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Abstract

We describe a non-linear anisotropic hyperelastic model appropriate for geomaterials, deriving the
full stress-strain response from strain energy or complementary energy functions. Specific forms of
the functions are chosen so that the stiffness and compliance matrices have the appropriate minor
symmetries. The model employs two material parameters to describe basic volumetric and shear
response, one to express nonlinearity of stiffness as a function of mean stress, and two more
(together with the directions of the principal axes of anisotropy) to express the degree of anisotropy.
The model is modular, so that non-linearity and anisotropy can be included separately or in
combination. For specific parameter settings it reduces to simpler cases such as linear isotropic
elasticity. Because the model employs hyperelasticity, thermodynamic acceptability is ensured and
all appropriate cross-coupling terms are included between the shear and volumetric behaviour.

1 Introduction

1.1 A note on notation

In common with most work in continuum mechanics, this paper makes extensive use of tensors. In
that field, two main forms of notation are current: the bold face (component-free) notation and the
index notation. Both have advantages and drawbacks. To facilitate moving between the two forms
we give, whenever appropriate, first the component-free form and then in square brackets [...] the
index form. We restrict ourselves to a Cartesian reference system. Apart from the exception noted
below, we adopt the tensile positive convention usual in continuum mechanics, rather than
compressive positive usual in geomechanics.

Considering the Cartesian basis e;,i=1...3 and adopting the summation convention over repeated

indices, a second order tensor a can be written a =aje;e;. Without ambiguity, in component-free

ij
form the tensor can be represented by a and in index form by ajj - Products between two second

order tensors a and b are defined by a:b=aq;b; (contraction), ab=a;b;e;e; (inner product),

a®b =aq;bye;e;ee (tensor product) and a@b:%(a,-kbj,+a,~/bjk)e,-ejeke, (symmetric product).
The trace of a second order tensor is tr(a)=a;;. The second order identity tensor is written
I:S,-je,-ej with 8,-j denoting the Kronecker delta (8,-j =1,i=j; 6,-1- =0,i#j). A prime is used to

. . r_ 1 r 1 :
denote the deviatoric part of a tensor a —a—gtr(a)l [aj; = aj; =3 0kS;; 1. The strain tensor € and

the stress tensor ¢ are both symmetric, e=¢' [s,-j =8j,~], 6=0' [c,-j =0 ]. Further details of

tensor notation, including definitions of invariants and their derivatives, are given in Table 1, and
definitions of 4™ order unit tensors, used later in this paper, are given in Table 2. We follow
principally the notation set out by Chaves (2013), see also Holzapfel (2000) and Bigoni (2012).

This paper is only concerned with the relationship between the stresses and strains (the constitutive
relationship), and not with the definitions used for these variables. However, the stress and strain
must each be properly defined tensors, and must form a work-conjugate pair such that the rate of
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work input per unit volume to a material element is W=0:€ =G,-jé,-j . Note though that the physical

interpretation of “linearity” depends on the choice made for these variables: for instance a linear
relationship between the second Piola-Kirchhoff stress and the Green-Lagrange strain tensor would
not imply a linear stress-strain relationship if alternative definitions were used.

The triaxial variables (defined as compressive positive, following the usual convention in

geomechanics) are related to the invariants through p:—%tr(o):—%cﬁ (mean stress),

q:,/%tr(o'z) zqgc}jc}i (deviatoric stress), g, =—tr(s)=—s,~,~ (volumetric strain) and
g = /%tr(s'z) =, /%s}js}-i (deviatoric strain). Where it is appropriate we give in braces {...} the form

of relevant expression in triaxial variables (see Table 3).

In the following, all stresses referred to are to be understood as “effective stresses” in soil mechanics
terms, that is to say they are the total stress minus the pore fluid pressure. However, we omit the
prime notation that is usually employed to indicate effective stress. Instead the prime is used (as is
conventional in continuum mechanics) to indicate the deviator of a tensor.

1.2 Soils and elasticity

At very small strains the deformation behaviour of soils can be modelled as “elastic” (i.e. fully
recoverable), and at larger strains elasticity theory plays a central role as a component of elastic-
plastic theories of nonlinear behaviour. However, the elastic behaviour of most soils does not
conform to simple linear isotropic elasticity. Two important complications need to be taken into
account: anisotropy and nonlinearity.

Anisotropy

Anisotropy arises from the fact that the elastic properties of a soil may be different in different
directions. In the theory of elastic crystals this is usually addressed by consideration of a variety of
symmetries. For amorphous materials such as soils, however, it is more appropriate to describe
anisotropy in a different way, and a widely accepted technique is to use a “fabric tensor” to define
the degree of anisotropy. This tensor is usually chosen as a symmetric second order tensor, for
instance a [a,-j], and we adopt that approach here. As a result, the model we describe belongs to

the class of orthotropic materials (materials with three mutually perpendicular planes of symmetry),
although it does not encompass the full generality of orthotropy. For many cases the model will
reduce to the class of transverse isotropy (i.e. those materials possessing a single, usually vertical,
axis of symmetry, also called cross-anisotropic), but again it does not encompass the full generality
of such models. Implicit in the approach we describe here are some relationships between the
moduli in the general orthotropic case, as discussed by Lodge (1955). In spite of these limitations,
however, our approach is probably sufficient to describe the anisotropy of most soils and
geomaterials, and it has the advantage that it employs very few parameters.

As the fabric tensor is intended to convey information about anisotropy, it can be normalised so
that it excludes purely isotropic information. One way to do this, without loss of generality, is to
assign an arbitrary value to the trace of the tensor tr(a) [a;; ], which is an isotropic property of the
tensor and therefore conveys no information about directionality. In this case we could choose the
trace so that it is the same as the trace of the unit tensor in three dimensions tr(a)=tr(l)=3

[ @ =8;; =3]. Thus the fabric tensor could conveniently be written a=1+a’ [a,j = 6,-j +a}j ], where
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a’:a—%tr(a)l [a}j =ajj —%akkéi,-j] is the deviator of the fabric tensor. Zysset and Curnier (1995)
use a variant of this approach in which they define a fabric tensor of the form gl+G [g6,-j +G,-j]
where g is a scalarand G [G,-j] a traceless tensor. However, we consider that the inclusion of the

scalar variable g is unnecessary, as clearly it cannot convey any information about the directional
features of anisotropy: its function can in effect be absorbed into other isotropic properties.

An alternative, which we pursue below, is to assign an arbitrary value to the determinant of the
fabric tensor, and in this case it is convenient to choose

det(a)=1/3, =%(Ztr(a3)_3tr(a2)tr(a)+tr3(a))=det(l)=1
[det(a,-j)zlga =%(Za,-jajkak,- — 3000k +a,-,-ajjakk)=det(8,-j)=1]. This approach was taken by
Lodge (1955).

