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When one fluid displaces another in a confined environment, some energy is dissipated in the fluid8

bulk and the rest is dissipated near the contact line. Here we study the relative strengths of these9

two sources of dissipation with a novel experimental setup: constant-rate spontaneous imbibition10

experiments, achieved by introducing a viscous oil slug in front of the invading fluid inside a capillary11

tube. We show that a large fraction of dissipation takes place near the contact line, and rationalize12

the observations by means of a theoretical analysis of the dynamic contact angles of the front and13

back menisci of the oil slug—a result that bears important implications for macroscopic descriptions14

of multiphase flows in microfluidic systems and porous media.15

Many of our daily experiences involve one fluid displac-16

ing another on a solid surface: from cooking oil spreading17

on a frying pan to paper absorbing ink [1, 2] and tea flow-18

ing up a biscuit [3]. In all of these examples, capillarity19

drives the flow as energy dissipates within the fluid bulk20

and near the contact line (the intersection of the fluid–21

fluid interface with the solid surface). While dissipation22

in the fluid bulk is purely viscous, dissipation near the23

contact line is not yet fully understood [4–14]. Charac-24

terizing what fraction of energy is lost in each region is25

a nontrivial task; the contact-line dynamics remains in26

many respects unresolved and continues to challenge our27

descriptions of multiphase flow [4, 5, 10, 15].28

In this work, we unambiguously separate contact-line29

and bulk dissipation and map out their relative impor-30

tance within a simple fluid–fluid displacement system.31

This is challenging since the dynamics of moving con-32

tact lines is nonlinear and rate-dependent: the macro-33

scopic contact angle θ at which the fluid–fluid interface34

meets the solid surface changes with the rate of displace-35

ment, and dissipation at the contact line, in turn, changes36

with θ [16]. The dynamics of moving contact lines has37

traditionally been studied through two classes of experi-38

ments: (i) constant-rate displacement under an external39

force (e.g., dip-coating [17, 18], forced displacement in40

capillary tubes [19, 20]) and (ii) spontaneous, variable-41

rate displacement (e.g., spreading of a droplet on a solid42

surface [21, 22], imbibition of a liquid into a capillary43

tube [23–29]).44

Here, we present an alternative experimental setup45

whose novelty is the result of combining, for the first46

time, three key ingredients: (i) moving contact line dy-47

namics, (ii) confined geometries, and (iii) spontaneous,48

constant-rate interfacial motion. Although the dynamics49

of the moving contact lines was first properly described50

by Voinov [31] and Cox [30], most studies have focused51

on unconfined configurations such as spreading of liquid52

drops on solid surfaces [5, 15, 32]. Confinement increases53

the ratio of interfacial area (solid-fluid and fluid-fluid)54
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FIG. 1. Experimental snapshots of (a) the classical sponta-

neous imbibition (z ∼ t1/2) of 50 cSt silicone oil in a capillary
tube and (b) constant-rate spontaneous imbibition (z ∼ t) of
water with a 50 cSt silicone oil slug precursor.

