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Abstract

We present a collection of three closely related topics regarding the stability

and well-posedness of minimization problems in the calculus of variations, namely

the generic Tykhonov well-posedness with respect to linear perturbations, the gen-

eralized Hadamard well-posedness for a class of Dirichlet quasiconvex variational

problems, and the d-rectifiability of the set of minimizers for a singularly perturbed

quasiconvex variational integral. Regarding the first topic on generic Tykhonov

well-posedness, we prove that by introducing a linear perturbation term ξ to a

variational integral of the form J(u) =
∫

Ω
F (x, u,∇u) dx satisfying a mild growth

condition on the negative part of the integrand F , and a coercivity condition for J ,

the perturbed functional J − ξ admits a unique strong minimizer in the Dirichlet

class W1,p
g (Ω;RN) for all ξ in a dense Gδ-subset of W1,p

0 (Ω;RN)∗ for any p ≥ 1. The

proof for the case p = 1 is particularly distinctive and is based on a duality between

the lower semicontinuity of J on sets with the Radon–Nikodym Property and the

generic differentiability of its Fenchel conjugate J∗. As for the second topic on gen-

eralized Hadamard well-posedness, we show that under the p-growth condition and

the uniform strict quasiconvex condition for the integrand F of J , the solution map

S : g 7→ argmin {J(u) : u ∈W1,p
g (Ω;RN)} enjoys some nice semicontinuity property

as a multivalued function S : W1,p(Ω;RN)⇒W1,p(Ω;RN). Lastly, we study the set

M of all the minimizers for a singularly perturbed strongly quasiconvex variational

integral Jε(u) =
∫

Ω
F (∇u) dx+ ε

∫
Ω
|∇2u|2 dx from the Dirichlet class W2,2

g (Ω;RN)

and show that when F satisfies the p-growth condition for a p ∈
[
2, n+2

n−2

)
when

n > 2 (no condition on p ∈ [1,∞) for n = 2), M is a d-rectifiable set (in Federer’s

sense), or, more precisely, M is bi-Lipschitz equivalent to a compact subset of Rd.

This result is based on an extension of a technique from a recent work by Campos

Cordero and Kristensen on questions on uniqueness.
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Introduction

The topic of well-posedness and stability in the calculus of variations has gathered

immense interest since the early days of the calculus of variations, encompassing

important issues such as uniqueness of solutions, or the effects of various kinds of

perturbations to a variational problem. Calculus of variations originated from prob-

lems in physics and geometry, so the stability of solutions to variational problems is

not merely a theoretical curiosity, but is also of practical interest. Well-posedness

and stability are words used to describe a broad range of concepts that have many

different (but closely related) meanings, and we will be studying a few of these no-

tions in this thesis. The first topic we shall encounter is Tykhonov well-posedness of

variational integrals under linear perturbations, then we shall present the continuity

(in the sense of multivalued functions) of the solution map of a quasiconvex varia-

tional integral with varying Dirichlet boundary data. We then study the structure

of the set of minimizers to a singularly perturbed variational integral and the regu-

larity of these minimizers. Lastly, we will identify some plausible research directions

that can be built on the work done in this thesis.

As a branch of mathematics that has its root in a field of practical science, it is

not surprising that many topics of interest in the calculus of variations are deeply

connected to real-world problems. Over the years, calculus of variations has proved

itself to be a valuable tool for solving problems from various disciplines, both within

and outside of mathematics. A minimizer (or an extremal) of a variational integral

could correspond to an equilibrium point of a physical process, a stable configuration

of some system of interest, or an optimal method to reach some desired outcome.

Hence understanding how minimizers of such integrals behave under various kinds

of perturbations is of critical importance.

The study of how the minimizers of an integral functional vary in response to

perturbations of various kinds is commonly known as the study of well-posedness

of a minimization problem. The idea could be dated back to many classical works

by well-known mathematicians, notably Hadamard’s work on the well-posedness

of problems from mathematical physics. Nowadays, the word ‘well-posedness’ has

become a broad term that assumes many diverse meanings in different areas of

mathematics, but they all encapsulate the idea that solutions of a problem (or a

family of interconnected problems) are ‘nice’ in some specific senses.

Tykhonov well-posedness under linear perturbations of a variational integral

J : W1,p(Ω;RN) → R of the form J(u) =
∫

Ω
F (x, u,∇u) dx is the first type of

well-posedness covered in this thesis. Here W1,p(Ω;RN) denotes the space of RN -

valued Sobolev functions with exponent p ∈ [1,∞) on a domain Ω ⊂ Rn, and R =

R∪{∞}. Regarding the well-posedness under linear perturbations, our motivation

is from a result in [91] by Stegall, which is commonly known today as the Stegall
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Variational Principle. The theorem states that, under the assumption of strong

lower semicontinuity and a coercivity condition, an extended real-valued function

J on a suitable Banach space X can be perturbed by a small linear functional ξ

so that the perturbed functional attains a strong minimum. So, in a sense, a ‘bad’

minimization problem is only a small linear perturbation away from being a good

one. This is somewhat surprising since usually one would need to assume weak

sequential lower semicontinuity to conclude that J has a minimizer. There are

other variational principles of a similar kind (cf. [13], [39], [61], [72]), most notably

the Ekeland Variational Principle in [38], which has seen much usage in the calculus

of variations.

The second main topic is about the continuity property of the solution map

S : W1,p(Ω;RN) ⇒ W1,p(Ω;RN) that sends a function g to the set of minimizers

argmin {J(u) : u ∈ W1,p
g (Ω;RN)}, where the integrand F (x, u, z) of J now is as-

sumed quasiconvex in the last variable (the symbol ⇒ signifies that S here is a

multivalued function, a notion to be defined later). Here, the behaviour of the set

of all minimizers of a variational integral J(u) =
∫

Ω
F (x, u,∇u) dx in the Dirichlet

class W1,p
g (Ω;RN) is described by analysing S(g) as a multivalued function between

topological spaces. Our ultimate goal is to use the results from this chapter to prove

the generic uniqueness of the problem

minimize (J − ξ)(u) over u ∈W1,p
g (Ω;RN),

a topic that we will come back to discuss in the final chapter.

Our third main topic is about the structure of the sets of extremals and mini-

mizers of a singularly perturbed quasiconvex variational integral Jε. The reason for

adding a singular perturbation term to our original variational integral is to reg-

ularize the extremals and naturally obtain a uniform Hölder bound. This chapter

also contains a couple of results that could be of independent interest, such as the

nonlinear G̊arding inequality for quasiconvex integrals and the existence of linear

extension operators with certain desirable properties.

The final chapter is a discussion about the potential developments of some of

the results from earlier chapters. The obstacles to certain unrealized goals in this

thesis are identified, together with some proposals on how these problems could be

overcome. Apart from that, we make a couple of observations on how some results

that appear in the thesis could be strengthened, together with a few propositions

that may be helpful for that purpose. This chapter concludes the main body of this

thesis.
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Outlines

Here we will give a short summary of each chapter in this thesis. The main

theorems from the chapters will not be stated fully here since that will be done

later at the beginning of each chapter separately. This section acts as a short guide

on how the contents of this thesis fit together and provides an outline of the whole

work. The discussions in this section are sometimes a bit vague and one should

consult the respective parts of this thesis for the full definition of a term, or the

statement of a proposition or a theorem.

1. Preliminaries

This chapter contains the background results and summarizes the basic notation

and technical terms that are used throughout the rest of the thesis. The results

found in this chapter are entirely from the existing literature, with perhaps shorter

or simplified proofs. I make no claim to the originality of anything in this chapter.

The first topic in this chapter is multivalued functions and well-posedness, where

the definition and properties of multivalued functions and a few notions of well-

posedness for general minimization problems are introduced. A multivalued func-

tion T : X ⇒ Y is a function from X into the power set of Y , i.e. T : X → 2Y .

When X and Y are topological spaces, we can generalize the usual definition of

continuity for functions from X into Y to various different continuity notions for

multivalued functions, serving various different purposes. Some general theorems

about these continuity properties are presented. The use of multivalued functions

allows us to state a few definitions and results regarding well-posedness more clearly.

We also describe some relevant forms of well-posedness that are studied in this the-

sis. In particular, Tykhonov well-posedness, Hadamard well-posedness and their

generalizations are introduced, together with some examples.

The next part of this chapter is a short exposition on the direct method in

the calculus of variations and quasiconvexity. Here, we examine the conditions

that ensure the existence of a minimizer for a variational integral of type J(u) =∫
Ω
F (x, u,∇u) dx, viewed as a nonlinear functional on a Sobolev space W1,p(Ω;RN)

of vector-valued functions. The growth conditions for the integrand F is one of

the main issues, together with the quasiconvexity (in the last variable) of F (x, u, z).

Other closely related convexity notions such as polyconvexity and rank-one convexity

are also briefly mentioned.

Finally, this chapter ends with a brief introduction to Young measures and some

of their important properties. Primarily, we focus on the relationship between quasi-

convexity and homogeneous gradient Young measure, and its implication on the (se-

quential) lower semicontinuity of the variational integral J(u) =
∫

Ω
F (x, u,∇u) dx

in the weak topology of W1,p.
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2. Generic Well-Posedness with Respect to Linear Perturbations

The central topic of this chapter is about how a variational integral, viewed as

an R-valued nonlinear functional J : W1,p(Ω;RN)→ R, can be perturbed by a lin-

ear functional ξ ∈W1,p(Ω;RN)∗ so that the minimization problem of the perturbed

functional J−ξ behaves better than the original unperturbed problem. The validity

of such perturbations is presented in a general setting using techniques from convex

analysis, in particular the properties of the subdifferential ∂J∗ of the Fenchel con-

jugate of the functional J , where ∂J∗ is viewed as a multivalued function. We then

apply the result to variational integrals J of the form J(u) =
∫

Ω
F (x, u,∇u) dx.

Note that no quasiconvexity assumption is needed on F in this chapter.

This chapter begins with an overview of some known results from convex anal-

ysis related to generic uniqueness, in particular the properties of subdifferentials

and Fenchel conjugates. The generic Tykhonov well-posedness of the problem

min(X; J − ξ), i.e.

minimize (J − ξ)(u) over u ∈ X,

is transformed into a problem about the (sub)differentiability of J∗ at ξ ∈ X∗, which

at a deeper level is connected to the geometries of X and X∗. This is a compilation

of established results, no original work is being added in this part.

We then apply the general result about the generic well-posedness of the problem

min(X; J− ξ) to the case when J is a variational integral J(u) =
∫

Ω
F (x, u,∇u) dx,

defined for u ∈ W1,p(Ω;RN) with p ∈ [1,∞). The case p > 1 is more or less a

direct application of the theorems from the previous section, but the case p = 1 is

more involved since the space X = W1,1(Ω;RN) does not have the Radon-Nikodym

Property. In particular, we prove that when the integrand F of J satisfies a certain

coercivity condition, the problem

minimize (J − ξ)(u) over u ∈W1,p
0 (Ω;RN),

has a unique solution for almost every ξ ∈ W1,p
0 (Ω;RN)∗ and that the solution

is well-behaved. The modifications needed to deal with minimization problems in

more general Dirichlet classes W1,p
g (Ω;RN) and constrained minimization problems

are also discussed.

3. Well-Posedness of Strictly Quasiconvex Variational Problems with

Varying Dirichlet Data

In this chapter, the well-posedness of the problem min(W1,p
g (Ω;RN); J), i.e.

minimize

∫
Ω

F (x, u,∇u) dx over u ∈W1,p
g (Ω;RN),

6
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where the integrand F (x, u, z) of J is strictly quasiconvex and has p-growth in the

z variable, with varying Dirichlet boundary data g ∈ W1,p(Ω;RN) is studied. The

strict quasiconvexity assumption is used to obtain a uniform integrability estimate

for the family {
F (·, uj,∇uj) : uj minimizes J in W1,p

gj
(Ω;RN)

}
(where gj is a W1,p-convergent sequence), which is then used to prove the semi-

continuity of the solution map S : W1,p(Ω;RN) ⇒ W1,p(Ω;RN), where S(g) :=

argmin {J(u) : u ∈W1,p
g (Ω;RN)}.

In order to get the well-posedness result for the quasiconvex variational problem,

we first establish Caccioppoli-type inequalities both for cubes in the interior of our

domain Ω and the cubes near the boundary ∂Ω. The technique used here is a

variant of the usual ‘hole-filling’ argument, but with some additional subtleties

arising because our Caccioppoli inequalities must hold uniformly for minimizers in

different Dirichlet classes.

Through a Gehring-type lemma, the Caccioppoli inequalities are then used in

proving a uniform integrability estimate for the family{
|∇uj|p : uj minimizes J in W1,p

gj
(Ω;RN)

}
whenever gj is strongly W1,p convergent, which then implies the uniform integra-

bility of {F (·, uj,∇uj) : uj minimizes J in W1,p
gj

(Ω;RN)}. This approach is inspired

by an estimate due to D’Onofrio and Iwaniec [34] that was used in a different con-

text, and our main uniform integrability estimate is a suitable modification of their

work.

Lastly, this chapter concludes by utilizing the above uniform integrability result

to prove that the solution map S is a USCO (upper semi-continuous with compact

values) map, hence showing that the problem min(W1,p
g (Ω;RN); J) is Hadamard

well-posed in the generalized sense (with respect to the parameter g). The use of

Young measures in the proof may not be strictly necessary, but it does help to clarify

the role that uniform integrability plays regarding the continuity of the nonlinear

functional J . Most importantly, it is plausible that the results from this chapter

might be crucial for a generic uniqueness result that we have not been able to prove

yet. This will be discussed further in the fifth chapter.
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4. Rectifiability of Sets of Extremals for Singularly Perturbed Quasicon-

vex Variational Integrals

In this chapter, we examine the properties of the set of all minimizers for a

singularly perturbed variational integral of the form

Jε(u) =

∫
Ω

F (∇u) dx+ ε

∫
Ω

|∇2u|2 dx,

where F is a strongly quasiconvex integrand (∇2u denotes the Hessian of u). View-

ing the variational integral as a functional Jε : W2,2(Ω;RN) → R, we show that

under suitable assumptions on the integrand F , the set M of all the minimizers

of Jε subjected to a W2,2 Dirichlet boundary condition is d-rectifiable (in Federer’s

sense). In particular, this means that M can be parametrized by a Lipschitz func-

tion f : K →M, where K is a compact set in some Euclidean space Rd. The results

in this chapter come from a joint work with Prof Jan Kristensen.

The nonlinear G̊arding inequality that is crucial for understanding the structure

of the set of extremals of Jε is based on a recent work by Campos Cordero and

Kristensen, where they establish the result for the quadratic p = 2 case. The proof

of this inequality requires many ingredients, and one of them is the existence of

an extension operator that extends Sobolev functions u ∈ W1,p(∂Q;RN) to u ∈
W1,p(Rn\Q;RN) (Q is a cube in Rn) which improves the integrability of Φ(|∇u|),
where Φ: R+ → R+ is particular type of Young function. The first part of this

chapter covers this topic and some closely related extension results.

Using the extension results, the G̊arding inequality is then proved for variational

integrals of the form J(u) =
∫

Ω
F (∇u) dx with strongly quasiconvex integrand F

satisfying the p-growth condition. The proofs are divided into two cases, namely the

case when p > 1 and when p = 1 since they require slightly different techniques to

prove certain relevant estimates. A crucial step for the main results in this chapter

is the strengthening of the G̊arding inequality so that it implies strict convexity of

the restriction of the functional J to the affine subsets u+Y ⊂W1,p(Ω;RN), where

u ∈ C1(Ω;RN) and Y ⊂ W1,p
0 (Ω;RN) is some subspace of finite codimension. The

proof of this strengthened form of the G̊arding inequality utilizes a simultaneous

Schauder basis of Sobolev spaces on Ω and a modified version of the standard

Rayleigh quotient used in the eigenvalue problem for the Dirichlet Laplacian.

Next, the variational integral J is perturbed into Jε by adding a small singular

perturbation term, this regularizes the extremals of the variational integral so that

they are of the class C1,α, which makes them smooth enough that we can apply the

G̊arding inequality. Here we prove that for a sufficiently smooth domain Ω ⊂ Rn and

any sufficiently smooth Dirichlet boundary datum g ∈ W3,r(Ω;RN), the extremals

of Jε in the class W3,r
g (Ω;RN) are as smooth as g. The techniques used here are a

8
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variation of the usual elliptic estimates and a bootstrapping argument, which uses

the fact that F is a rank-one convex integrand with p-growth in a nontrivial way.

Lastly, we end this chapter with the proof of the d-rectifiability of the sets of

extremals and minimizers of Jε, the main result of this chapter. This theorem is

important because it shows that the set of minimizers of the perturbed variational

integral Jε is ‘structured’ even when the minimizers are not unique. The proof

of this result uses the Schauder estimates for the extremals of the variational in-

tegral Jε to get a strengthened form of G̊arding’s inequality that holds uniformly

for all the minimizers of Jε. This theorem on d-rectifiability may imply an even

stronger well-posedness result, in particular the generic uniqueness of the solution

map S : W3,r(Ω;RN) ⇒ W2,2(Ω;RN) associated with this problem. A further dis-

cussion of this point is found in the last chapter.

5. Further Developments and Related Results

This last chapter is mostly a discussion of the possibility of developing the results

from chapters 3 and 4 into a generic uniqueness result (similar to the ones in chapter

2), together with some related results. We identify the extra work that needs to be

done on top of the existing results in order to reach the unrealized goal, and suggest

some potential strategies that may lead to the desired outcome.

Regarding the generic uniqueness of minimizers of a quasiconvex variational

integral J(u) =
∫

Ω
F (x, u,∇u) dx with varying Dirichlet boundary data, we state

some results from the theory of multivalued functions that could be applied (or

suitably modified so that it could be applied) to our problem. The continuity of

the solution map S from chapter 3 need to be supplemented with some further

properties, and the knowledge of the structure of the sets of minimizers of Jε (from

chapter 4) could make it easier to prove the corresponding theorem for the singularly

perturbed case.

Appendix

In the appendix, some additional facts about functional analysis, measure theory

and integration that are used throughout the thesis can be found.

9
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1 Preliminaries

In this chapter, the basic notations and some background results are stated to

be used as references for the rest of this thesis. There are three main sections in

this chapter, namely well-posedness and multivalued functions, the direct method in

calculus of variations and quasiconvexity, and Young measures. Most results are

stated without proofs but with references, only some key results are accompanied

by proofs. It should be emphasized that the terms and results in this chapters are

not really new and I do not claim any of them to be my own original work. The

proofs of some propositions in this chapter are modifications or simplified versions

of known proofs.

In the study of well-posedness and stability in the calculus of variations, we seek

to understand the behaviour of the minimizers (and the extremals) of variational

integrals under various forms of perturbations. The primary variational integrals

that appear in this work can be viewed as nonlinear integral functionals J : S → R
of the general form

J(u) =

∫
Ω

F (x, u(x),∇u(x)) dx. (1.1)

Here Ω ⊂ Rn is a bounded open set with sufficiently smooth boundary, the integrand

F : Ω × RN × RN×n → R will be assumed to satisfy certain natural assumptions

regarding its growth, continuity, and measurability. The domain S of our functional

J is a suitable subset of some function space of vector valued functions u : Ω→ RN .

Throughout the rest of this work, we will use the notation R to denote the extended

real line excluding −∞, i.e. R = R ∪ {∞}.
Some examples of variational integrals J that fit into our framework are as

follows.

Example 1.1.

1. Let Ω = [a, b], S = {u ∈ C1([a, b]) : u(a) = α, u(b) = β} and J be

J(u) =

∫ b

a

√
1 + u′(x)2

u(x)
dx.

The minimization problem corresponding to this functional (and the domain

S) is a classical problem named the brachistochrone problem. This is a problem

of historical importance in the calculus of variations.

2. Let Ω ⊂ R3, S = {u ∈ C1(Ω) : u|∂Ω = g} and J be

J(u) =

∫
Ω

√
1 + |∇u(x)|2 dx.

The minimizers of this functional within the Dirichlet class S is the (regular)

minimal surfaces whose boundaries are given by a function g. This is an

10



Panas Kalayanamit

example of a variational integral whose integrand F (z) =
√

1 + |z|2 satisfies

the linear growth condition

F (z) ≤ c(1 + |z|).

We can generalize this by replacing R3 with Rn+1 to get a variational principle

for regular minimal hypersurfaces, or relaxing J and enlarging the class S even

further to allow more general types of minimal hypersurfaces.

3. Ω ⊂ R3, S = W1,2
g (Ω;R3), and J be

J(u) =

∫
Ω

[
|∇u(x)|2 + h(det∇u)

]
dx,

where h is a convex function. Here S is the Dirichlet class

W1,2
g (Ω;R3) = {u ∈W1,2(Ω;R3) : u− g ∈W1,2

0 (Ω;R3)}

with the boundary datum g. This is an example of a neo-Hookian energy for

hyperelastic bodies. The integrand F in this case is strictly/strongly quasi-

convex, which is a main assumption we will be working with from chapter 3

onward.

4. Ω ⊂ Rn, S = W1,2
g (Ω), and J be

J(u) =

∫
Ω

[
u(x)f(x) +

1

2
|∇u(x)|2

]
dx,

where f is a smooth function. The extremals (critical points) of J weakly

satisfy the corresponding Euler-Lagrange equation, which in this case is the

Poisson equation

∆u = f.

This type of relationship between (elliptic) PDEs and minimization problems

is of crucial importance for the result in chapter 5.

To study the well-posedness of the minimization problems in the calculus of

variations, it is useful to be able to inspect these problems from a broader perspec-

tive, and to perform an in-depth analysis with the right tools. The first section of

this chapter will be about terms and notation related to well-posedness for general

variational problems and how they can be formulated as continuity properties of

associated multivalued functions. After that, we will be more concrete and dis-

cuss topics that are more specific to variational integrals, namely the relationship

between quasiconvexity (and other related notions) and the direct method in the

calculus of variation. Lastly, Young measures are introduced as an effective tool to

study the semicontinuity properties of a variational integral.

11
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1.1 Well-posedness and Multivalued Functions

Well-posedness of a mathematical problem is a general concept that assumes

many technical meanings in various contexts, even when we limit the scope of the

discussion to the calculus of variations. Given a minimization problem, one can ask

how the behaviour of the problem would change if we introduce a perturbation into

it. The problem is said to be well-posed if small perturbations do not drastically

affect its behaviour. To make the previous statement precise, we need to quantify

the perturbation we are talking about and specify the type of behaviour that we

wish to show is robust under small perturbations.

A minimization problem in the calculus of variations is a special case of a more

general class of abstract variational problems:

minimize I(x) over x ∈ X, (1.2)

where X is a topological space and I : X → R is a given function (recall that

R = R∪{∞}). Indeed, well-posedness for this latter, more general, class of problems

is a topic of interest in its own right. For simplicity, the problem (1.2) will be

abbreviated as the problem min(X; I).

Our minimization problems for variational integrals are more specific and hence

have more structure which allows us to use tools and techniques not usually available

for the more general version, and usually take the form

minimize J(u) over u ∈ S, (1.3)

where S is a subset of W1,p(Ω;RN) and J is the variational integral

J(u) =

∫
Ω

F (x, u(x),∇u(x)) dx.

Of course, in this case the minimization problem is abbreviated as the problem

min(S; J).

The types of perturbations on the minimization problem (1.3) that we will dis-

cuss in this work can be categorized as follows.

1. Linear perturbation of J : Here the set S in (1.3) is fixed but we perturb the

integral J (viewed as a nonlinear functional) by adding a linear functional

ξ. For example, we can take S = W1,p
0 (Ω;RN) and the perturbed functional

could be

(J − ξ)(u) =

∫
Ω

F (x, u,∇u) dx+

∫
Ω

h :∇u dx

for some h ∈ Lp
′
(Ω;RN×n), where p′ denotes the conjugate exponent of p, i.e.

1
p

+ 1
p′

= 1 .

12
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2. Boundary value perturbation: The variational integral J is fixed but we vary

the set S = W1,p
g (Ω;RN) in (1.3), where

W1,p
g (Ω;RN) = {u ∈W1,p(Ω;RN) : u− g ∈W1,p

0 (Ω;RN)}

is the Dirichlet class associated with the boundary datum g ∈ W1,p(Ω;RN),

by perturbing the function g.

3. Singular perturbation: In order to regularize the problem, a singular pertur-

bation term is added to J . In particular, we are interested in the perturbed

variational integral of the form

Jε =

∫
Ω

F (∇u) dx+ ε

∫
Ω

|∇2u|2 dx,

where ε > 0 is some fixed value (presumably small). Here ∇2u denotes the

Hessian of u. In this case, we want S = W2,2
g (Ω;RN) where

W2,2
g (Ω;RN) = {u ∈W2,2(Ω;RN) : u− g ∈W2,2

0 (Ω;RN)}

so that the second integral is finite.

These three types of perturbations are the main contents of chapters 2, 3 and 4,

respectively. Of course, there are countless other ways that the problem (1.3) can

be perturbed, but only the types of perturbations stated above are the ones that

are covered in this thesis.

For perturbed problems in the same class, one can associate with them pre-

cise notions of well-posedness. The types of well-posedness considered here can

be classified into two main categories, namely Tykhonov-type well-posedness and

Hadamard-type well-posedness.

1. Tykhonov-type well-posedness : A given problem min(X; I) is well-posed in

Tykhonov sense if whenever a element x is an approximate minimizer of I,

i.e. the value I(x) is close to the infimum of I on X, then x is also a good

approximation of the minimizer of I in some specific sense. For example, if

the problem min(X; I) admits a unique minimizer xmin, then x could be close

to the unique minimizer xmin in the norm topology.

2. Hadamard-type well-posedness : For a class of perturbed problems whose per-

turbations are determined by some parameter, we say that this class is well-

posed in Hadamard sense if the solutions of these perturbed problems also

vary continuously (in some sense) with this parameter. For example, in the

problem min(W1,p
g (Ω), J) we can view g as a parameter and suppose that uj

is the unique minimizer of J in W1,p
gj

(Ω). If gj → g0 implies that uj → u0,

then we say that this class of problems is well-posed.

13
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The descriptions for these two categories of well-posedness given above are

deliberately kept vague. There are several different ways we can interpret the

words ‘close’, ‘approximate’ and ‘continuous’, leading to different notions of well-

posedness. The need for such diversity partly stems from the fact that the set of

all minimizers of a given problem need not be a singleton, it could be many-valued

or even an empty set.

For these reasons, it is natural to introduce the notion of multivalued function

(also known as set-valued functions or multifunctions) and convergence of sets in

order to properly formulate and study well-posedness.

Definition 1.2 (Multivalued Function). Given two sets X and Y , a multivalued

function T : X ⇒ Y is a function (in the usual sense) T : X → 2Y whose range is

contained in the power set of Y . We allow T to take ∅ as its value and call the set

of points x ∈ X such that T (x) is nonempty the effective domain of T , denoted by

DomT := {x ∈ X : T (x) 6= ∅}

whereas its range is the set RangeT =
⋃
x∈X T (x).

• A multivalued function is proper if DomT 6= ∅.

• The graph of T is the subset of X × Y defined similarly to the graph of a

usual function

GraphT := {(x, y) ∈ X × Y : y ∈ T (x)}.

• The inverse of T is another multivalued function T−1 : Y ⇒ X defined as

T−1(y) := {x ∈ X : y ∈ T (x)}.

It is easy to see that DomT−1 = RangeT and vice-versa.

• When X and Y are topological spaces (or linear spaces) a multivalued function

T : X ⇒ Y is compact-valued (or closed, open, bounded, convex, resp.) if

T (x) is compact (closed, open, bounded, convex, resp.) for every x ∈ X. T is

locally compact at x if there exists U ∈ N (x) such that T (U) is compact (N (x)

denotes the family of all neighbourhoods of x). We define locally bounded

similarly. �

There are many important multivalued functions that arise naturally in the

study of the problem min(X; I).

Example 1.3.

14
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1. For a given problem min(X; I), the set of all of its solutions (i.e. minimizers)

are of uttermost importance. The solution set

argmin (X; I) := {x ∈ X : I(x) = inf
X
I} (1.4)

of the problem min(X; I) could be an empty set, a singleton, or a set contain-

ing many points (even an infinite set in many instances). This gives rise to

many important multivalued functions, e.g. the solution map

S(g) := argmin (W1,p
g (Ω); J)

where J is of the form (1.1), or the map

T (ξ) := argmin (X; I − ξ).

These two multivalued functions play vital roles in the study of how the

minimizers vary as we perturb the boundary data or add a linear perturbation

to our functional.

2. In addition to the behaviour of the exact solutions of the problem min(X; I),

the behaviour of the approximate solutions is just as important. The set of

approximate solutions of min(X; I) can be defined rigorously for ε ≥ 0 as

ε-argmin (X; I) := {x ∈ X : I(x) ≤ ε+ inf
X
I}. (1.5)

In particular, if ε = 0, then argmin (X; I) = 0-argmin (X; I).

Besides the obvious multivalued functions Sε(g) and Tε(ξ) that would result

from replacing argmin with ε-argmin in the above definitions, the multivalued

function T : [0,∞)⇒ X defined by

T (ε) := ε-argmin (X; I) (1.6)

also plays an important role.

3. In chapter 2, we will be using tools from convex analysis to help us in proving

well-posedness. One of the indispensable tools is the so-called subdifferential,

which is defined for a function f : X → R as

∂f(x) = {x∗ ∈ X∗ : 〈x∗, y − x〉 ≤ f(y)− f(x) for all y ∈ X}.

We can see that ∂f is a multivalued function ∂f : X ⇒ X∗.

Now that we have seen examples for multivalued functions that are relevant to

the study of well-posedness, it is time to address what it means for a multivalued

function to be continuous.

15
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Suppose that X and Y are both topological spaces, the concept of continuity

of a single-valued function f : X → Y can be generalized to a multivalued function

T : X ⇒ Y as follows. Recall that N (x) denotes the family of all neighbourhoods

of x in X.

Definition 1.4 (USC and LSC). Let X and Y be topological spaces, x0 ∈ X and

T : X ⇒ Y be a multivalued function. We say that T is

1. USC (Upper semicontinuous) at x0 if for any U ∈ N (T (x0)), there exists

V ∈ N (x0) such that T (V ) ⊂ U .

2. LSC (Lower semicontinuous) at x0 if for any y ∈ T (x0) and U ∈ N (y), there

exists V ∈ N (x0) such that T (x) ∩ U 6= ∅ for every x ∈ V .

T is said to be a USC (resp. LSC) multivalued function if it is USC (resp. LSC)

at all points of its domain X. �

The reason for using the upper case USC and LSC to denote the Upper and

Lower semicontinuity, respectively, of a multifunction T : X ⇒ Y is to distinguish

them from the abbreviations usc and lsc reserved for the usual upper and lower

semicontinuity of a normal single-valued function f : X → Y .

It may not be obvious from the definition why Upper semicontinuity and Lower

semicontinuity of a multivalued function are named this way since they do not gen-

eralize upper semicontinuity and lower semicontinuity of a single-valued function.

In fact, if T : X ⇒ Y is single-valued (i.e. T (x) is a singleton for all x ∈ X) Upper

and Lower semicontinuity both reduce to the usual continuity. The reason for them

being called Upper and Lower semicontinuity is related to another characterization

using upper and lower inverse of a multivalued function. For any subset A of Y , we

define the upper inverse of T by

T u(A) := {x ∈ X : T (x) ⊂ A}.

Similarly, the lower inverse of T is defined by

T l(A) := {x ∈ X : T (x) ∩ A 6= ∅}.

Note that the lower inverse T l essentially coincides with the inverse T−1 defined in

Definition 1.2. Then

T is USC ⇐⇒ T u(U) is open for every open set U in Y, and

T is LSC ⇐⇒ T l(U) is open for every open set U in Y.

There are classes of USC multivalued functions that are of sufficient importance

to be given special abbreviations since they appear naturally in many situations.
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Definition 1.5 (USCO and CUSCO mappings). Let (X, τ) and (Y, τ ′) be topological

spaces and T : X ⇒ Y be a multivalued function.

• T is called a τ -τ ′ USCO mapping if it is τ -τ ′ USC (at all points x ∈ X) and

is τ ′-compact-valued.

• Suppose that Y is a vector space, we say that T is a τ -τ ′ CUSCO mapping if

it is both τ -τ ′ USCO and convex-valued.

• An USCO mapping (resp. CUSCO mapping) is called a minimal USCO map-

ping (resp. minimal CUSCO mapping) if its graph does not strictly contain a

graph of any other USCO (resp. CUSCO) mapping.

The prefix τ -τ ′ that specifies the topologies on X and Y is often dropped if there

is no ambiguity regarding which topologies we are using. �

Here are some examples to illustrate each continuity notion of a multivalued

function.

Example 1.6. Let X = Y = R be endowed with their usual topologies. Suppose

that the multivalued functions Ti : R⇒ R are defined as follows:

1.

T1(x) =


{1} ;x < 0

{−1, 0, 1} ;x = 0

{0} ;x > 0.

Then T1 is USC but not LSC. It is also USCO but not CUSCO.

2.

T2(x) =


{−1, 1} ;x < 0

{0, 1} ;x = 0

{0} ;x > 0.

Then T2 is LSC but not USC.

3.

T3(x) =

[−1, 1] ;x ≤ 0

{1} ;x > 0.

Then T3 is CUSCO but it is not minimal CUSCO since its graph strictly

contains the graph of

T4(x) =


{−1} ;x < 0

[−1, 1] ;x = 0

{1} ;x > 0,
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which is a CUSCO map. In fact, T4 is a minimal CUSCO map but is still not

minimal USCO since its graph is strictly larger than the graph of

T5(x) =


{−1} ;x < 0

{−1, 1} ;x = 0

{1} ;x > 0,

which is (minimal) USCO.

It is worth noting that T4 is actually the subdifferential of the convex function

f(x) = |x| on R, i.e. T4(x) = ∂f(x). This is the reason why it enjoys so many nice

properties.

With the precise notions of (semi)continuities for a multivalued functions at our

disposal, it is now possible to give exact definitions for the types of well-posedness

that are relevant to this thesis.

The first kind of well-posedness we will consider is the Tykhonov-type well-

posedness, which ensures that the approximate solutions to the problem min(X; I)

are close to the exact solutions of min(X; I). This can be made rigorous by requiring

that any minimizing sequence converges to the unique minimizer of min(X; I).

Definition 1.7 (Tykhonov Well-posedness). Let X be a topological space and I : X →
R. The problem min(X; I) (1.2) is called Tykhonov well-posed if there exists a

unique minimizer xmin ∈ X of I, i.e.

I(xmin) = inf
X
I and I(xmin) < I(x) for all x ∈ X\{xmin}

and any minimizing sequence (xj) of min(X; I), i.e. a sequence such that

I(xj)→ inf
X
I,

we have xj → xmin as j → ∞. Such a minimizer is called the strong minimizer of

min(X; I). �

Remark 1.8. Tykhonov well-posedness of the problem min(X; I) can be charac-

terized by the conditions

• The multivalued function T (ε) = ε-argmin (X; I) (defined at (1.6)) is USC at

ε = 0, and

• T (0) = argmin (X; I) is a singleton.

The proof of this is easy (see [35, Proposition I.22] for the proof). �
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Another Tykhonov-type well-posedness is called Tykhonov well-posedness in the

generalized sense, which can be viewed as Tykhonov well-posedness that allows the

non-uniqueness of argmin (X; I).

Definition 1.9 (Generalized Tykhonov well-posedness). Let X be a topological

space and I : X → R be a given function. The problem min(X; I) is called Tykhonov

well-posed in the generalized sense if argmin (X; I) is nonempty and for every min-

imizing sequence (xj) in X, there exists a subsequence (xjk) of (xj) and xmin ∈
argmin (X; I) such that xjk → xmin as k →∞. �

Remark 1.10. Generalized Tykhonov well-posedness of the problem min(X; I) can

be characterized by conditions similar to the above if we assume further that X is

a metric space and that I is lsc and bounded below.

• The multivalued function T (ε) = ε-argmin (X; I) is USC at ε = 0, and

• T (0) = argmin (X; I) is compact.

See [35, Proposition I.36] for the proof. �

Here are some examples of minimization problems that are well-posed in a (gen-

eralized) Tykhonov sense.

Example 1.11. Let us consider a minimization problem min(X; I) of the form

(1.2).

1. Suppose X is a Banach space and I(x) = ‖x‖. It is easy to see that the

problem min(X; ‖·‖) is Tykhonov well-posed and x = 0 is the strong minimizer

of this problem.

2. Similarly, suppose X is a Banach space, C is a compact subset of X and

I(x) = dist (x,C) (which is a continuous function). We can verify that

T (ε) = ε-argmin (X; I) is USC at ε = 0, hence by Remark 1.10 it follows

that min(X; dist (·, C)) is Tykhonov well-posed in the generalized sense.

3. Looking a little bit ahead, we let X be a topological space and suppose that I

satisfies the conditions in Proposition 1.17 that are needed to apply the direct

method. Then it is not hard to see that the problem min(X; I) is Tykhonov

well-posed in the generalized sense.

In particular, this applies to the problem min(W1,p(Ω); J) provided that W1,p(Ω)

is endowed with the weak topology and the integrand of the functional J sat-

isfies the bounds in Proposition 1.32 below.
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The second type of well-posedness is the Hadamard well-posedness, which is

about the stability of min(X; I) under a small perturbation of the function I. The

main idea of this type of well-posedness dates back to Hadamard when he studied

how solutions to problems that come from mathematical physics depend continu-

ously on the initial data. For our purpose, we will only consider two closely related

kinds of Hadamard well-posedness.

Definition 1.12 (Hadamard well-posedness). Let X be a topological space and

I : X → R be an extended real-valued function belonging to a given function space

F , where F is endowed with some topology.

• The problem min(X; I) is called solution Hadamard well-posed (with respect

to F) if there exists a neighbourhood U of I in F such that argmin (X; J) is

a singleton for all J ∈ U and the mapping J 7→ argmin (X; J) is continuous

at I.

• Similarly, the problem min(X; I) is called value Hadamard well-posed (with

respect to the function space F) if the mapping J 7→ infX J is continuous at

I. �

We can generalize Hadamard well-posedness in the same manner as how Tykhonov

well-posedness was generalized, i.e. by allowing argmin (X; I) to be multi-valued

and replace the convergence of points in X with a suitable notion of convergence of

subsets. Since in later section we will deal with a particular type of F where each

function in it is parametrized by an element of a Banach space, the definition of

generalized Hadamard well-posedness below will be given only for this special case.

Definition 1.13 (generalized Hadamard well-posedness). Let X be a topological

space and suppose that we have a family of parametrized functions of the form

Ip : X → R, where the parameter p comes from a subset K of some Banach space

Y .

We say that the problem min(X; Ip) is solution Hadamard well-posed in the gen-

eralized sense at p0 (with respect to K) if the multivalued mapping p 7→ argmin (X; Ip)

is USC at p0. �

If argmin (X; Ip) is single-valued in a neighbourhood of p0 in K, then solution

Hadamard well-posedness in the generalized sense reduces to the previous defini-

tion. One can see that value Hadamard well-posedness follows easily from solution

Hadamard well-posedness.

Example 1.14. Let us consider the class of problems min(X; Ip), where the pa-

rameter p comes from a Banach space Y .
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1. Let X = Y = Rn be equipped with its usual topology and let Ip(x) = |x− p|.
Then it is easy to see that the problem min(X; Ip) is solution Hadamard

well-posed for all p0 ∈ Rn (here argmin (X; Ip) = {p}).

2. Let Ω be the unit ball in Rn, X = W1,2
0 (Ω) and Y = L2(Ω). Consider the

functional

Ig(v) =

∫
Ω

1

2
|∇v(x)|2 + v(x)g(x) dx,

where g ∈ L2(Ω). It is not hard to verify that the direct method applies in

this case (here the integrand is convex) so this problem has a minimizer. We

have seen from Example 1.1, 3) that Ig is differentiable and that its minimizer

(weakly) satisfies the Poisson’s equation ∆u = g, so the standard elliptic

estimate gives

‖u‖W1,2 ≤ C ‖g‖L2

which, together with linearity, implies that the problem min(X; Ig) is solution

Hadamard well-posed at all g ∈ L2(Ω).

3. Let X = Y = Rn (with its usual topology) and let Ip(x) = dist (x,B(p; 1)),

where B(p; 1) is the open ball in Rn centred at p with radius 1. Then the

problem min(X; Ip) is solution Hadamard well-posed for all p0 ∈ Rn (here

argmin (X; Ip) = {x ∈ Rn : |x− p| ≤ 1}).

There is another aspect of well-posedness called genericity, which is to say that

well-posedness may not always hold for a certain class of perturbations, but holds

almost always (in some specific sense).

To motivate the study of generic well-posedness, let us consider the following

possible situations that we may encounter when a perturbation is introduced to a

minimization problem. As before, we let X be a topological space, {Ip : p ∈ K}
be a family of functions parametrized by p ∈ K (K is a subset of a Banach space)

and min(X; I0) be the original minimization problem. Consider the following three

situations:

1. We can solve (X, I0) and want to understand the properties and solvability of

(X, Ip) for p near 0.

2. We cannot solve (X, I0) but we know how to solve (X, Ip) for some small p.

3. We are interested in the global properties of (X, Ip) such as being able to

describe the subset of K in which the problem (X, Ip) is well-posed.

In situation (1.), Lower semicontinuity of the solution map S(p) = argmin (X; Ip)

can help in the study of the problem. Situation (2.) is closely related to the so-

called variational principles, where we perturb the function I0 slightly to get a much
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better problem (X, Ip) with nice properties, and the solution of (X, Ip) usually says

something about the original problem (X, I0). It is apparent that by accomplishing

the task in (3.), we also gain knowledge of situations (1.) and (2.). However, such

complete characterization is often very challenging or even intractable, hence the

next best thing is to show that there is a large subset (in some specific sense) D ⊂ K

such that our class of problems min(X; Ip) is well-posed for all p ∈ D.

Definition 1.15 (Generic Well-posedness). Let X be a topological space and {Ip :

p ∈ K} be a family of functions Ip : X → R parametrized by p ∈ K, where K is a

subset of a Banach space Y .

• The class of problems min(X; Ip) is said to be generically Tykhonov well-posed

in K if there exists a dense Gδ subset of K such that min(X; Ip) is Tykhonov

well-posed for all p in this subset.

• Likewise, the class of problems min(X; Ip) is said to be generically Hadamard

well-posed in K if there exists a dense Gδ subset of K such that min(X; Ip)

is Hadamard well-posed with respect to the class F = {Ip : p ∈ K}. �

Suppose that min(X; Ip) is generically well-posed in K, where D ⊂ K is a

dense Gδ, then K\D is a meagre set (in the sense of Baire) provided that K is

open (or closed) in Y . It is possible to say more about the smallness of K\D in

some cases that we will see later on. In chapter 2, we will explore some important

results in convex analysis that are used to prove generic Hadamard and Tykhonov

well-posedness of the problem min(W1,p
0 (Ω;RN); J−ξ), where J is a fixed nonlinear

integral functional of the form (1.1) and ξ denotes a linear functional taken from

the dual space W1,p
0 (Ω;RN)∗.

1.2 The Direct Method in the Calculus of Variations and

Quasiconvexity

The properties of a variational integral of the form J(u) =
∫

Ω
F (x, u,∇u) dx,

including the existence of minimizers of J , which is of uttermost importance in the

study of well-posedness, depend crucially on its integrand F . In this section we

discuss the issues related to the direct method in calculus of variations, which is

a technique for obtaining a minimizer of a variational problem, and other closely

related topics. In particular, the relationship between quasiconvexity and the direct

method is considered in detail.

