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Abstract

In this thesis we study Spin(7)-manifolds, that is Riemannian 8-manifolds with torsion-
free Spin(7)-structures, and Cayley submanifolds of such manifolds. We use a con-
struction of compact Spin(7)-manifolds from Calabi-Yau 4-orbifolds with antiholo-
morphic involutions, due to Joyce, to find new examples of compact Spin(7)-manifolds.
We search the class of well-formed quasismooth hypersurfaces in weighted projective
spaces for suitable Calabi—Yau 4-orbifolds. We consider anti-holomorphic involutions
induced by the restriction of an involution of the ambient weighted projective space
and we classify anti-holomorphic involutions of weighted projective spaces.

We consider the moduli problem for Cayley submanifolds of Spin(7)-manifolds and
show that there is a fine moduli space of unobstructed Cayley submanifolds. This
result improves on the work of McLean in that we consider the global issues of how
to patch together the local result of McLean. We also use the work of Kriegl and
Michor on ‘convenient manifolds’ to show that this moduli space carries a universal
family of Cayley submanifolds.

Using the analysis necessary for the study of the moduli problem of Cayleys we find
examples of compact Cayley submanifolds in any compact Spin(7)-manifold arising,
using Joyce’s construction, from a suitable Calabi—Yau 4-orbifold with antiholomor-
phic involution. For the analysis to work, we need to show that a given Cayley
submanifold is unobstructed. To show that particular examples of Cayley submani-
folds are unobstructed, we relate the obstructions of complex surfaces in Calabi—Yau

4-folds as complex submanifolds to the obstructions as Cayley submanifolds.
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Chapter 1

Introduction

To any connected Riemannian manifold (M, g) we can associate the holonomy group
of (M, g), which we will denote Hol(g). The group Hol(g) is the group of parallel
transport maps around piecewise-smooth loops based at a point p € M. Berger’s
classification result [9] gives a list of possible holonomy groups of simply-connected,
irreducible, and nonsymmetric Riemannian manifolds. The classification gives five
infinite families SO(n), U(m), SU(m), Sp(m), and Sp(m)Sp(1), and two exceptional
groups GGy and Spin(7).

Calibrated geometry was introduced by Harvey and Lawson in their seminal paper
[33]. A calibration on a Riemannian manifold (M, g) is a closed m-form ¢ such that
¢ly < voly for all oriented m-planes V' C T,M and all p € M. We say an oriented
submanifold N C M is calibrated by ¢, or simply calibrated, if ¢|y = voly. Calibrated
submanifolds are necessarily minimal and volume-minimizing if compact.

Suppose (M, g) is a Riemannian manifold of dimension n and Hol(g), regarded
as a subgroup of O(n), fixes an element ¢ € A™(R")*. Then ¢ determines a m-
form on M, which is parallel with respect to the Levi-Civita connection. Any form,
which is parallel with respect to a torsion-free connection, is closed and by rescaling
¢ we can ensure that ¢ is a calibration. The groups appearing in the classification
of Riemannian holonomy groups U(m), SU(m), Sp(m), Sp(m)Sp(1), G, and Spin(7)
all fix one or more forms. Therefore any Riemannian manifold with holonomy in the
list above admits one or more calibrations. In fact, other than the group U(m), each

of the groups in the list can be defined as the stabilizer group of a collection of forms.
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In this way the subjects of manifolds with special holonomy and calibrated geometry
are linked.

As hinted in the title, in this thesis we will be concerned primarily with Rieman-
nian manifolds (M, g), whose holonomy is contained in Spin(7), and the calibrated
submanifolds of such manifolds. The group Spin(7) can be defined as the stabilizer
of a particular 4-form Q, € A*(R®)*, defined by Harvey and Lawson. We define a
Spin(7)-manifold (M, 2, g) to include a choice of parallel 4-form € such that at each
point p € M there exists an isometric identification of T, M with R®, such that Q, is
identified with §29. Submanifolds calibrated by €) are known as Cayley submanifolds.

Kéhler manifolds have holonomy contained in U(m) and examples of compact
Kahler manifolds are numerous. Any smooth hypersurface in complex projective
space, with the metric induced by the Fubini-Study metric, is an example of a Kéhler
manifold. The Calabi conjecture allows us to reduce the existence of metrics with
holonomy SU(m) to a problem in complex geometry. In particular any hypersurface
of degree n + 1 in CP" admits a Ricci-flat Kéhler metric. Note that the metric given
by the Calabi conjecture is generally not that induced by the Fubini-Study metric.

Although Berger’s classification result was proved in 1955, it was not until the
1980’s until the existence of metrics with holonomy equal to G2 and Spin(7) was
proved by Bryant [13]. Bryant and Salamon [14] constructed examples of complete
Riemannian manifolds with holonomy G» and Spin(7) and Joyce [37-39] constructed
the first examples of compact Riemannian manifolds with holonomy G5 and Spin(7).
Taylor [90] and Kim and Jang [52] have used the results of Joyce [39] to find more
examples of compact Riemannian manifolds with holonomy Spin(7).

The group SU(4) is a subgroup of Spin(7) and this means that any Calabi—Yau
4-fold can be given the structure of a Spin(7)-manifold. A complex surface in a
Calabi-Yau 4-fold is a Cayley submanifold, considering the Calabi—Yau 4-fold as a
Spin(7)-manifold. In this way we can find examples of compact Cayley submanifolds
in Spin(7)-manifolds. The complete Riemannian manifold with holonomy Spin(7)

constructed by Bryant and Salamon contains a Cayley submanifold diffeomorphic to
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5S4, however it is more difficult to find examples of compact Cayley submanifolds of
the compact manifolds with holonomy Spin(7) constructed by Joyce.

Joyce |41, Prop. 10.8.6] shows that the connected components of the fixed point
locus of involutions preserving the Spin(7)-structure of a Spin(7)-manifold is either
a Cayley submanifold or an isolated point. One can use this fact to find examples
of compact Cayley submanifolds of compact Spin(7)-manifolds. We will find new
examples by investigating the deformation theory of compact Cayley submanifolds.

McLean [77] studied the deformation theory of many examples of calibrated sub-
manifolds and showed that certain classes of calibrated submanifolds were unob-
structed and therefore an infinitesimal deformation integrates to a deformation. Due
to McLean’s work, one may ask whether calibrated submanifolds are unobstructed
but, in general, the answer is no. For example complex submanifolds may be ob-
structed. Cayley submanifolds may also be obstructed.

Although we will focus on compact Cayley submanifolds we should note that there
have been some studies of non-compact Cayley submanifolds of R®. Lotay [69] and
Fox [26] studied non-compact Cayley submanifolds of R®, which are ‘2-ruled’. Lotay
in particular gives explicit examples of such non-compact Cayley submanifolds. Fox
relates 2-ruled Cayley submanifolds to pseudoholomorphic curves in &"(2, 8), which
carries a non-integrable complex structure related to the identification of 6}\}(2, 8) as
a homogeneous space (/3:"(2, 8) = Spin(7)/U(3). Any 2-ruled Cayley submanifold is an
example of an asymptotically conical Cayley submanifold. These are Cayley subman-
ifolds of R®, which asymptotically approach a cone away from the origin in a specified
way. We will not study the class of asymptotically conical Cayley submanifolds in
this thesis although they will reappear in §7.4] in our discussion of potential future

work.

1.1 Main results

In [40] Joyce gives a second construction of compact Riemannian manifolds with

holonomy Spin(7). The ingredients for this construction are a Calabi—Yau 4-orbifold
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and an antiholomorphic involution, which acts in a suitable manner. We search the
class of hypersurfaces in weighted projective spaces for suitable Calabi—Yau 4-orbifolds
with antiholomorphic involution.

We restrict attention to ‘well-formed’ and ‘quasismooth’ hypersurfaces of weighted
projective spaces because, in that case, we can easily test whether the canonical
bundle is trivial. The construction of Joyce requires that the Calabi—Yau 4-orbifold

has singularities modelled on C*/Z, with Z, acting by diagonal multiplication. We

say that such a singularity is of type }1(1, 1,1,1), and we will define other types of
singularities later in the text. Furthermore, the construction requires that the fixed
points of the antiholomorphic involution are the singularities of type }1(1, 1,1,1). Any
other singularities of the hypersurface must admit a crepant resolution, so that the
singularities can be resolved without affecting the triviality of the canonical bundle.

The main classification result is the following:
Theorem [3.2.6| The weights aq, ..., as such that

i) A generic hypersurface X, of degree d = . a; in CP> is well-formed and
(2 ag

yeey@5

quasismooth;
(11) Xg4 has isolated singularities of the type %(17 1,1,1);

(111) (C]P’goma5 admits an antiholomorphic involution, T, whose fized point locus in-

tersects a T-invariant X4 at the isolated singularities of type i(l, 1,1,1);
(iv) Any other singularities of X4 admit crepant resolutions;
are listed in Table[3.9 on page [48.

We also determine the Betti numbers of the Spin(7)-manifolds, which are results
of this construction. The Betti numbers are listed in Table on page [53|

McLean’s study of the deformation theory of calibrated submanifolds was of a
purely local nature. We will use the theory of ‘convenient manifolds’ developed by
Kriegl and Michor [63] to discuss some global properties of the set of compact Cayley
submanifolds of a Spin(7)-manifold. Our work will rely heavily on the fact that
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Kriegl and Michor have shown that the set of compact submanifolds of a manifold,
of a given diffeomorphism type, can be given a convenient manifold structure. The
convenient manifold structure on this set is natural, in an appropriate sense which
we will describe. We will also express the expected dimension of the moduli space
of Cayley submanifolds in terms of familiar invariants of the submanifold. The main

result is the following:

Theorem Let (M,€Q,g) be a manifold with Spin(7)-structure, N a compact
oriented J-manifold and o € Hy(M,Z). Suppose the set, Cay*™ (N, M),, of unob-
structed embedded Cayley submanifolds f: N — M with homology class [f(N)] = «
is nonempty. Then there exists a manifold, with underlying set Cay™™ (N, M),, of
dimension

So(N) 4 x(N) ~a-a.

Furthermore Cay*™ (N, M), is the base of a universal family of unobstructed Cayley
submanifolds, f: N — M, of M of type N such that [f(N)] = «.

The naturality of the manifold structure on the set Cay*™ (N, M), is expressed in
the existence of a universal family with base Cay*™ (NN, M),, or in more categorical
or algebro-geometric terms, the manifold Cay®™ (N, M), can be said to represent an
appropriate functor.

Finally we will find examples of compact Cayley submanifolds in the compact
manifolds with holonomy Spin(7) given by Joyce’s construction [40]. The following
theorem produces examples of compact Cayley submanifolds in any compact Spin(7)-

manifold constructed using the methods in [40].

Theorem [7.3.4, Let (Z,9,g) be a Spin(7)-orbifold with singularities modelled on
R®/T" where T acts as in Example M" and (2, ¢") the manifold with Spin(7)-
structure defined in [41, §15.2.2] and Q! the torsion-free Spin(7)-structure on M*
given by [41, Th. 13.6.1].

Let Y C CP? be a smooth B-invariant hypersurface and N = Y/{(8). Let p; € Z
be a singular point of Z and let ff: N — M* be as in Definition [7.5.1]
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Then there exists k' > 0 such that if t € (0, k'], there exists ff: N — M, isotopic
to ft: N — M", which is Cayley with respect to Q.

In Proposition we determine the dimension of the moduli space of compact
Cayley submanifolds near the Cayley submanifolds constructed by Theorem in
terms of the degree d of the embedding. We will also discuss a second construction
of compact Cayley submanifolds, Theorem [7.3.7, which gives examples of compact
Cayley submanifolds in some of those Spin(7)-manifolds found earlier in the thesis.
The methods we will use to find these examples, in particular the relationship between
complex and Cayley obstructions, Corollary can be used to find many more
examples of compact Cayley submanifolds in the compact Spin(7)-manifolds given by

Joyce’s constructions.

1.2 Chapter overview

The thesis is naturally divided in two between the study of Spin(7)-manifolds and
the study of Cayley submanifolds of Spin(7)-manifolds. Chapters [2[ and [3| are fo-
cused on Spin(7)-manifolds while the rest of the thesis deals primarily with Cayley
submanifolds.

In Chapter 2| we will review Riemannian holonomy groups and introduce Spin(7)-
manifolds. We will give an overview of Joyce’s constructions of manifolds with special
holonomy from Ricci-flat orbifolds. If (M, g) is a Ricci-flat Riemannian orbifold and
p € M is a singularity modelled on R" /T, the aim is to desingularize (M, g) by gluing
together M with a Riemannian manifold, which is asymptotic to a quotient R"/I" for
[' € SO(n) in a suitable sense, known as ALE or QALE spaces, and then to perturb
the metric to a Ricci flat metric. This is a balancing act between how well the ALE
space approximates the original metric in a neighbourhood of the singularity and the
curvature of the metric obtained in the gluing procedure. The theorems of Joyce
show us that, in certain cases, this gluing procedure works. We will also discuss the
Calabi conjecture since this allows us to find many examples of Ricci-flat manifolds

using algebraic techniques. Finally we will see various methods of finding explicit
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examples of complex manifolds, which satisfy the conditions of the Calabi conjecture,
and therefore admit Ricci-flat Kahler metrics.

In Chapter [3] we find examples of Calabi—Yau 4-orbifolds together with anti-
holomorphic involutions, which satisfy the conditions for a construction of Spin(7)-
manifolds of Joyce. In [40], Joyce finds examples of appropriate Calabi-Yau 4-
orbifolds as hypersurfaces in weighted projective spaces. We will find all exam-
ples of appropriate Calabi-Yau 4-orbifolds, which arise as generic hypersurfaces in
weighted projective spaces. In the process we will classify antiholomorphic involu-
tions of weighted projective spaces, up to automorphism. We will then use techniques
from toric geometry to find the Betti numbers of the Spin(7)-manifolds that arise from
the construction.

In Chapter 4| we will introduce the second major objects of study in the thesis,
that of Cayley submanifolds. We will cover some basic material on non-linear differ-
ential operators on compact manifolds, Dirac operators and the Atiyah—Singer Index
Theorem as these will be necessary as we describe the moduli space of compact Cayley
submanifolds.

In Chapter |5 we investigate the ‘moduli problem’ of compact submanifolds of
a manifold. By ‘moduli problem’ we mean the question of whether there is any
geometric structure on the set of all compact submanifolds of a manifold, which should
be natural in some sense. The geometric structure on the set should be related to
a notion of smooth family of compact submanifolds. We will use the category of
convenient manifolds, introduced by Kriegl and Michor, to investigate this problem.
The chapter will consist mostly of a review of material from the book by Kriegl and
Michor on the subject of convenient manifolds [63]. Our contribution will be to relate
the convenient manifold structure on the set of compact submanifolds with a suitable
notion of smooth family of compact submanifolds.

In Chapter [6] we investigate the moduli problem of compact Cayley submanifolds
of a Spin(7)-manifold. The deformation theory of Cayley submanifolds was first in-
vestigated by McLean [77] and the study is local in nature. The results of Chapter
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will allow us to give a more global treatment of the problem. However we will re-
strict attention to those Cayley submanifolds that are unobstructed. Finally we will
calculate the dimension of the moduli space of Cayley submanifolds near an unob-
structed Cayley submanifold. This is an index calculation and we will make use of the
Atiyah—Singer Index Theorem and other material from Chapter [4] in this Chapter.
In Chapter [7]we will find examples of compact Cayley submanifolds in the compact
manifolds with holonomy Spin(7), which were found in Chapter . The strategy we
will follow is to find an unobstructed Cayley submanifold in the ALE space, which we
use to desingularize the Spin(7)-orbifold, and then to perturb the Cayley submanifold
so that it is Cayley with respect to the torsion-free Spin(7)-structure on the desingu-
larized Spin(7)-manifold. The main obstacle in following this strategy is to show that
a given Cayley submanifold is unobstructed. In the case of complex submanifolds
of Calabi—Yau 4-folds, we will relate the complex obstructions to the obstructions as
a Cayley submanifold. We will then use complex algebraic geometry to show that
certain Cayley submanifolds are unobstructed. We will finish by discussing various
directions for future research involving Cayley submanifolds, most of which rely on
a good theory of Cayley submanifolds with conical singularities and asymptotically

conical Cayley submanifolds, neither of which we will cover in this thesis.



Chapter 2

Manifolds with special holonomy

In this chapter we give an overview of Riemannian holonomy groups, Riemannian
manifolds with special holonomy, and constructions of examples of such Riemannian
manifolds.

Berger’s classification result, Theorem [2.1.2] is the fundamental theorem in the
theory of Riemannian holonomy. The group Spin(7) appears as an exceptional case
in this classification and motivates the study of Spin(7)-manifolds, which, in terms
of holonomy groups, are Riemannian manifolds (M, g) with holonomy contained in
Spin(7), together with a choice of embedding of Hol(g) < Spin(7) C GL(8,R).

We will cover the known constructions of compact manifolds with holonomy
Spin(7), due to Joyce. The two constructions of Joyce both make use of ALE man-
ifolds to desingularize Spin(7)-orbifolds and we will give an idea of how these con-
structions work.

The second construction of compact manifolds with holonomy Spin(7) requires
Calabi—Yau orbifolds as input and so in the last section we will cover various algebro-
geometric methods for producing lots of examples of Calabi—Yau manifolds and orb-
ifolds. In particular we will discuss hypersurfaces in weighted projective spaces and,

more generally, in toric varieties.
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2.1 Riemannian holonomy groups

In this section we introduce the notion of the holonomy group of a Riemannian
manifold. We will show how the group Spin(7) has a special role to play in the
classification of such groups. Let (M, g) be a connected Riemannian manifold. We
will associate to (M, g) an algebraic object, which depends on the global structure of
the Riemannian manifold. This algebraic object, which will be a group, will hopefully
capture interesting information about the Riemannian manifold.

The fundamental theorem of Riemannian geometry gives us the Levi-Civita con-
nection as a natural object to play with in our study of Riemannian geometry. Recall
the Levi-Civita connection is the unique torsion-free connection on the tangent bundle
of M preserving the metric.

Given a connection we can define parallel transport of vectors along paths in M
and in particular to any loop based at p € M we can associate an element of GL(7,M)
given by parallel transport along the loop. The piecewise-smooth loops (based at p)
carry a group structure given by concatenation, and parallel transport respects this

group structure. This motivates the definition of a holonomy group.

Definition 2.1.1. The holonomy group Hol(g) of a connected Riemannian manifold
(M, g) is the group generated by parallel transport maps around piecewise-smooth

loops based at a point.

Note that we have not made reference to the basepoint in our definition. If M
is an n-dimensional manifold then for any point p € M we can identify GL(7,M)
with GL(n,R). Using this identification, the holonomy group can be regarded as a
subgroup of GL(n,R), up to conjugation since the identification of 7,M and R™ is
not canonical.

If ¢ € M is a different point then by using parallel transport along a curve joining p
and ¢, which we can do since M is connected, we can identify 7, M and T, M. If we also
choose a non-canonical identification of 7, M with R", the effect of parallel transport

along the curve joining p and ¢ is to change the holonomy group, as a subgroup of
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GL(n,R), by conjugation. The net result is that we can suppress the basepoint and

regard the holonomy group as a conjugacy class of subgroups of GL(n, R).

Remark. We can easily define a holonomy group for any connection on the tangent
bundle of a manifold. In fact a lot of interesting geometric structures can be char-
acterized by the existence of a torsion-free connection, whose holonomy group is a
subgroup of an interesting Lie group. For example a complex manifold admits a

torsion-free connection with holonomy group contained in GL(n,C) C GL(2n,R).

2.1.1 Classification of Riemannian holonomy groups

The major guiding result in the study of Riemannian holonomy is the classification
result of Berger [9]. We will need some technical definitions in order to state the
classification.

Firstly we will assume that the manifold in question is simply connected. Next
we say a Riemannian manifold, (M,g), is locally reducible if in a neighbourhood
of any point p € U C M is isometric to a product (U, g) = (U; x Uy, g1 X g2) with
dim Uy, dim Uy > 0 and irreducible if (M, g) is not locally reducible. A metric is locally
symmetric if VR = 0, where R is the curvature of the metric, and nonsymmetric if it
is not locally symmetric. Note that this is a nonstandard and unmotivated definition
of the term nonsymmetric, and we direct the reader to [12, Ch. 7.F] for an introduction

to the theory of Riemannian symmetric spaces.

Theorem 2.1.2 (Berger |9]). Suppose M is a simply-connected manifold of dimension
n and g 1s a Riemannian metric on M, which is irreducible and nonsymmetric. Then

one of the following cases holds:

(1) Hol(g) = SO(n),

(ii) n = 2m with m > 2, and Hol(g) = U(m) in SO(2m),
(111) n = 2m with m > 2, and Hol(g) = SU(m) in SO(2m),

(iv) n = 4m with m > 2, and Hol(g) = Sp(m) in SO(4m),
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(v) n=4m with m > 2, and Hol(g) = Sp(m)Sp(1) in SO(4m),
(vi) n =7 and Hol(g) = Gy in SO(7), or
(vii) n = 8 and Hol(g) = Spin(7) in SO(8).

Each of the cases can be understood as related to one of the four division algebras
R, C, H, and the octonions Q. Cases (ii) and (iii) are related to complex geometry.
Manifolds with holonomy U(n) are Kéhler and any smooth projective variety gives an
example of a Kéhler manifold. The case of SU(n) is much more difficult as a manifold
with holonomy SU(n) is necessarily Ricci-flat. The solution of the Calabi conjecture
by Yau gives us a method for proving the existence of compact manifolds admitting
metrics with holonomy SU(n), and they are sometimes called ‘Calabi—Yau manifolds’
in their honour. We will use the term Calabi-Yau manifold for a related but slightly
different notion, see Joyce uses the Calabi conjecture as a stepping stone to
finding compact manifolds with holonomy Spin(7).

The next two cases of Sp(m) and Sp(m)Sp(1) are related to the quaternions, and
Riemannian manifolds with holonomy contained in those groups are called hyperkdhler
and quaternionic Kahler respectively. Hyperkahler manifolds are also Ricci-flat and
as a result compact examples are difficult to find.

Finally we have the exceptional cases of Gy and Spin(7), which only occur in
dimensions 7 and 8. Berger’s theorem dates from 1955, and it took nearly 40 years
to find examples of compact manifolds with holonomy G5 and Spin(7).

Bryant [13] in 1987 used the theory of exterior differential systems to show the
existence of many metrics with holonomy Gy and Spin(7) on small balls in R” and
R8, respectively. Then Bryant and Salamon [14] constructed examples of complete
metrics with holonomy G and Spin(7) on non-compact manifolds, which were vector
bundles over manifolds of dimensions 3 and 4.

In 1994-5 Joyce [37-39] constructed examples of compact manifolds with holon-
omy Go and Spin(7) from quotients of flat tori by finite groups. Kovalev [56] gave a

second construction of compact manifolds with holonomy G5 from Fano 3-folds.
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We will be interested in a second construction of compact manifolds with holon-
omy Spin(7) by Joyce [40]. The construction will be sketched in Section 2.4] but
the essential ingredients will be a Calabi-Yau 4-orbifold with an antiholomorphic

involution.

2.2 Spin(7)-manifolds

The material of this section is entirely from [41]. We will give a definition of the
Lie group Spin(7) as a subgroup of GL(8,R) and describe how it relates to other
subgroups, in particular SU(4).

There is a very close relation between the holonomy group of a Riemannian man-
ifold and the set of parallel tensors on the manifold. In many cases each determines

the other.

Proposition 2.2.1. Let (M, g) be a connected Riemannian manifold of dimension
n. Let V be a representation of O(n) and E the associated bundle over M. Then the
parallel sections of E are in one-to-one correspondence with trivial subrepresentations

of V' as a representation of Hol(g).

Spin(7) can be defined as the simply-connected double cover of SO(7). We how-
ever will define it as the stabilizer group of a certain 4-form on R®, which will deter-
mine an embedding of Spin(7) in GL(8,R), and hence the irreducible 8-dimensional

representation, to which Berger’s theorem refers.

Definition 2.2.2. Let R® have coordinates (xy, ..., zg). Let dz;ji; denote the 4-form
dz; Adzj A dzy A dz;. We define the Cayley form, €, by
Qo = dz1234 + dw1256 + 1278 + dT1357 — dw1368 — dT1458 — AT 1467
+ dxsers + dxzars + dTzase + droses — drossr — doser — dTasss.

Spin(7) is the subgroup of GL(8,R) preserving €.

The 4-form above can be motivated by the structure of the octonions. The re-
lationship between the octonions and the Cayley form can be found in, for exam-

ple, [33, Section IV.1.C]. It should be noted that the Cayley form given above differs
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from that in [33] by an orientation-preserving permutation of the coordinates and an
overall change in sign.

Since we have defined Spin(7) as the stabilizer group of the Cayley form by
Proposition 2.2.1] if (M,g) is a connected oriented Riemannian 8-manifold with
Hol(g) C Spin(7), then M admits a parallel 4-form 2 such that for any p € M there
exists an oriented isometry T,M — R® which takes €, to . If Hol(g) = Spin(7)

then the form €2 is uniquely determined by g.

Definition 2.2.3. A Spin(7)-manifold is a triple (M, €2, g) where (M, g) is a con-
nected oriented Riemannian 8-manifold and {2 is a parallel, with respect to the Levi-

Civita connection, 4-form such that for any p € M there exists an oriented isometry

T,M — R® which takes Q, to €.

We can break up the condition of being a Spin(7)-manifold into a topological

condition, and one which expresses an integrability condition of sorts.

Definition 2.2.4. Let M be an oriented 8-manifold. A Spin(7)-structure on M is a
pair (€2, g) where g is a Riemannian metric and for any p € M there exists an oriented

isometry T,M — R®, which takes , to .

Definition 2.2.5. Let M be an oriented Riemannian 8-manifold. The bundle of
admissible forms, denoted by AM, is the bundle whose fibre at p € M consists of

elements €, € A4T;‘M such that there exists an oriented isomorphism from 7,M —

R® which takes €, to Q.

If M is an oriented 8-manifold then a Spin(7)-structure is equivalent to a section

of AM. The condition for the existence of a section of AM is a topological one.

Definition 2.2.6. Let M be a manifold. The frame bundle of M, denoted F M, is
the principal GL(n,R)-bundle whose fibre at p € M is the set of ordered bases of
T,M. Equivalently, the fibre of /"M at p is the set of linear isomorphisms 7, M — R".

Definition 2.2.7. Let M be an n-dimensional manifold and G C GL(n,R) a Lie
subgroup. A G-structure on M is a subbundle Fz; M C F'M such that the restriction
of the GL(n,R) action to G makes FgM into a principal G-bundle on M.
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Suppose M admits a Spin(7)-structure as per Definition m We define Fspinry M C
FM to be the set of linear isomorphisms T,M — R® taking Q, to . Since we have
defined the Lie group Spin(7) as the stabilizer of the form Qq, the bundle Fypi M
is preserved by the action of Spin(7) and makes Fgspin7)M into a principal Spin(7)-
bundle. Therefore the pair (€2, g) uniquely determines (and is uniquely determined by)

a Spin(7)-structure as per Definition and so we use the terms interchangeably.
The existence of a Spin(7)-structure is a topological property of M as the following

result shows:

Proposition 2.2.8 ( |67, Th. 10.7]). Let M be an oriented 8-manifold. M admits a
Spin(7)-structure if and only if wo(M) =0 and

pr(M)? — Apy(M) + 8x (M) = 0.

For M to be a Spin(7)-manifold it must satisfy an extra integrability condition as

the following proposition shows from [41, Prop. 10.5.3]:

Proposition 2.2.9. Let M be an oriented 8-manifold with Spin(7)-structure (2, g).
Then Hol(g) C Spin(7) and Q is the induced 4-form if and only if dQ = 0. In this

case we say the Spin(7)-structure (€2, g) is torsion-free.

We use the term torsion-free in the previous definition because it can be shown |25,
Th. 5.3] that if (€2, g) is a torsion-free Spin(7)-structure then VQ = 0 where V is the
Levi-Civita connection. Hence the Levi-Civita connection is a torsion-free connection

with holonomy contained in Spin(7).

Remark. In general we say a G-structure is torsion-free if there is a torsion-free con-
nection on the tangent bundle preserving the G-structure. The obstruction to finding
such a torsion-free connection is called the intrinsic torsion of the G-structure. For
example the intrinsic torsion of a GL(n, C)-structure is determined by the Nijenhuis

tensor, and vanishes if and only if the Nijenhuis tensor vanishes.
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2.2.1 Relation with SU(4)

There is an inclusion of Lie groups SU(4) C Spin(7), which we can describe in terms
of the forms that each of these groups stabilize. The Lie group SU(4) can be defined
as the stabilizer of a metric, a Kéhler form wy and holomorphic volume form 6,. If

we let (21, 29, 23, 24) be coordinates on C! we can write wy, 0y as

woz%(dzl/\d21+--'+d2’4/\d54) and 0y = dz; A -+ - Adzy.

