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Abstract

The purpose of this thesis is to develop techniques for analysing interacting particle
systems on the half-line. When the number of particles becomes large, stochastic partial
differential equations (SPDEs) with Dirichlet boundary conditions will be the natural
objects for describing the dynamics of the population’s empirical measure.

As a source of motivation, we consider systems that arise naturally as models for
the pricing of portfolio credit derivatives, although similar applications are found in
mathematical neuroscience, stochastic filtering and mean-field games.

We will focus on a stochastic McKean—Vlasov system in which a collection of Brow-
nian motions interact through a correlation which is a function of the proportion of
particles that have been absorbed at level zero. We prove a law of large numbers
where the limiting object is the unique solution to (the weak formulation of) the loss-
dependent SPDE:

1

where Ly = 1 — fOOOVt (x)dz, V is a density process on the half-line and W is a
Brownian motion. The correlation function is assumed to be piecewise Lipschitz, which
encompasses a natural class of credit models.

The first of our theoretical developments is to introduce the kernel smoothing
method in the dual of the first Sobolev space, H !, with the aim of proving uniqueness
results for SPDEs. A benefit of this approach is that only first order moment estimates
of solutions are required, and in the particle setting this translates into studying the
particles at an individual level rather than as a correlated collection. The second idea
is to extend Skorokhod’s M; topology to the space of processes that take values in
the tempered distributions. The benefit we gain is that monotone functions have zero
modulus of continuity under this topology, so the loss process, L, is easy to control.

As afinal example, we consider the fluctuations in the convergence of a basic particle
system with constant correlation. This gives rise to a central limit theorem, for which
the limiting object is a solution to an SPDE with random transport and an additive
idiosyncratic driver acting on the first derivative terms. Conditional on the systemic
random variables, this driver is a space-time white noise with intensity controlled by
the empirical measure of the underlying system. The SPDE has insufficient regularity
for us to work in any Sobolev space higher than H~! hence we have an example of
where our extension to the kernel smoothing method is necessary.
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CHAPTER 1

Introduction

We will begin by giving an overview of the problems studied in this thesis and
their practical motivation. Only heuristic arguments and qualitative descriptions
of the main results will be presented; full technical details are reserved until the
relevant chapter is reached. A summary of all results can be found in Section
1.8.

1.1. The basic particle system

Before commencing with any background material or descriptions of results,
we will first lay out the basic modelling framework for this thesis. We will add
more advanced features later in this chapter. For now, it is worth remembering
that the purpose of these models is to describe an interacting system of default-
able entities.

In the simplest system, each particle, X?, in a collection of N € N particles

is modelled as a correlated Brownian motion:

(1.1.1) X =X\ + pWi + /1 — p2W,.
Here, W, W1 W?2, ... are independent standard Brownian motions and the pa-

rameter p € [0,1) is called the correlation. We will refer to W as the systemic

Brownian motion.

Remark 1.1.1 (Modelling assumptions). Throughout, the initial values, X¢,
are assumed to be independent (of each other and the Brownian motions) and
identically distributed with law 1, that is support on some interval [z,, x*] with
0 <z, < a* < oo. We will consider the system on a finite time interval [0, 7.
All processes are assumed to live on some filtered probability space, (2, {F;:},P),

satisfying the usual conditions.

Remark 1.1.2 (Initial condition). The assumption that v is supported on
[z,,x*] is not essential, but does simplify some later calculations which describe
the behaviour of the system at the boundary and at infinity (in particular, those

9



10 1. INTRODUCTION

in Section 2.2). It would be possible to replace our assumption by more general
decay conditions on 1 at zero and infinity, at the cost of complicating later anal-
ysis. Such modifications would not alter the qualitative behaviour of the system,

so we will not investigate more general initial conditions.

To introduce killing into the system (which models default in the context of

credit derivatives), we denote the first hitting time of zero of the i*! particle by
h=inf{t>0:X; <0}.

In order to study the population of surviving particles we introduce the empirical

process:

1 N
I/IEN = Nth<Tz(Sth
=1

Here, dy; is the Dirac measure at the point X} € R, hence vV

is a stochastic
process taking values in the space of sub-probability measures on R. For a subset
S C (0,00), 1V (S) equals the proportion of particles in the set S at time ¢ that
have not yet been killed at the origin:
_#{1§i§N:X§€S and ¢t < 7'}

N )

Setting S = (0, 00) gives the proportion of surviving particles, and this inspires

v ()

the definition of the loss process:
X
LY = NizllTiSt =1-1v(0,00).

(See Figure 1.1.1.)

The large population limit. It is straightforward to study the limiting
behaviour as N becomes large. Convergence at the process level can be found
in [BHH"11|. Since the particles are conditionally i.i.d. given the systemic
Brownian motion, W, Birkoff’s Ergodic Theorem [Durl0| implies that

(1.1.2) vV (S) = P(X} € S;t <7'|\W) = 14(S), with probability 1,
as N — oo. We call the measure-valued process v the limit empirical process.

Remark 1.1.3 (Conditioning on W). It is clear that the above definition of
l/t(S) is unchanged if we instead condition on the filtration of W up to time t.
Throughout this thesis we will use the notation (- |[IW) to indicate that we are

conditioning on the sigma algebra generated by the entire trajectory of W.
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FIGURE 1.1.1. This is a realisation of (1.1.1) for N = 10.
In each diagram time is plotted on the horizontal axis. In the
top diagram we have the trajectories of Xfl:/\‘ri in black and the
systemic Brownian motion, W, in red (a value of 1.5 is added to
W for readability). The bottom left shows the evolution of LY
and the bottom right shows the evolution of vV (0,0.5).

Conditional on o (W), the particles behave as independent Brownian motions
with speed /1 — p? and rough drift ¢t — pW;. In line with this, we find in
[BHH"11, Theorem 1.1] that the limit empirical process satisfies the following

version of the heat equation with a stochastic transport term:

1

(113) w(0)=n(0)+5 [ n(@no)ds+p [ w@o .,

for test functions ¢ in the space
c*t={pe.s:¢(0)=0}.

Here, . denotes the space of rapidly decreasing functions on R (see Section
2.1) and v, (¢) = [ ¢dv,. We refer to (1.1.3) as the basic SPDE (a rigorous
definition of the notion of a solution is given in Definition 2.0.3).

Since v is supported on the positive half-line, C*' encodes the Dirichlet
boundary condition. Thus v behaves as a heat flow in a semi-infinite bar with
random spatial transport due to the systemic Brownian motion. Setting p = 0

yields the deterministic heat equation in a semi-infinite bar (see Figure 1.1.2).
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FIGURE 1.1.2. In each diagram space is plotted along the
vertical axis and time along the horizontal axis. The colour at

each pixel gives the value of the density of v at that choice of
(t,x); blue represents value 0 and red represents value 1. In both
cases the initial condition is a step function x — 1, <, for some
0 < a <b. On the left we have p = 0, which is the deterministic
heat equation. On the right p = 0.5, and we see the effects of
the random transport term. In both cases there is zero drift; the
apparent upward trend is due to survivorship bias caused by the

absorbing boundary at zero.

The basic SPDE is analysed fully in [BHH"11] and the limit empirical pro-
cess is shown to be the unique solution. Our aim is to build more sophisticated

interactions into this framework.

1.2. Practical motivation

Our motivating application is the development of portfolio credit derivative
models. As a particular example of such a derivative product, we will focus on
the collateralised debt obligation (CDO) — the reader is referred to [Sch03a]
for a thorough treatment of the subject.

In an approximate sense, a CDO on a portfolio of N credit risky assets is a

non-linear option on the loss process, LY, with payoff function of the form
0, if Ly <a
U(LY) =< Lr—a, ifa<Lr<d
d—a, if Ly >d.

Here, a < d are called the attachment and detachment points and (a, d) a tranche.

(This is a simplification, and, in particular, ignores the CDO term structure;
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FIGURE 1.2.1. Here we have t — L; for the two cases in
Figure 1.1.2. Time is on the horizontal axis and the value of the
loss process on the vertical axis. Notice the roughness for p = 0.5
on the right.

again see [Sch03a] for full details.) Market participants can buy and sell pro-
tection on CDO tranches for various choices of a and d. The fee paid for buying
one unit of protection (received for selling protection) is called the spread; the
larger the expected loss, the larger the spread.

In [BHHT™ 11| each entity is assigned a distance-to-default process, modelled
by X from (1.1.1) with an addition systemic drift term, and default of this entity
is modelled as the first time its distance-to-default process hits zero. The idea is

to use the law of large numbers approximation
LN ~ L = (1 — yt(O, +OO))75€[0’T]

to price the CDO and other such contingent claims (see Figure 1.2.1). As the
law of large numbers is at the process level, this approximation is dynamic in
the sense that it can be used for derivatives with term structure.

Models such as this, in which a default is represented by some stochastic
process crossing a threshold, are called structural models and were introduced in
the context of portfolio derivatives by [Zho01] and [HWO01]. Their origins trace
back to [Mer74| and [BC76] for single-name derivatives.

Large portfolio approximations were first introduced in [Vas91]| for a model
which features no dynamics. Popular approaches include copula based modelling
[Li00, MNO02, PD02, FM03, CLV04| and reduced form models in which
the individual hazard rates are modelled directly |[DG01, Mor06, DGTO09,
EGG10|.

The need for a better model. Since the CDO payoff is non-linear, pric-
ing a collection of tranches requires knowledge of the entire distribution of the



14 1. INTRODUCTION

60
|

50
|

40

30

20
|

Implied correlation (%)

10
|

o [ ]

0-3% 3-6% 6-9% 9-12%  12-22% 22-100%

Attachment-detachment point

FIGURE 1.2.2. Implied correlation for each tranche for the
data set from [BHHT 11, Figure 2, 7 year maturity|. This is an
example of correlation skew.

model’s loss process. However, in [BHH'11, Section 5| the authors show that

the correlation parameter p cannot be chosen so as to simultaneously solve
model spread (p) = traded spread

for every observed tranche spread in their data set. In other words, solving
this equation (which actually might not even be possible) for each tranche leads
to different values of p, and this phenomenon is known as correlation skew or
correlation smile (see Figure 1.2.2).

This problem is common for Gaussian models; the risk processes are insuffi-
cient for producing large losses and so a large correlation is required to match the
spreads for senior tranches [Gor03, Sch03a, Fin05|. Empirical studies high-
light fluctuating historical periods of relatively few corporate defaults followed
by periods of default clustering in which many entities default in close proximity
[DDKS07, AGS10|. Key modelling concerns, therefore, include extreme events
and feedback and contagion effects, as well as the need to have a framework that
is dynamic. Of course, heavy-tail phenomena are not solely found in the credit
space and are common throughout quantitative finance [Con01, Sch03b|.

There is a large body of literature which aims to address the drawbacks of
Gaussian credit models. Some modelling examples include the addition of jump
processes and heavy-tailed distributions [LM03, SO05, FJOS10, WY13|, in-
troducing stochastic parameters and inhomogeneity [AS05, LG05, BGLO7|
and incorporating contagion effects [GW05, GW06, DRST09, GSSS15|.
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Models close to our own framework include [BR12]|, in which a jump process
is added to the systemic factor, but in a discretised version of the system, and
[Jin10|, in which the particles are taken to be general diffusions. We will not
consider systems with jump processes in this thesis, although replacing the sys-
temic Brownian motion in our system with a more general Lévy process would be
a natural extension and would lead to an SPDE driven by a Lévy process, a topic
on which there is relevant literature [CK12a, CK12b, Kim14|. In Section 5.9
we will explain how the work of [Jin10] can be incorporated into our models.

The model we will study is inspired by Figure 1.2.2: we will keep the basic
structure of [ BHH™ 11|, but allow the correlation to be a function of the loss in
the system, rather than just a constant. In practice one could then calibrate the
model to fit every tranche spread, say by a using a piecewise constant correlation
whereby, as the loss process attains the level of a given attachment point, the
correlation value can be chosen to match the market spread of that tranche.
We give a precise formulation of this model in the next section, but for now we
notice that the coefficients determining the evolution of the system are themselves

influenced by the (conditional law of the) evolution of the system.

1.3. A loss-dependent correlation model

Our first aim when studying the loss-dependent system is to isolate the rel-
evant phenomenon for the problem. To this end, we will initially restrict our
attention to the simplified system below, in which each particle interacts through
a systemic Brownian motion with a loss-dependent correlation. As remarked, we
show how this model can be expanded to include more general driving coefficients
in Section 5.9.

With fixed N € N, we define the loss-dependent correlation system to be

XN = X+ [ (LYYW, + [1 /1 = p(LN) aw
N = inf{t > 0: X7V <0}

I/tN = % Zi\il 1t<Ti,N(5XZ,N

kLiV = % ZZJ\;]_ ]‘Ti’NSt'

There are no technicalities to check in writing this model down: we just start

(1.3.1)

the system with correlation p (0), stop at the first time a particle is killed (which
is not instantaneously, with probability 1), continue the system with correlation
p(1/N) and repeat in this fashion. We must also make the dependence on
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N explicit and we need some regularity conditions on the correlation function

(otherwise see Remark 5.0.8):

Definition 1.3.1 (Assumption for p(-)). Throughout we will assume that p :
[0,1] — [0, 1) is cadlag, that there exists some ppyay < 1 such that

0<p(x) < pmax, for every z € [0,1]
and that p is Lipschitz on the intervals [z;, z;11) for some

O=xo<xt1<29<...<2,=1 and n € N.

Remark 1.3.2 (Why discontinuous p). From Figure 1.2.2, a natural idea for
calibrating this model is to assume that p is piecewise constant on each tranche
and then to vary these constant values to match the market spreads for each
tranche. As such, we want this example to be included in the class of models
for which our theoretical results apply, hence we must allow p to have at least

finitely many discontinuities.

McKean—Vlasov systems. Each particle in (1.3.1) interacts with the en-
tire population through the coefficients of the random drivers, hence we have an
example of a McKean—Vlasov system. There is a large amount of literature on
these systems [Kac56, Kac59, McK75, Oel84, Szn84, MR87, G&r88| and
Sznitman provides an excellent introduction [Szn91].

There are numerous examples of applications of McKean—Vlasov systems.
To name a few: the modelling of large collections of neurons and threshold hit-
ting times for membrane potential levels in mathematical neuroscience [FTCO09,
BFFT12, DGLP15, LS14, IT14, DIRT14, DIRT15|, the modelling of a
large number of non-cooperative agents in mean-field games [HCMO06, LLO7,
CD13, CD13, CCD15|, filtering theory [BC09, CX10|, mathematical genet-
ics [DG14] and portfolio credit modelling [DRST09, SSG14|.

We will follow a standard strategy to show that (1.3.1) converges and to

characterise the limiting law:

(i) Establish tightness of the system (in a suitable topology),
(ii) Characterise the limit points as weak solutions of a non-linear evolution
equation,
(iii) Establish uniqueness of solutions for this equation,

(iv) Conclude all limiting laws agree, and hence that we have convergence.
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L7'(1/5) L7'(2/5) L7'(3/5) L7'(4/5)
_Jo ifwefo3) Ui i) ulsia]
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FIGURE 1.3.1. The heat plot as in Figure 1.1.2 for the loss-
dependent system with the above correlation function. Markers
are added to show the times at which the loss function, L, reaches
levels 1/5, 2/5, 3/5 and 4/5. Notice the corresponding three periods
of smooth heat flow between the two periods of highly correlated

motion.

As the systemic randomness cannot be averaged-out through a limiting pro-
cedure, our eventual limits will be stochastic, and so we keep track of the joint

law of the triple
(1.3.2) (N, LY W)

N>1"
Theorem 4.0.4 establishes tightness of these laws (in the topology which we

discuss in Section 1.5) and Theorem 5.0.3 then implies realisations of any limiting
law, (v*, L*, W), are solutions of the loss-dependent SPDE:

Vi (6) = 1o () + L [Lvr (D) ds + [ p (L2) V7 (0,0) AWV,

(1.3.3)
Li=1—-1v;(0,00),

where ¢ € C*'. We then prove that, for every W, this equation has a unique
strong solution (under some regularity conditions — Definition 5.0.1), and there-
fore there can only be at most one limiting law. Hence we have the law of large
numbers (Theorem 5.0.7): the sequence (1.3.2) converges in law to that of the

unique solution of the loss-dependent SPDE.
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It is important to recognise that the loss-dependent SPDE is a non-linear
equation in the pair (v*, L*). The dynamics of the solution are that of a heat
flow with random spatial transport, however the magnitude of these fluctuations
now depends on the mass that has been absorbed at the zero boundary (see
Figure 1.3.1). An important step towards the uniqueness proof in Chapter 5 is
to consider the linear problem of solving the loss-dependent SPDE for v* with
a fixed L*, which is a much easier problem. As a consequence we also find that
the limiting system can be represented as the conditional law of a single particle

with stochastic McKean—Vlasov dynamics:

X; = Xo+ f[fp(P(T < s|W))dW, + fot\/l—p(P(T < s| W))2dw-
T=inf{t >0:X; <0}
v (¢) = E [ (X¢) Licr | W],

where W+ is an independent Brownian motion (Theorem 5.0.9). This is analo-
gous to the definition in (1.1.2).

Systems with non-deterministic limits are common in the literature [DV95,
KX99|. The novelty in our system comes from the fact that the correlation
function interacts with the population through its boundary behaviour and that
the correlation function can have (finitely many) jumps. In [CKL14| a similar
system to ours is considered, however the authors are not able to prove uniqueness
for the resulting evolution equation. Discontinuous coefficients are considered in
[Chi94] in the deterministic setting and on the whole space.

Informally, the reason we can allow p to be discontinuous is because there
is sufficient independence between the particles to ensure that the limiting loss
process is strictly increasing (Proposition 5.2.3). This then allows us to prove
uniqueness incrementally on time intervals (under the clock ¢ — L;) for which
the correlation function is Lipschitz (Section 5.7). However, the complications
caused by the boundary effects are more difficult to remedy, and the following
two sections are devoted to explaining the theoretical developments in Chapters

2 and 4 which overcome these issues.

1.4. The kernel smoothing method in H!

The theory of existence and uniqueness of solutions for SPDEs is a well-
established and active area of research [DKM™'09, Hai09|, and most relevant
to our setting are [Kry94, KL98, KL99|. Here, our approach is to adapt the
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T551 (I) 51

FIGURE 1.4.1. Here we are smoothing the measure J; to
produce T.6; for various values of ¢ (the heavier the curve,
the smaller the value of €). Straightforward calculation gives
T.61 (z) = G- (1,z) and so HTgélHLQ(Om)
not have L? control of §;, as expected.

1
= ¢4, hence we do

kernel smoothing method from [BHH'11]. The idea is to smooth a candidate
solution, v, of an SPDE by pushing it forward with the absorbing Gaussian heat

kernel for a small time € > 0:

N|=

(141) v = To = / (2me)” (6((')2:0> e ) vt (dzg) € C=(R).
0

The potentially exotic object v, is therefore transformed into the tractable smooth
function 7.1, which can be manipulated classically. If it is the case that a suit-
able norm of T.v; can be controlled as ¢ — 0, then we can deduce control of v;
in that same norm (see Section 2.6 for full details). The method originated from
[KX99] and [Kot95|, where the Gaussian kernel without absorption is used on
the whole space, and in [BHH"11] the authors work in the space L*(0, c0). (See
Figure 1.4.1.)

This technique can then be used to prove uniqueness by smoothing the basic
SPDE, an operation which is described rigorously in Sections 2.7, 2.8 and 2.9.

As a heuristic, we obtain:
1
dlv (z) = éawael/t (x)dt — p0,T vy (x) dW; + remainder; . (),

for x > 0, for some remainder process. For this technique to work it is important
that our smoothed solution 7.1, vanishes at the origin, and this is why the
absorbing heat kernel appears in (1.4.1). We can then apply 1t6’s formula to the
smoothed SPDE; integrate over (0,00) x € and apply some standard estimates
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to obtain
(1.4.2)

t t
E HTEVtHiQ + cE/ H&BTEVSH; ds < HTEVOHig + E/ Hremainders,EH; ds.
0 0

As the basic SPDE is linear and the initial condition of the difference of two so-
lutions is zero, this estimate shows that the smoothed difference of two solutions
is controlled by the norm of the reminder term.

In [BHH"11] it is shown the remainder in (1.4.2) vanishes, provided we have

t
E/ 1 (0,2)ds = O(7), ase 0,
0

for some v > 0. It is shown in [BHHT'11]| that this second moment has the
same growth exponent as the probability of a two-dimensional Brownian motion
in a wedge being in an e-neighborhood of the apex without having exited the
wedge (Theorem 3.0.2). When the correlation is constant, explicit formulae are
available for the law of a Brownian motion in a wedge [Iye85, Met10, LS13b,
LS13a] (in Section 3.0.2 we present an alternative method which avoids heavy
computations), however these methods break down when p is more general, hence
we need to adapt the method.

As inequality (1.4.2) grants control over the first derivative of the solution
in terms of the (zeroth derivative of) the initial condition, this hints that there
is scope for weakening our method. The key idea in Chapter 2 is to introduce
the anti-derivative to translate our estimates into the H ! space, the dual of the

first Sobolev space H&(O, 00). As a result we require only the estimate
t
E/ 1 (0,2)ds = O(7), ase 0,
0

for some v > 0, to deduce that the corresponding remainder term vanishes. This
is an improvement of order €2 in the required control.

Although estimating square moments for the loss-dependent system is dif-
ficult, if v is a sub-probability measure (or, more broadly, the weak limit of
N

)

sub-probability measures, like ") then we have the trivial bound

¢ t
E/ Vs (0,€)|* ds < E/ vs (0,¢) ds.
0 0

Hence we only need to estimate first moments of the mass near the boundary,
which is a much simpler task as the correlations between the underlying par-

ticles do not need to be taken into account. Indeed, any process v that has a
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bounded density will automatically have O(g) behaviour (from the volume of
(0,¢€)), therefore we only require the boundary to have an additional O(¢7) effect
on the decay of the function, for any arbitrarily small v, which is a very weak
requirement. Since the particles in the loss-dependent system behave as Brown-
ian motions when considered individually, for this system we have v = 1, which
is sufficient.

1.5. Skorokhod’s M; topology and the tempered distributions

In his 1956 paper, [Sko56|, Skorokhod introduced four topologies on the
space of cadlag paths that take values in a Banach space. The most well-known
of these is the J; topology. It is common to refer to the space of cadlag paths
equipped with this topology as the Skorokhod space.

For our applications, however, it will be easier to work with the weaker M,
topology. In [Sko56]| an error is made in the topology’s definition, but a compre-
hensive and modern overview is presented in [Whi02]. The main benefit the M,
topology offers is that monotone functions vanish under the associated modulus
of continuity (which is a proxy for the variation in a sequence of paths and fea-
tures heavily in practical conditions for establishing compactness and tightness
— see Theorems 4.1.8,4.1.11 and 4.1.12). As the loss process in (1.3.1) is a mono-
tone increasing function, the practicability of this topology in our setting, and to
any system whose dynamics are driven by a monotone process, is evident. Such
examples can be found in queuing theory [PW10, Whi00, Whi01|, the study
of maxima [Kril4|, moving averages [AT92| and order statistics [DMT11] in
functional settings and mathematical neuroscience [DIRT15]|, to give a non-
exhaustive list. An overview of the relevant facts about the M; topology with
Banach range spaces is presented in Section 4.1.

As the empirical processes, (VN)N>1, take values in the space of finite-
measures, we are not covered by the Banach-space-valued case above. We could
extend the range space to the space of measures, as is well-known for the J; topol-
ogy |EK86|, however this excludes studying the fluctuations in convergence, as
we do in the next section, because there we have to consider sequences of signed
measures. We follow the line of [It683] and embed our processes in the space
of tempered distributions, which is the dual of the Schwarz space of rapidly
decreasing functions, . (we review these spaces in Sections 2.1 and 4.3).

The space of tempered-distributions, ., is an example of a countably Hilber-

tian nuclear space and the J; topology has been defined for the duals of such
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spaces by [Mit83b|. There it is shown that if (§V(¢)),., is a tight sequence
in (Dg,J;) for every test function ¢, then the sequence (§N)N>1 is tight in
(Dgr,Jy). The practical consequence is that tightness can be checked test-
function-by-test-function, rather than working in the much larger space .%’. For
the J; topology, this result has been extended to completely regular spaces in
|[Jak86|. In [PR14]| the M, topology is considered for infinite-dimensional Ba-
nach range spaces, but where the space is equipped with the weak topology. An
advantage of working in %’ is that strong and weak convergence coincide. It
should also be noted that there are other relevant non-Skorokhod topologies on
the cadlag paths with similar compactness criteria [MZ84, Jak97|.

In Chapter 4 we extend the definition of the M, topology to Dy and prove
the equivalent tightness and convergence results (Theorems 4.0.1 and 4.0.3). To
establish tightness of the sequence (VN) from (1.3.1), all that we then require
is to check that (VN(¢))N21

The challenge we face is to control the discontinuity at the origin, and to do so

N>1
is tight as a real-valued process in the M; topology.

we notice that we can write
i,N i,N
¢(Xt )1t<Ti’N = ¢(XtATivN) - QS(O) ltZTi»Na
and therefore

1 & .
() = 2 00Xk — o(0) 1
=1

The advantage this offers is that the first term is continuous (in ¢), so can be
controlled with standard moment estimates |[EK86, Theorem 8.8, and the sec-
ond term is monotone, so has zero contribution to the M; modulus of continuity.
A full argument is presented in Section 4.7, and this establishes tightness of the
sequence (1.3.2) in Theorem 4.0.4.

1.6. The central limit theorem

In [GSS14|, the fluctuations in convergence of the large portfolio model
[GSSS15] are analysed and a central limit theorem is established. In our context,

this corresponds to finding a limiting process F' such that
FN.=VN(I"~L)—F, asN—

where the convergence is weak on the space of real-valued cadlag paths (with
the J; topology — we will not need the M; topology in this section). For the

constant correlation model, Donsker’s theorem [Bil99, Theorem 14.3] gives that
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FIGURE 1.6.1. The black curve is the realisation of the loss
function for the deterministic system (p = 0) — time runs along
the horizontal axis. The red curve gives the value of the right
hand-side of (1.6.1) for N = 100, which gives a 10% correction
factor.

F is distributed as a Brownian bridge, B, independently of W and run at speed
L:

N
VN(LN = L) = (BL,) g 88 N = oo.
The authors of [GSS14] provide numerical results that suggest the pricing ap-
proximation
1
(1.6.1) N~ L+ —B

VN
might lead to significantly improved practical performance. Hence the Brownian
bridge term can be seen as a stochastic correction. (Of course, the process on
the right-hand side of (1.6.1) is not monotone, so there are limitations to the
extend to which this is a sensible approximation. See Figure 1.6.1).

In Chapter 6 we will study the fluctuations in convergence at the level of
the empirical processes for the basic system where p is constant. Specifically, in

Theorem 6.0.5 we find that the fluctuation processes converge weakly
fNI:\/N(VN—I/)%f, as N — oo,

on the space Dy (again, with respect to the J; topology). By keeping track
of the joint law of f¥ v and W (and an idiosyncratic process JV, see the
beginning of Chapter 6) we find that f satisfies the fluctuation SPDE:

70 = 1o0) + 5 [ £:0us0)ds + 5 [ £.0.0)aW, + VI= P 1(0:6),
0 0
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FIGURE 1.6.2. The fluctuation process, f, is the distribu-
tional spatial derivative of the process shown in the heat plot
above. Again, time is plotted on the horizontal axis and space
on the vertical axis. The white pixels represent value zero, the
red pixels a positive value and the blue pixels a negative value,

on a continuous colour scale. This is a realisation for p = 0.5.

where J is a Gaussian process when conditioned on o (W), with zero mean and

covariance

COVi,s (an 1/’) =E [Jt (¢) ‘]8 (W‘ W] = /0' Uy (QW) du? d): 111 € y:

hence J is a space-time white noise with spatial intensity controlled by v (see
Figure 1.6.2). This is a typical central limit theorem for SPDEs |[Met87, FM97,
KXO04|.

As the fluctuation SPDE is linear, the kernel smoothing method from Chapter
2 can be applied to deduce uniqueness of solutions (Theorem 6.0.4). Although
this analysis is simple, in Section 6.4 we find that in order for our techniques to

be valid we require
T
E/ | fi (0,5)‘2dt =0("),
0

for some v > 0. (Here we are abusing notation when writing f; (0, ¢), since f; is
a distribution, not a measure. This suffices for a heuristic argument; full details

are given in Section 6.4.) From the covariance structure we also find

(1.6.2) E/O i (o,g)fdtzE/O 1, (0,2)|dt = O(2) .
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which is sufficient. However, if the L? method were applicable we would need

g 2 3+
E/o |ft(0,5)‘ dt:O(E ),

and this contradicts (1.6.2). Hence the fluctuation SPDE cannot be analysed
with the L? method, and so we have an example of where the H~! method is

necessary.

1.7. Future research directions

As the framework and the theoretical techniques in this thesis are quite gen-
eral, there is scope for extending the range of models to which our approach can
be applied. In the context of portfolio credit modelling, two natural extensions
have been mentioned already. The first is to allow particles to evolve as general
diffusions, which is explored in Sections 2.10 and 5.9. The second is to incorpo-
rate more general systemic dynamics, which corresponds to considering SPDEs
on the half-line with general transport drivers. As mentioned, an obvious class
of systemic drivers to consider is that of the Lévy processes.

Obtaining a fluctuation result for the general loss-dependent system is a natu-
ral progression, and this would transfer the results of [GSS14]| into our structural
framework. Another possibility is to model the coefficients driving the particle
dynamics as stochastic processes, analogous to stochastic volatility models in
equity derivative pricing.

Contagion effects could be incorporated along the lines of [DIRT14| and
[DIRT15]|. There a finite particle system is considered in which the event of
a particle hitting a given threshold triggers a proportional jump in the other
particles towards the boundary. In our framework, the large population limit
corresponds to the heat equation in a semi-infinite bar with a transport term
pushing the solution towards the boundary at a rate which is proportional to the
rate of mass lost from the half-line.

These systems incorporate the notion of positive feedback, and it has been
shown from a PDE perspective that it is possible to select model parameters in
such a way that the solution blows-up in a finite time [CCP11|. More specif-
ically, the loss in the system begins evolving in a continuously differentiable
manner, however at the blow-up time the system exhibits a jump and a macro-

scopic proportion of the mass is lost instantaneously. In the context of credit
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modelling, this behaviour represents systemic failure. Relevant theoretical chal-
lenges include adding a systemic driver and to analyse the system in such a way

as to naturally continue the system after a blow-up has occured.

1.8. Thesis overview

Each subsequent chapter begins with a short summary of the work in each
section and with the statements of the main definitions and results for that
chapter.

In Chapter 2 we develop the kernel smoothing method which will be used
throughout. The rigorous definition of the basic SPDE is given (Definition 2.0.3)
and we prove that the limit empirical process of the basic system is its unique
solution (Theorems 2.0.6 and 2.0.7). In Section 2.10 we show how the method
can be extended to include spatially-dependent coefficients.

In Chapter 3 we show how the kernel smoothing methods can be used to
describe the precise regularity of the limit empirical process at the Dirichlet
boundary (Theorem 3.0.1). This is a condensed version of the paper [Led14|,
although we give an alternative proof of the main probabilistic estimate (Theorem
3.0.2).

In Chapter 4 we extend Skorokhod’s M; topology to processes taking values
in the tempered distributions. Our main results characterise tightness and weak
convergence in this topology with respect to the action of processes on test
functions (Theorems 4.0.1 and 4.0.3). We then use these tools to show that the
loss-dependent correlation system is tight (Theorem 4.0.4).

In Chapter 5 we prove that the limit points of the loss-dependent correlation
system satisty the loss-dependent SPDE (Theorem 5.0.3), which we define rigor-
ously in Definition 5.0.1. By adapting the kernel smoothing method to piecewise
Lipschitz correlation functions, we demonstrate uniqueness of solutions for the
loss-dependent SPDE (Theorem 5.0.5). Consequently we establish the law of
large numbers for the particle system (Theorem 5.0.7) and the weak existence
and uniqueness to the corresponding stochastic McKean—Vlasov problem (The-
orem 5.0.9). In Section 5.9 we show how the results can be extended to allow
the particle to be general correlated diffusions.

In Chapter 6 we establish tightness of the fluctuations in the convergence of
the empirical processes for the basic system and make sense of the idiosyncratic
noise as a conditionally Gaussian process (Theorem 6.0.1). This allows us to

give a rigorous definition of the fluctuation SPDE (Definition 6.0.2) and to show
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that the limit points of the fluctuation system are solutions (Theorem 6.0.3).
The kernel smoothing method then allows us to prove uniqueness of solutions
(Theorem 6.0.4) and this immediately implies the central limit theorem for the

empirical processes of the basic system (Theorem 6.0.5).






CHAPTER 2

The kernel smoothing method

We will outline the kernel smoothing method and use it to prove existence
and uniqueness of solutions for the basic limiting SPDE. The method will be
explored in further detail in Chapter 3 and the existence and uniqueness results
will be applied directly in Chapters 5 and 6. This chapter also serves as a simple
introduction to the basic theory before more complicated features are added later.
In Chapter 5, it will be convenient to allow the correlation to be more general
than was specified in Chapter 1, so throughout this chapter we will assume the

following condition.

Definition 2.0.1 (Assumptions on p). In this chapter, we will assume t — p;
is a (stochastic) adapted cadlag process that takes values in [0,1], is o (W)-

measurable and is such that there exists pp. < 1 for which
0 < p < pmax, foreveryt e [0,7],

with probability 1. Each particle then evolves as
t t
X=X} +/ psdW, +/ V1= p2dW.
0 0

Remark 2.0.2 (Particles are Brownian motions). Under Definition 2.0.1 we have
[X'] = t, so when regarded individually, the particles have law of a Brownian

motion, by Lévy’s characterisation.

First, we should make rigorous the notion of a solution to the basic SPDE.
Here, D denotes the space of cadlag processes taking values in the tempered

distributions, .¥”, which we describe in Section 2.1.

