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1. Introduction

Stellarators [1] offer some intrinsic advantages compared to tokamaks, such as the
possibility of steady-state operation and the absence of disruptions. Hewever,  the
magnetic configuration of a stellarator has to be designed very carefully’for itto have
confinement properties comparable to those of an axisymmetric tokamak. In a generic
stellarator, trapped particle orbits have non-zero secular radial driftsrand they leave the
device in a short time. The stellarator configuration is called omnigeneous {2, 3, 4, 5] if
the secular radial drifts vanish.
Omnigeneity guarantees a neoclassical transport level similar 6 that in a tokamak
(see equation (2) below). Define the normalized ion gyroradius p;. := vy /(€2 Lo), where
vy and €; are the ion thermal speed and the ion gyrofrequeneypand L is the typical
length of variation of the magnetic field, which is assumed te be of the order of the system
size. The gyrofrequency is §; = Z;eB/(m;c), wheredZje,is thescharge of the ions, e is
the elementary charge, B is the magnitude of the magnetic field B, m; is the ion mass,
and c is the speed of light. Since p;, < 1 in a strongly magnetized plasma, the drift-
kinetic formalism [6] is appropriate. Denoting'by fi(ryv)gthe phase-space distribution,
the radial ion energy flux @); reads
m;v2
Q; = /dQS/dSU ( ; + Zie<p> Vg, -0 f;. (1)
Here, ¢ is the electrostatic potential, v4; is'the drift velocity, 1 is the unit vector normal

to the flux surface, vg; - 0 ~ p; U pand theyintegrals are performed over velocity space
and over the flux surface. In a perfectly omnigeneous stellarator f;, to lowest order
in p, is a Maxwellian fp7; with density m; and temperature T; that are constant on
flux surfaces. The phase-space distribution is written as f; = fa; + fi1, where the
perturbation to the Maxwéllian is found to have a size fi1 ~ O(pixfari). The first non-
vanishing contribution testhesenergy flux comes from a piece of the distribution function
that is O(Viwpis fari), Where@,, .= v;; Lo /vy is the ion collisionality and v;; is the ion-ion
collision frequency. [Thens in an omnigeneous stellarator,

Qi & U1 Ti04S . (2)
The area of the flux surface is denoted by Sy, with ¢ the radial coordinate.

The proof of Cary and Shasharina [2, 3] for the existence of omnigeneous magnetic
fields implies that,exact omnigeneity throughout the plasma requires, at least, non-
analiticity. Iet us explain this in more detail. As shown in references [2] and [3],
there existromnigeneous magnetic fields that are analytic. These configurations coincide
with the set, of quasisymmetric magnetic fields [7, 8]. To the virtues of omnigeneity,
quasisymmetry adds the vanishing of neoclassical flow damping in the quasisymmetric
directioni™ Therefore, in quasisymmetric stellarators larger flow velocities can be
attained. In principle, a quasisymmetric stellarator plasma may have large flow shear,
that_in principle can reduce turbulent transport [9]. However, the quasisymmetry
condition is incompatible with the magnetohydrodynamic equilibrium equations [10],
and the stellarator can be made quasisymmetric only in a limited radial region.
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This is why we said above that a necessary condition for exact omnigeneity is non-
analiticity; specifically, the discontinuity of some derivatives of second or higher order:.
However, designing and aligning coils that create a magnetic field with, discontinuous
derivatives at certain points in space is probably technically impossibled »Therefore,
even in optimized magnetic fields, the effect of deviations from the desired omnigeneous
configuration cannot be neglected. It is thus necessary to study magnetie fields of the
form B = By+6B1, where By is omnigeneous and 0B is a perturbation, with 0, § < 1
and By ~ By.

The effect of a deviation from omnigeneity is more detrimental\for confinement
at small collisionalities. If v, < 1 and the stellarator is non-ommnigeneous, the non-
omnigeneous piece of f;; becomes large, so that fi1 > ps. fafs and the energy flux can be
much larger than the estimation (2) even if J is small. The quantification of this effect
for

that defines the 1/v regime, has been treated in {11, 12, 13] for stellarators close to
quasisymmetry and is the subject of [14] for stéllarators close to omnigeneity. However,
this regime does not exhaust the low collisionality parameter space in stellarators. When

Vie S Pins (4)
the components of the drifts tangential to the flux surface matter [1, 15, 16, 17]. In this
paper we study stellarators closedéromnigeneity in the collisionality regime (4), relevant
for a stellarator reactor [18].

It is important to point out that the ealculations in this paper do not rely on large
aspect ratio approximations.© Of course, if the stellarator close to omnigeneity under
consideration has large aspect ratie, one can perform a subsidiary expansion in the
inverse aspect ratio and refine the results obtained here. This will be the subject of
future work. The rest of the}aper is organized as follows.

In Section 2 we introdace a'set of flux coordinates that is well-adapted to stellarator
magnetic geometries. Then, weé give the formal definition of omnigeneity.

In Section 3" wenderive, starting from the complete drift-kinetic equation, the
equation for the deminant component of the distribution function when § <« 1 and
Vie S pis. Ingparticular, we explain why the standard expansion in p;, breaks down for a
generic stellaratorswheén v;, < p;.. In brief, the reason is that f;; becomes so large that
fi1 ~ fan. For stellarators close to omnigeneity, however, we can expand in the small
parameter . In/addition, in a generic stellarator the drift-kinetic equation becomes
radially non-local when v;, < pi., but we will see that with the condition § < 1 we can
derive a radially local drift-kinetic equation in this collisionality regime.

A'precision must be made about the asymptotic expansion in ¢ carried out in this
paper. When p;. < v < 1, it has been understood (in [11, 12, 13] for stellarators close
tonquasisymmetry and in [14] for stellarators close to omnigeneity) that the effect of
the deviations (from quasisymmetry or omnigeneity) is very different depending on the
size of the gradients on the surface of the magnetic field perturbation. For the regime
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(4), the case of deviations with small gradients and the case of deviations withlarge
gradients also require different treatments, in principle. Here, we restrict ourselves to
deviations with small gradients. Let us be more precise. If By := |By| and B; =B,
by “deviations with small gradients” we mean that |V1n By|/|VIn By| 3,0. If this
inequality is well satisfied, then we can consider that the characteristic lengths of.both,
By and By, are O(Lyg) as far as the asymptotic expansion in 0 is concerned.

In Section 4 the equation derived in Section 3 for the non-omnigeneous piece of the
distribution function is solved when v;, < p;. We find that @); is.dominated by two
collisional layers in phase space. One of the layers lies at the boundary\between trapped
and passing trajectories and produces an energy flux

L2

~ 02 Z/Q\/ 0 (Wa/Vii) prni Tive Lot Sy, (5)

where w, ~ puvy/ Lo, defined in Section 4, is thesprecession/frequency due to the
tangential drifts. On the right side of (5) w, actually stands for the value of the
precession frequency evaluated at the boundary between trapped and passing particles

and at v = v;;. Note the logarithmic correction to the sgaling with (Vi Jwa )% in (5),
that we calculate in subsection 4.1.

The other layer lies at the pointséofiphase space/where w, vanishes and yields Q;
independent of v;,. Namely,

Qi ~ 52pi*nz‘Tz‘UtiSw- (6)

The first layer (see subsection 4.1) gives the so-called /v regime, found in certain models
of stellarator geometry [19; 20] where the inverse aspect ratio and the helical ripple
are employed as expansion parameters. The second layer (see subsection 4.2) gives the
superbanana-plateau regimg, derived.in [21] for finite aspect ratio tokamaks with broken
symmetry. Here, the /v and'superbanana-plateau regimes are derived and analyzed in a
much broader setting and in&eper detail than previously available in the literature. In
particular, we will show that the treatment of the superbanana-plateau regime requires
special care for small values of'the radial electric field (see (150) for a precise definition
of what ‘small’ meansiin this context), and in those cases logarithmic corrections appear
in (6) as well. £Of eourse, neither the /v regime nor the superbanana-plateau regime
(nor the 1/uiregime) exist in perfectly omnigeneous stellarators; i.e. when 6 = 0.

From«the start, <t will be evident that the role of the electric field tangent to
the flux /surface igirelevant when the collisionality is as low as in (4) (not to mention
its importance for impurity transport, as pointed out, for example, in [22, 23, 24]).
Furthermore, we will show that writing the contributions to the quasineutrality equation
that gives the electric field tangent to the flux surface is a subtle issue. In particular,
we will prove that the superbanana-plateau layer has to be resolved to find the tangent
electric field. For this reason, we discuss the quasineutrality equation in subsection
4.2.1.

The contributions to ); from the two layers mentioned above are additive, as long
as the layers are distinct and do not overlap, and a general expression embracing the /v
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and superbanana-plateau regimes is provided in subsection 4.3. The treatment of cases
in which both layers overlap is left for the future. As (5) and (6) already indicate, we
will show that the neoclassical fluxes scale with the square of the size of the deviation
from omnigeneity, 6.

In Section 5 we use the results of previous sections to write the equation that gives
the radial electric field.