In a similar manner to a Spin(7)-manifold, we define a Calabi-Yau 4-fold as a
quadruple (X, g, w, #) consisting of a Kdhler manifold of complex dimension 4 (X, g, w)
and a holomorphic (4,0)-form # such that |#], = 4. It can be shown that for any
p € X there exists an isometry T,X — C* taking (w,,6,) to (wo, 6).

Proposition 2.2.10. Let (X, g,w,0) be a Calabi-Yau 4-fold. Define a 4-form by
Q= 1wAw+Red, then (Q,9) is a torsion-free Spin(7)-structure on X

Proof. Let p € X and identify w, and 6, with the standard forms on C*. Identifying
C* with R® via z; = 29,1 + 172, and comparing the expressions for 2, and Qy we see
that (€2, ¢g) defines a Spin(7)-structure. Since (X, g,w,#) is a Calabi-Yau manifold we
have dw = df = 0, which implies df2 = 0. m

Proposition [2.2.10| describes a particular embedding of SU(4) < Spin(7). Let
(X, g,w,0) be a Calabi-Yau 4-fold. Then the 4-form Q4 = sw Aw + Re(e'?f) for ¢ €
(0,27) also defines a torsion-free Spin(7)-structure on X and a different embedding

of SU(4) — Spin(7).

2.3 Kummer constructions of compact Ricci-flat
manifolds

The Calabi conjecture is an essential result in the study of compact Ricci-flat man-
ifolds since we can relate the existence of a Ricci-flat metric, which is a question in

Riemannian geometry, to that of the triviality of the canonical bundle, which is a
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problem in complex geometry. The Calabi conjecture was posed by Calabi in 1954
and proved by Yau in 1976 [91,92]. We refer the reader to [49, Ch. 6] for a discussion

and proof.

Theorem 2.3.1 (Calabi Conjecture). Let (X,J) be a compact complexr manifold,
with Kdhler metric g and Kdhler form w. Let p be a positive (1,1)-form such that
[p] = 2me1(X). Then there ezists a Kdhler metric ¢' on (X, J) with Kdhler form w'

such that [W'] = [w] and p is the Ricci form of ¢'.

Now suppose (X, J) is a compact complex manifold admitting Kéahler metrics such
that the canonical bundle is trivial. Then ¢;(X) = 0 and hence choosing p = 0 we
can use the Calabi conjecture to give the existence of a Ricci-flat metric.

The Kummer construction is a description of a complex surface, which has a trivial

canonical bundle, and hence by the Calabi conjecture carries a Ricci-flat metric.

Example 2.3.2. Consider a complex torus C?/A = T where A is a lattice in C?
of rank 4. The canonical bundle of C?/A is trivial. Define a map o: T% — T* by
(21,22) + A +— (=21, —29) + A. The map o fixes the 16 points {(z1, 22) + A : (21, 22) €
+A} and each of the quotient singularities of T*/c is modelled on C?/{+1}.

We can resolve each of these singularities by blowing-up and it can be shown that

the canonical bundle of the resulting complex surface X is also trivial.

Unfortunately the Calabi conjecture does not give an idea of what the metrics
on X look like. Page [82] describes a metric on X which approximates the Ricci-flat
metric given by the Calabi conjecture. The metric is flat outside small neighbourhoods
of the singularities and close to the singularities the metric is approximated by an
asymptotically locally Euclidean (or ALE) metric, a term which we will define in the
next section.

Joyce [37-39] based his constructions of compact manifolds with holonomy G5 and
Spin(7) from flat tori on the Kummer construction. He constructs manifolds with

special holonomy by dividing flat tori by finite groups and then constructs metrics by
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gluing in approximate metrics close to the singular sets, and finally shows that one
can perturb the metric slightly to get a Ricci-flat metric.

We will review orbifolds, as manifolds divided by finite groups naturally have this
structure. We will then proceed to describe ALE manifolds, which will be used to

desingularize the orbifolds.

2.3.1 Orbifolds

Orbifolds are similar to manifolds in the sense that they are topological spaces with
extra structure, but orbifolds are modelled on quotients of open sets of R™ by finite

groups.

Definition 2.3.3. An orbifold of dimension n is a Hausdorff topological space M
locally modelled on open sets of R"/T" for finite subgroups I' C GL(n,R), such that
if 1 # v €I, then the subspace V,, of R" fixed by v has dimV,, <n — 2.

For a more precise definition see, for example, [19]. If T" is a finite group acting
on a manifold M then M /T is an example of an orbifold. Orbifolds are not always in
this form of a quotient of a manifold by a finite group.

We say a point p in M is an orbifold point with orbifold group T if M is locally
modelled on R"/T" for I' € GL(n,R) finite, where p is identified with the origin and
with I non-trivial. We say a point p in M is nonsingular if it is not an orbifold point.

Note that the set of nonsingular points in M is dense and is a manifold.

Definition 2.3.4. A Riemannian metric g on an orbifold M is a Riemannian metric
in the usual sense on the nonsingular part of M, and where M is locally isomorphic
to R"/T", the metric g can be identified with the quotient of a I'-invariant Riemannian
metric defined on an open neighbourhood of 0 in R™. We define the holonomy group
Hol(g) of (M, g) to be the holonomy group of the restriction of g to the nonsingular
part of M.

If p is an orbifold point of M with orbifold group I' then we have an inclusion

of groups I' C Hol(g), induced by the limit of parallel transport maps around small
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loops at p as the radius of the loop tends to zero. Therefore for an orbifold to have
holonomy (for example) Spin(7) we must have that each orbifold group I' lies in
Spin(7).

We can similarly define forms on orbifolds as forms which locally lift to I'-invariant
forms. With these definitions in place we can define Spin(7)-orbifolds and Calabi—Yau
orbifolds as in analogy with the case of manifolds.

Many results for manifolds carry over with small modifications to orbifolds. In
particular the Calabi conjecture holds for compact Kahler orbifolds. As a consequence
we have the following theorem [41, Th. 6.5.6], which we can use to find Calabi-Yau

metrics on orbifolds.

Theorem 2.3.5. Let X be a compact complex orbifold with c1(X) = 0 admitting
Kahler metrics. Then there is a unique Ricci-flat Kdhler metric in every Kdhler class

on X.

2.3.2 ALE manifolds

Definition 2.3.6. Suppose I' is a finite subgroup of SO(n) which acts freely on
R™\{0}. An asymptotically locally FEuclidean manifold or ALE manifold asymptotic to
R™ /T is a triple (Mr, gr, m) such that (Mr, gr) is a non-compact Riemannian manifold
and m: Mr — R™/T" is a proper, continuous map such that there exists a compact set
S C My and a constant R > 0 such that the restriction 7: Mp\ S — {z € R" : |z| >
R} /T is a diffeomorphism and

[VH(7.(gr) = g0)lgo = O(r™"7*) on {z € R" : [z > R}/T
for all k > 0, where gy is the flat metric on R"/I" and V is the Levi-Civita connection
of 90-

If (Mp,gr,n) is an ALE manifold asymptotic to R®/T" and (Mr,Qr,gr) is a
Spin(7)-manifold, we say (Mr, Qr, gr,7) is an ALE Spin(7)-manifold if also the fol-

lowing asymptotic estimates hold

IVF(m. () — Q)lgo = O(r37%) on {z € R®: |z| > R}/T,
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for all k > 0, where (Q, go) is the standard flat Spin(7)-structure on R®/T". We can
similarly define ALE Calabi—Yau manifolds.

Note that if (M, Qr, gr, 7) is an ALE Spin(7)-manifold asymptotic to R®/T" then
so is (ML, QL gk, ) for t > 0 where ML = Mrp, QL = t*Qr, gt = t>gr and 7'(z) =
tm(x). When ¢ is small, M{ approximates R®/T" better in the sense that on the set
{r € R": |z| > tR}/I" we have the estimate

(7). (QF) = Qolgy = O(t*r ™).

The following example of a series of ALE Calabi—Yau manifolds is from Calabi [15]
but the case of n = 2 was first discovered by Eguchi and Hanson [24].

Example 2.3.7. Consider C"/Z, where Z,, acts as diagonal multiplication by an nth
root of unity. Let (X, 7) be the blow-up of C"/Z, at 0, which is isomorphic to Kcpn-1
the canonical bundle over CP"~!. Let r be the radius function on C"/Z, and define

f:C"/Z, — R by

— 4+~ zgnog(m—ga)

§=0
where £ is an nth root of unity. The (1,1)-form w on X defined by w = dd°z*(f)
can be shown to extend to a smooth, closed, positive (1,1)-form on all of X. Calabi
shows that the Kahler metric defined by w is complete and Ricci-flat and Joyce [42]
shows that there exists a holomorphic volume form 6 so that (X, g,w, ) is an ALE
Calabi-Yau manifold.

Gibbons and Hawking [31] gave explicit examples of ALE Calabi—Yau manifolds
asymptotic to C?/Z;, for all k& > 2. Kronheimer [64] constructed and classified all
ALE Calabi-Yau manifolds asymptotic to C?/G for G a finite subgroup of SU(2).

With Kronheimer’s work, the case of n = 2 was fully understood. To understand
higher dimensional ALE Calabi—Yau manifolds we will need a definition. Recall that a
resolution, (X, ), consists of a normal nonsingular variety X with a proper birational

morphism 7: X — C"/G.
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Definition 2.3.8. A resolution 7: X — C"/G is crepant if ¢1(X) = 0.

Joyce [42] shows that a version of the Calabi conjecture holds for ALE Kéhler

manifolds, and deduces the following result:

Theorem 2.3.9. Let G be a nontrivial finite subgroup of SU(m) acting freely on
C"\ {0}, and (X, m) a crepant resolution of C"/G. Then each Kdhler class of ALE

Kdhler metrics on X contains a unique Ricci-flat ALE Kdhler metric g.

We can use this theorem to find ALE Calabi—Yau metrics on crepant resolutions
of quotient singularities. Joyce also proves a more general result about the existence
of Ricci-flat metrics on Quasi-ALE Calabi—Yau manifolds [43], but we will not need

those results in this thesis.

2.3.3 Resolving orbifolds using ALE manifolds

Suppose (M, g) is a Riemannian orbifold with holonomy contained in G, where G is
either Spin(7) or SU(m), for some m, so M is a Spin(7) or a Calabi-Yau orbifold.
Suppose further that the singular locus of M consists of a point p € M with local
model R™/T" and suppose (Mr, gr,7) is an ALE manifold asymptotic to R"/T" with
holonomy contained in G. We want to use Mr to desingularize the orbifold M by
patching together the metric on Mp with that on M around the singular point to
obtain a manifold M with holonomy G.

Recall that if (Mr, gr, 7) is an ALE manifold then by scaling by a factor ¢ we get
a one parameter family of ALE manifolds (M{, g, nt) with ML = My, gt = t?gr and
projection map 7‘(x) = tw(x). Due to the original estimate on My of the metric we

have the estimate
7. (gr) — golgy = O(t"r ™). (2.1)

From this estimate we see that for a fixed radius the metric g- approaches the flat
metric as t — 0.

Let U be a neighbourhood of p € M such that the exponential map based at p
identifies U with a ball of radius 2R > 0 in T,M. Let ¢: U — R"/G denote the
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inverse of the exponential map followed by an isometric identification of 7, M with
R™/G. In exponential normal coordinates, the metric vanishes to order two at the

origin [68, Lem. 5.5], and hence we have the estimate

[6.(9) = golgo = O(?). (2.2)

We now wish to patch together the metric in a neighbourhood of p with the scaled
metric on Mf. Let B, denote the ball of radius r around the origin in R"/G. Fix
« € (0,1). We define open sets in U" C M and UL C M for t € (0, 1] by

U' = ¢ (Biar) and Ul = (7)Y Bysar).

For t € (0, 1], let M* denote the quotient of the disjoint union (M \ U?) LI UL by the
equivalence relation z ~ y if ¢(z) = 7*(y) in the annulus Byap \ Biag.
We will define a metric on M* by patching the metrics over Bowg \ Biag using a

partition of unity. Using the estimates (2.1)) and (2.2)) we can estimate the difference

[6:(9) = () (gp) g0 = O(*) + 0"~

in the annular region. This difference is minimized when o = 5 and tends to 0 as
t — 0. Let n: [0,00) — [0,1] be a smooth function with n(z) = 0 for + < R and
n(xz) =1 for z > 2R. We define a metric on M* by setting ¢* = g on M*\ U}, ¢ = gk

on UL\ (UL N U and on the annular region by

9" =n(t™r)d.(g) + (1 = n(t™r))(7").(gr)-

The metric g* does not have holonomy contained in G but it is close to having
holonomy in G, in the sense that the torsion of the G-structure is O(t*) for some
positive power [ and hence vanishes as t — 0. The hard work is then to show that,
for ¢ sufficiently small, the metric g* can be perturbed to a nearby metric g* with
holonomy contained in G.

Note that in the constructions of compact manifolds with special holonomy we
need to be more careful about how we patch together the G-structures. See [41,

§15.2.2] for an example.
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2.4 Constructions of Spin(7)-manifolds

The two known constructions of compact manifolds with holonomy Spin(7) are both
based upon resolving orbifold singularities by gluing in ALE Spin(7) manifolds (or
quasi-ALE Spin(7)-manifolds, which we will not define) around the singular sets.

The first construction [39] and [41, Ch.s 13,14] is inspired by the Kummer construc-
tion. We start with a flat 8-dimensional torus which carries a flat Spin(7)-structure
and then divide by a finite group which preserves this structure.

Joyce then constructs an approximately Ricci-flat metric on a manifold obtained
by gluing in ALE manifolds, scaled by a parameter ¢, around the singular sets. Finally
he shows that for small enough ¢ we can deform the Spin(7)-structure to a torsion-free
Spin(7)-structure.

In this thesis we will be interested in Joyce’s second construction of Spin(7)-
manifolds |[40] and [41, Ch. 15], which follows the same general plan of dividing by a
finite group and then resolve the singularities, but starts with a Calabi—Yau 4-orbifold

and not a flat 8-dimensional torus.

2.4.1 Construction from Calabi—Yau 4-orbifolds

In Example [2.4.1 we will give an ALE Spin(7)-manifold with holonomy SU(4) x Zo.
We will then use this ALE Spin(7)-manifold to desingularize Spin(7)-orbifolds which

arise as the quotient of Calabi—Yau 4-folds by an antiholomorphic involution.

Example 2.4.1. Identify R® with C* using the complex coordinates
(21, 22, 23, 24) = (X1 + ixg, T3 + 1Ty, T5 + (26, T7 + iT8).

We define a, 3: C* — C*, elements of Spin(7), by

a: (21, 29, 23, 24) —> (121, 129,123,124),
(2.3)

/8 : (Zla 225 %3, Z4) — (EQ, _317247 _23)
Then I' = («, #) is a non-abelian subgroup of Spin(7) of order 8 isomorphic to the

quaternion group (i, 7, k) C H*.
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The cyclic subgroup (a) = Z4 of I' is contained in a copy of SU(4) C Spin(7) and
in Example we described an ALE Calabi-Yau manifold asymptotic to C*/Z,.
Let us denote this ALE Calabi—Yau manifold by X, and let 7 denote the projection
7m: X — C*/Z4. The antiholomorphic involution f3 lifts to a free antiholomorphic
map 3: X — X on the resolution, and we can arrange that 3 acts on the Kahler

form and holomorphic volume form by
f*(w) = —w and B*(0) = 0.

The antiholomorphic involution therefore preserves the metric and the admissible
form given by Q = fwAw+Re(d). Since 8 acts freely on X, the quotient My = X/(6)
is a manifold and Mr carries a torsion-free Spin(7)-structure as  preserves 2. The
map 7 descends to a continuous map w: Mp — R8/I"; and furthermore My has a ALE
Ricci-flat metric asymptotic to R® /T with holonomy contained in Spin(7). Note that
My does not carry a complex structure, and hence the holonomy is not contained in
SU(4). In fact the holonomy of M is SU(4) % Zs.

With respect to the complex coordinates
(w1, wo, w3, wy) = (—x1 + ix3, To + 1Ty, —T5 + 17, Tg + iTg) (2.4)

the roles of a and 3 are reversed and by a similar argument we can find another
possible resolution of R®/T". The importance of this observation is that although the
two resolutions have the same holonomy groups as Lie groups, the embeddings into

Spin(7) are different.

Suppose X is a complex 4-orbifold admitting metrics with holonomy SU(4). Sup-
pose X has isolated singularities {py, ..., py} modelled on C*/Z,, where the generator
of Z, acts as a in equation and that X admits an antiholomorphic involution
7 with fixed points the finite set {pi,...,pr}, which acts on the Kéhler form and
holomorphic volume form as 7*(w) = —w and 7*(§) = . Then as in the previous
example, 7 preserves the admissible form €2 = %w A w + Re(f). In this case however
since 7 has fixed points and X had orbifold singularities to begin with, the quotient

M = X/(r) is a Spin(7)-orbifold and not a manifold.
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Joyce shows [40|, Prop. 5.3] that the orbifold singularities of M are all of the form
of R®/T where T is the group described in Example . We can use one of the
two ALE spaces given in Example to construct an approximately torsion-free
Spin(7)-structure (£2;, g;) on a manifold, which converges to the singular Spin(7)-
structure of M when a parameter ¢t tends to 0. Then using similar techniques to the
torus case, Joyce proves that, for ¢ sufficiently small, one can perturb the Spin(7)-
structure (€, g;) to a torsion-free Spin(7)-structure (€, §).

The precise statement of the construction of Spin(7)-manifolds from Calabi-Yau 4-

orbifolds with antiholomorphic involutions is given in the following theorem of Joyce:

Condition 2.4.2. Let X be a compact complex 4-orbifold with ¢; (X) = 0, admitting
Kahler metrics. Let 7 be an antiholomorphic involution on X. We require that X have
isolated singularities {p; ..., px}, with & > 1, modelled on C*/Z, as described above
and that the fixed point set of 7 is {p1,...,pr}. We also require that X \ {p1,...,px}
is simply-connected and h?°(X) = 0.

Theorem 2.4.3 ( [41, Th. 15.2.15]). Suppose X satisfies Condition |2.4.9, Let M
be the resulting compact 8-manifold defined in (40, Def. 15.2.8]. Then there exist
torsion-free Spin(7)-structures (§2,g) on M. We can choose the resolutions of the

singularities so that Hol(g) = Spin(7).

2.4.2 Analytic estimates of Spin(7)-structures

Joyce uses the following theorem to show the existence of torsion-free Spin(7)-structures
on compact manifolds. The parameter ¢ is a scaling parameter introduced when we
desingularize the Spin(7)-orbifold using ALE (or QALE) spaces. By decreasing the
parameter ¢, the error due to the gluing is decreased but the curvature also increases.
The theorem shows that there are certain rates at which we can perform the gluing.
We state the theorem with a slightly improved estimate on the difference Q—, which

we will need later.
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Theorem 2.4.4 ( [41, Th. 13.6.1]). Let A\, u,v be positive constants, k € N and
a € (0,1/5). Then there exist positive constants k, K such that whenever 0 < t < k,
the following is true.

Let M be a compact 8-manifold, and (£2,g) a Spin(7)-structure on M. Suppose
that ¢ 1s a smooth 4-form on M with A2+ d¢ = 0, and

(i) |6l < X3 and [|dg| Lo < AT/,
(i) the injectivity radius 5(g) satisfies 6(g) > ut, and
(iii) the Riemann curvature R(g) satisfies ||R(g)||co < vt=2.

Then there ezists a smooth, torsion-free Spin(7)-structure (Q, g) on M with

174 — t74Q|co. < Kt'/3, where the norms are calculated with respect to t=2§.
Proof. The only addition to [41, Th. 13.6.1] is the estimate
(740 — Q). < K'tY/3.

The Sobolev space Li® embeds into C%* for 0 < o < 1/5 in dimension 8. Following
the proof of the Sobolev embedding theorem in [5, §2.23] and the proof of |41, Th. S1]
we can prove that there exists a constant C; depending on p and v such that for
X € LI%(AYT*M) N L2(A*T*M)
o < OV Xm0 + ¢ Ix ] 2).-
We write Q — Q = n — F(n) where n € C®(A*) and F(n) € C®(A%,). From [41,
Prop. 13.7.1] we have the estimates |n|/z2 < 4At'¥/3 and | V|0 < Cst?'® for a

constant C3 depending on A, y, v. Furthermore from the estimates of F'(n) in |41,

Eq. (10.21), Eq. (10.22)] there exist constants €, €5 such that

IF ()l < eollnll7
and
IVE®) |0 < esl[nf*|dQ] + |n][Va|l| Lo

< es(|Inlléolldgll o + [Inllco | Vnll £ro)

< Ot
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for some constant C, depending on A, u,v. We now have constants C5 and Cj,

depending on A, u, v such that

12 = Q| < llnllz2 + 1F ()22 < Cst*?

IV (2 = Q)llzi0 < [ Vallzio + [VE ()| 0 < Cet™*.

Therefore we have an estimate of

[Q _ Q]a < K/tl/?)fa
and by scaling by appropriate powers of ¢t we get the estimate we want. O]

In the proof of |41, Th. 13.6.1], Joyce uses elliptic regularity and the ‘bootstrap
method’ to show that  is smooth. The elliptic regularity used is an interior estimate

and, following the final part of the proof of [41, Th. 13.6.1] we can prove the following:

Theorem 2.4.5. There exists a positive constant € such that the following is true.
Let (M,Q,g) be a Spin(7)-manifold, U CC M. Let k € N and o € (0,1). There
exists a constant K, depending on ¢, Q, U, k, and « such that if Q is a torsion-free

Spin(7)-structure on M with mH(Q — Q) = 72(Q — Q) = 0 and || — Qo < € then

12 = Dluller < KJIQ = Q| coe.

2.5 Constructions of Calabi—Yau manifolds

Calabi-Yau manifolds play an essential role in the construction outlined in the pre-
vious section. They have enjoyed great attention due to their position in an intersec-
tion of subjects. Calabi—Yau manifolds lie at the intersection of geometric analysis,
algebraic geometry and modern theoretical physics. There are many interesting con-
jectures about their properties such as mirror symmetry, which relates two or more
Calabi—Yau manifolds in a very non-trivial way.

As we have said, the Calabi conjecture reduces the difficult problem of the exis-

tence of a Ricci-flat metric to that of a problem in algebraic geometry. The study of
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Calabi-Yau manifolds has greatly benefited from the wide range of tools available to
modern algebraic geometers.

The Kummer construction of Example was generalized by Roan [85] to con-
struct higher dimensional varieties with trivial canonical bundle. Candelas, Lynker
and Schimmrigk [16] found examples of Calabi-Yau 3-folds by looking in the class
of hypersurfaces in weighted projective spaces. Batyrev [6] studied Calabi-Yau hy-
persurfaces in toric varieties, and showed that toric varieties, which are determined
by reflexive polytopes, contain Calabi—Yau hypersurfaces as anticanonical divisors.
Kreuzer and Skarke [58] gave a classification scheme for reflexive polytopes in any
dimension and used this to classify reflexive polytopes giving rise to Calabi—Yau va-
rieties of dimensions 2 and 3 [59,/60]. There are even more general constructions
of Calabi—Yau varieties as complete intersections in toric varieties, but we will not
discuss these in this thesis.

We will also use algebraic geometry to find examples of complex 4-orbifolds which
satisfy Condition [2.4.2] The class of hypersurfaces in weighted projective spaces will
be our hunting ground for appropriate complex 4-orbifolds, but we will use some
techniques due to the toric construction of Batyrev to understand how to resolve
singularities of the hypersurfaces and to determine topological invariants.

In the next section we will review weighted projective spaces, their singularities,
and hypersurfaces contained in weighted projective spaces. We will then proceed to
give a short overview of toric geometry and the reflexive polytope construction of

Batyrev.

2.5.1 Weighted projective spaces

This subsection is mainly a review of [34].

Definition 2.5.1. Let ayg, ..., a, be positive integers with ged(ag,...,a,) = 1. The

weighted projective space CPy  , with weights ag, . . . , a, is the quotient of C**'\ {0}

,a

by the action of C* given by

A (20,0 20) > (A2, ..., A% 2,).
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In general CP;, will have singularities where the action of C* on C"*1\ {0}

yeeym

is not free. The stabilizer groups of these points are finite and so we can treat

CPy,... 4, as an orbifold. We can also treat CP; = as a singular algebraic variety

,an ©an

by considering CP; , as Proj of a graded ring. This will be a useful viewpoint for

an
us because it shows the similarities between weighted projective spaces and the usual
straight projective space.

Let R be the graded ring Clz, ..., 2, where z; has weight a;. R has a direct
sum decomposition R = @, Ry into its graded pieces. Elements of Ry will be called
weighted homogeneous polynomials of degree d but we will soon drop the term weighted
and leave it as understood.

We can treat CPy;  , asa variety as Proj(R). From generalities on taking Proj of

s @

graded rings, see [32, Prop. 5.11], we have that a finitely generated graded R-module

determines a coherent sheaf of Ocpgo .,-modules. In particular the module R(m)

determines a sheaf, which we will denote O(m) for brevity.

We should be careful when distinguishing between the two viewpoints. For ex-

ample we have the following result, which holds only when considering CPy = as

PERRRL¢ 273

a variety.

Lemma 2.5.2 ( [34, Cor. 5.9]). Let ay, . .., a, be positive integers with ged(ag, . . ., a,) =

1. Let ¢ = ged(ay, ..., a,). Then CP, = CP? as varieties.

yeens @ aO,(ll/Q7--~7an/q

Definition 2.5.3. We say CPy - is well-formed if

+an
ged(ag, ..., a1, Gi41,. .., a,) = 1 for each i.

By Lemma any weighted projective space CIP is isomorphic to a well-

OV %)
formed weighted projective space as a variety. The condition of being well-formed is
related to the structure of the singularities of CP; . The singularities of CP,
are all cyclic quotient singularities. We say a cyclic quotient singularity C"/Z,, is of

type %(al, .y ap) if Z,, acts on C" as

(21, 2n) 5 (E"2,..., &% 2)
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where £™ = 1.
For any subset I = {ip... i} C {0,...,n} we define S; = {[z0,...,2,] 1 2; =
0,vj ¢ I} c CP; . . Now suppose ged(as,...,a;) = m # 1, then a generic

point p € S;,.. ;. is an orbifold point modelled on the singularity C* x C*~*/Z,,. Let
{irs1, - in} = {0,...,n}\I then the singularity C"*/Z,, is of type #(aikﬂ, ce ).

Example 2.5.4. Consider the weighted projective space CP?{7273,6. The singular locus
consists of the union of the two curves S; 3USs 3, which intersect at the singular point
Ss. The singularity at a generic point of S) 3 is modelled on C x C?/Z,, where Z,
acts as (29, 22) — (—z0, —22). The singularity at a generic point of S 3 is modelled
on C x C?/Zs, where Zj acts as (29, z1) +— (€20, '21) and € = 1. Finally we have
a nonisolated singular point at S3, which is modelled on C3/Zg, where Zg acts as

(2’0, 21, 22) = (CZO, §221, §322) and Cﬁ = 1.

From the description of singularities above we see that the condition of being well-

formed is equivalent to CP;  ,  having only singularities in complex codimension

La

greater than 1.

Hypersurfaces in weighted projective spaces

Let f € R4 be a weighted homogenous polynomial of degree d. The zero set of f is

a well defined hypersurface in CPy which by definition is of degree d. It can be

shown that any hypersurface of weighted projective spaces is determined by such a
weighted homogeneous polynomial [21, Th. 3.7]. This allows us to easily describe the
properties of a hypersurface in terms of a defining homogeneous polynomial.

Recall that a projective variety is smooth if the affine cone is smooth away from
the origin. We shall define quasismoothness in a similar way. Let 7 : C"*1\ {0} —
cE;,

i be the projection.

Definition 2.5.5. Let X C CP; , be an algebraic variety. We say X is quasis-

L4

mooth if 771(X) is smooth.
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An algebraic variety X is quasismooth if X only has singularities coming from
the orbifold singularities of CPP,, . ,,.. We will restrict our attention to quasismooth
hypersurfaces because we can understand their singularities easily in terms of those

of the ambient weighted projective space. Regarding CP; , ~as an orbifold, quasi-

Lan
smoothness of X is equivalent to being a sub-orbifold, see |7, Prop. 3.5].
Note that a generic hypersurface of a fixed degree in a particular weighted pro-

jective space is not necessarily quasismooth.

Example 2.5.6. Consider the graded ring R = Clzg, 21, 22] where the weights are
1,2, 2 respectively, then Proj(R) = C}P’%M. A generic weighted homogeneous poly-
nomial of degree 3 is of the form f = X\jzp21 + A22022 + A325. The hypersurface
X3 = V(f) is not quasismooth since the affine variety defined by f is singular along
the set {(20,21,22) € C3: 2z =0 and A2 + Ap20 = 0}.

The conditions for the generic hypersurface of degree d to be quasismooth are

described below.

Theorem 2.5.7 ( [34, Th. 8.1]). The generic hypersurface X, of degree d in CPy
18 quasismooth if and only if either a; = d for some i, i.e. X4 is a linear cone, or for

every nonempty subset {ig, ..., i} C {0,...,n} either

dy

(i) there exists a monomial zfloo ez

of degree d; or

d,

g . . : do.;
(ii) for j = 0,...,k there exist monomials z;” - - - 2]

Ze, of degree d, where the

e; ¢ {io, ..., i} are distinct.

