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A Numerical Scheme for the Quantile Hedging Problem*
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Abstract. We consider numerical approximations to the quantile hedging price of a European claim in a non-
linear market with Markovian dynamics. We study an equivalent stochastic target problem with the
conditional probability of success as a new state variable, in addition to the asset value process. We
propose numerical approximations based on piecewise constant policy time stepping coupled with
novel finite difference schemes. We prove convergence in the monotone case combining backward
stochastic differential equation arguments with the Barles and Jakobsen and Barles and Souganidis
approaches for nonlinear PDEs. The difficulties compared to the classical setting consist in the con-
struction of monotone schemes under degeneracy due to the perfectly correlated joint process, the
unboundedness of the control variable, and the effect of the boundaries in the probability variable on
the analysis. We extend the method to a class of nonmonotone schemes using higher order interpo-
lation and prove convergence for linear drivers. In a numerical section, we illustrate the performance
of our schemes by considering an example in a financial market with imperfections, and show that a
standard nonmonotone scheme produces financially counterintuitive solutions.
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1. Introduction. In this work, we study numerical approximations to the quantile hedging
price of a European contingent claim with maturity 7' > 0 in a complete market with possible
imperfections. The quantile hedging problem is a specific case of a broader class of approximate
hedging problems. It consists in finding the minimal initial endowment of a portfolio that will
allow hedging the claim with a given probability of success p, the case p = 1 corresponding to
the classical problem of (super)replication. This approach has been popularized by Féllmer
and Leukert in [23] who provided a closed form solution in a special setting. The first PDE
characterization was introduced by [10] in a possibly incomplete market setting with portfolio
constraints. Various extensions have been considered since this work: to jump dynamics [33];
to the Bermudan case [8] and American case [19]; to a non-Markovian setting [9, 18]; and to
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a finite number of quantile constraints [11]. Except for [8, 11], all the aforementioned works
are theoretical in nature. The lack of established numerical methods for these problems is a
clear motivation for our study.

The main objective of this paper is to design a numerical procedure to approximate the
quantile hedging pricing function v : [0, 7] x R% x [0,1] — R with numerical schemes for the
associated nonlinear PDE first derived in [10]. We consider a complete market with nonlinear
wealth dynamics, modeling market frictions. A typical example, investigated numerically in
section 3, is the case with constant borrowing and lending rates, R and r, respectively, with
R > r (see [21, Example 1.1]). We refer to subsection 2.1 where we recall the definitions and
main properties of v and the PDE.

In the linear market setting, using a dual approach, [8] combines the solution of a linear
PDE with Fenchel-Legendre transforms to tackle the problem of Bermudan quantile hedging.
This approach cannot be directly adapted here, because the dual approach in the nonlinear
setting would require a convexity assumption on the driver of the associated backward sto-
chastic differential equation (BSDE) (while here we only require Lipschitz continuity) and
results in fully nonlinear PDEs.

To the best of our knowledge, this is the first numerical method for the quantile hedging
problem in this nonlinear market specification. The design and analysis of numerical schemes
for the nonlinear case require several extensions to the standard framework for nonlinear
PDEs, mainly due to the unboundedness of the controls and the presence of the boundaries in
the probability variable. Moreover, we construct a numerical scheme which is more accurate
and easier to implement than standard schemes. We use the following strategy:

1. Bound and discretize the set where the controls take their values.

2. Consider an associated piecewise constant policy time stepping (PCPT) scheme for
the control processes.

3. Use a monotone finite difference scheme to approximate in time and space the PCPT
solution resulting from 1 and 2.

The approximation of controlled diffusion processes by ones where policies are piecewise
constant in time was first analysed by [30]; in [31], this procedure is used in conjunction with
Markov chain approximations to diffusion processes to construct fully discrete approximation
schemes to the associated Bellman equations and to derive their convergence order. An im-
provement to the order of convergence from [30] was shown recently in [29] using a refinement
of Krylov’s original, probabilistic techniques. Using purely viscosity solution arguments for
PDEs, error bounds for such approximations are derived in [3], which are weaker than those
in [30] for the control approximation scheme, but improve the bounds in [31] for the fully dis-
crete scheme. In [38], using a switching system approximation introduced in [3], convergence
is proved for a generalized scheme where linear PDEs are solved piecewise in time on different
meshes, and the control optimization is carried out at the end of time intervals using possibly
nonmonotone, higher order interpolations. An extension of the analysis in [38] to jump pro-
cesses and nonlinear expectations is given in [20]. We note that [30, 31, 3] and related works
study the problem posed on the whole space, while [38] merely assumes consistency of the
scheme at the boundary and in that case does not analyze attainment of the boundary condi-
tions. The only works we are aware of to address strong boundary conditions are [17, 35], but
under the assumption of a so-called “barrier function,” a smooth strict sub- or super-solution
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satisfying the boundary data. It seems generally difficult to ascertain the existence of such a
barrier function, even in the nondegenerate case.

Our first contribution is thus to prove that the approximations built in step 1 and 2 above
are convergent for the quantile hedging problem, which has substantial new difficulties com-
pared to the settings considered in the aforementioned works. For this we heavily rely on the
comparison theorem for the formulation in (2.3) and we take advantage of the monotonicity
property of the approximating sequences. The main new difficulties come from the nonlin-
ear form of the PDE including unbounded controls, and in particular the boundaries in the
probability variable. To deal with the latter especially, we rely on some fine estimates for
BSDEs to prove the consistency of the scheme including the strong boundary conditions (see
Lemmas 4.7 and 4.8). We prove the interesting side result that the approximation preserves
the property of the original problem to be increasing in the probability variable (see Lemma
4.5).

Our second main contribution is to design the monotone scheme in step 3 and to prove
its convergence. Monotone schemes for two-dimensional problems are necessarily nonlocal in
the general case, i.e., do not use the values from neighboring mesh points only. The analysis
in [37] shows that for correlations approaching +1 and increasing anisotropy, the distance to
the furthest mesh points required in terms of the number of cells is unbounded. The present
problem poses a worst case in this sense as the correlation is exactly 1 and the anisotropy
possibly infinite. Typical monotone schemes are complicated to implement, especially on
bounded domains, and necessarily of lower order. In the class of monotone schemes fall the
wide stencil schemes in [32], semi-Lagrangian schemes in [22], and generalized finite difference
schemes in [7]. They are by construction nonlocal in the above sense and first order accurate
only, even for smooth solutions. For bounded domains, such as here, the nature of the wide
stencil requires a modification of the schemes near boundaries to avoid overstepping outside
the computational mesh (see [39] and [34]). This negatively impacts the consistency of the
scheme, and the truncation of the scheme near boundaries necessitates very small time steps
for stable solutions. The efficient numerical solution of the discretized nonlinear equations in
the implicit case requires heavy machinery (see also [39]) and is still expensive.

On the other hand, standard finite difference discretizations for two-dimensional parabolic
equations such as schemes using the nine-point stencil for the cross derivative are nonmono-
tone. In practice, it is often observed that nonmonotone schemes produce accurate solutions
for nonlinear problems in spite of the lack of a theoretical guarantee (see, e.g., [6]). Specifi-
cally, there are not many examples in the literature which show that nonmonotone schemes
fail for nonlinear second order parabolic equations. We are only aware of [36] who show
that a nonmonotone time stepping scheme—the Crank—Nicolson scheme—produces very dif-
ferent approximations in an uncertain volatility model than a monotone scheme. As the latter
is proved to converge, this indicates a problem with the former. For the quantile hedging
problem, we demonstrate in the numerical section 3.6 that such naive approximations with
nonmonotone spatial stencils are not generally positive, and the mathematical property that
p — v(0,z,p) is nondecreasing on [0, 1] does not carry over to the numerical solution. This
violates basics properties of the quantile hedging price. This is the first test we are aware of in
which a consistent and apparently stable scheme using a nonmonotone spatial approximation
gives unphysical solutions.
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The present approach exploits the reduced rank of the diffusion matrix by a suitable mesh
construction and enables us to take advantage of the fact that the diffusion acts on lower-
dimensional manifolds, here straight lines with different slopes depending on the control.
This allows a second order accurate approximation of the diffusion term along these lines with
narrow stencils, thus avoiding all the disadvantages of the wide stencil approaches. As these
lines are not necessarily aligned with the directions of the drift, the problem does not truly
decouple into lower-dimensional problems. However, by choosing a mixed implicit-explicit
scheme where the drift is treated explicitly and the diffusion implicitly, hence bypassing strong
restrictions on the time step which would result from an explicit treatment of the diffusion
term, the discrete scheme does decouple into smaller systems along diagonals in the mesh for
each time step. These could be solved in parallel, giving a further computational advantage.

Potential other applications include partial information control problems, including opti-
mal stopping problems; see, e.g., [26], where the filter process has perfect correlation with the
original process. These problems therefore share some of the same difficulties as here.

The main challenges in the analysis here come from the nonlinearity of the new term—the
driver of the BSDE—in the gradient, the degeneracy of the diffusion operator due to the two
state processes being driven by a single Brownian motion, and again the boundedness of the
domain in the probability direction. A careful and nonstandard analysis of the consistency
of our schemes is needed. In the interior of the domain, we obtain Taylor-like expansions for
the solution of the scheme to deduce consistency. Fine BSDE estimates are required in the
semidiscrete case, while a generalization of arguments in [3, section 5.2] is needed in the fully
discrete case. Near the boundary, the comparison theorems for both the PDEs and finite
difference schemes provide upper and lower bounds on the solutions, which allow us to obtain
consistency with the boundary conditions in a strong sense. This strategy avoids the use of a
Lipschitz property—deduced in previous works from the assumption of a barrier function (see,
e.g., [17])—which is not established for our application. Previous results for PCPT schemes
specifically only treat the R™ case (see, e.g., [3]).

The rest of the paper is organized as follows. In section 2, we give the control approxi-
mation (see subsection 2.2), the PCPT scheme (see subsection 2.3), and the monotone finite
difference approximations (see subsection 2.4), together with the main results. We also explain
in subsection 2.5 how to slightly modify the scheme to relax the compatibility conditions on
the discretization parameters. Using this relaxation, we show in subsection 2.6 that some non-
monotone schemes, using cubic spline interpolators as introduced in [24], converge. In section
3, we present numerical results for a specific application and analyze the observed conver-
gence. The proofs regarding the convergence of the numerical schemes introduced above are
postponed to section 4.

Notations.

e We denote by My(R) the set of d x d matrices with real entries, and S? is the subset of
symmetric matrices.

e For z € R?, diag(z) is the diagonal matrix of size d, whose diagonal is given by .

e We denote by S the sphere in R4t of radius 1 and by D the set of vectors n € S such
that their first component ' = 0. For any n € S\ D, we denote 1° := 77%(772’ T T e R

By extension, for Z ¢ S\ D, 2°:= {i’ e R%|y € Z}.
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e For any filtered space (Q, F,F,P), H? is the set of F-predictable processes ¢ such that
E[ [ |¢¢]? dt] < +o0.

e We further denote by BC := L>([0,T],C°(R? x [0,1])), the space of functions u that
are essentially bounded in time and continuous with respect to their space variable. The
convergence in C°([0, 7] x R x [0,1]) considered here is local uniform convergence.

2. Numerical schemes and convergence results. We introduce in this section the frame-
work in which we study the quantile hedging problem, and the numerical schemes for its
approximation. A first approximation is obtained by control space discretization. We then
introduce PCPT schemes for which we prove convergence under some compatibility conditions
for the discretization parameters. Last, we relax these conditions, which allows us to prove
convergence for some nonmonotone schemes using cubic spline interpolators.

2.1. The quantile hedging problem. On a complete probability space (2, F,P), we con-
sider a d-dimensional Brownian motion (W;)icpo,7] and denote by (F)icpo,7) its natural aug-
mented filtration. We suppose that all the randomness comes from the Brownian motion and
assume that F = Fp for some finite terminal time T > 0.

Let p:RT 5 R% 0 : R - My(R), f:[0,7] xR x R x R* - R, and g : R? = RT be
measurable functions. For any (¢,z,y) € [0,T] X R? x R and any R%valued process v € H?,
we consider the solution (X% YH%¥") to the following stochastic differential equations:

XS:H/ M(Xu)du+/ (X)) AW,

t t

YS:y—/ f(u,Xu,Yu,Vu)du—i—/ vy AW, , s € [t,T].
t t

We will work under the following assumption:
(H)(i) The functions p, o are L-Lipschitz-continuous and g is bounded and Lg-Lipschitz, for
some nonnegative constants L, L,.
(i) For all t € [0,T], f(t,-,-,-) is L-Lipschitz. For all (¢,z,2) € [0,T] x R? x R?, the
function y — f(t,,y, z) is decreasing. Moreover, for all (¢,z) € [0,T] x R,

(2.1) f(t,2,0,0)=0.

(iii) The function o is invertible and z + o~!(z) is bounded and Lipschitz-continuous.
In the financial applications we are considering, X will typically represent the log-price of
risky assets, the control process v is the amount invested in the risky assets, and the function
f is nonlinear to allow the inclusion of market frictions in the model.

Remark 2.1. (i) In (H)(ii), the monotonicity assumption is not an additional restriction,
as in a Lipschitz framework (H)(i), the classical transformation o(t, z, p) := e uv(t, x, p) for A
large enough allows us to reach this setting; see [12, Remark 3.3] for details.

(ii) The condition (2.1) is a reasonable financial modeling assumption: it says that starting
out in the market with zero initial wealth and making no investments will lead to a zero value
of the wealth process.

(iii) Since f is decreasing and g is bounded, it is easy to see that |V]s < |g|oo, Where V
is the superreplication price.
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(iv) Assumption (H)(iii) is required to obtain the PDE characterization of the quantile
hedging price [10] and to apply the comparison result from [12].

The quantile hedging problem corresponds to the following stochastic control problem: for
(t,z,p) € [0,T] x R x [0, 1], find

(2.2) v(t,z,p) := inf {y >0:3dveHy, P (ij’x’y”/ > g(Xélx)) > p} .

Note that we consider admissible strategies valued in the whole R? i.e., no portfolio con-
straints.

