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Abstract

We present a collection of three closely related topics regarding the stability
and well-posedness of minimization problems in the calculus of variations, namely
the generic Tykhonov well-posedness with respect to linear perturbations, the gen-
eralized Hadamard well-posedness for a class of Dirichlet quasiconvex variational
problems, and the d-rectifiability of the set of minimizers for a singularly perturbed
quasiconvex variational integral. Regarding the first topic on generic Tykhonov
well-posedness, we prove that by introducing a linear perturbation term ¢ to a
variational integral of the form J(u fQ x,u, Vu) dr satisfying a mild growth
condition on the negative part of the integrand F', and a coercivity condition for J,
the perturbed functional J — ¢ admits a unique strong minimizer in the Dirichlet
class W P(Q; RY) for all £ in a dense Gj-subset of WP (Q; RN)* for any p > 1. The
proof for the case p = 1 is particularly distinctive and is based on a duality between
the lower semicontinuity of J on sets with the Radon-Nikodym Property and the
generic differentiability of its Fenchel conjugate J*. As for the second topic on gen-
eralized Hadamard well-posedness, we show that under the p-growth condition and
the uniform strict quasiconvex condition for the integrand F' of J, the solution map
S: g argmin{J(u) : u € W,P(€;RY)} enjoys some nice semicontinuity property

as a multivalued function S: W'P(Q; RY) = W'?(Q; RY). Lastly, we study the set

M of all the minimizers for a singularly perturbed strongly quasiconvex variational

integral J.(u) = [, F(Vu)dz + ¢ [, |V*u|? dz from the Dirichlet class W2?(Q; RY)
and show that when F satisfies the p-growth condition for a p € [2, ng) when

n > 2 (no condition on p € [1,00) for n = 2), M is a d-rectifiable set (in Federer’s
sense), or, more precisely, M is bi-Lipschitz equivalent to a compact subset of R
This result is based on an extension of a technique from a recent work by Campos

Cordero and Kristensen on questions on uniqueness.
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Introduction

The topic of well-posedness and stability in the calculus of variations has gathered
immense interest since the early days of the calculus of variations, encompassing
important issues such as uniqueness of solutions, or the effects of various kinds of
perturbations to a variational problem. Calculus of variations originated from prob-
lems in physics and geometry, so the stability of solutions to variational problems is
not merely a theoretical curiosity, but is also of practical interest. Well-posedness
and stability are words used to describe a broad range of concepts that have many
different (but closely related) meanings, and we will be studying a few of these no-
tions in this thesis. The first topic we shall encounter is Tykhonov well-posedness of
variational integrals under linear perturbations, then we shall present the continuity
(in the sense of multivalued functions) of the solution map of a quasiconvex varia-
tional integral with varying Dirichlet boundary data. We then study the structure
of the set of minimizers to a singularly perturbed variational integral and the regu-
larity of these minimizers. Lastly, we will identify some plausible research directions
that can be built on the work done in this thesis.

As a branch of mathematics that has its root in a field of practical science, it is
not surprising that many topics of interest in the calculus of variations are deeply
connected to real-world problems. Over the years, calculus of variations has proved
itself to be a valuable tool for solving problems from various disciplines, both within
and outside of mathematics. A minimizer (or an extremal) of a variational integral
could correspond to an equilibrium point of a physical process, a stable configuration
of some system of interest, or an optimal method to reach some desired outcome.
Hence understanding how minimizers of such integrals behave under various kinds
of perturbations is of critical importance.

The study of how the minimizers of an integral functional vary in response to
perturbations of various kinds is commonly known as the study of well-posedness
of a minimization problem. The idea could be dated back to many classical works
by well-known mathematicians, notably Hadamard’s work on the well-posedness
of problems from mathematical physics. Nowadays, the word ‘well-posedness’ has
become a broad term that assumes many diverse meanings in different areas of
mathematics, but they all encapsulate the idea that solutions of a problem (or a
family of interconnected problems) are ‘nice’ in some specific senses.

Tykhonov well-posedness under linear perturbations of a variational integral
J: WHP(Q;RY) — R of the form J(u) = [, F(z,u,Vu)dz is the first type of
well-posedness covered in this thesis. Here WP(Q: RY) denotes the space of RY-
valued Sobolev functions with exponent p € [1,00) on a domain Q C R", and R =
R U {o0}. Regarding the well-posedness under linear perturbations, our motivation
is from a result in [91] by Stegall, which is commonly known today as the Stegall
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Variational Principle. The theorem states that, under the assumption of strong
lower semicontinuity and a coercivity condition, an extended real-valued function
J on a suitable Banach space X can be perturbed by a small linear functional &
so that the perturbed functional attains a strong minimum. So, in a sense, a ‘bad’
minimization problem is only a small linear perturbation away from being a good
one. This is somewhat surprising since usually one would need to assume weak
sequential lower semicontinuity to conclude that J has a minimizer. There are
other variational principles of a similar kind (cf. [13], [39], [61], [72]), most notably
the Ekeland Variational Principle in [38], which has seen much usage in the calculus
of variations.

The second main topic is about the continuity property of the solution map
S: W2 (O RY) = WHP(Q;RY) that sends a function g to the set of minimizers
argmin {J(u) : u € W,P(Q;RY)}, where the integrand F(z,u,z) of J now is as-

sumed quasiconvex in the last variable (the symbol = signifies that S here is a
multivalued function, a notion to be defined later) Here, the behaviour of the set
of all minimizers of a variational integral J(u fQ x,u, Vu) dz in the Dirichlet
class W, P(Q; RY) is described by analysing S ( ) as a multivalued function between
topological spaces. Our ultimate goal is to use the results from this chapter to prove

the generic uniqueness of the problem
minimize (J —§)(u) over u € WyP(Q;RY),

a topic that we will come back to discuss in the final chapter.

Our third main topic is about the structure of the sets of extremals and mini-
mizers of a singularly perturbed quasiconvex variational integral J.. The reason for
adding a singular perturbation term to our original variational integral is to reg-
ularize the extremals and naturally obtain a uniform Hoélder bound. This chapter
also contains a couple of results that could be of independent interest, such as the
nonlinear Garding inequality for quasiconvex integrals and the existence of linear
extension operators with certain desirable properties.

The final chapter is a discussion about the potential developments of some of
the results from earlier chapters. The obstacles to certain unrealized goals in this
thesis are identified, together with some proposals on how these problems could be
overcome. Apart from that, we make a couple of observations on how some results
that appear in the thesis could be strengthened, together with a few propositions
that may be helpful for that purpose. This chapter concludes the main body of this
thesis.
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Outlines

Here we will give a short summary of each chapter in this thesis. The main
theorems from the chapters will not be stated fully here since that will be done
later at the beginning of each chapter separately. This section acts as a short guide
on how the contents of this thesis fit together and provides an outline of the whole
work. The discussions in this section are sometimes a bit vague and one should
consult the respective parts of this thesis for the full definition of a term, or the

statement of a proposition or a theorem.
1. Preliminaries

This chapter contains the background results and summarizes the basic notation
and technical terms that are used throughout the rest of the thesis. The results
found in this chapter are entirely from the existing literature, with perhaps shorter
or simplified proofs. I make no claim to the originality of anything in this chapter.

The first topic in this chapter is multivalued functions and well-posedness, where
the definition and properties of multivalued functions and a few notions of well-
posedness for general minimization problems are introduced. A multivalued func-
tion T: X = Y is a function from X into the power set of Y, ie. T: X — 2Y.
When X and Y are topological spaces, we can generalize the usual definition of
continuity for functions from X into Y to various different continuity notions for
multivalued functions, serving various different purposes. Some general theorems
about these continuity properties are presented. The use of multivalued functions
allows us to state a few definitions and results regarding well-posedness more clearly.
We also describe some relevant forms of well-posedness that are studied in this the-
sis. In particular, Tykhonov well-posedness, Hadamard well-posedness and their
generalizations are introduced, together with some examples.

The next part of this chapter is a short exposition on the direct method in
the calculus of wvariations and quasiconvexity. Here, we examine the conditions
that ensure the existence of a minimizer for a variational integral of type J(u) =
Jo F(x,u, Vu) dz, viewed as a nonlinear functional on a Sobolev space WP (Q: RY)
of vector-valued functions. The growth conditions for the integrand F' is one of
the main issues, together with the quasiconvezity (in the last variable) of F'(z,u, z).
Other closely related convexity notions such as polyconvezity and rank-one convexity
are also briefly mentioned.

Finally, this chapter ends with a brief introduction to Young measures and some
of their important properties. Primarily, we focus on the relationship between quasi-
convexity and homogeneous gradient Young measure, and its implication on the (se-
quential) lower semicontinuity of the variational integral J(u fQ x,u, Vu) dr
in the weak topology of W'*.
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2. Generic Well-Posedness with Respect to Linear Perturbations

The central topic of this chapter is about how a variational integral, viewed as
an R-valued nonlinear functional .J: W'?(€; RY) — R, can be perturbed by a lin-
ear functional ¢ € WH?(Q; RV)* so that the minimization problem of the perturbed
functional J—¢& behaves better than the original unperturbed problem. The validity
of such perturbations is presented in a general setting using techniques from convex
analysis, in particular the properties of the subdifferential 0J* of the Fenchel con-
jugate of the functional J, where 0J* is viewed as a multivalued function. We then
apply the result to variational integrals J of the form J(u fQ x,u, Vu) d.
Note that no quasiconvexity assumption is needed on F' in thls chapter.

This chapter begins with an overview of some known results from convex anal-
ysis related to generic uniqueness, in particular the properties of subdifferentials
and Fenchel conjugates. The generic Tykhonov well-posedness of the problem
min(X;J —§), i.e

minimize (J — &)(u) over wu€ X,

is transformed into a problem about the (sub)differentiability of J* at £ € X*, which
at a deeper level is connected to the geometries of X and X*. This is a compilation
of established results, no original work is being added in this part.

We then apply the general result about the generic well- posedness of the problem
min(X; J — &) to the case when J is a variational integral J(u) = [, F(x,u, Vu) dz,
defined for v € W'P(Q;RY) with p € [1,00). The case p > 1 is more or less a
direct application of the theorems from the previous section, but the case p =1 is
more involved since the space X = W' (€; R") does not have the Radon-Nikodym
Property. In particular, we prove that when the integrand F' of J satisfies a certain
coercivity condition, the problem

minimize (J — &)(u) over u € WiP(Q;RY),

has a unique solution for almost every & € W(l)’p (Q; RM)* and that the solution
is well-behaved. The modifications needed to deal with minimization problems in
more general Dirichlet classes W;’p(Q; RY) and constrained minimization problems
are also discussed.

3. Well-Posedness of Strictly Quasiconvex Variational Problems with
Varying Dirichlet Data

In this chapter, the well-posedness of the problem min(W}]’p (G RN); ), ie.
minimize / F(z,u,Vu)dxr over wu€ W;’p(Q; RY),
Q

6
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where the integrand F'(z,u, z) of J is strictly quasiconvex and has p-growth in the
z variable, with varying Dirichlet boundary data g € W' (Q; RY) is studied. The
strict quasiconvexity assumption is used to obtain a uniform integrability estimate

for the family
{F(-,uj, Vu;) : u; minimizes J in W;;p(Q;RN)}

(where g; is a W'P_convergent sequence), which is then used to prove the semi-
continuity of the solution map S: W'P(Q;RY) = W'?(Q;R"Y), where S(g) :=
argmin {J(u) : u € W}]’p(Q; RM)}.

In order to get the well-posedness result for the quasiconvex variational problem,
we first establish Caccioppoli-type inequalities both for cubes in the interior of our
domain ) and the cubes near the boundary 0f€2. The technique used here is a
variant of the usual ‘hole-filling’ argument, but with some additional subtleties
arising because our Caccioppoli inequalities must hold uniformly for minimizers in
different Dirichlet classes.

Through a Gehring-type lemma, the Caccioppoli inequalities are then used in
proving a uniform integrability estimate for the family

{|Vuj|p : u; minimizes J in W;;p(Q;]RN)}

whenever g; is strongly WP convergent, which then implies the uniform integra-
bility of { F'(-,u;, Vu;) : u; minimizes J in W;;_p (Q; RM)}. This approach is inspired
by an estimate due to D’Onofrio and Iwaniec [34] that was used in a different con-
text, and our main uniform integrability estimate is a suitable modification of their
work.

Lastly, this chapter concludes by utilizing the above uniform integrability result
to prove that the solution map S is a USCO (upper semi-continuous with compact
values) map, hence showing that the problem min(W,?(Q;RY); J) is Hadamard
well-posed in the generalized sense (with respect to the parameter g). The use of
Young measures in the proof may not be strictly necessary, but it does help to clarify
the role that uniform integrability plays regarding the continuity of the nonlinear
functional J. Most importantly, it is plausible that the results from this chapter
might be crucial for a generic uniqueness result that we have not been able to prove
yet. This will be discussed further in the fifth chapter.
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4. Rectifiability of Sets of Extremals for Singularly Perturbed Quasicon-
vex Variational Integrals

In this chapter, we examine the properties of the set of all minimizers for a
singularly perturbed variational integral of the form

Ja(u):/F(Vu) d:c+€/|V2u|2dx,
Q 0

where F' is a strongly quasiconvex integrand (V2u denotes the Hessian of u). View-
ing the variational integral as a functional J.: W*?(Q;RY) — R, we show that
under suitable assumptions on the integrand F', the set M of all the minimizers
of J. subjected to a W*? Dirichlet boundary condition is d-rectifiable (in Federer’s
sense). In particular, this means that M can be parametrized by a Lipschitz func-
tion f: K — M, where K is a compact set in some Euclidean space R?. The results
in this chapter come from a joint work with Prof Jan Kristensen.

The nonlinear Garding inequality that is crucial for understanding the structure
of the set of extremals of J. is based on a recent work by Campos Cordero and
Kristensen, where they establish the result for the quadratic p = 2 case. The proof
of this inequality requires many ingredients, and one of them is the existence of
an extension operator that extends Sobolev functions u € W"?(9Q;R"Y) to u €
WHP(R™\Q; RY) (Q is a cube in R") which improves the integrability of ®(|Vul),
where ®: R, — R, is particular type of Young function. The first part of this
chapter covers this topic and some closely related extension results.

Using the extension results, the Garding inequality is then proved for variational
integrals of the form J(u) = fQ F(Vu)dz with strongly quasiconvex integrand F'
satisfying the p-growth condition. The proofs are divided into two cases, namely the
case when p > 1 and when p = 1 since they require slightly different techniques to
prove certain relevant estimates. A crucial step for the main results in this chapter
is the strengthening of the Garding inequality so that it implies strict convexity of
the restriction of the functional J to the affine subsets u+Y C W'?(Q; RY), where
uwe CYQ;RY) and Y € WP(Q;RY) is some subspace of finite codimension. The
proof of this strengthened form of the Garding inequality utilizes a simultaneous
Schauder basis of Sobolev spaces on 2 and a modified version of the standard
Rayleigh quotient used in the eigenvalue problem for the Dirichlet Laplacian.

Next, the variational integral J is perturbed into J. by adding a small singular
perturbation term, this regularizes the extremals of the variational integral so that
they are of the class C*®, which makes them smooth enough that we can apply the
Garding inequality. Here we prove that for a sufficiently smooth domain 2 C R™ and
any sufficiently smooth Dirichlet boundary datum g € W*"(Q; R"Y), the extremals
of J. in the class Wg’T(Q; RY) are as smooth as g. The techniques used here are a
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variation of the usual elliptic estimates and a bootstrapping argument, which uses
the fact that F' is a rank-one convex integrand with p-growth in a nontrivial way.

Lastly, we end this chapter with the proof of the d-rectifiability of the sets of
extremals and minimizers of J., the main result of this chapter. This theorem is
important because it shows that the set of minimizers of the perturbed variational
integral J. is ‘structured’ even when the minimizers are not unique. The proof
of this result uses the Schauder estimates for the extremals of the variational in-
tegral J. to get a strengthened form of Garding’s inequality that holds uniformly
for all the minimizers of J.. This theorem on d-rectifiability may imply an even
stronger well-posedness result, in particular the generic uniqueness of the solution
map S: W (Q; RY) = W??((; RY) associated with this problem. A further dis-
cussion of this point is found in the last chapter.

5. Further Developments and Related Results

This last chapter is mostly a discussion of the possibility of developing the results
from chapters 3 and 4 into a generic uniqueness result (similar to the ones in chapter
2), together with some related results. We identify the extra work that needs to be
done on top of the existing results in order to reach the unrealized goal, and suggest
some potential strategies that may lead to the desired outcome.

Regarding the generic uniqueness of minimizers of a quasiconvex variational
integral J(u fQ x,u, Vu) dr with varying Dirichlet boundary data, we state
some results from the theory of multivalued functions that could be applied (or
suitably modified so that it could be applied) to our problem. The continuity of
the solution map S from chapter 3 need to be supplemented with some further
properties, and the knowledge of the structure of the sets of minimizers of J. (from
chapter 4) could make it easier to prove the corresponding theorem for the singularly

perturbed case.
Appendix

In the appendix, some additional facts about functional analysis, measure theory

and integration that are used throughout the thesis can be found.
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1 Preliminaries

In this chapter, the basic notations and some background results are stated to
be used as references for the rest of this thesis. There are three main sections in
this chapter, namely well-posedness and multivalued functions, the direct method in
calculus of variations and quasiconvexity, and Young measures. Most results are
stated without proofs but with references, only some key results are accompanied
by proofs. It should be emphasized that the terms and results in this chapters are
not really new and I do not claim any of them to be my own original work. The
proofs of some propositions in this chapter are modifications or simplified versions
of known proofs.

In the study of well-posedness and stability in the calculus of variations, we seek
to understand the behaviour of the minimizers (and the extremals) of variational
integrals under various forms of perturbations. The primary variational integrals
that appear in this work can be viewed as nonlinear integral functionals J: S — R
of the general form

J(u):/ﬂF(:L’,u(x),Vu(x))dx. (1.1)

Here €2 C R" is a bounded open set with sufficiently smooth boundary, the integrand
F: QxRN x RV 5 R will be assumed to satisfy certain natural assumptions
regarding its growth, continuity, and measurability. The domain .S of our functional
J is a suitable subset of some function space of vector valued functions v: Q — RV
Throughout the rest of this work, we will use the notation R to denote the extended
real line excluding —oo, i.e. R = R U {oc}.

Some examples of variational integrals J that fit into our framework are as
follows.

Example 1.1.

1. Let Q = [a,b], S = {u € C'([a, ] = = [} and J be

o [

The minimization problem corresponding to this functional (and the domain
S) is a classical problem named the brachistochrone problem. This is a problem

of historical importance in the calculus of variations.

2. Let Q CR® S ={ueC'(Q): ul,, =g} and J be

:/Q\/l%—|Vu(x)|2dJ:.

The minimizers of this functional within the Dirichlet class S is the (regular)
minimal surfaces whose boundaries are given by a function g. This is an

10
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example of a variational integral whose integrand F'(z) = /1 + |z|? satisfies
the linear growth condition

F(z) <c(1+|z]).

We can generalize this by replacing R? with R™*! to get a variational principle
for regular minimal hypersurfaces, or relaxing J and enlarging the class S even
further to allow more general types of minimal hypersurfaces.

. QCR% S =W R?), and J be
J(u) = /Q [[Vu(z)|* + h(det Vu)] da,
where h is a convex function. Here S is the Dirichlet class
WA RY) = {u € WH(QR?) - u— g € W™ (4 R?)}

with the boundary datum g. This is an example of a neo-Hookian energy for
hyperelastic bodies. The integrand F' in this case is strictly/strongly quasi-
convex, which is a main assumption we will be working with from chapter 3
onward.

. QCR", S=W,*(Q), and J be

I = [ [ula) (@) + 5 Vu(w)) da,

where f is a smooth function. The extremals (critical points) of J weakly
satisfy the corresponding Euler-Lagrange equation, which in this case is the
Poisson equation

Au = f.

This type of relationship between (elliptic) PDEs and minimization problems
is of crucial importance for the result in chapter 5.

To study the well-posedness of the minimization problems in the calculus of

variations, it is useful to be able to inspect these problems from a broader perspec-

tive, and to perform an in-depth analysis with the right tools. The first section of

this chapter will be about terms and notation related to well-posedness for general

variational problems and how they can be formulated as continuity properties of

associated multivalued functions. After that, we will be more concrete and dis-

cuss topics that are more specific to variational integrals, namely the relationship

between quasiconvexity (and other related notions) and the direct method in the

calculus of variation. Lastly, Young measures are introduced as an effective tool to

study the semicontinuity properties of a variational integral.

11
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1.1 Well-posedness and Multivalued Functions

Well-posedness of a mathematical problem is a general concept that assumes
many technical meanings in various contexts, even when we limit the scope of the
discussion to the calculus of variations. Given a minimization problem, one can ask
how the behaviour of the problem would change if we introduce a perturbation into
it. The problem is said to be well-posed if small perturbations do not drastically
affect its behaviour. To make the previous statement precise, we need to quantify
the perturbation we are talking about and specify the type of behaviour that we
wish to show is robust under small perturbations.

A minimization problem in the calculus of variations is a special case of a more

general class of abstract variational problems:
minimize I(x) over x € X, (1.2)

where X is a topological space and I: X — R is a given function (recall that
R = RU{oo}). Indeed, well-posedness for this latter, more general, class of problems
is a topic of interest in its own right. For simplicity, the problem (1.2) will be
abbreviated as the problem min(X;I).

Our minimization problems for variational integrals are more specific and hence
have more structure which allows us to use tools and techniques not usually available

for the more general version, and usually take the form
minimize J(u) over wu €S, (1.3)

where S is a subset of W'*(Q; RY) and .J is the variational integral

J(u):/ﬂF(:U,u(x),Vu(x))dx.

Of course, in this case the minimization problem is abbreviated as the problem
min(S; J).

The types of perturbations on the minimization problem (1.3) that we will dis-
cuss in this work can be categorized as follows.

1. Linear perturbation of J: Here the set S in (1.3) is fixed but we perturb the
integral J (viewed as a nonlinear functional) by adding a linear functional
¢. For example, we can take S = W(l)’p (Q; RY) and the perturbed functional
could be

(J—g)(u):/QF(x,u,Vu)da:jL/Qh:Vudx

for some h € Lp/(Q; RY*") where p’ denotes the conjugate exponent of p, i.e.

1 1
54—17—1.

12
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2. Boundary value perturbation: The variational integral J is fixed but we vary
the set S = Wé’p(Q;RN) in (1.3), where

WP RY) = {fu e WP(QRY) : u— g € WoP(;RY)}

is the Dirichlet class associated with the boundary datum g € W'?(Q; RY),
by perturbing the function g.

3. Singular perturbation: In order to regularize the problem, a singular pertur-
bation term is added to J. In particular, we are interested in the perturbed
variational integral of the form

JE:/F(VU) dm—l—s/ |V2u|? dz,
Q Q

where € > 0 is some fixed value (presumably small). Here VZu denotes the
Hessian of w. In this case, we want S = WE’Q(Q; RY) where

W22 (4 RY) = {u e W?(Q;RY) : u—g € Wo*(Q; RV)}
so that the second integral is finite.

These three types of perturbations are the main contents of chapters 2, 3 and 4,
respectively. Of course, there are countless other ways that the problem (1.3) can
be perturbed, but only the types of perturbations stated above are the ones that
are covered in this thesis.

For perturbed problems in the same class, one can associate with them pre-
cise notions of well-posedness. The types of well-posedness considered here can
be classified into two main categories, namely Tykhonov-type well-posedness and

Hadamard-type well-posedness.

1. Tykhonov-type well-posedness: A given problem min(X; ) is well-posed in
Tykhonov sense if whenever a element x is an approximate minimizer of I,
i.e. the value I(z) is close to the infimum of 7 on X, then x is also a good
approximation of the minimizer of I in some specific sense. For example, if
the problem min(X; /) admits a unique minimizer zy,,, then = could be close

to the unique minimizer x,;, in the norm topology.

2. Hadamard-type well-posedness: For a class of perturbed problems whose per-
turbations are determined by some parameter, we say that this class is well-
posed in Hadamard sense if the solutions of these perturbed problems also
vary continuously (in some sense) with this parameter. For example, in the
problem min(Wé’p (), J) we can view g as a parameter and suppose that u;
is the unique minimizer of J in W;;p (Q). If g; — go implies that u; — wuy,
then we say that this class of problems is well-posed.
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The descriptions for these two categories of well-posedness given above are
deliberately kept vague. There are several different ways we can interpret the
words ‘close’, ‘approximate’ and ‘continuous’, leading to different notions of well-
posedness. The need for such diversity partly stems from the fact that the set of
all minimizers of a given problem need not be a singleton, it could be many-valued

or even an empty set.

For these reasons, it is natural to introduce the notion of multivalued function
(also known as set-valued functions or multifunctions) and convergence of sets in
order to properly formulate and study well-posedness.

Definition 1.2 (Multivalued Function). Given two sets X and Y, a multivalued
function T: X =Y is a function (in the usual sense) T: X — 2¥ whose range is
contained in the power set of Y. We allow T to take () as its value and call the set

of points x € X such that T'(x) is nonempty the effective domain of T', denoted by
DomT :={z € X : T(x) # 0}
whereas its range is the set RangeT = J, . T'(x).

e A multivalued function is proper if Dom T # ().

o The graph of T is the subset of X XY defined similarly to the graph of a
usual function

GraphT :={(z,y) e X xY :y € T(x)}.

e The inverse of T is another multivalued function T~':Y = X defined as
T '(y) ={reX:yeT(r)}
It is easy to see that DomT ! = RangeT and vice-versa.

o When X andY are topological spaces (or linear spaces) a multivalued function
T: X =Y is compact-valued (or closed, open, bounded, convex, resp.) if
T(x) is compact (closed, open, bounded, conver, resp.) for every x € X. T is
locally compact at x if there exists U € N () such that T'(U) is compact (N (x)
denotes the family of all neighbourhoods of z). We define locally bounded
similarly. /

There are many important multivalued functions that arise naturally in the
study of the problem min(X; 7).

Example 1.3.

14
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1. For a given problem min(X; I), the set of all of its solutions (i.e. minimizers)
are of uttermost importance. The solution set

argmin (X; 1) := {wEX:I(x):i§fI} (1.4)
of the problem min(X; ) could be an empty set, a singleton, or a set contain-

ing many points (even an infinite set in many instances). This gives rise to

many important multivalued functions, e.g. the solution map
S(g) := argmin (W;’p(Q); J)
where J is of the form (1.1), or the map
T(§) := argmin (X; I —&).
These two multivalued functions play vital roles in the study of how the

minimizers vary as we perturb the boundary data or add a linear perturbation
to our functional.

2. In addition to the behaviour of the exact solutions of the problem min(X;I),
the behaviour of the approximate solutions is just as important. The set of

approximate solutions of min(X; I) can be defined rigorously for ¢ > 0 as

c-argmin (X; /) :={r e X : I(z) < e+ i&f[}. (1.5)

In particular, if ¢ = 0, then argmin (X; I) = 0-argmin (X; I).

Besides the obvious multivalued functions S.(g) and 7-(§) that would result
from replacing argmin with e-argmin in the above definitions, the multivalued

function T': [0,00) == X defined by
T(e) := e-argmin (X; I) (1.6)
also plays an important role.

3. In chapter 2, we will be using tools from convex analysis to help us in proving
well-posedness. One of the indispensable tools is the so-called subdifferential,
which is defined for a function f: X — R as

Of (x) ={a" € X7 : (a",y —x) < f(y) — f(x) for all y € X}.
We can see that 0f is a multivalued function 0f: X = X*.

Now that we have seen examples for multivalued functions that are relevant to
the study of well-posedness, it is time to address what it means for a multivalued
function to be continuous.
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Suppose that X and Y are both topological spaces, the concept of continuity
of a single-valued function f: X — Y can be generalized to a multivalued function
T: X =Y as follows. Recall that N (x) denotes the family of all neighbourhoods
of z in X.

Definition 1.4 (USC and LSC). Let X and Y be topological spaces, xo € X and
T: X =Y be a multivalued function. We say that T is

1. USC (Upper semicontinuous) at xq if for any U € N(T(xg)), there exists
Ve N(xg) such that T(V) C U.

2. LSC (Lower semicontinuous) at zq if for any y € T(xq) and U € N (y), there
exists V€ N (xg) such that T(x) NU # O for every x € V.

T is said to be a USC (resp. LSC) multivalued function if it is USC (resp. LSC)
at all points of its domain X. /

The reason for using the upper case USC and LSC to denote the Upper and
Lower semicontinuity, respectively, of a multifunction 7': X == Y is to distinguish
them from the abbreviations usc and lsc reserved for the usual upper and lower
semicontinuity of a normal single-valued function f: X — Y.

It may not be obvious from the definition why Upper semicontinuity and Lower
semicontinuity of a multivalued function are named this way since they do not gen-
eralize upper semicontinuity and lower semicontinuity of a single-valued function.
In fact, if T: X =2 Y is single-valued (i.e. T'(x) is a singleton for all x € X') Upper
and Lower semicontinuity both reduce to the usual continuity. The reason for them
being called Upper and Lower semicontinuity is related to another characterization
using upper and lower inverse of a multivalued function. For any subset A of Y, we
define the upper inverse of T' by

TY(A) ={x e X : T(z) C A}.
Similarly, the lower inverse of T is defined by
THA) :={z € X : T(x)NA#0D}.

Note that the lower inverse 7" essentially coincides with the inverse 7! defined in
Definition 1.2. Then

T is USC <= T“(U) is open for every open set U in Y, and
T is LSC <= T'(U) is open for every open set U in Y.

There are classes of USC multivalued functions that are of sufficient importance

to be given special abbreviations since they appear naturally in many situations.

16



Panas Kalayanamit

Definition 1.5 (USCO and CUSCO mappings). Let (X, 7) and (Y, 7") be topological
spaces and T: X ==Y be a multivalued function.

o T is called a - USCO mapping if it is 7-7" USC (at all points x € X ) and
is T'-compact-valued.

e Suppose that' Y is a vector space, we say that T is a 7-7" CUSCO mapping if
it is both T7-7" USCO and convex-valued.

e An USCO mapping (resp. CUSCO mapping) is called a minimal USCO map-
ping (resp. minimal CUSCO mapping) if its graph does not strictly contain a
graph of any other USCO (resp. CUSCO) mapping.

The prefix T-7' that specifies the topologies on X and Y is often dropped if there

18 mo ambiguity regarding which topologies we are using. /

Here are some examples to illustrate each continuity notion of a multivalued

function.

Example 1.6. Let X =Y = R be endowed with their usual topologies. Suppose
that the multivalued functions 7;: R = R are defined as follows:

1.
{1} ;<0
{0} ;x> 0.
Then 77 is USC but not LSC. It is also USCO but not CUSCO.
2.
{-1,1} ;2<0
Th(r) =< {0,1} ;2=0
{0} ;> 0.
Then T3 is LSC but not USC.
3.
-1,1] ;2 <0
Ty(z) = [—1,1]
{1} ;x> 0.

Then T3 is CUSCO but it is not minimal CUSCO since its graph strictly
contains the graph of

{-1} ;<0
Ty(x) = [-1,1] ;2=0
{1} ;x> 0,
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which is a CUSCO map. In fact, T} is a minimal CUSCO map but is still not
minimal USCO since its graph is strictly larger than the graph of

{-1} ;2 <0
T5(r) =S {—-1,1} ;2=0
{1} ;x> 0,
which is (minimal) USCO.

It is worth noting that 7T} is actually the subdifferential of the convex function
f(z) = |z| on R, i.e. Ty(x) = Of(x). This is the reason why it enjoys so many nice
properties.

With the precise notions of (semi)continuities for a multivalued functions at our
disposal, it is now possible to give exact definitions for the types of well-posedness
that are relevant to this thesis.

The first kind of well-posedness we will consider is the Tykhonov-type well-
posedness, which ensures that the approximate solutions to the problem min(X; )
are close to the exact solutions of min(.X; 7). This can be made rigorous by requiring

that any minimizing sequence converges to the unique minimizer of min(X; 7).

Definition 1.7 (Tykhonov Well-posedness). Let X be a topological space and I: X —
R. The problem min(X;I) (1.2) is called Tykhonov well-posed if there exists a
unique minimizer Tmim € X of I, i.e.

I(xmn) = igl(f[ and  1(Tyin) < I(z) forall x € X\{Znin}
and any minimizing sequence (x;) of min(X; 1), i.e. a sequence such that
I(z;) — 1§f I,

we have T; — Tmin as j — 00. Such a minimizer is called the strong minimizer of
min(X; 7). /

Remark 1.8. Tykhonov well-posedness of the problem min(X; /) can be charac-
terized by the conditions

e The multivalued function T'(¢) = e-argmin (X; I) (defined at (1.6)) is USC at

e =0, and

e 7(0) = argmin (X; ) is a singleton.

The proof of this is easy (see [35, Proposition 1.22] for the proof). /
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Another Tykhonov-type well-posedness is called Tykhonov well-posedness in the
generalized sense, which can be viewed as Tykhonov well-posedness that allows the

non-uniqueness of argmin (X;I).

Definition 1.9 (Generalized Tykhonov well-posedness). Let X be a topological
space and I+ X — R be a given function. The problem min(X; I) is called Tykhonov
well-posed in the generalized sense if argmin (X; I) is nonempty and for every min-
imizing sequence (x;) in X, there exists a subsequence (xj,) of (z;) and Tmm €
argmin (X; I) such that x;, — Tmin as k — oo. /

Remark 1.10. Generalized Tykhonov well-posedness of the problem min(X; ') can
be characterized by conditions similar to the above if we assume further that X is

a metric space and that I is Isc and bounded below.

e The multivalued function 7'(¢) = e-argmin (X; I) is USC at ¢ = 0, and
e 7'(0) = argmin (X; /) is compact.

See [35, Proposition 1.36] for the proof. /

Here are some examples of minimization problems that are well-posed in a (gen-

eralized) Tykhonov sense.

Example 1.11. Let us consider a minimization problem min(X;I) of the form
(1.2).

1. Suppose X is a Banach space and I(z) = ||x||. It is easy to see that the
problem min(X; ||-||) is Tykhonov well-posed and x = 0 is the strong minimizer
of this problem.

2. Similarly, suppose X is a Banach space, C is a compact subset of X and
I(xz) = dist (z,C) (which is a continuous function). We can verify that
T(e) = e-argmin (X; ) is USC at ¢ = 0, hence by Remark 1.10 it follows

that min(X;dist (-, C)) is Tykhonov well-posed in the generalized sense.

3. Looking a little bit ahead, we let X be a topological space and suppose that
satisfies the conditions in Proposition 1.17 that are needed to apply the direct
method. Then it is not hard to see that the problem min(X;I) is Tykhonov
well-posed in the generalized sense.

In particular, this applies to the problem min(W"*(Q); .J) provided that W'?((2)
is endowed with the weak topology and the integrand of the functional J sat-
isfies the bounds in Proposition 1.32 below.
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The second type of well-posedness is the Hadamard well-posedness, which is
about the stability of min(X; ) under a small perturbation of the function /. The
main idea of this type of well-posedness dates back to Hadamard when he studied
how solutions to problems that come from mathematical physics depend continu-
ously on the initial data. For our purpose, we will only consider two closely related
kinds of Hadamard well-posedness.

Definition 1.12 (Hadamard well-posedness). Let X be a topological space and
I: X — R be an extended real-valued function belonging to a given function space
F, where F is endowed with some topology.

e The problem min(X; 1) is called solution Hadamard well-posed (with respect
to F) if there exists a neighbourhood U of I in F such that argmin (X; J) is

a singleton for all J € U and the mapping J — argmin (X; J) is continuous
at 1.

e Similarly, the problem min(X; 1) is called value Hadamard well-posed (with
respect to the function space F) if the mapping J — infx J is continuous at

I. /

We can generalize Hadamard well-posedness in the same manner as how Tykhonov

well-posedness was generalized, i.e. by allowing argmin (X; /) to be multi-valued

and replace the convergence of points in X with a suitable notion of convergence of
subsets. Since in later section we will deal with a particular type of F where each
function in it is parametrized by an element of a Banach space, the definition of

generalized Hadamard well-posedness below will be given only for this special case.

Definition 1.13 (generalized Hadamard well-posedness). Let X be a topological
space and suppose that we have a family of parametrized functions of the form
I, X — R, where the parameter p comes from a subset K of some Banach space
Y.

