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SUPPLEMENTAL MATERIAL: SYNTHETIC Z2 GAUGE
THEORIES BASED ON PARAMETRIC EXCITATIONS OF

TRAPPED IONS

Supplementary Note 1: Background gauge fields and trapped
ions

Parametric tunnelling and synthetic dimensions

Given the importance of the idea of parametric tunnelling
for the quantum simulation schemes of dynamical gauge the-
ories presented in the main text, we present in this Appendix a
detailed discussion, an its application to ion crystals. We start
in a general setup by considering a set of bosonic/fermionic
particles that can be created and annihilated by operators
a†

d ,ad with the corresponding commutation/anti-commutation
algebra, where d 2 D labels a specific degree of freedom of
these particles. In the context of quantum many-body models
and lattice field theories, the indexing set D typically contains
the positions of a microscopic lattice in which the particles
can reside, as already mentioned in the introduction. In this
context, the geometry of the lattice determines the kinetic en-
ergy of the microscopic Hamiltonian, which is described by
a tunnelling term tdd0a†

dad0 , where tdd0 is the hopping matrix
element between a pair of sites labeled by d 6= d0. Typically,
these tunnelings decay very fast with the distance, and one
only considers nearest neighbours, such that the connectiv-
ity of the lattice, i.e. the edges/links of a graph, gets directly
in-built in the tunnelling matrix. Additionally, in condensed
matter, d 2 D can contain other internal degrees of freedom,
e.g. spin of the valence electrons. In the context of synthetic
dimensions, it is these extra degrees of freedom that provide
us with a new means to engineer a synthetic dimension.

The idea of synthetic dimensions is that the effective con-
nectivity of the tunnelling matrix can be externally designed
by introducing additional periodic drivings. These, in fact,
induce new couplings that can be interpreted as effective
edges/links even when the corresponding degrees of freedom
are not related to any Bravais lattice at all. A possible scheme
uses a parametric tunnelling, as illustrated now with a simple
example. We consider two modes d 2 D = {1,2} of energies
wd ( h̄ = 1 henceforth), such that the bare Hamiltonian is

H0 = w1a†
1a1 +w2a†

2a2. (73)

One now adds the following parametric excitation

V (t) = Wda†
2a1 cos(fd �wdt)+H.c., (74)

where Wd, wd, and fd are the amplitude, frequency, and phase
of the drive, respectively. In the parametric regime, i.e.,

wd = w2 �w1, |Wd| ⌧ 4|w2 �w1|, (75)

one can show that an effective tunnelling term between both
modes is induced by the drive. Going to the interaction pic-
ture with respect to Eq. (73), it is straightforward to recognise
that the resonance condition of Eq. (75) provides the required
energy to bridge the gap between the modes and couple them.

Additionally, when the driving amplitude is constrained by
Eq. (75), a rotating-wave approximation shows that the mode
coupling VI(t) ⇡ Heff becomes a time-independent effective
Hamiltonian with a simple frequency-conversion term

Heff = t1,e1
a†

2a1 +H.c., with t1,e1
=

Wd

2
eifd . (76)

In the context of synthetic dimensions, one finds that a non-
zero tunnelling has been established, which could be under-
stood as a new connectivity link of a synthetic lattice. This
tunnelling t1,e1

is labelled by the synthetic lattice site index
1 from which the particle departs, and the unit link vector e1
that connects it to the lattice site 2, into which the particle tun-
nels. In this simple case, accordingly, the synthetic lattice is
just composed of two sites labelled by the indexes of the mode
frequencies. We note that, for a single link, the complex phase
of the tunnelling is trivial and has no dynamical consequences,
i.e. it can be readily gauged away by a local U(1) transforma-
tion acting on the modes. However, this parametric scheme
can be generalised to a larger set D , in which the complex
phase of the effective tunnelling (76) may have non-trivial
consequences. As discussed in [170, 172], one can create syn-
thetic lattices in a way that, when the particle tunnels around
a closed path g , it gains a non-zero phase Â`2g f` = FAB that
simulates a synthetic Aharonov-Bohm phase. Even if the par-
ticles have a vanishing charge, their tunnelling resembles that
of a charged particle in an external magnetic field via the so-
called Peierls’ substitution [287], which originally concerned
electrons in a narrow-band material subjected to a perpendic-
ular magnetic field [288]. The quadratic lattice models with
Peierls’ phases provide a playground for studying the integer
quantum Hall effect and topological band theory [289]. We
discuss this point in detail below.

Peierls ladders with trapped-ion chains

So far, we have not yet discussed how the parametric
term (74) can be created and controlled in a specific physi-
cal system. The parametric scheme has been implemented in
arrays of superconducting circuits [172] but, to the best of our
knowledge, its realisation in trapped-ion crystals has not been
discussed so far. We now describe how to exploit this method
to build a quantum simulator of a bosonic quantum Hall ladder
using the transverse vibrations of a chain of N trapped ions in
a linear Paul trap [290]. This will prepare the ground for the
scheme of dynamical Z2 gauge fields discussed in the main
text, which exploit similar concepts with a new twist.

Following [244–246], for a linear Paul trap with trap fre-
quencies wz ⌧ wx,wy, the ions form a linear chain along the
z-axis (see Supplementary Figure 1). The transverse vibra-
tions of each ion [291] around its equilibrium position are de-
scribed by

H0 = Â
d

wd a†
dad + Â

d 6=d0
tdd0a†

dad0 . (77)

Here, the labelling index reads d = (i,a) 2 D , and the set
D contains the label for the ions in the chain i 2 {1, · · · ,N},
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Supplementary Figure 1. Transverse vibrational excitations:
Schematic representation of an ion chain in a linear Paul trap. In
the insets, we represent the transverse local vibrational excitations of
a single ion in the chain.

