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Abstract

Datalog is a prominent knowledge representation language widely used for declar-
ative reasoning, primarily due to its ability to express recursive definitions. Many
Datalog-based reasoning systems employ materialisation techniques to precompute
all consequences of a given program and dataset, enabling efficient query answering.
However, materialisation-based reasoning faces several challenges concerning com-
putational efficiency and storage management for both the initial computation and
incremental maintenance of materialisations. Most existing approaches default to
general-purpose update strategies without considering optimisations for specific rule
structures. From a computational perspective, standard materialisation techniques
rely on traditional join plans for rule evaluation, which can be suboptimal for cyclic
rules. The redundancy introduced by these plans leads to inefficiencies, especially in
recursive reasoning. To address this, we explore the use of hypertree decomposition
(HD)-based evaluation techniques to optimise the reasoning process for cyclic rules,
including both the initial computation and incremental maintenance. We develop
specialised addition, deletion, and rederivation procedures using hypertree decom-
position techniques for cyclic rules, which support efficient incremental evaluation
and are suitable for integration into the recursive reasoning scenario and incremental
maintenance processes. Storage management is another critical challenge, as Dat-
alog rules can significantly expand datasets, making it impractical to store all de-
rived facts explicitly. To mitigate this, we propose a multi-scheme storage framework
that integrates customised storage techniques tailored to particular rule derivations
into the initial computation and incremental maintenance processes. Specifically, we
introduce specialised storage schemes for transitive closure and union rules, allow-
ing compact representation and efficient retrieval while preserving the correctness
of reasoning. Our experimental results demonstrate that the proposed optimisa-
tions significantly enhance both computational and storage efficiency. The hypertree
decomposition-based reasoning method achieves substantial speedups for cyclic rules,
while the multi-scheme storage framework effectively reduces space requirements and
improves incremental update performance. These contributions provide a scalable
and adaptable approach to materialisation-based reasoning, making it more suitable
for large-scale and dynamic knowledge-based systems.
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Chapter 1

Introduction

Datalog [4] has long served as a foundational framework for Knowledge Representa-
tion and Reasoning in multiple fields, including Artificial Intelligence and database
systems. However, its materialisation techniques currently face several challenges,
particularly regarding computational efficiency for complex rules and storage opti-
misation for large-scale knowledge bases. These challenges impact both the initial
computation and incremental maintenance of materialisations, limiting the practical
application of Datalog-based techniques in real-world reasoning systems. In this chap-
ter, we introduce the background of Datalog-based knowledge reasoning (Section 1.1)
and discuss the challenges associated with materialisations (Section 1.2). We then
present the research questions that guide this thesis in Section 1.3, focusing on com-
putational efficiency and storage optimisation. Following this, thesis contributions
and outline are summarised in Section 1.4. Finally, relevant publications resulting
from this research are listed.

1.1 Datalog-based Knowledge Reasoning

Datalog is a rule-based formalism with the ability to express recursive dependen-
cies [4], making it a versatile tool across various domains, including data analysis [10]
and consistency checking [95]. As a syntactic subset of Prolog with well-defined
fixed-point semantics [4], Datalog provides a robust foundation for deductive reason-
ing, enabling the derivation of implicit facts from explicitly stored knowledge. In the
database community, it has been widely adopted as an expressive query language,
particularly for recursive query processing [37, 64, 118]. In Artificial Intelligence,
Datalog is extensively used as a knowledge representation language [49], leveraging
its rule-based structure to encode domain knowledge in the form of ‘if-then’ rules. If
all atoms in the premise of a rule hold, then the conclusion of the rule must also be
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true. This logical framework makes Datalog a powerful tool for applications such as
Semantic Web Reasoning [61], Knowledge Graph Inference [19], and Ontology-based
Data Access [24].

In knowledge-based system applications, Datalog is widely used to manage and
infer knowledge by reasoning over structured facts and domain rules. The facts are
typically organised using the Resource Description Framework (RDF) [101], a stan-
dardised data model by the World Wide Web Consortium (W3C) that provides an
intuitive and computationally effective format. RDF represents data as triples, each
consisting of a subject, predicate, and object. These triples naturally form a directed,
labelled graph, where the subject and object are nodes connected by an edge la-
belled with the predicate, effectively representing relationships between entities. The
domain rules are commonly encoded using OWL 2 RL ontologies [103] and SWRL
rules [73]. Both the RDF data format and the rule standards in these applications can
be naturally captured by a Datalog subset with unary and binary predicates, thereby
providing a unified framework for expressive reasoning and efficient inference. This
syntactic compatibility facilitates the direct application of Datalog-based reasoning
to RDF data, allowing complex domain knowledge to be represented and reasoned
over in a structured and declarative manner. Consequently, Datalog-based reasoning
has been widely adopted in RDF systems to deduce implicit knowledge. For exam-
ple, facts such as locatedIn(EffelTower, Paris) and locatedIn(Paris, France) assert
that the Eiffel Tower is located in Paris and Paris is located in France. The domain
knowledge captures implicit information: for example, a Datalog rule locatedIn(x,y),
locatedIn(y,z) → locatedIn(x,z) declares that if x is located in y and y is located in z,
then x is located in z. By applying this rule to existing facts, a Datalog system can
automatically infer new relationships, e.g., locatedIn(EffelTower, France), that are
not directly stated, thereby enriching the knowledge base. In the database setting,
such an enriched RDF knowledge base can be thought of as an edge-labelled graph
database enhanced by (possibly recursive) views expressed in a subset of Datalog.

The process of inferring implicit insights from a knowledge base using domain
knowledge encoded in Datalog rules is known as logical rule-based knowledge rea-
soning [39]. This approach offers a distinct advantage in accuracy and reliability,
as it strictly adheres to predefined logical constructs, ensuring consistency and pre-
dictability in its outcomes. By systematically deriving new facts based on existing
ones, logical rule-based reasoning provides a principled framework that is both trans-
parent and verifiable. Therefore, Datalog-based knowledge reasoning is an important
technique in the field of Semantic Web and Knowledge Graphs. Recent surveys of
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Datalog engines [63, 90, 98] have identified numerous implementations across both
open-source and commercial platforms. These include systems such as RDFox [109],
VLog [35], Oracle’s RDF Store [152], GraphDB1, Soufflé [85, 124], RecStep [52], So-
ciaLite [125], LogicBlox [14], FVLOG [134], Nemo [80, 81], and Vadalog [18], which
demonstrate the widespread adoption of Datalog-based reasoning in practice.

However, existing techniques still face key challenges, particularly in computa-
tional efficiency, incremental maintenance, and storage management. In this thesis,
we address these challenges by primarily focusing on the reasoning techniques for a
Datalog subset with unary and binary predicates, which is sufficient for many prac-
tical knowledge-based applications, including RDF data and OWL 2 RL ontologies
(possibly extended with SWRL rules). The research presented in this thesis advances
knowledge-based systems by enhancing the efficiency and scalability of Datalog-based
reasoning, enabling more effective inference and query answering over large-scale, dy-
namic knowledge graphs. While our focus is on this specific subset, the proposed
approach is designed to be general and adaptable in the context of general Datalog,
making it potentially applicable to broader cases of Datalog reasoning as well.2

In Section 1.2, we will highlight the core technique behind Datalog-based reason-
ing. Additionally, we outline key challenges associated with computation, scalability,
incremental maintenance, and efficient storage, which motivate the optimisations ex-
plored in this thesis.

1.2 Materialisations and Open Challenges

Given the explicit facts and Datalog rules, one of the main computational tasks of a
knowledge-based system is answering queries over both the given facts and the facts
implied by the rules. There are two main approaches to achieving this: forward chain-
ing (often called materialisation), where all possible outcomes are precomputed and
stored (materialised); and backward chaining [16, 137, 139], where facts are inferred
on demand during query processing. The former allows for fast query evaluation at
the expense of higher precomputation and storage requirements; the latter reduces
precomputation and storage requirements, but can lead to increases in query evalua-
tion time due to the need for on-the-fly rule evaluation [4, 138]. Given the potentially
high cost of on-the-fly evaluation, particularly when complex and/or recursive rules

1https://graphdb.ontotext.com/
2The adaptability of our proposed approach to broader cases of Datalog, detailing its general

applicability and potential limitations, will be clarified in Chapter 6.
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are involved, most modern Datalog systems use the materialisation approach, with ex-
amples including RDFox [109], VLog [35], Vadalog [18], WebPIE [141], OWLIM [27],
Oracle’s RDF Store [152], and LogicBlox [14]. Several studies [7, 138] have also
demonstrated the advantage of forward chaining over backward chaining. In this the-
sis, we explore several optimisations of the materialisation technique to enhance its
applicability in real-world large-scale and dynamic settings.

Materialised facts (or materialisations) can be computed using the naïve strat-
egy, which iteratively applies all Datalog rules to the available facts until no new facts
can be derived. However, this approach is inefficient due to redundant derivations.
The seminaïve evaluation strategy [4] optimises this process by ensuring that each
rule instance is considered only once in the entire materialisation process, significantly
reducing unnecessary recomputations. This process is often referred to as initial mate-
rialisation, as presented in Figure 1.1. Systems that deploy materialisation techniques
usually also consider incremental maintenance of materialisations (as highlighted in
green in Figure 1.1), in which the materialisations are incrementally updated when
the initial facts change; this can be much more efficient than re-computing materi-
alisations from scratch, especially for small changes.3 As presented in Figure 1.1, in
this thesis, we generally refer to the process of computing and maintaining materi-
alisations as reasoning, following the convention in knowledge-based systems. This
is distinct from querying, which in this thesis specifically refers to the evaluation of
queries over the materialised fact base. The optimisations considered in this thesis
primarily focus on the reasoning process illustrated in Figure 1.1.

Datalog Rules

Initial Dataset

Materialisations Query AnswersInitial Materialisation
(Reasoning)

Querying

Fact Additions
& Deletions

Incremental Maintenance
(Reasoning)

Figure 1.1: Illustration of Reasoning and Querying.

3In this thesis, the term materialisation is used to refer to both the computation process and
the resulting set of inferences. If the intended meaning is not clear from the context, additional
clarification will be provided.
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Challenges: Key challenges in the materialisation technique are the efficient compu-
tation, maintenance, and storage of materialisations, particularly when dealing with
large-scale recursive rules and dynamic updates:

• Computational Efficiency: Traditional algorithms for computing materiali-
sations and conducting incremental maintenance typically use a unified iterative
evaluation strategy for all rules, disregarding different rule structural informa-
tion. This one-size-fits-all approach can lead to inefficiencies, as distinct rule
shapes may benefit from specialised evaluation strategies. By integrating cus-
tomised evaluation approaches for different rules into the reasoning process, the
efficiency of materialisation and incremental maintenance can be significantly
improved. Consequently, it enhances the overall performance of reasoning sys-
tems, particularly when dealing with complex rules that would be computation-
ally expensive and inefficient if evaluated using a standard approach. By selec-
tively applying optimised strategies, the system can effectively balance between
generality and efficiency. This suggests that specialised evaluation strategies
for specific rules could be developed to optimise the reasoning process further.
Moreover, exploring how these customised strategies can be seamlessly inte-
grated into the overall reasoning process would provide a flexible and efficient
framework for Datalog-based systems.

• Space Requirement: Standard approaches typically store materialised facts
in a straightforward manner, such as in tables. However, this plain storage
strategy demands substantial space since rule applications expand the existing
datasets. This space requirement can make materialisation impractical for large
datasets and subsequent query-answering infeasible, as queries depend on the
precomputed materialised facts. To mitigate these challenges, compressed stor-
age techniques of materialisations can be explored to reduce space consumption
while preserving efficient access to inferred facts. One promising direction is to
exploit the structural information implied by the rules. For example, transi-
tive closure rules, such as the LocatedIn rule mentioned in Section 1.1, imply
hierarchical relationships that can be efficiently represented using graph-like
data structures. However, integrating such specialised schemes into the rea-
soning process would be challenging, as it imposes specific requirements on the
schemes to support efficient incremental updates: during Datalog reasoning,
rules are applied recursively, necessitating that the specialised storage schemes
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dynamically reflect newly derived facts and deletions. Moreover, the reason-
ing algorithms should remain general enough to allow consistent access to the
compressed storage across multiple iterations, especially when conducted over
multiple storage schemes.

• Maintenance Challenges: Incremental maintenance is crucial for Datalog
systems under dynamic updates. However, incremental maintenance requires
tracking fact dependencies and performing cascading updates when facts are in-
serted or deleted. With customised application approaches for certain rules and
specialised storage schemes, tracking these dependencies becomes significantly
more challenging. The recursive nature of Datalog creates complex interdepen-
dencies among facts, requiring careful propagation of changes throughout the
entire materialised knowledge base to preserve correctness whilst maintaining
efficiency.

We now introduce the specific research questions that guide this thesis, focusing
on the motivations and objectives in optimising the computation, maintenance, and
storage of materialisations.

1.3 Research Questions

As discussed in Section 1.2, our research has been dedicated to optimising the time
and space efficiency of the materialisation process, encompassing both the initial com-
putation and the incremental maintenance. In this section, we identify key research
gaps and present the specific research questions that this thesis aims to address.

1.3.1 Computational Efficiency for Cyclic Rules

Most general materialisation computation and maintenance algorithms, such as the
counting algorithm [67], Delete/Rederive algorithm [128], and Backward/Forward
(B/F) algorithm [108], only focus on the rule application workflow and rely on tradi-
tional join plans to evaluate rule bodies. While effective in many cases, this approach
can be inefficient, especially for cyclic rules [111], leading to excessive intermediate
results and redundant computations. This phenomenon can be observed in real-life
applications, for example where rules are used to model complex systems, which may
include the evaluation of numerical expressions.4

4https://2021-eu.semantics.cc/graph-based-reasoning-scaling-energy-audits-many-customers
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Hypertree decomposition (HD)-based approaches [62] have shown significant ben-
efits in one-time static query evaluation by decomposing complex joins into tree-like
structures that allow more efficient processing [2, 136]. However, adapting HD-based
evaluation for the computation and maintenance of materialisations remains chal-
lenging. Unlike queries, which are evaluated once, materialisation involves iterative
rule applications, requiring careful handling of redundant derivations and efficient
tracking of fact derivations through incremental updates. This leads to the following
research question:

RQ 1 Considering the evaluation of a single Datalog rule, how can the hypertree
decomposition-based approach be adapted to efficiently support the initial materialisa-
tion and incremental maintenance processes?

Such an optimisation is specifically designed for cyclic rules, leveraging hypertree
decomposition to improve their evaluation by minimising redundant join operations.
However, applying this method uniformly to all rules may introduce additional over-
head for non-cyclic rules or simpler cases, where the benefits of hypertree decomposi-
tion are less pronounced. This suggests the need for a hybrid approach that selectively
applies optimisations based on rule shapes. For example, hypertree decomposition
could be used for cyclic rules to enhance computational efficiency by reducing in-
termediate results, while standard seminaïve evaluation could be applied to acyclic
rules for faster processing without unnecessary overhead. This hybrid strategy aims
to maximise performance by balancing the strengths of both evaluation techniques,
ensuring efficient reasoning across diverse rule structures. This consideration leads to
the following research question:

RQ 2 How can one integrate a hypertree decomposition-based approach for certain
rules with standard evaluation methods for others to maximise performance?

This research question aims to develop a reasoning algorithm that efficiently supports
both initial materialisation and incremental maintenance by strategically integrating
HD-based optimisations for complex cyclic rules while retaining standard evaluation
techniques for simpler rules. By effectively combining different rule processing strate-
gies, this research aims to achieve good reasoning performance while maintaining
accuracy and consistency.
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1.3.2 Storage Optimisation with Multiple Storage Schemes

Materialisation-based reasoning requires storing all inferred facts, often leading to sig-
nificant storage overhead, particularly when handling large-scale datasets and recur-
sive rules. Traditional approaches typically use standard table-like storage structures,
which are efficient for querying but may be suboptimal for incremental updates and
reasoning tasks. Maintaining an efficient and scalable storage mechanism becomes a
critical challenge as the dataset grows and new inferences are derived. The failure
of materialisation prevents the precomputation of inferences, rendering subsequent
query answering infeasible due to the absence of necessary derived facts.

Optimised storage of materialisations has so far been limited to handling equality
relations [106] and leveraging columnar storage [35], with existing approaches largely
ignoring the structural properties of rules that could lead to significant storage and
retrieval optimisations. A promising direction is the customisation of storage schemes
tailored to different types of rule derivations, allowing for more efficient representation
and access patterns. Certain rules exhibit structural properties that can be exploited
for more efficient storage and retrieval. For instance, graph-based storage can be
beneficial for derivations of transitive closure rules, while virtual representations may
be suitable for union rules that generate highly redundant inferences. As an example,
the following rule (R1) declares R as a transitive relation, which can be regarded
as a reachability problem in a graph constructed from existing R facts. Therefore,
the derivations from (R1) correspond to reachable pairs in the graph, and storing
these reachable pairs could benefit from compressed graph-like storage. In contrast,
rules (R2)–(R4) define the relation U as the union of relations A, B, and C, thereby
categorising them as union rules. Consequences from these rules can be omitted from
explicit storage and instead be referenced through their underlying relations (A, B,
and C), thereby reducing memory consumption while preserving query efficiency.

R(x, z)← R(x, y), R(y, z) (R1)

U(x, y)← A(x, y) (R2)

U(x, y)← B(x, y) (R3)

U(x, y)← C(x, y) (R4)

Adopting multiple storage schemes tailored to different types of rules could signifi-
cantly enhance both reasoning efficiency and storage scalability.

However, integrating multiple storage schemes into the materialisation and in-
cremental reasoning workflow is non-trivial. A major challenge is ensuring seamless
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interaction between different storage mechanisms while maintaining efficient retrieval,
updates, and consistency. Moreover, reasoning engines typically assume a unified stor-
age model, making it difficult to decouple storage from reasoning logic in a way that
allows for flexible integration of customised schemes. These challenges lead to the
following research question:

RQ 3 How can a general multi-scheme framework be designed to effectively decouple
storage from reasoning processes, enabling the integration of, for example, standard
table-like storage schemes and customised optimisations?

Efficient storage of materialised facts is a key challenge in Datalog-based reason-
ing, especially for rules that produce large, redundant, or highly repetitive inferences.
Transitive closure and union rules are particularly prone to significant storage over-
head, necessitating careful storage design. Developing storage schemes that integrate
into a multi-scheme framework requires the ability to efficiently manage insertions and
deletions of explicit facts while supporting the identification and retrieval of different
fact subsets—whether pre-existing, newly derived, or pending deletion. Achieving
this balance is challenging, as it demands both structural optimisation and efficient
update mechanisms. Therefore, we proposed the following research question:

RQ 4 How can specialised storage schemes be developed for the derivations of tran-
sitive closure and union rules that meet the general requirements of a multi-scheme
framework, ensuring efficient integration into the materialisation and incremental
reasoning process while maintaining scalability and retrieval efficiency?

This section has outlined the key research questions that have shaped this PhD
research. These questions focus on developing and evaluating advanced optimisa-
tions for challenging rule types and their seamless integration into a general rea-
soning procedure that supports both the initial materialisation and the incremental
maintenance. The ultimate goal is to enhance materialisation techniques for efficient
computation, storage, and maintenance of large knowledge graphs.

1.4 Thesis Contributions and Outline

This thesis explores optimisations for Datalog-based reasoning, focusing on efficient
computation, incremental maintenance, and storage optimisation. Specifically, we
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address the challenges posed by cyclic rules, scalable incremental updates, and multi-
scheme storage, introducing novel techniques that enhance reasoning performance
and adaptability. This thesis is organised as follows.

In Chapter 2, we introduce fundamental notations of Datalog and present clas-
sical materialisation computation algorithms, including the naïve and seminaïve al-
gorithms. We highlight the key derivation step using the seminaïve operator, which
effectively eliminates redundant derivations and serves as a foundational technique
in more advanced materialisation algorithms. Additionally, we present the DRed al-
gorithm, a general incremental maintenance approach that supports both the initial
computation and ongoing maintenance of materialisations. This algorithm extends
materialisation techniques by efficiently handling fact insertions and deletions, mak-
ing it a widely used method for reasoning over dynamic datasets. The algorithms
discussed in this chapter are conceptual, providing a theoretical foundation for un-
derstanding materialisation workflows and incremental maintenance strategies. Later
chapters build upon these concepts, integrating them into more sophisticated frame-
works that further optimise computation and storage efficiency. Furthermore, in Sec-
tion 2.4, we introduce key notations in the context of knowledge representation and
establish the connection between RDF and Datalog. We also discuss how Datalog-
based techniques can be effectively applied to knowledge-based systems, highlighting
opportunities for optimising storage techniques to enhance reasoning efficiency.

In Chapter 3, we review existing research on the computation, maintenance, and
storage management of the materialisation process. Our analysis highlights two key
gaps that motivate the research questions addressed in this thesis:

• First, existing rule evaluation strategies predominantly rely on traditional tech-
niques, which fail to leverage the structural properties of complex rules, such as
cyclic rules. This inefficiency motivates our research questions RQ1-RQ2, which
explore how hypertree decomposition can be integrated into Datalog reasoning
to improve computational efficiency.

• Second, existing studies on storage management primarily focus on unified stor-
age strategies that treat all facts equally, overlooking the structural properties
of facts derived from different types of rules. Such an approach neglects op-
portunities for more specialised and efficient storage representations that can
better support materialisation and incremental maintenance. This limitation
leads to our research questions RQ3-RQ4, which investigate a multi-scheme
storage framework and tailored storage schemes for specific rule patterns.
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Through this literature review, we establish the foundation for our proposed op-
timisations, demonstrating the necessity of both computational and storage-based
improvements to enhance the scalability of materialisation-based reasoning.

In Chapter 4, we propose a hypertree decomposition (HD)-based evaluation strat-
egy to optimise the processing of cyclic rules, which are traditionally computationally
expensive due to redundant derivations and inefficient join operations inherent in
standard seminaïve evaluation. Conventional Datalog reasoning typically relies on
join plans that result in excessive intermediate results, especially for complex re-
cursive rules. Although hypertree decomposition has been widely adopted in query
answering to generate more efficient execution plans and reduce redundancy, its appli-
cability to materialisation and incremental reasoning remains largely unexplored. To
bridge this gap, we develop algorithms that integrate hypertree decomposition into
Datalog materialisation and incremental maintenance, thereby enabling more efficient
evaluation of cyclic rules. Specifically:

• We introduce three HD-based evaluation algorithms tailored to different phases
of the reasoning process - namely, overdeletion, rederivation, and addition.
These algorithms enable more efficient handling of cyclic rules by reducing un-
necessary recomputations and enhancing rule application efficiency. By inte-
grating these tailored evaluation techniques into the reasoning algorithms that
support both initial computation and incremental maintenance, we significantly
improve overall performance and scalability in dynamic knowledge-based sys-
tems, especially when complex cyclic rules are involved. This addresses Re-
search Question RQ1.

However, hypertree decomposition introduces additional data structures, which may
impose runtime and memory overhead. To mitigate this:

• We employ a modular framework that selectively applies HD-based reasoning
for complex rules while retaining standard evaluation techniques for simpler
cases. This hybrid approach ensures that the benefits of hypertree decompo-
sition are leveraged where they are most impactful while avoiding unnecessary
computational overhead for straightforward rules. This addresses Research
Question RQ2.

Our empirical evaluation demonstrates that, particularly for programs with cyclic
rules, the combined approach significantly outperforms standard evaluation tech-
niques, achieving substantial speedups while maintaining efficient resource usage.
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In Chapter 5, we investigate customised storage strategies for different rule deriva-
tions, leading to the development of a multi-scheme storage framework. During ma-
terialisation, when rules derive a large number of facts, traditional materialisation
approaches may become impractical due to excessive space requirements. To address
this challenge:

• We propose a general-purpose framework that decouples storage from reasoning,
enabling the integration of specialised storage schemes into standard Datalog
materialisation and incremental maintenance algorithms. We formally define
the concept of storage schemes and establish the requirements they must sat-
isfy to ensure correctness and efficiency in the materialisation and incremental
maintenance process. These requirements specify how schemes should support
fact retrieval, incremental updates, and integration with reasoning procedures
while preserving the dependencies between derived facts. By structuring storage
around these principles, our framework enables seamless incorporation of both
standard and specialised storage techniques, facilitating scalable and efficient
reasoning over large knowledge bases. This addresses Research Question
RQ3.

This framework provides a flexible and extensible approach to managing different
types of rule derivations by leveraging customised storage structures tailored to spe-
cific rule patterns. Additionally:

• We introduce two specialised schemes for transitive closure rules and union
rules. The transitive closure scheme employs a graph-based representation to
compactly encode reachability relationships, reducing redundancy and optimis-
ing incremental updates. Meanwhile, the union rule scheme utilises a virtual
storage format to efficiently manage large sets of derived facts, minimising stor-
age overhead. By integrating these schemes into our multi-scheme framework,
we ensure that materialisation and incremental reasoning can be performed ef-
ficiently while maintaining correctness. This addresses Research Question
RQ4.

By tailoring storage schemes to specific rule patterns, our framework improves scala-
bility while maintaining correctness in materialisation-based reasoning. Our experi-
ments demonstrate that the proposed approach successfully computes materialisations
even in cases where standard storage methods fail due to space limitations. Further-
more, the multi-scheme framework significantly enhances both storage efficiency and
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reasoning performance, making it a practical solution for large-scale knowledge-based
systems.

Finally, in Chapter 6, we provide a conclusion for this work and discuss the po-
tential applicability of our proposed methods to broader Datalog cases in detail.
Specifically, the hypertree decomposition-based optimisations in Chapter 4, the multi-
scheme framework, and the union scheme in Chapter 5 are designed within the general
Datalog setting and are not limited to the RDF subset. Additionally, we highlight
several promising research directions that can further extend and enhance the effec-
tiveness of these approaches.

1.5 Publications

This thesis is based on my publications listed below [156, 157]:

1. Xinyue Zhang, Pan Hu, Yavor Nenov, Ian Horrocks. Optimised Storage for Dat-
alog Reasoning. In The 38th Annual AAAI Conference on Artificial Intelligence
(AAAI), pages 10748 - 10755, 2024.

2. Xinyue Zhang, Pan Hu, Yavor Nenov, Ian Horrocks. Enhancing Datalog Rea-
soning with Hypertree Decompositions. In International Joint Conferences on
Artificial Intelligence (IJCAI), pages 3383–3393, 2023.

An extended version of the AAAI-24 paper [157] is planned for submission to the
Artificial Intelligence Journal.
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Chapter 2

Preliminaries

This chapter introduces the preliminaries of Datalog (Section 2.1), as well as basic
Datalog materialisation computation (Section 2.2) and maintenance algorithms (Sec-
tion 2.3), with a focus on the core seminaïve evaluation technique, which serves as a
fundamental operation in more advanced approaches. We also establish the connec-
tion between RDF and Datalog, discussing how general Datalog techniques can be
applied to materialise RDF knowledge bases in Section 2.4.

2.1 Datalog

Datalog is a widely used rule-based language in various domains, including Database
Management [4, 57], Data Analysis [10, 95, 125], Logic Programming [45], and Knowl-
edge Representation [34, 140, 144]. In this section, we summarise the formal defini-
tions of the syntax and semantics of Datalog.

2.1.1 Syntax

Let C be a finite set of constants, V be a finite set of variables, and P be a finite set of
predicate symbols, each associated with a fixed arity. A term is either a constant in
C or a variable in V . An atom has the form P (t1, . . . , tk), where P ∈ P is a predicate
of arity k, and each ti is a term. A fact is a ground atom, i.e., an atom in which all
terms are constants; a dataset is a finite set of facts. Formally, a Datalog rule is an
expression with the form:

H ← B0 ∧ · · · ∧Bn, (2.1)

where H and Bi with 0 ≤ i ≤ n, n ≥ 0 are atoms. The head of a rule r is denoted
as h(r) = H, and its body atoms are b(r) = {B0, . . . , Bn}. For S an atom or a set
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of atoms, var(S) is the set of variables appearing in S. For a rule r to be safe, each
variable occurring in its head must also occur in at least one of its body atoms, i.e.,
var(h(r)) ⊆ var(b(r)). Similarly, var(r) represents all the variables occurring in the
rule r.

Datalog Program: A program Π is a finite set of safe rules. Please note that in
Equation (2.1), the number of body atoms n can be zero (n = 0); in this case, the
rule reduces to a fact. That is, a fact can be viewed as a special case of a rule with
an empty body. Therefore, a program may contain both rules with non-empty bodies
and facts (rules with n = 0).

Following standard terminology, we distinguish between extensional database (EDB)
predicates, whose facts are explicitly provided as input, and intensional database
(IDB) predicates, whose facts are derived through rules. We denote the set of input
facts in a program Π by E = edb(Π). For convenience, in the rest of this thesis, this
is referred to as the input database, or simply as the explicitly given facts or data.
Also, in the rest of this thesis, “rules” refers to rules with non-empty bodies (i.e., with
at least one body atom).

Instances: A substitution σ is a finite function σ : V → C that maps variables
to constants. The application of a substitution σ to an expression α, which can be
a term, an atom, a rule, or a set of such constructs, yields an expression ασ that
replaces each occurrence of variable x in α with σ(x) if x is in the domain of σ. If
a substitution σ maps all variables occurring in a rule r to constants, then rσ is an
instance of r.

2.1.2 Logical Semantics

The meaning of a Datalog program can be formally characterised in terms of model-
theoretic semantics [4]. In this view, we define the space of possible interpretations
of the program and specify which interpretations satisfy the program rules. We now
introduce the Herbrand base, Herbrand interpretations, models, and the notion of a
least model.

Let H be the Herbrand base of Π over C, i.e., the set of all ground atoms that can
be formed from predicate symbols in P and constants in C. A Herbrand interpretation
I ⊆ H is a set of ground atoms. Given a rule r, an instance of r is any expression rσ

obtained by applying a substitution σ that maps all variables in r to constants. An
instance rσ of the form Hσ ← B1σ ∧ · · · ∧ Bnσ is satisfied by I if B1σ, . . . , Bnσ ∈ I

implies Hσ ∈ I. An interpretation I is a model of Π if it satisfies all ground instances
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of all rules in Π. Among all models of Π, there exists a unique least Herbrand model
MΠ, which is the smallest I ⊆ H that is a model of Π.

2.1.3 Fixpoint Semantics

An alternative but equivalent way to characterise the semantics of a Datalog pro-
gram is through fixpoint semantics [4], which provides an operational view of how the
program’s conclusions can be computed. This perspective is based on the immediate
consequence operator, whose least fixpoint corresponds exactly to the program’s least
model. Moreover, fixpoint semantics underlie the practical computation of material-
isation, which is central to Datalog engine implementations.

Given a rule r and a dataset I ⊆ H, we define the result of applying r to I as:

r[I] = {h(rσ) | σ : V → C is a substitution, b(rσ) ⊆ I}, (2.2)

where:

• σ is a substitution mapping variables to constants,

• b(rσ) represents the instantiation of the rule’s body with the substitution σ,

• The condition b(rσ) ⊆ I ensures that all literals in the body of the rule must
already exist in I for the head to be inferred.

The result of applying a Datalog program Π to I is defined as:1

TΠ(I) = Π[I] =
⋃
r∈Π

r[I], (2.3)

where TΠ : 2H → 2H is the immediate consequence operator, a standard term used in
the fixpoint semantics of Datalog. The operator TΠ is monotone and continuous on
the lattice (2H,⊆), and therefore admits a unique least fixpoint. Operationally, this
fixpoint can be computed by iteratively applying TΠ (or equivalently Π[·]) starting
from the input dataset E ⊆ H: we initialise I0 = E = edb(Π), and repeatedly
compute Ii+1 = TΠ(Ii), until a fixpoint is reached (i.e., Ii+1 = Ii). It is well-known
that the resulting fixpoint corresponds to the least Herbrand model MΠ of the Datalog
program Π.

1For consistency with this formal fixpoint semantics, we introduce the immediate consequence
operator TΠ here; however, in the rest of this thesis, we will use the notation Π[I] to denote the
result of applying the program Π to a dataset I.
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2.1.4 Materialisation

The iterative fixpoint computation described above provides the foundation for what
is known as materialisation in practical Datalog systems. The term “materialisation”
refers both to the process of iteratively applying a rule set Π to input facts E, and to
the resulting set of facts derived by applying Π to E. Concretely, the materialisation
process corresponds to computing the least fixpoint of the immediate consequence
operator TΠ starting from E, and can be viewed as the forward-chaining closure of E
under Π.

Formally, given an explicit input dataset E ⊆ H, the materialisation of Π with
respect to E is computed by iterative application of TΠ starting from E:

I0 = E, Ii+1 = Ii ∪ TΠ(Ii) = Ii ∪ Π[Ii], I∞ =
⋃
i≥0

Ii.

I∞ is the least fixpoint of TΠ extending E, representing the materialisation of E under
Π. Moreover, let Πi[E] = Πi[I0] = Ii denote the result of iteratively applying rules in
Π to the initial facts I0 for i times.

2.2 The Computation of Datalog Materialisations

In this section, we introduce fundamental approaches for computing Datalog ma-
terialisations: the naïve and semi-naïve algorithms. The evaluation operators for
these approaches, formally defined in Equations 2.2 and 2.5, provide the foundational
mechanisms for deriving the consequences of Datalog rules. These techniques not only
underpin the standard materialisation process but also form the basis for numerous
incremental maintenance strategies, which will be reviewed in Chapter 3.

2.2.1 Naïve Algorithm

As discussed in Section 2.1.3, the semantics of Datalog directly follows the operational
semantics for Datalog programs stemming from fixpoint theory [4]. The evaluation
of a Datalog program can be understood as an iterative process that starts with
an initial set of explicitly given facts and applies inference rules repeatedly until a
fixpoint is reached. The operator Π[I] defined in Section 2.1 can formally capture
this process, which applies Π to the current fact base I and derives new facts at each
iteration. Using this formalism, we can introduce the naïve algorithm for Datalog
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materialisation presented in Algorithm 1. At each iteration i, the entire dataset is
expanded by applying all rules exhaustively, leading to:

Ii = Ii−1 ∪ Π[Ii−1]. (2.4)

The algorithm halts when the fixpoint condition Ii = Ii−1 is satisfied, meaning no
additional facts are inferred.

This algorithm guarantees completeness by exploring all derivable facts but suffers
from inefficiencies due to redundant computations. Specifically, at each iteration, the
entire dataset is reprocessed (as highlighted by Π[Ii] in line 4), leading to redundant
computations and unnecessary rule applications on facts that were already consid-
ered in previous iterations. This redundancy can be particularly costly in scenarios
where the number of derived facts grows rapidly, making the naïve approach imprac-
tical for large-scale datasets. To address these inefficiencies, the seminaïve algorithm
introduces an optimisation by leveraging delta-based computation, which focuses on
newly derived facts at each iteration rather than re-evaluating the entire fact set.
By maintaining and propagating only the incremental changes, the seminaïve ap-
proach significantly reduces redundant operations, ensuring a more efficient fixpoint
computation.

2.2.2 Seminaïve Algorithm

The seminaïve algorithm [4] realises non-repetitive reasoning by identifying newly
derived facts in each round of rule application. Let I represent the current fact base
and ∆ ⊆ I the newly derived facts at each iteration; the application of a single rule
r to these sets is denoted by the seminaïve operator:

r[I,∆] = {h(rσ) | σ is a substitution s.t. b(rσ) ⊆ I and b(rσ) ∩∆ ̸= ∅}, (2.5)

where:

Algorithm 1 Naïve Datalog Materialisation
Require: Initial dataset E, Datalog program Π
Ensure: Materialised fact base I∞ = Π∞[E]
1: I0 ← E ▷ Initialise with explicitly given facts
2: i← 0
3: repeat
4: Ii+1 ← Ii ∪ Π[Ii] ▷ Apply all rules to current fact set
5: i← i+ 1
6: until Ii = Ii−1 ▷ Termination when fixpoint is reached
7: return I∞ ← Ii
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• h(rσ) represents the head of the rule instance derived using a substitution σ,

• b(rσ) denotes the set of facts required to satisfy the body of the rule,

• The condition b(rσ) ∩∆ ̸= ∅ ensures that at least one fact in the rule body is
newly derived.

The seminaïve operator can be extended to a Datalog program Π as follows:

Π[I,∆] =
⋃
r∈Π

{r[I,∆]}. (2.6)

The definition of Π[I,∆] ensures that the algorithm will only consider rule instances
that have not been considered before. In practice, r[I,∆] can be efficiently imple-
mented by evaluating the rule body n+ 1 times [108]. Specifically, for the ith evalu-
ation, 0 ≤ i ≤ n, the body is evaluated by:

B
I\∆
0 ∧ · · · ∧B

I\∆
i−1 ∧B∆

i ∧BI
i+1 ∧ · · · ∧BI

n, (2.7)

in which the superscript identifies the set of facts where each atom is matched.
The pseudo-code presented in Algorithm 2 outlines the seminaïve evaluation pro-

cess. The algorithm initialises the fact base with the initial dataset E and iteratively
applies the rule set Π, updating the materialised fact base incrementally until a fix-
point is reached, i.e., when no new facts are derived. Each iteration consists of the
following key steps:

1. Updating the fact base: newly derived facts from the previous iteration are
added to the current fact set.

2. Incremental computation: new facts are inferred using the seminaïve operator,
which ensures that at least one newly derived fact is involved in each rule
instantiation.

3. Termination check: The process halts when no further facts can be inferred.

The seminaïve algorithm guarantees completeness while significantly improving
the performance of Datalog materialisation by minimising redundant computations.
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Algorithm 2 Seminaïve Datalog Materialisation
Require: Initial dataset E, rule set Π
Ensure: Materialised fact base I∞ = Π∞[E]
1: I0 ← ∅ ▷ Initialise with initial facts
2: ∆0 ← E ▷ Track newly derived facts
3: i← 0
4: repeat
5: Ii+1 ← Ii ∪∆i ▷ Update fact base with new facts
6: ∆i+1 ← Π[Ii+1,∆i] \ Ii+1 ▷ Compute new facts using seminaïve operator
7: i← i+ 1
8: until ∆i = ∅ ▷ Termination when no new facts are derived
9: return I∞ ← Ii

2.3 Incremental Maintenance of Materialisations

Incremental maintenance of materialised Datalog programs is a crucial technique to
efficiently handle updates to the underlying fact base without recomputing the entire
materialisation from scratch. In dynamic environments where facts are frequently
inserted or deleted, a full recomputation can be computationally expensive and im-
practical. Incremental maintenance aims to update the materialisation incrementally
by propagating changes while preserving correctness and efficiency. Formally, given
a fully materialised fact base Π∞[E] computed from an initial fact set E, and an up-
date consisting of newly added facts E+ and deleted facts E−, the goal of incremental
maintenance is to compute the updated materialisation Π∞[E \ E− ∪ E+].

The seminaïve algorithm is well-suited for incremental addition of facts in a Dat-
alog program, as it naturally accommodates new facts by iteratively applying rules to
derive further conclusions based on the newly added facts. Specifically, incremental
addition can be achieved by Algorithm 2 by initialising I0 as Π∞[E] and ∆0 as E+.
However, the seminaïve algorithm is not directly applicable to incremental deletion,
as it does not inherently track dependencies between facts. When facts are removed
from the fact base, it becomes necessary to identify and remove all derived facts
that were dependent on the deleted facts and do not have remaining proofs after the
deletion, a task that the seminaïve algorithm cannot efficiently handle.

To tackle the challenge of incremental deletions, the Delete and Re-derive (DRed)
algorithm [36, 67, 108, 128] has been proposed as a fundamental and effective solution.
In this section, we introduce a generalised conceptual DRed algorithm, presented in
Algorithm 3, to illustrate the key aspects of the deletion and re-derivation process in
Datalog materialisation. A comprehensive review of related works and advancements
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Algorithm 3 DRed Algorithm
Require: Initial materialised fact set I, rule set Π, deletions E−, additions E+

Ensure: materialisation I is updated from Π∞[E] to Π∞[E\E− ∪ E+]
1: Overdelete, Rederive, Add

2: procedure Overdelete
3: ∆del ← E− ∩ E
4: D ← ∆del ▷ Collect overdeleted facts
5: repeat
6: ∆del ← Π[I,∆del] ∩ (I\∆del) ▷ Apply semi-naïve operator
7: I ← I \D
8: D ← D ∪∆del ▷ Collect overdeleted facts
9: until ∆del = ∅

10: procedure Rederive
11: ∆rederived ← Π[I] ∩D

12: procedure Add
13: ∆add ← (E+ ∪∆rederived) \ I
14: while ∆add ̸= ∅ do
15: I ← I ∪∆add

16: ∆add ← Π[I,∆add] \ I ▷ Apply semi-naïve operator
17: return I

in incremental maintenance techniques will be provided in Section 3.2.
The DRed algorithm is designed to efficiently handle fact deletions and additions

while minimising redundant computations. It follows a three-phase workflow consist-
ing of over-deletion, re-derivation, and addition, as presented in line 1 of Algorithm 3,
leveraging the seminaïve evaluation strategy to optimise incremental updates.

The first phase, Overdelete, presented in lines 2-9 of Algorithm 3, begins by
identifying the facts directly affected by deletions, denoted as E−, and iteratively
propagating their effects using the seminaïve evaluation operator Π[I,∆del] in line 6.
Overdeletion ensures that all facts derived from the removed facts are properly re-
tracted, and the collected overdeleted facts are stored in the set D.

The second phase, Rederive, as shown in lines 10-11, attempts to restore any
facts that were incorrectly deleted in the previous phase. This is achieved by checking
whether they can still be derived from the remaining fact base I. Specifically, the
facts in D are re-evaluated using the remaining facts in I through the rule set Π, as
presented in line 11.

The final phase, Add, presented in lines 11-16, incorporates both the newly added
facts E+ and the re-derived facts ∆rederived into the materialisation. The seminaïve
operator Π[I,∆add] is applied iteratively (line 16) to propagate the additions through
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the rule set until a fixpoint is reached. This procedure is analogous to the seminaïve
algorithm, as both recursively apply rules until a fixed point is reached, ensuring that
all possible derivations are computed.

The algorithm ensures that the materialisation I is correctly updated from Π∞[E]

to Π∞[E\E−∪E+], maintaining correctness and completeness while optimising com-
putational efficiency. This is achieved by structuring the workflow into distinct phases
and leveraging the seminaïve operator in the overdeletion and addition process. The
sections in Chapter 3 will discuss further optimisations and practical considerations
for implementing the DRed algorithm in large-scale reasoning systems.

2.4 RDF and Datalog

In this section, we introduce some foundational definitions in the context of knowledge
representation. Section 2.4.1 presents the RDF data model and its syntactic struc-
ture, while Section 2.4.2 provides an overview of ontologies and their role in reasoning
within knowledge-based systems. We also discuss how these syntactic structures can
be naturally captured by a Datalog subset with unary and binary predicates, en-
abling expressive reasoning over RDF data. Section 2.4.3 explores the considerations
when applying general Datalog-based approaches to the RDF subset, highlighting the
unique challenges and opportunities for optimising storage solutions tailored for RDF
reasoning.

2.4.1 RDF Data Model

RDF Syntax: The Resource Description Framework (RDF) is a standardised data
model used to represent structured information on the web [101]. It organises data
into triples, each consisting of a subject, predicate, and object, forming a statement
about resources. An RDF triple has the form:

⟨subject, predicate, object⟩

where:

• Subject refers to the resource being described.

• Predicate denotes a property or relationship.

• Object can be either a literal value or another resource.
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For example:
⟨Alice, knows, Bob⟩

This can be interpreted as "Alice knows Bob," where Alice is the subject, knows is
the predicate (property), and Bob is the object. RDF triples can be understood as a
graph because each triple represents a directed edge s

p−→ o from the subject (s) to
the object (o), labelled by the predicate (p), thereby forming a graph structure where
nodes correspond to entities and edges denote relationships between them.

Properties and Class Types in RDF: In RDF, properties define relationships
between resources or between a resource and a literal value. For example:

⟨Bob, age, 25⟩

This statement asserts that Bob’s age is 25.
RDF also supports the definition of class types using the predicate rdf:type,

allowing resources to be classified under specific categories. For example:

⟨Alice, rdf:type, Person⟩

This indicates that Alice is of type Person.

Mapping to Datalog Predicates: These RDF constructs can be naturally cap-
tured using a subset of Datalog with unary and binary predicates:

• Class Types can be represented using unary predicates. For instance,

Person(Alice)

indicates that Alice is a Person.

• Properties can be represented using binary predicates. For example,

knows(Alice, Bob)

represents the statement that Alice knows Bob.

2.4.2 Ontologies

In knowledge-based systems, ontologies are typically defined for RDF data to pro-
vide a formal schema that organises and constrains the relationships between entities,
enabling consistent interpretation, reasoning, and inference over the data. The on-
tologies expressed by OWL 2 RL [103] and SWRL [73] can be naturally captured
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by Datalog rules. We now briefly present an illustrative example using OWL 2 RL.
OWL 2 RL provides a rule-based way to express logical relationships and constraints
over RDF data. These rules can be naturally translated into Datalog rules, leverag-
ing Datalog’s support for unary predicates (class membership) and binary predicates
(property relationships). Below, we present two examples to illustrate this conversion.

• Class Membership:

OWL 2 RL allows defining class hierarchies. For example, the axiom stating
that all humans are animals can be represented as:

Class: Human

SubClassOf: Animal

This can be captured in Datalog as:

Animal(x)← Human(x)

This rule states that if x is a member of the class Human, then x is also a member
of the class Animal.

• Property Relationship:

OWL 2 RL supports property hierarchies. For instance, if we define the property
hasParent as a subproperty of hasAncestor, the axiom would be:

ObjectProperty: hasParent

SubPropertyOf: hasAncestor

In Datalog, this translates to:

hasAncestor(x, y)← hasParent(x, y)

This rule means that if x has a parent y, then x also has y as an ancestor.

These ontologies are essential for providing domain knowledge and enabling rea-
soning over RDF data, facilitating advanced knowledge inference.
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2.4.3 Considerations on Applying Datalog Techniques to RDF

As discussed above, in a knowledge-based system, RDF triples can be represented
as unary and binary facts, while ontologies expressed using OWL 2 RL extended
with SWRL rules can be captured as Datalog rules. This compatibility enables the
direct application of Datalog-based reasoning techniques to RDF knowledge bases.
For example, most materialisation computation and maintenance algorithms intro-
duced in Sections 2.2-2.3, as well as the more advanced techniques reviewed in Sec-
tions 3.1-3.2, are directly applicable to RDF knowledge bases. Moreover, our hy-
pertree decomposition-based optimisations proposed in Chapter 4, the multi-scheme
framework, and the union scheme introduced in Chapter 5 are proposed in the general
Datalog setting, which are suitable to be applied over the RDF subset.

For computation and maintenance algorithms, it is sufficient to refer to general
Datalog techniques since they primarily focus on rule application and reasoning pro-
cesses, which are largely independent of the underlying data format. However, storage
techniques are closely tied to the underlying data model, as different data representa-
tions inherently require distinct access patterns and retrieval strategies. In the con-
text of Datalog reasoning, general-purpose storage solutions are typically designed
to support a wide variety of rule evaluations and queries. In contrast, many stor-
age techniques have been developed specifically for the RDF subset, addressing the
unique challenges posed by its inherent graph-based model. In RDF, triples form
a directed, labelled graph where subjects and objects are nodes, and predicates de-
fine the edges connecting them. This graph-like structure introduces complex access
patterns and many-to-many relationships, necessitating optimised storage solutions
tailored to RDF’s distinctive characteristics.

To optimise query efficiency for RDF data, advanced storage techniques have
been developed that leverage its structural properties and cater to diverse access
patterns. These include multi-indexing strategies [104], graph-based approaches [71],
and property tables [99] that efficiently support common query patterns and efficient
join processing. However, most of these techniques are primarily designed for query
answering, with limited exploration into optimising storage for reasoning tasks, such
as materialisation and incremental maintenance.

Therefore, in Section 3.4.1, we review existing storage techniques specifically for
the RDF subset, focusing on their relevance to reasoning efficiency. This review also
highlights the research gap and motivates our investigation into specialised storage
solutions tailored for derivations of particular Datalog rules.
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2.5 Mathematical Notations

Table 2.1 summarises the notations used throughout this thesis. In the following
chapters, additional notations specific to particular chapters will be introduced as
necessary to facilitate the discussion of more specialised topics.

