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Abstract

We are concerned primarily with improving the practical applicability of Bayesian
optimization. We make contributions in three key areas.

We develop an intuitive online stopping criterion, allowing only as many steps as
necessary to achieve the desired target to be taken. By combining this with intelligent
online switching between acquisition functions and pure local optimization we are
also able to substantially improve convergence to the local minimum associated
with our final solution.

In cases where a continuum of reduced cost, but also reduced accuracy, evalua-
tions are available we develop a Bayesian Optimization acquisition function to select
both the location and cost of each evaluation. We achieve this with lower overheads
than previous methods, translating to a real increase in performance. Part of this
improvement is achieved by way of a new, more efficient, method for generating
support points to sample the minimum of a Gaussian process. Further, in the case
that the reduced cost estimates are unbiased we show that a practical solution
cannot exist in most cases without also taking into consideration both computational
overheads and a restriction on available resources. Given this knowledge we then
develop a method which provides a viable solution in this setting.

Finally, we outline practical implementation details for Bayesian optimization
which allow substantial reductions in the overhead costs without changing the
theoretical properties of optimization. This is primarily achieved by use of adaptive
quadrature to marginalize Gaussian process hyperparameters in place of the more
common slice sampling approach.
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1
Introduction

Optimization is a field of study with centuries of history and numerous sub-fields

relevant to widely varying disciplines. In this thesis we are concerned with the

comparatively new field of Bayesian optimization using Gaussian processes, which

originates from the broader field of response surface based optimization. The

fundamental premise of Bayesian optimization is that each evaluation of the function

to be optimized incurs substantial cost, prohibiting methods requiring large numbers

of evaluations. In order to obtain good optimization performance while taking as few

function evaluations as possible, we are willing to expend considerable computational

resource on the selection of each location to evaluate. Optimizing the parameters of

long running computational tasks, such as evaluating the log-likelihood of a machine

learning algorithm conditioned on a set of hyperparameters [Snoek et al., 2012;

Swersky et al., 2013; Hernández-Lobato et al., 2014], or the result of a physical

simulation given certain design parameters [Forrester et al., 2008], or any task

requiring human intervention to run a physical experiment [Lizotte et al., 2007;

Tesch et al., 2011b; Calandra et al., 2016], are candidates for Bayesian optimization.

The field of Bayesian optimization has many active lines of research. Many

new methods have been produced achieving successively superior performance

for simple sequential evaluations [Jones et al., 1998; Hennig and Schuler, 2012;

Hernández-Lobato et al., 2014]. However, this is a greedy strategy, selecting the
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6 1. Introduction

most valuable location to evaluate at each iteration without consideration for longer

term consequences, and is not guaranteed to be optimal. Attention has therefore also

been given to the more complex problem of obtaining the best possible performance

over all (or at least more than one) future steps [Osborne et al., 2009; González

et al., 2016b]. These approaches have some similarity to methods designed to exploit

the parallel capabilities of modern hardware by undertaking multiple simultaneous

evaluations of the objective [Jones, 2001; Ginsbourger et al., 2008; Azimi et al.,

2012; González et al., 2016a]. Bayesian optimization has also been extended to

multi-objective optimization [Hernández-Lobato et al., 2015] and to variable fidelity

objectives [Swersky et al., 2013; Klein et al., 2017], in which discounted evaluations

can be obtained at the cost of reduced similarity to the true objective.

The principal focus of this thesis is to improve the practicality of Bayesian

optimization, with particular emphasis on the variable fidelity setting, and on

reducing overhead costs. Following a review of the necessary background material

and relevant literature in Chapter 2 we develop in Chapter 3 BLOSSOM, a

new Bayesian optimization routine which uses automatic stopping, and switching

between modes, to combine the good global properties of Bayesian optimization with

the reliable fast convergence of local optimization. We then consider the variable

fidelity setting in Chapter 4 and adapt the state-of-the-art predictive entropy search

[Hernández-Lobato et al., 2014] algorithm to provide superior results to existing

methods in this context. We also develop a new fast method of generating support

point sets, a necessary and time consuming process in this and later chapters. We

continue with the variable fidelity setting in Chapter 5, showing that the existing

approaches do not provide practical solutions in the special case of unbiased variable

fidelity. By taking into account predicted optimization performance and overhead

costs, we then demonstrate a potential solution to this problem. In Chapter 6,

we consider improvements to the overhead costs of implementation, regardless of

the specific Bayesian optimization algorithm in use. We show that deterministic

adaptive quadrature for hyperparameter marginalization can provide comparable

performance to MCMC sampling at substantially lower costs, due to the use of



1. Introduction 7

O(n2) Cholesky updates. We also remark on the potential cost reduction available

by using batched evaluations of the acquisition function. Finally we conclude and

suggest possible future developments in Chapter 7.
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In this chapter we will review the necessary background theory and relevant

recent literature in the field of Bayesian Optimization.

2.1 Probability

In any application of machine learning, we must make decisions despite not having

perfect knowledge. In the context of optimization we must attempt to identify the

9



10 2.1. Probability

global minimizer of our objective function despite only having access to a finite

number of evaluations, which may have been corrupted by noise. We therefore

require a set of rules allowing us to express our belief over uncertain quantities and

update those beliefs given additional data. In order to reason under uncertainty

we make use of probability theory, for a full introduction we recommend Jaynes

et al. [2003]. We take a Bayesian perspective on probability, allowing us to express

our belief about the value of an unknown quantity using probabilities, even if that

quantity is fixed. For example, the result of evaluating a function at some location

may be completely deterministic, but we nonetheless place a probability distribution

over the result to represent our belief, given our only partial information, over

the value that would be observed. We then update the distribution to reflect our

changing belief whenever we observe the function value at other nearby locations.

We now give a brief overview of the key concepts that we will make use of.

2.1.1 Basic Concepts

In probability theory we are concerned with a variable which may take on any value

in some sample space Ω. We call any subset of Ω an event, and use a function, p,

to assign a probability to the likelihood that that event will occur. For example, if

we consider the outcome of rolling an unbiased six sided die, d, the sample space

is Ω = {1, 2, 3, 4, 5, 6}. The probability of the whole sample space is defined to

be unity while the probability of the empty set is defined to be zero. Each of the

individual outcomes is an event, for which in this example the probabilities are

equal sixths (p(d = 2) = 1
6), but we can also consider more complex events such as

the outcome being even (p(even) = 0.5) or greater than two (p(d > 2) = 2
3).

We will also wish to consider the interactions of the probabilities of multiple

events. If we are concerned with the joint probability of two events both occurring,

for example the event d > 3 ∩ even, the outcome of a dice roll being both even and

greater than three, we write p(even, d > 3). If we wish to denote the probability

of an event conditioned on having already observed some other event, for example
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the probability that d is even given that we have been told that the outcome is

greater than three, we write p(even | d > 3).

For a variable x in some continuous domain X there may be an infinite number

of possible outcomes. We abuse notation by redefining p(x) in this context to be

the probability density function, pdf, which if integrated over any subdomain of X

provides the probability that x will fall within that region. In the one dimensional

setting it is often useful to consider the probability that x will be less than some

value a, which we call the cumulative distribution function, cdf(a) = p(x ≤ a) =∫ a
xlower

p(x)dx, where xlower is the lower bound of X .

Calculations using probability are governed by the following basic rules:

The Sum Rule

Necessarily, the probability of all possible outcomes must be unity. Therefore if

there are N possible mutually exclusive events, A1, A2 . . . AN , then
N∑
i=1

p(Ai) = 1 , (2.1)

or in the continuous case ∫
X
p(x)dx = 1 . (2.2)

The Product Rule

The probability of two events both occurring is

p(A,B) = p(A ∩B) = p(A | B)p(B) , (2.3)

and since p(A,B) = p(B,A) this can also be expressed as

p(A,B) = p(B ∩ A) = p(B | A)p(A) . (2.4)

From the sum and product rules we can express the probability of either of two

events, A ∪ B, which is given by

p(A ∪B) = p(A) + p(B)− p(A,B) . (2.5)
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2.1.2 Operations on Probability

The operations which we will wish to perform frequently are: marginalization, in

which we express a probability over multiple quantities in terms of only those we

are concerned with; inference, in which we use Bayes’ rule to update an existing

belief with new information; and sampling, in which we generate a sequence of

values drawn from a given distribution.

Marginalization

We often have an expression for the probability of some outcome A conditioned

on a partition of the sample space Bi, p(A | B = Bi), and would like to find

p(A). This is given in the discrete case where there are N mutually exclusive

outcomes B1, B2 . . . BN by

p(A) =
N∑
i=1

p(A | B = Bi)p(Bi) , (2.6)

or in the continuous case where we have p(x | y), the probability density at x

conditioned on the value of some other outcome y, we can find p(x) alone by

p(x) =
∫
p(x | y)p(y)dy . (2.7)

If the integral in Equation 2.7 does not take a tractable form we must choose

an appropriate quadrature routine to approximate the result as a weighted sum

over N selected values of y,

p(x) =
N∑
i=1

wi p(x | yi) (2.8)

where the wi and yi are determined by our choice of method. This choice will

depend on the specific properties of the problem under consideration, since the

relative performance of different quadrature routines is dependent on both the

dimension and shape of the function to be integrated [Schürer, 2003]. In general for

relatively easy to evaluate and low dimensional expressions we may use the trapezoid

rule, or any other common cubature rule. These schemes have excellent performance

for low dimensional problems but, in higher dimensions the curse of dimensionality
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requires an exponentially increasing number of function evaluations. We may then

prefer quasi-Monte Carlo routines, which make use of carefully chosen evaluation

sequences to obtain performance with a much lower dependence on dimensionality

(convergence is O( logd n
n

)), or full Monte Carlo, which is completely independent of

dimensionality. Taking draws from p(y) and using equal weights is the simplest case

of Monte Carlo integration, and obtains O( 1√
n
) convergence. This final approach is

commonly used to marginalize hyperparameters for Bayesian Optimization, although

in Chapter 6 we will propose an alternative strategy of adaptive quadrature.

Bayes’ Rule

Assuming p(B) > 0, we can rearrange the two expressions of Equation 2.4 to

give Bayes’ rule

p(A | B) = p(B | A)p(A)
p(B) . (2.9)

We now rename the variables such that A is the quantity we are concerned with

and B is observed data. Bayes’ rule now defines the posterior probability of A in

terms of the prior belief, p(A), the likelihood of the data under the prior, p(B | A),

and the marginal probability of the data

posterior = likelihood× prior
marginal . (2.10)

That is, the rule defines how we should update our existing belief on obtaining new

data.

We can usually avoid evaluation of the marginal, which as the name suggests

requires a marginalization which may not be simple to compute. Since the marginal is

a constant its function is to normalize the resulting posterior distribution. If p(A | B)

takes the form of a known distribution we can find the required parameters from

the numerator alone. Alternatively, we can often continue using an unnormalized

quantity which is proportional to p(A | B) by discarding the marginal entirely:

q(A | B) = likelihood× prior. Bayes’ Rule is often applied as a chain over multiple

steps. At each iteration we use a single item of data, for example the new objective
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function evaluation result in an optimization problem, to update from prior to

posterior. This posterior then becomes the prior of the next step.

Sampling

We often desire to generate a sequence of draws from a given distribution p(x). For

discrete or one-dimensional distributions we can very quickly generate draws that

are fully independent and follow to p(x) to any required precision by using the

inverse of the cdf to transform samples drawn from the uniform distribution. We

can also combine these to generate draws from more complex or higher dimensional

distributions which take convenient forms. For example a sample of any D

dimensional multivariate normal distribution can be obtained by a linear transform

of D independent draws from the univariate normal distribution.

However, many distributions exist from which we cannot so easily take samples

despite being able to evaluate p(x). There are many methods of generating samples

in this situation, an introduction to the field is available in, for example, Murphy

[2012]. However, these methods do have drawbacks. They require much more

computational power, since p(x) is usually evaluated many times for each sample

generated. Furthermore, methods based on Markov Chain Monte-Carlo (MCMC),

a very common class of sampling algorithm, have both considerable correlation

between consecutive samples, and also require some number of initial samples to be

discarded since the sequence of samples only converges to p(x) after an initial period.

2.1.3 Entropy

It is often useful to be able to quantify the level of uncertainty about a variable

conveyed by a probability distribution. This property is called the Entropy of the

distribution, and in the case of a distribution over N discrete values this is defined as

H(p) = −
N∑
i=1

p(xi) log(p(xi)) . (2.11)

If we use the base-2 logarithm and consider the context of encoding a stream of

samples from p(x) using binary digits this can be interpreted as minimum expected
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number of bits required per sample. For example, consider a distribution with

three values such that p(x1) = 0.5, p(x2) = 0.25, p(x3) = 0.25. The entropy of this

distribution is 1.5 and if we represent x1 as 1, x2 as 00, and x3 as 01 then the

expected number of bits in our representation is also 1.5. This interpretation in

terms of discrete encoding for communication, and the use of entropy in general,

originates from Shannon et al. [1951].

We will make use of the differential entropy of a distribution, (an extension of

this concept to continuous variables), defined for some distribution p(x) as

H(p) = −
∫
p(x) log(p(x))dx . (2.12)

Unlike the discrete form this quantity is not invariant to a scaling x′ = ax, a ∈ R

(The entropy of a discrete distribution is the same whatever values of labels we

assign to the xi) but this will be useful to us, as a distribution of the same shape

for which probability mass is more tightly distributed does represent an increased

state of knowledge in the context of optimization.

The differential entropy has a useful duality property which we shall make use of.

We begin with the definition of the mutual information, I, between p(x) and p(y):

I(p(x), p(y)) =
∫ ∫

p(x, y) log p(x, y)
p(x)p(y)dxdy

=
∫ ∫

p(x, y) log p(x, y)
p(x) dxdy −

∫ ∫
p(x, y) log p(y)dxdy

=
∫ ∫

p(y | x)p(x) log p(x)p(y | x)
p(x) dxdy −

∫
log p(y)

∫
p(x, y)dxdy

=
∫
p(x)

(∫
p(y | x) log p(y | x)dy

)
dx−

∫ (
log p(y)

)
p(y)dy

=
∫
p(x′)H[p(y | x = x′)]dx′ +H[p(y)]

= H[p(y)]− Ep(x)
[
H[p(y | x)]

]
.

(2.13)

Since we could also have used the equivalent form p(x, y) = p(x | y)p(y) of the

product rule on the third line to obtain the same expression with a reversed

order of conditioning we have

H[p(x)]− Ep(y)
[
H[p(x | y)]

]
= H[p(y)]− Ep(x)

[
H[p(y | x)]

]
. (2.14)
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The implication of this equality is that the expected change in the differential

entropy of our belief over x that occurs by conditioning on y is equal to the expected

change in the differential entropy of our belief over y obtained by conditioning on x.

We will also be using the Relative Entropy, or Kullback-Liebler (KL) divergence,

which measures the difference in information between two distributions. The KL

divergence is defined from one distribution, q(x), to another p(x) as

DKL(p, q) =
∫
p(x) log p(x)

q(x)dx . (2.15)

We have shown here the continuous definition. In the discrete case we can interpret

the KL divergence as the number of additional bits per symbol that are required

if we have used an encoding designed for p but the true distribution is in fact

q. To illustrate this consider the example of encoding three values used above,

but let the distribution instead be q(x1) = 0.25, q(x2) = 0.5, q(x3) = 0.25. If

we continue to use the representations designed for p the expected number of

bits in our representation rises from 1.5 to 1.75. If we now evaluate DKL(p, q)

we find that it is 0.25 as expected.

2.2 The Gaussian Distribution

As a prelude to introducing the Gaussian process we must first define the Gaussian,

or normal, distribution which is a particularly useful member of the exponential

family of probability distributions. The multivariate Gaussian distribution N (µ,Σ)

over a real valued vector has the probability density function

p(x) = 1√
2π det Σ

exp
(
−1

2(x− µ)TΣ−1(x− µ)
)

(2.16)

where µ is a mean vector and Σ is some valid (symmetric and positive definite)

covariance matrix. We can view this distribution as the combination of d independent

zero mean unit normal distributions on each of the dimensions of some z ∈ Rd,

which have undergone an affine transform x = Az + µ, for some A such that
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Σ = AAT , to achieve the required covariance and mean. The differential entropy

of the multivariate Gaussian has a simple closed form:

H
(
N (µ,Σ)

)
= 1

2 log
(
(2πe)d det(Σ)

)
. (2.17)

The Gaussian distribution has a number of particularly useful properties:

Linear combination

The sum of any number of Gaussian distributed variables also takes a Gaussian

distribution. In one dimension if x1 has distribution N (µ1, σ
2
1) and x2 has distri-

bution N (µ2, σ
2
2), with covariance ρ, then their sum z = x1 + x2 is distributed as

N (µ1 + µ2, σ
2
1 + σ2

2 + 2ρ). Extending this to the multivariate setting any affine

transform of a Gaussian also remains Gaussian distributed. If we transform some

distribution over x ∈ Rd1 into z ∈ Rd2 such that z = Rx + c, where R is any

matrix of size d2 × d1 and c is any offset of size d2, then the resulting distribution

over z is N (Rµ + c, RΣRT ).

Marginal

Any marginal of a Gaussian distribution is also Gaussian. If we partition a d

dimensional Euclidean space, x ∈ Rd, over which we have placed a multivariate

Gaussian distribution N (µ,Σ) such that

x =
[
x1
x2

]
, µ =

[
µ1
µ2

]
, Σ =

[
Σ11 Σ12
ΣT

12 Σ22

]
(2.18)

then x1 and x2 have marginal distributions N (µ1,Σ1) and N (µ2,Σ2) respectively.

Since as noted any affine transformation of Gaussian distributions remains Gaussian

we can also obtain the marginals for any transformed set of axes.

Posterior

The Gaussian distribution is its own conjugate prior. That is, given a Gaussian prior

belief, and conditioning on an observation corrupted by Gaussian noise, the posterior

distribution is also Gaussian. Using the same partitioning as above, observing x1 = a
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under a noise model with zero mean and independent σ2 variance on each component

of x1 yields a posterior distribution on x2 of N (µpost,Σpost) where

µpost = µ2 + ΣT
12(Σ11 + σ2I)−1(a− µ1)

Σpost = Σ22 − ΣT
12(Σ11 + σ2I)−1Σ12 .

(2.19)

These properties of the Gaussian distribution are of particular usefulness as they

allow us to repeatedly perform inference and marginalization with additional data on

any quantities of interest, while our distribution remains Gaussian. Unfortunately,

unless each sequential observation is fully independent we must also increment the

dimension of the observation covariance matrix Σ11 at each iteration. This leads

to increasing computational overheads, since evaluating the terms containing Σ−1
11

in general requires an O(n3) Cholesky decomposition. As we shall see this cost is

a key contributor to a practical limit on the usefulness of Bayesian optimization

with Gaussian processes, introduced in the next section.

2.3 Gaussian Processes

In order to perform optimization in a principled manner we require some method

of providing estimates of the value of some function of interest, f , at any location,

given observations so far. We make use of the Gaussian process (GP) which is an

extremely flexible model with a number of useful properties. For a more complete

introduction we recommend Rasmussen and Williams [2006]. The use of Gaussian

processes is also sometimes called kriging, usually in the context of engineering

design applications. The value of this function at any location is modelled as taking

a Gaussian distribution. We use a kernel function κ(x1, x2) ∈ R, to determine

the covariance between the function value at any two locations x1 and x2. The

required properties of this function and how it controls the nature of predictions

made by the GP will be discussed in Section 2.3.1. The prior distribution over

the function values at any set of points X = {x0, x1, . . . xn} is then given by a

multivariate normal distribution N (µ(X), KXX), where KXX [i, j] = κ(xi, xj) and
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µ(x) is a prior mean function. The mean function can take any form, in this work

we have always used a constant µ(x) = µ0.

Since the Gaussian distribution is its own conjugate prior, the updated belief

on our function conditioned on observations of the function value which have been

corrupted by normally distributed noise is also a multivariate Gaussian distribution.

The posterior, at locations Z = {z0, z1, . . . zn} conditioned on observations Y =

{y0, y1, . . . yn} at locations X, with zero-mean, independent Gaussian distributed

noise N (0, σ2I) is given by N (µZ ,ΣZZ), where

µZ = KT
ZX(KXX + σ2I)−1(Y − µ01) + µ01

ΣZZ = KZZ −KT
ZX(KXX + σ2I)−1KZX

KZX [i, j] = κ(xi, zj)

KZZ [i, j] = κ(zi, zj) .

(2.20)

Since KXX must be a symmetric positive definite matrix these equations are usually

solved using the Cholesky decomposition [Rasmussen and Williams, 2006].

Using a Gaussian process model allows us to perform inference on functions

values, provides us with an estimate of the uncertainty of those predictions and

allows us to draw samples from the posterior over any finite set of points of interest.

