts antipodally on Slg, sends each S to the

diametrically opposed S17 via the antipodal map, and

15 15

sends each S to the diametrically opposed S via

the identity map. The 12 representatives of n2 can be
chosen so as to admit such an action.

. . 9 . . .
The inclusion P » X results in an inclusion

19

P + Y. It is represented by the Z , -equivariant

/2

inclusion of 819 into the centre of the diagram.
The obstruction to extending this over on is this

same inclusion considered as a free map. But this is

evidently homotopic to the map n2 ° n2 : S19 - 815

7
with range any one of the corners. Since n4 is null-

homotopic this obstruction vanishes. This proves that
20

the inclusion P + p" factors (up to homotopy) through Y.
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Appendix A. Smashing the Connective Covers of bo

In this appendix we calculate the simplicities of the
summands which result when one smashes together connective
covers of bo . This is done using the Adams spectral sequence.

The mod-2 Adams spectral sequence for a spectrum of
the form X .bo has for its Ez—term Ethi(H*(X);Z/Z) , Where

1 2

*
Alc A 1is generated by Sq and Sq and H (X) is cohomology

with 2Z/2 coefficients. We need to define a notion of simplicity

*
for A,-modules of the form H (X) which will imply simplicity

1
for X ~bo under favorable circumstances. Although a perfectly
good homotopy theory exists for the category of Al—modules, and

the definitions of section 1.7 do carry directly over, it is

simpler to base a notion of simplicity on Lemma 1.7,12,
1

Let AOC A be the subalgebra generated by Sq , and
let hO be the non-zero element of Exti’l(Z/z,Z/Z)
1
= Ext,’(2/2,2/2) .
0

Definition A.1, An Al—module M is said to be n-

simple if the following two conditions are satisfied:

i) For t-s<n , the ho—torsion of Exti’t(M,Z/Z)
1
is annihilated by h0 ;

ii) For t-s<n the "reduced Hurewicz homomorphism"

s,t —_— S,t
ExtAl (M,Z/Z)(DZ/Z[hO]Z/Z ExtAO (M,Z/2>(SZ/2[hO]z/z

a monomorphism,

e
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Proposition A.2: Suppose that the Adams spectral

sequence for X .bo satisfies Eg’t::E:’t for t-s<n
%
If the Al—module H (X) 1is n-simple then X .bo 1is n-simple.

proof: The conditions ensure satisfaction of the

conditions of Lemma 1.,7.12.

Remark: In all of the cases under consideration the
appropriate Adams spectral sequence collapses for elementary

reasons.

One advantage of working with the simplicity of a

module M is that it depends only on the stable class of M .

Definition. ([ 3 J, [ 4 ] and [ 19]) Two Al—modules
M and N are said to be stably equivalent (written M:ESN)
if there exist projective modules P1 and P2 with

MGBP1::N(§P2 .

Direct sums and tensor products preserve stable

equivalence.

Proposition A.3. If M::SIJ and M is n-simple

then N is n-simple.

proof: This is clear.
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We need two standard lemmas from homological algebra.

Lemma A.4, Let R,»P > eee +>D_ > M and
s e s 1 n 1

R2»*P£-+--o-+Pi-» M be two exact sequences with the Pi and

t 3 3 ~
Pi projective. Then Rl'"s RZ'
Lemma A.5. Let a:R»+Pn-+----+P1-» M be exact with
the Pi projective. Then multiplication by the Yoneda class
s+n

of o induces an isomorphism Exti (R,Z/Z)::ExtA (M,Z2/2)
1 1

for s>0 and an epimorphism when s=0

The simplicities of the iterated tensor products
Mi@Mg ®MIZ with i<k can now be determined. First we will
determine their stable classes. The resulting Ext '"charts"
can then be extracted from [ 4 ] -- though the cases we con-
sider are easily enough calculated.

Let I denote the desuspension of the augmentation

ideal of A I is (~1)-connected but not O-connected.

1 .

Lemma A.6. There are stable equivalences 22M4 :S M2®I ,

M, ®M, % 1%Z/2 and M, @M, 127/2 .

2 2's %

proof: The first follows from the exact sequences

3
LM A1+» M, and Tl ®M2>—> A1®Mz » M,

remaining equivalences are contained in Corollary 1.7.7.

by Lemma A.4. The
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It follows that the A;-modules Mi@Mg @Ml; with
i€k are stably isomorphic to modules of the form ZaIb or
ZaIbC)MZ . We therefore need only determine the simplicities

n

of I and In®M2 .

Proposition A,7. Write n=4k+r and n+2=4%2+s

with O0<r,s<3 . Then I has simplicity gk+2" -1 and

1" ®M, has simplicity 8£+2%5-3 .
2

proof: From Lemma A.5 one knows that

+n,t+
Extzit(ln,Z/Z)::Extiln’t D(z/2,2/2) , and that

s+tn,t+n
Ay
of the usual (t-s,s) display one shifts ones gaze up n

EXti’t(In(@Mz’Z/z):EXt (M,,%Z/2) for s>0 . In terms
1

wnits from Exty’®(2z/2,2/2) and Ext’*(M,,2/2) . These
1 1
charts are displayed on the following page. The result then

follows from Proposition A.3 and the definition. The fact
that the ho—"towers" originate at s=0 is a consequence
of the '"epimorphism'" part of Lemma A.5.

Corollary A.8. For j = 0,1,2,4 Nj A N4 A bo is

3-simple.
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We need one more fact from connective K-theory

(171, [18].

Theorem A.9. Localized at 2 there is an equivalence

bo A bo = (S0 v E4N4 v Z2) A bo

where 72 is 7-connected.

Lemma A.10. For n = 0,1,2 or 4 (8) there is a

splitting
J
bo<n> A A bo ® bo<n> v Y
where Y is (n+7)-simple.

Proof: Use Corollary 1.7.4, Corollary A.8,

Theorem A.9 and induction.

We can now proceed with the calculations needed for
section 1.8, Rather than do each case used in 1.8 we
will work two illustrative examples. Verification of
the remaining simplicity estimates will be left to the

reader.

Example 1. Consider bo<26> A bo<26> A bo<26> A bo<26>.
4 104 - -
We have A bo<26> = I N2 A N, A Ny AN, A bo. By
Corollary 1.7.7 N, A ﬁz ANy A ﬁz'ﬂ SSVV'where

H*(V;ZZ/Z) is A, free. It follows that

4 4
2104N2 A ﬁz 5 A ﬁz A bo ™ 210488 A bo v HU where the

latter summand is a wedge of mod-2 Eilenberg-MacLane

AN

spectra. It cannot contribute to simplicity. Appealing
4
to Lemma A.10 therefore yields a splitting A bo<26> ® bo<1ll1l2> V Y

where Y is 112 + 7 = 119 - simple.
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Example 2. Con81der bo<10> A bo<12> . bo<12> . bo<12>

:Z N N /\bo . We approximate this with

46

2° 4 4

LN, ~N, AN .N

g ~Ny~NyaBy
isomorphic to £ IS®Mg -

~bo . The module Mz®M4®M4®M4 is stably
£21% which is 9-simple. It then

follows from Proposition A.2 and Lemma 1.7.11 that

46

LN

N N ,\N4 ~bo 1is 46 +9 =55 -simple. Smashing with

2774774
further copies of bo doesn't change the simplicity by

Lemma 1,7.11, It follows that bo<10> .bo<12> . bo<12> . bo<12>

is 55-simple.
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Chapter 2

Homotopy Coverings and Co-coverings

2.1 Introduction

The Lusternik~Schnirelmann category of a space X
is usually defined to be one less than the minimum
number of open subsets Uy it takes to cover X with the
inclusions U; » X null homotopic (this is a different
normalization from that used in Chapter 1 where, for
example, contractible spaces had category 1). As a
homotopy invariant it is associated with cohomological
nilpotence. It was Ganea ([ 16 ]) who first formulated
category in such a way as to be able to apply Eckmann-
Hilton duality. He was then able to define a notion
of "cocategory" which bore a similar relation to
homotopical nilpotence.

To define category Ganea constructed (for a path-
connected pointed topological space X) a sequence of
spaces B;X inductively, starting with BpX = PX + X
and obtaining Bi+lx as the mapping cone BiX u CFiX,
where FiX * B;X is defined by the fibre sequence
FiX > Bix + X. These spaces can be pieced together to
form a sequence BpX + ByX + ... filtering the homotopy
type of X. Ganea then defined cat X < n if B X > X
admits a right homotopy inverse. He was able to show
that this definition agrees with the original one in
suitable cases (when X is path connected, paracompact,

and say locally contractible).
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Ganea's formulation of cocategory was the dual of

this. Beginning with X »+ CX = BOX, and having defined

+1

X > le, one obtains B*' "X as the homotopy fibre of

B*x + BYX/X.

’ i i
X —— B"X —— B X/X

The BiX fit together to form a tower. Ganea defined
cocat X < n if X + B"X admits a left homotopy inverse.
One unsatisfactory feature of this formulation is
its lack of resemblance to the original definition of
category. Consequently, whatever it is that cocategory
measures about a space is somewhat obscure.
The Lusternik-Schnirelmann category of a space is
a homotopy invariant. One might expect that it could
be defined using only properties of the category of
spaces modulo weak homotopy equivalences. This is indeed
the case and will be done in this chapter by equipping
the homotopy category with a notion of covering. It
can in fact be shown that these "homotopy coverings"
satisfy the axioms of a Grothendieck topology, though
some care must be taken since the homotopy category
does not in general admit limits. We will not pursue
this matter here (though see Corollary 2.3.3). In the
language of homotopy coverings the cocategory of a space
X becomes the minimum number of spaces required to write
X as a "homotopy intersection" of contractible spaces.
Hopefully this will shed some light on the meaning of

cocategory.

.
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Ganea's filtration of X by the BiX is the Milnor
filtration of X regarded as the classifying space of
its loop space. There is a close relationship between
the construction of this filtration and the loop space
structure on X. The ideas of this chapter allow one
to generalize this to a filtration of an (n-1)-connected
space constructed from spaces weakly equivalent to
products of its n-fold loop space, using only properties
of the multiplication. There results a characterisation
of iterated loop spaces which can be dualized to a
characterisation of iterated suspensions. Along with
these characterisations come spectral sequences whose
edge homomorphisms are the iterated homotopy and homology
suspensions. These latter topics will be treated in
Chapter 3, though in section 2.6 various descriptions

of these new filtrations are given.
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2.2 Homotopy limits and colimits

Formulation of the notion of homotopy covering
requires the theory of homotopy limits ([ 6 1, [35])
and the framework of homotopical algebra ([25]). 1In
this section we recall the material needed from these
areas. For further information the reader is referred
to [ 61, [13]1 and [251.

Let S be the category of simplicial sets and let

SA

and [A,S] both denote the category of functors from
a small category A to S. An object of §A is called

an A-diagram of simplicial sets. When it will cause
no confusion a single symbol will be used to denote
both a category and its nerve.

We will have occasion to consider categories of
contravariant functors from A to S. Rather than reserve
a special notation, the symbols [A,S] and s® will be
used to denote these categories as well. It will be
clear from context which category is meant. The results
of this section are true with only trivial modifications
in the case of categories of contravariant functors
(replace the domain category by its opposite). These
remarks apply especially to sections 2.3-2.6.

For the remainder of this work the term"space' will
mean simplicial set. Eventually our definitions will
depend on functors between the categories obtained from
certain diagram categories by inverting the weak equivalences.
Since the categories of A-diagrams of spaces and A-diagrams
of simplicial sets become isomorphic after inverting the
weak equivalences ([25]), these definitions carry over

to the category of topological spaces. A further discussion

appears in section 2.4.
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Finally, it will be convenient to adopt some notation

from [10] and use the symbol
F
Al'...’An Bl’...'Bm
to indicate that F is a functor from
A; X ... X A X Bip X oo, X B;p

to S.

