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Abstract

There are possible physical theories that give greater violations of Bell’s inequalities than the cor-
responding Tsirelson bound, termed post-quantum non-locality. Such theories do not violate spe-
cial relativity, but could give an advantage in certain information processing tasks. There is another
way in which entangled quantum states exhibit non-classical phenomena, with one notable
example being Einstein—Podolsky—Rosen (EPR) steering; a violation of a bipartite Bell inequal-

ity implies EPR steering, but the converse is not necessarily true. The study of post-quantum EPR
steering is more intricate, but it has been shown that it does not always imply post-quantum non-
locality in a conventional Bell test. In this work we show how to distribute resources in a larger
network that individually do not demonstrate post-quantum non-locality but violate a Tsirelson
bound for the network. That is, we show how to activate post-quantum steering so that it can now
be witnessed as post-quantum correlations in a Bell scenario. One element of our work that may
be of independent interest is we show how to self-test a bipartite quantum assemblage in a net-
work, even assuming post-quantum resources.

In a Bell test, local measurements on entangled quantum states can produce statistics that cannot

be simulated classically without communication. This is usually witnessed by the violation of a Bell
inequality [1-3]. In such a setting, there also exist probability distributions that cannot be simulated
quantumly without communication, i.e. not even local measurements on any entangled quantum state
can produce the statistics. These (mathematically allowed) statistics that cannot be simulated quantumly
are called post-quantum correlations [4]. Notably, there are post-quantum correlations that cannot be
used to communicate: they satisfy the no-signalling principle [5]. This led to a line of research examin-
ing the consequences of such non-signalling, post-quantum correlations [6—10]. Interestingly, one can
examine these consequences independent of physical realisations of the correlations, in a largely theory-
independent manner; this is called the device-independent approach [11-13].

While it has been fruitful to study correlations in such a device-independent manner, especially with
applications to cryptography in mind, it could be perceived as quite limiting. We can have situations
involving multiple systems where the behaviour of one of these systems is well character d and ignor-
ance of the physical system is inappropriate. One such setting is that of an Einstein—Podolsky—Rosen
(EPR) experiment, or scenario [14—17]. Traditionally, in such an experiment, one party (Alice) who
has an uncharacterised device, tries to convince Bob that they share systems in an entangled quantum
state. Alice can successfully convince Bob if he witnesses the phenomenon of ‘EPR-steering. While this
is implied by the violation of a Bell inequality, it is not equivalent to it [18]: there are experiments that
produce correlations which exhibit EPR-steering but do not violate any Bell inequality. Quantum EPR-
steering has been quite extensively studied, especially since its quantum-information reframing [15], with
some in-depth reviews and more recent results being captured in [16, 17, 19-22].
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With the above in mind, Sainz et al asked whether there could ever exist demonstrations of EPR-
steering which cannot be reproduced by local measurements on an entangled quantum state. Inspired
by the case of Bell scenarios, this type of EPR-steering that cannot be simulated quantumly was termed
‘post-quantum steering’ [23]. In the scenario that reference [23] studies, one still assumes that Bob’s
device is quantum and well characterised, but Alice’s device is not. This is in contrast to other options
to study steering beyond quantum theory, where Bob’s device is still characterised but now the states of
his system are described according to a theory that goes beyond quantum theory (e.g. within the frame-
work of generalised probabilistic theories (GPT) [24, 25]). While this GPT approach leads to interesting
situations [26, 27], the post-quantum approach pioneered by reference [23] has two main advantages.
On the one hand, it enables one to explore the consequences of a locally-quantum world. On the other
hand, it opens the door to the question of how to certify that your experiment is locally-quantum yet
not globally underpinned by a multipartite quantum state [28]. Coming back to the question of whether
post-quantum steering exists for a scenario with a quantum Bob, it was well known that this is not
the case in the traditional setting (involving only Alice and Bob). This is due to the Gisin—-Hughston—
Jozsa—Wootters (GHJW) theorem [29, 30], which finds a quantum representation of any EPR-steering in
such a bipartite scenario. However, as pointed out in reference [23], if one considers generalised scen-
arios, involving, e.g. three separated parties where two of them use uncharacterised devices, then post-
quantum steering is now possible. It was also later shown that other modifications to the standard EPR
experiment can also accommodate post-quantum steering [31, 32]; these include so-called Bob-with-
Input scenarios and Instrumental EPR scenarios. Remarkably, [23, 28, 31] further showed that not only
does post-quantum steering exist, but that it is distinct from post-quantum correlations: post-quantum
steering can be exhibited without ever producing post-quantum correlations in a naturally-associated Bell
scenario. This indeed holds true for any choice or number of measurements that the parties (who were
originally characterised in the EPR scenario but in this Bell scenario are now uncharacterised) could
perform.