Notation Description

r A single Datalog rule
Π A set of Datalog rules
h(r) The head of a rule r
b(r) The body of a rule r
Bi one of the body atoms
var(r) variables appearing in r
σ A substitution mapping variables to constants
E A set of initial facts (input database)
I A set of materialised facts
r[I] The set of facts derived by applying rule r to fact set I
Π[I] The set of facts derived by applying all rules in Π to fact set I
∆ The set of newly derived facts in the current iteration
r[I,∆] Semi-naïve application of rule r using newly derived facts ∆
Π[I,∆] Semi-naïve application of all rules using ∆
E+ The set of newly added facts in an update
E− The set of deleted facts in an update
Π∞[E] The fully materialised fact set derived from the initial fact set E
Π∞[E\E− ∪ E+] The updated materialised fact set after applying updates

Table 2.1: Summary of Mathematical Notations
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Chapter 3

Literature Review

This chapter provides a literature review on materialisation computation and storage
techniques relevant to Datalog reasoning systems. We begin by examining exist-
ing approaches for the computation of materialisations in Section 3.1, focusing on
methods that efficiently derive consequences from Datalog rules. We then explore
incremental maintenance algorithms in Section 3.2, which update materialisations
in response to changes in the dataset, ensuring consistency without redundant re-
computation. Next, we investigate customised rule applications in Section 3.3 and
discuss how our research questions RQ1-RQ2 contribute to this area by introducing
specialised evaluation techniques for complex cyclic rules and exploring their inte-
gration with standard reasoning strategies. The chapter then delves into storage of
materialisations in Section 3.4, highlighting research gaps in storage techniques for
reasoning efficiency. We present how our research questions RQ3-RQ4 aim to address
these gaps by proposing the multi-scheme framework and optimisations tailored to
transitive closure and union rules. Finally, Section 3.5 reviews several representative
modern Datalog engines and their associated reasoning techniques.

3.1 Computation of Materialisations

Research on optimising Datalog materialisation has primarily focused on improving
efficiency through strategies such as reducing redundant computations [15, 127, 135],
exploiting rule ordering [117], and parallel execution [104]. Bancilhon [15] introduced
the seminaïve-based materialisation approach for recursively-defined relations. Ra-
makrishnan et al. [117] proposed a technique to reduce the number of rule applications
by exploiting the monotonicity of rules (rule orderings). Motik et al. [104] proposed
a parallel materialisation approach based on the seminaïve evaluation strategy, fea-
turing an efficient workload distribution algorithm and a lock-free indexing structure.
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Sun et al. [134] investigated the use of modern datacentre GPUs, such as the NVIDIA
H100, which support high thread concurrency and high memory bandwidth, to ac-
celerate Datalog materialisation.

More recent studies [127, 135] constructed a schedule to guide rule execution and
minimise redundant computations during materialisation. Tsamoura et al. [135] in-
troduced the concept of Trigger Graphs (TGs) to guide the execution of the rules,
which can potentially avoid redundant computations during materialisation. Singh
et al. [127] model the materialisation of recursive rules in a Datalog program as a
scheduling problem on a directed acyclic graph (DAG), where the nodes represent
tasks to be executed and the edges denote dependencies between these tasks. This
approach effectively captures the intricate dependencies inherent in recursive Datalog
rules, enabling a more structured and efficient execution order. By treating the ma-
terialisation process as a DAG-based scheduling problem, this method enhances the
handling of rule dependencies, thus improving overall performance. LogicBlox [14], a
commercial Datalog engine, employed a similar scheduler-based approach.

3.2 Incremental Maintenance Algorithms

In this section, we focus on the workflow of incremental maintenance approaches
for Datalog materialisation, which can be broadly classified into counting-based and
DRed-based methods. These approaches aimed to efficiently handle updates by min-
imising redundant computations and ensuring the correctness of the materialised fact
base.
Counting-based Algorithms: As discussed in Section 2.3, maintaining materiali-
sations under incremental deletion presents significant challenges due to the need to
identify dependency chains among facts to ensure that no invalid facts remain in the
materialisation. This process is computationally intensive, as it necessitates track-
ing each fact’s provenance to determine its validity. To address this complexity, the
counting algorithm was introduced, which maintains a count of the number of deriva-
tions for each fact. When a fact’s count drops to zero, it indicates that the fact is no
longer supported by the current dataset and can be safely removed. Based on this
idea, Nicolas and Yazdanian [112], and Gupta et al. [67] proposed counting-based ap-
proaches for non-recursive rules, but not supporting recursive programs. Dewan et al.
[47], Gupta et al. [66], Motik et al. [108] proposed several variants of the counting al-
gorithm to accommodate recursive rules, extending the applicability of the approach
to more complex Datalog programs. The approach proposed by Dewan et al. [47] is
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based on the naïve evaluation strategy, which is inherently inefficient, as discussed in
Section 2.2. The method described by Motik et al. [108] adapts the counting approach
to a more efficient seminaïve evaluation strategy. While counting-based algorithms
require additional space to store the counters, they have been shown to be the most
efficient solution for handling non-recursive rules [108], as the number associated with
each fact can accurately reflect its remaining proofs.

DRed-based Algorithms: Another class of incremental maintenance algorithms
is based on the Delete and Re-derive (DRed) procedure, which first deletes all con-
sequences of the deleted facts, and then rederives facts that are still derivable after
the update. Following this idea, Ceri and Widom [36] proposed a maintenance al-
gorithm specifically for non-recursive Datalog programs, laying the foundation for
handling updates through deletion and re-derivation. Subsequently, Gupta et al. [67]
introduced a general DRed algorithm capable of handling both recursive and non-
recursive Datalog programs. Staudt and Jarke [128] presented a fully declarative
formulation of the DRed approach, where a maintenance Datalog program is devel-
oped to compute the updates to the materialisation. However, a key limitation of
this formalisation is its inability to support non-repetitive reasoning. This leads to
inefficiencies in scenarios where redundant computations could otherwise be avoided.
Motik et al. [108] improved this formalisation by supporting non-repetitive evaluation
and extending to programs with negation. However, DRed algorithms can be very in-
efficient if alternate derivations of a fact exist, as a fact (and all its consequences) will
be deleted and re-derived during the maintenance. To address this limitation, Motik
et al. [107] proposed the Backward/Forward (B/F) algorithm which checks for extra
proofs of deleted facts using a combination of backward and forward chaining, instead
of overdeleting all the derived consequences. Motik et al. [108] further extended the
B/F algorithm to the Forward/Backward/Forward (FBF) algorithm, which uses a
strategy to determine the balance between overdeletion and backward chaining.

Combination of DRed and Counting: Counting-based approaches utilise main-
tained counters to track the number of derivations supporting each fact, allowing
for efficient determination of whether a fact should be retained or removed when its
supporting proofs are modified. In contrast, DRed-based approaches generally em-
ploy a ‘backward’ evaluation strategy to determine surviving proofs of deleted facts.
For example, in line 16 of Algorithm 3, the computation of D ∩ Π[I] is typically
performed by matching each deleted fact t ∈ D to the head of applicable rules in
Π, followed by evaluating the partially instantiated rule body as a query over the
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remaining fact set I. Hu et al. [75] highlighted that the ‘backward’ evaluation used
in traditional DRed-based approaches can be inefficient in certain scenarios and pro-
posed the DRedc and B/Fc algorithms to mitigate this issue by avoiding the need
for backward evaluation during incremental maintenance. These algorithms combine
the idea of counting and DRed approaches, leveraging the advantages of each. The
key idea behind their approach is to maintain additional counters that track the
number of recursive derivations for each fact. This information allows the system
to efficiently determine whether a fact remains valid during the re-derivation phase,
thereby reducing unnecessary computations and improving overall performance.

3.3 Customised Rule Application

This section explores customised rule application strategies tailored for different types
of rules, aiming to enhance efficiency by leveraging the specific characteristics of each
rule type during the materialisation process.

Subercaze et al. [131] employed customised graph-based algorithms to efficiently
handle the materialisation of transitive and symmetric properties in RDFS-Plus. Sim-
ilarly, Dong et al. [48] proposed an approach for incrementally updating query answers
in regular chain Datalog programs by evaluating an equivalent non-recursive Datalog
program transformed from the query. These approaches offer efficient solutions tai-
lored to specific rule sets; however, they do not address how such specialised applica-
tions can be seamlessly integrated with arbitrary rule sets in a general materialisation
framework.

In contrast, Motik et al. [105, 106] employed the rewriting technique to handle
rules representing equality efficiently, and integrated this technique into both the
materialisation and incremental maintenance processes, optimising the evaluation of
arbitrary Datalog programs with equality. Hu et al. [77] introduced specialised al-
gorithms tailored for transitive closure rules, symmetric transitive closure rules, and
regular chain rules. They also proposed a general modular framework that enables
the integration of different algorithms for various subsets of rules, enhancing flex-
ibility and efficiency in the materialisation and incremental maintenance process.
Their approach generalises the DRedc workflow [75], which combines the benefits of
counting-based and DRed techniques to improve incremental maintenance.

Our research question RQ1 addresses customised rule application, investigating
specialised evaluation techniques for complex cyclic rules to support efficient materi-
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alisation and incremental maintenance. Meanwhile, RQ2 explores the integration of
this proposed technique with standard evaluation strategies during reasoning.

3.4 Storage of Materialisations

Efficient storage of materialised facts is essential for the scalability of Datalog-based
reasoning systems. While general-purpose approaches have been explored [90], Sec-
tion 3.4.1 focuses on storage strategies for RDF subsets, which are prevalent in Knowl-
edge Graph applications. Due to their unique structural properties and access pat-
terns, RDF data enables tailored optimisations for efficient storage and retrieval.
Section 3.4.1 reviews advanced RDF storage solutions, assessing their suitability for
reasoning tasks. Section 3.4.2 discusses challenges in storing and maintaining mate-
rialisations, including incremental updates, and examines advanced Datalog storage
techniques to support efficient reasoning in dynamic knowledge graph environments.

3.4.1 RDF Storage Solutions

Many conventional RDF storage solutions are primarily designed to optimise query
performance, focusing on efficient retrieval and indexing mechanisms to accelerate
data access. We present several key studies in this area; interested readers can refer
to [8, 38] for a more comprehensive overview of storage and indexing techniques for
RDF data aimed at efficient query processing.

Triple Table: One of the most common approaches is the triple table, also known as
the statement table, which is the most straightforward way to map RDF data to rela-
tional databases [20]. In this format, RDF data is stored in a single table with three
columns—subject, predicate, and object—where each row represents an individual
RDF statement, as shown in Table 3.1. Systems like Sesame [31] and 3-Store [70]

Subject Predicate Object
Alice rdf:type Person
Bob rdf:type Person
Alice age 26
Bob age 21
Alice knows Bob
Bob knows Alice

Table 3.1: Example Triple Table Representation.

employed this approach. While this schema provides simplicity and compatibility
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with traditional database systems, it often results in inefficient join operations and
scalability issues in complex queries [38]. Additionally, as the number of triples grows,
the table size increases rapidly, affecting querying and reasoning performance.

Property Table: To address some of the limitations of the triple table, systems
such as Jena [99, 119, 151] utilised the property table (PT) approach. This approach
stores triples in wide horizontal tables with n-ary columns, grouping subjects with
similar properties into the same table. For example, Table 3.2 organises the triples
from Table 3.1 into a property table for the Person type, where each property (age
and knows) is represented as a column. This structure avoids redundancy by stor-
ing properties as columns, reducing table size; and enables more efficient retrieval
for entities of the same type with consistent attributes. For example, for subjects
of the type Person, they typically has properties such as age and knows. Retrieving
all persons with their properties specified is more efficient in this structure, as each
property is stored as a column, enabling fast access to various properties for a given
subject. However, the table can be sparse with multiple null values if different en-
tities have varying properties, leading to wasted storage space. In summary, these

Subject Age Knows
Alice 26 Bob
Bob 21 Alice

Table 3.2: Example Property Table Representation for the Person class.

approaches improve query efficiency by leveraging schema knowledge, but they still
face challenges in handling dynamic updates, as schema changes and fact insertions or
deletions can lead to costly modifications and reorganisation of data. This limitation
reduces the suitability of the property table approach for reasoning tasks, particularly
when dynamic schema evolution or complex rule evaluations are required.

Vertical Partitioning: Another widely adopted approach is vertical partitioning
(VP) [1], which divides RDF statements into multiple tables based on their predi-
cates. Each table stores subject-object pairs for a specific predicate, enabling efficient
lookups for queries involving a single or few predicates. For example, Table 3.3a
and Table 3.3b organises triples in Table 3.1 in two tables for the predicate age and
knows, respectively. Vertical partitioning is particularly efficient for answering queries
in which the property resource is bound [1]. The subjects can be ordered within each
table, and additional indexes can be maintained to optimise query performance for
various query patterns in which the subject and/or the object is bound. However,
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Subject Object
Alice 26
Bob 21

(a) Vertical Partitioning: age Table

Subject Object
Alice Bob
Bob Alice

(b) Vertical Partitioning: knows Table

Table 3.3: Example of Vertical Partitioning

vertical partitioning encounters similar challenges to property tables when dealing
with fact changes in dynamic scenarios. In particular, updating or deleting facts can
be costly, especially when the subjects are ordered or when extra indexes are main-
tained to support efficient access. These maintenance costs can significantly impact
performance, limiting the applicability of vertical partitioning in reasoning scenarios
where frequent updates are common.

Multiple-Indexing: Several multiple-indexing solutions have been proposed to en-
hance the efficiency of RDF data storage and retrieval of various access patterns.
Harth and Decker [72] proposed an RDF storage approach that leverages multiple
indexing strategies to enhance query performance. Specifically, they introduced six
distinct indices to accommodate all possible access patterns, ensuring efficient re-
trieval regardless of whether the subject (s), predicate (p), or object (o) is specified
or treated as a variable. Abadi et al. [1] suggested that an optional index can be
constructed to the object columns in the vertical partitioning scheme (e.g., using an
unclustered B+ tree) to support access patterns in which the object is specified. Weiss
et al. [150] proposed six-fold sorted indexes based on the vertical partitioning scheme
for a high degree of data compression and efficient merge joins. Similarly, Neumann
and Weikum [110] proposed a storage approach that utilises six indexes built on the
triple table, which is stored in a (compressed) clustered B-tree.

Graph-based Storage: More advanced storage techniques employ graph-based stor-
age to store RDF data efficiently. As highlighted in Section 2.4, RDF data naturally
represents a graph structure where triples form labelled edges between nodes. Graph-
based storage systems take advantage of the local repetitions and structural regular-
ities often found in graphs, allowing for effective compression using adjacency lists.
Examples of such systems include gStore [159], SpiderStore [26], Trinity.RDF [154],
and GRaSS [96]. These systems leverage graph structures to enable sub-graph match-
ing, supporting advanced query processing over RDF data.

While the approaches discussed above demonstrate high efficiency in static data
scenarios, they are less effective in dynamic environments, such as those encountered
during materialisation and incremental maintenance. In these dynamic scenarios,
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data is continuously updated, making it costly to maintain sorted data structures
and indexes, which are typically optimised for static datasets.

3.4.2 Datalog Storage Solutions for Materialisation Efficiency

The materialisation process introduces unique challenges for storage solutions, as it
requires efficient management of both data retrieval and the insertion of newly de-
rived facts. As materialisation progresses, the storage system must support frequent
read and write operations, ensuring that derived facts are efficiently integrated into
the existing fact base. Moreover, the seminaïve evaluation, a widely used optimisa-
tion technique introduced in Section 2.2, further complicates storage requirements by
necessitating selective access to different portions of the data at each iteration. This
involves tracking newly derived facts separately from previously materialised facts to
avoid redundant computations and to enable incremental updates. Consequently, an
effective storage solution must provide fast lookups, efficient insertions, and mech-
anisms to distinguish between old and new facts while maintaining scalability and
consistency throughout the materialisation process.

Incremental maintenance presents even greater challenges, as it requires not only
efficient insertion of new facts but also the ability to handle deletions and updates with
minimal recomputation. Managing incremental deletions is particularly complex, as
it necessitates tracking dependencies between facts to ensure that deletions do not
inadvertently invalidate facts that can still be derived from other sources.

Several investigations have explored storage techniques to enhance reasoning effi-
ciency. Motik et al. [104] proposed a hash-based indexing scheme organised as lists,
which optimises insertion and deletion operations over row-oriented tuple storage.
This design effectively supports index nested loop joins, facilitating efficient random
memory access and enabling parallel execution. Their study demonstrated that this
storage architecture significantly improves the performance of seminaïve evaluation by
enabling fast lookups and efficient join operations, making it particularly well-suited
for large-scale materialisation tasks. This technique is implemented in RDFox [109], a
highly scalable in-memory RDF store and Datalog reasoning engine known for its par-
allel reasoning capabilities. Soufflé [85], a high-performance Datalog engine designed
for static program analysis, also employs a similar row-based storage approach.

To enhance join efficiency and overall reasoning performance, Urbani et al. [142]
proposed the use of column-based data structures to support efficient in-memory
seminaïve evaluations. Hu et al. [76] introduced optimisations to join operations
within columnar storage and proposed a technique called structure sharing. This
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method reduces memory consumption by storing common parts of derived facts only
once, thereby enhancing the efficiency of materialisation and minimising redundant
data storage. While conceptually similar to RETE-style structure sharing [55], this
method is applied at the storage level rather than for rule matching. Column-oriented
storage has been successfully adopted in high-performance reasoning engines such as
VLog [35] and Nemo [80], demonstrating its effectiveness in supporting complex join
operations and large-scale knowledge graph reasoning.

Further advancements in Datalog storage have been achieved by leveraging modern
hardware architectures. Shovon et al. [126] and Sun et al. [133] explore row-oriented
Datalog storage optimised for GPU acceleration, demonstrating how efficient memory
access patterns and parallelism can significantly improve join and materialisation
performance. Extending this approach, FVLOG [134] introduces a column-oriented
GPU data structure that efficiently supports essential relational algebra operations,
including projection and selection on GPUs. This design capitalises on the high
memory bandwidth and massive parallelism of modern GPUs, achieving substantial
performance gains over traditional CPU-based storage solutions.

However, these works primarily focus on general storage solutions applicable to
all data, whereas our research question RQ4 emphasises customised storage solutions
tailored to the derivations of specific rule sets. By leveraging the inherent proper-
ties of Datalog programs, our approach has the potential to offer more efficient and
optimised storage strategies. Furthermore, existing studies are largely confined to
materialisation and do not explore how different data structures can be utilised to
support incremental maintenance procedures effectively. In contrast, our research
question RQ3 focuses on a comprehensive framework that integrates multiple stor-
age schemes, accommodating both the materialisation and incremental maintenance
processes to achieve greater flexibility and efficiency.

3.5 Modern Datalog Engines

In this section, we briefly review several representative modern Datalog systems and
highlight their core techniques for reasoning over Datalog programs. For a compre-
hensive survey of Datalog engines and their optimisation techniques, we refer the
reader to [90]. Modern Datalog systems adopt diverse reasoning strategies to ad-
dress different application scenarios. For example, systems such as Soufflé [85] are
widely used for static program analysis, where high-performance batch materialisa-
tion is crucial. Engines like DDlog [122] target low-latency data analysis and dynamic
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streaming scenarios, leveraging differential dataflow to efficiently handle incremental
updates. Systems such as RDFox [109] focus on semantic reasoning and knowledge
graph processing, where advanced materialisation-based strategies and support for
deletions are essential. Engines like GDlog [133] focus on GPU-based optimisation
for Datalog reasoning, enabling high-throughput deductive analytics on modern hard-
ware. Similarly, SociaLite [125] is designed for large-scale distributed graph analysis,
providing high-level abstractions and parallel execution support. In the following,
we review several representative reasoning techniques and introduce corresponding
Datalog engines that exemplify these approaches.

Seminaïve-based: A widely adopted materialisation strategy in modern Datalog
systems is based on the seminaïve algorithm. As introduced in Section 2.2.2, this
approach incrementally computes the fixpoint of Datalog programs by maintaining
and propagating only the delta - the newly derived facts in each iteration - thereby
avoiding redundant derivations and improving performance over naïve evaluation.
The seminaïve evaluation remains the foundation of several high-performance Datalog
engines, often combined with system-level optimisations to further enhance scalability.

Soufflé [85] is a prominent example of a seminaïve-based system, designed for
static program analysis. It compiles Datalog programs into optimised C++ code,
enabling high-performance batch reasoning. Key optimisations include parallel com-
pilation [87], specialised data structures [86], automatic index selection [13], and
feedback-directed join optimisation [12], which collectively contribute to its efficiency
on large codebases. While Soufflé supports incremental additions, it doesn’t currently
support incremental deletions, making it primarily suited for static analysis tasks.

GDlog [133] extends the seminaïve approach to GPU-accelerated reasoning. It
leverages SIMD/CUDA/HIP-based GPU acceleration and employs advanced in-memory
data structures, such as Hash-Indexed Sorted Arrays (HISA) and temporarily materi-
alised joins, to support high-throughput deductive analytics on GPUs. These features
enable GDlog to efficiently process large-scale reasoning tasks that benefit from the
parallelism and memory bandwidth of modern GPUs. Similar to Soufflé, GDlog does
not support incremental deletions, and is designed mainly for batch-oriented, high-
throughput reasoning tasks.

Differential Dataflow: Another strategy is based on Differential Dataflow [100],
which supports efficient incremental computation over dynamic data. Instead of re-
computing entire materialisations upon updates, Differential Dataflow propagates
differences (deltas) through the dataflow graph, enabling minimal recomputation and
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low-latency responsiveness. This model is particularly well-suited for applications
where frequent updates occur, such as streaming or interactive data analysis.

DDlog [122] is a modern Datalog engine built on top of Differential Dataflow.
The DDlog compiler translates DDlog programs to Differential Dataflow programs.
It employs automated incremental maintenance for both insertions and deletions, and
represents relations as in-memory collections (sets, vectors, maps). DDlog integrates
closely with the Rust ecosystem, benefiting from its performance and safety guar-
antees. The engine provides high-throughput and low-latency reasoning capabilities
for dynamic data, and is often used to implement embedded deductive databases in
data-centric systems.

However, while DDlog offers efficient incremental reasoning for dynamic data, it
also presents several limitations. Its memory footprint can grow significantly due
to the maintenance of differential state, making it less suited for large-scale static
datasets. Furthermore, DDlog’s support for advanced Datalog features such as com-
plex aggregates or rich ontology reasoning is currently limited. The engine is designed
for single-machine execution and lacks built-in support for distributed reasoning, in
contrast to systems like RDFox or LogicBlox. Finally, as a relatively young project,
DDlog’s ecosystem and tooling are still maturing compared to more established Dat-
alog engines.

Materialisation Maintenance-based: Another type of Datalog engine adopts ad-
vanced materialisation computation and maintenance strategies, where the entire set
of derived facts is explicitly materialised and maintained. This approach can provide
efficient query answering for workloads where repeated queries over largely static
or moderately changing data are expected. To support dynamic updates, modern
materialisation-based systems often implement advanced incremental maintenance
techniques and optimised join processing.

RDFox [109] is a high-performance in-memory engine designed for knowledge
graph reasoning. It employs a parallel materialisation strategy with a variant of
the DRed algorithm to efficiently handle both insertions and deletions [104]. RDFox
utilises shared-memory parallelism and lock-free updates, with additional optimisa-
tions such as compact hash-based indexes and equality handling [106]. The engine is
widely used for semantic reasoning over RDF and OWL 2 RL knowledge bases.

LogicBlox [14] integrates materialisation-based reasoning with advanced enter-
prise analytics. Its core language, LogiQL, extends Datalog with features such as
stratified negation, aggregation, and a rich module system. LogicBlox implements
advanced incremental maintenance, including a scheduling approach [127], and novel
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join strategies such as Leapfrog Triejoin [146]. The system supports enterprise-scale
applications, particularly in prescriptive and predictive analytics, where fast reasoning
over evolving data is required.

This line of work typically focuses on developing advanced incremental mainte-
nance techniques and optimised evaluation algorithms to improve the efficiency of
Datalog reasoning. This thesis is designed to enhance materialisation-based Datalog
engines by investigating efficient approaches for handling cyclic rules (Research Ques-
tions RQ1–RQ2) and by exploring specialised storage solutions (Research Questions
RQ3–RQ4).

3.6 Summary

This chapter reviewed existing research on Datalog materialisation and incremental
maintenance in Sections 3.1-3.2, focusing on customised rule applications in Sec-
tion 3.3 and storage solutions in Section 3.4. Customised rule application techniques,
such as graph-based algorithms for transitive and symmetric properties, were dis-
cussed. Conventional RDF storage methods, such as triple tables, property tables,
and vertical partitioning, were examined, highlighting their efficiency for query pro-
cessing but limitations in handling dynamic updates. Advanced storage solutions
tailored for materialisation are often based on columnar storage techniques, which
offer high query performance but are generally not well-suited for incremental main-
tenance, especially when handling deletions or updates.

In the context of optimising Datalog materialisations in terms of computation,
storage, and maintenance, significant challenges remain in seamlessly integrating di-
verse storage schemes and rule-specific optimisations within a unified framework that
effectively supports both materialisation and incremental updates. This thesis seeks
to address these challenges by proposing a flexible multi-scheme framework that de-
couples storage from reasoning, enabling efficient, scalable, and adaptable Datalog
processing.
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Chapter 4

Hypertree Decomposition-based
Optimisation for Cyclic Rules

This chapter addresses research questions RQ1 and RQ2, focusing on the development
of hypertree decomposition-based evaluation techniques and their integration within
a broader reasoning framework. Based on our publication [156], this chapter presents
methods for efficiently handling cyclic rules using hypertree decomposition and ex-
plores how these techniques can be combined with standard evaluation strategies to
optimise materialisation and incremental reasoning.

4.1 Introduction

As highlighted in Section 3.2, while (incremental) materialisation research has largely
focused on general workflows, existing algorithms often implicitly rely on traditional
join plans for evaluating rule bodies. However, such join plans can be suboptimal in
many cases [62, 111], resulting in inefficiencies that hinder the overall performance
of materialisation processes, especially in the case of cyclic rules. This can lead to
a blow-up in the number of intermediate results and a corresponding degradation
in performance (as we will demonstrate in Section 4.6). This phenomenon can be
observed in real-life applications, for example where rules are used to model complex
systems, which may include the evaluation of numerical expressions.1 The resulting
rules are often cyclic and have large numbers of body atoms.

One promising solution from the database literature deals with such cyclic de-
pendencies using hypertree decomposition (HD) [62], a method for structuring a hy-
pergraph into a tree-like form. Hypertree decomposition is able to decompose cyclic

1https://2021-eu.semantics.cc/graph-based-reasoning-scaling-energy-audits-many-customers
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queries, and Yannakakis’s algorithm [153] can then be used to achieve efficient eval-
uation over the decomposition [62]. This method has been well-investigated with its
effectiveness shown in many empirical experiments for query evaluation [2, 136].

It is unclear, however, whether the hypertree decomposition approach can benefit
rule evaluation in Datalog reasoning. Unlike query answering, which requires only a
single evaluation via decomposition, rules in a Datalog program are applied multiple
times until no new data can be derived. In this setting, it is important to avoid
repetitive derivations, but this is not easy to achieve when hypertree decomposition
is used for rule evaluation. Moreover, incremental materialisation usually depends
on efficiently tracking fact derivations, and it is unclear how to achieve this when
such derivations depend on hypertree decomposition. Finally, hypertree decompo-
sition introduces some additional overhead, and this may degrade performance on
simple rules. A combined approach that selectively applies hypertree decomposition
to complex rules while retaining standard evaluation methods for simpler cases may
be necessary to balance efficiency and overhead.

Overview: In this chapter, we introduce a Datalog reasoning algorithm that lever-
ages hypertree decomposition to enable efficient (incremental) reasoning for recursive
programs. Specifically, Section 4.2 defines the key notations and concepts of cyclic
rules and the hypertree decomposition, providing the foundational understanding
needed for subsequent discussions. Section 4.3 demonstrates the advantages of hy-
pertree decomposition in rule evaluations through a detailed example and highlights
the challenges of adapting HD-based approaches to ensure non-repetitive reasoning
and support incremental maintenance. The core hypertree decomposition-based eval-
uation algorithms, designed based on the seminaïve evaluation strategy, are presented
in Section 4.4. Specifically, this section discusses how efficient incremental evaluation
and principled tracking of fact derivations are enabled by algorithms designed to eval-
uate over the structural decomposition provided by the hypertree decomposition. In
addition, Section 4.5 introduces a DRed algorithm enhanced with HD-based evalua-
tions, showing how it integrates seamlessly with the standard seminaïve evaluation in
a modular framework. This integration avoids unnecessary overhead for simple rules
to maintain efficiency. Our empirical evaluation, detailed in Section 4.6, demonstrates
that this combined approach significantly outperforms the standard method, achiev-
ing improvements by orders of magnitude. Finally, Section 4.7 discusses applications
of hypertree decomposition in related fields. For reproducibility, our test system and
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data are publicly available online.2 Additional proofs are provided in Appendix A.

4.2 Preliminaries

In this section, we introduce the necessary notations and concepts that form the foun-
dation for the techniques discussed in this chapter. First, in Section 4.2.1, we formally
define cyclic rules by analysing their variable dependency hypergraph and identify-
ing cycles that complicate their evaluation. Next, in Section 4.2.2, we present the
concept of hypertree decomposition, a critical tool for transforming cyclic structures
into acyclic representations that facilitate efficient reasoning. Section 4.2.3 then de-
scribes how typical query evaluation can be performed using hypertree decomposition,
focusing on its ability to minimise redundant computations.

4.2.1 Cyclic Rules

The limitations discussed in Section 4.1 primarily concern cyclic rules, which are
particularly challenging in Datalog reasoning. Therefore, we formally present the
definition of cyclic rules as follows to provide a clear foundation for the techniques
discussed in this chapter. We first define the variable dependency hypergraph of a
rule r and the join tree of a hypergraph.

Definition 1 The variable dependency hypergraph of r, denoted as Hb(r) = (X,E),
as follows:

• X is the set of vertices, corresponding to the variables in r.

• E is the set of hyperedges, where each hyperedge corresponds to the variables ap-
pearing in a single atom of r (i.e., for each atom Bi ∈ b(r), there is a hyperedge
containing the variables in Bi).

A join tree JT (H) for a hypergraph H is a tree whose vertices correspond to the
hyperedges of H, such that for any variable x ∈ X appearing in two hyperedges
E1, E2 of H, x must also appear in every vertex along the unique path connecting E1

and E2 in JT (H). In other words, the set of vertices in which the variable x occurs
induces a connected subtree of the join tree JT (H). Finally, we present the definition
of cyclic rules as follows.

2https://xinyuezhang.xyz/HDReasoning/
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Definition 2 A Datalog rule r is said to be cyclic if its variable dependency hyper-
graph Hb(r) = (X,E) does not admit any join tree.

This definition refers to the α-acyclicity, as defined in [17, 22, 97], which states
that a hypergraph Hb(r) = (X,E) is α-acyclic if and only if it has a join tree. The α-
acyclicity offers a flexible way to capture variable dependencies among rule atoms in
hypergraphs. It naturally extends the concept of cycles from graphs to hypergraphs,
making it a fitting choice in this context. Readers interested in exploring other
definitions of cycles in hypergraphs, such as simple cycles or conformal cycles, may
refer to [88] for a comprehensive overview.

4.2.2 Hypertree Decomposition

We now define the hypertree decomposition for Datalog rules, following the definition
of hypertree decomposition for conjunctive queries [60].

Definition 3 For a Datalog rule r, a hypertree decomposition is a hypertree HD =

⟨T, χ, λ⟩ in which T = ⟨N,E⟩ is a rooted tree, and χ associates each vertex p ∈ N

with a set of variables that appear in r, i.e., in var(r); whereas λ associates p with a
set of atoms in the body of the rule r, i.e., in b(r).

This hypertree T satisfies all the following conditions:

1. for each body atom Bi ∈ b(r), there exists p ∈ N such that var(Bi) ⊆ χ(p);

2. for each variable v ∈ var(r), the set {p ∈ N | v ∈ χ(p)} induces a connected
subtree of T .

3. for each vertex p ∈ N , χ(p) ⊆ var(λ(p)).

4. for each vertex p ∈ N , var(λ(p)) ∩ χ(Tp) ⊆ χ(p) in which Tp is the subtree of T
rooted at p.

Hypertree width measures the degree of cyclicity of hypergraphs [123]. The width
of the hypertree decomposition is defined as maxp∈N |λ(p)|. The hypertree-width hw(r)
of r is the minimum width over all possible hypertree decompositions of the rule r.
Please note that the acyclic hypergraphs are precisely those hypergraphs having a
hypertree with its hypertree-width as one [123]. Therefore, a cyclic rule can also be
defined as a rule whose hypertree width hw(r) is greater than 1.
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4.2.3 Query Evaluation via HD

We will now introduce how query evaluation works using a decomposition as join
plan. Query evaluation via hypertree decomposition is a well-investigated problem
in the database literature [54, 62], and such a process typically consists of in-node
evaluation and cross-node evaluation. During in-node evaluation, each node p in the
decomposition joins the body atoms that are assigned to it (i.e., λ(p)) and stores the
join results for later use.

Then, cross-node evaluation applies the Yannakakis algorithm [153] to the join
results for each node p, using the hypertree decomposition T as the join tree. The
Yannakakis algorithm provides an efficient evaluation strategy for acyclic conjunctive
queries, running in polynomial time in combined complexity. In the cyclic setting, the
hypertree decomposition yields an acyclic structural representation of cyclic rules, and
the Yannakakis algorithm provides an efficient evaluation strategy over this acyclic
structure. The standard Yannakakis algorithm has two steps. The full reducer stage
applies a sequence of bottom-up left semi-joins through the tree, followed by a se-
quence of top-down left semi-joins using the same fixed root of the tree [21]. This
removes dangling data that will not be needed in the second stage and decreases the
join result size for each node. The cross-node join stage joins the nodes bottom-up,
and it projects to the output variables, i.e., var(h(r)), to obtain the final answers.

Overall, the (combined) complexity of query evaluation via a decomposition tree
is known to be O(v · (mk + s) · log(m+ s)) [62] where v is the number of variables in
the query, m is the cardinality of the largest relation in the data, k is the hypertree
width of r, and s is the output size.

However, it is important to note the limitations of applying the Yannakakis al-
gorithm to purely acyclic cases. Although the algorithm was originally developed
for acyclic conjunctive queries and offers strong theoretical runtime guarantees, it
is rarely used in practice due to a large hidden constant factor [149]. In our set-
ting, Yannakakis serves as an effective evaluation strategy when operating over the
acyclic decompositions of cyclic rules. However, it is not necessarily optimal for purely
acyclic cases and may introduce additional overhead. This motivates a combined ap-
proach that applies the HD-based evaluation to cyclic rules, while using the standard
approach for non-cyclic ones. We will discuss this design choice in more detail in
Section 4.5, and the experimental results in Section 4.6 will empirically validate this
analysis.
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Notation Description

Hb(r) = (X,E) A hypergraph formed from body atoms of the rule r
T =< N,E > A rooted tree with vertices N and edges E.
HD =< T, χ, λ > A hypertree decomposition, in which T is a rooted tree, χ and λ maps

each vertex in T to a set of variables and body atoms, respectively.
p A vertex in the rooted tree T =< N,E >, and p ∈ N .
χ(p) A set of variables assigned to p.
λ(p) A set of atoms assigned to p.
hw(r) The hypertree-width of the rule r.

Addr(I,∆+) HD-based incremental addition evaluation, computing r[I,∆+] \ I.
Delr(I,∆−) HD-based incremental deletion evaluation, computing r[I,∆−] ∩ (I \∆−).
Redr(I,∆) HD-based rederivation evaluation, computing r[I] ∩∆.
Πp[I,∆] Incremental evaluator of a node p in the decomposition.
instp A set of instantiations of p, with various superscripts indicating specific roles.

Table 4.1: Additional notation introduced in Chapter 4.

Finally, we present an additional notation table that introduces key symbols and
terminologies used throughout this chapter. These notations supplement the prelim-
inaries discussed earlier and are specifically tailored to the concepts and algorithms
related to hypertree decomposition and cyclic rule evaluation. Please note that some
of the notations in Table 4.1 will be formally defined and elaborated upon in the text
in subsequent sections for a more detailed understanding.

4.3 Motivation and Challenges

In this section, we use an example to explain how hypertree decompositions could
benefit rule evaluation and provide some intuitions as to how they can be exploited
in the evaluation of recursive Datalog rules.

Example 1 Consider the following rule r, in which CA,CW and PC represent Coauthor,
Coworker, and PossibleCollaborator respectively:

PC(x, y)← CW(x, z1),CA(x, z2),PC(z1, y),PC(z2, y).

Moreover, consider the dataset E as specified below, where n and k are constants.
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Refer to Figure 4.1 for a (partial) illustration of the dataset and the joins.

{CW(ai, bi·k+j) | 0 ≤ i < n, 1 ≤ j ≤ k} ∪

{CA(ai, ci·k+j) | 0 ≤ i < n, 1 ≤ j ≤ k} ∪

{CW(an, a2), CA(an, a3)} ∪

{PC(bi·k+j, dj) | 0 ≤ i < n, 1 ≤ j ≤ k} ∪

{PC(ci·k+j, dj) | 0 ≤ i < n, 1 ≤ j ≤ k}

Each relation above contains O(n · k) facts, and the materialisation will additionally
derive n · k + k facts, i.e., {PC(ai, dj) | 0 ≤ i ≤ n, 1 ≤ j ≤ k}.

𝑎!

𝑏!"#$%…𝑏!"#$# 𝑐!"#$%…𝑐!"#$#

𝑑%…𝑑#

CW CA

PC PC

Figure 4.1: Illustration of dataset in Example 1, depicting joins related to a particular
ai (0 ≤ i < n) in the first round of rule evaluation.

Now consider the first round of rule evaluation, and assume that the rule body of r,
which corresponds to a conjunctive query, is evaluated left-to-right. Then, matching
the first three atoms involves considering O(n ·k2) different substitutions for variables
x, y, z1, and z2; only O(n · k) of them will match the last atom and eventually lead
to successful derivations. Please refer to Figure 4.2 for an illustration of generated
substitutions of a1 using this strategy. In fact, one can verify that no matter how we
reorder the body atoms of r, it will result in similar behaviour.

Using hypertree decompositions could help process the query more efficiently.
Consider decomposition T of the above query consisting of two nodes p1 and p2, where
p1 is the parent node of p2. Furthermore, function χ is defined as: χ(p1) = {x, z1, y},
χ(p2) = {x, z2, y}, and function λ is defined as: λ(p1) = {CW(x, z1),PC(z1, y)},
λ(p2) = {CA(x, z2),PC(z2, y)}. Recall the steps of decomposition-based query evalu-
ation we introduced in Section 4.2.3. During the in-node evaluation stage, each node
in the decomposition will consider O(n · k) substitutions; the full reducer will con-
sider O(n · k) substitutions and find out that nothing needs to be reduced; lastly, the
cross-node evaluation joining p1 and p2 also considers O(n · k) substitutions. Com-
pared with the left-to-right evaluation of the query, the overall cost of this approach
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Figure 4.2: Illustration of substitutions in Example 1, depicting the k2 generated
substitutions for a1 during the first round of rule evaluation using a left-to-right join
strategy, where only k substitutions remain valid after evaluating the last atom.

is O(n · k), as opposed to O(n · k2). For every ai (0 ≤ i < n), the first round of rule
application will introduce additional PC relations between ai and d1 to dk (n · k in
total).

Notice that rule r is recursive, so the facts produced by the first round of rule eval-
uation could potentially lead to further derivations of the same rule. This is indeed
the case in our example: the first round derives all PC(ai, dj) facts with 0 ≤ i < n

and 1 ≤ j ≤ k; combined with {CW(an, a2),CA(an, a3)} this will additionally derive
PC(an, dj) with 1 ≤ j ≤ k. If we used the hypertree decomposition-based technique
discussed above, then a naïve implementation would just add all the facts derived in
the first round to the corresponding nodes and run the decomposition-based query
evaluation again. However, this is unlikely to be very efficient as it would have to
repeat all the work performed in the first round of rule evaluation. Ideally, we would
like to make the decomposition-based query evaluation algorithm ‘incremental’, in
the sense that the algorithm minimises the amount of repeated work between differ-
ent rounds of rule evaluation. As we shall see in Section 4.4, this requires nontrivial
adaptation of in-node evaluation, as well as the two stages of the Yannakakis algo-
rithm. Handling incremental deletion presents another challenge, which we address
following the well-known DRed algorithm.

4.4 Hypertree Decomposition-based Rule Evaluation
Algorithms

Recall that in Section 2.2, the seminaïve computation of materialisations relies on
the seminaïve operator Π[I,∆], which takes the current materialised fact set I and
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the incremental changes ∆ to propagate updates efficiently. The more generalised
incremental maintenance algorithm, DRed, introduced in Section 2.3, also relies on
such operators to handle deletions and re-derivations systematically.

Inspired by the seminaïve operator and the way DRed employs this operator, in
this section, we introduce hypertree decomposition-based evaluation algorithms Delr,
Addr, and Redr for a cyclic rule r, which will be used in the reasoning procedure.
More specifically:

• Addr takes as input the current materialisation I and a set of newly added
facts ∆+. It computes r[I,∆+] \ I, ensuring that only newly derived facts are
added to the materialisation without reintroducing existing ones. This operator
incrementally extends I by propagating the effects of ∆+ through the rule r.

• Delr takes as input the current materialisation I and a set of deleted facts ∆−.
It computes r[I,∆−] ∩ (I \∆−), identifying the over-deleted facts that require
further consideration. This operator determines which facts, originally derived
using ∆−, may no longer hold and need to be removed.

• Redr takes as input the current materialisation I and a set of over-deleted facts
∆. It computes r[I] ∩∆, capturing the facts that can still be derived from the
remaining materialisation. This operator is essential for rederiving facts that
were mistakenly removed due to dependencies on deleted data.

These operators form the foundation for efficiently handling cyclic rules within the
proposed reasoning framework. We will use DRed as the backbone of our algorithm
(details presented in Section 4.5), but instead of standard reasoning algorithms with
plan-based rule evaluation, we will use our hypertree decomposition-based functions
Delr, Addr, and Redr. For each rule r in Π, we assume its hypertree decomposition
⟨T r, χr, λr⟩ with T r = ⟨N r, Er⟩ has already been computed, and tr is the root of the
decomposition tree T r. Our reasoning algorithms are independent of decomposition
methods.

4.4.1 Notation

First, analogously to expression (2.5), for each node p ∈ N r we define operator
Πp[I,∆], in which I and ∆ are sets of facts with ∆ ⊆ I.

Πp[I,∆] = {χr(p)σ | λr(p)σ ⊆ I and λr(p)σ ∩∆ ⊈ ∅},
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Intuitively, this operator is intended to compute for a node p all the instantiations
influenced by the incremental update ∆. Additionally, for each node p ∈ N r, we
define the following sets, which will be used in the presentation of our algorithms.
These sets are initially empty before the first materialisation computation and are
continuously maintained throughout the incremental maintenance procedure.

1. instIp contains the join result of in-node evaluation for p under the current materi-
alisation I, and it is represented as tuples for variables χr(p). Since cross-node
evaluation builds upon such join results, to facilitate incremental evaluation
and to avoid computing instIp every time from scratch, instIp has to be correctly
maintained between different executions of DRed.

2. inst
I
···∆+

p represents the set of instantiations that should be added to instIp given
a set of newly added facts ∆+. This set can be obtained using the operator Πp.

3. inst
I
···∆−

p represents the set of instantiations that no longer hold after removing
∆− from I; these instantiations should then be deleted from instIp. Similarly as
above, this set can be computed using Πp.

4. instacp represents the currently active instantiations that will participate in the
cross-node evaluation.

5. instrep represents the instantiations that will need to be checked during the red-
erivation phase.

4.4.2 Addition

As discussed in Section 4.3, the decomposition-based query evaluation should be made
incremental. To this end, Algorithm 4, which is responsible for addition, needs to
distinguish between old instantiations and the new ones added due to changes in the
explicitly given data. This is achieved by executing the in-node evaluation for each
node p ∈ N r in line 3 using the Πp operator.

Then, the cross-node evaluation (line 4) is performed in a way similar to the
evaluation of r[I,∆] outlined in Section 2.2, treating each node in T r as a body atom.
Specifically, as shown in Algorithm 5, we will evaluate the tree |N r| times. Assume
that there is a fixed order among all the tree nodes for r, and let pi, 1 ≤ i ≤ |N r|,
denote the ith node in this ordering. Then, in the ith iteration of the loop of lines 3–
9, node pi is chosen in line 3, and the label of each node will be determined by the
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Algorithm 4 HD-based Incremental Addition Evaluation: Addr[I,∆+]

1: Input: Current materialisation I, and fresh additions ∆+

2: for p ∈ N r do: ▷ in-node evaluation

3: inst
I
···∆+

p := Πp[I,∆
+] \ instIp

4: ∆A := CrossNodeEvaluationr(L+) ▷ cross-node evaluation
5: for p ∈ N r do ▷ updating instantiations for each node

6: instIp := instIp ∪ inst
I
···∆+

p

7: inst
I
···∆+

p := ∅
8: return ∆A\I

Algorithm 5 Cross-Node Evaluation of Decomposition T r: CrossNodeEvaluationr(L)
1: Input: A labelling function L
2: ∆ := ∅
3: for pi ∈ N r do /* the ∆ node */
4: for pj ∈ N r do
5: label pj with the output of L(pi, pj)
6: set instacpj according to the label

7: TopDownLSJ(pi)
8: BottomUpLSJ(tr); TopDownLSJ(tr)
9: ∆ := ∆ ∪ πvar(h(r))(CrossNodeJoin(t

r))

10: return ∆

labelling function L+ as specified below. In particular, node pi will be labelled ∆+;
nodes preceding and succeeding pi will be labelled I and I ∪∆+, respectively.

L+(pi, pj) =


I ∪∆+, pj ≺ pi
∆+, pj = pi
I, pj ≻ pi

. (4.1)

Based on the labels assigned in line 5, we will set pacj , the active instantiations that
will participate in the subsequent evaluation, as follows. Note that the last two cases
will be used later for deletion.

instacp =



instIp I

inst
I
···∆+

p ∆+

instIp ∪ inst
I
···∆+

p I ∪∆+

inst
I
···∆−

p ∆−

instIp\inst
I
···∆−

p I\∆−

. (4.2)

After fixing the active instantiations, Algorithm 5 proceeds with an adapted ver-
sion of the Yannakakis algorithm: lines 7–8 complete the full reducer stage whereas
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line 9 performs the cross-node join. By performing left semi-joins between nodes, the
full reducer stage aims at deactivating instantiations that do not join and keep only
the relevant ones. The standard full reducer does not consider incremental updates
so adaptations are required. In particular, our incremental version of the full reducer
traverses the tree three times. The first traversal in line 7 consists of a sequence of
top-down left semi-joins with pi (the node labelled with ∆+) as the root. As ∆+ is
typically smaller than the materialisation I, starting from pi could potentially reduce
the numbers of active instantiations for the other nodes to a large extent. The second
and the third traversal (line 8) involves applying the standard bottom-up and top-
down left semi-join sequences, respectively, using the root of the decomposition tree
tr as the root for the evaluation. Then, the cross-node join in line 9 evaluates the de-
composition tree T r bottom-up: for each node p ∈ N r, it joins active instantiations in
p with those in its children, and then projects the result to variables χr(p) ∪ var(h(r)).
The join result obtained at the root tr is projected to the output variables var(h(r))

to compute the derived facts, which are then returned to the Addr function.
Lastly, lines 5–7 of Algorithm 4 update the instantiations instIp for each node p

and empty inst
I
···∆+

p for later use.
By applying the principles of seminaïve evaluation to both the in-node evaluation

and the cross-node evaluation, Addr avoids repeatedly reasoning over the same facts
or instantiations. Lemma 1 states that the algorithm is correct. The proof is provided
in Appendix A.

Lemma 1 The Addr[I,∆+] function shown in Algorithm 4 computes r[I,∆+]\I.

To further elucidate the algorithmic process, we will build upon the examples
presented in Section 4.3 to demonstrate our algorithm’s recursive application in a
step-by-step manner.

Example 2 Following the initial round of rule application as detailed in Section 4.3,

the instantiations in inst
I
···∆+

p1 and inst
I
···∆+

p2 are derived in line 3 of Algorithm 4 and
then merged into instIp1 and instIp2 in line 6, respectively, before being cleared in line 7.
Therefore, we have instantiations instIp1 = {(ai, bi·k+j, dj) | 0 ≤ i < n, 1 ≤ j ≤ k}, and
instIp2 = {(ai, ci·k+j, dj) | 0 ≤ i < n, 1 ≤ j ≤ k}. Additionally, the cross-node
evaluation in line 4 derives facts {PC(ai, dj) | 0 ≤ i < n, 1 ≤ j ≤ k}, which are all
returned in line 8 of the algorithm.

In the second round of application, the facts derived in the first round, i.e.,
PC(ai, dj) with 0 ≤ i < n and 1 ≤ j ≤ k, are passed to the Addr function as ∆+.
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Then, line 3 identifies for p1 the new instantiations involving facts in ∆+; specifi-

cally, {(an, a2, dj) | 1 ≤ j ≤ k} are assigned to inst
I
···∆+

p1 . Similarly, we have inst
I
···∆+

p2

= {(an, a3, dj) | 1 ≤ j ≤ k}. For an illustration of the related joins, please refer to fig-
ure 4.3 (1). Then, during the cross-node evaluation, lines 3–6 ensure that when node

p1 is labeled with ∆+, node p2 is labeled with I, and so inst
I
···∆+

p1 is joined with instIp2,
deriving no new fact. In contrast, when node p2 is labeled with ∆+, node p1 is labeled

with I ∪∆+, and so inst
I
···∆+

p2 is joined with instIp1 ∪ inst
I
···∆+

p1 , deriving PC(an, dj) with
1 ≤ j ≤ k. As one can readily see, the second round of rule application does not
repeat work already carried out in the first round.