Bigoni and Loret (1999) choose a third option, constraining the anisotropy tensor (which they call

B [8;]) by tr(B?)=tr()=3 [B;8;=5;5; =3]. We emphasise though that the choice of which

§=ji
constraint to apply to the value of the anisotropy tensor is arbitrary, and simply governed by

analytical convenience. For instance, Amorosi et al. (2018) pursue the option tr(az):3 .

We are not concerned here how the fabric tensor might arise, and in particular whether it
represents inherent anisotropy (fundamental to the structure of the material) or induced anisotropy
(which can evolve as a result of the history of inelastic deformation). In the latter case some
evolution law would need to be defined to link changes of the fabric tensor to the evolving history,
but that too is not our concern here. We are concerned with how the degree of anisotropy can be
taken into account rigorously within elasticity theory, once any degree of anisotropy is known.

Nonlinearity

Nonlinearity (at small strain) arises usually from the dependence of both the bulk and shear moduli
on the mean compressive stress (pressure), most usually modelled by expressing the moduli as
power functions of the pressure. This phenomenon should not be confused with the nonlinearity of
the secant shear stiffness G; =1/y when expressed as a function of the shear strain amplitude,

giving rise to the well-known S-shaped curve in a G, v.logy plot. The latter arises entirely due to

dissipative (elastic-plastic) processes, and is not due to the underlying elastic properties of the soil.
The use of the variable G to quantify this strain-dependent “stiffness” is somewhat misleading, as

it does not represent truly “elastic” properties of the material.

Given the above observations, it is surprising that no widely adopted procedures exist for addressing
the combined anisotropy and nonlinear elasticity of soils. Gajo and Bigoni (2008) present one of the
few attempts to combine nonlinearity and anisotropy. Unlike our approach below, they allow for
separate power functions to be applied to the volumetric and deviatoric components, but we are
unaware of data that supports this necessity, and their approach has the disadvantage that the
inverse of the stiffness matrix (i.e. the compliance matrix) cannot be written explicitly. Aspects of
the experimental data that support different models are discussed by Amorosi et al. (2019).

Our purpose here is to set out a new approach, to be used either stand-alone to describe the
elasticity of soils at very small strains, or as the elastic component of a more complex elastic-plastic
theory. Our starting point is isotropic linear elasticity, which we first extend independently to the
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nonlinear case and to anisotropy, and then deal with the combined case. Unlike our previous work
on nonlinearity (Houlsby, Amorosi and Rojas, 2005), where we began by considering simplified
stress states and then extended the analysis to general stresses, we shall start here by stating the
general case and then simplify this to some special cases, notably the triaxial test. Much of this paper
is devoted to setting out the defining equations in some detail. Some implications of the new model
and comparisons with experimental data are discussed by Amorosi et al. (2019), where we also
compare and contrast our model with theoretical models developed by other authors, for
anisotropy, for nonlinearity and for the combination of the two phenomena.

2 Linear isotropic elasticity
We restate well-known results in this Section merely to set out our terminology and methodology.

Elasticity theories must be consistent with the laws of thermodynamics, and it is widely accepted
that this can only be guaranteed if the material can be described as hyperelastic; that is to say that
the stresses o [G,-j] {p,q } are the differential of an elastic strain energy E(¢) [E(eij)] {E(sv,ss)}

E E
OF Hp= 0 ,q= 0 }. An equivalent statement is that
g O, Ogg
the strains are the differential of the complementary energy C(o) [C(cs,-j)] {C(p,q)} with respect to
the stresses: € =8—C [ej :a_c] {e, =8—C, € :a—c }, where the strain energy and complementary
oo 8G,~j op oq

energy are related through the Legendre transform £+C=0:€ [E+C=0¢;] {E+C=pe, +qes}.

. . OE
with respect to the strains: o = % [ =
€

When considering isothermal problems, the strain energy can be identified with the Helmholtz free
energy, E=f, and the complementary energy with the (negative) Gibbs free energy, C=-g, see

Houlsby and Puzrin (2006).

The stiffness matrix is then obtained by further differentiation, writing:

. 0o . o’E . .
G=—1 €= :€=D:e€

Oe 0e® Ot (1)
. 0oy, o’E . .
Gjj = = ek = Dyjkiek

= S =
6sk, K aSk/aSij

Or equivalently the compliance matrix is defined through:

. Ot . o’c . .
e=—:6=——:0=C:o

0o 006 ® 0o 2)
o= i g o’ S = CisG
i = | = kI = CijkiOki

80,(, ack,cs,-j

When written in the form above, the stiffness (or compliance) matrix has 3x3x3x3=81
components. However, because of the symmetry of the stress and strain tensors, each has just 6
independent components, and the relationship between their increments can therefore be written
in the form of a 6x6 matrix with just 36 components. There is therefore an ambiguity in the way
the stiffness matrix can be expressed: multiple choices of the form of D [Djy] can result in the

same incremental stress-strain response. This ambiguity is almost universally resolved by requiring

D [Dijk/] to possess the “minor symmetries” Diiki = Dijkg and Djjik =Djjiy as well as the “major
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symmetry” Dy =Dy which arises from the existence of a strain energy potential and the

independence of the order of differentiation of £. We adopt this canonical form of I [Dy,], and

when all the symmetries are applied the number of independent components reduces to 21.

Because D [D,-jk,] is obtained by differentiation of E, the choice of the canonical form for the

stiffness matrix imposes a corresponding requirement on the functional form of E, which we
address in the next section.

2.1 Strain energy form
The strain energy for a linear isotropic elastic material is often written as:

A K
E="tr(e)+ utr(sz) =—tr’(e)+ Gtr(elz)
2 2 ...(3)
A K N
= 8iijj + ME;Eji = &g jj + GEyEji

Where K is the bulk modulus, G the shear modulus, X:K—%G and u=G are Lamé’s parameters.

However, for the reasons discussed above in relation to the symmetries of the stiffness matrix, we

define Y™ :%(£+s ) [ssym ;(sj "y ) ] and then write the strain energy in the form:

E= %tr2 (g)+ utr(ssymz j = gtr2 (e)+ Gtr(s-:’sym2 j

/sym fsym
jl

..(4)

}\’ sym_sym K
= it ﬂ+u( e ) S i jj T Ge;

The above rewriting may seem to be unnecessary pedantry, because the symmetry of the strain
tensor means that the rewriting does not change the numerical value of the strain energy. However,
when twice differentiated with respect to strain, the alternative form results in different entries in
the D [Dijk/] matrix. We write the strain energy in this form for purely formal purposes so that when
twice differentiated it gives the required canonical form of the stiffness matrix, respecting the minor
symmetries. We note that these niceties can be avoided by use of the Voigt notation in which stress
and strain are represented by 6x1 vectors rather than 3x3 tensors.

Later, to facilitate the development of the non-linear form we introduce a reference pressure p,,
and dimensionless bulk and shear stiffness coefficients k and g, and we write:

E= &(ktrz (g)+2g tr(t—:'sym2 D
2 .(5)

sym_rsym
(ks,, ejj+2ge; ey )

In triaxial variables we can also write:

K 3G
E=—¢2 +78§ 2r (keﬁ +3g8§) ...(6)
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3k—2g , or alternatively g:M
6k +2g k  2(1+v)

Note that Poisson’s ratio is given by v= . For a typical

Poisson’s ratio of v~ 0.2 for a granular material, the latter yields %z 0.75.