and the label for the two possible directions of the vibrations
transverse to the chain a 2 {x,y}. In addition, a†

d ,ad are the
bosonic creation-annihilation operators for the corresponding
local vibrations around the equilibrium positions of the ions
rrr0

i , which we have assumed to be aligned along the null of the
radio-frequency (rf) pseudo-potential of the linear Paul trap,
such that excess micromotion can be neglected [292]. Addi-
tionally, the modulation frequencies to be introduced below
must be much lower than the rf driving of the trap to also
neglect the intrinsic quantum-mechanical micromotion [293].
As discussed in [246], the expansion of the Coulomb interac-
tion to second order leading to Eq. (77) does not mix the x,y
modes, and one finds that the tunnelling matrix decay with the
inter-ion distance following a dipolar law

t(i,a)( j,b ) =
1

2mwa

e2

8pe0|rrr0
i � rrr0

j |3
da,b , (78)

where m is the ion mass, e0 the vacuum permittivity, and da,b
is the Kronecker delta. The on-site energies are related to the
effective trap frequencies wa of the time-averaged pseudo-
potential [291] by the following expression

wi,a = wa � Â
j 6=i

1
2mwa

e2

8pe0|rrr0
i � rrr0

j |3
. (79)

Since the Hamiltonian of Eq. (77) has a global U(1)⇥U(1)
symmetry under ad 7! eij ad , a†

d 7! e�ij a†
d , the total number

of transverse vibrational excitations along each trap axis is in-
dividually conserved. Although phonons in crystals typically
refer to the excitations of the collective vibrational modes, it
is customary to refer to these local vibrational modes also as
phonons in the trapped-ion community, and we have followed
this convention in the main text. The novelty with respect to
the crystal phonons underlying the transverse sound waves in
elastic solids [294] is that, since the phonon number is con-
served when |tdd0 | ⌧ 2wa [291], we can thus think of these

transverse vibrational excitations as particles localised to each
of the ions. Just like electrons on a solid, the phonons tend to
spread over the chain due to the dipolar tunnelling of Eq. (78).
We note that the dynamics of these local phonons due to the
effective tight-biding Hamiltonian of Eq. (77) has been ob-
served in various trapped-ion experiments [180, 295–302].

Let us now discuss how to exploit parametric excitations
to realise synthetic phonon ladders subjected to an effective
background gauge field. There have been some prior works
on trapped-ion parametric drivings which, to the best of our
knowledge, have focused on rather different goals. For in-
stance, in [303], parametric modulations are used to design
cooling and detection methods for the spectroscopy of a sin-
gle trapped electron and proton, as well as for squeezing and
linear amplification. The former requires a parametrically-
modulated quadrupole potential that couples two different vi-
brational directions [304], whereas the latter employs a pe-
riodic modulation of the trap frequencies, and can thus be
achieved by applying an additional oscillating potential to the
rf trap electrodes. Parametric modulations can also be ob-
tained optically, exploiting the cross-beam ac-Stark shift of a
pair of far-detuned laser beams [224, 305]. Although the para-
metric modulations obtained through the electronic equipment
have led to larger amplification in recent experiments [306],
we stick to optical ones in our work, as they are more flexible
for the generation of synthetic gauge fields.

Our goal is to interpret the transverse vibrational directions
of Supplementary Figure 1 as a new synthetic “dimension”.
Note that, however, the x and y directions are decoupled at
this quadratic order (Eq. (78)), such that the Hamiltonian of
Eq. (77) describes two decoupled dipolar chains. We now
discuss how a parametric excitation of the tunnelling can be
induced, and how this term can be used to derive a model
with couplings between the two chains, such that the global
symmetry reduces to U(1)⇥U(1) 7! U(1), and only the total
number of transverse vibrational quanta is conserved. We will
see that, from this perspective, the phonons move in a syn-
thetic two-leg ladder and, moreover, argue that they can also
be subjected to an effective Peierls’ phase mimicking the mi-
croscopic model for charged particles under external magnetic
fields. We consider that each ion is illuminated by a global
two-beam laser field, the beat note of which is far detuned
from any electronic transition [224]. The ions, all prepared
in the same internal state of the ground-state manifold [307],
thus experience an ac-Stark shift that yields the following op-
tical potential

V (t) = Â
n,n0=1,2

N

Â
i=1

Wn,n0ei(kkkL,n�kkkL,n0 )·rrri�(wL,n�wL,n0 )t +H.c..

(80)
Here, wL,n(kkkL,n) is the frequency (wave-vector) of each beam
n 2 {1,2} of the global laser field, and Wn,n0 = �WL,nW⇤

L,n0/4D
is the ac-Stark shift arising from two-photon processes. In
those processes, a photon is absorbed from the n-th beam by
the i-th ion with the Rabi frequency WL,n and a large detuning
D, such that the ion is only virtually excited. Subsequently,
the ion is de-excited to the same internal state by emitting a
photon onto the n0-th beam [224].
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In addition to the standard ac-Stark shifts in Eq. (80), i.e.
terms with n = n0 that contribute with an energy shift DEac =
Ân Wn,n, one also obtains crossed beat note terms that lead
to periodic modulations in space (time) when the laser wave-
vectors (frequencies) are not co-linear (equal). In this case,
one defines the beat note wave-vector and frequency as kkkd =
kkkL,1 � kkkL,2, and wd = wL,1 � wL,2, respectively. Noting that
the ion positions can be expanded in terms of the local phonon
operators via rrri = rrr0

i +Âa ea
1p

2mwa
(ai,a +a†

i,a), where ea is
the unit vector in the direction of the transverse ion vibration
a , one can substitute and expand the optical potential (80) in
the so-called Lamb-Dicke regime

ha = kkkd · ea/
p

2mwa ⌧ 1. (81)

The Taylor expansion of Eq. (80) then leads to a sum of terms
with all possible powers of the phonon operators. By choosing
the correct beat note frequency, it is possible to select which
of them brings in the leading contribution. In particular, for

wd = wy �wx, |Wd| ⌧ |wy �wx|, (82)

where we assume that |wx � wy| ⌧ wx,wy, a rotating-wave
approximation shows that the optical potential contains the
desired parametric excitation of a tunnelling term that gener-
alises Eq. (74) to an arbitrary number of lattice sites, namely

V (t) ⇡ Â
i

DEac +Â
i

Wd cos(fi �wdt)a†
i,yai,x +H.c., (83)

where we have introduced the parameters

Wd = |W1,2|hxhy, fi = kkkd · rrr0
i + arg(�W1,2). (84)

Note that, due to the constraints in Eq. (82), we have neglected
other contributions in the Lamb-Dicke expansion.

