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Abstract Let p be a prime, let 1 ≤ t < d < p be integers, and let S be a non-empty subset of Fp.
We establish that if a polynomial P : Fn

p → Fp with degree d is such that the image P (Sn) does not
contain the full image A(Fp) of any non-constant polynomial A : Fp → Fp with degree at most t, then P
coincides on Sn with a polynomial that in particular has bounded degree-bd/(t + 1)c-rank in the sense
of Green and Tao. Similarly, we prove that if the assumption holds even for t = d, then P coincides on
Sn with a polynomial determined by a bounded number of coordinates.
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1. Introduction and main results

Throughout this paper, the letter n will always denote a positive integer, and all our
statements will be uniform in n.

1.1. A theorem of Green and Tao and its applications

A landmark result of Green and Tao proved in 2007 [12] states that over a finite prime
field Fp for some prime p, a multivariate polynomial with degree 1 ≤ d < p that is
not approximately equidistributed can be expressed as a function of a bounded number
of polynomials each with degree at most d − 1. More formally, we have the following
statement.

Theorem 1.1 ([12], Theorem 1.7). Let p be a prime, and let 1 ≤ d < p be an
integer. Then there exists a function Kp,d : (0, 1] → N such that for every ε > 0, if
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P : Fn
p → Fp is a polynomial with degree d satisfying |Ex∈Fn

p
ω
sP (x)
p | ≥ ε for some s ∈ F∗

p,

then there exist k ≤ Kp,d(ε), polynomials P1, . . . , Pk : Fn
p → Fp with degree at most d− 1

and a function F : Fk
p → Fp satisfying

P = F (P1, . . . , Pk).

It appears difficult to describe the full extent of the influence of this theorem in the
space of a few paragraphs, so we will limit ourselves to three directions.
One important application of Theorem 1.1 is to the notion of list-decoding of Elias

[7] and Wozencraft [21]. Theorem 1.1 was indeed used by Bhowmick and Lovett [3]
(STOC 2015) to solve a conjecture of Gopalan–Klivans–Zuckerman [8] (STOC 2008) on
the list decoding radius of fixed degree Reed-Muller codes over a field with fixed size.
Later, Bhowmick and Lovett [4] extended Theorem 1.1 to the case where the field size
is allowed to increase with n, which allowed them to then determine in the same paper
the list decoding radius even if the field size increases with n. Even before the result of
Green and Tao, list decoding had been known to have applications to several other topics,
such as the construction of hard-core predicates from one-way functions as discussed by
Akavia, Goldwasser, and Safra [2] (FOCS 2003) and the construction of extractors and
pseudorandom generators as described by Shaltiel and Umans [20] (J. ACM 2005).
Another direction of research that Theorem 1.1 essentially started is the related ques-

tion of the comparison between the partition rank and the analytic rank of tensors (or
equivalently multilinear forms). The analytic rank, defined [11] by Gowers and Wolf,
quantifies how close the distribution of a tensor (or equivalently multilinear form) over
a finite field is to the uniform equidistribution, whereas the partition rank, introduced
by Naslund [19], quantifies how difficult it is to express a tensor in terms of lower-order
tensors. It had been known since the original paper [11] of Gowers and Wolf that the ana-
lytic rank is bounded above by a multiple of the partition rank (that was later improved
by Lovett [16] to the more precise result that the analytic rank is at most the partition
rank), but the story of results in the converse and much more difficult direction began
largely with Theorem 1.1.
By now, the question of comparing partition and analytic rank has itself found several

applications, not least to complexity theory. In particular, the paper [5] of Cohen and
Moshkovitz (STOC 2021), which proved that for order-3 tensors the analytic and parti-
tion rank are equivalent, used that result to obtain strong trade-offs on the arithmetic
complexity of a biased bilinear map, and on the separation between exactly computing
a bilinear map and computing it on average. We refer to the introduction of the paper
[18] of Moshkovitz and Zhu for a discussion of several more applications.

1.2. Degree ranks and ranges of polynomials

The main topic of the present paper will be to return to Theorem 1.1 itself and
develop close analogues for ranges rather than distributions. Before stating our main
results, we shall introduce some definitions and make a few more preliminary comments
on Theorem 1.1 in order to properly compare our result with it.
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It has been known since at least the works of Janzer [13] and Milićević [17] that
the conclusion of Theorem 1.1 can be made qualitatively more precise. Before stating
this strengthening, let us define a correspondingly adapted notion of degree-d rank for
polynomials.

Definition 1.2. Let F be a field, and let P : Fn → F be a polynomial. Let d ≥ 1 be an
integer.
We say that a polynomial P has degree-d rank at most 1 if we can write P as a product

of polynomials each with degree at most d.
The degree-d rank of P is defined to be the smallest nonnegative integer k such that

there exist polynomials P1, . . . , Pk each with degree-d rank at most 1, with degree at most
the degree of P , and satisfying

P = P1 + · · ·+ Pk.

We denote this quantity by rkd P .

The zero polynomial in particular has degree-d rank equal to 0 for all d, and constant
polynomials have degree-d rank at most 1 for all d.
We define this notion of degree-d rank in this way as doing so will be convenient for us,

but it is worth pointing out that in the original paper [12] of Green and Tao, the notion
referred to as the degree-d rank was slightly different: for instance the degree-(d − 1)
rank was the largest possible k in Theorem 1.1. Nonetheless, it follows immediately from
the definitions that for every polynomial P : Fn

p → Fp and every positive integer d, the
degree-d rank of P in the sense of Green and Tao is at most d times the degree-d rank of
P in our sense. Therefore, proving that a polynomial has bounded degree-d rank in our
sense implies showing that it has bounded degree-d rank in the sense of Green and Tao.
The main qualitative refinement shown in the papers of Janzer [13] and Milićević [17]

is that there exists some function Hp,d : (0, 1] → N such that under the assumptions of
Theorem 1.1, we can find k ≤ Hp,d(ε) and polynomials Q1, R1, . . . , Qk, Rk satisfying

degQi,degRi ≤ d− 1 and degQi + degRi ≤ d

for each i ∈ [k] and such that

P = Q1R1 + · · ·+QkRk.

In other words, it was shown that

rkd−1 P ≤ Hp,d(ε).

This is a bound on the degree-(d− 1) rank of P , and the numerous developments which
attempted to strengthen the statement of Theorem 1.1 itself have to our knowledge
entirely or almost entirely focused on the degree-(d − 1) rank of P : some extended the
range of validity of the results (Kaufman and Lovett [15], Bhowmick and Lovett [3]), and
others improved the quantitative bounds on the degree-(d−1) rank, through the question
of comparing the partition rank to the analytic rank of tensors that we discussed earlier
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(Janzer [13], Milićević [17], Adiprasito, Kazhdan and Ziegler [1], Cohen and Moshkovitz
[5], [6], Moshkovitz and Zhu [18]).
For the purposes of studying approximate equidistribution of polynomials this is unsur-

prising, since the notion of degree-(d − 1) rank is indeed by far the most relevant: for
instance a random polynomial of the type

x1Q(x2, . . . , xn)

with degQ = d − 1 has high degree-(d − 2) rank but is nonetheless not approximately
equidistributed, since the probability that it takes the value 0 is approximately 2/p −
1/p2 > 1/p.
Rather than focus on the fact that for a degree-d polynomial, lack of equidistribution

implies bounded degree-(d−1) rank, we may ask for analogues of this statement involving
much stronger properties in the assumption and in the conclusion. Correspondingly, the
main motivations of this paper are twofold. In one direction, we ask what can be deduced
about polynomials for which we know much more than the lack of equidistribution. What
can we say if we know that a polynomial does not take every value of Fp, or has a smaller
range still, in a sense to be made precise? In the other direction, we can ask, for a fixed
integer 1 ≤ e ≤ d− 1, whether there are any properties of the distribution of the values
of a polynomial which would guarantee that its degree-e rank is bounded above. We will
contribute to both directions simultaneously, by showing that if a polynomial P does
not have full range, then it must have bounded degree-e rank, for some integer e that is
determined by the degree of P and by the smallest degree of a non-constant one-variable
polynomial that has a range contained in the range of P .

Theorem 1.3. Let p be a prime, and let 1 ≤ t ≤ d < p be integers. There exists a
positive integer γ(p, d, t) such that the following holds. Let P : Fn

p → Fp be a polynomial
with degree at most d. Assume that the image P (Fn

p ) does not contain the image of Fp by
any non-constant polynomial Fp → Fp with degree at most t.