6tr( sym j a( sym sym)

otr(e . €

Noting the results ( )=| [ag” =8y] and ——2 =2 [#—28/ym 2™ 1,
O 88,(, O€ 08,(,

we immediately obtain by differentiation:

6_E:ktr(e)l+2u(esym):Ktr(s)l+26(e’sym)
€

= S + 20 ™ = Koy S+ 2GE™ (7)
Cjj = =Agk0; + us €kOjj + Gs

E E
0 €y, q=§—=3Gss

ey €s

so that tr(c)=3Ktr(e) [o;; =3Ke;] {p=Ke, }and ' =2Ge"™™ [o}; :ZGa}f‘ym] {g=3Ge,}.
We can also immediately write the incremental forms:
. sym _ 2 - sym 2 o -
6 =Ktr(&)1+2GE k-36 tr(€)1+2Ge™™ = K-3G |®1+2611 )¢
=(Kf+261@5ym):é=ﬂ»:é
GU:KékkS +268,Sym ( K3; Sk/+ZG(%(6ik8j/+8i/6jk)_%8ij'8k/))ék/:Dijk/ék/
p| [k o7&, )
g| |0 36G|é&

where D [ Dy, ] is the incremental stiffness matrix, a fourth order tensor (see Table 2 for definitions

of 4t order unit tensors and projection tensors).

2.2 Complementary energy form
Alternatively one may write the complementary energy variously as:

sym? sym> 1sym>
e ) e ) [ )

+ = +
ap(3n+2p) 4n 18K 4G 2p,| 9k 29

sym __sym Sym __rsym Ssym __rsym
_(1_3)\%i%; Oy © _%iSj %5 i _ 1| %% O i 9)
K 2G) 18 4G 18K 4G 2p,| 9k 2g

2 2 2 2
I A
2K 6G 2p,| k 3g
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Because of the rather complex form that C takes in terms of the Lamé parameters, we prefer the
form using the bulk and shear moduli and we do not pursue the use of Lamé parameters further.
We can immediately obtain:

s=a—C=itr(o)l+io’sym

0o 9K 2G

oC 1 1 sym
€= — = 5.8 +—0oY (10)
I ooy ok MU T o6

oC oc
SV:—ZBI SS:—:i

op K g 3G

1 1 1 , 1
so that tr(s)zitr(o) [8” ZQG”] {SV =p/K } and E’ZEO”Sym [SU ch;ym] { €5 :q/3G }

The incremental forms follow in a similar way to Eq. 8, leading for instance to

é:(if+ipsym]:d=({3:d.
ok 26

3 Isotropic nonlinear elasticity
In the following we only consider compressive stress states, i.e. those in which the mean effective

stress or pressure p :—%tr(o): —%o,-,- is positive.

3.1 Complementary energy form

Houlsby et al. (2005) describe a simple extension of linear isotropic elasticity to the case of non-
linear (pressure-dependent moduli). Their model involves raising the complementary energy to an
appropriate power. Here we implement this by first defining p, as the positive root of:

2 _ tr® (o) N k(l_”)tr(c,sym2 j

Po 9 29
:GiiG/j+k(1_”)G;§ymGr$ym ..(11)
9 29 I J
k(l—n
_ 2 k) o
39

Note that either (a) on the isotropic stress axis o' =0 [G}j =0]{g=0} or(b) for n=1 it follows that
1 1
po=—3tr(6)=—30K=p.

It follows that:

k(1—n
o%=ltr(o)l+—( )o'sym
oo 9 29
Po _1 k(1=n) sym
P, _ P, _ k(l_n)
Po~ =P o= 4




We then write the complementary energy for 0<n<1 as:

2—-n
_ 1 Po
) e

In the above expressions the factors (1—n) and (2—n) appear so that, on the isotropic axis, the
incremental bulk and shear stiffnesses take the simple forms:

K 5 G 5
K _ (ﬁj and & — g(ﬁJ (14
Pr Pr pr Pr

However, note that for stress states not on the isotropic axis, the incremental response involves a

form of “stress induced anisotropy” and cannot simply be expressed through bulk and shear moduli.
It is straightforward to show that the linear case is recovered by setting n=0.

The above expression results in the reference point for zero strain being, as is conventional, at zero
stress. Unfortunately this requirement means that the above expression cannot be extended to the
important limiting case n=1, which represents moduli proportional to pressure, as this results in
strains that are infinite at zero stress. If, however, the reference point for zero strain is moved to
the point 6 =—p,I [cr,-j :—p,8,~j] {p=p,,q=01}on the isotropic axis, then the limiting case can be

considered. This shift of datum point is achieved by setting the switch parameter N=1 in the
following modified expression for the complementary energy for 0<n<1:

CzN[kJ'—n)‘k(lp—n)J*k<1—5>r<z—n)(i_fj2_n -

The previous case is recovered by setting N =0. Note that the change of origin for strain has no
effect on the incremental stiffness values. Equation 15 is still not valid for n=1, and this special
case is dealt with in the Section 3.2 below.

For 0<n<1 the strains are derived as follows:

tE_%_3k(1—n)+8po oo :3k(1—n)+k(1—n) p, oo

N 1(p 1 tr(o) +0'5vm
- 3k(1-n) p, p, 9%(1-n) 29
oc  N&;  ac ap, NGO 1 (p, )" ap,
gjj = = + = + Lol
doj;  3k(1-n) dp, do;;  3k(1-n) k(1-n) p,

Wy 1(n )" owyy o
3k(1—n) p,\ p, %(1-n) 29

oc_ NI 8Cdp, NI 1 [&Jl_n%

8
! .(16)

From which follows:



1 tr(o)( p N
tr(s): N+ Fo
k(l_n) 3pr pr
1 —hn
ke N+ (p_o) -(17)
k(l—n) 3p, \ pr
1 p -
p
v —[—OJ -N
k(l_n) br\ Pr
—n
€= 1 (p_oj o-'sym
2gp, \ pr
1 —hn
gj = (p_o] o™ .(18)
2gp, \ Py
1 (p -
39p, \ Pr
Further differentiation leads to:
. Ot . 8%c
E=—:0= o)
oo 0o ® 0o
f Psym
_n +
~ (poJ 9k(1_n) y :0=C:0o
Pr\Pr) |k(1=n)n| tr(o)l ™| | tr(o)l o™
p2  |9k(1-n)" 29 | |%k(1-n) 29
. 68,] 52C .
& =3 =3 oY
Oki kIO
Ojby 1
N R
=_(_Oj rsym sym [ Ckl = CijkiSki
pr\ Pr k(1-=n)n| Smmd; Oj; Sk .ok
p2 | 9(1-n) 29 | 9(1-n) 29
3gp° + kq* —-ngp
) “n —k > . _
SANAN —ngp 1 (p2+£(1—n)2q2] aq (19)
3gp; 3gp2 3g
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1 _ntrz(o) 1 tr2(0)+ k tr(o'symz)
- S E S Tt
Exploiting (from Eg. 11) the fact that (l—n) 9p> p> 9 29 , we can
rewrite the compliance as:
2 oy )] =
tr (o) I Py
n + >+
C:i(p—oj 9k 29 9t 29
p\ b,
_itr(o)[cysym ®|+|®0rsym]_k(1_n)norsym QRgYm
p, 189 49°p;
isym _ssym \ §..§ 1
Smm©®nn , Omn Snm kI L (1(s < s \_1s.
ok + zg 9 2 +2g(2(6Ik61/+6l/61k) 381_18/(/)
Po