Finally, in Section 6, we explain that the results of Section 4 are not expected to
be correct for arbitrarily small v;,. For each § there exists a value of the collisionality
vs« such that if v;, < vs, our solution is not valid. We explain’and es\timate the limit
value vg,.

In Section 7 we summarize the conclusions of the paper.

2. Omnigeneous stellarators

Throughout the paper, we deal with stellarators,whose magnetic field configurations
possess nested flux surfaces. In the first place,-we define a set of spatial coordinates
{1, a, 1} adapted to the magnetic field. The ¢oordinate % determines the flux surface,
whereas « is an angular coordinate that labels a magnetic field line once ¥ has been
fixed. Finally [, the arc length over the magnetic field line, specifies the position along
the line for fixed ¢ and . Denote by (), o) and I(r) the functions giving the value
of these coordinates for each point.r in the stellarator. The magnetic field can be written
as

B = W,(¢))Vi x Va. (7)

Here, U, is the toroidal magnetieflux over 27 and primes stand for differentiation with
respect to 1. In order to have unique pairs (o, () associated to each point on a flux
surface, we choose a curve C\that closes poloidallyf. This curve can be parameterized
by «. All points on thé curyve are assigned, by definition, the value [ = 0. For each pair
Y and « we take [ € [03L(, ), where L(v, ) is found by integrating from C along
the line until the eurve Cis'éncountered again.

Let v be thesmagnitude of the velocity and A\ = v? /(v?B) the pitch angle. Given a
flux surface determined by v, particles are passing or trapped depending on the value
of \. Passing trajectories have A < 1/Bpax(?), where Byax (1)) is the maximum value of
B on theflux surface. Passing particles explore the entire flux surface and always have
vanishing ayerage radial magnetic drift. Particles with A > 1/B.x(¢)) are trapped.
For trapped pasticles, the radial magnetic drift averaged over the orbit is non-zero in
a generic stéllarator. A stellarator is called omnigeneous if the orbit-averaged radial
magnetic drift is zero for all particles [2, 3, 4, 5]. That is, if and only if the second

1 To fix ideas, we are thinking of « as a poloidal angle, but things work analogously if «;, and therefore
the curve C, have a different helicity.
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adiabatic invariant J = 2 flbb2 v |dl is a flux function, which means that
1

0a | VI=XBdl=0 (8)

Iy,
must hold for every trapped trajectory. Here [}, and [,, are the bounce pointsipi.e. the
solutions for [ of the equation 1 — AB(¢, a,l) = 0 for a particular trapped trajeetory.
Since (8) has to be satisfied for every A, that equation is equivalent 46 Fequiring§

lby
aa A(w)vv)‘aB(waaaw)dl =0 (9)

Iy, 0
for any function A that depends on « and [ only through B. Weawill make use of this

definition of omnigeneity several times along the article.

3. Low-collisionality drift-kinetic equation in stellarators close to
omnigeneity

As we said in the Introduction, due to the smallness.of p; we can employ the drift-kinetic
approach [6, 11, 25, 26]. It consists of a systématic wayafo average, order by order in
pix, over the fast gyration of particles around magnetic field lines. This is achieved
by finding a coordinate transformation omphase space that decouples the gyromotion
from the comparatively slow motion of the guiding center. The new coordinates are
called drift-kinetic coordinates. In what follows, we restrict ourselves to electrostatic
drift-kinetics and assume that ¢ ~m, vz fé:

The form of the drift-kinetic equation is determined by the transformation from
coordinates {r,v} to drift-kinetic coordinates (or, perhaps more precisely, to the drift-
kinetic limit of gyrokinetic coordinates [27]). Even though we will end up employing the
coordinates v and A defined in Section 2, it is convenient to start using as independent
coordinates the total energy per. mass unit £ and the magnetic moment p because they
are constants of the particle metion. Then, in drift-kinetic coordinates {R, &, i, 0,7},
where R is the position of the guiding center, ¢ is the sign of the parallel velocity and
v is the gyrophase, we have

b«
R=r-~ ﬁb X V+O(p:2L0),

2 7.
S:U-+ 16807

2 m;

L0~ (v 5)?) + O(pue3/B).

=3B

e>+0ma (10)

V- €
~ = arctan < =

Ve
§.In [3]/ it is proven that (8) implies that > |dl/dB| (the sum runs over the two points of each well
where the magnitude of the magnetic field reaches a certain value B) depends only on ¢ and on the
value of B. Property (9) follows by employing this result after changing the integration variable on the
left-side of (9) from [ to B.

Page 6 of 36
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where b = B~!'B and the right sides of the previous expressions are evaluatediatnr.
The orthogonal unit vector fields €, and €, satisfy at each point €; X & = b. The
higher-order corrections in the definition of ;i are determined by the faet that wis the
adiabatic invariant corresponding to the ignorable coordinate v. Finallyfe,= v /|y
gives the sign of the parallel velocity, where the latter is viewed as a functionhof the
other coordinates through the expression

o :a\/2 (8—MB— Z;jf) . (11)

Denote by Fi(¢(R),a(R),I(R), &, ju,0) the distribution/function in drift-kinetic
coordinates. We assume from the beginning that our disteibution function does not

depend on the gyrophase 7, which is true for all the calculationgyin“this paper (see [25]
for the proof that only pieces of the distribution function O(v;.pi.fa:) or smaller are
gyrophase dependent). In these coordinates the driftsKinetic equation reads

R - VF, = C{[F};, F)]. (12)
Here,

L . L

R - bb = v;b + O(pi.vyi) (13)
and

R — R -bb = vy, +vp + O %), (14)
with
Vi = ézf) X (vﬁn + uVB) (15)
being the magnetic drift,
Vg = %B X Vo (16)

being the E x B drift and K=b- Vb being the curvature of the magnetic field lines.
Note that |var;| and |vg|are O(pi.vy;).

In (13) and“(14) we have’shown only the terms that will be needed later on. All
the terms of R up t0@(p;?v;;) have been computed in [26]. In (12), an expansion in the
mass ratio y/m./m; & 1 has been taken so that ion-electron collisions are neglected,
and C£ is the ion-ion Landau collision operator written in coordinates & and p. Its
explicit expressionn(see [28], for example) is not necessary for our purposes. From here
on, we concentraté on'ion transport.

Low collisionality regimes are defined by v, < 1. It is well-known (see, for example,
subsection 7.1in [11] and also [14]) that if the collisionality is small but still larger than
the'normalized gyroradius, i.e. if p, < v < 1, then the distribution function and
electrostatic potential can be expanded as

E:F;%‘i‘Fn-i-... (17)
and

p=woter+..., (18)
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where
Fi(0.8) =) (5 )3/29, (-t (19)
i0(1, &) = n P e xp | —
’ 21T;(¥) Ti(¥)

is a Maxwellian distribution with density and temperature constant on the flux surface,
the non-adiabatic perturbation to F§ has a size
Pix

%

Fiy ~ E%v (20)

wo() ~ T;/Z;e is a flux function and ¢; is found from the quasineutrality equation
~

Zi/Fid?’v = N.,. (21)

Here, N, is the electron density and [(-)d*v =Y, [(-)Blv, | 'd&dgdy. To lowest order
in y/me/m; < 1, only the adiabatic response of the electrons counts. Then,

= (555)), o (N

where T, is the electron temperature, n, is the flux=surface averaged electron density

and (- ), denotes the flux-surface average operation, defined for a function f(¢, a,1) as

2m L(1,o)
(o = V() / da / AVE (23)

where V’(¢) is the radial derivative of the wolume enclosed by the flux surface labeled
by ¥,

2m L(¢,a)
VI(y) = /O dex /0 Al WB, (24)

In the quasineutrality fequation'defined by (21) and (22) the expansions (17) and
(18) have not been employe@et. Using them, we obtain

Z; 1 ot 3
(E—l—i)(m—?m/ﬂld% (25)

where we have assumed that p; and the right side of (25) have vanishing flux-surface
average. The proof that this choice in the definition of ¢; and Fj; is possible is provided
in reference [11].
From (25) and the fact that Fj; ~ v;,' pi F§, one obtains
Pix
L . 26
1Yo (26)

Thig'is the so=ealled 1/v regime [29], that exists for any stellarator (strictly speaking,
for ‘any stellarator that is not exactly omnigeneous).

The point that needs to be emphasized here is that the expansions (17) and (18)
do notdwork when v, < p;. because Fj; becomes as large as F£ and ¢, becomes as large
as.p (see (20) and (26)). The regime v, < pis is the subject of this paper, and we start
to analyze it in the next subsection.

