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ABSTRACT

In quantum physics, measurement exhibits fundamentally different behaviour to the
classical case, having direct effect on the observed system. As a result, the very act of
observation in quantum systems plays a non-trivial role, and can be used as a method
of controlling the dynamics of the system. With the rise of quantum technologies, un-
derstanding and exploiting these phenomena offers a great boon. Here, we investigate
a selection of the possibilities offered by quantum measurement for characterising and
manipulating many-body systems, with particular focus on ultracold atomic gases.
We first study how microscopic quantum structures can be used to indirectly
probe larger systems. After deriving a general result, we consider the specific case
of impurity atoms immersed in a quantum gas, and demonstrate that this enables
density-related properties of the gas to be inferred from measurements of solely the
impurity internal state. Following this, we explore how the backaction from mea-
surement can be used for control of quantum systems. Utilising the quantum Zeno
effect that results from persistent measurement of a quantum state, we show how
fully-quantum many-body light-matter interactions enable the engineering of atomic
states and dynamics through measurement of the light, leading to an abundance of
interesting phenomena, including genuinely multipartite entangled states, long-range
correlated tunnelling, and the quantum simulation of long-range and correlated inter-
actions. The resulting structure imparted by the light on the matter can also be used
to detect and measure atomic entanglement. Finally, we generalise quantum Zeno
dynamics to the regime where the measurement timestep is finite, and demonstrate

that the resulting system evolution can exhibit correlated processes.
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“There’s always bloody quantum.”

— Terry Pratchett, Night Watch
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Chapter 1

INTRODUCTION

At the start of the 20th century, quantum theory was thrust forth into existence
through Planck’s energy quantisation, as a solution to the black-body problem [9].
In the years that followed, the theory was expanded and refined into quantum me-
chanics, perhaps best known as described by Schrédinger [10], Heisenberg [11], and
Dirac [12]. Since then, it has become a pillar of our understanding of the natural
world, pervading many areas of physics, as a description of matter at the small-
est scales in quantum electrodynamics (QED) and chromodynamics (QCD) [13-15],
through to ever-increasing scales, as we seek to harness the ‘power of quantum’ for
macroscopic applications, for technologies such as computing, communication, and
other information processing [16-19].

At the very heart of quantum theory are a number of fascinating phenomena
that cannot be accounted for in classical descriptions of nature, and that are without
straightforward classical analogues, not least of which is quantum measurement. In-
terpretational issues aside, measurement in the quantum regime fundamentally differs
from the classical case in a crucial way, through its backaction on a state. A classical
measurement, though it can alter our knowledge of the state of a system (e.g. by
reducing probabilistic uncertainty), does not directly affect its dynamics (of course,
an intrusive measurement device could alter the trajectory taken by the system, but

this is not integral to the underlying measurement process). On the other hand, a
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quantum measurement will change the dynamics, and an observed system will funda-
mentally behave differently to one that is left unobserved. It is aspects of this marvel
that we will investigate in this thesis.

As noted above, quantum technologies have become an extremely active and fruit-
ful area of research in recent years. Some particularly exciting outcomes of this include
(but are not limited to) computers that function on the large-scale entanglement of
many atoms or photons [17,18,20-22] to allow for the efficient solution to problems
that would be intractable on a classical computer, the simulation of quantum systems
that would also not be feasible to perform with a classical machine [20,21,23-26], the
teleportation of quantum states over long distances [16-18,27], and the prospect of
reducing the minimal complexity required of a system to replicate a stochastic process
beyond classical limits [28].

As the field grows, there are perhaps two key problems to address: firstly, in
which system(s) should such technologies be implemented; and secondly, how can the
technologies be implemented within a given choice of system. In this thesis, we shall
focus primarily on the latter question, though some of our results and discussion will
straddle over to the first question.

Focussing on implementations of quantum technologies using ultracold atomic
systems [22,24], we shall first address the problem of reading out the result of a cal-
culation by a quantum technology. Typical methods for this in cold atom systems
require the destruction of the system; this is suboptimal, and we instead explore a
non-destructive approach to the problem. We then consider the addition of optical
cavities to the system [19,29-35], and use the new range of dynamical processes and
control introduced by this hybrid system [2,3,7,8,36-51] as a way to enhance the
implementation of quantum technologies in such systems. In particular, we make use
of the backaction effect that results from quantum measurement as a way to engineer
the states and dynamics of the system, in effect ‘programming’ our technology. Fi-

nally, we consider more generally how frequent measurement can be used to steer the



evolution of quantum systems, in a formalism that is independent of the particular
underlying system.

As may be evident, there is a common theme running throughout all of this:
quantum measurement. We use it both as a tool for determining how a quantum
system behaves, and also as a way to control how the system behaves. This interesting
synergy underpins the results presented here, which are adaptated from a selection
of the papers [1-4] I have researched and written during my time as a DPhil student.

The structure of this thesis is as follows: we first review in Chapter 2 as back-
ground the relevant material researched and described by others prior to this work
that has relevance to the results later presented. This serves both as a brief intro-
duction/refresher to the concepts, and to establish notation. It covers elementary
quantum mechanics, and succint details of quantum information, atoms in optical
lattices, and fully-quantum light-matter interactions. Following this, the original re-

search is divided up and presented as four chapters:

e In Chapter 3 we investigate a method of using qubit probes as a way to obtain
information about a system. We show how measurements of the qubit state
enables one to determine moments of the system operator to which the qubit
couples. We propose specifically how this could be implemented with impu-
rity atoms as a way to non-destructively measure ultracold atomic gases, to
obtain means, variances and correlations of the gas density. The protocol is
demonstrated with a simulated example of the Bose-Hubbard model, for realis-

tic experimental parameters [1].

e Chapter 4 elevates the role of quantum measurement from being simply a tool
to read out system properties, to a tool for controlling the system dynamics.
It is shown how the introduction of tunable quantised light fields in optical
cavities enables a multimode atomic structure to be generated, with non-trivial

spatial overlaps. We demonstrate how this allows for the engineering of multiple
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classes of states with interesting properties such as multipartite entanglement.
Further, the multimode matter structure can be used as part of a protocol to

detect and measure entanglement in atomic systems [2].

e Chapter 5 extends the work of the previous chapter, by also including the atomic
dynamics induced by the presence of light in the cavities. These dynamics
mediate novel processes including long-range density-density interactions and
correlated tunnelling events. The application of measurement backaction to
these dynamics enables a selective tuning of the processes, allowing for the
engineering of Hamiltonians for quantum simulations. Such Hamiltonians are

shown to include reservoir models and global dynamical gauge fields [3].

e Chapter 6 investigates a generalisation of quantum Zeno dynamics to the regime
where measurements, though still frequent, are now finitely spaced in time
(quasi-Zeno). We develop effective Hamiltonians to describe the system evo-
lution in this regime, which exhibit higher-order processes that temporarily
vacate the measurement subspace. This formalism is applied to examples of
many-body systems, and it is shown that the quasi-Zeno dynamics mediate

correlated processes [4].

Finally, we conclude this thesis in Chapter 7, summarising the work, discussing
some implications, providing thoughts on the directions that future research building
upon these ideas could take, and commenting on experimental progress in the field.

At this point, it is probably prudent to clarify some points on the use in this
thesis of units, notation, and linguistics. As is typically the case with theorists for
whom the actual numerical value of physical quantities is not the primary concern,
we will use natural units, in which the reduced Planck’s constant & = 1 [14]. While
the vast majority of the notation used in this thesis is in keeping with conventional

uses of Dirac notation and second quantisation as detailed in Chapter 2, for stylistic



preference (and in keeping with the notation’s origins) we forgo the typical practice
denoting operators through the use of circumflexes (e.g. O), instead treating opera-
tors and observables synonymously, and with the distinction between operators and
eigenvalues hopefully evident from the context. Note also that unless otherwise spec-
ified, logarithms log are taken to base 2, while the natural logarithm is written as In.
Spelling is intentionally in keeping with British English, favouring not to Americanise
words. The use of the personal pronoun ‘we’ is present throughout this thesis, and is
representative of the collaborative nature of scientific work, and also hopefully makes
the text feel more inclusive to the reader. However, the work presented here in this
thesis is ultimately my own, formed from my own ideas, from my own calculations,

and is as written by me; any errors present are my responsibility.






Chapter 2

BACKGROUND MATERIAL

In this chapter, we provide a brief review of the necessary background material to the
research presented in this thesis. This is not intended as a pedagogical treatment,
nor is it exhaustive. Rather, it serves to either (depending on the background of the
reader) fill in any gaps, or provide a concise refresher in parts of the material. The
salient points in each topic are summarised, and references are given to other sources
where a more complete treatment can be found. This chapter also establishes the
notation used throughout the thesis, clarifies the foundations upon which the original
work presented in the remainder of this thesis is built, and enables a clear distinction
of what is new.

We begin with the fundamental tenets behind quantum mechanics, and explain
how physical quantities are mapped to a mathematical structure in Dirac notation,
and it is shown how classical and quantum uncertainty can be expressed in this
language. We then review the basics of particle statistics for systems of indistinguish-
able particles, and the second quantisation formalism in which they can readily be
described. An overview of the models of quantum measurements used in this thesis
is given, and it is discussed how this can lead to the quantum Zeno effect. We then
proceed to review some topics in the field of quantum information relevant to this
work, namely, entropy, entanglement and quantum simulations. We also introduce

the paradigmatic Bose-Hubbard model, which provides a description of the behaviour
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of ultracold atoms in periodic potentials. Finally, we cover descriptions of interac-
tions between light and matter in the fully-quantum regime, and the extension of

such models to many-body atomic systems.

2.1 Elementary Quantum Mechanics
2.1.1 Postulates of Quantum Mechanics

There are many different formulations of quantum mechanics and the associated pos-
tulates, which are all mathematically equivalent. In this thesis, we shall adopt the
Dirac formulation [17,52-55], and begin with the postulates as stated by Nielsen and
Chuang [17]. We assume a basic knowledge of the reader in linear algebra.

The first postulate concerns the description of a quantum state, and how it may

be described mathematically:

e A closed physical system is completely described by its state vector, which

belongs to a complex vector space, referred to as the state space of the system.

Mathematically, this state space corresponds to a Hilbert space. In Dirac notation,
the state vector may be written as an object known as a ‘ket’ 1)), which can be some
linear combination (‘superposition’) of basis vectors of the state space {|i)}:

)y = aili), (2.1)

i
where ¢; is referred to as the probability amplitude of the state to be in basis state
|i). To each ket is designated a corresponding dual vector (1|, referred to as a ‘bra’,
which is defined as ()| = ). ¢;(i|. The corresponding inner product (‘bra-ket’) of

two states |¢) and (the dual of) |¢) = >, ;|i) is

(plv) => e, (2.2)

)
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where we have used the condition that the basis vectors must be mutually orthonor-
mal; (i|j) = d;;. A physical state vector must satisfy the condition of normalisation,

whereby
(Wly) = ZM2 (2.3)

The extension can be made to cover functlon spaces, where the basis vectors are
described by a function of some continuous variable(s). This leads to the notion of a

wavefunction. For such a continuous variable z, this is defined

|w>=h/dxw@»m> (2.4)

where the wavefuntion ¥ (z) = (z[)). The orthonormality condition is written as

(z|2") = §(x — 2’), and the inner product is defined

0l) = [ detole)(ele) = [ daor (0)i(o) (25)
The second postulate concerns the evolution of a quantum state vector in time:

e The evolution of the states of a closed physical system is given by a unitary
transformation U through |¢)) — U|¢). The continuous time evolution of such

a system is given by the Schrodinger equation

A0 ), (2.6)

where H is a Hermitian operator called the Hamiltonian of the system.

The unitary transformation governing the evolution of the state between times t;

and t, is thus represented by a unitary operator
U(tl, tg) = 677;H(t27t1). (27)

It transpires that the Hamiltonian corresponds to an operator defined by the
energy levels of the system. As H is a Hermitian operator, we can express it in a

basis in which it is diagonal:

H:meww (2.8)
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The eigenvectors of this operator |E;) (referred to as energy eigenstates or ‘stationary
states’) are the states in which the energy of the system is well-defined, and the cor-
responding energies of these states are given by the eigenvalue E;. The lowest energy
state is called the ground state of the system. The Hamiltonian is thus intimately
dependent on the system under consideration.

The third postulate concerns the measurement of a quantum system, when another

external system interacts with our previously closed system:

e A collection of measurement operators {M,,} acting on the state space of the
system describe the act of quantum measurement, where m describes the pos-
sible measurement outcomes. The probability of obtaining outcome m for state

1) is given by P(m) = (¢)| M M,,|), and the resulting state transformation

is [6) = My|t)//P(m).

The measurement operators must satisfy the completeness relation > M} M,, =
I such that the probabilities are normalised; > ~P(m) = 1. We note also that the
measurement outcome (and hence any physically observable effect) is independent of
any global phase of the state exp(iy)[1), and so such global phases may effectively
be ignored.

A set of special cases of quantum measurement are projective measurements. We
shall discuss these in more detail below, but for now we note that for such mea-
surements we replace the M, with projection operators (‘projectors’) P,, which in

addition to the completeness relation are also idempotent and mutually orthogonal;
P Pr, = Prmdmn.- (2.9)

This allows us to define the notion of an observable, which is a physical quantity
of the system that may be measured. We can express the operator associated with

an observable using these projectors:

Q= GuPm, (2.10)
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where ¢,, are the measurable outcome values for the observable, and P,, define the
corresponding subspace of states with this outcome. Thus, the Hamiltonian is the
operator associated with the energy observable. This procedure of converting observ-
ables into operators is called first quantisation.

For two arbitrary Hermitian operators @)1 and Qs, if their commutator [@Q1, Q2] =
Q10Q2 — Q2@ is equal to zero, there is a basis (‘representation’) in which they are
mutually diagonal, this basis defined by a set of mutual eigenvectors that they share.
In the case of quantum mechanics, two commuting operators share a complete set
of mutual eigenstates, and conversely, two non-commuting observables do not share
such a complete set of mutual eigenstates. This has the consequence that if two
observables do not have commuting operators, it is not possible to define a complete
set of states with a definite value for both observables simultaneously.

An example of two such observables are position & and momentum p. The asso-

ciated operators can be written (in the basis of position eigenstates)

x = /drw\a:><zc| (2.11)

and

p=—iV. (2.12)

From this, we can see that [x;, p;] = id;;, and thus one cannot simultaneously
know the values of position and momentum in a given direction of a system. We can
also use this to write the eigenstates of momentum in the position representation,

which are (up to normalisation)
Vp(x) = eP®, (2.13)

We note that the above formalism is considered in what is referred to as the
‘Schrodinger picture’, where it is the states that evolve in time. There is an equivalent

formalism, the ‘Heisenberg picture’, in which it is instead the operators that evolve
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in time. By considering the change in operator elements under the above unitary

transformations (i|Q|j) — (i|JUTQU|j), in the Heisenberg picture the operators evolve
Q — U'QU. (2.14)

The corresponding continuous time evolution is described by the Heisenberg equa-
tion:
.dQ

i~ = [Q, H). (2.15)

A hybrid of the two, the ‘interaction picture’, has time dependence in both the states
and the observables, determined by a particular choice in the separation of the Hamil-
tonian.

The fourth, and final postulate concerns the description of composite systems:

e The state space of a composite physical system is given by the tensor product of
the state spaces of the component systems, and the corresponding state vectors

are formed in the same such manner.

There are multiple notations to represent this product space of two systems A
and B. The first is straightforwardly with tensor product symbols; |A) ® |B), but
more efficiently, the product can be taken to be implicit, and the full system written
as |A)|B), or even |A, B). We note also that in general it is not possible to always
write a state in this product form, but instead a sum over such products is required.
This is called entanglement, and we will discuss this in more detail below.

Although not a postulate, it is also desirable to have a way of reintroducing classi-
cal probabilities into the formalism. Density operators provide such a method. They
also provide a convenient tool for describing subsystems of larger, composite systems.
Physically, density operators can arise from either classical uncertainty in a single
quantum state, or from a statistical ensemble of multiple quantum states; both situa-

tions may be described in a mathematically equivalent manner. The density operator
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is defined thus: given a system that has probabilities { P;} of being in quantum states

{|1s)}, the associated density operator p describing the system is

p:meww (2.16)

The states considered thus far are a special case of this, where one of the P; is
equal to one, and the rest are zero. Such states are called pure states, while the more
general case are referred to as mixed states. The above formalism for pure states can
be generalised to the mixed state case.

The evolution of a density operator under unitary transformation U is given by
p— UpUT, (2.17)
and the associated continuous time evolution equation is

dp
i = [H, p]. (2.18)

Similarly, the action of a measurement can be generalised to density operators; the

probability of measurement outcome m is given by
P(m) = Te(M] M,,p), (2.19)

and has the associated action p — M,,pM] /P(m). The measurement operators must
still satisfy the completeness relation Y. M} M,, = I from the pure state case.

There are certain properties that a density operator must satisfy in order to be
a valid state. The first is that it must be Hermitian, which follows straightforwardly
from the definition. The second is that it must have unit trace, which is equivalent to
the normalisation condition for pure states, as it enforces that the total probability is
one. The third is that it must be a positive operator, in order that we have 0 < P, < 1
for all the probabilities, in all possible choices of basis.

There is a straightforward method to check whether a given density operator

corresponds to a pure or mixed state. Consider the trace of p?. This quantity is
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called the purity of the state, as it is equal to one for a pure state, and lies between
zero and one for a mixed state.

The utility of the density operator formalism becomes most apparent when one
asks about the behaviour of a component subsystem of the full system. Suppose we
have some composite system that can be split into two parts A and B. The state
pap of the composite system can be used to extract the reduced density operator
that describes the state of one of the subsystems. This is done through the partial
trace operation, where the trace is performed only on the parts of the tensor product

corresponding to the other subsystem(s):

pa=Trp(pap). (2.20)
2.1.2 Many-Body Systems and Quantum Statistics

We now turn to the case of many-particle systems. As noted above, such systems can
be constructed by taking a tensor product of the state spaces of each of the individual
particles. However, such a treatment is unfavourable, as it becomes very cumbersome
to describe large systems, particularly those with varying numbers of particles; we
must define a ‘vacuum’ state for each possible particle to represent its non-existence,
and the composite state space must be made of an infinite (or at least, the maximum
possible number of particles) product of the individual particle state spaces.
Another downside to the first quantised notation is that it does not inherently
contain any symmetries possessed by indistinguishable particles, and so such symme-
tries must be added ad hoc. When two particles are identical, then their exchange
should not have an observable effect on their state, and leaves only the freedom to add
a global phase 1)) — exp(ip)[1) [56]. This can be divided up into three cases; bosons
(p = 0), fermions (p = 7) and anyons (¢ # 0,7). These phase factors are called
the quantum statistics of the particles [57-60], and bosonic and fermionic statistics

may be found in the fundamental particles of nature (e.g. electrons and quarks are
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fermions, while photons, gluons, and the weak force carriers W and Z are bosons).
Anyonic statistics arise as emergent phenomena [60], and will not be discussed here.
Indeed, we shall focus on bosonic particles in this thesis.

A consequence of this symmetry is that a state of indistinguishable bosons must
be identical under the exchange of any two such particles. For this reason, and
as a resolution to the above problem of varying particle numbers, we can, instead
of working in a Hilbert space consider a Fock space, in which the symmetrisation is
inherent. Fock space states, instead of describing the state occupied by the individual
particles, describe the number of particles in each mode; that is, the number of bosons
in the system of a given species that are in a particular state.