to bulk volume, often by orders of magnitude, which55

raises a fundamental question about the balance among56

different dissipation sources. While many studies have57

analyzed the importance of the different contributions58

to energy dissipation in the context of spontaneous im-59

bibition of a liquid displacing air, as described by the60

Lucas–Washburn law [1, 33], bulk viscous dissipation is61

the dominant dissipation contribution at all times, ex-62

cept for the early onset of the flow [34]. What sets our63

experimental setup apart from previous studies is that it64

allows us to achieve constant-rate imbibition, and there-65

fore keep the ratio of the different dissipation contribu-66

tions fixed throughout each experiment. This allows us67

to unambiguously extract the sources of dissipation in68

the different regimes and construct a phase diagram de-69

scribing the ratio of the energy that is dissipated at the70

contact line.71

Our experimental setup is built upon the classical case72

of spontaneous imbibition into a capillary tube. By ex-73

posing one end of a horizontal capillary tube to a silicone74

oil reservoir, oil spontaneously wets the capillary (“classi-75

cal imbibition”, FIG. 1a). The position of the oil front (z)76
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FIG. 2. (a) Constant-rate imbibition experiments for µo ∈ {48, 485, 970} mPa·s and l ∈ [2, 14] mm. Solid lines represent
theoretical predictions of constant-rate imbibition after accounting for dissipation sources within the oil slug. The experimental
data is captured accurately by equation (5) (or equivalently equation (6)). (b) Measurements of θf (blue diamonds) and θb
(green squares) during constant-rate imbibition were taken under a microscope, with typical snapshots for slugs of different
lengths (and thus Ca) displayed beside the figure. The solid lines show the generalized Cox relation [30] with Γ = 6.9, and
purple triangles indicate the data from Hoffman [19]. The blue shaded region indicates the range of Ca in our constant-rate
imbibition experiments.