(1) If t ≤ d− 1, then P has degree-bd/(t+ 1)c-rank at most γ(p, d, t).
(2) If t = d then P is a constant polynomial.

The quantitative bounds on γ(p, d, t) resulting from our proof seem not reasonable
enough to be useful, a situation which mirrors that of the original Theorem 1.1 of Green
and Tao. Nonetheless, the value bd/(t+ 1)c in the degree of the rank in Theorem 1.9 is
optimal in general, as the following example shows.

Example 1.4. Let p be a prime, let 1 ≤ d < p be an integer, let t, u ≥ 1 be integers
such that tu ≤ d. If Q is a random polynomial Q : Fn

p → Fp with degree u, then Qt has
degree at most d, the image Q(Fn

p ) is contained in the set {yt : y ∈ Fp} of t-th power
residues mod-p, but the degree-(u − 1)-rank of P is usually arbitrarily large as n tends
to infinity, even if it is taken in the sense of Green and Tao.

The last part follows from a counting argument: as n tends to infinity there are pO(nu−1)

polynomials Fn
p → Fp with degree at most u − 1, so for every k ≥ 1, the number of

polynomials of the type F (P1, . . . , Pk) with P1, . . . , Pk with degree at most u − 1 and
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F : Fk
p → Fp a function is at most pp

k

pO(knu−1) = pO(knu−1), whereas there are pΩ(knu)

polynomials Fn
p → Fp with degree u and hence at least 1/t times as many polynomials

of the type Qt above.
Powers of polynomials are not the only simple examples of polynomials that do not

have a full range in general. They can instead be viewed as a special case of a broader
class of examples that arises from composition with a one-variable polynomial.

Example 1.5. Let p be a prime, let 1 ≤ d < p be an integer, let t, u ≥ 1 be integers
such that tu ≤ d. If Q : Fn

p → Fp is a polynomial with degree u, and A : Fp → Fp is a
polynomial with degree t, then the polynomial A ◦Q has degree at most d, and the image
A ◦Q(Sn) is contained in the image A(Fp).

We stress that the main result from the approximate equidistribution regime will itself
be an important black box that we will use in our proof of Theorem 1.3.

1.3. Variables with restricted range

We shall in fact prove results in a more general setting than that of Theorem 1.3, where
we allow the assumption to be on the image P (Sn) for some non-empty subset S of Fp

rather than on the whole image P (Fn
p ). On a first reading, the set S may be taken to be

{0, 1}. In the setting of restrictions to Sn, the approximate equidistribution statement
was proved by Gowers and the author in [10]. Before stating it, let us recall from that
paper two points to be aware of regarding restrictions of polynomials to Sn.
The first is that whereas an affine polynomial is either constant or perfectly equidis-

tributed on Fn
p , there is already something to say about the distribution of an affine

polynomial P on Sn for general non-empty S: if S 6= Fp and P depends only on one
coordinate, then P (Sn) is not even the whole of Fp. As a simple Fourier argument, how-
ever, shows ([10], Proposition 2.2), an affine polynomial depending on many coordinates
is approximately equidistributed on Sn, provided that S contains at least two elements.
The second is that we may no longer hope to conclude in general that a polynomial with
degree d which is not approximately equidistributed on Sn must itself have bounded
degree-(d− 1) rank: for instance, the polynomial

n∑
i=1

x2
i − xi

has degree-1 rank equal to n, but only takes the value 0 on {0, 1}n and is in particular not
approximately equidistributed on {0, 1}n. Nonetheless, the zero polynomial, with which
this polynomial coincides on {0, 1}n, itself has degree-1 rank equal to 0.
These two remarks motivate an extension of Definition 1.2.

Definition 1.6. Let F be a field, and let P : Fn → F be a polynomial.
The degree-0 rank of P is defined to be the smallest nonnegative integer k such that

we can write P as a linear combination of at most k monomials. We denote this quantity
by rk0 P .
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If d is a nonnegative integer and S is a non-empty subset of F then we define the
degree-d rank of P with respect to S as the smallest value of rkd(P −P0), where the min-
imum is taken over all polynomials P0 with degree at most the degree of P and satisfying
P0(S

n) = {0}. We denote this quantity by rkd,S P .

How the notions of degree-0 rank and degree-1 rank differ may be illustrated for
instance by the polynomial (x1 + · · · + xv)(xv+1 + · · · + x2v), which has degree-1 rank
equal to 1 as the previous factorization shows but also degree-0 rank equal to v2 as it
cannot be written as a sum of any fewer number of monomials with degree at most 2.
We now recall a slight weakening of the main result of [10], Theorem 1.4 from that

paper. (Although the full statement of that theorem is slightly more precise, the for-
mulation below is slightly simpler to use and suffices for the purposes of the present
paper.)

Theorem 1.7 Let p be a prime, let 1 ≤ d < p be an integer, and let S be a non-empty
subset of Fp. There exists a function Hp,d,S : (0, 1] → N such that for every ε > 0, if

P : Fn
p → Fp is a polynomial with degree d satisfying |Ex∈Snω

sP (x)
p | ≥ ε for some s ∈ F∗

p,
then rkd−1,S P ≤ Hp,d,S(ε).

We note that if S has size 1, then Theorem 1.7 as well as many of the new results of
the present paper hold for immediate reasons: the set Sn then also has size 1, so every
polynomial coincides on Sn with a constant polynomial, so has degree-d rank at most 1
for every d.
Theorem 1.7 as well as the main results in this paper with an assumption on the

distribution of values of a polynomial on Sn have a conclusion which holds up to some
polynomial that vanishes on Sn (and that has degree at most the degree of the original
polynomial). Although we have by now explained why having a conclusion that merely
holds up to these polynomials cannot be avoided, we point out that that it is not difficult
to describe polynomials which vanish on Sn: for instance, if S = {0, 1}, then all powers
xi, x

2
i , x

3
i , . . . are the same, and a polynomial which collapses to 0 after we identify xai

i

with xi inside all monomials whenever i ∈ [n] and ai ≥ 1 necessarily vanishes on {0, 1}n.
Conversely, the combinatorial Nullstellensatz shows that if the polynomial resulting from
this identification is not the zero polynomial, then it does not vanish on {0, 1}n. This
characterization extends, with the exact same proof, to arbitrary non-empty subsets S of
Fp: a polynomial vanishes on Sn if and only if substituting xai

i by its remainder modulo∏
w∈S

(xi − w)

at every instance of xai
i , for all i ∈ [n] and ai ≥ 1 leads to the zero polynomial after

expanding and simplifying.
When S is not the whole of Fp, one important difference between the sets Fn

p and Sn

is that the former is invariant under linear transformations, whereas the latter is not.
We have already discussed one effect on this: the fact that x1 does not take every value
of Fp whereas x1 + · · · + xn is approximately equidistributed for n large. The role of
coordinates as opposed to general degree-1 polynomials will manifest itself further in the
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proofs and in the main results of this paper. For this purpose, let us make one last round
of definitions.

Definition 1.8. Let p be a prime, and let P : Fn
p → Fp be a polynomial with degree at

most p− 1.
For each i ∈ [n], we say that P depends on xi if the coordinate xi appears in one of

the monomials of P .
We write I(P ) for the set of i ∈ [n] such that P depends on xi. We will refer to this

set as the set of coordinates on which P depends.
If P is an affine polynomial, that is, a polynomial with degree at most 1, then we will

also write I(P ) as Z(P ), and refer to it as the support of P .
For k nonnegative integer, we will say that P is k-determined if the set I(P ) has size

at most k.

We note that the definition above is unambiguous, as the combinatorial Nullstellensatz
shows that any polynomial Fn

p → Fp with degree at most p − 1 has only one expansion
into monomials, where we do not allow repeated terms (such as x1 − x1).

1.4. Statements of main results

Using Theorem 1.7 as a black box we will prove the following analogue of Theorem 1.3,
where the assumption on the image is now on P (Sn) rather than on P (Fn

p ). The following
theorem is the main result that we shall prove in the present paper.