1(p o
Pr \ Pr

ij

2
Po 189

k(1—n)n
_N" Smm [Gr§ym5k/+5ij6;<slym}_ (1-n)

Sym cy;sym
2.2 ki
49" p,

.(20)

It may readily be confirmed that the above expression respects the minor symmetries of the

compliance matrix.

Specifically, on the isotropic axis (and only on this axis), 6'=0 [c}; =0]{q =0}, for which p, =p ,

and the incremental form reduces to:

T sym
pr\ pr 9% 29

—-n
. _1(p) 8w 14 1 :
Sij—_[;] {9—k+5(5(5ik5ﬂ+5i/51k)‘§5fi5k/) O

(21)

.(22)
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-(23)

Showing that on the isotropic axis only the incremental bulk and shear moduli take the form as given

in Egs. 14.

3.2 Complementary energy form: special casen=1

It can be shown that in the limit for tr(o)<0 [0;;<0 ] {p>0}and N=1, as n=1, Eq. 15

approaches asymptotically the expression:

c:&tr<°>[.og£—tr<o>)l}3"(°'“”“2J

k 3k 3p, 4gtr(o)

'sym __rsym
_Pr i g =% | 4| 2%

2
k k P, 6gp

And the equivalent expressions to Eqgs. 16-19 and 21-23 are given by Egs. 25-31:

2
1sym
ac 1 —tr(o) 30”Sym 3tr(0’ jl
e=—=——-Iog I

_ + 5
go 3k 3pr 2gtr(c)  4gtr®(o)
C_ac 1 (o) 395 3emTens,

y aGU 3k 3pr y ngkk 4gc5kkcs/,

tr(s):_lbg(‘”(")}r 9tr(0'sym2)

k 3py 4gtr? (o)
1 _ 96'SYMg'SYM
Exk ———Iog[ GkkJ_'_ Smn Snm
k 3p, 490 kO

..(24)

...(25)

...(26)



30rsym orsym

B _2gtr(o) B 2gp

Ssym sym
30,-]- ojj

!

g'uz— =

Y 290 20p
q

gg=——

° 3gp

Further differentiation gives:

. OEF . ocC
E=—o0= :0
oo 0o ® 0o

tr o’sym2
1

— sym
:1 —+ 5 ]I+IPJ + ! (o'sym®l+l®o'sym) :0=C:o
p|| 9% 2gtr’(o) 2g  2gtr(o)
. Ogjj oc .
Ejj = Okl = Okl
80,(, 8(7/(/0,']'
i+w S Sur -+
1| 9% 2gc,,0 Yok
_- 99ppCaq Skt =CijkiSki
Pl1 1 1 1sym sym
1+i -9
|:8v:|: 1k 3gp®> 3gp [P}
€| p —q 1 |9
3gp 3g

12

.(27)

...(28)

It can be seen that the compliance matrix can be obtained simply by substituting n=1 and p, =p

into Eq. 20.

On the isotropic axis (and only on this axis), ¢'=0 [G}j =0]{g =0} we obtain:

g1l Ly, Lpom .
p| 9k 29

1)1 10 1 '
= ;{9_/(6’78"/ +5(5(5ik6ﬂ +8y8 1)~ 3884 )}Gk’

..(29)
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., tr(o)
tr(€)= ™
o dkk
Epp =— ..(30)
K= 35
: p
g, = ——
Y 3kp
1sym
€=
2gp
- isym
fo
8;j= ij ..(31)
2gp
: q
fo=——
° 3gp

3.3 Strain energy form
Alternatively, to derive the response from the elastic strain energy, one can write that r, is the

positive root of:

r2 :(N—k(l—n)tr(s))2 +2gk(1—n)tr(s'sym2 )
= (N—k(1-n)e; )* +2gk(1-n)efmem (32)
=(N+k(1—n)sv)2+3gk(1—n)s§
On the isotropic strain axis € =0 [g};=0] {e;=0}, r,=N—k(1-n)tr(e)=N—k(1-n)gy =
=N+k(1-n)g,, and for n=1, r,=N.

It follows that:

ro%=k(1 n)[ (N—k(1—n)tr(e ))I+2ge'sym}
€
or, ,
rogij k(1- n)[—(N—k(l—n)skk)S +Zgasme (33)
r ai=k(1—n)(N+k(1—n)a ), r ai:3gk(1—n)s
© o, Y © deq s

and then for 0<n<1 we write:

k(z_n[ (2-n)/(1-n) N] ..(34)

Differentiation, following the pattern for the complementary energy case, leads directly to
expressions for stress in terms of strain. For 0<n<1:



14
o OE_OEo __ Pr Y1)
oe or, oe  k(1-n) Oe

=p,ry (1-n) [—(N —k(1—n)tr(e))I+ 2gs'sym}

..(35)
o) = OF _OE O ___Pr__,3(1-n) o
de; Or, O k(1-n) Oe;j
=p, 1) (1-n) [—(N—k(l—n)skk)?),-j +2gs}7me
From which follows:
tr(o)= —3p,r£/(1_n) (N—k(1-n)tr(e))
Okk = —3p,r£/(1_n)(N—k(1—n)skk)
p=p,r, (1_n)(N+k(1—n)8v) .(36)
' =2gp,r:/(1_n)e'sym
o; =20p, T, (1_n)8;;‘ym -(37)
g =3gp,r7 (g,
And furthermore we can derive the relationship:
Po _  1/(1-n) ..(38)

Pr

Further differentiation gives:

s 00 . 0k
0 0e®oe’
[k(l—n)f+29]£”sym}+
=p,rg/(1_n) kn sym sym re=D:e
E[(k(l—n)tr(e)—N)Hde }@[(k(l—n)tr(s)—N)Hde }
O:: = aGU &L= azE &
v 88k, K 88,(,88,-1- ki
/(1-n) (1) +20 (3800 + 8y )~ 0008y )|+
n —n . )
i k ekl = Djjiew
- r_g[(k(l—n)smm —N)3; +2g8}/§ym][(k(1_”)8nn —N)3yy +298;<S/ym} U
(o]