While this thesis focuses on perturbed variational problems in various forms,

understanding the methods for solving the unperturbed problems is still indispens-

able. In the calculus of variations, one of the most important methods for finding
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a minimizer of a variational integral is called the direct method. This method can

be stated in a very general setting as an existence theorem of a minimizer to an ex-

tended real-valued function f on a topological space (X, τ). Since we even allow our

function to take +∞ as its values, the following definition rules out a degenerated

case.

Definition 1.16. A function f : X → R is called proper if f is not identically

+∞ on X. �

The general statement of the direct method is as follows.

Proposition 1.17 (Direct Method). Let (X, τ) be a topological space and I : X → R
be a proper function on X. Then the function I has a minimizer if the following

conditions are satisfied:

1. coercivity: For each c ∈ R, the sublevel set

Sc := {x ∈ X : I(x) ≤ c}

is sequentially precompact, i.e. for any sequence (xj) in Sc, (xj) has a subse-

quence that τ -converges in X.

2. sequential τ-lower semicontinuity: For each sequence xj → x, we have

I(x) ≤ lim inf
j→∞

I(xj).

This result is sometimes called the Weierstrass’ theorem even though the prop-

erty of ‘semi-continuity’ introduced by Baire was probably not available at the time.

Proof. Let (xj) be a minimizing sequence of I (by properness, we may assume that

I(xj) < ∞ for all j), then {I(xj) : j ∈ N} is bounded above by some M > 0

and hence (xj) ⊂ SM . The coercivity assumption implies that we can extract

a subsequence (not relabelled) of (xj) such that xj → x for some x ∈ X. The

sequential lower semicontinuity of I then implies that

I(x) ≤ lim inf
j→∞

I(xj),

hence x is a minimizer of the function I.

The two conditions in Proposition 1.17 are competing with one another in a

sense. Intuitively, if we impose a strong topology τ on X, then it is more likely that

I is τ -swlsc (sequentially weakly semicontinuous) but less likely that Sc is compact.

On the other hand, if the topology τ is weak, then Sc is more likely to be compact

while I is less likely to be swlsc. For example, a Banach space (X, τ) equipped with

its normed topology has so few compact sets, making the coercivity condition very

hard to satisfy. For this reason, we usually equip X (or its subset) with its weak

(or weak∗) topology in order to apply the Direct method.
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Example 1.18. We take X = W1,p(Ω;RN) with p > 1 and equip X with its

weak topology. Of course, here our function J : X → R is an integral functional of

the form (1.1) with F (x, u, z) as its integrand. Since X is reflexive, the coercivity

condition holds provided that Sc is a bounded set for each c ∈ R (this follows from

the Banach–Alaoglu theorem and Eberlein–Šmulian theorem, which tells us that

precompactness is the same as sequential precompactness). The argument extends

to the case that X is a closed affine subset such as W1,p
g (Ω;RN) of W1,p(Ω;RN),

where

W1,p
g (Ω;RN) := {u ∈W1,p(Ω;RN) : u− g ∈W1,p

0 (Ω;RN)}

for some g in W1,p(Ω;RN).

To get the desired conclusion that Sc is bounded, we can assume that the inte-

grand F (x, u, z) is normal and p-coercive i.e.

α + β|z|p ≤ F (x, v, z) (1.7)

for some α ∈ R and β > 0. The weak sequential lower semicontinuity is related to

the quasiconvexity of F (x, u, z) in the z variable (to be discussed below).

The proof that the p-coercivity assumption (1.7) does imply coercivity of J (in

the sense of Proposition 1.17) can be found in the appendix. The definition of

normal integrands, together with another important class of integrands called the

Carathéodory integrands, is as follows.

Definition 1.19 (Normal and Carathéodory integrands). Let Ω be an open subset

in Rn and F : Ω×Rd → R be a given function. We say that F is a normal integrand

if the following conditions are satisfied:

1. For each x ∈ Ω, the function F (x, ·) is lsc.

2. F is (Ln ⊗ B)-measurable.

Here B denotes the Borel σ-algebra of Rd whereas Ln denotes the σ-algebra of all

(n-dimensional) Lebesgue measurable subset of Ω. The integrand F is called proper

if F (x, ·) is proper for all x ∈ Ω.

Suppose that the integrands F and −F are both proper and normal, we say

then that F is a Carathéodory integrand. Equivalently, F is Carathéodory if the

following conditions, known as the Carathéodory conditions, are satisfied:

1. For each x ∈ Ω, the function F (x, ·) is continuous.

2. For each ξ ∈ Rd, the function F (·, ξ) is Ln-measurable.

A statement that an integrand F : Ω×RN×RN×n → R is normal (or Carathéodory)

is to be interpreted that we take Rd in the above to be Rd = RN × RN×n. �
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Remark 1.20. Suppose that u : Ω→ RN is a measurable function; then it follows

directly from the definition of the normal integrand (and the fact that x 7→ (x, u(x))

is Ln-(Ln ⊗ B)-measurable) that x 7→ F (x, u(x)) is measurable provided that F is

normal (or Carathédory). It should be noted that the Carathéodory conditions

can be deduced easily from the information that F and −F are normal but the

converse is far from obvious and relies on the fact that Ln is a complete measure.

Also, the equivalence between the definition of Carathéodory integrand from normal

integrand and the definition using Carathéodory conditions is not trivial. For a

detailed discussion about normal and Carathéodory integrands, together with the

proofs of those statements, we refer to Rockafellar [88]. �

There are several other conditions beside (1.7) that ensure weak coercivity (in

the sense of Proposition 1.17). We refer to [21] and [28] for in-depth treatments

of the direct methods in the calculus of variations and [48] for further discussion

regarding coercivity of variational integrals. It should be noted that (1.7) is suffi-

cient to guarantee that the integral function J (with F as its integrand) is strongly

continuous in W1,p(Ω;RN), i.e. continuous with respect to the norm topology, but

not enough to prove that J is weakly continuous. In fact, a much weaker lower

bound is sufficient to guarantee strong continuity. The proof of the following can

be found in the Appendix A.

Proposition 1.21. For a functional J : W1,p(Ω;RN)→ R of the form (1.1), where

p ≥ 1, J is strongly lsc (lower semicontinuous) in W1,p(Ω;RN) provided its integrand

F is normal and satisfies the lower bound

F (x, u, z) ≥ −h(x)− α|u|t − β|z|p, (1.8)

where α, β ≥ 0, 1 ≤ t ≤ p∗ and h ∈ L1(Ω). Here p∗ is the exponent from the Sobolev

embedding theorem W1,p ↪→ Lp
∗
, i.e. p∗ = np

n−p if p < n and p∗ =∞ if p ≥ n.

Applying the above proposition to F and −F , the following corollary is imme-

diate.

Corollary 1.22. If J : W1,p(Ω;RN) → R is a functional of the form (1.1), where

p ≥ 1, then J is continuous in W1,p(Ω;RN) provided its integrand F is Carathéodory

and satisfies

|F (x, u, z)| ≤ h(x) + α|u|t + β|z|p, (1.9)

where α, β ≥ 0, 1 ≤ t ≤ p∗ and g ∈ L1(Ω).

The sequential weak lower semicontinuity of a variational integral J is a strictly

stronger condition than being sequentially semicontinuous in the strong topology.

Indeed, we shall give a counterexample of a variational integral J whose integrand

satisfies the lower bound (1.8) in the space W1,p(Ω;R) for any p ≥ 1, but J is not

sequential weak lower semicontinuous.
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Example 1.23. Let Ω = (0, 1), p ∈ [1,∞) and J be defined for any u ∈W1,p(Ω;R)

by

J(u) =

∫ 1

0

(u′(x)2 − 1)2 dx,

i.e. F (x, u, v) = (v2− 1)2. Clearly F satisfies the lower bound (1.8) since F ≥ 0, so

J is strongly continuous.

Let f : R→ R be

f(x) =

x ;x ∈ [0, 1/2]

1− x ;x ∈ [1/2, 1]

and extends it periodically to all x ∈ R so that f(x + 1) = f(x). Let (uj) be a

sequence of functions in W1,p(Ω;R) defined by

uj(x) =
1

n
f(nx).

Observe that u′j(x) = ±1 a.e., hence J(uj) = 0 for every j ∈ N. We can show that

uj
w
⇀ 0 in W1,p(Ω;R) but

J(0) = 1 > 0 = lim inf
n→∞

J(uj).

This shows that J is not sequentially weakly lower semicontinuous.

Sequential weak lower semicontinuity is directly related to convexity in the last

variable of F (x, u, z). Indeed, a quick look at the integrand F (z) = (z2− 1)2 in the

previous example reveals that F (z) is not convex in z.

Recall that n is the dimension of the domain Ω ⊂ Rn and N is the dimension of

the target space of u ∈W1,p(Ω;RN). In the scalar case min{n,N} = 1, convexity is

both necessary and sufficient for sequential weak lower semicontinuity. More gener-

ally, convexity in the last variable of F (x, u, z) always implies sequential weak lower

semicontinuity of the corresponding variational integral J on W1,p. The following

well-known results give the precise statement of this fact (the proof of it can be

found in [28, Theorem 1.3], for example)

Proposition 1.24. Let Ω ⊂ Rn be a bounded open set with Lipschitz boundary. Let

F : Ω × RN × RN×n → R be a non-negative continuous integrand of a variational

integral J of the form (1.1). Then

1. If the function F (x, u, ·) is convex for all x, u ∈ Ω × RN , then J is swlsc in

W1,p.

2. If J is swlsc in W1,p and either n = 1 or N = 1, then its integrand F (x, u, ·)
is convex for all x, u ∈ Ω× RN .
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The assumptions on F can be significantly relaxed, e.g. F need only be Carathéodory

instead of continuous, and still yield essentially the same result (see [28, Corollary

3.24]).

In the vectorial case where n > 1 and N > 1, convexity in the last variable

of F (x, u, z) is no longer a necessary condition for the variational integral J to

be sequentially weakly lower semicontinuous (but it is still a sufficient condition).

Indeed, many important classes of integrands that fail to satisfy this assumption

still give rise to a swlsc functional. It turns out that the ‘correct’ condition for the

integrand F (x, u, ·) in order that J be swlsc in W1,p is a weaker form of convexity

called quasiconvexity. Recall that for a convex function f : RN×n → R, Jensen’s

inequality says that

F (z) ≤
∫

Ω

F (z + h(ω)) dµ(ω)

for any integrable function h : Ω→ RN×n and any probability measure µ on Ω such

that
∫

Ω
h(ω) dµ(ω) = 0. A quasiconvex function can be viewed as a function that

satisfies a restricted form of Jensen’s inequality.

Definition 1.25 (quasiconvexity). Let F : RN×n → R be a locally bounded Borel-

measurable function. F is called quasiconvex at z ∈ RN×n if

F (z) ≤ 1

|B(0, 1)|

∫
B(0,1)

F (z +∇ϕ(x)) dx (1.10)

holds for all ϕ ∈W1,∞
0 (B(0, 1);RN). Here B(0, 1) is the open unit ball in Rn.

F is said to be a quasiconvex integrand if it is quasiconvex at every point z ∈
RN×n. �

Clearly, if F is convex, then Jensen inequality immediately implies that it is

quasiconvex since
∫
B(0,1)

∇ϕ(x) dx = 0 for any ϕ ∈W1,∞
0 (B(0, 1);RN).

Remark 1.26. 1. The domain of integration B(0, 1) in the definition of quasi-

convexity can be replaced by any bounded open domain to get an equivalent

definition of quasiconvexity (see [48]).

2. Under the p-growth assumption, i.e.

|F (z)| ≤ c(1 + |z|p)

for some p ∈ [1,∞) and c > 0, the inequality (1.10) holds for any ϕ ∈
W1,p

0 (Ω;RN).

3. Quasiconvexity coincides with the usual convexity if N = 1 or n = 1. �
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The definition of quasiconvexity was introduced by Morrey who showed in [79]

that quasiconvexity is essentially equivalent to sequential weak lower semicontinuity

of the integral functional J of the form (1.1), modulo some technical assumptions.

Nowadays, quasiconvexity is recognized as a central convexity condition of the cal-

culus of variations. The following sequential weak lower semicontinuity result for a

functional J is due to Acerbi and Fusco ([1, Theorem II.4]).

Theorem 1.27 (Acerbi–Fusco). Let p ∈ [1,∞), Ω be a Lipschitz domain, J be an

integral functional of the form (1.1) and F : Ω×RN×RN×n → R+ be a non-negative

Carathéodory integrand with p-growth, i.e.

F (x, u, z) ≤ c(1 + |u|p + |z|p). (1.11)

Then the functional J is swlsc on W1,p(Ω;RN) if and only if F (x, u, ·) is quasiconvex

for almost every x ∈ Ω and every u ∈ RN .

An alternative proof of this theorem using Young measures can also be found

in [87]. This theorem can be modified in many ways, such as replacing the non-

negativity condition in Proposition 1.27 by a much more lenient lower bound as in

[28, Theorem 8.11] or [48, Theorem 5.7], which is

F (x, u, z) ≥ −h(x)− α|u|t − β|z|r (1.12)

for some α, β ≥ 0, 1 ≤ t < p∗, 1 ≤ r < p and some h ∈ L1(Ω).

Remark 1.28. It is worth noting that sequential weak lower semicontinuity of

f : X → Y is generally a strictly weaker property than weak lower semicontinu-

ity (since the weak topology on X is not completely determined by sequences).

Consider, for example, the operator T : l2 → l2 defined by

T (α) =

(
α1,

α2

√
2
,
α3

√
3
, . . .

)
for any α = (α1, α2, α3, . . . ) ∈ l2 (each component of α is indexed by a superscript).

This operator is sequentially w-‖·‖ continuous but not w-‖·‖ continuous. Indeed,

for any sequence αj
w
⇀ 0 in l2, there exists C > 0 such that ‖αj‖2 ≤ C, hence

‖Tαj‖2 =
∞∑
i=1

|αij|2

i
≤

m∑
i=1

|αij|2 +
1

m+ 1

∞∑
i=1

|αij|2 ≤
m∑
i=1

|αij|2 +
C

m+ 1
.

Given any ε > 0, we can make ‖Tαj‖ ≤ ε by choosing sufficiently large m and let j

be sufficiently large. This shows that T is sequentially w-‖·‖ continuous. However,

0 ∈ l2 is in the weak closure of the set A = {
√
jej : j ∈ N} ⊂ l2 but the inverse

image under T of an open ball Bl2(0, 1/2) cannot contain an element of A since∥∥T (
√
jej)

∥∥ = ‖ej‖ = 1. This shows that T is not w-‖·‖ continuous.

Lastly, we compose T with the map −‖·‖ : l2 → R to get a map that is se-

quentially weakly continuous, but not weakly lower semicontinuous (at 0 ∈ l2).

�
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Despite its importance with regard to the sequential lower semicontinuity of

variational integrals, quasiconvexity is an elusive condition that is hard to verify in

general. This is largely due to the fact that quasiconvexity is not a local condition

(in a sense that was made precise by Kristensen [59]). Nevertheless, there is an

important subclass of quasiconvex functions that is much easier to deal with, called

the class of polyconvex functions. Polyconvexity was introduced by Ball in [10] and

had quickly gained recognition as another convexity condition of great significance in

the field of the calculus of variations, in particular the modern theory of hyperelastic

bodies.

Definition 1.29 (polyconvexity). For z ∈ RN×n, we denote by

T(z) = (T1(z), . . . , Td(N,n)(z))

the collection of all minors (or subdeterminants) of z in some fixed order (unim-

portant, but fixed). A function F : RN×n → R is called polyconvex if there exists a

convex function f : Rd(N,n) → R such that

F (z) = f(T(z))

for all z ∈ RN×n. �

For example, we have

• F (z) = f(z, det z) if N = n = 2

• F (z) = f(z, cof z, det z) if N = n = 3

There is yet another important notion of convexity in the calculus of varia-

tions, namely rank-one convexity. As oppose to polyconvexity, rank-one convexity

is weaker than quasiconvexity.

Definition 1.30 (rank-one convexity). A function F : RN×n → R is called rank-one

convex if

f((1− λ)z + λw) ≤ (1− λ)f(z) + λf(w)

for any λ ∈ [0, 1] and any z, w ∈ RN×n such that rank (z − w) ≤ 1. �

The relationship between these convexity notions for a real-valued function

f : RN×n → R can be summarized as follows:

f convex =⇒ f polyconvex =⇒ f quasiconvex =⇒ f rank-one convex.

In the scalar case, convexity and rank-one convexity coincide and hence all

these notions of convexity collapse into the standard convexity. In the vectorial

case, however, all these implications are strict provided that N, n are big enough.

In some low dimension cases, that is, for N = 2 and n ≥ 2, the question whether

rank-one convexity implies quasiconvexity is still open. For more discussion, see

[28, Theorem 5.3 and Remark 5.4].
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Example 1.31.

1. Let N = n = 2. For simplicity, let us consider a functional whose integrand

F (x, u, z) is independent of x and u

J(u) =

∫
Ω

det(∇u) dx.

Here the integrand F (z) is polyconvex (in fact it is polyaffine, meaning that

both ±F are polyconvex) but not convex.

2. Let N = n = 2 as before and consider the integral functional

J(u) =

∫
Ω

fγ(∇u(x)) dx,

where

fγ(z) = |z|4 − 2γ|z|2 det z.

Here we write |z| =
√

tr (ztz).

From the results in [4] and [31] by Alibert, Dacorogna and Marcellini, it is

known that fγ is polyconvex if and only if |γ| ≤ 1 whereas fγ is quasiconvex if

and only if |γ| ≤ 1+ε for some ε > 0 (see also [52] by Iwaniec and Kristensen).

This shows that there exists some γ > 1 such that fγ is quasiconvex but not

polyconvex.

It is worth noting that fγ is rank-one convex if and only if |γ| ≤ 2/
√

3 and

from the numerical results in [29] and [30], it is believed (though not proved)

that 1 + ε = 2/
√

3.

To end this section, we give an example of the application of the direct method to

a minimization problem of a quasiconvex variational integral. Recall from Example

1.18 that the pointwise coercivity condition (1.7) for the integrand F implies the

weak coercivity of the corresponding variational integral J in W1,p(Ω) (meaning

that Sc = {u ∈ W1,p(Ω) : J(u) ≤ c} is sequentially weakly precompact for all c)

provided that p > 1, and observe that it also implies the lower bound (1.12). Thus

if we assume that F (x, u, ·) is quasiconvex and that the p-growth condition (1.11)

holds, then we also get sequential weak lower semicontinuity and hence the direct

method can be applied.

The above discussion can be summarized as follows.

Proposition 1.32. Suppose that p > 1, Ω is a Lipschitz domain, J is an integral

functional of the form (1.1) and F : Ω×RN×RN×n → R is a Carathéodory integrand

satisfying the p-coercivity assumption (1.7) and the p-growth assumption (1.11), i.e.

− α + β|z|p ≤ F (x, u, z) ≤ γ(1 + |u|p + |z|p) (1.13)
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for some α, β, γ > 0. Then the minimization problem

minimize J(u) over u ∈W1,p
g (Ω;RN)

has a solution for any Dirichlet boundary datum g ∈W1,p(Ω;RN).

Notice that this proposition is only stated for p > 1. For p = 1, the p-growth

condition is sufficient for sequential weak lower semicontinuity in W1,1(Ω;Rd) but

the pointwise coercivity condition (1.7) no longer guarantees that a minimizer exists

in W1,1(Ω;RN). In fact, the space BV(Ω;RN) of functions with bounded variation

is a more suitable context in which to find a minimizer (in a generalized sense) of an

integral functional whose integrand satisfies the 1-growth condition. It should be

noted that with suitable modifications, much of the previous results that we have

discussed can be extended to the case where the variational integral J has a normal

integrand instead of a Carathéodory integrand.

While the coercivity conditions and growth conditions that have been introduced

so far are all pointwise conditions on the integrand F (x, u, z) of the variational inte-

gral J , different types of coercivity and growth conditions are also possible (see Chen

and Kristensen [21], for example). The fact that sequential weakly lower semicon-

tinuity holds under the quasiconvexity condition can be seen as an instance of the

so-called ‘compensated compactness’ methods (see Murat and Tartar [100, 101]).

For more information regarding these methods and other methods of solving vari-

ational problems in the calculus of variations, such as the ‘concentration compact-

ness’ methods by Lions [68, 69, 70, 71]), Struwe’s monograph [93] is a good place to

look. Note that none of these other methods are suitable for the type of variational

problems that we consider here in this chapter; for this we need the direct method.

1.3 Young Measure and Lower Semicontinuity

Over the recent years, Young measures have become an important tool for dealing

with nonlinearity in calculus of variations and many related disciplines. There are

several ways Young measures can be introduced, with various degrees of generality.

The theory that is presented here is not the most general one possible but is sufficient

for our purpose. Most of the material in this section is from the books [87] by

Rindler, [45] by Fonseca and Leoni, [82] by Pedregal, and series of lecture notes and

the paper [58] by Kristensen.

In the following, C0(Rm) is the space of all continuous functions vanishing at

infinity. Its dual is the space of all (signed) Radon measures, denoted by M(Rm).

We denote the subset ofM(Rm) consisting of all probability measures byM1(Rm).

Recall that for a bounded open set Ω ⊂ Rn (equipped with the Lebesgue measure),

L1(Ω;C0(Rm))∗ ' L∞w (Ω;M(Rm)) (see Proposition A.24 in the appendix).
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Definition 1.33. [Young measure] Let Ω be a bounded open subset of Rn, equipped

with the Lebesgue measure. A Young measure is an element ν ∈ L∞w (Ω;M(Rm))

such that ν(x) ∈M1(Rm) almost every x ∈ Ω. �

Remark 1.34. 1. For a Young measure ν, we often write νx := ν(x).

2. The barycenter (or the centre of mass) of measure µ ∈ M(Rm) is defined,

provided that
∫
Rm |z| dµ(z) <∞, by

µ :=

∫
Rm

z dµ(z).

If ν is a Young measure, ν is a function defined by ν(x) := νx.

3. If ν is a Young measure, then for any Carathéodory integrand f : Ω×Rm → R,

the function (in x variable)

f(x, νx) :=

∫
Rm

f(x, z) dνx(z)

is Lebesgue-measurable. (see [87, Theorem 4.1-4.5 and Problem 4.1]). �

Proposition 1.35 (Fundamental Theorem of Young Measure). For p ∈ [1,∞], let

Vj ∈ Lp(Ω;Rm) be a bounded sequence. Then there is a subsequence (not relabelled)

and a Young measure ν such that the following hold:

1. If p <∞, then

〈〈ν, | · |p〉〉 :=

∫
Ω

∫
Rm
|z|p dνx(z) dx <∞. (1.14)

If p =∞, then there exists a compact set K ⊂ Rm such that

supp νx ⊂ K for almost all x ∈ Ω. (1.15)

2. For any Carathéodory integrand f : Ω × Rm → R such that (f(x, Vj))j∈N is

uniformly integrable, we have

f(x, Vj(x))
w
⇀ f(x, νx) in L1. (1.16)

In particular, we have∫
Ω

f(x, Vj(x)) dx→
∫

Ω

f(x, νx) dx =

∫
Ω

∫
Rm

f(x, z) dνx(z) dx.

Proof. See [87, Theorem 4.1-4.5]) or [45, Theorem 8.6].

Definition 1.36. For p ∈ [1,∞],
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• The set of all Young measures that satisfies condition (1) in Proposition 1.35

is denoted by Yp(Ω;Rm).

• If a sequence of measurable functions Vj : Ω→ Rm satisfies the condition (2)

in Proposition 1.35, then we say that the sequence Vj generates the Young

measure ν. Symbolically, we write

Vj
Y→ ν.

�

Remark 1.37. A sufficient condition for a sequence of measurable functions Vj : Ω→
Rm to generate a Young measure ν is the tightness condition

lim
t→∞

lim sup
j→∞

Ln({|Vj| > t}) = 0,

which is implied by boundedness in the Lp norm. �

Next, we shall state some of the most useful results regarding Young measure

that is used in this work.

Proposition 1.38. For p ∈ (1,∞], let Vj be a sequence in Lp(Ω;Rm) such that

Vj
Y→ ν ∈ Yp(Ω;Rm). Setting V (x) := νx, then for p ∈ (1,∞) we have

Vj
w
⇀ V in Lp,

or, for p =∞,

Vj
w∗
⇀ V in L∞.

Proof. See [87, Lemma 4.11]).

Proposition 1.39. For p ∈ [1,∞], let Vj be a bounded sequence in Lp(Ω;Rm) such

that Vj
Y→ ν ∈ Yp(Ω;Rm). Then for V ∈ Lp(Ω;Rm),

Vj → V in measure if and only if νx = δV (x) a.e. x ∈ Ω.

Proof. See [87, Lemma 4.12]) or [45, Corollary 8.9].

The following proposition allows us to ‘freeze’ one variable in the integrand,

which will prove to be useful when we deal with integrands with several variables.

Proposition 1.40. Let p ∈ (1,∞), uj be a bounded sequence in Lp(Ω;RN) and

Vj be a sequence in Lp(Ω;RM). Suppose that there exist u ∈ Lp(Ω;RN) and ν ∈
Yp(Ω;RM) such that

uj → u pointwise a.e. and Vj
Y→ ν,

then (uj, Vj)
Y→ µ ∈ Yp(Ω;RN+M) where

µx = δu(x) ⊗ νx a.e. x ∈ Ω.

Proof. See [87, Lemma 5.19] or [45, Corollary 8.10].
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There is a certain subclass of Young measure that is especially interesting to us,

namely the class of gradient Young measures, whose elements are generated by a

sequence of gradients. The reason why it is so important in calculus of variations

is because it interacts well with quasiconvexity.

Definition 1.41 (Gradient Young Measure). Let Ω be a bounded open set in Rn

and p ∈ [1,∞]. For a Young measure ν ∈ Yp(Ω;RN×n), we say that ν is a W1,p-

gradient Young measure if there exists a bounded sequence uj in W1,p(Ω;RN) such

that

∇uj
Y→ ν.

• The set of all W1,p-gradient Young measures is denoted by GYp(Ω;RN×n).

• If ν ∈ GYp(Ω;RN×n) is constant for a.e. x ∈ Ω, then we say that ν is a

homogeneous gradient Young measure. In this case, we sometimes also write

ν instead of νx (and likewise for ν). �

Remark 1.42. For a gradient Young measure ν ∈ GYp(Ω;RN×n), suppose that∇uj
is a bounded sequence in Lp(Ω;RN×n) that generates ν. Suppose that Ω is a bounded

Lipschitz domain (so that we can apply the Poincaré–Wirtinger inequality), by

subtracting ujΩ from uj we can assume that uj is bounded in W1,p(Ω;RN) and that

uj
w
⇀ u in W1,p. From Proposition 1.38, it follows that ν = ∇u a.e. x ∈ Ω. Such a

u will be called an underlying deformation of ν. �

Proposition 1.43. Let p ∈ (1,∞] and ν ∈ GYp(B1(0);RN×n) be a gradient Young

measure (where B1(0) is the unit ball in Rn). Suppose that h : RN×n → R is a

quasiconvex function with p-growth, i.e. |h(z)| ≤ C(1 + |z|p) for some C ≥ 0, then

h(ν) ≤ 〈ν, h〉 =

∫
RN×n

h(z) dν(z).

For p =∞, there is no restriction on the growth condition.

Proof. See [87, Lemma 5.11]).

Proposition 1.44. Let p ∈ [1,∞) and ν ∈ GYp(Ω;RN×n). Then for almost every

x0 ∈ Ω, the probability measure νx0 is a homogeneous gradient Young measure in

its own right, i.e. νx0 ∈ GYp(B1(0);RN×n).

Proof. See [87, Lemma 5.14]).

Proposition 1.45. Let p ∈ (1,∞) and ν ∈ GYp(Ω;RN×n). Suppose that F : Ω ×
RN ×RN×n → R is quasiconvex in the last variable with p-growth in the sense that

|h(x, u, z)| ≤ Cx,u(1 + |z|p) for a.e. x ∈ Ω

for some constant Cx,u > 0. Then we have

h(x, u, νx) ≤ h(x, u, νx) =

∫
RN×n

h(x, u, z) dν(z) for a.e. x ∈ Ω.
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Proof. This clearly follows from Proposition 1.44 and Proposition 1.43.

Recall that F+ = max{F, 0} and F− = max{−F, 0} are the positive and neg-

ative parts of F , respectively. With all of the above, we have the following lower

semicontinuity result.

Proposition 1.46. Let p ∈ (1,∞), F : Ω×RN×RN×n be a Carathéodory integrand

such that

|F (x, u, z)| ≤ Cx,u(1 + |z|p) for a.e. x and u

and that F (x, u, ·) is quasiconvex for almost all x and u. Suppose (uj)j∈N be a

sequence in W1,p(Ω;RN) such that uj
w
⇀ u in W1,p(Ω;RN) and (F−(x, uj,∇uj))j∈N

is uniformly integrable. Then we have∫
Ω

F (x, u,∇u) dx ≤ lim inf
i→∞

∫
Ω

F (x, uj,∇uj) dx.

Proof. Without loss of generality, it is enough to prove the inequality for any sub-

sequence of uj; hence we can assume that ∇uj
Y→ ν for some ν ∈ GYp(Ω;RN×n)

and that uj → u a.e. x ∈ Ω. By Proposition 1.40, we get that (uj,∇uj)
Y→ µ, where

µx = δu(x) ⊗ νx for a.e. x ∈ Ω.

Since (F−(x, uj,∇uj))j∈N is uniformly integrable, Proposition 1.35 implies that∫
Ω

F−(x, u(x), νx) dx = lim
j→∞

∫
Ω

F−(x, uj(x),∇uj(x)) dx.

On the other hand, we can define FM(x, u, z) := max{F+(x, u, z),M} and observe

that (FM(x, uj,∇uj))j∈N is (trivially) uniformly integrable. Therefore we also have∫
Ω

FM(x, u(x), νx) dx = lim
j→∞

∫
Ω

FM(x, uj(x),∇uj(x)) dx

≤ lim inf
j→∞

∫
Ω

F+(x, uj(x),∇uj(x)) dx

for any M > 0. By the monotone convergence theorem, we can take the limit as

M →∞ and conclude that∫
Ω

F+(x, u(x), νx) dx ≤ lim inf
j→∞

∫
Ω

F+(x, uj(x),∇uj(x)) dx

Using the fact that F = F+−F− and that lim infj(aj−bj) = lim infj aj−limj bj,

we have ∫
Ω

F (x, u(x), νx) dx ≤ lim inf
j→∞

∫
Ω

F (x, uj(x),∇uj(x)) dx.
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Lastly, since ∇uj
w
⇀ ∇u, Propositions 1.38 and 1.45 imply that∫

Ω

F (x, u(x),∇u(x)) dx =

∫
Ω

F (x, u(x), νx) dx

≤
∫

Ω

F (x, u(x), νx) dx

≤ lim inf
j→∞

∫
Ω

F (x, uj(x),∇uj(x)) dx.

A more general version of the above proposition, stated in the framework of

BV functions, can be found in the paper [58] by Kristensen. However, the above

formulation is sufficient for our usage in chapter 3.
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2 Generic Well-posedness with Respect to Linear

Perturbations

In this chapter, we study when the act of perturbing a variational integral J(u) =∫
Ω
F (x, u(x),∇u(x)) dx, viewed as an R-valued nonlinear functional on a Sobolev

space J : W1,p
0 (Ω;RN)→ R, by a linear functional ξ ∈W1,p

0 (Ω;RN)∗ affects the vari-

ational problem in such a way that the minimization problem min(W1,p
0 (Ω;RN); J−

ξ), that is

minimize (J − ξ)(u) over u ∈W1,p
0 (Ω;RN),

associated with the perturbation ξ behaves better than the unperturbed problem.

More specifically, we want to show that the complement of the setA ⊂W1,p
0 (Ω;RN)∗

of all ξ such that the problem min(W1,p(Ω;RN); J − ξ) fails to be Tykhonov well-

posed is larger than a residual set (in Baire’s sense). In fact, we will see that

the set W1,p
0 (Ω;RN)∗\A satisfies a much stronger condition than being residual (at

least when p > 1) and that the problem min(W1,p
0 (Ω;RN); J − ξ) is Hadamard

well-posed for ξ ∈ W1,p
0 (Ω;RN)∗\A. The results extend naturally to the problems

min(W1,p
g (Ω;RN); J − ξ) with arbitrary Dirichlet boundary datum g ∈W1,p(Ω;RN)

and constrained minimization problems.

Regarding the Tykhonov well-posedness of the unperturbed variational problem

min(W1,p
0 (Ω;RN); J), there are some related results by Sychev in this direction that

partially inspired our work in this chapter. In [95] (based on his earlier work in [94]),

Sychev studied a slightly weaker property than Tykhonov well-posedness that he

called the ‘stability’ of a variational integral J : W1,1(Ω;RN)→ R, and proved some

interesting results under relatively mild assumptions. Some of these assumptions

also motivated our assumptions in Theorem 2.3. A point u ∈W1,1(Ω;RN) is called

a point of stability in Sychev’s sense if for any sequence uj in W1,1(Ω;RN)

uj
w
⇀ u and J(uj)→ J(u) =⇒ ∇uj → ∇u in L1.

He proved that under suitable assumptions, the set of points of stability in W1,1(Ω;RN)

is dense in {u : J(u) < ∞}. While our results in this chapter do not imply

his result, it is worth noting that a strong minimizer of the perturbed problem

min(W1,1(Ω;RN); J − ξ) is a point of stability in Sychev’s sense.

Our motivation for studying the generic Tykhonov well-posedness of minimiza-

tion problems min(W1,p
0 (Ω;RN); J−ξ) for ξ ∈W1,p

0 (Ω;RN)∗ is a theorem by Stegall

[91], now commonly known as the Stegall’s variational principle. A prevalent form

of the statement of the Stegall’s variational principle as commonly seen, e.g. in [13]

and [83], is formulated as a perturbed minimization theorem in a form similar to

the (more well-known) Ekeland variational principle. This version can be stated as

a well-posedness theorem as follows.
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Proposition 2.1 (Stegall’s Variational Principle). Let X be a Banach space and

C ⊂ X be a nonempty, closed and bounded convex set with the Radon–Nikodym

Property. Let f : C → R be a lsc function that is bounded from below. Then for

any ε > 0, there exists x∗ ∈ X∗ such that ‖x∗‖ < ε and the problem of minimizing

f + x∗ is Tykhonov well-posed.

The Radon–Nikodym Property is defined later in this chapter, but for now it is

helpful to note that every nonempty, closed and bounded convex set in a reflexive

space X has this property.

While a direct proof of this version of Stegall’s variational principle, although

very technical, is available (see the aforementioned books, for examples), in fact

an even stronger theorem can be obtained naturally as a consequence of results

in convex analysis regarding the generic Fréchet differentiability of the Fenchel

conjugates of a particular class of functions. This approach relies on the continuity

properties (in the multivalued functions sense) of subdifferentials of convex functions

in a nontrivial way. The goal of this chapter is to lay the foundations needed for

the ‘improved’ version of the Stegall’s variational principle, and then apply it to

minimization problems in the calculus of variations. Note that the groundwork

about genericity and convex analysis is a collection of known results in the literature,

the original work in this chapter is the application of those techniques to variational

integrals.

The main generic well-posedness results in this section concerns the variational

integrals J : W1,p(Ω;RN) → R with Caratheodory integrand F (x, u, z), where F

satisfies a certain pointwise lower bound and J is strongly coercive in the sense that

lim
‖u‖W1,p→∞

J(u)

‖u‖W1,p

= ∞.

These assumptions are relatively weak and they follow from several more familiar

assumptions such as the p-coercivity assumption for F (x, u, z) (see [21] for a dis-

cussion of coercivity in the calculus of variations). The case p ∈ (1,∞) is simpler

than the case p = 1 and also allows us to draw a stronger conclusion regarding the

generic well-posedness in this case.

Let us first recall some terminology and notation regarding genericity and the

duals of Sobolev spaces that are used in the main theorems. A Gδ-set is a set that

can be written as an intersection of countably many open sets, and its complement

is an Fσ-set, a set that can be written as a union of countably many closed sets. A

property is generic in a topological space X if it holds on a dense Gδ-subset of X,

or, equivalently, fails to hold on an Fσ-subset of X with empty interior. An α-angle

small set is a particular case of an Fσ-set with empty interior (α-angle smallness and

other types of smallness will be discussed more thoroughly later in this chapter).
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The dual of the Sobolev space W1,p
0 (Ω;RN) is denoted by W1,p(Ω;RN)∗ and can,

for p ∈ [1,∞), be identified (isomorphically) with

W−1,p′(Ω;RN) =

{∑
|α|≤1

∂αfα : fα ∈ Lp
′
(Ω;RN)

}

normed by

‖v‖W−1,p′ := inf

{∑
|α|≤1

‖∂αfα‖Lp
′ : v =

∑
|α|≤1

∂αfα

}
,

where p′ is the conjugate exponent of p (i.e. 1
p

+ 1
p′

= 1 and p′ =∞ if p = 1 ). Our

main result regarding generic well-posedness of linearly perturbed problems with a

given Dirichlet boundary datum is as follows.

Theorem 2.2. Let p ∈ (1,∞), let Ω ⊂ Rn be a bounded open domain, let J : W1,p(Ω;RN)→
R be a variational integral of the form J(u) =

∫
Ω
F (x, u,∇u) dx, where the func-

tional J is strongly coercive as defined above, and let g ∈W1,p(Ω;RN).

Suppose that the integrand F : Ω×RN ×RN×n → R of J is normal and satisfies

the pointwise lower bound (1.8)

F (x, u, z) ≥ −f(x)− γ|u|t − β|z|p,

for some γ, β ≥ 0, 1 ≤ t ≤ p∗ and f ∈ L1(Ω), then there exists a set A ⊂
W−1,p′(Ω;RN) such that A is α-angle small for all α ∈ (0, 1) and the problem

minimize (J − ξ)(u) over u ∈W1,p
g (Ω;RN)

is Tykhonov well-posed at each ξ ∈ W−1,p′(Ω;RN)\A. Moreover, the problem

min(W1,p
g (Ω;RN); J − ξ) is Hadamard well-posed for ξ ∈ W−1,p′(Ω;RN)\A, where

W−1,p′(Ω;RN) is endowed with its usual norm topology.

In particular, if Ω is a domain with C1 boundary, then there exists a set Ã ⊂
W1,p′

0 (Ω;RN) such that Ã is α-angle small for some α ∈ (0, 1) and the problem

minimize

∫
Ω

F (x, u,∇u) dx−
∫

Ω

∇h :∇u dx over u ∈W1,p
g (Ω;RN)

is Tykhonov well-posed at each h ∈W1,p′

0 (Ω;RN)\Ã. Moreover, the problem

min(W1,p
g (Ω;RN); J−〈∇h, ·〉) is Hadamard well-posed for h ∈W1,p′

0 (Ω;RN)\Ã,where

W1,p′

0 (Ω;RN) is endowed with the usual norm topology.

The expression ξ(u) for a general u ∈ W1,p(Ω;RN) should be understood as

ξ̃(u) where ξ̃ is an arbitrary extension of ξ ∈ W−1,p′(Ω;RN) to an element of

W1,p(Ω;RN)∗. The set A (and Ã) in Theorem 2.2 is very small, smaller than a

meagre set (in Baire’s sense), so its complement in W−1,p′(Ω;RN) is very large.
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For the case p = 1, the fact that the space W1,1(Ω;RN) does not have the RNP

complicates the analysis of generic Tykhonov well-posedness significantly. Never-

theless, a slightly weaker result than Theorem 2.2 is available if we assume a further

pointwise strong coercivity condition for the integrand F , which yields the following

result.

Theorem 2.3. Let Ω ⊂ Rn be an open domain and J : W1,1(Ω;RN) → R be a

variational integral of the form J(u) =
∫

Ω
F (x, u,∇u) dx.

Suppose that the integrand F : Ω×RN ×RN×n → R of J is normal and satisfies

the pointwise strong coercivity condition

F (x, u, z) ≥ h(x) + θ(|z|) (2.1)

for some h ∈ L1(Ω) and some convex, increasing function θ : R+ → R+ such that
θ(t)
t
→ ∞ as t → ∞. For any g ∈ W1,1(Ω;RN) such that θ(|∇g|) ∈ L1(Ω), there

exists a dense Gδ set D ⊂W−1,∞(Ω;RN) such that the problem

minimize (J − ξ)(u) over u ∈W1,1
g (Ω;RN)

is Tykhonov well-posed for ξ ∈ D. Moreover, the problem min(W1,1
g (Ω;RN); J − ξ)

is Hadamard well-posed for ξ ∈ D, where W−1,∞(Ω;RN) ⊃ D is endowed with its

usual norm topology.

This chapter begins with a section about genericity and its complementary no-

tion: the σ-smallness, where we give a short review of Baire’s theory and a quick

introduction to porous sets and α-angle small sets. Then the background results

in convex analysis and its relation to the geometries of Banach spaces are recalled.

Lastly, we give the proofs of the main results stated above, together with a couple

of related results.

2.1 Baire’s Category Theorem and σ-Small Sets

In this section, we will introduce a few notions of “small” and “σ-small” sets

which are used to quantify how large a subset of a Banach space is.

An equivalent way to say that a subset of a Banach space X is large is to say

that its complement in X is small, so it would be beneficial to quantify smallness of

various types. Based on this, we can then define a σ-ideal of subsets of X generated

by sets that are considered small. Since the measure theoretic approach to the

problem is often not feasible when X is an infinite dimensional Banach space, it is

more natural to quantify smallness in X using its topological or metric structure.
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The first type of σ-small sets we shall discuss is Baire’s notion of meagre sets

(originally called “sets of first category”), which is a purely topological concept.

Nowadays, spaces that satisfies the conclusion of the classical Baire’s category the-

orem are called Baire spaces.

Definition 2.4 (nowhere dense and meagre sets). Let X be a topological space.

• A subset S is said to be nowhere dense if the interior of its closure is empty:

(S)◦ = ∅.

• Any countable union of nowhere dense sets is said to be a meagre set (or a

set of first category).

• A complement of a meagre set is called a residual set.

• If a set is not meagre, then we say that it is a set of second category. �

Definition 2.5 (Baire Space). A topological space X is called a Baire space if any

of the following five equivalent conditions is satisfied:

1. Every nonempty open set U ⊂ X is of second category.

2. If M ⊂ X is a meagre set, then M◦ = ∅.

3. If R ⊂ X is a residual set, then R = X.

4. Suppose that each Fi is a closed nowhere dense set, then (
⋃∞
i=1 Fi)

◦
= ∅.

5. Suppose that each Ui is a open dense set, then
⋂∞
i=1 Ui = X. �

To see that all of these conditions are equivalent, see [24]. The class of Baire

spaces contains two important classes of spaces that are commonly used in analysis.

Proposition 2.6 (Baire’s Category Theorem). A topological space X is a Baire

space if it satisfies any of the following properties.

1. X is completely metrizable.

2. X is a locally compact Hausdorff space.

The proof of this can also be found in [24].
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As we can see from the definition of Baire spaces, a space X is a Baire space

if each meagre set is ‘small’ (in the sense that is made precise above), so the σ-

ideal generated by the family of nowhere dense sets is appropriate for quantifying

smallness in a Banach space (which is, of course, a complete metric space). Recall

that a σ-ideal on X is a family F of subsets of X such that

• ∅ ∈ F .