𝑎!
𝑎" 𝑎#

𝑑$…𝑑%

CW CA

PC PC

𝑎!
𝑎", 𝑎& 𝑎#
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Figure 4.3: Illustrations of Example 2 and 3, depicting joins in three scenarios: (1)
the second round of rule evaluation; (2) the incremental rule evaluation in response
to the addition of CW(an, a4) and CA(an, a5); and (3) the incremental rule evaluation
in response to the removal of CA(an, a3). From these joins, one can easily compute
the corresponding instantiations for nodes p1 and p2.

The above example demonstrates the process of initial materialisation. Now con-
sider adding {CW(an, a4), CA(an, a5)} to the explicitly given data, i.e., by setting E+

to the above set of facts in the DRed algorithm. In this case, ∆+ in Addr will consist
of CW(an, a4) and CA(an, a5). The addition of {CW(an, a4),CA(an, a5)} introduces
the following new rule instantiations:

CW(an, a4),CA(an, a5),PC(a4, dj),PC(a5, dj)→ PC(an, dj), 1 ≤ j ≤ k.

The Addr function processes new instantiations by updating the instantiations for the
nodes p1 and p2 in the decomposition and incrementally joining the node instantia-

tions. Specifically, in line 3 of Algorithm 4, we clearly have inst
I
···∆+

p1 = {(an, a4, dj) |
1 ≤ j ≤ k}, inst

I
···∆+

p2 = {(an, a5, dj) | 1 ≤ j ≤ k}, as illustrated by figure 4.3 (2).
Then, facts PC(an, dj) with 1 ≤ j ≤ k are derived in line 9 of Algorithm 4, but are
then removed by “\I” in line 8 since these facts are already in I. As a result, no
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new fact is derived. This example demonstrates that the Addr function, following
the seminaïve strategy, can evaluate rules incrementally with the given fact additions
∆+, ensuring that each new instantiation is considered only once without redundantly
reprocessing previously evaluated instantiations.

4.4.3 Deletion

The Delr algorithm shown in Algorithm 6 is analogous to Addr, and it identifies con-
sequences of r that are affected by the deletion of ∆−. The algorithm first computes

the overdeletion inst
I
···∆−

p using the operator Πp in lines 2–3. In addition, the instanti-
ations that have been overdeleted are also added to instrep so that they can be checked
and potentially recovered during rederivation.

The cross-node evaluation in line 6 is similar to that of Addr, except that a different
labelling function L− is used:

L−(pi, pj) =


I, pj ≺ pi
∆−, pj = pi
I\∆−, pj ≻ pi

. (4.3)

Note that the initialisation of instacpj follows Equation (4.2). Finally, for each node p,

the set of instantiations instIp is updated in line 8 to reflect the change, and inst
I
···∆−

p

is emptied in line 9 for later use. Similarly as in Addr, our Delr function exploits the
idea of seminaïve evaluation to avoid repeated reasoning. Lemma 2 states that the
algorithm is correct. The proof is provided in Appendix A.

Lemma 2 The Delr[I,∆−] function shown in Algorithm 6 computes r[I ···∆−] ∩ (I\∆−).

The following example illustrates overdeletion using our customised algorithms.

Example 3 Assume that E− is set as {CA(an, a3)} in Algorithm 3. During the
overdeletion phase, E− is passed to Delr as ∆−. After the execution of line 3 in

Algorithm 6, we have inst
I
···∆−

p2 = {(an, a3, dj) | 1 ≤ j ≤ k} and inst
I
···∆−

p1 = ∅, as can
be seen from figure 4.3 (3). Then, the cross-node evaluation will derive PC(an, dj),
1 ≤ j ≤ k. These facts are temporarily overdeleted, and the rederivation stage will
check whether they have alternative derivations from the remaining facts.

4.4.4 Rederivation

The rederivation step described in Algorithm 7 aims at recovering facts that are
overdeleted but are one-step rederivable from the remaining facts using rule r. In the
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Algorithm 6 HD-based Incremental Deletion Evaluation: Delr[I,∆−]

1: Input: Current materialisations I, and fresh deletions ∆−

2: for p ∈ N r do: ▷ in-node: overdelete

3: inst
I
···∆−

p := Πp[I,∆
−] ∩ instIp

4: instrep := instrep ∪ inst
I
···∆−

p

5: /* cross-node: overdelete */
6: ∆D := CrossNodeEvaluationr(L−) ▷ cross-node: overdelete
7: for p ∈ N r do ▷ updating instantiations for each node

8: instIp := instIp\inst
I
···∆−

p

9: inst
I
···∆−

p := ∅
10: return ∆D ∩ (I\∆−)

presentation of the algorithm we take advantage of an oracle function O which serves
the purpose of encapsulation. The oracle function can be implemented arbitrarily, as
long as it satisfies the following requirement: given a fact/tuple f , the oracle function
returns true if f has a one-step derivation from the remaining facts/tuples, and it
returns false otherwise.

In practice, there are several ways to implement such an oracle function. A
straightforward way is through query evaluation. For example, to check whether
a tuple f ∈ instrep is one-step rederivable, one can construct a query using atoms in
λ(p), instantiate the query with the corresponding constants in f , and then evaluate
the partially instantiated query over the remaining facts. A more advanced approach
is through tracking derivation counts [75]: each tuple is associated with a number that
indicates how many times it is derived; during reasoning, this count is incremented if
a new derivation is identified, and it is decremented if a derivation no longer holds.
Then, the oracle function can be realised with a simple check on the derivation count
of the relevant tuple. We have adopted the second approach in this chapter.

Algorithm 7 proceeds as follows. First, lines 2–3 perform rederivation for in-node
evaluation using the oracle. Recall that rule evaluation is decomposed into in-node
evaluation and cross-node evaluation stages, so changes in the join results stored in
the tree nodes have to be propagated through the decomposition tree, and this is
achieved through line 4. Then, lines 5–7 update the join results and clear temporal
variables. Finally, line 8 performs rederivation for cross-node evaluation and returns
all the rederived facts. Lemma 3 states that the algorithm is correct. Together with
Theorem 1 and Lemmas 1 and 2, this ensures the correctness of our approach. The
proofs of Lemmas 1-3 are provided in Appendix A.
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Algorithm 7 HD-based Rederivation Evaluation: Redr[I,∆]

1: Input: Current materialisation I, and over-deleted facts ∆ to be examined
2: for p ∈ N r do

3: inst
I
···∆+

p := {f ∈ instrep | O[f ] = true}
4: ∆R := CrossNodeEvaluationr(L+) ∩∆
5: for p ∈ N r do

6: instIp := instIp ∪ inst
I
···∆+

p

7: instrep := inst
I
···∆+

p := ∅
8: return ∆R ∪ {f ∈ ∆ | O[f ] = true}

Lemma 3 The Redr[I,∆] function shown in Algorithm 7 computes r[I] ∩∆.

Below we continue with our running example and focus on the rederivation stage.

Example 4 After the overdeletion in Example 3, we have instrep2 = {(an, a3, dj) | 1 ≤
j ≤ k}. These instantiations will not be recovered in line 3 of Algorithm 7 since the
oracle O will find out that they have no alternative derivation from the remaining data.
In contrast, the overdeleted facts PC(an, dj) with 1 ≤ j ≤ k are recovered in line 8.
This is so since each PC(an, dj) can be rederived using instantiation (an, a2, dj) from
instIp1 and instantiation (an, a5, dj) from instIp2. These rederived triples are passed on
to Addr as ∆+, but no new fact will be derived. Overall, the removal of {CA(an, a3)}
do not affect the materialisation.

4.5 Using HD-based Evaluations in Reasoning

In this section, we present an enhanced DRed procedure in Algorithm 8, which incor-
porates the HD-based evaluation algorithms introduced in Section 4.4. This version
extends the non-repetitive and generalised DRed algorithm proposed by Hu et al.
[77], enabling modular reasoning. Specifically, it allows different parts of the program
to be evaluated using customised algorithms, making it more adaptable and suitable
for the discussions below. In particular, as shown in lines 11, 16, and 25, rules in
the program are evaluated on a per-rule basis, allowing for fine-grained control over
the evaluation process. This design facilitates the use of specialised algorithms where
needed while maintaining efficiency in standard cases.

The DRed algorithm is shown in Algorithm 8 where input arguments Π and E

represent the program and the original set of explicitly given facts, I is the material-
isation of Π w.r.t. E, and E+ and E− are the sets of facts that are to be added to
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and deleted from E, respectively. As shown in line 2, the main idea behind DRed is
to first overdelete all possible derivations that depend on E−; and then the algorithm
tries to rederive facts that have alternative proofs using the remaining facts; lastly, to
add to the materialisation, the algorithm computes the consequences of E+ as well
as the rederived facts. This version of DRed incrementally computes the set of facts
to be deleted, D, and the set of facts to be added, A, throughout the procedure. The
materialisation I is then updated accordingly at the end, as shown in line 3.

Specifically, overdeletion involves recursively finding all the consequences derived
by Π and E−, directly or indirectly, as shown in lines 5–12. The function Delr called
in line 11 is intended to compute the facts that are directly affected by the deletion
of ∆−. More precisely, Delr(I,∆−) should compute r[I,∆−] ∩ (I\∆−). Note that in
line 11 the first argument of the call is I\D, so it should compute r[I ′,∆−]∩ (I ′\∆−)

with I ′ = I\D; the same clarification applies to Redr and Addr, so we will not reiterate.
The rederivation step recovers the facts that are overdeleted but are one-step

provable from the remaining facts. Formally, function Redr(I,∆) should compute
r[I] ∩∆. Finally, during addition, the added set NA is initialised in line 19, and
then from line 20 to 25 the rules are iteratively applied, similarly as in the seminaïve
algorithm. In this case, function Addr(I,∆+) is required to compute r[I,∆+]\I.

The correctness of Algorithm 8 is established by Theorem 1, which follows directly
from the correctness of the modular update algorithm by Hu et al. [77]. This holds
as our functions Delr, Redr, and Addr produce valid derivations that conform to the
bounds defined by Hu et al. [77].

Theorem 1 Algorithm 8 correctly updates the materialisation I∞ of Π w.r.t. E to
I ′∞ of Π w.r.t. E ′ where E ′ = (E\E−) ∪ E+, provided that Delr(I,∆−), Redr(I,∆),
and Addr(I,∆+) compute r[I,∆−] ∩ (I\∆−), r[I] ∩∆, and r[I,∆+]\I, respectively.

Please note that the DRed algorithm could be used for the initial materialisation
as well. To achieve this, we can set E, I and E− as empty sets, and pass the set of ex-
plicitly given facts as E+ to the algorithm. Therefore, both the initial materialisation
and the incremental maintenance of materialisations can be achieved through multi-
ple executions of the DRed algorithm, ensuring efficient updates while maintaining
consistency in the fact base.

Combined Approach: With the modular nature of Algorithm 8, this approach can
be easily adapted to employ a hybrid fact evaluation strategy: using the customised
evaluation algorithms Addr, Delr, and Redr introduced in Section 4.4 for cyclic rules,
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Algorithm 8 Enhanced DRed Algorithm with HD-based Evaluations
Require: Datalog program Π, initial dataset E, fact additions E+ and deletions E−,

materialisation I
Ensure: Update materialisation I from Π∞[E] to Π∞[(E\E−) ∪ E+]
1: D := A := ∅, E− := (E− ∩ E)\E+, E+ := E+\E
2: Overdelete , Rederive, Add
3: E := (E\E−) ∪ E+, I := (I\D) ∪ A

4: procedure Overdelete
5: ND := E−

6: loop
7: ∆− := ND\D
8: if ∆− = ∅ then break
9: ND := ∅

10: for r ∈ Π do
11: ND := ND ∪ Delr(I\D,∆−)

12: D := D ∪∆−

13: procedure Rederive
14: ∆ := ∅
15: for r ∈ Π do
16: ∆ := ∆ ∪ Redr(I\D,D)

17: ∆ := ∆ ∪ ((E\E−) ∩D)

18: procedure Add
19: NA := (∆ ∪ E+)\(I\D)
20: loop
21: ∆+ := NA\((I\D) ∪ A)
22: if ∆+ = ∅ then break
23: A := A ∪∆+, NA := ∅
24: for r ∈ Π do
25: NA := NA ∪ Addr((I\D) ∪ A,∆+)

while applying standard seminaïve evaluation for other normal rules. We have com-
pared a fully HD-based evaluation, where all rules use hypertree decomposition-based
approaches, against a combined version that selectively applies HD-based techniques
only for cyclic rules. The performance evaluation of these two approaches will be
presented in Section 4.6.

4.6 Implementation and Evaluation

To evaluate our algorithms, we developed a proof-of-concept implementation and con-
ducted a series of experiments. Section 4.6.1 describes how hypertree decompositions

56



are computed in our implementation, and Section 4.6.2 outlines the approaches used
for comparison. The experimental hypotheses are presented in Section 4.6.3, and the
benchmark datasets are detailed in Section 4.6.4. The experimental setup is intro-
duced in Section 4.6.5. Finally, Section 4.6.6 analyses the results in light of the stated
hypotheses, discussing both expected and unexpected outcomes.

4.6.1 Implementation

The algorithms presented in Section 4.4 are independent of the choice of decomposi-
tions; however, different hypertree decompositions will lead to very different perfor-
mance even if they share the same hypertree width. This is because the decomposition
method only considers structural information of the queries and ignores quantitative
information of the data. To address this problem, Scarcello et al. [123] introduced
an algorithm that chooses the optimal decomposition w.r.t. a given cost model. We
adopt this algorithm with a cost model consisting of two parts: (1) an estimate of the
cost of intra-node evaluation, i.e., the joins among λ(p); and (2) an estimate of the
cost of inter-node evaluation, i.e., the joins between nodes. In our implementation,
for (1), we use the standard textbook cardinality estimator described in Chapter 16.4
of the book [57] to estimate the cardinality of ▷◁

Bi∈λ(p)
Bi for a node p; for (2), we use

2 ∗ (|p̂i|+ |p̂j|) to estimate the cost of performing semi-joins between nodes pi and pj,
where |p̂i| and |p̂j| represent the estimated node size.

Moreover, the extra step of full reducer we introduced in Algorithm 5 (line 7) is
more suitable for small updates, in which the node with the smallest size helps reduce
other large nodes. If the size of all the nodes is comparable, then this step would be
unnecessary. Therefore, in practice, we only perform this optimisation if the number
of active instantiations in the ∆ node (i.e., pi) is more than three times smaller than
the maximum number of active instantiations in each node.

4.6.2 Comparisons

We considered three different approaches. The standard approach uses the seminaïve
algorithm for materialisation and an optimised variant of DRed for incremental main-
tenance. The HD approach uses our hypertree decomposition based algorithms. The
combined approach applies HD algorithms to complex rules and standard algorithms
to the remaining rules. To ensure fairness, all three approaches are implemented on
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Benchmarks |E| |I| |Π| |Πs| |Πc|

LUBM L 66,751,196 91,128,727 98 98 0
LUBM L+C 66,751,196 99,361,809 114 98 16

Exp 3,362,280 6,440,280 3 0 3
YAGO 58,276,868 59,755,990 23 0 23

Table 4.2: Benchmark Statistics used in Chapter 4, in which |Πs| and |Πc| refer to
the numbers of simple (non-cyclic) and cyclic rules, respectively.

top of the same code base obtained from the authors of the modular reasoning frame-
work [77]. The framework allows us to partition a program into modules and apply
custom algorithms to each module as required.

4.6.3 Hypotheses

The subsequent experiments are designed to test the following hypotheses:

1. The HD-based approach yields significant runtime improvements over the stan-
dard seminaïve evaluation for both initial and incremental materialisation in
the presence of cyclic rules.

2. For non-cyclic rules, the HD-based approach may incur additional runtime over-
head compared to the standard approach, as discussed in Section 4.2.3.

3. The combined approach generally performs best by applying the HD-based eval-
uation to cyclic rules and the standard evaluation to non-cyclic ones.

4. The HD-based algorithms require storing and maintaining intermediate instan-
tiations for each node in the decomposition, which may introduce additional
memory overhead.

To test the above hypotheses, we select datasets that exhibit varying structural
properties: pure cyclic, pure non-cyclic, and mixed rule sets. These benchmarks
are introduced in Section 4.6.4. Finally, Section 4.6.6 presents an analysis of the
results, relating them back to the initial hypotheses and discussing both expected
and unexpected findings.

4.6.4 Benchmarks

The selected benchmarks cover pure cyclic case (Exp), pure acyclic case (LUBM L),
and mixed rule sets (LUBM L+C and YAGO), as summarised in Table 4.2, where
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|E| is the number of initial facts, |I| is the number of facts in the full materialisation,
and |Π|, |Πs|, |Πc| are the numbers of rules, simple (non-cyclic) rules, and cyclic rules,
respectively. The following provides a detailed introduction to these benchmarks. 3

LUBM [65] models the university domain and includes a data generator capable of
producing datasets of varying sizes. We use the LUBM-500 dataset, which contains
data for 500 universities; this dataset serves as the set of facts E. For the rule set,
since the original LUBM ontology is not fully expressible in OWL 2 RL, we adopt the
LUBM L variant created by Zhou et al. [158]. The LUBM L rules are very simple, so
we added 16 rules that capture more complex but semantically reasonable relations in
the domain; some of these rules are rewritten from the cyclic queries used by Stefanoni
et al. [130]; We call the resulting rule set LUBM L+C. One example rule is:

SA(?p1, ?p2)← HA(?o, ?p1),AD(?p1, ?ad),HA(?o, ?p2),AD(?p2, ?ad),

in which HA and AD represent predicates hasAlumnus and hasAdvisor respectively,
while SA in the head represents a new predicate haveSameAdvisor that links pairs of
students ?p1 and ?p2 (not necessarily distinct) who are from the same university ?o

and share the same advisor ?ad. The complete list of cyclic rules used in LUBM L+C
is provided in Appendix B.1.

YAGO [132] is a real-world RDF dataset with general knowledge about movies, peo-
ple, organisations, cities, and countries. We adapted 23 cyclic queries with different
topologies (i.e., cycle, clique, petal, flower) from Park et al. [113] into 19 non-recursive
rules and 4 recursive rules. More specifically, we use the original query structure as
the rule body and manually define the rule head to form complete rules. These rules
are helpful to evaluate the performance of our algorithm on topologies that are fre-
quently observed in real-world graph queries [28]. The complete rule set is provided
in Appendix B.2.

Exp (expressions): As mentioned in Section 4.1, realistic applications often involve
complex rules. One example is the use of rules to evaluate numerical expressions,
and our Exp benchmark has been created to simulate such cases. Specifically, Exp
applies Datalog rules to evaluate expression trees of various depths. An expression
tree represents the hierarchical structure of an expression, where the depth indicates
the longest path from the root (final result) to a leaf (operand). For example, the
expression tree of (a+ b) ∗ c has a depth of 2, as illustrated follows:

3The test datasets and Datalog programs used in our experiments are publicly available at https:
//github.com/xyzBubble/HDReasoning-Benchmarks/tree/main, and the complete cyclic rule sets
are provided in Appendix B.

59

https://github.com/xyzBubble/HDReasoning-Benchmarks/tree/main
https://github.com/xyzBubble/HDReasoning-Benchmarks/tree/main


*

+

a b

c

In contrast, ((a+ b) ∗ c)− (d/e) has a depth of 3:

-

*

+

a b

c

/

d e

The leaves in the expression tree represent parameters in the expression, and in
realistic cases, multiple values can be given as input to these parameters. These values
propagate through the tree according to the operations defined at each internal node.
For example, in the expression tree for (a + b) ∗ c, the leaves a and b correspond to
input values that are first combined using addition, and the result is then multiplied
by c. This structure naturally supports batch computation, where different sets of
values for a, b, and c can be processed in parallel. Our Exp benchmark contains
three recursive rules capturing the arithmetical operations addition, subtraction and
multiplication, which are provided in Appendix B.3. Each of these rules is cyclic and
contains 9 body atoms. A generator is used to create random data for a given number
of expressions, sets of values and maximum depth. In our evaluation, we generated
300 expressions, each with 300 set of values and a maximum depth of 5.

4.6.5 Test Setup

All of our experiments are conducted on a Dell PowerEdge R730 server with 512GB
RAM and 2 Intel Xeon E5-2640 2.60GHz processors, running Fedora 33, kernel version
5.10.8. We evaluate the running time of materialisation (the initial materialisation
with all the explicitly given facts inserted as E+ in Algorithm 3), small deletions
(randomly selecting 1,000 facts from the dataset as E− in Algorithm 3), large deletions
(randomly selecting 25% of the dataset as E−), and small additions (adding 1,000
facts as E+ into the dataset). Materialisation can be regarded as a large addition.
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Method materialisation small deletions
L+C L Exp YAGO L+C L Exp YAGO

standard 29,577.90 95.73 7,039.87 155,022.00 0.92 0.03 37.60 20.06
HD 1,168.83 740.81 56.83 367.59 4.00 3.70 0.47 0.18

combined 554.00 75.50 57.01 366.03 1.06 0.04 0.45 0.20

Method large deletions small additions
L+C L Exp YAGO L+C L Exp YAGO

standard 15,193.70 27.09 4,006.44 126,562.00 0.97 0.02 40.23 20.42
HD 812.32 558.90 30.93 168.34 1.04 0.45 0.57 0.17

combined 195.51 21.71 28.62 159.43 0.73 0.06 0.53 0.17

Table 4.3: Performance Evaluation of HD-based approaches in Chapter 4, reporting
materialisation and incremental reasoning time (in seconds).

All the experiments were done as follows: first rules and the explicitly given data
were imported, followed by an initial materialisation; then 1,000 tuples were deleted
and inserted, corresponding to small deletion and small addition, respectively; lastly,
25% tuples were deleted, this is, the large deletion.

4.6.6 Analysis

The experimental results about running time are shown in Table 4.3 in which L and
L+C are short for LUBM L and LUBM L+C respectively. The computation of de-
compositions takes place during initial materialisation only and the time taken is
included in the materialisation time reported in Table 4.3; it takes less than 0.05 sec-
onds in all cases. Table 4.4 and 4.5 show the detailed peak and static memory usage,
respectively. And the last line of both tables illustrates the ratio of space consumed
by the combined method to that consumed by the standard approach. We measured
both the peak memory usage during the materialisation and the static memory us-
age consumed by the triple tables and indexes used in standard approaches, as well
as auxiliary data structures used in HD modules. We now discuss the experimental
results organised by hypothesis.

Hypothesis 1: For datasets containing only pure cyclic rules (i.e., Exp and YAGO),
our HD-based approach outperforms the standard approach across all tasks, with
speedups ranging from 70x to 750x. This result supports Hypothesis 1, which posits
that HD-based evaluation is beneficial for cyclic rule evaluation, particularly in re-
cursive settings and in handling complex incremental maintenance. For the mixed
rule set (i.e., L+C), the HD-based approach outperforms the standard approach in
initial materialisation and large deletion tasks by approximately 20x. However, for
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small incremental tasks (e.g., small additions and small deletions), the HD-based ap-
proach performs slightly worse, likely due to the overhead introduced when evaluating
non-cyclic rules using HD-based evaluation, which will be discussed in more detail
below.

Hypothesis 2: For the dataset containing only acyclic rules (i.e., L), the HD-based
approach performs worse than the standard approach across all tasks, demonstrating
the high constant factor associated with the Yannakakis algorithm, as discussed in
Section 4.2.3. This result is consistent with Hypothesis 2.

Hypothesis 3: As can be seen, the combined approach outperforms the other ap-
proaches in most cases, sometimes by a large factor, and it is slower than the standard
approach only for some of the small update tasks on LUBM L and L+C where pro-
cessing time is generally small. In contrast, the standard approach performs poorly
when complex rules are included (i.e., L+C, YAGO, and Exp), while the HD approach
performs poorly on the simple rules in LUBM L. In particular, our combined approach
is 75-139x faster than the standard approach for all the tasks on Exp; on YAGO, it is
100-793x faster. Moreover, for the materialisation and large deletion tasks on LUBM
L+C, the combined approach is about 53x and 77x faster than the standard approach,
respectively. Furthermore, for the small deletion and addition tasks on LUBM L+C
and all the tasks on LUBM L, our combined method achieves a comparable result
with the standard approach. The combined approach performs similarly to the stan-
dard approach on LUBM L, as the HD module is never invoked (there are no cyclic
rules), and it performs similarly to the HD approach on Exp and YAGO, as the HD
module is always invoked (all rules are cyclic). Our evaluation illustrates the benefit
of the hypertree decomposition-based algorithms when processing complex rules, and
it shows that by combining HD algorithms with standard reasoning algorithms in a
modular framework we can enjoy this benefit without degrading performance in cases
where some or all of the rules are relatively simple. This result provides evidence in
support of Hypothesis 3.

Hypothesis 4: Finally, the HD algorithms have to maintain auxiliary data struc-
tures for rule evaluation, which incurs some space overhead when the HD module is
invoked. Specifically, our combined method consumes up to 2.3 times the memory
of the standard algorithm. However, this space overhead remains tolerable given the
performance benefits achieved, and it is a reasonable trade-off for improved compu-
tational efficiency.
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Benchmarks L L+C Exp YAGO

standard 7.2 8.4 0.6 5.2
HD 20.1 29.4 1.2 9.5

combined 7.2 16.5 1.2 9.5

ratio (combined / standard) 1.00 1.96 2.25 1.85

Table 4.4: Performance Evaluation of HD-based approaches in Chapter 4, reporting
peak memory usage (in GB).

Benchmarks L L+C Exp YAGO

standard 5.5 6.3 0.5 3.8
HD 18.7 28.1 1.1 4.8

combined 5.5 14.6 1.1 4.8

ratio (combined / standard) 1.00 2.30 1.77 1.27

Table 4.5: Performance Evaluation of HD-based approaches in Chapter 4, reporting
static memory usage (in GB).

4.7 Related Work

4.7.1 HD in Query Answering

The HD methods have been used in database systems to optimise the performance
of query answering. For RDF workload, Aberger et al. [2] evaluated empirically the
use of HD combined with worst-case optimal join algorithms, showing up to 6x per-
formance advantage on bottleneck cyclic RDF queries. Also, in the EmptyHeaded [3]
relational engine, a query compiler has been implemented to choose the order of at-
tributes in multiway joins based on a decomposition. This line of work focuses on
optimising the evaluation of a single query, while our work focuses on evaluating re-
cursive Datalog rules. For a more comprehensive review of HD techniques for query
answering, please refer to [62].

4.7.2 HD in Datalog-based Answer Set Programming

Jakl et al. [83] applied HD techniques to the evaluation of propositional answer set
programs. Assuming that the treewidth of a program is fixed as a constant, they
devise fixed-parameter tractable algorithms for key ASP problems including consis-
tency checking, counting the number of answer sets of a program, and enumerating
such answers. In contrast to our work, their research focuses on propositional answer
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set programs.
For ASP in the non-ground setting, a program is usually grounded first, and then

a solver deals with the ground instances. The usage of (hyper)tree decomposition
has been investigated to decrease the size of generated ground rules in the ground-
ing phase [23, 33, 102]. Bichler et al. [23] used hypertree decomposition as a guide
to rewrite a larger rule into several smaller rules, thus reducing the number of con-
sidered groundings; Calimeri et al. [33] studied several heuristics that could predict
in advance whether a decomposition is beneficial. In contrast, our work focuses on
the (incremental) evaluation directly over the decomposition since the decomposition
solely cannot avoid the potential blowup during the evaluation of the smaller rules.

One possible approach to handling cyclic rules in Datalog reasoning is to adopt the
rewriting technique, in which a cyclic rule is decomposed into several smaller rules,
each corresponding to a component (or bag) of its decomposition. This process would
introduce a new predicate containing answer variables for each bag in the decompo-
sition, as Datalog rules can be viewed as conjunctive queries with answer variables as
the variables in the head atom. By rewriting the program in this manner, standard
reasoning techniques can be applied to achieve both initial materialisation and incre-
mental reasoning. While this is a viable strategy, we anticipate that it may introduce
certain inefficiencies compared to our method, which is based on Yannakakis’s algo-
rithm for non-Boolean conjunctive queries [153]. Specifically, adding output variables
to every bag could potentially increase the width of the decomposition, possibly lead-
ing to larger intermediate relations. This may, in turn, negatively affect both memory
consumption and runtime performance. Additionally, while Yannakakis’s algorithm
runs in log-linear time relative to the size of the decomposition plus the size of the
output, a rewriting approach that relies on standard join algorithms would likely op-
erate on larger decompositions (as discussed above) and may not always guarantee
log-linear evaluation.

However, an empirical comparison between the rewriting approach and our method
would be a valuable direction for future work. Further investigation could provide
deeper insights into the trade-offs between the two approaches and help determine
under which conditions one method may be preferable over the other.

4.8 Conclusion

In this chapter, we introduced a hypertree decomposition-based reasoning algorithm,
which supports rule evaluation, incremental reasoning, and recursive reasoning. We
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implemented our algorithm in a modular framework such that the overhead caused by
using decomposition is incurred only for complex rules, and demonstrate empirically
that this approach is effective on simple, complex and mixed rule sets.

Despite the promising results, we see many opportunities for further improving
the performance of the presented algorithms. Firstly, our decomposition remains un-
changed once it is fixed. However, as the input data and the materialisation change
over time, the initial decomposition may no longer be optimal for rule evaluation. It
would be beneficial if the maintenance could be done with the underlying decompo-
sition changing. However, this would be challenging since the data structure in each
decomposition node is maintained based on the previous decomposition, and chang-
ing the decomposition would require transferring information from the old node to
the new one.

Secondly, although the memory usage has been optimised to some extent, inter-
mediate results still take up a significant amount of space. This problem could be
mitigated by incrementally computing the final join result without explicitly storing
the intermediate results, or by storing only “useful" intermediate results.

Finally, it would be interesting to adapt our work to Datalog extensions, such as
Datalog± [32] and DatalogMTL [148]. This would require introducing mechanisms to
process the relevant additional features, such as the existential quantifier in Datalog±

and the use of intervals in DatalogMTL.
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Chapter 5

Multi-Scheme Framework

This chapter addresses Research Questions RQ3-RQ4 by introducing a multi-scheme
framework that enables the integration of specialised storage schemes into Datalog
materialisation and incremental maintenance, based on our publication [157]. The
framework decouples storage from reasoning, allowing different rule derivations to be
managed using optimised data structures while ensuring correctness and efficiency.
We define the formal requirements for storage schemes and propose tailored schemes
for transitive closure and union rules, leveraging their structural properties to improve
storage efficiency and retrieval performance. This framework provides a flexible and
extensible foundation for scalable materialisation-based reasoning in large knowledge
bases.

5.1 Introduction

As discussed in Section 1.3 and 3.4, the cost of storing and maintaining materiali-
sations can be impractical for large datasets and rules that can expand the dataset
significantly. For example, given initial facts {R(ai, ai+1) | 1 ≤ i ≤ n} and a rule
R(x, y), R(y, z)→ R(x, z) that declares R as a transitive relation, just like the locate-
dIn relation mentioned in Section 1.1, there are O(n2) materialised facts. Moreover,
in DBpedia [94], there are 8.5 billion facts in the transitive closure of just the broader
relation, which would require an estimated 510 GB of memory to store. In such
cases, the standard approach may fail to complete the materialisation process due
to excessive space requirements, making subsequent query-answering infeasible. This
limitation significantly restricts the applicability of materialisation-based systems,
particularly in large-scale and dynamic reasoning environments.

In this chapter, we address this issue by proposing a general-purpose multi-scheme
framework that enables the integration of specialised storage schemes into standard
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Datalog materialisation and incremental maintenance algorithms. Our goal is to opti-
mise the memory consumption required for computing and storing materialised facts
while ensuring efficient maintenance during incremental reasoning and enabling ef-
fective query answering over a compact materialisation. Specifically, our framework
preserves the core reasoning process of the Delete/Rederive (DRed) algorithm [108]
while introducing schemes that leverage different underlying data structures for man-
aging materialised facts. The framework defines a set of interfaces corresponding
to key functionalities within the DRed algorithm, ensuring modular integration of
customised storage strategies. The modified algorithm maintains the correctness of
materialisation computation, provided that the integrated schemes conform to these
interfaces and satisfy their required properties. This framework directly addresses
Research Question RQ3 by providing a flexible and extensible approach to integrat-
ing specialised storage schemes into materialisation and incremental maintenance,
enhancing storage efficiency while retaining the robustness of existing reasoning work-
flows.

Moreover, we develop specialised schemes that provide the framework-required
interfaces for storing facts derived from transitive rules and union rules, as these
two rule types frequently occur in practical applications. We demonstrate that ex-
isting studies generally do not meet the necessary requirements for integration into
the Datalog reasoning process, highlighting the need for tailored storage solutions.
Our experimental results show that the proposed approach successfully computes
and maintains materialisations even in cases where the standard approach fails due
to excessive resource consumption. Furthermore, it significantly improves reasoning
performance in both space and time efficiency. Additionally, query-answering over
compact materialisations remains acceptable, indicating that the proposed framework
offers a promising solution for scalable Datalog reasoning in large-scale knowledge-
based systems.

Overview: Section 5.2 introduces an example comparing the standard approach
with customised storage, highlighting key challenges in integrating specialised stor-
age schemes into the reasoning process. Section 5.3 presents our proposed multi-
scheme framework, which enables the integration of different storage schemes while
maintaining reasoning efficiency. It also introduces the general requirements that
storage schemes must satisfy to be compatible with the framework. Sections 5.4
and 5.5 introduce two customised storage schemes tailored for transitive closure rules
and union rules, respectively, demonstrating how specialised storage structures can
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enhance materialisation efficiency. Section 5.6 explores further optimisations by incor-
porating counting-based techniques to improve incremental maintenance and reduce
redundant derivations. Section 5.7 presents experimental results, evaluating the per-
formance of the proposed framework in terms of computational efficiency, storage
overhead, and query performance. Finally, Section 5.9 summarises the contributions
and findings of this chapter and discusses future research directions.

5.2 Motivation

Example 5 Let the dataset be E ′ = {A(ai, ai−1) | 2 ≤ i ≤ n} ∪ {S(a3, a1)}, and
consider program Π′ consisting of following rules:

A(x, y)→ R(x, y), (R5)

R(x, y), R(y, z)→ R(x, z), (R6)

R(x, y), S(x, y)→ A(y, x). (R7)

We compare the initial materialisation process by applying Π′ to E ′ using the standard
seminaïve algorithm and examine how introducing a customised storage scheme for
derivations of the transitive rule (R6) would modify the materialisation process. This
analysis leads to a discussion on the potential requirements for such a storage scheme.

Interpretation: The rules in Π′ can be understood as a formalisation of reachability
and connectivity in a graph. Relation A declares directed edges in the graph, rep-
resenting direct connections between nodes. Rule (R5) states that direct adjacency
of nodes leads to initial reachability relations declared by the relation R. Specifi-
cally, if there is a direct edge from node x to node y, then x can reach y. Rule (R6)
defines transitive reachability. If a node x can reach y, and y can reach z, then x

can also reach z. This captures the transitive closure of reachability in the graph.
Rule (R7) models bidirectional reachability. If node x can reach y and the connection
is undirected and thus bidirectional, as indicated by relation S, then the reverse edge
A(y, x) is also inferred. Here, S denotes a symmetric connection. This ensures that
reachability respects the symmetric nature of undirected edges. Together, these rules
provide a logical framework for modelling directed and undirected reachability within
a graph.

The initial dataset E ′ in Example 5 defines a set of edges in the graph by declaring
A(ai, ai−1) for 2 ≤ i ≤ n, and a bidirectional connection between a3 and a1 by
defining S(a3, a1). By applying Π′ to E ′, the resulting facts with relation R will
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Algorithm 9 Refined Seminaïve Algorithm: A Practical Approach
Require: program Π, initial dataset E, fact additions E+, materialised facts I.
Ensure: update I from Π∞[E] to Π∞[E ∪ E+]
1: M = ∆ = E+\E, I = I ∪∆, E = E ∪ E+

2: loop
3: ∆ := Π[I,M ] \ I ▷ Populate new facts ∆
4: if ∆ = ∅ then break
5: M := ∆ ▷ Obtain M used in next round
6: I := I ∪∆ ▷ Merge new facts ∆ to I

reflect the reachability between all connected nodes, including the transitive closure
along the directed edges specified by A and the symmetric reachability implied by S.
In particular, the bidirectional connection from S(a3, a1) will lead to reachability in
both directions, ensuring that both R(a3, a1) and R(a1, a3) are included in the result.

Practical Seminaïve Algorithm: In Algorithm 2, we present a conceptual sem-
inaïve algorithm that uses ∆ with different subscripts to distinguish new facts gen-
erated at each round of rule application. Similarly, different subscripts are used for
I to represent the evolving materialisation. However, in practical implementations,
maintaining multiple distinct ∆ and I sets is inefficient and unnecessary. To address
this, we introduce a practical seminaïve algorithm in Algorithm 9 that employs M

to track fact changes used in the seminaïve operator while using ∆ to determine the
newly derived set of facts, as shown in line 3.1 The materialisation process consis-
tently updates the same I rather than maintaining separate versions. Please note
that the usage of M here is to distinguish between the derived facts ∆ in each round,
which will be helpful for the discussion below. Additionally, note that Algorithm 9
is presented as an incremental insertion algorithm, but it naturally captures initial
materialisation: one can simply set inputs I and E as empty, and E+ as the dataset
to be materialised. Such a practical presentation is more suitable for our discussion,
as it aligns with real-world implementations. Below, we illustrate the materialisation
process using this practical version of the seminaïve algorithm.

Materialisation of Example 5 using Seminaïve Algorithm: The initial ma-
terialisation process of Example 5 using the seminaïve algorithm is performed by
initialising the input program as Π = Π′ and the fact additions as E+ = E ′, corre-
sponding to the program and dataset presented in Example 5, while setting the other
sets, I and E, to be empty. Table 5.1 depicts the initial materialisation obtained

1While the usage of M may seem redundant and could be replaced by ∆, we retain it here to
distinguish between the derived facts ∆ in each round, which will be useful for the discussion below.
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by executing Algorithm 9 to apply Π′ to the given dataset E ′. Specifically, the first
column refers to the rule application round corresponding to an iteration of the loop
of lines 2–6; the second column is the value of set M in line 3 of the current round; the
third column depicts the rules that successfully derive consequences in line 3; finally,
the last column is the set of facts derived in line 3.

Round M Rules ∆

1 {A(ai, ai−1) | 2 ≤ i ≤ n}, S(a3, a1) R5 {R(ai, ai−1) | 2 ≤ i ≤ n}

2 {R(ai, ai−1) | 2 ≤ i ≤ n} R6 {R(ai, ai−2) | 3 ≤ i ≤ n}

3 {R(ai, ai−2) | 3 ≤ i ≤ n} R6 {R(ai, ai−3) | 4 ≤ i ≤ n}
{R(ai, ai−4) | 5 ≤ i ≤ n}

R7 A(a1, a3)

...
...

...
...

Table 5.1: Materialisation Process of Example 5 using Seminaïve Algorithm.

During the materialisation process, the rule (R5) first gets applied to obtain initial
reachable pairs from the edges declared by the relation A, as shown in round 1 of
Table 5.1. The rule (R6) axiomatises the R relation as transitive, and it is applied
multiple times to obtain the full transitive closure {R(ai, aj) | 1 ≤ j < i ≤ n}. Each
fact R(ai, aj) is derived i − j − 1 times by the seminaïve algorithm using distinct
rule instances R(ai, ak), R(ak, aj)→ R(ai, aj) for k with j < k < i. Thus, computing
the transitive closure for the R relation would require O(n3) time and storing the
materialisation requires O(n2) space, as illustrated in Figure 5.2. Additionally, the
rule (R7) derives A(a1, a3) (presented in round 3 of Table 5.1) using the rule instance
R(a3, a1), S(a3, a1)→ A(a1, a3) as the symmetric relation S implies bidirectional con-
nection. This allows the reverse edge A(a1, a3) to be introduced. The rule (R7)
interacts recursively with rules (R5) and (R6): it derives A(a1, a3), which in turn
derives R(a1, a3). Consequently, more rule instances of (R6) will be considered to
complete the transitive closure of the reachability relation.

Materialisation of Example 5 using a Customised Storage Scheme: Next,
we discuss how integrating a compact storage scheme for the transitive relation into
the reasoning process would significantly improve the time and space efficiency. Our
optimisation draws inspiration from the work by Agrawal et al. [6], which proposed an
interval-based approach to the compact representation of transitive relations. More
specifically, observe that each R(ai, aj) fact can be seen as a directed edge from node

70



𝑎!𝑎"𝑎#𝑎$𝑎%&"𝑎%&!
(0, 𝑛-1) (0, 𝑛-2) (0, 𝑖) (0, 3) (0, 2) (0, 1)

𝑎%
(0, 𝑛)

incremental insertion

Figure 5.1: Illustration of the data structure constructed in the materialisation process
of Example 5: The Interval Graph constructed in Round 2.

The facts table 𝑶(𝒏𝟐)
𝑎" 𝑅 𝑎"#$
𝑎" 𝑅 𝑎"#%
⋮ 𝑅 ⋮
𝑎" 𝑅 𝑎$
𝑎"#$ 𝑅 𝑎"#%
⋮ 𝑅 ⋮

𝑎"#$ 𝑅 𝑎$
⋮ 𝑅 ⋮
𝑎% 𝑅 𝑎$

Interval-based Storage 𝑶(𝒏)
𝑛𝑜𝑑𝑒 𝑖𝑑 𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙
𝑎$ 1 (0, 1)
⋮ ⋮ ⋮
𝑎" 𝑛 (0, 𝑛)

Figure 5.2: Illustration of storage schemes for facts of the relation R in Example 5,
using a plain table or the interval-based compact storage. Please note that the fact
A(a1, a3) derived in Round 3 of Table 5.2 would require incremental updates of this
compact storage.

ai to node aj, and so the R relation forms a directed graph. Then, if we ignore
the impact of rule (R7) for the moment, the interval-based data structure DR can
be constructed as illustrated in Figure 5.1 (excluding the green edge), where each
node v in the graph is associated with an index iv that identifies v (here iaj = j for
each j with 1 ≤ j ≤ n), and an interval Iv that covers indexes of nodes that v can
reach in the graph. The constructed storage, illustrated in Figure 5.2, requires O(n)

space. Then for each node ai, facts in the closure with ai as the first argument can
be conveniently retrieved as Iai = {R(ai, aj) | iaj ∈ Iai}, and so the transitive closure
is in essence encoded by {Iai | 1 ≤ i ≤ n} in a compact fashion.

The above compact representation can be efficiently computed in O(n) time and
stored in O(n) space for this particular example (as shown in Figure 5.2), as opposed
to O(n3) time and O(n2) space required by the standard materialisation approach.
Note that in general, for an arbitrary graph with |V | number of vertices and |E|
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number of edges, the construction takes O(|V | + |E|) time, and requires O(|V |2)
space in worst-case scenarios.2 In practice, space consumption can be optimised by
selecting an optimal tree cover for the graph [6], an approach that proves beneficial
in our evaluation. The construction details of this data structure are presented in
Section 5.4.1. Additionally, this compact representation supports efficient query an-
swering: checking whether R(ai, aj) holds can be efficiently implemented as checking
if the index of aj is included in the interval of ai, an operation that requires O(1)

time. Consequently, introducing a customised storage scheme into the materialisa-
tion process has the potential of saving time and space while still allowing for efficient
query answering.

However, existing compact storage schemes that only target specific types of re-
lations would still require non-trivial adaptions to be suitable for integration with
standard Datalog reasoning algorithms, because, in practice, Datalog programs often
involve complex interactions between rules. Our example program involves recursive
interaction between rule (R7) with rules (R5) and (R6), and so we use it to outline
how our proposed framework deals with such interactions in Table 5.2. The first two
columns of the table depict the round of reasoning and the set of facts newly derived
in the previous reasoning round, respectively; the last column describes the reasoning
work performed in the corresponding round. For the sake of simplicity we omit the
first round of reasoning as it coincides with that of Table 5.1.

Round M Work Performed

2 {R(ai, ai−1) | 2 ≤ i ≤ n} Construct DR as shown in Figure 5.1.

3 ∆ returned by DR, (R7) derives A(a1, a3){R(ai, aj) | 1 ≤ j < i ≤ n}

4 A(a1, a3) (R5) derives R(a1, a3)

5 R(a1, a3) Incrementally insert R(a1, a3) to DR.

6 ∆ returned by DR, Nothing can be derived.{R(ai, aj) | 1 ≤ i ≤ j ≤ 3}

Table 5.2: Materialisation Process of Example 5 with Compact Storage.

In this example, the compact storage scheme is responsible for the reasoning of
rule (R6) and the storage of the R facts. Note that R facts could potentially trigger
rule (R7). Therefore, after the data structure is initially constructed in Round 2, it

2The discussion for the construction of such a data structure will be presented in Section 5.4.
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is important that new facts derived by the compact structure should be efficiently
identified and passed on to other rules, which are evaluated using standard seminaïve
evaluation. Specifically, A(a1, a3) is derived by applying (R7) in Round 3, which in
Round 4 introduces a new fact R(a1, a3). This corresponds to an added edge (a1, a3)

to the compact storage scheme for R, as shown in the highlighted arrow of Figure 5.1,
and so in Round 5, the scheme should be able to handle the incremental insertion of
this new edge, to update the intervals to reflect the updated reachability relations,
and to identify freshly derived facts that will be used for reasoning in later rounds.
Nothing can be derived using these facts in Round 6, and so the materialisation
terminates. Analogously, our framework should allow for each storage scheme to
deal with incremental deletion, where the scheme is required to efficiently update its
underlying data structure and identify affected facts in response to deletions.

In Section 5.3, we will introduce general interfaces required for each scheme, en-
abling customised storage optimisations to be seamlessly integrated into the materiali-
sation and incremental maintenance process. We also formalise the reasoning process
using these scheme interfaces and provide a precise definition of a valid scheme to
ensure the correctness of reasoning within the proposed framework. In Sections 5.4
and 5.5, We will present details of two advanced storage schemes tailored for transitive
and union rules. These schemes not only meet the requirements of the proposed frame-
work but also include significant improvements, such as a non-trivial enhancement
of the interval-based approach for transitive reasoning. Together, these contributions
establish a flexible and robust foundation for supporting diverse storage schemes in
modular reasoning systems.

5.3 Multi-Scheme Framework

In this section, we first introduce key notations (Section 5.3.1) and functions (Sec-
tion 5.3.2), along with the required properties for storage schemes, which serve as
fundamental building blocks for the proposed framework. We then present our frame-
work in Section 5.3.3, which extends the DRed Algorithm, with a particular focus on
how materialisation computation and incremental maintenance are achieved through
the integration of scheme functions.

5.3.1 Storage Scheme Notations

The multi-scheme framework is designed to accommodate multiple storage schemes,
each managing a disjoint subset of facts. Specifically, each storage scheme T is re-
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Explanation

PT The relation that T manages.
ΠT Rules that derive facts of the relation PT .
BT Relations that appear in the body of rules in ΠT .

RT
d Rules that are applied when manipulating the data structure, RT

d ⊆ ΠT .
RT

n Rules that are applied in a standard mannaer, RT
n ⊆ ΠT , RT

n ∪RT
d = ΠT .

∆T
n Facts scheduled to be encapsulated/removed from the data structure.

MT
a , MT

d Fact changes tracked to be used in seminaïve-like evaluation.
IT ,∆T , DT Facts serialised in different domains from the data structure.

Table 5.3: Notations defined for a Storage Scheme T .

sponsible for facts of the relation PT . For instance, in Example 5, a storage scheme
T can be constructed to store facts of the relation R. This scheme manages all rules
that derive facts for this relation, i.e., rules (R5) and (R6). A specialised data struc-
ture tailored to the transitive property implied by the rule (R6) can be constructed
to compactly store the R facts, such as the one illustrated in Figure 5.1. Thus,
the construction and incremental updates to the data structure are performed while
preserving the transitive property. Consequently, manipulating the data structure
corresponds to applying the rule (R6). For the rule (R5), which also derives facts for
R, its application is carried out in the standard manner. However, the resulting facts
of (R5) are then inserted and encapsulated within the compact representation, ensur-
ing consistency and efficient storage. Formally, we denote the set of rules assigned to
T as ΠT , where ΠT ⊆ Π and the predicate PT appears in the head of each rule. Among
the rules in ΠT , those managed by the storage scheme T are denoted as RT

d , while
the remaining rules, RT

n , are applied using the standard approach. Thus, we have
ΠT = RT

d ∪RT
n . All access to facts managed by T is handled through the specialised

data structure, ensuring efficient retrieval and encapsulation of stored facts.
This definition of schemes also accommodates the case where no storage optimisa-

tion can be applied. In this scenario, all rules in ΠT are executed using the standard
algorithm: RT

d = ∅,RT
n = ΠT . All facts within the scheme are stored in a default

tabular format. We refer to this as the default scheme. The details of the default
scheme will be discussed in Section 5.3.4.

Table 5.3 summarises the notations defined for each scheme. In addition to PT

and ΠT , which have already been introduced, the set ∆T
n records facts of the relation

PT that are to be encapsulated in or removed from the underlying data structure of
T . Furthermore, the sets BT , MT

a , and MT
d facilitate the application of rules in ΠT .
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Schemes PT ΠT BT RT
d RT

n

A A R7: R(x, y), S(x, y)→ A(y, x) R, S ∅ R7

S S ∅ ∅ ∅ ∅

R R
R5: A(x, y)→ R(x, y)

A,R R6 R5R6: R(x, y), R(y, z)→ R(x, z)

Table 5.4: One Suitsble Scheme Initialisation for Example 5.

