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Abstract

In i.i.d. exponential last-passage percolation, we describe the joint distribution of
Busemann functions, over all edges and over all directions, in terms of a joint
last-passage problem in a finite inhomogeneous environment. More specifically, the
Busemann increments within a k x € grid, and associated to d different directions,
are equal in distribution to a particular collection of last-passage increments inside
a(k+d—1)x (£+d—1) grid. The joint Busemann distribution was previously
described along a horizontal line by Fan and the fourth author, using certain queueing
maps. By contrast, our new description explicitly gives the joint distribution for any
collection of edges (not just along a horizontal line) using only finitely many random
variables. Our result thus provides an exact and accessible way to sample from the
joint distribution. In the proof, we rely on one-directional marginal distributions of
the inhomogeneous Busemann functions recently studied by Janjigian and the second
and fourth authors. The second ingredient of our proof is a novel joint invariance of
inhomogeneous last-passage times under permutations of the inhomogeneity param-
eters. Our proof of the invariance is different from earlier proofs of such results, using
the Burke property instead of the RSK correspondence, and leading to an explicit
coupling of the weights before and after the permutation of the parameters.
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1 Introduction
1.A Busemann functions and infinite geodesics

Inthe 1950s, Herbert Busemann [10] developed what we now know as Busemann func-
tions to study the geometry of geodesics in non-Euclidean spaces. Roughly speaking,
the Busemann function associated to a direction r is the limiting difference of distances
from two fixed initial points x and y to a common terminal point that moves to infinity
in direction r. This yields a quantity By , that depends on all three parameters, as
well as the underlying space. In recent decades, these functions have been immensely
profitable in the study of random growth models, where the non-Euclidean structure
arises from a random metric.

This was first seen in the influential works of Newman [49] and Hoffman [39, 40]
for first-passage percolation (FPP). Since then, the construction and distribution of
Busemann functions have been a key focus in both FPP [17, 18] and its relatives in
the Kardar—Parisi—-Zhang (KPZ) universality class: discrete last-passage percolation
(LPP) [26, 34, 35, 43], Brownian LPP [9, 60, 61], and the directed landscape [9,
56]. Applications include the existence, uniqueness, and coalescence of semi-infinite
geodesics, as well as nonexistence of bi-infinite geodesics. There have been parallel
developments for positive-temperature models, namely directed polymers [6, 33, 36,
37, 41] and the KPZ equation [42], where geodesics are replaced by Gibbs measures
satisfying the Dobrushin—-Lanford—Ruelle equations.

While some of the literature mentioned above considers general dimensions, the
Busemann theory is best understood—and most powerful—in the planar case: one
spatial dimension and one time dimension. Two reasons for this stand out:

(i) Planarity implies that geodesics moving in opposing directions must eventually
intersect. This leads to monotonicity of the function » — B} y When x and y are
separated by certain space-time trajectories (down-right paths, in our setting),
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which simplifies the construction of the Busemann process and makes many of
its properties more accessible.

(ii) For certain exactly solvable models, the invariant measures for the growth dynam-
ics are of product form, e.g. [1, 2, 4, 32, 58]. This means that as y is varied
along those same space-time trajectories (down-right paths), the increments of
the process (B y)y are independent. This enables, for instance, the derivation
of fluctuation exponents for the temporal evolution of these solvable models,
which has been carried out for both zero-temperature models [4, 11, 25] and
positive-temperature models [47, 50, 51, 62].

The combination of (i) and (ii) yields effectively complete understanding of the one-
direction marginals of the Busemann process. But the joint distribution, which we
discuss next and is the main focus of this paper, is much more complicated.

1.B Jointly invariant measures

The invariant measures in (ii) are parameterized by the direction variable r, and
the full collection of Busemann functions (B]), encodes the natural coupling of all
these measures. This joint process is also essential for understanding the geometry
of geodesics across all directions simultaneously; for example, the non-uniqueness of
semi-infinite geodesics in random exceptional directions [9, 43, 61] is not apparent
from the one-direction marginals alone. Therefore, there is great interest in obtain-
ing explicit descriptions of the joint distribution of Busemann functions in multiple
directions.

For LPP with i.i.d. exponential weights (which is the setting of this paper), Fan
and the fourth author [27] described this joint distribution on a horizontal line, i.e.
when x and y vary only on a single level of the lattice. The description is in terms
of queueing mappings of a sequence of independent exponential random walks with
different rate parameters corresponding to different values of 7. The motivation for this
type of description came from the earlier work of Ferrari and the third author [28-30],
which gave queueing interpretations of the multi-type invariant measures for several
particle systems, including the Hammersley process and the totally asymmetric simple
exclusion process (TASEP), in both periodic and full-space settings.

The approach of these works is to couple the relevant joint evolution of the model
with an auxiliary Markov process whose invariant measures are of product-form with
respect to both spatial increments and direction. A suitable transformation (called the
“intertwining mapping” in [27]) pushes forward the auxiliary Markov process to the
desired joint evolution, whose invariant measures are then the image of the product
measure under the transformation. This technique has now been adapted to several
settings, including Brownian last-passage percolation and the directed landscape [9,
61], the inverse-gamma polymer [6], the O’ Connell-Yor polymer and KPZ equation
[38], and the periodic O’Connell-Yor polymer and KPZ equation [15].

In each of these cases, the description of the joint Busemann distribution is explicit
only on a single horizontal line. On a path that crosses many levels, the joint distribution
can only be accessed implicitly by evolving the model from the stationary initial
condition. Since each step of the evolution involves an additional infinite collection
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of random inputs, this implicit description is not conducive to many potentially useful
calculations. To address this difficulty, the main result of this article (Theorem 2.4)
gives a new and qualitatively different description of the joint distribution using only
finitely many random variables. Specifically, we prove that every finite-dimensional
joint distribution of Busemann functions across both space and directions is identical
to a joint distribution of point-to-point last-passage increments in an inhomogeneous
environment on a finite grid. A positive temperature analogue of the inhomogeneous
environment in our construction appeared earlier in Chaumont’s PhD thesis [13] and in
a work of Barraquand and Le Doussal [5] in a different context, namely to describe the
stationary multi-path partition functions for the inverse-gamma polymer (see Remark
2.8).

1.C Permutation invariance and inhomogeneous Busemann functions

Our strategy for accessing the joint distribution of Busemann functions is fundamen-
tally different from that of previous works. Instead of looking for invariant measures
on the infinite space, we make a direct comparison to a finite-space process. Namely,
we compare the joint CDF of the Busemann functions to the joint CDF of last-passage
increments in the inhomogeneous environment. The proof utilizes two crucial inputs:

e The first input is a seemingly new permutation invariance in LPP, presented as
Theorem 3.1 and proved in Section 4. It states that the joint law of last-passage
times in inhomogeneous exponential LPP is preserved by certain permutations
of the inhomogeneity parameters. Given that the invariance is of the entire last-
passage process and not just about Busemann functions, we anticipate that this
result will be useful beyond this paper.

e The second input is the existence and properties of Busemann functions in the
inhomogeneous exponential LPP, proved recently by the second and fourth authors
with Janjigian [26]. These results are reviewed in Section 5.

The proof proceeds by a series of steps that involves shifting the terminal points of
last-passage increments, introducing boundary columns and rows with auxiliary rates,
and permuting the rates of columns and rows. We provide a detailed sketch of the
proof in Section 2.E for the basic case of two directions. Although we start with i.i.d.
exponential last-passage percolation, the inhomogeneous model naturally appears in
the argument. When only a single direction is considered, the inhomogeneity only
appears on the boundary, and the familiar stationary model from (ii) in Section 1.A is
recovered (Remark 2.7). For multiple directions, the boundary becomes multi-layered,
and the resulting inhomogeneous environment provides a coupling of these stationary
models (Remark 2.8). In this way, our argument is built on a coupling of the entire
LPP process rather than of just the Busemann functions.

Our invariance result generalizes the well-known invariances of last-passage times
that are visible from exact distributional formulas, for example, in [8]. These invari-
ances originate from the properties of Schur measures [54] and Schur processes [55].
A recent work [19] of Dauvergne identified and studied a large family of invariances
for various integrable LPP and directed polymer models. These combine and gen-
eralize the aforementioned invariances with the shift-invariance property discovered
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earlier by Borodin, Gorin, and Wheeler [7]. In Remark 3.4 ahead, we will indicate that
a somewhat weaker version of our result is a corollary of [19, Theorem 1.5]. However,
as far as we can tell, the complete result is not a straightforward consequence of [19].
Our method of proof is also quite different from the previous works, which rely on the
properties of the Schur functions and the RSK correspondence. Instead, we utilize an
explicit coupling along with the Burke property of the exponential LPP.

1.D Organization of the paper

The main result on the joint distribution of Busemann functions is Theorem 2.4 in Sect.
2.B. Some immediate consequences follow. In particular, in Sect. 2.C we demonstrate
that a complete characterization of the Busemann process on a lattice edge follows
relatively effortlessly from Theorem 2.4. Furthermore, in Sect. 2.D, we demonstrate
a short proof of a special case of an independence property for Busemann functions
proved previously by Shen [63]. Section 2.E gives an outline of the proof of Theorem
2.4 in the simplest nontrivial case of two directions. To assist the exposition, Figs.
7-10 present serial pictorial representations of the main steps.

The result on the permutation invariance of the inhomogeneous exponential LPP is
Theorem 3.1 in Sect. 3. Its proof follows in Section 4.

The proof of Theorem 2.4 occupies Sect. 6. As preparation for the proof, Sect. 5
reviews properties of the Busemann functions of inhomogeneous exponential LPP.

1.E Notation and conventions

Let [n] = {i € Z~¢ : i < n}, and let S, denote the set of all permutations of [n]. A
random variable X has the exponential distribution withratea > 0if P(X > ) = ¢~%
fort > 0, abbreviated X ~ Exp{a}. The statement X ~ Exp{0} means X = oo almost
surely.

Throughout the paper, w represents deterministic real weights, whereas w represents
exponentially distributed random weights (always independent, but not necessarily
identically distributed). We also use n for several auxiliary random weights, for exam-
ple, to describe the inhomogeneous environment in Theorem 2.4.

2 Main results for the Busemann process
2.A Last-passage times and increments

Let < denote the coordinatewise partial order on Zz, meaning u = (uy,u3) < V=
(v1, v2) if both u; < vy and upy < vp. We write u < vifu < vand u # v. For
u,v e Z? withu < v, let [u,vl={p € 7% u < p < v}. A nonempty, finite, totally
ordered subset w C Z? is called an up-right path if  contains p+(1, 0) or p+(0, 1) for
each p € 7 \ {max r}. Let I, y denote the set of all up-right paths & withminz =u

and max 7 = v. Given a collection of real weights w = {wp : p € 7% € RZZ, define
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the associated last-passage time by

Luylwl = max > wp (2.1)

which depends only on the restriction w|fy,yj of the weights to the rectangular grid
[u, v]. When the inequality u < v fails, we set

Ly v[w] = —o0. (2.2)
Define the last-passage increments with respect to the initial point by

lu,v[w] = Lu,v[W] - Lll+(l,0),V[W]1

(2.3)
lu,v[w] = Lu,v[W] - Lll-l—(O,l),V[W]v
and with respect to the terminal point by
Ty v[W] = Ly v[W] — Ly v— w],
u,v[ ] u,v[ ] u,v (1,0)[ ] (2.4)

-TU,V[W] = Lu,v[W] - Lu,v—(O,l) [w].

Definitions (2.3) and (2.4) imply that the last-passage increments satisfy the recursions

lx,y[W] = wx + maX{Ix+(0’1)’y[W] - _X+(1’())’y[w]s 0},

lx’y[W] = wWx + maX{lH(Lo),y[W] - _x+((),1),y[W]a 0},

_ _ _ 2.5)
Iy y[w] = wy + max{ly y_0,1)[W] — Jx,y—1,00[W], 0},
-Tx,y[W] =Wy + max{jx,y—(l,O) [w] — TX,y—(O,l) [w], 0}
for x,y € [u, v] with x 4+ (1, 1) <y. One also has the identities
min{lx’y, .Ix’y} =wyx and min{fx,y, jx’y} =wy forx <y, (2.6)

which recover the weights from the increments.
The following lemma recalls the monotonicity of the increments I and J with respect
to the terminal vertices.

Lemma 2.1 ([57, Lemma 6.2] and [59, Lemma 4.6]) The following inequalities hold
forx,y € [u,v]withx <Yy.

(@ Ify+ (1,0) < v then lx,y[W] = lx,y+(1,o) [(w].

(b) Ify + (0, 1) < v then Ix,y[W] < lx,y.;_(o’l)[wl

(©) Ify+ (1,0) < Vv then lx,y[W] < lx,y+(1,o)[W]-

(@ Ify+(0,1) < vihenJy [Wl = I 101wl
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2.B Joint distribution of Busemann process in exponential LPP

We now consider random weights, specifically independent Exp{1} random variables
w={wy:VeE Zio}. Proposition 2.2 below recalls the limits of the increments I ylo]
and J,, y[w] when the endpoint v tends to infinity in a given direction represented
here by an inverse-slope parameter r € [0, oo]. As discussed in the introduction, the
limits 7} [w] and J [@] are the values of the Busemann function in the direction r
for the edges {u,u + (1, 0)} and {u, u + (0, 1)}, respectively. Since the Busemann
function is entirely determined from these values through additivity, there is no loss in
restricting attention to pairs of nearest-neighbor vertices. In part (b) of the proposition,
the exponential rates are expressed in terms of the function

Jr
14+ r’
extended continuously to [0, oo] so that £(0) = 0 and ¢(co) = 1. Concerning part

(c), call a set v C Z? a down-right path if its reflection {(i, —j) : (i, j) € v} across
the horizontal axis is an up-right path.

¢(r) = 2.7)

Proposition 2.2 Fixr € [0, oc] and u € Z2>0. The following statements hold.

(a) (Existence of Busemann functions.) There exist random variables 1) [w] and
Ji [w] such that the limits

lim Ly, [0] = Tilo] and  lim J, 0] = J;lo] (2.8)

u,v,
k— 00 k

hold almost surely, simultaneously for all sequences vy = (my, ny) € Z* such that

. mg
min{my, ny} — oo and — — r as k — oo.
ng

(b) (Marginal distributions.) Z,[w] ~ Exp{¢(r)}, and J;[w] ~ Exp{l — ¢(r)}.

. . 2
(c) (Independence along down-right paths.) For any down-right path v C Z= ), the
collection

{Zolw] tu,u+(1,0) e viU{Ti[w] :u,u+ (0, 1) € v}

is independent.

Remark 2.3 (Justification of Proposition 2.2) The main case r € (0, co) of the propo-
sition is contained in [59, Theorem 4.2], with the edge cases r € {0, oo} being an easy
extension. In fact, for directions r € {0, oo}, the corresponding Busemann functions
are trivial in the sense that Ig[a)] =00 = JF[w] and IP[w] = wy = «719 [w].

For bibliographic completeness, we point out that parts (b) and (c) were previously
recorded within [12, Lemma 3.3]. The article [ 12] attributed part (a) to [16, 31] because
the existence of r-directed Busemann functions follows from the existence, unique-
ness, and coalescence properties of r-directed semi-infinite geodesics established in
those works. For instance, an argument to this effect appeared earlier in the setting of
Poissonian LPP [66, Theorem 1.1].
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Finally, we point out that (2.8) fails for a random, countably infinite, dense set of
directions r depending on w. This is related to the non-uniqueness of semi-infinite
geodesics in exceptional directions. Since we are concerned with finite-dimensional
distributions of the Busemann process (defined below), such exceptional behaviors
will not play a role in this paper. For precise results, see [43, Theorems 3.10 and 3.11].
A

Our goal is to dramatically extend parts (b) and (c) of Proposition 2.2 by describing
all finite-dimensional distributions of the Busemann process

{Zh o], Ji[w] :u € Z2yand r € Rog). (2.9)

Allowing the axis directions {0, oo} in (2.9) would involve a simple extension of our
description as explained in Remark 2.6 below. By translation invariance of the i.i.d.
environment w, it suffices to consider vertices belonging to a finite grid [k] x [¢] whose
lower left corner is (1, 1) and upper right corner is (k, £). When discussing horizontal
increments such as I, , or Z;;, we demand that both u and u + (1, 0) belong to this
grid, meaning u belongs to

Eo =Tk —11x [€]. (2.10)
For vertical increments, we will use v instead of u, and require that v belongs to

&= xe—11 @2.11)

Finally, fix a finite list of directionsr = (r] <rp < --- <ry) € R‘io. Our aim is to
describe the joint distribution of

(10l B'Mwliu e & ve &l peldl). (2.12)

The theorem below states that the collection (2.12) is distributionally identical to
the increments of an inhomogeneous last-passage process on the slightly larger grid
[k +d — 1] x [€ 4+ d — 1]. The setup is illustrated in Figure 1 and defined as follows.
First define parameter sequences (a;);ek+d—1] and (b;) jere+a—17 by

0 1<i<k

Y= - (2.13a)
—C(ricky1) k<i<k+d-1,
1 1<j<¢

bi = ’ (2.13b)
((reva—j) L<j<t+d-—1

Then consider a collection of independent weights n = {77(1', pri€lk+d—1],j¢€
[+d— 1]} (depending on d, k, £ and r) such that

NG, j ~ Exp{a; + b} if a; +b; >0,

. (2.13¢)
ni, =0 otherwise.
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g(ﬁ) ZF
C(ra) ZQ\“
¢(rq) O )
" (5, 0)
1
1,1
19(’>

0 0 . 0 0 —=C(r) =Clra) -+ —C(ra)

Fig. 1 Illustration of the geometric arrangement in Theorem 2.4 with d = 4, k = 6, and ¢ = 4. Theorem
2.4 gives the distribution of the Busemann functions in the [k] x [£] grid with lower left corner at (1, 1)
and upper right corner at (k, £), by considering inhomogeneous exponential LPP terminating at the vertices
Zy, ..., Zq. Outside of the shaded region, the weight at vertex (i, j) is exponential with rate a; + b ;, where
the value of ; is shown at the bottom of column i € [k +d — 1], and the value of b; is shown to the left of
row j € [£ +d — 1]. Inside the shaded region (including its boundary), we have a; + b; < 0, so weights
are instead set to 0

Figs. 1 and 2 illustrate the next theorem.