One can readily see that, in addition to the irrelevant ac-
Stark shift DEac, we have obtained a parametric modulation
like Eq. (74) that involves simultaneously all of the ions in the
chain. Repeating the same arguments as in the simple two-
mode case (Eq. (74)), one finds that the parametric drive can
activate the tunnelling of a phonon along the new synthetic
direction (see Supplementary Figure 2 (a)), such that the
tunnelling matrix of Eq. (78) becomes tdd0 7! t̃dd0 with

t̃(i,a)( j,b ) = t(i,a)( j,b ) +
Wd

2
eiea,b f j di, j(1�da,b ), (85)

Here, in addition to the Kronecker delta, we have used the
fully anti-symmetric tensor defined as ex,y = �ey,x = 1, ex,x =
ey,y = 0. By making the following identification

ai,x,a
†
i,x 7! aie1

,a†
ie1

, ai,y,a
†
i,y 7! aie1+e2

,a†
ie1+e2

, (86)

we obtain, in the interaction picture, a tight-binding model for
bosons in a synthetic two-leg ladder

Heff = Â
iii

Â
`̀̀2L {iii}

tiii,`̀̀a†
iii+`̀̀aiii . (87)

i � 1 i i + 1 ��� = x

� = y

tix,jxtiy,jy �d
2 ei�j

��AB
ai,x

a†
i,y

�d
2 ei�j

a

b c

e1
e2

d

Supplementary Figure 2. Synthetic dimensions in trapped-ion
chains: (a) Schematic representation of a synthetic Peierls ladder.
The sites of the upper and lower legs of the ladder represent the lo-
cal vibrations of the ions along the x and y transverse directions, re-
spectively. The dipolar tunnelings (78) are represented by intra-leg
links that connect distant ions. The resulting parametric tunnelings in
Eq. (88) are depicted by the vertical inter-leg links, and correspond to
the frequency-conversion process of (b). (c) For a pair of ions, the ef-
fective rectangular plaquette can lead to a net Aharonov-Bohm phase
FAB (89) for a phonon that tunnels along the corresponding synthetic
links. (d) For FAB = p , there can be perfect destructive interference
for the phonon, which mimics the Aharonov-Bohm interference of
an electron that travels around an infinitely-thin solenoid.

Here, a boson at the synthetic lattice site iii can tunnel hori-
zontally or vertically to the site iii+ `̀̀ along the synthetic links
labelled by `̀̀ 2 L {iii}. The tunnelling amplitudes read

tie1,`e1 = t̃(i+`,x)(i,x), tie1,e2 =
Wd

2
e+ifi ,

tie1+e2,`e1 = t̃(i+`)(y;i,y), tie1+e2,�e2 =
Wd

2
e�ifi .

(88)

In comparison to the parametric tunnelling of Eq. (74),
which also leads to a tunnelling strength with a complex phase
(see Eq. (76)), we see that the current scheme leads to a site-
dependent phase as a consequence of the spatial modulation of
the optical potential (80), as depicted in Supplementary Fig-
ure 2(b). This inhomogeneity can be exploited, as depicted
in Supplementary Figure 2 (c), to induce an effective Peierls’
phase, such that the phonons in the synthetic ladder mimic
the dynamics of electrons under a magnetic field. In fact, if
the local phonon tunnels around the smallest rectangular pla-
quette tie1,e1t(i+1)e1,e2t(i+1)e1+e2,�e1tie1+e2,�e2 µ eiFAB, it gains
a net phase that can no longer be gauged away as in the sim-
ple two-mode case of Eq. (76). In fact, this phase is analogous
to the Aharonov-Bohm phase [169] for electrons moving in a
plane under a perpendicular magnetic field

FAB = kkkd · (rrr0
i+1 � rrr0

i ) =: 2p FB

F0
, (89)

where FB =
R
⇤ dSSS · BBBbg is the flux of an effective magnetic

field BBBbg across the plaquette ⇤, and F0 = h/e is the quan-
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tum of flux. As a consequence of this flux, which can be
controlled by tilting the laser wave-vector with respect to the
ion chain, one could for instance observe Aharonov-Bohm de-
structive interference for FAB = p , in which a single phonon
cannot tunnel two sites apart along a synthetic plaquette (see
Supplementary Figure 2 (d)). Let us note that this Aharonov-
Bohm interference occurs at the level of phonons, which have
a zero net charge, and thus differs from the interference of
charged ions tunnelling between two different crystalline con-
figurations, neatly observed in experiments with a real mag-
netic field [308].

For larger ion crystals, the analogy with a homogeneous
magnetic field is still valid in spite of the existence of dipo-
lar tunnelings, provided that the equilibrium positions of the
ions are equally spaced. The equal spacing can be achieved
by designing arrays of individual traps with micro-fabricated
surface-electrode traps [247–259], by introducing anharmonic
confining potentials in segmented ion traps [309–313], or in
ring traps [314, 315]. Let us note that, even if one achieved an
homogeneous spacing, the longer-range nature of the tunnel-
ings imply that the excitations can now enclose larger plaque-
ttes potentially changing the interference phenomena. In the
pi-flux case, the next-to-nearest neighbour tunnelling leads to
plaquettes with zero flux, which may challenge the existence
of the perfect destructive interference of Supplementary Fig-
ure 2 (d). Nevertheless, these larger plaquettes are enclosed
at a considerably slower pace, as the tunnelling strengths de-
cay with the cube of the distance (78). We have numerically
observed that an almost perfect Aharonov-Bohm interference
can still occur when considering how a phononic excitation
travels between opposite corners of the synthetic ladder [316].

Let us close this Appendix by highlighting that the effec-
tive magnetic field underlying Eq. (89) is not a true dynamical
magnetic field, but rather a fixed background field. One can
indeed push the analogy to the level of the vector potential us-
ing BBBbg = ——— ⇥ AAAbg, but the U(1) gauge field AAAbg would still
be a background field, the dynamics of which can only be
fixed externally, and has nothing to do with Maxwell electro-
dynamics. In the main text, we describe how this scheme of
parametric tunnelings can be generalised to get closer to this
situation, and be able to explore lattice gauge theories.

