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ABSTRACT In this article we explore the benefits of matching sensing characteristics to actuation and
dynamics in the context of spatially distributed sensorimotor architectures, motivated by recently discovered
connections in blowfly flight physics and visual physiology. Within the proposed framework, we present
novel semidefinite programs with linear matrix inequality constraints which yield directions encoded in
the sensory output that maximize the smallest unstable Hankel singular value of the system. This is a
coordinate-invariant metric that minimizes the control energy required to stabilize an unstable system
and maximizes the achievable robustness to unstructured additive uncertainty over all possible controllers.
We also reformulate the problem to achieve a prescribed speed of response, which can be applied to stable
and unstable systems. We adapt a maximally robust controller synthesis method from previous work which
provides a tool for validation. We additionally present an H∞ controller formulation which allows for a
trade-off between minimization of actuator effort and robustness versus disturbance rejection and tracking
capability, providing design flexibility over the maximally robust controller.

INDEX TERMS Bio-inspired robotics, H infinity control, matched filters, semidefinite programming, sensor
arrays, robust control.

I. INTRODUCTION
Natural systems have evolved to make effective reductions
of rich and high-dimensional sensory data, forming sim-
ple representations that allow organisms to perform well
with limited computational overheads in the presence of
uncertainty. A ubiquitous underlying principle, which is
better studied in less complex animals, is sensorimotor
convergence [1], [2], [3]. In this architecture, spatio-temporal
integration/correlation of local sensor signals both within and
across sensory modalities enables extraction of time-varying
signals that can be applied as feedback. In flies, individually
identified neurons called Lobula Plate Tangential Cells
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(LPTCs) respond to optic flow fields matched to specific
self-motions [4], [5], forming the output layer of what is
presently nature’s best-understood deep convolutional neural
network [6], [7], [8]. The lateral line system in fish and
other aquatics is another representative example, in which
local fluid velocity or pressure difference measurements are
pooled to extract motion and structure of the environment [9],
[10]. In addition, insect wings generate complex spatiotem-
poral patterns of strain that are transduced by distributed
mechanoreceptor arrays, the campaniform sensilla, whose
placement determines the sensory information available to
the animal [11], [12].

The sensorimotor convergence architecture described
above has several important advantages, especially for
systems that require fast sensory feedback to achieve
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robust behavior. Reduced estimate covariance is achieved
through the instantaneous spatial weighting of individual
measurements from the sensor array [13], [14], [15]. This
in turn provides a reduction in latency and computational
complexity, as signal-to-noise improvements through tempo-
ral averaging provided by a dynamic filter are not essential.
The reduced complexity allows for implementations with
potentially orders of magnitude improvement in size, weight,
and power [16]. Additionally, outputs can be selected to
encode dynamically significant directions in state space.
Recent work in the modeling and analysis of the blowfly
visuomotor system has shown that the LPTC pooling neurons
are tuned to non-orthogonal, dynamically relevant directions
of the animal, such as worst-case disturbance combinations or
the most energetically efficient directions of motion in state
space [17].

The last point hints at a principle that has rarely been
explored or exploited in platform design: the tuning of
sensing characteristics to match those of the actuation and
dynamics of the system. Flight vehicle design methodology
typically integrates sensing and feedback control at a late
stage of the process, which can lead to sub-optimal maneu-
verability, efficiency, and closed-loop behavior. To improve
performance, novel design tools and methodologies are
required that allow the integration and optimization of
sensing, actuation, and platform dynamics at the earliest stage
of concept selection.

A. CONTRIBUTIONS
In this paper, we present a new approach to designing
distributed sensing systems which adapts sensorimotor con-
vergence architectures to engineered systems, and applies
optimization objectives motivated by recently discovered
connections between blowfly flight physics and visual
physiology. This approach tunes the outputs of distributed
sensing systems to the system dynamics and actuation.

Our contributions are as follows. First, we present a
new semidefinite programming approach to optimize the
directions encoded by a sensing system using novel objectives
linked to closed-loop robustness and actuator authority.
Second, we present a novel framework for distributed
sensing synthesis that allows the information extracted to be
tuned via spatial weighting patterns applied to the sensor
measurements. Third, we adapt the optimization from our
first contribution to synthesize spatial weighting patterns
for generalized distributed sensing systems. Finally, we pair
these contributions with existing control synthesis methods to
realize improvements in closed-loop performance, which we
demonstrate with several example systems. These contribu-
tions are discussed in the context of related work in Section II.

B. ORGANIZATION
The paper is organized as follows: relatedwork is discussed in
Section II, and Section III presents the mathematical notation
used in this work. In Section IV, we review the required

system-theoretic concepts and background. In Section V,
we present a novel semidefinite programming approach to
optimize the directions encoded by the sensing system.
This formulation is extended to general distributed sensing
systems in Section VI. In Section VII, we present a procedure
for control synthesis which leverages the optimized open-
loop tuning. In Section VIII, we conclude by applying
the optimizations in Sections V and VI and the controller
synthesis approaches in Section VII to some example flight
systems that highlight the benefits of the proposed approach.

II. RELATED AND CURRENT WORK
The problem of co-tuning sensors, actuation, and dynamics is
closely related to the problems of sensor and actuator place-
ment and selection [18], which find extensive application in
the areas of process control [19], power systems [20], flexible
structures [21], networks [22], flow control [23], and resource
planning [24].

Existing work in sensor placement and selection is largely
aimed at minimizing an error metric for the state estimate or
maximizing a metric of the observability of the system [25].
Examples include metrics based on maximum-likelihood
state estimates [26] or eigenvalues of the observability
Gramians [27]. A given objective may be to maximize the
observability of the least observable mode [28] or the most
observable mode [29], or be a balance of these two goals [30],
[31]. Observability Gramian-based approaches have been
examined for stable systems [27], [28], [30] and extended
to unstable systems [29], [32] using the formulation for
generalized Gramians given by [33]. Extensions to nonlinear
systems through observability functions [28], observability
covariances [27], unobservability indices [34], empirical
observability Gramians [35] or stochastic observability
Gramians [36] have also been considered.
Controllability and observability Gramians have been

explored in conjunction but optimized independently for
problems of sensor and actuator placement for an open-
loop system, where sensor selection is based on maximizing
signal energy in system outputs and actuator selection
is based on minimizing input energy required to reach
a given state [28], [29], [30], [32]. Measures based on
geometric or subspace characteristics of the controllability
and observability Gramians or resolvent analysis have also
been employed [37], [38], [39].

As it is not obvious how to combine distinct measures of
controllability and observability, additionalmetrics have been
proposed that are functions of a system’s Hankel singular
values (HSVs), which quantify the amount of energy stored
by a system through actuation and retrieved through sensing.
These approaches attempt to optimize open-loop input-to-
output behavior by (i) using HSVs to rank candidate sets
of sensor/actuator pairings or placements [19], [20], [22],
[40], [41], or (ii) balanced model reduction to rank sensor
and actuator selections based on their joint controllability and
observability [42].
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Some of the existing work on HSV-based joint control-
lability and observability optimization has been limited to
subclasses of systems. For example, related work applied
to flexible structures uses standard assumptions about the
underlying dynamics, including complex poles with small
real parts (low damping) and non-clustered poles [43].
These assumptions allow for closed-form expressions of the
HSVs [30], [44], [45], [46]. This is closely related and
applied similarly to the open-loop H2 and H∞ norms of a
structure [21], [47], [48] for sensor and actuator selection.

The methods described above reflect the perspective of
optimizing properties the open-loop system, which then
allows the designer to select the control structure and
performance objectives independently. Alternative formu-
lations that incorporate closed-loop performance as part
of the optimization criteria in order to solve sensor and
actuator selection and placement problems have also been
considered.

The most widely used closed-loop objective is theH2 norm
which represents the output variance due to a white noise
input. This has been applied to quantify disturbance rejection
capability in sensor and actuator selection problems for
static [49], [50] as well as dynamic [23], [51], [52], [53]
feedback architectures. Linear quadratic Gaussian (LQG)
control objectives, a special case of the H2 control, have
also been considered in [54] and [55]. The H∞ norm, which
measures the worst case energy gain for the closed-loop
system, has been used as the basis for actuator selection for
static [56] and dynamic [57] closed-loop architectures and for
mixed H2/H∞ sensor and actuator design objectives in [58].
Lastly, sensor and actuator selection for closed-loop stability
was examined in [59].
The aforementioned body of work largely concerns the

optimal placement or selection of sensors and actuators,
which due to its combinatorial nature requires evaluation
of large numbers of candidate solutions. Furthermore, the
problem is non-convex due to the boolean nature of sensor
placement: a given sensor is either selected or not selected.
Various solution methods have been proposed, including
brute-force searches [60], branch-and-bound methods [55],
[57], [58], convex relaxations [35], [61], genetic algo-
rithms [32], [45], [52], and greedy selection techniques [22],
[42], which may produce suboptimal results and may become
impractical for large numbers of sensors.

The majority of the approaches outlined above also rely on
controllabilty and/or observability measures as the objective
functions. Notably, these quantities depend on the coordinates
used to represent the state of the system. Typically, the
system state is chosen for engineering convenience, but is
not inherent to the system, e.g. body axes versus stability
axes for the state of a flight system. Minimizing a metric
of observability or controllability in one set of coordinates
is not generally equivalent for the same system represented
in different coordinates. Additionally, these metrics do not
necessarily coincide with other important measures, e.g.,
closed-loop performance and robustness.

Related to the optimal placement/selection of sensors
and actuators problems described above, we aim to solve
a somewhat distinct problem: given a linear time-invariant
(LTI) system with spatially distributed sensors, how do we
select sensor weighting functions (sensitivity patterns) to
match sensory characteristics to the actuation and dynamics
of the open-loop system? Our inspiration is derived from the
sensorimotor architectures of natural systems, in particular
neurons that pool measurements across spatial arrays.
In this case, the selection problem is considered over a
continuous-valued set of spatial weightings that are applied to
each sensor within an array, as opposed to a discrete (boolean)
selection criterion as in the sensor selection problem.

