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Abstract

The organisation of atoms and small molecules gives the familiar structures of
gases, solids, and other states of matter. The organisation of proteins drives
the essential processes of life. This thesis explores three different molecular
mechanisms that act to organise proteins by constructing minimal models that
can predict or explain phenomena of protein organisation. Firstly, we study
the effective interactions that can arise between proteins that catalyse reactions,
called enzymes. We develop a thermodynamically consistent model describing the
dynamics of a multicomponent mixture where one enzyme component catalyses a
reaction between other components. We find that the catalytic activity alone can
induce phase separation for sufficiently active systems and large enzymes, without
any equilibrium interactions between components. We label this catalysis-induced
phase separation and show that it generates a feedback mechanism that can act to
autoregulate the enzymatic activity, giving this simple mechanism complex design
opportunities in the natural world or engineered systems. Secondly, we explore
how proteins that induce curvature in membranes can interact via membrane
mediated elastic forces. We derive an interaction energy for many, well-separated,

small inclusions in a flat membrane with tension and find that, in this limit the
interaction energy between many inclusions is the sum of the two-body interactions.

This interaction fundamentally changes when the curvature-inducing inclusions are
not radially symmetric by the emergence of a well defined equilibrium separation.
However, in addition to altering the direction of the force, the anisotropy affects the
formation of aggregates of many inclusions, as inclusions experience a geometric
frustration that can oppose the equilibrium of the pairwise interaction. As
such, the equilibrium arrangements of groups of inclusions are rings, lines and
polygonal lattices. Thirdly, we extend existing models of aggregating proteins
in living systems, by including a finite rate for aggregate removal mechanisms.
The accumulation of protein aggregates is associated with many diseases and
a bounded clearance rate can explain observed phenomena such as seeding,
recovery of mice following monomer reducing therapies, and the disease incidence.
This model is the first theoretical framework to capture all of these behaviours
and this key behaviour is robust to changes in exact molecular kinetics. This
framework can be used to understand the role of current therapies and for the
rational design of future therapies.
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Abstract

The organisation of atoms and small molecules gives the familiar structures of
gases, solids, and other states of matter. The organisation of proteins drives the
essential processes of life. This thesis explores three different molecular mechanisms
that act to organise proteins by constructing minimal models that can predict
or explain phenomena of protein organisation. Firstly, we study the effective
interactions that can arise between proteins that catalyse reactions, called enzymes.
We develop a thermodynamically consistent model describing the dynamics of a
multicomponent mixture where one enzyme component catalyses a reaction between
other components. We find that the catalytic activity alone can induce phase
separation for sufficiently active systems and large enzymes, without any equilibrium
interactions between components. We label this catalysis-induced phase separation
and show that it generates a feedback mechanism that can act to autoregulate
the enzymatic activity, giving this simple mechanism complex design opportunities
in the natural world or engineered systems. Secondly, we explore how proteins
that induce curvature in membranes can interact via membrane mediated elastic
forces. We derive an interaction energy for many, well-separated, small inclusions
in a flat membrane with tension and find that in this limit the interaction energy
between many inclusions is the sum of the two-body interactions. This interaction
fundamentally changes when the curvature-inducing inclusions are not radially
symmetric by the emergence of a well defined equilibrium separation. However, in
addition to altering the direction of the force, the anisotropy affects the formation of
aggregates of many inclusions, as inclusions experience a geometric frustration that
can oppose the equilibrium of the pairwise interaction. As such, the equilibrium
arrangements of groups of inclusions are rings, lines and polygonal lattices. Thirdly,
we extend existing models of aggregating proteins in living systems, by including
a finite rate for aggregate removal mechanisms. The accumulation of protein
aggregates is associated with many diseases and a bounded clearance rate can
explain observed phenomena such as seeding, recovery of mice following monomer
reducing therapies, and the disease incidence. This model is the first theoretical
framework to capture all of these behaviours and this key behaviour is robust to
changes in exact molecular kinetics. This framework can be used to understand the
role of current therapies and for the rational design of future therapies.
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Proteins are the molecular building blocks of all living systems. The emergence
of life from these fundamental components depends on how proteins are organised
in both space and time, and across a multitude of scales. Understanding the forces
governing this organisation not only elucidates how matter comes alive, but knowing
how and why these processes go wrong can help us to design effective therapeutics for
disease or even hijack and engineer these processes to harness the power of proteins.

In this thesis I explore three different mechanisms for protein organisation.
I will develop mathematical models that capture the main features of physical
interactions between proteins and study the structure and consequences of these
equations, comparing with experimental studies where relevant. Each mechanism
has broadly been studied before but I will detail how to capture key features of the

interaction that can lead to a fundamentally different route for protein organisation.

1.1 What is a protein?

Biochemically, proteins are a class of molecules that are long unbranched chains of
individual units, called amino acids [1]. Each amino acid has the same basic structure
that polymerises to form a protein backbone held together by peptide bonds, a
type of covalent bond. The distinct amino acids have distinct side chains that are
attached to the polymerising unit and it is this side chain that defines the different
amino acids. The primary structure of a protein is the specific sequence of amino
acids that makes up each protein and this recipe is stored in the genetic information
of every organism [2|. Various cellular machinery read this genetic information and
manufacture polypeptide chains with the coded sequence of amino acids. An array
of non-covalent bonds, such as hydrogen bonds, electrostatic attractions and van der
Waals forces, then fold the chain to determine the exact location of each atom in 3D
space, although this can be disrupted by thermal fluctuations. The protein’s shape
is called its ternary structure and is crucial in determining many of the protein’s
functions. For example, enzymes are proteins that catalyse biological reactions by
binding to a molecule to form a complex and this binding requires that the enzyme

and molecule have exactly complimentary shapes, like a lock and key [3].
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Figure 1.1: The hierarchy of protein structure. Amino acids make proteins that
then interact to form structures and patterns. The graphics show examples of protein
organisation inspired by (top to bottom) reaction diffusion systems [4], fibrils and
filaments [5], and curvature induced membrane patterning [6]. The structure of the
protein shown is generated from coordinates in the protein database, structure 1EZB ||

1.1.1 The Hierarchy of Protein Interactions

During my research for this thesis, the development and release of AlphaFold
changed the conversation around protein structure. AlphakFold is a neural network
designed to solve the problem of protein folding: learning the map from amino
acid sequence (primary structure) to an atomistic description of the 3D shape
(ternary structure). In 2021, AlphaFold became the first computational method to
achieve accuracy on par with experimental structure determination . Since then,
it has become an invaluable tool in the arsenal of scientists trying to understand a
variety of biological processes. Structure prediction can help to understand why,
for example, a genetic modification might stop a molecule binding to a protein,
elucidating unknown binding mechanisms, and engineering mutations to enhance

binding affinity and catalytic rates. This model also represented a paradigm shift
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from mechanistic physics informed modelling to solve the folding problem to a deep
learning approach. This was possible due to the extensive database of experimentally
determined structures in the Protein Data Bank and the abundance of sequencing
data from advanced sequencing technologies.

In this thesis, I have explored an alternative approach to protein engineering and
I have explored interactions at a different scale. Rather than considering changing
the individual protein structure, I have studied mechanisms by which proteins can
conspire to form structures that affect function as outlined in Figure [1.1} This
collective organisation often relates to protein structure, however, my research
demonstrates that the protein environment also plays a crucial role in tuning
emergent phenomena. Varying monomer concentration in systems of aggregating
proteins, adding solvent to a dense active mixture, or increasing the tension in a
membrane filled with proteins are all examples of the rich parameter space that

can be explored when we begin to understand larger scale protein dynamics.

1.2 Proteins in Health and Disease

Proteins are the work horses of cellular and subcellular machinery. If anything
happens on the subcelluar scale, there is normally a protein making it happen.
Enzymes are proteins that catalyse reactions, making processes feasible on relevant
molecular timescales [2]. Kinesin and other motor proteins drag cargo and provide
essential active transport functionality [9] alongside proteins such as ion channels
that can span physical barriers within the cell and allow passive transport to
occur |3]. This arsenal of transport processes determines how the distribution of
biomolecules can be kept from equilibrium, or how efficiently a system can relax to
some steady state, helping to control cell signalling and the flow of information.
Another function of proteins is as building blocks for subcellular structures, such
as microtubules, or viral capsids [10]. In recent years, liquid-liquid phase separation
has also emerged as a key feature of intracellular organisation [11], [12]. These are
liquid droplets that have a different composition to the surrounding environment,

typically with an enriched protein concentration. The droplets, or condensates,
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can act as reaction crucibles, can promote signalling or sequester molecules in the
cell and prevent off target effects [11]. The formation and maturation of liquid
condensates are governed by protein interactions.

The importance of proteins in so many biological processes means that they
can have devastating effects when they fail to function correctly. For example,
cystic fibrosis is a disease caused by the misfolding of a transmembrane protein
and its subsequent inability to function [13]. In addition to this lack of function
mechanism, the gain of toxic function can also cause disease [14]. A whole class
of diseases stems from proteins interacting and forming toxic aggregates [15], [16].
Understanding how essential, functional protein-protein interactions may go awry,
or how toxic interactions emerge, is essential to understanding and preventing

many human diseases.

1.3 Engineering Proteins

Alongside essential roles in all of cellular biology, proteins serve as the foundation
for many engineered biomaterials. One particular example is keratin, a naturally
occurring fibrous protein found in hair, nails, feathers, and horns |17]. Keratin-
based biomaterials have a wide range of biomedical applications, including wound
dressings, tissue engineering scaffolds, and drug delivery systems [1§]. The protein
forms long, cross-linked filaments that can be either hard or soft, depending on the
sulphur content of the material. The sulphur, or in some cases other proteins, creates
cross-links between keratin filaments, and these interactions determine the strength
and structure of the resulting material, giving rise to materials such as fibres, films,
sponges, and gels. The utility of keratin-based biomaterials lies in their ability to self-
assemble into 3D structures, a process entirely governed by protein interactions|1§]

Multi-component engineered systems also include proteins as key components.
Synthetic membranes that act as controllable barriers, rely on protein interactions
with the membranes for effective embedding and manufacture [19]. Such membranes
can support the development of nanoreactors, artificial organelles or chemically

active surfaces. Proteins can also interact with membranes to transport cargo
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allowing for spatial organisation with applications to creating synthetic cells and
mimicking lifelike function [20]. The whole field of synthetic biology is built around
controlling and programming cell-like behaviour and proteins are a necessary tool

in this pursuit [21].

1.4 Thesis Scope and Structure

Each chapter in this thesis explores a different physical mechanism to drive
protein organisation. I will introduce the background necessary to understand
each mechanism and highlight specific aspects of these protein-protein interactions
that have been previously understudied. Using a range of techniques, I will build
mathematical models that incorporate important features of the interactions and
study the effects on the resulting protein organisation, ultimately exploring how
this can affect function or pathology. Below I provide a brief summary of each

system studied:

1. Catalysis-Induced Phase Separation Liquid-liquid phase separation can
form droplets in mixtures of proteins and other components. The formation
of these regions can be driven by equilibrium interactions between the
components, but in this chapter we demonstrate that modelling chemically
active components can give rise to fundamentally new phenomena. An
enzymatic component can drive liquid-liquid phase separation without the
equilibrium interactions and this can subsequently affect overall reaction rates

in the system.

2. Anisotropic Membrane Mediated Interactions Proteins that bind to
and bend biological membranes can generate elastic forces that act on other
proteins in the membrane. These forces can generate structures and remodel
the membrane. However, many of the curvature-inducing inclusions that
bind in this way break radial symmetry and this changes their interactions,
introducing an equilibrium separation and forming lattices of inclusions that

can be controlled via the protein curvature or membrane stiffness.
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3. Bounded Clearance in Neurodegenerative Disease A plethora of
neurodegenerative diseases are associated with aggregated proteins that are
produced and removed in the brain. However, existing models ignore physical
constraints that limit and bound the rates at which these aggregated proteins
can be removed. Including this key constraint when modelling the aggregation
kinetics can present a fundamentally new mechanism for the onset of disease
which is consistent with recent experiments and can help design rational

therapeutics.
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2.1 Introduction

At the cellular and sub-cellular level, biomolecules can be spatially organised by
membrane bound compartments such as organelles. These distinct regions of the
cell have distinct biophysical properties and distinct chemical compositions that are
specialised to carry out specific functions or to keep molecules from interacting that
could disrupt healthy cellular function [2]. Membranes are crucial to separating
these regions of the cell, but recently membraneless organelles formed by liquid-
liquid phase separation are emerging as alternative structures to spatially organise
living matter [22]. Here, liquid droplets form within the cell that have different
molecular composition to the surrounding cytoplasm, similar to the formation
of droplets of oil in water.

The theory of liquid-liquid phase separation has been well described in polymer
systems 23] and, in living cells, the formation of these droplets is driven by weak tran-
sient interactions between multivalent proteins - the polymers of life [11]. However,
a key recent development in the field has been to add non-equilibrium effects into
descriptions of phase transitions, including actively propelled particles [24], phoretic
transport effects [25] and changes in chemical composition [26], [27]. Including
the effects of chemical reactions into these models is necessary to describe the
non-equilibrium environment in vivo. In fact, liquid-liquid phase separation is now
recognised as a common tool in the regulation of enzyme activity in cells [28]. This
can occur in a few ways, for example by directly affecting reaction kinetics [12] or by
supporting the formation of metabolons, when multiple enzymes physically associate
and form complexes that can connect sequential steps of a reaction pathway [29].
In order to capture the effects of the enzymatic activity and changes in composition,
this chapter develops a minimal model to describe an active mixture containing an
enzyme component. We study the stability of a spatially homogeneous mixtures and

explain how the activity can lead to the formation of phase-separated regions [30].
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2.2 Equilibrium Phase Separation
2.2.1 Thermodynamics of Fluid Mixtures

We begin by reviewing equilibrium phase separation. A good example to explore the
theory of phase separating mixtures is to study a fluid made up of two components,
say, component A and component B. To make this mixture, we mix N4 molecules of
component A and Ng molecules of component B to give a mixture of total volume
V =vsN4 + vgNp, where v; is the specific volume of the component, the size of
each molecule. The volume fraction of a component, ¢;, in some region of volume,
v, is defined to be ¢; = v; N;/v and for the two component mixture ¢4 + ¢pp = 1.
To simplify the notation, let ¢4 = ¢ and ¢p = 1 — ¢, and the volume fraction
¢ now describes the proportion of the fluid volume that is component A. For an
incompressible fluid, the total volume is constant and the relevant free energy is the
Helmbholtz free energy, F'(Na, Ng,T) where T' is the temperature of the fluid. The
Helmholtz free energy is an extensive quantity and so for a homogeneous mixture
F(Na,Ng,T) = Vf(¢,T) where f(¢,T) is the free energy density and this free
energy density determines the phase behaviour of the mixture. If a system phase
separates into two coexisting phases, then the free energy of two phase system
is VIf(o!, T) + VIf(¢", T) where the two phases are labelled T and II and the
total volume of the system is conserved V = V!4 VL It is necessary for the two
phase free energy to be lower than the free energy of an equivalent homogeneous
system in order for the system to phase separate [1].

In addition to lowering the free energy of the system, any phase separating
regions of a mixture must also be in mechanical and chemical equilibrium, otherwise
they would exchange components or volume to reach two equilibrated phases.
Chemical equilibrium is achieved when the chemical potential, i, of each component
in each phase is constant and so moving a particle across the phase boundary will

not change the free energy, ui = p'. The chemical potential for component i is

[ OF o (of
a (aNi>v,T_UZ (a@)T' 2
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The mechanical equilibrium is achieved when the osmotic pressure, II between the

two phases is equal, II' = II", where the osmotic pressure is given by

II(¢) = - (g‘];)T’NA =—f+¢ (%)T. (2.2)

since ¢ = Nav,/V and so g—“é = —¢/V [31]. These conditions have a convenient
graphical interpretation. The equation for a tangent to the curve y =f(¢) at ¢ = b
can be written as y = m¢+ c. Combining and give y = v a(d) o —I1(9)
and as these thermodynamic quantities must be the same for two coexisting phases,
we find that two phases can only coexist at values of ¢ such that y = f(¢) has
a common tangent! Figure 2.1] highlights the graphical interpretation of these
conditions, where plotting f(¢) can illuminate the phase behaviour of a mixture. A
well mixed homogeneous system prepared with volume fraction ¢*, will therefore be
stable as two phase-separated with regions volume fraction ¢' and ¢! (¢! < ¢!!) given
that ¢' < ¢* < ¢! [32]. The conservation of N4 requires V¢* = Vgl + VI and

volume conservation gives V = V! + V! which determines the volumes of each phase

II % * 1
e I (2.3)

¢II _ ¢I ¢H _ ¢I

which is known as the lever rule.

VI

Often, the shape of the free energy density can be controlled by varying some
external parameter, such as temperature. As the temperature is changed, the volume
fractions of the two coexisting phases also change. Plotting these values against the
temperature generates the so-called binodal curve, where the two branches meet
at some critical value. This is shown graphically in Figure 2.2

Another important feature of a free energy landscape is the spinodal curve. This
curve defines the region where the free energy is not convex, 9?f/9¢* < 0. As
such, a mixture in the spinodal region is unstable to small perturbations and will
decay into the phase-separated state spontaneously. There also exists a region in
between the spinodal and binodal curves that is metastable: the free energy would
be lower in a phase-separated system, but there is an energy barrier preventing the

system from transitioning to this state. This energy barrier is a nucleation barrier,
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Figure 2.1: Schematic of equilibrium phase separation, showing a system that exhibits
coexisting phases at some temperature T4, but not at another temperature T which has

a convex free energy. In the lower plot examples of the distribution of the two phases in a
system are shown with two examples of a phase-separated system.

where phase-separated regions will only grow when they are above a critical size.
A large enough perturbation, for example from temperature fluctuations, could
overcome this nucleation barrier, but often in real systems imperfections, or external
structures, can act as nucleation sites and cause the transition. This region is also
shown in figures 2.1 and [2.2] where the shaded region is the unstable spinodal

region and the boundary defines the spinodal curve [1].
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Figure 2.2: Graphical explanation of how the phase diagram for an equilibrium system
is calculated. The solid, binodal line is the boundary between the stable and metastable
state and the dashed spinodal line is the boundary between the unstable and metastable
states. The two lines meet at the critical point.

2.2.2 Regular Solution Model

Mean field models of mixtures can describe the free energy density and predict
features of the phase behaviour. Coarse grained order parameters, such as volume
fractions provide a useful description of the system, where the volume fraction
describes the local composition, but may not be homogeneous in the system. These
order parameters describe the dynamics of an intermediate scale, much larger than
the individual lattice sites and much smaller than the overall system size. The
free energy density can be calculated from the Hamiltonian of a system and, again,
the A — B binary mixture is a useful place to start. Consider a lattice where
each lattice site is occupied by either a molecule of A or a molecule of B where
v4 and vp (the size of each molecule) are the same and are equal to one lattice
site. The total number of sites in the lattice is Ny, = N4y + Ng. The different
molecules can be configured in many different ways on the lattice however the
different configurations will have different energies due to interactions between the
molecules. The lattice model can include these interactions by having different
contributions to the energy for different pairs of molecules on neighbouring lattice

sites. In general longer range interactions could also be considered, however here
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we only consider nearest neighbour interactions. For example, two molecules of
A on neighbouring sites will contribute €44 to the energy of a configuration, two
molecules of B contribute egp and a molecule of A on a neighbouring lattice site to
a molecule of B will contribute €45. The total energy of a configuration c is then

the sum of the interaction energy contribution over all neighbouring lattice sites
E.= N*e 0+ N2Beyp + NBBepp (2.4)

where N is the number of unique neighbouring lattice site pairs, occupied by a
molecule of 7 and molecule of j in the configuration. The free energy density can

be calculated from the partition function, Z, as

f(6,T) = _’“BVT In Z (2.5)

where kg is the Boltzmann constant [33]. The partition function is directly calculated

for a canonical ensemble via

Z =% exp(—BE,). (2.6)

where § = 1/kgT and the sum is over all configurations. In the thermodynamic limit
of large Ny, the sum can be well approximated by a mean field approximation. That
is, the probability distribution in configuration space becomes highly peaked around
configurations with the average energy. The sum can therefore be approximated

by replacing the energy of each configuration with the average energy, F, so

that (2.6) now becomes
Z = exp(—BE) = Qexp(—BE) (2.7)

where €2 is the number of unique configurations of molecules on the lattice and is given

by
o Nlat!
~ N4INg!

The free energy density in the mean field model is now, with (2.5), f =
—E2L(InQ + F).

Q (2.8)
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The mean energy E can be calculated in the mean field model. The coordination
number, z, describes the number of nearest neighbours of each lattice site, for
example z = 4 in a square lattice. On average z¢; of the neighbouring lattice
sites will be occupied by a molecule of i. For ¢ # j the average number of ij
neighbour pairs, N%, is the number of sites occupied by a molecule of i multiplied
by the average the number of neighbouring lattice sites occupied by a molecule
of j: N¥ = Niu¢; x 2¢;. When i = j each pair will be double counted (each
lattice site occupied by a molecule of ¢ will be considered as both the ‘main’ and
‘neighbour’ site) and so there is an additional factor of 1/2 to prevent double

counting [31]. The average energy is therefore

E = NAAEAA + NAB€AB -+ NBBEBB
(2.9)

1 1
= §ZNlat¢2€AA + 2N (1 — @) peap + §ZNlat(1 — ¢)%epp.

Using ([2.5) the free energy density is

f(9.T) = _kaT (ln <Njﬁ}z\t;3!> - z]glat (0%ean +2(1 = 9)dean + (1 - d))zeBB)) |

(2.10)
The first term is simplified using Stirling’s formula, In N! = NIn N — N for large
N to give InQ = —Nj (¢In(¢) + (1 — ¢)In(1 — ¢)). The average energy term
can be simplified as the phase behaviour is independent of the exact value of
f, or f/0¢ and so the physics of the system is invariant under a transform
[ — [+ k1 + koo Specifically, choosing k1 = zegp/2 and ks = z(epp — €44)/2

the free energy now becomes

f(9.T)
kT

= ¢In(¢) + (1 —¢)In(1 — @) + x(1 — ¢)¢ (2.11)

where we have set the volume of each lattice site as 1, so that V' = Nj,;. Additionally,
we have defined the Flory-Huggins interaction parameter y = —ﬁ(e AA + €BB —
2e4p), which is the energy change when a molecule of A is taken from an environment
of pure A and put into an environment of pure B. When x < 0 it is energetically
favourable for the components to mix and when x > 0 it is favourable for the

components to remain separate [31]. The spinodal region can be found by directly
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calculating 9%f/0¢* and shows the existence of a critical point at ¢ei = 0.5
and Xeit = 2. The system cannot phase separate when x < 2. The critical
point must occur at ¢ = 0.5 as the system is symmetric under exchange of
A, B — B, A, however the homogeneous system can be stable for all ¢ even when
mixed interactions are unfavourable x > 0. This is because when 0 < y < 2, the
entropic terms in the free energy contribute more than the cost of the interactions
and so the system remains stable. In equilibrium theories of phase separation it

is the interactions that drive the phase behaviour [1].

Generalisations of the Regular Solution Free Energy

The Flory-Huggins theory gives the free energy of a binary mixture in ([2.11]),
however a similar form of the free energy can be extended to describe a broader
class of mixtures. Consider a system of N components, where the mixture is made
up of volume fraction ¢; of component i (i runs from 1 to N). In a system with
non-conserved particle number (such as an active system discussed later) the free
energy will have additional enthalpic terms. This is intrinsic energy from chemical
bonds in a molecule of each species and is proportional to the number of molecules
of that component, so that the enthalpic contribution to the free energy density is

fentn = Zsi@ (2.12)

i i

where ¢; is the enthalpy per molecule of component ¢. If different components
in the system have molecules that occupy more than one lattice site, then the
previous calculation of €2, the number of microstates, is overestimated, as nearby
sites will necessarily be occupied by the same molecule. This modifies the entropic
contribution to the free energy and the Flory-Huggins theory gives the entropic

contribution as

fontr = 3 kBTfjf In ¢, (2.13)

as if a molecule is larger, then there are fewer molecules per volume and therefore

fewer microstates [31]. Volume effects will also appear in the calculation of
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the chemical potential, due to the conversion between volume fraction and the

number of molecules

_oF _ 9f
=N, ~ "oe

(2.14)

For a mixture of N components the full theory will describe interactions between
all components so that the contribution to the free energy from interactions becomes
fie = 30 "L 616 (2.15)
1,J
where the sum denotes the double sum running from 1 to NV for both indices, the
factor of 1/2 means each interaction is only counted once and the scalar interaction
parameter, y, has now become a matrix of interaction parameters, x;; [34]. It is
convenient to use a symmetric form of the interaction matrix, so that x;; = xji.
The matrix can also be made to have a vanishing diagonal as follows. Noting
incompressibility, >, ¢; = 1, gives

fe = %@%‘ = Z (Ci¢i - (Z Ci¢i¢j>) + Z %Cbi(bj

) i J

= zl:a@ + ZXJ: (X; - Ci) $i®;,

where the ¢;s are a set of N arbitrary constants. Defining x;; = x;; — 2¢; and

(2.16)

choosing ¢; = x;;/2 eliminates the diagonal term so that x; = 0 for all i. The
c;¢; contribution can be contained into a modified enthalpic term which includes
the intrinsic enthalpy and self interactions & — &; + X;i/2. Since the free energy
can be written in terms of these modified enthalpic terms and interaction terms,
it is convenient to immediately drop the tildes and write the free energy using an
interaction parameter with zeros on the diagonal.