mostly follows Washburn’s scaling (z ∼ t1/2) [33]. The77

mechanism behind the slowing of the liquid front is well78

understood: the capillary driving force remains nearly79

constant, while viscous resistance increases in proportion80

to z. We modify this setup to achieve constant-rate spon-81

taneous imbibition by restricting the viscous resistance82

to an oil slug of fixed length (“constant-rate imbibition”,83

FIG. 1b). We place a silicone oil (Sigma-Aldrich) slug84

of viscosity µo and length l into a hydrophilic glass tube85

(untreated Hilgenberg GmbH borosilicate glass 3.3), and86

then expose the end with the slug to a reservoir of water87

with viscosity µw. The bulk viscous resistance is then88

proportional to µol + µwz; when µol � µwz, the slug89

moves at a constant rate that can be controlled by tun-90

ing l and/or µo. In our experiments, the length of the91

oil slug does not change as water penetrates the tubes,92

which implies that the oil slug does not leave a film of oil93

behind [35–37]. We include further experimental details94

in the supplemental materials [38].95

In contrast with classical imbibition, the oil slug in our96

experiments has two menisci: one at the front (oil–air)97

and one at the back (water–oil) (FIG. 1b). The contact98

angles of these two menisci are expected to change with99

the contact-line speed, and we use the term “dynamic100

contact angle” for angles at nonzero speeds. We denote101

the dynamic contact angles of the back and front menisci102

as θb and θf , and their respective static-advancing val-103

ues as θb,a and θf,a. Each individual experiment has a104

fixed speed and thus fixed dynamic contact angles. To105

probe the dynamics of the system at different sponta-106

neous contact-line speeds, we span a wide range of slug107

viscosities and lengths, with µo ∈ {48, 485, 970} mPa·s108

and l ∈ [2, 14] mm. We characterize the nominal ratio109

of viscous to capillary forces in each experiment through110

the capillary number Ca ≡ µoż
γo

, where ż is the slug speed111

and γo the surface tension of the oil. We plot Ca against112

the ratio of tube radius R to slug length l in FIG. 2a,113

where 44 constant-rate imbibition experiments collapse114

onto a single curve. While each individual experiment115

is constant-rate, the nonlinear global trend emerges from116

the dynamics near the contact lines. We begin to ratio-117

nalize this trend through force balance.118

Constant-rate imbibition is governed by the balance119

of bulk viscous resisting force (Fbulk) and capillary driv-120

ing force (Fcap). The bulk viscous force can be calcu-121

lated from the drag on the tube walls by assuming clas-122

sical Poiseuille flow (see supplemental materials [38]) as123

Fbulk = 2πR(l 4µo

R + z 4µw

R )ż. Since µwz
µol
∈ [0.001, 0.2] in124

our experiments, we neglect the viscous pressure drop125

within the water phase and the expression for Fbulk re-126

duces to127

Fbulk = 8πµolż. (1)128

The capillary driving force can be expressed through the129

dynamic contact angles of the back and front menisci:130

Fcap = 2πR(γow cos θb + γo cos θf ), (2)131

where γow is the oil–water interfacial tension. For quasi-132

static displacement in the absence of gravity, Fcap and133

Fbulk must balance to yield the speed of the oil slug,134

ż = R
4µol

(γow cos θb + γo cos θf ), which in dimensionless135

form reads:136

Ca =

(
γow
γo

cos θb + cos θf

)
R

4l
. (3)137

To fully resolve equation (3), we need to know how θb138

and θf evolve with Ca [4, 5, 15]. When the solid sur-139

face is perfectly smooth and homogeneous, both angles140

are expected to follow the generalized Cox equation [30],141

which can be written as142

g(θ,M)− g(θa,M) = Ca Γ, (4)143
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where Γ = ln(R/hmicro), hmicro is the microscopic cut-off-144

length near the contact line, M is the ratio of the defend-145

ing to invading fluid viscosities, and the function g(θ,M)146

is defined in the supplemental materials [38]. Indeed,147

when using M = 0 for the oil–air interface, M = 1000 for148

the water–oil interface, and hmicro/R = 10−3 (Γ = 6.9)149

for both [30], the generalized Cox equation produces good150

agreement with the experimental measurements of θf and151

θb (FIG. 2b). Although equations (3) and (4) can be152

used to reproduce the constant-rate imbibition trend in153

FIG. 2a, we seek further simplifications of equation (4)154

for the two menisci. First, we take θb = 72◦. This is155

justified since both θb measurements and the generalized156

Cox trend in FIG. 2b appear to be approximately con-157

stant within the Ca range of our constant-rate imbibition158

experiments. Second, we note that equation (4) sim-159

plifies greatly for the oil–air meniscus: when M � 1,160

it reduces to the commonly-used Cox–Voinov relation161

θ3f = θ3f,a + 9ΓCa [30, 31]. This further reduces to162

θf = (9ΓCa)1/3 since silicone oil wets the glass surface163

completely (θf,a = 0◦). Therefore, after using the ex-164

pansion cos θf = 1 − θ2f/2 + O(θ4f ) and the Cox–Voinov165

expression, equation (3) yields:166

Ca =

[
γow
γo

cos θb + 1− 1

2
(9ΓCa)2/3

]
R

4l
, (5)167

which accurately reproduces the experimental trend168

(FIG. 2a). Note that the generalized Cox relation pre-169

dicts approximately constant θb within the Ca of our ex-170

periments for any liquid pair as long as M � 1 and θb,a171

is not much greater than the value in our experiments172

(θb,a = 64◦).173

We can now use this theoretical description of174

constant-rate imbibition [Eq. (5)] to evaluate the con-175

tributions of the two moving contact lines to the macro-176

scopic trend in FIG. 2a. It is important to make a dis-177

tinction between the two menisci in FIG. 1b, because178

wettability plays a key role in how they interact with179

surface defects. The water–oil interface is in partial wet-180

ting, and can experience pinning at surface defects [7];181

whenever θb < θb,a, surface tensions at the contact line182

are in static balance. This balance no longer holds when183

θb > θb,a, and the contact line sets in motion. We define184

the dynamic contact-line force at the back meniscus as185

fb = γow(cos θb,a − cos θb). We measure θb,a ≈ 64◦, and186

thus fb ≈ 0.13γow. In contrast, the oil–air interface is in187

complete wetting, and is not sensitive to most surface de-188

fects [7]. We define ff = γo(cos θf,a−cos θf ) in analogy to189

the water–oil meniscus. Recall that θf,a = 0◦. Then, the190

force at the front meniscus reduces to ff = γo
2 (9ΓCa)2/3.191

We can then rewrite equation (5) through the dynamic192

contact-line forces,193

4l

R
Ca +

fb
γo

+
ff (Ca)