Definition 2.0.3 (Solution to the limit SPDE). Let f € .’ be deterministic
and W be a Brownian motion. An adapted process, &, taking values in the space
D is said to be a solution to the basic SPDE with respect to (f, W) if all the
following hold:

29
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(i) (Dynamics) With probability 1,

1 t t
§(0) =10+ 5 [ & @uoris+ [ pé@0)am,

for all t € [0, 7] and ¢ € C*" .= {¢p € ¥ : ¢ (0) =0},
(ii) (Finite moments) For all ¢ € .%

T
ELI&WVﬁ<w

(iii) (Tail estimate) For every ¢ > 0 and ¢, € .¥ supported on (A, 00) with
[orlloe <1

T
E/ & ()] dt = o (exp {—cA}), as A — oo,
0

(iv) (Boundary estimate) There exists a v > 0 such that for every ¢. € .
supported on (—e¢, ) with ||¢.|| <1

T
E/ & (¢))?dt = O (e"77), ase—0,
0
(v) (Vanishing on negatives) With probability 1, for every ¢ € [0, T]

& () =0, whenever ¢ € . with support (¢) C (—o0,0).

Remark 2.0.4 (Linear combination of solutions are solutions). It is important
for our uniqueness arguments that Definition 2.0.3 is stable under linear com-
binations. It is clear that (i) and (v) hold for a linear combination of solutions
(with the initial condition of the linear combination equal to the linear combina-
tion of the initial conditions), and conditions (ii), (iii) and (iv) hold by applying
Proposition A.0.1.

Conditions (ii)-(v) guarantee we have sufficient regularity to carry out the
practical calculations in Section 2.8, and there we use a number of technical
corollaries that follow immediately from these conditions and are derived in Sec-
tion 2.7.

The second and third conditions ensure that solutions do not grow large.
Condition (iv) relates to the Dirichlet boundary. It is used in Lemma 2.7.3 to
show that the error introduced at zero by smoothing the solution is negligible. For
the empirical process, as mentioned in the introduction, estimating the second

moment behaviour is challenging. However, v takes values in the sub-probability
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measures, so we have the simple bound

T T
E/O vy (o) dt < E/O vy (¢2)] dt.

The right-hand side can be written in terms of the law of a single killed Brownian
motion (Proposition 2.2.2), so is easy to control. The final condition is necessary

as we are not incorporating boundary effects into the test space, ., directly.

Remark 2.0.5 (Boundary improvement). As has been mentioned in Chapter 1,
the equivalent condition to (iv) in [BHH'11] is

T
2 _ 3+
E/ & ()2t = 0 (37).

for some v > 0. Therefore our H~! method leads to an improvement of a factor

of €2 in the required regularity at the boundary.

In Section 2.2, we show that the limit empirical process (1.1.2) satisfies our
regularity conditions. An explanation as to why the basic SPDE is a natural
limiting object is given in Section 2.3, and follows from studying the microscopic
dynamics of the particle population. In Section 2.4 we describe a conditional
expectation approach for demonstrating condition (i), and as consequence we
obtain:

Theorem 2.0.6 (Existence). Let vy be a probability measure supported on a
finite interval away from the origin (as in Remark 1.1.1) and let W be a standard

Brownian motion. Then the limit empirical process,

v (¢) :==E [Qb (th) 1t<71} W] )
solves the basic SPDE with respect to (vo, W).

Notice that v is constructed in terms of W directly, hence we have the ex-
istence of strong solutions. The remainder of the chapter is devoted to demon-
strating the uniqueness of solutions. In Section 2.5 we give an intuition as to
why H~! is the natural space to embed our processes in. The key concepts in the
kernel smoothing method are introduced in Section 2.6 and then the practical
energy estimation is done in Section 2.8, after some integrability facts are estab-
lished in Section 2.7. The proof of the following result completes this chapter in
Section 2.9:
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Theorem 2.0.7 (Uniqueness). Let (v, W) be as in Theorem 2.0.6. Then there
exists at most one solution to the basic SPDE with respect to (1o, W) in a strong

sense: if & and € are two solutions, then, with probability 1,
& () =& (d), foreveryp € .S andt €[0,T).

(In other words, &' = &* as elements of Dy, with probability 1.) By Theorem

2.0.6, this unique solution is the limit empirical process.

In Section 2.10 we will extend the kernel smoothing method to allow the
coefficients in our SPDE to have spatial dependence. These SPDEs describe the
limiting population dynamics for particle systems consisting of general diffusions.

The results will be used in Section 5.9.

2.1. Tempered-distribution-valued processes

Tempered-distribution-valued processes are studied in more detail in Chapter
4, where their full power will be exploited. For now we give a brief overview.
The space of tempered distributions, .%’, is defined as the topological dual

of the rapidly decreasing functions:

Definition 2.1.1 (Rapidly decreasing functions). The space of rapidly decreasing

functions is defined to be

S ={p e C*®R):|¢ll,z < oo, forallintegers o, >0},

where we have the semi-norms
[0],.5 = sup [+°020 (2)].
zeR

We assign . the topology generated by this collection of semi-norms, which is
metrised by
disty (z,y) == Z 2*(‘”@(“13 = Yllos A 1).
a,8>0
[KX95, Chapter 1|. (The dual space is then defined with respect to this topol-

0gy.)

An example of a rapidly decreasing function (which we will be using often)

is the Gaussian heat kernel:
2

(2.1.1) x> (z) = (zm)iexp{—;—g},
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where 2 € R and € > 0. Also note that C3° (R) C ..
There are a number of relevant topologies that can be assigned to ./, but
we shall defer an explanation until Chapter 4. For now we will just say we assign

the strong topology to .#’, and then we can define cadlag paths:

Definition 2.1.2 (Space of .%’-valued cadlag paths). Let D denote the col-
lection of functions mapping [0, T] to .’ that are right continuous and have left
limits with respect to the strong topology on ..

Here, we do not need to be precise about the strong topology as we have the

following result, due to Mitoma:

Theorem 2.1.3 (Sample continuity, [Mit83a|). Let & be an .'-valued process
such that, for every ¢ € .7, the R-valued process

€(¢) = <€t (¢))t€[O7T]

has a cadlag version. Then & has a version taking values in D gr.

This is a stochastic result, so of course it applies to deterministic processes.
It also illustrates why we use Dg/: properties of cadlag tempered-distribution-
valued processes can generally be verified test function at a time. The reason
for this is that . is a countably Hilbertian nuclear space (this is explored in
Chapter 4).

From the definition of the empirical process,
| N
(@) = 55 D Lt (X7)
i=1

and the fact that X' is continuous and ¢ — 1,.. is cadlag, it is immediately
clear that vV is a D g-valued process (rather, has a cadlag version, but we will
not make a distinction). The same reasoning, plus the dominated convergence
theorem, applies to

v (¢) =E [Licno (X))|W].

Remark 2.1.4 (The structural theorem). It might seem that .’ could be very
large and exotic. However, the structural theorem, [RS81, Theorem V.10], tells
us that every tempered distribution is the distributional derivative (of some

order, possibly zero) of a polynomially bounded continuous function.
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2.2. The limit empirical process satisfies the regularity conditions

Here, we will show that the limit empirical process, v, satisfies conditions
(ii)-(v) of Definition 2.0.3. Condition (v) is immediate from the definition of v
in (1.1.2), as is condition (ii) since

v (¢) < |9l -

To check (iii) and (iv) all that we will use is that X' has the law of a Brownian

motion (Remark 2.0.2) and that, because v, is a sub-probability measure,

(2.2.1) E (|0 (0)]"] <E[vY (0)]

whenever p > 1 and ||¢|| » = 1. If we take any subset S C (0,00), then the

linearity of expectation and that the particles have identical laws gives
N
(222)  Ev¥(S) = E[l S yjesien| =P (X1 €51 <) =B (S).
t N - ieSt<r ¢

By setting S = (A, 00) into (2.2.2) and disregarding the absorption at the
origin we get
Ev (A, 00) <P (X} > \),

and then the proceeding tail estimate follows:
Proposition 2.2.1 (Tail estimate). For any N > 1, A > 2z* and t € [0, T,

WT A2
X _— .
N P TRT

(Recall that [xy,x*] is assumed to be the support of vy, as defined in Remark
1.1.1.)

Ev}’ (A, +00) <

Proof. By conditioning on the initial value of X! we have

P(X!>)) = /OOO O (—t72 (A — o) ) v (dao)

where we have used Proposition A.0.3. Since the right-hand side is increasing in

t, we can replace t by T', then we are done noting that

A —ax* > \/2, whenever \ > 2z*.
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O

It is now clear from (2.2.1), (2.2.2) and Proposition 2.2.1 that we have (iii).

With ¢. as in condition (iv), notice that we have
E |v; (¢€>’2 <E [Vt (0,8)2] < Ey; (0,¢).

and so condition (iv) is verified by the following result:

Proposition 2.2.2 (Boundary estimate). Let B be a standard Brownian motion
started from initial law vy (satisfying the assumptions of Theorem 2.0.6) with first
hitting time

T:=inf{t >0: B; <0}.
Then

sup P (B, <e, t<7) 20(52), as e — 0.
te[0,7]

In particular
T T T
E/ |Vt(o,g)y2dth/ ut(O,g)dt:/ P(B, < e,t < 7)dt = O(2).
0 0 0

Proof. Let G (zo,-) be the transition kernel for a Brownian motion started at
xo and killed at the origin:

Gy (zo, ) = (27rt)7% [exp{—%} — exp{—®+2—]f[))2}}.

Conditioning on the initial value gives

P(Bt<5,t<7‘):// G (zo, ) 1y (dxg) dx.
o Jo

Following the calculation in [BHH"11, Theorem 3.3|, we have
2
— 2
Gy (:13071‘) = (27Tt)_% exp{_%} <1 o exp{— 37:’0 })

(x — m0)2 }

2t

with ¢; > 0 a numerical constant. So for x, < 2o < 2* and x < ¢ < 2*/2

< clzmot*% exp{ —

2

Gy (g, ) < cléx*t_% exp{—%}.
As a function of t > 0, the right-hand side is bounded by a constant (depending
only on x, and z*) multiple of . Integrating over z € (0,¢) then gives the result.

The final statement follows from (2.2.2). O
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To summarise this section, we have:

Proposition 2.2.3 (Regularity conditions are satisfied by v). The empirical
process, v, satisfies conditions (ii)-(v) of Definition 2.0.3.

2.3. Dynamics of the finite particle system

To derive the limiting SPDE, begin by considering the dynamics of ¢ (X})

for any ¢ € C''. Since ¢ is smooth, It6’s formula is applicable and gives
, , 1 /[t , ! .
6(X) =0 (X)) + 5 [ 00 (X s+ [ puo (D) W,
0 0
t
+ [ VTR0 () aw:
0

To relate this equation to the empirical process,

1 — .
v (0) = 5 D Lierid (X0).
i=1

we could multiply throughout by the indicator 1, ,: and take an average over
i € {1,2,...,N}. However, this is not a natural operation, as the indicator
function cannot be taken inside the integrals. Instead we stop the process at 7
and use the fact

e (X0) = 6 (Xiurs)
since ¢ (0) = 0, and

tAT? t
/ fsdgs :/ 1, fsdgs, for general f, g
0 0

to obtain
.

, ‘ 1 [t . L .
(2.3.1) 10 (X)) =0 (X)) +§ / 1icri0pn (X2)ds+ / pslscriOpd (X1)dW;
0 0

t
n / V1= PPl (X7) AW,
0

Taking an average over ¢ now gives:

Proposition 2.3.1 (Dynamics of the finite particle system). With probability 1,

we have the evolution equation

(232) VY (6) =1 (6) + / VY (Oret) ds + / P (0,0) AW, + IV (9),
0 0
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for all N >1,t € [0,T] and ¢ € C**, where we define the idiosyncratic driver
to be

1Lt ‘ ,
0= 2 [ VI .0 (X) A
=1

We almost have the SPDE, except for the presence of the idiosyncratic driver.
Notice, however, that this term is equal to an average of mean-zero martingales

with no cross-variation, hence we get elimination in the limit:

Proposition 2.3.2 (Vanishing of the idiosyncratic driver). For every ¢ € C**

E[ sup |1 (qb)ﬂ —0, as N — oc.
te[0,7

Proof. A straightforward computation using the independence of the W's re-

veals

t 9
1 @] = [ (=) (@u0)) ds < =g 0,0l T,

which gives the result. 0

These two results show why stochastic PDEs are the natural limiting object.

2.4. The empirical process solves the basic SPDE; proof of Theorem
2.0.6

At this stage we could use the fact that vV converges weakly to v and Propo-
sition 2.3.2 to establish v as a solution to the SPDE. However, as the dependency
structure in the model is straightforward, we do not have to take this approach
and instead we can take a conditional expectation with respect to W over the
Equation (2.3.2). This short-cut will also be useful in Chapter 5, Section 5.5.
We need one preparatory result:

Lemma 2.4.1 (Interchanging stochastic integration and conditional expecta-
tion). To be clear, with {.E} the filtration of the space, let {.EW} be the natural
filtration of W. Let H be a real-valued {E}—adapted process with

T
E/ H2%ds < oo.
0

Then, with probability 1,

t
E {/ HydW,
0

t
J-"tW} :/ E[H,| FV]dw,
0
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t
E { / H dW}
0

Proof. As we can multiply H, by 1., it suffices to take t = T. First, suppose

and

] <o

for every t € [0,T] .

that H is a basic process, that is
Hu - le1<u§sg7

where s; < so < T' are real numbers and Z is Fs,-measurable. Then

T
E [/ HydW
0

T}— [Z (W, — W) F¥]
B [Z| Fy] (W, = Ws)
:/0 [Z) FI¥] s, <scsndWs
:/OT [

E [H,| F)] dw,

and
E{/OTHSdW; EW}:E[ (We, =W RY]
_E[E[Z ( LW o (B, )] FY
=E[ZE[(W,, - W,)|o (F7' F)]| 7]
—E[ZE [W;? - WL F] =0,

where we have used the fact that W}, —W/ is independent of o (F}Y, F,) since W*
and W are independent and W has independent increments. So the result holds
in this case and immediately extends to linear combinations of basic processes.

The usual density argument then allows us to extend the result to all required
H. O

To verify condition (i) of Definition 2.0.3, take a conditional expectation with
respect to o (W) over (2.3.1) with ¢ = 1 and use Lemma 2.4.1. Recall that p is

assumed to be o (W)-measurable hence

E [ps s<Th :cqS )‘ W} - psys< x¢)

This completes the proof of Theorem 2.0.6, as the other conditions are checked
in Proposition 2.2.3. 0
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2.5. Empirical measures and H!

Before introducing the kernel smoothing method, we will pause to explain
why H~! is the natural space to work in when studying empirical measures. To

be precise, Hj (0, 00) is defined to be the closure of C§° (0,00) in the norm

600 = [ [0 + 0.0 (2]
and then H~! is the dual space of H; (0,00) with dual norm
[l = sup [f(9)].
HQZ’”H%(()’OO):I

(For an overview, see [Eval0, Section 5.9.1].)
It is well-known (see [HS09, Example 6.8] for instance) that the Dirac delta

measure satisfies

do € H*(R") if and only if s < —g.

N'is a linear combination of delta masses and we are working in one

Since v
dimension, the empirical processes live in every Sobolev space with exponent
less than —1/2. Hence H ! is the first Sobolev space with integral exponent that
contains V.

This explanation relies on Fourier analytic techniques, however we can give
an elementary proof of 6o € H~! (R) by following the reasoning in establishing
Morrey’s inequality [Eval0, Section 5.6.2]: if ¢ € C3° (R)

0
8 () =0 (0) =0 (y) +/ 0,0 (x)dx, for any y € R.
)
Therefore by Cauchy-Schwarz

180 (6)] < 16 )] + [y]? 10201l 2my -

and so integrating over y € (0, 1)

! 2
@< [ loWldy+ 3 100

2
<l¢ll2m) + 3 10201 12y < 2]l 11wy »

thus dy € H' (R).
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2.6. Kernel smoothing

We begin by noting that any tempered distribution, ¢, can be approximated

by its convolution with the heat kernel:
Cx e (2) = C (e ( — ) €C™ (R), /R<z><x><*wa<x>dmc<¢>7

as € | 0, for every ¢ € . [HS09, Section 4.2]. Throughout we will use the
notation 1. to denote the Gaussian heat kernel from (2.1.1).

Our strategy for smoothing a general solution is to set the smoothing kernel
into the limit SPDE. To do this we need to control for the boundary condition, so
we introduce a kernel, G. (z,y), that vanishes at the origin. This choice ensures
that the functon y — G.(z,y) is an element of the test space, C*** for every z,
which enables us to insert this function into the SPDE to obtain the smoothed

SPDE approximation in Section 2.8.

Definition 2.6.1 (Absorbing kernel, smoothed density). For z,y € Rand ¢ > 0

we define the absorbing heat kernel to be
Ge (2, y) == (v —y) — ¥ (z +y)
2 2
_1 T — T+
= (2me) "2 [exp{—ﬁ} - exp{—&}].

2¢ 2¢
For ( € &, and fixed parameter ¢ > 0, we define the smoothed distribution to
be the C* (R) function

T (x) == C(G: (x,0)) -
Notice that G (0,y) = 0 so that 7.¢ (0) = 0. If ( : R — R is a function we will

abuse notation and write

T.C (x) == /RGE (x,20) ¢ (z0) dxo.

As we are choosing to build the boundary conditions into C*** rather than
the range space ., in order for T.( to approximate (, this distribution must

have no mass on the negative half-line. To be clear we have:

Proposition 2.6.2 (Approximation). If ¢ € C5° (0,00) and ¢ € " is supported

on [0,00), that is

C(f) =0, whenever f €. has support in (—o0,0),
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Ge (z,y)

)
FIGURE 2.6.1. The absorbing heat kernel from Definition
2.6.1. For fixed x € R and ¢ > 0, the function y — G. (z,y)
is plotted.

then
/Tsc<x>¢<x>dx%<<¢>, as 2 0.
R

Proof. Let us denote
o(x) = ¢(=x) and ((¢) =¢(9).
then
[ 1@t = [ (ox @) - ver @)oo do
~¢(6) - E(9)

which gives the result since ¢ (¢) = 0 for ¢ supported in (0, 00).

The following process will be very important in Section 2.8:

41

Definition 2.6.3 (Remainder term). For ( € .’ the remainder process is

defined to be
REC (23) = 2§ (ws (J] + )) :

The anti-derivative. Our next step is to introduce the anti-derivative,

which, for f :[0,00) — R integrable, we define to be

0. @)= [ 7

The fundamental theorem of calculus gives:

Lemma 2.6.4 (Manipulating the anti-derivative). Let f € C'*(0,00) be inte-

grable. Then
010, f = f=0.0"f.

The next result gives a connection between the anti-derivative and the H !

norm, which we exploit in the next section.
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Lemma 2.6.5 (Cauchy-Schwarz). Let f € C>(0,00) be integrable and ¢ €
C° (0,00). Then

/Ooof<x>¢x da

Proof. Since ¢ has compact support and 9, 'f is well-defined, integration by

/Ooof(a:)¢(a:)d:)::_/Ooogm—lf(x)am(x)dx

and then the result follows by Cauchy—Schwarz. O

< 1192 Al 20,00 1922l 20 0

parts gives

The liminf propositions. The following results provide the connection be-
tween kernel smoothing and the energy estimates developed in the next section.
These propositions show that if we can control the smooth approximation to a
distribution then we can control the underlying distribution. Here, to control
means to bound the distribution’s H~! norm.

Proposition 2.6.6. If ( € .’ is such that
. -1
lim inf[| 0, 7] g, 00) < 00

then ¢ € H™! with
. -1
1€l < Tim i[O Tl o g -

Proof. Take ¢ € C§° (0, 00), then Lemma 2.6.5 and Proposition 2.6.2 give

/¢ )ToC (2) da

< 11£I£&1f“0$ 1T5CHL2(07OO) ||ar¢HL2(o,oo)

IC (¢)] = liminf
e—0

as required, since [|0:0|| 120 o) < |1l 1 (0.00)- O
As a consequence we have the following result for .¥’-valued processes:
Proposition 2.6.7. If £ is a random variable taking values in Do and

lim inf E||9; "T.6 ||
e—0

HL2(0,00) =0, foreveryteT,

where T is a dense subset of [0,T], then, with probability 1,
& (0) =0, for every t € [0,T] and ¢ € C5° (0, 00).
Proof. By Fatou’s lemma, for each fixed t € T
lim inf{|0; ' T2, =0,

HLQ(O,OO)
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with probability 1. Therefore, with probability 1 & (¢) = 0 for every ¢ €
C° (0,00) and every t € T N Q, simultaneously. We can then extend this to
all t € [0, T] since £ is cadlag. O

The following result for the L? case will come in useful in Chapter 5:

Proposition 2.6.8. If f € L?(0,00) then

ITef 120,00y < 1 220,00y > Sor every e >0,
and

T2 fllr20.00) = Il 120000y » @S € — 0.

Proof. As f is a function we can apply Cauchy—Schwarz:
2

T.f ()" =

/OOO G- (20, 2) f (o) dzg

< /000 Ge (xo,2) f (1:0)2 dxg - /OOO G (xg, ) dxy.

Now G¢ (zo, z) is a defective density, therefore

17l 20y < / { / G. (20, ) dx} F (202 dz0 < [[fll 20 -

This inequality together with Proposition 2.6.6 (with the proof modified to

include f and the L? norm, which is straightforward) we conclude
||fHL2(o,oo) < liren_}glf HTsf”L2(o,oo) < hr?jélp ||T€fHL2(O,oo) < Hf”L?(o,oo) ;

which completes the proof. ([

2.7. Some integrability calculations

Here, we collect a number of integrability results which will be useful in
Section 2.8. The reader may wish to skip this section and use it as a reference.
The following lemmas are consequences of conditions (ii)—(v) of Definition 2.0.3
and of Corollary 4.4.9, which is proved independently in Chapter 4.

Lemma 2.7.1 (Semi-norm control on moments). Let £ € Dy satisfy condition
(ii) of Definition 2.0.3. Then for every 1 < p < 4 there exists o, 5 € N U {0}
and 0 < ¢ < oo such that

T 1
B[l @Fd]" < cloly; =c-splydow). foreveryo e 7.
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¢ (v)
1

e 2 gnf2 € Yy
FIGURE 2.7.1. A possible example of the smooth cut-off func-
tion, ¢., from the proof of Lemma 2.7.3.

Proof. Condition (ii) of Definition 2.0.3 implies that

E[/0T|st<¢>|pdt] < oo,

for every 1 < p < 4 by Hélder’s inequality. The result then follows from Corollary
4.4.9. 0J

Lemma 2.7.2 (Derivative bound). For every n € NU{0} and 0 < ¢; < 1, there

erists 0 < cp < 00 such that

’851/% (x+ y)‘ < e |Ye (e1 (x4 y))|, for every x,y € R,

where 1. is the Gaussian heat kernel defined in (2.1.1).

Proof. Straightforward computation reveals

B (z+y)=pE ' (@+y) (e (z+v)),

where ¢ is the standard normal density and p is some polynomial depending only

on «. Proposition A.0.5 completes the proof. 0

Lemma 2.7.3 (Vanishing remainder). Let & € Dy satisfy conditions (ii), (iv)
and (v) of Definition 2.0.3, then

T
0

(Recall that the remainder term, R.&;, was introduced in Definition 2.6.3.)
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Proof. Introduce a free parameter n > 0, which will be specified later. Fix an
arbitrary C'*° (R) function that satisfies

1, if |yl <e”/2
P (y) == 40, if |y| > &”
€(0,1), ife"/2< |yl <em,
and define f, ., gpe, hoe € S by
fre (W) =0 (W)Y (@ +y),  Goe (y) = (1 — e (y)) Ve (x +y) L0
and  hye (y) = (1= - (y)) ¥e (z + y) 1y<o.

(See Figure 2.7.1.) Since h, . is supported on the negative reals, condition (v) of
Definition 2.0.3 gives

R& (v) = 26 (Ve (x4 7)) = 26 (fae) + 261 (92e)

and so (using Proposition A.0.1)
T ) T o) )
2.7.1) B[ IRl <3E [ [ 6 (e dea
0 o Jo
T oo
+ 8E/ / |£t (g:r,s)’2 dudt.
o Jo

First, we can use Lemma 2.7.1 and that g, . is supported on (£7/2, 00) to get

T e’
E / / & (900 P dudt < ¢ (lgs |2,
0 0

<q (e sup [y (z+ )|,
y>en/2

where ¢, is some polynomial arising from the differentiation of the normal density
function. Applying Lemma 2.7.2 with ¢; = 1/2 gives

T
B /0 € (o) 2dt < coqn (e7) sup |yPe (& + 1) /2)°

y>en
< g (e 533 |y” exp {—y2/4€}|2exp {—2/2¢},

1

for some constant ¢, and where the extra factors of e are absorbed into the

polynomial ¢». Integrating over x and applying Proposition A.0.5 over y gives

(2.7.2) E/o /_OO €6 (Goe)| dadt = O(g2 (e71) £7 exp {—e>71/2}),
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which is o (1) provided n < 1/2.
1
Since f,. is supported on (—&",¢") and || fz .||, < (27me)” 2, by normalising

and using condition (iv) we have

T
E/ & (foe)P dt = 70 (")) = O (7071 |
0

independently of z in the range x > 0. So we have

T en
(2.7.3) E /0 /0 & (o) dadt = O (7))

which is o (1) provided n > 1/ (2 4 7).
Now suppose we have x > £". The same work leading up to (2.7.2) is appli-
cable and gives

T

E/ & (fx75)|2dt < ¢ (5_1) sup ‘yﬂ exp {—y2/45}{2exp {—x2/25}

0 y<el
< () exp {22},
for sufficiently small £. By integrating over = € (¢, 00) we have
T 00
(2‘7‘4) E/ / ’5?5 (fx,E)‘2 dxdt S 5%(12 (5_1) ® (_En_l/Q) )
0 en

which is o (1) provided n < 1/2 (recall Proposition A.0.3).
Inserting (2.7.2), (2.7.3) and (2.7.4) into (2.7.1) completes the proof since it
is possible to choose an 1 such that
1 1

— << .
2+7y =3

Lemma 2.7.4 (Integrability). For n = 0,1 and 2 and fized ¢ > 0 we have

—00

" ewtoiy (B [ s o P ) ar < o,

for any b > 0 and F : [0,00) — [0,00) satisfying F' () = O (z%), as x | 0 for

some a > 0.
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Proof. Fix n and . Take x > 0 and an arbitrary C* (R) function, ¢,, that

satisfies

1, if lyl <x/2+1
¢o(y) =4 €(0,1), ifz/2< |yl <a/2+1
0, if |y| > x/2.

Define the functions

e (y) = (1 — Ox (y)) a;¢5 (%’ - y) 1y>07 9z (y) = O (y) 3;% (33 - y)
and  hy (y) := (1 = ¢, (y)) 0, ¢ (v — y) 10,
so that f, is supported on (z/2,00) , g, is supported on (—z/2,2/2) and h,

is supported on (—oo, —z/2). By condition (v) of Definition 2.0.3 we have no

contribution from h,:

(2.7.5) & (0= (x =) = & (fa) + & (92).-

By setting ¢; = 1/2 in Lemma 2.7.2 we obtain
[fallo < cosup [t ((z —y) /2)| = cs,
yeR

where ¢y and ¢3 are numerical constants (c3 depending on ¢). Hence condition
(iii) of Definition 2.0.3 gives

T
E / & (fo)Pdt = o (exp{—ca}), asz — oo,
0

for any ¢ > 0. So for large z

210 ew(aF (B[l (Pa) = 0 (e b)),

which is integrable provided ¢ > a~'b.

By Lemma 2.7.1 we have o, 8 € N and ¢4 > 0 such that
T 2
B [ ()t < e sup [5°05 (1= 6, (1) 8. 2~ )
0 y<wz/2
2
<pi(al) sw [ D v (@ - y)

lyl<z/2 0<k<a

)
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where p; is a polynomial (with coefficients perhaps depending on ¢). Applying
Lemma 2.7.2 to each term in the sum gives

B / & (ga) P dt < pa (J2]) sup e ((x — ) /2)?

lyl<z/2
= pa (J]) ¢ (x/4)°

=o(exp{—cz}), for large z,

for any ¢ > 0, and where py a further polynomial. Again we obtain

(b 7 (B | e (0P i) = Oexp (- (ac ~ 0)2}).

and together with (2.7.6) and (2.7.5) we have
oo T
/ exp {bx} F (E/ & (e (x — ) ‘2 dt) dr < 0.
0 0

Integrability on x < 0 follows by symmetry, hence we have the result. O

2.8. Smoothing the SPDE; energy estimation

We now suppose that & is a solution to the basic SPDE with respect to
(vp, W) from the statement of Theorem 2.0.6. Since y — G. (z,y) is a rapidly
decreasing function and vanishes at y = 0, it is an element of C***, so we can
set this function into the SPDE for £ to obtain

761 (2) = & (G () = 1 (G () + 5 | € (0w ds

+ /Ot psgs (ayGa (l’, )) dWS

We aim to rearrange this equation to make 7.§; the subject and therefore need

the following computational lemma:

Lemma 2.8.1 (Switching derivatives). Let ( € %'. For all z,y € R and e > 0

we have

(i) 0,Ge (v,y) = —0,G: (z,y) — 20,9 (v + y),
(i1) OyyGe (2,y) = 022G= (2, y),
(iii) ¢ (0,G: (x,-)) = —0,T.¢ (xv) — 0,R.C (), where the remainder, R.C, was
described in Definition 2.6.3,
(iv) C(0yyG: (2,)) = OuTeC ().
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Proof. (i) and (ii) are just calculations, and then (iii) and (iv) follow by inter-

changing the derivative with respect to x with the distribution, (. ([l

Using this lemma, we arrive at the smoothed SPDE:
1 t t
(281)  Tb(e) = T o) + / Oy Tt () ds — / p D, T, () W,
0 0

t
- / psOy R, () AV,
0

which holds, with probability 1, for all t € [0,7] and x € (0,00). At this stage
we have obtained a strong SPDE from the original weak formulation, however
we see that the smoothing introduces the remainder process, and controlling this
term is now critical for the method to succeed, hence we will eventually require
Lemma 2.7.3. From our construction 7.&; is smooth in space and from equation
(2.8.1) we see that 7.& is continuous in time.

We would like to take an anti-derivative over (2.8.1) to arrive at a H ' energy
estimate. To do this we integrate over the spatial variable on the range (x,c0)
and interchange this integral with the time and stochastic integrals. For this

final step to be justified we need some Fubini-type integrability results:

Lemma 2.8.2 (Taking the anti-derivative). We have:

(i) With probability 1,
| @l < .
0
(ii) With probability 1,

/ 1.4 (x)| dx < 00,  for almost all t € (0,T),
0

(111) Forn =1 and 2,

) T %
/ (E / |O"T.€, (x)|2dt) dz < oo,
0 0
[e%) T %
/ (E/ 0, R, (:c)\2dt) dx < oo.
0 0

(iv)
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Hence the deterministic and stochastic Fubini theorems [Verl2, (1.4)] are appli-

cable and we deduce that for almost all (w,t)

(2.8.2) 0T (2) = 0. Ty ( / 0, T.&, (v

_ /O p o6, () AW, — /O psR:&, (x) AW,

for every x > 0.

Proof. (i). Let x > x,, then

0<T.(x)< /000 (27r5)7% exp {—%} v (dy)
< (2%5)_% exp {—%} :

which is integrable.

(ii). By the deterministic Fubini theorem, it suffices to show that

00 T
/ / E|T. (z)| dtdx < oo,
o Jo

which is implied by

(2.8.3) /OOO/O E [|T.4 (v)|] dtdz < oc.
Since
(2.8.4) Tl (x) =& (Ve (v =) = & (W (x + ),

Proposition A.0.1 and a change of variable give

[ [ Elme@raw < [~ [ Blaw. -

+ & (e (x + )] dtda

—2/ / (16 (0= (& — )] dtda.

Therefore (2.8.3) follows by Lemma 2.7.4 with n =0, c=0 and F (z) =
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(iii). By the argument in (ii), and using the simple inequality va +b <

Va + /b, we have

/(e 0.1 @) i) e < | (¢] e (e 2 — )P i) i

and then the result follows by Lemma 2.7.4 with n = 0, ¢ = 0 and F (z) = z'/2,
(iv). Similar to (iii). O
We can now apply the standard technique of energy estimation to (2.8.2).

Squaring 9, 'T.&; (z) and applying Ito’s formula gives

(285) (07" (@) = (07 Tove (a / OVTLE, (1) - O,TLE, (2) ds

+/0 P2 (Tt () + Rety (2)) ds + My (),

where M is given by

M, (z) = —2 / POV TLE, () - (TLt (2) + Rty (2)) AW,

Our strategy is to integrate (2.8.5) over (0,00) x €, but for this we need some

further integrability conditions, which we summarise in the following result.

Lemma 2.8.3 (More integrability results). We have:
(i) Efo fo |T.&, ()P dxdt < oo and Efo [ 10,126, ()P dwdt < oo,
(ii) Efo [ R ()] dadt < oo,
(iii) Efo [0 T8, ()| dadt < o0,
(iv) Efy [ p0;, 16, (x) - 0,T.E, (v)dwds = —E [ p, HTssziQ(Om)ds, Jor every
te[0,7],
(v) For every t € [0,T] and almost all x > 0, EM,; (x) = 0.

Proof. (i) & (ii). These follow immediately from Lemma 2.7.4 with ¢ = 0 and
F(z) ==
(iii). By introducing an exponential weighting, the Cauchy—Schwarz inequal-

ity gives

o0

O-ITLE, (1)] < 2y . OOZT” Qd:—wszH 24z,
0,17, ()| _/we /| & (2)2dz = e /Oe| £ (2)[d

Therefore we have

T poo 00 T proo
E / / 0716, ()| ddt < / e “dr-E / / e | 1., (2)|° dzdt,
0 0 0 0 0
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and the result follows by Lemma 2.7.4 with ¢ = 1 and F'(z) = z (and by using
the method in (2.8.4), but we will omit this argument for the remainder of this
proof).