Theorem 2.4 (Joint distribution of Busemann functions) Let d, k, £ € Z~q, and let
(rp)peld) € R‘io be a strictly increasing sequence. For p € [d], definez, = (k+p —
1,£+d — p) sothatzy, ..., 1z,4 are the points along the antidiagonal segment

(G, j)ii+j=k+e+d—1andk <i<k+d—1},

ordered from upper left to lower right. Then, we have the following distributional
identity:

dist.

(If.” [0, 7' [0] - ue&iy, ve &, pe[d]) is (lu_z,,[n],lv,z,,[n] weg . vegl, pe[d]).

That is, the Busemann increments in the i.i.d. environment @ are equal in joint law
to the last-passage increments in the inhomogeneous environment n from (2.13) with
terminal points (2p) pe[d)-

Before proceeding to some examples, we make a few remarks about Theorem 2.4.
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1
T2
{+2——>

+1 /
L 4 /
71— et

k kok+1 k+2
(a) (b)

Fig.2 Illustration of the conclusion of Theorem 2.4 with d = 3. The following two collections of random
variables are equal in distribution. (a) The Busemann increments within [k] x [£] for directions r] < rp < r3
(red, blue, and teal arrows). These increments depend on infinitely many variables in the i.i.d. environment
w. (b) The last-passage increments (with respect to initial points within [k] x [£]) to the terminal points
(k,£+2), (k+1,£+4+1),and (k+2, £), computed with n-weights. These increments depend on only finitely
many variables in the inhomogeneous environment 7. Zero weights are marked with small circles, and all
other weights are exponentially distributed with rate parameters computed as in Fig. 1 (color figure online)

O

| —

Remark 2.5 (Direction convention) The Busemann functions in (2.8) are defined by
sending terminal points to the infinite northeast. The opposite convention is taken in
[27], where initial points are sent to the infinite southwest. The i.i.d. weights give rise
to reflection invariance, so the two scenarios are equivalent. A

Remark 2.6 (Including the axis directions) One can obtain a version of Theorem 2.4
that includes the axis directions {0, oo} as follows. First, apply the theorem with the
grid [k + 1] x [£ + 1] to obtain

, dist.
(IE” [w], Iy [w]) = (lu,zp[n], lv,zp[n]) : 2.14)
wv,p wv,p
where the indices take values u € gk_—)i-l,/é—&-l’ vV E ng+1,/z+1’ p € [d], and the n-weights

are defined on the grid [k + d] x [€ 4 d] using the given directions r| < ... < rq. By
the weight-recovery property (2.6), we have

ox = min{Z"[], " [@]} and nx = min{l,, [7],15, [n]} (2.15)

foreach x € 5121,“1 N 5;“‘”1 = [k] x [£]. Therefore, (2.14) implies

(Tl Bl ox) (L, Il Ly, l) (2.16)

wv.X,p wv.x,p
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z; = (k,0)
¢(r1) O
1
1 0(1’ 2

0 0 . 0 0 —C(r)
Fig.3 Collapsing of Figure | whend =1

where the additional index x takes values in the restricted grid [k] x [£]. As noted in
Remark 2.3, we have Z3°[w] = oy = jli) [w]. Using this with (2.16) leads to

dist.
(T 101, o), TP(], T9 [w])u v = (L, 171 Iy g, [0, 1)

,
uv,u,v,p

2.17)
where u € Sk_-l)-l,l-'rl’ ve ng+1,e+1’ u e 5,:}, v e SkT’Z, and p € [d]. The preceding

identity can be viewed as an analogue of Theorem 2.4 that allows axis directions. The
left-hand side of (2.17) excludes Ig, [w] and JV?O [w] because these are co-valued. A

Remark 2.7 (Recovery of Proposition 2.2(b) and (c)) In the case d = 1, we have
z) = (k, £) (see Figure 3). On the north and east boundaries, the LPP increments to
z) are simply the weights:

Li o.M = Li.0).k.00[n] — Lii+1,0). .0 [0] = ni.e) ~ Exp{¢ (r1)} fori e [k — 1],
Yk, .k, 0[M = Lk, jy,oe,0[1] — Lk, j+1), k0[] = 0@, j) ~ Exp{l —¢(@)} for j € [£—1].

Therefore, Theorem 2.4 implies Proposition 2.2(b). Similarly to the proof of [4, Lemma
4.2], part (c) follows inductively from part (b) by corner-flipping, where the base case
is provided by the independence of the increments on the boundary. A

Remark 2.8 (Coupling of stationary models) The n-weights on or below the anti-
diagonal i + j = k+£4d — 1 form d coupled stationary inhomogeneous last-passage
models. Indeed, for each p € [d], the n-weights on the grid [(1, 1), z,] can be viewed
as the environment of a stationary inhomogeneous exponential LPP considered in
[26, Section 4.2] by interpreting ¢ (r,) as the boundary parameter z. See Figure 4. The
positive-temperature analogue of this coupling previously appeared in [5, 13], and was
shown there to give a stationary measure for the multi-path inverse-gamma polymer.
See, specifically, Figure 20 and Lemma 4.1 in [13] and Figure 4 and Proposition 3.5
in [5]. The joint distribution of Busemann functions for multiple directions was not
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“n 2 \
C(Tg) Zo A
C(ra) Q 7
(k, ) ‘
1
1 L(M)
0 0 . 0 0 —=C(r) =Clra) -+ —C(ra)

Fig.4 The n-weights on the grid [(1, 1), zp] form a stationary inhomogeneous LPP model for each p € [d].
In the picture, p =2

discussed in those works, although such a connection is conjectured around Equation
(17) in [5]. A

Remark 2.9 (Monotonicity of Busemann functions) As mentioned in Section 1.A, akey
feature of Busemann functions is monotonicity with respect to direction: Iy [w] >
T [w] and Jy' [0] < Ju?[w] for r; < r;. This monotonicity is implied by Lemma 7b,
and is also visible from the n-side of the distributional identity in Theorem 2.4. Indeed,
an application of Lemma 7b(a) and then Lemma 7b(b) shows that

Ly [ > Ly .00 =Ly gy o001 > 1y 5,0 foranyue &) .
The analogous logic for vertical increments uses parts (c) and (d) of Lemma 7b. A
We next illustrate Theorem 2.4 with two quick examples in the two-direction case.

Example 2.10 (Upper-right corner) Here we examine one of the simplest cases of our
result, yet a case that is more difficult to explicitly treat using the previous description
in [27]. Namely, we consider the joint distribution of the collection

r r r dist.
(I(rll,Z) (@] Z§ 5[] T @], ~7<22,1>[‘”]) = (1(1,2>,z1 11 11,2).2, 1) 32,12, 0] J2,1).2 [’71)-

Inthiscase,{ =k =d =2,s0z; = (2,3) and z, = (3, 2). It is already known
from Proposition 2.2(c) that I(rllyz) [w] and \7{21 1y [w] are independent, and that 7, (r iyl
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Fig.5 Special case of Fig. 1
where k = ¢ =d = 2. We are
interested in the joint distribution
of the Busemann functions in
directions rq and r» on the two
edges marked by thick lines

and j(rzz’l)[a)] are independent. In fact, it is also known that 12’12’2) [w] and j(rzl’l)[a)]
are independent, by [63, Theorem 2.1]. We can now immediately infer all of these
properties by writing the LPP increments as explicit functions of five independent
exponential variables. Specifically, by comparing paths in Fig. 5 we obtain

L2z, (1] = na2) + max{nu 3 — ne2). 0} L2400 =na0.2),

Jo. .z M =ne, Jo. .M =ne1 +max{na 1) — ne.2), 0},
where
n(,2 ~ Exp{¢(r)}, n(,3 ~ Exp{¢(r1)},
ne.n ~ Exp{l — ¢(rp}, na.n ~ Exp{l — ¢(r2)},
ne.2 ~ Exp{¢(r2) — ¢(rp}, ne3 =132 =0.
A

Example 2.11 (Adjacent horizontal increments) We now investigate the joint distribu-
tion of

, " r s dist.
(70 o). 76 L), T3 [0, T3 Le0]) = (L 1y 000 11y 2, [0 T . 10 L1y D).

Inthiscase,k =3, =1,d =2,s0z) = (3,2) and 2z, = (4, 1). It is already known
from Proposition 2.2(c) that I(r 1. ploland I(rz' 1y[] are independent, and that 1'(’ L plol
and Ig 1y[@] are independent. In fact, is also known that Tt [w] and I} [w] — T3 [w]

are independent for any u € Z?; see Corollary 2.13. We can immediately infer all of
these properties by writing the LPP increments as explicit functions of five independent
exponential variables. Specifically, by comparing paths in Figure 6 (the recursions in
(2.5) simplify the calculation), we obtain

L 1)z, (0] = na,1y + max{nu2 — Iz 1) 401, 0}, L1y, =na,1),
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0 0 —((ry) —((ra)

Fig.6 Special case of Figure 1 where k = 3, £ = 1, and d = 2. We are interested in the joint distribution
of the Busemann functions along the two thick horizontal edges

Lo1y.2 M1 = ne1y + max{ne2 — na, 0}, Loygml =ne,

where J 5 1y 5, [7] = n2,1) + max{na,1) — n2.2), 0}, and

na,n ~ Exp{¢(r2)}, na,2) ~ Exp{¢(ri)},
ne.y ~ Exp{¢ ()}, ne.2 ~ Exp{¢(r)},
na.1y ~ Exp{¢(r2) — ¢(r)}, n3.2) =na1 =0.

Also, it follows from [4, Lemma 4.1] that J , ;) , [7] and L, 1) , [1] are independent
exponential random variables with rates ¢(r2) — ¢(r1) and ¢ (ry), respectively. This
increment pair is independent of (1(1,1), 17(1,2)), but not independent of (2, 1). A

2.C Busemann process on a lattice edge

We demonstrate the utility of Theorem 2.4 by recovering the distribution of the Buse-
mann process as a function of direction, on a single horizontal lattice edge. We present
below two corollaries that together give a complete description of the process. In [43]
this description led to the complete characterization of the existence, uniqueness, and
coalescence of semi-infinite geodesics in exponential LPP.

The following results were previously realized in [27] by utilizing the queueing for-
mulation of the Busemann process, as well as an auxiliary triangular array of bi-infinite
sequences of random variables. By contrast, our proofs will use only a couple finite-
dimensional calculations and a straightforward induction on the number of directions.

Corollary 2.12 (Distribution of a single increment) Letr,s € R.o withr < s. Then

PRI, ylw) = Ty lo] > x) = g - S (1 1)

) %) ~exp{—x¢(r)} forx € Ryy.

Corollary 2.13 (Independent increments with respect to direction) For any d € Z+
and increasing sequence (rp) pe[d) € R‘io, the following random variables are inde-
pendent:

I(ri’l)[w] — I(ril)[a)], I(rlz’l)[w] - I(rfyl)[a)], .. I(rld_ll) [w] — I(r‘fyl)[w], I(r‘li’l)[w].
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The two corollaries together give a complete characterization of the Busemann
process on a single lattice edge (here the edge is {(1, 1), (2, 1)}). This characterization
was reinterpreted in [27, Theorem 3.4] to express (Z,)rcr., as a marked Poisson
point process. It remains an open problem to give the joint distribution of these point
processes across multiple u.

Proof of Corollary 2.12 Takingd = 2,k =2,¢ = 1,r; = r and r, = s in Theorem
2.4, one obtains that

(Z(l 1)[60] (1 1)[60]) = (1(1 1,2, 2)[77] 1(1 1,3, 1)[77]) (2.18)

By (2.13c¢), the n-weights are defined on the grid [3] x [2] and are independent such
that

na,y ~ Exp{c()}, nen ~Exp{cls) — ¢} naz2) ~Exp{c()},  (2.19)

and the remaining n-weights are zero. The increments on the right-hand side of (2.18)
can be written as

Loy, =na.1 +max{na 2 — ne., 0}, 2.20)

Lo ..ol =nan.

As a consequence of (2.18) and (2.20),

(1 1)[60] (1 1)[60] = 1(1 1,2, 2)[’7] - 1(1,1),(3,1)[77] = max{n(,2) — 1e,1), 0}.

2.21)
For any x € R., it follows from (2.19) and (2.21) that
P{Z( plol = Z7) o] = x} =P{nay —nen = xh
= (@) - C(r))/o du exp{—(£(s) — ¢ (r))u} /uj: dvZ (r) exp{—¢(r)v}
= (£(s) — ¢(r)) exp{—¢(r)x} /Ooo du exp{—{(s)u} = <1 - %) exp{—¢(r)x},
which implies the claim. O

Proof of Corollary 2.13 Arguing inductively, let d > 1 and assume that the claimed
independence holds for d — 1 directions. The base case d = 1 is trivial. To verify the
claim for d directions, pick any increasing sequence (rp) pe[d] € R‘io. It follows from
Theorem 2.4 applied with k = 2 and £ = 1 that

{I:fl)[a) 1{p<d}I(1 1)[60] p € ld]}

dlst
= {Ta.n.prras1—pM = Yp<arla 1), (pr2.a—pnl - p € [d]}

(2.22)
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where 1 denotes independent weights on [d + 1] x [d] with the marginals

na.jy ~ Exp{¢(ra+1-j)} ifi =1,
na,jy ~ Exp{¢(rar1-j) —¢(ri—)} ifi > landi+j <d+2, (2.23)
ni,jy =0 otherwise.

Hence, it suffices to prove the independence of the latter collection in (2.22).
Definition (2.3) implies that the p = d term on the second line of (2.22) is

Loy, @10l =nan. (2.24)
Next consider the no-weights on [d + 1] x [d] given by

0 ifi=j=1,

0
= 2.25
1a.5) ni,j) otherwise. (22
Using definition (2.3) again, one can write
Loy patdt1—p Il = 1a 1) (pr2.a—p 0]
= @, pt1,d+1-p ] = na, 1) — Ay, (p12,d—p 11 = na,1)) (2.26)

0 0
=11, p+1.at1-p M 1= L1 1y (p42.0-p (0]

for each p € [d — 1]. Because the last expression does not use the weight 71,1y, the
quantity in (2.24) is independent of the collection of d — 1 differences given by

T, pr.a+1-p il = Loy, pr2.a-p il p € ld = 11} (2.27)

Hence, it remains to verify that the preceding collection is also independent.
Introduce new weights 171 on [d + 1] x [d] by setting

n(l,.,j) =¢(rq) -nG,j) fori eld+1]and j € [d]. (2.28)

Recall from definition (2.7) that ¢ : (0, co) — (0, 1) is an increasing bijection. Since
also the sequence (7)) pe[q) is increasing,

;(rp)
¢(ra)

=¢(ry), forpeld—1] (2.29)
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for some (unique) increasing sequence (r;,) peld—1] € R‘igl. It follows from (2.23),
(2.28), and (2.29) that the 171 -weights are independent with the marginals

ni jy ~ Exp(l) ifi—1landj—1,
772,-,,-) ~ Exp{¢(rgqq- )} ifi=1andj > 1,
NGy ~ Expll = ¢(r{_p)} ifi > land j =1, (2.30)

r;(ll.’j) ~ Exp{{(r(/l+17j) —c(ri_py  ifi>1,j>landi+j<d+2,

r)(ll-’ = 0 otherwise.
The nl-weights restricted to [d] x [d] are distributionally identical to the n-weights
defined with k = 2, ¢ = 2 and d — 1 directions (r;,) peld—1]- This is seen by comparing

(2.30) with (2.13c).
Now, with another appeal to Theorem 2.4, one obtains that

dlbt

{1(1,1),(p+1,d+1—p)[771] tpeld—11} = {I(l 1)[0) peld—1]}. (23D

Then it follows from the induction hypothesis for d — 1 directions that the collection

1 17.
L, (p+1 ,1+17p)[?7 1= Yp<a-nlan.pr2.a-pln1:p eld =11}
dlst

p r]/JJrl (232)
{I(] 1) 1{p<d—1}I(1,1)[a)] :peld—1]}

is independent. It is clear from definitions (2.3) and (2.28) that

1 1
Linprran-p =z oy grian-plrl forpeld =11 @233
Consequently, the independence of the first collection in (2.32) implies the same for

T, prr,a+1-p 1 = Lp<a—nla 1y, (pe2,a-pm 2 p € ld =11} (2.34)

One can now compute the joint characteristic function for the collection (2.27) as
follows. For any (sp) pe[a—1] € R4-1,

d—1
E[ [ Texplisy - v iy pi1.as1-plnl = 1(1,1),<p+2,dp>[’7])}}
p=1

d—1
E|: 1_[1 explisp - (1(1,1),(p+1,d+1_p)[77] - 1(1,1),(p+2,d—p)[77])} : eXp{isd—ln(l,l)}i|
p:

Elexp{isq—1n¢1,1}]

d—1
E|: 1_[1 explis - (1(1,1),(p+1,d+1—p)[77] - 1{p<d—1}1(1,1),(p+2,d_p)[U])}i|
p:

Elexp{isqs—1n01,p}]
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d—1
H1 Elexp{isp - (Ut 1), (ps1.a41-py 1] = Lip<a—1yL(1 1), (pr2.a—py [1D}]
p=
N Elexp{isq—1n¢1,1)}]
= 1_[ E[exp{isp : (1(1,1),(p+1,,1+1_p)[’7] - l(],l),(p-’rz,d—p)[n])}]' (2.35)

The first equality in (2.35) follows because the collection given by (2.27) is independent
of n(1,1y. The second equality is due to (2.24). The subsequent equality comes from
the independence of the collection in (2.34). The last step in (2.35) uses (2.24) again
and the independence of 71,1y and the (d — 1)th term

Loy @2l —La . @+ = a1y, @20l —nan

in (2.34).
On account of (2.35), the collection in (2.27) is independent. This completes the
inductive step and thereby establishes the result for d directions. O

2.D Shen's independence theorem

The independence of Busemann functions along a down-right path is stated in Propo-
sition 2.2(c) for a fixed direction r. It was discovered in [63] that the direction can be
varied in a monotone fashion as one proceeds along the down-right path, and indepen-
dence still holds. Here is a special case that is easily obtainable from Theorem 2.4.