A key point in the derivation of this PDE is to reformulate the problem as a stochastic
target problem by introducing a new control process representing the conditional probability
of success. To this end, for any R%valued process a € H2, we denote

S
phpe ::er/ asdWs, t<s<T,
t

and by AP the set of a € H? such that PP ¢ [0,1] ds ® dP-almost surely. The problem
(2.2) can be rewritten as

v(t,x,p) := inf {y >0:3(v,a) € Hy x AP, ij’x’y’” > g(Xélx)l{P;,p,aw}}

(see [10, Proposition 3.1] for details). In our framework, the above singular stochastic control
problem admits a representation in terms of a nonlinear expectation, generated by a BSDE,

’U(t,l‘,p) = aé&f;p yfé )

where (Y%, Z%) is the solution to

T T
yg:g(X%I)l{P%p,a>o}+/ f(s,Xs,y;",Zg)ds—/ ZXdW,, t<s<T.
S S

The results in [9] justify the previous representation and give a dynamic programming principle
for the control problem in a general setting.

Following [5], it has been shown in [12] that the function v is equivalently a viscosity
solution in [0,T) x R? x (0,1) of the following PDE (see [12, Theorem 3.1]):

(23) H(t7$,g0,8tg07D§0,D2§0) =0 )

where H is the following continuous operator, for which a comparison theorem holds (see [12,
Theorem 3.2]): for © := (t,z,y,b,q, A) with (¢, z,y,b) € [0, T|xRIxR* xR, q := (Zp) € R4+,
and A := ( A Aw) € S (here (¢%, ¢°) € R x R and (A4%*, A% APP) € ST x R? x R, where

Azp | App
an element of R? is a column vector),

H(O) = sup H"(O)
neS\D
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with

H(©) = (n")? (=b = f(t.2.,3(v,a,0")) — L(z,0, A")) forn € S\D
and

1 2
L(x,q, A a) = p(x) ¢ + 5 Tr [a(m)a(w)TAm} + |(12’App +a'o(z)T AP,

Remark 2.2. Under (H), the mapping S\ D > n +— H"(©) € R extends continuously to
S by setting (see [12, Remark 3.1]), for all n € D,

H(0) = —%AP” ,

and H(©) = sup,cs H"(O).

In addition, the value function v continuously satisfies the following boundary conditions
in the p-variable:

(2.4) v(t,z,0) =0 and v(t,z,1) = V(t,z) on [0,T] x R%,

where V' is the superreplication price of the contingent claim with payoff g(-). It is also known
that v has a discontinuity as ¢ — T'. By definition, the terminal condition is

R? x [0,1] > (z,p) + g(2)1p50 € RT,
but the values which are continuously attained are obtained by convexification [10]:
(2.5) o(T—,2,p) = pg(z) on RY x [0,1]

and we shall work with this terminal condition at ¢ = T from now on.

2.2. Discrete set of controls. We start by discretizing the set of controls S. Let (Ry)n>1
be an increasing sequence of closed subsets of S\ D such that

(2.6) UR.=5.

For n > 1, let v, : [0,T] x R? x [0,1] — R be the unique continuous viscosity solution of
(2.7) Ha(t, 0,000, Dp, D*0) =0, (t,z,p) € [0,T) xR x (0,1) ,
subject to (2.4)—(2.5)—see Corollary 4.2—where the operator H,, is naturally given by

H,(©) := sup H"(O) .
NERR

Proposition 2.3. Under Assumption (H), v, — v in C°([0,T] x R% x [0, 1]).
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2.3. The discrete-time PCPT scheme. From now on, we fix n > 1 and R, as the
associated discrete set of control. For (t,z,y) € [0,T] x R? x R*, ¢ € R and A € S4*1,
denoting = := (¢, x,y,q, A), we define

Fn(E) = sup F*(ZE) with F*(E) := —f(t,z,y,3(z,q,a)) — L(z,q, A, a) ,
a€R2,

where 3 and £ are defined above Remark 2.2. By Corollary 4.2, we easily observe that v, is
also the unique viscosity solution to

(2.8) —0p + Fult,z, 0, Do, D*p) = 0 on [0,T) x R x (0,1)

with the boundary conditions (2.4) and (2.5). Let us observe in particular that K := R?, is
a discrete subset of R? and that the PDE (2.8) is written in a more classical way. We will
mainly consider this form in the following, as it is simpler to study.

To approximate v,, we consider an adaptation of the PCPT scheme in [31, 3, 38], and
especially [20], to our setting, as described below.

Definition 2.4 (solution S%(-)). For 0 <t < s < T, a € K, and a continuous ¢ : R? x
[0,1] = R, we denote by S%(t,s,¢) : [t,s] x R? x [0,1] — R the unique solution of

(2.9) —Op + F*(r,m,0,Dp, D*¢) =0 on [t,s) x RY x (0,1),
(2.10) o(s,z,p) = ¢(z,p) on R x [0,1],
(2.11) o(r,z,p) = BP(t,s,¢)(r,x) on[t,s) x R x {0,1}.

Here, for p € {0,1}, BP(t, s, ¢) is the solution to
(2.12) —0yp + FO(r,z,0,Dp, D*0) = 0 on [t, s) X RY

with terminal condition BP(t,s, ¢)(s,x) = ¢(x,p).

For k > 1, we consider a grid on the time interval [0, 77,
T={0=ty < - <t; <<t =T},
and denote || := maxo<j<x(tj+1 — t;j). For any t € [0,T], we define
(2.13) th=inf{r € 7|r >t} and t, :=sup{r € v|r < t}.

We will drop the subscript 7 for brevity whenever we consider a fixed mesh.

Definition 2.5 (solution to the semidiscrete PCPT scheme). The solution to the semidiscrete
PCPT scheme associated with the grid « is defined as the function vy, » : [0, T] xR x [0,1] — R
such that

(214) G(ﬂ-’tavaavn,ﬂ’(tvxap)vvn,ﬂ’) = 0)
where, for a grid w, (t,z,p,y) € [0,T] x R? x [0,1] x RT and a function u € BC,

y —minger S (¢, t5,u(tt, ) (t,z,p)  ift <T,
Y

(2.15) S(m, t,z,p,y,u) = { —g(x)p  otherwise.
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Let us observe that the function v, r can alternatively, and perhaps more intuitively, be
described by the following backward algorithm:
1. Initialization: set v, (T, z,p) := g(x)p for (z,p) € R? x [0, 1].
2. Backward step: for j = x —1,...,0, compute w/® := S%(t;, t;j11,Vnx(tj11,-)) and set

(2.16) Up o i= minw® on [t,tj41) x R x [0,1] .
aeK
Remark 2.6. In our setting, we can easily identify the boundary values (of the scheme):
1. At p = 0, the terminal condition is ¢(7,z) = 0 (recall that v(7T,z,p) = g(z)1f,s0}),
and this propagates through the backward iteration, so that v, (¢,z,0) = 0 for all
(t,x) € [0,T] x RZ
2. At p = 1, the terminal condition is ¢(T,z) = g(x) and the boundary condition is
thus given by v, (t,x,1) = V(t,z) for all (¢t,x) € [0,T] x RY, where V is the super-
replication price.

The main result of this section is the following.
Theorem 2.7. Under Assumption (H), vn — v, in C°([0,T] x R? x [0,1]) as |7| — 0.

To conclude this section, let us observe that we obtain the following result, combining
Proposition 2.3 and Theorem 2.7.

Corollary 2.8. Under Assumption (H), we have in C°([0,T] x R? x [0,1]),

lim lim v, =wv.
n—00 |r|]0

Remark 2.9. An important question, from a numerical perspective, is to understand how
to fix the parameters n and 7 in relation to each other. The theoretical difficulty here is
to obtain a precise rate of convergence for the approximations given in Proposition 2.3 and
Theorem 2.7, along the lines of the continuous dependence estimates with respect to the
control discretization in [28, 20], and estimates of the approximation by piecewise constant
controls as in [30, 29]. To answer this question in our general setting is a challenging task,
extending also to error estimates for the full discretization in the next section, which is left
for further research.

2.4. Fully discrete monotone scheme in a one-dimensional Brownian setting. The goal
of this section is to introduce a fully implementable scheme, obtained by adding a finite
difference approximation to the PCPT procedure described in section 2.3. Then in section 3,
we present numerical tests that demonstrate the practical feasibility of our numerical method.

From now on, we will assume that the log-price process X is a one-dimensional Brownian
motion with drift for (¢,z) € [0,T] x R:

(2.17) X5 =2+ pu(s —t) + o(Ws — Wy), s € [t,T],

with © € R and ¢ > 0. This restriction to the Black—Scholes model is not essential, as the main
difficulty and nonlinearities are already present in this case and the analysis technique can be
extended straightforwardly to more general monotone schemes in the setting of more complex
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SDEs for X. We take advantage of the specific dynamics to design a simple to implement
numerical scheme, which also simplifies the notation.
We shall moreover work under the following hypothesis.

Hypothesis 2.10. The coefficient p is nonnegative.

Remark 2.11. This assumption is introduced without loss of generality in order to simplify
the notation. We detail in Remark 2.13(i) how to modify the scheme for nonpositive drift pu.
The convergence properties are the same.

We now fix n > 1 and K := R’ is the associated discrete set of controls (see section 2.2),
assuming that 0 ¢ K and recalling that v, is the solution to (2.8). For x > 1, we consider
the grid m = {0 =:1tg < --- <t; <--- <t,:=T} on [0,7] and approximate v, by a PCPT
scheme, extending section 2.3. The main point here is that we introduce a finite difference
approximation for the solution S%(-), a € K, to (2.9)—(2.11). This approximation, denoted
by S§(-) for a discretization parameter 6 > 0, is specified in Definition 2.20 below. Each
approximation S§(-) is defined on a spatial grid

(2.18) G8:=0ZxTeCRx[0,1],

where I'¢ is a uniform grid on [0, 1] with N§ 4+ 1 points and mesh size 1/N§, which we define
now.
First, we observe that for the model of this section, (2.8) can be rewritten as

2
(2.19) sup (D“gp — V% — %Aaw -tz 0, UV“@)) =0,
acK

with
a a a 2 a a
(2.20) V% := 0y + ;Gp% A% = Gzygo +2— 8 p® T 28ppcp, D% := 0yp — ;uapw.

Exploiting the degeneracy of the operators V¢ and A in the direction (a, —0), we construct
I'¢ so that the solution to (2.19) is approximated by the solution of an implicit finite difference
scheme with only one-directional derivatives. To take into account the boundariesp = 0,p = 1,
we define (recall that a # 0)

(2.21)

) lal o o o
Ny = [>1:1—=6>1r=|+—| = —5= h ) = .
5 mm{ > 02 alo a(a. 00" where a(a,d) := sgn(a) 5NE

We finally set

u a(a,d a a
(5:{0"( )|5,,N5 } { . 0,,N5}
(o
<

We have then defined G§ = {(ko, N“) | k€ 2,0 <1 < N} = {(z,m) | k € Z,0
I < N} using (2.18). An element of £°(G§) is denoted by u = (ukl)kegzgglg]\fg =
(u(xr, pr))kesz,0<i<Ng-
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We now introduce the finite difference operators needed to define S§(-), and we construct
S§(-) such that S§(t,s,¢) € £(G§) for any a € K, any 0 <t < s < T, and any bounded map
¢ : 0Z x [0,1] — R; see Proposition 2.15.

Using the degeneracy of V¥®9 and A*®9) in the direction (a(a,d), —0), we define the
following finite difference operators for v = (vg)rez0<i<ng = (V(zk, P1))kez0<i<ne € £°(GF)
and w = (wg)kez € (*°(0Z):

ngk,l = 2% ( k+1,l+sgn(a) — Ulcfl,lfsgn(a)) , Vewg = 2% (Wg+1 — Wg—1)
1
Vi 50k = 5 (Vkt1,14sgn(a) — Vk) s Ve sWp = 5 (Wgt1 — wi),
1
Afvg, = 52 (Uk+1,l+sgn(a) + Vk—1,1—sgn(a) — 2%1) , Aswy = 52 (Wiy1 + w1 — 2wy) -

Let § > 0 be a parameter to be fixed later. We define, for (¢,z,v,q,q+,A) € [0,T] x R?,

2

(2.22) F(t,z,y,q,A) := —pq — %A — f(t,z,y,0q) and
~ o? 52
(223) F(t’I7y7Q7Q+7A) N (2 +0h) A_f(t7$7yao-Q)'

Definition 2.12 (discrete solution S§(-)). We fita € K, 6 > 0,0 <t < s < T, and
h:=s—-t>0.

1. Boundary operator. Let ¢ : §Z — R. We define B§(t,s,p) € €*°(dZ) as the unique

solution v € £°°(87Z) to (see Proposition (4.10) for the well-posedness of this definition)

(224) Sb(k,?}k,V(SU]{,VJD(SU]“A(S’U]{,(P) = 07 ke Za
where, for any k € Z, (y,q,q+,A) € R* and u € 1>°(§7Z),
(225) Sb(kv Y, 4,4+, Aa u) =Y —ug + hﬁ(tv k57 Y,4q,4+, A) .

2. Let ¢ : 0Z x [0,1] — R. We define S§(t,s,p) € £>°(G§) as the unique solution
v € £°(G§) to (see Proposition (2.15) below for the well-posedness of this definition)

(2.26) Sk, 1, vg1, Vivg, VE 50k, Afok g, ) = 0,

(2.27) Vg0 = U, Uk,Ng = Uk,

where v := B§(t,s,¢(-,0)), v := Bi(t,s,¢(-,1)), and where, for any k € Z, 0 < 1 <
N¢, (y,4,q+,A) € R}, and any bounded u : 6Z x [0,1] — R,

(2.28) Sk, 1y, q, 4 A u) =y — u (. p° (1) + hE(, k6, y, q, ¢+, A),
where we define, for all p € [0,1],

(2.29) W@%Zp—udtah
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Remark 2.13. (i) Here, as stated before, we have assumed p > 0. If the opposite is
true, one has to consider Viﬁvk’l = % (Uk,l — vk,l,l,sgn(a)) (resp., V_ swy, 1= % (wi — wi—1))
instead of V¢ sup; (resp., Vi swy) in the definition of S§(s,t,¢) (resp., vy, V), to obtain a
monotone scheme.

(ii) For the nonlinearity f, we used the Lax—Friedrichs scheme [15, 20|, adding the
(v, + v — 20) term in the definition of F' to enforce monotonicity.

Let 0 <t <s<T,0>0,0:0Zx[0,1] - R, and h := s—t > 0. We now assume that the
following conditions on the parameters are satisfied:

(2.30) §<1,

hL 1

. <<=

(2.31) o5 <0<
(2.32) ph <8 < Mh

for a constant M > 0 independent of hA and 4.

Remark 2.14. Since ph < 4, we have ]ua(i’é)h\ < |a(‘;’6)|(5, which ensures that from (2.29),
p®(pr) € [0,1] for all 0 < I < Ng.