(iv). The deterministic Fubini theorem allows us to interchange the space

and time integrals since Cauchy—Schwarz gives

// |0, T8 () - 0,128 (x |dxds<<// |0, ' T2¢, () |dmds)
< (e [(lore >|dxds)l,

and the right-hand side is finite by (i) and (iii). Once we do not have to worry

about the order of integration, integrating by parts gives

/ 3;1T€§s (z) - 0, Te&s (x) dv = — HTsszi2(o,oo) )
0

since T.&, (0) = 0, which completes the result.
(v). We will show that, for almost all z > 0, M. (z) is a square-integrable

martingale. Notice that this will be the case if

T 00
-1 2 2
B[ 1076 @ 11 (o) + Rty (o) dndt <,

which, by Cauchy—Schwarz, is implied by

T 00

E/o /0 |0, T.¢, (m)’4dxdt < oo and
T 0o

E / / 16, () + Roty (2)[* dudt < oo,

The work in (iii) and Proposition A.0.1 give that the above are implied by

// 2 |TeE, (2)|? dadt < oo, E// IT.¢, (2)|* dedt < oo

and E// |R.E ()" dedt < oo,
0 0

and these conditions hold by Lemma 2.7.4. U

First taking an expectation over (2.8.5) for x in the full subset of (0,00) on

which condition (v) of Lemma 2.8.3 holds, then integrating over these z and
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using conditions (i)-(iv) gives
¢
E Hax_lngtny(ojoo) =E Haz_lTsé()ny(o’oo) - E/O HTsésHi?(O,oo) ds

t
+ pIQIIaXE/ 1725 + Ragsni?(o,oo) ds
0

By applying Young’s inequality to the final term above:

(T + RE) < (1 + 1ﬁ) (L) + (1 + 1’)#) (R&.)?

max max

1 2 1 2
- ?nax (Tegs) + 1_—’0?{13}( (Rsfs) )

we obtain:

Proposition 2.8.4 (Energy estimate). Let £ be a solution to the basic SPDE.
For allt € [0,T]

B0, ) SE 0 Ty + T8 [ IR

m

2.9. Proof of Theorem 2.0.7

With Proposition 2.8.4 it is straightforward to prove the uniqueness theorem.
Take two solutions to the basic SPDE. By Remark 2.0.4 their difference, A, which

is in D g+, also solves the basic SPDE. However, Ag = 0, therefore
—1 2 pmax
29.1) B [0, TPy < B [ IR

so by Lemma 2.7.3

lim inf E [0, ' T.A, 2 =0, for almost all ¢t € [0,7].
e—

HLQ(O,OO)

Proposition 2.6.7 applied to A now completes the proof. O

Remark 2.9.1. Inequality (2.9.1) illustrates the importance of the condition
Prmax < L.

2.10. Incorporating spatially-dependent coefficients

Here, we will explain how the kernel smoothing method can be used when the
basic SPDE has coefficients that are functions of the spatial variable. This will

be helpful in Section 5.9 and the reader may wish to defer this section until then.



54 2. THE KERNEL SMOOTHING METHOD

When results follow by analogy from those in previous sections of this chapter,
we will state them without proof.

To be precise, we define:

Definition 2.10.1 (Solution). Let y, oy and o be adapted processes, let f € .’
be deterministic and let W be a Brownian motion. An adapted process, £, taking
values in the space Dy is said to be a solution to the spatially-dependent basic
SPDE with respect to (f, W) if all the following hold:

(i) (Coefficient assumptions) With probability 1:
w(t, ), onm(t,-),ot,-) € C°(R), forallte|0,T],
there exists cpax > 0 such that
|02 u(t, )|, |05 o (t, x)], |0no(t, )] < cmax, forallt € [0,T],n>0,z€R
and there exists §p > 0 such that
o(t,x)> —op(t,x)> > 6, foralltel0,T] and z € R,

(ii) (Dynamics) With probability 1,
6(0)= 10+ [ € (6,100 ds + 3 [ 6 (o, Buat) ds
0 2 Jo

+ ‘/Ov és (UM(57 ) ax(b) dWS?

for all t € [0, 7] and ¢ € C*" :={¢p € ¥ : ¢ (0) =0},
(ili) (Finite moments) For all ¢ € .77

E / Eg(t,) D) dt < oo,

whenever g is equal to i, oar, 02 or the constant 1,
(iv) (Tail estimate) For every ¢ > 0 and ¢, € ¥ supported on (A, 00) with

[Palle <1

E/o (g(t, ) )| dt = o (exp {—cA}), as A — oo,

whenever g is equal to i, oy, 02 or the constant 1,
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(v) (Boundary estimate) There exists a 7 > 0 such that for every ¢. € ¥
supported on (—e¢,¢) with ||¢.| <1

T
E/ & (0o)*dt = O ('), ase — 0,
0
(vi) (Vanishing on negatives) With probability 1, for every ¢ € [0,T] and ¢ € .7
& (¢) =0, whenever support (¢) C (—o0,0),

(vii) (Spatial regularity) There exist constants ¢, > 0 and 6 > 0 such that

whenever g is equal to u, o2 or oy

E/Olét((g(t, ) = g(t,2)) 9)*dt < creglieb (support(¢))” sup |(x — y) d(y)|*,

yeR

for all ¢ € . and x € R. Here, Leb denotes the Lebesgue measure on R.

Notice that, since the coefficients are smooth, their product with any element
of .7 is again an element of .. Hence the integrands in (ii) are well-defined. It
is necessary to rewrite the conditions from Definition 2.0.3 with the coefficients
inside the argument of the solution to account for the joint randomness between
the solution and the coefficients. By applying the reasoning in Lemma 2.7.1 to

condition (iii), we have that there exists constants a, € N and ¢ > 0 such that

T
ey B (9 (6 0)'dt < esup 0} ()] for all € 7.

whenever g is equal to u, 0,0 or the constant 1.
It is should be noted that if W and W+ are independent Brownian motions
and X is the diffusion

dX; = p(t, X;) dt + on (t, Xy) dW, + o7 (8, X,) AW,
then the conditional law
Vt(¢):E[¢(Xt)1t<T|W]7 T:Hlf{t>0Xt§O}7

satisfies Definition 2.10.1 with 02 = 0%, + o7 (provided the diffusion coefficient
are sufficient regular). Of course this motivates the study of this SPDE, and we
will explore this fact further in Section 5.9. Note that the ellipticity condition in
(i) ensures that the energy estimation method from Section 2.8 can be transferred
to this setting. Specifically, the condition ensures that we can eliminate the effect

of the higher-order derivative terms in the smoothed SPDE calculations — see
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(2.10.9). Heuristically, at the level of the individual diffusions, the condition
ensures there is sufficient independence between the particles for the evolution

equation to be smoothed-out in the large population limit.

Kernel smoothing. Throughout this subsection suppose that & satisfies
Definition 2.10.1. Proceed by fixing = > 0 and passing the test function ¢(-) =
G<(z,-) to the basic SPDE:

dTegt (ZE) = ft (M <t7 ) asz (CC, )) dt + %gt (U (t7 ')2 ayGE (I> )) dt
+& (UM <t7 ) asz (5U> )) AW,

where we use 0, to denote that the derivative acts on the second variable in G..
By applying Lemma 2.8.1, and noting that the derivative 0, does not interact

with the spatial variables in the coefficients, we obtain

1
dT.& (2) = =0u& (n (1) Ge (w,-)) dE + 500y (0 (8, )’ Ge () di
— axgt (O'M (t, ) GE (LU, )) th — axRift (I) dt — 8$R§£t (I) th,
where the remainder terms R, and R2¢; are as defined in Lemma 2.10.2. From
the conditions in Definition 2.10.1, the analogous estimates and arguments to

those in Section 2.7 and Lemmas 2.8.2 and 2.8.3 allow us to take the anti-

derivative and to arrive at
dax_lTeft (ZL’) = _ét (:u (tv ) Ge (ZL‘, )) dt + %a:vft (U (tv ')2 Ga (ZE, )) dt
— & (on (t,7) Ge (x,+)) dW, — R;ft (x)dt — R?ft (x) dW;.

Now, the coefficients are within the argument of the solution, so we require

the following result in order to gain control in terms of 7.¢:

Lemma 2.10.2 (Error processes vanish). Define the error processes

ezy (@) =& (n(t,) Ge (x,) — p(t,2) & (G (2, 4))
ezy (@) =& (onr (t,7) Ge (2,7)) — our (£, 2) & (Ge (2, ))

ey (2) =& (o (t,-) Ge(2,7)) — o (t,2)" & (Ge (2,))

and the remainder processes

Re&e(v) =26 (u(t, ) ¥ (x+),  Ri&(2) = 2& (o (t,7) v (z + 1))

(
(
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Then, as € — 0,

T T
E/O et 32000y @ = O, E/O IR ooy dt = O for alli

Proof. The proof is the same in the three cases, so we only consider p, whereby

E[lel, @[] = B[|&((n(t,) = p(t,2)) Ge (2,) ']

By letting n > 0 be a free parameter, we can consider the argument on the range
(x —e" x+¢e") and its complement by introducing a smooth cut-off function,
¢y, satistying (for fixed z)

1, if ly—az| <&
¢y (y) =10, if |y — x| > 2"
€(0,1), ife"<|y—a| <2
From Proposition A.0.1, we have
E[[el, (0)]'] < 2B[ |6 (1 (&) = p(t,2)) Ge (2,7) 6)[]
+ 2B [& () = g (1,2)) G () (1= &) ['].
If |y — x| > 2¢", then for every n >0
G. (z,-) < cre™V?exp {—2e*71},

with ¢; > 0 a numerical constant, so if we choose < 1/2 then (2.10.1) and the

derivative bounds from condition (i) of Definition 2.10.1 give that for any a > 0

[ BLIet @it <2 [ BlJa (Gt = plt.0) o) 6)Jdt+ O,

as € — 0, uniformly in = > 0. By applying condition (vii) of Definition 2.10.1

we obtain

/0 E[|el, (m)|2]dt§20(85")6 sup | (z — y) Ge (z,y)|° + O(%)

y:lr—y|<2em

_ C25(2-%—6)77—1 + O(Ea) )

Therefore if we choose n to satisfy
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with a > 0 sufficiently small so that n < 1/2, then we have

/OTE[}e;t (@)’ ]dt = O(c*), ase — 0,

uniformly in x > 0, and hence

e—a/2

(2.10.2) / / E[|el, ()" ]dedt = e/20(c*) = o(1).
For the spatial region z > ¢~%/2, introduce a smooth cut-off function, ¢,,
satisfying
1, ify>ux
¢ (y) =40, if y < /2

€(0,1), ifz/2<y<u.

Then the rapidly decreasing function

y= (p(ty) —p(t ) Ge (2,y) ¢u (y)

is supported on (z,+00) and has maximum value cye~'/2, for a numerical con-
stant co > 0, therefore condition (iv) of Definition 2.10.1 gives
(2.10.3)

T

/0 B [ (1 (t,) — 1 (t,2)) Ge (2,) 62)/*] dt = e Vofexp{—1}), a5 — ox,

where we have normalised by the maximum value, hence the factor of e71. On
the region (0,x/2), the map

y= (p(ty) —p(tr) Ge(z,y) (1 - ¢ (y))

and its derivatives are bounded by
P (8’1/2) exp {—2%/8} ,
for some polynomial, p, therefore (2.10.1) implies
T
B L6 (nlt) = 102 G (0, 00) ] e = O(p(e) exp ~a52))

(2.10.4) :p(s_l/Q)O(exp{—x})

(by introducing another smooth cut-off function, which we will omit, to eliminate
the mass on y < 0 when applying condition (vi)). Hence, (2.10.3) and (2.10.4)
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give a polynomial, ¢, with numerical coefficients such that

oo

T oo
/ / E[|el, (x)‘Z]dxdt <q(e?) / e “dx,
0 g—a/2

e—a/2

=q (5_1/2) exp {—5_‘“/2} — 0,

which gives the result when combined with (2.10.2).

The remainder terms vanish by the work in Lemma 2.7.3 (which remains
valid, as it only relies on condition (v) of Definition 2.10.1, which is unchanged
from Definition 2.0.3). O

Definition 2.10.3 (6(1)). To simplify the notation in the following calculation,

we will write
fre =0(1)

if (fie) rejor] 1S @ function-valued stochastic process satisfying

T
E/ ||ft75||12(0700) dt -0, ase—0.
0
Notice that if f;., ¢ = 0(1) then the triangle inequality gives
t— )‘1 (t> ) ft,s + )\2 (ta ) Gte = 0 (1) 3

whenever A\! and \? are processes that are bounded in absolute value by a de-
terministic constant over the region (¢, ) € [0,7] x (0,00). Also notice that for
any process h, by applying Young’s inequality with any free parameter n > 0,

we have

T T
(210.5) E / lhee +0 (DI dt < (1+1) E / Vo120t + 0 (1)

as ¢ — 0.

In short-hand notation, we have
1
do;'T.& = — (W& + RLE + el,) dt + 50 (o°To& + €2,) dt
— (UMTsft + R%¢ + eit) dW4,

and with the notation of Definition 2.10.3 and Lemma 2.10.2 we can simplify to
get
(2.10.6)

1
do; ' T.& = — (uTeé +o(1)) dt + 50 (o°T.& + €2,) dt — (op T8 + 0 (1)) dW,.
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(Note, we cannot replace €2, by (1) above as the derivative, d,, is acting on it
and we do not have control of €2, in the ' norm.) Applying It6’s formula to
(9;'T:&)” gives

(2.10.7)
d (8;1T€§t)2 = =20, 'T.& (uTe& + 0 (1)) dt + 9, ' 1.6,0, (0 T2 + €2,) dt
— 20L& (o Teé + 0 (1) AWy + (onTe + 0 (1)) at.

Integrating over € x (0,00) (and using Lemma 2.8.3) gives

t 00
E |0, .6 |2 = |0, T f s + 2E/ / O, Tl (uTeés + 6 (1)) dads
0 JO
t 00
+ E/ / 0, T.£,0, (02T€§S + e?}t) dxds
0 JO

t
+ E/ loamTeés + 6 (1)]]3 ds.
0

Evaluating the third term on the right-hand side (by using integration by
parts and noting that €2 (0) = 0) and applying Young’s inequality and (2.10.5)
with parameter n > 0 to the second and fourth terms we have

(2.10.8)

t
B oy el < |or T+ e [ o T as
t t poo
wan (1) B InTel3as—B[ | T (T el ) o
0

t
(14 nE / loaTets|2ds + o (1).
0

We can expand the third term on the right-hand side of (2.10.8) and apply
Cauchy-Schwarz to get

t roo t t poo
E// T.&, (UQTESS + egs)dasds = E/ ||0TE§S||§ ds + E// T.&, - egsdxds
0Jo 0 0Jo

t t
< E/HJTS§S]|§ds+77E/\]ngsﬂgds +o(1),
0 0
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where the final line is due to Young’s inequality. Hence we have

(2.10.9)

t
B, 6 < o A+ 0B [ o T ds
0

— //00(02—(1—1—77)012\4—77—477(1+n)u2)\TE§s]2dxds+0(1).
0o

By condition (i) of Definition 2.0.3, we can fix n > 0 sufficiently small to guar-
antee the third term on the right-hand side of (2.10.9) is negative, whence

t
B0, T} < 0, LA+ B [ 0t 0, T s + o).
0
Fatou’s lemma then implies that
t
lim inf E [|0;'T.6, ], < lim sup |0 T f |5 + n—l/o lim inf E |0 ' 7.6, |, ds.

and so Gronwall’s lemma and the linearity of the SPDE gives:

Theorem 2.10.4 (Regularity and uniqueness). If £ satisfies Definition 2.10.1,

then there is some numerical constant n > 0 such that for every t € [0, T
limint E H@;ngétHz < (14 en_lT) lim sup ||8$—1T5sz .
e—0 e—0

Hence, for a given initial condition, there is at most one process satisfying Defi-
nition 2.10.1.






CHAPTER 3

Boundary regularity

This chapter is a condensed version of the paper [Led14| and explores the
regularity of the limit empirical process near the Dirichlet boundary. Through-
out, we will assume that vy has a density, Vj, that is smooth and compactly
supported away from the origin and the correlation, p, is constant and less than
one.

To measure the regularity of v near the origin, we introduce the weighted L?

norms

() 1/2
BO1) [ flsem = (/ wa(x)lf(:v)|2d:v> . aeR,

where we have the weight function
(3.0.2) W, (z) = z%™".
Varying a allows us to suppress or exaggerate the degeneracy of f at zero. The

main theorem of this chapter can then be stated as:

Theorem 3.0.1 (Sharp boundary regularity). On a full subset of Q x [0,T], vy
has an n'* order weak derivative, O"v; : (0,00) — R, for every n € NU {0} —
that is

C(020) = (-1 [ 0w (@) o @) o, Jor every 6 € CFF (0.50)
0
— and these weak derivatives satisfies

T < oo, ifa>a.(n)
E/ ||8§Vt||ig(o,oo) dt ‘ >
0 =00, ifa<a.(n)
where we have the critical value

a.(n) =2n—2—~.

The parameter v € (0,1] is an explicit function of the correlation parameter:

y=n/a—1, where a € [11/2,7] is such that cosa = —p°.

63
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Our strategy is to introduce derivatives and weights into the energy estimate
and kernel smoothing technique from the previous chapter, which we do in Sec-
tions 3.2 and 3.3. Consequently, we find that the level of regularity in Theorem
3.0.1 is determined by the behaviour of

T
(3.0.3) E /0 107 Revi[ 72 (0,00 dt,  for small e.

In Section 3.4 we show how n and a must be balanced in order for this quantity
to remain finite as € vanishes. We will see that this is strongly connected to the
second moment of the mass near the boundary, and so we require the following

estimate:

Theorem 3.0.2 (Second moment boundary estimate). There exists positive con-

stants eg > 0 and c; < ¢y such that,
e < E|[|n (O,a)ﬂ < ce®™ for all t €10,T),0 < e < &,
where v € (0,1] is defined in Theorem 3.0.1.

The above inequality is proved in [BHH'11, Lemma 3.5], however we will
present an alternative method in Section 3.1 using time-reversibility of Brownian
motion and the growth of harmonic functions in a wedge-shaped region. We will
not prove the lower bound, instead we refer the reader to [Jin10, Lemma 5.1].
In both these references, the moment estimate is shown to be equivalent to
the probability that a two-dimensional Brownian motion falls in the e-apex of a
wedge without having exited that domain. Explicit formulae are available for the
law of this process [Iye85, Met10, LS13b, LS13a|. The method breaks down
when the correlation is non-constant, because the corresponding two-dimensional
process no longer has a tractable law. Hence the results in this chapter apply
only to the basic model. In later chapters, weaker techniques are required to
analyse the more complicated systems and this is reflected in the smaller decay
exponent required in Definition 2.0.3, condition (iv).

In deriving the energy estimates we find that in order to gain control of ||v/|

a,n’?

we are required to control [|v|| This allows us to employ an inductive

a—2n—1°*
proof of Theorem 3.0.1 in Section 3.6. However, for the base case we will take
n = —1, which requires the introduction of an anti-derivative in Section 3.5. It is
convenient to consider this case as the starting point because the norm ||v|, ,

can be written in terms of the function x — 14 (0, ), whose boundary behaviour

we know explicitly from Theorem 3.0.2.
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FIGURE 3.1.1. On the left is a Brownian path with corre-
lated components stopped on exiting the quadrant. On the right
is the image of the path under the map S,. Here, we obtain un-
correlated components, but the domain is mapped to the wedge
o

Remark 3.0.3 (Regularity away from origin). Theorem 3.0.1 gives that each v,
has weak derivatives of all orders, hence v has a denisty process taking values in
C>(0,00). That is, the density is smooth away from the absorbing boundary.

3.1. The apex probability; proof of Theorem 3.0.2

Since the X are identically distributed and conditionally independent, for

any measurable S C (0,00) we have
E[u(S))] =E[P (X} €S t<{W)P (X} €S t<r?W)]
=P (X}, X7 eSt<T AT).
Therefore to calculate the second moment of v, (S) we must consider the law of a
pair of correlated particles killed upon exiting the positive quadrant. Note that
the correlation is given by
(X', X?] = p*t.
By applying the following skew transformation, we can remove the correlation

between the particles at the expense of altering our domain:
Se 1 (0,00) X (0,00) = Lo, Sa(x1,72) := (21 + T2 CO8 O, T3)
where £, C R X R denotes the wedge of angle « defined in polar coordinates by

La={(r,0):r>0,0<6<a}.
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If we choose a € [7/2, 7] such that cosa = —p? and define
Bli=(1-p") " Sa(X},X2), and B?:=8, (XL X?),,

then a simple calculation gives

']

t= [BQ] and [31732} =0,
so we conclude that B = (B!, B?) is a Brownian motion and
(X}, X7) € (0,00) x (0,00) if and only if By € £,.
Furthermore
Sa ((0,¢) x (0,¢)) C apex, (c,e) :={(r,0) : 0 <7 <ce,0<0<a},

where ¢, is some numerical constant depending only on p. Therefore we conclude:

Proposition 3.1.1 (Apex probability). For every e >0 and t € [0, T
(3.1.1) E [ (O,E)F} =P (B, € apex, (c,¢),t < 1),

where T =inf {t > 0: B, ¢ 4£,}.

Since each X is independent with bounded smooth density V; supported on
a finite interval away from the origin, it follows that By has a bounded smooth
density supported on some bounded region whose closure is contained in the
interior of £,. To be precise, if we denote the density of By by fj, then

support (fo) = S, (support (Vo @ Vo)),

see Iigure 3.1.2.

Reversing time. We will exploit the time-reversibility of Brownian motion
to rewrite (3.1.1) in terms of the law of a Brownian motion started near the apex
of £,. The argument presented here is a modification of the proof of Hunt’s
switching identity in [Ber98, Chapter II, Proposition 1].

First, let S C R x R and 7 (x) :=inf{s > 0: 2+ B, ¢ £,}. We will write
P.. to indicate that we are conditioning on the event By = x. By a simple change
of variable we have



3.1. THE APEX PROBABILITY 67

Ta Se (x2)

——--

Sa

j7r/2

21 Sa (l’l)

FIGURE 3.1.2. The action of the map S, from the positive
quadrant to £,. The yellow region on the left is the support of
Vo ® Vo, and on the right it is the support of fo. The curves are
the contour lines of the harmonic map h in the two regions; the
darker the line, the larger the value of h.

P(BtES,t<T):/ P, (B, c St < 1) fo(x)de

RxR

= / E, [xs (Bt) Licr fo (x) d]

RXxR
= Eo |:/R RXS (ZL‘ + Bt) 1t<T(:c)fO (:E) d.l’:|
=E {/R RXS () Licry—B,) fo (y — By) dy]

= /EO [1t<7(nyt)f0 (y - Bt)} dya
S

where ys denotes the characteristic function of the set S.
Now, with ¢ fixed, define the Brownian motion BS := B;_, — B, (one easily
checks that By, = 0 and B has independent increments with the correct joint

distribution) and define the exit time
7 (x) = inf{s >0:z+ B, ¢ Ka}.
Notice that

t<7(y—By)=inf{s>0:y— B+ Bs; ¢ £,}
if and only if ¢ <7 (y),

and therefore

P(B,eSt<Tt)= / Eo [1t<%(y)f0(y + Bt)]dy'
S
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However, since the processes B and B have the same law and, because f, van-

ishes on 4,
1t<T(y)f0 (y + Bt) = fO (?J + Bt/\’r(y))u

we conclude:

Proposition 3.1.2 (Switching identity). For every t € [0,7] and measurable
SCRxR

P(B,eSt<r)= /S E, [f, (Bu,)] dy.

A positive harmonic function. We complete the proof by bounding fy by
a harmonic function and applying a martingale argument to Proposition 3.1.2.
Begin by defining the function h : £, — [0, 00) given in polar coordinates by

h(r,0) = r™*sin (70/a) .
A straightforward calculation verifies that

Opah + Oyyh = 0, in £,
h =0, on 04 ,.

Since the closure of the support of fy is contained within the interior of £,
(recall Figure 3.1.2) it is possible to find a constant hy > 0 such that

h(z) > ho, for every z € support (fo).
Therefore, setting K, := hy' || fol| ., gives
fo(z) < Kih(x), forevery x € £,
and so we can conclude that

(3.1.2) P(B,eSt<t)< K, / E, [h (Bin:)] dy.
s
It6’s formula implies that

hB) =1 (Bo) + [ V(B dB,

which is a martingale since [Vh| = O (r"/*1), as r — oo, therefore
t t 00
E/ [Vh (Bs)‘QdS < Kz/ / p2m/o=2 (2775)_1 exp {—T2/2S} rdrds
0 0 Jo

t o0
< Kg/ s™/a3/2 s . / exp {—r?/2s} ™ dr,
0 0
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and this is finite since 7/« > 1, and here K, and K3 are numerical constants.

This allows us to evaluate the expectation in (3.1.2) and gives:

Proposition 3.1.3 (Harmonic bound). There exists a numerical constant K, >
0 (depending only on Vi and p), such that for every t € [0,T] and measurable
SCRxR

P(B,eSt<T) SKl/h(y)dy.
s

By setting S = apex, (¢,¢) and noting that h (y) < y/* and
volume (apex,, (¢,€)) < 7Tc§52,

we obtain
p (Bt S apex, (cpg) ,t < T) = 0(524'7"/04)7

and so Proposition 3.1.1 completes the proof of Theorem 3.0.2. 0

3.2. Kernel smoothing for higher order derivatives

First we will extend Proposition 2.6.6 for a deterministic tempered distribu-

tion:
Proposition 3.2.1. Let ( € ', n €e NU{0} and a € R. If
hlgl_}glf HazTECHL?L(O,oo) < 00,
then ¢ has an n™ order weak derivative, 97C : (0,00) — R, such that
C(@20) = (1" [T 31 (@) 0 a)defor cvery 6 € CFF (0,00).

and

Ha;LCHLE(O,oo) < hgl_)iglf ||8;LT€C”L3(0,00) :

Proof. Firstly note that if ¢ € C§°(0,00) then \J/w,p € C5°(0,00). So by
Proposition 2.6.2

¢ (02 (i) = liny [ 92(/, ()0 () 1 () do
3:21) — (1"l [ Ve, (06 (0) 027 (o) o,

therefore the linear functional f : C3° (0,00) — R defined by

f(9) = C(0; (Vwa))
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satisfies

(3.2.2) |f(9)] < lir€n_>ig1f ||8;:LTEC”L3(O,OO) ||¢”L2(o,oo) )

by applying Cauchy-Schwarz to (3.2.1) — recall from (3.0.1) that L? (0,00) =
L2(0,00) by definition. Therefore the Hahn-Banach Theorem [Bha09, Chapter
4, Theorem 3| allows us to extend f to an element of the dual of L? (0, c0), then
the Riesz representation theorem [RS81, Theorem I1.4] gives u € L? (0, 00) such
that

f(o) = /OO ¢ (x)u(x)dx, for every ¢ € L*(0,00).
In particular we have '
C@:0) = [ 0@ @) Ful)dn, for every o € G (0.00).
0
hence we have the required weak derivative by setting
97¢ = (—1)"wy 2w € L2 (0, 00).

Inequality (3.2.2) then completes the proof since we have

102N 20y = SUD / VIR () (@) dr = s [(9).

111 .2 0,00y =1 1911 2 0,00)=1

With the deterministic result in place, it is now straightforward to extend to

Q x [0, T] for the limit empirical process:

Proposition 3.2.2 (Generalised liminf proposition). Let n € N U {0} and
acR.If

T
o n 2
hran_}(gle/o 102 Tt 720,00 A < 00,

then v is n-times differentiable for almost all (w,t) € Q x [0,T], that is there
exists Onvy : (0,00) — R such that

0 (00) = (—1)" / v (x) 6 (x) dx, for every é € C5° (0, 00),
0
and we have .
B [ 10000 dt < o
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Proof. By Fatou’s lemma we have

T
. . 2 2
E [hran_}glf/o HangVt”Lg(O,oo) dt

so we can apply Proposition 3.2.1 on a full subset of Q x [0, 7], which gives the

existence of 071, and that
2 o 2
||82Vt||Lg(o,oo) < hlgfgglf ||6§TEVtHLg(o,oo) :

Integrating this inequality over the full subset and applying Fatou’s lemma com-
pletes the proof. ([l

Finally, our assumptions on vy gives us control over 7.1, regardless of the
choice of (a,n). Consequently, the regularity in Theorem 3.0.1 is not determined
by the initial condition, rather it is determined by the behaviour of the remainder

term as given later in Proposition 3.4.1.

Proposition 3.2.3 (Initial condition). With vy satisfying the assumption at the
start of the chapter (that is, vy has a density Vo € C§° (0,00)) we have

o 2
hIEn_}glf 107110l 72(0,00) < 00, 1 =0 anda> —1.

Proof. Straightforward manipulation gives
o1 @)= | [0 () Vol >dy\

s/a%ea:— Voly ‘

= [ vt — ) apvaty ‘

Applying the Cauchy-Schawarz inequality gives

" Tt (2)]? < / e (z— ) dy / e (o — ) |00V ()] dy

/ e + ) Voly) dy '

/ V=(z +y) 9y Voly) dy ’

/wsxw dy/ be (2 +9) |00V ) dy

s/ e (& — ) + e (z + )] |07V0 ()2 dy.

Tx
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Notice that w, is bounded (independently of €) on = € (z,/2,00), so by substi-
tuting in the above inequality and integrating over z > x,/2
| @0 @) do < @) [03Val g
T4/2
for some constant ¢y (a). If x < x,/2 and y > x,, then |z — y| < z,/2, so
Ty /2 ) Ty /2 x* 9
/ we, (x) |08 T vy (z)|"dr < 29, (3;/2)/ W () dx/ 00V (y)| dy
0 0 Tx
=o0(l), ase—0,

since both integrals are finite and

V. (1,/2) = (2me) 2 exp {—a2/8¢}.

3.3. Energy estimation with weighted norms

To be in a position to apply the results of the previous section, let us return
to the calculations in Section 2.8 and generalise the absorbing Gaussian heat

kernel by defining:

Definition 3.3.1 (Alternating heat kernel). For n € N U {0} define
G2 (y) =t (@ —y) + (1)t (w +y)
oy (z —y)° w1 («+y)*
= me) oo { S o () e

for z,y € R and ¢ > 0. Hence, for n even G7 is the absorbing heat kernel and
for n odd G7 is the reflecting heat kernel.

Similar to Lemma 2.8.1, we have the following computational lemma which

allows us to exchange derivatives:

Lemma 3.3.2 (Switching derivatives). Let ( € .. For allz,y € R, n € NU{0}
and € > 0 we have
(1) 0y GL(z,y)=(-1)"0;G=(,y),
(i) ¢(0yGL(x, ")) =(—1)"0pT((x),
(113) 3;(??(:6,0) =0,
(iv) Oy Gl(x,y) = — (=1)"0p "' Ge(z,y) — 2(—1)" e (2 + ),
(v) C(FT'GE (2,7)) = — (=1)" 0y T((2) — (=1)" 0 Re((),
(vi) Oy G (z,y) = (=1)" 9 *Ge(w,y),
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(vii) ¢ (0y?G2(x,-)) = (=1)" 9} T( ().
Proof. For (i) and (ii), notice that
0y G2 (w,y) = 9y [te (v —y) + (=1)"" . (z + y)]
= ()" (x —y) + (1) (2 + y)
= (=1)" 0} e (x —y) = e (x+y)] = (-1)" 9}Ce (2,y) ,
where, in the second line, wén) denotes the n'" derivative of 1., then it is clear
that this line implies (iii).
For the next derivative
n n n+1 n n+1 n
Oy G (w,y) = (1) I (@ —y) + (1) Y (@ 4 y)
= —(=1)"0; [ve (v — y) + e (x + y)]
= _(_1>na:cl [Ve(r—y) = (z+y)| -2 (_1)n Opbe(T+y),

which gives (iv) and (v). The proof of (vi) and (vii) follows similarly. O

From condition (ii) we see that y — 0, G? (z,y) is an element of C**', for
every value of z > 0. Setting this function into the basic SPDE, applying Lemma
3.3.2 and cancelling the factor of (—1)" gives, with probability 1,

1 t t
(3.3.1) NT.v (v) = 0nTevy (x) + 5/8;““27}% (x)ds — p/ O T v, (z) dW,
0 0

t
— ,0/ "Ry, () dW,
0

for every x > 0, t € [0,7] and n > 0. (In principle we have just differentiated
(2.8.1) n times with respect to z. Doing so would require us to check that the
derivative and stochastic integral can be interchanged. Our method avoids the
need to verify that.)

By applying Ito’s formula to the square of 02T.v. (x) we obtain

(3.3.2) (0" () = (O"Tevy () + /0 v, () - 07Ty, (z) ds

t
+ p/ (00 Towg () + 00 Revg (l‘))2 ds + M; (x),
0
where M is given by

t
M, (z) = —2p / O Tovy (2) - (0 Toy () + O Rov, () AW,
0



74 3. BOUNDARY REGULARITY

Our aim is to multiply (3.3.2) throughout by w, and integrate over (0, 00) x Q. In
order to do this we need the following integrability results, which are analogous
to those in Lemma 2.8.3. To simplify notation, for the rest of this chapter we
will write || f{|,,, to denote |07 f|[ 20 )

Lemma 3.3.3 (Integrability results). For every n > 0 and a > a.(n) + 2 we

have:

(i) Efo fo w, () |0M vy (z)|*dzdt < oo,
(i) Efo Jo° wa (@) |02 Revy (2 )P dadt < oo,
(iit) For every t € [0,T] and almost all x > 0, EM,; (z) =0,
(iv) There exists a constant 0 (a) > 0 such that for every t € [0,T]

/ wo () M TLvy(2) 0" Tovy () do
0

< N Tevnlly o +0 (@) (I Tevill oo+ I Tl o+ I Tl )

a—2,n a—1,n

Proof. Since w, has an exponential tail and is integrable at the origin (because
a > —1), the proof of (i), (ii) and (iii) follows by the same work as in Lemma
2.8.3.