We also have a closed form expression for the log-likelihood of our observations

log(p(Y | X, κ, µ0)) =− n

2 log(2π)− 1
2 log(det(KXX))

− 1
2(Y − µ01)T (KXX + σ2I)−1(Y − µ01)

(2.21)

These facilities will be particularly useful in the optimization setting.

2.3.1 Kernel functions

The predictions made by the GP depend on the properties of the kernel κ(x0, x1) ∈ R,

x0, x1 ∈ Rd, which determines the covariance between the function values at two

locations in our input space. This function is restricted to forms which produce

a positive definite covariance matrix K for all possible inputs, but within this

restriction we are free to make any choice of kernel which is appropriate to the

function we desire to model. Our choice of kernel function encodes our prior belief
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about the nature of the function being modeled, and therefore has a crucial effect

on the predictions made by a GP. Even considering only Cartesian coordinates

a large number of kernels with particular characteristics are available to us. For

example we may wish to encode in our prior that the function being modeled

must possess characteristics such as a specified level of differentiability, or specific

parametric forms. These forms can be combined with each other by summation,

multiplication and convolution to suit any particular structure we wish to encode

in our GP model. For example by multiplying a kernel encoding a fixed periodicity

with a kernel encoding linear behviour we are able to model functions of a single

frequency, but with linear variation in amplitude. A useful introduction to this

method of combining simple kernels to model more complex functions is provided

by Duvenaud [2014]. In this work we restrict ourselves to two particularly common

kernels used in Bayesian optimization, in addition to additive white noise.

The Squared Exponential Kernel

The squared exponential kernel (also called Gaussian or radial basis function) is

defined in d dimensions as

κSE(x0, x1) = A2 exp
(
−1

2r
2
)

(2.22)

where

r2 =
d∑
i=0

(
xi0 − xi1
hi

)2

. (2.23)

This is a particularly common choice of kernel in machine learning, and has

the property that samples drawn from a zero-mean GP with this kernel will be

infinitely differentiable. The shape parameters, hi, determine the characteristic

length of variations in each axis, while the scale parameter, A, determines the

magnitude of features.

The Matérn Kernel

The Matérn kernel is defined as

κM(x0, x1) = A2 21−ν

Γ(ν)
(√

2νr
)ν
Kν(
√

2νr) , (2.24)
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Figure 2.1: Gaussian process posterior prediction and samples using the Squared
Exponential and Matérn 5/2 kernels for the value, gradient and Hessian of a function
conditioned on observations of both the function values and gradient. Both kernels use
a lengthscale of 0.4 and unit output scale. While the mean and standard deviations
(shown by shading) of the function values are similar, the predictions and samples of the
derivatives clearly show the difference in smoothness between the two kernels.

where r takes the same form as above and Kν is a modified Bessel function of the

second kind [Abramowitz and Stegun, 1964]. The parameters A and h have the same

effects as before, while the smoothness of predictions is determined by ν. In the

limit ν →∞ the Matérn kernel is equal to the squared exponential kernel. For finite

values of ν, predictions are bνc times differentiable. When ν takes a half-integer

value, the kernel has a simple form that does not require the evaluation of a Bessel

function. We make use of the ν = 5
2 form of the Matérn kernel, which takes the form

κM52(x0, x1) = A2
(
1 +
√

5r + 5r2
)

exp(−
√

5r) , (2.25)

and when used provides samples from a zero-mean GP which are twice differentiable.

This reduced smoothness in comparison to the Squared Exponential kernel is

demonstrated in Figure 2.1.
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The White Noise Kernel

A function taking independent Gaussian distributed values at all points in the input

space can be represented by the white noise kernel

kW(x0, x1) = σ2δ(x0 − x1) . (2.26)

This kernel can be summed with any other kernel to represent additive Gaussian

observation noise with variance σ2. However, since we usually wish to infer the

underlying function value before observation noise this component is usually shown

explicitly in the inference equations, as we have done in Equation 2.20, as the

addition of a diagonal component σ2I added to KXX . If the observation noise

has varying magnitude we can replace σ2 with some positive function of x to

represent heteroskedastic noise. For even more flexibility we can replace σ2I with

diag(S), where each element si of S is the variance of the noise associated with

the ith observation in our dataset.

2.3.2 Hyperparameter Marginalization

So far we have specified our kernels as κ(x0, x1), We should more correctly write

κ(x0, x1 | Θ), where Θ is some constant vector. Since these constants are not

parameters of the system we are modelling, but parameters of our model, we call

them hyperparameters. In the kernels described above the hyperparameters are the

output scale A, the lengthscales hi, and the smoothness ν parameters.

Since we do not expect to have exact knowledge of “correct” values for the

hyperparameters we must also give these values appropriate Bayesian treatment.

We can use Bayes’ rule to write the hyperparameter posterior probability in terms

of the GP posterior probability and a prior p(Θ).

p(Θ | X, Y ) = p(Y | Θ, X)p(Θ)
p(Y | X)

∝ p(Y | Θ, X)p(Θ)
(2.27)

In practice we will use a prior of independent components with broad support

and perform calculations using log values of these quantities. The use of log
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values is in part due to the simpler expressions often available when using the

sum of log-likelihoods rather than the product of true values, and partly to avoid

numerical problems, since the likelihood values required tend to have a very high

dynamic range and therefore fall outside the range available using standard floating

point representation.

One of the simplest approaches is to maximize the hyperparameter log-likelihood.

This provides us with a single set of hyperparameter values, so we do not need to

make any changes to our model. This is also easy to achieve, since we can usually

obtain closed forms for the derivatives of the hyperparameter values. However,

this is only a single point approximation, while the operation we truly wish to

carry out is marginalization over p(Θ | X, Y ),

p(y | x,X, Y ) =
∫

Θ
p(y | x,Θ, X, Y )p(Θ | X, Y )dΘ

=
∫

Θ
p(y | x,Θ, X, Y )p(Y | Θ, X)p(Θ)

p(Y | X) dΘ .
(2.28)

Unfortunately, this expression does not have a closed form, so we must approximate

this result, and any subsequent quantities derived from our model predictions, using

quadrature. A common choice in Bayesian optimization literature (e.g. Snoek et al.

[2012]; Swersky et al. [2013, 2014]; Hernández-Lobato et al. [2014]) is to use slice

sampling[Neal, 2003] to draw a set of hyperparameter samples from p(Θ | X, Y ). We

have followed convention in this work, except in Chapter 6 where we propose and test

an alternative approach with reduced cost by making use of adaptive quadrature.

2.3.3 Derivatives of a Gaussian Process

A property of Gaussian processes that we will make considerable use of is that, in

addition to the value of our function, the derivatives and integrals of a Gaussian

process are also Gaussian processes.

Consider KY Y , the covariance matrix for observations Y = f(X) made at three

locations X = [x0, x0 + hui, x1]T where ui is a unit vector in the ith direction

and h is a scalar. This is given by

KXX =

 κ(x0, x0) κ(x0, x0 + hui) κ(x0, x1)
κ(x0 + hui, x0) κ(x0 + hui, x0 + hui) κ(x0 + hui, x1)

κ(x1, x0) κ(x1, x0 + hui) κ(x1, x1)

 . (2.29)
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We can use the property that an affine transform of a Gaussian distribution is

also Gaussian to transform Y by the matrix

A =
[
−1
h

1
h

0
0 0 1

]
(2.30)

into
Z = AY

=
[
−1
h

1
h

0
0 0 1

]  f(x0)
f(x0 + hui)

f(x1)


=
[

f((x0+hui)−x0)
h

f(x1)

]
.

(2.31)

ThenKZZ , the covariance matrix for the transformed observations Z, is then given by

KZZ = ATKY YA

=
[

κ(x0,x0+hui)−κ(x0,x0)+κ(x0+hui,x0+h)−κ(x0+hui,x0)
h2

κ(x0+hui,x0)−κ(x0,x0)
h

κ(x0,x0+hui)−κ(x0,x0)
h

κ(x1, x1)

]
.

(2.32)

Considering the usual one-sided definition of a derivative

∂f(x)
∂x

= lim
h→0

f(x+ h)− f(x)
h

(2.33)

we can see that in the limit h → 0 we have

Z ′ = lim
h→0

Z =
[

∂f(x0)
∂xi

0
f(x1)

]
(2.34)

and

K ′ZZ = lim
h→0

KZZ =
 ∂2κ(x0,x′0)

∂xi
0∂x
′i
0

∂κ(x0,x1)
∂xi

0
∂κ(x1,x0)

∂xi
0

κ(x1, x1)

 , (2.35)

where ∂xi0 denotes differentiation with respect to the ith element of x0 and the

use of x′0 = x0 denotes that differentiation in the upper left element of K ′ZZ is

performed once with respect to each argument of κ. This illustrates that GPs and

their derivatives are jointly normal, and that their covariance can be computed

by differentation of the covariance function.

The above process can be repeated with further differentiation as necessary to

find the covariance between derivatives of f of any order, and in any combination

of axes, as long as the required derivatives exist and are tractable for the kernel
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in use. We can therefore perform inference, draw samples from, and condition on

observations of the gradient, Hessian, and higher order derivatives of the function

being modelled by our GP. This is illustrated in Figure 2.1 where we have conditioned

on observations of both the function value and gradient, and jointly drawn samples

of the function value, gradient and Hessian conditioned on these observations. This

is a particularly useful facility, which we will make considerable use of.

2.4 Bayesian Optimization

We now define the problem setting for Bayesian optimization and give an overview of

current practice. For more detail, a recent review of the subject, including numerous

applications, is Shahriari et al. [2016]. Many problems in Bayesian optimization

have also been approached in the engineering design literature, we recommend

Forrester et al. [2008] for an overview of this area.

We are concerned with optimizing expensive, unconstrained and possibly mul-

timodal objective functions. Given a function f : X → R, defined for X ⊂ RD,

which we will for this work take to be the hypercube [−1, 1]D, we wish to find

the minimum value of this function, y∗ = minx∈X f(x), which we assume to occur

at a unique location x = x∗ (If there is not a unique global minimizer finding

any one is acceptable since we are ultimately only concerned with obtaining a low

value, not the location at which this value occurs). Our motivation is the desire to

minimize the cost f (or equivalently maximize performance) of some process with D

controllable inputs represented by x. If the objective function was cheap to evaluate

we could employ a range of established global optimization methods. Rios [2013]

provides a recent review of such methods with performance comparisons. However,

we are concerned with objectives that are expensive to evaluate. Both Snoek

et al. [2012] and Garnett et al. [2010] demonstrate the optimization of problems

in machine learning for which each evaluation can take minutes or hours, while

Calandra et al. [2016]; Lizotte et al. [2007]; Tesch et al. [2011a] optimize the gait

parameters of various robots, where each evaluation requires human intervention
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to run an experiment. In such situations the thousands of evaluations commonly

used by conventional methods are clearly impractical.

In order to achieve good optimization performance with only a small number of

function evaluations we are willing to dedicate additional computational resources

to the selection of each sequential evaluation point. At each stage of optimization

we train a modelM(Xi, Yi,Θ) where Θ represents the model hyperparameters and

Xi = {x0, x1 . . . xi}, Yi = {y0, y1 . . . yi} are the sequence of locations and objective

values up to the current iteration. We then define an acquisition function α(x | M)

which provides some estimate of the utility of performing our next evaluation at

x. This function is optimized over the search domain to find the predicted best

location to perform the next evaluation xi+1 = arg maxx∈X α(x | M(Xi, Yi,Θ)). We

design this process such that performing this inner optimization is still cheap in

comparison to evaluations of the true objective. Figure 2.2 shows four iterations

of Bayesian optimization for a simple 1d function. While earlier response surface

methods of optimization used a variety of function models (Jones [2001] reviews the

use of some early non-GP models) the overwhelmingly common choice, following

Kushner [1964], is the Gaussian process. Two exceptions to this rule, motivated by a

desire to avoid the cubic scaling of the GP are Hutter et al. [2011], where a random

forest is used, and Snoek et al. [2015] who demonstrate use of a deep neural network.

The Gaussian process choice has the useful facility of allowing us to accommodate

noisy objectives by including an independent noise component in our kernel.

The model parameters, Θ, must be given appropriate treatment to obtain a

final value of the acquisition function. The simplest choice would be to make

use of maximum likelihood values of these parameters. However, as noted above,

marginalization is preferable. We have chosen throughout to perform marginalization

on the GP predictions before then computing acquisition functions using this single

posterior prediction. Since the alternative choice of performing marginalization

after separately computing the acquisition function using each hyperparameter

sample would incur substantial additional overheads, we believe our choice is the

preferred option in this setting.
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Figure 2.2: Four steps of Bayesian optimization of a one dimensional objective, y =
(1 + x2) sin(2πx), using the Expected Improvement acquisition function and the Matérn
5/2 kernel. At each new step the objective has been evaluated at the location that
maximized the acquisition function in the previous step. In this manner the optimization
has very quickly identified the global minimum.

It is important to note that the policy of always evaluating the objective at the

maximizer of the acquisition function does not necessarily lead to ever evaluating

the objective at the minimum of the posterior mean. While this may be correct

behavior in an online setting, where we must continue to balance exploitation of

the predicted minimum with exploration of areas with greater uncertainty, in many

real settings optimization must terminate and provide a final recommendation.

In the absence of any restrictions on permissible locations to recommend, and

assuming that the objective has been defined as linear with respect to our utility

over ouput values, this final recommendation should be the location at which the

expected value of the objective is minimized. To show the online performance

of Bayesian optimization we have always, unless otherwise noted, reported the

immediate regret (IR) (the difference between the true value of the objective at

the current predicted posterior mean minimum and the true global minimum,

f(arg minx Ep(y|X,Y,x)[y]) − f(x∗)) at each iteration.
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For many acquisition functions if Bayesian optimization is used from the very

first iteration, this can lead to poor behavior, with only the objective only being

evaluated at the corners of the domain. It is therefore common in implementations

to evaluate the objective at a small number of points according to a initial design

before Bayesian optimization is used, providing an initial dataset from which to

learn reasonable hyperparameters values. Random samples (preferred by e.g. Snoek

et al. [2012]; González et al. [2016b]; Klein et al. [2017]) or a Latin hypercube design

(preferred by e.g. Jones et al. [1998]; Osborne et al. [2009]; Tesch et al. [2011a])

are common choices of initial design. We have made use of 10 random samples

throughout unless otherwise noted. There is a large body of literature concerned

with selection of the acquisition function which attempts to balance exploration,

evaluating in regions of high uncertainty in the hope of finding new low values,

with exploitation, evaluating in known low regions in order to refine the exact value

of a local minimum. We briefly review some common choices, and more recent

developments, which we will make further use of.

2.4.1 Probability of Improvement

One of the simplest acquisition functions is the Probability of Improvement,

introduced by Kushner [1964]. It is simply the location with the greatest chance

of providing an improvement over some target value, τ , which is lower than the

current best observed value ȳ

αPI(x) = p(f(x) < τ)

= Φ
(
µ(x)− τ
σ(x)

)
,

(2.36)

where µ(x) and σ(x)2 are the GP posterior mean and variance conditioned on X and

Y at x. This method has the disadvantage that we must first choose τ , which can

heavily influence performance. The approach preferred by Kushner [1964] is to begin

a high value of τ , which provides exploratory behavior, then reduce this value in

stages as the maximum value of the acquisition function falls to provide increasingly

exploitative behavior. Jones [2001] suggest a policy of optimizing the acquisition
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function for a range of values of τ , then identifying clusters from resulting points

and performing one evaluation of the objective function for each cluster obtained.

2.4.2 Lower Confidence Bound

Another common method is the Lower Confidence Bound (Upper in the case of

maximization)[Auer, 2002]. At each step we choose the location with the minimum

value of a specified confidence bound on the function objective value

αLCB(x) = µ(x)− βσ(x) , (2.37)

for some β > 0. This method is again simple to evaluate, and has the advantage

that theoretical bounds on the regret exist [Srinivas et al., 2009]. However, we must

again use our prior knowledge to select a suitable value (or schedule) for β in order

to obtain a balance between exploration and exploitation.

2.4.3 Expected Improvement

The expected improvement acquisition function [Jones et al., 1998] instead of

considering only the probability of observing an improved value y, uses the expected

value of that improvement over the incumbent solution a

αEI(x) = Ep(y) [max (0, (a− y))]

=
∫ a

−∞
(a− y)p(y) dy

= (a− µ(x))Φ
(
a− µ(x)
σ(x)

)
+ σ(x)φ

(
a− µ(x)
σ(x)

)
= EI−(µ(x), σ(x), a) .

(2.38)

This acquisition function is frequently used, and has the advantage of providing an

automatic exploration-exploitation trade-off without the requirement for a tuning

parameter. We make frequent use of this acquisition function, denoting EI-MAP

when the GP hyperparameters have been optimized, and EI-HYP when they have

been marginalized over using slice sampling.
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Scenario Expected Improvement
Minimization Maximization

Incumbent:
Proposal:

a
N (µ, σ2) EI−(µ, σ, a) EI+(µ, σ, a)

Incumbent:
Proposal:

N (µ, σ2)
a

EI+(µ, σ, a) EI−(µ, σ, a)

Table 2.1: Correct form of expected improvement between an constant and a normal
distribution for all combinations of incumbent/proposal and minimization/maximization.

We have defined EI− as the expected improvement in terms of minimization.

As an aside we also define the expected improvement for maximization

EI+(µ, σ, a) = (µ− a)Φ
(
µ− a
σ

)
+ σφ

(
µ− a
σ

)
= EI−(−µ, σ,−a) .

(2.39)

These quantities concern the expected improvement of a new observation distributed

as N (µ, σ) over an exact incumbent a. If we are instead concerned with the

improvement over an uncertain incumbent that would be obtained by a certain new

exact observation we should use EI+ for minimization and EI− for maximization

as detailed in Table 2.1.

In both the EI and PI acquisition functions we have relied on the lowest observed

value of the objective function as an incumbent value which we seek to improve upon.

This approach is valid in a noiseless setting and will still yield reasonable performance

in the presence of observation noise with standard deviation significantly smaller

than the scale of the objective function, as long as we do not attempt to refine our

solution below that noise threshold (we will see this effect in Figure 5.1). However,

if observation noise is significant our objective function evaluations may yield values

substantially below the true minimum obtainable value, which would lead to poor

optimization performance if used without appropriate adjustment. In this case we

may wish to either adapt the acquisition function to take this effect into account

(Scott et al. [2011] use the expected improvement in the minimizer of the posterior

mean to obtain a modified acquisition function that is equal to EI if observation
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noise is zero), or use one of the following information based acquisition functions,

which do not make use of an incumbent observed value.

2.4.4 Entropy Search

The above acquisition functions have been concerned with the mean and variance

of the GP model at a single location. Both the Informational Approach to Global

Optimization method[Villemonteix et al., 2009] and Entropy Search [Hennig and

Schuler, 2012] are concerned with the global properties of the model, specifically

the probability distribution of the location of the global minimizer p(x∗) and choose

very similar acquisition functions with the intention of causing this distribution to

contract onto the true location of x∗. We detail here the Entropy search method, in

which the acquisition function is defined as the expected change in relative entropy

of p(x∗) that will be observed on taking the next evaluation at x

αES(x) = H(p(x∗ | X, Y ))− Ep(y|X,Y,x) [H(p(x∗ | X, Y, x, y))] , (2.40)

where H is relative entropy from the uniform distribution.

Unfortunately this acquisition function does not have an analytic form: we

can neither evaluate nor take draws from p(x∗) directly, so several stages of

approximation are required. First the continuous p(x∗) is approximated by a

discrete distribution on a set of support points Xsupport, which are generated from

some proposal distribution u(x). We would like this proposal distribution to be

as similar as possible to the true p(x∗) in order to gain a good approximation

with a reasonable number of points. The authors suggest slice sampling over

the distributions proportional to the expected improvement or a lower confidence

bound as suitable methods for generating Xsupport. We can then evaluate the

full Gaussian process posterior µsupport,Σsupport over this support set, giving us

a multivariate Gaussian distribution.

There is again no closed form expression for the distribution of the minimizer of

the now discrete distribution p(xsupport∗). The authors present a choice between ap-

proximating this using expectation propagation or Monte-Carlo samples, preferring
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the former due to the availability of derivatives with respect to µsupport,Σsupport, but

noting that the latter will have better scaling for a larger number of support points.

Given this discrete distribution p(xsupport∗) we use u(x) to estimate the true

density p(x∗), and hence approximate the Relative Entropy at the current iteration.

For each evaluation of the acquisition function this process is repeated with an

updated xi+1 (although we can reuse the support points) and marginalized over

the value of yi+1 to estimate the change in Relative Entropy expected due to

the new observation.