Definition. Let X and Y be functors from A to §

(i.e. the situation (AX’A?))° The function complex
homA[X,Y] is the simplicial set whose n-simplices
are the natural transformations from A(n) x X to Y.
It is the equalizer of the diagram

X

Xa a'
i (Ya) z H '(Ya) .
a a<a

Definition, Let X and Y be contravariant and

covariant functors from A to S respectively (i.e. the

situation (XA,AY)). The balanced product X X,Y is the

co-equalizer of the diagram

x, =y € 11 x xv .
- a a aeqt @ a

The function complex and balanced product functors
satisfy a strong form of adjointness. The proof of the

following proposition is straightforward.

—
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Proposition 2.2.1. In the situation (AX,BY Z)

A’B

there is a natural (in X,Y and Z) isomorphism of spaces

homA[X,homB[Y,Z]] = homB[Y x. X,2] .

A

Examples. i) Suppose A is a category with a single f
object a, whose morphisms form a group G. A covariant
functor from A to S is a left G space and a contravariant
functor from A to S is a right G-space. The balanced
Ya and the

product X x, Y is the orbit space Xa X

A G

function complex homA[X,Y] is the space of equivariant

maps.

ii) Let * : A + § denote the functor which sends
all maps to the identity map of a point. It can be
viewed as either contravariant or covariant. In this
case one can make the identifications

* x X = lim X

A N

homA[*,X] = lim X .
+~ A

We wish to introduce "homotopy" versions of the
balanced products and function complexes. Given the

situation (X

A,AY) the obvious way to obtain a "homotopy"

version of X Xa Y would be to replace the colimit in

the definition with the diagonal of the simplicial space

- 3 I |
ll Xa_ X Ya e ll Xa_ x Ya < Xa X Ya_. eee
S ° T Ay 0 P agraa, f ? .

Similarly, given (AX’AY) the obvious homotopy function
complex would be obtained as the total complex ([ 6 J)

of the co-simplicial space
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>
I hom[Xao,YaO] E i hom[Xal,YaOJ E I hom[xaz,YaOJ cee
a, agea, > aga;*a, .

These are indeed the correct notions, though it is more
convenient to formulate them a bit differently.
Given an object a of A, let A/a denote the category
of objects over a. This is the category whose objects
are the maps a < ag and whose morphisms are the sequences ‘
a +« ag + aj. By taking nerves, one obtains

a covariant functor A/- : A -+ S.

heg
¥
w0

Dually, there is a contravariant functor A\-
obtained by forming the category of objects under a

given object.

Definition ([ 6 1), Let X be a functor from A to S.

i) The homotopy direct limit of X, holim X
—> A
(or just holim X), is the space A\- Xa X.
_

ii) The homotopy inverse limit of X, holim X
< A
(or just holim X), is the space homA[A/-,X].
G

Examples. 1) Consider again the case in which A

has one object and the morphisms from a group G. In
this case the functors A/- and A\- correspond to free
acyclic left and right G-spaces respectively. Call

them both EG. If X is a left G space regarded as an
object of §A, then holim X is the homotopy theoretic

_

G X, and holim X is the homotopy theoretic
G ——
fixed point space hom,[EG,X].

orbit space EG X
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ii) If A is the category -+« -+ - and a functor
X is given by the map f : Gy * U, then holim X is the
_—
mapping cylinder of £.

iii) If A is the category

N

and a functor X : A + S is given by the diagram

U\W/v |

then holim X is the usual homotopy theoretic fibre
I
product U X W X9 V, where I is the nerve of A.

iv) If A has a terminal object a then the natural
map Xa + holim X is a weak homotopy equivalence.
—_—
Similarly, if A has an initial object a, then the natural

map holim X + Xa is a weak homotopy equivalence.
G e—e

Just as ordinary direct and inverse limits are adjoints
to certain "constant" functors, so are homotopy direct
and inverse limits,.

Proposition 2.2.2 ([ 6]). i) The functor holim : §A + S

—_— -
is left adjoint to the functor hom[A\~,~].

ii) The functor holim : §A + S is right adjoint
G———
to the functor A/ X = ,
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Proposition 2.2.2 is a special case of a more
general, stronger adjunction (Proposition 2.2.5). Before
stating it we need to introduce more "homotopy" notions.

Let X : A > S be a functor. For each object a of
A, X determines functors (also called X) from A/a and A\a

to S. Define new functors X and X by the formulae

Xa = holim X

—> A/a
Xa = holim X .
~ <«———A\a
If X is contravariant set Xa = holim X. There are

—> A\a
natural transformations X -+ ¥ and ¥ -+ X which induce weak

homotopy equivalences Xa + Xa and Xa -+ Xa for all objects
a of A.

The functors and _ satisfy a strong form of

adjointness.

Lemma 2.2.3. 1) In the situation (AX,AY) there

is a natural (in X and Y) isomorphism of function complexes
hom[X,¥] ® hom[X,Y] .

ii) In the situation (XA,AY) there is a natural

(in X and Y) isomorphism of balanced products

~d ﬁ ~

X XA Y X XA Y .

Proof: The proof is a straightforward calculation.
We sketch the details since it involves a useful technique.
Given a simplicial space X construct another simplicial

space PX by setting (PX)n = X and by omitting the

n+l

last face and degeneracy maps. The omitted face maps

give rise to a diagram
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PPX 3 PX + X

which is easily seen to represent X as a co-equalizer.
Taking diagonals results in a representation of the
diagonal of X as a co-equalizer. The choice of the
functor P(-) is not unique and another representation
of the diagonal of X as a co-equalizer can be obtained
by using all but thezeroth face and degeneracy maps of
X to form PX. There is a dual construction CX for a
cosimplicial space X which results in a representation

of the total complex Tot X as an equalizer
Tot X » Tot CX I Tot CCX
in two ways. Applying these constructions to the

simplicial and cosimplicial spaces

a<a

_LL Xag x Ya, E ” Xag X Ya; ...
) 0 %1 -

and
I homlXa,.,Ya ] b I hom[Xa_ ,Ya ]l ...
a 0" %" > | 1'%
0 0 71

gives the desired result.

Definition. i) Given (AX,AY), the homotopy function

complex hom,[X,Y¥] is the space homA[X,X] = homA[i,Y].

~ o~

ii) Given (xA,AY) the homotopy balanced product

X xp Y is the space X *p ¥ =X Xp Y.

Example. Let * : A + S be the functor which sends
all maps to the identity map of a point. The functor

* is the functor A/- if % is regarded as being covariant,
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and it is the functor A\- if * is regarded as being

contravariant. It follows that there are isomorphisms

X

i
R
x
<
1l
*
x
s
|
*
x

holim X
A A A

holim X = homA[?,X] = QQQA[*,x] = homA[*rﬁj .
&——

In particular the homotopy inverse and direct limits of

X are the ordinary inverse and direct limits of X and X

respectively.

The homotopy function complexes and balanced products

satisfy a strong form of "homotopy" adjointness.

Proposition 2.2.4. Consider the situation (AX,BYA,BZ).

There is a natural (in X,Y and Z) isomorphism of homotopy

function complexes

hom, [X,hom [Y,2]] = hom [Y %, X,2] .

Proof:

gggA[X,gggB[Y,Z]] = homA[i,homB[Y,El]

Next we need to discuss Kan extensions. Let
f : A > B be a functor between small categories.
Composition with £ gives a functor resg : sB + sh,
This functor has both a left and a right adjoint as

we shall see,

e ——
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Let A(A,B] : A°P? x B » S be the functor
(a,b) ~ hom[fa,b] and let A[B,A] : B°P x A » S be

the functor (b,a) - homl[b,fal. It is easy to see that

ALB,A] xg X = res.X : A~ S

and

homB[A[A,B],X] = rest : A > S .

Indeed, the coequalizer diagram defining A[(B,Al] X5 X
is the same as that defining limB/f- X = X(£-), and
the equalizer diagram defining homg[A[A,BI1,X] is the

same as that defining limg, o X = X(£-).

Definition. Let f : A - B be a functor between

small categories.

i) The left Kan extension of £ is the functor

A[A,B] x - : s » sB.
A =2 =
ii) The right Kan extension of f is the functor
A B

hom,(A[B,AJ,-1 : § + S".

By Proposition 2.2.1 the right and left Kan

extensions of f are right and left adjoints of resg

respectively.

i Definition. Let £ : A + B be a functor between

small categories.

i) The left homotopy Kan extension igdf : §A > gB

is given by

igdfx = A[A,B] XA X .
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The right homotopy restriction resg @ SB > §A is given by

ii) The right homotopy Kan extension if_ldf : s - §A

is given by ‘

iEde = hom,[ALlB,A],X] .

The left homotopy restriction resg §B - §A is given by

X = fes.X
rgsf = resf -

Proposition 2.2.5. Let £ : A -+ B be a functor

between small categories. There are natural isomorphisms

homB[x,rEs Y] homA[iEde,YJ
homB[X,iEde] = homA[rist,Y]

of function complexes.

Proof:

I

homB[X,rEsz] homB[i,resz]

hothi,homA[A[B,A],Y]

hom, [A[B,A] x X,Y]

B
= homA[lgde,Y] .

The other isomorphism follows similarly.
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Proposition 2.2.2 is thespecial case B = * of the
above proposition.

As with homotopy limits, the right homotopy Kan
extension of X is the ordinary right Kan extension of X
and the left homotopy Kan extension of X is the ordinary

left Kan extension of X.

Examples. i) Let A and B be categories with one
object whose morphisms form groups H and G respectively.
Suppose f : A + B corresponds to an inclusion H < G.

The functor A[A,B] is the set G regarded as a left
G~space and as a right H-space. Given an H-space X
(regarded as a functor A + S), the space X is easily seen
to be EH x X where EH is a free acyclic left H space.

The space ind.X is the left G-space G XH(EH x X).
-5

ii) Let £ : A » B be the inclusion

-

A functor X : A » § is represented by a diagram

v

b

U—W
i

Given such an X, the functor igdfx is represented by the

diagram



) v

J l

U+ (UxI)uWu (IxV .
i 3

The functor inde is represented by the diagram
<~
I
U X W
! J’ I
U x_ W

W

I
XW v ——e»I XW v
1

—_— W

where Il’ 12 and I are the nerves of the categories

e+, s+e and -+-++ respectively.

iii) 1If f : A+ B is the inclusion of a full

subcategory, the adjunction maps
F - rese o 1§dfF
and

rgsf o 12dfF + F

are weak equivalences of functors.
Finally we need to recall part of Quillen's theory

of homotopical algebra ([L251, [261).

Definition ([5 1, [25]). A closed model category

consists of a category C together with three classes of
maps in C called fibrations, cofibrations and weak
equivalences, satisfying CM1 - CM5 below. A map of C
is called a trivial fibration (resp. cofibration) if

it is a fibration (resp. cofibration) and a weak equivalence.

= |
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CMl. C is closed under finite limits and colimits.,

£
CM2. For W = X El Y in C if any two of f,g and gf

are weak equivalences then so is the third.

CM3. If f£f is a retract of g and g is a weak

equivalence, fibration or cofibration, then so is €£.
CM4, Given a solid arrow diagram

—_—s X
el
7~

A
iJ //' P
B

~
e

—_— Y

where i is a cofibration and p is a fibration, the dotted

arrow exists if either i or j is a weak equivalence.

CM5. Any map f can be factored as £ = pi and
f = gqj with 1 a trivial cofibration, p a fibration,

j a cofibration and q a trivial fibration.

By CM1 C has both an initial object ¢ and a terminal
object e. An object X of C is said to be fibrant if X -+ e
is a fibration, and cofibrant if ¢ » X is a cofibration.