We say that the problem min(X; I,) is solution Hadamard well-posed in the gen-
eralized sense at py (with respect to K ) if the multivalued mapping p — argmin (X; I,,)

is USC at py. /

If argmin (X; I,,) is single-valued in a neighbourhood of py in K, then solution

Hadamard well-posedness in the generalized sense reduces to the previous defini-
tion. One can see that value Hadamard well-posedness follows easily from solution
Hadamard well-posedness.

Example 1.14. Let us consider the class of problems min(X;I,), where the pa-
rameter p comes from a Banach space Y.
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1.

Let X =Y = R" be equipped with its usual topology and let I,(z) = |z — p|.
Then it is easy to see that the problem min(X;/,) is solution Hadamard
well-posed for all py € R™ (here argmin (X; I,) = {p}).

. Let Q be the unit ball in R?, X = Wy*(Q) and Y = L*(Q). Consider the

functional ]
1(0) = [ 5IVol@) +o(e)g(e) de.

where g € L*(Q2). It is not hard to verify that the direct method applies in
this case (here the integrand is convex) so this problem has a minimizer. We
have seen from Example 1.1, 3) that I, is differentiable and that its minimizer
(weakly) satisfies the Poisson’s equation Au = g, so the standard elliptic
estimate gives

[ullwrz < Cllgll

which, together with linearity, implies that the problem min(X; 1) is solution
Hadamard well-posed at all g € L*(12).

Let X =Y = R" (with its usual topology) and let I,(x) = dist (z, B(p; 1)),
where B(p;1) is the open ball in R™ centred at p with radius 1. Then the
problem min(X; [,) is solution Hadamard well-posed for all p, € R™ (here
argmin (X; [,) = {z € R": |[x — p| < 1}).

There is another aspect of well-posedness called genericity, which is to say that

well-posedness may not always hold for a certain class of perturbations, but holds

almost always (in some specific sense).

To motivate the study of generic well-posedness, let us consider the following

possible situations that we may encounter when a perturbation is introduced to a

minimization problem. As before, we let X be a topological space, {I, : p € K}

be a family of functions parametrized by p € K (K is a subset of a Banach space)

and min(X; Iy) be the original minimization problem. Consider the following three

situations:

1.

We can solve (X, Iy) and want to understand the properties and solvability of
(X, I,) for p near 0.

. We cannot solve (X, Iy) but we know how to solve (X, I,) for some small p.

We are interested in the global properties of (X, 1,) such as being able to
describe the subset of K in which the problem (X, I,) is well-posed.

In situation (1.), Lower semicontinuity of the solution map S(p) = argmin (X; I,)

can help in the study of the problem. Situation (2.) is closely related to the so-

called variational principles, where we perturb the function I slightly to get a much
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better problem (X, I,,) with nice properties, and the solution of (X, I,) usually says
something about the original problem (X, Iy). It is apparent that by accomplishing
the task in (3.), we also gain knowledge of situations (1.) and (2.). However, such
complete characterization is often very challenging or even intractable, hence the
next best thing is to show that there is a large subset (in some specific sense) D C K
such that our class of problems min(X; /,) is well-posed for all p € D.

Definition 1.15 (Generic Well-posedness). Let X be a topological space and {I, :
p € K} be a family of functions I,,: X — R parametrized by p € K, where K is a

subset of a Banach space Y .

o The class of problems min(X; I,) is said to be generically Tykhonov well-posed
in K if there exists a dense G5 subset of K such that min(X; I,) is Tykhonov
well-posed for all p in this subset.

o Likewise, the class of problems min(X; I,) is said to be generically Hadamard
well-posed in K if there exists a dense G5 subset of K such that min(X; 1)
is Hadamard well-posed with respect to the class F = {I, :p € K}. /

Suppose that min(X;I,) is generically well-posed in K, where D C K is a
dense Gs, then K\D is a meagre set (in the sense of Baire) provided that K is
open (or closed) in Y. It is possible to say more about the smallness of K\D in
some cases that we will see later on. In chapter 2, we will explore some important
results in convex analysis that are used to prove generic Hadamard and Tykhonov
well-posedness of the problem min(WyP(€; RN): J —¢), where .J is a fixed nonlinear
integral functional of the form (1.1) and & denotes a linear functional taken from
the dual space WP (Q; RN )*.

1.2 The Direct Method in the Calculus of Variations and

Quasiconvexity

The properties of a variational integral of the form J(u fQ x,u, Vu) dz,
including the existence of minimizers of J, which is of uttermost importance in the
study of well-posedness, depend crucially on its integrand F. In this section we
discuss the issues related to the direct method in calculus of variations, which is
a technique for obtaining a minimizer of a variational problem, and other closely
related topics. In particular, the relationship between quasiconvexity and the direct
method is considered in detail.

While this thesis focuses on perturbed variational problems in various forms,
understanding the methods for solving the unperturbed problems is still indispens-
able. In the calculus of variations, one of the most important methods for finding

22



Panas Kalayanamit

a minimizer of a variational integral is called the direct method. This method can
be stated in a very general setting as an existence theorem of a minimizer to an ex-
tended real-valued function f on a topological space (X, 7). Since we even allow our
function to take 400 as its values, the following definition rules out a degenerated

case.

Definition 1.16. A function f: X — R is called proper if f is not identically
+o00 on X. /

The general statement of the direct method is as follows.

Proposition 1.17 (Direct Method). Let (X, 7) be a topological space and I: X — R
be a proper function on X. Then the function I has a minimizer if the following

conditions are satisfied:

1. coercivity: For each c € R, the sublevel set
Sei={xe X:I(zx) <c}

is sequentially precompact, i.e. for any sequence (x;) in S., (x;) has a subse-
quence that T-converges in X.

2. sequential T-lower semicontinuity: For each sequence x; — x, we have

I(z) < liminf I'(x;).
J—00
This result is sometimes called the Weierstrass’ theorem even though the prop-
erty of ‘semi-continuity’ introduced by Baire was probably not available at the time.

Proof. Let (x;) be a minimizing sequence of I (by properness, we may assume that
I(z;) < oo for all j), then {I(z;) : j € N} is bounded above by some M > 0
and hence (r;) C Sy. The coercivity assumption implies that we can extract
a subsequence (not relabelled) of (z;) such that z; — x for some z € X. The
sequential lower semicontinuity of I then implies that
I(z) < liminf I(x;),
j—o0

hence z is a minimizer of the function I. O

The two conditions in Proposition 1.17 are competing with one another in a
sense. Intuitively, if we impose a strong topology 7 on X, then it is more likely that
I is T-swlsc (sequentially weakly semicontinuous) but less likely that S. is compact.
On the other hand, if the topology 7 is weak, then S, is more likely to be compact
while I is less likely to be swlsc. For example, a Banach space (X, 7) equipped with
its normed topology has so few compact sets, making the coercivity condition very
hard to satisfy. For this reason, we usually equip X (or its subset) with its weak
(or weak®) topology in order to apply the Direct method.
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Example 1.18. We take X = Wl’p(Q;]RN) with p > 1 and equip X with its
weak topology. Of course, here our function J: X — R is an integral functional of
the form (1.1) with F'(z,u, 2) as its integrand. Since X is reflexive, the coercivity
condition holds provided that S, is a bounded set for each ¢ € R (this follows from
the Banach-Alaoglu theorem and Eberlein-Smulian theorem, which tells us that
precompactness is the same as sequential precompactness). The argument extends
to the case that X is a closed affine subset such as WyP(Q; RY) of W'?(Q;RY),
where
WP RY) = {u e WP(QRY) 1 u— g € WP (Q;RY)}

for some g in WP (€; RY).

To get the desired conclusion that S, is bounded, we can assume that the inte-
grand F(z,u, z) is normal and p-coercive i.e.

a+ Bz < F(z,v,2) (1.7)

for some o« € R and 3 > 0. The weak sequential lower semicontinuity is related to
the quasiconvexity of F(z,u,z) in the z variable (to be discussed below).

The proof that the p-coercivity assumption (1.7) does imply coercivity of J (in
the sense of Proposition 1.17) can be found in the appendix. The definition of
normal integrands, together with another important class of integrands called the
Carathéodory integrands, is as follows.

Definition 1.19 (Normal and Carathéodory integrands). Let §2 be an open subset
inR™ and F: QxR? = R be a given function. We say that F is a normal integrand

if the following conditions are satisfied:
1. For each x € Q, the function F(z,-) is lsc.
2. F is (L™ ® B)-measurable.

Here B denotes the Borel o-algebra of RY whereas L™ denotes the o-algebra of all
(n-dimensional) Lebesgue measurable subset of Q. The integrand F is called proper
if F(x,-) is proper for all x € ).

Suppose that the integrands F and —F are both proper and mormal, we say
then that F is a Carathéodory integrand. Fquivalently, F' is Carathéodory if the
following conditions, known as the Carathéodory conditions, are satisfied:

1. For each x € Q, the function F(z,-) is continuous.
2. For each &€ € R?, the function F(-, &) is L™-measurable.

A statement that an integrand F: QxRN xRN*" — R is normal (or Carathéodory)
is to be interpreted that we take R? in the above to be RY = RN x RNV*™, /
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Remark 1.20. Suppose that u: 0 — R is a measurable function; then it follows
directly from the definition of the normal integrand (and the fact that = — (z,u(z))
is L"-(L" ® B)-measurable) that x — F(z,u(x)) is measurable provided that F' is
normal (or Carathédory). It should be noted that the Carathéodory conditions
can be deduced easily from the information that F' and —F are normal but the
converse is far from obvious and relies on the fact that £" is a complete measure.
Also, the equivalence between the definition of Carathéodory integrand from normal
integrand and the definition using Carathéodory conditions is not trivial. For a
detailed discussion about normal and Carathéodory integrands, together with the

proofs of those statements, we refer to Rockafellar [88]. /

There are several other conditions beside (1.7) that ensure weak coercivity (in
the sense of Proposition 1.17). We refer to [21] and [28] for in-depth treatments
of the direct methods in the calculus of variations and [48] for further discussion
regarding coercivity of variational integrals. It should be noted that (1.7) is suffi-
cient to guarantee that the integral function J (with F' as its integrand) is strongly
continuous in WH?(€; RY), i.e. continuous with respect to the norm topology, but
not enough to prove that J is weakly continuous. In fact, a much weaker lower
bound is sufficient to guarantee strong continuity. The proof of the following can
be found in the Appendix A.

Proposition 1.21. For a functional J: W'?(Q; RY) — R of the form (1.1), where
p > 1, J is strongly lsc (lower semicontinuous) in WP (Q; RN) provided its integrand
F' is normal and satisfies the lower bound

F(z,u,2) 2 =h(x) = ofu|' = B|z|", (1.8)

where a, > 0,1 <t < p* and h € LY(Q). Here p* is the exponent from the Sobolev

embedding theorem WP < LF" j.e. p* = ah ifp<nandp*=o0if p=n.

Applying the above proposition to F' and —F, the following corollary is imme-
diate.

Corollary 1.22. If J: W"?(Q; RY) — R is a functional of the form (1.1), where
p > 1, then J is continuous in W'?(Q; RY) provided its integrand F is Carathéodory

and satisfies
|F(z,u,2)| < h(z) +alul’ + Bz, (1.9)
where o, 3> 0, 1 <t < p* and g € L'(Q).
The sequential weak lower semicontinuity of a variational integral J is a strictly
stronger condition than being sequentially semicontinuous in the strong topology.
Indeed, we shall give a counterexample of a variational integral J whose integrand

satisfies the lower bound (1.8) in the space W'?(Q;R) for any p > 1, but J is not

sequential weak lower semicontinuous.
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Example 1.23. Let Q = (0,1), p € [1,00) and .J be defined for any u € W'?(Q; R)
by

J(u) = / (o (2)? — 1) du,

ie. F(z,u,v) = (v? —1)% Clearly F satisfies the lower bound (1.8) since F' > 0, so
J is strongly continuous.
Let f: R — R be

x ;x € [0,1/2]

flo) = l—x ;xe[l/2,1]

and extends it periodically to all € R so that f(z + 1) = f(x). Let (u;) be a
sequence of functions in W'?(2; R) defined by

uy(w) =~ f(na).

Observe that u)(z) = £1 a.e., hence J(u;) = 0 for every j € N. We can show that
u; = 0 in W'?(€; R) but

J(0) =1> 0 = liminf J(u;).

n—oo

This shows that J is not sequentially weakly lower semicontinuous.

Sequential weak lower semicontinuity is directly related to convezity in the last
variable of F'(z,u, z). Indeed, a quick look at the integrand F'(z) = (2% — 1)? in the
previous example reveals that F'(z) is not convex in z.

Recall that n is the dimension of the domain 2 C R™ and N is the dimension of
the target space of u € WP(Q; RY). In the scalar case min{n, N} = 1, convexity is
both necessary and sufficient for sequential weak lower semicontinuity. More gener-
ally, convexity in the last variable of F'(x,u, z) always implies sequential weak lower
semicontinuity of the corresponding variational integral J on W?. The following
well-known results give the precise statement of this fact (the proof of it can be
found in [28, Theorem 1.3], for example)

Proposition 1.24. Let 2 C R™ be a bounded open set with Lipschitz boundary. Let

F: QxRN x RV*" R be a non-negative continuous integrand of a variational
integral J of the form (1.1). Then

1. If the function F(z,u,-) is convex for all x,u € Q x RN then J is swisc in
Whe,

2. If J is swisc in W' and either n = 1 or N = 1, then its integrand F(z,u, )

is convez for all z,u € Q x RN,
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The assumptions on F' can be significantly relaxed, e.g. F' need only be Carathéodory

instead of continuous, and still yield essentially the same result (see [28, Corollary
3.24]).

In the vectorial case where n > 1 and N > 1, convexity in the last variable
of F(x,u,z) is no longer a necessary condition for the variational integral J to
be sequentially weakly lower semicontinuous (but it is still a sufficient condition).
Indeed, many important classes of integrands that fail to satisfy this assumption
still give rise to a swlsc functional. It turns out that the ‘correct’ condition for the
integrand F(z,u,-) in order that J be swlsc in W is a weaker form of convexity
called quasiconverity. Recall that for a convex function f: R¥*" — R, Jensen’s
inequality says that

F(z) < /QF(Z + h(w)) du(w)

Ran

for any integrable function h: 2 — and any probability measure p on €2 such

that [, h(w)du(w) = 0. A quasiconvex function can be viewed as a function that
satisfies a restricted form of Jensen’s inequality.

Definition 1.25 (quasiconvexity). Let F': R¥N*" — R be a locally bounded Borel-
measurable function. F is called quasiconvex at z € RN*" if

1
F) < o /B o Pl Vel da (1.10)

holds for all ¢ € Wy™(B(0,1); RYN). Here B(0,1) is the open unit ball in R".
F is said to be a quasiconver integrand if it is quasiconvex at every point z €
Ran_ //

Clearly, if F' is convex, then Jensen inequality immediately implies that it is
quasiconvex since fB(O 1y V() de =0 for any ¢ € Wy (B(0,1); RN).

Remark 1.26. 1. The domain of integration B(0,1) in the definition of quasi-
convexity can be replaced by any bounded open domain to get an equivalent
definition of quasiconvexity (see [48]).

2. Under the p-growth assumption, i.e.
[F(2)] < c(1+]z7)

for some p € [1,00) and ¢ > 0, the inequality (1.10) holds for any ¢ €
WP (Q; RN).

3. Quasiconvexity coincides with the usual convexity if N =1 or n = 1. /
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The definition of quasiconvexity was introduced by Morrey who showed in [79]
that quasiconvezity is essentially equivalent to sequential weak lower semicontinuity
of the integral functional J of the form (1.1), modulo some technical assumptions.
Nowadays, quasiconvexity is recognized as a central convexity condition of the cal-
culus of variations. The following sequential weak lower semicontinuity result for a
functional J is due to Acerbi and Fusco ([1, Theorem II.4]).

Theorem 1.27 (Acerbi-Fusco). Let p € [1,00), Q be a Lipschitz domain, J be an
integral functional of the form (1.1) and F: QxRN xRY*" — R, be a non-negative
Carathéodory integrand with p-growth, i.e.

F(z,u,z) <c(l+ |[ulP +|2]P). (1.11)

Then the functional J is swisc on WP (Q; RN) if and only if F(z,u, -) is quasiconvex

for almost every x € Q and every u € RV,

An alternative proof of this theorem using Young measures can also be found
in [87]. This theorem can be modified in many ways, such as replacing the non-
negativity condition in Proposition 1.27 by a much more lenient lower bound as in
28, Theorem 8.11] or [48, Theorem 5.7], which is

F(z,u,2) > —h(z) — a|ul]’ — B|z|" (1.12)
for some a, 3 > 0,1 <t < p*, 1 <r < pandsome h € L'(Q).

Remark 1.28. It is worth noting that sequential weak lower semicontinuity of
f: X — Y is generally a strictly weaker property than weak lower semicontinu-
ity (since the weak topology on X is not completely determined by sequences).
Consider, for example, the operator T': [? — [? defined by

T = (a5 0 )

for any o = (a!,a?,a?,...) € ? (each component of « is indexed by a superscript).
This operator is sequentially w-||-|| continuous but not w-||-|| continuous. Indeed,
for any sequence a; — 0 in 2, there exists C' > 0 such that |ja;||> < C, hence
2 |t ]? noo 1 . noo
P = 320 < i g S < Yl

Given any € > 0, we can make || Ta;|| < e by choosing sufficiently large m and let j
be sufficiently large. This shows that 7" is sequentially w-||-|| continuous. However,
0 € [? is in the weak closure of the set A = {\/je; : 7 € N} C [ but the inverse
image under 7' of an open ball Bj2(0,1/2) cannot contain an element of A since
|7(v/7e;)|| = lle;|| = 1. This shows that 7" is not w-||-|| continuous.

Lastly, we compose T" with the map — ||| : I — R to get a map that is se-
quentially weakly continuous, but not weakly lower semicontinuous (at 0 € [?).

/
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Despite its importance with regard to the sequential lower semicontinuity of
variational integrals, quasiconvexity is an elusive condition that is hard to verify in
general. This is largely due to the fact that quasiconvexity is not a local condition
(in a sense that was made precise by Kristensen [59]). Nevertheless, there is an
important subclass of quasiconvex functions that is much easier to deal with, called
the class of polyconvez functions. Polyconvexity was introduced by Ball in [10] and
had quickly gained recognition as another convexity condition of great significance in

the field of the calculus of variations, in particular the modern theory of hyperelastic
bodies.

Definition 1.29 (polyconvexity). For z € RN*" we denote by

T(z) = (T1(2), ..., Tawm)(2))

the collection of all minors (or subdeterminants) of z in some fixved order (unim-
portant, but fived). A function F: RN*" — R is called polyconvex if there exists a
convex function f: RN 5 R such that

for all z € RV, //
For example, we have
o F(2)= f(z,detz) if N=n=2
o F(z) = f(z,cof z,det z) if N =n =3

There is yet another important notion of convexity in the calculus of varia-
tions, namely rank-one convexity. As oppose to polyconvexity, rank-one convexity
is weaker than quasiconvexity.

Definition 1.30 (rank-one convexity). A function F': RN*" — R is called rank-one
convex if

F(1 =Xz +dw) < (1=A)f(2) + Af(w)
for any X € [0,1] and any z,w € RN*" such that rank (z — w) < 1. /

The relationship between these convexity notions for a real-valued function
f: RY¥*" 5 R can be summarized as follows:

f convex = f polyconvex = [ quasiconvex = f rank-one convex.

In the scalar case, convexity and rank-one convexity coincide and hence all
these notions of convexity collapse into the standard convexity. In the vectorial
case, however, all these implications are strict provided that N,n are big enough.
In some low dimension cases, that is, for N = 2 and n > 2, the question whether
rank-one convexity implies quasiconvexity is still open. For more discussion, see
[28, Theorem 5.3 and Remark 5.4].
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Example 1.31.

1. Let N = n = 2. For simplicity, let us consider a functional whose integrand

F(z,u, z) is independent of = and u

J(u) :/Qdet(Vu) dx.

Here the integrand F'(z) is polyconvex (in fact it is polyaffine, meaning that
both £F are polyconvex) but not convex.

2. Let N =n = 2 as before and consider the integral functional

J(u):/ﬂfW(Vu(x)) dz,

where
£(2) = |2l = 2912 det .

Here we write |z| = /tr (2!2).

From the results in [4] and [31] by Alibert, Dacorogna and Marcellini, it is
known that f, is polyconvex if and only if |y| < 1 whereas f, is quasiconvex if
and only if |y| < 14« for some € > 0 (see also [52] by Iwaniec and Kristensen).
This shows that there exists some v > 1 such that f, is quasiconvex but not

polyconvex.

It is worth noting that f, is rank-one convex if and only if [y| < 2/v/3 and
from the numerical results in [29] and [30], it is believed (though not proved)
that 1 +¢=2/v/3.

To end this section, we give an example of the application of the direct method to
a minimization problem of a quasiconvex variational integral. Recall from Example
1.18 that the pointwise coercivity condition (1.7) for the integrand F' implies the
weak coercivity of the corresponding variational integral J in W'?(Q) (meaning
that S. = {u € WH(Q) : J(u) < ¢} is sequentially weakly precompact for all ¢)
provided that p > 1, and observe that it also implies the lower bound (1.12). Thus
if we assume that F'(z,u,-) is quasiconvex and that the p-growth condition (1.11)
holds, then we also get sequential weak lower semicontinuity and hence the direct
method can be applied.

The above discussion can be summarized as follows.

Proposition 1.32. Suppose that p > 1, €2 is a Lipschitz domain, J is an integral
functional of the form (1.1) and F: QxRN xR¥*" — R is a Carathéodory integrand
satisfying the p-coercivity assumption (1.7) and the p-growth assumption (1.11), i.e.

—a+ B2l < Fle,u, z) < (14 [uf” + [2)°) (1.13)
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for some o, 3, > 0. Then the minimization problem
minimize J(u)  over u€ WyP(Q;RY)
has a solution for any Dirichlet boundary datum g € WHP(Q; RYN).

Notice that this proposition is only stated for p > 1. For p = 1, the p-growth
condition is sufficient for sequential weak lower semicontinuity in W' (Q; R?) but
the pointwise coercivity condition (1.7) no longer guarantees that a minimizer exists
in WhH(Q; RY). In fact, the space BV(€; RY) of functions with bounded variation
is a more suitable context in which to find a minimizer (in a generalized sense) of an
integral functional whose integrand satisfies the 1-growth condition. It should be
noted that with suitable modifications, much of the previous results that we have
discussed can be extended to the case where the variational integral J has a normal
integrand instead of a Carathéodory integrand.

While the coercivity conditions and growth conditions that have been introduced
so far are all pointwise conditions on the integrand F'(z, u, z) of the variational inte-
gral J, different types of coercivity and growth conditions are also possible (see Chen
and Kristensen [21], for example). The fact that sequential weakly lower semicon-
tinuity holds under the quasiconvexity condition can be seen as an instance of the
so-called ‘compensated compactness’ methods (see Murat and Tartar [100, 101]).
For more information regarding these methods and other methods of solving vari-
ational problems in the calculus of variations, such as the ‘concentration compact-
ness’ methods by Lions [68, 69, 70, 71]), Struwe’s monograph [93] is a good place to
look. Note that none of these other methods are suitable for the type of variational

problems that we consider here in this chapter; for this we need the direct method.

1.3 Young Measure and Lower Semicontinuity

Over the recent years, Young measures have become an important tool for dealing
with nonlinearity in calculus of variations and many related disciplines. There are
several ways Young measures can be introduced, with various degrees of generality.
The theory that is presented here is not the most general one possible but is sufficient
for our purpose. Most of the material in this section is from the books [87] by
Rindler, [45] by Fonseca and Leoni, [82] by Pedregal, and series of lecture notes and
the paper [58] by Kristensen.

In the following, Co(R™) is the space of all continuous functions vanishing at
infinity. Its dual is the space of all (signed) Radon measures, denoted by M(R™).
We denote the subset of M(R™) consisting of all probability measures by M!(R™).
Recall that for a bounded open set 2 C R™ (equipped with the Lebesgue measure),
LY(Q; Co(R™))* ~ L°(Q; M(R™)) (see Proposition A.24 in the appendix).
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Definition 1.33. [Young measure] Let 2 be a bounded open subset of R", equipped
with the Lebesgue measure. A Young measure is an element v € Lo (€Q; M(R™))
such that v(x) € MY(R™) almost every x € (). /

Remark 1.34. 1. For a Young measure v, we often write v, := v(z).

2. The barycenter (or the centre of mass) of measure u € M(R™) is defined,
provided that [, |z]du(z) < oo, by

pim [ sduts)

If v is a Young measure, 7 is a function defined by 7(x) := 7,.

3. If v is a Young measure, then for any Carathéodory integrand f: Q@ xR™ — R,
the function (in x variable)

flz,vy) = f(z, 2) dv,(z)

RmMm

is Lebesgue-measurable. (see [87, Theorem 4.1-4.5 and Problem 4.1]). /

Proposition 1.35 (Fundamental Theorem of Young Measure). For p € [1, 0], let
V; € LP(; R™) be a bounded sequence. Then there is a subsequence (not relabelled)
and a Young measure v such that the following hold:

1. If p < o0, then
(] 17 = /Q/m 2P dvy () dar < oo (1.14)

If p = oo, then there exists a compact set K C R™ such that

suppv, C K for almost all x € Q. (1.15)

2. For any Carathéodory integrand f: 2 x R™ — R such that (f(z,V}))jen is
uniformly integrable, we have

f(x,Vi(x)) A f(z,v,) in LY (1.16)

In particular, we have
/f(:v,l/}(x))dx—)/f(x,yx)da::/ f(x, z) dv,(z) dz.
Q Q Q Jrm

Proof. See [87, Theorem 4.1-4.5]) or [45, Theorem 8.6]. O

Definition 1.36. Forp € [1, o0],
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o The set of all Young measures that satisfies condition (1) in Proposition 1.35
is denoted by YP(S2; R™).

o If a sequence of measurable functions V;: Q — R™ satisfies the condition (2)
in Proposition 1.35, then we say that the sequence V; generates the Young

measure v. Symbolically, we write
Vi — v

/

Remark 1.37. A sufficient condition for a sequence of measurable functions V;: {2 —
R™ to generate a Young measure v is the tightness condition

tlim limsup £"({|V;| > t}) =0,
—o0

J—00

which is implied by boundedness in the L” norm. /

Next, we shall state some of the most useful results regarding Young measure

that is used in this work.

Proposition 1.38. For p € (1,00], let V; be a sequence in LP(Q;R™) such that
V; Sve YP(;R™). Setting V(x) := U, then for p € (1,00) we have

V; = Vin LP,
or, for p = oo,
V; = Voin L.
Proof. See [87, Lemma 4.11]). O
Proposition 1.39. Forp € [1,00], let V; be a bounded sequence in LF(£2; R™) such
that V; 5 v € YP(Q:R™). Then for V € LP(Q; R™),
Vi =V in measure if and only of Ve = 0y(z) a.e. € €.

Proof. See [87, Lemma 4.12]) or [45, Corollary 8.9]. O

The following proposition allows us to ‘freeze’ one variable in the integrand,
which will prove to be useful when we deal with integrands with several variables.

Proposition 1.40. Let p € (1,00), u; be a bounded sequence in LP(Q;RY) and
Vi be a sequence in LP(Q;RM). Suppose that there exist u € LP(Q;RY) and v €
YP(Q; RM) such that

u; — u pointwise a.e. and Vi—=v,
then (uj, V;) Sue YP(Q; RVMY where
Uz = Ou(z) @ Vg a.e. T € (1.
Proof. See [87, Lemma 5.19] or [45, Corollary 8.10]. O
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There is a certain subclass of Young measure that is especially interesting to us,
namely the class of gradient Young measures, whose elements are generated by a
sequence of gradients. The reason why it is so important in calculus of variations

is because it interacts well with quasiconvexity.

Definition 1.41 (Gradient Young Measure). Let Q be a bounded open set in R"
and p € [1,00]. For a Young measure v € YP(Q; RN*"), we say that v is a W'P-
gradient Young measure if there exists a bounded sequence u; in Wt (RN such
that

Vu, .

o The set of all W"P-gradient Young measures is denoted by GY?(Q; RN*™),

o If v € GYP(Q;RN*™) s constant for a.e. x € §, then we say that v is a
homogeneous gradient Young measure. In this case, we sometimes also write
v instead of v, (and likewise for 7). /

Remark 1.42. For a gradient Young measure v € GY?(Q; RV*™), suppose that Vu;
is a bounded sequence in L?(2; RY*") that generates v. Suppose that € is a bounded
Lipschitz domain (so that we can apply the Poincaré-Wirtinger inequality), by
subtracting 1, from u; we can assume that u; is bounded in W'?(Q; RY) and that
u;j X win WP, From Proposition 1.38, it follows that 7 = Vu a.e. € Q. Such a

u will be called an underlying deformation of v. /

Proposition 1.43. Let p € (1,00 and v € GYP(B;1(0); RN*") be a gradient Young
measure (where Byi(0) is the unit ball in R™). Suppose that h: RN — R is a
quasiconvex function with p-growth, i.e. |h(z)] < C(1 + |z|P) for some C > 0, then

WD) < (v, ) = / h(2) dv(z).

RN xn

For p = oo, there is no restriction on the growth condition.
Proof. See [87, Lemma 5.11]). O
Proposition 1.44. Let p € [1,00) and v € GY?(; RY*"). Then for almost every

xo € €1, the probability measure vy, is a homogeneous gradient Young measure in
its own Tight, i.e. vy, € GYP(By(0); RN*).

Proof. See [87, Lemma 5.14]). O

Proposition 1.45. Let p € (1,00) and v € GYP(Q; RY*"). Suppose that F: Q x
RY x RV*" 5 R is quasiconver in the last variable with p-growth in the sense that

|h(z,u, 2)| < Cru(l+]2]P) for a.e. x € Q

for some constant Cy,, > 0. Then we have

Mz, u,v,) < h(z,u,v,) = / h(z,u, z) dv(z) for a.e. x € Q.

RN Xn
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Proof. This clearly follows from Proposition 1.44 and Proposition 1.43. O]

Recall that 't = max{F,0} and F~ = max{—F,0} are the positive and neg-
ative parts of F, respectively. With all of the above, we have the following lower

semicontinuity result.

Proposition 1.46. Letp € (1,00), F: QxRY x RV*" be a Carathéodory integrand
such that
|F(x,u,2)] < Cru(l+|2|P)  for ae x andu

and that F(z,u,-) is quasiconvex for almost all x and u. Suppose (u;)jen be a
sequence in WHP(Q;RY) such that u; = u in WP (Q;RY) and (F~ (v, u;, V) jen
1s uniformly integrable. Then we have

/ F(z,u,Vu)dr < liminf [ F(z,u;, Vu;)dz.
Q

1—>00 [¢)

Proof. Without loss of generality, it is enough to prove the inequality for any sub-
sequence of u;; hence we can assume that Vu, % v for some v € GY? (€, RNV*m)
and that u; — w a.e. x € 2. By Proposition 1.40, we get that (u;, Vu,) R i, where
o = Oy(z) @ 1y for ae. x € ()

Since (F~(x,uj, Vu;))jen is uniformly integrable, Proposition 1.35 implies that

/Q F(z,u(x),v,)de = lim | F~(z,uj(x), Vuj(z)) d.

j—00 Q

On the other hand, we can define FM(x,u, z) := max{F*(z,u, z), M} and observe

that (FM(x,u;, Vu;))jey is (trivially) uniformly integrable. Therefore we also have

/QFM(:E,u(x),Vx) dr = lim [ FM(z,uj(z), Vu;(v)) dz

Jj—00 Q

gliminf/F*(x,uj(:c),Vuj(:c))dx
Q

j—00

for any M > 0. By the monotone convergence theorem, we can take the limit as
M — oo and conclude that
Jj—00

/QFJ“(x,u(a:),ux) dx gliminf/ﬂF+(as,uj(a:),Vuj(a:))da:

Using the fact that F' = F* — F~ and that lim inf;(a; —b;) = liminf; a; —lim; b;,

we have

/QF(:(:, uw(z), v;) de < lim inf/QF(:c,uj(a:), Vu,(x)) dx.

j—00
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Lastly, since Vu; — Vu, Propositions 1.38 and 1.45 imply that

LF@M@VWMM:/F@M@%Mx

Q

SLF@M@%mx

< liminf/ F(z,uj(x), Vu;j(x)) dz. O
Q

j—00

A more general version of the above proposition, stated in the framework of
BV functions, can be found in the paper [58] by Kristensen. However, the above
formulation is sufficient for our usage in chapter 3.
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2 Generic Well-posedness with Respect to Linear

Perturbations

In this chapter, we study when the act of perturbing a variational integral J(u) =
Jo F(z,u(z), Vu(z)) dz, viewed as an R-valued nonlinear functional on a Sobolev
space J: WyP(€; RY) — R, by a linear functional £ € Wy (€; RN)* affects the vari-
ational problem in such a way that the minimization problem min(Wg?(Q; RN); J —
€), that is
minimize (J — &)(u) over ue€ WiP(Q;RY),

associated with the perturbation £ behaves better than the unperturbed problem.
More specifically, we want to show that the complement of the set A C W(l)’p (RN~
of all ¢ such that the problem min(W'?(:RY);J — &) fails to be Tykhonov well-
posed is larger than a residual set (in Baire’s sense). In fact, we will see that
the set Wy (€; RV)*\ A satisfies a much stronger condition than being residual (at
least when p > 1) and that the problem min(Wy”(;RY);J — ¢) is Hadamard
well-posed for € € WiP(Q; RV)*\\A. The results extend naturally to the problems
min(W,?(Q; RY); J — &) with arbitrary Dirichlet boundary datum g € W' (Q; RY)
and constrained minimization problems.

Regarding the Tykhonov well-posedness of the unperturbed variational problem
min(Wg?(Q; RY); J), there are some related results by Sychev in this direction that
partially inspired our work in this chapter. In [95] (based on his earlier work in [94]),
Sychev studied a slightly weaker property than Tykhonov well-posedness that he
called the ‘stability’ of a variational integral .J: W' (Q; R") — R, and proved some
interesting results under relatively mild assumptions. Some of these assumptions
also motivated our assumptions in Theorem 2.3. A point u € W' (Q; RY) is called
a point of stability in Sychev’s sense if for any sequence u; in W' (Q; RY)

uj = u and J(u;) = J(u) = Vu; = Vu in L.

He proved that under suitable assumptions, the set of points of stability in W' (€2; R")
is dense in {u : J(u) < oo}. While our results in this chapter do not imply
his result, it is worth noting that a strong minimizer of the perturbed problem
min(WHH(Q; RN); J — €) is a point of stability in Sychev’s sense.

Our motivation for studying the generic Tykhonov well-posedness of minimiza-
tion problems min(Wy?(; RY); .J —¢€) for € € WP (Q; RV)* is a theorem by Stegall
[91], now commonly known as the Stegall’s variational principle. A prevalent form
of the statement of the Stegall’s variational principle as commonly seen, e.g. in [13]
and [83], is formulated as a perturbed minimization theorem in a form similar to
the (more well-known) Ekeland variational principle. This version can be stated as

a well-posedness theorem as follows.
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Proposition 2.1 (Stegall’s Variational Principle). Let X be a Banach space and
C C X be a nonempty, closed and bounded convexr set with the Radon—Nikodym
Property. Let f: C — R be a lsc function that is bounded from below. Then for
any € > 0, there exists x* € X* such that ||z*|| < & and the problem of minimizing
f+x* is Tykhonov well-posed.

The Radon-Nikodym Property is defined later in this chapter, but for now it is
helpful to note that every nonempty, closed and bounded convex set in a reflexive
space X has this property.

While a direct proof of this version of Stegall’s variational principle, although
very technical, is available (see the aforementioned books, for examples), in fact
an even stronger theorem can be obtained naturally as a consequence of results
in convex analysis regarding the generic Fréchet differentiability of the Fenchel
conjugates of a particular class of functions. This approach relies on the continuity
properties (in the multivalued functions sense) of subdifferentials of convex functions
in a nontrivial way. The goal of this chapter is to lay the foundations needed for
the ‘improved’ version of the Stegall’s variational principle, and then apply it to
minimization problems in the calculus of variations. Note that the groundwork
about genericity and convex analysis is a collection of known results in the literature,
the original work in this chapter is the application of those techniques to variational
integrals.

