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Characterizing dissipation in fluid—fluid displacement
using constant-rate spontaneous imbibition
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When one fluid displaces another in a confined environment, some energy is dissipated in the fluid
bulk and the rest is dissipated near the contact line. Here we study the relative strengths of these
two sources of dissipation with a novel experimental setup: constant-rate spontaneous imbibition
experiments, achieved by introducing a viscous oil slug in front of the invading fluid inside a capillary
tube. We show that a large fraction of dissipation takes place near the contact line, and rationalize
the observations by means of a theoretical analysis of the dynamic contact angles of the front and
back menisci of the oil slug—a result that bears important implications for macroscopic descriptions
of multiphase flows in microfluidic systems and porous media.

Many of our daily experiences involve one fluid displac-
ing another on a solid surface: from cooking oil spreading
on a frying pan to paper absorbing ink [T}, 2] and tea flow-
ing up a biscuit [3]. In all of these examples, capillarity
drives the flow as energy dissipates within the fluid bulk
and near the contact line (the intersection of the fluid—
fluid interface with the solid surface). While dissipation
in the fluid bulk is purely viscous, dissipation near the
contact line is not yet fully understood [4HI4]. Charac-
terizing what fraction of energy is lost in each region is
a nontrivial task; the contact-line dynamics remains in
many respects unresolved and continues to challenge our
descriptions of multiphase flow [4] [5] 10} [15].

In this work, we unambiguously separate contact-line
and bulk dissipation and map out their relative impor-
tance within a simple fluid—fluid displacement system.
This is challenging since the dynamics of moving con-
tact lines is nonlinear and rate-dependent: the macro- s
scopic contact angle 6 at which the fluid—fluid interface s
meets the solid surface changes with the rate of displace- s
ment, and dissipation at the contact line, in turn, changes s
with 6 [I6]. The dynamics of moving contact lines has s
traditionally been studied through two classes of experi- e
ments: (i) constant-rate displacement under an external &
force (e.g., dip-coating [I7, 18], forced displacement in e
capillary tubes [I9, 20]) and (ii) spontaneous, variable- e
rate displacement (e.g., spreading of a droplet on a solid e
surface [21], 22], imbibition of a liquid into a capillary es
tube [23H29]). 66

Here, we present an alternative experimental setup e
whose novelty is the result of combining, for the first es
time, three key ingredients: (i) moving contact line dy- e
namics, (ii) confined geometries, and (iii) spontaneous, 7
constant-rate interfacial motion. Although the dynamics =
of the moving contact lines was first properly described 7
by Voinov [31] and Cox [30], most studies have focused 7
on unconfined configurations such as spreading of liquid 7
drops on solid surfaces [, [15] B2]. Confinement increases 7
the ratio of interfacial area (solid-fluid and fluid-fluid) s
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FIG. 1. Experimental snapshots of (a) the classical sponta-

neous imbibition (z ~ t/2) of 50 cSt silicone oil in a capillary
tube and (b) constant-rate spontaneous imbibition (z ~ t) of
water with a 50 ¢St silicone oil slug precursor.

to bulk volume, often by orders of magnitude, which
raises a fundamental question about the balance among
different dissipation sources. While many studies have
analyzed the importance of the different contributions
to energy dissipation in the context of spontaneous im-
bibition of a liquid displacing air, as described by the
Lucas—Washburn law [I], [33], bulk viscous dissipation is
the dominant dissipation contribution at all times, ex-
cept for the early onset of the flow [34]. What sets our
experimental setup apart from previous studies is that it
allows us to achieve constant-rate imbibition, and there-
fore keep the ratio of the different dissipation contribu-
tions fixed throughout each experiment. This allows us
to unambiguously extract the sources of dissipation in
the different regimes and construct a phase diagram de-
scribing the ratio of the energy that is dissipated at the
contact line.