Since the publication of reference [23] subsequent work has been devoted to developing mathem-
atical frameworks to explore the phenomenon of post-quantum steering [28, 31, 33], understanding it
as a resource [32, 34, 35], and unravelling the properties of the most general kind of resources that do
not lead to signalling [36, 37]. For instance, reference [32] provides a unified framework for studying
the nonclassicality of various generalizations of the EPR scenario. It studies conversions between post-
quantum resources (both analytically and numerically) when the free operations are local oerations and
shared randomness. Moreover, reference [34] shows that post-quantum steering provides an advantage
over quantum resources when the task of Remote State Preparation is considered: here, Alice is asked
to deterministically prepare a system on state |¢) in Bob’s lab, having only a classical description of this
state and trying to minimise the amount of classical communication she should send Bob. Post-quantum
steering enables this communication to be only one bit when the system is a qubit, whereas quantum
theory requires 2 bits. The search for a task with post-quantum steering advantage took place in refer-
ence [34] beyond what is considered device-independent. The reason for this was that post-quantum
correlations do not necessarily capture post-quantum steering, as mentioned in the previous paragraph.
It would appear that the device-independent approach is thus limited for studying the consequences of
post-quantum steering.

In this work we show that this is not the full picture. We show that any resource that demonstrates
post-quantum steering can be combined within a larger network of quantum resources to exhibit post-
quantum correlations. In particular, multiple experiments that individually cannot exhibit post-quantum
correlations can be combined in a network that does. We call this ‘activation of post-quantum steering),
analogous to the (super)activation of bound entanglement [38]. Recall that in the latter, two different
bound entangled states (those from which we cannot individually distill maximally entangled states) can
be combined to become distillable. The analogous resource to a bound entangled state in our setting is
post-quantum steering that does not demonstrate post-quantum correlations.

To be more precise, we show how to activate tripartite post-quantum steering resources. To prove
that it can be activated we require two components: (1) to place the tripartite resources in a setting
with four parties, and (2) the ability to certify that certain quantum resources are prepared between two
parties among the four. The latter is referred to as self-testing of assemblages, as studied previously in ref-
erence [39]. Here, however, we generalise the setting to allow for the two parties to share post-quantum
resources within the larger network of four or more parties. The bipartite resource that is self-tested
is that which results from Pauli measurements made on a maximally entangled state; such a resource
can be used to perform ‘remote quantum state tomography’ [40]. That is, in an indirect way, we can
certify (up to certain symmetries) that tomographically-complete measurements are being made on a
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quantum system, even without assuming anything about the quantum system; this is done in a device-
independent manner, based on correlations. This then allows us to witness post-quantum steering in a
device-independent way.

1. EPR scenarios

There has been much literature on the study of EPR-steering, with numerous in-depth reviews, e.g. [16,
17, 19]. The aforementioned traditional EPR scenario is the one with two parties, Alice and Bob, where
Alice’s system is treated as a black box that takes in inputs and produces outputs, and Bob’s system is
assumed to be quantum. Bob’s system is thus associated with a Hilbert space of a known dimension,
upon which he can make known measurements. Alice and Bob’s systems can have shared resources such
as randomness or entanglement. The setting relevant to this work primarily has three parties, Alice, Bob
and Charlie. Now Alice and Bob have uncharacterised devices that are treated as black boxes; Charlie’s
system is now quantum, associated with a known Hilbert space, and upon which Charlie can make
known measurements. The three parties can share some arbitrary resource, as long as they cannot use
it to communicate to each other.

The important consequence of the above is that Charlie can perform full state tomography upon his
quantum system, while Alice and Bob input classical data to their black boxes and receive classical out-
put data. See figure 1 for a schematic of the setting. As can be seen, Alice’s (Bob’s) inputs x € X (y € Y)
and outputs a € A (b € B) are labelled by elements of finite sets. For each choice of inputs x and y,
the outputs may be produced probabilistically, thus there is the (conditional) probability distribution
plae AbeBl|xe X,y e€Y), which we denote p(ab|xy), for brevity’s sake. Charlie’s quantum system is
associated with a Hilbert space .7 of dimension D and they can perform tomography to character-
ise the density operator p¢ for their system. Furthermore, we can consider the sub-normalised density
operators for Charlie’s system, conditioned upon the classical outputs of the other two parties. That is,
if for inputs x and y, we obtain outputs a and b, there is a positive semi-definite operator o)y, act-
ing on JZ¢, such that tr{ou)y } = p(ablxy) and 3_, , 0|y = pc. When taken together, the set of these
sub-normalised density operators is called an assemblage [41], denoted by ¥ := {0 ap|xy }a,b,x,y- Since
Alice, Bob, and Charlie are spatially separated, we assume there is no communication between them
and thus their shared resources, whatever they may be, cannot be used to communicate. This immedi-
ately imposes the constraint that the distribution p(ab|xy) is non-signalling, i.e. > p(ab|xy) = p(blxy) =
p(bly) and >, p(ablxy) = p(alxy) = p(a|x). These constraints will be reflected in the assemblage, e.g.
> aTablxy := Op|y such that tr{oy,} = p(bly), and the operator o, is defined likewise.

A quantum realisation of an assemblage ¥ is given by a tripartite quantum state [t)) .5 € 4 ®
J ® H where J4, and 74 are Hilbert spaces for Alice and Bob’s systems respectively and general
measurements { M}, and {My,};, acting on Alice’s and Bob’s systems respectively. The assemblage
elements are:

Oab|xy = trap { (Ma|x ®]\/Ibb/ & HC) W}> <1/}|ABC} :

Thus a post-quantum assemblage is an assemblage for which there does not exist a state and local meas-
urements such that one recovers the assemblage elements as above.