• For all A,B ⊂ X such that A ∈ F and B ⊂ A, we have B ∈ F .

• If A1, A2, · · · ∈ F , then
⋃∞
j=1 Aj ∈ F .

A σ-ideal F is generated by a family B of subsets of X if F is the smallest σ-ideal

containing B, in which case we call B the generator of F . Intuitively, a generator

B of a σ-ideal consists of sets that are so small that a countable union of sets from

B is still a small set.

The word generic that was introduced in the early part of this thesis means

that a certain property holds on a dense Gδ set. It is equivalent to stating that said

property fails to hold on a meagre set.

The σ-ideal of all meagre sets, while sharing many similarities with the family

of all Lebesgue null sets, does not coincide with it on Rn. Indeed, there are meagre

sets of full Lebesgue measure and, conversely, Lebesgue null sets of second category.

However, there is a notion of σ-smallness on Rn which lies in the intersection between

the family of all meagre sets and the family of all Lebesgue null sets. We call this

notion σ-porosity and its definition easily generalizes to an arbitrary metric space.

The following presentation of porosity and σ-porosity is based on the survey paper

[109] by Zaj́ıček.

Definition 2.7 (porosity). Let X be a metric space and let M ⊂ X be a given

subset. For any x ∈ X and R > 0, we define

γ(x,R,M) := sup
{
r ≥ 0 : there exists z ∈ X such that B(z, r) ⊂ B(x,R)\M

}
.

• The lower porosity of M is defined as

p(M,x) := 2 lim inf
R↘0

γ(x,R,M)

R
.

• M is c-lower porous if there exists c > 0 such that p(M,x) > c for all x ∈M .

• A set M is called σ-lower porous if it is a union of countably many σ-lower

porous sets. �

For a metric space X and M ⊂ X, if M is σ-lower porous then it is meagre. If

X is a Euclidean space Rd, then M is also a Lebesgue null set. It should be noted

that, unlike nowhere dense sets whose closure are still nowhere dense, the closure

of a porous set need not be porous. Such distinction is discussed in detail in [86].
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The last notion of σ-ideal of subsets that we want to discuss is the family of

α-angle small sets, which is even stronger that σ-porosity. An α-angle small set

consists of a countable union of α-cone meagre sets, where each α-cone meagre set

S has the property that each point in it can be approached by a cone that does not

intersect S. The precise definition is as follows.

Definition 2.8 (α-cone meagre and α-angle small sets). Let X be a Banach space,

x∗ ∈ X∗ be a linear functional such that x∗ 6= 0, and let 0 < α < 1.

• We define a closed convex cone K(x∗, α) in X by

K(x∗, α) := {x ∈ X : α ‖x∗‖ ‖x‖ ≤ 〈x∗, x〉}.

Note that K(x∗, α) has nonempty interior. In fact K(x∗, α)◦ = {x ∈ X :

α ‖x∗‖ ‖x‖ < 〈x∗, x〉}.

• A subset A ⊂ X is called α-cone meagre if for each x ∈ A and ε > 0, there

exist z ∈ B(x, ε) and x∗ ∈ X∗\{0} such that

A ∩ (z +K(x∗, α)◦) = ∅.

• A subset M ⊂ X is called α-angle small if it is a countable union of α-cone

meagre sets. �

Observe that K(x∗, α) ⊃ K(x∗, β) whenever 0 < α ≤ β < 1. As α gets closer to

0, K(x∗, α) approaches a half-space, whereas K(x∗, α) shrinks into a thinner cone

as α tends to 1. Intuitively, it is not hard to imagine that an α-cone meagre set

must be porous. Indeed, an α-cone meagre set is c-lower porous for some c > 0

depending on α.

Proposition 2.9. Let X be a Banach space and let M ⊂ X be an α-cone meagre set.

Then M is c-lower porous for some constant c > 0 depending on α. In particular,

an α-angle small set is σ-lower porous.

Proof. For each x ∈M and ε > 0, we can find z ∈ B(x, ε) and x∗ ∈ X∗ (depending

on z) such that M ∩ (z +K(x∗, α)◦) = ∅. For some γ ∈ (0, 1) to be determined

later, we let x′ ∈ SX be such that 〈x∗, x′〉 > γ ‖x∗‖ and define x̄ := γx′.

For each y ∈ B(x̄, δ) we have

〈x∗, y〉 ≥ 〈x∗, x̄〉 − | 〈x∗, x̄− y〉 |
> γ2 ‖x∗‖ − δ ‖x∗‖ .

By choosing δ = min{(1−α
2

)γ2, 1− γ}, we get B(x̄, δ) ⊂ B(0, 1) and that

〈x∗, y〉 >
(

1 + α

2

)
γ2 ‖x∗‖
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for all y ∈ B(x̄, δ). Now, we may take γ >
√

2α
1+α

and hence getting

〈x∗, y〉 > α ‖x∗‖ > α ‖x∗‖ ‖y‖

for all y ∈ B(x̄, δ). This shows that B(x̄, δ) ⊂ K(x∗, α)◦ and since K(x∗, α)◦ is a

cone, we in fact have B(rx̄, rδ) ⊂ K(x∗, α)◦ for all r > 0.

For each r > 0, we may choose ε in the above to be ε = r/2 and the above discus-

sion shows that we can find zr, x
∗
r and x̄r such that zr +B(rx̄r, rδ) ⊂ B(x, 3r/2)\M

since B(rx̄r, δ) ⊂ B(0, r), zr ∈ B(0, r/2) and M ∩ (zr + K(x∗r, α)◦) = ∅ by the

assumption. This shows that p(M, 0) ≥ 2( rδ
3r/2

) = 4δ/3. Since δ depends only on α

and not on x, zr or x∗r, the proof is complete.

2.2 Convex Analysis and Geometries of Banach Spaces

There is a strong tie between convex analysis and variational problems in cal-

culus of variations, and in this case we are especially interested in its relationship

to the well-posedness of linearly perturbed problems. Even though the variational

integral J : W1,p(Ω;RN) → R of the form J(u) =
∫

Ω
F (x, u,∇u) dx, considered

in this chapter is not a convex functional on W1,p(Ω;RN), many tools from con-

vex analysis turn out to be useful for studying the well-posedness of the problem

min(W1,p
g (Ω;RN); J − ξ), where ξ ∈ W−1,p′(Ω;RN). This section will go through

some background materials in convex analysis, the geometries of Banach spaces and

how they can be applied to the study of generic well-posedness in the calculus of

variations.

First, let us recall some facts about convexity and lower semicontinuity of a

function whose domain is a Banach space with its range in R := (−∞,∞]

Definition 2.10. Let X be a Banach space and let f : X → R be a function

• The effective domain of f is denoted by

dom f := {x ∈ X : f(x) <∞}

• The set of all points of continuity of f is denoted by cont f (by convention,

cont f ⊂ dom f always).

• We say that f is proper if dom f 6= ∅.

• The family of all proper, convex, lsc functions on X is denoted by

Γ(X) :=
{
f : X → R : f is proper, convex and lsc

}
.

�
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Next, we introduce the subdifferentiability and Fenchel conjugate and their im-

portant properties. The subdifferential and ε-subdifferential of f encode its global

behaviour on X regarding how its epigraph can be touched (or nearly touched) from

below by affine functions. For this reason, the subdifferential of J : W1,p(Ω;RN)→
R is intimately connected to the minimization problem min(W1,p(Ω;RN); J − ξ) for

ξ ∈ X∗.
The subdifferential ∂f of f can be defined for any proper function f , but it has

particularly nice properties when f satisfies further assumptions such as convexity

and continuity.

Definition 2.11 (subdifferential). Let X be a normed space, let f : X → R be a

proper function and ε ≥ 0.

• The ε-subdifferential of f is the multifunction ∂εf : X ⇒ X∗ defined by

∂εf(x) :=
{
x∗ ∈ X∗ : 〈x∗, y − x〉 ≤ f(y)− f(x) + ε for all y ∈ X

}
for each x ∈ dom f .

• For the case ε = 0, we omit ε from the notation and merely write ∂f := ∂0f

to denote the subdifferential of f :

∂f(x) :=
{
x∗ ∈ X∗ : 〈x∗, y − x〉 ≤ f(y)− f(x) for all y ∈ X

}
.

• Each x∗ ∈ ∂f(x) is called a subderivative of f at x. �

For a proper convex function f , lower semicontinuity (resp. continuity) is strong

enough to guarantee that ∂εf (resp. ∂f) does not map to ∅.

A careful consideration of the definition of the subdifferential ∂f reveals that its

inverse is directly related to the solutions of the perturbed minimization problem

of f by linear functionals. Indeed, for any given x∗ ∈ X∗, we can see that

∂f−1(x∗) = {x ∈ X : x∗ ∈ ∂f(x)}
= argmin

X
(f − x∗) (2.2)

since x∗ ∈ ∂f(x) if and only if f(x)− 〈x∗, x〉 ≤ f(y)− 〈x∗, y〉 for all y ∈ X, i.e. x is

a minimizer of f − x∗. Here ∂f−1 := (∂f)−1 is the inverse of the multifunction ∂f .

Unlike differentiation of a real-valued function, taking the subdifferential of f

is not a local operation. In the one-dimensional case, a subderivative x∗ ∈ ∂f(x)

is the slope of a line tangent to the graph of f at the point (x, f(x)) such that the

whole line lies below the epigraph of f , so it takes into account the value of f on

the entire domain. For a convex function f : R→ R, however, a tangent line to any
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point (x, f(x)) necessarily lies below the entire epigraph of f , so it should not be

surprising that ∂f behaves better if f is convex.

The structure of the set ∂f(x) is relatively simple at each x ∈ dom f and has

an Upper semicontinuity property (the proof of this can be found in [83]).

Proposition 2.12. Let X be a normed space, let f : X → R be proper and x ∈
dom f . The set ∂f(x) is convex and w∗-closed. If we also assume that f is convex

and x ∈ cont f , then ∂f(x) is w∗-compact and nonempty. Moreover, if f is locally

Lipschitz with constant K on U ∈ N (x), then ∂f(U) ⊂ KBX∗.

It is known that for a convex function f , if cont f 6= ∅, then f is locally Lipschitz

on (dom f)◦, hence the hypothesis for the last part of Proposition 2.12 can always

be satisfied by choosing an appropriate U ∈ N (x) (recall that cont f ⊂ (dom f)◦).

In fact, the following is true (see [12]).

Proposition 2.13. Let f : X → R be convex and x ∈ cont f , then ∂f : X ⇒ X∗ is

‖·‖-w∗ USC at x.

Suppose that f : R → R is a convex function; we can recover f if we know, for

each c ∈ R, where the tangent line with slope c intersects the y-axis. This idea

generalizes to any f ∈ Γ(X), where X is a Banach space but in place of a ‘slope of

a tangent line’, which is a real number c ∈ R, we now consider a functional x∗ ∈ X∗

associated with the affine functions that is tangent to f . The Fenchel conjugate f ∗

of f encodes the information regarding the behaviour of the affine functions that

minorize f .

Definition 2.14 (Fenchel conjugate). Let X be a Banach space and let f : X → R
be proper.

• The Fenchel conjugate of f is the function f ∗ : X∗ → R defined by

f ∗(x∗) := sup
x∈X

(
〈x∗, x〉 − f(x)

)
.

• For a proper function g : X∗ → R, its Fenchel conjugate is the function g∗

defined on X∗∗. When g = f ∗, g∗ will be called the second conjugate and is

denoted by

f ∗∗(x∗∗) := sup
x∗∈X∗

(
〈x∗∗, x∗〉 − f ∗(x∗)

)
.

�

Remark 2.15.

• The above definition is well-defined since we assumed f to be proper, hence

f ∗ cannot take the value −∞.
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• f ∗ need not be proper if f is not bounded below (e.g. the real-valued function

f(x) = −x2 has the Fenchel dual f ∗ ≡ +∞). For f ∗ to be proper, it is

necessary and sufficient that there exists an affine function minorizing f .

• Since f ∗ is the supremum of a family of affine functions (which are convex

and continuous), f ∗ is convex and lower semicontinuous, i.e. f ∗ ∈ Γ(X∗). In

fact, f ∗ is even w∗-lsc.

• In this thesis f ∗∗ is the function f ∗∗ : X∗∗ → R whose domain is X∗∗. Some

authors use the symbol f ∗∗ to denote the restriction of our f ∗∗ to X, i.e.

f ∗∗|X . �

The subdifferential ∂f ∗ of f ∗ plays many important roles in the minimization

problem of f − x∗. This fact is hinted already in the definition of f ∗ since it can be

rewritten as

f ∗(x∗) = − inf
X

(f − x∗).

The role of f ∗ will become even more prominent when we discuss the relationship be-

tween subdifferential and Fréchet differentiability. The following proposition shows

that the single-valuedness of ∂f ∗ implies that the minimizer of f − x∗, if it exists,

must be unique.

Proposition 2.16. Let X be a Banach space and let f : X → R be proper. Then

argmin
X

(f − x∗) ⊆ ∂f ∗(x∗).

The two sets are equal if X is reflexive. �

The proof of this statement is not hard and almost follows from the definition

of subdifferential (see [105] or [12]) This results can be strengthened significantly

whenever f ∗ is Fréchet (or Gâteaux) differentiable at x∗.

Given a convex function f : X → R, the Fréchet differentiability of f forces the

values of ∂f at these points of differentiability to be singletons, and also give ∂f

some desirable continuity properties (in the sense of multivalued functions). As was

hinted in Proposition 2.16, it is reasonable to expect that the Fréchet differentia-

bility of f ∗ is ultimately connected to the Tykhonov well-posedness.

To distinguish it from the subdifferential, we shall denote the Fréchet (or Gâteaux)

derivative of f by f ′ or ∇f . For a convex function f : X → R, there is an immedi-

ate characterization of Gâteaux differentiability in term of its subdifferential. The

proof of this can be found in [12].

Proposition 2.17. Let X be a Banach space and f : X → R be a convex function.

Suppose that x0 ∈ cont f , then f is Gâteaux differentiable at x0 if and only if ∂f(x0)

is a singleton.
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∂f(x0) being a singleton alone is not enough to guarantee that f is Fréchet

differentiable at x0 but it is a necessary condition. The extra bit of information that

we need is the upper semicontinuity property of ∂f at x0. According to Proposition

2.13, for a convex function f , its subdifferential ∂f is ‖·‖-w∗ USC at the points of

continuity. If we can show that a stronger continuity property holds, i.e. that ∂f is

‖·‖-‖·‖ USC at x0, then it is Fréchet differentiable there (the proof can be found in

[12] as well).

Proposition 2.18 (Šmulian’s Theorem). Let X be a Banach space and f : X → R
be a convex function. Suppose that x0 ∈ cont f , then the following are equivalent.

1. f is Gâteaux (resp. Fréchet) differentiable at x0.

2. ∂f(x0) is a singleton and ∂f is ‖·‖-w∗ USC (resp. ‖·‖-‖·‖ USC) at x0.

One of the most important results that will be applied to the problems in the

calculus of variations is the following proposition which shows a strong connec-

tion between Fréchet differentiability of f ∗ and the Tykhonov well-posedness of the

linearly perturbed minimization problem for f (see [63] by Lassonde).

Proposition 2.19. Let X be a Banach space and let f : X → R be proper and lsc.

Let x∗ ∈ (dom f ∗)◦, then the following are equivalent:

1. f ∗ is Fréchet differentiable at x∗.

2. f − x∗ attains a strong minimum on X.

Recall that f−x∗ attaining a strong minimum means that the problem min(X; f−
x∗) is Tykhonov well-posed.

Proposition 2.19 says that we can study the Tykhonov well-posedness of the

minimization problem of the functional f − x∗ over X by studying the differentia-

bility of f ∗ at x∗ instead, provided that all the necessary assumptions are satisfied.

Hence, the generic well-posedness of our minimization problem is intimately con-

nected to the generic differentiability of a convex and lsc function, which is a topic

that is relatively thoroughly studied.

The following result is based on a theorem from a paper [84] by Preiss and

Zaj́ıček on the single-valuedness of monotone operators (the subdifferential ∂f is

an example of a monotone operator).

Theorem 2.20 (Preiss–Zaj́ıček). Let X be a Banach space such that X∗ is separable

and let T : X ⇒ X∗ be a monotone operator. Then there exists a subset A ⊂
Dom (T ) such that A is α-angle small for all α ∈ (0, 1) and T is single-valued and

‖·‖-‖·‖ USC on Dom (T )\A.
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This theorem, together with the characterization of Fréchet differentiability,

leads immediately to generic differentiability.

Proposition 2.21. Let X be a Banach space such that X∗ is separable and f : X →
R be a proper convex lsc function. Then there exists A ⊂ (dom f)◦ such that A is

α-angle small for all α ∈ (0, 1) and f is Fréchet differentiable on (dom f)◦\A. In

particular, f is generically Fréchet differentiable on (dom f)◦.

Proof. Recall that (dom f)◦ = cont f ⊂ Dom ∂f whenever f is a proper convex

lsc function. Since ∂f is monotone, Theorem 2.20 says that there exists an α-

angle small set Ã ⊂ Dom ∂f such that ∂f is single-valued and ‖·‖-‖·‖ USC on

(Dom ∂f)\Ã.

Let A := (dom f)◦ ∩ Ã, then it is easy to verify that A is also α-angle small for

all α ∈ (0, 1) and ∂f is single-valued and ‖·‖-‖·‖ USC on (dom f)◦\A. By Šmulian’s

theorem (Proposition 2.18), f is Fréchet differentiable at x if and only of ∂f(x) is

a singleton and ∂f is ‖·‖-‖·‖ USC at x. Since (dom f)◦ = cont f , we conclude that

f is Fréchet differentiable on (dom f)◦\A.

The previous proposition shows that a proper convex lsc function f : X → R is

generically differentiable on a very large subset of (dom f)◦, provided that X has

a separable dual, but this assumption proves to be too restrictive in some cases,

e.g. when X is the dual of W1,1
0 (Ω). For this reason, the Radon–Nikodym Property

(RNP) which is a more refined geometric property of a normed space X is needed.

The definition and background materials related to the Radon–Nikodym Property

can be found in the appendix. For a thorough discussion about generic Fréchet

differentiability, see [67] by Lindenstrauss, Preiss, and Tǐser.

One of the reasons for studying spaces (or sets) with the RNP is that, roughly

speaking, the RNP is dual to the statement “every continuous convex functions

are generically differentiable on its domain”. The exact formulation of this duality

requires the notion of an Asplund space.

Definition 2.22 (Asplund space). Let X be a Banach space, U ⊂ X and V ⊂ X∗

be nonempty open sets. Then

1. X is an Asplund space if any lsc convex function f : U → R is generically

Fréchet differentiable.

2. X is a weak Asplund space if any lsc convex function f : U → R is generically

Gâteaux differentiable.

3. X∗ is a w∗-Asplund space if any w∗-lsc convex function f : V → R is generi-

cally Fréchet differentiable. �
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According to Theorem 2.20, X is an Asplund space if X∗ is separable. In fact, a

separable space is Asplund if and only if its dual is separable. A detailed treatment

of Asplund and weak Asplund spaces and their characterizations can be found in

[83].

The partial duality between spaces with the RNP and Asplund spaces was stud-

ied by Asplund [8]; Namioka and Phelps [81]; and Collier [26].

Proposition 2.23 (Asplund-Namioka-Phelps-Collier). Let X be a Banach space,

then

1. X is Asplund if and only if X∗ has the w∗-RNP.

2. X has the RNP if and only if X∗ is w∗-Asplund.

Moreover, on X∗ the w∗-RNP and the RNP are equivalent.

Since the Fenchel conjugate f ∗ of a proper function f : X → R is w∗-lsc and

convex, the above theorem and Proposition 2.19 shows that X having the RNP is

enough to guarantee the generic Tykhonov well-posedness of the linearly perturbed

minimization problem associated with f . It is well-known that reflexive spaces

have the RNP but spaces like C(K) or L1(Ω) lack the RNP, so Theorem 2.23

would apply when X = W1,p(Ω) with p > 1 but not when X = W1,1(Ω). For this

reason, we need to consider the RNP of subsets of X instead of the RNP on the

whole space. A thorough treatment of convex sets with the RNP can be found in

Bourgin’s monograph [14]. A very useful theorem that we are going to present can

be dated back to Lindenstrauss’ work [66] on weakly compact convex sets and was

later improved upon by Troyanski [104], the proof of it can be found in [14].

Proposition 2.24 (Lindenstrauss-Troyanski). Let X be a Banach space and let

K ⊂ X be a weakly compact convex set, then K has the RNP. Moreover, K is the

closure of the convex hull of its strongly exposed points.

A strongly exposed point of a closed and convex set C ⊂ X is a point x ∈ C

such that there exists ξ ∈ X∗ that verifies

ξ(xj)→ inf
C
ξ =⇒ xj → x

for any sequence (xj) ⊂ C. The final part of Proposition 2.24 is not needed in this

thesis, however.

Similar to the characterization given in Proposition 2.23, the RNP on a convex

set C can be characterized by the Fréchet differentiability of the Fenchel conjugates

of the family of lsc functions on C. The proof of the following proposition can be

found in [12, Theorem 6.6.12].
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Proposition 2.25. Suppose that X is a Banach space and C is a closed and bounded

convex subset of X. Then C has the RNP if and only if for each proper lsc func-

tion f : C → R that is bounded from below, its Fenchel conjugate f ∗ is Fréchet

differentiable on a dense Gδ-subset of X∗.

2.3 Applications of Convex Analysis to Linearly Perturbed

Variational Integrals

In this last section of the chapter, we apply the results from the previous sec-

tion to prove the generic well-posedness of minimization problems of the form

min(W1,p
g (Ω;RN); J − ξ), where ξ ∈ W−1,p′(Ω;RN), together with a few related

problems. Apart from the pointwise lower bound (1.8) for the integrand F (x, u, z)

of the variational integral J(u) =
∫

Ω
F (x, u,∇u) dx, which guarantees strong lower

semicontinuity, we need to assume a coercivity condition on the functional J to

ensure that its Fenchel conjugate J∗ has finite values.

Definition 2.26 (strong coercivity). Let X be a Banach space. A functional

J : X → R is said to be strongly coercive if

lim
‖u‖→∞

J(u)

‖u‖
=∞. (2.3)

�

This terminology is commonly used in the field of convex analysis (for example,

in [12]). For the case p > 1, the strong coercivity of J follows from many other

common assumptions such as the pointwise p-coercivity assumption (1.7) on the

integrand.

Lemma 2.27. Let X = W1,p(Ω;RN) and let J : X → R be a strongly coercive vari-

ational integral of the form (1.1) whose integrand F (x, u, z) is normal and satisfies

pointwise the lower bound (1.8). Then its Fenchel conjugate J∗ is finite on X∗, i.e.

Dom J∗ = W1,p(Ω;RN)∗.

Proof. Let ξ ∈ X∗ be given and suppose that ‖ξ‖ = M . By the superlinear growth

of J , there exists an r > 0 such that J(u) ≥M ‖u‖ on X\B(0, r).

From the lower bound assumption, we may integrate (1.8) over Ω and get

J(u) ≥ ‖h‖L1 − C ′ ‖u‖pW1,p

for some C ′ > 0. Hence for u ∈ B(0, r), we have ‖g‖L1 − rC ′ ≥ −C for some

constant C > 0. Thus

J(u) ≥ −C ≥ 〈ξ, u〉 − (C + rM)
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for all u ∈ B(0, r).

For u ∈ X\B(0, r), we have

J(u) ≥M ‖u‖W1,p ≥ | 〈ξ, u〉 | ≥ 〈ξ, u〉 − (C + rM).

Therefore the functional J is minorized by the affine function ξ − (C + rM) on the

whole space X. This implies that J∗(ξ) <∞ and since ξ is arbitrary, we thus have

Dom J∗ = X∗.

We are now ready to state and prove our first generic Tykhonov well-posedness

theorem.

Theorem 2.28. Let p > 1, Ω ⊂ Rn be an open domain, X = W1,p(Ω;RN) or

W1,p
0 (Ω;RN) and let J : X → R be a strongly coercive variational integral of the

form (1.1). Suppose that the integrand F (z, u, z) of J is normal and satisfies the

lower bound (1.8). Then there exists a set A ⊂ X∗ such that A is α-angle small

for all α ∈ (0, 1) and the problem min(X; J − ξ) is Tykhonov well-posed at each

point ξ ∈ X∗\A. Moreover, the problem min(X; J − ξ) is Hadamard well-posed for

ξ ∈ X∗\A, where X∗ is endowed with its norm topology.

Proof. From Proposition 1.21 and Lemma 2.27, our integral functional J is lsc in

the strong topology of X and Dom J∗ = X∗. Since cont J∗ = (Dom J∗)◦, it follows

that J∗ is continuous on X∗.

The function J∗ : X∗ → R is a continuous convex function and since X is a

separable reflexive space, X∗∗ = X is separable. Hence Proposition 2.21 guarantees

the existence of a set A ⊂ X∗ such that A is α-angle small for all α ∈ (0, 1) and

J∗ is Fréchet differentiable on X\A. By Proposition 2.19, J − ξ attains a strong

minimum for each ξ ∈ X∗\A, which is equivalent to Tykhonov well-posedness of

the problem min(X; J − ξ). Since A is porous and hence meagre, this proves the

generic Tykhonov well-posedness of min(X; J − ξ).
To prove Hadamard well-posedness, recall from Proposition 2.16 that

argmin (X; J − ξ) = ∂J∗(ξ)

since our space X is reflexive. At each point ξ ∈ X∗\A, J∗ is Fréchet differentiable

hence ∂J∗ is ‖·‖-‖·‖ USC by Šmulian theorem (Proposition 2.18). Hence min(X; J−
ξ) is Hadamard well-posed in the generalized sense at all such points.

Lastly, if we consider only ξ ∈ X∗\A, argmin (X, J − ξ) is single-valued for all

such ξ and hence it is continuous in the usual sense. This proves solution Hadamard

well-posedness for ξ ∈ X∗\A.

Note that Proposition 2.19 which is used here only assumes that J is lsc without

requiring J to be convex. There is a weaker relative of this proposition, which is
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perhaps more well-known, that assumes J to be convex as well to get the same

conclusion. This weaker version of Proposition 2.19 is inadequate for our purpose

but can be found in [35], for example.

A few generalizations of Theorem 2.28 is readily available with some modifi-

cations. The main result regarding minimization problems with fixed Dirichlet

boundary data g also follows from the above theorem.

Proof of Theorem 2.2. It is not hard to verify that for g ∈ W1,p(Ω;RN), the func-

tional Jg(u) := J(u− g) has superlinear growth and its integrand

Fg(x, u, z) := F (x, u− g(x), z −∇g(x))

satisfies the same lower bound (1.8) as F (x, u, z) (but with different constants). This

shows that J0 satisfies the assumptions from Theorem 2.28 with X = W1,p
0 (Ω;RN)

and X∗ = W−1,p′(Ω;RN).

From Theorem 2.28, there exists an α-angle small subset A ⊂ W−1,p′(Ω;RN)

such that the problem min(W1,p
0 (Ω;RN); Jg−ξ) is Tykhonov well-posed for all ξ ∈ A.

We may extend ξ (by the Hahn-Banach theorem, for example) to a functional in

W1,p(Ω;RN)∗ and add the constant ξ(g) to the functional Jg−ξ to get an equivalent

minimization problem

minimize J(u− g)− ξ(u− g) over u ∈W1,p
0 (Ω;RN).

This problem is Tykhonov well-posed since adding a constant does not change the

minimizer or the behaviour of minimizing sequences, and it is clearly equivalent

to the problem min(W1,p
g (Ω;RN); J − ξ). The statement about Hadamard well-

posedness is also similarly transferred.

When Ω is a C1 domain, there is an isomorphism between W−1,p′(Ω;RN) and

W1,p′

0 (Ω;RN) for p > 1 (see [89] or [62]), which means that for any ξ ∈W−1,p′(Ω;RN),

there exists h ∈W1,p′

0 (Ω;RN) such that

ξ(u) =

∫
Ω

∇h : ∇u dx

for all u ∈ W1,p
0 (Ω;RN) (this formula gives an extension of ξ to a functional on

W1,p(Ω;RN) in an obvious way). Since the property of being an α-angle small set

is invariant under equivalent norm (provided that we replace α with a suitable α′),

the conclusion from the previous part of this theorem continues to hold under this

equivalent representation of ξ.

Incorporating other kinds of constraints besides the boundary constraint are also

possible. The kind of constraints we shall consider here are integral side constraints.

Theorem 2.29. Under the same assumptions and notations as in Theorem 2.28,

let K ⊂ X be either
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1. K = {u ∈ X : H2(u) ≤ c}, where H2 is an integral functional whose integrand

satisfies (1.8).

2. K = {u ∈ X : H1(u) = c}, where H1 is an integral functional whose integrand

satisfies (1.9).

Then the problem min(K; J−ξ) is both Tykhonov well-posed at each point ξ ∈ X∗\A
and is Hadamard well-posed for ξ ∈ X∗\A, where X∗ is endowed with its norm

topology. Moreover, the same modifications work for Theorem 2.2 if we replace the

problem min(X; J − ξ) by min(K; J − ξ).

Proof. By Corollary 1.22 (resp. Proposition 1.21), H1 (resp. H2) is continuous

(resp. lsc) in W1,p(Ω;RN), hence K is a closed set. Let us define the function

δK : W1,p(Ω;RN)→ R to be

δK(u) =

0 ;u ∈ K
∞ ;u /∈ K.

(2.4)

Since K is closed, δK is lsc.

Now, we define J̃ := J + δK . J̃ is lsc since it is the sum of two lsc functions.

Clearly, J̃ has superlinear growth, hence the proof of Theorem 2.28 works for J̃ .

It is not hard to verify that the problems min(X; J̃ − ξ) and min(K; J − ξ) are

equivalent, hence we are done.

The last part of this theorem can be proved the same way.

Theorem 2.28 and its subsequent relatives rely heavily on reflexivity of W1,p(Ω;RN)

with p > 1, so the same approach will not work if we want to prove well-posedness

for the problem min(W1,1
0 (Ω;RN); J − ξ). In this case, the RNP will replace the

role of reflexivity. However, the conclusion of the theorem will be slightly weaker

as we can no longer show that the set where the Tykhonov well-posedness fails is

an α-angle small set, we can only show that it is meagre.

In the proof of well-posedness for the problem min(W1,1
0 (Ω;RN); J − ξ), the

following result by Krein and Smulian is crucial.

Proposition 2.30 (Krein–Šmulian Theorem). Let X be a Banach space and K ⊂
X be a weakly compact subset. Then convK, the closed convex hull of K, is also

weakly compact.

Proof. See [6, Theorem 3.42].

Before proving the next theorem, let us recall de la Vallée–Poussin’s character-

ization of weak compactness in L1.
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Proposition 2.31 (de la Vallée–Poussin criterion). Let Ω ⊂ Rn be a bounded open

domain. Suppose that F ⊂ L1(Ω;RN) is a given family of functions. Then F
is relatively weakly compact in L1(Ω;RN) if and only if there exists an increasing

function θ : [0,∞)→ [0,∞) such that

1. θ(t)
t
→∞ as t→∞.

2. supF
∫

Ω
θ(|f(x)|) dx <∞.

Additionally, if such a function exists we may take it to be convex.

Now we are ready to prove the generic well-posedness theorem for the problem

min(W1,1
0 (Ω;RN); J − ξ).

Theorem 2.32. Let Ω ⊂ Rn be a bounded open domain, X = W1,1(Ω;RN) or

W1,1
0 (Ω;RN) and J : X → R be an integral functional of the form (1.1). Suppose

that the integrand F of J is normal and satisfies the pointwise strong coercivity

condition in the last variable, i.e. we have

F (x, v, z) ≥ h(x) + θ(|z|) (2.5)

for some h ∈ L1(Ω) and some increasing function θ : [0,∞) → [0,∞) such that
θ(t)
t
→ ∞ as t → ∞. Then there exists a Gδ-subset of X∗ such that the prob-

lem min(X; J − ξ) is Tykhonov well-posed at each ξ ∈ D. Moreover, the problem

min(X; J − ξ) is Hadamard well-posed for ξ ∈ D, where X∗ ⊃ D is endowed with

its norm topology.

Proof. First we observe that (2.5) implies the lower bound (1.8) for p = 1, hence

J is strongly lsc in W1,1(Ω;RN). Moreover, the pointwise strong coercivity in the

last variable of F (x, u, z) also implies that the functional J is strongly coercive

in the sense of (2.3). Since we can add a constant to the functional J without

altering its generic Tykhonov well-posedness property, we may assume without loss

of generality that there exists ρ > 0 and u0 ∈ B(0, ρ) such that J(u0) = 0.

Suppose that M > 0 is given, since J is strongly coercive we can find R > 0

such that

J(u) > M ‖u‖W1,1

whenever u ∈ X\BX(0, R). We can choose this R so that R > ρ also. Now, let us

define the set S = SM to be

SM := {u ∈ X : J(u) ≤ RM}.

It is easy to check that S ⊂ BX(0, R). The condition (2.5) and de la Vallée–

Poussin criterion implies that S is a relatively weakly compact set, so S
w

is a
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weakly compact set. By the Krein–Šmulian theorem, the set K := conv (S
w

) is also

a weakly compact set.

Let J |K := J + δK , where δK is defined as in (2.4). We will first show that J∗

and J |∗K coincide on BX∗(0,M/2). Recall that for a function I : X → R, its Fenchel

conjugate is defined by

I∗(ξ) = sup
u∈X

(〈ξ, u〉 − I(u)).

Since J |K ≥ J we automatically have J |∗K ≤ J∗, so it is enough to prove that

J |∗K (ξ) ≥ J∗(ξ) for all ξ ∈ BX∗(0,M/2).

Suppose, for contradiction, that there exists ξ ∈ BX∗(0,M/2) such that J |∗K (ξ) <

J∗(ξ), which implies that

〈ξ, u0〉 ≤ sup
u∈S

(〈ξ, u〉 − J(u))

≤ sup
u∈K

(〈ξ, u〉 − J(u))

< sup
u∈X

(〈ξ, u〉 − J(u)).

Thus we can find u /∈ S such that 〈ξ, u0〉 < 〈ξ, u〉 − J(u), i.e.

RM < J(u) < 〈ξ, u− u0〉 . (2.6)

There are two possible cases, i.e. u ∈ BX(0, R)\S or u /∈ BX(0, R).

For the first case, since u ∈ B(0, R) and u0 ∈ B(0, ρ) we have ‖u− u0‖ ≤ ρ+R,

hence

| 〈ξ, u− u0〉 | ≤ (M/2)(ρ+R) < RM.

This contradicts (2.6). For the second case, since ‖u‖ ≥ R we have |J(u)| ≥M ‖u‖.
However, (2.6) would then imply that

M ‖u‖ ≤ |J(u)| < | 〈ξ, u− u0〉 | ≤ (M/2)(ρ+R) ≤M ‖u‖ ,

which is again a contradiction. This shows that we indeed have J∗(ξ) = J |∗K (ξ) for

all ξ ∈ BX∗(0,M/2).

For the second part, K is constructed for each given M > 0 so that it is a

bounded closed convex set which is weakly compact. By Lindenstrauss–Troyanski’s

theorem (Theorem 2.24), K has the RNP. By Proposition 2.25, J |∗K is Fréchet

differentiable on a dense Gδ subset of X∗. Since differentiability is a local property,

the set of differentiability of J∗ is completely determined by that of J |∗K by letting

M →∞.

More precisely, for each m > 0 we can construct Km = conv (S
w

m) as before,

and let Dm be the dense Gδ set determined by J |∗Km . One can verify that J∗ is

differentiable on

D =
∞⋂
m=1

(Dm ∪ Um) ,
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where Um = {ξ ∈ X∗ : ‖ξ‖ > m/4}. Since each Dm∪Um is a dense Gδ set, D is also

a dense Gδ set. This shows that J∗ is generically differentiable. By Proposition 2.19,

J − ξ attains a strong minimum for each ξ ∈ D, hence the problem min(X; J − ξ)
is generically Tykhonov well-posed.

The statement regarding Hadamard well-posedness follows directly from Fréchet

differentiability (see the proof of Theorem 2.28).

It is worth noting that if we impose the condition that the problem min(X; J −
ξ) is Tykhonov well-posed for all ξ ∈ X∗ (or ξ ∈ Dom (∂J∗)), then this forces

the functional J to be convex. This result follows from the famous Brøndsted–

Rockafellar theorem and the sketch of proof can be found in [12].

The proof of Theorem 2.3 is a direct consequence of Theorem 2.32.

Proof of 2.3. Similarly to Theorem 2.2, we may consider the functional Jg(u) :=

J(u−g) for g ∈W1,1(Ω;RN) and observe that the growth condition (2.5) still holds

for Fg(x, u, z) := F (x, u−g(x), z−∇g(x)). Indeed, since θ is convex and increasing,

we have θ(|z|/2) ≤ θ(|∇g(x)|/2+ |z−∇g(x)|/2) ≤ 1
2
(θ(|z−∇g(x)|)+θ(|z|)), hence

Fg(x, u, z) ≥ h(x) + θ(|z −∇g(x)|)
≥ h(x)− θ(|∇g(x)|) + 2θ(|z|/2).

The function h− θ(|∇g|) is integrable and θ̃(t) := 2θ(t/2) is convex and increasing.

We can then apply the result from Theorem 2.32 to Jg. The rest of the proof is

identical to the proof of Theorem 2.2 and so is left to the interested reader.
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3 Well-Posedness of Strictly Quasiconvex Varia-

tional Problems with Varying Dirichlet Data

The main goal of this chapter is to prove the generalized Hadamard well-

posedness of the variational problem

minimize J(u) over u ∈W1,p
g (Ω;RN)

with varying Dirichlet boundary data g ∈W1,p(Ω;RN). In this chapter we assume

throughout that Ω ⊂ Rn where n ≥ 2 and p ≥ 2. The fixed variational integral J

is of the form

J(u) =

∫
Ω

F (x, u(x),∇u(x)) dx,

where the integrand F : Λ × RN × RN×n → R is uniformly strictly p-quasiconvex

in the last argument (F (x, u, ·) − ν| · |p is quasiconvex for all x, u) and satisfies

certain growth and coercivity conditions. To simplify some proofs in this chapter,

we assume that F (·, u, z) is defined on a slightly larger (open, bounded) domain Λ ⊂
Rn, where Ω ⊂⊂ Λ. The generalized Hadamard well-posedness is established by

showing that the solution map S : W1,p(Ω;RN)⇒W1,p(Ω;RN), which is a particular

case of the multivalued functions

Sε(g) = {u ∈W1,p
g (Ω;RN) : J(u) ≤ ε+ inf

W1,p
g (Ω;RN )

J}

when ε = 0, is Upper semicontinuous (in fact, we will show that it is an USCO

map). The result relies on a uniform integrability estimate for the family{
F (·, uj,∇uj) : uj minimizes J in W1,p

gj
(Ω;RN)

}
,

where gj is a W1,p-convergent sequence, and the majority of the lemmas and propo-

sitions in this chapter is devoted to establishing this.

It is well-known that for a general quasiconvex variational problem, even for the

simplest case where the integrand F of J only depends on the gradient the map,

i.e. J(u) =
∫

Ω
F (∇u) dx, the uniqueness of extremals and minimizers for J cannot

be expected, so it is not possible to establish the classical Hadamard well-posedness

for varying Dirichlet data. Indeed, for this simplified variational integral, Müller

and Šverák [80] showed that the strong quasiconvexity of F (meaning F (·)− ν| · |2

is quasiconvex for some ν > 0) is not sufficient to imply that the extremals of J

are unique or even partially regular. Not even strong polyconvexity is enough to

guarantee the uniqueness of extremals for J , as shown by Székelyhidi [96] (see also

the work by Kristensen and Taheri [60]). The non-uniqueness of minimizers for

strongly polyconvex variational integrals can be seen in the work [90] by Spadaro,
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which is based on results of Lawson and Osserman [65] on minimal surfaces. This

problem of non-uniqueness of Dirichlet problems will be addressed again in chapter

5.

While the conclusion of our main theorem relies on the uniform strict quasi-

convexity of the integrand, most results in this chapter can be proved under sig-

nificantly weaker assumptions. A function G : RN×n → R is said to be uniformly

strictly p-quasiconvex at z ∈ RN×n if

G(·)− ν| · |p is quasicovex at z,

and G is uniformly strictly p-quasiconvex if G(·) − ν| · |p is quasiconvex for all

z ∈ RN×n. This is a stronger condition than merely being quasiconvex, but in

general it is weaker than the strong quasiconvexity condition that will be introduced

in chapter 4 (uniform strict quasiconvexity and strong quasiconvexity coincides for

p = 2, however). A variational integral J : W1,p(Ω;RN) is coercive if

J(u)→∞ if ‖u‖W1,p →∞. (J1)

The main result regarding the semicontinuity properties of S and Sε in this chapter

is as follows.

Theorem 3.1. Suppose that J is a coercive variational integral whose integrand F

is Carathéodory and satisfies the growth conditions

|F (x, u, z)| ≤ C (a(x) + b(x)|u|γ + |z|p) (F1)

and that there exists a function G : RN×n → R that is uniformly strictly p-quasiconvex

at z = 0 such that

F (x, u, z) ≥ G(z)− C (a(x) + b(x)|u|γ) , (F2)

for some C > 0, a ∈ L1(Λ), b ∈ Lρ(Λ) where γ, ρ satisfies the conditions (E).

Then for each ε ≥ 0, the multivalued function Sε : W1,p(Ω;RN) ⇒ W1,p(Ω;RN) is

‖·‖-w-USCO.

Moreover, assuming that F (x, u, ·) is uniformly strictly p-quasiconvex for all

(x, u) ∈ Ω× RN , then S : W1,p(Ω;RN)⇒W1,p(Ω;RN) is is ‖·‖-‖·‖-USCO.

Theorem 3.1 is more or less a consequence of its sequential version.

Theorem 3.2. Suppose that J is a coercive variational integral whose integrand F

is Carathéodory, quasiconvex in the last variable, and satisfies the growth conditions

(F1) and condition (F2) for some C > 0, a ∈ L1(Ω), b ∈ Lρ(Ω) where γ, ρ satisfies

the conditions (E).

Let ε ≥ 0 be fixed, gj ∈ W1,p(Ω;RN) be a sequence such that gj → g in norm,

and let uj ∈ Sε(gj). Then there exists a subsequence gjk of gj and u ∈ Sε(g) such
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that ujk
w
⇀ u in W1,p(Ω;RN) as k →∞, where ujk is the corresponding subsequence

of uj.

Moreover, for ε = 0 (i.e. Sε = S), if we assume further that F (x, u, ·) is uni-

formly strictly p-quasiconvex for all (x, u) ∈ Ω × RN , then we may conclude that

ujk → u strongly in W1,p(Ω;RN) as k →∞.

A key ingredient for proving the uniform integrability result, which is essential in

the proof of Theorem 3.2, is a Caccioppoli-type inequality that holds for both cubes

in the interior of our domain Ω and the cubes near the boundary ∂Ω. The technique

used here is a variant of the so-called hole-filling argument by Widman [107], but

with some extra difficulties that come from the fact that we need our Caccioppoli

inequalities to hold uniformly for minimizers in different (but nearby) Dirichlet

classes. The Caccioppoli inequalities state that for any minimizer u ∈W1,p
g (Ω;RN)

of J , if the cube Q is sufficiently small then

−
∫
αQ

|∇u|p + |u|q dx ≤ C

(
−
∫
βQ

(|∇u|p + |u|q)m dx
)1/m

+ C−
∫
βQ

a(x) + b(x)ρ + |∇g|p + |g|q dx.