The recently discovered relationship between blowfly
flight physics and visual physiology provides additional
insight as we show in Section V that the smallest unstable
Hankel singular value is maximized in the animal’s visuomo-
tor system. This objective, maximizing theminimumunstable
HSV, is a measure of joint observability and controllability
and has been referenced as a potential objective for actuator
and sensor selection [46], but to the authors’ knowledge
has not been explored as an objective function in existing
literature.

In the seminal work of [62] and [63], the minimum
unstable Hankel singular value is shown to be directly related
to the amount of control energy required to stabilize an
unstable system, and provides a lower bound on the H∞
norm of the input demand closed-loop transfer function,
∥KSo∥∞. As such, it provides a coordinate-independent
objective and a direct connection between open-loop char-
acteristics and achievable closed-loop performance, without
the need to explicitly synthesize a controller and evaluate
the closed-loop objective function. By using this objective to
optimize sensitivity patterns for distributed sensing systems,
this work aims to both solve an outstanding problem in
the design and processing of distributed sensing systems,
and explore the optimization of a new metric of joint
controllability-observability tied to closed-loop performance.

III. MATHEMATICAL NOTATION
Variables, Signals, Matrices

• (A,B,C): State space system with system matrix A,
input matrix B, and output matrix C , with feedthrough
matrix D = 0

• (As,Bs,Cs): Stable partition of the state space system
(A,B,C) (9)

• (Au,Bu,Cu): Unstable partition of the state space system
(A,B,C) (9)

• K : Controller transfer function
• m: Number of outputs in a state space system
• n: Number of states in a state space system
• ns: Number of stable modes in a state space system
• nu: Number of unstable modes in a state space system
(9)

• So: Output sensitivity transfer function
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FIGURE 1. (A) Closed-loop Multi-Input Multi-Output (MIMO) feedback architecture with additive uncertainty. Signals r , n and d represent
exogenous inputs while u, y , and e are internal signals. (B) Frequency response of the input demand transfer function KSo with low and high
frequency constraints.

• Ss, Su: Stable and unstable partitions (17) of the inverse
of the state space coordinate transformation which
partitions the system into stable and unstable parts (9)

• T : State space coordinate transformation
• Ts,Tu: Stable and unstable partitions (16) of the state
space coordinate transformation which partitions the
system into stable and unstable parts (9)

• u: Input vector
• x: State vector
• x̄: Equilibrium state
• Xc: Controllability Gramian (4) or generalized control-
lability Gramian [33]

• y: System output vector
• Yo: Observability Gramian (5) or generalized observ-
ability Gramian [33]

• ·
⋆: Optimum value of a variable, given an optimization

problem

Elements of the Mathematical Framework for Distributed
Sensing

• B: Basis for function space F
• [ · ]B, · B: Representation in basis B (30)
• F : Function space of the measurement field and
sensitivity patterns (21)

• g: Measurement field
• J : Measurement field Jacobian (29)
• q: Dimension of measurement field g
• γ : Generalized spatial coordinate
• 0: Domain of generalized spatial coordinate γ

• φi: ith sensitivity pattern
• 8: Matrix representation of a set of sensitivity patterns
{φi}

Standard Spaces

• Pn: Space of positive semidefinite matrices of dimen-
sion n× n

Functions and Operators

• hi(·): ith Hankel singular value of a state space system
• h

¯
(·): Minimum Hankel singular value of a state space
system

• N (·): Null space
• R(·): Range

• Xc(·): Controllability Gramian (4) or generalized con-
trollability Gramian [33] of a state space system

• Yo(·): Observability Gramian (5) or generalized observ-
ability Gramian [33] of a state space system

• λi(·): ith eigenvalue of a matrix
• ∩( · , · ): Operator which returns a projection onto the
intersection of the rowspaces of the projection matrices
provided as arguments (40)

• ⟨ · , · ⟩: Inner product
• ( · )†: Moore-Penrose pseudoinverse
• ( · )∗: The reflection of a transfer function, e.g. G =
(A,B,C), G∗ = (−A,B,C)

IV. SYSTEM-THEORETIC PRELIMINARIES
In this section, we introduce several system-theoretic con-
cepts and notation common to the remainder of the paper. For
a dynamical system, a linear time-invariant (LTI) state space
model which describes the time evolution of the system state
x ∈ Rn and its output y ∈ Rm is given by

ẋ = Ax + Bu (1)

y = Cx + Du. (2)

Collectively the state equation (1) and output equation (2)
describe the transfer of signal energy from control inputs
to sensor outputs. Here, A ∈ Rn×n is the dynamics matrix,
which characterizes the system response to perturbations in
its state x, B ∈ Rn×p is the control matrix which characterizes
the response to inputs u ∈ Rp, C ∈ Rm×n is the output matrix
which characterizes how the system state x is encoded by
sensor outputs y, and D ∈ Rm×p is the feedthrough matrix
mapping inputs u to outputs y. In the following, we assume
that the outputs are purely a function of the state x and not the
input u, hence D = 0. The notation G(s) = (A,B,C) refers
to the system in the frequency domain,

G(s) = C(sI − A)−1B =
(
A B
C 0

)
. (3)

A. DYNAMICALLY SIGNIFICANT DIRECTIONS IN
STATE SPACE
The Gramians constructed from the A, B, and C system
matrices encode the signal energy flow properties of a
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system. When the system matrix A is stable, the real,
symmetric controllability Xc and observability Yo Gramians
are defined as:

Xc =
∫
∞

0
eAτBBT eA

T τdτ (4)

Yo =
∫
∞

0
eA

T τCTCeAτdτ. (5)

The Gramians are generated by computing the solutions to
the Lyanunov equations,

AXc + XcAT + BBT = 0 (6)

ATYo + YoA+ CTC = 0. (7)

The controllability Gramian has a direct connection with the
minimum energy required to reach a given state x0, which
can be expressed as ∥uopt∥22 = xT0 X

−1
c x0. By extension, the

controllability ellipsoid Ec = {x ∈ Rn
; xTX−1c x ≤ 1}

contains the region of state space that can be reached by
applying inputs with unit norm ∥u∥2 ≤ 1 [64]. The directions
and lengths of the principal axes of Ec are determined by
the eigenvectors and square roots of the eigenvalues of Xc.
Hence, its longest axes represent the directions in state space
requiring the least control effort to move along.

The observability Gramian has a direct connection to the
output energy for a given initial condition x0, as the energy of
the output signal y(t) for an arbitrary x0 can be expressed as
∥y∥2 = xT0 Yox0. The set of initial conditions where ∥y∥

2
2 ≤

1 yields the directions in state space that have the smallest
output norm. If we replace Yo with its inverse, then we can
form the observability ellipsoid Eo = {x ∈ Rn

; xTY−1o x ≤
1}. The principal axes of Eo represent the directions in state
space that yield the largest output norm, characterizing the
specific self-motions that the system is best able to sense.
Additionally, Y−1o = E{[x(t) − x̂(t)][x(t) − x̂(t)]T } is the
covariance of the best unbiased estimate x̂(t) based on the
measurement {y(t), 0 < t < ∞} that minimizes the scalar
cost function J = trace(Y−1o ) = E{[x(t)−x̂(t)]T [x(t)−x̂(t)]}.
It follows that trace(Y−1o ) is a measure of the average estimate
covariance of the system [65].

B. JOINTLY CONTROLLABLE AND OBSERVABLE
DIRECTIONS
Balanced realization theory for stable linear systems intro-
duced by [66] provides additional tools for understanding the
energy flow properties of a dynamical system. In particular,
one can quantify the joint controllability and observability
of a system that has been transformed into balanced
coordinates x̃ = Thx, where {t̂i} denote the columns of T−1h .
In these new coordinates, the controllability and observability
Gramians (Eqns. 4 and 5) are equal and diagonal, X̃c =
Ỹo = diag(h1, · · · , hn) The Hankel singular values (HSVs),
computed as the square roots of the eigenvalues of the product
of the Gramians,

hi =
√

λi(YoXc), (8)

rank the joint controllability/observability of the directions t̂i
in original coordinates. In particular, directions with small hi
correspond to directions in state space that are simultaneously
difficult to reach and observe. We define h̄ = maxi{hi} as
the maximum HSV and h = mini{hi} as the minimum HSV,
respectively.

Equations (6) and (7) cannot be used to compute Gramians
for unstable systems directly, as they may have no solu-
tion or multiple solutions, and solutions are not positive
(semi)definite. Instead, an extension to the unstable case was
provided in [33], which showed that the Hankel singular
values for an unstable system without eigenvalues on the
imaginary axis can be computed as the union of the HSVs
for the partitioned stable and unstable subsystems using the
following partitioning:(

TAT−1 TB
CT−1 0

)
=

 As 0
0 Au

Bs
Bu

Cs Cu 0

 (9)

LetGs = (As,Bs,Cs) andGu = (Au,Bu,Cu) be the stable and
unstable subsystems, respectively. Then, the HSVs of G =
(A,B,C) can be computed as the union of the HSVs of Gs
andGu. The HSVs ofGu are equivalent to the HSVs ofG∗u :=
(−Au,Bu,Cu), and hence can be calculated using (6) and (7)
since G∗u is stable.