Page 8 of 36
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3.1. Drift-kinetic equation when v, < pi in stellarators close to omnigeneity

As explained above, the expansion of the distribution function and electrostatic{potential
employed in the 1/v regime (recall equations (17), (19), (20), (18) and (26)),.0: < Vi<
1, is not valid when v;, < pi. In order to understand what happens at, collisionality
values v, < pi we go back to (12), assume v, ~ p;. and expand in p;4

We take

E:E%+E1+... (27)
with Fj; ~ piu F5. To lowest order in p;, equation (12) gives ~
v Fg = 0. (28)

To solve (28) and the next order equations, we employ a procedure similar to the one
developed in [14] for the 1/v regime. Equation (28) implies that on an ergodic flux
surface|| F$ can be written as

Fz% :hi(wﬂgaﬂa U)+9i(¢70é,57%i)7 (29)
where g; can be chosen such that it vanishes in/#he passinggparticle region of phase space
and h; cannot depend on o in the trapped particle region. In order to understand (29)
observe, first, that the distribution funétion. F'§ cannet/depend on « in the passing region
of phase space because passing particles trace,out a flux surface. Second, that in the
trapped region of phase space F§ cannot depend on o because it has to be continuous at
the bounce points. The split between h;tand ¢; is defined up to a function independent
of o that vanishes for passing particles. To completely determine g;, we impose the

2 lb
/da/zlg’—. (30)
b, vl

There are other conditions that could be used to fix g;.

condition

The equation satisfied/by F$ is found from averages of equation (12) to next order
in pi.. For passing/particles one has to multiply the O(puviLy'F5) terms of (12) by
1/]v)| and integrate‘over the flux surface, obtaining

27 L(v,d)
/ do / L Coqes, FEai = o, (31)

In order/fo get (31)we have employed 9,F§ = 0, the fact that in the passing region
0, F% =0, and finally the property

2m L{%,a) 1
0 0

vy

for passing trajectories.

Ih. On a rational surface, passing particles follow periodic orbits and must be treated like standard
trapped particles. Hence, there would be no splitting between h; and g; on a rational surface.
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For trapped particles we multiply the O(piviLy ' F§) terms of (12) by 1/wvjjrand
integrate over the orbit, arriving at

ZieW) [
0y JOnFG + 0, J0y Fg = / —05 5, Fgldl. 33
P i T P40 — Z mic l |UH’ [ 0> 10] ( )
Equation (33) has convemently been expressed in terms of the second adiabatic invariant
Uy,
JW, o, E ) = 2/ v |dl (34)
by
by employing the relations -
by 1 m;c
2/ 7(VM7¢ + VE) . V?ﬁ dl = ! C%J (35)
lbl ]vH\ Zie‘lfé
and
"L ) (36)
2/ V]V11+VE Vadl = 8 J, 36
by ol Z ‘If’ v

that are derived in Appendix A.

Given the profiles for ion density, ion temperature andradial electric field, the piece
of the electrostatic potential that determines the'tangential electric field is found from
(recall (21) and (22))

o frinnglaheW) ()

In a generic stellarator one cannot ge, beyond (31), (33) and (37), that are a set of

non-linear equations for the,distribution function and the electrostatic potential. In
particular, this means that without further assumptions, when v;, < py., one cannot
deduce that F§ be Maxwellian, and,the drift-kinetic equation is clearly not radially
local (note the term in (33) eontaining 9, F5). However, we proceed to show that the
situation is different iffhe stellarator is close to omnigeneity.

We take

B =B, + /B (38)

where By is omnigeneous;y By ~ B; and 0 < § < 1, and assume that the expansion in
0 is subsidiary with respect to the expansion in p;.. As advanced in the Introduction,
we only comsider the ¢ase in which By has small spatial derivatives tangent to the flux
surface,

00(B;, ~ 5L0_130,

0aB1 ~ 0 B,. (39)
The distribution function and the electrostatic potential are expanded as
Fi=Fg” +6Fg"Y + ... (40)
and
o = po(¥) + oW + .., (41)

Page 10 of 36
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where Fl%(l) ~ FZ%(O) is the non-adiabatic correction of the distribution functien amd
oM ~ y. We also expand J as

J=JO 450 4 (42)
with
Iy,
JO :2/ o,
oy
1;72 1 Z
J(l) = —2/ ’ ) (,UBI(OZ l) zegp(l)(av l)) dl. (43)
lb1g |v\| ’ M =

Here l;,, and l;,, are the points that make

’Ul(lo)(d), a, l, S,M) = O'\/2 <€ - ﬂBO(wa a, l) - frze ﬁb)) (44)

vanish and J(© is independent of a, which is the défining property of omnigeneity, as
explained in Section 2. The rigorous proof that thegperturbation to J© is actually linear
in § when (39) is satisfied is contained in [31]. Ainally; observe that we have assumed
that ¢ is a flux function. It can be proven that this follows from quasineutrality for an
exactly omnigeneous magnetic field.

To lowest order in ¢ equation (31) gives

o L) (3))
/ dO‘/ TR (45)

| u
H

where the superindex (0) in Cf;(o) indicates that only By has been kept in the kernel
that defines the collision operator. Analogously, L(®)(1) is the length of the magnetic
field line for the omnigeneous configuration, and it has been stressed that it does not
depend on a.

The lowest order terms of(33)/n the 0 expansion are

Z el [0
(0
—8,J00,F5 = /

b

10

EOFE© FEONqp, (46)

'LZ

where we have used 8aJ ©) = 0 due to ommgeneity.
We solve equations (45) and (46) by using the entropy production property of the
collision operator. The lowest-order piece of (29) in the ¢ expansion implies that Fs(o)

does not depend omé in the passing region. Hence, we multiply (45) by —In Fi0 and

(22 K

27 LO@) 4
|

in'the passing region.
Similarly, we multiply (46) by —In E%(O), integrate the resulting expression over «
and recall that omnigeneity implies that 0,J © does not depend on o. We end up with

/27&' /~lb20
lbyg

n F OO g™l = 0 (48)
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in the trapped region. Integrating (47) and (48) in velocity space and following
an entropy-production argument, we deduce that E%(O) is a Maxwellian distribution:
Furthermore, it must have zero flow because FZ%(O) cannot depend either,on [ or on the
gyrophase. Inserting the Maxwellian into (46), we find that it is also indepeéndent of a,

leading to
3/2
5(0) b, E) = ns( ( m; > exp (_mig - Zﬂ@o(@) _ 49
-8 = 5oy 7.00) )
We turn to the equations provided by terms that are linear«in 6.in (31) and (33).
Using the decomposition (29), we can write ~
Fo = (0.8, .0) + " (0,0 €. ), (50)

where h( ) cannot depend on ¢ in the trapped particle region of phase space, and g( )

may be chosen such that it vanishes in the passing particlexcegion and such that

27
/ g da = 0. (51)
0

Equation (51) is simply condition (30) writtendo O(0) b}; using (9).
To O(9) equation (31) gives

o L) (3))
/ da / | if(‘))[hg”]dz =0, (52)
o’

where

Co O = C O F T+ OO, F ) (53)

(22

is the linearization of the collision operator around Fl-‘g(o). In order to get (52) we have
employed that for passing trajectories

o L) (3))
[ e
| Y

This is obtained by wmoting/ condition (51) and by wusing that, due to (9),
Yo fOL(O)(w) |v‘(‘0)|flC§’Z(0)[-]dl is an operator whose coefficients are independent of «

when acting ondfunctions, independent of [.
The O(4) terms of\(33) yield

0>‘ CA%gldi =lo. (54)

ZieW, "
0,70 o FE® g e pE©) _ Z o [T SO FE), (55)
m;c 10
loyo ‘UH
where
/ U /
el ni Iy (mu(€ — Ziepo/mi) 3 Ziew,
T;'= . + = T ( T 5 + 77—% . (56)

Next, we show that hl(l) can be set equal to zero. We integrate (55) over «, which
gives

o tbao 5 0V (1)
Z da 0) [AV]dl = 0. (57)
lbyo |UH |

Page 12 of 36
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In order to obtain (57) we have used that in the trapped region

2 leO gzo) ()
Z da C g1l = 0. (58)
lbyg

|UH

This can be deduced by recalling (51) and by noting that, adue mto (9),
Yo fllbm |v HO)] 10»52.’6(0)[ -]dl is an operator with coefficients independent 6f @ when acting
on functions independent of [. Multiplying (52) and (57) by —hgl) / E‘B(O), integrating
over velocity space and applying again an entropy-production argument, we find that
h; ) has to be a Maxwellian distribution with zero flow, and 1ndependent of a and [.
Thus, it can be absorbed in the definition of on( ) and, from here.¢h, We can assume

M=o (59)
without loss of generality.

Then, we only need to determine g ). which is found froin (58) by setting h equal
to zero. Namely,

ZieW, "
=00 009" + 0, JOTEFGY = 3 = / g 0] 1) (60)
mic loyo lq)H | 4

It is obvious, but still worth pointing out, that when p; < v, < 1 the first term in (60)
can be neglected and one recovers the equation for the dominant piece of the distribution
function in the 1/v regime of a stellarator elose to omnigeneity with a non-omnigeneous
perturbation that has small gradients [14].