The subcategories gc’gf and C are the full subcategories

=cf
of C consisting of the cofibrant objects, the fibrant
objects, and the objects which are both fibrant and
cofibrant, respectively.

Given a closed model category C one forms the
homotopy category hoC by formally inverting the weak
equivalences. The usual set theoretic difficulties are

overcome since, by CM5 the inclusion hogcf +hoC is an

equivalence of categories, and since one can introduce
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a notion of "homotopy" between maps, with the property
that weak equivalences in gc have "homotopy" inverses,
so that hogCf is obtained from gcf by passage to homotopy
classes of maps.

We will refer to the morphisms of ho(C) as morphisms
and to those of C as maps. A morphism ¢ is said to be

represented by a map £ if vf = ¢, where y : C + ho(C)

is the localization functor. An arbitrary morphism need
not be represented by a map, though one easily checks
that morphisms from cofibrant objects to fibrant objects

are.

Examples. 1) Consider the category S of simplicial
sets., Define fibrations to be Kan fibrations, cofibrations
to be inclusions, and weak equivalences to be maps which
are weak homotopy equivalences after passing to the
geometric realization. With these definitions the
category S becomes a closed simplicial model category ([25]).

ii) Let T be the category of topological spaces.
Define fibrations to be Serre fibrations, weak equivalences
to be weak homotopy equivalences, and cofibrations to be
the maps which have the left lifting property (CM4) with
respect to the class of trivial fibrations. A map X »~ Y
between topological spaces is said to be free if it is
an inclusion and if Y can be obtained from X by the process
of attaching cells (not necessarily in increasing order

of dimension). It can be shown that the cofibrations
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are precisely the retracts of the free maps. One can
show that cofibrant spaces are paracompact by adapting
the usual proof for CW complexes ([24]). With these
definitions the category T is a closed model category
({251).

iii) Let A be a small category. A map X -~ Y
in §A is said to be a fibration (resp. weak equivalence)
if for each object a of A the induced map Xa + Ya is a
fibration (resp. weak equivalence). A map is a cofibration
if it has the left 1lifting property with respect to the

class of trivial fibrations. With these definitions

§A becomes a closed model category ([131]).

We will also be needing the notion of derived
functor which appears in homotopical algebra. Let A,B

and C be categories and suppose given a diagram

A ——c

*i

of functors. The left derived functor of F with respect

to y is a functor LYF : B+ C together with a natural
transformation LYF«#+ F satisfying the following universal
property: Given any functor G : B + C and a natural
transformation G o y » F, there is a unique natural

transformation G + LYF so that the diagram

Goey ——F

L/
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commutes. In other words LYF is the functor from B to C
such that LYF o Yy is the closest to F from the left.

There is a similar definition of the right derived functor
of F with respect to y.

In practice one considers the case where y : C »+ hoC
is the localization of a closed model category with
respect to its weak equivalences. In this case the
left and right derived functors of F with respect to vy
will be denoted LF and RF respectively. The following
propositions and definition can be found in [25] p.I,

4.2_4.4-

Proposition 2.2.5 ([25]). Let C be a closed model

category and let F : C - B be a functor. Suppose that
F carries weak equivalences in gc into isomorphisms in
B. Then LF : hoC + B exists. Furthermore, the map

LF(X) + F(X) is an isomorphism if X is cofibrant.

Definition ([25]). Let F : C ~ C' be a functor

between model categories. The total left derived functor

of F is the functor LF : hoC =+ hoC' given by LF = LY(y' o F)
where y : C » hoC and y' : C' + hoC' are the localization

functors.

Of course there is a dual to Proposition 2.2.5
involving the existence of right derived functors and
the isomorphism of F(X) - RF(X) when X is fibrant.

There is also a notion of the total right derived functor

RF of a functor F : C - C' between closed model categories.
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Proposition 2.2.6 ([25]). Let C and C' be closed

model categories and let L : C -~ C', R : C' > C be a
pair of adjoint functors, L being the left and R being
the right adjoint. Suppose L preserves cofibrations

and carries weak equivalences in Qc to weak equivalences

in C'. Suppose also that R preserves fibrations and

that R carries weak equivalences in C: to weak equivalences

f
in C. Then the total derived functors Q(L) and g(R)

exist and are adjoint.

Let A be the category of (isomorphism classes of)
finite ordered sets and let D < A be the subcategory of
surjective maps (i.e. the degeneracies). Given a map
f :+: X > Y of simplicial sets, the .set of simplices of Y
not in the image of f does not form a simplicial set
but it does form a D-set.

Let A be a small category and let A ¢ A be the
subcategory consisting only of identity maps. For a
category C admitting limits, the restriction functor

c? - QA has a left adjoint, the left Kan extension.

Call and A-diagram of D-sets free if it is the left Kan

extension of an A-diagram of D-sets. A map f : X > ¥

of s® will be called free if the A-diagram of D-sets

Y - £(X) is free. A free map in §A is easily seen to
be a cofibration. In fact one can show that the

A

cofibrations of S are precisely the retracts of the

free maps ([13]).
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Proposition 2.2.7. Let X - Y be a morphism of §A

with property that Xa =+ Ya is a cofibration for all
objects a of A. The map X ~ Y is a free map, hence a

cofibration.

Proof: Let F : §A - §A be the composition of the

restriction §A -+ §A with its left Kan extension. The

functor F is then a cotriple. For an object X of §A

let F_X be the usual simplicial resolution of X with
respect to F. Given an inclusion X = Y, the complement
F,Y - F,X is a free A-diagram of D x D sets. Restricting
to the diagonal shows that the map diag(F,X) -+ diag(F_,Y)
is free. However, it follows easily from the definition
that the diagonal of F_X is precisely X. This completes

| the proof.

Corollary 2.2.8. Let £ : A - B be a functor

between small categories. The adjoint pairs (igdf, rssf)
and (rgsf, igdf) both satisfy the conditions of

Proposition 2.2.6.

Proof: The result is immediate from Proposition 2.2.7
and the following results of Bousfield-Kan ([ 6 ], Ch.XI,

5.5, 5.6 and Ch.XII, 4.2).

Proposition 2.2.9. Let £ : X > Y ¢ §A be such that

the maps Xa -+ Ya are fibrations for every a € A. Then

f induces a fibration holim f : holim X - holim Y.
e — —
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Proposition 2.2.10., Let £ : X + Y ¢ §A be such that

for every a ¢ A the map Xa » Ya is a weak equivalence

between fibrant objects. Then f induces a weak equivalence

holim:f : holim X =+ holim Y.
2 € “—

Proposition 2.2.11. Let £ : X =+ Y ¢ §A be such

that fa : Xa »+ Ya is a weak equivalence for every a ¢ A.

Then £ induces a weak equivalence

holim.- : holim X - holim Y.
—_ f _— —_—

Remark, It folows from Proposition 2.2.11 that
the morphisms L res X > rgsfx and L 1§dfx -+ igdfx are

isomorphisms for all X, not just for X cofibrant.

s ——
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2.3 Homotopy covers

In this section we formulate the notion of a
covering up to homotopy. For motivation, suppose one has

written X = Ug v Uy v U,. One can represent this by the

diagram
/ UO\
U U
Ol‘t,\U - 02
/ 012 \
U< Uiz >Us
in which Uij = Ui n Uj etc, and the maps are the inclusions.

Such a diagram is a contravariant functor from the category
of non-empty subsets of {0,1,2} to the category of spaces.
The condition that X be the union of the Us is equivalent
to the condition that X be the direct limit of this
functor.

For a set S let C(S) be the category of non-empty
subsets of S and inclusions. For any category C let C,
denote the category obtained from C by adjoining an

initial object +.

Definition. A homotopy covering of a space X is a

contravariant functor F : C(S) + S for some set S,

together with morphisms p : holim F - X, s : X » holim F
—_— e
of ho(S) such that pes is equal to the identity morphism

of X.
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Given a homotopy covering F of X we give priority

to the spaces F{a}l a € S over their "intersections" by

saying that the F{al} homotopy cover X via the morphisms

F{a} + holim F 2 x. we also say that X can be homotopy
>
covered by a family of maps {pa : U

o * Xla e 8} if there

exist a homotopy covering F : C(S) + S of X, and for each

0 ¢ S a commutative diagram

F{a} > holim F
-
W P
U > X
o P
o

in ho(S), with w : U = F{a} an isomorphism.

Example. A connected space X is a co h-space if
and only if it can be homotopy covered by two points
(A simplicial set is said to be a co h-space if it can
be given the structure of a co-group object in ho(S)).
Indeed, the homotopy direct limit of any diagram of the
form * «+ A > * is IA,and it is well-known that a space
is a co h-space if and only if it is a retract (in ho(S))

of a suspension.

Ordinarily one starts with a collection of maps
{p, + U, ~ X} and wishes to know whether or not X can
be homotopy covered by it. In practice it is impossible
to go through the entire category of spaces looking for

intersections to make up a cover. One's natural instinct
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is to ask if there are universal intersections. There
are. Before describing them héwever,we need to discuss
homotopy coverings from a slightly different point of
view.

Let * denote the set with one element. The unique
map S + * gives rise to a functor e : C(S)_ - g(*)+.

A contravariant functor F : Q(S)+ + S with F(+) = X

can be thought of as a contravariant functor F' c(s) ~

together with a natural transformation to the constant

functor at X. The functor L igdeF is isomorphic in

ho(C(*)_,S]1 to p : holim F' » X for some map p. If in
— E

addition p has a right inverse s when regarded as a

morphism of ho(S), then we have constructed a homotopy

covering of X. Accordingly, we shall call a contravaria

functor F : g(s)+ + S with F(+) = X a homotopy covering

of X if it comes equipped with a right inverse of [ igde

regarded as a morphism of ho(S).

U, «U,.,»> U =
0 01// 1 UOUUOl x I uUl ————— > UOU UO
¥ —_— 4
X L lgde (UOUU01 x T uUl) XTI yX ===e-- >

Actually, all homotopy coverings arise in this way
-- up to isomorphism. Suppose (F',p,s), F' : C(S) » §,
is a homotopy covering of X. By composing p and s with
isomorphisms if necessary we may assume X is fibrant.
We may also assume that F' is cofibrant so that
L holim F' = holim F'. In this case there is an actual
= —s —_—

map p : hol%? F' » X representing the morphism p. Since

s
nt
¥
1 xT uU
pt t s
X
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holim F' = lim F', this gives rise by adjunction to a
S -

map F' » X, where we have used X to denote the constant
functor at X. This latter map can be reinterpreted as
a contravariant functor F : Q(S)+ + S satisfying
F(+) = X. This is the desired functor.

For a set S let g(S)k denote the full subcategory
of C(S) consisting of subsets of cardinality less than

or equal to k+l. A collection of maps {p, : U, ~ X|o e S}

a
corresponds to a contravariant functor G : Q(S)i + S.
It is straightforward to check that X can be homotopy
covered by {pa : Uy 7 X|a € S} if and only if G is
isomorphic in ho[g(S)£,§] to L res; F, for some homotopy
covering F : g(s)+ + S of X, where 1 : g(S)0 + C(8) is
the inclusion.

More generally, let I < C(S) be any subcategory and
let i : I~ C(s), be the inclusion. We will say that

a contravariant functor G : I+ + S with G(+) = X can be

extended to a homotopy covering of X if it is isomorphic

in ho[I+,S] to L risiF for some homotopy covering F of X.

