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ABSTRACT: Vertex algebras that arise from four-dimensional, N' = 2 superconformal field
theories inherit a collection of novel structural properties from their four-dimensional ancestors.
Crucially, when the parent SCFT is unitary, the corresponding vertex algebra is not unitary in
the conventional sense. In this paper, we motivate and define a generalized notion of unitarity
for vertex algebras that we call graded unitarity, and which captures the consequences of
four-dimensional unitarity under this correspondence. We also take the first steps towards a
classification program for graded-unitary vertex algebras whose underlying vertex algebras are
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about the R-filtration for these vertex algebras, we show that only the (2, p) central charges
for Virasoro VOAs and boundary admissible levels for 815 and 813 Kac-Moody vertex algebras
can possibly be compatible with graded unitarity. These are precisely the cases of these
vertex algebras that are known to arise from four dimensions.

KEYWORDS: Conformal and W Symmetry, Extended Supersymmetry

ARX1v EPRINT: 2507.23781

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP06(2026)075


https://orcid.org/0000-0001-8600-4966
https://orcid.org/0000-0001-8820-2835
https://orcid.org/0000-0001-7410-2251
https://orcid.org/0000-0001-9587-3936
mailto:madalena.lemos@durham.ac.uk
mailto:leonardo.rastelli@stonybrook.edu
mailto:christopher.beem@maths.ox.ac.uk
mailto:ardehali@umich.edu
https://doi.org/10.48550/arXiv.2507.23781
https://doi.org/10.1007/JHEP06(2026)075

Contents

1 Introduction 1
2 VOAs from four dimensions: review and structure 6
2.1 Review of VOA constructions from 4d 6
2.2 R-filtration and the associated vertex Poisson algebra 8
2.3 Conjugation and positivity 11
2.4 Simple examples 15
3 Graded unitarity for Virasoro VOAs 16
3.1 Constraints from graded unitarity at low level 17
3.2 A candidate R-filtration 18
3.3 Only (2, ¢) minimal models 19
4 Graded unitarity for 8l affine current algebras 22
4.1 R-filtration expectations 23
4.2 Constraints from graded unitarity at low levels 24
4.3 Only boundary admissible levels 24
5 Higher-rank current algebras 26
5.1 8l3 31
5.2 8l 32
A Superconformal algebra and multiplets 33
A.1 R-symmetry algebra 33
A.2 Superconformal algebra 34
A.3 Chiral subalgebra conventions 34
A.4 Superconformal multiplets 35
B Two point functions and radial quantization norms 36
C Proofs of combinatorial identities 37
C.1 Exponent identity for 8l 38
C.2 Exponent identity for 3[y 39
C.3 Exponent identity for all simply-laced g 40

1 Introduction

To any four-dimensional N' = 2 superconformal field theory (SCFT) one canonically asso-
ciates [1] a vertex operator algebra (VOA):

V: 4d SCFT — VOA. (1.1)

The VOA arises as the cohomological reduction of the full local operator product expansion
(OPE) algebra of the four-dimensional theory T with respect to a certain nilpotent supercharge.



As a vector space, the VOA V[T] comprises the Schur operators of T, a class of local
operators belonging to specific shortened representations of the four-dimensional N' = 2
superconformal algebra.

The map V appears to be essentially injective, as no examples are known of two genuinely
distinct four-dimensional theories that yield the same VOA.! However, it is not surjective.
According to a basic entry of the 4d/2d dictionary, the VOA central charge c is related to the
four-dimensional Weyl anomaly coefficient c4q by the universal relation ¢ = —12¢44. It follows
that any unitary four-dimensional SCFT (for which ¢4q > 0) maps to a nonunitary VOA. More
dramatically, a central conjecture [2], for which there is now overwhelming evidence, asserts
that the Higgs branch My of the four-dimensional theory (viewed as a holomorphic symplectic
variety) is isomorphic with the associated variety [3] of the corresponding vertex algebra,

Mu([T] = Xy - (1.2)

Granting this conjecture, VOAs that arise from this correspondence must be quasi-lisse [4],
which by definition means that their associated varieties have a finite number of symplectic
leaves. Quasi-lisse VOAs enjoy interesting modular properties, partly generalizing those of
rational VOAs. To wit, their vacuum character? (which in the 4d/2d dictionary corresponds
to the Schur index of the parent theory) obeys a finite-order, weight-zero, modular linear
differential equation (MLDE). The connection with the physics of the Higgs branch goes
further. At least in a large class of examples, one can construct remarkably well-behaved
free field realizations for V[T], whose ingredients can be read off from physical data on
the Higgs branch of 7 [5-8|.

It is clear that VOAs in the image of the map V enjoy structural features that make
them better behaved than generic VOAs in many ways. It would be desirable to distill the
properties of VOAs that descend from four dimensions into a set of additional axioms (on
top of the standard axioms of a VOA) to allow for their intrinsic study without reference
to four-dimensional physics. Their classification, for example, could then be made into a
well-posed mathematical problem. The principal aim of this work is to take steps towards
such an axiomatization.

We start with the vector space underlying a VOA in the image of V. This is identified with
the vector space V of Schur operators in the pre-image theory, and therefore comes equipped
with a triple grading. One grading is by the U(1), charge, which plays the role of cohomological
degree in the reduction that yields the VOA from the parent SCFT; we will denote it by a
superscript, V*. The other two gradings are by the holomorphic conformal weight h and by

!Two caveats are in order for this statement to be true. First, we work modulo exactly marginal deformations,
as theories on the same conformal manifold map to the same VOA. Second, we only keep track of the local
operator algebra of the theory in R*. There are well-known examples of theories which have the same local
OPE algebra but differ in their extended operator data or when placed on spaces with nontrivial topology
(i.e., Lagrangian theories with different choices of compact gauge group for given gauge algebra). It is generally
believed that the finer classification that includes such “global” data amounts to at most a finite number of
additional choices for each local OPE algebra.

2In fact, the character of any simple ordinary module. A quasi-lisse VOA has finitely many simple ordinary
modules [4].



the (half-integral) weight R of the Cartan subalgebra of the 81(2)r symmetry, so we have

V= P Vixr. (1.3)

h,RELIN

While conformal weight and cohomological degree fit naturally into the standard axiomatic
package of a VOA, the additional R quantum number is not and plays a central role in
structuring the VOAs in the image of V.

For example, for a given conformal weight h, four-dimensional considerations dictate
that all states must obey R < h. The value of R keeps track of the precise four-dimensional
superconformal multiplet to which a given Schur operator belongs, which is precious physical
information. Operators with R = h (the maximum possible value at a fixed conformal
weight) are the Higgs branch chiral ring operators, which have nonsingular operator products
and define a commutative C-algebra that is identified with the coordinate ring C[Mp] of
the Higgs branch.

What makes the R-grading subtle relative to the associated VOA is that the vertex
algebra OPE is not R-equivariant. However, defining instead an ascending filtration by R
(which we denote by R4V), one sees that the filtration is necessarily good (in the technical
sense). By a standard construction [9] one can take a commutative limit of the VOA by
passing to the associated graded of any good filtration; the resulting algebraic structure is that
of a vertex Poisson algebra (VPA). The VPA obtained by taking the commutative limit with
respect to the R-filtration coincides with the VPA defined by the holomorphic-topological
(HT) twist [10] of the four-dimensional parent theory [2]. Conversely, one can view the VOA
V[T] as a deformation quantization of the VPA that arises from the holomorphic-topological
twist of 7; this can be made transparent by realizing the VOA in terms of a certain Omega
deformation [11, 12] of the holomorphically twisted theory.

In this paper, we focus on a further fundamental, structural feature of VOAs in the image
of V: their compatibility with four-dimensional unitarity at the level of two-point functions.
From a purely VOA perspective, this unitarity is a hidden feature, as the R-grading of states
is required in order to formulate it. We provide a careful axiomatization of the requirements
of four-dimensional unitarity on R-filtered VOAs, culminating in the definition of a graded
unitary vertex algebra. The essential point is that four-dimensional unitarity implies the
existence of an order-four anti-linear VOA automorphism (which we call the conjugation p);
in terms of this conjugation and the R-filtration one may define an Hermitian form that
differs from more standard VOA pairings and is required by unitarity/reflection positivity
to be positive definite. These definitions are closely related to similar notions that hold in
the context of hyperkidhler geometry.

With a formulation of graded unitarity in hand, we return to the question of surjectivity
of the map V. How restrictive are the constraints of four-dimensional unitarity? When asking
this question in complete generality, one faces a basic obstacle. Given the presentation of
VOA in terms of a set of strong generators and their singular OPEs, it is a priori unclear
how to determine the R-filtration. Even when one has a precise opinion about the R-charge
assignments of the strong generators (as one often does: notably for the stress tensor and
for generators of the Higgs chiral ring), to our knowledge there is no general principle that



fixes the R-grading for composite operators, and indeed there are known examples where
the naive charge assignment requires modification. For composites of low conformal weight,
one can often resolve any ambiguity by appealing to the principle that an interacting SCF'T
should contain no conserved higher-spin currents, and already from that information one
can derive some powerful consequences of four-dimensional unitarity [1, 13-15], including
several profound inequalities involving the central charge and the levels of affine Kac Moody
(AKM) subalgebras. Nevertheless, it is clear that this only scratches the surface of a much
richer set of constraints.

To make progress, in this work we focus our attention on several simple classes of VOAs
(assumed to arise from four dimensions) for which there are compelling general conjectures
for the R-filtration. We first consider the case where the VOA is just the simple quotient
of the Virasoro vertex algebra at some (negative) central charge ¢. The VOA (presumed
to be in the image of V) is then strongly generated by a single operator, the stress tensor,
with standard self-OPE. We know that the set of such VOAs arising from four dimensions
is nonempty: there exists an infinite sequence of SCFTs (the (A, Agi) Argyres-Douglas
theories) that maps to the Virasoro VOAs with ¢ = ¢ 9543, where ¢, 4 is the central charge
of the (p,q) Virasoro minimal model. One desideratum of our program would be to prove
that these values of the central charge are the only ones compatible with four-dimensional
unitarity. In the present work, we make the additional assumption that the R-filtration is
such that the p'™ filtered subspace is the one spanned by normal ordered products with at
most p stress tensors (allowing derivatives). (This is expected to be the correct filtration for
the (A1, Agi) Argyres-Douglas theories [16, 17] on the basis of calculations of the Macdonald
index [18], which counts Schur operators with an extra fugacity that encodes R charges.)
Strikingly, with this assumption in place, we are indeed able to prove by a straightforward
combinatorial argument involving the sign of the Kac determinant that any other value of
the central charge would violate the sign-requirements of graded unitarity.

The next natural class of examples are affine current algebras, starting with the easiest
case of 8ls. We again posit a four-dimensional SCFT whose associated VOA is precisely
the simple quotient of the 8ls current algebra at some level k. There is again a compelling
guess for the R-filtration, which now takes into account a well-known correction due to the
Sugawara construction of the stress tensor. The normal ordered product of two currents in
the singlet representation is proportional to the VOA stress tensor, which must be assigned
R =1 (rather than the naive R = 2 from adding the charges of the constituents). Under
the assumption that this is the only correction to the naive filtration based on counting
charges of strong generators, we are able to show that the only values of the level that are
not incompatible with graded unitarity are the Kac-Wakimoto boundary admissible levels
k=-2+ %_H Remarkably, those are the only levels that have been observed in the wild:
they arise in the (A, Day4+1) sequence of Argyres-Douglas SCFTs.

One can begin to pursue an analogous analysis of current algebras of higher rank. A
plausible proposal for the R-filtration now involves making corrections for all the higher
“Casimir operators” (note that beyond the 83 case, establishing that such a filtration is good
appears nontrivial). We analyze in some detail the cases of 3I3 and 8[4. For 8[3 we again
find that the only levels not disallowed are the boundary admissible ones k34 = —3 + % with



q coprime to e. For 8I4 we find that at our level of analysis, in addition to the boundary
admissible levels, some inadmissible levels (namely ks , = —4—{—% with ¢ odd) are also not ruled
out. We expect that a more refined state-level analysis may be able to rule out these values;
in particular for k = ko1 = —2 the vertex algebra is known not to be quasi-lisse [19, 20], while
the boundary admissible levels are known to arise in generalized Argyres-Douglas theories. It
would be desirable to develop more streamlined combinatorial methods to impose graded

unitarity constraints on general current algebras.