The above process is unfortunately quite time consuming, due to the requirement

to calculate expensive numerical approximations to the desired distribution.

2.4.5 Predictive Entropy Search

Predictive entropy search [Hernández-Lobato et al., 2014] uses a similar acquisition

function to Entropy Search with an altered form for faster evaluation. Taking

advantage of the identity 2.14 we can write
αPES(x) = αES(x)

= H(p(x∗ | X, Y ))− Ep(y|X,Y,x) [H(p(x∗ | X, Y, x, y))]

= H(p(y | X, Y, x))− Ep(x∗|X,Y ) [H(p(y | X, Y, x, x∗))] .

(2.41)

This identity states that the expected change in differential entropy of the dis-

tribution of the global minimum obtained by evaluating y at x is equal to the

expected change in differential entropy of the distribution of the value of y at x

given knowledge of the global minimum. This form of the acquisition function still

requires some approximation, but rather than evaluating the differential entropy

of a costly discrete approximation for p(x∗) we now only need to evaluate the

differential entropy of a univariate Normal distribution over y (which has a simple

closed form given by Equation 2.17). This allows better convergence to the ideal

acquisition function so performs better than the original Entropy Search in practice.

We now only need to approximate the marginalization over p(x∗) which is replaced

with a summation over a finite number of draws.

Ep(x∗|X,Y ) [H(p(y | X, Y, x, x∗))] ≈
1
N

N∑
i=1

[
H(p(y | X, Y, x, xi∗))

]
. (2.42)
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To obtain draws from p(x∗) the authors make use of a random spectral parametriza-

tion of the kernel, following Rahimi and Recht [2007], to obtain a finite dimensional

approximation of the GP model. Taking draws from this parametrization provides

approximate samples from f(x) which can be easily optimized to obtain samples of x∗
Given these samples of x∗ we are next required to make an update to the GP

model by conditioning on x∗ This requires three updates to enforce a global mini-

mum:

1. The gradient in each axis is zero at x∗.

2. The Hessian matrix is positive definite at x∗. This is approximated by

exact observations of zero on off-diagonal elements and requirements for each

diagonal element to be strictly positive.

3. The function value at x∗ is less than at all other locations. This is approximated

by requiring the value at x∗ to be less than all the objective function values

observed so far.

The value constraints on various derivatives can simply be appended to the GP

data as detailed in 2.3.3. However, the inequality constraints cannot be exactly

implemented so instead expectation propagation [Minka, 2001] is used to obtain

a set of observations which when included in the GP data induce a posterior that

has minimum KL-divergence from the required constraints.

As noted above, our chosen approach to hyperparameters is to use marginal-

ization to provide a single moment-matched GP, which is in turn used to evaluate

the acquisition function, and we take the same approach here. Samples of x∗ are

drawn using this single marginalized GP, and each is used to generate a single

term of the summation in Equation 2.42 by updating the GP with the sampled

x∗, as detailed above, then marginalizing over the same hyperparameter set to

obtain p(y | X, Y, x, xi∗) for any desired x.
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In this Chapter we introduce and demonstrate the performance of a new

algorithm for Bayesian optimization: Bayesian and Local Optimization Sample-

wise Switching Optimization Method, BLOSSOM. By developing a global regret

criterion we are able to halt optimization in a principled manner, avoiding the

35
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waste of unnecessary additional steps. Further, by making appropriate use of

local optimization we can achieve better local convergence properties than are

available using Gaussian process methods, allowing considerable improvements

in performance.

3.1 Problem Motivation

3.1.1 Requirement for a Stopping Criteria

In the majority of work on Bayesian optimization the results are shown as having

either a fixed number of iterations or, less often, up to a fixed computational budget.

While this is clearly desirable for averaging over and comparing multiple repetitions

of the same optimization, it is not desirable in practice as the number of steps

to take is now an additional parameter that must be selected manually. This

choice requires expert knowledge of Bayesian optimization to select a number that

hopefully will be neither too small resulting in easy improvement being neglected,

nor too large costing additional expensive evaluations for minimal gain. We are

therefore motivated to seek an automatic stopping criterion.

Early stopping has been considered by Lorenz et al. [2015] in an application of

Bayesian optimization to brain imaging experiments. They propose and test early

stopping based on the Euclidean distance between consecutive evaluations of the

objective, and based on the probability of improvement on the incumbent solution.

Both of these criteria provide notable improvement on a fixed number of iterations.

However both these criteria are strictly local quantities with no consideration of the

GP model apart from the incumbent solution and proposed next location. The values

must still be selected by the user so that optimization is not terminated undesirably

early by an incremental exploitative step while regions of the optimization domain

remain unexplored. We would prefer a stopping criterion which takes account of

the full model of the objective, and which has a parameter more easily interpreted

in terms of the expected difference between the proposed and true solutions.
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3.1.2 Convergence Properties

Bayesian Optimization has excellent empirical performance in identifying the

minimizer of multi-modal functions with only a small number of evaluations. Bull

[2011] has shown that O(n− v
d ) convergence, where v is the smoothness of the kernel

and d is the dimensionality of the problem, can be achieved with a modified version

of expected improvement, however the authors note that this is only applicable for

fixed hyperparameters. We are not aware of any estimates on convergence for the

empirically better performing PES. Furthermore, even if a theoretical guarantee is

available, good convergence is not likely to be achieved in practice. Implementation

details ensure that convergence is likely to be severely limited once regret has been

reduced to more than a few orders of magnitude lower than the scale of the objective

function. Firstly, we are not able to exactly maximize the acquisition function.

Constraints placed on the number of evaluations available to the inner optimizer limit

our ability to select evaluation points to a high degree of accuracy. This limit is also

relevant to minimizing the posterior mean for our final recommendation. Secondly,

even in a noiseless setting we must add diagonal noise to our covariance matrix to

resolve numerical errors in performing the Cholesky decomposition, K ′ = K+σ2
jitterI.

This reduces the rate of convergence available to that of optimizing an objective

with the noise level we have now imposed. As we cluster more evaluations closely

around the minimum the conditioning of the covariance matrix degrades further

since the values of the objective at locations close to each other will be strongly

correlated, and we are considering a scenario without observation noise.

This second issue arises in computing the diagonal elements of the Cholesky

decomposition, which are computed by subtracting a series of previously calculated

terms of the decomposition from the corresponding diagonal element of the original

matrix then taking the square root. If the matrix is poorly conditioned then

roundoff errors (caused by using finite precision floating point numbers) can lead to

attempting to take the square root of a negative number, and the decomposition

fails. As illustration consider a matrix A (the covariance matrix of five equally
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spaced points in [0, 0.1] using the squared exponential kernel with unit parameters)

and its Cholesky decomposition C:

A =


1. 0.9996 0.9987 0.9971 0.9950

0.9996 1. 0.9996 0.9987 0.9971
0.9987 0.9996 1. 0.9996 0.9987
0.9971 0.9987 0.9996 1. 0.9996
0.9950 0.9971 0.9987 0.9996 1.



C =


1 0 0 0 0

0.9996 2.499× 10−2 0 0 0
0.9987 4.996× 10−2 8.834× 10−4 0 0
0.9971 7.484× 10−2 2.647× 10−3 3.823× 10−5 0
0.9950 9.961× 10−2 5.287× 10−3 1.527× 10−4 1.911× 10−6

 .
(3.1)

The matrix being decomposed is Toeplitz. However, as the Cholesky decomposition

is computed from the upper corner down its elements have rapidly decreasing

magnitude, and therefore become increasingly susceptible to numerical errors.

An increased number of points in a given interval (or equivalently a decreased

distance between the same number of points) worsens conditioning, while the

addition of a white nose kernel to the diagonal of the matrix being decomposed

improves conditioning.

The potential loss in performance due to diagonal noise is illustrated in Figure

3.1 where we can see that the minimum required numerical conditioning roughly

corresponds to a plateau in optimization performance. We shall see in Figure 5.1

that the observed profile of a fast initial drop in log-regret followed by a substantially

shallower section is characteristic of Bayesian optimization with observation noise.

Furthermore, in Figure 3.8 we shall see that many orders of magnitude lower regret

can be achieved with our implementation of the Hartmann-4D objective function.

We therefore also desire to create an optimization routine which does not suffer

from this ineffective exploitation property.

This convergence issue has been addressed by Mohammadi et al. [2015] who

switch from Bayesian optimization to the covariance matrix adaptation evolution

strategy (CMA-ES) algorithm [Hansen and Ostermeier, 2001] once a criteria on

probability of improvement has been achieved. This provides excellent convergence

on the objectives tested. However, the switching relies on a heuristic based on a
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Figure 3.1: True immediate regret and numerical conditioning magnitude, σ2
jitter, under

optimization of the Hartman-4D function (defined in Appendix A) using the predictive
entropy search acquisition function. The median and quartiles of 16 repetitions of the
optimization are shown. Rather than adding a fixed diagonal component to the GP
kernel matrix to ensure stability we have added the minimum value which still allows the
Cholesky decomposition to succeed, in decade increments starting from σ2

jitter = 10−20.
The optimization achieves a good result quickly, but then as jitter is added there is
no further improvement beyond roughly σjitter . The reason that conditioning values
significantly less than machine epsilon (the least value that can be added to 1, roughly
10−16 for 64-bit numbers) are observed is that although the values of Y have been
normalized to have unit variance, we are using sampled hyperparameters. The sample
with the smallest output scale parameter will therefore have much smaller values on the
leading diagonal of the covariance matrix (if the smallest sample is 0.1 values on the
leading diagonal will be 0.01) and therefore a smaller value than machine epsilon will still
have an effect on conditioning. This effect allows lower than expected values to be present
when jitter is first required, but is not expected to have any effect in later iterations when
the learned distribution of hyperparameters is much tighter.

combination of previous values of the acquisition function and the number of steps

without improvement of the incumbent. We desire to achieve a more Bayesian

criterion for any changes in behaviour, to avoid the need for additional parameters

which must be manually chosen by an expert. By using a non-stationary kernel

which replaces the squared exponential form with a quadratic kernel in regions

around local minima Wabersich and Toussaint [2016] also aim to achieve superior

convergence. However they do not show the final value achieved by their method in

most experiments, and the use of fixed pre-trained hyperparameter samples makes

their implementation unsuitable for an online setting.



40 3.2. The Algorithm

3.2 The Algorithm

3.2.1 Separating Global and Local Regret

In Bayesian optimization we aim to minimize the difference between the function

value at the final recommended point, y = f(x̂) and the value at the true global

minimizer y∗ = f(x∗). This is the regret of selecting the current recommendation as

the final solution. We shall now separate this concept into two distinct components

which we treat separately. Let S be some region of note containing the incumbent

solution. We define yin as the minimum value of the objective within S and yout

as the minimum value outside S. We can then write

Regret(x) = Ep(y,y∗|x,X,Y )(y − y∗)

= Ep(y,y∗,yin|x,X,Y )(y − yin + yin − y∗)

= Ep(y,yin|x,X,Y )(y − yin) + Ep(y∗,yin|x,X,Y )(yin − y∗)

= Ep(y,yin|x,X,Y )(y − yin) + Ep(yout,yin|x,X,Y ) max(yin − yout, 0)

= Rlocal +Rglobal ,

(3.2)

where we have split the full regret into a local component, due to the difference

between out candidate point and the associated local minimum, and a global

component, due to the difference between the local and global minima. In the

penultimate line we have replaced yin − y∗ with max(yin − yout, 0), which will be of

use later. The use of max is required when replacing y∗ with yout, since y∗ ≤ yin

by definition but this inequality is not true for yout . Both regret components are

non-negative by definition, and we expect both to decrease as we learn about the

objective. The local component represents the difference between our incumbent

and the minimum within S. It is reduced by exploitation of the objective. The

global component represents the difference between the local minimum and the

global minimum. It will be reduced by exploration and also by exploitation of other

local minima. There is a non-zero probability that Rglobal = 0 corresponding to

the probability that the global minimum is in fact the minimum of the basin

containing our incumbent.
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3.2.2 Multiple Acquisition Functions

To address the issues identified above we split our optimization into four distinct

modes intending to use the most effective at each iteration. The four modes

are Random Initialization, Bayesian Optimization, Global Regret Reduction and

Local Optimization.

Random initialization is as usual only required in the first few iterations, while

Bayesian optimization using predictive entropy search is our default acquisition

function if no relevant conditions to change behaviour have been satisfied. This

provides the usual balance between exploration and exploitation.

In steps when a distinct candidate minimum can be identified we switch to the

predominantly exploration strategy of Global Regret Reduction intended to reduce

the global regret. By making this change we avoid the inefficient convergence of

exploitation due to poor conditioning in Gaussian processes model when used for

Bayesian Optimization. To identify a candidate minimum we require the existence

of a region surrounding the minimum of the GP posterior mean within which the

objective function has a high probability of being locally convex at all points..

Once the predicted global regret has fallen below some target value we use a

purely exploitative Local Optimization algorithm. In this chapter we assume we

have access to noiseless evaluations of the objective functions so we can employ

a quasi-Newton local optimization routine, such as BFGS [Nocedal and Wright,

2006], which delivers super-linear convergence to the local minimum and is free of

the numerical conditioning problems present in Gaussian processes. This comes

at the cost of taking approximate gradient evaluations, each requiring D separate

evaluations of the objective function. However, we note that since we are starting

our local optimization very close to the minimum, (in fact we will detail in Section

3.3 that we choose to start only when the GP model predicts a region within which

the objective is locally convex), only a small number of steps should be needed to

achieve any required local regret target. We are then able to stop optimization,

having utilized the less evaluation efficient local optimization algorithm to achieve
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a target total expected regret lower than that which could have been achieved

with a GP approach alone..

We now give further detail on the two new modes of optimization used by

BLOSSOM. The methods used share many expensive computations with PES, so

by reusing these results we do not incur too large an additional overhead.

Global Regret Reduction

Once a region around the posterior mean minimum has been identified within which

local optimizations are likely to converge to the same location we do not wish

to perform exploitation within this region with Gaussian processes, as this leads

to numerical conditioning issues and therefore does not use evaluations efficiently.

Instead we wish to set this region aside for pure exploitation under a local search

strategy at a later stage. We therefore direct our efforts towards reducing the

probability of any other local minima which might take lower values than our

incumbent solution existing, reduction of the global regret. We use a modified form

of expected improvement to achieve this, where instead of taking improvement with

respect to the lowest observed objective value we compare to the estimated value

of yin that would be obtained by starting a local optimization from the posterior

mean minimum. The acquisition function used is therefore

αGRR = EI−(µ, σ,E(yin)) (3.3)

where µ and σ2 are as usual the GP posterior mean and variance, and yin is the

minimum value within a defined region around the posterior mean minimum.

Local Optimization

Once we have a sufficiently high certainty that the GP posterior mean minimum

is close to a local minimum of the objective, and that the expected difference

between the value of this minimum and that of the global minimum falls below

an acceptable threshold, we wish to exploit fully.

We use the BFGS algorithm for local optimization. This is a second order

algorithm which updates an estimate of the Hessian at each step. By using our
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estimate of the Hessian available from the GP model as the initial estimate in

BFGS we hope to achieve convergence with fewer evaluations of the objective than

otherwise. Rather than modifying the BFGS algorithm to use this estimate we

rescale the problem so that the expectation of the Hessian is the identity matrix.

With a local function model

f(x) = 1
2x

THx+ xTg + c (3.4)

we define z = Ux where U−T = C, H = CCT the Cholesky decomposition of

H. This gives us a modified function

g(z) = 1
2z

T z + zTUTg + c (3.5)

as required. Once we have started this process we are no longer performing

Bayesian optimization and can continue using BFGS until convergence. By selecting

an appropriate stopping condition for local optimization we can ensure Rlocal falls

below any desired target. We have selected a gradient estimate of less that 10−6

as our stopping condition, but any other method could be used.

3.2.3 Switching Between Acquisition Functions

We have specified that we wish to make decisions on the basis of the existence

of a candidate minimum, and on the value of the global regret. In Figure 3.2 we

show the decision making process used. However, we have not yet specified these

criteria exactly. We choose to consider the existence of a sphere with non-zero

radius, centred on the minimum of the GP posterior mean, xmin, within which

the objective function has a high probability of being convex at all points. Local

optimization routines have excellent performance on convex functions, so if our

model predicts a convex region surrounding a local minimum with high confidence

we no longer desire our Bayesian optimization to recommend inefficient exploitative

evaluations in this region. We therefore switch to the Global Regret Reduction

acquisition function, which will place a high weight on exploration.

We have defined the global regret as the difference between the objective value

at the local minimizer in some region and the true global minimum. We choose
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RGlobal
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no
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Figure 3.2: Flowchart for acquisition function switching behavior. Following initializa-
tion the acquisition function may switch between PES and Regret Reduction until Rglobal
achieves a sufficiently low value. The final steps are then under the local exploitation
strategy.

to use the same largest sphere centered on the posterior mean minimum within

which the objective is believed to be convex used above to define this region. We

can then obtain an estimate of Global Regret. If this estimate falls below our

target value we move to the final stage of optimization and use Local Exploitation,

otherwise we continue with the Global Regret Reduction. This process is illustrated

in Figure 3.3 and detailed in Algorithms 1 to 4.

3.3 Estimating Required Quantities

We now detail the procedures used to estimate the quantities required in our

switching criteria. We first detail our method of determining the size of the sphere

within which the objective is believed to be positive definite, then provide a method

for estimating the global regret and expected local minimum value.
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Figure 3.3: Two steps of BLOSSOM in an example problem. In the upper plot the
GRR acquisition has a maximum at -0.15. However, since this falls within the convex
region around the minimum of the posterior mean the next function evaluation is taken
at the highest location outside this region. In the lower plot the estimated Global Regret
is sufficiently low that no further Bayesian iterations are required. The next evaluation is
the start of a local optimization from -0.15.

3.3.1 Identifying a Convex Region

Convexity is characterized by the Hessian matrix of the objective being positive

definite at all points. For a matrix to be positive definite we require

xTHx > 0 (3.6)

for all x. Given a Gaussian process model of the objective we would like to construct:

1. a method to determine, using our GP model, the probability that the Hessian

is positive definite at any point; and

2. a method to determine, using our GP model, the largest region centred on the

current posterior mean minimum with a required probability of being convex

at all points within that region.
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Convexity at a Point

We make use of the Cholesky decomposition to determine if a matrix is positive

definite. A unique real solution to the Cholesky decomposition of a matrix only

exists if the matrix is positive definite. Implementations of the routine commonly

return an error rather than computing the complex solution. We can make use of

this behaviour to provide a test for positive definiteness returning a binary result,

PD(H) : R
d(d+1)

2 → {0, 1}, where d is the dimensionality of the problem.

Since under a Gaussian process model there will always be non-zero probability

over all real values of inferred quantities we can never have certainty of positive

definiteness. We therefore wish to determine the probability that the Hessian

of our objective at some point x is positive definite (or if the point is on the

boundary of the domain the Hessian for the remaining dimensions) under our

GP model. All elements of the Hessian, H, have a joint normal distribution

p(H | x,M) = p(Hflat | x,M) ∼ N (µH(x),ΣH(x)) where Hflat is the vectorized

elements of the upper triangle of the Hessian matrix (the lower triangle is not needed

since the Hessian is symmetric), and µH(x),ΣH(x) are determined by the full GP

posterior over Hflat at x. The probability of positive definiteness at x is then

p(PD(H) = 1 | x,M) =
∫
p(PD(H) = 1 | H)p(H | x,M)dH

=
∫
PD(H)p(H | x,M)dH

= lim
N→∞

1
N

N∑
i=1

PD(hi)

(3.7)

where M is our GP model and the hi have been drawn from p(H | x,M).

As our test of positive definiteness at a point, we require all of some n samples

of H to be positive definite. We treat the positive definiteness of samples from

p(H | x,M) as Bernoulli distributed with parameter θ, since it is a deterministic

binary output function of H. Conditioned on θ, the probability of k out of n

samples of H being positive definite is

p(k | n, θ) =
(
n

k

)
θk(1− θ)n−k . (3.8)
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Taking a uniform prior over θ the posterior distribution conditioned on n draws

which are all positive definite is

p(θ | n, k = n) = (n+ 1)θn (3.9)

and the expected value of θ is

E[θ | n, k = n] =
∫ 1

0
θp(θ)dθ = n+ 1

n+ 2 . (3.10)

Passing our test for positive definiteness at a point, as described in Algorithm

1, can therefore be interpreted as determining that E[θ] = 1 − ε where ε = 1
n+2

while failure implies E[θ] < 1 − ε.