Recall that if X; € CP" is a smooth hypersurface of degree d, i.e. defined by
a homogeneous polynomial of degree d, then the adjunction formula gives us that
Kx,=0(d—n—1)|x,. We would like a similar result for weighted projective spaces
so that we could test the triviality of the canonical sheaf easily.

Fortunately we have such a result for a large class of hypersurfaces, namely those

which are quasismooth and well-formed.
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Definition 2.5.8. Let X C CPy,
if CPy, .
CPy,.....a

. be a hypersurface. We say X is well-formed

yeeny@
., 18 well-formed and X does not contain a codimension 2 singular set of

n*

lano-Fletcher gives the following criterion for well-formedness for generic hyper-

surfaces.

Proposition 2.5.9 ( [34, Prop. 6.10]). The generic hypersurface of degree d in

CPy, 1s well-formed if and only if

ooy
(1) ged(ag, ..., ai—1, Qg1 .., Qj—1, 1, ..., Qn) | d for all i, j and
(ZZ) ng(ao, B ¢ 7 [P ¢ 7 T I ,Cln) =1 fOT’ all v.

Proposition 2.5.10 ( [34, Prop. 6.14]). Let Xy C CP; . be a well-formed and

seeey@

>~

quasismooth hypersurface of degree d. The canonical sheaf of X4 is Kx, = O(d—n—

1)|x,, in particular Kx, is trivial if d =n + 1.

Proposition gives us an easy test to ensure that the hypersurface X, has a
trivial canonical bundle. However the hypersurface will not in general be smooth but
only quasismooth. Resolutions can eliminate these singularities but this process may
affect the triviality of the canonical bundle. Crepant resolutions are those resolutions

that do not change the canonical bundle.

Definition 2.5.11. Let X be a Gorenstein variety so that the sheaf of sections of
the canonical bundle is an invertible. A resolution 7: X — X is called crepant if

m(O(Kx)) = O(Ky).

Crepant resolutions play an important part in finding examples of Calabi—Yau

manifolds because it is often easier to find singular Calabi—Yau varieties.

2.5.2 Toric geometry

Toric varieties are another important source of ambient spaces for Calabi—Yau man-

ifolds. Toric geometry appears to be quite strange to someone who has only seen
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projective spaces and projective varieties but they are extremely useful as a large
playground for ideas. In the next section we will explain some of the basics of toric
geometry. We direct the reader to [28] to a good introduction to the subject. After
some basic definitions we will see how Calabi-Yau manifolds appear as hypersurfaces

in toric varieties and their connection to reflexive polytopes.
A very short introduction to toric geometry

Definition 2.5.12. A toric variety is a normal variety, P, with an action of a torus,

T, with a dense open orbit.

By the work of Cox |21] we can view a toric variety also as a (categorical) quotient
(C"—-2)/G

of the complement of an affine variety by an abelian algebraic group G.

Toric varieties may be determined by combinatorial data consisting of a fan, which
we will describe. Toric geometry is useful because of this very explicit description of
the variety and we can determine many properties of the variety and its subvarieties
from this combinatorial data. We will attempt to give the main definitions and some
examples.

Let M and N be dual lattices and let Mg and Ng denote M ®z Q and N ®z Q

respectively.

Definition 2.5.13. A strongly convex rational polyhedral cone is a convex cone g C

Ng, generated by a finite number of vectors in N, such that o N (—0) = 0.

We will use the word cone to mean strongly convex rational polyhedral cone from

now on. To any cone o C Ng we associate the dual cone 0¥ C Mg by
o' ={m € Mg|{(m,v) >0 forall v € o}

where (m,v) is the pairing of dual vector spaces.
The set 0¥ N M carries a semigroup structure induced by the group structure

of M. Let Cle¥ N M] denote the semigroup algebra, then this algebra is finitely
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generated and hence Spec(CleY N M]) is an affine variety. We denote this affine

variety associated to the cone o by Us,.

Example 2.5.14. Suppose N and M are of rank n and consider the cone o = {0}.

vV

The dual cone o is all of Mg. Choosing a basis for M we see that the semigroup

algebra C[M] is isomorphic to Clzy, 27!, 29,25, ...,2,, 2, '] and hence the affine

variety U, is isomorphic to the n-dimensional torus (C*)".

We say a cone 7 C o is a face of o if for some u € oV N M
T ={v € ol(u,v) =0}.

It can be shown that an inclusion of a face 7 C ¢ induces a corresponding inclusion
of affine varieties U, C U,.

If two cones intersect along a face of each cone, we can use the inclusion maps
to glue together the affine varieties associated to each cone. This is the basis for the

definition of a fan and the construction of the toric variety associated to a fan.

Definition 2.5.15. A fan is a collection of cones which is closed under taking inter-

sections and faces.

Example 2.5.16. Let ¥ be the 1-dimensional fan consisting of {0}, Q¢ and Q<.
We have seen that Uggy = Spec(Clz1, z7']). From the definition, one can verify that
Ug., = Spec(Clz1]) and Ug., = Spec(Clzy']). The inclusion maps Ugyy — Ug.,
and Ugpy — Ug., are induced by the obvious inclusions of C[z;] and Clay'] into

Clx1,27']. The resulting toric variety Py is the projective line CP!.

The previous example can be generalized to projective spaces of any dimension.
Let eq,...,e, be a basis for a lattice Z" and let eg = —e; —--- —¢e,,. Let X be the fan
whose top dimensional cones consist of span(eg, ..., €;_1,€i11,...,€,) fori =0,...,n.

Then Ps, can be shown to be isomorphic to CP™.

Example 2.5.17. Weighted projective spaces are also examples of toric varieties.
Let ag, .. ., a, be positive integers with ged(ao, . .., a,) = 1. Let N be generated by
€o,...,enandlet N = N/Z-(ageg+- - -+ane,). N is alattice since ged(ay, . . ., a,) = 1.
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CPy,.... 4, 1s isomorphic to the toric variety associated to the fan whose n dimensional

cones are given by span(eg, ..., €_1,€i11,...,€,) for i =0,...,n in Ng.

Definition 2.5.18. A fan Y’ is a refinement of a fan ¥ if any cone o € ¥ can be

written as a union of cones in X'.

Refinements of fans play an important role because a refinement ¥’ of ¥ induces
a proper birational map 7: Py — Ps. If a toric variety Ps has singularities, we can

find a refinement ¥’ such that 7: Psy — P is a resolution [28, Section 2.6].
Reflexive polytopes and Calabi—Yau varieties

Batyrev’s construction of Calabi—Yau varieties as hypersurfaces in toric varieties
makes use of the theory of reflexive polytopes. Let M be an n-dimensional lat-
tice and A C M be an n-dimensional lattice polytope, i.e. a polytope with vertices
in M, and suppose A contains the origin. We associate a toric variety to A by taking

cones over the maximal faces of A as described in the following proposition:

Proposition 2.5.19. For every k-dimensional face ©® C A let 6(0) C My = M ®,Q
be the cone over ©, 5(0) = {A\x € Mg : © € © and X\ € Q}, and let 0(©) C Ng be
the (n — k)-dimensional dual cone. Then the collection of dual cones X(A) = {o(O) :

© C A} is a fan, and hence determines a toric variety Ph.

A polytope A determines not only a toric variety Pa but also a choice of ample

invertible sheaf Oa(1) on Pa by [6, Prop. 2.1.5].

Definition 2.5.20. Let M be a lattice and A C M a lattice polytope of the same
dimension as M containing the origin. We define the dual polytope A* C Ng as the

set

A*={x € Ng: (y,x) > —1for all y € A}.

We say a lattice polytope A is reflexive if A* is also a lattice polytope, i.e. if the

vertices of A* lie in N and not just Ng.

The relevance of reflexive polytopes to Calabi—Yau orbifolds is described in the

following result from [6, Th. 4.1.9].
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Theorem 2.5.21. Let A be an integral polytope and Pa the corresponding projective

toric variety. The following conditions are equivalent.
(i) the ample invertible sheaf Oa(1) on Pa is anticanonical;
(i) A is reflexive.

Then a generic section of the sheaf Oa (1) determines a (possibly singular) Calabi—
Yau hypersurface, by an application of the adjunction formula. Hence we see that we
can associate a family of Calabi—Yau hypersurfaces to any reflexive polytope.

The fact that A is reflexive if and only if A* is reflexive is the basis of a symmetry
between the families of Calabi—Yau orbifolds, which relates in particular their Hodge
numbers. This is an example of mirror symmetry.

If X C P is a Calabi—Yau hypersurface then a crepant resolution of the sin-
gularities of Pn will induce a crepant resolution of the singularities of X. Batyrev
describes how to resolve the singularities of P and in the process desingularize all of
the Calabi—Yau hypersurfaces.

A subdivision of the polytope A* will determine a refinement of the fan of Pa
and hence a partial resolution of Pn. A subdivision of A* is called a (mazimal)
triangulation if every lattice point in A* is the vertex of some simplex in the sub-
division. A triangulation of A* will determine a maximal partial crepant resolution
of Pn and hence X. A triangulation is called projective if the associated resolution
is. The existence of projective triangulations is guaranteed by |29, Prop. 4] and the
resulting resolution will, very importantly, be crepant by [6, Th. 2.2.24]. We denote
the resolved toric variety by Pa.

In the case of a hypersurface of dimension 3, this maximal partial crepant resolu-
tion resolves all the singularities of the hypersurface. However in dimension 4 there
may remain isolated quotient singularities which do not admit crepant resolutions.
This is an issue which we will return to later on in our discussion of singularities of

hypersurfaces in weighted projective spaces.
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Examples of compact manifolds
with holonomy Spin(7)

In this chapter we will find examples of compact manifolds with holonomy Spin(7)
constructed from Calabi—Yau 4-orbifolds with antiholomorphic involutions using the
construction of Joyce [40]. We will search the class of well-formed quasismooth hy-
persurfaces in weighted projective spaces for suitable Calabi—Yau 4-orbifolds and we
will consider only antiholomorphic involutions induced by the restriction of invo-
lutions on the ambient weighted projective space. The main classification result is
Theorem . We will then determine topological invariants of the resulting Spin(7)-
manifolds using methods from toric geometry. The topological invariants are listed
in Table [3.4]

This work originally appeared in [20]. Note that the author missed several exam-

ples of suitable weighted projective spaces in the published version of the paper.

3.1 Antiholomorphic involutions of weighted pro-
jective spaces

The main result of this section is the classification of antiholomorphic involutions
of weighted projective spaces, Theorem [3.1.3] Tt is shown in [84] that for standard
projective space CP™ the number of conjugacy classes of antiholomorphic involutions

is either 1 or 2 depending on whether n is odd or even respectively. If n is odd, then

37
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the only antiholomorphic involution of CP™ up to conjugacy is the following:
(20, -y 2] ¥ [Z0, - -+, Znl, (3.1)
which fixes RP" C CP". If n is even we also have the involution
(20, -y 2n] ¥ [Z1, =205« - - » Zny —Zn—1], (3.2)

which acts freely and hence is certainly not conjugate to the standard involution.
The case of weighted projective cases is somewhat similar. The standard invo-
lution is always well defined on any weighted projective space, but the existence of

nonstandard involutions depends on the weights as well as the dimension.

3.1.1 Automorphisms of weighted projective spaces

Consider the action of C* on C"*! defining a weighted projective space with weights
ag, . ..,a,. We want to decompose C"*! by the action of C* into a direct sum of
vector spaces on which C* acts by the same weight.

Explicitly, we relabel the collection of weights w; < --- < w,, and let k; be
the number of times w; appears in the sequence ay, ..., a,. We decompose C**! =
B,c; Wi where C* acts on W; with weight w;, dim(W;) = k; and I = {1,...,m}.

Any automorphism of C"™! \ {0} extends to an automorphism of C"*! for n > 0
by Hartogs’ theorem. Let Autc-(C"™!) denote the C*-equivariant automorphisms of
C™*1. We can also describe Autcs(C™™) as the centralizer of C* in Aut(C™™!'). Any

C*-equivariant morphism of C""! descends to an automorphism of CPy, ..o, and the

converse can be shown to hold. This follows from the work of Cox [21}, §4] on the
automorphism group of simpicial toric varieties.

Cox shows that there is an exact sequence
0 — C* — Aute: C"*' — Aut(CPy, . ) — Aut(A,_1(CPL, ),

where A, 1(CP; ) denotes the group of Weil divisors modulo rational equiv-
lanence. The group A, 1(CPj, ) is generated by a single element and hence

the automorphism group Aut(A, (CPy ) is Zy. The map Aut(CP; ) —
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Aut(A,1(CPy, . )) is induced by direct image of divisors and therefore the image
lies in the trivial subgroup. Therefore, by the exact sequence, the map Autc«(C"™) —
Aut(CPy, ) is surjective.

A C*-equivariant morphism F: C"*! — C"! is determined by a collection of
polynomials (F; ;) where i € I, 1 < j < k; and F;; is of degree w;. Each polynomial
F; ; can be decomposed

Fij=A4i;+ i,
into a linear part and a non-linear, i.e. weighted homogenous quadratic and higher,

part.

Example 3.1.1. Consider the graded ring R = Clzg, 21, 22] where 2z, z1, 2o have
weights 1, 1, 2 respectively. C3 splits as C* = W, ® W, as representations of C* where
C* acts on W with weight 1 and on W5 with weight 2.

A C*-equivariant morphism F': C* — C3 is determined by a collection F' 11, i, By
where F} 1, F} 5 are linear functions of zy, 21 and F; is a sum of a linear multiple of 2z,

and a homogeneous quadratic polynomial in 2y, z;.

For each ¢ € I we define A; to be the matrix formed from the rows (A4;;)i1<j<-
The morphism F is invertible on W7 if A; is invertible since there are no polynomials
with degree less than w;. An inductive argument gives us that F is invertible if and
only if each A; is.

The map that sends a morphism F' to the corresponding collection of linear maps
A; is a surjective homomorphism

Aute- (C") — T GL(W).
iel

The kernel of this homomorphism is the set of morphisms of the form Fj; =
2 i + fij where (z;;)1<;j<k, are coordinates on W;. Let us denote this kernel by H.

We have an inclusion of groups []..; GL(W;) < Autc:(C™*1) and hence the short

icl
exact sequence

0 — H — Aute. (C™') — [ GL(W:) — 0

el
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is right split and we have Autc-(C"™') = H x [],., GL(W;).
Each element of Autc-(C"*') determines an automorphism of CPy . but in
order to determine an automorphism uniquely we must take a quotient by the diagonal

action of C* on Autc+(C"*1). More explicitly, consider the homomorphism

C* — GL(W7) x --- x GL(W,,)

A (A¥1 U2, A

which is an embedding since ged(wy, . . ., w,,) = 1. Then the quotient of Autc«(C"*1)
by this subgroup is isomorphic to Aut(CPy, ).

The linear structure on polynomials gives a linear structure to the group H. Note
that with respect to this linear structure that the origin is the identity mapping.
The group []
Ady: H — H for A € [[,.; GL(W;). With respect to this linear structure the

.er GL(W;) acts on H via the adjoint action, which we will denote
adjoint action of [[,., GL(W;) on H is linear. H decomposes as a vector space as
H = @,.; H; where H; consists of the morphisms in H with fy ; = 0 for i’ # 7.

We can describe some of the group structure on H using the order on I given
by ¢ < i if w; < wy. For f,g € H, let ¢ be such that fy; = 0 Vi’ < 4, then

(9f)ij = gij + fij- In particular (f~);; = —fi.
3.1.2 Classification of antiholomorphic involutions

Any invertible antiholomorphic map can be written as the composition of the standard
antiholomorphic involution coming from complex conjugation on C"*!, which we will

denote by c, followed by an automorphism of CP} , so let us write Kvut(CIPZOMan)

e
for Aut(CPy, ) Zy where Zj is generated by c.
By the discussion above we can write any antiholomorphic involution of CP;
as a composition f o Aoc where f € H and A € [[,., GL(WW;). We can ignore
H when we consider antiholomorphic involutions up to conjugation by elements of

Aut(CPy, ) due to the following lemma.

Lemma 3.1.2. Let 7 = (f,A,¢c) € XEC(CPZO,...,%) be an antiholomorphic involution.
Then T is conjugate to (0, A, c) in m(cpgman).
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Proof. Since 7 is an involution we have

<f7A7C)(f7 A7 C) = (fAdA( )7"4121? 1)
=(1,1,1),

up to the action of C*. Let f = f1 + -+ + f,, be the direct sum decomposition
of f corresponding to the decomposition of H under the action of [, , GL(W;).
Let ¢ be minimal in I, with respect the order of weights, such that f; # 0. Since i is
minimal and the action of Ad on H fixes each H; we have (f Ady i = fi+Ada(fy).
Recalling that the origin is the identity with respect to this linear structure we have
fi+ Ada(fi) =0.
Let h € H be such that h; = —4 f; and h; = 0 for j < i. Then (hrh™'); = 0 for
J <1iand
(hth™"); = hi + f; — Ada(hy)

=l fit 5 AdA(R)

= L+ Ada()

= O’

where we have used the linearity of the action of [[,., GL(W;) on H and the discussion
of the group structure of H. Now by induction on i we find that (0, A, c) is in the

conjugacy class of 7. m

Theorem 3.1.3. The number of conjugacy classes of antiholomorphic involutions

of CPy, .. 1is either 1 or 2. Let kj, w; be defined in terms of ag,...,a, as above.
Then CP;, . admits a non-standard antiholomorphic involution if and only if w;k;

Proof. Let T € A\u/t((C]P’ZO o) be an antiholomorphic involution. By Lemma (3.1.2

.....

we have that 7 is conjugate to (0, A, c¢) so we will assume 7 is of this form. For 7
to be an involution we must have AA = 1 up to the action of C*. Decomposing A

according to this action we must have
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for some A € C*. Taking trace shows that A*7 is real for each j so A is real since the
weights are relatively prime. By an action of R* C C* we can ensure that |\| = 1.
Taking determinants of equation then implies that A% = 1.

We know that there are exactly two antiholomorphic involutions of CP* for k;
even and one for k; odd up to conjugation and scale. For the standard antiholomorphic
involution we have A;A; = 1 and for the non-standard involution we have A;A; = —1.

For A, to be non-standard we must have A" = —1 so w; must be odd and k;

must be even. In this case A = —1 and since (—1)"" = 1 we must have w;k; even

for each 1. O

The standard antiholomorphic involution on CP" has a fixed point locus of (real)
dimension n so the fixed point locus of the involution restricted to a generic hyper-
surface will not consist of isolated points. We therefore must consider only weighted
projective spaces which admit non-standard involutions.

Let 7 be a non-standard antiholomorphic involution and let wj, k; be defined as

before. The fixed point locus of 7 o ¢ is of (complex) dimension

> k-1

Jiw; €27
Since we want 7 to have isolated fixed points when acting on a generic hypersurface

we therefore require that > jw; €22 kj = 2.

For the case we are interested in, namely (C]P"ZO _ the discussion above imposes

seeny@

conditions on the allowed sets of weights. In order for CPEO,.. . to admit an antiholo-

.,a
morphic involution whose fixed locus has (real) dimension 1 we must have, without
loss of generality, ag = a; and as = as, all of which are odd, and a4, as both even.

The action of 7 on CP% . can be given as

a5

T (20, 21, 22, 23, 24, 25) — [Z1, —Z0, 23, — 22, 24, Z5). (3.4)

From now on we will assume 7 is of this form.
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3.2 Suitable ambient weighted projective spaces

Recall from Condition [2.4.2]that we require our Calabi-Yau 4-fold to have singularities
of type %(1, 1,1,1). We also have stated previously that we must ensure that any other
singularities of the 4-fold admit crepant resolutions and there is one more issue which
we must be careful of: The antiholomorphic involution must lift to the resolution of
any unwanted singularities of the 4-fold. We will deal with these three issues in turn

in this section.

3.2.1 Desired singularities

Let X4 be a generic hypersurface of degree d = 3, a; in CP; . and let 7 be as in
equation . Recall that we want the action of 7 on X to fix singular points of type
C*/Z,. The fixed point locus of T is contained in S, 5 so we should find hypersurfaces
with singularities of the correct type in Sys.

Suppose the weights aq, . . . , a5 have been chosen so that X, is well-formed and qua-
sismooth. The isolated singularities of type }1(17 1,1,1) can occur in two ways, either
X4 transversely intersects the singular locus Sy 5 at a generic point and ged(aq, as) = 4
or X, contains a point Sy or S5 with ay = 4 or a5 = 4 respectively.

For X, to intersect a generic point of Sy 5 transversely we must have that there
exist at least two monomials sz“zgS of degree d. These singularities are of the type
1(1,1,1,1) if a, =1 mod 4 for k # 4,5 or a;, =3 mod 4 for k # 4, 5.

Xy contains the point Sy if a4 t d so that there does not exist a monomial sz“ of
degree d. For X, to be quasismooth we must have that a4 | d — a; for some j so there
exists a monomial z§*z; of degree d. As before in order for this singularity to be of
the type i(l, 1,1,1) we must have ay, =1 mod 4 for k # 4, j or a, = 3 mod 4 for
k # 4, 7. However a4 and a5 are both even so therefore we must have j = 5.

If ged(ag,as) = 2 then for X, to be quasismooth we must have that either X,
intersects Sy 5 transversely at generic points with singularities modelled on C*/Z, or

we have a monomial z,25 of degree d. We eliminate the first possibility because the

singularity of type %(1, 1,1,1) does not admit a crepant resolution and we eliminate
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the second because d = ). a;. Hence ged(aq, as) = 4 and Xy does not contain Sy or

S5. We summarize our results in the following proposition:

o . . . - 5
Proposition 3.2.1. Suppose the generic hypersurface of degree d =, a; in CP;,
1s well-formed, quasismooth, has isolated singularities of type 411(17 1,1,1), and C]P’gowa5

admits an antiholomorphic involution, which fizes only these points in Xy, then with-

out loss of generality the weights aq, . .., as satisfy

(i) ap = ay and ay = a3, and

(i1) ged(ay,as) =4, and

(11i) a; =1 mod 4 for 0 <i <3 ora; =3 mod 4 for0<i<3, and
(iv) ay|ld and as|d.

3.2.2 Undesired singularities

Recall that the maximal partial crepant resolution may not resolve all singularities
and we may have singularities of codimension 4 which do not admit any crepant
resolutions. We will use methods from [22] to determine whether a given cyclic
quotient singularity of codimension 4 admits a crepant resolution.

Consider a cyclic quotient singularity of the type %(al, as, as, ay). We can describe
this as an affine toric variety. Let N = Z* + Z - %(al, as, az, ay) be a lattice and o C
Ny = N®zQ the cone spanned by the unit vectors e; = (1,0,0,0),...,e4 = (0,0,0,1).
The affine toric variety associated to the cone ¢ is isomorphic to the cyclic quotient
singularity of type i(al, ag, az, ay).

The set of elements of age ¢, o;, is defined to be the convex hull in N of the

elements {ie,ieq, iey,ie4} € N. The following theorem, from [22, Th. 6.1], gives a

necessary condition for the cyclic quotient singularity to admit a crepant resolution.

Theorem 3.2.2. Let C"/G be a quotient singularity, where G C SL(n,C) is a finite
abelian group. If C"/G admits a crepant resolution, then the set of elements of age

1, o1, 1s a minimal generating set for o over Z.
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Theorem gives us a necessary condition for a given cyclic quotient singularity
to admit a crepant resolution. This condition is sufficient for all singularities of
codimension 4 where the cyclic group has order less than 39 and is sufficient in all
but 10 cases for quotient singularities of codimension 4 with cyclic group of order less

than 100 [22].

Example 3.2.3. Consider the isolated cyclic quotient singularity of type %(1, 1,1,1).
The elements of age 1 are eq,...,e4. The element %(1, 1,1,1) € o cannot be written
as a sum of e, ..., es with integer coefficients. Therefore the elements of age 1 do
not form a generating set for o over Z and hence the singularity of type %(1, 1,1,1)

does not admit a crepant resolution.

Example 3.2.4. The generic hypersurface, Xg4, of degree 84 in CP?71,21,21,12,28 is a
well-formed quasismooth Calabi—Yau hypersurface. The singularities of Xg4 consist
of the curves XgqNS3 34 and Xg4MN S35, which intersect in the 4 points {py,...,ps} =
Xgs N Sy3. The singularities of X4 at each of the p; are of type 2—11(1, 1,7,12).

Let N = Z‘H—Z%(l, 1,7,12) and ¢ C Ng the cone spanned by e; = (1,0,0,0),...,e4
(0,0,0,1). The elements of age 1, which are listed in Table 3.1 are a minimal gener-

ating set for o and hence the singularity C*/Z,; admits a crepant resolution.

(1,0,0,0), (0,1,0,0), (0,0,1,0),  (0,0,0,1), 2(1,1,7,12),
5(2,2,14,3), 5:(3,3,0,15), 5:(4,4,7,6), +(6,6,0,9), 5(7,7,7,0),
51(9,9,0,3)

Table 3.1: Elements of age 1 in the cone o, which defines the cyclic quotient singularity
of type %(1, 1,7,12).

3.2.3 Equivariant resolutions of singularities

We will consider only resolutions such that the antiholomorphic involution lifts. We
could require that the involution lifts to only the hypersurface but we will instead

consider the case when the involution lifts to the resolution of the whole toric variety.
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Let M, N be dual lattices, A C M a lattice polytope and let Px bet the associated
toric variety. Let 7 be an antiholomorphic involution of Pa. In the cases we consider,

the antiholomorphic involution 7 can be decomposed into three parts
T =1 Ty, (3.5)

where ¢ denotes the standard antiholomorphic involution on the toric variety, 7, is
an element of the torus, which acts on Pa, and t is a morphism of P induced by an
involution of the lattice N, which fixes the polytope A* (and A).

The involution 7 will lift to the resolution if the triangulation of A* is invariant
under the action of ¢, by which we mean that ¢ sends a simplex in the triangulation
to another simplex in the triangulation. Unfortunately we cannot always find such

an invariant triangulation as the following example shows.

Example 3.2.5. Let ey = (0,0,—2), e; = (1,1,1), o = (1,—1,1), e3 = (=1, —1,1),
and e; = (—1,1,1) be points in R?. Let N be the lattice generated by ey, e, e3 and
let A* denote the reflexive polytope given by the convex hull of the set {ey,...,es}.
The polytope A* can be pictured as a cone over a square with vertices ey, es, €3, e4.
Let ¢t be the lattice isomorphism defined by t(e;) = eq, t(es) = e; and t(e3) = ey,
which is reflection in a plane in R3.

There are two triangulations of the polytope A*. One contains the edge joining
e; and e3 and the other contains the edge joining e and e4. Neither of these triangu-
lations is invariant under the action of ¢t and we see that the map induced by ¢ on the
toric variety does not lift to any resolution. It is interesting to note that the polytope
is not simplicial and hence the associated toric variety is not an orbifold. We have
not found an example of a simplicial reflexive polytope with an involution ¢, which

does not admit a t-invariant projective triangulation.

Projective triangulations of the lattice polytope, A*, are in one-to-one correspon-
dence with the faces of an associated polytope, known as the secondary polytope [30,
Ch. 7]. For A* to admit a t-invariant triangulation, we require that ¢ must fix a

face of the secondary polytope, or equivalently the fixed point set of ¢ intersects the
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interior of a face of the secondary polytope. The secondary polytope sits inside the
vector space An,l(ﬁA) ® Q, where PA is any maximal partial crepant resolution of

Pa. The Chow group A, _;(Pa) is determined by the exact sequence [28]

0— M — Z Z-e,,—)An_l(PA) — 0,
peA*\{0}

where m € M — ZpEA*\{O} (m, p)e,. The lattice isomorphism ¢ acts on M and A*
and hence on An,l(ﬁA). If we tensor this sequence with @Q we can check whether
such a t-invariant maximal crepant resolution exists. In fact for all of the cases we
are interested in, t fixes the whole secondary polytope and hence 7 will lift to any
maximal crepant resolution of Pa.

We are now in a position to determine whether a particular weighted projective
space contains a suitable Calabi—Yau 4-orbifold as a well-formed quasismooth hyper-

surface.
Theorem 3.2.6. The weights aq, ..., as such that

(i) A generic hypersurface Xy of degree d =), a; in C]P)Zo7---,a5 1s well-formed and

quasismooth;
(it) X4 has isolated singularities of the type +(1,1,1,1);

(1i1) (CIP’iomas admits an antiholomorphic involution, T, whose fived point locus in-

tersects a T-invariant X, at the isolated singularities of type i(l, 1,1,1);

(iv) Any other singularities of X4 admit crepant resolutions;
are listed in Table B2

Proof. Lynker, Schimmrigk and WiBlkirchen |75] determined the complete set of weighted
projective spaces of dimension 5 such that the generic hypersurface of degree d =
>, a; is quasismooth. The list of weights can be found at http://thp.uni-bonn.

de/Supplements/cy.html.