In summary, the constraints of four-dimensional unitarity appear to be extremely restric-
tive. Making plausible assumptions about the R-filtration of some natural infinite classes of
VOAs that might arise from four-dimensional SCFTs, we have found that central charges
and levels can only take very special discrete values. We should emphasize that we have
only imposed an extremely limited subset of the graded unitarity constraints, namely that
the determinant of the relevant Hermitian form should have positive sign on a given weight
space. In principle, the whole form must be positive, a much stronger constraint. For the
infinite sequences of VOAs that are known to arise from four-dimensional SCFTs (such as
Virg o+3 and boundary admissible current algebras) we have compelling four-dimensional
reasons to believe that the stronger positivity statements must be true. This leads to a set
of intricate mathematical conjectures (positivity of a certain well-defined hermitian form
on each of these filtered vertex algebras).

It would be desirable to show that the presumed R-filtrations are, in fact, fixed by the
requirement of graded unitary itself. One may attempt to systematically “bootstrap” the
R-filtration on subspaces of increasing conformal weight, imposing goodness of the filtration
and positivity of the hermitian form. Preliminary explorations in this direction have been
inconclusive, partly because a brute force analysis quickly becomes computationally too
expensive, but the general idea may still be viable. Alternatively, there could be multiple
R-filtrations compatible with the axioms, with the physically correct one selected by some
additional principle.

There is an important clue that the R-filtration may be intimately related to some
generalized notion of geometry. As mentioned above, some large classes of VOAs arising from
four dimensions admit free field realizations motivated by the effective field theory on the
Higgs branch [5-8]. In these examples, V[T] is realized as a subalgebra of a vertex algebra
Vepr[T], which comprises a set of chiral bosons encoding the Higgs branch geometry, as well
as an “irreducible” building block V[7ir] (whose associated variety is a point) corresponding
to the residual IR, SCFT 7Tig at a generic point of the Higgs branch. The chiral bosons carry
a natural filtration inherited from the scaling symmetry on the Higgs branch, while V[7ig]
carries its own R-filtration, often known from independent considerations (e.g., knowledge
of the Macdonald index of 7ig). The resulting total filtration is conjectured to coincide
with the R-filtration on V[T] C Vgpr[T], and many checks have been carried out in various
examples. The upshot is that free field realizations provide a partial geometric picture for
the R-filtration. This picture is only partial because the R-filtration of the irreducible vertex
algebra V[7ir] must be supplied by hand.

The organization of the paper is best apprehended from the table of contents. In section 2
we review some basic facts about the SCFT/VOA correspondence, with an emphasis on



the role of the R-filtration. We then carefully axiomatize the implications four-dimensional
unitarity at the level of two-point functions, culminating in the definition of a graded unitary
vertex algebra. In section 3 we enforce the constraints of graded unitarity on the simple
quotient of the Virasoro algebra at central charge ¢, under the assumption that the R-filtration
is the naive one, based on counting the number of stress tensors. We prove that graded
unitarity can at most hold for the “boundary” minimal model levels ¢ = c3 2141 — precisely
the values realized in the (Aj, Agx) sequence of Argyres-Douglas theories. In section 4 we
perform a similar analysis for the simple quotient of the 3Is current algebra, assuming that
the R-filtration is the natural one that corrects that naive filtration (based on counting
currents) to account for the reduced R-charge of the Sugawara stress tensor. We prove that

the level can at most take the boundary admissible values k = — which are realized in

an
2n+17
the (A1, Dap+1) sequence of Argyres-Douglas theories. In section 5 we begin to generalize

the analysis to current algebras of higher rank, studying in some detail the cases of 8l3 and
81,4, under a plausible assumption about the R-filtration. Three appendices complement the
text with background material and some technical details.

2 VOAs from four dimensions: review and structure

Vertex operator (super)algebras® that arise from four-dimensional SCFTs via the twisted
construction of [1] come equipped with a package of additional structures that go beyond
those of a bare vertex operator algebra; these additional structures have been exploited
to varying degrees in previous work on the subject (see, e.g., [14, 15]). In this section, we
formalize this package in the abstract. Many aspects of the story here run parallel to the
related case of deformation quantization of Higgs branches arising in three-dimensional N' = 4
SCFTs [21], which has been rigorously formalized in terms of short, positive star products
in [22, 23]. It would be very interesting to further investigate the specific connection between
these two structures (along the lines of [24, 25]) in greater detail.

2.1 Review of VOA constructions from 4d

We briefly recall the construction of [1]. The starting point is a general four-dimensional
N =2 SCFT, and in particular its (pre-Hilbert) space H (o) of local operators inserted at a
specified origin. This space admits a quintuple grading induced by the action of the Cartan
subalgebra of the (complexified) 8[(4|2) superconformal algebra. In a standard basis for this
Cartan subalgebra,* we have the decomposition,

fH(loc) — @ ’H(ZOC) (2'1)

E.j1.52,Rr*
Eajl 7j2 7R)T

There is also a decomposition into irreducible representations of 3[(4|2), and the associ-
ated vertex operator algebra can be realized cohomologically with respect to either of two
distinguished (families of) supercharges,

QY =0 +¢8*, QY =0, ¢S (22)

3Henceforth we omit the modifier super and consider the super and bosonic cases uniformly.
4See appendix A for our conventions for the ' = 2 superconformal algebra and quantum numbers.



The parameter ¢ € C* can be rescaled by conjugating with a unitary action of U(1), and
spacetime dilatations, and can be taken without loss of generality to have any nonzero value

(as was done in [1]) at the expense of fixing certain noncanonical choices of conventions. In
(¢=-1)
i

The U(1), charge (or rather its double d = 2r in our conventions) plays the role of

what follows we will always take ( = —1 and write @; for @

cohomological (homological) degree with respect to the action of @1 (Q2). The (co)homology

of these supercharges can then be identified with the vector space V of Schur operators by

taking harmonic representatives,’

H.(H(ZOC), @1) ~ H.(H(IOC)’ @2) ~ e (23)

We recall that Schur operators are uniquely characterized by the fact that their quantum
numbers obey the linear relations

E =2R + j1 + jo, r=Jo—J1- (2.4)

(In fact, the former condition implies the latter [1].) Thus, the vector space underlying the
associated vertex operator algebra has, in addition to cohomological grading, a further double
grading which we will take to be by R-charge as well as the (chiral) conformal weight h,

h=3%E+ji+j2)=FE—R,

o (2.5)
= R + Wil + J2
and we write the corresponding weight decomposition as
V= P Wxr (2.6)

h,RELN

To realize the vertex algebra structure on V*®, one utilizes twisted translations in the (z, z)
plane to displace Schur operators from the origin,

0(z) i= [t 11 0(0)e 1| (2.7)

)
Qi
where L_; = L_; +R_ is the (R-)twisted anti-holomorphic translation operator in the (z, z)
plane (see appendix A for precise definitions of these generators). In Euclidean signature,
operators cannot be displaced in the transverse (w,w) directions while remaining @ -closed.
(See, however, [26] where more involved extensions in these directions or in null directions in
Lorentzian signature are considered using supersymmetric descent.) The four-dimensional
operator product expansion (OPE) of twisted-translated Schur operators is then meromorphic
in @-(co)homology and defines a %N—graded vertex algebra structure in cohomology (with
grading by the chiral weight h and cohomological grading by twice U(1), charge).

An important result of [1] is that the associated vertex algebra is canonically equipped with
a conformal vector that extends the action of 8[(2), to a Virasoro action with central charge.

c=—12¢44, (2.8)

5See appendix A.4 for additional detail regarding the four-dimensional ' = 2 superconformal multiplets
that contain Schur operators.



where c4q is a Weyl anomaly coefficient of the four-dimensional parent theory (which equiva-
lently determines the two-point function of the canonically normalized stress tensor). Thus,
the vertex algebra structure in @ cohomology is actually a vertex operator algebra structure.
As the only Schur operator with h = 0 is the identity operator, this VOA is of CFT type
(in fact, it follows from general considerations that it is of strong CFT type [27], though
this notion will not play a role in what follows).

2.2 fR-filtration and the associated vertex Poisson algebra

While the vector space underlying the associated vertex operator algebra is canonically
isomorphic to the vector subspace of Schur operators in the original SCE'T, the R grading on
V* is not preserved in any simple fashion by the vertex algebra OPE. Indeed, the R grading
is not preserved under the twisted version of translation, which mixes four-dimensional
operators with different R charges.

However, the corresponding R-parity of operators is determined just by conformal weight
and cohomological degree. This is because for Schur operators we have

R=h—-7j1—j2,
=h—2j,+id, (2.9)
~h+3d modZ.

Thus an R-parity operator can be defined directly on the (conformally and cohomologically
graded) associated vertex algebra without reference to R grading (we denote this bare,
%N x Z-graded vertex algebra by V*); we define

s: VO =V,

ars (~1)"Ha. (210

The OPE is s-equivariant, so this constitutes a Z, vertex algebra automorphism and gives
rise to a decomposition V® = V& . @ V*, .0
The rest of the R grading on V can be used to define a filtration (the R-filtration) on
the vertex algebra V® that is better behaved than the R grading itself,
D .
RV =4 70 Vir: re ?’ (2.11)
R:%V,;R, p€s+N.
Note that this is separately a filtration on Veyen, and Vyqq, as the R grading violation in
the vertex algebra OPE is by integers.
The R-filtration is increasing and exhaustive. It is also a good filtration in the follow-
ing sense.

Definition 2.1 (Generalized from Def. 4.1 of [9]). A half-integral good filtration on a
Zo-graded vertex algebra V = Vj @ V1 is an increasing, exhaustive filtration on Vy and Vi,
2 2

oo
"‘gF—1+o¢VagF0+o¢VagFl+aVag"'7 UFp—i-a‘/p:Vaa O[:O,%, (212)
PEZ

5Note that in the case of vertex operator superalgebras there is a separate Zso grading by Grassmann parity
which need not be related to R-parity, though for the free vector multiplet they coincide.



for which the identity vector €2 € FyVy and such that for any a € Fj4,V, and b € Fyy,V3

one has”

;b € FyigratpsVats 1 <0, (2.13)

aib € Fpigtatp-1Vats, 120,
where V1 1 = Vy. A Zj graded vertex algebra equipped with a half-integral good filtration
22
is called a half-integer-filtered vertex algebra.

The filtration R, is a half-integral good filtration (with respect to the Zqy grading by R-
parity), and furthermore, R,V =0 for p < 0 and RoV = C1. Due to the R nonequivariance
of the vertex algebra OPE, it is this filtered vertex algebra structure that arises most naturally
from the cohomological construction. We write (V®,R,) for the associated vertex algebra
equipped with the R-filtration, without a given isomorphism with the graded space V* of
Schur operators.

A useful result of [9], which generalizes immediately to the half-integral setting, states
that any such good filtration for a vertex algebra V admits a standard description. Let
U C V be a (possibly infinite) vector subspace of V equipped with a grading U = ]_[ne% § Un
such that U (weakly) generates the vertex algebra. Define the filtration

k
iﬁgV = span {u(lim . -ugcl),nkl n; >0, u?eUp,, Zmz < p} . (2.14)
i=1
If the following goodness condition is satisfied,
uv e WY,V for uel,, veU,0, i>0, (2.15)

this will be a good filtration, and any good filtration with the aforementioned truncation con-
ditions can be realized in this manner. We describe such a filtration as a weight-based filtration,
where the weights in question refer to the grades assigned to the weak generators in U.

For any filtered vertex algebra, by passing to the associated graded of the given filtration
one recovers a Poisson vertex algebra [9]. In the context of four-dimensional SCFTs, the
vertex Poisson algebra recovered from the R-filtration is precisely the local operator algebra
of the holomorphic-topological twist of the same theory [10, 28-31]. In this sense, the VOA
arising from four dimensions is a deformation quantization of the holomorphic-topological
vertex Poisson algebra; this perspective is perhaps most natural when working in terms of
a (B-type) Q-deformation [11, 12].