Theorem 1.9. Let p be a prime, let 1 ≤ t ≤ d < p be integers, and let S be a non-
empty subset of Fp. Then there exists a positive integer C(p, d, t) such that the following
holds. Let P : Fn

p → Fp be a polynomial with degree at most d. Assume that P (Sn) does
not contain the image of Fp by any non-constant polynomial Fp → Fp with degree at
most t.

(1) If t ≤ d−1, then P coincides on Sn with a polynomial that has degree-bd/(t+1)c-rank
at most C(p, d, t) and has degree at most d.

(2) If t = d then P coincides on Sn with a linear combination of at most C(p, d, t)
monomials with degrees at most d.

Equivalently, in both cases, we have

rkb d
t+1 c,S

P ≤ C(p, d, t).

The optimal bounds in Theorem 1.9 and in several of our other statements involving
the set S may depend on the choice of S. However, to avoid heavy notation, we will at
many places avoid making this dependence explicit. (We may safely do so, since for each
prime p there are only finitely many subsets of Fp).
Let us look at the extreme cases of item 1 from Theorem 1.9, and at a situation where

they are both simultaneously realized.
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Corollary 1.10. Let p be a prime, let 1 ≤ t ≤ d < p be integers, and let S be a
non-empty subset of Fp. Let P : Fn

p → Fp be a polynomial with degree at most d. Let
C(1)(p, d) = C(p, d, 1) and let C(2)(p, d) = C(p, d, bd/2c).

(1) If P (Sn) 6= Fp then rkbd/2c,S P ≤ C(1)(p, d).
(2) If P (Sn) does not contain the image of any non-constant polynomial Fp → Fp with

degree at most bd/2c then rk1,S P ≤ C(2)(p, d).
(3) If d = 3 and P (Sn) 6= Fp, then rk1,S P ≤ C(1)(p, 3) = C(2)(p, 3).

Proof. Items (1) and (2) follow from taking t = 1 and t = bd/2c in Theorem 1.9
respectively. Item (3) follows from either of the items (1) and (2). �

We make the assumption d < p in Theorem 1.9 in order to be able to prove it using
Theorem 1.7, which assumes d < p. However, this assumption in the original result of
Green and Tao, Theorem 1.1, was later removed by Kaufman and Lovett [15], and it
seems likely to us that Theorem 1.7 is true without this assumption as well. Aside from
the use of Theorem 1.7, the remainder of our proof of Theorem 1.9 does not use this
assumption at any point. In other words, our proof shows that removing this assumption
in Theorem 1.7 would suffice to remove it in Theorem 1.9 (and to remove it in Theorem 1.3
and in Corollary 1.10).
If Theorem 1.9 still holds for d ≥ p, then we would also be able to take t ≥ p in

Theorem 1.9, but if the latter inequality is satisfied (or even if t ≥ p − 1 is) then the
content of Theorem 1.9 becomes immediate. Indeed Fermat’s little theorem allows us to
construct a degree-(p− 1) polynomial Fp → Fp with image equal to any prescribed pair
of values, and the assumption of Theorem 1.9 is then only satisfied by polynomials which
coincide with a constant on Sn.
We now turn our attention to the case of degree-2 polynomials. Throughout the paper,

we will write Qp for the set {y2 : y ∈ Fp} of mod-p quadratic residues. Provided that
p ≥ 3, this set has size p+1

2 and is in particular not the whole of Fp. We say that a subset
of Fp is an affine translate of Qp if it can be written as aQp+ b for some a ∈ F∗

p and some
b ∈ Fp. In light of the preceding discussion, we can formulate three basic constructions
of a degree-2 polynomial P such that P (Sn) 6= Fp.

(1) A polynomial of the type A ◦ L for some affine polynomial L : Fn
p → Fp and some

degree-2 polynomial A : Fp → Fp. (Equivalently, the sum of a multiple of L2 and of
a constant.)

(2) A polynomial that depends only on a small number r < log p/ log |S| of coordinates,
since P (Sn) then necessarily has size at most |S|r.

(3) A polynomial that vanishes on Sn and has degree at most 2.

The first item of the following result can be interpreted as a converse, which says that
every example arises as a sum of these three examples, letting aside the value of the
bound on the number of coordinates in the second example.

Proposition 1.11. There exists an absolute constant κ > 0 such that the following
holds. Let p be a prime, and let S be a non-empty subset of Fp. Let P : Fn

p → Fp be a
polynomial with degree 2.



Ranges of polynomials control degree ranks 9

(1) If P (Sn) 6= Fp, then there exists an affine polynomial L : Fn
p → Fp, a degree-2

polynomial A : Fp → Fp, and a κp15-determined polynomial J with degree at most 2
such that P coincides on Sn with A ◦ L+ J . (Equivalently, with AL2 + J for some
A ∈ Fp, with J changed by a constant.)

(2) If furthermore P (Sn) does not contain any affine translate of Qp, then P coincides
on Sn with a κp15-determined polynomial that has degree at most 2.

Item 1 from Proposition 1.11 is significantly stronger than the conclusion that item
1 from Theorem 1.9 gives in the corresponding case d = 2 and t = 1: the latter is
merely that P has bounded degree-1 rank with respect to S, which we already know by
Theorem 1.7. The proof of Proposition 1.11 will instead use different techniques that do
not appear to generalize well to higher-degree polynomials.
In the more general case where P has general degree 2 ≤ d ≤ p−1, one may ask whether

just as with item 1 from Proposition 1.11, it is the case that provided that P (Sn) 6= Fp

we can always obtain a decomposition P = A ◦ Q + J with Q : Fn
p → Fp, A : Fp → Fp

polynomials satisfying degQdegA ≤ d, degA ≥ 2 and with J a polynomial determined
by a bounded number of coordinates and with degree at most d. This is however not the
case in general, as a wider class of examples comes in: for instance, if d = p− 1, then the
polynomial A : x → xp−1 satisfies A(Fp) = {0, 1}, so if L1, . . . , Lp−2 are arbitrary affine
polynomials then the image of Fn

p by the polynomial

P = A ◦ L1 + · · ·+A ◦ Lp−2

does not contain p − 1. For d = 2, such a situation cannot occur, because the Cauchy-
Davenport theorem, which will play some role in the proof of Proposition 1.11, shows
that the sumset of any two affine translates of Qp is the whole of Fp. (However, this is
by no means the only or even the main specificity of the case d = 2 that allows us to say
more there than for general d < p.)

1.5. Connection to Ramsey theory

Ranges of polynomials on restricted subsets become relevant in Ramsey theory in
many situations where the desired structure involves products of coordinate sets that are
dependent. For illustration, let us explain how it relates to obstructions in the following
special case of the polynomial density Hales-Jewett conjecture, discussed for instance in
[9], which would be to the polynomial Szemerédi theorem what the density Hales-Jewett
theorem is to Szemerédi’s theorem.

Conjecture 1.12. Let d be a positive integer, and let δ > 0. Then, for N large enough

depending on d and δ, every subset of {0, 1}[N ]d that has density at least δ contains a
pair (A,B) of subsets of [N ]d such that A ⊂ B and B \A = Xd for some X ⊂ [N ].

If φ1, . . . , φd : FN
p → Fp are linear forms written as

φj(x) =
N∑
i=1

aj,ixi
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for every j ∈ [d], and (A,B) satisfies the conclusion of Conjecture 1.12 then the linear

form Φ = φ1 ⊗ · · · ⊗ φd : F[N ]d

p → Fp defined by

Φ(x) =
∑

i1,...,id∈[N ]

a1,i1 . . . ad,idxi1,...,id (1.1)

then necessarily satisfies

Φ(B)− Φ(A) = Φ(Xd) = φ1(X) . . . φd(X). (1.2)

for every X ⊂ [N ].
For instance, in the case where φ1, . . . , φd are all equal to the same linear form φ, the

right-hand side simplifies to (φ(X))d, so it is a dth power residue modulo p. Therefore, if

A, B are subsets of {0, 1}[N ]d such that φ⊗d(B)− φ⊗d(A) contains no dth power residue
modulo p, then there is no pair (A,B) ∈ A×B that satisfies the conclusion of Conjecture
1.12. When the set of dth power residue modulo p is not equal to Fp, this constrains
φ⊗d(A) and φ⊗d(B), and hence A and B.
This construction can then be taken further, from monomials to polynomials. Given

n linear forms φ1, . . . , φn : FN
p → Fp, and given a homogeneous degree-d polynomial

P : Fn
p → Fp, we can use (1.1) to produce for each monomial xi1 . . . xid of P a linear form

Φi1,...,id : F[N ]d

p → Fp satisfying

Φi1,...,id(X
d) = φi1(X) . . . φid(X)

for every X ⊂ [N ]. This then allows us to produce a linear form Φ : F[N ]d

p → Fp satisfying

Φ(Xd) = P (φ1(X), . . . , φn(X))

for every X ⊂ [N ]. As earlier, if A,B are elements of {0, 1}[N ]d such that A ⊂ B and
B \A = Xd for some X ⊂ [N ], then Φ(B)− Φ(A) = Φ(Xd) belongs to the image

(P ◦ (φ1, . . . , φn))({0, 1}N ). (1.3)

The contrapositive of this is that if A, B are subsets of {0, 1}[N ]d and the images Φ(A),
Φ(B) are such that the set Φ(B)−Φ(A) has empty intersection with the image (1.3) then
no pair (A,B) ∈ A× B that satisfies the conclusion of Conjecture 1.12.