C. CONNECTIONS TO CLOSED LOOP PERFORMANCE AND
ROBUSTNESS
1) MIMO SYSTEM DEFINITIONS
TheMulti-InputMulti-Output (MIMO) block diagram shown
in Fig. 1A is composed of plant G(s) = (A,B,C) and
controller K (s). For 1(s) = 0, We define the closed-loop
sensitivity transfer function So = (I+GK )−1 as themap from
exogenous inputs r, n, d ∈ Rm to the error signal e ∈ Rm,

e = So(r − n− d). (10)

We also define the closed-loop input demand transfer
function KSo = K (I + GK )−1 as the map from exogenous
inputs to the controlled input u ∈ Rp,

u = KSo(r − n− d). (11)

The worst-case L2[0,∞) → L2[0,∞) or energy gain
of the open or closed-loop transfer functions are captured
using the infinity norm, which is the maximum singular value
over frequency, i.e.,

∥G(s)∥∞ = sup
ω

∥y∥2
∥u∥2

= sup
ω

σ̄ [G(jω)]. (12)

2) CLOSED LOOP DESIGN CONSIDERATIONS
The sensitivity function So is primarily associated with track-
ing performance and output disturbance/noise attenuation,
so to minimize error e, its gain σ̄ (So) should be small in the
frequency range where the reference demand r , disturbances
d or measurement noise n have content. The input demand
function KSo represents control energy and is associated with
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FIGURE 2. Sensorimotor convergence in the blowfly visual system. (A) Lobula Plate Tangential Cells (LPTCs) respond to wide-field optic flow, forming
the output layer of the insect motion vision system. (B) Characterization of the LPTCs’ response fields, such as the combined left and right VS7-cell
response field displayed here, reveals that their local preferred directions closely match the optic flow associated with specific combinations of
self-motion. (C) Representation of the output equation y = Cx , where the rows {ci } of the output matrix C capture the encoding of the rigid body
state x for a given LPTC response field Fi .(D) Hankel singular values for the unstable partition of the blowfly system compared to equivalent systems
with randomly generated C matrices.

actuator saturation. Hence, to avoid large control signals at
the plant input due to r , d or n, the gain σ̄ (KSo) should
be small in the frequency ranges where these signals have
content.

The input demand KSo has additional constraints at low
and high frequencies that shape closed-loop performance
(Fig. 1B). At high frequencies where σ̄ (GK ) ≪ 1, we have
σ̄ (KSo) ≈ σ̄ (K ). Therefore, to avoid large control signals due
to high frequency content in disturbances or measurement
noise, the controller gain σ̄ (K ) should be small. At low
frequencies where σ̄ (GK ) ≫ 1, we have σ̄ (KSo) ≈ 1/σ (G).
Note that this constraint on actuator saturation is a limitation
set by the open-loop plant and cannot be influenced by control
design, and therefore is one clear area where co-tuning of
sensing, actuation, and dynamics can provide a significant
benefit.

3) ROBUSTNESS
1(s) represents an appropriately dimensioned unstructured
additive perturbation transfer function matrix (Fig. 1) which
generates the family of uncertain plants

Gp(s) = {G(s)+1(s) | 1(s) unstructured}. (13)

We say that the controller K robustly stabilizes (RS) the
closed-loop system if it stabilizes every plant in Gp. For
the additive perturbation shown, the small gain theorem is
applied to generate the following necessary and sufficient
result: if ∥1∥∞ ≤ ε, then

RS ⇐⇒ ∥KSo∥∞ <
1
ε
. (14)

Therefore, the smaller the gain of the input demand σ̄ (KSo),
the larger the perturbation σ̄ (1) the closed-loop system can
tolerate.

Additionally, Glover [62] has shown that the minimum
input demand to robustly stabilize the closed-loop system in
Fig. 1A is directly related to the Hankel singular values of the
open-loop system. In particular, there exists a single feedback
controller K that stabilizes the set of plants Gp = G+1 for

all 1 < ε if and only if the minimum Hankel singular value
of the unstable partition of the open-loop system satisfies
h(Gu) ≥ ε. Therefore we have

min
K
∥KSo∥∞ =

1
h(Gu)

. (15)

This result is of particular interest as it connects the
robustness property of the closed-loop system directly to
an open-loop characteristic of the plant, which could be
optimized through the co-tuning of sensing, actuation, and
dynamics.

V. DIRECTIONAL OPTIMIZATION OF THE STATE SPACE C
MATRIX
In this section we present two convex optimizations for
the state space C matrix each of which maximizes one
metric of joint controllability/observability based on HSVs.
These optimizations tune the directions in state space which
are encoded in the C matrix rows, and are formulated as
semidefinite programs (SDPs) with linear matrix inequality
(LMI) constraints. The first optimization minimizes the
control energy required to stabilize an unstable system. The
second optimization can be used for either stable or unstable
systems, and minimizes the control energy required to
achieve a prescribed system response speed. In Section VI-A
we provide a method for realizing these directionally tuned
C matrices using distributed sensing.

A. MOTIVATION
The visual system of the blowfly is an illustrative example
of the principle of sensorimotor convergence, as shown
in Fig. 2A. Neurons called Lobula Plate Tangential Cells
(LPTCs) that respond to wide-field optic flow stimuli form
the output layer of each optic lobe [67]. Measured response
fields of individual LPTCs (Fig. 2B) indicate a strong
dependence on self-motion parameters [4], [68]. A linearized
matched filter approximation [5], [14], which assumes each
output is the normalized projection of the induced visual
motion, or optic flow Q̇, due to the insect’s translational
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and rotational self-motion onto its measured response field
Fi, is used to generate an output model y = Cx (Fig. 2C).
Rows of the associated C matrix, which can be composed
from (i) individual left or right hemisphere response fields,
or (ii) bilaterally summed and differenced response fields,
correspond to the specific state encoding for each cell type.

Output models described above can then be paired with
empirically parameterized A and B matrices for blowfly
flight dynamics [17] to form open-loop systems G =

(A,B,C). In Fig. 2D, the Hankel singular values of the
unstable partitions for each system are plotted against the
HSVs for systems where the associated A and B matrices
are paired with 1,000 randomly generated C matrices with
normalized rows. The minimum unstable Hankel singular
value h(Gu) for the biological ground truth is at the
upper end of the distribution of the randomly generated
systems. As this quantity is directly related to robustness
and actuator saturation properties of the closed-loop system,
it serves as a potentially useful choice of objective function.
In the following, we leverage this conclusion regarding the
minimum unstable HSV as the basis for an optimization
framework which seeks to synthesize directions in state space
for the C matrix to match sensory characteristics to the
actuation and dynamics of a system.

B. UNSTABLE SYSTEMS: MAXIMIZING THE SMALLEST
UNSTABLE HANKEL SINGULAR VALUE
In this case we consider unstable LTI state space systemsG =
(A,B,C) and seek to maximize the smallest unstable HSV,
which minimizes the smallest achievable value of ∥KSo∥∞
for all possible controllers. As shown in Section IV-C, this
minimizes the control energy required to stabilize an unstable
system, and maximizes the closed-loop robustness to additive
unstructured uncertainty of the plant.

To compute the unstable HSVs, we (i) generate the
transformation T that partitions the system into stable
and unstable subsystems Gs = (As,Bs,Cs) and Gu =
(Au,Bu,Cu), respectively (9), then (ii) solve the Lyapunov
equations in (6) and (7) for the reflected (stable) system
G∗u = [−Au,Bu,Cu]. In the following it is useful to partition
the transformation T in (9) such that

T =
[
Ts
Tu

]
, C = CsTs + CuTu, (16)

and similarly partition its inverse S = T−1 as

S = [ Ss Su ], C[ Ss Su ] = [ Cs Cu ]. (17)

For the optimization objectives we will consider, and likely
others of interest, we must decide how to constrain the
size of C . Since we are interested in finding the optimal
state space directions to sense, and identifying corresponding
sensitivity patterns, it makes sense to normalize either the
rows of C or the sensitivity patterns themselves. We look
here at synthesizing a C matrix with normed rows, that is,
cTi ci = 1 for each row ci of C . While the HSVs themselves

are invariant under coordinate transformations, normalization
of C in different coordinate systems will not result in the
same HSVs. In Section VI-A, we describe how to synthesize
normalized sensitivity patterns.

We formalize the optimization problem described above as
the following:
Proposition 1: Given a state space system (A,B), opti-

mizing the directions in state space of the rows of the state
space C matrix to minimize the achievable lower bound
min
K
∥KSo∥∞, is equivalent to the optimization problem:

A : max
C

min
i

hi(Au,Bu,Cu)

s.t. cTi ci = 1 ∀ i = 1, · · · ,m (18)

where (Au,Bu,Cu) is the unstable partition of the system,
as shown in (9), T is the corresponding transformation,
C = [ Cs Cu ]T , and {cTi } are the rows of C.

Proof: This follows directly from [62]. □
Here we present an SDP with LMI constraints that solves

the optimization problem presented above.
Theorem 2: The optimization problem A is equivalent to

the following SDP posed as an LMI problem,

B :
(
h⋆(Gu)

)2
=



min
Q,R,ρ

ρ s.t.

Q > 0,R ≥ 0
−ATuQ+−QAu + R ≥ 0
trace(PTRP) ≤ 1
X−1c,u ≤ ρQ

C⋆
= U6V T (19)

where Xc,u is the solution to (6) for (−Au,Bu), and

SVD(mPTRP) = V62V T

P = Tu(I − T Ts (TsT
T
s )
−1Ts)

U = U(6)

where m is the number of non-zero singular values of R, U
denotes Algorithm 1, and Ts and Tu are the partitioning of T
in (16).
The proof for Theorem (19) is provided in Appendix A.
Algorithm 1 is needed to map the optimization variable

R = CTC to a set of normalized rows of C or sensitivity
patterns. It takes as input a diagonal matrix of singular values,
6 and produces a unitary matrix U denoted U = U(6).
Such a unitary matrix U which maps CTC to a C matrix
with normalized rows always exists as shown in the proof for
Theorem 2 in Appendix A.

C. MINIMIZING CONTROL EFFORT FOR STABLE AND
UNSTABLE SYSTEMS
For the second optimization, which can be applied to stable
or unstable LTI systems, weminimize the smallest achievable
value of ∥KSo∥∞ for all possible controllers that produce a
prescribed closed-loop speed of response, defined as being
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Algorithm 1 U = U(6)
U ← zeros(m)
U (1, :)← r1 =

[
1
√
m , . . . , 1

√
m

]
for i = 2 : m do

ri← min
ri

∣∣ri62riT − 1
∣∣ s.t.

{
ririT = 1
UriT = [0, . . . , 0]T

U (i, :)← ri
end for

faster than e−αt for a specified α. We do this by maximizing
the minimum unstable HSV of a modified system.

For certain stable systems, one could consider maximizing
the minimum HSV of the full system using SDP A in (2),
in order to maximize the joint controllability-observability.
Related approaches are taken in [54], which maximize
the minimum singular values of the controllability and
observability Gramians over the actuator and sensor selection
options, respectively. However, for many systems we have
little leverage to increase the smallest stable HSV using the
C matrix, resulting in substantial sensing required for small
increases in this value. Therefore, we propose a different
approach that maximizes the minimum HSV for a portion
of the system whose HSVs set a lower bound on the control
energy required to achieve a desired closed-loop bandwidth.
This optimization can be applied to stable or unstable
systems.