Corollary 2.14 Forany s| > --- > s, in R., the random variables
S Sn
(1 l)[a)] Iéyl)[a)], ... Z(n 1)[ ]

are independent.

Proof We induct on the number of distinct values among the list s; > - -+ > s,. The
base case s1 = - - - = 54 is covered by Proposition 2.2(c). Suppose there are d distinct
values, and call them ry > rg—1 > --- > rq. Define integers m| < mp < --- <
mgy—1 < mg = nby

S1=:"=8m =rd,
Smi4+1 = = Smp = Fd—1,
Smg_1+1 =" =8p =1T11.

Now apply Theorem 2.4 with k = n + 1 and £ = 1, to see that the random vector

(( «, 1)[“’] (m1 1)[ ]) (I(r;ulqul 1)[ ], . (r;izzll)[w]
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I(rrlnd 1+1, 1)[“’]’ = (n 1)[‘0]))

has the same distribution as (X, Y), where

Lotz 1 Ly 1), [0).

X =
Y = (L1020 000 Ty, 1,2 000 T, 000 - L 1) 2 [01)
Since z; = (n +d, 1) is on the same row as the vertices of interest, the increments in
X are trivial to calculate: L; 1y , [n] = n¢,1) for each i. In particular, X is measurable
with respect to {n¢,1) : i € [m]}. Meanwhile, Y is measurable with respect to
{ng.j) :i € [n+d]\[m1], j € [d]}. Since the n variables are independent, it follows
that X and Y are independent, and that the individual coordinates of X are independent.
By our distributional equality, we conclude that the following m1 + 1 quantities are
independent:

X S m my+1 n
I(Y]l’l)[w]a Z(Yi])[w]a I‘(Ymiyl)[w]’ (I‘(Ymh_l 1)[(1)]7 7I(Sn’1)[w])- (2.36)
There are d — 1 distinct values among $,,,, 41, . - . , S, S0 induction (together with shift-
invariance) implies that the coordinates of the last quantity in (2.36) are independent.
O

2.E Proof sketch

For clarity, we now present our argument for Theorem 2.4 in the case of d =
directions. The complete proofis presented in Section 6. It follows the general structure
presented here, with several inductive steps to generalize to an arbitrary number of
directions. For notational simplicity, we focus here on the values of the Busemann
functions along horizontal edges; those along vertical edges are treated analogously.
Thus, our aim is to sketch a derivation of the distributional identity

1st

(Ir1 [w], Irz [w]:u e 5k g) = (Iu (%, z+1)[77] Lu, (k+1, z)[ﬁ] ue Sk z) (2.37)

for any two directions 0 < r; < rp < oo and grid side lengths k, £ € Z-o with
k > 1 (so that the preceding collections are nonempty). Note that (2.37) is exactly
the conclusion of Theorem 2.4 for d = 2 if one restricts to the set 5/22 indexing the
horizontal edges within the grid [k] x [£].

In the proof, it suffices to show that

P{Z}'[0] > xu,1 and Z2[®] > xu foru € &} 2.38)
=P{ly o+ 1)[n] > xu1 and L, 411 [n] > xu2 foru e &7} '

forany xy,1, xu,2 € Rforu € &,. Ourapproach is to bound the prelimit version of the

left-hand side in (2.38) from above and below with probabilities that will eventually
converge to the right-hand side. Here we sketch only the lower bound, which involves
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manipulations of rate parameters assigned to the columns of Zio. The upper bound is
obtained by analogous manipulations on rows (see, for example, Lemma 6.1).

Prelimit lower bound

Pick positive integers k2 > k) > k for each n € Zx, such that k; /n — r, for
p € {1, 2}. It follows from Proposition 2.2(a) (and the continuity of the exponential
distributions in part (b)) that

P{Z,![®] > xu,1 and Z;?[w] > xyu 2 foru € &}

. , 2.39
= lim P{L, @1 plo] > xy1 and Iy 42 ) [@] > xu2 foru € Er)- ( )
00 LKL, J(k2, .

Recalling the function ¢ from (2.7), for any pair of distinct ¢, c2 € Z~, let weolc1.c2
denote independent exponential weights on Z2>0 with rate 1 — ¢(r1) on column ¢y,
rate | — ¢(r2) on column c3, and rate 1 elsewhere. The prelimit probability in (2.39)
can be bounded from below as follows. See Figure 7 for an illustration.

P{lu,(k}l,n)[w] > xy,1 and Ly, g2,m (@] > xu 2 foru e S,:}}

2 2 2 2
— P{l“’(k’lwn) [wCOI,kn+l,kn+2] > xu,] and Iu’(k%’n) [wCOl,k,1+1,kn+2] > xu,z foru e g]:}}

2 2 2 2
2 P{lu’(k%,’1)[wC01,kn+1yk,,+2] > xu,l and lu’(k%+2’n)[a)Col,k,l+1,kn+2] > xu’z foru € glzl}

1 2 1 2
= P{lu,(k,]l,n) [a)COI*kr1+1vkn+2] > xy,1 and lu’(k3+2’n)[a)COI’kn+1*k»z+2] > xy,2 foru e 51:2}

col, k) +1,k2+2 col k}H1,k2+2

> P{lu,(k}l-i-l,n)[w 1>xy,1 and Ly, g2 42.m @ 1>xy2 foru e 5,:}}.

(2.40)

The first equality in (2.40) holds because the environment is modified only along
columns k,% +1and k,% +2, which are outside the grid [(1, 1), (k,%, n)]. The subsequent
step shifts the terminal point of the second increment from (k,zl, n) to (k,% + 2,n)
and invokes the standard increment-comparison lemma (Lemma 7b). The third step
interchanges the rates 1 — ¢(r1) on column k2 + 1 with the rates 1 on column k) + 1,
which preserves the joint distribution of the increments. This invariance is a special
case of our second main result, Theorem 3.1 ahead. The last step in (2.40) shifts
the terminal point of the first increment from (k,ll, n) to (k,ll + 1, n) and applies the
increment-comparison lemma again. The proof of Lemma 6.1 will generalize the
argument in (2.40) to an arbitrary number of directions.

Limiting lower bound

Our next step is to pass to the limit in (2.40) as n — oo to produce a limiting
lower bound. To achieve this, we will take advantage of some recent results from [26]
concerning the Busemann functions of inhomogeneous exponential LPP, which are
reviewed in Sect. 5. See Fig. 8 for an illustration.
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n . n .
l l
k k
(a) Initial setup corresponding to the second (b) Shift the right endpoint from (k2,n) to
probability in (2.40); here the inhomogeneities (k2 +2,n). By Lemma 2.1, this can only de-
have no effect. crease the probability from (a).
n —0— n —O0—
¢ l
k k
(c) Swap the rates on columns k2 and k. + 1. (d) Shift the left endpoint from (k},n) to
By our invariance result (Theorem 3.1), this (k} +1,n). By Lemma 2.1, this can only de-
preserves the probability from (b). crease the probability from (c).

Fig.7 Tllustrates the argument in (2.40). The goal is to introduce inhomogeneities into the environment. The
white vertices are located at (k,l, n) and (k,%, n), and have limiting directions r; < ry. The black vertices
are located at (k,l, + 1,n) and (k% + 2, n). Arrows represent increments of last-passage times from the
vertices in [k] x [£] to the indicated terminal vertices. The weights are independent exponential with rate 1
everywhere except the two columns indicated by thick vertical stripes, where instead the rates are 1 — ¢ (r)
for the red/left column, and 1 — ¢ (r) for the blue/right column (color figure online)

Through another appeal to our permutation invariance result, the last probability in
(2.40) is

1 2 1 2
col,k,l+1,kn+2] > xy,1 and I, (242 n)[wcol,k,,+1,k,l+2] > xu2 foru e 5k7}
(kg +2, )

col, k,k2-+2

Py, (k1 41,m)[@

2
col,k,k2+2 1> xy forue &},

(2.41)

=Py 14 1.0)l@ 1> xugand Ly g2 )@

where we interchanged the rates 1 — ¢ (r1) on column k,ll + 1 with the rates 1 on column
k. Now, for any column ¢ € Z> and arbitrary weights w on ZZ>0’ one can define the
thin Busemann function

TS w]l = sup Ly Wl = lim L, . ,[w] forue Eer (2.42)

n€Z2g
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The second equality in (2.42) is a consequence of the standard increment-comparison
in Lemma 7b. Since (k,l + 1)/n — r1 as n — o0 and due to the marginal structure
of the w®kki+2_weights on the grid [(1, 1), (k) + 1, 7)], the direction 7| falls in
(in fact, is the endpoint of) a closed interval of directions for which the Busemann
functions coincide with certain thin Busemann functions. More specifically, it follows
from Corollary 5.2 and Proposition 5.5 that

M (L g1, [0 2] = TR =0 s foru e £ (243)
The limits in (2.43) and union bounds imply that the last probability in (2.41) is greater
than or equal to

2 2
P{ZE M [weol Kk +2] o o1 +eand Ly oo [ Kkit2) 5 x5 foru e Eet —oe(D)
(2.44)

for any € > 0, where o.(1) is an e-dependent term that vanishes as n — oo. Impor-
tantly for the subsequent step, the thin Busemann function in (2.44) depends only on
the first £ columns.

We can now interchange the rate 1 — ¢ () presently on column k,zl + 2 with the rate
1 on column k + 1. As a consequence of our invariance result again, the probability
in (2.44) equals

P(ZE [ M S a1+ € and Iy 24 [0 > xy 5 foru e €7}
(2.45)

computed with the new environment w°>**+1_ Similarly to (2.44), it follows from

the marginal structure of the w®%*+1_weights, the convergence (k,2, +2)/n —
as n — oo, and the properties of the inhomogeneous Busemann functions that the
probability in (2.45) is greater than or equal to

P(Zy T[] >y e and Ty T w0 RAH ] 5y 5 e foru € £ — 0 (D).
(2.46)

In summary, the steps from (2.40) to (2.46) have shown that

P{Iu (kl n)[(!)] > Xu,1 and Iu (kZ n) [CL)] > Xu,2 foru € gk E}
> P{I{j MNow'l > Xu1+te€ andIﬁJrl o'l > xu2 + € foru e &7} — o (1),
(2.47)

where w! = w5 +1 Letting n — oo and then € — 0 in (2.47) yields

P{Z,![®] > xu,1 and Z}?[w] > xu > foru € é'k_}}

2.48)
> P{Z5 0! > xup and ZETH 0] > xy 2 foru e £ (
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k

(a) From Figure 2.7(d), swap the rates on
columns &} +1 and k. By our invariance result
(Theorem 3.1), this preserves the probability
under consideration, resulting in (2.41).

k

(c) Swap the rates on columns k2 + 2 and
k + 1, resulting in weights w! = w
Once again by invariance, this preserves the
probability from (b), resulting in (2.45).

col,k,k+1

k

(b) Replace all the increments from [k] x []
to (kL 4+ 1,n) with their a.s. limits at the cost
of a vanishing error; see (2.43) and (2.44). By
Section 5, the limits are thin Busemann func-
tions along column k.

0

k

(d) Replace all the increments from [k] x [¢] to
(k2 +2,n) with their a.s. limits (thin Busemann
functions along column k + 1) at the cost of a
vanishing error; see (2.46).

Fig. 8 Illustrates the steps from (2.41) to (2.48). The goal is to replace the increments from Fig. 7(d) with
thin Busemann functions (defined in (2.42))

The generalization of (2.48) to multiple directions appears in Lemma 6.2.

Expressing the lower bound via finitely many independent variables

The last stage of our derivation is to express the lower bound in (2.48) in terms of
the n-weights given by (2.13). This involves a sequence of technical steps that are
illustrated in the accompanying Figs. 9 and 10 below. We will extend this argument
to more than 2 directions in the proof of Lemma 6.5.

Key to our proof of this part is the notion of induced weights. Specifically, let
w = {wg,j : i,j = 1} be a collection of weights, and let y, z be points in 72
such that y < z coordinatewise. Then, for any x < y, the passage time Ly ,[w] can
be computed as Ly y[WY*] 4 Ly ,[w], where W¥* are the induced weights given in
Equation (6.33). These induced weights are equal to the original weights everywhere
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except directly west or directly south of y, where they are instead defined as increments
of passage times to z. The increment at x depends in a somewhat complicated way on
the weights in the rectangular grid [x, z], but the advantage of this construction is that
for any points X1, Xy <y, we have

Ly, z[W] — Ly, z[W] = Lxl,y[ﬁ;y’z] - sz,y[Vvy’z]-

That is, the increment Ly, z[w] — Ly, ,[W] can be computed as an increment of
last-passage times in a smaller (potentially much smaller) grid, albeit with differ-
ent weights. In particular, we can send the point z — o0 and represent thin Busemann
functions via last-passage increments in a finite grid. From here, one can heuristically
see why we can represent the joint distribution of Busemann functions via a finite LPP
problem. What follows is a technical description of several steps, using facts about
inhomogeneous exponential LPP and permutation invariance that describe how to get
the appropriate vertex weight distributions.

As an application of this fact, for any column ¢ € Z3, and row r € Zxy, the
following identity holds for arbitrary weights w: (see (6.40)—(6.41) in the proof of
Lemma 6.5 for a complete proof)

IgMw] =Ly (o o [WO7] foru e &7, (2.49)
where WS" denotes the induced weights on the grid [(1, 1), (c, )] that coincide with
the w-weights onrows 1, ..., — 1, and are given as follows on row r:

W =1jicey - I W] fori € [c] (2.50)

For p € {1, 2}, we generate the induced weights w” by applying the map C)kﬂ) bt

to the weights ! = w5k +1 Thus, &P is the same as w! on [k + p — 1] x [£ — 1],
and

&g = Yicksp-1) - Lo o'l fori e [k+p—11. (2.51)
Through (2.49), one can rewrite the probability on the right-hand side of (2.48) as

Py '] > xu,1 and Iy '] > o foru € &) (252
=Pl p[@'] > xu1 and Ly g [@7] > xu2 foru € £ |

Next, pick n € Z~, and a small € > 0 such that £(r)) + € < £(r2). Let @™€ be
independent weights on [k + 1] x [n] that equal the '-weights onrows 1, ..., n—1,
and have the following marginal distributions on row n:

o ~Exp{¢(ry) + €} forie[k—1],
o e (2.53)
Oy ™ Exp{¢(r2) +€ —¢(r1)} and Dty ™ Exp{e}.
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0

k k+1

(a) Initial setup as in Figure 2.8(d) where the
weights are w!. Only the first & 4+ 1 columns
are shown. The thin Busemann functions
Th+p=LMwl] for pe {1,2} and u e &y are indi-
cated. The key identity to be used next is (2.49).

N EEEEEEEN LN |

k k+1

(c¢) Modify the rates on row n to produce new
weights @™ as in (2.53). The modified rates are
indicated with dashed blue. When n is large,
the modification has negligible impact on the

prelimits of thin Busemann functions; see (2.55).