The Fock state with requisite symmetrisation can be found by applying a sum

over permutations of the state. For a Hilbert space state

‘\IjHilbert> = |w17 cee awN>7 (221)

the corresponding Fock state is given by
|‘;[; OC>—| > /—E |\I, e > (222)
= |N1,..., N = —F— B ilbert/ s :

where n; are the occupation numbers for modes ¢, and the operators {3} permute the

single-particle states. Fock states with different occupation numbers are orthogonal:
M

(ma,...,marna, ..., nar) :H(Smmr (2.23)
i=1

We can define a set of operators {b', b}, the creation and annihilation operators,
which create or destroy particles occupying their associated mode respectively, while
preserving the exchange symmetry. For bosonic modes, the action of these operators
is

bilng, ... ... onn) = Vi + 1ng, .o ng+ 1, ... ny), (2.24a)

bilna, .oy Miy oo ) = V/nglng, oo g — 100 nay). (2.24b)
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The operators obey the commutation relations

[b;, b] = 6. (2.25b)

The vacuum state |0) is defined as that in which all the modes are unoccupied.
Any basis state of the Fock space can be obtained by application of creation operators

on this vacuum state

AVALZR ’

We note that we shall use the convention that b; are used for matter bosons, and a;

M 1 _
i, ona) =[] b (0). (2.26)
=1

for light bosons. Quantum states can now in this formalism essentially be written
in terms of the operators that create them. This promotion of states to operators is
called second quantisation. More generally, single-particle states can be created in
any basis by an appropriate creation operator, formed from linear combinations of
creation operators in our preferred basis.

We can also define number operators N; = b;rbi, for which the Fock space basis

states are eigenstates:
NZ‘|7’Ll, ey Ny, ,TLM> = 7’LZ‘|’I’Ll, ey Ny .. ,TLM>, (227)

with the total number of particles given by the total number operator N = ). N;.
A state of particular note is the coherent state |5), defined as the eigenstate of
the annihilation operator with eigenvalue g: b|3) = 5|5) [61]. This state takes the

form
8) = Y Py (2.28)
=e —=|n). .
— Vn!
Operators can be re-expressed in terms of Fock space states; a single-particle

operator s in Hilbert space becomes

S =" (wilslw;)blby, (2.29)

,J
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while a two-particle Hilbert space operator ¢ becomes
T= (Wil {stlon) n)blb]bibr (2.:30)
igi kil
We will make extensive use of this formalism in this thesis, as many examples of

the systems we consider are formed of indistiguishable particles.

2.1.3 Quantum Measurement and the Quantum Zeno Effect

The measurements we will consider in this thesis will predominantly be projective
measurements. As noted above, to each observable is associated an operator of the
form @ =, ¢nPm- When g, is non-degenerate, each projector can be written as
the outer product of the corresponding eigenstate P, = |¢n){(¢m|, while for degenerate
eigenvalues these projectors cover the whole of the degenerate subspace spanned by
the eigenstates corresponding to this eigenvalue.

The action of the measurement, following the above prescription in the postulate,
is to then project the state into the corresponding eigenstate or eigenspace of the
observable; with probability

P(m) = Tr(Pnp), (2.31)

we measure outcome m with measurement value ¢,,, and the state is transformed

PP,

We will also briefly consider measurement according to the quantum jump formal-
ism [62]. In this formalism, the system is allowed to interact with an environment,
and this environment can detect certain processes of the system, e.g. the emission
of a photon. When this occurs, there is a backaction on the system described by a
‘jump’ operator, while in periods of non-detection, the system evolves under a non-
Hermitian Hamiltonian which suppresses states that should probabilistically trigger

more detection events (as non-detection is also effectively a form of measurement).
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We will not give a more complete description of this formalism in general, and instead
introduce the relevant properties to our study when necessary.

Returning to the case of projective measurements, a rather curious phenomenon
can occur when a system is continuously measured. Suppose we have a system and
an associated observable with non-degenerate eigenvalues. When the system is mea-
sured, it is projected into the corresponding eigenstate; p — P, pP/P(m). In the
subsequent time 6t, the system then undergoes unitary evolution U = exp(—iHdt) ~
1 — iHot + O(6t?). Supposing we make a further measurement at §t, the probability

of obtaining the same outcome is given by

P(m|m) = Tr(PpUPpPnUT) = 14+ O(6t%). (2.33)

b
P(m)

Thus, in the limit 6t — 0, the probability that the system will transition out of
the state tends towards zero, and hence the system is frozen into this state. This is
called the quantum Zeno effect (QZE) [63-65].

Considering instead the case where the measurement eigenvalues are degenerate, a
similar effect occurs, quantum Zeno dynamics (QZD) [66-68]. An analogous analysis
shows that the system evolution is again frozen, but only partially, into the subspace
spanned by the measured eigenvalue. We can determine the effective evolution of the
system within this subspace by considering the evolution after N such measurements
in some time 7 = Ndt, and taking the limit 6t — 0 (N — o0), while 7 is held

constant:

lim (PUP,)Y ~ lim <7>m <1 - iH% + O(5t2)> Pm>N — iz (2.34)

N—oo N—oo

where we have defined the Zeno Hamiltonian

This result will play a major role in parts of this thesis, as it demonstrates a very

clear path for the use of measurement to control the evolution of a system. Similar
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evolutions, in which a system is confined to evolve within a particular subspace, may
also be physically manifest by other means. Strong decoherence can induce such
evolution (as the environment is essentially performing a measurement of the system

state [19]), as can energetic confinement by adiabatic evolution [66,68].

2.2 Quantum Information

Quantum information is a field that has come to the forefront of research in recent
years. It generalises the concepts of classical information to quantum systems, and
provides a framework for describing the operation of quantum technologies. We will
provide an overview of some of the topics in this field that are relevant to the work

in this thesis.

2.2.1 Bits, Qubits, and Quantum Circuits

In the classical world, information can be represented by a series of ‘bits’, two-state
systems that are typically labelled by 0 and 1 [16-18]. Multiple such bits can be
combined together as bit strings, such as 1001110 or 1011011, into which can be
encoded messages. As a simple example, one bit can be used to encode a simple
YES/NO message, with the mapping NO— 0 and YES— 1. In this picture, the bit forms
the fundamental unit of information, in units also called bits. Since a string of N bits
has 2V possible states, it can encode up to 2V different messages. Correspondingly,
a system with M possible states can be used to encode log M bits of information.
In the quantum case, a similar scenario can be considered, where a quantum bit, or
‘qubit’ is formed from a two-state quantum system [16-18]. The crucial difference be-
tween this and the classical case is the possibility for qubits to exist in superpositions
of the states ¢o|0) + ¢1]1). Thus, one can encode into a quantum state a superposi-
tion of different messages. As with the classical case, a system with M states can
encode log M bits of information. One may be misled into thinking that because a

two-dimensional quantum state has infinite degrees of freedom in its specification (the
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relative size and phase of the amplitudes between two basis states) that an infinite
amount of information may be encoded; such reasoning is incorrect, as the states are
not orthogonal, and hence cannot correspond to distinct messages (this corresponds
to the lack of perfect distinguishability for non-orthogonal quantum states).

A useful set of operators to use when working with qubits are the Pauli matrices
[54,55]. These matrices, labelled X, Y and Z, can be used to describe three bases

that each have equal overlap with the basis states of the other two. These matrices

o = <(1) é) : (2.36a)
o’ = (S _OZ) ; (2.36h)

o = (é _01) : (2.36¢)

Devices that processes these qubits are called quantum computers [17,18]. We will

are:

employ a particular model of such devices, known as circuit-based quantum comput-
ing. In this model, a quantum computer takes an input state, acts on it with a set of
unitary operations (also referred to as ‘gates’), and outputs a different quantum state.
This can be represented pictorially by a quantum circuit, as described in Fig. 2.1(a).
These quantum circuits are analogous to logic circuits, with time running from left
to right.

A special case of these quantum circuits, which we will make use of, is where we
can consider the system split into two components, the ‘main’ system, and a ‘control’
qubit [Fig. 2.1(b)]. Gates are performed on the main system, conditional on the state
of the qubit. This allows interferometric protocols to be run on the system, and
a measurement of the final state of the qubit allows information about the system
to then be extracted. We will later discuss specific examples of this, to determine

properties such as entanglement of the system state.
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Figure 2.1: Circuit-based model of quantum computing. (a) A quantum circuit
pictorially represents a model of quantum computation. Here, an input state [¢) is
acted on by a gate U, and then measured (time runs sequentially left to right). (b)
A particular class of circuits use a control qubit, with operations performed on the
rest of the state conditional on the control state (open circle o for |0), solid circle o
for [1)). Measurement is then performed on the control qubit.

2.2.2 Quantum Simulation

Due to the exponential scaling of the state space of a quantum system with the
number of constituent subsystems (e.g. the 2V possible states of an N qubit system),
it is in general very difficult to use a classical computer to calculate the behaviour
of a quantum system of more than a few particles (current supercomputers are able
to describe the behaviour of approximately 40 qubits [69]). However, it has been
pointed out that a universal quantum computer (that is, one in which any gate can
be performed at any time) would be able to emulate the behaviour of any quantum
system [20,21,23]. Moreover, as the state space of the universal quantum computer
also scales exponentially with the number of resources, larger systems can be managed
with an efficient scaling of the computer size. Such devices are referred to as quantum
simulators [24-26, 70].

However, the construction of a universal quantum computer of a size large enough
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to outperform a classical computer for such calculations is so far non-existent, and is
the long-term goal of much current research. In the meantime, as a stopgap, one can
instead consider purpose-built quantum simulators, designed to compute the physics
of a particular system, or set of systems. A class of such devices are analogue quantum
simulators, where the device is engineered to have a Hamiltonian equivalent to that
of the system being simulated [26].

The use of such analogue quantum simulators is that they aim to behave in an
identical way to the system under consideration (or an idealised model thereof), and
thus their output is intended to be a state identical to that of the simulated system
(the verification of the output of quantum simulators and computers forms a current
line of research [70,71]). The simulators have the advantage that they are designed
with controllability in mind, and so are typically easier to measure than their original
counterparts, and often allow for the variation of parameters in a manner that would
not be easily (if at all) tunable in the original system. They can also be used to
simulate exotic systems that, though mathematically well-defined, may not be known
to occur naturally. Analogue quantum systems have famously been successfully used
to simulate Hubbard models [26,72,73], as well as other phenomena such as magnetic
monopoles [74], artificial gauge fields [75-86], and the Dicke model [87]. We shall
later discuss how measurement can be used as a method to engineer the dynamics of

such devices.

2.2.3 Entropy and Entanglement

In thermodynamics, entropy is used as a measure of ‘disorder’ in a system, and
the more degrees of freedom a system has (or rather, the more accessible states it
has), the higher the entropy [56]. This concept was generalised by Shannon to also
find application in information theory [88]. The Shannon entropy parameterises the

uncertainty in a classical probability distribution: for a system that can be found in
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a classical state |i) with probability P;, the Shannon entropy is given by
H(p) == Pilog(P). (2.37)

This can be generalised to the quantum regime, and the von Neumann entropy [64]

of a quantum state p is defined

S(p) = —Tr(plog(p)). (2.38)

When the density matrix is written in its diagonal form, with diagonal elements P,
this expression becomes identical to the Shannon entropy. It is zero for a pure state,
and for a maximally-mixed state of dimension D takes its maximum value log(D).
Thus, for an N qubit state, the maximum possible entropy is S = N.

One of the much vaunted phenomena that can result from quantum mechanics is
entanglement [89,90]. Entanglement is a type of correlation that does not exist in
the classical world. It is often classified by a definition of what is not an entangled

state. A separable state of two subsystems A and B is one which can be written

A B
psep = PptY @ pi?). (2.39)

For this state, correlations between the subsystems appear only because of classical
uncertainties. States which cannot be written in a separable form are defined as
entangled states. Such states must therefore possess correlations between the sub-
systems that can only occur from a quantum mechanical description. Multipartite
entanglement refers to situations where there is entanglement between more than two
subsystems, and genuine multipartite entanglement is when all possible bipartition-
ings of a state into subsystems show entanglement.

A quintessential example of entangled states are the Bell states, describing two

qubit systems. These are defined

L
P >—\/§(|01>i|10>)
W) = (00 + [11)). (2.40)

Sl

2
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There is no definitive, efficient method to determine whether or not a quantum
state is entangled. However, there are certain methods one can use as aids to help
discriminate between separable and entangled states. One set of such tools are en-
tanglement witnesses, observables for which one can apply a constraint that must
be satisfied by the expectation value of the observable for a separable state. States
violating this constraint must then therefore be entangled. This provides a sufficient,
but not necessary criterion for determining whether a state is entangled.

For pure states, there is a definitive method however. As noted above, a pure state
has zero von Neumann entropy. However, considering the von Neumann entropy of
the reduced states of the subsystems, if the system is entangled, we find that this
is non-zero. Thus, for pure states, if S(pa) = S(pg) > 0, the state is entangled
(equivalently, if Tr(p?%) # 1, the state is entangled). Even if the overall state is
mixed, any state for which Tr(p% ) < Tr(p%p) is entangled (though the converse is
not true) [91].

This leads to a measure of entanglement for pure states, called the entanglement
entropy [90]. The entanglement entropy is defined as the von Neumann entropy

Eq. (2.38) of the reduced density matrix of one of the subsystems:

E(pap) = S(pa) = S(pp)- (2.41)

Thus, we see that the Bell states are all ‘maximally entangled’ states, as they have
E =1, the maximum possible value for two-state subsystems.

For mixed states, there is no general expression for parameterising the amount
of entanglement that is efficiently computable. However, there are measures which
are typically used, one of which is the logarithmic negativity [92]. This is defined as
the logarithm of the trace norm of the state after a partial transpose in one of the

subsystems. This is equivalent to

Ey = log(20 + 1), (2.42)
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where the negativity 9 = >,(|]\i| — Ai)/2, and \; are the eigenvalues of p’%. The
logarithmic negativity is greater than zero only if the state is entangled, so forms
a sufficient criterion for determining entanglement. However, some entangled states

have zero negativity, and so it is not a necessary condition.

2.3 Bose-Hubbard Model
2.3.1 Physical Motivation

Perhaps the most prolific examples of systems which are studied with quantum simu-
lations are Hubbard models and their variants. These are based around tight-binding
models, which describe the behaviour of particles in a lattice structure moving be-
tween neighbouring sites. The most straightforward extension to this is the inclusion
of interactions between particles occupying the same site. These two processes are
the principal components of Hubbard models. The original Hubbard Hamiltonian
describes fermionic particles [93], and was proposed as a model of electrons moving
in a crystal lattice.

Here we shall focus on the bosonic variant, the Bose-Hubbard Hamiltonian [26,72].
This Hamiltonian forms the basis of descriptions of the behaviour of ultracold atoms
in optical lattices. This model has a rich phase behaviour, which has been subject
to intense theoretical study, and verified experimentally, providing one of the first
realisations of a quantum simulator [73]. It has been extended in a multitude of
ways beyond the base model, to include phenomena such as next-nearest neighbour
interactions, long-range dipolar interactions, density-dependent tunnelling, disorder,
and interactions with external fields [26,94]. We will later consider an example of the

latter, when optical cavities are introduced to the system [29, 31].
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2.3.2 Derivation and Properties of the Bose-Hubbard Hamil-
tonian

An optical lattice is formed by interfering two counter-propagating beams in each
dimension of the lattice. The wavelength of the laser determines the lattice spacing,
which is given by A/2. The laser light then traps neutral atoms in the minima of
a periodic potential due to the Stark shift (the deformation of the energy levels in
an atom by an external electric field [95,96]). The depth of the wells in this lattice
structure can be varied by the laser intensity; the stronger the laser, the deeper the
potential, and hence the more localised the atoms become [72,97,98].

In such a system, the atoms are described by the Hamiltonian

2mag

H = /dmﬂ (——+VT( )) P(r) + /dTW(T)W(?‘)T/J(T’)@/}(T% (2.43)

where m is the mass of the atom, Vp(7) is the trapping potential, and a; is the atomic
s-wave scattering length, mediating atomic contact interactions. Thus, the first term
governs the kinetic energy, while the second describes atom-atom interactions. We
assume the atoms to be sufficiently cooled that their energies are low enough to
approximate that they occupy the lowest energy band, and we can expand the atomic
state in terms of a basis of states localised to each site [72]. An appropriate basis of
states describing atoms localised at each site are Wannier functions w(r) [99]. In this
basis, we can expand the state ¥ (r) as
U(r) =Y wr—mr)b;, (2.44)
J
where b; is the annihilation operator for an atom at lattice site j, which is located at
;. Inserting this into the Hamiltonian, we obtain
Z Tigblb; + > Usjuablblbiby, (2.45)
ijkl

where

Ji = — / drw(r — ) (—% 4 VT(’r)) wir — ;) (2.46a)
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o/ \ 7\

Figure 2.2: Illustration of processes in the Bose-Hubbard Hamiltonian. The
tunnelling between nearest-neighbour sites is parameterised by a rate J, while there
is an energy penalty U for multiple occupancy of sites due to repulsive contact inter-
actions between the atoms.

and
dma,

Uij = /drw(r —r)w(r —r)w(r —ry)w(r —r). (2.46b)

Thus, J;; parameterises the motion of atoms between lattice sites, due to atomic
tunnelling (or ‘hopping’), while Uj,j; corresponds to the atom-atom repulsion. Typ-
ically, it is approximated that the Wannier functions are well-localised, such that
only the dominant terms are kept, corresponding to nearest-neighbour tunnelling
J = Joij> (< ij > denoting that ¢ and j are nearest-neighbour sites) and on-site
repulsion U = Uy, [Fig. 2.2]. In this approximation, we obtain the Bose-Hubbard

Hamiltonian
Hppay = —Jgj; bib; + % zi:bf.bjbibi. (2.47)
The neglected terms correspond to longer-range hopping (which are suppressed
and hence occur much less frequently than the nearest-neighbour tunnelling events),
and repulsion between atoms localised to different sites, such as nearest-neighbour
density-density interactions, and density-dependent tunnelling. One may also con-
sider the effects of an additional inhomogeneity in the trapping potential, by including
chemical potential terms ) ; ejb}bj, where the €; are the energy offsets for each site.
As noted above, by including the effects of external fields, yet more phenomena can
be incorporated.

Depending on the relative values of J and U, and the filling factor of the lattice
v, the system will exhibit drastically different behaviour [26, 72, 73,100, 101]. At
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small U/J < 1, the dynamics is dominated by the atomic tunnelling, and atoms
are delocalised across the whole lattice. This is called the superfluid regime, and
the ground state is composed of all atoms in the zero-momentum state, with phase
coherence between all atoms. In contrast, at large U/J > 1, the on-site repulsion is
the dominant effect, and at integer-filling the ground state of the system is the Mott
insulating state, where atoms are highly localised, and each site contains v atoms.
There is an energy gap U between this ground state and the first excited state, where
an atom moves to a neighbouring site leading to a population imbalance. Varying
across the parameter range, there is a phase transition between these two regimes,
with the exact transition point depending on the filling factor, the dimension, and
the co-ordination number (the number of nearest-neighbour sites to each lattice site)
of the lattice (for unit filling factor » = 1 in one-dimension, the critical value is found
to be (U/J). =~ 3.37) [100,101]. For non-integer filling at large U/J, a superfluid is

formed on top of an insulating background of floor(v) atoms per site.