γo
= 1 +

γow
γo

cos θb,a, (6)194
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FIG. 3. Phase diagram of forced, rate-controlled imbibi-
tion of viscous oil slugs. An external force is needed to move
the slug at higher Ca (“push”) or lower Ca (“pull”) than
the spontaneous rate predicted by equation (6) (black solid
line). The color of the R/l − Ca space represents the ra-
tios of contact-line to total dissipation in such moving slugs,
Ξ = Φcl/(Φcl + Φbulk).

where “driving” terms are grouped on the right-hand-195

side, and “resisting” terms are grouped on the left-hand-196

side. Equation (6) is equivalent to equation (5), but its197

form is convenient for inferring the relative importance198

of fb and ff to the overall trend in FIG. 2a. If there199

were no dynamic contact-line forces at the two menisci200

(ff = fb = 0), the equation of motion would reduce201

to equation (3) with θb = θb,a and θf = θf,a. This202

scenario corresponds to the red line in FIG. 2a. If we203

now remove the dynamic contact-line force at the front204

meniscus only, equation (6) would reduce to equation (5)205

with term γo
2 (9ΓCa)2/3 = 0, corresponding to the black206

line in FIG. 2a. This allows making several conclusions:207

(i) neglecting the dynamic contact-line forces produces208

a trend with a significant qualitative and quantitative209

disagreement with the experiments in FIG. 2a, (ii) non-210

linearity in constant-rate imbibition comes from the dy-211

namic contact-line force at the front meniscus, (iii) the212

contribution of fb to the overall trend in FIG. 2a is rel-213

atively small (see Eq. (6) with fb = 0 in FIG. 2a), with214

2 < ff/fb < 8 within the experimental range of constant-215

rate imbibition.216

Although our experiments are in spontaneous imbi-217

bition, our results are also relevant to forced imbibi-218

tion. Addition of an external force would not change the219

sources of dissipation within the moving slug. There are220

only three dissipative forces in our system: bulk viscous221

force, and contact line forces at the two menisci. The222

energy dissipation in the bulk is Φbulk = 8πµolż
2, again223

assuming Poiseuille flow and µol� µwz. The dissipation224

due to dynamic contact-line forces is Φcl = 2πR(ff+fb)ż.225

We can map the relative magnitudes of Φbulk and Φcl dur-226

ing arbitrary motion of the oil slug. FIG. 3 shows a phase227

diagram where spontaneous imbibition [Eq. (5)] sepa-228

rates regions where an external force either “pushes” the229

slug to move faster or “pulls” it to move slower than the230

spontaneous rate. The ratio of contact-line to total dis-231



4

sipation within the moving slug is Ξ = Φcl/(Φcl + Φbulk),232

which is equivalent to233

Ξ =
fb + ff

fb + ff + 4l
RCaγo

, (7)234

and can be alternatively derived by considering dissipa-235

tive forces within the system (contact line vs. total). The236

black lines in FIG. 3 represent isolines corresponding to237

different values of Ξ in equation (7). A surprisingly large238

fraction of the dissipation (between 20% for 14 mm slugs239

and 50% for 2 mm slugs) occurs in the vicinity of the240

contact line during our constant-rate imbibition experi-241

ments. Dissipation isolines in FIG. 3 are valid within the242

Ca range of our experiments. However, it is important to243

note what would happen in the upper and lower bounds244

of Ca in FIG. 3. In the upper bound (Ca > 0.02), our245

approximation of constant θb would no longer hold (see246

FIG. 2b). Thus, the isolines in FIG. 3 likely underes-247

timate the true dissipation ratio when Ca > 0.02. In248

the lower bound (Ca → 0), the system would approach249

a depinning threshold, where the water–oil contact line250

would move by hopping between surface defects, resulting251

in θb(Ca) relation that is very different from the gener-252

alized Cox equation [7–9]. The fact that the motion of253

the water–oil meniscus in our experiments appears to be254

smooth and θb is in good agreement with the generalized255