The main generic well-posedness results in this section concerns the variational
integrals J : W'?(;RY) — R with Caratheodory integrand F(x,u,z), where F

satisfies a certain pointwise lower bound and J is strongly coercive in the sense that

J(u)

lullw1p—00 ||| yrp

These assumptions are relatively weak and they follow from several more familiar
assumptions such as the p-coercivity assumption for F(x,u,z) (see [21] for a dis-
cussion of coercivity in the calculus of variations). The case p € (1,00) is simpler
than the case p = 1 and also allows us to draw a stronger conclusion regarding the
generic well-posedness in this case.

Let us first recall some terminology and notation regarding genericity and the
duals of Sobolev spaces that are used in the main theorems. A Gs-set is a set that
can be written as an intersection of countably many open sets, and its complement
is an F,-set, a set that can be written as a union of countably many closed sets. A
property is generic in a topological space X if it holds on a dense Ggs-subset of X,
or, equivalently, fails to hold on an F,-subset of X with empty interior. An a-angle
small set is a particular case of an F,-set with empty interior («-angle smallness and
other types of smallness will be discussed more thoroughly later in this chapter).
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The dual of the Sobolev space Wy (€; RN) is denoted by W?(Q; RY)* and can,
for p € [1,00), be identified (isomorphically) with

WEP (Q:RY) = {Zao‘fa.faeLp(Q ]RN)}

la|<1

normed by

ol = inf{ LIAPIEDS 0”‘fa},

lal<1 lal<1

where p’ is the conjugate exponent of p (i.e. }17 + z% =land p =0 ifp=1). Our
main result regarding generic well-posedness of linearly perturbed problems with a

given Dirichlet boundary datum is as follows.

Theorem 2.2. Letp € (1,00), let Q2 C R" be a bounded open domain, let J: WP (Q; RY) —
R be a variational integral of the form J(u fﬂ x,u, Vu) dz, where the func-
tional J is strongly coercive as defined above, and let g € Wlp(Q, RY).

Suppose that the integrand F: Q x RN x RV R of J is normal and satisfies

the pointwise lower bound (1.8)
F(.T,U,Z) > —f(l') - 7|u|t - 6|Z|p7

for some v, > 0,1 <t < p* and f € L'(Q), then there erists a set A C
WL (RN such that A is a-angle small for all a € (0,1) and the problem

minimize (J —&)(u)  over ue WyP(Q;RY)

is Tykhonov well-posed at each ¢ € W™ (O RN\ A. Moreover, the problem
min(W;’p(Q;RN); J — &) is Hadamard well-posed for & € W_l’p/(Q;RN)\A, where
WP (Q;RN) is endowed with its usual norm topology.

In particular, if Q is a domain with C* boundary, then there exists a set AcC
Wé’p/(Q;RN) such that A is a-angle small for some ac € (0,1) and the problem

minimize /F(a:,u,Vu)dx—/Vh:Vudw over uEW;’p(Q;RN)
Q 0

18 Tykhonov well-posed at each h € Wé’p/(Q;RN)\j. Moreover, the problem
min(W,P(Q; RY); J—(Vh, ) is Hadamard well-posed for h € WP (Q: RV)\ A, where
Wé’p/(Q;RN) is endowed with the usual norm topology.

The expression § (u) for a general u € W"P(Q;RY) should be understood as
¢(u) where € is an arbitrary extension of & € W~ (:RY) to an eclement of
WHP(Q; RN)*. The set A (and A) in Theorem 2.2 is very small, smaller than a
meagre set (in Baire’s sense), so its complement in W_l’p/(Q; RY) is very large.
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For the case p = 1, the fact that the space WI’I(Q; R™) does not have the RNP
complicates the analysis of generic Tykhonov well-posedness significantly. Never-
theless, a slightly weaker result than Theorem 2.2 is available if we assume a further
pointwise strong coercivity condition for the integrand F', which yields the following
result.

Theorem 2.3. Let Q@ C R" be an open domain and J: WHH(Q;RY) — R be a
variational integral of the form J(u fQ z,u, Vu) dz.

Suppose that the integrand F : Q xRN x RN*" 5 R of J is normal and satisfies
the pointwise strong coercivity condition

F(z,u,z) > h(z)+6(]z]) (2.1)

for some h € L'(Q) and some convex, increasing function 6: R, — R, such that
@ — 00 ast — 0o. For any g € WHH(Q;RY) such that 0(|Vg|) € LY(Q), there
exists a dense Gs set D C W (Q: RN) such that the problem

minimize (J — &)(u)  over u € W;’I(Q;]RN)

is Tykhonov well-posed for & € D. Moreover, the problem min(W;’l(Q;]RN); J =)
1s Hadamard well-posed for & € D, where W_l’OO(Q;RN) D D is endowed with its
usual norm topology.

This chapter begins with a section about genericity and its complementary no-
tion: the o-smallness, where we give a short review of Baire’s theory and a quick
introduction to porous sets and a-angle small sets. Then the background results
in convex analysis and its relation to the geometries of Banach spaces are recalled.
Lastly, we give the proofs of the main results stated above, together with a couple
of related results.

2.1 Baire’s Category Theorem and o-Small Sets

In this section, we will introduce a few notions of “small” and “o-small” sets
which are used to quantify how large a subset of a Banach space is.

An equivalent way to say that a subset of a Banach space X is large is to say
that its complement in X is small, so it would be beneficial to quantify smallness of
various types. Based on this, we can then define a o-ideal of subsets of X generated
by sets that are considered small. Since the measure theoretic approach to the
problem is often not feasible when X is an infinite dimensional Banach space, it is

more natural to quantify smallness in X using its topological or metric structure.
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The first type of o-small sets we shall discuss is Baire’s notion of meagre sets
(originally called “sets of first category”), which is a purely topological concept.
Nowadays, spaces that satisfies the conclusion of the classical Baire’s category the-

orem are called Baire spaces.

Definition 2.4 (nowhere dense and meagre sets). Let X be a topological space.

o A subset S is said to be nowhere dense if the interior of its closure is empty:

(S)° = 0.

o Any countable union of nowhere dense sets is said to be a meagre set (or a

set of first category ).
o A complement of a meagre set is called a residual set.

e [f a set is not meagre, then we say that it is a set of second category. /

Definition 2.5 (Baire Space). A topological space X is called a Baire space if any

of the following five equivalent conditions is satisfied:

1. Every nonempty open set U C X is of second category.

2. If M C X is a meagre set, then M° = (.

3. If R C X is a residual set, then R = X.

4. Suppose that each F; is a closed nowhere dense set, then (|J;2, F)° = 0.

5. Suppose that each U; is a open dense set, then m = X. /

To see that all of these conditions are equivalent, see [24]. The class of Baire
spaces contains two important classes of spaces that are commonly used in analysis.

Proposition 2.6 (Baire’s Category Theorem). A topological space X is a Baire
space if it satisfies any of the following properties.

1. X is completely metrizable.
2. X 1s a locally compact Hausdorff space.

The proof of this can also be found in [24].
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As we can see from the definition of Baire spaces, a space X is a Baire space
if each meagre set is ‘small’ (in the sense that is made precise above), so the o-
ideal generated by the family of nowhere dense sets is appropriate for quantifying
smallness in a Banach space (which is, of course, a complete metric space). Recall
that a o-ideal on X is a family F of subsets of X such that

e leF.
e For all A, B C X such that A € F and B C A, we have B € F.

L] IfAl,AQ,"' Ef, then U]o'ilAj e F.
A o-ideal F is generated by a family B of subsets of X if F is the smallest o-ideal

containing B, in which case we call B the generator of F. Intuitively, a generator
B of a o-ideal consists of sets that are so small that a countable union of sets from
B is still a small set.

The word generic that was introduced in the early part of this thesis means
that a certain property holds on a dense Gy set. It is equivalent to stating that said

property fails to hold on a meagre set.

The o-ideal of all meagre sets, while sharing many similarities with the family
of all Lebesgue null sets, does not coincide with it on R"™. Indeed, there are meagre
sets of full Lebesgue measure and, conversely, Lebesgue null sets of second category.
However, there is a notion of o-smallness on R™ which lies in the intersection between
the family of all meagre sets and the family of all Lebesgue null sets. We call this
notion o-porosity and its definition easily generalizes to an arbitrary metric space.
The following presentation of porosity and o-porosity is based on the survey paper
[109] by Zajicek.

Definition 2.7 (porosity). Let X be a metric space and let M C X be a given
subset. For any x € X and R > 0, we define
v(x, R, M) := sup{r > 0 : there exists z € X such that B(z,r) C B(z, R)\M }.

e The lower porosity of M is defined as
ooz, R M)
p(M, ) = 21111%1\151f — 5

e M is c-lower porous if there exists ¢ > 0 such that p(M,z) > c for all x € M.

e A set M is called o-lower porous if it is a union of countably many o-lower
porous sets. /

For a metric space X and M C X, if M is o-lower porous then it is meagre. If
X is a Euclidean space R, then M is also a Lebesgue null set. It should be noted
that, unlike nowhere dense sets whose closure are still nowhere dense, the closure
of a porous set need not be porous. Such distinction is discussed in detail in [86].
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The last notion of o-ideal of subsets that we want to discuss is the family of
a-angle small sets, which is even stronger that o-porosity. An a-angle small set
consists of a countable union of a-cone meagre sets, where each a-cone meagre set
S has the property that each point in it can be approached by a cone that does not
intersect S. The precise definition is as follows.

Definition 2.8 (a-cone meagre and a-angle small sets). Let X be a Banach space,
x* € X* be a linear functional such that x* # 0, and let 0 < o < 1.

e We define a closed convex cone K(z*,a) in X by
K(z%, o) :={r € X : a2’ =] < («", 2)}.
Note that K(z*,«) has nonempty interior. In fact K(x*,«)° = {z € X :
allzl =] < (=%, z)}.
o A subset A C X 1is called a-cone meagre if for each v € A and € > 0, there

exist z € B(x,e) and z* € X*\{0} such that

AN(z+ K(z*,a)°) = 0.

o A subset M C X 1is called a-angle small if it is a countable union of a-cone

meagre sets. /

Observe that K (z*, ) D K(z*, §) whenever 0 < v < 8 < 1. As « gets closer to
0, K(z*, a) approaches a half-space, whereas K (z*, «) shrinks into a thinner cone
as a tends to 1. Intuitively, it is not hard to imagine that an a-cone meagre set
must be porous. Indeed, an a-cone meagre set is c-lower porous for some ¢ > 0

depending on «.

Proposition 2.9. Let X be a Banach space and let M C X be an a-cone meagre set.
Then M s c-lower porous for some constant ¢ > 0 depending on «. In particular,
an a-angle small set is o-lower porous.

Proof. For each x € M and € > 0, we can find z € B(z,¢) and z* € X* (depending
on z) such that M N (z + K(z*,«)°) = (. For some v € (0,1) to be determined
later, we let 2’ € Sx be such that (z*,2’) > ~||z*|| and define z := ~va'.

For each y € B(Z, ) we have

(@ y) =2 (@ 1) = | (2", 7 —y)|
> "] = é [l="]]-

By choosing § = min{(%5%)+?,1 — v}, we get B(z,8) C B(0,1) and that
o > (F52) 2l
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for all y € B(z,4). Now, we may take v > /2% and hence getting

+

(%, y) > allz*] > aflz" [yl

for all y € B(z,d). This shows that B(z,0) C K(z*, «)° and since K (z*, ) is a
cone, we in fact have B(rz,rd) C K(z*, «)° for all r > 0.

For each r > 0, we may choose ¢ in the above to be € = /2 and the above discus-
sion shows that we can find z,, 2% and Z, such that z, + B(rz,,rd) C B(x,3r/2)\M
since B(rz,,0) € B(0,r), 2, € B(0,r/2) and M N (2, + K(z*,a)°) = 0 by the
assumption. This shows that p(M,0) > 2(3T/2
and not on z, z, or x, the proof is complete. O

) =46/3. Since § depends only on «

2.2 Convex Analysis and Geometries of Banach Spaces

There is a strong tie between convex analysis and variational problems in cal-
culus of variations, and in this case we are especially interested in its relationship
to the well-posedness of linearly perturbed problems Even though the variational
integral J: WHP(Q;RY) — R of the form J(u) = [, F(z,u, Vu)dz, considered
in this chapter is not a convex functional on Wlp (;RY), many tools from con-
vex analysis turn out to be useful for studying the well-posedness of the problem
min(W P (Q; RY); J — €), where € € WL (Q; RY). This section will go through
some background materials in convex analysis, the geometries of Banach spaces and
how they can be applied to the study of generic well-posedness in the calculus of
variations.

First, let us recall some facts about convexity and lower semicontinuity of a

function whose domain is a Banach space with its range in R := (—o0, o]
Definition 2.10. Let X be a Banach space and let f: X — R be a function

o The effective domain of f is denoted by
dom f:={z € X : f(z) < o0}
e The set of all points of continuity of f is denoted by cont f (by convention,
cont f C dom f always).
e We say that f is proper if dom f # ().
o The family of all proper, convex, Isc functions on X is denoted by
['X):= {f X = R : f is proper, convex and lsc}.

/
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Next, we introduce the subdifferentiability and Fenchel conjugate and their im-
portant properties. The subdifferential and e-subdifferential of f encode its global
behaviour on X regarding how its epigraph can be touched (or nearly touched) from
below by affine functions. For this reason, the subdifferential of J: W"?(Q; RY) —
R is intimately connected to the minimization problem min(W*(Q; RY); .J —¢) for
e X",

The subdifferential Of of f can be defined for any proper function f, but it has
particularly nice properties when f satisfies further assumptions such as convexity
and continuity.

Definition 2.11 (subdifferential). Let X be a normed space, let f: X — R be a
proper function and € > 0.

e The e-subdifferential of f is the multifunction O.f: X = X* defined by
O-f(z):={a" e X*: (a*y—2z) < fly) — f(z) +¢ forally € X}
for each x € dom f.

e For the case € = 0, we omit € from the notation and merely write Of := Oy f
to denote the subdifferential of f:

Of (x) :={a* € X*: («",y —x) < fly) — f(z) for ally € X }.

e Fach x* € Of(x) is called a subderivative of f at x. /

For a proper convex function f, lower semicontinuity (resp. continuity) is strong
enough to guarantee that 0.f (resp. df) does not map to (.

A careful consideration of the definition of the subdifferential 0 f reveals that its
inverse is directly related to the solutions of the perturbed minimization problem
of f by linear functionals. Indeed, for any given x* € X*, we can see that

Of '(z*)={z € X :2* € 0f (2)}
= arg}r{nin (f —a™) (2.2)

since z* € df () if and only if f(x) — (z*,z) < f(y) — (z*,y) for all y € X, i.e. z is
a minimizer of f — z*. Here df ! := (0f)~! is the inverse of the multifunction Of.

Unlike differentiation of a real-valued function, taking the subdifferential of f
is not a local operation. In the one-dimensional case, a subderivative z* € df(x)
is the slope of a line tangent to the graph of f at the point (x, f(z)) such that the
whole line lies below the epigraph of f, so it takes into account the value of f on
the entire domain. For a convex function f: R — R, however, a tangent line to any
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point (z, f(x)) necessarily lies below the entire epigraph of f, so it should not be
surprising that df behaves better if f is convex.

The structure of the set df(x) is relatively simple at each € dom f and has
an Upper semicontinuity property (the proof of this can be found in [83]).

Proposition 2.12. Let X be a normed space, let f: X — R be proper and x €
dom f. The set Of(x) is conver and w*-closed. If we also assume that f is convex
and x € cont f, then Of(x) is w*-compact and nonempty. Moreover, if f is locally
Lipschitz with constant K on U € N (z), then df(U) C KBx-.

It is known that for a convex function f, if cont f # ), then f is locally Lipschitz
on (dom f)°; hence the hypothesis for the last part of Proposition 2.12 can always
be satisfied by choosing an appropriate U € N (x) (recall that cont f C (dom f)°).
In fact, the following is true (see [12]).

Proposition 2.13. Let f: X — R be convex and x € cont f, then 0f: X = X* is
|-||-w* USC at x.

Suppose that f: R — R is a convex function; we can recover f if we know, for
each ¢ € R, where the tangent line with slope ¢ intersects the y-axis. This idea
generalizes to any f € ['(X), where X is a Banach space but in place of a ‘slope of
a tangent line’, which is a real number ¢ € R, we now consider a functional x* € X*
associated with the affine functions that is tangent to f. The Fenchel conjugate f*
of f encodes the information regarding the behaviour of the affine functions that

minorize f.

Definition 2.14 (Fenchel conjugate). Let X be a Banach space and let f: X — R
be proper.

e The Fenchel conjugate of f is the function f*: X* — R defined by

£(a) = sup((@*,3) — f(@)).
zeX
e For a proper function g: X* — R, its Fenchel conjugate is the function g*
defined on X**. When g = f*, g* will be called the second conjugate and is
denoted by

f**(.ff**) = sup ((x**,a:*> o f*(lf*))

/

Remark 2.15.

e The above definition is well-defined since we assumed f to be proper, hence
f* cannot take the value —oo.
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e f* need not be proper if f is not bounded below (e.g. the real-valued function
f(z) = —x2* has the Fenchel dual f* = 4o00). For f* to be proper, it is
necessary and sufficient that there exists an affine function minorizing f.

e Since f* is the supremum of a family of affine functions (which are convex

*

and continuous), f* is convex and lower semicontinuous, i.e. f* € I'(X*). In

fact, f* is even w*-Isc.

e In this thesis f** is the function f**: X** — R whose domain is X**. Some

authors use the symbol f** to denote the restriction of our f** to X, i.e.

f /

The subdifferential 0f* of f* plays many important roles in the minimization
problem of f — x*. This fact is hinted already in the definition of f* since it can be
rewritten as

f(a) = —inf(f —°)
The role of f* will become even more prominent when we discuss the relationship be-
tween subdifferential and Fréchet differentiability. The following proposition shows
that the single-valuedness of 0f* implies that the minimizer of f — z*, if it exists,

must be unique.

Proposition 2.16. Let X be a Banach space and let f: X — R be proper. Then

argmin (f — x*) C of*(z").
X

The two sets are equal if X is reflezive. /

The proof of this statement is not hard and almost follows from the definition
of subdifferential (see [105] or [12]) This results can be strengthened significantly
whenever f* is Fréchet (or Gateaux) differentiable at z*.

Given a convex function f: X — R, the Fréchet differentiability of f forces the
values of Jf at these points of differentiability to be singletons, and also give 0f
some desirable continuity properties (in the sense of multivalued functions). As was
hinted in Proposition 2.16, it is reasonable to expect that the Fréchet differentia-
bility of f* is ultimately connected to the Tykhonov well-posedness.

To distinguish it from the subdifferential, we shall denote the Fréchet (or Gateaux)
derivative of f by f’ or Vf. For a convex function f: X — R, there is an immedi-
ate characterization of Gateaux differentiability in term of its subdifferential. The
proof of this can be found in [12].

Proposition 2.17. Let X be a Banach space and f: X — R be a convex function.
Suppose that xoy € cont f, then [ is Gateauz differentiable at xo if and only if Of (xg)
18 a singleton.
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O0f(zo) being a singleton alone is not enough to guarantee that f is Fréchet
differentiable at xy but it is a necessary condition. The extra bit of information that
we need is the upper semicontinuity property of 0f at xg. According to Proposition
2.13, for a convex function f, its subdifferential df is ||-||-w* USC at the points of
continuity. If we can show that a stronger continuity property holds, i.e. that Jf is
|-]I-]]-]] USC at zq, then it is Fréchet differentiable there (the proof can be found in
[12] as well).

Proposition 2.18 (Smulian’s Theorem). Let X be a Banach space and f: X — R

be a convex function. Suppose that xq € cont f, then the following are equivalent.
1. f is Gateaux (resp. Fréchet) differentiable at xy.

2. 0f(xo) is a singleton and Of is ||-||-w* USC (resp. ||-||-||-|| USC) at xy.

One of the most important results that will be applied to the problems in the
calculus of variations is the following proposition which shows a strong connec-
tion between Fréchet differentiability of f* and the Tykhonov well-posedness of the
linearly perturbed minimization problem for f (see [63] by Lassonde).

Proposition 2.19. Let X be a Banach space and let f: X — R be proper and Isc.
Let x* € (dom f*)°, then the following are equivalent:

1. f* 1s Fréchet differentiable at x*.
2. f—a* attains a strong minimum on X.

Recall that f—x* attaining a strong minimum means that the problem min(X; f—

x*) is Tykhonov well-posed.

Proposition 2.19 says that we can study the Tykhonov well-posedness of the
minimization problem of the functional f — z* over X by studying the differentia-
bility of f* at x* instead, provided that all the necessary assumptions are satisfied.
Hence, the generic well-posedness of our minimization problem is intimately con-
nected to the generic differentiability of a convex and lsc function, which is a topic
that is relatively thoroughly studied.

The following result is based on a theorem from a paper [84] by Preiss and
Zajitek on the single-valuedness of monotone operators (the subdifferential df is

an example of a monotone operator).

Theorem 2.20 (Preiss—Zajicek). Let X be a Banach space such that X* is separable
and let T: X = X* be a monotone operator. Then there exists a subset A C

Dom (T') such that A is a-angle small for all o € (0,1) and T is single-valued and
1|~ TUSC on Dom (T')\.A.

48



Panas Kalayanamit

This theorem, together with the characterization of Fréchet differentiability,
leads immediately to generic differentiability.

Proposition 2.21. Let X be a Banach space such that X* is separable and f: X —
R be a proper convex Isc function. Then there exists A C (dom f)° such that A is
a-angle small for all o € (0,1) and f is Fréchet differentiable on (dom f)°\A. In
particular, f is generically Fréchet differentiable on (dom f)°.

Proof. Recall that (dom f)° = cont f C Domdf whenever f is a proper convex
Isc function. Since df is monotone, Theorem 2.20 says that there exists an a-

angle small set A C Domdf such that df is single-valued and ||-||-||-|| USC on
(Dom f)\A.

Let A := (dom f)° N A, then it is easy to verify that A is also a-angle small for
all a € (0,1) and 9f is single-valued and ||-||-||-|| USC on (dom f)°\.A. By Smulian’s
theorem (Proposition 2.18), f is Fréchet differentiable at z if and only of df(x) is
a singleton and df is ||-||-]|-]]| USC at x. Since (dom f)° = cont f, we conclude that
[ is Fréchet differentiable on (dom f)°\.A. O

The previous proposition shows that a proper convex lsc function f: X — R is
generically differentiable on a very large subset of (dom f)°, provided that X has
a separable dual, but this assumption proves to be too restrictive in some cases,
e.g. when X is the dual of Wé’l(Q). For this reason, the Radon-Nikodym Property
(RNP) which is a more refined geometric property of a normed space X is needed.
The definition and background materials related to the Radon—Nikodym Property
can be found in the appendix. For a thorough discussion about generic Fréchet
differentiability, see [67] by Lindenstrauss, Preiss, and Tiger.

One of the reasons for studying spaces (or sets) with the RNP is that, roughly
speaking, the RNP is dual to the statement “every continuous convex functions
are generically differentiable on its domain”. The exact formulation of this duality
requires the notion of an Asplund space.

Definition 2.22 (Asplund space). Let X be a Banach space, U C X and V C X*

be nonempty open sets. Then

1. X is an Asplund space if any lsc conver function f: U — R is generically
Fréchet differentiable.

2. X is a weak Asplund space if any Isc convex function f: U — R is generically
Gateauz differentiable.

3. X* is a w*-Asplund space if any w*-lsc convex function f: V — R is generi-
cally Fréchet differentiable. /

49



Panas Kalayanamit

According to Theorem 2.20, X is an Asplund space if X* is separable. In fact, a
separable space is Asplund if and only if its dual is separable. A detailed treatment
of Asplund and weak Asplund spaces and their characterizations can be found in
[83].

The partial duality between spaces with the RNP and Asplund spaces was stud-
ied by Asplund [8]; Namioka and Phelps [81]; and Collier [26].

Proposition 2.23 (Asplund-Namioka-Phelps-Collier). Let X be a Banach space,
then

1. X is Asplund if and only if X* has the w*-RNP.
2. X has the RNP if and only if X* is w*-Asplund.
Moreover, on X* the w*-RNP and the RNP are equivalent.

Since the Fenchel conjugate f* of a proper function f: X — R is w*-Isc and
convex, the above theorem and Proposition 2.19 shows that X having the RNP is
enough to guarantee the generic Tykhonov well-posedness of the linearly perturbed
minimization problem associated with f. It is well-known that reflexive spaces
have the RNP but spaces like C'(K) or L'(Q) lack the RNP, so Theorem 2.23
would apply when X = W'?(Q) with p > 1 but not when X = W"'(Q). For this
reason, we need to consider the RNP of subsets of X instead of the RNP on the
whole space. A thorough treatment of convex sets with the RNP can be found in
Bourgin’s monograph [14]. A very useful theorem that we are going to present can
be dated back to Lindenstrauss’ work [66] on weakly compact convex sets and was
later improved upon by Troyanski [104], the proof of it can be found in [14].

Proposition 2.24 (Lindenstrauss-Troyanski). Let X be a Banach space and let
K C X be a weakly compact convex set, then K has the RNP. Moreover, K is the

closure of the convex hull of its strongly exposed points.

A strongly exposed point of a closed and convex set C' C X is a point z € C
such that there exists £ € X* that verifies

E(z;) — i%fg — ;=T

for any sequence (z;) C C. The final part of Proposition 2.24 is not needed in this
thesis, however.

Similar to the characterization given in Proposition 2.23, the RNP on a convex
set C' can be characterized by the Fréchet differentiability of the Fenchel conjugates
of the family of Isc functions on C'. The proof of the following proposition can be
found in [12, Theorem 6.6.12].
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Proposition 2.25. Suppose that X is a Banach space and C' is a closed and bounded
conver subset of X. Then C has the RNP if and only if for each proper lsc func-
tion f: C — R that is bounded from below, its Fenchel conjugate f* is Fréchet
differentiable on a dense Gs-subset of X*.

2.3 Applications of Convex Analysis to Linearly Perturbed
Variational Integrals

In this last section of the chapter, we apply the results from the previous sec-
tion to prove the generic well-posedness of minimization problems of the form
min(W;’p(Q;RN); J —¢€), where £ € W' (Q;RY), together with a few related
problems. Apart from the pointwise lower bound (1.8) for the integrand F'(z,u, z)
of the variational integral J(u fQ x,u, Vu) dr, which guarantees strong lower
semicontinuity, we need to assume a coercivity condition on the functional J to

ensure that its Fenchel conjugate J* has finite values.

Definition 2.26 (strong coercivity). Let X be a Banach space. A functional
J: X — R is said to be strongly coercive if

J

J(w) = o0. (2.3)

luf—o0 |l

/

This terminology is commonly used in the field of convex analysis (for example,
n [12]). For the case p > 1, the strong coercivity of J follows from many other
common assumptions such as the pointwise p-coercivity assumption (1.7) on the

integrand.

Lemma 2.27. Let X = WHP(Q; RY) and let J: X — R be a strongly coercive vari-
ational integral of the form (1.1) whose integrand F(z,w, z) is normal and satisfies

pointwise the lower bound (1.8). Then its Fenchel conjugate J* is finite on X*, i.e.
Dom J* = W'P(Q; RV)*.

Proof. Let £ € X* be given and suppose that ||| = M. By the superlinear growth
of J, there exists an r > 0 such that J(u) > M ||u|| on X\B(0,r).
From the lower bound assumption, we may integrate (1.8) over 2 and get

J(w) Z (Al = " flullGr

for some €' > 0. Hence for u € B(0,r), we have [|g||;: —rC’ > —C for some

constant C' > 0. Thus
J(u) > —-C > {({u) — (C+1rM)
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for all w € B(0,r).
For uw € X\B(0,r), we have

J(u) = M |ulyrr = | (&, u) | = (€, u) = (C 4 rM).

Therefore the functional .J is minorized by the affine function £ — (C'+ rM) on the
whole space X. This implies that J*(£) < oo and since ¢ is arbitrary, we thus have
Dom J* = X*. O

We are now ready to state and prove our first generic Tykhonov well-posedness
theorem.

Theorem 2.28. Let p > 1, Q C R" be an open domain, X = W'P(Q;RY) or
Wé’p(Q;RN) and let J: X — R be a strongly coercive variational integral of the
form (1.1). Suppose that the integrand F(z,u,z) of J is normal and satisfies the
lower bound (1.8). Then there exists a set A C X* such that A is a-angle small
for all a € (0,1) and the problem min(X;J — &) is Tykhonov well-posed at each
point £ € X*\A. Moreover, the problem min(X; J — &) is Hadamard well-posed for
¢ € X*\A, where X* is endowed with its norm topology.

Proof. From Proposition 1.21 and Lemma 2.27, our integral functional J is Isc in
the strong topology of X and Dom J* = X*. Since cont J* = (Dom J*)°, it follows
that J* is continuous on X*.

The function J*: X* — R is a continuous convex function and since X is a
separable reflexive space, X** = X is separable. Hence Proposition 2.21 guarantees
the existence of a set A C X* such that A is a-angle small for all € (0,1) and
J* is Fréchet differentiable on X\ \/A. By Proposition 2.19, J — ¢ attains a strong
minimum for each £ € X*\ A, which is equivalent to Tykhonov well-posedness of
the problem min(X;J — ). Since A is porous and hence meagre, this proves the
generic Tykhonov well-posedness of min(X; J — &).

To prove Hadamard well-posedness, recall from Proposition 2.16 that

argmin (X;J — &) = 0J*(€)

since our space X is reflexive. At each point £ € X*\ A, J* is Fréchet differentiable
hence 9.J* is ||-||-||]| USC by Smulian theorem (Proposition 2.18). Hence min(X; .J—
¢) is Hadamard well-posed in the generalized sense at all such points.

Lastly, if we consider only & € X*\ A, argmin (X, J — £) is single-valued for all

such ¢ and hence it is continuous in the usual sense. This proves solution Hadamard
well-posedness for £ € X*\ A. O

Note that Proposition 2.19 which is used here only assumes that J is Isc without
requiring J to be convex. There is a weaker relative of this proposition, which is
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perhaps more well-known, that assumes J to be convex as well to get the same
conclusion. This weaker version of Proposition 2.19 is inadequate for our purpose
but can be found in [35], for example.

A few generalizations of Theorem 2.28 is readily available with some modifi-
cations. The main result regarding minimization problems with fixed Dirichlet
boundary data g also follows from the above theorem.

Proof of Theorem 2.2. Tt is not hard to verify that for g € W"(Q; R"Y), the func-
tional J,(u) := J(u — g) has superlinear growth and its integrand

Fy(z,u,z) = F(z,u—g(x),z — Vg(x))

satisfies the same lower bound (1.8) as F'(x, u, z) (but with different constants). This
shows that J, satisfies the assumptions from Theorem 2.28 with X = W ?(Q;RY)
and X* = W17 (Q; RN).

From Theorem 2.28, there exists an a-angle small subset A C W_l’p/(Q;RN )
such that the problem min(Wy?(€; RN); Jy—&) is Tykhonov well-posed for all £ € A.
We may extend ¢ (by the Hahn-Banach theorem, for example) to a functional in
WHP(Q; RY)* and add the constant £(g) to the functional J, —¢ to get an equivalent

minimization problem
minimize J(u — g) — £(u —g)  over u € WP(QRY).

This problem is Tykhonov well-posed since adding a constant does not change the
minimizer or the behaviour of minimizing sequences, and it is clearly equivalent
to the problem min(W;’p (;RY); J — ). The statement about Hadamard well-
posedness is also similarly transferred.

When € is a C! domain, there is an isomorphism between W_l’p/(Q;RN ) and
WP (Q:RY) for p > 1 (see [89] or [62]), which means that for any £ € W~ (Q; RY),
there exists b € Wo? (Q; RY) such that

E(u) = /QVh: Vudz

for all u € WyP(Q;RY) (this formula gives an extension of ¢ to a functional on
WP (Q;RY) in an obvious way). Since the property of being an a-angle small set
is invariant under equivalent norm (provided that we replace a with a suitable o),
the conclusion from the previous part of this theorem continues to hold under this
equivalent representation of £. O

Incorporating other kinds of constraints besides the boundary constraint are also
possible. The kind of constraints we shall consider here are integral side constraints.

Theorem 2.29. Under the same assumptions and notations as in Theorem 2.28,
let K C X be either

23



Panas Kalayanamit

1. K ={u € X : Hy(u) < c}, where Hy is an integral functional whose integrand
satisfies (1.8).

2. K ={ue€ X : Hi(u) = c}, where Hy is an integral functional whose integrand
satisfies (1.9).

Then the problem min(K; J—¢) is both Tykhonov well-posed at each point £ € X*\ A
and is Hadamard well-posed for & € X*\A, where X* is endowed with its norm
topology. Moreover, the same modifications work for Theorem 2.2 if we replace the

problem min(X;J — &) by min(K;J —§).

Proof. By Corollary 1.22 (resp. Proposition 1.21), H; (resp. Hs) is continuous
(resp. lsc) in W'P(Q;RY), hence K is a closed set. Let us define the function
OK: Wl’p(Q;RN) — R to be

0 ;uekK

Since K is closed, dg is Isc.

Now, we define J := J + 0. J is lsc since it is the sum of two lsc functions.
Clearly, J has superlinear growth, hence the proof of Theorem 2.28 works for J.
It is not hard to verify that the problems min(X;J — ¢) and min(K;J — £) are
equivalent, hence we are done.

The last part of this theorem can be proved the same way. O

Theorem 2.28 and its subsequent relatives rely heavily on reflexivity of W'?(€; RV)
with p > 1, so the same approach will not work if we want to prove well-posedness
for the problem min(Wé’l(Q; RY); J — £). In this case, the RNP will replace the
role of reflexivity. However, the conclusion of the theorem will be slightly weaker
as we can no longer show that the set where the Tykhonov well-posedness fails is
an a-angle small set, we can only show that it is meagre.

In the proof of well-posedness for the problem min(Wé’l(Q;]RN );JJ — &), the

following result by Krein and Smulian is crucial.

Proposition 2.30 (Krein-Smulian Theorem). Let X be a Banach space and K C
X be a weakly compact subset. Then conv K, the closed convex hull of K, is also

weakly compact.
Proof. See [6, Theorem 3.42]. O

Before proving the next theorem, let us recall de la Vallée-Poussin’s character-
ization of weak compactness in L.
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Proposition 2.31 (de la Vallée-Poussin criterion). Let 2 C R™ be a bounded open
domain. Suppose that F C LY(;RYN) is a given family of functions. Then F
is relatively weakly compact in L'(Q;RY) if and only if there exists an increasing
function 0: 0,00) — [0,00) such that

1. @

" ast — o0.

2. supz [, 0(]f(x)]) dz < co.

Additionally, if such a function exists we may take it to be conver.

Now we are ready to prove the generic well-posedness theorem for the problem
min(Wy™ (;RY); J = §).

Theorem 2.32. Let Q C R" be a bounded open domain, X = W''(Q;RN) or
Wé’l(Q;RN) and J: X — R be an integral functional of the form (1.1). Suppose
that the integrand F of J is normal and satisfies the pointwise strong coercivity
condition in the last variable, i.e. we have

F(z,v,2) > h(x) + 6(]2]) (2.5)

for some h € LY(Q) and some increasing function 0: [0,00) — [0,00) such that
o(t)

t
lem min(X; J — &) is Tykhonov well-posed at each & € D. Moreover, the problem

min(X; J — &) is Hadamard well-posed for & € D, where X* D D is endowed with
its morm topology.

— 00 as t — o0o. Then there exists a Gg-subset of X* such that the prob-

Proof. First we observe that (2.5) implies the lower bound (1.8) for p = 1, hence
J is strongly lsc in Wl’l(Q; RYM). Moreover, the pointwise strong coercivity in the
last variable of F'(x,u,z) also implies that the functional J is strongly coercive
in the sense of (2.3). Since we can add a constant to the functional J without
altering its generic Tykhonov well-posedness property, we may assume without loss
of generality that there exists p > 0 and ug € B(0, p) such that J(ug) = 0.

Suppose that M > 0 is given, since J is strongly coercive we can find R > 0
such that

J(w) > M [Jullyges

whenever u € X\Bx (0, R). We can choose this R so that R > p also. Now, let us
define the set S = S;s to be

Sy ={ue X :J(u) < RM}.