Therefore, in (b), these prelimits can be used
instead of thin Busemann functions, resulting in
(2.57). The corresponding induced weights are
denoted by 77"™€ as in (2.56), for p € {1,2}.

k k+1

(b) Each thin Busemann function in environment
w! is equal to an increment in an induced environ-
ment WP given by (2.51). The resulting equality
is (2.52). The induced weights depend on the
increment endpoint ((k,¢) for p =1, or (k+1,¢)
for p = 2) but differ from w' only on row .

n

k k+1

(d) Swap the rates on rows ¢ and n to produce
new weights w. The associated induced weights
are denoted by 777"¢ as in (2.58) and are equal
in distribution to #”"™€ by our invariance result
(Theorem 3.1). Therefore, the increments shown
here are equal in distribution to those in (c);
see (2.59). As n — oo, 77" converges to the
weights 77”>¢ induced by a thin Busemann function
in environment &€, resulting in (2.61).

Fig.9 Illustrates (2.49)—(2.61). The goal is to identify thin Busemann functions/their prelimits (solid arrows)

with finite grid LPP increments (dashed arrows)

Recall that the means of the ' -weights on columns k+ 1 and k are = ;(m and

1
1-¢(r)°

respectively, and the means of the ' weights on all columns less than k are 1. We show
via a law of large numbers for inhomogeneous exponential LPP in Lemma 6.4 that
this ordering of rates on the columns has the following implication: For p € {1, 2}
and n > Ny for some sufficiently large random Ny € Z-, geodesics to the point
(k + p — 1, n) will travel through (k 4+ p — 1, n — 1), regardless of the weights on the
top row n. Specifically, for p € {1,2},i € [k+ p — 1]and n > N,
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Loy, ke p—1,m@"€] = L(i,e),(k+p—1,n—1)[w1] + ﬁ(lk’ip,l)n).

Taking differences above gives us

e 1
I(i,z),(k+p—1,n) [@"] = I(i,z),(k+p—1,n—1)[w I (2.54)

for p € {1,2},i € [k+ p—2]and n > Ny. In the n — oo limit of (2.54), using
(2.42), one obtains that

. ~n,eq &S Tk+p—1.1 1
A LG o) e p-1, (@71 = g @) (2.55)
Now, for each p € {1, 2}, consider the weights 7€ on [k + p — 1] x [£] that agree
with ! = @” onrows 1, ..., ¢ — 1 and are given on row £ by

~p,N,€

By (2.51) and (2.55), one has ?]\Z'z)e — 55’6) a.s. as n — oo. Consequently and
through the continuity of the last-passage times as a function of the weights, one can
express the second probability in (2.52) as the following limit:

P{l, 4.)[@'] > xu1 and I 41 [@°] > xuz foru e £}

. . N (2.57)
= lim P{lu‘(k’e)[nl’"'e] > Xy,1 and lu,(kﬂ’g)[nz’”’e] > xu foru e £}

Next, we let &€ denote the independent weights on [k + 1] x Z-. ¢ that coincide with w!
except on row £, where the marginals are the same as those in (2.53). In other words,
the weights @€ restricted to [k + 1] x [n] are obtained from @™ ¢ by interchanging the
exponential rates on rows £ and n.

For each p € {1, 2}, analogously to 7-"-€, consider the weights 77"€ on [k + p —

1] x [£] that equal @' = &P onrows 1, ..., £ — 1 and are given on row £ by
~p,n,€e ~€ .

Since we obtained the weights &€ from the weights @ by exchanging the exponential
rates on rows £ and n, it is a consequence of our invariance result (Theorem 3.1)
that the weights in (2.58) have the same joint distribution as the weights in (2.56) (as
collections indexed by i and p). Since both of these collections are also independent
of the w'-weights on rows 1, ..., £ — 1, the prelimit probability in (2.57) is

P{lu,(k,@)[ﬁl’"'e] > xu1and L, g0 [772"€] > xu2 foru e Ed 2.59)
=PI, .oy l7"" 1 > xu1 and I gy o [77"€] > xu2 foru € &)

Asn — 00, the i7"-P-€-weights converge a.s. to the 77-€-weights on [k + p — 1] x [£]
that equal w'onrows1,...,¢—1,and are given as follows on row £:

~p, k+p—1,4~ .
0% = Vickap) - L8 "M@ fori € [k+p —1]. (2.60)
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o0

k k+1

(a) Everywhere except row ¢, the weights &¢
agree with w'. On row ¢, there is a single
blowup point ‘:’Ekﬂ.é) — o0 as € — 0, but

otherwise &¢ converges to & defined in (2.63).

The blowup forces all the geodesics from row
£ to column k + 1 to pass through (k +1,¢) as
indicated. These facts together allow one to
compute the limits of the induced weights 77!+

and 7>€ as in (2.66).

o]
{+1 3
¢ - —
e

k k+1

o] im-
plies the convergence of increments to thin
Busemann functions: L, (; » [ — TFM]
as in (2.68). In turn, ZX'[&] is equal to the in-
crement (dashed arrow) L, (;, o4 1)[@%] with in-
duced weights @° that agree with & on [k] x [€]
and are defined on row ¢ + 1 as in (2.70).

~1,e k
(c) For p = 1, 7](111[) - 1(i<k) 'I(

kE k+1

(b) For p = 2, 7> — & implies the convergence
of increments: lu)(kﬂj)[ﬁ?"] = La k1,0 [@]
as in (2.67). It is essential to note that on the
grid [k + 1] x [€] (thick blue sides), the weights
@ are equal in distribution to the desired envi-
ronment 7.

(+1

/’

k k+1

(d) By properties of thin Busemann func-
tions on row ¢ + 1 (Section 5), the restric-
tion of @ to the grid [k] x [¢ + 1] (thick
red sides) is equal in distribution to 7. We

~ - dist.
thus have (Ly (0+1)[@°]: L (k51,0 [0])u =

(L, (ko) [1)s L (k41,00 [1])u @8 in (2.71). Now
use (b) and (c) to complete the proof.

Fig. 10 Illustrates the rest of the proof after (2.61). The goal is to send € — 0. A black dot indicates an
Exp{e}-weight (tending to oo), while a white dot indicates a zero weight

Hence, letting n — oo in (2.59) and using (2.57) yields

P(L, 4.0[@'] > xu1 and I 41 [@°] > xu2 foru e 7}

= P{luy(k’[)[ﬁl’é] > xy,1 and Iu,(k+1,g)[52’€] > xy 2 foru e 7).

2.61)

@ Springer



E. Bates et al.

The next step involves letting € — 0 in (2.61). See Figure 10 for an illustration.
To compute the limit of the weights on row £ as € — 0, we note that, through the
increment recursions noted in (2.5), the weight ﬁ(l fl) fori € [k] (which is equal to the
thin Busemann function Ifi’;) [¢]) can be obtained via a fixed continuous function of

the thin Busemann functions on row £ + 1, (Zki’} +])[c7)€]) ielk—1] as well as the weights
on row £, (cf)fi @))ie[k] (see the discussion around (6.72)—(6.74) for the precise proof).

But Iﬁl +1)[ch] = Ié; +1)[a)l] since this Busemann function only sees the weights

on rows £ + 1 and above. Hence, ﬁ(ll.’jz) can be written as a fixed continuous function
of (cT)(el.’ ¢))ielk) and a quantity that does not depend on €.

Since these weights J)fl.’ 0 have the marginal distributions given in (2.53), it follows
that, in a suitable coupling,

(\‘/)fi,i) % oGy ase —0 forie[k], and cf)kaj) — 00, (2.62)
where the limit weights @ on [k] x {¢} are independent, with the marginal distributions
@) ~ Exp{¢(rp)} fori e [k — 1], and d.e) ~ Exp{¢(r2) — ()}, (2.63)

We extend & to an independent collection on [k + 1] X Z¢ by setting @+1,¢) = 0
and & = ! on all rows except row £. Then, by (2.60) and our discussion below (2.61),

- | kA .
o = 615%17(;;) = T .I(l.})[w] fori € [k]. (2.64)

To identify the limits of #>€ on row £, one needs to proceed differently because
the weight cf)fk +1.0) ~ Exp{e} becomes infinite as € — 0. In this case, it becomes
advantageous to use the weight E()fk +1.0) for sufficiently small €. This implies that

Ié;l)’T[ch] i g cT)(,-,g) for i € [k] as € — 0 (made precise in (6.76)—(6.77)). Hence,

from (2.60),
61% ﬁ%i’,éé) it i ckg1y - C\L/)(i’(f) = c\[)(i,g) fori e [k +1]. (2.65)
One then concludes from (2.64) and (2.65) that, almost surely, as € — 0,

o - k4 ..
77(1,-’;) = Ljj<gy - wa, ) + =0 - i<k 'I,-,Ig)[w] for (i, j) € [k] x [£], and

ﬁ%{fn — @, jy for (i, j) €[k + 11 x [£].
(2.66)

The second limit in (2.66) implies that
Iu,(kﬂ’l)[ﬁz’s] g Iu,(k+1,z)[67)] ase — O foru e Sﬁ. (2.67)
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One can also recognize from (2.50) that the first limit in (2.66) is the induced weights

obtained by applying the map C)k’z to @. Therefore, using the identity (2.49) twice,
one obtains that

Ly .ol 5 TEME] = 1y o) [, (2.68)

where @&° is the image of @ under the map (T)k’Hl. Now, sending ¢ — 0 at (2.61) and
using (2.67) and (2.68) yields the identity

P, .0[@'] > xu1 and I 41 )[@°] > xuz2 foru e 7} .69

= P{lu,(k,e+1)[6~03] > xy,1 and I,

,(k+1,e)[5’] > xyp foru € 8,:}}.

Since d = 2, the n-weights are defined on the grid [k + 1] x [£ + 1]. Using the
distribution of the n-weights given in (2.30) and comparing to (2.63), one can see that
n matches in distribution with & on [k + 1] x [£]. Also, the induced weights @ are
independent, agree with @ on [k] x [£], and, by Proposition 5.1, have the following
marginal distributions on row £ + 1:

~ k ~ k .
Byirny =Tihopldl = I}, @] ~ Exp{¢ (r)} for i € [k — 1], and 270,

~3
O e+1) = 0.

The second equality in (2.70) holds because @ and w are the same strictly above row £.
The marginal distributions and independence of the weights &> on row £+ 1 invoke the
properties of thin Busemann functions, which are stated in Propositions 5.1 and 5.3!
ahead. It follows that the weights 1 and @ are identical in distribution on [k] x [+ 1].
Combining the preceding observations leads to the identity

P, oosy[@] > xu1 and I, oy 4)[@] > xu2 foru € &} 271
= P{lu,(k,z+1)[77] > Xg,1 and lu,(k+l,l)[77] > xg2 foru e 5&}. ’

Now, revisiting (2.48) and following the chain of identities (2.52), (2.69), and (2.71)
yields the desired lower bound

P(Z}![] > xu,1 and T [@] > xu,2 foru € &7} 2.72)
> Plly g o) [n) > xu1 and L g ¢y[n] > xu 2 foru e 7). |

As previously mentioned, the opposite inequality can be obtained through similar
steps. Hence, the claim (2.37) holds.

1 Proposition 5.3, which states an independence property of thin Busemann functions, is employed here
to shorten the exposition for two directions by one iteration. Our iterative argument in Section 6 for an
arbitrary number of directions does not appeal to this proposition.
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3 Invariance of inhomogeneous exponential LPP

As indicated in the introduction and Sect. 2.E, our proof of Theorem 2.4 naturally
proceeds through a well-known integrable generalization of the exponential LPP model
[3, 8,44, 45], which can be defined on the lattice 72 as follows. Given inhomogeneity
parameters a = (a;)icz € RZ and b = (bj)jez € RZ such that

ai+b; >0 fori,jeZ, 3.1
consider independent weights w®P? = {w?l.";) 11, j € Z} with the marginals

wz:";.) ~ Expla; + bj} fori,jeZ. (3.2)

Our argument relies extensively on a remarkable joint invariance property of the
inhomogeneous LPP process L[w®P] under certain permutations of columns and rows.
To formulate the property precisely, let o and t be finite permutations of Z, meaning
that o (i) = ©(i) = i for all but finitely many i € Z. Let U, . denote the set of all
x,y) € Z* with x = (x1,x2) < (1, y2) =y subject to the following conditions.

O‘(Z<x1) = Z<)c1 and o‘(Z>yl) = Z>y] ,

3.3)
T(Z<x2) = Z<x2 and T(Z>y2) = Z>yz-
In other words, o restricts to permutations of both Z_,, and Z.y,, and a similar
remark applies to t. See Figure 11 below for an illustration of the set , ;. A basic yet
important special case is when o is a transposition and t is the identity permutation,
or vice versa. Then the set U, ; can be described more simply as in Remark 3.3 below.
The following invariance theorem shows that the joint distribution of the last-
passage times between pairs of vertices in Uy, is preserved after permuting the
columns by o and rows by 7.

Theorem 3.1 Leta = (a;)icz, € RZ and b = (b}) jez, € R” be subject to (3.1), and
o and t be finite permutations of 7. Then

dist.
{Lyyl@™P]: (%, y) € Upr} = {Lyyle® P ]: (X, ¥) € Uy},

where a5 = (aq(i))iez and by = (bz(j)) jez.

In the subsequent remarks, we consider some implications and special cases of
Theorem 3.1.

Remark 3.2 (Recovery of some known invariances) Let m, n € Z-(, and assume that
o(i) =ifori € Z~[m],and t(j) = j for j € Z \ [n]. Then U, ; contains the point

(1, 1), (m, n)), which satisfies the condition (3.3). Therefore, Theorem 3.1 implies
that

dist.
L1 1), omm [0™P1 = L1y, oo [0™ P71 (3.4)
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Fig. 11 Illustrates an application of Theorem 3.1 on the finite grid [m] x [n] withm = 13 and n = 11.
By the action of o, the parameters of columns 9 and 10 (orange) are interchanged, and the parameters
of columns 3, 4, and 5 (green) are rearranged in some way. By the action of t, the parameters of rows
6 and 7 (magenta) are interchanged. Each solid blue line segment represents a last-passage time between
its endpoints. Since each endpoint pair satisfies condition (3.3), the associated last-passage times have the
same joint distribution before and after the actions of o and t (color figure online)

The preceding identity is a well-known invariance property and follows, for example,

from the explicit formula [8, Equation (12)] for the CDF of last-passage times.
Assume further that r = Id, the identity permutation on Z. As can be seen from

(3.3), one now has ((1, 1), (m, j)) € Uy . for each j € [n]. Hence, by Theorem 3.1,

) dist. .
{L(l,l),(m,j)[wa’b] cjelnnE {L(1,1),(m,j)[wa"’b] 1 j € [nl}. (3.5

This generalization of (3.4) can also be seen, for example, by expressing the joint
CDFs for each side of (3.5) in terms of the explicit correlation kernel in [8, Theorem
3]. See also [19, Theorem 2.3] for a multi-path extension of (3.5). A

Remark 3.3 (Interchanging the parameters of two columns or two rows) In the present
work, Theorem 3.1 will be invoked only with the sets of the form U, 14 and Ujq,, Where
o is a transposition. This means that o (k) = € and o (£) = k for some k, £ € Z with
k <{,and o (i) =i fori € Z ~ {k, £}. Then (3.3) shows that the set U/, 14 consists of
all pairs (x,y) € Z* with x = (x1, x2) < (y1, y2) =y such that

x1>4€, or y <k, or x;<kandy >/ (3.6)
Similarly, the set Ujq,» is characterized with the condition

x>, or y)<k, or xpx<kandy,>¢ 3.7

in place of (3.6). A
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Remark 3.4 (Connection to an invariance result of Dauvergne) Consider again a
transposition o. Then, the set Uy 14 is the disjoint union of three subsets Uy, Uz, and
Us corresponding, respectively, to the three conditions in (3.6). Theorem 3.1 implies
that

Lyy[0™®]: (x.y) € Ui} & {Ley[0™ ] (x.y) € U;) (3.8)

for each i € {1, 2, 3}. Note that (3.8) is trivial for i € {1, 2} because, in these cases,
the action of ¢ is not visible to the last-passage times on U;. In the nontrivial case
where i = 3, a somewhat weaker version of the identity (3.8) can also be derived from
[19] as follows.

Fix j € Z and assume that ¢ interchanges k, £ € Z with k < £. Consider the set

U=2Zgp X Lgj X Lize X Lz jqq, (3.9)
which is properly contained in Us. For any p~ € Z<y and p™ € Zx,
(o (p=ys - -+ » Ao (p+)) is a permutation of (@p=s .- ap+), (3.10)

which is immediate from the definitions of o and Us. It follows from (3.10) that the
first part of the rearrangement condition stated in [19, p. 25] holds. (In the notation
of [19], we consider a single set U; called U here and choose the corresponding shift
variable as ¢; 1 = 0). The second part of the same condition trivially holds since the
rows are not being permuted. We can then conclude via [19, Theorem 1.5] that

Lyyl®P]: (x,y) € U} 2 (Leylo™ ] : (x,y) € U}

It is plausible that one can use the methods of [19] to derive the stronger versions of
(3.8) with U3 or even U = Uy, U, UUs in place of U. However, it is presently
unclear to us how to do so. A

4 Proof of invariance

We turn to the proof of Theorem 3.1. In the present section, let @ = w®P denote
the independent exponential weights with the marginals as in (3.2). For convenience,
assume that

a; = a > 0 for |i| sufficiently large. 4.1

This suffices for the proof of Theorem 3.1 because the joint distribution of passage
times is determined by its finite-dimensional distributions.