Our experimental setup is built upon the classical case
of spontaneous imbibition into a capillary tube. By ex-
posing one end of a horizontal capillary tube to a silicone
oil reservoir, oil spontaneously wets the capillary (“classi-
cal imbibition”, FIG.[Th). The position of the oil front (z)
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(a) Constant-rate imbibition experiments for p, € {48,485,970} mPa-s and [ € [2,14] mm. Solid lines represent

theoretical predictions of constant-rate imbibition after accounting for dissipation sources within the oil slug. The experimental
data is captured accurately by equation (or equivalently equation (6))). (b) Measurements of 65 (blue diamonds) and 6,
(green squares) during constant-rate imbibition were taken under a microscope, with typical snapshots for slugs of different
lengths (and thus Ca) displayed beside the figure. The solid lines show the generalized Cox relation [30] with I' = 6.9, and
purple triangles indicate the data from Hoffman [19]. The blue shaded region indicates the range of Ca in our constant-rate

imbibition experiments.

mostly follows Washburn’s scaling (z ~ t'/2) [33]. Theus
mechanism behind the slowing of the liquid front is wellus
understood: the capillary driving force remains nearlys
constant, while viscous resistance increases in proportionir
to z. We modify this setup to achieve constant-rate spon-us
taneous imbibition by restricting the viscous resistancei
to an oil slug of fixed length (“constant-rate imbibition” iz
FIG. [Ip). We place a silicone oil (Sigma-Aldrich) slugi
of viscosity p, and length [ into a hydrophilic glass tubes.
(untreated Hilgenberg GmbH borosilicate glass 3.3), andizs
then expose the end with the slug to a reservoir of wateri»
with viscosity p.,. The bulk viscous resistance is thenis
proportional to pol + pyz; when pol > gz, the slugies
moves at a constant rate that can be controlled by tun-ir

ing | and/or p,. In our experiments, the length of the

oil slug does not change as water penetrates the tubes s

which implies that the oil slug does not leave a film of oil

behind [35H37]. We include further experimental detailsiz

in the supplemental materials [3§].

In contrast with classical imbibition, the oil slug in our,

experiments has two menisci: one at the front (oil-air)

and one at the back (water—oil) (FIG. [Ip). The contact
angles of these two menisci are expected to change with,
the contact-line speed, and we use the term “dynamic
contact angle” for angles at nonzero speeds. We denote,
the dynamic contact angles of the back and front menisci

as 0y and 67, and their respective static-advancing val-
ues as 6y, and 0¢,. Each individual experiment has a

130

31

32

33

34

35

36

fixed speed and thus fixed dynamic contact angles. To™

probe the dynamics of the system at different sponta-

neous contact-line speeds, we span a wide range of slugs
viscosities and lengths, with p, € {48,485,970} mPa-sis
and [ € [2,14] mm. We characterize the nominal ratiowe
of viscous to capillary forces in each experiment throughis
the capillary number Ca = “2= where # is the slug speed

and 7, the surface tension o? the oil. We plot Ca against

the ratio of tube radius R to slug length [ in FIG. 2f,143

where 44 constant-rate imbibition experiments collapse
onto a single curve. While each individual experiment
is constant-rate, the nonlinear global trend emerges from
the dynamics near the contact lines. We begin to ratio-
nalize this trend through force balance.

Constant-rate imbibition is governed by the balance
of bulk viscous resisting force (Fpuy) and capillary driv-
ing force (Fiap). The bulk viscous force can be calcu-
lated from the drag on the tube walls by assuming clas-
sical Poiseuille flow (see supplemental materials [38]) as
Foue = 2mR(1%e + 2222, Since L22 € 0.001,0.2] in
our experiments, we neglect the viscous pressure drop
within the water phase and the expression for Fj i re-
duces to

Fbulk = 87T‘LLolZ’. (1)
The capillary driving force can be expressed through the
dynamic contact angles of the back and front menisci:

(2)

where ,,, is the oil-water interfacial tension. For quasi-
static displacement in the absence of gravity, F., and
Fyux must balance to yield the speed of the oil slug,
Z = ﬁ(%w cos @y + v, cosfy), which in dimensionless
form reads:

Feap = 2T R(Yow c0os O + v, cos 0¢),

ow

Ca= <Py
Yo

To fully resolve equation , we need to know how 6,
and 0y evolve with Ca [, 5 I5]. When the solid sur-
face is perfectly smooth and homogeneous, both angles
are expected to follow the generalized Cox equation [30],
which can be written as

cos 0y, + cos Gf) R (3)

E.