A natural question is how do we show an assemblage is post-quantum. One way to show this is by
violating a steering inequality beyond what is possible with quantum assemblages. That is, by construc-
tion, we can find a set of Hermitian operators .%,, (acting on Charlie’s Hilbert space) such that the
following inequality is satisfied for any quantum assemblage ¥? with elements ngxy:

Q
Z tr [ﬂ}bxy aabw} >0. (1)
ach ,beB , xeX,yeY

Thus, if an assemblage ¥, when put into the left-hand-side of equation (1), results in a negative (real)
number, then that assemblage is post-quantum. This technique has been used in previous work to
demonstrate post-quantum steering [23, 28].

Note that given a set of general measurements {M,|,} . on Charlie’s system, with z€ Z and c€ C
being the choice of measurement and label of the output respectively, we can obtain the correlations
plabclxyz) = tr (Mdzoumxy), as shown in figure 2. By construction, these correlations satisfy the tripart-
ite non-signalling conditions, i.e. for all bipartitions of the three parties the non-signalling conditions
hold. This recipe for generating correlations allows us to relate the EPR scenario to a Bell scenario,
which is fully device-independent. In a Bell test, correlations p(abc|xyz) are said to be post-quantum

3



10P Publishing New J. Phys. 27 (2025) 124508 A B Sainz et al

Alice Bob Charlie
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Figure 1. Depiction of a tripartite EPR steering scenario, involving two sets of uncharacterised devices (Alice and Bob), and
one set of characterised devices (Charlie). The measurements made by Alice and Bob ‘steer’ the state of Charlie, which is fully
captured by the set of sub-normalised states o)., (referred to as an ‘assemblage’).

Alice Bob Charlie
z Y z
a Ej b D c @

plabe|zryz)

Figure 2. If we assume that Charlie performs measurements labelled by z, with outcomes labelled by ¢, then an assemblage
T | xy leads to correlations p(abclxyz).

if there do not exist Hilbert spaces ks, Kp and K¢ for the systems of Alice, Bob and Charlie respect-
ively, a quantum state |¢) € Ky ® K ® K¢, and local measurements {Ngjy}a x> {Npjy}p,y and {N¢;}c-
on the systems of Alice, Bob and Charlie respectively such that p(abc|xyz) = (¢|Ngjx @ Nyj, @ Nei|9).
Equivalently, post-quantum correlations can be demonstrated by violating a Tsirelson-type bound for
a Bell inequality [42, 43]. It should now be clear that if correlations obtained from an assemblage are
post-quantum, then the original assemblage must have been post-quantum. What reference [23] showed
was that there exist post-quantum assemblages that do not result in such post-quantum correlations.
However, and as pointed out in reference [44], there may be other ways of mapping a post-quantum
assemblage to correlations than just by measuring Charlie’s system. In this work we describe another
method of transforming a post-quantum assemblage into correlations. The method consists of consid-
ering a tripartite assemblage distributed between a network of four, non-communicating parties. The
fourth party is called Dani and is treated as a black box, with input w € W and output d € D. As before,
Alice, Bob, and Charlie share the system described by the original tripartite assemblage, but Charlie and
Dani also share a bipartite resource. Charlie’s Hilbert space is now J#¢ ® 9%/, where J () is the
space for the resource shared with Alice and Bob (Dani). Therefore, if ¥ 55 := {O'ab|xy}a7b7x7}, denotes
the assemblage describing Alice, Bob and Charlie’s shared resources, and the corresponding assemblage
Yp :={04w}dw for Charlie and Dani, then Charlie’s complete system is described by the assemblage
YAB @ Xp 1= {0y @ Tajw}ab,c,d,wxy,z- The four parties can now map the assemblage ¥ sp ® ¥y into
correlations p(abcd|xyzw) by measuring Charlie’s system, as in figure 3. We can now state the main con-
clusion of our work:

Main result: A tripartite assemblage X g is post-quantum if and only if it is possible to generate correlations
p(abcd|xyzw) that are post-quantum for the four-party network scenario depicted in figure 3.

What this says is that it is always possible to ‘activate’ post-quantum steering, so that it leads to post-
quantum correlations, by placing it in a simple network.

The first thing to notice is that the only post-quantum resource in the assemblage ¥ ,p ® ¥ will be
from ¥ 3. Indeed, due to the GHJW theorem, ¥ will always have a quantum realisation since it is a
bipartite assemblage. Secondly, it is clear that if the correlations p(abcd|xyzw) are post-quantum then
the original assemblage ¥ 5 was post-quantum. Hence we need to prove the implication in the other
direction. In what remains of the main text and appendix, we show how to prove this when the Hilbert
space ¢ is dimension 2, i.e. a qubit. The general case for arbitrary d is entirely proven in the appendix
(appendix C).

In general, our proof strategy starts with us assuming an arbitrary assemblage ¥ := {Gupdjxyw }a,b,d,x.y,w
for Charlie in the four-party setting, and is based on the correlations p(abcd|xyzw). We can certify,
or self-test, that the assemblage ¥ is essentially of the form ¥ ap ® ¥p, with ¥ known. We can then
leverage this to perform particular measurements on Charlie’s combined system that result in post-
quantum correlations. To explain in more detail, we first need to introduce more formally self-testing
of assemblages.
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Figure 3. The novel network scenario considered in this work. We consider a second assemblage shared between Charlie and
Dani, and allow Charlie to perform joint measurements on both of his systems, producing correlations p(abcd|xyzw). Our main
result is to show that every post-quantum assemblage will lead to post-quantum correlations in this network configuration.