It is instructive to compare to several filtrations that frequently arise in the study of more
general vertex algebras (cf., e.g., [32]). Any vertex algebra V' admits a canonical decreasing
filtration known as Li’s canonical filtration. This is essentially a filtration by the number
of derivatives appearing in a given expression of an element of V,

&'V = span {al_l_m e a]il_nkQ ‘ an > p} . (2.16)

"We recall here that the mathematical convention for the n'® product a,b of a and b is such that the
normally ordered product is the —1* product and the simple pole in the OPE is the 0" product. For the
R-filtration, this condition says that the singular part of the OPE of two (twisted translated) Schur operators
reduces R grade by at least one, which follows from the absence of singularities in the OPEs of strict Schur
operators.



For a conformally graded vertex algebra (a %N—graded vertex algebra in our cases) there
is an alternative conformal weight-based filtration which is a good filtration in the sense of
the above definition which tracks the conformal weights of the strong generators appearing
in an expression for an element of V,

2B,V = span {al_l_m ---alil_nkQ ’ Z hei < p} . (2.17)

This is a special case of a weight-based filtration where the graded subspace U is taken
to be the span of the strong generators and their gradings are given by their conformal
weights. This is always a good filtration.

These two filtrations are complementary, in the sense that within a fixed conformal weight
subspace one may be recovered from the other,

FV NV = %A,pﬂVA. (2.18)
Correspondingly, their associated graded vertex Poisson algebras are isomorphic,
grgeV = greg V. (2.19)

The R-filtration is a different example of a weight-based filtration, where rather than the
defining subspace U being graded by conformal weights, it is graded by R-charges. Because of
the relation R < h, one has 23,V C R,V, and one says that the R filtration is coarser than
the conformal weight-based filtration. It is important (as we will review later in examples)
that while the conformal weight-based filtration can always be defined in terms of a minimal
set of strong generators, for the R-filtration one may need to take the defining subspace U to
be large. (For the purposes of definitions, one can always let U =V be the entire space of
Schur operators, though it may be possible to use a smaller generating subspace.)

Remark 1. One can equivalently define a complementary decreasing filtration as an analogue

of the Li canonical filtration as follows,

BY= P Vir- (2.20)

R<h—p

This is manifestly complementary to the R-filtration in the same way that Li’s canonical
filtration is complementary to the conformal weight-based filtration, and gives rise to the same
vertexr Poisson algebra as its associated graded.

It is an interesting open question to give an abstract characterization of the R-filtration
that doesn’t depend on extra information coming from four-dimensional physics. There is a
proposal due to T. Arakawa and A. Moreau [33] for such a definition in certain restricted
cases (from a physical point of view, for cases where the effective field theory on a generic
point of the Higgs branch consists of only free hypermultiplets). We will not discuss that
proposal further in this paper, but it would be interesting to study its interactions with
the ideas appearing here.

,10,



2.3 Conjugation and positivity

Unitarity of a four-dimensional SCFT implies, at the level of the OPE of local operators, the
existence of a C-antilinear automorphism of the space of local operators arising from their
realization as concrete operator(-valued distribution)s on a Hilbert space. Here we perform
our analysis in “planar quantization”, where the imaginary z direction in the chiral algebra
plane is taken to be Euclidean time, i.e., z = x + itg.® Then taking the adjoint of a given
local operator gives an involution on the space of local operators at the origin,

s Hloo) —y qqlloe) (2.21)

Of course, this involution does not preserve quantum numbers, and in fact does not preserve
the subspace of Schur operators,

(loc)
E,j1,j2,R,r

(loc)

x:H — R o —R—r- (2.22)

The failure of (2.4) on the right hand side boils down to the sign of the R-charge being wrong.

This can be rectified by defining an improved conjugation automorphism,?

P: H(loc) SN H(loc) 7
o AR (2.23)
O(0) — e ™20 (0)e™"*2 .

The extra rotation by 7 in R-symmetry space negates R-charge again, so in particular we have
P:v*—V*, (2.24)

where cohomological degree is reversed. In the presence of half-integral R-charges P will
not be an involution, but rather an order-four anti-linear automorphism that squares to
the R-parity/degree operator,

PoP = (-1 =5, (2.25)
It will be an involution on Veye, and square to minus the identity on V,qq.

2.3.1 Vertex algebra properties of conjugation

A crucial feature of the automorphism P is that it interacts nicely with the vertex algebra
structure on @ cohomology. First, we note that P intertwines the action of the key supercharges
in the 81(2|4) superconformal algebra according to

PoQ! =Q, oP,

. 2.26
POSQ_:—Sl_OP. ( )

8Tt is common in the vertex algebra literature, not to mention the conformal field theory literature, to
work in radial quantization; a convenience of using planar quantization here is that we can naturally adopt
conventions so that operators at the origin (where the space of Schur operators is naturally defined) remain at
the origin under conjugation. Of course, the two constructions are related by a global conformal transformation
and the positivity constraints described below can be equivalently formulated in radial quantization. This
proves more useful for some other purposes [34].

9The precise choice of rotation-by-7 in R-symmetry space is a convention. We have chosen a convention so
that the highest weight state Op... of a spin-Re 81(2) g multiplet will be sent to a positive real multiple of
RO ..
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Thus, the action of P intertwines the action of @1 and @2 and induces a map on cohomology,
p: H*(HY) Q) — H*(H") Q,). (2.27)

This action can be extended to accommodate twisted translation at the expense of replacing
the complex translation by z by a translation by the complex conjugate z*,

po ([0lg,(2)) = P(O)]g, (=) (2.28)

As a consequence, p actually defines an anti-linear automorphism of the vertex algebra V.

An immensely useful consequence of the fact that p is a vertex algebra automorphism is that
the conjugate of the normally ordered product of two operators is determined by the conjugate
of those operators. In particular (including signs relevant for fermionic operators), we have

po (ab) = (1)) (p(a)p (b)), (2.29)

where p is the Grassmann parity operator. Consequently, for strongly finitely generated
vertex algebras, the action of p need be specified only for the strong generators.

2.3.2 Sesquilinear, Hermitian, and positive forms

Given the conjugation p, we define a sesquilinear form (,) : V, x V; — C by taking the

coefficient of two-point functions,!’

(a.b) = (a(3)(pob)(~3)) . abeVy, (2.30)

where the insertion points are chosen to be related by reflection through the Euclidean time
tg = 0 hypersurface. This form is not necessarily Hermitian; indeed we have

(a,b) = {p(a(3) (pob)(=3)))

(2.31)

So for a, b of even R parity, this is an Hermitian form, but for a,b of odd R parity it
is anti-Hermitian.''! Even for the Hermitian case, though, this form need not be positive
definite as given.

Both Hermiticity and positive-definiteness can be recovered by introducing a further Z,4
grading on V which amounts to knowing the R-charges mod 4,

c: V=YV,
Com (2.32)
a— (i) "a, a€Vy R,

19Gee, e.g., [35] for the formalized structure of unitarity for vertex operator algebras, though formulated in
radial quantization; here we restrict the pairing to operators of the same conformal weight by hand.

1 This can be understood quite explicitly. By translation invariance of the vertex algebra, we can equally
evaluate these pairings with insertions at 0 and —i. Then the difference between this pairing and the usual
Hilbert space pairing of a and b* is a factor of (7)?"* that comes from the twisted-translation definition of
vertex algebra operators away from the origin. For integer R, this has no effect on the Hermiticity of the
pairing, but for half-integer R, an extra minus sign arises when taking complex conjugates.
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so we are using our knowledge of R charges to define a square root of the R parity, 0% = s.
We can then define an improved sesquilinear form on V according to

(a,b) = (a(3) (0o pob))(—3)), (2.33)
and verify that the resulting bilinear form is in fact Hermitian,
(a,b) = (b,a). (2.34)

Note that even for a,b € Veyen, this form may differ by an overall sign from the naive
sesquilinear pairing.

Crucially, this form is in fact positive definite. This is simplest to observe by using
translation invariance to rewrite the above as

(a,b) = (a(i) (6o pob))(0)). (2.35)

Now suppose a € V corresponds to a Schur operator Aj,,, , which is in an 8u(2)g highest
weight state. Then we have

(a,a) = {a(i) (g0 poa))(0)).
oc (—4)2B4 (§)2RA( Ay 4 (1) (Apw.)*(0)) (2.36)
X (Apw. (1) (A10.)"(0))

where all proportionalities are with positive real constant. Thus, we have a result that is
a positive real multiple of a four-dimensional two-point function that is positive definite
by reflection positivity.

2.3.3 A practical formula

In concrete applications it is useful to formulate the positivity properties of the above
Hermitian form as a simple rule for the coefficients of the vertex algebra two-point functions
of operators and their conjugates,

(0(2)(po 0)(0)) = =2 (2.37)

ZQh(f) '
Positive definiteness of the above inner product can then be expressed as the requirement,

ko o (i)2ho—2Fo — (4)201+72) (2.38)

where as above, proportionality means up to a real positive multiple and we have used the
identity (2.4) for the quantum numbers of Schur operators in the latter equality. For bosonic
operators, this becomes a simple sign rule for two-point function coefficients that we will
use extensively later in this paper,

ko o« (—1)ho—Ro (O bosonic) . (2.39)
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2.3.4 Nondegeneracy, recovering the R grading, and graded unitarity

The definition of the positive definite inner product (—,—) makes use of the R grading
(mod 4). However, the entire structure we have defined to this point can be formulated
entirely at the level of the R-filtered vertex algebra (with conjugation). In particular, the
sesquilinear form (2.30) is well defined in this context, and although it is not yet positive
definite, it is required by four-dimensional unitarity to be nondegenerate. Furthermore, the
R-filtration must be nondegenerate in the sense that (2.30) restricts to a nondegenerate
form on each component of the filtration R,. If this is the case, then by a generalization
of the Gram-Schmidt process the actual R grading can be recovered, and so the positive
definite form (2.33) can be defined.

Thus we finally arrive at the definition of what we will call a graded unitary vertex algebra:

Definition 2.2 (Graded unitary vertex algebra). A graded unitary vertex algebra is a triple
(V*,R.,p), where:

(i) V* =6, Vpisa %N—graded vertex algebra with integer cohomological grading d and

corresponding R-parity operation s = (—1)h+%d,

(ii) p is an anti-linear vertex-algebra automorphism obeying p? = s.

(iii) (,):V xV — C is the sesquilinear form defined (for each conformal weight space) as
in (2.30) using p,

(iv) Re is a half-integral good filtration on V with respect to which the sesquilinear form is

nondegenerate,

(v) Vp = EB}IL%:O Vp, g is the corresponding orthogonal decomposition of a given conformal
weight space into orthogonal graded subspaces resulting from applying the Gram-
Schmidt process using (, ),

(vi) (,):V xV — C is the Hermitian form defined as in (2.33) and is positive definite.

Beyond this definition, there are additional features of the R-filtration that follow from
the idiosyncrasies of short multiplets in four-dimensional N' =2 SCFTs. In particular, only
certain types of operators are allowed to appear at low values of R charge, and R charge
is bounded above by conformal weight (and by conformal weight minus U(1), charge for
states with nonzero cohomological degree). We translate these requirements into a further
set of restrictions on the R-filtration.

Definition 2.3 (R-filtration of four-dimensional type). We say that a half-integral good
filtration on a vertex algebra V is of four-dimensional type if it satisfies the following

requirements:
i) R,V=0, p<O;
(i) RoV = CY

(ii) M1V is the span of the strong generators of any symplectic bosons and/or symplectic
2
fermions subalgebras of V;
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(iii) R1V includes the span of the conformal vector if V is a vertex operator algebra, as well
as any affine currents and any supercurrents (if the Virasoro algebra is enhanced to the
N =2 or small N' = 4 super-Virasoro algebra);

(iv) R, Ve =0,  p+3|d > h.

In general, if a four-dimensional theory has free fields (corresponding to symplectic boson
or fermion subalgebras of the associated vertex algebra) or discrete quotients thereof, then
there may be additional states in 81 V. These states correspond to higher-spin conserved
current multiplets in four dimensions and will therefore be absent in intrinsically interacting
theories. Thus, we further define interacting R-filtrations,

Definition 2.4 (Interacting R-filtration). We say that an R-filtration of four-dimensional
type is an interacting R-filtration if R1V = 0 (so no free fields) and R,V is exactly the
span of the vacuum vector, the conformal vector if V is a vertex operator algebra, any affine
currents, and any supercurrents (if the Virasoro algebra is enhanced to the N' = 2 or small
N = 4 super-Virasoro algebra).