Under these conditions, we prove that S§(t,s,¢) is uniquely defined for any bounded
terminal condition ¢, and that it can be obtained by Picard iteration. Moreover, strong
uniqueness is guaranteed by a comparison theorem. We refer to subsection 4.3 for the proofs.

Proposition 2.15. Assume (2.30)—(2.32) in addition to Assumptions (H) and 2.10. For
every bounded function ¢ : 07 x [0,1] — R, there exists a unique solution in (*°(G§) to
(2.26)~(2.27).

Proposition 2.16. Assume (2.30)—(2.32) in addition to Assumptions (H) and 2.10. Let
o 0?67 x [0,1] = R be two bounded functions satisfying @' < ©* on 6Z x [0, 1].
1. (monotonicity) For allk € Z, 1 <1< N, (v,q,q4,A) € R, we have

(2.33) Sk, 1,0, 0,0+, A, 0%) < S(k,1,0,4,q4, A, 0").
2. (comparison theorem) Let (v',v?) € £°°(G$)? such that
S(k7 la 'Uli,l? ngé,l7vi,5vi,l’ Agvl&,l? 902)
(234) é S(k, l, U]%J, ngzl, V‘_lh(;v,%’l, Ag’()]%,l, @2),
1 2
Vo < Vk0
Vene < Ui g

forallk € Z and 0 <1 < N§. Then vl <02
3. We have S§(s,t, g < S§(s,t, O )y for allk € Z and 0 <1 < Ny

We last give a refinement of the comparison theorem which will be useful in what follows.

Proposition 2.17. Assume (2.30)—(2.32) in addition to Assumptions (H) and 2.10. Let
u:0Z x[0,1] = R be a bounded function, and let v',v* € £°(G%). Assume that, for allk € Z

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/03/21 to 88.109.78.172. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

122 C. BENEZET, J.-F. CHASSAGNEUX, AND C. REISINGER

and 0 <1 < N§, we have

1 a, 1 a 1 a,l
S(k, 1, v, Vivg 1,V 50k 1 A§Vk s 1)

2 2 2 2
< 0 < S(k‘, l, vk,l’ ngw, Viyévkyl, Agvkyl, ’LL)

Then
_ u(a,6)2 o
vy — vy £ e RO (KU'{O —020) oo + (g — v%Ng)ﬂoo) ,
where
In <1+§u+o2;§+29+g§>
(2.35) C(h,5) = Butor 120+ 0L
. §) = E
Moreowver,
1 M2
(2.36) C(h,6) =

(u+ L)M +20M2) b2 + 620 207

Remark 2.18. (i) To prove the consistency of the scheme, we define in Lemma 4.17 smooth
functions w* so that (w*(zy,p;)) € £°°(G¢) satisfy S > 0 or S < 0, but we cannot use the
comparison theorem directly, as the values at the boundary cannot be controlled. The previous
proposition will be used in Lemma 4.18 to show that the difference between w* and the linear
interpolant of a solution of S = 0 is small.

(ii) The coefficient exp(—4a§§5)0(h, §)I(N§ — 1) that appears in the first equation of the
previous proposition shows that the dependence on the boundary values decays exponentially
with the distance to the boundary. This was to be expected and was already observed in other
situations; see, for example, [2, Theorem 4.3] for the heat equation.

In order to define our approximation of v, it is not enough to replace S%(-) by S§(-) in the
minimization (2.15) or, similarly, (2.16), as the approximations are not defined on the same
grid for the probability variable. This flexibility of having different grids will be important
for the construction of the schemes later on. We thus have to consider a supplementary step
which consists in a linear interpolation in the probability variable.

Definition 2.19 (linear interpolation). For any mapping u € €°°(G§), we define its extension
I§¢(u) : 6Z x [0,1] — R by linear interpolation in the second variable. More precisely, if
uel>®(Gy), ke Z and p € [p;,pr41) with 0 <1 < Ny,

Pi+1 — D P — D
5 (u)(xg, p) == g, + Ukl 415
0 ’ D1 —p O D — D

and obviously I (u)(zy,1) := up, ng .

Definition 2.20 (solution to the fully discrete PCPT scheme).  The solution to the fully
discrete PCPT scheme associated with m,§ is then vy, 5 : ™ x 0Z x [0,1] = R satisfying

~

(2‘37) 6(7['7 9, Jik,p, Un,w,&(tk7 in,p), Un,w,ﬁ) =0,
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where, for any 0 < j<rk,ke€Z, p € [0,1], y € RT, and any bounded function u : ® x 67 x
[0,1] = R,

2 , _J y—mingeg Z§ (S§ (t5, tjv1, u(tjvr,0)) (wk,p)  if j <k,
S(m, 0.,k pry, ) = { y—g(zr)p  otherwise.

Alternatively, v, » 5 is defined by the following backward induction:
1. Initialization: set vy r 5(T, zx, p) := g(zx)p for k € Z and p € [0, 1].
2. Backward step: for j = x —1,...,0, solve the finite difference schemes
wl® := S¢(t;,tj+1, Unms(tjq1, ) for each a € K and set, for k € Z and p € [0, 1],

Unra(tj> @, p) 1= inf T3 (w}®) (g, p)

We now can state the main result of this section.

Theorem 2.21. Under Assumptions (H) and 2.10, the function vy r 5 converges to vy, uni-
formly on compact sets as |w|,§ — 0, where m = {0 =ty < t; < --- < t, =T} and 0 satisfy
conditions (2.30)—~(2.32) for all h =t;41 —t;, 0 < j < k.

We prove in subsection 4.4 that the scheme is monotone (Proposition 4.13), stable (Propo-
sition 4.14), consistent with (2.8) in [0,T") x Rx (0, 1) (Proposition 4.20) and with the boundary
conditions (Proposition 4.12). The theorem then follows by identical arguments to [4].

2.5. Relaxing the conditions. The conditions (2.31) and (2.32) restrict the time step h
and spatial mesh size § to be proportional to each other. Here, the left-hand inequality in
(2.31) is a standard CFL condition needed to ensure the monotonicity and stability of the
semi-Lagrangian step p® in (2.28); the left-hand inequality in (2.32) is a requirement of the
well-posedness of the implict Lax—Friedrichs term; and the right-hand inequality in (2.32), an
“inverse CFL condition,” is a requirement of consistency for the linear interpolations involved.

In this section, we propose a slightly modified scheme with the goal to remove the first of
these conditions, i.e., we replace (2.31) by

(2.38) § < Mh

for a constant M independent of h and 9.
In addition to the operators from subsection 2.4, we define the “upwind” finite difference
in direction p as

1
Vﬁp,avk,l = Sgn(a)g (vk,l+sgn(a) - Uk,z) )

and, for (t,2,y,q,q+,A) € [0,T] xR and some 6 > 0, let 55" (s, ¢, ¢) € £>°(G¢) be the unique
solution to

S (ky L vkt Viur, VY 5015 Vip sVk1 A5k, ) = 0,

Uk,0 = Uk, Vk,N¢ = Uk,
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where
Sup(k7 l,'l), q7q+7 qup,A7u) =vV—Uu (l’k;pl) - hluqllp + hﬁ(ty kfs; v,4,4+, A)

for k € Z,0 <l < N, (v,q,q+,¢"?, A) € R?, and any bounded u : §Z x [0,1] — R.
The PCPT upwinding solution v;lpﬂ 5 is then defined as in Definition 2.20 with S§ replaced
by S5"P. By analogous steps to those in the proof of Theorem 2.21 we obtain the following.

Corollary 2.22. Under Assumptions (H) and 2.10, the function v;f; 5 converges to vy, uni-
formly on compact sets as |r|,0 — 0, where m = {0 =ty < t; <--- < t, =T}, and 0 satisfy
conditions (2.30), (2.31), and (2.38) for allh =t;41 —t;, 0 < j < k.

Remark 2.23. For a linear driver, the Lax—Friedrichs flux reduces to the upwind scheme for
the first derivative term in the driver and the left-hand inequality in (2.32) is also unnecessary.

2.6. Nonmonotone schemes. In this section, we take f to be linear in y, z. As explained
in the previous section, we have convergence v;lf;’ s — Un under (2.30), the left-hand inequality
in (2.31), and (2.38). We can thus choose & and § such that & — 0 as h — 0.

We show that it is possible to use higher order interpolators, leading to nonmonotone
schemes to approximate the unknown function v,. This modification should lead to a prac-
tically improved convergence rate or at least efficiency improvements, although the proof we
provide cannot improve the theoretical rate as we compare the nonmonotone scheme with the
monotone one, following [40].

In our setting, interpolation is necessary in the p-variable (only) and it is therefore relevant
to consider interpolators which preserve monotonicity of the dataset in the following sense, as
n [24]: if the dataset u := (p;, y;);, satisfies that p; < p; implies y; < y; for all i # j, then
the induced function Z(u) is nondecreasing. Although we did not prove that for all £ < x and
l € Z, if vy x5(tg+1,21,-) is nondecreasing, then vy, r 5(tx, 2, ) is, it is an important feature
of the quantile hedging problem and we observe it for our numerical examples in the next
section. Let n > 1 be fixed and K = R’ the associated finite control set. Let a € K, and let
h,d satisfy the conditions (2.30), (2.31), (2.38), and & — 0.

Definition 2.24 (cubic spline interpolation). For any u € (*°(G§), we define its extension
I(Scs’a(u) :0Z x [0,1] — R by cubic spline interpolation

a a 1 a a
5 () (@r, p) = ukthoo(t(0)) + 5oz m (k. L) b o(t5 (1))
0

1
+ ki1 ho (85(p) + g mi (kU4 1, u)haa (t5(p))
5

for k € Z and p € [p;,pry1) with 0 < 1 < N§, and Igs’a(u)(xk,l) = uy,Ne. Here, for
(i,7) € {0,1}2, h;j are the Hermite basis functions, defined for t € [0,1] by

hoolt) = (142t)(1 —t)?, hio(t) = t(1—t)%,
ho(t) = £3(3 — 2t), hia(t) = £2(t — 1),

and t§(p) = plz_:’ilpl = N§(p—p1) forp € [p1,pi41) and 0 <1 < Ny, and t§(1) = 1. The number

m§(k,l,u) is the derivative offgs’a(u)(xk, -) at p=p; for each k € Z and 0 <1 < Ny
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Definition 2.25 (solution to the fully discrete nonmonotone PCPT scheme). The solution to
the nonmonotone PCPT scheme associated with m,6 is then vgs‘”; s X 0Z x [0,1] — R to

@5(7r, 0,7, k,p,vgsrﬁ(t,x,p),USEWS) =0 with
CS,a

&(m, 6,5,k poy,u) = 4 ¥~ M0ack Ty (S5 (6, tipn, ulty, ) (b, 20, p) i 5 < K,
y—g(zk)p  otherwise.

We define, for brevity of notation below,

wy = Sg(tn—ju le—j+1, sz)mé(t“_j"‘l’ ))’
w; T= Sg(tn—jatn—j+lyvg§r,6(tl€—j+1’ ))

Hypothesis 2.26. There exists C' > 0 such that either

up up
(2.39) [Uup } = sup (V06 (6 2 P) = V(8 2, 0)] <C
nm.0 |4 (t,z,p,q)EmxOZx[0,1]2 Ip — q| =
or
CS,a CSya
w . — .
(2.40) mg(k,l,wfs’“) _ kil T TGk | o o
Pi+1 —Dpi

forallae K,0<j <k, k€Z,and 0 <1 < Ny.

Remark 2.27. A uniform Lipschitz property as in (2.39) has been shown for the standard
semi-Lagrangian scheme on the whole space. This is exploited in the convergence proof in [40].
It is not clear how to obtain this for our scheme on the domain with boundaries, although the
numerical tests suggest this to be true.

Theorem 2.28. Given Assumptions (H), 2.10, and 2.26 as well as (2.30), (2.31), (2.38),
and §/h — 0 as h — 0, we have

CS up

nm,d ,Un,7r,5 —>h*>0 0

v

Remark 2.29. The error term O(J/h) appearing in the proof of Theorem 2.28 is pessimistic
as it only assumes an interpolation error of order 1 in 4. In practice, for smooth solutions,
we expect the order of the linear interpolant to be 2 and of the cubic interpolant to be 4. In
that case the requirement that 6/h — 0 can be dropped, and for a scheme which is first order
in A (such as the implicit Euler scheme used here) and first order in § (due to the first order
upwinding term) one may choose h and ¢ proportional. For a higher order nonmonotone
upwinding scheme such as a second order backward differentiation formula (see the good
practical performance demonstrated in [6]), an even larger choice of § would be possible,
improving the efficiency further.

3. Numerical studies. We now present a numerical application of the algorithm from
section 2.4.
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3.1. Model. We keep the notation of the previous section: the process X is a Brownian
motion with drift. In this numerical example, the drift of Y is given by the following functions:

2
filt, 2, y,2) = o) (u ¥ ‘;) . and

2
o
lto2) = —o7t (et G ) Rly—072),
where, for € R, 27 = max(—zx, 0) denotes the negative part of z. The function f; corresponds

to a linear complete Black and Scholes market. It is well known that there are explicit formulas
for the quantile hedging price for a vanilla put or call; see [23]. In both cases, we compute
the quantile hedging price of a put option with strike K = 30 and maturity T = 1, i.e.,
g(x) = max(K — exp(x),0). The parameters of X are 0 = 0.25 and p = 0.01875 (this
corresponds to b = 0.05 for the associated geometric Brownian motion, where u = b — 0%/2).

In the rest of this section, we present the following numerical experiments. First, using the
nonlinear driver fs, we observe the convergence of v, s towards v, for a fixed discrete control
set. Second, we show that the conditions (2.30) to (2.32) are not only theoretically important,
but also numerically. Last, we use the fact that the analytical solution to the quantile hedging
problem with driver f; is known (see [23]) to assess the convergence (order) of the scheme
more precisely. We observe that a judicious choice of control discretization, time and space
discretization leads to convergence of v, 5 to v. However, the unboundedness of the optimal
control as t — T leads to expensive computations.

The scheme obtained in the previous section deals with an infinite domain in the x variable.
In practice, one needs to consider a bounded interval [By, Bs] and to add some boundary
conditions. Here, we choose B; = log(10) and By = log(45), and the approximate Dirichlet
boundary values for v(t, B;,p) are the limits lim vy, (¢, 2, p) as © — 0 or x — 400, where vy,
is the analytical solution obtained in [23] for the linear driver f;. Since the nonlinearity in
f2 is small for realistic parameters (we choose R = 0.05 in our tests), it is expected that
the prices are close (see also [25]). Furthermore, we will consider values obtained for points
(t,z,p) with z far from the boundary. In this situation, the influence of our choice of boundary
condition should be small, as noticed, for example, in Proposition 2.17. This was studied more
systematically, for example, in [2].