The set BT contains the relations used in the body of rules in ΠT , while MT
a and

MT
d store newly added and newly deleted facts, respectively, for predicates in BT .

Therefore, the facts stored in MT
a and MT

d assist in the seminaïve-like evaluation of
the rules in ΠT that are managed within the scheme T . Additionally, we refer to the
collection of active storage schemes as T.

Finally, IT , ∆T , and DT will be used to denote sets of facts produced by the
scheme T in domains ‘I’, ‘∆’, and ‘D’, respectively. Intuitively, they refer to the
currently materialised facts, the newly deleted or inserted facts, and the accumulated
set of deleted facts. Currently available facts I is defined as union of IT for every
scheme T ∈ T. Formally,

I =
⋃
T∈T

{IT}. (5.1)

Determining how schemes are initialised can be non-trivial and depends on the syn-
tax and semantics of the rules in Π. For now, we focus on establishing the correctness
of the algorithm assuming a suitable initialisation of storage schemes. Specifically,
we abstractly describe how the algorithm operates given that appropriate schemes
are in place, without detailing how these schemes are constructed or selected. We
defer the detailed discussion on scheme selection to Section 5.7.1. Next, we present
a suitable scheme initialisation for Example 5, explaining the notations in detail to
provide better understanding.

Revisiting Example 5 in Section 5.2: One suitable initialisation of schemes for
Example 5 is to have three schemes for facts with predicates A, S, and R, respectively,
as shown in Table 5.4. For the scheme that manages R facts, the rules assigned
to this scheme ΠT are (R5) and (R6). If the scheme employs the interval-based
technique to handle the transitive relation axiomatised by rule (R6), then we have
RT

d = {R6} and RT
n = {R5}. This indicates that the construction of the data struc-

ture is equivalent to encapsulating the derivations of transitive closure rules within it.
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Meanwhile, rule (R5) must be applied using standard seminaïve evaluation, and its
derived consequences are subsequently inserted into the data structure for encapsula-
tion. Therefore, scheme R uses specialised storage maintaining the transitive closure
property implied by rule (R6), while schemes A and S use the default storage scheme.
Table 5.4 presents the schemes initialised in Example 5. Other notations introduced
in Table 5.3 are preserved throughout the reasoning process and are omitted from this
table for clarity. The relations marked in BT determine which newly derived facts
will trigger rule applications with fresh instantiations. For example, newly derived
A facts lead to additional rule applications of (R5) within scheme R. These new A

facts are recorded in MT
a and MT

d of scheme R to be processed in the next evaluation
step.

5.3.2 Scheme Interfaces and Properties

In this section, we first introduce a few scheme interface functions in Section 5.3.2.1.
Then, similar to how the DRed algorithm employs the seminaïve operator to perform
the derivation step, we present how such a derivation step is achieved within a scheme
in Section 5.3.2.2. Additionally, we define the bounds of the resulting set of facts (or
derivations) for each derivation step. Finally, in Section 5.3.2.3, we formalise the
properties that a scheme must satisfy to ensure the correctness of the derivation step
throughout various phases.

5.3.2.1 Scheme Functions

For a storage scheme to be fully integrated into the reasoning algorithm, it must
implement the scheme functions specified in Table 5.5. This ensures that the scheme
can participate in all required computation steps and maintain the correctness of
the overall evaluation process. The third column of the table provides an intuitive
explanation of the expected functionality of each implementation. In later sections,
we will discuss in detail how these functions are implemented by both the default
scheme and the customised schemes.

The table categorises the functions for storage schemes into three main types:

• Incremental Update of Data Structure – Functions insert and delete han-
dle the incorporation and removal of facts, identifying fresh derivations or dele-
tions that can be serialised.
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Type Function Explanation

Incremental Update
of Data Structure

insert Incorporate facts in ∆T
n into the data structure. Fresh derivations

∆T ⊈ IT are identified and can be serialised.
delete Delete facts in ∆T

n from the data structure. Fresh deletions ∆T ⊆ IT

are identified and can be serialised.
Merge Change via

Data Structure Manipulation
merge Update the data structure so that serialised fresh additions ∆T are

merged into IT . Formally, IT = IT ∪∆T , ∆T = ∅.
remove Update the data structure so that serialised fresh deletions ∆T are

removed from IT and added to serialised deleted facts DT . For-
mally, IT = IT\∆T , DT = DT ∪∆T , ∆T = ∅.

Derivation Procedures
(same for various schemes)

deriveForAddition Within the context of MT
a and the current materialised facts I, the

rules in ΠT are applied, and the fresh derivations ∆T are encapsu-
lated within the data structure and can be serialised. Specifically,
the rules in RT

d are applied by invoking the insert function, while
the rules in RT

n are processed using the seminaïve operator.
deriveForDeletion Similar to deriveForAddition, but within the context of MT

d , and
the rules in RT

d are applied by invoking the delete function.
rederive Given the overdeleted facts DT serialised from the data structure

and the current materialisation I, compute the set of facts that still
have valid proofs within I under the rule set Π.

Schedule
insertable Process derivations during addition and determine if a given fact

needs to be inserted by checking if it already exists.
deletable Process derivations during overdeletion and determine if a given

fact can be deleted from the scheme.
rederivable Returns true if the given fact can be derived using remaining facts.

Table 5.5: Interfaces of Storage Schemes

• Merge Change via Data Structure Manipulation – Functions merge and
remove update the stored facts, ensuring that fresh additions are merged and
deletions are properly removed and tracked.

• Derivation Procedures – Functions such as deriveForAddition, deriveForDele-
tion, and rederive establish derivation procedures for rules within the scheme
ΠT , that are utilised in different phases of the reasoning process. These func-
tions operate by invoking internal data structure functions (insert and delete)
while applying the standard seminaïve evaluation to normal rules in RT

n .

• Schedule functions (insertable, deletable, rederivable) determine whether facts
should be inserted, deleted, or rederived.

This categorisation ensures efficient fact management and seamless integration
into the multi-scheme framework.

5.3.2.2 Derivation Procedure within Schemes

We now present the derivation procedure for a storage scheme. The core derivation
step in standard reasoning algorithms, such as line 3 of the seminaïve algorithm
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presented in Algorithm 9, computes fresh derivations ∆ using the seminaïve operator
Π[I,M ], where I represents the current materialisation and M tracks fact changes.
Similarly, in the context of storage schemes, derivations are also computed, but in the
context I =

⋃
T∈T I

T and MT
a that is tracked for the specific scheme T . Moreover,

unlike the standard approach, the generated ∆T are not explicitly stored; instead,
they are encapsulated within the data structure of the corresponding scheme.

Revisiting Example 5: In round 2, the storage scheme derives facts for the transi-
tive closure rule (R6) by constructing the data structure illustrated in Figure 5.1. The
resulting reachable pairs ∆T = {Iai | 1 ≤ i ≤ n} in which Iai = {R(ai, aj) | iaj ∈ Iai}
are encoded as intervals, compactly encapsulated in the data structure.

Similarly, in a general incremental maintenance algorithm such as the DRed algo-
rithm presented in Algorithm 3, the core derivation steps occur during the overdele-
tion, rederivation, and addition phases, corresponding to lines 6, 11, and 16, respec-
tively. Table 5.6 summarises the computations performed during the derivation step
in each phase of the DRed algorithm.

DRed Procedure Context of Derivation Step Computes

Overdeletion I,∆del Π[I,∆del] ∩ (I\∆del)
Rederivation I,D Π[I] ∩D

Addition I,∆add Π[I,∆add] \ I

Table 5.6: Summary of Derivation Computations in DRed Procedures

For storage schemes, similar derivation computations are performed using ded-
icated functions in the corresponding procedures. Specifically, the overdelete, red-
erive, and add procedures utilise the functions deriveForDeletion, rederive, and de-
riveForAddition, respectively. Invoking the derive functions ensures that the resulting
derivations are encapsulated within the scheme’s internal data structure, specifically
in the domain ∆. To provide a more flexible and adaptable framework, we define
lower and upper bounds for each derivation computation, as presented in Table 5.7.
These bounds are established based on the modular framework proposed by Hu et al.
[77], ensuring compatibility with various storage schemes.

Explanation of Bounds: For deriveForAddition, the lower bound corresponds to
the seminaïve evaluation of rules in ΠT , while any fact included in the final updated
materialisation Π∞[E ′], where E ′ = (E\E−) ∪ E+, can be derived without affecting
the correctness of reasoning. Moreover, to ensure the termination of the algorithm,
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Derivation Procedures lower bound upper bound

deriveForAddition in context of MT
a and I, MT

a ⊆ I ΠT [I,M
T
a ] \ I Π∞[E ′] \ I

rederive in context of DT and I, DT ⊈ I ΠT [I] ∩DT Π∞[E ′] ∩DT

deriveForDeletion in context of MT
d and I, MT

d ⊈ I (I ∩ ΠT [I ∪MT
d ,M

T
d ]) \ Π∞[E ′] I

Table 5.7: The Bounds of Derivation Procedures for Storage Schemes, in which E ′ =

(E\E−)∪E+, and Π∞[E ′] represents the materialisations after incrementally inserting
facts E+ and deleting E−.

deriveForAddition encapsulates only those facts that are not already present in I into
∆T .

Similarly, deriveForDeletion computes the consequences potentially affected by
the deletion of MT

d , which tracks fresh deletions during the overdeletion procedure.
The bounds of ∆T after invoking deriveForDeletion are defined in the context of the
rule set ΠT , the currently existing facts I, and the tracked changes MT

d . Any fact that
can be derived from a one-step seminaïve evaluation using ΠT , I, and MT

d , but does
not hold in the final updated materialisation Π∞[E ′], can be deleted, as indicated
by the lower bound. Meanwhile, to accommodate different implementations, derive-
ForDeletion is permitted to overdelete any currently existing fact in I, as specified in
the upper bound.

Finally, rederive is used to examine whether overdeleted facts DT have alterna-
tive proofs using remaining facts I. It can recover any fact in DT that is one-step
rederivable by applying ΠT to I, as shown in the lower bound. Moreover, it can also
rederive any fact that holds in the final updated materialisation Π∞[E ′], as presented
in the upper bound.

Derivation Procedures: We now present the derivation procedures that are con-
sistent across different schemes, as outlined in Algorithm 10. As discussed in Sec-
tion 5.3.1, rules within a scheme T are partitioned into ΠT = RT

d ∪ RT
n . The rules

in RT
d are applied by invoking the incremental update functions of the data struc-

ture, such as the insert and delete functions in Table 5.5, while the rules in RT
n are

processed using the seminaïve operator.
Specifically, the deriveForAddition and deriveForDeletion function apply RT

d and
RT

n separately. Take deriveForAddition function as an example, rules in RT
n are first

applied using the standard seminaïve evaluation strategy in line 3, and derivations
of these rules are processed by the schedule function in line 4. The schedule function
shown in Algorithm 11 uses the scheme’s internal function insertable and deletable
to determine whether an input fact can be scheduled for addition and overdeletion,
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respectively. It then adds schedulable facts to ∆T
n before incorporating them into the

data structure by calling the insert function. The construction and maintenance of the
data structure (line 5) is equivalent to applying rules in RT

d . Fresh derivations ∆T ⊈
IT can be identified by the data structure, in which IT and ∆T denote facts serialised
from the data structure in domain ‘I’ and ‘∆’, respectively. The deriveForDeletion
function follows a similar procedure, so we will not reiterate here. The rederive
function checks every overdeleted fact and examines whether an alternative proof
exists using the scheme’s internal function rederivable.

Algorithm 10 Derivation Procedures of Storage Schemes

1: Result: Derive facts during various procedures of the DRed algorithm.
2: procedure T.deriveForAddition()
3: A := RT

n [I,M
T
a ] ▷ Apply normal rules RT

n .
4: schedule(A) ▷ Populate ∆T

n .
5: T.insert() ▷ RT

d is applied implicitly.
6: MT

a := ∅
7: procedure T.deriveForDeletion()
8: A := RT

n [I ∪MT
d ,M

T
d ] ▷ Apply normal rules RT

n .
9: schedule(A) ▷ Populate ∆T

n .
10: T.delete() ▷ RT

d is applied implicitly.
11: MT

d := ∅

12: procedure T.rederive()
13: return {t | t ∈ DT , T.rederivable(t) is true}, empty DT

Algorithm 11 Global schedule Function in the Multi-scheme Framework

1: Inputs: The fact t to be scheduled.
2: for scheme T ∈ T, t.p = PT do
3: if in addition & T.insertable(t) then ∆T

n := ∆T
n ∪ {t}

4: if in overdeletion & T.deletable(t) then ∆T
n := ∆T

n ∪ {t}

5.3.2.3 Scheme Properties

We now demonstrate how the functions of storage schemes should be implemented to
ensure that the derivation procedure adheres to the bounds established in Table 5.7.
Table 5.5 shows a set of functions for storage schemes. The derivation procedure
for storage schemes follows a consistent approach, as discussed in Section 5.3.2.2.
However, the remaining functions in Table 5.5 should be customised to accommodate
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different data structures and reasoning requirements. The following definition for-
mally introduces the role of a scheme T in handling facts associated with the relation
PT , specifying how facts are organised, serialised, and updated. Furthermore, it out-
lines the key properties that must be preserved during incremental updates and rule
applications.

Definition 4 A scheme T utilises a customised internal data structure to manage
and organise facts of the relation PT . The functions designed to operate on this
data structure are listed in the first part of Table 5.5. Facts serialised from the data
structure across different domains are denoted as IT , ∆T , and DT . The data structure
handles the application of rules defined in RT

d by preserving the properties implied
by these rules. The incremental update and merge change functions adhere to the
following properties:

1. The insert function updates the data structure such that the encapsulated facts
in the domain ‘∆’ satisfy(

∆T
n ∪RT

d [I ∪∆T
n ]
)
\ IT ⊆ ∆T ⊆ (RT

d )
∞[I ∪∆T

n ] \ IT . (5.2)

Meanwhile, the encapsulated facts in domain ‘I’ remain unchanged following
the invocation of the insert function, and facts in domain ‘D’ are not affected
and remain empty.

2. The merge function updates the data structure such that encapsulated facts in
domains ‘I’ and ‘∆’ are updated as follows: IT = IT ∪∆T , ∆T = ∅, while facts
in domain ‘D’ remain empty.

3. The delete function updates the data structure such that the encapsulated facts
in the domain ‘∆’ satisfy[

∆T
n ∪ (I ∩X)

]
\ Π∞[E ′] ⊆ ∆T ⊆ IT , (5.3)

in which X = RT
d [I∪MT

d ,M
T
d ∪∆T

n ] representing direct consequences of deleting
MT

d and ∆T
n with regard to rules RT

d . Meanwhile, IT and DT remain unchanged.

4. The remove function updates the data structure such that IT = IT \∆T , DT =

DT ∪∆T , ∆T = ∅.

Additionally, the schedule functions highlighted at the bottom of Table 5.5, should
adhere to the following properties:
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1. The insertable function returns true if and only if the input fact t belongs to
the relation PT and satisfies t /∈ IT ∪∆T .

2. The deletable function returns true if and only if the input fact t belongs to
the relation PT and satisfies t ∈ IT \∆T .

3. The rederivable function returns true if and only if the input fact t ∈ DT

and satisfies at least one of the following conditions:

• t ∈ ΠT [I]

• t ∈ Π∞[E ′]

The following theorem establishes the correctness of derivation procedures for
a storage scheme that adheres to Definition 4. Specifically, it guarantees that the
facts encapsulated in ∆T after invoking the deriveForDeletion and deriveForAddition
functions, as well as the facts returned by the rederive function, remain within the
prescribed lower and upper bounds defined in Table 5.7. This guarantees that each
function correctly captures the necessary fact modifications. As a result, the scheme
maintains soundness and completeness within the multi-scheme framework, ensuring
that all derivations align with the expected reasoning semantics. The proof is provided
in Appendix C.2.

Theorem 2 For a scheme that satisfies the invariants in Definition 4, the derivations
encapsulated in ∆T after invoking the deriveForDeletion and deriveForAddition

functions, as well as the facts returned by rederive function, adhere to the lower and
upper bounds specified in Table 5.7.

5.3.3 DRed with Multiple Schemes

Finally, in this section, we present the DRed algorithm adapted to support multi-
ple schemes, enabling both materialisation and incremental maintenance through the
defined scheme interfaces, as shown in Algorithm 12. It performs the procedure of
overdeletion, rederivation, and addition, following principles of the DRed algorithm
introduced in Section 2.3, but additionally manages the (possibly compact) represen-
tation of derivations for different parts of the program. We first introduce the addition
procedure (line 16 to 23) by aligning it with the same procedure of the DRed algo-
rithm, which, as we discussed earlier, coincides with steps presented in Algorithm 9.
Initial fresh additions are set as E+\E in line 1 of Algorithm 9; similarly, E+ (and
rederived facts A) are scheduled in corresponding schemes in line 17 while whether it
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is new is determined by scheme’s internal insertable function. The deriveForAddition
in line 19 applies rules in ΠT for each scheme T in the current stratum, like line 3 in
Algorithm 9. Fresh additions determined inside the scheme are then serialised and
marked as tracked changes (MT

a ) in corresponding schemes in line 22, the same as
line 5 in Algorithm 2. This is achieved by the flagChanges function presented in
Algorithm 13. In the end, function merge is called to update the data structure so
that serialised ∆T is added to IT and then emptied, as line 6 in Algorithm 9.

The overdeletion procedure is very similar to the addition procedure, as it recur-
sively applies rules to obtain deleted facts, while addition recursively applies rules
to obtain new derivations. The overdeletion process is achieved by the global de-
riveForDeletion and scheme’s internal remove function, with the former applies rules
in ΠT and derivations are encapsulated in ∆T , and the latter merges ∆T to IT and
then empties ∆T . The rederivation procedure is achieved by invoking the rederive
function for each scheme in the current stratum. The rederived facts A and E+ are
then initialised as fresh additions during the addition procedure.

The final updated materialisation after executing the DRed reasoning algorithm
can be obtained by aggregating facts in the ‘I’ domain from all schemes T ∈ T, for-
mally I =

⋃
T∈T{IT}. Theorem 2 establishes the resulting derivation facts produced

by the scheme interfaces. Therefore, it is easy to verify the following theorem. The
proof is provided in Appendix C.7.

Theorem 3 The DRed algorithm with multiple schemes presented in Algorithm 12
is correct if all schemes satisfy Definition 4.

Example 5 Continued: We show how the initial materialisation is performed by
Algorithm 12 using the same example as in Section 5.2. We denote the scheme that
manages facts with the predicate R as ‘scheme R’ for short. For initial computation,
only the addition procedure is used. The dataset is given to E+, which is added to ∆T

n

of corresponding schemes when the schedule function is called in line 17. When the
deriveForAddition function is called in line 19, in scheme A, scheduled facts ∆T

n =

{A(ai, ai−1} | 2 ≤ i ≤ n} are added to scheme’s underlying plain table with associated
label ‘∆’; similarly, for scheme S, ∆T

n = {S(a3, a1)} is added to the table with label
‘∆’. Lastly, the scheme that manages R does nothing since ∆T

n = ∅ as there are no
R facts scheduled for this scheme. Then, in line 22, all these A facts with the label
‘∆’ are accessed and flagged in the MT

a of scheme R, while S(a3, a1) with label ‘∆’ is
flagged in scheme A. The labels of these facts with the label ‘∆’ are updated to label
‘I’ when calling the merge function.
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Algorithm 12 Adapted DRed Algorithm within the Multi-Scheme Framework
Require: program Π, initial dataset E, fact additions E+, materialised facts I.
Ensure: update I from Π∞[E] to Π∞[(E\E−) ∪ E+]

1: if I = ∅, E = ∅ then initialise schemes T ▷ Initialise schemes

2: E− := (E− ∩ E)\E+, E+ := E+\E
3: Overdelete, Rederive, Add
4: E := (E\E−) ∪ E+

5: procedure Overdelete
6: schedule(E−)
7: loop
8: for scheme T ∈ T do T.deriveForDeletion() ▷ ∆T is ready
9: if nothing has been derived then break

10: for scheme T ∈ T do
11: for t ∈ ∆T do flagChanges(t) ▷ Label MT

d to be used in next round
12: T.remove() ▷ IT = IT \∆T , DT = DT ∪∆T , ∆T = ∅

13: procedure Rederive
14: A := ∅
15: for scheme T ∈ T do A := A ∪ T.rederive()

16: procedure Add
17: schedule(A ∪ (E\E−) ∪ E+)
18: loop
19: for scheme T ∈ T do T.deriveForAddition() ▷ ∆T is ready
20: if nothing has been derived then break
21: for scheme T ∈ T do
22: for t ∈ ∆T do flagChanges(t) ▷ Label MT

a to be used in next round
23: T.merge() ▷ IT = IT ∪∆T , ∆T = ∅

In the derivation of the second round, scheme R applies RT
n = {R5} in a stan-

dard way to derive {R(ai, ai−1) | 2 ≤ i ≤ n}, which are then used to construct the
data structure that captures the full transitive closure {R(ai, aj) | 1 ≤ j < i ≤ n}.
The serialised facts in ∆T include this closure, which is flagged in scheme A for the
application of the next round, while IT = ∅. This step is highlighted in the first row
of Table 5.8.

The merge function of scheme R merges the closure to domain I. Then A(a1, a3)

is derived by (R7) in the third round with R(a3, a1) ∈ MT
a , S(a3, a1) ∈ I. The fact

A(a1, a3) is flagged for scheme R for further applications.
Finally R(a1, a3) is derived by applying (R5) and then incrementally incorporated

into the data structure. New reachable pairs {R(ai, aj) | 1 ≤ i ≤ j ≤ 3} are deter-
mined internally and can be serialised in ∆T . This step is illustrated in the second
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Algorithm 13 Global flagChanges Function in the Multi-scheme Framework
Inputs: The fact t to be used in the next round of application.
for scheme T ∈ T and t.p ∈ BT do

if during addition then
if t ∈MT

d then MT
d := MT

d \{t}, else MT
a := MT

a ∪ {t}
if during overdeletion then MT

d := MT
d ∪ {t}

Context Work Performed
by deriveForAddition resulting facts in various domains

MT
a = {A(ai, ai−1} | 2 ≤ i ≤ n} (1) Applies RT

n = {R5}, derives ∆T
n =

{R(ai, ai−1) | 2 ≤ i ≤ n}; (2) Calling in-
sert : Construct data structure using ∆T

n

(apply RT
d = {R6})

IT = ∅
∆T = {R(ai, aj) | 1 ≤ j < i ≤ n}

MT
a = {A(a1, a3)} (1) Applies RT

n = {R5}, derives R(a1, a3);
(2) Calling insert : incrementally insert
R(a1, a3) (apply RT

d = {R6})

IT = {R(ai, aj) | 1 ≤ j < i ≤ n}
∆T = {R(ai, aj) | 1 ≤ i ≤ j ≤ 3}

Table 5.8: Work Performed by deriveForAddition for Scheme R in Example 5.

row of Table 5.8. The next round derives nothing and the materialisation is completed
with scheme A contains IT = {A(ai, ai−1) | 2 ≤ i ≤ n} ∪ {A(a1, a3)} and scheme S

contains IT = {S(a3, a1)}, which are stored in scheme’s underlying plain table; while
scheme R contains IT = {R(ai, aj) | 1 ≤ j < i ≤ n} ∪ {R(ai, aj) | 1 ≤ i ≤ j ≤ 3}
that is represented compactly.

5.3.4 Default Scheme

Developing schemes with data structures that satisfy Definition 4 is non-trivial, as
it requires addressing challenges such as efficient storage management, incremental
updates, adherence to correctness bounds, distinguishing between old and new facts,
and implementing appropriate serialisation methods for different domains. To begin,
we first introduce a default scheme below.

Relations that cannot be handled by any customised storage schemes are man-
aged by the default scheme, such as the A and S predicates in Example 5 presented
in Section 5.2. Thus, all rules in the default scheme are applied by the standard
seminaïve evaluation, and none of them requires to be handled by the data structure:
RT

n = ΠT ,RT
d = ∅. While any tabular-like storage that supports functionality such as

insertion, deletion, and retrieval of facts across different domains and access patterns
can be used for the default scheme, we adopt the implementation of Motik et al. [104]
for the fact table and indexing structures. This choice ensures efficient support for
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all access patterns required during reasoning. The details are summarised below.
Facts in the default scheme are managed by a plain table that stores facts faithfully.

Each fact in the table is associated with one or more labels to distinguish between
facts in different domains. As presented in Algorithm 14, the insert function adds
facts in ∆T

n and associates the label ‘∆’ to newly added facts, while the merge function
updates the label ‘∆’ to ‘I’. Similarly, the delete function associates label ‘∆’ to facts
in ∆T

n , while the remove function deletes the label ‘I’ and ‘∆’ for facts with the label
‘∆’, and adds an extra label ‘D’ to mark deleted facts. Serialised facts ∆T , IT , and
DT are then defined intuitively as facts with the corresponding label. The function
insertable checks whether the input fact is already present in IT∪∆T , and the deletable
function checks whether the input fact is in IT\∆T . The function rederivable uses
backward evaluation to check whether the remaining facts I can derive the deleted
fact. Specifically, for each deleted fact t ∈ DT , it is matched to the head of rules
in ΠT , and then verify whether I can match the body atoms of these rules. Then
DT is then emptied by deleting the label ‘D’. The following lemma states that the
default scheme with functions presented in Algorithm 14 satisfies the invariants in
Definition 4, and the complete proof is provided in Appendix C.3.

Lemma 4 The default scheme satisfies the invariants in Definition 4.

Algorithm 14 Functions of Default Scheme
Require: T , default scheme. LT , a plain table managing facts of relation PT .
1: procedure compute IT , ∆T , DT :
2: return facts in LT with the label ‘I’, ‘∆’, and ‘D’, respectively.
3: procedure T.insertable(t):
4: if t /∈ IT ∪∆T then return true; else return false.
5: procedure T.insert():
6: for fact t ∈ ∆T

n do: add t to LT with the label ‘∆’
7: procedure T.merge:
8: mark facts in LT with the label ‘∆’ as ‘I’
9: procedure T.deletable(t):

10: if t ∈ IT\∆T then return true; else return false.
11: procedure T.delete():
12: for fact t ∈ ∆T

n do: add label ‘∆’ to the fact t

13: procedure T.remove():
14: for fact t ∈ ∆T do: delete label ‘I’ and ‘∆’, add label ‘D’ to the fact t

15: procedure T.rederivable(t):
16: if t ∈ ΠT [I] then return true; else return false.
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5.3.5 Standard Rule Evaluations through Multiple Schemes

Finally, we briefly discuss how standard rule evaluation is handled within our multi-
scheme framework. As highlighted in Section 5.3.2, specialised rules in a scheme Πd

T

are managed through data structure manipulation, while normal rules still require
evaluation via the traditional seminaïve algorithm, as shown in line 3 of Algorithm 10.

This evaluation follows the procedure discussed in Section 2.2 and is formally de-
fined in Equation 2.7. Specifically, rule bodies are evaluated multiple times, with each
of their body atoms serving as a pivot for join processing. The standard textbook
approach to join evaluation is applied, ensuring correctness without requiring modi-
fications to the underlying storage schemes. This is feasible as long as each scheme
provides data access across different domains (I, ∆, and I\∆), supporting arbitrary
access patterns, regardless of whether variables are bound or free. For example, an
evaluation plan may determine that the relation R is being evaluated with the re-
quired domain I, where the first variable is bound. In this case, a specific iterator is
constructed from the scheme to facilitate the evaluation. This approach ensures that,
even when data is compactly encapsulated within the underlying data structure, it
can still be efficiently accessed and utilised during evaluation.

A similar evaluation strategy is employed for query answering, although it is not
the primary focus of this work. While further optimisations to the evaluation plan
could be explored if schemes provide statistical insights, we leave this discussion for
future perspectives in Chapter 6.

5.4 TC Scheme

This section introduces a specialised Transitive Closure (TC) scheme designed to
efficiently handle transitively closed relations. As discussed in Section 5.2, this scheme
extends existing approaches to support the multi-scheme framework by providing a
more comprehensive set of procedures for incremental updates and serialisation of
facts across various domains. We begin with an introduction to the general data
structures used in our approach in Section 5.4.1. The detailed interface design of
the scheme is outlined in Sections 5.4.2–5.4.4, covering how additions, deletions, and
rederivations are managed. Further discussions, including complexity analysis, are
provided in the Sections 5.4.5 and 5.4.6.
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5.4.1 Data Structure

The data structure used in this scheme is based on nontrivial adaptations of the
interval-based approach by Agrawal et al. [6], which treats TC computation as solv-
ing reachability problems over a graph. Typically, for a TC scheme T , the rule
managed within the data structure RT

d is a single transitive closure rule (like (R6))
that axiomatises a relation R as transitive; while any other rules that derive the same
predicate are included in RT

n .
For a given set of input facts P represented as a directed graph G′, the data

structure constructed based on these facts can encapsulate the transitive closure of
P , i.e., (RT

d )
∞[P ]. Following [6], a condensed directed acyclic graph (DAG) G is

obtained by treating each strongly connected component (SCC) in G′ as a node. Let
each node v ∈ G be associated with an index iv and a set of intervals Iv so that the
indexes of nodes that are reachable from v are included in Iv. The index and intervals
can be initialised as follows:

1. Compute a tree cover of the graph G. The index iv for a node v ∈ G is assigned
as the post-order index of the tree.

A tree cover of a directed graph G = (V,E) is a spanning directed rooted tree
T = (V,ET ) with ET ⊆ E. On a chosen tree cover T, perform a post-order
traversal and assign each node v a unique integer iv by traversal order so that
for every node v, all descendants of v in T receive smaller post-order numbers
than iv. This indexing will be helpful for step 2, in which we compute an initial
interval representation that captures the transitive closure of the tree.

Any valid tree cover can be used in this step. However, to improve storage ef-
ficiency, we adopt a tree cover that minimises the number of intervals required
to represent the transitive closure compactly. This optimisation was studied
by Agrawal et al. [6], and we follow their algorithmic approach in our imple-
mentation. Readers interested in the details of optimal tree cover selection are
referred to [6].

2. For each node, initialise its interval Iv as an interval with its index iv as the
upper bound, with the smallest lower-end among its descendants’ intervals as
the lower bound. This interval can capture the reachability of the tree T. Please
note that T = (V,ET ) with ET ⊆ E only contains a subset of the edges of graph
G. Therefore, for a node v, the intervals Iv constructed in this step only include
the indices of nodes that are reachable from v using edges in ET .
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Figure 5.3: Example of interval-based representation: computation and storage.

3. To fully capture the reachability relations in graph G, we traverse the graph
in reverse topological order, so that when processing node v, all descendants
of v have already been processed. For every edge (u, v) ∈ E, we update Iu :=

Iu∪Iv∪{iv}, meaning that u can reach whatever v can reach and v itself. After
this process, for every node v ∈ V , the updated interval Iv contains the indices
of all nodes reachable from v in graph G.

Figure 5.3 provides an example of the process to compute indices and intervals. Please
note that the indices and intervals of each node are stored in an ordered table sorted
by the post-order indices iv, as shown on the right side of Figure 5.3. Additionally,
in practice, we use floating-point numbers for indices, and some gaps in the intervals
of leaf nodes can also be considered, which will be beneficial for incremental updates.
For example, instead of (1, 1) for node g in Figure 5.3, we can use [0.5, 1), which allows
additional indices to be introduced when edges such as (g, x) are inserted. This will
be discussed in more detail in Section 5.4.2.

The serialisation of this data structure can be done by traversing each node v ∈ G,
and obtaining nodes of which the index is included in Iv. Formally,

IT =
⋃
v∈G

{
{C(v)× C(u)} if iu ∈ Iv

}
, (5.4)

in which C maps each SCC to the set of elements (or nodes) that compose the current
SCC. During reasoning, the serialisation of facts in different domains follows a similar
process, but with different target intervals applied for each SCC. Therefore, we will
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primarily focus on how the target intervals are computed for the following discussion.
As shown in lines 2-12 of Algorithm 15, the data structure in the TC scheme is
constructed when the insert function is called for the first time in the derive function
shown in Algorithm 10, using scheduled facts stored in ∆T

n . Please note that in line 8
and 12, intervals initialised as discussed above are first populated into the set Dv for
each v ∈ G, representing facts in the domain ‘∆’. These intervals will be merged into
Iv by the merge function to merge facts in ∆T to IT , which will be discussed in more
detail below.

5.4.2 Addition

When the insert function is called for the second time or later, the data structure is
incrementally maintained.

Schedule: The schedule function uses its internal insertable function to determine
whether a fact t can be scheduled into ∆T

n . This function returns true if the cur-
rent fact is not present in the data structure, considering both IT and ∆T domains.
The insertable function is the same as the insertable function of the default scheme
presented in Algorithm 14, which we will not reiterate here.

Incremental Insertion: The insert function needs to maintain the data structure so
that new facts (or new reachable pairs in the graph) are incorporated into the scheme
and distinguished from existing ones. The incremental maintenance performed by
the insert function is presented in lines 13-23 of Algorithm 15. To distinguish new
reachable pairs, extra intervals Dv that are initially empty are introduced for each
SCC v ∈ G. Each scheduled edge (i, j) is first inserted into the condensed graph G,
followed by an update of its associated intervals. Please note that new SCCs will
be introduced in G if i or j was not in the graph before, with its index assigned
following the post order, all its intervals initialising as empty. We address the process
of updating intervals based on two scenarios: whether existing SCCs remain distinct
or merge into a new one. The former is presented in lines 17-19 of Algorithm 15,
and one example is illustrated in Figure 5.4, in which (u, v) is the corresponding edge
in the condensed graph of inserted fact (i, j). The left side shows that when v is
not a new SCC just introduced, the insertion of (u, v) introduces a bridge between
u’s ancestors (node a in Figure 5.4 for example) and v’s descendants (node d). The
interval Iv +Dv of v captures indexes of v’s descendants, and should be added to the
interval of u. A singleton interval that only contains the index of v, i.e., [iv] should
be added as well. Let the interval Du capture new reachable nodes from u, it can
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Figure 5.4: Addition Case Illustrations in which no SCCs merge.
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Figure 5.5: Addition Case Illustrations in which SCCs merge.

be updated by adding intervals that include indexes of v and v’s descendants if they
are not present in u’s original interval Iu. Formally, Du = Du ∪ (Iv + [iv] +Dv) \ Iu,
as shown in line 19 of Algorithm 15. The Da interval of every ancestor a of u is
updated similarly by the propagate function presented in Algorithm 16, as shown in
line 23. The right side of Figure 5.4 shows a case in which v is a new SCC introduced
because of the insertion of (u, v). Following post-order, a valid index assigned to v

is 1.5 that is included in the original interval Iu of u and should be excluded when
accessing original reachable pairs. We handle this case by recording such indexes in a
global interval N = N ∪ [iv], as shown in line 18 of Algorithm 15. One advantage of
assigning index to v in this matter is that the original interval of u and u’s ancestors
can include the index iv without the need to update the intervals of all ancestors.
The target intervals computed for an SCC s that is not newly merged are shown
in Table 5.9, in which N is removed from Is when accessing IT and included when
accessing ∆T .

Another addition case in which several existing SCCs merge into a new one is
presented in lines 20-22 of Algorithm 15, and its illustration is presented in Fig-
ure 5.5. An example of this situation is the insertion of fact R(a1, a3) as discussed
in Section 5.2, which causes node a1, a2, and a3 merge into a new SCC. In general,
let a random SCC u among original SCCs O(u) = {n1, n2, n3} as a representative to
represent the SCC after merging. After the merge, the SCC u can reach all nodes
that are reachable from n1, n2, and n3 (denoted as In ∪ Dn for each n ∈ O(u)), as
well as n1, n2, and n3 themselves. In this case, we use Du to memorise nodes that are
reachable from u after the merge, while target intervals for domain ‘∆’ and ‘I’ are
computed on the fly using Du and intervals associated with original SCCs, as shown
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in Table 5.9. Formally, Du =
⋃

n∈O(u){In + [in] +Dn}, as presented in line 22 of Al-
gorithm 15. When accessing reachable nodes from one of the original SCCs n ∈ O(u)

in IT , newly introduced SCCs in N are removed from n’s original interval In; while
∆T is computed by removing original reachable nodes captured by In from the nodes
that can be reached after the merge (Du), and extracting newly introduced SCCs in
N from In. Please note that intervals of original SCCs of u will not be deleted from
the ordered list L at this point, which will be used when accessing facts in domain
‘∆’ and ‘I’.

s ∈ G ∆T
s ITs

if s is not newly merged Ds + (N ∩ Is) Is\N
if s is newly merged, for n ∈ O(s) (Ds\In) + (N ∩ In) In\N

Table 5.9: Target intervals of SCCs in different domains.

For both cases, the changes of the interval Du is passed to every ancestor a of u by
the propagate function presented in Algorithm 16, as a should reach whatever u can
reach. The interval Iu + [iu] +Du covering the index of u, as well as u’s descendants,
is first added to Da for every direct incoming edge (a, u) of u in line 4. Please note
that the interval Da is used differently depending on whether a is a newly merged
SCC, as introduced above. If a is not a newly merged SCC, Da should only include
fresh reachable nodes from a. We handle this case by removing Ia from Da in line 5.
In the end, changes are passed to a’s direct incoming edges by calling propagate(a) in
line 6. The termination of the propagate function is guaranteed by: (1) the graph G is
acyclic; (2) the stop condition presented in line 3, which avoids redundant operations
by checking whether a can reach nodes in Du already.

Merge Change: As presented in Algorithm 17, the merge function merges ∆T to IT

by adding the interval Ds to Is for each SCC s ∈ G, and emptying Ds. For a newly
merged SCC s, its original SCCs O(s) except the representative s, can be deleted
from the ordered list L as they are no longer needed. The elements contained in s are
updated as the union of elements of SCCs in O(s), i.e.,

⋃
n∈O(s){C(n)}, in which C is

the map from SCC to its contained elements. Finally, the intervalN capturing indices
of fresh SCCs that are just introduced during the previous insert call, is emptied.

5.4.3 Overdeletion

The delete function incrementally updates the data structure, allowing reachable pairs
to be deleted from the transitive closure are serialised in ∆T while preserving existing
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Algorithm 15 insert function of TC scheme
1: Result: initialise the data structure using ∆T

n or incrementally insert ∆T
n .

2: if data structure is not initialised then ▷ Initialise the data structure
3: represent facts in ∆T

n as a directed graph G′

4: compute a tree cover and a condensed directed acyclic graph G of G′

5: initialise a list L = ∅, index i = 1, global interval capturing fresh SCCs N = ∅
6: for node v ∈ G in post-order traversal of the tree cover do
7: initialise node index iv = i, interval Iv = ∅
8: Dv = [smallest lower bound among its descendants’ intervals, iv]
9: push node v to the end of the list L

10: increment current index i by the size of the strongly connected component v

11: for node u ∈ G in reversed topological order of G do
12: for edge (u, v) ∈ G do update the interval of u by Du := Du +Dv + {iv}

13: else ▷ Incrementally update the data structure
14: for edge (i, j) ∈ ∆T

n do
15: find i/j’s SCC u/v, initialise fresh SCC(s) when i and/or j is not present before
16: update the condensed graph G by inserting edge (u, v)
17: if existing SCCs remain distinct then
18: if v is a fresh SCC then N := N ∪ [iv], then continue
19: else Du := Du ∪ (Iv + [iv] +Dv), do Du := Du\Iu if u is not newly merged
20: else the insertion will cause existing SCCs merge then
21: find SCCs that will merge, u = representative among original SCCs O(u)
22: update the interval of u by Du :=

⋃
n∈O(u){In + [in] +Dn}

23: propagate(u) ▷ Pass changes to u’s ancestors

facts in IT .

Schedule: The schedule function utilises the scheme’s internal deletable function to
determine whether the input fact t can be scheduled for deletion, by verifying that
t exists in the scheme and has not been deleted. Specifically, this function checks
if t ∈ IT\∆T , the same as the deletable function of the default scheme presented in
Algorithm 14.

Incremental Deletion: The deletion uses interval Ds for each SCC s ∈ G to record
indexes of nodes that s can not reach after the deletion. As presented in Algorithm 18,
the process starts by deleting edges scheduled in ∆T

n from G. If the deletion causes an
SCC s to split into multiple new SCCs, as shown in the left part of Figure 5.6, each
newly formed SCC n will be assigned an index in, and its interval In is initialised the
same as Is. Before the split, the SCC s can reach the nodes captured by interval Is,
including itself. Therefore, we have is ∈ Is. To preserve reachability relations among
nodes contained in s, we assign a number that is included in the interval Is as the index
for newly formed SCCs so that In captures indexes of the same set of nodes. After G
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Algorithm 16 Internal propagate function of TC scheme
1: Input: an SCC u ∈ G; Result: pass Du to the ancestors of u
2: for every a ∈ G that a direct edge (a, u) exists in G do
3: if Du ⊆ (Ia +Da) then continue ▷ The break condition
4: Da := Da ∪ (Iu + [iu] +Du) ▷ Include u’s descendants in Da

5: if a is not newly merged then Da := Da\Ia ▷ Exclude intervals in domain ‘I’
6: propagate(a)

Algorithm 17 merge function of TC scheme
1: Result: update the data structure so that encapsulated facts in ∆T are merged into

IT , and ∆T is emptied.

2: for node s ∈ L do
3: update intervals of s, Is := Is +Ds, Ds := ∅
4: if s is newly merged then
5: C(s) :=

⋃
n∈O(s){C(n)}, delete n from L for every n ∈ O(s), n ̸= s.

6: N := ∅

is updated, for each SCC s ∈ G, the interval Ds that captures deleted reachable nodes
can be computed using its original interval Is that includes reachable nodes from s

before the deletion and remaining edges in G. Specifically, traverse SCCs in the graph
by reversed topological order to ensure that when processing current SCC u, all its
descendants have already been processed. As shown in the right part of Figure 5.6,
two remaining edges from u are (u, c1), (u, c2), in which c1 have been processed and
Ic1\Dc1 represents nodes that are reachable from c1 after the deletion. The same
holds for c2 as well. The nodes that are reachable from u after the deletion can be
represented as D′

u =
⋃

c∈child(u){(Ic\Dc) + [ic]}, while the interval Du representing
deleted reachable nodes can be obtained by removing D′

u from Iu.

Serialisation & Merge Change: For each SCC s ∈ G, the target interval that can
be used to access deleted reachable nodes (∆T ) and previous reachable nodes (IT ) is
Ds and Is, respectively. The remove function presented in Algorithm 19 updates Is
for each SCC s ∈ G as Is\Ds, adds Ds to Dm

s , in which the interval Dm
s is used to

record deleted facts that are revisited during rederivation, and finally empties Ds.

5.4.4 Rederivation

During rederivation, deleted facts are serialised by using the target interval Dm
s for

every SCC s ∈ G. Rederivation verifies whether the deleted fact can be derived in
a single application of the program using the remaining facts. Since our incremental
deletion algorithm accurately maintains the transitive closure based on the specified
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Algorithm 18 delete function of TC scheme
1: Result: incrementally delete ∆T

n from the data structure ∆T .

2: for edge (i, j) ∈ ∆T
n do

3: find corresponding SCC s and s′ of i and j, respectively
4: if s = s′ then the SCC s will break, compute newly formed SCCs after the deletion
5: for every newly formed SCC n do
6: assign an unoccupied index i ∈ Is as the index in of n, In := Is
7: update the condensed graph G, and the map C

8: for node u ∈ G in reversed topological order of G do
9: D′

u :=
⋃

c∈child(u){(Ic\Dc) + [ic]}
10: ▷ D′

u covers nodes that u can reach after deletion
11: if the size of the SCC |u| > 1 or the edge (C(u), C(u)) exists then D′

u := D′
u + [iu]

12: update the interval Du to record deleted reachable nodes by Du := Iu \ D′
u

n1SCC s n2 n3 Is
this includes is

c1

c2
u v

Ic1\Dc1

Ic2\Dc2

deleted edge

Figure 5.6: Deletion Case Illustrations.

deleted facts, no facts can be rederived through a single-step application of the tran-
sitive closure rule. Therefore, we only consider the one-step application of rules in RT

n

when calling rederivable function. Specifically, the rederivation can be performed by
backward evaluation, i.e., matching a deleted fact t to the head of rules in RT

n , and
subsequently verifying whether the body of the rule can be satisfied using remaining
facts. The rederived fact t will be scheduled for addition, and the rest of the prop-
agation will be completed during addition. The rederivation is only responsible for
triggering the initial cascade reaction.

5.4.5 Complexity and Correctness

The insert and delete functions of the TC scheme maintain the data structure by
preserving the transitive closure property of the underlying graph, which is equivalent
to iteratively applying the transitive closure rule in RT

d until the whole closure is
derived. Formally, properties of the insert and delete functions are presented in
Claim 1 and 2, respectively. Intuitively, IT = (RT

d )
∞[N ] represents all reachable

pairs of the graph with edges in N , and captures all facts in the transitive closure
of the graph G. When facts in ∆T

n are added by the insert function, new reachable
pairs, that exist in the updated graph with edges N ∪∆T

n but are not present before,
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Algorithm 19 remove function of TC scheme
1: Result: update the data structure so that encapsulated facts in ∆T are removed from

IT , and added to DT .
2: for node s ∈ L do
3: Is := Is\Ds, Dm

s := Dm
s +Ds, Ds := ∅

are captured by ∆T , as shown in Equation 5.6. Correspondingly, when facts in ∆T
n

are deleted by the delete function, remaining reachable pairs of the graph with edges
N\∆T

n can be represented as (RT
d )

∞[N\∆T
n ]. The deleted facts ∆T can be accessed

by removing the remaining facts from IT , as shown in Equation 5.8. The proof of
Claims 1 and 2 is provided in Appendix C.4.

Claim 1 During the multi-scheme DRed algorithm, given facts ∆T
n that are to be

inserted, the insert function of the TC scheme updates the data structure such that
the encapsulated facts in domain ‘I’ and ‘∆’ are maintained as follows:

IT = (RT
d )

∞[N ], (5.5)

∆T = (RT
d )

∞[N ∪∆T
n ] \ IT , (5.6)

in which N represents existing edges of the underlying graph G before the incremental
insertion.

Claim 2 During the multi-scheme DRed algorithm, given facts ∆T
n that are to be

deleted, the delete function of the TC scheme updates the data structure such that
the encapsulated facts in domain ‘I’ and ‘∆’ are maintained as follows:

IT = (RT
d )

∞[N ], (5.7)

∆T = IT \ (RT
d )

∞[N\∆T
n ], (5.8)

in which N represents facts that are present in the underlying graph G before the
incremental deletion.

As discussed in Section 5.3, the correctness of the multi-scheme DRed algorithm
directly follows from the requirement that every scheme satisfies the invariants in
Definition 4. With the claims introduced above, it is straightforward to verify the
following lemma. Details are included in C.4.

Lemma 5 The TC scheme satisfies the invariants in Definition 4.
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In the example introduced in Section 5.2, we discussed the time and space com-
plexities of initial materialisation using the TC scheme and seminaïve evaluation.
Specifically, given a directed graph G = (V,E) represented by facts, the seminaïve
evaluation derives the transitive closure in O(|V |3) time, and storing the closure re-
quires O(|V |2) space. In contrast, constructing the interval graph uses O(|V | + |E|)
time because computing the tree cover and initialising intervals only requires a traver-
sal of the graph, as shown in lines 2-12 of Algorithm 15. This reduces the overall com-
putational cost by avoiding the explicit computation of the transitive closure. The
interval representation requires O(c|V |) space in general, in which c is the maximum
number of intervals stored. The worst-case space requirement is O(|V |2) space, which
can be reduced using an optimal tree cover introduced by Agrawal et al. [6], and is
evaluated to be efficient in our experiments in Section 5.7.

With regard to the incremental addition, for an edge R(i, j) to be inserted, the
seminaïve evaluation is expected to be completed in O(|V |2) steps. This is because
the insertion of edge R(i, j) introduces O(|V |) direct fresh rule instances with the
form R(i, j), R(j, k)→ R(i, k) and R(k, i), R(i, j)→ R(k, j), in which the choice of k
is bounded by the number of vertices in G. Each of these rule instances is processed
by the seminaïve method at most once, which derives O(|V |) facts. Each of these
facts will introduce O(|V |) new rule instances, giving O(|V |2) time complexity in
total. In contrast, the worst-case complexity of incremental addition performed by
the TC scheme can be determined by the loop in line 23, which requires O(l) time
given that l is the maximum length of a path in G.

Deriving consequences of the deletion of a fact R(i, j) using the standard seminaïve
approach requires O(|V |2) running time, similarly to the case of incremental inserting
a single edge. Thus, deleting n facts would require O(n|V |2) time. In contrast, the
TC scheme only requires O(|V | + |E|) time because the intervals can be updated
by traversing the graph, as shown in line 8 of Algorithm 18. Please note that the
complexity of the TC scheme’s delete function is independent of the number of facts to
be deleted, while the worst-case complexity of the seminaïve evaluation is proportional
to the number of facts to be deleted. This improvement in complexity is particularly
significant for the efficiency of incremental materialisation with large deletions using
the multi-scheme DRed algorithm, which is also demonstrated by our experiments in
Section 5.7.