2.4 Simple examples

The above structures can be illustrated in the simple case of free field theories. Here we
detail the cases of the free hypermultiplet (corresponding to a symplectic boson VOA) and
the free vector multiplet (corresponding to the symplectic fermion VOA).

2.4.1 Free hypermultiplet and symplectic bosons

Recall that for the free hypermultiplet, the basic Schur operators are the complex scalars @
and Q that sit in 8[(2)r doublets as follows (up to a choice of conventions),

(@ 5 (@
o-(8). @-(2). a0

The corresponding twisted-translated Schur operators ¢ and ¢ then obey the symplectic
boson OPE,

-1
z)G(w) = —— +regular. 2.41
4(2)q(w) = — +reg (2.41)
With our conventions from above, the conjugation automorphism acts according to

pla) =—q, pl@)=q. (2.42)

The positive-definite Hermitian form, restricted to the space spanned by ¢ and ¢, is then

given by
<(q, q) (q,(i)> _ ((i)<Q(§)(Q’)(§)> 0 )
(7.9) (3.9) 0 (1)(a(5)a(=35)) (2.43)
= Idoxs .
Alternatively, using the simplified formula from above we have
kg = kg =10ci®, (2.44)

which verifies compatibility with unitarity in this case.
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2.4.2 Free vector multiplet

The case of the free vector is very similar, though factors of ¢ require careful attention. Here
there are two basic Schur operators, the (positive-helicity) Weyl fermions )\1+ and 5\1 that live
in multiplets \! and .. The corresponding twisted-translated vertex operators are denoted
N+ and 7_, respectively, and obey the symplectic fermion OPE [1],

2)n-(w) = ——— + regular. 2.45
It turns out that the normalization for the gauginos that leads to precisely this OPE (taken
from [1]) is somewhat unconventional from a four-dimensional perspective, and indeed the
action of conjugation is given by'2

p(ns) = —in—,  p(n-) =ins. (2.46)

With this action in place, direct computation again yields a positive definite form on the
two-dimensional space spanned by 74,

<(?7+,77+) (77+ﬂ7—)> _ <(i)<77+(§)(—i77—)(—§)> 0

(n-,14) (n-,n-) 0 (i)<n—(§)(in+)(—§))> (2.47)
= Idaxso .

Again, in terms of the simplified formula we have

Ko, =k =i o< ()71, (2.48)

verifying compatibility with unitarity in this case.

3 Graded unitarity for Virasoro VOAs

We now come to the question of graded unitarity for Virasoro vertex operator algebras.
Throughout this section, we will be considering a hypothetical four-dimensional SCFT 7.
whose associated VOA is isomorphic to precisely the Virasoro VOA at central charge ¢, with
strong generator T satisfying the usual OPE,

¢/2  21(0) , 9T(0)

T(2)T(0) ~ (3.1)

24 z z

The Virasoro central charge ¢ would be related to the four-dimensional central charge c4q
as in (2.8), and by nondegeneracy of two-point functions this should be the simple quotient
vertex algebra,

V[72] 2 Vir, = L(c, 0). (3.2)

There exists a single family of four-dimensional SCFTs that are generally understood
to give rise to precisely Virasoro VOAs as their associated vertex algebras. These are the

12More conventional would be to adopt normalizations where there is a factor of —i in the OPE coefficient
in (2.45) and then one would have p(n+) = Fn+, in closer parallel with the symplectic boson case.
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Argyres-Douglas theories of the type (A1, A;—3) with ¢ > 5 odd, whose associated vertex
algebras coincide with those of the (2,¢) (nonunitary) Virasoro minimal models (with central
charge c = cp 4 == 13 — % —3q). It is presently unknown whether any other Virasoro VOAs
arise as associated VOAs of four-dimensional theories.

As the full Virasoro vertex algebra is strongly generated by the stress tensor, the action of
p on the full VOA is determined by its action on 7". This can be recovered from (2.23) using
the four-dimensional origin of the stress tensor as the 3u(2)g current [1], or alternatively
by demanding that it is an (anti-)automorphism of the VOA. Either way, we find that
conjugation acts trivially on the stress tensor,

p(T)=T, (3.3)

which implies that the conjugation automorphism acts according to p(O(z)) = O(%) for
general operators (written in terms of 7" with real coefficients) in the VOA.

3.1 Constraints from graded unitarity at low level

To begin, let us consider the constraints from graded unitary for low-dimension quasi-primary
operators in the Virasoro algebra. The stress tensor itself is the only operator with conformal
weight A = 2, and for this we compute (recalling that the stress tensor has unit R-charge),

(T.T) = (-)TEHT(-4) = -5 >0 = <0, (3.4)

By (2.8) this is precisely the four-dimensional unitary requirement that csq > 0.

At dimension three, the only operator is 7" which is a descendant and whose positivity is
guaranteed by that of the quasi-primary 7. Proceeding to the next nontrivial level, there
is a single dimension-four quasi-primary'3

3
TGy =T? - 1—0T“. (3.5)

On general grounds, this could be some linear combination of Schur operators with R-charge
one and two (the four-dimensional OPE selection rules for the self-OPE of two 81(2)g currents
are summarized in appendix A.4). Such a dimension-four quasi-primary with R-charge either
one or two could arise from a Schur operator in either a (?0(171) multiplet or a é1 (1.1 multiplet,
respectively (see table 1). The former contains conserved currents of spin greater than two,
which are absent in interacting theories [36, 37]. We conclude that, in an interacting theory,
T(24) must arise from a él( 11 multiplet and has exactly R = 2. Said differently, assuming R,
to be an interacting R-filtration on L(c,0), we must assign R charge two to T(24).
Computing the relevant two-point function, we now have

(TG, TGy) = (DTG (5)T()(—5)) = fpe(5e +22) > 0, (3.6)

which, given the negativity of ¢, amounts precisely to the unitarity bound of [13],

22
c< —g =C25. (3.7)

13From here onward we adopt the convention that a product of local operators @105 ... O, means a nested
normal ordered product (O1(Oz...(0n-10,))), so T? = (TT) in (3.5).
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We note that the argument above did not require that the Virasoro algebra be the full vertex
algebra in question, only that the corresponding SCFT be interacting (and not include any
additional free fields). Indeed this bound was proved in [13] assuming only the absence
of higher-spin conserved currents.

Moving to the next nontrivial level, there is a two-dimensional space of quasi-primaries
at dimension six. A natural basis for these is given as follows.

T(26) =TT - %T& + 4x542 ™,

(3.8)

3 . 73 93 12 3(67+42¢) pirn  13410c it
Tie) =T+ so70: I — 20700 L T — 1potr0a L -

Here T(26) is the unique quasi-primary that can be expressed without using the 7T operator,
and T (36) is chosen orthogonal to T(26).14

By the properties of the R-filtration, T’ (26) will have R < 2, and therefore must have R = 2
given an interacting filtration. On the other hand, T(%) could in principle have either R = 2 or
R = 3.5 (Indeed, according to four-dimensional selection rules, this state could sit in a él (2.3

or CAg(Ll) multiplet.) The form (2.33) evaluated on each of these two quasi-primaries gives

9¢(70c + 29)
(T(26)7T(26)) = T o8

c(2¢ — 1)(5¢+ 22)(7c + 68)
4(70¢ + 29) '

(3.9)

3
(T(3)6)7 T(36)) ==

The first quantity in (3.9) must be positive by graded unitarity. This is already a consequence
of (3.7). In the second expression, the plus sign corresponds to the assignment R[T(%)] =2 and
the minus sign to R[T, (%)] = 3. Combined with (3.7) we then have the following relationship
between R charge assignments and allowed central charge values:

c=cy5 Or c=cCo7, T(%)zo,
cor<c<cys, R[T)] = 2, (3.10)
c<ear, R[T()) = 3.

3.2 A candidate R-filtration

The preceding analysis shows that the assignment of R charges (by way of specifying an
R-filtration) is crucial to determining constraints on the allowed Virasoro central charge. An
ambitious program would be to constrain the possible R-filtrations ab initio in conjunction
with the requirements of graded unitarity. This appears to be a challenging undertaking,
and even performing an analysis level-by-level quickly becomes very involved and suggests
that additional ideas are needed.

MThe poles in the expression for T(%> at ¢ = —% do not correspond to any null state, but rather to a
problem in the choice of basis. This value of ¢ is ruled out by eq. (3.7) so the basis chosen is correct for our
purposes. However, at ¢ = —% it is not possible to have an orthogonal basis of quasi-primaries such that
one contains T° and the other does not, which is reflected in the appearance of the poles. There is a basis of
orthogonal quasi-primaries but both operators contain T3, and such a basis is incompatible with our assumed
filtration.

'5Here we are using the assumption that the VOA in question is precisely the Virasoro VOA; therefore this

state must be a homogeneous vector with respect to the R-grading, rather than a possible mixture.
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Nevertheless, there exists a particular, natural filtration on the Virasoro vertex algebra
that has a good case for being the true R-filtration inherited from four dimensions. This is
a weight-based filtration of the type first defined in [9] and reviewed in 2.2, though notably

not the conformal weight filtration. We define the filtration as follows,'%

GpV =span{L_o p, -+ L9, Q| n; >0, k<p}. (3.11)

Informally, this counts the maximum number of copies of T" (or its derivatives) in an expression
for an operator as the sum of normally ordered products of derivatives of T, where normal
ordering ambiguities can only introduce terms with fewer copies of T' and null states allow
for an operator to be placed in a lower p filtered component of V. It is immediate to check
that this is a good filtration on V = L(¢,0). What’s more, this is the finest possible good
filtration compatible with the assignment of R-charge one to the stress tensor.'”

An interesting feature of this filtration is that it gives rise to a particularly simple Poisson
vertex algebra when passing to the associated graded algebra. In particular, the resulting
Poisson vertex algebra is generated entirely by the (commutative version of the) stress tensor.
One can see fairly easily that for any alternative good R-filtration that one might propose
for the Virasoro VOA, the associated graded would necessarily have additional generating
fields. Thus, our proposed filtration is unique subject to the assumption that the associated
graded vertex Poisson algebra be generated by the weight-one stress tensor.

We note that this is precisely this filtration that was (implicitly) proposed for the
(2,2n + 3) Virasoro VOAs (arising as the associated VOAs for the (A1, A2,) Argyres-Douglas
SCFTs) in [16], where it was checked explicitly up to moderate orders of the g, t-expansion
by comparing with a conjectured closed form expression for the Macdonald index.'®

In what follows, we will take as a standing assumption that the R-filtration arising from
our hypothetical four-dimensional SCFT is exactly the weight-based filtration given abowve,
ie., Re - Ge. (We note here that this filtration is not always nondegenerate, and so by this
assumption we are also excluding certain discrete values of the central charge. For example,
at ¢ = —29/70 the filtration becomes degenerate as described in footnote 14.)

With this assumption in place, an R-grading is uniquely determined by applying the
Gram-Schmidt process with respect to the inner product (2.30) to the space of operators
at a given conformal weight. Namely, we will have

Vin = (ReVh) | (Re-1Vn)" (3.12)

In the instance of the A = 6 subspace considered at the end of the previous subsection, this
procedure designates T(%) as having R = 3, and so rules out (with this choice of R-filtration)
Virasoro central charges in the range (cy7, ¢y5)-

3.3 Only (2, q) minimal models

Proceeding incrementally to higher levels reveals a pattern similar to that seen thus far.
Namely, up to level h = 12 one finds that with the given R-filtration, the level-L graded

6Note that the Virasoro modes L, are defined as in (B.2).
17 An increasing filtration F,V is finer than a second increasing filtration G,V if F,V C G,V for all p.
18See also [17] for an alternate perspective on recovering the Macdonald index from Virasoro VOAs.
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unitarity constraints restrict to either ¢ = ¢y 4 with ¢ € {5,..., L — 1}, or ¢ < ¢g 4+1. At high
levels, performing such an analysis explicitly becomes cumbersome.