2.3.3 Spin Systems

As a brief interlude, let us also discuss another common type of many-body system
that we shall consider later in this thesis: spin systems. Physically, the spin of a
system corresponds to an inherent angular momentum it possesses, not due to any
form of orbital motion. More abstractly, we can consider spin as a mathematical
concept describing a set of operators and states linked together by a particular relation
[55].

A spin system has a total spin value s, which can take any positive integer or half-
integer value. Associated with each spin is a vector operator S, for which all states
corresponding to the total spin value are eigenstates of the corresponding operator S2,
with corresponding eigenvalues s(s+1). The vector operator S has three components,
which may be labelled as SX, SY and S%. These operators mutually satisfy the

commutation relation [S?, S7] = i€;;,.S*. These operators have eigenstates which may
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take eigenvalues in integer steps from —s up to s. A common choice of basis is that
of SZ, in which we label the eigenvalues as m.

Consider the SZ eigenstate |s, m,), defined such that
S?|s,ms) = s(s +1)|s,m) (2.48a)
and
SZ|s,ms) = my|s, ms). (2.48b)
Using the commutation relations, one can derive straightforwardly that
SZ(S* +iSV)|s,ms) = (my £ 1)(S* £iSY)|s, my). (2.49)

Thus, the action of S¥ +iSY is to raise (lower) an SZ eigenstate to the corresponding
eigenstate with £1 eigenvalue. We thus label these operators as the spin raising
(lowering) operators, denoted S* = SX 4+4SY. By also taking into consideration the
maximum- and minimum-allowed S eigenvalues, from a more detailed analysis it

can be deduced that

SE|s,my) = \/s(s + 1) — my(my £ 1)|s,mg = 1). (2.50)

The Pauli matrices Eqs. (2.36) are an appropriate set of operators to describe the
first non-trivial spin, s = 1/2, when appended with a pre-factor of 1/2.

Arrays of these spins can be put together to form many-body systems. Commonly-
studied examples of this are spin chains [102]. Spin chains are one-dimensional arrays
of spins, typically with nearest-neighbour interactions. Such Hamiltonians take the
form

Hse =Y (JXSXSK, + JYSYSY, + 25757, + B,.S)), (2.51)

J
and are known as Heisenberg models. The first set of terms describe the interaction

between spins, while the last term describes biases due to effects such as external
fields and anisotropies. A special case of this is the Heisenberg XXZ model, where
JJX = JJY = Jor. In this case, the S* and SY terms can be gathered together, and
rewritten as Jex<S;'r S+ 55 S;r+1)> and thus mediate the transfer of spin quanta

across neighbouring sites. This is referred to as an exchange interaction [103,104].
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2.4 Light-Matter Interactions

We will now review the treatment of interactions between light and matter. We will
start by describing the interaction between a single atom and a classical light field
(e.g. a laser). We then move on to the Jaynes-Cummings model, where the light
field is quantised. This model can then be generalised to the case of many atoms,
and multiple light modes, to form a fully-quantum many-body model of light-matter

interactions.

2.4.1 Semi-Classical Model

A good starting point for studying light-matter interactions is to begin with a semi-
classical picture, and consider an atom, described quantum mechanically, interacting
with a classical light field [61,95,96,105]. We assume this light field to have a periodic
profile, such that the associated electric field € = & cos(wpt), where £ is the maxi-
mum field amplitude, and wy is the frequency of the light. This is the sort of profile
one would expect of a light source such as a laser. Note that in this description, it
is implicitly assumed that the system with which the light interacts is much smaller
than the wavelength of the light, such that the spatial profile of the beam may be
neglected. We describe the atom as a two-level system, with ground state |g), excited
state |e), and energy difference w,. The atom possesses a dipole moment d, and thus
the resulting interaction is given by Hi,, = —d.€ = Vj cos(wpt), where Vy = —d.&,.

The state of the atom can be expressed generically as

(1) = co(t)]g) + ce(t)e™™"e). (2.52)

We say that the atom ‘populates’ a particular state, and refer to |c,.|* as the popu-
lation of the states. Substituting this state into the Schrédinger equation Eq. (2.6)

with the appropriate Hamiltonian H = w,l|e)(e| + Hin, and using that the diagonal
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dipole elements (k|d|k) vanish due to a parity selection rule, we can obtain equations

describing the time evolution of the amplitudes:

d .
% = —iV cos(wot)e “'c, (2.53a)
de, . -
dct = —iV cos(wpt)e™c,, (2.53b)

where we define V = (e|Vjg), assumed to be real. In the rotating wave approximation,
we assume that the detuning A = w, — wp is much smaller than their sum wy + wy,
and thus that these rapidly-oscillating terms may be neglected as they average to zero
on the timescales considered. Taking the initial state to be [(t = 0)) = |g), we can

solve these equations, to obtain

cy(t) = 3 (cos <Q%> - i%sin (Q%)) (2.54a)

stV t
05 0 -
ce(t) = ie g sin <Q2> : (2.54Db)

where the Rabi frequency

Q=VAZ1)2, (2.55)

Thus, the light drives transitions between the two levels, with a periodic oscillation
in population. An interesting case is when the frequency of the light field is resonant
with the transition energy (A = 0); then, there is total oscillation of the population.
For on-resonance illumination, after a time Qt = 7/2 (‘Rabi 7/2 pulse’), the two
states are in an equal-weight superposition, while at time Qt = 7 (‘Rabi 7 pulse’),

there is total population transfer to the excited state.

2.4.2 Jaynes-Cummings Model

We can build upon this semi-classical model, and consider again the case of a sin-
gle two-level atom, but now interacting with a quantised light field, to describe a
fully-quantum model of light-matter interactions [61, 105, 106]. The electric field is

quantised by replacing the above classical expression with one in terms of creation and
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annihilation operators a' and a for the light mode. Doing so results in a Hamiltonian
of the form

H = woa'a + %OZ +gla+a') (ot +07), (2.56)

where the first term corresponds to the light field energy, the second the energy of
the atomic states, and the third the light-matter interaction. We have expressed
the atomic states in terms of the associated Pauli operators Eqs. (2.36), and pa-
rameterised the light-matter interaction by a coupling constant g. Considering the
time-dependence of the operators, we can again make a rotating wave approximation

to remove the rapidly-varying terms, resulting in the Jaynes-Cummings Hamiltonian:

Hjc = woa'a + %O’Z + g(act +a'o™). (2.57)

One sees that we can recover the semi-classical Hamiltonian when the light field is
given by a coherent state |a) with a large amplitude o > 1. An interesting thing
to note about this Hamiltonian is that it conserves the total number of excitations
across the atoms and light field. Thus, the dynamics can be split into the dynamics
of a series of two-state subspaces individually, the states in each subspace being |n)|e)
and |n + 1)|g), where |n) is the state where the light mode contains n photons. These
pairs of states are called dressed states, and the light-matter term causes oscillations

in the population between these two states.

2.4.3 Fully-Quantum Many-Body Model

Armed with the Jaynes-Cummings Hamiltonian, we are almost in a position to de-
scribe a fully-quantum many-body model of light-matter interactions [29,31]. First
though, we must consider the intermediate step, wherein we consider a further single-
atom model, where we allow the atom to be mobile, with some non-negligible spatial
profile, interacting with multiple light modes. Once we have such a model, it can

readily be generalised to the many-atom case.
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We take the Jaynes-Cummings Hamiltonian Eq. (2.57), and introduce multiple
light modes for the atom to interact with, and now consider their spatial profile,
described by modefunctions u(r), which satisfy the normalisation [ drlu(r)|* = 1.
We also allow the atoms to move within a trapping potential V(7). The associated

Hamiltonian is

V2 Wq
Hgp = Z N - %—H/T('r)—f—?az—i—z G (At (P)o T 4al uf, (r)o7). (2.58)

One can use this Hamiltonian to obtain the time dependence of the atomic operators
o’ from the Heisenberg equation Eq. (2.15). Moving to an interaction picture rotating
at some reference frequency w, (we will later define this as being equal to one of the
light mode frequencies), we can adiabatically eliminate the excited state of the atom.
In doing so, we assume the light modes are sufficiently detuned from the atomic
frequency that the excited state has negligible population, and so we can set the
time dependence of the atomic operator in this frame to vanish. This corresponds
to equating the atomic lowering operator o= = (1/A,) Y. gmUm(T)am,, where A, =
Wp — W is the detuning between the reference frequency and the transition frequency.
Inserting this back into our single-particle Hamiltonian Eq. (2.58), we obtain the

effective Hamiltonian

\Y% 1 .
Hsp = Y Wity = 5=+ Ve(r) + 5= D gmgotiny (P)un(r)afan.  (259)

We now use this single particle Hamiltonian as a base for determining the many-
body Hamiltonian. We consider the trapping potential to have a strong periodic
component (specifically, here we consider an optical lattice), and proceed as we did
for the Bose-Hubbard model, and express the state in terms of localised basis states

Y(r) =>_;w(r —r;)b;. We can split the resulting Hamiltonian into three parts
H=Hp,+ Hy+ Hpy. (260)

The first term Hy, = Y, wyal a,, describes the energy associated with occupation

of the light modes. The second describes the behaviour of the atoms in the absence
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of light interactions; that is, Hy; is the Bose-Hubbard Hamiltonian Eq. (2.47). The
final term describes the interaction between the light modes and the atoms, and we

can write this fully-quantum interaction Hamiltonian

1 mn
Hinm = A_a Z gmgna;rnan Z Jij b;rbg (261)
The coefficients
gy = [[arute =i, nryutr - ), (262

given by the overlap of the light modefunctions and the atomic wavefunctions, pa-
rameterise the strength of the light-matter interactions. Note that these coefficients
may be complex, and due to the flexibility of the optical geometry, they have a great
degree of tunability. We will exploit this asset later in this thesis, when we use the
light-matter interaction to measure and control the atomic dynamics.

When we later consider this model, we use it as a model of light-scattering from a
coherent pump beam, by the atoms in the lattice, into an optical cavity (or cavities).
We label this pump mode 0, and assume it to be a coherent state with amplitude
ap, with an occupation much larger than the other modes (as noted earlier, we take
the frequency of this pump w, as our reference frequency). Inserting this into the
above Hamiltonian, and assuming that the light-scattering occurs on timescales much
shorter than the atomic dynamics, we can use the Heisenberg equation Eq. (2.15) to
find the steady states of the cavity modes in the interaction picture, at frames again

rotating at the pump frequency. These steady states are given by

Qo
a Tmo —mm—l-Amj 0 ( )

3 3 R mn T .
where we define the light-matter coupling operators J,,, = Zij Jij bibi, L, =
Gm9n/Aq, the cavity mode detunings A,, = w, — Wy, kK, is the rate of decay of
photons from mode m, and we have assumed a small dispersive frequency shift of the

light modes (QpmTmm <K Ay, for m #£0).
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NON-DESTRUCTIVE PROBING OF ULTRACOLD
ATOMIC SYSTEMS

Ultracold quantum gases have proved a highly suitable candidate for the implemen-
tation of quantum technologies, due to the impressive level of control and versatility
achieved in experiments with such systems [22,26,70,107]. A necessary component
of these implementations is the ability to read out properties of the system state;
that is, make a measurement. Typical methods for measuring ultracold gases include
time-of-flight imaging of the momentum distribution [107-111] and in-situ density
imaging [112-115]. Such methods bear the drawback that they necessitate destruc-
tion of the system, and since each measurement is essentially of a single-shot of the
system state, to find averages one must repeatedly trap and cool the system multiple
times.

An alternative method that has recently been proposed is to use a trapped atomic
impurity that is immersed in the system [116-130]. The interaction between the impu-
rity and the gas leads to their entanglement, and from the resultant dephasing of the
internal impurity states, measurement of the impurity will reveal information about
the gas. This dephasing relates to the system operator describing the interaction.
When the impurity states can be modelled as a qubit, this probing can be considered
analogous to Ramsey interferometry. We prescribe a scheme where this dephasing

can be measured and used as a characteristic function, from which one can obtain
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moments of the system operator, while being non-destructive of the target system.
We describe how the protocol could be implemented for an atomic gas, and show how
one can obtain means, variances, and correlations of the gas density. We simulate
such an application for the one-dimensional Bose-Hubbard model, demonstrating that
even in the presence of realistic experimental error, density-related properties can be
recovered across a range of phases of the system. We then provide an outlook for

further applications of the protocol. [1]

3.1 The Dephasing Function

We first develop the protocol generically, before specialising to the case of ultracold
quantum gases. Thus, the results derived in this section are not contingent on the
particular system, and can be applied to the study and characterisation of systems

beyond ultracold atoms.

3.1.1 Extracting the Dephasing Function

Consider a probe qubit with Hamiltonian H, = w,|1)(1| interacting with a system
with Hamiltonian Hgy. Here, w, is the energy difference between the qubit states
{]0),|1)}. We consider the case where state |1) couples to a system operator Hipy
(which we refer to as the interaction Hamiltonian) with coupling strength k, such

that the combined system is described by the Hamiltonian

H=1® Hys+ H, @1+ £|1) (1| ® Hin. (3.1)

We define the Hamiltonians describing the system evolution under each of the
qubit states as Hy = Hgys and Hy = Hgys + kHin. More generally, one can define
H; = (j|H|j), and we remark that the crucial quantity in our analysis is actually
H, — H,, rather than the interaction Hamiltonian H;, itself, though the two are

equivalent in our description. As such, it is not critical to the protocol that state |0)
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0) —H T H — A
Psys Uy — U

Figure 3.1: Quantum circuit for measuring the dephasing function. A qubit is
used to control gates in a circuit that determines the dephasing due to the interaction
Hamiltonian. Here, H = (0X + ¢%)v/2 is the Hadamard gate, and U; = exp(—iH;t)
is the evolution of the system under the Hamiltonians H; for a time ¢.

is non-interacting, provided the difference between the interaction Hamiltonians of
the two states has the desired form.

Implementing a Ramsey interferometry-like scheme, using the qubit as the control
for the system evolution [Fig. 3.1], we initialise the probe qubit at times ¢ < 0 in the
non-interacting state |0), and the system in the state pss of which we desire to
determine the properties. At ¢t = 0, the qubit is suddenly switched into the state
(|0) +[1))/+/2. Equivalently, the qubit may be initialised in this state, with £ = 0 for
t < 0, and then suddenly ramped up to its full value at t = 0.

For times ¢t > 0, the system and qubit then evolve under the Hamiltonian Eq. (3.1),
and we may trace out the system state to determine the qubit state at time t to be

given by

pq(t) = % (ew; L (1) eiwqtlL(w) : (3.2)

Here we define the dephasing function L(¢) (sometimes also referred to as the

overlap function):
L(t) = Tr(e "ot p  et) = (et~ iHoty, (3.3)

where the expectation is taken over the initial system state psys. The values of the
dephasing function are directly related to the expectation values of the Pauli operators

Egs. (2.36) for the qubit, with (%) = R(exp(iw,t)L(t)) and (¢¥) = I(exp(iw,t)L(t)).
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Previously, this dephasing function has been investigated to study properties such
as the orthogonality catastrophe in ultracold fermions [118,119], the Luttinger pa-
rameter [116], and superfluid excitations [130], as well as a method of thermome-
try [117,125,128,129], and to extract work distributions [120,123,127]. Some of
these works consider different physical implementations of system and probe, such
as trapped ions [120] and nuclear spins [127], suggesting further applicability of our
results beyond ultracold gases. In this work, motivated by the similar structure it
shares with characteristic functions of probability distributions [126], we will proceed

by investigating its derivatives.

3.1.2 Derivatives of the Dephasing Function

In the strong-coupling limit, defined by the regime in which energies associated with
the interaction kHi, are much larger than those of the system Hamiltonian Hiy,
we may at sufficiently short times that (exp(iHgyst)) ~ 1 approximate the dephasing
function as Lg,(t) = (exp(ikHint)). This is precisely the characteristic function of
the interaction Hamiltonian, and thus, like such functions in probability theory, all

of the moments can be obtained directly from the derivatives at ¢ = 0:

(i 1 d"La(t)

1nt> = W dtn (34)

t=0

Though it provides access to all the moments, this limit carries the drawback
that it may not easily be accessible in experiment for some systems, due to the
requirement that a large coupling strength must be engineered between system and
probe. In particular, for the specific implementation with ultracold gases that we
shall consider later, the system-probe interaction is manifest by the same physical
mechanism as interactions within the system (s-wave scattering), and so while this
strongly interacting regime may be accessible when the gas is weakly interacting and
very low temperature [131], for strongly interacting systems one may only consider

weakly interacting probes [132], or where the two interactions are of similar magnitude
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[133]. Increasing the coupling strength also decreases the timescales over which the
evolution of L(t) takes place, and hence also requires sufficiently quick switching of
the qubit state (or ramping of k), and a sufficiently fine time-resolution of the qubit
measurements that the derivatives at ¢ = 0 are accessible (for a typical strongly
interacting ultracold gas, the system Hamiltonian contains interactions O(10*hHz)
[72], which would then require measurements to be made on sub-us timescales for a
strongly interacting probe).

Positively, we find that it is possible for the first two moments of Hj, to be
extracted for an arbitrary non-zero k. Indeed, considering the derivatives of L(t) at

t = 0 directly, we obtain

l dL(t)
ik dt

(Hint) = , (3.5)

t=0

and

(H;

int

>=—%ﬁ<f§ﬂt9, (3.6)

where we make use of the commutator of the two Hermitian operators [Hy, H;] being

anti-Hermitian, and hence having purely imaginary expectation values. We now focus
on these first two moments of the interaction Hamiltonian H,,, as they may be
extracted from derivatives of the dephasing function L(t) for any «, allowing for more

experimental flexibility.

3.1.3 An Estimation Protocol and Errors

For short times, the first and second derivatives Egs. (3.5) and (3.6) dominate the
imaginary and real parts of the dephasing function derivatives respectively, and thus
the first two moments can be extracted by fitting linear and quadratic functions to
the initial behaviour of L(t), using that L(0) = 1.

Specifically, we first obtain estimates L(t) of the values L(t), at the (discrete)

measurement times. Whilst this in principle can be done for arbitrary time points,
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we shall consider there to be equal spacing of measurements, such that they are made
at times nAt, for positive integer n up to a maximum N, corresponding to time

te = N.At. We then perform least-squares estimations, by minimising the functions

Ze(%(ﬁ(nAt)) — anAt)? (3.7)

n=1

and
g <§R(ﬁ(nm)> —1- §< At)2) (3.8)

with respect to @ and . The minimising values & and B then form our estimates

for the moments x{Hy) and —k?(H?

2.) respectively. In our simulations, we will take

these values as our final estimates. However, one can use this estimate to apply a
weighting to the terms in the least-squares fits, by estimating the magnitude of the
error for that term (see below), and iteratively refitting, to obtain a better estimate.

The choice of t. should be such that it optimises the number of points used in
the fit, without being so large that the imaginary and real parts of L(t) cease to
behave approximately linearly and quadratically respectively. Such deviations could
be accounted for however, by including additional, higher-order terms in the fit, whose
estimated coefficients are afterwards discarded.