It is easy to check that S C Bx(0,R). The condition (2.5) and de la Vallée-
Poussin criterion implies that S is a relatively weakly compact set, so S is a
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weakly compact set. By the Krein-Smulian theorem, the set K := conv (?w) is also
a weakly compact set.

Let J|x := J + 0, where 0k is defined as in (2.4). We will first show that J*
and J|} coincide on By«(0, M/2). Recall that for a function I: X — R, its Fenchel
conjugate is defined by

I*(&) = sup((&, u) — I(u)).

uex
Since J|, > J we automatically have J|j, < J*, so it is enough to prove that
J|5 (&) > J*(&) for all £ € Bx+(0, M/2).
Suppose, for contradiction, that there exists ¢ € By (0, M/2) such that J|} (§) <
J*(§), which implies that

(€, uo) < sup((§,u) — J(u))

u€eS
< sup({§, u) = J(u))
< sup({§, u) = J(w).

Thus we can find u ¢ S such that (€, ug) < (§,u) — J(u), i.e.
RM < J(u) < (&, u — ug) . (2.6)

There are two possible cases, i.e. u € Bx (0, R)\S or u ¢ Bx(0, R).
For the first case, since u € B(0, R) and ug € B(0, p) we have ||[u — uo|| < p+ R,
hence
(& u—uo) | < (M/2)(p+ R) < RM.

This contradicts (2.6). For the second case, since ||u|| > R we have |J(u)| > M ||u]|.
However, (2.6) would then imply that

M lull < [J(u)] < {6, u—uo) | < (M/2)(p+ R) < M [|u],

which is again a contradiction. This shows that we indeed have J*(&) = J|} (&) for
all £ € Bx+(0,M/2).

For the second part, K is constructed for each given M > 0 so that it is a
bounded closed convex set which is weakly compact. By Lindenstrauss—Troyanski’s
theorem (Theorem 2.24), K has the RNP. By Proposition 2.25, J|} is Fréchet
differentiable on a dense G subset of X*. Since differentiability is a local property,
the set of differentiability of J* is completely determined by that of J|}- by letting
M — oo.

) as before,
and let D,, be the dense Gy set determined by J |}}m One can verify that J* is
differentiable on

More precisely, for each m > 0 we can construct K,, = conv (gw

D= ﬁDUU

m=1
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where U, = {¢€ € X* : ||£]| > m/4}. Since each D,,UU,, is a dense G} set, D is also
a dense G set. This shows that J* is generically differentiable. By Proposition 2.19,
J — £ attains a strong minimum for each £ € D, hence the problem min(X; J — &)
is generically Tykhonov well-posed.

The statement regarding Hadamard well-posedness follows directly from Fréchet
differentiability (see the proof of Theorem 2.28). O

It is worth noting that if we impose the condition that the problem min(X; J —
€) is Tykhonov well-posed for all £ € X* (or & € Dom (0J*)), then this forces
the functional J to be convex. This result follows from the famous Brgndsted—
Rockafellar theorem and the sketch of proof can be found in [12].

The proof of Theorem 2.3 is a direct consequence of Theorem 2.32.

Proof of 2.3. Similarly to Theorem 2.2, we may consider the functional J,(u) :=
J(u—g) for g € W (€; RY) and observe that the growth condition (2.5) still holds
for Fy(x,u,z) := F(xz,u—g(x),z—Vg(x)). Indeed, since 6 is convex and increasing,

we have 0(]2[/2) < 0(|Vg(x)|/2+ |2 = Vg(2)]/2) < 5(0(]z— Vg()]) +6(]2])), hence

Fy(x,u,2) = h(z) + 0(]z — Vg(z)[)

>
> h(z) = 0(|Vg(x)]) +20(]2[/2).

The function h —0(|Vyg|) is integrable and 6(t) := 26(t/2) is convex and increasing.
We can then apply the result from Theorem 2.32 to J,. The rest of the proof is
identical to the proof of Theorem 2.2 and so is left to the interested reader. O
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3 Well-Posedness of Strictly Quasiconvex Varia-

tional Problems with Varying Dirichlet Data

The main goal of this chapter is to prove the generalized Hadamard well-

posedness of the variational problem
minimize J(u) over ue€ WyP(Q;RY)

with varying Dirichlet boundary data g € W (Q; RY). In this chapter we assume
throughout that 2 C R™ where n > 2 and p > 2. The fixed variational integral J
is of the form

J(u)z/ﬂF(m,u(m),Vu(x))dm,

where the integrand F: A x RY x RV*" — R is uniformly strictly p-quasiconvex
in the last argument (F(x,u,-) — v|- |P is quasiconvex for all x,u) and satisfies
certain growth and coercivity conditions. To simplify some proofs in this chapter,
we assume that F(-, u, z) is defined on a slightly larger (open, bounded) domain A C
R", where 0 CC A. The generalized Hadamard well-posedness is established by
showing that the solution map S: W'P(Q; RY) = W'?(Q; RY), which is a particular
case of the multivalued functions

S (9) ={ue WP(4RY): J(u) <e+ inf J}
WP (QRN)
when ¢ = 0, is Upper semicontinuous (in fact, we will show that it is an USCO
map). The result relies on a uniform integrability estimate for the family

{F(-,uj, Vu;) : u; minimizes J in W;;p(Q;]RN)},

where g; is a WHP_convergent sequence, and the majority of the lemmas and propo-
sitions in this chapter is devoted to establishing this.

It is well-known that for a general quasiconvex variational problem, even for the
simplest case where the integrand F' of J only depends on the gradient the map,
ie. J(u) = [, F(Vu)dz, the uniqueness of extremals and minimizers for J cannot
be expected, so it is not possible to establish the classical Hadamard well-posedness
for varying Dirichlet data. Indeed, for this simplified variational integral, Miiller
and Sverak [80] showed that the strong quasiconvexity of F' (meaning F(-) — v| - |2
is quasiconvex for some v > 0) is not sufficient to imply that the extremals of J
are unique or even partially regular. Not even strong polyconvexity is enough to
guarantee the uniqueness of extremals for J, as shown by Székelyhidi [96] (see also
the work by Kristensen and Taheri [60]). The non-uniqueness of minimizers for

strongly polyconvex variational integrals can be seen in the work [90] by Spadaro,
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which is based on results of Lawson and Osserman [65] on minimal surfaces. This
problem of non-uniqueness of Dirichlet problems will be addressed again in chapter
5.

While the conclusion of our main theorem relies on the uniform strict quasi-
convexity of the integrand, most results in this chapter can be proved under sig-
nificantly weaker assumptions. A function G: RV*" — R is said to be uniformly
strictly p-quasiconver at z € RN if

G(-) —v|-|P is quasicovex at z,

and G is uniformly strictly p-quasiconvex if G(-) — v| - |P is quasiconvex for all
z € RY¥*" This is a stronger condition than merely being quasiconvex, but in
general it is weaker than the strong quasiconvexity condition that will be introduced
in chapter 4 (uniform strict quasiconvexity and strong quasiconvexity coincides for
p = 2, however). A variational integral J: W' (Q; RN) is coercive if

J(u) = oo if ||y — oo (J1)

The main result regarding the semicontinuity properties of S and S¢ in this chapter
is as follows.

Theorem 3.1. Suppose that J is a coercive variational integral whose integrand F

1s Carathéodory and satisfies the growth conditions
|F(z,u, 2)] < C(a(z) 4+ b(x)|u]” + |2[7) (F1)

and that there exists a function G: RVN*" — R that is uniformly strictly p-quasiconvex
at z = 0 such that

F(z,u,z) > G(z) — C (a(x) + b(x)|u|"), (F2)

for some C > 0, a € LY(A), b € L?(A) where v, p satisfies the conditions (E).
Then for each € > 0, the multivalued function S¢: W'P(Q; RY) = WP(Q; RY) is
|-||-w-USCO.

Moreover, assuming that F(x,u,-) is uniformly strictly p-quasiconvez for all

(z,u) € A x RN, then S: WH(Q; RY) = WHP(Q; RY) is is ||-||-||-]|-USCO.
Theorem 3.1 is more or less a consequence of its sequential version.

Theorem 3.2. Suppose that J is a coercive variational integral whose integrand F
i1s Carathéodory, quasiconvex in the last variable, and satisfies the growth conditions
(F1) and condition (F2) for some C >0, a € L'(Q), b € L’(Q) where v, p satisfies
the conditions (E).

Let € > 0 be fized, g; € WP (Q;RN) be a sequence such that g; — g i norm,
and let u; € S%(g;). Then there exists a subsequence g;, of g; and u € S°(g) such
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that u;, 2uin Wl’p(Q; RYN) as k — oo, where u;, is the corresponding subsequence
of uj.

Moreover, for e =0 (i.e. S = §), if we assume further that F(x,u,-) is uni-
formly strictly p-quasiconvez for all (x,u) € Q x RN, then we may conclude that
uj, — u strongly in W (Q; RY) as k — oco.

A key ingredient for proving the uniform integrability result, which is essential in
the proof of Theorem 3.2, is a Caccioppoli-type inequality that holds for both cubes
in the interior of our domain €2 and the cubes near the boundary 0€2. The technique
used here is a variant of the so-called hole-filling argument by Widman [107], but
with some extra difficulties that come from the fact that we need our Caccioppoli
inequalities to hold uniformly for minimizers in different (but nearby) Dirichlet
classes. The Caccioppoli inequalities state that for any minimizer u € W;’p (Q; RY)
of J, if the cube @ is sufficiently small then

1/m
][ IVl + Jult dz < C (][ (Yl + Ju]?)™ d:c)
a® BQ
+ c][ a(z) + bx) + Vgl + |9l de.
BRQ

Here «, 8 are some suitable numbers such that 1 < a < <4, m=-"2 <1,

n-+p
q= p%pl € [p,p*) and C blows up when  — a — 0.
Using a Gehring-type lemma, the above Caccioppoli inequalities are then used
to prove a uniform integrability estimate for the family

{|Vuj|p : u; minimizes J in W;;p(Q;RN)}

whenever g; is strongly WP convergent. The proof is inspired by an estimate due
to D’Onofrio and Iwaniec [34] on their work on the so-called p-harmonic trans-
form. Under our growth conditions, this then implies the uniform integrability of
{F(-,u;, Vu;) : v; minimizes J in W}];,p (2; RM)} which allows us to utilize Young

measures to deal with the issue of semicontinuity of J.

Theorem 3.3. Let 2 C R™ be a bounded Lipschitz domain, J be a coercive varia-
tional integral and assume that the growth condition (F1), the coercivity condition
(F2) hold for the integrand F: AxRN xRY*" — R, where A is an open set such that
Q CC A. For a sequence f; € WP(Q;RY), let u; be a minimizer of the functional

J(u):/QF(x,u(x),Vu(a:))dx,

in W}J’_p(Q;]RN), ie. J(uj) < J(u) for allu € W}J’_p(Q;]RN).

Suppose that f; — f in W'P(Q;RY), then the sequence (|Vu,|P)jen is uniformly
integrable in Q. Moreover, the sequence (F(-,u;, Vu;))jen is also uniformly inte-
grable in €.
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3.1 Caccioppoli Inequalities and Uniform Integrability

Before we go on to prove the Caccioppoli inequalities, we will need some results
regarding dyadic cubes in R™. The definition of dyadic cubes that we will use is as

follows.

Definition 3.4 (Dyadic cubes). For a given k € 7Z, define the dyadic mesh of level
k on R™ to be
My, ={QW :m = (my,...,m,) € Z"},

where Qgﬁ) denotes the half-open cube
QW = 1[0,2")" +2*m

= {z e R": z; € [2"m;,2"(m; + 1)) for each i = 1,...,n}.

The union of all such meshes M = J,c;, My, we be called the dyadic mesh on R
and each of its element Q) € M will be called a dyadic cube. /

The dyadic cubes are very useful because they satisfy the following properties.
1. For any @, Q' € M, either Q N Q" = () or one cube contains the other.

2. Any family F C M has a subfamily 7' C F such that the cubes in F' are
pairwise disjoint and
Je=Ue
QeF' QeF

3. Each point # € R” has a unique sequence Q*) € M, such that
e C Q(*Z) C Q(*l) C Q(O) C Q(l) C Q(Q) c ...

and {z} = ﬂkeZ Q(k)-

It is possible to select a family of disjoint dyadic cubes in a way that the average
of a given function f € L'(R") behaves nicely on each cube. This process is known
as the Calderén—Zygmund decomposition lemma. Here we will need a variant of it,
which can be proved very similarly. Denote the average of f on a measurable set
E, with 0 < |E| = L"(E) < o0, by

fr ::]ifdx:’—;’/Efdm.

Lemma 3.5 (A variant of Calderén-Zygmund decomposition lemma). Let f €
LY(R"™) be a positive (f > 0) function. Let p > 0 be given; then for any t >
% ||fHL1(Rn), we can find a countable family F of disjoint dyadic cubes Q) € M such
that
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1. Fach Q € F has radius less than or equal to p.

2. t<7Q§2”tf0rallQ€}".

3. f(z) <t almost every x € R™\ (UQE]r Q>

(Sketch of proof). Choose k € Z such that r = 2F € (p/2, p]. Then

1 1

1
f < To\n ||f||L1 < p_” ||f||L1 <t,

/= @)

Qr Q] Jo,

hence we have er f <t for any dyadic cube of radius r < p. We can then proceed to
find a family of dyadic subcubes of {Q € M : @ has radius equal to r} that covers
the set {f >t} as in the proof of the standard Calder6n-Zygmund lemma. m

In order to do some estimate near the boundary of €2, we require that the
boundary of the domain is sufficiently regular. The following condition, which
holds for any Lipschitz domain, is essential in applying certain forms of the Poincaré
inequality near the boundary of € (in fact a weaker capacity-type condition also
suffices, see [75]).

Definition 3.6 (No Internal Cusp). Let 2 C R" be an open set. We say that Q@ has
no internal cusp if there exists p > 0 and A € (0,1) such that for any cube Q(z;7)
centred at some x € OS2, we have

|Qz; 1)\ = AlQ(; 7)) (3.1)

for all r € (0, p). /

The next lemma allows us to get a similar lower bound on the size of Q(z;7)\$2

even when z is not directly centred on 02, provided that x is not too far away from

9.

Lemma 3.7. Let ) C R" be a bounded open set with no internal cusp. Then there
exists a constant 5 > 0 such that for any cube Q(x;r) in R™ satisfying dist (z, 02) <
2r (here d(z,y) = max;—;

.....

|Q(z; ar)\Q| = BIQ(x; ar)]
for all o € [3,4].
Proof. Let Q(x;r) be a cube such that dist (z, 92) < 2r and let A, p be the constants
as in the statement of Definition (3.6. Since € is a bounded domain, there exists

a (closed) cube Q such that Q + Q0;p) C Q. There are three cases we need to
consider:

(1) Q(z;7) N Q = 0:
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In this case, it is not hard to see that

Qs )\ > 1Q(: )] = —-1Q(w; r)| > 4. 1Q(w: ar)

for all o € [3,4].
(2) Qz;r) € Q:
By the assumption, there exists some ¢ such that either x 4 re; or x — re; is not

in Q (e; is the i*" standard basis vector). Without loss of generality, we assume
that z 4+ re; ¢ Q. We now claim that, for any « € [3,4],

Qz + (2/3)arer; (1/4)ar) C Q(x;ar)\Q.

Indeed, it is clear that d(z,y) < (2/3)ar + (1/4)ar < ar for all y € Q(x +
(2/3)arey; (1/4)ar), hence y is in Q(z; ar). On the other hand, we have

y1 > o1+ (2/3)ar — (1/4)ar > x1 + (1/3)ar >z + 1

hence y ¢ @ This implies that

|Q(z; ar\Q| > [Q(z + (2/3)arey; (1/4)ar)| = 4in|Q($;Oé7“)|

whenever a € [3,4].

(3) Q(z;7) C Q:

Le‘57:ﬁ<l

;- Let y € 08 be chosen so that d(z,y) < 2r. For any o € [3,4],

we have
Qy; avyr) € Q(x; ar)
since ay < 1 and thus for any z € Q(y; ayr),

d(z,z) < d(x,y) +d(y,z) < 2r+ayr < 3r < ar.

Now, the cube Q(y;ayr) is centred on 02 and ayr < p so we can use the ‘no
internal cusp’ assumption to conclude that

Qs ar)\Q| > 1Q(y; ayr)\Q| > AlQ(y; )| = Ay |Q(a; ar).

Lastly, we choose a = min{1/4", Ay"} to conclude that for any a € [3,4],

|Q(x; ar)\Q| > B|Q(z; ar)|
in all three cases. O

Next, we recall the famous Vitali’s covering lemma and the Poincaré inequality.
The proofs can be found in the books mentioned below. Note that it is very im-
portant that in the Poincaré inequality, the constant does not depend on the size
of the cube.
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Lemma 3.8 (Vitali’s covering lemma). Let F be a family of (open/closed/half-
open) non-degenerated cubes in R™ such that supge r diam (Q) < co. There erists a
subfamily F' C F such that all the cubes in F' are pairwise-disjoint and

Jec |1

QeF QeF’

Proof. See [53, Theorem 14.1.1]. O

Lemma 3.9 (Poincaré inequality). Let Q be a cube in R"™. For every function
u € WH(Q), it holds that
Ju— EQHLP*(Q) < ¢(n,p) Hvu”LP(Q) :

Moreover, if E C Q is a measurable set such that |E| >0 and u =0 on E, then we
have

QN
lullyy gy < €. ) (E) IVullipq

Note that the constant c¢(n,p) does not depend on the diameter of Q.
Proof. See [48, Theorem 3.17]. O

This Poincaré inequality is enough for our purpose. For more general inequalities

of this type, see the monograph [75] by Maz’ya.

Lastly, we will need the following iteration lemma whose proofs can be found in
the book [48] by Giusti.

Lemma 3.10 (Iteration lemma). Let E: [r, R] — [0,00) be a bounded function,
d€[0,1); A,B >0 and a > 0. Suppose that

A
E(t) < 0FE B
(0 <08() + (25 1 B)
for all s,t such that r <t < s < R. Then there exists a constant C' = C(«,0) such
that
Et)<C A + B
T \(s—t)e

Proof. See [48, Lemma 6.1]. O

Now that we are done with stating preliminary results, the assumptions regarding
the integrand F'(x,u, z) and the integral functional J are as follows.

64



Panas Kalayanamit

Assumptions: Now, let us state the assumptions that shall be used throughout
the rest of this section. Let n > 2 and p > 2, Q C R" be a bounded Lipschitz
domain (which, of course, implies that it has no internal cusp) and let A be an open
set such that Q@ CC A. Let F': A x RY x RV*" & R be a Carathéodory integrand
of the functional

J(u;E)—/EF(x,u(x),Vu(a:))dx,

where F is a measurable subset of A. The following are the assumptions regarding
F and J.

1. F satisfies the following growth condition:

|F (2, u,2)] < Cla(x) + b(x)|ul" + [2[") (F1)

2. There exists a function G': RV*® — R that is uniformly strictly quasiconvex
at z = 0 such that

F(z,u,2) > G(z) - Clalx) + b(a)u]") (F2)

for some C' > 0. By uniform strict quasiconvezily at zy, we mean that there
exists v > 0 such that

G —v|-|P is p-quasiconvex at z.
3. For each zy € Q and each uy € RY, F(z9,up,-) is quasiconvex, i.e.

/F(xg,uo,z—i-Vgo)d:rz/F(:Eo,uo,z)da: (F3)
B B

for all z € RV*" and all ¢ € W?(B; RV).
4. J is coercive in the sense that

J(u; Q) =00 as  |ullyipqpyy = 00 (J1)

Here we assume p € [2,n), v € [1,p*), a € L'(A), b € L°(A), where p satisfies
the conditions (with ¢ := %)

1. p> pf’iv. (so that ¢ < p*)
2. p <L if y < p. (so that ¢ > p)

3. p> 2L if y < - (so that ¢, > 1)

4. p < P if < iR (so that ¢ - 5= > 1)
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Remark 3.11. Here are some facts regarding the exponents p,~, p, ¢ that will be
used later.

e Recall that for any r € [1,n) we write r* = "= and for any r € [#, oo) we

write r, = - Observe that (r.)* =r and (r*). =r.

e By Holder—Young inequality, we have |ba”| < C(g, p,v)b” + €a?.

e We can discard condition 2 and 4 if we let v € [p, p*). In this case we can also

discard condition 3 as well if we assume that n > 3 or v > 2.

e All the conditions are satisfied if we let v € [p,p*) and p = o0, e.g. b(z) is a

constant function.

e All the conditions are satisfied if we let v = p and p > pfip. /

Theorem 3.12 (Caccioppoli inequality (interior estimate)). Assume that the condi-
tions (F1) and (F2) are satisfied. Then there ezists a constant C = C(p,n,y, p, 2, v)
and a decreasing function w: [0,00) — [0,00] such that for any local minimizer
u € WHP(Q; RN in Q of the functional

J(u;E):/EF(:c,u(a:),Vu(x))dx,

ie. J(u;Q) < J(u+ ¢;Q) for any ¢ € WyP(Q), where Q is a cube compactly
contained in €2, and any cube Qg such that Q2r CC Q and R < w(||[Vull;pq), we
have

]éR Vu(z)]P + |u(z)|?de < C (]ém (Vu(@) + [u(z)]7)" d:z:) 1/m

+C+  a(z) + b(x)” du. (3.2)
Q2R

Herem:m<1andq:

P
p—1

Proof. Let u € W'?(Q; RY) be a local minimizer of J(-;€), @ be a cube in 2 such

that 2Q) CC (). Let s,t be numbers such that R <t < s < 2R. Choose a smooth
cut-off function n € C2°(Q);) such that

is an exponent which satisfies q € [p, p*).

2
XQ:(@ < 77(@ < XQS<J7>7 |VT7| < P

for all # € Q. We shall write @, = g, = f, udz. Define
[ 27,5 = n(u — HS)

o v=u—u =Ts+ (1 —n)(u—1uy).
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Without loss of generality, we may assume that G(0) = 0. By the uniform strict
quasiconvexity of G(z) at z = 0, we have

v / ValPde < | G(VaE)de
S QS
< / Fla,u, Vi) + Cla(z) + b(z)|ul") da

_ / F(r o Vudr / (o V) ~ (., V) de

. / . S
g g

@ (1)
+ C’/ a(z) + b(z)|u|” dz .

(. J/

(1)

Each term can be estimated as follows. For (I), since J(u; Qs) < J(u + p; Q) for
any ¢ € WP(Q,), we can take p = —1i; to get

(I) = / F(z,u,Vu)dx < / F(z,v,Vv)dx
< C’/ a(x) + b(x)|v|” + |Vol? dz.
On the other hand, we observe that Vu; = Vu on (), thus
(IT) < ‘/ (F(x,u, Vi) — F(x,u, Vu)) dx
QS\Qt
<C a(z) + b(x)|u]” + [Vu|? + |Vul? de.

QS\Qt
Putting all the above estimates together and the fact that |V [P < [VulP+|Vol?,

we have

1

~ (1) + (10 + (ILD))

< / a(z) + b(x)|v|" + |Vl dx

QS

+ / a(z) + b(x)|u|” + |VulP de + |Vul? dx
Qs\Qt

+/ a(x) + b(x)|ul” dx
QS

S [ Valrdet [ afe)+ bo)(al” + o) + V0P do.
Qs\Qt Qs

Now, we observe that

o [VulP =|(1—=n)Vu— (u—"1us)VnPP < [VulPxe o0, + @W — TP
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o |ul < fu—u|+ [us| and [v] < |u — [ + [u;|
o b(z)(|u" + |v|7) < b(x)” + |ul? + |v]? by Hélder—Young inequality, where g =
o

|Q/\

S
—

Thus
|VulPdx < / |VulP dx + / |u — T, |P dx
Q¢ QS\Qt

+/ a(z) + b(z)? + |us|? + |u — us|? de.

We can add th |u|? to both sides (where it gets absorbed into |us|? and |u — 4|?
on the right-hand side) to get

|Vu|p+]u|qdac§6’(/ IVl de+ / TP de
Qt QS\Qt

—|—|QS||ﬂ5|q+/Sa(a:)+b(x)pdx+/s|u—ﬂs|qu>. (3.3)

(V) ~~ d
(VD)

Until now, the constant C' only depends on p,n,~, p and v.
For the term (IV), we have

/ lu — us|P do < \u—ﬂgRV’dx—i—/ [tar — Us|? dx
S QS S

][ EQR —udx

S/ |u—ﬂ23|pdm+|Qs|][ [tor — ul|” dz.
QQR Qs

p

< / [u — Tap|" dx + |Qs]
Q2R

Since s € [R, 28], it follows that |Qs] < |Qzr| and f, [tor —ul” dz <
2§, [Tor — ul” dr, hence we have

|U—ﬂs|pd93§/ |u — Tzl du.
Qs 2R
The term (V) is easy to estimate since [t < 2"|ugg|, thus

|Qs||s|? < 2"|Q2r||s2r|”.
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By the Poincaré inequality (Lemma 3.9), we can estimate (VI) by

q/q«
El dx)
q

(p—qx)
< (| Q,| 5 ( |Vu|pd:c)”
Qs

lu — | dz < ¢(n, q) </ Vu
QS

Qs

q—-p
(p—ax) P
< cR" (/ |VulP dx) / |VulP d
s Qs
a(p—ax) q—p
< cR v <HVUHLp(Q)> / \Vul? dz, (3.4)
Qs
where ¢, = %}. Hence for any € > 0, there exists co(n, p, g, €) such that

a(p—ax)

q—p
R ([ Vullyg) ' <

if B <w(|[Vullysq,), where

(a—p)pPax

w(M) == co(n,p,q,e) M ab=a) . (3.5)

Fixed ¢ = 55, where C' is the constant in (3.3). For R < w(|[Vullypq)), we have

1
|VulP + |u|fdx < C \Vul? dz + |u — TUag|P dx
)
¢ Qs\Qt (s — 1) Q2r

+ |Q2r|U2r|" + / a(x) +b(x)Pdx+¢e [ |Vul dx)
Qs

E]

Since [, [VulPdz = st\Qt |Vul? dz + [, [VulP dz, the term ¢ [, [Vu[P dz can be
absorbed into the left-hand side, which leads to

1
IVl + Jul? de < c(/ IVl + ul? dz + / = Tppl? d
Qt Qs\Q+ (S - t)p Q2R

+ [Q2r|[U2r|" + / a(z) + b(x)? dx)

2R

Next we shall use the famous ‘hole-filling trick’; i.e. adding C’th |Vul? + |ul? to
both sides and divide by (1 + C') to get

1
\Vu\p+|u]qd:c§5/ Vul? + [u]? do + / u — Ton]? da
Qs 2R

Qt (S - t)p

+ |Q2r||w2r|? +/ a(z) + b(x)? dx

Q2r
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with § = HLC < 1. We can thus conclude, using the iteration lemma (Lemma 3.10)

with E(t) := [, [Vul? + |u|? dz, that

1 _
/QR VulP + |u|? dx < C(ﬁ/ |u — Ugg|? dz

Q2r
~

(VID)

+ |Q2R|M+/ a(x) + b(x)? d:z:). (3.6)

2R

(.

(VIIT)

As before, observe that under our assumptions p, = n"—fp > 1, hence we can use
Poincaré inequality to estimate the term (VII) and get

P/ P+ 1/m
/ |u — TUag|” dz < c(n, p) (/ |Vul|Pr dx) = ¢(n,p) (/ |Vu|P™ dx) :
20Q 2Q 2Q

where m := 2 <1. On the other hand, since gm > 1 we can estimate (VIII) by

q 1/m
mmws(f \u|dx) s(][ |u!qmdx) .

Dividing both sides of (3.6) by |Qr| and substitute the above estimates gives

1 1/m 1/m
][ (VulP + |u|?de < o (/ |VulPm d:v) + (][ || dx)
R R 2Q 2R

+][2R a(x) + b(x)? dx

<c <][2R(\wp )y dx) "y c][m o(z) + b(x) dx

which holds for all B < w([|[Vul|;»q)) and the latest constant C' only depends on
p,n,7, p,§2, v but not on u or R. O

We have dealt with the estimate on cubes that lie sufficiently deep inside the
domain 2, i.e. all cubes () such that 2Q) CC . Now we shall consider what happens
near the boundary 0€2. Recall the assumption that €2 is a Lipschitz domain, hence
an extension domain, and A is an open set such that €2 C A, thus there exists an
extension operation £ : W"P(Q; RY) — W'?(R"; RY) that is bounded linear and
supp Eu C A for all u € WHP(Q; RV).

In the next theorem, we shall sometimes use the same symbol to denote both
an element of W'?(Q; RY) and its extension (with respect to this fixed extension
operator E) in WH(R™; RY) for simplicity. There is a lemma that we will be using

to prove our theorem.
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Lemma 3.13. Suppose that F: RN*" — R is rank-one convex and there exists
p € [1,00) and A > 0 such that

[F(2)| < C(A+|2]),
then we have
|F(2) = F(w)] < C A+ 2] + |w))’ " |z — w|
for all z,w € RVN*",

Proof. See [48, Lemma 5.2]. O

Theorem 3.14 (Caccioppoli inequality (boundary estimates)). Assume that the
conditions (F1) and (F2) are satisfied. Then there exists a constant C' = C(p,n,~, p, 2, v)

and a decreasing function w: [0,00) — [0,00] such that for any global minimizer
u € W;’p(Q; RY) of the functional

J(u; Q) :/QF(:E,u(x),Vu(x)) dx,

where g € WP (Q; R™), and any cube Qr = Q(x; R) such that dist (x,0Q) < 2R (in
the I°° norm) and R small enough so that Quzr C A and R < w <||Vu||Lp(Rn) + ||Vg||Lp(Rn)> ,
we have

][ IV(le) - gla)P + Ju(o)]"do < O ( ][

+ c][ a(x) + b(x)? + [Vgl? + |g|? de.
Qur

1/m
(1Y (u(z) — (@) + [u(@)]?)" dx)

4R

(3.7)

Here m = nL—i-p <l1l,q= 71&1 is an exponent which satisfies q € [p,p*), the function
g above should be interpreted as its extension g € W'P(R™ RY), and u is extended
by defining u = g on A\Q (not by the extension operator).

In particular, we have

]ém IV (u(z)|P + |u(z)|?dz < C (]ém (Vul@)? + Ju(z)|)" dx) 1/m

+C a(x) + b(x)” + |[VglP + |g|? dz. (3.8)
Q4r

Proof. The proof of this theorem is similar to Theorem 3.12 in many places. Let u €
WHP(Q; RY) be a minimizer of J(-;€2), @ be a cube in  such that dist (x,99) < 2
(in the {* norm). Let R be small enough so that Qsr C A and let s,¢ be numbers
satisfying 3R <t < s < 4R. Choose a smooth cut-off function n € C°(Q);) such
that

2
XQt(Qf) < U(I> < XQS<J7>> |VT7| < P

for all x € Q,. Extend u outside ) by letting u := g on A\ (so that u — ¢ = 0 on
R"\Q2). Define
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e u =n(u—g).
ev=u—u =g+ (1-n)(u—yg).

Without loss of generality, we may assume that G(0) = 0 as before. By the

uniform strict quasiconvexity of G(z) at z = 0, we have
v | |VulPdx < / G(Vu) dx
Qs s
< / F(z,u,Vu) + a(x) + b(x)|u|” dx

- / SF(x,u, Vu)dz + / S(F(x,u, Vi) — F(z,u, Vu)) dv

N J/ N J/
-

o (I

+A a(z) + b(@)|u|" de (3.9)

4

v~

(I11)

For the term (I), observe that 7, € WyP(Q, N Q;R™), so
/ F(z,u,Vu)dx < / F(m,u—ﬂt,V(u—ﬁt))dx+/ F(z,v—-0,V(v—0))dz
s QsNA QS\Q

= / F(z,v,Vv)dz

s

< / a(z) + b(z)|v|” + |Vu|P d.
As for (II), we apply Lemma 3.13 and the Holder—Young inequality to get

(H)g/ ((afe) + b)) + Vil + [Vul)" |V, ~ Vuldo

E]

AN

/ ((a(x) + b(:v)\uP)pr%l) Vol + (V| + |Vu|)P~ [V da

S

~Y

< / a(z) +b(z)” + |u|? + |VulP + €|V |? + | Vul? + C(e)|Vulf dx,

s

where ¢ = 5. (III) and parts of (I) can be easily absorbed into (II).
For e small enough, we can subtract |Vu|P from the left-hand side of (3.9) to

get

/ |V P dx < / |V |P de < C/ a(z) + b(z)? + |u|? + |VoulP + ¢|Vu|P dz.

t s s

Now, |V [P = |[V(u — g)|P on @Q; and ¢|Vul? < €|V (u — g)|P + | Vg|P so for small
enough ¢, we can absorb ¢|V(u — ¢)” (on @) into the left-hand side. Adding |u|?
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to both sides gives

IV(u—g)P + |u|fde < C IV(u—g)]Pde + lu— g+ |VulP dz
Q¢ Qs\Q+¢ Qs ~~ ~~
(Iv) V)
+ C’/ a(z) +b(x)” + Vgl + |g|? dz. (3.10)

Since s € [3R,4R], Lemma 3.7 says that the term (V) can be estimated by
Poincaré’s inequality (Lemma 3.9) as follows.

a/qx
/|u—g|qu<cnq (/ |V (u— )q*dx)
a(p—ax)
< Q| #er (/ V(u—g) |”daf>

gR“’;qE*)( IV(u—g |pda:> /\vu— )P dz
QS
a2(p—ax)
< B (190l + 190lhe) [ 1900 g

(3.11)

where ¢, = Hence for any € > 0 (not the same £ we have used above in this

n+q
proof), there exists co(n, p, q, €) such that

a(p—qx)

q—p
R ([Vullppoy + IVl ) <

fR<w <||Vu||Lp(Rn) + ||Vg||Lp(Rn)>, where

(a—p)pPax

w(M) = co(n,p,q,e) M~ a=a0 (3.12)

is the same function as in Theorem 3.12 (but perhaps with a different constant
co(n,p,q,€)). As for (V), we have

Vol = Vg + (1 =n)V(u—g) = (u—g)Vn|”

1
SIVelP + V(v —g)Pxene + W\U —gl”.

Putting the estimates for (IV) and (V) together and choosing € > 0 small enough
so that (part of) (IV) can be absorbed into the left-hand side of (3.10); we get

Vo) +lltdr <0 [ Vg ultde o [ g
Q1 Qs\Qt
+ C’/ a(z) +b(x)? + |VglP + |g|? dz. (3.13)
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As in the proof of Theorem 3.12, we now use the hole-filling trick and the iteration
lemma (Lemma 3.10), which gives

1
| Va-gptpde< g [ u-gpas
Q3R JQur

(VI)

+ C/ a(z) +b(x)? + |VglP + |g|?dx.  (3.14)
Q4r

J/

We can use Poincaré’s inequality to estimate the term (VI) and get

[ w-arir<con ([ w-apa)” =ewn ([ 9-arma)”

where m = - < 1. We can artificially add [u|? to the term [V(u — g)[P in the
above and divide both sides of (3.14) after substituting the estimate for (VI) to get

][3R IV (u—g)]” + |ul?da < (]{Q(W(u P 4 )" dg;) 1/m

+c][ a(z) + b@) + Vg + gl de.  (3.15)

which concludes the proof. O]

From Theorem 3.12 and Theorem 3.14, we can see that (assuming all the as-
sumptions from both theorems) for all cubes Q) = Qg with sufficiently small radius
R, we have the estimate of the form

1/m
][ IVulP + |u|?dx < C (][ (IVul? + |u|H)™ dm)
a® BQ

+C][ a(x) +b(x)” + |VfIP + | f|?dx, (3.16)
BQ

for every u € Wlp(Q RY) that minimize J(v) = [, F(z,v,Vv)dz, where o =
1,6=2if2Q cC Q and a = 3,5 = 4 for Q near 0f). The estimates also holds
trivially, with a = 8 =1,if QN Q =0 (since v = f on A\Q). It is very important
to note that the size of R depends only on ||Vul|;, and ||V f||;», not on wu itself.

Now, we may set
o )\ =L =ntp 1,
m n

o 9= (|Vul +u|7)3,

o hi= (a(z) +b(x)" + VP + | f])7,
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so that the above estimate can we written as

A
][ g)‘d:L‘SC'(][ gdx) +C][ R dx
a@ BQ BQ

where g, h € L*(Q) and g, h > 0. Alternatively, we can write

/A 1/A
<][ g d:v) < C][ gdr +C (][ h? dx) : (3.17)
a@ BQ BRQ

Here the constant C' does not depend on g or h (or the radius R of Q).
Under the above assumptions, we can prove some form of equi-integrability of
g. We shall need some simple inequality first.