The final contribution considered here describes an energy of interfaces and is
related to the surface tensions between domains of different compositions. Similarly
to the interaction term, in the case of an N component matrix, the interface
contribution to the free energy will be composed of couplings between the gradients

of the volume fractions of each component to give

fuwt = 32 5H(V1) - (V) (2.17)
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where x is an N x N matrix that recovers the surface tension in the system. Another
consequence of incompressibility is >°;, V¢; = 0 and so
ot = 325 (V91) - (Vy) = S5 (V) - (V) = Vo (Z quﬁj)
i\j i.j j
=3 (5 ) (760 (v
(2.18)

where setting 2b; = k;; shows that the gauge of the system can be chosen such that
ki = 0. Additional terms that go like higher power gradient terms, or external
potentials can be added to the free energy, however these ingredients capture all
features of the classical theories of phase separation and the resulting dynamics.
The overall Flory Huggins free energy density, frm, is therefore
fon =3 | LT+ e)+ Y Moo+ 3 "

i=1 | Vi J=13#i 2 J=1j#i

(V6 (V65)|. (2:19)

2.3 Dynamics of Multi-Component Mixtures

2.3.1 Conserved Dynamics

Model B Dynamics

The static lattice picture can describe the free energy of a system, but, alone, does
not describe associated dynamics. The lattice model can be extended to include
the evolution of a system through configuration space by considering exchange of
molecules of neighbouring lattice sites. In this picture (and also physically), the
number of molecules of each species does not change and so the behaviour of the

volume fraction for each component must obey a continuity equation, namely
¢ =—V-J; (2.20)

where i labels each component, and J; is the volume fraction flux [27]. Assuming
near equilibrium linear response [35], changes to the distribution of a component will

be driven by changes in the free energy and will be proportional to the associated
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thermodynamic force, specifically the chemical potential. The canonical Model B

dynamics capture this chemical pressure and give the volume fraction flux as
J

where pi; is the chemical potential of the i component, M;; is a set of generalised
mobilities and the sum runs over all components in the system [27], [36]. The JV
term describes the noise and must obey the appropriate fluctuation dissipation
theorems. In the thermodynamic limit of a noise free model considered here the JV

contribution vanishes. The chemical potential for each component, u;, is given by

of

i = vig (2.22)

where the functional derivative is used since ¢; depends on position.

Mbobilities for Incompressible Models

The model B dynamics introduce a set of transport coefficients, or mobilities M;;,
which describe how the volume fraction of the i*" component responds to the
chemical potential of the j® component. This is a general form of the linear
transport relationship found near equilibrium in thermodynamic systems where the
spatial fluxes, J; are proportional to a set of generalised conjugate thermodynamic
forces, X, so that J; = >°; L;; X;. The phenomenological coefficients are L;; and
define a matrix that must be positive semidefinite to ensure a non-negative entropy
production rate. Considering the fluxes of each component, as in (2.21]), we similarly
find that the matrix defined by M;; must be positive semidefinite. Additionally,
from the Omnsager reciprocal relations, the transport coefficients of the particle
fluxes must be symmetric under exchange of 7,7 — j,7. Here however, the flux
describes the transport of volume fraction rather than particle number and so the
forces and displacements are not conjugate [35]. As such the reciprocity is broken
and M;; # Mj;, however again using the size of individual molecules to convert

between volume fraction and number density gives

U;
J
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In this work, we assume that the mixture is incompressible. This simplifies
calculating the non-conserved dynamics (see Section [2.3.2)) and is consistent with

biologically relevant aqueous solutions. An incompressible model requires >, ¢; = 1

and so Y, $; = 0. Substituting in the Model B dynamics, and give
b= V- (ZMZ-NMJ) =3 V- ((ZMU)VM> = 0. (2.24)
i % J J ?

In order for this to be true in general, for non-uniform systems, i.e. Vp; # 0,

it is necessary for the mobilities to satisfy

> My =0 (2.25)

which constrains the mobilities and enforces that the fluid remains incompress-
ible [37]. An N-component mixture, has a total of N x N mobilities. The
reciprocity-like constraint in reduces the number of free parameters to
N(N +1)/2 and the incompressibility condition adds a further N constraints to

give N(N — 1)/2 free mobility parameters.

2.3.2 Non-Conserved Dynamics

Reaction Rates

In addition to spatial fluxes of component from the Model B dynamics, chemically
active mixtures will also permit fluxes in chemical space, i.e. the conversion of a
molecule of ¢ to a molecule of j. Putting these dynamics into the binary mixture,
we allow the reaction A = B, and an immediate consequence of incompressibility
is that the reaction must conserve volume, so here vy = vg. In general the volume
of the reactants must equal the volume of the products which is simple for this
1:1 stoichiometry but could be more complex for non-conserved molecule number.
The change in the free energy due to the reaction is dF' = pusdNy + updNp =
(ta — pp)dNy where dNy = —dNp by conservation of total molecule number.

There is therefore no net conversion between molecules of A and B when pys = upg.
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Considering detailed balance [32] for the system constrains the relationship between

the forward and backward reaction rates

TA-B HA — KB
=exp | ——— 2.26
TB—A P ( kT ) (2.26)
which allows us to identify the net transfer from A — B as
rasp —Tpsa = K| exp Ha— B _ 4 (2.27)
kgT

where the prefactor K is to be determined, but constrained to be positive. This
makes sense as if us > pp then we have net A — B, when ug > pa then we
have net B — A and as expected there is no net flux for us = pp [32]. The rate
still depends on K, which could be constant, or a function of system parameters.

Typically we choose K to recover mass action kinetics.

Enzymatic Activity

Enzymes act as catalysts in biological reactions and increase the rate of a reaction, for
example by lowering the activation energy. The increase in rate can effectively toggle
a reaction so that it can only happen in the presence of this enzyme component.
We consider a reaction that converts A to B where there are additional Fuel

reactants and additional Waste products,
Enzyme + Fuel + A = Enzyme + Waste + B. (2.28)

We assume that the system is in contact with a Fuel and Waste reservoir that main-
tains constant chemical potentials, jtpye and fyasee, and define Ay = pipyer — fiwaste
which is also constant and drives the reaction. Alternatively, Au could represent the
energy transferred by a photon in a light-activated catalytic reaction. Using
the rate of A — B of this reaction in the presence of the enzyme can be written as

— A
TasBE —TBsar = Kpg| exp Rl B el 1 (2.29)
k) ) kBT

where the reaction rate is proportional to the local concentration of the enzyme

component, pg, and K’ is a modified rate prefactor. Reaction kinetics of enzymes
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are often described using Michaelis—Menten kinetics with 74,5 ~ pppa/(Ky + pa)
where K, is the Michaelis constant and pj is the concentration of the substrate,
A [3§]. In both descriptions of the kinetics, the rate increases linearly with pg and
K’ could be modified to include the Michaelis-Menten kinetics in the substrate
concentration. The description given by is more complete and can capture

the effect of interactions on the rate of conversion.

2.4 Minimal Model of an Active Mixture

The simplest model that will encapsulate all of these effects requires at least two
components for a chemical reaction to occur, e.g. S = P (substrate to product)
and a third enzyme component (E), that permits the driven, catalytic reaction
described in . At every point in space and time the system is parameterised
by three volume fractions; ¢s(r,t), ¢p(7,t) and ¢e(r,t), corresponding to individual
molecules of volume vg, v, and v, respectively. The mixture is incompressible and
S0 ¢s + @p + @ = 1 everywhere and consequently the reaction requires, vy = v,. In
living systems, enzymes have much more complex structures than reactants and so
we expect the size of this component to be much larger v, > vg, v, [3]. This increased
size is also expected to result in increased viscous drag and reduced mobility for an
enzyme compared to the other components. The Flory-Huggins theory of suspensions
gives the free energy of the system as F' = [ dr fpy, with the free energy density

N1

fFH {¢z Z

- it + kT log i), (2.30)
where ¢; is the enthalpy of component ¢. Importantly, we do not include any
interaction terms in the free energy, in particular fry does not contain terms of

the usual form x;;¢;¢;. This implies that phase separation in this system would be

impossible at equilibrium. The chemical potential of a component is given by

1
i =¢; +kgTlogp; +1 andso Vy; = kBTfV¢i (2.31)
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which drives the conserved dynamics of Model B. For the mobilities we assume

the common form where

and 8 = (kgT)~' [39]. The mobility constraints imply M;; = —>,; M;; and
v;D;; = v;Dj; |37], [40], [41]. The transport coefficients D;; determine the rate
at which the components respond to local effective concentration gradients and
exchange positions, and as such are inherently related to the phenomena of
diffusiophoresis, cross-diffusion and Maxwell-Stefan diffusion.

We make the model active by allowing non-equilibrium (fuelled) conversion
between two components, substrate (S) and product (P), catalysed by an enzyme
(E). This can be described by the reaction E+S+F = E4+P+W, where F and W
represent fuel and waste molecules, respectively (as discussed in Section . We
do not model the dynamics of the fuel and waste here, but assume Ap = g — iy
is constant. The catalysed reaction converts substrate to product with rate r..
and we also model the spontaneous reaction (that does not require enzyme) which

converts substrate to product at rate rg,, (note that these contributions might be

negative as this flux is always expressed in the direction S — P). Evaluating ([2.27))
and (2.29) with the chemical potential from (2.31]) gives

T'spo = TSS;P - TSPP?S - k:spo[eﬂAeqss - ¢p]7 (233)

Tcat = TS%P - TP%S = kcat¢e [¢s - ¢pe—ﬂ(AE+Au)]’ (234)

cat cat

where Ae = £g —ep. The rate constants here have been scaled to better disentangle
the effects of the various parameters; ks, = Kgpo/dp and keqr = K, care” A [ (y dp).
We will typically take Ae < 0 and Ae + Ap > 0, so that the spontaneous and
catalysed reactions run preferentially in the P—S and S—P directions, respectively.

Combining the conserved and non-conserved dynamics and defining R = 74, +
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reat Tesults in the evolution equations for the three-component system

b =V - (MecVpte + MoV ity + Moy Vi), (2:35)
6o =V - (MecVpie + M Vite + MoV, ) — R, (2.36)
bp =V (MpeVjie + My Vpis + My, Vi) + R. (2.37)

2.5 Catalysis-Induced Phase Separation
2.5.1 Stability of the Homogeneous Steady State

The minimal model in — has a homogeneous steady-state solution when
R = 0. Since the enzyme component is conserved in the system we can define ¢
as the average enzyme volume fraction in the initialisation of a system, such that
the total volume of enzyme component in the system is V¢}. Given a ¢, solving
R = 0 gives steady state volume fraction for the substrate and product components

kspo + kcatgbzeiﬁ(AEJrAm

= 2.38
%= O Kspo + Keat @pe™PAHA) + ko008 + Kear (2:3%)
* % kspoeﬁAe + kcat¢:
Do = Porp *o—B(Det+Ap) BAe * (2.39)
kspo + kcat¢e€ H 4+ kspoe + kcatgbe
with ¢7,, = 1 — ¢;, which is the average volume fraction of the substrate and

product combined (¢%,, = ¢} + ¢;) and is also conserved.

We can study the linear stability of this homogeneous steady-state by considering
a small perturbation ¢;(r,t) = ¢f + d¢;(r,t), giving u;(r,t) = pi + dpi(r,t) and
define mobilities at the homogeneous steady state M;; = M;; (¢, %, ¢5). Setting
f =1, to first order in the perturbation ou(r,t) = W and thus Vy,(r,t) =
(;—:V(Sgbi(r,t). Additionally, define how the reaction rate changes under a small
change in ¢; to be R;, such that R = Ry0¢s — R,0¢, + Re0¢. where the sign changes

for the product component to keep R, > 0. This gives

Rs = kspoeﬁAE + kcat¢z (240)
Ry = kipo + kearie” 7BTHAH) (2.41)

—BA
Re = keat[¢F — pre PAHAM] — g Eeatkspo(1 — e7PA1) |
e cat | Py p s+p kspo + kcat¢ze*ﬁ(As+Au) + kspo BB e &
(2.42)
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It is convenient to consider the perturbations in Fourier space as d¢;(q,t) where q is
the spatial frequency of a perturbation so that d¢;(q,t) = |d¢;(t)| exp (q . r\/—l).

The governing equations then become

54%56 (M + M;e) ¢* _Ms*er g* _M;ef;z gp 6¢e
5o | = M;;QT* ~Re (Mg + Mé';ij‘*) — R, ~M, %+ R, b
y * * * Ve * 6
0y ~M;. L + R, SMLE R (M4 M) LR, \%%

C

where the dot indicates the time derivative. In this formulation, we can explicitly
see the incompressibility being imposed as the columns of C sum to zero. We now
eliminate one of the components, e.g. d¢, = —d¢e — d¢g, and define a 2 x 2 matrix,
IC, describing the evolution of the remaining components. This is obtained from C

by subtracting the last column from the other two (i.e. IC;; = C;; —Ci3 for i, j € 1,2),

giving
) _ ( (M* + Mge)qs* + M;e:))e g* _M;e:je :Z]?* + Mge Z: :}15* ) <6¢e> )
Mife — Re+ My % — Ry (Mg, + M%) % — Ro+ M3, % — R, ) \90s

K
The eigenvalues of K determine the stability of the steady state. The system is

stable if and only if all eigenvalues of I are negative. The Onsager relations and
the non-negativity of R; mean Ky ; and Ky are always negative, so tr(K) < 0
and there is therefore one positive eigenvalue if det(C) < 0. The instability
condition then becomes

2 2

((M;;+M;)q +M*”eq><(M* M e)——R L Rp)

gbe pesgb S¢s Sp¢
2
*eq *Ueq *q *q
Mse——+Me—— M2~ — R+ M}~ —R,|.
<(-mpgonig)(-wg-neng -n)
(2.45)

When q is very large, we expect the system to be stable as in this regime the
evolution is dominated by diffusive relaxation. For g = 0, the system is at critical
stability due to global conservation, as this corresponds to a uniform change in

¢;. As such, since it only depends on ¢? and g*, the instability condition is

(2.43)

(2.44)
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satisfied if and only if it is satisfied for very small g>. With this in mind we
take (2.45)) to order ~ g* which gives

1 1 R, Yp s
vedr = gp) w1l 1) (Rs B Rp> (246)

where we have defined

*
M,

_ M.
- Mg+ M,

. __pe 2.47
i Mz, + M, (2.47)

and 7, =

This condition can also be written to constrain the relative volumes in the system

Tp Vs
Rl ——-——1|-1], 2.48
(RS RP) ] ( )

which shows that the instability is favoured by larger enzymes, the biologically

U _ d)Z*
Ve 1_¢e

relevant case. With the common choice of mobilities (Me = —fDse0otps and

Mye = —BDpeep) the instability condition becomes

1 + 1 < Re Dpe - Dse
UGQS: US<1 _Cbz) US<1 —Cbz) DPGRS—FDseRp.

(2.49)

A system satisfying this inequality is unstable to small perturbations and as such this
defines the spinodal line for the active minimal model. In calculating this condition,
we eliminated the product component from the system and determined the stability
by considering stability of the remaining two components. Eliminating either of
the other components gives the same result. A quick check can be seen by noticing
the stability condition is invariant under S, P — P,S and R, — —R.. This is
equivalent to considering the reaction terms in the opposite direction, or equivalently
eliminating the substrate instead. Prior work often imposes incompressibility by
eliminating one of the components in the free energy using ¢; = 1 — 37, ;; ¢;. This
can be useful when eliminating a solvent component, but in dense systems such as this
three component mixture, all components need to be kept on an equal footing to see
the coupling between responses to gradients as a consequence of the incompressibility.

Since the left hand side of is always positive, an instability is possible
only if the right hand side is positive as well. The sign of the right hand side is
controlled by that of (1 — e #2#)(D,. — Ds.), which has several implications. First,
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Figure 2.3: Processes leading to catalysis-induced phase separation (CIPS). (a) Enzymes
convert substrate into product by a fuelled catalytic reaction, while product turns into
substrate spontaneously. (b) The catalysed reaction creates gradients of substrate and
product around enzyme-rich regions, which attract more enzymes when the off-diagonal
transport coefficients coupling enzyme fluxes to product and substrate thermodynamic
forces satisfy Dpe > Dege.

an equilibrium system with Au = 0 is always stable, as expected from equilibrium
theory of a multicomponent mixture with no interactions. Second, for a catalytic
reaction favouring product formation with Ap > 0, an instability is possible only
it Dpe > Dge. Third, if D,e = D the system is always stable. Intuitively, the
instability arises from an enzyme rich region locally producing a higher concentration
of product (Ap > 0) and creating a gradient of the product concentration. Due to
the unequal response of the enzyme to gradients of substrate and product when
Dye > Dge, the enzyme will preferentially move up the product gradient towards
the enzyme rich region, resulting in effective enzyme-enzyme attractive interactions
and further aggregation. This process is governed by the activity and we call it

catalysis-induced phase separation (CIPS). Figure summarises this mechanism.

2.5.2 Numerical Simulation

Numerical solution of the evolution equations, ([2.35)—(2.37)), confirms the existence

of this instability. We choose ¢ and solve for the steady state volume fractions of

the other two components, ¢; and ¢7, using (2.38) and (2.39). We initialise a 1D
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system with 200 grid points and a width of QOOM, with volume fraction
de(x) = ¢F + d4(x) where at every grid point, d4(x) is drawn from a uniform
distribution between —0.005 and 0.005, to simulate spatial Gaussian noise. The
initial substrate and product concentrations are given by ¢;(z) = ¢F — ¢} 04(z) /(P +
¢%), which enforces constant volume everywhere. We impose no-flux boundary
conditions at the edge of the grid.

Figure shows the spontaneous formation of regions of high and low enzyme
concentrations when the system is unstable. Initially the large wavenumber, short
length modes decay due to diffusive fluxes and following this longer wavelength
modes are excited. Non-linear effects disrupt the growth of the Fourier modes and
the system forms dense regions high in enzyme and dilute regions low in enzyme.
These regions coarsen over time, ultimately resulting in two distinct phase-separated
domains. Moreover, repeating this simulation with the same parameters but varying
the amount of enzyme in the system, ¢}, only changes the relative size of the high
and low concentration domains, without affecting the concentration values in the two
domains. This observation suggests the existence of a binodal line, as in equilibrium
phase separation. This behaviour can be observed for all parameters which we
simulated (Kcat/kspo = 1-100, ve/vs = 2-100, —Ae ~ 5-30kgT’, Ap ~ 5-50ksT,
D,e/Dge = 1-100). The observation of macroscopic phase separation, rather than
pattern formation or microphase separation, is further supported by the linear
stability analysis showing an instability at the largest wavelengths (¢* — 0).

The growth rate of an unstable mode is given by the eigenvalues of I in equation
(2.44]). The fastest growing spatial frequency can be determined by maximising
this eigenvalue. This straightforward maximisation gives a long expression which
provides little insight, however, we approximate this mode by minimising the
determinant with respect to q? (since the trace also depends on g? this will not be
exact). We call spatial frequencies that minimise the determinant q,; and we find

(92 — Dvs(@zve(Mpe Ry (Re — Ry) — MyeRs(Re + Ry)) + (92 — 1) Ry Ryvg(Mpe + M)
(Rp + R) (05 (ve — v5) + vs) (Mgpvs(Mpe + Mge) + MpeMeve)

aiy =

(2.50)
However, there will be a maximum value of q? for unstable modes. Solving for
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det £ = 0, we find that modes with q? > 2q3, will not be excited as for these
frequencies K has two negative eigenvalues. For the system simulated in Figure
we find that only wavelengths longer than 15.&/?/@Spo are excited and the
fastest growing mode has wavelength 22.6\/chSpo (and is well approximated by
(2.50) which gives 22.4\/mkSpo ). Additional studies of two-component mass-
conserving reaction-diffusion systems have significant parallels to the minimal active
model studied here and have shown coarsening leading to macrophase separation
at long times [42], [43]. A useful next step therefore is to try to predict the dilute

and dense phases theoretically.

2.5.3 Effective Free Energy and Binodal

In the macroscopic limit, we expect the substrate-product equilibrium in the bulk
of each phase to be governed by the reaction terms that act locally, rather than
by spatial diffusion. This implies that the substrate and product concentrations
are enslaved to the enzyme concentration by ¢s ~ ¢¥(¢.) and ¢, ~ gb:;(gbe), with
the functions defined in and . The system and its dynamics can now
be described entirely as a function of the enzyme volume fraction ¢,. All volume

fractions, chemical potentials and mobilities describing the system are enslaved

to ¢e. As such (2.35) now becomes

) = ey s oy dity
po =V ((Meed¢e+MeSdgbe+Mepd¢e Voo |. (2.51)

We can recast the dynamics of the enzyme as gﬁe ~ V- (MeV piegr) with an effective
chemical potential for the enzyme, pg. In phase separating systems these reduced
dynamics will not be well-behaved as the phase boundary will become infinitely
sharp. This can be prevented by including a gradient term in the free energy
that penalises sharp interfaces, for example a surface tension. Here, we express
the dynamics as above to highlight the comparison to an equilibrium system
where the phase behaviour can be determined by the free energy. The effective

chemical potential satisfies

do. | Meodoe T M. do.

(2.52)

d e Mesd S Me d
Vueff:( a i p “*’)que.
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Figure 2.4: Numerical solution of an active mixture undergoing CIPS. The evolution of
the system is shown at varying times. The time is non-dimensionalised by 20ksp, and the

length by \iDse /kspo- The circle, triangle and square identify the homogeneous steady
state and the dense and dilute enzyme phases, respectively, for comparison with Figure

The system is initialised with a uniform steady state of ¢ = 0.15, ¢s = 0.736, and
¢p = 0.114, with Ap = 8kpT, keat/kspo = 1, Ae = —5kpT', Dpe = 4Dge, and Dps = 5Dge.
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This means that by direct integration of the term in brackets with respect to ¢,
we can calculate an effective chemical potential for the limit of fast reactions in
the system. For the minimal model used here this integral can be evaluated

exactly to give

Heft (gbe)
kgT

= log ¢ — ~*10g[Ducs? (90) + Dyedy(62)]: (2.53)

We can also identify an effective free energy density foi(¢e), such that peg = ve CL’:;H,

which can be explicitly calculated by direct integration to give

Ae
feff(¢e) o ]-kspo( 1 ‘|‘€B 1 o [kcat ¢e +65(AE+AH)(1 + eﬂAg + k:catgbe)‘|

kBT vp kcat 1 + e—ﬁ(Aa—i—Au) kspo Spo
Dse + DpeeﬁAE kcat B(Ae+Ap) BAe kcat
- Dpe + Dsee_ﬁ(AEJ"A“) log [Dsek:spoﬁbe +e (Dse + Dpe6 + Dpekspoﬁbe)}

1 1

1
+ ( - ) Be + —log[L — 6] + 6 (U log ¢ — leg[Dsed):(%) + Doty (¢e)]

Up Ve Up b

(2.54)

Since g can be determined up to a constant term, f.g can be determined up to
addition of an affine function in ¢.. The effective dynamics bo ~ V- (MeeV o), with
et = Ve frg(de), drive the system towards a state that minimises the total effective
free energy, under the constraints that the amount of enzyme and the volume of the
system are conserved. Consequently, if the effective free energy is a good description
of the system, the two phases the system forms should be predicted using the
common tangent construction on the effective free energy. A variety of numerical
methods can then be used to calculate the common tangent points as this problem is
equivalent to finding the convex hull of the free energy [31], [44]. We then construct
the binodal line by varying the system parameters and tracing out the points of
coexisting phases. This graphical construction equates the chemical and mechanical
pressure in the system, however it is important to note that here we are dealing
with a nonequilibrium system, and moreover the effective pressure quantities were
only obtained in the limit of fast reactions. In particular, as in other nonequilibrium
systems [45], the thermodynamic pressure may not necessarily coincide with the

mechanical pressure exerted by the system on the walls of its container.

)
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Having obtained both the spinodal and binodal curves, we can construct the
phase diagram for the minimal active mixture as shown in Figure The phase
separation is driven by the enzymatic activity and so the relevant control parameters
in the system are the catalytic rate, k.., and the strength of the non-equilibrium
drive, Au. As the strength of the enzymatic activity is decreased, the spinodal
line (calculated from (2.49) ) meets the binodal at a critical point showing good
agreement. Below this critical point, the non-equilibrium drive is not strong enough
to overcome diffusive fluxes and cause the phase separation. These results also
agree with the numerics for the system, where initialising a system in the unstable

region ended with two phases as predicted from the effective free energy.

2.5.4 Stability of a Four-Component System

An additional solvent component (e.g. water) can be added to the system similarly
to the enzyme component, with conserved dynamics and no reaction terms. We
label this component W with volume fraction ¢,. Following a similar procedure as
for the no-solvent case, we can expand around a steady state where we now have

wp 71— ¢s but ¢, =1 —¢%, , — ¢: where, similarly to the enzyme component,

@5, is the average volume fraction of component W and is constant in the system.

We can eliminate the solvent volume fraction to give a 3 x 3 matrix describing

the evolution of the E, S, and P volume fractions

. . T T
(00, 005, 0)" = K (dbe, 6bs, dby) (2.55)
with
(12 * Ve q * Ve q * Ve (1 q2
(M, + M, + M, ) +MWe w¢ —M; **Jereuw¢ -M;; E?+A’wevw¢
* q2 * Vs 2 * 612 *  Us q2 * 2 Vs 42
—Mse¢; Re+]\/1 S B (leev—+MSl>+M QT—RS-‘-]\/I e T BT — M 4)* +Rp+1\4wgrqT
—MZ* ﬁ+R + My, ”——2 -MZ, +R + M ”—ﬁ (Mo 3 4+ M2, + My, ) — Rp + M s
pe ¢l ° Puw ¢, Vw b DFU p

We now assume that the substrate and product dynamics are fast in comparison

to the enzyme. Setting d¢ = 6(}510 = 0 gives

0pe = (Kgh)1.100¢ (2.57)

q2
WP Uy B

. (2.56)
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Figure 2.5: Phase behaviour and onset of CIPS. (a,b) Spinodal lines [from (2.49)]
and binodal lines (from the common tangent construction of feg) for (a) varying keat
with Ap = 8kgT and (b) varying Ap with keat/kspo = 1. (¢) Numerical simulations
showing the evolution of a uniform steady state with ¢, = 0.15 into two phase-separated
regions. The circle, triangle and square identify the homogeneous steady state and
the dense and dilute enzyme phases, respectively, and are plotted in all other panels
for comparison. (d) Stability diagram of a mixture including a water component, for
Ap = 8kpT and keat/kspo = 1. The darker and lighter shaded regions mark the spinodal
regions for ve/vs = 20 [also used in (a—c)] and ve/vs = 85, respectively. Additional
system parameters in (a-d) are Ae = —5kpT, Dpe = 4D, and Dps = 10Dge; in (d)
Dew = Dgw = Dpyw = 5Dge and vy = .