Propositions [2.5.9/and [3.2.1| translate conditions (i)—(iii) into numerical conditions

on the weights aq, . .., a5. We use a computer programme to search the list of 1,100,055
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sets of weights given by Lynker to get a list of 34 sets of weights, for which conditions
(i) (iif) apply.
Then we use Theorem to test whether any undesired singularities of the

generic hypersurface admit crepant resolutions. This test eliminates the weights which

are not listed in Table 3.2 O
1,1,1,1,4, 4 1,1,1,1,4,8 1,1,1,1,8, 12 1,1,5,5,8, 20
1,1,9,9,4, 4 1,1,13,13,4,8 1,1,21,21,4,16 1, 1,21, 21, 12, 28

1,1,37,37,8 28 1,1,53,53,20,32 1,1,69,69,16,52  3,3,3,3,4,8

3,3,15,15,4,8  3,3,19,19,4, 12  3,3,23,23,8, 12 3,3,31, 31, 4, 24
3,3,31,31,12,16  3,3,47, 47, 8,36 3,3, 55, 55, 24, 28 3, 3, 59, 59, 20, 36
3,3,79,79,16,60 5,5, 13,13, 4,4  5,5,25,25 4,16 7,7, 11, 11, 8, 44
21, 21, 49, 49, 4, 24

Table 3.2: The admissible weights of the ambient weighted projective spaces of
Calabi-Yau 4-orbifolds. The weighted projective spaces with weights listed in the
first row appear as ambient spaces for Calabi—Yau 4-orbifolds in [39).

3.3 Topological invariants of constructed Spin(7)-
manifolds

In this section we will determine the Betti numbers of the Spin(7)-manifolds, which
result from generic hypersurfaces in weighted projective spaces with weights listed
in Table using toric geometry. Note that we have corrected some errors in [20],
which were due to mistakes in calculations.

For the moment let us assume that we can determine the Hodge numbers of the
Calabi-Yau 4-orbifold and understand the action of the antiholomorphic involution
on its cohomology. We can determine the Betti numbers of the resulting Spin(7)-

manifold as follows.

Proposition 3.3.1. Suppose (X,7) satisfies Condition and let M = X/(T)
and M be the resulting Spin(7)-manifold. Suppose M has k singularities modelled on
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R8/T as in Section |2.4.1. Then the Betti numbers of M are

V() = (M), b () = %(hQ’Q(X) FE) — B(M) + 1,

b3 (M) = %b%){), b (M) =Y (X) + (X)) —*(M) + k — 1.

Proof. Let h?P(X) be the dimension of the T-invariant part of H??(X). Noting that
in all of the cases we will discuss we have h*°(X) = h*%(X) = 0 and A*°(X) =1
since X has Hol(X) = SU(4), the Betti numbers of M can then be expressed as

b* (M) = hy* (X)), bL(M) = h2*(X) = hHH(X) + bt (X) + 2,
v (M) = h*(X), bt (M) = h*(X) + hYH(X) — hMN(X) - 1.

Applying the Lefschetz fixed point theorem we find that
k=24 4h1(X) = 2011 (X) + 2h2%(X) — h*2(X),

which we use to eliminate h%?(X) from the expressions for the Betti numbers of M.
The ALE Spin(7) manifolds that we use to resolve the quotient singularities of M
have Betti numbers b' = b? = b* = b1 = 0 and b2 = 1 hence, by an application of

Mayer-Vietoris, the Betti numbers of M satisfy

V(M) =0 (M) for j=1,2,3
b4 (M) = b (M) and b* (M) = b* (M) + k.

Combining these facts gives us the result. m
From Proposition we see that to determine the Betti numbers of M it suffices
to know the Hodge numbers of the orbifold X and to understand how 7 acts on

HY1(X). We will use techniques from toric geometry both to determine the Hodge

numbers and to understand the action of 7.

3.3.1 Hodge numbers of Calabi—Yau hypersurfaces

The Hodge numbers of well-formed quasismooth Calabi—Yau hypersurfaces in weighted

projective spaces, after resolving the singularities, were calculated by Lynker et.
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al [75] and Kreuzer verified that they match the Hodge numbers given by Batyrev
and Dais [6,8]. The list of weights and corresponding Hodge numbers can be found
at http://hep.itp.tuwien.ac.at/~kreuzer/CY or at http://thp.uni-bonn.de/
Supplements/cy.html. To understand how the antiholomorphic involution acts on
H*"! we will describe how Batyrev and Dais arrive at their formulae for hl:!.

Let X C Pa denote a Calabi-Yau hypersurface in the toric variety determined by
the reflexive polytope A and 7 an antiholomorphic involution of Px. Let Pa denote
the maximal crepant resolutions of Px and X the induced resolution of X. Note that
in the cases we will consider X will be smooth and does not satisfy Condition m
since it has no singularities but we may choose not to resolve some of the singularities
so as to leave fixed points of the involution 7.

The basic idea is that h%'(X) counts the components of the intersection of the
resolution with the union of all irreducible toric divisors in PA. We denote the torus
in Pa by T and let Y denote the intersection of X with the union of all irreducible

T-invariant divisors in Px. We have a short exact sequence of cohomology groups

0 — HYX) — HY(Y) — H(X\Y) — 0,

upon which 7 acts. By Poincaré duality we have that b*(X) = dim(H%(X)) and
hence b2(X) is the difference of the dimension of the 7-invariant parts of H5(Y") and
H7(X \'Y). Using a Lefchetz-type theorem by Danilov and Khovanskii [23] for affine
hypersurfaces in algebraic tori we have that H/ (X \ 'Y) 2 H?(T) is an isomorphism.
Given the description of 7 as in equation (3.4)), it is easy to check that the dimension
of the T-invariant part of H2(T) is 3.

The irreducible T-invariant divisors in Pa are indexed by the set A*\ {0}. Let
p € A*\{0} and D, be the corresponding T-invariant divisor. If p is contained in the
interior of a face of codimension > 3, the intersection D, N X is irreducible, while if
p is contained in the interior of a face of codimension 2, D, intersects X in multiple
components, the number of which is determined by the polytope.

Let t be defined in terms of 7 as in equation (3.5). If D, N X is irreducible, the
action of 7 is determined by whether ¢ fixes p € A* \ {0} or not. If 7 fixes p, p does
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not contribute to b2(X) and a pair py, ps of T-invariant divisors, which are swapped
by 7, contribute 1 to b2(X).

If D,N X has multiple components then the contribution to b2(X) also depends
on the multiplicative part of the involution. If D, N X is the result of blowing up 2n
singularities, which are not fixed by 7 then 7 acts freely on D, N X and contributes n
to b2(X). If D,N X is the result of blowing up m singularities of the form 1(1,1,1,1),

by deforming X, we can arrange so that 7 fixes m — 2k points in X and swaps 2k in

pairs for 0 < 2k < m.

Example 3.3.2. Consider Y, C CP?J,LIAA to be the hypersurface defined by the
weighted homogeneous polynomial f = 2% + 212 + 232 + 232 + (24 — 25)(23 + A\22).
If A = 1 then 7 has a single fixed point in Yi5 whereas if A = —1 then 7 fixes three

points.

We have used the software PALP [61] to find the toric divisors and to determine

the toric divisors fixed by 7.

Example 3.3.3. Let M be a lattice and consider the reflexive polytope A with
weights 1, 1,9, 9, 4, 4. Let N = M* and A* the dual polytope of A. The points
of A*\ {0} correspond to toric divisors in Pa. There are exactly 11 of these, which
are listed in Table with respect to a particular basis of N. The antiholomorphic

involution swaps the elements in the first row in pairs and leaves the other 7 invariant.

(&, o, o, 0, 0), (0, 1, 0, 0, 0), (0, O, 1, 0, 0), (—=1,-9,—-9,—4,—4)
(0, 0, 0, 1, 0), (0, 0, 0, 0, 1), (0,—7,—7,—-3,—3), ( 0,—1,—1, 0, 0)
(07_57_51_27_2)7 (07_3>_37_1a_1)7 (07_21_27_17_1)

Table 3.3: T-invariant divisors in a maximal partial crepant resolution of the reflexive
polytope with weights 1,1,9,9,4,4.

The divisor (0, —2, -2, —1, —1) is contained in the interior of the face with vertices
(1,0,0,0,0),(0,1,0,0,0),(0,0,1,0,0), (=1, —-9,—9, —4, —4) of codimension 2, which

corresponds to the singularities of our Calabi—Yau hypersurface of type %(1, 1,1,1).
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A generic Calabi-Yau hypersurface in Pa intersects the divisor with 7 irreducible

components.

3.3.2 Betti numbers of constructed Spin(7)-manifolds

Using Proposition and the results of the previous section to determine the Hodge
numbers of the Calabi—Yau 4-orbifolds we can determine the Betti numbers of the
Spin(7)-manifolds, which are constructed from hypersurfaces in weighted projective
spaces.

Table|3.4]lists the weights of the weighted projective spaces and the Betti numbers
of the Spin(7)-manifolds constructed from well-formed quasismooth hypersurfaces in
those weighted projective spaces. We include the examples already given in [41}
Ch. 15] for the sake of completeness, which appear as the first four rows.

The sets of Betti numbers realized by manifolds constructed in this thesis are all
distinct from those of compact manifolds with holonomy Spin(7) already known. Also
it should be noted that the example with b* = 15118 and b* = 5031 has the largest
known value of b* or 2 for a compact manifold with holonomy Spin(7).

The mirror symmetry of Calabi—Yau manifolds arising from Batyrev’s construction
is due to the fact that if A is a reflexive polytope, then A* is also reflexive. The
Calabi—-Yau hypersurfaces determined by A and A* are (conjecturally) related by
mirror symmetry. In particular, Batyrev verifies that their Hodge numbers satisfy
the expected relations. If A admits an involution then this involution will also act on
A* and so Pa+ will also admit a non-standard antiholomorphic involution. One might
hope that one could construct Spin(7)-manifolds from the Calabi—Yau hypersurfaces
in Px+ and use the relation between hypersurfaces in Px and Pas to deduce a ‘mirror
symmetry’ between the Spin(7)-manifolds on either side. However the Calabi-Yau
hypersurfaces in Pa+ will not, in general, have the type of singularities required by
Condition[2.4.2]and we would not be able to desingularize the quotients using methods

known to the author.
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ag Qq o a3 a4 Qf ‘ b2 b5 bj_ bi
1 1 1 1 4 4,0<k<1 0 1639—-Fk 807—k
11 1 1 4 8 0 0 3175 1575
1 1 1 1 8 12 0 0 7784 3879
11 5 5 8 20 0 6 2493 1237
1 1 9 9 4 4, 0<k<L3 0 1415—-k 69—k
1 1 13 13 4 8] 0<k<2 0 1991—-k 983—k
1 1 21 21 4 16| 0<k<1 0 3927 -k 1951 -k
1 1 21 21 12 28 6 0 2977 1473
1 1 37 37T 8 28 0 0 5911 2943
1 1 53 53 20 32 0 0 6055 3015
1 1 69 69 16 52 0 0 10087 5031
33 3 3 4 8| 0<Lk<1 0 65—k 29—k
3 3 15 15 4 8| 0<k<2 0 503—-k 239-k
3 3 19 19 4 12| 0<k<2 36 523—-k 267k
3 03 23 23 8 121 0<k<1 55 430—-k 230—-k
3 3 31 31 4 24| 0<k<1 45 1012—-k 5Hl6—-k
3 3 31 31 12 16 0 105 464 272
3 3 47 47 8 36 0 69 1100 972
3 3 55 55 24 28 0 162 631 409
3 3 59 59 20 36 0 116 827 459
3 3 7 79 16 60 0 117 1484 788
5 5 13 13 4 4] 0<k<5 0 29—k 135-k
5 5 25 25 4 16| 0<k<2 0 487T—-Fk 231—-k
7T 7 11 11 8 44 0 15 262 126

21 21 49 49 4 24|8<k<11 0 263—k 119—-k

Table 3.4: The weights of the ambient weighted projective spaces of the Calabi—Yau
4-folds and Betti numbers of the resulting Spin(7)-manifolds.






Chapter 4

Cayley submanifolds

In this chapter we will change our focus to the subject of calibrated geometry, in
particular Cayley submanifolds in Spin(7)-manifolds. Cayley submanifolds are the
natural, in some sense, submanifolds to study in the realm of Spin(7)-manifolds.

We will introduce the notion of a calibration and motivate the study of Cayley
submanifolds. We will then collect some useful results which we will need when
discussing the deformation theory of Cayley submanifolds.

In the following chapters we will study the deformation theory of compact Cayley
submanifolds of manifolds with Spin(7)-structure. The deformation theory will allow
us to study the set of compact Cayley submanifolds of a given manifold with Spin(7)-
structure. We will also investigate the problem of varying both the Spin(7)-structure
and the Cayley submanifold simultaneously. Using these results, we will find examples
of compact Cayley submanifolds in the compact Spin(7)-manifolds we constructed in

the first half of this thesis.

4.1 Introduction to calibrated geometry

Calibrated geometry is motivated by the study of minimal submanifolds in Rieman-
nian geometry. Recall that a submanifold is minimal if it is a stationary point of
the volume functional on submanifolds. The term ‘minimal’ is a bit misleading since
a minimal submanifold is a stationary point and not necessarily a local minimizer.

The condition for a given submanifold to be minimal is a second-order p.d.e. on the

95
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inclusion map. One motivation for the theory of calibrated submanifolds is that the
condition for a submanifold to be calibrated is first-order and every calibrated sub-
manifold is minimal. In this way we have a first-order condition, namely the tangent
space is calibrated at every point, that implies a second-order p.d.e., that the mean
curvature vanishes. Harvey and Lawson introduced the notion of a calibration and
gave many interesting examples of calibrations in their seminal paper [33]. We re-
fer the reader to Joyce [49] for a survey of calibrated geometry and the relationship

between calibrations and manifolds with special holonomy.

Definition 4.1.1. A closed k-form ¢ is a calibration on a Riemannian manifold (M, g)

if for all p € M and for all V' C T),M an oriented k-plane at p we have

¢lv < voly,

where voly, is the volume form on V' induced by g.

Definition 4.1.2. Let (M,g) be a Riemannian manifold and ¢ a calibration on

M. An oriented submanifold N C M is called ¢-calibrated or simply calibrated if
¢’ N — vol N-

We will now see the (well-known) proof that calibrated submanifolds are volume-
minimizing in their homology class, and hence are minimal. Let (M, ¢g) be a Rieman-
nian manifold and ¢ a calibration on M. Let N and N’ be k-dimensional compact
submanifolds such that [N] = [N’] in Hy(M,Z) and suppose N is ¢-calibrated. Then

the following inequality shows that N is minimal:

Vol(N):/NVOIN:/Nd)zflqbg//volN/:vol(N’).

By considering compactly supported deformations of N, we can show that N is min-
imal when NV is a non-compact ¢-calibrated submanifold.

Since a calibrated submanifold is minimal, we can consider deforming a calibrated
submanifold as a minimal submanifold. In fact any deformation of a calibrated sub-
manifold as a minimal submanifold is again calibrated as the following result shows.
In this sense, the set of calibrated submanifolds is a clopen subset of the space of

minimal submanifolds.
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Proposition 4.1.3. Let (M,g) be a Riemannian manifold and ¢ a calibration on
M. Suppose Ny — M fort € I is a family of compact minimal submanifolds of M,
where I C R 1s an interval containing 0, and suppose Ny is ¢-calibrated, then Ny is

¢-calibrated fort € I.

Proof. Since N, is a family of minimal submanifolds, the volume of N, is constant in
the family. Therefore

vol(N;) = vol(Ny) = / voly, = / b= [ o
No No

Nt

and hence V; is ¢-calibrated. O]

Harvey and Lawson motivated the study of Spin(7)-manifolds because they (de-
fined and) showed the Cayley form )y is a calibration and hence the form € is a

calibration on a Spin(7)-manifold (M, €2, g).

Definition 4.1.4. A Cayley submanifold of a Spin(7)-manifold, (M, €2, g), is an -
calibrated submanifold of M.

We will now study the linearized problem of Cayley submanifolds as an essential
prerequisite for the general non-linear problem. That is we will study the set of o-
calibrated oriented 4-planes in RS. Let Gr(m, n) denote the Grassmannian of oriented

m-planes in R"™.
Definition 4.1.5. We define the Grassmannian of Cayley planes as the set
Cay = {V € Gr(4,8) : Qo|y = voly}

of oriented 4-planes which are calibrated by €2y. We define the Grassmannian of anti-
Cayley planes, denoted Cay as the set of oriented 4-planes, which are Cayley with

the opposite orientation, or equivalently those which are calibrated by —{2.

Harvey and Lawson [33] show that the action of Spin(7) is transitive on Gr(m, 8)
for m < 3 and on Cay but is not on (A}}(Zl, 8). Berndt and Tamaru |11, p.3436] show
that the action of Spin(7) on Gr(4,8) is of cohomogeneity one with singular orbits

Cay and Cay.
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Example 4.1.6. If we identify R® with C* by z; = xa;_1 + iz9; then the plane
Vi = {(e/My1, €9y, €M ys, €/%y,) - y; € R}

is a 4-plane such that |y, = cos(¢)voly, and any 4-plane is conjugate to Vj for
some ¢ € [0, 7] under the action of Spin(7). Note that Vj is Cayley for ¢ = 0 and
anti-Cayley for ¢ = m. We will use this example throughout this section to simplify
the proofs.

The vector space A%(R®)* = A2 A2, splits as a direct sum of two representations of
Spin(7) |86, Prop. 12.5]. Under the identification of A?(R®)* with the skew-symmetric
endomorphisms of R® using the metric, S C AZ is identified as the complex structures
on R® which are compatible with €.

Harvey and Lawson [33, Th. 1.28] show that there exists a 4-form with values in

A2, which we denote 7y, such that for vy,...,vs € R® we have the following
Qo(ve, - va) P+ 7o(vr, )P = Jor A A

It follows that a 4-plane V € 6‘&(4, 8) is in Cay UCay if and only if 79|,y = 0 and V/
is in Cay if and only if 79|y = 0 and Qo] > 0. The 4-form 7y defines a section of
the rank 7 vector bundle det ®A2 over E}v1°(4, 8) whose zero locus is Cay UCay. The
Cayley Grassmannian is of codimension 4 in 6}}(4, 8) and hence the section 7 is not
transverse to the zero section.

Harvey and Lawson [33 Th. 1.38] show that the isotropy group of a Cayley plane
in Spin(7) is the group (Sp(1) x Sp(1) x Sp(1))/Zs. We will label the factors of Sp(1)
by 4+, — and o. Let V C R® be a Cayley plane and let us identify V = H and
R® =V @ V+ with H @ H. Identifying Sp(1) with the group of unit quaternions, the
action of an element g = (¢4,q_,¢,) € H on V & V+ is given by

g(v,n) = (q4vq-, —kqrkng.).

he introduction of the conjugation by k is an artefact of our choice of convention for

the Cayley form.
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The irreducible representation A2 of Spin(7) splits as a sum A7 = A3 & E of
representations of H, where A2 is the adjoint representation of Sp(1), or equivalently

the self-dual 2-forms, and FE' is the 4-dimensional representation of H given by
g: e r— q-eqo,

where we identify F with H.

Let V € Cay, the 4-form 7y induces an exact sequence
0 —s Ty Cay < TGr(4,8) 2% A2 @ AV

of vector spaces. The tangent space Ty Gr(4,8) can be identified with Hom(V, V) =
E & A2 ® E as H-representations. Since A2 ® E is an irreducible 12 dimensional
representation of H, this allows us to identify Ty Cay = A2 ® E and the cokernel of
Dy 7y, i.e. the normal space to Cay in Gr(4,8) at V, with E ® AV*.

It follows that if W € Gr(4,8) is sufficiently close to V then W € Cay if and
only if projgo¢p o 79lw = 0, where ¢ is a local trivialization of the bundle det and

projp: A2 — F is the projection.

Definition 4.1.7. Let (M, 2, g) be an 8-manifold with Spin(7)-structure and f: N —
M a Cayley submanifold. We define the obstruction bundle of f: N — M, denoted

E to be the rank 4 vector bundle given by kernel of the restriction map
fAAZ — A7

Note that we could define the obstruction bundle for submanifolds, whose tangent

planes are not Cayley but only not anti-Cayley, that is Q|y > —voly.

4.2 Adapted frame bundles

Recall that a manifold (M, 2, g) with Spin(7)-structure determines a principal sub-
bundle of the frame bundle with structure group Spin(7), denoted FgpyinryM and, if
d€) = 0, a torsion-free connection on Fgpin7)M. A point in Fgpin )M is a point p € M
and a choice of frame e;(p),...,es(p) of T,M such that €, is in the standard form

with respect to this frame.
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Definition 4.2.1. Let (M, 2, g) be a manifold with Spin(7)-structure and let f: N —
M be a Cayley submanifold. We define the adapted frame bundle of f: N — M, which
we will denote F'N, to be the subbundle of f*Fspin7)M defined by

FY'N ={(p,(e1,...,es8)) € f*FspnmyM : €1,...,e4 € Df(T,N)}.

The bundle FA'N is a principal H-bundle, where H 2 (Sp(1) x Sp(1) x Sp(1))/Zs is

the isotropy group of a Cayley plane in Spin(7).

A connection on FgpinyM induces a connection on f*Fgpin7yM and hence F 1{}4 N
by Proposition 4.2.2] This connection determines connections on all vector bundles

associated to representations of H, for example T'N, v and the obstruction bundle E.

Proposition 4.2.2 ( [53, Prop. 11.6.4]). Let M be a manifold, Pg a principal G-
bundle on M and Py a subbundle of Pg with fibre H and H a Lie subgroup of G.
Suppose the Lie algebra of G admits an Adg-invariant splitting g = b & m.

Then if 0 is a connection one-form on Pg, the h-component of the restriction of

0 to Py is a connection one-form on Py.

Lemma 4.2.3. Let M be a manifold, G a Lie group, Hy, Hy, H3 Lie subgroups of G,
such that Hy = Hy N Hy, and let g, b1, ba, b3 be their Lie algebras, respectively. Let

PH1—>PG’

]

Py, — Py,

be a commutative diagram of inclusions of principal subbundles.

Suppose g admits an Adpy, -invariant splitting g = by Bm and suppose this splitting
induces an ad g, -invariant splitting ha = (h1Nh,) & (mNhy) = h3 B (mNby). Suppose
O is a connection one-form on Pg, which reduces to a connection on Py, , i.e. 0G|pH2
has values in bs.

Then the connection Oy, on Py, , induced by ¢, reduces to a connection on Py,

and is equal to the connection induced by Og|p,, on Puj.
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Proof. Let X € T,Py,. Then we have

O, (X) = projy, B (X)
= projhl QG|PH2 (X>

= Projy, Oalpy, (X).
[

Corollary 4.2.4. Let f: N — M be a Cayley submanifold of a Spin(7)-manifold.
Then the connection on FMN induces the Levi-Civita connection on TN and the

normal connection on v.

Proof. Let V C R® be a Cayley plane. The stabilizer group of V in SO(8) is SO(4) x
SO(4) and in Spin(7) is H, so, regarding Spin(7) as a subgroup of SO(8) and with
respect to this embedding of SO(4) x SO(4), we have H = (SO(4) x SO(4)) N Spin(7).
Take G = SO(8), H; = SO(4) x SO(4), Hy = Spin(7), Hy = H and Pz =
[ FsoM, Pu, = F& 4y sow N> P, = f* FspinyM, Py = F/ N in Lemma m

The Adso()xso)-invariant splitting
50(8) = (s0(4) ®s0(4)) ® (s0(4) B so0(4))*
={rcso8):z(V)cV}@{rcso®): :z(V)cV+tand z(V') cV}
decomposes further as Ady-representations into
s08)=(hdAL) B (ESE®AY),

where b is the adjoint representation and A, and E are as in §4.1] The Lie subalgebra

spin(7) decomposes as Ady-representations into
spin(7) =h S E®AL.

Since £ ® A, is an irreducible Adg-representation, which appears with multiplicity
one in $0(8), we must have spin(7) N (so(4) @ so(4))* = b+ = (spin(7) N (s0(4) @
50(4))). Therefore the Adgo)xso-invariant splitting of s0(8) induces an Ady-

invariant splitting of spin(7).
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Then, by Lemma {4.2.3 the connection on F¥ N induces the same connection on
FS]\(4)(4)><SO(4)N as that induced by f*Fgo(s)yM. Finally, the connection on Fsﬂg)(4)x80(4)N
induced by that on f*Fso(s)M is the Levi-Civita connection together with the normal

connection, see [54, p. 4]. O

4.3 Differential operators on manifolds

In our study of Cayley submanifolds we will relate the calibrated condition to a
non-linear elliptic partial differential equation. In this section we state some general
results on non-linear differential operators on compact manifolds, which will be useful
later. We will give more specific references as necessary but our main reference for
this material is Palais [83]. Some of our definitions do not match exactly with Palais,
in particular we avoid using jet bundles by choosing a connection, but it should be

clear how they are equivalent.

Definition 4.3.1. Let (M, g) be a Riemannian manifold and £ and F' be Euclidean
vector bundles on M with connections. A smooth differential operator of order k from
E to Fisamap P: U C C®(FE) — C*®(F) such that there exists a smooth map of
fibre bundles over M

P.UCE®(I"M®E)® & (S*(T"M)® E) — F

defined on an open subset containing the zero section such that for any s € U C

C*®(E), P(s) is given by

where U = {s € C>(E) : (s(p), Vs(p),...,V*s(p)) € U, Y¥p € M}. In particular,
P(s) only depends on the first k& derivatives of s.

We similarly define a C" differential operator from E to F to be a map P: U C
C>®(E) — C"(F) to be a map determined by a C" map of fibre bundles P.

Note that one can define differential operators independent of a choice of connec-

tion using jet bundles, see [83, Ch. 2].
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Definition 4.3.2. A differential operator is linear if it is a linear map of vector spaces
and non-linear otherwise.

The linearization of a differential operator P: U C C®(E) — C®(F) at s € U is
the linear differential operator, denoted DyP: C*(E) — C*°(F') determined by the

linear map
k
D(S,Vs ..... Vks)P : (@ SJ<T*M)> ®QFE — F,
j=0

where we use the canonical identification of the vertical tangent space of a vector

bundle, 7: £ — M, with the pullback of the vector bundle, 7*F = E & E.

Definition 4.3.3. Let P: C*°(E) — C*(F) be a linear differential operator of order
k and P: (@?:o SI(T*M )) ® E — F the corresponding linear map. The linear map
P breaks up into components P;: S?(T*M) ® E — F. The symbol of P is the linear
map o(P) = Py.

Definition 4.3.4. A linear differential operator P: C*(E) — C*°(F') between vector
bundles on a compact Riemannian manifold M is elliptic if for any p € M and

v € T,M such that v # 0, the map
o(P)y(v): E, — F,
is a linear isomorphism.
We say a non-linear differential operator P: U C C*(E) — C*®(F) is elliptic at
s € C*°(E) if the linearization DsP of P at s is elliptic. Note that since ellipticity is

a pointwise condition, for a non-linear differential operator of order k, the ellipticity

of P at s € CF(E) is well-defined.

The theory of linear elliptic differential operators on compact manifolds is very

well understood. For example we have the following result, which will follow from

Theorem 4.3.17

Theorem 4.3.5. Let M be a compact Riemannian manifold and P: C*(E) —
C*®(F) a linear elliptic differential operator between Euclidean vector bundles on M

and let P*: C°(F) — C*(FE) denote the formal adjoint of P. Then

dim ker P < oo and dim ker P* < oo.
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The theory of linear elliptic operators proceeds in two steps. We first solve the
solution in a weak sense and then use a regularity result to show that the solution is

smooth. We will follow a similar plan for non-linear operators.

4.3.1 Smooth maps of Banach spaces

We will reformulate the theory of differential operators in terms of maps of Banach
spaces. This will allow us to use the abstract results about Banach spaces to obtain
existence in a weak sense of solutions to a non-linear differential equation. This

material is from Lang [65].

Definition 4.3.6. Let X and Y be Banach spaces. Let U be open in X, x € U and
f: U — Y amap. Following Lang [65, Ch. 13.2] we say [ is differentiable at x if
there exists a continuous linear map Df,: X — Y and a map ¢ defined for h € X

sufficiently small with values in Y such that

f(x+h) = f(z) + Dfa(h) + ¢(h)

and

- lo(R)|ly
lim ——~— = 0.
h—0 ||h|lx

We say f is differentiable if it is differentiable for all x € U and f is C' if Df: U —
L(X,Y) from U to the continuous linear maps from X to Y is continuous. We define
the k-th derivative inductively as the map D(D*"1f) and we say f is C* if D* f exists

and is continuous and C'* or smooth if all derivatives exist and are continuous.

Remark. The open set U C X is clearly not in general a Banach space but it is instead
an example of a Banach manifold. We will develop this idea further when we discuss
manifolds modelled on open subsets of convenient vector spaces in §5.1], where a more

general notion of smooth map between topological vector spaces is discussed.