Proposition 2.3.1. Let I < C(S) be a full subcategory

and let i : > g(S)+ be the inclusion. A contravariant

Iy
functor G : I+ S with G(+) = X can be extended to a

homotopy covering of X if and only if L igqe e R igdiG
€ ho[g(*)+,§] admits a right inverse when regarded as a

morphism of ho(S).
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Proof: If L inde ° R igdiG admits a right inverse
then R igdiG can be considered a homotopy covering of X,
Since I < C(S) is a full subcategory, the adjunction co-unit
L res; o R igdiG + G is an isomorphism. Conversely,
suppose that there is an isomorphism L rgsiF ~ G where
F : C(s), - S is a homotopy covering of X. Taking
adjoints and applying L igde results in a morphism
L igdeF > L ir_}de ° R igdiG whose component at the object
+ is isomorphic to the identity morphism of X. Any right
inverse of .L igdeF therefore results in a right inverse

of L }Ede ° R 12diG. This completes the proof.

In the above proposition one should think of the

functor R igdiG as being obtained from G by using

homotopy inverse limits to f£ill in the missing "intersections".
The special case of Proposition 2,.3.1 with I the

subcategory g(S)0 assumes a particularly manageable form.

Proposition 2.3.2. Suppose {pa : U, - X|a € S}

is a collection of maps to a fibrant space X. Let

p : E + B be the map obtained by first converting all of
the Py into fibrations, forming their fibre join, and then
converting it into a fibration. The space X can be
homotopy covered by {pa : Ua + X[ae S} if and only if

p admits a section.

Proof: Let G : g(s)g + S be the functor associated
with {pa} and let i : _C_(S)0 + C(S) be the inclusion.
If {qa : E, X|a € S} denotes the result of converting

the Py into fibrations then the functor R igdiG is

isomorphic (in ho[g(s)+,§]) to the functor which assigns

to a subset A < S the fibre product of {qala ¢ A} and
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has the obvious effect on maps. It follows that
L igde ° R igdiG is isomorphic to p : E +» X. But the
map p admits a right inverse in ho(S) if and only if

it does so in S since it is a fibration between cofibrant-

fibrant objects. This completes the proof.

Proposition 2.3.2 can be used to show that homotopy

coverings satisfy a form of associativity.

Corollary 2.3.3. Suppose X can be homotopy covered

by {p, : U, ~ X|o e s}, and for each a ¢ S, U, can be
homotopy covered by {qB : Vg > UalB € Sa}' Then X can

be homotopy covered by {p, ° qg : Vg ~ X|8 e 5, ,a € S},

Proof: We may assume that all maps have been
converted into fibrations. Let q& : Ea + X be the
result of forming the fibre join: of the {pa 0 q8|8 e S}
and converting it into a fibration. Since Ua can be
homotopy covered by {qB 2 Vg > Ua]B € Sa} the maps
Py ¢ Ua + X 1lift through q&. It follows that the fibre
join of the {pala e S} 1lifts through the fibre join of
{q&la e S}. Since the former admits a section after
being converted into a fibration so does the latter.
Since the formation of fibre joins is associative, the
fibre join of {q&[a € S} is the same as the fibre join

of {p, ° qg * Vg X|8 € S,» o € S}. This completes the

proof.

Remark. In fact it is possible to prove a stronger
result in which one requires that the homotopy covering
of the Ua extend to a homotopy covering X. Since we have

no need for this stronger result we omit the details.
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2.4 The relationship with ordinary coverings

Let T denote the category of topological spaces.
The singular complex and geometric realization functors
provide an equivalence between the categories
ho(§é) and ho(gA) whenever A is a small category. Since
homotopy coverings can be defined solely in terms of the
categories ho(§A), the definition carries over to

topological spaces.

Proposition 2.4.1. A cofibrant topological space

X can.be homotopy covered by a collection of maps
{p, : U, ~ X|o € S} if and only if it can be covered by

open subsets Va' o € S, with the property that for each

o the inclusion map V, T X factors through P, UpP to homotopy.

Proof: We may assume without loss of generality
that the p, are fibrations. It follows from Proposition
2.3.1 (as in the proof of Proposition 2.3.2) that X can
be homotopy covered by{p, : U, > X|o € S} if and only
if the fibre join of the py, p ¢ E * X admits an inverse
in ho(T). Since p is a fibration and X is cofibrant
this is true if and only if p admits a section. The
result now follows from a theorem of A.S. Svarc ([34]
Prop.2 p.67) which states that a paracompact space X
can be covered by open subsets Va’ o € S, over which
fibrations Ea + X, 00 ¢ S, admit sections respectively,
if and only if the fibre join of the {E -+ X} admits a

section.
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2.5 Formulations of category

We can now define Lusternik-Schnirelmann category.

Definition. The category of a space X, cat X, is

the least integer n for which X can be homotopy covered

by n + 1 points,

Of course this definition carries over to the
category of topological spaces, where according to
Proposition 2.4.1, it agrees with the usual definition
when X is cofibrant.

It is interesting to compare the above definition
with that of Ganea ([17]). To define category Ganea
first constructed (for a path connected topological

space X) a sequence of spaces

BOX -+ BlX -+ B2X F e
N Y7
X

inductively, starting with ByX = PX » X and obtaining

n
of B X » X. He then defined catX < n if and only if

B X > X admits a right homotopy inverse.
To compare his definition with ours, consider the
way in which Bn+lx is obtained from BnX. One begins

with the diagram

(*) B_X *

B +lX as the cofibre of the inclusion of the homotopy fibre
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forms the homotopy theoretic fibre product

BX/n\PX
n\x/

and then forms the double mapping cylinder of the upper

two arrows

F X
n
/ \ Bn+lX
an / PX
\\\ X -

X

Visibly this is the same as applying (with the notation
i e .
9({0,1})2 - Q({O,l})++ C(*),) L res_ o R ind, to the

diagram (*). It follows that B 11X admits a (weak) right

1
homotopy inverse if and only if X can be homotopy covered
by BnX and a point. In the language of homotopy

coverings Ganea's definition of cat X reads as follows:

Definition., Set cat X = 0 if and only if X is

weakly contractible. Having defined cat X < n set
cat X < n + 1 if and only if X can be homotopy covered

by a point and a space Y with cat ¥ < n,

Since the formation of homotopy coverings is
associative (Corollary 2.3.3) this definition is

equivalent to ours.
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2.6 Filtrations of X

Proposition 2.3.1 converts questions like "How
many copies of p : U + X does it take to homotopy cover
X?" into questions about which of a collection of maps
admits a weak right homotopy inverse. In fact these
maps fit together to form a sequence. To see this let
C denote the category of non-empty subsets of {0,1,2,...}

k

and let C" be the full subcategory of subsets of cardinality

less than or equal to k + 1. Given a map p : U =+ X let

Foo: Cg + X be the contravariant functor defined by
(
U if as<n
Fn(a)={x if a =+
L¢ otherwise

with the obvious effect on maps. According to Proposition
2.3.1 the space X can be homotopy covered by n + 1 copies

oftﬁemap p: U~ Xif and only if L 1§de ° R lgdiFn

i e
3 -+ C+ -+ C(*)+) admits a right inverse when regarded

as a morphism of ho(S). The obvious natural transformations

(C

Fo @ Fn+l result in a sequence.
ees + L 1§de o R lﬁdiFn + L 1§de ° R lEdiFn+l T e

of spaces over X. This sequence is isomorphic to the one
obtained by converting p : U + X into a fibration and
then forming the usual sequence of iterated fibre joins.
When U is a point and X is connected the above
sequence can be constructed from theweak homotopy types

of products of copies of QX using only projections and
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loop multiplication. In fact the restriction of

R i*r_ldi Fn to C is isomorphic to the functor which sends
a subset A < {0,1,2,...} to the function complex

homl ((a),c(a) %), (X,#)1 if A < {0,...,n}, and to ¢
otherwise. This sequence can be identified with the Milnor
filtration of X regarded as the classifying space of
its loop space. There is a close relationship between
the construction of this filtration and the loop space
structure of Q@X. Indeed, an h-space is an A -space in
the sense of Stasheff ([31]) if and only if the first
n stages of the Milnor construction of its classifying
space exist. ([331]).

Using the ideas of this chapter this can be
generalised to a filtration of an (n-1)-connected space
built out.of spaces weakly equivalent to products of its
n-fold loop spaces, using only properties of the
multiplication.

For a fixed n define functors Fm : Cﬁ-l + § by setting

Fm(+) = X

¢ if A ¢ {0,...,m}

Fm(A)

* if A < {0,...,m}.

Asking whether or not F, can be extended to a homotopy

covering of X leads one to a sequence

ess > L 1§de ° R lEdiFm > L 1§de ° R 12d.F F e

of spaces over X. It is easy to see that L ind_ ¢ R ind.F
= THe = T+« 7i"n

is isomorphic to the "evaluation map" Q"% > X and that
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the functor R igdi F is constructed out of spaces weakly
equivalent to products of Q"X using only properties of
the multiplication. 1In fact, the restriction of

R iEdi Fm to C is isomorphic to the functor

hom[ (C(a), c(a)™™ 1), (x,#)]
if A < {0,...,m}

A - ,
¢ otherwise

and the map
hom( (C(a) ,c (&)™ 1), (x,%)1 » I homl (C(0) ,C(a) ™), (x,%) 1

is a weak equivalence, where o runs through the (g) different
(n+1) -element subsets of {0,...,m} which contain 0.

The topological situation for which one would
construct such a functor would arise when trying to cover
a space with open subsets in such a way that the inclusion
maps of the k-fold unions of them,k < n, were compatibly
null homotopic.

As with single loop spaces, the sequence of functors
R iEdi Fm stores the algebraic information needed to
reconstruct an (n-1)-connected space from its n-fold loop
space. The resulting recognition principle will appear
in the next chapter, along with a more detailed study of
the filtration. The remainder of this section will
consist of two more descriptions of this filtration.

In the category of topological spaces the domain
of the map R igdi F, can be described as the space of
maps from the m-simplex to X which send at least one
(n-1)-face to the base point. This can be seen by

decomposing this function complex into a union of
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(contractible) subspaces of maps which send a given

(n-1)-face to the base point.

th stage of

In the single loop space case, the m
the Milnor filtration can also be described as the
homotopy theoretic fibre product of the iterated

diagonal and the inclusion of the fat wedge.

" ——d
=]
++—
[

m+1
This can be viewed as follows: II X is the space of maps

from the zero skeleton of the m-simplex to X; Tm+1X is
the space of maps from the zero skeleton of the m-simplex
to X which send some vertex to the base point; X can be
replaced with the space of maps from the m-simplex to X;
BmX is the space of maps from the m-simplex to X which
send some vertex to the base point. The above square is

then easily generalized to the case of n-fold loop spaces.

The result is:

(n-1)

{maps A, = X| some ‘\{maps AL | some
(n-1)~face is sent to =} (n-1)-face is sent to *}
n-1
hom[Am,X] ,-hom[Aé ),X].

This should be compared with Ginsburg's description of

the Milnor filtration of X ([ 18]).
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2.7 Co=-coverings and cocategory

Much of the preceding material can be dualized.
To begin with, suppose one has written X = UO n Ul n U2.

This can be represented by the diagram

U0
Olk// \\ 02
; ~N 012'“/U
e U, \

1 12

g —— U «— U

2

in which UlJ = Ul

u Uj etc. Such a diagram is a
contravariant functor F : g({0,1,2}) + S and the condition
that X be the intersection of the {ul} is equivalent to
the condition that X be the inverse limit of this functor.
The dual of a homotopy covering is therefore some sort
of homotopy theoretic intersection.

Throughout this section we will be dealing with
covariant functors, so that §A and [A,S] will both denote

the category of covariant functors from a small category

A to S.

Definition. A homotopy co-covering of a space X is

a covariant functor F Q(S) + S for some set S, together
i r
with morphisms X =+ holim F + X of ho(S) such that rei is
P b 2

the identity morphism of X.

Given a homotopy co-covering F of X we give priority
to the spaces F{a} o ¢ S over their "unions" by saying

that the F{o} homotopy co-cover X via the morphisms
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i
X - holim F » F{a}. We also say that X can be homotopy
PR,

co-covered by a family of maps {ia : X > U la e st if

there exists a homotopy co-covering F : C(S) » S of X,

and for each a ¢ S a commutative diagram

i
a
X > Ua
w
holim F > F{a}

—

in ho(S) with w : F{a} » U  an isomorphism.