3.2. Convergence towards v,, with the nonlinear driver. In this section, we consider
the nonlinear driver fs defined above, where there is no known analytical expression for the
quantile hedging price. We now fix a discrete control set, and we compute the value function
vg,s for various discretization parameters m, ¢ satisfying (2.30) to (2.32). We consider the
following control set with 22 controls:

(3.1) ([—2, 20 2\2{0}> U <[_3’ 3N Z\§0}>

1 1
:{—2,—1.5,...,1.5,2}u{—3,—3+3,...,3— 3},

37
and 0 € {0.1,0.07,0.05,0.03,0.01,0.007,0.005}. For a given §, we set h = C§ with C :=
min(1, 2% L), 0= %, and L = |u| + R, so that (2.30) to (2.32) are satisfied.

? o —pl
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Table 1
Parameters for selected values of & for nonlinear driver test.

J Ny | No | Ne | Np | @max | Np(@max) | @min | Np(amin) | time (sec)
0.1 10 18 12 15 2.5 2 0.3125 9 0.04
0.05 20 33 15 | 38 2.5 3 0.3125 17 0.15
0.01 100 | 153 | 22 | 255 | 2.77 10 0.33 76 166
0.005 | 200 | 304 | 22 | 585 | 2.94 18 0.33 151 4608
3 ‘ ‘ ‘ ‘ 1 ‘ ‘
v0.05(0,30,p) —— v0.05(0,37,p) ——
V0.03(0,30,p) —— 0.9} vg03(0,37,p) ——
2.5F V0.005(0,30,p) —— f Vv0.005(0,37,p) ——
0.8
Al 0.7¢
= aO.G r
815 ™0.5¢
S S
> >0.4f
r 0.3f
0.5 0.2
0.1F
% 02 0.4 06 0.8 1 e 02 0.4
p p

Figure 1. The functions vx s(t,z,-), t =0 and z € {30,37}. We drop the subscript m above as h = 4.

In Table 1, we show some discretization parameters obtained by this construction with
selected values of d. Recall that different meshes are applied in each step of the PCPT
algorithm for different a. Here, N, is the number of points for the x-variable, N, the number
of controls, and N, the total number of points for the p variable, i.e., for all meshes for different
values of a combined. Moreover, amax (resp., amin) is the greatest (resp., smallest) control
obtained, using the modification of the control set (3.1) as described in subsection 2.4. We
also report Np(@max) (resp., Np(@min)), the number of points for the p variable for the control
(max (r€SP., @min). With our choice of parameters, we have h = d, so that the number of
time steps is always %. For different choices of §, we get the graphs shown in Figure 1 for the
function p — vy 5(t, x, p), where (t,z) = (0, 30), (0,37). We observe experimentally, while not
proved, that the numerical approximation always gives an upper bound for v,,, which is itself
greater than the quantile hedging price v. This, if confirmed more systematically, could be a
practically useful feature of this numerical method.

The scheme preserves a key feature of the exact solution, namely, that the quantile hedging
price is 0 exactly for p below a certain threshold, depending on ¢,2. This is a consequence
of the diffusion stencil A§ respecting the degeneracy of the diffusion operator A* in (2.20),
which acts only in direction (1, p), and by the specific construction of the meshes.

3.3. Necessity of CFL conditions. Using the same discrete control set as in section 3.2,
we now fix A = 0.1 and compute v, s for 6 chosen as above. The conditions (2.30) to (2.32)
are then not satisfied and the results of Proposition 2.15 are not valid anymore.

First, while 7 is coarse, we observe that the computational time to obtain v s5(t;,-) from
Ur,5(tj+1,-) is increased. While convergence of the Picard iteration to a fixed point is still
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V0.025(0,30,p) ——
Vge.4(0,30,p) ——
2.5F Vies(0,30,p) ——

Vcdelta,5e-3(0,37,p) ——
0.9r Vo.1,5¢-3(0,37,p) ——

0.8
0.7f
20.6f
R:O.S*
e
>0.41
0.3F
0.2}
0.1

0 0.2 0.4 0.6 0.8 1
P p

0 0.2 0.4

Figure 2. Left: comparison of vo.1,5e—3(0,37,-) and vcs,se—3(0,37,-). Right: comparison of vk 0.05(0,30,-)
for different h’s. We drop the subscript 0 in the legend above as § = 0.05 is fized.

observed, significantly more iterations are needed: for example, for § = 0.005 and h = 0.1,
3000 Picard iterations are needed to obtain convergence subject to a tolerance of 1075, while
in the example where (2.30)—(2.32) were satisfied, 250 iterations sufficed.

The second observation is that, while we seem to observe convergence of the sequence
to some limit (judging from our chosen range of J: it might start to diverge for smaller 0,
as seen for the case § fixed and varying h below), it is not the limit seen in the previous
subsection. We show in the left panel of Figure 2 the difference between the solution obtained
with 6 = 0.005,h = 0.1, and 6 = 0.005, h = C'§. When conditions (2.30)—(2.32) are not met,
we generally have a nonmonotone scheme, and convergence to the unique viscosity solution of
the PDE, which equals the value function of the stochastic target problem, is not guaranteed.

Conversely, when ¢ is fixed and we vary h, the situation is different. There is no adverse
effect on the Picard iterations, as the conditions needed for Proposition 2.15 are still satisfied.
The issue here is that the consistency hypothesis is violated, and convergence to the true
solution is again not observed: when h is too close to 0, the value v, ;5 grows, as seen in the
right panel of Figure 2. Here, § is fixed to 0.05 and h goes from 0.025 to 1.2 x 1075,

3.4. Convergence to the analytical solution with linear driver. We now consider the
linear driver fi. In that case, the quantile hedging price can be found explicitly (see [23]),
and, for each (t,x,p), the optimal control is then

_ L (N
aft,z,p) = (T 1) p( 5 >

where N is the cumulative distribution function of the standard normal distribution.

In particular, for a fixed uniform grid = = {0, h,...,kh = T}, the optimal controls are
contained in the interval |0, \/ﬁ] on m\{7T'}. On the other hand, if ¢ is fixed, one sees from

(2.21) that the largest control one can reach (with a non-trivial p-grid) is Js.

For the parameters, we first choose n > 2, then we pick ¢ such that 7= >

set h = C6. It is easy to see that, therefore, § is proportional to n=2.

1

NCTTeTL and we
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v(0,30,p) —— -
v3(0,30,p) —— 9 |
2.5} v5(0,30,p) —— ©
v5(0,30,p) o
Q
o
2r )
= S
o Q v
(32
K15 S 3
S 7
~; c
1l >
9 |
o
0.5F
—— 0.16n"(-1.32)
y=|v_n-v|(0,30,0.8)
0 . L T T T T T T
0 0.2 0.4 0.6 0.8 1 3 4 5 6 7 8
P n

Figure 3. Left: v,(0,30,-) and v(0,30,-) forn = 3,5,8. Right: convergence rate estimation of v, (0, 30,0.8)
to v(0,30,0.8) and log-log plot.

Table 2
Discretization parameters for selected values of n for linear driver.

n ) Amax | Nz | Ne N,

3 | 0.04 1.91 37 5 33

5 0.01 3.18 97 12 244

7 | 0.006 | 5.09 | 248 | 26 | 1138
We now pick the controls as a subset of {%5,m > n} to obtain K, = {a; := ;75,1 =
1,..., M} as follows: let m; = n so that a1 = a},, = 5. If my,...,m; are constructed, we
set mit1 = inf{m > my, miié — 2> %} and a;11 = ﬁ. If miyg <n™', weset M =i+1

and are done. This eliminates clustering of control values and speeds up the computation.
In the left panel of Figure 3, we observe convergence towards the quantile hedging price.
Moreover, the right panel of Figure 3 demonstrates that the pointwise error, here for (¢, x,p) =
(0,30,0.8), has a convergence rate of about 1 with respect to n in the construction described
previously. Last, in Table 2, we report the values of § and amax obtained for different n.

3.5. Convergence using a higher order interpolation operator. We now focus on the
use of a higher order interpolation operator as introduced and analyzed in section 2.6. We
implement the PCPT scheme described in section 2.4, but here the linear interpolator is
replaced by the monotone piecewise cubic interpolator of Fritsch and Carlson [24]. We observe,
in the linear market setting, that the two solutions are indeed close; see Figure 4.

An interesting feature of the monotone piecewise cubic interpolator is that it preserves
monotonicity and convexity. In particular, if the values are nondecreasing in a convex fash-
ion, then the function obtained via the higher order interpolator is dominated by the linear

a,k)Ng

interpolator. We observe this behavior in practice, even if we have not proved that (v =0

j7l
is nondecreasing and convex.

3.6. Failure of a naive nonmonotone scheme. In this last study, we show that a simple
PCPT algorithm coupled with a naive, nonmonotone finite difference scheme does not work,
staying in the linear setting (as in section 3.4) for simplicity. To this end, we implement the
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3 T )
v(0,30,p) ——
25 L lin v2(0,30,p) H
lin v3(0,30,p) /
5 L nonlin v2(0,30,p) A
nonlin v3(0,30,p)
> 151 ]
L _
0.5+ ]
0 : '
0 0.2 0.4 0.6 0.8 1

Figure 4. Comparison of the solutions to the schemes with linear and monotone cubic interpolators. The
notation v, is as in section 3.4, specifically Figure 3.

PCPT algorithm where the PDEs in each interval [tg,tx41], 0 < k < k — 1, are solved with a
simple explicit finite difference scheme using the 9-point stencil for the spatial approximation
(see, e.g., [27, section 13.2]).

We fix a discrete control set K, tworeals h,d > 0, atimegridm ={0 < h < --- <kh =T},
and a two-dimensional grid 0Zx {0 < 6 < --- < No = 1}. We then consider the PCPT scheme
with a local solver S*P!. Here, for [s,¢] C [0,T] and a € K and ¢ € 0Z x {0,...,N}6, the
solution w® := SEXpl’a(s, t,¢) is defined by the following relation for all k € Z, 1 <1 < N — 1:

" h o? h a(p+ Ui)
Wk = Pkl 555 (D10 — Pr—10) — %TQ (Pri41 = Pri-1)
h o? h a?
Tty (k1,0 + Pr—11 — 20k) + oY (Dr1+1 + Phi1 = 201,)

h
+ 15299 (Drr1041 + Ph—10-1 — Phg1,0—1 — Ph—1,1+1)

with the usual boundary conditions. We denote by v?pl the solution of the PCPT scheme.

First, this operator is not monotone in the sense of (2.33) for any a # 0, h,d > 0, due to
the mixed signs of the last term. Hence, a comparison theorem is not available. In particular,
we cannot theoretically guarantee the positivity of the solution, nor can we ensure the stability.

In the tests, we choose Ko = {-2,-1.5,-1,0.5,0,0.5,1,1.5,2} and K3 = Ky U
{%,k‘ € {—9,9}}. The model parameters are as previously. We plot in Figures 5 and 6
the solution to the scheme with § = 0.1 and h = e lal? in the cases x = 30 and x = 37.

We observe that indeed the solution we obtain becomes negative and is not nondecreasing
in its p argument. So it is clearly not satisfactory with respect to these key properties of the
quantile hedging price. Moreover, we observe that this undesired behavior is more pronounced
when we take K3 instead of Ks.
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Figure 5. Naive finite difference scheme. Left:
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Figure 6. Naive finite difference scheme. Left: U?EI(O,?)?, -). Right: v?§1(0,37, ).

4. Proofs of results in section 2.

4.1. Proof of Proposition 2.3. We first recall the comparison theorem for the PDEs of

the form (2.7); see, e.g., [14].

Proposition 4.1. Let A C R? be a finite set, 0 < 7 < 0 < T, and uy (resp., uz) be a
lower semicontinuous supersolution (resp., upper semicontinuous subsolution) with polynomial

growth, of

(4.1) —0p + Falt,z, o, Do, ngo) =0 on [1,0) X RY x (0,1)

with FA(Z) = supgeq F*(E) for

—_
—
—

= (t,x,y,q,A) as in the beginning of subsection 2.3.

)
Assume that uy > ug on ([1,0] x R? x {0,1}) U ({6} x R? x [0,1]). Then uy > uz on [r,0] x

R4 x [0,1].
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Corollary 4.2. Let R C S\ D be a finite set. There exists a unique continuous solution w
to (4.1) or, equivalently,

(4.2) sup H'(t, z, ¢, 0y, Do, D*0) =0 on [r,0) x R? x (0,1),
neR

satisfying w(-) = V(-) on ([7,6] x R x {0,1}) U ({0} x R x [0,1]), where ¥ € C°.

Proof. This is a direct application of the comparison principles. The equivalence between
(4.1) with A := R’ and (4.2) comes from the fact that H"(0) and —b — F"b(E) have the same
sign, where = = (t,z,y,q, A) and © = (t,z,y,b,q, A). [ |

We are now in a position to complete the proof of Proposition 2.3.

1. For n’ < n, we observe that v, is a supersolution of (2.7) as R,y C R,. Using the
comparison result of Proposition 4.1, we obtain that v, > v,. Similarly, using the comparison
principle [12, Theorem 3.2], we obtain that v, > v, for all n > 1.

For all (t,z,p) € [0,7T] x (0,00)% x [0,1], let

J]—00

_ . ) 1
ot ) = i sup { o (5,3:4) 02 and (5.00) — ()] < 1
. , 1
o(t,z,p) = lim inf S vn(s,y,q) :n > j and ||(s,y,9) — (t,2,p)| < = ¢
J—00 ¥
From the above discussion, recalling that v; and v are continuous, we have

V1202020,

which shows that 7 and v satisfy the boundary conditions (2.4)—(2.5).

In order to prove the theorem, it is enough to show that v is a viscosity subsolution of
(2.3) and v is a viscosity supersolution (which follows similarly and is therefore omitted). The
comparison principle [12, Theorem 3.2] then implies that v = ¥ = v, and it follows from [14,
Remark 6.4] that the convergence v, — v as n — oo is uniform on every compact set. Using
Theorem 6.2 in [1], we obtain that v is a subsolution to

H(t, z, 0,000, Do, D*p) = 0 on [0,T) x (0,00)* x (0,1) ,

where

1
H(O) = lim inf {Hn(G/) :n>jand [|© - O < j}'

7 j—o0
In the next step, we prove that H = H, which concludes the proof of the proposition.