If we try to construct pairs (A,B) of subsets of {0, 1}[N ]d without any pair (A,B)
satisfying the conclusion of Conjecture 1.12, then for the assumption of this contrapositive
to be usable (that is, not immediately cause A or B to be empty) it is necessary that the
image (1.3) is not equal to Fp. In the case where the forms φ1, . . . , φn are non-zero and
of the type
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φj(x) =
∑
i∈Ij

xi

for pairwise disjoint subsets I1, . . . , In ⊂ [N ], this image is between P ({0, 1}n) and P (Fn
p ),

and Theorem 1.9 and Theorem 1.3 respectively give us necessary conditions for these two
images to be strict subsets of Fp, so allow us to better understand which polynomials P
can be used to construct pairs (A,B) without any dth power difference.

1.6. Final preliminary discussion

The special case t = d of Theorem 1.9 has a weaker variant where we merely forbid
images of S (rather than of Fp) by one-variable polynomials; its proof is then much
simpler, and already contains one of the main ideas of the proof of Theorem 1.9.

Proposition 1.13. Let p be a prime, let d ≥ 1 be an integer, and let S be a non-empty
subset of Fp. If P : Fn

p → Fp is a polynomial with degree at most d and P (Sn) does not
contain the image of S by any non-constant polynomial A : Fp → Fp with degree at most
d then P coincides on Sn with a constant polynomial.

Proof. We can write

P (x) =
d∑

k=0

Pk(x1, . . . , xn−1)x
k
n

for some polynomials P0, . . . , Pd : Fn−1
p → Fp and for all x ∈ Fn

p . The assumption shows
that every polynomial Pk with 1 ≤ k ≤ d vanishes on Sn, so P coincides on Sn with a
polynomial with degree at most d and which only involves the coordinates x1, . . . , xn−1.
We then conclude by induction on n. �

When S has size 2, checking Proposition 1.13 is immediate: for every subset U of Fp

with size 2 there is an affine polynomial A such that A(S) = U , so the assumption states
that P (Sn) has size 1, which is the same as the conclusion.
We note that by taking S = Fp in Proposition 1.13 we obtain item 2 of Theorem 1.3.

Since item 1 from Theorem 1.9 specializes to item 1 from Theorem 1.3, establishing
Theorem 1.9 suffices to prove Theorem 1.3.
The basic strategy which we will use to prove Theorem 1.9 will be essentially as follows:

because P has degree d and is not approximately equidistributed, Theorem 1.7 shows
that P coincides on Sn with some polynomial with degree at most d and of the type

M ◦ (P1, . . . , Pk)

where k is bounded andM is some polynomial. We then aim to imitate to some extent the
proof of Proposition 1.13, with the polynomials P1, . . . , Pk playing the role of the coor-
dinates x1, . . . , xn. Unlike the latter, the former are however not jointly equidistributed
in general (with the set of values taken to be Fk

p rather than Sn), so we cannot conclude
straight away as we did in the proof of Proposition 1.13, but one of the following is
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always true: either the polynomials are approximately jointly equidistributed, in which
case the image (P1, . . . , Pk)(S

n) is the same as if the polynomials P1, . . . , Pk were jointly
equidistributed, or they are not, in which case at least one non-trivial linear combination
of the polynomials P1, . . . , Pk has bounded degree-(d′ − 1) rank with respect to S, where

d′ = max(degP1, . . . , degPk),

and we may hence without loss of generality assume that P coincides on Sn with some
polynomial with degree at most d and of the type

M ′ ◦ (P1, . . . , Pk−1, Q1, . . . , Qk′)

where k′ is bounded, Q1, . . . , Qk′ are polynomials with degree strictly smaller than the
degree of Pk, andM ′ is some polynomial. This second step, in turn, can only be performed
a bounded number of times, which will conclude the argument.
The remainder of the paper is organized as follows. In Section 2, we will state and

prove the dichotomy on polynomials on which the previous argument relies, and which
will be used in Sections 3 and 4. Then, in Section 3, we will prove Proposition 1.11, and
in Section 4, we will write the details of the process described in the previous paragraph
and hence prove Theorem 1.9.

2. A dichotomy on the conditional range and rank of polynomials

Let us begin by formally stating the dichotomy which we just mentioned. The purpose
of the remainder of the present section will be to prove it, and the two auxiliary lemmas
which we will use to do so, Lemma 2.2 and Lemma 2.3, will not themselves be directly
used at any point in any later section of the paper.

Proposition 2.1. Let p be a prime, let 1 ≤ d < p be an integer, let S be a non-
empty subset of Fp, and let k be a nonnegative integer. Let P1, . . . , Pk, P : Fn

p → Fp be
polynomials with degree at most d. If

rkd−1,S P > Hp,d,S(1/2p)

then P (Sn) = Fp. If k ≥ 1 and

rkd−1,S

(
P +

k∑
i=1

aiPi

)
> Hp,d,S(|S|−(p−1)dk/2p)

for every a ∈ Fk
p, then for every (v1, . . . , vk) ∈ Fk

p the following holds: if (v1, . . . , vk) ∈
(P1, . . . , Pk)(S

n) then

Fp × {(v1, . . . , vk)} ⊂ (P, (P1, . . . , Pk))(S
n).

We begin by showing a statement which informally says that if P is sufficiently far from
any linear combination of a family of polynomials P1, . . . , Pk, then in absolute terms the
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values of P (x) and of (P1(x), . . . , Pk(x)) are approximately independent, when x is chosen
uniformly at random in Sn.

Lemma 2.2. Let p be a prime, let 1 ≤ d < p be an integer, let S be a non-empty
subset of Fp and let k ≥ 1 be an integer. Let P1, . . . , Pk, P : Fn

p → Fp be polynomials with
degree at most d. Let ε > 0. If

rkd−1,S

(
P +

k∑
i=1

aiPi

)
> Hp,d,S(ε)

for every (a1, . . . , ak) ∈ Fk
p, then for every u ∈ Fp and (v1, . . . , vk) ∈ Fk

p we have that

|Px∈Sn(P (x) = u, P1(x) = v1, . . . , Pk(x) = vk)− p−1Px∈Sn(P1(x) = v1, . . . , Pk(x) = vk)|

is at most ε.

Proof. The proof is a standard Fourier-analytic calculation. The difference in the
left-hand side can be rewritten as

Ea,a1,...,ak∈Fp
Ex∈SnωaP (x)+a1P1(x)+···+akPk(x)

p − p−1Ea1,...,ak∈Fp
Ex∈Snωa1P1(x)+···+akPk(x)

p

= p−(k+1)
∑

a∈F∗
p,a1,...,ak∈Fp

Ex∈SnωaP (x)+a1P1(x)+···+akPk(x)
p .