The new result is (iv). To prove this, first note that

OpWq () = aw,—1 () — w, (x)

and
OpaWa () = a(a — 1) wa—g () — 2aw,—1 () + w, () .
Also note that for a general f : [0,00) — R integration by parts gives

/ WafOss fdz = — || fII2, —/ Do fO, fd,
0 0
provided w,(0+) f(0+)d, f(0+) = 0 and
/ O, wo fO, fdxr = —/ OpaWa f2dx — / O Wo fO, fdx
0 0 0
1 [ 9
Y a:cxwaf dl’a
2.Jo
provided 9,w,(0+)f(04)* = 0. So if both boundary conditions hold we have

/0 WafOue fd = —|f|l;, + wlo— )HfHa 20—l flleio+ 5 HfHao
< | fllos+96 (a) (Flo-20 + 11510+ HfHa,o)
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where it is sufficient to take
1 1
0(a) = é‘a(a— 1)‘ + |a] + 3

Therefore we have the result if we can verify the two boundary conditions for
the case f = 0)1T.v,.
First note that if n > 1, then

a>a.(1)+2=2—~>1,

S0
we (04) =0 and d,w, (0+) =0,

which is sufficient. In the case n = 0, f = T.v; and Proposition A.0.6 gives
T (x) =0 (x), asxz—0,
which is sufficient as
we (z) = 0(x77),  Oyw, (z) = O(z7'77),

because a > a. (0)+2 > —v. (Note that the big O’s depend on ¢, but this is not
a problem as ¢ is held fixed in this result.) O

Applying the above lemma gives

t
2 2 2
Ewmmmswwmw—E/Hn%mm@s
0
t
+ pE/ | Tevs + ReVst,nH ds
0

t
+HMEAWﬂwW T2y T2, ds.

a—2mn a—1n

Young’s inequality lets us estimate the final term; with an arbitrary A € (p, 1)

we have

(Tevs + REVS)2 < (1 + u) (Ts’/s>2 + (1 + /\L) <R5V3)2
P —p

A s A )
S - Tal/s + — RaVs )
(Tan) 4 7 (Revs)
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hence

t A t
(L= VB [ Tl ds < 1Tl 4 725 [ R ds
0 0

2 t
1003 E / I T2, . ds.
i=0 0

By replacing n by n — 1 and using the fact that a. (n — 1) = a. (n) — 2, we have
the following:

Proposition 3.3.4 (Energy estimate). Let n > 1 and a > a.(n), then there

exists a constant ¢ (a) > 0 such that

t t
E / ITll, ds < c(a) [Tl +c(a)E / |Re2, ds
0 0

2 t
te@Y E / I Teval2 s ds.
7=0

for allt € [0,T] and € > 0.

3.4. Controlling the remainder process

Here, we will show how a and n affect the quantity

T
E / | Re2, dt
0

and how this is connected to the boundary estimate in Theorem 3.0.2.
Since 1, is a measure, we can write out R.v; explicitly and with that we

obtain
Rl =4 [ ) 020 1) D5l + ) i) wil )
(0,00)°

Recalling that
2

b (2) = (2m) Fexp {—2—} ,

we have a polynomial of degree n with numerical coefficients such that

). (2) = pn (5_12)% (2).
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Writing |p,| for the polynomial obtained by replacing the coefficients in p,, by

their absolute values, we see from the above that

BAD Rl <4 [ w@) (o ) ool o+ )
(0,00)°
X Ye (@ + Y1) Ve (T + y2) vi(dyr) vi(dys) dx
Our strategy is to split the integral into the region (0, 6”)3 and its complement.
Here, n is a free parameter which we will specify later, but for now we will fix

n < 1.
Denoting the integrand in (3.4.1) by I, notice that for x,y;,yo < £" we have

L. < wa () [pa] (26~ ) 4, (0)% < 5Dy, (2)

for a numerical constant ¢; > 0 and small €, since . (0) = O(e7"/2) and the

term of highest degree in the polynomial dominates. Hence we have

en
E/]gl/t (dyr) v (dye) dx < 4ege2(-n)-1R [Vt (0, 67’)2} / w, () dz,
0
(0.em)?
and provided that we restrict a > —1 so that the final term is integrable, Theorem

3.0.2 gives

T

(3.4.2) E/ / L, (dyy) vy (dys) dedt = O (8(a+2n+4+w)n—(2n+1)) _

0
(0.em)?

Now consider the remaining part of the integral where one of x, y; and s

must be not less than £”7. In this case we have
a?+yi s > e

By applying Proposition A.0.5 with ¢; = 1/2 to the polynomial terms in I, we
have some ¢4 > 0 and £ € N such that

2 2
L. < ce*w, (2) exp{_w} exp{_w}
8¢ Se
2 2

2 .2
< cqe Fw, () exp{—x ;yl } exp{—x ;5%}
< c4e Fexp {—6_(1_2")/8} w, () exp {—2?/8¢} .
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Writing D = (0,00)® \. (0,£7)°, since 1 is a sub-probability measure we have

T

E/ / L (dyy) vy (dys) dedt < cse™ exp {—5_(1_2’7)/8}
o JD

2

X /Ooowa (x) exp{—g—g}dﬂc

= e PO/ gy £ =(1-20) /g

(3.4.3) X /000 x? exp{—%}dm,

and provided a > —1, the final integral term is o (1), as € — 0, so by combining
with (3.4.2) we have

T
(3.4.4) E/ / L.vy (dyy) v (dyso) dzdt = O (5(%2"*4*7)’7*(2"“)) ’
0 J(0,00)3

since n < 1/2 forces the exponential term in (3.4.3) to be negligible.
All that remains is to choose 1 so that (3.4.4) vanishes. For this we need
2n +1 <n<a
a+2n+4+~ 2’
which is possible if and only if

a>2n—2—vy=a.(n).
Therefore we conclude:

Proposition 3.4.1 (Vanishing remainder). If n > 1 and a > a.(n), then
T
E/ ||Rth||(2m dt -0, ase—D0.
0

3.5. Another anti-derivative

We have the ingredients to prove all the cases for n > 1. However, to start the
inductive argument in the proceeding section we need to consider the case n = 0.
This requires the introduction of another type of anti-derivative which will be
different to that seen in Chapter 2. Here, we will take the fixed integration limit

at zero rather than at infinity:

Definition 3.5.1 (Another anti-derivative). For all z,y € R and ¢ > 0 we will

write

GV (x,y) = / Ge (w0, y) dzo, TL Vv (2) =1y (Géfl) (z,-)),
0
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so that N
Ts(_l)vt () = / T.v; (z0) dxo.
0

The anti-derivative is useful as its L2 norm can be written explicitly in terms

of the function z — 14 (0, z):

Proposition 3.5.2 (L2 control on the anti-derivative). For every a > a.(—1) =
—4 — v we have

T
o 2
hgglgle/O | Tevill,, ;< o0,

where we have the natural notation

e B 2
Tonll s = [ ) |15 ) e
0

Proof. Let us write a = —4 — v + 9, for some § > 0. By splitting the range of
y-integration at y = 2z and using the fact that G. (z,-) is a defective density we

0= [ [ 6. temmtaanian
(3.5.1) < 1, (0,22) + / / - (w0, y) dzov, (dy) .

The first term is independent of € and Theorem 3.0.2 gives a numerical constant,
c1 > 0, such that

T 00 0o
E/ / wq (z) vy (0,22)? dadt < ¢ / g AT e gy
o Jo 0
= 01/ e dr < .
0

So, writing I; . (z) for the integral term in (3.5.1), it suffices to show that

have

T
.. 2
hgl)lgle/o HIt,sHLg < 00.

Applying Proposition A.0.6 we have a numerical constant, co > 0, such that

Lic(x)<c / /:L‘Oyexp y—= )}d:l; v (dy) .
2z 2

w\w
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If 0 <zp<xandy > 2z, then y — xg > (y — 22) + = and so

T

x? > — 22)?
L. (z) < 025_% exp{—Q—g}-/Qxyexp{—%}Ut (dy) -/Oxodmo

Cy 3 22 o (y — 2z)°
< 5829626@{—2—8}-/2 yeXp{—T}vt (dy) -

T

Therefore we have

o] 00 2
HIt,a”ig < 035_3/ a0 (/ Fie (v, y) vy (dy)) dr,
0 2

X
where we are denoting

x? Yy — 2z 2
Fico(v,y) = yexp{—Q—g} exp{—%}.

Suppose that x < €, where np > 0 is a free parameter. Then we have
3em, if y < 3"
Evf (ZL‘, y) S . )
yexp{—e?~1} ify > 3"

so using the fact that [ ydy, < EX} < 2* < 0o, we obtain

/ Fy (2,y) v (dy) < sy (0,3€7) + caexp{—e*""'},
2

T

where ¢4 > 0 is a numerical constant. If x > £, then

Fyc (z,y) = O(exp{—e®'}),

so by combining both cases and fixing n < 1/2 gives

T
B [l de < e ® (7B [(0.327)°) + Ofexp{~271})
el

en
X / x e dy
0
x

+635_3O(exp{—252’7_1})/ z ey

en

= O (eCT9773) 1 0(1).

The proof is then complete, as the final expression is o (1) provided we choose
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To be able to use Proposition 3.5.2, we would like to set Gy (x,-) into the
basic SPDE and follow the usual energy manipulation. Notice, however, that
GV (z,-) ¢ C'**, since the function is non-negative and increasing (so cannot
belong to .). Restricting the test functions to those in C*** is only necessary
for the analysis in later chapters where solutions take values in ./, rather than
the space of sub-probability measures. Since v is a finite measure, the derivation
in Sections 2.3 and 2.4 only requires that test functions, ¢, are elements of C*(R)
with ¢ (0) = 0 and

T
E/ 076 (X})|* dt < 00, forn=0,1,2,
0

which are easy conditions to check for the case ¢ (-) = Gty (x,-). Hence, at this
point it is a legal operation to pass G’g_l) (x,-) as a test function to the basic
SPDE.

We make a note of the following computations, which differ from those in
Lemma 3.3.2.

Lemma 3.5.3. For every xz,y > 0, t € [0,T] and € > 0 we have:

(i) Vt( (% )) e (33),

() 3,65 (2,4) = ~G. (x f; 20, (0 +y) da,
(iii) I/t(ang Y (a, D) = —T vy (@) — [ OuRevy (0) dao,
(iv) 0, G (x,y) = 0,Ge (w, y) + 20,0 (1) .

(0) 1 (8, GV (2,)) = 8, Tevy () + 204 (Dy0- (y)) -

Proof. (i) is trivial. The second point is given by

9,GY (z,y) = / 0yGe (o, y) dxg
0
_ / (=0,G. (20,y) — 20, (20 + ) diro
0

— G (ry) -2 / Dt (20 + ) deo.
0

(iii)-(v) follow similarly. O
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By the above lemma we arrive at the smoothed SPDE

TV, (2) = TS Yy () + % /t (0:Tevs (@) + 205 (9y0e (y)) ) ds
0

t T
— ,0/ (TEI/S (x) +/ OrR.vs (0) da:o) dW,,
0 0

and so we obtain the equivalent to (3.3.2):

t

(T (@) = (T @)+ [ 100 (@) 0,Tov, (o)

+ 2/0 T{_:(*l)ys (x) - vs (0¥ (y)) ds

t x 2
+ pz/ (Tgys(a:) ~|—/ O Revs () dxg) ds + M;(z),
0

0

where M is given by
t x
M, (x) = —Qp/ TV, (z) - (Teus () +/ OxR.vs () dx()) dW.
0 0

Notice, however, that 7 Vv, > 0 and Oy (y) <0 for y > 0, so we can simplify
to the inequality

3 3

(3.5.2) (Ta(_l)yt (:U))2 < (T(_l)uo (a:))z + /t T Yy, (x) - 0, v () ds

t T 2
+ p? / (Teys(x) + / (‘LRaus(xO)de) ds + M, ().
0 0

As in Section 3.3, our strategy is to multiply through by w, and integrate
over (0,00) x €. It is clear that the equivalent of Lemma 3.3.3 holds; the only
new fact we need to check is that the integrands decay sufficient quickly at the

origin for the integration by parts to be valid:

Lemma 3.5.4. The results of Lemma 3.5.8 (excluding (ii)) hold for the case
n=-—1anda>a.(0)=—-2—1.
Proof. The only change in the argument is that we need

Te(_l)yt () Tevy () =0 (x_2_7+5) and (Tg(_l)l/t (m))2 =0 (:17_3_7”) ,
as ¢ — 0. By Proposition A.0.6 we have

Ge (2,y) < c(e) zoy,
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hence
Ty (x) < c(s)x/o yv (dy) = O (x),

so TL Yy, (z) = O (22) and this suffices. O

With this result in place we arrive at:

Proposition 3.5.5 (Energy estimate). Let a > a. (0) = —2—+, then there exists
a constant ¢ (a) > 0 such that
2

ds

L3

/&EREIJS (x0) dxg

0

2 t
te@Y E / | T, ds,
i=0 0

for allt € [0,T] and € > 0. Furthermore we can conclude

t t
(3.5.3) E/HTEVSHjO ds < e (@) Towll2_, + ¢ (a) E/
0 0

T
o 2
11r5n_>10nfE/0 | Tevs]l, 0 ds < o0

Proof. To demonstrate the final statement, write a = —2 — v 4+ ¢ and suppose
that

K5 (f) = / " T (o) dary < o0

with 6 < 8. Then the Cauchy-Schwarz inequality gives

T 2 T ~ z ) )
(/f(ﬂ])dl‘o) < / xg_5d(1:0/ xa’Y+5f (l’o)2d£€0 < K; (f) l,l—i—'y—é"
0 0 0

’/O'f(xomxo

Now, from Propositions 3.4.1 and 3.2.3 we can see that

and so
2

< K(f) /O T trbeagy < (6-0)"" K;(f).

L3

T T
E/ K5 (R.vy)dt and E/ K5 (Tevp) dt
0 0

have finite limit infimums as e — 0. (Note we can drop the factor of e™* from
the weights in the proofs of these results.) Hence the first two terms on the
right-hand side of (3.5.3) have finite limit infimum, and so do the terms in the
summation, by Proposition 3.5.2. This completes the proof. 0
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3.6. Proof of Theorem 3.0.1

The case a > a.(n). First take n > 1. By Propositions 3.2.3, 3.5.5 and
3.4.1, we have

T T
liminfE/ | Tov |, dt < oo if liminfE/ T, dt < oo,
e—0 0 ’ e—0 0 ’

Therefore, by induction and Proposition 3.2.2, we need only check the case n = 0,

so Proposition 3.5.5 completes the proof for a > a. (n).

The case a < a.(n). We now know that, on a full subset of (w,t), 14 has
weak derivatives of all orders. As we have local integrability (because w,, is locally

bounded away from zero and L{ C L2 ), foreveryn >land 0 <z <y <1 we

loc loc

can write

(3.6.1) Oy (2) = 0"ty () + / v (2) dz.
y

/y we (2) " dz

where the second line is due to Cauchy-Schwarz and where we are introducing

1
Wl = ( [ w@ oz <x>|2dx)

If we assume that 0 < x <y < 1 and a > 1 then we can reduce (3.6.1) to

1/2
< a;hth (y) + vl

a,n,l ’

the notation
1/2

1
o (2) < 0y () + o [l / ds

<y (y) + o [Vl g =70
-t a—1 a,m

Following the method from Section 2.5, multiplying by wy, for some b € R, and
integrating over y € (1/2,1) gives

! €‘a|Ib

LI v (2) < / wy (y) O () dy +

(a-1)
1/2 a—1

Vellg,n ™

where [, = f11/2 wy (y) dy, which is finite and non-zero. Again applying Cauchy—

Schwarz gives

la|
_ —-1/2 € —(a—
o v @] < 8 [l + —— Wllay 2™,
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and if 6 > 0, z71*° is integrable near zero, so multiplying throughout by x%-2+9

and integrating gives

T T T
3.62) B[ Il gus,00 0t < r(a0) (E St e+ B [l dt) ,

with ¢;(a,b,0) a finite numerical constant.
Returning to the proof of the blow-up case for Theorem 3.0.1, suppose for a

contradiction that a < a. (n) and

T
E/ ||Vt||zn dt < oo.
0

Note that it suffices to assume ¢ = a.(n) — nd, where § > 0 is small. First
consider the case n > 2, which forces a.(n) > 2 — 7, and by taking § small

enough we can assume a > 1. The above analysis gives

T
2
E/o ||VtHa—2+5,n—1,1 dt < oo,

by taking any b > a.(n). We can then repeat the argument until we reach the

first derivative, whence

T
2
B[l it < .
0

So we have reduced the case n > 2 to the case n = 1.

Now consider the n = 1 case. Notice that
E/ Ry (2)dz =Eu, (0,e) = O(e?)
0

so we must have 9%, (0+) = 0, with probability 1. We can thus set y = 0 in
(3.6.1) and this gives

x
2 —
| (2)]” < Hl/tlﬁa,l,l/ w5 (2) 7 dz < e (0) w2, 500 27
0

for x < 1, where ¢ (0) is a numerical constant. Now, for ¢, (§) another constant

we have

T T €
E/ v (0,€) dt = E/ / v, (v) dx
0 o IJo

T € €
SE/ / dx-/ c(9) ||1/t|]2_7_511x1+7+5dxdt
o Jo 0 o
T

< (8)VE [l dudt,
0

2
dt
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which is a contradiction of the lower inequality in Theorem 3.0.2. Hence we can
conclude the result for n > 1.

The remaining case is n = 0, however this follows from the last calculation
since a = —2 — v — 0 and

T T € 2
E/ 2 (O,e)zdt:E/ / vy (x) dx

0
<E// 2+’y+5dx/ 275/80 de

< ¢5(5) € / A
0

dt

dxdt

for another constant c3(d). O



CHAPTER 4

Skorokhod’s M; topology for tempered-distribution-valued

processes

The purpose of this chapter is to introduce the M; topology on the space,
D g1, of cadlag processes taking values in the tempered distributions and use this
topology to establish tightness for the loss-dependent correlation system, (1.3.1).

After a review of the M; topology for processes taking values in a Banach
space (Section 4.1), we illustrate why the topology is convenient by establish-
ing tightness for the loss process (Section 4.2). The key fact is that monotone
functions have zero modulus of continuity in the M; topology (Proposition 4.1.7).

The space of rapidly decreasing functions, ., is an example of a countably
Hilbertian nuclear space, and we give an overview of these spaces in Section 4.3.
As it is this property of . that makes the dual space, ./, a useful space to
work with, therefore throughout the remainder of this chapter we will state our
results for a general countably Hilbertain nuclear space, E.

In Section 4.4 we define the M; topology on the space Dg (Definition 4.4.3)
and address measurability issues for the topological space (Dg/, M;). Having
established the relevant facts, we then prove the main convergence results in
Section 4.6. The first of these states that tightness of a sequence of processes in

(Dgr, My) can be checked test-function-by-test-function:

Theorem 4.0.1 (Tightness). Let (1), be a sequence of probability measures

on Dg and let © be the canonical projection

7% : Dg — Dgr, 7°(z):= (2, (@)ietor) = 2 (9).
If the sequence of probability measures (,un o (7r¢)71)n>1 is tight on (Dr, My) for
every ¢ € E, then (un),, is tight on (Dgr, My).

A sequence of probability measures, (Un)nz1> is said to converge weakly to a
probability measure p on (Dgr, My) if

() o, (dz) — f(x)u(dr), forevery f e Cy(Dg, M),

Dy Dy
87
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as n — oo, where Cy, (Dg/, M7) denotes the space of continuous and bounded
functions from (Dg/, M7) to R. As the space (Dpg/, M) is completely regular,
Theorem 4.0.1 is useful since it allows us to extract weakly convergent subse-

quences of a tight sequence:

Proposition 4.0.2 (Tightness implies relative compactness). If the sequence of
probability measures, (fin),>,, s tight on (D, My), then it is weakly relatively
compact — that is every subsequence contains a further subsequence, (fin, )1,

that is weakly convergent on (Dg:, My) to some probability measure.

Once tightness is established for a sequence of processes one only needs to

check marginal convergence to establish weak convergence to the process level:
Theorem 4.0.3 (Identification from marginals). Let p, ui1, pia, - . . be probability
measures on Dgr. If (i1n),~, 18 tight on (Dgr, My) and

150Dk P15, d’k)*l

Hn © (th,...,tk )71 — Ko (th,,“,tk weakly on Rk,

whenever k > 1, ¢1,¢92,...,¢0r € E and tq,1s,. ..ty € cont (1), where
cont (u) ={t€[0,7]: p{x € Dpr : x4 = 2} = 1},
then (tin),>, converges weakly to p on (Dgr, My).

With the above three general results established, we show tightness for the

loss-dependent correlation system in Section 4.7.
Theorem 4.0.4 (Tightness of (1.3.1)). The sequence of triples

(N, LY, W)

N>1

from (1.5.1) is tight on the product space
(D,y'uMl) X (DR7M1> X (CR7 U)

with the product topology, where Cr is the space of continuous functions on
[0,T] and U is the uniform topology. As a consequence, the sequence is relatively

compact in the product topology.

Remark 4.0.5 (Other range spaces). The loss-dependent system could be stud-
ied in the space of finite measures, rather than .#’. Although the space of finite
measures is not linear, it is convex and this is enough to define the notion of an
ordered graph as in Definition 4.1.2, and hence construct the M; topology. We

have chosen to work with .’ to present a broad framework that can be used for
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problems outside of those in this thesis. This level of generality allows us to per-
form operations such as multiplying by arbitrary (not necessarily non-negative)
smooth functions and taking derivatives. The latter is important in establishing
fluctuation results like the central limit theorem of |It683] and |[SSG14|. An-
other option is to work in a functional range space and use the classical theory of
the M1 topology with Banach range space. This approach requires estimates to
be derived in the norm of the range space, which can be difficult when working
with empirical processes. In [PR14| the authors discuss various M1 topologies
induced by altering the mode of convergence in the range space. In our setting
we do not have to address these alternatives and all practical computations are

carried out after projecting down to one dimension.

4.1. An overview of the M, topology for processes taking values in a
Banach space

We will follow Skorokhod’s original set-up from his classic paper [Sko56] and
Whitt’s recent account [Whi02|. The topology we use is what Whitt refers to
as the strong M; or SM; topology.

Definition 4.1.1 (Dx). Let X be a Banach space with norm ||-||,. We denote
by Dx the space of cadlag functions from [0,7] to X (that is, the collection of
functions z : [0,7] — X such that for every ¢ € [0,7] there exists z € X for
which

lz(t+s)—x(t)]|y =0 and |z(t—s)—z]y =0
as s 10.)

There are a number of natural topologies on Dx; we choose the one that
encompasses what we want it to mean when we say two elements of Dx are
close. The simplest topology is that arising from the uniform norm, but, unless
we are working with continuous functions, this norm is of little use — it is too
strong. To weaken the notion of closeness we introduce the J; and M; topologies
on Dy, which are best visualised through Figure 4.1.1. We will not describe the
better known J; topology in detail (the reader can see [Whi02]), but we note
that it is coarser than the uniform topology and finer that the M; topology.

To define the M, topology, our strategy is to take an element x € Dy and join
up its graph at its points of discontinuity to form a closed continuous graph, ~,,
in X x [0,7]. We can then define the distance between elements in Dy through
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L — L ——
[ S
—0
o) o)
t t

FIGURE 4.1.1. On the left the paths are close in the J; and
M topologies but not the uniform topology, U. On the right the
paths are close in My, but not J; or U.

Ty

Yz

Y

t
FIGURE 4.1.2. On the left is an example of a path z € Dx.
On the right is its graph v, € X x [0, 7] with the natural graph
ordering indicated.

(a suitable notion of) the distance between their graphs. To this end, we call the
set

(21, 2] = {(1 = A) 21 + Az - A € [0,1]}
the interval between two points z; and 25 in X. So for x € Dy, its graph, ~,, is
defined to be the closed set

(4.1.1) Yo ={(z,t) €e X x[0,T]: z € [z (t—),z(t)]},

where we use the standard notation for left limits: z (t—) = limgy 2 (s). This
immediately becomes clear from Figure 4.1.2.
Since an interval in X has a natural ordering ((1 — ) z; + Azq is closer to z;

than to zo if A is closer to 0 than 1) we can define an ordering on ~,:

Definition 4.1.2 (Graph ordering). For a pair of points in 7,, we say that
(Zl,tl) S (ZQ,tQ) if either:

(1) 1 < tg,
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(i) Or t; = ty and z; is closer to x (t;—) than to z5 in the sense that for the

(unique) Aj, A2 € [0, 1] satisfying
n=0=-X)x(ti—)+Mz(t1) and 20=(1— X))z (t1—) + Aoz (t1)

we have A\; < \o. (Again, Figure 4.1.2 is helpful.)

Remark 4.1.3. Condition (ii) is phrased differently to [Whi02|. Our descrip-
tion is equivalent, but here we use only the linearity of X and do not refer to the
norm ||-|| . Hence the notion of a graph extends to functions taking values in a

topological vector space, which will be important in Section 4.4.

Definition 4.1.4 (Parametric representation). A strong parametric representa-
tion of the graph -, is a continuous function s — (2 (s),t(s)) that maps [0, 7]
onto v, and is non-decreasing with respect to the graph ordering on 7,. (As
mentioned in [Whi02, Remark 12.3.4|, this monotonicity is incorrectly stated in
[Sko56].) The collection of all such strong parametric representations of -, is
denoted I';.

We can now define the M; metric on Dx:

Definition 4.1.5 (M) metric, dx ). Let the distance between a pair of para-
metric representations, (uy,r;) and (ug,79), be given by
distx [(u1,71) 5 (uz, m2)] := S[UP] {llur (8) = w2 ()|l V [ra (£) —r2 (B[} -
telo,T

Then the Skorokhod M, metric on Dx is defined to be

dx . (2,y) = inf distx [(u1,71); (ug,72)], 2,y € Dx.
(u1,r1)€l %, (u2,m2)€ETY

Theorem 12.3.1 of [Whi02]| confirms that dx s is a metric. The topology
induced by dx a, on Dx is called the Skorokhod M, topology.
It is helpful to note that if (x,) converges to x € Dx with respect to dp;, x

then we have local uniform convergence at all continuity points of x:
Lemma 4.1.6 (Local uniform convergence, [Whi02, Lemma 12.5.1]). Let x €
Dx and suppose t € [0,T) is such that x (t—) = x (t). If dx , (Tn,x) — 0, then

lim lim sup sup [z (t1) — 2 (t2)| x =0,
020 oo OV(t—8)<ty ta<(t+8)AT

and so x, (t) — = (t), as n — 0.
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The modulus of continuity. During practical computations we work with
the modulus of continuity function on Dx:

(4.1.2) wx r, (;0) == sup sup Hx [x (t1),x (t2),x (t3)],
t€[0,T] (t1,t2,t3)€Trip, 5

for x € Dx and 6 > 0, where we abbreviate the set of triples
Tript’(g = {(tl,tg,tg) 0V (t — (5) <t <ty<ity< (t + (S) N T}
and define

Hx (o1, v2,03) 1= infflos = hon = (1= X) sl = ez = [on, sl

that is the distance in X between the line [v1,v3] and the point v,.
As an easy, but crucial, example consider a monotone function, f: it is always

the case that f (t9) falls between f (t1) and f (¢3), so we conclude the following

result.

Proposition 4.1.7 (Monotone functions vanish under wg ). Let f:[0,T] —
R be monotonic. Then wg u, (f;0) =0, for every § > 0.

This proposition is the reason why the M; topology is useful in our setting.
We will soon see that the modulus of continuity controls the convergence in Dy,
so since the loss process is an increasing function, wg as, is well-adapted to our
setting.

The modulus of continuity allows us to characterise the compact subsets of
Dx. We take the following result from Section 2.7 of [Sko56|.

Theorem 4.1.8 (Characterisation of compactness, [Sko56|). Let X be a Banach
space. Then a subset A C Dy is compact in (Dx, M) if and only if both the
following hold:

(i) There exists a compact subset B C X such that x (t) € B for all z € A and
t€ 0,77,
(ii) We have

limsup{wxar, (2:8) + sup [ (¢) = @ (0)]]
0—=0 zc4 t€(0,0)

+ s e (M) =z @)l f =0
te(T—-46,T)

The space Dy is not complete with respect to dx s, however (Dx, M;) is a
Polish space:
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Proposition 4.1.9 ((Dx, M;) is a Polish space). There ezxists a metric on Dx
that is topologically equivalent to dx n, and with respect to which the space is

complete and separable.

Proof. Whitt provides a construction of a complete metric equivalent to dx i,
in [Whi02, Theorem 12.8.1], so we shall not repeat it. If a space is separable with
respect to some metric, then it is separable with respect to any equivalent metric.
So it suffices to show that Dx is separable with respect to dx ;. However,
the usual Skorokhod metric, dx j,, defined in [Whi02, Section 3.3|, satisfies
dx v, < dx.j [Whi02, Theorem 12.3.2] and Dx is separable with respect to
dx j, [KX95, Theorem 2.4.2]. It therefore follows that Dy is separable with

respect to dx ar,, which completes the proof. 0

Measures on the Skorokhod space. The Borel o-algebras generated by
any of the Skorokhod topologies coincide with the usual Kolmogorov o-algebra
[Whi02, Theorem 11.5.2|. Without confusion, we will denote this o-algebra by
% (Dx). A probability measure, p, on Dx maps sets in # (Dx) to [0,1] and
a random variable on Dy is a measurable map from (2, F) to (Dx, % (Dx)).
Hence, whenever discussing random variable or probability measures on Dy we
need not refer to the underlying topology.

In the previous subsection we characterised compact sets in Dy, so we are
now equipped to tackle the issues of weak convergence and tightness. Recall the

following definition:

Definition 4.1.10 (Weak convergence, tightness). We say (1, is tight on (Dx, M)
if for every € > 0 there exists a compact subset K. of (Dx, M;) such that

tn (K) >1—¢, forevery n > 1.

As (Dx, M) is a Polish space it is a Hausdorff space, and so tightness implies
relative compactness, [KX95, Theorem 2.2.1], and we have Proposition 4.0.2 and
Theorem 4.0.3 with E’ replaced by X.

In practice, the following result is useful for checking tightness in the Banach

space setting:

Theorem 4.1.11 (Tightness criteria I, [KX95|). Let X be a Banach space
and piy, fi, - .. be probability measures on (Dx, B (Dx)). Then (u,) is tight on
(Dx, My) if both the following hold:
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(i) For every e > 0 there exists a compact subset B C X such that
pn{r € D :x(t)e B Vte|[0,T]} >1—¢, foreveryn>1,

(it) For every e >0 and n > 0 there exists 6 > 0 such that

p{ @ € Dprwx, (2:6) + sup |l (t) = 2 (0)]
te(0,9)

+ swp [l (M) =z ()l 20} <=
te(T—6,T)

for every n > 1.

By the reasoning in [EK86, Theorem 7.2, Corollary 7.4] we have the equiv-
alent conditions:

Theorem 4.1.12 (Tightness criteria I1). Let X be a Banach space and iy, s, . . .

be probability measures on (Dx, B (Dx)). Let T C [0,T] be dense and for S C X
let

N (S;e) ={r € X : ||z — 5|y <& for some s € S}.
Then () is tight on (Dx, My) if both the following hold:
(i) For every e >0 and t € T there exists a compact subset B C X such that
ligiogfun {r € Dp:x(t) € N(B;e)} > 1—c¢,

(11) For every n > 0

lim limsupun{x € Dpr c wx o, (2;0) + sup ||z (t) — 2 (0)]

0=0 nooo t€(0,5)

+ sw (M) -z @)l =0} =0,
te(T—-46,T)

4.2. Tightness of the loss processes

Since LY is an increasing function we know that wr s, (LV;6) = 0 from

Proposition 4.1.7. It is also clear that condition (i) of Theorem 4.1.11 is satisfied
since, by construction,

LY €10,1], forevery N>1andtc[0,7].
Now for n > 0 fixed, we have

(4.2.1) P( sup |LY — LY| > 77) < nflE[LgV —Lﬂ.
te(0,0)
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By writing the increment of the loss process as

1 N
Liv - quv - N Z 18<Ti’NSt7
=1

linearity of expectation gives
E[LY-LY]=P(s<7'"V <t).

When considered individually, every X'V has the law of a Brownian motion

(independently of N), hence we have
E [Liv — LN — 0, uniformly in N,

as t —s — 0, because the law of the first hitting time of a Brownian motion is
absolutely continuous. Applying this to (4.2.1) and the corresponding inequality
at T we have established (ii) of Theorem 4.1.11. Therefore we have proved:

Proposition 4.2.1. The sequence of loss processes, (LN) for the loss-

N>1
dependent correlation system (1.3.1) is tight in (Dgr, M).

4.3. An overview of countably Hilbertian nuclear spaces

The material here is based on Chapter 1 of Kallianpur and Xiong [KX95|
and the very readable account of Becnel and Sengupta [BS09].

Fréchet spaces. Suppose that F is a linear space and
C={pr:AeA}

is a collection of semi-norms on F, where A is some index set. A subset U C E
is said to be a neighbourhood of the point xy, € E if there exists n > 1, \; € A
and g; > 0 such that

U:{xGE:p,\j(:L‘—xo)<5j, forj:1,2,...,n}.

A subset G C E is then said to be open if, for every xo € G, there exists a
neighbourhood, U, of zy such that U C G. The collection of all such G’s forms a
topology, T, on E, and we say that T is the topology generated by the collection
C. From Definition 2.1.1, if £ = . the relevant topology is the one generated
by

C={ll.s:0 B=0}
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Definition 4.3.1 (Fréchet space). A topological space (E,T) is called a Fréchet
space if all the following hold:

(i) T is generated by a countable collection of semi-norms, C = {p, : A € A},
(ii) For every zg # 0 there exists Ao € A such that py, (zo) > 0,
(iii) (E,T) is sequentially complete: every Cauchy sequence in E (that is a

sequence (z,) with x,, — x,, — 0, as n,m — 00) converges to a point in F.

A sequence, (z,), in the Fréchet space E converges to x € E if and only if
pa(z, —x) = 0, for every A € A.

This is immediate from the fact that (E, 7)) is metrized by
d(z,y) = ZQ’j pj (z —y)A1],
j=1

where we have chosen some arbitrary enumeration of the countable index set A.

Hence, (F,7T) is a complete metric space when equipped with d.

Countably Hilbertian spaces. On a vector space E, we say that the family
of semi-norms C = {py : A € A} is compatible if, for every A\, \y € A, whenever
(x,) is a Cauchy sequence with respect to both p,, and p,, and py, (z,) — 0,
then we also have py, (z,,) — 0.

A separable Fréchet space, (E,T), is called countably Hilbertian if its topology

is generated by an increasing sequence of compatible Hilbertian semi-norms
o < -l < -l < -

The space (.7, T) is a countably Hilbertian space, that is, there is such a sequence
of increasing Hilbertian semi-norms on . which generates the same topology as
that generated by {||Haﬁ : a,f > 0}. (An explicit construction using the
Hermite polynomials is given in [KX95, Section 1.3].)

For every n > 0, (E, ||]|,) is a pre-Hilbert space and we denote its completion
by E, [KX95, Theorem 1.1.4]. From [KX95, Theorem 1.3.1], (E,),, is a
decreasing sequence of Hilbert spaces, that is )

EyDFE DE; D -,

and

E = ﬁ E,.
n=0
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Nuclear spaces. Let T': X — Y be a linear operator between two separable

Hilbert spaces. Take any complete orthonormal system, {z;}, of X. The norm

. 1/2
17 = (Z HTarz-Hf/>
i=1

does not depend on the choice of {x;}, and we say that T" is Hilbert-Schmidt if
17l < oc.