In this subsection we show that, still with the presumed R-filtration, only the (2,q)
minimal models are consistent with graded unitarity. To do this, we deduce from the
assumption of graded unitarity the sign of the Kac determinant at a given level. We then
show that for any central charge not equal to one of those of the (2, ¢) minimal models, there
is a level where the actual sign of the Kac determinant does not match that required by
graded unitarity. Namely, we demonstrate that for L € 2Z>o, if ¢ < ¢o,1,—1, then graded
unitarity at level L implies that ¢ < ¢ 741. In conjunction with (3.4) this rules out all
central charge values except for {co 141}

Recall that the Kac determinant at level L, denoted detM ), computes the determinant
of the Shapovalov form for states at level L. The Shapovalov form can be understood as
defining the pairing of states in the Virasoro algebra in radial quantization, where the adjoint
of a Virasoro mode is given by L! = L_,. Of course, this pairing differs from the one used to
define (2.33), and therefore does need not be positive for a graded unitary Virasoro VOA.

Four-dimensional primary operators give rise to 81(2) primary operators in the VOA, and
accordingly we organize Virasoro descendants of the vacuum into quasi-primaries and their
8[(2) descendants. A quasi-primary O of dimension L will have two-point function of the form

(0(2)0(0)) = 57 - (3.13)

The norm of the state created by O(0) in radial quantization will be (see appendix B)

(010) = (=1)* lim 222(0(2)0(0)) = (-1)’ ko . (3.14)

Z—00

The 81(2) descendants of a quasi-primary of dimension L, will have two-dimensional norms
in radial quantization that have the same sign as that of their primary.!?
From (2.38), graded unitarity requires (for an operator of definite R-charge Rp)

sign (ko) = (—1)L~Fo (3.15)

Therefore, assuming graded unitarity, at level L such a quasi-primary must contribute to
the Gram matrix of inner products with sign given by

sign ((0]0)) = (~)* (-1 o = (-1)fte, (3.16)

and 81(2) descendants will also contribute with the same sign. Consistency with graded
unitarity then imposes the following requirement on the overall sign of the Kac determinant
(if nonvanishing):?’

sign (detM(L)> = (—1)Z§:ORdiva!L , (3.17)

¥Denoting by |O) the state created by the quasi-primary of dimension L, the norm of descendant states is
given by (O|L¥TL*MHO) = (1 4 k)(2L 4 k)(O|LYL* 1|O) and therefore all descendant norms have the same
sign as the quasi-primary norm (O|O).

20The Kac determinant is, of course, conventionally defined using a different basis for dimension L states,
but the difference will be a positive multiplicative factor.
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where the product runs over all states at level L, quasi-primary and descendant, and Vg 1, refers
to the graded subspace at level L with given R charge obtained after orthogonalization. If there
are null states at level L then the Kac determinant can vanish without necessarily violating
graded unitarity, and in principle one would then need to investigate the corresponding reduced
determinant for the simple quotient module. This will not be necessary for our purposes here.

The Kac determinant at level L, up to multiplication by a real, positive constant, is
given by [38, 39]

det M) H (c—cp, dlmL%q, (3.18)
q>p=2
(p,g)=1

were ¢, q denotes the central charge of the (p,q) Virasoro minimal model,

(r —q)?
Ccpg=1—6—"7"— 3.19
> (3.19)
The exponents are given by the following combinatorial formula,
oo
dimLp? =" (pcl(L_ (mp+1)(mq+1)) +pea(L— (mp—1)(mg—1))
m=1 (3.20)

—pea(L—(mp+1)(mg—1)—1) —pa(L—(mp—1)(mg+1) —1)) ,

where py(N) is the classical partition function, which counts the number of integer partitions
of N. Note that dim LY? = 0 for L < (p—1)(¢—1), from which it follows from (3.20) that the
lowest level for which (¢ — cpq) appears as a factor in (3.18) is L = (p — 1)(¢ — 1). Note also
that the factor (¢ — co L+1) occurs with exponent exactly one at level L, i.e., dlmL2 Ly,

To illustrate the above, we have the following determinants at the ﬁrst few levels:

detM® o (¢ —co3) = ¢,

det M@ (c—ca5)(c—ca3)?,

det M©® o (¢ — c2.7)(c — ca5)2(c — c2.3) (¢ — c34) , (3.21)
detM® oc (¢ = ea9)(c = ea7)*(c = e25) (¢ — ea5) (¢ — c2) (¢ — e3.4)” .

In each expression, the linear factors are ordered so that the ¢, ’s appearing increase from
left to right.

The key to imposing the unitarity requirement (3.17) on the determinant formula (3.18) is
the following useful combinatorial identity that we will call the Virasoro leading-term identity:

> dimLh? = Z RdimVp, . (3.22)
q>p=>2 R=0
(pg)=1

This identity relates two expressions, each of which can be understood to give the order of the
polynomial expression (in ¢) for the Kac determinant at level L. The fact that the left hand
side gives the maximum power of ¢ is immediate from (3.18). On the other hand, by taking
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an orthogonal basis for each graded subspace Vg, and noting that the norm of any vector in
Vg1, will have maximum power of ¢ given by exactly R we match the right hand side of (3.22).

From the leading-term identity, it follows that the graded unitarity requirement (3.17)
amounts to the requirement that the sign of the level L Kac determinant matches the parity
of the number of terms in the factorized expression on the right hand side of (3.18). In other
words, only an even number of the linear factors in the product on the right hand side of (3.18)
may be positive. This will prove sufficient to rule out all values of ¢ not equal to c3 4 for some q.

To this end, we make a number of elementary observations about the zeroes of the Kac
determinant that can be observed using (3.19), the comments below (3.20) (and which are
manifest in the examples of (3.21)), and elementary inequalities:

® ¢y 141 is the least (i.e., most negative) root of (3.18) at level L. This implies that for
¢ < ¢z 141, the sign of the Kac determinant is compatible with graded unitarity for
all levels up to and including L, as all linear factors in the Kac determinant will be
negative.

o At level L + 1, any new roots ¢, 4 (beyond those appearing at level L) are greater than
c2,+1- This means that again, for ¢ < o, 141 all linear factors will be negative and the
level L + 1 Kac determinant will be compatible with graded unitarity.

o At level L + 2, the only new root that is not larger than ¢y r41 is 2,743, which appears
with multiplicity one in (3.18). This means that if ¢ < ¢2 141, then compatibility with
graded unitarity at level L + 2 requires that ¢ < ¢z 1,43 as otherwise there would be a
single positive factor in (3.18).

We thus find that graded unitarity at level L + 2 (with the given R-filtration) rules out any
central charge value in the interval co 113 < ¢ < ¢3 141, which along with the requirement
¢ < 0 rules out all values of the central charge other than the {cy}. Of course, this check is
necessary but insufficient to show that the {cp 4} Virasoro VOAs are indeed graded unitary,
which requires considering the norms of all states. This is expected on physical grounds as
the aforementioned Argyres-Douglas SCFTs are understood to give rise to precisely these
Virasoro VOAs, but would be interesting to prove rigorously.

4 Graded unitarity for 8l, affine current algebras

For our next study we consider putative four-dimensional theories whose associated VOA
is precisely an 8 affine Kac-Moody (AKM) current algebra. These VOAs are generated
by 8l currents J%(z), a = 1,2, 3, satisfying the usual OPE,

géab N Z'fabCJc(O)

J(2)J°(0) = 2

+ regular, (4.1)
z

where f% are the (real) 81y structure constants and k is the level, which is related to the
four-dimensional flavor central charge k44 (the coefficient appearing in the two-point function
of canonically normalized flavor currents) as [1]

1
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The VOA of any four-dimensional N = 2 SCFTs with an 8u(2) flavor symmetry will have
such a current algebra as a subalgebra, but we will be interested in possible theories T
for which this is the whole story,

V[T 2 Vi(8Ls). (4.3)

As in the Virasoro case, there is a family of Argyres-Douglas theories (the (A, Doyy1)
theories) that are understood to have associated VOAs that are precisely the (simple quotient)
of the 81(2) current algebra at levels k = —2 + 2n2ﬁ [40]. (These are precisely the so-called
Kac-Wakimoto boundary admissible levels for 81s.)

V[AD(A11D2n+1)] = V_2+T2+1(§I2) . (44)

The elementary currents descend from Higgs branch chiral ring operators, which have vanishing
U(1), charge. As the current algebra is strongly generated by its elementary currents, it
follows at once that all states are concentrated in cohomological degree zero. Since the current
algebra also has integer conformal grading, the R-parity of all operators must be even (so
the operation s defined in section 2 is just the identity).

The conjugation operation p acts on the generating currents J(z) according to

p(JU(2)) = =J2). (4.5)

This can be obtained from (2.23) using the four-dimensional origin of the current as the flavor
symmetry moment map [1], but also follows from the requirement that it is an anti-linear
automorphism of the VOA that commutes with the global 81y symmetry.

4.1 R-filtration expectations

The currents J* descend from the moment map operators in four dimensions and have
R-charge assignment R = 1, which coincides with their conformal weight. In the standard
conformal weight-based filtration, the filtered subspace of charge p is the subspace spanned
by normally ordered products involving at most p currents (and their derivatives). This is
not the correct R-filtration, as the stress tensor can be written in Sugawara form,
1 3

T=—=> (J*JY, (4.6)
a=1
but has R[T] = 1. The simplest possibility for the R-filtration is to assume that this is the
only “correction” to the conformal weight-based filtration. We therefore define a standard
filtration where the p*" filtered subspace is given according to

R,V =Span{L_p,, ... L_p,, JU, ... T Q m; >2 n; >1}, j+k<p. (4.7)

j o —ni —Ng

This defines a good filtration. (The fact that the filtration is good is readily checked as the
singular terms in the T'T, T'J, and JJ OPEs have R < 1). This filtration was implicitly used
in the work of [16], where it was used to reproduce the Macdonald limit of the superconformal
index for the aforementioned Argyres-Douglas SCFTs at low orders.
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4.2 Constraints from graded unitarity at low levels

At level L = 1, evaluating the form (2.33) on the J* we obtain

(J%,J%) = (~1)(J° (;) (—Jb (—;)>> =—k>0, (4.8)

which reproduces the familiar requirement k < 0 (equivalently, k4q > 0).

At level L = 2,we consider the Sugawara vector, for which (as in the Virasoro case)
the graded unitarity requirement imposes that the corresponding Virasoro central charge
be negative,

3k

- P <o, 4.
=%tz S0 (49)

In the current setting, this implies that when the Sugawara vector is the true stress tensor
of the VOA, then the corresponding level must be supercritical,

k>—2. (4.10)

One may proceed by constructing the quasi-primaries of higher dimension and obtain bounds
similarly to what was done in section 3.1. We will stop here and consider the more general
case again by studying the sign of the Kac determinant for the vacuum module.

4.3 Only boundary admissible levels

We denote by k,, = —2 + % the (p,q) Kac-Wakimoto admissible level for 8ly, where p > 2
and (p,q) = 1. We will show that the sign of the determinant of the Shapovalov form on
the vacuum module (due to Gorelik and Kac [39]) is not compatible with graded unitarity
and the standard R-filtration when k # ko 4.

The proof proceeds analogously to the previous Virasoro case. The essential sign constraint
is that at level L € 2Z~; + 1, the sign-rule for the Gorelik-Kac determinant implies that:

k<kor—o = k<kyp. (4.11)

This then rules out all values of k between —2 and 0 other than the boundary admissible
levels {k2 4}, which combined with the low-level results of the previous subsection implies
that only the boundary admissible levels are potentially compatible with graded unitarity
(subject to the standard filtration assumption).