Note that the orbit integrationgyin (43) and (60) only involve By and ¢,. We use
this fact to employ, in what follows, the ecordinates

v=/2(€ = Ziego(v)) /m),
_ H
E— Ziego@)/mi’
in which the equations'become simpler. We will not change the names of the functions

(61)

UI(IO)’ OypJ © JM and gi(l) but assume that they are expressed in coordinates v and \. Let
us be explicit to avoid any confusion. From here on, by 0yJ ©) and JM we understand

5.0 — /l”ZO Av0y By + 2Zie/(miv)<p6dl (62)
v l VI—AB,

b10
and

Loy , )
S _/ o By + 2Ze/(mv)p dl (63)

VI —\B,

In thesé coordinates the equation for gi(l)

lo1g

reads, to the relevant order in ¢,

li lb
_q g U (1) ZieWy [ (0)[ (1)
9y JYoRg;" + 0,7 TEO_XJ: s / (0)|c [g:V), (64)
where
m; 3/2 7’TZ,"U2
Fio(l/fav) = nz(l/f) <27TTM> €xp (_M> > (65)
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n, T (mp? 3 Zep;

T,L — Y -1 ) Y 7 0
(-0 e 2 (66)

and Cf;(o) is the linearized collision operator corresponding to By written’in coordinates
v and A, given in [14].
Noting that [(-)d*S = [ B7'|V¥|(-)dadl and recalling (35), the energy flix (1)
can be written as
0, — e’ / " du? (”2 v ZWO) / Y / T 400,00 o (67)
Zie 0 2 m; 1/Bo,max 0

where By min and By max are the minimum and maximum yalues of B, on the flux

surface, respectively. The adiabatic response is absent from (67) becausg its contribution
vanishes (the same can be said about its contribution to the particle flux), as shown in
Appendix B.

In particular, we have shown that Q; is proportiefial.to ¢ the square of the size of
the deviation from omnigeneity. In Section 4 we expand (64).for v;. < p; and give the
expressions for (67) in such collisionality regimes.

L
4. Solution of the drift-kinetic equation'(64) when v, < p;.

Let us define the precession frequency due torthe tangential drift

m;cC
wa (1,0, \) = ————9,,J O, (68
) Zie\IlQTl)(O) v )
where
2 [ di
O, v\ = (69)

C 10 \/1_)\BO(wvoé7l)

is the time that a particle trapped in B, takes to complete its orbit. Note that Téo) does
not depend on « due t@ pro@rty (9), and therefore w, is also independent of .

Typically, wy ~ piviif Lo, @and equation (64) is solved by expanding in v;;/w, ~
Vie/ pis < 1. Wedusgé the notation

9 = gk gut O((vis/wa)? Fo), o

where g1/g0 ~ O(v;i/wa) and gy ~ Fj.
To lowest order in the v; /w, expansion, equation (64) gives

8aj(1)
Dago = mTiEO- (71)
Theé solutiom of (71), choosing fozw goda =0, is
A iy " JWda | T, F; 72
I (O “ o ), a | Lifto- (72)
Using that

™ a 2
Jm 1 ’ JDVda ) 6.0 = 18 J — S /2 JWda (73)
2 0 “ 2 “ 2m 0 ’

Page 14 of 36
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one proves that (72) does not contribute to (67). The next order terms of (64)dnithe
Vii /we expansion yield

1 S —
Oagr = = —Ci"[oo]. (74)

where we have introduced a convenient notation for the orbit average,

%o dl
Oy Z/b V1= ABy(¥,a1) (75)

/ g - (76)

where the lower limit of the integral is selected so that fo% grda. = 0:

Thus,

When plugged into (67), this piece of the distributien functiomgives a scaling
Qi ~ 52&#’1‘*%7}%&/) (77)
Wa

for the energy flux. However, this is not the dominant contribution to ;. It turns out
that the energy flux is dominated by two small gellisional layers that appear where (72)

is not a good approximation to gi(l)

. This happensmear the boundary between trapped
and passing particles, and also near points where 0,,.J, ©) = 0. We study these layers in
subsections 4.1 and 4.2.

Finally, we advance a more subtle point. The necessity of solving the layers is not
only tied to the calculation of tramsport fluxes. It is clear that one cannot say that
the drift-kinetic equation has been'eempletelysolved unless ¢ is known, because the
latter enters the source term of the former via d,.J!). However, so far, ¢*) has not been
found. It has to be determined.from the quasineutrality equation (37). Expanding (37)
in 6 and choosing ¢ suchsthat it has vanishing flux-surface average, we obtain the
equation that determines the tangential electric ﬁeld

Z; 1 27 U BO ¢
R4 IR ™
Here, we have used that i {@yX, o, v} coordinates [(-) d3U =3, J()v*B/(2]v)|)dvdAdy
and that gi(l) vanishes imthe passing region, so that the integral on the right side of (78)

is taken only gver trapped trajectories. Note that (78) is consistent with the vanishing
of the flux-surface average of ¢! and with condition (51).

We will prove later on (see subsection 4.2.1) that the layer analyzed in subsection
4.2 contributes to the quasineutrality equation as much as gy, in general. Hence, to
treatethis layer, e need to calculate ¢ self-consistently.

4od. “Layer around the boundary between trapped and passing particles: the \/v regime

Recall ‘that gi(l) = 0 in the passing region. The value of gi(l) at the boundary of the
trapped region is given by g4 1= go(A.) # 0, with A\, = 1/Bg max and go given by (72)9.

€ Sometimes, in order to ease the notation, we will omit some of the arguments of the functions. For
example, in this section it will be common to display only the dependences on .
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Then, the distribution function is not continuous. This discontinuity comes fromran
incorrect treatment of the region around the interface between passing and trapped
particles. More specifically, it is the consequence of dropping the collision term-in,that
region. Usually, this indicates [35] that there is a small layer in a neighborhood ef
Ac where the distribution function develops large variations in A, and(neglecting the
collision term is not correct. In the standard language of boundary-layer, theory gq is
the outer solution, and the inner solution of the boundary layer, that we will denote by
gbl, Temains to be found.

We have to replace (70) by

~
oV =gt gmt+..., (79)
where gy, satisfies the equation
WaOagnl + Cﬁ(o) [gu1] = —Cf;(o) [90]- (80)

The collision operator acting on gy has been included onthe right-hand side of the
previous equation because very close to A, the funetion gy varies fast with A, and the
right side of (80) actually diverges at \., as we will see below.

Equation (80) must be solved between A = A\d and a value of A — A\, > 0 sufficiently
large that ¢, becomes small. Denote the width of the layer in the coordinate A by
Aj\ﬁ < By' (its typical size is deduced below; see equation (112)) and let K be a
constant that satisfies K > 1 and K Aj\/; <« By Then, equation (80) is viewed as an
equation in the interval A € [\, A, With A\ — \. ~ K A}\ﬁ. The boundary conditions
are go(Ae) = —g+ and gp(Ax) = 0. Atpthe end of this subsection we will conclude that
the solution is asymptotically independentrof K, as it should be.

Due to the boundary condition gp(A.) = —g+, we know that gy ~ go. In addition,
if the two terms on the left side of (80) are to be comparable in size, then the support
of gy (that is, the size of the\boundary layer A/‘\ﬁ) has to be sufficiently small for the
pitch angle scattering pieceof the collision operator on the left side of (80),

(
VAU
Cf;(o) [gbl] H 8)\ (Ul(lo))\a)\gm) + ..., (81)
to dominate. Here,
SmngZiet In A
vy(v) = e [erf( m;v /(2TZ)) X( m;v /(2]}))} (82)

is the pitch angle'scattering frequency, In A is the Coulomb logarithm, x(z) = [erf(x) —
(22 / y/m) exp(=a?)]/(22?) and erf(z) = (2//7) [, exp(—t?)dt is the error function.

In the boundary layer the pitch-angle scattering operator on the right side of (81)
is dominated by the piece that involves 93gy; i.e. the term that contains OA(vl(‘O))\)ﬁ,\gbl
is small."The same happens for the right side of (80) close to A., as will be justified
below. Therefore, (80) can be approximated by

WaOa bl + A\ By (1 — ABy) O3 = —va) By H(1 — ABy) 0390, (83)
wheére again the coefficient multiplying 93¢y, and 93¢y does not depend on « due to (9).

Page 16 of 36
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Due to the smallness of the boundary layer we can approximate this equation further
by taking A = A. in most terms; that is, equation (83) becomes

O V0o g1 + 12EDR G0 = —vAED3 o, (84)
where
Z;ieW, 2),
E(h,v) == / By'/1 = ABo(¥,a,1)dl. (85)
m;c v J;

b10
The dependence of 0y.J © on A cannot be neglected because Oy ) (h,v,X) diverges
when A — A.. The point A = A, is a singular point of the differential-equation (84) and
requires a careful analysis. The right-hand side of (84) also diverges at \., as pointed
out above. We proceed to explain how these divergences enierge.