Lemma 3.15. Suppose that A > 1. For any x > 0 and t > 0, we have

T

/A <t+ g

(3.18)

Proof. Write s = 2'/*, then the inequality we want to prove can be rewritten as

which is equivalent to
A1 < ft,\—l et
g s ?
but this last inequality follows immediately from the fact that f(z) = 2*7! is
monotonic on [0, 00). O

Proposition 3.16. Let A > 1 and assume that g, h € L*(R™) are positive functions,
i.e. g,h > 0. Suppose that there exists p > 0 such that for any cube QQ with radius
less that p, Q belongs to one of the families Fy, Fo or Fs; where each QY € F;
satisfies an estimate of the form

1/A /2
<][ g dx) < A][ gdz + (][ h d:c) : (3.19)
QM BHQW) BHQM

with 1 < o; < 6; <4 and A>1. Then

/ g dr < Ot / gdr + C’/ h* dx (3.20)
{g>1} {g>1} {h>t}

holds for all t > W ||g||LA(Rn), where C' is a constant depending only on

n, A and A.

Proof. Suppose that s* > pin fR" g dz, by the Calderén-Zygmund decomposition
lemma (Lemma 3.5), we can find a countable family F of disjoint cubes such that
for any Q) € F
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e ( has radius less that p.
o M < J[Q gt < 2nst,
o g* <5 for almost every x € R™\ Uyer Q-

Set t := AT hote that s < A" At
Recall that according to our assumption, we must have F C JF; UJF,U F3, hence

{g>stcJe=|J @"u U @?u J .

QeF QWer QR er, QB eF;
Since the cubes are pairwise disjoint, we have

/ gAd:US/ gAd:v:Z/ gAdeZ/ 2" N dx
{g>s} U i=1 Y Qi i=1 i

Qe]—'Q

1.e.

/ g dr < 2" (Z |QZ»|> : (3.21)
{g>s} i=1

In order to estimate |Q;|, suppose that |Q;| belongs to Fj and let oy, 8; to be
the constants a® and 5, respectively. We have

1/x
s = (M < (][ o dx)
Z 1/
< (a?][ ¢ dx)
a;Qi
1/
< a?/’\A][ gdz + o <][ h d:z:)
BiQi BiQi

1/
<4 A gdx + 4" (][ % dl’)
BiQi BiQ:

@) (1)

(&

since 1 < a; < 4. The term (I) can be estimated by

1
][ gda::—(/ gda:—l—/ gdx)
BiQ: |B’LQZ| BiQiN{g<t} BiQiN{g>t}

13:Qi N {g < t}|t n 1
- |8:Qi 18:Qil Jg.qintg>t)

<t
18iQil Js.0in{g>t)

gdx

gdx.
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As for (II), we have

1/ 1 1/
h? dg;> = ( h* da + % dx)
(]éiQi |ﬁlQZ| BiQiN{h<t} |ﬂZQZ| BiQiN{h>t}
1 . . 1/x
< h dx + h d:c)
(\@Qz‘ N{h <t} Jaoinin<y 18:Qil Jg,qintn>t)
1/
<t+ (— h d:c)
|52Q1‘ BiQin{h>t}
<t+ <t + L1 htd )
< —— x),
At |B2Ql| BiQiN{h>t}
where the last line we used Lemma 3.15.
Substituting the bounds for (I) and (II) back, we get
4 A
4MNA 4 2)t = 5 < (1) + (IT) < 4" At + gdu
|BzQz| B:iQ:N{g>t}
1 1
+ 47/ (2t+—— h)‘dx),
A BiQil Jaginnsn

hence

S A 11
|6’QZ| BiQiN{g>t} - |61QZ| BiQiNh>t

which leads to the estimate for the size of 3;Q);, i.e.

1 1
18:Qi] < —/ gdx + —/\/ h* d. (3.22)
t IBiQiﬂ{g>t} At B:Q:Nh>t

Now, the family C = {8;Q; }ien clearly covers the set |J;°, Q; that we started
with since §; > 1. By Vitali’s covering lemma (Lemma 3.8), we can extract a

subfamily C' = {f;, Q, }ren of C such that

At gdx + h* da

U@ c | J48:Qi
k=1

=1

and the cubes in C' are pairwise disjoint. Thus

7
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Z |Qi| =
i=1

e
=1

< U BiQ;
i=1

IN

| 48.Q
k=1

— 4n

k=1
= 4" Z |5lelk‘
k=1
o =1 1 \
<4my - gdr+ 5 R dx
k=1 Bij, Qi N{g>t} Bij, Qi N{R>1}

4n 4n
< — gdz + —A/ h* dx. (3.23)
{g>1) At Jinsn

We can now substitute the above estimate back into (3.21) (and use the fact
that s < 4"tAAMA) to get

8n A 8n A
<2 / gdz + = / W do
t Jigsny Atr Jipsy

S 8n4n+)\A/\tA1/ gdl’ + 8n4n+)\A)\1/ h)\ dx.
{g>t} {h>t}

On the other hand, we can easily see that

/ g)\ dr S S)\—l/ gdl‘ S 4n+>\—ﬁ—1A)\—1t)\—1/ gdl’7
{s>g>t} {s>g>t} {g>t}

hence, by adding the two inequalities,

/ g dx < C(n, A,A)tH/ gdx + C(n, )\,A)/ R da.
{g>t} {g>t} {h>t}

This estimate holds for all s > p"% 9]/ 2 gn)- Since s = 47/2(2A 4 2)t, the estimate

holds whenever ¢ > W 19l gny- -

The estimate we get from this theorem will allow us to prove the uniform in-
tegrability result we want. Before proving the next proposition, let us recall some
facts from measure theory.
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For a measure space (€2, m), a function g:  — A induces a measure m, on A
called the pushforward measure, defined by my(E) = ggm(E) := m(g ' (E)). The
following change of variables formula holds for any ®: A — R (assuming that & is

integrable with respect to m, or ® o g is integrable with respect to m).

/A B(s) dm,(s) — /Q (g(x)) dm(z).

Lemma 3.17. Let p,v be measures on B([0,00)), the Borel o-algebra of [0, 00).
Let (2,m) be a measure space where Q is an open subset of R™.

1 ooy 2000, ) dus) = ([0, D1, 00)) + f ) (s, 00)) do(s).

2. Jio.qv((s,00)) dp(s) = v((t,00)) ([0, t]) + [ 5 ([0, 5)) du(s).

3. Let g: Q — [0,00) be a measurable function and ®: R — R be a continuous
function such that ® o g € L*(Q,m). Then for u( ) = fg—l(E) F(g )dm, we
have F(s)dmy(s) = du(s), i.e. if we define i(E) = [, F(s)dmg(s), then
o= b

Proof. 1. By Fubini—Tonelli theorem, we have

/ v([0, 5)) dpu(s) = / v(0,1]) + v((t. 5)) dyu(s)
(t,00) (t,00)

= ([0, ({8, 0)) + /(m /(m X () () ) duls)

— 1([0,1) / Nir<sy(5,7) dp(s) d(7)

= v([0,4]) )) dv(s).

+ +
Q\’;\
2

8

2. Similar proof as the above.

3. An application of the change of variables formula on ®(s) = F(s)xg(s) gives
ME) = [ (o) dmyts
— | Fo@xslata) dmiz)
= /Q F(9)xg-1() dm
= /g_l(E) F(g)dL" = p(E),

hence F(s)dmgy(s) = du(s).
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This next proposition was largely inspired by a result in [34] by D’Onofrio and
Iwaniec. The proof is adapted from the proof of [34, Lemma 6.1].

Proposition 3.18. Suppose that g, h € L)‘(R”, L") satisfy g,h > 0 and the relation

/ g dLr < C (t*—l/ gd£”+/ hA dﬁ”) (3.24)
{g>t} {g>t} {h>t}

for all t > tg > 0, A > 1 and some C > 1. Then there exists some C' =
C'(n, A\, C),a = a(n,\,C") > 0 such that

1 o
g’\ et <’ pdct+ = | Brdct + t—o g’\ dLm (3.25)
to tQa
{g>t?} {h>t} Q Rn
for allt > 0.

Proof. Recall that L™ denotes the n-dimensional Lebesgue measure and £"; = g4 L"
is the pushforward of L™ by g. First we choose a > 0 small enough so that

«a X jpn -1 n AdLn
. gL <t / gdL +/ W de (3.26)
a+—1 /{g>t} {g>t} {h>t}

for all t > tg. Define G: (0,00) — R by

For any ¢ > 0, we have the relation

G(2t) < 2 / TG g (3.27)

S

Indeed, let ¢ > 0 be fixed, then for any s € [t, 2t] we have
g [ g=2760),
{g>s}

hence

S S S

2t 2t [e's)
/ G(2t) dS S 2)\—1/ G<S) dS S 2)\—1/ G(S) ds.
t t t

However, the left-hand side is just In(2)G(2t), thus

G(2t) < 2In(2)G(2t) < 2* /oo Gls) ds

S

as claimed.
Observe that

G(t) < / P lgdrr / 2 de < gl
{g>t} {g>t}
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hence G(t) is a bounded function. Also, G is continuous at almost every ¢ > 0 since
the atomic part of g~'({c}) (with respect to the Lebesgue measure) is at most a

A(t) == /tOO@ds

S

countable set. Thus

is absolutely continuous and A’(t) = —G(t)/t at almost every point ¢ > 0.
From direct calculation,

%(taA(t)) =t TA(t) - t*

G(t)
Tt

=t (a/ Gls) ds — G(t)) :
t S
Now, we observe that

o o 1
A= [T as— [Tor ([ gaer)as < ol
5 t {g>s} A—1

for all t > 0 (last inequality is obtained by integrating by parts, i.e. Lemma 3.17
(1)), hence t*A(t) — 0 as t — 0. Since t*A(t) is absolutely continuous on any

closed interval in (0, 00), we have

TOA(T)) — TOA(Ty) — / " Lo Aw) di

7, d

Ty [e'e)
— / ot (a/ G(s) ds — G(t)) dt.
To t S
We may take 7o — 0 to get

TOA(T) = /0 ot (a /t RRsit) ds—G(t)) dt, (3.28)

<+

S

7o /TOO Gis) ds = /OT ga=1 (a /too @ ds — G(t)) dt. (3.29)

-~

()
The term () can be estimated using the assumption, as we will show below.
Define

i.e.

u(E) = /1(E) gdl", v(E)= /E()\ —1)s*2ds.

We can see that p((t,00)) = [,y 9dL" and v([0,s]) = s*~1. By applying the
Lemma 3.17 (1), we get

/ s Hdu(s) = t’\l/ gdLl" +/ (A —1)s*2 (/ gdﬁ”) ds (3.30)
t {g>t} t {g>s}
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which, together with the fact that du(s) = sdL",(s), yields

/ g)\dﬁn:/ g.gk—ldﬁn
{g>t} {g>t}
= / s s¥HdL",(s)
(t,00)
:/ s L du(s)
(t,00)

Now, substitute the above into (3.26), we get

c (G(t) +(A—1) /too @ ds) <G(t)+ /{bt} W dLr

a+A—1
o _ 1 _
Gt + (A — 1)/ Gls) s < 2FA Loy +LH/ B e

: S o « {h>t}

o 1 1
(- 1)/ Gls) 4 < A—G(t)+%/ W ac
t S « Q {h>t}
o 1
a/ G 45— ) < %/ W dcr, (3.31)
.S A=1 Josy

which holds for all ¢ > ¢;. Using the estimate (3.31), the inequality (3.29) implies

that
T‘“/j@ds:/otota—l (a/tm@ds—G(tO dt

R /tOTta_l (a /t m@ds_c(t)) dt

to 0
g/ o1 a/ Gls) ds—G(t)‘ dt
0 t

s
A—1 ("
+L/ ot (/ hA) dt
A—1 0 {h>t}
(which holds even for T' < ty).

Using the fact that ‘a too@ds‘ +1G#)] < (a/(A = 1) 4+ 1) |lg]} and since

(/A= 1)+ 1) [ t*"1dt = ¢(a, \)t*, we have

00 -1 T
T‘“/ Gls) ds < ctSHgHi‘—F%/ ot (/ hA) dt.
T S A—1 0 {h>t}
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Setting v(E) = [y, prdL™ and p(E) = [,t*'dt (which gives du(t) =
t*~1dt), integration by parts (Lemma 3.17 (2)) gives

° A—1 /[T t
Ta/ G(S) dSSCtg HgHi_i_L (_/ h)\dﬁn—i—/ _t)\dﬁnh(w)
T S A—1 {h>T} [0

« ) «

A—1
= ctg ||gll} + atA-’ Ta/ hrdLr +/ hetrder ) .
a(A—1) (h>T} (h<T}

Let € € (0,1) be some fixed constant (to be determined later), the last term in the
above inequality can be estimated by

/ hedLr = / hetrdL + / hetrdL"
{h<T} {eT<h<T} {h<eT}

< T / hrdL" + (eT)* / h*dL™.
{h>eT} n

The term f{h>T} h* can be absorbed into f{h>£T} h*, hence

* G(s) cty o a—i—/\—l(/ N / \ >
—ds < —||g|ls + ———— ([ 2 hdL" + @ hrdL™ ). (3.32
/T : el G n (3.32)

Recall that the assumption (3.24) says that f{g>t} grdLr < C(G(t)+f{h>t} h*dLm),
so using 3.27 we get

/ ghdLr < C (G(2T) + / h dﬁ”)
{g>2T} {h>2T}
gc(/ ®d3+/ hAdC”)
T S {n>2T}

<C (t—o lgllx +/ hNdL™ + ga/ h dﬁ”) , (3.33)
T (h>eT} n

where we use (3.32) in the last line and absorb f{h>2T} h*dL™ into f{h>6T} h*dcr.
For t > 2, ¢ := 2/t < 1 so we may take T = t?/2 to get

1 ta
/ g%i/i”ﬁC’(/ hAd£”+—/ hAdﬁuTO/ gAdL‘"),
{g>t2} {h>t} t* Jgn 2% Jpn

as required.

Lastly, we observe that the above inequality holds for ¢ < 2 as well. Indeed,
for t < 2 the left-hand side is bounded above by || g||§ whereas the right-hand side
is bounded below by 2% HhH:\\ Thus by increasing the value of C, if necessary, the
inequality will hold for ¢ < 2 as well. O

Putting together Proposition 3.16 and Proposition 3.18, we immediately get the
following result.
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Proposition 3.19. Let A > 1 and assume that g, h € L)‘(]R”) are positive functions.
Suppose that there exists p > 0 such that for any cube Q with radius less that p,
Q belongs to one of the families Fy, Fo or Fs, where each QY € F; satisfies an
estimate of the form

1/2 1/
(][ g dm) < A][ gdx + (][ h dx) : (3.34)
A Q) BHQ) BHQW)

with 1 < a; < f; < 4 and A > 1. Then there exists some C = C(n, A\, A),a =
a(n,\, A) > 0 such that

to
/ g’\deC(/ h*d:r;+—/hAda;+ = gAdx) (3.35)
{g>t?} {h>t} Lo

holds for all t > 0. Here tg = p~"/* 9]l 2 gny- Equivalently, we can also write

. . 1 p—om)\ N
[oracrso ([ wae s bl + e ol ) (330
{g>2} {h>t}

Proof. 1t is clear that, under the assumptions, Proposition 3.16 gives us the estimate

/ gdr < C <tA_1/ gdr + / h d:v) (3.37)
{g>t} {g>t} {h>t}

forall t >ty = W 9]/ 2 (gny- Proposition 3.19 can then be applied to get
the final result. O

Using Proposition 3.19 and the Caccioppoli inequalities we proved earlier in
Theorem 3.12 and Theorem 3.14, we arrive at our main uniform integrability result

for minimizers of the integral functional J whose integrand satisfies assumptions
(F1) and (F2).

Theorem 3.20. Let Q@ C R™ be a bounded Lipschitz domain and assume that (F1)
and (F2) hold for the integrand F: A x RN x RN*" — R, where A is an open set
such that @ CC A. Let f € WH(Q;RY) be given and let u € W}’p(Q;RN) be a
minimizer of the functional

J(u)z[)F(z,u(m),Vu(x))dx,

ie. J(u) < J(v) for any v € W}’p(Q;RN). Then there exists constants C' =
Cp,n, 7,0, AN v), B=B(p,n,7,p, Q2 A, v) such that

/ |VulP dz < C/ Hy(x)dx
QN{|VulP(z)>t} {Hp>t1/2}
C
+ 55 (o + ¥l + A (1 sz ))

C
+ =58 (Ilulhr e, + 1wy )
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holds for all t > 0. Here A,B: [0,00) — [0,00) are two increasing functions such
that A(0) = B(0) =0 and Hy: R" — [0,00) is a function defined to be

Hy(x) := a(z) +0(x)” + [VEf(2)]" + |[Ef(2)[%,
where E: W (Q: RN) — WP (R™ RY) is a Sobolev extension operator.

Proof. Since u is a global minimizer, we can see that it must be a local minimizer
in Q in the sense that J(u; Q) < J(u 4+ ¢; Q) for any ¢ € WyP(Q), where Q is a
cube compactly contained in 2. Hence u satisfies the all the assumptions of both
Theorem 3.12 and Theorem 3.14. As before, we write

o A="P>1,qg= 18 € [pp),
o 9= (|Vul + u|?)3,
o hi=(a(z) +b(z)" + [V FIP + | )7,

where the functions g, h are considered as functions on R”. f is extended from €2

to R™ by an extension operator £: W'?(Q; RY) — W'P(R™; R"), and its support

is contained in A. In fact, we can assume also that f = 0 near JA. As for u, we

define it to be u = f on R™"\Q. We extend a, b by setting a = b =0 on R™\A.
Now, let us consider the estimate of the form

1/A /A
<][ g d:c) < C][ gdr +C (][ n? dm) (3.38)
a@ BQ BQ

for cubes in R™. For a given cube @@ = Q(z; R) such that R < p (with p =
w (||Vu|]Lp(Rn) + ||VgHLp(Rn)>, w be a function that works for both Theorem 3.12

and 3.14), there are 3 possible cases

1. QN =0: It is clear that (3.38) holds with a« = 8 = 1 since u = f on R"\,
hence |Vul? + |u|? = |V f]P + | f|2.

2. QN Q£ and dist (z,0Q) > 2R: In this case, we have 2Q) CC 2, hence we
can apply Theorem 3.12 to get the estimate (3.38) with a =1, 5 = 2.

3. QNQ#£Q but dist (z,09) < 2R: In this case, @ verifies the assumption of
Theorem 3.14, so (3.38) holds with o = 3,8 = 4.

Any cube Qg with R < p falls in one of the above categories. Denote the family
of cubes that belong to each category by JFi, F; and F3, respectively. These families
satisfy the conditions of Proposition 3.19, and hence we get the estimate

—om)\

P «
/ gkdxso(/ ,MH — [12llps ey + lg ||Li%n). (3.39)
{g>t2} {h>t}
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The constant C' here depends only on n, v, p, ), A. Expanding the above yields

/ IVl dr < / IVl + Juf? de
QN{|Vu|P>12*} {|Vulp+|ula>t22}

1 p p q v
—|—t—a(/na(aj)+b(m) + VPP +f] dm)

pfom/)\ a/A+1
+ 2 </ |vuyp+\u|qu) |
20\ Jon

where H(z) := a(z) + b(z)? + |V f(z)]P + | f(x)].
Since the Sobolev extension operator F is bounded, we have

and hence

||u||W1’P(]R") < HUHW“’(Q) + ||f“w1’P(JR"\Q) < HUHW“’(Q) +C HwaLP(Q) :

Using Sobolev (and Hoélder) inequalities, it follows that

/ |Vu|pdx§/ Hydx
QN{|VulP>t2A} {H;>t*}
1
+ 2 (la+ Pl + A (I lwoaan)))
1
+ 2B (lullwrozm, + 1 iz )

where A(t) = C(t* + t9)x and B(t) = Cw(t)™ ™/ (* + t9)5*+ for some suitable
constant C. It is clear that A(0) = B(0) = 0 and they are both increasing functions
(since w(t) is decreasing).

Lastly, we substitute t = s2x and o = B to get

/ |\VulPde < C Hydx
Qn{|Vulr>s) {Hy>s1/2}
C o
+ 55 (la+ 2l + A (I lwoaz) ) )
C
+ 258 (Iulhviooam + 1 Flwis@em)
which holds for all s > 0. [

Finally, with Theorem 3.20, we can now prove the uniform integrability that we

want.
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Proof of Theorem 3.3. Suppose that each u; € W};p(ﬂ; RY) is a minimizer of J(u, Q)
in W};p(Q;RN), where f; — f in W"’(Q;RY). Since u; minimizes J(u,Q) in
WP(Q; RY), we have

/F(fcaujavuj)dl“ﬁ/F(l“,fj,ij)dfF
Q

Q

<C [ ala) + W@ + VP da
= 0/ a(@) + b(@)” + |17 + [V da
Q

which is bounded uniformly in j € N since || fj[| 1.0z~ is bounded (and 12 < p*).
From assumption (J1), this shows that [u;{|ly1sqp~y is also bounded, so we can
find M > 0 such that

lwjll ey + Hf]-HWLp(Q;RN) <M forall jeN.

By Theorem 3.20, each u; satisfies the estimate

/ |Vuj]pdx§0/ Hj(x)dx
QN{|Vu; | (z)>t} {H;>t1/?}
C
5 (lat Pllusgy + A (15 sz
C
1 ([ P A —"

c
< c/ Hy@ydz + o (o + ¥l + AG))
{Hj>t1/2}

C

T

B(M) (3.40)

since A and B are both increasing. Here H;(x) = a(z) + b(z)? + [VEf;(x)|P +
|Efj(m)|%, where E: WH(Q;RY) — WH(R™; RY) is a Sobolev extension opera-
tor.

Clearly, the last two terms in (3.40) tend to zero as ¢ — oo independent of j, so
it suffices to show that

lim sup/ H;(x)dx = 0. (3.41)
t=00 GEN J{H,;>t1/2}

Indeed, since E is continuous, we have Ef; — Ef in WP (R™; RY) as well, hence
VEf; — VEf in LP(R™;RY) and Ef; — Ef in L7 (R RY) (by Sobolev inequal-
ity). According to Vitali’s convergence theorem (Proposition A.11), this implies
that (|[VEf;(x)?),en and (|Ef; (x)|%)jeN are uniformly integrable, hence (H;),en
is uniformly integrable. Therefore (3.41) holds as was claimed. This implies that

lim sup/ |V, |P dz = 0, (3.42)
|V 7 (2)>1}

t—o0 jEN
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i.e. (|Vu,;[P)jen is uniformly integrable in €.

Lastly, since u; is bounded in W"*(€; RY), the sequence |uj|% is uniformly
integrable by de la Vallée-Poussin’s criterion (Proposition 2.31) because 15 < p*
and u; is bounded in L*" (Q; RY). Thanks to the inequality

|F(z,uj, Vu;)| < C (a($) + b(z)? + |uj|% + |Vuj|p> ,

and because we have shown that the right-hand side is uniformly integrable, it
follows that
(F(x,uj, Vuj))jen is also uniformly integrable. O

3.2 Upper Semicontinuity of the Solution Map &

Now we are ready to prove the continuity property of the solution map S: g +—

Proposition 3.21. Suppose that F' is a Carathéodory integrand satisfying the condi-
tions (F1) and (F2); then there exist C = C(n,p, p,v,v) and « = a(n, p, p,7y,v) >0
such that

/ F(x,u,Vu)dx > a/ |VulP de — C'/ a(x) +b(x)” + |u|?+ |Vg|P dx  (3.43)
Q Q Q

whenever u € WiP(Q; RY).
Moreover, (F~(z,u;, Vu;)) en is uniformly integrable whenever u; € Wé;,p(Q; RY),
(IVg;[P)jen is uniformly integrable, and (u;) ey is bounded in the W'P(; RY) norm.

Proof. Let g € WHP(Q;RY), u € WH(Q; RY) and assume (without loss of general-
ity) that the function G from (F2) satisfies G(0) = 0. Since u — g € W5 (; R?),
we have [, V(u — g)dz =0 and hence

v [ V=P is < [ GVa-g)
Q Q
< / F(z,u,V(u—g))+ C(a(z) + b(z)|u]") dz.
Q
Recall from Lemma 3.13 that

|F 1,V (u = g)) = F(a,u, V)| < ((a(w) + b@)|u[) "/ + |V (u— g)| + |Vul)" Vg
C.

<
< Co(a(z) + b(z)? + |[ul? + |Vgl]? + | VulP),

we have used the Holder—Young inequality in the last line. Together with the fact
that

/ |VulP dz < 2p_1/ IV(u—g)Pde+ 2p_1/ |Vg|P dx,
Q 0 Q
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we can pick € small enough so that we have
z—yp/ |Vul? de < / F(x,u,Vu)dx + C/ a(z) +b(x)” + |u|? + |Vg|? dx
Q Q Q
This proves the estimate we want.

As for the last part, we observe that if (u;)jen is bounded in W' norm, the
(|u]?)jen is uniformly integrable by de la Vallée-Poussin criterion (Proposition 2.31)
since ¢ < p*. If we assume that (|Vg;|?);en is uniformly integrable as well, then the
sequence

a(a) + b(w)? + [l + [Vg,l?
is uniformly integrable. From (3.43), we can deduce that

/ F~(z,u, Vu)dx < C’/ a(z) + b(x)? + Jul>"T + |Vg|” dz
Q Q

whenever u € Wé’p(Q;RN); hence it follows that (F'~(x,u;, Vu;)) en is uniformly

integrable under the given assumptions. O

Corollary 3.22. Suppose that F is a Carathéodory integrand satisfying the condi-
tions (F1), (F2) and (F3). For any fived g € W'P(; RN), the functional J(-; )
restricted to the affine subspace W;”(Q;RN) 1s swisc. Moreover, if we assume that
the condition (J1) holds as well, then the problem min(W*(Q; RN); J) has at least

one minimizer.

Proof. We apply Proposition 3.21 with the constant sequence g; = ¢ (which is
clearly uniformly integrable) and any sequence u; € W;” (; RY) such that u; — u
in W' (which implies boundedness in norm) to deduce that F~(z,u;, Vu;) is
uniformly integrable. By Proposition 1.46, we have

/F(:)s,u,Vu) d:)sgliminf/F(m,uj,Vuj)dx,
Q Q

n—N

which is exactly the sequential weak lower semicontinuity that we want. Note that
the weak limit u is in W, ?(€; R") since the trace operator Tr: W'?(Q; RY) —
LP(09) is weakly continuous.

Suppose we assume that (J1) holds; then the sublevel sets of J are bounded
in the W'? norm, and hence they are (sequentially) weakly precompact. This
shows that J is coercive in the sense of Proposition 1.17 (1). Together which the
fact that J is swlsc, Proposition 1.17 can be applied to yield a minimizer of J in
WP (Q; RY). O

Quasiconvexity in the last variable of F'(z, u, z) has been sufficient for our results
so far, but to get a stronger conclusion regarding the convergence of minimizers we
shall need to strengthen the quasiconvexity assumption. There are many different
types of ‘strict quasiconvexity’ in the literature which are not equivalent to one
another. Our notion of strict convexity is defined as follows.
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Assumptions:  Recall our standing assumptions that n > 2, p > 2, Q C R”
be a bounded Lipschitz domain and let A be an open set such that 2 CC A. The
integrand F': A x RV x RV*" — R is assumed to be Carathéodory. In the following,
B = B(0;1) denotes the open unit ball in R™.

Definition 3.23 (Uniform Strict p-Quasiconvexity). We shall say that the function
F is uniformly strict p-quasiconvez if there exists a k > 0 such that for each xq € 1,

ug € RN, the function F(xq,ug, z) — k|2|P is quasiconvez in the last variable, i.e.
/ F(xo, uo, 2 + V) = F(xo,u0, 2) dz = fﬁ/ |z 4+ Vol? — |2|P da (F3)
B B

for all z € RN*" and all p € WP (B;RY). //

Remark 3.24. The open unit ball B in the above definition can be replaced by
a bounded open set U C R” satisfying |0U| = 0. In particular, we can replace B
with our domain §2. /

Definition 3.25 (Solution Map). For each € > 0, we define the multivalued func-
tion S¢: WP (Q; RN) = WHP(Q; RY) o be

S5°(g) := e-argmin (Wé’p(Q; RM): J)

:{uGWé’p(Q;RN):J(u)Ss%— inf  J},
WP (QRN)
i.e. 8°(g) is the set of all ‘c-almost minimizers’ of J in W;”(Q; RY). In particular,
if e =0 we simply write

S(g) := argmin (W;’p(Q; RM): J).

The multivalued function S is called the solution map since it sends g to the set of
all minimizers of J in WP (Q; RN). /

In the proof of the following theorem where we utilize Young measures, it is
worth noting that a more direct proof is also possible for similar situations when
boundary condition is not an issue (see [42] by Evans and Gariepy). However,
adapting such technique to account for the boundary conditions is not a trivial

task, and the approach using Young measures is more illuminating.

Proof of Theorem 3.2. Let F' be a Carathéodory integrand satisfying the conditions
(F1), (F2), (F3) and (J1), g; — g in W"P(Q;RY), and u; € S%(g;). Recall from
Corollary 3.22 that S(+) is never empty-valued.
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Observe that since (J(g;))jen is bounded, (J1) implies that the sequence wu;
is also bounded, hence we can extract a subsequence such that u;, 2y for some
u € WyP(Q; RY) (by weak continuity of the trace). We want to show that u € §¢(g).

Pick an arbitrary v € S(g). It is easy to see that (v — g) + g, € W;;_p(Q;]RN),
hence

J(u;) < J(v+(g; —g)) +e

by definition. The integrand F' of the integral functional J satisfies the condition
of Corollary 1.22; hence J is continuous in the norm topology of W', As n — oo,
g; — g in W (Q; RY) and thus

limsup J(u;) < lim J(v+ (g, —g)) +¢
n—oo

n—oo
=JWw)+e
= inf J+e¢.
WP

On the other hand, Proposition 3.21 says that (F'~(z,u;, Vu;)) ey is uniformly
integrable (because (|Vg;|?) en is uniformly integrable by Vitali’s convergence the-
orem), so we can apply Proposition 1.46 to conclude that J(u) < liminf, . J(u;).
Thus

J(u) < liminf J(u;) < limsup J(u;) < inf J +¢,
n—00 00 WL
which implies that u € §¢(g).

Now, let us take ¢ = 0 and assume that (F3’) holds, g; — g in W'"?(Q; RY),
and u; € S(g;). Since u; is bounded in W"?(Q; RY), we may extract a subsequence
(not relabelled) such that u; = u in W"?(Q;RY), u; — u a.e. € Q, and Vu, Ry
for some gradient Young measure v € GY?(;RY*"). From Theorem 3.3, the
sequences (|Vu;|P)jeny and (F(x,uj, Vu;))jen are uniformly integrable. Hence

/QF(:L',u(a:'),Vu(:c)) — k|Vu(z)Pdx < / Vg, F(x,u(x), ) — K| - |P) dx

Q
— lin [ Plo,uy(o). Vas@) =5 [ (] P) da
< inf J—/@/(yx,]-ﬂ dx,
WP Q
which implies that
/{/ (Vay | - |P) = [P2|P dz < inf J — / F(z,u(z), Vu(x))dr =0 (3.44)
Q WP Q

since we know from the first part of this theorem that J(u) = infwé,p J.
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For any = € 2, Jensen’s inequality shows that

7=l < /]RNX 2P dv(2) = (v, | - )

so (3.44) implies that Jensen’s inequality actually attains equality for almost every
z € Qe [onn |2[Pduy(2) = [7,]P almost every . However, the function ¢ ~— [t[?
is strictly convex, hence the probability measure v, degenerates to v, = dyy(y) for
almost every x € . By Proposition 1.39, we thus have Vu; — Vu in measure.
Since the sequence (|Vu;|?);en is uniformly integrable and Vu; — Vu in mea-
sure, Vitali’s convergence theorem (Proposition A.11) implies that Vu; — Vu in
the L” norm, thus u; — u in W"*(€; RY). This concludes the proof. ]

Recall that a multivalued function 7: (X,7) =2 (Y,7') is 7-7/-USC if for each
r € X and any U € N(T(x)), there exists a Wy € N (z) such that T(Wy) C U.
Here N (z) denotes the family of all neighbourhoods of x (similarly for N (T'(z))).

Proof of Theorem 3.1. Let ¢ > 0 be fixed. The part about &¢ having compact
value follows directly from Theorem 3.2 by taking g; to be the constant sequence
g; = g € WP(Q;RY). So it is enough to show that ¢ (resp. S) is ||-||-w-USC
(xesp. [||-I1l-USC).

We assume for contradiction that §¢ is not ||-||-w-USC, i.e. there exists a g and
a weak neighbourhood U € N(8%(g)) such that for any neighbourhood W € N (g),
we can find ¢ € N(g) and v’ € S§°(¢')\U. Hence there exists a sequence g; — ¢
and a corresponding sequence u; satisfying u; € S(g;)\U.

From the growth condition (F1) (or the continuity of J in the norm topology),
J is bounded near g; hence for any W € N (g) there exists an M > 0 such that

sup J(u') < sup J(¢)+¢e< M,
u'eSE(W) g ew
which, according to (J1), implies that the set S°(W) is bounded in norm, i.e.
supyres-w) || [lwip@ryy < M'. This shows that S is locally bounded, hence
we can find a sufficiently large open ball B ¢ W'?(; RY) so that u; € B holds for
all 7 € N.

The ball B equipped with the weak topology of W'*(Q; RY) is relatively compact
and hence metrizable by a metric d, according to Proposition A.5. Define U’ =
U N B, then U’ is a weakly open neighbourhood of §%(g) in the relative topology
of (B, d) and we can easily see that u; € S¢(g;)\U’. By Theorem 3.2, we can find
a subsequence g;, of g; and a u € §%(g) such that w;, — u (i.e. d(u;,,u) — 0) as
k — oo. However, since u € U’, eventually we must have u; € U’ for sufficiently
large k, which contradicts the fact that u; ¢ U’ for all j € N. This shows that our
assumption that S° is not ||-||-w-USC is false.
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Proving the last claim is simpler, we let ¢ = 0 and suppose that (F3’) holds.
As before, we assume for contradiction that S is not ||-||-||-|[-USC, so there exists ¢
and a neighbourhood U € N(S(g)) (in the norm topology) such that there exists
a sequence g; — g and a corresponding sequence u; satisfying u; € S(g;)\U. By
Theorem 3.2, we can find a subsequence g;, of g; and a u € S(g) such that u;, — u
in norm. However, u;, is eventually in U since U is a neighbourhood of u, which is
a contradiction to u; ¢ U. This proves that S is ||-||-||-||-USC. O
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4 Rectifiability of the Sets of Extremals for a Sin-
gularly Perturbed Variational Integrals

The structure of the sets of minimizers (or, more generally, the sets of extremals)
for a singularly perturbed strongly quasiconvex variational integral is the main
object of study in this chapter, which is joint work with Prof Jan Kristensen. The
unperturbed variational integral takes the form

J(u) :/QF(VU) dzx,

where the main assumptions for our integrand F': RY — R is the p-growth condition

(or the natural growth condition)
[F(2)] < k(1 +[2]) (Fp1)

for some k > 0 (so that the variational integral J(u) is well-defined as a nonlinear
functional J: W'(Q; RY) — R) and the strong quasiconvexity (or, more precisely,
strong p-quasiconvexity), which means that

F —1E, is quasiconvex for some [ > 0 (Fp2)

where the reference integrand E, is defined as

P
2

Ey(z) = (1+]2]*)* — 1.