As in the Virasoro case, in comparing the definition of the Shapovalov form and the
matrix of two-point functions in terms of which we have formulated the graded unitarity
condition, there are relative signs so that the prediction of graded unitarity for the Gorelik-
Kac determinant formula reads

sign (detSps+ga(k)) = (~1)2n RV (4.12)

where the subspaces in the sum on the right hand side are the spaces of fixed R-charge,
conformal weight, and 815 weight in the associated graded with respect to the R-filtration.
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Determinant formula. The determinant formula for the vacuum module of the gI\Q current
algebra restricted to a fixed positive affine root v (i.e., a fixed conformal weight and a fixed
8ly weight) is given by [39]

detS, (k) o< (k+2)m0) T (k — kpg)™/a™), (4.13)

p=2,q>1

(p,g)=1
where as usual proportionality is up to an overall positive constant. The crucial combinatorial
factors are the exponents mg(v) and m,,,(v), which are determined by the following generating

functions,
o0 00 (,—i0\n
v 1 Dico(e™)
N ] j ; 4.14
VEZA+ mo(v)e X (=) (1—e b a)l—eita)’ (4.14)
and
o0
Z My /q(V (Z —(pi=1)(gjé~a) 4 o~ (pj+1)(ajdo+a)
- " (4.15)
e~ Pi=1)ajd—pjor _ e—(pj+1>qj6+pja)> ’
where
o0 ‘ ‘
Ri=(1-¢ H — e ) (1 — eI (1 — eIt (4.16)

In the above, AT is the set of the positive affine roots, « is the unique positive root of 3ls,
and ¢§ is the imaginary root of gfg.

From looking at the appearances of the imaginary root on the right hand side of (4.15)
one sees that whenever (p — 1)g > L the exponent m,, /q Will be zero at level L, i.e., for any
positive affine root of the form v = Lé 4+ na. In particular, restricting to the “charge-zero”
subspace (v = Ld), we can read off the following exponents:

mp/q(Lé) =0, (p—1)¢> L, (4.17)
moy /L (Ld) =1.
Thus, kg, appears as a zero of detSys(k) for the first time (and with unit multiplicity) at
level L = q. More generally, k), , will appear as a zero of detSzs(k) for the first time at level
L = (p — 1)q, though for p # 2 the multiplicity may be greater than one.
To illustrate, we display the first few (odd) level determinants in the charge-zero subspace:

detSs(k) o< (k — ko) =k,

detSzs (k) oc (k+2)% (k — ko,3)(k — k2,1)°(k — k3.1)>(k — ka1)

detSs5(k) o< (k +2)'2 (k — ko) (k — ko) (k — k32)3(k — ko,1)**
(k— k3 1) (k — ka1)®(k — ks5.1)%(k — ke1) .

(4.18)

At level L = 1, compatibility of (4.18) with the unitarity requirement (4.12) reproduces the
familiar condition k& < 0 as in (4.8). We will derive additional constraints on k by imposing the
unitarity requirement (4.12) on the determinant formula (4.13) for general odd values of L.
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In comparing the two formulas, we will use the following key combinatorial identity:

L
S RdimVEG = Y my(Lé+ Qa). (4.19)
R=1 p=2,q>1
(p,9)=1

The proof is given in appendix C. In light of this identity, the unitarity requirement (4.12)

can be re-written as
sign (detSpsyga) = (—1)22 Mr/a(L0+Qa) (4.20)

Specialising to the charge-zero subspace (@ = 0) and recalling the constraint k& > —2
from (4.10), this gives us the condition

sign( [T (k= kpg)mrath)) = (=1)2mera(E0) (4.21)
p=2,q>1
(pg)=1
As in the Virasoro case in section 3, we have extracted a constraint that says that only an
even number of the linear factors on the left hand side of (4.21) can be positive. We can
then proceed to make the following observations regarding the zeroes of the Kac-Gorelik
determinant.

e ko is the least (most negative) root of (4.21) at level L. This implies that for
—2 < k < ko, the sign of the determinant is compatible with graded unitarity for all
levels up to and including L, as all noncritical linear factors will be negative.

e At level L 4 1, any new roots kj , (beyond those appearing at level L) are larger than
ko 1. This means that again, for —2 < k < kg 1, all noncritical linear factors will be
negative and the level L 4+ 1 determinant will be compatible with graded unitarity.

o At level L + 2, the only new root that is not larger than ks r, is k2 142, which appears
with multiplicity one. This means that if £ < ks 1, then compatibility with graded
unitarity at level L + 2 requires that k < ko 112 as otherwise there would be a single
positive factor in (4.21).

In conclusion, we have that compatibility of (4.20) and (4.13) requires that k € {ka}, i.e.,
only boundary admissible levels are potentially compatible with graded unitarity subject to
our presumed R filtration. Again, our checks here are insufficient to show that these VOAs
are indeed graded unitary, though this is expected on the basis of their identification as the
associated VOAs for the aforementioned (A;, Doyy3) Argyres-Douglas SCFTs.

5 Higher-rank current algebras

In generalizing from the 8ls case of the previous subsection, we will need an appropriate
generalization of the standard R-filtration that we postulated there. On physical grounds we
know that the filtration used in the 8l5 case will be insufficient in the higher-rank setting.
This is because if a four-dimensional N'= 2 SCFT has an associated vertex algebra which
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is an affine current algebra, then its Higgs branch must be a nilpotent orbit closure for the
corresponding finite-dimensional simple Lie algebra. In this case, there will be Higgs branch
relations setting to zero the generators of the ring of g-invariant polynomials on g*.

To describe the consequence of these (necessary) Higgs branch relations for the R-
filtration of the current algebra, we need to introduce a set of Casimir-type elements of
V(g) that generalize the quadratic Sugawara vector. To this end, we introduce the “Casimir
operators” of [41],

C(SZ)(Z) = da1a2--ﬂsi (Jal J Jasi)(z) ) i = 17 s 7ranf(g) ’ (51>

where s; are the exponents of g plus one, and dg,4,---a,, are a basis of primitive symmetric
invariant tensors for g.

As a consequence of the Higgs branch relations mentioned above, each such Casimir
operator must belong to a component R,Vj(g) of the R-filtration with p < s;. The most
modest adjustment of the naive R-filtration is then to assign each Casimir to the filtration
component with p = s; — 1 (the case of the quadratic Casimir with s = 2 just reproduces the
adjustment from the previous section), so we define the following trial R-filtration, which is
a weight-based filtration incorporating the adjustments by one to all Casimir R-symmetry
assignments,

ranf(qg) )
R,pV* =span H C(j;l) ~--C£sli](}> JU LT Q, l]@ >s, nj=1p, k—i—Z(si—l)kigp
i=1 i

—ny Y —nyg
7

(5.2)
We conjecture that this filtration is good, in the sense reviewed in section 2. It should be
noted that, as is well known, the OPEs of the Casimir operators do not close on the span
of normally ordered products of derivatives of the Casimir operators themselves at general
level (though they do for k = 1) [41]. As a consequence, the goodness conjecture is not
self-evidently true (at least to the authors). For the case of g = 8l3 it can be verified from
the explicit expression for the OPEs of the cubic Casimir operator given in [42], but for the
higher-rank case brute force calculations will become impractical.

The conjugation automorphism p is again determined entirely by the action p(J%) = —J¢
on the currents (and thus for the Casimir operators we have p(C)) = (=1)%C() on
order-s; Casimir operators). Tracking signs between the Gram matrix and the matrix of
two-point functions again leads to the following sign condition for the Kac determinant to
be compatible with graded unitarity,

sign(detSyg.,) = (—1)2r RUMVE (5.3)

The Gorelik-Kac determinant formula for general g is rather involved and depends on the
detailed structure of the g root system. In the rest of this section we restrict to the case of
simply laced g (type ADE) and present specific results for ¢ = 8l3 and g = 8l,.

The determinant formula for the g vacuum module for simply laced g reads (as for 8[) [39]

detSy (k) oc (k+hY)™W) T (k = kpg)™/a®) (5.4)

p=2,q21
(p,9)=1
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valid up to a positive overall constant. Here, the (p,q) levels are defined according to

kpg = —hY + 7; (5.5)

We will refer to the above k, , as minimal levels in general, as boundary admissible levels
when p = hY, and as inadmissible (upper admissible) levels when p < hY (p > hY). We
note that there are no inadmissible minimal levels for 8ls, since p > 2, but starting from
8l3 inadmissible levels do appear.

The generating function of mg(v) reads?!

—1id

hY oo
Zmo ZZ Sm—1— 1i6167 (56)

V6A+ m:2 i=m

where § is the imaginary root of § and s; == #{a € A" : (p|a) = j} where p is the Weyl
vector of g and AT is the set of its positive roots, while

R = H (1 —e77)dimdy (5.7)

yeAt\a+

with AT the set of positive affine roots. Note that dimg, = dim} if v € ZJ, while dimg,, =1
if v ¢ Z6. R is a product over only “nonfinite” positive affine roots.
The generating function of the exponents m,,/,(v) reads

M

Z mp/q(u)e*”: é/q, (5.8)
veA+
where
Z Z o (Pl qléE((pl (pla))ax Z Ze—(ler pla) qléE(plOz)
acAt =1 acAt =1
R = H (1 — e 7)dimé (5.9)
'y€A+
E()\) = Z (—1)““’)6“"&
weWeyl(g)

and where the prime on first sum in (5.9) indicates exclusion of [ for which pl — (p|la) <0
Here ¢(-) measures the length of Weyl group elements. Note that w.A = w(A+ p) — p. It
is shown in [39] that M, = 0 for p < 0 and p = 1. A key fact that will be used several
times below is that

EA) =0 <= 3Jac A" such that (A + pla) =0. (5.10)

Let us denote the coefficients appearing in the expansion of M,, as follows,

Myg= > ae™”. (5.11)

veA+

21We are grateful to M. Gorelik and V. Kac for correspondence on possible simplifications of the result
in [39]. A further telescopic simplification of (5.6) is possible, but its current form is more convenient for our
purposes in appendix C.
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Now consider the restriction of this sum to a specific conformal level (coefficient of the
imaginary root),

Mp/%L = Z a’L(S—l—ue_M? (512)
HeQT

where QT is the positive root lattice of g. We are particularly interested in the lowest level L
the factor (k — k, ) appears in the Gorelik-Kac determinant. Namely the minimal L such
that M, ,, ; # 0. We note that at this level, the zeroes of the Gorelik-Kac determinant in
all charge sectors are encoded in the functions

Mp/ q,L
E(0) '

(5.13)

where we have the identity F(0) = [[,ca+ (1 —e™®). (Note that compared with (5.8), here
the R part of the denominator is omitted, because the nonfinite positive affine roots would
increase the conformal level.)

From (5.9) one can see that M,,, ; = 0 if L is not divisible by ¢, and furthermore
when L = q we have

Myge= > Ea). (5.14)
a€AT:(pla)=p—1

For simply-laced g, we have that for o € AT, ??
Ela)#0 <<= a=0, (5.15)

where 6 is the maximal root, i.e., (p|f) = hY — 1. Moreover, the Weyl character formula gives

E(0)
——= =chAd . 1
Blo) ~ hAd A0 (5.16)
We conclude that M,,,, = 0 for p # h" and
My /g
= =chAd. 1
B0) ch Ad (5.17)

This means that the lowest level at which &, ; appears as zeroes in the Gorelik-Kac determinant
is L = q for p=hY, and at least L = 2q for other values of p. In particular, k,, appears
as a zero at level L = ¢ for g-weight a root with multiplicity one for a nonzero root and
multiplicity ranf(g) at weight zero.

Recall that in the 8 case (see, e.g. (4.18)) we had the “last factor” k — ko 1, occur with
exponent one in the Cartan singlet sector v = Lé, and could hence benefit from the sign
of the determinant being correlated with the sign of £ — ko . Here, we see that for more
general simply-laced g we can consider nonzero roots (so affine roots v = LJ + « with « a
root of g) and have the factor k — kj,v 1, occur with exponent one, again correlating the sign

22We thank Maria Gorelik for instructive correspondences on various results used below regarding ADE
root systems.

— 29 —



of the determinant with the sign of k — kjv 1. (Looking at the charge-zero subspace, there
will only be a sign correlation when the rank of g is odd.)