In Appendix C we show that the asymptotic expansion of Gy ©) for small A — A,
(with A > \.) is of the form™

9y J ¥ = a1 In(Boy max (A — Ae)) + ag +O(vy; LoBo(X — \o) /1), (86)
where

1 o AcvawBo(lM,k)+QZ¢€/(mz‘Uﬁ3¢sﬁo
2Ae = |07 Bo(Iae)]

and the values [y, for £ = 1,2, locate two eonsecutive absolute maxima of By when

a; = (87)

moving along the field line.
The coefficient as can be computedifrom the relation

/}LI&I (81/)‘](0) - ln(BO max()\ A ))) (88)

Defining as by the relation

as = aq 1n (B()_,rlnaxa’Q) , (89)
one can recast (86) in the morelesitvenient way

9y J O = aydn(ag(X — \.)) + O(vy; LoBo(A — \o) /). (90)

Analogously,thé:asymptotic expansion of J) yields

JV = In( By max(A — o)) + 2 + O(vi LoBo (A — o)), (91)
where

I 4 \/> AUB1(Iak) + 2Ze/(mv)er (L) (92)

2A |07 Bo(Laik)|

and

¢z = lim (JO = 1 In(Bomax (A — Ao))) - (93)

. An identical calculation to the one carried out in Appendix C for dyJ () shows that T( ) also diverges
logarithmically when A — A.. This is not a problem in order to define the orbit- averaged drift-kinetic
equation in the boundary layer because the number of particles for which V“'Tb(o) > 1 is exponentially
small, O(exp(—1/v;.)), and therefore negligible in an asymptotic expansion in small v;,.
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We rewrite (91) as

JW = ¢ In(as(A — \.)) + & + O(viLoBo(A — o)), (94)
with

Gy = €y — 1 In (B 1 ax2) - (95)

Using (90) and (94), equation (84) becomes

Emaagbl + &3 g = —1AEDX o, (96)
where ~

0y J O = ay In(as(A — A.)). (97)

= (jﬁ) RN j(l\)doz> T, Fy (98)

8¢J(0) ™ Jo

and

jET) = C h’l(dg(A - AC)) + 62. (99)

L
That is, (96) is obtained from (84) by keeping only the dominant terms in the asymptotic
expansions of 9, J© and J® near \.. Tt igiclear from (97), (98) and (99) that the right
side of (96) diverges for A — A.. It is also obvious that, whereas both d,,J® and J®
diverge at A, g+ := go(A) is finite,.as it should be.

The solution of equation (96)igunore €asily found by first expanding gy, in Fourier
modes with respect to the coordinate @ Define gy, 9o, and g4, by the relations

gbl(aa)\) = Z gbl,n()\)einaa

n=—0oo

N .
go((](,A) i Z go’n()\)ezna’

n=—0o0

g+(a) = Z grme™. (100)
n=-—00
The Fourierdoefficients gp1o, goo and g4 are equal to zero because of condition (51).
Here, we hiave stressed the o and )\ dependence although gy, go and ¢, also depend on
¢ and v, Theén, (96) transforms into the set of ordinary differential equations

in ngl,n + AED3Gbin = —AED5Go.n, (101)
that must be solved with the boundary conditions

Ioin(Ae) = —G1n (102)
and

Goin(Ar) = 0. (103)
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At this point, we can explain why equation (101) has not been extendedsipnto
A = oo from the beginning. The reason is that there always exists a sufficiently large

value of A such that the truncation d,J(©) vanishes even though 9,J(¥) may never vanish.
We will see in subsection 4.2 that points where 0,.J ) = 0 correspond to amether layer
that, typically, gives non-negligible transport. To avoid points where (m = 0, we,have
imposed the boundary condition of (101) at a finite value of A, with Ag =\, ~ KAj\ﬁ.
We must choose K such that m does not vanish for A € [AfAk]; i.eq such that
[ In(d@2(A = A))| = [In(d2(Ax — Ac))| for A € [Ac, Ak].

The behavior of (101) in a vicinity of the singular poinf A =-Xs'i8 analyzed in
Appendix D, where it is proven that the equation possesses solutions compatible with
(102).

We also expand jzl\) in Fourier modes,

J(l (w a U )\ Z J- 1/] U )\ ZTLO( (104)
where

o - 4

JW,, = ey In(az(A — Ac)) + 20 (105)

and where c¢;, and ¢y, are the coefficients of thesFourier expansions of ¢; and é.
Employing the solution for gy, we find that the contribution of the boundary layer to
the right side of (67) is

o

27T m; 052 v? Z»ecpo AR
R d ’ dA D _, guin. 106
a2 5 o [CNTR) [ o

We proceed to show thessealing of (106) with the square root of the collisionality,

to which the /v regime owes its name. We will also prove that the scaling with the
square root of the collisienality must actually be corrected by a logarithm due to the
logarithmic singularitiés in (101). Finally, we will show that the solution is independent
of the constant K as long as | ln(dx(Ax — A.))| is sufficiently large.

In (101), we pexform the change of coordinate

1 1
2=\ xe ln<~2A2> (A=), (107)
where
1/2
233
A= . 108
<|na1|> 10%)
Then, equation (101) becomes
S In 2 1 1+ In[In(1/(axA)?)] L _ 5 (109)
na;| {ln (1/(a:0)2) ~ 2 In(1/(aA)2) )| Iobn T Ol = OG0,
with

_ i |:C o 262,n
B0 = 1Y T In(1/(@2A2)) + In [In(1/(@A)2))] — 21n 2

] T Eo. (110)
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Employing that z ~ 1 in the layer and performing an expansion in thessmall

quantity 1/In(1/(a2A)?) < 1, one obtains to lowest order
1 nay 9
! R Pa— 111
9 ‘nal‘gbl, + 029, (111)

where we have used, in particular, that the right side of (109) is small in 1/ In(1/(agd)?),
as can be deduced by inspecting (110). Equation (111) has an exponentially decaying
solution with a characteristic width A, ~ 1. Using (107) to go back to the’original
coordinate A, we find that the width of the layer in X is
1/2 ~
AY ~ < s ) C— (112)
|na | In(1/(ayA)?)

Therefore, not even to lowest order in 1/1In(1/(dsA)?) < 1 does the width of the layer
scale exactly with the square root of the collision frequeney. Although the logarithmic

corrections do not change the qualitative features of this collisionality regime, they must
be accounted for in order to have accurate results for the neoelassical fluxes. Noting the
asymptotic expression (105), and using the chamge of eoordinate (107) to rewrite the

right side of (106), we find that the size of QL is 4
1/2
v _
Qi o ~ 52 N Vv In(w, /vi) ?*niil}vfiLO lSw. (113)

Finally, we point out that the expansion of (109)'in the small quantity 1/In(1/(a2A)?)
can be continued to higher orderss, It isistraightforward to check that, to any order,
the boundary condition for large z (equivalently, for large A) can be imposed at
z = o00. In other words, the solution to equation (109) is independent of K when
1/In(1/(aA)?) < 1.

Recall that (,051) remains to be found. In order to write the precise form of the
quasineutrality equationsthat determines gogl) (given in subsection 4.2.1), we have to
solve for the layer around points where 0,J © = (0. This is the subject of subsection

4.2.

4.2. Layer around pointswwhere w, = 0: the superbanana-plateau regime

The outer selution (72) for the distribution function is correct everywhere except near
the boundary between the passing and trapped regions (already treated in subsection
4.1) and in ghe feighborhood of points where w, = 0 (equivalently, points where
0pJ©="0). Around these ‘resonant points’ the v;/w, < 1 expansion is not valid.
This region of phase space is the subject of the present section.

In order to understand what happens in the vicinity of a point where w, = 0, we
go back 6 equation (64) and do not carry out the v;/w, < 1 expansion. That is, we
consider the equation

walag? +C V[0V = S (114)
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with
S(, a, v, \) = %aaﬂlmmo. (115)
Z;ieVT,

Below we will find it useful to distinguish between the contributions to .Jd,J&) coming
from B; and from ¢™). Defining

logg B
I = —— (116)
B b, V1I—ABy
and o
27Z:e (b2 oM
J = == dl, 117
ks miv Ji, V1 —ABy (117)
we write S = Sp + S, where
m;c
SB(w, a, v, )\) = man(Bl)TzEO (118)
€WyTy,
and
m;c
Sl 000,8) =~ O LB NY (119)
7 t'b

We call A\, the values of A that satisfy w, = 0" Given an omnigeneous magnetic
field By, they are found from the equation (reeall (62) and (75))

—n 2Zse00 (V)
MOy Bo(¥, Ar) = B i (120)
Of course, in general A, is a function‘of ¢ and v, A\, = A.(¢,v). The qualitative

discussion on the number of zeroes of (120) depends on the number of zeroes of (120)
for the particular case of pg'= 0,

3y Bo (1, Ay, (121)

To fix ideas, we assume the common situation in which one, and only one value of A
solves equation (121). Imthis setting, for any value of ) and v, w, vanishes at most for
one value of A. Andifor any given value of ¢f, there exists a minimum value of v such
that w, = 0 for’some. value of \. We denote this value of v by vyin.

Around A,
Wa W)= Orwo (N )X — N) +O((X — \)?), (122)

where the dépendence on ¢ and v has been omitted for simplicity. The balance of the
two teFms omythé left side of (114) implies that in a neighborhood of A, of size AP,
Vi

Dwa M)A v — 123
oA ~ s (123
Since, fypically, O wa(A) ~ piuBoLg Lo, one finds
U\ /3
BoAY ™ ~ <> < 1. (124)
Pix
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In the particular case of a large-aspect-ratio tokamak with broken symmetry;y this
estimation coincides with the one obtained in [36].