Just as in the finite-dimensional case, we have an Inverse Mapping Theorem for
Banach spaces. The Implicit Mapping Theorem follows from the Inverse Mapping

Theorem by a similar argument to the finite-dimensional case. We will use the Implicit
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Mapping Theorem as a sort of existence theorem for solutions to non-linear differential

equations.

Theorem 4.3.7 (Inverse Mapping Theorem [65, Ch. 14 Th.1.2]). Let X and Y be

Banach spaces and U C X be open. Let
fU—Y

be a C* map. Let x € U and assume that D, f: X — Y is a continuous isomorphism.

Then f is a local C*-isomorphism at x, i.e. there locally exists a C* inverse for f.

Corollary 4.3.8 (Implicit Mapping Theorem [65, Ch. 14 Th. 2.1]). Let X, Y, Z be
Banach spaces and U C X, V CY be open. Let

ffUXV —Z
be a C* mapping, (xo,y0) € U x V, and assume that
Df(mo,yo): Y — 7

is an isomorphism of topological vector spaces and f(xo,y0) = 0. Then there exists
an open neighbourhood Uy C U of xg and a unique C* map g: Uy — V such that
g(x0) = yo and

f(z,g(x)) =0

for all x € Uj.
Suppose f: X — Y is a smooth map such that D,f: X — Y is surjective. To
apply the previous theorem we would need that ker D, f is a splitting subspace, which

in general is not true. In most applications the kernel will be finite dimensional and

therefore splits.

4.3.2 Banach spaces of sections of fibre bundles

We now wish to relate the general theory of Banach spaces and smooth maps between

then with the differential operators we defined earlier.
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Definition 4.3.9. Let (M, g) be a compact Riemannian manifold and E a vector
bundle on M with a connection V and inner-product on E. Let V¥: C*(E) —
C>=(S*¥(T*M) ® E) denote the iterated derivative, using the connection on F and the
Levi-Civita connection on M, followed by symmetrization.

We define the Banach space C*(E) to be the vector space of sections of E, which

locally are C* in any trivializing local chart of £ with the norm
k
Isllcs = sup|| Vs
j=0 M

In fact in analytical applications, the C* spaces are not the appropriate Banach

spaces to work with. We will instead work with Holder spaces of sections.

Definition 4.3.10. Let (M, g) be a Riemannian manifold and E a vector bundle
with inner-product and connection. Suppose the injectivity radius d(g) of (M, g) is
strictly positive. Let d(z,y) denote the distance between x,y € M, then if d(z,y) is
less than the injectivity radius d(g), there exists a unique geodesic of length d(z,y),
v:[0,1] = M, between z and y.

A section s: M — FE is said to be Hélder continuous with exponent o € (0, 1) if

Ty (s(x)) = s(y)|

ryeM d(l’, y)a
0<d(z,y)<d(g)

is finite, where I', denotes parallel transport along ~.
The Banach space C%(FE) is the vector space of continuous, bounded sections of

E such that s is Holder continuous with exponent o with the norm
Isllcoe = [Isllco + [s]a-

The Banach space C**(E) is the vector space of sections of E such that s € C*(FE)

and [V*s], is finite with the norm

Isllcre = llsllos + [V*s]a-



4.3 Differential operators on manifolds 67

Note that this definition of C*®(FE) does not match that of Palais. Palais only
considers C**(E) as a Banachable space, that is without a choice of norm. We will
define C*(FE) to include a choice of norm, which depends on an inner product and
connection on F.

Differential operators between vector bundles determine maps between appropri-
ate Banach spaces. The regularity of these maps follow from the regularity of the

fibre bundle map determining the differential operator.

Theorem 4.3.11. Let P: U C C®(E) — C°°(F) be a CPT1%2 differential operator of
order k between vector bundles on a compact Riemannian manifold M and P: U C
(@§:0 SIH(T*M)) ® E — F the corresponding C?T92 map.

Then there exists a C'7 map of Banach spaces, extending P,
phipe. yktre _y cPe(F),
where UM = {u € CkP2(E) : (s(x),Vs(z),...,VFs(z)) € U Ve € M}.

Proof. The proof follows from that of [83, Th. 15.7], which covers the case of a smooth
differential operator, by replacing [83] Lem. 9.9] with Lemma [4.3.12] and making
suitable changes to (83, Th. 11.3]. O

Remark. The linearization D,P of P at s € C*°(E) determines a linear map of Banach
spaces (D P)Fme: CFme(E) — C™*(F). This linear map agrees with the derivative
of Pk at s, where we regard s as an element of C*™¢(E) by [83, Th. 17.3].

The following lemma is an analogue of [83, Lem. 9.9], which covered smooth maps

and Sobolev spaces, for maps with lower regularity and Holder spaces.

Lemma 4.3.12. Let D™ denote the closed unit ball in R" and o € (0,1]. Let f €
C*(D"™ x R",R) and s € C**(D™,R"). Let ¢(f,s) denote the map from D" to R
defined by ¢(f,s)(x) = f(x,s(x)). Then

(i) ¢(f,s) € C¥*(D" R) and

(ii) the map C%*(D™ R") — C%*(D",R), s — ¢(f,s) is continuous.
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Proof. The first part follows from the estimate

[f(z,s(2)) = fy,s(y))| < sup |Dy, f(lx =yl + [s(z) — s(y)])

t€[0,1]

< sup  [DFI27 + [sla) |z — yI%,
(z,2)eD™xR"
l2|<lIsll co

where 7, is the path joining (z, s(x)) to (y, s(y)).
For the second part, let s1,5, € CO%(D",R"), z,y € D™ and let v*: [0,1] —
D" x R" denote the path (x,ts;(x) + (1 — t)sa(z)). Then since f is C' we have

f(z,s1(x)) — f(x, so(x / D f(s1(x) — s2(x))dt.

and therefore

|o(f,51) — d(f,52)||co < sup |Dfl|[s1 — s2l|co,

le,s2

where By, 5, = {(z,2) € D" x R" : |2| < ||s1]|co + ||s1 — s2||co }-

We can also estimate

1) = Jo52(e) = [l 20) + S (50| <
/ 1Dyt f(51(0) = sa(a)) = Dy s () = sulw) |t

S/O Doz f = Doy fllsi(z) — sa(@)| + [Dyp flls1(x) — s2(z) — s1(y) + s2(y)dt

< sup [D*f|(|z — y| + |s1(2) — s2(2) = s1(y) + s2(y)])|s1(2) — sa(w)[+

B31,52

+ sup |D2f||81($) —s1(y)|[s1(x) — sa(x)|+

81,89

+ sup | Dfl|s1(z) — sa(x) — s1(y) + s2(y)]

le,sz

< sup [D*F|(2"7% + [s1]a + [s1 — s2)a)||s1 — s2|co|z — y|*+

B51,52

+ sup |Df|[s1 — sa]alz — yl®.

81,89

Therefore we have

16(f,51) = &(f, s2)l|coe < sup [Df|[[s1 — safco+

le,sg

+ sup |D2f|<21—a + [Sl]a -+ [81 — Sg]a)Hsl — SQ”CO

51,892

and hence ¢(f,-) is continuous. O]
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Remark. The operators ¢(f,-) are known in the analysis literature as nonlinear su-
perposition or Nemyskij operators. There are results showing that one can relax the

conditions on f and retain continuity of the operator, for example see the monograph

by Appell and Zabrejko [3].

We will also consider the variation of solutions when the operator itself is per-
turbed. We can regard a smooth map of fibre bundles P: £ — F as a section of
the pullback bundle 7, F over E. We will restrict attention to operators defined on
compact neighbourhoods of the zero section in @520 Si(T*M) ® E. Holder spaces of
sections of vector bundles on compact manifolds with boundary can also be defined,

and we refer the reader to [83] for more details.

Theorem 4.3.13. Let E and F be vector bundles on a compact Riemannian manifold
M and suppose U CC (@?:0 SI(T*M))® FE is a compactly contained subset such that

U is a compact manifold with boundary. Then the map

CPH2 (e F) x UKTPe —  CPO(F)

(P,u) —s PEP(y)

1s a C'1 map of Banach manifolds.
Proof. We can reduce the theorem to Lemma [4.3.14] O

Lemma 4.3.14. Let D" denote the open unit ball in R™ and o € (0,1]. Then the

map
¢: C*(D" x DT R) x C**(D", D") — C**(D",R)
o(f, s)(x) = f(x,5(5))
1S continuous.
Proof. Using the estimates given in the proof of Lemma [4.3.12] we can show
[0(f1,51) = (f2, 82)lcoe < [[@(f1,81) = d(f1, 52)llcoe + [[0(f1, 52) = (f2, 52) [l co
< IDfilleollsy = s2llcoa + [1D? fill oo (217 + [s1]a + [s1 = s2]a)[|s1 — 52|00

+1f1 = fallco + IDfr = Dfollco (2 + [s1]a + [s1 — s2]a),

and hence ¢ is continuous. O]
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4.3.3 Fredholm maps

Recall that we have claimed that the kernel and cokernel of a linear elliptic operator
on a compact manifold are finite-dimensional. This property follows from the fact

that elliptic operators are Fredholm.
Definition 4.3.15. A continuous linear map 7': X — Y of Banach spaces is Fredholm
if

(i) dimkerT < oo and dim coker T' < oo, and

(ii) im 7T C Y is closed.

Remark. Let T: X — Y be a Fredholm continuous linear map and X = kerT' @ X',
Y = coker T@®Y' be splittings of X and Y. Then T induces an isomorphism 7": X" —
Y’ so up to an isomorphism of Banach spaces, T"is of the form T: R"®F — R"$® F,

sending (z,e) — (0, ¢e).
Definition 4.3.16. The index of a Fredholm map 7: X — Y is the difference

ind7T = dimker T" — dim coker 7.

Theorem 4.3.17 ( [49, §1.5]). Let P: C*(E) — C®(F) be a linear elliptic differen-
tial operator of order k between vector bundles on a compact Riemannian manifold.

The induced linear map P CHre(E) — C™(F) is Fredholm.

The natural generalization of Fredholm operators to the non-linear case is that of

a Fredholm map.

Definition 4.3.18. A C! map of Banach spaces f: U C X — Y is Fredholm if
D.f: X — Y is Fredholm for all x € U.

Note that being elliptic is an open property, and so we have the following corollary

of Theorem [4.3.17Tt
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Corollary 4.3.19. Let (M,g) be a compact Riemannian manifold and P: U C
C>®(E) — C°(F) a differential operator of order k such that the linearization DyP: C*(E) —
C>®(F) is elliptic. Then there exists an open set V. C U C @;?:0 SIT*M @ E, con-

taining the zero section, such that
Pk—l—'r,cx: Vk—H",a C Ck+r,a(Ev) N CT,Q(F)
18 a Fredholm map.

Fredholm maps can be put into a particularly nice local form.

Theorem 4.3.20 (Local Representation Theorem). Let X and Y be Banach spaces,
f be a smooth Fredholm map from an open neighbourhood V- of 0 in X toY, f(0) =0,
dimker Dy f = n, and dim coker Dy f = m.

Then there exists a linear space E C X, an open neighbourhood U of 0 in X,
a smooth map ¢x: U — R™ x E, which is a diffeomorphism onto its image, and a

continuous isomorphism ¢y : Y — R™ X E such that

(Z) ¢X(O) = (07 0) and ¢Y(O) = (0’ O)?

(ii) the map
dyofogy':ox(U) — R™x E
has the form
¢y o f o dx'(a,b) = (g(a,b),b)
for a smooth map g: ¢x(U) — R™ and Dyg = 0.
Proof. This proof is based on |1, Th. 1.7]. Let X = ker Dyf x E be a splitting of X.
Then Dy f maps E isomorphically onto the image of Dy f. Let ¢y : Y — coker Dy f X E

be a splitting of Y such that projg opy o Dyf: E — E is the identity.
Then ¢y o f has the form

f(av b) = (g(a, b)> h(“? b))

for (a,b) in the domain of f, where Doh: E — E is the identity and Dyg = 0.



72 Chapter 4. Cayley submanifolds

Consider the map F': X — X defined on the domain of f by
F(a,b) = (a, h(a,b)).

Then DyF' is a continuous isomorphism and by the Inverse Mapping Theorem, The-
orem [4.3.7} there exists a neighbourhood U of 0 in X and a local diffeomorphism ¢x
defined on U such that F o ¢y is the identity. Therefore ho ¢'(a,b) = b and so the

map ¢y o f o ¢y satisfies the criteria of the theorem. n

4.3.4 Regularity

The other important aspect of elliptic operators is the regularity of the solutions. We

will use the following general regularity result for non-linear elliptic operators.

Theorem 4.3.21. Let P: U C C°(E) — C*(F) be a non-linear differential operator
of order k between vector bundles on a compact Riemannian manifold and let s € U
and P*2(s) € C™*(F) for some r >0 and o € (0,1).

Suppose P2 is elliptic at s. Then s € C*(E).

Proof. This follows directly from the interior regularity results of Agmon et. al. |2,

Th. 12.1] or Morrey [81, Th. 6.8.1]. O

4.4 Atiyah—Singer Index Theorem

The Atiyah—Singer Index Theorem relates an analytical quantity, namely the index of
an elliptic differential operator, to a topological quantity. This topological quantity
will be expressed in terms of characteristic classes and genera, so we will give a short
overview of these terms so we can state the Atiyah—Singer Index Theorem. We will
only state the Atiyah—Singer Index Theorem for Dirac operators, which are a special
kind of first-order elliptic operator, but note that it can be stated for general elliptic
operators (and even elliptic pseudo-differential operators). Our main reference for this
section is Berline, Getzler and Vergne [10], where Dirac operators are emphasized and

Lawson and Michelson [67].
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4.4.1 Topological index

Characteristic classes and genera

In this section we define characteristic classes of principal bundles and relate them to
invariants defined in terms of the curvature of their associated vector bundles. In this
sense we already see the beginnings of a relationship between analytical objects and
topological ones. We also define genera of principal bundles, which are combinations
of characteristic classes which arise in a natural way in the Atiyah—Singer Index
Theorem. Milnor 79| is the classic reference for characteristic classes.

Characteristic classes are topological invariants, and as such they can be defined
from the structure of M as a topological space, so for this section M will refer to
the underlying topological space of a manifold M. Note that we can define principal
bundles in the category of topological spaces.

It is a result of Milnor that for any Lie group G there exists a topological space
BG with principal G-bundle FG — BG such that any (topological) principal G-
bundle on M can be realized as the pullback of this principal G-bundle on BG for
some continuous map f: M — BG. The topological space BG is called a classifying
space for G and EG — BG is called the universal principal G-bundle, and EG is

contractible.

Definition 4.4.1. Let G be a Lie group and R a commutative ring. Each non-zero

element of H*(BG, R) is called a universal characteristic class.

Given a principal G-bundle on M, say P, determined by a continuous map
f: M — BG and a non-zero class § € H*(BG, R) we can define a class 0(P) €
H*(M, R) by
O(P) = 0.
This class behaves naturally under maps f: M — N since it is defined as a pullback.

We will now give some examples of characteristic classes without proof which can

be found in for example [80].
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Example 4.4.2. The cohomology ring of BSO,, with QQ coefficients is given by

H*(BSO2TL+1aQ) = Q[p17 s apn]
H*(BSOQTLJ@) - Q[ph' .. apnve]/ < 62 — DPn >

where p, € H*(BSO,,Q) is called the k" universal Pontryagin class and e €
H?"(BSO,,,Q) is called the universal Euler class.

Example 4.4.3. The cohomology ring of BU, with Z coefficients is a polynomial
ring

Zlcy, ..., ¢,

where ¢, is called the ™ universal Chern class. The cohomology ring of BSU,, is

isomorphic to H*(BU,,Z)/(c1).
Chern—Weil theory

To any vector bundle on M, E, we can assign characteristic classes to it by taking the
associated principal G-bundle, P(FE), where G is the structure group of the vector
bundle and then taking characteristic classes of this principal G-bundle. For example

if E is a complex vector bundle on M we define
c(E) = a(P(E)).

The Pontryagin classes, py, of a real vector bundle can also be defined in terms of the

Chern classes as

pr(E) = (=1)*car(E ® C).

There is a relationship between characteristic classes (or more precisely their image
under the map induced by the inclusion Z < R) and the curvature of connections on
vector bundles. We will give a very brief sketch of this correspondence for the case of
Chern classes.

Let E be a rank n complex vector bundle on M. Let V be any connection on F

and R € C*(A?T*M @ End(FE)) the curvature of V. Then we define the Chern forms
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cx(E) € C=(A?*T*M) by the following relation

itR - N

k=0
It can be shown that the forms cz(E) are real and closed, [cx(E)] € H*(M,R) is
independent of the choice of connection on E and is the image of the k*® Chern class

under the inclusion Z — R. Expanding the above formula in powers of ¢t we see that
crn(E) = (—2mi) *tr(AFR).
Genera

Certain combinations of characteristic classes arise naturally in relation to the Atiyah—
Singer Index Theorem. These combinations are defined in terms of a formal power

series. Let f € Q[[z]] be a formal power series in 2. Then

Hf(xz‘)

is a symmetric formal power series in the variables x; and, by the fundamental theorem
of symmetric polynomials, can be written as a formal power series in elementary

symmetric polynomials.

Definition 4.4.4. Let f € Q[[z]] be a formal power series and F a rank m complex
vector bundle over M. The Chern genus associated to f is the characteristic class
given by

i=1
where z; are formal variables subject to the conditions that ¢;(E) is the i*® elementary
symmetric polynomial in the variables z;.

Example 4.4.5. Consider the case when f(x) =1+ z. Then

m

my(E) = [[(1 + )

i=1
:1+01<E)+'+Cm(E)

= c(F)
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is called the total Chern class.

We can similarly describe combinations of characteristic classes for real vector

bundles.

Definition 4.4.6. Let f be a formal power series and F a rank m real vector bundle

over M. The Pontryagin genus associated to f is the characteristic class given by
Mp(E) = | ] £(za).
i=1

where x; are formal variables subject to the conditions that p;(E) is the i*® elementary

symmetric polynomial in the variables z;.

Example 4.4.7. The A genus of a real vector bundle is the Pontryagin genus asso-

ciated to the power series
V)2
sinh \/x /2

The first few terms are given by

. 1 1
Aele —p+— (T2 —4
oq Pt 5o (TP — 4p2) +

The genera we have defined all have the property that II;(E®F) = I1;(E)UIL;(F)
and hence II; defines a monoid homomorphism from the monoid of vector bundles
under direct sum to the cohomology of M.

The Chern character, defined below, has the property that ch(E & F') = ch(E) +
ch(F') and ch(E ® F') = ch(E) U ch(F') and hence defines a semiring homomorphism

from vector bundles to real cohomology.

Example 4.4.8. The Chern character of a complex vector bundle E, ch(FE), is a
characteristic class associated to the power series e but not in the manner we have

discussed before. Instead we define for a rank m complex vector bundle £

ch(F) = Zm: e’
i=1

The first few terms are given by

1
ch(E) = (rank E) + ¢; + 5(0? —209) 4 -+
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Since the Chern classes of E are related to the curvature of connections on F
we should expect a relation between that of Chern genera and the curvature. For a
complex vector bundle with curvature R € C®(A?*T*M ® End F) we can define the

(differential geometer’s) Chern character by

ch(E) = trexp (;—R> .
7r

It can be shown that ch(E) is a closed differential form and hence defines an element
of H*(M,R), which we will also denote by ch(E). Furthermore, the class ch(F) €
H*(M,R) can be shown to be independent of choice of connection on E and to be

the image of the topologist’s ch(FE) under the inclusion Z < R.

4.4.2 Dirac operators

We will state the Atiyah—Singer Index Theorem for a class of first-order differential
operators known as Dirac operators on manifolds of even dimension, since this is all

we will need.

Definition 4.4.9. Let (M, g) be a Riemannian manifold and E a vector bundle on
M. A linear differential operator P: C*(E) — C*(F) is a generalized Laplacian if

a(P)p(§) = —gp(&, §)ide

for any p € M and £ € T*M, i.e. the symbol of P is the same as the standard Hodge

Laplacian.

Proposition 4.4.10. A generalized Laplacian P: C*(E) — C*(E) is an elliptic

operator.
Proof. The symbol o(P),(£) = —g,(&, §) is not invertible clearly only when £ = 0. O

Definition 4.4.11. Let M be a manifold. A Zs-graded vector bundle on M is a
vector bundle F and a splitting F = E° @ E'. A linear map A: C®(E) — C>~(E)
is said to be even if A preserves the splitting and odd if A maps C*(E") — C*>°(FE*)

and vice-versa.
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Note that if F is a Zy-graded vector bundle on M then End(FE) is naturally a Zo-
graded vector bundle, where End(F)" = Hom(E°, E°)®&Hom(E', E') and End(E)! =
Hom(E°, ') @ Hom(E", E°). This makes C*°(End(F)) into a Z,-graded algebra.

Clearly sections of End(E)? are even and sections of End(E)! are odd.

Example 4.4.12. The exterior complex @?Zo NT*M naturally carries a Zy-grading,
with respect to which the exterior differential d: C®(AT*M) — C(ATIT*M) is
odd.

Definition 4.4.13. Let (M, ¢g) be a Riemannian manifold of dimension 2n. Let E be
a hermitian vector bundle on M. A linear differential operator D: C*(E) — C*(E)

is a Dirac operator if
(i) E is a Zs-graded vector bundle,
(ii) D is odd,
(iii) D*: C*(E) — C*°(E) is a generalized Laplacian, and
(iv) D is self-adjoint.
Proposition 4.4.14. A Dirac operator D: C®(E) — C*(FE) is elliptic.
Proof. The square of D is elliptic so D is elliptic. n

Let D; denote the restriction of D to C°°(E?). In terms of the decomposition
E = E°® E', since D is an odd operator, D has the form

0 D

Dy O
Since Dy is elliptic if M is compact then, by Theorem [4.3.17, Dy is Fredholm and the
index of Dy is finite. The self-adjointness of D implies that the index of Dy could also

be defined as
ind Dy = dim ker Dy — dim ker Dy .

Definition 4.4.15. The index of a Dirac operator D: C*(E) — C*°(E) on a com-
pact manifold is the index of the elliptic differential operator Dy: C*(E°) — C*(E").
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The symbol of a Dirac operator defines a linear map c¢: T*M — End(E) such that
c(&)e(€) = —g(&,€), which we call a Clifford action. We say a connection on E is
compatible with the Clifford action if

(i) The connection preserves the splitting £ = E @ E' and
(ii) Ve=0,

where V is the connection induced by the Levi-Civita connection on M and the

connection on F. The existence of such a connection is guaranteed by [10, Cor. 3.41].

Definition 4.4.16. Let (V,b) be a R-vector space with symmetric bilinear form b.
The Clifford algebra C1(V,b) is the quotient

T(V)/I(V,b)

of the tensor algebra T (V) = D,y V® over V by the ideal generated by elements
v®v—>b(v,v) forveV.

Note that Clifford algebras are Zs-graded algebras, the grading induced from
the Z,-grading on 7(V) given by T (V)" = @,_; (mea 2y V. Clifford algebras have
been classified and their representation theory is well understood. In particular,
Clifford algebras are matrix algebras over the R-algebras R, C or H. We refer the
reader to [67, Ch. 1] for more details. If the dimension of V' is even the complex
representations of Cl(V,b) are particularly easy to understand.

Suppose (V,b) is an oriented vector space of dimension 2n with inner product.
Let e!,...,e" be an oriented orthonormal basis of V and we define an element of
CI(V,b) by w = i"e!---¢e". Then w? =1 in CI(V,b) ®r C and induces a splitting of
any complex representation of CI(V,b). If E is a complex representation of Cl(V,b)
then the choice of Z,-grading £ = E° @ E! making F into a Zsy-graded module of

Cl(V,b) depends on the orientation of V.

Proposition 4.4.17. Let (V,b) be an oriented R-vector space of dimension 2n with
inner product. There is a unique irreducible Zo-graded complex C1(V,b)-module up to

isomorphism of dimension 2", which we will denote by S.
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If we let C1(M, g) denote the bundle of Clifford algebras whose fibre at p € M is
ClT; M, g,) then the linear map c: T*M — End(FE) extends to an algebra homomor-
phism ¢: ClI(M,g) — End(E). Therefore any Dirac operator D: C*(E) — C*®(E)
gives us a representation of a Clifford algebra. Since the Dirac operator is odd, ¢(€)
is odd for any £ € C°(T*M) and c: Cl(M,g) — End(F) respects the Zs-grading.
We let Endciar,g)(E£) denote the bundle of algebras whose fibre at p € M is the cen-
tralizer of the image of ¢,: Cl(M, g), — End(E,). Note that Endeyar,g) (£) is also a

Zso-graded algebra.

Proposition 4.4.18 ( [10, Prop. 3.43]). Let D be a Dirac operator on a vector bundle
E over a Riemannian manifold M and V a connection compatible with the Clifford

action. Then the curvature of V decomposes
R = R®+ R"/®

where RS is determined by the Riemann curvature on M and the Clifford action and

REIS € C®(A*T*M @ Endcig)(E)°). We call RP/S the twisting curvature of E.

The reason we use the suggestive notation E/S is that if there exists a vector
bundle S over M such that S, is the unique irreducible representation of Cl(M, g),
for all p € M then we can write F as a twist of S, £ = S ®@ W, for some complex
vector bundle W [10, Prop. 3.35]. In this case, modulo choosing a connection on
S which is compatible with the Clifford action, the twisting curvature is simply the

curvature of the induced connection on W.

Definition 4.4.19. Let M be a Riemannian manifold of dimension 2n and D a Dirac
operator on a vector bundle E. Let V be a connection compatible with the Clifford
action and R®/3 the twisting curvature of E. We define the relative Chern character

of E by the formula

. hE/S
ch(E/S)=2""trgexp (ZR ) :

27

It can be shown to be independent of the choice of connection compatible with

the Clifford action.
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Theorem 4.4.20 (Atiyah—Singer [10, Th. 4.3]). Let M be a compact Riemannian
manifold of dimension 2n and D: C*(E) — C*(E) a Dirac operator. The index of
D: C*(E°) — C>(E") is given by

ind D = (A(M) ch(E/S),[M]).






Chapter 5

The moduli space of submanifolds

In this chapter we will discuss the moduli problem of compact submanifolds of a
manifold. We will use this work in the study of the moduli problem of Cayley sub-
manifolds in the following chapter. Let M and N be manifolds and say N is compact.
Let Emb(V, M) denote the set of embeddings of N in M and let Sub(/N, M) denote
the quotient of Emb(V, M) by the free action of Diff (V). The set Sub(N, M) carries
a Hausdorff topology induced by the Hausdorff metric on the space of embeddings.
The question we pose in this chapter is whether the set Sub(N, M) carries any other
natural geometric structure, and how to interpret this extra structure. For example,
we should not expect the set of compact submanifolds of a manifold to be a finite-
dimensional manifold because intuitively the set of compact submanifolds close to
a given submanifold should be modelled on the infinite-dimensional vector space of
smooth sections of the normal bundle.

Kriegl and Michor [63] have developed a theory of manifolds modelled on open sub-
sets of certain topological vector spaces called ‘convenient vector spaces’ and show
that the sets Emb(N, M) and Sub(N, M) carry the structure of ‘convenient mani-
folds’. The main result of this chapter is Theorem [5.2.4] in which we interpret the
set of smooth maps from a convenient manifold into Sub(N, M) in terms of families
of compact submanifolds.

We will begin by introducing the category of convenient manifolds and give some
of the major results. Section will be almost entirely a review of material in [63].

We will then study the smooth structure on Sub(NV, M) in terms of families. Finally

83
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we will discuss a more category-theoretic viewpoint on the problem, which may be

more familiar to those with a background in algebraic geometry.

5.1 A convenient category of manifolds

In this section we introduce the category of convenient manifolds described by Kriegl
and Michor [63], which are topological spaces with extra structure modelled on open
subsets of particular topological vector spaces called convenient vector spaces. This
category contains finite-dimensional manifolds as a full subcategory, which implies
that any manifold can uniquely be given the structure of a convenient manifold.

The motivation for convenient manifolds comes from the study of mapping spaces
of manifolds. If M and N are finite-dimensional manifolds with N compact, then
the set of smooth maps C*°(N, M) can be given the structure of a Fréchet manifold,
that is a manifold modelled on open subsets of Fréchet spaces. The question then is
whether this is the correct notion of ‘smooth structure’ on the set C*°(N, M).

Recall 76, p. 106] that a category with products C is cartesian closed if for all
objects b and ¢ there exists an object ¢” such that for any object a there exists a
bijection

Home(a x b, ¢) = Home(a, &),

which is natural in a. The object ¢ should be thought of as the set of morphisms
from b to c. We will see that the category of convenient vector spaces with smooth
maps as morphisms is cartesian closed. This fact is the motivation for the study of
convenient vector spaces and convenient manifolds.