By Theorem 1.7 each Fourier coefficient (i.e. each inner expectation) has modulus at
most ε. We conclude by the triangle inequality. �

We note that Lemma 2.2 in particular implies a “multidimensional” version of
Theorem 1.7: if a family of polynomials P1, . . . , Pk each with degree at most d is such that
every non-zero linear combination of P1, . . . , Pk has high degree-(d−1) rank with respect
to S, then the k-tuple (P1(x), . . . , Pk(x)) is approximately equidistributed on the set of
values Fk

p when x is chosen uniformly at random in Sn. Although that multidimensional
version guided us in discovering the proof of Theorem 1.9, we will however not formally
use it at any point in this paper, so we leave it to the interested reader to write the
deduction in full.
Lemma 2.2 stated an approximation in terms of absolute probabilities: however it

does not by itself immediately entail that P (x) is approximately equidistributed (or even
that it takes every value of Fp, which is what ultimately interests us) conditionally on
any k-tuple of values of (P1(x), . . . , Pk(x)) taken with positive probability on Sn: if the
probability

Px∈Sn(P1(x) = v1, . . . , Pk(x) = vk)
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is positive but very small, then the probability

Px∈Sn(P (x) = u, P1(x) = v1, . . . , Pk(x) = vk)

could still potentially be zero.
In our next lemma, we show that this cannot happen. We thank Lisa Sauermann for

explaining to us its proof in the case where all polynomials have degree 1 and S = {0, 1}.

Lemma 2.3. Let p be a prime, let d ≥ 1 be an integer, and let S be a non-empty
subset of Fp. Let k ≥ 1 be an integer and let P1, . . . , Pk be polynomials Fn

p → Fp each

with total degree at most d. Then for each v ∈ Fk
p the probability

Px∈Sn(P1(x) = v1, . . . , Pk(x) = vk)

is either 0 or at least |S|−(p−1)dk.

Proof. Let v = (v1, . . . , vk) ∈ Fk
p be fixed throughout. We define the polynomial

E :=
k∏

i=1

((Pi − vi)
p−1 − 1).

Then for each x ∈ Sn we have E(x) 6= 0 if and only if

(P1(x), . . . , Pk(x)) = (v1, . . . , vk). (2.1)

The polynomial E has total degree at most (p − 1)dk and can hence be expanded as
a linear combination of monomials xt1

1 . . . xtn
n with t1 + · · · + tn at most (p − 1)dk. All

elements of S are roots of the polynomial ∆S : Fp → Fp defined by

∆S(y) =
∏
w∈S

(y − w),

so any polynomial A : Fp → Fp in one variable coincides on S with its remainder A
mod ∆S through the Euclidean division by ∆S , and hence each monomial xt1

1 . . . xtn
n

coincides on Sn with the product of remainders

(xt1
1 mod∆S(x1)) . . . (x

tn
n mod∆S(xn)),

which we expand into a linear combination of monomials of the type xt1
1 . . . xtn

n with
0 ≤ ti ≤ |S| − 1 for each i ∈ [n]. We have hence obtained a polynomial R in x1, . . . xn

which coincides with E on Sn and has each of its monomials of the type xt1
1 . . . xtn

n with
0 ≤ ti ≤ |S| − 1 for each i ∈ [n] and has total degree at most the total degree of E.
Because the degree of each monomial of E is at most (p− 1)dk, the total degree of R is
at most (p− 1)dk.
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For every x ∈ Sn, the three statements

(P1(x), . . . , Pk(x)) 6= (v1, . . . , vk),E(x) = 0,R(x) = 0

are all equivalent. In particular, if there exists x ∈ Sn satisfying (2.1) then R is not the
zero polynomial, so one of its monomials with degree equal to the total degree of R (which
may be the constant term, if R has degree 0) has a non-zero coefficient. Without loss of
generality, we can assume that this monomial is xt1

1 . . . xts
s with 0 ≤ s ≤ (p − 1)dk and

1 ≤ ti ≤ |S| − 1 for each i ∈ [s]. For every u := (us+1, . . . , un) ∈ F[s+1,n]
p the polynomial

Ru : Fs
p → Fp defined by

Ru(x1, . . . , xs) = R(x1, . . . , xs, us+1, . . . , un)

still has total degree s. By the combinatorial Nullstellensatz, there exists (x1, . . . , xs) ∈ Ss

such that Ru(x1, . . . , xs) 6= 0 and hence such that

(P1, . . . , Pk)(x1, . . . , xs, us+1, . . . , un) = (v1, . . . , vk).

By the law of total probability we conclude that

Px∈Sn(P1(x) = v1, . . . , Pk(x) = vk) ≥ |S|−s ≥ |S|−(p−1)dk.

�

Although we will not use this we note that these bounds are sharp for S = {0, 1}, as
can be seen by taking

Pa =

p−1∑
b=1

d∏
c=1

x(a−1)(p−1)d+(b−1)d+c

for each a = 1, . . . , k and (v1, . . . , vk) = (p− 1, . . . , p− 1).
The proof of Proposition 2.1 is now almost finished. The first part of Proposition 2.1

follows immediately from Theorem 1.7. In the case k ≥ 1, for every fixed (v1, . . . , vk) ∈
(P1, . . . , Pk)(S

n), applying Lemma 2.2 with ε = p−1|S|−(p−1)dk/2 and then Lemma 2.3
we obtain

Px∈Sn(P (x) = u, P1(x) = v1, . . . , Pk(x) = vk) ≥ p−1|S|−(p−1)dk/2 > 0.

3. Deduction of the more precise result for degree-2 polynomials

In this section, we prove Proposition 1.11. The proof will use an inductive argument
revolving around the following type of decomposition.
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Definition 3.1. Let p be a prime, and let P : Fn
p → Fp be a degree-2 polynomial. For

any nonnegative integers k,l, we say that a k-square-l-determined decomposition of P is
a decomposition of the type

P = A1L
2
1 + · · ·+AkL

2
k + J (3.1)

for some A1, . . . , Ak ∈ Fp, some affine polynomials L1, . . . , Lk, and some l-determined
polynomial J with degree at most 2.

Throughout this section, we will use the following notations. If k is a nonnegative
integer, then we will write H1(k) as shorthand for Hp,1,S(|S|−(p−1)k/2p). For L : Fn

p → Fp

an affine polynomial, I a subset of [n] and y an element of SI , we will write

L(y → I) : F[n]\I
p → Fp

for the affine polynomial obtained by evaluating xi as yi for each i ∈ I. We will write
{y} × SIc

for the subset

{x ∈ Sn : xi = yi for alli ∈ I}.

The first component of the proof of Proposition 1.11 is the following lemma. It will
play the role of an inductive step in the proof of Proposition 1.11, even though the proof
of this lemma also contains an induction within.

Lemma 3.2. Let p ≥ 3 be a prime, let S be a non-empty subset of Fp containing at
least two elements, and let P be a degree-2 polynomial such that P (Sn) 6= Fp. If P has a
k-square-l-determined decomposition for some nonnegative integers k, l with k ≥ 2, then
there exists some 0 ≤ k′ < k such that P has a k′-square-(l+ (k − k′)H1(k))-determined
decomposition.

Proof. The assumption provides a square-determined decomposition (3.1). Let I =
I(J) be the set of coordinates on which the polynomial J depends. Assume for contra-
diction that there exist two distinct indices in [k], which without loss of generality we
can take to be k − 1 and k, which satisfy both inequalities

|Z(Lk−1 −
k−2∑
i=1

aiLi) ∩ Ic| > H1(k)

|Z(Lk −
k−1∑
i=1

aiLi) ∩ Ic| > H1(k)
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respectively for all a ∈ Fk−2
p and for all a ∈ Fk−1

p . Let us fix y ∈ SI arbitrarily. Then the
affine polynomials Li(y → I) with i = 1, . . . , k satisfy both inequalities

|Z(Lk−1(y → I)−
k−2∑
i=1

aiLi(y → I))| > H1(k)

|Z(Lk(y → I)−
k−1∑
i=1

aiLi(y → I))| > H1(k) (3.2)

respectively for all a ∈ Fk−2
p and for all a ∈ Fk−1

p , so by Proposition 2.1 and (3.1) the

image P ({y} × SIc

) contains some translate of Ak−1Qp +AkQp; since |Qp| ≥ (p+ 1)/2,
the Cauchy-Davenport theorem shows that P ({y} × SIc

) = Fp and hence P (Sn) = Fp,
which contradicts our assumption.
Therefore, we may without loss of generality assume that (3.2) is false and hence that

Lk =
k−1∑
i=1

aiLi + Lrem
k

for some a ∈ Fk−1
p and some affine polynomial Lrem

k with support contained in a union
I ′ of I and of at most H1(k) elements. The set I ′ hence has size at most H1(k) + |I|.
Substituting in (3.1) and expanding, we obtain a decomposition of the type