The original estimates L(t) of L(t) are obtained from the estimates of (¢) and
(dY), determined by averaging the outcomes of N repeated measurements made of
the probe qubit. These estimates are unbiased, and for enough measurements can
be modelled by a Gaussian distribution with a variance that can be calculated from
L(t). Specifically, the variance is given by (1 + L(t))(1 — L(t))/4N, and will hence
attenuate to at most a few percent after a moderate number of measurements. In our
simulations, we will treat this finite number of measurements as the main source of
error in estimating L(t), though other noise-based random errors (such as imprecision
in the time at which measurements are made, and stochastic imperfections in the

gate implementation) will behave in the same manner, and so can be considered
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equivalently. Modelling such errors with zero mean as Gaussian noise, their variance
will also scale inversely proportional to the number of measurements made, and with
the errors adding in quadrature, we take the linear sum of the variance from all such
errors as our total variance. Thus, the effect of such errors can be ameliorated by
performing additional impurity measurements.

We will also implicitly account for the error that results from the discrete and
finite nature of the timesteps at which measurements of the probe are made. Other
errors, not directly accounted for in our treatement, are the finite time required to
implement gates (which becomes negligible when gate operation timescales are much
smaller than At), and systematic imperfections in the gate implementation. This
latter error results in a deterministic multiplicative factor to the dephasing function
(for a qubit probe initialised instead in the state ¢y|0) + ¢;1]1), this factor is given by
2coct) [129], and may be detected and accounted for by determining the corrective

factor needed to ensure L(0) = 1.

3.2 Implementation in Ultracold Atomic Systems

We now suggest a possible implementation of the protocol for use in probing ultracold
(single species) atomic gases. We consider a probe qubit formed by two internal states
of an impurity atom of a different species [119], trapped deeply in its own potential,
such that its spatial wavefunction ,(r) is fixed, and may be considered as a c-number
function (this approximation being valid when the trapping potential is much deeper
than the interaction energy k).

The necessary gates may be applied to the impurity by a Rabi laser pulse [61,
95,96], and the measurements may be performed by using further gates and state-
dependent fluorescing. With interparticle interactions suppressed within the impurity
gas (or when the gas has sufficiently low density that they are anyway negligible),
multiple impurity probes can be active simultaneously within the host gas, as illus-

trated in Fig. 3.2. Such mixtures of quantum gases have already been achieved and
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Figure 3.2: Implementation of the scheme to probe ultracold atomic gases.
The quantum gas is represented by the blue cloud, with the immersed impurity probes
signified by the red atoms. Measurement of the impurity internal states (represented
by the arrows) reveals information about the dephasing due to the interaction Hamil-
tonian.

tuned experimentally [133-136]. Indeed, studies of the motion and decoherence of
impurities in bosonic quantum gases have already been performed [131,132]. Re-
peat measurements do not require the gas and impurities to be retrapped, and hence
can be non-destructive, though the measurement of the impurity state will have a
backaction that perturbs the system, and so the scheme is not non-demolition.

The impurity gas interacts with the atoms in the host gas through atomic s-wave
scattering, which may be tuned through Feshbach resonances using external magnetic

fields [97,98,111]. This leads to an interaction of the form

Hiy = / den(r) i, ()2 = (), (3.9)

where n(r) is the atomic density in the system, and n(r) is the same density,
coarse-grained over the impurity density [¢,(7)]?. Our protocol thus allows for the
probing of moments of this coarse-grained density. Focussing on the case where the
impurity is highly-localised (on length scales defined by the variation in the system
density) around the point r,, 7(r) is then given by the gas density at this point, n(r,).
In this case, our protocol allows for the estimation of the moments of the density at
this point, (n(r,)) and (n(r,)?), through Egs. (3.5) and (3.6). Since the impurities

can be localised to regions smaller than the wavelength of light, the spatial resolution

can potentially be higher than for in-situ imaging.
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This notion can be extended to consider the case where an impurity is in a superpo-
sition of being localised to two distinct locations r,, and r,, (by, for example, placing
the impurity into a lattice potential, and using tunnelling as a beamsplitter operation
[137]). In this setup, the coarse-grained density becomes n(r) = (n(ry,) + n(ry,))/2,
and the protocol can thus be used, in conjunction with the results for the case of an
impurity localised to a single location, to obtain an estimate for the density correla-
tion function (n(ry)n(ry,)). Since for ultracold atoms typical tunnelling timescales
are O(ms) [72], one may not even need to quench the impurity trap after the beam-
splitter tunnelling is performed, provided that measurements are made on at most
O(100us) timescales. An alternative way this quantity can be measured is to use two
impurities, each localised at one of the locations, and prepare their internal states
in the entangled state (|00) + |11))/v/2, leading them to behave as a single effective

qubit with a density equal to that of the individual probes.

3.3 Simulation for Ultracold Atoms in a Lattice

We now simulate an example application of the protocol to study density-based prop-
erties of a Bose gas. The particular system we shall consider is an ultracold gas
trapped in an optical lattice, obeying the one-dimensional Bose-Hubbard Hamilto-
nian Eq. (2.47). Our simulated system will be composed of 101 lattice sites at unit
filling factor, and we examine the system for U/J in the interval 0.1 : 6, spanning the
full phase diagram at this filling factor [26]. We shall concern ourselves with only the
ground state of the system.

We adopt a choice of parameters selected to be realistic considering current exper-
imental works. We use a coupling strength x = J, and time-resolution AtJ = 0.05,
allowing for N, < 20 measurements to be used in the fit. For typical J ~ 103hHz [72],

this corresponds to a measurement interval At ~ 50us. Generically, the parameters

are chosen such that the relationship between timescales obeys t;, > t. > At > t,,
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Figure 3.3: Example application of the protocol. (a) The effect of Gaussian white
noise on the dephasing function, with error bars denoting the standard deviation. The
fractional error in the calculated (b) density and (c) square of density with increasing
length of time used for the fit. (d) Fluctuations and correlations; solid lines show exact
values, markers show the calculated values, and dashed lines the fits to calculated
values. Plots (a-c) simulate a system with U = 3.J, and for all plots k = J with a
measurement resolution AtJ = 0.05.

where t ~ 1/k is the timescale at which L(¢) begins to deviate significantly from its
t = 0 behaviour, and ¢, is the timescale on which measurements and gates can be
performed.

Using these parameters, we simulate the application of our protocol by calculat-
ing L(nAt), adding stochastic noise to these values to simulate how estimates L(nAt)
would be obtained in a real experiment, and then estimate one- and two-site corre-
lations from these simulated values. These estimated values are then compared to
exactly calculated equivalents, to determine the efficacy of the protocol. For both
parts, calculating the dephasing function L(¢) and the exact ground state expecta-

tion values, we use the time-evolving block decimation (TEBD) algorithm [138-140]

(see Appendix 3.A for details).
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We begin the analysis by considering a single impurity that is localised to a point
r; near the central site ¢ = 51, such that the interaction Hamiltonian is given by
Hiye = n;. In Fig. 3.3(a) we plot the real and imaginary parts of the dephasing
function L(t) for U/J = 3, together with the simulated noise estimates L(nAt) as
would be obtained from N = 10* measurements of the impurity internal state after
interference. We then apply our fitting procedure in order to estimate the derivatives
of the dephasing function, and thus the moments of the interaction Hamiltonian,
which in turn correspond to our estimates of (n;) and (n?).

We analyse the choice of fitting time ¢, = N.At used to estimate the expected
occupation (n;) in Fig. 3.3(b), by averaging over many noisy trajectories. As one
would expect, the accuracy initially increases with N, benefitting from the increase in
the number of data points used in the fit, and corresponding decrease in random error.
However, for larger t., the accuracy decreases, as at these larger times the higher-
order terms in L(t) beyond the linear fit play an increasingly significant role, and
thus introduce a systematic error. A similar analysis is shown for (n?) in Fig. 3.3(c),
with the slight decrease in accuracy compared to the first moment highlighting the
increasing difficulty in estimating higher-order derivatives, and thus moments. We
find t. = 0.2J, corresponding to N, = 4, to be an approximately optimal choice for
estimating the moments for our system.

With this t., we assume the protocol is repeated with impurities configured such
that Hi,, = n; is probed, and also for the delocalised/twin-impurity case Hiy = n; +
n;. From this, we then estimate not only the variance (n?) — (n;)? of the central site,
but also the correlations C;; = (n;n;) — (n;)(n;) between the central site and neigh-
bouring site j = i+ 1. The results for the simulation of this are shown in Fig. 3.3(d).
The markers show the value calculated for each U/.J for single runs of noisy trajecto-
ries, and the dashed lines a fit from a cubic smoothing spline (defined as the function
f(z) which for a set of data y; minimises >, (y; — f(x;))* = A [(d*f /dx?)*dx [141]) fit

over varying interaction strength for these data, with smoothing parameter A = 10%.
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The solid lines show the exact values. We observe that while the individual data
points display a noticeable error, the fit over the whole parameter range recovers the

quantitive values faithfully to a reasonable degree of accuracy.

3.4 Further Applications of the Protocol

In the above simulations, we applied the protocol to measure density properties of
the Bose-Hubbard model in one dimension. We note that in this case, the occupation
number fluctuations vary smoothly across the phase diagram. In contrast, mean-
field treatments of the model, valid in higher dimensions, find that (b;) serves as a
suitable order parameter for the superfluid-Mott insulator transition [100,101]. The
fluctuations in the density reveal whether this quantity is non-zero, and hence would
allow for one to map out the phase diagram. Since our protocol is valid independent
of the number of dimensions, this suggests that it could be used as a method for
non-destructively probing the phase transition.

The range of applicability of our protocol can extend beyond the system we cur-
rently consider; indeed, any system that can be coupled to a controllable, measurable
two-state system could be studied, such as trapped ions [120] and nuclear spins [127].
Through a manipulation of the interaction between the probe and system, other
quantities may be probed, not just those related to density. For example, in a gas
with spin, a spin-sensitive interaction (e.g. x oc SZ) will engender moments of the
interaction Hamiltonian corresponding to moments of the magnetisation of the gas,
enabling such properties to be measured. One can also consider the effect of altering
the impurity wavefunction; when the impurity has a sinusoidal density (e.g. a matter
wave), the coarse-grained density corresponds to a Fourier transform, and the result-
ing moments are those of the momentum density. From this, one may be able to
probe thermodynamical properties of the gas.

Another set of quantities similar to density that would be interesting to con-

sider are the single-particle correlations (bgbj>. Focussing on the nearest-neighbour
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case, the bond density <bjbi+1>, this term depends on the overlap of the Wannier
functions of neighbouring sites. However, because at any position r the inequality
w(r —r)* + w(r —r;))* > 2w(r — r;))w(r — r;) holds true, one cannot eliminate
the on-site density terms when the impurity and system interact through contact
interactions, and as the coarse-graining is done over the impurity density (a positive-
definite function), a cancellation of these terms is not possible through manipulation
of the impurity wavefunction. A possibility would be to instead engineer a different
interaction Hamiltonian, where there is an (impurity) density-dependent tunnelling
term [142] induced in the gas, conditional on the impurity state. In this case, the
interaction Hamiltonian becomes )\b;-rbiﬂ + h.c., thus allowing for a direct probing of
the bond density. Determining the moments of this quantity for different values of A
(e.g. Ao and i)\g), one can extract the single-particle correlations between neighbouring

sites, corresponding to the moments of the particle current.

3.A Time-Evolving Block Decimation Algorithm

The TEBD algorithm allows for the efficient classical simulation of the dynamical
evolution of a pure quantum state on a one-dimensional lattice [138-140]. It operates
by storing the state of the system as a matrix product state (MPS) [143], where
the state is expressed as a series of matrices, one for each site, with each matrix
storing values corresponding to the correlations between local basis states. Exact
representation of an arbitrary quantum state may require an exponential scaling in
the size of these matrices, parameterised by the ‘bond dimension’ y. However, one
can truncate the state at some value of this bond dimension to approximate the
state, and ground states and low-lying excited states (including short time quenches,
as we consider here) of local one-dimensional Hamiltonians may be very accurately
represented by an MPS with a small bond dimension (typically O(1 — 10?)) [144] due

to entanglement area laws [145], resulting in a tractable representation of the state.
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The MPS is then evolved for each discrete timestep 6t according to a Hamilto-
nian H formed of single- and two-site nearest-neighbour operators, after performing a
Suzuki-Trotter decomposition [146] of the evolution operator exp(—iHdt), such that
the evolution operator is also expressed (approximately) as a product of single- and
two-site operators. The algorithm can also be used to obtain ground states of Hamil-
tonians, by evolving the system in imaginary time. Expectation values of single- and
two-site operators can be calculated for an MPS after they too are expressed in matrix
product representation.

The one-dimensional Bose-Hubbard model is well-suited for simulation by TEBD,
as the Hamiltonian Eq. (2.47) consists only of one- and two-site nearest neighbour
operators. For our simulations, we used imaginary time evolution in TEBD to obtain
the ground state MPS, and evolved the resulting state according to each of Hy and
H;. The overlap of the final evolved states then gives an expression for the dephasing
function. We also used the ground state MPS to calculate expectation values for n;
and n;n;, so that we had exact values against which to compare the results obtained
from the protocol. In our simulations, we limit the maximum occupation per site to
4 bosons, with a bond dimension y = 50, and evolution timestep 6t.J = 1073.

The code for used for the simulations was written and provided by Stephen Clark

and Dieter Jaksch, and was run on the Jaksch group cluster ‘Bose’.



Chapter 4

MULTIMODE ATOMIC STATE ENGINEERING BY
LIGHT MEASUREMENT

We now elevate the role of measurement from being merely a tool to read out prop-
erties of a system to a tool that is actively used to influence how the system behaves.
We do this through use of an optical cavity, used to enhance the light scattered from
a probe beam by the atoms in a lattice. We first show how the choice of the optical
geometry affects the relationship between the cavity population and the atomic con-
figuration, and how this leads to the generation of a matter mode structure, where
multiple sites may be grouped together by their equivalent response to the light field.
These matter modes can be delocalised, and have very non-trivial spatial properties
and overlap, allowing for novel interactions between them. We employ this matter
mode structure for the purpose of state engineering, by using the backaction on the
state heralded by the detection of photons leaked from the cavity, here constitut-
ing the measurement process. Specifically, we show how multimode generalisations of
parametric down-converted (PDC), Dicke, and squeezed states may be generated, and
investigate their entanglement properties. We show how this measurement-mediated
state engineering can be used as a method to deterministically generate atomic mode
entanglement, and further, we propose a method for using the matter mode structure

to detect and measure entanglement in quantum gases [2].

49
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4.1 Generation of the Matter Mode Structure

We study the Hamiltonian Eq. (2.60), describing the generalised Bose-Hubbard model
with fully-quantum light-matter interactions [29]. Specifically, we are considering a
single species of bosonic atoms, in a classical optical lattice, scattering quantised light
from a probe [Fig. 4.1]. In the typical case where the on-site terms Dy, = >, J7"n;
dominate the light-matter interactions J,,.,, each Fock state configuration of the
atoms |n) = |nq,...,ny), corresponding to different occupations n; of each of the
M sites in the lattice, will scatter light from a probe in a coherent state |ag) into a
corresponding coherent state with amplitude ay, = Cp(n|Dyo|n) [41,147]. Here,
C,, is the free space or cavity Rayleigh scattering coefficient [148], as defined in
Eq. (2.63), and in this limit of dominant on-site light-matter interaction terms we
can approximate J7° = u} (r;)uo(r;).

Due to the linearity of quantum mechanics, and since the general atomic state
is a superposition of such Fock state configurations, the light and matter become
entangled, with joint state (dropping the mode index m)

W) =) cnln)lan). (4.1)

{n}
4.1.1 Backaction Due to Light Measurement

When the light is scattered into a cavity with decay rate x, detection of the escaped
photons alters the probability amplitudes ¢, from their initial values, according to
cn(k,t) = ok exp(—|an,|*Kt)c2 /N, where the first factor reflects quantum jumps from
the detection of k photons, the second factor the non-Hermitian evolution during
times of non-detection, and N\ is a normalisation factor [29]. The measurement thus
changes the state of both the light and the matter, manifesting the measurement
backaction. Note that we assume that we are in the regime where this backaction

happens on timescales much faster than the atomic dynamics, such that they may be
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Figure 4.1: Atomic scattering of quantised light. Atoms in a classical optical
lattice scatter quantum light from an incoming probe beam (green) into another mode
(orange). The optical geometry generates a matter structure defined by the phase at
which the atoms scatter light.
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neglected. Light scattering into free space modes, rather than cavity modes, may also
take place; we neglect such events however, as they occur with much less frequency
due to the much lower light-matter coupling g,, for free space modes compared to
cavities.

With the light field amplitude and phase measured in this way, the distribution
of the a,, is narrowed, and the state is gradually projected towards terms with a
single particular a.,, as determined by the rate of photon detection. With continuous
measurement, the light is subsequently pinned to this «,, by the QZE [63-65], and
the atoms will undergo QZD [66-68], whereby their evolution is constrained to evolve
only within the region of Hilbert space with configurations |n) corresponding to the
measured a,,. This is in stark contrast to incoherent light scattering, where atoms
are localised, and coherence is destroyed [149]. Strictly, it is not necessary to di-
rectly perform photodetection of the leaked photons, as the associated environmental
decoherence due to such leakage will also manifest the locking to a Zeno subspace.
However, measurement must be performed if we are to determine the subspace in
which the system resides. For an imperfect detector of known efficiency, one may
employ post-processing of the detection rate to estimate the true leakage rate, and
hence the subspace. Once this subspace is determined it is not required to continue
the measurement, as the Zeno-locking from decoherence will preserve the (now known)
subspace. Such controlled dynamics can find application in quantum simulations, as
we shall discuss in Chapter 5. For now, we shall focus on the possibilities for state
engineering.

Current experiments have trapped Bose-Einstein condensates inside optical cav-
ities, without an optical lattice [30,32,87], while other experiments have scattered
light from quantum gases loaded in an optical lattice, into free space [115,150]. Re-
cently, state-of-the-art setups have united these two types of experiments, to realise a
quantum gas loaded into an optical lattice potential, inside an optical cavity [34,35].

Thus, the hybrid cavity-lattice system we consider has been achieved, albeit in a
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simple form thus far. These hybrid systems currently do not achieve the requisite pa-
rameter regime for the light scattering to enforce Zeno dynamics (|C|?x > J, where
J is the tunnelling rate from the standard Bose-Hubbard Hamiltonian); taking [34] as
our example, the two rates are of similar magnitude O(10*Hz), and the former term
may be feasibly increased by e.g. a modest reduction in the cavity detuning, or an
increase in pump power, both of which have been achieved in previous incarnations

of the setup [87].

4.1.2 Defining Matter Modes

When both the probe and cavity modefunctions are described by travelling waves

with wave vector difference Ak, we have that the cavity amplitude is proportional to
D= Z e 0, (4.2)
J

where § = Ak.d, with d the lattice vector. This is essentially Bragg diffraction [151]:
depending on the choice of §, the light can exhibit diffraction maxima (§ = 2nw),
and minima in-between. Thus, this choice determines the particular correspondence
between atomic configurations |n), and their respective cavity states |ay,). In turn,
this choice defines the region of the atomic Hilbert space to which dynamics is con-
strained after the cavity state distribution is compressed and pinned to a single o,
during the continuous light measurement.