2. Let us denote by B, : S — S, the closest neighbor projection on the closed set S,,.
From (2.6), we have that lim,,_, . By (n) = n for all n € S. We also have that

H(©) = H" (©)

for some n* € argmax, csH"(©) as S is compact. Let us now introduce 7, := P, (n*) and by
continuity of H, we have

H™(©) - H(O) asn — oco.
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We also observe that
H™ () < Ha(©) < H(O) .

This proves the convergence H,(0) 1 H(O), for all ©. As H is continuous, we conclude by
using Dini’s theorem that the convergence is uniform on compact subsets, leading to H = H.

4.2. Proof of Theorem 2.7. We first check the consistency with the boundary conditions.
Let & € K and w be the (continuous) solution of

(4.3) —0yp + Fi(t, 2,0, Do, D*0) =0 on [0,T) x R x (0,1)

with boundary condition v(t, z, p) = pV (t,x) on [0,T] x R? x {0,1} U{T} x R% x [0, 1].
By backward induction on 7, one gets that

Upge S W .

Indeed, we have vy, (T, -) = w(T,-). Now if the inequality is true at time t;, k > 1, we have,
using the comparison result for (4.3), recalling Proposition 4.1, that

wha(t,-) < (t,-) for t € [tp_1,tx]

and thus a fortiori w(t, ) > vy £ (t,-) for t € [tr_1, ).

We also obtain that vy, » > v, by backward induction. Indeed, we have v, (T, -) = v, (T, -).
Assume that the inequality is true at time t, k > 1. We observe that w®? is a supersolution of
(2.7), namely, the PDE satisfied by v,,. By the comparison result, we have w"%(t, ) > v,(t,)
for t € [ty_1,tg]. Taking the infimum over a € K then yields the inequality.

Since v, < w < w < W, where

w(t,z,p) = lim sup Vna(t', 2 p') and w = lim inf (', 2 p'),
(t' @' p' | 7)) = (t2,p,0) (t"2"p",|m])= (t2.p,0)

we obtain that w and w satisfy the boundary conditions (2.4)—(2.5).

We now prove the monotonicity (see Proposition 4.3), stability (see Proposition 4.6), and
consistency in the interior of the domain (see Proposition 4.9) for the discrete-time PCPT
scheme, by a combination of viscosity solution arguments and—mostly—BSDE arguments
where they appear more natural. It should be possible to use only PDE arguments with similar
main steps as in [3]. Combining this with the consistency with the boundary conditions above
and [4, Theorem 2.1] then ensures the convergence in CY of U, tO vy, as || — 0.

Proposition 4.3 (monotonicity). Foru > v € BC, (t,z,p) € [0,T] x R? x [0,1], and y € R,
we have 6(7T7 t’ x7p7 y7 u) S G(ﬂ-7 t7 x7p7 y7 U)'

Proof. Lett < T,z € R% p € [0,1]. By the definition of v,, -, recalling (2.16), it is sufficient
to prove that, for any a € K, we have S%(t,tT, u(t*,))(t,z,p) > S (t~,tT,v(t",))(t, z,p),
with ¢t=,¢1 defined in (2.13). But this follows directly from Proposition 4.1. [ ]

We now study the stability of the scheme. We first show that the solution of the scheme
Up,r i increasing in its third variable. This is not only an interesting property in its own right

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/03/21 to 88.109.78.172. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

134 C. BENEZET, J.-F. CHASSAGNEUX, AND C. REISINGER

which the piecewise constant policy solution inherits from the solution to the original problem
(2.2), but it also allows us to obtain easily a uniform bound for vy, r, namely, the boundary
condition at p = 1. We provide first a probabilistic representation for w’® (0 < j < k, a € K)
as solutions to BSDEs with terminal time ¢;41.

Lemma 4.4. (i) Let a € R? and w® be the unique solution to
—0ip + F*(t,z,0, Dip, D%p) =0 on [1,0) x R? x (0,1),

satisfying w(-) = W(-) on [1,0] x RY x {0, 1} U{0} x R? x [0, 1], where ¥ € C°. Then it admits
the probabilistic representation w®(t,x,p) =Yy, where Y is the first component of the solution
(Y, Z) to the following BSDE with random terminal time:

T T
Y:\II(T7Xt’x,P;ip’“)+/ f(s,Xﬁ"’“",YS,Zs)ds—/ Zs AW,

with T := inf{s >t : PPP* € {0,1}} A0 and P"P" := p+ a(W. — W,).
(ii) Assume moreover, that W(T,-) = ¢() and ¥(-,1) = Bl(-,¢), ¥(-,0) = B, ¢) with
the notation of (2.12). Then the solution (Y, Z) to

0 0
(4.4) Y. = (X", PyPY) + / f(s, X5 Yy, Z,) ds — / ZgdW, |

where PP = Pt/’\%’-a, satisfies Y =Y on [t,T].

Proof. (i) The probabilistic representation is proved in [16]. Note that uniqueness to the
PDE comes from Corollary 4.2 in the special case where R is a singleton.

(ii) Let A :={T = 0},B :={T < 0,P¥" =1}, and C := {T < 0, PP* = 0}, so that
Q=AUBUC. For e € {0,1}, let (°Y"* ¢Z%%) be the solution to

0 0
Y.z(b(X;’m,e)—i—/ f(s,Xﬁ’x,Ys,Zs)ds—/ ZsdWs .

By (2.12), we have B¢(r, X2, ¢) = ¢Y; for e € {0,1}.
We introduce the following auxiliary processes for s € [t, 6]:

Y; = szltgng + 1}/;15>T1B + 0}/518>7-10 s
Zy = Zili<s<T + '"Zles7lp + ' Z 17l

First, by construction, we have Y = Y on [t,T]. To prove the proposition it is thus sufficient
to show that Y = Y on [¢,60]. To this effect, we show that (Y, Z) is solution of (4.4). We
have, for all s € [t, 6],

T T
Y, = [@(7'7 Xt,x,Pftr,P,a) +/ f(u, XZ’x,Yu, Zy) du —/ Zy qu] le<T
S S
0 [
- [¢(X£’x,1)+ / flu, X5 1Y, 1 Z,) du — / 1Zuolwu} l7<slp
S S

0 0
+ [¢(ng$,0)+/ f(u,XZ’“””,OYu,OZu)du—/ Ozudwu] l7<slc.
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By our hypotheses and the definition of PY., since Pg’p ““=1 on B and ﬁg’p ““=0on C,

(T, X5, PP = ¢(Xy", PyP™)1a + BT, X5, )1 + BT, X5, ¢)1c
O(Xy", PyP ) 1a+ Yrlp +Yrle
¢

t,x pt.p,a
X, Py )

(
(
0 0
[ rwx v - [ ziam)
T T

0 0
+ [/ f(u,Xf;x,OYu,OZu)du—/ OZuqu] lc.
T T

Thus, since AN{T < s} =0, we deduce
Ys :qS(Xé:x’ P0t7p7a)

0 0
+ |:/‘T f(uv thj$7 1Yu7 1Zu) duLsS’TlB + /7’ f(u> thjxv OYm OZu) dU1s§Tlc:|
T T
+ |:/ f(u7X1tjx7Y'lL7Zu) dulSST + / f(u7X1th71Y”LL712u) dU1T<SlB
s s
T
+ / f(u7 Xf[x? OYua OZu) dU1T<s 16’]
s

0 0
- [ / 'Z, AW, lscrlp + / Ozuqu1sg1C]
T T

T T T
—{ [ zeawie + [ ziawitrata+ | OZuqu1¢<slc]
S S S

Now, since (1Yy,'Z,) = (Ya, Z,) on (T,0] N B and (°Y,,°Z,) = (Yu, Zy) on (T,60] N B, and
f’]g'f(qu'Z’rv Yu, Zu) dul g =0, we get

0 0
/ flu, X5 1Y, 1 Z,) dulserlp + / flu, X5*0v,,0Z,) dul s<r1c
T T

0
= / f(u, XZ’”, Yy, Zu) duls<T.
-

A similar analysis for the other terms shows that (Y, Z) is a solution to (4.4) and concludes
the proof. |

Lemma 4.5. For allt € [0,T], x € R%, 0 < ¢ < p < 1, we have v, «(t,7,q) < vy (t,2,D).

Proof. We will prove the assertion by induction on j € {0,...,x}. For t =T = t,, and
every z € R, we have (z,p) — v, (T, x,p) := g(z)p, which is increasing in p.

Let 1 < j < k —1. Assume now that v, (¢, z,-) is increasing for all ¢ > tjy1 and x € R4,
We show that vy, (¢, z,-) is also increasing for ¢ € [t;, t;41) and x € RY.

Let 0 < ¢ < p < 1. By the definition of v,  in (2.16), it is sufficient to show that for each
a € K, we have, for (t,z) € [0,T] x RY, wh(t,z,q) < w?(t,z,p). From Lemma 4.4(i), these
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two quantities admit a probabilistic representation with two different random terminal times

71 =inf{s > t: P""* € {0,1}} A tjy1,
™ =inf{s >t: P"P* € {0,1}} A tpy1.
However, using Lemma 4.4(ii), we can write probabilistic representations with BSDEs with

terminal time t;41: we have that S%(t;,t; 1, wx(tjy1,))(t,z,p) = VPP where Y;""P is
the first component of the solution of the following BSDE:

ti+17 "t

t,x Dt,p,a fitt t fitt
Ys = vpn(tjs1, X0, PP +/ flu, X% Yy, Zy) du —/ Zy dW,y,
S S
where PtP¢ is the process defined by:
S
P;’p’a — p + / al{uSTp} qu,
t

and a similar representation holds for S%(t;,t;11, wx(tj+1,-))(t, z, q).
It remains to show that

(4.5) Unm(tj-l—laXt’I pt,p,a) > ’Un,7r(tj+1,Xt’$ ]St’q’a),

tiv1? "t ti+17 7 ti+1
If this is true, the classical comparison theorem for BSDEs (see, e.g., [21, Theorem 2.2]),
concludes the proof.

First, we observe that Pf-;)p > P%;q’a. On {7, = T}, (4.5) holds straightforwardly by
the induction hypothesis. On {r, < T}, if Pe?* = 1, then Pr?® = 1 and (4.5) holds
by the induction hypothesis, as Pr®® < 1; if PpP* = 0, then a fortiori P** = 0 and
P%’p = P%’q’a = 0, which concludes the proof. |

Proposition 4.6 (stability). The solution to (2.15) is bounded independently of .

Proof. For any time grid 7 and any (¢, z,p) € [0,T] x R?x [0, 1], we have 0 = vy, (¢, 2,0) <
Unx(t,z,p) <vp(t,z,1) =V(t ). [ ]

To prove the consistency of the scheme, we will need the two following lemmas.
Lemma 4.7. For0<7<t<0<T,¢€R, and ¢ € C°([0,T] x R? x [0,1]), it holds

1S4(7,0,0(0,-) + )(t,-) = ST, 0,0(0,-))(t, ) = Eloo < Cl0 — ][]

Proof. We denote w = S*(7,0, ¢(-)) and w = S*(7,0, ¢(-) +&). Using Lemma 4.4, we have
that, for (¢,z,p) € [1,0] x R? x [0, 1],

w(t,z,p) =Y; and w(t,z,p) =Y,
where (Y, Z) and (Y, Z) are solutions to, respectively,
- T 0
Y;“ = ¢(Xé7xv Pgt’pﬂ) +/ f(st?waYS’ Zs) ds — / Zs dWs ,t<r< 07
r r

T 0
Y;,:¢(X;’m,P;’p’a)+§+/ f(s,Xﬁ’x,Ys,Zs)ds—/ ZgdWs, t<r<40.
T T
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Denoting I := Y + ¢ and fe(t, x,y, 2) := f(t,x,y — &, 2), we observe that (I', Z) is the solution
to

T %
I, = ¢>(X§’“”3,P;’p7“) +§+/ fe(s, X0* T, Z,) ds — / ZodW,, t<r<4.
T '

Let A:=T—Y,0Z = Z — Z, and 0fs = fe(s, Xe™", T, Zs) — f(s, Xe™, T, Z) for s € [t,0).
We then get

0 0
A, = / (f(s, X", Ty, Zs) — f(s, X", Y5, Zs) +0fs) ds —/ 0ZsdWs .

Classical energy estimates for BSDEs [21, 13] lead to

E| sup |Ar‘2

re(t,0]

6
< CE U \A56f3|ds] .
t

Next, we compute

0 1 0 2
/ |Afs|ds < — sup |A42 +2C (/ |5fs|ds> :
¢ 2C scit ) ¢

Combining the two previous inequalities, we obtain

E[sup |A?| < 4C°E

re(t,o]

(/t6|5fs\>2] -

Using the Lipschitz property of f, we get from the definition of f¢,

|6f8‘ S L§7

which eventually leads to

E| sup [A2] < CJo - t2€?

re(t,0]

and concludes the proof. |

Lemma 4.8. Let 0 <7 < 6 < T and ¢ € C>([0,T] x R? x [0,1]). For (t,z,p) € [r,0) x
R? % (0,1),

QZ)(t’xvp) - Sa(T’ 97 gb(e? '))(t’ .T,p) - (0 - t)Ga¢(t, ‘T’p) = 0(0 - t) )

where G¢(t, x,p) := —Oo(t,x,p) + F(t,z,p, d, Do, D2¢).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/03/21 to 88.109.78.172. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

138 C. BENEZET, J.-F. CHASSAGNEUX, AND C. REISINGER

Proof. We first observe that S*(7,0,¢())(t,x,p) = Y; with (Y*, Z%) the solution to
0 0
Y, = c1>9+/ f(s,Xg“f,y;,Zs)ds—/ Zy dW,

with, for t < s < 0, &, = ¢(s, Xo*, PLP*) and a = alp,. By a direct application of Itd’s
formula, we observe that

0 0
B, = By — / (9 + LG} (s, X1%, PLP) ds — / 3,.dW,, t<r<6,

where 3, = 3(X§’x, ng(s,Xﬁ’m, P;’p’a), as), t < s<4.
For ease of exposition, we also introduce an auxiliary process (Y, Z) solution to

Y, = <I>9+/9f(s,X§vx,<I>s,3s)ds— /eZSdWS, t<r<9.