.(39)



lo

k
—2(r02—3gkn(1—n)e§) 5

3gknes (N +k(1-n)s, )

fo
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3gkne (N +k(1—n)e €
J 5( ( ) V) 3—g(roz+3gkn8§) ’
2 2
i fo f'o i
[k 2 k 2 2 kngp |
n _Z(p +—(1—n) q j 2
3g 2
=p, )
Pr kngp 3gp2 + qu €s
i P P

On the isotropic strain axis only, € =0 [g}j =0]{es =0}, the incremental form reduces to:

G= p,r:/(l_n) {kf +2gPY™ } ‘€
..(40)

. 1- .
Gjj = Prfg/ (1=n) {k5ij5k/ +2g (%(Siks 1+ 8id K )~ 388 )} €kl

tr(¢)= 3kp,r:/(1_n) tr()

dkk = 3kprron/(1_n)ékk (41)

p= kprr:/(l—”)gv

6' = ngrf:/ (1_”),'_:'5\”“

Lo)grsym (82)

) n
Gij :ngrro/( i

: 1-
q= 3gp,r:/( n)gs

where we note that on the isotropic axis rg/(l_") =(p, /oy )n =(p/p, )n.

3.4 Strain energy form: special casen=1
For N=1, in the limiting case n=>1 it can be shown that Eq. 34 approaches asymptotically:

—:exp(—ktr(s)+gktr(s'sym2 D —1}

1)

sym rsym (43)

T_exp(—ks,-,- +gk8ij &5
3gk
24}
2
The equivalents to Eqs. 35-37 and 39-42 become Egs. 44 to 50:

2
o= Z_C =p, exp(—ktr(s) + gktr(a'sym D[—I + 2ge'sme
3

)| -85 + 2025 |

— exp(kev +

...(44)

_ sym _ssym
P, exp(—kgkk +gkey) ey

G.. =
y 88U
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tr(e)=-3p, exp(—ktr(s) +gk tr(e’f‘ym2 D

O =3P, exp(—kekk + gks}js'j,-) ..(45)

3gk
p=p, exp[ksv +%8§j

2
o' =2gp, exp(—ktr(e) + gktr(s'sym Ds’sym =2gpe”Y"

o =20p, exp(—kakk +gkelyMep)™ )g;.fym =2gpe;;"" ..(46)

3gk 2
q =3gp, exp(ksv +Tes jes =3gpe,

Further differentiation (and substituting the solution for p) gives:

. 00 . oC )
6=—E= (€
O€ O ® Oe
= p{k[—|+29€’sym} ®[—I+ 2gs'sym} +2g]P>Sym} =D:¢
c-,..:acifgkl: of &y
y 68/(/ aSk/asij
..(47
k[—8U+2gs}j§ym}[—8kI+2g8;<s,ym}+ . ' (47)
=p . . €1 = Djjriex
2g [E(Siks ji +988 jk)_gsklsij}
¢ ka
R T P ]
. |=P 2, 2 . |=P 2 | -
q 3gke, 3g(1+9g kss) € k_q 3g+kq—2 €
p

Noting that for N=1 ,as n=1, rg/(l_n) = exp(—ktr(e)), it can be seen that the stiffness matrix

can be obtained by substituting n=1, r, =1 and prr:/(l_n) =p=p,r01/(1_n) into Eq. 39.

On the isotropic strain axis only, € =0 [s}j =0]{e;, =0}

c=p{kf+zg19>5ym}:é

.(48)
&= p{k8ij5k/ + Zg[%(&@ﬂ +88 )~ 3858 }}ék’
tr(6) =3kpé
(o) sk .(49)

p=kpg,
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6! — ngérsym
&7 =2gpe’™ ..(50)
q =3gpe,

It can be confirmed that the results in Sections 3.1 and 3.2 are exactly equivalent to those in 3.3 and
3.4.

4 Anisotropy
The following argument follows very closely that of Zysset and Curnier (1995), except that here we
employ a positive-definite symmetric second order fabric tensor B [B,-j], whereas they used a

traceless second order tensor G [G,-j] in combination with a scalar g .

If linear elasticity is to be defined so that anisotropy depends on a symmetric second order fabric
tensor B [B,~j], then it can be argued from the theory of tensor invariants (see for instance Spencer

(1971)) that the general form of the strain energy function must be of the form:
E=c tr’(e)+c, tr(ss2 ) +c3tr® (eB)+¢y tr(szB) +co tr? (eBZ)

.(51)
+Cg tr((x—:B)2 ) +cytr(e)tr(eB)+cg tr(e)tr(eB2 ) +¢q tr(sB)tr(sBz)

The above may be compared with the very similar equation 4 of Zysset and Curnier (1995). We

follow them in preferring the use of tr((eB)z) [€;Bjk&kByi] rather than the possible alternative of
tr(ssz) [gijejkBk,B/,-], see also Spencer (1971) and Boehler (1987). Each of the coefficients

C1...Co may themselves be functions of tr(B) [B;], tr(Bz) [ B;jBji], and tr(B3) [ B;BjkByi 1-

However, this form admits a bewildering variety of possibilities, which Zysset and Curnier (1995)
effectively went on to restrict by making further assumptions.

Although they express it in slightly different terms, Gajo and Bigoni (2008) suggest a restricted form
of the above expression, choosing for the linear case just two terms. We have followed their
terminology in using B [B,-j] here for the fabric tensor:

E:c3tr2(B£)+c6tr((Bs)2) (52)

(Note that tr(eB)=tr(Be) etc.) If c3,cg are taken as constants and if B=I [Bjj =8, then linear
isotropic elasticity is recovered. Gajo and Bigoni (2008) note that this form of strain energy function
leads to the anisotropic linear elastic form described by Bigoni and Loret (1999).

Equation (52) is clearly inspired by the concept that the strain & [€;;] in the strain energy expression

for an isotropic material can simply be replaced by the product of the strain and the anisotropy
tensor Be [Byé&;] in order to define the strain energy for an anisotropic material. However, we

consider this analogy should be approached with caution. Whilst both the strain € [¢;;] and the

anisotropy B [B,-j] are symmetric tensors, the product Be [B,-kskj] is not. To treat the unsymmetric
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tensor Be [Bikgkj] as if it were directly analogous to the symmetric tensor € [8,-1-] is open to

guestion. We emphasise though that this concern does not invalidate Eq. 52, which is a perfectly
correct special case of Eq. 51. Our concern relates solely to the implicit interpretation that the
symmetric € [€j] can be generalised to the non-symmetric Be [B,-kakj]. In the following we

therefore pursue an approach originally due to Lodge (1955) in which a symmetric equivalent strain
is defined.

Whilst Be [Bjgy;] is not symmetric, asaT[a,-kak,aj,] is symmetric, where a[aj;] is an alternative
definition of an anisotropy tensor, also symmetric. We therefore follow Lodge (1955) in defining a
1

symmetric equivalent strain € =aga' (& =auegaj]and note that e=a ga | (&) :aﬁ(lﬁk/aj_,l].