A set of particular cases of interest are when we have 6 = 27/R for R € Z. In
these cases, the atoms at all sites j + nR scatter light with the same amplitude and
phase, and are therefore indistinguishable in the cavity state. Crucially, this gives
rise to R spatial atomic modes, whereby atoms at indistinguishable sites belong to
the same mode, and different atomic modes scatter light with different phases.

Physically, these 0 correspond to the angles of multiple diffraction minima, and a
small number of maxima. For example, § = 27 (R = 1) corresponds to the diffrac-

tion maximum with one mode (note, the case § = 0 is equivalent), as all illuminated
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atoms scatter light in phase; D = Nk, where K is the set of illuminated sites, and
Ni =) ;crenj- The remaining M — K non-illuminated sites can also be considered
as an additional mode. The case § = m (R = 2) represents the diffraction minimum
for orthogonal light waves, and generates two modes, as atoms at neighbouring sites
scatter light with opposite phase; D = ) j(—l)j n; = N — N "the atom num-
ber difference between even and odd sites. For other diffraction minima, with larger
R, more spatially-overlapping atomic modes are generated. Examples of indistin-
guishable configurations for R = 3 in one-dimension are shown in Fig. 4.2(a), while
Fig. 4.2(b) shows the spatial structure of R = 3 matter modes in two dimensions.

With multiple cavities, it is possible to simultaneously measure multiple D op-
erators. Indeed, measuring all of the D operators corresponding to 6 = 2wn/R for
n € [0,(R —1)/2] N Z will allow for the full characterisation of R modes, where as
before, we define the rth mode as being composed of all sites j satisfying j mod R=r.
The measured operators can be written in the form of an invertible Vandermonde
matrix [152], for which the inverse then reveals the occupation numbers of each mode
(as the D operators form a system of linear equations describing mode occupation
numbers). Ultimately, if R = M, this determines the occupation n; of all lattice
sites, without the need for single-site resolution [112-115], though for large numbers
of lattice sites this may not be a practical limit to achieve experimentally due to the
number of cavities required.

Although such effective single-site access would be useful for particular applica-
tions in quantum information processing, we will instead here focus on the many-body
properties of the states. Importantly, for the typical R < M cases, even after the
atomic mode occupation numbers are determined, the modes are still described by
superpositions of Fock state configurations with the same mode occupation numbers,
and hence the dynamics is not completely frozen, even when the light state is frozen

by the QZE. For example, the three configurations in Fig. 4.2(a) all correspond to the
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Figure 4.2: Mode structure defined by light scattering. (a) For R = 3, every
third site scatters light with the same phase, and hence atoms on these sites belong to
the same mode. The three configurations shown have equal total occupation of each
mode, and are hence indistinguishable to light scattering, protecting superpositions
of such states. (b) The corresponding mode structure for R = 3 in two dimensions.
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same light state, and may hence still co-exist in a superposition after light measure-
ment. Critically, though the total mode occupations are frozen, the same is not true
of the constituent sites, and thus the motion of atoms within modes is still possible.
This results in the generation of multiple ‘virtual’ lattices each formed by one of the
modes, on a single physical lattice. It is also possible to allow a controlled subset of
dynamics between modes by forgoing measurements for particular §, as this reduces

some of the constraints imposed on the modes by light measurement.

4.2 State Engineering of the Matter Modes

Here we shall focus on particular states of the matter modes that can be generated,
and in Chapter 5 we shall discuss the dynamics within the modes. We shall assume
here that the atoms are prepared initially in a superfluid state, delocalised over all
the lattice sites. For a large lattice, this can be approximated by the Gutzwiller
(mean-field) ansatz [26,100,101], in which the system is decribed by a product state
of all sites in a coherent state, with amplitude dependent on the filling factor v of the

lattice:

n
V2

® Z 7 In);. (4.3)

i=1 n=0

M\‘:

An external phase reference can be used to lock the phase of the state relative to the
reference [153]. This can be done by e.g. releasing some of the atoms, and using a
homodyne detection scheme, where the output statistics are dependent on the phase
difference between the atomic state and the reference. This provides one way to escape
constraints imposed by global atom number superselection rules; another would be

to use an auxiliary part of the lattice as a particle reservoir.

4.2.1 Generalised Down-Conversion, Squeezed, and Dicke States

First consider the scenario where the amplitude and phase of the cavity state is

determined by detection of the leaked light, for 6 = m. When using either post-
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selection, or feedback methods (that is, conditional modification of the trapping po-
tential [154-156]) to attain (D) = 0 (such that the mode occupation number differ-

ences are also zero), the state is projected to

[¥)nc = 57 D = Am)ln), (4.4)

where A = vK/R is the average initial occupation number of each mode (here R=2,
the two modes formed from the odd and even sites respectively). This state shows
a great resemblance to the PDC states of quantum optics [61], which take the form
[VYppe = Yoo caln)|n), albeit with different coefficients ¢,. Note that while either
post-selection or feedback is needed to obtain equal mode occupation, the measure-
ment will still always deterministically project to a state with a fixed occupation

number difference AN between the two modes:

A" |+ AN). (4.5)

Vipe = 37 Z \/W

For large N, this difference AN will become vanishingly small in comparison to
the average mode occupation (AN < O(({N)'/?), and thus AN < )), hence the two
states Eqgs. (4.4) and (4.5) will exhibit many similar properties such as entanglement,
and thus the use of post-selection or feedback is not strictly necessary, depending on
the intended use of the state.

We can readily generalise this procedure to the case of several matter modes. By
measuring all the D operators one would need to characterise R modes, except for
d = 0 (which simply measures the total atom number), one obtains a state where the
occupation number difference between all the matter modes are fixed. These thus
form a class of multimode generalised down-converted states. A special case of this
is when all D = 0, which corresponds to all modes having equal occupation numbers;

e = 23 () o (16

n=0
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For increasing A, this particular state is obtained with exponentially vanishing prob-
ability, though essentially all the states that can be projected to in this manner share
much the same properties as the ‘ideal’ case (and thus, this low probability to obtain
the ideal case is irrelevant unless one desires that exact state). These multimode
down-converted states show truly multimode properties, as they possesses genuine
multipartite entanglement (whereby any choice of bipartitioning of the modes shows
non-zero entanglement [90]). As the states are pure, we can calculate the amount of
entanglement by using the entanglement entropy Eq. (2.41) [89]. Using A > 1, and
noting that the reduced density matrices are all diagonal, we can approximate the
amplitudes (and hence probabilities) as a continuous function of n, and taking the
central limit theorem, we find that for all possible bipartitionings the entanglement

entropy of the ideal case Eq. (4.6) is

1 2we
E—ilog( I >, (4.7)

with the more general states of this form also possessing a similar degree of entangle-
ment.

This multimode state is in stark contrast to the simple ‘multimode’ PDC found
in quantum optics, which do not have genuine multipartite entanglement (rather,
they show entanglement between only pairs of modes) [157]. This is because in the
quantum optical case photons are produced in pairs, and higher degrees of multipar-
tite entanglement require larger numbers of photons to be produced simultaneously,
which in turn relies on higher-order nonlinearities, which become increasingly difficult
to achieve as they are generally suppressed with increasing order. Our scheme does
not have any such drawback, and the only limit to the scaling is linear, in the number
of measurement cavities required.

Taking the states that are output from this protocol, one can also create states
that are analogous to generalised squeezed states [158], described by Hamiltonians of
the form

Hgq = ca® + h.c., (4.8)
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which, akin to down-conversion, would arise in quantum optical setups due to non-
linear k-photon processes. Taking the multimode down-conversion state Eq. (4.6)
(or one of the similar, less ‘ideal’ versions of the state), with the R matter modes
taking the place of the k-photon process, and lowering the underlying classical lattice
potential (though maintaining a global trap), the atoms will behave as a single mode,

in the state
0

[¥)sq = D calNo + nR), (4.9)

n=0

where Ny and ¢, depend on the particular multimode down-conversion state from
which one started (for the case Eq. (4.6), Ny = 0, and ¢, = (exp(—\)A"/n)#/2 /N
and in general, one can determine N, from the sum of the occupation differences
between modes, and ¢, from the amplitudes of the original state). This state is a
generalised form of a squeezed vacuum, from even number pairs, to triplets, quadru-
plets, and above, depending on R.

Further classes of states can be produced by varying the angles to perform different
measurement, schemes. The case § = 0, the diffraction maximum, reveals the total
number of atoms illuminated, as noted above. This projects the state to a fixed
atom number superfluid state [41]. By making several measurements of this form
in different regions, or by measuring § = 0 in combination with other ¢ (such as
those used in generating Eq. (4.6)) to then also fix the total atom number as well as
differences, one obtains a product state of several superfluid states, with fixed atom

number N;:
R
|77Z)>Dicke - ® |Nz>7 (410)
i=1

where the sites occupied by each superfluid depends on the particular matter mode
structure of the measurement scheme. When converting from the mode basis back into
the symmetrised particle basis, this state takes the form of a multimode generalisation
of a Dicke state [159], formed from an equal superposition of all permutations of the

form [1)®M @...®@ |1r)®Nr, where the |1);) represent the single-particle basis states.



60 Multimode Atomic State Engineering by Light Measurement

An intriguing feature of these superfluids is that because of the global nature of the
light-scattering, the matter modes are typically delocalised in space (as shown in
Fig. 4.2), and as a result, so are the superfluids. They thus have a non-trivial spatial
overlap, and yet despite this overlap and their being the same species, their effective
distinguishability imparted by the light (and the associated Zeno physics) ultimately
prevents interactions between the superfluids.

Another interesting case of note is when § = 7, the main diffraction minimum, is
measured, but only for the amplitude, and not the phase. This results in two modes,
where the magnitude of their difference in occupation number |[AN]| is determined,
but not its sign. The resulting state is a superposition of cat states of light and
matter.

e \n+E

1 (0.9)
[P)ea = N nZ:O vnl(n+ AN)!<

If the probe light is then turned off, the cat state is purely between the atomic modes,

n)|n + AN)|aay) £ [n+ AN |n)|—aan)). (4.11)

which could then be maintained in the absence of freezing by light measurement by

other means such as a quench to ramp up the lattice depth.

4.2.2 Measurement-Induced Growth of Entanglement

We have seen already how an initially disentangled state (the Gutzwiller superfluid
ansatz) can be transformed into an entangled state solely through the backaction of
light measurement. This occurs because the measurement has degeneracies in its out-
comes, such that multiple states can coexist in a superposition after the measurement.
For a simple example of this concept, consider the initially separable state |+)|+) of
two qubits, and perform a measurement of the total parity of the two qubits (o, ®0,).
This will project to one of the Bell states (the particular one depending on the out-
come of the measurement), which has entanglement entropy £ = 1. Unlike this

example though, the measurement performed here due to the light scattering is not
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an instantaneous projective measurement, and so we can investigate the dynamical
growth of the entanglement as the scattered light is detected.

We simulate the dynamics of the evolution under light scattering by use of the
quantum trajectories technique [160]. The trajectories use a Monte Carlo method to
determine the times at which a photon is detected, and at these times the appropriate
jump operator is applied to the state, while the rest of the time it is subject to the
non-Hermitian evolution as described above. We do this for three cases: (a) phase-
sensitive measurement at the diffraction minimum (§ = 7); (b) diffraction maximum
(6 = 0); and (c) phase-insensitive measurement at the diffraction minimum (§ = ),
and plot the dynamical evolution of the entanglement in Fig. 4.3.

We see that during the measurement, though the light-matter entanglement must
clearly be degrading as the light is channelled towards a definite state, matter-matter
entanglement between initally separable matter modes is established, and grows to-
wards some stable finite value as the light state becomes fixed, the final value de-
pending on the particular light state to which the system converges. While the final
entanglements converge to a small number of different values, as they are a function of
the final light state, during the evolution the stochastic nature of the detection events
are apparent. All three cases considered show similar values for the final average
entanglement, though the distributions are different (see Fig. 4.3 insets).

For typical AN < (N) in the diffraction minimum, the amplitudes of the resulting
Fock states in Eq. (4.5) exhibit only a weak dependence on AN, and hence in this
case [Fig. 4.3(a)] the width of the distribution of the final entanglements is small.
Contrastingly, for the diffraction maximum [Fig. 4.3(b)], the distribution is broad,
as the measurement projects to a superfluid with non-deterministic atom number
N, and as the entanglement in such a state scales as log(N'/2) [161], E depends on
the particular measured N. The final case, phase-insensitive diffraction minimum
[Fig. 4.3(c)], the distribution is yet broader, due to the additional element of the

state being composed of a superposition of individual cat states. This case has the
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Figure 4.3: Quantum trajectories showing dynamical growth of entangle-
ment. Measurement can increase entanglement between two matter modes. Different
detection schemes project to different states: (a) phase-sensitive diffraction minimum;
(b) diffraction maximum; and (c¢) phase-insensitive diffraction minimum. Insets show
distributions of entanglement for final states. (N) = 50, 7 = 2|C|?xt.
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highest probability to be projected to a state with particularly large entanglement,
though the average for all the cases are essentially the same. Interestingly, because of
the logarithmic scaling, for large N all three widths become vanishing, and thus for
large systems the entanglement effectively converges towards a deterministic value,

and hence the outcome of one trajectory would typically be sufficient to study.

4.2.3 Deterministic Generation of Long-Range Entanglement

The non-local nature of the multimode matter structure enables entanglement to be
established between several spatially-separated many-body systems, even if they are
initially individually in separable Fock states, with no phase coherence between them,
through the global nature of the light-matter interactions. In contrast to previous
proposals to achieve this, in this scheme it can be done without needing to resort
to particle subtraction or particle exchange between systems [162,163]. Instead, the
entanglement is here generated by the introduction of additional sub-modes that span
across the individual systems from the global light interactions.

We illustrate this with an example with two subsystems. Begin with two non-
overlapping superfluids of fixed atom number N4 and Np respectively (which may
be produced and determined by measuring the § = 0 light scattering for each of the
subsystems). We can define two sub-modes within each subsystem, composed each
of the odd and even lattice sites in that superfluid, and hence write the system state
in the basis of states labelled by |N((Zv)en), N((Zc)id), N((;V)en), N((]‘;C)ld)>. A measurement at
0 = 7 across both subsystems then projects to a state with a fixed atom number
difference between odd and even sites across both subsystems (N((Z\)’en) + N((g;en) ) —

(N((Z()id) + N((g)id)) = AN. The resulting state can be written

v} = }é (V) % (f(vlg)w Ny kRN =1, (412

where I(k) = (N4 + Ng + AN)/2 — k.
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The state of subsystem A can thus be written

Na

pa = /\% > (]\;“) (;Xg) ke, Ny — k)(k, Ny — k. (4.13)

k=0
As the total state is pure, there is thus entanglement between A and B whenever
this reduced state has non-zero entropy, which, because of it being diagonal, occurs
whenever there are at least two values of k for which (]\IQA) (%ﬁ) # 0. This occurs
whenever |[AN| # (Na + Ng). As the probability of achieving such an imbalance
between odd and even sites quickly becomes vanishing with increasing total number
of atoms, this scheme is essentially deterministic in generating entanglement between
the two modes. Indeed, this measurement scheme is highly analogous to that of
Fig. 4.3(a), but with a different initial state due to the fixed N4 . For the case of
N4 =~ Np > 1, the initial state has strong overlap with that considered in Fig. 4.3, and
so both schemes should produce similar final states. Further, for this Ny &~ Ng > 1
case, we have typical AN < O((N4 + Np)'/?) < N4 + Ng, and hence there will
be little spread in the final amount of entanglement, which as before will scale as
log((N4 + Np)'/2). One can see that the scheme also readily generalises to multiple

initially disentangled subsystems, by considering the above case, but where one of the

subsystems (say B) is a composite of multiple physical subsystems.

4.3 Using the Matter Mode Structure for the Mea-
surement of Entanglement

The nature of the non-trivial spatial overlap of the matter modes may be exploited as a
key component in measuring non-linear functions of quantum states. Such functions
include purities (and higher moments) of the state, from which properties such as
entanglement may be determined. This is done by using the modes as individual non-
interacting systems, that can be prepared in identical copies of the same state, this

state being some state of interest for measurement. The overlap of modes provides
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a straightforward way to implement SWAP and generalised SWAP (permutations)
between states, as one need only shift the system along by one site to achieve this.

Moments Tr(p™) of the density matrix of a state can be determined by acting
such generalised SWAP operations on m copies of the state, conditional on the state
of an external control qubit [Fig. 4.4(a)], and reading out the average final state
of the qubit [164, 165]. Unlike other proposals based on this circuit [166], or other
similar schemes involving permutations of multiple copies [137,167,168], our scheme
readily generalises to arbitrary numbers of dimensions. These moments can be used to
measure purities (m = 2), as well as the Rényi entropies H,,(p) = log(Tr(p™))/(1—m).
By expanding the appropriate logarithm into a Taylor series of such moments, they
can also be used to determine the von Neumann entropy Eq. (2.38), and hence also
entanglement entropies Eq. (2.41).

We now provide an example scheme to achieve this. Each virtual lattice supports
a copy of the system, prepared in the appropriate many-body state of interest. Two
internal states {|0),|1)} of an impurity atom are used as the qubit. We allow one of
these states to couple to an incident coherent light source, such that light scatters off
the atom and populates a cavity, conditional on the qubit state, and the combined
impurity-cavity state may be written (|0)|0) + |1)|a))/v/2. The cavity is positioned
such that it has spatial overlap with, and thus illuminates, one of the sets of subsys-
tems in the lattice [Fig. 4.4(b)]. The cavity light is then used to drive Rabi transitions
in the atoms in this region, such that these atoms are in another internal state. The
lattice is chosen such that it is formed from two potentials with equal lattice spacing,
one coupling to each of the internal states of the atoms. Akin to the collision gate in
optical lattice quantum computing [169] , these potentials are then each shifted by
half a site, in opposite directions. This transposition of the atoms effects the desired
generalised SWAP gate, and thus the probability of detecting the impurity atom in

the state |1) (after performing another Rabi /2 pulse on it) then reveals the desired



66 Multimode Atomic State Engineering by Light Measurement

: SW APA) :

Figure 4.4: Quantum circuit and scheme for measuring density matrix mo-
ments using the matter mode structure. (a) Generalised SWAP gates of mul-
tiple copies of a state, performed conditional on a control qubit state, may be used
to extract moments of the density matrix. (b) The matter mode structure, due to
the spatial overlap of the modes, provides a suitable arena for performing this cir-
cuit. Here, we suggest using an impurity atom as the control qubit. This reveals the
entanglement between the illuminated and non-illuminated subsystems.
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Tr(p}). From this, we can then hence determine the amount of entanglement between
the illuminated and non-illuminated subsystems.

We note that while a full set of moments is needed to precisely determine the
entanglement entropy, one can still set lower bounds from the first few moments,
and the purity of the reduced density matrix (m = 2) is sufficient to verify that
entanglement is present, given that the overall state is pure (which can itself be verified
by using the scheme to find the purity of the full system) [91]. A similar circuit has
also been proposed for the measurement of traces of partially transposed matrices, in
which both subsystems undergo the permutations, but in opposite directions [170].
Using these moments one can reconstruct the partially tranposed state, and hence
obtain the logarithmic negativity, allowing for the measurement of entanglement in
mixed states also. This may be possible using an extension to our scheme, where

both subsystems are shifted, in opposite directions.