Cox equation suggests that we are either sufficiently far256

from the depinning threshold or that the strength of the257

surface defects on our glass surface is too small to have258

appreciable influence on the overall trend in FIG. 3.259

The ratio of contact-line to bulk dissipation in FIG. 3260

has important macroscopic implications for problems be-261

yond the constant-rate imbibition we present in this262

work. Neglecting dissipation near the contact lines would263

lead to erroneous (linear) relation between dissipation264

and Ca; FIG. 3 demonstrates that this relation is non-265

linear and is a function of the slug dimensions. One ex-266

ample where this may be significant is the flow of foam267

or ganglia in porous media [39, 40], a system that has268

an inherently large number of (potentially very short)269

viscous slugs and thus might be expected to have signifi-270

cant energy dissipation associated with dynamic contact271

angle effects. Another example is classical imbibition272

in capillary tubes. It has been recently demonstrated273

that early-time viscous effects near the contact line move274

the system away from the commonly known form of the275

Washburn equation (z ∼ t1/2), towards z ∼ t [34]. This276

is when Φbulk and Φcl are comparable. However, this277

flow regime is rather brief in classical imbibition (see sup-278

plemental materials [38]). Alternatively, one can readily279

access the flow regime with significant Φcl contribution280

through constant-rate imbibition, as we demonstrate in281

FIG. 3.282

In summary, we have mapped out the contributions of283

contact-line and bulk dissipation during fluid–fluid dis-284

placement, and we have shown that a large portion of285

the dissipation takes place in the vicinity of the contact286

line. We did so using constant-rate spontaneous imbibi-287

tion, achieved by introducing a viscous oil slug in front288

of the invading fluid inside a capillary tube. The rate289

of imbibition in such experiments can be precisely con-290

trolled through the viscosity and length of the oil slug.291

This setup allows probing flow regimes that would oth-292

erwise be accessible only during the early-time sponta-293

neous flow—a novel feature of our experimental setup294

that has significant utility in the study of moving con-295

tact line problems. Alternatively, one can ensure that296

dynamic contact line effects are negligible by making the297

oil slugs sufficiently long (Ξ→ 0 when l/R� 1). For ex-298

ample, in order for contact-line dissipation to account for299

less than 5% of total dissipation, a slug must be longer300

than l/R = 155 at Ca = 0.02 and longer than l/R = 65301

at Ca = 0.2.302

The system we present in this work could be utilized303

for fabrication of precise micro- and nano-pumps. The304

ability to precisely control the flowrate without external305

forces would be useful in designing passive microfluidic306

devices [41], which have applications in miniature heat307

pipes for cooling of electronic components [42], pattern-308

ing biomolecules in microchannels [43], and clinical di-309

agnostics [44]. Indeed, a known method of maintaining310

a fixed flowrate in such devices is by having a constric-311

tion ahead of the flow channel that is about an order312

of magnitude smaller than the rest of the channel [45].313

However, it can be technically challenging to scale down314

this technique to sizes below a micron, where one would315

need to precisely fabricate nanometer-scale constrictions.316

The constant-rate imbibition depicted in FIG. 1b does317

not have such scaling limitations, and it is a cheap tech-318

nique that can be used for passive control of flowrates in319

microfluidic devices.320
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[24] E. Schäffer and P. Z. Wong, Physical Review Letters 80,374

3069 (1998).375
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DETAILS OF THE EXPERIMENTAL SETUP9

All of the experiments were conducted in Hilgenberg borosilicate glass tubes that are10