Furthermore, if we define B = a’ [Bjj =ajkay;], it follows that:

tr(€)= tr(as-:aT ) = tr(azs) =tr(Be)= tr(?)

d .(53)
&jj = 0jj€ jk ik = Ajaji€ jic = Byj€ j = &jj
where & =Bg [ & =Byégy;], and
2 T\ T T 2 =2
tr(s )=tr (asa ) =tr(a£a aga )=tr(aasaas)=tr((B£) )=tr(e ) 54)

£€j/€j = 0ji€ jk Ak AimEmnTin = Oniii€ jkTkimEmn = Bnj€ jkBkmEmn = EnkEkn

Note that the above results do not imply that € [E,-j] isequal to € [?,j]; they only imply that certain

invariants of these tensors are equal.

As a result of Egs. 53 and 54 it follows that Eq. 52 is exactly equivalent to:

E=cytr? (asaT ) +cg tr((asaT )Zj =c5tr?(€)+cq tr(Ez) ..(55)

Which allows direct comparison with Eq. 3, suggesting that the symmetric € [EU-] can indeed be

treated as an equivalent strain. In the following it will be convenient at different times to make use
of either € [EU-] or € [EU].

Considering the eigendecomposition of aj;:

a=aha ' (56)
.
ajj = Qi ay;
It follows that
B=a’=q\q 'gAq ' =qA’q ' =qAq " 57)

-1 -1 -1 -1
Bij =0,y = qi/k/mquqkn}‘npqu = qilk/m)\‘mpqu = quA/pqu
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with A=A% [Aj =hyhy].

so that aji and Bj; have the same eigenvectors, and the eigenvalues of B are simply the squares

of those of aj;. If we choose the normalisation det(a)zl we can take the eigenvalues of a as
(a,b,a_lb_l) and those of B as (A,B,A_lB_l):(az,bz,a_zb_z). Anisotropy is therefore defined

by the eigenvectors, which give the directions of the orthotropic axes, and two independent
dimensionless factors, either a,b or A,B.

1

Define also 6=a ‘ca ' (G :a,-7<1csk,aj_,1] and note that c=aca' [oj; =aySyaj 1. 1t follows that,

noting the symmetry of a, 6: €= tr(EET ) = tr(a_lcsa_TasT al ) = tr(a_losTa) = tr(aa_lcsT ) =0.€

[ 55 :ailck,aﬁla,-msmnajn =ojigjj ], so that the quantities 6 and € are work-conjugate in the

same way as © and €.

Alternatively, and noting that e =B™'& [ = i7<1§kj ], define 6=B"'o [5G = ij(lcskj] and note that

c=Bo [G,-j = B,-kc:skj]. Given the symmetry of B, it follows that

(€= tr(é?T) = tr(B_lcrsT BT ) = tr(BB_losT ) =0:€ [czs,-jg,-j = ,-7(16,(]-3,-,8,]- =ojgjl, so that the

Qll

quantities 6 and € are also work-conjugate in the same way as ¢ and €.

Note the differentials (most easily derived by considering the subscript notation):

a—E—a@)a

O€

oE. ...(58)

ij
= aimsmksn/ajn =0jaj
€kl
and

S

0C (59)
66/1’ —gls 5 g logilgt

P =0imOmkOnl9jn =0ijk dj|

Gkl

Now consider any isotropic model defined by E=E0(£) [E=E0(8,-j)] {E=Eo(av,85)}. We convert
this to an equivalent anisotropic model by defining E =E0(§) [E=Eg (E,-j )]. Alternatively, if we have
defined the complementary energy C=Co(o) [C=Cp (csij)] for an isotropic model, we convert this
to the anisotropic case through C=Cy(o) [C:Co(c_s,-j )]. Noting that E+C=0:€=0:€
[ E+C=0jigj; =0jigj;], these definitions mean that the strain and complementary energies are

proper Legendre transforms of each other in both the isotropic and anisotropic cases.

The differentials give:
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E E E
?—aa—_o:gs 860 a®a=a' ®a' aao
€ € Ot € €
6E 8E0 8ak/ an 0 (60)
Ojj = P Akia)j = i)y ——
SU 68/(/ 88,1 68/(/ 68/(/
2 2
__OE ‘€=|a®a: kg ra®a :é:(aT®aT:]IDO:a®a):é
Oe ® Oe O ® 0
, , ..(61)
E. Ot O¢,
Gjj = o & = _a 9 = agrs €k = gqrs & aars €k = (a aqj]D)pqrs rkas/)ékl
Og g 0g;; 0&r508p, Otjj Oty Ogji Ogy
8C 60 GCO 8CO ® -1 _ a_T ® -7 :5&
06 o 06 6 oo (62)
oC 8CO aﬁk/ 8CO -1 1 -1 -1 8CO
gij = P ki a/j =0k alj b
GU aGk/ 80,1 aGk/ 0 |
2 — 2 — 2
__0¢C 5.0, ?CO_:a—o:(J: a ' ®a' ?CO 1®al |6
0o ® 0o 0o 06®00c Oo 0o ® 0o
. ’c . 0%, @Sy 05, o OBpq 06
€jj = P Okl == 9 s Gkl = “pgrs e Okl = ((J a (Cpqrs rk as/ )le
600 06,5065, 0oj; 00y Jcjj 0o

..(63)

So that the incremental stiffness and compliance matrices are readily determined. The above results
can be slightly simplified by exploiting the symmetry of a.

4.1 Linear anisotropy
Considering then the case of linear isotropic elasticity, we modify Eq. 4 to:

Ezgtr (g )+Gtr( g )

=rSsym

..(64)
ysym

_K_
2 —§jj€ i +Gz—: €ji

Tensor representation theorems could be used to recast Eq. 64 as another special case of Eq. 51. It
is intended in the same spirit as Eq. 52, but using the symmetric form of the equivalent strain for
the same reasons as discussed above in relation to the minor symmetries of the resulting stiffness
matrix.

We can then use Egs. 7 and 8 together with 60 and 61 to derive the stress and the stiffness matrix,
or we can do this explicitly:
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oza—E26—5:a@a:(Ktr(E)HZGE'W"’):a@a
Ot Ot€
:[aT&DaT :(Kf+ZGPSVm):a®a]zs

OE OE _ —s

— — — SYym

cs,-j————ak,-a,j—(KsmmSk,+ZGsk/ )ak,-a,j (65)
68,'] 88/(/

=a,a;(Ka, e .0 8 +2G| L(ar e .01 +A1nEnnbin | = L0p€pprnd
ik jl mn<npYmp®kl > \“kn°np®Ip In®np“kp 3“mn<np“mp®kl

= a,-kaj/ (KSkISqm +2G [%(Squ/m + Skméi,q ) — %SkISqm J)anampﬁnp

From which we immediately derive D=a' ®a' :(Kf+ZG]P’Sym):a®a, which can also be written

]D):(K—?j(az ®a2)+26(a2 @az), which should be compared to ]D):(K—?j(l@lﬁZG(l@l)

in Eq. 8.