Again, let i and e be the functors
g(S)i i g(S)+ 5 g(*)+. As with homotopy coverings, a
homotopy co-covering can be regarded as a covariant
functor F : g(S)+ + S8 with F(+) = X, together with a
left inverse of R igdeF when regarded as a morphism of
ho(S). A collection of maps {X - Ua[a € S} determines
a covariant functor G : Q(S)g + S and it is easily seen
that X can be homotopy co-covered by {X -+ Ua|a e S} if
and only if G is isomorphic in ho[g(S)o,§] to R res.F,
for some homotopy co-covering F : Q(S)+ + § of X.

More generally, let I < C(S) be any subcategory and
let 41 ¢ I, » E(S)+ be the inclusion. We say that a

4=

functor G : I+ + S with G(+) = X can be extended to a

homotopy co-cdvering of X if it is isomorphic in

ho[I+,S] to R resiF for some homotopy co-covering F of X.
- - <
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Proposition 2.7.1. Let I < C(S) be a full subcategory

and let i : I + C(S)  be the inclusion. A covariant

functor G : I +~ S with G(+) = X can be extended to a

homotopy co-covering of X if and only if

R ind o L ind.G € hol[C(*) ,,S] admits a left inverse
= <« e = =+ 1 - + -

when regarded as a morphism of ho(S). |

The proof of Proposition 2.7.1 is the dual of the

proof of Proposition 2.3.1.

Unfortunately there seems to be no dual for
Proposition 2.3.2. Consequently the dual of Corollary
2.3.3 may not be true. This is largely due to the fact
that the Hilton-Eckmann dual of the join operation is
not associative. There result many possible definitions

of cocategory. We single out the two most important.

Definition. i) The symmetric cocategory of a

space X, sym-cocat X, is the least integer k for which

X can be homotopy co-covered by k+l points. !

ii) The inductive cocategory of X, ind-cocat X,

is the least integer k for which X can be homotopy
co-covered by a point and a space Y with ind-cocat ¥ = k-1,
starting with ind-cocat X = 0 if and only if X is weakly
contractible.

Ganea's definition of cocategory ([ 161) is the
Hilton-Eckmanﬁ%ﬁg his definition of category. In view
of the reading given in section 2.5 it is equivalent to

our definition of inductive cocategory.
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Symmetric and inductive cocategory certainly appear
to be distinct notions though at present it is not known
whether they coincide or differ. The following theorem

sums up the present state of affairs.

Theorem 2.7.2., 1) ind-cocat X < sym—-cocat X.

ii) The following are equivalent:

a) ind-cocat X = 0
b) sym-cocat X = 0
c) X is contractible,

iii) The following are equivalent:

a) ind-cocat X = 1
b) sym-cocat X = 1
c) X is an h-space .

iv) If X is connected and cat X < n,then for any
fibrant space Y, the symmetric and inductive cocategories
of the pointed function complex hom[ (X,*),(Y,*)] are both
Sn.

V) If there is a non-trivial n-fold Whitehead

product in m,X then sym-cocat X 2 ind-cocat X 2 n.

vi) If w is a group of nilpotence class n
(i.e. Pnﬂ £ 1, Pn+1“ = 1) then ind-cocat(K(w,1l))

= gym-cocat(K(m,1)) = n.

vii) If F + E - B is a fibration then

ind-cocat F < ind-cocat E + 1.

Proof: For part i) suppose that F : Q(S)+ + S is
a homotopy co-covering of X with F{a} weakly contractible

for o ¢ S. Fix a € S, let S' = s - {a}, and define a
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map £ : S + {0,1} by £ 1{1} = s', £71{0} = {a}. This
determines a functor (also to be called f)

£ :c(s), +C({0,1}),. The functor C(S) + C(*)_  admits
a factorization C(S) £ c{o,1}) 5 C(*),. Since

~

R ind F ® Rind o R ind_.F admits a left inverse when
= T<Teof = T+Te = "< f

regarded as a morphism of ho(S), R ind F inherits the

f
structure of a homotopy covering of X. But R iEdfF({O})
is weakly contractible and R igdfF({lb has symmetric

cocategory < |S| - 1. The result now follows by induction.
Part ii) is immediate from the definition.

Part iii) follows from Proposition 2.7.1 and the
fact that a space X is an h-space if and only if it is

a retract of QIZX in ho(S).

For part iv) let F : _(_3_(S)+ + S be a homotopy covering
of X by n+l contractible spaces. We may, without loss
of generality, replace § by the category S, of pointed
simplicial sets. The result now follows from the

Observation that homl(F,(Y,*)] : C(s) ~+ S, is a homotopy

%*
co-covering of the pointed function complex hom[ (X,*), (Y,*)].
This in turn follows from the result of Bousfield-Kan
(L 61, Ch.XII, Proposition 4.1) which states that for

F:I+5, andY ¢ § there is an isomorphism
hom*(holim F,Y) = holim(F,Y)
—— e

where hom, is the pointed function complex functor.
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For part v), the inequality ind-cocat X 2 n is
proved in [16 J]. The result then follows from part i).

We will give another proof of the inequality sym-cocat X 2 n l

in Chapter 3. (Theorem 3.2.2).

. For part vi), the inequality ind-cocat(K(m,1)) 2 n
is supplied b part iv). Let S be the set {0,...,n} and
let F : Q(S)g + S be the covariant functor
F(+) = K(w,1), F(a) = * for a = {0},...,{n}. It will be
shown in Chapter 3 (Theorem 3.3.1) that the map
R iEde ° L iEdiF induces an isomorphism of fundamental
groups. Coupled with Proposition 2.7.1 this will provide

the inequality sym-cocat(K(m,1l)) < n.

Part vii) is proved in [16]. It is also an
immediate consequence of the definition. This completes

the proof of Theorem 2.7.2.

By dualizing the argument at the beginning of
section 2.6 one obtains from the notion of sym-cocat a I
tower of fibrations under a space X. We will see in the
next chapter that the homotopy inverse limit of this .
tower is the Z -nilpotent completion of X when X is connected. %
Applying w, results in a spectral sequence. The E2 term
of this spectral sequence can be computed by applying the
cobar construction to IX (in ho(S)), passing to homotopy
groups, and computing the cohomology of the resulting
complex. An easy consequence of the Hilton-Milnor theorem
(C191, [231) is that in a range of about three times the

connectivity of X the spectral sequence collapses to an

exact sequence
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T (ZX) + T (ZX A X) - Wn_z(X) > nn_l(ZX)

which is the EHP sequence.

It follows from the construction that this spectral
sequence is the dual of the Rothenberg-Steenrod, Milnor-
Moore spectral sequence ([22], [28]). It was first
discovered by M.G. Barratt in a slightly different
setting ([ 21). One advantage of our formulation is
that it is made clear that the differentials are the
obstructions to maps s™ + x being co h-maps compatible
with higher associativity. We will also obtain an
improved convergence result. Finally, using the ideas
of 2.6 the spectral sequence can be generalized to one
involving the n-fold suspension of X. This and the related

recognition principle are the subject of the next chapter.
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Chapter 3

Recognition Principles

3.1 Simplicial and cosimplicial spaces

The filtrations of Chapter 2 are best understood
in the language of simplicial and cosimplicial spaées.
In this section we recall what is needed from these areas.
For further information the reader is referred to [5],
[6]1 and [29].

Let A be the category whose objects are the finite
ordered sets [n] = {0 < 1 < ... < n}, n =0, and whose

morphisms are the non-decreasing maps. A simplicial

space is a contravariant functor from A to S and a

cosimplicial space is a covariant functor from A to S.

The cosimplicial space given by [n] + A(n) is denoted 4,
where A(n) is the standard n-simplex. There is a natural
filtration of A by the cosimplicial spaces ék, k 2 0,
where the value of Qk on the object [n] is the k-skeleton
of the standard n-simplex.

The total complex or geometric realization |X| of

a simplicial space [nl] + X  is the space X X, 4. It
is naturally isomorphic to the diagonal of X. The

total complex of a cosimplicial space [n] - Yn, TotY,

is the function complex hom,[4,Y]. The filtration of

k
A 8

and a representation of TotY as the inverse limit of a

A by Qk results in a filtration of |X| by ]XIk = X x

tower {Tot, Y} = {homA[ék,Y]}.
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Applying homology (or cohomology) to the filtration
of lXI results in a spectral sequence whose E2-term
can be computed as the homology of the chain complex
associated with the graded simplicial abelian group
(n] » H*Xn' One does not get a good spectral sequence
for the homotopy groups of a cosimplicial space without
additional assumptions.

The categories of simplicial and cosimplicial spaces
form closed model categories ([5], [6]). A map X + Y

between simplicial spaces is a cofibration (resp.

weak equivalence) if for each [n] the map Xn -+ Yn is a

cofibration (resp. weak equivalence). The weak equivalences

in the category of cosimplicial spaces are the termwise
weak equivalences. The cofibrations are the termwise
cofibrations which induce isomorphisms of the maximal

augmentations, where the maximal augmentation of a

cosimplicial space X is the equalizer of X0 d% Xl. The
fibrations in the categories of simplicial and cosimplicial
spaces can be defined to be the classes of morphisms

which have the right lifting property with respect to

the trivial cofibrations. More direct descriptions

are given in [6] (p.II, Ch.X, §4) and [5] (Appendix B).

If Y is a cosimplicial pointed space, the normalized

homotopy groups of Y, n;Y are given by

s-1

s 0
7, Y™ n ker s. n n ker S,

t *‘ e s
1,8 .
= >
ntY if s 2 t

10 otherwise .

There is another process which we will also refer to as

normalization. If A is a simplicial (resp. cosimplicial)
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abelian group, let N,A (resp. N*A) be the chain complex
given in (co-)dimension n by NA = AS/(soAS_1-+... +Ss—lAs—1)
(resp. N°A = A®° n ker s% n ... n ker s571) witn

differential Z(—l)ldi (r(-1)tat).

For a fibrant cosimplicial space Y, the E; t-term
14

of the homotopy spectrél sequence associated with the

tower of fibrations {TotnY} is the normalized homotopy l

group WéYs. The spectral sequence converges to i

lim n*(TotnY). E
The cohomology spectral sequence of a simplicial

space admits products. If x € Hi(Xp) and y € Hj(Xq)

then the cup product x u y can be computed on the

El-term of the spectral sequence using the (graded)

Alexander-Whitney formula ([151])-
Xuy= (-l)lqd;X U d:Y

where @' : [pl » [p + gl is given by d'(s) =s and d" : [g] > [p+q]

is given by d"(s) = s+p. This converges to the cup product in H* (| X )
Dually, the ideas of [7] can be used to endow the

homotopy spectral sequence of a fibrant cosimplicial

pointed space Y with a Whitehead product structure.

If X € inp and y e n%Yq then the Whitehead product

[x,y] can be computed on the E! term of the homotopy

spectral sequence by the formula

_ (_qyigp g0 0 p+gq i
[x,y]1 = (-1)77[d x,d y] « wi+j_l(Y )

where d' and d" are as above. These products are
bilinear and satisfy the usual graded Jacobi law (from

E2 onward) where the grading of né(xs) is t-s. The

differentials in the homotopy spectral sequence act as
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graded Lie derivations and the Whitehead products converge
to the Whitehead products in w_(Tot Y) ([Z1, [81).