To begin, we consider just the rows j = 1, 2. Assume by > b (so that the weights
on row 1 tend to be larger than those on row 2). For ¢ € Z, let

Ct = W(+1,1) — O,2) 4.2)
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(the difference between two diagonally adjacent weights). Now, define

t—1
U, = U[w] = (igftzci) , (4.3)
JF

where x4 = max{x, 0}. Then, let

o), = w¢1) — U

1) (t,1) 1>
N “4.4)
Wy = 0,2 T Uy.

The following proposition is a deterministic statement that holds for arbitrary
weights, as long as the infimum in (4.3) is achieved at some finite s < ¢ for all
t € Z, and for each T € Z, there exists t > T such that U; > 0. This holds under
assumption (4.1); see Lemma 4.4 and the paragraph above it.

Proposition 4.1 Foralli < j,

L.1).¢.2)lwl =L 1.gole’].
Proposition 4.2 The weights {w’(ki,j) ieZ,jefl, 2}} are independent with wZ‘iyj) ~
Exp{a; + bj}, where bl = by, by = b.

Together, these propositions will tell us that the transformation in (4.4) interchanges
the rates of rows 1 and 2, while preserving all passage times which cross both row 1
and row 2.

We will prove Proposition 4.2 by demonstrating a version of Burke’s theorem for a
time-inhomogeneous queue whose arrival and service data correspond to the weights
w onrows 1 and 2 respectively. In the queueing context, the quantity U; will represent
unused service at time ¢. Interchangeability properties for queues date back to Weber
[65], who showed that the law of the departure process fromtwo -/ M /1 queues in series
is unchanged when the rates are swapped. An alternative proof of Weber’s result by
Tsoucas and Walrand [64] introduced a coupling idea involving unused service (which
is generalised by (4.4)). Related constructions have more recently been deployed in a
wide variety of contexts in percolation and polymer models and in interacting particle
systems. A positive temperature version of this invariance was previously seen in the
work of Noumi and Yamada [52]. A continuous version of the invariance of passage
times in Proposition 4.1 was used in [21, Lemma 4.12] to construct the directed
landscape — see also [14, 20, 22] for related results.

We prove Propositions 4.1 and 4.2 in the subsequent sections. First, we use them
to prove Theorem 3.1.

Proof of Theorem 3.1 Consider two neighboring rows » and r + 1, and consider the
joint distribution of all passage times with lower-left endpoint on row r and upper-
right endpoint on row r + 1. Proposition 4.1 and Proposition 4.2 tell us that the joint
distribution of this collection

(L(sl,r),(sz,r+1)[w] 151 < 852) 4.5)
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is invariant under interchange of the parameters b, and b, associated to the two
rows. In fact, these two results give an explicit coupling under which all these passage
times are the same before and after the interchange.

Note that in fact, many other passage times are also preserved by the same operation.
Passage times with lower-left endpoint above row r + 1, or with upper-right endpoint
below row r do not use the weights in rows r and r + 1 and are unaffected. Meanwhile,
all passage times whose lower-left endpoint is on or below row r, and whose upper-
right endpoint is on or above row r + 1, depend on the weights in rows r and r + 1
only through the collection of passage times in (4.5). For example, let x; < y; and
xp <r,yy >r—+ 1. Then,

Lxt .m0 [@]

= max [L(M,m),(ﬂ,rfl)[w] + Lisim), 2. r+D @] + L(Sz,r+2),(y|,y2)[w]]'
X1 <512 K1
4.6)

The cases where xo = r or yo = r+1 are similar. The only passage times not preserved
are those which have a lower-left endpoint in row r + 1 or an upper-right endpoint in
row r.

Now consider finite permutations ¢ and t which permute the column parameters
and row parameters respectively. The permutation 7 can be represented as a product
of nearest-neighbor transpositions (ry, 71 + 1), ..., (r¢, ri + 1). These transpositions
can be chosen such that for all endpoint pairs ((x1, x2), (¥1, ¥2)) in Uy -, we have
xy ¢ {r1,...,rkyand y2 ¢ {r; + 1,...,rr + 1} (since for all such (x1, x2) and
(31, y2), the permutation t preserves Zy, and Z..,). Consequently, by applying the
transpositions in sequence, we can permute the row parameters according to T while
preserving all passage times in Uy ;.

Analogously, we can permute the column parameters according to ¢ while pre-
serving all passage times in U, .. Since the joint distribution is determined by its
finite-dimensional distributions, we can consider the distribution in an arbitrarily large
box and remove the assumption (4.1). O

Remark 4.3 Following exactly the same method, one can extend the result of Theorem
3.1 to the case of multi-point last-passage times, as considered for example in [19].
For a set of lower-left endpoints {x1, ..., x®} and a set of upper-right endpoints
(yD, ..., y®} of the same size k, the multipoint last-passage time is the maximum
total weight of k vertex-disjoint up-right paths whose set of lower left endpoints is
(xM ..., x®} and whose set of lower right endpoints is {y", ..., y®}.

Restricted to just two rows, any such multi-point passage time can be re-expressed
as a sum of simple last-passage times, so that Proposition 4.1 immediately extends to
that context. Then one can argue as at (4.6) that if no lower-left endpoint lies in row
r + 1, and no upper-right endpoint lies in row r, then any multi-point passage-time
depends on the weights in rows r and r + 1 only through the multi-point passage times
with all lower-left endpoints in row r and all upper right endpoints in row r + 1.

We could then consider a set M, ; of allowable collections of endpoints
(xD, . x®y, (y D, .., y®}); similarly to (3.3), the required condition is that
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Wr+1,1 — Wg,2 = Cg

ST

Fig. 12 The green (upper) path has weight K; x i and the blue (lower) path has weight K X e . The difference
in their weights is the sum of the difference terms ¢, (indicated in red) (color figure online)

o preserves each Z NG and each Z y0s and t preserves each Z X and each Z y(i).
2

L
Then the joint dlstrlbutlon of all multi-point last- passage times w1th endpoint sets in
M. has the same distribution for the weights @®P as for the weights w3 Pz, A

4.A Path properties and proof of Proposition 4.1

Leti < j.Forx € [i, j], write K} jle] for the w-weight of the path which starts at
(i, 1), passes through (x, 1) and (x 2) and finishes at (j, 2). Then we get

L, n,ole] = Hl[?Pj]K i[w]. 4.7

Note that, for x < x/,

K [o) = Kf jlol =) ¢ (4.8)

where c; is defined in (4.2). See Figure 12.
We will fix i and establish the conclusion of Proposition 4.1 by induction on j.
Let xo = min{x > i : U, > 0}. The set over which the minimum is taken is
nonempty almost surely by the definition of U, (4.3) and the strong law of large
numbers since the difference w(+1,1) — @(,2) has positive mean (here, to apply the
law of large numbers, we are using the assumption (4.1)). The following property will
be useful:

Lemma 4.4 Forallt > xo, the infimum in definition (4.3), namely

-1
U; = | inf c ,
= (2
r=s +

is attained at some s > x.

Proof Lett > xo. Because Uy, > 0, we have that for all s < xp,
t—1 xo—1
Yo=Yty
r=s r=xq
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xo—1

> 1nf ZQ-FZCr

s’ <x0 =0

=Ux0+ZCr>ZC"

r=xo r=x0

Proof of Proposition 4.1 Fix i € 7Z. We will show by induction on j that for all j > i,

L 1,20l =La 1,2l

The base case is
Lin.a2lol = o1 + w2 = o ) + @ 2 = La,a.[0"],

where the middle equality simply holds by definition (4.4). Now, assume the statement
holds for some j —1 > i. We split up into cases, according to whether j < xq, j = xo,
Jj > xo.

Case 1: j < xp.

If j < xo,then Uy = 0 forall x € [i, j], and so also w(,1) = a)z‘x)l) and w(c 2) =
a)z‘x’z). Since all the relevant w-weights and w*-weights coincide, we immediately have
Li...olol =L ,gole*]

Case 2: j = xp.
By the definition of xo, we have U; > 0. This implies that the optimal path from

(i, 1) to (J, 2) for the w-weights passes through (j, 1). To see this, note that by (4.8),
forany x withi < x < j,

Kl.{j[w] — K} 0] =) ¢ >Uj>0. (4.9)

Now consider the optimal w*-path. Because the w-weights and w*-weights strictly
to the left of xo are the same (see Case 1), and w{, |, + O, 2) = O(x.1) + D(xp,2)s
the path that passes through (j, 1) has w*-weight equal to its w-weight. This gives

L1, 2 Le n,golel = K] jlol.
Any other path passes instead through say, (x,1) and (x,2), with weight
K; [w*] = K ;[w] + U;. Butas in (4.9),

K] jlw) - (K;ﬁj[w] n Uj) >0.

Thus, any path from @i, 1) to (j, 2) that does not pass through (j, 1) has w*-weight no
greater than Ki{j[w*] = Ki{j[w], and so L(; 1),(j,2)[@*] = L. 1),(j,2)[@], as desired.

Case 3a: j > xo, U; = 0.
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Because U; = 0, Lemma 4.4 and (4.8) tell us that there is some s withxg < s < j

such that K; 5 [w] = K; J Hy [w]. So some optimal path for the w-weights passes through
(G—1,2) rather than (] 1).

Furthermore, U; = 0 implies that a)’(*j’Z) = wy(},2)- By the induction hypothesis, we
also have that the passage time to (j — 1, 2) is the same for the @ and w* weights.
Thus, the optimal path passing through (j — 1, 2) achieves a w*-weight equal to the
optimal w-weight.

On the other hand, the path passing through (j, 1) has w*-weight no larger than its
w-weight (because all points in row 1 have w*-weight no larger than their w-weight).
This gives L 1),(j,2)[@*] = L. 1),j,2)[@].

Case 3b: j > xo, U; > 0.

As in Case 2, the optimal w-path goes through (j, 1). As in Case 3a, the w™-weight
of this path is no greater (in fact, strictly smaller) than its w-weight. Hence, it remains
to consider the optimal path which passes through (j — 1, 2). Using the induction
hypothesis, its w*-weight is

W = {; 5) + La,(-1.2)[0"] = o 2) + Uj + L 1),-1,0[]. (4.10)
On the other hand,
Ly, nlew] = Lgn,-1,2[w] = 1nf ch =Uj, (4.11)
i<s<j -

where the last step follows by Lemma 4.4. By combining Equations (4.10) and (4.11),
we have W = L 1), 1)lw)] + (2, so that the optimal w-weight and optimal
w*-weight coincide, as desired. O

4.B Queueing interpretation and proof of Proposition 4.2

We will interpret the definitions in (4.3) and (4.4) in terms of the operation of a queue
in discrete time.

Write S; = (1) and A; = w(;,2). We consider a queue in which, at time-step
i, first an amount S; of service is available, and then an amount A; of work arrives.
Define

t—1 t—1
Q; = sup (ZA = Z s,) = sup (Zw(i,z)— > a)(l,,-)>. (4.12)
s<t\; i=s+1 s<t i=s i=s+1

Since by > by, and (4.1) holds, the strong law of large numbers gives that this sup is
finite with probability 1. Then, Q, has the interpretation as the queue length just before
time step ¢, i.e. after the arrival A;_; and before the service S;. From the definition
(4.12) we get the following recursion:

Orr1=(0r — S+ + Aq. (4.13)
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Finally, we define D; = min(S;, Q;), with the interpretation that D, is the amount
of departure from the queue at time ¢. We can then observe that U; defined at (4.3)
satisfies Uy = S; — D; = (S; — Q;), with the interpretation that U; is the amount of
unused service at time ¢. From this and (4.4) we can then identify

wzkl,l) =D, and wzkt,Z) =A+U. 4.14)

Since (S, A;) are independent for different 7, and since Q; is a function of (S;, A;,i <
t), recursion (4.13) shows that the process Q = (Q;):cz is a Markov chain. Although
the chain is inhomogeneous in time, we see in the following lemma that the dynamics
at different times all share the same stationary distribution. Part (c) gives a version of
Burke’s theorem for the inhomogeneous queue.

Lemma 4.5

(@) Qr ~ Exp{by — b1} forallt.
(b) Forallt,
dist.
(Q1, Si, A) = (Qir1, A + Uy, D).
(c) For each t, Ay + U, ~ Expla; + b1} and D; ~ Exp{a; + b2}, and all these
quantities are independent (also across t).

This Burke property can already be deduced from results given in [26, Proposition 4.7]
in the last-passage-percolation setting. In the queueing context, “‘extended” Burke’s
theorems, involving more quantities than just arrival and departure, have been proved
for a variety of models — see for example [46, 53], and [23, 48] for further results
and relevant discussion. Such results have generally been written for queues which
are homogeneous in time — however, even in an inhomogeneous context, the case of a
single queue with exponential data has a very straightforward proof, which we include
here for the purpose of a short and self-contained argument.

Proof of Lemma 4.5 We consider a single time-step of the queue, starting with queue-
length Q, receiving service S and then arrival A. Suppose Q, S and A are independent
with Q ~ Exp{6 —«}, S ~ Exp{x},and A ~ Exp{6} (where & > « > 0). The density
of (Q, S, A) is then

fo.5.4(q,s,a) = Cexp[—((6 —«k)g +«s +0a)],

where C is the constant (6 — x)6«k.

In line with our definitions above, let D = min(Q, S), U = § — D, and Q =
QO—D+ A andwritealso Z = A+ U.

The left side of Fig. 13 shows the case S < Q,i.e. U = 0, in which case

Z=A D=8, 0=0—-S+A.
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—

NG

Fig. 13 Illustration of two cases of a single time-step of the queue. The initial queue-length is Q. Service
§ is available, followed by an arrival A. The queue-length at the end of the step is Q. On the left, the case
S < Q,where U =0and D = S. On the right, the case S > O, whereU >0,D=Qand Q = A

The right side of Fig. 13 shows the alternative case S > Q,i.e. U > 0, in which case
Z=A+S5—-0, D=0, Q0=A.

In each of the two cases, the transformation from (Q, S, A) to (Q, Z, D) is a linear
map whose Jacobian is 1. In the first case, we then get the density

f6.2.0W2.d) =cexp[— (0 —k)(G +d —2) +xd+02)]
= cexp[— ((0 — k)G +«kz+0d)]. (4.15)

Similarly in the second case,
fo.2.0( 2. d) = cexpl— (0 —K)a + (2 = G +d) +04)],
which again simplifies to (4.15). Hence
O ~ Exp{f — k}, Z ~ Exp{x}, D ~ Exp{f},

independently.

Now we apply the above in the case 6 = a; + by, k = a; + by, corresponding
to the operation of the queue at time . First, noticing that Q and Q have the same
distribution, namely Exp{b> — b1}, we see that this distribution is invariant for every
step. From (4.1), for ¢ below some #y, we have that the queue-length process forms a
stationary and time-homogeneous Markov chain. It is easy to show that the invariant
distribution Exp{b, — b} is unique. This gives Q; ~ Exp{b, — b1} for all sufficiently
small 7, and by induction this extends to all 7.

This gives part (a), and then part (b) immediately follows from the form of the
density in (4.15). We already have the distributions of A; 4+ U; and of D; in part (c),
and the independence between them. It remains to show the independence as ¢ varies.
Note the following facts:

(1) Q41 is independent of (A; + U;, D) (again from part (b)).
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(2) (Sj,Aj,j > t)is independent of Q;y1 and (A; + U;, D,) (because those are
functions of (S;, A;, i < t),andthe (S;, A;, i € Z) are an independent sequence).
(3) (Aj +Uj, Dj, j > t) are functions of Q;1 and (S, Aj, j > 1).

Combining, we get that (A, + Uy, D;) is independent of (A; +U;, D;, j > t). Since
this holds for all #, we have that in fact (A; + U;, D;,i € Z) are an independent
sequence, as required. O

Proof of Proposition 4.2 This follows immediately from Lemma 4.5 and (4.14). O

5 Inhomogeneous Busemann functions

Another group of results that will prominently enter the proof of Theorem 2.4 concerns
the Busemann functions of the inhomogeneous exponential LPP. These objects have
been recently introduced and studied in [26]. We now recall from that work a few
properties of the inhomogeneous Busemann functions.

Consider two real parameter sequences a = (4;);ez., and b = (b;) jez., subject
to

infa+infb > 0. (5.1)

Let w®P = {wg’b 1V e Zio} be independent weights with the marginals as in (3.2).
Thus, L[w®P]is now an inhomogeneous LPP process on the quadrant Zio. Asrequired
for the results to be imported from [26], assume further that

1 < 1 ¢
— 26% —a and -— ZS;,/. — B in the vague topology 5.2)
o i

for some nonzero subprobability measures o and 8 on R. Here, vague convergence
means the convergence of integrals against continuous functions on R that vanish at
infinity. This differs from weak convergence where the integration is instead against
bounded continuous functions on R. Assumption (5.2) is natural because it necessarily
holds along a subsequence, although the limits may be zero measures. Thus, the real
restriction in (5.2) is the nontriviality of the limits. Due to potential loss of mass, « and
B need not be probability measures. The special case where « and g are probabilities
is equivalent to the tightness of the prelimit empirical measures. Then the vague
convergence in (5.2) coincides with weak convergence.