The category of convenient manifolds is not cartesian closed but there are still
some useful consequences that follow from the cartesian closedness of the category of

the modelling vector spaces, in particular the following:

Theorem [5.1.22| (Exponential law [63, Th. 42.14]). Let M, N, X be convenient

manifolds with M, N finite-dimensional and N compact. Then there is a bijection

C®(X x N, M) = C®(X,C%(N, M)).
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The term ‘convenient’ is a reference to a paper by Steenrod [89], where he describes
a subcategory of the category of topological spaces, which is cartesian closed. We will
assume some basic knowledge of category theory and refer the reader to [76] for more

details.

5.1.1 Convenient vector spaces

The desire to define smooth maps between infinite dimensional vector spaces has led
to numerous versions of an infinite dimensional calculus. The theory of smooth maps
between Banach spaces is the most well known and studied framework. Lang [66] gives
a full account of differential geometry based on Banach spaces. The theory of smooth
maps between convenient vector spaces was independently developed by Frolicher [27]
and Kriegl [62]. The main motivation for the introduction of this category is its
cartesian closedness properties. That is we wish the space of smooth maps between
convenient vector spaces to also carry a convenient vector space structure, which
should be natural in some sense.

We also want the notion of smooth map to reduce to the known definitions for
finite dimensional and Banach spaces. In category-theoretic language we want the
category of Banach spaces with smooth maps to be a full subcategory of the category
of convenient vector spaces and smooth maps. We refer the reader to [63, Ch. I] for
a more detailed historical overview.

A locally convex vector space is a topological vector space E, whose topology can
be induced by a family of seminorms {p,}aca such that p,(z) = 0 for all o € A if
and only if z = 0. The topology on E is generated by the sets B, .(xg) = {z € E :
Pa(T — ) < £} and is Hausdorff. We refer the reader to [35] or [63, Ch. 52] for more

details about locally convex vector spaces.

Definition 5.1.1. Let E be a locally convex vector space. A map c: R — F is

differentiable at t € R if
c(t+h) —c(t)

/ _1:
“0=im
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exists. A map ¢: R — E is C! if it is differentiable for all t € R and ¢: R — E is
continuous, and we say c is C" if cis C' and ¢ is C"'. Amap c: R — E is C* or
smooth if all derivatives exist and are continuous. We will denote the set of smooth

maps ¢: R — E by C*°(R, E).

Definition 5.1.2. A convenient vector space is a locally convex vector space such
that a map c: R — F is smooth if and only if [oc: R — R is smooth for all continuous

linear maps [ € E*.

Example 5.1.3. Banach spaces and Fréchet spaces are examples of convenient vector
spaces. In fact, by [63, Th. 2.14] and [35, Prop. 10.1.4], a metrizable locally convex
vector space is convenient if and only if it is complete, and hence a convenient vector

space is metrizable if and only if it is a Fréchet space.

Definition 5.1.4. Let E be a convenient vector space. The c¢*°-topology on E is
the final topology with respect to the set of smooth maps C*(R, E). That is a
subset U C E is open in the ¢®-topology if and only if ¢™1(U) C R is open for all
ce C*(R, E).

Remark. Let E be a convenient vector space. In general the c*°-topology on F will
not agree with the locally convex topology on E. However this is the case if E is

metrizable [63, Th. 4.11].

Example 5.1.5 ( [63, Ex. 4.8]). On F = R’, the locally convex topology and the
c>-topology do not agree so long as the cardinality of the set J is at least that of the

continuum.

Definition 5.1.6. Let E, F' be convenient vector spaces and U C E a c¢*°-open
subset. A map f: U — F is smooth if foc € C®(R, F) for all c € C*(R,U). We
denote the set of smooth maps from U to F by C*(U, F).

Example 5.1.7. A continuous linear map f: £ — F'is an example of a smooth map

of convenient vector spaces.
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The smooth linear maps are exactly those which are continuous with respect to
the ¢*-topology. Since in general this is finer than the locally convex topology on a
convenient vector space, we must distinguish between continuous and smooth linear
maps. This is necessary for the general theory of convenient vector spaces but is not
an issue if the locally convex space is a Banach or Fréchet space since, in this case,
the c*-topology agrees with the locally convex topology.

Frolicher [27, Th. 1] shows that a map of Banach spaces is smooth as a map of

convenient vector spaces if and only if it is a smooth map of Banach spaces according

to Definition [4.3.6]

5.1.2 Convenient manifolds

The definition of a manifold modelled on convenient vector spaces is similar to that

of a finite-dimensional manifold.

Definition 5.1.8. An atlas on a set M is a set {(Ua,Ua)}taca of pairs, which are
called charts, such that

(i) Uo C M for all @ € A and |J, .4 Ua = M,

(i) for all @ € A, uy: Uy = uo(Us) C E, is a bijection onto an ¢*-open subset of

a convenient vector space F,,
(iii) for all a, 8 € A, the subset u, (U, N Us) C E, is ¢>-open,
(iv) for all a, 8 € A, the map uq o ug': ug(Usy NUp) = ua(Us NUp) is smooth.

Let M be a set, there is a poset structure on the set of atlases of M ordered by

inclusion. We call an atlas mazimal if it is a maximal element of this poset.
Definition 5.1.9. A convenient manifold is a set with a maximal atlas.

Definition 5.1.10. A map f: M — N between convenient manifolds is called smooth
if for any point p € M and any chart (U, u) of N such that f(p) € U, there exists a
chart (V,v) of M such that p € V, f(V) C U and uo fov=t: v(V) — u(U) is smooth.
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Remark. A convenient manifold is naturally a topological space, with the final topol-
ogy with respect to the set of charts. We call this topological space the topological
space underlying the convenient manifold. We will require that a convenient manifold
is smoothly Hausdorff, that is for any p,q € M such that p # ¢ there exists a smooth
function f € C*°(M,R) such that f(p) # f(q).

The (smooth) isomorphism class of the model convenient vector spaces E, is
locally constant on a convenient manifold. We say a convenient manifold is pure
if the modelling convenient vector spaces are all isomorphic. We say a convenient
manifold is finite-dimensional if the modelling convenient vector spaces are finite-
dimensional. Note that a finite-dimensional convenient manifold is not necessarily a
manifold since, by definition, the topological space underlying a manifold is second
countable.

If we restrict the modelling vector spaces to Banach or Fréchet spaces, we can
define categories of Banach manifolds and Fréchet manifolds. The theory of Banach

manifolds is well-developed and we refer the reader to [66] for more details.

Initial and final maps

The notions of immersion and submersion are quite subtle in the setting of convenient
manifolds since in general we have no Implicit Mapping Theorem as we do in the case
of Banach spaces. Following Kriegl and Michor we define initial and final maps and

we will show that initial maps have properties similar to embeddings.

Definition 5.1.11. A map of convenient manifolds f: M — N is initial if for any
convenient manifold X, a map of sets g: X — M is smooth if and only if f o g is
smooth.

A map of convenient manifolds f: M — N is final if for any convenient manifold

X, amap of sets g: N — X is smooth if and only if g o f is smooth.

Initial and final maps are clearly always smooth and initial maps are necessarily
injective. The composition of initial maps is again initial and similarly the class of

final maps is closed under composition. The inclusion of an open set is always initial.
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Since smoothness of maps can be tested by smooth curves, to check whether a map
is initial it suffices to check in the case when X = R.

It is easy to show that if f: N — M and g: P — M are initial maps such that
f(N) = g(P) then f~'og: P — N is a diffeomorphism. Let N C M be a subset
such that there exist initial maps fi: Ny — M and fo: N — M and open subsets
Uy C M and U, C M such that f;(N;) = NNU; for i = 1,2, then f{ ' (Uy) = f;1(Uy)
and N carries a unique maximal atlas such that the inclusion map N — M is initial.
We can generalize this argument to show that the condition that a set is the image

of an initial map is local on the codomain.

Proposition 5.1.12. Let M be a convenient manifold and N C M a subset such
that for every x € N there exists an open U C M containing x and an initial map
fu: Ny = M such that fy(Ny) = N NU. Then there exists a unique maximal atlas

on N such that the inclusion map N — M 1is initial.
Note that initial maps are not necessarily topological embeddings or immersions.

Example 5.1.13. If h: R — R is a function such that A and h? are smooth, where
p,q € N are relatively prime, then % is smooth [36]. Therefore the map f: R — R?

sending f : ¢ — (¢2,¢3) is initial but not an immersion.

Definition 5.1.14. Let M be a convenient manifold. A subset N C M is a weak
submanifold if there exists an atlas on N such that the inclusion map N < M is an
initial map of convenient manifolds and a topological embedding of the underlying

topological spaces.

We use the term weak submanifold because Kriegl and Michor use the term sub-
manifold for the following, strictly stronger, notion of submanifold. A submanifold is

an example of a weak submanifold.

Definition 5.1.15. A subset N C M of a convenient manifold M is called a subman-
ifold if for all x € N there exists a chart (U, u) of M such that w(NNU) = w(U)N Fy

where Fy; C Ey is a closed linear subspace of the convenient vector space Ey.



90 Chapter 5. The moduli space of submanifolds

Bundles

If M and N are convenient manifolds then the cartesian product M x N can be given
the structure of a convenient manifold which satisfies the usual universal property.
We note that the topology of M x N is not necessarily the product topology, however
this is the case if both M and N are metrizable [63, §27.3]. The definition of a fibre

bundle is the same as in the case of finite-dimensional manifolds.

Definition 5.1.16. A fibre bundle is a tuple (F, M, n, F') where E, M and F are
convenient manifolds and 7: £ — M is a smooth surjective map such that for any
p € M there exists an open set U C M containing p and a diffeomorphism ¢ such

that the following diagram commutes:

7Y U)—2~Ux F

x A)h
U,

where proj, is the projection onto the first factor. We call the pair (U, ¢) a fibre
bundle chart for the fibre bundle (E, M, m, F').

We will occasionally use the notation 7: £ — M for a fibre bundle, where the

fibre is understood.

Definition 5.1.17. Let (E, M, g, F') and (E', N, g/, F') be fibre bundles. A smooth
bundle map from (E, M, ng, F) to (E', N,7mg, F') is a pair of smooth maps ¢: £ —
E', f: M — N such that the following diagram commutes:

oy
A e
M—LoN.
If (E,M,n,F) is a fibre bundle and f: N — M a smooth map, the pullback
f*E ={(n,e) € N x E: f(n) =m(e)} is a fibre bundle over N with fibre F' and the
following diagram commutes:

f*Ef_>E

N

N—Lm
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where f*r and f are the composition of the inclusion of f*E in N x E followed by
projection onto N and F, respectively. If (U, ¢) is a fibre bundle chart for (E, M, 7, F)

then (f~1(U), (f*m, proj, o ¢ o f)) is a fibre bundle chart for (f*E, N, f*r, F).

Lemma 5.1.18. Let (E, M, 7, F) be a fibre bundle, f € C*(N, M) a smooth map,
and (f*E, N, f*n, F) the pullback fibre bundle.

Then f*E is a (categorical) pullback, i.e. if (X, g1,92) is a triple for which the
following diagram commutes, there exists a unique u € C®(X, f*E) completing the

diagram.

X..

e,

N—'

Proof. Since f*FE is a pullback in the category of sets, there exists a map of sets
u: X — f*F satisfying the universal property. Let x € X and (U, ¢) be a fibre bundle
chart such that U contains f(¢1(x)) and let V' C X be an open subset containing x
such that (fogy)(V)CU.

The composition of u|y with the diffeomorphism from (fo f*m)~4(U) to f~H(U)x F
is (g1]v, projs © ¢ o g2|v), which is smooth by the universal property of products, and

hence u is smooth. O

We can similarly define vector bundles (whose model fibres are necessarily conve-
nient vector spaces). We call group objects in the category of convenient manifolds

convenient Lie groups.

Definition 5.1.19. A convenient Lie group is a convenient manifold G and smooth

maps
w:GxG—G
.G —a

making G into a group with group operation u and inversion —!.
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If G is a convenient Lie group, we can define a principal G-bundle as in the finite-
dimensional case. If (P, M,7,G) is a principal G-bundle, with G' a convenient Lie
group, and G x F' — F'is a smooth action of G on a convenient manifold F' then we

can form an associated bundle, as in the finite-dimensional case.

Theorem 5.1.20 ( [63, Th. 37.13]). Let m: P — M be a principal G-bundle and let
l: G X F — F be a smooth left action of G on a manifold F'. Consider the right

action of G on P x F given by g: (p,x) — (p.g,g 'x). Then

e The space P xq I of orbits of the action of G on P x F carries a unique smooth

structure such that the quotient map q: P x F' — P X F is a final smooth map.

e There exists a smooth map 7: P xg F'— M, such that (P xg F, M, 7, F) is a

fibre bundle, making the following diagram commute:

PxF—1Px.F

proj; l lfr

P - M.

e The smooth map q,: {p} x F — (P X F)x) is a diffeomorphism for all p € P.

5.1.3 Manifolds of mappings

The main motivation for our study of convenient manifolds comes from the results in
this section. We should note that the following results may be stated in more general
terms but we will only need them for a compact domain and so we will include this

assumption in the statements to simplify them.

Theorem 5.1.21 ( [63, Th. 42.1, Prop. 42.3, Th. 42.13]). Let M and N be manifolds
with N compact. Then the set C°(N, M) can be given the structure of a smooth

convenient manifold such that
(1) C°(N, M) is second countable and metrizable and

(i1) the evaluation map ev: C*°(N, M) x N — M is smooth.
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Theorem 5.1.22 (Exponential law [63| Th. 42.14]). Let M, N, be manifolds with N

compact and let X be a convenient manifold. Then there is a bijection
C®(X X N, M) = C>®(X,C*(N, M)).

Remark. The bijection C*(X,C®(N, M)) = C=(X x N, M) sends f + f", where
fMx,p) = f(z)(p). The inverse sends f +— fV, where f¥(z) = (p— f(z,p)).

Theorem 5.1.23 ( |63, Th. 43.1]). Let M be a compact manifold. The diffeomorphism
group Diff (M) is an open submanifold of C*°(M, M) and is a convenient Lie group.

Theorem 5.1.24 ( [63, Th. 44.1] and |78, §13]). Let M, N be manifolds with N
compact and dim N < dim M. The set of smooth embeddings Emb(N, M) is an
open submanifold of C*°(N,M). The quotient Sub(N, M) = Emb(N, M)/ Diff(N)
is a convenient manifold and Emb(N, M) is a smooth principal Diff(N')-bundle over
Sub(N, M).

We call the convenient manifold Sub(N, M) the moduli space of submanifolds of
M of type N. In the next section we will give an interpretation of smooth maps into
Sub(N, M) in terms of families, which will use Theorem in an essential way.
We will describe the local charts for Sub(N, M) in terms of tubular neighbourhoods

of submanifolds.

Definition 5.1.25. Let M be a manifold. A submanifold of M is an equivalence
class of embeddings i: N — M, where i: N — M is equivalent to i': N — M if
there exists a diffeomorphism ¢: N — N’ such that i = ¢ o i.

A submanifold of M of type N is an equivalence class of embeddings i: N — M,
where i: N — M is equivalent to ¢': N — M if there exists a diffeomorphism ¢: N —

N such that ¢/ = ¢ oi.

Definition 5.1.26. Let :: N — M be a submanifold of M, m: v — N the normal

bundle to i: N — M and 0: N — v the zero section.
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A tubular neighbourhood of N in M consists of an open neighbourhood V' of the
zero section in v and an open embedding ¢: V — M such that the following diagram

commutes:

™\
0
N —~ M,

and the composition of D, )¢ restricted to v, C T(, )V with the projection Tj,) M —
vp is the identity for all p € N.

Let i: N — M be a compact submanifold of M and V C v, ¢: V — M a
tubular neighbourhood of i: N — M. Kriegl and Michor define charts, (U(i),u), on
Sub(N, M) as

U(i) = {[] € Sub(N, M) : j(N) C (V) and 70 ¢~ 0 j € Diff(N)}

u(lj) =¢ " ojo(rop o)t € C¥(v).

If [j] € U(7) then it is clear that the homology classes [i(N)] = [j(N)] € H.(M,Z) are
the same. Therefore the function Sub(N, M) — H,(M,Z) sending an embedding i to
the homology class [i(/V)] is continuous. If o € H,(M,Z) we let Sub(N, M), denote
the open submanifold of ¢ € Sub(V, M) such that [i(N)] = a.

Proposition 5.1.27. Let M, N be manifolds with N compact and dim N < dim M .

The convenient manifold Sub(N, M) is second countable.

Proof. The manifold topology on C*(N, M) agrees with the compact-open C*-
topology and the Whitney C'*-topology. By [63, Cor. 41.12] and the fact that sec-
ond countability is preserved under countable projective limits, the compact-open
C*>-topology is second countable. Therefore Emb(N, M) C C*(N, M) is second
countable.

Recall that for metrizable convenient manifolds, the product topology agrees with
the smooth topology of the product. The convenient manifold Sub(N, M) is mod-
elled on Fréchet spaces and, by Theorems [5.1.21] and [5.1.23] the diffeomorphism
group Diff(N) is metrizable. Therefore Emb(N, M) is a topological fibre bundle
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over Sub(/N, M) and hence the projection is open. The topological space Sub(N, M)
is the open image of the second countable space Emb(/N, M) and hence is second

countable. O

5.2 Families of submanifolds

In this section we define the notion of families of submanifolds and we relate the
smooth structure on the set Sub(N, M) with the notion of family. We will allow our
families to be parameterized by convenient manifolds. This will be necessary if we
wish to have a family parameterizing all submanifolds of M of type N, since one

cannot expect this to be finite-dimensional.

Definition 5.2.1. Let M, N be manifolds. A family of submanifolds of M of type
N is an equivalence class of tuples (B, N,7,i), where 7: N' — B is a fibre bun-
dle of convenient manifolds with fibre N, i: N' — M is a smooth map such that
ip: 7 1(b) — M is an embedding for each b € B and a family (B, N, 7,1) is equiv-
alent to (B, N',7',¢') if there exists a diffeomorphism ¢: N — N’ such that the

following diagram commutes:

SN
N A

We say (B,N,7,i) is a family of submanifolds of M, without reference to the

N

type of the submanifold, to mean there exists a manifold N such that (B, N, m,1) is
a family of submanifolds of M of type V.

Definition 5.2.2. Let M be a manifold and (B, N, , i) be a family of submanifolds
of M. Let f: B' — B be a smooth map.

We define the pullback of the family along f to be the family of submanifolds
(B', f*N, f*m, f*i), where f*m: f*N — B’ is the pullback of the fibre bundle 7: N —
B and f*i is the composition of i with the induced map from f*N to N.
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Definition 5.2.3. Let (B, N, ,4) be a family of submanifolds of M of type N. We
say (B,N,7,1) is universal if whenever (B, N’,7’,i') is a family of submanifolds of
M of type N, there exists a unique smooth map f: B’ — B such that (B',N',#’,i)
is the pullback of (B, N, m, 1) along f.

Theorem 5.2.4. Let M, N be finite-dimensional manifolds and suppose N is com-
pact. Then there exists a universal family of compact submanifolds of M of type N
with base Sub(N, M), which we denote (Sub(N, M),U(N, M), my, 7).

Proof. Recall, by Theorem [5.1.24], that the set of embeddings of N in M is a principal
Diff(N)-bundle gy, : Emb(N, M) — Sub(N, M). The standard action of Diff(N)
on N is smooth since Diff(/N) is an open subset of C*°(NN, N) and the evaluation
map ev: C®°(N,N) x N — N is smooth. Let m,: U(N, M) — Sub(N, M) denote
the fibre bundle associated to the standard action of Diff(N) on N. The eval-
uation map ev: Emb(N, M) x N — M is a smooth Diff(N)-invariant map and
since the quotient map from Emb(N, M) x N — U(N,M) is final, ev descends
to a smooth map j: U(N, M) — M, which is a fibrewise embedding. Therefore
(Sub(N, M),U(N, M), my,j) is a family of submanifolds of M of type N.

Let (B,N,7,i) be a family of submanifolds of M of type N. We will first show
that the data (B, N, 7,i) induces a smooth map f: B — Sub(V, M) and then that
the family is equivalent to the pullback of the family (Sub(N, M), U(N, M), my, j)
along f.

Let (U, ¢) be a fibre bundle chart for 7: N'— B. The map io ¢ ': U x N — M
is smooth and since N is compact the map (io¢™1)Y: U — Emb(N, M) is smooth by
Theorem Let fy: U — Sub(N, M) denote the composition of (i o ¢~1)" with
the projection T, from Emb(N, M) to Sub(N, M).

Now let (V,%) be a different fibre bundle chart for 7: N' — B. Then for any
b€ UNV the maps (io¢ ')V (b) € Emb(N, M) and (ioy~")Y(b) € Emb(N, M) differ
by (proj, oty o¢~1)V(b) € Diff(N). The equivalence classes fr(b) = [(i0¢~ 1)V ()] and
fr () = [(i o™ 1)V(D)] in Sub(N, M) therefore agree. In other words, the maps fy

and fy agree on the overlaps of their domains U N V. Therefore we can extend fy
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and fy to a smooth map fyuy: U UV — Sub(N, M) such that fyuy|y = fu and
foovly = fv. Now let {U,}aca be an open cover of B by trivializing open sets for the
fibre bundle 7: N' — B. We can define fy,: U, — Sub(N, M) as before and since
each fy, agrees with fy, on U, N Up, there exists a smooth map f: B — Sub(N, M)
such that f|y, = fy, for all a € A.

We now wish to show that (B, N, 1) is equivalent to the pullback of the fam-
ily (Sub(N, M),U(N, M), my,j) by f. That is we need a diffeomorphism &: N' —
f*U(N, M) such that the following diagram commutes:

M
/ I3
N ‘ FUN, M)
\ Iy
B.

In fact if £ simply commutes, it follows that £ is a diffeomorphism. Suppose £ com-

mutes. Then for b € B we have a commutative diagram

/\

——(f*m) 1 (b),
with 4, and f*j, embeddings and therefore ¢ is a fibrewise diffeomorphism. By
Lemma [5.2.5] it follows that ¢ is a diffeomorphism.
Now, since f*U(N, M) is a categorical pullback, a smooth map &: N — f*U(N, M)
is uniquely determined by a pair of smooth maps ¢ and 7 such that the following di-

agram comimutes.

Sub(N, M).
In order for € to be an equivalence, we require that f*m,of = and (f*j)o& = i.

Therefore we must have n = 7. Furthermore the smooth map f*j is defined as simply
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the composition f o j and so the commutativity of the diagram

M
/ f*3
N ———— fUN, M)
would follow from the commutativity of
M
RN
N ¢ U(N, M).

So it remains to find a smooth map ¢: NV — U(N, M) such that myo( = fonm
and j o ( = 7. If such a smooth map ( existed, then &, which is uniquely deter-
mined by ¢ and 7, would yield an equivalence between the families (B, N, r,4) and
(B, fUN, M), fru, ).

Let (U, ¢) be as before and let (;: 7= H(U) — U(N, M) denote the composition

(iO(b*l)V xidn
Ty

TN U) S U N Emb(N, M) x N —s U(N, M),

where the final arrow is the quotient map induced by the action of Diff(/N) on
Emb(N, M) x N. Let (V,4) be another fibre bundle chart for 7: N' — B and
let ¢y: mY(V) — U(N,M) be defined similarly. Let p € 73U N V). We wish
to show that (y(p) = (v(p). The two points ((i o ¢~")Y(m(p)), (proj, o¢)(p)) and
((i o b= 1)V (7w (p)), (proj, o) (p)) in Emb(N, M) x N are related by the action of the
diffeomorphism (proj, oth o p~1)¥(7(p)) € Diff (V) on Emb(N, M) x N and therefore
the equivalence classes in U(N, M) agree. By definition of the maps (y and (y, this
shows that they agree on 771 (UNV). Let {U,}aca be an open cover of B by trivializ-
ing open sets for the fibre bundle 7: N — B. We can define (i, : 71 (U,) — U(N, M)
as before and since each (y, agrees with the others on the overlaps, we can construct
a smooth map ¢: N'— U(N, M) such that (|y, = (y, for all a € A.

The commutativity m,o0( = f ox follows from the commutativity of the following
diagram, recalling the local definitions of f;; and (y:

(i0¢71)vxidN
_—

7Y U)—2=U x N Emb(N, M) x N ——=U(N, M)

lprOJ’l lpmh lﬂu
(iop~ 1)V

U Emb(N, M) —2*~ Sub(N, M).
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Finally, the commutativity j o ( = i follows from that of the following diagram:

id]u

Emb(N, M) x N —=U(N, M).

]

Lemma 5.2.5. Let (E,B,n,F) and (E',B, 7', F) be fibre bundles with F finite-
dimensional and compact, and f: E — E' a smooth fibre bundle map such that
fo: By — Ej} is a diffeomorphism for all b € B.

Then f is a diffeomorphism.

Proof. Since f is a fibrewise diffeomorphism, f is bijective and hence has an inverse
£

Let (U, ¢) and (U, ¢') be fibre bundle charts for E and E’ respectively. Since f is
a fibre bundle map, there exists a smooth map ¢: U x F' — F such that ¢/o fogp™! =
(idy,v). Since F is compact, ¢V: U — C*®(F, F) is smooth, by Theorem [5.1.22]
and since Diff(F) is an open submanifold of C*°(F, F') by Theorem [5.1.23| ¢V: U —
Diff (F) is smooth.

The inversion map ~': Diff (F)) — Diff(F') is smooth since Diff(F) is a convenient
Lie group and therefore ~to)" is smooth, and hence (“1oy)V)": U x F — F is smooth.

Therefore f~! restricted to (7/)~}(U) is smooth, and hence f~! is smooth. O

5.3 Universal families and representable functors

In Theorem we see that the smooth structure on Sub(N, M) is intimately linked
with the notion of a family of smooth submanifolds, in that smooth maps from a
manifold B to Sub(N, M) parameterize families of submanifolds of M of type N over
B. In this sense, Theorem gives meaning to the smooth structure on Sub(N, M).

The existence of a smooth structure on the set of submanifolds of M of type N and

the interaction between smooth maps from a manifold B to Sub(N, M) and families
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of submanifolds of M of type N with base B can be rephrased in terms of whether a
particular functor is representable.

We will recall the definition of a representable functor and give some examples
from set theory and algebraic geometry. We will then show how the properties of

Sub(N, M) are naturally expressed in this language.

Definition 5.3.1. Let C be a locally small category, Set be the category of sets and
F: C° — Set be a functor. A representation of F is a pair (¢, ®) where ¢ is an object
of C and ®: Homg(—,c) — F is a natural isomorphism. A functor is representable

if it has a representation.
Representations of functors are closely related to universal elements.

Definition 5.3.2. Let C be a category and F': C°? — Set be a functor. A universal
element of the functor F is a pair (c,z) consisting of an object ¢ of C and a set

x € F(c) such that for every pair (d,y) with y € F(d), there is a unique morphism
f:d— cwith F(f)(y) = z.

If (¢, @) is a representation of a functor F, then (¢, ®(id.)) is a universal element
of F'. Conversely a universal element of a functor from a locally small category to

Set determines uniquely a representation |76} §II1.2].

Example 5.3.3. Let X be a set. Consider the functor Fx: Set®” — Set which sends
Y to the collection of families of subsets of X with base Y, namely the set {Z C
X xY): projy: Z — Y is surjective} and which sends f: W — Y to the pullback,
that is the map sending Z C X x Y to the set {(z,w) € X x W : (x, f(w)) € Z}.
Let ®: Homget(—, P(X)) — Fx be the natural transformation, which for any set
Y sends f € Homget (Y, P(X)) to the set {(z,y) € X xY :z € f(y)}. Then the pair
(P(X),®) is a representation of F. The pair (P(X),{(z,y) € X x P(X) : z € y})

is the corresponding universal element of Fly.

Example 5.3.4. Let k£ be a field, X C P} a projective scheme over k. We define a
flat family of subschemes of X over S to be a closed subscheme Z C X x; S such
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that Z is flat over S via the natural projection proj,: X x; S — S. The function
sending s € S to the Hilbert polynomial of Z; is locally constant.

Let P(t) € Q[t] be a integer-valued polynomial. We define the Hilbert functor
F)S_g‘j?g(t): (Sch/k)°? — Sets, which sends a scheme S to

“n flat families of subschemes of X over S
F X(:P(t)(S ) =

with fibres having Hilbert polynomial P(t)

and a morphism f: T — S to pullback along f. This functor is well defined since
pullbacks preserve flatness.

Grothendieck showed that the functor F' )S(f;;(t) is represented by a pair (Hilbf.f(t), D),
where Hilbf.f(t) is a projective scheme, called the Hilbert scheme of X relative to P(t).

We refer the reader to, for example, [87, Ch. 4] for more details.

Example 5.3.5. Let M, N be manifolds and suppose N is compact. Let conMan
be the category of convenient manifolds and let F ]\l\glaNn conMan’ — Sets be the

functor sending a convenient manifold B to
Fy%(B) = {families of submanifolds of M of type N with base B}

and a smooth map f: B — B to the pullback of families along f.
Then by Theorem m the pair (Sub(N, M), (Sub(N, M),U(N, M), m,j)) is a

universal element of the functor Fif% and hence determines a representation of Fyfan.