It is well known that strong quasiconvexity (or even strong polyconvexity) of the
integrand is not enough to guarantee uniqueness of the minimizers or the extremals
for the corresponding variational problems. In fact, the extremals of a strongly
quasiconvex variational integral could behave quite badly, as shown in [80] by Miiller
and Sverdk (see also [60] and [96]) that apart from the lack of uniqueness, the
extremals can be very irregular. There are partial results for smooth extremals
exhibiting good behaviour, however, e.g. the work by Zhang [110] where he uses
the implicit function theorem to establish the existence and local uniqueness in the
Hoélder norm of the extremals, or [111] where he shows that smooth extremals are
strong local minimizers for strongly quasiconvex variational integrals. Regarding the
non-uniqueness, an analysis of the number of strong local minimizers for quasiconvex
variational integrals for domains €2 with nontrivial topology is given by Taheri in
[99] (see also [97]). Since it is not possible to prove either regularity nor uniqueness
for a variational integral with a strongly quasiconvex integrand in general, one way
to remedy the situation is to perturb the problem by adding a regularizing term
to it and see if the extremals (and minimizers) of the perturbed problem behave
better.
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In this chapter, we study a singularly perturbed variational integral of the form
Jo(u) = / F(Vu)dx + 8/ |V2ul? du, (4.1)
Q Q

where (2 is a regular domain in R”, F': RY — R is a strongly quasiconvex integrand,
and u is a vector-valued function in W>?(€; RY) (with V2u denoting the Hessian
of u). Recall that a d-rectifiable set M (in Federer’s sense [44]) is a subset of a
metric space that is the Lipschitz image of some bounded set in R¢, i.e. M = f(K)
where f is Lipschitz and K C R?is a bounded set. The main results of this chapter
are the following:

Theorem 4.1. Let Q C R” be a bounded domain with C* boundary, p € [2 2—"),

' n—2

g € W (Q;RY) where r > p' and r > 2 and let F: RN — R be an integrand
that satisfies the p-growth (F,1) and the strong quasiconvezity (F,2). Let €& C

22(0).
W, (Q;RY) be the set of all the extremals of

Jg(u):/F(Vu) d:c+5/\V2u|2d:c.
Q 0

Let 6 >0, R >0, and S :={u € & : ||ul]]| , nwn,, < R}. Then S, viewed as a
wl = +s
metric subspace of WQ’Q(Q;RN), is a d-rectifiable set (d depends on the parameters

in (F,1), (F,2) and the set S). In particular, S is bi-Lipschitz equivalent to a
bounded subset K C R,

Theorem 4.1 says that any bounded (in a suitable Sobolev norm) subset of the
extremals is bi-Lipschitz equivalent to a bounded subset in some finite dimensional
Euclidean space. In particular, this boundedness assumption is automatically satis-
fied for minimizers under suitable circumstances, and hence we have an immediate
corollary:

Theorem 4.2. Let Q C R™ be a bounded domain with C* boundary, n < 6, p €
[2,242), g € W (i RN) where r > p' and r > 2, and let F: RN — R be an

integrand that satisfies the conditions (F,1) and (F,2). Let M C W2*(Q;RY) be

the set of all the absolute minimizers of

Ja(u):/F(Vu) d:£+€/|V2u|2d:L’.
Q 0

Then M, viewed as a metric subspace of W**(Q;RY), is a d-rectifiable set (d de-
pends on the parameters in (F,1), (F,2)). In particular, M is bi-Lipschitz equiva-
lent to a compact subset K C R?.

In this case, we obtain a stronger conclusion that the set M of all the minimizers
of J. is not only bi-Lipschitz equivalent to a bounded subset K C R?, but also that
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K is compact. It is not unreasonable to hope that under all these assumptions, M
could in fact be a singleton set, i.e. that the minimizer of the perturbed variational
integral must be unique, but this is false in general. The method used in the recent
work [15] by Campos Cordero, Kirchheim, Kolar and Kristensen can be used to

show non-uniqueness of minimizers even for the perturbed variational problem.

Remark 4.3. If 2 C R” is a star-shaped domain, then one can obtain a bound on
the norm of the extremals in £ using a calculation from [98] by Taheri. This would
remove some restrictions on the exponent p in Theorem 4.2 and the dimension n./

A crucial tool that we used to prove our main result is the nonlinear Garding in-
equality which says that if F' is an integrand satisfying the growth assumption (F,1)
and the strong quasiconvexity assumption (F,2), then for a fixed u € C*(Q; RY),

[ BuTpta)de < [ Fouo(Vela) do s € [ Eeonde. 42

holds for any ¢ € W(l)’p (Q; RN) for some constants ¢, C' > 0. Here E,, is the reference
integrand E,(z) = (1+ |22)2 — 1, and F,(z) := F(w + 2z) — F(w) — F'(w)[z]. This
inequality is a generalization of a recent work by Campos Cordero and Kristensen
[16] for the p = 2 case. A similar inequality was also used by Koumatos et al. (see
[46] and [56]), where their proof follows closely an indirect argument used in Campos
Cordero’s thesis. In this chapter, we shall prove this inequality only for p > 1. The
inequality does also hold for the case p = 1 but requires a slightly different method
to prove some estimates related to the reference integrand E; (this could be done
by adapting the estimates used in [49]). Most importantly, we will show that the

stronger inequality

[ Vo) ds < [ Fouo(Tole) do (43)

holds for any ¢ € Y, where Y € W?(Q; RY) is a linear subspace of finite codimen-
sion. This implies uniqueness of minimizers up to a finite dimensional subspace,

and ultimately the d-rectifiability of the set of all minimizers of J..

The organization of this chapter will be as follows. First, we prove the existence
of extension operators T: W5 (9Q; RY) — W ((1 + £)Q\Q; RY) (here @ can be
a cube or a ball) that improve the integrability of ®(|Vu|), where ® is a Young-
type convex function. After that, we prove the nonlinear Garding inequality under
certain assumptions, and apply it to a strongly quasiconvex variational integral
whose integrand F' has p-growth.

Since one requirement for applying the Garding inequality is a smoothness con-
dition, we use an elliptic regularity result to prove a C''® estimate on the set of
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extremals of J; in a Dirichlet class with sufficiently smooth boundary datum, and
after this we will prove that the Garding inequality, which holds uniformly on a
COh?-bounded set, implies strict convexity of the functional J up to a finite dimen-
sional subspace of W'?(€2;RY). Our main result regarding the d-rectifiability of
the sets of extremals and minimizers is then deduced.

4.1 Extension Operators and Higher Integrability

The main goal of this section is to prove the following proposition that will be
used to prove the nonlinear Garding inequality.

Proposition 4.4. Let Q) = (—l l)n be a unit cube in R™ and let ® be a convex

272
function such that ®(az) < o (®(2)) for every a > 1, where § > 1 is some fived
constant. There exists an €y > 0 (depending only on the dimension n) such that for
any given 0 < e < ey and any p € [1,00), there exist C = C(n,d) and an extension

operator T: W'P(0Q; RY) — W'P(R™\ Q; RY) mapping u to @ such that

/ &(|Vii(z)]) dz < <C / (Y, uly)]) dH" ()
(I+e)Q\Q 0

Q
C n—1
+ =5 [ @(uly))dH" (v),
15 2Q
where ¥V, denotes that tangential gradient operator. Moreover, U is smooth on R™\Q
and uw = 0 outside (14 ¢)Q.

Additionally, we will prove the existence of another extension operator that
is similar to [19] and [57]. Such an extension operator could be of independent
interest, or it can be used in conjunction with a Lipschitz cut-off function to give
an alternative proof to Lemma 4.13 (in the next section), which is the strategy used

in a work by Campos Cordero and Kristensen to prove a similar result.

Proposition 4.5. Let () = (—%, %)n be a unit cube in R™ and let ® be a convex
function such that ®(az) < a®®(z) for each o > 1. Then for any given 1 < q < -2+
and any r € [1,00), there exist g > 0, C' = C(n,q,0) and an extension operator
T: WH(0Q; RY) — W ((1 4 £0)Q\Q; RY) mapping u to U such that

/( L0\ o(|Vu(z)[)!de < C < /a . O(|V,u(y)|) dH" (y)) . (44)

where V. denotes that tangential gradient operator. Moreover, u is smooth on

(14 20)Q\Q.

We shall see from the proof that the above result still holds if we replace the
unit cube @ with the unit ball B(0, 1) instead.
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Before proving these extension results, we shall first prove the following Poincaré
inequality of Orlicz—Sobolev type, which will help us strengthen the inequalities.
The proof is based on the an estimate involving the Riesz potential, similar to [47,
Lemma 7.16] (see also [73] and [33] for related results).

Lemma 4.6. Let ®: R, — R, be an increasing C' convex function which has the
scaling property in the sense that for any | > 1, there exists a constant c(l) such
that ®(It) < c(1)®(t). We also assume that ® has q-growth, i.e. there exists an
L > 0 such that

O(t) < L(1+t9).
Let S¢ be the unit sphere in R, then there exists a constant C' = C(d) such that
for any u € WH4(S% RN, we have

/ B(ju(x) - al) dH'(x) < C / (¥, ulx)]) dH(2), (45)
Sd gd

where T := fg, u(z) dH(z).

Proof. We shall parametrize S¢ by the function T: B, — S¢, where B, = B4(0, )
is the ball in R? of radius 7, and T is defined by

T(z) = (sin(|x|);—‘, —cos(|x|)> c R x R.

Its derivative at x is the map

sinc’(|z])

]
We can calculate its Jacobian of transformation JT = vdet DT*DT to be JT(x) =

sinc (Jz])?7? (it is enough to calculate JT'(z) for = te; and use rotational symmetry

DT(z) = <sinc(|x|)]dxd—|— xmt) @ sin(|z|)z!

of T to deduce the general formula). Also, we can verify that |DT(tx)z| = |z| for
any t € (0,1), € By, and that |z| = p(Tx,7(0)), where p is the Riemannian
distance on S
Let us assume first that u € C*(S%RY) and denote xo = T'(0). Then
u(zg) —u(Tx) = /DuoT (tx)[z] dt
= —/ Du(T(tx))[ DT (tx)z] dt
0

and we can integrate the above over the ball B, to get

/ (u(xg) —u(Tx))JT(x)dx < /B /0 |Du(T (tz))||x|JT (x) dt dx.
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Recall that [, f(Tx)JT(v)de = [ f(y) dH"(y) and that sinc () is decreasing on
0, 7], so JT(z) < JT(tz) for all t €0, 1]. Hence

15| (u(wo) — ) _/B / | Du(T (tx))||z|JT (tz) dt dz

/ / /x| - V(xt) dH (z) dr dt,

|Du(T'(x))|JT(z) ;x € By
0 :x ¢ By.

where we set

V() =

By the change of variables z = tx and s = tr, we have

u(zg) — 7 < S—/ / /{z| S}S—VZ ) dH(2) ds dr,
([ ) [ e

L Du(T(2))
=I5 S, plae, Ty L)

~ S Jga plo, y) !

The point z, in the above can be replaced with any z € S? by a simple rotation
dH(y)
p(zo,y)4—1
® is increasing and has a scaling property) to get

& (|u(x) 1) < C / 2UDLu)) 40,

Sd p<x7y)d_1
for some constant C' = C'(d). We then integrate the inequality to get

[ ottt —aharcor < o [ ([ L) apuancin

<c [ aDutwan'(),

which holds for any u € C*(S%RY). The term |Du| can be replaced by |V, u| since

they are equivalent.

and since [ gd < 00, we can apply Jensen’s inequality (and use the fact that

Finally, we observe that since ® satisfies the g-growth condition, the map f
Jou ®(|f]) dH* is continuous in the L? norm. Since smooth functions are dense
in WH4(S4RN), for any given u € W'9(S%RY) we can take a sequence u, €
C'(S% RY) such that u, — u in W"4(S% RY) and take the limit of

[ #lluate) ~mbari(@) <€ [ (o)) arti(o)
S(i

Sd
as n — 0o to obtain the inequality for u (with the same constant C'). This completes
the proof. n
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It is not hard to see that an analogous inequality also holds for v € W4(rS¢; RY)
(here 7S¢ is of course the sphere of radius r > 0), but the constant C'in (4.5) would
depend on R as well. The only modification we need to make in the proof is replacing
the parametrization 7" with T'(z) = <sin(|x|)%, —r cos(|x|)>. This fact will not be
used in this work, however.

To prove Proposition 4.4 and Proposition 4.5, we will first prove corresponding
results for extension operators on the half-space R*~! x R, of R”. Then the results
are translated onto a unit ball B” C R", which is bi-Lipschitz equivalent to an
n-dimensional cube, by a patching argument, and finally translated onto a cube.

The following lemma corresponds to Proposition 4.4.

Lemma 4.7. Letp > 1 and ®: R, — R, be an increasing convex function such that
P(az) < a® (®(2)) for every a > 1, where § > 1 is some fived constant. Let € > 0
be given; then there exists an extension operator that maps any u € WHP(R"1; RN)
to U € WHP(R™; RY) such that

/
(4.6)

U is smooth on R"™1 x (0,00) and U(z,t) = 0 for allt > e. Moreover, if we assume
that u € WP (B*1(0, R); RYN), then U is supported on B" (0, R +¢) x [0,¢].

O(|Vu(x)|) dx + 868—_1 O(|u(z)|) dz.

Rn—1

B(VU (1)) d(x, ) < 545/

n n—1
n R

Proof. Choose a smooth function 7: [0, 00) — [0, 1] such that n(0) = 1 and n(t) =0
for all t > ¢ and || < 2. Let K be a symmetric smooth function on R*™! that is
supported on B"7!(0,1). Define K;(z) := -:-K () and let

Uz, t) == n(t) (K * u)(x)

=) |yl —y)dy.

The facts that U is smooth on R"™ x (0,00), U(z,t) = 0 for all ¢t > &, and that U
is supported on B"1(0, R+ ¢) x [0,¢] if u € WyP(B*1(0, R); RN) all follow easily
from the definition of U.

For each fixed t <eand i € {1,...,n — 1}, we have

V.U(z,t) =n(t) (K * Vu)(z)

= n(t) /R tnl_lK (‘%) Vu(z —y) dyf
=n(t) K(y)Vu(z — ty) dy

Rn—1
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and hence

(Vo U(x,1)]) < @ (n(t) K(y)|Vu(z - ty)] dy)

Rn—1

<o([ KOV t)ld)

< K(y)@(|Vu(z — ty)]) dy

Rn—1
using the fact that n < 1 and Jensen’s inequality. We integrate the above in the x
variable over R"~! and use Fubini’s theorem to get

| ewvueopas [ K@Vt~ ) dyds

= [ K [ #(Vule = t)dedy

Rn—1
_ / (|Vu(z)|) de.
Rn—1
We then integrate the above in ¢, taking into account U(x,t) = 0 for ¢ > ¢, to get

/R1

Now, to estimate the term 0,U(z,t)), we first observe that

O(|V,U(x,t)])d(z,t) < 5/ O(|Vu(z)|) dz (4.7)

Rn—1

OU (1) = (£) (K w)(x) —n(t) o K(y)Vu(z — ty)[y] dy

and that the condition ®(az) < o’ (®(2)) implies that ®(z+w) < 2971 (®(2) + ®(w)).
We can apply the same technique as before to get

(|0,U(x,1)]) < 2°7'® (n/ (1) | Ky % uf(z)) + 207 '@ <n(t) K(y)|Vu(z — ty)|ly] dy>

B1(0)

20—1
<Eo ([ wnte—mian) +2o ([ K)ol )
<20 [ k@bl t)dy+ 27 [ K)e(Vale - ) dy

65 Rn—1 Rn—1

We integrate the above in x and then in ¢ as before to get

251
/]Ri 20U, 1))) d(r.1) < T /R & (Ju(z)]) d + 25—1€/Rn_1 B (|Vu()]) de.
(4.8)
Lastly, since |VU| < |V, U| + |0,U|, we can use the inequality ®(|VU|) <
20719(|V,U]) + 2°710(|0,U]) to get the desired estimate. The fact that U €
WHP(R™; RY) is not hard to verify using a standard technique (alternatively, we

can let ®(|z]) be |z|P and modify the above proof slightly to get an estimate for the
W' norm of U in terms of W norm of «). The smoothness of U on R"~! x (0, o)

is evident from the construction. O
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Proving the half-space version of Proposition 4.5 is a little bit more involved.

Lemma 4.8. Let ®: R, — R, be a convex function and let f € L*(R"';R?) be
a function supported on the ball B := B""'(0,R) C R"'. Let K be a symmet-
ric smooth function on R™™! that is supported on B"1(0,1) and write K;(x) :=
1 K(E) For any R' > R and any 1 < q < -2, there exists a constant

tn—1 t n—1"’

C = C(n,q) such that the function F: R?" — R? defined as

F(x,t) .= (K x f)(x)

satisfies the estimate
q
[ alF e < Clpnl ( / <I>(!f|)d%”‘1) C (9)
BR/XR+ BR

Proof. For a fixed x € R"! and any § = 6(x) > 0, we apply Jensen’s inequality to
get

/0 o (|F () dt = / oK+ fl(2)) dt
< / (o x @) ()" e

e}

)
- / (K, B(|f1)) ()" di + / (Ko + ®(f]) ()" dt.

Recall that for a positive function g, we have the inequality sup,., (g * K;)(z)| <
cxMg(z), where Mg is the maximal function Mg(z) = sup,. JCB(Q: 9 g(y) dy; hence
the first term in the above inequality is bounded by

é
/0 (K = (| f])) ()" dt < c5(ME(|f]) ()"

For the second term, we have the bound

[ et a= [Tee ([ k(Y et -nha) @
< [Tee ([ aaria)

<are( [ () )

Note that here we require g to satisfy ¢ > L= so that [ ¢t~ (""D7dt < oo, but this
is always the case for n > 2.

(S, 2 w))) dy)

We may choose 6(x) = ( M(|f)(x)

fre
) to get the bound

n—1 1

/OOO O(|F(z,t)])?dt < C (/BR o([f(y)l) dy) (M®(|f])(x))T 7
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where C' = C'(n, q) does not depend on x. For R’ > R, we can integrate the above
inequality over the cube Br C R"™! to get

/BR/X]R+ O(|F(x,t)))?d(z,t) < C (/BR <I>(|f(y)|)dy)"11 /BR(M‘I)(UU(I))qnll dr.

_n_
n—1"

Since ¢ < §:=q— ﬁ < 1 and we have the maximal inequality

/BR(Mcbdf\)(@)de < c)| B (/%(@(\f\)(m))dx)s

(see Stein’s [92, I, 8.15]), thus

/ Rl e ) < OB (f R <I>(|f(y)|)dy)q

for some C' = C(n, q). This concludes the proof. H

Lemma 4.9. Let ®: Ry — R, be an increasing convex function such that ®(z +
w) < a(P(z)+ ®(w)) for some a > 1. Let v > 1 and u € W' (R 5 RY) be
a function supported on the ball B = B}?i_l C R*Y. For any T > 0, u can be
extended to a function U € W (Bgryr x (0,T);RYN) (in the sense that tr (U) = u)

so that for any 1 < q < -5 we have the estimates

o2y <c ([ etupare) o

and
[ ety <o ([ squagae) @)

for some C = C(n,q,a, R, T). Moreover, U is smooth on Bry7rx(0,T) and vanishes
at 6BR+T X (0, T)

Proof. Let (K;);~o be standard symmetric smooth mollifiers as defined in Lemma
4.8 and define U to be
Uz, t) = (K¢ xu)(x).

The fact that U € WY (Bgyr x (0,7);RY), tr (U) = u on R*!, U is smooth
on Brir x (0,T), and that it vanishes at 0Bgir x (0,7, can be verified using a
standard argument regarding mollifiers.

We then apply Lemma 4.8 with f = |Vul to get

/BMX]R+ O(K; * [Vu(z)|)d(z,t) < C (/BR d(|Vu(y)|) dy)q (4.12)
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for some C' = C(n,q, R,T). We can estimate |V, U| and |0,U| separately in terms
of Ky % |Vu(x)| and combine the estimates to get an estimate for |VU|. The first
half is easy since we have

VoU (2, 8)] = [(Kp+ Vau)(2)| < (K + [Vaul)(2)

from Jensen’s inequality. As for the second term, direct calculation gives

U (x,t) = — o K(y)Vu(z — ty)[y] dy,

and hence we also have

|0:U (2,1)] < o K(y)|Vul(z —ty) dy = (K¢ * [Vul)(z)

in this case.
Lastly, since |VU| < |V,U| + |0,U], it follows that

(VU (z,1)))* < (a®(|V.U(x,t)]) + a®(|0,U(x,1)]))"
< a2 (O(|V,U(z, 1)) + @(10,U (2, 1)]))
< (20)"(®(K; * |Vu|(2)))*

so we can integrate the above over Br.r x (0,7) and apply (4.12) to conclude
the proof for (4.11). The proof for (4.10) is simpler and follows directly from the
substitution f = u in Lemma 4.8. [

This concludes the proof for the half-space version of Proposition 4.5.

Next, we shall use the “patching technique” to translate the results from half
space in Lemma 4.7 and Lemma 4.9 to a unit ball. The following proposition is
formulated in a way that we can apply it to both cases. Note that the assumption
that ®(az) < a’®(z) for each o > 1 below is stronger than the subadditivity

assumption for ® in Lemma 4.9 (an easy application of Jensen’s inequality).

Lemma 4.10. Let ®: R, — R be an increasing convex function such that ®(az) <
aQ®®(z2) for each a > 1. Let B = B"(0, R) C R™ be the n-dimensional ball of radius
R, and B := BY. Let q,r > 1 and suppose that for eachT' > 0, there is an extension
operator mapping v € Wy" (B RY) to o € W (Bt x (0,T); RY) so that ¥ is
smooth on By 1 x (0,T) and vanishes at 0By % x (0,T), and the estimate

Lo 9l ) < ( /

R+4+T

IAO(IJ(IUD+A1®(|Vv|)d7-{,"_1> (4.13)

n—
R

holds for some constant Ay, A1 > 0 (depending on T).
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Then there exist g > 0 (depending on n) and C' = C(n,q) such that for any
0 < e < €g, there is an extension operator sending u € W”(@B;RN) tou €
WU ((1 +e)B\B;RY) (in the sense that the trace of u on OB is equal to u) with

the estimate
q
/ O(|Vu|)!de < C (/ Ag®(Jul) + A19(|V,u|) d’H”_l) : (4.14)
(14+¢)B\B OB
Here V., u denotes the tangential derivative of u on OB. Moreover, u is smooth on
(1+¢)B\B.

Proof. Tt is not hard to see that for any point z = (z1,...,x,) on the unit sphere
0B C R™ has at least one coordinate x; such that |z;| > ﬁ, hence 0B is covered
by 2n open sets of the form U;, where

1 1
Usy; = LL’G@BI.T1'> , Ugi_q := xeaB:xi<— .
? { \/n—l—l} 2 { \/n—l—l}
We let (¢;) be a smooth partition of unity subordinates to the cover {U;}. It is
easy to see that any V' € {U;} can be rotated to Us, via some R € SO(n) so we
shall focus our attention on this particular section of 0B.

Let U = {:L‘ € 0Bz, > ﬁ}, clearly Us, C U. Let

1 1
N L O (U s
n -+ 2 n—+1 n—+ 2

and consider (for 0 < € < g¢) the map F': Q0 x (—¢,¢) — R" defined by

F(2,t) = (x N yg;f|2) ,

where we write ' € R"! and ¢t € R. We can see that F is a diffeomorphism onto
its image A := Im(F) and let G: A — Q x (—¢,¢) be its inverse, i.e. G = F~L.
Observe that the restriction of F' to Q ~ Q x {0}, denoted by f: Q@ — R" is a
parametrization of U (and g = f~1: U — Q being its inverse), and that F' maps a
point (z/,t) € Q x (—¢,¢) to a point on 0B(0,1 + t) whose first n — 1 coordinates
are x'.

Suppose that R; € SO(n) is a rotation that maps U; onto Us,, (we take Ry, to

be the identity mapping) and write

Gi=GoR;,, F,:=G'=R"oF, [ :=Fl,, uv:=f(pu).

()

Since p;u is supported on U;, we can see that v; = ff(p;u) is supported on ' :=
Bl (O, \ /#1) C ©, hence it admits an extension to 7; € W""(Q x (0,¢); RN)

according to our assumption. We claim that
=Gy + -+ G5, 09,

105



Panas Kalayanamit

is the extension of u that we want. Writing v = wv,,, we will first show that
G*v = v o G belong to W ((1 4 £)B\B; RY) and satisfies the estimate (4. 14)

Indeed, since v vanishes at dBgyr x (0,T) (here R = /;75 and T' = ¢), the
function G*¥ on A can be glued to the constant zero function on ((1 + s)B\B) \A,
making it an element of W' ((1+¢)B\B; R"). From the change of variable formula,
we have

/ ¢(|V(G*m|)qczx:/¢(|D(5OG)|)qu
(14€)B\B A
gmaX|DG|2q/ (D o G|) da
A U

:maX|DG|2q/ (| DF|)7| det DF| d(x, 1)
A Qx(0,e)

< max |[DG|*? - max |det DF| O (| Do) d(',t)
A Qx(0,e) Qx(0,e)

q
<c (/ Aoq)(\v])+A1<I>(|Vx/v])d:c'> ,
Q/

where we used the estimate (4.10) from our assumption on the last line. To estimate

the last term, we recall that
Vo(g o) (f@NF =Y 77 (2")ds0(a)du0(a),
1<i,j<n
where 7 (2') is an entry of the matrix [y (z')] := [yi;(«)] 7!, with v;;(2") = 95, f(2)-
O, f(2') (735 is the pullback of the standard Riemannian metric on R™ by f). We

can see that [y (z')] is positive-definite for all 2’ € €, and hence there exists m > 1
such that |Vv(2")| < m|V,(g*v)(f(2))] for all such 2’. Thus

| eV anw <mt [ alligo)o f) + (g0 0 S o
§
<mox () [ Aadgol) + A5 ane

where J f(2') = \/det(Df(2')! D f(2')) is the Jacobian of f (direct calculation shows
that min Jf > (). Since g*v = p9,u, we have
U

[ etw@ s < ¢ (| i) + 409G i)

q
U
(4.15)
Since ®(az) < a’®(z), Jensen’s inequality implies that

O(|Vul) = o(IV(Gio)| + -+ + [V(G3,020)])
< (20)" 7 (R(IV(GTT)]) + - + DIV (G5, 020)]))
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and since each R; is an isometry, all the terms V(Gv;) satisfy the same estimate
(4.15) as V(G7v) = V(G309,). Adding up all the estimates for each V(G;v;) and
replacing v with u — @, where @ = f, , udH"~!, gives

q
/ o(|Va|) dz < C (/ (Ao + A (Ju —a|) + A, 8(|V,u|) dH”—l)
(14+¢)B\B OB

since shifting u by a constant does not change its gradient. Lastly, we apply the
Poincaré inequality from Lemma 4.6 on the terms [,, A;®(|u —a|) dH™"' and use
the fact that [;, Ag®(ju —u|)dH™ < 2° [, Ag®(|u]) dH™ ", which is a simple

consequence of Jensen’s inequality, to deduce that
q
/ O(|Vu|)!de < C </ Ag®(Jul) + A19(|V,ul) d?—l"l) . O
(14¢)B\B OB

Next, we transfer the result from the unit ball B = B™(0,1) to the cube @ =
1 1\n
(_57 5) :
Lemma 4.11. Let B = B"(0,1), @ = (-1,3)", and ¢,r > 1. Let ®: R, — R be
an increasing convex function such that ®(az) < a®®(z) for each o > 1. Suppose
that the conclusions of Lemma 4.10 hold, i.e. there exist € > 0, Ay, A1y > 0, and
an extension operator sending v € W (0B;RN) to v € W ((1+¢)B\B;RY) with
the estimate

q
/ (| VF|) dr < (/ Ao@(]v])JrAl(I)(\VTdeH”l) o @16)
(1+¢)B\B OB

v is extended in such a way that U is smooth on (1 + ¢)B\B.
Then there ezists a constant C = C(n,q) and an extension operator sending
u € WH(OQ; RY) to 1 € W ((1 +¢/2)Q\Q; RY) with the estimate

q
/ (V) dz < C (/ A0<I>(|u|)+A1<I>(|VTu|)dH”‘1) VY
(1+e/2)Q\Q aQ

Moreover, @ is smooth on (1 +¢/2)Q\Q and @ = 0 outside (1 +¢/2)Q if v = 0
outside (14 &)B for any v € W (OB; RY).

Proof. Suppose that € > 0 is the number given by Proposition 4.10. Observe that
R™ can be written as a union of 2n cones K, ..., K,,, which are defined as

Ky = {a: e R": m3x|wj] < x> O} O — {a: eR": mgx\wj] < —zp1 < 0}.
J7F JF

We shall write K := K,,,.
Consider the mappings T: K — K defined as

2t

NCETE

T(x',t) := A(z', t)(',t), where A(,t):=
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and let R; € SO(n) be a rotation that maps K; onto K then define F:R" » R"
to be
F(z) = R;'oT o R; whenever z € K;.
It can be verified that F := F is a bijection onto (1 + ¢)B\ B, and that
(1+¢/2)Q\Q

f= F 50 is a bijection onto dB. In fact, F' and f are both bi-Lipschitz continuous.
We shall write G := F~! and g := f~L.

Suppose that u € W (9Q; RY) is given, then v = g*u € W' (0B;RY) and we
can extend v to 0 € W ((1+¢)B\B;R"Y) using our assumption. Letting @ := F*7,
we can deduce that

/ (V)" dx < c/ (Vo F|)? da
(1+e/2)Q\Q (1+e/2)Q\Q

C/ O (|Vol])?| det DG dx
(14e)B\B

<0 (A e apan )
SC( 00D+ A2 (IVT(f*v)ogl)dH“)q
C(/aQ BT+ A (|Vr(f*v)|)d7-tn_l)q

_c (/aQ Ao®(Ju]) + A d(| V) d?-[’”)q ,

following the same line of calculation as in Lemma 4.10.

Clearly,  is an extension of u. The fact that u € W' ((14+¢/2)Q\Q; RY) follows
from a standard technique (similar to the calculation above). The smoothness of u
on (1+ ¢/2)Q\Q is obvious since ¥ is smooth on (1 + ¢)B\B. O

Now, we are ready for the proofs of Proposition 4.4 and Proposition 4.5.

Proof of Proposition /./. The estimate from Lemma 4.7 is used in Lemma 4.10
(taking r = p, ¢ = 1, Ay = 4¢° and A; = 561) and Lemma 4.11 then implies the
result we want.

The fact that @ = 0 outside (1 + €)@ follows directly from the coordinate trans-
formations used in Lemma 4.10 and Lemma 4.11. In particular, this means that

i € WH(R™\Q; RY). O

Proof of Proposition 4.5. This is a direct application of Lemma 4.9, Lemma 4.10
(taking Ag = 0 and A; = C'/9, where C is the constant appearing in the estimate
(4.11) of Lemma 4.9) and Lemma 4.11 in succession. O
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4.2 Nonlinear Garding Inequality

In this section, we will establish the nonlinear Garding inequality for the unper-

turbed variational integral
J(u) = / F(Vu)dx,
Q

where I is a C? integrand satisfying certain additional assumptions, and Q is a
Lipschitz domain in R™. For each differentiable integrand G defined on some Eu-
clidean space and a fixed w in its domain, we define the shifted integrand of G (also
known as Bregman divergence or Bregman distance) G, to be

Gu(2) = Gw +2) = G(w) = G'(w)[z]
= / (1—t)G"(w + t2)[z, 2] dt.

For a fixed u € C1(2;RY), the nonlinear Garding inequality states that

c/QCID(|V<p|)dx§/QFvu(V<p) dx+C’/Q(I>(|go|)dx, (4.18)

holds for any ¢ € W(l]’p (Q; RY). Note that the classical Garding inequality is closely
related to the case where F' is a quadratic form and ®(¢) = ¢*. The term

/Q Fou[Vi] dz = / F(Vu+ V) — F(Va) — F'(V) [V do

= J(u+p) = J(u) — J'(u)[g]

reduces to a bilinear form in that case.

Ultimately, want to take ®(|z|) = E,(2) in (4.18) so the seemingly ad-hoc as-
sumptions in this chapter are formulated with that goal in mind. In this thesis, we
only deal with the case p € (1,00) but the analogous result for p = 1 is also true.
The statement of the nonlinear Garding inequality we shall prove first is as follows.

Proposition 4.12. Let ®: R, — R, be an increasing convex function satisfying
the p-growth condition such that for some given § > 1, ®(at) < ol (®(t)) for every
a>1. Let F: RY*" - R be a C? integrand and suppose that for any fived m > 0
and w,wy € RN*™ such that |w|, |we| < m, we can find corresponding constants
I, Cm, C. and a non-decreasing, concave function wy, : Ry — [0,1] such that the
following hold:

o limy owy(t) =0, wy(t) <t whenevert <1, wy(t) =1 for allt > 1.
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o For any cube Q C R™,

/ Fu(Ve)da > 1, / (|Vo|) da. (4.19)
Q Q
e For any z € RV*n,
|Fy(2)| < Cri®(|2]). (4.20)
|Fu(2) = Fuy(2)] < O win(Jw — wol) (| 2]). (4.21)

Letu € CY(Q; RYN); then for m = ||Vul|__ there exists C = C(ly, Cyny C) i1y fiva)
such that

Im
5 / O(|Vyl|)dr < / Fou(Vp)dr + C’/ O(|p|) dz (4.22)
Q Q Q
holds for all p € Wé’p(Q; RY). Here piy is the modulus of continuity of Vu.

This proposition is inspired by the work of Campos Cordero and Kristensen
that was mentioned before, where the conditions (4.19)—(4.21) presented here are
extracted from some properties that ®(t) = t? satisfies. We will later show, in the
next section, that ®(|z|) = E,(2) also satisfies (4.19)—(4.21) when p > 1, hence
proving the desired Garding inequality.

The rest of this section will be a series of lemmas that are used in proving
Proposition 4.12. First, we require an extension operator that maps u € W? (0Q)
tow € W'((1+4¢)Q\Q) in such a way that f(1+e)Q\Q ®(|Vaul) dr can be controlled
by f@Q ®(|Vu|) dH"~!. This was done in Proposition 4.4 and implies the following
result.

Lemma 4.13. Let m € R, , w € RY*" be such that |w| < m, and let F: RV — R
be a C? integrand satisfying

/ Fu(Ve)d > z/ (V) da (4.23)
Q Q
for any cube Q C R", and

|Fy(2)] < Co®(|2]). (4.24)

Here ®: Ry — Ry is a convex function satisfying the conditions in Lemma 4.7.
Then there exists a constant C' = C(n,Cy,1,0) > 0 such that for any given € > 0
and p € CH(Q;RY), we have the estimate

/ Fu(Vg)dr > 1 / (V| dr — £C|Q|* / B(|Vep|) aH!
Q Q

oQ
C|Q|% -1 n—1
- [ eer ) an

for all cube Q) C R™.
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Proof. 1t suffices to prove the claim only for ) = (—%, %)n since for any other
Q' = 2o+7Q and ¢ € C*(Q": RY) we may shift and rescale ¢ to ¢(z) = Lp(zo+ 1)
(so that ¢ € CY(Q;RY) and V() = V(o + 7)) to get the result for any cube
Q'

Let € > 0 be given, @ = (—3,1)" and fix a function ¢ € C*(Q; RY). Define

o(r) T €Q,

Y(z) =
@ T(plapg) 17 €R\Q,

where T' is the extension operator from Proposition 4.4, so ¢ € W*((1 + €)Q).
From (4.23) and (4.24), we can see that

/Q Fy (V) dz /(HE)Q Fy (V) d — / Fy (V) da

(1+e)Q\Q

> / (V) de — Co / (V) de
(14+¢)Q (14+)Q\Q

> /Q B(|Vedr—(Co-D) [ ®(|Vu] .

(1+2)Q\Q

We are done if Cy < [, hence we shall assume further that Cy > [. Since V¢ =
VT(¢plyg) on (1+€)Q\Q, we can apply the estimate in Proposition 4.4 to get

/Q Fu(Vi)de > | /Q &(|V|) dx — =C(Cy — 1) / BV, ]) dH"

oQ
C(n,o,Cy—1 .
St [ aeh e,
g 2Q
and the desired estimate follows easily since |V, ¢| < [Vl O

The following lemma is not hard to establish.

Lemma 4.14. Let f € C.(R™) be a positive function and write e = —elt}ge",

where (e;)"_, are the standard basis of R™. Let Dy, be the family of dyadic cubes
corresponding to the lattice 2-F7", then for a dyadic cube Q € Dy, we have

V2
/ / fdH" tdr < 2"/ fdx,
0 re+0Q Q*

where Q* is the union of Q) and all of its right-adjacent cubes.