2. Active Phase Separation of Dense Mixtures 34

and so the system is unstable when

(Kw)22(Ky)z3 = (Ky)2,3(Kw )32

Ky = > 0. 2.58
( w )1,1 detUCW) = ( )
The numerator of (2.58)) is, to order g2,
M:evie + M::’S ]\4*6E + M\::' S
@ — R, — Rbe b B (R R,) (M + M) | (2.59)

o % Vw by,
With the common choice of mobilities, M;; < 0 for ¢ # j, and R; > 0, the expression

(2.59)) is positive and the instability condition is simply
det(Ky) > 0, (2.60)

which marks the transition from having all negative eigenvalues to having two
negative and one positive eigenvalue. The determinant of Ky has many terms and
even when truncated to order g? it is not a manageable expression. Numerically
evaluating this expression we find that in the low solvent limit (¢, — 0), and
assuming the common form of the mobilities in (2.32), we recover the no-solvent
case. Additionally, we find that the uniform steady-state can be unstable even when
all the solute components (enzyme, substrate, and product) are in dilute conditions,
as shown in Figure [2.5(d). This demonstrates the wide reach of this work and
its potential application to realistic systems, where the components of the active

minimal model may be part of a larger ensemble of molecules.

2.5.5 Enzymatic Autoregulation

A biologically pertinent question is what happens to the enzymatic activity when
the system phase separates. The average rate of catalysis in a region of size
L is given by 7Teyy = % fOL reatdz in a simple 1D case. In a homogeneous state,
rear Will be constant throughout the system and, using , we find that in
the CIPS relevant regime (Ae < 0 and Ap + Ae > 0) the activity becomes
77((;23 X Pe(1 — (1 + keat/kspo)de) + O(¢2) which is a concave function of ¢.. In a
phase-separated state, 7., is a weighted average of the catalytic rates in each phase,

with the weights determined by the lever rule. Due to the concavity of rca(¢e), we
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find that the catalytic rate in the phase-separated state is always smaller than in
the homogeneous state; rea: (@@l + (1 — @)@l) > arcar (o)) + (1 — @)rear(¢) shown
graphically in figure 2.6(a) (here « is the fractional volume in each state with
0 < a <1). We observe a similar behaviour when we vary a control parameter
such as Ay, which is controlled by the concentration of the fuel molecules in an
experiment; see figure (b) In the homogeneous phase, 7, initially rises and
then saturates with increasing Au. The phase separation reduces 7., in the whole
system and leads to saturation at a lower activity. Through this mechanism, CIPS
can act to autoregulate the enzymatic activity of the mixture: once the activity
reaches a threshold, the system phase separates and gives rise to a reduced overall
catalytic rate. A similar saturation effect is seen when other system parameters,

such as k.., are varied causing the system to phase separate.

2.6 Discussion

The minimal active model studied here provides a thermodynamically-consistent
description of a multicomponent fluid and identifies a new, purely non-equilibrium
mechanism for phase separation as a consequence of the catalytic, fuelled conversion
between two components (substrate and product) by a third component (enzyme).
Alongside the fuelled catalytic reaction, this catalysis-induced phase separation
(CIPS) requires an asymmetry in the off diagonal mobility terms, which describe the
strength of coupling between enzyme-substrate and enzyme-product thermodynamic
forces and fluxes. An immediate question is therefore whether this asymmetry is
present in real living systems, or, for synthetic systems, if it is hard to engineer
this asymmetry.

At present, measurements of the off-diagonal Onsager mobilities for biologically
relevant enzyme-substrate-product systems do not exist, however for a typical
biological catalytic process, we expect both the spontaneous and catalysed reactions
to be strongly driven, and the enzyme protein to be much larger than the small
molecular substrate and product. Given that the kinetics of catalysed reactions are

generally much faster than those of spontaneous ones (due to the reduced energy
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Figure 2.6: Effect of CIPS on catalytic activity. (a) Activity as a function of the initial
¢e. In the phase-separated state, the activity is a linear combination of the activity of
the homogeneous states on either side of the binodal, which due to convexity is always
smaller than that of the homogeneous state. (b) Evolution of activity with increasing Ap.
As the system phase separates, the overall catalytic rate is reduced. When ¢, = 0.065,
the system passes through the critical point and there is no metastable homogeneous
branch. System parameters are Ap = 8kpT', kcat/kspo = 1, Ae = —bkpT, Dpe = 4D,
and Dps = 10Dge.

barrier, with kcu > kspo), this implies that the threshold mobility asymmetry
required for CIPS can become vanishingly small. A priori, there is also no reason
that the substrate and product will have symmetric response to gradients of
the enzyme chemical potential and features of the molecular structure that may
affect the coupling, such as shape or charge distribution will not be the same
for different molecules. Existing experimental observations [46], [47] of unequal
response of enzymes to gradients of substrate and product suggest that an asymmetry

may generically exist between the enzyme-substrate and enzyme-product Onsager
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mobilities. Furthermore, alternative descriptions of multicomponent diffusion, such
as Fickian cross-diffusion [48] and Maxwell-Stefan diffusion [49] are equivalent to
the Onsager framework and both molecular dynamics simulations and experimental
measurements of these systems exhibit asymmetric responses [50], [51].

The mechanism behind CIPS is reminiscent of mechanisms for chemotactic
or phoretic aggregation, where species move directly in response to gradients in
other species [52], [53] and can cause active components to self organise, such as
interacting microorganisms or catalytic colloids [25], [54]. However, these studies
were based on microscopic descriptions of the chemotactic or phoretic response,
typically valid only under dilute conditions, whereas using the framework developed
here keeps all components on equal footing and is valid for systems at arbitrary
densities. This is particularly relevant to lipid membrane systems with high lipid
compositions that could act as components of the minimal model.

Due to the catalytic conversion, CIPS is fundamentally non-equilibrium and
results in phase-separated states with non-vanishing fluxes, distinct from equilibrium
mechanisms for phase separation. The latter rely on the presence of interaction
terms (e.g. x;;¢:¢; and k;; V¢, - V;) in the free energy density fry. Despite also
requiring a size difference between components, CIPS is distinct from the entropic
phase separation induced by depletion effects that is observed in binary hard-core
mixtures [55], which results in equilibrium phase-separated states with vanishing
fluxes. Future work may explore the competition or cooperation between equilibrium
interactions and non-equilibrium catalytic effective interactions in phase separation.
In particular, here we focused on effective interactions that are attractive, i.e. those
with (1—e #2#)(Dpe — Dy.) > 0 so that the right hand side of is positive. One
may also consider repulsive effective interactions, with (1 — e ™#2*)(D, — Dg.) < 0.
In this case, we expect that an enzyme-rich condensate held together by equilibrium
interactions may be dissolved by sufficiently strong non-equilibrium catalytic activity.

Another extension is to consider multi-step metabolic pathways, where the
production of intermediate metabolites is known to regulate other reactions in

the network and thus act as a feedback mechanism that inhibits overall metabolic
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activity [56], [57]. CIPS provides a novel mechanism for this complex control of
metabolism which, somewhat uniquely, autoregulates a single-step catalytic reaction
and provides a simpler mechanism, potentially more amenable to fine-tuned synthetic
control. A more complex reaction system with distinct enzymes, multiple species,
or a different stoichiometry will change the regulatory effect of the phase separation.
How this feedback could be used to control metabolic pathways is a relevant question.
For example, CIPS may lead to colocalization of distinct enzymes within the same

condensate, allowing for substrate channelling as in cellular metabolons [29], [5§].
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3.1 Introduction

In addition to forming protein rich liquid droplets, many proteins are embedded in,
and interact with, existing cellular structures. Biological membranes are abundant
and are crucial to cellular and sub-cellular organisation. Membranes allow for the
spatial and temporal management of reactions and the separation of substances
and environments [59]. In addition to the familiar cellular membrane, eukaryotic
cells also contain internal membranes that form the boundaries of organelles such as
mitochondria, chloroplasts and lysosomes [60]. Biological membranes are sheet-like
lipid bilayers that are two molecules thick (4-10nm) [3]. These are dynamic, fluid
structures in which proteins float in a sea of lipids diffusing along the surface of
the membrane, and different composition of these proteins and lipids can generate
asymmetry across the membrane. In addition to compartmentalisation, biological
membranes serve several additional functions necessary for life, such as energy
storage and information transduction, and many of these are driven by the proteins
associated with them [61].

Membranes are also a central focus in the development of novel biotechnology
and biologically-inspired materials. For example, surrounding substances with
lipid bilayer membranes can create small compartments called liposomes that can
aid in drug delivery [62]. More recently, the development of DNA origami |63]
has allowed for the engineering of sophisticated biomimetic systems of membranes
that can control adsorption. These membranes are also candidates for controllable
barriers, with engineered DNA nanopores displaying gating properties similar
to natural ion channels switching between open and closed states depending on
the transmembrane voltage [64]. Conventional engineered systems often rely on
materials with specific properties at the atomic/molecular scale, but lack the
hierarchical structure of interacting building blocks to enable macroscopic dynamic
behaviour which is seen in biology [65]. Tunable and functional modules with
active membranes may provide a scheme to develop these types of systems [66]. In
addition to controlling the permeability of membranes, origami structures mimicking

membrane-sculpting proteins have also been reported [67] and present the possibility
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of controlling the shape of membrane bound compartments. Understanding more
about the forces that govern the shaping and behaviour of membranes will therefore
not only aid understanding of biophysical processes, but will also help devise
new bioengineering systems.

The shape of membranes is also crucial to proper development and function.
The endoplasmic reticulum (ER) and the Golgi apparatus have complex boundaries
defined by the curvature of the internal membrane, but they have distinctly different
shapes. Both structures have very large surface area for their volume, however
the ER is more tubular compared to the more saccular Golgi apparatus [60]. This
difference in structure may be related to the different functions of these organelles
or be a consequence of the material within the organelle. Regardless, in order
to understand the physical origin of these shapes, it is crucial to understand the
interplay of the membrane with other biomolecules and structures and in particular
the proteins embedded or tethered to the membrane. Membrane-bound proteins
have been shown to be directly connected to membrane curvature and also to
function, for example endocytosis being controlled by curvature inducing proteins
that curve the membranes to form vesicles and allow the cell to take in external
substances by engulfing the material [68].

Different mechanisms can control the changes in membrane shape. For example,
transporter proteins can generate forces by moving material across the membrane,
or the cytoskeletal structure can pull on the membrane [69]. These forces act to
change the natural shape of the elastic membrane which has a bending stiffness
and resists shape changes away from a rest configuration. Deformations in the
membrane shape can also be caused by a variety of curvature-inducing inclusions,
such as proteins that can bind to the membrane and insert structures that wedge
the membrane and cause a bend [59], [70]. Two or more of these inclusions can
then interact elastically, as the membrane responds to a curvature that is locally
imposed by each inclusion as sketched in Figure[3.1} Since these proteins are also
able to move within the fluid membrane, they will respond to forces pulling them

together or pushing them apart to minimise the energy of the global deformation.
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Figure 3.1: Example of three inclusions embedded in an elastic membrane and the
resulting membrane shape from two different angles. The inclusions can interact via the
elastic-mediated membrane forces (represented by the red arrows here).

The Bin/amphiphysin/Rvs (BAR) domain proteins are a common family of
curvature-inducing membrane proteins that have a curved domain and induce
curvature on the membrane by binding to it. The BAR domains consist of a protein
dimer and are involved in many cellular processes. They can both sense the curvature
of the membrane by preferential binding to regions with specific curvature and
also influence the membrane shape. Different BAR domains have different shapes
and this can cause different deformations in the membrane. One common feature
across the BAR domains is that they are not rotationally symmetric (viewed from
the top as they lie on the membrane) and so the proteins impose more complex
constraints on the membrane than simple bowl like deformations. This anisotropy is
essential to the formation of membrane tubules, as symmetric deformations imposed
by bowl-like proteins, such as clathrin, form spherical vesicles instead . Thus,
it is crucial to understand the elastic interactions between anisotropic proteins to
gain insight into how membrane elasticity influences the cellular environment. Prior
work has studied the role of elastic interactions between membrane bound curvature
inducing inclusions [70], [72]-[74]. Different models assume different membrane
tensions, inclusions separations and inclusion shape. One alternative to describing
the distribution of individual interacting inclusions is to study the evolution of a

density field that describes the distribution of curvature inducing inclusions on the
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surface of the membrane. Continuum models [6] have been developed to study the
stability of a uniform distribution of curvature inducing particles on a spherical
vesicle. In addition to the elastic energy, the continuum framework is amenable to
adding additional effects, such as the correlation of fluctuations, additional inclusion-
inclusion interactions, out-of-equilibrium power input, and allows for the possibility
of coupling the resulting deformations to the actomyosin cortex or other important
cellular structures/processes [69], |75]. Growing instabilities in the distribution
of curvature inducing inclusions may act to co-localise membrane proteins and to
drive large scale shape changes in the cell [76].

However these top-down density field models do not specify any details of the
mechanisms behind these interactions. This would be useful to know, to investigate
specific regions of parameter space that correspond to the parameters observed
in vivo. Understanding the mapping from individual particle properties to the
parameters in the density description would present a new way to measure these small
scale properties, provide alternative verification of current measurement techniques,
or highlight broken symmetries from anisotropic curvature inducing inclusions. At
very high densities of inclusions, interactions preventing inclusions from overlapping
can drive the formation of a nematic phase [77]. However, at lower densities,
when the separation between these inclusions is large, the elastic interaction is less
intuitive and the role of tension that resists deformations further complicates the
interactions. This is the situation we study here: a system of interacting inclusions
embedded in a fluid membrane with tension that are well separated. This study is
initially motivated by biological observations. However the results and methods are
more general and they can provide mechanisms for the control of interactions of

synthetic membranes and the formation of structures from individual inclusions.

3.2 Background
3.2.1 Helfrich Hamiltonian

A common approach to describe the response to loads applied to an elastic sheet

that is fluid along its surface is to use a Hamiltonian describing the energy of



3. Membrane Mediated Elastic Interactions 44

the membrane. In this case, the strain energy of the system is only associated
to curvature effects [78]. The traditional setting for this type of model is the so-
called Helfrich Hamiltonian that gives the strain energy for a particular membrane
geometry, described by the mean curvature H and Gaussian curvature Kqg [72],
[79]. Additionally, to model the observation that the two monolayers in biological
membranes can have different lipid composition inducing a non-flat initial geometry,
we include a non-zero intrinsic mean curvature, labelled Hy.

Therefore, we model the lipid bilayer as a surface €2 endowed with an elastic

energy F that only depends on the curvature:

E:/ S(H = Hy)? + ®Kg + T dA (3.1)
Q

Helfrich Hamiltonian
where k is the bending stiffness, % is the saddle-splay modulus, T is the tension
and the integral is taken over the entire membrane, € [80].

In this work, we consider {2 with fixed topology and with constant surface
normal direction at the boundary of any inclusions. Therefore, the Gauss-Bonnet
theorem ensures that the contribution from the Gaussian curvature, K¢, only
contributes to a constant in the energy and thus does not affect the subsequent
physics [78], unless there is a change in the membrane topology. Note that the
Gauss-Bonnet theorem also includes a contribution from the integral of the geodesic
curvature of the membrane along the membrane boundary. This contribution needs
to be evaluated at infinity and around each inclusion. Infinitely far away from the
inclusions the membrane returns to being flat and so this contribution is constant.
In this work we only consider rigid inclusions that impose a fixed contact angle
(that can vary along the edge of the inclusion). The rigid inclusions define the path
of the boundary and, together with the fixed contact angle, also determine the
normal vector to the membrane surface at the inclusion edge. These two quantities
determine the geodesic curvature of the membrane along the edge of the inclusion.
The geodesic curvature does not depend on other features of the membrane shape
or the orientation of the inclusion. Since this contribution is also constant, we do

not need to consider the Gaussian curvature in the minimisation.
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3.2.2 Monge Parameterisation

Cell membranes are much larger than curvature inducing inclusions (often these
inclusions are simply proteins). In particular, the giant vesicles used in many
experiments on the physics of membranes are around 20 pm in size [81], but
many times larger than the 22 nm diameter of the abundant curvature inducing
Bin/amphiphysin/Rvs (BAR) domain [71]. At the scale of the protein we therefore
expect membranes to appear locally as planes (Hy = 0) with small regions of
curvature induced by inclusions. As the proteins interact and potentially accumulate,
or other cellular mechanisms force the membrane to curve this approximation may
break down, but the assumption of a flat membrane provides a useful regime to
explore the onset of these effects and allows us to use the Monge parameterisation
to describe the surface [78].

The Monge parameterisation describes every point on a membrane as having
some height above a reference plane. We non-dimensionalise the position and
height of the membrane by an arbitrary length, L, so at any point on the plane
r = (Lxz, Ly) the membrane is at height £ Lh(r), where = and y are non-dimensional
positional coordinates in the reference plane. Since we expect deformations to be
small, we have introduced a small non-dimensional parameter, £ < 1, that rescales
the non-dimensional height, so that h is O(1). This parameterisation describes
surfaces that have small deformations and no overhangs and allows us to write the

mean curvature of the membrane, H, in terms of h(r) to give

V.€h(r) 1 Veh(r) g )
(w + (VoEh(r >) A (Vl + (VEh(r >)_LW(>+O(€)’
(3.2)

where the approximation is valid for {|Vh| < 1 and we have used V to define
gradients in the dimensional coordinates and V to define the gradients in the

non-dimensional coordinates, x and y. The area element is not simply given by

dA = L2dxzdy, but instead:

dA = (1 + L*&|Vh|?/2 + O(£))d(Lo)d(Ly) = (1 4+ 3| Vh[*/2 + O(&*)) L dzdy.
(3.3)
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In the zero-temperature limit, the physical membrane will minimise the energy,

E, in (3.1), which in this parameterisation is

TL?
E=TA+ 52/9 [;(V%)Q + 2|Vh|2] dzdy + O(&%), (3.4)
where A is the area of the flat membrane and p = /k/(TL?), is a typical non-

dimensional length scale for the problem. We write this energy as

E =TAy+ k€*E (3.5)

where the non-dimensional energy, E, is

B= ; /Q ((v%f + ,ﬂyvm?) dzdy + O(€%). (3.6)

The shape of a physical membrane acts to minimise this energy. Considering
a variation in h(r), i.e. h(r) — h(r) + 0h(r), the scaled energy becomes to

first order in dh

E[h(r) + 6h(r)] = E[h(r)] + / Sh(V*h — i~ 2V2h)dA
3.7
+ f (V&hv% — ShVPh + ,u‘25th> -nds = 0, 3D

for a membrane with no spontaneous curvature (Hy = 0). Therefore (3.4) is

minimised when the membrane satisfies the so-called shape equation:
Vih — u=2V?h = 0. (3.8)

Additionally the boundary terms vanish when the energy is extremal, which
imposes two further constraints on the boundary of the membrane. Firstly, the

minimisation requires
f (V6hV?h) - nds = 0, (3.9)

which is solved by either fixing the derivative of h perpendicular to the boundary,

that is n - V&h = 0, or by setting V2h = 0. Secondly, the minimisation requires

7( (~6hV3h + i 26hVh) - nds = 0, (3.10)
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which is solved by either fixing the value of h on the boundary, dh = 0, or
by (V3h + p2Vh) -n = 0.

Bending and deformations of the membrane are imposed by boundary conditions
on h. For example the edge of a curvature-inducing inclusion will introduce an
interior boundary with associated boundary conditions. In the bulk, the membrane
then satisfies the shape equation subject to these constraints, and infinitely far away
from the inclusion, the membrane returns to being flat. The perturbed membrane
returns to being flat more slowly when tension is lower compared to the bending

stiffness, and the membrane becomes flat more quickly in higher tension systems.

3.3 Omne Inclusion in an Elastic Membrane

We begin by considering a single circular inclusion of non-dimensional radius € in an
elastic sheet. The inclusion imposes a contact angle at its edge, and thus will induce
a shape deformation in a flat membrane as shown in Figure [3.2] The membrane
will respond elastically and will adopt an equilibrium shape that minimises the
energy subject to the imposed contact angle. The inclusion can arbitrarily tilt and
move vertically to minimise the energy. We calculate this minimising shape in a
non-dimensional polar coordinate system, (r,¢), with origin at the centre of the
inclusion so that the boundary of the inclusion is given by r = e.

In the bulk of the membrane, the scaled height, h, follows the shape equation,
(3.8). Far away from the inclusion, we impose the that the elastic sheet returns

to the flat rest shape, so that

@
or

r—00

= 0. (3.11)

Additionally, the membrane shape is constrained by the contact angle &(¢), which
defines the slope of h at the edge of the inclusion relative to the plane of the inclusion.
Here, the curvature-inducing inclusions are modelled as circular, however varying
the contact angle around the edge of the inclusion gives the inclusions an orientation.

The varying contact angle therefore induces an anisotropic response of the membrane
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and so the membrane response will depend on the inclusion orientation, as is expected
for many biophysical structures that break the radial symmetry.

Since the contact angle is periodic around the edge of the inclusion and assumed
to be continuous, it can be expanded in Fourier modes as

oo
a(p) = > a™ cos(me + vyn). (3.12)
m=0

We expect the lower-order modes to induce the largest deformations and capture
the distinct behaviours of curvature-inducing inclusions. As such, we consider the
first three modes of the expansion of the contact angle, when m = 0, 1, 2, which we
refer to as the monopole, the dipole and the quadrupole modes, respectively.

The dipole mode contributes to the contact angle with a positive contribution
on one half of the inclusion and a negative contribution on the other half and
consequently generates a tilt in posture of the inclusion at equilibrium.

The quadrupole and monopole modes do not generate tilt, as the sign of the

contact angle is symmetric about the diameters of the inclusion.

7 —

Figure 3.2: Contact angle induced by a circular inclusion. The top scheme shows a
cross section of the inclusion. The bottom two surface plots show the membrane response
locally to an anisotropic inclusion, where the arrow indicates the orientation.
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3.3.1 Monopole and Quadrupole Modes

The lowest order modes that do not induce a tilt for a single inclusion are the
monopole and quadrupole modes, where the quadrupole mode breaks the radial
symmetry and gives each inclusion an orientation. The monopole and quadrupole

modes have strength @© and @® respectively so that the contact angle is
a(¢) = @ + a@ cos(2¢), (3.13)

as we can choose to set vy = v, = 0 without loss of generality (this amounts to
choosing the orientation of the inclusion in the membrane). Despite not inducing a
tilt, the monopole gives the inclusion a clear up and down orientation (a bowl looks
different holding soup U or trapping a spider N, face up or down) and so compared
to the far-field flat membrane, we expect the inclusion to be positioned at some
non-zero height, 7, that will be up or down from the initial plane depending on &©).

The boundary conditions for the membrane around the inclusion are therefore

gh = a9 + a® cos(20) + B cos ¢

-

r=e (3.14)
h =y + e cos ¢,

where 7 is to be determined by force balance on the edge of the inclusion,
equivalent to (3.9) and . The force balance also gives f = 0, as the
monopole and quadrupole do not induce a tilt (Section considers the tilt
inducing the dipole mode).

The general solution in the bulk to the shape equation with a monopole

and quadrupole is
h(r,¢) = A1 + Aslog(r) + Aslo(r/p) + AyKo(r/ 1)

3.15
+ cos(29) <A57"2 + f; + A L(r/p) + Aﬂ@(r/u)) : (3.15)

where I, and K, are modified Bessel functions of the first and second kind
respectively. However, since the membrane is assumed to be flat as r — oo

we find A3 = A5 = A7 = 0. At the boundary of the inclusion, the normal derivative
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is fixed by the contact angle. Since the inclusion is rigid and not tilted dh(¢) is
constant and the force balance in (3.10) becomes

/0 ” eai (V?h — 1 *h) dg = o. (3.16)

Evaluating the integral for the membrane gives As = 0 and we choose, without
loss of generality, the far-field membrane height to vanish so that A; = 0. The
remaining terms must satisfy the boundary conditions from the imposed contact

angle and inclusion shape, which are satisfied when

57(0) 722 K. 57(2)
A4:— ol 7 AGZ el 2(6//1‘)’ A8:_ ar ] (317)
Ky (€/ ) Ky (e/p) Ky (€/ )
Therefore, the membrane shape that satisfies the boundary conditions is
5(0) 72, K. ~(2)
a®p aPeuKs(e/p) o aPpu
00 6) = = e Rl ) + cost20) 72 - S o)
Ki(e/n) Ki(e/p) Ki(e/n)
(3.18)
and using (3.14) gives the inclusion height
PO Ko (€/ 1) (3.19)

Ki(e/p)
which does not depend on the quadrupole mode as expected. The energy of the

membrane can now be found by evaluating the energy functional (3.4)) using the
solution in (3.18]). A convenient way to calculate this integral is to integrate by

parts, and evaluate the boundary terms. Using the identity

Oh 0 Oh
272 —2 2 2 B 2 2
/Q((V h)* + p=°|Vh| )dxdy / <V hi&n h—a (V=h) + h8n> ds,
(3.20)

and the condition that the membrane is flat far away from the inclusion gives

the energy of the membrane to be

5 Lo 5, 0h 0 2
E= 2/0 (v%r hs- (V2h) + i~ s >d¢ (3.21)

where the integral is evaluated at r = €. Evaluating this energy on (3.18)) gives

de (¢ +2p%) Ko (¢/ 1)

5 (a0): TeBole/n) | o) ¢
E ( ) MKl(E/M)+< ) 82,u 9?1 + 164° + T )
L L6 Ky (¢/n)” — Epky (6/u)2] .
Ky (¢/p)°

(3.22)
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This result is valid for one inclusion in an elastic membrane with small deformations.
However, for the small inclusions that induce membrane curvature the length scale
of the system L (such that p ~ O(1)) will be much larger than the radius of the
inclusion so that € < 1. The limiting behaviour of the modified Bessel functions for
small arguments is Ko(z) ~ —In(z/2) — ygm, where ygy is the Euler-Mascheroni
constant and for n > 0 then K, (z) ~ (2/x)"T'(n)/2. The energy of the deformation

to fourth order then further simplifies to

2 > (a® i me?
E=n(a®) - |(a®) +(2) ?(WEMHn(e/m))JrO(&). (3.23)

The form of the energy has two terms, corresponding to the radial and azimuthal

curvatures at the boundary of the inclusion.