Supplementary Note 2: Dynamical gauge fields and trapped
ions

Dipole light-shift scheme

In this Appendix, we consider a 88Sr+ ion confined in the
setup presented in Refs. [228, 229], an provide a more de-
tailed discussion of the specific experimental parameters, and
the errors that arise in the analog scheme for the Z2 gauge link
QS. The secular frequency of the axial in-phase mode can be
set to wz/2p = 1.2MHz, while the radial secular frequency
is wx/2p = 1.9MHz. The qubit states |"1i , |#1i can be de-
fined by two ground state levels of the 5S1/2 manifold shown
in Supplementary Figure 3. For such a ground state qubit,
the light shifts are created by a far-detuned dipole-mediated

Supplementary Figure 3. Beam configurations for the light-shift
scheme: We consider the ground state qubit (cyan lines) and the
optical qubit (magenta) in 88Sr+. The gauge-invariant tunneling for
the ground state qubit is created via two far-detuned dipole-allowed
Raman transitions of detunings D and D + d , depicted by black ar-
rows, that virtually couple the qubit states in the S1/2 level to an ex-
cited state in the P3/2 level. Fpr the optical qubit, these far-detuned
Raman transitions are quadrupole-allowed, and virtually couple the
S1/2 level to a metastable state in the D5/2 level. When the beat note
of the two tones d is on resonance with the difference of two secu-
lar trap frequencies, we attain the desired state-dependent parametric
tunneling.

Raman transition [227]. The two beams are assumed to be
counter-propagating kkkL,1 = �kkkL,2 =: kkk, such that the beat note
wave-vector is kkkd = 2kkk. Moreover, we assume that the an-
gle between kkkd and the axial mode (z) is 45�, while the angle
with respect to the transverse mode (x) is 60�.The two Raman
beams at near l = 402 nm are detuned by D/2p = 10 THz
from the S1/2 $ P3/2 transition (see Supplementary Fig-
ure 3). The Lamb-Dicke factors (81) of the two motional
modes are hz = 2 ⇥ 0.077 and hx = 2 ⇥ 0.043. In this sys-
tem, light shifts of up to W1,2/2p = 1.1 MHz can be achieved.
In the full Hamiltonian (16), we set the beam detunings to
d = wx � wz, resulting in a beat note frequency of wd = d in
Eq. (82). These parameters lead to an estimated coupling of
W1,2/2p = 1.1MHz, which sets the timescale of the targeted
dynamics shown in 7 of the main text.

In this figure, there is a clear agreement with small devia-
tions from the expected dynamics of the Z2 gauge link. To
quantify these deviations in more detail, we numerically solve
the trapped-ion evolution, starting in |Li (9), where we apply
the interaction for a duration t = Dtex such that, by the end of
it, the overlap squared to the desired state |Ri is maximised.
If we consider only the idealised tunneling term, Eq. (21), the
exchange duration would be given by Dtex = p/2t1,e1 . In the
simulation of the more realistic trapped-ion case, there are ad-
ditional terms neglected in the ideal case that can change the
optimal exchange duration. We thus find Dtex by maximis-
ing the fidelity F (t) = |hR|y(t)i|2 of achieving the desired
state |Ri. We also calculate the expectation value of the lo-
cal symmetry generators (7) for hG1(t)+G2(t)i/2 to check
if the effective gauge symmetry is fulfilled. Moreover, when
introducing the electric field with magnitude h in the simula-
tions, we plot the maximum contrast C in the oscillations of
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Supplementary Figure 4. Light-shift Z2 tunneling with Raman
couplings: Numerical simulations of the exchange duration Dtex
(upper panel), state infidelity 1 � F (middle panel), and Gauss’
symmetry operator hG1 +G2i/2 (lower panel) as a function of the
two-photon light shift W1,2 for dipole-allowed couplings (left col-
umn) and quadrupole-allowed couplings (right column). The results
are shown for the full Hamiltonian (16) (black) and the idealized
invariant-gauge tunneling (21) (green). The green solid line in the
upper panel is the analytic dependence of the exchange duration on
W1,2, extracted from Eq. (23). For both the full and ideal Hamil-
tonian the expectation value of the symmetry operator is consistent
with 0, down to 10�3.

sx(t) (11). Thus, we can evaluate the reduced tunneling proba-
bility caused by the energy penalty for stretching/compressing
the electric field line as one increases h > 0.

In Supplementary Figure 4, we present simulations of the
resulting hopping duration Dtex, the fidelity error 1�F (t) and
the gauge-invariance operator hG1(t)+G2(t)i/2 as a function
of applied light shift W1,2, which can be increased by using
higher laser intensities or lower Raman detunings in order to
obtain a faster gauge-invariant dynamics (23). When compar-
ing the dynamics of the full Hamiltonian to the ideal gauge-
invariant tunneling (23), we observe excellent agreement with
Dtex = p/2t1,e1 . The fidelity error and the symmetry opera-
tor hG1(Dtex)+G2(Dtex)i/2 also remain very low even when
including the trapped-ion additional terms such as the off-
resonant carrier, which underlies the adequacy of the consid-
ered parameters for this specific scheme. We can achieve an
effective tunneling rate of up to 7.1 kHz inferred as 1/(4Dtex).

To achieve large tunneling rates given the achievable W1,2
of current systems, and the low coupling rate of the second-
order process µ hxhz (23), one needs to push the parameters
to a regime that violates the d � |W1,2| requirement. This
results in off-resonant driving of spurious interactions, most
prominently direct off-resonant carrier coupling. As men-
tioned above we minimise this effect by employing adiabatic
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Supplementary Figure 5. Light-shift Z2 tunneling with a non-
zero electric field: we simulate the hopping duration, contrast C

and symmetry operator hG1 +G2i/2 as a function of electric field
strength h relative to the two-photon light shift W1,2 of the dipole-
allowed transitions. The results are shown for the full Hamilto-
nian (16) (black), including the additional carrier driving (3) with
a modified resonant condition (28). We also show the results for
the ideal gauge-invariant Hamiltonian (29) (green). The green solid
line is the analytic dependence of the exchange duration and con-
trast respectively on W1,2, extracted from Eqs. (10) and the effective
couplings (23) and (30). For both the full and ideal cases , the expec-
tation value of the symmetry operator is consistent with 0, down to
10�3.

amplitude pulse shaping [317] with a rise time of 10µs.
We now present similar simulations for the light-shift type

scheme as a function of the effective electric-field strength h.
In Supplementary Figure 5, we present the exchange dura-
tion Dtex defined at maximum state fidelity F , the maximum
contrast C in sx(t), and the expectation value of the gauge-
symmetry generators hG1 +G2i/2, all of them as a function
of the ratio between the transverse electric field h and the dif-
ferential ac-Stark shift amplitude W1,2. While the presence of
the non-commuting carrier coupling (z basis) present in the
full Hamiltonian reduces the effect of the transverse term (x
basis) from that of the ideal case, the gauge invariance is pre-
served.