It is the case that E(nf#) # 0 not only for n = 1 as used above, but for any n € Z>¢. It
then follows from (5.9) that for p > h" the lowest level L where the factor (k—kp ) with &, ; a
boundary or upper admissible level arises in the Gorelik-Kac determinant is L = (p—h"Y +1)q.
In all of these cases, the charge structure of the zeroes is determined by

M
p/q,(p—hV+1)g v
—oe — 1 —ch(p— 1Ad. 1
B0) ch(p—h'+1)Ad (5.18)

In other words, the primitive null state appearing at level L = (p — h" + 1)q is in the g
representation whose highest weight is (p — hY + 1)6.
For inadmissible levels (p < hY), the general structure of the first appearance of zeros is

more opaque. For a case-by-case analysis at low rank it will be useful to have the expressions
for M, , 1 where L is a low multiple of ¢ (recalling that L must be a multiple of g),

Mp/q,2q = Z E(2a+) =+ Z E(a-i-) ,

(plocg )=p—2 (plog)=2p—1

My/q,3q = Z EQRay) + Z Elay) — Z E(pay),
(plot)=p=3 (plot)=3p—1 (plat)=3—p

My/qaq = Z E(day) + Z EQ2ay) + Z Elay) — Z E(pay),
(plat)=p—4 (plat)=2p—2 (plat)=4p—1 (play)=4-p

My/q5q = Z E(ay) + Z Eay) — Z E(pay). (5.19)
(play)=p=5 (plot)=5p—1 (plot)=5—p

We recall also that E(A) vanishes if p + A is invariant under any Weyl reflections (i.e., p + A
should be a regular element of §* for E()) to be nonvanishing). These cases will turn out to
be sufficient to characterize the first appearance of all inadmissible &, ; values for 8[3 and 814.

To facilitate an analysis of the constraints of graded unitarity in this setting, we will
make use of a generalization of the relation (4.19):

L
> RAmVy, = Y my(Li+v), (5.20)
R=1 p>2,4>1

(p.9)=1

where v is an element of the root lattice of g. The unitarity requirement (5.3) then takes
an analogous form to the 8ly case,

EP>2,q>1 my/q(Lo+v)
sign (detSLsp) = (=1)  @0= : (5.21)

Recalling also that low-level graded unitarity requires that —h" < k < 0, we have that the
critical factors (k + hY)™0 are positive. It then follows that again, when the Gorelik-Kac
determinant is nonvanishing at a given affine root, only an even number of linear factors

(k — kpgq) in the determinant may be positive.
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5.1 8l3

For 83 it follows from (5.9) and (5.19) that the first level L at which k,, appears in the
Gorelik-Kac determinant is given by

I {361,
(p—2)q

For the admissible cases (p > 3) there is a single primitive null vector that lies in the
representation with highest weight (p — 2)6 (the adjoint for the boundary admissible case),
while for the inadmissible cases (p = 2) there are two primitive null states appearing in the
[3,0] and [0, 3] representations. All have roots as weights (in the latter cases, as subsets), so
all levels will appear as zeroes in the determinant evaluated at a root.

\\/
L

(5.22)

To orient ourselves, we compute the Gorelik-Kac determinant at levels L = 1,2,3,4 and
in the charge sector associated to a root a of 8ls,

detSsqa(k) o< (k—ks1),
x (k—=0),
detSospa (k) o (k—ks2)(k—ks1)* (k—ka1)?,
x (k+3)(k—0)*(k—1),
det S35 (k) oc (k+hY)(k—ks1)?(k—ky 1) (k—k32)(k—ks1)3(k—k21)?,
o (k+3)(k+2)°(k+1)?(k—0)?(k—1)"®(k—2)?,
detSusya (k) oc (k+hY ) (k—ksa)(k—ks2)" (k—ko1)?(k—ks 1) (k—ka1)*(k—ks1)**(k—ke )",
o (k+3)°(k+9)(k+ )" (k+1)"?(k—0)"*(k—1)*(k—2)*(k—3)".

(5.23)

From these one concludes that, given the sign rule arising from graded unitarity, at level
L =1 one requires k < 0, and level L = 2 one requires that if £ < 0 then £ < k32, at level
L = 3 one finds no new constraint, and at level L = 4 one requires if L < k32 then k < k3 4.
The pattern is reminiscent of what we saw for the 8l case, and as in that case, the
argument can be generalized to all levels. The key facts about the zeroes in the 3[35 Gorelik-
Kac determinant (evaluated at a root) — which can be verified from the above expressions for
levels where roots first appear via elementary manipulation of inequalities — are as follows:

o At level L = 3n + 1, the two least (most negative) noncritical roots are k3 3,41 (with
unit multiplicity) and k3 3,,=1.

o At level L = 3n + 2, the two least noncritical roots are k3 3,42 (with unit multiplicity)
and k3 3,41

o At level L = 3n + 3, the least noncritical root is again k3 3,2.

Combined with the sign rule, this analysis rules out all levels other than the boundary
admissible levels k34, subject to the presumed R-filtration.
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5.2 8ly

For 814 we can again determine the first levels at which the various roots of the Gorelik-Kac
determinant arise. From (5.9) and (5.19) we have the following first levels,

2, —2,3,
=11 P (5.24)

For the inadmissible levels ko 4, the corresponding primitive null vector is always in the adjoint
representation, while for the inadmissible k3, levels the primitive null vector is in [0, 2, 0]
representation. For the admissible levels, the primitive null has highest weight (p — 3)6 (i.e.,
it is the [(p — 3),0, (p — 3)] representation). All of these representations have the roots of 8l
as weights, so these levels will all appear as zeroes of the determinant evaluated as a root.

We can largely proceed as in the lower-rank cases. Here, the key facts about the order
of appearance of zeroes in the Gorelik-Kac formula (in the charge-sector corresponding to
a root) are as follows:

o At level L = 4n + 1 with n > 1, the two least (most negative) noncritical roots are
k4.4n+1 (with unit multiplicity) and kg 4p—1.

o At level L =4n+ 2 with n > 1, the two least noncritical roots are ks 2,41 (with unit
multiplicity) and k4 4n+1.

o At level L = 4n + 3, the two least noncritical roots are k4 4543 (with unit multiplicity)
and k2 25,4 1.

o At level L = 4n with n > 1, the least noncritical root is again k4 4,43

Along with the Sugawara requirement that k > —4, this information allows us to exclude
all values of k other than the boundary admissible levels k4, and the inadmissible levels
k2on4+1 in the range kb < ko = —2.

Dealing with very small values of k requires a bit of bespoke analysis. At levels one
and two (still in a root sector) we have

oc (

o (5.25)
detSas (k) o (k — ko) (k — k3.1)(k — kgy ) ™41 2O+ (| — fg 1) m5/1(20F0) '

o (

k + 2)(]{‘ + 1)(k _ O)’V?’M/] (26+G’)(k: o 1)777,_3/1 (26+a) 7

By our familiar sign rule, levels —2 < k < —1 are excluded from the level-one determinant.
At level two, there is a null state giving rise to the zero at k31 = —1, but this is a component
of the [0, 2, 0] representation, whereas the zero at k = ko1 = —2 is a component of the adjoint
representation. Thus, by passing to a representation basis rather than a weight basis for our
states we further exclude the full range —2 < k£ < —1 including k = k3 1.

The final result of this analysis is that besides the boundary admissible levels k4 4, also
the inadmissible levels ks , are allowed by the GK determinant considerations to the extent
that we have probed them. In actuality, while the boundary admissible levels are understood
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to arise from generalised Argyres-Douglas theories [43], the (2, ¢) inadmissible levels likely
do not. For the first case of k2 1 = —2, in fact, it is known that the associated variety is a
Dixmier sheet rather than a nilpotent orbit closure [19, 20], and at this value of the level the
8, current algebra is not quasi-lisse. It would be of considerable interest to discern whether
a more granular application of the requirements of graded unitarity at these levels could rule
them out (subject to the usual assumption for the R-filtration).
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A Superconformal algebra and multiplets

In this appendix we spell out our conventions and summarize the four-dimensional N = 2
superconformal algebra. We follow the conventions of [44] with a swap in the signs of o and &
(which leads to a different definition for z in terms of 23 and x*), and with (@(20 = —(Qyhere.

We raise and lower 8u(2) indices according to ¢% = €®¢y,, dq = €qp@?, where €15 = 1 and

€'2 = —1. Our sigma matrices are taken to be

oly=(0%~il), (@)% =(0%il), (A.1)
where 0% are the Pauli matrices, o = £, and & = &+.
A.1 R-symmetry algebra
The generators R 7 of the 1(2) R-symmetry algebra obey the commutation relations
(R 7. R* ) = 8% RY, — 67, RY 5. (A.2)
We define the 81(2)g generators (R*, R~ and R) and the (1), generator (r) from R”
according to

1 1
R, =RT, RYy=R", R11:§T+R, R22:§T—'R, (A.3)
so the 3u(2)r generators obey the standard algebra
[RT,R7] =2R, [R,RE] = +R*. (A.4)

We sometimes use the generators Ry = (R + R-), Ry = £(R_ — Ry). We denote the
eigenvalue of R by R, and the eigenvalue of r by the same letter.

— 33 —



A.2 Superconformal algebra

The generators of the conformal algebra are P#, K#, D and M, and we denote the eigenvalue
of operators under D by E.22 We write generators with spinor indices instead of vector
indices, so Py = ok P Koo = JO‘O‘K“, and

Mﬁa — _ leo.lwcao.ﬂale 7 MdB — _%5-11(540‘0-25]\4“” . (A5)

The half-integer-valued spins j; and jo are the eigenvalues of M ++ and M J-:L respectively.
In these terms, the 4d N = 2 superconformal algebra is given as follows:

MPEMO]=6 M- M, [MdB,M?]zéd-MWB—WBM%, (A.6)
[ME Py3] =6 Pay— 18,7 Pys, (M P =04 P 5= 56% Py, (AT)
MPE KM =—50KP+16,PK7, [MdB,/C’W]z—mgicaw%édﬁ-im, (A.8)
[H,Pai) = Pac, [H,K08%) = — K8, (A.9)
[C4 Pyl =48, 8% H 46, M, +46% M 5%, (A.10)
MS,Q3=6,Q5-136,Q7, M, Q5] =0%Q75—50%Qz,  (A11)
MBS, ]:-5 75,7 +15.%5,7, (M, 5] =67, 574 4-55%,57, (A.12)
H.QE=3Q [H,Qza)=3Qza, (A.13)
[H,52° ]=—sz , [H,5%%) = -1 8% (A.14)
(R, QK] =6 FQE— 1 55Qk, [R%,@m=—5€@m36§@m, (A.15)
[RIJ,SKd]zajKSZa—Za§SKd, R ;.S =—6¢ sj+ Lsz LS, (A.16)
K4, QF] =265, (4, Qr5] =26, 577, (A.17)
[Po,S7") = —26,2Q14, [Pac, 577 = —26.7 Q7. (A.18)
{Q% @74} =307 7Paa, {870, 5 o1 =157 b, (A.19)
{QL. Sy =167 16,/ H+6T ;M P —5,PRY ;, (A.20)
{57%,Q 75} =507 70% ;HA+0T 7 MY 46 RE 7. (A.21)

A.3 Chiral subalgebra conventions

The generators of the 31(2) x 31(2) conformal subalgebra that acts in the chiral algebra
plane are defined as

2L =P, =P —iPy, 2Ly =Kt =K3+iKy, 2Lo=H+M,

_ _ : _ (A.22)
2L_1=—-P_- =Py +1iPy, 2L4 = KT =Ksg—iKy, 2Ly:=H - M,
where M are rotations in the chiral algebra plane

Z3Here, following [45], we adopt conventions where the generators of the conformal algebra are anti-Hermitian.
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Multiplet | Oschur(0) h r Rog
BR \1,11...1(0) R 0 R
Drogy | QLY H(0) R+ja+1 e+l R+l
Driyoy | QL WE(0) R+ji+1 —j1—L | R+1
CAR(jujz) Q}i- éi‘pili 4,,,4(0) R4+ji+jo+2|j2—n R+1

Table 1. Superconformal multiplets containing Schur operators. ¥ denotes the superconformal
primary of the relevant multiplet, the second column illustrates how the Schur operator is obtained
from the superconformal primary, as well as the quantum numbers h, r and Ro,,,,, of the Schur
operator in terms of the quantum numbers of R, ji, jo of the superconformal primary.