3.3.2 Dipole Mode

We now consider an inclusion that imposes a contact angle with a dipole mode that
is proportional to cos . When embedded in an elastic membrane, the inclusion will
tilt to directly oppose the deformation of the membrane that the dipole boundary
condition generates. This tilt alters the slope of the membrane at the inclusion edge
(as the contact angle is measured relative to the tilted inclusion) and also changes
the footprint of the inclusion, which will now appear as an ellipse in the xy plane,
making the shape equation hard to solve with the elliptical internal boundary.
However since we consider small deformations, {|Vh| < 1, any tilt of the inclusion
will also be small. Without loss of generality, we consider tilts along the y-axis and
define the angle that the tilted inclusion makes with the reference plane as £, where

B is O(1) as shown in Figure 3.2l The boundary of the inclusion is the solution to

2 z’ 2 2 202\ _ 2
y+COS(§5)~y +a2°(1+&°6°) =¢ (3.24)
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which is unchanged to first order in &. The tilt will also change the height and

gradient of the membrane at the boundary edge. The boundary conditions are

h| = efcos o, (3.25)
o9

oh -

a0 » = (a(l) + 6) cos(¢), (3.26)

as well as the membrane returning to being flat far away from the inclusion. The

general solution with the dipole mode is
A
h(r,¢) = (Alr + 72 + AsKi(r/p) + A4]1(T/u)> COS . (3.27)

Following the same steps as before, the solution that satisfies the boundary conditions

18

(a0 +28) ¢ (a1 +28) Ki(e/n)
h(r,¢) = (_Ko(e/,u)Kl(e/'u) + b + Kole/ 1) oS ¢.

(3.28)
Additionally, we need to solve for the tilt that minimises the membrane energy, which
is equivalent to the zero-torque configuration which we can find from the boundary
terms in . As the inclusion is rigid, the variations on the boundary and variation

in the derivative are connected to variations of the tilt, 3. The geometry gives
Voh -n= —§Fcos ¢ and dh = €df3 cos ¢, (3.29)

so that the torque balance becomes

0
’h —e— (V?*h — u%h = :
\Y eaT(v [ )aQ 0 (3.30)
which is solved by
26K
P (efw) (3.31)
Ko (/1) + Apk (/1)
The energy of the membrane is
2
_ s (&(1)>
E = 4 (4 + p*) Ky (e/p)?
8 (eKo (¢/ 1) + 4pK1 (¢/p))’ ( ) (3.52)

+4e (€ + 1?) Ky (e/ 1) Ko (/) + ko (e/p)” — uky (e/p)” |
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We consider again the limit of small inclusions, ¢ < 1, and expand the en-

ergy to obtain

7 (aW 262 7 (a® ? n(e M) €2
( ) n ( )(1(/2U)+7 ) +O(€5).

E = 3.33
812 32ut (3:33)

Comparing this energy to the energy in obtained for the monopole and
quadrupole, we can observe that each term of the dipole contribution can be found
in the monopole and quadrupole energy, but the dipole contribution always appears
at a higher order in €. Hence, the dipole energy can be seen as a higher-order
correction of the monopole/quadrupole energy. In similar work [80] the dipole
mode was shown not to affect the interactions between small inclusions as the
inclusions could simply tilt to balance the forces from the dipole. Therefore, we
do not consider this mode in deriving the elastic interaction between inclusions

and we will not consider dipole effects further.

3.4 Multiple Inclusions in an Elastic Membrane

When multiple inclusions are embedded in an elastic membrane, the resulting
deformation field can be calculated in the same way as for a single inclusion. Each
inclusion will constrain the value of the membrane height and its derivatives on
an interior boundary defined by the inclusion edge. Away from the inclusions the
membrane returns to being flat. In general it is not possible to solve exactly for the
shape of the membrane for an arbitrary configuration of inclusions. However, the
small size of the inclusions can be exploited to find an asymptotic solution for
the membrane shape.

The inclusions are assumed to be much smaller than the distance between
inclusions. We set L as the typical inclusion separation and the non-dimensional
inclusion radius is €. We will consider the case where ¢ < 1 where p remains
O(1) as € = 0. The deformation field around each inclusion will be dominated by
the constraints from the contact angle of that specific inclusion. This defines an
inner region around each inclusion which is of size O(e). When viewing the system

on length scales comparable to the separation of inclusions, the membrane shape
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will be determined by all inclusions and this defines the outer region, as shown in
Figure [3.3] Studying the shape of the membrane in both regions and using matched
asymptotic analysis give a perturbation series for the deformation field everywhere
in response to the presence of all inclusions and so the interaction energy of the

deformation due to the position and orientation of each inclusion can be calculated.

Y I'eg.:
SR

O T0°

O

outer region

Figure 3.3: Summary of the inner and outer regions for the problem of multiple, small
inclusions interacting through the membrane. There is an inner region around each
inclusion.

3.4.1 Calculating the Membrane Shape

We begin by considering a system containing N inclusions, each of which we model
as a circular disc. The i*" inclusion has contact angle &; and its centre at (z;,y;) and
we define the anticlockwise bearing and distance between the i*" and ;" inclusion to
be 0;; and R;;, respectively. The anisotropic inclusions also have an orientation and
so we define 1); as rotation of the inclusion ¢ measured from the z-axis. The typical
separation between inclusions defines the length scale, L, used to non-dimensionalise
this problem. This geometry and setup is shown in Figure [3.4 The inclusion has
a posture described by the height of the centre v; and two angles 3;; and ;2 that
describe the tilt about the y- and x-axis, respectively. Even if the contact angle
has no tilt inducing Fourier mode, the location of other inclusions could break the
symmetry and generate tilts. Therefore on the boundary of the i*" inclusion

h =i + Bin(@ — 25) + Bio(y — yi), (3.34)
oD,
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similarly to the setup in (3.25). Again since we expect small deformations, the

boundary will be unchanged to first order in £&. The contact angle imposes

oh 0

0
= &;(z,y) + Ba a

on;’

x
+ Bi2

T (3.35)

on; aD;
where 1n; is the normal to the boundary in the zy-plane. When ¢ < 1, the height
displacement of the inclusion is given by (3.19):

v = €69 (ypu + In(e/20)) + O(2). (3.36)

To keep the typical displacements as O(1) we set a(¢) = e 'a(¢) where a;(¢) ~

O(1). We include a monopole and quadrupole mode due to the contact angle so that
a; (@) = ol 4 o cos(2¢). (3.37)

The anisotropy of the inclusion is defined as w; = a?)/ 041(0) and we will consider
the distinguished limit of strong anisotropy and strong tension: w; = O(1) and
p = O(1) as ¢ — 0. In this regime the interactions between well separated
inclusions are tension dominated.

Around each inclusion we define an inner coordinate system. The centre of
each inclusion, (z;,v;), is the origin for a set of local polar coordinates, (p;, ¢;)
where ¢; is measured from the z-axis. The inner radial coordinate is scaled by

the inclusion radius, €, to give

T — IT; = €p; COS ¢;, (3.38)

Y — yi = €p;sin g, (3.39)

so that the inclusion is a disc of radius 1. The membrane height in the inner
region around the i*" inclusion is h;(p;, ¢;).

We expand the membrane height and the parameters describing the posture
of the inclusion in the system in integer powers of ¢, for example, h; = hEO) +

ehgl) + 62h§2) +---and By = 61-(?) + eﬁi(ll) + 6251(12) + ---. In the inner coordinates,
the shape equation (3.8)) becomes

Vihi — €u~2Vih; =0, (3.40)
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ai = o +af? cos(2(¢; —v1)

aj = o) +ag” cos(2(0; — ¥5)

Figure 3.4: Parameterisation of the membrane elastic problem. The example shows the
distribution of four inclusions where the inner coordinate system around the ith inclusions
is shown and the parameters describing the relative location of the jth inclusion are also
shown. All angles are measured clockwise from the x-axis.

where the subscript on the gradient operator indicates the inner coordinate system
around the i*" inclusion. This equation, along with the inclusion boundary conditions
and the force balance, must be satisfied at every order. The membrane shape in
the outer region is given by ho(z,y), which we also expand in powers of €, and

the inclusions appear as point singularities as ¢ — 0.

3.4.2 Matching

At leading order the inner solution must satisfy

Vin® =0, (3.41)
hOl =4, (3.42)
pi=1
onl”
3;). = Oéo) + 041(2) cos(2¢; — 21). (3.43)
tlpi=1

Note that there is no inclusion tilt at this order. In polar coordinates the biharmonic
equation can be solved by separation of variables to obtain the so called Michell

solution. The boundary conditions only allow solutions with the monopole and
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quadrupole angular dependence, giving

(2) 1
hZ(U) — %(0) + C(Z(O) log p; + % (1 — 2) cos(21; — 2¢). (3.44)
Pi

In the outer region, the shape equation for A, is the same at every order:
VAW — 2P =0, k=0,1,... (3.45)

Around each inclusion the membrane approaches a singularity, which must match
with the inner solution, and far away from all inclusions, the membrane returns to

being flat. The solution that matches and decays at infinity is given by

2
hgo) =y + Z (CMK()(TZ‘//L) + Co; COS(2(]§¢ — 2w2) (47{2 — QKQ(’T’Z/ILL)>) s (346)

where r; = ((z — 23)? + (y — y:)?)"/? and ¢; = tan™*((y — y;)/(z — 2;)). Expanding
in inner variables about inclusion 7 gives

€*p;
112

[}

C1i
B = co = ey + log(epi/2p1)) + " (1 = yen +log 2 — log epi/ )

€’ pilog(epi/2p) | € pi(4ymm — 3)
442 162

+ c9; cos(2¢; — 21);) (1 +

R;; R::
R\  Ki(=7 Ko (=2
Ko < #]> + ELM)EM cos(¢; — ;) + (2“>€203 cos?(¢; — i)

+ Z#i {Clj

2p
K, (R
! 2u(n» 08(26s = 2%-)6%?]
y ; 0, — ;) £ (Fiz
+ o | cos(2¢p; — QQij)(f (?) € cos(;; Iu¢ ) f ( m )
2 () sin?(6, — 0,)  sin(0s — 0,)F () cos?(6,— 0,)" (
22 _ o m
+ )] ( 3 + T n "
Rii\ -
7 o i 97;]'
n sin(ij B 2%) ( B 2epif ( m )Rs1n(¢ )
ij
+ 2 cos(¢; — 0y) S;:(@ —0.;)f (Ezj) )) } + 0(63)7
ij

(3.47)

>>)
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where f(a) = 4/a* —2K;(a), Rij = ((z; — 2;)? + (y; — y:)*)"/? and 0;; = arctan(z; —
z;,y; — ¥;) (as shown in Figure . This equation matches the leading order

inner solutions to give

Cy = —Q; 7, Co; — ' s (348)

and

0 €
’Yz'( ) = Co — C1i <10g <2M> + 7EM> T Zi#j{cleO(Rij/'u)

(3.49)
+ coj cos (25 — 205) f (Rij/ ) }
which holds for any inclusion. At first order, the inner equation is

vin = o, (3.50)

Bl =+ B cos(@n) + By sin(6y), (3:51)
pi=1

on)

B | =P cos(9n) + B sin(6) (3.52)
volpi=1

Additionally, as p; — oo the solution must match the first order terms in (3.47)) and so

cos(0ij) ji <—206§0)K1 (%) - 045-2) cos(2v; — 20,5) f' (i]))

hV

(2

~ Z{Pz cos(¢;) (
a§-2) sin(6;;) f (%) sin(2¢; — Qeij))

20

pi—>00

" R..
+ pisin(¢;) (Sm(eij) (—2a§0)K1 (%) —20;5-2) cos(2; — 20;;) f' (%))
- o' cos(6:) f (RMJ) sin(2¢; — zeij)) }

R;; :

(3.53)

The solution to (3.50) with the correct limiting behaviour is

h =4 + B picos(¢1) + B pisin(ey), (3.54)



3. Membrane Mediated Elastic Interactions

where the matching gives

59

cos(0) (=201 (1) ootz — 20,) ()

B =2

(3.55)

5))

21
n 045-2) Sln(em)f (Iz]> sin(2z/1j — 26”)
5(0) B Z sin(6;5) (—Qag-o)Kl (P;j) - 045»2) cos(2¢; — 26,;) f' (
2 Lt 2
a§-2) cos(0i;) f (R”) sin(21); — 26,5)

I
Rij

Note the difference of sign in the term ocsin(2i; — 26;;) between ﬁi(? ) and 59.

Expressing (3.54)) in outer variables, the only term that is first order in € is

(1)

v;"’. The matching therefore requires
B =Y,
for all ¢, so that %(1) = fy](-l) for all inclusions.

For the second order inner solution we have

204§2) cos(2¢; — 21)
N p2p?

vin® = v2pl0 —

B2 =P 4 8L cos() + By sin(6y),
pi=1
on'? _
o = By cos(¢:) + B sin(¢y),
Pi pi=1

(3.56)

(3.57)

(3.58)

(3.59)
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and from matching with the second order terms in (3.47]) we find that
(0)

s ~ —p? Z‘i (1 = yean — log e — log pi/2p)
Pi—>00 H
+ o cos(26; — 2;) (pr logf;pi /211) .\ €22 g?g B 3))
e (2207
+ cos 267 [ — 0 cos(26,) Rij Ko (RMZ&;; z,MKl ()

| | F(E) (R
+oz§-2) sin(20;;) sin (2 — 26;;) ( 2<Rl:2j) - 2'5}%)

Rij 1 Rij n (Rij
+a? cos(26;;) cos(2¢; — 20,5) (f <7> _ f ( p ) 1 f ( n ))]

j 2R?, 81 R;j 8u?
RijKo (%) 4 2pk, (B
+ sin 2¢;p? [ - ag'O) sin(26;;) : 0< #412]%; 1 ( ] )
Rij 1 [ Rij i ( Rij
+ o sm(2¢9,~j)cos(2¢j—29@'j)( QR% B 8,URuij * 8“5
f(5) (B
2 .
+ oz§ )cos(%’ij) sin(2y; — 26,5) ( Q(R%) B 2,5}%3‘) 7
(3.60)
where we have used that as a — 0,
2] 2 4ypm — 3)a?
fo1g Plo@/2) | (ew —3)a® (3.61)

4 16

Identifying the terms that depend on the inner coordinate system we write this

last expression as

he? =Mepi cos(2:) + Msp; sin(2¢;) + Mop; + M p; log p;
o @) pilog(epi/21) | pi(4vem — 3) .
+a,; " cos(2¢; — 21;) ( 8.2 + 322 ) '

The solution is, therefore,

2 2
@ _ @, (@ pi log(epi/2p)  pi(4vem — 3)
hi” =" + ;" cos(2¢; — 24;) ( 82 + 30,7

+Me (;012 -2+ P12> cos(2¢;) + Mg <p3 — 24+ p12> sin(26;) (3.63)

2 K3

+Mo(=1+ pf — 210 p;) + My (p} In p; — In py),
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where we have considered each angular mode separately. Terms that include either
cos(ng;) and sin(ng;) with n > 3 do not appear in the solution to the shape
equation as they cannot satisfy the matching and boundary conditions. When
n = 1, the solution would be (A;(p; — p; * —2p; log(p;)) +5i(11)pi) cos(¢;) and similarly
for sin(¢;). However, matching with gives A, = Bz(ll ) = 5,521 ) = 0 and so there
is no n = 1 contribution to h§2).

Writing out the full solution gives

(0) (2)
Q; o,
hl@) =A@ 4 (42) (Pz log p; — log pl-) + 16,2 cos(2¢; — 21)) (p?(?yEM —3/2)

27em — 1/2 4 2log (3, ¢
+ ) (2“) +2 — dygm — 4log <2M>

Pi

(0) K Ri;
—i—(_1—1‘0?—%210%&‘){(4’u )(1—'YEM—10g(€/2,u +J%:Z ( (0)> 04,(u2u)

CY(,2) f (%) 1! ( z;) £ ( ”>
+ (2) cos(20;; — 21)) ( R, 4/~LRU 122 ) ] }
o) [<—a;o>> o Fl) 20k (29

J#i /)z 4:“’2Rij
(2) F(R) (R
+ (oz;) sin(26;;) sin(2¢; — 26;;) ( ;g ) ILL<RU ))
@ Ry ! ij " ij
" (a;) cos(20) cos(2; = 20) (f g%‘;. ) f4/§R ). 4(u >)]
ij
+ sin 2¢; <p? —-2+ p12> [(—a§°))sin(20ij)R”K°( 41*;‘”( ()

o Ry / ( Rij n [ Rij
+ (og) sin(26;;) cos(2y; — 26;;) (f< p ) f ( ) f ( ))

R 4MRU 4p?
(2) f & f/ i
o ,
+ (%) cos(26;;) sin(2t; — 20;;) ( E%g ) M(R”)) }

(3.64)

This gives sufficient terms in the expansion of the height to calculate the de-

formation energy.
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3.4.3 Membrane Interaction Energy

We can now use the shape of the membrane to find the energy of a given configuration
of inclusions. The energy comes from evaluating which can be more easily
calculated in this regime by integrating by parts, and evaluating the boundary terms
as in ([3.20). Since the membrane is flat at infinity (0h/dp; = 0 as p; — o) the
integral is simply the integral around the edge of each inclusion which we calculate

in the inner region. Therefore, to first order in €, we have
N
E = Z B;, (3.65)
i=1

where B; is the boundary energy term around the ith inclusion, given by:
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We recognise the constant term before the sum as the deformation energy from
a single inclusion given by and note that it is independent of the inclusion
configuration. The remaining part of the energy consists of an interaction term
that for each inclusion runs over the sum of all other inclusions. We can rewrite
this double sum as a sum over all unique pairs of inclusions. For each pair of
inclusions, labelled k and [, there will be a contribution to the energy when ¢ = k
and j = [ and also when ¢ = [ and 7 = k and from the geometry of the system
Ry = Ry, and 6 = 0y + 7 (up to a shift of 27). Thus, the summand is unchanged
under the exchange of these indices and both terms involving a unique pair of
inclusions are the same. We conclude with the following important observation:
the interaction energy of a configuration of multiple inclusions is the pairwise sum

of all the two-body interaction energy terms.
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3.4.4 Identical Inclusions

Next, we will focus on the case of systems with identical inclusions, a§°) = a0,
a!? = a®| and an identical anisotropy parameter w = a(® /a(® . In this case, the
membrane deformation energy can be scaled with the magnitude of the induced
curvature. We can therefore write the membrane energy as

7(a(®)?

E==05

(Es + E), (3.67)

where E. is the constant term from the energy of embedding each inclusion
infinitely far apart so that they do not interact and E’ is the interaction energy
between inclusions. We will consider the case where y = 1. Changing u alters
the interaction energy as shown in (3.67) and additionally simply acts to scale

the inclusion separations. In this case, we define

E2(Rab7 77/}a7 wb) = QKO(Rab) + 2WK2(Rab)(COS 2¢a + cos 2¢b)

+ w2 COS(2(1/Ja - wb))Kb(Rab) (368)
48
+ (UQ COS(2(77ZJ@ + @Z)b)) <K4(Rab) - R4> 5
ab
and the interaction deformation energy is
E'=3" 3" Es(Rij, i — 05,0 — 0y). (3.69)
i j=itl

The scaled two-body interaction energy between two inclusions with positions

{(z1,y1), (z2,92)} and orientations {t, s} is

Exy($17$27y17y27¢17w2) =

E, <\/(a71—:v2)2+(y1—y2)2, 11— arctan (x1—x9, y1—Y2) , Yo— arctan (z;—xo, yl—y2)> )
(3.70)

3.4.5 Features of the Two-Body Interaction Potential

The interaction between multiple inclusions is the pairwise sum of individual interac-
tions and so we expect insight into the collective behaviour to come from features of

this two-body interaction potential. We focus on the case of identical inclusions and
(0) (2)

set for all inclusions «; * = 1, ;" = w, where setting the strength of the monopole
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to 1 simply rescales the interaction energy. For radially symmetric inclusions with
no quadrupole moment (analogous to w = 0), previous work showed that the
interaction energy between two identical inclusions decreases with separation, and
the interaction exerts a repulsive force to push the inclusions apart [82].

When the inclusions are anisotropic the interaction also depends on the relative
orientation of the inclusions as well as the separation between them. At every
separation of the two inclusions there will be some orientation that minimises the
energy. There exists a critical anisotropy, w* ~ 0.242, such that for w > w* the
minimum energy strictly increases with separation and the interaction is attractive
for all values of R, (see Figure and below). The anisotropy therefore changes
the interaction from being repulsive to being attractive. Other work also reports
attractive interactions for inclusions that break the symmetry in tension-less systems,
for example by considering elliptical inclusions [83].

When the anisotropy is smaller, 0 < w < w*, then the interaction potential is
non-monotonic and the interaction force changes from being attractive to being
repulsive, Figure show examples of this interaction potential. In this regime,
the interaction energy is minimised when vy = 1, = /2 and the system undergoes
a bifurcation to give an unstable equilibrium at separation R, and a larger stable
equilibrium separation at R*. The bifurcation diagram in Figure [3.6] shows this
transition and as w — 0 we see that R — 0 and R* — oo which gives a limiting
behaviour that agrees with the symmetric inclusion case.

The fact that this energy is pairwise might be surprising. Recent theoretical work
identified that the multibody interactions can in fact be of similar size to the two
body interactions when the membrane is tensionless [84], or at short distances where
the inclusions impose large contact angles [85]. However, in the model developed
here the membrane tension is nonzero and comparable to the bending stiffness and
the inclusions are well separated with each inclusion inducing a small deformation.
The tension will localise the membrane deformation to each inclusion with small
slowly varying deformations in the outer region connecting the inclusions. It is

these small deformations in the outer region through which the inclusions interact.
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Figure 3.5: Energy of a configuration of two inclusions separated by a distance R, with
the inclusions orientated perpendicular to the line separating them. The maximum £
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Figure 3.6: Bifurcation diagram showing how the existence of equilibrium solutions

depends on the anisotropy parameter, w.

3.5 Systems of Interacting Inclusions

Armed with this potential describing the interactions between curvature inducing

inclusions, we can explore the structures and dynamics of various configurations of
inclusions. The fluid mosaic structure of the lipid bilayer allows for in-plane fluid
flows with high viscosity [86], [87]. Forces acting on inclusions embedded in a lipid

bilayer will therefore cause motion as the flows allow the system to relax and find an
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energy minimum. Due to the high viscosity, we expect the motion to be overdamped
and so each inclusion undergoes a gradient descent in the energy of the system, given
by the interaction potential derived earlier. Continuing with the flat membrane
approximation, we take the gradient of the energy in the xy-reference plane which we

used to construct the Monge parameterisation. The motion of each variable follows
nll
Gi = poky, = —Mqaaz, (3.71)
where ¢ is either z, y, or v, [i, is a non-dimensional mobility, and £, is the
force acting on the particle (note that ¢ is non-dimensional). When the energy
is at a minimum in all variables, the configuration will not evolve in time and
we call this a stationary configuration.

From the zy symmetry of an infinite membrane, we have that i, = p, and
mobilities are connected to diffusivities via the Einstein relation (D o ). The
ratio of the translational and rotational diffusivity D7/ Dgoxe® where € is the radius
of the circular inclusion and € < 1. As such we expect that fi,, i, <fiy so that
the orientation of the inclusions relaxes much faster than their position [83], [88].
In this work we will often take f1, = 10p, = 10ji,.

Starting with an initial configuration of inclusions, we can evolve the system
numerically using a third order Backward Differentiation Formula method [89).
This will allow us to study the evolution of inclusions subject to membrane

mediated elastic interactions.

3.6 Rings, Lines and Lattices

3.6.1 Rings

There are many possible ways to arrange n inclusions, with each inclusion being
described by two positional coordinates and an angle describing the orientation.
This creates a huge space of possible inclusion configurations. To gain insight about
inclusion interactions, we start with simple geometries, such as lines, rings, and
lattices. Due to their symmetry, rings are particularly easy to handle. Therefore,

we investigate inclusion interactions by placing them evenly on the vertices of a n
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sided polygon of radius [. We first look for the conditions that such a configuration
is an equilibrium, then explore its stability and how stability changes depending
on the asymmetry parameter (w), or the spacing between the inclusions (the size
of the ring). We restrict the study to configurations where all inclusions are
separated by at least R to prevent the collapse of structures caused by the diverging
interaction energy for small separations.

The ring is parameterised by the number of inclusions, n, and their distance, [,
from a central point. This forms a regular polygon of edge length [, = 2l sin(7/n)
— the separation between neighbouring inclusions. We label each inclusion from

1 to n with the " inclusion at position
(zi,y;) = (Lcos(2mi/n), lsin(2wi/n)), i=1,...,n. (3.72)

However, there are two choices of v; for the inclusions to form a maximally symmetric
arrangement. These arrangements are when the axis of each inclusion either points
radially (¢; = 27 /i) or tangentially (¢; = 27 /i 4+ 7/2) as sketched in Figure 3.7
We can calculate the energy as a function of the radial separation. The energy
for a symmetric arrangement of n inclusions is given by

_ P

Eyme = 5 ; E.y (1,1 cos(2mi/n),0,1sin(27wi/n), 0, 27i/n) (3.73)
where rather than summing over all pairs we just note the n-fold rotational symmetry.
The factor n/2 prevents double counting and when n = 2, we recover the two body
interaction energy given by .