Here α, β are some suitable numbers such that 1 ≤ α < β ≤ 4, m = n
n+p

< 1,

q = γρ
ρ−1
∈ [p, p∗) and C blows up when β − α→ 0.

Using a Gehring-type lemma, the above Caccioppoli inequalities are then used

to prove a uniform integrability estimate for the family{
|∇uj|p : uj minimizes J in W1,p

gj
(Ω;RN)

}
whenever gj is strongly W1,p convergent. The proof is inspired by an estimate due

to D’Onofrio and Iwaniec [34] on their work on the so-called p-harmonic trans-

form. Under our growth conditions, this then implies the uniform integrability of

{F (·, uj,∇uj) : uj minimizes J in W1,p
gj

(Ω;RN)} which allows us to utilize Young

measures to deal with the issue of semicontinuity of J .

Theorem 3.3. Let Ω ⊂ Rn be a bounded Lipschitz domain, J be a coercive varia-

tional integral and assume that the growth condition (F1), the coercivity condition

(F2) hold for the integrand F : Λ×RN×RN×n → R, where Λ is an open set such that

Ω ⊂⊂ Λ. For a sequence fj ∈W1,p(Ω;RN), let uj be a minimizer of the functional

J(u) =

∫
Ω

F (x, u(x),∇u(x)) dx,

in W1,p
fj

(Ω;RN), i.e. J(uj) ≤ J(u) for all u ∈W1,p
fj

(Ω;RN).

Suppose that fj → f in W1,p(Ω;RN), then the sequence (|∇uj|p)j∈N is uniformly

integrable in Ω. Moreover, the sequence (F (·, uj,∇uj))j∈N is also uniformly inte-

grable in Ω.
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3.1 Caccioppoli Inequalities and Uniform Integrability

Before we go on to prove the Caccioppoli inequalities, we will need some results

regarding dyadic cubes in Rn. The definition of dyadic cubes that we will use is as

follows.

Definition 3.4 (Dyadic cubes). For a given k ∈ Z, define the dyadic mesh of level

k on Rn to be

Mk := {Q(k)
m : m = (m1, . . . ,mn) ∈ Zn},

where Q
(k)
m denotes the half-open cube

Q(k)
m := [0, 2k)n + 2km

= {x ∈ Rn : xi ∈ [2kmi, 2
k(mi + 1)) for each i = 1, . . . , n}.

The union of all such meshes M =
⋃
k∈ZMk we be called the dyadic mesh on Rn

and each of its element Q ∈M will be called a dyadic cube. �

The dyadic cubes are very useful because they satisfy the following properties.

1. For any Q,Q′ ∈M, either Q ∩Q′ = ∅ or one cube contains the other.

2. Any family F ⊂ M has a subfamily F ′ ⊂ F such that the cubes in F ′ are

pairwise disjoint and ⋃
Q∈F ′

Q =
⋃
Q∈F

Q.

3. Each point x ∈ Rn has a unique sequence Q(k) ∈Mk such that

· · · ⊂ Q(−2) ⊂ Q(−1) ⊂ Q(0) ⊂ Q(1) ⊂ Q(2) ⊂ . . .

and {x} =
⋂
k∈ZQ

(k).

It is possible to select a family of disjoint dyadic cubes in a way that the average

of a given function f ∈ L1(Rn) behaves nicely on each cube. This process is known

as the Calderón–Zygmund decomposition lemma. Here we will need a variant of it,

which can be proved very similarly. Denote the average of f on a measurable set

E, with 0 < |E| = Ln(E) <∞, by

fE := −
∫
E

f dx =
1

|E|

∫
E

f dx.

Lemma 3.5 (A variant of Calderón–Zygmund decomposition lemma). Let f ∈
L1(Rn) be a positive (f ≥ 0) function. Let ρ > 0 be given; then for any t >
1
ρn
‖f‖L1(Rn), we can find a countable family F of disjoint dyadic cubes Q ∈M such

that
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1. Each Q ∈ F has radius less than or equal to ρ.

2. t < fQ ≤ 2nt for all Q ∈ F .

3. f(x) ≤ t almost every x ∈ Rn\
(⋃

Q∈F Q
)

.

(Sketch of proof). Choose k ∈ Z such that r = 2k ∈ (ρ/2, ρ]. Then

−
∫
Qr

f =
1

|Qr|

∫
Qr

f ≤ 1

(2r)n
‖f‖L1 ≤

1

ρn
‖f‖L1 < t,

hence we have −
∫
Qr
f < t for any dyadic cube of radius r < ρ. We can then proceed to

find a family of dyadic subcubes of {Q ∈M : Q has radius equal to r} that covers

the set {f > t} as in the proof of the standard Calderón–Zygmund lemma.

In order to do some estimate near the boundary of Ω, we require that the

boundary of the domain is sufficiently regular. The following condition, which

holds for any Lipschitz domain, is essential in applying certain forms of the Poincaré

inequality near the boundary of Ω (in fact a weaker capacity-type condition also

suffices, see [75]).

Definition 3.6 (No Internal Cusp). Let Ω ⊂ Rn be an open set. We say that Ω has

no internal cusp if there exists ρ > 0 and A ∈ (0, 1) such that for any cube Q(x; r)

centred at some x ∈ ∂Ω, we have

|Q(x; r)\Ω| ≥ A|Q(x; r)| (3.1)

for all r ∈ (0, ρ). �

The next lemma allows us to get a similar lower bound on the size of Q(x; r)\Ω
even when x is not directly centred on ∂Ω, provided that x is not too far away from

∂Ω.

Lemma 3.7. Let Ω ⊂ Rn be a bounded open set with no internal cusp. Then there

exists a constant β > 0 such that for any cube Q(x; r) in Rn satisfying dist (x, ∂Ω) ≤
2r (here d(x, y) = maxi=1,...,n |xi − yi|), we have

|Q(x;αr)\Ω| ≥ β|Q(x;αr)|

for all α ∈ [3, 4].

Proof. LetQ(x; r) be a cube such that dist (x, ∂Ω) ≤ 2r and let A, ρ be the constants

as in the statement of Definition (3.6. Since Ω is a bounded domain, there exists

a (closed) cube Q̂ such that Ω + Q(0; ρ) ⊂ Q̂. There are three cases we need to

consider:

(1) Q(x; r) ∩ Q̂ = ∅:
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In this case, it is not hard to see that

|Q(x;αr)\Ω| ≥ |Q(x; r)| = 1

αn
|Q(x; ar)| ≥ 1

4n
|Q(x; ar)|

for all α ∈ [3, 4].

(2) Q(x; r) ( Q̂:

By the assumption, there exists some i such that either x+ rei or x− rei is not

in Q̂ (ei is the ith standard basis vector). Without loss of generality, we assume

that x+ re1 /∈ Q̂. We now claim that, for any α ∈ [3, 4],

Q(x+ (2/3)αre1; (1/4)αr) ⊂ Q(x;αr)\Q̂.

Indeed, it is clear that d(x, y) ≤ (2/3)αr + (1/4)αr < αr for all y ∈ Q(x +

(2/3)αre1; (1/4)αr), hence y is in Q(x;αr). On the other hand, we have

y1 ≥ x1 + (2/3)αr − (1/4)αr > x1 + (1/3)αr > x1 + r

hence y /∈ Q̂. This implies that

|Q(x;αr)\Ω| ≥ |Q(x+ (2/3)αre1; (1/4)αr)| = 1

4n
|Q(x;αr)|

whenever α ∈ [3, 4].

(3) Q(x; r) ⊂ Q̂:

Let γ = ρ
4R

< 1
4
. Let y ∈ ∂Ω be chosen so that d(x, y) ≤ 2r. For any α ∈ [3, 4],

we have

Q(y;αγr) ⊂ Q(x;αr)

since αγ < 1 and thus for any z ∈ Q(y;αγr),

d(x, z) ≤ d(x, y) + d(y, z) ≤ 2r + αγr < 3r ≤ αr.

Now, the cube Q(y;αγr) is centred on ∂Ω and αγr < ρ so we can use the ‘no

internal cusp’ assumption to conclude that

|Q(x;αr)\Ω| ≥ |Q(y;αγr)\Ω| ≥ A|Q(y;αγr)| = Aγn|Q(x;αr)|.

Lastly, we choose a = min{1/4n, Aγn} to conclude that for any α ∈ [3, 4],

|Q(x;αr)\Ω| ≥ β|Q(x;αr)|

in all three cases.

Next, we recall the famous Vitali’s covering lemma and the Poincaré inequality.

The proofs can be found in the books mentioned below. Note that it is very im-

portant that in the Poincaré inequality, the constant does not depend on the size

of the cube.
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Lemma 3.8 (Vitali’s covering lemma). Let F be a family of (open/closed/half-

open) non-degenerated cubes in Rn such that supQ∈F diam (Q) <∞. There exists a

subfamily F ′ ⊂ F such that all the cubes in F ′ are pairwise-disjoint and⋃
Q∈F

Q ⊂
⋃
Q∈F ′

4Q.

Proof. See [53, Theorem 14.1.1].

Lemma 3.9 (Poincaré inequality). Let Q be a cube in Rn. For every function

u ∈W1,p(Q), it holds that

‖u− uQ‖Lp
∗

(Q) ≤ c(n, p) ‖∇u‖Lp(Q) .

Moreover, if E ⊂ Q is a measurable set such that |E| > 0 and u ≡ 0 on E, then we

have

‖u‖Lp
∗

(Q) ≤ c(n, p)

(
|Q|
|E|

)1/p∗

‖∇u‖Lp(Q) .

Note that the constant c(n, p) does not depend on the diameter of Q.

Proof. See [48, Theorem 3.17].

This Poincaré inequality is enough for our purpose. For more general inequalities

of this type, see the monograph [75] by Maz’ya.

Lastly, we will need the following iteration lemma whose proofs can be found in

the book [48] by Giusti.

Lemma 3.10 (Iteration lemma). Let E : [r, R] → [0,∞) be a bounded function,

δ ∈ [0, 1); A,B ≥ 0 and α > 0. Suppose that

E(t) ≤ δE(s) +

(
A

(s− t)α
+B

)
for all s, t such that r ≤ t ≤ s ≤ R. Then there exists a constant C = C(α, δ) such

that

E(t) ≤ C

(
A

(s− t)α
+B

)
Proof. See [48, Lemma 6.1].

Now that we are done with stating preliminary results, the assumptions regarding

the integrand F (x, u, z) and the integral functional J are as follows.
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Assumptions: Now, let us state the assumptions that shall be used throughout

the rest of this section. Let n ≥ 2 and p ≥ 2, Ω ⊂ Rn be a bounded Lipschitz

domain (which, of course, implies that it has no internal cusp) and let Λ be an open

set such that Ω ⊂⊂ Λ. Let F : Λ× RN × RN×n → R be a Carathéodory integrand

of the functional

J(u;E) =

∫
E

F (x, u(x),∇u(x)) dx,

where E is a measurable subset of Λ. The following are the assumptions regarding

F and J .

1. F satisfies the following growth condition:

|F (x, u, z)| ≤ C(a(x) + b(x)|u|γ + |z|p) (F1)

2. There exists a function G : RN×n → R that is uniformly strictly quasiconvex

at z = 0 such that

F (x, u, z) ≥ G(z)− C(a(x) + b(x)|u|γ) (F2)

for some C ≥ 0. By uniform strict quasiconvexity at z0, we mean that there

exists ν > 0 such that

G− ν| · |p is p-quasiconvex at z0.

3. For each x0 ∈ Ω and each u0 ∈ RN , F (x0, u0, ·) is quasiconvex, i.e.∫
B

F (x0, u0, z +∇ϕ) dx ≥
∫
B

F (x0, u0, z) dx (F3)

for all z ∈ RN×n and all ϕ ∈W1,p
0 (B;RN).

4. J is coercive in the sense that

J(u; Ω)→∞ as ‖u‖W1,p(Ω;RN ) →∞. (J1)

Here we assume p ∈ [2, n), γ ∈ [1, p∗), a ∈ L1(Λ), b ∈ Lρ(Λ), where ρ satisfies

the conditions (with q := γρ
ρ−1

)

1. ρ > p∗

p∗−γ . (so that q < p∗)

2. ρ ≤ p
p−γ if γ < p. (so that q ≥ p)

3. ρ ≥ n−1
γn−γ−n if γ ≤ n

n−1
. (so that q∗ ≥ 1)

4. ρ < n+p
n+p−γn if γ < n+p

n
. (so that q · n

n+p
> 1)


(E)
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Remark 3.11. Here are some facts regarding the exponents p, γ, ρ, q that will be

used later.

• Recall that for any r ∈ [1, n) we write r∗ = nr
n−r and for any r ∈

[
n
n−1

,∞
)

we

write r∗ = nr
n+r

. Observe that (r∗)
∗ = r and (r∗)∗ = r.

• By Hölder–Young inequality, we have |baγ| ≤ C(ε, ρ, γ)bρ + εaq.

• We can discard condition 2 and 4 if we let γ ∈ [p, p∗). In this case we can also

discard condition 3 as well if we assume that n ≥ 3 or γ > 2.

• All the conditions are satisfied if we let γ ∈ [p, p∗) and ρ = ∞, e.g. b(x) is a

constant function.

• All the conditions are satisfied if we let γ = p and ρ > p∗

p∗−p . �

Theorem 3.12 (Caccioppoli inequality (interior estimate)). Assume that the condi-

tions (F1) and (F2) are satisfied. Then there exists a constant C = C(p, n, γ, ρ,Ω, ν)

and a decreasing function ω : [0,∞) → [0,∞] such that for any local minimizer

u ∈W1,p(Ω;RN) in Ω of the functional

J(u;E) =

∫
E

F (x, u(x),∇u(x)) dx,

i.e. J(u;Q) ≤ J(u + ϕ;Q) for any ϕ ∈ W1,p
0 (Q), where Q is a cube compactly

contained in Ω, and any cube QR such that Q2R ⊂⊂ Ω and R ≤ ω(‖∇u‖Lp(Ω)), we

have

−
∫
QR

|∇u(x)|p + |u(x)|q dx ≤ C

(
−
∫
Q2R

(|∇u(x)|p + |u(x)|q)m dx

)1/m

+ C−
∫
Q2R

a(x) + b(x)ρ dx. (3.2)

Here m = n
n+p

< 1 and q = γρ
ρ−1

is an exponent which satisfies q ∈ [p, p∗).

Proof. Let u ∈W1,p(Ω;RN) be a local minimizer of J(·; Ω), Q be a cube in Ω such

that 2Q ⊂⊂ Ω. Let s, t be numbers such that R ≤ t < s ≤ 2R. Choose a smooth

cut-off function η ∈ C∞c (Qs) such that

χQt(x) ≤ η(x) ≤ χQs(x), |∇η| ≤ 2

s− t

for all x ∈ Qs. We shall write us = uQs = −
∫
Qs
u dx. Define

• ũt = η(u− us).

• v = u− ũt = us + (1− η)(u− us).
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Without loss of generality, we may assume that G(0) = 0. By the uniform strict

quasiconvexity of G(z) at z = 0, we have

ν

∫
Qs

|∇ũt|p dx ≤
∫
Qs

G(∇ũt) dx

≤
∫
Qs

F (x, u,∇ũt) + C(a(x) + b(x)|u|γ) dx

=

∫
Qs

F (x, u,∇u) dx︸ ︷︷ ︸
(I)

+

∫
Qs

(F (x, u,∇ũt)− F (x, u,∇u)) dx︸ ︷︷ ︸
(II)

+ C

∫
Qs

a(x) + b(x)|u|γ dx︸ ︷︷ ︸
(III)

.

Each term can be estimated as follows. For (I), since J(u;Qs) ≤ J(u + ϕ;Qs) for

any ϕ ∈W1,p
0 (Qs), we can take ϕ = −ũt to get

(I) =

∫
Qs

F (x, u,∇u) dx ≤
∫
Qs

F (x, v,∇v) dx

≤ C

∫
Qs

a(x) + b(x)|v|γ + |∇v|p dx.

On the other hand, we observe that ∇ũt = ∇u on Qt, thus

(II) ≤
∣∣∣∣∫
Qs\Qt

(F (x, u,∇ũt)− F (x, u,∇u)) dx

∣∣∣∣
≤ C

∫
Qs\Qt

a(x) + b(x)|u|γ + |∇ũt|p + |∇u|p dx.

Putting all the above estimates together and the fact that |∇ũt|p . |∇u|p+|∇v|p,
we have∫

Qt

|∇u|p dx ≤ 1

ν
((I) + (II) + (III))

.
∫
Qs

a(x) + b(x)|v|γ + |∇v|p dx

+

∫
Qs\Qt

a(x) + b(x)|u|γ + |∇ũ|p dx+ |∇u|p dx

+

∫
Qs

a(x) + b(x)|u|γ dx

.
∫
Qs\Qt

|∇u|p dx+

∫
Qs

a(x) + b(x)(|u|γ + |v|γ) + |∇v|p dx.

Now, we observe that

• |∇v|p = |(1− η)∇u− (u− us)∇η|p . |∇u|pχQs\Qt + 1
(s−t)p |u− us|

p.
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• |u| ≤ |u− us|+ |us| and |v| ≤ |u− us|+ |us|

• b(x)(|u|γ + |v|γ) . b(x)ρ + |u|q + |v|q by Hölder–Young inequality, where q =
γρ
ρ−1

.

Thus ∫
Qt

|∇u|p dx .
∫
Qs\Qt

|∇u|p dx+
1

(s− t)p

∫
Qs

|u− us|p dx

+

∫
Qs

a(x) + b(x)ρ + |us|q + |u− us|q dx.

We can add
∫
Qt
|u|q to both sides (where it gets absorbed into |us|q and |u − us|q

on the right-hand side) to get∫
Qt

|∇u|p + |u|q dx ≤ C
(∫

Qs\Qt
|∇u|p dx+

1

(s− t)p

∫
Qs

|u− us|p dx︸ ︷︷ ︸
(IV)

+ |Qs||us|q︸ ︷︷ ︸
(V)

+

∫
Qs

a(x) + b(x)ρ dx+

∫
Qs

|u− us|q dx︸ ︷︷ ︸
(VI)

)
. (3.3)

Until now, the constant C only depends on p, n, γ, ρ and ν.

For the term (IV), we have∫
Qs

|u− us|p dx .
∫
Qs

|u− u2R|p dx+

∫
Qs

|u2R − us|p dx

≤
∫
Q2R

|u− u2R|p dx+ |Qs|
∣∣∣∣−∫
Qs

u2R − u dx
∣∣∣∣p

≤
∫
Q2R

|u− u2R|p dx+ |Qs|−
∫
Qs

|u2R − u|p dx.

Since s ∈ [R, 2R], it follows that |Qs| ≤ |Q2R| and −
∫
Qs
|u2R − u|p dx ≤

2n−
∫
Q2R
|u2R − u|p dx, hence we have∫

Qs

|u− us|p dx .
∫
Q2R

|u− u2R|p dx.

The term (V) is easy to estimate since |us| ≤ 2n|u2R|, thus

|Qs||us|q ≤ 2n|Q2R||u2R|q.

68



Panas Kalayanamit

By the Poincaré inequality (Lemma 3.9), we can estimate (VI) by∫
Qs

|u− us|q dx ≤ c(n, q)

(∫
Qs

|∇u|q∗ dx
)q/q∗

≤ c|Qs|
q(p−q∗)
pq∗

(∫
Qs

|∇u|p dx
) q

p

≤ cR
q(p−q∗)
pq∗

(∫
Qs

|∇u|p dx
) q−p

p
∫
Qs

|∇u|p dx

≤ cR
q(p−q∗)
pq∗

(
‖∇u‖Lp(Ω)

)q−p ∫
Qs

|∇u|p dx, (3.4)

where q∗ = nq
n+q

. Hence for any ε > 0, there exists c0(n, p, q, ε) such that

cR
q(p−q∗)
pq∗

(
‖∇u‖Lp(Ω)

)q−p
≤ ε

if R ≤ ω(‖∇u‖Lp(Ω)), where

ω(M) := c0(n, p, q, ε)M− (q−p)pq∗
q(p−q∗) . (3.5)

Fixed ε = 1
2C

, where C is the constant in (3.3). For R ≤ ω(‖∇u‖Lp(Ω)), we have∫
Qt

|∇u|p + |u|q dx ≤ C
(∫

Qs\Qt
|∇u|p dx+

1

(s− t)p

∫
Q2R

|u− u2R|p dx

+ |Q2R|u2R|q +

∫
Qs

a(x) + b(x)ρ dx+ ε

∫
Qs

|∇u|p dx
)

Since
∫
Qs
|∇u|p dx =

∫
Qs\Qt |∇u|

p dx +
∫
Qt
|∇u|p dx, the term ε

∫
Qt
|∇u|p dx can be

absorbed into the left-hand side, which leads to∫
Qt

|∇u|p + |u|q dx ≤ C
(∫

Qs\Qt
|∇u|p + |u|q dx+

1

(s− t)p

∫
Q2R

|u− u2R|p dx

+ |Q2R||u2R|q +

∫
Q2R

a(x) + b(x)ρ dx
)

Next we shall use the famous ‘hole-filling trick’, i.e. adding C
∫
Qt
|∇u|p + |u|q to

both sides and divide by (1 + C) to get∫
Qt

|∇u|p + |u|q dx ≤ δ

∫
Qs

|∇u|p + |u|q dx+
1

(s− t)p

∫
Q2R

|u− u2R|p dx

+ |Q2R||u2R|q +

∫
Q2R

a(x) + b(x)ρ dx
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with δ = C
1+C

< 1. We can thus conclude, using the iteration lemma (Lemma 3.10)

with E(t) :=
∫
Qt
|∇u|p + |u|q dx, that∫

QR

|∇u|p + |u|q dx ≤ C
( 1

Rp

∫
Q2R

|u− u2R|p dx︸ ︷︷ ︸
(VII)

+ |Q2R| |u2R|q︸ ︷︷ ︸
(VIII)

+

∫
Q2R

a(x) + b(x)ρ dx
)
. (3.6)

As before, observe that under our assumptions p∗ = np
n+p

> 1, hence we can use

Poincaré inequality to estimate the term (VII) and get∫
2Q

|u− u2R|p dx ≤ c(n, p)

(∫
2Q

|∇u|p∗ dx
)p/p∗

= c(n, p)

(∫
2Q

|∇u|pm dx
)1/m

,

where m := n
n+p

< 1. On the other hand, since qm > 1 we can estimate (VIII) by

|u2R|q ≤
(
−
∫
Q2R

|u| dx
)q
≤
(
−
∫
Q2R

|u|qm dx
)1/m

.

Dividing both sides of (3.6) by |QR| and substitute the above estimates gives

−
∫
QR

|∇u|p + |u|q dx . 1

Rn+p

(∫
2Q

|∇u|pm dx
)1/m

+

(
−
∫
Q2R

|u|qm dx
)1/m

+−
∫
Q2R

a(x) + b(x)ρ dx

≤ C

(
−
∫
Q2R

(|∇u|p + |u|q)m dx
)1/m

+ C−
∫
Q2R

a(x) + b(x)ρ dx

which holds for all R ≤ ω(‖∇u‖Lp(Ω)) and the latest constant C only depends on

p, n, γ, ρ,Ω, ν but not on u or R.

We have dealt with the estimate on cubes that lie sufficiently deep inside the

domain Ω, i.e. all cubes Q such that 2Q ⊂⊂ Ω. Now we shall consider what happens

near the boundary ∂Ω. Recall the assumption that Ω is a Lipschitz domain, hence

an extension domain, and Λ is an open set such that Ω ⊂ Λ, thus there exists an

extension operation E : W1,p(Ω;RN) → W1,p(Rn;RN) that is bounded linear and

suppEu ⊂ Λ for all u ∈W1,p(Ω;RN).

In the next theorem, we shall sometimes use the same symbol to denote both

an element of W1,p(Ω;RN) and its extension (with respect to this fixed extension

operator E) in W1,p(Rn;RN) for simplicity. There is a lemma that we will be using

to prove our theorem.
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Lemma 3.13. Suppose that F : RN×n → R is rank-one convex and there exists

p ∈ [1,∞) and λ ≥ 0 such that

|F (z)| ≤ C (λ+ |z|)p ,

then we have

|F (z)− F (w)| ≤ C (λ+ |z|+ |w|)p−1 |z − w|

for all z, w ∈ RN×n.

Proof. See [48, Lemma 5.2].

Theorem 3.14 (Caccioppoli inequality (boundary estimates)). Assume that the

conditions (F1) and (F2) are satisfied. Then there exists a constant C = C(p, n, γ, ρ,Ω, ν)

and a decreasing function ω : [0,∞) → [0,∞] such that for any global minimizer

u ∈W1,p
g (Ω;RN) of the functional

J(u; Ω) =

∫
Ω

F (x, u(x),∇u(x)) dx,

where g ∈W1,p(Ω;Rn), and any cube QR = Q(x;R) such that dist (x, ∂Ω) ≤ 2R (in

the l∞ norm) and R small enough so that Q4R ⊂ Λ and R ≤ ω
(
‖∇u‖Lp(Rn) + ‖∇g‖Lp(Rn)

)
,

we have

−
∫
Q3R

|∇(u(x)− g(x))|p + |u(x)|q dx ≤ C

(
−
∫
Q4R

(|∇(u(x)− g(x))|p + |u(x)|q)m dx

)1/m

+ C−
∫
Q4R

a(x) + b(x)ρ + |∇g|p + |g|q dx.

(3.7)

Here m = n
n+p

< 1, q = γρ
ρ−1

is an exponent which satisfies q ∈ [p, p∗), the function

g above should be interpreted as its extension g ∈W1,p(Rn;RN), and u is extended

by defining u ≡ g on Λ\Ω (not by the extension operator).

In particular, we have

−
∫
Q3R

|∇(u(x)|p + |u(x)|q dx ≤ C

(
−
∫
Q4R

(|∇u(x)|p + |u(x)|q)m dx

)1/m

+ C−
∫
Q4R

a(x) + b(x)ρ + |∇g|p + |g|q dx. (3.8)

Proof. The proof of this theorem is similar to Theorem 3.12 in many places. Let u ∈
W1,p(Ω;RN) be a minimizer of J(·; Ω), Q be a cube in Ω such that dist (x, ∂Ω) ≤ 2

(in the l∞ norm). Let R be small enough so that Q4R ⊂ Λ and let s, t be numbers

satisfying 3R ≤ t < s ≤ 4R. Choose a smooth cut-off function η ∈ C∞c (Qs) such

that

χQt(x) ≤ η(x) ≤ χQs(x), |∇η| ≤ 2

s− t
for all x ∈ Qs. Extend u outside Ω by letting u := g on Λ\Ω (so that u− g ≡ 0 on

Rn\Ω). Define
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• ũt = η(u− g).

• v = u− ũt = g + (1− η)(u− g).

Without loss of generality, we may assume that G(0) = 0 as before. By the

uniform strict quasiconvexity of G(z) at z = 0, we have

ν

∫
Qs

|∇ũt|p dx ≤
∫
Qs

G(∇ũt) dx

≤
∫
Qs

F (x, u,∇ũt) + a(x) + b(x)|u|γ dx

=

∫
Qs

F (x, u,∇u) dx︸ ︷︷ ︸
(I)

+

∫
Qs

(F (x, u,∇ũt)− F (x, u,∇u)) dx︸ ︷︷ ︸
(II)

+

∫
Qs

a(x) + b(x)|u|γ dx︸ ︷︷ ︸
(III)

. (3.9)

For the term (I), observe that ũt ∈W1,p
0 (Qs ∩ Ω;Rn), so∫

Qs

F (x, u,∇u) dx ≤
∫
Qs∩Ω

F (x, u− ũt,∇(u− ũt)) dx+

∫
Qs\Ω

F (x, v − 0,∇(v − 0)) dx

=

∫
Qs

F (x, v,∇v) dx

.
∫
Qs

a(x) + b(x)|v|γ + |∇v|p dx.

As for (II), we apply Lemma 3.13 and the Hölder–Young inequality to get

(II) .
∫
Qs

(
(a(x) + b(x)|u|γ)

1
p + |∇ũt|+ |∇u|

)p−1

|∇ũt −∇u| dx

.
∫
Qs

(
(a(x) + b(x)|u|γ)

p−1
p

)
|∇v|+ (|∇ũt|+ |∇u|)p−1 |∇v| dx

.
∫
Qs

a(x) + b(x)ρ + |u|q + |∇v|p + ε|∇ũt|p + ε|∇u|p + C(ε)|∇v|p dx,

where q = γρ
ρ−1

. (III) and parts of (I) can be easily absorbed into (II).

For ε small enough, we can subtract ε|∇ũt|p from the left-hand side of (3.9) to

get∫
Qt

|∇ũt|p dx ≤
∫
Qs

|∇ũt|p dx ≤ C

∫
Qs

a(x) + b(x)ρ + |u|q + |∇v|p + ε|∇u|p dx.

Now, |∇ũt|p = |∇(u − g)|p on Qt and ε|∇u|p . ε|∇(u − g)|p + ε|∇g|p so for small

enough ε, we can absorb ε|∇(u− g)|p (on Qt) into the left-hand side. Adding |u|q
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to both sides gives∫
Qt

|∇(u− g)|p + |u|q dx ≤ C

∫
Qs\Qt

|∇(u− g)|p dx+

∫
Qs

|u− g|q︸ ︷︷ ︸
(IV)

+ |∇v|p︸ ︷︷ ︸
(V)

dx

+ C

∫
Qs

a(x) + b(x)ρ + |∇g|p + |g|q dx. (3.10)

Since s ∈ [3R, 4R], Lemma 3.7 says that the term (V) can be estimated by

Poincaré’s inequality (Lemma 3.9) as follows.∫
Qs

|u− g|q dx ≤ c(n, q)

(∫
Qs

|∇(u− g)|q∗ dx
)q/q∗

≤ |Qs|
q(p−q∗)
pq∗

(∫
Qs

|∇(u− g)|p dx
) q

p

≤ R
q(p−q∗)
pq∗

(∫
Qs

|∇(u− g)|p dx
) q−p

p
∫
Qs

|∇(u− g)|p dx

≤ R
q(p−q∗)
pq∗

(
‖∇u‖Lp(Rn) + ‖∇g‖Lp(Rn)

)q−p ∫
Qs

|∇(u− g)|p dx,

(3.11)

where q∗ = nq
n+q

. Hence for any ε > 0 (not the same ε we have used above in this

proof), there exists c0(n, p, q, ε) such that

cR
q(p−q∗)
pq∗

(
‖∇u‖Lp(Rn) + ‖∇g‖Lp(Rn)

)q−p
≤ ε

if R ≤ ω
(
‖∇u‖Lp(Rn) + ‖∇g‖Lp(Rn)

)
, where

ω(M) = c0(n, p, q, ε)M− (q−p)pq∗
q(p−q∗) (3.12)

is the same function as in Theorem 3.12 (but perhaps with a different constant

c0(n, p, q, ε)). As for (V), we have

|∇v|p = |∇g + (1− η)∇(u− g)− (u− g)∇η|p

. |∇g|p + |∇(u− g)|pχQs\Qt +
1

(s− t)p
|u− g|p.

Putting the estimates for (IV) and (V) together and choosing ε > 0 small enough

so that (part of) (IV) can be absorbed into the left-hand side of (3.10); we get∫
Qt

|∇(u− g)|p + |u|q dx ≤ C

∫
Qs\Qt

|∇(u− g)|p + |u|q dx+
1

(s− t)p

∫
Qs

|u− g|p dx

+ C

∫
Qs

a(x) + b(x)ρ + |∇g|p + |g|q dx. (3.13)
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As in the proof of Theorem 3.12, we now use the hole-filling trick and the iteration

lemma (Lemma 3.10), which gives∫
Q3R

|∇(u− g)|p + |u|q dx ≤ 1

Rp

∫
Q4R

|u− g|p dx︸ ︷︷ ︸
(VI)

+ C

∫
Q4R

a(x) + b(x)ρ + |∇g|p + |g|q dx. (3.14)

We can use Poincaré’s inequality to estimate the term (VI) and get∫
4Q

|u− g|p dx ≤ c(n, p)

(∫
4Q

|∇(u− g)|p∗ dx
)p/p∗

= c(n, p)

(∫
4Q

|∇(u− g)|pm dx
)1/m

,

where m := n
n+p

< 1. We can artificially add |u|q to the term |∇(u − g)|p in the

above and divide both sides of (3.14) after substituting the estimate for (VI) to get

−
∫
Q3R

|∇(u− g)|p + |u|q dx ≤
(
−
∫

4Q

(|∇(u− g)|p + |u|q)m dx
)1/m

+ C−
∫
Q4R

a(x) + b(x)ρ + |∇g|p + |g|q dx, (3.15)

which concludes the proof.

From Theorem 3.12 and Theorem 3.14, we can see that (assuming all the as-

sumptions from both theorems) for all cubes Q = QR with sufficiently small radius

R, we have the estimate of the form

−
∫
αQ

|∇u|p + |u|q dx ≤ C

(
−
∫
βQ

(|∇u|p + |u|q)m dx
)1/m

+ C−
∫
βQ

a(x) + b(x)ρ + |∇f |p + |f |q dx, (3.16)

for every u ∈ W1,p
f (Ω;RN) that minimize J(v) =

∫
Ω
F (x, v,∇v) dx, where α =

1, β = 2 if 2Q ⊂⊂ Ω and α = 3, β = 4 for Q near ∂Ω. The estimates also holds

trivially, with α = β = 1, if Q ∩ Ω = ∅ (since u = f on Λ\Ω). It is very important

to note that the size of R depends only on ‖∇u‖Lp and ‖∇f‖Lp , not on u itself.

Now, we may set

• λ := 1
m

= n+p
n
> 1,

• g := (|∇u|p + |u|q)
1
λ ,

• h := (a(x) + b(x)ρ + |∇f |p + |f |q)
1
λ ,
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so that the above estimate can we written as

−
∫
αQ

gλ dx ≤ C

(
−
∫
βQ

g dx

)λ
+ C−

∫
βQ

hλ dx

where g, h ∈ Lλ(Ω) and g, h ≥ 0. Alternatively, we can write(
−
∫
αQ

gλ dx

)1/λ

≤ C−
∫
βQ

g dx+ C

(
−
∫
βQ

hλ dx

)1/λ

. (3.17)

Here the constant C does not depend on g or h (or the radius R of Q).

Under the above assumptions, we can prove some form of equi-integrability of

g. We shall need some simple inequality first.

Lemma 3.15. Suppose that λ > 1. For any x ≥ 0 and t > 0, we have

x1/λ ≤ t+
x

tλ−1
. (3.18)

Proof. Write s = x1/λ, then the inequality we want to prove can be rewritten as

s ≤ t+
sλ

tλ−1
,

which is equivalent to

tλ−1 ≤ t

s
tλ−1 + sλ−1,

but this last inequality follows immediately from the fact that f(x) = xλ−1 is

monotonic on [0,∞).

Proposition 3.16. Let λ > 1 and assume that g, h ∈ Lλ(Rn) are positive functions,

i.e. g, h ≥ 0. Suppose that there exists ρ > 0 such that for any cube Q with radius

less that ρ, Q belongs to one of the families F1,F2 or F3; where each Q(i) ∈ Fi
satisfies an estimate of the form(

−
∫
α(i)Q(i)

gλ dx

)1/λ

≤ A−
∫
β(i)Q(i)

g dx+

(
−
∫
β(i)Q(i)

hλ dx

)1/λ

, (3.19)

with 1 ≤ αi ≤ βi ≤ 4 and A ≥ 1. Then∫
{g>t}

gλ dx ≤ Ctλ−1

∫
{g>t}

g dx+ C

∫
{h>t}

hλ dx (3.20)

holds for all t > 1
(2A+2)(4ρ)n/λ

‖g‖Lλ(Rn), where C is a constant depending only on

n, λ and A.

Proof. Suppose that sλ > 1
ρn

∫
Rn g

λ dx, by the Calderón–Zygmund decomposition

lemma (Lemma 3.5), we can find a countable family F of disjoint cubes such that

for any Q ∈ F
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• Q has radius less that ρ.

• sλ ≤ −
∫
Q
gλ ≤ 2nsλ.

• gλ ≤ sλ for almost every x ∈ Rn\
⋃
Q∈F Q.

Set t := s
4n/λ(2A+2)

, note that s ≤ 4n/λ4At.

Recall that according to our assumption, we must have F ⊂ F1∪F2∪F3, hence

{g > s} ⊂
⋃
Q∈F

Q =
⋃

Q(1)∈F1

Q(1) ∪
⋃

Q(2)∈F2

Q(2) ∪
⋃

Q(3)∈F3

Q(3).

Since the cubes are pairwise disjoint, we have∫
{g>s}

gλ dx ≤
∫
⋃
Q∈F Q

gλ dx =
∞∑
i=1

∫
Qi

gλ dx ≤
∞∑
i=1

∫
Qi

2nsλ dx

i.e. ∫
{g>s}

gλ dx ≤ 2nsλ

(
∞∑
i=1

|Qi|

)
. (3.21)

In order to estimate |Qi|, suppose that |Qi| belongs to Fk and let αi, βi to be

the constants α(k) and β(k), respectively. We have

s = (sλ)1/λ ≤
(
−
∫
Qi

gλ dx

)1/λ

≤
(
αni −
∫
αiQi

gλ dx

)1/λ

≤ α
n/λ
i A−

∫
βiQi

g dx+ α
n/λ
i

(
−
∫
βiQi

hλ dx

)1/λ

≤ 4n/λA−
∫
βiQi

g dx︸ ︷︷ ︸
(I)

+ 4n/λ
(
−
∫
βiQi

hλ dx

)1/λ

︸ ︷︷ ︸
(II)

since 1 ≤ αi ≤ 4. The term (I) can be estimated by

−
∫
βiQi

g dx =
1

|βiQi|

(∫
βiQi∩{g≤t}

g dx+

∫
βiQi∩{g>t}

g dx

)
≤ |βiQi ∩ {g ≤ t}|

|βiQi|
t+

1

|βiQi|

∫
βiQi∩{g>t}

g dx

≤ t+
1

|βiQi|

∫
βiQi∩{g>t}

g dx.
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As for (II), we have(
−
∫
βiQi

hλ dx

)1/λ

=

(
1

|βiQi|

∫
βiQi∩{h≤t}

hλ dx+
1

|βiQi|

∫
βiQi∩{h>t}

hλ dx

)1/λ

≤
(

1

|βiQi ∩ {h ≤ t}|

∫
βiQi∩{h≤t}

hλ dx+
1

|βiQi|

∫
βiQi∩{h>t}

hλ dx

)1/λ

≤ t+

(
1

|βiQi|

∫
βiQi∩{h>t}

hλ dx

)1/λ

≤ t+

(
t+

1

tλ−1

1

|βiQi|

∫
βiQi∩{h>t}

hλ dx

)
,

where the last line we used Lemma 3.15.

Substituting the bounds for (I) and (II) back, we get

4n/λ(A+ 2)t = s ≤ (I) + (II) ≤ 4n/λAt+
4n/λA

|βiQi|

∫
βiQi∩{g>t}

g dx

+ 4n/λ
(

2t+
1

tλ−1

1

|βiQi|

∫
βiQi∩{h>t}

hλ dx

)
,

hence

At ≤ A

|βiQi|

∫
βiQi∩{g>t}

g dx+
1

tλ−1|βiQi|

∫
βiQi∩h>t

hλ dx

which leads to the estimate for the size of βiQi, i.e.

|βiQi| ≤
1

t

∫
βiQi∩{g>t}

g dx+
1

Atλ

∫
βiQi∩h>t

hλ dx. (3.22)

Now, the family C = {βiQi}i∈N clearly covers the set
⋃∞
i=1 Qi that we started

with since βi ≥ 1. By Vitali’s covering lemma (Lemma 3.8), we can extract a

subfamily C ′ = {βikQik}k∈N of C such that

∞⋃
i=1

βiQi ⊂
∞⋃
k=1

4βiQik

and the cubes in C ′ are pairwise disjoint. Thus
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∞∑
i=1

|Qi| =

∣∣∣∣∣
∞⋃
i=1

Qi

∣∣∣∣∣ ≤
∣∣∣∣∣
∞⋃
i=1

βiQi

∣∣∣∣∣
≤

∣∣∣∣∣
∞⋃
k=1

4βikQik

∣∣∣∣∣
= 4n

∣∣∣∣∣
∞⋃
k=1

βikQik

∣∣∣∣∣
= 4n

∞∑
k=1

|βikQik |

≤ 4n
∞∑
k=1

1

t

∫
βikQik∩{g>t}

g dx+
1

Atλ

∫
βikQik∩{h>t}

hλ dx

≤ 4n

t

∫
{g>t}

g dx+
4n

Atλ

∫
{h>t}

hλ dx. (3.23)

We can now substitute the above estimate back into (3.21) (and use the fact

that sλ ≤ 4n+λAλtλ) to get∫
{g>s}

gλ ≤ 2nsλ

(
∞∑
i=1

|Qi|

)

≤ 8nsλ

t

∫
{g>t}

g dx+
8nsλ

Atλ

∫
{h>t}

hλ dx

≤ 8n4n+λAλtλ−1

∫
{g>t}

g dx+ 8n4n+λAλ−1

∫
{h>t}

hλ dx.

On the other hand, we can easily see that∫
{s≥g>t}

gλ dx ≤ sλ−1

∫
{s≥g>t}

g dx ≤ 4n+λ−n
λ
−1Aλ−1tλ−1

∫
{g>t}

g dx,

hence, by adding the two inequalities,∫
{g>t}

gλ dx ≤ C(n, λ,A)tλ−1

∫
{g>t}

g dx+ C(n, λ,A)

∫
{h>t}

hλ dx.

This estimate holds for all s > 1
ρn/λ
‖g‖Lλ(Rn). Since s = 4n/λ(2A+ 2)t, the estimate

holds whenever t > 1
(2A+2)(4ρ)n/λ

‖g‖Lλ(Rn).

The estimate we get from this theorem will allow us to prove the uniform in-

tegrability result we want. Before proving the next proposition, let us recall some

facts from measure theory.
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For a measure space (Ω,m), a function g : Ω → Λ induces a measure mg on Λ

called the pushforward measure, defined by mg(E) = g#m(E) := m(g−1(E)). The

following change of variables formula holds for any Φ: Λ→ R (assuming that Φ is

integrable with respect to mg or Φ ◦ g is integrable with respect to m).∫
Λ

Φ(s) dmg(s) =

∫
Ω

Φ(g(x)) dm(x).

Lemma 3.17. Let µ, ν be measures on B([0,∞)), the Borel σ-algebra of [0,∞).

Let (Ω,m) be a measure space where Ω is an open subset of Rn.

1.
∫

(t,∞)
ν([0, s)) dµ(s) = ν([0, t])µ((t,∞)) +

∫
(t,∞)

µ((s,∞)) dν(s).

2.
∫

[0,t]
ν((s,∞)) dµ(s) = ν((t,∞))µ([0, t]) +

∫
[0,t]

µ([0, s)) dν(s).

3. Let g : Ω → [0,∞) be a measurable function and Φ: R → R be a continuous

function such that Φ ◦ g ∈ L1(Ω,m). Then for µ(E) =
∫
g−1(E)

F (g) dm, we

have F (s) dmg(s) = dµ(s), i.e. if we define µ̃(E) :=
∫
E
F (s) dmg(s), then

µ̃ = µ.