An alternative to the above is to define the complementary energy expression:

() (o)

18K 4G ..(66)
_ focjj G}jc_’fl'
18K 4G

The derivation of the response follows very closely the development from the strain energy, with

the roles of stress and strain interchanged and a [a,-j] replaced by a! [a,—j1 1.

5 Combined nonlinearity and anisotropy

In the above approach, both anisotropy and nonlinearity are achieved by applying modifications to
the strain energy or complementary energy expressions for a linear isotropic elastic material. The
two effects may simply be combined by applying both modifications. To avoid excessive repetition
we pursue the derivation from the complementary energy only.

=_1

We start by defining p =—%tr(6) 3

G;i. Then define p, as the positive root of:

2/
52 = tr* (o) N k(1—n) tr(&’symzj
9 2g

_GiiGjj n k(l - ") —sSym—ssym
= Ojj Oji
9 2g

..(67)

and note the result

...(68)

We then define for 0<n<1:
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C:”[k(fr—nfk(f—n)}"’k(l—nlxz—n)[i_f]z_n (69

For N=1 and the limiting case n=1 we define:

M

k 3k 3p, 4gtr(o) .(70)

— — —rSym—rssym
_Pr G| 00| | 3% Sii
k 3k 3p, A9k

Further development follows exactly as set out in section 3, with every occurrence of € [8,-1']

replaced by € [§,~j] and o [GU] by 6 [EU]. The necessary conversion to true stresses and strains

are achieved by e=a ‘ga ' [&j; :a,‘7<1§k,aﬁ1] and c=aca' [oj; =ayGyaj]. Note that all
references to the isotropic axis now refer to isotropy of 6 , not o, and in general these conditions

do not coincide.

The resulting model bears a superficial similarity to that of Gajo and Bigoni (2008) in that they use
a strain energy which involves non-integer power functions of mixed invariants of the anisotropy
tensor and elastic strain. However, their strain energy function involves multiples of the two

invariants tr(e) and tr(?z) each separately raised to a power and then summed to give the strain

_ _ m
energy function, i.e. of the form A(—tr(E))n+B(tr(Ez)) , Whereas ours involves the sum of

multiples of the invariants, with this overall sum then raised to a power ie. of the form

—\\2 _\\"
(A(—tr(E)) +Btr(€2)j . The two models are thus not equivalent, even if 2m=n,

as a” +b" = (a+b)m. Houlsby et al. (2005, page 386) discuss, for the isotropic case, the merits of

alternative ways of introducing non-linearity, and conclude that the method adopted here is the
most versatile, as it allows explicit formulation of both the strain energy and the complementary
energy.

6 Discussion and conclusion

We have described a hyperelastic model that can accommodate pressure-dependent nonlinearity
(with stiffness a power function of mean stress) and anisotropy (through an anisotropy tensor). In
Table 4 and 5 a summary of the necessary expressions is given for the derivation from
complementary energy or strain energy respectively.

The model is fully defined by the following parameters:

P, an arbitrary reference pressure (conveniently chosen, for instance, as atmospheric
pressure, 100kPa)

k a dimensionless bulk modulus coefficient. Typical values for soils may vary quite widely,
from say 50 to around 2000.

g a dimensionless shear modulus coefficient. Typically g/k =0.75.
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n a dimensionless exponent 0<n<1 specifying the pressure-dependent nonlinearity.
Stiffness is proportional to pressure to the power n . The value n=0 corresponds to linear
elasticity. For sands n~0.3-0.5 and for clays data supports slightly higher values, and a
commonly used assumption is that stiffness is proportional to pressure, implying n=1.0.

N a switch parameter that determines whether the datum point for strain is at zero stress
( N=0) or at the reference pressure p, (N=1).

a [a,-j] a symmetric second order anisotropy tensor. If we constrain this by det(a)=1

[ det(a,-j): 1], itis fully defined by five quantities, which may conveniently be taken as the

(dimensionless) values of its principal components (eigenvalues) (a,b, a_lb_l) and the

corresponding directions (eigenvectors) of its principal axes. Any positive values of a and
b are allowable, but values relatively close to unity are expected.

Note that the most general linear orthotropic material requires specification of the directions of
orthotropy and nine independent parameters, whereas our model only admits four (k,g,a,b). A
general linear transverse isotropic material requires five parameters, whilst our model (with a=b )
only admits three (k,g,a). Thus the choice that anisotropy can be defined through a symmetric
second order tensor restricts the form of anisotropy that can be described, effectively imposing
certain relationships between the parameters for the more general model (see Lodge, 1955).

Because it is based on a hyperelastic approach, the model guarantees thermodynamic acceptability.
It is modular in form: nonlinearity and anisotropy can be incorporated separately or in combination.
Simpler cases (for instance isotropic linear elasticity) are recovered simply by appropriate parameter
settings. The model should find application either as appropriate for the description of granular
materials at very small strains, or in describing the elastic strains as part of an elastic-plastic model.
It has not been necessary in this work to distinguish between the various possible definitions of
strain, as any of these would be appropriate provided that the corresponding work-conjugate stress
is employed.
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8 Notation
a,b Anisotropy factors

A,B Anisotropy factors Azaz,B:b2

a,0j; Anisotropy tensor

B,B,'j Anisotropy tensor B:aZ'Bij :aikakj

c1...cog Coefficients in general anisotropy expression
C Complementary energy

C,Cjjxy  Compliance matrix

D, Dy Stiffness matrix

E Strain energy

f Helmholtz free energy

g (1) Dimensionless shear modulus coefficient, (2) Gibbs free energy

G Shear modulus

G, Secant shear stiffness

k Dimensionless bulk modulus coefficient

K Bulk modulus

n Exponent in power-law relationship for stiffness

N Switch parameter: N =0 datum for strain at zero stress, N=1 datum for strain at p=p,
or p =p, in the anisotropic case

p Pressure, mean compressive effective stress

Po Stress function used in definition of nonlinearity

p, Reference pressure
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Deviator stress in triaxial test
Strain function used in definition of nonlinearity

Strain tensor

Equivalent symmetric strain tensor in anisotropic model

Equivalent (but not symmetric) strain tensor in anisotropic model
Triaxial strain variables

Engineering shear strain

Lamé parameter

Lamé parameter

Poisson’s ratio

Stress tensor
Equivalent symmetric stress tensor in anisotropic model
Equivalent (but not symmetric) stress tensor in anisotropic model