Chapter 5

ENGINEERING ATOMIC DYNAMICS WITH
QUANTUM LIGHT

The interactions between many-body atomic systems in optical lattices and light in
optical cavities induce long-range, correlated atomic processes beyond the standard
Bose-Hubbard model, due to the global nature of the light modes. We characterise
these processes, which may be tuned by the particular optical geometry, and show
that they include effects such as long-range density-density interactions, perfectly-
correlated tunnelling, pair exchange, and effective pair creation and annihilation.
When united with the dynamical constraints that can be imposed by a strong, pro-
jective light measurement backaction through quantum Zeno physics, these novel
processes may be selectively tailored, exploiting the additional structure imparted by
the quantum light field.

This thus extends the treatment in the previous chapter to also encompass control
of the atomic dynamics. We show that this in turn can be exploited to provide
a framework for enhancing quantum simulations, where such processes are used to
engineer Hamiltonians with long-range and correlated dynamics. We provide building
block components for this purpose, including reservoir models such as generalised

Dicke models, and dynamical global gauge fields [3].

69
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Figure 5.1: Atomic processes induced and controlled by quantum light.
Ultracold atoms trapped in an optical lattice scatter incident light into optical cav-
ities. The cavity-mediated interactions introduce correlated atomic dynamics that
are tunable via the optical geometry. Detection of leaked photons enables a selec-
tive suppression of processes, through the measurement backaction effect, allowing
for versatile engineering of the atomic dynamics.

5.1 Cavity-Mediated Dynamics
5.1.1 The Model

Our starting point is the generalised Bose-Hubbard Eq. (2.60), describing the inter-
actions due to light scattering from atoms in an optical lattice [Fig. 5.1]. As noted
previously, the key component of this Hamiltonian is that both light and atoms are
dynamical quantum fields, and it forms the cornerstone of works in the field of fully-
quantum many-body light-matter interactions [29,31].

As explained in Chapter 2, with a single pump mode 0 described by a coherent
state of amplitude «, with occupation much larger than the cavity modes, we can also
describe the cavity modes by coherent states a,, = Cp, Jmo, where T = >, i Jg;mb} b;,

and J{7" and C,, are defined as in Egs. (2.62) and (2.63) respectively. Using this, a

further adiabatic elimination may be performed, to remove the cavity modes. This
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approximation requires a cavity decay rate k., large compared to the timescales of
atomic dynamics, such that the cavity mode rapidly reaches its steady state for the
particular atomic configuration. The resulting effective Hamiltonian, describing the

atomic dynamics, can thence be written [38]

Ap|C|?

2 (jntojmo _'_ijjnT@(]); (51)

H = Hpnm + Q00’040|2n700 + Z
m7#0

where Hppy is the standard Bose-Hubbard Hamiltonian Eq. (2.47), and other symbols
are as defined in Chapter 2. The required parameter regime for this cavity backaction
to manifest (kn, > J;;) has been achieved in current state-of-the-art experiments [34],
where the cavity decay rates k,, are O(10°Hz), compared to the standard Bose-
Hubbard tunnelling rate Jg O(10°Hz) for nearest-neighbour sites.

The additional terms induced by occupation of the cavity modes introduce long-
range correlations and interactions between lattice sites. The inclusion of additional
pump modes will contribute to the cavity mode populations linearly with the pump
0, and ultimately leads to dynamics of the same form, where instead of the effective
Hamiltonian being solely in terms of pump 0, there is instead a sum over all of the
pump modes. The choice in the form of the light modefunctions leads to a host
of different dynamical setups, and can be tuned by a variety of methods, including
changing the wavelength and angle of the lasers, and the angle and size of the cavities.
We can see that the presence of a multimode, or even multiple cavities provides even
further flexibility beyond a single cavity mode.

We now characterise certain of the cavity-induced processes, focussing on the
two dominant contributions, from the on-site and nearest-neighbour inter-site terms.
This characterisation is in contrast to previous works that have studied the cavity-
mediated processes, which consider them generically as a collective whole, as four-
point correlations [50]. However, our characterisation becomes meaningful when we
later introduce the measurement backaction as a method to imprint further structure
to the lattice that distinguishes between the different processes, and allows them to

be selectively tailored.
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5.1.2 On-site Terms

Typically, the on-site terms dominate the [7,,,, due to their having the largest over-
lap in Wannier functions [29]. When this is the case, one can approximate with
the replacement of the light-matter interactions by solely these on-site terms D,,, =
> i J]’-?”b;bj. The coefficients J]’-?O appearing in these terms in the effective Hamilto-
nian Eq. (5.1) may be imprinted with complex phases, through the phase difference of
the incoming and outgoing light modefunctions, generating a matter mode structure,
as described in Chapter 4, partitioning the lattice into sets of sites scattering light
with the same phase [2]. A further level of structure can also be imparted by varying
the light intensity across different sites.

We focus first on the special case of illumination at the diffraction maximum
(Jj; = 1), which gives D,,q = N,,,, where N,, is the number of atoms occupying sites
illuminated by both the pump and cavity mode m. In this case, the light-induced
dynamics is given by

Qoo|060|2N0 -+ Z Am|Cm|2qu7 (52)
m##0

where the first term forms an effective chemical potential, while the second mediates
density-density interactions between all of the illuminated sites. These latter interac-
tions occur irrespective of the separation between the lattice sites, and thus exemplify
the long-range nature of the cavity-mediated interactions.

With the inclusion of multiple cavity modes, the tunability of these interactions
increases, and is enhanced beyond what is possible with merely a single cavity. It
allows for short- and long-range interaction strengths to be tuned independently, and
is achieved by utilising the relationship between the sign of the cavity detuning and
the interaction strength. Chiefly, the sign of the detuning determines whether the
interaction is repulsive or attractive, and hence different cavities can have non-equal
contributions to the total interaction strength, and can each illuminate different sets

of sites.
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le®”

Figure 5.2: Tunable cavity-mediated density-density interactions. The
strength of the long- and short-range density-density interactions induced by the
cavity modes can be tuned independently by use of multiple cavities with different
detunings and regions of illumination.

We illustrate this with an example of a system with two illuminated regions
[Fig. 5.2], with three cavity modes, labelled X, Y, and Z, that illuminate regions
1, 2, and both respectively, at the diffraction maximum. Denoting the light-mediated

density-density interaction strength between particles in regions ¢ and j as UZ% , we

have
Ul = Ax|Cx[* + Ag|Cz P, (5.3a)
Uy = Ay |Cy | + Az|Cy P, (5.3b)
UL = Az|Cz % (5.3c)

Thus, each of the three interaction strengths, where the first two govern short-range
interactions, and the latter the long-range interactions, may be tuned entirely inde-
pendently by varying the parameters of each of the three cavities. We note also that
in general the regions are defined by the matter mode structure, in turn defined by
the Jj’;O, and hence need not be spatially contiguous, but rather, may instead have
non-trivial spatial structure. In this sense, it perhaps makes more sense in general
to consider the interaction strengths as being characterised as intra- and inter-mode,
rather than short- and long-range.

For arbitrary illumination patterns, all sites in the illuminated region are part of

the resulting density-density interactions, with the general light-induced interaction
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strength (due to cavity mode ¢) between two particular sites or modes A and B given
by
UﬁB = A<:|OC|2 cos(9%p), (5.4)

where ¢%p is the phase difference between the er?o for the two sites/modes. For
multiple cavity modes, one simply sums up the contributions from each cavity mode
individually, while with multiple pumps one must sum over the C, generated by each
pump, and also consider cross-pump terms in the effective chemical potential.

The effective atomic interactions resulting from such cavity-induced processes
have already been demonstrated experimentally for the special case of illumination
at the main diffraction minimum [34]. In these experiments, the resulting inter-

actions were of the form A.|CL[2(NE™ — Ny

, with the detuning chosen such
that this term favours a population imbalance between even and odd states, leading
to cavity-induced atomic self-organisation for sufficiently large light-matter interac-
tion strengths. The experiment demonstrated that this interaction strength can be
made comparable to, and even stronger than the tunnelling from the standard Bose-
Hubbard model by one or two orders of magnitude (i.e. up to O(10*—10°Hz)) [34]. As
the other more general schemes based on using the on-site terms in the light-matter
interaction operator typically involve only changing the phase of the J/' through

adjustment of the optical geometry, the size of such interaction strengths can be

expected to remain of a similar size.

5.1.3 Inter-site Terms

In contrast to the above considerations of on-site terms, when the light modes are
arranged to be concentrated between lattice sites the nearest-neighbour inter-site
terms in J,,, can become the most significant contribution, with the on-site terms
arranged to vanish through symmetry [148]. In this case, the light-matter interactions

can be approximated by B, = > (i) Jg"bjbj, which describe light-induced atomic
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tunnelling between neighbouring sites. In general, as with the on-site light-induced
interaction coefficients, the J;7™ are different for each pair of sites, leading to spatially-
dependent tunnelling rates which may be tuned by the optical geometry. However, for
the case where the pump intensity |aguo(7)|? and the lattice sites are commensurate,
Bgo has equal coupling for each nearest-neighbour pair. This allows for the the one-
body tunnelling terms to be suppressed or enhanced by the probe light, or potentially
even eliminated. In the latter case, one is left with only the two-body interaction terms
in the effective Hamiltonian, which themselves can be tuned semi-independently of
the one-body terms here used to suppress the tunnelling Jg from the standard Bose-
Hubbard Hamiltonian.
These two-body processes are of the form

> Bl Cnl® > (JEOTEbibbiby + hec.), (5.5)

m#0 (ig) (k)
where {7, j} and {k, [} must each be nearest-neighbour site pairs, though the two pairs
may be distributed anywhere within the illuminated regions. Each pair corresponds
to an atomic tunnelling process, and hence the complete two-body processes corre-
spond to correlated tunnelling events. These events can be characterised according
to the relationship between the two site pairs [Fig. 5.3], giving rise to pair tunnelling,
pair exchange, effective nearest-neighbour tunnelling, effective pair creation and an-
nihilation, and general long-range correlated tunnelling.

Due to the smaller inter-site overlap of Wannier functions compared to on-site
overlaps, the inter-site light-matter coupling coefficients will necessarily be smaller
than the on-site coefficients at their respective maxima. Their relative magnitude
has previously been studied in [50], where they are shown to typically be separated
by approximately an order of magnitude. Thus, the complete two-body correlated
tunnelling terms can have a strength approximately two orders of magnitude less than
that which may be achieved for the light-induced density-density interactions, and

hence can occur at rates comparable to the classical tunnelling .J); (i.e. O(10°Hz)).
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Figure 5.3: Cavity-induced correlated atomic tunnelling. The cavities can
be used to induce correlated tunnelling processes, which can be classified as: (1)
pair tunnelling; (2) pair exchange; (3) effective next-nearest-neighbour tunnelling;
(4,5) effective pair creation and annihilation; and (6) general long-range correlated
tunnelling.
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Figure 5.4: Simulation of superexchange interactions. A superlattice is used
to divide the system into a series of double well potentials, each containing an atom
of each of two spin species (denoted by their colour). The superlattice potential and
strong repulsive interactions allow only pair exchange processes to take place, between
atoms in the same double well, mimicking superexchange dynamics. These correlated
tunnellings are indicated by arrows of the same colour.

Even without invoking measurement backaction, it is possible to imprint a further
structure to the lattice, and use these processes for quantum simulation purposes.
This additional structure can be imparted by shaping the underlying lattice potential
to be non-homogeneous, by, for example using a superlattice potential. Previously,
two-body atomic tunnelling processes have been used as a way to simulate superex-
change interactions in spin models [171]. However, in the original proposal and im-
plementation, the superexchange occurs as a second-order perturbative process. In
contrast, the cavity-induced pair exchange processes here, which can be used for the
same purpose, are first-order.

Our proposal follows the original by dividing the lattice into pairs of sites with a
superlattice potential, such that it is formed of a series of disconnected double wells,
with each site pair containing two atoms of different (pseudo)spin species, and a
strong repulsive interparticle interaction enforcing a one-particle-per-site constraint.
Introducing the correlated tunnelling as above, through use of a single cavity mode ¢,
the resulting dynamics (after imposing the constraints from the superlattice potential
and repulsive interactions) permits only the pair exchange processes between atoms
in each site pair [Fig. 5.4].

The resulting Hamiltonian describing each double well is thence

Hsp, = 20| C T38| (0] 1bribly bry + hoc.), (5.6)
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where nn denotes that the sites are nearest-neighbours. This can equivalently be
expressed in terms of spin operators, through the mapping QSjZ = b}Tbﬁ — b} 1bjys to
give

Hsp = Jo(S7 Sy + S;S%), (5.7)

where Jo, = 2A.|C.JO2. Importantly, in contrast to the second-order process in
the original proposal, the exchange term here does not suffer a 1/U dependence,
and hence the interparticle interactions necessary for imposing the constraint on site
occupancy can here be implemented without suffering a suppression of the exchange
interaction. Indeed, as noted above, these correlated tunnelling processes can occur
at rates comparable to the standard tunnelling JZ from the classical optical lattice

potential.

5.2 Inclusion of Measurement Backaction

A drawback of imparting structure through disruption of the underlying lattice geom-
etry is that it carries the adverse consequence that if a tunnelling event is suppressed
as a single event, it is also suppressed when it would otherwise have taken place as
part of a correlated event. Instead, measurement can be used to imprint the further
structure onto the atoms, without having to suffer this penalty, using the matter
mode structure introduced in Chapter 4. The measurement backaction responsible
for this structure imposes constraints, and by tuning these constraints, a selective
suppression of atomic dynamics can be achieved.

We now apply this formalism to the cavity-induced processes, uniting the cav-
ity and measurement backaction effects, and evince the potential of such a tool for
enhancing methods of quantum simulation. Crucially, it allows for a process to be
forbidden when taking place as a single event, but permitted when correlated with
another particular event (or events), as the suppression is achieved by constraints on

the matter mode occupations.
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The measurement backaction is realised by using an additional cavity (and possibly
pump), for which the scattered light leaked by the cavity is detected. Following the
methods discussed in Chapter 4, for an intense continuous measurement of the light
state, the freezing by the QZE [63-65] enforces that the atoms are restricted to evolve
within a particular subspace of their full Hilbert space, leading to QZD [2,66-68]. The
resulting atomic evolution is described by the appropriate Zeno Hamiltonian, obtained
by application of Eq. (2.35), using the projectors defining the measurement subspace
and the effective atomic Hamiltonian Eq. (5.1).

Thus, light measurement can be used to selectively eliminate particular atomic
dynamics, as determined by the measurement cavity geometry. As with the proposal
for simulating superexchange interactions, in contrast to earlier work that has used
measurement to tailor dynamics of two-body terms [8], in which they occur as second-
order processes, such terms here now arise as first-order terms in the evolution, as they
are directly induced by the cavity backaction, and are hence perfectly correlated. The
two cases are fundamentally different: here, increasing the pump strength increases
the two-body tunnelling rates, rather than suppressing them. As noted in Chapter
4, the necessary parameter regime |C,,|*k,, > JI has not quite yet been achieved in
current experiments, but should be feasible in the near future.

As a straightforward example of using Zeno physics with light to engineer atomic
dynamics, consider measurement at the diffraction minimum (J77° = (=1)7; Dy =
N _ N},?dd)). This freezes the occupation number difference between odd and
even sites, preventing nearest-neighbour tunnelling. In the absence of a further cav-
ity driving dynamics, this would leave the next-nearest-neighbour tunnelling as the
leading process, which, though it is typically ignored due to it occuring at a much
slower rate than the nearest-neighbour tunnelling, is now no longer negligible. With
the addition of a cavity driving dynamics, this process can be further augmented
with the two-body correlated terms introduced above. Events in which two atoms

tunnel into the same site (and the reverse) are forbidden, as are certain long-range
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pair tunnelling events, with the allowed processes of the latter form leading to effec-
tive long-range tunnelling events within each mode. The pair exchange processes and
the effective nearest-neighbour processes are both still permitted by this measure-
ment scheme. The flexibility of the light modes allows for a range of such schemes
to be implemented, allowing for different configurations of the two-body processes
to be engineered. For example, when light measurement fixes occupation numbers
for multiple matter modes [2], the only allowed correlated tunnelling events are pair
exchange, and the particular long-range correlated tunnellings that preserve the total

mode occupations.

5.3 Framework for Quantum Simulations

This architecture that we have developed naturally lends itself to application in quan-
tum simulations. In particular, it offers opportunities for synthesising correlated
processes and long-range interactions that would be difficult (or even impossible) to
realise in systems with finite-range interactions. We now provide a framework for
this, by introducing and describing some ‘building block’ components that may be
used in the construction of reservoir and dynamical global gauge field models, which

can be used to enhance methods of optical lattice quantum simulation.

5.3.1 Reservoir Models

The matter mode structure defined by the light allows the lattice to be partitioned
into sites corresponding to each mode. We can assign a subset of these as reservoirs,
and investigate the dynamics of the remaining sites. Consider the conceptual three-
site model shown in Fig. 5.5(a). In this scenario, a cavity is used to drive dynamics
that generate correlated tunnelling events between the sites, such that the system is

initially described by

Ac|C|?
2

H = Hpmn + Qoolco|* Boo + (BlyB.o + BoBly). (5.8)
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Figure 5.5: Quantum simulation of reservoir models. The combination of cavity
and measurement backaction can be used to engineer dynamics corresponding to
reservoir models for use in quantum simulations. This makes it possible to realise
(a) effective pair processes and (b) generalised Dicke models. The highlighting of
sites indicates their contribution to the light measurement value (green positive, blue
negative; D = Nges1 — NRres2). Tunnelling events that are constrained to only occur
together as correlated events are indicated by identically-coloured arrows.

We designate the outer two sites as the reservoirs, taken to be prepared in coherent
states |f12), with light measurement used to fix their occupation number difference
NRest — NRes2. Such a mode structure for the measurement can be achieved by, for
example, illuminating the lattice with two pumps, coherent in antiphase, arranged
antisymmetrically about the central site. In this scheme, they then thus interfere fully
destructively at this central site, and have opposing contributions at the corresponding
site pairs about the central site, resulting in a total pump modefunction wy(r) =
upy(r) — uy(—7r), where u, are the individual pump modefunctions.

Applying the appropriate projection operators for this measurement scheme (i.e. sets

of states with invariant Nges1 — NRres2) to the effective Hamiltonian Eq. (5.8), the dy-

namics of the central site is thus described by

Hpp = (MDD + h.c.), (5.9)
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where A = 2A.610:|C.J2L|?. Note that terms relating to (effective) chemical po-
tentials and on-site interactions have been omitted, as they can be tuned indepen-
dently by driving additional on-site dynamics. Thus, the two-body terms have here
been used to mimic pair creation and annihilation type dynamics for the central
site. With the experimental parameters considered above, and for typical occupa-
tions |3]? ~ O(1 — 10), these processes can be of a comparable size to the classical
tunnelling rate JI (or even slightly larger depending on |3]?).