Now, we compute

Y — @+ (6 - 1)G9(t, z,p)

=E [/te ({00 (s, X%, PeP?) = 0p(t, 2, p) } + {F (s, X7, PyP?) — F¢(t, x,p)}) ds
Using the smoothness of ¢, the Lipschitz property of f, and the following control,

E[|X0" — |+ |[PIP —pl] < Cale 12,

we obtain
(4.6) Vy — @ + (0 — )G (¢, 2,p)| < Cop(0 —1)7 .

We also have

0 0
Y, - &, = / G(s, XL*, PbP) ds — / (Zs — 35)dW,.

E

Applying classical energy estimates for BSDEs, we obtain
A~ 9 A
sup |Y, — @, +/ |Zs — 34*ds| < CE
t

0 2
</ |G“¢(S,X§"”,P§’p’°‘\ds> ]
re(t,o] t

(4.7) < Cap0 = 1),

where in the last line we used the smoothness of ¢ and the linear growth of f and o.
We also observe that

0 0
YT—Yr:/ {5fs+f<s,X§vx,Ys,Zs)—f<s,X;@,YS,ZS)}ds—/ (2o — 2z, W,
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where Jfs := f(s,Xﬁ’a:,(I)s,Ss) — f(s,XS,K,Zs) for ¢ < s < 6. Once again, from classical

energy estimates [21, 13], we obtain
0 2
</ O fs ds) ] .
t

Using the Cauchy—Schwarz inequality and the Lipschitz property of f, we have

Y; - Yi|* < CE

Y, — Y2 <C(O-t)E
relt,0)

[
sup |Yr—<1>r|2+/ |Zs—3s|2ds] .
t

This last inequality, combined with (4.7), leads to
-l <CO-13.

The proof is concluded by combining the above inequality with (4.6). [ |
Finally, we can prove the following consistency property.
Proposition 4.9 (consistency). Let ¢ € C>®([0,T] x R? x [0,1]). For all (t,x,p) € [0,T) x
4% (0,1), as (|7],€) — 0, we have

S (n 0. 6(0.0.0) + €60 +€) + 00 — F(12.0,6.D6. D7) 0

Proof. We first observe that by Lemma 4.7, it is sufficient to prove

ﬁl_te(ﬂataxvpa(p(t,x,p),(ﬁ( )) + at¢ .F (t x,p, (b,D(ﬁ, D2¢)’

|7 |¢0
We have that

t+1_ 6(7T,t,$,p,¢(t,ﬂj‘,p),¢(-)) + at¢ _Fn(tvxapa (;57 D¢7 D2¢)’

=7 t{qb(t z,p) —min §° (t7, 67, ¢(t7, ) (t,p)} = IgleaIgG“(t,xm)é‘

{00t p) = 8 (£ 5,006, (1)} = G

< max
aEK

The proof is then concluded by applying Lemma 4.8. |

4.3. Properties of S§(-). Let us first give some classical results on the finite difference
scheme at the boundary, which is the classical finite difference scheme to approximate the
superreplication price. Only partial proofs are given in this classical setting, and the proofs
given later for the full scheme are easily adapted in this situation.

Proposition 4.10 (comparison theorem) Let 0 <t < s <T,0 > 0 h = s —t such that
(2.30) to (2.32) is satisfied. Let (ul,u? vt v?) € (2°(6Z)* such that u} < u} for all k € Z.
Then we have the following.
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1. Forallk € Z and (v,V,V4,A) € R*, we have
Sp(k, v, V, Vi, A ui) < Sp(k, v, V, Vi, A ug).
2. Assume that, for all k € Z,
Sp(k, v, Vv, Vi svh, Asvp, up) < 0 < Sy(k, v, VsvE, Vo svi, Asvi, up) .

Then UI}; < vl% forallk € Z.
3. Assume that, for all k € Z,

1 1 1 1,1 2 2 2 2 2
Sb(k, (™ ngk, V+’§’Uk, A(;Uk, uk) =0= Sb(k, (s ngk, V+,5vk, A(;Uk, u ) .

Then Ui}; < vl% for all k € 7.

Proposition 4.11. Let ,0 > 0 such that (2.30) to (2.32) is satisfied for allh = tj 1 —t;,j =
0,...,x—1. Let Va5 : ™ x 6Z — R be the solution to

vg:g(xk)7 keZ,
Sp(k, ij,ngi,v+75vi,Agvi,vi+l) =0, k€eZ,0<j <k

For allk € Z, let (Ur )i := (V""S)k“;é(vﬁ’é)k_l. Then
1. (Vzs,Urs) € (°(8Z)?* and their bound is independent of T, 6;
2. Vs converges uniformly on compact sets to V', the superreplication price of the con-
tingent claim with payoff g.

Proof. We only show the first point, the second one is obtained by applying the arguments
of [4], after proving monotonicity, stability, and consistency by the steps of subsection 4.4.

Since g is bounded, it is easy to show that V} 5 is also bounded independently of 7, d, and
the proof is similar to the proof of Proposition 4.14.

Since g is Lipschitz-continuous, we get that Uy s(T,-) is bounded. Using the Lipschitz-
continuity of f, one deduces easily that Uy s is a solution of

. . . 2 52 , . .
u, — ui/,“— h <—,uv_~_,5u§€ — <U2 + 9) Asuj,— L — Lluj,| — L|V5uﬂ> >0,keZ,0<j <k,

h
j i1 : o? 52 - . .
up, —u) " —h <_,uv+76u';€ - (2 + Gh) Asul+ L + Llul| + L|V5uﬂ> <0,ke€Z,0<j<nr,
UI]: _ g(xk’—l-l) - g(l'k—l) e [—L,L], LeZ.

26

Again, comparison theorems can be proved, and it is now enough to show that there exists
(u, ) € £°(m x 6Z)? which are bounded uniformly in 7, such that

. . . 2 52 4 . .
= b (<~ (G 465 ) Asad - £ - Dl - LIVl ) S0k €20 <k

A A . 2 52 . , .
a, —w, " —h (—umﬁ% - (02 + 9h> Asu+ L+ Llw | + Lyvguio >0,k€Z,0<j<k,
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We deal with u only, and obtain similar results for @. One can easily show that w/ :=
1—(L+1) HZ:].H ﬁ, where hy, := t;, — t;,_; satisfies the requirements. Furthermore, one

gets w/ > u’ >1— (L + 1)2%, thus one gets that u is lower bounded by 1 — (L + 1)2%. [ ]
We now turn to the proof of Proposition 2.15.
Proof of Proposition 2.15. First, v = B§(s,t,¢(-,0)) and v = B§(s,t,¢(-,1)) are uniquely
defined in ¢>°(0Z) by (2.24); see Proposition 4.10. We consider the following map:
12(G8) - (G5,
v = P(v),
where 9(v) is defined, for k € Z and [ € {1,..., N, — 1}, by

1
1+ Eptorh 20

2
o h
+ g/“)k+1,l+sgn(a) + 7ﬁ(vk+1,l+sgn(a) + kal,lfsgn(a))

Y(V)k,

(s (k0,9 (m1))

_ g
+hf <t , ko, Ukl %(UkJrl,lJrsgn(a) - kal,lfsgn(a))> + 9(”k+1,l+sgn(a) + kal,lfsgn(a))>7

Y(W)ko =V, Y()kN, = Tk -

Notice that v is a solution to (2.26)—(2.27) if and only if v is a fixed point of 3. It is now
enough to show that ¢ maps £°°(G§) into £*°(G§) and is contracting. If v € ¢*°(G§), by
boundedness of ¢, v, and 7, it is clear that (v) is bounded. If v, v? € ew(gg)Q, we have, for
alkeZand 1 <[l <N, —1,

h 2 h hL
byt o2l 420 4 hL + Bl
Sa” 0”52 + +6|U1

Pk — V()i — 1%
() (i 1+ 2+ 028 +20 o
Since 6 < 1 by assumption (2.30), one has hL + %L < 2}% < 40, thus,
404+ 2+ o2k + 26
(") = (%] < 5 3 [0} = 1%[oo.

1+5u+02h 420

Since 46 < 1 by assumption (2.31) and the function x — 4&2’” is increasing on [0, 00) with

limit 1 when x — 400, this proves that v is a contracting mapping. |

Proof of Proposition 2.16. Let ¢!, ¢? as stated in the proposition.
1. We have, for k € Z and 0 <1 < Ny,

S(k>l7UaQ7Q+7A> 802) - S(k7l7UaQ7q+7A7§01)
= (" = ¢°) (zk, p"(m)) < 0.

2. We assume here that a > 0. For k € Z, let M}, = maxoggNg(v,i_s_” — U,%Hl) < 00
(if a < 0, we have to consider maxongNg(v,}:_” —v? ;). We want to prove that
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My, < 0 for all k. Assume to the contrary that there exists k € Z such that M > 0
and, thus, there exists 0 < [ < N§ such that ”Uli+l 1= fuzﬂl = M, > 0. Since v,i 0 < v,% 0
and U,LFN;’N:; < v,%JrNg’Ng, we have 0 < [ < N§. Moreover, using (2.34), rearranging
the terms, using the fact that f is nonincreasing with respect to its third variable and

Lipschitz-continuous, and that M, is attained for [,

2 1 2 1
(1+20)M;, < 25 |Uk+l+1,l+1 - Ulc+l+1,l+1| - 9<Uk+l+1,l+1 - Uk+l+1,l+1)
hL | , 1 2 1
(4.8) + B |“k+l—1,l—1 - Uk+l—1,l—1| = 0(Vki—10-1 — Vkp1—14-1)-
For j € {l — 1,1+ 1}, we observe that

hL hL
(4.9) ox Vg = Vkggl = 0@k = vkyy) < (55 +0 ) M
20 20
Indeed, if viﬂj > v,iﬂ-j, then

hL hL
g |Verig — Vgl = OWkagy = Vhagy) = (25 - 9) (V1 — Viysg) <0,

i hL e if 02 1
since 55 < 0. Otherwise, if vi . <wp ;.

hL 2 1 2 1 hL 1 2
25 | Vktid ~ Ukl = OWkijs = Veesg) = | 55 +0) Wi = Verjs)

hL
< | =—=+0) M.
< <25 + ) k
Inserting (4.9) into (4.8), we get
hL
(14 20) M < 2 (25 + 9) M,
Thus,

which is a contradiction to M, > 0 since % <20 < %

. Let v* = S%(s,t,¢") for i = 1,2. Since p! < p? and P! < $?, we get by Proposition

4.10 that v,};,o < ”1%,0 and vli,Ng < v,%ng for all k € Z.
By monotonicity, we get, for all k € Z and 0 <[ < IV§,
1 1 1 12
Sk, 1 vy, Vivg 1,V 50k 1 A5V 15 97)
1 1 1 11
< Sk, L vg gy Vv, V5081 A5V, 97).
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Moreover,
S(kv l’ Uli,lv vgvl}:,lvviﬁvl;l? Agvé,l7 901)
= S(k}, lv Ulz,lﬂ vgvl%,lﬂ Vi,&“l%,n Agvl%,h 902> = 07
so that
S(k, 1, vp 1, Vv 1,V 50k 1 Afvpp, 0°%)
< S(k,1,vk 1, Vivi i, VL 5070, A§vR 1, ©7)
and the proof is concluded applying the previous point. |
To conclude this subsection, we prove Proposition 2.17.
Proof of Proposition 2.17. For ease of notation, we set
L _4n@d? o syi(Na—)
e(l) :==e " o7 ,
a(a,8)? C(h,3)

e’ := min e(z)=e(Nj/2)=¢ o7 CONG — o= =52
z€[0,Ng]

)

B:

|(U.1,0 - U.2,0)+|oo + ’(U-I,Ng - U.Q,Ng)ﬂoo-
By the comparison theorem, it is enough to show that w € £>°(G§) defined by
Wy = v,il + Be(l)

satisfies wy o > ’Uli,O’ W, Ng > U]ing, and S(l{:,l,wkvl,vgwm,Viyéwm,Agwk’l,u) > 0 for all
ke Zand 0 <l < Ny.

The boundary conditions are easily checked: if k& € Z and [ € {0, N,}, we have, since
e(0) = e(Na) =1,

Wiy =viy + B > vi + (v —vi) T > o

For k € Z,1 <1 < N§ — 1, we prove S(k,l, wy, V§wy,, V& sWk 1, Afwg i, u) > 0.

By definition (2.28), inserting ihf(t*,ek‘s,v,il,%(warl,HSgn(a) — Wg_1,—sgn(a))), SinCE
S(k:,l,v,il, gviyl,Vi,éviyl,Agviyl,u) > 0 and since f is nonincreasing with respect to its
third variable and Lipschitz-continuous with respect to its fourth variable, we have

S(k, L, wi, Viwg,, V‘i,(gww, A§wy 1, u)
h h h o%h
>BI(14u2 4022 42 S AL
> [( +u5+0 (524- 9>e(l) <u5+262+0>e(l+sgn(a))

o’ h hL
(G5 +0) et senla) - G5kt + sgn(@) — et - s
We have |e(l +sgn(a)) — e(l —sgn(a))| <1 — e*, thus,
Sk, wrg, Viwg, Vw1, A§wg i, u)
h o h hL]

h h hL
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It is thus enough to have

h h hL h h hL
l4+p=Fo0? =420+ =) —p=—0*= —20——>0
(+“5+"52+ +25)e ns ~ 05 25 ~
and one can easily check that this is the case with our choice of C(h,d).
It remains to prove (2.36). Since In(1+ z) > z — % for all z > 0, we have, by (2.32),

1 1 1 1
C(h,d) > = -
6 (u’§+025’é+29+’5§ 2(u’g+02§2+29+’;§)2>
1 1
(1 + 5)6h + 02h + 2062 2((M+§)h+a2%+259)2
1 1

> —
- L 2) p2 2 2
(e + L)M +20M2) B2 + 02 2(((1+29)u+§)h+‘j\72>

1 M?
= L 2) j2 21, 954"
((p+ %)M +20M2) 2 + 02k 20

4.4. Proof of Theorem 2.21. We first show that the numerical scheme is consistent with
the boundary conditions. For any discretization parameters 7,0, we define V5 : 7 X 0Z — R
as the solution to the following system, with S; from (2.25):

(4.10) Sb(k:,vi,V(;vi,VJr,gvi,Agvi,viH) =0,keZ,0<j <k,
vp = g(zk), k € Z,

WhereAvi = w(tj,xy) for 0 < j <k and k € Z. We set (Um;)i = Vg(Vm;)i = 2—1(5((1/”,5)?&1 —
(Vz6)j—1)- By Proposition 4.11, V5 and Uy s are bounded, uniformly in 7,0, and, by [4],
Vs converges to V' (the superreplication price) uniformly on compact sets as |r|,d — 0.