The Busemann functions associated with the w®P-weights come in several types
depending on the limit direction. We first discuss thin Busemann functions arising
from limits along a fixed column or row. Working with arbitrary real weights w =
{wp:pe€ Z2>0} for the moment, define
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Fig. 14 Illustrates the thin
Busemann functions Ifl T] ) [w]

@

and I(KlT) [w]. The last-passage
times L(l,l),(k,n)[w] and
L(zq 1), (k,n) [w] are indicated

with red arrows. The

last-passage times
m,{
L(l,l),(m,Z)[W] and E ( , )
L2,1),n,e)[w] are indicated -
with blue arrows (color figure 99—
online)
1 2 k

k4 )
Li pwl= sup L j) gmWl= lim L; j) gmW],

K, : .
Japwl = inf Jg ) @m W= 1m Jg ;) @mWl,
e . (5.3)
Zipwl=inf L; gy guowl= Hm L j) g, 0[WI,

meL; m— 00

l, .
Ty wl=sup T jy oWl = Hm J; ;) o 0)[W]

m— 00
mEZ>,'

fori, j, k,€ € Z-owithi < kand j < £. See Figure 14. The second equality in each
line of (5.3) is a consequence of increment monotonicity due to Lemma 7b.

The next proposition describes the marginals of the thin Busemann functions for
the a)a'b-weights. In the statement, a;.x and b;.¢ denote the sequences a;, . .., a; and
bj, ..., by, respectively. The same notation will be used later also with k = £ = oo.

Proposition 5.1 ([26, Theorem 3.1(1)]) Assume (5.1) and (5.2). Fori, j,k, € Z~o
withi <kandj <U¥,

If;j)[wa’b] ~ Exp{a; — minaj.},

T [w™P] ~ Exp{b; + min a;.¢},

@, ))
Ifi’;; [a)a’b] ~ Exp{a; + minb;..},
J¢ 7 @™P] ~ Exp(b; — minbj.(}.

Proposition 5.1 shows that the distribution of Ié‘i’;)[wa’b], for example, depends
on k only through min a;.;. Since also IZE) is nonincreasing in k (due to Lemma

7bagain), one finds that Ié"%[a)a’b] decreases in k exactly when min a;.x changes.
More precisely, writing
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r*(i : k) = min{k’ € Z>; : mina; = mina,}, (5.4)

for the minimal index where min a; ;. is attained, one has the following corollary.

Corollary 5.2 ([26, Theorem 3.1(j)]) Assume (5.1) and (5.2). Fori, j, k, £ € Z-q with
i<kandj <Vt as.,

Iva [wa,b] — Ira(iik)sT[wa,b]’

@) i)
kA aby _ 40k, ab
Tiplo™ 1= T jy 7 o™,

£,—r¢ aby_ PG00, > ab
Li plo™1=14 5 ™7,

f,—¢ aby_ 4G, ~ ab
Tiple™1=J; j) [™7].

For example, the first equality above reveals the useful fact that Ié’,t)[wa’b] depends
on the a)a’b—weights only through columns [r?(i : k)] \ [i — 1]; in particular, there is
no dependence on columns [k] \ [r?(i : k)] contrary to what definition (5.3) initially
suggests. It is also worth noting that the thin Busemann functions are trivial for the

homogeneous exponential LPP. As can be seen from Corollary 5.2, a.s.,

k, 4 7 _ _ g _ L, —
Liplol =1 plol =00 = Jj ) lol = T j Lo, 5.5)
k,t i, g £, — :
T plel = ~7<li,j>[‘”] =i =L plol =1; jlol

Hence, this notion carries meaningful content only in the case of inhomogeneity.
One part of our exposition in Sect. 2.E is streamlined with an appeal to the inde-
pendence of each of the collections

{Ié”;)[a)“’b] cielk—1]} and {j(?;[a)a’b] cjee—11. (5.6)

These properties are contained in the following proposition. As previously noted, this
independence property is not needed in the proof of Theorem 2.4.

Proposition 5.3 ([26, Theorem 3.1(m)]) Assume (5.1) and (5.2). Let i, j, k, £ € Z~y
withi < kand j < £, and v be a down-right path that contains (i, £) and (k, j). Then
the following statements hold.

(a) If (i : k) = k then the collection
(5 o®P) i v, v+ (1,0) € v} U{TE T 0®P) s v, v+ (0, 1) € v)

is independent.
(b) IftP(j : €) = £ then the collection

(ZE= [0*P] i v, v+ (1,0) € v} U{TE T [0®P] o v, v+ (0, 1) € v)
is independent.
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We next move on to the Busemann functions corresponding to limit directions
strictly into the quadrant. To describe the marginals, one needs to first introduce the
appropriate generalization of the function ¢ given by (2.7). Recalling the limit mea-
sures « and $ from (5.2), define

A“<z>=/ 2@ > —a  and Bﬂ<z>=/ PUD) oz < B,
R a+z Rb—1z -
5.7

where p denotes the infimum of the support of a Borel measure ¢ on R. The functions
A% and B are both analytic and their derivatives can be computed via differentiation
under the integral sign. Assumption (5.2) implies that ¢ > inf a;. and é 2 infbj.00
for each i, j € Z-¢. Consequently and by (5.1), the interval (—¢, B) is nonempty.
Thus, one can define -

jeby = _BY@ _ [ pb) ( / a(da)
R

-1
- : forz € (—a, B). (5.8
A (2)  Jr (b—2)? (a+ Z)2> (—2, p). 5.8)
The function p%# is continuous and (strictly) increasing, and maps the interval
(—inf @00, infbj:ne) C (—a, B) onto the interval (¢}, c}ll.or) C (0, c0) with the
endpoints

ver _ ver,a,f,infaj.0o __ B _ : . _ ﬁ(db) . (/ Ol(da) )_l
i =e S = | ratanr \J @eintasr) o
—1 .
hor __  hor,a,B.infbjo _ B : N _ B(db) . ( a(da) )
G = 7 (infbjio0) = / (b—inf b))’ (@+infb;0?)
Note in particular that
d
¢/ =0 if and only if / & = 00,
R (a — inf a;.50)?
8(db) (5.10)
r = oo if and only if / — =
J R (b — 1nfbj;oo)2
For r € [0, o0], define
—inf a;.o0 ifr <o
(b ) = 1 (02h) TN i < <ol (5.11)

infbj.o0 ifr > e,
which recovers (2.7) in the homogeneous casea =0 and b = 1.

The function ;‘3’ ;) arises as the unique minimizer in a natural variational description

of the shape function for the inhomogeneous LPP process L[w®P], with the initial
point fixed at (i, j). The shape function encodes the law of large numbers limit as the
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terminal point tends to infinity in a given direction. This includes the axis directions
provided that both terminal coordinates become unbounded. If one of the coordinates is
bounded, the corresponding limit is given instead by Proposition 6.3 ahead. The limits
there agree with the boundary values of the shape function when inf a;.cc = min a; .,
and infb;..c = minb;.,. Note the appearance of ;“'b in Proposition 6.3 in these
special cases. For further discussion, we refer to [24, Section 3.3] and [26, Section
2.4].

With (5.11) in place, the inhomogeneous extension of Proposition 2.2(a)—(b) can
be stated as follows.

Proposition 5.4 ([26, Theorem 3.1(g), ()]) Assume (5.1) and (5.2). Fix r € [0, oo].
The following statements hold for eachu = (i, j) € Zio.

(a) There exist random reals I, [w®P] and VA [w®P] such that, a.s.,

I, v, [0 = T [0™P]  and Jim Ty [0*P] = T [0™P]

lim
k—o00 WYk

. . mi
for any vi = (my, ny) € Ziofork € 2o with min{my, ny} — coand — — r
ng
as k — oo.

(b) Zi[w™P] ~ Expla; + &P (1)} and J[w™P] ~ Explb; — & (r)).

The next proposition records that the Busemann functions Z, and J,; can be
obtained as the limits of thin Busemann functions for each u = (i, j) € Zio and
r e [0, ¢ TU [c?or, 00]. As a particularly useful consequence for our argument, Z;,

and J are both constant in r in each of the intervals [0, ¢/*'] and [clj?"r, 0.

Proposition 5.5 ([26, Theorem 3.1(i), (k)]) Assume (5.1) and (5.2). The following
statements hold for eachu = (i, j) € Zio a.s.

(a) Forr €0, ],
Tiw™P] = inf ZET[0®P] = lim Z8T[w™P],
k€Z; k—o00
Talo**1= sup Jy '[P = lim Fy ™).
kEZ},‘ k— o0

(b) Forr € [c}}or, 00],

T 0™ = sup Z07 [0™P] = lim T8~ [0™P],
5622]' £— 00

Tre*®] = inf JE7[0®P]= lim J57 [0™P).
el £—00

6 Proof of Theorem 2.4

We now begin to work towards Theorem 2.4. Recall the sets E,:’e and 5,2 ¢ from (2.10)
and (2.11), and recall the definition of the pointz, = (k + p — 1, £ +d — p). Let
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(Xu,ps Yv.p 1 U E vV € 5,113, p € [d]) be an arbitrary collection of real numbers.
Let P denote the probability measure on a common sample space for the weights
 and 5 considered below, as well as an additional i.i.d. sequence ¢ = (¢;);ez., Of
Exp{1} random variables. For convenience, we will take the w, 1, and ¢ weights to be
independent. To obtain the theorem, it suffices to establish the identity

P(T (0] > xup, K [w] <y pforue &, vesl, peldl .
, , "
=PI, , [0 > xup, Ly, (0] < v, forue &, vedl, peld)

Recalling thatr = (rp) peja) € Rio denotes an increasing sequence of directions,
pick k;, = (K, (p))pepa) € Z‘;k for n € Zx¢ such that k,(p)/n — r, for p € [d]
as n — 00. Analogously, for m € Zx, select a sequence s,; = (S, (P)) pefd] € Zie
such that s, (p)/m — 1/r, for p € [d] as m — oo. We will also make the choice

ko= (ko(p))peta1=(k + p — Dpegy and  so=(So(p)) pefd) = € +d — p) pe[d]-
(6.2)

Proposition 2.2(a) implies that, almost surely, for u € Ek_}, vV E SkT ¢»and p € [d],

T . .
Lolwl = Hm L, g, mle] = Hm Ly 5, el and

(6.3)

' . .
viel= lim Ty g, pmlel = m Iy g, pplel-

Consequently, since the limiting marginal distributions below have continuous distri-
butions, the left-hand side of (6.1) can be written as the following two limits:

P{Z [0] > Xup, T’ (@] <Yy p, Yu,v,p)

= Hm P{l, o, (p).m @] > Xups Iy 4, (p).m [@) < Yv.p, YUV, P} (6.4)
= mlgnoo P{lu,(m,sm(p)) [a)] > xupa lv’(m,sm(p))[a)] < yV,p7 V u,v, P}

In various limits ahead, the continuity of the limiting marginals will be used again
without explicit mention. In each of the events above, we have written V u, v, p,
which we will henceforth use as shorthand for for all u € 5,:2, vV E 5,2 ¢ P €ld]

Since r is increasing, one may assume that there exists a fixed gap L > 0 such that,
foreachm € Zxy,n € Zz¢and p € [d — 1],

Ki(p+1)—Kky(p) =L and sy(p)—sn(p+1) > L. (6.5)

In particular, p +— Kk, (p) is increasing and p > s,,(p) is decreasing.
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6.A Initial bounds

Our argument will proceed by first bounding the prelimit probabilities in (6.4). To
express these bounds, we introduce some auxiliary weights, as follows. Recall the

function ¢ : R.g — (0, 1) defined by (2.7). For each increasing sequence k =

(kp) peja € Z‘;k, let w®lk = {wfloljg( 1 i, j € Z~o} be independent weights such that

colk {Exp{l — ¢y ifi=ky 66)

W,
@0 Exp{1} otherwise,

where ¢ is the function defined at (2.7). To construct these weights on the same prob-

ability space as the i.i.d. Exp{1} weights o, we will set o+ = (1 — £(rp) ™ g j)

col,k

when i = k, and G jy = @) otherwise. Through definition (3.2), one can view

"k as the inhomogeneous weights w®P with parameters
- ifi =k
g= |80 A=k =1 (6.7)
0 otherwise

for i, j € Zso. Similarly, for each decreasing sequence s = (sp)pe[q] € Zé o let
TOW,S

= {a)(l. B i, j € Z-o} be independent weights such that

WOV-s

— {Exp{;(rp» ifj =5 65

@ Exp{1} otherwise.

Similarly as before, we will construct these weights on our same probability space.
One can again interpret w™"S as a specialization of w®P by choosing

C(rp) ifj=sp

. (6.9)
1 otherwise

a,~=0 and ij{

fori, j € Z-o. ~ ~
Next, introduce the sequences k, = (K, (p)) pefa) and’s,, = (5, (p)) pefa) by

Ki(p) =ky(p) + p, and $,(p) ==su(p) +d+1—p forpeldl. (6.10)

The following lemma bounds the prelimit probabilities in (6.4) with the corresponding

col,k,

probabilities computed with the weights w®°"¥» and ™S Figure 7 in Section 2.E

traces the proof in a small case.
Lemma 6.1 The following inequalities hold for m € Z>y and n € Z>y.
(a) P{lu,(kn(p),n) [w] > Xu,ps lv,(k,,(p),n)[w] < JYv.,p> Yu,v, p}

1.Kn - 1k,
> P{lu,(ﬁn(p),n)[wco’ 1> Xu,ps lv,(k”(p),n)[wco ] < Yv.ps Yu,v, p}.
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®) Py ns,, (o [@] > Xups Iy s, (p [@] < Yvops VWUV, p}

< Pl 5, (o [ > Xups Iy s, (o [@ T < dvp VULV, P

Proof We prove (a), and the proof of (b) is symmetric. Let n € Z3,. For each g €
[d] U {0}, define

k! (p) = 1ip<a—g)  kn(P) + 1{p=d—q) - Kn(p) for p € [d]. (6.11)

We immediately observe that, by monotonicity of p — Kk, (p), assumption (6.5), and
the definition of k,, (6.10), the sequence p — ki (p) is strictly increasing for each
g € [d] U {0}. One can think of (6.11) as transforming the initial sequence k0 =k,
into the final sequence kd k in d steps. At step g € [d], one obtains the sequence
kjj from k¢! by replacing the (d — g + Dthtermk? ' (d — g+ 1) =k, (d — g + 1)
withk,(d —g+ 1) =k,(d —g+1)+d—qg+ 1. Foreachq € [d — 1] U {0}, we
also define

K (p) = Vp<d—q) - (kn(d — @) + P} + 1poa—g) - Ku(p) forpeldl. (6.12)

In particular, ko(p) = k,(d) + p for p € [d], and kd I = k We can similarly
see that p +— kq (p) is strictly increasing for each g € [d — 1] U {0}. Deﬁn1t1on
(6.12) encodes the following dynamics. For each ¢ € [d — 1], the sequence k!
produced from the sequence ﬁZq by replacing the first d — g terms of the latter Wlth
ki d—q)+1,... . ky(d—q)+d—q.

Since kg =Kk,, kg( p) > k,,(d) for all p € [d], and the event on the left-hand side
in part (a) does not depend on the weights to the right of column k;, (d), we have

Pl e, (0. [0) > ¥ups Ty, () [0] < vpo ¥V 0¥, p) 613
= P{Ly, 4. [0 K> xup. Iy 0y [0 K1 < vy YUy, pl.

To perform an inductive argument, we continue with two observations. First, for each
q € [d], it follows from definitions (6.10) and (6.11) along with Lemma 7bthat

-
1> Xup, 1 [wEoLkn

col,'lzzfl
PiL [ v, 0l (), P

20,k (o 1P

=Pl

] < Yv,p» Yu, v, P}

col,izfl

~q-1
[w 1> xup, J [wCOLkz I<yvp Yuv, p#d—qg+1,

w, ki (p)n) v, (&4 (p)an)

1LK! 1k4 !
oL obkn ] < yva—gt1, Yu, v}

Ly iy (d—q 0. [0 1> Xud—gr1: Iy 6, a—g11).m [©°

col,iz_l

~q-1
> P|I 1> xup, ] ORI <y VUV, pEd—g+ 1,

Lo (@ vk~ (). [

col, k17!
Lo,k (d—g+D)td—g+1,m @7 1> Xud—g+1, YU, v
col.Effﬁl

1Vs(kn(ll'—ll-%—1)+d—q-%—1.n)[w ] < Yv,d—q+1> Yu, v }

col,kf{fl col,k,‘fl

= P{lu,(k‘;([,),n)[w 1> xup and lv,(kﬁ,’(p).n) [w ] < yv,p, Yu,v, p}

(6.14)
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Specifically, in the first equality, we split up the condition separately for p = d —g +1
and replaced kZ_l (d —q + 1) with k,,(d — g + 1) using the definition (6.11) (with ¢
replaced by g — 1), in the inequality, we replaced k;, (d —g +1) withk,(d —g+1)+d —
q + 1 (using Lemma 7b). We get the last equality because k,,(d —g¢+1)+d—qg+1 =
Ko(d —q+1) =Kki(p), and kI (p) = Ki(p) forall p £d —q + 1.

