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Abstract

Developing coherent control operations to precisely achieve desired unitary evolutions
is central to various fields of quantum science. For example, these operations are
crucial for creating multi-qubit entangling operations and designing tailored, tunable
Hamiltonians for analogue quantum simulations. This challenge is compounded
by the fact that the systems in question are neither ideal nor isolated, and they
frequently suffer from unavoidable spurious interactions.
A common source of errors in coherent operations typically stems from incoherent
processes, where the system interacts with the environment. However, as interaction
durations decrease, these become negligible and coherent errors begin to dominate
the behaviour of the system. Among these, the most challenging to deal with are
errors that do not commute with the main interaction. We investigate such errors
within the spin-oscillator system of a trapped ion. For example, in the Mølmer-
Sørensen entangling gate operation, the travelling wave fields that generate the
essential spin-motion coupling also induce an off-resonant non-commuting carrier
term. This term introduces errors in the entanglement operation. To address this,
we introduce control over the optical phase of the laser field by using a standing
wave, whose position we stabilise to λ/100 with respect to the ion. This allows
us to gain control over the phase degree of freedom of the laser-ion interaction,
enabling us to circumvent the non-commutativity and suppress the strength of
the problematic carrier term by a factor of 18.
Conversely, non-commuting interactions can also be advantageous, enabling the
creation of novel, effective interactions when the appropriate control is employed.
By combining two spin-dependent forces that do not commute, we demonstrate a
method to generate nonlinear interactions in the motion of an ion with favourable
scaling. Unlike conventional methods that rely on higher orders of the Lamb-Dicke
parameter expansion, our approach achieves linear scaling with the increase in
interaction order. Specifically, we focus on generalised squeezing interactions and
experimentally demonstrate squeezing (second order), trisqueezing (third order),
and quadsqueezing (fourth order). The quadsqueezing achieved is over 100 times
stronger than that possible with conventional methods and, to the best of our
knowledge, represents the first implementation of fourth-order generalised squeezing
across any platform. Our method does not impose a fundamental limit on the
interaction order and is universally applicable to any platform that supports spin-
dependent linear interactions.
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1
Introduction

Understanding how to tailor quantum dynamics for the desired evolution of a

quantum state is a fundamental challenge across the various fields of quantum

science. Typically, quantum dynamics are envisioned as an ideal and isolated

process, yet they are often disrupted by unavoidable spurious interactions. These

interactions can significantly alter the intended evolution, making it necessary

to develop methods that counteract or mitigate these disturbances and preserve

the fidelity of quantum operations.

One important aspect of this challenge involves identifying the necessary time-

dependent control fields to achieve precise unitary evolution with high accuracy.

This task, far from trivial, demands complex mathematical formulations and precise

experimental implementations [2]. Despite these complexities, mastering coherent

control in quantum systems is essential. It not only underpins the development

of robust quantum devices capable of solving problems intractable for classical

computers but also enhances our understanding of the underlying physics driving

these interactions.

1



2 1.1. The time evolution of a quantum state

1.1 The time evolution of a quantum state

If the quantum dynamics are described by a time-independent Hamiltonian Ĥ, the

time evolution of the state can be simply described as follows

|ψ(t)⟩ = Û(t) |ψ(0)⟩ = e− i
ℏ Ĥt |ψ(0)⟩ ,

where Û(t) is the time evolution operator or propagator, and |ψ(0)⟩ is the state

at time t = 0.

However, interactions are often described by time-dependent Hamiltonians. In such

cases, computing the propagator becomes non-trivial [3]:

Û(t) = T
(
e− i

ℏ

∫ t

0 Ĥ(t′)dt′
)
,

where T indicates a time-ordered exponential, whose use is crucial when the

Hamiltonian does not commute with itself at different times

[Ĥ(t1), Ĥ(t2)] = Ĥ(t1)Ĥ(t2) − Ĥ(t2)Ĥ(t1) ̸= 0.