Algorithm 1 Positive Definite Test
function PDatX(x, ε)

G← GP_model
Hmean, Hvar← G.infer_Hessian(x)
PVEcount← 0
n←

⌈
1
ε
− 2

⌉
for i = 1...n do

h← draw_Gaussian(Hmean, Hvar)
h∗ ← Remove_Boundary_Elements(h, x)
if Cholesky(h∗) 6= FAIL then

PVEcount← PVEcount + 1
end if

end for
return PVEcount = n

end function

function remove_boundary_elements(h, x)
# Utility function to drop rows and columns of the Hessian corresponding

to axes where we are on the boundary of the optimization domain. (Positive
definiteness is not required in these directions)

Keep_Axes← []
for i = 1...D do

if lower_bound[i] < x[i] < upper_bound[i] then
Keep_Axes.append(i)

end if
end for
return h[Keep_Axes][Keep_Axes]

end function
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As an aside to this section we note that even at a minimum of our GP posterior,

the probability that the Hessian is positive definite can be arbitrarily small, even

though the mean function is convex. Consider a Hessian taking the form

H =
[
1 a
a 1

]
(3.11)

where a is Gaussian distibuted N (µa, σ2
a). Let x0 = [1, 1]T and x1 = [1,−1]T .

Substituting x0 into Equation 3.6 we require −1 < a while from x1 we require a < 1.

We can therefore pick any mean for a within −1 < µa < 1 and the mean of H

will still be positive definite. However, we have the freedom to select off-diagonal

variance, σ2
a, so can obtain any non-zero value we desire for the probability that

−1 < a < 1. Since this is a necessary condition for positive definiteness we can

force p(PD(H)) to be arbitrarily small.

Radius of a Convex Region

The method above allows us to effectively test a point for convexity. We now wish

to use this function to find a convex region centred around the posterior mean

minimum (again we exclude any axes on the boundary of the search domain). We

choose to find the hypersphere centred at x̂ with the greatest possible radius . As

before we cannot obtain a certain value. Instead we find an estimate r̂max which

is the minimum distance over a finite set of test directions, u, to a point where

our test for positive definiteness does not succeed.

We draw unit vectors, u, uniformly at random, by normalizing draws from the

multivariate normal distribution u = v
|v| where v ∼ N (0, Id). For each direction

we obtain the positive definite radius

ru(u) = max
PDatX(x̂+ru,ε)=1

r (3.12)

by performing a binary linesearch on r down to a resolution hr. The first search

is performed with the radius of the search domain as the upper limit, subsequent

directions use the previous value of R(u) as the upper limit and test the outer point
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first, moving on to the next direction if this point returns a convex result. We thus

obtain as our estimate of the radius of a convex spherical region centred xmin

r̂max = min
u∈U

ru(u) , (3.13)

where U is our set of randomly drawn directions, which is in the minimum distance

from x̂ to the edge of the positive definite region out of nu = |U | random directions.

Algorithm 2 Positive Definite Sphere Radius
function PDBall(x̂, nu, ε)

u← random_unit_vector
xedge ← dist_to_domain_boundary
r̂ ← ‖xmin − xedge‖
for i = 1...nu do

if PDatX(x+ R̂u, ε) = 0 then
r̂ ← binarysearch(u, r̂)

end if
u← random_unit_vector

end for
return r̂

end function

Algorithm 3 Global Regret Estimation
function GlobalRegretEst(GP, x̂, r)

Yin, Yout = [], []
Z ← generate_support_points(GP)
for i = 1...n do

Ys = GP.sample(Z)
Yin.append(mini Ys[i] such that |x̂− Z[i]| < r)
Yout.append(mini Ys[i] such that |x̂− Z[i]| ≥ r)

end for
µin, σ

2
in ← mean(Yin), var(Yin)

Rglobal ←
∑N
i=1 EI+(µin, σin, Yout[i])

return Rglobal
end function

To obtain an estimate of the global regret we are required to marginalize over

the values of the local and global minima, yout and yin, for this we will assume

independence between these quantities. This assumption is not unreasonable, since

the separation between local minima will be of similar magnitude to the characteristic
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Algorithm 4 BLOSSOM
function BLOSSOM(f,Rtarget)

X, Y ← RandomInit(f)
while True do

GP← TrainGP(X, Y )
x̂← Mimimize(GP.posterior_Mean)
if PDatX(x̂, ε) then

r ← PDBall(x̂, nu, ε)
Rglobal ← GlobalRegretEst(GP, x̂, r)
if Rglobal < Rtarget then

break
else

xnext ← arg maxx αGRR(x | GP)
end if

else
xnext ← arg maxx αPES(x | GP)

end if
ynext ← f(xnext)
X, Y ← [X, xnext], [Y, ynext]

end while
x̂final ← BFGS(f, x̂)
return R̂

end function

length of our GP kernel, significantly limiting their correlation (provided we have

chosen a kernel function which is strictly decreasing with distance). Furthermore,

in the context of a strictly positive valued kernel, such as the Matérn 5/2, any

dependence between yo and yi will lead to a lower variance for yi − yo. Since

this has a negative mean by definition, the lower variance will result a reduced

probability of observing any positive value for yi−yo, and hence the expected global

regret is reduced compared to the independent case. This makes our independence

assumption an overestimate of Rglobal and thus not at risk of causing premature

termination of optimization. Our estimate is therefore

Rglobal ≈
∫∫

yin×yout
max(yin − yout, 0) p(yin)p(yout) dyin dyout . (3.14)

If we consider yin to be well approximated by a normal distribution N (µin, σ2
in)

then we can perform the integral over yin. This is simply the positive expected
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improvement from yout to yin

Rglobal ≈
∫
yout

∫ +∞

yin=yout
max(yin − yout, 0)p(yin) dyin p(yout)dyout

=
∫
yout

(µin − yout)Φ
(
µin − yout

σin

)
+ σinφ

(
µin − yout

σin

)
dyout

=
∫
yout
EI+(µin, σin, yout) p(yout)dyout .

(3.15)

Since we do not have an analytic form for p(yout) we cannot perform this integral.

We instead approximate the marginalization over global regret as a summation

Rglobal ≈
N∑
j=1
EI+(µin, σin, y(j)

out) . (3.16)

To evaluate this expression we can draw N samples from out GP model and find

the value of yout in each case. The process for this follows the same form as drawing

global minima from the GP model used in §4.3, except that we must exclude support

points within the convex region when we find the minimum of each draw. For

this reason we draw half our support points using rejection sampling with the GP

posterior variance as an unnormalized distribution. This ensures we still include

high variance points outside the convex region even if no other minima are predicted

by our model. The other support points are drawn using the more complex method

in §4.3.3. To evaluate µin and σin we can use the same set of draws, considering

this time only points within the convex region, to obtain a sequence of samples of

yin. Since we can easily generate a large number of samples of yin directly from

the GP posterior it is sufficient to use a maximum likelihood estimate of the mean

and variance of these samples for µin and σ2
in. As validation for out assumption

of normality for yin we show in Figure 3.4 the results of the Jarque-Bera test of

normality [Jarque and Bera, 1980] using the actual samples of yin when optimizing

selected objective functions using PES. Since we are only claiming that p(yin) is

reasonably approximated by a normal distribution (and is expected to approach

normal as our increased certainty about the location of x∗ shrinks the region within

which the yin are located) we do not expect to pass the Jarque-Bera test, since even

a small difference in skew and kurtosis will be detected with a reasonably large

number of samples. However, a majority of test results fall below that of the normal
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Figure 3.4: Jarques-Bera test score for each iteration where a local optimum has been
identified over 16 optimizations of selected objective functions using PES. For each point
shown 10000 samples of yin have been used. Since the Jarques-Bera test correctly identifies
that the distribution of yin is not exactly normal for most points shown we have shown
for comparison the score of the same number of samples (averaged over 20 repetitions)
from two distributions: (1) the normal distribution with zero mean and unit standard
deviation. (2) an equal mixture of two normal distributions with means 0.2,−0.2 and
standard deviations 1.1, 0.9 respectively. As shown in the rightmost plot the pdf of these
distributions differ by very little. Since the large majority of sample sets of yin obtain
scores falling below that of this second distribution, particularly if we exclude those from
low numbered iterations, a normal approximation of yin seems reasonable.

mixture distribution p(x) = 0.5p(x | N (−0.2, 0.9)) + 0.5p(x | N (0.2, 1.1)) which we

have also shown. This distribution deviates from the zero mean normal distribution

with unit variance by a maximum of ≈ 0.014, as illustrated in Figure 3.4 where

the pdf of this distribution is separated from that of the unit normal by no more

than twice the thickness of the plotted line, so we believe on this basis that our use

of a normal approximation is reasonably justified, although further investigation

into alternative distributions could very well yield some improvement.

3.4 Additional Detail

3.4.1 Alignment with the Local Principal Axes

Using the method described so far gives good performance on objectives with

well conditioned Hessian at the global minimizer. However, identifying positive

definiteness in narrow valleys not aligned with the axes performs poorly. Although

each individual axis is quickly learned to have positive curvature the off-diagonal

elements remain uncertain. We believe this behavior is due to the use of PES

acquisition function, in which we wish to use the information gained by conditioning

on positive definiteness of the Hessian at x∗, but instead approximate this impractical

requirement by setting off-diagonal elements of the Hessian to zero while expectation
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propagation is used to approximate a positive constraint on the diagonal elements.

This different approximate treatment of diagonal and off-diagonal elements will

result in a slightly different computed acquisition function than the ideal one,

and may lead to the observed effect of slower learning of the value of the off-

diagonal elements of the Hessian.

Since we have made no assumptions about the alignment of our objective we

can transform our data (and the boundary of the optimization domain) by any

rotation X ′ = QX and evaluate our acquisition function on this altered dataset.

For a rotation invariant kernel we can do this without loss of generality, in the more

general case this will result in a change to the GP predictions, which we justify on the

basis that we have at no point specified that the individual components of x are the

principal directions of our objective, so any other choice of alignment is equally valid.

In this case we choose at each step of optimization a rotation such that Q is the

stacked eigenvectors in the eigendecomposition Hn−1 = QTΛQ, where Λ is diagonal

and Hn−1 is the Hessian of the posterior mean minimum from the previous step.

Assuming the next step provides only a small update the Hessian at the minimizer

will therefore be close to diagonal, which allows more effective optimization.

3.4.2 Approximating Small Values of Global Regret

By design, as the optimization progresses the distributions of yout and yin will

contract and we become more certain that the minimum of the posterior mean corre-

sponds to the true global minimum. Most terms in Equation 3.16 will be negligible,

with only the few samples in which yout < yin having a significant contribution. In

the results shown in §3.5 the smallest Rglobal target used is 10−4 so this is not a

problem. However, if we wish to continue to much smaller target regret values we

shall require a better method of approximating the marginalization over yout.

No closed form exists for the minimum distribution of a GP. Upper bounds on

the tail of the minimum distribution do exist, and bounds on the tail distribution

for a GP with non-constant variance are also available [Berman and Kono, 1989].

However, they are not particularly useful in this case as they apply to a GP with a
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constant mean. To obtain a bound valid in our case we would therefore have to

consider this constant mean to be the minimum of our posterior mean. The resulting

bound would be on the minimum value of a GP for which every location has a 50%

probability of being less than our posterior mean minimum. This will clearly give a

bound far too wide to be useful in our application in which we have actively obtained

new observations in order to eliminate locations with a significant probability of

improving on our predicted minimum. Instead we use the existing sequence of draws

of yout as an empirical estimate of the cdf which is valid down to the minimum

observed value, and extrapolate an upper bound on the tail of the distribution. We

can then use numerical quadrature to perform the required marginalization.

Let σ2
V max be the maximum posterior variance found in our GP model, and

µV max be the posterior mean at that location, xV max. The cumulative distribution

function of the minimum value of a GP must be greater than the cdf of the value

at any single point. The cdf of the objective function value at xV max therefore

provides a lower bound on the cdf of the global minimum. Further, since the cdf

of a Gaussian distribution has a decay rate governed by its variance, and σ2
V max

is the maximum variance present, the cdf at all other locations must be less than

that at xV max for all y less than some value α. The cdf of the minimum value

of the GP must therefore approach N (µV max, σ2
V max) for small values. The cdf of

any normal distribution with the variance σ2
V max but mean value µbound which is

less than µV max will therefore become an upper bound on the tail of the minimum

distribution. We choose µbound such that the cdf of N (µbound, σ2
V max) passes through

the end of the empirical cdf found using draws of yo

µbound = ŷ −
√

2σV max erf( 1
N
− 1) . (3.17)

This provides an estimated upper bound on the tail of the cumulative distribution,

as illustrated in Figure 3.5. We can then approximate the global regret as the sum

of contributions from samples and a numerical integral over the approximate tail

Rglobal ≈
N∑
j

EI+(µin, σin, y(j)
out)+

∫ ŷ

−∞
EI+(µin, σin, y)p(y | µbound, σ2

V max)dy . (3.18)
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Figure 3.5: The CDF of the minimum value outside the positive definite sphere and
bounds after 70 iterations on the Branin function. Since expected improvement takes
negligible values for inputs greater than the incumbent a few tail samples contribute most
of the expected global regret. The global regret estimated by samples is 8.00× 10−4, the
additional component estimated by the approximate upper bound on the tail to the left
of the least sample is 1.80× 10−4.

3.4.3 Incurred Overhead Costs

It might be expected that the addition of considerable additional complexity to

already expensive Bayesian optimization would result in significantly increased

overheads. The overheads in iterations requiring the evaluation of the expected

global regret is indeed substantially increased. However, the additional work

is often not necessary.

In each step we first find the posterior mean minimum, which is achieved using

the same GP model that is already required for the acquisition function. This

search requires only evaluations of the posterior mean, in contrast to the search

of the PES acquisition function, which requires both the mean and variance from

multiple models each conditioned on a different sample of x∗, so is comparatively

cheap. We then test for positive definiteness at that location. If the test fails no

further operations are necessary in this step so the additional overhead is negligible,

as shown in steps 10 to 22 in Figure 3.6.
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Figure 3.6: Per step overhead costs of our method in comparison to PES, measured
single threaded using an Intel® Xeon™ E5 processor. The costs illustrated are for the
Branin objective function and the median and quartiles of 16 runs with a global regret
target of 0.01 are shown. While the steps in which an estimate of global regret is required
incur significant additional costs those before do not, and the overhead in the final
exploitative steps is negligible.

Furthermore, in the final steps before termination, which would otherwise be

the most expensive due to the rising O(n3) GP training cost, we perform pure

exploitation using a local search, which incurs negligible overhead as illustrated

from step 50 in Figure 3.6. The overall contribution is shown in Table 3.1, which

displays the mean ratio of our optimization overhead to the mean cost the PES

for the same number of iterations

Overhead Ratio = 1
M

M∑
j=1

∑N
i=1 t

i,j
stopping∑N

i=1 t
i,j
PES

, (3.19)

where ti,jstopping and ti,jPES are the overhead costs of the ith iteration of the jth run

for BLOSSSOM and PES respectively. At worst, the overhead has been doubled,

while eight of the twelve tests show a reduction in overhead costs. The overhead

cost of our method therefore compares well to that of existing methods.
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Overhead Ratio
BLOSSOM 10−2 BLOSSOM 10−4

Branin 1.132 2.156
Camel 3hump 0.481 0.611
Camel 6hump 1.042 1.380
Hartmann 3D 0.769 0.961
Hartmann 4D 0.373 0.477
Hartmann 6D 0.654 0.750

Table 3.1: Mean relative overhead of our stopping implementation with PES taking the
same number of steps in each indiviual optimization

3.4.4 Alternative Approaches to Determining Local Con-
vexity

We have used the Cholesky decomposition of samples from our GP posterior over the

Hessian of the objective function to determine local convexity, as this approach is

trivial to implement and the cost of sampling and testing Hessians is determined only

by the problem dimensionality so, in the low dimensional problems where Bayesian

optimization is commonly used, is negligible compared to the Gaussian Process

inference overheads already present. However, for two reasons it is worthwhile

to consider alternative approaches.

• The Cholesky decomposition does, as discussed above, often fail to complete for

matrices which are numerically very close to non-positive definite. This is not

likely to be a problem in terms of reducing the radius of our positive definite

sphere around a minimum at which positive definiteness is not marginal, but

may be significant when considering an objective function which has a very

poorly conditioned Hessian at the global minimizer.

• If we do wish to make use of our method in much higher dimension the

computational overhead of sampling and testing a large number of Hessian

matrices may become an issue. We are then motivated to seek a more efficient

method of determining positive definiteness.
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A natural alternative to the Cholesky decomposition for checking positive definiteness

is to consider the eigenvalues of a matrix, which will all be positive if the matrix

is positive definite. There is potentially more information available to us when

considering eigenvalues since their values inform us how close to positive definite

a matrix is, which cannot be achieved using the binary result of attempting a

Cholesky decomposition. We might attempt to either directly consider the eigenvalue

distribution given our GP prediction, or use the eigenvalues of sampled Hessians.

Unfortunately, while results on the distribution of eigenvalues are available,

these tend to be in terms of the limiting distribution for large matrices, so are

unsuitable for our low dimensional use case. Furthermore, the nature of our problem

means we are concerned with matrices with elements each have individual normal

distributions with full covariance between elements. The closest result we are aware

of is that of Simon et al. [2006], which provides results for a positive definite matrix

GGT , where the elements of G are permitted to correlated and have non-zero mean.

Given our concern with low dimensional problems we might consider taking

two and three dimensions as as a special case. We then have a closed form

expressions for the eigenvalues of the Hessian using the quadratic and cubic formulas.

However, since these formulas represent non-linear transforms of the coefficients

of the characteristic polynomial of the Hessian, which in turn has coefficients

determined by the sum of products of correlated Gaussian variables, we would

only be able to obtain an approximate pdf for the eigenvalues. Since in these low

dimensions our existing method remains very cheap we do not believe there is

any advantage to be gained from this approach.

Moving on from considering the distribution of eigenvalues directly, we consider

using eigenvalues obtained from samples of the Hessian. Evaluation of all eigenvalues

for a matrix of size n requires O(n3) operations, but we only require the sign of the

minimum eigenvalue in order to check positive definiteness. This can be obtained

in only O(n2) via two uses of the power method, so there is some saving to be

obtained for higher dimensional problems by directly replacing our check of the

Cholesky decomposition with a check of the smallest eigenvalue. If we replace our



3. Principled Stopping 59

simple check of the number of samples which are not positive definite with some

learned model for the distribution of the minimum eigenvalue we may also be able

to obtain a given level of certainty with a reduced number of samples. However,

since the power method is an iterative algorithm our reduced number of Hessian

samples is obtained by replacing a fixed cost O(n3) algorithm with an iterative

one requiring O(n2) per iteration. We do not expect that this scaling advantage

compared to a single use of the Cholesky decomposition will be significant for

problems of the dimensionality we are considering here.

One potential advantage of using eigenvalues in future work is that we obtain a

numerical value for each dimension, rather than binary result if the matrix being

tested is not numerically positive definite (By testing the Cholesky decomposition

and eigenvalues of the covariance matrix of n equally spaced locations on [0, 1] using

the squared exponential kernel with unit parameters we find that the minimum

calculated eigenvalue becomes negative at n = 11, the same value at which

the Cholesky decomposition fails to complete). We are therefore able to set a

small negative threshold allowing non-convexity in one and only one principal

direction, while the equivalent approach of adding a diagonal component before

the Cholesky decomposition would affect all principal directions. This provides a

more nuanced approach with additional information compared to determining the

positive definiteness of our model than the simple binary result of the Cholesky

based test. We could also use eigenvalue and eigenvector information to identify

directions in which the objective function has very little variation at the posterior

mean minimum in order to inform optimization techniques such as Wang et al.

[2016], which seek low dimensional objectives embedded in high dimensions.

3.5 Results

We compare BLOSSOM to expected improvement with the PI stopping criteria of

Lorenz et al. [2015], and to PES using the acquisition function value as the stopping

criterion. For each algorithm we test multiple values of the stopping criteria, shown

in the legend as appropriate. Full detail of the objectives used is given in Appendix A.
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Figure 3.7: Comparison of median regret on draws from a GP corresponding to the
Matérn 5/2 kernel in 2D (right), and illustration of the effect of changing our stopping
parameter on the mean expected regret (left). Mean regret is heavily influenced by a
few large values. Out of 35 runs there are those targeting 10−2 regret had 6 non-trivial
results, targeting 10−4 yielded 4 non-trivial results, targeting 10−6 achieved the global
minimum on every occasion while with no stopping condition only one failure occurred.
Although with a limited number of the mean regret is not particularly close to the target
values the decrease with more stringent stopping conditions is clear.

3.5.1 In-Model Objectives

To demonstrate the effect of changing the target value of global regret we make use

of objective drawn from a GP, since the effect may not be observable using any

single fixed objective. For example, the Branin function has multiple equal valued

global minima. We will always achieve the global minimum, and the target regret

only alters the number of steps required to terminate. We show in Fig 3.7 the mean

regret over objectives drawn from a GP corresponding to the Matérn 5/2 kernel and

note that we have achieved roughly the values we requested for expected regret.