The interval-based representations of facts optimises computation and storage ef-
ficiency, but incurs a trade-off with slower access times. Retrieving facts using the TC
scheme requires O(c · |V |log(|V |) + n) in which n represents the number of retrieved
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facts and c represents the maximum number of target intervals for a node. Please
note that this complexity does not depend on the reasoning phase and the domain,
as the same procedure is applied uniformly across all scenarios: for each node v in
the graph, (a set of) target interval(s) Tv about the reasoning phase and the domain
is computed in constant time; for each target interval T i

v ∈ Tv, we retrieve nodes
whose indexes are included in the interval T i

v by first locating the lower bound of T i
v

in the ordered list L using O(log(|V |)) time, and then sequentially scanning L until
its upper bound is met. In contrast, retrieving n facts in a plain table requires O(n)

time. Although the TC scheme incurs slower access times for retrieving facts, it com-
pensates by significantly reducing the time required to compute and incrementally
update the transitive closure. As a result, reasoning using the multi-scheme DRed
algorithm remains highly efficient, particularly for datasets with large transitive clo-
sure structures. Moreover, our approach achieves substantial memory savings while
maintaining acceptable query performance, striking a balance between computational
efficiency and storage optimisation: our evaluation presented in Section 5.7.5 shows
that, regarding query answering, the TC scheme performs as efficiently as the stan-
dard approach for queries with a cardinality smaller than 1 thousand; and only 1.7
to 5 times slower than the standard approach in general.

5.4.6 Data Access

In this section, we first describe how facts stored in the TC scheme are accessed,
and then present a special case in which two relations may be managed together to
improve storage and computational efficiency.

Accessing facts in a scheme depends on two parameters: the domain: either I

or ∆; and the access pattern. The domain indicates whether we are accessing the
full materialisation (IT ) or only the newly derived facts (∆T ). The access pattern
specifies which arguments of a predicate are bound to constants and which are free
variables. For instance, in the atom R(a, ?x), the access pattern is (bound, free),
meaning that lookup is guided by a single bound argument. Access to the facts in
a scheme is required in both the reasoning and querying phases: (1) As discussed in
Section 5.3.5, during reasoning, the rule plan specifies which subset of facts is needed
from the scheme managing the R facts, along with the appropriate access pattern
for retrieval. (2) During querying, the domain is fixed as I, and the access pattern
is determined by the query. These two factors jointly determine which subset of the
facts is serialised and how the underlying data structures are organised to support
efficient access.
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We then discuss how data is serialised under four distinct access patterns:

1. (free, free): Fact retrieval in the TC scheme, when both variables are un-
bound, can be efficiently implemented by traversing all strongly connected com-
ponents (SCCs) s ∈ G and computing the target intervals of s based on the
provided input domain. These target intervals capture the set of reachable
nodes from s, allowing for the reconstruction of reachable pairs. Repeating this
process for all SCCs enables the retrieval of all facts within the scheme for a
given domain.

2. (bound, free): When the first argument is bound, fact retrieval in the TC
scheme remains efficient. Given a source node, we locate the strongly connected
component (SCC) that contains it and compute its corresponding target interval
based on the specified domain. The set of reachable nodes can then be directly
obtained from this interval.

3. (free, bound): However, answering queries where the second argument is
bound, such as retrieving all nodes that can reach a given node, poses addi-
tional challenges. Unlike forward reachability, which is naturally supported by
the interval encoding, backward reachability requires extra processing. We refer
to the interval computed from the original graph as the forward interval encod-
ing. To efficiently support backward reachability, we additionally compute and
maintain both indexes and intervals over the reverse graph of G. The reverse
graph encodes backward reachability and enables efficient access to all nodes
that are reachable from a given node. For access patterns of the form (free,

bound), we use the interval associated with the bound constant, which is com-
puted from the reverse graph, to retrieve all such nodes. For simplicity, we refer
to the intervals computed from the reverse graph as backward interval encoding.

4. (bound, bound): This access pattern can be efficiently supported using either
the forward or backward interval encoding. Take R(a, b) as an example: using
the forward interval encoding, we first locate the SCC containing the bound
argument a, then compute its target interval based on the specified domain.
Finally, we check whether the index associated with b falls within this interval.

A Special Case: We now discuss a special case in which two relations can be
managed within a single TC scheme. Suppose we have two relations R1 and R2, each
defined by transitive rules, and furthermore, these relations are mutually reversed ;
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that is, the rules R1(x, y) → R2(y, x) and R2(x, y) → R1(y, x) are both present.
In this setting, the forward interval encoding of R1 coincides with the backward
interval encoding of R2, and vice versa. As a result, the transitive closures of R1

and R2 can be maintained within the same TC scheme: backward reachability in R1

corresponds exactly to forward reachability in R2, and vice versa. In particular, if a
TC scheme manages R1, and R2 is a mutually reversed, transitive relation, then R2 can
be supported without additional indexing by reusing the stored reverse reachability
information of R1.

During incremental materialisation, when processing an inserted edge R1(u, v), we
maintain the graph G and its reverse graph by inserting (u, v) and (v, u), respectively.
Similarly, when fact R2(u, v) is inserted, we maintain the graph G and its reverse
graph by inserting (v, u) and (u, v), respectively. The same stands for the deletion as
well. In this way, the TC scheme supports all required access patterns. As discussed
in Section 5.3.5, schemes that provide full access pattern and domain support are
sufficient for rule evaluation within our multi-scheme framework.

5.5 Union Scheme

Another type of rule that can be optimised is union rules with the form: A(x, y) →
U(x, y), B(x, y) → U(x, y). These rules derive facts with the predicate U by using
the instantiations from facts with the predicate A and B. A specialised union scheme
T is initialised for predicate PT = U if there are two or more associated union rules.3

These union rules are included in RT
d . Any other rules that derive U are included in

RT
n . Define a set of predicates UT as the predicates present in the body atoms of these

union rules. For facts with predicate U that are derived by union rules, the existence
of a fact U(a, b) can be determined by checking its underlying facts with predicates in
UT . Specifically, U(a, b) holds if either A(a, b) or B(a, b) exists. Therefore, we don’t
have to apply union rules and store consequences, but calculate corresponding facts
on demand. While for rules in RT

n that cannot be handled specially, they still need to
be applied and their consequences are stored explicitly. We use a plain table denoted
as LU to store derivations of RT

n . Facts in table LU with the label ‘∆’ and ‘I’ are
denoted as L∆

U and LI
U respectively.

A fact U(x, y) exists if U(x, y) is stored explicitly, or any of R(x, y) exists for
R ∈ UT . Define an operator Γ(F ) that returns a set of facts by replacing the predicate

3Here, we focus on explaining the rule shapes that can benefit from the optimisation of the union
scheme. The detailed approach to scheme initialisation is provided in Section 5.7.1, with further
discussions presented in Section 5.9.
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of a fact t ∈ F as U if t has a predicate in UT . Formally, Γ(F ) = {U(x, y) for R(x, y) ∈
F and R ∈ UT}. The serialised U facts in the union scheme T are

IT = LI
U ∪ Γ(

⋃
R∈UT

{IR}), (5.9)

in which the operator Γ can be considered a replacement for applying union rules in
RT

d . Then we discuss how incremental maintenance is performed and how facts in
different domains are defined.

5.5.1 Addition

The insertable function checks if the given fact is present in ∆T ∪ IT . In the de-
riveForAddition function, normal rules RT

n are first applied and new derivations are
inserted to table LU with an associated label ‘∆’ to modified facts, by calling the
insert function. While derivations of union rules RT

d are obtained by applying the
operator Γ to tracked changes MT

a , when needed. The fresh additions ∆T is defined
as the union of derivations by RT

n and RT
d with facts in IT are removed:

∆T =
(
L∆
T ∪ Γ(MT

a )
)
\ IT . (5.10)

The serialisation of IT during addition is defined as follows:

IT = LI
T ∪ Γ(

⋃
R∈UT

{IR \MT
a }), (5.11)

in which LI
T represents stored facts with the ‘I’ label in LU , and facts from underlying

schemes are rewritten by the operator Γ. The merge function updates the label of
facts marked as ‘∆’ to ‘I’ for facts stored in LU , while the status of derivations from
union rules is dependent on corresponding underlying schemes and does not require
further updates.

5.5.2 Overdeletion

In the deriveForDeletion function, normal rules RT
n are first applied and their deriva-

tions can be scheduled for deletion if it is still in T I\T∆, which is determined by the
deletable function. The delete function adds a label ‘∆’ to facts that are scheduled
for deletion. Serialised facts in ∆T should include derivations from RT

n and RT
d . The

former includes facts in LU with label ‘∆’ (L∆
U ), while the latter is can be obtained

101



by Γ(MT
d ). For each fact t ∈ Γ(MT

d ), it is a fresh deletion if t ∈ IT . Finally, fresh
deleted facts are defined as follows:

∆T = L∆
T ∪ (Γ(MT

d ) ∩ IT ). (5.12)

The IT during overdeletion is defined as:

IT = LI
U ∪ Γ(

⋃
R∈UT

{IR} ∪MT
d ), (5.13)

in which the first part denotes the I facts stored explicitly in table LT , while the
second part rewrites facts in IR ∪MT

d for each supporting predicate R ∈ UT . Deleted
facts in MT

d need to be included because underlying facts are deleted from their
corresponding schemes, but the union consequences Γ(MT

d ) are not. The update
function remove deletes labels ‘I’ and ‘∆’ for facts in L∆

T , and adds an extra label
‘D’ to mark deleted facts, just like plain table in default scheme.

5.5.3 Rederivation

The deleted facts can be obtained by collecting facts with the label ‘D’ in table LU

(defined as LD
U ) and performing the rewrite operator Γ to deleted facts of underlying

schemes. However, this approach would be very time-consuming. Instead, we just
record deleted facts DT in the union scheme when calling the remove function. For
each deleted fact t ∈ DT , backward evaluation is performed to determine whether it
can be rederived.

5.5.4 Correctness

The union scheme stores derivations of normal rules RT
n in a plain table LU , im-

plemented similarly to the plain table in the default scheme, as presented in Algo-
rithm 14. However, the union scheme uses different procedures to compute facts in
various domains. Specifically, derivations of normal rules RT

n are retrieved from the
table LU ; while derivations of union rules RT

d are computed and retrieved on the
fly by rewriting facts with predicates in UT using the operator Γ. For a set of facts
F , applying Γ is equivalent to applying the union rules RT

d , i.e., Γ(F ) = RT
d [F ].

Combining with the definition of facts in various domains during different reasoning
phases shown in Equations 5.10-5.13, the union scheme has the properties presented in
Claims 3 and 4. Then Lemma 6 stating that the union scheme satisfies the invariants
in Definition 4 can be easily verified. The proof is presented in C.5.
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Claim 3 Given facts ∆T
n that are to be inserted and current tracked changes MT

a , the
insert function updates the data structure so that the encapsulated facts in domain
‘∆’ are as follows:

∆T = (∆T
n ∪RT

d [M
T
a ]) \ IT , (5.14)

which is exactly the lower bound of ∆T defined in Equation 5.2 in Definition 4.

Claim 4 Given facts ∆T
n that are to be deleted and current tracked changes MT

d , the
delete function updates the data structure so that the encapsulated facts in domain
‘∆’ are as follows:

∆T = ∆T
n ∪ (RT

d [M
T
d ] ∩ IT ), (5.15)

which adheres to the bounds of ∆T in Equation 5.3 in Definition 4.

Lemma 6 The union scheme satisfies the invariants in Definition 4.

5.5.5 Complexity

The union scheme optimises memory usage by avoiding the application of union rules
RT

d and refraining from storing the derivations of these rules, instead handling them
dynamically during reasoning. Given tracked changes M with the size n, applying
union rules by the seminaïve approach requires O(n) time, and storing these conse-
quences requires O(n) space. In contrast, the union scheme skips the application of
union rules, and requires O(kn) space in which k represents the fraction of facts that
are stored explicitly, and 0 ≤ k ≤ 1. This design saves memory but comes at the cost
of increased access time, as the dynamic application of union rules during reasoning
introduces additional computational overhead compared to precomputing and stor-
ing derivations. Specifically, retrieving all the facts from a plain table storing n facts
would require O(n) time; while retrieving from the union scheme would require O(cl)

time in which c is the number of supporting predicates UT , and l is the maximum
cardinality of facts with these predicates.

5.5.6 Data Access

As discussed in Section 5.3.5, schemes should support data access with all possible
access patterns (i.e., indicating which arguments are bound and which are free) and
domains (i.e., indicating which subset of facts is required). Data access across different
domains is covered by Equations (5.10)–(5.13), which formally specify which subsets
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of facts should be included in the I and ∆ domains. Therefore, we mainly discuss
how various access patterns are supported in the union scheme below.

In the standard approach, derivations of union rules (denoted as U -facts) are
stored explicitly and can thus be accessed directly. In contrast, under the union
scheme, union facts are not materialised and stored directly. Instead, accessing a
union fact involves checking the facts with the predicate that derives U -facts, i.e.,
predicates in UT . Given a specific access pattern, it decomposes the query into cor-
responding subqueries over the relations in UT to enable efficient retrieval. For ex-
ample, a request to access U(a, ?x) would be translated into queries over A(a, ?x)

and B(a, ?x), assuming A,B ∈ UT . Here, we use the term query to refer broadly to
both access operations invoked during rule evaluation and those issued in response to
external queries.

5.6 Optimisations by Counting

In the discussion above, rederivation is achieved by backward evaluation. In this
section, we show how rederivation can be optimised by tracking the number of recur-
sive derivations and non-recursive derivations, following the idea proposed by Hu et
al. [75]. The number of recursive and non-recursive derivations are maintained during
addition for each derived fact, depending on whether it was derived by a recursive
or a non-recursive rule. When performing overdeletion, a fact cannot be deleted if
it still has non-recursive derivations. Thus, non-recursive counting can help to stop
the propagation of overdeletion. During rederivation, a fact that is deleted during
overdeletion can be recovered if it still has a positive number of recursive derivations.
The counting technique avoids backward evaluation, which improves efficiency.

Counting in Default Scheme: The insertable, deletable and rederivable functions
of default schemes can be further optimised to integrate counting. In the table, two
numbers are associated with each stored fact representing the number of recursive and
non-recursive derivations, respectively. For every fact derivation, insertable function
increments corresponding counting by one depending on whether a recursive or non-
recursive rule derives it. The deletable function decrements corresponding counting
by one, and returns true if the current fact no longer has non-recursive counting. For
every deleted fact, the rederivable function returns true if its recursive counting is
positive.

Counting in TC Scheme: Only non-recursive counting is integrated into the TC
scheme because attaching counting to every fact in compact storage is impractical.
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We maintain a non-recursive backbone graph Gnr of the transitive closure, in which
each edge in this graph is labelled with a non-negative integer indicating the number
of non-recursive derivations. If the input fact is derived from a non-recursive rule,
then the insertable function adds it to Gnr. If the edge already exists, the count
associated with the edge will be incremented accordingly.

When deletable is called, the counting of input fact t decrements by one if it is
derived by a non-recursive rule. This function returns true only when t doesn’t have
any non-recursive counting in Gnr. The rederivation of the TC scheme still uses
backward evaluation since no recursive counting is maintained.

Counting in Union Scheme: The union scheme uses both recursive and non-
recursive counting. In its internal table LU , two numbers are associated with each
stored fact representing the number of recursive and non-recursive derivations of rules
RT

n . The insertable function maintains these counts for every fact derived by RT
n .

The number of derivations of union rulesRT
d is recovered by visiting its underlying

schemes. For each predicate R ∈ UT , if its associated rule R(x, y) → U(x, y) in RT
d

is a recursive rule, then the existence of R(x, y) counts as one recursive derivation
of U(x, y). Similarly, if the rule is a non-recursive rule, R(x, y) counts as one non-
recursive derivation. Define U r

T and Unr
T as the predicates that can recursively and

non-recursively derive U respectively. For a fact t = U(a, b), let NLt
r and NLt

nr be the
recursive counting and non-recursive counting records in the table LU , respectively. If
U(a, b) is not in LU , NLt

r = NLt
nr = 0. The final recursive and non-recursive counting

for the fact U(a, b) can be obtained by combining the number of derivations of RT
n

and RT
d :

N t
r = NLt

r + |{R(a, b) ∈ IR for R ∈ U r
T}|, (5.16)

N t
nr = NLt

nr + |{R(a, b) ∈ IR for R ∈ Unr
T }|, (5.17)

in which |S| denotes the cardinality of the set S. In this way, the full counting is
recovered.

When the deletable function is called, the counting in LU is first maintained. Then
whether the input fact t can be deleted depends on whether t still has non-recursive
derivations computed by Equation 5.17.

The ∆T defined during overdeletion is updated as

∆T = L∆
T ∪

(
(Γ(MT

d ) ∩ IT ) ∩N0
nr

)
, (5.18)

in which L∆
T denotes derivations of RT

n that are in IT and do not have non-recursive
derivation; and the second part denotes the derivations of RT

d that satisfy the same
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condition, N0
nr denotes a set of facts that have no non-recursive counting, i.e., N0

nr =

{t ∈ Γ(MT
d ) | N t

nr = 0}. During rederivation, the rederivable function checks the
recursive counting of t by Equation 5.16, and returns true if a recursive derivation
can be found.

Correctness: The introduction of counting in various schemes will not affect the cor-
rectness of the multi-scheme DRed algorithm, as it simply records the (partial) num-
ber of derivations for each fact. The effect of counting can be summarised as “delete
less, rederive more”, since the additional information about non-recursive derivation
counts allows the algorithm to identify and retain facts with remaining valid deriva-
tions during the overdeletion phase, while the information about recursive derivation
counts can be used to recover facts during the rederivation phase. We prove that
even in the extreme case where both recursive counting and non-recursive counting
are enabled, the resulting overdeleted and rederived facts still conform to the bounds
defined in Table 5.7. Then, it is straightforward to see that if only partial counting
is enabled, like in the TC scheme, the overdeleted and rederived facts also adhere
to the defined bounds. This ensures that the correctness of the reasoning process is
maintained, as the counting mechanisms merely optimise the handling of deletions
and rederivations without violating the modular framework’s defined constraints. The
proof of Lemma 7 is provided in C.6.

Lemma 7 Enabling both recursive and non-recursive counting does not violate the
correctness bounds. Specifically, the overdeleted facts and rederived facts adhere to
the bounds defined in Table 5.7.

5.7 Implementation and Evaluation

In this section, we first discuss an implementation detail related to scheme selection
in Section 5.7.1. We then introduce various approaches in Section 5.7.2 that are
included in the evaluation. In Section 5.7.3, we consider a purely transitive setting
where only a transitive closure rule is included, examining how different approaches
perform initial materialisation, incremental insertion and deletion for the transitive
property. Section 5.7.4 evaluates initial materialisation and incremental maintenance
across several benchmarks. Finally, Section 5.7.5 presents results on query answering.
The discussion of hypotheses, dataset choices, and result analyses for each experiment
is provided in the corresponding sections from Section 5.7.3 to Section 5.7.5.
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5.7.1 Scheme Initialisation

We first present how scheme initialisation is currently achieved in the implementation;
while potential issues and optimisations for this approach are presented in Section 5.9.

Current Approach: In the implementation, schemes are initialised when the Data-
log program Π is imported into the system. Specialised schemes are first determined
by examining the syntax of specific rules that support customised storage approaches.
Currently, we look for transitive closure rules and union rules in Π and construct spe-
cialised storage schemes accordingly. To prevent multiple storage optimisations are
enabled for the same relation, an order is imposed among the implemented optimisa-
tions. Currently, in our implementation, the transitive closure rule is given priority
over the union rule. Predicates without an identified specialised storage scheme are
then stored using the default scheme.

5.7.2 Experiment Setup

To allow for a direct and fair comparison, we implemented three approaches in the
same codebase: the standard approach employs the DRed algorithm with the counting
algorithm [75] for (incremental) materialisation, storing all facts in a single table
structure identical to the plain table described in Section 5.3; the TCModule approach
uses the optimised application method for transitive closure rules proposed by Hu et
al. [77] and similarly relies on the plain table for storage; our proposed multi-scheme
approach utilises customised storage schemes for transitive and union rules, while
the plain table is used for remaining facts. Notably, if no module is activated in
the TCModule approach, and no custom schemes are activated in the multi-scheme
framework, all three methods behave identically. We stress that the goal of our
experiments is to compare methods rather than systems, and for this reason we did
not consider other Datalog systems in the experiments. All of our experiments are
conducted on a Dell PowerEdge R730 server with 512GB RAM and 2 Intel Xeon
E5-2640 2.60GHz processors, running Fedora 33, kernel version 5.10.8.

5.7.3 Pure Transitive Setting

We first compare the standard, TCModule, and multi-scheme approaches in a setting
that includes only a transitive rule. This allows for a comprehensive evaluation of the
proposed TC scheme algorithms in incremental insertion and deletion tasks.
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Hypothesis: We hypothesise that our proposed TC scheme outperforms both the
standard and TCModule approaches in three aspects: (1) the time required to con-
struct the transitive closure, (2) the time required for its incremental maintenance,
and (3) the storage required to represent the full closure.

Dataset: The experiment in this section is based on broader facts extracted from
DBpedia [94] and a single transitive closure rule that defines the broader property as
transitive. Details on dataset construction and experimental setup are provided in
the following sections.

5.7.3.1 TC Insertion

We first examine how insertion tasks can be performed in a purely transitive setting
by the three approaches, comparing their efficiency and scalability in handling initial
materialisation and incremental insertions. We extracted two sets of broader facts
from DBpedia [94] and created a program with a transitive rule for broader. For each
dataset, we inserted the facts in four rounds: the first insertion added some facts for
initial materialisation (shown in the first column of Table 5.10), while the next three
insertions each added 1,000 new facts as E+ to test incremental maintenance (the last
three columns). For the smaller dataset (the upper rows), the TCModule approach
optimised the running time to a large extent compared to the standard approach,
but not on memory consumption. In contrast, our TC scheme approach is around
100-1000x faster than the standard approach, but only uses about 1/8 ∼ 1/5 memory,
in all the tasks. For the larger dataset (the lower rows), the standard approach failed
to finish the initial insertion. Our TC scheme approach finished all the tasks and only
used around 1/35 of the memory used by the TCModule. Our TC scheme can also
maintain the data structure quickly under addition (around 7-100x faster than the
TCModule), which is beneficial for the recursive and incremental reasoning scenario.

5.7.3.2 TC Deletion

We now evaluate how incremental deletion tasks are handled in this purely transitive
setting by three approaches, analysing their efficiency and robustness in updating the
materialisation after fact deletions. We use extracted broader facts from DBpedia [94]
and a single rule that declares the transitive property of this relation. In this case,
only a TC scheme is used in the multi-scheme framework, and since our scheme can
maintain the transitive closure accurately concerning deletions, the rederivation and
addition phase will not be invoked. In contrast, the TCModule approach potentially
triggers additional rederivation and insertion procedures, as the TC module cannot
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Runs initial materialisation +1000 facts +1000 facts +1000 facts
0.2M ▷ 29.1M 29.1M ▷ 29.8M 29.8M ▷ 30.7M 30.7M ▷ 53.9M

time peak static time peak static time peak static time peak static

Standard 2.8k 1.5k 1.3k 96.0 1.5k 1.3k 92.1 1.5k 1.3k 6.4k 2.8k 2.3k
TCModule 28.2 1.6k 1.3k 15.5 1.6k 1.4k 2.8 1.6k 1.4k 39.4 2.8k 2.4k
MS 8.4 0.2k 0.2k 0.8 0.2k 0.2k 0.9 0.2k 0.2k 6.1 0.3k 0.3k

1.4M ▷ 1,949.3M 1,949.3M ▷ 1,950.4M 1,950.4M ▷ 1,951.4M 1,951.3M ▷ 1,953.8M

time peak static time peak static time peak static time peak static

Standard >38h - - - - - - - - - - -
TCModule 3.3k 97.9k 82.3k 0.1k 97.9k 82.1k 30.0 97.9k 82.1k 1.5k 98.4k 82.5k
MS 0.4k 2.4k 2.3k 2.2 2.4k 2.3k 3.0 2.4k 2.3k 14.8 2.4k 2.3k

Table 5.10: Performance Evaluation of TC Scheme Insertion Algorithms on DBpedia’s
broader relation. The bold text in the title indicates changes in the fact count before
and after materialisation. The time is in second, peak and static stand for the peak
memory usage during the reasoning and the static memory used by the data structure,
respectively. In all cases, the memory is reported in MB.

perform precise deletions. This experiment assesses the impact of varying deletion
sizes on performance by comparing the efficiency of different approaches, including in-
cremental maintenance and full re-initialisation, where materialisation is recomputed
from scratch using the remaining facts. The experiment results are presented in Fig-
ure 5.7, in which we deleted various constant numbers of facts as well as a percentage
of the total facts. The standard approach cannot finalise the initial materialisation,
thus any subsequent deletions cannot be performed. Therefore only the TCModule
(TCM) and Multi-Scheme (MS) approach is shown in Figure 5.7.

Regarding running time, the incremental materialisation performed by the multi-
scheme approach (‘MS-inc’) is generally faster than the initialisation materialisation
(‘MS-init’) and computing from scratch (‘MS-reinit’) for deletion sizes that are smaller
than 0.5%. The initialisation and re-initialisation do not have significant differences
for the MS method because the size of the graph is similar and the initialisation
construction has the complexity of O(|V | + |E|) in which |V | and |E| represent the
number of nodes and edges, respectively. For the TCModule approach, the incremen-
tal deletion (‘TCM-inc’) only ran to completion when deleting 20, 50 and 250 facts,
which uses a similar time compared to the initial materialisation (‘TCM-init’) and
recomputing (‘TCM-reinit’). Please note that the TCModule successfully deleted 250
facts, but failed to delete 100 facts. A potential explanation is that some facts have
multiple derivation paths, and deleting only a subset of facts may partially invalidate
certain derivations, requiring additional effort to search for alternative proofs. In con-
trast, deleting a larger set of 250 facts may eliminate entire derivation paths, thereby
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Figure 5.7: The Running Time and Memory Usage for different deletion sizes in TC
schemes. The ‘MS’ and ‘TCM’ mean the Multi-Scheme and TCModule approach,
respectively; while ‘inc’ stands for incremental deletion, ‘init’ represents the initial
materialisation before performing incremental deletion, and ‘reinit’ stands for mate-
rialisation from scratch using remaining facts for each deletion.

reducing the re-derivation workload. The re-initialisation of TCModule approach uses
a similar time as initial computation until a relatively large portion is deleted, i.e.,
after 2% deletion. Overall, our TC scheme can perform incremental materialisation
in small deletions efficiently by a few seconds.

Regarding memory usage of the multi-scheme approach, the initial computation
(‘MS-init’), incremental materialisation (‘MS-inc’), and re-initialisation (‘MS-reinit’)
use a similar space for constant number deletions. This is because small number dele-
tion will not cause a significant change regarding the graph structure; while for large
percentage deletions, MS-reinit and MS-inc use more space compared with the initial
materialisation, which is caused by potentially a larger number of SCCs included in
the graph than the initial materialisation since deletion of edges can split existing
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SCC. Another reason is the tree cover used for determining the indexes of SCCs is
not optimal. The initialisation and re-initialisation will choose the optimal tree cover
following [6], while the incremental method still uses the same indexes obtained in
the initial tree cover, and only maintains the intervals so that the reachability rela-
tions are captured. The performance of the TC scheme is highly dependent on the
underlying graph structure. On the other hand, the TC module generally consumes
more memory until a large portion is deleted (after 2%), but still higher than the TC
scheme approach.

5.7.3.3 Result Analysis

We now evaluate the results with respect to the hypothesis. Since only the TC scheme
is used in the multi-scheme approach, we refer to it simply as the TC scheme in the
discussion below. Overall, for incremental insertion tasks on the transitive closure,
the TC scheme consistently outperforms both the standard approach and the TC-
Module approach in terms of both running time and memory usage, which supports
the hypothesis. For incremental deletion tasks, the TC scheme generally achieves
better results than the TCModule approach for small deletions, further supporting
the hypothesis. However, the incremental deletion process of the TC scheme may not
always be optimal when compared to fully recomputing the transitive closure using
the TC scheme, especially for large deletions. The reasons for this have been discussed
in Section 5.7.3.2. Nevertheless, the TC scheme overall achieves strong performance
for both incremental insertion and deletion tasks, confirming its advantages in this
setting.

5.7.4 Initial and Incremental Materialisation

This section evaluates the performance of both initial and incremental materialisation.
Section 5.7.4.1 introduces hypotheses. Section 5.7.4.2 presents the benchmarks used.
Section 5.7.4.3 discusses the experimental results.

5.7.4.1 Hypotheses

We begin by introducing the hypotheses for this set of experiments:

1. Storage optimisation: The multi-scheme approach can optimise storage com-
pared to the standard and TCModule approaches when datasets contain tran-
sitive and/or union rules.
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2. Running time optimisation: In datasets where transitive closure rules are
present, the multi-scheme approach can also optimise running time for both
initial materialisation and incremental maintenance. This is because the TC
scheme employs specialised storage such that, during the construction and main-
tenance of the data structure, the transitive closure is simultaneously computed
and maintained. According to the complexity analysis in Section 5.4.5, the
running time should also improve in the presence of transitive rules.

Please note that we do not expect the running time to improve when union rules
are present. Although the union scheme avoids deriving and storing redundant deriva-
tions for union rules, accessing facts managed by the union scheme during reasoning
can incur additional overhead. Specifically, when such facts are needed, the system
must access all base relations involved in deriving the union predicate, leading to
increased retrieval overhead during reasoning. Therefore, we only expect storage op-
timisation benefits from the union scheme, not improvements in running time. This
section focuses on reasoning performance, while the impact of access time will be
evaluated in Section 5.7.5.

5.7.4.2 Benchmarks

The benchmarks used are presented in Table 5.11, in which the program column
presents the number of rules contained (|Π|), number of TC and union schemes; the
fact changes column shows the number of facts before and after the initial materiali-
sation. The TC column here presents the number of facts that are fed into the scheme
(more specifically, scheduled facts in ∆T

n ) and the number of facts encapsulated in the
transitive closure. This number shows that the transitive closure rule can expand the
datasets extensively. The union column shows the number of facts with the union
predicate. In all these benchmarks, almost 99% of union facts are supported by un-
derlying tables, instead of stored explicitly, so we only show the number of facts after
the materialisation. We use several general-purpose datasets (i.e., DBpedia, LUBM,
and Wikidata) that contain transitive closure and/or union rules, as well as several
benchmarks (i.e., TC, TC+, U, and TCU) designed to test the specialised schemes
and the interactions between different types of schemes.

DBpedia: We use different sizes of DBpedia [94] to evaluate the scalability and
performance of our approaches under varying data volumes. The DBpedia consists
of structured information from Wikipedia, in which the SKOS vocabulary4 is used to

4https://www.w3.org/TR/skos-reference/
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present some background knowledge within Wikipedia categories. A Datalog subset of
the SKOS RDF scheme is used as the program for DBpedia, in which two predicates
(broader and narrower) that are mutually reversed, will be identified and included in
one TC scheme. The DB75%* uses the same fact set as DB75%, but with a modified
program by removing the transitive rule of narrower, and two mutually reverse rules
between narrower and broader. This dataset is useful for identifying bottlenecks when
materialising.

Wikidata: Wikidata [147] is a collaboratively curated knowledge base that stores
structured data to support Wikimedia projects and external applications. The hi-
erarchical relationships in Wikidata are represented by the subclassOf (P279) and
instanceOf (P31) properties. The subclass relation defines a taxonomy of classes,
and thus is transitive. The instanceOf property links an entity to a class it belongs
to. These properties form the backbone of Wikidata’s ontological structure. We ex-
tracted facts with these two properties as the dataset, and translated the ontology
meaning of these properties as two Datalog rules to enable logical reasoning.

LUBM: Finally, the LUBM [65] dataset models a university domain. We use the
data generated for 500 universities and a LUBM L variant rules created by Zhou et
al. [158]. The Wikidata and LUBM datasets are utilised to evaluate our methods on
widely recognised benchmarks.

TC: The TC dataset is the DAG-R dataset used by Hu et al. [77], containing a
randomly generated acyclic graph represented as a set of edges and a single rule that
declares the edge predicate as transitive. This dataset is useful to test the performance
of the specialised TC scheme.

TC+: The TC+ dataset includes a program containing transitive closure rules and
several rules that use the transitive predicate non-recursively and recursively, as well
as synthetic facts. This dataset is useful to test the interaction between the TC
scheme and default schemes.

U and TCU: The U and TCU datasets are generated to test the union scheme, and
the union scheme with one of its underlying predicates is a TC predicate, respectively.
These datasets capture most general cases encountered in practice associated with TC
and union rules. The Datalog programs for TC, TC+, U and TCU are provided in
Appendix D.
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Program Fact Changes
|Π| TC U Facts in I TC Union

DBpedia25%

41 2 2

23M ⇒ 33M (x1.4) 0.7k ⇒ 4M 4M
DBpedia50% 46M ⇒ 0.6B (x13) 1M ⇒ 0.3B 0.3B
DBpedia75% 69M ⇒ 8B (x124) 2M ⇒ 4B 4B
DBpedia 92M ⇒ 35B (x380) 3M ⇒ 17B 17B

DBpedia75%* 38 2 2 69M ⇒ 4B (x62) 2M ⇒ 2B 2B
TC 2 1 0 0.1M ⇒ 23M (x228) 0.1M ⇒ 23M -
TC+ 10 1 0 22k ⇒ 12M (x550) 37k ⇒ 8M -
U 14 0 1 7M ⇒ 14M (x2) - - - 7M
TCU 11 2 1 13k ⇒ 19M (x1k) 6k ⇒ 7M 4M
Wikidata 2 1 0 20M ⇒ 0.5B (x25) 3M ⇒ 141M -
LUBM 98 1 1 67M ⇒ 91M (x1.4) 160k ⇒ 310k 2.3M

Table 5.11: Benchmarks used in Section 5.7.4.

5.7.4.3 Experiment Result

The experiments are conducted by first performing the initial materialisation, fol-
lowed by deleting 100 facts to test incremental small deletions. These 100 facts are
then added back for incremental small addition. Lastly, 5% facts are deleted for in-
cremental large deletion. Please note that a large addition is omitted because the
initial materialisation can be counted as a large addition. The running time of the
standard, TCModule (TCM) and Multi-Scheme (MS) approaches for different tasks
is presented in Table 5.12. The memory usage for different datasets is reported in
Table 5.13.

For DB25%, neither the TCM nor MS approach shows significant improvement
because of the overhead of customised methods. However, for other larger sizes of
DBpedia datasets, the MS approach generally performs the best, even when the stan-
dard and TCM approaches cannot finalise the initial materialisation. In the DB50%
dataset, the TCModule approach is faster than the standard approach, because of
its optimisation for TC rules, but requires more memory. In the DB75%* dataset,
the standard approach is stuck at the transitive closure rule, while the TCModule
approach exhausts the memory and is subsequently terminated by the system. This
experiment shows both the time and memory bottleneck associated with the transitive
rule, which can be addressed by the multi-scheme approach. For the TC and TC+
datasets, the MS approach performs the best across different materialisation tasks.
Specifically, our approach is about 40x-1000x faster than the standard approach, and
2x-180x faster than the TCM approach, which shows that the multi-scheme frame-
work can handle transitive closure rules efficiently, and is suitable for use during the
materialisation even when multiple rules are included. This result partially sup-
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ports Hypothesis 2, as the benefit of the TC scheme becomes more pronounced
when the transitive closure is large, in which case both the standard and TCModule
approaches encounter bottlenecks.

At the same time, we observe certain results that deviate from the ex-
pectations of Hypothesis 2. For Wikidata and LUBM, the underlying graph of
the transitive closure is very sparse, as evidenced by the expansion factor shown
in Table 5.11. Consequently, the memory savings and materialisation running time
improvements are not significant, as the overhead of fact retrieval and interval rep-
resentation becomes pronounced in sparse graphs compared to simply storing facts
plainly. Moreover, for computing and maintaining a sparse graph, the standard ap-
proach and the TCModule may outperform the TC scheme. For example, using the
standard seminaïve algorithm, computing the transitive closure may require only a
few recursive steps. In contrast, the TC scheme must still traverse the entire graph
to construct and update the interval data structures, which can introduce additional
overhead. However, our method demonstrates high efficiency in handling large dele-
tions, which can be attributed to the effectiveness of the proposed deletion algorithm.
This can be demonstrated by the complexity analysis in Section 5.4.5, as incremen-
tally deleting n facts would require O(n|V |2) time using the seminaïve method, but
only require O(|V | + |E|) time using the TC scheme, in which |V | and |E| is the
number of vertices and edges in the underlying graph, respectively.

For the U dataset, our approach demonstrates acceptable running time while
using only half the memory. This is because the union scheme primarily conserves
memory, but requires more time for serialisation as it involves accessing multiple
underlying schemes during materialisation. For the TCU dataset, the result shows
that our approach can handle the interaction between the TC scheme and union
scheme well, which is significantly faster (140x-210,000x than the standard approach,
and 1.3x-4,300x than the TCModule appraoch) and uses only about 40% memory.
Overall, storage optimisation is observed across most datasets, which supports
Hypothesis 1. This demonstrates the effectiveness of the optimisations in both the
TC scheme and the Union scheme. However, there are exceptions in DBpedia25%,
Wikidata, and LUBM. As discussed above, the benefits of the TC scheme become
more pronounced as the graph size and density increase.

In summary, regarding the transitive closure rule, our proposed TC scheme can not
only efficiently perform the (incremental) materialisation tasks, but also save memory,
which is essential for large datasets. Additionally, our multi-scheme framework can
handle the interaction between multiple rules, enabling efficient materialisation across

115



Materialisation Small Deletion (-100)

Dataset Standard TCM MS Standard TCM MS

DB25% 28.753 35.427 39.342 0.026 0.065 0.580
DB50% 14,575.000 1,158.820 989.835 0.100 105.419 2.365
DB75% >86h >86h 15,885.308 - - 5.505
DB75%* >64h >64h 9,256.462 - - 6.074
DBpedia - - 59,574.736 - - 4.765
TC 3,869.660 44.027 22.639 1,097.720 83.025 6.516
TC+ 6,025.190 20.829 5.753 10,269.100 110.372 19.908
U 9.099 9.442 18.384 0.009 0.008 0.006
TCU 4,833.920 23.245 17.577 8,045.380 164.556 0.038
Wikidata 1,776.650 840.300 1,947.002 0.140 0.349 13.758
LUBM 80.185 73.551 179.797 0.008 0.009 0.145

Large Deletion (5%) Small Addition (+100)

Dataset Standard TCM MS Standard TCM MS

DB25% 3.113 7.382 10.031 0.010 0.009 0.625
DB50% 13,378.200 1,699.600 1,166.558 0.103 0.089 1.474
DB75% - - 6,648.236 - - 2.662
DB75%* - - 6,728.426 - - 3.337
DBpedia - - 27,442.412 - - 3.096
TC 5,566.400 162.786 9.490 18.333 9.451 0.468
TC+ 9,869.970 168.840 27.400 5.454 17.017 0.092
U 0.582 0.577 2.760 0.009 0.009 0.007
TCU 7,709.500 341.499 0.179 8.498 30.551 0.062
Wikidata 728.774 429.41 378.846 0.052 0.070 2.805
LUBM 7.744 7.514 6.748 0.013 0.013 0.167

Table 5.12: Running time in seconds of initial and incremental materialisation.

different schemes. While our approach outperforms the standard method in many
cases, an important aspect is that even when it is not the fastest, its performance
remains competitive. In contrast, as our results show, the standard approach can be
orders of magnitude slower in certain cases. This robustness ensures that our method
provides consistently good performance across a wide range of scenarios, without
suffering from severe worst-case slowdowns.

5.7.5 Query Answering

Compared to storing all derived facts explicitly in memory, storing facts in the TC
scheme and Union scheme using specialised data structures introduces additional data
access overhead. This represents a trade-off between storage efficiency and access
time. Accessing data from these structures is expected to take longer than accessing
explicitly stored facts. In this section, we evaluate a set of queries to measure the
access time for both the Union and TC schemes.
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Dataset Standard TCM MS DT Other T Dataset Standard TCM MS DT Other T

DB25% 2.1G 2.7G 3.2G 0.9G 2.3G DB50% 25.4G 26.3G 7.8G 1.9G 5.9G
DB75% ≈500G - 15G 2.8G 12.2G DB75%* ≈250G - 13G 2.8G 10.2G
DBpedia ≈2000G - 15G 3.8G 11.2G TC 903M 1.0G 893M 4M 889M
TC+ 0.54G 0.56G 0.19G 0.16G 0.03G U 0.66G 0.66G 0.38G 0.33G 0.05G
TCU 0.78G 0.80G 0.34G 0.32G 0.02G Wikidata 23G 24G 25G 15G 10G
LUBM 5.5G 5.6G 5.8G 3.5G 2.3G

Table 5.13: Memory used to store materialisation of different datasets. The ‘DT’
and ‘Other T’ columns represent estimated memory usage for the default table and
customised schemes in the multi-scheme framework, respectively.

Dataset DB50% TC+ TCU

TC 0.1B 0.1B 0.6k 0.4k 0.3k 5 0.1B 0.8M 1.1M 12 7 4M 3.6M

S 1.99 17.2 0.001 0 0 0 11.6 0.054 0.083 0 0 0.053 0.049
MS 10.023 15.14 0 0 0 0 39.03 0.189 0.285 0 0 0.09 0.084
Dataset DB50% U TCU

Union 0.3B 0.3B 0.8M 1.1M 0.3k 12 0.3B 0.8M 1.1M 0.3k 12 7M 4M

S 3.52 32.7 0.057 0.087 0 0 34.2 0.053 0.082 0 0 0.089 0.049
MS 323.869 343.526 0.406 0.607 0.001 0 433.169 1.978 2.96 0 0 6.967 4.424

Table 5.14: Query answering time in seconds, the cardinality of each query is shown
in the 2nd and the 6th row. The ‘S’ stands for the standard approach, while the ‘MS’
means the multi-scheme approach.

We tested 13 conjunctive queries that use the TC predicate and 13 queries that
use the union predicate on DB50%, TC+, Union, and TCU datasets. Please refer to
Appendix E for a complete list of queries used in this test. The results are presented
in Table 5.14, in which corresponding datasets are illustrated as shown in the Dataset
row. The first column presents the time to answer a query that retrieves all facts
with the TC predicate and the union predicate in DB50%. Please note that we
only compare the standard approach and our multi-scheme approach, because TCM
uses the same storage as the standard approach, which will not affect the query
answering. We can only compare query answering efficiency on datasets that all
methods can finalise the materialisation, otherwise the QA is inapplicable. For queries
with a cardinality smaller than 1,000, the multi-scheme framework and the standard
approach exhibit similarly low query times, with no measurable difference in our
experiments. This suggests that any performance difference, if present, is negligible
in practical scenarios where queries typically return small results. For the TC queries,
our approach is 1.7-5 times slower than the standard approach. For most union
queries, our approach is about 7-40x times slower. While for the first query which
retrieves all facts with the union predicate, is 90x times slower because multiple
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underlying schemes are accessed, and when retrieving, schemes that have already been
processed need to be checked to avoid repetitive facts. One might doubt the usefulness
of the union scheme. However, in datasets such as DBpedia, most union facts are
actually supported by the data structure underlying TC schemes: if we deactivate
the union scheme, then we will not be able to obtain massive space improvement as
depicted in Table 5.13.

5.8 Related Work on Transitive Closure

The problem of computing and representing transitive closure has been extensively
studied across multiple domains, notably in databases and graph theory. Prior
work has addressed efficient computation [15, 79], compressed or label-based rep-
resentations [6, 41, 43, 82, 84], and indexing techniques to accelerate reachability
queries [40, 42, 68, 155]. In contrast to these general approaches, our focus is on sup-
porting incremental maintenance of transitive closure, and enabling efficient domain-
sensitive access, where queries may target either the full materialisation or recent
delta changes. These aspects are crucial for efficient rule evaluation and integration
into a multi-scheme framework.

In this section, we review existing work on transitive closure in the literature and
identify key limitations that restrict their applicability in the context of Datalog-based
reasoning, particularly in incremental maintenance scenarios.

Efficient Computation and Maintenance: Some prior studies have examined
efficient full materialisation of transitive closure [15, 79], but they do not suffi-
ciently address how to store and incrementally update the materialisation. In the
graph theory literature, transitive closure maintenance has been explored exten-
sively [46, 69, 78, 91, 93, 120] as a general graph reachability problem. These ap-
proaches typically classify algorithms into incremental, decremental, or fully dynamic
categories, depending on whether they support edge insertions, deletions, or both.
Despite these advancements, these studies primarily focus on designing data struc-
tures for fast updates and reachability queries, often optimised for small-scale retrieval
tasks rather than large-scale incremental reasoning, which requires efficiently tracking
newly derived and deleted facts (analogous to newly formed or removed reachability
pairs), maintaining derivation dependencies, and ensuring consistency across multi-
ple updates. This is necessary to avoid redundant derivations and ensure correctness,
a requirement that existing transitive closure maintenance techniques do not fully
support. Moreover, they typically address a single relation with transitive closure
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properties, whereas Datalog reasoning involves multiple interdependent rules and re-
lations. This complexity necessitates a more generalised approach that can efficiently
handle diverse rule structures, incremental updates, and dependency management
within a broader reasoning framework.

The incremental maintenance of recursive Datalog programs has also been stud-
ied through change structures and program derivatives [9], providing a theoretical
framework applicable to transitive closure updates. However, these approaches do
not specifically address the storage efficiency and query performance requirements of
large-scale transitive closure applications. Additionally, these general approaches do
not exploit the specific structural properties of graphs that can be leveraged for more
efficient transitive closure maintenance.

In the context of efficient computation and maintenance of transitive closure, it is
worth noting the theoretical foundations established in descriptive complexity theory.
Patnaik and Immerman [114] introduced the class of dynamic first-order logic prob-
lems to characterise properties of relations that can be maintained under single-tuple
updates using first-order queries. Remarkably, reachability - whilst not expressible in
first-order logic itself - possesses this dynamic property, meaning that transitive clo-
sure can be incrementally maintained with significantly less computational effort than
reconstructing it from scratch. This theoretical insight provides important justifica-
tion for the practical value of incremental transitive closure maintenance algorithms,
as the maintenance cost is inherently lower than the initial construction cost.

Compact Storage: There have been various studies on compact representations of
relations that can be viewed as derivations of transitive closure Datalog rules. Several
works have explored efficient representations of transitively closed relations [6, 41, 43,
82, 84, 145], often modelling them as pairs of reachable nodes in a directed graph.
These reachability relations can be compactly stored using auxiliary data structures
designed to reduce redundancy. However, most of these studies do not thoroughly
address the incremental maintenance of compact data structures, limiting their ap-
plicability in dynamic reasoning settings. Additionally, as discussed above, they lack
mechanisms for efficiently identifying newly derived or deleted facts, which is crucial
for avoiding redundant derivations and ensuring correctness in incremental reasoning.
Moreover, it remains unclear how such compact representations can be effectively in-
tegrated into general Datalog reasoning, where rules exhibit diverse structures and
complex dependencies beyond simple reachability computations. Achieving this in-
tegration requires a more generalised approach that can efficiently handle rule inter-
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actions, dependency tracking, and incremental updates within the broader reasoning
framework.

To address these shortcomings discussed above, we propose a Transitive Closure
Scheme that satisfies the properties of our multi-scheme framework, enabling efficient
storage, retrieval, and incremental updates. This scheme is designed to seamlessly
integrate into the framework, ensuring compatibility with the broader materialisation
and reasoning workflow while improving scalability and maintenance efficiency.

5.9 Conclusion

In this chapter, we proposed a multi-scheme framework that can perform initial and
incremental materialisation for Datalog programs. The proposed framework allows for
the integration of optimised storage schemes for derivations of certain types of Dat-
alog rules with standard reasoning approaches. Specifically, we introduced general
scheme interfaces that provide flexibility, as well as customised scheme implementa-
tions targeted at transitive closure rules and union rules. Our evaluation results show
that the proposed approach often significantly outperforms standard approaches in
terms of both space and time. Our framework thus provides a flexible and exten-
sible alternative to existing Datalog reasoning techniques for large-scale knowledge
bases. In future, we will consider integrating novel schemes for challenging rules like
chain rules, symmetric transitive closure rules, general transitive closure rules, etc,
enhancing the applicability of our work. Moreover, it would be interesting to develop
algorithms that are able to estimate the size of the materialisation, so that one can
determine in advance whether to enable space-efficient storage schemes.

We now highlight two promising lines of discussion regarding future storage scheme
design: one targeting structural patterns introduced by Datalog rules derived from
RDF Schema and ontology mappings, and the other concerning strategies for efficient
scheme initialisation.