Denote by ¢, the distribution function in this ‘resonant layer’. The piteh=angle
scattering piece of the collision operator dominates the collision term in this,layer,

I/)\Ul(‘o)

Ciga] = B I (vﬁO)Aﬁxgﬂ) +..., (125)

and, in fact, we can keep only the term involving 93¢,;. Hence, in the reson@nt layer we
write the drift kinetic equation as

~
ax\wa,r()\ - )\r)aocgrl + V)\Xraigrl = SB,’I‘ + Scpa (126)
with
Xr(dju U) = )\TB(;l(l - )\’I”BO) ’ (127)
8/\wa,r(wav) = 8)\wa<w7vv>\7“(w7v))7 (128)
SB,T(¢7Q7U) = SB(¢7O‘7U7)‘T(¢7U)) (129)
- 4
and
St 0,0, \) = ——— SO (v, Agwd \) T Fi, (130)
ZZ‘G\IJQTI)J,
with Tb(g) = Tb(o) (¥, v, \(¥,v)) and
T0 _ 2 n oW di
o = —
miv Ji, /A |0 Bally)[(1— 1) <A — A)Bo(lr)
_2Zz€ Zb% So(l) dl
m;v 153 \/)\T\@BO(\ZR)KZR—Z) — ()\_)\T)BO(ZR)
27e /lR ) [ 1 1
— (p —
mv Ji, \/1 — A:Bo(1) \//\T|8ZBO(ZL)|(Z — 1)
- . }m (131)
VAIBo TRl = 1)

We have denoted by I and [, respectively, the left and right bounce points of the orbit
corresponding to A'=")\,; i.e. the solutions for [ of 1 — A\, By(l) = 0. In (131), l,, and
ly,, are approximationsto the exact bounce points, l,, and [,,, given by

- Bo(l1)
by —lp = ———"A— A\, 132
blO L )\r|alBO(lL)‘( ) ( )
and
- By(lr)
lp— Iy = —— (X = \). 133
R bao )\r‘alBO(lR”( ) ( )

Expression (131) is an asymptotic approximation to JS) near the resonant value of
the pitch-angle coordinate, as can be proven by using the techniques developed in [31].
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Obviously, if M) were regular everywhere, one could simply evaluate JE) at the resonant
value A = A, (which would amount to retaining only the first term in square_brackets
in (131)). However, in subsections 4.2.1 and 4.2.2 we will show that if g is small.then
@) ~ (pin/Vis)Y/%T; /e > T;/e in a neighborhood of I;, and [, and thereféte the more
elaborate asymptotic expression (131) is nedeed.

Equation (126) is viewed as a differential equation in A € (—o0, 00} with vanishing
boundary conditions at infinity. Note that a rescaling of the coordinate A

r = ( X >1/3 (A= \) (134)

6/\Wa,r

gives the expression

y 1/3
Af\bfp _ < AXr > (135)

a)\wa,r

for the size of the layer needed to make the two terms/on theleft'side of (126) comparable.
Then, the size of the distribution function in the layer can be’estimated as™

Spa 1
RSO NG 4 .

Define the Fourier expansions

)
ino
grl = E Gr1,n€ 5

grl

SB,T = Z (SB,r)nemay
Se=Y_ (Sgne™. (137)
n=—oa \

o~

The coefficient g1y vanishes duéto (51), and (Sp,)o and (S, )¢ vanish due to definition
(115). Insertingsherexpansions in (126) and noting that dyw,, and x, do not depend
on «, we find an ordinary differential equation for each mode g,

ina/\wa,r(A - A7‘)grl,n + VAXraigrl,n = (SB,r)n + (g)n (138)

In terms of the solution to this set of equations, the energy flux (67) can be written as

y & N 2 7, o
Qivr S 5 m/ dvo? <”+w>/ A (7))

Zie 2 my 00

n=—oo VUmin

—

+(Jé1))_n} Grln- (139)

* The perturbation to the Maxwellian has a size (5g§1) ~ 0gy in the layer. From (136), one might be
worried that the perturbation to the Maxwellian becomes larger than the Maxwellian when v;, < p;.6°.
This is not a problem, however, because the analysis in this subsection does not apply to such small
values of the collisionality. This is explained in Section 6 (see equation (185)).
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Here, (Jé,l))n are the coeflicients of the Fourier expansion of J; g0 and (J g})n are the
coeflicients of the Fourier expansion of

T, o v) = T (4, 0,0, A (4,0)). (140)
As long as v, < vy, the typical size of the energy flux is
Qi,sbfp ~ 62pi*niﬂvtisw7 (141)

which is a consequence of using (135) and (136) in (139). In pavticular, @; -, does
not scale with any power of collisionality. This is the most charaeteristic feature of the
superbanana-plateau regime. Below, we explain that the estimates (135), (136) and
(141), that are correct for sufficiently large radial electric fieldu(see subsection 4.2.3),
must be refined by including logarithmic corrections if the radial electric field is small
enough (see subsection 42\2) The reason is that to obtain (135),(136) and (141), we

have skipped features of JS) that are important when g}, 15 small.

Before turning to deal with the quasineutrality equatiomyin the next subsection, it

is useful to identify the piece of the distribution funetion gm

;~ out of the resonant layer.

As we pointed out, gy diverges when 0,.J ) =0 and thergfore it has to be replaced by

gn in the layer. Sometimes, it is convenient to explicitly write 92(1)

as a sum of terms
that are specifically associated to the layer.and to theregion external to the layer. This

splitting is given by

gV = g8" + gu, (142)
where
1 1 2w
out (1) 1)
=go— Jy, — & J
Yoo = (/\—/\T)8A8w,](0>()\,,)< B~ on /0 Brcd
7L T 0da)E 143
+w—§ow0&iio- (143)
2.1, uasineutralityl equation. We are ready to write more explicitly the
Y

quasineutrality equation (78)yneeded to find (). The solution (72) does not contribute

to transport buteit. dees contribute to (78). The component gy, associated to the /v

regime, gives @@ negligible contribution because g1 ~ Fj and the size of the layer is

small (see (112)). However, in general, g, does contribute to (78) as much as gy (more

precisely,sas much as g5", defined in (143)) due to the combination of (135) and (136).
Asymptotically, (78) reads

Z; 2w
(1)_ out
(@n)e= o o), i

0 max

AL(l)
£ / dvv? / d g
E€n; Vi —00 \/)\T’alBo(lLN(l — ZL) — ()\ — )\,«)Bo(lL)

min

min

Ar(l)
215 / dvo / d) 9
en; Vmi —00 \/ArlalBO(lR)KlR - l) - ()\ - )\T‘)BO(ZR)
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L 2nBy / W UQ[ 1 - 1
eni VUmin \/1 - A7'Bo(l) \/AT’alB()(lL)‘(l - lL)
1 oo
— } / dA gu. (144)
VOB (IR)(lr — 1) ] J -
Here,
Ar|O1Bo(1)|(1 = 11)
Ar(l) = A\ = 145
0 e (115)
and
M| Bo(lg) (g — 1) <
Ag(l) = \, = SRR 7 (146)

By(lgr)
Of course, A;, and A\g depend on ¥ and v as well, but for, brevity we have only displayed
the dependence on [, as we often do with other functions along the paper. The necessity
for the complicated asymptotic expansion employed for the factor ]vl(‘o)\_l, instead of
simply keeping the first term in square brackets in (144), can be'understood by observing
that such a term diverges when | = [;. Let us diséuss this in more detail.

The function \.(,v) is obtained from condition (120). For the particular case of
¢, = 0, the resonant value of A is obtained from (121)/and is denoted by A,¢(), where
we have stressed that Ao does not depend on v. This'will be important in what follows.
The correction A, — A\ that is linear in (g is found from
2Ziep(W)

m;v?

—1
A — A = — [‘awBow, o) + AroOrBy Bo(, ATO)} . (147)

Defining I and lgo as thetsolutions forfwef 1 — A\, gBy(l) = 0, the corrections I, — I
and [g — gy are given by

_2Zz'€§06(w) Bo(Iro)
mv? )\r0|aL§0(lLo)|
~ 2Zepy(¥) [ Bo(lro)

S . —1
Iy~ o = == o s [uBo(w Aa) + Aadh B Boli )| (149)

lp—lpo =

B0 Bowr deo) + Mo B, Bal M)+ (148)

In order to make further progress we have to give an ordering for j, distinguishing
the cases of small and\large radial electric field as defined by the conditions

2Z;ep),

A Mgl ———— < AP 150
y mi’UQat/)BO@/}a A7“0) A ( )
and
W~ ek > AP (151)
miv28@bB0(wa A7“0)
respectively.
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4.2.2. Small ¢). Let us take the first term that contains g, in (144). Using (148)ywe
can write

o AL(l)
2mBo / dv v? / A gl ~
en; J, e ANIOB()( = 1) — (A= A) Bollp)

min

S AL(D)
2 By / dv v / A I :
en;  Jy —00 \/)\r’alBO(lL)‘(l —lro — %L) - (>\ - AT)BO(ZL)

min

(152)

where

_ _2Zi6906(1/)) By(lro) — . —1\
= KByl [P )+ a0 Tl ) (153)