9(97M)_g(0a7M):CaF7 (4)
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where I' = In(R/Amicro), Pmicro 18 the microscopic cut-off-
length near the contact line, M is the ratio of the defend-
ing to invading fluid viscosities, and the function g(8, M)
is defined in the supplemental materials [38]. Indeed,
when using M = 0 for the oil-air interface, M = 1000 for
the water—oil interface, and hmicro/R = 1073 (I' = 6.9)
for both [30], the generalized Cox equation produces good
agreement with the experimental measurements of 6 and
0, (FIG. [2b). Although equations and can be
used to reproduce the constant-rate imbibition trend in
FIG. , we seek further simplifications of equation
for the two menisci. First, we take 6, = 72°. This is
justified since both 6, measurements and the generalized
Cox trend in FIG. 2b appear to be approximately con-
stant within the Ca range of our constant-rate imbibition
experiments. Second, we note that equation sim-
plifies greatly for the oil-air meniscus: when M < 1,
it reduces to the commonly-used Cox—Voinov relation
0% = 63, +9Ca [30, BI]. This further reduces to

0; = (9'Ca)'/? since silicone oil wets the glass surface'®

completely (07, = 0°). Therefore, after using the ex-'*

pansion cosfy =1 —9‘2/2 + 0(0;%) and the Cox—Voinov'”
3)

expression, equation (3 yields: 198
199

200

(5)201

202

ow 1
Ca= [PY% cosfy +1— 5(9FCa)2/3 L

which accurately reproduces the experimental trend®”
(FIG. 2h). Note that the generalized Cox relation pre-**
dicts approximately constant 6, within the Ca of our ex->*
periments for any liquid pair as long as M < 1 and 6, ,**
is not much greater than the value in our experiments™”
(Op,q = 64°). 208

We can now use this theoretical description of™”
constant-rate imbibition [Eq. (B)] to evaluate the con-"’
tributions of the two moving contact lines to the macro-""'
scopic trend in FIG. 2h. It is important to make a dis-"
tinction between the two menisci in FIG. [Ip, because™
wettability plays a key role in how they interact with®*
surface defects. The wateroil interface is in partial wet->"°
ting, and can experience pinning at surface defects m;m
whenever 6, < 6 4, surface tensions at the contact linex?
are in static balance. This balance no longer holds when2s
0y > 0y 4, and the contact line sets in motion. We define2w
the dynamic contact-line force at the back meniscus as2
1o = Yow(cos by q — cosby). We measure 6, ~ 64°, and>
thus f, &~ 0.137,,- In contrast, the oil-air interface is inz
complete wetting, and is not sensitive to most surface de-223
fects [7]. We define ff = v,(cos 6 ,—cosf¢) in analogy to+
the water—oil meniscus. Recall that 0, = 0°. Then, thes
force at the front meniscus reduces to f; = 2 (9I'Ca)?/3 22
We can then rewrite equation through the dynamiczz?

contact-line forces, 28
229
4l C ow
oag Lo 1O gy Yow o0 (6
R Yo Yo Yo 231

0.03
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FIG. 3.  Phase diagram of forced, rate-controlled imbibi-
tion of viscous oil slugs. An external force is needed to move
the slug at higher Ca (“push”) or lower Ca (“pull”) than
the spontaneous rate predicted by equation @ (black solid
line). The color of the R/l — Ca space represents the ra-
tios of contact-line to total dissipation in such moving slugs,
=2=3q/(Pa + Pouik)-

where “driving” terms are grouped on the right-hand-
side, and “resisting” terms are grouped on the left-hand-
side. Equation @ is equivalent to equation , but its
form is convenient for inferring the relative importance
of f, and ff to the overall trend in FIG. 2h. If there
were no dynamic contact-line forces at the two menisci
(ff = fo = 0), the equation of motion would reduce
to equation with 6, = 0y, and 0y = 0y,. This
scenario corresponds to the red line in FIG. Zh. If we
now remove the dynamic contact-line force at the front
meniscus only, equation (6) would reduce to equation
with term % (9'Ca)?/3 = 0, corresponding to the black
line in FIG. 2h. This allows making several conclusions:
(i) neglecting the dynamic contact-line forces produces
a trend with a significant qualitative and quantitative
disagreement with the experiments in FIG. , (ii) non-
linearity in constant-rate imbibition comes from the dy-
namic contact-line force at the front meniscus, (iii) the
contribution of f; to the overall trend in FIG. is rel-
atively small (see Eq. (6) with f, = 0 in FIG. 2a), with
2 < fr/fo < 8 within the experimental range of constant-
rate imbibition.