For a complicial pointed space Y let ZY denote
the prdlongation of the functor which assigns to a
pointed set the free abelian group on that set, modulo
the subgroup generated by the base point. In the
unpointed case let Z® Y be the prolongation of the free
abelian group functor. The homotopy spectral sequence

for ZY has for its Eé term the normalized homology of Y.

t

Eqp = HéY = HtYs nker s n ... n ker s

=l ift > s

0 otherwise

It is called the (integral) homology spectral sequence
of ¥ and converges to l*J':m nt_s(TothZY) . We would like
to know when this can be identified with Ht-s(TOt Y).
The following theorem is a special case of a result of
Bousfield ([9]). A sketch of the proof will be given in
Appendix B. We assume familiarity on the part of the

reader with the usual "pro-theoretic" notions for towers

(C11, [61, [121).

Theorem 3.1.1 (Bousfield). Let Y be a fibrant

cosimplicial pointed space such that

i) “n+kY =% if k <0 ;
ii) Y" is simply connected, n 2 0 ;
iii) For each k there are only finitely many n such
that ', Y™ #F *x

n+k
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Then the map {H,Tot Y}-*{N*TothY:}is a pro-isomorphism
of towers of graded abelian groups. It follows that
the (integral) homology spectral sequence of Y converges

strongly in the sense that:

i) For each pair (s,t) there is an r < « with
r [o2]
the property that Est = Est ;
ii) For alln 2 O, {E: t|t—s = n} is the set of
14

filtration quotients of a finite filtration of Hn(Tot Y).

For later convenience we require another description

of this spectral sequence. Associated with a cosimplicial

abelian group A is a bicomplex {a%,3,6} with

P . g+l A
5= 3 (-10ta, : 29+ a9 _and s = 1 (-1)tat . a9 » a%FL,
i=0 1 P p"l i=0 P P
The total complex T(A) is given by
n .
ﬁ An+j if n=220
T(A)n =
0 otherwise
. . . _ n+1l
with differential 4 = 3 + (-1) 6 + T(A), =+ T(A) _,-
A decreasing filtration {FkT(A)}k>o is given by
FkT(A)n = I An+.. There results a spectral sequence
j2k 27

converging to H,T(A).

Associated to any simplicial abelian group X is
its non-normalized chain complex, also denoted X.
There is a map ¢ : Tot A + T(A) given as follows.
An n-simplex u of Tot A is a map A X A(n) + A. The

component of this in Ak extends to a homomorphism
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f :Z @ (A(k) x A(n)) » A. The component of ¢(u) in |

n

An+k

is f(ik 2] in) where ® denotes the Eilenberg-Zilber é
product ([14]). One easily checks that this induces a
map of towers {Tot A} - {T(A)/F_,,T(A)} and that the
resulting map of spectral sequences is an isomorphism
at Ez. It follows that the homology spectral sequence
of a cosimplicial pointed space Y coincides with the
spectral sequence associated with the above filtration
of T(ZY). It also follows that the map
_{Tr*Toth‘ZY} + {H (T (Z Y)/F 1T (ZY) )} is a pro-isomorphism.
This description enables us to make the relationship
between H, Tot Y and H*Yn more explicit. Let
Xn = Yn/dOYn-—l U ... u @l The functor Tot is right adjoint to

the functor Ax-. The co~unit of this adjunction provides for eachn a map

(A(n) ,A(n)) x (Tot ¥,x) » (¥%,a%™ 1y ... v &%}
and hence a map |
tfrot ¥ » ¥U .,

The E:t term of the homology spectral sequence of Y is

the intersection of the image of Ht(ZsTot Y) with the

image of Ht(Ys) in Ht(gs). This is useful when, for

(),...,Yk_1 are contractible. In that case

kYk

example, Y

and the above remark
k

Toth is weakly equivalent to @

implies that the "edge homomorphism" H Tot Y - H oY
k

is induced by the map t¥rot v + Y™ weakly adjoint to

the projection Tot Y - Tot, Y.




107

Under certain circumstances one can obtain a homotopy
spectral sequence for a simplicial pointed space X ([5]).
This depends on knowing when the total complex of a
termwise homotopy cartesian square of simplicial spaces
is homotopy cartesian. The following condition is due
to Bousfield-Friedlander ([51, Appendix B).

A simplicial space X is said to satisfy the

m,-Kan condition at a zero simplex a ¢ X if for every

collection of elements {Xi € nt(xm_l,dia)|i e {0,...,m}, i # k}
which satisfy the compatibility condition din = dj-lxi
for i < j, i,3 # k, there exists an element

X € nt(Xm,a) such that dix = Xi for all i # k. A

simplicial space is said to satisfy the mw,-Kan condition

if for each m,t 2 1 it satisfies the ﬂt-Kan condition
at each a € X This condition depends only on the
isomorphism class of X considered as a simplicial object
over the category ho(S).

If X is a simplicial space then WtX is a simplicial

set, so it makes sense to talk about ﬂsntx.

Theorem 3.1.2.([51, Theorem B.4). Let

V———X

W————>Y

be a termwise homotopy cartesian square of simplicial
spaces. If X and Y satisfy the mw_-Kan condition and.

if X > LY is a Kan fibration then the square
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<
v
=

v
3

|w]

is homotopy cartesian.

Theorem 3.1.4. Let X be a simplicial pointed space

satisfying the m,-Kan condition. There is a spectral

. . 2 _
} converging to ns+t(|x|) with ES = 7_7m _X.

r
sequence {E
s =2 st s t

t

As with the homology spectral sequence of a cosimplicial

space, the relationship between 7 and T can be

tXs s+t | X

made explicit. Let MX < X X eee X X be the space

1

of (s+1)-tuples (xo,...,xs) satisfying din = dj_lxi

s-1

for i<j. There is a map d : XS > MX given by

d(x) = (dox,...,dsx). Let F, + X be its fibre. The
functor A x, - is left adjoint to the functor hom,[4,-].
The adjunction unit provides for each s a map

X, hom[A(s),|X|] and by restriction a map F, > QS|X].
The E:t term af the homotopy spectral sequence is the
quotient of T Fg obtained by identifying elements whose
X5, In

. . . . s
images coincide in either m.Q [X] =7 KXorm

t+ t
case Xo,...,Xk_l are contractible this implies that the
"edge homomorphism" of the homotopy spectral sequence is

induced by the map X, _, - oK |x| weakly adjoint to the

. . k ~ k
inclusion "X, _; ® |x]™ + |X
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Finally, we will need to relate the filtrations and
towers of fibrations which arise from simplicial and
cosimplicial spaces to the kinds of filtrations and towers
of fibrations which appeared in Chapter 2. In order to

do this the realizations |X[k and Tot, Y must be modified.

Let Ch denote the category of non-empty subsets of

k

{0,...,m} and let C

< Cq be the full subcategory consisting

kl

of subsets of cardinality < k+1. Let A' (resp. A" ) be

the covariant functor [m] - C (resp. [m] » Cﬁ). The

1
cosimplicial spaces A' and Qk are cofibrant and weakly
equivalent to A and Qk respectively.

k')

If X is a simplicial space let |X|' (resp. |X|
be the space A' X\ X (Qk'xA X). For a.cosimplicial
space Y let Tot'Y (resp. TotﬁY) be the space hom, (A',Y)
(resp. homA(é{zi)). The spaces |XIk and ]X|k' are
weakly equivalent - as are Tot, Y and TotLY if Y is fibrant.

Assigning to a (k+l)-element subset of {0,1,...}
the object [kl € A results in a functor jk : G A.

kX)

For a simplicial (cosimplicial) space X let U X (U
be the composition of X with jk' The following proposition

is well-known but seems not to have appeared in print.

Proposition 3.1.4., i) Let Y be a fibrant

cosimplicial space. There are natural weak equivalences

TotiY > holim UXYwhich are compatible in the sense that
[

the following diagram commutes:
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Tot, Y > holim U”Y
k €
' . k-1
TOtk—lY ——————> holim U Y .
P

ii) Let X ba a simplicial space. There are natural weak
]
equivalences holim UkX -+ ]XIk which are compatible in the
—

sense that the following diagram commutes:

holim U, ;X >holim U X
k-1" k!

Proof: The functor Y »+ holim UkY is a co-represented

by the cosimplicial space A[Ck,A] X Ck/-. In general,
k
given a functor F : A -+ B and an object b ¢ B, the

category of A objects over b, A/b, is the category whose

objects are maps g : Fa + b and whose morphisms from
g, Fal - b to g, Fa2 + b are the morphisms h : a; > a, ¢ A
satisfying g, ° Fh = g The cosimplicial space

A[Ck,A] X Cx/- is isomorphic to [m] =+ Ck/[m]. The

C
k
category Ck/[m] is the category associated to the partially
ordered set of pairs (o,f) where ¢ < {0,...,k} and

f:0+ {0,...,m} is a non-decreasing map, with

(0,£) < (0',f') if 0 ¢ o' and f' extends f. Assigning

to (0,f) the image f(o) < {0,...,m} yields a functor
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Ck/[m] - Cﬁ. These functors are compatible as [m] and

k vary, so there is a map from the cosimplicial space
[m] » Ck/[mJ to the cosimplicial space [m] - Cﬁ. This
gives the compatible family of maps in part i). Both of
the cosimplicial spaces [m] - Ck/[m] and [m] -+ C; are
cofibrant so it remains to check (for part i)) that the

map Ck/Em] > Ci is a weak equivalence. For this it

k

o the category of

suffices to show that for each o ¢ C
Ck/[m]- objects over ¢ is weakly contractible (by either
Quillen's Theorem A [27], or the observation that the
functor o - (Ck/[m])/d is the left homotopy Kan extension
of the functor Ck/[m] + S sending all morphisms to the
identity map of a point).

For a given ¢ ¢ Cﬁ, the category of Ck/[mJ objects
over ¢ is isomorphic to Ck/[n] where n+l1 is the order
of 0. We are therefore reduced to showing that the
nerve of the category Ck/[n] is weakly contractible
if n < k. Suppose by induction we have shown this for
k' < k (the case k = 0 is trivial). For j = 0,...,n
let Uj c Ck/[n] be the full subcategory consisting of
pairs (o,f) with the property that (o,f) < (o v {k},£f")
where f£'(k) = j. Every simplex of Ck/[n] is in some Uj
so the Uj cover Ck/[n]. Let Uﬁ,c U, be the full
subcategory of pairs (o,f) with k € 0. The category U5
is contractible since it has an initial object. On the
other hand, there is a functor uy > 05 sending (o,f) to
(0 v {k},f') where £f'(k) = j, and, since (o,f) < (o u {k},f'"),
a natural transformation from the identity functor of Uj

to0 this functor. It follows that Uj is contractible for

all j. Finally, observe that for jl < 4ee < jl’ L2 2,
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the category Uj N ... N Uj is non-empty and isomorphic
1 L
to Ck_l/[jl], hence contractible by the induction

hypothesis. It follows that Ck/[n] is weakly equivalent
to the nerve of the covering {Uj]j = 0,...,n} which in
turn is isomorphic to Cn,hence contractible. This
proves part i). Part ii) follows in a similar manner
since holim UkX is the same as X XA (A[Ck,AJ XC Ck/—).

k
This completes the proof.
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3.2 Certain simplicial and cosimplicial spaces

For a pointed fibrant space X let QkX be the
simplicial space [m] + hom[(Cm,Ci_l),(X,*)] and let
gkx be a fibrant cosimplicial space weakly equivalent
to [m] » (Cm/C;_l) A X. The total complex of the
simplicial space homl[A',X] is weakly equivalent to X
and so there is a map [QkX| + X. Dually, there is a
map X - Totgkx.