30

Supplementary Figure 6. Mølmer-Sørensen-type parametric
drive:. For the ground state qubit (cyan lines), the Raman scheme
which is now near resonant with the qubit frequency w0 + d , we
need to introduce a third tone, here depicted by a blue arrow . For
the optical qubit (magenta lines), which is driven directly via the
quadrupole transition, we symmetrically detune the two tones (blue
and red) about the qubit resonance by ±d .

Quadrupole light-shift scheme

In this Appendix, we discuss the implementation of the ana-
log scheme based on optical qubits. For a 88Sr+ ion with
the same parameters as in the previous Appendix, the opti-
cal qubit is formed by the ground state 5S1/2,m j = �1/2 and
the metastable state 4D5/2,m j = �1/2 (see Supplementary
Figure 3). To estimate realistic numbers for the light-shift
scheme on the optical qubit, we consider a narrow-linewidth
674nm laser system [229]. The Lamb-Dicke factor changes
due to the different wavelength of the two laser beams, lead-
ing to hz = 2 ⇥ 0.05 and hx = 2 ⇥ 0.024. We employ two
674-nm beams detuned with respect to the qubit resonance by
d = wx � wz, where D = 2p · 3.56MHz. The detuning D is
much smaller than for the dipole-allowed Raman transitions
on the left of Supplementary Figure 3, as the D5/2 level is
metastable and its lifetime is much longer than the timescale
of interest. In Supplementary Figure 7, we present the re-
sults of our numerical simulations for the same quantities as
above, but as a function of the Rabi-frequency W for the op-
tical qubit. In this case, we can achieve tunneling coupling
rates of up to 0.17 kHz inferred as 1/(4Dtex), which are much
slower than the dipole-Raman scheme. Likewise, the state
infidelity is larger, showing that the realization with optical
qubits will be more challenging.

Mølmer-Sørensen-type scheme

A challenge with this scheme when applied to the
quadrupole transition is the large resulting light shift DEac on
the qubit transition. This spurious term is 1/(hxhz) larger
than the sought-after tunneling rate. This issue can be cir-
cumvented by either combining the tunneling interaction with
a spin-echo [227] or by tracking the qubit frequency shift in
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Supplementary Figure 7. Mølmer-Sørensen-type Z2 tunneling:
Simulation of the exchange duration, fidelity error, and symmetry op-
erator hG1 +G2i/2 as a function of the two-photon Rabi frequency
W for dipole-allowed Raman transitions (left column) and the single-
photon Rabi frequency W for quadrupole-allowed transitions (right
column). The results are shown for the full Hamiltonian (24) (black)
and the idealized invariant-gauge tunneling (25) (green). The green
solid line in the upper panel is the analytic dependence of the ex-
change duration on W, extracted from Eq. (26). For both the full and
ideal Hamiltonian the expectation value of the symmetry operator is
consistent with 0, as desired, down to 10�3.

software and feed-forward the acquired phase. The first ap-
proach is no longer compatible when a transverse electric-
field term is added (see Eq. (5)). The second approach is
in principle possible, but relies on the precise calibration of
the Stark shift, as the beams used to generate the transverse
electric-field term must be tuned accordingly (see Eq. (28)).
This is a challenging task, as the shift needs to be calibrated
to a precision that goes well beyond that of the effective tun-
neling rate. Moreover, pulse shaping makes the calibration
more difficult, as the instantaneous light shift changes over
the pulse duration. In practice, this is difficult as the light-
shift amplitude is 1/hxhz larger than the tunneling interac-
tion, and would need to be calibrated to a precision exceeding
the tunneling rate. Hence, no simulations are included for the
light-shift scheme utilising the quadrupole coupling.

In this Appendix, we present a detailed analysis of possi-
ble errors in the MS parametric tunneling, considering realis-
tic trapped-ion parameters for both the ground state and opti-
cal qubit schemes of Supplementary Figure 6. Once again,
we numerically integrate the full dynamics for (24) and com-
pare it to the idealized tunneling term (25). For the Raman
scheme for the ground state qubit, the bichromatic field can
be achieved by having one Raman beams at wL + w0 and
the other counter-propagating Raman beam consisting of two
tones at wL ±d , i.e. kkkd = 2kkk. For the optical qubit, on the other
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Supplementary Figure 8. Mølmer-Sørensen Z2 tunneling with
a non-zero electric field: with Raman couplings (left column) and
quadrupole couplings (right column). Simulating the exchange du-
ration, contrast, and symmetry operator hG1 +G2i/2 as a function
of electric field strength h relative to the coupling strength W. The
results are shown for the full Hamiltonian (24) (black), including the
additional carrier driven by a simple shift of the Mølmer-Sørensen
detuning (32). We also show the results for the ideal gauge-invariant
Hamiltonian (31) (green). The green solid line in the upper panel
is the expected analytic dependence of the exchange duration on W,
extracted from Eqs. (10) and the effective couplings (26) and (32).
For both the full and ideal Hamiltonian the expectation value of the
symmetry operator is consistent with 0, as desired, down to 10�3.

hand, one can obtain a similar coupling by addressing it with
a single beam consisting of two tones at w0 ± d , i.e. kkkd = kkk.
The Rabi frequency W of the blue- (+d ) and red-detuned
(�d ) tone must be the same. We assume the same experi-
mental parameters as in the previous section. For implement-
ing this on the optical qubit we use the quadrupole transition
at l = 674 nm. The Lamb-Dicke parameters are hz = 0.05
and hx = 0.024, and we consider Rabi frequencies of up to
W/2p = 1.1MHz. As previously, we truncate the phonon oc-
cupations to nmax = 7 phonons. We obtain a maximum effec-
tive tunneling coupling strength 3.22kHz = 1/(4Dtex) for the
Raman scheme, and a slower one 0.30kHz = 1/(4Dtex) for
the quadrupole scheme (see Supplementary Figure 7).