Shear stress
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Table 1: Second order tensors and their derivatives
. . . Differential Differential
Component-free notation Subscript notation (component-free notation) (subscript notation)
ot = Ot
Tensor ti 5='®' I L =5y
ti
Unit tensor d;i (Kronecker delta)
Trace tr(t) ik atr(t):l ) =3
Trace of ( 2) 0 ( 2) T 0
tr(t tt —tr(t” |=2t tk/t/k Zt
square k™l ot Otj; ( )
Trace of tr(t3) tot)t —tr(t3)—3(t2)T 0 ——(ttimtmi ) = 3t jctii
cube klI*Im*mk 61./} mtm 1
o' _ ot
T _ _
Transpose t! tij =tji E_I@I_ I ?I':I:Sjk&,
ot = ot
Deviator t =t ——tr(t) tij :tij _§tkk6ij :(Siij/ _§8ij8k/)tk/ ot I®I 3I®I P 8t_kl _51'/(6]/ 8 5/(/
otsym L= sym
Symmetric sym _1 sym _ 1 :E( I®1+ @ ) ot:; 1
part t z(Ht ) b =) = E(tij”ﬁ) ot 2t 25(5ik5j/ +5jk5i/)
=1®1=1Y" K
skew _ 1 T ske 1 askew 1{ 5 ke otskew
1 _ skew _ (e 4. -1 _ - w ij 1
Skew part t 2(t t ) " =ty = z(tu tii) ~ =1(1@1-1®1)=T » _E(Siksj/_sjksil)
Inner
a:b;
product ab gl
Contraction a:b ajjbj;
Tensor
a;:b
product a®b U
a@b Ikbj/
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ajibji
Symmetric 1 gbt+aib-
ikBji + Qi10jk
product z( ik=j J )
-1
Inverse tijtix =0k
ol
1 he =tk P 5
invariant tij
Olyy
2n ( (2) 2 ) _1 —t" —tr(t)l e S Y
trit” J—tr=(t lre =5 \tjitji —tjt i — i T Oj
invariant () 2 g at’f
3 2 3 bt — 3t
3rd I3t=%(2trt )—3tr(t )tr(t)+tr (t)) ijtjktii —3tiitjitpe +t _(tZ)T—tr(t) =t ti —laetji — 1S
invariant —d :dEt(tij) tj
an aJZt 1
: I PYRVAN | PO P ot _yr
deviator
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Table 2: Fourth order unit tensors (Chaves, 2013), projection tensor (Holzapfel, 2000) and
symmetric projection tensor

. Contraction with .
Component-free notation Index notation
second order tensor
I=1®1 Lt=t Lijk = 0ikd jy
I=1®I Tt=t" Lijkr = 019 jk
I=1®I T:t=tr(t)l E‘jk/ =88
IY™=1(1+1)
2 SYm ., o _ .sym _ 1 T sym _ 1
Y™ t=t ——(t+t ) IS __(5. &0 +8:5 )
_1x 1 2 ijkl — 2\ Pik®jl il jk
_5(|®|+|@|)_|@|
]ISkeW:l(]I—ﬁ)
2 skew , . _ .skew _ 1 T skew _ 1
ISKeW . ¢ =t ——(t—t ) T =283 — 83 )
1= 2 ijkl 2 \Qik® jI —9il® jk
=1(1®1-191)
P=1-11I 1e(t) .
_ ]P’:t=t'=t——tr t)l ]P"k/=8-k8~/——8"8k/
=1®1-L1® 3 A
PY™ _1(1+1)- 1T PSYM g = Y
2 3 sym _ 1 1
PYM _1(8. 8. +8:8.,)=18::8
=181-11@] :%(t+tT)—%tr(t)l =200+ 1) =355

Table 3: Triaxial variables. Following soil mechanics practice, a compressive positive convention is
used for p,q,e,,€5, but all other stresses and strains use the tensile positive convention of

continuum mechanics. The (tensile positive) axial and radial stresses are 6,6, and strains €,,¢, .

Triaxial case Invariants |Component-free notation|Index notation
p:_%(ca +20r) p:_%lld p:—%tr(c) p:_%oii
q :_(Ga _Gr) qz =3Jys q2 =%tr(o'2) q2 :%G;fg}i
e, =—(eq +2¢,) | &, =—h, g, =—tr(g) €, =—¢€ji
€s :—%(ga _8r) 8? :%JZS Sg :%tr(srz) Sg :%8;']8'/7
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Table 4: Strain energy expressions (the switch parameter N =0 gives the origin for strain e=0 at
6=0 [g; =0 at 6;; =0]; N=1 gives e=0 at 6=—p,l [¢;; =0 at G;; =—p,5;;]).

Anisotropic
_ T €i =0imEmnd;
€=aea o Isotropic
__OF _ _ O
o= Ojj =——
3 0gjj
c=aca' Gjj = imSmnTjn
Substitute n=0 in general case, leading to
Pr —sym —
E="1| ktr? +2gtr( D—Np tr(e
Linear 2( ( ) r ( )
_n Substitute:
—rSYym—rsym =
, (ks,,su +2geY ey ) Np,&;;
General case 0<n<1 a:l_
so that €e=¢
-2 Sym
r-=(N—k(1—n)tr(€)) +2gk(1—n)tr OE
2 ~(N=k(1-n)ur()) + 20k(1-n)er €™ | ond 0=
Nonlinear — — , €
= (N—k(1-n)E; ) +2gk(1-n) g™
b [ (2-n)/(1-n) N] ajj =9j;
“k(2-n)t° so that g =¢;;
Limit of general caseas n—>1 OF
Stiffness p o and G =£
proportional to EZT{EXP( ktr(e )+gktr( B D—l} Y
pressure,
= p i !
N=1 only =7r[exp( ks”JrngSVm j;sym) 1}
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Table 5: Complementary energy expressions (the switch parameter N =0 gives the origin for strain
e=0ato=0 [8,-]- =0 at oj; =0]; N=1 gives e=0 at 6 =—p,l [8,-j =0 at 5 =—p,8,-j]).

Anisotropic
— -1 -1
1T G;i =0;7,Cpnnd;
G=a oa yoommeman Isotropic
_ac _ _oc
€E=— Cjj = ———
oo aGU
—alga T -1— -1
£=a fa €ij =dim&mnUjn
Substitute n=0 in general case, leading to
_ 2/ —
tr(o tr (o 2
C=N£p—r+ ( )J+ ! ( )+itr(6'sym )
Linear n=0 2k 3k 2p, | 9k 2g
=N p_r+i +i m+i6;§ym6—'$ym
2k 3k) 2p,\ 9% 29 YV
General case 0<n<1 Substitute:
2 /—
_p tr (0) k(l—n) _sym?
po = + tri o -1
9 2g a =I
- = that o=
:Giiij_‘_k(l_n)c—yﬁymc—yf_s.ym sothate=o
: 9 29 V) and e=—
Nonlinear n oo
_ Pr tr(o) Pr Po
C=N + + To .
k(2—n) 3k(1-n)) k(1-n)(2—-n){ p, a;’t =8
- — \2—n so that 6;; =0
_N| Pr_ S n Pr (P_o]
- oC
k(2—n) 3k(1-n)) k(1-n)(2—n) p, and 6=
Limit of general case as n—1 ij
2
. —rsym
Stiffness b, tr(a)l ~tr(o) . 3”(0 j
. — e - n — — —— e
proportional to K 3k 3p, 4gtr(6)
pressure,
= | — = oS ymgrsym
N=1only _Pr_Sii| [ O] 4| 3% %
k- 3k 3p, 495Gk