Proof. 1. By Fubini–Tonelli theorem, we have∫
(t,∞)

ν([0, s)) dµ(s) =

∫
(t,∞)

ν([0, t]) + ν((t, s)) dµ(s)

= ν([0, t])µ((t,∞)) +

∫
(t,∞)

(∫
(t,∞)

χ{τ<s}(s, τ) dν(τ)

)
dµ(s)

= ν([0, t])µ((t,∞)) +

∫
(t,∞)

∫
(t,∞)

χ{τ<s}(s, τ) dµ(s) dν(τ)

= ν([0, t])µ((t,∞)) +

∫
(t,∞)

µ((s,∞)) dν(s).

2. Similar proof as the above.

3. An application of the change of variables formula on Φ(s) = F (s)χE(s) gives

µ̃(E) =

∫
[0,∞)

F (s)χE(s) dmg(s)

=

∫
Ω

F (g(x))χE(g(x)) dm(x)

=

∫
Ω

F (g)χg−1(E) dm

=

∫
g−1(E)

F (g) dLn = µ(E),

hence F (s) dmg(s) = dµ(s).
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This next proposition was largely inspired by a result in [34] by D’Onofrio and

Iwaniec. The proof is adapted from the proof of [34, Lemma 6.1].

Proposition 3.18. Suppose that g, h ∈ Lλ(Rn,Ln) satisfy g, h ≥ 0 and the relation∫
{g>t}

gλ dLn ≤ C

(
tλ−1

∫
{g>t}

g dLn +

∫
{h>t}

hλ dLn
)

(3.24)

for all t > t0 ≥ 0, λ > 1 and some C > 1. Then there exists some C ′ =

C ′(n, λ, C), α = α(n, λ, C) > 0 such that∫
{g>t2}

gλ dLn ≤ C ′
(∫
{h>t}

hλ dLn +
1

tα

∫
Ω

hλ dLn +
tα0
t2α

∫
Rn
gλ dLn

)
(3.25)

for all t > 0.

Proof. Recall that Ln denotes the n-dimensional Lebesgue measure and Lng = g#Ln

is the pushforward of Ln by g. First we choose α > 0 small enough so that

α

α + λ− 1

∫
{g>t}

gλ dLn ≤ tλ−1

∫
{g>t}

g dLn +

∫
{h>t}

hλ dLn (3.26)

for all t > t0. Define G : (0,∞)→ R by

G(t) := tλ−1

∫
{g>t}

g dLn.

For any t > 0, we have the relation

G(2t) ≤ 2λ
∫ ∞

0

G(s)

s
ds. (3.27)

Indeed, let t > 0 be fixed, then for any s ∈ [t, 2t] we have

G(2t) = (2t)λ−1

∫
{g>2t}

g ≤ (2s)λ−1

∫
{g>s}

g = 2λ−1G(s),

hence ∫ 2t

t

G(2t)

s
ds ≤ 2λ−1

∫ 2t

t

G(s)

s
ds ≤ 2λ−1

∫ ∞
t

G(s)

s
ds.

However, the left-hand side is just ln(2)G(2t), thus

G(2t) ≤ 2 ln(2)G(2t) ≤ 2λ
∫ ∞
t

G(s)

s
ds

as claimed.

Observe that

G(t) ≤
∫
{g>t}

gλ−1g dLn =

∫
{g>t}

gλ dLn ≤ ‖g‖λλ ,
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hence G(t) is a bounded function. Also, G is continuous at almost every t > 0 since

the atomic part of g−1({c}) (with respect to the Lebesgue measure) is at most a

countable set. Thus

A(t) :=

∫ ∞
t

G(s)

s
ds

is absolutely continuous and A′(t) = −G(t)/t at almost every point t > 0.

From direct calculation,

d

dt
(tαA(t)) = αtα−1A(t)− tαG(t)

t

= tα−1

(
α

∫ ∞
t

G(s)

s
ds−G(t)

)
.

Now, we observe that

A(t) =

∫ ∞
t

G(s)

s
ds =

∫ ∞
t

sλ−2

(∫
{g>s}

g dLn
)
ds ≤ 1

λ− 1
‖g‖λλ

for all t > 0 (last inequality is obtained by integrating by parts, i.e. Lemma 3.17

(1)), hence tαA(t) → 0 as t → 0. Since tαA(t) is absolutely continuous on any

closed interval in (0,∞), we have

Tα1 A(T1)− Tα0 A(T0) =

∫ T1

T0

d

dt
(tαA(t)) dt

=

∫ T1

T0

tα−1

(
α

∫ ∞
t

G(s)

s
ds−G(t)

)
dt.

We may take T0 → 0 to get

TαA(T ) =

∫ T

0

tα−1

(
α

∫ ∞
t

G(s)

s
ds−G(t)

)
dt, (3.28)

i.e.

Tα
∫ ∞
T

G(s)

s
ds =

∫ T

0

tα−1

(
α

∫ ∞
t

G(s)

s
ds−G(t)

)
︸ ︷︷ ︸

(I)

dt. (3.29)

The term (I) can be estimated using the assumption, as we will show below.

Define

µ(E) =

∫
g−1(E)

g dLn, ν(E) =

∫
E

(λ− 1)sλ−2ds.

We can see that µ((t,∞)) =
∫
{g>t} g dL

n and ν([0, s]) = sλ−1. By applying the

Lemma 3.17 (1), we get∫ ∞
t

sλ−1 dµ(s) = tλ−1

∫
{g>t}

g dLn +

∫ ∞
t

(λ− 1)sλ−2

(∫
{g>s}

g dLn
)
ds (3.30)
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which, together with the fact that dµ(s) = sdLng(s), yields∫
{g>t}

gλ dLn =

∫
{g>t}

g · gλ−1 dLn

=

∫
(t,∞)

s · sλ−1 dLng(s)

=

∫
(t,∞)

sλ−1 dµ(s)

= tλ−1

∫
{g>t}

g dLn + (λ− 1)

∫ ∞
t

sλ−2

(∫
{g>s}

g dLn
)
ds

= G(t) + (λ− 1)

∫ ∞
t

G(s)

s
ds.

Now, substitute the above into (3.26), we get

α

α + λ− 1

(
G(t) + (λ− 1)

∫ ∞
t

G(s)

s
ds

)
≤ G(t) +

∫
{h>t}

hλ dLn

G(t) + (λ− 1)

∫ ∞
t

G(s)

s
ds ≤ α + λ− 1

α
G(t) +

α + λ− 1

α

∫
{h>t}

hλ dLn

(λ− 1)

∫ ∞
t

G(s)

s
ds ≤ λ− 1

α
G(t) +

α + λ− 1

α

∫
{h>t}

hλ dLn

α

∫ ∞
t

G(s)

s
ds−G(t) ≤ α + λ− 1

λ− 1

∫
{h>t}

hλ dLn, (3.31)

which holds for all t > t0. Using the estimate (3.31), the inequality (3.29) implies

that

Tα
∫ ∞
T

G(s)

s
ds =

∫ t0

0

tα−1

(
α

∫ ∞
t

G(s)

s
ds−G(t)

)
dt

+

∫ T

t0

tα−1

(
α

∫ ∞
t

G(s)

s
ds−G(t)

)
dt

≤
∫ t0

0

tα−1

∣∣∣∣α ∫ ∞
t

G(s)

s
ds−G(t)

∣∣∣∣ dt
+
α + λ− 1

λ− 1

∫ T

0

tα−1

(∫
{h>t}

hλ
)
dt

(which holds even for T < t0).

Using the fact that
∣∣∣α ∫∞t G(s)

s
ds
∣∣∣ + |G(t)| ≤ (α/(λ − 1) + 1) ‖g‖λλ and since

(α/(λ− 1) + 1)
∫ t

0
tα−1 dt = c(α, λ)tα, we have

Tα
∫ ∞
T

G(s)

s
ds ≤ ctα0 ‖g‖

λ
λ +

α + λ− 1

λ− 1

∫ T

0

tα−1

(∫
{h>t}

hλ
)
dt.
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Setting ν(E) =
∫
{h>t} h

λ dLn and µ(E) =
∫
E
tα−1 dt (which gives dµ(t) =

tα−1dt), integration by parts (Lemma 3.17 (2)) gives

Tα
∫ ∞
T

G(s)

s
ds ≤ ctα0 ‖g‖

λ
λ +

α + λ− 1

λ− 1

(
Tα

α

∫
{h>T}

hλ dLn +

∫
[0,T ]

tα

α
· tλ dLnh(t)

)
= ctα0 ‖g‖

λ
λ +

α + λ− 1

α(λ− 1)

(
Tα
∫
{h>T}

hλ dLn +

∫
{h≤T}

hα+λ dLn
)
.

Let ε ∈ (0, 1) be some fixed constant (to be determined later), the last term in the

above inequality can be estimated by∫
{h≤T}

hα+λ dLn =

∫
{εT<h≤T}

hα+λ dLn +

∫
{h≤εT}

hα+λ dLn

≤ Tα
∫
{h>εT}

hλ dLn + (εT )α
∫
Rn
hλ dLn.

The term
∫
{h>T} h

λ can be absorbed into
∫
{h>εT} h

λ, hence∫ ∞
T

G(s)

s
ds ≤ ctα0

Tα
‖g‖λλ +

α + λ− 1

α(λ− 1)

(
2

∫
{h>εT}

hλ dLn + εα
∫
Rn
hλ dLn

)
. (3.32)

Recall that the assumption (3.24) says that
∫
{g>t} g

λ dLn ≤ C(G(t)+
∫
{h>t} h

λ dLn),

so using 3.27 we get∫
{g>2T}

gλ dLn ≤ C

(
G(2T ) +

∫
{h>2T}

hλ dLn
)

≤ C

(∫ ∞
T

G(s)

s
ds+

∫
{h>2T}

hλ dLn
)

≤ C

(
tα0
Tα
‖g‖λλ +

∫
{h>εT}

hλ dLn + εα
∫
Rn
hλ dLn

)
, (3.33)

where we use (3.32) in the last line and absorb
∫
{h>2T} h

λ dLn into
∫
{h>εT} h

λ dLn.

For t ≥ 2, ε := 2/t < 1 so we may take T = t2/2 to get∫
{g>t2}

gλ dLn ≤ C

(∫
{h>t}

hλ dLn +
1

tα

∫
Rn
hλ dLn +

tα0
t2α

∫
Rn
gλ dLn

)
,

as required.

Lastly, we observe that the above inequality holds for t ≤ 2 as well. Indeed,

for t ≤ 2 the left-hand side is bounded above by ‖g‖λλ whereas the right-hand side

is bounded below by C
2α
‖h‖λλ. Thus by increasing the value of C, if necessary, the

inequality will hold for t ≤ 2 as well.

Putting together Proposition 3.16 and Proposition 3.18, we immediately get the

following result.
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Proposition 3.19. Let λ > 1 and assume that g, h ∈ Lλ(Rn) are positive functions.

Suppose that there exists ρ > 0 such that for any cube Q with radius less that ρ,

Q belongs to one of the families F1,F2 or F3, where each Q(i) ∈ Fi satisfies an

estimate of the form(
−
∫
α(i)Q(i)

gλ dx

)1/λ

≤ A−
∫
β(i)Q(i)

g dx+

(
−
∫
β(i)Q(i)

hλ dx

)1/λ

, (3.34)

with 1 ≤ αi ≤ βi ≤ 4 and A ≥ 1. Then there exists some C = C(n, λ,A), α =

α(n, λ,A) > 0 such that∫
{g>t2}

gλ dx ≤ C

(∫
{h>t}

hλ dx+
1

tα

∫
Ω

hλ dx+
tα0
t2α

∫
Rn
gλ dx

)
(3.35)

holds for all t > 0. Here t0 = ρ−n/λ ‖g‖Lλ(Rn). Equivalently, we can also write∫
{g>t2}

gλ dLn ≤ C

(∫
{h>t}

hλ dLn +
1

tα
‖h‖Lλ(Rn) +

ρ−αn/λ

t2α
‖g‖α+λ

Lλ(Rn)

)
. (3.36)

Proof. It is clear that, under the assumptions, Proposition 3.16 gives us the estimate∫
{g>t}

gλ dx ≤ C

(
tλ−1

∫
{g>t}

g dx+

∫
{h>t}

hλ dx

)
(3.37)

for all t > t0 = 1
(2A+2)(4ρ)n/λ

‖g‖Lλ(Rn). Proposition 3.19 can then be applied to get

the final result.

Using Proposition 3.19 and the Caccioppoli inequalities we proved earlier in

Theorem 3.12 and Theorem 3.14, we arrive at our main uniform integrability result

for minimizers of the integral functional J whose integrand satisfies assumptions

(F1) and (F2).

Theorem 3.20. Let Ω ⊂ Rn be a bounded Lipschitz domain and assume that (F1)

and (F2) hold for the integrand F : Λ × RN × RN×n → R, where Λ is an open set

such that Ω ⊂⊂ Λ. Let f ∈ W1,p(Ω;RN) be given and let u ∈ W1,p
f (Ω;RN) be a

minimizer of the functional

J(u) =

∫
Ω

F (x, u(x),∇u(x)) dx,

i.e. J(u) ≤ J(v) for any v ∈ W1,p
f (Ω;RN). Then there exists constants C =

C(p, n, γ, ρ,Ω,Λ, ν), β = β(p, n, γ, ρ,Ω,Λ, ν) such that∫
Ω∩{|∇u|p(x)>t}

|∇u|p dx ≤ C

∫
{Hf>t1/2}

Hf (x) dx

+
C

tβ

(
‖a+ bρ‖L1(Λ) +A

(
‖f‖W1,p(Ω;RN )

))
+

C

t2β
B
(
‖u‖W1,p(Ω;RN ) + ‖f‖W1,p(Ω;RN )

)
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holds for all t > 0. Here A,B : [0,∞) → [0,∞) are two increasing functions such

that A(0) = B(0) = 0 and Hf : Rn → [0,∞) is a function defined to be

Hf (x) := a(x) + b(x)ρ + |∇Ef(x)|p + |Ef(x)|q,

where E : W1,p(Ω;RN)→W1,p(Rn;RN) is a Sobolev extension operator.

Proof. Since u is a global minimizer, we can see that it must be a local minimizer

in Ω in the sense that J(u;Q) ≤ J(u + ϕ;Q) for any ϕ ∈ W1,p
0 (Q), where Q is a

cube compactly contained in Ω. Hence u satisfies the all the assumptions of both

Theorem 3.12 and Theorem 3.14. As before, we write

• λ = n+p
n
> 1, q = γρ

ρ−1
∈ [p, p∗),

• g := (|∇u|p + |u|q)
1
λ ,

• h := (a(x) + b(x)ρ + |∇f |p + |f |q)
1
λ ,

where the functions g, h are considered as functions on Rn. f is extended from Ω

to Rn by an extension operator E : W1,p(Ω;RN) → W1,p(Rn;RN), and its support

is contained in Λ. In fact, we can assume also that f ≡ 0 near ∂Λ. As for u, we

define it to be u = f on Rn\Ω. We extend a, b by setting a = b = 0 on Rn\Λ.

Now, let us consider the estimate of the form(
−
∫
αQ

gλ dx

)1/λ

≤ C−
∫
βQ

g dx+ C

(
−
∫
βQ

hλ dx

)1/λ

(3.38)

for cubes in Rn. For a given cube Q = Q(x;R) such that R ≤ ρ (with ρ =

ω
(
‖∇u‖Lp(Rn) + ‖∇g‖Lp(Rn)

)
, ω be a function that works for both Theorem 3.12

and 3.14), there are 3 possible cases

1. Q∩Ω = ∅: It is clear that (3.38) holds with α = β = 1 since u = f on Rn\Ω,

hence |∇u|p + |u|q = |∇f |p + |f |q.

2. Q ∩ Ω 6= ∅ and dist (x, ∂Ω) > 2R: In this case, we have 2Q ⊂⊂ Ω, hence we

can apply Theorem 3.12 to get the estimate (3.38) with α = 1, β = 2.

3. Q ∩ Ω 6= ∅ but dist (x, ∂Ω) ≤ 2R: In this case, Q verifies the assumption of

Theorem 3.14, so (3.38) holds with α = 3, β = 4.

Any cube QR with R ≤ ρ falls in one of the above categories. Denote the family

of cubes that belong to each category by F1,F2 and F3, respectively. These families

satisfy the conditions of Proposition 3.19, and hence we get the estimate∫
{g>t2}

gλ dx ≤ C

(∫
{h>t}

hλ dx+
1

tα
‖h‖Lλ(Rn) +

ρ−αn/λ

t2α
‖g‖α+λ

Lλ(Rn)

)
. (3.39)
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The constant C here depends only on n, γ, ρ,Ω,Λ. Expanding the above yields∫
Ω∩{|∇u|p>t2λ}

|∇u|p dx ≤
∫
{|∇u|p+|u|q>t2λ}

|∇u|p + |u|q dx

.
∫
{Hf>tλ}

Hf dx

+
1

tα

(∫
Rn
a(x) + b(x)ρ + |∇f |p + |f |q dx

)1/λ

+
ρ−αn/λ

t2α

(∫
Rn
|∇u|p + |u|q dx

)α/λ+1

.

where Hf (x) := a(x) + b(x)ρ + |∇f(x)|p + |f(x)|q.
Since the Sobolev extension operator E is bounded, we have

‖f‖W1,p(Rn) ≤ C ‖f‖W1,p(Ω)

and hence

‖u‖W1,p(Rn) ≤ ‖u‖W1,p(Ω) + ‖f‖W1,p(Rn\Ω) ≤ ‖u‖W1,p(Ω) + C ‖f‖W1,p(Ω) .

Using Sobolev (and Hölder) inequalities, it follows that∫
Ω∩{|∇u|p>t2λ}

|∇u|p dx .
∫
{Hf>tλ}

Hf dx

+
1

tα

(
‖a+ bρ‖L1(Λ) +A

(
‖f‖W1,p(Ω;RN )

))
+

1

t2α
B
(
‖u‖W1,p(Ω;RN ) + ‖f‖W1,p(Ω;RN )

)
,

where A(t) = C(tp + tq)
1
λ and B(t) = Cω(t)−αn/λ(tp + tq)

α
λ

+1 for some suitable

constant C. It is clear that A(0) = B(0) = 0 and they are both increasing functions

(since ω(t) is decreasing).

Lastly, we substitute t = s
1
2λ and α

2λ
= β to get∫

Ω∩{|∇u|p>s}
|∇u|p dx ≤ C

∫
{Hf>s1/2}

Hf dx

+
C

sβ

(
‖a+ bρ‖L1(Λ) +A

(
‖f‖W1,p(Ω;RN )

))
+

C

s2β
B
(
‖u‖W1,p(Ω;RN ) + ‖f‖W1,p(Ω;RN )

)
,

which holds for all s > 0.

Finally, with Theorem 3.20, we can now prove the uniform integrability that we

want.
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Proof of Theorem 3.3. Suppose that each uj ∈W1,p
fj

(Ω;RN) is a minimizer of J(u,Ω)

in W1,p
fj

(Ω;RN), where fj → f in W1,p(Ω;RN). Since uj minimizes J(u,Ω) in

W1,p
fj

(Ω;RN), we have∫
Ω

F (x, uj,∇uj) dx ≤
∫

Ω

F (x, fj,∇fj) dx

≤ C

∫
Ω

a(x) + b(x)|fj|γ + |∇fj|p dx

≤ C

∫
Ω

a(x) + b(x)ρ + |fj|
γρ
ρ−1 + |∇fj|p dx

which is bounded uniformly in j ∈ N since ‖fj‖W1,p(Ω;RN ) is bounded (and γρ
ρ−1

< p∗).

From assumption (J1), this shows that ‖uj‖W1,p(Ω;RN ) is also bounded, so we can

find M > 0 such that

‖uj‖W1,p(Ω;RN ) + ‖fj‖W1,p(Ω;RN ) ≤M for all j ∈ N.

By Theorem 3.20, each uj satisfies the estimate∫
Ω∩{|∇uj |p(x)>t}

|∇uj|p dx ≤ C

∫
{Hj>t1/2}

Hj(x) dx

+
C

tβ

(
‖a+ bρ‖L1(Λ) +A

(
‖fj‖W1,p(Ω;RN )

))
+

C

t2β
B
(
‖uj‖W1,p(Ω;RN ) + ‖fj‖W1,p(Ω;RN )

)
≤ C

∫
{Hj>t1/2}

Hj(x) dx+
C

tβ

(
‖a+ bρ‖L1(Λ) +A(M)

)
+

C

t2β
B(M) (3.40)

since A and B are both increasing. Here Hj(x) = a(x) + b(x)ρ + |∇Efj(x)|p +

|Efj(x)|
γρ
ρ−1 , where E : W1,p(Ω;RN) → W1,p(Rn;RN) is a Sobolev extension opera-

tor.

Clearly, the last two terms in (3.40) tend to zero as t→∞ independent of j, so

it suffices to show that

lim
t→∞

sup
j∈N

∫
{Hj>t1/2}

Hj(x) dx = 0. (3.41)

Indeed, since E is continuous, we have Efj → Ef in W1,p(Rn;RN) as well, hence

∇Efj → ∇Ef in Lp(Rn;RN) and Efj → Ef in L
γρ
ρ−1 (Rn;RN) (by Sobolev inequal-

ity). According to Vitali’s convergence theorem (Proposition A.11), this implies

that (|∇Efj(x)|p)j∈N and (|Efj(x)|
γρ
ρ−1 )j∈N are uniformly integrable, hence (Hj)j∈N

is uniformly integrable. Therefore (3.41) holds as was claimed. This implies that

lim
t→∞

sup
j∈N

∫
Ω∩{|∇uj |p(x)>t}

|∇uj|p dx = 0, (3.42)
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i.e. (|∇uj|p)j∈N is uniformly integrable in Ω.

Lastly, since uj is bounded in W1,p(Ω;RN), the sequence |uj|
γρ
ρ−1 is uniformly

integrable by de la Vallée–Poussin’s criterion (Proposition 2.31) because γρ
ρ−1

< p∗

and uj is bounded in Lp
∗
(Ω;RN). Thanks to the inequality

|F (x, uj,∇uj)| ≤ C
(
a(x) + b(x)ρ + |uj|

γρ
ρ−1 + |∇uj|p

)
,

and because we have shown that the right-hand side is uniformly integrable, it

follows that

(F (x, uj,∇uj))j∈N is also uniformly integrable.

3.2 Upper Semicontinuity of the Solution Map S
Now we are ready to prove the continuity property of the solution map S : g 7→

infW1,p
g (Ω;RN ) J .

Proposition 3.21. Suppose that F is a Carathéodory integrand satisfying the condi-

tions (F1) and (F2); then there exist C = C(n, p, ρ, γ, ν) and α = α(n, p, ρ, γ, ν) > 0

such that∫
Ω

F (x, u,∇u) dx ≥ α

∫
Ω

|∇u|p dx− C
∫

Ω

a(x) + b(x)ρ + |u|q + |∇g|p dx (3.43)

whenever u ∈W1,p
g (Ω;RN).

Moreover, (F−(x, uj,∇uj))j∈N is uniformly integrable whenever uj ∈W1,p
gj

(Ω;RN),

(|∇gj|p)j∈N is uniformly integrable, and (uj)j∈N is bounded in the W1,p(Ω;RN) norm.

Proof. Let g ∈W1,p(Ω;RN), u ∈W1,p(Ω;RN) and assume (without loss of general-

ity) that the function G from (F2) satisfies G(0) = 0. Since u − g ∈ W1,p
0 (Ω;Rn),

we have
∫

Ω
∇(u− g) dx = 0 and hence

ν

∫
Ω

|∇(u− g)|p dx ≤
∫

Ω

G(∇(u− g))

≤
∫

Ω

F (x, u,∇(u− g)) + C(a(x) + b(x)|u|γ) dx.

Recall from Lemma 3.13 that

|F (x, u,∇(u− g))− F (x, u,∇u)| ≤
(
(a(x) + b(x)|u|γ)1/p + |∇(u− g)|+ |∇u|

)p−1 |∇g|
≤ Cε(a(x) + b(x)ρ + |u|q + |∇g|p + ε|∇u|p),

we have used the Hölder–Young inequality in the last line. Together with the fact

that ∫
Ω

|∇u|p dx ≤ 2p−1

∫
Ω

|∇(u− g)|p dx+ 2p−1

∫
Ω

|∇g|p dx,
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we can pick ε small enough so that we have

ν

2p

∫
Ω

|∇u|p dx ≤
∫

Ω

F (x, u,∇u) dx+ C

∫
Ω

a(x) + b(x)ρ + |u|q + |∇g|p dx

This proves the estimate we want.

As for the last part, we observe that if (uj)j∈N is bounded in W1,p norm, the

(|uj|q)j∈N is uniformly integrable by de la Vallée–Poussin criterion (Proposition 2.31)

since q < p∗. If we assume that (|∇gj|p)j∈N is uniformly integrable as well, then the

sequence

a(x) + b(x)ρ + |uj|q + |∇gj|p

is uniformly integrable. From (3.43), we can deduce that∫
Ω

F−(x, u,∇u) dx ≤ C

∫
Ω

a(x) + b(x)ρ + |u|
γρ
ρ−1 + |∇g|p dx

whenever u ∈ W1,p
g (Ω;RN); hence it follows that (F−(x, uj,∇uj))j∈N is uniformly

integrable under the given assumptions.

Corollary 3.22. Suppose that F is a Carathéodory integrand satisfying the condi-

tions (F1), (F2) and (F3). For any fixed g ∈ W1,p(Ω;RN), the functional J(·; Ω)

restricted to the affine subspace W1,p
g (Ω;RN) is swlsc. Moreover, if we assume that

the condition (J1) holds as well, then the problem min(W1,p
g (Ω;RN); J) has at least

one minimizer.

Proof. We apply Proposition 3.21 with the constant sequence gj = g (which is

clearly uniformly integrable) and any sequence uj ∈W1,p
g (Ω;RN) such that uj

w
⇀ u

in W1,p (which implies boundedness in norm) to deduce that F−(x, uj,∇uj) is

uniformly integrable. By Proposition 1.46, we have∫
Ω

F (x, u,∇u) dx ≤ lim inf
n→N

∫
Ω

F (x, uj,∇uj) dx,

which is exactly the sequential weak lower semicontinuity that we want. Note that

the weak limit u is in W1,p
g (Ω;RN) since the trace operator Tr: W1,p(Ω;RN) →

Lp(∂Ω) is weakly continuous.

Suppose we assume that (J1) holds; then the sublevel sets of J are bounded

in the W1,p norm, and hence they are (sequentially) weakly precompact. This

shows that J is coercive in the sense of Proposition 1.17 (1). Together which the

fact that J is swlsc, Proposition 1.17 can be applied to yield a minimizer of J in

W1,p
g (Ω;RN).

Quasiconvexity in the last variable of F (x, u, z) has been sufficient for our results

so far, but to get a stronger conclusion regarding the convergence of minimizers we

shall need to strengthen the quasiconvexity assumption. There are many different

types of ‘strict quasiconvexity’ in the literature which are not equivalent to one

another. Our notion of strict convexity is defined as follows.
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Assumptions: Recall our standing assumptions that n ≥ 2, p ≥ 2, Ω ⊂ Rn

be a bounded Lipschitz domain and let Λ be an open set such that Ω ⊂⊂ Λ. The

integrand F : Λ×RN×RN×n → R is assumed to be Carathéodory. In the following,

B = B(0; 1) denotes the open unit ball in Rn.

Definition 3.23 (Uniform Strict p-Quasiconvexity). We shall say that the function

F is uniformly strict p-quasiconvex if there exists a κ > 0 such that for each x0 ∈ Ω,

u0 ∈ RN , the function F (x0, u0, z)− κ|z|p is quasiconvex in the last variable, i.e.∫
B

F (x0, u0, z +∇ϕ)− F (x0, u0, z) dx ≥ κ

∫
B

|z +∇ϕ|p − |z|p dx (F3’)

for all z ∈ RN×n and all ϕ ∈W1,p
0 (B;RN). �

Remark 3.24. The open unit ball B in the above definition can be replaced by

a bounded open set U ⊂ Rn satisfying |∂U | = 0. In particular, we can replace B

with our domain Ω. �

Definition 3.25 (Solution Map). For each ε ≥ 0, we define the multivalued func-

tion Sε : W1,p(Ω;RN)⇒W1,p(Ω;RN) to be

Sε(g) := ε-argmin (W1,p
g (Ω;RN); J)

= {u ∈W1,p
g (Ω;RN) : J(u) ≤ ε+ inf

W1,p
g (Ω;RN )

J},

i.e. Sε(g) is the set of all ‘ε-almost minimizers’ of J in W1,p
g (Ω;RN). In particular,

if ε = 0 we simply write

S(g) := argmin (W1,p
g (Ω;RN); J).

The multivalued function S is called the solution map since it sends g to the set of

all minimizers of J in W1,p
g (Ω;RN). �

In the proof of the following theorem where we utilize Young measures, it is

worth noting that a more direct proof is also possible for similar situations when

boundary condition is not an issue (see [42] by Evans and Gariepy). However,

adapting such technique to account for the boundary conditions is not a trivial

task, and the approach using Young measures is more illuminating.

Proof of Theorem 3.2. Let F be a Carathéodory integrand satisfying the conditions

(F1), (F2), (F3) and (J1), gj → g in W1,p(Ω;RN), and uj ∈ Sε(gj). Recall from

Corollary 3.22 that S(·) is never empty-valued.
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Observe that since (J(gj))j∈N is bounded, (J1) implies that the sequence uj
is also bounded, hence we can extract a subsequence such that ujk

w
⇀ u for some

u ∈W1,p
g (Ω;RN) (by weak continuity of the trace). We want to show that u ∈ Sε(g).

Pick an arbitrary v ∈ S(g). It is easy to see that (v − g) + gj ∈ W1,p
gj

(Ω;RN),

hence

J(uj) ≤ J(v + (gj − g)) + ε

by definition. The integrand F of the integral functional J satisfies the condition

of Corollary 1.22; hence J is continuous in the norm topology of W1,p. As n→∞,

gj → g in W1,p(Ω;RN) and thus

lim sup
n→∞

J(uj) ≤ lim
n→∞

J(v + (gj − g)) + ε

= J(v) + ε

= inf
W1,p
g

J + ε.

On the other hand, Proposition 3.21 says that (F−(x, uj,∇uj))j∈N is uniformly

integrable (because (|∇gj|p)j∈N is uniformly integrable by Vitali’s convergence the-

orem), so we can apply Proposition 1.46 to conclude that J(u) ≤ lim infn→∞ J(uj).

Thus

J(u) ≤ lim inf
n→∞

J(uj) ≤ lim sup
n→∞

J(uj) ≤ inf
W1,p
g

J + ε,

which implies that u ∈ Sε(g).

Now, let us take ε = 0 and assume that (F3’) holds, gj → g in W1,p(Ω;RN),

and uj ∈ S(gj). Since uj is bounded in W1,p(Ω;RN), we may extract a subsequence

(not relabelled) such that uj
w
⇀ u in W1,p(Ω;RN), uj → u a.e. x ∈ Ω, and ∇uj

Y→ ν

for some gradient Young measure ν ∈ GYp(Ω;RN×n). From Theorem 3.3, the

sequences (|∇uj|p)j∈N and (F (x, uj,∇uj))j∈N are uniformly integrable. Hence∫
Ω

F (x, u(x),∇u(x))− κ|∇u(x)|p dx ≤
∫

Ω

〈νx, F (x, u(x), ·)− κ| · |p〉 dx

= lim
n→∞

∫
Ω

F (x, uj(x),∇uj(x))− κ
∫

Ω

〈νx, | · |p〉 dx

≤ inf
W1,p
g

J − κ
∫

Ω

〈νx, | · |p〉 dx,

which implies that

κ

∫
Ω

〈νx, | · |p〉 − |νx|p dx ≤ inf
W1,p
g

J −
∫

Ω

F (x, u(x),∇u(x)) dx = 0 (3.44)

since we know from the first part of this theorem that J(u) = infW1,p
g
J .
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For any x ∈ Ω, Jensen’s inequality shows that

|νx|p ≤
∫
RN×n

|z|p dνx(z) = 〈νx, | · |p〉 ,

so (3.44) implies that Jensen’s inequality actually attains equality for almost every

x ∈ Ω, i.e.
∫
RN×n |z|

p dνx(z) = |νx|p almost every x. However, the function t 7→ |t|p

is strictly convex, hence the probability measure νx degenerates to νx = δ∇u(x) for

almost every x ∈ Ω. By Proposition 1.39, we thus have ∇uj → ∇u in measure.

Since the sequence (|∇uj|p)j∈N is uniformly integrable and ∇uj → ∇u in mea-

sure, Vitali’s convergence theorem (Proposition A.11) implies that ∇uj → ∇u in

the Lp norm, thus uj → u in W1,p(Ω;RN). This concludes the proof.

Recall that a multivalued function T : (X, τ) ⇒ (Y, τ ′) is τ -τ ′-USC if for each

x ∈ X and any U ∈ N (T (x)), there exists a WU ∈ N (x) such that T (WU) ⊂ U .

Here N (x) denotes the family of all neighbourhoods of x (similarly for N (T (x))).

Proof of Theorem 3.1. Let ε ≥ 0 be fixed. The part about Sε having compact

value follows directly from Theorem 3.2 by taking gj to be the constant sequence

gj ≡ g ∈ W1,p(Ω;RN). So it is enough to show that Sε (resp. S) is ‖·‖-w-USC

(resp. ‖·‖-‖·‖-USC).

We assume for contradiction that Sε is not ‖·‖-w-USC, i.e. there exists a g and

a weak neighbourhood U ∈ N (Sε(g)) such that for any neighbourhood W ∈ N (g),

we can find g′ ∈ N (g) and u′ ∈ Sε(g′)\U . Hence there exists a sequence gj → g

and a corresponding sequence uj satisfying uj ∈ Sε(gj)\U .

From the growth condition (F1) (or the continuity of J in the norm topology),

J is bounded near g; hence for any W ∈ N (g) there exists an M > 0 such that

sup
u′∈Sε(W )

J(u′) ≤ sup
g′∈W

J(g′) + ε < M,

which, according to (J1), implies that the set Sε(W ) is bounded in norm, i.e.

supu′∈Sε(W ) ‖u′‖W1,p(Ω;RN ) < M ′. This shows that Sε is locally bounded, hence

we can find a sufficiently large open ball B ⊂W1,p(Ω;RN) so that uj ∈ B holds for

all j ∈ N.

The ballB equipped with the weak topology of W1,p(Ω;RN) is relatively compact

and hence metrizable by a metric d, according to Proposition A.5. Define U ′ =

U ∩ B, then U ′ is a weakly open neighbourhood of Sε(g) in the relative topology

of (B, d) and we can easily see that uj ∈ Sε(gj)\U ′. By Theorem 3.2, we can find

a subsequence gjk of gj and a u ∈ Sε(g) such that ujk
w
⇀ u (i.e. d(ujk , u) → 0) as

k → ∞. However, since u ∈ U ′, eventually we must have ujk ∈ U ′ for sufficiently

large k, which contradicts the fact that uj /∈ U ′ for all j ∈ N. This shows that our

assumption that Sε is not ‖·‖-w-USC is false.
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Proving the last claim is simpler, we let ε = 0 and suppose that (F3’) holds.

As before, we assume for contradiction that S is not ‖·‖-‖·‖-USC, so there exists g

and a neighbourhood U ∈ N (S(g)) (in the norm topology) such that there exists

a sequence gj → g and a corresponding sequence uj satisfying uj ∈ Sε(gj)\U . By

Theorem 3.2, we can find a subsequence gjk of gj and a u ∈ S(g) such that ujk → u

in norm. However, ujk is eventually in U since U is a neighbourhood of u, which is

a contradiction to uj /∈ U . This proves that S is ‖·‖-‖·‖-USC.

93



Panas Kalayanamit

4 Rectifiability of the Sets of Extremals for a Sin-

gularly Perturbed Variational Integrals

The structure of the sets of minimizers (or, more generally, the sets of extremals)

for a singularly perturbed strongly quasiconvex variational integral is the main

object of study in this chapter, which is joint work with Prof Jan Kristensen. The

unperturbed variational integral takes the form

J(u) =

∫
Ω

F (∇u) dx,

where the main assumptions for our integrand F : RN → R is the p-growth condition

(or the natural growth condition)

|F (z)| ≤ k(1 + |z|p) (Fp1)

for some k > 0 (so that the variational integral J(u) is well-defined as a nonlinear

functional J : W1,p(Ω;RN)→ R) and the strong quasiconvexity (or, more precisely,

strong p-quasiconvexity), which means that

F − lEp is quasiconvex for some l > 0 (Fp2)

where the reference integrand Ep is defined as

Ep(z) =
(
1 + |z|2

) p
2 − 1.

It is well known that strong quasiconvexity (or even strong polyconvexity) of the

integrand is not enough to guarantee uniqueness of the minimizers or the extremals

for the corresponding variational problems. In fact, the extremals of a strongly

quasiconvex variational integral could behave quite badly, as shown in [80] by Müller

and Šverák (see also [60] and [96]) that apart from the lack of uniqueness, the

extremals can be very irregular. There are partial results for smooth extremals

exhibiting good behaviour, however, e.g. the work by Zhang [110] where he uses

the implicit function theorem to establish the existence and local uniqueness in the

Hölder norm of the extremals, or [111] where he shows that smooth extremals are

strong local minimizers for strongly quasiconvex variational integrals. Regarding the

non-uniqueness, an analysis of the number of strong local minimizers for quasiconvex

variational integrals for domains Ω with nontrivial topology is given by Taheri in

[99] (see also [97]). Since it is not possible to prove either regularity nor uniqueness

for a variational integral with a strongly quasiconvex integrand in general, one way

to remedy the situation is to perturb the problem by adding a regularizing term

to it and see if the extremals (and minimizers) of the perturbed problem behave

better.
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In this chapter, we study a singularly perturbed variational integral of the form

Jε(u) =

∫
Ω

F (∇u) dx+ ε

∫
Ω

|∇2u|2 dx, (4.1)

where Ω is a regular domain in Rn, F : RN → R is a strongly quasiconvex integrand,

and u is a vector-valued function in W2,2(Ω;RN) (with ∇2u denoting the Hessian

of u). Recall that a d-rectifiable set M (in Federer’s sense [44]) is a subset of a

metric space that is the Lipschitz image of some bounded set in Rd, i.e. M = f(K)

where f is Lipschitz and K ⊂ Rd is a bounded set. The main results of this chapter

are the following:

Theorem 4.1. Let Ω ⊂ Rn be a bounded domain with C4 boundary, p ∈
[
2, 2n

n−2

)
,

g ∈ W3,r(Ω;RN) where r ≥ p′ and r > n
2
, and let F : RN×n → R be an integrand

that satisfies the p-growth (Fp1) and the strong quasiconvexity (Fp2). Let E ⊂
W2,2

g (Ω;RN) be the set of all the extremals of

Jε(u) =

∫
Ω

F (∇u) dx+ ε

∫
Ω

|∇2u|2 dx.

Let δ > 0, R > 0, and S := {u ∈ E : ‖u‖
W1,

n(p−1)
2 +δ

≤ R}. Then S, viewed as a

metric subspace of W2,2(Ω;RN), is a d-rectifiable set (d depends on the parameters

in (Fp1), (Fp2) and the set S). In particular, S is bi-Lipschitz equivalent to a

bounded subset K ⊂ Rd.

Theorem 4.1 says that any bounded (in a suitable Sobolev norm) subset of the

extremals is bi-Lipschitz equivalent to a bounded subset in some finite dimensional

Euclidean space. In particular, this boundedness assumption is automatically satis-

fied for minimizers under suitable circumstances, and hence we have an immediate

corollary:

Theorem 4.2. Let Ω ⊂ Rn be a bounded domain with C4 boundary, n < 6, p ∈[
2, n+2

n−2

)
, g ∈ W3,r(Ω;RN) where r ≥ p′ and r > n

2
, and let F : RN×n → R be an

integrand that satisfies the conditions (Fp1) and (Fp2). Let M ⊂ W2,2
g (Ω;RN) be

the set of all the absolute minimizers of

Jε(u) =

∫
Ω

F (∇u) dx+ ε

∫
Ω

|∇2u|2 dx.

Then M, viewed as a metric subspace of W2,2(Ω;RN), is a d-rectifiable set (d de-

pends on the parameters in (Fp1), (Fp2)). In particular, M is bi-Lipschitz equiva-

lent to a compact subset K ⊂ Rd.

In this case, we obtain a stronger conclusion that the setM of all the minimizers

of Jε is not only bi-Lipschitz equivalent to a bounded subset K ⊂ Rd, but also that
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K is compact. It is not unreasonable to hope that under all these assumptions,M
could in fact be a singleton set, i.e. that the minimizer of the perturbed variational

integral must be unique, but this is false in general. The method used in the recent

work [15] by Campos Cordero, Kirchheim, Kolář and Kristensen can be used to

show non-uniqueness of minimizers even for the perturbed variational problem.

Remark 4.3. If Ω ⊂ Rn is a star-shaped domain, then one can obtain a bound on

the norm of the extremals in E using a calculation from [98] by Taheri. This would

remove some restrictions on the exponent p in Theorem 4.2 and the dimension n.�

A crucial tool that we used to prove our main result is the nonlinear G̊arding in-

equality which says that if F is an integrand satisfying the growth assumption (Fp1)

and the strong quasiconvexity assumption (Fp2), then for a fixed u ∈ C1(Ω;RN),

c

∫
Ω

Ep(∇ϕ(x)) dx ≤
∫

Ω

F∇u(x)(∇ϕ(x)) dx+ C

∫
Ω

Ep(ϕ(x)) dx, (4.2)

holds for any ϕ ∈W1,p
0 (Ω;RN) for some constants c, C ≥ 0. Here Ep is the reference

integrand Ep(z) = (1 + |z|2)
p
2 − 1, and Fw(z) := F (w+ z)− F (w)− F ′(w)[z]. This

inequality is a generalization of a recent work by Campos Cordero and Kristensen

[16] for the p = 2 case. A similar inequality was also used by Koumatos et al. (see

[46] and [56]), where their proof follows closely an indirect argument used in Campos

Cordero’s thesis. In this chapter, we shall prove this inequality only for p > 1. The

inequality does also hold for the case p = 1 but requires a slightly different method

to prove some estimates related to the reference integrand E1 (this could be done

by adapting the estimates used in [49]). Most importantly, we will show that the

stronger inequality

c

∫
Ω

Ep(∇ϕ(x)) dx ≤
∫

Ω

F∇u(x)(∇ϕ(x)) dx (4.3)

holds for any ϕ ∈ Y , where Y ⊂W1,p
0 (Ω;RN) is a linear subspace of finite codimen-

sion. This implies uniqueness of minimizers up to a finite dimensional subspace,

and ultimately the d-rectifiability of the set of all minimizers of Jε.

The organization of this chapter will be as follows. First, we prove the existence

of extension operators T : W1,r(∂Q;RN) → W1,r((1 + ε)Q\Q;RN) (here Q can be

a cube or a ball) that improve the integrability of Φ(|∇u|), where Φ is a Young-

type convex function. After that, we prove the nonlinear G̊arding inequality under

certain assumptions, and apply it to a strongly quasiconvex variational integral

whose integrand F has p-growth.