In [69], the authors demonstrate that the problem of
synthesizing a controller to obtain a certain speed of response
can be reformulated as a stabilization problem for a modified
system. The minimum unstable HSV of this modified system
then determines the control effort required to meet this
performance requirement. We reiterate their result here, then
apply our methods to minimize this lower bound on control
energy by optimizing the directions encoded in C .
Let us assume the system G = (A,B,C) has a desired

closed-loop response faster than e−αt , where α > 0. As this
requirement corresponds to restricting closed-loop poles to
the left of s = −α on the complex plane, this can be converted
to a stabilization problem for the system G′ = (A′,B,C),
A′ = A + αI . Then, the minimum control effort required to
achieve the performance metric is:

min
K
∥KS ′o∥∞ =

1
h(G′u)

, (20)

where G′u(s) = (A′u,Bu,Cu) is the antistable partition of G′

as given in Section IV-B [69].
Therefore, given a desired closed-loop bandwidth α,

we can optimize C to minimize the achievable lower limit
on the required control energy over all possible controllers.
Theorem 3: Let G(s) = (A,B) be a plant for which we

aim to synthesize a C matrix and controller K such that the
closed-loop poles of Gcl(s) = C[sI − (A + BK )]−1B are to
the left of s = −α in the complex plane. Let G′ = (A′,B,C),
A′ = A + αI . Then, the SDP B applied to G′ produces

a C matrix that minimizes the control effort (20) over all
possible controllers. Finally, a controller K (s) that achieves
this lower bound is found using the synthesis approach in [62]
to produce K (s′), K (s) = K (s′ − α).
Proof: This result follows directly from [62] and [69], and

Theorem 2. □

VI. FRAMEWORK FOR OPTIMIZING DISTRIBUTED
SENSING SYSTEMS
In Section V, we provided SDPs for optimizing state space C
matrices for two optimization objectives. Now we describe
a framework for realizing an optimized C matrix using
distributed sensing. This can be used together with the
previous contribution, or separately, to implement a different
desirable C matrix.
First, we provide a framework for processing signals from

distributed sensing systems, inspired by the pooling approach
described in Section V-A. We integrate this framework
with conventional state space modeling such that traditional
linear systems tools and theory can be applied. We then
modify the optimization problems presented in Section V to
synthesize spatial sensitivity patterns which provide amethod
to implement the optimized sensing system.

A. DISTRIBUTED SENSING APPROACH
We consider a dynamical system which is able to sense
some spatially varying vector or scalar field, which we call
the measurement field and denote g. The measurement field
depends on the system state, x, and the spatial location, γ ,
at which g is measured. We denote the spatial region over
which g can be sensed as 0, and γ ∈ 0. The dimension of
the measurement field at a given state and spatial location is
denoted as q.
We define the following function space:

F := L2(0, Rq)

= {f : 0→ Rq
|

∫
0

∥f (γ )∥2dγ <∞} (21)

With inner product:

⟨f , g⟩F :=
∫

0

⟨f (γ ), g(γ )⟩dγ (22)

(where ⟨·, ·⟩ denotes the inner product on Rq) and norm:

∥f ∥F :=
[∫

0

∥f (γ )∥2dγ

]1/2
. (23)

We assume that:
1) The spatial domain 0 is bounded
2) Given any state x in the state space, g(x, ·) ∈ F
3) Themeasurement field g does not depend on the control

input u, i.e., in the linearization D = 0.
To process spatially varying measurements, we use the

pooling approach described in Section V-A, which we model
as in [15]:

yi = ⟨φi(γ ), g(x, γ )⟩F (24)
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where {φi}mi=1 is a set of sensitivity patterns,φi ∈ F , whichwe
aim to design. The system compares each sensitivity pattern
φi to the actual sensory input g measured by the sensors,
to produce a measurement yi. We aim to optimize these
sensitivity patterns to improve the closed-loop performance
of the system.

B. STATE SPACE FORMULATION
We consider the following system model, for which we will
optimize the sensitivity patterns {φi}mi=1:{

ẋ = f (x, u)
yi = ⟨φi(γ ), g(x, γ )⟩F

(25)

where x ∈ Rn is the system state, u ∈ Rr is the control input,
{yi}mi=1 ∈ Rm are the measurements, and f : Rn

× Rr
→ Rn

is the nonlinear dynamics function.
We linearize system (25) about equilibrium state (x̄, ū):

δẋ =
∂

∂x
f (x, u)

∣∣∣∣
(x̄,ū)

δx +
∂

∂u
f (x, u)

∣∣∣∣
(x̄,ū)

δu

yi =
〈
φi(γ ),

∂

∂x
g(x, γ )

∣∣∣∣
x̄

〉
F

δx
(26)

where the expression for yi applies the linearity of the inner
product. Using the standard state space notation and renaming
δx and δu as x and u:{

ẋ = Ax + Bu
yi = cTi x

(27)

where and A ∈ Rn×n, B ∈ Rn×r and ci is a row of the state
space C matrix, C ∈ Rm×n:

cTi = ⟨φi(γ ), J (γ )⟩F ∈ R1×m (28)

J (γ ) :=
∂

∂x
g(x, γ )

∣∣∣∣
x̄
∈ F × · · · × F (29)

We aim to optimize the sensitivity patterns {φi} to improve
the desired performance of the system. We will do this by
optimizing the state space C matrix, as in Section V, and then
finding corresponding sensitivity patterns {φi}. To do this,
we must approximate {φi} in a finite-dimensional space.
First, we choose an orthonormal basis for the function

space F , which will depend on the problem. We then
choose a finite subset of these basis functions to form a
finite-dimensional approximation to this basis, denoted B :=
{Bk}Nk=1. We denote the projection of some X (γ ) ∈ F ontoB:

[X ]B =

⟨X (γ ), B1(γ )⟩F...

⟨X (γ ), BN (γ )⟩F

 ∈ RN (30)

The amount of information lost through the choice ofB can
be quantified using the following procedure:

1) Compute the norm ∥ · ∥F of each element

Jj(γ ) =
∂

∂xj
g(x, γ )

∣∣∣∣
x̄

(31)

2) Project each of the elements Jj, onto B:

[Jj]B := [
〈
Jj(γ ), B1(γ )

〉
F , . . . ,

〈
Jj(γ ), BN (γ )

〉
F ]

T

(32)

3) Compute the 2-norm of each element’s projection, i.e.
take the 2-norm of the coefficients of [Jj]B

4) Ensure the ratio of these norms is close to 1 for all j:

∥[Jj]B∥
∥Jj(γ )∥F

≤ 1 (33)

These ratios quantify the signal energy of each element
of J that is preserved using the finite set of basis
functions.

With this finite dimensional approximation, each row of C
is produced by the following matrix multiplication:

ci = [φi]TB

[
∂g
∂x

∣∣∣∣
x̄

]
B

(34)

The output matrix C is then given by:

C = 8BJB, (35)

8B =


[φ1]TB
[φ2]TB

...

[φm]TB

 ∈ Rm×N , JB :=
[

∂g
∂x

∣∣∣∣
x̄

]
B
∈ RN×n

(36)

In the remainder, the subscript B will be dropped.

C. REALIZABILITY
As discussed in Section VI-B, the Jacobian J encodes infor-
mation about the mapping between φi and ci. In particular,
J can be used to ensure that a sensing system is physically
realizable. This can be written as a condition on 8:

φi ∈ R(J ) ∀i = 1, . . . ,m (37)

The condition that a state space C matrix is physically
realizable is equivalent to

ci ∈ R(JT ) ∀i = 1, . . . ,m (38)

This is equivalent to the condition

CPJ = C, PJ := J†J (39)

This is used in optimizationD to derive the value ofPr , which
ensures the resulting optimized C matrix is realizable.
The computation of Pr requires the definition of the

operator ∩( · , · ). This operator takes as input two
projections, and produces a projection onto the intersection
of the rowspaces of the arguments. Let P1 and P2 be square
projection matrices in Rn×n. Then ∩(P1,P2) is found as [70]:

∩(P1,P2) = USV T (40)
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FIGURE 3. Framework for optic-flow based distributed sensory processing and control. (A) Each lobula plate tangential cell (LPTC) of the fly’s
motion vision system responds preferentially to some specific combination of rotational (roll, pitch, yaw) and translational (forward, sideslip,
heave) self-motion. (B) The azimuth and elevation components of the optic flow vector are the projected relative rotational and translational
velocities of visual contrasts or objects in the environment into the tangent space of the imaging surface, modelled here as a sphere. The
translational contribution at each viewing direction r = (η, β) is inversely scaled by the distance d (η, β) from the imaging surface to the nearest
object in the environment. (C) Jacobian functions for optic flow relative to rigid body states x . The Jacobian functions not shown are equal to
zero. (D) MIMO feedback architecture; outputs yi are generated by projecting the instantaneous optic flow estimates onto sensitivity functions
φi and are fed to a dynamic controller K .

where

U6V T
= SVD(P1P2), 6 =

σ1
. . .

σn


S =

s1 . . .

sn

 , si =

{
1, σi = 1
0, otherwise

(41)

D. OPTIC FLOW ON THE SPHERE
As an example, we consider optic flow generated on a
spherical imaging surface due to 6-DOF motion in a 3D
environment (Fig. 3A,B). The sensing region is taken as the 2-
sphere 0 = S2, where an optic flow vector Q̇ = [Q̇η Q̇β ]T ∈
R2 is defined at each spatial location γ = r, parameterized
using the azimuth η and elevation β angles as

r(η, β) = [ cos η sinβ sin η sinβ cosβ ]T . (42)

We assume that the (η, β) = (0, 90◦) axis points along the
body x̂b axis. Hence, the function space of interest is F =
L2(S2, R2), with measurement field g(x, γ ) = Q̇(x, r) and
sensitivity patterns φi(γ ) corresponding to LPTC receptive
fields Fi(r), yielding outputs

yi = ⟨φi(γ ), g(x, γ )⟩F =
∫
S2

Fi(r) · Q̇(x, r) d�, (43)

as defined in Fig. 3D. Here � is the solid angle on the sphere
and the inner productFi ·Q̇ is calculated locally at each spatial
location r(η, β) on the sphere.