When k = 1 the above constructions are closely
related to the notions of category and symmetric
cocategory. Indeed, if F : Ci_++ S is the contravariant
functor which sends all non-identity morphisms to the
inclusion map * - X, then it follows from section 2.6
and Proposition 3.1.4 that L igde o R iEdiF is isomorphic
in holC(*) ,,S8] to |g1x|™ + X, where e and i are the
functors Ci+ i Ch+ 5 C(*),. It follows that X can be
homotopy covered by n + 1 points if and only if the map
|@1x|™ + X admits a weak right homotopy inverse. Dually
X can be homotopy co-covered by n + 1 points if and
only if the map X = Totn(glx) admits a weak left homotopy
inverse. We can therefore study the notions of category
and symmetric cocategory, and the related filtrations
and towers, by studying le and g}x. The generalizations

mentioned in section 2.6 and 2.7 correspond to Qkx and gkx.

The first thing one would like to know is the

relationship between X, ngxl and |Tot(§kx)|.
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Theorem 3.2.1. If X is (k-1)-connected then the
k

map QX + hom(A',X) induces a weak equivalence

|9%x| + |hom(a',X)]| = X.

Recall from [6] (p.I, ch. III, §6) that a Z-tower
5 for a space X consists of a tower of fibrations {Yn}

and a map {X} » {Y_ } which induces a pro-isomorphism

{Hi(X;ZZ)} -+ {Hi(Yn;ZZ)} for each i. A Z-nilpotent tower
for X is a Z-tower {X} » {Y } in which each Y_ is
nilpotent, Any two Z-nilpotent towers for X have the
same weak pro-homotopy type. In particular if X is
nilpotent and {Yn} is any Z-nilpotent tower for X then
the map {x} » {Y_ } is a weak pro-homotopy equivalence.

In any case the map X -~ QQEEE Y, is a Z-nilpotent

completion for X.

Theorem 3.2.2. The tower {Totngkx} is a Z-nilpotent

tower for X.

Corollary 3.2.3. If X is a (k~1l)-connected, pointed,

fibrant space, then the homology spectral sequence of the

simplicial space QkX converges strongly to H,X. Its gl

term depends only on the homology of products of Qkx,
and the differential d1 uses only properties of the

multiplication. The"edge"hhomomorphism is the iterated

homology suspension.

Corollary 3.2.4. The homotopy spectral sequence

of the cosimplicial space gkx converges to the homotopy

groups of the Z-nilpotent completion of X. It converges
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strongly if and only if X is nilpotent. The El-term of

this spectral sequence depends only on the homotopy
groups of wedges of ka and the differential dl uses
only properties of the co-multiplication. The "edge"

homomorphism is the iterated homotopy suspension.

If A is an object of an abelian category C, there
is for each n 2 0 a unique simplicial object K{(A,n)
over C satisfying
0 if t # n

NtK(A,n) =
A if t =n

Such an object is characterised by the following

properties:

-y

i) K(A,n)t =0 if t < n

]

ii) K(A,n)n A ;

(o) ()

iii) The map P = jgl pj* : K(A,n)m -~ I K(A,n)n
is an isomorphism, where pj runs through the (g)

injections [n] +~ [m] satisfying pj(O) = 0.

o =1

This fact is not quite standard but follows easily from the

observations:

i) For any object A one can construct a simplicial
object X satisfying i) - iii) above;

ii) If X satisfies i) - iii) above then the kernel
of PX +» X satisfies i) - iii) with n replaced by n-1,

where PX is the simplicial path space obtained as in the

proof of Lemma 2.2.3 by omission of the last face and

degeneracy map.
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If G is a group object in a category admitting
products one can still form a simplicial object K(G,1)
characterized equivalently by properties i) - iii) above,
or the fact that its Moore complex consists only of G
in dimension 1.

The simplicial space an satisfies conditions
i) - iii) when regarded as a simplicial object over
ho(s). It follows that the normalized homotopy groups
satisfy

ﬂ*QnX if s =n

N_m, (27X) = _
0 otherwise .

The dual remark applies to the cosimplicial space g?x
and one obtains the description
He (ZPX) if s =n

N H, (Z'X) =
0 otherwise .

Proof of Theorem 3.2.1: The simplicial space

Qkx satisfies the 7m,-Kan condition since for each t 2 0
the simplicial object ntgkx is isomorphic to

K( X,n). In view of the above remark, the homotopy

1Tt+n
spectral sequence collapses to its edge homomorphism.

The theorem follows.

The proof of Theorem 3.2.2 requires the following

vanishing theorem of Bousfield ([9]).

Theorem 3.2.5. Let X be a cosimplicial pointed space

with each x° simply connected. If A is a positive real
number such that wéxs = % for s > Atand A is an abelian

group, then Hé(XS;A) = 0 for s > At.




Proof (Bousfield): For a cosimplicial space X let

th Postnikov section

P"X be the prolongation of the n

functor. If M is a cosimplicial abelian group let

H, (X;M) be the graded cosimplicial abelian group

[s] » H*(XS;MS). We will prove by induction on n the

following statement: Suppose M is a cosimplicial abelian

group with NM® = 0 for s > k. Then NsHt(PnX;M) =0

for s > At + k. The result is trivial for n = 0.
Assuming the above statement for n' < n let

{Eij,dr} be the cosimplicial spectral sequence given

in codimension s by the Serre spectral sequence of the

fibration PPXS + P"!xS with coefficients in MS. Since

N* is an exact functor it suffices to show that

NEy., = 0 for s > A(1i + j) + k. Since Eij

= Hi(Pn_lX : Hj(K(WnX,n);M)) it suffices by the

X,n+l);M) =0

induction hypothesis to show that NSHj(K(nn+1

for s > AjJ + k. This requires two results of Dold-
Puppe [11].

For a functor T from abelian groups to abelian
groups recall that the. cross-effects of T, Tr(Ml,...,Mr)
are defined by the equation ([111, [151])

_ o]
oc{l,...,r}
where TIGI(MO) denotes TJ (M, reeesM, ) if o= {i_ ,...,1i.}.
ll 1. 1 J
The degree of T is the least integer 4 for which the
(d + 1)-fold cross-effects vanish. For example if T is
the functor T(M) = Hj(K(M,n);Zn then T has degree given

by the greatest integer in j/n.
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The two results of Dold-Puppe which we need are :

i) ({11], Hilfsatz 6.10). Let V(-,-) be a
functor from pairs of abelian groups to abelian groups
satisfying V(0,M) = V(M,0) = 0. If Ay i=1,2, are
cosimplicial abelian groups with NSAi = 0 for s > by

then NSV(Al,Az) = 0 for s > pP; t Py

ii) ([11], Hilfsatz 4.23). Let T be a covariant
functor from abelian groups to abelian groups of
degree < d with T(0) = 0. If A is a cosimplicial abelian

group with N°A = 0 for s > p, then N°T(a) = 0 for s > dp.

Combining i) with the universal coefficient
theorem reduces us to showing that NsHj(K(wnX,n),ZZ) =0
for s > j, which follows from ii). This completes the

proof of Theorem 3.2.5.

Proof of Theorem 3.2.2: For a cosimplicial space

X let X(n) be the right Kan extension of the restriction
of X to the full subcategory of A consisting of the
objects [01,...,[n]. If X is fibrant then so is X(n).
There are natural maps X(n+l) - X(n) and the tower

{Tot X(n)} is the same as {Totnx}. The normalized
homotopy of X(n) satisfies

ﬂ;Xs if s < n

WéX(n)s =
0 otherwise .
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Let X be as in the statement of Theorem 3.2.2.
Since (gkx)j = * for j < k-1, it follows from the above
and the Whitehead product structure in the homotopy
spectral sequence that all ([%] + 1)-fold Whitehead
products in w*(Totngkx) = w*(TotgkX(n)) vanish. The
space Totn(LkX) is therefore nilpotent. It remains to
show that {H,X} =+ {H*Totgkx(n))} is a pro-isomorphism.
Since Totgkx(k) & QkaX, the map is a split monomorphism.
We must therefore show that the tower {H*(Totgkx(n))/H*(x)}
is pro-trivial - that is, for each n,j there exists an
r with the property that the map
Hj(TotgkX(n + r)) - Hj(Totgﬁx(n))/Hj(X) is zero.

Using the Hilton-Milnor theorem one easily shows
that né(gkxs) = 0-for s 2 t - 1. It follows that
né(gkx(n)s) = 0 for s > H%T t. By Theorems 3.1.1 and

3.2.5 the homology spectral sequence of gkx(n) converges

strongly and satisfies N°H (ka(n)) = 0 for s > t.
Y £ 'L

0
n+l

ky if

But the groups NSHt(gkX(n)) coincide with NsHtg
s < n, and hence vanish in the range 0 < s < n, s # k.
Finally, the map H.X + H*(Totgkx(n)) corresponds to the
"edge" homomorphism H, X -+ H*+k(2kx). It follows that
the groups Ht_s(TotgkX(n))/Ht_SX can be obtained from a

spectral sequence whose E; -terms vanish in the range

t

2_ t. This implies that the map

n+l

0 £<s <n, s>
k k
Hj(Totg X(n + r))/Hjx - Hj(Totg X(n))/HjX

is the zero homomorphism if r 2 n(j-1). This completes

the proof of Theorem 3.2.2.
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Remark. It was shown in the above proof that all
(n+1)-fold Whitehead products vanish in ﬂ*Totn(glx).

This gives another proof of Theorem 2.7.2, part v).
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3.3 The tower of fundamental groups

If G is a group let FnG c G be the n-fold commutator
subgroup. The case k = 1 of the following result was

used in the proof of Theorem 2.7.2.

Theorem 3.3.1. Let X be a connected space. There

are isomorphisms

i) m.Tot (gkx) =T

Key 4 .
1 nk+r Totnk(g X) if 0 = r < k ;

1

iy k
ii) T Tot  (Z7X) ~ m X/T . ™ X .

Proof: Using the Hilton-Milnor theorem, one easily

checks that the groups n;+l§kxs are zero for s Z 0(k),

and that under the Whitehead product structure, every

element of w;k+l§kxnk can be expressed as an n-fold |
. ' kX _ k F
Whitehead product of elements of m .2 K = Mgl X F (ﬂlX)ab. |

Part i) follows easily from this. For part ii) let us |
abbreviate wlTotnk(gkx) as m(n). We first claim that
ker(m(n+r) + w(n))is isomorphic to Fn+lﬂ(n + r). That

it contains Pn follows from the Whitehead product structure

+1
of the spectral sequence. On the other hand, any

representative of x € ker(wm(n+r) -+ 7m(n)) on the E1 term

of the homotopy spectral sequence can be written as an

' ko k .
(n+1)-fold commutator of elements of M2 X % (nlx)ab

all of which survive the spectral sequence. It follows

that x is an element of Fn modulo ker(m(n+r) - w(n+l)).

+1

The claim now follows by induction on r. From this we
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~

can conclude that the map w(n) -+ w(1l) (ﬂlx)ab, n =1,
is the abelianization and hence, since w(n) is nilpotent,

that m.X =+ m(n) is surjective.

1
Let Fn+1 = ker(nlx -+ w(n)) and Pn+l = Fn+1“1X‘
It follows from the above that T c F and that the
n+1 n+l

composite Pn + Fn is surjective for all

+1 +1 - Fn+1/Fn+r

r 2 0. We now appeal to [6] for pro-isomorphisms

{r(n)} =~ {wlTotsgkX} ~ {nlzsx} ({61 p.I, ch.III

6.4 and Theorem 3.2.2)
~ {nleK(nlx,l)} (C6]1 p.1, ch.V, 5.1)

~ {an/r } ((6]1 p.1, ch.Iv, 2.4).

s+1

It follows that for each n > 0 there is an r such that

c T

Fn+r n+2° This implies that Fn + F

+1 n+l/rn+2 1s

surjective and so Pn+l -+ Fn+l must also be. This

completes the proof.
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3.4 Recognition principles

The following are the recognition principles associated

with Theorems 3.2.1 and 3.2.2.