Future Storage Scheme Design: In addition to the transitive closure and union
storage schemes explored in this thesis, it would be valuable to investigate further
storage schemes that are motivated by the structure of graph-structured knowledge
bases and common reasoning patterns. In particular, RDF Schema (RDFS) and
lightweight Description Logics such as OWL 2 EL, QL, and RL have been studied for
their mappings to Datalog rule sets [25, 53, 116, 129], often exhibiting characteristic
patterns such as hierarchy propagation, typing constraints, and bounded existential
reasoning. Identifying such patterns could enable the design of specialised storage
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schemes optimised for these classes of rules, analogous to how the TC scheme targets
transitive relations. Exploring these possibilities offers an interesting direction for fur-
ther optimising the framework, particularly for reasoning over RDF-based knowledge
graphs and OWL profiles.

Enhancing Scheme Initialisation Strategies: Regarding scheme initialisation
approaches, while the current approach introduced in Section 5.7.1 effectively assigns
storage schemes based on the syntax of rules, there are potential issues and areas
for optimisation. One limitation is the rigid prioritisation order, which may not be
optimal for all use cases. For example, in certain scenarios, a union rule might be
more performance-efficient than a transitive closure, depending on the structure of
the data and the query workload. Therefore, a more dynamic strategy that considers
data distribution and access patterns could improve performance.

Additionally, the current implementation only supports one storage scheme per
predicate. This constraint simplifies the design but may limit optimisation oppor-
tunities in complex Datalog programs where different rules for the same predicate
could benefit from distinct storage strategies. Allowing multiple schemes for the
same predicate, combined with a strategy to select the most efficient scheme during
query execution, could provide further improvements. Another potential issue is the
reliance on syntactic pattern matching for rule identification. This approach may fail
to detect optimisation opportunities when the rules are expressed in logically equiva-
lent but syntactically different forms. A more robust solution would involve semantic
analysis to capture the underlying logical properties of rules, enabling more flexible
and accurate scheme selection.

Future work could explore adaptive scheme selection based on runtime statistics,
integrating cost-based optimisers, and supporting hybrid schemes for complex predi-
cates. These enhancements would make the framework more flexible and better suited
for dynamic and large-scale Datalog workloads.
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Chapter 6

Conclusion and Outlook

6.1 Summary

This thesis explores optimisations for Datalog materialisation, focusing on efficient
computation, incremental maintenance, and customised storage strategies. These
contributions serve as a significant contribution to Datalog materialisation tech-
niques, facilitating the scalability and applicability of large-scale knowledge graphs
and materialisation-based reasoning systems.

6.1.1 Computational Efficiency of Cyclic Rules

Focusing on the computational efficiency issue of cyclic rules, this thesis explores the
integration of hypertree decomposition into Datalog materialisation and incremental
reasoning. While standard seminaïve evaluation often leads to redundant computa-
tions and inefficiencies in complex recursive rules, hypertree decomposition provides
a structured way to optimise joins and reduce redundancy. However, its direct appli-
cation to materialisation introduces additional overhead in both runtime and memory
consumption. To address this, we developed a modular framework that selectively
applies hypertree-based evaluation for complex rules while retaining standard Datalog
reasoning for simpler cases. Our empirical evaluation demonstrates that this com-
bined approach significantly improves performance, especially for programs involving
deeply recursive rules. These findings highlight the potential of rule-specific evalua-
tion strategies in enhancing the scalability of Datalog reasoning, paving the way for
further optimisations in large-scale and dynamic knowledge systems.

Adaptability to broader cases of Datalog: These hypertree decomposition-based
optimisations, as well as the hybrid approach combining HD techniques with standard
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seminaïve evaluation, are applicable to broader cases of Datalog beyond the RDF sub-
set. This generalisability stems from the fact that hypertree decomposition is defined
for general multi-arity relations, without any constraints specific to unary or binary
predicates. Moreover, the underlying algorithms are formulated independently of the
RDF data model, allowing them to be seamlessly applied to more complex Datalog
programs with higher-arity relations and diverse rule structures. Therefore, while
this thesis focuses on the RDF subset, the proposed approaches have the potential to
advance the state of Datalog reasoning in a wide range of knowledge-based systems,
contributing to improved efficiency and scalability in real-world applications.

6.1.2 Storage Efficiency of Materialisations

Focusing on the storage efficiency of materialisations, this thesis investigates the inte-
gration of specialised storage schemes into Datalog reasoning to address the scalabil-
ity challenges posed by large materialised fact bases. Many knowledge-based systems
use Datalog rules to encode domain knowledge, and materialisation-based reasoning
allows queries to be directly answered over precomputed consequences. However,
when complex rules derive an excessive number of facts, traditional materialisation
approaches may become impractical due to excessive space requirements, leading to
system failure.

While certain data structures can compactly represent results derived from spe-
cific types of Datalog rules, their application in general Datalog reasoning remains
unclear. To bridge this gap, we propose a general-purpose framework that enables
the seamless integration of customised storage schemes into standard materialisation
and incremental maintenance processes. Additionally, we develop specialised stor-
age schemes for transitive and union rules - two rule patterns frequently used in
knowledge-based systems. Our experimental results demonstrate that the proposed
framework successfully computes materialisations even when the standard approach
fails due to space constraints. Furthermore, it significantly enhances both storage and
computational efficiency, underscoring the potential of rule-aware storage solutions in
large-scale reasoning systems.

Adaptability to broader cases of Datalog: The multi-scheme framework pro-
posed is applicable to broader cases of Datalog as it does not impose any restrictions
on the arity of predicates or the complexity of rule structures. The framework is
designed to be general and flexible, allowing integration with various storage schemes
without being limited to unary or binary predicates. However, to support standard
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rule evaluations through multiple schemes, as discussed in Section 5.3.5, if the same
evaluation strategy is applied, supporting all possible access patterns in higher-arity
schemes poses significant challenges. In particular, efficient join processing and index
management become increasingly complex as the arity of predicates grows, necessi-
tating more advanced indexing and retrieval mechanisms.

The union scheme can be extended to handle higher arities because it relies on
decomposing access queries into sub-queries over its underlying relations, which can
be generalised beyond binary predicates. However, the TC scheme utilises the graph
structure of RDF triples, effectively reducing the problem to a reachability problem for
transitive closure rules. This design inherently assumes two-arity relations, leveraging
graph traversal techniques that are not easily generalised to higher-arity predicates.
Extending the TC scheme to support higher arities would require fundamentally dif-
ferent approaches to encode and traverse complex hypergraphs or multi-dimensional
data structures.

In summary, this thesis presents a series of optimisations for Datalog materialisa-
tion, focusing on both computation and storage efficiency. By integrating hypertree
decomposition for efficient reasoning over cyclic rules and introducing a multi-scheme
framework for customised storage, we address key scalability challenges in large-scale
knowledge-based systems. Our contributions demonstrate that tailored reasoning and
storage strategies can significantly improve the performance of materialisation-based
approaches, making them more practical for real-world applications.

6.2 Future Work

While this thesis presents significant advancements in optimising Datalog materi-
alisation, several challenges remain open for future research. In particular, further
improvements can be made in optimising evaluation plans, refining storage schemes
for more complex rule patterns, and exploring additional strategies for integrating
materialisation with dynamic querying. We outline these future directions in the
following discussion.

Extending to Datalog Variants: A natural extension of this work is to generalise
the proposed techniques to more expressive Datalog variants and extensions, such as
Datalog with existential quantifiers [11], Datalog± [32, 34], DatalogMTL [29, 30, 148],
stratified [44, 115], well-founded [143], or stable [58] negation-as-failure, disjunc-
tion [50, 59], and aggregation [51, 89, 121]. These extensions introduce additional
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reasoning complexity, such as existential quantification, temporal constraints, and
non-monotonic inference, which require further adaptations to both storage and in-
cremental reasoning frameworks. Investigating how the multi-scheme framework and
hypertree-based optimisations can be adapted to support these extensions would be
a valuable future direction.

Additionally, as discussed in Section 6.1, evaluating whether our proposed ap-
proach can be extended to higher-arity data structures represents an interesting and
valuable future direction. Research has shown that, to support rule-based reasoning
on Knowledge Graphs, it is sometimes necessary to use tuples of arity higher than
three [92]. Extending our framework to accommodate higher-arity relations would not
only broaden its applicability but also uncover unique challenges and opportunities
for optimisation. Future work could explore the development of tailored storage and
evaluation techniques that leverage the structural properties of higher-arity tuples,
thereby enhancing both scalability and performance in advanced rule-based reasoning
systems.

From another perspective, while exploring the applicability of our framework to
higher-arity Datalog programs is an interesting direction, it is equally valuable to
consider optimisations specific to the arity ≤ 2 case. Many practical knowledge
graphs and ontologies are inherently graph-structured, where binary predicates natu-
rally represent edges. This observation aligns with the success of graph databases such
as Neo4j1, which leverage specialised data structures and optimised query languages
like Cypher [56] to efficiently support graph traversal and pattern matching. Similarly,
in our framework, exploiting structural properties of labelled property graphs - the
natural representation of facts with binary predicates (arity ≤ 2) — such as sparsity
patterns, transitive relations, and efficient path indexing, could further improve stor-
age and query performance. Labelled property graphs, as adopted by graph database
systems such as Neo4j, model data as nodes and edges with associated key-value
properties, aligning closely with binary Datalog facts. Designing such targeted opti-
misations for the graph case complements the broader goal of supporting general-arity
Datalog programs, while enhancing performance in common real-world applications.

Beyond DRed: More Complex Incremental Algorithms: The incremental
maintenance techniques explored in this thesis are generally based on the DRed al-
gorithm, which provides a modular and efficient approach to handling fact insertions
and deletions. However, more sophisticated incremental maintenance algorithms,

1https://neo4j.com
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such as the Forward/Backward Filtering (FBF) algorithm [108], have been proposed
to further optimise materialisation updates by reducing unnecessary recomputations.
Future work could explore the integration of such advanced algorithms into the multi-
scheme framework, potentially improving the efficiency of incremental reasoning for
complex rule dependencies.

Optimising Execution Order and Program Structure Analysis: This thesis
explores how to optimise the computation and storage of facts resulting from individ-
ual rule structures. However, it does not extensively investigate the execution order
or overall program structure analysis for optimising rule evaluation. Recent research
has shown that scheduling strategies can significantly enhance the efficiency of Dat-
alog evaluation by optimising the order of rule execution and minimising redundant
computations. For instance, Singh et al. [127] modelled recursive rule materialisation
as a scheduling problem on a directed acyclic graph, effectively handling dependencies
among rules to improve performance.

The approaches proposed in this thesis could also benefit from such advanced
scheduling techniques. By incorporating a dependency-aware scheduler that dynam-
ically determines the optimal execution order, the framework could further reduce
computation time and enhance memory efficiency. Additionally, exploring a hybrid
approach that integrates the multi-scheme framework with a scheduler could improve
incremental maintenance by minimising unnecessary updates and recomputations.
Future work should investigate how these scheduling strategies can be combined with
the proposed optimisations to enhance not only individual rule evaluation but also
the overall program execution, particularly for complex Datalog programs with cyclic
dependencies and intricate inter-rule interactions.

Heuristic and Quantitative-Based Approaches: While the current work fo-
cuses on leveraging structural properties of rules for customised optimisations, an-
other promising direction is to incorporate heuristic and quantitative information
from datasets to further guide reasoning processes. Estimating the cardinality of
Datalog materialisations remains a challenging problem, particularly given that even
conjunctive query cardinality estimation is non-trivial [74, 130]. However, exploring
effective estimation techniques could significantly enhance the efficiency of incremen-
tal reasoning, enabling more informed optimisation strategies for rule application and
storage management. For example, heuristic-based approaches could be used to guide
forward and backward reasoning procedures, dynamically adapting evaluation strate-
gies based on estimated derivation sizes. Additionally, incorporating statistics from
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various storage schemes could enable more advanced join evaluation plans, allowing
the framework to optimise query execution based on data distribution. Such adaptive
techniques could be modularly integrated into the multi-scheme framework, further
enhancing its flexibility and efficiency.

Advanced Query Optimisation: Although this thesis primarily focuses on ma-
terialisation, many of the proposed techniques could be extended to optimise query
answering over materialised knowledge bases. In particular, leveraging structural
properties and dataset heuristics could enable the development of adaptive query
execution strategies, dynamically selecting the most efficient evaluation plans based
on runtime statistics. Further exploration in this direction could bridge the gap be-
tween materialisation-based reasoning and on-demand query processing, offering a
more comprehensive solution for large-scale knowledge-based systems.

Hardware Acceleration and Distributed Datalog Reasoning: This thesis pri-
marily focuses on algorithm-level exploration of efficient Datalog materialisation and
incremental maintenance. The proposed techniques are CPU-oriented and single-
threaded. However, significant opportunities remain to enhance performance and
scalability by exploring modern hardware architectures and decentralised, distributed
reasoning systems. Modern hardware advancements, such as GPUs, TPUs, and het-
erogeneous computing environments, provide substantial computational power and
memory bandwidth that can be leveraged for Datalog processing. For example,
Sun et al. [134] explored GPU-oriented storage layouts optimised for high memory
throughput and massive parallelism. Building on this, future work could investigate
GPU-accelerated implementations of the proposed multi-scheme framework, focusing
on optimising data transfers and parallel joins for transitive closure computations.
Additionally, TPUs and FPGAs could be considered for custom data flow designs,
tailored to efficiently handle cyclic rule evaluations and complex join patterns.

Decentralised and distributed reasoning also presents a promising avenue for scal-
ing Datalog materialisation to large knowledge bases. Distributed Datalog engines [5],
have demonstrated the feasibility of partitioning rules and facts across multiple nodes
to achieve scalability and fault tolerance. Extending the multi-scheme framework
to support distributed environments would involve developing adaptive partitioning
strategies that consider data locality and communication overhead. Furthermore, in-
tegrating decentralised storage solutions, such as distributed hash tables and peer-to-
peer networks, could provide scalable and resilient storage for dynamic and geograph-
ically distributed knowledge graphs. Additionally, as data volume and complexity
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grow, it would be beneficial to explore hybrid storage architectures that dynamically
adapt to varying workloads. For example, hybrid CPU-GPU storage systems could be
designed to leverage the strengths of both architectures, enabling efficient processing
of highly interconnected data.

Parallelisation presents an important future direction for the broader materialisa-
tion framework proposed in this thesis. Specifically, for transitive closure approaches,
whilst this work primarily focuses on sequential algorithms for transitive closure com-
putation, the parallelisation of interval-based approaches presents an intriguing av-
enue for future research. The unique characteristics of interval-based representations
may introduce novel challenges distinct from those encountered in parallelising stan-
dard materialisation techniques. For instance, the dependency on post-order traversal
indices and the maintenance of ordered interval structures could complicate paral-
lel decomposition strategies. Additionally, the incremental update procedures that
leverage interval gaps may require careful synchronisation mechanisms to preserve
correctness across concurrent modifications. Understanding whether existing parallel
materialisation frameworks can be directly adapted or whether fundamentally new
parallel algorithms are needed remains an open question. Further investigation into
these parallelisation challenges could potentially unlock significant performance im-
provements for large-scale transitive closure applications, particularly in distributed
computing environments where the benefits of interval-based storage efficiency would
be most pronounced.

In conclusion, the optimisations presented in this thesis provide a significant step
forward in improving the efficiency and scalability of Datalog reasoning. However,
as knowledge bases continue to grow in size and complexity, further advancements
will be needed to ensure robust and adaptive reasoning capabilities. By extending
the current approaches to more expressive Datalog variants, incorporating advanced
incremental maintenance techniques, and integrating heuristic-driven optimisation
strategies, future research can continue to push the boundaries of scalable and efficient
reasoning in knowledge-based systems.
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Appendix A

Proofs of Lemmas in Chapter 4

A.1 Proof of Claims

Before providing the proofs for the three lemmas, we first prove several useful claims,
which will facilitate our discussion later. In particular, we will show that during
the execution of functions Addr, Delr, and Redr made in the DRed algorithm, the
intermediate result instIp of each node p ∈ N r for every r is correctly maintained.

To better capture the computation of instIp, we define Πp[I] as:

Πp[I] = {χr(p)σ | λr(p)σ ⊆ I}, (A.1)

in which σ is a substitution. Recall that Πp[I,∆] is already defined in section 4 of
the main submission, as follows:

Πp[I,∆] = {χr(p)σ | λr(p)σ ⊆ I and

λr(p)σ ∩∆ ⊈ ∅}, (A.2)

in which I and ∆ are sets of facts with ∆ ⊆ I.
Also, since inst

I
···∆+

p is computed by Πp[I,∆] in line 3 of Algorithm 4, we could

safely infer that inst
I
···∆+

p should contain the tuples as below:

inst
I
···∆+

p = {χr(p)σ | λr(p)σ ⊈ I\∆+ and

λr(p)σ ⊆ I and χr(p)σ /∈ instIp}, (A.3)

in which ∆+ is newly added tuples and ∆+ ⊆ I, σ is every possible substitution
defined on var(λr(p)) (similarly below).

Similarly, for inst
I
···∆−

p that is also computed by Πp[I,∆] in line 3 of Algorithm 6,
we have:

inst
I
···∆−

p = {χr(p)σ | λr(p)σ ⊈ I\∆− and

λr(p)σ ⊆ I and χr(p)σ ∈ instIp}, (A.4)
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in which ∆− is newly deleted tuples and ∆− ⊆ I.

By expressions (A.3) and (A.4) above, we could notice that the values of inst
I
···∆+

p

and inst
I
···∆−

p also depend on the previous status of instIp. Moreover, instIp will be

updated by inst
I
···∆+

p in line 6 of Addr, line 6 of Redr and by inst
I
···∆−

p in line 8 of
Delr. Therefore, whether instIp is correctly maintained is related to whether instIp was
correctly maintained before.

Observe that during the execution of DRed, function calls to Addr, Delr, and Redr

are not made in an arbitrary order, but follow a certain pattern. As such, following Hu
et al. [77], we define a call history Hr of the form (A.5) for each rule r as a finite
and nonempty sequence of runs with length m; each Qr

i with 0 ≤ i ≤ m is a finite
and nonempty sequence of calls of the form (A.6); each Cr

i,j is a call of function Addr,
Delr, or Redr.

Hr = Qr
0, . . . , Q

r
m, (A.5)

Qr
i = Cr

i,1, . . . , C
r
i,hi

. (A.6)

Intuitively, each run represents a sequence of calls for r during one execution of
the DRed algorithm. For example, Qr

0 represents the initial materialisation, and
thus it would be one Redr call, followed by a series of Addr calls (note that when
E = ∅ function Delr is not called due to line 10). Moreover, for each 0 ≤ i ≤ m and
1 ≤ j ≤ hi, let (Iri,j−1,∆

r
i,j−1) be the arguments passed to call Cr

i,j; additionally, for
each 1 ≤ i ≤ m, let Iri−1,hi−1

= Iri,0.
We first show for each r, instIp is correctly maintained in the call sequence of Qr

0.
Since for the first time that Redr is called, both its parameters are empty, so we start
our proof by discussing Addr, i.e., Cr

0,j for 1 < j ≤ h0.

Claim 5 For every node p, the set instIp will be updated corrected by the call Addr[I,∆+]

(Cr
0,j(I

r
0,j−1,∆

r
0,j−1) with 1 < j ≤ h0), from Πp[I

r
0,j−1\∆r

0,j−1] to Πp[I
r
0,j−1] during the

initial materialisation (Qr
0).

Since Addr is called recursively in Qr
0 and the correctness of Claim 5 also depends

on whether instIp is updated correctly when Addr is called last time, therefore, we use
induction to prove Claim 5.

1. Induction Hypothesis: Assume that after the execution of Cr
0,j−1(I

r
0,j−2,∆

r
0,j−2),

we have instIp = Πp[I
r
0,j−2] for every node p.
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2. Induction Base: If the current call is Cr
0,2(I

r
0,1,∆

r
0,1), then before Cr

0,2(I
r
0,1,∆

r
0,1)

is executed, instIp is (initialised as) an empty set, which satisfies Πp[I
r
0,1\∆r

0,1] =

Πp[∅] = ∅.

3. Induction Steps : The current call of Addr (Cr
0,j(I

r
0,j−1,∆

r
0,j−1) with 1 < j ≤

h0) can correctly update instIp if: (1) the values of instIp before updating is

Πp[I
r
0,j−1\∆r

0,j−1]; (2) in line 3 of Algorithm 4, inst
I
···∆+

p can be correctly updated
to Πp[I

r
0,j−1]\Πp[I

r
0,j−1\∆r

0,j−1], then instIp can be correctly updated to Πp[I
r
0,j−1]

in line 6 by adding inst
I
···∆+

p to instIp.

For (1), if Addr is called for the first time (i.e. Cr
0,2) or the previous call of

Addr (Cr
0,j−1(I

r
0,j−2,∆

r
0,j−2) when 2 < j ≤ h0) updates instIp correctly (i.e., to

Πp[I
r
0,j−2] = Πp[I

r
0,j−1\∆r

0,j−1]), then (1) is satisfied. For (2), we will prove it by
showing its soundness and completeness.

(2a) Soundness: for every f = χr(p)σ that f /∈ Πp[I
r
0,j−1]\Πp[I

r
0,j−1\∆r

0,j−1]

in which σ is the corresponding substitution, when line 3 of Addr is executed

f /∈ Πp[I
r
0,j−1,∆

r
0,j−1]\instIp (or equivalently, f /∈ inst

I
···∆+

p ).

(i) If f ∈ Πp[I
r
0,j−1] and f ∈ Πp[I

r
0,j−1\∆r

0,j−1], then f ∈ instIp, therefore,
f /∈ Πp[I

r
0,j−1,∆

r
0,j−1]\instIp; (ii) If f /∈ Πp[I

r
0,j−1], then λr(p)σ ⊈ Ir0,j−1. Ac-

cording to the expression (4.1) of Πp[I,∆], f /∈ Πp[I
r
0,j−1,∆

r
0,j−1]. Therefore,

f /∈ Πp[I
r
0,j−1,∆

r
0,j−1]\instIp.

(2b) Completeness: for every f = χr(p)σ that f ∈ Πp[I
r
0,j−1] but f /∈

Πp[I
r
0,j−1\∆r

0,j−1], f can be derived by line 3 and inserted to inst
I
···∆+

p .

Since f ∈ Πp[I
r
0,j−1] but f /∈ Πp[I

r
0,j−1\∆r

0,j−1], we can have λr(p)σ ⊆ Ir0,j−1

but λr(p)σ ⊈ Ir0,j−1\∆r
0,j−1. Equivalently, λr(p)σ ∩ ∆r

0,j−1 ̸= ∅. According to
the expression (4.1) of Πp[I,∆], f ∈ Πp[

r
0,j−1,∆

r
0,j−1]. Because of the condition

(1) above, when line 3 is executed, instIp equals to Πp[I
r
0,j−1\∆r

0,j−1]. Therefore,

f ∈ Πp[I
r
0,j−1,∆

r
0,j−1]\instIp such that f ∈ inst

I
···∆+

p . □

Without loss of generality, we can assume for each run Qr
i when i ≥ 1, it consists

of a series of calls of Delr (Cr
i,1 to Cr

i,di
), one call of Redr (Cr

i,di+1), and a series of calls
of Addr (Cr

i,di+2 to Cr
i,hi

) where di is the number of deletion calls. We will first show
this series Delr calls in Qr

1 will maintain the instIp correctly.

Claim 6 During the first incremental update (i.e., run Qr
1), for every node p, instIp

will be updated correctly by the first call of Delr (i.e., Cr
1,1[I

r
1,0,∆

r
1,0]), from Πp[I

r
1,0] to

Πp[I
r
1,0\∆r

1,0]\Πp[I
r
1,0,∆

r
1,0].
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We first show after Qr
0 and before any calls of Qr

1, the values in instIp are exactly
Πp[I

r
1,0]. As we defined above, Ir1,0 = Ir0,h0

. Following Claim 5, we can have after Cr
0,h0

,
instIp can be updated to Πp[I

r
0,h0

] = Πp[I
r
1,0].

Then, we prove that Πp[I
r
1,0]\(Πp[I

r
1,0\∆r

1,0]\Πp[I
r
1,0,∆

r
1,0]) (F r

1,0 for simplicity) will

be added to inst
I
···∆−

p in line 3 of Algorithm 6 and then removed from instIp in line 8
as below:

1. Soundness: For every f = χr(p)σ /∈ F r
1,0, f will not be inserted to inst

I
···∆−

p .

There are two cases:

(1a) f /∈ Πp[I
r
1,0] and f /∈ Πp[I

r
1,0,∆

r
1,0].

(1b) f ∈ Πp[I
r
1,0], f ∈ Πp[I

r
1,0\∆r

1,0], but f /∈ Πp[I
r
1,0,∆

r
1,0].

Both cases consist of f /∈ Πp[I
r
1,0,∆

r
1,0], therefore, there is no way f will be

included in inst
I
···∆−

p in line 3 of Algorithm 6.

2. Completeness: For every f = χr(p)σ ∈ F r
1,0, f will be inserted to inst

I
···∆−

p .

Since f ∈ F r
1,0, then there are several cases: f ∈ Πp[I

r
1,0], and (1) f /∈ Πp[I

r
1,0\∆r

1,0];
(2) f ∈ Πp[I

r
1,0\∆r

1,0], but f ∈ Πp[I
r
1,0,∆

r
1,0]. For (1), we have λr(p)σ ⊆ Ir1,0, and

λr(p)σ ⊈ Ir1,0\∆r
1,0. According to the expression (4.1), f ∈ Πp[I

r
1,0,∆

r
1,0], then

f will be added to inst
I
···∆−

p in line 3. For (2), we have λr(p)σ ⊆ Ir1,0, λr(p)σ ⊆
Ir1,0\∆r

1,0, but f ∈ Πp[I
r
1,0,∆

r
1,0]. In this case, since f ∈ Πp[I

r
1,0,∆

r
1,0], there ex-

ists another σ′ s.t. χr(p)σ = χr(p)σ′, λr(p)σ′ ⊆ Ir1,0, and λr(p)σ′ ⊈ Ir1,0\∆r
1,0.

Therefore, f will be overdeleted in line 3 of Algorithm 6. □

For simplicity, we first define a symbol that will be used below:

Li,j := Πp[I
r
i,j+1]\Πp[I

r
i,j,∆

r
i,j].

Claim 7 For the first incremental updates (i.e., run Qr
1), inst

I
p will be updated cor-

rectly, by the calls of Delr after the first call (i.e., Cr
1,j+1[I

r
1,j,∆

r
1,j] for 1 ≤ j ≤ d1),

from Πp[I
r
1,j]\Πp[I

r
1,j−1,∆

r
1,j−1] (L1,j−1) to Πp[I

r
1,j\∆r

1,j]\Πp[I
r
1,j,∆

r
1,j] (since Ir1,j\∆r

1,j =

Ir1,j+1, so Πp[I
r
1,j\∆r

1,j]\Πp[I
r
1,j,∆

r
1,j] can be represented by L1,j).

1. Induction Base: Before Cr
1,2, the values of instIp are exactly L1,j−1 (i.e., L1,0).

Following Claim 6, instIp is Πp[I
r
1,0\∆r

1,0]\Πp[I
r
1,0,∆

r
1,0], and Ir1,1 = Ir1,0\∆r

1,0, so
instIp satisfy Πp[I

r
1,j]\Πp[I

r
1,j−1,∆

r
1,j−1] when j = 1.
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2. Induction Step: The current call of Delr (Cr
1,j+1(I

r
1,j,∆

r
1,j) with 2 ≤ j ≤ d1) can

correctly update instIp if: (1) the values of instIp before updating is L1,j−1; (2)

in line 3 of Algorithm 6, inst
I
···∆−

p can be correctly updated to L1,j−1\L1,j, then

instIp can be correctly updated to L1,j in line 8 by removing inst
I
···∆−

p from instIp.

For (1), if it is the call Cr
1,2 or the previous Delr calls Cr

1,j with 2 < j ≤ d1

update instIp correctly, then (1) is satisfied. For (2), we will prove it by showing
its soundness and completeness.

(2a) Soundness: for every f /∈ L1,j−1\L1,j, f will not be inserted to inst
I
···∆−

p .

There are two cases:

(i) f /∈ L1,j−1 and f /∈ Πp[I
r
1,j,∆

r
1,j].

(ii) f ∈ L1,j−1 and f ∈ L1,j, therefore f ∈ Πp[I
r
1,j\∆r

1,j] but f /∈ Πp[I
r
1,j,∆

r
1,j].

Both cases consist of f /∈ Πp[I
r
1,j,∆

r
1,j], therefore, there is no way f will be

inserted to inst
I
···∆−

p in line 3 of Algorithm 6.

(2b) Completeness: for every f = χr(p)σ that f ∈ L1,j−1 but f /∈ L1,j, f can

be derived by line 3 and inserted to inst
I
···∆−

p .

Since f ∈ L1,j−1\L1,j, then f must be in L1,j−1 (i.e., f ∈ instIp) and

(i) f /∈ Πp[I
r
1,j\∆r

1,j], or

(ii) f ∈ Πp[I
r
1,j\∆r

1,j], f ∈ Πp[I
r
1,j,∆

r
1,j].

In both cases, f will be inserted to inst
I
···∆−

p . The proof will be similar to the
completeness part of Claim 6: (i) represents the case in which Ir1,j\∆r

1,j cannot
derive f ; (ii) represents the case in which Ir1,j\∆r

1,j can derive f , but f is a direct
consequence by deleting ∆r

1,j, because of f ∈ Πp[I
r
1,j,∆

r
1,j]. □

Then, we prove the Redr call next (i.e., Cr
1,d1+1) can update instrp correctly.

Claim 8 For every node p, instIp will be updated correctly by Cr
1,d1+1(I

r
1,d1

,∆r
1,d1

), from
Πp[I

r
1,d1

]\Πp[I
r
1,d1−1,∆

r
1,d1−1] to Πp[I

r
1,d1

].

First, following Claim 7, we show before Cr
1,d1+1, the values of instIp satisfy the con-

dition described in Claim 8. After Cr
1,d1

, instIp = Πp[I
r
1,d1−1\∆r

1,d1−1]\Πp[I
r
1,d1−1,∆

r
1,d1−1],

and Ir1,d1−1\∆r
1,d1−1 = Ir1,d1 .

Oracle can accurately maintain the count [75] of instantiations (i.e., instIp), there-
fore for O(f) will return true if and only if f ∈ Πp[I

r
1,d1

]. Then, we only need to show
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for every f ∈ Πp[I
r
1,d1−1,∆

r
1,d1−1] that needs to be checked, f also belong to instrep .

Since instrep consists of all the overdeleted instantiations that are deleted during Cr
1,1

to Cr
1,di

. For every f = χr(p)σ ∈ Πp[I
r
1,d1−1,∆

r
1,d1−1], f will be deleted in Cr

1,di
and

inserted to instrep . □

Claim 9 In the first incremental run Qr
1, a series of Addr calls Cr

1,d1+k+1(I
r
1,d1+k,∆

r
1,d1+k)

(for 1 ≤ k < h1 − d1) will update instIp from Πp[I
r
1,d1+k\∆r

1,d1+k] to Πp[I
r
1,d1+k+1].

Before Cr
1,d1+2, instIp = Πp[I

r
1,d1

] and Ir1,d1 = Ir1,d1+1\∆r
1,d1+1, which satisfies the

condition described in Claim 9. According to Claim 5, instIp will be updated corrected
by each Addr call Cr

1,d1+k+1(I
r
1,d1+k,∆

r
1,d1+k), for 1 ≤ k < h1 − d1.

This is because Claim 5 establishes the correctness of a series of Addr calls used re-
cursively in the initial materialisation. For a series of Addr calls Cr

1,d1+k+1(I
r
1,d1+k,∆

r
1,d1+k)

(for 1 ≤ k < h1 − d1) used recursively in incremental materialisation, the only differ-
ence bwteen this series of Addr calls and the Addr calls in the initial materialisation,
is the beginning condition, i.e., the value of instIp before any Addr call in the series is
called. Claim 5 proved that starting with instIp = ∅, instIp will be updated corrected by
the series of Addr calls in the initial materialisation; Following Claim 8, before Cr

1,d1+2,
instIp = Πp[I

r
1,d1

] and Ir1,d1 = Ir1,d1+1\∆r
1,d1+1, which satisfies the condition described in

Claim 9. Therefore, following the same principle of Claim 5, starting from a “correct”
set of instIp, the Addr calls Cr

1,d1+k+1(I
r
1,d1+k,∆

r
1,d1+k) (for 1 ≤ k < h1− d1) will update

instIp as described in Claim 9. □

Combining Claim 6, 7, 8, and 9, we can have the following claim:

Claim 10 instIp will be updated correctly by every call in run Qr
1 as defined in Claim 6,

7, 8, and 9.

Also, just like Claim 10, we can have the following claim:

Claim 11 instIp will be updated correctly by every call in run Qr
i for i ≥ 1. Specifically:

• the first Delr call Cr
i,1(I

r
i,0,∆

r
i,0) will update instIp from Πp[I

r
i,0] to

Πp[I
r
i,0\∆r

i,0]\Πp[I
r
i,0,∆

r
i,0];

• the following Delr calls Cr
i,j+1(I

r
i,j,∆

r
i,j) for 1 ≤ j < di can update instIp from

Πp[I
r
i,j]\Πp[I

r
i,j−1,∆

r
i,j−1] to Πp[I

r
i,j\∆r

i,j]\Πp[I
r
i,j,∆

r
i,j];

• Then the next Redr call Cr
i,di+1 will update instIp from Πp[I

r
i,di

]\Πp[I
r
i,di−1,∆

r
i,di−1]

to Πp[I
r
i,di

];
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• Finally, the Addr calls Cr
i,di+k+1(I

r
i,di+k,∆

r
i,di+k) for 1 ≤ k < hi − di will update

instIp from Πp[I
r
i,di+k\∆r

i,di+k] to Πp[I
r
i,di+k].

1. Induction Base: every step in Qr
0 and Qr

1 can correctly update instIp just as
described above (Claim 5 and 10).

2. Induction Step: for every call Cr
i,j for 1 ≤ j ≤ hi, we can prove it updates instIp

correctly as described above. The proof will be just like Claim 6, 7, 8, and 9.
□

Besides, we also prove that after the domain of each node p is fixed, the improved
Yannakakis algorithm ( Line 7 to 9 of Algorithm 5) can correctly join the data that
is currently active in each node.

Claim 12 Line 7 to 9 of Algorithm 5 will correctly join instacp for each p ∈ N r and
project to var(h(r)), i.e., computing πvar(h(r))(⋊⋉p∈Nr instacp ).

Line 8 to 9 are steps of standard Yannakakis algorithms [153], therefore, line 8
and 9 correctly compute the data described in Claim 12. Then, if we could prove the
values of instacp after using line 7 and 8 to reduce data are exactly the same as instacp
when using only line 8 to reduce data. In other words, the left semi-join sequence we
add in line 7 won’t influence the results of the full reducer.

We prove this claim by following Theorem 1 of Bernstein and Chiu [21]. They
show that for a tree query with n nodes, there exists an efficient semi-join sequence
of length 2 · (n− 1) that reduces all nodes to retain only "useful" data. The sequence
they construct first performs semi-joins in a breadth-first leaf-to-root order, followed
by semi-joins from the root to each leaf node - this corresponds exactly to line 8
in Algorithm 5. Therefore, line 8 correctly performs full reduction of the data for
all nodes p ∈ N r. They further show that if a subsequence of left semi-joins LSJp,
sufficient to fully reduce the data for p, is embedded within a larger left semi-join
sequence LSJ, then LSJ will also fully reduce the data for p. This argument can be
generalised as follows. Let the left semi-join sequence in line 8 be denoted by L8,
which fully reduces the data for all nodes. Now consider a larger semi-join sequence
L = L7 ∪ L8, where L7 is an additional sequence prepended before L8 (as in line 7).
Since L8 alone suffices to fully reduce the data for all nodes, the combined sequence
L will also perform full reduction. By adding this additional left semi-join sequence
(line 7) before line 8, we ensure that a valid LSJp for every p ∈ N r remains embedded
within the final left semi-join sequence. As a result, the outcome of applying both
line 7 and line 8 is equivalent to applying only the necessary (line 8). □
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A.2 Proof of Lemma 1

Lemma 1: The Addr[I,∆+] function shown in Algorithnm 4 computes r[I,∆+]\I.

Proof of Lemma 1. In this thesis, we use the complete hypertree decomposition T r

for every r, i.e., every Bi in b(r) is strongly covered. In other words, for every body
atom Bi ∈ b(r), there exist at least one node p s.t. Bi ∈ λr(p) and var(Bi) ⊆ χr(p).
We prove Lemma 1 by showing its soundness and completeness.

1. Soundness: For every f /∈ r[I,∆+]\I, f will not be returned by Addr.

(1a) if f ∈ r[I,∆+] and f ∈ I, then f will be removed in line 8.

(1b) if f /∈ r[I,∆+], then b(rσ) ⊈ I or b(rσ) ⊆ I but b(rσ) ∩ ∆+ = ∅. For
the former case, such a substitution σ is not a valid substitution for operator
Πp[I,∆

+], so instantiations that use this σ will not be included in instIp or

inst
I
···∆+

p . Therefore, no data using this σ will be derived. For the latter case,
if b(rσ) ∩∆+ = ∅, then for all Bi ∈ b(r), Biσ ∩∆+ = ∅. Therefore, for every
node p ∈ N r, λr(p)σ ∩ ∆+ = ∅. So the instantiations that use σ are included
in the instIp. In line 3 of Algorithm 5, our algorithms force one node using the
newly added instantiations by labeling this node as ∆+. So in this case, f will
not be derived.

2. Completeness: for every f = h(rσ) that f ∈ r[I,∆+]\I, f will be returned
by Addr.

Since f ∈ r[I,∆+]\I, so we can have h(rσ) /∈ I, b(rσ) ⊆ I, and b(rσ)∩∆+ ̸= ∅
for this σ. So there exists at least one Bi s.t. Biσ ⊆ I, and Biσ ∩∆+ ̸= ∅. We
define a set P r

Bi,σ
as a subset of N r (the nodes in T r) s.t. Bi is assigned to these

nodes and inst
I
···∆+

p consists of new instantiations using σ. Formally:

P r
Bi,σ

= {p ∈ N r | Bi ∈ λr(p) and χr(p)σ /∈ instIp}. (A.7)

For this substitution σ that f = h(rσ), we define a set of nodes P r
σ whose

instantiations inst
I
···∆+

p is updated by this substitution σ. Formally:

P r
σ = {P r

Bi,σ
for every Bi ∈ b(r) if Biσ ∩∆+ ̸= ∅} (A.8)

Since T r is complete, there is at least one node in P r
σ for every σ s.t. f =

h(rσ) ∈ r[I,∆+]\I. For node p ∈ P r
σ , λr(p)σ ∩∆+ ̸= ∅ and χr(p)σ /∈ instIp, so

the instantiation that uses σ will be derived in line 3 by operator Πp[I,∆
+] and

will be included in inst
I
···∆+

p .
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For other nodes that p′ /∈ P r
σ , the instantiation that uses σ is included in the

current instIp. This is because: assume there is a p′ /∈ P r
σ and χr(p′)σ /∈ instIp.

Then (1) if there exists Bi s.t. Bi ∈ λr(p′) and Biσ ∩∆+ ̸= ∅, then according
to expression (A.7), p′ ∈ P r

Bi,σ
⊆ P r

σ , which contradicts our assumption; (2) if
no such Bi exists, then λr(p′)σ ∩∆+ = ∅, i.e., λr(p′)σ ⊆ I\∆+, then according
to Claim 5 and 11, χr(p′)σ ∈ instIp = Πp[I\∆+].

Let max(P r
σ) be the nodes in P r

σ whose index is the maximum in the prefixed
order of all the nodes in N r. When max(P r

σ) is labelled as ∆+, therefore the

set of data inst
I
···∆+

p is used; while any other nodes in P r
σ are labelled as I ∪∆+,

so the set of data instIp ∪ inst
I
···∆+

p is used. In both inst
I
···∆+

p and instIp ∪ inst
I
···∆+

p ,
the instantiations that use σ are included. For p′ /∈ P r

σ , its label will be I or
I ∪ ∆+, either way, the instantiations that use σ are included. Because line 7
to 9 of Algorithm 5 can correctly join data between nodes (Claim 12), f can be
derived in line 4 of Algorithm 4 and returned by Addr. □

A.3 Proof of Lemma 2

Lemma 2: The Delr[I,∆−] function shown in Algorithm 6 computes r[I,∆−] ∩
(I\∆−).

Proof of Lemma 2. Just like the proof of Lemma 1, we can prove Lemma 2 by
showing its soundness and completeness.

1. Soundness: for every f /∈ r[I,∆−] ∩ (I\∆−), f will not be returned by Delr.

(1a) f ∈ r[I,∆−] but f /∈ I\∆−. Such a f will be removed in line 10 of
Algorithm 6.

(1b) f /∈ r[I,∆−]. This case is similar to the (1b) of the proof of Lemma 1.

2. Completeness: For every f ∈ r[I,∆−] ∩ (I\∆−), f will be returned by Delr.

The proof of completeness is similar to Lemma 1. □

A.4 Proof of Lemma 3

Lemma 3: The Redr[I,∆] function shown in Algorithm 7 computes r[I] ∩∆.
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Proof of Lemma 3. We first define instσp as a single instantiation that is instantiated
by the substitution σ, in which σ is defined on var(b(r)). Formally:

instσp = χr(p)σ. (A.9)

For a tuple f = h(rσ) in the database, the Oracle will maintain the count of different
valid substitutions to derive f . Two substitutions σ, σ′ that can derive the same
f are different if there exists at least a node p ∈ N r s.t. instσp ̸= instσ

′

p . For a
tuple f = h(rσ) in the database, Oracle(f) will return true if there exists at least
one remaining σ defined on var(b(r)) s.t. f can be derived by joining instσp for each
p ∈ N r and instσp ∈ instIp (we refer the values of instIp before line 6 of Algorithm 7,
same below).

For an instantiation fp ∈ instIp, the Oracle will maintain the count of different valid
substitutions to derive fp. Two different substitutions σp, σ

′
p that can derive the same

fp are different if λr(p)σp ̸= λr(p)σ′
p. Each node p ∈ N r can also be regarded as a

subrule of the original rule r. Therefore, in some cases, the Oracle only maintains the
count of “half" of the step of rule r. So after rederiving the instantiations in p, we
need to evaluate the tree to rederive the data introduced by the original rule r.

Formally, for every f = h(rσ) ∈ r[I]∩∆, it will have two cases: (1) there exists a
substitution σ s.t. instσp ∈ instIp (using the values of instIp before line 6). In this case,
f can be safely rederived by using Oracle in line 8 of Algorithm 7. (2) in the other
case, there is at least one node p′ ∈ N r that instσp′ /∈ instIp′ , so f can’t be derived by
(1) using Oracle directly. However, as we proved in Claim 11, in-node rederivation

(line 3) can accurately update inst
I
···∆+

p′ to Πp′ [I]\instIp′ and update instIp′ to Πp′ [I] in
line 6. Since f ∈ r[I], we have b(rσ) ⊆ I, and thus λr(p′)σ ⊆ Πp′ [I]. Therefore, after

in-node rederivation, instσp′ ∈ inst
I
···∆+

p′ ⊆ Πp′ [I]. So we can also derive f in this case.
The discussion above establishes the completeness of the approach.

For the soundness of Algorithm 7, note that we only examine tuples in ∆ that are
candidates for over-deletion. This strictly constrains the domain of data that can be
rederived. For any fact f ∈ ∆ but f /∈ r[I]: (1) the call Oracle(f) will return false

(indicating that f cannot be directly proved); (2) since f /∈ r[I], we have b(rσ) ⊈ I,
and thus λr(p′)σ ⊈ Πp′ [I] stands for every node p′ in the decomposition tree of rule
r. Hence, f cannot be derived through the call crossNodeEvaluation in line 4. This
holds because Oracle is designed to maintain the correct derivation count for each
node instantiation and fact. Therefore, Algorithm 7 is correct.
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Please note that the proof above assumes the Oracle can maintain the count cor-
rectly. In this thesis, we implement Oracle using a counting-based approach follow-
ing [75]. A more detailed proof of how the derivation count is maintained during
materialisation, and how this count correctly reflects the remaining derivations, can
be found in [75]. Moreover, the correctness of Oracle itself has been formally proven
in their work (Theorem 1 of [75]). □
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Appendix B

Cyclic Rules Used in Section 4.6

This appendix presents the cyclic rules used in our experiments presented in Sec-
tion 4.6, including those from LUBM L+C, YAGO and Exp.

B.1 Cyclic Rules in LUBM L+C

B.1.1 Rules 1–8

# 1

a1:haveSameAdvisor[?p1, ?p2] :-

a1:hasAlumnus[?o, ?p1],

a1:advisor[?p1, ?advisor],

a1:hasAlumnus[?o, ?p2],

a1:advisor[?p2, ?advisor] .

# 2

a1:fromSameCourse[?student, ?teacher] :-

a1:hasAlumnus[?uni, ?student],

a1:takesCourse[?student, ?course],

a1:teacherOf[?teacher, ?course],

a1:hasAlumnus[?uni, ?teacher] .

# 3

a1:studentHaveAdvisor[?student] :-

a1:member[?dep2, ?student],

a1:member[?dep1, ?advisor],

a1:subOrganizationOf[?dep2, ?uni],
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a1:subOrganizationOf[?dep1, ?uni],

a1:advisor[?student, ?advisor] .

# 4

a1:studentInSameDepOfAdv[?student] :-

a1:member[?dep, ?student],

a1:advisor[?student, ?advisor],

a1:member[?dep, ?advisor] .

# 5

a1:similarResearchers[?p1, ?p2] :-

a1:member[?org1, ?p1],

a1:degreeFrom[?p1, ?org2],

a1:member[?org1, ?p2],

a1:degreeFrom[?p2, ?org2] .

# 6

a1:possibleCollaborators[?s1, ?s2] :-

a1:researchInterest[?s1, ?int],

a1:member[?uni, ?s1],

a1:researchInterest[?s2, ?int],

a1:member[?uni, ?s2] .

# 7

a1:studentInDepWhereAdvGotDegree[?student] :-

a1:member[?dep, ?student],

a1:subOrganizationOf[?dep, ?org],

a1:degreeFrom[?advisor, ?org],

a1:advisor[?student, ?advisor] .

# 8

a1:studentGradFromAdvWorks[?student] :-

a1:advisor[?student, ?advisor],

a1:degreeFrom[?student, ?uni],

a1:member[?org, ?advisor],

a1:subOrganizationOf[?org, ?uni] .
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B.1.2 Rules 9–16, adapted from Stefanoni et al. [130]

# 9, g1 in sumRDF

:q12xc[?X, ?C],

:q12au[?A, ?U],

:q12ay[?A, ?Y] :-

a1:degreeFrom[?X, ?U],

rdf:type[?X, a1:GraduateStudent],

a1:advisor[?X, ?A],

rdf:type[?A, a1:FullProfessor],

a1:teacherOf[?A, ?C],

rdf:type[?C, a1:GraduateCourse],

a1:takesCourse[?Y, ?C],

rdf:type[?Y, a1:GraduateStudent],

a1:hasAlumnus[?U, ?Y] .

# 10, g2 in sumRDF

:q13xc[?X, ?C],

:q13au[?A, ?U] :-

a1:advisor[?X, ?A],

a1:teacherOf[?A, ?C],

a1:takesCourse[?X, ?C],

a1:headOf[?A, ?D],

a1:subOrganizationOf[?D, ?U] .

# 11, g3 in sumRDF

:q14GraduateAndTAIn[?X, ?U] :-

a1:teachingAssistantOf[?X, ?C],

a1:teacherOf[?H, ?C],

a1:headOf[?H, ?D],

a1:subOrganizationOf[?D, ?U],

rdf:type[?U, a1:University],

a1:degreeFrom[?X, ?U] .

# 12, g6 in sumRDF

:q15GraduateAndTAWhereHeWorks[?X, ?P] :-

a1:subOrganizationOf[?D, ?U],
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a1:worksFor[?P, ?D],

a1:teacherOf[?P, ?C],

a1:teachingAssistantOf[?X, ?C],

a1:degreeFrom[?X, ?U],

rdf:type[?C, a1:Course] .

# 13, g7 in sumRDF

:q16GraduateAndTakeCourseWhereHeWorks[?X, ?P] :-

a1:subOrganizationOf[?D, ?U],

a1:worksFor[?P, ?D],

a1:teacherOf[?P, ?C],

a1:takesCourse[?X, ?C],

a1:degreeFrom[?X, ?U],

rdf:type[?C, a1:GraduateCourse] .

# 14, g12 in sumRDF

:q18WorksForWhereAdvisorGraduate[?X, ?Y] :-

a1:worksFor[?X, ?Z],

a1:subOrganizationOf[?Z, ?U],

a1:undergraduateDegreeFrom[?Y, ?U],

a1:advisor[?Y, ?X] .

# 15, g13 / q2 in sumRDF

:q19BSFromAndMemberOf[?X, ?Y] :-

a1:undergraduateDegreeFrom[?X, ?Y],

a1:memberOf[?X, ?Z],

a1:subOrganizationOf[?Z, ?Y],

rdf:type[?X, a1:GraduateStudent],

rdf:type[?Z, a1:Department],

rdf:type[?Y, a1:University] .