Using the Dyson series, the propagator can be expressed as:

Û(t) = Î +
∞∑

n=1
Û (n)(t), (1.1)

where Î is the identity and each term in the sum is defined as:

Û (n)(t) =
(

− i

ℏ

)n ∫ t

0
dt1

∫ t1

0
dt2 · · ·

∫ tn−1

0
dtnĤ(t1)Ĥ(t2) · · · Ĥ(tn).

Including all the terms in Eq. (1.1) provides a unitary operator. However, we often

truncate the series in practice, thus losing unitarity. An alternative approach is

the Magnus expansion [4, 5], where the propagator is represented as an infinite

series of nested commutators:

Û(t) = exp
( ∞∑

n=1
Ωn(t)

)
, (1.2)

with the first two terms given by:

Ω1(t) = − i

ℏ

∫ t

0
Ĥ(t1)dt1,
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Ω2(t) = − 1
2ℏ2

∫ t

0
dt1

∫ t1

0
[Ĥ(t1), Ĥ(t2)]dt2.

The advantage of the Magnus expansion is that it maintains the unitarity of the

evolution operator at every order, facilitating a clearer understanding of the effects

of dynamics. Depending on the structure of the Hamiltonian, the series of nested

commutators might terminate at a particular order or continue indefinitely. In

the latter case, one can imagine the ”soup of interactions” that must be managed.

Solving the dynamics with the Magnus expansion provides insights into the effects

of spurious terms and informs strategies for managing them [2]. Furthermore, using

appropriate control tools, isolating effective interactions within the series described

in Eq. (1.2) is possible. A significant part of this thesis investigates this aspect for

interactions that couple a spin to a harmonic oscillator. The control tools that we

employ are amplitude shaping and phase control techniques, as shown in Fig. 1.1.
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† )

σ̂y(â
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†n )

[σ̂x, σ̂
y]
= 2iσ̂z

1

formulaesoupf igoanabazavan1August 2024

σ̂z

σ̂x

σ̂y

σ̂ϕ

σ̂
ϕ+π/2

[Ĥ
1 , Ĥ
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σ̂z(â
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σ̂y(â+ â†)
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σ̂z(â
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4 1.2. A spin-oscillator hybrid system

1.2 A spin-oscillator hybrid system

The spin-oscillator hybrid system consists of a two-level system coupled to the

infinite-dimensional Hilbert space of a quantum harmonic oscillator. These systems

are prevalent across various platforms, including trapped ions [6], atoms [7],

superconducting qubits [8], and diamond colour centres [9]. Typically, the main

quantum object in which the information is encoded is coupled to an auxiliary

component that mediates the otherwise weak interactions between the primary

quantum objects. Additionally, hybrid systems provide natural mappings for

simulating certain quantum systems, such as quantum field theories [10, 11] or

quantum chemistry problems [12–16]. Furthermore, they can potentially enable

more resource-efficient error correction [17]. The ability to generate interactions

that couple the spin to the oscillator is essential for exploiting the full potential

of these systems.

In this thesis, the coupling between spin and oscillator plays a pivotal role in

exploring both boson-mediated spin-spin interactions and spin-mediated nonlinear

bosonic couplings, where bosons are understood as excitations of the quantum

harmonic oscillator. We use a trapped ion as our hybrid system, where the spin

corresponds to two internal electronic levels of the ion, and the oscillator is the

motion of the ion in an external trapping potential.

1.3 Boson-mediated spin-spin interactions

In trapped ions, direct spin-spin interactions are intrinsically weak due to the

Coulomb repulsion, which gives rise to significant spatial separation between the

ions. Typically, we rely on the shared motion of the ions to implement indirect

spin-spin interactions by temporarily entangling the spin state with the motion [18,

19], which effectively couples the spins. Such boson-mediated spin-spin interactions

are extensively used in quantum information processing with trapped ions. For

example, we can use them to create spin-spin entangled states [20], such as |ψ⟩ =
1√
2(|↓↓⟩ + |↑↑⟩), where |↓⟩ and |↑⟩ represent the two spin states. Entangled states
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have been used to verify fundamental aspects of quantum theory [21] and enhance

the sensitivity of metrology experiments [22]. Furthermore, spin-spin interactions

can be used to implement two-qubit quantum logic gates, which are essential for

quantum computing. When integrated with single-qubit rotations, these gates are

essential for building a universal quantum computer [23, 24]—a device designed to

execute arbitrary unitary operations across a register of quantum bits.