Returning to our countably Hilbertian space E, we say that E is also nuclear
if, for every n > 0, there exists m > n such that the canonical injection E,, — FE,
is Hilbert—Schmidt. That is, for every n > 0 there exists an m > n such that for

any complete orthonormal system, {e["},.,, of E,,

[ee)
2
i=1

Theorem 1.3.2 of [KX95, Theorem 1.3.2] confirms that .# is nuclear.
Any Hilbert-Schmidt operator is a compact operator (the image of any
bounded set is pre-compact). Therefore, with m > n above, it B C E,, is

bounded then B is pre-compact in (E,, ||-|,,)-

The dual space of E. We denote the topological dual space of (E,7T) by
E’, that is the collection of all T-continuous linear maps from E to R. The dual,
E}, of (E,,|],) is a Hilbert space with norm

Ifll-, == sup [f(z)].

llll,, <1

Using the Riesz Representation Theorem to identify Ej with Ej, we have
[ee]
o = -y = Iy > By CE{ CEC - and B = B
n=0

Remember, when E' = ., E’ is the space of tempered distributions.

We have several natural choices of topology for E’. The weak topology, T,
is the coarsest vector topology with respect to which all the maps =z — f ()
are continuous for every f € E’. The inductive limit topology, T;, is the finest
locally convex vector topology such that all the inclusion maps, ¢, : E, — E’,
are continuous. The strong topology, T, is the topology generated by the base of
sets

N(B;e):{fEE’:sup|f(x)| <5}, B C E bounded, € > 0.

zeB
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Here, B being bounded means that for every open neighbourhood U of 0 in E|
there exists r € R such that B C rU. In other words, the strong topology is

generated by the family of semi-norms

(43.1) {po(f)=swlf @I}

zeB

with B the collection of bounded sets of £. We know the following facts:

Proposition 4.3.2 (|[Bec06, Theorem 4.16]). We have the following:

(i) Ts =T,

(11) A sequence in E' is weakly convergent if and only if it is strongly convergent,
(11i) The weak and strong topologies of the dual of an infinite-dimensional nu-

clear space are not metrizable.

From this point we will work only with the strong topology on E’, and we
will write the corresponding space as (E’, Tg/). Result (ii) of Proposition 4.3.2 is
another example of where we have equivalence between strong and weak prop-
erties.

Since the dual operator of a compact operator is also compact, the nuclear

structure of E gives the following useful result:

Proposition 4.3.3. Let m > n be such that ¢ : E,, — E, is Hilbert-Schmidt. If
B C E), is bounded, then B is pre-compact in (Ep, |-]_,.)-

4.4. Defining the M; topology for E’-valued processes

Analogous to Definition 2.1.2, we have:

Definition 4.4.1 (Dg/). The space Dg is defined to be the space of functions
from [0,7] to E’ that are right-continuous and have left limits with respect to

the strong topology on E'.
And likewise we still have Mitoma’s helpful result:

Theorem 4.4.2 (Sample continuity, [Mit83a|). Let £ be an E'-valued process
such that, for every ¢ € E, the R-valued process

£(0) = (& (9)) ey
has a cadlag version. Then & has a version in Dgr.

Unlike in Section 4.1, when the range space was a Banach space, the path

space Dpg: is no longer metrizable. Therefore some thought must be given to
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generalise the notion of the M; topology and to do so we use a projective limit
topology — that is, a topology that arises as a limit of a sequence of pseudomet-
rics.

First, observe that the definition of the graph of an element x € Dx in (4.1.1)
and Definitions 4.1.2 and 4.1.4 only rely on X being a linear space, hence we can
take X = F'.

Let {pp: B € B} be the family of semi-norms (4.3.1) that generates the
strong topology on F’. Fix B € B, then, analogous to the definition of the M,
metric for a Banach space, we can define the map dg p, : Dgr X D — [0, 00)
by

d xT,Y) = inf distg [(u1,71) ; (U2, 72)],
B, (7,Y) (w1,r1)€T ez r)€T B [(u1,71); (uz,72)]

where we have the semi-norm
distp [(u1,r1) 5 (u2,72)] == sup {pp (u1 (t) —uz (t)) V |r1 (t) — 72 (t)]} .
t€[0,T]
The proofs of Lemma 12.3.1 and Lemma 12.3.2 of [Whi02] are unchanged if we
replace the spatial norms by the semi-norm pg, so we conclude that dp j/, satisfies
the triangle inequality. It is straightforward to see that dp s is symmetric in
its arguments, hence dp s, is a pseudometric: dp ar, has all the properties of a
metric except dp g (2, y) = 0 need not imply x = y. We then equip Dp with
the projective limit topology:

Definition 4.4.3 (M, topology for Dg/). We define the M; topology on Dg to
be topology generated by the collection of pseudometrics {dp r;, : B € B}. That
is, the topology with neighbourhoods

{(L’ € Dg - dBj,JVh (JZ,ZL‘()) < €j,j =1,2,... ,TL}, n > 1,€j > O,Bj e B.
We will occasionally denote this topology by Tg a, -

With this construction it is straightforward to check that (Dg, M;) is com-
pletely regular, which is helpful for the proof of Proposition 4.0.2.

Proposition 4.4.4. (Dg, M) is a completely reqular space.

Proof. By |[KX95, Theorem 2.1.1|, we need only check that for every pair of
elements in Dy such that 2! # 22, there exists B € B such that dg 5 (2!, 2%) >
0. Since 2! and 22 aren’t equal, there exists ¢ € [0, 7] and ¢ € E such that

(4.4.1) z; (9) # o7 (9).



100 4. THE M; TOPOLOGY

Now take any neighbourhood of the origin in F,

U:{¢€E:ij(w><€j7j:172a"'7n}7

where {px},c, are the semi-norms generating the topology of E. If we define

maxi<j<n {py, (¢)} e

cl = =
' 2min;<j<n {65}

then
py, (710) = c'py, (9) < e5/2 <ey,
and so ¢;'¢ € U, which implies {¢} C c;U. Therefore {¢} is a bounded set in

E. Thus digy ar, is one of our pseudometrics and, from (4.4.1), dggy sy (z', 2*) >
0. U

It is also helpful to know that we have continuity of the canonical projections

and inclusions:
Proposition 4.4.5 (Continuity of projections and inclusions). We have the fol-
lowing:
(i) For every ¢ € E, the projection map
7 (Dgr, My) = (Dw, M), 7% (2) = (20 (9))seio.rp = ()

18 continuous,
(11) For every n > 0, the inclusion map i, : (DE;L,Ml) — (Dgr, My) is contin-

uous.

Proof. (i) It suffices to show that the pre-image of

U={g€Dr:drum (f,9) <c}

is open in Dg for all f € Dgr and € > 0. Now

(x*) " (U) = {y € Di : dros, (£,7%(y)) < e}
and if this set is empty then it is open and we are done, so suppose we can take
T € (W¢)_1 (U). We will then be done if we can show a (Dgs, M;)-neighbourhood
of x is contained in (7r¢)_1 (U)
Set 1 := dr ., (f, 7 (2)) < € and define
N = {y € Dgr i dr v, (W¢($),7r¢(y)) <e— 77}
= {y € Dgi - d{if)},Ml (Z‘,y) <€ — 77}
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For any z € N we have

drn (f,7%(2)) < droay (f, 7% (2)) + droar, (72 (2), 7%(2)) < e,

SO 2 € (7r¢)_1(U), and therefore we are done since {¢} is a bounded set in FE,
for every ¢ € F.
(ii) The argument is similar to (i). Fix n > 0 and x € Dg. Take an open

neighbourhood of z, say

U={y € Dp :dpn (2,y) <},

for some ¢ > 0 and B a bounded subset of E. If ;' (U) is empty we are done,
so suppose g € ¢, (U). Since E C E,, there exists a constant ¢, > 0 such that
for every f € E!,

p (f) <suplloll, £, < e lF] -
oeB

and hence

dp,m, (0,y) < cadpr ar, (T0,Y) -
Therefore

{y € B :dg w (20,y) < 5/02}

is an open neighbourhood of f and is contained in ¢! (U). This shows ¢! (U)

m

Te:, vy, which completes the proof. O

The special structure of E’ transfers to Dy and we have the following strong

result:
Proposition 4.4.6. D = J,", Dg; -
To prove this result we use the following lemma, .

Lemma 4.4.7 (A Baire category result, |[KX95, Lemma 1.3.1]). If V : E —
[0,00) satisfies all of the following:

(1) V is lower semicontinous: V (¢) < liminf, ... V (¢,), whenever (¢,) — ¢
m B,
(1) V(o +1) SV (o) +V (¥), for all 9,4 € E,
(111) V (ap) = |a|V (¢) for alla € R and ¢ € E,

then V s continuous and there exists 0 > 0 and r > 0 such that

Vi(g) <Olloll,, for every ¢ € E.
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Proof of Proposition 4.4.6. The non-trivial inclusion is

Dp < G Dy,

n=0
so fix x € Dpgr. It is straightforward to check the conditions of Lemma 4.4.7 hold
for the map

V(¢) = sup |z ()|

te[0,7)
Therefore take & > 0 and » > 0 as in the conclusion of the lemma and let ¢ > r
be such that the inclusion map from E, — E, is Hilbert-Schmidt. Let {ef}, be
a complete orthonormal system for E,. Then

oo

o0
thHiq = Z |z, ()] < 92 led]|?,  for every t,
=1

i=1

and this completes the proof since the final sum is finite. O

Since cadlag functions on compact sets are bounded [Whi02, Corollary
12.2.3|, an immediate consequence of Proposition 4.4.6 and [KX95, Lemma
1.3.4] is:

Corollary 4.4.8 (Bounded on compact sets). If x € Dg, then there existsr > 0
and 0 < ¢ < oo such that

sup |[zf|_, < c.
te(0,7

In particular, if x € Dy, then there exists o, B € N U{0} and 0 < ¢ < oo such
that

sup |z (¢)] < cl|éll, 5 =c-sup [y*0 o ()], forallp € 7.
t€[0,T] yeR
This is a deterministic result, so for a random process £ € Dg we may have

a different r and c for every w € 2. However, we can define

T 1/p
V() ::E[/0 ]&(@]"dt} , for1<p< oo,

then Fatou’s Lemma guarantees condition (i) of Lemma 4.4.7 remain valid, and
(ii) and (iii) hold trivially. It may be the case that V (¢) = oo (indeed it is
simple to produce such an example), so we need a caveat to deduce a stochastic
equivalent of Corollary 4.4.8:
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Corollary 4.4.9 (Moments bounded on compact sets). If £ is a random variable

taking values in Dg, then for every 1 < p < oo such that

B Ugﬂ@(@ﬁdt}upm

there exists o, B € NU{0} and ¢ < 0o (depending on & and p) such that
T 1/p
Bl [ a@ra] <o, =csuwlrojowm].
0 yeR

Remark 4.4.10 (p = o0). It is clear that Corollary 4.4.9 holds with p = oo,

whereby the integral is replaced by a supremum over [0, 7).

Measurability. We have an analogous result to Section 4.1, where the Kol-
mogorov o-algbera coincides with the Borel o-algbera of (Dg/, My). Here, we

have to take into account spatial projections as well as time projections:

Proposition 4.4.11 (Measurability). Let & (Dg/) denote the Borel o-algebra
generated by the M, topology on Dg and J (Dg:) be the Kolmogorov o-algebra

generated by the projection maps of the form
mp D = RY, wlhi (@) = (2 (1), (60)).

Proof. The inclusion 2 C & is straightforward: without loss of generality take

n = 1, then we can write Wf’ = m, o m® with the canonical projections
T : (Dr,M;) = R and 7°:(Dg, M) — (Dg, M,).

As remarked in Section 4.1, [Whi02, Theorem 11.5.2] gives that m; is measurable
and we have that 7% is measurable because it is continuous by Proposition 4.4.5
(i).

For the inclusion 4 C ', let v, : Dg; — Dpgr be the canonical inclusion

map and U € Tgr ar,- Proposition 4.4.6 gives

(4.4.2) U=Ju'U)),
n>0
and from Proposition 4.4.5 we know that ¢, : (DE;, Ml) — (Dpgs, M) is contin-

uous and therefore measurable, so

0" (U) € B (Dpy, My) =0 (m : D, — EV),
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where these o-algebras are equal by [EK86, Proposition 7.1|. (E! is separable

by construction.) Since E! C E', we have
U(m : Dy —>E;L) Co(m:Dp — E').
Now #(E') = o (r?: E' - R) by [KX95, Theorem 3.1.1], therefore
o(my: Dp — E')=H

and so ¢,;' (U) € 2. The countable union in (4.4.2) gives U € %, which
completes the proof. O

4.5. Two technical lemmas

Before we can consider the limiting behavior of random variables on the space
Dpgr, we need to develop the following results, which are computationally heavy.
The first is a simple geometric argument and an adaptation of [HS79, Lemma
A.28|.

Lemma 4.5.1 (A geometric argument). Fiz M € N and ¢ > 0, and let B be
the closed unit ball in R™. Then there exists a finite set © = {0,...,0,} CRM
such that ||6;||gyr = 1 and for all vi,ve € B satisfying

in ||\ 1— 2\ >
Jnin, [ Avr 4 ( ) vallgu > €,

there is an i € {1,2,...,k} for which
H)\Ul + (1 — )\) ’UQ“RM S 2871 ‘()\Ul -+ (1 — )\) ’UQ) . 91| s

for every A € [0,1]. Here, ||-||ga is the Euclidean norm and k depends on M

and €.

Proof. For vy,vy € B and let Ay = g (v1,v2) be a minimiser of
A Ao+ (1= A) vaf g

on [0, 1]. (In other words, choose Ay € [0, 1] so that Agvy + (1 — Ag) vq is as close
to the origin as possible.) Define

S = {(Ul,vg) € Bx B: H)\Ovl -+ (1 — )\0) ’UQHRM 2 6},

then for (v1,vs) € S set 6 (vy,vs) to be the unit vector in the direction of the
pair’s minimiser:
A 1—A
0 (v1,v2) = ot + { o) v :
H)‘Ovl + (1 - /\O) UQHRM
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6 (Ula UQ)
FIGURE 4.5.1. Two examples of the vectors v; and vy from
Lemma 4.5.1 and the unit vector, 6 (vy,vs), in the direction of

the shortest distance from O to the line [vy, va].

By considering the plane through 0, v; and v, (see Figure 4.5.1), we have that,
for every A € [0, 1],

(Avg + (L= AN wg) - 0 (v1,v2) > e > € |[Avg + (1 = A) va|[gr
£

2
Hence there is an open neighbourhood, N (vy,vs), in RM x RM™ about (vy,vs)

such that for all (wy, ws) € N (v, v2)

> “)\’U]_ + (1 - )\) UQHR]\/[ .

e || Awy 4+ (1 = A) wa|lgnr < (Awy 4+ (1 = X) ws) - 0 (v, v7) .

Now S is a compact set with open cover {NV (vi,v2)} therefore we can

v1,Vv2)ES?
take a finite sub-cover, {N (v{,v4)},_, ,. To complete the proof we take © =

{6 (v1,05) bica e =

This lemma allows us to replace supremums in the proceeding proof with
maximums over finite sets, which are much more tractable objects to work with.

The next lemma is an adaption of the work in [Mit83b, Proposition 2.2| to
replace the J; topology with the M; topology.

Lemma 4.5.2 (Controlling the modulus of continuity). Let p > n be such that
the inclusion E, — E,, is Hilbert-Schmidt, and let A C Dg/ be such that

sup sup ||z, =: ¢ < 0.
2€A te[0,T]
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Then for every € > 0, there exists k > 1 and ¢1,¢s,...,¢r € E such that

sup wer ar, (730) < 2ce™' max sup wr o, (7 (¢;) ;9) + 4ee,
zed " =1,k geA

for every 6 > 0.

Proof. Recall that we have the definition

WEg M (x; 5) = til'lp )\g[%)fl] thz - )\xtl - (1 - )‘) 'rt3||—p'
s Trip; g )

Our first aim is to approximate the elements of £ on the right-hand side above

with finite-dimensional vectors. For readability, let us introduce the abbreviation
y/\ =Y (A7 €] t17t27t3) = xtg - )\xtl - (]. — /\) l’t;g'

Begin by recalling that
(45.1) [2I2, = > enf
i=1

and, for z € A,
> (D] < llell, [l < 2¢lle?]

TL’
where the second inequality is due to the triangle inequality. Choose M =

M (g,p,n, s*) large enough so that

S e <

i=M+1

Combining these inequalities gives
M
127, < 3 | ()] + 2ce.
i=1

So we have approximated the tail of (4.5.1) and now focus on the finitely many
remaining terms.

Define the following vectors in RM:

(T, — 21,) (€}) (Tt — T15) (€})

($t2 - $t1) (612)) L ($t2 - ajts) (6129)

(xtQ - xt1> (61])\4) (mtz - xt3) (6154)
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Then we can rewrite the bound on the modulus of continuity as

(4.5.2) wgy my (2;6) < sup mf ||)\U1 + (1 = X) vg|[gar + 2ce.
tT‘rlpt(;)‘E[

With ¢ and M as defined in this proof, take © = {6;,0s,...,0;} from Lemma

4.5.1. From the triangle inequality and our assumption on A we have
o1 (3 t1, )| g > [Jva (@51, t2) |gar < 2c,

0 (2¢) "y and (2¢) " vy are in the unit ball of RM. Therefore we can find an
i€ {l,2,...,k} such that

5. i — < 2ce! . -
(4.5.3) ,\é%f,l] [Ave + (1 = X) va||gar < 2ce ,\g[%)f,l] 160; - (Avy 4+ (1 — X)vq)],
provided we don’t have

)\H[Bf | Avy 4+ (1 — X) vo|| g < 2ce.

However, both of these situations can be combined to give the following bound
which holds for all z € A

(4.5.4)  wg a (730) < 2ce”! sup max inf |9 (v 4+ (1 = X) vg)| + 4ee.
P t,Trip; 5 *= -k A€[0,1]

In other words, either we can bound the right-hand side of (4.5.2) by 2ce, or
(4.5.3) holds for some i, and therefore certainly holds for the maximum over all
i€{1,2,...,k}. Therefore, the sum of these upper bounds is obviously an upper
bound.

Now for each i € {1,2,...,k} define

M

¢ =Y bl € E,

j=1
where 6 is the j* coordinate of 6;. Then (4.5.4) becomes

1

wpgy v, (230) < 2ce” sup max inf |y () |+4ce

t,Trip; 5 '= -k Ae[0,1]

< 2ce”! max W, (@ (1) ;6) + 4ee,

by switching the supremum and maximum. Taking a supremum over x € A and

switching this supremum with the maximum gives the result. U
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4.6. Proof of Theorem 4.0.1, Proposition 4.0.2 and Theorem 4.0.3

We begin by characterising compactness in (Dgr, M;), and we follow the
methods from [KX95]|.

Proposition 4.6.1 (The compact subsets of (Dg/, My)). Let A C Dgi. The

following are equivalent:

(i) A is compact in (Dg, M),
(ii) For every ¢ € E, w° (A) = {x (¢) : x € A} is compact in (Dgr, M),
(iii) There exists p € N such that A C D, and A is compact in (DEL’ My).

Proof. Proposition 4.4.5 gives (i) = (ii) and (iii) = (i). We now show (ii) =
(i)
Since 7% (A) is compact for every ¢ € E, Theorem 4.1.8 with X = R allows
us to define V : E — [0,00) by
V(¢) :=sup sup |z, (¢)| < oo.
z€A t€[0,T]

It is straightforward to see that V satisfies Lemma 4.4.7, so there exists 6 > 0
and r > 0 such that

Vi(p) <8lo|,, forevery¢ecE.

Take p > n > r such that both inclusions F, — FE, — FE, are Hilbert-
Schmidt. Let {ef},, and {e}'};,, be orthonormal bases of £, and F,. Notice
that

2 < 2 <02 =: :
o s I < 3 o g o () <03 = <o

Since ||-||_, < |||l _,, we conclude A C Dp; and, for every z € A and t € (0,77,

ne{feE, |fl..<c},

which is a bounded subset of £/, so is a pre-compact subset of E;,. Therefore,
by taking the closure, we have verified condition (i) of Theorem 4.1.8 for A.

It remains to control the modulus of continuity of A in E}. Fix an € > 0 and
take ¢1, @9, ..., ¢ from Lemma 4.5.2. Since k is finite, Theorem 4.1.8 and our
hypothesis allow us to deduce that

lim max supwr. g (z(¢;);9) =0.
0—=0i=1,....k zcA
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Therefore Lemma 4.5.2 gives
lim sup sup wgr ar, (x;0) < 4ce,
6—0 z€A P
and since € > ( is arbitrary, we conclude
lim sup wgr pr, (x;6) = 0.
6—0 z€A P

Reapplying the methods in the proof of Lemma 4.5.2 and the above reasoning,
it is straightforward to also deduce

limsu{su Ty — T 4+ su T — T }:O
5—>0er te(og‘) “ ' DHE;' te T—pé,T) H r tHEé ’

and so we have verified condition (ii) of Theorem 4.1.8 for A C Dpy, which

guarantees A is compact in (DE;), Ml) . ]
Since E, is a Hilbert space, it is immediate that we now have:
Corollary 4.6.2. Every compact subset of (Dg, My) is metrizable.

And this corollary implies Proposition 4.0.2:

Proof of Proposition 4.0.2. From [SF76, Section 3, Definition 2, Example 1]
we know that each Dp is a topological Radon space since it is a Polish space.
Therefore [SF76, Section 3, Example 4| gives that Dg is a topological Radon
space, hence every probability measure on Dpg is a Radon measure. As we know
that Dg/ is completely regular (Proposition 4.4.4), [SF76, Section 5, Theorem
2| together with Corollary 4.6.2 gives the result. O

Next, we prove our main tightness result:

Proof of Theorem 4.0.1. Fix ¢ > 0. Since Lemma 2.5.1 of [KX95]| uses only
condition (i) of Theorem 4.1.8, and so does not depend on the choice of Skorokhod
topology, we can deduce that there exists ¢ > 0 and ¢ > 0 such that the set

Ky := {x € Dt sup |lzef|_, < M}

te[0,T)

satisfies

pn (Ko) >1—¢/2, for every n > 1.
By applying the argument in the first half of the proof of Proposition 4.6.1 with
A replaced by Ky (and n by ¢), we deduce that there is a p > ¢ for which
E, — E, is Hilbert—Schmidt and Ko C Dp; with every x € Ky taking values in

some compact subset, B, of E.
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Let {€]},», be an orthonormal basis of F,. By hypothesis, for every i > 1,
there exists a compact subset K; of (Dg, M) such that

[y, © (wef)_l ([N(Z) >1—¢/2" for every n > 1.

If we define -
Ki = (Wef)_l(}?i) g DE/, Koo = KO N sz
i=1
then we have

pn (Koo) > 1 — EZ 270+) — 1 _ ¢ for every n > 1,
i=0

and that every z € K, is in x € Ky, so x takes values in the compact subset
B C Dg,. The work in the second half of the proot of Proposition 4.6.1 with
A = K, allows us to deduce that

tim sup {wyan, (26) + sup [lre = woll + sup_Jlor — i} =0.
=0 2eK,, t€(0,6) te(T—6,T)

Therefore by Theorem 4.1.8, K, is a compact subset of (DE;,, Ml), and so is also
a compact subset of (Dgs, M;), by Proposition 4.6.1. This confirms tightness.
As the Borel g-algebra of (Dg/, My) coincides with Kolmogorov o-algebra
generated by the projection maps, the proof of Proposition 5.1 of [Mit83b]
gives Theorem 4.0.3. 0J

4.7. Tightness of the loss-dependent correlation system; proof of
Theorem 4.0.4

Here, we use the technology we have developed to prove Theorem 4.0.4. To

accommodate the boundary effect, we introduce the continuous process
X
_N N N
v =v, + L, 0g = — E OyiN
t t t N ¢ - Xinrin
1=

then
7 (@) = v (6) + S (0) LY, forpe ..

It is straightforward to apply the triangle inequality to Definition 4.1.2 to get

Hy () (8), v (9) v (0)) < |5 (¢) — 7Y (8)| + |7 (¢) — 7Y (9)]
(4.7.1) + 10 (0)|Hr (L}, Liy, Lfy) -
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The final term vanishes by Proposition 4.1.7 and we can exploit the continuity

of N to control the increment terms:

Lemma 4.7.1 (Increment moments). For every ¢ € ., there exists a constant
c=c(¢) >0 such that for all s,t € [0,T] and N > 1

_ _ 4
E |7 (6) - 7Y (0)]'] < et —s)”.
Hence for all N >1,0<t; <ty <t3<T ande >0

P (Hg (v} (0) .05 (6) 0] () > €) < 2ce™* (15— 11)”.
Proof. By definition
7 (0) =7 (0) = 5 S B(XN) — 6(X)

Since ¢ € .7, ¢ must be Lipschitz (with constant [|4]|,,) and therefore

_ _ I9llo1 = 4o ;
7 () = )] < St D0 X = Xl
=1

By Proposition A.0.2 we have
N v el & iN N |4
B[|7 (¢) - 7Y (0)]'] < =t S B|[XiYw ~ X0 ]
i=1

4
= llolls B |Xiiw = X |

tATLN sATLN

where the final equality occurs because the particles are identically distributed.
Since X" is a Brownian motion, the Burkholder-Davis-Gundy inequality [RWO0O]

gives a numerical constant C' > 0 such that
B[j7 (¢) - 7 (0)|'] < Clolls, Bljt a7 — s n sV P]
<cC H¢H3,1 (t - 5)2 )

for all s,t € [0,T]. Taking ¢ = C H¢H§,1 gives the first statement.
From (4.7.1) and Markov’s inequality we deduce that

P (Hr (v} (6),0) (6), ) (0) 2 £) < (B[ (6) - 7} (0)]']
+E |7 (9) - 7Y (0)[']).

Therefore we are done by using the above result and the convexity of x + 22. [
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This lemma is useful for establishing condition (ii) of Theorem 4.1.11 and

from this we can prove:

Proposition 4.7.2. (vV is tight on (D, My).

)N21

We make use of the following result, which is helpful in practical calculations
involving the M; topology.

Theorem 4.7.3 (Avram—Taqqu condition, [AT89|). Let £ be a Dr-valued sto-
chastic process. If there exists a,b,c > 0 such that
P (Hr (&5 650 &es) 2 m) <o (13—t )1+b

forall0 <ty <ty <t3 <T andn >0, then there is some constant C = C (a, b, ¢)
such that
P (wR,]\/h (57 (5) > /’7) < Cn_aéba fOT all &, 6> 0.

Proof of Proposition 4.7.2. By Theorem 4.0.1, we are done if we can show
(z/N (¢))N>1 is tight on (Dg, M) for every ¢ € .. Theorem 4.7.3 gives

(4.7.2) P (wr, (VY (9);6) >n) =0(5), independent of N,

from Lemma 4.7.1. To establish (ii) of Theorem 4.1.11, we also need to control

the end-point terms. For the initial point notice that

(4.7.3)
P(sup {VtN(gb)—yéV(gb)‘> ) <P sup |Vt ‘>n)+P sup |¢ ‘LiVZn)
t€(0,0) te(0,6) te(0,6)
1« ; ;
<P( ;tggg)}qﬁ (Xien) —0(Xg5an) [ 2 0)

+P(‘¢( )|LN > 77)

<7 1E[tsgp [&(X,00) = (Xgiiw) []
€

+n ¢ (0)|"ELY,

where, in the final line, we have applied Markov’s inequality and the fact that

the particles are identical in law. As

ELy =P(r"" <)
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and the particle behave as Brownian motions when considered individually, the
final line in (4.7.3) is bounded by n~'o (1) as § — 0, uniformly in N. This gives
P( sup ’ytN () — i (qﬁ)} >1n) =o0(1), uniformly in N,
te(0,9)
as 0 — 0, and similar work gives the corresponding condition at 7', so together
with (4.7.2) we have verified (ii) of Theorem 4.1.11.

Condition (i) of Theorem 4.1.11 is straightforward: since v¥

is a sub-probability

measure we have
1Y (0)| < ¢l for every N and ¢.

Therefore we have that (VN (gb)) is tight, as required. 0

N>1
We can now complete our main proof. Let py, uo and ps denote the laws of
vV, LN and W, and let p denote the joint law of the triple. Then with K' a
compact set such that
pi (K1) >1—e¢,
(as in Definition 4.0.4) we have that K. := K! x K2 x K? is compact in the
product topology [Mun00, Theorem 26.5| and

(1)) < ((K2)%) + a( (2)7) + o (12)°) < e

Therefore the laws of (v, LV, W) are tight. (That is, marginal tightness im-
plies joint tightness.) Relative compactness follows since the product space is a

product of completely regular spaces, so is completely regular [Mun00, Theorem
33.2]. O






CHAPTER 5

Loss-dependent correlation

Now that we have developed sufficient machinery to handle the loss-dependent
correlation system (1.3.1), we will apply our methods to prove the system con-

verges to the unique solution of the following non-linear SPDE:

Definition 5.0.1 (Solution). Let f be a probability measure on (0, 00) and W a
standard Brownian motion. A pair of processes (£, L) taking values in Dy X Dg
is said to be a solution to the loss-dependent SPDE with respect to f and W if
the following hold with probability 1:

(i) For every t € [0,T7, & is a finite measure,
(ii) L takes values in [0, 1], is initially zero and is increasing,
(iii) For every t € [0,7T] and ¢ € C***

&)= 1) +3 | €00 ds+ [ p(LIE @),

(iv) For every t € [0,T], Ly = 1 — & (0, 00),
(v) The regularity conditions (ii)-(v) of Definition 2.0.3 hold.

The first two conditions are necessary to enable us to consider the total mass
of € on the half-line and, since p is a function on [0, 1], to ensure that ¢ — p (L;)
is a well-defined cadlag process (the composition of a cadlag function with an
increasing cadlag function is cadlag). Conditions (iii) and (iv) capture the loss-
dependent dynamics and constitute the non-linearity in the system. The final

condition ensures that we can apply the analysis developed in Chapter 2.

Remark 5.0.2 (Model parameters). Recall the assumptions on p from Definition
1.3.1. As usual, vy will be assumed to be supported on a finite interval away from
the boundary. For this chapter, however, we will also assume 1 has a density
Vo € L*(0,00). In Proposition 5.5.5, this assumption allows us to deduce that
limiting empirical processes have an L? density at all times with norm bounded
by that of the initial condition. This cannot be used directly to prove uniqueness,
however it forms part of the uniqueness argument in Section 5.6 where it is used
to control higher-order terms in the energy estimate — see (5.6.2).

115
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Our strategy will be to take a realisation, (V*, L*, W), of one of the limiting
laws of the system (v",L",W)y>1, using Theorem 4.0.4, and to show that
Definition 5.0.1 is satisfied:

Theorem 5.0.3 (Existence). Every limit point, (v*, L*, W), is a solution to the
loss-dependent SPDE with respect to (vo, W).

Remark 5.0.4. Whenever we are considering a general limit point, we will use
the notation (1/*, L*, W) to indicate that we do not yet know whether or not this

is the unique limit point.

As we are considering weak limit points, checking conditions (i)-(v) of Defini-
tion 5.0.1 requires the use of the continuous mapping theorem (see Section 5.1).
In Sections 5.2 and 5.3 we are able to recover (ii) and (v) by applying a number
of technical probability estimates at the microscopic particle level. In Section
5.4 a martingale argument is used to establish (iii).

An important point to notice is that, although the loss-dependent SPDE is
non-linear in the pair (¢, L), the SPDE in (iii) is linear in £ — it is just the basic
SPDE from Definition 2.0.3 with p, = p(L;). In Section 5.5 we construct the
tagged particle system:

i (S):=P(X; e S;t<|W, L"),
where, for W+ an independent Brownian motion, we have
(5.0.1) Xi=Xg+ Jo p (L) AW, + fy (/1= p(L2)*dWS

™ =inf{t >0: X; <0},

and we show that p* solves the basic SPDE with respect to p, = p (L}). Linearity
then allows us to apply the methods in Chapter 2 and deduce v* = p* (see
Remark 5.5.3). This representation immediately implies conditions (i) and (iv).

After establishing Theorem 5.0.3, the goal is to prove uniqueness of solutions:

Theorem 5.0.5 (Uniqueness). Let W be a Brownian motion. Then there exists
at most one solution to the loss-dependent SPDE with respect to (vg, W). That
is, if (€Y, LY) and (€2, L?) satisfy Definition 5.0.1, then with probability 1

& (0)=¢&(¢) and Ly=Lj,  forallte[0,T],¢€.7.

Remark 5.0.6 (Weak existence, strong uniqueness). As we are taking reali-

sations of the limit points to construct solutions in Theorem 5.0.3, we cannot
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define a solution for an a priori fixed Brownian motion. Hence we only have
weak existence. On the other hand, we see that Theorem 5.0.5 gives uniqueness

in the strong (pathwise) sense.

If (v*, L*, W) realises a limiting law, then Theorems 5.0.3 and 5.0.5 give that
v* and L* are determined by W. An immediate consequence is that the limiting
laws are determined by the law of the Brownian motion, so are all identical and

hence:

Theorem 5.0.7 (Law of large numbers). The sequence (v, LN, W) _  con-

verges in law on the product space
(D_y/, Ml) X (DR, Ml) X (CR, U)

to the law of the unique solution of the loss-dependent SPDE with respect to

(vo, W), for some Brownian motion W.

Remark 5.0.8 (Pathological p). We cannot choose p arbitrarily and expect to

recover weak convergence. As an example, let

p~t, if x = kp~™ for some p prime, n € N and 1<k <p"—1

0, otherwise.

For N = p", LY is supported on {Ep™"}g<pcpn» hence vY behaves as the basic

system with constant correlation p = p~!, so we have
" ; )
v = 1/|p:p,1 , in Dy,

as n — oo. Hence there is a distinct limit point for every prime, so weak

convergence fails for this example.

To prove Theorem 5.0.5, we consider the system on time intervals on which
L; remains in a region where p(-) is Lipschitz. We can then apply the kernel
smoothing method (plus some extra details) to deduce uniqueness on this interval
(Section 5.6). Continuity then allows us to propagate uniqueness onto the next
such time interval and repeating this argument gives global uniqueness (Section
5.7).

In Section 5.8 we show how Theorem 5.0.5 can be applied to (5.0.1) to prove

existence and uniqueness of the following stochastic McKean—Vlasov problem:

Theorem 5.0.9 (Stochastic McKean—Vlasov dynamics). There ezists a Brown-

ian motion W such that for any independent Brownian motion, W=, there exists
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a process X € Dg satisfying the stochastic McKean—Vlasov equation

X, = Xo+ [{ p(P(r < s|W)dW, + [\/1-p (P(r < s| W) dWW-
r=inf{t >0: X; <0}.