Since one requirement for applying the G̊arding inequality is a smoothness con-

dition, we use an elliptic regularity result to prove a C1,α estimate on the set of
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extremals of Jε in a Dirichlet class with sufficiently smooth boundary datum, and

after this we will prove that the G̊arding inequality, which holds uniformly on a

C1,α-bounded set, implies strict convexity of the functional J up to a finite dimen-

sional subspace of W1,p(Ω;RN). Our main result regarding the d-rectifiability of

the sets of extremals and minimizers is then deduced.

4.1 Extension Operators and Higher Integrability

The main goal of this section is to prove the following proposition that will be

used to prove the nonlinear G̊arding inequality.

Proposition 4.4. Let Q =
(
−1

2
, 1

2

)n
be a unit cube in Rn and let Φ be a convex

function such that Φ(αz) ≤ αδ (Φ(z)) for every α ≥ 1, where δ ≥ 1 is some fixed

constant. There exists an ε0 > 0 (depending only on the dimension n) such that for

any given 0 < ε ≤ ε0 and any p ∈ [1,∞), there exist C = C(n, δ) and an extension

operator T : W1,p(∂Q;RN)→W1,p(Rn\Q;RN) mapping u to ũ such that∫
(1+ε)Q\Q

Φ(|∇ũ(x)|) dx ≤ εC

∫
∂Q

Φ(|∇τu(y)|) dHn−1(y)

+
C

εδ−1

∫
∂Q

Φ(|u(y)|) dHn−1(y),

where ∇τ denotes that tangential gradient operator. Moreover, ũ is smooth on Rn\Q
and ũ = 0 outside (1 + ε)Q.

Additionally, we will prove the existence of another extension operator that

is similar to [19] and [57]. Such an extension operator could be of independent

interest, or it can be used in conjunction with a Lipschitz cut-off function to give

an alternative proof to Lemma 4.13 (in the next section), which is the strategy used

in a work by Campos Cordero and Kristensen to prove a similar result.

Proposition 4.5. Let Q =
(
−1

2
, 1

2

)n
be a unit cube in Rn and let Φ be a convex

function such that Φ(αz) ≤ αδΦ(z) for each α ≥ 1. Then for any given 1 < q < n
n−1

and any r ∈ [1,∞), there exist ε0 > 0, C = C(n, q, δ) and an extension operator

T : W1,r(∂Q;RN)→W1,r((1 + ε0)Q\Q;RN) mapping u to ũ such that∫
(1+ε0)Q\Q

Φ(|∇ũ(x)|)q dx ≤ C

(∫
∂Q

Φ(|∇τu(y)|) dHn−1(y)

)q
, (4.4)

where ∇τ denotes that tangential gradient operator. Moreover, ũ is smooth on

(1 + ε0)Q\Q.

We shall see from the proof that the above result still holds if we replace the

unit cube Q with the unit ball B(0, 1) instead.
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Before proving these extension results, we shall first prove the following Poincaré

inequality of Orlicz–Sobolev type, which will help us strengthen the inequalities.

The proof is based on the an estimate involving the Riesz potential, similar to [47,

Lemma 7.16] (see also [73] and [33] for related results).

Lemma 4.6. Let Φ: R+ → R+ be an increasing C1 convex function which has the

scaling property in the sense that for any l ≥ 1, there exists a constant c(l) such

that Φ(lt) ≤ c(l)Φ(t). We also assume that Φ has q-growth, i.e. there exists an

L > 0 such that

Φ(t) ≤ L(1 + tq).

Let Sd be the unit sphere in Rd+1; then there exists a constant C = C(d) such that

for any u ∈W1,q(Sd;RN), we have∫
Sd

Φ(|u(x)− u|) dHd(x) ≤ C

∫
Sd

Φ(|∇τu(x)|) dHd(x), (4.5)

where u := −
∫
Sd
u(x) dHd(x).

Proof. We shall parametrize Sd by the function T : Bπ → Sd, where Bπ = Bd(0, π)

is the ball in Rd of radius π, and T is defined by

T (x) =

(
sin(|x|) x

|x|
,− cos(|x|)

)
∈ Rd × R.

Its derivative at x is the map

DT (x) =

(
sinc (|x|)Id×d +

sinc ′(|x|)
|x|

xxt
)
⊕ sin(|x|)xt.

We can calculate its Jacobian of transformation JT =
√

detDT tDT to be JT (x) =

sinc (|x|)d−1 (it is enough to calculate JT (x) for x = te1 and use rotational symmetry

of T to deduce the general formula). Also, we can verify that |DT (tx)x| = |x| for

any t ∈ (0, 1), x ∈ Bπ, and that |x| = ρ(Tx, T (0)), where ρ is the Riemannian

distance on Sd.

Let us assume first that u ∈ C1(Sd;RN) and denote x0 = T (0). Then

u(x0)− u(Tx) = −
∫ 1

0

D(u ◦ T )(tx)[x] dt

= −
∫ 1

0

Du(T (tx))[DT (tx)x] dt

and we can integrate the above over the ball Bπ to get∫
Bπ

(u(x0)− u(Tx))JT (x) dx ≤
∫
Bπ

∫ 1

0

|Du(T (tx))||x|JT (x) dt dx.
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Recall that
∫
Bπ
f(Tx)JT (x) dx =

∫
Sd
f(y) dHd(y) and that sinc (t) is decreasing on

[0, π], so JT (x) ≤ JT (tx) for all t ∈ [0, 1]. Hence

|Sd|(u(x0)− u) ≤
∫
Bπ

∫ 1

0

|Du(T (tx))||x|JT (tx) dt dx

≤
∫ ∞

0

∫ π

0

∫
{|x|=r}

rV (xt) dHd−1(x) dr dt,

where we set

V (x) :=

|Du(T (x))|JT (x) ;x ∈ Bπ

0 ;x /∈ Bπ.

By the change of variables z = tx and s = tr, we have

u(x0)− u ≤ 1

|Sd|

∫ π

0

∫ ∞
0

∫
{|z|=s}

rd−1

sd−1
V (z) dHd−1(z) ds dr,

=
1

|Sd|

(∫ π

0

rd−1 dr

)∫ ∞
0

∫
{|z|=s}

V (z)

|z|d−1
dHd−1(z) ds

=
πd

d|Sd|

∫
Bπ

|Du(T (z))|
ρ(x0, T z)d−1

JT (z) dz

=
πd

d|Sd|

∫
Sd

|Du(y)|
ρ(x0, y)d−1

dHd(y).

The point x0 in the above can be replaced with any x ∈ Sd by a simple rotation

and since
∫
Sd

dHd(y)
ρ(x0,y)d−1 <∞, we can apply Jensen’s inequality (and use the fact that

Φ is increasing and has a scaling property) to get

Φ(|u(x)− u|) ≤ C

∫
Sd

Φ(|Du(y)|)
ρ(x, y)d−1

dHd(y)

for some constant C = C(d). We then integrate the inequality to get∫
Sd

Φ(|u(x)− u|) dHd(x) ≤ C

∫
Sd

(∫
Sd

dHd(x)

ρ(x, y)d−1

)
Φ(|Du(y)|) dHd(y)

≤ C

∫
Sd

Φ(|Du(y)|) dHd(y),

which holds for any u ∈ C1(Sd;RN). The term |Du| can be replaced by |∇τu| since

they are equivalent.

Finally, we observe that since Φ satisfies the q-growth condition, the map f 7→∫
Sd

Φ(|f |) dHd is continuous in the Lq norm. Since smooth functions are dense

in W1,q(Sd;RN), for any given u ∈ W1,q(Sd;RN) we can take a sequence un ∈
C1(Sd;RN) such that un → u in W1,q(Sd;RN) and take the limit of∫

Sd
Φ(|un(x)− un|) dHd(x) ≤ C

∫
Sd

Φ(|∇τun(x)|) dHd(x)

as n→∞ to obtain the inequality for u (with the same constant C). This completes

the proof.
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It is not hard to see that an analogous inequality also holds for u ∈W1,q(rSd;RN)

(here rSd is of course the sphere of radius r > 0), but the constant C in (4.5) would

depend onR as well. The only modification we need to make in the proof is replacing

the parametrization T with T (x) =
(

sin(|x|) rx|x| ,−r cos(|x|)
)

. This fact will not be

used in this work, however.

To prove Proposition 4.4 and Proposition 4.5, we will first prove corresponding

results for extension operators on the half-space Rn−1×R+ of Rn. Then the results

are translated onto a unit ball Bn ⊂ Rn, which is bi-Lipschitz equivalent to an

n-dimensional cube, by a patching argument, and finally translated onto a cube.

The following lemma corresponds to Proposition 4.4.

Lemma 4.7. Let p ≥ 1 and Φ: R+ → R+ be an increasing convex function such that

Φ(αz) ≤ αδ (Φ(z)) for every α ≥ 1, where δ ≥ 1 is some fixed constant. Let ε > 0

be given; then there exists an extension operator that maps any u ∈W1,p(Rn−1;RN)

to U ∈W1,p(Rn;RN) such that∫
Rn+

Φ(|∇U(x, t)|) d(x, t) ≤ ε4δ
∫
Rn−1

Φ(|∇u(x)|) dx+
8δ

εδ−1

∫
Rn−1

Φ(|u(x)|) dx.

(4.6)

U is smooth on Rn−1× (0,∞) and U(x, t) = 0 for all t > ε. Moreover, if we assume

that u ∈W1,p
0 (Bn−1(0, R);RN), then U is supported on Bn−1(0, R + ε)× [0, ε].

Proof. Choose a smooth function η : [0,∞)→ [0, 1] such that η(0) = 1 and η(t) = 0

for all t > ε and |η′| ≤ 2
ε
. Let K be a symmetric smooth function on Rn−1 that is

supported on Bn−1(0, 1). Define Kt(x) := 1
tn−1K

(
x
t

)
and let

U(x, t) := η(t)(Kt ∗ u)(x)

= η(t)

∫
Rn−1

Kt(y)u(x− y) dy.

The facts that U is smooth on Rn−1 × (0,∞), U(x, t) = 0 for all t > ε, and that U

is supported on Bn−1(0, R+ ε)× [0, ε] if u ∈W1,p
0 (Bn−1(0, R);RN) all follow easily

from the definition of U .

For each fixed t ≤ ε and i ∈ {1, . . . , n− 1}, we have

∇xU(x, t) = η(t)(Kt ∗ ∇u)(x)

= η(t)

∫
Rn−1

1

tn−1
K

(
y′

t

)
∇u(x− y′) dy′

= η(t)

∫
Rn−1

K(y)∇u(x− ty) dy
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and hence

Φ(|∇xU(x, t)|) ≤ Φ

(
η(t)

∫
Rn−1

K(y)|∇u(x− ty)| dy
)

≤ Φ

(∫
Rn−1

K(y)|∇u(x− ty)| dy
)

≤
∫
Rn−1

K(y)Φ(|∇u(x− ty)|) dy

using the fact that η ≤ 1 and Jensen’s inequality. We integrate the above in the x

variable over Rn−1 and use Fubini’s theorem to get∫
Rn−1

Φ(|∇xU(x, t)|) dx ≤
∫
Rn−1

∫
Rn−1

K(y)Φ(|∇u(x− ty)|) dy dx

=

∫
Rn−1

K(y)

∫
Rn−1

Φ(|∇u(x− ty)|) dx dy

=

∫
Rn−1

Φ(|∇u(x)|) dx.

We then integrate the above in t, taking into account U(x, t) = 0 for t > ε, to get∫
Rn+

Φ(|∇xU(x, t)|) d(x, t) ≤ ε

∫
Rn−1

Φ(|∇u(x)|) dx (4.7)

Now, to estimate the term ∂tU(x, t)), we first observe that

∂tU(x, t) = η′(t)(Kt ∗ u)(x)− η(t)

∫
B1(0)

K(y)∇u(x− ty)[y] dy

and that the condition Φ(αz) ≤ αδ (Φ(z)) implies that Φ(z+w) ≤ 2δ−1 (Φ(z) + Φ(w)).

We can apply the same technique as before to get

Φ(|∂tU(x, t)|) ≤ 2δ−1Φ (η′(t)|Kt ∗ u|(x)) + 2δ−1Φ

(
η(t)

∫
B1(0)

K(y)|∇u(x− ty)||y| dy
)

≤ 22δ−1

εδ
Φ

(∫
Rn−1

K(y)|u(x− ty)| dy
)

+ 2δ−1Φ

(∫
B1(0)

K(y)|∇u(x− ty)| dy
)

≤ 22δ−1

εδ

∫
Rn−1

K(y)Φ(|u(x− ty)|) dy + 2δ−1

∫
Rn−1

K(y)Φ(|∇u(x− ty)|) dy

We integrate the above in x and then in t as before to get∫
Rn+

Φ(|∂tU(x, t)|) d(x, t) ≤ 22δ−1

εδ−1

∫
Rn−1

Φ(|u(x)|) dx+ 2δ−1ε

∫
Rn−1

Φ(|∇u(x)|) dx.

(4.8)

Lastly, since |∇U | ≤ |∇xU | + |∂tU |, we can use the inequality Φ(|∇U |) ≤
2δ−1Φ(|∇xU |) + 2δ−1Φ(|∂tU |) to get the desired estimate. The fact that U ∈
W1,p(Rn;RN) is not hard to verify using a standard technique (alternatively, we

can let Φ(|z|) be |z|p and modify the above proof slightly to get an estimate for the

W1,p norm of U in terms of W1,p norm of u). The smoothness of U on Rn−1×(0,∞)

is evident from the construction.
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Proving the half-space version of Proposition 4.5 is a little bit more involved.

Lemma 4.8. Let Φ: R+ → R+ be a convex function and let f ∈ LΦ(Rn−1;Rd) be

a function supported on the ball BR := Bn−1(0, R) ⊂ Rn−1. Let K be a symmet-

ric smooth function on Rn−1 that is supported on Bn−1(0, 1) and write Kt(x) :=
1

tn−1K
(
x
t

)
. For any R′ ≥ R and any 1 < q < n

n−1
, there exists a constant

C = C(n, q) such that the function F : Rn
+ → Rd defined as

F (x, t) := (Kt ∗ f)(x)

satisfies the estimate∫
BR′×R+

Φ(|F (x, t)|)q d(x, t) ≤ C|BR′|
n
n−1
−q
(∫

BR

Φ(|f |) dHn−1

)q
. (4.9)

Proof. For a fixed x ∈ Rn−1 and any δ = δ(x) > 0, we apply Jensen’s inequality to

get∫ ∞
0

Φ(|F (x, t)|)q dt =

∫ ∞
0

Φ(|Kt ∗ f |(x))q dt

≤
∫ ∞

0

((Kt ∗ Φ(|f |))(x))q dt

=

∫ δ

0

((Kt ∗ Φ(|f |))(x))q dt+

∫ ∞
δ

((Kt ∗ Φ(|f |))(x))q dt.

Recall that for a positive function g, we have the inequality supt>0 |(g ∗Kt)(x)| ≤
cKMg(x), where Mg is the maximal function Mg(x) = supt>0 −

∫
B(x,t)

g(y) dy; hence

the first term in the above inequality is bounded by∫ δ

0

((Kt ∗ Φ(|f |))(x))q dt ≤ cδ(MΦ(|f |)(x))q.

For the second term, we have the bound∫ ∞
δ

((Kt ∗ Φ(|f |))(x))q dt =

∫ ∞
δ

t−(n−1)q

(∫
Bn−1

K
(y
t

)
Φ(|f(x− y)|) dy

)q
dt

≤
∫ ∞
δ

t−(n−1)q

(∫
BR

Φ(|f(y)|) dy
)q

dt

≤ cδ1−(n−1)q

(∫
BR

Φ(|f(y)|) dy
)q

.

Note that here we require q to satisfy q > 1
n−1

so that
∫∞
δ
t−(n−1)q dt <∞, but this

is always the case for n ≥ 2.

We may choose δ(x) =

((∫
BR

Φ(|f(y)|) dy
)

MΦ(|f |)(x)

) 1
n−1

to get the bound

∫ ∞
0

Φ(|F (x, t)|)q dt ≤ C

(∫
BR

Φ(|f(y)|) dy
) 1

n−1

(MΦ(|f |)(x))q−
1

n−1 ,
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where C = C(n, q) does not depend on x. For R′ ≥ R, we can integrate the above

inequality over the cube BR′ ⊂ Rn−1 to get∫
BR′×R+

Φ(|F (x, t)|)q d(x, t) ≤ C

(∫
BR

Φ(|f(y)|) dy
) 1

n−1
∫
BR

(MΦ(|f |)(x))q−
1

n−1 dx.

Since q < n
n−1

, s := q − 1
n−1

< 1 and we have the maximal inequality∫
BR

(MΦ(|f |)(x))s dx ≤ cs|BR′ |1−s
(∫

BR

(Φ(|f |)(x)) dx

)s
(see Stein’s [92, I, 8.15]), thus∫

BR′×R+

Φ(|F (x, t)|)q d(x, t) ≤ C|BR′ |
n
n−1
−q
(∫

BR

Φ(|f(y)|) dy
)q

for some C = C(n, q). This concludes the proof.

Lemma 4.9. Let Φ: R+ → R+ be an increasing convex function such that Φ(z +

w) ≤ α (Φ(z) + Φ(w)) for some α ≥ 1. Let r ≥ 1 and u ∈ W1,r(Rn−1;RN) be

a function supported on the ball BR = Bn−1
R ⊂ Rn−1. For any T > 0, u can be

extended to a function U ∈W1,r(BR+T × (0, T );RN) (in the sense that tr (U) = u)

so that for any 1 < q < n
n−1

we have the estimates∫
BR+T×(0,T )

Φ(|U(x, t)|)q d(x, t) ≤ C

(∫
BR

Φ(|u|) dHn−1

)q
(4.10)

and ∫
BR+T×(0,T )

Φ(|∇U(x, t)|)q d(x, t) ≤ C

(∫
BR

Φ(|∇u|) dHn−1

)q
(4.11)

for some C = C(n, q, α,R, T ). Moreover, U is smooth on BR+T×(0, T ) and vanishes

at ∂BR+T × (0, T ).

Proof. Let (Kt)t>0 be standard symmetric smooth mollifiers as defined in Lemma

4.8 and define U to be

U(x, t) := (Kt ∗ u)(x).

The fact that U ∈ W1,r(BR+T × (0, T );RN), tr (U) = u on Rn−1, U is smooth

on BR+T × (0, T ), and that it vanishes at ∂BR+T × (0, T ), can be verified using a

standard argument regarding mollifiers.

We then apply Lemma 4.8 with f = |∇u| to get∫
BR+T×R+

Φ(Kt ∗ |∇u(x)|)q d(x, t) ≤ C

(∫
BR

Φ(|∇u(y)|) dy
)q

(4.12)
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for some C = C(n, q, R, T ). We can estimate |∇xU | and |∂tU | separately in terms

of Kt ∗ |∇u(x)| and combine the estimates to get an estimate for |∇U |. The first

half is easy since we have

|∇xU(x, t)| = |(Kt ∗ ∇xu)(x)| ≤ (Kt ∗ |∇u|)(x)

from Jensen’s inequality. As for the second term, direct calculation gives

∂tU(x, t) = −
∫
B1(0)

K(y)∇u(x− ty)[y] dy,

and hence we also have

|∂tU(x, t)| ≤
∫
B1(0)

K(y)|∇u|(x− ty) dy = (Kt ∗ |∇u|)(x)

in this case.

Lastly, since |∇U | ≤ |∇xU |+ |∂tU |, it follows that

Φ(|∇U(x, t)|)q ≤
(
αΦ(|∇xU(x, t)|) + αΦ(|∂tU(x, t)|)

)q
≤ αq2q−1 (Φ(|∇xU(x, t)|)q + Φ(|∂tU(x, t)|)q)
≤ (2α)q

(
Φ(Kt ∗ |∇u|(x))

)q
so we can integrate the above over BR+T × (0, T ) and apply (4.12) to conclude

the proof for (4.11). The proof for (4.10) is simpler and follows directly from the

substitution f = u in Lemma 4.8.

This concludes the proof for the half-space version of Proposition 4.5.

Next, we shall use the “patching technique” to translate the results from half

space in Lemma 4.7 and Lemma 4.9 to a unit ball. The following proposition is

formulated in a way that we can apply it to both cases. Note that the assumption

that Φ(αz) ≤ αδΦ(z) for each α ≥ 1 below is stronger than the subadditivity

assumption for Φ in Lemma 4.9 (an easy application of Jensen’s inequality).

Lemma 4.10. Let Φ: R+ → R+ be an increasing convex function such that Φ(αz) ≤
αδΦ(z) for each α ≥ 1. Let Bn

R = Bn(0, R) ⊂ Rn be the n-dimensional ball of radius

R, and B := Bn
1 . Let q, r ≥ 1 and suppose that for each T > 0, there is an extension

operator mapping v ∈W1,r
0 (Bn−1

R ;RN) to ṽ ∈W1,r(Bn−1
R+T × (0, T );RN) so that ṽ is

smooth on Bn−1
R+T × (0, T ) and vanishes at ∂Bn−1

R+T × (0, T ), and the estimate∫
Bn−1
R+T×(0,T )

Φ(|∇ṽ(x, t)|)q d(x, t) ≤

(∫
Bn−1
R

A0Φ(|v|) + A1Φ(|∇v|) dHn−1

)q

(4.13)

holds for some constant A0, A1 ≥ 0 (depending on T ).
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Then there exist ε0 > 0 (depending on n) and C = C(n, q) such that for any

0 < ε ≤ ε0, there is an extension operator sending u ∈ W1,r(∂B;RN) to ũ ∈
W1,r((1 + ε)B\B;RN) (in the sense that the trace of ũ on ∂B is equal to u) with

the estimate∫
(1+ε)B\B

Φ(|∇ũ|)q dx ≤ C

(∫
∂B

A0Φ(|u|) + A1Φ(|∇τu|) dHn−1

)q
. (4.14)

Here ∇τu denotes the tangential derivative of u on ∂B. Moreover, ũ is smooth on

(1 + ε)B\B.

Proof. It is not hard to see that for any point x = (x1, . . . , xn) on the unit sphere

∂B ⊂ Rn has at least one coordinate xi such that |xi| > 1√
n+1

, hence ∂B is covered

by 2n open sets of the form Ui, where

U2i :=

{
x ∈ ∂B : xi >

1√
n+ 1

}
, U2i−1 :=

{
x ∈ ∂B : xi < −

1√
n+ 1

}
.

We let (ϕi) be a smooth partition of unity subordinates to the cover {Ui}. It is

easy to see that any V ∈ {Ui} can be rotated to U2n via some R ∈ SO(n) so we

shall focus our attention on this particular section of ∂B.

Let U :=
{
x ∈ ∂B : xn >

1√
n+2

}
, clearly U2n ⊂ U . Let

ε0 :=

√
n+ 1

n+ 2
−
√

n

n+ 1
, Ω := Bn−1

(
0,

√
n+ 1

n+ 2

)
and consider (for 0 < ε < ε0) the map F : Ω× (−ε, ε)→ Rn defined by

F (x′, t) :=
(
x′,
√

(1 + t)2 − |x′|2
)
,

where we write x′ ∈ Rn−1 and t ∈ R. We can see that F is a diffeomorphism onto

its image Λ := Im(F ) and let G : Λ → Ω × (−ε, ε) be its inverse, i.e. G = F−1.

Observe that the restriction of F to Ω ' Ω × {0}, denoted by f : Ω → Rn, is a

parametrization of U (and g = f−1 : U → Ω being its inverse), and that F maps a

point (x′, t) ∈ Ω × (−ε, ε) to a point on ∂B(0, 1 + t) whose first n − 1 coordinates

are x′.

Suppose that Ri ∈ SO(n) is a rotation that maps Ui onto U2n (we take R2n to

be the identity mapping) and write

Gi := G ◦Ri, Fi := G−1
i = R−1

i ◦ F, fi := Fi|Ω , vi := f ∗i (ϕiu).

Since ϕiu is supported on Ui, we can see that vi = f ∗i (ϕiu) is supported on Ω′ :=

Bn−1
(

0,
√

n
n+1

)
⊂ Ω, hence it admits an extension to ṽi ∈ W1,r(Ω × (0, ε);RN)

according to our assumption. We claim that

ũ := G∗1ṽ1 + · · ·+G∗2nṽ2n
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is the extension of u that we want. Writing v = v2n, we will first show that

G∗ṽ = ṽ ◦G belong to W1,r((1 + ε)B\B;RN) and satisfies the estimate (4.14).

Indeed, since ṽ vanishes at ∂BR+T × (0, T ) (here R =
√

n
n+1

and T = ε), the

function G∗ṽ on Λ can be glued to the constant zero function on
(
(1 + ε)B\B

)
\Λ,

making it an element of W1,r((1+ε)B\B;RN). From the change of variable formula,

we have∫
(1+ε)B\B

Φ(|∇(G∗ṽ)|)q dx =

∫
Λ

Φ(|D(ṽ ◦G)|)q dx

≤ max
Λ
|DG|2q

∫
U

Φ(|Dṽ ◦G|)q dx

= max
Λ
|DG|2q

∫
Ω×(0,ε)

Φ(|Dṽ|)q| detDF | d(x′, t)

≤ max
Λ
|DG|2q · max

Ω×(0,ε)
| detDF |

∫
Ω×(0,ε)

Φ(|Dṽ|)q d(x′, t)

≤ C

(∫
Ω′
A0Φ(|v|) + A1Φ(|∇x′v|) dx′

)q
,

where we used the estimate (4.10) from our assumption on the last line. To estimate

the last term, we recall that

|∇τ (g
∗v)(f(x′))|2 =

∑
1≤i,j<n

γij(x′)∂xiv(x′)∂xjv(x′),

where γij(x′) is an entry of the matrix [γij(x′)] := [γij(x
′)]−1, with γij(x

′) = ∂xif(x′)·
∂xjf(x′) (γij is the pullback of the standard Riemannian metric on Rn by f). We

can see that [γij(x′)] is positive-definite for all x′ ∈ Ω, and hence there exists m ≥ 1

such that |∇x′v(x′)| ≤ m|∇τ (g
∗v)(f(x′))| for all such x′. Thus∫

Ω′
Φ(|∇x′v|) dHn−1 ≤ mδ

∫
Ω′
A0Φ(|(g∗v) ◦ f |) + A1Φ(|∇τ (g

∗v) ◦ f |) dx′

≤ max
U

(
mδ

Jf

)∫
U

A0Φ(|g∗v|) + A1Φ(|∇τ (g
∗v)|) dHn−1,

where Jf(x′) =
√

det(Df(x′)tDf(x′)) is the Jacobian of f (direct calculation shows

that min
U
Jf > 0). Since g∗v = ϕ2nu, we have∫

(1+ε)B\B
Φ(|∇(G∗ṽ)|)q dx ≤ C

(∫
U

A0Φ(|ϕ2nu|) + A1Φ(|∇τ (ϕ2nu)|) dHn−1

)q
≤ C

(∫
U

(A0 + A1)Φ(|u|) + A1Φ(|∇τu|) dHn−1

)q
.

(4.15)

Since Φ(αz) ≤ αδΦ(z), Jensen’s inequality implies that

Φ(|∇ũ|) = Φ(|∇(G∗1ṽ1)|+ · · ·+ |∇(G∗2nṽ2n)|)
≤ (2n)δ−1 (Φ(|∇(G∗1ṽ1)|) + · · ·+ Φ(|∇(G∗2nṽ2n)|))
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and since each Ri is an isometry, all the terms ∇(G∗i ṽi) satisfy the same estimate

(4.15) as ∇(G∗1ṽ) = ∇(G∗1ṽ2n). Adding up all the estimates for each ∇(G∗i ṽi) and

replacing u with u− u, where u = −
∫
∂B
u dHn−1, gives∫

(1+ε)B\B
Φ(|∇ũ|)q dx ≤ C

(∫
∂B

(A0 + A1)Φ(|u− u|) + A1Φ(|∇τu|) dHn−1

)q
since shifting u by a constant does not change its gradient. Lastly, we apply the

Poincaré inequality from Lemma 4.6 on the terms
∫
∂B
A1Φ(|u− u|) dHn−1 and use

the fact that
∫
∂B
A0Φ(|u − u|) dHn−1 ≤ 2δ

∫
∂B
A0Φ(|u|) dHn−1, which is a simple

consequence of Jensen’s inequality, to deduce that∫
(1+ε)B\B

Φ(|∇ũ|)q dx ≤ C

(∫
∂B

A0Φ(|u|) + A1Φ(|∇τu|) dHn−1

)q
.

Next, we transfer the result from the unit ball B = Bn(0, 1) to the cube Q =(
−1

2
, 1

2

)n
.

Lemma 4.11. Let B = Bn(0, 1), Q =
(
−1

2
, 1

2

)n
, and q, r ≥ 1. Let Φ: R+ → R+ be

an increasing convex function such that Φ(αz) ≤ αδΦ(z) for each α ≥ 1. Suppose

that the conclusions of Lemma 4.10 hold, i.e. there exist ε > 0, A0, A1 ≥ 0, and

an extension operator sending v ∈W1,r(∂B;RN) to ṽ ∈W1,r((1 + ε)B\B;RN) with

the estimate∫
(1+ε)B\B

Φ(|∇ṽ|)q dx ≤
(∫

∂B

A0Φ(|v|) + A1Φ(|∇τv|) dHn−1

)q
. (4.16)

v is extended in such a way that ṽ is smooth on (1 + ε)B\B.

Then there exists a constant C = C(n, q) and an extension operator sending

u ∈W1,r(∂Q;RN) to ũ ∈W1,r((1 + ε/2)Q\Q;RN) with the estimate∫
(1+ε/2)Q\Q

Φ(|∇ũ|)q dx ≤ C

(∫
∂Q

A0Φ(|u|) + A1Φ(|∇τu|) dHn−1

)q
. (4.17)

Moreover, ũ is smooth on (1 + ε/2)Q\Q and ũ = 0 outside (1 + ε/2)Q if ṽ = 0

outside (1 + ε)B for any v ∈W1,r(∂B;RN).

Proof. Suppose that ε > 0 is the number given by Proposition 4.10. Observe that

Rn can be written as a union of 2n cones K1, . . . , K2n, which are defined as

K2i :=

{
x ∈ Rn : max

j 6=i
|xj| ≤ xi, xi ≥ 0

}
, K2i−1 :=

{
x ∈ Rn : max

j 6=i
|xj| ≤ −xi, xi ≤ 0

}
.

We shall write K := K2n.

Consider the mappings T : K → K defined as

T̃ (x′, t) := A(x′, t)(x′, t), where A(x′, t) :=
2t√

t2 + |x′|2
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and let Ri ∈ SO(n) be a rotation that maps Ki onto K then define F̃ : Rn → Rn

to be

F̃ (x) = R−1
i ◦ T ◦Ri whenever x ∈ Ki.

It can be verified that F := F̃
∣∣∣
(1+ε/2)Q\Q

is a bijection onto (1 + ε)B\B, and that

f := F̃
∣∣∣
∂Q

is a bijection onto ∂B. In fact, F and f are both bi-Lipschitz continuous.

We shall write G := F−1 and g := f−1.

Suppose that u ∈W1,r(∂Q;RN) is given, then v = g∗u ∈W1,r(∂B;RN) and we

can extend v to ṽ ∈W1,r((1+ε)B\B;RN) using our assumption. Letting ũ := F ∗ṽ,

we can deduce that∫
(1+ε/2)Q\Q

Φ(|∇ũ|)q dx ≤ C

∫
(1+ε/2)Q\Q

Φ(|∇ṽ ◦ F |)q dx

= C

∫
(1+ε)B\B

Φ(|∇ṽ|)p| detDG| dx

≤ C

(∫
∂B

A0Φ(|v|) + A1Φ(|∇τv|) dHn−1

)q
≤ C

(∫
∂B

A0Φ(|v|) + A1Φ(|∇τ (f
∗v) ◦ g|) dHn−1

)q
≤ C

(∫
∂Q

A0Φ(|f ∗v|) + A1Φ(|∇τ (f
∗v)|) dHn−1

)q
= C

(∫
∂Q

A0Φ(|u|) + A1Φ(|∇τu|) dHn−1

)q
,

following the same line of calculation as in Lemma 4.10.

Clearly, ũ is an extension of u. The fact that ũ ∈W1,r((1+ε/2)Q\Q;RN) follows

from a standard technique (similar to the calculation above). The smoothness of ũ

on (1 + ε/2)Q\Q is obvious since ṽ is smooth on (1 + ε)B\B.

Now, we are ready for the proofs of Proposition 4.4 and Proposition 4.5.

Proof of Proposition 4.4. The estimate from Lemma 4.7 is used in Lemma 4.10

(taking r = p, q = 1, A0 = 4εδ and A1 = 8δ

εδ−1 ) and Lemma 4.11 then implies the

result we want.

The fact that ũ = 0 outside (1 + ε)Q follows directly from the coordinate trans-

formations used in Lemma 4.10 and Lemma 4.11. In particular, this means that

ũ ∈W1,p(Rn\Q;RN).

Proof of Proposition 4.5. This is a direct application of Lemma 4.9, Lemma 4.10

(taking A0 = 0 and A1 = C1/q, where C is the constant appearing in the estimate

(4.11) of Lemma 4.9) and Lemma 4.11 in succession.
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4.2 Nonlinear G̊arding Inequality

In this section, we will establish the nonlinear G̊arding inequality for the unper-

turbed variational integral

J(u) =

∫
Ω

F (∇u) dx,

where F is a C2 integrand satisfying certain additional assumptions, and Ω is a

Lipschitz domain in Rn. For each differentiable integrand G defined on some Eu-

clidean space and a fixed w in its domain, we define the shifted integrand of G (also

known as Bregman divergence or Bregman distance) Gw to be

Gw(z) := G(w + z)−G(w)−G′(w)[z]

=

∫ 1

0

(1− t)G′′(w + tz)[z, z] dt.

For a fixed u ∈ C1(Ω;RN), the nonlinear G̊arding inequality states that

c

∫
Ω

Φ(|∇ϕ|) dx ≤
∫

Ω

F∇u(∇ϕ) dx+ C

∫
Ω

Φ(|ϕ|) dx, (4.18)

holds for any ϕ ∈W1,p
0 (Ω;RN). Note that the classical G̊arding inequality is closely

related to the case where F is a quadratic form and Φ(t) = t2. The term∫
Ω

F∇u[∇ϕ] dx =

∫
Ω

F (∇u+∇ϕ)− F (∇u)− F ′(∇u)[∇ϕ] dx

= J(u+ ϕ)− J(u)− J ′(u)[ϕ]

reduces to a bilinear form in that case.

Ultimately, want to take Φ(|z|) = Ep(z) in (4.18) so the seemingly ad-hoc as-

sumptions in this chapter are formulated with that goal in mind. In this thesis, we

only deal with the case p ∈ (1,∞) but the analogous result for p = 1 is also true.

The statement of the nonlinear G̊arding inequality we shall prove first is as follows.

Proposition 4.12. Let Φ: R+ → R+ be an increasing convex function satisfying

the p-growth condition such that for some given δ ≥ 1, Φ(αt) ≤ αδ (Φ(t)) for every

α ≥ 1. Let F : RN×n → R be a C2 integrand and suppose that for any fixed m > 0

and w,w0 ∈ RN×n such that |w|, |w0| ≤ m, we can find corresponding constants

lm, Cm, C ′m and a non-decreasing, concave function ωm : R+ → [0, 1] such that the

following hold:

• limt→0 ωm(t) = 0, ωm(t) ≤ t whenever t ≤ 1, ωm(t) = 1 for all t ≥ 1.
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• For any cube Q ⊂ Rn,∫
Q

Fw(∇ϕ) dx ≥ lm

∫
Q

Φ(|∇ϕ|) dx. (4.19)

• For any z ∈ RN×n,

|Fw(z)| ≤ CmΦ(|z|). (4.20)

•
|Fw(z)− Fw0(z)| ≤ C ′m ωm(|w − w0|)Φ(|z|). (4.21)

Let u ∈ C1(Ω;RN); then for m = ‖∇u‖∞ there exists C = C(lm, Cm, C
′
m, n, µ∇u)

such that
lm
2

∫
Ω

Φ(|∇ϕ|) dx ≤
∫

Ω

F∇u(∇ϕ) dx+ C

∫
Ω

Φ(|ϕ|) dx (4.22)

holds for all ϕ ∈W1,p
0 (Ω;RN). Here µ∇u is the modulus of continuity of ∇u.

This proposition is inspired by the work of Campos Cordero and Kristensen

that was mentioned before, where the conditions (4.19)–(4.21) presented here are

extracted from some properties that Φ(t) = t2 satisfies. We will later show, in the

next section, that Φ(|z|) = Ep(z) also satisfies (4.19)–(4.21) when p > 1, hence

proving the desired G̊arding inequality.

The rest of this section will be a series of lemmas that are used in proving

Proposition 4.12. First, we require an extension operator that maps u ∈W1,p(∂Q)

to ũ ∈W1,p((1 + ε)Q\Q) in such a way that
∫

(1+ε)Q\Q Φ(|∇ũ|) dx can be controlled

by
∫
∂Q

Φ(|∇u|) dHn−1. This was done in Proposition 4.4 and implies the following

result.

Lemma 4.13. Let m ∈ R+, w ∈ RN×n be such that |w| ≤ m, and let F : RN×n → R
be a C2 integrand satisfying∫

Q

Fw(∇ϕ) dx ≥ l

∫
Q

Φ(|∇ϕ|) dx (4.23)

for any cube Q ⊂ Rn, and

|Fw(z)| ≤ C0Φ(|z|). (4.24)

Here Φ: R+ → R+ is a convex function satisfying the conditions in Lemma 4.7.

Then there exists a constant C = C(n,C0, l, δ) > 0 such that for any given ε > 0

and ϕ ∈ C1(Q;RN), we have the estimate∫
Q

Fw(∇ϕ) dx ≥ l

∫
Q

Φ(|∇ϕ|) dx− εC|Q|
1
n

∫
∂Q

Φ(|∇ϕ|) dHn−1

− C|Q| 1n
εδ−1

∫
∂Q

Φ(|Q|−
1
n |u|) dHn−1

for all cube Q ⊂ Rn.
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Proof. It suffices to prove the claim only for Q =
(
−1

2
, 1

2

)n
since for any other

Q′ = x0 +rQ and ϕ ∈ C1(Q
′
;RN) we may shift and rescale ϕ to φ(x) = 1

r
ϕ(x0 +rx)

(so that φ ∈ C1(Q;RN) and ∇φ(x) = ∇ϕ(x0 + rx)) to get the result for any cube

Q′.

Let ε > 0 be given, Q =
(
−1

2
, 1

2

)n
and fix a function ϕ ∈ C1(Q;RN). Define

ψ(x) =

ϕ(x) ;x ∈ Q,
T (ϕ|∂Q) ;x ∈ R\Q,

where T is the extension operator from Proposition 4.4, so ψ ∈ W1,p
0 ((1 + ε)Q).

From (4.23) and (4.24), we can see that∫
Q

Fw(∇ϕ) dx =

∫
(1+ε)Q

Fw(∇ψ) dx−
∫

(1+ε)Q\Q
Fw(∇ψ) dx

≥ l

∫
(1+ε)Q

Φ(|∇ψ|) dx− C0

∫
(1+ε)Q\Q

Φ(|∇ψ|) dx

≥ l

∫
Q

Φ(|∇ϕ|) dx− (C0 − l)
∫

(1+ε)Q\Q
Φ(|∇ψ|) dx.

We are done if C0 ≤ l, hence we shall assume further that C0 > l. Since ∇ψ =

∇T (ϕ|∂Q) on (1 + ε)Q\Q, we can apply the estimate in Proposition 4.4 to get∫
Q

Fw(∇ϕ) dx ≥ l

∫
Q

Φ(|∇ϕ|) dx− εC(C0 − l)
∫
∂Q

Φ(|∇τϕ|) dHn−1

− C(n, δ, C0 − l)
εδ−1

∫
∂Q

Φ(|ϕ|) dHn−1,

and the desired estimate follows easily since |∇τϕ| ≤ |∇ϕ|.

The following lemma is not hard to establish.

Lemma 4.14. Let f ∈ Cc(Rn) be a positive function and write e = e1+···+en√
n

,

where (ei)
n
i=1 are the standard basis of Rn. Let Dk be the family of dyadic cubes

corresponding to the lattice 2−kZn, then for a dyadic cube Q ∈ Dk we have∫ √n2−k

0

∫
re+∂Q

f dHn−1 dr ≤ 2n
∫
Q∗
f dx,

where Q∗ is the union of Q and all of its right-adjacent cubes.

Remark 4.15. For Q,R ∈ Dk, if Q∗ ∩ R∗ 6= ∅, then Q and R are adjacent. It

follows that ∑
Q∈Dk

χQ∗ ≤ 3n. (4.25)

�
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Now we are ready to prove the promised G̊arding inequality.

Proof of Proposition 4.12. For a cube in Rn, we denote its center by xQ. Let ϕ ∈
C1
c (Ω;RN) and extend it to the whole Rn by setting ϕ ≡ 0 on Rn\Ω. The function

u is also extended to some ũ : Rn → RN so that ũ is C1 and compactly supported.

We shall denote ũ by u as well since its value outside Ω will not be relevant.

We set m = ‖∇u‖∞ and let ω = ω2m be the modulus of continuity appeared

in (4.21). Since Φ satisfies (4.19) and (4.20), we can apply the result from Lemma

4.13 with r = |Q| 1n ≤ 1 to get∫
Q

F∇u(∇ϕ) dx =

∫
Q

F∇u(xQ)(∇ϕ) dx+

∫
Q

F∇u(∇ϕ)− F∇u(xQ)(∇ϕ) dx

≥ lm

∫
Q

Φ(|∇ϕ|) dx− εrC
∫
∂Q

Φ(|∇ϕ|) dHn−1

− C

(εr)δ−1

∫
∂Q

Φ(|ϕ|) dHn−1 − C
∫
Q

ω(|∇u−∇u(xQ)|)Φ(|∇ϕ|) dx

≥
(
lm − ω

(
µ
(
r
√
n
))) ∫

Q

Φ(|∇ϕ|) dx

− εrC
∫
∂Q

Φ(|∇ϕ|) dHn−1 − C

(εr)δ−1

∫
∂Q

Φ(|ϕ|) dHn−1,

where µ = µ∇u is the modulus of continuity of ∇u, i.e.

µ(t) := sup {|∇u(x)−∇u(y)| : x, y ∈ Rn and |x− y| ≤ t} .

Since we extended u to a C1
c function, µ is an increasing function on R+ such that

µ(0) = limt→0 µ(t) = 0 and µ(t) ≤ osc(∇u) ≤ 2 max |∇u| for all t ∈ R+.

Let Dk be the family of dyadic cubes corresponding to the lattice 2−kZn. Note

that for any dyadic cube Q ∈ Dk, r = |Q| 1n = 2−k, and for any x ∈ R\Ω,

Fw(∇ϕ(x)) = Fw(0) = 0. Hence for any y ∈ Rn, we have∫
Ω

F∇u(∇ϕ) dx =
∑
Q∈Dk

∫
y+Q

F∇u(∇ϕ) dx

≥
(
lm − ω

(
µ
(√

n2−k
))) ∫

Ω

Φ(|∇ϕ|) dx

− ε2−kC
∑
Q∈Dk

∫
y+∂Q

Φ(|∇ϕ|) dHn−1

− 2kδC

εδ−1

∑
Q∈Dk

∫
y+∂Q

Φ(|ϕ|) dHn−1.