Remark 4.15. For Q,R € Dy, if Q* N R* # (), then Q and R are adjacent. It
follows that

> xgr <3 (4.25)
QEDy
/
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Now we are ready to prove the promised Garding inequality:.

Proof of Proposition 4.12. For a cube in R", we denote its center by zq. Let ¢ €
CH; RY) and extend it to the whole R™ by setting ¢ = 0 on R™\). The function
w is also extended to some u: R® — R so that @ is C'! and compactly supported.
We shall denote u by u as well since its value outside €2 will not be relevant.

We set m = ||Vu|| and let w = wyy,, be the modulus of continuity appeared
n (4.21). Since ® satisfies (4.19) and (4.20), we can apply the result from Lemma
4.13 with 7 = |Q[» <1 to get

/FVU(Vw) dx—/FvU(xQ)(Vgp) dx—l—/FVu(Vgo)—FvU(zQ)(Vgo) dx
Q Q Q

Lo | ®(V@|)dx —erC [ ®(|V|)dH™
> /ch o) [ #1ve)
e L BB =€ [ wl19u = Vutr)e (V) dr
> (1o = (u () | 2(¥l)

C
a0 [ a(vehant - S [ a(ehan,
oQ (er) aQ

where p = py,, is the modulus of continuity of Vu, i.e.

p(t) = sup{|Vu(z) = Vu(y)| : 2,y € R" and |z —y[ <1}.

Since we extended u to a C! function, p is an increasing function on R, such that
w1(0) = limyo u(t) = 0 and p(t) < osc(Vu) < 2max |Vul for all t € R,

Let Dy, be the family of dyadic cubes corresponding to the lattice 27¥Z". Note
that for any dyadic cube Q € Dy, r = |Q|% = 27% and for any z € R\Q,
F,(Vp(z)) = F,(0) = 0. Hence for any y € R", we have

Z / Fg,(Vo)dx
QcDy, y+Q

> (1~ (n (V2 ) [ (V) ds

—52’@2/ O(|Ve|) dH !
y+0Q

QEDy,

2k5(7
Z/ B(Ji]) dH™ .

QeD,, y+0Q

/Q Fou (V) dz =

We may now integrate the above over the diagonal y € [0,/n27*]e, where e is
defined as in Lemma 4.14, and apply the result from this lemma (with the following
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remark) to get

2k /Q Fou(Ve)dz = /y . Fou(V) dz

Q€Dy,

> iz (b= (n (Viz ) [ @(19¢])da
—e2vhC Y /Q (V) do

QEDy,

2n+k’6C
T X [ e

QEDy,

> i (i = o n (V2 ) [ 99 da

—52"—’f3"0/c1>(|w|)dx
Q

2n+kz63nc
- [ et

We then divide both sides by /n27* and deduce that

2nthognC
—W/Qq’(w)dx

holds for any ¢ € C}(Q; RY). We then pick sufficiently large k and sufficiently small
e so that both w (u (y/n27%)) and €6"C/\/n are both smaller that [, /4.

Lastly, a standard approximation argument, together with the fact that ® has p-
growth and (4.20), allows us to extend the above estimate to any ¢ € WyP(; RY).
This concludes the proof. O

4.3 The Case ®(|z|) = E)(z) for p > 1

The goal of this section is to show that when p > 1, ®(|z|) = E,(z) satisfies
(4.19)—(4.21) from Proposition 4.12, and hence establishing the following result.

Proposition 4.16. Let F: RN*" — R be a C? integrand satisfying (F,1) and
(F,2). Let u € C*(;RY), then there exist v = (1, ||Vul . ,p) and
C =C(k,p,l,n,||Vul|l . , tvu) such that

v [ BVt < [ Feuvodetc [ B (4.26)

holds for all p € W(l)’p(Q; RY), where py, is the modulus of continuity of Vu.
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Recall that for a differentiable integrand G, the shifted integrand of G is
Gu(2) = Glw+ 2) — G(w) — G'(w)[7]
_ /1(1 DG (w + t2)[z, 2] dt.
0
In particular, we write

Epuw(2) = Ep(w + 2) — Ep(w) — B (w)l[z]

p

for the shifted integrand of E,.

Remark 4.17. From the estimate (4.37) and (4.38) down below, the strong p-
quasiconvexity (F,2) implies that for any w € RV*" and ¢ € Wy™(Q;RY), we
have

/ Flw+ Vi) — F(Vg)dr > ¢ / (1+ ol + [VeP) ' [Vl de
Q Q

whenever p € (1,2). Moreover, (F,2) is in fact equivalent to

/ F(w+ V¢) — F(Vy)dz > c/(l + [wP~2)|Ve|? + [Vp|P dz
Q Q

whenever p > 2. These are among the standard quasiconvexity assumptions in
regularity theory for minimizers of the variational integral u — [, F(Vu)dx. The
reader is referred to [20], [17] and [36] for the case p € (1,2). Regarding the case
p > 2, we refer to [40] and [48]. /

Remark 4.18. The reference integrand E, is equivalent to ®(z) = |V,(z)|?, where
Vo(z) = (1+ |z|2)p4;22 In fact, calculation shows that

(w-2)?

(w)*
where (w) = /1 + |w|? and 0 = % For p € (1,2), we can deduce the estimate

(w)[z, 2] = (w)?? ((2 (4= p)? —3) - —p>92>\z12) |

" (w)[z,2] 2 (2 = p) (4 = p) (w)" |2 (94 - 44f2p s p>2<2 - p>)
2p
—pt

v

-2
Al

using the fact that ((4 — p)6? — 3) < 0 and (2 — (2 — p)#?) > 0, which also implies
" (w)[z, 2] < p(w)’?|z|2. For p > 2, similar computation (but simpler) shows
that

2 (w)"? [z < @"(w)[z,2] < ((p = 2)(p — 1) +p) ()" |2,

hence ®"(w) satisfies the same estimates as £/ (w) in Lemma 4.20. This shows that
the conclusion of Proposition 4.22 also holds for ®, so the integrands ® and E,
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(including their shifted versions) are equivalent. The same computation also shows
that E, is equivalent to |- |*+ | - [P for p > 2.

The function V,(z) as defined above has seen many usages in the literature,
especially in the subquadratic growth case, playing similar role as our E,. We refer
to [36], [17], [2], and [18] for a more detailed discussion and usage of the V,, function.

/

A lot of calculations involving E,, and its derivatives is needed in this section.

To simplify some notations, we write

(z) = /14 |z]2.

Lemma 4.19. For each value of r € R down below, there exists ¢ = ¢(r) and
C = C(r) such that for all z,w € R, we have

1. If r > 0, then
1
(ol + |2 < [ (= 0w+ b1 dt < Cul + 2l (4.27)
0
and
1
(14 |w|"+ |2|") < / (I—=t)(w+tz)" dt <CA+ |w|" +|z]"). (4.28)
0
2. Ifr € (—=1,0), then
1
c(lw] +2])" < / (1 —t)|w+tz|"dt < Cmin{|w|", |2z|"} (4.29)
0

and

1
(14 |w| + |2))" < / (1—t)(w+tz)" dt < Cmin{l, |w|",|z|"}.  (4.30)
0

Proof. First, let r > 0 be given. The second inequality in (4.27) follows easily from
|lw + tz| < |w|+ |z], so we only need to prove the first inequality. Suppose that
r > 2, we write ¢ = 2/r then t > t'/7 is convex, hence

1 1
/(1—t)|w+tz|7’dt:/ ((1—t)‘1|w+tz|2)5 dt
0 0

> </01(1 —t)9|w +tz|2dt) q

1 :
> ([ ol = 2l + 21:P)ar)
0

2!w!|2\+ 2|2 )
(¢+2)  (¢+2)(g+3)

Q=

S (T
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By Young’s inequality, 2|w||z| < Aw[* + §|z|> and we can choose some A €

+3 A1 2 1
(qT,q+2) SOthat 1—m— m(q_l_—zs—x>, hence

o 2wllel AP NEL
('“" <q+2>+<q+2><q+3>) z ol + 1)

and we are done (for the case r > 2). For r € (0,2), we have
1 1
/ (1= t)|w+ 12| dt :/ (1= t)|w + t2]"2w + t=[2 dt
0 0

1
> (Jw| + |z\)7“2/ (1 —t)|w+tz|*dt
0
> el + [ (wf + 12P)

which implies the estimate we want.

To prove the inequalities (4.28), the second half is the direct consequence of
(w+tz) <14 |w|+ |z| so we only need to prove the first half. As for the first half,
we use the fact that (w +t2)" > ¢(1 + |w + tz]") and apply the previous inequality
(4.27) to get

/1(1 ) (wtt2) dt > 0/1(1 C (1 + |w+ t2]7) dt
> (14 |Jw|" +|2]").

Now, for r € (—1,0), the first inequality in (4.29) is a trivial consequence of
|lw + tz] < |w|+ |z|. For the second inequality, we first assume, without loss of
generality, that w # 0 (otherwise the inequality is trivial). Observe that |w +tz| >

|[w| — t]]| so if we write o = %, then |w + tz|" < |w|"|1 — at|". Hence

1 1
/ (1 —t)|w+tz|"dt < ]w[’”/ (1 =01 —at|"dt = |w|"I(«),
0 0

where we denote [(«) := fol(l —1)|1 — at|" dt. By direct computation, we have

1—af+a(r+2)—1

I =—r e+

where the right-handed side converges to 1/2 as o — 0, agreeing with I(0) = 1/2.
It is not hard to see that I(«) is bounded and that I(«) < Cla|" for sufficiently
large |af, thus I(a) < C'min{1, |a|"}. This implies that

1 T
/ (1 —t)|lw+tz|"dt < Clw|" min {1, ||Z|| } = C'min {|w|", |z]"},
0 w|”

which proves (4.29).
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Lastly, to prove (4.30), we observe that the first half follows directly from
(w+tz) < 14 |w|+ |z|. As for the second half, since (w+tz) > 1 we thus
have fol(l —t)(w+tz)" dt <1/2 and since (w + tz) > |w + tz|, we also have

1 1
/ (1—t)(w+tz)" dt < / (1 —t)|w+tz|"dt < Cmin{|wl|",|z|"}.
0 0

This implies that fol(l —t) (w+tz)" dt < Cmin{l,|w|",|z|"} as required. O

Lemma 4.20. For each p > 1, E, is a convex function whose second derivative

satisfies the estimates

plp—1) (W) 2 < By (w)[z, 2] < p (W)’ 2] forpe(1,2) (4.31)
and
p(w)' 2|2 < EJ(w)]z, 2] < p(p — 1) (w) |2 for p > 2. (4.32)

Proof. Using the fact that (z)' [u] = (z)~" (z - u) and the chain rule, we can differ-
entiate E,(z) = (z)” — 1 to get

E(2)lu] =p(2)" " (2 - w),

and further differentiation yields

Bl =p (7 ((w0) + 22260 0).

{2)

For p € (1,2), we have

Ey(wlens) = () (1 = =B 2)

p (W) |21~ (2~ p)d)
p

>
> p(p— 1) (w)" |,

where we write 0 = % € [0,1). The upper bound for £/ (w)[z, 2] can be obtained
by discarding the term iﬂ%;’(w - 2)% in the first line of the above calculation.

For p > 2, we clearly have

Ey(wlens] = ()" (1P + 2w 27)

> p (w)" [z,

On the other hand, <|z|2 + f’w_>22 (w - z)2> < [2]*(1 + (p — 2)0) < (p — 1)|z|*, which
implies the upper bound for EJ(w)[z, 2].
The lower bounds for E(w)[z,2] in both cases imply that EJ(w) is positive

definite for all w € R?, hence E, is convex. m
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Remark 4.21. The above estimates are very similar to the estimates for N,(z) =

|2|P, i.e.
plp — Dw[?[z* < Nf(w)[z, 2] < plwfP~?|2|* for p € (1,2) (4.33)

and
plwP?|2* < NJ(w)[z, 2] < p(p — 1)|wP~2|2|* for p > 2, (4.34)

/

which can be deduced easily from the identity
—4 2 -2 2
Ny (w)[z, 2] = p(p = 2)[wlP~* (w - 2)* + plwl 2|z,

Proposition 4.22. For each M > 0 and p > 1, there exist constants ¢ = ¢(M, p)
and C' = C(M,p) such that whenever |w| < M, we have

cmin{|z|?, |2} < Ep.(2) < Cmin{|z|%, 2|} forpe (1,2) (4.35)
and

cmax{|z|?, |2[P} < B, (2) < Cmax{|z|? |2’} forp > 2. (4.36)
Proof. Recall that we have

E,w(z) = /1(1 — ) E)(w + tz2)[z, 2] dt,
0

so we can combine Lemma 4.20 and Lemma 4.19 to get

c(L+ Jw| + [2[)P72[2* < Epu(z) < Cmin{l, [w]P™2, [2]P~*}]2]” (4.37)

for p € (1,2) and

(L4 w4+ 2722 < Bpu(2) < C(L+ w4 |27z (4.38)
for p > 2.
From the assumption that |w| < M, the above expressions can be simplified to
c(14 12)P72|2)? < E,0(2) < Cmin{|z|?, |2|"} (4.39)
for p € (1,2) and
c(l2]* +12P) < Epu(z) < C(I2* + |2I7) (4.40)

for p > 2. The desired conclusion can be drawn by inspecting the case |z| < 1 and
|z] > 1 separately. O

Corollary 4.23. For any p > 1 and M > 0, there exists a constant ¢ = ¢(M,p)
such that
Eypw(z) = cEy(2)

for all w € RY such that |w| < M.
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Now, we are ready to prove that ®(|z|) := E,(2) satisfies the conditions (4.19)-
(4.21) from Proposition 4.12. Regarding the condition (4.19), we observe that the
strong p-quasiconvex assumption (F,1) and Corollary 4.23 implies that for any given
m > 0, there exists a constant I, = l,,(l,m, p) such that for w € RY*" such that

lw| < m, we have

/Fw(Vgp) dx > l/ cE,.,(Vy)dx > lm/ E,(Vo)dx (4.41)

for all p € W(l)’oo(Q; RY), so we are done. To show the other two conditions, we
first recall that any quasiconvex function is rank-one convex and hence satisfies the
assumptions of Lemma 3.13 from the previous chapter, which implies the following
bounds and hence implies the condition (4.20).

Lemma 4.24. Let F': RV — R be a C? quasiconvex integrand satisfying (F,1),
then for each m > 0, there ezists a constant ¢ = ¢(m) such that whenever |w| < m,

we have
Fu(2)] < cBy(2) (1.42)

and
cmin{|z], [P} spe(1,2)

(4.43)
cmax{|z], |21} p > 2.

[F(2)] <

Proof. Since F' is rank-one convex, we can apply Lemma 3.13 to see that |F(z)| <
Ki(1+|z[P) for all z € R¥*", We then let w € RY*" be such that |w| < m and let
Ky := max|;j<m+1 |[F"(2)].

For |z] <1, we have

Fule)] = 5IF" (0 + t2)]z, )] < S Folel?
where in the above ¢ is some number in (0, 1). Similarly, we also have the estimate
|FL(2)] = [F"(w + t2)[2]] < Kslz].
For |z| > 1, we have

|Fu(2)| < |F(z+w)| + |F(z)| + |[F'(w)[z]|
<2k + k(jw + 2P + |2[P) + K1 (1 + [w|P~)|z]
< c|z|P.
For F), we have
|F,(2)] < [F'(w+ z)| + |[F'(w))
< Ki(1+ |lw+ 2P + K (1 + [w”™)

<clz|P7t
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Combining the results from the cases |z| < 1 and |z| > 1 above, we may easily
deduce (4.43) and

cminf|z[%, [2[P} 1p € (L,2)
cmax{|z[%, [z} ;p>2,

[Fu(2)] <

which implies (4.42) according to Proposition 4.22. This completes the proof.  [J

The proof of the following estimate regarding the modulus of continuity of F”
can be found in the work by Campos Cordero and Kristensen [16] mentioned before.

Lemma 4.25. Let F: RV*" — R be a C? integrand and m > 0. Then there exists
a non-decreasing, concave function w := wy, : Ry — [0, 1] such that lim;_,ow(t) = 0,
w(t) <t whenevert <1, w(t) =1 for allt > 1, and

[F"(2) = F'(w)] < Kw(]z — wl)

for all z,w € RN*™ with |z|, |w| < m. Here the constant K = K(m) is defined to
be K = 2max.j<m, |F"(2)].

This estimate implies the next lemma, which shows that E, satisfies condition
(4.21).

Lemma 4.26. Let F': RN*" — R be a quasiconver C* integrand satisfying (F,1)
and let m > 1. We take w = wo,, to be the modulus of continuity from Lemma 4.25,
then there exists C' = C(m) such that

[Fu(2) = Fuy (2)] < Cw(jw = wol) Ep(2) (4.44)
holds for all z,w,wy € RN*" satisfying |w|, |wo| < m.

Proof. For |z| < m, according to Lemma 4.25 we have

1
|Fu(2) — Fuo(2)| < / (1 —=t)|F"(w+tz) — F"(wo + t2)||z|* dt
0
< Kuljw — wo|P.
Now, for |z| > m, we let Cy = supp, |F"| and apply Lemma 3.13 to get
|Fu(2) = Fuy(2)] < [F(w +t2) = F(wo + t2)| + | F(w) — F(wo)| + |[F'(w) — F'(wo)||z]
SO+ |Jw+ 2P + Jwo + 2P 1) Jw — w
+ K(1+ |w|P~ + |wo [P~ |w — wo| + Colw — wp|2|

< C(1 4+ |27 Jw — wy|
< Cw(|lw — wol)|z[P.
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By choosing a sufficiently larger constant C', we may deduce that for p € (1,2)

we have
|Fu(2) = Fuy(2)] < Cw(Jw — wol) min{|z]?, m* 7P|z},

It is not hard to verify that min{|z|?,m*7P|z|P} < m?7Pmin{|z|?, |z|} whenever
p € (1,2). In the case p > 2, we have

| Fu(2) = Fuy(2)] < Cw(|w — wol) max{|z[*, m* ?|2["}.

and the inequality max{|z|?, m*7?|z|P} < max{|z|?,|z|} instead. Therefore we can

conclude, using Lemma 4.22, that
[Fu(z) = Fuy(2)| < Cw(lw —wol) Ey(2)

in both cases. [

Now that we have shown all the required conditions needed to apply Proposition
4.12, the Garding inequality follows easily as a consequence.

Proof of Proposition 4.16. We let ®(t) = (1 +t?)2 — 1 and observe that E,(z) =
®(|z]). We can see that for all @ > 1, ®(at) < o?®(t) if p € (1,2) and P(at) <
aPd(t) if p > 2.

According to (4.41), (F,2) implies (4.19). The assumptions (4.20) and (4.21)
follow from (4.42) in Lemma 4.24 and Lemma 4.26, respectively. Hence we can
apply Proposition 4.12 with ®(t) = (14t?)% — 1 to deduce the estimate (4.26). [

Remark 4.27. The constant v and C' in the statement of Proposition 4.16 depends
on ||Vul|,, and py,, hence the conclusion also holds for all w in a fixed subset
S C W'P(Q; RN*") provided that | Vu||_’s are uniformly bounded and that Vu’s
are equicontinuous for all v € S. In particular, this is true if S is bounded in some
CY* norm (with 0 < a < 1). /

4.4 Regularized Solutions

Unfortunately, our minimizer u € W;”(Q; RY) of the variational integral

J(u) :/QF(VU) dx,

where F' € C?(RY*") is a (strongly) quasiconvex integrand with p-growth, need not
be in C*(Q; RY) even when g is very regular. However, we can modify our function

J by adding a regularizing term £|V?u|? and try to find a minimizer of
To(u) = / F(Vu) + 5[Vl do, (4.45)
Q
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in W2?(; RY) instead. The integral makes sense as a nonlinear functional
J.: W22(Q; RY) — R provided that F satisfies the p-growth (F,1) with exponent

pE (1, 2—"] as a consequence of the Sobolev embedding theorem.

n—2

The addition of a small higher order term to fix the issue of regularity has been
studied in calculus of variations, for example in nonlinear elasticity [74]. In related
context, the I'-convergence of similar functionals as ¢ — 0 has also been studied,
e.g. in the theory of phase transition [27], [25], [9], [22]. Regarding the addition of
terms with even higher order derivatives to the functional J(u), we refer to [18].

From the Sobolev embedding theorem, we know that such a solution u €
W?]’Q(Q;RN) is necessarily an W'?(Q; RY) function for any p < 2* = %, so the
integral of F'(Vu) makes sense for all such p. It turns out that our minimizer
u belongs to a much better space than W'?(€2; RY), thanks to the fact that the
Euler-Lagrange equation associated with J. is elliptic.

In order to show that a minimizer of J. is regular, we will rely on a result
regarding higher order elliptic equation [3, Theorem 8.1] by Agmon, which directly
implies the following proposition when we take the elliptic differential operator to

be the bi-Laplacian A* = 37, _. . 0707

Proposition 4.28. Let Q2 C R™ be a bounded domain whose boundary is of class
C*. Letu € LY(Q), ¢ > 1, be a function such that there exists a constant X > 0 so
that for any ¢ € C*(Q) with ¢ = 0 and Vo = 0 on 09, there holds

JRCINTEE Y F . (1.6

for some 1 < j < 4. Then u € Wj’p/(Q), where % —1—2% = 1, and there exists a
C = C(n,p) > 0 such that

ll ooy < C ()\ + HuHLp,(m) . (4.47)

Using the above result, we can prove that a minimizer u of J. in W§’2(Q; RY) is
actually regular up to the boundary of €2, provided that the boundary datum g is

sufficiently smooth. For any ¢ € [1, 00), we shall write ¢’ := q%l and ¢* := n"—_qq.

Theorem 4.29. Let Q C R" be a bounded domain with C* boundary. Let p €
(1, %), F: RV 5 R be a C' quasiconvex integrand with p-growth, and let g be
a given function that belongs to W' (Q;RN) for some r > p'. Then the problem
of minimizing J.: W2*(S; RY) — R, where J. is the variational integral in (4.45),
has a solution and any extremal u of J. in Wz’z(Q; RN) also belongs to W™ (€; RY)

with the estimate

1
fullgor <€ (1Pl + lolhysr + Tl (4.49

for some C'= C(n,p). The above estimate also holds for any 0 < 7 < r. Moreover,
if r > %, then u € C**(Q) for any a € (0, min{1,2 — 2}).
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Proof. Since Vu — F(Vu) is quasiconvex and V?u — |V?u|? is convex, J. is
sequentially weakly semicontinuous in WE’Q(Q; RY), hence a standard application
of the direct method implies that J. has a minimizer in W2?(Q;R"Y). Let u €
WE’Z(Q; RY) be a minimizer of J. and define

D :={pecC®)" 9 =0and Vi =0 on 90},

then for any ¢ € D, u + ¢ is in W§’2(Q;RN) and hence J(u) < J(u + dyp) for
all 6 € R. The function u is thus a critical point of .J’, and hence satisfies the
Euler-Lagrange equation 0 = —div F'(Vu) + eA%u weakly, i.e.

0= / F'(Vu) -V +eViu: Vipdr (4.49)
Q

for all p € D.
Let us consider v = u—g. By definition, v belongs to W?]’Q(Q; RY), which means
that v = 0 and Vo = 0 on 99 (in the trace sense). For any given ¢ € D, we can

perform integration by parts to get

/UA2<,0dx = / Vv Vipdr
Q Q

:/VQU:VZ@da:—/Vzg:VQ@dx
Q Q

1

= / F'(Vu) - Vedr + / div(V?g) - Vo da. (4.50)
Q Q

Since F' is rank-one convex, |[F'(V)| < ¢(1 4 |[V|P~!) so F'(V) € Ly () whenever
V e LY(Q;RV*"). By taking ¢ = p, we see that F'(Vu) is in L so

‘/ vA%p dx
)

and hence we can apply Proposition 4.28 (to each of the component v; of v and ¢;
of ¢) with j = 3. This shows that v belongs to W*# (Q; RY) with the estimate

1
< (2P0 + lallyss ) Tl

1
lelhgow <€ (IF Tl + gl + ol ).
where C' depends only on n and p, which readily implies that u € Wg’p/(Q; RY) and

1
il <€ (ZIF Tl + ol + ). (450

By the standard Sobolev embedding theorem (see [41, 5.6.3], for example),
W3 (Q; RY) embeds continuously into WH(Q;RN) for all ¢ € [1,(p')**], where
(') = ﬁ (provided that the expression is a positive real number, otherwise
q € [1,00)), hence Vu e L®)7(Q;RV*"). More generally, if we consider (4.50)
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with Vu € LI RY*"), we have F'(Vu) € L1 (€; R¥*") so the same computa-
tion would give

1
e (g IF ()l oy + lgll oy + ||u||Lpgl) . (5)

in place of (4.51) (where we used ¢ = p), as long as ~4; < r. Using Sobolev
embedding theorem as before, the bootstrapping argument allow us to get Vu €
L(ﬁ)**(Q;RNX") from the assumption that Vu € L? (and sufficiently large r).

More precisely, we define an increasing function f: R, — R, by

(L) = M g < n(p—1)

00 : otherwise

flg) ==

and see that Vu € L4(€Q; RV*™) implies u € W*(€; RY) for all t < min{r, -4} and
hence Vu € L*(Q; RY*") for all s < min{r**, f(¢q)} (or simply s < oo if r** ¢ R,).

By direct computation, f is a convex function whose only non-trivial fixed point
is g = %(p — 2)n, provided that this expression is greater than zero, so the iteration
¢j+1 = f(g;) with gy = p produces a sequence that goes to infinity if ¢y > ¢, which is
equivalent to p < 2* = 2% This means that we may keep iterating until qujl > 7rto
conclude that u € W»"(Q; R") with the required estimate (4.49), which is obtained
by substituting ¢ in (4.52) with (p — 1)r.

From the discussion regarding equation (4.52), (4.50) also holds if we replace
r with 7 = ]ﬁ for some ¢ < r(p — 1). The last claim is straightforward since
W3 (Q; RY) continuously embeds into C*(Q;RY) for any a € (0, min{1,2 — 2}),
provided that r > . O

As we have seen, the regularizing term §|V?u|? makes a minimizer u € W§’2(Q; RY)
of J. as regular as ¢ in the class W*"(Q; R"), provided some conditions on the ex-
ponent p,r are satisfied. It is worth noting that if we assume g € C3(Q; RY), then
u belongs to C*(Q; RY) for any a € (0,1).

Since |F'(Vu)| < 1+ |[Vul|P™!, for any 0 < s < r we have |[F'(Vu)

L% ~
1+ ||Vulpse-n. If p> 2, equation (4.48) implies that
||u||w3,s S C(l + ||VU/ Ls(pfl) —I— ||u Ls)
S C (]. + ||u||wl,s(p71)) 3 (453)

where the constant C' now also depends on € and ||g|yys.s. Assuming that r > 7,
any 0 > 0 that satisfies s = § + % < r gives the estimate

o < € (14 Nl s, ) - (4.54)

n(p—1)

By the standard embedding theorem, we have W*?(Q; RN) «— W2 (Q;RN)

for some sufficiently small § > 0 precisely when p < Z—J_“g This discussion leads to

the following corollary.
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Corollary 4.30. Let Q C R" be a bounded domain with C* boundary, p € [2, %),
let F: RN 5 R be a O quasiconver integrand with p-growth. Let g € W™ (€Q; RY)
where v > p' and v > %, and let u be an extremal of J. in W3’2(Q;RN). Then for

0<d<(p—1) (7" — %), we have the estimate

lullone < C (14 llull L, n ) (4.55)

for a suitable a = a(n,p,d) and some constant C' = C(n,p, e, ||glys.r)-

Moreover, if we assume further that p < Z—fg, then we have the estimate

[ullgra < C (1 + [Jullyez) (4.56)
for suitable o = a(n, p) and C' = C(n,p, e, | glwsr)-

Note that the condition 2 < p < Z—J_rg can only be satisfied if n < 6.

4.5 Partial Convexity and the Sets of Extremals of J.

In this section, we will prove our main results (Theorem 4.1 and Theorem 4.2)
with the help of the nonlinear E,, Garding inequality.
First, we show that it is possible to strengthen the inequality (4.26) to

/ E(Vo)dr < C / Fou(V) da, (4.57)
Q Q

provided that we impose an additional restriction that ¢ belongs to a certain sub-
space Y of WyP(Q;RV*") of finite codimension. This means that we have strict
convexity of the functional ¢ — [, Fy,(Ve)dz on X, which could be of indepen-
dent interest. A key step to prove this result is the following proposition.

Proposition 4.31. Let 2 C R™ be a Lipschitz domain and let 2 < p < oo. For
any given M > 0, there exists a closed linear subspace Y C W(l)’p(Q; RN) such that
Y has finite codimension and that

| By < 5; [ B(ve)ds

for every ¢ € Y.

The proof of a similar result in the work by Campos Cordero and Kristensen
is based on the decomposition of Wy?(Q;RY) using an orthogonal basis of the
eigenfunction of the Dirichlet Laplacian operator, which is not directly compatible
with the reference integrand F,. The method we will use here for proving the
superquadratic (p > 2) case employs a certain wavelets-type Schauder basis of
W(l)’p (Q; RN>*") instead of the eigenbasis used in the work by Campos Cordero and
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Kristensen. The main references for the construction of such a basis is [103] and
[102].

According to [103, Theorem 2.38], there exists an orthogonal basis {e;}72; of
L?(Q) that is universal in the sense that it is also simultaneously a Schauder basis for
Flf,’;‘loc(ﬂ), the Triebel-Lizorkin space with the refined localization property. On a
Lipschitz domain Q C R”, we have Wy (Q) = ﬁb(ﬂ) = Fplgloc(Q) , where ﬁ;q(Q) is
the homogeneous Triebel-Lizorkin space (see [103, Remark 2.17 and Theorem 4.30]).
The generalization to the vector-valued space W(l)’p (2; RY) is straightforward, which

leads to the following proposition.

Proposition 4.32 (Triebel). Let 2 C R™ be a Lipschitz domain. Then there exists
a wavelet orthogonal basis {e}32, of L*(; RY) such that |suppeg| — 0 as k — oo
and {e,}22, is also a Schauder basis of the space Wy (RN for and 1 < p < oo,
i.e. if f € WeP(Q;RN), then f can be uniquely represented as

F= clfex (4.58)

where the series converges in the W' norm.

Note that the series (4.58) converges unconditionally and that the linear func-
tional e} : f — cx(f) is continuous. The sequence {ej}72, is called the biorthogonal
sequence associated with the Schauder basis {ej}72 ;.

Now we are ready to prove Proposition 4.31.

Proof of Proposition 4.31. Let {ex}32, be the basis given by Proposition 4.32 and
for an arbitrary ¢ > 1, let X(@ := Wy 9(Q; RY), X,gq) = span" {ex, €1, ..} C X,
ie. X,EQ) is the closure in W norm of span{ey, €x41, ... }. In this proof, we use the
norm ||g0||w(1),q = ([ |Vel|?dz) Y9 for simplicity.

First, we claim that for any M > 0, we can find k = k(M) € N such that

inf {/ |Vpl?dx — M/ lp|fdz @ ¢ € X,(f)7 ||(,0||W(1),q = 1} > 0. (4.59)
Q Q
(9)

Assume that the above is false, then there exists M > 0 and a sequence ¢, € X j
(where k; — 00) such that Hgokj le,q =1 for all j € N and that
0

lim [ |V, |?dr — M/ on;|Tdx < 0. (4.60)
j—o Jqo Q

We know that [, [Viy,|?de = 1 for all j by our assumption. On the other hand,
since ¢ > 1, the space X (9 is reflexive, hence by [54, Theorem 1] the basis {e;}52, is

shrinking in the sense that limy,_, ’ fl <@ || = 0 for any linear functional f € (X (a))*
k
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(note that this statement corresponds to the fact that the span of the biorthogo-
nal sequence {e}}?, is norm dense in (X@)*). In particular, this implies that as
j = 00, o, 0 in Wy?(QRY) and hence ¢;, — 0 in L? (by Rellich-Kondrachov
theorem). However, this would imply that we have 1 —0 < 0 in (4.60), a contradic-
tion.

Let RP: X®\{0} — R, be the generalized p-Rayleigh quotient defined by

Jo Ep Vgo ) dx

Jo By

and let My, be the infimum of R? on X,gp)\{O}, ie.

M; = inf {RP[@] L pe X \{0}} (4.62)
Note that this proposition is proved if we can show that M — oo as k — oo.
Now, since p > 2, we can see from (4.40) that E,(z) ~ |z|* 4 |2[F, thus

R > C Jo Vol dz + [, |Vol? dx
Jolel?dz + [ |lP da

RPlp] := (4.61)

for some generic constant C' > 0. Using the inequality ﬁligl > min (ﬁ—; B—;) (which

holds for Ay, By, As, By > 0), we have for any fixed ¢ € Xk \{0}

fQ|V<,0|2dm fQ|V90|pdx)
Jolol?dz " [ |elP dx

RP[p] > C'min < (4.63)

According to (4.59),

lim inf
k—oo

fQ]Vgo\qda: ) c
Joleltde 7

for any ¢ > 1. Since p > 2, we have X,ﬁp) C X}gz) as a linear subspace, thus

inf{m : gpeX,?)\{O}} ginf{m : goeX,g”)\{o}}.

X,S”\{O}} = 00 (4.64)

Jolol? dz Jo Il da
We can then apply (4.64) with ¢ = 2 and ¢ = p together with (4.63) to conclude
that M, — oo as k — oo. This completes the proof. O

Recall that we can write [, Fy,(Ve)dz as
/Q F(Vu+ V) — (V) — F(Va) [Vl dr = J(u+ @) — J(u) — J'(@)lg].

As a consequence of the previous proposition, we have the following important
estimate. Note that as a consequence of Proposition 4.16, the assumptions of the
following proposition is satisfied when F: R¥*™ — R satisfies (F,1) and (F,2); and
S C CHO;RY) € WHP(Q; RY) is a family of functions such that {Vu : u € S} is
uniformly bounded (in L* norm) and equicontinuous.
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Proposition 4.33. Let p > 2, S € W)P(Q;RY), and F: RV — R be an in-
tegrand with the property that there exist [,C > 0 such that for any v € S, the
Garding inequality

y /Q E(Vi) do < /Q Fou(Ve) da + C / E,(0) da (4.65)

Q

holds for ally € Wé’p(Q; RY). Then there exists closed subspaces VY ofW(l)’p(Q; RY)
(depending on the constants v,C) such that WyP(Q;RN) =V @Y, V is finite di-
mensional, and

22p—1

/QEP(V‘P) dr < W/QFWL(V@) dx (4.66)

foranyu e S and any ¢ €Y.

Moreover, for any u,,ug € S, their decompositions
Uy =+ Vo + Po, Ug=¢g+vg+ g, where vy,v3€V and ., o€,

satisfy the estimate

22p71
/ E, (Voo — Vg)dr < ¢ / E, (v — vg) dx + 2p/ E,(Vv, — Vug) dx
Q g Q Q
2p ! !
— 7(J (ug)[ua — ug] + J' (ua)[usg — ua)). (4.67)

Proof. From Proposition 4.31, there exists a closed subspace Y € W*(Q; RY) such
that

/Q E,(p)dx < ﬁ /Q E, (V) dz (4.68)

for all ¢ € Y. We then let V' be a complementary subspace of Y in Wé’p (Q;RY).
From this, (4.66) follows immediately and any u,,us € S thus admit the decompo-
sitions as in the statement of this proposition.

Using the notations from (4.65), we set u := ug and ¢ := u, — ug (so that
u+ 1 = u,). The Garding inequality states that

v/QEp(Vua — Vug) de < J(ua) — J(ug) — J' (ug)[ua — ug) + C’/Q E,(uq — ug) dz.