E. OPTIMIZING SENSITIVITY PATTERNS
Here we adapt SDP B (19) to the problem of synthesizing
sensitivity patterns for a distributed sensing system which
maximize the minimum unstable HSV. This modified opti-
mization accounts for constraints on the states the system
is able to sense through the Jacobian J . Additionally,
a constraint is modified to ensure that the sensitivity patterns
themselves are normalized, rather than the rows of the C
matrix.
Theorem 4: The optimization problem:

max
8

min
i

hi(Au,Bu,Cu(8))

C : Cu(8) = 8JSu
s.t. φTi φi = 1 ∀ i = 1, · · · ,m (44)

where (Au,Bu,Cu) is the unstable partition of the system,
as shown in (9) with the corresponding Su in (17), is equiva-
lent to the following SDP posed as an LMI problem,

D :
(
h⋆(Gu)

)2
=



min ρ s.t.
Q > 0,R ≥ 0
−ATuQ+−QAu + P

T
r RPr ≥ 0

trace(PTn RPn) ≤ 1
X−1c,u ≤ ρQ

Pr := PJ + Ps∩J⊥ , PJ := J†J

Ps∩J⊥ := ∩(Ps,P
⊥
J ), Ps := T Ts (TsT

T
s )
†Ts

Pc := TuPJ (I − J†(J†)T (TsJ†(J†)TT Ts )
†Ps∩J )

Ps∩J := ∩(Ps,PJ )
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Pn := PcUJ6
1/2
J , SVD(J†J ) = UJ

[
6J
0

]
V T
J (45)

where Xc,u is the solution to (6) for (−Au,Bu), the operator
∩( · , · ) is the projection onto the intersection of the
rowspaces of the arguments (see Section VI-C), and the
resulting R is mapped to 8 via:

8 = Ū6V T , U6V T
= SVD(

√
mR1/2PcJ†) (46)

where m is the number of nonzero singular values of the
optimized R and Ū is generated by Algorithm 1 with input
6.

The proof for Theorem 4 is provided in Appendix A.

VII. MULTIVARIABLE CONTROLLER SYNTHESIS
To complete the framework introduced in this paper,
we discuss two controller synthesis approaches that highlight
and leverage the properties of open-loop systems that have
been optimized using the techniques described in Sections V
and VI.

A. MAXIMALLY ROBUST CONTROL
As discussed in Section IV-C3, the minimum unstable HSV
of a system determines the lowest possible ∥KSo∥∞ over all
possible K , for the feedback configuration shown in Fig. 3D.
In [62], Corollaries 6.1 and 6.2 provide a formulation for
the controller which achieves this lower bound on ∥KSo∥∞
for a given system. This controller synthesis approach
illustrates the effect of our sensing design methodology on
the achievable performance of the system.

The following adapts the synthesis method for a maximally
robust controller given in [62]. Note that some of the source
notation has been changed for consistency.
Theorem 5: (Adapted from Glover [62]) Let the state

space system G(s) = (A,B,C) be partitioned into stable
and antistable parts, Gs(s) = (As,Bs,Cs) and Gu(s) =
(Au,Bu,Cu), respectively, such that G = Gs + Gu.
Let Gu be a balanced realization with balanced Gramians:

6 =

[
61 0
0 εI

]
; 61 − εI > 0 (47)

such that ε is the smallest HSV. Let (Au,Bu,Cu) be partitioned
compatibly with 6 into (Au1,Bu1,Cu1) and (Au2,Bu2,Cu2).
Let

K = K2(I + GsK2)−1 (48)

where

K2 = D̃+ C̃(sI − Ã)−1B̃

D̃ = ε−1U∗

C̃ = ε−1U∗C2161 + B∗21
B̃ = −0̃−1(ε−161B21U∗ + C∗21)

Ã = −A∗21I + B̃C2161

U = −(CT
22)

†B22
0̃ = 62

1 − ε2I (49)

Then K is a maximally robust controller for G, such that
∥KSo∥∞ = 1

ε
.

Proof: This result follows directly from Lemma 6.1 and
Corollaries 6.1 and 6.2 in [62]. □

The application of Theorem 5 yields a maximally robust
controller K that achieves the lower bound on the input
demand transfer function KSo. While useful from both
comparative and validation perspectives, this controller has
limited practical utility as it does not allow the designer
to specify additional performance requirements such as
tracking error or disturbance attenuation, as determined by
the sensitivity transfer function So. To increase flexibility in
the design process, one can consider the mixed-sensitivity
synthesis approach outlined in the next section.

FIGURE 4. H∞ S/KS mixed sensitivity block diagram in regulator form.
The generalized plant P is composed of plant G, controller K , and
performance and actuator weighting functions Wp and Wu.

B. MIXED SENSITIVITY H∞ CONTROL
Consider the general feedback configurationwith generalized
plant P and controller K shown in Fig. 4 where w are
exogenous signals such as references or disturbances, z are
the controlled variables, v are any signals the controller has
access to such as errors, and u are the plant inputs. If the plant
transfer function P is partitioned asz1z2

v

 = (
P11 P12
P21 P22

) (
w
u

)
, (50)

we can express the closed-loop transfer function from w to
z = [zT1 z

T
2 ]
T as,

z = [P11 + P12K (I − P22K )−1P21] w

= Fl(P,K ) w. (51)

In the standard H∞ synthesis approach [71], one seeks to
select a stable controller K that minimizes the effect of the
exogenous signals w on the controlled outputs z though the
following optimization problem:

inf
K
∥Fl(P,K )∥∞ = inf

K
max

ω
σ̄ [Fl(P,K )(jω)]. (52)
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For our application, we consider the S/KS mixed sen-
sitivity case, which corresponds to the block diagram in
Fig. 4. This encodes the following objectives: (i) attenuation
of low-frequency disturbances at the plant output, (ii)
minimization of high-frequency actuator gain, and (iii) robust
stability to additive uncertainty at high frequencies. The
first requires that σ̄ (So) be small at low frequencies, and
the second and third require that σ̄ (KSo) be small at high
frequencies.

To allow for specification of low- and high-frequency
performance bounds on So and KSo, frequency-dependent
weighting functionsWp(s) andWu(s) are introduced as shown
in Fig. 4. The corresponding generalized plant is given by

P =
(
P11 P12
P21 P22

)
=

Wp WpG
0 −Wu
−I −G

 , (53)

with controlled variables z1 = WpSow and z2 = WuKSow.
This particular choice of feedback structure results in theH∞
S/KS mixed sensitivity optimization problem

inf
K
∥Fl(P,K )∥∞ = inf

K

∥∥∥∥[
WpSo
WuKSo

]∥∥∥∥ . (54)

This formulation now allows for a trade-off between
minimization of actuator effort and robustness (KSo) and
disturbance rejection and tracking capability (So), in contrast
to the maximally robust controller from the previous section.

The mixed-sensitivity H∞ control synthesis was per-
formed using the dynamic output H∞ SDP provided in [72]
and implemented using YALMIP [73].

VIII. EXAMPLES
In the following examples we apply the SDPs from
Theorem 3 and Theorem 5 to synthesize C matrices and
their associated sensitivity patterns for several systems.
We also apply optimal controller synthesis techniques from
Section VII to highlight the closed-loop benefits of sensing
characteristics that are tuned to the actuation and dynamics
properties of the system.

A. BLOWFLY CALLIPHORA
We use SDP B (19) to synthesize a C matrix with
three rows (Appendix B-A) and generate the corresponding
sensitivity patterns φ1, φ2, and φ3. The optimal C matrix
(Appendix B-A) has nonzero components corresponding to
the pitch and roll angles, which are not observable. However,
these components are small, and setting them to zero reduces
the minimum unstable HSV from 9.38 to 9.31, a difference of
less than 1%. Note that SDP D accounts for this realizability
condition automatically. For this problem, the optimal value
of the optimization variable R has two nonzero singular
values, but we choose to map it to three (linearly dependent)
C matrix rows for comparison with the three heterolateral V1,
V2, and Vx cells.

For comparison purposes, we select the outputs formed
from the left and right heterolateral V1, V2, and Vx Lobula

Plate Tangential Cell (LPTC) response fields (denoted F−V1,
F−V2, and F+Vx, respectively). These cells were shown to have
strong correlations with the most controllable/observable
directions [17], which suggests a connection to the Hankel
singular values.

Fig. 5A shows the resulting Hankel singular values for
the unstable partition for the Calliphora system with (i)
asymmetric V1 and V2 and symmetric Vx LPTC combined
response fields, (ii) outputs synthesized using SDPB, and (iii)
1000 randomly generated 3× 8 C matrices with normalized
rows chosen from a uniform distribution on R8. Fig. 5B-C
compares the corresponding measured response fields to the
sensitivity patterns resulting from the optimization. It is clear
that the Calliphora and synthesized C matrices result in a
larger minimum unstable HSV and a larger Hankel norm
compared to the randomly generated systems. Additionally,
the synthesized C matrix provides a 42.7% increase in the
minimum unstable HSV over the biological system. Note
that in the Calliphora combined left and right heterolateral
response fields we have introduced a symmetry constraint
as in [17], whereas the optimized sensitivity patterns have
introduced a coupling in the longitudinal (symmetric) and
lateral (asymmetric) dynamics through the pitch rate q and
roll rate p states. This could explain, at least in part, the gap
in the resulting minimum unstable HSV between the LPTC
response fields and the optimal (synthesized) sensitivity
patterns.