Proposition 4.12. There exist constants K1, Ko, K3 > 0 such that, for all discretization
parameters 7,0 with || small enough, we have, for (t;,xy,p) € ™ x 0Z x [0,1],

pVas(tiar) — Ei(T — ;) < vnms(ty, 2k, p) < pVas(ts, xr) + Ki(T —t5),
PVirs(ts, zp) — (1—e F2P) (1 — e F207P)y <o o 5(t5, 2, p)
< pVis(ti, o) + (1 — e K2P)(1 — e~ K2(1-0)),

Proof. We only prove, by backward induction, the lower bounds, while the proof of the
upper bounds is similar. ‘ ‘

For 0 <j <k, ke dZ, and 0 <1 < N, we set V! := Vi 5(tj, x5) and U} := Uy 5(t5, xx).
For € € {0,1}, we define “w(tj,xzy,p) = leg — ‘c(t;,p) with “c(tj,p) = eKi(T —t;) +
(1 —€)(1 — e Kor)(1 — e K2(=1)) " and ewi’l = ew(tj,xk,pl),ecg = “(tj,m), m € I'§. The
proof now proceeds in two steps.
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1. FiI‘St, we have €w(T7 xk’ap) < pr,é(T, xkﬁ) = pg(:Ek) = Un,ﬂ',(S(Ta :Ekap) on 0Z x [Oa 1]
Suppose that, for 0 < j < k on §Z x [0, 1], we have

W(tjt1, T, P) < Uprs(tjsl, Tk, P)-
We want to prove on dZ x [0, 1] that
W(tj, 2k, p) < Vprs(ty, Tp, p)-
Since “w is convex in p, w(t;, g, ) < Ig(ewi’.) on [0,1]. By definition, we have
Un,,6(tj, Tk, p) = MINTF(S5 (tj+1, b, Vnr s (E41, 1)) (2, )
We are thus going to prove
(4.11) W],y < Sttty Vnms(tivn, )t s pr)

foralla € K and all k € Z,0 <1 < N§. For a € K, by the induction hypothesis, w(tj41,-) <
Unrs(tj+1,-), so if we are able to get

(4.12) Sy(k, Wy, Vswy, Vs 5wy, Aswy, wih') <0,k € Z,
(4.13) Sy (k, awy, Vsawy, Vi sawp, Ag%k,ewfctva) <0,kez,
(4.14) S(k,l,ewk7l,vg€wkjl,v+5wkl,A5 Wy 1, W (t]+1, ) <0,k€Z,0<1< Ny,

where @fc = w(tj, z, 0),%{; = w(tj, xy, 1), we obtain that (4.11) holds true by the compari-
son result in Proposition 2.16, which concludes the proof. We now proceed with the proof of
(4.12), (4.13), and (4.14).

2(a). Now, observe that efw?c = —eK (T — t;) for k € Z. We have, since f(t;,zx,0,0) =0
and f is nonincreasing in its third variable,

Sp(k, wy,, Vswy, Vi sy, Asawy, ew% ) = —eKh — hf(tj,a, —eK (T —t;),0) < 0.
2(b). We have that %i = ij — eK (T —tj), for k € Z. Since
f(tjaxkav EKl( ) Uj) >f(tja$kvvk7U])

and by the definition of V7 s,

Sb(k7%k7 Vé%lm V—s—,é%k, A(S%kv ewit\}a) = —eKh+ Sb(ka V]g? V(sV]ga V+,6ij7 Aévlg)
< —eKh <0.
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2(c). We now prove (4.14). Let k € Z, 0 <1 < N§'. We have, by the definition (2.28) of S,
S(k,l, Ewi’l, 5 wk b Vis wk I gew#l, Ww(tjs1,-))
= wfg,l — wW(tjy1, T, 0" (01))
+ hE(t, k6, wi , Viw],, V4 swi |, Afw] )
a(a, 6)
o

_Ecii,z +u WV e(tjn, o, ™ (p1))
— phF(t, g, VI, ULV 4 sV A5V
+ hﬁ(t, T, piV? V’gewi VY {wi b A?wi )
where we have used (4.10) and f(¢, zg, wkl,ava%kl) > f(t, xk,prk,UV“ wkl)
By adding £p;hf(t;, T, PV, aVaﬁwi’l), using the Lipschitz continuity of f, and
(a 9)

v5 wkzl - plUlg (ij—i-l + ij—l) (ECJ sgn(a) €C‘li-&-sgn( )) ’

we get, by the definition (2.23) of F,

S(k, L, ka,lavfslﬁwi,h Vi,aewi » Afw], 1 W (tj41,7))
a(i‘j’ O Vit ~vi_ ) — hoa(a, )07 — 20°° 5) 52U
|a(a J)|

<h

+2hLpy(1 — p) (Vi + |UJ|) + hL (Vi +1+V,5_1>
— (= eltren b - uhVi,fCZ - (2h +05) a5 )

+ hL|V§C).

Since |a(a,d)] < max{|a|,a € K} < n and V and U are bounded uniformly in h,d (see
Proposition 4.11), there exists a constant K, g pr,r, > 0 such that

 a(a.9) (a 9)

p(ViIH =V ) — hoa(a, U} — 20
\a(a J)]

52U}

+ 2hLpy(1 — p)(V{ + |UL|) + hL Vi, 1+V,g;1) < hEKp gL

When € = 1, the terms of the last three lines all vanish except the first one, and cg —c(tjy1,p1—
ua(aT’a)h) = Kih. Thus we get
Sk, 1, W g, V§ Wk 1, VE 5k 1, A§ W1, W(Ej11,0)) < (=K1 + Kng )

Hence, chosing K; large enough gives the result.
We now deal with the case e = 0. By Taylor expansions of % around (¢;,p;), we get

€ ae,, J a €,J ae, ] €,7
S(k,1, wk, V§ wk,l’v-&-ﬁ Wy 1 26 W 1 w (tj+1,7))

a (I,(S € € a CL,5 2 ¢
< hK, g m1 + hL’(O_)‘ap C(tj,p1)| + ho; C(tj,pl) +h ( 5 ) 8510 C(tj,pl> + he(h; K2)
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with limj_,oe(h; K2) = 0. By the definition of %, we get, for hg > 0 to be fixed later on and
h e [0, ho],

Sk, 1 wrt, Vi wl p Vi 5wk, AFwl w11, ))
<h [Kn,G,M,L + i M@ O ko g, 8(90) —Ka(1-p)
g o
20(a,0)*

B (a,0)?
29

e~ Kop _ K22a 5 e~ K2(1=p1) 4 ‘E(h; KZ)@

=h [ max [e(h; Ko)| + Kngarp + Kala(a, 6)[(e5em 4 ¢~ Kaliom) (L -G 5)|K2)] |
he0,ho] e o 2

To conclude, one can choose K5 large enough so that

L )
Koo,z + Kala(a, 8)] (7271 4 e~ 120171 ( B a(2)K) <1<,
o
and then consider hg > 0 small enough so that |e(h; K2)| < n for h € [0, ho]. [ ]

Proposition 4.13 (monotonicity). Let m be a grid of [0,T] and 6 > 0 satisfying (2.30)—
(2.32). Lety € R,0 <k < k,j €Z, pe€|01], and let U,V : m x 6Z x [0,1] — R be two
bounded functions such that U < V. Then &(m,9,j,k,p,y,U) > &S(m, 6,74, k,p,y, V).

Proof. The result is clear for j = k. If j < k, it is sufficient to show that
Z5 (S5 (ty, tj, U1, -))) < L5 (S5 (L, 41, V(Ejt1,0)))
for all a € K, recalling the definition of S in Definition 2.20. This is a consequence of the

comparison result in Proposition 2.16 and the monotonicity of the linear interpolator. |

We now prove the stability of the scheme. Here, in contrast to Lemma 4.5, we are not able
to prove that the solution of the scheme is increasing in p. However, due to the boundedness
of the terminal condition, we obtain uniform bounds for v, , 5.

Proposition 4.14 (stability). For all m and § > 0, there exists a unique solution vy . s to
(2.37) which satisfies 0 < vy r 5 < |gloe on 7 X 67 x [0, 1].

Proof. We prove the proposition by backward induction. First, since v, - s is a solution
to (2.37), vpxs(T,x,p) = pg(z) on 6Z x [0,1], and we have 0 < v, » 5(T,x,p) < |g|so for all
(z,p) € 0Z x [0,1].

Let 0 < 5 < k and assume that Unymg(tj/,-) is uniquely determined and satisfies 0 <
Unrs(tjr, ) < |gloo for all j > j. Since vy, 5 is a solution to (2.37), we have

Un,ﬂﬁ(tja x,p) = gél[f(llg(sg(tm tj+17 vn,ﬂ,é(tj—i-l? )))7

and for each a € K, S§(t;,tj41,0nxs(tj+1,-)) is uniquely determined by Proposition 2.15, so
Un,r,6(tj, ) is uniquely determined. Next, we show that

0 < S§(tj,tj+1,Unm6(tit1::)) < [9]oo-
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Then it is easy to conclude that 0 < vy, » 5(¢j,-) < |g|loo on R X [0,1], by properties of the linear
interpolation and the minimization.

First, it is straightforward that @ defined by w,; = 0 for all £ € Z and 0 < [ < N,
satisfies 4 = S§(tj,tj4+1,0). The comparison theorem gives 0 < S§(t;,tj11, Vnrs(tjx1,7)),
since 0 < vy, 7 5(tj+1,-). To obtain the upper bound, we notice that @ defined by y; = |g|eo
for all k € Z and 0 < < N, satisfies

S(ka l7 ﬁk,lavgak,h vij’ak,lv Agak,lv ﬁ) = _h‘f(t]’ Ty ‘g‘om 0) Z _h‘f(t]7 Ty 07 0) Z 0.
Hence the comparison result in Proposition 2.16 yields S§(t;,tj11, Vnx,s(tj+1,7)) < [gloo- W

We now prove the consistency. The proof requires several lemmas. First, we state that
the perturbation induced by the change of controls vanishes as § — 0. The elementary proof
is omitted.

Lemma 4.15. Foralla € K, a and a(a,d) have the same sign, and 0 < |a|—|a(a, )| < ”725.
Moreover, there exists ¢ > 0 such that for all a € K and 6 > 0, |a(a,d)| > ¢ > 0.

Last, we give explicit supersolutions and subsolutions satisfying appropriate conditions.
Let 0<t<s<T,d6>0andace K be fixed. For € > 0, we set

fe(t>xayv V) = (f(tv BRE ) * pﬁ)(tvya V)
3:/ flt,x —u,y — z,v —n)pe(u, z,n) dudzdn,
RxRxR

where * is the convolution operator and, for € > 0, p.(z) := ¢ 3p(z/e) with p: R® — R is a
mollifier, i.e., a smooth function supported on [—1,1]* satisfying [ p = 1. We set

1 o?
70_2 - :U’> q— ?A - f€(tal‘7y)O-Q)'

Fe(t,@,y,q,A) = <2

Remark 4.16. Since f is L-Lipschitz-continuous with respect to its three last variables, we
have |fe — floo < Le.

Lemma 4.17. Let 0 <t <s<T,p € C°(RxR,R),a € K. We set h:=s—t. Let e >0
such that € — 0 and 6% — 0 as h — 0, observing (2.32).

Then there exist bounded functions Sg’i(t, $,) 1 0Z x [0,1] — R of the form

(4.15)  Sp=(t,s, @) (@, p) = p(z,p"(p))

— hF(t, ,0(z,p"(p)), V) o(z, p*(p)), A p(z, p%(p)))

+ Cyn(h,e),
where p® is defined in (2.29), and where Cypn(h,€) > 0 satisfies C“”"?(h’e) — 0 as h =0, such
that w® := (S5 (t, 5, 0) (. P1) Jrezo<i<ne € L¥(GE)) satisfy
(4.16) S(k, 1wy, Viw,, VE swiy, Afw])
(4.17) S(k, Lwgy, ng,;l, Vi’éw;l, Agw,;l)
forallk € Z and 0 <1 < Ny.

>0,
<0
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Furthermore, for all x € §Z, Sg’j[(t,s,go)(x, ) € C%([0,1],R), and \8gp5§’6i(t,s,g0)\oo <

Cw—éh) for some constant Cy,(h) > 0 independent of e.

Proof. We show the result for Sg’:, while the proof is similar for S§"~. For k € Z and
0<I<NZ, let

2kt = @(xk, p(01)) — BE(t 2k, (2, 9% (01), VIO o, p (p1)), A Do (g, 9% (1))
It is enough to show that, for all k € Z and 0 <[ < N¢,
Sk, 1, 25,05 Vi 2k, VY 5280, A§ 2k, 0) = —Copn(hs €).

Then, since f is nonincreasing in its third variable, it is then easy to show that w™ = z +
Coyn(h,€) satisfies (4.16).
Let k € Z and 1 <1 < N, — 1. We have, by definition (2.28),
Skl 20, Vizk 1, V5280, A§ 28,05 ©)
=h ( (t, Thy 20,05 V§2u0 V5280, A§28,0)

= Fe(t oy olan, 0 (), VDo, b (1), A“(""”w(ﬂfk’lﬂ“(pz)))) :

so it is enough to show

F(t, w210, Vizk, VS s2k0, A5 2k1)

Cyn(h, e
— EL(t 2 (@ 1 (01)), VO o 5 (1)) AN (g () = — D

h

We split the sum into three terms:

A= ﬁ(t Ty 21ty Vi 2kt Vi 62k DG 2k,1)

— F(t, 25, o(zr, 0 (), Vo, 0 (00), VL s (@, 0 (01)), Afip(r, 0% (01))),
B = F(t,xp, ¢(ar, (), Vig(ar, 0 (1), VL so(zk, 0 (1)), Abo(zr, 0 (1))

— F(t, zp, o(xr, 0 (01)), VIO o(ar, 9% (pr)), Aoy, % (1)),
C = F(t,zp, p(xr, 0" (1)), VD o(ap, p(p1)), A" p(a, 0% (11)))

— Fe(t, mp, 0, 0 (m1)), VIO o, p%(p1)), A" io(a, 0% (11)))-

First, we have

C = felt,xn, p(zr, 0 (1), Vo (an, p* (1) — f(t ars o (a9 (1)), VIO o, 9% (1))
Z _|fe - f|oo
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Second, by (2.22)—(2.23), we have

52 a a
B=— GFAW(%,P (m))

0.2
+ (VD g, 0% (p1) = Vs (s 0 (00))) + 5 (A% Dip(a, p% (1)) — Ao, 97 (1))
+ (f(t s (@, 0 (), o VDo, 9 (m1))) = (& 2rs p(an, 9 (p1)), o Vi (ar, 9 (1))

52
> — GWIAEs@(mk,p“(m))!