By symmetry, we may reverse the role of u, and ug in the above inequality and
conclude that

7/ E,(Vuy — Vug) dz < C’/ E,(uo — ug) dx
Q Q

— (J'(ug)[ua — ug) + J'(ua) [ug — ua)). (4.69)
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Recall that E,(z +w) < 2P7'E,(2) + 2P E,(w), hence

/ E,(Vpq, —Vg)dr < 2p1/
Q

E,(Vv, — Vug) + 2071 / E,(Vuy — Vug).
Q

Q

This and (4.69) imply

~
T /QEP(VQOQ — Vg)dr < fy/Q Ep(Vv, — Vug) + C/QEp(ua — ug)dx

= (J'(ug)[tta — up] + J'(ta)[up — ua])

< V/QEP(VUQ — Vug) + 27”_16'/Q E,(vo — vg) dx

+ 2p_10/ Ep(pa — @p) dx
Q
= (J'(ug)[tra — ug] + J'(ta)up — ual).
Using (4.68), the third term can be absorbed into the left-hand side, which yields

r-)/

o /Q E,(Vpo, —Vg)dr < w/QEp(Vva — Vug) + 2p_1C’/QEp(va —vg)dx

— (I ()t — ) + T () g — ). =

The estimate (4.67) simplifies if J'(ug)[ua — ug] + J' (ua)[usg — us] > 0. In
particular, if both u, and ug are extremals of the functional J, then we have

22p—1
/Ep(Vgoa—ng)dxg 5 C/Ep(va—vg) d:v+2p/Ep(Vva—Vv5)dx. (4.70)
Q Q Q

Another important case is when 1, and ug are extremals of the perturbed functional
J-, in which J'(ua)[¢] = —2¢ [, V?u: V¢ dz for any ¢ € W**(Q;RY) (similar
equation holds for ug). In this case, we have an even stronger statement:

T () [t — 105 + T (1) s — 1] = 2 / V20, — V2uy|? da. (4.71)
Q

The discussion here and the results above lead to our main theorem.

Proof of Theorem j.1: From the assumptions, Corollary 4.30 implies that there ex-
ists & > 0 such that S ¢ CV*(Q;RY) and S is bounded in the C* norm. This
means the set {Vu : u € S} is uniformly bounded in the L>®(2; RV*") norm and
is equicontinuous, hence we can apply Proposition 4.33 to get the decomposition
WP RN) =V @Y, where dimV = d < oo. We choose v1,...,v4 € V so that
V = span{vy,...,v4}.

Since W22(Q;RY) € W P(Q;RY), any u € S can be written uniquely as

u=g+v+¢ where veV and pe€Y.
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From (4.71), we know that J'(ug)[ue —ug]+J' (ta)[usg—ua] > 0 hence (4.67) implies
that for any u,u’ € S must be equal whenever their components in V' coincide. This
means that the map my: V@Y — V defined by 7y (v+ ¢) = v is injective on S — g.

The fact that S is bounded in W™+ norm implies (by (4.53)) that S is
bounded in W*?  and hence bounded in W'?. Therefore the set 7y (S — g) is

bounded in V and its element is of the form

Vg = O1U1 + +*+ + Qqyg

for some unique o = (ay,...,aq) € R% The map I: V — R? defined by I(v,) = «
is a continuous linear isomorphism and K = I o 7y (S — g) is a bounded set in R?.
Each u = g+ v+ ¢ € § can thus be parametrized by o € K, and we may define
us € S and ¢, € Y to be the corresponding functions such that I o7y (u, —g) = «
and @, = Ty (Ug), 1.€. Uy = g+ Vo + Pa-

Now, for any o, € K, we define uy, = g + vo + ¢ and ug = g + vg + @3
as above. To get the estimate for the components ¢,, s € Y, first we recall that
E,(2) ~ |z|*> + |2|P since p > 2, thus

/Q Voo — Veog|* do + /Q (V200 — Viipp|* da
S /QEp(Vsoa — Vg) dr + /Q IV2pq — V2g3)% da
< /QEP(Vgoa — V) dx + /Q |V2uq — Vugl? + |V, — Vug|* dx
< /QEP(Ua —vg)dx + /QEP(VUQ — Vug) dz + /Q V20, — V2us|* da,

where the last inequality is obtained by applying (4.71) and (4.67). We then take
the square root of both sides and, again, use the fact that E,(z) ~ |z|? +|z[F to get

p
|0 — QDEHW(Q]»Z S “Ua - UBngQ + Hva - UB”\Z;V(l),p .

Since V' is finite dimensional, all norms on V' are equivalent so ||v, — U/BHWEQ ~
|va — vg||w(1),p ~ |a—B|. Since K is bounded and £ > 1, we have |a— |2 < Cla— 8|
for some constant C' depending on K, therefore

|00 — @allyz < o — Al (4.72)

This means that the map a — ¢, is Lipschitz, which readily implies that the map
f: K — 8 defined by f(a) = u, is a bi-Lipschitz equivalence, where K C R? is
endowed with the usual metric and S is viewed as a subset of W>*(Q; RY). [

As a direct consequence of this theorem, we get a statement regarding the min-

imizers of J. if we assume a tighter condition on p.
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Proof of Theorem 4.2. From (4.56), we see that M automatically satisfies the as-
sumptions for S in 4.1 if M is bounded in the W*? norm. Indeed, we know that
M C {u € WA(LRY) : J(u) = L} where L € R is the infimum of J. on
WE’Z(Q; RY). Assume, for contradiction, that there exists a sequence u,, € M such

that ||uy||y22 — 00 as n — oo while keeping

/F(Vun) d:c—|—8/ IV2u,|? dv = L.
Q %

The term [, [V?u,|* dz cannot be bounded otherwise it would imply the bounded-
ness of u,, in the Dirichlet class W2?(Q; RY), so we must have [, F(Vuy) dz — —oo.
However, according to [21, Theorem 1.1], the assumption that F' is strongly quasi-
convex implies that J(u) = [, F(Vu)dz is LP-mean coercive, so in particular J is
bounded below. This is the contradiction we wanted, hence M is bounded in the
norm of W*2(Q; RV).

All the conclusions then follow from Theorem 4.1 except the fact that K is
compact. In order to see that, observe that K = [ o (M — g) so it is enough to
prove that M is compact in WP norm. However, J. is sequentially weakly lower
semicontinuous in W*?(Q;RY) so M is weakly compact in W**(Q;RY). This

implies compactness in W norm and we are done. O
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5 Further Developments and Related Results

In this final chapter, we shall explore the possibility of extending certain aspects
of the work we did earlier, especially the well-posedness results from chapter 3
and the structure theorems from chapter 4, and discuss some related results that
could be useful for this purpose. In particular, we want to employ the (generalized)
Hadamard well-posedness results from chapter 3 to prove a generic uniqueness of

minimizers for the problem
minimize /F(m,u,Vu) dx over wu€ W;’p(Q;]RN),
Q

with varying Dirichlet data g € WH?(Q; RY). There are some difficulties associated
with this goal, and we hope that the knowledge of the structure of the set of
minimizers for .J., namely the d-rectifiability of the set of minimizers (that we
proved in chapter 4), may help us prove the generic uniqueness of minimizers for
the singularly perturbed problem

minimize /F(Vu) d$—i—€/ IV2ul?dz  over ue W2(QRY),
Q 0

with varying Dirichlet data g € W2?(2;R"), which should be an easier problem.

There are some results regarding the generic single-valuedness of multivalued
functions that suggest the possibility of expending the generalized Hadamard well-
posedness result from chapter 3 to a generic uniqueness theorem for the minimiza-
tion problems of the variational integral J(u fﬂ z,u, Vu) dz in the Dirichlet
class W;’p (Q; RY). The semicontinuity property in the multivalued functions sense
of the solution map S: W' (Q; RY) = W?(Q; RV) is one requirement, whereas the
other requirement is the so-called ‘minimality’ property. The work regarding this
minimality property has not been fully worked out but there are some evidences
that such property could hold in our setting of quasiconvex variational integrals, or
at least under some suitable additional assumptions. In this last chapter, we shall
outline some relevant results in this direction and suggest some possible strategies
that could lead to the desired minimality result.

Beside some compelling results from convex analysis and the theory of mul-
tivalued function, there is also evidence from nearby fields that also support our
hypothesis on the generic uniqueness of the solutions to the Dirichlet quasicon-
vex variational problems. While not directly applicable to our problem, the work
on generic uniqueness of area-minimizing surfaces by Morgan indicates that our
goal is not entirely unfounded. In [77], Morgan showed that almost every curve in
R? bounds a unique area-minimizing surface. He equipped the space of functions
corresponding to the Dirichlet boundary data with a suitable measure and proved
that the set of all boundary data that admit non-unique solutions is a null set
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with respect to this measure (in fact, his proof also implies that this set is also a
meagre set). He later showed that the result generalizes to minimization problems
for elliptic variational integrands with constant coefficients in [78]. Despite these
generic uniqueness results, it is worth noting that an arbitrary Dirichlet problem for
minimal surfaces could have a continuum of solutions as demonstrated by Morgan
[76] (see also [106] by White for a general obstruction to uniqueness of minimal
surfaces).

Some of the key results regarding the generic single-valuedness of multivalued
functions that could be useful for our purpose are from the paper [63] by Lassonde,
which describe an abstract approach to proving generic uniqueness of a special class
of multivalued functions. They can be seen as generalizations of results involving
the single-valuedness of monotone operators, e.g. [83] by Phelps or [84] by Preiss
and Zajicek. We hope that such results, directly as stated or suitably modified,
could be applied to our quasiconvex variational problems. There are other results
in this direction as well that could be fruitful for our research, in particular the
work [23] by Choban, Kenderov and Revalski, and [55] by Kenderov and Moors.

An important terminology used in [63] (and some related papers such as [64])
is the d-fragmentability, which is defined as follows.

Definition 5.1 (d-fragmentability). Let (X, T) be a topological space, (Y, d) a metric
space. A multifunctionT: X ==Y is said to be fragmented by d if for any nonempty
open set U in X and any € > 0, there exists another nonempty open set V.C U
such that diamT'(V) < e. /

The following is the first abstract generic uniqueness result based on frag-
mentability.

Proposition 5.2 (Lemma 1, [63]). Let (X,7) be a Baire space, (Y,d) be a metric
space, and T: X =Y be a nonempty-valued mapping fragmented by d. Then, there

exists a dense Gs subset D of X such that at each point of D, T is single-valued
and 7-d-USC.

The above result is used to prove the following proposition.

Proposition 5.3 (Proposition 2, [63]). Let (X, T) be a Baire space, Y be a Banach
space, and T: X = Y™ be minimal T-w*-CUSCO. If there is a set C' C Y™ with
w*-RNP such that {x € X : T(x)NC # 0} is dense in X, then there is a dense G
set D C X such that T is single-valued and 7-||-||-USC on D. Moreover, we have
T(D)cC.

For our purpose, we are interested in the case where (X, 7) = (W"?(Q; RM), |||,
Y = WH(Q;RY)* (so that Y* = W'"P(Q;RY) by reflexivity), and T = S, the
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solution map

S ={ueWP(QRY): J(u) = W;}{E%N) J}.
Note that in our case the weak* topology on Y* is the weak topology of W7 (Q; RY).
It is easy to see that the single-valuedness of S on W'?(Q;RY) is a restatement
of the generic uniqueness of minimizers of the problem min(Wé’p (O RN); J) with
varying Dirichlet data g from the class W'?(€; RY).

Certainly, if our solution map S has all the above properties in Proposition
5.3 then we are done. However, the assumptions that we need to impose on the
integrand F'(z,u, z) would be too strong in order to get all the corresponding prop-
erties for S. The p-growth condition (F1), the pointwise coercivity condition (F2)
and the uniform strict quasiconvexity (F3’) for the integrand F' and the coercivity
condition (J1) for the functional J that we have made so far only guarantee that S
is ||-|I-]]-]]FUSCO, but S is certainly not convex-valued and it is not clear if S is a
minimal USCO map or not. For this reason, we may wish to consider the (closed)

convex hulls of S or related functions.
Definition 5.4 (Closed Convex Hull).

o [For a multivalued function T: X ==Y, the closed convex hull of T is map
conv 1" defined by
(conv T')(x) := conv T'(x).

e For a function J: X — R, its closed convex hull conv J is the function whose

epigraph is the closed convex hull of the epigraph of J. /
Note that for a proper J: X — R, we have conv J = J*|, (see [12]).

Suppose we want to apply Proposition 5.3 directly, there are a few possible
strategies that could be used to modify the multivalued function S so that the
modified version satisfies the assumptions in Proposition 5.3 while allowing the
generic single-valuedness to be transferred back to our original multivalued function

S. Three types of different modifications and associated strategies are as follow.

1. Suppose that we can prove directly that T := conv S is minimal 7-w*-CUSCO

then we are done.

2. If we can prove that S is in fact minimal ||-||-w-USCO, then if automatically

follows that 7" := ¢onv S is minimal ||-||-w-CUSCO and we are done.
3. Consider the multivalued function S’ defined by

§'(g) := argmin (W;’p(Q;]RN);m J),
if we can show that &’ is minimal ||-||-w-USCO then we are done.
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To understand why proving either one of the above claims is enough, for the first
claim we observe that for 1" := conv S, we have

0 #S(g) CT(g)

for each g € WHP(Q; RY). If we can prove that T is minimal ||-||-w-CUSCO, Propo-
sition 5.3 would imply that T is generically single-valued and hence & must be as
well.

The problem with this approach is that there is apparently no obvious connec-
tion between 7" = conv S and the functional J (or, more specifically, the integrand
F(x,u,z)). There are many ways conv S can be computed from S but the semi-
continuity property of & does not seem to translate nicely to T

As for the second claim, it is known that if S is ||-||-w-USCO, then T' = conv S is
|- |lFw-CUSCO. This follows from the following result that can be found in a survey
paper about minimal USCO and minimal CUSCO maps by Hold and Holy [51].

Proposition 5.5 (Lemma 5.1, [51]). Let X be a topological space and let Y be a
Hausdorff, locally convex topological vector space. Let G: X =Y be an USCO
map and conv G(x) be compact for every x € X. Then the map F defined as
F(z) =conv G(x) for every x € X is a CUSCO map.

A stronger result which takes into account the minimality of each map can also
be found in the same paper. To set the notations, we let MU(X,Y) denotes the
family of all minimal USCO maps from X into Y. Likewise, MC(X,Y) denotes
the family of all minimal CUSCO maps from X into Y.

Proposition 5.6 (Theorem 7.7, [51]). Let X be a topological space and let Y be
a Hausdorff, locally convex topological vector space such that for any compact set

K C Y, conv K is also compact. Then the map G — conv G is a bijection from
MU(X,Y) onto MC(X,Y).

According to Proposition 2.30, Y = W'?(; RY) equipped with the weak topol-
ogy satisfies the assumption in Proposition 5.6; hence if we can show that & is
minimal [|-|]-w-USCO, then T' = ¢onv S is also minimal [|-||-w-CUSCO and we can
apply Proposition 5.3 on T

The problem with this strategy is quite different from the first strategy. Follow-
ing this approach, we do not need to modify anything except proving the minimality
property for §. However, this seems to be very challenging.

Regarding the third claim, it is not hard to verify that for a function f: X — R,

conv (argmin f) C argmin (conv f)
X X
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hence for any g € WHP(Q; RY) we have

0+ S(g) C conv (S(g)) C argmin (conv J) = S'(g).
WP (QRN)

We can see that S’ is automatically convex-valued. By the same reasoning as before,
if we can prove that &’ is minimal ||-||-w-CUSCO then Proposition 5.3 applies to
S'm which in turn implies that S is generically single-valued.

This method is similar to the first approach, the only different is that we convex-
ify the functional J before computing its minimizers, whereas in the first approach
the convexification process is done at the end on the set of minimizers. In some cir-
cumstances, the first and the third methods are in fact equivalent (see [50]), hence
the main difficulty of this approach is very similar to the first, i.e. there is no known
way of computing conv J from F(x,u,z). In fact, it is not even known whether

conv J is an integral functional or not in general.

The fact that very little is known about the structure of the set of minimizers for
the quasiconvex variational integral of the form J(u fQ x,u, Vu) dz is a major
problem in establishing the minimality of the solutlon map S (or its convexified
relatives, as described above), so it is likely that some additional assumptions may
be needed to prove the generic uniqueness result we desire. In particular, the

singularly perturbed problem for the variational integral .J.
minimize / F(Vu)dx + 6/ VulPdz  over ue W2?(Q;RY)
Q Q

that we studied in chapter 4 and its associated solution map S: W22(Q:RN) =
W22(Q; RY) defined by

S(g) := argmin { J.(u) : v € W2*(Q; RY)}

may be more amendable to the treatments we discuss earlier for S. By modifying the
argument in chapter 3, we can verify that S enjoys the same kind of semicontinuity
property as S, and even thought S is still not convex-valued, we have seen that
the associated functional J. is partially strictly convex (in the sense that is made
precise in Proposition 4.33). The d-rectifiability of S(g) that was shown in Theorem
4.2 (or the stronger fact that S(g) is bi-Lipschitz equivalent to a compact subset
of some Euclidean space RY) is another supporting fact that would likely help in

proving the desired generic uniqueness result in our future research.
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A Appendix

This part is the collection of results in functional analysis that is used in this
thesis. Some of the propositions stated here are accompanied by a proof, but most
well-known results are stated without proofs. For those without proofs, references
are given.

A.1 Weak Topologies and Compactness

Let X be a locally convex vector space (or a normed space, in particular). We
denote the space of all continuous linear functional on X by X*. Here is a list of
some notation.

e A sequence (x,) in X converges strongly (in the norm topology) to x is written
as x, — x. If (z,,) converges weakly then we write z,, — x.

*
n

*

*) converges to z* in the

. . w* .
e For a sequence (z}) in X*, we write z} — z* if (x

weak™® topology of X™*.

e The closure of the set S C X is denoted by S. The weak closure of S is
denoted by S°. The weak* closure of a subset of X* is written in the same
manner.

e The convexr hull of a set S C X is denoted by conv.S. The closed convexr hull
of S is denoted by conv S while the weakly closed convezr hull of S is denoted
by conv® S, i.e.

conv S = (conv S), conv” S = (conv ) .
e The open ball of radius r centred at = in X is denoted by Bx(xz;r), or just

B(z;7) when it is clear from the context which space the ball is in. The unit
sphere of X is denoted by Sx. /

The following theorems can be found across many graduate level functional
analysis textbooks (or books that are closely related). A list of such books are [108]
by Yosida, [37] by Edwards, [6] by Aliprantis and Burkinshaw, or the encyclopedic
book [5] by Aliprantis and Border.

Theorem A.1 (Banach—Alaoglu). Let X be a normed space, then the closed unit
ball of X* 1s weak® compact. Consequently, a subset S C X* is weak® compact if
and only if it 1s weak* closed and norm bounded.

Proof. See [5, Theorem 6.21]. O
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Theorem A.2 (Eberlein—Smulian). A subset S of a normed space X is weakly
relatively compact (resp. weakly compact) if and only if every sequence (x,) in S

has a subsequence that converges to some x € X (resp. to some x € S).

Proof. See [6, Theorem 3.40]. O

It is well-known that bounded subsets of W'?((2) are weakly precompact if p > 1
but not for p = 1, together with another closely related fact that the weak topology
on a bounded subset of W'*(Q) is metrizable if p > 1 but not for p = 1 (because
L>(€2) is not separable). However, it is perhaps a little less well-known that the
weak topology on a weakly precompact subset of W"!(Q) is metrizable. Here we
give a proof of this fact.

Lemma A.3. Let X be a separable normed space. Then there exists a countable
subset F C X* such that F separates points of X.

Proof. Let D be a countable, dense subset of Sy, the unit sphere of X. Let F be
the family of all norming functionals of the elements in D.

For any distinct 2,y € X, there exists a A > 0 such that ||z|| = 1 for z = Mz —y).
Choose 2’ € D such that ||z — 2’| < 3. Let f € F be the norming functional of 2/,
then

J) = FE) + fe— ) = 1—1/2=1/2,
This shows that F separates points of X. O

Lemma A.4. Let X be a normed space and { f,}°2, C X* be a family of functionals
that separates points of X. Then the map d: X x X — [0,1) given by

L OO 2_n|fn(x_y)|
) = > T e =y

defines a metric on X. Moreover, the metric topology (X, d) is coarser than the

n=1

weak topology (X, w).
Proof. 1t is not hard to verify the triangle inequality for d(-,-) using the fact that

p(z) = 17 is concave on [0, 00) with p(0) = 0, so it is subadditive. d(z,y) = 0 if
and only if z = y follows from the fact that {f,}°, separates points of X.

Next, we want to show that (X, d) < (X, w), i.e. any open subset in 7,4 is open
in the weak topology.

Let B(xg;¢) be a ball in (X, d), we wish to find a weak neighbourhood U of x
such that U C B(xo;¢). First, let N be a number such that > 7 ., 27" < ¢/2. We
choose 0 > 0 small enough so that if z € X satisfies |f,(zo—2)| < dforn=1,...,N

then

N
27" folzo — )|
<¢g/2.
2 ol <
Thus for U := NY_ {|f.(- — z0)| < 6}, we have U C B(z;¢). O
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Proposition A.5. Let X be a separable normed space and S C X be a weakly
compact subset. Then S is metrizable.

Proof. By Lemma A.3, there is a countable subset F C X* that separates points
of X, hence Lemma A.4 implies that X has a metric topology, given by a metric d,
that is coarser than (X, w).

Suppose that S is a weakly compact subset of X. Clearly (5,d) is Hausdorff
and since (S, w) is compact, the inclusion (S, w) < (5, d) is a continuous bijection,
hence a homeomorphism. This means that (S,d) = (S,w), so the weak topology
on S is metrizable. O

Corollary A.6. The weak topology on a weakly compact subset of W'P(€Q) is metriz-
able for all p > 1.

A.2 Convergence and Compactness in L?()

The following are some useful theorems regarding the compactness of the Lebesgue
spaces LP(€2) and the Sobolev spaces W'?(€). Some good resources on this topic
are [62] by Kufner, John and Fucik, [7] by Ambrosio, Fusco and Pallara, [85] by
Rao, and especially [45] by Fonseca and Leoni. For more on measure theory, see
[11] by Bogachev or [43] by Evans and Gariepy.

Definition A.7 (Equi-Integrability). Let F C L'(Q, u). F is called equi-integrable

if for any € > 0, there exists a corresponding § = 6(¢) such that

/|f]d,u<€ forall feF
E

whenever p(E) < 0. /

There is a close relationship between equi-integrablility and uniform integra-
bility. These two notions are equivalent if we add an additional hypothesis to an
equi-integrable family that sup .z || f||; < oo (see [45, Theorem 2.29]).

Definition A.8 (Uniform Integrability). Let F C L'(Q, u). F is called uniformly

integrable if for any € > 0, there exists a corresponding M such that

/ \[fldu<e forall feF
{If1>M}

whenever E is a measurable set satisfying p(E) < 9. /

Definition A.9 (Convergence in measure). Let (2, A, 1) be a measure space. Let
fs fu: Q@ = R be measurable. the sequence (fy,), is said to converges in measure
to f if for any e > 0

Tim p({[f = ful > €}) = 0.

/
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Proposition A.10. Let (2, ) be such that u(Q) < oo, then

1. If f, — f a.e., then f, — f in measure.

2. fn — f in measure <= every subsequence of (fn)n has a subsequence
converging to f a.e.

Proof. See [45, Theorem 2.20 and Theorem 2.22]. O

Proposition A.11 (Vitali convergence theorem). Suppose that u(2) < oco. Let
(fu)n C LP(Q, ) and f € LP(Q, p), where p € [1,00).
Then f, — f in L if and only if

1. f, — f in measure.

2. (| ful?)n is equi-integrable.

Proof. See [45, Theorem 2.24]. O

Theorem A.12 (Dunford-Pettis theorem). Let F C L'(2, 1). Then

F is relatively weakly compact in L' <= F is equi-integrable and sup || f||, < oc.
feFr

Proof. See [45, Theorem 2.54]. O

Note that in many places here where p(€2) < oo, we can replace the requirement
that sup,c 7 || fI|; < oo with the assumption that the measure u be nonatomic. Note
that the Lebesgue measure on R” is nonatomic (see [45, Remark 1.161]).

Definition A.13 (Nonatomic Measure). Let (€2, A, 1) be a measure space. A set
E € A of positive measure is said to be an atom if for every F € A with FF C E
either u(F) = 0 or u(F) = p(E). The measure p is said to be nonatomic if there
are no atoms, i.e. if for every set E € A of positive measure, there exists F' € A
with F' C E such that 0 < p(F) < p(E). /

Proposition A.14. Let (2, A, 1) be a measure space such that p is nonatomic. Let
rn be a sequence of positive numbers such that

D ra < ul),
n=1

then there exists a sequence of mutually disjoint measurable sets A, such that

wW(Ay) =rp.

Proof. See [45, Corollary 1.21]. O
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Proposition A.15. If u(Q) < oo and p is nonatomic, then equi-integrability of F
implies sup ez || fl; < oo.

Proof. Take € = 1, then by equi-integrable we can find § such that p(A) < 0 implies
that [, |f]dp <1 uniformly in f € F.

Since 1 is nonatomic and p(€2) < oo, we can find measurable sets Ay, ..., Ay,
each satisfying p(A;) = §/2 for all j < N and p(Ayx) < 9, such that Q = U;V:1 A,
Hence

N
/Qlfldquz_;/AjUIduéN. B

Theorem A.16 (de la Vallée-Poussin criterion, 2.31). Let u be a finite measure
on Q, F C LYQ, ). Then F is equi-integrable and supser || fIl; < oo if and only if

there exists an increasing function 6: [0, 00) — [0, 00) such that

4 0w

" ast — o0.

2. supz [, 0(]f(x)]) dp < oo.

Additionally, if such a function exists we may take it to be convex.
Proof. See [45, Theorem 2.29 and Remark 4.99]. O

Proposition A.17 (Proposition 1.21). For a functional J: W' (; R?) — R* of
the form 1.1, where p > 1, J is strongly Isc in WP (Q; R?) provided its integrand L
1s normal and satisfies the lower bound

L(z,v,A) > —g(x) — o|v|? — B]A]?, (A.1)
where o, >0, 1 < q < n"—_ﬁg and g € LI(Q).
Proof. Suppose (u,), is a sequence in W"?(Q; R?) converging to u. Without loss
of generality, we may assume that J(u,) < oo for all n and that (after passing to a
subsequence) u,(x) — u(z) and Vu,(r) — Vu(z) pointwise a.e.-).

By the Rellich-Kondrachov theorem, w,, — u strongly in LI(2) for 1 < ¢ < e
and we already knew that Vu, — Vu strongly in L7(£2), thus

lim inf/ L(z, up, Vu,) + g() + a|u,|? + 8|Vu,|P dx
Q

n—o0

> / liminf (L(z, uy, Vuy,) + g(x) + aju,|? + 5| Vu,|P) d
Q

n—o0
> / Lz, u, Vi) + g(x) + aful? + B|Vul? da
Q

by Fatou’s lemma and the fact that L is normal. We may then subtract fQ g(x) +
alu|? + B|Vul? dz from both sides and deduce that

/L(a:,u,Vu) dwgliminf/L(x,un,Vun) de. O
Q Q

n—o0
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A.3 Bochner Integrals, Vector Measures and the Radon—
Nikodym Property (RNP)

The integration theory of vector-valued functions has many far-reaching appli-
cations in many parts of mathematical analysis. In this section we give a brief
introduction to the Bochner integral, which is essentially a direct generalization
of Lebesgue’s integration theory, and hence many theorems for Lebesgue integral
continue to hold for Bochner integrals (when suitably modified). For this reason,
Bochner integration is used to defined the X-valued Lebesgue space L' (€2; X) which,
together with the notion of vector measure, is used to define the Radon—Nikodym
Property.

The general theory of vector-valued integration can be found in the books [37]
by Edwards or [108] by Yosida. For books that are more geared toward the Radon—
Nikodym Property, one should consult [14] by Bourgin and [32] by Diestel and Uhl.
For a general overview of vector integration in modern calculus of variations, [45]
by Fonseca is a great resource. Much of the material in this section is taken from
the last three books.

Let (Q, F, i) be a measure space, we denote its completion by (2, F',1'). Let
X be a Banach space. A function s: 0 — X is called a simple function if there

exists a finite measurable partition {A;}, of {2 such that

n
S = E TiX A;
=1

for some distinct z; € X. Here x4, is the characteristic function of the set A;. The
integral of a simple function s is defined to be

/ sdp = Z (AU A;).
A i=1
Definition A.18 (Bochner Integrability). A function f: Q — X is said to be
Bochner Integrable if there exists a sequence (s,), of simple functions such that
1. limy, o Sp(w) = f(w) a.e.-p.
2. limy oo [ [1f(w) = sn(W)|[x du = 0.
Symbolically, we write f € L'(Q, p; X) to mean that f is Bochner integrable. |

When f is Bochner integrable and A € F, then lim,, f 4 Sn dpu exists and the
value is independent of the choice of the sequence (s,), we choose to approximate
f. In this case, we define the integral of f to be

/ fdp = lim [ s,dpu.
A n—oo A
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Definition A.19. A function f: Q) — X is said to be

1. strongly F-measurable if there exists a sequence (s,), of simple functions
such that

flw) = lim s,(w) a.e.-p.

n—o0

2. weakly F-measurable if for any x* € X* the function (x*, f(-)) : @ — R is

F-measurable.

3. weakly® F-measurable if X = Y* for some Banach space Y and for any
y €Y the function (f(+),y) : @ = R is F-measurable.

4. almost separably valued if there exvists E € F such that u(Q\E) = 0 and
f(E) is ||||-separable.

5. F-Borel measurable if f~1(U) € F for any open set U in the norm topology
of X. /

These properties are related to each other (assuming p is finite or o-finite). If
f:Q — X is almost separably valued and F-Borel measurable, then f is strongly
F-measurable and we can choose an approximating sequence such that

[sn(@llx < [[f@lx  ae-p

for all n € N. This shows that there exists a version of a strongly F-measurable f
that is separably valued and F-Borel measurable (see [45, Theorem 2.104] or the
discussion after [14, Definition 1.1.6]).

Theorem A.20. Let (0, F,u) be a finite measure space, then the following are
equivalent:

1. fe LY, u; X).

2. [ is weakly F'-measurable, almost separably valued and [, || f(w)|y dp/(w) <

0.
8. f is strongly F-measurable and [, | f(w)||y du(w) < oo.

4. fis is almost separably valued, F-Borel measurable and [, || f(w)|y di'(w) <
0.

Proof. See [14, Theorem 1.1.7]. O

A Bochner integrable function interacts well with a bounded linear operator.
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Proposition A.21. Suppose that X and Y are Banach spaces and T: X —Y is a
bounded linear operator, then for f € LY(Q, pu; X) we have T o f € L(Q, 11;Y) and

T(/Afdu> - [@onau

In particular, for a linear functional x* € X*, we have

@méfm>=£@ﬁﬂmmmm.

Proof. See [14, Theorem 1.1.8 (e)] (and perhaps [32, Theorem II.2.6] for a more
general statement where T is a closed operator). O]

We can define the vector-valued L? spaces as follows:

Definition A.22. Let (0, F,X) be a measure space, X be a Banach space and
p € [1,00]. Then

LP(Q, p; X) := {u: @ — X : u is strongly measurable and  [|ul|;p(q,.x) < 00},

where |||l . x) @ defined by

|wwwm=(émwﬁ@mﬁ;

for p < co. For p =00, we define

[ll e () 7= esssuDeq lu(w)ll x

=inf{a € R: |Ju(w)||y < a for almost every w € Q}.
Suppose that X =Y* for some Banach space Y, we may define
L (2, ps X) o= {u: @ — X : w is weakly” measurable and ||ul|yz g .y+) < 00},

where HUHLZ(Q,M;Y*) = HUHLP(Q,M;X)' /

Of course, the ‘functions’ in the above definition are identified if they are equal al-

most everywhere. Here are some important facts regarding vector-valued L spaces.
Proposition A.23. Let (2, F, X) be a measure space, X be a Banach space. Then
1. LP(Q, u; X) is a Banach space for all p € [1,0].

2. If Q is a separable metric space, p is a o-finite Radon measure and X is

separable, then LP(Q, u; X) is separable for all p € [1,00).

See [45, Theorem 2.110] for more details.
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Proposition A.24 (Riesz representation theorem for LP). Let (2, F, X) be a o-
finite measure space, X be a Banach space and p € [1,00). Then

1. Assume that X is separable, then 1LP(Q, pu; X)* ~ Lg(Q,N;X*).
2. Assume that X is reflexive, then LP(Q, pu; X)* ~ Lp/(Q,u;X*).

Here p' is the Hélder conjugate of p. The pairing between a functions in f €
LP(Q, pu; X) and its dual g € LE (2, p1; X) (or LP(Q, u; X), respectively) is given by

(0, f) = / (9(@), F(©)) - x d(w).

Proof. See [45, Theorem 2.112]. O

Similar to how vector-valued integration is a generalization of the real-valued
Lebesgue integration theory, vector measure is defined in almost the same way as

the usual signed measure(

Definition A.25 (Vector measure). Let (€2, F) be a measurable space and X be a
Banach space. A map p: F — X is called a vector measure (more specifically,
an X -value measure) if it is countably additive, i.e.

(U] - s

for any sequence of pairwise disjoint A, € F. The summation on the right means
that the partial sums fo:l w(Ayg) are required to form a convergence sequence in
the norm topology of X . /

Just like the case for complex-valued measure, an X-valued measure is associated
with a positive measure ||, called the total variation measure, defined by

|| (A) := sup {Z w(ANEy) : (Ey)i_, is a measurable partiation of Q}

k=1

for each A € F. p is said to have finite total variation if |p|(€2) < oo.

Let (€2, F,P) be a probability space. Let us consider a (rather restrictive) version
of the Radon—Nikodym theorem

Theorem A.26 (Radon-Nikodym theorem). Let (2, F,P) be a probability space
and p: F — R be a measure satisfying p < P (absolutely continuous with respect
toP) and |p|(Q) < oo (finite total variation). Then there exists an f € L'(Q,P;R)
such that

;JJ(A):/Afd}P’ forall AecF.

We also write f = %%.
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We may replace R by a general Banach space X and ask if the result still
holds, i.e. if an X-valued measure pu: F — X can be represented by a function
f € LY(Q,P; X). In general, the answer is no. It turns out that we can characterize
the Banach spaces in which such representation is possible, using the property called
the Radon—-Nikodym Property.

Definition A.27 (Average range). Let (Q,F,P) be a probability space. Let p be a
X -valued measure on (2, F) which is absolutely continuous with respect to P. Its
average range is defined to be

AR(p) == {% :Ae F,P(A) > 0}.

/

Definition A.28 (Radon—Nikodym Property). Let K be a closed bounded con-
ver set in X, a Banach space. Then we say that K has the Radon—Nikodym
Property for (Q,F,P) if each X-valued measure p on F such that p < P and
AR(u) C K, there exists f € LY(Q,P; X) satisfying

ua) = [ gae

forall A € F. K is said to have the Radon—Nikodym Property (RINP) if it has the
Radon—Nikodym Property for all probability spaces. /

Definition A.29. Let C' C X be a closed convex set (possibly unbounded). We say
that C' has the RNP if each closed, bounded, convex subset K C C' has the RNP. ||

There are another two equivalent formulations of the RNP, using the fact that

dp_ dp dipt]

- 5P
aP ~ du| ap P

for a vector measure p: F — X of finite total variation whenever % exists.

1. X has the RNP if for any X-valued measure p on (€2, F) with finite total
variation, there exists f € L*(€, |u|; X) such that

ul(4) = / fdlul
A
for all A € F.

2. X has the RNP if for any X-valued measure p on (€2, F) with finite total
variation and p < PP, there exists f € L'(Q,P; X) such that

u(a) = [ fap
A
for all A € F.
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For more information on these two equivalent formulations of the RNP, see the
discussion after [14, Example 2.1.2].

There are several other characterizations of the RNP. The following is the geo-
metric version of the RNP.

Definition A.30. o For a nonempty subset A of X, a > 0 and x* € X*, we
defined a slice of A to be

S Aya) :={z € A| (2", 2) > oa(z") — a},
where o4 is the support function defined by oa(x*) := sup{(z*,x) | © € A}.
e For A C X*, its w*-slices is defined similarly, i.e.
S(x;Aya) :=={z" € A | (2", ) > oa(z) — a},
where o4(x) = sup{{z*,z) | z* € A}. /

Definition A.31 (RNP, geometric form). Let X be a Banach space. A nonempty
subset S of X is said to have the Radon-Nikodym Property (RNP) if every bounded,
nonempty subset A C S has one of the following (equivalent) property.

1. A s dentable: for eache > 0, there exists x € A such that x ¢ conv (A\B(z,¢)).
2. A contains slices of arbitrarily small diameters.

In a similar manner, a nonempty subset S of X* is said to have the w*-Radon-
Nikodym Property (w*-RNP) if every bounded, nonempty subset A C S contains
w*-slices of arbitrarily small diameters. /
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