We may now integrate the above over the diagonal y ∈ [0,
√
n2−k]e, where e is

defined as in Lemma 4.14, and apply the result from this lemma (with the following
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remark) to get

√
n2−k

∫
Ω

F∇u(∇ϕ) dx =
∑
Q∈Dk

∫
y+Q

F∇u(∇ϕ) dx

≥
√
n2−k

(
lm − ω

(
µ
(√

n2−k
))) ∫

Ω

Φ(|∇ϕ|) dx

− ε2n−kC
∑
Q∈Dk

∫
Q∗

Φ(|∇ϕ|) dx

− 2n+kδC

εδ−1

∑
Q∈Dk

∫
Q∗

Φ(|ϕ|) dx.

≥
√
n2−k

(
lm − ω

(
µ
(√

n2−k
))) ∫

Ω

Φ(|∇ϕ|) dx

− ε2n−k3nC
∫

Ω

Φ(|∇ϕ|) dx

− 2n+kδ3nC

εδ−1

∫
Ω

Φ(|ϕ|) dx.

We then divide both sides by
√
n2−k and deduce that∫

Ω

F∇u(∇ϕ) dx ≥
(
lm − ω

(
µ
(√

n2−k
))
− ε6nC/

√
n
) ∫

Ω

Φ(|∇ϕ|) dx

− 2n+kδ3nC√
nεδ−1

∫
Ω

Φ(|ϕ|) dx

holds for any ϕ ∈ C1
c (Ω;RN). We then pick sufficiently large k and sufficiently small

ε so that both ω
(
µ
(√

n2−k
))

and ε6nC/
√
n are both smaller that lm/4.

Lastly, a standard approximation argument, together with the fact that Φ has p-

growth and (4.20), allows us to extend the above estimate to any ϕ ∈W1,p
0 (Ω;RN).

This concludes the proof.

4.3 The Case Φ(|z|) = Ep(z) for p > 1

The goal of this section is to show that when p > 1, Φ(|z|) = Ep(z) satisfies

(4.19)–(4.21) from Proposition 4.12, and hence establishing the following result.

Proposition 4.16. Let F : RN×n → R be a C2 integrand satisfying (Fp1) and

(Fp2). Let u ∈ C1(Ω;RN), then there exist γ = γ(l, ‖∇u‖∞ , p) and

C = C(k, p, l, n, ‖∇u‖∞ , µ∇u) such that

γ

∫
Ω

Ep(∇ϕ) dx ≤
∫

Ω

F∇u(∇ϕ) dx+ C

∫
Ω

Ep(ϕ) dx (4.26)

holds for all ϕ ∈W1,p
0 (Ω;RN), where µ∇u is the modulus of continuity of ∇u.
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Recall that for a differentiable integrand G, the shifted integrand of G is

Gw(z) = G(w + z)−G(w)−G′(w)[z]

=

∫ 1

0

(1− t)G′′(w + tz)[z, z] dt.

In particular, we write

Ep,w(z) := Ep(w + z)− Ep(w)− E ′p(w)[z]

for the shifted integrand of Ep.

Remark 4.17. From the estimate (4.37) and (4.38) down below, the strong p-

quasiconvexity (Fp2) implies that for any w ∈ RN×n and ϕ ∈ W1,∞
0 (Ω;RN), we

have ∫
Ω

F (w +∇ϕ)− F (∇ϕ) dx ≥ c

∫
Ω

(1 + |w|2 + |∇ϕ|2)
p−2
2 |∇ϕ|2 dx

whenever p ∈ (1, 2). Moreover, (Fp2) is in fact equivalent to∫
Ω

F (w +∇ϕ)− F (∇ϕ) dx ≥ c

∫
Ω

(1 + |w|p−2)|∇ϕ|2 + |∇ϕ|p dx

whenever p ≥ 2. These are among the standard quasiconvexity assumptions in

regularity theory for minimizers of the variational integral u 7→
∫

Ω
F (∇u) dx. The

reader is referred to [20], [17] and [36] for the case p ∈ (1, 2). Regarding the case

p ≥ 2, we refer to [40] and [48]. �

Remark 4.18. The reference integrand Ep is equivalent to Φ(z) = |Vp(z)|2, where

Vp(z) = (1 + |z|2)
p−2
4 z. In fact, calculation shows that

Φ′′(w)[z, z] = 〈w〉p−2

(
(2− p)

(
(4− p)θ2 − 3

)(w · z)2

〈w〉2
+
(
2− (2− p)θ2

)
|z|2
)
,

where 〈w〉 =
√

1 + |w|2 and θ = |w|
〈w〉 . For p ∈ (1, 2), we can deduce the estimate

Φ′′(w)[z, z] ≥ (2− p)(4− p) 〈w〉p−2 |z|2
(
θ4 − 4θ2

4− p
+

2

(4− p)(2− p)

)
≥ 2p

4− p
〈w〉p−2 |z|2,

using the fact that
(
(4− p)θ2 − 3

)
< 0 and

(
2− (2− p)θ2

)
> 0, which also implies

Φ′′(w)[z, z] ≤ p 〈w〉p−2 |z|2. For p ≥ 2, similar computation (but simpler) shows

that

2 〈w〉p−2 |z|2 ≤ Φ′′(w)[z, z] ≤
(
(p− 2)(p− 1) + p

)
〈w〉p−2 |z|2,

hence Φ′′(w) satisfies the same estimates as E ′′p (w) in Lemma 4.20. This shows that

the conclusion of Proposition 4.22 also holds for Φ, so the integrands Φ and Ep
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(including their shifted versions) are equivalent. The same computation also shows

that Ep is equivalent to | · |2 + | · |p for p ≥ 2.

The function Vp(z) as defined above has seen many usages in the literature,

especially in the subquadratic growth case, playing similar role as our Ep. We refer

to [36], [17], [2], and [18] for a more detailed discussion and usage of the Vp function.

�

A lot of calculations involving Ep and its derivatives is needed in this section.

To simplify some notations, we write

〈z〉 =
√

1 + |z|2.

Lemma 4.19. For each value of r ∈ R down below, there exists c = c(r) and

C = C(r) such that for all z, w ∈ Rd, we have

1. If r > 0, then

c(|w|r + |z|r) ≤
∫ 1

0

(1− t)|w + tz|r dt ≤ C(|w|r + |z|r) (4.27)

and

c(1 + |w|r + |z|r) ≤
∫ 1

0

(1− t) 〈w + tz〉r dt ≤ C(1 + |w|r + |z|r). (4.28)

2. If r ∈ (−1, 0), then

c(|w|+ |z|)r ≤
∫ 1

0

(1− t)|w + tz|r dt ≤ C min {|w|r, |z|r} (4.29)

and

c(1 + |w|+ |z|)r ≤
∫ 1

0

(1− t) 〈w + tz〉r dt ≤ C min{1, |w|r, |z|r}. (4.30)

Proof. First, let r > 0 be given. The second inequality in (4.27) follows easily from

|w + tz| ≤ |w| + |z|, so we only need to prove the first inequality. Suppose that

r ≥ 2, we write q = 2/r then t 7→ t1/q is convex, hence∫ 1

0

(1− t)|w + tz|r dt =

∫ 1

0

(
(1− t)q|w + tz|2

) 1
q dt

≥
(∫ 1

0

(1− t)q|w + tz|2 dt
) 1

q

≥
(∫ 1

0

(1− t)q(|w|2 − 2t|w||z|+ t2|z|2) dt

) 1
q

= (q + 1)−
1
q

(
|w|2 − 2|w||z|

(q + 2)
+

2|z|2

(q + 2)(q + 3)

) 1
q

.
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By Young’s inequality, 2|w||z| ≤ λ|w|2 + 1
λ
|z|2 and we can choose some λ ∈(

q+3
2
, q + 2

)
so that 1− λ

q+2
= 1

q+2

(
2
q+3
− 1

λ

)
, hence

(
|w|2 − 2|w||z|

(q + 2)
+

2|z|2

(q + 2)(q + 3)

) r
2

≥ c(|w|2 + |z|2)
r
2

and we are done (for the case r ≥ 2). For r ∈ (0, 2), we have∫ 1

0

(1− t)|w + tz|r dt =

∫ 1

0

(1− t)|w + tz|r−2|w + tz|2 dt

≥ (|w|+ |z|)r−2

∫ 1

0

(1− t)|w + tz|2 dt

≥ c(|w|+ |z|)r−2(|w|2 + |z|2)

which implies the estimate we want.

To prove the inequalities (4.28), the second half is the direct consequence of

〈w + tz〉 ≤ 1 + |w|+ |z| so we only need to prove the first half. As for the first half,

we use the fact that 〈w + tz〉r ≥ c(1 + |w + tz|r) and apply the previous inequality

(4.27) to get ∫ 1

0

(1− t) 〈w + tz〉r dt ≥ c

∫ 1

0

(1− t)(1 + |w + tz|r) dt

≥ c(1 + |w|r + |z|r).

Now, for r ∈ (−1, 0), the first inequality in (4.29) is a trivial consequence of

|w + tz| ≤ |w| + |z|. For the second inequality, we first assume, without loss of

generality, that w 6= 0 (otherwise the inequality is trivial). Observe that |w+ tz| ≥∣∣|w| − t|z|∣∣ so if we write α = |z|
|w| , then |w + tz|r ≤ |w|r|1− αt|r. Hence∫ 1

0

(1− t)|w + tz|r dt ≤ |w|r
∫ 1

0

(1− t)|1− αt|r dt = |w|rI(α),

where we denote I(α) :=
∫ 1

0
(1− t)|1− αt|r dt. By direct computation, we have

I(α) =
|1− α|r+2 + α(r + 2)− 1

α2(r + 1)(r + 2)
,

where the right-handed side converges to 1/2 as α → 0, agreeing with I(0) = 1/2.

It is not hard to see that I(α) is bounded and that I(α) ≤ C|α|r for sufficiently

large |α|, thus I(α) ≤ C min{1, |α|r}. This implies that∫ 1

0

(1− t)|w + tz|r dt ≤ C|w|r min

{
1,
|z|r

|w|r

}
= C min {|w|r, |z|r} ,

which proves (4.29).
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Lastly, to prove (4.30), we observe that the first half follows directly from

〈w + tz〉 ≤ 1 + |w| + |z|. As for the second half, since 〈w + tz〉 ≥ 1 we thus

have
∫ 1

0
(1− t) 〈w + tz〉r dt ≤ 1/2 and since 〈w + tz〉 ≥ |w + tz|, we also have∫ 1

0

(1− t) 〈w + tz〉r dt ≤
∫ 1

0

(1− t)|w + tz|r dt ≤ C min {|w|r, |z|r} .

This implies that
∫ 1

0
(1− t) 〈w + tz〉r dt ≤ C min{1, |w|r, |z|r} as required.

Lemma 4.20. For each p > 1, Ep is a convex function whose second derivative

satisfies the estimates

p(p− 1) 〈w〉p−2 |z|2 ≤ E ′′p (w)[z, z] ≤ p 〈w〉p−2 |z|2 for p ∈ (1, 2) (4.31)

and

p 〈w〉p−2 |z|2 ≤ E ′′p (w)[z, z] ≤ p(p− 1) 〈w〉p−2 |z|2 for p ≥ 2. (4.32)

Proof. Using the fact that 〈z〉′ [u] = 〈z〉−1 (z · u) and the chain rule, we can differ-

entiate Ep(z) = 〈z〉p − 1 to get

E ′p(z)[u] = p 〈z〉p−2 (z · u),

and further differentiation yields

E ′′p (z)[u, v] = p 〈z〉p−2

(
(u · v) +

p− 2

〈z〉2
(z · u)(z · v)

)
.

For p ∈ (1, 2), we have

E ′′p (w)[z, z] = p 〈w〉p−2

(
|z|2 − 2− p

〈w〉2
(w · z)2

)
≥ p 〈w〉p−2 |z|2(1− (2− p)θ)
≥ p(p− 1) 〈w〉p−2 |z|2,

where we write θ = |w|
〈w〉 ∈ [0, 1). The upper bound for E ′′p (w)[z, z] can be obtained

by discarding the term 2−p
〈w〉2 (w · z)2 in the first line of the above calculation.

For p ≥ 2, we clearly have

E ′′p (w)[z, z] = p 〈w〉p−2

(
|z|2 +

p− 2

〈w〉2
(w · z)2

)
≥ p 〈w〉p−2 |z|2.

On the other hand,
(
|z|2 + p−2

〈w〉2 (w · z)2
)
≤ |z|2(1 + (p − 2)θ) ≤ (p − 1)|z|2, which

implies the upper bound for E ′′p (w)[z, z].

The lower bounds for E ′′p (w)[z, z] in both cases imply that E ′′p (w) is positive

definite for all w ∈ Rd, hence Ep is convex.
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Remark 4.21. The above estimates are very similar to the estimates for Np(z) =

|z|p, i.e.

p(p− 1)|w|p−2|z|2 ≤ N ′′p (w)[z, z] ≤ p|w|p−2|z|2 for p ∈ (1, 2) (4.33)

and

p|w|p−2|z|2 ≤ N ′′p (w)[z, z] ≤ p(p− 1)|w|p−2|z|2 for p ≥ 2, (4.34)

�

which can be deduced easily from the identity

N ′′p (w)[z, z] = p(p− 2)|w|p−4(w · z)2 + p|w|p−2|z|2.

Proposition 4.22. For each M > 0 and p > 1, there exist constants c = c(M, p)

and C = C(M, p) such that whenever |w| ≤M , we have

cmin{|z|2, |z|p} ≤ Ep,w(z) ≤ C min{|z|2, |z|p} for p ∈ (1, 2) (4.35)

and

cmax{|z|2, |z|p} ≤ Ep,w(z) ≤ C max{|z|2, |z|p} for p ≥ 2. (4.36)

Proof. Recall that we have

Ep,w(z) =

∫ 1

0

(1− t)E ′′p (w + tz)[z, z] dt,

so we can combine Lemma 4.20 and Lemma 4.19 to get

c(1 + |w|+ |z|)p−2|z|2 ≤ Ep,w(z) ≤ C min{1, |w|p−2, |z|p−2}|z|2 (4.37)

for p ∈ (1, 2) and

c(1 + |w|p−2 + |z|p−2)|z|2 ≤ Ep,w(z) ≤ C(1 + |w|p−2 + |z|p−2)|z|2 (4.38)

for p ≥ 2.

From the assumption that |w| ≤M , the above expressions can be simplified to

c(1 + |z|)p−2|z|2 ≤ Ep,w(z) ≤ C min{|z|2, |z|p} (4.39)

for p ∈ (1, 2) and

c(|z|2 + |z|p) ≤ Ep,w(z) ≤ C(|z|2 + |z|p) (4.40)

for p ≥ 2. The desired conclusion can be drawn by inspecting the case |z| ≤ 1 and

|z| > 1 separately.

Corollary 4.23. For any p > 1 and M > 0, there exists a constant c = c(M, p)

such that

Ep,w(z) ≥ cEp(z)

for all w ∈ Rd such that |w| ≤M .
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Now, we are ready to prove that Φ(|z|) := Ep(z) satisfies the conditions (4.19)–

(4.21) from Proposition 4.12. Regarding the condition (4.19), we observe that the

strong p-quasiconvex assumption (Fp1) and Corollary 4.23 implies that for any given

m > 0, there exists a constant lm = lm(l,m, p) such that for w ∈ RN×n such that

|w| ≤ m, we have∫
Ω

Fw(∇ϕ) dx ≥ l

∫
Ω

cEp,w(∇ϕ) dx ≥ lm

∫
Ω

Ep(∇ϕ) dx (4.41)

for all ϕ ∈ W1,∞
0 (Ω;RN), so we are done. To show the other two conditions, we

first recall that any quasiconvex function is rank-one convex and hence satisfies the

assumptions of Lemma 3.13 from the previous chapter, which implies the following

bounds and hence implies the condition (4.20).

Lemma 4.24. Let F : RN×n → R be a C2 quasiconvex integrand satisfying (Fp1),

then for each m > 0, there exists a constant c = c(m) such that whenever |w| ≤ m,

we have

|Fw(z)| ≤ cEp(z) (4.42)

and

|F ′w(z)| ≤

cmin{|z|, |z|p−1} ; p ∈ (1, 2)

cmax{|z|, |z|p−1} ; p ≥ 2.
(4.43)

Proof. Since F is rank-one convex, we can apply Lemma 3.13 to see that |F ′(z)| ≤
K1(1 + |z|p) for all z ∈ RN×n. We then let w ∈ RN×n be such that |w| ≤ m and let

K2 := max|z|≤m+1 |F ′′(z)|.
For |z| ≤ 1, we have

|Fw(z)| = 1

2
|F ′′(w + tz)[z, z]| ≤ 1

2
K2|z|2,

where in the above t is some number in (0, 1). Similarly, we also have the estimate

|F ′w(z)| = |F ′′(w + tz)[z]| ≤ K2|z|.

For |z| > 1, we have

|Fw(z)| ≤ |F (z + w)|+ |F (z)|+ |F ′(w)[z]|
≤ 2k + k(|w + z|p + |z|p) +K1(1 + |w|p−1)|z|
≤ c|z|p.

For F ′w, we have

|F ′w(z)| ≤ |F ′(w + z)|+ |F ′(w)|
≤ K1(1 + |w + z|p−1) +K1(1 + |w|p−1)

≤ c|z|p−1.
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Combining the results from the cases |z| ≤ 1 and |z| > 1 above, we may easily

deduce (4.43) and

|Fw(z)| ≤

cmin{|z|2, |z|p} ; p ∈ (1, 2)

cmax{|z|2, |z|p} ; p ≥ 2,

which implies (4.42) according to Proposition 4.22. This completes the proof.

The proof of the following estimate regarding the modulus of continuity of F ′′

can be found in the work by Campos Cordero and Kristensen [16] mentioned before.

Lemma 4.25. Let F : RN×n → R be a C2 integrand and m > 0. Then there exists

a non-decreasing, concave function ω := ωm : R+ → [0, 1] such that limt→0 ω(t) = 0,

ω(t) ≤ t whenever t ≤ 1, ω(t) = 1 for all t ≥ 1, and

|F ′′(z)− F ′′(w)| ≤ Kω(|z − w|)

for all z, w ∈ RN×n with |z|, |w| ≤ m. Here the constant K = K(m) is defined to

be K := 2 max|z|≤m |F ′′(z)|.

This estimate implies the next lemma, which shows that Ep satisfies condition

(4.21).

Lemma 4.26. Let F : RN×n → R be a quasiconvex C2 integrand satisfying (Fp1)

and let m ≥ 1. We take ω = ω2m to be the modulus of continuity from Lemma 4.25,

then there exists C = C(m) such that

|Fw(z)− Fw0(z)| ≤ Cω(|w − w0|)Ep(z) (4.44)

holds for all z, w, w0 ∈ RN×n satisfying |w|, |w0| ≤ m.

Proof. For |z| ≤ m, according to Lemma 4.25 we have

|Fw(z)− Fw0(z)| ≤
∫ 1

0

(1− t)|F ′′(w + tz)− F ′′(w0 + tz)||z|2 dt

≤ Kω(|w − w0|)|z|2.

Now, for |z| > m, we let C0 = supB2m
|F ′′| and apply Lemma 3.13 to get

|Fw(z)− Fw0(z)| ≤ |F (w + tz)− F (w0 + tz)|+ |F (w)− F (w0)|+ |F ′(w)− F ′(w0)||z|
≤ C(1 + |w + z|p−1 + |w0 + z|p−1)|w − w0|

+K(1 + |w|p−1 + |w0|p−1)|w − w0|+ C0|w − w0||z|
≤ C(1 + |z|p−1)|w − w0|
≤ Cω(|w − w0|)|z|p.
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By choosing a sufficiently larger constant C, we may deduce that for p ∈ (1, 2)

we have

|Fw(z)− Fw0(z)| ≤ Cω(|w − w0|) min{|z|2,m2−p|z|p}.

It is not hard to verify that min{|z|2,m2−p|z|p} ≤ m2−p min{|z|2, |z|} whenever

p ∈ (1, 2). In the case p ≥ 2, we have

|Fw(z)− Fw0(z)| ≤ Cω(|w − w0|) max{|z|2,m2−p|z|p}.

and the inequality max{|z|2,m2−p|z|p} ≤ max{|z|2, |z|} instead. Therefore we can

conclude, using Lemma 4.22, that

|Fw(z)− Fw0(z)| ≤ Cω(|w − w0|)Ep(z)

in both cases.

Now that we have shown all the required conditions needed to apply Proposition

4.12, the G̊arding inequality follows easily as a consequence.

Proof of Proposition 4.16. We let Φ(t) = (1 + t2)
p
2 − 1 and observe that Ep(z) =

Φ(|z|). We can see that for all α ≥ 1, Φ(αt) ≤ α2Φ(t) if p ∈ (1, 2) and Φ(αt) ≤
αpΦ(t) if p ≥ 2.

According to (4.41), (Fp2) implies (4.19). The assumptions (4.20) and (4.21)

follow from (4.42) in Lemma 4.24 and Lemma 4.26, respectively. Hence we can

apply Proposition 4.12 with Φ(t) = (1 + t2)
p
2 − 1 to deduce the estimate (4.26).

Remark 4.27. The constant γ and C in the statement of Proposition 4.16 depends

on ‖∇u‖∞ and µ∇u, hence the conclusion also holds for all u in a fixed subset

S ⊂ W1,p(Ω;RN×n) provided that ‖∇u‖∞’s are uniformly bounded and that ∇u’s

are equicontinuous for all u ∈ S. In particular, this is true if S is bounded in some

C1,α norm (with 0 < α < 1). �

4.4 Regularized Solutions

Unfortunately, our minimizer u ∈W1,p
g (Ω;RN) of the variational integral

J(u) =

∫
Ω

F (∇u) dx,

where F ∈ C2(RN×n) is a (strongly) quasiconvex integrand with p-growth, need not

be in C1(Ω;RN) even when g is very regular. However, we can modify our function

J by adding a regularizing term ε|∇2u|2 and try to find a minimizer of

Jε(u) =

∫
Ω

F (∇u) +
ε

2
|∇2u|2 dx, (4.45)
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in W2,2
g (Ω;RN) instead. The integral makes sense as a nonlinear functional

Jε : W2,2(Ω;RN) → R provided that F satisfies the p-growth (Fp1) with exponent

p ∈
(
1, 2n

n−2

]
as a consequence of the Sobolev embedding theorem.

The addition of a small higher order term to fix the issue of regularity has been

studied in calculus of variations, for example in nonlinear elasticity [74]. In related

context, the Γ-convergence of similar functionals as ε → 0 has also been studied,

e.g. in the theory of phase transition [27], [25], [9], [22]. Regarding the addition of

terms with even higher order derivatives to the functional J(u), we refer to [18].

From the Sobolev embedding theorem, we know that such a solution u ∈
W2,2

g (Ω;RN) is necessarily an W1,p(Ω;RN) function for any p < 2∗ = 2n
n−2

, so the

integral of F (∇u) makes sense for all such p. It turns out that our minimizer

u belongs to a much better space than W1,p(Ω;RN), thanks to the fact that the

Euler-Lagrange equation associated with Jε is elliptic.

In order to show that a minimizer of Jε is regular, we will rely on a result

regarding higher order elliptic equation [3, Theorem 8.1] by Agmon, which directly

implies the following proposition when we take the elliptic differential operator to

be the bi-Laplacian ∆2 =
∑

1≤i,j≤n ∂
2
i ∂

2
j .

Proposition 4.28. Let Ω ⊂ Rn be a bounded domain whose boundary is of class

C4. Let u ∈ Lq(Ω), q > 1, be a function such that there exists a constant λ > 0 so

that for any ϕ ∈ C4(Ω) with ϕ = 0 and ∇ϕ = 0 on ∂Ω, there holds∣∣∣∣∫ u(x)∆2ϕ(x) dx

∣∣∣∣ ≤ λ ‖ϕ‖W4−j,p(Ω) (4.46)

for some 1 ≤ j ≤ 4. Then u ∈ Wj,p′(Ω), where 1
p

+ 1
p′

= 1, and there exists a

C = C(n, p) > 0 such that

‖u‖Wj,p′ (Ω) ≤ C
(
λ+ ‖u‖Lp

′
(Ω)

)
. (4.47)

Using the above result, we can prove that a minimizer u of Jε in W2,2
g (Ω;RN) is

actually regular up to the boundary of Ω, provided that the boundary datum g is

sufficiently smooth. For any q ∈ [1,∞), we shall write q′ := q
q−1

and q∗ := nq
n−q .

Theorem 4.29. Let Ω ⊂ Rn be a bounded domain with C4 boundary. Let p ∈
(1, 2n

n−2
), F : RN×n → R be a C1 quasiconvex integrand with p-growth, and let g be

a given function that belongs to W3,r(Ω;RN) for some r ≥ p′. Then the problem

of minimizing Jε : W2,2
g (Ω;RN)→ R, where Jε is the variational integral in (4.45),

has a solution and any extremal u of Jε in W2,2
g (Ω;RN) also belongs to W3,r(Ω;RN)

with the estimate

‖u‖W3,r ≤ C

(
1

ε
‖F ′(∇u)‖Lr + ‖g‖W3,r + ‖u‖Lr

)
(4.48)

for some C = C(n, p). The above estimate also holds for any 0 < r̃ ≤ r. Moreover,

if r > n
2
, then u ∈ C1,α(Ω) for any α ∈ (0,min{1, 2− n

r
}).
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Proof. Since ∇u 7→ F (∇u) is quasiconvex and ∇2u 7→ |∇2u|2 is convex, Jε is

sequentially weakly semicontinuous in W2,2
g (Ω;RN), hence a standard application

of the direct method implies that Jε has a minimizer in W2,2
g (Ω;RN). Let u ∈

W2,2
g (Ω;RN) be a minimizer of Jε and define

D := {ϕ ∈ C∞(Ω)N : ϕ = 0 and ∇ϕ = 0 on ∂Ω},

then for any ϕ ∈ D, u + ϕ is in W2,2
g (Ω;RN) and hence J(u) ≤ J(u + δϕ) for

all δ ∈ R. The function u is thus a critical point of J ′, and hence satisfies the

Euler-Lagrange equation 0 = −divF ′(∇u) + ε∆2u weakly, i.e.

0 =

∫
Ω

F ′(∇u) · ∇ϕ+ ε∇2u : ∇2ϕdx (4.49)

for all ϕ ∈ D.

Let us consider v = u−g. By definition, v belongs to W2,2
g (Ω;RN), which means

that v = 0 and ∇v = 0 on ∂Ω (in the trace sense). For any given ϕ ∈ D, we can

perform integration by parts to get∫
Ω

v∆2ϕdx =

∫
Ω

∇2v : ∇2ϕdx

=

∫
Ω

∇2u : ∇2ϕdx−
∫

Ω

∇2g : ∇2ϕdx

= −1

ε

∫
Ω

F ′(∇u) · ∇ϕdx+

∫
Ω

div(∇2g) · ∇ϕdx. (4.50)

Since F is rank-one convex, |F ′(V )| ≤ c(1 + |V |p−1) so F ′(V ) ∈ L
q
p−1 (Ω) whenever

V ∈ Lq(Ω;RN×n). By taking q = p, we see that F ′(∇u) is in Lp
′

so∣∣∣∣∫
Ω

v∆2ϕdx

∣∣∣∣ ≤ (1

ε
‖F ′(∇u)‖Lp

′ + ‖g‖W3,p′

)
‖ϕ‖W1,p ,

and hence we can apply Proposition 4.28 (to each of the component vi of v and ϕi
of ϕ) with j = 3. This shows that v belongs to W3,p′(Ω;RN) with the estimate

‖v‖W3,p′ ≤ C

(
1

ε
‖F ′(∇u)‖Lp

′ + ‖g‖W3,p′ + ‖v‖Lp
′

)
,

where C depends only on n and p, which readily implies that u ∈W3,p′(Ω;RN) and

‖u‖W3,p′ ≤ C

(
1

ε
‖F ′(∇u)‖Lp

′ + ‖g‖W3,p′ + ‖u‖Lp
′

)
. (4.51)

By the standard Sobolev embedding theorem (see [41, 5.6.3], for example),

W3,p′(Ω;RN) embeds continuously into W1,q(Ω;RN) for all q ∈ [1, (p′)∗∗], where

(p′)∗∗ = np
n(p−1)−2p

(provided that the expression is a positive real number, otherwise

q ∈ [1,∞)), hence ∇u ∈ L(p′)∗∗(Ω;RN×n). More generally, if we consider (4.50)
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with ∇u ∈ Lq(Ω;RN×n), we have F ′(∇u) ∈ L
q
p−1 (Ω;RN×n) so the same computa-

tion would give

‖u‖
W

3,
q
p−1
≤ C

(
1

ε
‖F ′(∇u)‖

L
q
p−1

+ ‖g‖
W

3,
q
p−1

+ ‖u‖
L

q
p−1

)
. (4.52)

in place of (4.51) (where we used q = p), as long as q
p−1
≤ r. Using Sobolev

embedding theorem as before, the bootstrapping argument allow us to get ∇u ∈
L( q

p−1
)∗∗(Ω;RN×n) from the assumption that ∇u ∈ Lq (and sufficiently large r).

More precisely, we define an increasing function f : R+ → R+ by

f(q) :=

( q
p−1

)∗∗ = nq
n(p−1)−2q

; q < 1
2
n(p− 1)

∞ ; otherwise

and see that ∇u ∈ Lq(Ω;RN×n) implies u ∈W3,t(Ω;RN) for all t ≤ min{r, q
p−1
} and

hence ∇u ∈ Ls(Ω;RN×n) for all s ≤ min{r∗∗, f(q)} (or simply s <∞ if r∗∗ /∈ R+).

By direct computation, f is a convex function whose only non-trivial fixed point

is q̃ = 1
2
(p− 2)n, provided that this expression is greater than zero, so the iteration

qj+1 := f(qj) with q0 = p produces a sequence that goes to infinity if q0 > q̃, which is

equivalent to p < 2∗ = 2n
n−2

. This means that we may keep iterating until
qj
p−1

> r to

conclude that u ∈W3,r(Ω;RN) with the required estimate (4.49), which is obtained

by substituting q in (4.52) with (p− 1)r.

From the discussion regarding equation (4.52), (4.50) also holds if we replace

r with r̃ = q
p−1

for some q < r(p − 1). The last claim is straightforward since

W3,r(Ω;RN) continuously embeds into C1,α(Ω;RN) for any α ∈ (0,min{1, 2− n
r
}),

provided that r > n
2
.

As we have seen, the regularizing term ε
2
|∇2u|2 makes a minimizer u ∈W2,2

g (Ω;RN)

of Jε as regular as g in the class W3,r(Ω;RN), provided some conditions on the ex-

ponent p, r are satisfied. It is worth noting that if we assume g ∈ C3(Ω;RN), then

u belongs to C2,α(Ω;RN) for any α ∈ (0, 1).

Since |F ′(∇u)| . 1 + |∇u|p−1, for any 0 < s ≤ r we have ‖F ′(∇u)‖Ls .

1 + ‖∇u‖Ls(p−1) . If p ≥ 2, equation (4.48) implies that

‖u‖W3,s ≤ C (1 + ‖∇u‖Ls(p−1) + ‖u‖Ls)

≤ C (1 + ‖u‖W1,s(p−1)) , (4.53)

where the constant C now also depends on ε and ‖g‖W3,s . Assuming that r > n
2
,

any δ > 0 that satisfies s = n
2

+ δ
p−1
≤ r gives the estimate

‖u‖C1,α ≤ C
(

1 + ‖u‖
W1,

n(p−1)
2 +δ

)
. (4.54)

By the standard embedding theorem, we have W2,2(Ω;RN) ↪→ W1,
n(p−1)

2
+δ(Ω;RN)

for some sufficiently small δ > 0 precisely when p < n+2
n−2

. This discussion leads to

the following corollary.
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Corollary 4.30. Let Ω ⊂ Rn be a bounded domain with C4 boundary, p ∈ [2, 2n
n−2

),

let F : RN×n → R be a C1 quasiconvex integrand with p-growth. Let g ∈W3,r(Ω;RN)

where r ≥ p′ and r > n
2
, and let u be an extremal of Jε in W2,2

g (Ω;RN). Then for

0 < δ ≤ (p− 1)
(
r − n

2

)
, we have the estimate

‖u‖C1,α ≤ C
(

1 + ‖u‖
W1,

n(p−1)
2 +δ

)
(4.55)

for a suitable α = α(n, p, δ) and some constant C = C(n, p, ε, ‖g‖W3,r).

Moreover, if we assume further that p < n+2
n−2

, then we have the estimate

‖u‖C1,α ≤ C (1 + ‖u‖W2,2) (4.56)

for suitable α = α(n, p) and C = C(n, p, ε, ‖g‖W3,r).

Note that the condition 2 ≤ p < n+2
n−2

can only be satisfied if n < 6.

4.5 Partial Convexity and the Sets of Extremals of Jε

In this section, we will prove our main results (Theorem 4.1 and Theorem 4.2)

with the help of the nonlinear Ep G̊arding inequality.

First, we show that it is possible to strengthen the inequality (4.26) to∫
Ω

Ep(∇ϕ) dx ≤ C

∫
Ω

F∇u(∇ϕ) dx, (4.57)

provided that we impose an additional restriction that ϕ belongs to a certain sub-

space Y of W1,p
0 (Ω;RN×n) of finite codimension. This means that we have strict

convexity of the functional ϕ 7→
∫

Ω
F∇u(∇ϕ) dx on X, which could be of indepen-

dent interest. A key step to prove this result is the following proposition.

Proposition 4.31. Let Ω ⊂ Rn be a Lipschitz domain and let 2 ≤ p < ∞. For

any given M > 0, there exists a closed linear subspace Y ⊂ W1,p
0 (Ω;RN) such that

Y has finite codimension and that∫
Ω

Ep(ϕ) dx ≤ 1

M

∫
Ω

Ep(∇ϕ) dx

for every ϕ ∈ Y .

The proof of a similar result in the work by Campos Cordero and Kristensen

is based on the decomposition of W1,2
0 (Ω;RN) using an orthogonal basis of the

eigenfunction of the Dirichlet Laplacian operator, which is not directly compatible

with the reference integrand Ep. The method we will use here for proving the

superquadratic (p ≥ 2) case employs a certain wavelets-type Schauder basis of

W1,p
0 (Ω;RN×n) instead of the eigenbasis used in the work by Campos Cordero and
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Kristensen. The main references for the construction of such a basis is [103] and

[102].

According to [103, Theorem 2.38], there exists an orthogonal basis {ek}∞k=1 of

L2(Ω) that is universal in the sense that it is also simultaneously a Schauder basis for

F s,rloc
p,q (Ω), the Triebel–Lizorkin space with the refined localization property. On a

Lipschitz domain Ω ⊂ Rn, we have W1,p
0 (Ω) = F̃ 1

p,2(Ω) = F 1,rloc
p,2 (Ω) , where F̃ k

p,q(Ω) is

the homogeneous Triebel–Lizorkin space (see [103, Remark 2.17 and Theorem 4.30]).

The generalization to the vector-valued space W1,p
0 (Ω;RN) is straightforward, which

leads to the following proposition.

Proposition 4.32 (Triebel). Let Ω ⊂ Rn be a Lipschitz domain. Then there exists

a wavelet orthogonal basis {ek}∞k=1 of L2(Ω;RN) such that |supp ek| → 0 as k →∞
and {ek}∞k=1 is also a Schauder basis of the space W1,p

0 (Ω;RN) for and 1 < p <∞,

i.e. if f ∈W1,p
0 (Ω;RN), then f can be uniquely represented as

f =
∞∑
k=1

ck(f)ek, (4.58)

where the series converges in the W1,p norm.

Note that the series (4.58) converges unconditionally and that the linear func-

tional e∗k : f 7→ ck(f) is continuous. The sequence {e∗k}∞k=1 is called the biorthogonal

sequence associated with the Schauder basis {ek}∞k=1.

Now we are ready to prove Proposition 4.31.

Proof of Proposition 4.31. Let {ek}∞k=1 be the basis given by Proposition 4.32 and

for an arbitrary q > 1, letX(q) := W1,q
0 (Ω;RN), X

(q)
k := spanW1,q{ek, ek+1, . . . } ⊂ X,

i.e. X
(q)
k is the closure in W1,q norm of span{ek, ek+1, . . . }. In this proof, we use the

norm ‖ϕ‖W1,q
0

:=
(∫

Ω
|∇ϕ|q dx

)1/q
for simplicity.

First, we claim that for any M > 0, we can find k = k(M) ∈ N such that

inf

{∫
Ω

|∇ϕ|q dx−M
∫

Ω

|ϕ|q dx : ϕ ∈ X(p)
k , ‖ϕ‖W1,q

0
= 1

}
> 0. (4.59)

Assume that the above is false, then there exists M > 0 and a sequence ϕkj ∈ X
(q)
kj

(where kj →∞) such that
∥∥ϕkj∥∥W1,q

0
= 1 for all j ∈ N and that

lim
j→∞

∫
Ω

|∇ϕkj |q dx−M
∫

Ω

|ϕkj |q dx ≤ 0. (4.60)

We know that
∫

Ω
|∇ϕkj |q dx = 1 for all j by our assumption. On the other hand,

since q > 1, the space X(q) is reflexive, hence by [54, Theorem 1] the basis {ek}∞k=1 is

shrinking in the sense that limk→∞

∥∥∥f |
X

(q)
k

∥∥∥ = 0 for any linear functional f ∈ (X(q))∗
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(note that this statement corresponds to the fact that the span of the biorthogo-

nal sequence {e∗k}∞k=1 is norm dense in (X(q))∗). In particular, this implies that as

j → ∞, ϕkj
w
⇀ 0 in W1,q

0 (Ω;RN) and hence ϕkj → 0 in Lq (by Rellich-Kondrachov

theorem). However, this would imply that we have 1− 0 ≤ 0 in (4.60), a contradic-

tion.

Let Rp : X(p)\{0} → R+ be the generalized p-Rayleigh quotient defined by

Rp[ϕ] :=

∫
Ω
Ep(∇ϕ) dx∫

Ω
Ep(ϕ) dx

(4.61)

and let Mk be the infimum of Rp on X
(p)
k \{0}, i.e.

Mk := inf
{
Rp[ϕ] : ϕ ∈ X(p)

k \{0}
}
. (4.62)

Note that this proposition is proved if we can show that Mk →∞ as k →∞.

Now, since p ≥ 2, we can see from (4.40) that Ep(z) ∼ |z|2 + |z|p, thus

Rp[ϕ] ≥ C

∫
Ω
|∇ϕ|2 dx+

∫
Ω
|∇ϕ|p dx∫

Ω
|ϕ|2 dx+

∫
Ω
|ϕ|p dx

for some generic constant C > 0. Using the inequality A1+B1

A2+B2
≥ min

(
A1

A2
, B1

B2

)
(which

holds for A1, B1, A2, B2 > 0), we have for any fixed ϕ ∈ X(p)
k \{0}

Rp[ϕ] ≥ C min

(∫
Ω
|∇ϕ|2 dx∫

Ω
|ϕ|2 dx

,

∫
Ω
|∇ϕ|p dx∫

Ω
|ϕ|p dx

)
. (4.63)

According to (4.59),

lim
k→∞

inf

{∫
Ω
|∇ϕ|q dx∫

Ω
|ϕ|q dx

: ϕ ∈ X(q)
k \{0}

}
=∞ (4.64)

for any q > 1. Since p ≥ 2, we have X
(p)
k ⊂ X

(2)
k as a linear subspace, thus

inf

{∫
Ω
|∇ϕ|2 dx∫

Ω
|ϕ|2 dx

: ϕ ∈ X(2)
k \{0}

}
≤ inf

{∫
Ω
|∇ϕ|2 dx∫

Ω
|ϕ|2 dx

: ϕ ∈ X(p)
k \{0}

}
.

We can then apply (4.64) with q = 2 and q = p together with (4.63) to conclude

that Mk →∞ as k →∞. This completes the proof.

Recall that we can write
∫

Ω
F∇u(∇ϕ) dx as∫

Ω

F (∇u+∇ϕ)− F (∇u)− F ′(∇u)[∇ϕ] dx = J(u+ ϕ)− J(u)− J ′(u)[ϕ].

As a consequence of the previous proposition, we have the following important

estimate. Note that as a consequence of Proposition 4.16, the assumptions of the

following proposition is satisfied when F : RN×n → R satisfies (Fp1) and (Fp2); and

S ⊂ C1(Ω;RN) ⊂ W1,p(Ω;RN) is a family of functions such that {∇u : u ∈ S} is

uniformly bounded (in L∞ norm) and equicontinuous.
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Proposition 4.33. Let p ≥ 2, S ⊂ W1,p
g (Ω;RN), and F : RN×n → R be an in-

tegrand with the property that there exist l, C ≥ 0 such that for any u ∈ S, the

G̊arding inequality

γ

∫
Ω

Ep(∇ψ) dx ≤
∫

Ω

F∇u(∇ψ) dx+ C

∫
Ω

Ep(ψ) dx (4.65)

holds for all ψ ∈W1,p
0 (Ω;RN). Then there exists closed subspaces V, Y of W1,p

0 (Ω;RN)

(depending on the constants γ, C) such that W1,p
0 (Ω;RN) = V ⊕ Y , V is finite di-

mensional, and ∫
Ω

Ep(∇ϕ) dx ≤ 22p−1

γ(22p−1 − 1)

∫
Ω

F∇u(∇ϕ) dx (4.66)

for any u ∈ S and any ϕ ∈ Y .

Moreover, for any uα, uβ ∈ S, their decompositions

uα = g + vα + ϕα, uβ = g + vβ + ϕβ, where vα, vβ ∈ V and ϕα, ϕβ ∈ Y,

satisfy the estimate∫
Ω

Ep(∇ϕα −∇ϕβ) dx ≤ 22p−1C

γ

∫
Ω

Ep(vα − vβ) dx+ 2p
∫

Ω

Ep(∇vα −∇vβ) dx

− 2p

γ

(
J ′(uβ)[uα − uβ] + J ′(uα)[uβ − uα]

)
. (4.67)

Proof. From Proposition 4.31, there exists a closed subspace Y ⊂W1,p
0 (Ω;RN) such

that ∫
Ω

Ep(ϕ) dx ≤ γ

22p−1C

∫
Ω

Ep(∇ϕ) dx (4.68)

for all ϕ ∈ Y . We then let V be a complementary subspace of Y in W1,p
0 (Ω;RN).

From this, (4.66) follows immediately and any uα, uβ ∈ S thus admit the decompo-

sitions as in the statement of this proposition.

Using the notations from (4.65), we set u := uβ and ψ := uα − uβ (so that

u+ ψ = uα). The G̊arding inequality states that

γ

∫
Ω

Ep(∇uα −∇uβ) dx ≤ J(uα)− J(uβ)− J ′(uβ)[uα − uβ] + C

∫
Ω

Ep(uα − uβ) dx.

By symmetry, we may reverse the role of uα and uβ in the above inequality and

conclude that

γ

∫
Ω

Ep(∇uα −∇uβ) dx ≤ C

∫
Ω

Ep(uα − uβ) dx

−
(
J ′(uβ)[uα − uβ] + J ′(uα)[uβ − uα]

)
. (4.69)
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Recall that Ep(z + w) ≤ 2p−1Ep(z) + 2p−1Ep(w), hence∫
Ω

Ep(∇ϕα −∇ϕβ) dx ≤ 2p−1

∫
Ω

Ep(∇vα −∇vβ) + 2p−1

∫
Ω

Ep(∇uα −∇uβ).