(Here, Xo has law vy and is independent of all other processes.) Furthermore,
the law of (X, W) is unique and

Uy (¢) =E [(/5 (Xt) 1t<T’ W] :

Finally, in Section 5.9 we extend the results from this chapter to the case
when the particles evolve as correlated diffusions, rather than just correlated

Brownian motions.

5.1. Continuous mappings for the M, topology

To recover information about the weak limit points, we need to apply the
continuous mapping theorem. In this section we present a number of results

which will aid us in doing so.

Theorem 5.1.1 (Continuous mapping theorem, [Whi02, Theorem 3.4.3]). Let
N = € be random variables in a separable metric space, X. Let g : X — Y be

measurable, where Y is another separable metric space, and define
disc (g) := {x € X : ¢ is discontinuous at z} .
If P (&£ edisc(g)) =0, then g (SN) =g(&),mmY.

Remark 5.1.2 (Notation =, —). Throughout this chapter we will use the no-
tation ¢V = ¢ to denote weak convergence (in the relevant topological space)
and £V — ¢ to denote strong convergence. Hopefully, this should always be clear

from the context.

Our general strategy in the forthcoming sections will be to project £ € D g
to £ (¢) € Dr, since the spatial canonical projection is continuous (Proposition
4.4.5), and then work in Dgr. An immediate danger is that the M; topology has

some awkward properties, for example addition
+ DR X DR — DR

is not M; continuous [Whi02, Corollary 12.7.1]. We avoid these problems by
further projecting our process to R by the canonical time projection, x — ;.

This map is not unconditionally continuous (it is only continuous at paths that
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are continuous at t), so some care must be taken. The following result shows that
there is only a small set of deterministic times at which a discontinuity occurs

with positive probability:

Proposition 5.1.3 (Countably many discontinuities, |Bil99, Section 13|). Let

& be a stochastic process in Dr and define
disc (§) ={t € [0,T]: P (§& — &-— #0) > 0}.

Then disc (£) is at most countable.

The following is an immediate and straightforward consequence, but we will
write a careful proof:

Corollary 5.1.4 (Weak marginal convergence on a cocountable set). Suppose
&N = & in (DR, M), then there exists a deterministic subset T C [0,T] whose

complement is countable and is such that

&N =¢ inR, for everyt e T.

Proof. Take T = [0,7] ~\ disc (§) and 7 : Dr — R to be the usual projection
map. Then, by [Whi02, Section 12.4|, m; is continuous at all paths x € Dg

which are continuous at t, therefore

P (¢ edisc(m)) <P (&- #&),

which vanishes if £ € T. Thus we have the convergence on T, which is cocount-
able by Proposition 5.1.3. U

The following corollary is useful for integrals:

Corollary 5.1.5 (Continuous mapping for integrals). Suppose we have a finite

collection of sequences of weakly convergent random variables in (Dr, M), say:
(SN’i)N>1 = 0 for each 1 <i <k,

for some k> 1. If f: R¥ — R is continuous and bounded then

T T
N,1 #N,2 N,k 1 ,2 k .
/f(t A o )dt:>/f(f° &0 dt, in R,
0 0

as N — oo.

Proof. Apply Corollary 5.1.4 to [Whi02, Theorem 11.5.1]. O
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5.2. Recovering properties of limiting loss functions

Here, we will show that any limiting loss function satisfies the requirements of
Definition 5.0.1 (ii) and any limiting loss function is strictly increasing whenever
there is non-zero mass left in the system. This second condition is needed to apply
the continuous mapping theorem in Corollary 5.2.4. Tt implies that any limiting
loss function is strictly increasing at discontinuity points of p, so occupies the
discontinuity set for only finitely many discrete times. Heuristically, the result
ensures that the system never gets stuck in bad states where the continuous
mapping theorem fails.

First, we prove that L* has the correct range and is increasing, however the
argument we present is insufficient for showing that this monotonicity is strict.
(This is because the argument uses the application of the portmanteau theorem

in (5.2.1), which requires the inequality inside the probabilities to be strict.)

Proposition 5.2.1 (Correct range and weak monotonicity). If (v*, L*, W) re-

alises a limiting law, then, with probability 1
Ly €10,1], for everyt e [0,T]

and t — L} is increasing.

Proof. Assume (Ny);, is a subsequence leading to the limiting law. From
[Whi02, Lemma 13.4.1] we know that

x +— sup |z (s)]
s€[0,]

is a continuous map from (Dgr, M;) to itself. By Corollary 5.1.4, we have a

sequence of times (7},) 1T such that for every n

1
Li— -

1
Liv’“——:>sup 5

t€[0,T75]

sup , in R,

te[0,Th]

hence the portmanteau theorem [Bil99, Theorem 2.1| gives

1 1
>§) glmmfP( sup Livk_§

k—o0 t€[0,Tn]

1
>—):o.

1
P( Lr— =
o : |

te[0,T5] 2

Letting n — oo and applying the monotone convergence theorem gives the result.

For s,t € [0, 7], define the projection map

o1 Dr > R X R, 7, (x) = (25,24).
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By Lemma 5.1.4, there exists a cocountable subset T C [0, 7] for which
mot(LM) = (L), inR xR, foralls,t €T

(the union of cocountable sets is cocountable). By continuity of subtraction as

a map from R X R to R (not as map on processes) we therefore have
LY — LNe = ¥ — L in R, forall s,t € T.

Again we can apply the portmanteau theorem [Bil99, Theorem 2.1|: if s < ¢

are elements of T, then
(5.2.1) P(L; — L: < 0) <liminf P(L"* — LYx < 0) = 0.
k—o0
Since T is cocountable, we can take a countable dense subset Ty C T such that,
with probability 1,
(5.2.2) Ly > L forallt>sin T,

As L* is cadlag, (5.2.2) extends from T to [0, 7. O

With monotonicity established, it is straightforward to conclude that L§ = 0:

Proposition 5.2.2 (Initially zero). For any limit point (v*, L*, W), L§ = 0 with
probability 1.

Proof. Since L* is increasing we have

P (L; > 0) zliglP(LS >e) < li{gP(LI >e),

for every t > 0. With T as in the previous proof, if ¢ € T then we have

P(L; > ¢) <liminf P(L"" > ¢) < liminfe 'EL™,
k—o0

k—o0

by [Bil99, Theorem 2.1] and Markov’s inequality. Linearity of expectation gives
EL = P(Tl’N < t) :/ @(—t’%xo)yo (dxg) < @(—t’%x*),
0
where we are also using that X%V behaves as a Brownian motion. Choosing
t € (,2¢) N'T (which is non-empty since T is dense) yields the result since

* <1 -1 _ _1 _
P(L0>O)_161g)15 <I>( € 2@) 0

(recall Proposition A.0.3). O
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We have to work harder than in Proposition 5.2.1 to demonstrate that the
monotonicity of L* is strict. In the following proof, we exploit the indepedence
between the particles to show that, for the limiting system, in any non-zero
amount of time a non-zero proportion of the particles must hit the absorbing

boundary.

Proposition 5.2.3 (Strict monotonicity). If (v*, L*, W) is a limit point, then
ton — Ly >0, whenever Ly <1 and h > 0,

with probability 1.

Proof. Assume (L%),>, is a subsequence converging in law to that of L*. Using
Corollary 5.1.4, take a countable dense subset T C [0, 7] for which

LYV = ¥, in R,
for every t € Ty. It then suffices to show that
(5.2.3) P(L{,,—L;=0,L; <1)=0, for all t,t 4+ h € Ty,

since the result extends at all ¢,t+ h € [0, 7] by the fact that L* is cadlag. With
t,t + h € Ty fixed, to show (5.2.3) it suffices to prove

P(L;,—L;=0,L; <r)=0, for every r € [0, 1),
which is implied by
(lsi_r)r(l)P(L;“Jrh —L; <4, Ly <r)=0, for every r € [0, 1).
From [Bil99, Theorem 2.1], the result will therefore be complete if we can show
limsup limsup P(L%, — L < 6, LY* < r) =0, for every r € [0, 1),

t+h
§—0 k—o0

and this forms the remainder of the work in this proof. Our strategy is as follows:

(i) Consider only particles that have survived up to time ¢ and fall in the range
(0, a), for some a = a(d),
(ii) Remove the common driver between the particles on the interval (¢,¢ + h),
(iii) Apply a time-change argument to extract the independence between the
particles,
(iv) Apply the law of large numbers to send Nj, — oo,
(v) Choose a = a(d) appropriately and send § — 0.
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Let a = a(0) be the function which we will specify later, but for now assume that
a(d) — oo, as 6 — 0. Also let ¢; = (1 —7)/2 > 0. By considering the location of

the particles at time ¢, if L' < r and VtN’“(a, +00) < ¢; then
v (0,0) =1 — LY — v (a, +00) > 1 =71 — ¢ = ¢y

We therefore have the bound

P(LYs, — LY < 6, LY < 1) < P(LY, — L™ < 6,11%(0,a) > ¢1) + P(v,*(a, +00) > ¢1)
(5.2.4) < P(Li\;’“h — LM < 6,5%(0,a) > ¢1) + o(1),

where the second line is due to Markov’s inequality and the tail estimate in
Proposition 2.2.1, and the o(1) term vanishes as a — oo, uniformly in Nj. Con-
sider the first term on the right-hand side of (5.2.4) and define the F;-measurable

random set of indices
I={1<i<N:X/" €(0,a)and 7" > t}.
By partitioning on the value of I

P(LY, — L% < 6,1(0,a) > c1) < Y P(LY, — LY < 6,1=1i).

‘i‘>clNk

As the particles are identically distributed, by symmetry we have

(5.2.5) P(LN —LNM < 6,1%(0,a) > ¢1)

t+h
Nk Ny, Ny, — [l3
< ¥ i P(L, — Lt < 6,1 =[[if])

[i|>c1 N
N Ny Ny . .
< > il P(Ll, — Ly* <6 | I=[[i|])P(I = [[if])
|i|>ClNk

where, for m € N, we use the notation [m] = {1,2,...,m}. With m € N fixed,

we can write

P(LY, — L™ <0 | 1= [m])

—P(#H{1<i<N: XM 4 ir[%)fh](lz’Nk + MM) <0} < Npo | T =[m]),
ue|0,

where we introduce the processes

t+u t+u
s (a1
t t
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which gives the upper bound

P(Ly, — Li* <8 | T=[m])

<P#{1<i<m: inf I!M < —a— sup MM} < N6 | I=[m]).
u€[0,h] u€[0,h)

By Markov’s inequality and Doob’s maximal inequality (which is applicable be-

cause MMk and TNk are (F,s)s>o-martingales and I is F;-measurable)

P( sup Mivk >a|I=[m]) < CQG_QE[ sup |]\47jv"|2 | T=[m]]
w€[0,h] u€0,h]

t+h
= / E[|p(LY)[? | T = [m]|du < csha™?,
t

where ¢y > 0 is a universal constant and where we have used p < 1. Therefore

the upper bound can be written

(5.2.6) P(Lk, — L™ <6 | I=[m])

<P#{1<i<m: n{ﬁhl IPNe < —2a} < N6 | I = [m]) + o(1),
u€el0,

and again the o(1) term is uniform in Ny. In the next step we apply a time-change

argument to remove the dependence on I. Define

t+u
vV (s) == inf{u >0 : / (1= p(LY¥))dug > s},
t

then Bk .= ]i}]vi’“(_) is a martingale (with respect to the appropriate time-
change of (Fiis)s>0) and satisfies [B»Me, B#Vk], = 1,_;t, so has the law of an
m-dimensional Brownian motion under P(-| I = [m]). Therefore (5.2.6) be-
comes

P(LY,— L™ <6 | T=[m])

<P#{1<i<m: inf B < 20} <N |I=[m])+o(1)

Nk (u)€[0,h]

<P#{1<i<m: inf BNk < 24} < N6 | I =[m]) +0(1)

ue [07(1_912nax)h]

<SP#{1<i<m:Bik, | <=2a} <Ny |I=[m])+o(1),

where we have used the fact s < o™ (s) < (1 —p2, )7's, so

s<(1—p2.)h implies vV (s) < h.



5.2. RECOVERING PROPERTIES OF LIMITING LOSS FUNCTIONS 125

By taking Z' to be i.i.d. standard normal random variables (under P(-))
1 m
P(LY, — LM <5 | T=[m)) < P(5 ; 17ic_cya < 6) +0(1),

where c3 = 2(1 — p2,,,)"*/2h~/2. Notice that the right-hand side is a decreasing
function in m. Setting the above inequality into (5.2.5) with m equal to the

minimal case m = ¢y Ny gives

P(LY: —

Ne — LY <, VtN’“(O a) > ¢p)

< {P(+ LY 1, <o) +o()} > (ﬁf)P(hHiH)

Z<C1Nk li|>c1 N

Z 1Z1< c3a )+0(1)

’L<61Nk

Returning to (5.2.4) and applying the weak law of large numbers gives

lim sup P(Li\_ﬁ‘h — LYF < 6, L < 1) < 1pay<s/er +0(1),
Nk—>oo

where p(§) = P(Z' < —c3a) = ®(—c3a), with ® the standard normal c.d.f. To

complete the proof we make the choice

= \/2652 log(d-1/2),

then a(d) — oo, as § — 0, and Corollary A.0.4 implies

1
-1 — -1/2
p(a(d))o— > 203a(5)¢< 3a(6))0! —203a(5)5 — 00, as 0 — 0,
hence
lim sup lim sup P(Lﬁfh LY <5, LM <) =0.

6—0 Ni—00

O

Since p is cadlag, now that we know L* is strictly increasing we can conclude
that ¢ — p(L;) is also cadlag and that the set of times when L* takes a value in

the discontinuity set of p is null. We therefore have:

Corollary 5.2.4. If (yNk,LNk,W) = (V*,L*,W) then for every ¢ € C*** and
tel0,T]

/ (LY (8)ds = / (L) (6)ds, inR.
0 0
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Proof. Let | € Dy be strictly increasing and
Tdisc = {t S [O,T] . lt € disc (p)} .

Then we know that Tgis is a finite set, since disc (p) is a finite set. Therefore

¢
/p(ls)xst—/ p(ls)xsds,
0 [0,t]\T gisc

for any x € Dg, so the work in Corollary 5.1.5 and Theorem 13.2.3 of [Whi02]
give that the map

t
(35, l) € Dr x D) / p(ls)xsds R
0

is continuous at all | € Dy ;) that are strictly increasing. By the continuity of

spatial projections, we have

v () = vi(9),

so we conclude the result.

Spatial projections are continuous, so we have
Al (qb) =" (gb), in (DR, Ml).
Take T to be the cocountable set of times for which we have
(W (8), Li*) = (v (¢),L;), mRxR
and L} ¢ disc (p). Then O

5.3. The regularity conditions

This is a short section in which we verify that condition (v) of Definition
5.0.1 holds for a general limit point (V*, Lx, W)

To do this, fix a subsequence, (Ng),~,, along which the limit is attained. For
any ¢ € . we have )

v (¢) = v*(¢), in (Dgr, M),
by Proposition 4.4.5. Because v"* is a sub-probability measure, we know that

™ (9)| < |||, forallk>1,te[0,T],¢€.7,
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so it is immediate that, for any p > 1, the sequence

( OTW 0)at)

is uniformly integrable. By [Bil99, Theorem 3.5] and Corollary 5.1.5 we conclude

T
/
0

Each X" is a Brownian motion, so we can apply the calculations from Section
2.2 to recover conditions (ii), (iii) and (iv) of Definition 2.0.3. (Note that it might
be that T ¢ T from Corollary 5.1.5. If this is the case then take T,, 1 T with

T,, € T and apply the monotone convergence theorem.)
N

k>1

T
v (¢)|"dt = lim E / v (¢)|"dt.
0

k—o0

Condition (v) follows from the fact that each v"** is supported on (0,00),

therefore if ¢ € .7 is supported on (—o0,0) then v;'* (¢) = 0 for every ¢, so

T
E/
0

T
v (¢)|dt = limE/ v (¢)]dt = 0,
0

k—0

which suffices.

5.4. The martingale approach

To show that limit points solve the loss-dependent SPDE, one strategy could

be to consider the evolution equation as a map from Do X Dgr to Dg:
t

SPDE¢(f7 l)<t) :ft<¢) - VO(¢) - %/Ofs(azx¢)d3 _/010<ls) fs(ax¢)dwsa

and to show that, for every ¢ € C**, this function vanishes when we pass a limit
point:

SPDE? (v*, L*) = 0.
The presence of the stochastic integral, however, would complicate the applica-
tion of the continuous mapping theorem. We therefore decompose the SPDE

into smaller processes and use a martingale method.

Definition 5.4.1 (Martingale components). For a fixed test function ¢ € C***
define:

(1) M? . Dy/ —>DR,

M) (1) = fr0) = m(0) =5 [ 1. (0n0)ds
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(11) S9 Dy x Dr — .DR7

WuwuwﬂWumﬁ—AlmVﬂ@@%s

(111) C? Dy x Dr X CR — DR,

t
CH(f.lw) (0= M) (0 wt) = [ p(L) S (0.0)ds
0
These processes capture the dynamics of the loss-dependent SPDE:

Proposition 5.4.2 (Martingale approach). Let £ € Dy and L € Dg be random
processes satisfying (ii) and (v) of Definition 5.0.1, and let W be a Brownian

motion. If the processes
M), SUE L) and CUELW)
are square-integrable martingales for every ¢ € C'™ then (£, L,W) satisfies

condition (iii) of the Definition 5.0.1.

Proof. Under the martingale assumption we have

[M%@Lzémaf@@mfw, Mﬁ@mWLzépwJ@@@Ms

and therefore

200 - [ pLg e an] —0 oreeyizo

0

(Note the stochastic integral above is well-defined as p is bounded and condition

(v) ensures we have sufficient integrability.) Hence we conclude

MW@—K}N@M&@@dW;:Q

for every t, with probability 1. Taking a countable dense collection of test func-

tions gives the result. 0

It now suffices to show that a general limit point,
(UN’C,LN’“,W) = (V*,L*,W),

satisfies the hypotheses of Proposition 5.4.2. We begin by noting the following:
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Lemma 5.4.3. For every ¢ € C*' we have a deterministic cocountable subset
of times, T C [0,T], on which
MOv™) (t) = MY(v) (t), S, L) (t) = S(v*, L*) (t)
CoNe, LN W) (t) = C¥v*, L*, W) (t), inR.

Furthermore, these sequences are uniformly integrable and the limits are square-

integrable.

Proof. Weak convergence follows from [Bil99, Theorem 2.7| along with Propo-
sition 4.4.5, Corollary 5.1.4, Corollary 5.1.5 and Corollary 5.2.4. Uniform inte-
grability and square integrability follow from the work in Section 5.3. U

With this lemma, consider M?(v"*). As the work in Section 2.3 is unchanged,

we have

Gy )0 = [ () @y 1 (0

with
Nk t
1 4
I (6) = & Z/O V1= p(LY) 0N (0,0) AW
i=1

This gives that M¢(VNk) is a martingale, so, for any k > 1, s,t € T, s1,...,s; €
TN|0,s] and fi,..., fr : R — R bounded and continuous and F' defined by

k

F (VN’“) = (M¢(VNk) (t) — M¢(VNk) (5)) Hf’ (M¢(VNk) (sz)) ,

i=1
we have

EF (vV¥) = 0.
By the assumptions on f, we have that F’ (I/N ’f) is a uniformly integrable sequence
and converges weakly to F' (v*) in R, by Lemma 5.4.3 and [Bil99, Theorem 2.7].
Therefore we conclude

EF(v*) = lim EF(v"*) =0,

k—o00

hence M? (VNk) is a martingale.
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Similarly for S?, we can define

G (v, L) 0 = (S (™, L) (t) — SO (v™k, L) (s))

k
i=1
By applying It6’s formula to (5.4.1) we see that

S? (v, LV (t) =S¢ (v™, L) (0) 4+ martingale term + 2 [I™(¢)], .

From Proposition 2.3.2 we know that, as £ — oo,
E[I™(9)], =0 (N),
therefore
EG (v, L") = O (N '),
and so we again conclude
EG (v*,L*) =0,

and that S?(v*, L*) is a martingale.

The result for C? follows similarly, so we deduce:

Proposition 5.4.4. Every limit point satisfies condition (iii) of Definition 5.0.1.

As we have already verified (ii) and (v) in the preceding two sections, we

have:

Corollary 5.4.5 (Linearised SPDE). For any limit point, (V*, L, W), v* solves
the basic SPDE (that is, satisfies Definition 2.0.3) with the correlation function

pr = p(Ly).
5.5. The tagged particle representation; proof of Theorem 5.0.3

Fixing a general limit point, (1/*, L, W), we now show that the conditional
law of the tagged particle in (5.0.1) gives a representation for v*.
First observe that X* has the law of a Brownian motion, so the work in

Sections 2.2, 2.3 and 2.4 is applicable and gives:

Proposition 5.5.1 (Linearised SPDE). The law of the tagged particle process,
p*, solves the basic SPDE (that is, satisfies Definition 2.0.3) with respect to the

correlation process p, = p (L}).

We know from Corollary 5.4.5 that v* is also a solution, so Theorem 2.0.7

gives:
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Corollary 5.5.2 (Representation). With probability 1,

v () = py (¢), forevery p €. andt €0,T].

Therefore we can regard v* as a (sub-probability) measure-valued process,
and from now on we will do so without referring to *. Immediately we conclude
(i) of Definition 5.0.1.

Remark 5.5.3 (Identifying v* with p*). Corollary 5.5.2 does not make v/ a
measure, rather it states that v, agrees with the measure p; on .. The precise
argument is then as follows: every limit point gives rise to a measure-valued
process, and it is this measure-valued process which satisfies the loss-dependent
SPDE. Notice that the uniqueness result (Theorem 5.0.5) is unaffected by this
identification; if the measure-valued processes generated by two candidate solu-
tions agree, then the solutions must agree on . and vice versa. This reasoning

justifies associating v* and p* for the remainder of this chapter.

Although we can now make sense of v* as measure-valued, we cannot conclude

statements of the form
v = v*in (Dgr, M) implies ™ (S) = v*(S) in R

for a set S C R, since the the characteristic function xg is not an element of
&, so we cannot apply the usual weak convergence results. To conclude (iv) of

Definition 5.0.1 we need some care:

Proposition 5.5.4 (Loss and surviving mass). If (V*,L*, W) is a limit point,
then it satisfies condition (iv) of Definition 5.0.1.

Proof. Tt is enough to show that
T
E/ 11— L —vf (0,00)dt = 0.
0

However, we cannot apply the continuous mapping theorem to v/ (0, 00) directly,
so we introduce A > 0 and a cut-off function, ¢, € ., supported on (—\, A).



132 5. LOSS-DEPENDENT CORRELATION

Then
T T
B[ [1-Li-0 000t < 28 [ [1-Li—j (o)
0 0

T
+2E/ “([A, 00)) [at

=2 lim E/‘l LNy (6] d
+2hmE/‘u ([A, 00)) ‘dt

:4limE/| ([A, 00)) |t

k—o0

by Corollary 5.1.5. Letting A — co and using Lemma 2.2.1 gives the result. [

The density process. We can deduce that v* has a density process by a
simple Radon—Nikodym argument. This will be helpful in the next section, where

it simplifies some estimates.

Proposition 5.5.5 (Existence of a density). Let (v*, L*, W) be a limit point.
For every t € [0,T), v} has a density, V;*:

/ ¢ (x) Vi (z)dx, for all bounded measurable ¢ : R — R.

Furthermore, if vy has a density Vy € L?(0,00) then, for every t € [0,T], V; €
L*(0,00) and
IVill 120,00) < VOl £2(0,00) -

Proof. From the tagged particle representation, if we disregard killing at the
origin we have the simple inequality

v (S) =P (X €St <L, W) <P (X € S|L*W).

Conditional on o (L*, W), the marginal X} is of the form

t t
X;:X0+/ p(L:)dWs—l—/ \1—p(L2)*dwt
0 0

4 Xo + Normal (m, 02) ,

where

t t
mz/ p(Ly)dws, o =/ (1=p(L3)*) ds > (1= ph) t
0 0
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TherefOI“e, 1f we Write
K (zg,x) = (27T(T2) 2 exp{——< m 0)2}
05 2 2 Y

then we have -
vi(9) < / / K (z9,x) vp (dxo) dx.
zeS JO

So if S is Lebesgue-null then the right-hand side vanishes, in which case v} is
absolutely continuous and V* exists by the Radon—Nickodym theorem [CKO04,
Theorem 7.3].

Furthermore, for almost all = € (0, c0)

2

Vi (@) < /OOOK@O,@ Vo (20) dro

< / K (20, 2) dazo / K (20, %) [V (o) > day
0 0

< / K (20, 7) [V (o) 2 do,
0

where we have used the Cauchy—Schwarz inequality and that K (-, z) integrates
to 1 over the real-line. Integrating over x € (0,00) and using the previous fact

once more completes the proof. O

5.6. Uniqueness for Lipschitz p; beginning the proof of Theorem
5.0.5

We now have sufficient machinery to tackle the main theorem. First we

restrict to the case when p(+) is a Lipschitz function, say

lp (@) = p (W) < piplz—yl, forallzyel0,1],

where pjip, > 0 is a finite constant. (For brevity we will write [|-||, in the following
calculations to denote the usual norm on L? (0, 00).)

For a fixed W, suppose that we have two pairs of processes (1!, L!) and
(12, L?) that satisfy Definition 5.0.1 for the same initial condition and define
their difference

A:=vt—1?2 e Dy
Taking the difference of the two smoothed SPDEs satisfied by the solutions (that
is, (2.8.1) for ' and v?) gives

AT\, = %@mTEAtdt o (L) 0Tt — p (I2) O,Tor? + 0,r5] AW,



134 5. LOSS-DEPENDENT CORRELATION

where
Tf (I) =P (Lz}) Raytl (l’) - P (Lf) R€Vt2 (‘/E) :
By Remark 2.0.4, A satisfies conditions (ii)-(v) of Definition 2.0.3, so we can

apply the work in Section 2.8 to arrive at

t
E |0 A = —E/ 172 ds
+E/ o (L p (L2) Te + |, ds
(5.6.1) g—E/ |\T€As\|§ds+(1+ml)E/ 75115 ds

1+771 / Hp Tl/ —p(L2>TV2H2dS

where we have applied Young’s inequality with a free parameter n; > 0.

We can write
p(Ly) Tovg — p (L2) Tovl = p (Lg) TeAs + (p (Ly) — p (L2)) T,
therefore another application of Young’s inequality gives
o (L2) Tovs = p (L2) T2, < (14 12) o |1 T A
(L) (| T2, |o(22) —p(22)
< (1 + 12) pmae 1 T2

+ (14n ") [IVoll3 pup | 22 = 2]

with 73 > 0 a free parameter and where we have used the Lipschitz property for

p(-) and
(Tl < [[Vall, < [1Voll,

which follows from Propositions 2.6.8 and 5.5.5. The final term in (5.6.1) vanishes
as € — 0 (by applying Lemma 2.7.3) so we have

t
(5.6.2) E[|0; TA[S < — (1~ (14+m) (147) prnax) E/O ITeA |15 ds

t
(L) (140 ) Il B [LE = L2 dso(1).
0
Now fix 7, and 7, small enough so that

ci:=1—(14+m) 1 +n2) pmax >0,
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T = Ox (2) — e ()
1 z +— P (x)
i N— ; + Yy
ef2 € A A+1
FIGURE 5.6.1. The smooth cut-off functions from the proof
of Lemma 5.6.1.

which is possible since ppax < 1. Then, by rearranging (5.6.2), taking a limit

infimum and applying Proposition 2.6.6 we have
t t
(5.6.3) E A +CIE/O 1A 22 00 ds < C2E/O L= 12 ds

where
e = (L m) (1+7") Va2 o
To relate the difference in the loss functions to ||A]|% 1 (in preparation for

applying Gronwall’s inequality) we need the following lemma:

Lemma 5.6.1. There exists constants cs, ¢y, c5 > 0 such that c3 < ¢; and

t ¢ .
@E/O L}~ 12’ds < o, 0 1A 200005 + (c4A+c5)E/0 [
+o(exp{—cA}),

uniformly in t € [0,T], as A — oo, for any ¢ > 0.

Proof. From Definition 5.0.1 condition (iv) we can write
Li_Lg = ]/3(0’00)—]/;(0700)
= As(1—=0a) — As(dn),

where ¢, is any smooth function satisfying

1, if |z] <A
0, if |z|>A+1
€(0,1), ifAx<|z|<A+1

o ()
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By condition (iii) of Definition 2.0.3 we have

(5.6.4) E/t{L; — I?|*ds < 2E /t\As (6x)] ds + o (exp {—cA}) .
0 0

Now, ¢, does not vanish at the origin, so we cannot yet insert the dual norm
of A;. Instead we split ¢, into

¢/\:ws+(¢)\_¢s>a

where 1), is any smooth function satisfying

1, if v <e/2
0, ifx>¢
€(0,1), ifze(e/2,¢)

Ve

(see Figure 5.6.1). Notice that it is no loss of generality to assume that
102t < c3e™" and [[0,:0l < s,

for some numerical constant cs.
With this construction (and € < \) we have 1. € L?(0,00), ¢ — 1. €
H; (0, 00) and, for z > 0

WJE (33)| <1l,, |¢>\ (x) — e (x)| < 1ocgertt
and |8x¢/\ (33) - 3:(:% (ZB)| < 615_110<x<5 + ¢ 1)\<x<)\+1-
Therefore
1ell7 2000 S € and  [[éx = Vellfo e S A+ 1+ 3 + 3,

so we can conclude

1A (D)7 < 218 () [* + 2|As (63 — ¢e) [
2 2 2 2
< 2[[Yell 2 (0,00) 18N 7200,00) 2 103 = Vellzr1 0,00) | Al 771
< 2e ||At||i2(o,oo) +2(A+ 1+ e +63) Al -

By setting this inequality into (5.6.4) we have the result by fixing e sufficiently
small. 0

Applying the above lemma to (5.6.3) gives

t
E[Ad < [ (et ) BIA- s+ ofexp {-cA)),
0
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for any ¢ > 0, therefore Gronwall’s lemma implies
E A% = ofexp {—eA}) x exp {eAT + 5T} = o(1),
as A — oo, provided we take ¢ > (¢4 + ¢5) T. Since A is arbitrary, we conclude
E||A 5 =0, forevery t € [0,T],

which is enough to prove uniqueness, since A is cadlag.

5.7. Uniqueness for piecewise Lipschitz p; proof of Theorem 5.0.5

continued

To complete the proof we need to extend the argument from the previous sec-
tion to piecewise Lipschitz p. To consider p on intervals on which it is Lipschitz,
let

O=xp <1 <9< ---<x,<1

be as in Definition 1.3.1. For two candidate solutions (v, L') and (12, L?), define

the stopping times
o ::inf{t>0:L%>mi}/\T, o7 ::inf{t>0:Lf>xi}/\T.

Let 0 := o] A o2, which is again a stopping time. The argument in the
previous section remains valid if we replace every instance of ¢ by ¢ A 0. This is
because the only probabilistic techniques used are to take the expectation of a

martingale (unchanged as a stopped martingale is a martingale) and the estimate

tAo
B[l
0

(it is no problem to now replace the upper limit in the integral by T, since

o < T). Therefore we conclude that A; = 0 and L} = L? for every t € [0,0),

and that o = o = o}.

on

Since we only have right-continuity, we cannot immediately conclude that
A, = 0, however since A, (¢) satisfies the SPDE, it can be written as continuous
processes (namely, the right-hand side of the SPDE) so must be continuous.

Therefore, with probability 1,
A, (¢) =0, forevery ¢ € C*".

We can now repeat the above argument on the interval (o, A 0%), on which

p is Lipschitz, since we can condition on F, (using the strong Markov property
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of the drivers) and the new initial condition, A, (¢), is again zero. Since we have
finitely many jumps in p, we have uniqueness for the whole interval [0, T]. This

completes the proof. O

5.8. Stochastic McKean—Vlasov dynamics; proof of Theorem 5.0.9

For existence, take W such that we have a solution (v, L, W) to the loss-
dependent SPDE. Strong uniqueness implies that (v, L) is o (W)-measurable,
hence we can drop the dependency on L in the conditional expectation in the
definition of (5.0.1). This gives a solution to the problem.

For uniqueness, if we have a particle with the prescribed dynamics, then by
the work in Section 5.5 its conditional law satisfies Definition 5.0.1. Therefore

Theorem 5.0.5 fixes this conditional law, which completes the proof. O

5.9. Extending to general diffusions

In this section we will give an overview of how the results from this chapter
can be extended to allow the particles to evolve as general correlated diffusions.
There are no new techniques presented in this section, although some additional
work has to be done to account for the fact that the individual particles no
longer behave as Brownian motions. Whenever a result follows from earlier work
by analogy, we will omit its full proof.

We are going to consider the model
(XN = Xi+ [ s, XEN INYds + [ on (s, XEN, LY )dW,
+ [ o (s, XN LYY AW
(5.9.1) 7N = inf{t > 0: X < 0}
v = % Zi\il 1t<7i*N5X§vN
\Liv = % Zz]il Loin,

with the following assumptions:

Definition 5.9.1 (Diffusion coefficients). Throughout this section we will as-

sume that there exist constants Cpin, Cmax, Ciip, 00 > 0 such that the maps
w,on,07: [0, T) x Rx[0,1] - R

satisfy:
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(i) (Smoothness) For all t € [0,7] and [ € [0, 1]
pit, 1), ou(t, - 1), ou(t, 1) € C*(R),
(ii) (Boundedness) For all t € [0,T], z € R, 1 € [0,1] and n € NU {0}
Ot )], 102 0as (2,2, 1), 10001 (8, 2, )] < s,
(iii) (Lipschitz in space) For all ¢t € [0,T], z,y € R and [ € [0, 1]
ity 2, 1)~ a(t, 9. D Joae (0, ) —oas (9, a8 2, ) — (8, )] < el — o,
(iv) (Piecewise Lipschitz in loss) There exists n > 1 and
O=zro<1 < - <x,=1
such that
|u(t,x,l)—,u(t,x, l_) },

whenever 1,1 € [z;,2;11), t € [0,T] and x € R
(v) (Non-zero speed) For all t € [0,7], x € R and [ € [0, 1]

O'](t,ﬁ?,l)—O'[(t,x,l_)‘ S Clip

-1,

JM(t,x,l)—aM(t,x,l_)},

o(t,x, 1) = op(t,z,1)* +or(t, 2,1 > cuin,
(vi) (Non-degenerate) For all t € [0,7], x € R and [ € [0, 1]

or(t,z, 1) > dp.