P = Y ◦ (L1, . . . , Lk−1) + U ◦ (xj , Li : j ∈ I ′, i ∈ [k − 1]) +W ◦ (L1, . . . , Lk−1) + J ′,

where Y : Fk−1
p → Fp is a quadratic form, U : FI′

p ⊗ Fk−1
p → Fp is a bilinear form,

W : Fk
p → Fp is a linear form, and J ′ is a polynomial with degree at most 2 satisfying

I(J) ⊂ I ′. We can diagonalize the quadratic form Y as

Y = A′
1Ω

2
1 + · · ·+A′

k−1Ω
2
k−1

for some linearly independent linear forms Ω1, . . . ,Ωk−1 : Fk−1
p → Fp and some

coefficients A′
1, . . . A

′
k−1 ∈ Fp. We obtain

Y ◦ (L1, . . . , Lk−1) = A′
1L

′2
1 + · · ·+A′

k−1L
′2
k−1 (3.3)

for some affine polynomials

L′
1 = Ω1 ◦ (L1, . . . , Lk−1), . . . , L

′
k−1 = Ωk−1 ◦ (L1, . . . , Lk−1)

satisfying

〈L′
1, . . . , L

′
k−1〉 = 〈L1, . . . , Lk−1〉,

which allows us to furthermore rewrite

U ◦ (xj , Li : j ∈ I ′, i ∈ [k − 1])
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as a linear combination of terms of the type xjL
′
i with j ∈ I ′ and i ∈ [k − 1], and

W ◦ (L1, . . . , Lk−1)

as a linear combination of L′
1, . . . , L

′
k−1. The resulting decomposition is hence of the type

P =
k−1∑
i=1

A′
iL

′2
i +

∑
j∈I′

Ui,jxjL
′
i +B′

iL
′
i

+ J ′ (3.4)

for some coefficients Ui,j , B
′
i ∈ Fp. If for some i ∈ [k] we have A′

i = 0, B′
i = 0, and

Ui,j = 0 for all j ∈ I ′ then the expression (3.4) may be rewritten with a smaller value of
k, so we may assume without loss of generality that this does not happen for any i ∈ [k].
Let us now distinguish two cases.
Case 1: Assume that all coefficients A′

1, . . . , A
′
k−1 are non-zero. Then, letting

L′′
i = L′

i +
∑
j∈I′

(Ui,j/2A
′
i)xj +B′

i/2A
′
i

for each i ∈ [k − 1] we may rewrite

P =
k−1∑
i=1

A′
iL

′′2
i + J ′′

for some polynomial J ′′ with degree at most 2 satisfying I(J ′′) ⊂ I ′. Compared to (3.1),
the number of terms in the summation has decreased by 1, at the cost of J ′′ depending
on at most H1(k) more coordinates than J does. This finishes the proof in this case.
Case 2: Assume that one of the coefficients A′

1, . . . , A
′
k−1 is zero. Without loss of

generality, we may assume it to be A′
k−1. Then by the assumption that we have made in

the previous paragraph, the terms B′
i and Ui,j with j ∈ I ′ cannot all be zero, so because

S has size 2 or more, there necessarily exists y ∈ SI′
such that∑

j∈I′

Ui,jyj +B′
i 6= 0. (3.5)

If we have

|Z(L′
k−1 −

k−2∑
i=1

aiL
′
i) ∩ Ic| > H1(k)

for every a ∈ Fk−2
p then the affine polynomials L′

i(y → I ′) with i = 1, . . . , k− 1 obtained
by evaluating the coordinate xj to yj for each j ∈ I ′ satisfy

|Z(L′
k−1(y → I ′)−

k−2∑
i=1

aiL
′
i(y → I ′))| > H1(k)
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for all a ∈ Fk−2
p . Using Proposition 2.1 together with (3.4) and (3.5) shows P ({y}×SIc

) =
Fp and in particular P (Sn) = Fp, contradicting our assumption. Therefore, we may write

L′
k−1 =

k−2∑
i=1

aiL
′
i + L′rem

k−1

for some affine polynomial L′rem
k−1 with support contained in a union I ′′ of I ′ and of at

most H1(k) elements. We may then rewrite (3.4) as

P =
k−2∑
i=1

A′
iL

′2
i +

∑
j∈I′

Ui,jxjL
′
i +B′

iL
′
i

+ J ′′

for some polynomial J ′′ with degree at most 2 satisfying I(J ′′) ⊂ I ′′. Compared to (3.4),
the number of terms in the summation has decreased by 1, at the cost of J ′′ depending
on at most H1(k) more coordinates than J does. We again split into cases, and iterate
until we are no longer in Case 2. �

The other main component of the proof of Proposition 1.11 is the special case d = 2 of
the equidistribution statement, Theorem 1.7, which will give us that P coincides on Sn

with a k-square-l-determined decomposition for some bounded integers k, l, at which we
may start the inductive process of which Lemma 3.2 encapsulates an iteration. We note
for the reader interested in an utterly self-contained proof of Proposition 1.11 that the
proof of this special case of Theorem 1.7 involves far fewer difficulties than the proof of
the theorem in full generality: the proof of that special case is carried out in Section 2 of
[10].

Proof of Proposition 1.11 The result is immediate if S has size 1, so we may assume
|S| ≥ 2. The result is also immediate if p = 2, since if P (Sn) 6= F2 then P coincides with
a constant on Sn, so we may also assume p ≥ 3. Because P (Sn) is not the whole of
Fp, applying Theorem 1.7 shows that P coincides on Sn with some polynomial (which
we will continue referring to as P throughout the remainder of the proof) that we may
decompose as

P = Λ1,1Λ1,2 + · · ·+ Λr,1Λr,2

for some r ≤ Hp,2,S(1/2p) and some affine polynomials Λ1,1,Λ1,2 . . . ,Λr,1,Λr,2 (which
may be constant polynomials). Writing Li,1 (resp. Li,2) for the linear part of each Λi,1

(resp. Λi,2) we obtain a decomposition

P = Q+ L0 (3.6)

where

Q = L1,1L1,2 + · · ·+ Lr,1Lr,2
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is the quadratic part of P and L0 is an affine polynomial. We may rewrite

Q = A1L
2
1 + · · ·+AkL

2
k

for some k ≤ 2r, some non-zero coefficients A1, . . . , Ak ∈ Fp, and some linear polynomials
L1, . . . , Lk. If

|Z(L0 −
k∑

i=1

biLi)| > H1(k)

for all b ∈ Fk
p, then by choosing (v1, . . . , vk) such that

Px∈Sn(L1(x) = v1, . . . , Lk(x) = vk) > 0

and applying Proposition 2.1 we obtain that (L0, L1, . . . , Lk)(S
n) contains Fp ×

{(v1, . . . , vk)}, and the decomposition (3.6) then shows that the image P (Sn) contains
the whole of Fp, which contradicts our assumption. Therefore, we may write

L0 =
k∑

i=1

BiLi + Lrem
0

for some B ∈ Fk
p and some affine polynomial Lrem

0 with support size at most H1(k). In
turn, this leads to the decomposition

P =
k∑

i=1

(AiL
2
i +BiLi) + Lrem

0 .

Because A1, . . . , Ak are all non-zero, we may assume without loss of generality that
B1, . . . , Bk are all zero, since it suffices to replace Li by Li + Bi/2Ai for each i ∈ [k]:
doing so only adds a constant to Lrem

0 .
We have now obtained a k-square-H1(k)-determined decomposition (3.1) of P .

Iterating Lemma 3.2, we eventually get a 1-square-kH1(k)-determined decomposition or
a 0-square-(k + 1)H1(k)-determined decomposition. This establishes item 1, aside from
the value of the bound. To finish the proof of item 2, we furthermore add one last step.
In the second situation we are done, and in the first situation we can write

P = AL2
one + Jone

for some A ∈ Fp, some affine polynomial Lone and some degree-2 polynomial Jone such
that the set Ione = I(Jone) of coordinates on which Jone depends has size at most kH1(k).
If A = 0 then we are done, so let us assume that this is not the case. If the support of L
contains at least H1(k) + 1 elements outside Ione, then for any (arbitrary) y ∈ SIone we
have
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|Z(L(y → Ione))| > H1(k),

so by Proposition 2.1 the image P (Sn) contains a translate of AQp, which contradicts
the assumption of item 2. We conclude that P is (k + 1)H1(k)-determined.
All that remains to do is to compute the bounds. By [10], Proposition 2.11 and then

[10], Proposition 2.2 respectively there exist some absolute constants κ′′,κ′ such that
k ≤ κ′′p5 and H1(k) ≤ κ′p10, so (k + 1)H1(k) ≤ κp15 for some absolute constant κ, as
desired. �

4. Deduction of the main theorem in the general case

In this section, we prove Theorem 1.9. There too, we can conclude immediately if |S| = 1,
so throughout the remainder of the proof we will assume |S| ≥ 2. We begin by defining
the kinds of decompositions that the proof will focus on, and the hierarchy that we will
use between them.