This and (4.69) imply

γ

2p−1

∫
Ω

Ep(∇ϕα −∇ϕβ) dx ≤ γ

∫
Ω

Ep(∇vα −∇vβ) + C

∫
Ω

Ep(uα − uβ) dx

−
(
J ′(uβ)[uα − uβ] + J ′(uα)[uβ − uα]

)
≤ γ

∫
Ω

Ep(∇vα −∇vβ) + 2p−1C

∫
Ω

Ep(vα − vβ) dx

+ 2p−1C

∫
Ω

Ep(ϕα − ϕβ) dx

−
(
J ′(uβ)[uα − uβ] + J ′(uα)[uβ − uα]

)
.

Using (4.68), the third term can be absorbed into the left-hand side, which yields

γ

2p

∫
Ω

Ep(∇ϕα −∇ϕβ) dx ≤ γ

∫
Ω

Ep(∇vα −∇vβ) + 2p−1C

∫
Ω

Ep(vα − vβ) dx

−
(
J ′(uβ)[uα − uβ] + J ′(uα)[uβ − uα]

)
.

The estimate (4.67) simplifies if J ′(uβ)[uα − uβ] + J ′(uα)[uβ − uα] ≥ 0. In

particular, if both uα and uβ are extremals of the functional J , then we have∫
Ω

Ep(∇ϕα−∇ϕβ) dx ≤ 22p−1C

γ

∫
Ω

Ep(vα−vβ) dx+2p
∫

Ω

Ep(∇vα−∇vβ) dx. (4.70)

Another important case is when uα and uβ are extremals of the perturbed functional

Jε, in which J ′(uα)[ψ] = −2ε
∫

Ω
∇2u : ∇2ψ dx for any ψ ∈ W2,2(Ω;RN) (similar

equation holds for uβ). In this case, we have an even stronger statement:

J ′(uβ)[uα − uβ] + J ′(uα)[uβ − uα] = 2

∫
Ω

|∇2uα −∇2uβ|2 dx. (4.71)

The discussion here and the results above lead to our main theorem.

Proof of Theorem 4.1: From the assumptions, Corollary 4.30 implies that there ex-

ists α > 0 such that S ⊂ C1,α(Ω;RN) and S is bounded in the C1,α norm. This

means the set {∇u : u ∈ S} is uniformly bounded in the L∞(Ω;RN×n) norm and

is equicontinuous, hence we can apply Proposition 4.33 to get the decomposition

W1,p
0 (Ω;RN) = V ⊕ Y , where dimV = d < ∞. We choose v1, . . . , vd ∈ V so that

V = span {v1, . . . , vd}.
Since W2,2

g (Ω;RN) ⊂W1,p
g (Ω;RN), any u ∈ S can be written uniquely as

u = g + v + ϕ where v ∈ V and ϕ ∈ Y.
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From (4.71), we know that J ′(uβ)[uα−uβ]+J ′(uα)[uβ−uα] ≥ 0 hence (4.67) implies

that for any u, u′ ∈ S must be equal whenever their components in V coincide. This

means that the map πV : V ⊕Y → V defined by πV (v+ϕ) = v is injective on S−g.

The fact that S is bounded in W1,
n(p−1)

2
+δ norm implies (by (4.53)) that S is

bounded in W2,2, and hence bounded in W1,p. Therefore the set πV (S − g) is

bounded in V and its element is of the form

vα = α1v1 + · · ·+ αdvd

for some unique α = (α1, . . . , αd) ∈ Rd. The map I : V → Rd defined by I(vα) = α

is a continuous linear isomorphism and K = I ◦ πV (S − g) is a bounded set in Rd.

Each u = g + v + ϕ ∈ S can thus be parametrized by α ∈ K, and we may define

uα ∈ S and ϕα ∈ Y to be the corresponding functions such that I ◦ πV (uα− g) = α

and ϕα := πY (uα), i.e. uα = g + vα + ϕα.

Now, for any α, β ∈ K, we define uα = g + vα + ϕα and uβ = g + vβ + ϕβ
as above. To get the estimate for the components ϕα, ϕβ ∈ Y , first we recall that

Ep(z) ∼ |z|2 + |z|p since p ≥ 2, thus∫
Ω

|∇ϕα −∇ϕβ|2 dx+

∫
Ω

|∇2ϕα −∇2ϕβ|2 dx

.
∫

Ω

Ep(∇ϕα −∇ϕβ) dx+

∫
Ω

|∇2ϕα −∇2ϕβ|2 dx

.
∫

Ω

Ep(∇ϕα −∇ϕβ) dx+

∫
Ω

|∇2uα −∇2uβ|2 + |∇2vα −∇2vβ|2 dx

.
∫

Ω

Ep(vα − vβ) dx+

∫
Ω

Ep(∇vα −∇vβ) dx+

∫
Ω

|∇2vα −∇2vβ|2 dx,

where the last inequality is obtained by applying (4.71) and (4.67). We then take

the square root of both sides and, again, use the fact that Ep(z) ∼ |z|2 + |z|p to get

‖ϕα − ϕβ‖W2,2
0
. ‖vα − vβ‖W2,2

0
+ ‖vα − vβ‖

p
2

W1,p
0

.

Since V is finite dimensional, all norms on V are equivalent so ‖vα − vβ‖W2,2
0
∼

‖vα − vβ‖W1,p
0
∼ |α−β|. Since K is bounded and p

2
≥ 1, we have |α−β| p2 ≤ C|α−β|

for some constant C depending on K, therefore

‖ϕα − ϕβ‖W2,2
0
. |α− β|. (4.72)

This means that the map α 7→ ϕα is Lipschitz, which readily implies that the map

f : K → S defined by f(α) = uα is a bi-Lipschitz equivalence, where K ⊂ Rd is

endowed with the usual metric and S is viewed as a subset of W2,2(Ω;RN).

As a direct consequence of this theorem, we get a statement regarding the min-

imizers of Jε if we assume a tighter condition on p.
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Proof of Theorem 4.2. From (4.56), we see that M automatically satisfies the as-

sumptions for S in 4.1 if M is bounded in the W2,2 norm. Indeed, we know that

M ⊂ {u ∈ W2,2
g (Ω;RN) : Jε(u) = L} where L ∈ R is the infimum of Jε on

W2,2
g (Ω;RN). Assume, for contradiction, that there exists a sequence un ∈M such

that ‖un‖W2,2 →∞ as n→∞ while keeping∫
Ω

F (∇un) dx+ ε

∫
Ω

|∇2un|2 dx = L.

The term
∫

Ω
|∇2un|2 dx cannot be bounded otherwise it would imply the bounded-

ness of un in the Dirichlet class W2,2
g (Ω;RN), so we must have

∫
Ω
F (∇un) dx→ −∞.

However, according to [21, Theorem 1.1], the assumption that F is strongly quasi-

convex implies that J(u) =
∫

Ω
F (∇u) dx is Lp-mean coercive, so in particular J is

bounded below. This is the contradiction we wanted, hence M is bounded in the

norm of W2,2(Ω;RN).

All the conclusions then follow from Theorem 4.1 except the fact that K is

compact. In order to see that, observe that K = I ◦ πV (M− g) so it is enough to

prove that M is compact in W1,p norm. However, Jε is sequentially weakly lower

semicontinuous in W2,2(Ω;RN) so M is weakly compact in W2,2(Ω;RN). This

implies compactness in W1,p norm and we are done.
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5 Further Developments and Related Results

In this final chapter, we shall explore the possibility of extending certain aspects

of the work we did earlier, especially the well-posedness results from chapter 3

and the structure theorems from chapter 4, and discuss some related results that

could be useful for this purpose. In particular, we want to employ the (generalized)

Hadamard well-posedness results from chapter 3 to prove a generic uniqueness of

minimizers for the problem

minimize

∫
Ω

F (x, u,∇u) dx over u ∈W1,p
g (Ω;RN),

with varying Dirichlet data g ∈W1,p(Ω;RN). There are some difficulties associated

with this goal, and we hope that the knowledge of the structure of the set of

minimizers for Jε, namely the d-rectifiability of the set of minimizers (that we

proved in chapter 4), may help us prove the generic uniqueness of minimizers for

the singularly perturbed problem

minimize

∫
Ω

F (∇u) dx+ ε

∫
Ω

|∇2u|2 dx over u ∈W2,2
g (Ω;RN),

with varying Dirichlet data g ∈W2,2(Ω;RN), which should be an easier problem.

There are some results regarding the generic single-valuedness of multivalued

functions that suggest the possibility of expending the generalized Hadamard well-

posedness result from chapter 3 to a generic uniqueness theorem for the minimiza-

tion problems of the variational integral J(u) =
∫

Ω
F (x, u,∇u) dx in the Dirichlet

class W1,p
g (Ω;RN). The semicontinuity property in the multivalued functions sense

of the solution map S : W1,p(Ω;RN)⇒W1,p(Ω;RN) is one requirement, whereas the

other requirement is the so-called ‘minimality’ property. The work regarding this

minimality property has not been fully worked out but there are some evidences

that such property could hold in our setting of quasiconvex variational integrals, or

at least under some suitable additional assumptions. In this last chapter, we shall

outline some relevant results in this direction and suggest some possible strategies

that could lead to the desired minimality result.

Beside some compelling results from convex analysis and the theory of mul-

tivalued function, there is also evidence from nearby fields that also support our

hypothesis on the generic uniqueness of the solutions to the Dirichlet quasicon-

vex variational problems. While not directly applicable to our problem, the work

on generic uniqueness of area-minimizing surfaces by Morgan indicates that our

goal is not entirely unfounded. In [77], Morgan showed that almost every curve in

R3 bounds a unique area-minimizing surface. He equipped the space of functions

corresponding to the Dirichlet boundary data with a suitable measure and proved

that the set of all boundary data that admit non-unique solutions is a null set
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with respect to this measure (in fact, his proof also implies that this set is also a

meagre set). He later showed that the result generalizes to minimization problems

for elliptic variational integrands with constant coefficients in [78]. Despite these

generic uniqueness results, it is worth noting that an arbitrary Dirichlet problem for

minimal surfaces could have a continuum of solutions as demonstrated by Morgan

[76] (see also [106] by White for a general obstruction to uniqueness of minimal

surfaces).

Some of the key results regarding the generic single-valuedness of multivalued

functions that could be useful for our purpose are from the paper [63] by Lassonde,

which describe an abstract approach to proving generic uniqueness of a special class

of multivalued functions. They can be seen as generalizations of results involving

the single-valuedness of monotone operators, e.g. [83] by Phelps or [84] by Preiss

and Zaj́ıček. We hope that such results, directly as stated or suitably modified,

could be applied to our quasiconvex variational problems. There are other results

in this direction as well that could be fruitful for our research, in particular the

work [23] by Choban, Kenderov and Revalski, and [55] by Kenderov and Moors.

An important terminology used in [63] (and some related papers such as [64])

is the d-fragmentability, which is defined as follows.

Definition 5.1 (d-fragmentability). Let (X, τ) be a topological space, (Y, d) a metric

space. A multifunction T : X ⇒ Y is said to be fragmented by d if for any nonempty

open set U in X and any ε > 0, there exists another nonempty open set V ⊂ U

such that diamT (V ) < ε. �

The following is the first abstract generic uniqueness result based on frag-

mentability.

Proposition 5.2 (Lemma 1, [63]). Let (X, τ) be a Baire space, (Y, d) be a metric

space, and T : X ⇒ Y be a nonempty-valued mapping fragmented by d. Then, there

exists a dense Gδ subset D of X such that at each point of D, T is single-valued

and τ -d-USC.

The above result is used to prove the following proposition.

Proposition 5.3 (Proposition 2, [63]). Let (X, τ) be a Baire space, Y be a Banach

space, and T : X ⇒ Y ∗ be minimal τ -w∗-CUSCO. If there is a set C ⊂ Y ∗ with

w∗-RNP such that {x ∈ X : T (x)∩C 6= ∅} is dense in X, then there is a dense Gδ

set D ⊂ X such that T is single-valued and τ -‖·‖-USC on D. Moreover, we have

T (D) ⊂ C.

For our purpose, we are interested in the case where (X, τ) = (W1,p(Ω;RN), ‖·‖),
Y = W1,p(Ω;RN)∗ (so that Y ∗ = W1,p(Ω;RN) by reflexivity), and T = S, the
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solution map

S = {u ∈W1,p
g (Ω;RN) : J(u) = inf

W1,p
g (RN )

J}.

Note that in our case the weak∗ topology on Y ∗ is the weak topology of W1,p(Ω;RN).

It is easy to see that the single-valuedness of S on W1,p(Ω;RN) is a restatement

of the generic uniqueness of minimizers of the problem min(W1,p
g (Ω;RN); J) with

varying Dirichlet data g from the class W1,p(Ω;RN).

Certainly, if our solution map S has all the above properties in Proposition

5.3 then we are done. However, the assumptions that we need to impose on the

integrand F (x, u, z) would be too strong in order to get all the corresponding prop-

erties for S. The p-growth condition (F1), the pointwise coercivity condition (F2)

and the uniform strict quasiconvexity (F3’) for the integrand F and the coercivity

condition (J1) for the functional J that we have made so far only guarantee that S
is ‖·‖-‖·‖-USCO, but S is certainly not convex-valued and it is not clear if S is a

minimal USCO map or not. For this reason, we may wish to consider the (closed)

convex hulls of S or related functions.

Definition 5.4 (Closed Convex Hull).

• For a multivalued function T : X ⇒ Y , the closed convex hull of T is map

conv T defined by

(conv T )(x) := conv T (x).

• For a function J : X → R, its closed convex hull conv J is the function whose

epigraph is the closed convex hull of the epigraph of J . �

Note that for a proper J : X → R, we have conv J = J∗∗|X (see [12]).

Suppose we want to apply Proposition 5.3 directly, there are a few possible

strategies that could be used to modify the multivalued function S so that the

modified version satisfies the assumptions in Proposition 5.3 while allowing the

generic single-valuedness to be transferred back to our original multivalued function

S. Three types of different modifications and associated strategies are as follow.

1. Suppose that we can prove directly that T := conv S is minimal τ -w∗-CUSCO

then we are done.

2. If we can prove that S is in fact minimal ‖·‖-w-USCO, then if automatically

follows that T := conv S is minimal ‖·‖-w-CUSCO and we are done.

3. Consider the multivalued function S ′ defined by

S ′(g) := argmin (W1,p
g (Ω;RN); conv J),

if we can show that S ′ is minimal ‖·‖-w-USCO then we are done.
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To understand why proving either one of the above claims is enough, for the first

claim we observe that for T := convS, we have

∅ 6= S(g) ⊂ T (g)

for each g ∈W1,p(Ω;RN). If we can prove that T is minimal ‖·‖-w-CUSCO, Propo-

sition 5.3 would imply that T is generically single-valued and hence S must be as

well.

The problem with this approach is that there is apparently no obvious connec-

tion between T = conv S and the functional J (or, more specifically, the integrand

F (x, u, z)). There are many ways conv S can be computed from S but the semi-

continuity property of S does not seem to translate nicely to T .

As for the second claim, it is known that if S is ‖·‖-w-USCO, then T = conv S is

‖·‖-w-CUSCO. This follows from the following result that can be found in a survey

paper about minimal USCO and minimal CUSCO maps by Holá and Holý [51].

Proposition 5.5 (Lemma 5.1, [51]). Let X be a topological space and let Y be a

Hausdorff, locally convex topological vector space. Let G : X ⇒ Y be an USCO

map and convG(x) be compact for every x ∈ X. Then the map F defined as

F (x) = convG(x) for every x ∈ X is a CUSCO map.

A stronger result which takes into account the minimality of each map can also

be found in the same paper. To set the notations, we let MU(X, Y ) denotes the

family of all minimal USCO maps from X into Y . Likewise, MC(X, Y ) denotes

the family of all minimal CUSCO maps from X into Y .

Proposition 5.6 (Theorem 7.7, [51]). Let X be a topological space and let Y be

a Hausdorff, locally convex topological vector space such that for any compact set

K ⊂ Y , convK is also compact. Then the map G 7→ convG is a bijection from

MU(X, Y ) onto MC(X, Y ).

According to Proposition 2.30, Y = W1,p(Ω;RN) equipped with the weak topol-

ogy satisfies the assumption in Proposition 5.6; hence if we can show that S is

minimal ‖·‖-w-USCO, then T = conv S is also minimal ‖·‖-w-CUSCO and we can

apply Proposition 5.3 on T .

The problem with this strategy is quite different from the first strategy. Follow-

ing this approach, we do not need to modify anything except proving the minimality

property for S. However, this seems to be very challenging.

Regarding the third claim, it is not hard to verify that for a function f : X → R,

conv (argmin
X

f) ⊂ argmin
X

(conv f)
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hence for any g ∈W1,p(Ω;RN) we have

∅ 6= S(g) ⊂ conv (S(g)) ⊂ argmin
W1,p
g (Ω;RN )

(conv J) = S ′(g).

We can see that S ′ is automatically convex-valued. By the same reasoning as before,

if we can prove that S ′ is minimal ‖·‖-w-CUSCO then Proposition 5.3 applies to

S ′m which in turn implies that S is generically single-valued.

This method is similar to the first approach, the only different is that we convex-

ify the functional J before computing its minimizers, whereas in the first approach

the convexification process is done at the end on the set of minimizers. In some cir-

cumstances, the first and the third methods are in fact equivalent (see [50]), hence

the main difficulty of this approach is very similar to the first, i.e. there is no known

way of computing conv J from F (x, u, z). In fact, it is not even known whether

conv J is an integral functional or not in general.

The fact that very little is known about the structure of the set of minimizers for

the quasiconvex variational integral of the form J(u) =
∫

Ω
F (x, u,∇u) dx is a major

problem in establishing the minimality of the solution map S (or its convexified

relatives, as described above), so it is likely that some additional assumptions may

be needed to prove the generic uniqueness result we desire. In particular, the

singularly perturbed problem for the variational integral Jε

minimize

∫
Ω

F (∇u) dx+ ε

∫
Ω

|∇2u|2 dx over u ∈W2,2
g (Ω;RN)

that we studied in chapter 4 and its associated solution map S̃ : W2,2(Ω;RN) ⇒

W2,2(Ω;RN) defined by

S̃(g) := argmin
{
Jε(u) : u ∈W2,2

g (Ω;RN)
}

may be more amendable to the treatments we discuss earlier for S. By modifying the

argument in chapter 3, we can verify that S̃ enjoys the same kind of semicontinuity

property as S, and even thought S̃ is still not convex-valued, we have seen that

the associated functional Jε is partially strictly convex (in the sense that is made

precise in Proposition 4.33). The d-rectifiability of S̃(g) that was shown in Theorem

4.2 (or the stronger fact that S̃(g) is bi-Lipschitz equivalent to a compact subset

of some Euclidean space Rd) is another supporting fact that would likely help in

proving the desired generic uniqueness result in our future research.

136



Panas Kalayanamit

A Appendix

This part is the collection of results in functional analysis that is used in this

thesis. Some of the propositions stated here are accompanied by a proof, but most

well-known results are stated without proofs. For those without proofs, references

are given.

A.1 Weak Topologies and Compactness

Let X be a locally convex vector space (or a normed space, in particular). We

denote the space of all continuous linear functional on X by X∗. Here is a list of

some notation.

• A sequence (xn) in X converges strongly (in the norm topology) to x is written

as xn → x. If (xn) converges weakly then we write xn
w
⇀ x.

• For a sequence (x∗n) in X∗, we write x∗n
w∗
⇀ x∗ if (x∗n) converges to x∗ in the

weak∗ topology of X∗.

• The closure of the set S ⊂ X is denoted by S. The weak closure of S is

denoted by S
w

. The weak∗ closure of a subset of X∗ is written in the same

manner.

• The convex hull of a set S ⊂ X is denoted by convS. The closed convex hull

of S is denoted by conv S while the weakly closed convex hull of S is denoted

by convw S, i.e.

conv S = (convS), convw S = (convS)
w
.

• The open ball of radius r centred at x in X is denoted by BX(x; r), or just

B(x; r) when it is clear from the context which space the ball is in. The unit

sphere of X is denoted by SX . �

The following theorems can be found across many graduate level functional

analysis textbooks (or books that are closely related). A list of such books are [108]

by Yosida, [37] by Edwards, [6] by Aliprantis and Burkinshaw, or the encyclopedic

book [5] by Aliprantis and Border.

Theorem A.1 (Banach–Alaoglu). Let X be a normed space, then the closed unit

ball of X∗ is weak∗ compact. Consequently, a subset S ⊂ X∗ is weak∗ compact if

and only if it is weak∗ closed and norm bounded.

Proof. See [5, Theorem 6.21].
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Theorem A.2 (Eberlein–Šmulian). A subset S of a normed space X is weakly

relatively compact (resp. weakly compact) if and only if every sequence (xn) in S

has a subsequence that converges to some x ∈ X (resp. to some x ∈ S).

Proof. See [6, Theorem 3.40].

It is well-known that bounded subsets of W1,p(Ω) are weakly precompact if p > 1

but not for p = 1, together with another closely related fact that the weak topology

on a bounded subset of W1,p(Ω) is metrizable if p > 1 but not for p = 1 (because

L∞(Ω) is not separable). However, it is perhaps a little less well-known that the

weak topology on a weakly precompact subset of W1,1(Ω) is metrizable. Here we

give a proof of this fact.

Lemma A.3. Let X be a separable normed space. Then there exists a countable

subset F ⊂ X∗ such that F separates points of X.

Proof. Let D be a countable, dense subset of SX , the unit sphere of X. Let F be

the family of all norming functionals of the elements in D.

For any distinct x, y ∈ X, there exists a λ > 0 such that ‖z‖ = 1 for z = λ(x−y).

Choose z′ ∈ D such that ‖z − z′‖ < 1
2
. Let f ∈ F be the norming functional of z′,

then

f(z) = f(z′) + f(z − z′) ≥ 1− 1/2 = 1/2.

This shows that F separates points of X.

Lemma A.4. Let X be a normed space and {fn}∞n=1 ⊂ X∗ be a family of functionals

that separates points of X. Then the map d : X ×X → [0, 1) given by

d(x, y) :=
∞∑
n=1

2−n|fn(x− y)|
1 + |fn(x− y)|

defines a metric on X. Moreover, the metric topology (X, d) is coarser than the

weak topology (X,w).

Proof. It is not hard to verify the triangle inequality for d(·, ·) using the fact that

ρ(x) := x
1+x

is concave on [0,∞) with ρ(0) = 0, so it is subadditive. d(x, y) = 0 if

and only if x = y follows from the fact that {fn}∞n=1 separates points of X.

Next, we want to show that (X, d) ≤ (X,w), i.e. any open subset in τd is open

in the weak topology.

Let B(x0; ε) be a ball in (X, d), we wish to find a weak neighbourhood U of x0

such that U ⊂ B(x0; ε). First, let N be a number such that
∑∞

n=N+1 2−n < ε/2. We

choose δ > 0 small enough so that if x ∈ X satisfies |fn(x0−x)| < δ for n = 1, . . . , N

then
N∑
n=1

2−n|fn(x0 − x)|
1 + |fn(x0 − x)|

< ε/2.

Thus for U := ∩Nn=1{|fn(· − x0)| < δ}, we have U ⊂ B(x0; ε).
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Proposition A.5. Let X be a separable normed space and S ⊂ X be a weakly

compact subset. Then S is metrizable.

Proof. By Lemma A.3, there is a countable subset F ⊂ X∗ that separates points

of X, hence Lemma A.4 implies that X has a metric topology, given by a metric d,

that is coarser than (X,w).

Suppose that S is a weakly compact subset of X. Clearly (S, d) is Hausdorff

and since (S,w) is compact, the inclusion (S,w) ↪→ (S, d) is a continuous bijection,

hence a homeomorphism. This means that (S, d) = (S,w), so the weak topology

on S is metrizable.

Corollary A.6. The weak topology on a weakly compact subset of W1,p(Ω) is metriz-

able for all p ≥ 1.

A.2 Convergence and Compactness in Lp(Ω)

The following are some useful theorems regarding the compactness of the Lebesgue

spaces Lp(Ω) and the Sobolev spaces W1,p(Ω). Some good resources on this topic

are [62] by Kufner, John and Fucik, [7] by Ambrosio, Fusco and Pallara, [85] by

Rao, and especially [45] by Fonseca and Leoni. For more on measure theory, see

[11] by Bogachev or [43] by Evans and Gariepy.

Definition A.7 (Equi-Integrability). Let F ⊂ L1(Ω, µ). F is called equi-integrable

if for any ε > 0, there exists a corresponding δ = δ(ε) such that∫
E

|f | dµ < ε for all f ∈ F

whenever µ(E) < δ. �

There is a close relationship between equi-integrablility and uniform integra-

bility. These two notions are equivalent if we add an additional hypothesis to an

equi-integrable family that supf∈F ‖f‖1 <∞ (see [45, Theorem 2.29]).

Definition A.8 (Uniform Integrability). Let F ⊂ L1(Ω, µ). F is called uniformly

integrable if for any ε > 0, there exists a corresponding M such that∫
{|f |>M}

|f | dµ < ε for all f ∈ F

whenever E is a measurable set satisfying µ(E) < δ. �

Definition A.9 (Convergence in measure). Let (Ω,A, µ) be a measure space. Let

f, fn : Ω→ R be measurable. the sequence (fn)n is said to converges in measure

to f if for any ε > 0

lim
n→∞

µ({|f − fn| > ε}) = 0.

�
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Proposition A.10. Let (Ω, µ) be such that µ(Ω) <∞, then

1. If fn → f a.e., then fn → f in measure.

2. fn → f in measure ⇐⇒ every subsequence of (fn)n has a subsequence

converging to f a.e.

Proof. See [45, Theorem 2.20 and Theorem 2.22].

Proposition A.11 (Vitali convergence theorem). Suppose that µ(Ω) < ∞. Let

(fn)n ⊂ Lp(Ω, µ) and f ∈ Lp(Ω, µ), where p ∈ [1,∞).

Then fn → f in Lp if and only if

1. fn → f in measure.

2. (|fn|p)n is equi-integrable.

Proof. See [45, Theorem 2.24].

Theorem A.12 (Dunford–Pettis theorem). Let F ⊂ L1(Ω, µ). Then

F is relatively weakly compact in L1 ⇐⇒ F is equi-integrable and sup
f∈F
‖f‖1 <∞.

Proof. See [45, Theorem 2.54].

Note that in many places here where µ(Ω) <∞, we can replace the requirement

that supf∈F ‖f‖1 <∞ with the assumption that the measure µ be nonatomic. Note

that the Lebesgue measure on Rn is nonatomic (see [45, Remark 1.161]).

Definition A.13 (Nonatomic Measure). Let (Ω,A, µ) be a measure space. A set

E ∈ A of positive measure is said to be an atom if for every F ∈ A with F ⊂ E

either µ(F ) = 0 or µ(F ) = µ(E). The measure µ is said to be nonatomic if there

are no atoms, i.e. if for every set E ∈ A of positive measure, there exists F ∈ A
with F ⊂ E such that 0 < µ(F ) < µ(E). �

Proposition A.14. Let (Ω,A, µ) be a measure space such that µ is nonatomic. Let

rn be a sequence of positive numbers such that

∞∑
n=1

rn ≤ µ(Ω),

then there exists a sequence of mutually disjoint measurable sets An such that

µ(An) = rn.

Proof. See [45, Corollary 1.21].
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Proposition A.15. If µ(Ω) <∞ and µ is nonatomic, then equi-integrability of F
implies supf∈F ‖f‖1 <∞.

Proof. Take ε = 1, then by equi-integrable we can find δ such that µ(A) < δ implies

that
∫
A
|f | dµ < 1 uniformly in f ∈ F .

Since µ is nonatomic and µ(Ω) < ∞, we can find measurable sets A1, . . . , AN ,

each satisfying µ(Aj) = δ/2 for all j < N and µ(AN) < δ, such that Ω =
⋃N
j=1 Aj.

Hence ∫
Ω

|f | dµ =
N∑
j=1

∫
Aj

|f | dµ ≤ N.

Theorem A.16 (de la Vallée–Poussin criterion, 2.31). Let µ be a finite measure

on Ω, F ⊂ L1(Ω, µ). Then F is equi-integrable and supf∈F ‖f‖1 <∞ if and only if

there exists an increasing function θ : [0,∞)→ [0,∞) such that

1. θ(t)
t
→∞ as t→∞.

2. supF
∫

Ω
θ(|f(x)|) dµ <∞.

Additionally, if such a function exists we may take it to be convex.

Proof. See [45, Theorem 2.29 and Remark 4.99].

Proposition A.17 (Proposition 1.21). For a functional J : W1,p(Ω;Rd) → R+ of

the form 1.1, where p ≥ 1, J is strongly lsc in W1,p(Ω;Rd) provided its integrand L

is normal and satisfies the lower bound

L(x, v, A) ≥ −g(x)− α|v|q − β|A|p, (A.1)

where α, β ≥ 0, 1 ≤ q ≤ np
n−p and g ∈ L1(Ω).

Proof. Suppose (un)n is a sequence in W1,p(Ω;Rd) converging to u. Without loss

of generality, we may assume that J(un) <∞ for all n and that (after passing to a

subsequence) un(x)→ u(x) and ∇un(x)→ ∇u(x) pointwise a.e.-Ω.

By the Rellich-Kondrachov theorem, un → u strongly in Lq(Ω) for 1 ≤ q ≤ np
n−p

and we already knew that ∇un → ∇u strongly in Lp(Ω), thus

lim inf
n→∞

∫
Ω

L(x, un,∇un) + g(x) + α|un|q + β|∇un|p dx

≥
∫

Ω

lim inf
n→∞

(L(x, un,∇un) + g(x) + α|un|q + β|∇un|p) dx

≥
∫

Ω

L(x, u,∇u) + g(x) + α|u|q + β|∇u|p dx

by Fatou’s lemma and the fact that L is normal. We may then subtract
∫

Ω
g(x) +

α|u|q + β|∇u|p dx from both sides and deduce that∫
Ω

L(x, u,∇u) dx ≤ lim inf
n→∞

∫
Ω

L(x, un,∇un) dx.
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A.3 Bochner Integrals, Vector Measures and the Radon–

Nikodym Property (RNP)

The integration theory of vector-valued functions has many far-reaching appli-

cations in many parts of mathematical analysis. In this section we give a brief

introduction to the Bochner integral, which is essentially a direct generalization

of Lebesgue’s integration theory, and hence many theorems for Lebesgue integral

continue to hold for Bochner integrals (when suitably modified). For this reason,

Bochner integration is used to defined the X-valued Lebesgue space L1(Ω;X) which,

together with the notion of vector measure, is used to define the Radon–Nikodym

Property.

The general theory of vector-valued integration can be found in the books [37]

by Edwards or [108] by Yosida. For books that are more geared toward the Radon–

Nikodym Property, one should consult [14] by Bourgin and [32] by Diestel and Uhl.

For a general overview of vector integration in modern calculus of variations, [45]

by Fonseca is a great resource. Much of the material in this section is taken from

the last three books.

Let (Ω,F , µ) be a measure space, we denote its completion by (Ω,F ′, µ′). Let

X be a Banach space. A function s : Ω → X is called a simple function if there

exists a finite measurable partition {Ai}ni=1 of Ω such that

s =
n∑
i=1

xiχAi

for some distinct xi ∈ X. Here χAi is the characteristic function of the set Ai. The

integral of a simple function s is defined to be∫
A

s dµ :=
n∑
i=1

xiµ(A ∪ Ai).

Definition A.18 (Bochner Integrability). A function f : Ω → X is said to be

Bochner Integrable if there exists a sequence (sn)n of simple functions such that

1. limn→∞ sn(ω) = f(ω) a.e.-µ.

2. limn→∞
∫

Ω
‖f(ω)− sn(ω)‖X dµ = 0.

Symbolically, we write f ∈ L1(Ω, µ;X) to mean that f is Bochner integrable. �

When f is Bochner integrable and A ∈ F , then limn→∞
∫
A
sn dµ exists and the

value is independent of the choice of the sequence (sn)n we choose to approximate

f . In this case, we define the integral of f to be∫
A

f dµ := lim
n→∞

∫
A

sn dµ.

142



Panas Kalayanamit

Definition A.19. A function f : Ω→ X is said to be

1. strongly F-measurable if there exists a sequence (sn)n of simple functions

such that

f(ω) = lim
n→∞

sn(ω) a.e.-µ.

2. weakly F-measurable if for any x∗ ∈ X∗ the function 〈x∗, f(·)〉 : Ω→ R is

F-measurable.

3. weakly∗ F-measurable if X = Y ∗ for some Banach space Y and for any

y ∈ Y the function 〈f(·), y〉 : Ω→ R is F-measurable.

4. almost separably valued if there exists E ∈ F such that µ(Ω\E) = 0 and

f(E) is ‖·‖-separable.

5. F-Borel measurable if f−1(U) ∈ F for any open set U in the norm topology

of X. �

These properties are related to each other (assuming µ is finite or σ-finite). If

f : Ω → X is almost separably valued and F -Borel measurable, then f is strongly

F -measurable and we can choose an approximating sequence such that

‖sn(ω)‖X ≤ ‖f(ω)‖X a.e.-µ

for all n ∈ N. This shows that there exists a version of a strongly F -measurable f

that is separably valued and F -Borel measurable (see [45, Theorem 2.104] or the

discussion after [14, Definition 1.1.6]).

Theorem A.20. Let (Ω,F , µ) be a finite measure space, then the following are

equivalent:

1. f ∈ L1(Ω, µ;X).

2. f is weakly F ′-measurable, almost separably valued and
∫

Ω
‖f(ω)‖X dµ′(ω) <

∞.

3. f is strongly F-measurable and
∫

Ω
‖f(ω)‖X dµ(ω) <∞.

4. f is is almost separably valued, F-Borel measurable and
∫

Ω
‖f(ω)‖X dµ′(ω) <

∞.

Proof. See [14, Theorem 1.1.7].

A Bochner integrable function interacts well with a bounded linear operator.
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Proposition A.21. Suppose that X and Y are Banach spaces and T : X → Y is a

bounded linear operator, then for f ∈ L1(Ω, µ;X) we have T ◦ f ∈ L1(Ω, µ;Y ) and

T

(∫
A

f dµ

)
=

∫
A

(T ◦ f) dµ.

In particular, for a linear functional x∗ ∈ X∗, we have〈
x∗,

∫
A

f dµ

〉
=

∫
A

〈x∗, f(ω)〉 dµ(ω).

Proof. See [14, Theorem 1.1.8 (e)] (and perhaps [32, Theorem II.2.6] for a more

general statement where T is a closed operator).

We can define the vector-valued Lp spaces as follows:

Definition A.22. Let (Ω,F , X) be a measure space, X be a Banach space and

p ∈ [1,∞]. Then

Lp(Ω, µ;X) := {u : Ω→ X : u is strongly measurable and ‖u‖Lp(Ω,µ;X) <∞},

where ‖·‖Lp(Ω,µ;X) is defined by

‖u‖Lp(Ω,µ;X) :=

(∫
Ω

‖u(ω)‖pX dµ(ω)

) 1
p

for p <∞. For p =∞, we define

‖u‖L∞(Ω,µ;X) := esssupω∈Ω ‖u(ω)‖X
= inf{α ∈ R : ‖u(ω)‖X < α for almost every ω ∈ Ω}.

Suppose that X = Y ∗ for some Banach space Y , we may define

Lpw(Ω, µ;X) := {u : Ω→ X : u is weakly∗ measurable and ‖u‖Lpw(Ω,µ;Y ∗) <∞},

where ‖u‖Lpw(Ω,µ;Y ∗) := ‖u‖Lp(Ω,µ;X). �

Of course, the ‘functions’ in the above definition are identified if they are equal al-

most everywhere. Here are some important facts regarding vector-valued Lp spaces.

Proposition A.23. Let (Ω,F , X) be a measure space, X be a Banach space. Then

1. Lp(Ω, µ;X) is a Banach space for all p ∈ [1,∞].

2. If Ω is a separable metric space, µ is a σ-finite Radon measure and X is

separable, then Lp(Ω, µ;X) is separable for all p ∈ [1,∞).

See [45, Theorem 2.110] for more details.
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Proposition A.24 (Riesz representation theorem for Lp). Let (Ω,F , X) be a σ-

finite measure space, X be a Banach space and p ∈ [1,∞). Then

1. Assume that X is separable, then Lp(Ω, µ;X)∗ ' Lp
′

w (Ω, µ;X∗).

2. Assume that X is reflexive, then Lp(Ω, µ;X)∗ ' Lp
′
(Ω, µ;X∗).

Here p′ is the Hölder conjugate of p. The pairing between a functions in f ∈
Lp(Ω, µ;X) and its dual g ∈ Lpw(Ω, µ;X) (or Lp(Ω, µ;X), respectively) is given by

〈g, f〉 :=

∫
Ω

〈g(ω), f(ω)〉X∗,X dµ(ω).

Proof. See [45, Theorem 2.112].

Similar to how vector-valued integration is a generalization of the real-valued

Lebesgue integration theory, vector measure is defined in almost the same way as

the usual signed measure0

Definition A.25 (Vector measure). Let (Ω,F) be a measurable space and X be a

Banach space. A map µ : F → X is called a vector measure (more specifically,

an X-value measure) if it is countably additive, i.e.

µ

(
∞⋃
k=1

Ak

)
=
∞∑
k=1

µ(Ak)

for any sequence of pairwise disjoint Ak ∈ F . The summation on the right means

that the partial sums
∑N

k=1 µ(Ak) are required to form a convergence sequence in

the norm topology of X. �

Just like the case for complex-valued measure, anX-valued measure is associated

with a positive measure |µ|, called the total variation measure, defined by

|µ|(A) := sup

{
n∑
k=1

µ(A ∩ Ek) : (Ek)
n
k=1 is a measurable partiation of Ω

}
for each A ∈ F . µ is said to have finite total variation if |µ|(Ω) <∞.

Let (Ω,F ,P) be a probability space. Let us consider a (rather restrictive) version

of the Radon–Nikodym theorem

Theorem A.26 (Radon–Nikodym theorem). Let (Ω,F ,P) be a probability space

and µ : F → R be a measure satisfying µ � P (absolutely continuous with respect

to P) and |µ|(Ω) <∞ (finite total variation). Then there exists an f ∈ L1(Ω,P;R)

such that

µ(A) =

∫
A

f dP for all A ∈ F .

We also write f = dµ
dP .
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We may replace R by a general Banach space X and ask if the result still

holds, i.e. if an X-valued measure µ : F → X can be represented by a function

f ∈ L1(Ω,P;X). In general, the answer is no. It turns out that we can characterize

the Banach spaces in which such representation is possible, using the property called

the Radon–Nikodym Property.

Definition A.27 (Average range). Let (Ω,F ,P) be a probability space. Let µ be a

X-valued measure on (Ω,F) which is absolutely continuous with respect to P. Its

average range is defined to be

AR(µ) :=

{
µ(A)

P(A)
: A ∈ F ,P(A) > 0

}
.

�

Definition A.28 (Radon–Nikodym Property). Let K be a closed bounded con-

vex set in X, a Banach space. Then we say that K has the Radon–Nikodym

Property for (Ω,F ,P) if each X-valued measure µ on F such that µ � P and

AR(µ) ⊂ K, there exists f ∈ L1(Ω,P;X) satisfying

µ(A) =

∫
A

f dP

for all A ∈ F . K is said to have the Radon–Nikodym Property (RNP) if it has the

Radon–Nikodym Property for all probability spaces. �

Definition A.29. Let C ⊂ X be a closed convex set (possibly unbounded). We say

that C has the RNP if each closed, bounded, convex subset K ⊂ C has the RNP. �

There are another two equivalent formulations of the RNP, using the fact that

dµ

dP
=

dµ

d|µ|
d|µ|
dP

a.s.-P

for a vector measure µ : F → X of finite total variation whenever dµ
d|µ| exists.

1. X has the RNP if for any X-valued measure µ on (Ω,F) with finite total

variation, there exists f ∈ L1(Ω, |µ|;X) such that

|µ|(A) =

∫
A

f d|µ|

for all A ∈ F .

2. X has the RNP if for any X-valued measure µ on (Ω,F) with finite total

variation and µ� P, there exists f ∈ L1(Ω,P;X) such that

µ(A) =

∫
A

f dP

for all A ∈ F .
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For more information on these two equivalent formulations of the RNP, see the

discussion after [14, Example 2.1.2].

There are several other characterizations of the RNP. The following is the geo-

metric version of the RNP.

Definition A.30. • For a nonempty subset A of X, α > 0 and x∗ ∈ X∗, we

defined a slice of A to be

S(x∗;A,α) := {x ∈ A | 〈x∗, x〉 > σA(x∗)− α},

where σA is the support function defined by σA(x∗) := sup{〈x∗, x〉 | x ∈ A}.

• For A ⊂ X∗, its w∗-slices is defined similarly, i.e.

S(x;A,α) := {x∗ ∈ A | 〈x∗, x〉 > σA(x)− α},

where σA(x) := sup{〈x∗, x〉 | x∗ ∈ A}. �

Definition A.31 (RNP, geometric form). Let X be a Banach space. A nonempty

subset S of X is said to have the Radon-Nikodym Property (RNP) if every bounded,

nonempty subset A ⊂ S has one of the following (equivalent) property.

1. A is dentable: for each ε > 0, there exists x ∈ A such that x /∈ conv (A\B(x, ε)).

2. A contains slices of arbitrarily small diameters.

In a similar manner, a nonempty subset S of X∗ is said to have the w∗-Radon-

Nikodym Property (w∗-RNP) if every bounded, nonempty subset A ⊂ S contains

w∗-slices of arbitrarily small diameters. �
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[9] M. Báıa, A. C. Barroso, M. Chermisi, and J. Matias. Coupled second order

singular perturbations for phase transitions. Nonlinearity, 26(5):1271–1311,

2013.

[10] J. M. Ball. Convexity conditions and existence theorems in nonlinear elastic-

ity. Arch. Rational Mech. Anal., 63(4):337–403, 1976/77.

[11] V. I. Bogachev. Measure theory. Vol. I, II. Springer-Verlag, Berlin, 2007.

[12] J. M. Borwein and J. D. Vanderwerff. Convex functions: constructions, char-

acterizations and counterexamples, volume 109 of Encyclopedia of Mathemat-

ics and its Applications. Cambridge University Press, Cambridge, 2010.

[13] J. M. Borwein and Q. J. Zhu. Techniques of variational analysis, vol-

ume 20 of CMS Books in Mathematics/Ouvrages de Mathématiques de la
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[50] J.-B. Hiriart-Urruty, M. A. López, and M. Volle. The ε-strategy in variational

analysis: illustration with the closed convexification of a function. Rev. Mat.

Iberoam., 27(2):449–474, 2011.
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1(2):109–145, 1984.

[69] P.-L. Lions. The concentration-compactness principle in the calculus of vari-

ations. The locally compact case. II. Ann. Inst. H. Poincaré Anal. Non
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[80] S. Müller and V. Šverák. Convex integration for Lipschitz mappings and

counterexamples to regularity. Ann. of Math. (2), 157(3):715–742, 2003.

[81] I. Namioka and R. R. Phelps. Banach spaces which are Asplund spaces. Duke

Math. J., 42(4):735–750, 1975.

[82] P. Pedregal. Parametrized measures and variational principles, volume 30

of Progress in Nonlinear Differential Equations and their Applications.

Birkhäuser Verlag, Basel, 1997.

[83] R. R. Phelps. Convex functions, monotone operators and differentiability,

volume 1364 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, second

edition, 1993.
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nondifferentiability of convex functions. In Proceedings of the 11th winter
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