Chapter 6

The moduli space of Cayley
submanifolds

In this chapter we will investigate the moduli problem of families of Cayley subman-
ifolds of a Spin(7)-manifold. Let (M, €, g) be a manifold with Spin(7)-structure and
N a compact 4-manifold. The question we will investigate is whether there is a uni-
versal family of Cayley submanifolds of M of type N. Note that we do not require the
Spin(7)-structure (€2, g) to be torsion-free. This does not affect the theory of Cayley
submanifolds, in contrast to the deformation theory of coassociative submanifolds
of Gio-manifolds or special Lagrangian submanifolds of Calabi-Yau manifolds, where
various results hold only if certain forms are closed.

By the results of the previous chapter, we know that there is a universal family of
submanifolds of M of type N with base Sub(/N, M). A likely candidate for the base

of a universal family would be the subset
Cay(N,M) ={f: N — M is a Cayley submanifold} C Sub(N, M).

In general Cay(N, M) is not a submanifold or weak submanifold of the convenient
manifold Sub(N, M). We will consider the subset Cay*™(N, M) C Cay(N,M) of
unobstructed Cayley submanifolds, which is a weak submanifold of Sub(N, M). The

main result of this chapter will be the following theorem:

Theorem 6.0.1. Let (M, €, g) be a manifold with Spin(7)-structure, N a compact ori-
ented 4-manifold and o € Hy(M,Z). Suppose the set, Cay™™ (N, M), of unobstructed

103
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Cayley submanifolds f: N — M with homology class [f(N)] = a is nonempty. Then

there exists a manifold, with underlying set Cay™ (N, M),, of dimension
1
S(o(N) 4 x(N) — -

Furthermore Cay®™ (N, M), is the base of a universal family of unobstructed Cayley
submanifolds, f: N — M, of M of type N such that [f(N)] = «.

McLean [77] studied the local structure of the subset Cay(N, M) near a given
Cayley submanifold f: N — M. He described the subset as the zero locus of a
non-linear elliptic differential operator, whose linearization is a Dirac operator. He
also gave a formula for the index of this operator. The index of the linearization is
the virtual dimension of the moduli space of Cayley submanifolds at f: N — M. If
f: N — M is unobstructed, the virtual dimension agrees with dimension given in
Theorem [6.0.11

We will give a more explicit description of this non-linear differential operator and
express the index of the linearization in terms of more familiar topological invariants
of the embedding f: N — M. The study of the linearization will lead us to define
unobstructed Cayley submanifolds and we will then use the theory of smooth maps
of Banach spaces and convenient manifolds to show that the set is locally a weak
submanifold. The results of the previous chapter will then allow us to deduce results
about the global structure of this moduli space.

The methods used here to deduce Theorem [6.0.1] could easily be used to give
similar results about the existence of universal families of unobstructed compact cal-

ibrated submanifolds of Calabi—Yau and Go-manifolds.

6.1 Families of Cayley submanifolds

Definition 6.1.1. Let (M, 2, g) be a manifold with Spin(7)-structure. A family of
Cayley submanifolds of M is a family of submanifolds of M, (B, N, ,1i), such that
the image of i,: Ny — M, with an appropriate choice of orientation, is a Cayley

submanifold for all b € B.
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Note that the base of a family of Cayley submanifolds is, in general, a convenient

manifold and hence not necessarily finite-dimensional.

Definition 6.1.2. Let (M, €2, g) be a manifold with Spin(7)-structure and f: N — M
a Cayley submanifold. A family of deformations of f: N — M is a family of Cayley
submanifolds of M of type N, (B, N, m,4), and a point 0 € B, such that B is connected
and f: N — M is equivalent to iq: Ny — M.

A universal family of deformations of f: N — M is a family of deformations of
f: N — M, (B,N,m,i), such that if (B, N, 7’,7') is a family of deformations of
f: N — M then there exists an open neighbourhood B” C B’ of 0 € B’ such that
the restriction of the family to B” is equivalent to the pullback of (B, N, i) by a

unique smooth map h: B” — B.

Let (M,€,g) be a manifold with Spin(7)-structure and f: N — M a compact
Cayley submanifold of M. Suppose (B, N, 7, 1) is a family of deformations of f: N —
M. Since (B,N,7,1) is a family of submanifolds, there is an induced map h : B —
Sub(N, M). Suppose (U, u) is a local chart of Sub(N, M) containing f, with modelling
convenient vector space the sections of the normal bundle C*°(v) of f: N — M. The
local chart (U,u) depends upon the choice of tubular neighbourhood of f: N — M.
Then, letting B’ = h=1(U), we have a smooth map ¢ =uoh : B' — C*®(v). We call

such a map a normal parameterization of the family.

6.2 Local structure of moduli space

Let (M, €, g) be a manifold with Spin(7)-structure and f: N — M a compact Cayley
submanifold. We wish to study the local structure of the subset of Cayley submani-
folds of Sub(N, M) near f: N — M.

Recall from that a submanifold f: N — M is Cayley if and only if f*r
vanishes and f*Q > 0, where 7 is a 4-form with values in A2. If f: N — M is
Cayley, the bundle f*AZ splits as a sum A% @ E of the self-dual 2-forms on N and a
rank 4 vector bundle E from Definition [4.1.7] which we call the obstruction bundle of
f: N — M.



106 Chapter 6. The moduli space of Cayley submanifolds

We will define a non-linear differential operator P: C*°(v) — C*(FE), which
morally should be thought of as the pullback of the form 7, whose solutions corre-
spond to Cayley submanifolds. McLean [77] defines this operator also and determines

its linearization.

Proposition 6.2.1. Let (M€, g) be a manifold with Spin(7)-structure and f: N —
M a compact Cayley submanifold. Let m : v — N be the normal bundle to N and
let V.Cvand ¢:V — M be a tubular neighbourhood of N in M. There exists a
first-order non-linear elliptic differential operator, P: U C C*®(v) — C*(E), on N,

determined by a smooth map
P.Ucved(IT"N®v)— E

defined on a neighbourhood of the zero section such that if s € C*(v) is such that
(sp, Vs,) € U, for allp € N then gos: N — M is Cayley if and only if P(s,Vs) = 0.

Proof. Parallel transport along the radial direction identifies ¢*AZ with 7* f*A2. This
fibrewise trivialization allows us to make sense of s*¢*7 € C®(AT*N @ A2|y), where

s € C*(v). Explicitly we have

(s"¢"T)p(Xq, ..., Xy) = Proj(xz), oI'”! o (0" T)sr)(Ds(X1), ..., Ds(Xy)),

Vs(p)

for X1,..., Xy € T,N and where T'; : (f*A2), = (¢*A°T*M|y)y(p) is parallel trans-
port along the path v, sending ¢ — ts(p). The map ¢pos: N — M is Cayley if and
only if xs*¢*T = 0 € C(f*A2) where * is the Hodge star.

We define P: C°(V) — C*°(E) as the composition

S > Projy 0 * s*P*T.

This is a non-linear differential operator determined by the smooth fibre bundle map

P.VOT*N@v — F
(6.1)
(p, v, @) — projg, OF;vl o (¢*T)p(cr(er) + T e1,...,ales) + Ty eq),

where p € N, v € V), Cyp, a € T)N Q@ vy, and (é1,...,eq) is an oriented orthonormal

basis of T, N.
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For p € N, the map D, 00)P: T, N ®v, — E), is surjective. Therefore there exists
a neighbourhood U C V& T™ ®v of the zero section such that D, o) P: Ty N @v), —
E, is surjective. Suppose (p,v,0) € U, then the set Zy.,) = {a € TyN ®@ v, :
P(p,v,a) = 0} N U is a submanifold of T)N ® v, of codimension 4. The set of
a € Ty N ®u, such that the graph of « is a Cayley plane in T,V is also of codimension
4 and is contained in Z;,) and hence, by making U smaller if necessary, we have that
they agree.

Therefore if s € C*°(V) is a section such that (s,,Vs,) € U, for all p € N,
¢pos: N — M is Cayley if and only if P(s,Vs) =0.

The description of the operator in equation (6.1f) allows us to easily compute the

linearization DyP as
DyP(s) = xadys T + projg o * VT, (6.2)

where ad, (7)(X1, ..., X4) = S0 7(X1, ..., a(X,),. .., X4). McLean [77] studied the
symbol of this operator and showed that DyP : C*(v) — C*°(FE) is a Dirac operator

and hence elliptic. O

Since DyP is elliptic, the kernel and the cokernel of the operator DyP is finite-

dimensional and ker DyP C C*(v) is closed.

Corollary 6.2.2. Let (M, 2, g) be a manifold with Spin(7)-structure and f: N — M
a compact Cayley submanifold. Suppose (B,N,7,i) is a family of deformations of
f: N —= M andlet 0: B — C*®(v) be a normal parameterization of the family. Then
Dyo(TyB) lies in kernel of DyP: C*(v) — C™(E).

Proof. Let P: U C C*(v) — C*°(FE) be as in Proposition [6.2.1 Let B’ = o~ *(U)
then since (B, N, m, 1) is a family of Cayley submanifolds of M we have P o o|p = 0.
Since the chain rule holds for convenient manifolds, we have DyP o Dyo = 0, and

hence Dyo(TyB) C ker DyP. O

We call elements of the kernel ker DyP infinitesimal deformations of the Cayley

submanifold f: N — M. For a given infinitesimal deformation s € ker DyP there
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may or may not be a family of deformations (B, N, 7, i) of f: N — M such that
s € Dyo(TpB). If this is the case we say that s € ker DyP is integrable.
A condition that will guarantee that all (sufficiently small) infinitesimal deforma-

tions are integrable is that the compact Cayley submanifold is unobstructed.

Definition 6.2.3. Let (M, €2, g) be a manifold with Spin(7)-structure and f: N — M
a compact Cayley submanifold. Let v be the normal bundle to f: N — M and
let P: U C C®(v) — C>®(E) be as in Proposition We say f: N — M is
unobstructed if coker DyP = 0.

Proposition 6.2.4. Let (M,€, g) be a manifold with Spin(7)-structure and f: N —
M an unobstructed Cayley submanifold. Then there exists a universal family of de-
formations of f: N — M, (B,N,7,i) such that Doo: ToB — ker DyP is a linear

isomorphism for o some normal parameterization of the family.

Proof. Let (U,u) be a chart of Sub(N, M) containing f: N — M such that P: u(U) C
C>®(v) — C*(F) is well-defined.

By assumption, f: N — M is unobstructed and so coker DyP1® = 0. Since P
is smooth, there exists an open set V' C C'*(v) such that coker D, Ph* is zero for all
x € V. Furthermore we may assume that D,P%® is Fredholm for all z € V and, by
elliptic regularity, coker D, P*® = coker D, P = 0 for all z € C**(v)N V.

Now by the Implicit Mapping Theorem for Banach spaces we know that B*® =
VN(PE)=1(0) is a submanifold of C**(v), in the sense of Definition[5.1.15} and hence
the inclusion map B% < C*(v) is an initial map and a topological embedding. The
continuous inclusion C**(v) < C1*(v) induces a smooth inclusion i, : B — BH@
and, by the regularity result of Theorem [£.3.21] this map is surjective.

Let x € B**. The map Dyig o T,B"* — T, B"® can be identified with the contin-
uous linear inclusion ker D, P*< < ker D,P%*, which by elliptic regularity for linear
operators is surjective and hence an isomorphism. Since B*® are finite-dimensional,
this implies that iy, are local diffeomorphisms and, since i, are bijections, hence

diffeomorphisms.
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Let B = B" and 01,: B — C**(v) denote the composition of z,;i with the
inclusion B*® < C*2(v). The convenient vector space C*°(v) is a limit of C**(v) in
the category of locally convex vector spaces with continuous maps. By [63, Lem. 3.8],
C>(v) is a limit in conMan and hence the maps oy, induce a smooth map o: B —
C>°(v), which is initial since one (in fact all) of the oy, are initial. The space C*(v)
is also a limit in the category of topological spaces since it carries the projective
topology by definition. Therefore o: B — C*°(v) is also an embedding. Furthermore
o(B) =V NP0) and Dyo: TyB — ker DyP is an isomorphism by construction.

Let (B, N, , i) be the family associated to the map u='oo: B — Sub(N, M). Tt
remains to show that this family of deformations is universal. Let (B, N, 7’ i) be
a family of deformations of f: N — M and let h: B’ — Sub(N, M) be the induced
map of convenient manifolds. Let B” = h={(U Nu='(V)) and (B",N",n",i") be the
restriction of the family to B”. Since B” is the base of a family of deformations of
Cayley submanifolds the image (u o h)(B”) C C*°(v) must lie in the zero set of P,
i.e. (woh)(B") C VNP 0)=o0o(B). Since the map o: B — C>(v) is initial, there
exists a smooth map k: B” — B such that h = v~ 'oook. The family (B”,N", =" i")
is equivalent to the pullback of the universal family with base Sub(N, M) by h and
therefore (B”, N, 7" ") is equivalent to the pullback of (B, N, m,1i) by k. ]

Let f: N — M be an unobstructed compact Cayley submanifold. By the previous
proposition, the universal family of deformations of f: N — M is finite-dimensional
since ker DyP is finite-dimensional. So although the base of a family of deformations
of f: N — M is in general a convenient manifold, and hence infinite-dimensional, the
germ of a family of deformations is the pullback of a family over a finite-dimensional

base.

Remark. If f: N — M is not necessarily unobstructed, the Local Representation
Theorem, Theorem [4.3.20] shows that there is a germ of a smooth map h: ker DyP —
coker DyP such that Doh = 0 and V N P~1(0) = h~1(0) for a sufficiently small open
set V .C C*®(v).
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In general the set A~1(0) C ker DyP will not be a manifold. However this is the
local model of a C'*-scheme [50], d-manifold [51] or derived manifold |88|. This shows
that to capture the geometric structure on the whole set of Cayley submanifolds of M
of type N, one should consider families, whose bases are more general than manifolds.

We will not consider this problem in this thesis.

6.3 Dimension of moduli space

Let f: N — M be an unobstructed compact Cayley submanifold of a manifold
(M, €, g) with Spin(7)-structure. By Proposition we know that there is a uni-
versal family of deformations of f: N — M of dimension dim ker DyP = ind DyP.

In this section we will express the index of DyP in terms of familiar topological
invariants of f: N — M using the Atiyah—Singer Index Theorem. For this section
we will denote the map DyP by D.

McLean [77, Eq. (6.13)] expresses the index of D in terms of characteristic classes
of a vector bundle on N related to v and E but does not relate this to the self-
intersection. Joyce [49, Eq. (12.12)] gives an incorrect formula for the index of D in

terms of the signature, Euler characteristic and self-intersection.

Theorem 6.3.1. Let f: N — M be a compact Cayley submanifold of a manifold
with Spin(7)-structure. Then the index of D: C*(v) — C*®(E) is given by

ind D = _(s(N) + x(V)) ~ [N - [V], (6.3

where o(N) and x(N) are the signature and Euler characteristic of N, respectively,
and [N] - [N] is the self-intersection number of f(N) C M.

Symbol of D

Recall from that a Cayley submanifold f: N — M of a manifold with Spin(7)-
structure naturally carries a principal bundle with structure group the isotropy group
of a Cayley plane, which we denote by H. If the Spin(7)-structure is torsion-free, the

adapted frame bundle carries a connection, which induces the Levi-Civita connection
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on T'N and the normal connection on v. We can describe the symbol of D explicitly
in terms of representations of H. If the Spin(7)-structure is torsion-free, the operator
D can be described in terms of the connection on F¥ M and the symbol.

The isotropy group of a Cayley plane in Spin(7) is the group (Sp(1) x Sp(1) x
Sp(1))/Zy. We will again label each factor by +, — and o. Let us denote the repre-
sentation

9(a) = q+aq_,
where a € H, by S, _ and similarly we will define representations S, , etc. The vector
bundles T'N, v, and F are isomorphic to the bundles associated to the representations
S+, Si, and S_, respectively.

The symbol of D is the map associated to the H-equivariant map from S, X
Sio, — S_, given by

(v,n) — Tkn.

The symbol of the adjoint of D is the map associated to the H-equivariant map from
S, xS ,— 8, given by

(v,e) — kve.

This description allows us to easily verify that D (together with its adjoint) is a Dirac
operator.

We can locally lift the principal H-bundle F¥ N to a principal Sp(1)3-bundle. A
global lift of F¥ N to a principal Sp(1)3-bundle exists if and only if N is spin, i.e. the
second Stiefel-Whitney class of TNV vanishes. Let S, , S_, and 5, be locally defined
complex vector bundles associated to the representations of each copy of Sp(1), where
q € Sp(1) acts by ¢q : a — ag and with complex structure given by left multiplication
by i. The Sp(1)3-equivariant, C-bilinear map S, x S_ — TN @x C 2 TN & TN
defined by (a,b) — (ajb,akb) extends by the universal property of the tensor product
to a C-linear map Sy ®c S — TN ®g C and it is easy to check that this is an

isomorphism.
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We can show that a similar result holds for » and E and so (locally) we have

isomorphisms of complex vector bundles
vRrC=S5, ®cS, and EQrC=S_®cS,.

Therefore by the Atiyah-Singer Index Theorem, if we have a cover of the FAIN
bundle by a Sp(1) x Sp(1) x Sp(1)-bundle, the index of D is

indD = (A(N)ch(S,), [N]). (6.4)

In order to express this index in terms of more familiar topological invariants we

will first review the relationship between SO(4) and Sp(1) x Sp(1)/Z,.
Characteristic classes of Spin(4)

Recall that Spin(n) is defined to be the double cover of SO(n) and is simply con-
nected for n > 3. In low dimensions we have ‘accidental isomorphisms’ between Spin
groups and classical Lie groups. For example we have isomorphisms Spin(3) = Sp(1)
and Spin(4) = Sp(1) x Sp(1).

The isomorphism Spin(4) = Sp(1) x Sp(1) and the double cover ¢: Spin(4) —
SO(4) can be easily understood in terms of quaternions. Recall that we can view
Sp(1) as the group of unit quaternions. If ¢ = (¢+,¢-) € Sp(1) x Sp(1) we can
describe a 4-dimensional representation, ¢, of Sp(1) x Sp(1) by

¢(9)(a) = qraq-,

where a € H. The standard inner product on H can be written as (a,b) = Re(ab)
and it is easy to see that this action preserves this inner product and hence gives a
map ¢: Sp(1) x Sp(1) — O(4). It is also true that this map is in fact a double cover
onto SO(4) C O(4) and hence gives us the isomorphism Spin(4) = Sp(1) x Sp(1) we
described.

The covering map ¢: Sp(1) x Sp(1) — SO(4) induces a map of characteristic

classes, i.e. a map of cohomology of classifying spaces

B¢™: H*(BS0(4),Q) — H*(B(Sp(1) x Sp(1)), Q).
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We now recall from Examples 4.4.2f and [4.4.3| that the cohomology rings of BSO(4)

and BSp(1) are given by

H*(BSO(4),Q) = Q[p1, p2. €]/ (p2 — €?),
H*(BSp(1),Q) = Q[ea],

where p;, po and e are the Pontryagin and Euler classes of the fundamental rep-
resentation of SO(4) and ¢ is the second Chern class of the fundamental complex

representation of SU(2) ~ Sp(1). By the Kiinneth theorem we deduce that

H*(B(Sp(1) x Sp(1)),Q) = Qleg , 3 ]-

Lemma 6.3.2. With notation as before we have

Bo*(p1) = —2(c5 + ¢3),

Bo*(e) = —cg + ¢35 .

Proof. Let V' be the fundamental representation of SO(4), and S, and S_ be the
fundamental representations of each copy of Sp(1) as described before. Then we have

an isomorphism of Spin(4)-representations V ®r C = S, ®¢ S_ and so
pi(V) = —c2(V @R C) = —¢2(S4 ®c 5-) = —2(c2(S4) 4 2(S-)).

Quaternionic conjugation is an orientation-reversing map which intertwines the
representations ¢ and ¢ where (¢, ¢_) = #(q_, ¢;.). Therefore we see that the effect
of changing the orientation is to swap the two copies of Sp(1). If we change the

orientation of V', the Euler class changes sign and therefore we must have
B¢ (e) = a(=c3 +¢3), (6.5)

for some a € Q.
Now suppose the structure group of V' reduces to U(2) C SO(4), where the com-
plex structure is given by left multiplication by ¢. Note that the orientation induced

by the complex structure matches the standard orientation of H, unlike that induced
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by right multiplication by i. For g = (¢4+,¢-) € Sp(1) x Sp(1) to commute with this
complex structure we must have ¢, € U(1) and hence the representation S, splits
into a direct sum L @ L with respect to the complex structure of left multiplication
by 4. Therefore cy(Sy) = co(L ® L) = —cy (L) U ¢ (L).

Furthermore we see that V & L ®¢ S_ and therefore the Chern character formula

gives

ch(V)=ch(L® S_)
= ch(L)ch(S-)
=1+ca(l)+ %cl(L) Uer(L)) U (2= ca(S2))

=2 + QCl(L) + Cl(L) U Cl(L) - CQ(S_>

and hence ¢; (V) = 2¢;(L) and

= 501(‘/) Ucer(V) —c1(L)Ue (L) + co(S-)
=c1(L) Ui (L) + c2(S-)

= —CQ(S+> + CQ(S_).
Since equation ((6.5)) must hold in general, we see that o must be 1. O

Proof of Theorem [6.5.1. Using Lemma [6.3.2] we can relate the Pontryagin and Euler
classes of T'N and v to those of S, S_ and S, as follows

pi(TN) = =2(c5 +¢3), p(v) = =2(c5 +¢3),

e(TN) = —c3 + ¢, e(v) = —cy +cs.

We can express ¢§ in terms of any 3 of py(T'N), e(T'N), p1(v) and e(v). In particular

we have

¢ = —}lpl(TN) - %e(TN) +e().

Also recall from the Hirzebruch signature theorem that the signature of an oriented

compact 4-manifold is given by o(N) = (p1(TN), [N]).
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The index of D can now be given as

indD = (A(N) ch(S,), [N])

(1= 57mr (TN))(2 — ex(5.)), [N])

= (1~ 5pu(TN)) @+ {pu(TN) + Se(TN) — e)), [V])

. 4 2
= (Zpi(TN) + 5e(TN) - e(v),[N)
= S(o(N) + x(N)) = [N] - [N]

]

Proof of Theorem [6.0.1. The proof of Proposition shows that Cay™™ (N, M) is
locally a finite-dimensional weak submanifold of Sub(NV, M) of dimension dim ker DyP
and hence, by Proposition , is a weak submanifold of Sub(/N, M). Furthermore
Cay*™ (N, M) is second countable since Sub(N, M) is second countable by Proposi-
tion [5.1.27 Let a € Hy(M,Z) and suppose f € Cay"™ (N, M),. By Theorem [6.3.]]
we know that the index of DyP is constant on Cay™ (N, M), since it is determined
by the topology of N and the class a € Hy(M,7Z). By assumption the index of DyP
is equal to the dimension of Cay®™ (N, M), and hence is constant.

The pullback of the universal family on Sub(N, M), by the initial inclusion map
Cay*™ (N, M), < Sub(N, M), is a universal family of unobstructed Cayley subman-
ifolds of M of type N such that [N] = a. O






Chapter 7

Examples of compact Cayley
submanifolds

In this chapter we will find examples of compact Cayley submanifolds of compact
manifolds with holonomy Spin(7). There are lots of examples of compact Cayley
submanifolds of Spin(7)-manifolds, since any smooth compact complex surface in a
Calabi—Yau 4-fold is an example of a compact Cayley submanifold, but for manifolds
with holonomy Spin(7) the known examples are not so numerous. All examples of
compact Cayley submanifolds of compact manifolds with holonomy Spin(7) in the

literature arise as the fixed points of involutions preserving ).

Proposition 7.0.1 ( |41, Prop. 10.8.6]). Let M be an 8-manifold, (2, g) a torsion-
free Spin(7)-structure on M, and 7: M — M a nontrivial isometric involution with
() = Q. Then each connected component of the fized point set of T is either a

Cayley submanifold or a single point.

Recall that the general strategy Joyce uses in his constructions of compact mani-
folds with holonomy Spin(7) is to glue together manifolds with torsion-free Spin(7)-
structures, and then perturb the Spin(7)-structure to give a genuine torsion-free
Spin(7)-structure on M. The strategy we will follow is to look for unobstructed
compact Cayley submanifolds, which do not intersect any of the patching regions,
and then show that if the perturbation of the Spin(7)-structure is small enough, we

can perturb the Cayley submanifold also.

117
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The analysis in this chapter will be straightforward. The main difficulty in ap-
plying this method is to show that a given Cayley submanifold is unobstructed. If
the Cayley submanifold arises as a complex surface in a Calabi—Yau 4-fold, or a finite
quotient of such a submanifold, we can relate the obstructions as a Cayley submani-
fold to those as a complex surface. We can then use techniques of complex geometry

to show that a complex surface is unobstructed.

7.1 Existence of compact Cayley submanifolds

In this section we prove the necessary analytic results used later in the chapter.

Proposition 7.1.1. Let M be an 8-manifold with Spin(7)-structure (€2, g) and let
f: N — M be a compact Cayley submanifold. Let m: v — N be the normal bundle to
N, E be the obstruction bundle of f: N — M as per Definition[{.1.7, and let V C v
and ¢: V- — M be a tubular neighbourhood of N in M with ¢(V) CC M. Then there

exists a C1 map of Banach manifolds
P:UC C}AM) x C**(v) — C**(E)

defined on an open neighbourhood U of (Q,0), such that if Q@ € C°(AM) and s €
C=(V), P(Q,s) =0 if and only if pos: N — M is Cayley with respect to Q.

Proof. This follows from the proofs of Proposition and Theorem {4.3.13] ]

Theorem 7.1.2. Let M be an 8-manifold with Spin(7)-structure (€2, g) and f: N —
M an unobstructed compact Cayley submanifold. Let w: v — N be the normal bundle
to N, VCvand ¢:V — M be a tubular neighbourhood of N in M. Let P denote
the Ct map of Banach manifolds of Proposition and let D: CY*(v) — C*(E)
denote the restriction of the linearization of P to CY*(v). Then there exists €1,&9,C >
0 such that the following is true.

Suppose (Q,§) is a Spin(7)-structure on M such that |Q —Q||cs < e1. Then there
exists a unique smooth section s of v such that s L2 ker D, ||s||cra < &2 and f=¢os

is Cayley with respect to Q. Furthermore we have ||s|cra < C[|Q — Q| ¢s.
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Proof. Since f: N — M is unobstructed, D: C**(v) — C%*(FE) is surjective and
hence DyP is also surjective. Let C1*(v) = ker D & X be an L? splitting of C1(v)
with repsect to the induced metric on v. Then, by the Implicit Mapping Theorem,
there exists a germ of a C'' map of Banach spaces Q: C?(AM) x ker D — X such
that, in a neighbourhood of (0,0), for y € kerD and x € X, P(Q,y+z) = 0 if and
only if z = Q(Q, y).

In particular there exists e, > 0 such that if |Q — Q||¢s < &1, there exists a
unique s € CH*(v) such that s L2 ker D, ||s||cra < &5 and P(Q,s) = 0. Also the
map @Q is O and hence locally Lipschitz. Therefore there exists C, depending on &1,
such that ||s]|c1e < C||Q — Q|¢s.

For || — Q||co and ||s||c1 sufficiently small, D oPlcre) is elliptic and, since
the C' norm of s is bounded by the C? norm of Q — Q, by making ¢, smaller, we
can ensure that D g P is elliptic. Then, by elliptic regularity, Theorem , s is
smooth. Finally, by Proposition , we have that f = ¢ o s is Cayley with respect

to Q. ]

7.2 Obstructions of compact Cayley submanifolds

Suppose (X, g,w, 0) is a Calabi-Yau 4-fold and let 2 = %w A w + Ref. Recall from
Proposition that (€2, g) is a torsion-free Spin(7)-structure on X.

If Y C X is a complex surface, Y is Cayley with respect to €2. In this section
we will relate the deformation theory of Y as a complex submanifold with that of Y
as a Cayley submanifold. In particular we will show that if ¥ is unobstructed as a

complex submanifold then it is unobstructed as a Cayley submanifold.

7.2.1 Deformation theory of complex submanifolds

The deformation theory of compact complex submanifolds was first studied by Ko-
daira [b5]. Suppose Y C X is a compact complex submanifold of dimension n of a
complex manifold X. Kodaira showed that if H!(Y,v) vanishes, there is a universal

family of deformations of Y of dimension dim H°(Y, v).
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We should think of the map
0: C®(v) — C*(A" @)

as analogous to D in the Cayley case. In contrast to the Cayley case, the operator
0 is not elliptic, unless Y is a curve. In general, the operator 0 fits into an elliptic

complex
0— %) 2 (A" @) & c*(A2 @) % ... & (A @) — 0,

which determines an elliptic operator in the usual way, given by el acting between
the even and odd parts of the complex.

Suppose X is Kahler. Then the operator @9 (up to some constants) is a Dirac
operator on @, A ® v, where the grading is by even and odd parts of the complex.
This Dirac operator is uniquely determined by the Chern connections on 7Y and the

normal bundle, and the symbol of the operator, see Berline et. al. |10, Prop. 3.6.7].