Theorem 3.4,1. Let X be a simplicial space such

that
i) XoreoorXp ari contractible;
G )
ii) The map P, = jzl pj P X I X, is a weak

equivalence where p4y runs through the (E) injections
(k] - [n] satisfying pj(O) = 0. Then the map
|k

X, > Qk[XI weakly adjoint to the inclusion kak = x|T > x|

is a weak equivalence.

Proof: That X satisfies the 7m,-Kan condition and
that the homotopy spectral sequence converges and
collapses to its edge homomorphism follow from the
discussion prece’ding the proof of Theorem 3.2.1. The

theorem follows easily.

Theorem 3.4.2. Let X be a fibrant cosimplicial

space such that

i) xo,...,Xk-l are contractible;
ii) Xk is k=connected;
(%) ()
c s . k n
iii) For each n themap i _ = V p., : VX ~» X
n j=1 J*

is a weak equivalence where pj runs through the YE)
injections [k] = [n] satisfying pj(O) = 0., If in addition

the homotopy spectral sequence of X converges strongly
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kTotX - Xk weakly adjoint to the projection

kxk

then the map I

Tot X > Tot X = Y] is a weak equivalence.

Remark. Strong convergence is guaranteed if for

k

example X is k+l-connected, or more generally, if for

anln > 0} contains only finitely

many non-zero groups. Some condition like this is necessary

since, for example, the map ZkTot(LkHGQ) > ﬂ?sz is not

each j, the set {wg+

a weak equivalence sinceZIRP2 is Z bad ([61, p.l, ch.VII,

5.2).

Proof: It follows as in the proof of Theorem 3.2.2
that the map {ZkTotnX} + (x5} is a pro-homology equivalence.
Since all spaces involved are simply connected it is a
weak pro-homotopy equivalence. On the other hand the
map {Tot X} - {Totnx} is a weak pro-homotopy equivalence
by assumption. This implies that {zkTot x} » {Totnx}
k1.

is also, and hence so is {z%mot x} » {X This

completes the proof.

Theorems 3.4.1 and 3.4.2 should be compared to
[{30], Proposition 1.5.

It is interesting to replace the category of spaces
with the category of sets, and the weak equivalences
with isomorphisms in the statement of Theorem 3.4.1.
When k = 1 one is demanding a set X with a distinct
element e, and a binary operation o : X x X > X satisfying

l) X-9 X = e

~e

ii) e o X =X ;

iii) (x o y) o (2 oy) =x 0 2,
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These axioms are equivalent to the group axioms with
the operation o corresponding to (x,y) - y-lx. Axiom

iii) corresponds to associativity. When k 2 2 one

finds a description of abelian groups based on the

(k+1)~ary operation corresponding to

(XgreeerXy) > z(-l)lxi .

Let us call a space Y an Am(k) space if there
exists a simplicial space X satisfying the conditions
of Theorem 3.4.1 for n < m, with X weakly equivalent
to Y. By the above discussion, an Az(l) space is an
h-space with an inverse, and an A3(l) space is an
associative h-space with inverse. The notion of an
Am(k)-space therefore provides a theory of higher
associativity for k-fold loop spaces - and a dual theory '
for k~fold suspensions. The following theorem makes
precise the sense in which the differentials in the
spectral sequences of Corollaries 3.2.3 and 3.2.4 are

k k

the obstructions to maps s » £°x or 2°x + K(a,n) being

compatible with this higher structure.

Theorem 3.4.3. i) Let {Egt d_} be the homotopy
! r21
spectral sequence for gkx. An element a e Ei n ~ nnZkX
[4
satisfies dj(a)= 0Ofor 1 < j £ r if and only if there is

kSn-k

a cosimplicial space S weakly equivalent to X in
codimensions < r + k - 1, and a map S + X which represents

o 1in codimension k.
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ii) Let {Eit,dr}er be the cohomology spectral
sequence of the cosimplicial space Qkx with coefficients
in an abelian group A. An element a ¢ E?n ~ Hn(QkX;A)
satisfies dj(a) =0 for 1 < j < r if and only if there
is a cosimplicial space K weakly equivalent to
QkK(A,n+k) in dimensions < r + k - 1, and a map gkx > K

which represents o in dimension k.

Proof: We will prove part i). The proof of ii)

is dual. For a fibrant cosimplicial pointed space Y

let FﬁY be the fibre of Tot Y =+ Tot _,Y. An element
s

1 __1,S ., .
st=Me¥ 1is an element of TegFge It survives to
r

E- if and only if it is in the image of ﬂt_s(F:+r_l

o e E

Y) -
n-1
Ties
It follows that o € w ka = E1

n k,n

k+r—l/ék-1 A Sn-k o gkx

representing o in codimension k. This completes the

. r .
survives to E if and

only if there is a map A

proof.

(FzY). The functor Fg is right adjoint to A™/A A -

—
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Appendix B

Bousfield's work on the homology spectral

sequence of a cosimplicial space

The results of Chapter 3 depended on Bousfield's
Theorem 3.1.1. Since this result has not yet been
published we will give a sketch of its proof in this
appendix. This material is taken from a private
communication and the author is very grateful to
Professor Bousfield for making it available, and for
his permission to reproduce it here. A homology spectral
sequence for cosimplicial spaces has also been obtained
by Z. Wojtkowiak (unpublished) and it was through him
that this author first learned of its existence.

The proof of Theorem 3.1.1 requires several
preparatory lemmas. A filtration X -~ Y between cosimplicial
spaces is said to be minimal if each X° + ¥% is a minimal
fibration. The following lemma can be proved using the

techniques of [ 6 1 ch.X.

Lemma B.l. A fibration X =+ Y of termwise connected
cosimplicial spaces, is minimal if and only if the

associated fibrations XS > YS X s MSY are minimal where
M™X

S is the matching space functor ([6] ch.X, 4.5).

M

If X is a cosimplicial space, the left (resp. right)
Kan extension of the restriction of X to the full
subcategory of A consisting of [0],...,[n] will be
denoted sk"x (resp. csk™X). Recall that the maximal

0
augmentation a(X) of X is the equalizer of X0 QI x1

dl
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Lemma B.2. Let u : W+ Y be a map of termwise
connected cosimplicial spaces inducing a weak equivalences

0 - YO. Then u can be factored as a

a(W) -~ a(Y) and W
e £
composition W + X + Y where e is a weak equivalence and

f is a minimal fibration.

0 0 0 0

Proof: Let X° =Y with e =u : W - X and
f = 1Id : X0 -+ YO. To construct Xl, form the pushout
0 .1
W0 y W0 (a”,d") ~»Wl
a(w)
(u,u) 8
v0 0 >
a(w)

and observe that B is a weak equivalence since (u,u) is

a weak equivalence and (do,dl) is a cofibration. Factor

£
the obvious map B -+ v! as B X x! >yl where y is a weak

equivalence and f is a minimal fibration. Let e = yB :

W1 > X1 be the composite weak equivalence, and let

0 0 1 0 1 0

d ,d1 : X° » X and 87 : X° » X  be the obvious maps.

Note that yf is a cofibration since fyf is, and thus
a(X) = a(Y¥). Now suppose inductively that
has been constructed for some s 2 2

iedfg
w’ > x° >vy }OSjSS

and consider the following diagram

- s - S
(skS~ 1wy %5 wS —s (esk® 1w
PO 8
*} Y
S S
(sk® lX) —>> B > C —> (csk® lx)
PB
: S : S
(sk5™1y) > v — 5 (eskSTly) .
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Since a(W) - a(X) and W} + xJ are weak equivalences for
s=1,° s-1,,°

all j < s, (sk W) -+ (sk X) 1is also. Thus, since

o is a cofibration, B is a weak equivalence. Factor the

Y .0

map B - C as a composite B + X » C where vy is a weak

equivalence and n is a minimal fibration. Then let e

and £ be the maps YR : W° + X° and on x° » ¢S

respectively, and define the obvious coface and

1 and X°, This completes

codegeneracy maps between XS_
the inductive step. The resulting map £ : X + Y is a
minimal fibration by Lemma B.l. This completes the
proof.

If X is a cosimplicial space, G a cosimplicial group
and X x G - X a principal action, the orbit map
P : X > X/G =B is a fibration, but not necessarily
induced from a map to WG. It is easy to see that p is

an induced fibration precisely when it admits a pseudo-

cross section. A pseudo-cross section is a cross section

compatible with all of the simplicial and cosimplicial
operators, except possibly the simplicial do. It can
also be shown that the principal fibration p admits a
pseudo cross section if and only if the induced map
a(X) » a(B) does. This holds in particular if B is
cofibrant.

We can now introduce a Moore-Postnikov tower for
a cosimplicial space. Let X be a fibrant cosimplicial
space with each X5 connected. There is a fibration
q : X > cskOX. Factor the map ¢ - cskox into a

cofibration followed by a trivial fibration B -+ X, and

form the fibre square
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X > X

1 l

B —mm8—» cskoX

Finally, factor j into a weak equivalence followed by
a minimal fibration £ : X - B. The map f is isomorphic
in hyl- » -, 81 to g. One can now form the Moore-

Postnikov factorization of £

(0)

() g1 L x(@ o5,

§+l‘.-—)~§

0

For n 2 1 and s 2 0, let nnxs\nnx -denote the kernel of

o

the codegeneracy map wnxs > 7, X . The cosimplicial

simplicial abelian group K(wng\nn§o,n) acts principally

on z(n)’ making E(n) -+ E(n—l)

(n) (n-1)

& principal fibration.

Since X and X are cofibrant, a pseudo-cross

section exists, and there is a fibre square

(n) 0

X ‘»WK(nng\wng /)

X(n—l) 0

> WK(TrnX\TTnX /1)

for each n 2 1.
A cosimplicial (pointed) space is said to be

convergent if the tower map

s+1

{ﬁi(Totsx)} > {r;Tot_ZX} ~ {H, (T(ZX) /F° "T(ZX))}

is a pro-isomorphism for each i.
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Lemma B.3. Let X £ Z 2 Y be a diagram of convergent
fibrant cosimplicial spaces with g a fibration. For
each s 2 0 suppose that Y® is contractible and that
x5 and 725 are connected and nilpotent with nlxs -+ ﬂlzs
onto. For each sufficiently large s suppose that

Totsx and TotSZ are connected and that ﬂlTotSX - ﬂlTotSZ

is surjective. Then X X, Y is convergent.

Proof: The proof is similar to that of [41,
Lemma 7.1, and uses [12] along with the fact that
each TotsX is nilpotent when X is fibrant with each

x5 nilpotent.

Lemma B.4. For n = 1 let M be a cosimplicial
abelian group with m°M = 0 for s 2= n. Then the

cosimplicial space K(M,n) is convergent.

Proof: For an abelian group A let K(A,i) be the
cosimplicial simplicial abelian group with
A if jJ=s and k =n

j s
NJNkK (a,7) = ,
0 otherwise

and let E(A,ﬁ) be the cosimplicial abelian group with

A if j=s or s +1 and k =n
J Sy _
0 otherwise

and with ¢ : NSNnE(Ai) > Ns+anE(A§) the identity map.
Since TotkE(A,i) is contractible if k > s and n > s+l

it is convergent. There is a principal fibration

s+1

n ) ~» E(A,ﬁ)-+ K(A,:). Since K(A,g) is clearly

K(a,

convergent, it follows by induction and Lemma B.3 that
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K(A,ﬁ) is convergent for s < n. Now form a short exact
sequence M = I + J with I and J cosimplicial divisible
abelian groups with divisible cohomotopy, and with

1°I = 753 = 0 for s = n. K(I,n) and K(J,n) are convergent
since each is a product of a cosimplicially contractible
space with a finite product of K(A,s)'s with s < n.

The result now follows from Lemma B. 3.

Proof of Theorem 3.1.1l. Using the Moore-~Postnikov

tower together with Lemmas B.3 and B.4 one inductively

shows that each X(n)

is convergent. This implies
(under the assumptions of the theorem) that X is

convergent.
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