For a ring of n inclusions, there is some edge length, [.(n) that minimises
the energy of the configuration. This equilibrium ring size can be determined
numerically and is shown in Figure for varying n and for two different values
of w. There are two different values of [, for each n: the inclusion separation that
minimises the radial configuration, [%(n), or the tangential configuration, I7(n).

Depending on n, we find the following equilibrium configurations:

o When n < 4, the tangential equilibrium ring is smallest, (¥ (n) < (%(n).
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Figure 3.7: Radial and tangential setup for rings of n = 2,5, 12.

o When n = 4, we have [1(4) ~ [F(4) (with [1(4) < [®(4)). This is due to the
fact that the symmetry of the two body interaction implies that the adjacent
inclusions have the same interaction energy in both the radial and tangential
configurations and the only difference between the two configurations comes
from the pairs of inclusions in opposite corners. In fact, only the diagonal
energy term that is proportional to (cos 2, + cos 2¢y) is different between

the two arrangements.

o For n > 4, we have, [I(n) > [®(n), the radial equilibrium ring is smallest
and for large n we find that {F(n) ~ [%(2) and f(n) ~ IT(2). This can
be understood as follows: for large n, adjacent inclusions in the tangential
configuration look very similar to the radial configuration of the two inclusion
case i.e. nearest neighbours for the tangential n = 12 in Figure look similar

to the setup in the radial n = 2 case on the left of the figure.
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Figure 3.8: Comparisons of the equilibrium ring configurations for different sized rings,
showing; inclusion to inclusion separation (left), energy per inclusion (centre), and least
table eigenvalue (right) for inclusions with w = 0.1 and w = 0.2. Both the radial and
tangential configurations are shown. The radial configuration all have ¥ = 27i/n,
compared to the tangential case of ¢! = 27i/n + 7/2.

The stability of a configuration of inclusions can be determined by studying
the eigenvalues of the energy Hessian matrix, H € R?**3"  evaluated for a ring
configuration. Here, the Hessian is defined as

O2E'
Hi i = )
! 3pi3Qj

i)j:]‘7"'7n7 p7q€x7y’,¢)' (3'74)

If the Hessian is positive semidefinite, H > 0, all of the eigenvalues are positive
and the energy increases under any perturbation. This means the equilibrium is
stable and under the overdamped dynamics, the system will approach this minimum
state from other configurations in the basin of attraction.

The Hessian and the eigenvalues can be calculated for different sized rings.
For any n there are three zero eigenvalues that correspond to the symmetries of
the energy: two orthogonal translations of all inclusions and a rotation of the
position and angle of all inclusions. In addition to these modes, for n > 2 all
other perturbations increase the energy of the system and we conclude that: rings
of n inclusions are stable for all n > 2.

The Hessian, H, being a 3n x 3n matrix, it is difficult to provide a clear
interpretation of its eigenvectors for large n. Since we expect the translational

dynamics to be much slower than the rotational dynamics, we can reduce the
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number of degrees of freedom by considering only the rotational degree of freedom
for each inclusion.

Perturbations in the angle are always stable. However it is instructive to study
the corresponding mode associated with the eigenvectors. When n is even for both
the radial and tangential configurations, the least stable mode - i.e. the mode with
the least positive eigenvalue - is a mode with the angles all perturbed by the same
magnitude, but with alternating sign between adjacent inclusions, i.e. d1; = (—1)%0).
For rings with odd numbers of inclusions these alternating rotations would create
a mismatch between the first and n'® inclusions which can generate a frustration
in exciting this oscillatory mode. In fact, for n > 3 and odd, the eigenvector with
the lowest eigenvalue still corresponds to rotating adjacent inclusions in opposite
directions however the magnitude of these rotations varies in such a way that at
the mismatch the magnitude of the rotation is very small, d1; oc (—1)"sin(7i/n).
Uniquely when n = 2, the radial configuration is unstable, however the unstable

mode is given by an equal and opposite rotation of each inclusion.
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Figure 3.9: Stream plot showing gradient descent for a ring of inclusions in the
reduced parameter space of the alternating angular modes at various inclusion-to-inclusion
separations. Shown for n = 6, w = 0.1 and the key features are the same for w = 0.2.

Focusing on a ring with even n number of inclusions, this eigenvector with
alternating signs for the rotation connects the radial and tangential configurations.

For example starting at the radial configuration, if we perturb all angles by v, =
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(—1)'m/2, the system will be in the tangential configuration. This path represents a
trajectory between the two configurations with constant ring radius [ that begins
and ends along the path of minimum energy. Setting v; = (—1)%0t + 2mi/n and
varying 61 and [, we can explore the energy landscape of these configurations
in a massively reduced parameter space that will still give a good representation
of the stability of the system.

Figure[3.9/shows the gradient descent flow of a ring of inclusions constrained to be
evenly radially distributed with an inter inclusion length of /., and with orientation
perturbations that alternate when measured from the radial configuration. The
minima for the two maximally symmetric cases are shown by the red dots and, as
expected, the system will approach these two stable configurations anywhere in
the phase space. At large [, the system will approach the nearest configuration
in angular space, however at low separations the system approaches the radial
(01 = 0) configuration for a wider range of angles.

Despite being a subspace of all possible configurations, this observation is
informative of the basin of attraction of these two equilibria in all configuration space
and indeed when simulating the gradient descent of a random set of perturbations,
it is observed that the radial configuration emerges more frequently when the

system is initialised at a smaller ..

3.6.2 Lines

Infinite Lines

As the number of inclusions in the ring increases, the length between neighbouring
inclusions, [., converges to a constant equilibrium value and the ring radius tends
to infinity. In the limit this ring of inclusions becomes a line of inclusions separated
by l., and with all inclusions having the same orientation, either ¢; = 0 or m/2
which are analogous to the limits of the tangential or radial rings respectively.
Similarly to rings of inclusions, we can explore the energy landscape of the line.
Since there are infinitely many inclusions, we expect the energy of the configuration

to be infinite. The energy of the interacting inclusions will still be pairwise and
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so we define the energy of a radial line (¢; = 7/2) of inclusions with a separation
lo to be EE (I.). We have
Efipe(le) =Y Ea(Ryj,m/2,7/2)
i#]

= S S Bl x jon/2.7/2),

i=—00 j=1

(3.75)

where we can identify the energy per inclusion of the line as 3272 Ey(loxj,m/2,7/2).

When z is large, K,(z) ~ e *//x and therefore >°°; K, (nz) will converge. We
also have 3% ,(1/n*) = 71/90 and so the energy per inclusion in an infinite line
will be finite (see dtp = 0 in Figure [3.10)).

For rings of inclusions, we studied the least stable perturbation of the orientations
of the inclusions, where each inclusion is rotated by the same amount but in opposite
directions. A line of inclusions can be perturbed in the same way and again this
will transition between a configuration with ; = 0 to 1; = 7 /2 for all inclusions,
i. The energy of a system with ¢); = (—1)"d¢ is given by summing over the
inclusions that are rotated in the opposite and same direction separately. The

energy of the perturbed line is given by

E(0¢) =2 fj Ko(l, x i) — 4w cos(261)) i Ky(l, x i) + w? i Ko(l, x 1)

=1 =1 i=1,even
+w?cos(46y) > Ko(le x 1)
i=1,0dd
+ w? cos(460) fj Kill x i) — —25
i=1,even (le X 7’)4 ’

(3.76)

and can be plotted, analogously to Figure [3.9. The energy profile for the line is
shown in Figure Similarly to the rings, the line is stable when d¢) = 0 or 7/2.
These configurations correspond to end-to-end alignment of anisotropic inclusions,
forming linear aggregates. The interactions from the infinite line therefore stabilises
the unstable two body radial configuration, similarly to the rings of inclusions.
The energy minimum is deeper when the inclusions are aligned perpendicular to
their separation, when 01 = 0, and this configuration is likely to also have a

larger basin of attraction than when d¢) = 7/2. Similar structures have been
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Figure 3.10: Interaction energy per inclusion for an infinite line inclusions. The energy is
calculated by evaluating (3.76)) and is plotted as the inclusion separation and alternating
mode perturbation are varied. The schematic on the left shows the configurations.

observed experimentally and in molecular dynamics simulations , where the
lines of inclusions then localise to membrane buds and support the formation

of membrane tubules.

Finite Lines

Lines with a finite number of inclusions are relevant to the study of physically
realisable finite systems. The existence of an infinite line would require an infinite
system, but also it is likely that shorter lines made up of fewer inclusions will form as
intermediates if longer (or even infinite) lines of inclusions were to form. Again, there
are two obvious orientations of inclusions to study, but unlike the infinite line each
inclusion sees a different arrangement of the other inclusions. As such the equilibrium
separation between neighbouring inclusions is not constant but depends on their
position along the line. The more central inclusions on the lines have a slightly
lower separation than those closer to the ends, however this variation in separation
was seen to be at most a change of around 2% between the different inclusions.
Again, by studying the Hessian of energy at this stationary configuration, we
observe that a finite line of inclusions along the z-axis with the inclusions orientated

at 1; = m/2 is stable. This is the configuration similar to the radial ring configuration.
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However, when the inclusions are orientated at ¢; = 0, the finite line is no longer
stable (analogous to the tangential ring).

For the specific case of a finite line of two inclusions, we saw earlier that only
one angular orientation was stable. Larger, but still finite lines of inclusions with
tangential alignment remain unstable and in particular a long oscillatory mode is
excited as the line transitions into another configuration. The ring geometry was

able to stabilise the unstable two-body interaction however the finite line does not.
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Figure 3.11: Examples of the dynamics of two interacting finite lines with different
initial relative orientations, either approximately aligned (left column) or perpendicular
(right column). Distances non-dimensionalised by L and time by fi,. The ellipse is drawn
such that the normal aligns with the inclusion orientation. In the simulation w = 0.1 and

Ha = Jly = /11/1/10-

Two or more stable finite lines will also interact with each other via the elastic
mediated interaction. Allowing a group of finite lines to evolve subject to this
potential we find that short lines, such as pairs or three co-linear inclusions, will

rotate so that their orientations align and then attract to form a large finite line.

For larger co-linear groups of inclusions, the initial distribution of the lines can
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affect the final configuration. Figure [3.11]shows two examples of interacting finite
lines of inclusions. A group of inclusions that approach a line perpendicular to the
line of the inclusions will generate different interactions with the different inclusions
in the line. As the groups of inclusions approach, this difference in interaction can
become large enough to bend the line and transition into a radial ring of inclusions
(right hand column of Figure . If the two finite lines of inclusion are aligned
initially (but with a spacing to form distinct groups), then the lines will simply
coalesce into a longer line (left hand column of Figure . As such, the final

configuration depends on the initial distributions of the lines.

3.6.3 General Configurations

Studying rings and lines is useful as these configurations massively reduce the
number of coordinates needed to describe the system. In biophysical systems,
observed inclusion configurations can be initially generated by diffusing proteins
binding onto the membranes or as a consequence of driven cellular process that
may drag inclusions before detaching, for example from the membrane-cortex
attachment [92]. It is therefore useful to explore the elastic forces acting on generic
inclusion arrangements which will not necessarily be as symmetric as the rings
and lines. We can explore the evolution of a generic configuration by evolving the
system to respond to gradients in energy in the overdamped regime, following the
dynamics in (3.71). We choose [i, = ji, = fi,/10, so that the inclusions rotate
more quickly in response to gradients of a free energy than they translate and the
system is initialised in a random starting configuration with all separations between
inclusions greater than R (defined in Figure . Ensuring this initial separation
prevents any of the inclusions from collapsing with diverging energy and allows us to
observe the subsequent relaxation of the system to a minimum energy configuration.

As the system is allowed to evolve according to the gradient descent dynamics,
the inclusions begin to form aggregates. The system relaxes to a low energy state,
where each inclusion is surrounded by a set of neighbouring inclusions that are all

approximately R* away. This makes sense: the interaction from nearby inclusions
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gives the main contribution to the interaction energy and so the system will try to
minimise the two body interaction energy for neighbouring inclusions, however this
equilibrium will be slightly perturbed by inclusions that are further away. Similarly
to rings, the non-neighbouring inclusions will perturb both the separation compared
to the two-body equilibrium, and in particular, the anisotropy of the inclusions can
generate frustration that alters the orientation that minimises the energy.

To visualise the structure of the aggregates, we construct a graph and associated
2D embedding for each configuration. Each inclusion is represented by a node in
the graph, embedded at the inclusion location, and edges of the graph connect
nearest neighbour inclusions, which we define to be inclusions closer than a distance
of 1.3R* apart. This threshold is chosen to capture the range of nearest neighbour
interactions that were seen from the stable ring and line configurations, without
connecting inclusions further away. In particularly, it is good for the threshold to
be less than v/2R* else diagonal inclusions in a square configuration may appear as
nearest neighbours. Constructing this graph and visualising the edges, many of the
aggregates formed were comprised of rings of aggregates that were positioned next
to each other to form a lattice of polygons. Additionally, there were also stable
configurations containing lines of inclusions that protruded out from the aggregate.

To sample some stable aggregates, we uniformly distributed 20 inclusions in a
60 x 60 box with random orientation and evolved the system until t = 107 for 100
different initial conditions. The ensemble of stable configurations that resulted are
shown and plotted in Figure as well as the square lattice with 20 inclusions
(note that we align the semi-minor axis with ;). The lower energy aggregates
typically have a smaller footprint and we quantify this footprint as the area of the
convex hull made from the inclusion locations. This sample of end configurations
demonstrates the vast number of possible energy minima a system can evolve to

when the initial inclusion distribution is unconstrained.
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Figure 3.12: Sample stable configurations generated from an initial configuration of 20
inclusions. The graph structure described in the text is shown in light blue. The area,
A, is the dimensionless area of the convex hull of inclusion locations. The regression
demonstrates the relation ship between hull area and configuration energy. The inclusions
are shown as ellipses with semi-minor axis aligned with ;.

Aggregate Structure Depends on Initial Distribution

The final stable configuration of inclusions depends on the initial configuration. For
example, for the case of interacting finite lines the resulting inclusion configuration
can be a larger line or a ring, depending on how the initial lines are orientated.
This idea holds more generally, and we see a strong dependence of the final
stable configuration of inclusions on the initial inclusion configuration. A starting
configuration that is closely packed together (still with the minimum separation

between inclusions greater than }?) will initially feel a strong repulsion from nearby
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inclusions and the inclusions will spread out. During this process, the repulsion
dominates, and transient triangular lattices with a lattice spacing less than R*
emerge. As the inclusions are forced to separate by this potential, the average
inter-inclusion separation approaches R* and the inclusions change orientation to
minimise the interaction energy, forming a lattice with many rings of size four
(similar to the square configuration seen earlier). In fact, depending on the initial
starting configuration the inclusions can form a square lattice, chequerboard pattern
of tangential and radial configurations (for an example see Figure .

In systems of many interacting inclusions, we expect that the square lattice will
minimise the configuration energy. Each nearest neighbour will lower the interaction
energy, since the two body contribution is negative. The square lattice is the 2D
polygonal structure that maximises the number of compatible nearest neighbours
and therefore minimises the energy. Not all combinations of regular polygons tile the
plane and if they do, there is an additional geometric constraint on the orientation
with adjacent polygons. For example, in a triangular lattice, there are six nearest
neighbours, however any arrangement of inclusions will be unstable in some mode.
This also means that the most dense lattice that can form is the square lattice
and so when starting from a high density configuration, the system will encounter

this minimum first during its relaxation to an equilibrium.
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Figure 3.13: Examples of the different lattice structures formed from different initial
mean nearest neighbours configurations. The initial mean distance to the nearest neighbour
is shown on the axis in dimensionless units.
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When inclusions are initialised further apart, all inclusions are initially attracted
towards each other. The inclusions are attracted to closer inclusions more strongly
and as such two inclusions will suddenly coalesce into the 2-body equilibrium
configuration before coalescing with further single inclusions or group of previously
coalesced inclusions. This process repeats to form aggregated structures, where
groups of coalesced inclusions sequentially grow. In the very low density limit, the
spacing between inclusions is very large, so that as they approach, the inclusions
align and are appended onto the end of existing lines. Multiple inclusions coalescing
at similar times or large lines of inclusions coalescing can perturb the finite lines
and generate rings of inclusions. In this scenario the lines of inclusions will have
grown significantly before forming rings and so the rings formed can be much
larger than the small polygons (n < 5) typically seen for closer initial conditions.
In Figure the larger initial inclusion separations form lattices with larger
rings, or linear protrusions.

Observed rings of inclusions formed from random configurations often result in
the radial equilibrium. Again, when the inclusions are initialised at large separation,
they will sequentially form a chain in the equivalent of a radial configuration. If
the inclusions are perturbed by other inclusions in the system, then this line will
collapse into a radial ring. Alternatively if multiple inclusions are initialised close
together then the streamplot in Figure shows that the basin of attraction
for the radial configuration is larger than the tangential configuration and as such

any rings formed will preferentially form radial rings.

3.6.4 Configurations of Multiple Inclusions

The interactions between small anisotropic inclusions can form stable lattice-like
structures. Ultimately the quadrupole symmetry of the inclusions prevents the
formation of a denser lattice, such as the triangular lattice, instead forming the
polygonal lattices that balance the effective valence of inclusions with the geometric
frustration. The square lattice is comprised of inclusions that form a chequerboard

of alternating orientations, with ¢; = )¢ + 7/4 and g — 7/4 (where g is some
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(a) : (b) |
Figure 3.14: Examples of the surfaces generated by equilibrium configurations of
inclusions with w = 0.1. (a) is an egg carton configuration of 20 inclusions and (b) is

a ring of 6 inclusions. Note that the membrane has been truncated as it approaches a
singularity around each inclusion.

global rotation of the lattice). Square lattices with similar alternating orientations
have also been predicted but for isotropic curvature inducing inclusions, where
adjacent inclusions have a flipped embedding in the membrane changing the sign
of induced curvature [85].

Prior work has also identified lines and lattices as an important class of arrange-
ments of curvature inducing inclusions for anisotropic inclusions. Experimental
studies of BAR proteins show the formation of long end-to-end linear aggregates
and in membrane simulations anisotropic banana shaped proteins can form networks
of inclusions , . However in these simulations the edges of the network
comprise of multiple (~ 10) inclusions and membrane tubulation can be initiated
at the nodes of this network which correspond to local clusters of inclusions. Lines,
rings and lattices have also been observed in models with zero membrane tension
where anisotropic point-like inclusions set the curvature tensor locally [95]. Typical
equilibrium aggregates show stable structures as rings or lines of inclusions depending
on the anisotropy of the inclusions and the induced curvature. Additionally, this
model predicts the formation of a square-like lattice structures and these structures
induce ‘egg-carton’ shaped deformations on the membrane such as the example in
Figure M(a) , . Here we have shown that, similarly to the case of tensionless
systems with close inclusions, square lattices can form at much larger separations in
a membrane with strong tension and for finite sized inclusions. The lattice spacing

is determined by the anisotropy parameter, w, and the non-dimensional length,
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1, which scales the inclusion separations. Since uoxT~'/? we expect the inclusion
density to increase linearly with the tension. In synthetic, clamped membranes
where the tension can be varied, this might serve as control mechanism for the
density of curvature inducing inclusions.

Curvature induced anisotropic forces can also occur as a result of other substrate
mediated interactions. For example, ellipsoids floating an oil and water can interact
via an anisotropic interfacial deformation and this can lead to the formation of
polygons of ellipses and linear end-to-end configurations |97]. However, unlike the
structures studied here, the interfacial ellipses form lines and rings where the ends
of the ellipses are in contact. This is because the interaction potential is always
attractive and limited only by the finite ellipse size. Spherical colloids floating
on an oil/water interface can also interact to form square lattices with a finite
separation [98]. Rather than an anisotropic contact angle, a curved liquid interface
can break the symmetry so that the interface must be deformed to maintain a
constant contact angle on the colloid. Many interacting colloids then form a square
lattice with a finite separation, where the orientation of the lattice aligns with the
underlying interface curvature. When constrained to higher densities than the square

lattice, triangular lattice begin to form as seen during the formation of lattices here.

3.7 Multi-Scale Model for Configurations

So far, we have only considered the dynamics of inclusions that are initialised
sufficiently far apart, such that the equilibrium configurations explore the stable
equilibrium around R*. However, curvature inducing inclusions can combine to
form dimers or larger oligomers [99] that are much closer together. Inspired by
this observation, we explore structures formed when inclusions are initialised close
together. Inclusions that are separated by a distance less that R will be attracted
to each other by the diverging interaction potential. This is not physical, as the
inclusions cannot overlap and the interaction is expected to be repulsive for identical
inclusions at close separations |85]. As the inclusions approach each other, the

inclusions separation reduces and the characteristic length p stops being O(1). In
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this regime, we use the form of the two body interaction energy from a previous
work [80] that determined the two body interaction energy when u ~ O(e™!).
Indeed, the two body energy is repulsive at short distances due to an energy
contribution of 62%((0450))2 + (ozéo))Q). Therefore, we include this term in the

two-body interaction energy here to give
Ey(R,1h1,1s) = 2Ko(R) + 2w K3 (R)(cos 241 + cos 2¢,)
+w? cos(2(¢h1 — 2)) Ko(R) (3.77)

+ P cos(20n + 1)) (Ka(R) - 7 ) + €

This potential now diverges to positive infinity as R — 0 (since Ky(z) — 48/x* ~
—x~% as x — 0). Hence, for € < 1, there exists an equilibrium at small separation.
The inclusions orientate to be perpendicular to the axis of separation (as before),
but separated by a small distance R, that depends on e. Gradients in the energy
are much steeper about this equilibrium, and the system’s relaxation to equilibrium
is therefore dominated by the energy landscape at small separations. Initially we
will consider the dynamics of two inclusions that are in the collapsing regime and
show that they rapidly converge to the close equilibrium separation, which we
will call a close pair. Regardless of the additional inclusions farther away, these
inclusions will stay separated by R..

We can describe the close pairs by the x, y and 1 coordinates describing each
inclusion. However, similar to interacting particles in an external field, we can also
describe these inclusions in a centre-of-mass coordinate system. In this frame, the
external field is provided by the other far away inclusions which will exert a much
smaller force on each inclusion in the pair compared to the force they experience from

each other. A natural choice to parameterise the positional coordinates is therefore

x:iUl—i‘SCz _ ity
‘ 2 2 (3.78)
r= \/(ml —x9)?2+ (y1 —y2)?, and 6 = arctan(y; — y2, T1 — T2).

and .

where describing the orientation of the inclusion pair is useful as this will be coupled

to the individual inclusion alignment. A convenient treatment of the orientations
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Figure 3.15: The parameterisation of a close pair of inclusions.

will be to consider the average and difference between the orientations of the two

separate inclusions. We define

1
Ge = 5(1/11 + 1)

Gqg = Y1 — 1ho.
Note that the values of ¢. and ¢4 will depend on how v; and 15 are measured, but

(3.79)

this will not affect the resulting dynamics. Figure [3.15] shows this parameterisation
diagrammatically.

The new set of coordinates highlights the slow and enslaved variables. From the
steep potential around the close equilibrium separation we expect that to leading
order r = R, and ¢4 = 0. We also expect that § = 7/2 + ¢. and as such the pair of
inclusions can be described by three slow variables. However, we still need to consider
the gradients in ¢. or # as they may dominate the dynamics. That is, we need to
determine whether the rotation of the pair is limited by the translational motion of
the inclusions or the rotation. Thus, simply setting 6 = 7/2 + ¢, or ¢, = 0 — /2
may not capture the behaviour of the inclusion pair. To include both the translation
and rotation of the individual inclusions when considering the motion of the pair,

we take a linear combination of the two to eliminate the slow variable and define

_ 0+ x5 +00)

Ve 1+ x

and g =0 — (g + ¢C) : (3.80)
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where x is to be determined. Thus . gives the overall orientation of the pair
and we expect 1, to quickly relax to zero.

We write the overdamped dynamics in a compact form as

dX dFE

where we define the coordinate vector X = (x1, z2,y1, Y2, ¥1, ¢2) and the mobility
matrix, M = diag(ﬂtv [t [ty fbes [l /17')
Defining the new coordinate vector, Y = (¢, Ye, Ye, T, ¥, ¢q) and the Jacobian

matrix between these two coordinate systems, J, the new variables will evolve as

dy dX dE _ dE
@ T T M T ML (3:82)

This gives the same evolution equation, but with a modified mobility matrix given by

B0 0 0 0 0
0 & 0 0 0 0
_ 47 4f _
0 0 qurer 0 (21—12)2it(y1—y2)2 XK 0
M = 2(x+1)? 2(x+1) (383)
0 0 0 2 0 0
0 0 Gt o o 0
2(x+1) 2 (z1—22)%+(y1—y2)?
0 0 0 0 0 2y

Coupling 6 and ¢, introduces off diagonal terms in the mobility matrix, that
depend on the other coordinates in the system. However choosing x = 4fi;/(r*[i,)
these off-diagonal terms vanish and at the pair equilibrium we expect, r = R,
which is constant and therefore we take x = 4ji;/(R?ji,). The value of x indicates
whether the evolution of the orientation of the pair is limited by the rotation of
each individual inclusion, or the by the translational motion. With this choice,
the mobility matrix is diagonal,

M’ = diag <Mt, &, M, 2y, fr o 2Mt,2,ur> , (3.84)

2727 r2p, + 4y 2 72

and we have a reduced system where we set r = R., ¥y = 0, and ¢4 = 0. We
can evolve the remaining three variables, describing the pair of inclusions using

the overdamped dynamics and transformed mobilities.
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In addition to the modified mobility, we need to calculate gradients of the energy
in the reduced system. Using the general two body interaction energy Fs(R,q, V)
we label a configuration of n inclusions with the inclusions 1 and 2 being in a close

pair. The energy of the configuration with the pair is therefore

Boverat = ( S BBy, — 00 —%)) By (Rua 1 — 12,5 — 013)
i=3i=j+1

+ Z <E2(Ri171/fi — 01,1 — 6@'1) + EZ(Ri%wi — Oin, by — 91'2))7
i=3

(3.85)

where we split the interaction energy into contributions from inclusions not in
the pair, inclusions in the pair, and an inclusion in the pair and interacting with
an inclusion away from the pair.