Consider now extending this to include an additional site between the reservoirs,
as depicted in Fig. 5.5(b). Again, the measurement is used to fix the occupation
number difference of the two reservoirs. This mode structure can be achieved by
again interfering coherent pump beams, at different angles such that the total pump
modefunction is shaped to be fully destructive at the central two sites, and hence
provide a measurement indifferent to their occupation. For such a setup, when the
reservoirs have a larger occupation than the central sites, the non-reservoir modes

obey a generalised Dicke Hamiltonian [32,159]:
Hep = iblby + pabbby + (Abiby + Xoblbl + h.c.), (5.10)

where, as above, the chemical potentials j1; » can be tuned by driving on-site dynamics,

and the coupling coefficients

)\1 = Jg;l + Qoo|a0|2J00

nn?’

(5.11a)

Ao = 28152 |CoJL 2 (5.11b)

In contrast to the original model and its corresponding realisation using optical
cavities, the parameters \; o, representing co- and counter-rotating terms respectively,
can be tuned independently of each other, through the optical geometry. Their mag-
nitude is controlled by e.g. the pump strength and the reservoir populations /3 2, and

complex phases can be induced with additional pump beams driving the dynamics.
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Figure 5.6: Phase diagram of the generalised Dicke model. The ground state
occupation <b1b1) for the generalised Dicke model shows a shift in the superradiant
phase transition point when varying A\ /A\,. Here we find that a general phase bound-
ary is located at A; + Ao = p. Phase diagram is calculated for py = po = p, and a
maximum occupation of 20 is imposed for each mode.
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In addition to the well-known phase diagrams for A\; = Ay (standard Dicke) and
Ay = 0 (Tavis-Cummings) [172], which show superradiance transitions in the quan-
tum case, classical treatments show bifurcations when varying the relative values of
A1 [173], suggesting further novel phase behaviour. Indeed, by using exact diago-
nalisation to investigate part of the extended parameter space, we see that the phase
boundary depends on the values of both parameters (see Fig. 5.6).

This can be further extended by using the light measurement to fix occupation
number differences between larger numbers of modes [2], allowing for additional reser-
voir modes to be generated. These can be used to increase the number of sites coupled
to reservoirs, and increase the number of simulated modes in our model (for example,
to have multiple synthetic atomic species in our generalised Dicke model). To illus-
trate a concrete example of how our building block components can be put together
to form more complex systems, we now propose how to realise a generalised Dicke
model with two synthetic atomic species, and one synthetic light mode.

Consider an amalgamation of two copies of the above setup for the one-species
generalised Dicke model Eq. (5.10), crossed perpendicularly such that both sites share
a common site for the synthetic light mode [Fig. 5.7]. As before, cavities are used
to induce the correlated tunnelling dynamics, one for each of the constituent setups.
Using also two measurement cavities, each fixing the difference in occupation of the
reservoir modes in one of the setups, the resulting Zeno Hamiltonian is

Hycp= Y pbloy+ > (A bloy + AP0} + hec.), (5.12)
j=A,B,L j=A,B
where L indicates the synthetic light mode, A and B are the synthetic atomic species,
and the )\g]% are of the same form as for the one-species setup Eqs. (5.11) with the
appropriate coefficients 12, A., C. and J as defined for each of the individual
setups.
Yet more exotic setups can be envisaged with this framework, through the use

of additional reservoirs, or with multiple sites connecting to common reservoirs. In



5.3 Framework for Quantum Simulations 85

Figure 5.7: Schematic for the two-species generalised Dicke model. Com-
bining two copies of the setup for the one-species generalised Dicke model with a
mutual synthetic light mode enables the introduction of another atomic species. Cir-
cles represent the synthetic modes, and squares the reservoirs. Measurements of the
occupation differences Ry, — R4 and R, — Rp correlate certain tunnelling events, as
indicated by arrows of the same colour.
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the extreme case of each site in a simulated system being coupled to two reservoirs
(i.e. a lattice of copies of the setup in Fig. 5.5(a)), one would obtain a Bose-Hubbard
model with additional pair creation/annihilation effects. Beyond this, and perhaps
more straightforward to realise experimentally, one can consider when every site is
connected to the same two reservoir modes, with fixed occupation number difference,
which results in a Hamiltonian with global pair creation/annihilation:

Hpp_pum = —JZbTb + = v ZbTbTb b + Z bTbf + h.c.) (5.13)
(i)

5.3.2 Dynamical Global Gauge Fields

Another application of this framework for quantum simulations is in the synthesis of
artificial dynamical gauge fields. Current proposals to this end also typically employ
ultracold atoms in optical lattices, focussing on local gauge fields based on quantum
link models [174-176], with changes in the gauge field due to the motion of matter
simulated by the motion of another particle species that plays the role of the gauge
field [79,177,178]. In addition to the possibility of extending the variety of such mod-
els by incorporating the long-range interactions, the introduction of cavity-mediated
dynamics presents a further opportunity: the long-range nature of the interactions
allows for the correlated atomic motion to itself be long-range, and hence the links
need not be local. As such, this paves the way for realising global dynamical gauge
fields, where motion across all sites is controlled by a common link.

For example, consider a one-dimensional lattice, with light measurement of a
site-dependent strength. Specifically, (by e.g. using a gradiated intensity of the mea-
surement pump), the measured light state has an amplitude that is proportional to
> i JYN;, for some constant Y. We consider two auxiliary sites L and R between
which atoms can tunnel (and with tunnelling out of this pair suppressed), which are
also measured in the same fashion, contributing an effective T Ng (plus constant) to

the measurement value due to the conserved total value of N; + Ni. In this case,
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sites L and R can be seen to form a link that mediates the dynamics in the rest
of the lattice, as the Zeno Hamiltonian will then only contain the dynamics from
the cavity-mediated correlated tunnelling events, where an atom tunnels in the main
lattice simultaneously with a tunnelling event either in the link, or in the opposite
direction in the main lattice.

The resulting Hamiltonian is

Hpaer = > (Abib1 (D blybie + 0bLbg) + h.c.) + (M?b] bbb, + h.c.),  (5.14)

j k

where A = A |C.J |2 and 9?2 is the ratio of the intensity of the pump used to drive
the dynamics at the link sites compared to the rest of the lattice. Equivalently, by
mapping the link to a spin with 25 = N — N, this can be written

Hpaar = »_(Ablbj1 (O bl b +05T) + hee) — 200°(S7)2. (5.15)
k

J

This forms a global-link dynamical matter-gauge field interaction, in contrast to
the current proposals that are restricted to local-links by their finite-range interac-
tions. Strictly, we note that pair-correlated tunnelling events are allowed within the
main lattice independent of the link, provided that they occur in opposite directions,
though the particle current across the lattice is wholly dependent on the link. These
terms bypassing the link can also be made less significant by adjustment of ¥/, which
also provides one route for tuning the gauge field energy terms (S%)2. These gauge
field energy terms can also be further engineered through tuning of the density-density
interactions and effective chemical potentials as discussed above. Unlike the local-link
models ubiquitous in high-energy physics, the common global-link here leads to the
peculiar effect where the motion of a particle at any site can significantly affect the

field experienced by all other particles, at all sites.






Chapter 6

QUANTUM QUASI-ZENO DYNAMICS

Frequent observation of a quantum system leads to Zeno physics, where the system is
constrained to evolve within the subspace of states consistent with the measurement
outcome [63-68]. Such effects have been demonstrated experimentally [179-185], and
there has been a great deal of interest in studying their use in state engineering,
measurement-based control of a system, and the related field of designed dissipa-
tion [2,3,8,45,147,178,186-201]. It has been shown that even when consecutive
measurements are finitely spaced in time, the locking to a measurement subspace
can still occur [202]. However, in this case, the description of the system evolution
solely in terms of this subspace is incomplete [203]; the finite time between measure-
ments allows higher-order processes to occur, where the system first transitions away
from the measurement subspace, and then subsequently back in to it before the next
measurement occurs, thus preserving the value of the measured observable.

We demonstrate how these higher-order processes, which we term quantum quasi-
Zeno dynamics (QqZD), arise from perturbative considerations of standard QZD. We
derive effective Hamiltonians to describe the evolution of the system in this regime,
and suggest that such processes should be interpreted as virtual transitions, and
draw visual analogy with Feynman diagrams. We provide a simple illustrative exam-
ple using a three-level system, which could form the basis of a future experimental

verification of the work. We then extend the formalism to encompass time-dependent

89
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Hamiltonians, non-equally and stochastically spaced measurements, and discuss how
transitions to different measurement subspaces may be incorporated. We then demon-
strate application of this phenomenon to two archetypal examples of many-body sys-
tems, spin chains and atoms in optical lattices, where we show that the higher-order

processes may facilitate the manifestation of correlated dynamics in the system [4].

6.1 Fundamentals of Quantum quasi-Zeno Dynam-
ics

To study the consequences of short but finite time between measurements, we con-
sider the effects of the terms higher-order in 6t that were neglected in the derivation
of standard QZD in Egs. (2.33)-(2.35). Consider a system with Hamiltonian H, thus
undergoing an associated evolution U(t) = exp(—iHt). When subjected to a mea-
surement of observable A, with associated operator A =) A, P,,, we can describe
the associated evolution of an initial state p due to two measurements a time Jt apart

as (neglecting normalisation)
p — PyU(St)PipPU (6t) Py, (6.1)

where the projectors correspond to initial and final measurement outcomes A; and
Ay respectively.

When A, = Ay, the normalisation of Eq. (6.1) corresponds to Eq.(2.33), the
probability of the measurement value being unchanged. For small times (i.e. Hit <
1), we can expand U(dt), to obtain the probability of the measurement outcome

changing. The probability of a transition from outcome A; to Ay is given by

Tr(P;HP;pP; H)ot?
P(Af|A) = ( fTrUfp) ) + O(68%). (6.2)

By defining for a subspace P the associated complement @ = I — P, we can thus

write the total probability of a system transitioning out of a given state p in initial

measurement subspace P:

Pirans = Te(QHpH)St* + O(51%). (6.3)
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The ‘Zeno-locking’ condition, that the measurement subspace should have negligible
probability of changing, can be used with this expression to set an upper limit on
the timescales on which we can say we are near the Zeno regime. Specifically, we
require that P, < 1 for any state p in subspace P. From here, we assume that this
condition is met. Note that unlike the strong measurement backaction case considered
in the previous two chapters, it is here important that the result of each measurement
is known, as there is now a finite probability of transitioning out of the measurement
subspace, and we will need to know when this occurs.

Before deriving the corrections to the effective evolution beyond standard QZD,
we first clarify and justify some assumptions and approximations made. Firstly, we
model the system as evolving under unitary evolution between measurements. Such
evolution is true in general for an isolated, closed quantum system. Appealing to the
so-called church of higher Hilbert space (CHHS) [16], an ancilla may be appended to a
system to account for the effect of an environment, such that the total system-ancilla
is closed, and hence has unitary evolution, even if the system dynamics alone does not.
If the measurement outcome depends only on the system state, and is independent
of the ancilla, then the inclusion of the ancilla does not affect the QqZD result: one
simply has to trace out the ancilla from the QqZD evolution in the same manner
as usual for recovering the system dynamics from a CHHS treatment. A second
simplification made is that we treat the measurements as von Neumann projective
measurements. This is in keeping with the standard simple derivations of the QZE
and QZD [63,68], which have subsequently been extended to more generally account
for the coupling to external ‘measurement devices’ [204]. These treatments recover
the standard results when the time taken for the measurement device to operate is
much shorter than the system dynamics. It has also been shown that Zeno physics
can still persist even when measurements are not perfectly projective [202]. Thus, we
expect that even when such realistic concerns are incorporated into our treatment,

the results should be preserved.
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We can write the combined evolution of the system evolving under its Hamiltonian
H for time dt followed by a projective measurement to subspace P as (ignoring

normalisation)

p — Uy (6t)pU{ (61), (6.4)

where we define Uy (6t) = PU(dt). Following N such sets of evolution and measure-
ment taking place in a time 7 = Ndt, with each measurement outcome in the same

subspace P, the system evolution (again neglecting normalisation) is given by
p = Un(8t)pUL (51), (6.5)

where Un(6t) = U;(6t)N. Expanding the U(§t) as a power series, we arrive at
Eq.(2.34), except we now preserve higher-order terms. We focus on the leading cor-
rection:

Uy (6t) = (7? (1 — iHot — HQ(S; + O(5t3)>)N (6.6)

In the full QZD limit, taking 6t — 0 and N — o0, this becomes exactly the evolution
under the Zeno Hamiltonian, which we will now denote Hél) = PHP. Close to,
but outside of this limit, we can still approximately describe the evolution by an
exponential. The corrections can be found by examining the difference between the
exact evolution and the evolution under H (Zl). Specifically, focussing on the 2% term in
the expansion, we see that in the exact evolution we have —P H?Pdt? /2, whereas the
Zeno Hamiltonian gives —H (21)25252 /2. We use the difference between these two as our
definition of the second-order quasi-Zeno Hamiltonian H éz) = PHQHP. Moreover,

we define the general quasi-Zeno Hamiltonian as:
HY = PH(QH)*'P. (6.7)

We see that the first-order quasi-Zeno Hamiltonian is then exactly the Zeno Hamil-
tonian of QZD. Further, we construct an approximate effective Hamiltonian account-
ing for these higher-order corrections:

2 (—idt)k!
Hi =Y %H&’“% (6.8)

k=1
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with an associated effective evolution operator and equation
U (T) = ¢~ Hen™ (6.9a)

p = Ueat(7) pUl (7). (6.9b)

Thus, the kth-order quasi-Zeno Hamiltonian mediates kth-order transitions, where
the initial and final states are in the measurement subspace P, but the intermediate
states are not. Because of the dependence of each quasi-Zeno Hamiltonian’s contribu-
tion to the effective Hamiltonian on increasing powers of dt, each one is less significant
than that of the previous order, and the intimate dependence of QqZD on the mea-
surement timestep is evident. Indeed, given that the probability of the measurement
outcome belonging to a different subspace scales as §t?, the second-order quasi-Zeno
Hamiltonian is likely to be the only significant correction in practice.

Heuristically, we can see that since both the transition probability and the second-
order quasi-Zeno Hamiltonian have similar magnitude ~ Tr(PHQHPp)dt?, the QqZD
correction within a given subspace is of the same order as the probability to transi-
tion out of the subspace Thus, provided we are in the regime for which QqZD is valid
(i.e. this quantity is much less than unity), the relative magnitude of the correction
to the state at the time at which a transition ultimately occurs is approximately in-
dependent of t. The size of §t is still relevant however, as it governs the accuracy of
the approximate effective evolution operator (more accurate for smaller dt), the size
of the correction due to the higher-order quasi-Zeno Hamiltonians (decreasing with
dt), and the total timescales over which the QqZD evolution takes place (longer for
smaller §t). Note that the standard Zeno dynamics takes place on timescales indepen-
dent of dt. Because the QqZD correction is of a similar magnitude to the transition
probability, the quasi-Zeno deviation can become very non-neglible especially when
one considers long experimental runs, such as those where the measurement subspace

changes during the trajectory (see Section 6.3).



94 Quantum quasi-Zeno Dynamics

In the standard QZD regime, the effective Hamiltonian is simply the Zeno Hamil-
tonian Hél), which, being Hermitian, leads to unitary dynamics. Contrastingly, the
quasi-Zeno Hamiltonians are alternatively Hermitian and anti-Hermitian, and thus
due to the second-order quasi-Zeno Hamiltonian H (ZQ) being non-vanishing for any
non-trivial Hamiltonian and measurement operator when dt is finite, in the quasi-
Zeno regime the dynamics is non-unitary. Instead, the dynamics of the system will
tend towards the eigenstate(s) of H(ZZ) with lowest eigenvalue that can be accessed
by the dynamics from the (quasi-)Zeno Hamiltonians, and the decay in the norm of
the state corresponds to the survival probability of remaining in the measurement
subspace.

From the above, we have that the probability of a transition out of the measure-

ment subspace between times ¢ and ¢ + 0t is given by

P(P,t) = Tr(Hp(t)H(I — P))ot* + O(5t?)

~ Tr(HY p(t))st2. (6.10)

Thus, the total survival probability of remaining in the initial measurement subspace
after N measurements is given by [[_,(1 — P(P,ndt). For long times, the survival
probability will tend to zero, unless there is a state space which satisfies Tr( H éQ)p) = 0.
The second-order quasi-Zeno evolution causes the system to tend towards this state,
effecting a ‘natural selection’ of states, removing those for which the survival prob-
ability is lower, tending towards a steady state space. More generally, the evolution
tends towards effective steady states which minimise the rate of higher-order pro-
cesses the system undergoes, and hence those with the largest survival probability.
Such effective steady states are fragile, as they have a non-zero transition probability,

and so for longer times will eventually transition out of the measurement subspace.
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6.2 Interpretation and Example

Physically, the QqZD second-order terms involve a small but finite occupation of
an intermediate state between measurements, which is then removed by the projec-
tion of the subsequent measurement, provided that the locking of the measurement
eigenvalue is maintained. While there is an occupation of this intermediate state
between measurements, it can transition to other states that are accessible to it in
the non-measurement case. These transitions can either be to states also outside of
the measurement subspace (occupation of which is then removed by the next mea-
surement), or back into the original measurement subspace, though not necessarily
the original state, in which it may remain after the next measurement. Higher-order
terms involve transitions with additional intermediate states. When the time between
measurements decreases, the maximum amplitude for occupation of the intermedi-
ate states is also lessened, and hence the rate of transitions out of these states will
be attenuated. This is reflected in the form of the effective Hamiltonians and their
dependence on dt. In the infinitely-frequent measurement limit of QZD, there is
no occupation of the intermediate states, and thus there are no transitions beyond
first-order.

Because of the locking to the measurement subspace, occupation of the interme-
diate states is never directly observed. However, through the occurence of transitions
that take place via these states, their temporary occupation may be indirectly in-
ferred. As a result of this, and because the dynamics can be described by effective
Hamiltonians acting only on the measurement subspace (allowing a description of the
intermediate states to be omitted), intermediate states outside of the measurement
subspace can be viewed as virtual states, and consequently, transitions between states
in the measurement subspace that take place via such virtual states can be seen as vir-
tual processes. Similar effects occuring with continuous non-projective measurement

have been compared with Raman-like processes [8,205].
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Figure 6.1: Transitions via virtual processes. The quasi-Zeno Hamiltonians me-
diate transitions that occur via states outside of the measurement subspace, which
can be viewed as virtual processes. These can be compared with Feynman diagrams,
where instead of interactions occuring via virtual particles, we instead represent tran-
sitions occuring via the occupation of intermediate virtual states. Single vertex pro-
cesses (a) are described by the standard Zeno Hamiltonian H él), while higher-order
processes (b) with n vertices and n — 1 virtual states are mediated by the quasi-Zeno
Hamiltonian H (Zn). Transitions to a virtual state and back into the initial state can be
represented by loop diagrams (c), akin to the representation of self-interaction with

Feynman diagrams.

Y
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We can draw a visual analogy between these virtual processes and Feynman di-
agrams [Fig. 6.1]. Feynman diagrams [15], used as pictorial representations of in-
teractions in high-energy physics, depict interactions as being mediated by virtual
particles. We can construct a similar picture for the virtual processes of QqZD,
where the incoming and outgoing lines are the initial and final states in the mea-
surement subspace, the vertices are the transitions between states, and the internal
lines correspond to occupation of the intermediate states. In this representation, the
number of vertices corresponds to the number of transitions, and hence the order of
the quasi-Zeno process; transitions described by the Zeno Hamiltonian H (Zl) have one
vertex and no virtual states (as they do not require occupation of the intermediate
states), whilst transitions from the second-order quasi-Zeno Hamiltonian Hg) are
represented by two vertices and one virtual state. Second-order processes that return
back to the same initial state can be considered akin to self-interacting processes, giv-
ing rise to self-energy type contributions in the effective Hamiltonian. We note that
this analogy is purely intended as a graphical aid to interpret the transitions within
the QqZD framework, and we do not propose that the mathematics of the processes
typically represented by Feynman diagrams be directly mapped onto QqZD.