Second, recalling the definition of the weights a)flol]l; in (6.6), foreach g € [d — 1],
an application of Theorem 3.1 (justified below) yields

col k™ k!

1 1 -1
PlLy et (py.m @ 1> 2w, Iy ag (@ 1< yvps VUV, p)

N - (6.15)
q q
= P{lu,(kf{(p),n)[wCOI'k’l] > Xu,p, ‘Iv’(k;{(p),n)[wwl’k'l] < Yv,p, YU, v, p}

The use of of Theorem 3.1 is justified as follows: Note from definitions (6.6) and (6.12)

. Kka-1 . . Kk . .
that replacing the w¥n -weights with the -k -weights as in (6.15) amounts to

permuting the column parameters via the permutation o € S,,, that swaps K (d — q) +
p=k,(d—q)+p withEZ_l(p) =Kk, (d—qg+ 1)+ pfor p € [d —q] and fixes every
other column index. The events in (6.15) can be expressed in terms of the last-passage
times Ly y where x € [k] x [{]and y € {(k! (p),n) : p € [d]}. Because the permuted
columns are strictly between columns ki(d — g)andk,(d —g+1)+d—qg+1=
k!(d — g + 1), the monotonicity of p +— Kk (p) implies that the condition (3.3)
required for Theorem 3.1 holds.
Combining (6.14) and (6.15), we obtain that, for g € [d — 1],

col,ﬁ,‘fl col,ﬁ,‘f

w

1
P{I 1< yv,p, Yu,v, p}

L mt 1> 2up. 1

Wk (]
col,k?

w

4
> P, 4 () [0 ] 1< Yv.p. YU, v, pl.

(6.16)

> Xu,ps Iy ki (p).m @

Now, starting from (6.13), iterating (6.16) for g € [d — 1], and concluding with another
appeal to (6.14) with ¢ = d, we obtain

Plly. 4 (. [@] > Xups Ty i, (py.m[@] < Yv.p, VUV, p}

~i 1 Td—
> P{l col,k; ] col ki

1
.1 () [ > Xups Iy gt @ 1< 0w VULV, p)

k4

Td—1 -1
> P{lu-,(k;{(p),n)[a’cow" 1> xu,p. lv,(kﬁ(p),n)[ww]’ " 1< yvp, YU, v, p}

=Pl &, ([T > X ps Iy @&y (@] < vp, YUV, Pl (617)

For the equality in (6.17) recall from definitions (6.11) and (6.12) that k¢ = kil =
K.

[m|
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6.B Limiting bounds

We next connect the subsequential limits of the bounds in Lemma 6.1 to the thin
Busemann functions from Section 5. For an illustration of the proof below in a smaller
case, see Figure 8 in Section 2.E. Recall the definition of ko and sp in (6.2).

Lemma 6.2 Recall the definitions in (5.3). The following inequalities hold.

@ lim P, & [0 > xup I G (o [@] < yvp, YUY, p)

n—oo
k s k )
> P{IuO(P) T[a)CO],k()] > Xups JV o(p) T[a)COI,kO] < Yv.p» Yu,v, p}

®  Hm P 5,0 (@7 > Xups Ly s, (o [@7 7] < v VULV, P}
SPTRP 7[00] > xy . TP T [0O%0] < vy, VUL v, pl.

Proof We prove (a), with (b) followin/g a sygmetric proof. Let n € Z3¢. For each
q € [d] U {0}, we define the sequence ki = (ki (p)) peja) € Z‘;k by

K (p) = 1{p<q) - ko(p) + 1ip=g) - Ku(p) for p € [d]. (6.18)

One now begins with the sequence i(\g = ﬁn and ends with the sequence ﬁ;f = k. For

eachq € [d], one can obtaink? from kK%' by replacing the gth termk? ' (¢) = Ky ()
withko(g) =k+q — 1.
For each ¢ € [d] U {0} and € > 0, define the event

o T
Ep© = {lu,(E,xp).»,)[wC"l"‘"] > Xups Iy @ (). [©°] < vp, YU v, p e ldl\[q], 6.19)

Illl(o(p),T[wcol,k‘n’] > Xup+e J‘E(O(P%T[a)col,kz] <wp—€ Vuv, pe [q]}.

Note that E, := ES’G is precisely the prelimit event in Part (a), and the event Eff o
does not depend on n because /k\jf = ko by the definition (6.18). Thus, we abbreviate
E€ = Ef,i’e. The event E€ is a prelimiting version of the event on the right-hand side
of (a).

Our next goal is to compare the probabilities of the events E, "€ and E;"¢ for each
q € [d]. First, by definition (6.19) and as a consequence of Theorem 3.1 (justified
below),

P(EI")

=q—1 ra-1
= P{L il 1> X @ 1< dp, VULV, p e [dINIg - 11

~g-1 |
Illlﬂo(P),T[wcol.kZ 1> xup +e€ J‘Eﬂn(P).ﬁ[a)mLkZ l<ywp—6Yuv, pelg— 1]}

ol K¢ ol K¢
= P{luv&n(m,n)[‘”wl’k”] > xups Iy @y (@] < vpe YUV, peld]\ (g — 1],

Illl(o(p),T[wcol,k‘,{] > Xup + €, Jvko<p),T[wcol.kZ] <yvp—e Vuv, pelg—11}.

(6.20)
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The application of Theorem 3.1 is justified as follows: Recall from (6.18) that switching
g1

the weights above from @KL 1o oLl means interchanging the parameters of

columns k, (¢) andky(q).Leto € S, denote the corresponding permutation. Because

the event in (6.20) can be written entirely in terms of last-passage times Ly y and limits

of their differences with

x e[kl x[¢] and y e ((ko(g — D] x Zz¢) UlKa(p),n) : p € [dl~ g — 11},

and these endpoints fulfill condition (3.3) with the permutations ¢ and t = Id, the
preceding application of Theorem 3.1 is justified.

To relate to the probability of the event E;, we apply a union bound to the last
probability in (6.20) to obtain

P(E] )
T4 T4
= P{Ly &, [ >t Iy @ @ < v, VY, p € 1\ T

14 14
Ly &, (@), @K > g, T @), @ < yy g, Vu,y,
Iko(l’) T[wcol k,l] > xup e jko(P) T[wcol kn] <yyp—€ Yuv, pelg— 1]}

col, k! col, k!

> PlL, &yl "< yv.ps YU, v, p e ldl\[q],

k()(q) T[wcol k!

"> xup Iy & ()@

1> xug +e. jko(Q)T[a)colk”] < Yvg—€ Vu,v,

Iko(p) ol k,,] > xup + €. jkO(l’) Tweob kn] <W.,p—€ Yuv, pelg— 1]}

ko(q), 1 1LK? ol k¢
-3 P[I" R B N 2 ]>e|

ueE,fZ
k
_ Z { (@)1 co]kn]_J & (q)n)[wcolk,,]<_€}
eg,jz
, 7
:P{EZ 6}_ Z P{ 0(q), T[wCOIk ]_lu (kn(q) n)[a)co kn] >E}
ueE,j,
Jko@.1 1.k! Lk
= X AP 1 g g 10 < e
gT
k.t

Rearranged, this yields

—1 , ko(q), K? K
P{EZ ,e} _ P{E,‘{ e} > Z P{IUO(q) T[wcol,kn] _lu,('lzn(q),n)[wml!kn] > 6}.

.
ueé,

. Z [ kO(‘])T colk,,]_ (k() )[a)colkn]< E}
—V n{q),n

Sk 14
6.21)
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Recall that we defined E, = E0¢ and E€ = EZ*. Summing up the bound in (6.21)
over g € [d] and noting a telescoping of terms then gives

K, 1. k¢
PIEN >PIEG — 30 PR 0 1y 0 >
qe[d],ueSH

k
_ Z P{J 0(q), T[a)COl k,,] _ lv (kn(q)’n)[a)col kn] < —E}.
qé[d],veSkTJZ
(6.22)

Fixing ¢ € [d] for the moment, consider the inhomogeneous weights w®P with
parameters

and b; =1 (6.23)

u —¢(rp) ifi =Kko(p) for some p € [g]
"o otherwise

fori, j € Z-o. By (6;7) and definition (6.18), the wc"l*ﬁg -weights coincide in distri-
bution with »?® on [k, (¢)] X Z~. For the parameters in (6.23), the limit measures
in (5.2) are

a=38 and B =4. (6.24)
Since (£ (7p)) pelq 1s increasing, for each (i, j) € [k] x [£], one also has

infa;.0o = —¢(ry) and infbj. = 1. (6.25)

Using (6.24) and (6.25), one computes the critical directions in (5.9) as

2

fori € [k] and j € Z~¢. Note also from definition (6.10) that

— fim 2@ _ g (6.27)

n—oo n n—oo n

By applying Proposition 5.4 and (6.27) in the first equality below, followed by Propo-
sition 5.5 and (6.26), we obtain that, almost surely,

I’q

lim Ill & G

Jm Ly &, g),m (@

by o k b
Pl = lim I F0™P]. (6.28)
Then, by (6.23), the first part of (6.25), and Corollary 5.2, for all £ > ko(q), we have
IT,k[wa,b] — I{I:ko((]) [wa,b]
a .
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Hence, (6.28) gives us the almost sure limit

. - ab; _ N ko(@) ab
Jm L, g gy ml@™ 7= Za ™ [0

Consequently,
Tim PIZ" [0 M) — 1, & [0 > €1 =0, Vue &l (629)
Similarly, one finds that

lim P{jvko(q),T[wcol,f{Z] _ lv
n—0o0 ’

-,
Fatl@™ ] < —e) =0, Wegl, (630)

Now, returning to (6.22) and using (6.29)—(6.30) for each g € [d], one obtains that

lim P{E,} > P{E*}

’:;I:,(O(p)’T[a)COLkO] > Xup + €, jka(p)’T[a)wl’kO] < Y. —€ Vv, ph
(6.31)
Through monotone convergence, as € — 0, the last probability tends to
P{Illlﬂo(p),T[wcol,kO] > Xu.p, jvko(l’)aT[wcol,ko] < yv.p YU, v, pl,
completing the proof of part (a). O

6.C Expressing the upper and lower bounds in terms of LPP in a finite grid

At this point of the argument, one has the following inequalities by combining the
limits in (6.4) with Lemmas 6.1 and 6.2:

k Kk
P{Iuo(l?),T[wcol,ko] > Xu,ps jVO(P)’T[wCOLkO] < Yy.ps Vu, v, p}

<PZ) [0l > xup, T[] < yv,p, Vu,v, p} (6.32)

U

SPIL P T [0 > xy p, BT 10] < s Vv, ph

Hence, to obtain Theorem 2.4, it remains to show that the inequalities in (6.32) are
equalities and identify their common value in terms of the n-weights given by (2.13c¢).
To achieve this, we first record a few more auxiliary facts.

For each y < z € 72, define the map w — WY as follows: Here, the input and
image are both configurations of weights indexed by Z2, and for w = {wy : x € Z?},
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the image WY% = {Wy'” : x € Z?} is defined by

Wy ifx<y—-(,1)

e L ,[w] %fx -(1,0) <y-(1,0)andx - (0, 1) =y- (0, 1) (6.33)
Jxzlwl ifx-(0,1) <y-(0,1)andx- (1,0) =y (1,0)
0 otherwise.

In words, this map leaves the weights strictly to the southeast of y unchanged, sets
weights to the left of y using horizontal increments of last-passage times to the point
z, and sets the weights below y to be vertical increments of last-passage times to the
point z. All other weights are set to 0; in particular, Vv§‘z = 0.

The last-passage times computed with the w-weights and the induced weights are
related as follows:

Ly y[W¥?] = Ly z[w] — Ly ,[w] forx <y. (6.34)

For a proof of (6.34), see [59, Lemma A.1] (there, the boundary weights are along a
southwest boundary, while our boundary weights are along a northeast boundary; the
two are equivalent by reflection). As an immediate consequence of (6.34), one obtains
the following increment identities for x < y:

lxy[{x/y,z]:lx z[w] lfx(l’()) <Y(1,O),
’ ’ (6.35)

Ty WY T =Ty ,Iwl ifx- (0, 1) <y- (0, 1).

We next revisit the setting of the inhomogeneous weights w®P at the outset of
Subsection 5 and record the following law of large numbers, which is a corollary of
[24, Theorem 3.7]. The functions A and B in the statement were defined in (5.7). We
also recall that & and § are the limit measures appearing in assumption (5.2).
Proposition 6.3 The following limits hold almost surely for each i, j € Z~o.

(@) If m € Zxj then
1 . B(db)
lim — 'L(i,j),(m,n)[wa’b] = B (—mina;,,) = /
R

n—o00 n b+ mina;.,

(b) Ifn € Z; then

lim l Ly )[wa,b] = A%minb;.,) = ﬂ-
e i) = [ @+ minby,
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Form, n € Z-(and any real sequence ¢ = (ck)kez. ,, define the weights @ bcolm.c
and @?P-Tow.1.¢ o Z2>0 by

a,b,col,m,c Cj ifi =m a,b,row,n,c __ {Ci if j=n

w,. . = and .
@) a,b : @i,J) a,b .
i otherwise i ) otherwise.
(6.36)

The next lemma is a slight variation of [26, Lemma 4.23] and proved in the same
manner.

Lemma 6.4 The following statements hold for any k, £ € Z.

(a) Letm € Z~y and assume that a,, < a;j fori € [m — 1]\ [k]. Then, almost surely,
there exists a (random) No € 7~ ¢ such that

L(k,e),(m,n)[wa’b’row’"’c] =cm+ L(k,f),(m,n—l)[wa’b] forn = Ny.

(b) Letn € Z~y and assume that b, < b; for j € [n — 1] \ [£]. Then, almost surely,
there exists a (random) My € 7, such that

Lk, o). om.my [P = ¢, + Lok oy (m—t.m [@™P] form = M.

Proof We prove (a), with (b) following a symmetric proof. Applying Proposition 6.3
twice, one obtains the a.s. limits

o B(db) B(db)
lim — -L(k,e),(m.n—l)[wa’b] 2/ i - ’
n—oon R b+ mina., R b+ an
(6.37)
lim l L [wa,b] — / L"b)
Jim e L), m—1.0-1) R b+ minag, |’
Noting the bound
m—1
IL k.0, 0m -1 [T ] = Lt gy, - 10- ) [0™P1) < Y el (39
=k
one also has
g B(db)
1 L _ a,b,row,n,c — / _— .S. 6.39
nlg;o " k,0),(m—1,m[@ ] R b+ minag.,— . ( :

By our assumptions, 8 # 0 and a,, < min ag.;,_;. Therefore, the limit in (6.39) is
strictly less than the first limit in (6.37). This implies the conclusion in Part (a). O

We are now ready to carry out the last piece of our argument. Recall (6.2), where
we defined ko(p) =k + p — 1 and so(p) = £ +d — p for p € [d]. Observe that for
z, defined in Theorem 2.4, we have z, = (Ko(p), So(p)).
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Lemma 6.5 The following hold.

(a) P{I:I(O(P),T[wcol,ko] > Xu.p: jvko(p).,T[wcol,kO] S )
= Plly ko (p).so o0 111 > Xu.ps Iy, aeo(p.so(pn (1] < Yv.ps VULV, p}.

0PI T[] > xy p, TP [0FN] < gy, VL v, p)
= Plly o (p.sopn 1 > ¥ups Iy aco(py.sopn 1] < Yv.p. VULV, p}.

Since the proof of Lemma 6.5 is somewhat long and technical, we present it as
a sequence of smaller lemmas. We also prove part (a) only because part (b) follows
from a symmetric argument.

Our first step is to express the thin Busemann functions in part (a) in terms of
induced weights defined as follows. For each p € [d], let

~ 1,k ko(p),

“)g,j) =1jj<p - “)E,'O,J")O + 1i=e) - Lii<ko(p)) 'I(i?l(ff) T[U)CO]’kO] (6.40)
fori € [Kko(p)] and j € [£].
Lemma 6.6 For each p € [d],

ﬁwmmmmzh%wﬂm]ﬁmeq}aw

(6.41)
k , ~

I o(p) T[wcol,ko] — lv,(ko(p),ﬁ)[wp] forv e ng,Z‘
Proof Foreach p € [d] and n € Z3, consider the prelimit version of the &”-weights
given by

~p.n . col,k 1.k
@i iy = 1ij<qy 'w(i,j)o + 1= - Li<ko(p)) 'l(i,i),(ko(p),n)[wco o]

fori € [Ko(p)] and j € [£]. Then it follows from (6.35) that

L ko (). [0 = Ly ey (.0 [@7"], W€ &, and

col, ko ~p.n 1 (6.42)
Iv o [@7 1 =1y ag(py . [@77], vV EE .