7.2.2 Complex surfaces as Cayley submanifolds

Lemma 7.2.1. Let (X, g,w,0) be a Calabi—Yau 4-fold and 2 = %w Aw+ Ref. Let
Y C X be a complex surface and let Fs)gu(z)xu(z))y and FZY be the adapted frame
bundles of Y with respect to X as a complex and a Cayley submanifold, respectively.

Then the connection on FjY reduces to a connection on Fs)gU(z)xU(Q))Y‘
Proof. The proof is the same as that of Corollary 4.2.4. n

Lemma 7.2.2. Let (X, g,w,0) be a Calabi-Yau 4-fold and Q = jw Aw + Ref. Let
Y C X be a complex surface. Let v denote the normal bundle with its complex
structure, vg the underlying real vector bundle and E the obstruction bundle of Y as
a Cayley submanifold as in Definition [{.1.7.

There are parallel isomorphisms of complex vector bundles

() =2v @ (A?®@v) and E“ = A" @b
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Proof. By Lemmal|7.2.1] the statement reduces to one about representations of S(U(2) x
U(2)). Recall from that the isotropy group H of a Cayley plane V acts on R? as

g(v,n) = (qufU(jfa _kq+knq(>)7

for g = (¢+,9-,¢) € H and (v,n) € H x H = RS Let S,,5_,5, denote the
fundamental complex representations of Sp(1)3, which is a 2-fold cover of H. Recall

that as Sp(1)® representations we have isomorphisms
Ve S @S, (VHC~=S, ®cS,, and E®=S_®cS,.

The subgroup

{<Q+7Q—7QO) € H: g+ € (C}

is S(U(2) x U(2)) = (U(1) x Sp(1) x Sp(1))/Zy. The fundamental representation of
Sp(1), splits as a sum S, = L & L when restricted to U(1),. As complex represen-
tations of U(1) x Sp(1) x Sp(1) we have

VL®cS. and VI2L®cS,.

Therefore
(VHEe=5, 08, EC~S ®85,
~(L®S,)®(L®sS,) ~S QLRL®S,
~Vie (LPeVh) =V eVt

~Vig (AT oVt
These isomorphisms descend to isomorphisms of representations of S(U(2)xU(2)). O

Lemma 7.2.3. Let (X, g,w,0) be a Calabi—Yau 4-fold and 2 = %w ANw+ Ref. Let
Y C X be a complex surface.
Via the isomorphisms v =2 v @ (A*? @ v) and E® = A% @ v, the symbols of D¢

and ® 9 agree up to a constant.
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Proof. The symbols of D and d&9" are both determined by S(U(2)x U(2))-equivariant
maps V*® (V1) — EC. By considering representations of U(1) x Sp(1) x Sp(1), we
see that Hom(V* @ (V4)€, E®) contains a unique trivial subrepresentation and hence

the symbols agree up a constant. O]

Proposition 7.2.4. Let (X, g,w,0) be a Calabi—Yau 4-fold and let Q be the admissible

form %w ANw+ Rel. Let Y C X be a complex submanifold and let v be the normal

bundle to'Y in X. Let E and D be defined with respect to the admissible form €.
Then there are isomorphisms of complex vector bundles v* = v & (A*? ® v) and

E® =2 A% @ v such that the following diagram commutes

C(v°) P C>(E°)

.

COO(Z/ o) (AO,Q ® Z/))ai COO(AO’I ® V).

Proof. By Lemmas|7.2.2and [7.2.3| we have that the isomorphisms v© = v @ (A2 ®v)

and E® = A% @ v are parallel and identify the symbols of the operators D and
9@ 9 . In other words, the operators D and 0 ® 3 agree up to zero-order terms.
The form 2 is closed and it follows that 7 is parallel. Therefore the zero-order term
in the description of D in equation vanishes. The explicit description of & ® 8
in Berline et. al. [10, Prop. 3.6.7] shows that & @ & also has no lower order terms

and therefore the operators agree, up to a constant factor. O

Corollary 7.2.5. Let (X, g,w,0) be a Calabi—Yau 4-fold and let Q) be the admissible
form %w Aw+Ref. LetY C X be a compact complex submanifold.
Then

dimg ker D = dimc H°(Y, v) + dime H*(Y,v) = dimg H°(Y, V)

dimg ker D* = dim¢ H'(Y, v).

In particular Y is unobstructed as a Cayley submanifold with respect to €2 if and only

if Y is unobstructed as a complex submanifold.
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Remark. Tt is interesting to note that since H(Y,v) can be identified with the com-
plexification of ker D*, it follows that H'(Y,v) carries a real structure. This real
structure depends on the Kahler metric as well as the complex structure and holo-
morphic volume form.

There is a non-degenerate symmetric pairing
q: H'(Y,v) x H'(Y,v) — C,

which only depends on the complex structure and choice of holomorphic volume form.
The holomorphic volume form gives an isomorphism of holomorphic vector bundles

v =2 Ky ® v* and then Serre duality implies
HY(Y,v) = H(Y,Ky @ v*)* = H'(Y,v)*.

Let 0 denote the holomorphic volume form. In terms of basic forms a ® v, 8 ® w €

C>(A* @ v), the pairing is given by
(a®v,f@w) %/a/\ﬁ/\(v/\w)JQ,
v

which is clearly symmetric.

The real symmetric bilinear form Re(q) is of signature (h*(Y,v), h'(Y,v)). The real
structure on H'(Y,v) gives a splitting into real and imaginary subspaces H'(Y,v) =
HYY,v)re ® H (Y, V)1, which is also a splitting of H'(Y,v) into positive definite

and negative definite subspaces with respect to Re(q).

7.2.3 Quotients of Cayley submanifolds

Recall in the construction of compact Spin(7)-manifolds from Calabi—Yau 4-orbifolds,
that the building blocks of the Spin(7)-manifolds are quotients of non-compact Calabi—
Yau manifolds. Therefore we need to consider what happens to Cayley submanifolds

under a quotient by a finite group preserving the Spin(7)-structure.

Proposition 7.2.6. Let M be an 8-manifold with Spin(7)-structure (2, g), I' a group
of freely acting isometries preserving §2, and N C M a I'-invariant compact Cayley

submanifold.
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Then there is an action of I' on vy and En such that under the identification of

[-invariant sections of vy and En with sections of vy/;r and Enyr we have
(ker Dy)" = ker Dy r and (ker Diy)" = ker Dy r-
In particular, if N is unobstructed in M, N/T" is unobstructed in M/T.

Proof. We choose a I'-invariant tubular neighbourhood of N in M. Since I' preserves
€1, there is a natural action of I' on Fgpin7)M. Furthermore since N is I'-invariant,
this action descends to FN and any associated vector bundle, in particular the
normal bundle vy and the obstruction bundle Ey. We can arrange that the non-
linear differential operator given by Proposition and its linearization at 0, which
we denote Dy, are ['-equivariant with respect to this action. The action of I" therefore
descends to an action on ker Dy .

Any I'-invariant section of v descends to a section of vy r and any section of vy/p
lifts to a unique I'-invariant section of vy. With this identification, the I'-invariant

elements of ker Dy are identified with the elements of ker Dyr and similarly
(ker D))" = ker Dy r-
H

Corollary 7.2.7. Let (X, g,w,0) be a Calabi—Yau J-fold and Q be the admissible 4-
form %w/\w—l—Re 0. Suppose T is a freely acting anti-holomorphic involution preserving

Q and let Y C X be a T-invariant compact complex surface.

Then
1
dimg ker Dy(;y = dim¢ H(Y, v) and dimg ker Dy )iy = 5 dime H* (Y, v).

Proof. The action of 7 lifts to an action on v and E. The action of 7 on v is C-
antilinear and hence the C-linear extension of 7 to (1R)* X v &V ¥ v & (A*? @ v)
maps v to A®? ® v and vice versa. This involution gives a C-linear isomorphism

H°(Y,v) — H?*(Y,v) and therefore

dimg ker Dy (,y = dimg(ker Dy )" = dimg(ker D)™ = dimc HO(Y, v).
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The index of an elliptic operator is multiplicative under finite coverings, see for

example |4, Eq. (1.2)]. In particular since Y is a two-fold covering we have

1
ind Dy/<7-> = 5 ind Dy

1
dim ker Dy, (;y — dimker Dy, = é(dim H(Y,v) — dim H*(Y,v) + dim H*(Y,v))
and therefore dimg ker Dy, = 5 dime H'(Y, v).
Note that dimc H'(Y,v) is necessarily even since ind Dy 7y is an integer. It is
essential that 7 acts freely so that Y — Y/(7) is a covering of manifolds. There is an

index formula for non-free actions, which contains contributions from the fixed loci,

but we will not need it here. O

7.3 Examples of compact Cayley submanifolds

Let (Z,9,g) be a Spin(7)-orbifold with singular points py, ..., py modelled on R®/T’
of Example [2.4.1f and let (ML, QF, gk, 7*) be the scaled version of the ALE Spin(7)-
manifold of Example[2.4.T] Let ¢ > 0 be chosen such that, for each p;, the exponential
map is a diffeomorphism on the ball of radius 2¢ around p; and let U, = (7*) ™' (Bya/s¢).
Joyce [41} §15.2.2] defines a desingularization of Z, M" and a Spin(7)-structure (QF, g*)
on M with the property that for each singular point p;, there is an isometric em-
bedding
o Uk — M

such that (¢!)*Qf = QL.

Recall that Mt is the quotient of Kcps by a free antiholomorphic involution £ and
the ALE Spin(7)-structure on Mr is given by an ALE Calabi—Yau structure on Kcps.
Therefore if Y C CP? is any S-invariant complex surface, Y/{8) C Mr is a Cayley

submanifold.

Definition 7.3.1. Let (Z,(, g) be a Spin(7)-orbifold with singular points py, ..., pk
modelled on R®/T" and let M* and (92, ¢") be the desingularization and Spin(7)-
structure of |41, §15.2.2]. Let Y C CP? be a smooth S-invariant complex surface, let
N =Y/(f) and let p; be a singularity of Z.
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We define f!: N — M" to be the composition
N < CP*/(8) — UL 2 M,

The submanifold ff: N — M?" is Cayley with respect to the Spin(7)-structure Q2
since (¢h)*QF = QL.

We remark that the Fermat hypersurfaces of degree 2d
{[Zo, 21, 22, 23] € CPB : ng -+ Z%d + ng -+ ng — O}

are examples of smooth [-invariant hypersurfaces. In fact a smooth g-invariant hy-

persurface is necessarily of even degree by the following lemma.

Lemma 7.3.2. Suppose Y C CP? is an irreducible 3-invariant hypersurface. Then

Y is of even degree.

Proof. Let f be a defining homogeneous polynomial of Y. Let 3: C* — C* be a lift

of 8 to C* such that 52 = —1 and let o denote the map f — (*f.

Then, since Y is S-invariant, we must have

o(f) =gf
for some g € Clz, ..., 23] and e € N. By assumption f is irreducible and it is easy
to see that o(f) is also. Therefore

o(f) =Af

for some A\ € C*. Now o?(f) = (—1)?f = |M\]?f and hence |\| =1 and d is even. [

Remark. In fact this is also true for reducible hypersurfaces but we will not discuss

this case since we only consider embedded Cayley submanifolds.

Lemma 7.3.3. Let Y C CP? be a smooth hypersurface of degree d. Then Y is

unobstructed as a surface in Kcps.
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Proof. The exact sequence of normal bundles
0 — Vyycps — Vy/K s — VCP3 /K ops ly — 0 (7.1)
gives us a long exact sequence in sheaf cohomology, part of which is
c— H'(Y, vyjcps) — H' (Y, vvyr ) — H (Yivews e, ly) — -0 (T.2)

The normal bundle to Y in CP? is isomorphic to Oy (d) since Y is a degree d hy-
persurface. The normal bundle veps /., is isomorphic to Kcps = O(—4) since the
bundle T Kcps splits when restricted to CP3. Therefore vgps / K@3|Y >~ Oy(—4). By

Serre duality and the adjunction formula we have

H (Y V(CEDS/K 3|Y) YKY®OY( )>*

HY(
=~ H'(Y,0y(d—4) @ Oy (4))*
HY(Y, Oy (d))*

H(

Y VY/(C]P’?’)

We recall that H*(CP3, Ocps(d)) = 0 for all d € Z, see for example |32, Th. 5.1].

Then the long exact sequence associated to short exact sequence of sheaves on CP?
0 — Ocps — Ocps(d) — Oy (d) — 0

shows that H'(CP? Oy(d)) = 0 and since the inclusion of Y in CP? is a closed
immersion we have H'(Y, Oy (d)) = H'(CP?, Oy (d)) = 0. Therefore H'(Y, vy cps) =
HY(Y, veps ;) = 0 and so by equation (7.2) we see H'(Y,vy/k_,) = 0 and Y is

unobstructed in Kcps. O

Theorem 7.3.4. Let (Z,9,g) be a Spin(7)-orbifold with singularities modelled on
R8/T where T acts as in Example M and (2, ¢") the manifold with Spin(7)-
structure defined in [{1, §15.2.2] and QF the torsion-free Spin(7)-structure on M?
giwen by [41, Th. 15.6.1].

Let Y C CP? be a smooth B-invariant hypersurface and N = Y/{(B). Let p; € Z
be a singular point of Z and let f: N — M?! be as in Definition [7.5.1]

Then there exists k' > 0 such that if t € (0, '), there exists f': N — M, isotopic
to ft: N — M", which is Cayley with respect to Q.



128 Chapter 7. Examples of compact Cayley submanifolds

Proof. Note that the volume of ff(N) tends to zero as t — 0. To apply our ex-
istence results we will rescale the Spin(7)-structure so that the Spin(7)-structure is
independent of ¢ in a neighbourhood of ff(N).

Let V' C M} be the subset (7')~!(By). Note that V' C M} is independent of
t since |7'(z)] = t|n(z)]. Furthermore (¢{)*Q' = QL = t*Qr on V and therefore
t=4(0!)*Q = Qr is independent of ¢ by definition. Theorem gives ¢ such that if
(2 is a torsion-free Spin(7)-structure on V such that ||Q2 — Qr||cs < e then there exists
f: N — V, isotopic to the inclusion f: N — V, which is Cayley with respect to €.

Let QL = t=%(¢!)*Q and let o € (0,1/5). Theorem m gives a k, K such that
if t € (0, then |[t74Q — t74Q|coa < Kt'/3. Although it is not stated in [41,
Th. 13.6.1], it is apparent from the proof that the torsion-free Spin(7)-structure (Q, J)
satisfies 74(Q — Q) = 74(Q — Q) = 0. This is required to make the problem elliptic.
Then Theorem [2.4.5] gives ¢, K” such that if [[t~4Q" — Q|| coa < & then [k —
Qrlles < K'||[t74QF — 74| co.a.

Let ' = min((£)?, (5=)%). Then for ¢ € (0, '] there exists f: N — V/, isotopic

to f: N — V, which is Cayley with respect to QL. Therefore f! = ¢! o f is Cayley
with respect to . O

Note that while we have studied Cayley submanifolds of M coming from /(-
invariant complex surfaces in the ALE Calabi—Yau manifold K¢ps, the same methods
would immediately apply to show the existence of Cayley submanifolds correspond-
ing to unobstructed 7-invariant complex surfaces in X, which do not intersect any of
the singular points. We chose to study complex surfaces in Kcps simply because it
immediately gives examples of smooth compact Cayley submanifolds in any Spin(7)-

manifold constructed from a Spin(7)-orbifold with singularities modelled on R®/T.

7.3.1 Topological invariants

Let f: N — M be a compact Cayley submanifold constructed using Theorem [7.3.4]
We now wish to determine some topological invariants of f: N — M and in particular

the dimension of the moduli space of Cayley embeddings.
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Proposition 7.3.5. Let (M,€, g) be a Spin(7)-manifold constructed from a Calabi-
Yau 4-orbifold with antiholomorphic involution satisfying Condition [2.4.3. LetY C
CP? be a smooth B-invariant degree d hypersurface, N =Y /{(3), and let f: N — M
be a compact Cayley submanifold constructed using Theorem [7.5.4).

Then the moduli space of compact Cayley submanifolds of M of type N with ho-
mology class [f(N)] is of dimension ¢d(11 + 6d + d?).

Proof. Let o € H*(CP3,Z) be the first Chern class of O(1). From the normal bundle
sequence

0—TY — TCP?y — O(d)|y — 0

and the Whitney formula it follows that
cY)=(01+ 4 —d)a+(6—4d+d*)a?)|y.

The Euler characteristic and signature of Y are given in terms of the Chern numbers
as

XY)=c(Y) and o(Y)= %(cl(Y)2 —2c2(Y)).

Using the normal bundle sequence ([7.1)) and the Whitney formula we can determine

¢(v) in terms of o. This determines the self-intersection since
Y- [Y] = ca(v).
In terms of d we have
X(Y)=d(6—4d+d*), o(Y)= %d(4 —d?) and [Y]-[Y]=4d>

Finally using Theorem [6.3.1} and the fact that the index is multiplicative under finite
coverings we find

1
ind Dy = 6d(11 + 6d + d?).
0

Remark. By Bertini’s theorem, a generic degree d hypersurface is smooth and hence

the smooth hypersurfaces form a dense open subset of the projective space P(H°(CP3, O(d)))
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of (complex) dimension (ng3) —1 = £d(114-6d+d?). The smooth S-invariant hypersur-
faces of degree d form a dense open subset of a real projective space of real dimension

2d(11 + 6d + d?), which agrees with the dimension calculation of Proposition

From the Lefchetz hyperplane theorem we know that m1(Y) = 0 and therefore
m1(N) = Zs. Since b'(N) = 0 we can deduce both b%(N) and b2 (N) from x(N) and
o(N). Both the Euler characteristic and the signature are multiplicative under finite

coverings and hence we find

x(N) = %d(G —4d + d?) o(N) = éd(4 —d?)

1 1
V2 (N) = 6(d3 — 6d® + 11d — 6) b2 (N) = 6(2d3 — 6d* +7d — 6).

7.3.2 A variation on this construction

The method of desingularizing compact Spin(7)-orbifolds with singularities modelled
on R8/T" described by Joyce in [41], §15.2.2], with suitable changes, gives a method of
desingularizing any compact Spin(7)-orbifold with isolated singularities, provided we
have an appropriate ALE Spin(7)-manifold for each singularity.

Let (Z,,g) be a Spin(7)-orbifold with singularities py, ..., pr modelled on ei-
ther R®/T" or C*/Z,. Let (ML, Qk, gk, wh) be the scaled version of the ALE Spin(7)-
manifold of Example 2.4.1] Let (X}, gh,,wh,, 05, 7%,) be the scaled version of the
ALE Calabi-Yau 4-manifold of Example and let M}, = X! and Qf = iwl A
wh, +Re b, so (M}, b 7% ) is an ALE Spin(7)-manifold asymptotic to C*/Z,
with its standard Spin(7)-structure. Following the construction of Joyce in [41}
§15.2.2], we can define a resolution M* of Z and a Spin(7)-structure with small torsion
on M" using M to resolve R®/I" and M}, to resolve C*/Z,.

Let ¢ > 0 be chosen such that, for each p;, the exponential map is a diffeomorphism
on the ball of radius 2¢ around p; and let Ut = (nf.) " (By/s) as before and Uj, =
(7,) " (Bysse). The desingularization is defined so that for each singular point p;

modelled on C*/Z,, there is an isometric embedding

P U% — M
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such that (¢})*Q" =, .

Definition 7.3.6. Let (7,4, gz) be a Spin(7)-orbifold with singular points py, . . ., pk
modelled on either R®/T" or C*/Z, and let M' and (92, ¢') be the desingularization
and Spin(7)-structure defined in analogy with [41, §15.2.2]. Let Y C CP? be a smooth
hypersurface and suppose the singularity p; is locally modelled on C*/Z,.

We define f}:Y — M" to be the composition

Y — CP* — Uj, — M".
In analogy with Theorem [7.3.4] we can prove the following:

Theorem 7.3.7. Let (Z,Q,g) be a Spin(7)-orbifold with singularities modelled on
R®/T or C*/Zy, M* and (2, g*) the manifold with Spin(7)-structure defined in anal-
ogy with [41, §15.2.2] and Q' the torsion-free Spin(7)-structure on M given by [{1,
Th. 15.6.1]. Let Y C CP? be a smooth complex surface and suppose the singularity
pi is modelled on C*/Z,. Let ft:' Y — M be as in Definition[7.5.6,

Then there exists ' > 0 such that if t € (0, '], there exists ff Y — M, isotopic
to f:Y — M', which is Cayley with respect to Q.

From our previous topological calculations, we can find the dimension of the mod-

uli space of Cayley submanifolds constructed using Theorem [7.3.7]

Proposition 7.3.8. Let (M,€, g) be a Spin(7)-manifold constructed from a Spin(7)-
orbifold with singularities modelled on R®/T or C*/Z4 and suppose there is at least
one singularity of type C*/Zy. Let Y C CP? be a smooth degree d hypersurface, and
let f:Y — M be a compact Cayley submanifold constructed using Theorem [7.53.7.

Then moduli space of compact Cayley submanifolds of M of type Y with homology
class [f(Y)] is of dimension 5d(11 + 6d 4 d?).
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7.4 Future work and open problems
7.4.1 Examples of families of Cayley submanifolds

In this chapter we found examples of Cayley submanifolds by deforming a given Cay-
ley submanifold as the Spin(7)-structure varies. The next step would be to consider
how the moduli space Cay (N, M) varies as the Spin(7)-structure varies.

We have a good understanding of the hypersurfaces in CP? and one could hope to
use this to understand the moduli space of smooth Cayley submanifolds constructed
using Theorem [7.3.4] or Theorem In particular the moduli space of smooth
hypersurfaces of CP? of degree 1 is compact and diffeomorphic to CP3. If ff: N —
M?" is a Cayley submanifold constructed from a smooth hypersurface of degree 1
using Theorem , for ¢ sufficiently small, the connected component of Cay(N, M*)

containing ff will be diffeomorphic to CP3.

7.4.2 AC and CS Cayley submanifolds

In general, families of Cayley submanifolds, whether they are obstructed or not,
will have non-compact bases, and to compactify them we would need to add Cayley
submanifolds with singular behaviour.

Joyce [44-48] developed a theory of special Lagrangian manifolds with isolated
conical singularities (or CS special Lagrangians) and asymptotically conical special
Lagrangian manifolds (or AC special Lagrangians). In these series of papers he
proves an existence result, |47, Th. 5.3], which he uses to desingularize CS special
Lagrangians.

Lotay [72] has proved an analogous existence result for coassociative submani-
folds building on his earlier work on coassociative submanifolds with isolated conical
singularities and AC coassociative submanifolds [70}71].

The theory of CS and AC Cayleys will have a different flavour since Cayley sub-
manifolds are not always unobstructed. Lotay [73] has also studied the deformation

theory of AC associative submanifolds. The virtual dimension of the moduli space of
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deformations of AC associative submanifolds depends only on the link of the asymp-
totic cone of the submanifold. In the Cayley case, we should expect the virtual
dimension of the moduli space of AC Cayley submanifolds to be the sum of a topo-
logical contribution, as in the compact case, and an analytic contribution from the
cone at infinity. Lotay [74] has studied Cayley cones in R® and classified those Cayley
cones, whose links are the orbits of 3-dimensional Lie subgroups of Spin(7).

Suppose (X, 7) is a Calabi-Yau 4-orbifold with antiholomorphic involutions sat-
isfying Condition Let Y C X be a 7-invariant complex surface with isolated
conical singularities, which does not intersect any of the singular points of X. If one
had a deformation theory of CS Cayleys one could hope to construct examples of CS
Cayleys in the Spin(7)-manifolds constructed from (X, 7) by deforming Y/(7). The
relevant papers in the special Lagrangian and coassociative cases are [46] and [70],

respectively.

7.4.3 Simultaneous desingularizations

Suppose (M, , g) is a Spin(7)-orbifold and N C M a Cayley suborbifold, that is
we can find orbifold charts on M such that N lifts to a Cayley submanifold. We
could attempt to desingularize M and N at the same time by gluing in appropriate
submanifolds of the ALE Spin(7)-manifolds used to desingularize M.

Chan [17[18] used the results of Joyce to study the simultaneous desingularization
of Calabi-Yau 3-folds and special Lagrangian 3-folds with conical singularities. One
would hope that, modulo a theory of CS and AC Cayleys, one could use similar
techniques to perform such a simultaneous desingularization.

In particular let (Mr,Qr, gr, ) be the ALE Spin(7)-manifold of Example
and suppose V' C R? is a '-invariant Cayley plane, which is necessarily complex with
respect to either of the complex structures described in Example 2.4.1 Then there
exists a Cayley submanifold Nr C Mr, asymptotic to V/T', which is given as the
quotient of the proper transform of V' C C*/T" by the involution 3. Suppose (M, 2, g)
is a Spin(7)-orbifold with singularities modelled on R®/T" and suppose N C M is a
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Cayley suborbifold of M. Then we could attempt to use Nr to desingularize N at

the same time as using M to desingularize M.

7.4.4 Fibrations of Spin(7)-manifolds

If one had a good understanding of Cayley submanifolds as described above then one
could hope to construct a fibration of a Spin(7)-manifold by Cayley submanifolds,
some of which would have isolated conical singularities. Kovalev [57] has proposed a
construction of a fibration of a class of GGy-manifolds, whose generic fibre is a nonsin-
gular coassociative submanifold. The outline below is due to Joyce and is mentioned
in [49, §12.5.3].

Let I" C Spin(7) be the group of Example and let Mr denote a Spin(7)-
manifold asymptotic to R8/T". Recall that Mr is the quotient of Kcps by an anti-
holomorphic involution 3. The twistor fibration of CP? is a fibration 7 : CP? — S*
of CP? by complex lines. We can understand the map 7y: CP3 — S* as the map
sending a complex line [ € CP? to the unique quaternionic line [ & jl € HP! =~ §*
containing [. The composition of the twistor fibration with the projection of Kcps
to CP? is a fibration f: Kcps — S* of Kcps by complex surfaces. The fibration f is
[-invariant and descends to a fibration fr of Mr by Cayley submanifolds.

Let us identify R® with H? so that I" acts as the group of unit quaternions. The
fibration of H? \ {0} by quaternionic lines is I' invariant and hence descends to a
fibration of R®/T"\ {0} by flat Cayley submanifolds. The restriction of the fibration fr
to Mp\7p'(0) can be identified, using 7, with this fibration of R®/T'\ {0}. Recall that
we can find a second ALE Spin(7)-manifold, M., asymptotic to R®/T" by considering
a different complex structure on R®, with which 3 acts holomorphically. The fibration
of M} by Cayley submanifolds, away from (7}.)7*(0), can also be identified with the
fibration of R®/T" \ {0}. In this way both ALE Spin(7)-manifolds admit fibrations
which, away from a closed compact set, are equal to the same fibration of R®/T"\ {0}.

Now suppose M is a Spin(7)-orbifold with singularities of the type R3/I", which
admits a fibration by Cayley submanifolds such that the fibration is asymptotic to
that of R®/T"\ {0} at a singular point. The idea would be to desingularize M using
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My and at the same time patch together the fibration of M with that of M by Cayley
submanifolds.

Some of the examples of Calabi—Yau 4-orbifolds in weighted projective spaces ad-
mit suitable fibrations. For example, let X C CP} | | | ,, be a 7-invariant well-formed
quasismooth hypersurface of degree 12 so that (X, 7) satisfies Condition m The
restriction of the projection map m: CP?,, ,, \ CP' — CP? to X \ {p1,...,px},
which maps [z, ..., 25] = [20, - .., 23], defines a fibration of X \ {p1,...,px} by com-
plex curves. If we compose this map with the twistor fibration of CP? to S* we get
a T-invariant map X \ {p1,...,pr} — S* such that the preimage of any point is a
T-invariant complex surface in X and hence the set of smooth points of the complex
surface is a Cayley submanifold. This fibration descends to a fibration of Z = X /(r)
whose generic fibres are Cayley suborbifolds.

We can holomorphically identify X in a neighbourhood of a singular point with
a neighbourhood of the origin in C*/Z, so that the fibration is isomorphic to the
composition (C*/Z,) \ {0} — CP3 — S%. After changing coordinates so that the
metric osculates to order two at the singular point, we find that the fibration is
asymptotic, in a suitable sense, to the fibration of C*/Z4 \ {0}. Then we could use
either ALE Spin(7)-manifold to resolve the singularity while, at the same time, use
methods similar to Chan [17]/18] to patch together the Cayley submanifolds.

There will necessarily be singular complex surfaces in the fibration of X\{p1, ..., px}-
We should expect that there is a codimension 2 subset of S* where the complex sur-
faces have isolated conical singularities, in particular modelled on the cone in C? given
by

ar® + by? 4 cz* = 0,

for a,b,c € (0,00). However isolated singularities, which are not locally modelled on
a cone with an isolated singularity at the origin, appear in codimension 4 and, so far
as the author knows, there are no appropriate analytical tools developed to handle

these types of singularities at present.
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