If (150) holds, we can set ¢f, = 0 in the previous expressions and find

00 AL(l)
215 / dvv? / dA 9 »
En; v —00 \/)\T|8lBo(lL)|(l — lL) — ()\ — )\r)BO(lL)

min

97 B [ Aro() )
20 / dv UQ/ dA b , (154)
en; Jo —00 \/)\r0|alB0(lLO)|(l <1ro),— ()\’— Ar0) Bo(lro)

where Aro stands for the function A, in the particular case of ¢ = 0. The key

observation is that the quantity under the square root on the right side of the last
equation is independent of v. Then, at =gy, the right side of (154) becomes

oo A7‘0
27TBO / dv U2 / d\ Gl ) (155)
en; Jo —oo \/(/\TO - A)BO(ZLO)

Therefore, when ¢}, is small, the first termythat contains g, in (144) gives a contribution

to 1) whose typical size is

5

(1) MV sb—p 1 _ N sb—p
© on, ByAY grl;—(BoAfifp)l/Q when [ — l1o ~ BoAY "Ly (156)
and

5

W) Vg b W LD e [ — 1> ByAY L, 157
¥ en; 083\ (T=1,0)/ Lo Lo 08 0 (157)
When inserted in (131), this piece of () gives a contribution to Jfgl) that scales as

J. 70 B ARG In(ByATPP). (158)

We ‘areeady to show why the estimates (135), (136) and (141) are not completely
correct if ¢fy isssimall. Inspecting the size of each term in (126) and recalling (158), one
concludes that the width of the layer, Af\bfp, is determined by balancing the collision
tern1 and the last term on the right side of equation (126). The result is

1/3
) (/i) 2. (159)

- v;
BOAi\b p ~ <l*

1%
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The size of the distribution function is found by balancing the two terms on the'right
side of (126), obtaining

N\ 1/3
aa~ (22) " /)] o (i60]
Then, the ion energy flux (139) scales as
i.sb— N(52$ iT‘i iS . 161
Q ,sb—p 1H(pi*/V¢*)n Uty ( )

4.2.3. Large ¢f,. We consider again the first term that contains g, in(144) and recall
expressions (152) and (153). Now, assume that (151) holds. “Fhen, \.|0,Bo(lp)kL| >
A= Ar|Bo(l1), and we can neglect (A — \,)By(l1) in the quantity undeér the square root

in (152). The same argument can be applied to the second term eontaining g, in (144).
Therefore if (151) is satisfied, 144) simplifies to

Z; 1 1) 27T 3B0 out
(TZ + Tlg> dv (0)
O max
2rBy [ 2 0 y
4220 / dv ”/ dA gn (162)
Umin V 1 - )\TBO(Z) —o0

and JS), defined in (131), can be simply teplaced by JS,Z, where
= _2Ze oM

> m;v Ji, \/1—)\30

When ¢} satisfies (151)pwe can solve(138) analytically. Its solution vanishing at

(163)

infinity is
ntBA-N 1,
o = S dz, 164
9. 8)\an/)\7‘5/ eXp( A 3z) . (164
where we have defined
1/3
UxXnr
= h— 1 1
( T Ag) <1, (165)
Sy are the coefficients of the Fourier expansion of S,
S’r(w7a7 U) :: S(w7a7 U’ )\T(w7v))7 (166)

and S = Sp 4+ S,-has been defined in (115). Note that for S, to be well defined, it is
essential ‘that (163) be correct as the asymptotic expression of JS) near A = A, and
thisds only true as long as condition (151) is met. Then, the contribution of resonant
particles to (67) is

22micd? o~ . [ 5 (Vi Ziepo (1)
Qo= X [ 0 (54 50) [

4mPm3 0% S~ [ v2  Ziepo n*/3
i wr e TE dA )7
Ao, 2, (30 50 g [
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> 13\~ ),
;/0 cos (nﬁ ", z> exp <—;z3> dz}, (167)

where we have defined

JV ), a,v) = TV (), o, v, Mo (1, 0)) (168)
and
JV (1, a,v) Z I8 (@, v)em. (169)

Next, we prove that the right side of (167) has a non-zero limitswhen 5 — 0. For
this, we employ the identity

1 /> 5, 1
lim / e % /3 cos (1‘2) dz = 7(x 170
fim s ) 3 (z) (170)

and the property d(ax) = |a|~'d(x), where §(-) is thé Dirac delta distribution and a is
a real number. Then, for § < 1, the asymptotically dominant, term is

43 m320? v? Zi€<P0 1
iy = — d Y FplJ (! 171
Qisb—p T2 Z /Umm Vv < - >m ol IV (171)

4.3. Formula for the ion energy flux when Vi << pix

Since the layers studied in subsections 4.1 and 4.2 are small and, in general, they are
located around different points of phasesspace, their contributions to transport are
additive. This means that we can writeyfor v;, < pix,

Qi = Qz,\/; + Qi,sb—py (172)

where Q; 5 is given by (106) and Qjg,—p is given by (139). The weight of each term
n (172) is determined by the value of vy,. Typically, the estimate (141) will be
supressed by a factor/exp(=v2. /vZ). Recalling also the estimate (113), we deduce
that the superbanana-plateau regime dominates over the /v regime when

Umin Wa

<Y hln () . (173)
Ut; Vij
Conversely, the,,/v regime dominates over the superbanana-plateau regime when
Umin Wa

> yhln <> . (174)
Ut Vij

Finally,,we note that the value of vy, is set by the size of ¢f, but also by the
specific A-dependence of 0y, By(1), Aro) (recall condition (121)).
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5. Calculation of the radial electric field

The radial electric field, determined by ¢f, is one of the quantities that are routinely
computed in standard neoclassical calculations. It is found by imposing that the radial
electric current vanish.

Let us denote by I'; and I', the radial fluxes of ions and electrons. The radial electric
field is obtained by imposing

Ziefi - EFE =0. (175)

To lowest order in a mass ratio expansion \/m./m; < 1 this isréquivalent to the
condition

I; =0. (176)

The calculation of I'; is completely analogous to that ofi\Q);. Hence, asymptotically,
(176) amounts to the condition

Ly o+ Tishp =0, (177)
where 4
Liyo = 27T mico” i m/ dvv? /AK dA j(T_n gl (178)
and N
T;bp = —2” ”WS? i in / dun?® / d>\ T+ (ID) ] g (179)

6. Estimation of v,

In Section 4 we have solved the drift-kinetic equation and computed @; when v, < pix.
But we have advanced in the Introduction that our results are not valid for arbitrarily
small v;,. There exists‘awalue of the collisionality, that we call vs,, below which equation
(172) is expected fo be incorrect because the approximation to the drift-kinetic equation
in (64) is incorreets, Heénce) it is more precise to say that our results in Section 4 are
correct when Vs, < V<K pi. In this section we explain the reason for the existence of
Vs, and estimate, its value.

Thedimitations of equation (64) for sufficiently small v;, are well understood by
inspecting the drift-kinetic equation written with the parallel velocity u and the magnetic
momeént’ i aspindependent coordinates. The drift-kinetic equation in terms of these
coordinates{is calculated in [11] to second order in a p; expansion. If we denote
by F5(R, u, ) the distribution function expressed in coordinates {R,u,u,~}, and by
Fii(R,u, 1) ~ 0F; the deviation of Fj(R,u, ) from a Maxwellian distribution, we can
check that the drift-kinetic equation in [11] contains a term of the form

uk - (vopi + vEo)OuFi. (180)
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Only the piece
ulk - (Vyp, + VE,O)](O) (9qu‘1 ~ Pi*%éE (181)
0
corresponding to the omnigeneous magnetic field By, enters (64). The effect, of higher-

order terms like
ulk - (vops + v 0.Fn (182)

has not been included. In Section 4 we learnt that transport i§ dominated by two
collisional layers when v, < pi.. In these layers, derivativeswithhrespect to u (or,
equivalently, with respect to \) are large, and they grow as v;/decre@ses. Let us denote
by A, the width of the layer in the coordinate u. The termu(182) becomes comparable
with the pitch-angle scattering piece of the collision operator when
0PV Vii

To(Bufun) ™ (Bufui® (153)
If the stellarator is in the \/2 regime, the boundarydayer has aswidth AY? /v, ~ \/Vis / pis
and we get the estimation [32]

&

Use ~ 6% Pix. (184)

If the stellarator is in the superbananasplateau regime, the size of the boundary layer is
Azbip/vti ~ (Vi*/pi*)1/3 and we get [33]

Use ~ 052 py. (185)

When vy, < vs., effects like thoseidescribed in [34] must be taken into account. We
leave this for future work.

7. Conclusions

Omnigeneity is the property}f stellarators that have been perfectly optimized regarding
neoclassical transport. It lias béen argued in [14] and in the Introduction of the present
paper that, in practice, deviations from omnigeneity have a non-negligible effect on
the neoclassical fluxes. It is natural to expect that this effect will be larger at low
collisionality 1.

The 1/1regime in stellarators close to omnigeneity is studied in [14]; this regime is
defined by <€ %% 1. In the core of hot stellarator plasmas, even lower collisionality
regimes [are rélevant. "L'he subject of this paper has been the study of the parameter
range Yo, & Vie S Pix, With the restriction (39) for the perturbations of the omnigeneous
configuration (i.e. the gradients of the perturbations have to be small).