3.5.2 Common Benchmark Functions

We now give results of our method on several common test objectives for global

optimization, illustrated in Figure 3.8. In these tests we have transformed the

objectives by y′ = log(y − y∗ + 1).This is unrelated to our contributions, and is

done as many of the functions used take the form of a flat plain surrounded by

steep sides many of orders of magnitude greater than the plain. This shape is

extremely dissimilar to functions sampled from our GP prior using the Matérn 5/2

kernel, so yields very poor results. This is an ad-hoc transformation, and it would
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be preferable to either use a kernel more appropriate to the objective or learn a

transform of the output space online as suggested by Snelson et al. [2004].

Neither the number of steps taken nor the regret achieved is alone a useful

metric for the effectiveness of a stopping condition (few steps with high regret are

obviously undesirable, but also a small decrease in regret may not be worth a much

increased number of steps), so in Table 3.2 we have also shown the mean product

of steps and regret, E[nR]. Equal contours of this metric take the form of y = a
x
,

so low values indicate improved performance in the sense that a halving of regret

only represents an improved performance if this can be achieved using less than

half the number of iterations. This metric has not been normalized to the objective

function in any way, so comparisons across the rows of Table 3.2 ,between different

methods operating on the same objective, are valid, but comparisons over the

columns, between objectives that may have substantially different ranges, are not.

As is clear from the median curves in Figure 3.8, and mean final values in Table

3.2, we have been successful in our aim of achieving superior local convergence

and early stopping. BLOSSOM achieves the lowest mean terminal regret, and

mean product of regret and iterations, for five of the six test objectives. There is

considerable disparity between the plotted and tabulated results for the Hartman

3D and 4D functions, particularly there are many orders of magnitude difference

between the results for our method at different target regret values. However, we

argue that this is in fact correct behaviour. These objectives are characterized

by having multiple local minima with values greater than the global minimum.

Usually Bayesian optimization will identify the correct basin as the global minimum

and our local optimization converges to the correct value, as is evident in Figure

3.8. However, with some non-zero probability the GP will predict the global

minimum and its surrounding positive definite region in the wrong location. If

the estimated global regret is less than our target value when this occurs the

solution is accepted, leading to exploitation of a local minimum and a high final

regret. This occurs on several runs of our algorithm when using a value of 10−2 as

the target global regret. When the lower target value of 10−4 is used additional
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exploration steps are required to reduce the global regret estimate. These provide

additional opportunities to correctly identify the basin of the global minimum.

This leads to the much greater reliability observed in Table 3.2 at the cost of an

increased number of objective evaluations.
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Figure 3.9: Comparison of stopping criteria optimizing the hyperparameter log-likelihood
of a Gaussian process. Regret is shown with respect to the best value achieved by any
single optimization, the median and quartiles of 16 repetitions of each method are shown.
Our method consistently obtains several orders of magnitude better convergence than
PES or EI at termination.

3.5.3 GP Hyperparameter Optimization

Optimizing model hyperparameters is a common problem in machine learning.

We use BLOSSOM to optimize the input and output scale hyperparameters of a

Gaussian process using 6 months of half hourly measurements of UK electricity

demand during 2015.1 As shown in Figure 3.9 we are able to obtain the best

absolute result while terminating within a reasonable number of iterations, avoiding

taking unnecessary further evaluations once the optimum has been achieved.

1www2.nationalgrid.com/UK/Industry-information/Electricity-transmission-operational-
data/Data-explorer
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Figure 3.8: Comparison of various stopping methods. In order clockwise from top
right: Hartmann 3D function, Camel 6-hump function, Hartmann 6D function, Hartmann
4D function, Camel 3-hump function and the Branin function. All stopping criteria
allow an average saving compared to continuing to run optimization for many steps past
convergence, but our method reliably achieves a low value before stopping. The median
and quartiles of regret are shown. Fraction of optimizations still running after n steps are
shown in thin dashed lines.
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In this Chapter we propose EnvPES, a new algorithm for Bayesian optimization,

by adapting PES for use in the environmental variable setting. This new method

has improved performance with respect to existing approaches to the problem, and

more general application. Furthermore, we introduce and validate two variations of

a new method for generating support points to be used in sampling the minimum

of a Gaussian process. These methods have substantially lower costs than existing

techniques and are of higher quality, drawing points from a distribution with greater

similarity to the true distribution of the minimizer.

65



66 4.1. Introduction

4.1 Introduction

In many applications there is an opportunity to make a coarse approximation to the

true objective at a reduced cost. For example, in a setting where in each evaluation

we undertake a number of physical experiments and use the mean result we could

take a reduced batch size to obtain a quick but higher noise result. Similarly, any

process using sampling to perform quadrature for some non-analytic integral could

be run with a higher tolerance. In a physical modelling setting, such as using the

finite element method to solve an ordinary or partial differential equation we could

use a coarser mesh and larger time steps to obtain an approximate result. If our

application is a machine learning process with a large volume of training data we

could train with a reduced dataset which we then expect to result in a model with

poorer performance. These cheap evaluations are hopefully at least reasonably well

correlated to a full-cost evaluation with the same inputs, and so could be used to

inform us about our true objective at a reduced cost if we make an intelligent choice

of this parameter at each iteration. In many of the above examples the true objective

is in fact defined as the limit case of infinite cost, for example MCMC quadrature is

only ever an approximation to the true value of the integral regardless of the number

of samples taken. In this case an appropriate judgement of the cost that is necessary

to obtain a useful evaluation is even more important. We have followed Williams

et al. [2000] in calling the variable controlling this choice an environmental variable.

This problem has been considered with an environmental variable taking two

discrete values by Forrester et al. [2007]. In this work the second cheaper form of

the objective is considered to be very cheap, so space filling methods taking large

numbers of evaluations are proposed for this setting. Swersky et al. [2013] make

use of Entropy search to accommodate any finite number of environmental variable

settings, while Klein et al. [2017] also extend Entropy search to allow a continuous

environmental variable. This second method, FABOLAS, is targeted towards an

environmental variable controlling the use of a subset of training data in Machine

Learning applications. The authors also employ a kernel specifically encoding the

decay of performance in the axis of the environmental variable. Applications in
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which performance is improved over multiple passes through the training data are

considered by Swersky et al. [2014]. The authors use a decay kernel to predict the

final performance of the objective given performance after only a limited number

of training epochs. An entropy based acquisition function is used to choose, at

each iteration, between performing additional training for an existing model or

starting afresh at a new location.

We build on these existing works by adapting predictive entropy search to the

continuous environmental variable setting. In addition to the basic modification we

also construct a more efficient method for drawing the support points used to sample

the global minimum, reducing overhead costs. Furthermore, since with variable

fidelity evaluations the number of iterations is flexible we can extrapolate the growth

of the overhead cost. This prediction is then incorporated into our acquisition

function. These changes allow us to make a significant improvement in optimization

overheads compared to methods based on ES, yielding much better performance.

4.2 The Algorithm

4.2.1 Variable Fidelity Problem Definition

As usual, we desire to find the global minimum of some expensive to evaluate

f(x) with x defined in the hyper-rectangle [−1, 1]d. However, we now have access

to a more complex function with an environmental variable fv(x, s), s ∈ [0, 1]

such that fv(x, 0) = f(x) and evaluations incur a cost defined by some function

cev(x, s) which is monotonically decreasing with s for any fixed x. Evaluations of

the true desired objective thus incur maximum cost. We must therefore define

an acquisition function over both x and s.

Following Klein et al. [2017], we treat fv(x, s) and cev(x, s) as independent d+ 1

dimensional black box functions which we model using a GP (in fact since cost is

strictly positive we model log-cost). Or acquisition function then takes the form

α(x, s) = Expected Information Gain
Expected Cost (4.1)

in order to obtain the most cost efficient information gain at each step.
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4.2.2 Predicting Information Gain

We choose predictive entropy search as the basis for estimating the expected

information gain. We require three modifications to the core algorithm in order

to employ this method of estimation in the variable fidelity context:

• samples of x∗ are generated only in the plane s = 0;

• the gradient and Hessian constraints (1 and 2 as described in §2.4.5) are

employed only on the d directions of the true objective, not the s direction of

the environmental variable;

• the constraint that f(x∗) must be less than existing observations (condition 3

as described in §2.4.5) is not included.

In all three cases these changes are because we are only concerned with finding the

minimum within the s = 0 plane of the true objective. The second statement is

justified by considering a setting where the environmental variable controls dataset

size. Performance is then expected to always be increasing with larger datasets,

and the gradient of fv in the s direction is never zero. The third change is valid

because f(x∗) is not required to be a global minimum over the full variable fidelity

function since a low cost evaluation may return a result far lower than the true

global minimum. In fact it is not even required to be a minimum at all as the

gradient ∂f
∂s

may be negative at x∗. Furthermore, we may not even have made

any evaluations with s = 0, which we could constrain f(x∗) to be less than. We

do not believe that this ommision causes a significant loss of performance, since

the contraints placed on the Hessian at x∗ still place considerable emphasis on

learning the value of f(x∗). However, it would nonetheless be useful to consider

other methods for enforcing f(x∗) to be the minimum in s = 0. We could require

f(x∗) to be less than the posterior mean at x∗, or less than the objective function

value at any other local minima. It is also because f(x∗, 0) is not required to be a

minimum with respect to s that we have not employed the decay kernel approaches

of Klein et al. [2017] and Swersky et al. [2014].
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4.2.3 Estimating Overhead Cost

In Bayesian optimization we usually consider that the overhead cost of optimizing

the acquisition is negligible in comparison to the cost of evaluations of the objective

function. In the variable fidelity setting this assumption may not always be valid,

since the evaluation cost of a low fidelity observation may be arbitrarily small. We

use a GP to learn the log-cost from observed values online.

However, if we consider only the evaluation cost in Equation 4.1 we may find

that our acquisition functions selects only very low cost evaluations at each iteration.

Although this may yield the most cost efficient information gain with respect

to evaluation cost, taking a large number of low cost evaluations will cause our

overheads to grow quickly, due to the cubic scaling of the GP model. We therefore

include not the current overhead, but the predicted mean overhead cost from the

current to final iterations in our acquisition function.

We model the overhead costs as a function of iteration number, i = 1, . . . , n, in-

dependently of the objective and evaluation cost functions using the parametric form

ci = c(i, θ) = θ0 + θ1i
θ2 + ε, ε ∼ N (0, θ2

3), (4.2)

where each parameter θi is assigned broad independent Gamma priors. Given the

sequence of overhead costs up to the nth iteration we can use Bayes rule to write

p(θ | c1, c2 . . . cn) =
∏n
i=1 p(ci | θ)p(θ)
p(c1, c2 . . . cn) (4.3)

and then optimize the log-likelihood using a local second order optimizer (we

use BFGS) to obtain the maximum a-posteriori estimate of the optimization

overhead model

θMAP = arg max
θ

(
n∏
i=1

p(ci | θ)
)
p(θ) . (4.4)

To estimate the expected mean overhead we also require knowledge of Bn, our total

computational budget remaining at iteration n. We can then find

N∗ = max
N∈N

N s.t. Bn ≥
N∑
i=n

(c(i, θMAP) + cev) , (4.5)
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the number of iterations that we will be able to take given the proposed evaluation

cost, and hence

c̄ = 1
N∗ − n

N∗∑
i=n

c(i, θMAP) , (4.6)

the mean overhead cost over the N∗ − n remaining iterations.

The expected cost term in Equation 4.1 is therefore c̄+ cev(x, s). This choice of

overhead estimate causes the algorithm to prefer slightly more expensive evaluations

than using just the most recently observed overhead, particularly when a large

number of evaluations remain. We find that this relatively simple online estimate

of future overhead costs yields improved performance compared to using the most

recent value. A more complex treatment of the impact of future overhead costs

in the variable fidelity setting will be undertaken in Chapter 5.

4.3 Fast Draws from Pmin

As part of any Entropy based implementation we are required to make draws of the

global minimizer x∗. In Hennig and Schuler [2012] a choice is presented between

an expectation propagation method and taking draws from the GP posterior on

support points produced by MCMC under a proposal distribution that is reasonably

similar to p(x∗)with EI being the preferred proposal. The distribution implied by

the GP expected improvement or by a lower confidence bound are the suggested

proposals of Hennig and Schuler [2012] , while Villemonteix et al. [2009] make use

of samples from the previous iteration to train a density estimator from which

samples can be generated. An alternative method of optimizing samples drawn

from a spectral approximation to the GP model is used by Hernández-Lobato et al.

[2014]. We now specify two variations of a new method for drawing support points

to be used in the second method of Hennig and Schuler [2012], which tends to have

better similarity to p(x∗) than EI or LCB (Since the LCB itself may be negative

the proposal distribution is in fact exp(LCB)) and can generate support points

with a much lower per-point overhead cost.



4. Biased Variable Fidelity 71

4.3.1 Motivation for a Faster Method

The method of drawing support points by slice sampling [Neal, 2003] on either the

EI or LCB of the GP posterior is effective because these heuristics are considered

likely to be high when p(x∗) is high, so provide support points sufficiently similar

to the sample from p(x∗). However, evaluation of EI and LCB requires an O(n2)

matrix multiplication to perform inference on the GP posterior. Many sequential

evaluations are required for each point generated by slice sampling. This number

is increased when we subsample the generated samples due to correlation between

consecutive values and discard a burn-in period as is common practice when using

MCMC. This process is therefore a significant contributor to the overhead growth,

which we would like to minimize.

We can reduce interaction with the GP model by only using it to determine the

parameters of a fixed approximation to p(x∗) from which we can take samples at a

much lower cost. We propose two approximations to p(x∗), and provide measures

of their performance in comparison to the existing methods for both time and

quality of approximation. Both are a combination of unimodal approximations

fitted to the local maxima of p(x∗). Our weighted Local Hessians (WLH) method is

a simple Laplace approximation with approximate weightings and clipped within the

optimization domain. This provides a very low overhead which is almost constant

with respect to the number of points required, but at the cost of being a relatively

poor approximation unless the uncertainty around the minimum is small, making the

Laplace approximation valid. Our Minimum of Local Quadratic Models (MLQM)

method takes a more complex approach by taking independent draws of a local

Taylor approximation for each local maximum of p(x∗) and properly handling the

boundary constraints. This provides an approximation of similar quality to EI

or LCB slice sampling but with substantially lower cost which is effectively fixed

with respect to the number of sample points desired. Only the fixed initial cost

is influenced by the size of the GP model.
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4.3.2 The Method

We now detail our new methods for drawing support points. Rather than attempt

to directly approximate the intractable p(x∗) we construct a set of local models. We

make these approximations at each of the local minima of our GP posterior mean,

where the probability of the point being a minimum is at a local maximum.We then

combine the draws from our local models to construct the full global approximation.

In both methods we first identify the unique local minima in the posterior

mean by use of multi-start local optimizations. At each minimum we evaluate

the mean and covariance of the posterior mean and derivatives. This initial step

is the only interaction required with the GP model. For each of N local minima

xli where i = 1 . . . N we then consider a quadratic Taylor series centred at the

posterior mean minimum

f = 1
2z

THz + zTg + c (4.7)

where z = x−xli. As optimization progresses new observations are made so that our

uncertainty about the minimum decreases, therefore this second order approximation

becomes more valid as the region believed to contain a minimum contracts.

In the WLH method we make the further assumption that µH � diag(ΣH) for

all elements, where µH and ΣH are respectively the mean vector and covariance

matrix of the stacked non-repeated elements of H. The Hessian is therefore treated

as constant with all elements equal to the appropriate element of µH . The local

minimum under this assumption is located at

∂f

∂z
= 0

z = H−1g.

(4.8)

Since our belief on g is a Gaussian given by the GP posterior, and zero at xli
by definition, the posterior distribution for the local minimum under the Taylor

approximation is

p(xl∗) = N
(
xli, H

−1ΣgH
−T
)
, (4.9)
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where we have used the property that any linear transformation of a Gaussian, in

this case by H−1, is also Gaussian. We then combine draws from each separate

distribution according to a weight vector w. The ideal w would be the respective

probabilities of each local minimum being the global minimum. Unfortunately, the

correct weights are intractable, even if we were to consider only the N posterior

mean minima. To obtain a very rough approximation we consider the posterior

distribution yi ∼ N (µi, σ2
i ) of our GP model at each xli and set the unnormalized

weight, w̄i, equal to

w̄i = p(yi < y∗)

= p(yi − y∗ < 0) ,
(4.10)

where µ∗, σ2
∗ are the µi, σ2

i pair with the lowest value of µi. yi − y∗ is therefore

distributed as N (µi − µ∗, σ2
i + σ2

∗) and w̄i can be evaluated using the normal cdf.

We then obtain normalized weights using

wi = w̄i∑
i w̄i

. (4.11)

This weighting has the desirable properties that the local minimum with the

lowest expected value has the greatest weight, while for all others the weight is

monotonically increasing with the expected value, and monotonically decreasing

with the variance. We therefore can express the distribution we use to draw

support points, q(x), as

q = Z

(
M∑
i=1

wiNbounded(xci , H−1
i ΣgiH

−T
i )

)
, (4.12)

where Nbounded is a Normal distribution clipped within the search domain and Z

is the appropriate normalizing constant.

4.3.3 Further Improvements

In the more complex MLQM approach we aim to achieve a more accurate approxi-

mation to the local distributions and their relative weights by making use of the full

covariance matrix between the function value and the elements of the Hessian matrix

and gradient vector at each local minimum. This improved approximation comes at
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the cost of a more involved process for generating draws, so incurs a slightly higher

overhead than the simpler method. To generate draws from each local approximation

we sample from the full GP posterior of the components of our Taylor approximation

a = [c, g0, g1, . . . , gd, h00, h01, . . . , h0d, h11, h12, . . . , h1d, . . . , hdd]T

∼ N (µ,Σ) .
(4.13)

We then find xi = xli −H−1g. If this falls within the optimization domain and the

sampled H is positive definite we use this as our draw. Otherwise we use a quadratic

programming implementation to solve the more complex inequality constrained

problem, where f must now be minimized subject to the constraints[
Id
−Id

]
x ≤

[
1d − xli
xli − 1d

]
(4.14)

which ensure the sample remains within the optimization domain. We then find

the value of the objective predicted at x by our Taylor expansion yi = f(xi). To

obtain m support points we take m sample-value pairs from each of the N local

approximations, and use that with the lowest predicted value in each case.

This process has effectively replaced our GP model with a minimum of quadratics

model with each independent quadratic being matched with full covariance to the

local minima of the GP posterior. We can then take exact draws from this model.

4.3.4 Validation of Support Point Methods

Since we do not have access to the true distribution p(x∗) we compare our methods

of generating support points by evaluating a set of quality metrics offline using a

selection of optimizations of sample objectives. For each step of optimization we

generate 1000 support points using each method and then take 10000 samples from

the GP posterior on these points. We then evaluate four quality metrics:

KL-divergence The distribution of the posterior minimum when confined to m

support points is an m-dimensional multinomial distribution, which, if the

support points have been drawn from p(x∗), will be uniform. Using a Dirichlet

prior we can find the parameters which maximize the posterior likelihood of
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this distribution conditioned on the observed draws. The KL-divergence from

the uniform distribution to the multinomial with these parameters provides a

measure of how similar our approximation distribution is to p(x∗).

Unused points If we take 10000 samples from a discrete uniform distribution

with 1000 values the expected number of values not occurring is less than one.

If a method has a significantly higher number of unused points this indicates

a large number of our support points have a very low value for p(x∗), so are

costing us additional computation time for no benefit.

Time Reducing execution time is of course our primary objective, and is measured

single threaded using an Intel® Xeon™ E5 processor.

Rate of useful point production We define a useful point in a set of support

points as one that is selected as the minimum at least one tenth as often as if

all points were equally likely to be selected. Since a support set containing a

single point which is always selected is not a useful set, we define the rate of

production of useful points as r = n−1
t

where n is the number of useful points

drawn.

We test our method of drawing support points from the GP posterior at each

step of the optimization of a selection of objectives which have been optimized

using the PES acquisition function. In addition to our two proposals and slice

sampling over both EI and LCB we test points drawn uniformly at random to

provide a baseline. We show the results on our chosen metrics averaged over each

step, and over five repeated runs of optimization, up to 80 steps in Table 4.1. It is

worth reiterating that the methods under consideration are generating points from

a proposal distribution which we would like to be similar to p(x∗). Samples from

the GP posterior are then generated on these support points to approximate actual

samples from p(x∗), with each new sample requiring only a draw from the posterior

multivariate normal distribution over the support points. By contrast methods such

as the spectral approximation of Hernández-Lobato et al. [2014] directly generate
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samples of p(x∗), but at the cost of considerable additional overhead cost. To obtain

samples using the spectral approximation method it is necessary to perform a global

optimization of a draw from the approximate model for each sample of x∗ required.