Asn — 00, the definition (5.3) implies that the w?-"*-weights converge vertex-wise to
the @P-weights almost surely. Taking limits as n — 00 in (6.42) and using continuity
of last-passage times as a function of the weights, we obtain the claim. O

As preparation for an inductive argument, for each ¢ € [d] and p € [d — g + 1],
consider the n?-9-weights on [Ko(p)] x [£ + g — 1] given by

il ., k ? il
0G5y = Lj<trg—1) - NGy + Lj=trg—1) - Li<ko(p)) ~I(i‘f§i)qT_l)[w°°1 ko, (6.43)

fori € [ko(p)] and j € [€ + g — 1]. For ¢ = 1 in particular, comparing definitions
(2.13c) and (6.6) shows that
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(@) ) peldl. . j) e ko)l x [} B (] - p e ldl. (. j) € Dko(p)] x [€1).

(6.44)

Combining (6.44) with Lemma 6.6, one finds that the first probability in Lemma 6.5(a)
is

P{IIII(O(P)ﬁT[a)COI,kO] > Xu,p, j‘!(()(l’),?[wcol,ko] < Yy ps Vll, v, p} (6 45)

1 1
= Plly .07 1> Xups Iy o071 < ¥y, YU, v, p),

which will be the starting point of our induction.
For each g € [d + 1], we next introduce the event

EY =
{Iu,(ko([g)j.y_q_])[np’q] > Xu,p> lv,(ko(p),g+q_1)[77p’q] <Yv,p, YW, v, peld—q+1],

Iu,(ko(,,),so(p))[ﬂ] > Xu,p, 1v,(k0(p),s0(p))[’7] <Yv,p» VU, v, peld]\ld—q+ 1]}~
(6.46)

Note that E! is the event on the right-hand side of (6.45) while E d+1 is the event on
the right-hand side of Lemma 6.5(a). Thus, our aim is to prove that P{ E'} = P{E4T!Y.
To this end, we will in fact show that P{E9} = P{E9*!} for each ¢ € [d].

Recall that we defined a sequence (¢;);ez._, of i.1.d. Exp{1} random variables on our
probability space, independent of both the i.i.d. environment w and the inhomogeneous
environment 7 from (2.13). Forn € Zs¢y4-1,q € [d],i € [k +d —g]and € > 0
sufficiently small so that

C(rp)+e <i@rpyr) forpeld—1], (6.47)
we define .
I = (é‘(rdfq%»l) + 6) Ci ifi <k (6.48)
: (¢a—gr1) + € = Erigr)) i ifi > k. '

Now, for ¢ € [d],n > 1, and € > 0 satisfying (6.47), consider the weights @9-"

defined on [k + d — q] x [n] such that, fori € [k +d — q],

NG, j) ifj<f+qg—1

e 1Ko - .
oG = 1og ifltg—1<j<n (6.49)
o ifj=n.
From the definition of ¢,
~gne _ JEXp{C(ra—g+1) + €} ifi <k,

@fi,n) s e
Exp{¢(ra—g+1) + € — ¢ (ricky1)} ifi > k.
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In particular, (6.49) places a large Exp{e}-distributed weight at vertex (k +d — g, n).
One can interpret @7"€ as inhomogeneous weights w®P® on the grid [k +d — g] x [n]
with parameters

0 ifi <k
ai = o and

—C(ri—ky1) ifi 2k

$(reta—j) ife<j<l4+qg—1 (6.50)
bj=18(ra—qt1)+€ ifj=n

1 otherwise

fori e [k+d —qland j € [n].
Next, we introduce a prelimiting version of the n?'4-weights in (6.43) by

~P,q,n,€ -~n.q,
Mi = Wi<trq=1y M) + Lj=e+g-1) * Lickom) L e4g—-1). (ko (p).m [@" 7T,

(6.51)
fori € [ko(p)] and j € [£ + g — 1]. Likewise, consider the prelimiting event

Fame o
{I“s(ko(p).l-%—q—l)[ﬁp’q’n’G] > Xu,ps JV,(ko(D),IZ-%—q—l)[ﬁp’q,nie] < Wv.p» Yu, v, peld—q+1],

Lu. o500 111> Xu,ps Iy o (p.so (o 1] < Yv.ps YUV, p € [dI\[d —q + 1]}.
(6.52)

This is the analogue of the event EY, with the n?--weights replaced with 7?-9-"€,

Lemma6.7 lim P{E\q’"’e} = P{EY} for each q € [d].
n—>oo
Proof Note that, foreach p € [d — g + 1] and i € [Ko(p)],
L(i,z+q—1),(k0(p),n—1)[wCOI’kO] =L t4+9-1),&o(p).n—D)[@" €], (6.53)

because the two collections of weightsin (6.53) agree on [Ko(p)] x ([n— 1]\ [£+q —2])
by definition (6.49). Since column ko (p) is more favorable than the earlier columns,
Equation (6.53) and Lemma 6.4(a) imply the existence of arandom No = Nj € Z>¢1q4
such that

L, t-+q—1), (ko (pyn—n [0 0] + Bty m = L trg—1), (o [@"€1 forn > No.
(6.54)

It follows from (6.54) that, for p € [d — g + 1], i € [ko(p) — 1] and n > Ny,
1,ko1 __ -~n,q,
Li g1, (ko(p.n— D)@ T = Li g1, ko (). [@5 T (6.55)
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Passing to the limit as # — oo and using the definition of the thin Busemann functions
in (5.3) yields

: ~n.q.e7 _ 7Ko(p).1 Lk
M L g1, 060y @7 = L g [0 as. o (6.56)

By (6.56) and definition of the weights n”:4 (6.43) and 77-9"¢ (6.51), we see that
the weights 77\53)"6 converge almost surely to the weights ’75’3’) as n — oo. Then,
recalling the definition of the event EY from (6.46), the continuity of last-passage
increments as a function of the weights implies the claimed convergence. O

Next introduce the weights @?-€ on [k + d — q] x Z~¢ by

{ra—g+1) . .
;(,dfq—if)ﬂré NG t+g—1) if1<i <k,

>q,€ . {Ura—g+D) =8¢ (rizk+1) ; ;
Dittg—1) = | Traginteti e Mitrg—n fk<i<k+d—gq, (6357

idg ifi=k+d—gq.

onrow £ + g — 1, and by

wqe _ najpy ifj<l+qg-1
GQ.j =

ko .o (6.58)
a)‘(:f’j)o ifj>0+qg—1.
on the remaining rows. By the distributions of the weights 5 specified in (2.13c) and

definition of C/Zfdfq (6.48), we have, fori € [k +d — gl and j € Z-y,

(6.59)

DA N Exp{¢(ra—q+1) + €} ifi <k
GlHa=D N Exp{¢(rg_g11) + € — C(rixs1)} ifi > k.

From here, we can see that 7€ is distributionally identical to the inhomogeneous
weights o®Pon[k+d— q] X Z~o with parameters

0 ifi <k
ai = o and

—C(ri—ky1) ifi >k

¢(reva—j) ife<j<t+qg—1 (6.60)
bj=1t(rg—g41) +€ ifj=L+qg—1

1 otherwise

fori € [k+d—gq]land j € Z~¢. Hence, the distribution of the ®?-€-weights restricted
to [k + d — q] x [n] is obtained from that of @?"-¢ by switching the row parameters
b¢14—1 and b, In particular, the large Exp{e}-distributed weight has now been moved
from the vertex (k +d — g, n) to the vertex (k+d —q, € +q — 1).
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Define the analogue to the 77°9"-¢-weights (6.51) by
ﬁg‘ﬁ)“ = Lj<trg—1} - NG, ) + Lj=t+g—1) - Yi<kop) L, eq—1), 4o (pym) [OT €],
(6.61)

fori € [ko(p)] and j € [£+ g — 1]. Define the analogue to the event E4:n€ (6.52) by

~

Fane
= {lu,(ko(p),(+q71)[fvip'q’n’g] > Xu,ps Iy, ko(p) trg—1) 7T < Yy py YUV, ped—q +1],

lu_(ko(p)_s()(p))[n] > Xu,p, lvy(ko(p),s(](p))[ﬂ] <Yyp, YW, v, peld]\[d—q+ 1]}

(6.62)
Lemma 6.8 P{E7"€} = P{E4"€}.
Proof An application of Theorem 3.1 yields
Wi trg—1).do(pymy [ @) s p € ld —q + 11,0 € [ko(p) — 1]}
oy o (6.63)

dist. - .
= T og—1). ko)) (@71 1 p € [d —q + 11,0 € [ko(p) — 11},

and from the independence of these quantities with the weights below row £ + g — 1,
the definitions of the weights 77°9""¢ (6.51) and 77-9-"-¢ (6.61), imply that these two
collections of weights are equal in distribution. Therefore, the claim follows. O

Using the weights given by

~P.q.€ Ko(p), ~q,
’75,3‘)6 =Ljcerg—1y - NG, + Lj=trg—1) - Li<ko(p)) -I,»O,giqT_l)[a)q ] (6.64)

fori € [ko(p)]and j € [£ + g — 1], let

ET€ = {Iu,(ko(p),zﬂ{q)[ﬁp’q’e] > Xu,p» lv,(kn(p),prqfl)[ﬁp’q'e] < Yvp, YW, v, peld—gq+1],

La, ko (p),s0 (o0 [ = Xups Iy o (p),s0(pyy [ < Pvips YW, v, p e [dI\[d —q + 1]}

(6.65)
for the limit version of the event in (6.62).
Lemma 6.9 lim P{E?"<} = P{E7<}.
n—od
Proof From (5.3), one has
. - ko(p), - .
ML g1y, koo (371 = Z0 T[0T fori € [ko(p) — 11 (6.66)

Therefore, as n — o0, the 7779 ¢-weights in (6.61) converge vertex-wise to 77:9:€.
Consequently, one obtains the claim via the bounded convergence theorem. O
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Lemma 6.10 P{EY} = P{E4<).
Proof Combining Lemmas 6.7, 6.8, and 6.9 yields the claim. O

Remark 6.11 Note that there is no e-dependence on the left-hand side, which can also
be seen as follows. Proposition 5.1 and the parameter structure in (6.60) imply that
the marginals of these weights are in fact given by

grae g g o JEXPEC) R )
(i,+q—1) (i,8+g—1) Exp{¢(rp) — C(rici+1)} ifi >k

fori € [Ko(p) — 1].

We define the 6q*o-weights on [k +d — q] x Z~o by (6.57)-(6.58) with ¢ = 0.
Note that &€ converges vertex-wise almost surely, as € — 0, to 70, Along row
Jj = £+ g — 1, the limiting weights satisfy the properties in (6.59) with € = 0. In
particular, an infinite weight appears on row £ + g — 1, that is, &/)?lég»dfq,€+q7]) = 00.
Define a variation of the &?-"-weights by redefining the infinite weight as 0: precisely,
fori e[k+d—gqland j € Z~y,

o 0 if(i,j )=k+d—q,+qg—1
& =1 40 @)= ¢ t+q—1) (6.68)
bJ @q ;y otherwise.
)
As can be seen from (2.13¢) and (6.57) (with € = 0), we have
o i ifj<l+qg—1
& =1 e 7 (6.69)
’ WG i ifj>f+qg—1
fori € [k +d — gl and j € Z~. Then define
G5y = Wj<trq-1y 1, )
Ko(p) o~
T Lj=t+g—13  Yi<ko(p)) * {p<d—g+1) 'Ia(,’é’fqi])[wq] + Yp=d—q+1)  N.t+q-1)}
(6.70)

fori € [ko(p)land j € [€+qg —1]. Let E4 denote the limiting analogue of the event
E%€ from (6.65):

B = {1U-<ko(p>.z+q—1>[7ip'q] > Xups Iy o), 4g-n) 171 < Yv.p. YUV, pEld =g +1],

lll,(kg(p),S()(p))[n] > Xu,p, lv,(ko(p),SU(p))[n] <Yvp, YW, v, peld]\[d—q+ 1]}
6.71)

Lemma 6.12 P{EY} = P{EY)} for g € [d].
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Proof Let p € [d — g + 1]. The increment recursions in (2.5) give us that, for i €
(ko(p) — 1],

L et g—1).00(p)m [07€]

~ € ~ ~
B¢ o g-ny T MX{LG o) ko DT = L1 e0g—1). (o (). [071. O}
(6.72)
and
L. e4g-1). 00y [OT€]
_ Vq € ~q, ~q,
3G org—1y T ML g1, ko) [T = L 4y, o () [D7, (()2'73)

Starting from the observation that

\/qye _ vq,E
Jko(p). g1, ko (). O] = Ok () 4g-1)0
we can see from (6.72), (6.73), and induction that the collection
{l(i,e+q—1),(ko(p),n)[67)'”] ti € [ko(p) — 11}
can be obtained as a fixed continuous function of
~q, . vq € .
{l(i’,ﬁ-l-q,(ko(p),n)[a)q e] il e [kO(P) - 1]} { (l Ltg—1) ° i’ e [kO(P)]}

Taking limits as n — oo, we see that the collection of thin Busemann functions on
row £ + g — 1, namely

[Zo®1 599 i e thotp) — 11},

can be written as a continuous function of the weights {w(l 1) ° i’ € [ko(p)]} on
row £ + g — 1 and the thin Busemann functions on row £ + ¢:

(Ze e i e ko(p) — 11} = (L0 L) [w™*0] : i € [ko(p) — 11}, (6.74)

where the equality follows by definition of the &?-¢ weights (6.58). In particular, the
collection in (6.74) does not depend on ¢, so it follows from the convergence of the
?-€-weights that, if p < d — g + 1 (or, equivalently, ko(p) < k +d — g), then

k - 7 - ko(p), - .
lim Z(f;{qu Bl = TPh T @70 = TP 169] for i € [ko(p) — 11
(6.75)
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In the remaining case p = d — g + 1, the increment recursions (2.5) (after passing to
the thin Busemann limits) give us that, fori € [k +d — g — 1]

T ) = (g gy + max{ T 0] = T 6740, 0)

(i, 0+q—1) (i.0+q) (i+1,4+g—1)
_ ~q.€ +d—q.,1  col k k+d—q,1 ~q,
=0 11g-1) +max{IﬁyK+q) [ 0]_*7(i+1/é+q71)[“)q e],0}, and
k+d—q.? (~q,eq7 __ ~4q.€ k+d—q,t ~q, k+d—q,t 1, K
Tiitrgmn "V = By +max{ T gy nl@" D = I gy 00,0},
(6.76)

where the second equality follows by (6.58). Furthermore, we have

k+d* B et ~({,€
j q,1 [wq,é] _~q

k+d—q.t+q—1 = Oftd—g.t4g-1) > 08s€ > 0.

Then, an inductive argument using (6.76) (starting fromi = k +d — g — 1 and going

backwards) gives us Z’;Zi;(ﬁ)[cfﬂ‘] — oocase — Ofori € [k+d —qg — 1], and
. k+d—q.,1 (~g.e1_ ~q.0 _~q o .
0 L =) 8T = O gty = P erg—1) = Nitag-y fori€lktd —g -1l

6.77)

On account of (6.75) and (6.77), the 577-9-¢-weights in (6.64) converge vertex-wise,
almost surely, as € — 0, to the limiting weights 7779. Therefore, sending ¢ — 0 in
Lemma 6.10 and using definition (6.65) and bounded convergence again completes
the proof. O

We next observe that the event E9 is identical to E9*!.
Lemma6.13 E9 = E9T! for q € [d].

Proof First, for p =d — g + 1, (6.70) shows that

Lo ko). 04— 171 = Ly ko (). 00— 1)1 = Lu ko) so oy [1] - Toru € &%, and

“pay_ _ 1
Iy, o). t+q- 17T =1y 4oy, trg -0 1 = Ly o (pysopp 1] forv e & .
(6.78)

Second, for p < d — g + 1, it follows from (6.69), (6.70) and the increment identities
in (6.35) that

~p.q1 _ 7Ro(P) A rvg D,
Ly oo, erq—n [1771 = Ta" 7 [01] = 1y o) 019 (@711 foru e &7,

5 . : (6.79)
v, (ko(p), gD 17T = T ] = Ly o), e (@771 forv e &,
where @w?-? is the temporary name for the induced weights given by
Ot = Vjarrg) B )+ Vjmtiq) - Lickoty - Lo o 167]
= jetrq) M. + L=t Lickotp - L et [0™H0] (6.80)
=5
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fori € [ko(p)] and j € [€ + g]. The second equality in (6.80) comes from (6.69),
and the last equality is due to definition (6.43). Using (6.78) and (6.80), one obtains
from (6.46) and (6.71) that

E9 = {lu,(ko(p),(.g_q)[ﬂp'qﬂ] > Xu,p, lv,(ko(p),e+q)[ﬂp’q+]] <Yv,p, YU, v; peld—ql,

Tu, (ko (p),so(p) M = Xu,ps Ty (o (p).so(p)) [1] < Yv,p, YU, Vi p € [dI\[d - 4]}-
(6.81)

From here, we recognize that E9is exactly the event E97! (6.46). O

Proof of Lemma 6.5 Lemmas 6.12 and 6.13 give P{EY9} = P{Eq} = P{E9t1} foreach
q € [d]. Consequently, P{E Y = P{E?*1}, which completes the proof of part (a). As
mentioned, part (b) follows from a symmetric argument. O

Proof of Theorem 2.4 The result is now immediate from (6.32) and Lemma 6.5. O
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