The system in (5.9.1) is well-defined because we can use the stopping argu-
ment: run the system with LY = 0 initially, the diffusions then exist by standard
SDE theory [@ks03, Chapter 5], stop the system at the first time one of the dif-
fusions hits zero, restart the system with LY = 1/N and repeat the argument.

We will show that, as N — oo, limit points of the system must satisfy the
following version of the loss-dependent SPDE:

Definition 5.9.2 (Solution). Let f be a probability measure on (0, 00), let W be
a standard Brownian motion and let u, oy and o; be as in Definition 5.9.1, and
write 02 = o3, +0%. A pair of processes, (£, L), taking values in D g x Dy is said
to be a solution to the loss-dependent SPDE with spatially-dependent coefficients
with respect to f and W if the following hold with probability 1:

(i) For every t € [0,T], & is a finite measure,

(ii) L takes values in [0, 1], is initially zero and is strictly increasing,
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(iii) For every t € [0,T] and ¢ € C***
gt / f 7 7Lt 1L¢ dS + 3 / gs 7 ) Lt>2 azac¢) ds

+ / gs (U]LI (t7 Yy Lt) axgb) dst
0

(iv) For every t € [0,T], Ly = 1 — & (0, 00),
(v) The regularity conditions (iii)-(vii) of Definition 2.10.1 hold for the processes

/i(t,x) = u(t,x,LiV), &M(t,x) = aM(t,x,LiV), 6(t,x) = J(t,x, Liv)

Remark 5.9.3. Notice that if u, oy and oy satisfy Definition 5.9.1, then [, 7,/
and ¢ satisfy condition (i) of Definition 2.10.1.

Remark 5.9.4. As the limiting arguments used to construct solutions to the
loss-dependent SPDE embed the emprical processes in Dy, the smoothness
condition in Definition 5.9.1 is useful as it ensures that g(¢,-,1)¢ € . when-
ever g is a coefficient and ¢ € .. Hence the continuous mapping theorem can
be applied directly (see Lemma 5.9.20), without adding additional arguments
that use the fact that solutions are more regular (measure-valued) in order to
allow g to be less regular. Such regularising arguments would allow us to con-
sider coefficients which are only C?(R), however, because Lemma 5.9.8 requires
second-order Taylor approximations on the coefficients, this would be the weakest

possible assumption under the present theory.

Probabilistic estimates. Crucially, the exponent in the first moment esti-
mate of the mass near the origin (Proposition 2.2.2) remains almost unchanged.
This is because conditions (ii) and (v) of Definition 5.9.1 allow us to apply a

time-change argument:

Proposition 5.9.5 (Boundary estimate). Assume we have coefficients satisfying
Definition 5.9.1. For every fixed 6 > 0

T T
E/ v, (0,) dt = / P(X"N € (0,¢);t < m'V)dt = O(£*7)
0 0
uniformly in N > 1, as € — 0.

Proof. Fix N > 1. The first equality follows by the linearity of expectation, the

definition of vV and that the particles have identical laws.
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For the second equality, suppose initially that u = 0. Define
v(t) = [XI’NL = /ta (S,X;’N,Lév)st,
0
which is a differentiable with
(5.9.2) Conin < 00 (1) < Cax-
Therefore v is invertible and

(5.9.3) L <out(t)=Bw®) " <l

max min*

By a change of variable we have

T v(T)
/ P(th’N € (O, 5) ;t < Tl’N) dt = E/ ]_X1,N €(0,e);0- 1 (t)<r 1N : 016?)_1 (t) dt
0 0 e

v~ (1)

and standard theory [KS91, Theorem 4.6] gives that X;Lj\f(.) is a Brownian motion

(with respect to the time-changed filtration). Set By := Xi’,]\f(t) and

P =inf{t >0: B, <0},

then 7% = v(71"). Using (5.9.2) and (5.9.3) we have

T v(T)
(5.9.4) / P(XY € (0,6):t < 7N)dt = E / Licioeypers - O (1) dt
0 0

cmaxT'
—1
< CminE/ 1Bt€(0,€);t<73dt
0

Cmax

gcm}n/ P (B; € (0,e);t < 77)dt
0

- 0(=).

where the final line follows by Proposition 2.2.2.
For the non-zero drift case we use Girsanov’s Theorem [KS91, Theorem 5.1].

For ease of notation, we will write
LN TN LN TN
v ::UM(S,XISN , Ly )d UI(S,XISN , Ly )d :
O'(S,XS’ ,Lé\’) U(S,Xs’ ,Lé\’)

t
M, ::/ /L(S,X;’N,Lév)ds
0

t
I ::/ U(S,X;’N,Lév)dWs.
0

S



142 5. LOSS-DEPENDENT CORRELATION

Define the change of measure
d t B 1 t 2
Zy '——Q :exp{—/ H(S,XI’N,LN)dWS——/ M—(S,XI’N,LN)ds}.
o s s 2 o2 s s
Fi 0 0

"~ dP
Under Q we have that th’N is a martingale, so for any S € F, and p~t+¢q71 =1

we have

P () =Eq 7 '1s] <EBq[77]7 Q(S)" =Ep [77]7 Q(S)"
= exp{c, /Otg—z(s,X;"N,LiV)ds}Q(S)i
= exp{ 1y CmacCit } Q (S)7,
for some constant c,. Setting
S={x"Ne(0,e);t<rN}

and taking ¢ > 1 as close to 1 as is required gives the result. 0

Remark 5.9.6. From the above proof, we see that by including a drift term
we can no longer achieve a boundary estimate of order 0(52), as we could in
Proposition 2.2.2. However, since § > 0 can be taken arbitrarily small, we can
get a decay exponent as close to 2 as we wish. We only require O(sl+5) control
for the kernel smoothing method (condition (iv) of Definition 2.0.3), so this is

sufficient.

Notice that the argument in (5.9.4) is unchanged if we replace (0, ) with any

subset of R, hence the following is immediate:

Corollary 5.9.7. For any 6 € (0,1) there exists ¢cs > 0 such that for every

SCR
5

T csT
E/ vV (S)dt < cs (/ P(BtES;t<TB)dt) ,
0 0

uniformly in N > 1, where B is a standard Brownian motion with initial law vg

and
P =inf{t >0: B, <0}.

Some technical lemmas. This subsection presents a collection of technical
results that will be used in the proof of Proposition 5.9.15. The reader should

skip this material on first reading and use only as a reference. Throughout, we
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will use the notation
N
(5.9.5) 7 =Y by,
i=1

which is the empirical process without killing at the origin, and

(5.9.6) T.¢(z) = /Rws(x —y)((dy), forz € Rand ¢ € .Y,

which is the corresponding smoothed kernel on the whole space. These objects

form an important part of the work in the proof of Proposition 5.9.15.

Lemma 5.9.8 (Interchanging coefficients and distributions). Let g = g(t,x) be

a function that satisfies
x> g(t,z) € C*(R), for allt €[0,T], sup |0 g(t, z)| < oo, forn=0,1,2.
t,x

Define the processes

el (x) =1 (gt )0ute(x — ) — gt 2)0u (Ve(x, ) + Oug(t, x) AL, (x)
h(x) == 5 ((z — - )Opte(z — ),
then .
E/ 1Y oyt =0, as e 0,
0

uniformly in N, and there exists a numerical constant, C' > 0, such that

WY (2)] < CD) (¢hoe(z — +)), forall N >1,t€[0,7T],2 € R and € > 0.

N. . . .
Proof. For the process egvgg , notice that a second-order Taylor expansion gives

(5.9.7) el (x)] < /R 9(t,y) — g(t,x) — (y — 2)0,9(t, )]| 0.0 (. — y) |7, (dy)

1
<5 [ 10wyt =P oele — I ()
R

With fixed ¢ > 0, let A = A(¢) be a function which we specify later that satisfies
A= Ae) — oo as € — 0. For any z € R, by splitting the above integral on
ly — x| < " and its complement we have

|eggg(a:)| < 0153(”_%)95\[(33 — " x4+ ) + e P exp{ ¥ /2).
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By Corollary 5.9.7 applied to 7V (with the absorption at zero dropped from the

conclusion) we have
T
(5.9.8) E/ ||eg,;g||%2(7)\7/\)dt = \(e)O(eB3TOM=3/2 o c=3/2 oxp{ —2171/2}).
0

Now consider the range |z| > A. Decomposing the y-integral in (5.9.7) on

the range |y| < |z|/2 and its complement gives

1
0] < 510usgl | o =i el = )5 )
< oo aulw/2) + erz Y (=00, ~[al/2) U (/2 +00),

with ¢, > 0 another universal constant. Therefore the uniform tail bound gives
(5.9.9)

T o]
B [ 162 ot = O+ [ ) = O )
e

Summing (5.9.8) and (5.9.9) and taking any 7 in the range

3 _ .1
23+ o)

2
and fixing \(¢) = log(e™!) gives

T
E/ ||e§gg||%2(R)dt — 0, as e — 0.
0
The second result follows from noticing that
20,0 (2)] = e 2% (2) = V2e T 2%e e (2),

and that the function z — ze * is bounded. ]

Lemma 5.9.9 (Interchanging integrals for 7). For all n,m > 0, € > 0 and
te0,7T)

t _ _ 1/2
[ (| Bzt @) oo @plas) " ds < o
R 0
hence the stochastic Fubini theorem [Verl2, (1.4)| gives

¢ t
/ / TN () - 0" TN (x)dW,da = / / TN (z) - O Too (x)dedW,.
R Jo 0o JR

Proof. By applying Young’s inequality and concavity of z — /2, it suffices to

show that
t _ 1/2
/ ( / B0 7.7 (2) lds ) da < oc
R 0
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First notice that

Op Ty (x) = 0 (Oftpe(r — ) = 00 (Pu(e™ (& = ))obe( — ),

N

. is a probability measure, Holder’s

where P, is a polynomial of degree n. Since v

inequality gives
(5.9.10) E[|0; .7y (2)|"] < E/ [Pa(e™ (@ = y) ez — y)'5 (dy).
R

For any value of z, the integrand above is bounded (recall that ¢ is fixed). Hence
it suffices to bound the right-hand side of (5.9.10) in terms of x only for large
values of |z|. Splitting the y-integral on the region |y| < x/2 and its complement
gives the bound

E[|0MT.oN (2)]*] < ¢.EvY ((2/2, +00) U (=00, —2/2)) + c. exp{—a?/2¢},

where c. depends only on ¢ and is bounded by some power of e~/2. Therefore
E[|0; T.7, (2)]"] = O(c. exp{—x/8e}),
and this suffices to complete the proof. 0

Lemma 5.9.10 (Idiosyncratic integral). Define the process

N t
_ 1 . ) )
0) =5 3 [ s, XN L0000
=1

There exists a function f1 = fi(e) depending only on € for which

/ 1N (o2 — - ))]dx < f1]£f€)’ for all N > 1,t € [0,T] and e > 0.
R

Proof. Since the W¥s are independent, the quadratic variation evaluates to

N t
_ 1 s
[N (e(x— )] = 7 Z/ o (s, XN LNy (@ — XPNV)2ds.
i=1 70
The result is then complete by noting that

/ Ve (z — XN da :/ V() dx
R R

is purely a function of e. O

Lemma 5.9.11 (An integration by parts calculation). Let f,g € C'(R) be
bounded with bounded first derivatives. Assume also that f and 0,f vanish at
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+o00 and that g and 0,g are bounded. Then

| s@s@p.swie == [ dnglo)s

Proof. This is an easy application of integration by parts. O

Lemma 5.9.12. For every n > 0 there exists a constant C;, > 0 such that

E sup ’2/ /T (cMo,T.oN —|—80MhN+eN” )

u€el0,T

< nE sup ||TVNH2+CE/ || ds+(JE/| N |2ds.

selo.t

Proof. For every fixed ¢, the integrand above is a rapidly decaying function of
x, hence the stochastic integral is a martingale, so the Burkholder-Davis-Gundy
inequality [RWO00, Theorem IV.42.1] gives a univeral constant, ¢; > 0, for which
the left-hand side above is bounded by

t _ _ , 2 1/2
2c1E[< / ( / T.oN (oM, T.oY + 0,0M B, + eMe™) da:) ds> }
0 R

By Lemma 5.9.11, this is equal to a constant multiple of

E[</ot</r{ N(—-0,0MT. oY + 0, O’MhaS—FeQU )d:}:) ds)lﬂ},

which, by Holder’s inequality, is bouneded by a constant multiple of
. 2 = M 1/2
([ 1ol - 0.0 T + 0,002, 4 " ) ]
0

t - M 1/2
<E[ swp |77, /||—8xaé”TEDéV+8xayhgs X as)
0

s€[0,t]

The result then follows by applying Young’s inequality with free parameter 7,
using the boundedness of the coefficients and using the last part of Lemma
5.9.8. 0

Lemma 5.9.13. There ezists a function fo = fo(€) such that

// TN aiN (v (z — - ))da ngZEf),

for all N >1,t€[0,T] and € > 0.

E sup
u€(0,t]



5.9. EXTENDING TO GENERAL DIFFUSIONS 147

Proof. First notice that the process can be written as

N
u B 1 u _ ) )
/ / ToNdIY (e(x — - ))dr = == / / oM TN 0. (v — XN YaW! da.

By repeating the work in Lemma 5.9.9 we can switch the order of integration and
apply the Birkholder—Davis—Gundy inequality to obtain an upper bound that is

a constant multiple of

[ _
¥ | BT 0 — X2 Pdeas,
NJo Jr
and the same reasoning as in Lemma 5.9.10 gives the result. U

Lemma 5.9.14 (Initial regularity). If Vo € L?(0,00), then

tim inf lim sup B 7o | 2 gy < (1Yol 120,y
Proof. First,
_ 1 & ‘ .
(o @) = 15 3 o = Xl — X)),
ij=1

therefore using the fact that the initial values are i.i.d.
— 2 1 2
BTy < el + B [ ule = X3)eto = X

1 2 = 2
= el + I TVo | e .
The result then follows by Proposition 2.6.8, with the absorbing kernel replaced
by .. O

Marginal regularity. As a single particle no longer behaves as a Brownian
motion, we require more sophisticated arguments to deduce the regularity prop-
erties of the marginal densities. The following asymptotic result plays the role

of the arguments in Section 5.5:

Proposition 5.9.15 (Asymptotic marginal L? regularity). If vy has a density
Vo € L*(0,00), then

limsup limsup E sup HTEVtNH;(O
e—0 N—oo t€(0,T] e

)

< limsup limsup E sup HTthNHi?(m < 0%
e=0  N—ooo  te[0,T]

where T, is as defined in (5.9.6).
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Proof. The first inequality follows from the fact that 7.¢ < T.¢, whenever ( is a

non-negative measure. Since v¥ < 7V (as defined in (5.9.5)), it suffices to show

< 00.

limsuplimsup E sup HTEDgVH;(O,oo)

e—0 N—ro00 t€[0,T)]

This allows us to work on the whole real line, rather than the half-line, so difficult
boundary effects are avoided.

By repeating the particle-level calculations from Section 2.3, we have
Ao (6) = o (u(t, L) 2u0)dt + 57 (o1, L) Ora)
+ ) (o (t,, LY)0,0)dW, + dI)Y (),

for any ¢ € .7, since there are no boundary effects in the dynamics of 7"V, so we
no longer have to restrict to test functions satisfying ¢ (0) = 0. Here, IV is as
defined in Lemma 5.9.10. Setting the function y — ¢.(z — y) into the evolution

equation and interchanging derivatives gives
AT (1) = 0,0 (o — V)t + 500 (o7l — )
= 0:7 (0} e (@ — )W, + dIf (¢e(2 = ).
With the notation of Lemma 5.9.8 we have
0,0, (gupe(x = ) = (@)D Tevy () + €0, g0(2) 0,02, + €257 (),
and substituting into the previous equation gives

_ _ 1 _
AT} = — (0, T + OppuhY, + eX)dt + §az(afawTez7§V + 8,020, + N dt

et
— (oM, TN + 0,0 Y, + D VaAW, + dIY (Y(x - 1)),

e\t

where the dependency on z has been omitted for clarity. Applying Itd’s formula

to the square (T.7")? gives

A(T.o))? = =20 (10, T + Dbl + XYt
+ TN 0, (020, T + 8,02k, + &2 )dt
— 2N (oM O, ToN + 8,0 M BN, + XY aW, + 2T.oN dIN (. (x — -
+ (oM OToN + 8,0 MY, + D)2t + d[IN (o (@ — ).

Our strategy now is to integrate over = € R, take a supremum over ¢t € [0, T

and then take expectation. For the first of these we appeal to Lemma 5.9.9, the
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final part of Lemma 5.9.8 and Young’s inequality with free parameter 7 to obtain

t t
|25 2 < 7|+ e / |7 s 4o [ [T
0

by [ 13+ 12272+ ez s

[ o2 i o Vs
0 JR
t
— 2/ / T.oN (oMo, T.oYN + 0,0 h. s + eg”;’M)dxdWS
R

vef | LA (e — )i + [ o= s

where ¢, > 0 is a constant depending on 7. The final term is bounded by fi(¢)/N
from Lemma 5.9.10, independently of ¢. Also, the coefficient on the third line
evaluates to

(002 = n((o5")* + 1+ py),
so it is possible to choose n > 0 small enough such that this expression is not

smaller than zero (recall Definition 2.10.1). Therefore we arrive at the simplifi-

cation
L P ey R ey o
v [l 1 I+ e s
—9 / t /R TN (oM, T.oY + 0,0M h. s + €29 )dzdW,

L NN _ . fi(e)
+2/R/O Tr R (el — o+ T4,

Taking a supremum up to time ¢ and then expectation, and applying Lemma
5.9.12 with n = 1/2 and Lemma 5.9.13 gives

t t
E sup HTVNH2<0EHTV§}|2+CE/ Hﬂagujds+cE/ T |ds
s€[0,t] 0
f(e)

t
v [ et e s+ D
0
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where f = max(f1, fo) and ¢ > 0 is a further universal constant. Using the
bound

t
[ e s < o sup (7]
0 s€[0,t]
and applying Lemma 5.9.8 gives

lim sup limsup E sup HTVNHQ
e—0 N—o00 s€[0,t]

< clim sup lim sup EHT Uy H2 + 2ct lim sup limsup E sup HT VNH2
e—0 N—oo e—0 N—oo s€[0,¢]

Using Proposition 2.6.8 (with the absorbing kernel replaced by 1.) and taking
= (4¢)~! gives

(5.9.11) lim sup lim sup E sup ||T VNH2 < QCHVO

e—0 N—oo s€[0,(4c H2

The proof is completed by propagating the argument onto [(4c)™!,2(4c)™!].

To do this, apply the same work as above but started from s = (4¢)™!, rather
than s = 0. We then obtain
lim sup limsup E sup HTg Dév H;
e—0 N—oo s€[(4e)~1,2(4e) 1
. . N 2 2
< 2clim sup limsup E Sup ||TV H2 (2¢) HVOH2,
e—0 N—oo s€[0,(4c
so by taking an integer M > 4cT
lim sup lim sup E sup HTI/NH2 2CMHV0H2 < 00,
50  Nooo  s€[0,T
as required. O

A direct consequence of the above result is that we can control the maximum
asymptotic mass of vV contained in any interval of R throughout the lifetime of

the process:

Proposition 5.9.16. There exists a constant ¢ > 0 such that for every interval
ICR

NI

limsupE[ sup v (I)] < cLeb(I)?,

N—oo te€[0,7

where Leb denotes the Lebesque measure on R.
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Proof. By the argument at the beginning of the proof of Proposition 5.9.15, we

can work with the process 7V, rather than v~. Given I = (a,b), let
J:=(a—(b—a),a+(b—a)),

so that
Leb (J) = 3Leb (I).

Then, by an elementary argument, there exists £y such that whenever ¢ < ¢

1 _
§XI < T&XJ?

with x denoting the usual characteristic function. Therefore

PN (1) < 2 /R Ty (2) 7 (do) = 2 /, .5 (x) de < 2Leb ()} | Tor

hence the result follows from Proposition 5.9.15. O

Tightness. We only have to make minor changes to the arguments in Chap-
ter 4 to retrieve the corresponding tightness results. First, we consider the loss

function:
Proposition 5.9.17. The sequence of loss functions, (LN)N>1, 15 tight on (DR, Ml).

Proof. As L" is monotone, by Proposition 4.1.7 and Theorem 4.1.11, we only
need to check that for every n > 0
hmsupP sup |LN‘ > 77) — 0 and

n— 00 te(0,0

llmsupP sup |LT Lg_t’ > 77) — 0

n—00 te(0,6)

as 0 — 0. By applying Markov’s inequality, we have the simple bounds
P( sup |LY| >n) <n'ELy =5 'P(r"N <4) and
t€(0,8)
P( sup |[LY — LY_,|>n) <n'E[LY — LY ] =n'"P(T -6 <"V <T).
t€(0,0)
Fixing an arbitrary time ¢ € [0, 7], by conditioning on the value of X; 5 we

have
(5.9.12)

P(t—5<Tl’N§t): P(t 5<7’1N<t‘X é—xo)P(thfgedxo)
0

<P(Xp5e(0,0), t—5<r"N)+P(t—5 <"V <t| X[ =)),
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for any A > 0. By linearity of expectation we have
Ev); (0,0) =P(X N € (0,)),t—d< 1),

The second term in (5.9.12) can be estimated by using Doob’s maximal inequal-
ity: for A < cpaxd

¢ ¢
(t—6<7'1N<t‘Xt6—)\)§P( sup / 02dW5+/ puds 2)\)
t—o<s<t |Ji—s t—6
t
<P( s | [ oW+ b 2 )
t—0<s<t |Jt—6

2
S ()\ - Cmax5>72 E[ sup

t—o<s<t

t
/ a2dW,
t—5

with ¢ > 0 a universal numerical constant. So from (5.9.12) we have

]

<ced (A — cmxé)_2 ,

P(t—6<7"N <t) <E sup 1" (0,A) 4+ 6 (A — Conax0) >
t€[0,T7]

By taking A\ = §'/4 and applying Proposition 5.9.16 we have

lim lim supP( — 5 <V < t) =0,

=0 Nooo

and this suffices to complete the proof. O

To prove that (vV) .,

argument in (4.7.1) remains valid, so we need only check the following results to

is a tight sequence in (D, M), first note that the

verify that the work in Section 4.7 extends to general diffusions:

Lemma 5.9.18 (Increment moments). There exists a constant ¢ > 0 such that
forall0 <s<tand N € N

E[| XN o= XM ] <elt—s)”.

tATHN sATLN

Proof. We begin by introducing the short-hand notation:
t
M, ::/ u(s,Xﬁ’N, Li,v)ds
0

t t
= [ (s X0 LW+ [ on(s X0 L)
0 0

By Proposition A.0.2
(5.9.13)
E[| XN o= XY 1 < 8E[|Mypyin — Moppin|'] + 8E[|Lnsin — Lipnrin|'].

tATHN
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Condition (ii) of Definition 5.9.1 gives
4 _ 4 4
‘Mt/\Ti,N - MS/\Ti,Nl <c (t - S)

max

and by the Burkholder-Davis—-Gundy inequality [RWO0O, Theorem 1V.42.1]

! N N2 | 2 \2 2
/o(u,XZ’ L L) du‘ } <c(2¢.,) (t—3)7,

where ¢ > 0 is a universal constant. We then have the result by (5.9.13). O

4
E[ It/\Ti’N _IS/\TZ',N i| S CE|:

To conclude, we have:

Theorem 5.9.19 (Tightness). The sequence (v, LN, W) from (5.9.1) with co-
effictents satisfying Definition 5.9.1 is tight in the product space

(Dey/,Ml) X (DR,Ml) X (CR,U) .

Checking the regularity conditions. Here, we will verify that for a gen-
eral limit point, (v*, L*, W), condition (v) of Definition 5.9.2 is satisfied. First

we need one technical lemma:

Lemma 5.9.20. Fiz t € [0,T], ¢ € . and g to be one of u, op or 0. Then
the map

t
(& 1) € (Dyr, My) x (Djoy, My) *—>/ §s(g9 (s, ) 9)ds € R
0
is continuous at all points [ € Do) that are strictly increasing.

Proof. Begin by fixing (£, ) with [ satisfying the hypotheses and introduce the

short-hand notation

Gl () =g (s,7,1) ¢ (z) € R.
For any (5, Z) € Dy x D1 we have
(5.9.14)

[ (e - aeas] < [lech) - achla

! I A ! o 7
< /0 |€:(GL — GY)|ds + /0 (& — &) (GY)|ds.

By Corollary 4.4.8 there exists o, 5 € N U {0} and ¢ > 0 such that

| (etet) —&eDas| < |6 - el s+ [ (e~ &) ()]s
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Applying the Leibniz rule gives

164 = Gl = supla22 (s 1) = (s, .0))o )|
B

< sup‘:ca Z (f) P (g(s,x,ls) — g(s,x,l_s))aié(x)‘

zeR =0

B
<) (%) ol suplz o1 s )|

Recalling x; < 25 < - -+ < x,, from Definition 5.9.1, if [, and [, are both elements
of the same interval [z;,x;;1), then we can apply the Lipschitz property in the

loss variable to get

B B
16~ Gl = 3 (7)ol

However, if [, and [, are not necessarily in the same interval, then we can only

ly — l_s‘ = |l5 —l_s‘.

deduce
_ B 3
16~ Gl £ 32 () 16lag - 26mme =2
n=0
Since [ is strictly increasing, the set of times
T i ={s€[0,t] : Iy =x;, for some i =1,2,...,n}
is finite. Therefore, the e-neighborhood of Ty, N. (Tﬁhp), has volume
Leb (N (T-yp)) < ne.

So taking any € > 0 gives

t
G — G d</ cmyel d+/ GL—-G d
[l -Glogs< [ 6= Glags [ 6= Gl

—lip
< / }|Gi—Gl;Haﬁd3+02n€.
[0,6]\Ne (T-yip ) ’

Let Tcons denote the cocountable set of times at which [ is continuous [Whi02,
Corollary 12.2.1]. If I — [ in (D[071},M1), then by [Whi02, Lemma 12.5.1] we

have

lg = 1l;, forall s € Teont,
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and so eventually [, and I, will be contained in the same interval for every
S € Tcont N [O, t] N N& (Tﬁlip)

— note that we require an € of room to ensure that [, is contained within an
interval, and not on the boundary between two intervals. Since the integrands
are bounded, the dominated convergence theorem and the fact that T, is a

full set implies

Gi_GZ dSSC/ ls_l_s d8—>0,
/[O7t]\N€(Tﬁlip) ” HQ”B ' [0,6]~Ne (Tﬁnp) H ||0475

as [ — [, and therefore

¢ .
limsup/ HGlS - GlSHaBds < cone.
-1 0 ’

But € is arbitrary so we conclude

t —
(5.9.15) / &(GL = GY)|ds — 0.
0
Returning to (5.9.14), for every | € Dy
_ LI
HGZSHO“B < QCmaXZ (]) ||¢>Ha7j, for any «, 3,
=0

therefore

) B
dist (G4, 0) < 26max > 27 min(1,) (f) 16lla.)

@3>0 §=0
where dist» denotes the metric introduced in Definition 2.1.1. The dominated

convergence theorem implies

dist,y(rGZ,O) < 2Cmax Z 9—(a+5) min(l,TZ <f> HgﬁHaJ) — 0,

a,820 J=0

™

uniformly in s and [, as » — 0, since

TGi =g (s, . l_s) (ro).

Hence the set
B:={G,:s€0,T],1€ Doy}
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is a bounded subset of . (for every open ball centered at the origin, we can find
A sufficiently small so that the ball contains AB). We conclude that

(6 — &) (GY)| <pp(&—&) = 21612} (& — &) (9)].

We will now adapt the proof of [Whi02, Lemma 12.5.1] to show that for
every € > 0 we can find a § > 0 such that

s (6.€) <5 implies [ pi (6~ €) ds <=,
0

which will complete the proof by (5.9.14), (5.9.15) and Definition 4.4.3.
First note that £ € D, for some n € N (recall Section 4.3), therefore

pB(fs_gu) S C“fs_guufna fOI‘ all S,UE [O7T]7

where ¢ > 0 is some numerical constant. For s € [0,¢] at which & is continuous,
take &4 > 0 such that

[€s+n — &l <&,
whenever |h| < §,. If we take £ such that dp s, (€,€) < 65/4 then, by definition,
we can find a pair of continuous parameterisations, (u,r) of v¢ and (u,7) of 7,
such that

(5.9.16) sup pg(u(so) — @ (so)) V (r(so) — 7 (s0)) < 0s/2.

506[07t]

Now take v € [0,¢] such that
(u(v),r(v)) = (& s),
and vy, vy such that
r(v1) =s—10s, 1(v2) =540,
which, together with (5.9.16), then guarantees that we have
T(v1) < s—0s/2, T(v3)> s+ 0s/2.

Therefore if we take any s’ € (s — ds, s + 05) and find ¥ such that s’ = 7 (v) and

&s = u (v), then
7(v1) <7 (0) <7 (vq),

which forces v; < v < vy (by monotonicity of 7) and so (by monotonicity of r)

s—0s <r(v) <s+Js.
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Hence we have
pe(& — &) <pp(&y — &) + (& — &)
<cllée =&l +pa(u(v) —a (D))
< ce +pplu(v) —u(v)) + pp(u(v) —u(v))
<ce+pp(&—&@) +05/2 < ce+6,.

Since it is no loss of generality to rescale ¢ and d; and to specify d; < €, we

conclude: for almost every s € [0, there exist d; > 0 such that
dp (§, 5) <, implies pp (fsr - Es,) <&, whenever s’ € (s—0d,, s+05) .

By the boundedness of cadlag functions [Whi02, Corollary 12.2.3|, we can

take 7 sufficiently small so that we have

t B t—n B
/ pB(gs_fs) dSS/ pB(’gs_gs) d3+€>
0 n
whenever dp yr, (5, 5) < 1. Since the collection of intervals

{(s —ds, 5+ 55)}se(o,t)

is an open cover of [n,t — 7|, we can take a finite sub-cover

[nat - 77] - {(SZ - 58i7 8 + 5Si)}i:172 ..... k

and set 6 = min; d,; > 0. Then for every s € [n,t —n] and dpu, (§,£) < 6 we

have
PB (gs - gs) ds < g,
hence
t—m B
[ pele - €)as <t
7
which completes the proof. 0

With this result established, [Bil99, Theorem 3.4 allows us to deduce that,
along an appropriate subsequence,
T T
(5.9.17) E/ v (g (s, LE) ¢)["dt < liininfE/ v (g (s, LY*) ¢)|Pdt
0 - 0

for all p > 1. (Note that we can take the p-norm because

t t
‘/ | fs|F ds —/ lgs|” ds
0 0

t
gg/OMvmwpwﬁ—%ma
0
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which doesn’t affect the proof in Lemma 5.9.20.) We now verify (iii)-(vii) of
Definition 2.10.1 in order:

(iii) Every v;'* is a sub-probability measure, so

VtNk (g (87 7Lf9Vk) (b) S Cmax ”(bHocﬂ

thus the condition follows from (5.9.17).
(iv) Follows immediately from Corollary 5.9.7, Proposition 2.2.1 and (5.9.17).
(v) Follows immediately from Proposition 5.9.5 and (5.9.17).
(vi) is unchanged from the original loss-dependent system.
(

vii) This final point requires more work. Notice that

’V: ((g(t"’Lz) —g(t,ZL',L:;)) ¢)|2 = |V: (g(tv'vL:) ¢) —g(t,x,Lf) szk (¢>|21

so continuity at the process level is preserved and we have

T
/
0

T
< liminfE/ Y ((g(t,- L) — g(t., LY*))9) [“at

k—00 0

vi ((o(t. ;) = g(t.2, L)) o) ' dt

k—o0

< liminfE/OT’VtN’“(Hg((t, L) — g(t,x,Lin)))¢’)‘2dt
T

< cnpli]gninfE/ v (|- — x| ) dt

—00 0
T
< cupsup (o~ ) ()| iminf B [ o}% (support ().
yER k—o0 0

From Corollary 5.9.7, for any 6 < 1 there exists ¢s > 0 such that
5

T csT
E/ v (support (¢)) dt < ¢ (/ P(Bt €S;t< T)dt)
0 0

)

< ¢ (/OC(;TP(Blt € S)dt) :

The density B, is bounded by (27¢)""/? so
5

T csT
E/ vV (support (¢)) dt < ¢ (/ t~Y2Leb (9) dt) < Leb (S)°
0 0

where ¢j, ¢§ > 0 are constants, and this competes the proof. So we conclude that

limit points satisfy condition (v) of Definition 5.9.2.
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Limit points solve the loss-dependent SPDE. We will state without
proof that condition (ii) of Definition 5.9.2 holds for any limit point. This is
because the results in Section 5.2 remain valid for (5.9.1) by applying the time-
change argument from the proof of Proposition 5.9.5.

To show condition (iii) of Definition 5.9.2, first notice that the corresponding
particle-level calculation from Section 2.3 gives

1
(5.9.18) v (9) = 51 (ot LY 8,p0)dt + v (u(t, -, LY)0,0)dt
+ v (om(t, -, LY)0p0)dWy + dI}Y (),

where

N t
0 =5 3 [ o (5 X0 1Y) 000 (XY)
=1

which satisfies
IV (8)], < T 102012 N7" = 0.

The martingale argument in Section 5.4 is now applicable, although we need to
set the martingale components from Definition 5.4.1 to the corresponding one
from (5.9.18) and to apply Lemma 5.9.20.

Similar to Section 5.5, we define a tagged particle with the following dynam-

ics:
dX7 = pu(t, X2, L) dit + on (8, X7, L) dWy + o7 (8, X7, L) dW,E
™ =inf{t > 0: X} <0},

with W+ an independent Brownian motion, and the corresponding conditional
law

v (S) =P (X;eSt<r|L"W).
Then by the analogous work to Proposition 5.5.1, we conclude that v* and 7* are
both solutions to the linearised SPDE (Definition 2.10.1). By Theorem 2.10.4
we have that 0* = v* as elements of Dy, hence condition (i) of Definition 5.9.2
is satisfied. Condition (iv) then follows by the work in Proposition 5.5.4, so we

have:

Theorem 5.9.21 (Existence). If (v*, L*, W) realises a limiting law, then (v*, L*)
satisfies Definition 5.9.2 with respect to W and vy.