We note that a similar principle has been recently used to
generate single-mode squeezing in reference [318], which can
then be used for the quantum simulation of spin models with
multi-spin interactions [214, 215, 319]. We add adiabatic
pulse shaping to the simulation as it enables smooth transi-
tioning into the interaction picture and suppresses off-resonant
(non-commuting) carrier excitations. This effectively reduces
the strength of the tunneling but, importantly, it retains the
state dependence. The non-commuting carrier sets a limit on
the achievable interaction magnitude;, which is reflected by

the global minimum in the duration (first row, Supplementary
Figure 7).

Let us now present the error analysis for the MS scheme
when considering an additional electric-field term as dis-
cussed around Eq. of the main text. The resulting exchange
duration Dtex, the maximum contrast C in sx(t) and gauge-
symmetry generators hG1 +G2i/2, found through numerical
simulations of the Hamiltonian (31) and are compared to the
ideal gauge tunneling (5) (see Supplementary Figure 8). As
before, the presence of the off-resonant carrier reduces the ef-
fective magnitude of the transverse term, but gauge invariance
is preserved.

Orthogonal-force pulsed scheme

In this appendix, we consider the same experimental ap-
paratus as in previous ones, and investigate the implementa-
tion of the gauge-invariant tunneling using the two orthogo-
nal state-dependent forces.One way to implement the two or-
thogonal state-dependent forces in a laser system is by having
two sets of Mølmer-Sørensen-style bichromatic fields. One
bichromatic field is symmetrically detuned from the carrier
by d1 = ±(wz + d ) and the other by d2 = ±(wx + d ). The
bichromatic fields can either couple levels in the ground state
via a Raman transition, or two levels of an optical qubit via
a quadrupole transition. Moreover, for having two orthogo-
nal state-dependent forces, we set the phase between the two
bichromatic beams such that

✓
f+ +f�

2

◆

2
=

✓
f+ +f�

2

◆

1
+

p
2

, (90)

where f+, f� are the phases of the blue and red detuned tones
in each of the bichromatic fields, 1 and 2. Applying these
four tones gives rise to the two orthogonal state-dependent
forces (34) that are needed for engineering the tunneling
term (35). We consider the optical qubit and two motional
modes with hz = 0.05, wz/2p = 1.2 MHz, and hx = 0.024,
wx/2p = 1.9MHz, respectively. We choose the detuning of
the bichromatic fields from the respective vibrational mode to
be d/2p = 75kHz, and set W/2p = 0.75/

p
2 MHz for each of

the four tones. This should allow us to reach an effective tun-
neling coupling rate of up to 1.3 kHz, inferred as 1/(4Dtex).

Let us note that the bichromatic scheme also leads to spuri-
ous carrier terms that drive off-resonant qubit rotations around
axes that are orthogonal to each of the corresponding state-
dependent forces. As mentioned above, a technique to miti-
gate the effect of the carrier term is pulse shaping [317], which
is mainly needed at large coupling strengths, i.e., large W in
Eq. (34). We describe the amplitude shaping of the pulses and
further discuss its effect in our numerical simulations below.

The shortest time step that we can use in order to close the
loops in phase space is 2p/d , which was used for the simula-
tions above. Hence, the Trotter error is given as ht1,e1(2p/d )2

which must be negligible. In the simulation results pre-
sented above, for the highest value of h, the Trotter error was
⇡ 8⇥10�4. Higher values of d reduce the O([hW/d ]3) error,
and enable finer time steps in the time scans, as we always
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Supplementary Figure 9. Amplitude-shaped pulses for the pulsed scheme: (a) Shaped pulse that could be used for implementing just the
tunneling term. (b) Trotterized pulse sequence for implementing the tunneling term. (c) Trotterized pulse sequence for implementing the full
Z2-link Hamiltonian.

want to measure at instants where the loops in phase space that
arise from first-order contributions in the Magnus expansion
are closed, and the leading effect is the state-dependent tun-
neling. However, a higher d also reduces the effective tunnel-
ing rate (35). This translates into shorter pulses which, when
becoming comparable to the ramp length, do not give the ef-
fective desired dynamics anymore. Comparing the analog and
pulsed schemes in terms of observing the matter-gauge field
dynamics, the state preparation and measurement stages are
the same. The difference is how the effective Hamiltonian in
Eq. (5) is experimentally implemented and that is by using
a pulse sequence as the one shown in Supplementary Fig-
ure 9 (c). This was simulated as a series of pulses that are
ramped on and off with 3.6 µs ramp durations and with the
FWHM duration of 2p/d , as shown in Fig Supplementary
Figure 9 (b). The same dynamics can be achieved by having
a single pulse with the FWHM duration equal to an integer
multiple of 2p/d (see Fig Supplementary Figure 9 (a)). By
inspecting the figure more closely, we see that there are small
deviations with respect to the idealized Hamiltonian (35) that
deserve a more detailed analysis.

In the top panel of Supplementary Figure 10, we vary
W in each one of the tones and evaluate how this affects
the exchange duration Dtex, calculated by maximising the
state fidelity as in the previous section. We conduct sim-
ulations for three cases. Initially, we simulate the interac-
tion in Eq. (34) that only contains the two orthogonal state-
dependent forces. We then introduce the off-resonant carrier
terms, which would arise from the Lamb-Dicke expansion of
Eq. (24) as the leading off-resonant perturbations to the state-
dependent forces (34). Finally, we also consider the ampli-
tude pulse shaping. When the carrier terms are excluded, and
the pulse is applied for a duration that is an integer multiple
of 2p/d , the inferred tunneling duration follows closely the
theory from Eq. (35), which is represented by a green solid
line according to Dtex = p/2t1,e1 with the effective tunneling
of Eq. (36). As W is increased, the error term O([hW/d ]3)
becomes significant, and small deviations start to appear. As
above, we use the state fidelity F (the overlap to the desired
state) and hG1 +G2i/2 (the expectation value of the symme-
try generators) in order to evaluate the quality of the effec-
tive Hamiltonian with respect to Eq. (5). Introducing the car-

rier terms does not change the exchange duration Dtex, F ,
or hG1 +G2i/2 significantly. However, amplitude shaping
the pulses substantially improves the quality of tunneling as
it suppresses the coupling to higher order terms O([hW/d ]3).
Introducing the amplitude-shaping ramp effectively decreases
the area of the pulses, which translates into slightly slower ex-
change durations (top panel), but also leads to smaller errors
(middle and bottom panels).