B. MICRO-HELICOPTERS
In this section we consider two micro-helicopters, the
flybarless Walkera V100D04 and its flybarred counterpart,
the Walkera CB100. The flybarless version is inherently
unstable in pitch and roll, while the flybarred version is
equipped with a Bell stabilizer bar that enforces rotational
stability and alters the character of the dynamics. LTI models
composed of state space A and Bmatrices for their respective
flight and actuator dynamics about hover were empirically
identified using time and frequency domain methods in [74].
The heave w and yaw rate r states were assumed to be
decoupled, resulting in the state and input vectors

x = [ φ θ p q a b c d u v ]T (55)

u = [ δlat δlon ]T , (56)

where φ and θ are the roll and pitch attitude states, p and q are
the roll and pitch rates, and the forward and lateral velocities
are u and v, in SI units. The states a and b represent the rotor
flapping dynamics (both helicopters), and c and d are the
flybar dynamics (flybarred helicoper only). Inputs δlat and
δlon represent the lateral and longitudinal swashplate inputs.

We assume each micro-helicopter is equipped with 4π
steradian optic flow sensing and synthesize optic flow
sensitivity patterns utilizing the optimizations developed in
Section VI-E to micro-helicopter flight dynamics with and
without a flybar installed. The optic flow Jacobian J was
computed using spherical harmonic basis functions of up to
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FIGURE 5. Blowfly Calliphora output C matrix comparisons. (A) Hankel singular values from the unstable partition for (i) the C matrix corresponding
to the V2−, V1−, and Vx+ measured response fields, (ii) the C matrix synthesized with LMI B (19) using the Calliphora A and B matrices, and (iii)
1000 random C matrices with normalized rows chosen from a uniform distribution. (B) Measured response fields for the asymmetric V2 and V1, and
symmetric Vx Lobula Plate Tangential Cells. (C) Sensitivity patterns {φi } for the three rows of the synthesized C matrix.

FIGURE 6. Optic flow Jacobians for the hover reference flight condition
for the micro-helicopter observable states.

8th degree for the hover reference flight condition and is
shown for the four observable states {p, q, u, v} in Fig. 6.
Then, maximally robust and optimal H∞ controllers were
synthesized to provide disturbance rejection capability about
the hover equilibrium. The authors chose not to focus on
a specific set of requirements for this application, therefore
the weighting functions Wp and Wu used in the H∞ mixed
synthesis were developed to demonstrate an appropriate
balance between controller effort and tracking performance.

1) FLYBARRED MICRO-HELICOPTER
In this example we first apply SDP D (45) to synthesize
optic flow sensitivity patterns φh1 and φh2 (Fig. 7C) and
the associated output matrix C1 using state space A and B
matrices for the flybarred micro-helicopter. As the nominal
dynamics are stable, we consider the shifted system with
the prescribed speed of response α = .75 (Section V-C).
We denote this optimized open-loop system as G1 =

(A,B,C1).
For comparison, we generate a second set of optic flow

sensitivity patterns φo1 and φo2 (Fig. 7D) by maximizing the
smallest eigenvalue of the observability Gramian. This is

analogous to the more traditional approach to distributed
sensing optimization, which seeks to minimize some metric
of the state estimate error covariance [29]. We implement
this optimization by solving the following SDP with LMI
constraints: 

min ρ s.t.
Q > 0,R > 0
−ATQ+−QA+ PTr RPr ≥ 0
trace(PTn RPn) ≤ m
I ≤ ρQ

(57)

Pr := J†J , Pn := PrJ† (58)

where R is mapped to sensitivity patterns in the same way as
for SDP D. The optimization produces four rows of the C
matrix, and the relative gain array was used to down-select
to the best two rows to match the input dimensions of the
plant. We denote the associated output matrix as C2, and the
open-loop system as G2 = (A,B,C2).

The structure of the synthesized patterns and the associated
states that are encoded by the C matrices (Appendix B-B)
reveal the result of applying SDP D. The eigenvectors of
the slowest open-loop poles of the plant, s1,2 = −0.4160 ±
1.1304j and s3,4 = −0.6017 ± 0.8111j, are dominated by
the u and v states, respectively. It is clear that the patterns
φh1 and φh2 in Fig. 7C are a combination of these states, and
are primarily translational in nature. The patterns synthesized
using the observability metric, on the other hand, aim to make
the least observable states, p and q, more observable, though
their measurement may have little relevance to the closed-
loop dynamics.

To explore the closed-loop implications of the sensory
tunings, the maximally robust controller and the S/KS
mixed-sensitivity H∞ optimal controller (Section VII) were
synthesized for the systems G1 = (A,B,C1) and G2 =

(A,B,C2). The H∞ performance and actuator weights were
chosen asWp(s) = wp(s)I andWu(s) = wu(s)I (Appendix B).
This yields controllersK1(s′) andK2(s′) in terms of the shifted
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FIGURE 7. Optic flow sensing and control optimization applied to a flybarred micro-helicopter. (A) Walkera CB100 micro-heli with flybar installed.
(B) The eigenstructure of the A matrix is plotted along with dominant eigenvector states. (C) Sensitivity patterns resulting from maximizing the
minumum unstable HSV for the α = .75 case. (D) Sensitivity patterns resulting from maximizing the minimum singular value of the observability
Gramian. (E-F) Closed-loop frequency response of the transfer functions KSo and So with the max robust and S/KS mixed sensitivity H∞ controllers.
(G) Magnitudes of the output y and actuator input u signals for a step disturbance input in roll rate p for the optimized HSVs (G1) and the maximized
observability (G2) systems.

variable s′, andmust be shifted back by substituting s′ = s+α

into the transfer functions.
In Fig. 7E-F, we plot the maximum singular value of

the KSo and So closed-loop transfer functions. It is clear
that the max robust controller minimizes ∥KSo∥∞, while
the H∞ controller allows for additional design flexibility to
push down σ̄ (So) at lower frequencies to improve tracking
and disturbance rejection performance at the expense of
increasing ∥KSo∥∞. Comparing the HSV-optimized and the
observability-optimized systems G1 and G2, the optimized
HSV system provides the lowest worst-case actuator effort
to achieve the same speed of response set by the parameter
α = .75, provides the maximum robustness to additive
uncertainty, and exhibits improved disturbance rejection
capability, as verified by the step responses plotted in Fig. 7G.

2) FLYBARLESS MICRO-HELICOPTER
The effect of removing the flybar is revealed in the
eigenstructure plot in Fig. 8B, where a pair of unstable
complex-valued poles appear in the right half plane at s1,2 =
0.9126 ± 2.2232j. The associated eigenvectors are now
composed of the pitch rate q and roll rate p states, along with
a contribution from the forward velocity u. The eigenvector
content is similar for the stable complex pole pair at s3,4 =

−1.5567± 2.4754j, hence the slowest open-loop poles have
shifted from being translational to rotational in nature.

SDP D (45) was applied to the A and B matrices
empirically identified in [74] representing the flight dynamics
of this system about hover. The associated optic flow
sensitivity patterns φh1 and φh2 for the synthesized C matrix
(Appendix B-C) are shown in Fig. 8C. The spatial structure
of these patterns is now a combination of rotational and
translational velocity, reflective of the dynamic character of
the dominant low-frequency poles of the open-loop system.

Closed-loop properties were also investigated by imple-
menting the max robust and S/KS mixed sensitivity H∞
controllers as in the previous example. The H∞ performance
and actuator weights were chosen as Wp(s) = wp(s)I and
Wu(s) = wu(s)I (Appendix B). In Fig. 8D, we plot σ̄ (KSo)
where the desired closed-loop speed of response specification
is varied from α = 0 to α = 4. It is clear that increasing
the desired response speed increases the minimum actuator
effort ∥KSo∥∞ required to stabilize the system and reduces
robustness to additive uncertainty. The additional design
flexibility of the mixed sensitivity H∞ approach is reflected
in the σ̄ (KSo) and σ̄ (So) frequency response plots in Fig. 8E,F
where a moderate increase in actuator effort (4.5 dB) is traded
for significant disturbance rejection performance (41.37 dB).
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FIGURE 8. Optic flow sensing and control optimization applied to a flybarless micro-helicopter. (A) Walkera V100D04 flybarless micro-heli. (B) The
eigenstructure of the A matrix is plotted along with dominant eigenvector states. (C) Synthesized optic flow patterns for the α = 0 case. (D) Closed-loop
frequency response with the max robust controller of the transfer function KSo for the α = 0, 1, 2, 3, 4 systems. (E-G) Closed-loop output response
∥y (t)∥ to a step in the first and second disturbance d components and frequency response of the transfer functions KSo and So for the max robust and
the S/KS mixed sensitivity H∞ controllers for the α = 0 case.

This is verified by the responses for the magnitude of the
output ∥y(t)∥ for step inputs in each of the output disturbance
directions d ∈ R2.

IX. DISCUSSION
This article leverages insights from recently discovered
connections in blowfly flight physics and physiology as the
basis for an optimization framework to synthesize spatial
sensitivity patterns for systems equipped with distributed
sensor arrays. Within the proposed framework, we presented
two novel semidefinite programs (SDPs) with linear matrix
inequality (LMI) constraints which maximize the smallest
unstable Hankel singular value (HSV) of the system,
a coordinate-invariant metric which minimizes the actuator
effort and maximizes the achievable robustness of an LTI
system. A maximally robust controller synthesis method was
adapted from previous work, which provides a validation
tool, and the H∞ controller formulation presented allows
for a trade-off between minimization of actuator effort
and robustness versus disturbance rejection and tracking
capability, in contrast to the maximally robust controller.

The first SDP (19) synthesizes a state space C matrix
with directionally optimized rows, while the second SDP (45)
synthesizes spatial sensitivity patterns that provide a method

to realize an optimized C matrix using a distributed sensor
array. Both SDPs can be applied to unstable systems,
in particular to the portion of the system whose HSVs
set a lower bound on the control energy required to
achieve a desired closed-loop bandwidth. To extend this to
stable systems, we incorporated an operator that shifts the
eigenvalues of the A matrix, which is equivalent to enforcing
a minimum speed of response constraint.

Applying this approach to empirically parameterized
Calliphora flight dynamics shows correlation between the
optimized sensitivity patterns and the true response fields
measured in the animal. Of particular note, the optimiza-
tion generates sensitivity patterns that introduce coupling
between the longitudinal (symmetric) and lateral (asymmet-
ric) partitions of the dynamics, which is consistent with
the observation that outputs composed of LPTC response
fields from individual (left or right) hemispheres have a
slightly larger minimum unstable HSV, compared to pairwise
summed or differenced response fields, which enforce
bilateral symmetry.