We would therefore expect this method to have perfect performance in terms of

the quality of the points produced when compared to the support point methods,

but at the cost of a substantially lower rate of production.

As expected, uniform draws perform poorly, with high KL divergence and almost

all points unused. Although this method is technically superior in both execution

time and the rate of generation of useful support points, the requirement to take

an order of magnitude more support points to obtain a similarly sized useful set

would be prohibitively expensive since we must take the Cholesky decomposition

of the GP posterior covariance matrix at these points. This additional cost would

more than cancel out any gains.

Our methods are comparable to EI and LCB, winning in all but one tests. The

more complex MLQM method usually obtains the highest quality support, with the

simpler WLH placed second. In both execution time and rate of point production

WLH has the advantage over MLQM, again with both methods comfortably ahead

of EI and LCB, so this is the method of drawing support points that we have

used for optimization unless otherwise noted.

4.4 Results

We compare our method (EnvPES) to expected improvement (EI), Predictive

Entropy Search (PES) and FABOLAS. Our own GP code using the Matérn 5/2

kernel is used for PES and EI. The implementation of FABOLAS used is that

provided by Klein et al. [2017] in the RoBO package.1 We have modified this

implementation to return the posterior mean minimizer, rather than the best value

observed, to provide consistent recommendations, and further, to use the Matérn

5/2 kernel over the environmental variable rather than the parametric form used

in the original (since the monotonic assumption does not necessarily hold in our
1https://github.com/automl/RoBO/
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KL-divergence
Objective Uniform EI LCB WLH MLQM
Branin 2d 4.53 3.44 3.67 0.425 0.239

Hartmann 3d 4.92 2.87 4.82 0.451 0.262
Draw 4d 1.75 0.854 1.8 0.738 0.85

Hartmann 6d 1.83 0.715 2.13 0.627 1.06
Percent useful points

Branin 2d 17.3 31.8 24.7 77.1 91.0
Hartmann 3d 13.9 36.1 17.1 73.3 90.5

Draw 4d 69.0 89.5 72.8 68.6 72.7
Hartmann 6d 66.7 88.2 65.8 77.9 70.6

Time
Branin 2d 0.000184 20.8 37.1 0.489 1.65

Hartmann 3d 0.000216 39.1 104 1.27 3.07
Draw 4d 0.000248 68.2 147 2.93 6.51

Hartmann 6d 0.000309 146 230 8.98 22.5
Rate of Useful Point Generation

Branin 2d 1.24e+06 34 12.1 1.69e+03 628
Hartmann 3d 5.37e+05 12.3 1.73 745 513

Draw 4d 2.2e+06 15.7 4.44 255 178
Hartmann 6d 2.26e+06 7.78 3.31 131 71.2

Table 4.1: Performance of methods of drawing support. Best performance shown in
bold on each row, excluding uniform support which is included only as a reference.

experiments). We show that we are able to match or exceed the performance

of existing methods over a selection of objectives. As before the objectives used

are fully specified in Appendix A.

For initialization we follow Klein et al. [2017] by evaluating a set of values of the

environmental variable for each random draw from x rather than each evaluation

being independent. We choose s = 0.5, 0.75, 0.875 and use twenty total evaluations

in the initialization dataset. It is worth noting that this is a more expensive choice

then FABOLAS, which uses s = 1/64, 1/128, 1/256, so differences in performance

early in the optimization process can be attributed to this substantial difference in

initialization cost, rather than the acquisition function used. All times have been

measured single threaded using an Intel® Xeon™ E5 processor.
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4.4.1 In-model test

To illustrate expected performance we use draws from the Matérn 5/2 kernel as

objective functions. The characteristic length parameter is set to 0.3 in each axis and

the search domain is [−1, 1]2. We model the environmental variable as an additional

dimension of the objective over [0, 1] with characteristic length lev, and the cost of

evaluations as an exponential exp(−lcs). We show results for advantageous and

adversarial values of lc and lev in Figure 4.1. This shows the potential gains of

making use of the environmental variable in a suitable scenario, while retaining

reasonable performance otherwise.
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Figure 4.1: Performance of EnvPES (green), PES (red) and EI (blue) on draws from
the Matérn kernel. The median (solid line) and interquartile range (shaded) of optimizing
40 draws are shown. Left: The objective and cost function had lc = 3 and lev = 1.5 which
allows very good performance as the cost decays quickly while the approximate objective
remains very similar to the true objective. Substantial improvement is therefore available
using less expensive evaluations. Right: The objective and cost function had lc = 1 and
lev = 0.4 which induces poor performance as the cost of evaluation does not reduce much
and evaluations at increasing s are only loosely linked to the true objective. Evaluations
cannot be made as cheaply compared to the full cost as the previous example and convey
little information about the true objective. EnvPES is no longer able to perform as well
as other methods since it needs to learn a more complex model.

4.4.2 Off model test
Common Synthetic Functions

We test our method on a selection of common objectives. The results are shown in

Figure 4.2. Following the approach of Swersky et al. [2013] we use a linear shift of
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the objective for the lower cost evaluations; in this setting the shift is continuous

rather than discrete. The cost imposed is of quadratic form rising from two minutes

as the cheapest up to thirty minutes for the full cost objective. Performance of

EnvPES matches or exceeds the other methods shown on each test. Considering

only the cost of evaluation, EnvPES and FABOLAS have similar performance,

but, acknowledging the real time to optimize the acquisition function, the lower

overheads of EnvPES allow better performance.

Gaussian Process Hyperparameters

Fitting the hyperparameters of a Gaussian process is a common machine learning

problem, with evaluation cost that scales as O(n3) with the number of datapoints.

We show the performance of our method in this task using a selection of datasets

using the Matérn 5/2 kernel. We transform the log-likelihood by

g(y, nsub) =
−y

nsub
N

if y < −1
1 + log(−y nsub

N
) else ,

(4.15)

which is monotonic, smooth and continuous with respect to the true log-likelihood

but reduces the absolute value of large negative likelihoods and normalizes subsets

to the value at the full dataset. This reduction in the dynamic range of the

objective prevents a reduction in performance due to numerical conditioning

problems previously discussed in §3.1.2. EI and PES are only able to evaluate

the objective using the full dataset, while variable fidelity allows evaluations using

between all and 2% of the full dataset in each case. In each experiment the total

computational budget is limited to 24 hours.

Our first test, shown in Figure 4.3, optimizes the input and output scale

hyperparameters for regression using the UK electricity dataset. On this two-

dimensional problem, evaluation of the log-likelihood typically incurs a cost of

around ten minutes when using the full dataset. Using EnvPES we are able to

achieve to achieve low values much earlier than methods not making use of the

environmental variable, and are faster in real-time convergence than FABOLAS

due to reduced overheads.
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Figure 4.2: Performance of EnvPES, PES , EI and FABOLAS with modifications
as noted on the Branin (top), Hartman 3D (middle) and Hartman 6D (bottom) test
functions with less expensive evaluations available under a linear shift from the true
objective. The performance is shown against evaluation time for the objective (left) and
including overhead due to the acquisition function (right). The median and interquartile
range (shaded) of 20 runs are shown. Note that while FABOLAS has good performance
with evaluation cost the high overheads detract from this substantially when included in
the cost.
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Using the four dimensional combined cycle power plant dataset we show, in

Figures 4.4 and 4.5 respectively, results for both the three dimensional optimization

problem over output scale, diagonal noise, and a single isotropic lengthscale; and

the six dimensional problem using an independent lengthscale hyperparameter for

each axis. These objectives are relatively cheap in comparison to the optimization

overhead, typically taking only 30 seconds to evaluate the full-cost objective. All

methods quickly obtain very similar values, so we have expressed results in terms

of regret with respect to the best single result obtained by any method for greater

visual clarity. The improvement gained in evaluation cost alone shown in the

leftmost plots has therefore not been translated to a performance improvement with

respect to total cost. However, we have not obtained noticeably worse performance

either, again showing that use of EnvPES in unfavourable conditions does not

lead to significantly reduced performance.

Our final GP hyperparameter test uses the nine dimensional physiochemical

properties of protein tertiary structure dataset with an isotropic Matérn 5/2 kernel,

giving a three dimensional objective function which typically requires 50 minutes

to evaluate using the full dataset. As we can see in Figure 4.6 we are able to

achieve substantial improvement in both evaluation and total cost with this more

expensive objective. In this objective, which is the most expensive and also has a

cubic scaling of cost with the environmental variable, the advantage of the variable

fidelity approach is clear, with good values being obtained only just after the first

random location has been evaluated by full-cost methods.

Support Vector Machine Hyperparameters

For much larger datasets it is not feasible to use a Gaussian process for inference.

Our first non-GP objective optimizes the parameters of a support vector machine

used to perform classification of the popular MNIST dataset. We optimize the

error penalty and kernel lengthscale hyperparameters for two dimensional objective

function. We allow the dataset size to vary from 100 to 10,000, which incurs a

cost of around five minutes at the maximum. As shown in Figure 4.7, we are able
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Figure 4.3: Performance of EnvPES, FABOLAS, PES, and EI minimizing the negative
log-likelihood of kernel hyperparameters for a Gaussian process on UK power data. The
median and interquartile range (shaded) of ten runs are shown. EnvPES and FABOLAS
both achieve good performance in terms of evaluations cost, but only EnvPES is able to
translate this into superior results when overhead cost is included.
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Figure 4.4: Performance of EnvPES, FABOLAS, PES and EI minimizing the negative
hyperparameter log-likelihood for the combined cycle power plant dataset with a single
lengthscale. The median and interquartile range (shaded) of ten runs are shown. Note that
the difference between the maximum evaluation cost and maximum total cost: the majority
of time is spent on optimizing the acquisition function. With such a comparatively cheap
objective the improvements made in terms of just evaluation cost have been negated by
the greater number of steps taken when full cost is considered for both variable fidelity
methods. The much earlier start of the plot for FABOLAS is due to the choice of much
cheaper initialization evaluations.
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Figure 4.5: Performance of EnvPES, FABOLAS, PES and EI minimizing the negative
hyperparameter log-likelihood for the combined cycle power plant dataset with a multiple
lengthscales. The median and interquartile range (shaded) of ten runs are shown. Note
that the difference between the maximum evaluation cost and maximum total cost: the
majority of time is spent on optimizing the acquisition function. With such a comparatively
cheap objective the improvements made in terms of just evaluation cost made by EnvPES
have been negated by the greater number of steps taken when full cost is considered.
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Figure 4.6: Performance of EnvPES, FABOLAS, PES and EI minimizing the negative
hyperparameter log-likelihood for the physiochemical properties of protein tertiary
structure dataset. The median and interquartile range (shaded) of ten runs are shown.
The variable fidelity approach has a clear advantage, with close to optimal performance
being obtained in barely more time than required by the first random evaluation at full
cost. Both EnvPES and Fabolas show significant improvement in terms of evaluation
cost alone. However, the higher overheads of FABOLAS prevent negate most of this
improvement when included.
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Figure 4.7: Performance of EnvPES, FABOLAS, PES, and EI finding the best
hyperparameters for a support vector machine classifying the MNIST dataset. The
median and interquartile range (shaded) of seven runs are shown. Here we have used the
original form of FABOLAS, since classifier performance should always improve with more
data available, and this has resulted in superior performance by FABOLAS in terms of
evaluation cost alone. However, the high overhead costs of FABOLAS prevent convergence
at the same rate as other methods when measured in terms of total computation time.

to achieve superior performance to the existing methods. Both our method and

FABOLAS are able to achieve low values faster than methods not making use of

the environmental variable. However, although it achieves the best performance of

all methods when considering only evaluation costs, the particularly high overhead

required by FABOLAS drastically reduces performance in real time.

Finally, we use support vector regression to perform inference on the 3D road

network dataset. We have used half of the full dataset for our true objective,

requiring approximately 100 minutes for training, and thus limiting the full-cost

methods to only a few steps beyond random initialization within the 24 hour

budget. By making intelligent use of reduced cost evaluations EnvPES is able

to take many more steps which, as seen in Figure 4.8 results in a small, but still

clear, performance improvement in real time.
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Figure 4.8: Performance of EnvPES, FABOLAS, PES and EI finding the best
hyperparameters for support vector regression on the 3D road network dataset. The
median and interquartile range (shaded) of ten runs are shown. FABOLAS has superior
performance in terms of evaluation cost alone. However, the high overhead costs of
FABOLAS prevent convergence at the same rate as other methods when measured in
terms of total computation time.
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In this Chapter we consider the special case of Bayesian optimization in an

unbiased variable fidelity setting. We show theoretically for PES, and empirically

for both PES and EI, that a practical method for setting the environmental variable

does not exist unless both predicted performance and the expected growth of

optimization overhead are considered. We then develop simple parametric models

for these quantities, and show that using the learned models we can predict the

best value for the environmental variable with reasonable accuracy.
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5.1 Unbiased Variable Fidelity as a Special Case

In §4.2.1 we defined the variable fidelity problem as using Bayesian optimization to

minimize a function f(x) by taking evaluations of fv(x, s), such that fv(x, 0) = f(x)

and subject to a cost function c(x, s), which ensures that the cost of evaluations

is monotonically decreasing with s for fixed x. This can be interpreted as finding

the minimum in the s = 0 plane of the D + 1 dimensional function fv. In the

results presented in §4.4, we used an i.i.d. Gaussian noise model, based on the

assumption that the change in the underlying true mean value of fv is the dominant

factor differentiating evaluations of differing cost which share the same x. However,

this is not true of all problems. We now consider a special case, in which the

environmental variable influences only the evaluation noise. This scenario may

occur, for example, if evaluations are obtained by taking the mean of some number

of cheap unbiased evaluations. An increased number of components will then

provide decreasing variance at increasing costs. Furthermore, by the central limit

theorem, the distribution of the mean will tend to a Gaussian distribution for a

large number of samples. Our problem is then to minimize fv(x, s) = f(x)+ ε where

ε ∼ N (0, σ(s)2), σ(s) is some monotonically increasing function of s. We redefine our

evaluation cost function as simply c(σ2), removing the dependence on x and defining

the environmental variable as equal to the observation noise variance, σ(s)2 = s.

We make the distinction at this point between white noise as additive noise

on function evaluations and white noise as a model for a deterministic function.

In the former case, repeated evaluation of the objective at the same location is

a stochastic process and the covariance matrix of a GP model remains diagonal

regardless of the locations of evaluations; in the latter case the function is evaluated

using a purely deterministic process and our use of a white noise kernel is a model

for some numerical error process. The GP covariance matrix in this case is not

diagonal if locations are repeated, as the result obtained will be identical. It is the

former case, in which evaluations at the same location are stochastic, and hence

can be combined to obtain an equivalent single evaluation with lower variance,

that we are concerned with in this chapter.
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5.2 Theoretical Performance

To select the most efficient value for the environmental variable, we wish to express

our acquisition function in terms of the environmental variable, and divided by the

evaluation cost, then optimize over both the input space and the environmental

variable, as in Section 4.2.1. For PES, this modified acquisition function is

α = E[∆H](x)
c(σ2) = 1

c(σ2)

(
0.5 log(v(x)+σ2)− 1

M

M∑
i=1

0.5 log(vi(x | x∗i )+σ2)
)
, (5.1)

where v(x) is the GP posterior variance at x marginalized over the GP hyper-

parameters and vi(x | x∗i ) is the new posterior variance with the ith sampled

global minimum, x∗i , included in the training data and marginalized over the

same hyperparameter samples. Consider the case in which the relation between

evaluation cost and σ2 takes the same form as that for the combination of N

independent Normal observations, that is

σ2 = σ2
0
N

c(σ2) = aN

(5.2)

where a and σ2
0 are some positive constants representing the cost and variance

of a single cheapest possible evaluation. In this case, there is no finite value of

the environmental variable which maximizes the acquisition function. Instead, the

maximum is the limit of σ2 →∞. We show that this result is true for a combination

of independent, or positively correlated, observations in Appendix B. The greedy

choice using this acquisition function and class of cost function will therefore be to

always take the cheapest, and highest noise, evaluation available at each step.

Unfortunately, this is not a practical choice. Although very large numbers of

cheap evaluations may provide superior performance with respect to only evaluation

cost in abstract, we will be unable to exploit this performance due to the rising

overhead costs of the acquisition function. Furthermore, we can expect some

reduction in performance due to conditioning noise in our covariance matrix, and

due to imperfect optimization of acquisition function which is highly mutimodal.

While we have only shown that an impractical solution is guaranteed to occur
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for PES when dividing the original acquisition function by evaluation cost we

should still be concerned with efficiency for other acquisition functions, and other

methods of accommodating evaluation costs (e.g. subtracting evaluation cost from

the acquisition function value). In general, we can expect that the unmodified

acquisition function will not have any significant increases with further reductions

in observation noise once a noise level which is sufficiently small compared to the

scale of the objective function has been reached. The cost-modified acquisition

function must therefore decrease due to rising evaluation costs as noise decreases.

We do not know for any scenario other than the PES acquisition function divided

by evaluation cost if this trend will be continued for large observation noise levels,

in which case optimal theoretical performance is in the limit σ2 → ∞, or if a

maximum will be obtained. Even in the case that a maximum does exist, there is

no guarantee that it occurs at a location which will lead to a reasonable number of

evaluations being taken, as for this we must also consider the total budget available.

As an illustration, consider three otherwise identical optimization tasks, in which

the first is afforded some budget B, while the second has 100B and the third only

0.01B. Maximizing the acquisition function for optimal performance with respect

to evaluation cost will lead to the same noise level in each case. With appropriately

chosen parameters in the first scenario these evaluations may cost 1
100

th of the

available budget and lead to reasonable optimization performance. However, the

second scenario takes evaluations costing only 1
10000

th of the total budget. In this case

optimization overheads will quickly grow to dominate the computational budget,

and it seems reasonable to believe that better performance might be obtained with

fewer evaluation of higher cost. Finally, the third scenario will use the full budget

in a single evaluation, clearly a sub-optimal choice. We therefore turn to empirical

observations of performance to obtain a more useful result.

5.3 Empirical Performance

To illustrate the actual range of performance for Bayesian optimization in a variable

fidelity context we show in Figure 5.1 the median regret and quartiles of a large
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number of optimizations with different noise settings on objectives drawn from the

3D Matérn kernel with lengthscale 0.5. We have shown the same optimizations in

terms of iterations, only evaluation cost, and total cost (evaluation and overheads),

for both EI and PES. The cost of evaluation is determined as c(σ2) = 3×10−5

σ2 , which

can be interpreted as the combination of independent observations each having

variance σ2 = 1 and requiring 3 × 10−5s to evaluate.

Our prediction that using cheaper evaluations will provide superior performance

for PES appears to be correct for this example, and EI exhibits the same behaviour.

However, as seen on the top row of Figure 5.1, the performance for the same number

of evaluations is much worse for high variance observations. We can therefore expect

to require many more low cost evaluations to achieve the same regret as a smaller

number of high cost evaluations (this does not preclude the low cost option being

more efficient with respect to cost). At some point the cubic overhead cost at each

step must limit our ability to undertake progressively greater numbers of cheaper

evaluations. Indeed, when the same results are plotted in terms of total cost we can

see that no single choice of evaluation cost yields the best performance. Instead,

each curve has a particular region of total cost in which it is best performing. Low

evaluation costs are preferable for low total costs, since they make more efficient use

of evaluations, while higher evaluation costs are preferable for higher total costs, since

the more efficient low evaluation cost choices are handicapped by rising overheads.

We therefore conclude that there is no single optimal fixed value of the en-

vironmental variable for Bayesian optimization in this setting. We must instead

make a more complex decision, taking into account:

1. the total computation budget available;

2. the predicted overhead costs of our acquisition function;

3. the expected performance of our acquisition function, as a function of obser-

vation noise variance, and conditioned on our prior belief for the objective

function.
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To make this decision we require models for both the rising overhead cost and

the expected performance.

5.4 An Algorithm for Unbiased Variable Fidelity

5.4.1 Modelling Overhead Cost

In order to predict the number of iterations that will be taken for a given computation

budget and evaluation cost, and hence overall performance, we first require a model

for the optimization overhead.

A selection of measured optimization overheads using EI for a three dimensional

objective are shown in Figure 5.2. Since the overhead is the sum of times for

linear algebra operations with well known scaling characteristics, the choice of

a cubic model is simple. However, in addition to per-step noise, there is clearly

considerable variation between different optimization runs. We therefore model each

individual sequence of optimization overheads as a separate cubic with multiplicative

unit mean Gaussian noise

p(c | n,Θ) ∼ N (θ3n
3 + θ2n

2 + θ1n+ θ0, θ4) , (5.3)

where the θi are the five components of Θ, which we in turn model as being drawn

from a multivariate normal prior, Θ ∼ N (µ,Σ) with hyperparameters µ and Σ.