2
g
— p| VD oy, p(p1)) — V50 (w0 (P1))) — ?!A“(a’é)w(&“kapa(m)) — A§p(xr, p* ()]
— oLV, p (1)) — Vi (@r, p ()]

The first term goes to 0 since % — 0 as h — 0 and A§p(xy, p®(p)) is bounded. The last

three terms go to 0 by Taylor expansion and Lemma 4.15, since ¢ is smooth.
Finally, by (2.22)—(2.23), using the linearity of the discrete differential operators and the
definition of z, and since f is Lipschitz-continuous, we have

A > = |V sFe(t, 2, 0 (2,0 (1), VIO (2, 0% (1)), Ao, p% (1))
2 (52
—h <02 + 9h> |ASFL(t, 2, (0 (01)), VOO o, p2 (1)), A o2k, p% (1)) |

— Lh|E.(t, 2k, o(zk, 94 (1)), VO o2k, p2(p1) ), A o (g, p% (1)) |
— Loh|VEF(t, x, p(zk, p(11)), VO o(ap, ¥ (p1)), A% D o(p, (1))

We can show that each term goes to 0 as h — 0. For example,

2
g
h? |ALE(t, 2k, (x5, 07 (21)), VOO (2, 02 (01)), A% @D (s, 9% (11)))|

0-2 a a a 0-4 a a a
> heg pl MGV Do, (p1)) | = o |AF AN (g, p ()|

2
o
— h?mgfe(t,xk, o(xr, 9 (m)), oVie(xr, p*(p)))]-

The first two terms go to 0 with h since |AZV@)p(2y, p%(p;))| and |[AZAXE) (2, p%(py))|
are bounded, by the smoothness of ¢, and by Lemma 4.15.

We can control the derivatives of f¢ : (x,p) — fe(t, z, o(z,p),ocp(x, p)) with respect to e:
for any a = (a1, 2) € N2, we have

Cy,a

eQ1ta2

(4.18) |DYe|oo <
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for a constant Cy, o, > 0. By the triangle inequality and Taylor expansion, we get

2
o
—h?!AEfe(t zr, o(zr, p(21)), oV§o(zr, p(p1)))]

2
g a a a a a
~h (A% = AT fo(t ok, 0 (21)) . 0 V(0 (1))

Y

2
= WA (1 g, ol b (), o Vi (s 0 (1))

2 52 2
o) c° 1
—Cr1h—— — Coh——

o 2y e

Y

where C1,Cy > 0, and this quantity goes to 0 by our choice of e.
Last, the smoothness of Sg’ei is straightforward by (4.15) and the control on its second
derivative with respect to p is obtained by (4.18). [ |

Lemma 4.18. Let 0 <t < s <T,6 > 0,a € K,p € C;°(R x R) be fizred. Let h = s —t,
k € Z,xy € 0Z,p € (0,1), and assume that h is sufficiently small so that p € [p1,png—1],
observing (2.32). Let € > 0 such that ¢ — 0 and 6% — 0 as h — 0. Then we have

Sy (ts,0)(xr,p) — I (S5 (5, 9)) (wr, ) < O (R ),
Ig(sg(tv S, 90))(:6167]7) - Sg,j(t? S, (P)(.ka,p) < C:o,n(h7 6)7

where C, ,(h,€) > 0 satisfies C*"’"h(h’e) — 0 as h — 0 and where the functions S:;’Ei(s, t,p) are

introduced in Lemma 4.17.

Proof. We prove the first identity, while the proof of the second one is similar. Set w :=
S¢(t,s,p) and w™ = S5 (t,s,¢). By the definition of w and by (4.17), one can apply
Proposition 2.17. For all k € Z and 0 < < Ny,

>2

8
7461(0,2

a u(a,5)2 a
(4.19) wy, —wyy < Be o C(h,O)I(Ng—1) < Be 175 C(h,8)(Ng—1)

o

with B = |(w  —w.0) "o + ](w__Ng —w. N#) " |oo and C(h, ) is defined in (2.35). By Lemma
4.15, there exists a constant ¢ > 0 such that |a(a,d)| > ¢. In addition, using (2.36), we get

2

4 1 _ M2
E o2 ((u+H)M+20M2 ) 024020 204
h

a,d 2 a
B —ac(n.s)2ed (ng-1)

IN

_4ﬁ 1
o2 ((y.+% )M+29M2)h2 +o2h

= Be46206 h — O as h — O

Now let p € [pl,pNg,l) and k € Z. By the definition of Z¢, one has

Z§ (w)(xk, p) = Awgy + (1 — N wg 141,
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where p € [p;, pi41) with 0 <l < N§ —1 and A = %. Thus

Sg,: (t7 S, @)(%k,p) - Ig(w)(a:k, p)
= Sy (ts,9)(@k,p) — I§ (™) (2, p) + I (w™ ) (g, p) — Z§ (w) (2, p)
= S5 (ts,0) @k, p) — I§ (W) @k, p) + Mwyy — wig) + (1 = N (wy 4 — Weit1)-

N N
S g

The two last terms are controlled using (4.19), and, by properties of the linear interpolation of

the function p — S5 (t, s, ) (zk, p) € C*([0,1],R) with |92 S5 (¢, 5,¢)]ec < Cﬁ—éh) (recall the
previous lemma) the first term is of order ‘z—i = o(h) since (2.32) is in force and 6% —0. H

Lemma 4.19. For 0 <t < s < T such that L(s —t) < 1,£ > 0,9 : 6Z x [0,1] - R a
bounded function, the following holds for all a € K:

Sg(t757§0)+§_l/(5_t)5Ssg(t73790+5) Ssg(ta5>80)+§7

where L is the Lipschitz constant of f.
Proof. Let v = S§(t,s,¢),w = v+ & — L(s — t)§. Since v satisfies (2.26), we have, for
ke€Z and 0 <l < N,
Sk, L wg, Viwg, V. swi g, Afwg g, ¢ + &) = —L(s — )€
+ (s = t) (f(t, 2x, vk, VUr1) — f(t, 21, Wi, Vior)) -

Since f is nonincreasing in its third variable and Lipschitz-continuous, we get
S(k, L, wi, Vwg, V. swr g, Afwig, ¢ +€) < 0.

The same computation with [ = 0 or [ = N§ and S, instead of S gives
Sp(ky 1wy, Vswg, Vg swi, Aswi, ¢ +§) <0,

and the comparison theorem given in Proposition 4.10 gives wy; < S§(t,s,¢ + &)x,; for k € Z
and [ € {0, N§}.

The comparison result from Proposition 2.16 gives the first inequality of the lemma. The
second one is proved similarly. |

Proposition 4.20 (consistency). Let ¢ € C;°([0,T]x RxR,R), (t,z,p) € [0,T) xR x (0,1).
We have, with the notation in (2.19),

1 - .
——6(m, 8,5, k,q,0(tj, 2k, q) + 0 + &)
tiv1 =t

—sup [-D(t,z,p) + F(t, 2, p(t, 2, p), Vip(t, 2, p), A%p(t,2,p))]| =0
acK

as 0, || = 0 with h = tj11—t; and 0 satisfying (2.30)—(2.32) for all0 < j < Kk, xdZx[0,1] >
(t],flfk,Q) — (t,a:,p), and g — 0.
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Proof. Let ¢, j, k,p,l be as in the statement of the Proposition. Without loss of generality,
we can consider 7,6, t;, z, ¢ such that, for all a € K,

0<p%q) <L
Since ¢ is smooth and (tx,xj,p) — (¢,2,p), we have

| sup [—D%(t,z,p) + F(t,x,p, p(t,z,p), Vi(t,z,p), A%(t, z,p))]
ac

— sup [—=D%(tj, xk, p1) + F(tj, xr, pi, p(tj, o, 1), Vio(t, i, mi), A% (t5, xk, p1)))] | = 0.
ac

Thanks to Lemma 4.19, it suffices to prove

1 ~ .
76(77',5,.],k,q,gp(tj,l'k,q),@)
tiv1 — 1
- Sll[[; (—Da@(tj, Tk, q) + F(tjvwlm @(t]wrk‘a Q)v Va¢(tj,$k,Q), Aa@(tj,xk, Q))) —0
ac

as |r| = 0 and m x 0Z x (0,1) 3 (¢t;, 2%, q) — (¢, z,p).
Let € > 0 such that e — 0 and 6% — 0. Using |inf —sup | <sup|-— - |, adding

1

£ (el @)
ti+1 — 1

+ F€(t]7 Tk, (p(tj-i-h Tk, pa(Q))a va(a76)(p(tj+17 Tk, pa(Q))a Au(aﬁ)(p(tj-l—h Tk, pa(Q)))>

and using Lemma 4.15, it is enough to show that, for all a € K,

_
ti+1 =5
— Fe(tj, zp, o(tjr1, 21, 9(0)), Vu(a’a)w(thrhﬂfk,Pa(Q)), Aa(a’a)w(tjﬂwk,lﬂa(q») — 0.

(P(tirns 2a, p(q)) = Z§ (S5 (L b, p(Ei15 ) (k@)

The proof is concluded using the equality |- | = max(-, —) and the two following inequalities,
obtained by Lemma 4.18 and by definition (4.16) to (4.17) of S§=:

o
tiv1 —
- Fe(tjv Tk, So(tj-‘rlv Tk, pa(q))7 va(aﬁ)@(tj-‘rlv L, pCL(q))’ Aa(aﬁ)@(tj-‘rlv Ll Pa<Q))>

1 o
< m(@(tm,:vk,pa(q)) = S5 (Lir1: 5, o(tj41, ) (@, @) + o(tjtr — )
j j

— Fu(tj, xr, @(tjr1, o, 9(9)), VIOt i1, 21, p(q))s A" ip(t 41, 21, p%(q)))

(p(tjr1, 2k, p*(0) — Z5 (S5 (Li+1, 5, p(tj41, ) (T, @)
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and

Fe(tja Tk, ‘;O(thrlv Lk, pa(Q))a va(a,5)¢(tj+1’ Tk, pa(Q))a Aa(aﬁ)‘p(tj#la Tk, pa(Q)))

1
Tta—t (e(tjr1, wr, 9" (q)) — T (S5 (tj41, 5, 0(tj+1,°))) @k, 4))
j j
< Folty, o, o(tj1, 20, 0%(0)), VO ot 41, 2, 0 (0)), A%V p(t511, 28, 0%(0)))
1
- m(@(tﬁl,iﬁk,lﬂa(q» - S;’e+(tj+1,tj7 P(tj1, )@k, @) + oltj41 — tj)). u
J J

4.5. Proof of Theorem 2.28. Let e(j) =maxyez pe(0,1]|V, .5 (tr—j Tk, D) =05 5(tajs Tk, D)
for all 0 < j < k. If we prove that e(j) < C’jd, the theorem follows as j < k = % and % -0
as h — 0.
We have e(0) = 0 since vnﬂ 5T, z,p) = nﬁ 5(T x,p) = pg(x) on 6Z x [0,1]. Assume that
e(j—1) < C'(j — 1)8 for some 1 < j < k, and we are going to prove that e(j) < C’j5. Let
k€ Z and p € [p;,pi41) for 0 <1 < N§. We have

min Z§ (w§ ) (z, p) — min Z; (w-cs’a)(

up CS —
’Un’ﬂ-’(;(tnfjJrla :L'k:ap) - Un77-r75(t/€fj+17 xk’ap)‘ = ac i we i j

xk‘ap)‘

CS, CS,
< sup |Z5 () (i, p) — 2575 (™) (. )|
ac

By the induction hypothesis, (000 <(ti_ji1,-) — 0S5 s(te—ji1,-)| < C'(j — 1)§ and using

Lemma 4.19, we obtain

CS,
w? —w; b= S§ (th— 3o te—j+1, nﬁa(tli —j+1s ) — Sg(t,.@,j,t,{,j+1, Ug,i76(tmfj+1a 9)

gtn —jr br—j41,0 Sia(tn —i41,)) O = 1)8 = S§(tamyjs trujrt, Vo 5(Exjs1, )

To complete the induction, it therefore suffices to show that

(4.20)

T3 (w?) (i, )—Icgcs’a(wfs’a)(mk,p)‘ < ‘w? _ wj(;s,a

+6C’

for some C’ independent of a, d, and h.
We first show this assuming (2.39). Then, for given a, we obtain directly

Ig(w;‘)(xk,p) —Ifs’“(wfs’“)( kD ‘ < ‘w — chsa

w0l

o

where we have used the fact that, by construction, the cubic spline interpolant is bounded in
each interval by the two adjacent nodal values. Then (4.20) follows immediately with C" = C.
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Now assume instead that (2.40) holds. Fix again a € K. We have, by the induction
hypothesis as above,

J
< |7 () @r, p) = T w5 @, )| + [T 05> ) = T35 () w1, p)

< Jw? — w00 + [Z¢(w ™) (@, p) — Ty > (WS> (2x, )| -

‘Ia a (xk’ ) _Igs,a(wcs,a)(xk,p)‘

Since

1 wCS,a _ wCS,a
.]7k7l+1 j’k’l a
" ho(t5(p)
5 Pi+1 — D1
CS,a CS,a

CS,a I Wjki+1 — Wik a
+w  hoa(t + = ~——h11(t§(p)) and
ikei1ho1(t5(p)) e —— (t5(p))

5 (wy > ) (x, p) = w5y hoo (t3(p)) +

CS,a, CSa 1 CS,a
75 ) ) = W hoo(130) + g (kLS5 )

w1 ho 1 (8(0) + =md(k, 1+ 1,wS S hy 1 (8(p)).

Na

lald %IM& and assumption (2.40) that

o —

we obtain from N%g <

CSa 1 WS 41— Wik a CSa
(T~ T8 ) ()| < g (| i 1)
5

w — w?

+‘ ],I;,H-l p],k,l me L+ 1, CSa)
I+1 — DI

<C's

|h1,1|oo)

with C’ = Cw (|h1 0|oo + ‘hl l‘oo)
Finally, we obtain |Z(w§)(zk,p) — I(;Cs’a(wfs’a)(xk,p) <C'(j—1)0+C'6 = C'jo. This

completes the proof.
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