Sensitivity patterns were also synthesized for flybarred and
flybarless micro-helicopter flight dynamics. The addition of
the flybar enforces rotational stability, and significantly alters
the character of the dynamics. The synthesized sensitivity
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patterns capture this difference, as they reflect the states in the
dominant (slowest) poles of the dynamics. In particular, the
flybarred patterns are tuned to forward and lateral velocity,
whereas the flybarless patterns are tuned to a combination
of pitch and roll rates with a forward velocity component
(Figs. 7C and 8C). As a point of comparison with traditional
methods, a separate SDPwith LMI constraints was fomulated
to generate sensitivity patterns for the flybarred (stable)
micro-helicopter that maximize the smallest eigenvalue of the
observability Gramian. The resulting patterns were composed
primarily of the pitch and roll rate states.

Disturbance rejection feedback loops were closed on
both micro-helicopters using both a maximally robust
controller and a mixed sensitivity H∞ optimal controller.
Note the observability-based synthesis could not be applied
to the flybarless micro-helicopter as those dynamics are
unstable. The benefits of the HSV-optimized system over
the observability-optimized system were readily apparent
upon analysis of the respective closed-loop behaviors on the
flybarred micro-helicopter. In particular, the HSV-optimized
approach provides the lowest worst-case actuator effort to
achieve the same speed of response, provides the maximum
robustness to additive uncertainty, and exhibits improved
disturbance rejection capability, demonstrating a successful
transition of a biological principle that improves the engi-
neered system.

The novelty of this problem indicates the potential for
many improvements on and extensions to this work. One
improvement would include a modified metric that includes
the impact of amplitude scaling. For instance, multiplying the
output matrix C by a constant which scales the HSVs by the
same value, or duplicating a row of theC matrix which scales
the HSVs by a factor of

√
2. Neither of these modifications

actually improves system performance, and in the case of
amplitude scaling, may amplify signal-to-noise issues. In this
work we avoid this problem by synthesizing normalized and
linearly independent sensitivity patterns (or C matrix rows),
but we can still only make fair comparisons between sensing
systems with the same number of sensitivity patterns or C
matrix rows.

One straightforward extension is to modify the optimiza-
tions introduced here to the problem of sensor selection
using the minimum unstable HSV metric, potentially using
mixed-integer semidefinite programs (MISDPs). The per-
formance of a spatially distributed sensor array using
synthesized sensitivity patterns could then provide an
upper bound on the performance of a sparse sensor array.
Other work could include the development of additional
coordinate-independent optimization objectives for sensi-
tivity pattern synthesis, which are linked to closed-loop
system performance. Finally, these spatial sensitivity pat-
terns could be extended to include a temporal compo-
nent [75], further improving potential performance and
noise rejection capabilities, or combined with alterna-
tive feedback architectures for disturbance rejection, such
as [76] and [77].

As engineered systems become increasingly intercon-
nected, integrated, and high-dimensional, new design
principles will be required to achieve optimal dynamic
performance. Approaches that allow for simultaneous
specification of sensors, actuators, dynamics, and closed-loop
performance will be essential to achieve this goal. Bio-
inspired principles, such as the maximization of the smallest
unstable Hankel singular value explored in this article,
show immediate promise for applications such as highly
agile morphing vehicles, continuum-type platforms involving
flexible bodies and soft actuators or robots, cyber-physical
systems, flow control systems, resource management
systems, communication systems, and power networks.

APPENDIX A PROOFS AND SUPPORTING RESULTS
Lemma 1: Let the positive semi-definite matrix R ∈ Pn

satisfy trace(R) = m, where m ∈ N and m greater than or
equal to the number of nonzero singular values of R. Then,
there exists a matrix C ∈ Rm×n which satisfies R = CTC,
and cTi ci = 1 ∀ i ∈ {1, · · · ,m}, where cTi are the rows of C.

Proof: We prove that there exists such a C by
constructing the matrix U described above, such that C =
U6V T .
Using the following notation:
ui: jth column of U
uij: element of U in the ith row, jth column
vi: jth row of V
σj: jth diagonal element of 6

cTi : ith row of C
ei: unit vector with 1 in the ith entry and zeros elsewhere
ri: ith row of U

Then,

C =
n∑
j=1

σjujvTj

and

cTi =
n∑
j=1

σjeTi ujv
T
j =

n∑
j=1

σjuijvTj

The constraint that C must have normalized rows is
equivalent to

trace(cicTi ) = 1 ∀i

Hence

trace

 n∑
j=1

σ 2
j u

2
ijvjv

T
j

 = n∑
j=1

σ 2
j u

2
ij trace(vjv

T
j )

=

n∑
j=1

σ 2
j u

2
ij = 1. (59)

Therefore the rows {ri} must satisfy:
1) rirTj = 0 ∀i ̸= j
2) ∥ri∥ = 1 ∀i
3)

∑n
j=1 σ 2

j u
2
ij = 1
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The first two constraints come from U being unitary. The
third constraint is equivalent to restricting each ri to the
surface of a hyper-ellipsoid in Rm with semi-axis lengths
1
σ1

, . . . , 1
σn
. Combining the second and third requirements

implies that each ri should lie on the intersection of this
hyper-ellipsoid and the unit sphere.

The condition trace(R) = m ensures that this intersection
is nonempty since:

trace(R) = m ⇐⇒

n∑
j=1

σ 2
j = m

The trivial case is all σj = 1, in which case any unitary
U suffices. In the nontrivial case, some σj > 1, and
some σj < 1. Therefore the hyper-ellipsoid with semi-axis
lengths 1

σ1
, . . . , 1

σn
will always intersect the unit sphere. The

existence of an orthonormal set of vectors {ri}mi=1 that lie in
this intersection is shown in Lemma 2.
Algorithm 1 constructs such a set starting with r1 =[
1
√
m , . . . , 1

√
m

]
which is always a solution.m−1 orthonormal

solutions are then constructed.
□

Lemma 2: Given an ellipsoid Em in Rm with semi-axis
lengths 1

σ1
, . . . , 1

σn
represented by vTEmv = 1 where v ∈ Rm

and Em ∈ Rm×m,

Em =


σ 2
1 0 · · · 0
0 σ 2

2 · · · 0
...

...
. . .

...

0 0 · · · σ 2
m

 , (60)

and trace(Em) = m, there exists a set of orthonormal vectors
{vi}mi=1 that lie on the intersection of Em and the unit sphere
in Rm.

Proof: The vector
[

1
√
m , . . . , 1

√
m

]T
is always in this

intersection, therefore we choose this for v1. The intersection
of Em and the orthogonal subspace to the span of v1 is another
ellipsoid Em−1 ∈ Rm−1.
The next step is therefore to show that the intersection of

Em−1 and the unit sphere in Rm−1 is non-empty, so that a
v2 may be selected from this intersection.

Consider the projection P1 onto the orthogonal subspace to
span{v1}:

P1 = I − v1vT1 =
1
m


m− 1 −1 · · · −1
−1 m− 1 · · · −1
...

. . .
...

−1 · · · −1 m− 1

 (61)

Then, Em−1 can be represented by Em−1 = P1EmPT1 ,
vTP1EmPT1 v = 1. The sum of the eigenvalues of Em−1 can
be found via the trace:

m∑
i=1

λi(Em−1) = trace(P1EmPT1 ) =
m∑
i=1

σ 2
i trace(p1,ip

T
1,i)

(62)

where p1,i are the columns of P1. The reader can verify that
trace(p1,ipT1,i) =

m−1
m ∀i, and therefore

m∑
i=1

λi(Em−1) = m− 1. (63)

Therefore, using the same reasoning as for Em, Em−1
intersects with the unit sphere in Rm−1. After transforming
Em−1 into coordinates in the subspace orthogonal to the span
of v1, such that Em−1 is diagonalized, we can choose [v2]2 =[

1
√
m−1

, . . . , 1
√
m−1

]T
(v2 in this new coordinate system [ · ]2)

and this process can be repeated.

At the m − 1th iteration, [vm−1]m−1 =
[

1
√
2
, 1
√
2

]T
and

[vm]m−1 =
[

1
√
2
,− 1
√
2

]T
, and this process is complete. □

Here we provide the proof for Theorem 2.
Theorem 2 The optimization problem A is equivalent to

the following SDP with LMI constraints,

B :
(
h⋆(Gu)

)2
=



min
Q,R,ρ

ρ s.t.

Q > 0,R ≥ 0
−ATuQ+−QAu + R ≥ 0
trace(PTRP) ≤ m
X−1c,u ≤ ρQ

(64)

C⋆
= U6V T (65)

where Xc,u is the solution to (6) for (−Au,Bu), and

SVD(PTRP) = V62V T

P = Tu(I − T Ts (TsT
T
s )
−1Ts)

U = U(6) (66)

where U denotes Algorithm 1, and Ts and Tu are the
partitioning of T in (16).

Proof: First we prove that the optimization problem A
is equivalent to

max
Cs,Cu

min
i

hi(Au,Bu,Cu)

s.t.

{
∥C ′∥2F = m
C ′ = CsTs + CuTu

C⋆
= U6V T , SVD(C ′) = U ′6V T , U = U(6) (67)

This is the result of replacing the optimization variable C
with its partitioned components Cs and Cu. The constraint
cTi ci = 1 requiring C to have normalized rows, is replaced
by the condition ∥C ′∥2F = m on the intermediary variable
C ′. This follows from Lemma 1 which ensures the existence
of a unitary U which maps C ′ to a C with normalized
rows.
Next, the condition ∥C ′∥2F = m can be relaxed to
∥C ′∥2F ≤ m. Consider a C ′ such that ∥C ′∥2F < m. Then
there exists an α > 1, C̃ = αC ′, C̃u = αCu. Then
min
i

hi(Au,Bu, C̃u) > min
i

hi(Au,Bu,Cu). Hence for an

optimal C ′, ∥C ′∥2F = m.
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Now we find the optimal value of Cs as a function of the
optimal value of Cu. Note that Cs does not directly affect the
unstable HSVs, but only indirectly through its influence on
the constraint ∥C ′∥2F ≤ m. Let C ′ = CsTs + CuTu, and let
C̃s be such that ∥C̃∥2F < ∥C ′∥2F where C̃ = C̃sTs + CuTu.
Then there exists an α > 1, C̃ = αC ′, C̃u = αCu. Then
min
i

hi(Au,Bu, C̃u) > min
i

hi(Au,Bu,Cu). Therefore, the

optimal choice of Cs is argmin
Cs
∥C ′∥2F .