75 mm in length and 290 µm in inner radius. The interfacial tensions of the oil–air and11

oil–water interfaces were γo = 22 mN/m and γow = 13 mN/m, respectively. The dynamic12

contact angles of the water-oil interface in glass capillaries were measured under a micro-13

scope. The tubes were submerged into glycerol, which has a matching refractive index with14

the borosilicate glass in use (1.473). Contact angles were measured from the curvature of15

the interface, with parallax correction applied as in [1].16

Throughout this manuscript we assumed that Hagen–Poiseuille flow is maintained17

through the oil slug and that, therefore, the velocity profile is parabolic. This assump-18

tion was used to calculate the viscous drag and dissipation within the bulk of the oil slug.19

We confirmed the parabolic velocity profile within the oil slug through PIV tracing [2]. In20

FIG. 1 we show that even for the shortest slug used in this study (2 mm), the majority of21

the bulk space maintains the parabolic velocity profile.22

FIG. 1. PIV measurements of the velocity profile in spontaneously moving 2 mm slug with

1000 cSt viscosity. The plot is the 2D representation of a histogram, where color stands for the

frequency. The data was collected over the entire length of the 2 mm slug, over all frames. The

figure demonstrates that even in the shortest slug used in this study (2 mm), the majority of the

bulk space maintains the parabolic velocity profile.
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GENERALIZED COX EQUATION23

In the main body of the manuscript we use the generalized Cox equation [3]24

g(θ,M) − g(θa,M) = Ca Γ, (1)25

where M is the ratio of the defending to invading fluid viscosities, Γ = ln(R/hmicro) is the26

cut-off-length parameter near the contact line, and function g(θ,M) is27

g(θ,M) =

∫ θ

0

dβ

f(β,M)
, (2)28

and29

f(β,M) =
2 sin β[M2(β2 − sin2 β) + 2M(β(π − β) + sin2 β) + (π − β)2 − sin2 β]

M(β2 − sin2 β)(π − β + sin β cos β) + ((π − β)2 − sin2 β)(β − sin β cos β)
. (3)30

CLASSICAL IMBIBITION31

FIG. 3 in the manuscript demonstrates that contact-line dissipation can be responsible32

for a significant portion of the energy loss in capillary-driven flow systems. To stress this33

point further, we return to the classical imbibition depicted in FIG. 1a of the manuscript.34

The need to account for contributions of the contact-line dynamics to the rate of classical35

imbibition has been the focus of a series of recent studies [4–8]. We plot the evolution of the36

front position z(t) for 50 cSt silicon oil in FIG. 2. The classical Washburn scaling for z(t) can37

be obtained by balancing Fbulk = 8πµozż with Fcap = 2πRγo cos θo = 2πRγo(1− 1
2
(9Γµoż

γo
)2/3)38

and neglecting the dynamic contact angle. Then the force balance reduces to39

4µo
Rγo

zż = 1. (4)40

The solution to equation (4) is z2 = γoR
2µo

t, which differs from the early-time experimental41

data in FIG. 2. A more complete description emerges by considering the dynamic contact42

angle43

4µo
Rγo

zż = 1 − 1

2
(9Γ

µoż

γo
)2/3. (5)44

Equation (5) captures the dynamics of viscosity-dominated classical imbibition at both early-45

and late-times. At early times (when z is small), Φbulk and Φcl are comparable (see FIG. 2)46

and therefore the dynamics is best described by including both dissipation sources. At late47
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FIG. 2. Evolution of z(t) during classical imbibition of 50 cSt silicon oil depicted in FIG. 1a of

the manuscript. Here the black line represents the classical Washburn solution [Eq. (4)], the red

line represents the solution corrected for dynamic contact angle [Eq. (5)]. The ratio of contact-line

to total dissipation is denoted with a colormap.

times, the liquid front slows and θo approaches θo,a, making Φcl negligible. As a result, the48

experimental z(t) approaches the z ∼ t1/2 scaling (FIG. 2).49
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[4] J. Bico and D. Quéré, Journal of Fluid Mechanics 467, 101 (2002).54

[5] J. Delannoy, S. Lafon, Y. Koga, E. Reyssat, and D. Quéré, Soft Matter 15, 2757 (2019).55
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