The first term is unaffected by the coordinate transformation. The second term
is the interaction between the two inclusions in the pair that drives the fast dynamics
in the system, constraining the pair of inclusions to be at their equilibrium separation
and orientation. This contribution can be written as Fy (R12, W1 — O, — 012) =
E, (7", /2, 7/ 2) which will be constant for the slow dynamics. For the final term in
the energy, we note that the inclusions in the pair are close to z. and y.., that is r < 1,

and so we can expand the energy around these points. For inclusion 1 this gives
Ey(Rixtbi = 01,01 — 0) =

E, (Ricy Vi — O, Ve — eic) + K

8E2 8RZ1 . 8E2+8E2 89Z1 CCOSw
OR Oz, Dby | Oy, ) Ox1 ) 2 ¢

<8E2 8R11 . <8E2 4 6E2> 8011> TSinw]
8R ayl ad)a al/Jb ayl 2 ‘ R:Rim'(/)a:'lpi_eicﬂpb:wc_eic
+0(r?),

(3.86)

where R;; = \/(xl — ;)% + (y; —y;)? and 6,;; = arctan(z; — x;,y; — y;). We can
follow the same steps for inclusion 2 which gives an identical expansion except with

r — —r and so the linear terms in the expansion exactly cancel out in the expansion.
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We can now write the energy as

Eoveran = (z": zn: Ej (Riﬂ' Ui = 03,15 — eij))

\ (3.87)
+ 3 2E2(Ric v = biey e = bic) + O(r7),

=3
where the energy has been shifted by the self interaction energy of the inclusion
pair. This procedure can be generalised so that the interaction of multiple pairs of
inclusions can also be described, where two interacting pairs of inclusions contribute
AE, (R,-c, Vi — Oy e — 92-0) to the total interaction energy. Recall that we scaled
the interaction energy by the magnitude of the monopole mode. An inclusion
with the same asymmetry, but double the magnitude of the induced curvature
would contribution twice as much to the interaction energy which is exactly the
effect of the inclusion pair, up to O(r?).

We conclude that we can model a pair of inclusions as one single inclusion, with
the same anisotropy but twice the monopole mode and a modified translational and
rotational mobility. The reduced mobility is also consistent with a larger induced
deformation. The footprint of this deformation will be larger and so this might
slow down the movement of the inclusion [100].

The reduced system can be used to evolve a random configuration of inclusions,
that also includes pairs of inclusions that are close together. The pair-to-inclusion
and pair-to-pair interactions have the same features as the inclusion-to-inclusion
interaction and numerically evolving mixtures of pairs and inclusions leads to stable
configurations with the same lattice structures. However, depending an the initial
configuration a system containing a pair of inclusions might converge to a different
final configuration when compared to single inclusions that are initialised with the

same starting configuration due to the differences in mobilities.

3.8 Biological Regimes

A prominent feature of biological membranes is their diversity in composition.

Membranes contain different lipids, cholesterol, or embedded proteins that might
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modify the membrane bending stiffness locally [101], |[102]. Rearrangements of lipid
into ordered domains can cause increases in the bending stiffness of a membrane
which can occur due to temperature changes, or large differential stress from bilayer
asymmetry [103]. However, in addition to increasing bending stiffness, the bilayer
asymmetry may induce a non-zero spontaneous curvature or the close packing in the
ordered domain might significantly affect the mobility of inclusions. Lipid domains
can cause macroscopic or nanoscopic patterning, depending on the composition
of the membrane [104] which can therefore introduce significant heterogeneity on
the length scale of inclusion separations, L. These ordered regions and the varied
membrane composition could alter the biophysical properties of the membrane
which would need to be reflected in a more detailed model. The membrane tension
might also vary spatially within the membrane. For example, different mechanical
stimuli have been shown to alter the membrane tension in different ways [105].
Pulling on the membrane will only locally change the tension, whereas larger
mechanical stimuli that also engage the actin cortex will change the membrane
tension globally on a cell membrane.

We now consider the magnitude of the elastic forces in biological systems of

interacting proteins. Substituting (3.67) into (3.5 gives
E=(¢69) 7 (L)’ TE' (3.88)

where we also used a® = ea(®). The measured contact angle is £a(®) and the
structure of the BAR domain proteins gives £&(%) ~ 0.4 — 0.8 and a typical radius
€L ~ 10nm [106]. The membrane tension in biological systems is typically about
0.5mNm ™" [107] although this can vary and rupture occurs at higher tensions [102].
Using a membrane bending stiffness of 60KzT [96] and choosing p = 1 gives the
typical length scale, L = 20nm and e =~ 0.5. Typical cells have radii of around
107° — 10~*m which are much larger than the proteins size scale and the length scale
of the system. The size of the non-dimensional interaction energy for an aggregate

of inclusions is typically 107 so that we find |E| ~ 10723].
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This lattice energy is less than typical thermal energy in the system kg1 =~
107217 and so for these biological systems thermal fluctuations will dominate.
However the membranes can support significantly higher tensions (up to around
10mNm ™" [102]) that would increase the interaction energy from deformations.
Larger inclusions, will also have a larger interaction energy and this could be
relevant in colloidal systems where microparticles (eL ~ 500nm [108]) partially
bind to lipid membranes, or during the binding of viral capsids (eL ~ 35nm [109]).
Increasing the tension and inclusion radius will change the value of p and € and care
must be taken that the system remains in the small inclusion, well separated regime
studied here. This might additionally require an increased membrane bending
stiffness which depends on, for example, lipid composition or cholesterol [101], [102].

In systems of larger inclusions and higher tensions, we might expect thermal
fluctuations to induce transitions between configurations of inclusions. Additionally,
fluctuation induced forces generate attractive forces with an interaction energy
~ R~ |110]. These forces and thermal fluctuations in the position of inclusions
may induce a cascade through different energy configurations and ultimately into
the energy minimising square lattice. The formation of the lattice could be a
useful control mechanism in the design of different functional synthetic membranes

with large bending stiffnesses.

3.9 Discussion

This work has focused on a specific limit of the membrane mediated interaction
between curvature inducing inclusions: when the inclusions induce small curvatures
and when the inclusions are far apart. This is a previously understudied regime,
with many models considering inclusions that are much closer together. In the
well separated limit considered here, the larger scale elastic deformations are more
prevalent compared to the near field interactions, such as volume exclusion effects, or
changes to the bilayer thickness from the protein binding (we expect this variation

to decay exponentially with oscillatory term) [111].
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The anisotropy of the inclusions fundamentally changes the interaction by the
introduction of an equilibrium separation, rather than infinite repulsion for the
symmetric case. Furthermore, the anisotropy has an effect in the formation of
aggregates of inclusions. Typically, an interaction with an equilibrium separation,
but no orientation dependence will form a triangular packing however this can
induce geometric frustrations if the interaction depends on how the particles are
aligned, which is again due to the anisotropy. In fact, the formation of the polygonal
lattices observed here could be general to any potential with a monopole-quadrupole
or quadrupole-quadrupole interaction.

Using the interaction energy between well-separated inclusions and a repulsive
correction term at very short distances, we developed an effective model to describe
the dynamics of close inclusion pairs. Additionally, we could consider larger clusters
of inclusions, for example three inclusions close together, and try to determine a
reduced model in this case. However this work studies the limit of low inclusion
density, which typically results in well separated inclusions. Random configurations
of inclusions may have multiple inclusions within R of each other, but this is unlikely
and the likelihood decreases for larger groups close inclusions.

Introducing a correction term for close inclusions maintains the property that the
total energy in the system is the sum of the pairwise interactions for all inclusions.
However, for nearby inclusions we expect a significant multi-body contributions to
the interaction energy [84]. This could affect the separation of the close pair, or
additionally introduce a significantly different membrane deformation in the inner
region and therefore change the interactions with far away external inclusions. A
significantly different local deformation around the inclusions may also directly affect
the inclusion mobility and response to forces in the membrane. For example, diffusion
properties of embedded transporter proteins can change when the conformation of
the protein changes [112]. This could be connected to the locally induced curvature
and so changing the confirmation would change the local membrane shape and

therefore the transport properties of the inclusion.
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Mean field descriptions of systems comprised of anisotropic curvature inducing
particles have been developed in the past [77], [L13]. Such theories aim to describe
the key features of the system as a function of some order parameter that depends on
average behaviour within a region. These might include excluded volume interactions
between elliptical inclusions, or membrane-inclusion interactions due curvature to
mismatch. The aim of these descriptions is to model the distribution of particles
using the average direction without tracking each individual particle. However in
the lattices studied here, we find that in the aggregates of inclusions the alignment
of inclusions varies between neighbouring inclusions and this variation depends on
the lattice formed. Models of a director field would therefore need to keep track of
every inclusion and this would limit the ability of the model to describe a larger
number of inclusions. In the ring configurations that comprise the lattice, inclusions
are placed at equally spaced angles. We therefore expect the distribution of angles
from a very large lattice to be uniform over angle and as such, the average induced
curvature of the aggregate will be the monopole mode. At this scale, the continuum
models of isotropic curvature may still provide a useful description for a much

broader class of inclusions (even those with anisotropy).
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4.1 Introduction

Effective treatments for neurodegenerative diseases require a mechanistic under-
standing of the onset and progression of disease. The reaction kinetics that form
toxic aggregates associated with disease are well understood in test tube experiments,
but this understanding does not translate well to the disease in humans. Prior work
has tried to extend these models into living systems by including aggregate removal
processes. However, so far, this work has only considered unphysical aggregate
removal mechanisms. In this chapter, I will review the existing tools to describe
the kinetics of aggregation and then extend these models to include physically
motivated aggregate removal processes. I will show how these physically motivated
removal processes can explain many features of human disease and I will discuss

how to harness this understanding for the design of rational therapeutics.

4.2 Background

Protein-protein interactions, while crucial for normal cellular function, can also
be the underlying cause of disease. This can occur in two main ways: (a) by
interfering with the proteins’ normal function, or (b) by causing proteins to
adopt a toxic mode of action. A notable example of this is found in diseases
associated with protein aggregation. In these diseases, proteins aggregate into
large, typically linear structures known as fibrils, where multiple monomer proteins
combine in an ordered fashion [15]. These aggregates can contribute to disease
through both mechanisms mentioned: (a) by sequestering functional proteins,
thereby reducing the concentration of free monomers available for normal cellular
functions, and (b) by producing reactive, toxic oligomers |15], [16]. Oligomers
are small, partially structured protein aggregates, including intermediaries in the
formation of fibrils. These oligomers can undergo internal structural reorganisation,
forming short, ordered aggregates that then attract additional monomers, eventually
maturing into long fibrils composed of thousands of monomers. There are still many

open questions around the exact mechanisms by which oligomers cause cellular
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dysfunction, however the toxicity of oligomers has been shown to correlate with the
exposure of hydrophobic groups [114] and oligomer size [16]. Perhaps the reactivity
and small size of oligomers means they can explore the cellular environment and

disrupt various cellular processes.

4.2.1 Aggregating Neurodegenerative Disease

Protein aggregation that occurs in the brain can trigger the progressive loss of
neurons and neurodegenerative diseases (NDDs). Individuals with NDDs can
experience symptoms of dementia, including gradual memory loss and ultimately
loss of independent function [115]. Alzheimer’s disease (AD) is the most common
cause of dementia worldwide, estimated to affect 24 million people globally with
prevalence increasing in later life [116]. AD neuropathology has two main features;
extracellular amyloid plaques and intracellular neurofibrillary tangles. These are
aggregates of amyloid-beta (AS) which is a cleavage product of the amyloid precursor
protein and the microtubule-associated protein tau respectively.

In addition to AD, a variety of other NDDs are associated with aggregates of
different proteins, for example, prion diseases, Parkinsons Disease (PD), Hunting-
tons’s Disease, and amyotrophic lateral sclerosis (ALS) [15], [16]. The molecular
structure of the different proteins and the aggregates differs between diseases,
however descriptions of the aggregation kinetics can unify our understanding of

the development of pathologies across diseases [117].

4.3 Aggregation Kinetics in vitro

There are multiple processes that can convert protein monomers into ordered
aggregates. We model these aggregates as 1D chains of the monomer protein which
can vary in length and describe an aggregate of length i as A;, and the concentration
of aggregates of size 7 is given by p;. We describe the monomers as M and the
monomer concentration as m. There are typically three distinct mechanisms that

can form new aggregates and these are discussed below and shown in Figure [4.1]
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o Primary Nucleation is the spontaneous conversion of n, monomers into an
aggregate of length of n.: n.M — A,_. Using mass action, we expect the rate
of this reaction to be k,m™ where k, is the rate constant for this process. We
expect that n. is set by the energy dependence on aggregate length and so n.
is constant and all aggregates smaller than n. are unstable and subsequently

have negligible concentration.

e Secondary Nucleation is an autocatalytic conversion of ny monomers into
an aggregate of length of ny occurring on the surface of existing aggregates:
neM + A; — A,, + A;. This reaction occurs uniformly over the surface (i.e.
length) of all existing aggregates and so we expect the rate to be proportional
to the total length of aggregates, > ip;. The reaction rate then becomes
kam™ (3 ip;) where ko is the rate constant for secondary nucleation. Note

that we set no > n. as smaller aggregates would not be stable.

o Fragmentation is the splitting of a longer aggregate into two smaller
aggregates: Ay, — A; + A;. Again, we assume that fracturing occurs
uniformly over every bond between monomers, so that for an aggregate of
size i, there are 1 — 1 bonds that could fracture. The rate for a specific bond
to fracture will be some constant rate, k_, however the overall fracture rate of
aggregates of size i will be k_(i — 1)p;. When an aggregate fractures it forms

two new smaller aggregates and so increases the number of aggregates.

Additionally, aggregates change size via the addition or removal of a monomer

protein on the end of an aggregate, we describe this process as:

« Elongation is the addition of a monomer onto an existing aggregate: M +
A; — A; 1. This happens at a rate proportional to the number of aggregate
ends (2p;) and the monomer mass m to give the overall elongation rate of

aggregates of size i to size i + 1 is 2k,nmp;.

o Depolymerisation is the dissociation of a monomer from an existing aggre-

gate: A; = M + A;_,. This process happens at rate 2k, p;.
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Figure 4.1: Schematic of different aggregation Processes.

Combining all of these processes gives the master equation that describes the
evolution of the population of aggregates of a given length 1,

dp:

5= 8 m e + 6y kg™ (Z jpj) + 2konm(pi—1 — ;)

J=nc

. (4.1)
+ 2ko(piv1 — pi) — k—(i — 1)p; + 2k_ ( > pj)

j=it1
and, if the total monomer in the system is conserved then dm/dt = — Y, idp;/dt,
which is

d < 3
d—T = —nck,m" — ngkym™ (Z ipi) — 2konm (Z pi)

1=Nc 1=Nc

(4.2)
+ 2koff ( Z pz) + 2nckoffpnc-

i=nc+1
The final term in describes the rate at which new aggregates are made by
fragmentation and has an additional factor of 2. This is because an aggregate
of length 7 > i can split at two different points to form an aggregate of length ¢,
either at the i*" or (j — )" monomer. Exceptionally, when j = 2i there is only one
place where the aggregate can break to produce aggregates of length i, however

this produces two aggregates of length i, Ay — 24;, and so the rate maintains
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the factor of 2. In general, this infinite system of coupled ordinary differential
equations is hard to solve. Strategies to numerically integrate the system involve
truncating the series of p;s and introducing some boundary conditions in the length
space, e.g. introducing an absorbing boundary, or by setting the population of
very large aggregates to be zero.

A convenient way to describe the system is to consider the moments of the
aggregate length distribution. The n'® moment of the aggregate length distri-
bution is given by

o0
QW = " inp, (4.3)

1=nc
Two particularly important moments (so important that we give them special
names) are the total number concentration of aggregates, P = Y p; and the total
aggregate mass concentration, M = > ip;. These are the Oth and 1st moments
respectively. Summing over the master equation (or differentiating M), we can find

the evolution of the moments during the aggregation process

dM

— = 2koumP + nck,m"™ + kom"™ M — 2kogP — 2(ne — 1)kogpn,

q 2 ff ( )Koftp (4.4)
—k_nc(n. —1)P

dpP

e k,m" + kom™ M — 2kogp,. + k- M — k_nc(n. — 1)P. (4.5)

Experimental methods cannot typically determine the full distribution describing
the number of aggregates at each length and so often only these first two moments
are experimentally accessible. Additionally, when P and M describe a closed system
of equations we can get insight into the aggregation process by studying these two
quantities without worrying about the aggregate length distribution. However,
and still depend on the concentration of the smallest aggregate, p,, . Since we
typically expect that only a very small fraction of the total aggregate mass made
up of the smallest aggregates, n.p,. < M and as a consequence, this term can be
ignored in the moment equations [118]. Remarkably, the terms arising from the
fragmentation and the other microscopic processes result in a closed set of equations

that depend only on the first two moments, M and P.
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Moving forward in this thesis, we focus on the situation that occurs when
k_ = kog = 0. This is a system that does not fragment or depolymerise, a model
that describes stable aggregates, perhaps from a high monomer binding energy.
Such a system will produce long growing aggregates and thus will isolate the
effects of aggregate removal mechanisms that we will explore later in this chapter.

The system is then described by

dM
T 2konmP + nck,m™ + nokom™? M, (4.6)
dP
2p = B + kam"™ M. (4.7)

To fully close the system we also need to consider the monomer concentration.
In test tube experiments, there is a fixed quantity of monomer that is converted
into aggregates. The total protein in an experiment is constant, M, = M + m,
so that 1 = —M (where the dot is a derivative with respect to time). For

completeness we write this explicitly as

d
d—T = —2konmP — nck,m" — nokom™ M. (4.8)

Standard numerical solvers can integrate this closed system of equations to determine
the aggregation curve that describes the transition from monomer to aggregate
and in some circumstances approximate solutions can be derived and fitted [119].
Additionally, the aggregation curve can be observed experimentally. A well estab-
lished method is to use the dye Thioflavin T which can bind to amyloid fibrils and
results in increased intensity in fluorescence and a shift in wavelength [120], [121].
The change in this spectrum can therefore quantify the concentration of aggregates
in a sample at different times, and thus we can watch the overall aggregation
process. Fitting this data to the numerical solutions of — gives an accurate
description of the in vitro kinetics and can be used to determine the rate constants
of aggregation, e.g. ko, ko etc. An example of an experimental aggregation curve
and the fitting is shown in Figure [4.2]

Typical aggregation shows an initial exponential increase in aggregate concen-

tration due to the secondary nucleation process. As the monomer concentration is
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Figure 4.2: Fitting in vitro aggregation data. The rate constants have been fit globally.
We set n. = 2, ng = 2 and the fit gives konks = 5.60 X 10'M~2hr=2 and konk, =
9.992 x 10M2hr~3. Fitting has been done using AmyloFit software using a
secondary nucleation model (see the SI of ) so that only the parameter combinations
can be determined. Data taken with permission from [122].

depleted the rate of aggregation slows until all the monomer is aggregated. The
secondary nucleation step is autocatalytic as aggregates speed up the formation
of more aggregates leading to a positive feedback and fast transition from mostly

monomer to mostly aggregate.

4.3.1 Failure to Describe Features of Disease

The aggregation curves in test tube experiments are well understood by the reaction
kinetics, but lack many crucial features of the development of neurodegenerative
disease in living systems. Specifically, the model in — does not permit
the discrete seeding transition, observed recovery of mice following treatment, or
explain why the disease typically occurs in later life. These observations and the
contradiction with the in vitro model are outlined below. Subsequent sections
will explore the additional processes that occur in living systems and how this

affects aggregation.
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Discrete Seeding Transition to Disease

In some model systems of neurodegenerative diseases, aggregation is only observed
when the tissue or cells are seeded [123], [124]. For example, pathological aggregates
are only observed in hippocampal slice cultures from P301S tau transgenic mice
when the system is exposed to a high concentration of preformed assemblies at
some earlier time (seeding) [123]. Small doses of tau assemblies do not increase
aggregate concentration when compared to an unseeded system. However, for
large doses of tau assemblies, the observed aggregate concentration was increased
(and further increased when the dose was increased again). This phenomenon
is well established [125] and has been used to develop reporter lines assays to
determine the presence of aggregates.[126]

The in vitro dynamics cannot explain this phenomenon. The in vitro early time
aggregation is dominated by an exponential growth, from the secondary nucleation
process, M (t) ~ Myexp(kam(?t) where M, is the aggregate population at time
t = 0. Thus, addition of a seeding mass of aggregates, Mg, would correspond to
shifting the aggregation process in time, but would not cause this transition between

a stable monomer system and an aggregating system at some non-zero seeding.

Explaining and Informing Treatments

Currently the leading therapeutics for neurodegenerative diseases are based on
immune therapies, such as monoclonal antibody therapies. Particularly promising
drugs include lecanemab [127] donanemab [128] and aducanumab [129]. In these
treatments, antibodies bind to pathological fibrils to either disrupt the toxicity, or
identify the structures for destruction via immune processes [3], [130]. However,
these immune processes do not occur in test tubes and so cannot be described
or explored using in vitro models.

More recently, short, synthetic, single-stranded DNA or RNA molecules, called
antisense oligonucleotides (ASOs) are being explored as therapeutic candidates to
treat NDDs [131]. The ASOs bind to target mRNA and thus limit transcription,

reducing the expression of the aggregating monomer protein. In multiple studies,
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injections of ASOs were able to reduce the monomeric protein and this led to
reduction and even removal of aggregates in the brain [132|—[134]. These studies
demonstrate the enormous clinical potential of ASOs that target tau and a-synuclein,
two aggregating proteins associated with PD and AD. More sophisticated epigenetic
editor technology is being developed to lower monomer concentration for prion
diseases [135] and modification of the monomer concentration presents a major
opportunity to develop effective treatments for NDDs.

However, in order to realise these therapeutic opportunities, it is necessary
to understand the different processes that affect the development of the disease
in living cells and tissues. Test tube experiments show an inevitable conversion
of monomer into aggregates, and cannot capture the behaviour responsible for
the reduction of aggregates and associated recovery of brain function in treated
mice [132]. Furthermore, developing a quantitative theory that can describe the
onset and progression of disease will be able to predict the size of effects required

for an intervention to have a meaningful change in prognosis.

Long timescale in disease

Test tube aggregation kinetics provide estimations for typical aggregation parameters
and timescales. Typical aggregation experiments, such as those shown in Figure [£.2]
approach completion after around 10 hours, and have a doubling time of around an
hour during the early exponential growth phase [136]. However, this understanding
does not translate to the onset of disease in human populations. Around one
in ten adults over the age of 65 have AD, increasing to four in every ten adults
over 95 [137], and the doubling time for tau aggregates in human populations
was estimated to be ~ 5 years [138]. This late age of onset is also seen for PD
and ALS, with only 4% of PD cases being under the age of 50 and the incidence
increasing by a factor of 5-10 from cases in their fifties to eighties [139], [140]. This
disparity of five orders of magnitude (one hour to one decade) clearly shows that
something is missing from the current mechanistic models mapping in vitro protein

aggregation kinetics onto the development of disease.
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4.4 Aggregation Kinetics in vivo

In living systems, there are additional processes in the ‘life cycle’ of a protein:
specifically how proteins are manufactured and removed. Many proteins that
aggregate during disease are functional, for example microtubule-associated protein
tau can stabilise microtubules and regulate transport by molecular motors [2],
as well as causing tauopathy in AD. As such, we expect the concentration of
these proteins will be maintained as part of homeostasis and thus in vivo the
monomer concentration is constant, m(t) = mg. In order to maintain the monomer
concentration precisely, the cellular production and removal will need to be much

faster than the aggregation kinetics and thus we write this as

dm

T e ' (y — A\ym) + aggregation kinetics (4.9)

where v and Ay are scaled rate constants for production and removal of the monomer
respectively and € is a small parameter that separates the timescales. The leading
order solution to is m = ~y/A; which sets mg. In the subsequent analysis
we only consider this leading order behaviour. A full solution as an expansion in
e could be explored, however the leading order behaviour is sufficient to capture
key features of the disease at this stage.

In living systems aggregates can also be removed via active processes in the
cells or surrounding tissue, for example by autophagy or removal by lymph flow.
This changes the master equation to

dp;
dt

= 5i,ncknmnc —|— 6i,n2k2mn2 (Z jpj) —|— 2k0nm(pi71 — pl> — /\l(p1>7 (410)

J=nc
where \;(p;) is the clearance rate for aggregates of each size. The functional form
of the clearance could also depend on other quantities, such as the concentration

of aggregates of other lengths, or the monomer concentration, however we write

it as A;(p;) here for simplicity.
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4.4.1 Unbounded Clearance

The exact mechanisms of clearance and their kinetics remain unknown in many
living systems. In the spirit of Occam’s (or informally OCIAM’s) razor, we begin by
considering the simplest kinetics: the clearance rate is proportional to the number
of aggregates and independent of size so that \;(p;) = A x p;. We initially develop
and study this simple model, but consider more complex clearance kinetics in
subsequent sections.

The moment equations now define a linear system, since m = mg is constant,
and so we can define q = (P, M) and the evolution of the system becomes

a= (o e Ja () (a11)

2konmg  nokomi® — A Nnek,mge

A b
where the dot indicates the time derivative and we’vewe defined the matrix A

and vector b in the equation. The solution is
q=-A"b+ (qy+A'b) e (4.12)

where qq is a vector of the initial aggregate number and aggregate mass concentration.