2. Self-testing assemblages

The self-testing of assemblages was introduced in reference [39]. Here, we just need to consider the
bipartite setting of Charlie and Dani. In traditional self-testing of assemblages we assume the two parties
share a quantum system and make local measurements on it to generate correlations p(cd|zw). Since
we assume that the systems are quantum, we can consider the ‘underlying’ assemblage ), generated
for Charlie’s system, which has elements oy, = trp {(HC ® My),) pCD}. There, pcp is the state shared by
Charlie and Dani, and {Myj,, } 4, are the measurements made by Dani, where .7}, is the Hilbert space
of Dani’s system. Note that we do not specify the dimensions of the Hilbert spaces upon which pcp acts,
and thus oy, is an operator on some unknown Hilbert space. We want to be able to relate the under-
lying assemblage ()p to a reference assemblage ¥ by some appropriate transformation. That is, we say
correlations p(cd|zw) self-test a reference assemblage if there exists a channel A and density operator £
such that for all elements oy, and o’{?lw (in Op and ¥, respectively) we have £ ® UZ‘IW = A(ogpy). Thus,
the assemblage shared by Charlie and Dani is essentially the reference assemblage along with the state of
some arbitrary auxiliary system.

We need to self-test an assemblage with elements O'ZW where w € {1,2,3} =: W, and de€ {0,1} =: D
given by

R ~R R \'
oft, =15, @10) (0] + (1=1) (38,) @0, @
where 0 < 7 < 1 is an unknown real parameter, (-)7 denotes the transpose, and

_ T+ (-1)"p,
aS}W=7<2> : (3)

where P, € {X,Y,Z} is a Pauli operator depending on w.

For the correlations p(cd|zw) that self-test the assemblage 05|w’ we have c€{0,1} =:C and z €
{1,2,3,4,5,6}. However, as is common in self-testing, instead of computing the correlations directly,
we can consider a particular Bell inequality violation. The relevant inequality is

I = E 4+ By —Eyy +Esa+Es 1+ By +Es s —Ess+Esy+ Esa+Es3—Eg3 <6, (4)

where E,,, = Y__,(—1)"p(cd|zw). It has been shown in [39, 45] that for the maximal violation .#°P =

6+/2, the assemblage J{?lw above is self-tested. At this point, for simplicity, we assume r =0, then each

reference assemblage element is (UQW)T = &?'W ® |1)(1]. This also allows us to also omit the ‘flag’ state

[1)(1] from the following discussion.

This self-testing result applies in the bipartite setting, but our scenario is that of figure 3, where the
resources between the four parties could be post-quantum. As explained fully in appendix A, this does
not alter the self-testing statement. That is, given correlations p(abcd|xyzw), if they are substituted into
the Bell expression .#°P (by taking the appropriate marginal distributions) and give the maximal viol-
ation, then we still self-test the above assemblage O'ZW on Charlie’s system. This is done by leveraging
the fact that Charlie’s system must be quantum mechanical, and thus the GHJW theorem tells us that all
assemblages based on bipartite correlations (between Charlie and Dani) have a quantum realisation.

A central consequence of self-testing is that if Dani makes a measurement My),,, then Charlie’s (sub-
normalised) post-measurement state can be assumed to be £ ® (EdRIW)T. For simplicity, assume that &
is a qubit. Now, suppose that Charlie makes a two-outcome measurement {My, M; =1 — M,} where
My = |U) (U for [UF) = % (|00) +|11)). For outcome 0, we see that

oo (eet)) = 3o (1))

5
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Thus, up to a positive real scalar, the entangling measurement allows us to compute the product between
the known operator (U;W)T and an unknown one. However, after Alice and Bob generate their outputs
a and b (given x and y), Charlie’s system is described by assemblage elements 0 4p4|1,» and equation (5)
does not immediately apply. Fortunately, due to self-testing, in appendix D we show that all elements
T abd)xyw are of the form oy, ® U?lw. Thus the same approach as in equation (5) applies (when r=0 as
mentioned).

For each value of w, 6('?|W 1|W = P,,. Along with the identity operator, the Pauli operators form
an orthonormal basis in the space of two-dimensional Hermitian operators. Additionally, note that for
al w, & 0| Wt 01|W = I. Thus every two-dimensional Hermitian operator F can be written as a real lin-
ear combination F=3", de&Z‘IW for appropriately chosen real coefficients f 4,. This observation will be
central to demonstrating post-quantum correlations, since it allows us to effectively transform steering
inequalities into Bell inequalities.

3. Tsirelson-Bell inequalities from steering inequalities

Using the above method, in the steering inequality in equation (1), the Hermitian operators .% gy, can
be replaced by the elements of the reference assemblage, i.e.