The complex coordinates on the chiral algebra plane are then given by
2= a3 izt 7= 2% — izt (A.24)

In planar quantization with Euclidean time coordinate x4, we have that L* | = —L_; and
that L*; = —L_.
The twisted 81(2) generated by

. - . - 1 R _
L1 =L_1—CR_, Ly =L+ ER_;,_ , Lyo=Lo—R, (A25)
is exact with respect to @1 and Q9 given by
QY =0l +¢&,  Qf =0,- ¢y, (4.26)

A.4 Superconformal multiplets

We follow the conventions of [46] for the naming of representations of the four-dimensional
N = 2 superconformal algebra. Of relevance to this work are the superconformal multiplets
containing Schur operators, which are listed in table 1. Each of these multiplets contains
exactly one Schur operator, which will be a quasi-primary in the VOA.

Finally we collect a small selection of OPE selection rules from [13, 14, 47] that are
relevant for tracking R charges in the chiral algebra OPE. We show only multiplets containing
Schur operators on the right hand side:

Ri1+R2 Ri+R2—-1

Br, x Bg, ~ > Br+ > > éR(J)J’)?

R=R>—R; jENQfO R=R>—R;

Co,0) X Co0) ~ 1+ Y Cogy + 2 Cigigy » (A.27)

. Ny . Ny
J€E— J€E—

Coo) ¥ Bi ~ Bi+Ba+ Y~ Cojy+ > Cuig) -

. N, . N,
VISe jE

Here By = 1 is identified with the identity operator.
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B Two point functions and radial quantization norms

To determine the requirements for Kac determinants based on the sign requirements of
graded unitarity as presented in the main text of this paper, one must compare the (signs
of) norms of states defined in radial quantization (the Gram matrix/Shapovalov form, for
which determinant formulae are available) with the coefficients appearing in the two-point
functions of the corresponding operators. In the language of two-dimensional conformal
field theory, the radial adjoint of a two-dimensional quasi-primary vertex operator O € V
with weight h is given by

O = (-1"z9(0) (3) . (B.1)

z

where z* = z and ¢ : V — V is an anti-unitary involution (the avatar of taking the adjoint of

the operator in Lorentzian signature; we will later adopt the notation ¢(Q) = OF). Writing

the mode expansion of O(z) as?*

O(z) = Z Opz~h (B.2)

this gives the following conjugation action on modes of a quasi-primary,

(On)" = (=1)"($(0))—n (B.3)

For the stress tensor T'(z) with h = 2 one has ¢(T") = T, and correspondingly the mode
convention

(L)' =L_,. (B.4)
For affine currents J(z) with h = 1 in the standard physics normalization, one has ¢(J%) =
—J%, leading again to the natural conjugation action on modes,

For quasi-primary operators, one then has the relation

(010) = (=1)(Q($(0) 44 O-1|2) = (=1)" lim 2**($(0)(2)0(0)), (B.6)

zZ—00

so the Gram norm of the state |O) is read off from the constant term in the ¢(O)O two-point
function up to a factor of (—1)".

The relation between two-point functions and radial quantization norms is slightly more
elaborate for descendants. Let us denote the m!™ derivative of @ by O™ Then the conjugate

of O™ will consist of a linear combination of up to m derivatives of Of = ¢(0),
(O(m)(z))T _ (_1)h+m (a(()m)OT(m)(%) 572h72m + agm)OJr(mfl) (%) 572h72m+1 4.
)Z—Qh—m> ’

24Note that here we are using the physics mode convention which differs from the math convention used in

(B.7)
e + aq(/;;n)o—'l(

ny=

section 1 as O—_p = ao_,.
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where h is the conformal weight of the quasi-primary O. Using the relation
(0 (=) = 0:(0" (=)' (B3)

(which follows, e.g., from replacing the operators with their mode expansions) implies the
recurrence relation

m—+1 m . m
ag- ) = a§- ) 4 (2h+2m —j + 1)a§-_% , (B.9)
with a(()m) =1, as well as agm) = 0 for j > m. This can be solved to find
(m) m! J
a;"V = ———— - J[2h+m—1i), (B.10)

! (m =)t =5
which can be resummed nicely to give the general relation (for arbitrary states),
0(2)f = (741 (=272 9(0)) (

Now, if we consider the two-point function

wl=

). (B.11)

($(0)(2)O(w)) = —2 (B.12)

then taking derivatives gives

2h(2h+1)--- (2h+2m —j — 1)k

(@(0) ()0 (w)) = (~1)" (2~ w)Z 2 (B.13)
Thus we have for descendants,
<(O(m)(z) Jf _ i h+m ——2h—2m+j <O(m—])(é)0(m) <O)>
7=0
m h+ _ a2
:Z Jml (2h+m —1)! (2h+2m —j 1)!KO, (B.14)

g' 2h+m —j —1)! (2h —1)!

!(2h+m— 1)!
_r .
T TR

=0

<.

—~

Comparing (B.14) and (B.13) (with j = 0) we have the following relation between Gram
norms and two-point functions (generalizing (B.6)),

ham (2h+m —1)! m 22h 2 (6(0) ) ()0 (0 | (B.15)

(m)|r(m)y _ (_ Lh4m-1!
(OO = ) o e =) A%

C Proofs of combinatorial identities

In this appendix, we first prove the combinatorial identity (4.19) for 81, affine current algebras.
In the second part, we present the argument for the more general version (5.20) that applies
for 81y current algebras, and briefly address a generalization to arbitrary simple g, though
those cases are not discussed in the main text.
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C.1 Exponent identity for 815

To derive (4.19) we will make use of the conformal weight-based filtration 28, in addition to
the (postulated) R-filtration defined on the generic-level (or alternatively, universal) current
algebra V*(81,). Define the associated graded vertex Poisson algebras with respect to both
filtrations and their corresponding decomposition into homogeneous subspaces as

grigvk §12 @ Vi

(1)
gr”‘V’“ Qs[g @VhR

When we wish to specify a given charge sector (8ly weight) @, we write Vh?s or Vg%

The associated graded with respect to 28 is identified (as a commutative algebra) with the
polynomial algebra generated by the (commutative version of the) affine currents and their
derivatives, and the grading by w simply counts the number of (arbitrarily differentiated)
currents.

We will establish the key identity by making the following identifications:

L
mo(Ld + Qo) + Z My /q(L6 + Qar) = Z w dimvgg , (leading term identity) (C.2)
p=2,q9>1 w=0
(p,g)=1

mo(Lo + Qo) + Z RdimV L R = Z w dlmVLQg ,  (R-grading identity) (C.3)
R=0
from which the identity (4.19) follows immediately.

To demonstrate (C.2), observe that the highest power of & in the two-point function of any
operator with nonzero image in Vj, ,, after passing to the associated graded is £*. Thus, the
determinant of the level-L. Gram matrix will produce a leading term of order fo2ow W AmVL
Compatibility with the Gorelik-Kac determinant formula (4.13) then implies (C.2).

To demonstrate (C.3), we first recall the generating function of the critical-level exponents
mo(Ld) as given in (4.14), which we rewrite here as a series in fugacities ¢ and y,

o  d

= molV = (0% L Q_ - i:2177q.i — . .
fola) = 2 moly =10+ Q)i = e iy - e) Y

I/EA+

We now introduce additional generating functions,

L
Fa(g,y) =) (Z wdimVﬁS) q"y°, (C.5)
w=0

L?Q
L
Fx(q,y) = Z (Z RdimVﬁ%) quQ. (C.6)
2,0 \R=0

The former of these is straightforward to express given the description of the associated graded
as a polynomial algebra. We start with a relative of the vacuum Kostant partition function,
with an extra fugacity measuring the weights of the generators with respect to the w grading:

1
Jw(a,y,w) = < (1- wg)(1—wyg)(1 —wy ¢’

(C.7)
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Then for the generating function in question we differentiate by the parameter w and evaluate
at w = 1,

( Jj= 11 q] +Z] 11 yq] +Z] 11— y—qu)
211 =) (1 —yg")(1 —y~t¢d)

The generating function Fy(q,y) can be found using a similar trick, but using the following
analog of (C.7),

Fg(q,y) = Owfw(q, v, w)|,_, = (C.8)

?:2(1—7”261”) 1
no(l=rqn) T (1—r¢g)1—ryg)(l—ry-t¢f)’

where now r is conjugate to the R-grading on the associated graded. The form of this expres-

fﬂ(Qa Y, T‘) =

(C.9)

sion can be understood by realizing gr®V¥(8l,) as a polynomial ring in the (commutative)
currents and their derivatives subject to the constraint J*J, = 0 (giving the numerator),
but with an additional generator associated with the stress tensor (which now has R = 1,
giving the first term in the denominator).

Computing the generating function proceeds analogously, and we have

f?m(cbyv 1)

ne2(1=7q") )1, (C.10)

0 _n2.n
Fr(a,9) =0 fr(a,9,7)],_; = Oufw (9,9, 1), +0r <M>
= Fg(q,y)—Fo(q,y)-

We conclude that Fg(q,y) + Fo(q,y) = Fyg(q,y), which establishes (C.3).

C.2 Exponent identity for 8l

Here we derive the generalization of the previous identities to the case of ¢ = 8ly. We
again define generating functions

L
Fag(q,9) =) (Z wdimVi'ﬁ,) "y (C.11)

L,v \w=0
- (v)
Fr(q,9) = Z (Z RdimVLljR> "y (C.12)
R=0

The analogue of the leading term identity (C.2) is as follows, and is proven precisely as before
by comparing overall powers of k in the determinant,

L
S (LS +v) +mo(Ld+v) =Y wdimV,") (C.13)
p=2,q2>1 w=0
(pg)=1

where now v denotes a general element of the root lattice of g and again VL(t/u); is the charge-v
sector of the associated graded of V¥(g) of conformal level L and weight w.

It remains to generalize (C.3). We begin with the generating function for the multiplicities
of critical zeros. For 8lx we have sp,_1 — s, = 1 for m = 2,..., N, so (5.6) (now written
with ¢ as a fugacity for the imaginary root) specializes as

Fo(q) = 2}?(;)7" =i H [T (1 — glee)dimsa (C.14)

=1 a€A
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The analog of (C.7), defined with respect to the conformal weight-based filtration, is now
1

i1 aea(l —wg’ em)dimsa?

fw(q,w) = (C.15)

while the analog of (C.9), now defined with respect to the Casimir weight-based filtration
(the postulated R-filtration) is given by

Hi]\iQ [ (1— wiqn) 1
HﬁiQ [Th=;(1— wilgn) | | HaGA(l - que_a>dlmga

fr(q,w) = (C.16)

We can then verify the identity

1

=1 R(q) (C.17)

Fr(q) = 0uwfr(g,w)|,_, = Ouwfw(q,w)|,_, +0u (
= Fx(q)—Folq)-

We conclude that Fy(q) + Fo(q) = Fyg(q), establishing (C.3) for 31y.

7{\;2 HZ‘;i(l —wiqn) )

NI (1—wi-1gn)

C.3 Exponent identity for all simply-laced g

Next consider g of type D, namely ¢ = 8025 . There are Casimirs of order m = 2,4,...,2N =2,
which together with a Pfaffian of order m = N form an algebraically independent set. (See
Corollary 5.4.6 in [48], or section 11 in [49].) For notational convenience, let us define the set
of degrees of independent Casimirs My = {2,4,...,2N — 2, N}, where the multiplicity of
N is 2 if N is even and 1 if N is odd. The 809y analog of (C.14) can then be written as

%

Zm N ﬁm%
Fo(q) = GMR(q) 1=a (C.18)

It can be checked that 809y one has s,,_1 — s, = 1 for m € My and zero otherwise for
N odd, and if N is even then s,, 1 — s, = 2 for m = N and the rest the same. Thus, the
above generating function matches the one in (5.6). A calculation similar to (C.17) then
establishes the analogous identity (C.3) for g of type D.

To further generalize the identity to g of type F, one needs only that s,,—1 — s, coincides
with the number of order-m Casimirs in Eg 75 as well, which can be confirmed by direct
examination.

Finally, the generalization of (5.6) to nonsimply-laced g holds where s; is defined as the
number of positive roots of height j, namely s; := #{a € A*: % = j}. The identity (C.3)
then follows from a calculation of type (C.17) upon identifying $,,—1 — S, with the number of
order-m Casimirs in this general case. This indeed holds (see, e.g., sections 1 and 9 in [50]).

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has no associated code or the code will not
be deposited.
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