Once the viability of trapped-ion pulsed Scheme for the
quantum simulation of the Z2 gauge-invariant tunneling has
been demonstrated, we can consider the errors that would
stem from adding the electric field term. In Fig Supplemen-
tary Figure 11, we present our numerical results, evaluating
the decrease in contrast of the Rabi oscillations between the
|Li and |Ri, and hG1 +G2i/2, as one increases the electric
field h. When the carrier terms are excluded and we do not use
the amplitude-shaped pulses, the decrease, in contrast, follows
Eq. (11), which is represented as a green solid line in the top
panel. We find that, in the realistic experimental situation with
carrier terms present, and using amplitude-shaped pulses, we
need slightly higher values of h to achieve the same contrast.
This is mainly due to the effect of the ramp.

Supplementary Note 3: Wannier-Stark solution and MPS
benchmark

In this Appendix, we discuss in detail the numerical bench-
marks of MPS methods using exact solutions for the confine-
ment dynamics in the one- (63) and two-boson (67) sectors.

One-boson sector

Considering that the tunneling strength is homogeneous
ti,e1

= Wd/4, 8i, and that the initial state contains a single bo-
son (63), the effective Wannier-Stark ladder can be solved ex-
actly in the thermodynamic limit N ! •. Shifting the zero
energy to the center of the chain, the problem can be mapped
onto the dynamics of a single planar rotor [267]. Let us dis-
cuss some of the details. A particle in a circle can be described
in the basis {|ji} determined by its angle j 2 [0,2p). In this
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Supplementary Figure 10. Pulsed-scheme Z2 tunneling with or-
thogonal forces: We vary the strength of the tones in the bichromatic
field W, and evaluate the exchange duration, the infidelity in obtain-
ing the desired state |Ri, and the expectation value of the local sym-
metry generators. We do this for three cases: excluding the carrier
from the interaction and thus considering Eq. (34) (green crosses);
looking at the full interaction and thus including the spurious car-
rier terms (black circles); and, finally, considering the full interaction
while slowly ramping the pulses on and off (magenta triangles). The
green solid line in the upper panel is the expected analytic depen-
dence of the exchange duration on W, extracted from Eq. (36). For
the Hamiltonian including the spurious carrier and adiabatic ramp
the expectation value of the symmetry operator is consistent with 0,
as desired, down to 10�2.

basis, the angular momentum Jz = �i∂j is a Hermitian op-
erator, and it readily follows that its spectrum is a countable
infinite set s(Jz) = Z. Moreover, one can introduce the uni-
tary ladder operators J± = e±ij , and find a representation of
the O(2) rotor algebra [Jz,J±] = ±J±, and [J+,J�] = 0, which
differs from the more standard SU(2) algebra of spin opera-
tors. Using the physical states (62) of the Z2 gauge theory in
the thermodynamic limit, one can readily find a specific rep-
resentation of the rotor algebra

Jz = Â
i2Z

i |⇠⇠•iih⇠⇠•i| , J± = Â
i2Z

|⇠⇠•i±1ih⇠⇠•i| , (91)
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Supplementary Figure 11. Pulsed-scheme Z2 tunneling with
orthogonal forces in the presence of a non-zero electric field:
We simulate the Z2 dynamics using two orthogonal spin-dependent
forces for different magnitudes of h. The value used for t1,e1 was cal-
culated as 1/(4Dtex) at h = 0. We obtain dynamics similar to 3 (b)
and infer the maximum contrast in sx(t) and the expectation value of
the local symmetry at the point of maximum contrast. The markers
are numerical simulations, while the continuous lines are analytical
predictions for different values of h Eq. (11). For the Hamiltonian in-
cluding the spurious carrier and adiabatic ramp the expectation value
of the symmetry operator is consistent with 0, as desired, down to
10�2.

where we see that the position of the Z2 charge with the at-
tached electric-field line maps onto the angular momentum of
the rotor, whereas the tunneling to the right (left) map onto the
rotor ladder operators J+(J�).

It is then straightforward to derive the Heisenberg equations
for the mean position and standard deviation of the Z2 charged
boson. For instance, considering that the boson is initially in
the middle of the chain |Yphys(0)i = |⇠⇠•N/2i, we find that the
mean is hJz(t)i = N/2, while the standard deviation oscillates

s(t) = (hJ2
z (t)i�hJz(t)i2)1/2 = (

p
2ti,e1/h)sin(ht). (92)

We thus see that the average position of the boson attached to
the electric-field line remains constant. However, this is not
the signature of the aforementioned Wannier-Stark localisa-
tion yet. Indeed, setting h = 0 yields the same result, as an
initially localised particle in a tight-binding model with the
same amplitude of tunneling to the left and right can only
disperse around the initial position, but its average position
remains static. In this limit, the above expression of the stan-
dard deviation leads to a ballistic dispersion s(t) = (

p
2t1,e1)t,

which differs clearly from the breathing-type oscillations that
appear as soon as h 6= 0. Hence, it is the change in the dis-
persion which provides a signature of the Wannier-Stark lo-
calisation of the Z2 charge, which can only disperse within
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Supplementary Figure 12. Wannier-Stark localisation of a sin-
gle boson: We compare the analytical prediction for nN/2(t) =

ha†
N/2aN/2(t)i in Eq. (95) to the numerical results based on Matrix

Product states with bond dimension c = 100 for a chain with N = 16
lattice sites. We set the transverse electric field to h = 0.4t1,e1 and
we use the time step d t = 0.05/t1,e1 . The analytical formula (95)
is based on the mapping of the Z2 gauge theory for a single bo-
son (63) to the Wannier-Stark ladder in the thermodynamic limit of
an infinitely-long chain.

a localised region by periodically stretching and compressing
the attached electric-field string.