The steady state behaviour is determined by the eigenvalues of A, which are

1
Vg = 5 <k2m82n2 + \/8konm0k2m82 + (n2k2m82)2 - 2)\> ' (413>

The system always has v_ < 0, however the sign of v, depends on the the clearance
constant, A. If v, > 0, then the system has no steady state and both the mass and
number of aggregates have unbound growth. For v, < 0 then there exists a steady
state solution for ¢ — oo, q,, = —A~'b. The stability of the system is independent
of the primary nucleation rate as this processes occurs at constant rate, however
the nucleation process still affects the steady state aggregate mass. Given a set of
rate constants we can therefore define a critical clearance, A, that determines

whether the aggregation will be bound. Solving (4.13)) for v, = 0 gives

1
)\Cyit = 5 <k:2m82n2 + \/8k0nm0k2m82 + (n2k2m82)2) . (414)
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When A > A the system approaches a steady state and when A < A the mass
of aggregates grows exponentially as M (t) ~ M(0)e"+.
Alternatively, we could fix the clearance rate and determine the maximum

monomer concentration, mg, that leads to a steady state solution. The critical

stability condition is
—Qkigkonm82+1 — n2k2>\mg2 + )\2 =0 (415)

which has exactly one positive solution that defines the critical monomer concen-
tration mg““). At monomer concentrations above mécrit) the system has unbound
aggregation and below mécrit) the aggregate mass approaches a steady state. This
is a useful perspective as the new treatment technologies treatments can vary
mg as a therapeutic strategy, however currently no theoretical description exists
to capture this behaviour.

We can determine the average aggregate length as the ratio of the aggregate

mass and aggregate number, [ = P/M. At the steady state this will be

Tx M* 2k’onr'no + nc)\crit

== ) 4.16
P+ )\crit + (nc - n?)kaSQ ( )

The effect of secondary nucleation on the average length initially seems confusing,
and in particular it might seem strange that the dependence on ks vanishes when
n. = ny. This can be explained as aggregates are only nucleated at length n. or
no and the population of aggregates at other lengths decays geometrically away
from these source terms. In the specific situation when n, = ns there is only one
source term, therefore the average aggregate length is determined entirely by the
rate of decay of the aggregate population with increasing length. If the nucleation
rate were increased, the population at length n. would increase, and subsequently
the population of aggregates of every length would increase proportionally, however
the decay length would remain the same and the average aggregate length would
also be unchanged. For ny > n. the source term at ns increases the aggregate

population at large lengths and so increases the average length.
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Exactly Solving the Full Linear System

When the system clears aggregates at a rate proportional to the aggregate concen-
tration we can calculate the steady state aggregate length distribution as well as
the time evolution of an arbitrary number of moments of this distribution. The
evolution of an arbitrary moment space is given by

dQm
dt

n—1
= ngk,m" + nikom™ M + Z 2konm (TI) QU — Q. (4.17)
T

=0
Since the evolution of a moment only depends on itself, orlower order moments,
we can still solve the system given by .

It is also possible to find p; for the steady state and we demonstrate this here
for n. = ny. In steady state the concentration of each aggregate size is in detailed
balance with the concentration of aggregates of other lengths so for the smallest

aggregates, of length n., we have
knmg® + kamg M — 2konmopn, — A\pn. =0 (4.18)
and detailed balance for all aggregates of other lengths gives
(2konmo + AN)pir1 = 2konmop;. (4.19)

This is solved by

o 2konm0
N 2k’0nm0 -+ A

1—Nec

pi=a" "p, ~with « (4.20)

and so we get another equation connecting M and p,_, that is

> in (A + 2konmo) (2konmo + Ane)
M = Z 1 Cpnc = DPn. ( 0 )\2 0 . (421)

=N

Combining (4.18) and (4.21)) gives the same mass, M, as from q., and

B A2 k,mge
Pre = koo + Aie) (02 — ki (2kontmo + Ac))

(4.22)

which for realistic signs of the parameters (e.g. no negative clearance) gives the

critical behaviour at the same values as before (for the specific case of n. = ny).



4. Protein Aggregation in Disease 105

Numerical Solution

Moving from the master equation to the moment description of the kinetics, we
have assumed the system can support infinite aggregates and, for depolymerising
systems, that n.p,, < M. Numerical simulation of the dynamics of the system at
the level of the master equation can verify this coarse grained description provides
an accurate summary and prediction of the kinetics. Simulating an unbound upper
aggregate length presents computational challenges, and so here, we introduce a
maximum aggregate length that does not grow by elongation but is still removed
via the clearance mechanisms. In fact this makes sense as cells have some finite
size and so cannot support infinitely long aggregates. We use typical values from
in vitro measurements, such as those reported by Thompson, Meisl, Knowles, et
al. [141]. These values also give relevant phenomena occurring at physiological
concentrations, for example protein and mass concentrations of ~ 107 — 1075M.

We simulate the system by explicitly evolving the aggregate population at each
length 4 for ¢ from n. to N + n., where NN is a simulation parameter. We prescribe
some initial length distribution at time ¢ = 0 and the system is evolved using a
fourth order Runge Kutta method that explicitly updates the aggregate population
at each length at time intervals of d¢ from ¢ = 0 until ¢ = T, where again dt, T" and
the initial length distribution are simulation parameters. The theoretical predictions
describe systems with a maximum length significantly larger than the mean length
distribution and we can additionally ensure that any differences between the full and
truncated systems are small by ensuring that o < 1. With the values shown in
Figure [4.3 and for mg = 1 x 107°M we find that o = 8.7 x 1079 and so we expect
the truncated system to give good agreement with the theoretical full infinite system.

To help visualise the evolution of the system, we plot the flow of the first two
moments of the length distribution and these are shown on the top row of Figure
4.3l When the system has proportional clearance, the fixed point is attracting
for all values of the first two moments. We can also plot the aggregate mass
concentration at ¢ = T' to numerically approximate the steady state aggregate mass.

Figure [1.3] shows exceptional agreement between the steady state predicted by the
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theory, when [ is given by (4.16)), and the steady state value after numerically

solving the system for a long time.
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Figure 4.3: Summary of three variable description for the proportional clearance model.

The top row shows the flow of M and P, given by (4.11)), with mg = 3 x 107"M,
6 x 107'M and 9 x 107"M. The main panel shows the steady state aggregate mass

for varying monomer concentration, comparing the value from numerics with the two
reduced models. The critical monomer concentration is mo 7.21 x 107"M. System
parameters: ky, = 4800.0M *hr ™!, kop = 1.2 x 108M~thr!, ny = 2, ne =2, A = 1.0hr !,
ko = 1.1x10'°M~2hr—!. Simulation parameters: d¢t = 0.001hr, 7' = 1500.0hr, N = 10000.

4.4.2 Bounded Clearance

The proportional clearance described above permits an analytically solvable model
that gives insight into the role of clearance in neurodegenerative diseases. However
the proportional clearance is an unphysical description for the removal of aggregates
in all scenarios. Breaking down aggregates into the clearance products will require

energy to break the bonds along the fibre that hold the monomers together, typically
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hydrogen bonds and hydrophobic interactions [16]. The energy consumption will
increase linearly with the number of these bonds being overcome and thus the rate
of energy consumption increases with rate of aggregate mass clearance. There will
be some maximum energy consumption rate for the cell and this will therefore
translate to a maximum clearance rate of aggregates. In this section we explore the
fundamentally different phenomena that arise from this bounded clearance.

The exact functional form describing the kinetics of aggregate clearance will
determine how the clearance rate approaches this upper bound. For example, there
could be a finite fuel component such as ATP that is depleted as aggregates are
cleared and limits the clearance rate, the aggregates may cause toxic damage to
the cell and affect the efficiency of clearance processes or, as we will assume, the
clearance mechanism may have enzyme-like rate kinetics. Consider the ubiquitin
(Ub)-proteasome system that tags aggregates with Ub before the aggregates are
unfolded and cleaved in the proteasome, or chaperone mediated autophagy where
chaperones deliver cargoes to lysosomes to be degraded [142], [143]. Both of
these clearance processes can be modelled as the binding of an essential clearance
component (E), either Ub or the chaperone, before the bound complex is then
removed from the system and the intermediary clearance component is released.
For an aggregate A;, with concentration p; and an clearance component E with
concentration p., the clearance reaction can be modelled as

b

Kt e
A+ E Téﬁi C; M B 4 Clearance Products (4.23)

(3

where kY and k¢ are the binding and dissociation rates of the aggregate and
intermediary component and k{ is the rate constant describing the removal of
the aggregate. The intermediate clearance component binds to an aggregate of
size A; to form a complex C;, with concentration ¢;, which can either dissociate
or be broken down and cleared.

This setup is similar to the Michaelis-Menten (MM) description for reactions
kinetics where the E' component is the enzyme. However here we have a series

of different sized aggregates that all compete for the same component. We can
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calculate the expected rates in the system in the same way as the single substrate
analysis: assume that the total E component in the system is constant, p! =
pe + 3 ¢, and that the aggregate binding is at equilibrium for all lengths, k2p.p; =
kéc;. These expressions give

T kf Pi

AL+ P

i
The clearance of aggregates of size 7 in the system is A\; = k{¢;. In general this will
not reduce to a closed form pair of moment equations, however if we assume that
the rates are independent of aggregate size, k¢ = k¢, k? = k¥ and k¢ = k9, then this
reduces to the typical MM kinetics, as all aggregates act effectively as the same single

substrate species. This now gives the moment equations with modified clearance as

dM A M

ﬁ — ncknmgc + anQmSQM —|— 2/€Onm0P — # (425)
dP AP

— = k,m;¢ + kom{(*M — ———. 4.26
qr et R Ky + P (4.26)

where we have defined Ay, = k! and Ky = k%/kb. When P < Ky, the
clearance is proportional to the concentration as before, with an equivalent clearance
rate of A = Ay /Kjy. However for P > Kj, the clearance saturates with a
maximum number clearance rate \y; and a maximum mass clearance rate mass
clearance rate Apl.

Solving for the steady state of the system, dM/dt = dP/dt = 0, gives three
pairs of solutions for M* and P*. For typical system parameters, two pairs of
the steady states have real positive solutions for both M* and P*. At a critical
monomer concentration these two solutions undergo a sub-critical saddle bifurcation
and merge, such that for monomer concentrations above this critical value there no
longer exists a positive steady state, as can be seen in Figure [£.4 Similarly to the
case for proportional clearance, when the monomer concentration is large we expect
the mass of aggregates in a system to exhibit unbound growth. When the monomer

concentration is less than this critical value, there exists a steady state, however

unlike when the clearance is proportional, the system will not necessarily converge
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to this equilibrium. Whether the steady state is reached depends on the initial mass
and number concentrations, M and P (top row of Figure . In particular even for
low monomer concentrations, if the initial mass of aggregates is very large then the
aggregate self-replication will occur at a faster rate than the aggregate clearance, as
the clearance rate will plateau. Therefore even for a low monomer concentration a
large aggregate mass can result in an exponentially aggregating system.

Again, we can solve for the steady state length distribution when this exists.

For the specific case where n, = ny we have

APp?’Lc

knmg® 4 kamg® M — 2konmopn, — Ko+ P
M

(4.27)

and detailed balance for all aggregates of other lengths gives the same geometric

decay, but with a different decay rate, «,

N Qkonmo(KM + P)
N 2k‘onm0(KM + P) + )\p'

pi=a™ 'p,.  with «

(4.28)

Evaluating the sums to determine M, P and p,_, gives the same pair of positive

real solutions, as expected.

4.4.3 Reduced Models of in vivo Aggregation

When the aggregate clearance and other rates are prescribed, the system and its
dynamics are determined by three variables, M, P and mg, where m is unaffected by
the aggregation kinetics. However we keep the monomer concentration as a system
variable to explore the role of monomer reducing therapies. The fate of a system
determines whether a cell is healthy or diseased with unbound growth describing
the diseased state and a finite steady state for healthy cells. Thus understanding
whether specific parameter values lead to unbound or bound aggregation will aid

disease understanding and in particular the onset and incidence of the disease.
Constant Clearance

When the clearance is proportional to the aggregate concentration the fate of the
system will be entirely determined by the monomer concentration. We can reduce

the three variable description (M, P and mg) to a two parameter description by
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Figure 4.4: Summary of three variable description for the enzyme-like clearance model.
The top row shows the flow of M and P, given by and (4.26)), with mg = 2.8x107"M,
3.5 x 107"M and 8.5 x 107’M. The main panel shows the steady state aggregate mass
for varying monomer concentration, showing the exact (cubic) solution as well as the
reduced model. The shaded region corresponds to the phase space of initial conditions
that results in a finite aggregate mass after numerically evolving the full master equation
for a time T'. System parameters: k, = 5000.0M 'hr=!, kop = 1.2 x 105Mthr!, ny = 2,
ne =2, Ay = 2.5 x 107 3Mhr !, Ky = 1.0 x 1073M, ky = 4.0 x 10'°M~2hr~!. Simulation
parameters: dt = 0.001lhr, 7" = 100.0hr N = 10000 and the initial length distribution
proportional to a Gaussian with mean of 1000 and standard deviation of 200.

prescribing the average length of the aggregates, [. In the case of unbounded
proportional clearance, the steady state is given by g = A~'b and so an obvious
choice for [ is to choose the steady state value, [* = M* /P*, given by , which
exactly recovers the same steady state mass (M*) as the full model. With this

assumption, the evolution equation for M becomes

dM -
i neknmg® + nokom{2 M + 2konmoM /1" — AM. (4.29)
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Along with dmyg/dt = 0 this defines a reduced model that captures the key features

of the aggregation kinetics: the approach to the steady state for mgy < m(()crit) and

unbounded growth for my > mécrit). A phase plane of this model clearly shows
the dynamics and the emergence of the stability and this can be seen in Figure
When the aggregate mass is very low, the mass increases (flows upwards on
the plot) until it approaches the steady state line and is balanced by clearance.
When the monomer concentration is high (mq > m(()crit)) there is no steady state
distribution and so the aggregate mass will continue to increase. When the monomer

. . it
concentration is low (mg < m(()m )

) and the mass of aggregates is high, aggregates
will be cleared from the system (move down on the phase plane) until the system
reaches the steady state mass concentration.

The average length assumption projects the two dimensional M — P plane flows
onto a line in M — P space. The top row of Figure [4.3] shows this line and the
key features of the dynamics are well captured by the projection onto the line. We
assumed a linear relationship between M and P, however a more complex functional
relationship may capture the dynamics more accurately as there appears to be an
obvious slow manifold in the M — P space, however the linear relationship captures
the key features and makes it easy to interpret fixed points and their stability.

When the monomer concentration is high and the linear system grows without
bound, the long time behaviour of q is determined by the eigenvector of A

corresponding to the positive eigenvalue v,. The ratio of the components of

this eigenvector gives the average length for high aggregate mass, which is

_n2
myg 2 \/k:gn%mSQ + Skonmo + k2n2

[ =
2v/k2

(4.30)

1—ng

Typically, we expect kym{? < kenmg and thus [ = mg 2 \/2kon/ks. In fact, this
limit has been used as the as the average aggregate length [144] however it is only a
good description for large aggregate masses and specific system parameters. Using
this [ in the reduced dynamics , does not accurately describe the steady state

aggregate distribution and in fact predicts a much lower steady state mass (shown



4. Protein Aggregation in Disease 112

a b
Lo Lle=5 Unbounded Clearance 1o le=5 Bounded Clearance
. —F .
vy ¥
0.8 - t v C o8] ¥
| Vv < Ay
A
v !
061 ' A _ 067 ' !
= Py s | )
= A =
04 b | Toaft X
L \
A A
0.2 v 024"
v v
0.0 S " T T 0.0 +—
0.0 0.2 0.4 0.6 0.8 1.0 0.0

mo (M) le-6

Figure 4.5: Flow in the M —myg plane from the reduced models for constant and enzyme-
like clearance kinetics. The background colour shows the direction of the flow. (a) Reduced
model from with k, = 4800.0M *hr=*, A\ = 1.0hr !, ko = 1.1 x 101M 2hr !
and [ = (2kenmo + neA)/A. (b) Reduced model from with k, = 5000.0M thr—1,
A = 2.5x1078M, Ky = 1.0x 10~ 8Mhr ™!, ky = 4.0x10"°M 2hr ! and I = \/2kon /kamy.
Additional system parameters in (a) and (b) are ng = 2, ne = 2, kon = 1.2 x 103M Thr 1.

in Figure [4.3)). However, both length distributions exactly capture the transition

from the bounded to unbounded dynamics.

Bounded Clearance

We can similarly reduce the system to a two parameter description when the

clearance is bounded to give

au
dt

A M

= neknm + nokom?2 M + 2konmoM /¥ — —
0 TR oM/ Ky + M/IF

(4.31)

However, the effects of the bounded clearance occur at high aggregate mass and
so we use the average length for large aggregate mass given by . For the
parameters explored here, this becomes | = 1/2kon /kamg. The fixed points of this
reduced system are now quadratic in M and this gives two steady states when my
is low and no steady states when myg is high. This reduced model captures the
key features of the full model, with the existence of a stable and unstable fixed
point and a critical monomer concentration. However, the exact value at which

this bifurcation occurs is different in the full and reduced models. This is due to
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the approximation for { being accurate when the aggregate steady state mass is
large, which is the upper branch of the stability line at low monomer concentration.
Figure [4.4] shows that the two models agree in this region.

The fate of the system now depends on both the monomer concentration and
the aggregate mass. The system is only stable, and therefore healthy, if both the
monomer concentration and aggregate mass are low. Intuitively this dependence on
the aggregate mass makes sense. If there are more aggregates (number and mass)
in the system, then the rates of secondary nucleation and elongation will increase.
When the aggregate clearance rate is high enough to out compete these effects
then the aggregate mass/number is reduced and approaches a steady state value
where the production of aggregates and clearance rates are balanced. For very large
aggregate mass/number, the production rates of aggregates continue to increase
with increasing aggregate mass/number, however for physically realistic models of
clearance mechanisms the removal rate of aggregates will begin to saturate and at
some point will no longer be able to balance the aggregate production/elongation

rates, leading to runaway aggregation.

4.5 Generalising the Dynamics

4.5.1 Generalised Models of Clearance

When developing the model of bounded clearance in Section we focused on
the kinetics of an enzyme-like mediated clearance mechanism with binding rates
independent of aggregate size. Crucially, this model predicts an upper unstable
branch in the phase plane of the M — mg dynamics. However, this phenomenon
is general to any clearance that increases sub linearly with increasing aggregates.
Since the aggregate production rate from secondary nucleation is proportional to
the mass of aggregates, any sub linear clearance will not be able to compete at
large aggregate mass concentrations. We consider alternative clearance processes

and the subsequent kinetics below.
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Enzyme-like Kinetics in Aggregate Mass

If the intermediary clearance component (E) can attach to aggregates at any
position, then we would expect this binding rate to be proportional to the aggregate
length and the dissociation rate to be constant, so that k?/k¢oci. As in (4.23) we
keep the assumption that only one intermediary clearance component can bind to
an aggregate. It also makes sense that the clearance processes, such as those from
the proteasome system, will breakdown aggregates at a rate inversely proportional
to the number of monomer-monomer bonds that have have to be broken, (i — 1),
and so we can approximate kSoci 1. With these modifications, the clearance rate
now saturates in M, rather than P giving clearance for the number and mass
concentrations as AP/(K 4+ M) and AM/(K + M) respectively. When the rate
constants A and K are scaled by a constant on the order of the average length, the
system has identical behaviour to the number saturating clearance, although the
exact fixed points are slightly perturbed. The reduced dynamics for this model is
shown in the top-left panel of Figure [£.6] The reduced model for the system is

dM M
Fra neknmg® + nokomg? M + 2konmoM /1 — Y (4.32)

Multiple Clearance Mechanisms

We expect that the complex regulation of living systems will result in multiple
mechanism to remove aggregates, with different kinetics and saturation. Again as
long as the removal mechanisms are sub-linear in aggregate mass, then the upper
unstable branch mass will be unstable and the key features of the model remain.

For example, combining a clearance proportional to mass and an MM-like clearance

that saturates in aggregate number (the clearance mechanisms in (4.29) and (4.31))

we find that the bifurcation point moves to a higher monomer concentration, but
that the bifurcation structure remains almost unchanged, as can be seen in top-right

of Figure The reduced model for this system is

au
dt

Ay M

= nek,m + nokom™ M + 2kgumoM [/l — XM — — 22—
o TR oM/ K + M/

(4.33)
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Figure 4.6: Reduced dynamics for the generalised models. The flows in the different
plots are given by (a) with A = 1.25 x 1075Mhr ", K = 5.0 x 1075M (b) (4.33)
with Ay = 2.5 x 10°Mhr ', Ky = 1.0 x 1078M, A = 1 (c) (£.34) with Ay = 1.25 x
1075Mhr!, K = 5.0 x 1075M, p = 3.8 x 103M~! (d) with Aps = 1.0 x 10-SMhr—*,
Ky = 1.0 x 107?M. Additional system parameters in (a)—(d) are k, = 5000.0Mthr~!,
kon = 1.2 x 103M~thr™t, ne = 2, ng = 2, ko = 4.0 x 10'°°M2hr !, and [ = \/2ken/kamo.

4.5.2 Exponential Growth is Unphysical

The exponential growth of the aggregate mass is labelled as the disease state. For a
cell of finite volume and resources the exponential growth can only occur for finite
time before other factors reduce the rate of growth. Autopsy data show that diseased
cells are often full of aggregates (for example see coronal and sagittal planes in Iba,

Guo, McBride, et al. [145]) so that the aggregate mass must be limited at some
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stage. To describe this, we can modify the reduced model in (4.31]) and introduce
a correction to the secondary nucleation term. As the aggregate concentration
increases, multiple aggregates may touch or overlap in space and thus prevent this
overlapping region of the aggregate surface from acting as a catalyst for secondary
nucleation. If we assume that each aggregate is independently distributed within
the volume of the tissue/cell, then we expect the probability of two aggregates
being separated by a distance less than some threshold to increase like M? and so

the aggregation kinetics with this corrected aggregate surface becomes

au
dt

A M

= nek,m + nokom™ (M — pM?) + 2kgumoM )] — ——2——
0 2K2 o( P ) 0 / KM+M/Z

(4.34)

where p is the overlap constant. The bottom-left panel of Figure shows the
reduced dynamics which appear similar to before, however there is now a hysteresis
loop. For very low monomer concentration there is only one steady state as the
clearance mechanisms grow faster than the secondary nucleation and the steady state
is determined by the balance of primary nucleation and clearance. For intermediate
monomer concentrations, there is a region where the secondary nucleation dominates,
as before, however additionally for larger aggregate mass the crowding effects prevent
further increase in aggregate mass and there is a third steady state that is stable
with large aggregate mass. For even larger values of aggregate mass, the system
undergoes the same bifurcation as before for low values of the aggregate mass,
but this large aggregate mass steady state persists and is attracting everywhere.
Phenomenologically, we interpret this exactly as before, however now the aggregate
mass in the diseased state is bounded at some very high aggregate mass, which is
more consistent with finite sized cells. Despite being bounded, we expect that the
aggregate mass will still be significantly toxic and thus associated with the same
pathology. The kinetic model in [£.34] includes the reduced aggregate surface due to
overlaps, however other mechanisms may reduce the aggregation rate and similarly
result in a maximum aggregate mass. As with the clearance, the exact molecular
mechanisms do not affect the observed macroscopic phenomena, but might slightly

alter the concentrations at which transitions between the system states occur.
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4.5.3 Non-Conserved Monomer

The models of aggregation considered so far assume constant monomer concentration
in the cell, motivated by cellular homeostasis regulating this concentration. When
the aggregate mass is large in the system the rate of aggregation will become
increasingly fast and at some point may be on the same timescales as the regulation
of monomer. If this regime occurs before the maximum aggregate concentration is
reached, we cannot model the monomer concentration as constant. An alternative
is to assume the aggregation kinetics are much faster than the expression of the
monomer and so the total protein in the system, M;,, = M + m is constant.
Assuming the MM-like clearance mechanism, the rate of change of aggregate mass
is still given by and substituting my = M,;,; — M, so that M = —ri. This
corresponds to clearance mechanisms converting the aggregated mass back into
monomer to conserve total protein. The dynamics of the new reduced model can
be seen in a phase plane of M and M,,, this is shown in the bottom-right Figure
The equation describing the system is

dM - AuM
—— = neky (Mo — M) +noka( Moy — M) M + 2k (Myoy — MM /] — —————
= el (Myg = M) ks (M — M) (Mus = MM~ 200
(4.35)
Since M = —rn, the effects of the conserved total protein will be seen when

the aggregate mass concentration is the same order of magnitude as the monomer
concentration. To demonstrate this coupling, the plot shows a wide range of total
aggregate mass. There is also a region of the graph that is unfeasible, corresponding
to there being more aggregated protein than there is total protein, which is not
possible. We therefore chose rate constants that show the effects of the bounded
clearance on a similar scale to the aggregate mass. From the plot it can be seen
that system dynamics for conserved total protein has similar structure to the model
with modified secondary nucleation due to overlapping aggregates, except with an
increasing upper branch. The upper branch for large monomer concentration has
almost all protein in the aggregated state, however there still exists some monomer

so that the nucleation rates balance the clearance rates.
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This model and the model in (4.31]) represent two distinct regimes: the aggre-
gation kinetics are much faster than the homeostatic mechanisms or the inverse.
The full system is likely to couple these timescales, and neither my=0 nor thzo
akin to the arrows in the reduced models being tilted rather than vertical. It
is harder to determine the fate of the system from the coupled dynamics, but
looking at the two limiting regimes we recover the same macroscopic behaviour

and features of the phase plane.

4.5.4 Length Dependent Seeding

In assuming an average aggregate length to reduce the system dynamics to the
mgo— M space we ignored the dependence of the fate of the system on P. Looking at
the top row of Figure [4.4] we can see that for a constant initial aggregate mass, the
number of aggregates initially can actually determine whether the system evolves
to an unbound aggregate mass or the low aggregate mass steady state. In fact,
there exists a maximum number of aggregates for which the aggregate mass will
remain bounded and if there are initially more aggregates in the system than this,
then the flow of the system will result in unbounded aggregation. This result is
useful to understand seeding experiments in vivo. An experimental challenge is to
control the length distribution of aggregates that will be used to seed a system to
investigate the in vivo dynamics. Here we see that a different length distribution,
but the same aggregate mass, can in fact alter the fate of identical cells and so
conclusions drawn from comparing the aggregation kinetics with uncontrolled length
distributions may be misleading.