These hyperparameters will be unique for each dimensionality and acquisition

function. To avoid conditioning problems in implementation, we parametrize the

cubic mean function in terms of the value and gradient at n = 0 and n = 200

rather than using the monomial coefficients. This is a simple linear transform

of Θ so has no effect on the model.

From a dataset of N optimizations we can infer a set of N maximum likelihood

parameters Θi using local optimization of the log-likelihood and hence the maximum

likelihood values of µ and Σ. We show in Figure 5.2 the learned model predictions,

and hence the predictions over the cumulative overhead, using the integral of the

cubic model, for an example set of optimization data.
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Figure 5.1: The performance of EI and PES on objectives drawn from the Matérn 5/2
kernel with lengthscale 0.5 for a a range of values of observation noise. Noise variance
is linked to evaluation cost by c(σ2) = 3×10−5

σ2 (an evaluation with variance σ2 = 10−6

requires 30s to complete). Results are shown in terms of iterations, evaluation cost and
evaluation plus overhead costs. For both acquisition functions high noise evaluations
provide better performance in terms of evaluation cost only, but are no longer competitive
when the high overhead costs are included.
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Figure 5.2: Per-step and cumulative overhead costs for EI in three dimensions. The
overhead is modelled as a cubic with multiplicative normal noise and parameters drawn
from a multivariate normal distribution. The mean and ±2 standard deviation of
predictions are shown. With a total computation budget sufficient for 250 evaluations
requiring 60 seconds each the number of iterations we are able to be able to take when
including the cost of overheads takes a unimodal distribution centred at roughly 160.

5.4.2 Predicting the Number of Iterations

We denote the cumulative overhead cost up to iteration N as

C(n) =
n∑
i=1

c(n) ∼ N (µcumulative(n), σ2
cumulative(n)) , (5.4)

which has a normal distribution since each individual c(i) is also normally distributed

(even if we had chosen some other distribution for c(i) the central limit theorem

ensures that C(n) approaches the normal distribution for large n). With a total

computation budget B and per-step evaluation cost s the time available for overhead

computation in an optimization taking n steps is B−ns. Therefore, to take at least

n iterations we require C(i) < B − is for all i ≤ n. However, since C(i) is strictly

increasing while B − is is strictly decreasing, this is equivalent to C(n) < B − ns.

The probability that we will be able to take at least m iterations is therefore:

p(n ≥ m | B, s) = p(C(m) < B −ms)

= 1
σcumulative(m)Φ

(
B −ms− µcumulative(m)

σcumulative(m)

)
.

(5.5)

Since the number of iterations must be an integer, the probability of taking exactly

m iterations is simply:

p(n = m | B, s) = p(n ≥ m | B, s)− p(n ≥ m+ 1 | B, s) . (5.6)
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We show this resulting distribution, which we will then use in combination with a

model of optimization performance, for an example budget and step cost in Figure

5.2.

5.4.3 Modelling Performance

To predict optimization performance we again select a relatively simple parametric

model. The optimization plots shown in Figure 5.1 exhibit a distinct bi-linear

trend when shown on a log scale (excluding the first ten points which are given

determined by random initialization). We therefore adopt a model using two terms

of the form a
xb (this takes a piecewise linear shape viewed on a log-log scale) with

log-normal multiplicative noise. The coefficient of one decay term is specified to

be a linear function of the observation noise variance, while the other coefficient

and both powers are constant:

R = (φ0n
−φ1 + (φ2 + σ2φ3)n−φ4) exp(κ), κ ∼ N (0, φ5) . (5.7)

These parameters φ are then expressed as a linear function of the log lengthscale

of the objective function

φi = ψi + ψ6+i log(L) (5.8)

to give a twelve parameter model for p(R | n, L,Ψ, σ2) for optimization regret as

a function of step number and objective function lengthscale.

Given a dataset of optimizations with known objective function lengthscale and

observation noise we place broad independent normal priors over the components

of Ψ and use a local search to obtain the maximum a-priori parameters, ΨMAP . As

shown in Figure 5.3 the model obtained provides reasonable predictive performance,

using a Matérn kernel in three dimensions, although it is expected that considerable

improvement could be made with more advanced methods. However, this simple

model provides sufficiently good performance for our objective here.
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Figure 5.3: Predicted optimization performance and actual observed performance using
our log-bi-linear model at a selection of lengthscales and observation noise variances. The
model was trained using a dataset of 1848 optimizations on sample objectives with known
lengthscale drawn from the Matérn 5/2 kernel.

5.4.4 Regret Prediction

Combining our models for optimization performance and overhead costs we now

wish to obtain a prediction for the performance of optimization on a given budget

and per-step cost. To achieve this we must marginalize over both our belief over

the objective function lengthscale, p(L), and the number of steps that will be taken

given the available budget and per-step cost, p(n | B, s).

p(R | ΨMAP, σ
2, B, s)) =

∫ ∞
0

( B
s∑

n=0
p(R | n, L,ΨMAP, σ

2)p(n | B, s)
)
p(L)dL

≈
J∑
j=0

( B
s∑

n=0
p(R | n, Lj,ΨMAP, σ

2)p(n | B, s)
)
p(Lj)

=
J∑
j=0

B
s∑

n=0
wjnp(R | n, Lj,ΨMAP, σ

2) ,

(5.9)

where wjn = p(n | B, s)p(Lj), and the integral over the lengthscale parameter

has been approximated as a summation. Unfortunately as this is a weighted sum

of log-normal distributions there is no closed form for the resulting distribution.

However, we only require the expected value. Letting the log-mean and log-variance

parameters of each p(R | n, Lj,ΨMAP, σ
2) be µjn σ2

jn this is given by

E
[
R | ΨMAP, σ

2, B, s
]
≈
∑J
j=0

∑B
s
n=0wjn exp(µjn + σ2

jn

2 )∑J
j=0

∑B
s
n=0wjn

. (5.10)
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Figure 5.4: Predicted optimum observation noise variance, and conditioned on this
choice the associated expected regret and number of steps over a range of total budget
and cost function values. Diagonals with unit gradient represent problems which are
equivalent in terms of budget and cost function, differences along these paths are the
result of overhead costs reducing the budget available to objective evaluations. The cost
function coefficient is shown plotted as the log10 variance that would be obtained by an
evaluation taking one minute, while budget is plotted as log10 hours.

We can then minimize this expected regret to find the predicted best performing

observation variance for a given budget, lengthscale prior distribution and cost-

variance relationship

σ2
opt(ΨMAP, B, c(s), p(L)) = arg min

σ2
E
[
R | ΨMAP, σ

2, B, s
]
. (5.11)

5.5 Results

We trained our performance and overhead models using a dataset of 1848 opti-

mizations on [−1, 1]3 up to 200 iterations, with objective lengthscales between
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Figure 5.5: Predicted, and observed, regret and overhead cost fraction for three objective
cost functions. All three cases have a total budget of one hour, while observations taking
one minute to evaluate are subject to noise with variance 10−2, 10−4 and 10−6 from top
to bottom respectively. For regret we show the predicted mean and its minimum, as well
as the mean and two standard deviations of the log-distribution. The observed mean
regret over 8 optimizations, marginalized over the objective function lengthscale prior,
follows a similar shape to the predicted mean. Our prediction of the fraction of the total
budget dedicated to overhead costs has a close fit to the observed value, with the optimum
performance having over two thirds of the total cost coming from acquisition function
overhead.

0.05 and 1.5, and observation noise with variance between 10−2 and 10−8. We

use a Gamma prior with shape parameter 4 and scale 0.2 for a single lengthscale

hyperparameter to make predictions. We have shown in Figure 5.5 predictions of

performance and overhead cost in comparison to that of actual optimizations for

three pairings of budget and cost function. While the model has not identified the

exact optimum observation variance, the overall shape of the performance curve is

accurate, and our predicted minimum is reasonably close to the observed location.

Our predictions of the fraction of the total computation budget used by overheads
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are more accurate. Notably, at the observed overhead fractions yielding optimum

performance, the overhead costs account for over two thirds of the total cost, more

than our already high predicted optimum values.

The predicted optimum noise variance, and conditioned on this choice the

associated expected regret, the number of steps, and the fraction of the total budget

given to overhead computation are shown as contour plots covering a range of

available budget and evaluation costs in Figure 5.4. Unsurprisingly, increases in

budget, or decreases in the cost of observations, lead to selecting more accurate

evaluations and improved predicted regret. However, the inclusion of overhead costs

in our model means that locations with equivalent budget and cost functions do

not have the same predicted performance, with higher budgets leading to better

predicted performance using cheaper evaluations, as the increased budget allows

for greater overhead costs. Consider the central diagonal in each plot in Figure

5.4. All points on this line represent problems for which 60 objective function

evaluations with observation noise variance σ2 = 10−6 are available. However, in

the bottom left corner (A) this corresponds to evaluations taking ∼ 20s out of a 20

minute budget, while at the top right (B) the same evaluations require 16.7 hours

from a 41.7 day budget. Under the usual assumption in Bayesian optimization

that overheads are negligible we would expect the same performance in both cases,

while in fact scenario A has an expected final regret of ∼ 10−1 while scenario

B is predicted a substantially better value of ∼ 10−2.6. The principle reason for

this difference is that the reduction in available budget for evaluations is much

more significant for the scenario with a smaller total budget. For scenario A the

overhead of less than 150 iterations consumes over 90% of the total budget while

for scenario B the overhead of over 1350 iterations consume less than 68%. The

combination of a greater number of objective evaluations, and the noise of those

evaluations being almost an order of magnitude lower naturally lead to much greater

performance in scenario B, a surprising result for two problems which are equivalent

up to a constant scaling of cost and budget.
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The fraction of the total budget that has been assigned to overhead cost is

perhaps surprisingly high: over half for the range of scenarios we have shown.

This leads to many more steps being taken than are usually shown in Bayesian

optimization literature. In scenario A, where overheads clearly dominate the total

computational cost, it is reasonable to question if Bayesian optimization is the best

strategy, and we believe investigating quantitative ways of determining the boundary

between optimality of Bayesan optimization and other optimization methods would

be a valuable avenue for future work. However, the least fraction of overhead

cost predicted over a wide range of settings in Figure 5.4 is 60%. Any reduction

in overhead costs which does not otherwise change the optimization performance

would be equaivalent to an equal scaling up of budget and evaluation cost, and will

therefore lead to improved performance. Our result in this chapter, in addition to

demonstrating a method for obtaining optimum performance in an unbiased variable

fidelity setting, provides a strong motivation to seek reduction in overhead costs.
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Implementation

In this Chapter we propose two methods for reducing the overhead costs of Bayesian

optimization using Gaussian processes without altering the acquisition function in

use. We first consider the process of marginalizing the GP hyperparameters, and

propose replacing the usual method of slice sampling with adaptive quadrature. We

show that the number of expensive O(n3) operations then decays during optimiza-

tion, a substantial cost saving. Finally, we note the potential for cost saving by

using batch evaluations of the acquisition function in the inner optimization routine.

Contents
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6.1 Problem Motivation

In Bayesian optimization we usually assume that optimization of the acquisition

function can be considered to have negligible cost in comparison to the objective.

However, the overhead is not truly negligible, taking on the order of seconds

101
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to maximize the EI acquisition function in our implementations (running single

threaded on an Intel® Xeon™ E5 processor) even with a small number of observations.

This rises to minutes with O(100) observations due to the cubic scaling of the GP.

Bayesian optimization is therefore limited in application to objectives sufficiently

expensive to outweigh this overhead. Any substantial reduction in overhead costs,

with or without changing the ultimate cubic scaling, is therefore desirable as it allows

a greater number of iterations to be taken before the overheads become comparable

to the objective. This widens the practical applicability of Bayesian optimization to

more complex or cheaper objectives. In this chapter we highlight two opportunities

for improved performance when using Gaussian processes independent of the details

of the particular Bayesian optimization algorithm in use.

6.2 Hyperparameter Marginalization

6.2.1 Slice Sampling

The use of slice-sampling to generate hyperparameter samples for approximate

marginalization is demonstrated by Murray and Adams [2010] and subsequently

used by many Bayesian optimization works including Snoek et al. [2012]; Swersky

et al. [2013, 2014]; Hernández-Lobato et al. [2014]. This marginalization provides a

performance improvement over using only a single maximum likelihood estimate

of hyperparameters (Snoek et al. [2012] provide direct comparison for expected

improvement on several objectives). A linear combination of the predictions under

each hyperparameter sample is then used for inference.

The use of this method for marginalizing over the hyperparameters is attractive,

since marginalization is a quadrature problem, and performing quadrature using

Monte-Carlo method with m samples provides O(m− 1
2 ) convergence, independent of

dimensionality. In a typical Bayesian optimization application the kernel has D + 1

hyperparameters to marginalize. However, we must draw our m hyperparameter

samples from the GP posterior, which we are not able to directly generate samples

from since the hyperparameter prior is transformed by the highly non-linear GP

log-likelihood ( Equation 2.21 ). Instead we perform slice-sampling using the GP
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log-likelihood. This incurs an O(n3) cost for each evaluation, and performs a line

search along each axis between every sample. Generation of the m samples thus

incurs an O(hmn3) cost, where h is the number of hyperparameters. The multiple

evaluations required for each linesearch, and the common practice when using

MCMC of discarding an initial burn-in period and subsampling due to correlation

between consecutive values, make the constant multiplier of this cost non-trivial.

In Osborne et al. [2009] this high cost at each iteration is avoided by using

Bayesian Monte-Carlo [Rasmussen and Ghahramani, 2003] with a fixed hyperparam-

eter grid of samples to perform hyperparameter marginalization (full detail is given

in Osborne et al. [2008]). The posterior distribution is then a linear combination

of Normal distributions with unequal weightings. Since the same hyperparameter

values are reused at each step, the GP log-likelihood can be obtained using only

an O(n2) update for each sample. However, the sampling pattern is fixed from the

first step, at which point it must provide support over a wide prior. By contrast

the hyperparameter posterior contracts to a narrow peak as additional information

is gained at each step of optimization. This will quickly lead to only a few elements

of the sampling pattern having non-trivial quadrature weights.

6.2.2 An Alternative Approach: Adaptive Quadrature

We propose to the use of adaptive quadrature to achieve a balance between the two

extremes of cost and effectiveness. The basic procedure for adaptive quadrature

in multiple dimensions, as described in Van Dooren and de Ridder [1976], is to

divide the space to be integrated into a set of subregions. A two-level quadrature

rule is used to estimate the integral, and the error on that estimate, in each region.

We then select the region with the greatest error estimate and subdivide. The

quadrature rule is then applied to both new regions, hopefully resulting in errors

which sum to less than the previous value. This process is repeated until a stopping

condition, usually either the total error or the number of iterations, has been

satisfied. The effect of this process is to concentrate evaluations in locations where
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the function takes on high or rapidly changing values. Adaptive quadrature, while

not independent of dimension, is therefore greatly preferable to a fixed scheme.

Between each iteration of Bayesian optimization only a single new point is

added to the dataset. The shape of the posterior over hyperparameters should

therefore remain similar after each update, with the greatest changes occurring

early in the optimization. We therefore expect that from step to step the choice of

regions to subdivide in adaptive quadrature will remain mostly the same. Since

the locations evaluated within each region follow a fixed pattern determined by our

choice of quadrature rule individual hyperparameter values will be reused many times

during optimization. If we store the Cholesky decomposition each time we make an

evaluation of the GP log-likelihood, we can then use this to make only O(n2) updates

when we return to that location in future iterations. The full cost, O(n3), operation

is then only required in subdivisions of hyperparameter space not previously used.

We hope that as optimization progresses and our dataset grows, each successive

new observation will have a diminishing impact on the shape of the hyperparameter

posterior and the number of new evaluations required will approach zero.

As our quadrature scheme we choose to use the Trapezoid rule of second and

third order. This places evaluations at the corners of each rectangle for the second

order rule, and additionally at the midpoints for the third order rule. Since all second

order evaluations are reused by the third order rule, and the midpoint evaluations of

parent hyperrectangles become the corners of the child hyperrectangles on division,

this choice means the hyperparameters of all log-likelihood evaluations we take

will be are used for marginalization. All three of the schemes under comparison

are illustrated in Figure 6.1.

6.2.3 Results

We use a fixed sequence of objective evaluations from Bayesian optimization using

PES as our dataset. For each iteration of the optimization, n, we then compare

the three methods of hyperparameter marginalization considered to approximate

the integral in Equation 2.28. We have used the same code (a simple python
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Regular Grid Slice Sampling Adaptive Quadrature

Figure 6.1: Illustration of the quadrature methods under comparison over an example
likelihood function. On a regular grid almost all points have very low likelihood so
contribute little to marginalization. Slice sampling generates equally weighted samples
from the likelihood being integrated over, but a large number of likelihood evaluations are
used between each actual sample. Adaptive quadrature divides the space in a deterministic
manner to cluster points around the peak likelihood.

implementation) to perform the Cholesky decomposition and updates in each case.

A fixed linear spacing of 14 points on each axis is used for the fixed grid, while

adaptive quadrature undertakes two hundred divisions. This gives roughly 2500

hyperparameters values in each case, the number for adaptive quadrature is not

fixed, as divisions may be able to reuse values already calculated for adjacent

hyperrectangles. In our slice sampling test, we only generate a set of only 200

samples, do not subsample, and use a burn-in period of only 20 samples.

The number of log-likelihood evaluations at each iteration taken by each method

is shown in Figure 6.2, separated into O(n2) and O(n3) operations. The grid method

obviously performs best under this measure, since the additional memory used

to store the Cholesky decompositions across iterations allows every operation to

be a fast update. While adaptive quadrature does require some cubic evaluations

initially, this number rapidly reduces so that the overwhelming majority of operations

are also fast updates. Slice sampling, despite only producing a smaller dataset,

requires a large number of log-likelihood evaluations for each point produced, so

tests many more hyperparameter values than the other methods, all requiring

an expensive cubic calculation. In this measure of performance slice sampling

is therefore by far the worst.
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We show in Figure 6.3 the average number of O(n2) update steps our adaptive

method requires to perform log-likelihood evaluations. The plot always takes small

values rather than rising linearly, indicating that as expected sequential adaptive

quadrature operations take very similar set of subdivisions.

As a measure of the usefulness of the quality of the support points produced,

we show in Figure 6.4 the fraction of hyperparameter values with likelihood values

greater than 0.01 of the maximum likelihood observed in that iteration. The points

produced from slice sampling have been drawn from p(θ | X, Y ) so are combined

with equal weighting, and almost all samples do fulfil this criterion anyway. However,

the values obtained for use in quadrature are weighted according to the p(θ | X, Y ).

Any points where this value is negligible are assigned similarly negligible weightings,

so do not provide a useful contribution to our model. As expected the fraction

of points that make non-trivial contribution becomes very low for the fixed grid

method since the hyperparameter posterior has contracted due to the observed

data. Very few points on the grid are close to the peak hyperparameter likelihood.

Use of adaptive quadrature has ensured that about a third of our hyperparameter

samples are assigned non-trivial weighting as the integrand contracts.

The execution time for the three methods are shown in Figure 6.5. As expected

the fixed grid method has the lowest execution time. Slice sampling is over an

order of magnitude slower despite having produced far less samples, due to the

large number of evaluations that do not contribute the the marginalization and

the cubic cost of each. Our adaptive quadrature method achieves execution

time similar to the fixed grid method, while performing a much more effective

marginalization. We therefore strongly recommend use of such adaptive schemes for

hyperparameter marginalization in any Bayesian optimization implementation

requiring low overheads.

6.3 Batched Acquisition Search

Little attention is usually given to the details of optimization of the acquisition

function. DIRECT is a particularly common choice (examples include Osborne
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et al. [2009]; González et al. [2016b]), while Calandra et al. [2016] further refines the

solution provided by DIRECT using a local search. The provided implementation of

PES [Hernández-Lobato et al., 2014] performs a local search starting from the best

location on a regular grid of one thousand points, while CMA-ES is used by Gunter

et al. [2014]. Following these examples we have also used DIRECT followed by a local

refinement in our implementations. The common feature between these searches is

their use of sequential evaluations of the acquisition function in implementation.

The EI, LCB, and PI acquisition functions are all simple functions of the GP

posterior mean and variance at a point, while PES requires the mean and covariance

matrix between two points (the query point and the sampled minimum), both

unaltered and conditioned on global minimum observations. This inference incurs

O(n2) cost, and naturally inference at m separate locations incurs O(mn2) cost.