Z ,ﬁabdxywtr {55\W02,|xyi =0, (6)

a,b,d,x,y,w

for appropriately chosen coefficients fpdyw. Now, in section 3.1 and appendix B we show that if we let
Charlie perform any joint measurement {My, M; =1 — M} on their systems, denoted by the setting
zZ =%, then

Z fabdxywp (ﬂbOd|xy* W) >0 (7)
a,b,d,x,y,w

(with the same coefficients fgpdxy,) is bona fide a Tsirelson inequality: any violation of it indicates that
the correlations are post-quantum. Additionally, all of the simplifying assumptions made above can be
generalised into a single assumption that the systems shared between Alice, Bob and Charlie are inde-
pendent of those shared between Charlie and Dani. In appendix D we show how the independence
assumption follows from self-testing in the special case where r € {0,1} in equation (2). We leave it for
future work how to eliminate this assumption.

3.1. Towards a proof of equation (7)
Recall that equation (6) holds for all quantum assemblages with elements osb‘xy. Using equation (5) and
the linearity of the trace, we can rewrite this inequality as

Z zfabdxywtr {MO <(0~'§|w) ® Uablxy) } > 0. (8)

a,b,d,x,y,w

Note that we can remove the factor of 2 (and the inequality still holds) and recall that a global transpose
does not affect the trace. Therefore

> fabdxywtr{ <0d|w (Ugw) T) } = D fabdgutr {Mo (5§|W ®527|x},> } >0, 9)

a,b,d.x,y,w a,b,d,x,y,w

where in the second line we used that fact that the maximally entangled state is invariant under trans-
pose and that, as shown in reference [28], the transpose of a quantum assemblage gives a new quantum
assemblage (denoted by the tilde). Since the inequality holds for all quantum assemblages, we still get
positivity. By this same argument, we now see that the positivity in equation (9) is satisfied even if we
replace the operator U~§|W in equation (9) with 05‘ = rad‘ ® [0){(0] + (1 —r1) (ad‘ )T ®[1)(1] for any
value of 0 < r < 1. Since we have an additional qubit storing the ‘flag’ states |0)(0| and |1)(1|, the meas-
urement operator M, is extended to My ® I, with the identity operator acting on the flag system.

If a measurement {M,y,M; =1 — M,} is made on Charlie’s system, we will denote this by the meas-
urement choice %, and the outcomes with ¢ € {0, 1}. In our scenario Charlie’s final set of measure-
ment choices is then Z :={1,2,3,4,5,6,x}, with the values of C := {0,1}. Thus we have tr{Mo(a;‘w ®
ofh‘xy)} = p(ab0d|xy = w). By substituting this probability into equation (9) we arrive at equation (7)
This resembles a Bell inequality, since it is a linear combination of probabilities. A seeming issue is that

6
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it might not hold for all quantum correlations p(ab0d|xy = w). That is, in deriving this inequality we have
made the following assumptions: (i) part of Charlie’s system is a qubit described by assemblage elements
UZW; (ii) Charlie has an additional qubit which is described by assemblage elements othIXy; (iii) each of
Charlie’s assemblage elements o)y, is equal to o g, @ a?‘w, and (iv) Charlie makes the measurement
associated with the choice %. The first assumption can be concluded by self-testing the assemblage shared
by Charlie and Dani alone, and is therefore in fact not an assumption. In appendix B, we show that we
can dispense with the second and fourth assumptions. That is, there we show that assuming the self-
testing was successful and assumption (iii) above, the inequality in equation (7) is a Tsirelson inequality:
any violation of it indicates that the correlations are post-quantum.

4. Summary and discussions

To summarise all of the above, we have shown that if a tripartite post-quantum assemblage ¥ is

shared between Alice, Bob, and Charlie, we can distribute this in a network of four parties (includ-

ing Dani). Then we can consider the following Bell scenario: Charlie’s set of measurement choices in

7 ={1,2,3,4,5,6,x} and Dani’s set is W := {1,2,3} and their outcomes are C =D = {0, 1}, with Alice
and Bob’s measurements and outcomes determined by the assemblage. If Charlie and Dani’s correlations
maximally violate the inequality in equation (4) by sharing the quantum assemblage in equation (2),
then there exists an inequality of the form of equation (7) which they violate and thus demonstrate
post-quantum correlations. The above is true even if the tripartite post-quantum assemblage does not
demonstrate post-quantum correlations in the setting in figure 2(i.e. in the setting considered in the ori-
ginal work [23]). It is thus always possible, using this procedure, to ‘activate’ post-quantum steering, so
that we see the post-quantumness already at the level of correlations alone.

For higher (but finite) dimensional systems, we can generalise the construction above to make the
result universal (see appendix C). This activation technique can also be straightforwardly generalised to
the case of more than three parties in the initial steering scenario. For other generalised forms of EPR
steering, activation of the relevant kind of generalised post-quantum steering have also been found [46].
It would be interesting to derive both our argument and the one in reference [46] into a single expres-
sion or inequality that witnesses post-quantum non-locality from a post-quantum assemblage; we leave
this to future work.

There is a resource-theoretic aspect to our work. In reference [44], the resource theory of local oper-
ations and shared entanglement was explored as a means to understand post-quantumness. The free
resources in this resource theory are arbitrary quantum states and perform local operations, but multiple
parties cannot communicate. In some sense, our work can be seen as a resource conversion task where
a post-quantum resource is combined with a free resource (the assemblage in equation (2)) to produce
a new resource that exhibits post-quantum correlations. This draws a nice parallel with other resource
conversion tasks in resource theories such as local operations and classical communication.