Uniqueness. We will complete this section by showing the loss-dependent

SPDE has unique solution when the coefficients satisfy Definition 5.9.1. We
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follow the methods from Sections 5.6 and 5.7, however a localisation argument

is required in order to incorporate Proposition 5.9.15.

Theorem 5.9.22 (Uniqueness, law of large numbers). Suppose (5, L) and (é, [N/)
satisfy Definition 5.9.2 with respect to some W and f. Then, with probability 1

& () =6(¢), forallpe.” andt e [0,T].

Therefore if vy has a density Vo € L?(0,00), then the sequence (VN, LN, W)
converges in law to the unique solution of the loss-dependent SPDE with spatially-

dependent coefficients and with initial value vy.

Proof. The convergence result is implied by Theorem 5.9.21 and the first part
of this theorem, so we only need to show uniqueness. Also, by repeating the
argument in Section 5.7 as necessary, it is no loss of generality for us to assume
that the coefficients are globally Lipschitz in loss (that is, to take n = 1 in
Definition 5.9.1).

Define the difference A := ¢! — €2 € D and begin by taking the difference

of the evolution equations satisfied by the solutions, which yields

s 1 - ~ _
do,'T.Ay = — (pTe& — o6 + 0 (1)) dt + éax(a%@ — T8 + e, — e, )dt
— (omT:& — FnTe& + 0 (1))dW,
where for the coefficients we have the short-hand notation

g:g(tax7Lt)7 gzg(t,l‘,it),

and where the notation o (1) is taken from Definition 2.10.3 and €2, and &2, are
the analogous error processes for the two solutions to those in Lemma 2.10.2. By

writing A (g) :== g — g we have
9T — gTe& = Alg), To&y + G124,
and hence
(5.9.19) do, ' T.A = — (A(p), Toéy + T2+ 0(1)) dt
§ 50 (A(0?), T+ PTA ¢ — €2, d
— (Alom), Te& + o T-Ap + 0 (1)) dWs.
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We now introduce the localisation argument. Since & has the tagged particle

representation,
&S =P(X,eSt<7|L,W), SCR,
where for any independent Brownian motion, W+, we have
dX; = p(t, Xy, Ly) dt + opr (8, Xy, L) AWy + o7 (¢, Xy, L) AW
T=1inf{t > 0: X; <0}.
We can therefore define the measure-valued process
&(S)=P(X,€S|L,W), SCR.

The work in the proof of Proposition 5.9.15 (but with the dependence on N

omitted) gives

(5.9.20) liminf E sup HT&”2 < 00.

=0 40,1

By the methods in Section 2.6 we conclude that & has a density process u; which

satisfies

[|ue|, < hIgl_}glf”ngt ,» forevery t € 0,77,
and so
(5.9.21) Sup Hut”Q < lim inf sup ||T§tH2 < o0,

te[0,T) e—0

where we know that the upper bound is finite by applying Fatou’s Lemma to
(5.9.20). However, from Proposition 2.6.8 we have HTE&H2 SHutHZ, SO we con-

clude

for every ¢ > 0.

(5.9.22) sup || 724 ||, <
te[0,7

t€[0,T
If we now define the increasing sequence of stopping times
T, :=inf{s >0: Sup Juell, >n} AT,
te[0,s]
then (5.9.22) gives that

sup sup HT&H2 <n, whenevert <T,,
e>0 ¢€[0,T)

and (5.9.21) guarantees that T, T T, as n — oo, with probability 1.
Returning to (5.9.19), by stopping the equation at time 7, and applying
the calculations from (2.10.7) onwards (which remain valid provided that time
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integrals and expectation are not interchanged and using the fact that a stopped
martingale is a martingale) we arrive at

tAT), tAT,
EHa;ngAt/\TnHE = 7771E |’8;1T8A3H§d8+477(1+77)E ||A(M)5 T:vs +ﬂTaAsH§d8
0 0

tATy

tAT), roo
_E[ |62 ds E/ / A(0?) ToA, Tovdrds
0 0 0

tATy, tATy,
+E [ | TeAs|3ds+ (4 E [ |A(owr) Tevs+omT-As|5ds+o(1).
0 0

Applying Young’s inequality with n > 0 gives
1A(9), Tevs + GTLAG5 < (1+407") [ A(g), Tevslly + (1 +n) [GTA -
By the Lipschitz assumption on the loss variable of g we have that

‘A(g)5| S Clip Ls - [stl,

therefore if s < T,
A, T+ T € (1 )l = LT 1+ ) [0
< (1 + 47771) ncliplLS - zs‘ +(1+mn) HgTEASHZ'

So we obtain a constant ¢, > 0 (depending on n and n) such that

) AT, ) 2N
E||0; T A, ||’ < eoB / 10102 ds + B [ | Ly — L%ds + o(1)
0 0

tA\Ty, roo ) 29 99 9
- / / (6% = (L4 n) 63 +n+4n(1+n) 7*) | T-As| dads
0 0
t t ~
gan/ 107 T A, |[2ds + B / |Lont, — Laprs ’ds + o1)
0 0

t roo
_ /0/0 (&2_(1+n)26—%4+77+4n(1+n)2ﬂ2)‘TeAsATn‘QdI'dS.

For the above estimate, the work in Section 5.6 is now applicable and gives
A = 0 on [0,7},), with probability 1. By sending n — oo we get A = 0 on
[0,7"), and this extends to [0, 7] by the continuity argument in Section 5.7. This
completes the proof. O



CHAPTER 6

A central limit theorem

In this short chapter we show how our methods can be used to study the

fluctuation processes,
N =VN (Y —u) €Dy,

and their associated limit. We will work with the basic model in which the
correlation, p, is a constant strictly less than 1. This assumption allows us to use
the strong estimate in Theorem 3.0.2 for the proceeding analysis and to prove
convergence in the stronger space (Dg,J;). The purpose of this chapter is to
illustrate how we can analyse the system and limiting SPDE when the driving
noise is rougher. Working with the constant correlation model greatly simplifies
this chapter and we do not attempt to provide results for the general model in
Chapter 5 (see Remark 6.0.6). We will also assume that v, has a density V;
which is bounded.

By considering the system at the particle level, in Section 6.5 we will see that

the finite system has dynamics given by

7(0) = S (6) + 5 /0 13 (Oex)ds + p /O [ (0:0)aW. + V1= p2 I (0:0),

where the idiosyncratic driver, JY € D, is defined by

\/N — J, s s

As we have /N scaling, this noise does not vanish in the limit N — oo, therefore
to summarise the system we keep track of the quadruple (VN, oW, JN). In
Section 6.3 we prove the sequence is tight, and this relies on estimates from
Section 6.2 where we apply the central limit theorem for real-valued random

variables to deduce marginal convergence for the system.

163
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Theorem 6.0.1 (Tightness). The sequence (vN, fN, W, JV)

hence relatively compact, in the product space

N>1 s tight, and

(Dy/,Ml) X (Dy/7M1) X (CR, U) X (Dy/,Ml) .

Furthermore, (v™, W, JN)

have the representation

Ns1 Converges in law to the triple (v, W, J) where we

t
J, = / U dWt,
0
with W a standard L? (R)-cylindrical Brownian motion independent of W and
Ui (R) = L*(R), W (9) (2) = Vi ()6 (x).

The process J is described in detail in Section 6.1. It captures the idiosyn-
cratic noise introduced by scaling the fluctuations in convergence and, conditional

on o (W), is a centered .#’-valued Gaussian process with covariance

coves (60) = B[, (6) Ju (1) W] = / v (B0 du, 6 € 7.

It can therefore be regarded as a stochastic space-time white noise, but with its
spatial component weighted according to the o (WW)-random measure v. This is
intuitive; the larger the value v, (S), the greater the potential for the fluctuations
to be large at the space-time location (.5, t).

Again an SPDE arises as the limiting object for the system:

Definition 6.0.2 (Solution). Let g be a probability measure on (0,00), W a
standard Brownian motion and v the limit empirical process with respect to W.
Define J with respect to W and v as in Theorem 6.0.1. Then a stochastic process
¢ € Dy is said to solve the fluctuation SPDE with respect to (g,v, W, J) if the
following hold with probability 1:

(i) For every t € [0,T] and ¢ € C**

6(0) = 9(0) + 5 | €00 di+p [ €00 AW+ VT=PI0.0).

(ii) The regularity conditions (ii)-(v) of Definition 2.0.3 are satisfied by &.

Theorem 6.0.3 (Existence). Let (v, f*, W, J) realise a limiting law of the system
(VN,fN,VV, JN)N>1. (By Proposition 6.2.3 and the established convergence of
VN, we can fix (v,W,J) as in Theorem 6.0.1.) Then f* solves the fluctuation
SPDE with respect to (fo,v, W, J), where fy is a centered Gaussian /" -valued
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random variable with covariance

E[f0(¢)fo(¢)} = VO(¢¢) - Vo(¢)Vo(¢), o, €. L.

This result is proved in Section 6.5 after the regularity conditions are verified
in Section 6.4. As the fluctuation SPDE is linear, the work in Chapter 2 gives:

Theorem 6.0.4 (Uniqueness). Let (g,v, W, J) be as in Definition 6.0.2, then
there exists at most one solution to the fluctuation SPDE with respect to this
quadruple. That is, if €% and €% are two solutions, then with probability 1 we

have

& (o) =€ (o), foreverytc[0,T) and ¢ € 7.

Since v is determined by W, and therefore J is determined by W, from
Theorem 6.0.4 we deduce that the law of any limit point is determined by W.

Hence all limit laws agree and so we immediately deduce weak convergence:

Theorem 6.0.5 (Central limit theorem). The system

(™, W)

N>1

converges in law on the product space
(Dyf/,Ml) X (Dy/,Ml) X (OR, U) X (Dy/,Ml)

to the law of a quadruple (v, f,W,J), where (v, W, J) is as in Definition 6.0.2
and f is the unique solution to the fluctuation SPDE with respect to (fo, v, W, J),
with fo as in Theorem 6.0.35.

Remark 6.0.6 (The loss-dependent model). To extend the work in this chapter
to the loss-dependent model requires us to generalise the techniques from Chapter
5 for the fluctuation process. The present analysis uses the strong estimates from
Theorem 3.0.2, which are only available to us in the constant correlation case. In
particular, to generalise the M;-tightness calculations we would need to derive
equivalent conditions to those in [Bil99, Section 14| for the .J; topology, however
this an open problem [Whi02, Remark 7.2.2]|.

6.1. The idiosyncratic driver

The goal of this section is to understand the precise construction of the id-
iosyncratic process, J. Our main references are [KX95, Chapter 3| and [Hai09,
Section 3|, and also the paper [It683] in which our problem is studied on the
whole space with p = 0.
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Let (-,-) denote the usual inner product on L? (R). We have the following
definition:

Definition 6.1.1 (Cylindrical Brownian motion). We will say the family
[B.(6):t€0.T],6 € I*(R))

is a standard L* (R)-cylindrical Brownian motion if the following hold:

(i) For every ¢ € L?(R), |6, B: (¢) is a one-dimensional standard Brownian
motion,

(11) For all t € [O,T], )\1,)\2 € R and ¢1,¢2 € L2 (R)

By (M¢1 + Aa2) = A By (¢1) + Mo By (92)

with probability 1,
(iii) For every ¢ € L* (R), B.(¢) is a martingale with respect to

EBZO(BS(gZJ):sSt,LDGLQ(R)).

Notice from [KX95, Theorem 3.2.1, Remark 3.2.1] that it is not possible to
find an L? (R)-valued process B’ such that

By (¢) = (By, ¢), for all t, .

However, we do have that

e )
E ¢7 en Bt en )
n=1

where {e,} ., is any complete orthonormal system in L? (R) and that the one-
dimensional Brownian motions {B.(en)},>, are independent [KX95, Theorem
3.2.2]. So, alternatively, by starting with a sequence of independent Brownian
motions on R, we can construct a standard cylindrical Brownian motion through
the above summation, which we note converges in square expectation, since

m+k m-+k

E[ sup (Z((}ﬁ,en)Bt(en) ]<CZ b,en)’ T — 0,

tel0,T] N, =,

as m,k — oo, where ¢ > 0 is a numerical constant from Doob’s maximal in-

equality.
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Now consider the family of maps W as defined in Theorem 6.0.1. From the
proof of Proposition 5.5.5, we know that

Vi(z) < /OOOK(xO,:E)VO(dmO),

where K (x¢,z) is the Gaussian density, therefore by bounding Vj by [|Vo]|,, we
have
Vil o < IVolly,, for every ¢, with probability 1.

Therefore we can confirm that ¥; maps L? (R) to L? (R) since

HWNM@ZA Vi ()10 (2)|* dz < |[Voll. 19115

and so we also have that the operator norm is uniformly controlled:

1Wllo, < VoIl for every t € (0,77,

oo

with probability 1.

It is now clear that .
E/ 148, dt < oo,
0

so we can define the stochastic integral of ¥ with respect to an independent
standard cylindrical Brownian motion, W+, which gives a continuous .#’-valued

process satisfying

</Ot \pdej) (¢) = nf; /Ot (U, (6), e,) AW (en),

[KX95, Section 3.3]. This is the precise definition of J. Note also that ([, U,dW;)(¢)

is a real-valued continuous process with covariation

(6.1.1) 1 (6),J. ()], = /0 (V26 VY ds = /0 e (60) ds.

We conclude that our construction gives a process which is Gaussian when con-
ditioned on o (W):

Proposition 6.1.2 (Conditionally Gaussian process). With W a eylindrical

Brownian motion independent of W, we have that
J = / U, dWt
0
is a . -valued continuous process whose marginals,

(Jt1(¢1>7 Jt2(¢2)7 ceey th(¢k))€Rk7 t17 cee 7tk€[07T]7 ¢1a cee 7¢/€€<§ﬂ7
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are conditionally Gaussian given o (W) with mean zero and covariance

o (60) = BLH () L 0IW] = [ (60) du

Proof. It is straightforward to see that J is centered and has the required co-
variance structure from (6.1.1).
To show the marginals are conditionally Gaussian, for ¢t € [0,7] and ¢ € .%¥

we have that J; (¢) is a square-integrable martingale with

2.0, = [ Iviellas

So for every A € R we have

. 4 b 1 t .
(6.1.2) MO = Mo@) 1) / MO, (¢) = SN / V1202 @ ds
0 0

e Lo [f 12 12 i
n=1
where the [,,’s denote the summands

= / MO (1, (6), ea) AW (e0).
0

and where their infinite sum converges in square expectation.

From Lemma 2.4.1 we have
k
E[Z In‘W} =0, forevery ke N
n=1

and we can extend this fact to kK = oo by noting that
e 2 k 2
E[E[Y nw| | <2B[E[Y n-Y 5|w] ]
n=1 n=1 n=1
k 2
+2B[E[Y v |
n=1
0o k 9
e](3 S0
n=1 n=1

— 0, ask — oo.

oo

Taking a conditional expectation over (6.1.2) therefore yields

t
my = Mo — %)\2/ ||V31/2<bH§msds, m; = E [ez’AJt(¢>)| W} 7
0
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and solving for m; gives

E iIATe () wl = _1)\2 ! VI/Q 2d
0]w] —espf =5 [}

so J; (¢) is conditionally Gaussian.
The result extends to all finite-dimensional margins in the usual way. By

noting that we can rewrite any linear combination:

Z )‘jth <¢1) = 27j (th (wj) - th71 (wj)) = Fk>

for some other v, € R, ¢; € . and t; := 0, we have
B[ W] = E[E["|F, ] [W]
_ E[ez’kalE[eivk(th (k) =Ty (1)) W] W]

t
:exp{—%yz/tk Hvsl/2¢||zds}E[eiF’“*l‘W},
k—1

and repeating the calculation gives the required result. 0

6.2. Marginal convergence

In this section we will show that the marginals of f¥ and JV converge in
law. This requires only basic probabilistic methods, however the results will be
necessary for establishing tightness in Section 6.3.

Begin by noting that, for any fixed t € [0, T], both f~ (¢) and JY (¢)—J (¢)
are of the form

|
with I; conditionally i.i.d. and mean zero given o (W). Therefore the central limit

theorem in R gives that the one-dimensional marginals converge in conditional

distribution to a random variable of the form
(6.2.1) Normal (0, E[(Il)Q w]).

Hence we conclude:

Proposition 6.2.1 (Marginal convergence). For every s <t € [0,T] and ¢ € .S
@)= 2" and 3 (9) - I ()= 27, inR,
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where, conditional on o (W),

7' ~ Normal (0, vy (¢2) — U (qf)) 2) and

2’ ~ Normal (0, / t v (¢)du).

Proof. All that remains is to calculate the variance in (6.2.1) for both cases.

For f¥ (4),
I = Lirit (X)) = (9),
therefore
E[(1)2 W] = E[Licrid (X]) W] + 2B [1,e (X)) W] 11 () — 14 (0)°
=0 (6%) —u(9)"
For J) (¢) — J ()
I = / et (X3) AW,

so this case is trivial. O

Remark 6.2.2 (Non-negative variance). The Cauchy—Schwarz inequality guar-
antees that the stated conditional variance for th in Proposition 6.2.1 is non-
negative:

Vt(¢)2 < Vt(¢2)Vt (R) <y (¢2)a

since 14 is a sub-probability measure.

As the increments of JV are independent, we can deduce the full marginal

convergence of JV to J:

Proposition 6.2.3 (Full marginal convergence for J). For every k > 1, t1,t, .. .,
tr € [0,T] and ¢y, ¢o, ..., ¢, € L we have

(‘]t]:[ (¢1) it ‘]t],\j (¢k)) = (Jtl (¢1) ) th (¢k))7 in Rk’

as N — oo.

Proof. As in the proof of Proposition 6.1.2, for any \; € R we can rewrite

k k
EY = Z)\ij,]]\-f (¢5) = Z%‘ (5 () =I5, ()
=1 =1
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for some v; € R, ¥; € % and ¢, := 0. The work in the final part of that proof
also gives

k
E[e"E W] = [T Blexp{in (4 () = Y, () }[W].
j=1
Since the random variables on the right-hand side are bounded, they are uni-
formly integrable so Proposition 6.2.1 gives
N i
lim E[e"% [W] = [ E[exp {iv; (J, (¥5) = Jo,_, () W],

N—o0 .
Jj=1

which gives the result by the Cramér—Wold device [Whi02, Theorem 4.3.3]. O

6.3. Tightness of the system; proof of Theorem 6.0.1

Here, we establish tightness of the system (v, f¥, W, JV) _ as outlined in
Theorem 6.0.1. Since we know (VN) is tight from Chapter 4, it suffices to
only check that (fV), ., and (JV), .

tightness implies joint tightness (as explained in the proof of Theorem 4.0.4 in
Section 4.7).
In the following proofs, we will proceed by showing that, for every ¢ € .7,

N>1
are tight in (D, M;), because marginal

JN (¢) and fV (¢) form tight sequences in Dy with respect to the .J; topology.
As this topology is stronger than the M; topology, this implies the sequences are
tight in (Dg, M7). We then have the required results by Theorem 4.0.1.

To verify tightness in the J; topology, we will use Corollary 7.2 and Theorem
8.8 of [EK86, Chapter 3| and the work in the proof of Donsker’s theorem for
empirical processes from [Bil99, Theorem 14.3|, which we are able to apply in
this context as the interaction between the particles is simple.

First, the easier result:

Proposition 6.3.1. The sequence (JV) is tight in (D, My).

N>1

Before proceeding, we note the following elementary calculation, which we

will use throughout this section:

Lemma 6.3.2 (Fourth moment). Let X1, X, ..., Xy be real-valued i.i.d. random

variables with finite fourth moment and zero mean. Then

E[(i Xim < KE[X}] + KE[X2] < 2B [X}].



172 6. A CENTRAL LIMIT THEOREM

Proof of Proposition 6.3.1. Asabove, fix ¢ € .. For condition (a) of [EX86,
Chapter 3, Corollary 7.2|, notice that Proposition 6.2.1 gives

Jm P (7Y (@)] > X) < Bo(=( [ w(e?)ds) )

<®(=NT|¢|2) =0, asA— oo

Therefore the compact subset B = [—A, \] C R satisfies our requirements.

For condition (b), since JV (¢) is a martingale with

[‘]N (QZS)} = i f:/t ¢(Xi)21s<fid37
: t N — 0 s

the Burkholder-Davis-Gundy inequality gives a universal constant C' > 0 such
that

4
E[(JN (¢) — IN (9)"] < CllgllL (t — ).
Hence we are done by applying [EK86, Chapter 3, Theorem 8.8|. O

To show that (fN) N> 18 tight, we first demonstrate the following result:

Proposition 6.3.3 (Loss process increments). There ezists constants ¢; > 0 and
B € (0,1) such that for every s <t we have

E[(Li— L)*] <ci(t—9)""7.

(The range allowable 5 depends on the parameter v from Theorem 3.0.1; see the
final line of the proceeding proof.) Therefore by Kolmogorouv’s continuity criterion
|[EK86, Chapter 3, Corollary 8.10|, L has a continuous version.

Proof. Fix s and ¢t. From the definition of L (HERE) we have
E[(L;—L)°] = E[P(s<7 <t{W)P(s<7*<t|W)]

= P<S<7‘1,7‘2§t).
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Writing P,, ., to indicate that we are conditioning on the event that (X!, X?2) =

(x1,x2), we have

E [(Lt — Ls)z} = E/ / P. (S <7< t) Vs (dxy) vs (dxs)
o Jo

< E/ / P oy (s<7!, 77 <t) vs(day) vg(das)
(t-5)7J (t—s)"
+ B[ 0, (t - 5)")°]

< 9E /( TP, (s< 7 <) vy(da) + B[w, (0, (t - 5))’]

t—s)"
where 7 > 0 is a free parameter and where we are using that the conditional

independence of the particles gives
P (X! € duy, X? € dxs) = E [v, (dzy) v, (dz2)] .
If 21 > (t — 5)", then

1 _ 1 .
P, (s <7 < t) = P(ycO +0<}£€7th < 0)

=20(—(t - s)_% x1) <20(—(t — s)_(%_"> ),
therefore we have the bound
E[(L; — Ly)’] < c(t —s)" 4 40 (— (t - s)‘(%‘”) ),

where we have used Theorem 3.0.2 and where ¢ > 0 is some numerical constant.
The proof is now complete by choosing

1+ - 1
T=35 v 2

where [ is any number satisfying
0<p< %

Now, we have that the random variables {L,:},., are i.i.d. and uniform when

conditioned on o (W), since

P (7 <t|W) =L,
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by definition. Therefore if we define

N
§ 7'1<t

7,:1

FN =VN (LY -

2)—‘

and L™ (t) =inf {s > 0: L, = t}, then

N
1
FIJJ\Cl() - = (]_LTz.St—t)
t \/N ;

and the work in the proof of [Bil99, Theorem 14.3] gives that for t; <t < ¢,

E[(Fig) = Frlan) (B — Fiog) W] < 6(t = t1) (12— 1).
We therefore recover that

BI(EY — B (R — VW] < 6(Li — L) (L, — L),

so Proposition 6.3.3 and the Cauchy-Schwarz inequality imply
(6.3.1) E[(FY — FY)(FN, — FN)*] < h™*?, forall ¢,h > 0,

where ¢, > 0 is a numerical constant.
In the following result we use (6.3.1) in order to apply [EK86, Chapter 3,
Theorem 8.8|:

Proposition 6.3.4. The sequence (fV) is tight in (D, My).

N>1

Proof. Condition (a) of [EK86, Chapter 3, Theorem 7.2] follows from the same
working as that for condition (i) in the proof of Proposition 6.3.1, so we will omit
the details. We will then be done if we can verify that the conditions of [EK86,
Chapter 3, Theorem 8.8] hold.

To do this, first notice that we can write

1 N
N :_E I
ft <¢) 5 /—N p 79
where

]i - QZS(XZ) ]-t<7'i - ¢(XZ) ]-s<7'Z — U (Qb) + Vs (¢)

and this can be rewritten as

Ii = ¢(Xipn) = 0(Xipri) = 0(0) (Lricy — Lricy)
— (7(¢) = 5(8)) +&(0) (Le — Ls).



6.3. TIGHTNESS OF THE SYSTEM 175
Therefore we have that
(6.3.2) () = 15 (9) = =0 (0) (FY = FY) +all,

where we define

ZKm K; —Qb t/\T) ¢( S/\’T‘) (Dt(qb)_ﬂs(gb))‘

By applying (6.3.2), Proposition A.0.1 and Cauchy-Schwarz we have

E[(fn(0) = 1Y (¢>)>2(ftN (¢> — [¥(9))°]
= 4l¢ () B[(FY, — )" (FY - FY,)"]
+4w<o>|2E[<am+h>‘*PE[<FN F%)']
+416 () E[(0V,)"] E[(ﬂfih—FtN)“}
+416 (0) E[(af ht) ] [(O‘t+ht)4] :

From the calculation in Lemma 4.7.1 we know that

[NIES N

D=

NI

E[(aﬁ)ﬂ = O((t — 5)2 ), uniformly in NV,
so this fact and (6.3.1) gives

(6:3.3) BL(N(0) — £Y(6) (£ (0) = 120 (0)’]

E[(FY - FY,)']70(h)

+E[(FY, — FY)'T*0(h) + O(n'*+?).
Now, Lemma 6.3.2 implies
E[(FY - FN)'] < 2B[(Lrc — L — Loc + L)',
and then Proposition A.0.2 with N = 2 and p = 4 implies
B[(FY ~ F)'] < 2'B[(Lie — 1oc)'] +2'B[(L ~ L)),
<2'Ellyiq — Luic,| + 2'E[L; — L]
=2°E[L, — L],

where we have used the fact that the random variables on the right-hand side

have absolute value not greater than 1. By Cauchy-Schwarz and Proposition
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6.3.3 we get

148

—o((t-9")

N

E[(F" - FY)'] <2°B[(L - L)°]
Setting this into (6.3.3) gives

E[(f54() = £ (0))" (£ (0) = f¥4(9))°] = O (),

with 0 = SA (1+8/4) > 0. Therefore condition (b) of [EK86, Chapter 3, Theorem
8.8] is verified, so the proof is complete. O

By the discussion at the start of this section, we have Theorem 6.0.1. U

6.4. The regularity conditions

The results of the previous section make the regularity conditions very easy

to check for a general limit point (v, f*, W, J). First, by fixing a sequence (i),

along which the weak limit is obtained, observe that the portmanteau theorem

[Bil99, Theorem 2.1] and Corollary 5.1.4 give a cocountable set of times T C
[0, 7] on which

B[

FE @] < liminf B[] (6)|"].

for any p > 1. By Proposition 6.2.1

@] <E[Z]] <o) EB[ln (6) —n(0)]"]
< c(p)Bln (%))

(6.4.1) E[

where ¢ (p) is the numerical constant
¢(p) = E[[Normal (0, 1)|"],

and where in the final line we have used Remark 6.2.2.
Since v (%) < ||@|>., condition (ii) of Definition 2.0.3 is immediate. With

[ele)

¢y as in (iii), Cauchy-Schwarz gives

B[l e <o [ Bu (@) )

< c(4) T (/OTEH% (¢§)mdt)é

Therefore (iii) holds for f*, since ¢3 has the same properties as ¢, and taking

the square-root in the final line does not change the asymptotic behavior because
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we can vary the exponent ¢ condition in (iii) for v. Similarly if ¢ is supported
on (—o0,0) then so is ¢?, so again condition (v) remains valid.
Finally, we will show (iv). With ¢. as specified in the condition, Proposition

6.2.1 gives

E/OT ft*(¢e)|2dt = /OTE [4(82) — vi(¢o)?]dt < /OTEyt(O,a)dt,

so we are done by Proposition 2.2.2.

Remark 6.4.1 (The H ! method is necessary). In order for the L? method from
[BHH"11] to be applicable, we require 0(53”) control in this final calculation.
However, the above only gives control at the level of Ey, (0, ), which is 0(52).
Furthermore, it is not the case that we have lost information in the bound in

(6.4.1), since if we set ¢ = x (o) We have

E[v4 (xfo.) — % (x00)"| = Br1(0.) ~ B[(0.¢)*].

and we know from Theorem 3.0.2 that this final term is bounded below by a
constant multiple of €377, so the expression is still only O(g?). Therefore, in
order to analyse the fluctuation SPDE with the kernel smoothing method, it is

necessary to consider H~! energy estimates.

6.5. Proof of Theorem 6.0.3 and Theorem 6.0.4

Existence. First, let us consider the initial condition in Theorem 6.0.3. The
random variables {X}}.., are assumed to be i.i.d. with law 1y, so it is clear that

any finite vector of marginals of the form

) = < 3160 (9]

converges weakly to a Gaussian vector, by the central limit theorem. The co-

variance can be calculated from

E[fy' () /' (¥)] = % fj E[(¢(X5) —10(9)) (¥ (X5) = vo(¥))]

To show that condition (i) of Definition 6.0.2 is satisfied for a general limit

point we will use the martingale method from Section 5.4. To capture the effect
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of the driver JV, we need to introduce another component process, which we
denote by I?.

Definition 6.5.1 (Martingale components). For a fixed test function ¢ € C***
define:

( ) M¢ D// — DR,
M) @)= 5:6) = 1o 6) — 5 [ S @urt) s

()S¢ D//XD}M%DR,

S, f) () := M() (1) — / (1, (0:6) + (1 — 0 1s (8:6)°)ds

(iii) C¢: Dy x Cr — Dr,

CO(fow) (£) == MP(f) (1) -w (£) — p / 1, (0:0)d

( ) 17 D;ﬂ/XDy/XDy/—)DR,

19(u, £,5) (t) = MO(f) (¢ V1o / £ (9,6) d

Subtracting the basic SPDE for v from equation (2.3.2) for vV and scaling
by v'N we obtain

Y0 = 10+ 5 [ £500)is | £ @)W+ TP 0,0),

which can be rewritten in terms of the martingales components as

(6.5.1)  MO(fN)(t) = M?(f +p/f 0, 0)dW + /1= p2 T (0,9).
From this equation it is straightforward to obtain:
Lemma 6.5.2. For cvery ¢ € C'*', the processes
MO (), S2(WN, ), CO(fN, W) and 12 (VN fN, TN
are all square-integrable martingales.

Proof. First, begin by noting that, since the summands in f (¢) are centered

and i.i.d. given o (W), we have
B[|£* (0) W] = Blo(X!) Len [W] < 0]

It is then clear that all the processes are square-integrable.
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From (6.5.1) M?¢(f") (¢) is a martingale. Applying Ito’s formula to the square
of M?(fN) gives

s (™, fY) () = 2M? (f7) (t) dM?(f™) (1),

[(Me(fM)], = / t(pr;V (0:0)° + (1 = p*) vy (0:0)°)ds

Therefore S?(vY, fV) is a martingale. The processes C? and I? are seen to be

martingales by the same reasoning and noting that
t
[M?(fN), W], =p / fY(0:¢)ds and
0
t
(M (Y)Y (0,0)], = V1= 72 / v ((0,0)°) ds.
0

O

With the above lemma, the work in Section 5.4 leading up to Proposition

5.4.4 is applicable, therefore we shall omit the calculations and just conclude:
Proposition 6.5.3. Let (v, f*,W,J) be any weak limit point. For every ¢ €
C*t the processes M?(f*), S(v, f*), CO(f*, W) and I°(v, f*,J) are all square-
integrable martingales.
This result implies that
t
[ar(), :/ (12 (0.0)" + (1= ). (020"},
[M ( =p / fi(0x0)ds and

M), J (2:9)], = VI— 77 / vy ((0.0)%) ds

and so we compute that the quadratic variation

{W(f*) - p/.f:(axQS)dWs - Jl——pQJ(é’xcb)]
= [MO(s7 _|_p/f 0,0)" ds + (1— p)/Vs((x¢))

9 /0 F2@:8)d [MO(F), W], — 23/T— 22 [MO(f), . (8:0)],
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must be zero. Hence we have condition (i) of Definition 6.0.2. Condition (ii) was

checked in the previous section, so we have completed the proof. O

Uniqueness. Proving Theorem 6.0.4 is simple. Take two solutions £ and &2
of the fluctuation SPDE with respect to some (g, v, W, J). Define their difference,
A € Dy, to be

A (9) =& (¢) — & ().
By Remark 2.0.4, A satisfies condition (ii) of Definition 6.0.2. Also, by subtract-

ing the linear evolution equations for ¢! and &2 we get that

NOEE /0 A (Orat) ds + p /0 A, (0,6) AW,

In other words, A solves the basic SPDE from Definition 2.0.3 with zero initial
condition, hence A = 0 by Theorem 2.0.7. OJ



APPENDIX A

Elementary facts

Inequalities. In computations we make frequent use of the following basic

inequality:
Proposition A.0.1. For every a,b € R, (a + b)2 < 2a% + 2b%.
And we also use the generalisation:

Proposition A.0.2. Let N € N, aj,as,...,any € R and p > 1. Then

N P N
DIIESUES SIS
i=1 =1

Proof. Apply Hélder’s inequality in RY:

N N 1/p
‘Zai =111 ) (anas, ) < NS )
=1

i=1
where ¢ is the Holder conjugate of p. We are done since p/q =p — 1. U

Gaussian tails. Throughout we will use the notation

o =i ten{-T1 e@= [ owa
Proposition A.0.3. Let 2> 0, then
<a:-1 — e )o(s) < 8(—) <o76(2).
Proof. 9,6 () = —z

, SO we have

¢ (z
/cb dy<:v1/ yo (y)dy =29 (),

since in the range of integration 1y > 1.

For the lower bound, applying integration by parts gives

P (—w) = /OO yyo(y)dy =3¢ (x) — /OO y 20 (y) dy,

and then we are done by using 7!y > 1 in the final integral. 0

181
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Corollary A.0.4. If z > /2, then
1
ix’% () <®(—z) <2 '¢ ().

Proposition A.0.5. For every 0 < ¢; < 1 and polynomzial p, there exists co > 0
such that
p(z) ¢ (2)] < cadp(crx),  for every x € R.

Proof. Without loss of generality, take p (z) = z* for any k € N

p@o@| _ [ (L-e)s
olezy p{ 2 }%0’

as |x| — oc. O

Proposition A.0.6. For every x,y > 0 and € > 0 we have

exp{—%} —exp{—%} < 2€1xyexp{—%}.

Proof. Factorise exp {— (x — y)2 /26} from the left-hand side and then apply
the inequality 1 —e™* < z. O
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