Definition 4.1. Let p be a prime, let 1 ≤ d < p be an integer, and let S be a non-
empty subset of Fp. We say that an acceptable decomposition (with respect to S) of a
polynomial P : Fn

p → Fp with degree d is a pair (F , F ) with F a finite set of non-zero
polynomials each with degree at most d, and

F : {(i, j) : i ∈ [r], j ∈ Ji} → F

a function for some nonnegative integer r and some finite sets Ji for each i ∈ [r], which
satisfies the following two properties.

(1) We have the decomposition

P = P0 +
r∑

i=1

αi

∏
j∈Ji

F (i, j) (4.1)

for some polynomial P0 with degree at most d such that P0(S
n) = {0} and for some

coefficients αi ∈ Fp.
(2) Every i ∈ [r] satisfies

deg
∏
j∈Ji

F (i, j) ≤ d.

Definition 4.2. Let p be a prime, let 1 ≤ d < p be an integer, and let S be a non-
empty subset of Fp. Let P : Fn

p → Fp be a polynomial with degree d. We say that the
degree description of a given acceptable decomposition (F , F ) of P is the (d + 1)-tuple
(D0, . . . , Dd) ∈ Nd such that

(1) D0 is the number of polynomials of F which are either of the type axi for some
i ∈ [n] and a ∈ F∗

p, or of the type c for some c ∈ Fp
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(2) D1 is the number of all other affine polynomials of F
(3) Du is the number of degree-u polynomials of F for every u ∈ {2, . . . , d}.

We say that the size of the acceptable decomposition is the size of the set F . For every
polynomial Q ∈ F , we furthermore say that the modified degree of the polynomial Q is
the unique u of {0, 1, . . . , d} such that Q is of the type described above in the definition
of Du.

Let P be as in the assumption of Theorem 1.9, and let e = bd/(t+1)c. The main idea
of the proof will be to successively obtain a sequence of acceptable decompositions of P
which have degree descriptions that are strictly decreasing in the colexicographic order,
until we obtain an acceptable decomposition in which all polynomials of F have modified
degree at most e. For each step l of the process, we write Fl for the family F at the start
of the lth acceptable decomposition of the process. The following three properties will be
satisfied.

(1) The difference Fl \ Fl+1 is a singleton containing a polynomial of Fl with maximal
modified degree among those of the polynomials of Fl.

(2) The difference Fl+1 \Fl has size bounded by a function of the degree description of
Fl (and of p, d, t, S).

(3) All polynomials of Fl+1 \ Fl have modified degrees strictly smaller than that of the
polynomial of Fl \ Fl+1.

The acceptable decomposition obtained at the end of the process will still have bounded
size, with bounds depending on p, d, t, S only. For the convenience of the reader, we will
formalize the main principle behind this as a separate lemma. Although we have found
it more convenient to state it in its somewhat abstract form, the case where we will use
it is that where K(D) is the size of a given acceptable decomposition obtained at the
end of an induction starting with an acceptable decomposition with degree description
D, the quantity V (D) is the size D0 + · · · + De whenever De+1 = · · · = Dd = 0 (since
if the original acceptable decomposition has all its polynomials with degrees at most e,
then there is nothing to do), and W (D) is a bound on the number of extra polynomials
coming from item (2), when the family Fl has degree description D.

Lemma 4.3. Let 0 ≤ e ≤ d be nonnegative integers. Let V,W : Nd+1 → N be func-
tions. Then there exists a function B : Nd+1 → N depending on e, d, V,W only such that
whenever K : Nd+1 → N is a function satisfying

K(D0, D1, . . . , De, 0, . . . , 0) ≤ V (D0, D1, . . . , De, 0, . . . , 0)

for all D0, D1, . . . , De ∈ N and such that for each integer m with e < m ≤ d and all
D0, D1, . . . , Dm ∈ N with Dm 6= 0 there exist

0 ≤ u0, . . . , um−1 ≤ W (D0, D1, . . . , Dm, 0, . . . , 0)

satisfying

K(D0, D1, . . . , Dm, 0, . . . , 0) ≤ K(D0 + u0, D1 + u1, . . . , Dm−1 + um−1, Dm − 1, 0, . . . , 0)
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then K(D) ≤ B(D) for all D ∈ Nd+1.

Proof. The first assumption shows that we may take B(D) = V (D) for all D ∈ Nd+1

such that Dm = 0 for all e < m ≤ d, which finishes the base case. Then, assuming
for contradiction that there exists some other D = (D1, . . . , Dm, 0, . . . 0) with Dm 6=
0 for which the conclusion is not satisfied, we consider the smallest such D for the
colexicographic order on Nd+1; but then, the second assumption shows that taking

B(D) = max
0≤u0,...,um−1≤W (D0,D1,...,Dm,0,...,0)

B(D0 + u0, D1 + u1, . . . , Dm−1 + um−1,

Dm − 1, 0, . . . , 0) (4.2)

does ensure K(D) ≤ B(D), a contradiction. �

There remains the matter of how the successive acceptable decompositions will be
obtained.

Proof of Theorem 1.9. Let P be as in the assumption of Theorem 1.9, that is, let us
assume that P (Sn) does not contain A(Fp) for any non-constant polynomial A : Fp → Fp

with degree at most t. Our starting acceptable decomposition consists in writing P merely
as itself: this provides a decomposition of size 1 and with degree description (0, . . . , 0, 1).
The image P (Sn) is in particular not the whole of Fp, so by Theorem 1.7, the

polynomial P coincides on Sn with some polynomial of the type

P = Q1R1 + · · ·+QsRs

for some s ≤ Hp,d,S(1/2p) and some polynomials Q1, . . . , Qs, R1, . . . , Rs satisfying

degQi ≤ d− 1,degRi ≤ d− 1 and degQi + degRi ≤ d

for each i ∈ [s]. This is in particular an acceptable decomposition (F1, F1) with size at
most 2Hp,d,S(1/2p) and with degree description (D0, . . . , Dd−1, 0) for some

D0, . . . , Dd−1 ≤ 2Hp,d,S(1/2p).

After this, diminishing the degree description becomes more complicated, and lends
itself to the inductive step that we will now describe. Assume that for some l ≥ 1 we have
obtained an acceptable decomposition (Fl, Fl) of P , and let us construct (Fl+1, Fl+1).
Let s be the size of the decomposition (Fl, Fl). Recall that e = bd/(t + 1)c. We now
distinguish three cases. Letting k be the size of Fl, we may write Fl = {P1, . . . , Pk} for
some polynomials P1, . . . , Pk.
Case 1: All polynomials P1, . . . , Pk have modified degrees at most e. Then we stop

the induction.
We now assume that we are not in Case 1. Without loss of generality, we may assume

that Pk has modified degree strictly greater than e, and has maximal modified degree
m among the modified degrees of P1, . . . , Pk. By gathering terms inside (4.1) depending
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on the power of Pk appearing inside the term, we may hence rewrite the decomposition
(4.1) as

P =
t∑

r=0

(Tr ◦ (P1, . . . , Pk−1))P
r
k (4.3)

for some polynomials T0, . . . , Tt : Fk−1
p → Fp, such that the degree of each summand is

still at most d: in particular this is why we may stop the summation at t.
Case 2: The image

(T1 ◦ (P1, . . . , Pk−1), . . . , Tt ◦ (P1, . . . , Pk−1))(S
n)

is equal to {0}t. Then P coincides on Sn with the polynomial T0 ◦ (P1, . . . , Pk−1). This
provides a new acceptable decomposition (Fl+1, Fl+1) of P , with Fl+1 = Fl \ {Pk}. We
can check that the families Fl and Fl+1 satisfy items (1)–(3). We now assume that we
are not in Case 2 either.
Case 3: Assume for contradiction that the polynomial Ps satisfies

rkm−1,S

(
Pk −

k−1∑
i=1

aiPi

)
> Hp,m,S(|S|−(p−1)mk/2p) (4.4)

for all a ∈ Fk−1
p , where we recall that m is defined as the modified degree of Pk. Because

we are not in Case 2, the image

(T0 ◦ (P1, . . . , Pk−1), T1 ◦ (P1, . . . , Pk−1), . . . , Tt ◦ (P1, . . . , Pk−1))(S
n)

contains some element h of Ft+1
p which has its t last coordinates not all equal to 0, so

there exists some y ∈ Fk−1
p in the image (P1, . . . , Pk−1)(S

n) such that (T1, . . . , Tt)(y) 6= 0.
By (4.4) and Proposition 2.1, the image (Pk, P1, . . . , Pk−1)(S

n) contains Fp × {y}, so
the decomposition (4.3) shows that the image P (Sn) contains the image A(Fp), where
A : Fp → Fp is the polynomial defined by

A(u) = h0 + h1u+ · · ·+ htu
t.