One interesting aspect of post-quantum steering is that it allows for another point of view on the
question of how to single out quantum theory from the landscape of possible physical theories. More
specifically, what principles are sufficient (and meaningful) to single out the set of quantum assemblages
from the set of all possible assemblages. Our activation result provides a new way to tackle this ques-
tion, by connecting it to that of quantum correlations and research in device-independent principles to
recover them [6—10]. The quest to find such a complete set of postulates for correlations has barely pro-
gressed in the recent years, and it has even been conjectured that device-dependent postulates will be
needed to succeed at the task. The EPR scenario is a bridge between device-independent and device-
dependent settings, and offers new ground for exploration [47]. Going further, one could ask in which
general physical theories can one have activation of steering in the same manner as our work. Could
activation itself result in useful postulates to single out quantum theory? We hope our work adds to the
toolbox required to understand what is special about quantum theory.
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Appendix A. Self-testing in post-quantum scenarios

In this section we explain how one can self-test a quantum assemblage between Charlie and Dani when
the underlying scenario that involves the four parties may allow for post-quantum systems to be shared.
Let us assume by contradiction that self-testing cannot be performed between Charlie and Dani

when the underlying physical theory cannot be guaranteed to be quantum. That is, let Charlie and
Dani observe correlations p(cd|zw) that are compatible with the assemblage {4, } being the quantum
assemblage that arises from performing the Pauli measurements on the maximally entangled state
(denoted {5?'W} in the main text). Our assumption that ‘self-testing is not possible’ then implies that

there is another assemblage {07} that is different from {GQW} and that yields the same correlations
p(cd|zw). Now, the GHJW theorem implies that there is a quantum realisation of {oy;,}, which in turns

provides a quantum assemblage different (and not equivalent to) {5dR|w} which yields the same cor-

relations p(cd|zw). This then contradicts the fact that the assemblage {EQW} can be self-tested within
quantum theory. It follows then that such a different {0;|w} cannot exist, and hence self-testing can be
performed between Charlie and Dani when the underlying physical theory cannot be guaranteed to be
quantum.

Appendix B. Tsirelson-Bell inequalities from steering inequalities—getting rid of
assumptions (ii) and (iv)

In section 3.1 we begun the proof of the claim that equation (7) holds for any correlation that comes
from Charlie sharing a quantum assemblage with Alice and Bob. There we made four assumptions:
(i) part of Charlie’s system is a qubit described by assemblage elements U?|w5 (ii) Charlie has an addi-

tional qubit which is described by assemblage elements afh‘xy; (iii) each of Charlie’s assemblage elements

T abd|xyw 18 €qual to O gy @ UE\W’ and (iv) Charlie makes the measurement associated with the choice *.
We argued that assumption (i) can actually be certified by the self-testing step being successful. Here we
will show that we can dispense with the second and fourth assumptions.

Basically, we need to compute the minimum quantum value of the Bell functional of equation (7)
under the assumption that the self-testing stage of the protocol is successful and assumption (iii) above.
From a technical point of view, this means we will consider the particular case of system .7¢: being pre-
pared on the assemblage with elements given by equation (2). First we will focus on the case where r=1
in equation (2), i.e. the assemblage elements actually take the form {55“ ) specified in equation (3).
From the discussion above, one can then conclude that the result also applies to other values of r.

If we take My = |¥1)(T "], we have already shown that equation (7) holds under the assumption of
successful self-testing. What remains to be proven is that the same still holds when we optimise the value
of the left-hand side of equation (7) over any possible value of the measurement operator M,. The proof
of this will be presented using the diagrammatic language of [48, 49].

First, note that Fapy, = >, fabdxyw Ezw, and hence the claim for My = |¥ ) (¥ | can be diagram-
matically expressed as:

alz\ /by
> fabdxywp(abOd]a;y*w):% 3 Ha| HB| Ho Ao >0,  (10)

a,b,d,z,y,w a,b,zy D
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for all quantum systems %, and 743, effects ‘ and | , and state JI; . Notice that in

equation (10) the diagram
AN

represents an arbitrary quantum assemblage for the quantum system ¢ held by Charlie. In addition,

in the diagram of equation (10) the operators ﬁazxy are depicted as black triangles® since they corres-

pond to Hermitian operators which are not necessarily valid quantum states.
In the diagrammatic language, then, what we need to show is expressed as:

alx bly 0%

1
Z fabdwywp(ab0d|xy*w) = 5 Z Ha| Hp| Ho Her >0, (11)
a7b7d7x?y7w a7b7x7y p

for all quantum systems %, and 74, effects | ‘ and | , and state i .

What we do now is to manipulate the diagram from equation (11). The first step is to notice that p’
defined as

0|*
%AI %B! %CI %@ %C,l I%c (12)
)

is a valid quantum state, though possibly unnormalised.
Hence,

alx bly 0* alx bly
S A | Ao Hor = N Ha| Hp| He Ao >0 (13)

ayb@,y p a7b7$7y \g/

for all quantum systems .73 and .74, effects | ‘ and ‘ , and state £ , where

the last step (the claim that > 0) follows from the fact that equation (10) is valid for all quantum states
p. This completes the proof of our claim.

Regarding assumption (iii) above, we can ensure that it holds by assuming that the system Charlie
shares with Dani is independent of the system Charlie shares with Alice and Bob. Furthermore, if we
assume that r € {0,1} for equation (2) after self-testing, then we can show that assumption (iii) follows.
We conjecture that assumption (iii) follows in the more general case where r € [0,1] in equation (2).
Proving this is left for future work.