Although our experiments are in spontaneous imbi-
bition, our results are also relevant to forced imbibi-
tion. Addition of an external force would not change the
sources of dissipation within the moving slug. There are
only three dissipative forces in our system: bulk viscous
force, and contact line forces at the two menisci. The
energy dissipation in the bulk is ®pux = S7pl22, again
assuming Poiseuille flow and p,l > p2. The dissipation
due to dynamic contact-line forces is o = 2 R(fr+f1)Z2.
We can map the relative magnitudes of @y, and P dur-
ing arbitrary motion of the oil slug. FIG.[3]shows a phase
diagram where spontaneous imbibition [Eq. ] sepa-
rates regions where an external force either “pushes” the
slug to move faster or “pulls” it to move slower than the
spontaneous rate. The ratio of contact-line to total dis-
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sipation within the moving slug is = = ®¢;/(Pe1 + Pk ) 286
which is equivalent to 287
288
S (. / E— (7)zas
o+ fr+ 7Cav,
and can be alternatively derived by considering dissipa-2
tive forces within the system (contact line vs. total). The
black lines in FIG. [3| represent isolines corresponding t023
different values of = in equation @ A surprisingly large2+
fraction of the dissipation (between 20% for 14 mm slugs?s
and 50% for 2 mm slugs) occurs in the vicinity of thes
contact line during our constant-rate imbibition experi-207
ments. Dissipation isolines in FIG. [3|are valid within thes
Ca range of our experiments. However, it is important to°
note what would happen in the upper and lower boundss3o
of Ca in FIG. [3| In the upper bound (Ca > 0.02), ours:
approximation of constant ¢, would no longer hold (see?
FIG. ) Thus, the isolines in FIG. |3| likely underes-s
timate the true dissipation ratio when Ca > 0.02. Inse
the lower bound (Ca — 0), the system would approachsos
a depinning threshold, where the water—oil contact linesos
would move by hopping between surface defects, resultingso
in 0,(Ca) relation that is very different from the gener-ses
alized Cox equation [7H9]. The fact that the motion ofse
the water—oil meniscus in our experiments appears to beswo
smooth and 6 is in good agreement with the generalizedsu
Cox equation suggests that we are either sufficiently fars.
from the depinning threshold or that the strength of thess
surface defects on our glass surface is too small to haves.
appreciable influence on the overall trend in FIG. 315
The ratio of contact-line to bulk dissipation in FIG. [Bhs
has important macroscopic implications for problems be-37
yond the constant-rate imbibition we present in thisss
work. Neglecting dissipation near the contact lines wouldsio
lead to erroneous (linear) relation between dissipationsx
and Ca; FIG. [3| demonstrates that this relation is non-
linear and is a function of the slug dimensions. One ex-
ample where this may be significant is the flow of foam
or ganglia in porous media [39, 40], a system that has
an inherently large number of (potentially very short)
viscous slugs and thus might be expected to have signifi-
cant energy dissipation associated with dynamic contact,,
angle effects. Another example is classical imbibition,,
in capillary tubes. It has been recently demonstrated,,
that early-time viscous effects near the contact line move,,
the system away from the commonly known form of the
Washburn equation (z ~ t%/2), towards z ~ t [34]. This
is when ®pu and ®. are comparable. However, this
flow regime is rather brief in classical imbibition (see sup-
plemental materials [38]). Alternatively, one can readilyses
access the flow regime with significant ®. contribution3”
through constant-rate imbibition, as we demonstrate in*®
FIG. B .
In summary, we have mapped out the contributions of,,,
contact-line and bulk dissipation during fluid—fluid dis-ss;,
placement, and we have shown that a large portion ofsss
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290

321

the dissipation takes place in the vicinity of the contact
line. We did so using constant-rate spontaneous imbibi-
tion, achieved by introducing a viscous oil slug in front
of the invading fluid inside a capillary tube. The rate
of imbibition in such experiments can be precisely con-
trolled through the viscosity and length of the oil slug.
This setup allows probing flow regimes that would oth-
erwise be accessible only during the early-time sponta-
neous flow—a novel feature of our experimental setup
that has significant utility in the study of moving con-
tact line problems. Alternatively, one can ensure that
dynamic contact line effects are negligible by making the
oil slugs sufficiently long (£ — 0 when [/R > 1). For ex-
ample, in order for contact-line dissipation to account for
less than 5% of total dissipation, a slug must be longer
than /R = 155 at Ca = 0.02 and longer than [/R = 65
at Ca = 0.2.