By construction the polynomial A is non-constant and has degree at most t, which
contradicts the assumption of Theorem 1.9. We can hence obtain some a ∈ Fk−1

p , some

k′ ≤ Hp,m,S(|S|−(p−1)mk/2p),

some polynomials P ′
1, . . . , P

′
k′ each with modified degree strictly less than the modified

degree m of Pk and some polynomial P ′
0 with degree at most m satisfying P ′

0(S
n) = {0},
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such that we can write

Pk = P ′
0 +

k−1∑
i=1

aiPi +
k′∑
i=1

P ′
i . (4.5)

Replacing each instance of Pk by the linear combination (4.5) in the expression (4.1)
(and gathering the contribution of P ′

0 together with P0 there) leads to a new acceptable
decomposition (Fl+1, Fl+1) of P , where

Fl+1 = (Fl \ {Pk}) ∪ {P ′
1, . . . , P

′
k′}.

Again, the families Fl and Fl+1 satisfy items (1)–(3). This concludes the inductive step.
Items (1)–(3) and Lemma 4.3 then show that there exists some integer Ψ(p, d, t) such

that we can obtain an acceptable decomposition (F , F ) of P with size at most Ψ(p, d, t)
and such that all its polynomials in F have modified degree at most e. We define the
quantities

Cpre(p, d, t) =
∑

0≤v≤d

Ψ(p, d, t)v andC(p, d, t) = pCpre(p,d,t).

The number of products of elements of F which are polynomials with degree at most d
is at most Cpre(p, d, t), so the number of linear combinations of them is at most C(p, d, t)
and we conclude as desired that

rke,S P ≤ C(p, d, t).

�

5. Further questions

Our results still leave open several questions regarding what we may infer about the
structure of a polynomial from its range.
Let us begin by looking at degree-2 polynomials. As we discussed at the very end of

the proof of Proposition 1.11, the special case of Theorem 1.7 for degree-2 polynomials,
Proposition 2.11 of [10], implies in particular that there exists an absolute constant κ′′ > 0
such that if P is a degree-2 polynomial satisfying P (Sn) 6= Fp, then rk1,S P ≤ κ′′p5. We
may ask whether this power bound in p may be improved to a linear bound, and even
what the optimal bound is.
In the case where P has degree 1 and |S| ≥ 2, the Cauchy-Davenport theorem provides

an analogous bound rk0 P ≤ p−2
|S|−1 on the size of any such polynomial (if |S| = 1, then

rk0 P ≤ 1 automatically). The value p−2
|S|−1 is attained for instance for S = {0, 1} and

P = x1 + · · ·+ xp−2.

A degree-2 analogue of this example is the polynomial

P = x1x2 + · · ·+ x2p−5x2p−4,
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which has degree-1 rank equal to p− 2. Indeed, P has rank 2p− 4 as a quadratic form,
and it is straightforward to check that the rank of a quadratic form is at most twice its
degree-1 rank. We have not found an example that would settle the following question
negatively, and although this question would vaguely appear to be a kind that could
potentially be approached using the combinatorial Nullstellensatz, we have not managed
to use this technique to settle it positively either.

Question 5.1. Let p be a prime, and let S be a non-empty subset of Fp. Let P: Fn
p → Fp

be a degree-2 polynomial. Is it true that if P (Sn) 6= Fp then rk1,S P ≤ p− 2 ?

More generally, we can ask for better bounds in Theorem 1.9. Even if we assume that
the bounds on Hp,d,S(ε) from Theorem 1.7 can be taken, for a fixed p, to be linear
in log ε−1 (something which, at the time of writing, is not yet known to be true even
for S = Fp), the degree-1 case ([10], Proposition 2.2) already has an inverse square
dependence on p. So for any fixed degree 3 ≤ d < p, the number of iterations on the
degree description in the proof of Theorem 1.9 would still have a worse than exponential
growth rate in p, and the final bounds in Theorem 1.9 would hence be correspondingly
weak.

Question 5.2. Can we obtain polynomial bounds in p in Theorem 1.9 ?

In a somewhat similar direction, we may ask whether there is some other proof of
Theorem 1.9. That the proof of Theorem 1.9 in the present paper is rather short is due
to the fact that it uses Theorem 1.7 as a black box: as discussed in [10], the proof of
Theorem 1.7 itself uses as black boxes the facts that high partition implies high analytic
rank and that high essential partition rank implies high essential disjoint partition rank,
with the latter implication in the sense of [10], Definition 1.9 and [10], Theorem 1.10,
which in turn was proved in [14] as a special case of [14], Theorem 1.8.

Question 5.3. Does Theorem 1.9 have a purely combinatorial proof?

As we explained in the introduction, we cannot hope, in the statement of Theorem 1.9,
to obtain that if a polynomial P : Fn

p → Fp satisfies P (Sn) 6= Fp, then the polynomial P
coincides on Sn with the sum of a single polynomial of the type A◦Q and of a polynomial
determined by a bounded number of coordinates. Nonetheless, this does not mean that
obtaining a variant of that description is necessarily impossible. For fixed 1 ≤ d < p,
let m(p, d) be the smallest positive integer such that whenever A1, . . . Am : Fp → Fp are
non-constant polynomials each with degree at most d we have

A1(Fp) + · · ·+Am(Fp) = Fp.

We can correspondingly formulate the most optimistic refinement of Theorem 1.9 that
we may still hope for.

Question 5.4. Let p be a prime, let 1 ≤ d < p be an integer, and let S be a non-
empty subset of Fp. Is it true that if P : Fn

p → Fp is a polynomial with degree d satisfying
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P (Sn) 6= Fp, then P coincides on Sn with some polynomial of the type

A1 ◦Q1 + · · ·+Al ◦Ql + J

for some integer l < m, some polynomials Q1, . . . , Ql with degrees at most bd/2c, some
polynomials A1, . . . , Al : Fp → Fp such that the polynomials A1 ◦Q1, . . . , Al ◦Ql all have
degrees at most d, and some k-determined polynomial J with degree at most d, for some
k that is bounded depending on p, d, t (and S) only ?

One possibility would be to try to imitate the proof of Proposition 1.11, but it breaks
down in a key way in that the obvious would-be analogue of equation (3.3) for higher
degrees does not hold: unlike for d = 2 it is not true for d ≥ 3 that if k is a positive
integer, then a homogeneous polynomial of degree d in k variables can be written as a
sum of at most k d-powers.
We note that using the polarization identity on multilinear polynomials shows that a

polynomial with degree at most 1 ≤ d < p and of degree-bd/(t+ 1)c rank at most some
positive integer r can always be rewritten as a linear combination of at most 2dr powers
of polynomials with degrees at most dbd/(t+1)c. This may be viewed as going some way
in establishing a result of this type, although, as is shown by the example

4(x3
1x2 + x2

3x
2
4) = (x3

1 + x2)
2 − (x3

1 − x2)
2 + (x2

3 + x2
4)

2 − (x2
3 − x2

4)
2,

the powers may have degrees larger than the degree of the original polynomial, and this
is why we have refrained from defining our notions of rank in terms of powers rather than
products in Definition 1.2 and in Definition 1.6.

Acknowledgements. We thank Lisa Sauermann for explaining to us the proof of
Lemma 2.3 in a special case already involving the main arguments of the proof of this
lemma. This proof is more elegant than the proof that we would otherwise have used and
furthermore provides better bounds.
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