6 In general, possibly-unphysical processes will be depicted with a black background.
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Appendix C. Activation of post-quantum steering for higher-dimensional assemblages

In this appendix we discuss how to extend the methods from the main paper so they apply to
assemblages in a Hilbert space of dimension higher than two. We begin by stating the three main points
of departure from the qubit protocol, based on the work presented in reference [40, 45], and afterwards
present the qudit protocol.

Consider the setup of figure 3, and let J7¢ = ¢, where the dimension is d > 2. The first step is to
embed 77 within a Hilbert space with dimension ‘power of 2’. That is, we will think of a qudit from
¢ as living in a Hilbert space that arises from the parallel composition of many qubits. We denote by
n the number of qubits, from which follows that # > log, d. The assemblage between Charlie and Dani
with elements {O’;“ ) that we will aim to self-test will be shown to belong to a Hilbert space of dimen-
sion 2".

The second step follows from noticing that the n-fold tensor products of Pauli matrices and the
qubit identity matrix form a basis for the space of Hermitian operators in .73.. For example, for n=3,
the such a basis is {O; ® O, ® 03| 01,0,,05 € {I,X,Y,Z}}. From the qubit case discussed in the main
text one learns that what we need to self-test in ¢ is an assemblage that includes the elements of a
basis for the space of Hermitian operators in 7. After the embedding has been performed, then, one
can achieve this by self-testing tensor products of Pauli operators. Hence, this second step pertains to
framing the high-dimensional self-testing question as a protocol to self-test tensor product of Paulis (or
more precisely, the tensor product of their eigenvectors).

Once the elements of the assemblage {a?lw} are self-tested to be the tensor product of Pauli eigen-
vectors, one may express the Hermitian operators ﬁubx}, from a generic steering functional as ﬂ’abxy =
> i wlabdyw EQW , where the assemblage elements '55‘ ,» are indeed the products of Pauli eigenvalues
without the contributions that come from their transpose (see next point). Similarly to the qubit case,
the Bell-type functional to evaluate reads

Il = D funagrw (abOd]xy xw) . (14)
abdxyw

The third step pertains to the issue of self-testing discussed in the main text: one cannot self-test
a state, but rather a convex combination of a state and its transpose. This was not an issue for the
qubit case, since it did not give rise to false-positive outcomes in the protocol (i.e. a negative value of
equation (7) certifies post-quantumness of the assemblage shared between Alice, Bob, and Charlie for
any value of the unknown parameter r in equation (2)). However, for the case of qudits, this needs more
consideration. Let us illustrate it for the case of n=2. Here, by performing a parallel self-testing of qubit
states (that is, two self-testing protocols in parallel of one qubit each), one can conclude that the state
being self-tested has the form (rp; + (1 —7)p!) @ (r'ps + (1 —1")p} ), where p; ® p, is the target state we
aimed to self-test, and r,r’ € [0,1] are unknown parameters. Now, self-testing a state that corresponds to
a convex combination of p; ® p, and p! @ pJ will not create false-positives, i.e. will not enable quantum
assemblages to produce negative values in the Bell-type functional, just like was argued for the case of
qubits in the main text. However, should the state of the system indeed contain terms corresponding to
p1® p3 and p] @ p,, then one would not be able to conclude post-quantum steering when observing a
negative value of the Bell functional. Hence, one needs to take extra care to ‘align’ the reference frames
for each self-test, so that when one test self-tests the target state p; then the other protocols for all the
other qubits also self-test the target state, and when one self-test p] for the first qubit, then all the other
self-testing protocols will also self-test the transpose of their corresponding target states. To summarise,
we need to complement the self-testing protocol for single-qubits described in the main text with some-
thing extra so that the state that we successfully self-test (for each assemblage element) has the form
(1@ @py)+(1=1)(p1 @@ p,)T. A detailed protocol to perform such ‘synchronised’ self-testing
was presented in reference [45], and can be straightforwardly applied here. When doing so, then, the
input and output sets of Charlie and Dani in the scenario of figure 3 have a specific form. In the case of
Charlie, his measurements are labelled by

2€{1,2,3,4,5,6} " U{x,0,4} =7,

where intuitively the values {1,2,3,4,5,6}*" are use for self-testing, the values {(, 4} are used to ‘align
the reference frames’, and the value % is used to evaluate the Bell-type functional in equation (14). The
set of outputs for Charlie’s measurements have a specific form that is not worth explicitly mentioning
here, beyond the fact that measurement z = % has only two outcomes ¢ € {0,1}. In the case of Dani, it is
useful to label his measurement choices as the array w € {1,2,3}*" and his outputs as d € {0,1}*".
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Finally, once the self-testing step from reference [45] has been successful, the linear functional of
equation (14) may be expressed as:

T
n
r ~
7 [P] - 2n Z ﬁlbdxywtrﬂj <®02|Wi> Oab|xy

abdxyw i=1

1—r S~
on Z fabdxywtr%’%, {®02wi Uabxy} ) (15)

abdxyw i=1

+

where we have taken Charlie’s measurement operator for z =% and ¢=0 to be My = |¥,)(¥,| with
|U,) = ﬁ Stz kk) cr. A similar reasoning to that for the qubit case in the main text follows: (i)
the first term in equation (15) will be positive by definition for all quantum assemblages {0 4|, }»
(ii) the second term in equation (15) will be positive for all quantum assemblages {cp|s,} since

T
- T]| . . .
2 by fabdxyw 1T 22 {(@721 U?lw_) (Tablry) } is positive for any quantum assemblage with elements

{(oab‘x},)-r}, and the assemblage {(aab‘x},)T} is quantum if the assemblage {0, } is quantum [28,
section 5.1].