To provide a more complete description of this localisation,
we note that the thermodynamic problem has an exact solution
in terms of the so-called Wannier-Stark eigenstates

|emi = Â
i2Z

(�1)i�mJi�m(g) |⇠⇠•ii , g =
ti,e1

h
(93)

where Jn(x) is the first-class Bessel function of integer or-
der n, and the corresponding energies em = m(2h) define the
aforementioned Wannier-Stark ladder for m 2 Z. This solu-
tion can be derived by going to momentum space and using
the Hansen-Bessel integral representation [266, 267] or, more
directly, by looking into the discrete difference equation for
the amplitudes of the eigenstates in the physical basis

|emi = Â
i2Z

ci |⇠⇠•ii , ti�1,e1
ci�1 + t⇤i,e1

ci+1 +2hici = emci .

(94)
This equation can be rewritten in terms of the recurrence rela-
tion of Bessel functions [320], such that one can identify ci =
(�1)i�mJi�m(g), and check for the consistency of normali-
sation Âi2Z |ci|2 = Âi2Z J2

i�m(g) = 1. In light of the asymp-
totic scaling of the Bessel functions, which vanish rapidly for
|i � m| � g , one can see that the eigenstates (93) are not de-
localised over the whole lattice as occurs for h ! 0 but, in-
stead, concentrated around the m-th site, which is a more di-
rect manifestation of the so-called Wannier-Stark localisation
that parallels the definition of Anderson localisation in disor-
dered systems [321].

With these eigenstates, one can construct the full unitary
propagator of the problem. Using the Neumann-Graff addi-

tion formula of Bessel functions [322], the probability to find
the boson with the attached electric-field line r sites apart is
pr(t) = |h⇠⇠•N/2+r|Yphys(t)i|2 = J2

r
�
2g sin(ht)

�
= p�r(t). In

comparison to the Rabi oscillations of the single-link case in
Fig. 3 (main text), where the boson and the gauge field oscil-
late in phase according to the observables of Eq. (11), we now
have correlated Wannier-Stark oscillations in both the number
of bosons

ni(t) = ha†
i ai(t)i = pi(t) = J2

i�N/2
�
2g sin(ht)

�
, (95)

and the position of the electric-field line attached to the boson,
which can be inferred from the two-point correlation function

hs x
i�1,e1

s x
i,e1

(t)i = 1�2J2
i�N/2

�
2g sin(ht)

�
. (96)

In Supplementary Figure 12 , we present a quantitative com-
parison of the analytical prediction for the boson number op-
erator at the center of the chain nN/2(t) in Eq. (95) with the
numerical results based on MPS discussed in the main text.
The agreement is remarkable, which serves to benchmark the
validity of our approach.

Two-boson sector

In the two-boson sector, by introducing the center-of-mass
xcm = 1

2 (i+ j), and relative coordinate r = j� i � 0, the prob-
lem (67) reduces to the Wannier-Stark ladder for a single par-
ticle in a one-dimensional chain. Noting once more that the
tunneling strengths are homogeneous, one finds

ci, j = eiPxcm c(r), tPc(r�1)+t⇤Pc(r+1)+2hr c(r) = em,Pc(r),
(97)

where we have introduced the conserved total momentum P =
(pi + p j), the momentum-independent Wannier-Stark ladder
energies em,P = m(2h), and the dressed tunneling strength

tP = 2t1,e1 cos(P/2) . (98)

In contrast to Bose-Hubbard-type models with finite range
interactions, which can lead to both scattering and bound
states for a pair of bosons [279], the above recurrence equa-
tion (97) describes a relative particle that tries to tunnel against
a linear potential with a dressed tunneling strength that de-
pends on the center-of-mass momentum. Once again, by tak-
ing the thermodynamic limit, the recurrence equation corre-
sponds to that of a Wannier-Stark ladder (94) for the relative
particle. In this way, we obtain the following solutions

|em,Pi = Â
i, j

0 Â
m2Z

eiP(i+ j)/2(�1) j�i+mJj�i�m(gP) |i•⇠⇠• ji (99)

where gP = 2t1,e1cos(P/2)/h. As occurred for the single-
boson sector, where any of the m-th eigenstates (93) is lo-
calised around the m-th site, the two-particle solutions (99)
only consist of bound states regarding their relative distance
instead of scattering states. The original bosons are thus con-
fined in pairs, forming wavefunctions of energy em,P, which
decay exponentially fast as their relative distance r increases
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Supplementary Figure 13. Wannier-Stark confinement for two
bosons: We compare the analytical prediction for nN/4(t) =

ha†
N/4aN/4(t)i in Eq. (100) to the numerical results based on Ma-

trix Product states with bond dimension c = 100 for a chain with
N = 32 sites. We set the transverse electric field to h = 0.3t1,e1 and
we use the time step d t = 0.05/t1,e1 . The analytical formula (100) is
based on the mapping of the Z2 gauge theory for a boson pair (63)
to the Wannier-Stark ladder for the particle of reduced mass in the
thermodynamic limit of a chain.

|r| > m. These solutions are a toy analog of mesons in higher-

dimensional non-Abelian gauge theories. The original par-
ticles, which carry a net Z2 charge, cannot be observed as
individual excitations, just like quarks in quantum chromody-
namics. They become instead confined in pairs of zero net
charge, which are associated to a specific quantised bound en-
ergy depending on their respective confinement. In the present
case, these meson-like particles can freely move as a whole,
i.e. non-zero center-of-mass momentum.

Let us now consider an initial state in which the
bosons are symmetrically positioned about the center of
the chain with relative distance r0, namely |Yphys(0)i =
|(N�r0)/2•⇠⇠•(N+r0)/2i. This state has a vanishing total mo-
mentum P = 0, such that the center of mass will remain lo-
calised at the center of the chain while the two particles dis-
perse and interfere. According to our previous discussion, the
number of bosons (95) should now evolve according to

ni(t) =
��Ji�N/2�r0/2

�
2g sin(ht)

�
+ Ji�N/2+r0/2

�
2g sin(ht)

���2 .
(100)

In Supplementary Figure 13, we present a quantitative com-
parison of this analytical expression for nN/2(t) with the
TDVP numerical results. As found in the single-particle sec-
tor of Supplementary Figure 12, the agreement of the numeri-
cal TDVP results with the analytical prediction in terms of the
sum of Bessel functions is remarkable, and serves to bench-
mark the validity of our approach, which will be extended to
situations beyond analytical solutions below.
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