The system we present in this work could be utilized
for fabrication of precise micro- and nano-pumps. The
ability to precisely control the flowrate without external
forces would be useful in designing passive microfluidic
devices [41], which have applications in miniature heat
pipes for cooling of electronic components [42], pattern-
ing biomolecules in microchannels [43], and clinical di-
agnostics [44]. Indeed, a known method of maintaining
a fixed flowrate in such devices is by having a constric-
tion ahead of the flow channel that is about an order
of magnitude smaller than the rest of the channel [45].
However, it can be technically challenging to scale down
this technique to sizes below a micron, where one would
need to precisely fabricate nanometer-scale constrictions.
The constant-rate imbibition depicted in FIG. does
not have such scaling limitations, and it is a cheap tech-
nique that can be used for passive control of flowrates in
microfluidic devices.
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DETAILS OF THE EXPERIMENTAL SETUP

All of the experiments were conducted in Hilgenberg borosilicate glass tubes that are
75 mm in length and 290 pm in inner radius. The interfacial tensions of the oil-air and
oil-water interfaces were v, = 22 mN/m and v, = 13 mN/m, respectively. The dynamic
contact angles of the water-oil interface in glass capillaries were measured under a micro-
scope. The tubes were submerged into glycerol, which has a matching refractive index with
the borosilicate glass in use (1.473). Contact angles were measured from the curvature of

the interface, with parallax correction applied as in [I].

Throughout this manuscript we assumed that Hagen—Poiseuille flow is maintained
through the oil slug and that, therefore, the velocity profile is parabolic. This assump-
tion was used to calculate the viscous drag and dissipation within the bulk of the oil slug.
We confirmed the parabolic velocity profile within the oil slug through PIV tracing [2]. In
FIG. [1| we show that even for the shortest slug used in this study (2 mm), the majority of

the bulk space maintains the parabolic velocity profile.
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FIG. 1. PIV measurements of the velocity profile in spontaneously moving 2 mm slug with

1000 ¢St viscosity. The plot is the 2D representation of a histogram, where color stands for the
frequency. The data was collected over the entire length of the 2 mm slug, over all frames. The
figure demonstrates that even in the shortest slug used in this study (2 mm), the majority of the

bulk space maintains the parabolic velocity profile.



23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

a1

42

43

44

45

46

47

GENERALIZED COX EQUATION

In the main body of the manuscript we use the generalized Cox equation [3]
g<87M)_g(6aaM):CaF7 (1)

where M is the ratio of the defending to invading fluid viscosities, I' = In(R/hmpicro) is the

cut-off-length parameter near the contact line, and function g(6, M) is

0
9(0, M) = / f(g—BM) 2)

and

2sin B[M?(? — sin? B) + 2M (B(7 — B) +sin? B) + (7 — B)% — sin? ]

T8 M) = (5 — sia B)(m — B + sin fros ) + ( — )2 — sin? F) (B — sin frcos )

E)

CLASSICAL IMBIBITION

FIG. 3 in the manuscript demonstrates that contact-line dissipation can be responsible
for a significant portion of the energy loss in capillary-driven flow systems. To stress this
point further, we return to the classical imbibition depicted in FIG. 1a of the manuscript.
The need to account for contributions of the contact-line dynamics to the rate of classical
imbibition has been the focus of a series of recent studies [4H8]. We plot the evolution of the
front position z(t) for 50 ¢St silicon oil in FIG. [2| The classical Washburn scaling for z(¢) can
be obtained by balancing Fy, = 87,22 with Fi,, = 27 Ry, cos 0, = 27 Ry, (1— %(9T%)2/3)
and neglecting the dynamic contact angle. Then the force balance reduces to

Ap,
R,

2i=1. (4)

The solution to equation (4 is 2% = %t, which differs from the early-time experimental
data in FIG. 2] A more complete description emerges by considering the dynamic contact

angle

4 0 . 1 0.
Ho s =1— —(orte2)2s, (5)

Equation (b)) captures the dynamics of viscosity-dominated classical imbibition at both early-
and late-times. At early times (when z is small), @y, and P, are comparable (see FIG.

and therefore the dynamics is best described by including both dissipation sources. At late

3
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FIG. 2. Evolution of z(t) during classical imbibition of 50 ¢St silicon oil depicted in FIG. la of
the manuscript. Here the black line represents the classical Washburn solution [Eq. ], the red
line represents the solution corrected for dynamic contact angle [Eq. (5)]. The ratio of contact-line

to total dissipation is denoted with a colormap.

times, the liquid front slows and 6, approaches 6, ,, making ® negligible. As a result, the

experimental z(t) approaches the z ~ t!/2 scaling (FIG. .
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