One can next get rid of the assumption that My = |¥,)(¥,| following the same techniques presen-
ted in the appendix for the case of qubits. It then follows that, following a successful self-test, a negat-
ive value of the functional of equation (14) certifies that the assemblage shared between Alice, Bob, and
Charlie has no quantum realisation.

Appendix D. Derivation of the independence assumption for r € {0,1}

Here we discuss how the form ¥ 45 ® ¥p for the assemblage ¥ spc can be derived for the cases where
r€{0,1} in the self-testing argument in equation (2). First we need to establish that when r € {0,1}
in equation (2), the assemblage is extremal, i.e. it cannot be written as a convex combination of other
assemblages. We will give the argument for r =0, since the argument for r=1 is the same up to obvious
changes. For clarity, when r =0 we relabel the assemblage elements in equation (2) as o7, := &ZW ®
10){0].

To show that the assemblage with elements o, is extremal, we can construct a steering expres-
sion, which when equal to 0, intersects with a single assemblage, ensuring extremality. In other words,
since the set of bipartite non-signalling assemblages (equivalently quantum assemblages) is convex and
bounded, if a hyperplane intersects this convex body at one point, then this point is extremal in that
convex body. The steering expression constructed from assemblage elements a;‘w is

Ztr (Fdwo'd\w) (16)
d,w

where Fayy = 20,,, +1® [1)(1]. It remains to show that when this expression is equal to 0, then oy, =
o;‘w for all elements oy,

First note that the expression must be non-negative for all non-signalling assemblages, because Fy,
is a rank one projector, tr (Fdwad‘w) > 0, since it is a probability. Thus, a sum of non-negative terms is
non-negative, and the only way the sum can be zero is if every term is equal to zero. If tr (Fdwad|w) =0,
then o), is in the kernel of the projector Fay =207, +1®[1)(1], thus o,),, = aoy,, for a non-
negative real number a. Note that oy, + Tyg 1w = O‘Uz}km + a/a;@l‘w = pc, which is the density oper-
ator of Charlie’s system. Thus, o +a’ = 2, and for the three different inputs w, we have o4, + Tag1)w =
Ogjw’ + Oawijw = pc- The only density operator p¢ that will satisfy these constraints is 31® [0)(0], thus
implying a =1 for all assemblage elements oy, = aoy,. We can conclude then that the assemblage with
elements 0 is extremal. Analogously we can show that for r=1 in equation (2) is also extremal.

Equipped with the fact that the assemblages are extremal, we can prove that Charlie’s two systems are
independent in the following theorem.

Theorem 1. Consider an assemblage with elements {0 sy } prepared in Charlie’s Hilbert space ¢ @ Her
after outputs produced by Alice, Bob, and Dani. If the following are satisfied by this assemblage:

(i) Vx.p, Oap = trer {3 o) Tabw o
(1) > Tabdixyw = ¥ @ O4jw» where {04, } are elements of an extremal assemblage and 1) corresponds to a
pure state in FE .
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For such an assemblage, it then follows that

Oabd|xyw = Oab|xy ® Od|w- (17)
. . : l
Proof. First we prove that oyp4x = 0, dyw © Talw for some appropriate assemblage elements {o/, d‘xyw}.
To do so we introduce notation
Oabd|xyw ~ Oabd|xyw

Tdlabone = (ablxyw) — p(ablxy)’

where the second equality holds by the no-signalling condition. Using this notation it follows that:

Odlw = trer E Oabd|xyw ( — tres § p (ab|xy) Od|abxyw
ab ab

_ 1 —plabxy) B
= e ny XY% p(xy) Odlabxyw ¢ = ;P(A) tres {Ud|w>\} )

where we have relabeled the variables as A := abxy, and for simplicity that p(xy) = ;.
By assumption, the assemblage with elements {0y, } is extremal, and hence it must happen that

O4lw = trer {Jd|w/\} V.

Therefore,

1
Odlw = * )trC’ {Uabd\xyw} Vﬂ,b,xa}’-

p(ablxy

and thus

/
Oabd|xyw = aabd|xyw & Odlw s

!

where the elements {4, } belong to operators acting on .J#¢, and the elements {o ), dxyw

ors on J:.
Now the final step is to show that o

} belong to operat-

!/

abd|xyw = Oablxy- For this, notice that

/
Zo'abd\xyw = z :Uabd\xyw & Odlw = w ® Odlw s
ab ab

where the last equality follows from property (ii) in the statement of the Theorem. Therefore, _ , o/, dlyw
must be independent of d and w, which implies that o ;b dlsyw is independent from d and w. Since, moreover,

Tablow = 0 { D" 4 Oabdjxyw }» it follows that O iy = Tablay-
]
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