# 16, g15 in sumRDF

:q20BSFromAndMemberOf[?X, ?Y] :-

a1:undergraduateDegreeFrom[?X, ?Y],

a1:memberOf[?X, ?Z],

a1:subOrganizationOf[?Z, ?Y],
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rdf:type[?X, a1:UndergraduateStudent],

rdf:type[?Z, a1:Department],

rdf:type[?Y, a1:University] .

B.2 Cyclic Rules in YAGO

The following cyclic rules are adapted from queries used in [113]. For the 19 non-
recursive rules, we use the original query structure as the rule body and add a new
predicate to form a non-recursive rule. For the 4 recursive rules, we reuse one of the
predicates from the body as the rule head to introduce recursion. These rules are
useful for testing recursive derivation behaviour in our evaluation.

# 19 non recursive rules

# 1: Clique_6, f_Q_0_11.txt.sparql

<http://Q1x0x1>[?x0, ?x1],

<http://Q1x2x3>[?x2, ?x3] :-

<http://edge46>[?x0, ?x2] ,

<http://edge17>[?x0, ?x3] ,

<http://edge46>[?x1, ?x0] ,

<http://edge46>[?x1, ?x3] ,

<http://edge17>[?x2, ?x1] ,

<http://edge17>[?x2, ?x3] .

# 2: Cycle_6, f_Q_0_12.txt.sparql

<http://Q2x0x1>[?x0, ?x1],

<http://Q2x2x3>[?x2, ?x3],

<http://Q2x4x5>[?x4, ?x5] :-

<http://edge0>[?x0, ?x5] ,

<http://edge2>[?x1, ?x0] ,

<http://edge2>[?x1, ?x2] ,

<http://edge25>[?x2, ?x3] ,

<http://edge11>[?x4, ?x3] ,

<http://edge0>[?x4, ?x5] .

# 3: Cycle_6, f_Q_5_14.txt.sparql

<http://Q3x0x1>[?x0, ?x1],

<http://Q3x2x3>[?x2, ?x3],
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<http://Q3x4x5>[?x4, ?x5] :-

<http://edge8>[?x0, ?x1] ,

<http://edge11>[?x2, ?x1] ,

<http://edge11>[?x2, ?x3] ,

<http://edge8>[?x4, ?x3] ,

<http://edge2>[?x5, ?x0] ,

<http://edge2>[?x5, ?x4] .

# 4: Cycle_6, f_Q_3_7.txt.sparql

<http://Q4x0x1>[?x0, ?x1],

<http://Q4x2x3>[?x2, ?x3],

<http://Q4x4x5>[?x4, ?x5] :-

<http://edge22>[?x0, ?x1] ,

<http://edge22>[?x0, ?x5] ,

<http://edge17>[?x1, ?x2] ,

<http://edge57>[?x2, ?x3] ,

<http://edge57>[?x4, ?x3] ,

<http://edge17>[?x4, ?x5] .

# 5: Cycle_6, f_Q_1_12.txt.sparql

<http://Q5x0x1>[?x0, ?x1],

<http://Q5x2x3>[?x2, ?x3],

<http://Q5x4x5>[?x4, ?x5] :-

<http://edge8>[?x0, ?x1] ,

<http://edge11>[?x2, ?x1] ,

<http://edge0>[?x2, ?x3] ,

<http://edge0>[?x4, ?x3] ,

<http://edge2>[?x5, ?x0] ,

<http://edge2>[?x5, ?x4] .

# 6: Cycle_6, f_Q_0_10.txt.sparql

<http://Q6x0x1>[?x0, ?x1],

<http://Q6x2x3>[?x2, ?x3],

<http://Q6x4x5>[?x4, ?x5] :-

<http://edge5>[?x1, ?x0] ,

<http://edge54>[?x1, ?x2] ,
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<http://edge5>[?x2, ?x3] ,

<http://edge17>[?x3, ?x4] ,

<http://edge5>[?x5, ?x0] ,

<http://edge21>[?x5, ?x4] .

# 7: Cycle_6, f_Q_3_3.txt.sparql

<http://Q7x0x1>[?x0, ?x1],

<http://Q7x2x3>[?x2, ?x3],

<http://Q7x4x5>[?x4, ?x5] :-

<http://edge47>[?x0, ?x1] ,

<http://edge36>[?x2, ?x1] ,

<http://edge50>[?x2, ?x3] ,

<http://edge55>[?x4, ?x3] ,

<http://edge55>[?x4, ?x5] ,

<http://edge29>[?x5, ?x0] .

# 8: Flower_6, f_Q_3_3.txt.sparql

<http://Q8x0x1>[?x0, ?x1],

<http://Q8x2x3>[?x2, ?x3],

<http://Q8x4x5>[?x4, ?x5] :-

<http://edge25>[?x0, ?x1] ,

<http://edge48>[?x0, ?x2] ,

<http://edge8>[?x0, ?x3] ,

<http://edge48>[?x0, ?x4] ,

<http://edge25>[?x5, ?x3] ,

<http://edge48>[?x5, ?x4] .

# 9: Flower_6, f_Q_1_1.txt.sparql

<http://Q9x0x1>[?x0, ?x1],

<http://Q9x2x3>[?x2, ?x3],

<http://Q9x4x5>[?x4, ?x5] :-

<http://edge17>[?x0, ?x1] ,

<http://edge21>[?x2, ?x0] ,

<http://edge17>[?x3, ?x4] ,

<http://edge17>[?x4, ?x0] ,

<http://edge17>[?x5, ?x0] ,
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<http://edge17>[?x5, ?x3] .

# 10: Flower_6, f_Q_3_1.txt.sparql

<http://Q10x0x1>[?x0, ?x1],

<http://Q10x2x3>[?x2, ?x3],

<http://Q10x4x5>[?x4, ?x5] :-

<http://edge46>[?x0, ?x1] ,

<http://edge17>[?x2, ?x0] ,

<http://edge5>[?x3, ?x4] ,

<http://edge5>[?x3, ?x5] ,

<http://edge17>[?x4, ?x0] ,

<http://edge17>[?x5, ?x0] .

# 11: Flower_6, f_Q_2_1.txt.sparql

<http://Q11x0x1>[?x0, ?x1],

<http://Q11x2x3>[?x2, ?x3],

<http://Q11x4x5>[?x4, ?x5] :-

<http://edge17>[?x0, ?x1] ,

<http://edge36>[?x0, ?x2] ,

<http://edge46>[?x0, ?x3] ,

<http://edge46>[?x0, ?x4] ,

<http://edge58>[?x5, ?x3] ,

<http://edge58>[?x5, ?x4] .

# 12: Flower_6, f_Q_5_3.txt.sparql

<http://Q12x0x1>[?x0, ?x1],

<http://Q12x2x3>[?x2, ?x3],

<http://Q12x4x5>[?x4, ?x5] :-

<http://edge25>[?x0, ?x1] ,

<http://edge2>[?x2, ?x0] ,

<http://edge2>[?x3, ?x0] ,

<http://edge2>[?x3, ?x4] ,

<http://edge2>[?x5, ?x0] ,

<http://edge2>[?x5, ?x4] .

# 13: Flower_6, f_Q_3_5.txt.sparql
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<http://Q13x0x1>[?x0, ?x1],

<http://Q13x2x3>[?x2, ?x3],

<http://Q13x4x5>[?x4, ?x5] :-

<http://edge17>[?x0, ?x3] ,

<http://edge21>[?x1, ?x0] ,

<http://edge21>[?x2, ?x0] ,

<http://edge17>[?x3, ?x4] ,

<http://edge21>[?x5, ?x0] ,

<http://edge5>[?x5, ?x4] .

# 14: Petal_6, f_Q_0_12.txt.sparql

<http://Q14x0x1>[?x0, ?x1],

<http://Q14x2x3>[?x2, ?x3],

<http://Q14x4x5>[?x4, ?x5] :-

<http://edge31>[?x0, ?x2] ,

<http://edge0>[?x0, ?x4] ,

<http://edge5>[?x3, ?x1] ,

<http://edge36>[?x3, ?x2] ,

<http://edge5>[?x5, ?x1] ,

<http://edge0>[?x5, ?x4] .

# 15: Petal_6, f_Q_3_7.txt.sparql

<http://Q15x0x1>[?x0, ?x1],

<http://Q15x2x3>[?x2, ?x3],

<http://Q15x4x5>[?x4, ?x5] :-

<http://edge17>[?x0, ?x4] ,

<http://edge39>[?x1, ?x3] ,

<http://edge5>[?x1, ?x5] ,

<http://edge21>[?x2, ?x0] ,

<http://edge39>[?x2, ?x3] ,

<http://edge17>[?x5, ?x4] .

# 16: Petal_6, f_Q_1_12.txt.sparql

<http://Q16x0x1>[?x0, ?x1],

<http://Q16x2x3>[?x2, ?x3],

<http://Q16x4x5>[?x4, ?x5] :-
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<http://edge31>[?x0, ?x2] ,

<http://edge31>[?x0, ?x4] ,

<http://edge5>[?x3, ?x1] ,

<http://edge35>[?x3, ?x2] ,

<http://edge22>[?x5, ?x1] ,

<http://edge35>[?x5, ?x4] .

# 17: Petal_6, f_Q_0_10.txt.sparql

<http://Q17x0x1>[?x0, ?x1],

<http://Q17x2x3>[?x2, ?x3],

<http://Q17x4x5>[?x4, ?x5] :-

<http://edge17>[?x0, ?x2] ,

<http://edge17>[?x0, ?x4] ,

<http://edge46>[?x1, ?x3] ,

<http://edge58>[?x2, ?x3] ,

<http://edge17>[?x5, ?x1] ,

<http://edge46>[?x5, ?x4] .

# 18: Petal_6, f_Q_3_3.txt.sparql

<http://Q18x0x1>[?x0, ?x1],

<http://Q18x2x3>[?x2, ?x3],

<http://Q18x4x5>[?x4, ?x5] :-

<http://edge17>[?x0, ?x4] ,

<http://edge17>[?x1, ?x3] ,

<http://edge21>[?x2, ?x0] ,

<http://edge21>[?x2, ?x3] ,

<http://edge17>[?x4, ?x5] ,

<http://edge17>[?x5, ?x1] .

# 19: Petal_6, f_Q_1_9.txt.sparql

<http://Q19x0x1>[?x0, ?x1],

<http://Q19x2x3>[?x2, ?x3],

<http://Q19x4x5>[?x4, ?x5] :-

<http://edge17>[?x0, ?x2] ,

<http://edge17>[?x0, ?x4] ,

<http://edge5>[?x3, ?x1] ,
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<http://edge21>[?x3, ?x2] ,

<http://edge22>[?x5, ?x1] ,

<http://edge21>[?x5, ?x4] .

# 4 recursive rules

# 1: Clique_6, f_Q_0_11.txt.sparql

<http://edge46>[?x0, ?x3],

<http://Q1x1x2>[?x1, ?x2] :-

<http://edge46>[?x0, ?x2] ,

<http://edge17>[?x0, ?x3] ,

<http://edge46>[?x1, ?x0] ,

<http://edge46>[?x1, ?x3] ,

<http://edge17>[?x2, ?x1] ,

<http://edge17>[?x2, ?x3] .

# 2: Cycle_6, f_Q_0_12.txt.sparql

<http://edge0>[?x0, ?x1],

<http://Q2x2x3>[?x2, ?x3],

<http://Q2x4x5>[?x4, ?x5] :-

<http://edge0>[?x0, ?x5] ,

<http://edge2>[?x1, ?x0] ,

<http://edge2>[?x1, ?x2] ,

<http://edge25>[?x2, ?x3] ,

<http://edge11>[?x4, ?x3] ,

<http://edge0>[?x4, ?x5] .

# 3: Flower_6, f_Q_3_3.txt.sparql

<http://edge25>[?x0, ?x2],

<http://Q3x1x3>[?x1, ?x3],

<http://Q3x4x5>[?x4, ?x5] :-

<http://edge25>[?x0, ?x1] ,

<http://edge48>[?x0, ?x2] ,

<http://edge8>[?x0, ?x3] ,

<http://edge48>[?x0, ?x4] ,

<http://edge25>[?x5, ?x3] ,

<http://edge48>[?x5, ?x4] .
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# 4: Petal_6, f_Q_0_12.txt.sparql

<http://edge31>[?x0, ?x1],

<http://Q4x2x3>[?x2, ?x3],

<http://Q4x4x5>[?x4, ?x5] :-

<http://edge31>[?x0, ?x2] ,

<http://edge0>[?x0, ?x4] ,

<http://edge5>[?x3, ?x1] ,

<http://edge36>[?x3, ?x2] ,

<http://edge5>[?x5, ?x1] ,

<http://edge0>[?x5, ?x4] .

B.3 Cyclic Rules in Exp

The following presents three rules from the Exp dataset, representing the evaluation
of subtraction, addition, and multiplication expressions.

# subtraction expression

:eval[?s , ?e],

:instance[?e , ?i],

:value[?e , ?v] :-

:hasType[?s , :Minus],

:hasLhs[?s , ?lhs],

:hasRhs[?s , ?rhs],

# RHS

:eval[?rhs , ?erhs],

:value[?erhs , ?vrhs],

:instance[?erhs , ?i],

# LHS

:eval[?lhs , ?elhs],

:value[?elhs , ?vlhs],

:instance[?elhs , ?i],

# Value

BIND(?vlhs - ?vrhs as ?v),

BIND(SKOLEM("Eval", ?s, ?i) AS ?e) .
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# addition expression

:eval[?s , ?e],

:instance[?e , ?i],

:value[?e , ?v] :-

:hasType[?s , :Plus],

:hasLhs[?s , ?lhs],

:hasRhs[?s , ?rhs],

# RHS

:eval[?rhs , ?erhs],

:value[?erhs , ?vrhs],

:instance[?erhs , ?i],

# LHS

:eval[?lhs , ?elhs],

:value[?elhs , ?vlhs],

:instance[?elhs , ?i],

# Value

BIND(?vlhs + ?vrhs as ?v),

BIND(SKOLEM("Eval", ?s, ?i) AS ?e) .

# multiplication expression

:eval[?s , ?e],

:instance[?e , ?i],

:value[?e , ?v] :-

:hasType[?s , :Times],

:hasLhs[?s , ?lhs],

:hasRhs[?s , ?rhs],

# RHS

:eval[?rhs , ?erhs],

:value[?erhs , ?vrhs],

:instance[?erhs , ?i],

# LHS

:eval[?lhs , ?elhs],

:value[?elhs , ?vlhs],

:instance[?elhs , ?i],

# Value

BIND(?vlhs * ?vrhs as ?v),
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BIND(SKOLEM("Eval", ?s, ?i) AS ?e) .

153



Appendix C

Proofs of Theorems and Lemmas in
Chapter 5

C.1 Adapted Modular DRed Algorithm

Before presenting the formal proofs, we introduce an adapted version of the modular
DRed algorithm, based on the variant proposed by Hu et al. [77]. The original modu-
lar DRed algorithm [77] enables different subsets of a Datalog program to be evaluated
using distinct algorithms for improved performance, but it maintains a unified storage
for the resulting facts. In contrast, our multi-scheme variant, shown in Algorithm 12,
can be seen as an improvement based on their modular framework by introducing
tailored storage schemes for facts derived by different subsets of Datalog programs.
Despite these differences, their framework serves as a valid theoretical foundation for
our correctness proof. In particular, we adopt the same semantic definitions of up-
per and lower bounds on derivations used in the addition, deletion, and rederivation
phases, as introduced by Hu et al. [77]. They have proved that, if the evaluation
functions assigned to different subsets of the Datalog program satisfy these lower
and upper bounds, their modular DRed algorithm can maintain the materialisation
correctly (Theorem 15 in [77]). In this section, we first present the modular version
of the DRed algorithm in Algorithm 20, which follows the same fundamental princi-
ples as in [77], but adopts modified notation to better align with our multi-scheme
framework, making it more suitable for discussion in the proof.

The modular version of the DRed algorithm, as shown in Algorithm 20, enables
different parts of a program to be evaluated using customised algorithms. For a
program Π, rules are partitioned into disjoint rule sets, and each module T either
implements tailored evaluation algorithms for rules ΠT or defaults to the standard
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seminaïve evaluation. Taking the add procedure presented in lines 17-24 as an exam-
ple, line 23 tracks the modified part, just like the seminaïve algorithm; while line 20
applies rules within each module using the modular operator Π+

T . Hu et al. [77]
define lower and upper bounds for the resulting derivations of the operator Π+

T in
the context of rules ΠT , current facts I, and fresh derivations M , as presented in
Table C.1. Specifically, the lower bound corresponds to the seminaïve evaluation
of rules in ΠT , while any fact included in the final updated materialisation Π∞[E ′]

where E ′ = (E\E−)∪E+ can be derived by the operator Π+
T without influencing the

correctness of reasoning. Moreover, to ensure the termination of the algorithm, Π+
T

is restricted from returning facts that are already included in I.
Similarly, operator Π−

T computes consequences that are potentially affected by
deleting M , fresh deletions tracked during the overdeletion procedure, as shown in
line 9. The bounds of Π−

T are defined in the context of rules ΠT , currently existing
facts I, and tracked changes M . The operator Π−

T would delete any fact that is
derivable from one-step seminaïve evaluation given ΠT , I, and M and does not hold
in the final updated materialization Π∞[E ′], as shown in the lower bound. Meanwhile,
to accommodate various implementations, Π−

T is allowed to overdelete any currently
existing fact in I, as presented in the upper bound. Finally, operator Πr

T in line 16
is used to examine whether overdeleted facts D collected in line 13 have alternative
proofs using remaining facts I. It can recover any fact in D that is one-step rederivable
by applying ΠT to I, as shown in the lower bound. Moreover, it can also rederive
any fact that holds in the final updated materialisation Π∞[E ′], as presented in the
upper bound.

The bounds defined in Table C.1 accommodate various types of evaluation al-
gorithms, ensuring flexibility; as long as a module implements evaluation functions
that adhere to these bounds, the correctness of the overall reasoning process is pre-
served. Our multi-scheme algorithm builds upon this modular version as a non-trivial
improvement. While the modular algorithm allows the use of different evaluation al-
gorithms, it retains a unified storage structure for all derivations, thereby failing to
address the storage challenges discussed in this work. Nonetheless, the bounds defined
for each modular operation remain critical when partitioning programs into separate
sets of rules - an unavoidable step when integrating diverse storage schemes for the
consequences of different rules.
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Algorithm 20 The Modular Version of the DRed Algorithm
1: Requires: program Π, materialisations I, initial dataset E, fact additions E+

and deletions E−

2: Result: update I from Π∞[E] to Π∞[(E\E−) ∪ E+]

3: E− := (E− ∩ E)\E+, E+ := E+\E
4: Overdelete, Rederive, Add
5: E := (E\E−) ∪ E+

6: procedure Overdelete
7: M := E−, I := I\M , D := ∅
8: loop
9: for each module T do ∆T := Π−

T [I,M ]

10: if derived nothing then break, else M := ∅
11: for each module T do
12: M := M ∪∆T

13: I := I\∆T , D := D ∪∆T , ∆T := ∅
14: procedure Rederive
15: A := ∅
16: for each module T do A := A ∪ Πr

T [I,D]

17: procedure Add
18: M := (A ∪ (E\E−) ∪ E+)\I, I := I ∪M
19: loop
20: for each module T do ∆T := Π+

T [I,M ]

21: if derived nothing then break, else M := ∅
22: for each module T do
23: M := M ∪∆T

24: I := I ∪∆T ,∆T := ∅

C.2 Proof of Theorem 2

Theorem 2 establishes the correspondence between the resulting set of facts obtained
after invoking the derivation procedures and the bounds defined in Table 5.7. It is
straightforward to observe that the bounds in Table 5.7 are consistent with those in
the DRed algorithm, as defined in Table C.1. Therefore, to prove Theorem 2, we
directly demonstrate the correspondence between the resulting set of facts and the
modular bounds. The proof of Theorem 2 is divided as proving claims 13, 14, and 15
stated below.

Claim 13 For a scheme T that satisfies the invariants in Definition 4, derivations
encapsulated in ∆T after invoking the deriveForAddition function conform to the
lower and upper bounds of the modular operate Π+

T defined in Table C.1.

156



Modular Operations lower bound upper bound

Π+
T [I,M ], M ⊆ I ΠT [I,M ] \ I Π∞[E ′] \ I
Πr

T [I,D], D ⊈ I ΠT [I] ∩D Π∞[E ′] ∩D
Π−

T [I,M ], M ⊈ I (I ∩ ΠT [I ∪M,M ]) \ Π∞[E ′] I

Table C.1: The bounds of modular operations, in which E ′ = (E\E−) ∪ E+, and
Π∞[E ′] represents the materialisations after incrementally inserting facts E+ and
deleting E−.

Proof. As stated in the theorem, the scheme T satisfies the invariants in Definition 4.
As such, facts in domain ‘∆’ satisfy

(∆T
n ∪RT

d [I ∪∆T
n ]) \ IT ⊆ ∆T ⊆ (RT

d )
∞[I ∪∆T

n ] \ IT , (C.1)

in which ∆T
n denotes derivations of seminaïve evaluation ofRT

n using current available
facts I and tracked changes for the scheme MT

a . Therefore, ∆T is defined with regard
to ΠT = RT

d ∪RT
n , I =

⋃
T∈T{IT}, and MT

a . The bounds of the modular operator Π+
T

are defined in the context of ΠT , I, and M . Please note that the difference between M

for a modular operator and MT
a for a scheme is that M collects global fresh additions;

while MT
a only includes additions that are relevant to the application of rules in ΠT .

This is because MT
a only considers facts with the predicate appearing in the body of

rules in ΠT (i.e., BT ). Therefore, we have MT
a ⊆M , and ΠT [I,M ] = ΠT [I,M

T
a ]. The

same applies to MT
d during overdeletion, so we will not reiterate below.

We first prove that facts in ∆T conform to the lower bound of Π+
T , by proving

any fact t ∈ ΠT [I,M ]\I that is included in the lower bound is contained in ∆T . The
consequences of ΠT [I,M ] can be computed by applying rules RT

d and RT
n separately

using I and M . Therefore, ΠT [I,M ] = RT
d [I,M ]∪RT

n [I,M ]. For a fact t ∈ RT
n [I,M ]\

I that is included in the lower bound and derived by RT
n , t is included in ∆T because

RT
n [I,M ]\I = RT

n [I,M
T
a ]\IT = ∆T

n\IT ⊆ ∆T . (C.2)

Similarly, for a fact t ∈ RT
d [I,M ] \ I that is included in the lower bound and derived

by RT
d , t is included in ∆T because

RT
d [I,M ]\I = RT

d [I,M
T
a ]\IT ⊆ RT

d [I]\IT ⊆ RT
d [I ∪∆T

n ]\IT ⊆ ∆T . (C.3)

Therefore, any fact t ∈ ΠT [I,M ]\I that is included in the lower bound of the operator
Π+

T is contained in ∆T , so we have: facts in ∆T conform to the lower bound of Π+
T .

Similarly, we prove ∆T conforms to the upper bound of Π+
T as follows:

∆T ⊆ (RT
d )

∞[I ∪∆T
n ] \ IT ⊆ Π∞[E ′]\I. (C.4)
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This is because current available facts in I are valid consequences of rules in Π, and
∆T

n denotes derivations of RT
n ⊆ Π. Applying RT

d ⊆ Π to derivations of rules that are
included in Π yields facts contained in the final materialisation Π∞[E ′]. Combining
the statements above, we have: ∆T conforms to the lower and upper bounds of Π+

T .
□

Claim 14 For a scheme T that satisfies the invariants in Definition 4, derivations
encapsulated in ∆T after invoking the deriveForDeletion function conform to the
lower and upper bounds of the modular operate Π−

T defined in Table C.1.

Proof. According to the Definition 4, during overdeletion, facts in domain ∆ satisfy:[
∆T

n ∪ (I ∩X)
]
\ Π∞[E ′] ⊆ ∆T ⊆ IT , (C.5)

in which X = RT
d [I ∪MT

d ,M
T
d ∪∆T

n ], and ∆T
n = RT

n [I ∪MT
d ,M

T
d ]∩ I. We first prove

∆T conform to the lower bound of Π−
T . For any fact t ∈ (I ∩ ΠT [I ∪M,M ])\Π∞[E ′]

that is included in the lower bound, it is either derived by (I∩RT
n [I∪M,M ])\Π∞[E ′]

or (I ∩ RT
d [I ∪ M,M ])\Π∞[E ′]. We can prove each of them is included in ∆T as

follows:

I ∩RT
n [I ∪M,M ] = I ∩RT

n [I ∪MT
d ,M

T
d ] = ∆T

n , (C.6)

∆T
n\Π∞[E ′] ⊆ ∆T , (C.7)

RT
d [I ∪M,M ] = RT

d [I ∪MT
d ,M

T
d ] ⊆ X, (C.8)

(I ∩X)\Π∞[E ′] ⊆ ∆T . (C.9)

The facts in ∆T conform to the upper bound of Π−
T , which can be proved simply by

IT ⊆ I. The scheme can delete as many as IT while the modular operator Π−
T is

permitted to delete all available facts I, therefore, any fact that can be overdeleted
by the scheme is included in the upper bound of Π−

T . □

Claim 15 For a scheme T that satisfies the invariants in Definition 4, facts recovered
by the rederive function conform to the lower and upper bounds of the modular
operate Πr

T defined in Table C.1.

Proof. The rederive function of the scheme T examines every overdeleted facts
t ∈ DT . If t can be derived by applying ΠT to current materialisation I, i.e., t ∈ ΠT [I],
then t has an alternative proof and can be rederived. Moreover, if t is contained in
the final updated materialisation Π∞[E ′], it is also safe to derive t at this stage. The
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rederivable function for each scheme T is used to determine whether an overdeleted
fact t satisfies the two conditions stated above. According to the invariants defined in
Definition 4, rederivable(t) returns true if t ∈ ΠT [I] or t ∈ Π∞[E ′]. Consequently,
the rederive function will return a set of facts contained somewhere between ΠT [I]∩
D and Π∞[E ′] ∩D, as defined in Table C.1. □

Theorem 4 For a scheme that satisfies the invariants in Definition 4, the deriva-
tions encapsulated in ∆T after invoking the deriveForDeletion, rederive, and
deriveForAddition functions conform to the lower and upper bounds of the mod-
ular operations Π+

T , Π−
T , and Πr

T as specified in Table C.1, respectively.

Proof. Combining claims 13, 14, and 15, Theorem 4 stands. It is straightforward to
see the correspondence between Theorem 4 and Theorem 2, therefore Theorem 2 is
also proved. □

C.3 Proof of Lemma 4

Lemma 4. The default scheme satisfies the invariants in Definition 4.

Proof. The default scheme T handles all the rules using seminaïve evaluation, there-
fore, RT

n = ΠT ,RT
d = ∅. So the bounds defined for ∆T after calling the insert function

in Definition 4 can be updated as:

∆T
n\IT = ∆T

n ⊆ ∆T ⊆ (I ∪∆T
n )\IT . (C.10)

Please note that ∆T
n\IT = ∆T

n holds because ∆T
n is a set of facts derived by RT

n (line 3
in Algorithm 10) that satisfying the insertable condition, as shown in the schedule
function in Algorithm 11, ensuring they are not already present in IT . The insert
function defined in Algorithm 14 inserts facts in ∆T

n to the scheme’s internal table and
adds a label ‘∆’. Then, these facts with the label ‘∆’ are returned when accessing ∆T .
Therefore, after calling the insert function, ∆T serialised from the data structure is
∆T = ∆T

n , which is exactly the lower bound of ∆T considering RT
d = ∅. Additionally,

the insert function will not change the facts with the label ‘I’ or ‘D’, so facts in
domain ‘I’ and ‘D’ remain unchanged before and after the insert call. The insert
is invoked after the rederive function being called, in which DT is emptied. So, DT

are not affected when calling insert and remains empty. Finally, the Condition 1 in
Definition 4 holds for a default scheme.

For Condition 2, the merge function changes the label of facts with the label ‘∆’
to ‘I’. The facts in domain ‘I’ are defined as facts with the label ‘I’. Therefore, the
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merge function pushes every fact that is originally in ∆T to IT by changing its label;
while ∆T is empty after the call since there is no fact with the label ‘∆’. Additionally,
facts in domain ‘D’ remain unchanged because the merge function did not change or
add any fact with the label ‘D’. Therefore, the condition 2 in Definition 4 holds.

With RT
d = ∅, the bounds defined for ∆T after calling the delete function can be

updated as:
∆T

n\Π∞[E ′] ⊆ ∆T ⊆ IT . (C.11)

Similar to the insert function, after calling the delete function, facts in domain ‘∆’
serialised from the data structure is ∆T = ∆T

n , which satisfies the bounds in Equa-
tion C.11. The upper bound is satisfied because ∆T

n is processed by the deletable
function, which ensures that ∆T

n ⊆ IT . Therefore, Condition 3 holds for a default
scheme.

For Condition 4, the remove function adds label ‘D’ and ‘I’ to facts currently
with the label ‘∆’, which is equivalent to adding ∆T to IT and DT . The label ‘∆’ is
then deleted for these facts, therefore, ∆T is emptied. Therefore, Condition 4 holds.

Finally, the insertable and deletable functions satisfy the required conditions, pro-
vided that IT and ∆T are correctly implemented. Therefore, we omit the proof for
these functions, as the same reasoning applies to the specialised schemes introduced
below. The rederivable function of the default scheme employs backward evaluation
for each overdeleted fact t ∈ DT , which is equivalent to verifying whether t ∈ ΠT [I].
Since this satisfies the stated condition, Lemma 4 is proved. □

C.4 Correctness of the TC Scheme: Lemma 5

We first prove the correctness of each function in the TC scheme independently under
specific preconditions from C.4.1 to C.4.3. Next, we demonstrate that these precon-
ditions are satisfied within the multi-scheme DRed algorithm, thereby establishing
the validity of Claim 1 and Claim 2 in C.4.4. Finally, we prove that the TC scheme
satisfies the invariants in Definition 4 in C.4.5. Specifically, the TC scheme employs
the insert and merge functions to update its internal data structure, ensuring that
encapsulated facts in the domains I’ and ∆’ are consistently maintained. The in-
sert function guarantees that the facts in domain ‘∆’ represent fresh derivations in
the transitive closure, while the merge function integrates ∆T into IT . The correct-
ness of the insert and merge functions for the initial construction is established in
Claims 16–17 of C.4.1, while their correctness for incremental maintenance is demon-
strated in Claims 18–20 in C.4.2.
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Additionally, the TC scheme uses the delete and merge functions to maintain the
data structure during the overdeletion procedure, ensuring that facts encapsulated in
the domains ∆’ and I’ are updated appropriately. The delete function derives the
consequences of fact deletions and ensures that these consequences are encapsulated
in ∆T , while the remove function removes ∆T from IT . The correctness of the delete
function is discussed in Claim 21, and the remove function is analysed in Claim 22,
both are provided in C.4.3.

C.4.1 Correctness of Initial Construction

Claim 16 Given facts ∆T
n that are to be inserted, the first insert call ensures that

encapsulated facts in domain ‘I’ and ‘∆’ are:

IT = ∅, (C.12)

∆T = (RT
d )

∞[∆T
n ]. (C.13)

Proof. The initial construction of the data structure, presented in lines 2–12 of Al-
gorithm 15, is invoked when the insert function is called for the first time. This
construction algorithm follows the approach of Agrawal et al. [6], who proved that
the intervals and indexes computed in this manner correctly capture the full transitive
closure of the input graph. Lines 2–12 of Algorithm 15 adopt the same structure as
in Agrawal et al. [6], with modifications to align with our framework and notation.
In particular, we store the assigned intervals for each node s in Ds, as every reachable
pair is first recorded in ∆T , and subsequently added to IT via the merge function.
Provided that the intervals in Ds for each node s correctly capture the reachability
relation from s (as ensured by the correctness of the interval computation), the set
of reachable pairs ∆T , decoded from the intervals Ds, represents all reachable pairs
in the graph constructed from the input facts ∆T

n . Therefore, ∆T contains exactly
the facts derived by recursively applying the transitive closure rule RT

d to ∆T
n until

a fixpoint is reached, as formalised in Equation C.13. Meanwhile, according to the
target intervals defined in Table 5.9, IT is empty because Is = ∅ for every node s.
Therefore, Claim 16 is proved. □

Claim 17 The merge function, which is invoked after the initial insert call, ensures
the data structure is maintained such that:

IT = IT ∪∆T = (RT
d )

∞[∆T
n ] = (RT

d )
∞[N ], (C.14)

∆T = ∅, (C.15)
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in which N = ∆T
n represents edges that are added to the underlying graph G by the

initial insert function.

Proof. The merge function updates the Is interval by adding Ds for every node s. The
intervalN remains empty during the initial insert and merge function call. According
to Table 5.9, the target interval T ∆

s of a node s for domain ‘∆’ is:

Ds + (N ∩ Is) = Ds, (C.16)

(Ds\In) + (N ∩ In) = (Ds\In), (C.17)

in which Equation C.16 represents the case in which s is not an SCC that is newly
merged during the initial insert call; while Equation C.17 represents the case in which
s is a newly merged SCC and n is one of its original SCCs. Equations C.16 and C.17
captures the indexes of nodes that are reachable from s in domain ‘∆’. The target
interval of a node s for domain ‘I’ is T I

s = Is\N = Is, which includes T ∆
s in both

cases:

Ds ⊆ Is, (C.18)

Ds\In ⊆ Is. (C.19)

Therefore, by adding Ds to Is, the target interval in domain ‘∆’ is included in the
target interval in domain ‘I’, T ∆

s ⊆ T I
s , thus ∆T ⊆ IT . Considering IT is initially

empty, IT = IT ∪∆T = (RT
d )

∞[∆T
n ]. It is straightforward to see that (RT

d )
∞[∆T

n ] =

(RT
d )

∞[N ] because edges in ∆T
n are added to the underlying graph G in the initial

insert call. Then, the merge function empties Ds, which makes the target interval of
domain ‘∆’ empty: T ∆

s = ∅. Thus, ∆T = ∅. Claim 17 is proved. □

C.4.2 Correctness of Incremental Addition

We first establish several properties of intervals that are consistently maintained dur-
ing the execution of the insert function for incremental addition. The correctness of
inserting a single edge using the insert function is then formally proven in Claim 18.
Subsequently, Claim 19 demonstrates that the insert function performs incremen-
tal addition correctly, given the precondition that the data structure is in a correct
state before execution. Finally, the correctness of the subsequent merge function is
established in Claim 20.

Property 1 For an SCC u that is not newly merged, its intervals satisfy:

Du ∩ Iu = ∅. (C.20)
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Proof. This property is guaranteed by how Du is updated. As presented in line 19 of
Algorithm 15, when u is not newly merged, Du := [Du ∪ (Iv +Dv + [iv])] \ Iu. When
changes of intervals are passed to u during the propagate function, similar procedures
are invoked in lines 4-5 of Algorithm 3, which ensures that the interval Du only
contains new intervals that are not included in Iu, as presented in Equation C.20. □

Property 2 For an SCC s that is newly merged, its intervals satisfy:

Is ⊆ Ds. (C.21)

Proof. This property is guaranteed by how Ds is updated, as presented in line 22 of
Algorithm 15. When s is newly merged, the interval Ds of s is used to record nodes
that this new SCC can reach after merging. Specifically, s can reach all the nodes
that its original SCCs O(s) can reach, as well as O(s) themselves. So, Ds collects
In+Dn+[in] for every original SCC n ∈ O(s). Therefore, we have Is ⊆ Ds, as shown
in Equation C.21. □

Property 3 For an SCC s, regardless of whether it is newly merged or not, the target
interval covering all the nodes that s can reach in domain ‘I’ or ‘∆’ is as follows:

T I
s ∪ T ∆

s = T I∪∆
s = Is +Ds. (C.22)

Proof. This property can be derived directly by the target intervals in different
domains defined in Table 5.9. For an SCC s that is not newly merged, we have:

T I∪∆
s = T I

s ∪ T ∆
s = Ds + (N ∩ Is) + Is\N = Is +Ds, (C.23)

which aligns with Property 3. Similarly, we can prove Property 3 for an SCC u that
is newly merged as follows:

T I∪∆
s = T I

s ∪ T ∆
s =

⋃
n∈O(s)

{T I
n + T ∆

n + [in]} (C.24)

=
⋃

n∈O(s)

{In +Dn + [in]} (C.25)

= Ds = Is +Ds, (C.26)

in which Equation C.24 represents the SCC s after merging can reach n and nodes
that n can reach in domain ‘I’ or ‘∆’, for every original SCC n ∈ O(s). The C.24
= C.25 assumes every original SCC n ∈ O(s) is the first time being merged, and
T I
n ∪ T ∆

n = In +Dn stands for an SCC n that is not newly merged, as just proved in
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Equation C.23. The Equation C.26 can be derived because of Is ⊆ Ds, as shown in
Property 2. The proof can be easily extended for an original SCC n ∈ O(s) that is
newly merged already, as T I

n ∪T ∆
n = In+Dn is also proved from Equation C.24-C.26.

Therefore, Property 3 is proved. □

Definition 5 For a map C that associates each SCC s in the ordered list L with its
contained elements, we extend the definition of C to operate over an interval T as
follows:

C(T ) =
⋃
s∈L

{C(s) | is ∈ T }, (C.27)

in which is is the index of the SCC s.

Then, we show the insert function can update the data structure incrementally while
preserving the transitive closure property and distinguishing between old and new
reachable pairs. Without loss of generality, we present the correctness of incrementally
inserting a single edge, as the set of edge ∆T

n is processed by the insert function edge
by edge. Specifically, let e ∈ ∆T

n be the single edge to be inserted next. Let G1, ∆1

be the graph and the edges that have been processed so far (before e), and G2, ∆2 be
the graph that includes e and ∆2 = ∆1 + {e}. The encapsulated facts in domain ‘I’
before and after inserting e is notated as IT1 and IT2 , respectively, in which T1 and
T2 represents the scheme before and after the insertiong of e. The same for facts in
domain ‘∆’. We have the following claim:

Claim 18 Assume IT1= (RT
d )

∞(N) = I, ∆T1= (RT
d )

∞(N ∪∆1) \I. The execution of
the insert function for a single edge e = (i, j) can update the data structure correctly
so that IT2 stay unchanged, ∆T2 returns (RT

d )
∞(N ∪∆2)\I.

Proof. Let u, v be the corresponding SCCs of i and j, respectively. We prove this
lemma by various insertion cases below. Please note that Case 1 and Case 2 are
proved regardless whether u is a fresh SCC. In the following cases, we will prove that
IT1= IT2 , and then show that ∆T2 additionally returns [(RT

d )
∞(N ∪ ∆2)\I] \ ∆T1

comparing to ∆T1 .

Case 1. SCCs u, v remain distinct, v is new: In this case, v is a fresh node and
its index iv is initialised as an index i ∈ Iu that has not been occupied yet. Then, this
index iv is added to N in line 18 of Algorithm 15 to record fresh nodes. Therefore,
we have iv ∈ (N ∩ Iu). The insertion of (u, v) makes u and u’s ancestors can reach v
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additionally in ∆T2 , formally ∆T2= ∆T1+ {X×C(v)}, in which X is a set containing
elements of u and all ancestors of u, C(v) maps the SCC v to its contained elements,
and ‘×’ represents the cross product between two sets. Let T ∆1

u and T ∆2
u be the

target intervals of u in domain ‘∆’ before and after inserting the edge e, respectively.
According to Table 5.9, we have:

T ∆1
u = D1

u + (N 1 ∩ I1u) (C.28)

T ∆2
u = D2

u + (N 2 ∩ I2u), (C.29)

in which the superscript 1 and 2 represents the intervals of u in T1 and T2, respectively.
According to Algorithm 15, in this case, only the N interval is updated by including
the index iv of v, so N 2 = N 1 ∪ [iv], and D1

u = D2
u. Therefore, T ∆2

u = T ∆1
u ∪ [iv],

and for the SCC u, the nodes u can reach additionally in G2 comparing to G1 is
the node v, which is as expected. The same applies for all ancestors a of u because
Iu ⊆ (Ia+Da) since a can reach whatever u can reach, then iv ∈ [N∩(Ia+Da)], which
is included in the target interval of a in domain ‘∆’ regardless whether a is newly
merged, according to Table 5.9. Therefore, u and all ancestors of u, can additionally
reach v in domain ‘∆’, and ∆T2 is correct.

For IT2 , the target intervals of u in domain ‘I’ are as follows, in which I1u = I2u,
and N 2

u = N 1
u ∪ [iv]:

T I1
u = I1u\N 1, (C.30)

T I2
u = I2u\N 2. (C.31)

Please note that although I1u = I2u, applying I1u to the ordered table in T1 and T2 would
retrieve different nodes. This is because a fresh node v is inserted into the ordered
table when inserting e, and applying the same interval to the ordered table in T2 will
retrieve v additionally than applying to T1. By including iv in N 2, the node v will be
discarded from the target interval T I2

u . Therefore, applying T I1
u to T1 and applying T I2

u

to T2 retrieve the same set of nodes. The map C that maps each SCC to its contained
elements is not updated for existing SCCs when calling the insert function. Therefore,
encapsulated facts for node u in T1 (denoted as IT1

u ) are the same as those in T2 (as
IT2
u ), formally, IT1

u = {C(u) × C(T I1
u )} = {C(u) × C(T I2

u )} = IT2
u in which C(T I1

u )

represents the union of elements of SCCs retrieved by applying T I1
u to T1; while C(T I2

u )

represents the union of elements of SCCs retrieved by applying T I2
u to T2. The same

applies to all ancestors of u. Therefore, we have IT2 =
⋃

u∈G{IT2
u } =

⋃
u∈G{IT1

u } = IT1 .

Case 2. SCCs u, v remains distinct, v is not new: In this case, the Du interval
of u is updated by line 19 of Algorithm 15, and the Da interval of every ancestor a
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of u is updated by Algorithm 16. The Is interval for every node s and the global N
interval remain unchanged. According to Table 5.9, target interval T I

s of domain ‘I’
is unchanged when incrementally inserting e. So, IT2= IT1 .

The insertion of (u, v) builds a connection between every ancestor a of u and
every descendant d of v, as presented in Figure 5.4. Therefore, u and ancestors of u,
should reach v and v’s descendants in ∆T2 after the insertion, if it cannot reach in
IT1 . Considering the precondition that IT1 and ∆T1 are correct, for node u, target
intervals of u covering indexes that u can reach in domain ‘I’ and ‘∆’ in T1 are as
follows:

T I1
u = Iu\N , (C.32)

T ∆1
u = D1

u + (N ∩ Iu), (C.33)

in which the superscript 1 represents intervals of u in T1 before inserting the edge e.
Intervals without an superscript are not changed when inserting e, and thus are not
distinguished for brevity. Nodes that v can reach in G1 are:

T I1
v + T ∆1

v = Iv +Dv, (C.34)

which captures nodes that v can reach regardless the domains. Please note that nodes
that v can reach are not changed in G1 and G2, since the intervals of v are not updated
by Algorithm 15 in this case. Then, we present an interval representing nodes that
u can reach in ∆T2 but not in IT1 , using target intervals of u and v in T1; and show
how this interval is exactly aligned to the target interval of u for domain ‘∆’ in T2:

(T ∆1
u + T I1

v + T ∆1
v + [iv]) \ T I1

u = (C.35)

(D1
u + (N ∩ Iu) + Iv +Dv + [iv]) \ (Iu\N ) = (C.36)

[(D1
u + Iv +Dv + [iv]) \ (Iu\N )] + [(N ∩ Iu) \ (Iu\N )] = (C.37)

[D2
u \ (Iu\N )] + [(N ∩ Iu) \ (Iu\N )] = (C.38)

D2
u + (N ∩ Iu) = (C.39)

T ∆2
u , (C.40)

in which C.37 = C.38 matches directly with the operation in line 19 of Algorithm 15,
and C.38 = C.39 is because of the property when u is not a newly merged SCC:
Du ∩ Iu = ∅, as discussed in Property 1. Therefore, by applying T ∆2

u to T2, the node
u can additionally reach v and v’s descendants comparing to nodes that u can reach
in T1, if u cannot reach it before (as ‘\T I1

u ). The same applies for all ancestors of
u. When a, an ancestor of u, is not newly merged, T ∆2

a capturing fresh reachable
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nodes among v and v’s descendants can be proved similarly to Equations C.35-C.40.
Otherwise, when a is newly merged, we show that every original SCC n ∈ O(a)

satisfies this condition as following. Specifically, the target intervals of n in T1 are
presented as:

T I1
n = In\N , (C.41)

T ∆1
n = (D1

s\In) + (N ∩ In). (C.42)

Then, we show T ∆2
n can capture v and v’s descendants if n cannot reach it before by:

(T ∆1
n + T I1

v + T ∆1
v + [iv]) \ T I1

n = (C.43)

[(D1
s\In) + (N ∩ In)]\(In\N ) + (T I1

v + T ∆1
v + [iv])\(In\N ) = (C.44)

[(D1
s\In) + T I1

v + T ∆1
v + [iv]]\(In\N ) + (N ∩ In)\(In\N ) = (C.45)

(D2
s\In) + (N ∩ In) = (C.46)

T ∆2

n , (C.47)

in which C.45 = C.46 matches directly with how interval changes are passed into
ancestors of u in line 4 of Algorithm 16. Therefore, for u and all the ancestors of u,
their target intervals in domain ‘∆’ covers v and v’s descendants, if they cannot reach
it before. Finally, the correctness ∆T2 is proved.

Case 3. SCCs merge: This section presents a case in which the insertion of
(u, v) causes the merging of SCCs {n1, . . . , nm}. Let s ∈ {n1, . . . , nm} be a rep-
resentative node. We call s a newly merged SCC, and denote original SCCs as
O(s) = {n1, . . . , nm}. This case is processed by lines 20-22. Before merging, en-
capsulated facts of original SCCs in O(s) in domain ‘I’ can be retrieved by IT1

O(s) =⋃
n∈O(s){C(n) × C(T I1

n )}. While facts of SCCs in O(s) after merging can be rep-
resented as IT2

O(s) =
⋃

n∈O(s){C(n) × C(T I2
n )}. We now prove IT1= IT2 by proving

T I1
n = T I2

n as follows:

T I1
n = In\N = T I2

n , (C.48)

in which intervals In and N stay unchanged during the insert function call. The
same stands for all s’s ancestors. Therefore, IT1= IT2 is proved. Similarly, we can
prove ∆T1= ∆T2 by showing that for every original SCC n ∈ O(s), the target interval
of n in domain ‘∆’ includes new reachable nodes that are caused by the merge, it n

cannot reach before. The merge of {n1, . . . , nm} makes each of them can reach the
descendants of each other, as well as themselves, as presented in Figure 5.5. Formally,
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we prove T ∆2
n = (T ∆1

n +
⋃

m∈O(s){T ∆1
m + T I1

m + [im]}) \ T I1
n stands for every original

SCC n ∈ O(s):

(T ∆1
n +

⋃
m∈O(s)

{T ∆1
m + T I1

m + [im]}) \ T I1
n = (C.49)

(D1
n + (N ∩ In) +

⋃
m∈O(s)

{Im +D1
m + [im]}) \ (In\N ) = (C.50)

(D2
s\In) + (N ∩ In) = (C.51)

T ∆2
n , (C.52)

in which C.49 = C.50 can be proved by using the expressions of T ∆1
n and T I1

n defined
in Table 5.9, and T ∆1

m + T I1
m = Im + D1

m is true for every original SCC m ∈ O(s)

according to Property 3. The C.50 = C.51 can be matched directly with how the
interval Ds of the representative s is updated in line 22 of Algorithm 15. Therefore,
facts retrieved for every original SCC n ∈ O(s) in ∆T2 is correct. The same can be
easily proved for every ancestor a of s. So ∆T2 is correct when SCCs merge. □

Claim 18 demonstrates that the insert function correctly update the data structure
during incremental insertion of a single edge, ensuring that encapsulated facts in
various domains are maintained consistently. Then we show the correctness of the
insert function when inserting a set of facts ∆T

n in Claim 19.

Claim 19 Assume that the encapsulated facts in the data structure before the insert

call are as follows:

IT = (RT
d )

∞[N ], (C.53)

∆T = ∅. (C.54)

Then, after the insert call, the encapsulated facts are updated as follows:

IT = (RT
d )

∞[N ], (C.55)

∆T = (RT
d )

∞[N ∪∆T
n ] \ IT , (C.56)

in which N represents edges of the underlying graph before the call, and ∆T
n represents

facts that are incrementally added to the data structure during the insert call.

Proof. We prove this claim by induction.

• Induction base: Let the edges that have been processed be ∆1. Before any edge
e ∈ ∆T

n is inserted, i.e., ∆1 = ∅, facts encapsulated in domain ‘I’ and ‘∆’ are
IT1 = (RT

d )
∞[N ], ∆T = ∅ = (RT

d )
∞[N ] \ IT = (RT

d )
∞[N ∪ ∆1] \ IT , just as

defined in Claim 19. Therefore, before any edge is inserted, IT and ∆T can
access facts as expected.
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• Induction step: The pre-condition stated in Claim 18 is satisfied if previous
insertions of edges in ∆1 is correct. The correctness of inserting a single edge
e ∈ ∆T

n is proved by Claim 18. Therefore, the insertion of ∆1 = ∆1 ∪ {e} is
correct, and encapsulated facts are as defined in Equations C.55-C.56.