When v < pis, the components of the drifts tangential to the flux surface have
to be retained. For a generic stellarator in this collisionality regime, the drift-kinetic
equation becomes radially non-local. Transport in a stellarator close to omnigeneity
conserves radial locality. The appropriate radially local drift-kinetic equation to solve
for the dominant non-omnigeneous piece of the distribution function has been derived
in Section 3. In Section 4 the equation has been solved and an explicit formula for the
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ion energy flux @; has been provided in (172). The formula manifests, in partiéular,
that when v, < p;. transport is determined by two small collisional layers, { One of
the layers is located around the boundary between trapped and passing particles and
the other is located in the neighborhood of the phase-space points where the precession
frequency (which is caused by the tangential drifts) vanishes. The formier correésponds
to the /v regime and the latter to the superbanana-plateau regime. Imaddition, we
have shown that the neoclassical fluxes scale with the square of the gize of the deviation
from omnigeneity.

In Section 4 we have also discussed the quasineutrality equation, Qmployed to find
the electric field tangent to the flux surface. We have proven that the superbanana-
plateau layer needs to be worked out in order to calculate 'the tangent electric field.
The careful analysis of the quasineutrality equation showed that,the specific form of
the drift-kinetic equation in the superbanana-plateau regime depends on the size of the
radial electric field. In Section 5 we have given thé equation'to determine the radial
electric field.

Finally, in Section 6 we have explained whysthe results of Section 4 are not valid
below a certain value of the collisionality, that we €all vs@#and that we have estimated.
The treatment of the regime v;, < vs, in stellarators close to omnigeneity is left for

~v

future work.

Appendix A. Proof of relations, (35) and (36)

Starting from (15) and (16), let us firstmanipulate the radial components of the drifts.
We employ that the radial VB _drift can be conveniently rewritten with the help of the

identity
(b x VB) - Vith— B (—8aB + Dt - B@lB) (A1)
S ’
where we have used B = WViix Va, Or = f), and the relations
1
Vi x Va = 7_811' (and cyclic permutations of {¢, a, [}), (A.2)
g
with the volume element given by
\Ij/
Vg = Et (A.3)
Here, the position in euclidean coordinates is viewed as a function of the flux coordinates,
r(i, a, ).
In order to recast the radial curvature drift we use that K = b - Vb and that,
trivially,
b Vb=x(b- Vb d,r)Vi + (b-Vb-8,r)Va+ (b-Vb-dr)Vi. (A.4)

The last term in the previous equation equals zero because Oir = bandb-Vb-b=0.
Theny'it is easy to see that

« B - .
(bx k) Vi = —@b Vb - O,r. (A.5)
t
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Noting that b-Vb = §,b, integrating by parts in ! and using that b-9,9,r = b-9 =0,
we get

.« B N
(bx k) V= —@al(b - Oal). (A.6)
t
Finally, the radial F x B drift will be rewritten by employing
. B R
(bx Vo) Vi = (~0ap + 0ux D) (A7)
t

which is obtained exactly in the same way as (A.1).
Recalling (15) and (16), and collecting the results (A.1), (A.6).and (A.7), we find

b, vl
2m;c tey 2mic [ -
——— 04 dl — : 0 On1 - b)dl. A8
el /zbl oldl = 725 /lb1 (o19ar - b) (A-8)
Analogously, one can show that
2/ — (Vi +vE) - Vadl =
b, vl
2m;c to, 2mc [ ~
———0, dl + —= 0 Oyr - b)dl. A9
ZeV, w/z,,l oyl =+ ZieV; J,, \ T P (8.9)

The last term in both (A.8) and (A.9) vanishes because v equals zero at [, and [y,.
Finally, using definition (34), we obtain(35) and (36).

Appendix B. Proof that(the adiabatic response does not contribute to the

energy flux
N
The adiabatic response is ¢ontained in FZ%(O), defined in (49). Its contribution to the

energy flux (1) is given by

oo B~YE~Ziep/m;) B £(0
Qioa = ATV (1)) / ae / dpp —mE va; - VOFS ) (B.1)
Ziep/m; 0 ’/U||| »
with va; =¥ari = Ve (see definitions (15) and (16)). In (B.1) we have used that
| 8% v v, (B.2)

where the flux surface average operation and V'(1) have been defined in (23) and (24).
A direct check shows that

Vai Vi = V- ()b x V). (B.3)
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Then,

4mmic o0 B~ (E~Ziep/m:) .
Quaa = Ty < [ e 4V (EF5 b 5 7v)
% Ziep/m; 0 "

47Tm c oo B~ (E~Ziep/my) .
- <w><v | ae an (EEO ol x W) ) (B.4)

Ziep/m; g,

where we have used that E%(O) is a flux function, and in the'second equality we
have employed that the integrand vanishes when p = B™'(&— Z;eg/mi) and when
E = Ziep/m,;. Finally, recalling the identity

it (V) a0, (B.5)

for any vector field A and applying it to (B.4) we deduce that (Qj.q vanishes.

(V-A) =

Appendix C. Asymptotic expansion of 0, 7 near the boundary between

trapped and passing particles .

We show that

/lb?O AvawBo G 2Zi€/(mﬂ))aw(,00 al
. VI By

has the form (86) for small A — X. > 0 bypfirst, using the trivial identity

Dy J O = — (C.1)

l

a0 A0y Bo(aig) + 2Z;e / (mv) Oy o
iy O/ 2M0B0 (Lar 1) 11— Lnre)? — Bolare) (A — Ao)

B /lbzo (AvﬁwBo(l) -+ 2Zie/(miv)(9¢goo
T=\B,(0)

3wj(0) - _

loyg

(C.2)

CU@¢BQ(ZM k) +27; €/(mﬂ))8w(p0
Z “ /2|07 Boari)| (1 = Tare)? — Bo(lars) (X — Ac)>d ’

which is well defined, for sufficiently small A — A.. Here, we have only displayed the
dependence of By on I\ The values [y, for £ = 1,2, locate two consecutive absolute
maxima ofsBy when moving along the field line; in particular, Bo(la k) = Bomax for
k = 1,2,/ Thesecond integral on the right side of (C.2) is finite when A — A, and hence
it contributes to as and higher-order terms in (86). The first integral on the right side
of (€.2) can_be computed analytically; namely,

oo A0y Bo(lar ) + 2Zie/ (miv)Oypo
— J, V(Ae/2)|02Bo(lark) (1= tari)? — Bo(lark) (A = Ao)

2

D Z A0y Bo(lar k) + 2Z;e/ (miv)Oppo
V(Ae/2)107 Bo(la )]
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QBO(ZM k) T =lpyg—ln,k
X | In <|x| )7 = (A=A : (C3)
|: \/ )\c|alQBO(lMJf)| z=lp o —Imk
For small A — \.,
2Bo(Iare) (A — Ae)
b1o M1 \/ )\C‘alZBo(l]\LkN * 7 ( )
and
2Bo (k) (A — Ae)
I —1 - _ ’ . C.5
o \/ Al 07 Bo(lar k)| T - ()

whereas lp,, — lyr1 = O(Lo) and Iy, — lare = O(Lg). Using these results in (C.3), it is
straightforward to deduce that

loao )\C’anBo(lM,k) + 2Zie/(miv)8wcp0

= i VOS2I Bo(lar i) [(1— Tark)? — Bollark) (A = Ag)

1< A0y Bo(lar ) + 2Zie ) (miv) Oy po
2Ac = |07 Bo(lar x|

2

In(Bp maxN— Ac)) + O(viLo/v), (C.6)

from which equation (87) follows.

Appendix D. Analysis of equation (101) in"a neighborhood of A = A,

In this appendix we use the variable = A — A. and rewrite (101) as

xT

2gn + in%l5 In(asz) g, = —85@7 (D.1)

where g,(2) = goln(Ac + 2) and goa(®) = gon(Ac + ). The equations (101) for n # 0
(recall that go(z) and gog(®)wanish) have an irregular singular point [35] at z = 0.
The standard methods{do not work when applied to the homogeneous equation

Ogn & m% In(@x) g, =0 (D.2)
near x = 0. However, one.can check that the ansatz
Gn = Z Ay 2P (In )P (D.3)
m,p=0

is consistent4 in the senge that by substitution in (D.2) one can find recurrence relations
that determine all the coefficients A,,, except two of them. The free coefficients can
be taken totbe Ago and A; . In order to show this, it is advisable to start by writing
the equation provided by terms in (D.2) that are proportional to Inz and the equation
corresponding to terms proportional to xInx.

Hence, there exist two linearly independent solutions of (D.2) that are finite at
x=0.
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It is easy to realize that the source term on the right side of (D.1) does notrmake
gn diverge at x = 0. First, note that go, is finite for any value of z. If one takes
Gn = —Gom + fn, (D.1) gives the following equation for f,,:

B2, + in—L In(dpx) fo = —= (c1.0 In(a2z) + G2.n) TiF, (D.4)
%S g ’
where ¢; and ¢ have been defined in (92) and (95). Since the indefiniterintegrals of
In z are finite everywhere, the source term on the right side of (D.4) does not introduce
singularities in f,, and we conclude that g, is finite for any value,of'x; in particular, it
is finite at x = 0. ~
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