The optimal choice for Cs can be found in terms of Cu.
Let P̃ be the projection onto the nullspace of Ts (P̃ : Rn

→

Null(Ts)) and P̃⊥ be the projection onto the rowspace of Ts
(P̃⊥ : Rn

→ Ran(T Ts )):

P̃⊥ = T Ts (TsT
T
s )
−1Ts

P̃ = I − T Ts (TsT
T
s )
−1Ts (68)

Then, C ′ can be decomposed as:

C ′ = CsTs + CuTu(P̃⊥ + P̃) (69)

and the choice of Cs that minimizes ∥C ′∥F is

CsTs = −CuTuP̃⊥ (70)

and correspondingly

C ′ = CuTuP̃. (71)

Thus our optimization A is equivalent to:

max
Cu

min
i

hi(Au,Bu,Cu)

s.t.

{
∥CuP∥2F ≤ m
C = U6V T , SVD(CuP) = U ′6V T , U = U(6)

(72)

Now, rewriting the objective as an eigenvalueminimization
problem, minimizing the largest eigenvalue of the inverse of
the product of the unstable observability and controllability
Gramians, the optimization becomes:

min
Cu

ρ

−ATuQ+−QAu + C
T
u Cu = 0

∥CuP∥2F ≤ m
X−1c,u ≤ ρQ

(73)

C = U6V T , SVD(CuP) = U ′6V T , U = U(6) (74)

As this is non-linear in Cu we perform the substitution R =
CT
u Cu. Additionally, the number of non-zero singular values

of R, and hence the number of linearly independent rows of
C which R can be mapped to, is not known before running
the optimization. Therefore the condition trace(PTRP) ≤ m
is replaced by trace(PTRP) ≤ 1, and the resulting optimal R
is multiplied by m, the number of non-zero singular values
of R.

Finally, we expand the feasible set of Q by relax-
ing the equality in (73) to an inequality, such that

Q remains the observability Gramian for the optimal
solution:

min ρ

Q > 0, R ≥ 0
−ATuQ+−QAu + R ≥ 0
trace(PTRP) ≤ m
X−1c,u ≤ ρQ

C = U6V T , SVD(CuP) = U ′6V T , U = U(6) (75)

□
The following lemma is required for the proof of

Theorem 4.
Lemma 3: Given matrices A ∈ Rm×n, T ∈ Rp×n, M ∈

Pn, M ≥ 0, then the solution X⋆
∈ Rm×p to the following

minimization

min
X
J (X ) (76)

J (X ) = trace((XT + A)M (XT + A)T ) (77)

is

X⋆
= −AMT T (TMT T )† (78)

Proof: First, note that for matrices B ∈ Rm×n and M ∈
Rn×n,

trace(BMBT ) =
m∑
i=1

bTi Mbi, B =

←− bT1 −→
...

←− bTn −→

 (79)

Therefore the effect of each row of (XT + A) on the
objective is independent and each optimal row can be solved
for individually:

J (X ) =
m∑
i=1

(xTi T + a
T
i )M (T T xi + ai) (80)

where xTi and aTi are the rows of X and A, respectively.

∂J (X )
∂xi

= 2(xTi T + a
T
i )MT

T (81)

Setting this equal to zero:

xTi = −a
T
i MT

T (TMT T )† (82)

The Hessian at this value of xTi is 2TMT T which is
positive semi-definite due to the condition that M ≥ 0.
Therefore

X⋆
= −AMT T (TMT T )† (83)

This optimum is only unique when TMT T is full rank. The
general solution when TMT T is not full rank is

X⋆
= −AMT T (TMT T )† + X̃P⊥M (84)

where X̃ is any matrix in Rm×p and PM is the projection onto
the rowspace ofM , P⊥M = I −M (MM )†M . □
Here we provide the proof for Theorem 4.
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Theorem 4 The optimization problem:

max
8

min
i

hi(Au,Bu,Cu(8))

C :Cu(8) = 8JSu
s.t. φTi φi = 1 ∀ i = 1, · · · ,m (85)

where (Au,Bu,Cu) is the unstable partition of the system,
as shown in (9) with the corresponding Su in (17), is equiva-
lent to the following SDP with LMI constraints,

D :
(
h⋆(Gu)

)2
=



min ρ s.t.
Q > 0,R ≥ 0
−ATuQ+−QAu + P

T
r RPr ≥ 0

trace(PTn RPn) ≤ m
X−1c,u ≤ ρQ

Pr := 6JV T
J , SVD(JSu) = UJ

[
6J
0

]
V T
J

Pn := PrTu(I − T Ts (TsT
T
s )
−1Ts)J† (86)

where Xc,u is the solution to (6) for (−Au,Bu), and the
resulting R is mapped to 8 via:

8 = Ū6V T , U6V T
= SVD(R1/2Pn) (87)

where Ū is generated by Algorithm 1 with input 6.
Proof:Most of this result follows from Theorem 2.

There are two changes to Theorem 2, the first is the
substitution of R for PTr RPr . The second is in the definition of
Pn. These modifications arise from the realizablity of C and
the optimal choice of the stable part of the C matrix, Cs. Cs
does not affect the unstable HSVs directly, but does affect the
size of the resulting sensitivity patterns. Therefore, as in the
proof of Theorem 2, the optimum value of Cs must be found
in terms of Cu.
C is decomposed as:

C = C̄s + C̄u, C̄s = CsTs, C̄u = CuTu (88)

For the optimizedC matrix to be realizable, that is, achievable
using the prescribed sensory system, the following condition
is required:

C = CPJ , PJ = J†J (89)

To ensure the partitioning of C into Cs and Cu is valid,

C̄s = C̄sPs, Ps = T Ts (TsT
T
s )
†Ts (90)

C̄u = C̄uPu, Pu = T Tu (TuT
T
u )
†Tu (91)

Using the decomposition of C , trace(8T8) can be written as:

trace(8T8)

= trace((J†)T (CsTs + CuTu)T (CsTs + CuTu)J†)

= trace((CsTs + CuTu)J†(J†)T (CsTs + CuTu)T ) (92)

From Lemma 3, the choice of C2 that minimizes trace(8T8)
is

C⋆
s = −CuTuJ

†(J†)T (TsJ†(J†)TT Ts )
†
+ C̃sP⊥J (93)

To satisfy the realizability condition (89), and partition-
ing (90), C̃s must be

C̃s = −CuTu (94)

and the realizability projection Pr must be

Pr = PJ + Ps∩J⊥ (95)

where Ps∩J⊥ projects onto the intersection between the
rowspaces of PJ and Ps and is computed as in Section VI-C.
Pr ensures that

CuTuP⊥J = CuTuPs∩J⊥ (96)

such that the following is acheivable:

C⋆
s TsP

⊥
J = −CuTuP

⊥
J (97)

Finally, to ensure realizablility (89) and valid partition-
ing (90),

C⋆
s = −CuTuJ

†(J†)T (TsJ†(J†)TT Ts )
†Ps∩J − CuTuP⊥J (98)

resulting in the following optimal C and 8

C⋆
= C⋆

s Ts + CuTu

= CuTuPJ (I − J†(J†)T (TsJ†(J†)TT Ts )
†Ps∩J ) (99)

8⋆
= C⋆

s Ts + CuTu

= CuTuPJ (I − J†(J†)T (TsJ†(J†)TT Ts )
†Ps∩J )J† (100)

and the value of trace(8T8) is

trace(8T8) = trace(PTnC
T
u CuPn) (101)

Pn = TuPJ (I − J†(J†)T (TsJ†(J†)TT Ts )
†Ps∩J )J†

(102)

□

APPENDIX B EXAMPLE DATA
A. BLOWFLY CALLIPHORA

x = [u,w, q, θ, v, p, φ, r]T [SI units]

x̄ = [0, 0, 0, 0, 0, 0, 0.8509, 0, 0, 0, 0, 0]T

Optimal C matrix:

C =

 0.0008 0.0039 0.1084 0.0051 0.0283 0.9795 0.0849 0.1443
0.0070 0.0329 0.9035 0.0423 0.0121 0.4190 0.0363 0.0617
−0.0050 −0.0234 −0.6434 −0.0301 0.0218 0.7533 0.0653 0.1110


Optimal C matrix with unobservable states removed:

C =

 0.0008 0.0039 0.1084 0 0.0283 0.9795 0 0.1443
0.0070 0.0329 0.9035 0 0.0121 0.4190 0 0.0617
−0.0050 −0.0234 −0.6434 0 0.0218 0.7533 0 0.1110



B. FLYBAR HELICOPTER

x = [φ, θ, p, q, a, b, c, d, u, v]T [SI units]

x̄ = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0]T
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C matrix maximizing the minimum unstable HSV:

C1 =

[
0 0 −0.0812 −0.3930 0 0 0 0 −2.882 0.1602
0 0 0.0433 −0.4040 0 0 0 0 −2.491 −1.456

]
C matrix maximizing the observability of the least

observable states:

C2 =

[
0 0 1.044 2.618 0 0 0 0 −0.6225 0.3992
0 0 2.746 −0.6768 0 0 0 0 0.3735 0.5954

]
wp(s) =

s+ 11.94
3.981s+ 3.777

, wu(s) =
s+ 15.81
3.162s+ 50

Wp(s) = wp(s)I , Wu(s) = wu(s)I

C. FLYBARLESS HELICOPTER

x = [φ, θ, p, q, a, b, u, v]T [SI units]

x̄ = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0]T

C =
[
0 0 1.382 0.986 0 0 −1.31 −1.973
0 0 −0.049 −1.604 0 0 −1.857 1.571

]
wp(s) =

s+ 1
2s+ 0.01

, wu(s) =
0.7s+ 0.111
0.158s+ 0.050

Wp(s) = wp(s)I , Wu(s) = wu(s)I
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