To further illustrate these virtual processes, we present a very basic toy model
consisting of the simplest system that can exhibit non-trivial QqZD: a three-state
system where two states possess a degenerate measurement eigenvalue. Consider such
a three-state system (such as a spin-1 particle), where we label the states {|1), |2), |3)}.
The system Hamiltonian is such that there are transitions with strength J;» between

states |1) and |2), and with strength .Jo3 between states |2) and |3):

0 J, 0
0 Jag O

Using our spin analogy, in the case where Ji5 = J3 this would correspond to the

application of a transverse field. A frequent measurement is made, which interrogates
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whether the system is in state |2), and thus the corresponding projectors are |2) (2|
and [1)(1|413)(3|. The Hamiltonian contains no direct transitions between states |1)
and |3), and thus in such a setup in the standard QZD scenario the Zeno Hamiltonian
vanishes: H g) = 0 and there is no dynamics. However, for measurements that are

finitely frequently spaced, as in the QqZD regime presented here, the second-order

quasi-Zeno Hamiltonian for the latter measurement subspace takes the form

HP = [P [1) (1] + JiaJas|3) (1] + Jip T3] 1) (3] + [ Jas[*[3) (3]

(NP T
‘<J12J23 sl ) (6.12)

and hence allows transitions between states |1) and |3), by sequentially undergoing
two transitions, to and from state |2), while this intermediate state is never observed
to be occupied, and thus the transition appears as a virtual process. We see also the
occurence of effective self-energy terms, from the [1) — |2) — [1) and |3) — |2) — |3)
transitions.

This simple example can be straightforwardly solved to find the steady state
to which QqZD drives the system. For Jio = Jo3 = J = J*, the eigenvalues of
Eq. (6.12) are 0 and 2\?, with associated eigenstates |—) = (|1) — |3))/v/2 and
[4+) = (|1) + |3))/v/2 respectively. Thus, according to standard QZD, a system
initialised in the state |1) = (|+) + |—))/v/2 subject to such a measurement will
remain in this state, while in contrast QqZD predicts the system evolution to be
(exp(—A%t6t)|+) + |—))/+/2, the decay in the norm representing the probability to
remain in the measurement subspace. Thus, according to QqZD, the long-term evo-
lution of the system is towards the state |—), provided the system remains in the
same measurement subspace, which occurs with probability 1/2. Interestingly, this
final state is a dark state of the original Hamiltonian (H|—) = 0), and hence once
this steady state is reached, the system will remain in it even if the measurement is

no longer performed.
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As three-level systems are routinely realised in a variety of experimental setups,
this example may also provide a useful schematic for an initial experimental demon-
stration of QqZD. Standard QZE and QZD have been tested and observed in a wide
range of different experimental setups, including ions [179], photons [180], nuclear
spins [181], atoms in microwave cavities [183], Bose-Einstein condensates [182,184],
and ultracold gases in an optical lattice [185]. Thus, there are a wealth of possible
candidate systems one could consider for an experimental verification of QqZD. An
experimental realisation of this regime would potentially be less taxing than similar
experiments of standard QZE and QZD, as the requirement on the time between
measurements is less stringent. Possible obstacles for such an experiment are the
need to maintain the coherence of the system for sufficiently long times to witness
the higher-order effects, and that for verification of these effects, a second observable
must be measured at the start and end of the protocol that can distinguish between

states in the measurement subspace.

6.3 Further Generalisations

In the above, we took the time between measurements to be equal for simplicity.
The generalisation to non-equal timesteps between measurements is straightforward.
The form of the quasi-Zeno Hamiltonians are unchanged, but the dependence on 0t
now leads to varying strengths of their contribution to the evolution between each
measurement. We can modify the effective evolution to account for this by including a
product over effective evolutions for all the different measurement timesteps. Taking
0t; as the time between measurements j — 1 and j, with Zjvzl 0t; = 7, this can be
written

(—ist))F

N
Usi(7) = [[ 550 =112, (6.13)
7=1

Considering only the terms up to O(dt) in the total evolution, we can neglect

those arising from the non-commutativity of the effective Hamiltonians for different
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timesteps as they occur at higher-order, suppressed by a factor 6¢; — 6¢;,, and hence

approximate

) N @)%
U = ez 7= 2= 27 50 (6.14)

With the evolution written explicitly in terms of each measurement timestep,
we can also clearly see how time-dependent Hamiltonians may be incorporated into
the formalism, in the case where they are approximately piecewise constant between
subsequent measurements. To do so, we generalise the definition of the quasi-Zeno
Hamiltonians to be H(Zk) (t) = PH(t)(QH(t))*"1P in the above effective evolution,
and impose appropriate time-ordering. This generalisation also allows for systems
where the measurement timestep depends on a stochastic process (for example, the
decay of a particle) to be described. If the variance in the timesteps for such a process
is sufficiently narrow, an ‘average’ trajectory may be considered by calculating the
moments (6t%), with an average number of measurements (N) = 7/(dt).

Thus far, we have taken the measurement outcomes to be constant. However, it
is possible to relax this condition, while still in the limit where measurement occurs
much more frequently than changes in the measurement outcome, and describe the
system evolution by a straightforward extension to the QqZD formalism. Between
changes in the measurement value, the system is described by the appropriate QqZD
effective evolution operator for the subspace. When the measurement eigenvalue
changes, from a value corresponding to the subspace with projector P to that of the

subspace with projector P’, the change in the state is
p— P'HPpPHP, (6.15)

from the leading term O(0t) allowing transitions out of the measurement subspace.
After the measurement, the system is again described by a QqZD effective evolution
operator, but now that corresponding to the new subspace. In an experimental run,
one can simply determine when such a change in subspace occurs by observing when

the measurement outcome changes.
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6.4 Application to Many-Body Systems

Many-body systems often possess interesting properties that are described by observ-
ables dependant on the collective state of multiple particles. Different configurations
of particles can still result in the same system-wide measurement value for this observ-
able, and such configurations hence correspond to the same measurement subspace.
This makes many-body systems a suitable arena for QqZD, and we shall here provide
examples of QqZD in many-body systems, along with the associated observables, and

show how this can lead to correlated dynamics.

6.4.1 Spin Chains

For the first example, we consider an array of spins in a chain [102], where each pair

of neighbouring spins is coupled by an exchange interaction SJ*S 1, such that the

410
full system Hamiltonian is

H=-7Y 8}S; (6.16)
(i5)

where J is the coupling strength of the interaction and (ij) again indicates that
i and j are neighbouring sites. We take the total magnetisation (the sum of SZ
values) of a set of sites as our measurement, such that the subspaces are defined by
sets of states with the same magnetisation in this region (see Fig. 6.2(a)). Dynamics
changing this magnetisation are forbidden by the Zeno-locking, and thus the standard
Zeno Hamiltonian contains only spin-exchange between neighbouring spins with either
both, or neither, in the measured regions.

However, the higher-order quasi-Zeno Hamiltonians mediate correlated spin-exchange
events, where multiple pairs of spins flip approximately simultaneously between mea-
surements, conserving the total magnetisation measured. The second-order quasi-
Zeno Hamiltonian can be written

HY =7 S (SFS7SpSF+S787S¢s)). (6.17)

(ieA,jeB)
(k€ A,lEB)
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Figure 6.2: Correlated processes in spin chains. Multiple configurations of spins
(a) belong to the same measurement subspace Processes that ultimately preserve

measurement value is given by the total magnetlsatlon of the green regions.

This mediates two such correlated exchanges, involving only pairs that straddle the
boundaries of the measured A and unmeasured B regions. These processes can be
classed in two forms: in the first, both exchanges happen between the same pair, but
in opposite directions, thus leaving the individual spins unchanged; in the second,
the two pairs are distinct, with one exchange increasing the total magnetisation of
the measured region, while the other decreases it. These processes are illustrated in
Fig. 6.2(b). In the latter case, there is no restriction on the spatial separation of the
two pairs, and hence these processes can be correlated over long distances; this then
resembles a superexchange interaction [103,104], but with the potential for a larger

separation between the pairs.

6.4.2 Atoms in Optical Lattices

Analogous processes can be mediated for atoms in an optical lattice. Consider the

state-of-the-art systems we earlier studied, where optical cavities are introduced to
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the system, which allow for linear functions of the site occupation numbers to be
measured. We investigate the scenario where atoms behaving according to the Bose-
Hubbard model Eq. (2.47) are subject to such measurement. This measurement will
restrict the allowed tunnelling events, forbidding those that change the measurement
value, and correlating sets of tunnelling events that together preserve it. In Fig. 6.3(a)
we illustrate how measuring the total occupation of a central region mediates long-
range correlated tunnelling events across the boundaries of the region. The Zeno
Hamiltonian is given by

(> b+ D> ol +UZbTb*bb (6.18)

(ieA,jeA) (ieB,jeB)

while the second-order quasi-Zeno Hamiltonian is given by

HY =72 3" (bibdlb + blbbjb), (6.19)

(ieA,j€B)
(keB,leA)

where A and B again represent the measured and unmeasured regions respectively.
Terms where {7, j} and {[, k} are identical can be re-expressed as chemical potential
and density-density interaction terms J2(2n;n; + n; + n;).

We can also consider a scenario where the difference in occupation numbers of
particular sites is measured. This is illustrated in Fig. 6.3(b). In this case, we
define three regions: A measured, with a positive contribution; B unmeasured; and
C measured, with a negative contribution. The Zeno Hamiltonian is then

(> b+ > b+ D bl +UZbTbTbb (6.20)

<zeA,geA> (ieB,jeB) (zeC,j€C)
and the second-order quasi-Zeno Hamiltonian

HY =72 Y blodib+ D bbb+ > blbblh+ > blbblbith.c).
(ieA,jeB) (icA,jeB) (ieB,jeC) (ieA,jeC)
(keC,leB) (keB,leA) (keC,leB) (keC,leA)

(6.21)

In H (ZZ), the first term mediates pair-process like effects, where two particles either

enter or leave the unmeasured region approximately simultaneously. The other terms
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Figure 6.3: Correlated atomic processes. (a) Frequent, consistent measurement
of the occupation of a set of sites facilitates correlated tunnelling of atoms over the
boundaries of the measured region, while (b) measuring occupation number differ-
ences gives rise to pair process-like effects. Coloured boxes indicated the measured
regions and their contributions (green positive, blue negative), and arrows the same
colour indicate correlated tunnelling events.

correspond to the simultaneous crossing in opposite directions of two particles across
the boundaries of each pairing of regions.

We use a small-scale simulation to demonstrate these effects, with the scheme
of Egs. (6.18) and (6.19). This simulation is for two atoms distributed across four
lattice sites, with the total occupation of the two central sites measured, and fixed at
Ny + N3 = 1. We take a measurement timestep dt.J = 1072, well within the Zeno-
locking regime, and consider no direct interparticle interactions: U = 0. We calculate
the evolution of the system for the QqZD effective Hamiltonian, the exact evolution,
and the standard QZD evolution on a trajectory where the measurement outcome
is unchanging [Fig. 6.4]. We see that there is a very close agreement between the
effective (a) and exact evolution (c), as shown by their difference (d). They exhibit
the tunnelling between the central sites (as per standard QZD), as well as the transfer
of atoms mediated by the quasi-Zeno dynamics between the two outer sites due to
correlated tunnelling, and the convergence to a (set of) steady state(s). In contrast,
the standard QZD evolution (e) completely fails to capture the correlated tunnelling

and convergence to a steady state, showing only the tunnelling between the central

sites. We also show (b) the survival probability for the system to remain in the
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Figure 6.4: Simulation of correlated many-body dynamics: (a) Simulation of
an effective Hamiltonian for atoms in an optical lattice, for the scheme of Eqs. (6.18)
and (6.19) and Fig. 6.3(a), showing first- and second-order processes. Colour map
shows average site occupation. (b) Survival probability for the system to remain
in the same Zeno subspace. (c¢) Exact evolution of the same system. (d) Difference
between results for exact and effective evolution; the primary error is in capturing the
first-order dynamics, and scales linearly with ¢ (see main text). (e) Evolution under
the Zeno Hamiltonian of QZD for the same system fails to capture the correlated
processes. Simulations use 4 sites, 2 atoms, 6tJ = 1072, U = 0, with measurement
imposing the constraint Ny + N3 = 1. Initial state |1, 1,0, 0).
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Zeno subspace; we see that while the full convergence to the steady state takes a long
time (with such trajectories occuring with low probability), the additional quasi-Zeno
dynamics can still take place on timescales for which Zeno-locking is maintained with
a high probability. The lower probability to reach the steady state (in comparison to
the three-state example given in Section 6.2) is in part because of the competition
between the first- and second-order dynamics, as the system can be in states for
which (second-order) quasi-Zeno dynamics do not take place (e.g. |1,1,0,0)), but
leakage from the measurement subspace still can; the standard Zeno dynamics causes
transitions between such states and the states for which the quasi-Zeno dynamics do
take place (e.g. |1,0,1,0)).

The primary quantitative disagreement between the exact and approximate effec-
tive evolution is in capturing the first-order processes. This is because of the discrep-
ancy between the exact binomial series, and the approximate effective exponential
power series. Naively, one can argue this error to be O (H(Zl)zt(st) (up to a maximum
of the largest occupation of the site), because for each quasi-Zeno Hamiltonian the
discrepancy is in its associated second-order term in the evolution, thus making the
Zeno Hamiltonian H él) responsible for the primary level of error. However, the con-

vergence to a steady-state supresses the dynamics, and so curtails this error to some

maximum value due to the damping of the accessible state space in time by H (ZQ).



Chapter 7

CONCLUSION

We conclude this thesis with a summary of the main results found, and provide an
outlook for future work building upon them. We also comment on the prospects for

experimental implementations of the protocols discussed.

e In Chapter 3 we introduced a new protocol for measuring moments of an op-
erator that describes the coupling between two systems. This protocol enables
properties of one system to be inferred by measurements solely on the other.
We provided a specific system in which this protocol would find use, wherein the
system of interest is an ultracold quantum gas, the ancillary measured system is
an impurity atom, and the moments determined are of the system density (and
corresponding variances and correlations), as unlike current methods, the proto-
col can be non-destructive. We demonstrated the feasibility of the protocol for

this application by simulating such an experiment using realistic parameters.

As discussed in the chapter itself, the most obvious extension to this work would
be to find further system-probe interactions that can be implemented with the
protocol, and we suggested some such specific examples, namely, spin-sensitive
density coupling to determine magnetisations, probes with periodic density to
measure momentum densities, and density-dependent tunnelling to measure
currents. Other possible routes for extension include finding applications of

the protocol to other systems, and considering ancilliary measurement systems

107
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Conclusion

beyond qubits; with regards to the latter point, a recent proposal [206] that
may find promising use here has considered replacing the control qubit with a
continuous-variable quantum mode, which may lead to yet further properties of

the system that may be measured.

In Chapter 4 we demonstrated how light modes can be used to imprint a multi-
mode structure onto atomic systems, beyond simple lattice trapping potentials.
We showed that when these light modes are quantum fields, for instance when in
a cavity, then detection of these light fields can be used to mould the state of the
atoms according to this structure. We presented as particular examples of this
state engineering how multimode analogues of down-conversion, squeezing, and
Dicke states could be produced, in addition to showing how long-range atomic
entanglement could be generated deterministically by light measurement. We
also proposed how the multimode matter structure could be purposed to detect

and measure entanglement between atomic modes.

As we only covered a subset of the possible measurement schemes that can be
implemented by adjusting the highly flexible optical geometry, this treatment
can be extended further, to consider other light modefunctions, and engineer
additional types of states. The use of the matter mode structure to partition
the physical lattice into multiple non-interacting systems might also potentially
be used further, for example, to measure other non-linear functions of a state
beyond entanglement and entropies. Beyond this, an evident further application
of the matter mode structure is for engineering the atomic dynamics, as we

introduced in Chapter 5.

In Chapter 5 we investigated the effective dynamical processes induced in the
atoms by their interaction with the light in optical cavities. We characterised the
processes, which include long-range density-density interactions and correlated

tunnelling events. We exploited the matter mode structure as a way to control
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and tune these dynamical processes, and thus proposed how the cavity-induced
processes may be used to synthesise desirable atomic dynamics for quantum
simulation. We provided a series of building block components using these
ideas, such as reservoir models and dynamical gauge fields, that can be pieced

together to form increasingly complex Hamiltonians.

Further work building on this could go down several routes. The first would
be to investigate other dynamical processes that can be induced by the cavity
backaction. Thus far we have not considered the interplay between the on-site
and inter-site terms, in the case where both such terms are non-neglible. Such
cross-terms may be expected to lead to long-range density-dependent tunnelling
type interactions. Another route would be to expand the building block bes-
tiary to include additional effects that can be incorporated. Alternatively, one
could proceed further by putting the building blocks together to form exotic
Hamiltonians of interest to study. Finally, the synthetic Hamiltonians that can
be generated in this way should be solved, at least in tractable limits, in order

to provide direct experimental predictions for novel phenomena.

As the fully-quantum light-matter interaction Hamiltonian considered in this
and the previous chapter is essentially mediated by off-resonant scattering type
processes, other systems based on a similar transition structure between states
may prove a fertile test-bed for these ideas and protocols, or similar suitably
adapted analogues. Such systems include molecules [207], fermions [208], spins

[209], ions [25], and semiconductor [210] and superconducting qubits [211].

In Chapter 6 we generalised Zeno physics to the regime where the measure-
ments, though still very frequent, are finitely spaced in time. We showed that
this leads to additional dynamics, where between measurements, the system

temporarily violates the frozen measurement value, then returns to the original
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subspace, before the subsequent measurement. We derived effective Hamilto-
nians to describe this evolution, and showed that in many-body systems these

dynamics correspond to correlated processes.

An obvious next step would be to experimentally verify the predictions of QqZD.
As outlined in the chapter, a three-state system with a degenerate measurement
operator is sufficient for this purpose, and there are thus many systems appropri-
ate for this, as we will discuss below. On the theoretical side, possible avenues
for future investigation include studying the effect of variable measurement
timesteps, how this may be used to ‘steer’ the system evolution towards partic-
ular states, and increase the robustness of the preservation of the measurement
outcome, and also to find applications of the correlated processes generated in

this regime.

As a final thought, it is perhaps worth noting the rapid advancement in experimen-
tal techniques and quantum technologies. Consider the example of ultracold gases,
in which 25 years ago Bose-Einstein condensation had not yet been realised. Since
then, not only has this been achieved [212,213], but it has even become commonplace
in many laboratories, which have vastly built upon this to incorporate additional
aspects, such as optical lattices and optical cavities, and even their union. With
this in mind, it is not unreasonable to suggest that we have entered a golden age of
quantum technologies, making this work a timely contribution to a burgeoning field.
Gleefully, one can look forward with much anticipation to the discoveries and wonders
yet to emerge in the field in the coming years and decades, as the power of quantum

mechanics is harnessed.
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