However, these are only orders of scaling for large values of n,m. The timing

behaviour for small values is determined not by the mathematical operations to be

performed, but by the architecture and operating system of the device performing

computation. An introduction to operating systems is provided by Doeppner [2011],

however two effects are of particular concern.

Cache hits In order for a CPU to perform operations the data must first be read

from memory into a CPU register, usually via a hierarchy of intermediate

caches of increasing speed but decreasing size. If a program is designed

such that sequential operations are made on data that is stored in adjacent

locations then the data required for each operation is far more likely to

already be located in the fastest cache when required (a cache hit). This

avoids considerable delays in execution that are incurred when the CPU must

wait for required data to be fetched from a slower storage location (a cache

miss).

Function call overheads Whenever a program makes a function call considerable

overhead is incurred in order to save the current state of execution, load the

instructions for the new function, and then restore the previous state when
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that function returns. In an implementation of Bayesian optimization each

function call to evaluate the acquisition function might in turn call a function

to infer the posterior mean and variance, which in turn calls a linear algebra

subroutine to operate on the raw data. If a program is designed such that

functions operate on data in batches whenever possible then much of the

overhead that would be incurred by individual function calls can be avoided.

The combination of these effects lead us to expect that inference atm locations in

sequence will considerably more expensive than a single operation. Therefore, if the

acquisition function is evaluated in batches of locations simultaneously we can expect

a substantial decrease in the overhead costs of optimizing the acquisition function.

We show in Figure 6.6 a comparison of the cost of evaluation of the Expected

Improvement acquisition function in sequential and batched form. As expected the

cost of sequential evaluations is much greater. If we can perform optimization of

the acquisition function using an algorithm which performs otherwise identically,

but evaluates in batches of O(10), we can expect nearly an order of magnitude

reduction in the overhead cost of this process.

Therefore, we wish to modify our inner search routine to allow batch evaluations.

Although we not aware of any existing implementations that take sequential

evaluations, the DIRECT and CMA-ES algorithms already have logical divisions into

batches of evaluations. In DIRECT, each iteration selects a set of rectangles to divide

then splits each along multiple axes, taking two evaluations for each split. CMA-ES

evaluates a fixed size population sampled from a multivariate normal distribution

at each step. There is also some opportunity for batch evaluations in second-order

local optimization algorithms, which commonly alternate between line searches and

gradient approximation at a single point. Gradient estimation using function values

evaluates multiple locations in a fixed design, and therefore could be performed as a

single batch evaluation. Alternatively, if a multi-start local optimization algorithm

is being used, then each incidence could be run simultaneously, and the evaluations

requested by each collated into a batch at each iteration. Random and grid search

implementations can of course also be trivially evaluated as a batch.
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7.1 Overview of Contributions

The principal contributions in this thesis have been to the speed and practicality

of Bayesian optimization.

The problem of terminating Bayesian optimization once acceptable results

have been obtained is approached in Chapter 3. We develop BLOSSOM, a new

Bayesian optimization algorithm, which makes an intelligent choice between multiple

acquisition functions and pure local search at each step. This allows us to avoid

the poor convergence properties of Gaussian process methods. Stopping is handled

using an estimate of the expected global regret, a more intuitive quantity than

local measures which have previously been proposed. The combination of fast

convergence via local search and avoiding wasted effort once a sufficiently good

result has been obtained allow us to achieve significantly better optimization

performance than existing methods.

113
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In Chapter 4 we first developed a pair of new methods for generating support

points to be used in taking draws from the distribution of the minimum of a

Gaussian process. In these methods the number of points generated is decoupled

from the GP model, allowing large numbers of support points to be generated

without significantly increasing costs. Furthermore, the support points produced

were shown to have greater similarity to the true minimum distribution than existing

methods. We then make use of these methods in adapting the PES acquisition

function to the setting of variable fidelity Bayesian optimization. Using this modified

algorithm we show superior performance to the state of the art using common

optimization test functions and real problems from machine learning.

In Chapter 5 we again considered variable fidelity Bayesian optimization, this

time in the special case of unbiased noise. We showed that the overhead cost and

a total computation budget must be considered to obtain a practical result, and

developed a model of overhead and performance which allowed us to select the

optimum fixed per-step cost with reasonable accuracy. The predictions made are of

particular note since they allocate the majority of the total computation budget

to overhead costs rather than objective function evaluations.

Finally, in Chapter 6, we considered reducing the cost of the acquisition function.

Making use of adaptive quadrature, rather than Monte Carlo integration using

slice sampling, to marginalize GP hyperparameters allows us to use cheap O(n2)

Cholesky updates rather than full O(n3) decompositions for a majority of log-

likelihood evaluations as optimization progresses. This, combined with performing

the inner search of the acquisition function using faster batch evaluations, gives

the potential for substantial improvements in execution time without changing

the underlying Bayesian optimization method used.

7.2 Directions for Future Work

In our experiments using biased variable fidelity we have considered only adding a

single observation to the dataset at each iteration. We mentioned in Chapter 6 the

existence of works considering Bayesian optimization with simultaneous evaluations
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at multiple locations. However, in the biased variable fidelity setting problems exist

for which we could evaluate using multiple fidelities at a reduced cost compared

to the sum of the individual costs. For example, several of our test objectives

maximize GP hyperparameter log-likelihood by using subsets of the full dataset to

control the environmental variable. The dominant cost of evaluation is the O(n3)

Cholesky decomposition of the covariance matrix. However, once this operation

has been performed we can reuse this decomposition to evaluate the log-likelihood

of any m < n subset sharing the first m elements of the original subset without

performing another Cholesky decomposition. We believe that the key obstacle in

considering multiple fidelity evaluations will be balancing the performance gains

due to additional cheap information with the faster overhead growth incurred by

adding multiple observations to the dataset at each iteration.

A further potential extension to the variable fidelity problem would be to

accommodate constrained and multi-objective optimization problems. These are

common in the engineering design setting, where the existence of an environmental

variable in the form of the coarseness of discretization of space and time for

ordinary and partial differential equation solvers provides a clear opportunity to

apply a variable fidelity approach.

Using BLOSSOM we have achieved good optimization performance for smooth

objectives providing exact evaluations by using BFGS as a local optimizer. However,

in the common application of hyperparameter tuning for classification the objective

function is piecewise constant with discrete steps in multiples of 1
n
, where n is the

size of the test dataset. Unless n is sufficiently large that we can still consider

the function smooth in practice we cannot use a local optimizer which relies on

gradient and Hessian approximation. Exploitation by Gaussian process methods is

even more undesirable in this context than the continuous case once uncertainty

in the GP model at a local minimum falls below 1
n
. In this setting clearly no

final stage of optimization is required. We suggest replacing the estimation of a

convex sphere with determining a region surrounding the posterior mean minimum
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for which the GP model predicts a probability less than some ε of deviating

from the relevant 1
n

window.

Another case not approached by BLOSSOM is that of noisy observations. In

this setting no changes are needed to the global stages of the algorithm, since

the GP model already accommodates observations noise (although many more

noisy observations will be required to reach low values of global regret). However,

BFGS is again no longer a suitable choice so must be replaced with an appropriate

noisy local optimizer such as stochastic gradient descent, or CMA-ES constrained

within the local basin.

There are several directions for progress available in the unbiased variable

fidelity setting. Primarily, since we have used a simple parametric model for both

overhead and performance, only considering a single lengthscale hyperparameter,

considerable improvement can be expected if more complex regression methods are

used. Furthermore, our model for overhead growth is specific to the system used to

produce training data. An updated model suitable for practical use would consist of

a “complexity” model accounting for the growth of the mathematical requirements of

the overhead, modified by a simpler “processor” model that could be trained quickly

on specific hardware. Further improvements are likely available since our work in

this area has only considered making a single fixed choice for the environmental

variable, based on our prior for the objective function hyperparameters. Making a

selection online at each step using the hyperparameter posterior may yield better

performance. However, since such a decision will necessarily require marginalization

over the space of all possible future decisions in a similar manner to multi-step

lookahead approaches this is a highly non-trivial proposition.

We have demonstrated in Chapter 6 that there are considerable time saving

improvements available to both the marginalization of GP hyperparameters and also

maximization of the acquisition function. It remains to implement these changes as

low-level code specific to Bayesian Optimization, in order to gain real improvements

from the reduced mathematical burden. As we have already noted, little attention

is given to the method used for the inner search since this cost is traditionally
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considered negligible in comparison to the objective. Our results in Chapter 5 show

that this may not always be the true, and therefore motivate further investigation

into which of the wide range of global optimization algorithms available may be

best suited for optimizing the acquisition function.
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Details about Objective Functions

Contents
A.1 Closed Form Objectives . . . . . . . . . . . . . . . . . . . 115
A.2 Machine Learning Objectives . . . . . . . . . . . . . . . 117

We have made use of various functions to benchmark our Bayesian Optimiza-

tion routines. In this section we provide the details on the implementation of

these problems.

A.1 Closed Form Objectives
Branin Function

A two-dimensional objective with three distinct global minima. The search do-

main is [0, 1]2.

f(x) =
(
−1.275(x0

π
)2 + 5x0

π
+ x1 − 6

)2
+
(

10.− 5
4π

)
cos(x0) + 10 (A.1)

Camel 3 Hump Function

A two dimensional objective with a single global minimum and other local minima.

The search domain is [−5, 5]2.
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f(x) = 2x2
0 − 1.05x4

0 + x6
0

6 + x0x1 + x2
1 (A.2)

Camel 6 Hump Function

A two dimensional objective with a single global minimum and other local minima.

The search domain is [−3, 3] × [−2, 2].

f(x) =
(

4.− 2.1x2
0 + x4

0
3

)
x2

0 + x0x1 +
(
−4 + 4x2

1

)
x2

1 (A.3)

Hartmann 3D Function

A three dimensional objective with a single global minimum and other local minima.

The search domain is [−5, 10]3.

f(x) = −
3∑
i=0

αi

− 2∑
j=0

Aij(xj − Pij)2


α = [1.0, 1.2, 3.0, 3.2]

A =


3 10 30

0.1 10 35
3 10 35

0.1 10 35



P =


0.3689 0.1170 0.2673
0.4699 0.4387 0.7470
0.1091 0.8732 0.5547
0.0381 0.5743 0.8828



(A.4)
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Hartmann 6D Function

A six dimensional objective with a single global minimum and other local minima.

The search domain is [0, 1]6.

f(x) = −
3∑
i=0

αi

− 5∑
j=0

Aij(xj − Pij)2


α = [1.0, 1.2, 3.0, 3.2]

A =


10 3 17 3.5 1.7 8

0.05 10 17 0.1 8 14
3 3.5 1.7 10 17 8
17 8 0.05 10 0.1 14



P =


0.1312 0.1696 0.5569 0.1240 0.8283 0.5886
0.2329 0.4135 0.8307 0.3736 0.1004 0.9991
0.2348 0.1451 0.3522 0.2883 0.3047 0.6650
0.4047 0.8828 0.8732 0.5743 0.1091 0.3810



(A.5)

Hartmann 4D Function

A four dimensional objective with a single global minimum and other local minima.

The search domain is [0, 1]4.

f(x) = 1
0.839

1.1−
3∑
i=0

αi

− 3∑
j=0

Aij(xj − Pij)2

 (A.6)

α,A, and P take the same values as above.

A.2 Machine Learning Objectives

Use of a Gaussian Process as a regression model requires selection (or marginaliza-

tion) of the kernel hyperparameters to obtain good performance. Maximizing the

GP log-likelihood is one common method of selection. However, for large datasets

the cost of each evaluation is substantial. We have used this optimization of GP

hyperparameters as a test objective for our methods using several datasets. Due

to the large dynamic range of negative values for log-likelihoods we transform

the original log-likelihood by

f ′(x) =
f(x) x > 0

log(f(x)) x ≤ 0
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to reduce the dynamic range and hence make the objective functions more suitable

for modelling by the Matérn 5/2 kernel. We use GP hyperparameter optimization

with these modifications for several of the objectives listed.

UK Power Consumption

We use a dataset of half hourly temperature measurements for UK electricity

demand1 over the 2015 calendar year to provide a 1D dataset for fitting. Log-

likelihood evaluations using the full 17,520 elements typically requires around ten

minutes. We fix the observation noise to 10−9 to avoid conditioning problems

and optimize over the shape and scale parameters of the Matérn kernel to give

a two dimensional objective.

Combined Cycle Power Plant

We use the Combined Cycle Power Plant dataset sourced from [Dheeru and

Karra Taniskidou, 2017] of 9,568 of measurements of temperature, ambient pressure,

relative humidity and exhaust vacuum to infer net hourly output of a power plant

Tüfekci [2014]. The log-likelihood of hyperparameter values using this dataset

typically require 30 seconds to evaluate. We use this data to provide two log-

likelihood objective functions, first using noise, shape and scale parameters of the

isotropic Matérn 5/2 kernel to provide a three dimensional objective, and second

using four shape parameters of the anisotropic form of the kernel to provide a

six dimensional objective.

Physiochemical Properties of Protein Tertiary Structure

We use the Physiochemical Properties of Protein Tertiary Structure dataset sourced

from [Dheeru and Karra Taniskidou, 2017] of 45,730 of measurements of nine

physical parameters to infer residue size. The log-likelihood of hyperparameter

values using this dataset typically require 50 minutes to evaluate. We use this data
1www2.nationalgrid.com/UK/Industry-information/Electricity-transmission-operational-

data/Data-explorer
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optimize the diagonal noise, shape and scale parameters of the isotropic Matérn

5/2 kernel to provide a three dimensional objective.

MNIST SVM

MNIST [LeCun and Cortes, 2010] is a popular regression dataset in which the

task is to classify 10,000 greyscale images of handwritten digits. We use the

support vector machine implementation provided by Pedregosa et al. [2011] to

perform this task, which typically requires five minutes to complete using the full

dataset. The input space for optimization consists of the error penalty and kernel

parameters used in training, and the output is the fraction of correct predictions

achieved on a held out test set.

Road Network SVR

We use the 3D Road Network (North Jutland, Denmark) dataset sourced from

[Dheeru and Karra Taniskidou, 2017], which provides elevation measurements at

434,874 locations [Kaul et al., 2013]. The support vector regression implementation

of Pedregosa et al. [2011] is trained to predict elevation using half of the full

dataset, a task which requires approximately 100 minutes to perform. Performance

is optimized with respect to the error penalty and kernel parameters to achieve

the minimum mean squared prediction error.
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Contents
B.1 Independent Observations . . . . . . . . . . . . . . . . . 121
B.2 Correlated Observations . . . . . . . . . . . . . . . . . . 122

In this Appendix we analyse the effect of variation in the environmental

variable for optimization using the PES acquisition function in an unbiased variable

fidelity setting.

The original PES acquisition function is the difference in entropy at the query

point induced by an observation marginalized over the M samples of the true

global minimum

α = E[∆H](x) = 0.5 log(v(x) + σ2)− 1
M

M∑
i=1

0.5 log(vi(x | x∗i ) + σ2) , (B.1)

where v(x) is the GP posterior variance at x marginalized over the GP hyper-

parameters and vi(x | x∗i ) is the new posterior variance with the ith sampled

global minimum, x∗i , included in the training data and marginalized over the same

hyperparameter samples. In a variable fidelity context we divide this quantity by the

evaluation cost to obtain a per-unit-cost acquisition function. Since in this section

we are not concerned with variations in the query location or hyperparameters
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we simplify notation by defining

v = v(x)

v∗i = vi(x | x∗i )

σ2 = u(s)

(B.2)

where u(s) is some function determining the observation variance in terms of the

environmental variable s. Defining the cost of taking an evaluation as c(s) the

modified acquisition function which seeks the greatest reduction in Entropy per

unit cost can now be expressed as

α = 0.5
Mc(s)

M∑
i=1

log
(
v + u(s)
v∗i + u(s)

)
. (B.3)

where the v(x) term has now been included within the summation over sampled

global minima.

B.1 Independent Observations

We first consider the case where the environmental variable controls the number n

of repeated i.i.d. observations of the objective, with each having variance u0. We

then have u(s) = u0
n

and c(s) = An for some positive constant A. Substituting

these into our acquisition and rearranging we have

α = 0.5
AM

M∑
i=1

1
n

log
(
nv + u0

nv∗i + u0

)
. (B.4)

Ideally we would like to find an value for the n which maximizes α. However,
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∂α

∂n
= 0.5
AM

M∑
i=1

(
− 1
n2 log

(
nv + u0

nv∗i + u0

)
+ 1
n

(v − v∗i )u0

(nv∗i + u0)(nv + u0)

)

= 0.5
AM

M∑
i=1

1
n2

(
n(v − v∗i )u0

(nv∗i + u0)(nv + u0) − log
(

1 + n(v − v∗i )
nv∗i + u0

))

≤ 0.5
AM

M∑
i=1

1
n2

 n(v − v∗i )u0

(nv∗i + u0)(nv + u0) −
n(v−v∗i )
nv∗i +u0

1 + n(v−v∗i )
nv∗i +u0


= 0.5
AM

M∑
i=1

1
n2

(
n(v − v∗i )u0

(nv∗i + u0)(nv + u0) −
n(v − v∗i )(nv∗i + u0)
(nv∗i + u0)(nv + u0)

)

= 0.5
AM

M∑
i=1

1
n2

(
−n2(v − v∗i )v∗i

(nv∗i + u0)(nv + u0)

)
< 0 .

(B.5)

where we have used the property log(1 +x) ≥ x
1+x and v > v∗i (since v∗i is an update

of v given additional information). Our acquisition is therefore monotonically

decreasing, and the least expensive evaluation at n = 1 is optimal.

B.2 Correlated Observations

We now consider the more complex case where observations may be made with

non-zero covariance structure. Consider n identically distributed but dependant

zero-mean observations N (0,Σ), where Σ is any valid covariance matrix with some

kernel k(i, j) where k(i, i) = U . The sum of off-diagonal elements for size n is

g(n) =
n∑
i=1

n∑
j=i+1

2k(i, j) . (B.6)

and the variance of the mean of the n observations is given by

u(n) = Un+ g(n)
n2 . (B.7)

Our per-unit cost acquisition function and its derivative are now
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α = 0.5
AM

M∑
i=1

1
n

log
(
n2v + Un+ g(n)
n2v∗i + Un+ g(n)

)
∂α

∂n
= 0.5
AM

M∑
i=1

(
− 1
n2 log

(
n2v + Un+ g(n)
n2v∗i + Un+ g(n)

)

+ 1
n

(v − v∗i )(2ng(n)− n2g′(n) + n2U)
(n2v + Un+ g(n))(n2v∗i + Un+ g(n))

)

= 0.5
AM

M∑
i=1

1
n2

(
(v − v∗i )(2g(n)− ng′(n) + nU)

(n2v + Un+ g(n))(n2v∗i + Un+ g(n))

− log
(

1 + n2(v − v∗i )
n2v∗i + Un+ g(n)

))

≤ 0.5
AM

M∑
i=1

1
n2

 (v − v∗i )(g(n)− ng′(n) + nU)
(n2v + Un+ g(n))(n2v∗i + Un+ g(n)) −

n2(v−v∗i )
n2v∗i +Un+g(n)

1 + n2(v−v∗i )
n2v∗i +Un+g(n)


= 0.5
AM

M∑
i=1

(
(v − v∗i )(n2v∗i − g(n) + ng′(n))

(n2v + Un+ g(n))(n2v∗i + Un+ g(n))

)
.

(B.8)

This is less than zero if n2v∗i − g(n) + ng′(n) > 0. This trivially includes the

independent case g(n) = g′(n) = 0. If we restrict Σ to be a Toeplitz matrix defined

by some series such that the elements on the ith diagonal are ai = k(i, 0), with

a0 = U , we can consider g′(n) as a piecewise constant function, defined as the sum

of step functions of aiH(n − i) at each i ∈ N. We then have

g(n) =
∫ n

1

n∑
i=1

2aiH(n− i)dn

=
n∑
i=1

2ai(n− i)H(n− i)
(B.9)

where the constant arising from integration is zero to satisfy g(1) = 0. Substituting

these terms we have

n2v∗i − g(n) + ng′(n)

= n2v∗i −
n∑
i=1

2ai(n− i)H(n− i) + n
n∑
i=1

2aiH(n− i)

= n2v∗i +
n∑
i=1

2aiiH(n− i)

(B.10)

which is positive for all Σ with strictly positive entries, and all series of ai satisfying∑
iai > 0 ∀i.
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Correlations between observations that satisfy this condition therefore induce a

strictly decreasing acquisition with respect to batch size, and a single observation

is the optimum choice, as in the independent case. Note that since we have

used an inequality in Equation B.8 this is sufficient condition for a monotonicity

with respect to the environmental variable. Scenarios with negative correlations

between observations that do not meet this condition may still have a single

observation as the optimum choice.
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