As discussed above, when the pre-condition stated in Claim 19 is satisfied, the insert
function can maintain the data structure incrementally as defined in the claim. □

Claim 20 The insert function inserts ∆T
n incrementally and update the data struc-

ture, ensuring that encapsulated facts are shown as Equations C.55-C.56. The subse-
quent merge function ensures encapsulated facts are:

IT = (RT
d )

∞[N ], (C.57)

∆T = ∅, (C.58)

in which N represents facts in the underlying graph G.

Proof. For clarity, we use IT1 and IT2 to denote facts in domain ‘I’ before and after
the merge call, respectively. The same for ∆T1 and ∆T2 . Then, we prove that, the
merge function updates IT as follows:

IT2 = IT1 ∪∆T1 = (RT
d )

∞[N1 ∪∆T
n ] = (RT

d )
∞[N2], (C.59)

∆T2 = ∅, (C.60)

in which N1 represents the facts in the underlying graph G before the insert call, and
N2 = N1 ∪ ∆T

n represents the facts in the underlying graph during the merge call.
Please note that the merge call does not change the graph, therefore N2 matches with
the N stated in Claim 20. Recall that the merge function shown in Algorithm 17
updates the interval Is by adding Ds to it, and Ds is emptied. For an SCC s that
is newly merged during the previous insert call, its contained elements are updated
by updating the map C. We use C1 and C2 to denote the map before and after
the update, respectively. Finally, the interval N covering fresh introduced SCCs is
emptied. According to Table 5.9, we can prove ∆T2= ∅ by showing that the target
interval in domain ‘∆’ after the merge call is empty for every SCC s:

T ∆2
s = D2

s + (N 2 ∩ I2s ) = ∅. (C.61)
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Then, we prove that IT2 is exactly as defined in Equation C.59. For an SCC s that
is not newly merged during the previous insert call, its target interval in domain ‘I’
satisfies the following:

T I2
s = I2s\N 2 = I1s +D1

s = T I1
s + T ∆1

s = T I1∪∆1
s , (C.62)

in which the Property 3 is applied. The facts recovered from the SCC s in domain
‘I’ after the merge call can be represented as:

IT2
s = {C2(s)× C2(T I2

s )}, (C.63)

which is equal to facts recovered from the same SCC s in domain ‘I’ and ‘∆’ before
the merge call defined as follows:

IT1
s ∪∆T1

s = {C1(s)× C1(T I1∪∆1
s )}. (C.64)

The C.64 = C.63 can be derived because C1(s) = C2(s), since s is not a newly merged
SCC, and its contained elements are not updated. For C1(T I1∪∆1

s ) = C1(T I2
s ) =

C2(T I2
s ), we prove this by two cases: (1) consider an SCC u that iu ∈ T I2

s and u

is not a newly merged SCC, so C1(u) = C2(u); (2) u is a newly merged SCC and
iu ∈ T I2

s . Let O(u) = {m1, . . . ,mn} be u’s original SCCs. The interval T I1∪∆1
s

covers all the nodes that s can reach, including the indices of all the original SCCs in
O(u). The merge function removes all the original SCCs in O(u) and only keeps the
representative u. The map C2(u) is updated to contain all elements that are used to
belong to one of u’s original SCCs. Therefore, we have

⋃
m∈O(u){C1(m)} = C2(u).

Additionally, T I1∪∆1
s captures all SCCs in O(u), while T I2

s only captures u. Finally,
we have C1(T I1∪∆1

s ) = C2(T I2
s ). As discussed above, for an SCC s that is not newly

merged during the last insert call, the facts recovered from the SCC s in domain ‘I’
is exactly what is stated in Claim 20.

For an SCC s that is newly merged, the facts recovered in T1 can be retrieved
by accessing each original SCC n ∈ O(s); while for T2, the same set of facts can be
retrieved by accessing s solely. Formally:

II1s ∪∆I1
s =

⋃
n∈O(s)

{C1(n)× C1(T I1∪∆1
n )}, (C.65)

II2s = {C2(s)× C2(T I2
s )}, (C.66)

in which the target intervals T I1∪∆1
n and T I2

s are defined as follows:

T I1∪∆1
n = I1s +D1

s = D1
s , (C.67)

T I2
s = I2s \ N 2 = I1s +D1

s = D1
s . (C.68)
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As discussed above, we have
⋃

n∈O(s){C1(n)} = C2(s), and C1(T I1∪∆1
n ) = C2(T I2

s )

because T I2
s = T I1∪∆1

n . Therefore, C.65 = C.66. So for all SCCs, after the merge
function, the IT2 is exactly what is claimed in Claim 20. □

C.4.3 Correctness of Incremental Deletion

We first present some properties that hold during the delete call, and then prove the
correctness of incremental deletion.

Property 4 Let s be an SCC that breaks during the delete call, and O(s) = {n1, . . . , nm}
represent the newly formed SCCs after the deletion. The contained elements of s and
O(s) have the following property:

C1(s) =
⋃

n∈O(s)

{C2(n)}, (C.69)

in which C1(s) represents the elements originally contained in s, and C2(n) denotes
the elements associated with each newly formed SCC n ∈ O(s).

Proof. This property can be derived directly from how the map C is updated in
line 7 of Algorithm 18. Specifically, during the delete call, when an SCC s breaks into
smaller SCCs O(s) = {n1, . . . , nm}, the map C is updated to reflect the redistribution
of elements. □

Property 5 Let s be an SCC that breaks during the delete call, and O(s) = {n1, . . . , nm}
represent the newly formed SCCs after the deletion. For every original ancestor a of
s, the following property holds:

in ∈ Ia,∀n ∈ O(s). (C.70)

Proof. The index of each newly formed SCC n ∈ O(s) is assigned such that in ∈ Is, as
shown in line 6 of Algorithm 18. Because a is one of s’s original ancestors before the
delete call, then a can reach s, a can reach whatever s can reach, formally, Is ⊆ Ia.
Therefore, we have in ∈ Is ⊆ Ia, for each newly formed SCC n ∈ O(s). □

Claim 21 Assume that the encapsulated facts in the data structure before the delete

call are as follows:

IT = (RT
d )

∞[N ], (C.71)

∆T = ∅. (C.72)
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Then, after the delete call, the encapsulated facts are updated as follows:

IT = (RT
d )

∞[N ], (C.73)

∆T = IT \ (RT
d )

∞[N \∆T
n ], (C.74)

in which N represents edges of the underlying graph before the call, and ∆T
n represents

facts that are incrementally deleted from the data structure during the delete call.

Proof. The delete function recomputes reachable pairs after the deletion in line 9 of
Algorithm 18, and then target intervals for the domain ‘∆’ are computed in line 12.
We will first show IT after the deletion satisfy Equation C.73, and reachable pairs that
are still valid after the deletion RT = (RT

d )
∞[N\∆T

n ], finally we show ∆T = IT \RT ,
as defined in Equation C.74. For clarity, we use the superscript 1 and 2 to represent
the associated information before and after the update.

For an SCC s that didn’t break during the delete call, the facts recovered from s

in domain ‘I’ before and after the deletion can be represented as:

IT1
s = {C1(s)× C2(I1s )}, (C.75)

ITs
s = {C1(s)× C2(I2s )}, (C.76)

in which I1s = I2s = Is since the delete function didn’t change the Is interval of s.
The contained elements in s remain unchanged: C1(s) = C2(s). For every node n

that is included in the interval Is, such that in ∈ Is, we have C1(n) = C2(n) provided
that n is not a break SCC during the delete function. When n is an SCC that breaks
during the deletion, in ∈ Is implies that s is an ancestor of n. Following Property 5,
for any other newly formed SCC n′ ∈ O(n), n′ is also included in the interval Is:
in′ ∈ Is. So we have C1(n) =

⋃
n′∈O(s){C2(n′)}, as discussed in Property 4. Therefore,

C1(I1s ) = C2(I2s ), and IT1
s = IT2

s stands for an SCC s that didn’t break. For an SCC
s that breaks, facts in domain ‘I’ before the deletion are the same as Equation C.75,
and that after deletion can be retrieved by accessing facts for each newly formed SCC
n ∈ O(s):

⋃
n∈O(s){C2(n) × C2(I2n)}. The interval I2n of newly formed SCC n is

initialised as Is, as shown in line 6 of Algorithm 18. So I1s = I2n. As discussed above,
we have C1(I1s ) = C2(I2n). According to Property 4, C1(s) =

⋃
n∈O(s){C2(n)}. Then,

IT1
s =

⋃
n∈O(s){C2(n) × C2(I2n)} is proved for an SCC s that breaks. We have IT1=

IT2 .
Then we prove reachable pairs after the deletion KT = (RT

d )
∞[N\∆T

n ] is correct
using the interval D′

u computed in line 9 of Algorithm 18. As shown in line 8, this
interval is computed by traversing the graph in reversed topological order, and using
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intervals of the current node’s children, which have already been processed. Therefore,
we prove this by induction:

1. Induction base: For each leaf node u that has no children, the interval D′
u = ∅

in line 9. Whether u can reach itself is determined in line 11: if the SCC u

contains more than one resource, then the SCC u can reach all elements in u;
Or if the fact (C(u), C(u)) exists, u can also reach itself. In both cases, iu is
added to D′

u to correctly represent the nodes that u can reach after the deletion.
So, D′

u reflects nodes that are reachable from u. And the Du interval computed
in line 12 represents nodes that u cannot reach after the deletion, and thus can
be used to retrieve ∆T .

2. Induction step: For the current node u, the interval D′
u computed in line 9

covers every child c of u, as well as nodes that c can reach after the deletion.
This step represent a path u → c 99K d from u to one of c’s descendants d,
provided that c has been processed, and Ic\Dc represents nodes that c can
reach. Whether u can reach itself is determined in line 11, as discussed in
the induction base. Therefore, the interval D′

u can represent nodes that u can
reach after the deletion correctly; while the interval Du covers nodes that can
no longer be reached after the deletion.

As discussed above, we have ∆T2 is correct. □

Claim 22 The delete function deletes ∆T
n incrementally from the data structure,

ensuring that encapsulated facts are shown as Equations C.71-C.72. The subsequent
remove function ensures encapsulated facts are:

IT = (RT
d )

∞[N ], (C.77)

DT = DT ∪∆T , (C.78)

∆T = ∅, (C.79)

in which N represents edges in the underlying graph.

Proof. The map C is not changed during the remove function, and the target intervals
in domain ‘I’, ‘∆’, and ‘D’ are defined as Is, Ds, Dm

s , respectively. Let IT should be
updated as follows:

IT2 = IT1\∆T1 = (RT
d )

∞[N1] \ (IT1\((RT
d )

∞[N1\∆T
n ])) (C.80)

= (RT
d )

∞[N1\∆T
n ] (C.81)

= (RT
d )

∞[N2], (C.82)

173



in which N2 = N1\∆T
n = N represents the edges in the underlying graph after the

delete call, and N1 represents the edges before the previous delete call. The remove
function removes the interval Ds from Is, which is equivalent to removing ∆T from
IT . Similarly, Ds is added to Dm

s , which is equivalent to adding ∆T to DT . Finally,
Ds is emptied, so ∆T is emptied. □

C.4.4 Proof of Claims 1-2

Claim 19 defines encapsulated facts in the TC scheme after the insert function with
a pre-condition that states the status of the TC scheme before the insert call. Then,
we show this pre-condition is preserved every time the insert is called during the
reasoning process presented in Algorithm 12. This directly leads to the correctness
of Claim 1 showing that the insert function can update the data structure correctly
and encapsulated facts satisfy Definition 4.

Claim 1. During the multi-scheme DRed algorithm, given facts ∆T
n that are to be

inserted, the insert function of the TC scheme updates the data structure such that
the encapsulated facts in domain ‘I’ and ‘∆’ are maintained as follows:

IT = (RT
d )

∞[N ], (C.83)

∆T = (RT
d )

∞[N ∪∆T
n ] \ IT , (C.84)

in which N represents existing edges of the underlying graph G before the incremental
insertion. Proof. We prove this lemma by showing that the pre-condition stated

in Equation C.53-C.54 of Claim 19 is preserved during the multi-scheme DRed al-
gorithm. The multi-scheme DRed algorithm calls the function following a certain
pattern, as defined below.

Definition 6 Following Hu et al [77], we define a call history of HT of the form C.85
for each scheme T as a finite and nonempty sequence of runs with length m; each QT

i

with 0 ≤ i ≤ m is a finite and nonempty sequence of calls of the form C.86; each
CT

i,j is a call of functions insert, merge, delete, remove, or rederive, in which
0 ≤ j ≤ hi and hi is the length of the ith call history.

HT = QT
0 , . . . , Q

T
m, (C.85)

QT
i = CT

i,1, . . . , C
T
i,hi

. (C.86)

Specifically, for a scheme T , QT
0 represents the call history of internal functions in

T during the initial materialisation, and thus QT
0 would be a sequence of insert and
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merge calls, as the overdelete and rederive procedures are not invoked during the
initial materialisation. Let h0 = 2n, each call CT

0,2j−1 with 1 ≤ j ≤ n in the call
history is a insert call maintaining the data structure to populate the facts in domain
‘∆’, while each all CT

0,2j with 1 ≤ j ≤ n in the call history is a merge call to merge
facts in domain ‘∆’ to domain ‘I’. While for any QT

i call history with 0 < i ≤ m

represents the incremental materialisation. Let 1 ≤ d = 2k < hi be the length of
calls used in the overdelete procedure, then each call CT

i,2j−1 with 1 ≤ j ≤ k in the
call history is a delete call to compute facts in domain ‘∆’, while each all CT

i,2j with
1 ≤ j ≤ k in the call history is a remove call to remove facts in ‘∆’ from the domain
‘I’. Then the call CT

i,d+1 is a rederive call used in the rederivation procedure. The
following calls CT

i,j with d + 1 < j ≤ hi are insert and merge calls, in which CT
i,j is a

insert call when j is even, and is a merge call when j is odd.
Following the definition above, it is strightforward to see that the insert function

will be used in the following 3 cases. We prove that the pre-condition is satisfied in
these 3 cases:

1. During the initial materialisation with a call history QT
0 , the first insert call

CT
0,0 is used to initially construct the data structure. Therefore, the facts N in

the underlying graph is empty: N = ∅. So encapsulated facts in domain ‘I’ and
‘∆’ are empty:

IT = (RT
d )

∞[N ] = ∅, (C.87)

∆T = ∅, (C.88)

which aligns with the pre-condition in Equations C.53-C.54.

2. During the incremental materialisation with a call history QT
i in which i > 1,

the first insert call CT
i,d+2 is invoked after the overdeletion and rederivation

procedure, in which d is the length of calls used during the overdeletion pro-
cedure. The calls CT

i,j with j ≤ d in this call history are a sequence of delete
and remove calls, which update the graph and maintain encapsulated facts
consistently. Following Claims 21 and 22, after the last remove call CT

i,d, the
encapsulated facts are updated as shown in Equations C.77-C.79, which aligns
with the pre-conditions presented in Equations C.53-C.54. The rederive call
CT

i,d+1 does not update the data structure, nor encapsulated facts in domain
‘I’ and ‘∆’. Therefore, the pre-condition is satisfied before the first insert call
CT

i,d+2.

175



3. The insert function is also used during the loop in lines 16-23 of Algorithm 12,
representing the recursive application happened during reasoning. This case
covers the insert calls CT

0,2j−1 with 2 ≤ j ≤ n and h0 = 2n during the initial
materialisation with a call history QT

0 , and the insert calls CT
i,2j with i ≥ 1, and

2j is an even number that d+2 < 2j ≤ hi during the incremental materialisation
with a call history QT

i , and d represents the length of calls invoked during the
overdeletion procedure. Then, we discuss these two cases separately: (1) For
every call CT

0,2j−1 in the initial materialisation, the calls before CT
0,2j−1 are a

sequence of insert and merge calls. When j = 2, the previous calls CT
0,0 and

CT
0,1 are the initial insert and remove functions, respectively. The property of

the initial insert and remove calls is discussed in Claims 16-17, ensuring that
the encapsulated facts in domain ‘I’ and ‘∆’ before the call CT

0,3 satisfy the pre-
condition defined in Equations C.53-C.54; When j > 2, the previous insert and
merge calls perform the incremental addition. As discussed in Claims 19-20,
these previous calls can maintain the data structure such that the pre-condition
is satisfied; (2) For the calls CT

i,2j during the incremental maintenance, the
previous calls include the overdeletion and rederivation procedure. In point 2,
we discussed the pre-condition is satisfied before the first insert call CT

i,d+2. The
insert call CT

i,d+2 and the merge call CT
i,d+3 perform the incremental addition,

whose correctness is discussed in Claims 19-20. Therefore, the pre-condition is
satisfied before the insert call CT

i,d+4. The same applies for all the calls CT
i,2j

with i ≥ 1, and d+ 2 < 2j ≤ hi.

The discussion above covers all cases in which the insert function is invoked, and we
have shown that the pre-condition is always satisfied before each of the insert calls.
Therefore, following Claim 19, the insert function maintains the data structure as
described in Claim 1, during the execution of the multi-scheme DRed algorithm. □

Similarly, we can prove the correctness of the delete function during the execution of
the multi-scheme DRed algorithm.

Claim 2. During the multi-scheme DRed algorithm, given facts ∆T
n that are to be

deleted, the delete function updates the data structure so that the encapsulated facts
in domain ‘I’ and ‘∆’ are maintained as follows:

IT = (RT
d )

∞[N ], (C.89)

∆T = IT \ (RT
d )

∞[N\∆T
n ], (C.90)
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in which N represents facts that are present in the underlying graph G before the
incremental deletion.

Proof. The delete function is invoked in the following cases:

1. During the incremental materialisation with a call history QT
1 , the first call

CT
1,1 is a delete call. In this case, the previous run QT

0 represents the initial
materialisation. The call history of QT

0 is a sequence of insert and merge calls.
As discussed in Claim 1 and Claim 20, the initial materialisation updates the
data structure correctly so that the pre-condition stated in Equations C.71-C.72
is satisfied.

2. The delete is called recursively during the loop in lines 8-12 of Algorithm 12.
The calls CT

1,2j+1 with 1 ≤ j ≤ (d/2 − 1) and d is the length of calls used in
the overdeletion procedure in the run QT

1 . As discussed in point 1, the pre-
condition is satisfied before the call CT

1,1. Following Claims 21-22, the initial
delete call CT

1,1 and remove call CT
1,2 can maintain the data structure so that the

encapsulated facts are as described in Equations C.77-C.79, which aligns with
the pre-condition presented in Equations C.71-C.72. Therefore, before the call
CT

1,3, the pre-condition is satisfied. The same stands for all the calls CT
1,2j+1 with

1 ≤ j ≤ (d/2− 1).

3. During the incremental materialisation with a call history QT
i in which i > 1,

the first call CT
i,1 is a delete call. Take the run QT

2 as an example, we need
to prove that the previous run QT

1 maintains the data structure correctly so
that the pre-condition is satisfied before the call CT

2,1. The point 2 has already
proved the correctness of the overdeletion procedure, i.e., the pre-condition is
satisfied before the rederive call CT

1,d+1 in which d is the number of calls invoked
during the overdeletion procedure. The rederive call does not change the data
structure, and the correctness of the following calls CT

1,j with (d + 1) < j ≤ h1

invoked during the addition procedure is discussed in the point 3 of the proof
of Claim 1, therefore we have the run QT

1 is correct. Finally, the pre-condition
is satisfied before the first delete call CT

2,1. The same applies to the other initial
delete calls CT

i,1 with i > 1 of runs QT
i .

4. The delete calls CT
i,2j+1 with i > 1, and 1 ≤ j ≤ (d/2−1) are invoked recursively

in runs QT
i , before which the pre-condition is also satisfied. This can be proved

similarly to the point 2 discussed above.
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In summary, during the multi-scheme DRed algorithm, the pre-condition is satisfied
for the delete calls of all cases. □

C.4.5 Correctness of the TC scheme

Finally, we prove that the TC scheme satisfies the invariants in Definition 4. The
properties of the insert and delete functions are established in Claims 1–2. Specif-
ically, these functions process the facts to be inserted or deleted while maintaining
the data structure and preserving the transitive closure. Moreover, changes to facts
are encapsulated in the domain ‘∆’, which can be accessed through the serialisation
of the data structure. In the proof below, we demonstrate that the encapsulated
facts in ∆T adhere to the bounds specified in Definition 4. Additionally, we verify
that the merge, remove, and rederive functions also conform to the requirements of
Definition 4.

Lemma 5. The TC scheme satisfies the invariants in Definition 4.

Proof. We demonstrate that the TC scheme adheres to Definition 4 by verifying the
correctness of each function individually.

1. As described in Claim 1, the insert function updates the data structure so that
encapsulated facts in domain ‘I’ are not changed, and ∆T = (RT

d )
∞[N∪∆T

n ]\IT ,
in which N is the edges in the underlying graph before the insert call, and ∆T

n

represents a set of edges to be inserted. Provided that N ⊆ I =
⋃

T∈T{IT} and
∆T

n ⊆ (RT
d )

∞[N ∪∆T
n ], we have:

(∆T
n ∪RT

d [I ∪∆T
n ]) \ IT ⊆ ∆T = (RT

d )
∞[N ∪∆T

n ] \ IT ⊆ (RT
d )

∞[I ∪∆T
n ] \ IT ,

(C.91)

which aligns with Definition 4. The rederive function empties the DT , after
which the insert and merge functions are invoked. Therefore, DT remains
empty during the addition procedure, i.e., when insert and merge functions are
used. This conforms to the requirements described in Definition 4.

2. The merge function is discussed in Claim 20, stating that ∆T is added to IT

and emptied afterwards.

3. The Claim 2 discusses the delete function of the TC scheme, which keeps
IT unchanged and updates encapsulated facts in domain ‘∆’ as ∆T = IT \
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(RT
d )

∞[N\∆T
n ]. We need to prove that ∆T

n adhere to the lower and upper
bounds as below:[

∆T
n ∪ (I ∩X)

]
\ Π∞[E ′] ⊆ ∆T = IT \ (RT

d )
∞[N\∆T

n ] ⊆ IT , (C.92)

in which X = RT
d [I ∪MT

d ,M
T
d ∪ ∆T

n ], and it is straightforward to verify the
upper bound. Then, for the lower bound, we first prove the following equation:

∆T
n \ Π∞[E ′] ⊆ IT \ (RT

d )
∞[N\∆T

n ], (C.93)

since for any fact t ∈ ∆T
n\Π∞[E ′] that is to be deleted and is not included in

the final materialisation Π∞[E ′], t will not be included in the updated transitive
closure (RT

d )
∞[N\∆T

n ]. Provided that t ∈ ∆T
n ⊆ IT , and t /∈ (RT

d )
∞[N\∆T

n ], we
have t ∈ IT\(RT

d )
∞[N\∆T

n ]. Therefore, Equation C.93 stands. Then, we prove
that

(I ∩X)\Π∞[E ′] ⊆ IT \ (RT
d )

∞[N\∆T
n ]. (C.94)

The right-hand side can be rewritten as IT \ (RT
d )

∞[N\∆T
n ] = (RT

d )
∞[N ] \

(RT
d )

∞[N\∆T
n ], which includes direct and indirect consequences of applying RT

d

using facts ∆T
n . For the left-hand side, X = RT

d [I ∪MT
d ,M

T
d ∪∆T

n ] = RT
d [I ∪

MT
d ,M

T
d ]∪RT

d [I∪MT
d ,∆

T
n ] in which I∩RT

d [I∪MT
d ,M

T
d ] = ∅: the rule RT

d only
uses the transitive predicate in its body and is only applicable to facts in MT

d

with this predicate. These facts are the facts deleted from the transitive closure
in the previous round. Thus, applying RT

d to MT
d will not derive any fact that

currently exists in the transitive closure of the remaining graph, i.e., in IT . For
any fact t ∈ (I ∩ X)\Π∞[E ′] that is a direct consequence of deleting ∆T

n with
regard to RT

d and is not included in the updated transitive closure Π∞[E ′], t
will also be included in IT \(RT

d )
∞[N\∆T

n ]. Therefore, Equation C.94 is proved.
Finally, the delete function meets the requirement described in Definition 4, as
shown in Equation C.92.

4. As described in Claim 22, the remove function removes ∆T from IT , adds ∆T

to DT , and then empties ∆T .

5. The rederivable function uses the backward evaluation of rules inRT
n for overdeleted

facts DT ⊈ IT , more specifically, it recovers facts RT
n [I] ∩DT , which equals to

ΠT [I] ∩ DT = (RT
n [I] ∪ RT

d [I]) ∩ DT . This is because the transitive closure
is maintained so that IT = RT

d [I
T ], then we have RT

d [I] = RT
d [I

T ] = IT and
RT

d [I]∩DT = ∅. Therefore, the rederivable function conforms to the requirement
in Definition 4.

179



As discussed above, the TC scheme satisfies the invariants in Definition 4. □

C.5 Correctness of the Union Scheme: Lemma 6

In this section, we prove the correctness of the union scheme. This scheme computes
consequences of the union rules inRT

d on demand to save memory, rather than storing
these facts explicitly. In this scheme, only the consequences of the normal rules RT

n

are stored in a default table LT . We define Equations 5.10-5.11 and 5.12-5.13 to rep-
resent facts in various domains during the addition and the overdeletion procedures,
respectively. We use an operator Γ in these equations to rewrite facts with the un-
derlying predicates UT into the union predicate U . These equations effectively define
how facts in different domains are retrieved: for example, L∆

T represents retrieving
corresponding facts from the default table LT , while Γ denotes the rewriting process
applied to the given facts.

Claims 3-4 establish the correctness of the insert and delete operations in the union
scheme. Specifically, we prove that the equations governing the addition procedure
ensure the correct encapsulation of newly derived facts, and the equations for the
overdeletion procedure guarantee that derived consequences are correctly updated
and removed. These claims collectively demonstrate that the union scheme satisfies
the requirements for correctness while achieving its goal of memory efficiency by
avoiding explicit storage of union rule derivations. The equivalence of Equation 5.14
in Claim 3 and Equation 5.10 can be easily verified by changing L∆

T to ∆T
n , representing

the fresh derivations of normal rules RT
n stored in the default table LT ; and changing

Γ[MT
a ] to RT

d [M
T
a ], representing derivations of union rules RT

d . The same applies to
Equation 5.15 in Claim 4 and Equation 5.12.

Next, we prove Lemma 6 by analysing each function of the union scheme individ-
ually, demonstrating how they collectively ensure correctness and adherence to the
requirements of the scheme.

Lemma 6. The union scheme satisfies the invariants in Definition 4.

Proof. The requirements of the Definition 4 is discussed as follows:

1. We first prove that the encapsulated facts in domain ‘∆’ after the insert function
is exactly the lower bound of ∆T stated in Definition 4, formally:

(∆T
n ∪RT

d [M
T
a ]) \ IT = (∆T

n ∪RT
d [I ∪∆T

n ]) \ IT , (C.95)
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which can be proved by showing that RT
d [M

T
a ]\ IT = RT

d [I ∪∆T
n ]\ IT . The MT

a

represents fact additions that are added in the last round, and MT
a ⊆ I. So for

every fact t ∈ RT
d [M

T
a ] \ IT , the fact t is also included in RT

d [I ∪∆T
n ] \ IT , thus:

RT
d [M

T
a ] \ IT ⊆ RT

d [I ∪∆T
n ] \ IT . (C.96)

On the other hand, RT
d represents union rules and is not applicable to ∆T

n

containing facts with the union predicate: RT
d [∆

T
n ] = ∅. For every fact t ∈ I\MT

a

that has been added to I in at least two rounds ago, then union rules RT
d have

been applied to t if the fact t has a predicate in UT , formally, RT
d [t] ∈ IT .

Therefore, we have:

RT
d [M

T
a ] \ IT ⊇ RT

d [I ∪∆T
n ] \ IT . (C.97)

Finally, Equation C.95 is proved. For the facts in domain ‘I’ represented by
Equation 5.11, the encapsulated facts are not changed because the facts LI

T

stored explicitly in domain ‘I’ are not updated, and the only change is the facts
with the supporting predicates in MT

a are added into I, but their corresponding
consequences with the predicate U are not. Therefore, by removing MT

a from
IR when applying the rewriting to facts with the supporting predicate R ∈ UT ,
fresh additions derived by the union rules are excluded from IT , which is as
expected.

2. The merge function of the union scheme updates the label of facts with a label
‘∆’ to ‘I’ in the default table, which is equivalent to adding L∆

T to LI
T . The facts

in domain ‘I’ can be expressed by Equation 5.9, in which the LI
T captures fresh

additions L∆
T , and Γ(IR) for every R ∈ UT captures new derivations Γ(MT

a ) of
the union rules because MT

a is already added to domain ‘I’ by corresponding
schemes in the last round. Therefore, the merge function can updates encap-
sulated facts in domain ‘I’ correctly, just as stated in the Definition 4. For the
facts in domain ‘∆’ retrieved by Equation 5.10, L∆

T = ∅ because there is no fact
with the label ‘∆’ in the default table, and Γ(MT

a )\IT = ∅ since IT includes
new derivations Γ(MT

a ) of the union rules, as discussed above. Therefore, the
merge function adheres to the bounds specified in Definition 4.

3. Then, we prove the encapsulated facts in domain ‘∆’ after the delete function
adhere to the bounds specified in Definition 4. Formally, we need to prove that:[

∆T
n ∪ (X ∩ I)

]
\ Π∞[E ′] ⊆ ∆T

n ∪ (RT
d [M

T
d ] ∩ IT ) ⊆ IT , (C.98)
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in which X = RT
d [I ∪MT

d ,M
T
d ∪∆T

n ] represents the one-step derivation of the
union rules with fact changes MT

d and ∆T
n . The upper bound can be easily

verified by the fact that ∆T
n ⊆ IT and (RT

d [M
T
d ] ∩ IT ) ⊆ IT . For the lower

bound, we first prove that:

(X ∩ I) ⊆ (RT
d [M

T
d ] ∩ IT ), (C.99)

which can be proved by showing that RT
d [∆

T
n ] is empty, and RT

d [M
T
d ] ∩ IT =

RT
d [I ∪ MT

d ,M
T
d ] ∩ IT . Therefore, (X ∩ I) \ Π∞[E ′] ⊆ (RT

d [M
T
d ] ∩ IT ), and

the lower bound of Equation C.98 is proved. For the facts in domain ‘I’, the
encapsulated facts are not changed by using Equation 5.13, because the facts
LI
T stored explicitly in domain ‘I’ are not updated, and the only change is

the facts with the supporting predicates in MT
d are removed from I, but their

corresponding consequences with the union predicate U are not. Therefore, by
including tracked fact changes MT

d when applying the rewriting to facts with
the supporting predicates UT , fresh deletions derived by the union rules are
included, which is as expected.

4. The remove function of the union scheme removes facts in domain ‘∆’ from
domain ‘I’. Specifically, for facts stored explicitly in the default table LT with
a label ‘∆’, the label ‘∆’ is removed, and the label ‘I’ is added. For the conse-
quences of the union rules that are not stored explicitly, the tracked fact changes
MT

d have already been deleted from domain ‘I’ by their corresponding schemes
in the last round. The encapsulated facts in domain ‘I’ are retrieved by Equa-
tion 5.9, in which LI

T captures the facts in the default table with the label ‘I’,
in which the facts with the label ‘∆’ are removed, and Γ(IR) for every R ∈ UT
captures the consequences of the union rules that are not stored explicitly. As
discussed above, MT

d is already removed from ‘IR’ by the corresponding schemes
in the last round, so Γ(IR) effectively eliminates the fresh deletions derived by
the union rules. Therefore, the remove function updates the encapsulated facts
in domain ‘I’ correctly.

5. The rederivable function of the union scheme uses the backward evaluation of
rules in ΠT = RT

n ∪ RT
d for overdeleted facts DT ⊈ IT , more specifically, it

recovers facts ΠT [I]∩DT , which matches with the requirement of Definition 4.

The proof for facts in domain ‘D’ is omitted because it is strightforward to verify
that DT = ∅ during the addition, and the remove function accumulate deleted facts
in domain ‘D’. Therefore, the union scheme satisfies the invariants in Definition 4. □
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C.6 Proof of Lemma 7

In this section, we analyse the impact of including counting mechanisms in the
schemes. The effect of counting can be summarised as “delete less, rederive more”,
leveraging auxiliary information about the number of derivations for each fact. Specif-
ically, the number of derivations is updated within the insertable and deletable func-
tions. In the deletable function, it checks whether the number of non-recursive deriva-
tions has dropped to zero. If so, the fact can be safely deleted; otherwise, it is pre-
served from overdeletion, potentially improving efficiency by reducing unnecessary
rederivations. Similarly, the rederivable function verifies whether a given fact still
has any recursive or non-recursive derivations. If so, the fact is rederived, ensuring
that the correctness of the reasoning process is maintained while benefiting from the
reduced computational overhead enabled by counting.

Take the deriveForDeletion function shown in Algorithm 10 as an example, the
counting mechanisms does not change the rule applications in line 8, including the
maintenance of the data structure in line 10, but changes which facts are schedula-
ble into the set ∆T

n in line 9. Therefore, rather than proving the correctness of the
counting mechanisms within individual schemes, we demonstrate that the inclusion
of counting mechanisms is permissible within the multi-scheme DRed algorithm and
that the algorithm’s correctness is preserved when these mechanisms are applied.
Specifically, we prove Lemma 7 by demonstrating that the bounds of the correspond-
ing modular operators permit the use of counting mechanisms, ensuring that the
algorithm’s correctness is preserved.

Lemma 7. Enabling both recursive and non-recursive counting does not violate the
correctness bounds. Specifically, the overdeleted facts and the rederived facrs adhere
to the bounds defined in Table 5.7.

Proof. Let Ac and A represent the set of facts that are derived after invoking the
deriveForDeletion function with and without the counting mechanisms, respectively,
we prove Ac adhere to the bounds defined for the operators Π−

T , provided that A

already adheres to the bounds of Π−
T . Since the counting mechanisms can only make

the set of facts that are overdeleted smaller, we only prove A still adhere to the lower
bound of Π−

T , formally:

(I ∩ ΠT [I ∪M ]) \ Π∞
T [E ′] ⊆ Ac ⊆ A. (C.100)

To prove Equation C.100, we prove that for every fact t ∈ (A\Ac), t /∈
(
I∩ΠT [I∪M ]

)
\

Π∞
T [E ′]. Intuitively, the lower bound represents derivations within one step, while A
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includes derivations from one or more steps, and Ac can be derived from A by removing
facts with at least one non-recursive counting. Therefore, for every t ∈ (A\Ac), t has
at least one non-recursive derivation. We discuss the following two cases: (1) t is
not included in the one-step application of ΠT , then t /∈

(
I ∩ ΠT [I ∪M ]

)
\ Π∞

T [E ′]

stands. (2) t is included in the one-step application of ΠT , then t ∈
(
I ∩ΠT [I ∪M ]

)
.

However, t has at least one non-recursive derivation, so t ∈ Π∞
T [E ′]. Therefore,

t /∈
(
I ∩ ΠT [I ∪M ]

)
\ Π∞

T [E ′] stands.
Then, we prove that the rederived facts adhere to the bounds defined for the

operator Πr
T . Let Bc and B represent the set of facts that are rederived after invoking

the rederive function with and without the counting mechanisms, respectively, we
prove Bc adhere to the bounds defined for the operator Πr

T , provided that B already
adheres to the bounds of Πr

T . Since the counting mechanisms can only make the set
of facts that are rederived larger, we only prove B still adhere to the upper bound of
Πr

T , formally:

B ⊆ Bc ⊆ Π∞[E ′] ∩D. (C.101)

To prove Equation C.101, we prove that for every fact t ∈ (Bc\B), t ∈ Π∞[E ′] ∩D.
Following the counting mechanisms, Bc\B includes facts that are in D and have at
least one non-recursive or recursive derivation. Please note that the rederive procedure
is invoked after the overdeletion procedure, so facts with at least one counting can
be represented as Π∞[I] in which I is the current materialisations when the rederive
procedure is invoked. Therefore, Π∞[I] ⊆ Π∞[E ′]. Finally, for every fact t ∈ (Bc\B),
t ∈ Π∞[E ′] ∩D stands. □

C.7 Proof of Theorem 3

Theorem 3. The DRed algorithm with multiple schemes presented in Algorithm 12
is correct if all schemes satisfy Definition 4.

Proof. In this section, we prove the correctness of the multi-scheme DRed algorithm
by showing that Algorithm 12 is equivalent to the modular DRed algorithm shown
in Algorithm 20. Both algorithms follow a general DRed procedure, including the
addition, deletion, and rederivation of facts. The multi-scheme DRed algorithm uses
the schemes to store consequences of different types of rules, while the modular DRed
algorithm uses a default table to store all derivations. During the overdeletion proce-
dure, the modular algorithm first initialises the fact changes M as facts to be deleted
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E−, and removes M from I in in line 7. Then, the changes M and current material-
isation I is used in line 9 to derive facts to be deleted, whose bounds are defined by
the operator Π−

T in Table C.1. Then, the derivation is applied recursively with the
fact changes updated in line 12 and the materialisation updated in line 13.

The multi-scheme algorithm uses the schemes to store the consequences of different
types of rules, and the fact changes are stored in the schemes. In line 6, the facts to
be deleted E− are scheduled into the schemes. Please note that here E− is not yet
deleted from the materialisation I. These facts are processed and encapsulated in the
domain ‘∆’ in line 8, and removed from the materialisation I in line 12. This will not
influence the correctness of the algorithm, just potentially change the order of the
fact processing. The multi-scheme algorithm uses an internal flagChanges function
to update fact changes in line 11. Instead of using a global M , the multi-scheme
algorithm uses the MT

d to represent the fact changes during the deletion for each
scheme T . Each scheme identifies fact changes with the predicate BT to collect facts
that are useful when applying the rules ΠT managed by the current scheme T . This
will only influence the effectiveness of the reasoning process, but not the correctness
of the algorithm, as only “relavant” facts are identified for each scheme.

Provided that the deriveForDeletion function of each scheme T applies rules and
encapsulates the derivations ∆T in scheme’s internal data structure, and ∆T adhere
to the bounds of the modular operator Π−

T , as proved in Theorem 2, the scheme
can be considered as a valid module when computing the derivations during the
overdeletion procedure. Moreover, as shown in Definition 4, the encapsulated facts
in domain ‘I’remain unchanged, just like the I in line 9 of the modular algorithm.
The derivations ∆T for each scheme T is flagged as fact changes MT ′

d for any relevant
schemes T ′ in line 11, which is equivalent to updating the global fact changes M in the
modular algorithm in line 12. Finally, the scheme uses a remove function to remove
the facts in domain ‘∆’ from the materialisation I in line 12, which is equivalent to
the removal of the fact changes M from the materialisation I in line 13 of the modular
algorithm, as shown in Definition 4.

For the rederivation procedure, the multi-scheme algorithm uses the rederive func-
tion of a scheme T to rederive facts DT that are overdeleted from the data structure.
The overdeleted facts DT are collected in line 12 using the remove function, just like
the D in line 13 of the modular algorithm. Following Theorem 2, the rederived facts
in the multi-scheme algorithm adhere to the bounds of the modular operator Πr

T .
Therefore, the scheme in the multi-scheme algorithm can be considered as a valid
module when computing the rederivations during the rederivation procedure.
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Finally, for the addition procedure, the multi-scheme algorithm uses the derive-
ForAddition function of each scheme T to derive facts to be added and encapsulate
them in the data structure of the domain ‘∆’. The Theorem 2 establishes that the
derivations ∆T for each scheme T adhere to the bounds of the modular operator Π+

T .
Additionally, the encapsulated facts in domain ‘I’ remain unchanged, just like the I in
line 20 of the modular algorithm. The derivations ∆T for each scheme T are flagged
as fact changes MT ′

a for any relevant schemes T ′ in line 22, which is equivalent to
updating the global fact changes M in the modular algorithm in line 23. Finally, the
scheme uses a merge function to merge the facts in domain ‘∆’ into the materialisa-
tion I in line 23, which is equivalent to the merging of ∆T into the materialisation I

in line 24 of the modular algorithm, as shown in Definition 4.
Therefore, the multi-scheme DRed algorithm is correct if all schemes satisfy Def-

inition 4. □
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Appendix D

Datalog Programs in Benchmarks

This section presents Datalog programs for the benchmarks that are designed to test
specialised schemes and the interaction between different types of schemes.

D.1 TC

The Datalog program used in the TC dataset is shown below. It defines a simple
transitive closure over a directed graph. The predicate p:path represents whether
there is a path from node ?X to node ?Y. The first rule captures direct edges in the
graph, while the second rule recursively derives reachable pairs by chaining existing
path facts. The second rule declares the relation p:path as transitive.

p:path[?X,?Y] :- p:edge[?X,?Y] .

p:path[?X,?Z] :- p:path[?X,?Y], p:path[?Y,?Z] .

D.2 TC+

The Datalog program used in the TC+ dataset is shown below. It defines two tran-
sitive relations, R and R2, which are mutually reverse: R2 captures the reverse of R,
and vice versa. As such, both relations can be efficiently managed within a single
TC scheme, as discussed in Section 5.4.6. The predicate R can be derived from var-
ious combinations of base relations (A, B, C) non-recursively, and from D and itself
recursively; while R2 is non-recursively derived from F, and recursively derived from
E, R, and X. Additionally, the relation X depends on R2, introducing further interac-
tion between transitive relations and normal relations. This program is designed to
test the performance of the TC scheme under more complex recursive and mutually
dependent transitive relations.
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<http://R>[?X,?Z] :- <http://R>[?X,?Y], <http://R>[?Y,?Z] .

<http://R>[?X,?Y] :- <http://A>[?X,?Y] .

<http://R>[?X,?Y] :- <http://B>[?X,?Y], <http://C>[?X,?Y] .

<http://R>[?X,?Z] :- <http://R>[?X,?Y], <http://D>[?Y,?Z] .

<http://R2>[?X,?Z] :- <http://R2>[?X,?Y], <http://R2>[?Y,?Z] .

<http://R2>[?X,?Y] :- <http://R>[?Y,?X] .

<http://R>[?X,?Y] :- <http://R2>[?Y,?X] .

<http://R2>[?X,?Y] :- <http://F>[?X,?Y] .

<http://X>[?X,?Y] :- <http://R2>[?X,?Y] .

<http://R2>[?Y,?X] :- <http://X>[?X,?Y], <http://E>[?X,?Y] .

D.3 U

The Datalog program of the U dataset is shown as below, in which U is the union of
other 14 relations.

<http://U>[?X,?Y] :- <http://A>[?X,?Y] .

<http://U>[?X,?Y] :- <http://B>[?X,?Y] .

<http://U>[?X,?Y] :- <http://C>[?X,?Y] .

<http://U>[?X,?Y] :- <http://D>[?Y,?X] .

<http://U>[?X,?Y] :- <http://E>[?X,?Y] .

<http://U>[?X,?Y] :- <http://F>[?X,?Y] .

<http://U>[?X,?Y] :- <http://G>[?X,?Y] .

<http://U>[?X,?Y] :- <http://H>[?X,?Y] .

<http://U>[?X,?Y] :- <http://I>[?X,?Y] .

<http://U>[?X,?Y] :- <http://J>[?X,?Y] .

<http://U>[?X,?Y] :- <http://K>[?X,?Y] .

<http://U>[?X,?Y] :- <http://L>[?X,?Y] .

<http://U>[?X,?Y] :- <http://M>[?X,?Y] .

<http://U>[?X,?Y] :- <http://N>[?X,?Y] .

D.4 TCU

The Datalog program for the TCU dataset is shown below. In this program, the
relation U is defined as the union of the relations A and B. The relation A is transi-
tive and mutually reverse with another transitive relation, A2. Moreover, there are
recursive dependencies between A, A2, and U, making this program a representative
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case for evaluating interactions between transitive and union relations within the
multi-scheme framework.

<http://U>[?X,?Y] :- <http://A>[?X,?Y] .

<http://U>[?X,?Y] :- <http://B>[?X,?Y] .

<http://C>[?X,?Y] :- <http://U>[?X,?Y] .

<http://B>[?X,?Y] :- <http://C>[?X,?Y] .

<http://U>[?X,?Y] :- <http://D>[?X,?Y], <http://E>[?X,?Y] .

<http://A>[?X,?Y] :- <http://A>[?X,?Z], <http://A>[?Z,?Y] .

<http://A2>[?X,?Y] :- <http://A2>[?X,?Z], <http://A2>[?Z,?Y] .

<http://A>[?X,?Y] :- <http://A2>[?Y,?X] .

<http://A2>[?X,?Y] :- <http://A>[?Y,?X] .

<http://U>[?X,?Y] :- <http://A2>[?X,?Y] .

<http://F>[?X,?Y] :- <http://U>[?X,?Y], <http://D>[?X,?Y] .
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Appendix E

Queries used in Query Answer
Experiments

This section presents test queries using the TC predicate and the union predicate,
used in Section 5.7.5.

# 1. Queries using TC predicate

# Queries evaluated over DBpedia50# TC Q_0

Select (count(*) as ?cnt) where {

?x skos:narrowerTransitive ?y .

}

# TC Q_1

Select (count(*) as ?cnt) where {

?x a skos:Concept .

?x skos:narrowerTransitive ?y .

}

# TC Q_2

Select (count(*) as ?cnt) where {

?x term:subject db:Reproducibility .

?x skos:narrowerTransitive ?y .

}

# TC Q_3

Select (count(*) as ?cnt) where {
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?x term:subject db:Uncertainty .

?x skos:narrowerTransitive ?y .

}

# TC Q_4

Select (count(*) as ?cnt) where {

?x term:subject db:Supercritical_angle_fluorescence_microscopy .

?x skos:narrowerTransitive ?y .

}

# TC Q_5

Select (count(*) as ?cnt) where {

?x term:subject db:Micrograph .

?x skos:narrowerTransitive ?y .

}

# TC Q_6

Select (count(*) as ?cnt) where {

?y a skos:Concept .

?x skos:narrowerTransitive ?y .

}

# TC Q_7

Select (count(*) as ?cnt) where {

?y term:subject db:Reproducibility .

?x skos:narrowerTransitive ?y .

}

# TC Q_8

Select (count(*) as ?cnt) where {

?y term:subject db:Uncertainty .

?x skos:narrowerTransitive ?y .

}

# TC Q_9

Select (count(*) as ?cnt) where {
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?y term:subject db:Supercritical_angle_fluorescence_microscopy .

?x skos:narrowerTransitive ?y .

}

# TC Q_10

Select (count(*) as ?cnt) where {

?y term:subject db:Micrograph .

?x skos:narrowerTransitive ?y .

}

# Queries evaluated over TC+

Select ?x ?y where { ?x <http://R> ?y }

# Queries evaluated over TCU

Select ?x ?y where { ?x <http://A> ?y }

# 2. Queries using Union predicate

# Queries evaluated over DBpedia50# Union Q_0

Select ?x ?y where {

?x <http://www.w3.org/2004/02/skos/core#semanticRelation> ?y .

}

# Union Q_1

Select ?x ?y where {

?x a <http://www.w3.org/2004/02/skos/core#Concept>.

?x <http://www.w3.org/2004/02/skos/core#semanticRelation> ?y .

}

# Union Q_2

Select ?x ?y where {

?x term:subject <http://dbpedia.org/resource/Reproducibility>.

?x <http://www.w3.org/2004/02/skos/core#semanticRelation> ?y .

}

# Union Q_3
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Select ?x ?y where {

?x term:subject <http://dbpedia.org/resource/Uncertainty>.

?x <http://www.w3.org/2004/02/skos/core#semanticRelation> ?y .

}

# Union Q_4

Select ?x ?y where {

?x term:subject db:Supercritical_angle_fluorescence_microscopy.

?x <http://www.w3.org/2004/02/skos/core#semanticRelation> ?y .

}

# Union Q_5

Select ?x ?y where {

?x term:subject <http://dbpedia.org/resource/Micrograph>.

?x <http://www.w3.org/2004/02/skos/core#semanticRelation> ?y .

}

# Union Q_6

Select ?x ?y where {

?y a <http://www.w3.org/2004/02/skos/core#Concept>.

?x <http://www.w3.org/2004/02/skos/core#semanticRelation> ?y .

}

# Union Q_7

Select ?x ?y where {

?y term:subject <http://dbpedia.org/resource/Reproducibility>.

?x <http://www.w3.org/2004/02/skos/core#semanticRelation> ?y .

}

# Union Q_8

Select ?x ?y where {

?y term:subject <http://dbpedia.org/resource/Uncertainty>.

?x <http://www.w3.org/2004/02/skos/core#semanticRelation> ?y .

}

# Union Q_9
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Select ?x ?y where {

?y term:subject db:Supercritical_angle_fluorescence_microscopy .

?x <http://www.w3.org/2004/02/skos/core#semanticRelation> ?y .

}

# Union Q_10

Select ?x ?y where {

?y term:subject <http://dbpedia.org/resource/Micrograph>.

?x <http://www.w3.org/2004/02/skos/core#semanticRelation> ?y .

}

# Queries evaluated over U

Select ?x ?y where { ?x <http://U> ?y }

# Queries evaluated over TCU

Select ?x ?y where { ?x <http://U> ?y }
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