This may also have consequences in the spreading of pathology within the brain.
The seeding hypothesis suggests that pathological aggregates can be transported
(either actively or passively) into neighbouring brain regions, seeding these regions
and causing the formation of new aggregates, such as the so called Braak staging in
Parkinson’s Disease |[146]. The general connectivity between different regions of the
brain has been explored as driving the spread of pathology [147], [148]. However,

given the length dependent seeding suggested here, the spread of the disease would
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be more accurately described with a detailed knowledge of the transport properties
of these connections. For example, short aggregates might be expected to diffuse
faster and thus be transported between regions more quickly. Given that a set
aggregate mass has diffused to a new region, many small aggregates can trigger
the transition to disease even when fewer longer aggregates cannot. This can
significantly alter the rate at which the disease spreads, or exaggerate the spreading
effects of certain transport mechanisms. This is a similar mode of action to dimeric
enzymes that can experience enhanced reactivity by dissocaiting into monomers,

diffusing at a faster rate, and dimerise again to carry out function [149].

4.5.5 Length Dependent Clearance

Another physically motivated modification to the constant clearance model is to
reduce the rate of clearance for longer aggregates. We expect longer aggregates will
take longer to clear from living cells and tissue as there are more bonds to break. It is
useful to understand if this will reproduce the observed seeding behaviour even with
an unbounded clearance; that is, whether a sudden increase in the concentration of
aggregates, including longer and more persistent fibrils, would cause a transition to
exponential growth. The logic of this argument is that since the longer aggregates
take more time to clear, by the time they are removed from the system, the increase
in secondary nucleation and subsequent elongation will have already replenished and
then increased the concentration of longer aggregates, leading to positive feedback.

As we expect the clearance rate to be inversely proportional to the number of
bonds, which goes like aggregate length, we assume \; = \¢“p;, where we choose
v = —1. For the non-fragmenting, non-depolymerising (k. = 0) system discussed
here, the master equation for this model is

dp;
dt

= 5i,ncknmnc + 5i,n2k2mn2 (Z jp]) + 2konTn(pi—l - pz) - )‘Z_lpz (436)
Jj=nc

Unlike the previous clearance models, summing over the aggregate population at

each length introduces a dependence on the —1*® moment, Q! = 3, i !p;, for the

evolution of the aggregate number, P. This does not result in a closed moment
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equation that can be used to determine the transition to disease. Instead, we can
numerically evolve the system for different initial values of M and mg and observe
the resulting dynamics. As described in Section we simulate each aggregate
population using the master equation and a fourth order Runge-Kutta method.
When the final aggregate mass, M, is greater than a threshold value, we label
the system as unstable, corresponding to a diseased state. Panel (a) of Figure
[4.7] shows the values of initial M and mg that were simulated and the boundary
between stable and unstable regions is drawn for different values of A. Of note,
is that this clearance mechanism does not show a seeding-like transition. The
stability of a system does not depend on the initial aggregate mass concentration,
but exclusively on the monomer concentration, similar to the case of a length
independent constant clearance rate (Section [4.4.1]).

This can be understood mathematically, since the evolution of all the p;s defines
an infinite system of linear coupled equations. Since the system remains linear it only
permits one steady state which describes the stationary length distribution. If this
steady state is positive then it will be attractive for all positive concentrations. If it
is not positive, then the aggregate mass concentration will increase without bound.

For v = —1 the moment equations are not closed, specifically because the evolu-
tion of P depends on Q~!. For a sharply peaked distribution we can approximate
the Q=1 moment by setting Q! = P?/M, which would be exact if all aggregates

were the same length. The moment equations then become

dM
- = Neknmie + nokomy? M + 2koymoP — AP (4.37)
dP p?

These equations permit stationary states, M* and P*, which are positive and real
when the system is stable. For the specific case of n, = ny = 2, we find that the
system is only stable when \ > 2k,,mqo. Panel (b) of Figure demonstrates that

this prediction of the transition value compares well to the numerics.
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Figure 4.7: Comparison of the stability of aggregating systems with length dependent
clearance, given by . In (a) the points show the values of monomer and initial
aggregate mass simulated. The lines show the transition between bounded and unbounded
aggregation for different A. In (b) the monomer concentration at which the aggregation
becomes unbound is shown for different A. The initial aggregate mass simulated is
M = 5x107°M. The other system parameters for both (a) and (b) are k,, = 4800M~thr~!,
kon = 1.2 x 108Mthr™!, ne = 2, no = 2, kp = 1.1 x 10°°M2hr~!, and v = —1. The
threshold to determine if the aggregation was bounded is 1 x 1073M. The simulations
used N = 10000, dt = 0.001hr, and 7" = 1000hr.

4.6 Transitions to Disease and Therapeutic Sce-
narios

The reduced model of the aggregation kinetics provides a powerful framework to
unify experimental observations and to discuss key features of the transition to
disease. In both of the reduced models and generalisations (plotted in Figures
and ) there exists a boundary in the M — myg space that separates systems
that will undergo unbound aggregation and those that will have a long term finite
aggregate mass. In samples from autopsies, diseased tissue contains cells that are
saturated with aggregates. In our model the diseased cells correspond to unbounded
aggregation and thus the onset of the disease corresponds to crossing this boundary.
Each cell in a brain region will likely have different exact physical conditions that
may cause slight variations between the exact reaction rates, clearance parameters
and monomer concentrations. For example, spatial proximity to blood vessels or
the lymphatic system might affect clearance mechanisms, the exact pressure of the

internal cellular environment will affect reaction rates and cell-to-cell variability in
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gene expression or cell size will cause the monomer concentrations in different cells
to vary. This variability means that each cell will have a slightly different stability
line in the M — mg space. If the system parameters change slightly, then some of
the cells may cross the stability line and transition into the unbound aggregation

state and ultimately trigger the disease.

4.6.1 Ageing reduces Clearance

A cell in the healthy state can transition to a diseased state if the rate of in vivo
clearance mechanisms reduces. For example ageing, or other long term stress, might
reduce the concentration of the intermediary clearance species corresponding to
a reduction in the saturating clearance rate, Ay in [150]. This moves the
critical line and in particular the value of the monomer concentration at which the

bifurcation occurs, m((]cm). A previously healthy cell with monomer concentration

greater than the new critical value, my > m(()crit), will have transitioned into the
disease state and will accumulate aggregates. The delay before this transition occurs
depends on the value of m within a cell or brain region, specifically how close that
is to the initial bifurcation point, mécrit), as well as the rate of clearance decline.

Another compelling observation surrounds incidence of NDDs following traumatic
brain injury (TBI). TBI has been shown to correlate with reduced of activity of the
human glymphatic system, a fluid clearance mechanism that can support removal
of toxic species in vivo [151]. Furthermore, TBI can increase the risk of developing
AD |152], [153] and accelerate the onset of disease |[154]. In the model developed
here, this is consistent with a clearance reducing TBI event that could result in
increased incidence and accelerated onset of NDDs. Understanding how these events
and similar lifestyle factors could affect the onset of disease could help develop
more effective treatment strategies for individuals and at the population level. For
example, international rugby players’ risk of developing NDDs was 2.5 times higher

that the comparative population [155] and so preventative treatments could present

a major opportunity in this at risk population.



4. Protein Aggregation in Disease 125

4.6.2 Explaining Genetic Susceptibility

AD has a high heritability, suggesting there is a genetic component that can
cause predisposition to development of the disease in a wide range of adults [156].
Genome-wide association studies correlate AD with a variety of gene sets, with
the main implications being associations with amyloid/tau and microglia [157]. As
discussed, changes in the quantity and quality of monomer protein expression can
increase susceptibility to disease. The microglia are cells that support immune
function and endocytosis with the brain, directly affecting the clearance mechanisms.
These genetic studies do not provide mechanistic insight into the causes of disease,
but rather suggest where to look. It is encouraging that two major features that
determined the transition to disease in the model developed here, the monomer
concentration and clearance mechanisms, were also identified as risk factors in human
populations. Despite this currently being a very broad association, quantifying
the rate parameters and the effects of mutations will hopefully make major strides
towards understand and preventing the onset of the disease in humans.

AD has a reported higher prevalence in individuals with Down Syndrome
(DS) [158], [159]. Although harder to diagnose due to other features of DS, upto
55% of DS adults aged 40-49 years may be clinically demented and almost all adults
with DS over the age of 40 years have neuropatholigcal changes, for example amyloid
plaques and neurofibrillary tangles, that would lead to a diagnosis of AD [159].
AD is more prevalent and has an earlier onset in adults with DS (for comparison
see Section [4.3.1]). Alongside affecting immune responses, the additional copy of
chromosome 21 (which is the genetic basis of DS) increases the expression of amyloid
precursor protein [15§], [160]. The gene coding for amyloid precursor protein is on
the long arm of chromosome 21 and so the trisomy can lead to overexpression of this
gene and an increased concentration of the aggregating monomer. The mechanistic
cause of this correlation has not been understood previously, and this work gives a
mechanistic grounding that explains the early age of AD onset in adults with DS.

The increased protein expression moves the cells and tissues closer to the critical
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point in Figure [4.5] As such, a smaller reduction in the clearance rate can trigger

the transition to disease, resulting in an earlier age of onset.

4.6.3 Rational Therapeutic Design

In addition to explaining the onset of disease, understanding the mechanisms
governing neurodegenerative diseases is essential in the rational design of therapeu-
tics. In the kinetic framework discussed here, an effective therapy will transition
cells or tissues from the unstable to stable regions and ensure the stability of
the aggregate mass in the future. In fact understanding the role of therapies is
particularly pressing given recent progress in the development of new drugs to
combat dementia. For the first time, a treatment for AD has been licensed for
use in Great Britainﬂ. The drug, called lecanemab, is a monoclonal antibody
therapy that aims to support the clearance of aggregates in the brain [127] and
other monoclonal antibody therapies, such as donanemab, are currently in trials
with the hope of being approved for use soon [128]. However the development of
these treatments is not without setbacks. Most notably, aducanumab was approved
by the United States Food and Drug Administration in June 2021, however the
drug showed only limited effectiveness by partially slowing the disease, and also
increased the risk of cerebral microhemorrhages [129]. In January 2024, it was
announced that aducanumab would be discontinued by the manufactureif} It is
necessary to determine how various treatments fit into the broader landscape of
disease to make decisions around risk and to devise treatment strategies.
Monoclonal antibody therapies are immunotherapy treatments that focus on
increasing the clearance mechanisms in the brain. This will shift the balance of
aggregation and removal, moving the transition boundary and increasing the area
of the stable region. However, since the system will begin proliferating aggregates
as soon as it becomes unstable, then the efficacy of the response will depend on how

soon any intervention is made after the system becomes unstable. At early times

"https://www.gov.uk/government /news/lecanemab-1licensed-for-adult-patients-i
n-the-early-stages-of-alzheimers-disease
“https://www.alz.org/alzheimers-dementia/treatments/aducanumab
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Figure 4.8: Examples showing the effects of different therapeutic schemes and
combinations of therapies. The system’s ‘state’ is given by the yellow dot that moves
around the phase space.

after the transition, the system will still be close to the stable region, however at
later times after more aggregation it will be further from the transition boundary
so that even increasing the clearance upon drug administration may not return the
system to being stable. This situation is shown in the second row of Figure [4.§
The best time to take immunotherapy treatments would be before the transition to
the unstable region, however it is hard to identify exactly when individuals would
become at risk and so hard to design a resource effective treatment strategy at
the population level. Furthermore, increasing the population taking medication
that may not be as susceptible to the onset of disease will also alter the calculation
of risks associated with side effects of the treatment.

An alternative therapeutic strategy is to develop monomer-reducing therapies,
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such as ASOs and epigenetic editors (see Section [131], [135]. Reducing
the monomer concentration can cause an unstable system to cross the transition
boundary and return to being stable. The aggregate population and replication rate
will therefore be lower, so that aggregates will be cleared more quickly than they
are produced and the aggregate mass will return to the low stable concentration.
However, after some time, the effects of the monomer therapy will wane and the
monomer concentration will return to its original value, once again transitioning
into the unstable region so that the aggregates proliferate. This situation is shown
in the third row of Figure 4.8l Repeated monomer therapies that act to keep
the monomer concentration at some reduced value could keep the system stable,
however repeated exposure to ASOs can induce off target toxic effects and if the
protein monomer is functional then significantly reducing its concentration over a
prolonged period of time could affect the healthy function of the cell [131].

An alternative therapeutic strategy that this theory encourages could be a
combination therapy of both immunotherapy and monomer reducing therapy.
Reducing the monomer ensures an initial transition to the stable region and the
subsequent immunotherapy ensures that the system remains in this stable region in
the longer term. The final row of Figure demonstrates how this process will lead
to longer term stability and how this type of combination therapy could overcome
the challenges associated with the separate treatments. However, this is still only a
schematic description and quantifying the various rate parameters in the model is
necessary to determine if this is a realistic disease relevant parameter regime. The
values used here are based on in vitro measurements but these could be significantly
affected by the different biophysical environment in vivo. Moving these theoretical
results to prescribed medication would additionally require extensive clinical trials,
determining exact dosages and dose frequencies as well as confirming efficacy and
testing for side effects. Despite all of these limitations, the ability of this model to

reproduce the currently observed phenomena of NDDs remains compelling.
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4.7 Summary and Conclusions

This chapter reviewed the mathematics of the kinetics of aggregation which provide
accurate descriptions of in vitro aggregation experiments. However, this theory
alone cannot explain in vivo observations and the clearance mechanisms, that
remove aggregates, need to be included in the models of living systems. Combining
existing theories of aggregation with bounded rate clearance mechanisms gives a
description of the disease with all key behaviours. These experimental observations
are uniquely captured by a bounded clearance rate. Even with complex clearance
kinetics (e.g. length dependent clearance) experimental observations cannot be
reproduced if the clearance rate is unbounded.

This model presents a unified theory that can describe different disease phe-
nomena with different parameter values. However, a major milestone in the
continued development of this theory will be to experimentally determine the
different parameter values and disease relevant regimes. I am optimistic that ongoing
experimental work will soon quantify these rates. For example, the Distributed
Amphifluoric Fluorescence Resonance Energy Transfer (DAmFRET) developed
by the group of Dr Randal Halfman [161] can simultaneously measure relative
monomer and aggregate concentration. This data would populate the my — M
phase planes such as those drawn in Figures and . Time course DAmFRET
data will identify the stability boundary in the phase plane and can be used to

determine rate parameters via fitting.
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5.1 The Investigated Protein Organisation

In this thesis, we have explored a variety of physical forces and processes that act
to organise proteins. The spirit of these models was not to develop extremely high
fidelity simulations, but to construct minimal models that can predict or explain
phenomena of protein organisation. A brief summary of the distinct chapters and

suggestions for future work are outlined below.

5.1.1 Active Phase Separation of Dense Mixtures

Summary

Historically, the physics of liquid-liquid phase separation is built around the
equilibrium interactions between different components. However, in this chapter
we showed that purely non-equilibrium chemical reactions can drive the formation
of two distinct phases in a fluid mixture. We developed a thermodynamically
consistent, minimal model of an active mixture comprised of an enzyme, a substrate
and a product component. When the enzyme permits a driven reaction that
acts to convert substrate to product it can generate a locally increased product
concentration compared to regions with no enzyme. This generates a gradient in the
composition of the mixture and subsequently concentration fluxes. When the enzyme
responds differently to gradients in the substrate versus the product, the gradients
can cause net enzyme fluxes towards regions of increased enzyme concentration
and generate effective enzyme-enzyme interactions that induce phase separation.
We call this mechanism catalysis-induced phase separation. The formation of these
phases reduces the overall reaction rate due to the enzyme and so automatically

provides a feedback on the reaction rate that we call autoregulation.
Future Work

The model developed in this chapter was deliberately minimal to explore the onset
of the phase separation. Immediate next steps are therefore to generalise the model
and identify the situations in which this mechanism of phase separation is relevant.

For example, adding equilibrium interactions back into the model and understanding
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how the non-equilibrium effects interplay with the equilibrium interactions presents
interesting and biologically relevant research. Another generalisation is to consider
a model with additional reaction components, building up to catalysed reaction
networks. This will likely increase the complexity of the emergent phenomena and
potentially give rise to new feedback mechanisms between the reactions. We argued
in this chapter that catalysis-induced phase separation will be relevant for many
biological systems, however, it would be exciting to prove this with experimental
observations, or build a synthetic system that undergoes this instability. Since
experimental systems often have more complexity than the theoretical minimal
models, it will likely be useful to understand the generalisations of the effect before

searching for experimental validation.

5.1.2 Membrane Mediated Elastic Interactions

Summary

The focus of this chapter was the investigation of how curvature-inducing inclusions
organise, through an interaction mediated by an elastic biological membrane. We
derived that for well-separated, small inclusions, the many-body interaction between
multiple inclusions is the sum of the two-body potential and we derived the form
of this interaction potential. This interaction fundamentally changes when the
curvature-inducing inclusions are not radially symmetric by the emergence of a
well defined minimum separation compared to strong repulsion at all separations.
However, in addition to altering the direction of the force, the anisotropy affects
the formation of aggregates of many inclusions, as the pair interaction can be
frustrated by other inclusions. As such the equilibrium arrangements of groups

of inclusions are polygonal lattices.

Future Work

In this chapter, we broke the symmetry in the system by including a quadrupole
mode on the contact angle imposed on the edge of the inclusion. An additional

symmetry breaking could be to consider the interaction of curvature inducing
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inclusions on some background curved membrane, potentially caused by bilayer
asymmetry or other cellular structures such as microtubules or synthetic supports.
It makes sense in a system with both global membrane asymmetry and local
inclusion anisotropy that the axis of maximum curvature of the inclusions would
align with the maximum curvature on the membrane to minimise energy. When
multiple inclusions interact the system would have to trade off the mismatch
between the inclusion-inclusion alignment and the membrane-inclusion alignment.
Additionally, using the interaction potential derived we could investigate the different
structures formed by inclusions with different anisotropy, for example considering

two distinct inclusion species.

5.1.3 Protein Aggregation in Disease

Summary

Understanding the onset and development of neurodegenerative diseases is necessary
to design rational therapeutics and treatment plans. In this chapter, we developed a
kinetic model of the aggregation process that unifies different diseases of aggregating
proteins and can explain and predict all existing experimental observations (seeding,
recovery and incidence). My innovation was to introduce a bounding effect on the
clearance of aggregates from a system, which is a physically realistic constraint.
The model predicts that the relevant factors describing the disease are the protein
monomer concentration, the aggregate mass concentration and the clearance rate.
Current therapies work by increasing the clearance rate, but in fact combination
therapies that include a transient reduction in the monomer concentration may
be significantly more effective in returning the system to a steady state. We
comprehensively explored different molecular mechanisms that could result in a
bound clearance and crucially the key features of this model are robust even when

the exact functional form of the clearance or aggregation kinetics are varied.
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Future Work

The major focus on future work in this area should be to experimentally determine
rates of the different aggregation processes. The desired rates are in vivo rates
which are harder to probe experimentally compared to test tube reactions, as so
there are additional constraints to keep cells and tissues alive, or connected to other
organs. However, these rates can be constrained by indirect observations, such
as studying the length distributions of the aggregates in cell lysate. As clinical
trials continue to progress, more data regarding the onset of disease and the effect
of interventions will become available which again can help to provide bounds on
the different rate parameters in vivo. From a theoretical perspective, this model
should be connected to multi-scale models of aggregation processes across different
cells, such as models describing the spread of aggregates in tissues and ultimately
to include this model in larger network models that describe the spread of the

disease through different regions of the brain.

5.2 The Interplay of Protein Organisation

Proteins interact in a myriad of different ways and during my thesis research I have
studied some specific examples of protein organisation. Of course there are other
ways that proteins can interact, leading to function, for example, hydrodynamic
coupling between enzymes can cause enhanced activity [162], [163] or the binding
between discorded proteins can be modulated by depletion effects [164], [165]. In
addition to these distinct different mechanisms of protein organisation, the different
modes of organisation can also interplay. Even within the subset of systems studied
in this thesis, there is emerging work looking at the intersection and overlap of

these modes of organisation. Examples of these are listed below.

5.2.1 Membranes and Condensates in Aggregation

In Chapter [ we outlined the basic processes of protein aggregation relevant to

the onset and development of neurodegenerative diseases. However, the rates and
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functional form of these mechanisms are affected by the cellular environments.
One particular example is the interplay between lipid membranes and aggregation.
Lipid vesicles were reported to enhance primary nucleation by three orders of
magnitude [166], however, recent work that explored the molecular mechanisms
describing this enhancement found that lipids were increasing the elongation rates
of aggregates [167]. Additionally, this work identifies that air-water or plate-water
interfaces, interfaces that are common in all in vitro experiments, can alter the
kinetics of aggregation and, thus, care should be taken in drawing conclusions from
these assays. Beyond simply affecting aggregation rates, tau aggregates have also
been observed tethered to membranes in vesicles [168]. This could be linked to the
formation of the aggregates, but could also be connected to how they are localised
to extracellular vesicles. Extracellular vesicles are believed to be involved with
aggregate clearance, or transmission to other neurons. Understanding this aggregate-
membrane tethering interaction could provide more insight on these process.
Droplets, formed by liquid-liquid phase separation, have been implicated in the
formation of pathological aggregates. The formation of aggregates is enhanced
in protein-rich droplets [169]. Tau proteins (a candidate monomer protein in
Alzheimer’s Disease) can form small condensates via liquid-liquid phase separation
that subsequently mature into pathological aggregates that can act as seeds and
further proliferate disease [170]. The pathway to the formation of aggregates in
disease-relevant proteins demonstrates the importance of understanding how the
liquid condensates can affect the kinetics of aggregation and theoretical studies have
started to explore this phenomena. Liquid droplets that sequester aggregates can
affect aggregation processes in broadly two ways. Firstly, the different environment
and rheology of droplets can affect the rate constants of aggregation [171] and
secondly, partitioning the aggregates/monomers to have an enhanced concentration
inside/outside the droplet can alter the net aggregate growth rate [172]. Furthermore,
interactions between other aggregates of different lengths could themselves support
the formation of liquid droplets [173]. In addition to affecting the aggregation,

droplets could also affect the efficacy of therapeutics which would also be affected
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by the different droplet environment and by partitioning. These mechanisms will
all affect the kinetics of aggregation, however, it will be useful to understand if
this will simply alter the rates in existing models of aggregation or if this interplay

could lead to fundamentally different phenomena.

5.2.2 Phase-Separated Curved Domains

The role of membranes and their interplay with phase-separated droplets has
also been an exciting area of research, for example wetting and remodelling of
vesicle membranes by liquid droplets [174]. Furthermore, phase separation in
biological membranes has been observed, even in membrane models with as little
as two phospholipids and a cholesterol component [175]. Lipid-lipid and lipid-
cholesterol interactions can drive the well-mixed system to form these separate
domains [104] and models of phase separating systems can predict the phase
behaviour [44]. However, in these model systems the amount of lipid is conserved
and, in vivo, local lipid composition actually changes due to membrane recycling
and as a result of the activity of enzymes which catalyse lipid synthesis and
breakdown [104]. The catalysis-induced phase separation in Chapter [2/ may also
be relevant in the plane of membranes.

Exploring the phase behaviour of elastic membranes also provides an exciting
system that couples curvature and phase. Large scale deformations in elastic
membranes can be mechanically induced by varying the tension or internal pressure
of a membrane, giving rise to ballooning, bulging, and necking [176]. Patterns
can also occur on smaller length scales giving rise to stripes or spots when the
curvature of different components and the interactions between these components are
considered [177]. However, local energy consumption within a membrane might also
lead to tunable shape change. Flipases and flopases are enzymes that move lipids
across the bilayer [2] and driving their action with a fuel could generate gradients
in curvature in the membrane, akin to the concentration gradients in Chapter [2 T
predict that this could generate an instability similar to catalysis-induced phase

separation that also alters the membrane shape. An alternative idea could be
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Figure 5.1: DALL-E interpretation of A realistic and photorealistic panoramic view
of a futuristic world where protein organization has been harnessed to develop effective
medicines and innovative synthetic biology.

to harness embedded components in the membrane that can undergo significant
conformational changes, such as switchable lipids . An enzyme that changes the
conformation of these components could then generate effective interactions between
the conformations via the curvature mismatch and elastic effects. Again this could

present a new avenue to pursue functional pattern formation on membranes.

5.3 The Importance of Protein Organisation

It is essential to understand protein organisation to design medicines for diseases
caused by pathological protein organisation, and these therapies can take advantage
of the relationship between emergent protein structures and the broader in vivo
environment. The different ways in which these processes interplay do not only have
medicinal potential, but also potential in engineering smart synthetic biological
systems (perhaps moving us closer to the imagined utopia in Figure Proteins
can react and interact to carry out basic computation, or to regulate expressions
of other proteins. However, the majority of work to date is limited to assuming

well-mixed systems, or if there is patterning and spatial heterogeneity it is at
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the level of membrane bound droplets [179]. Spatial organisation at the level of
proteins presents a design space that can couple structure and function much more
directly and develop tight feedback and control. The autoregulation presented
in Chapter [2]is a good example of this automatic control. Active droplets have
also been predicted to buffer noise in fluctuating concentrations [180], generate
oscillatory metabolic cycles [181], or even act as a reaction crucible to speed up
reactions [182]. These phenomena are already quite diverse, even for just this one
mechanism of protein organisation where the different functional effects depend
on the biophysical regime. Unifying these different interactions into a framework,
such as the language of control, might help to support more system level design

and ultimately the manufacture of controllable protein systems.
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