The ultimate goal of such technology is to achieve fault tolerance [25], enabling it to

perform calculations with extremely low error rates. Attaining this level of precision

involves overcoming several challenges, including the execution of high-fidelity

quantum operations. Boson-mediated spin-spin entanglement has facilitated the

achievement of two-qubit gates with record-high fidelities [26–29] when compared

to other quantum computing platforms [30].

In this thesis, we explore the challenges of speeding up two-qubit entangling gates

in the presence of spurious, non-commuting terms. Speeding up the operations of

the entangling gate helps reduce incoherent errors such as motional decoherence and

heating, which impact the gate during the transitory coupling of the spin state to the

motion [31]. Additionally, faster two-qubit gates facilitate increased circuit depths.

However, as the duration of these gates decreases, coherent errors, such as the

presence of terms that do not commute with the primary spin-coupling interaction,

become more prevalent [32]. This thesis investigates methods of lifting the non-

commutativity using phase control techniques, specifically by coherently cancelling

spurious terms using two counter-propagating waves (that form a standing wave).

1.4 Harnessing non-commutativity to generate
spin-mediated nonlinear bosonic interactions

However, the presence of non-commuting terms can also be used to one’s advantage.

In Sec. 1.1, we mention how terms in the infinite Magnus expansion can be isolated

to drive the desired interaction while using the proper set of tools. In this thesis, we

investigate how combining two linear spin-motion couplings with non-commuting

spin conditioning gives rise to such an infinite expansion. The emergent terms from
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1.4. Harnessing non-commutativity to generate spin-mediated nonlinear bosonic

interactions

this series manifest as nonlinear bosonic interactions in the motion of a trapped

ion, effectively mediated by the spin. Furthermore, the linear spin-motion couplings

that we refer to are the very same ones used for implementing the two-qubit gates.

Including trapped ions and beyond, the capability to introduce n-th order nonlinear

interactions in the quantum harmonic oscillator leads to complex behaviour. For

instance, squeezed states generated by second-order bosonic processes reduce

uncertainty in one observable while increasing it in its conjugate [33]. This attribute

is particularly valuable in applications that require enhanced sensitivity, such

as gravitational wave detectors [34], microscopy [35], and electric field measure-

ments [36]. Additionally, higher-order interactions give rise to non-Gaussian states,

which are marked by fundamental quantum mechanical properties like Wigner

negativity [37–39], underscoring their nonclassical nature.

In the quantum information processing realm, using quantum harmonic oscillators

to encode quantum information has garnered significant attention [40]. This interest

largely stems from the substantial challenges associated with managing the resource

overhead required for fault-tolerant quantum computing. As a potential solution,

more efficient use of resources can be achieved by encoding information in larger

Hilbert spaces. The paradigm discussed in Section 1.3 employs discrete variables.

However, one strategy for enhancing physical resource efficiency involves continuing

to use discrete variables but in systems possessing more than two energy levels,

known as qudits [41, 42]. Alternatively, employing oscillators with unbounded

Hilbert spaces [43, 44] represents another viable approach, falling under the umbrella

of continuous-variable quantum computing [45, 46].

Building universal quantum computing with continuous variables necessitates not

only Gaussian operations, such as displacement and squeezing, but also at least a

non-Gaussian operation, such as third-order bosonic interactions [45–47]. Table 1.1

details the Hamiltonians describing these essential interactions.

Furthermore, unlike for Gaussian operations [48], higher-order interactions introduce

computational challenges for classical simulation [49]. These interactions are

valuable for real-time quantum simulation of many-body models [50–52] or molecular
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gate Unitary operation Gaussian?
displacement exp (αâ† − α∗â) yes

squeezing exp (z∗â2 − z(â†)2) yes
beamsplitter exp (θ(eiϕâ†b̂− e−iϕâ†b̂) yes

Cubic phase gate exp (ic(â† + â)3) no

Table 1.1: List of some common Gaussian and non-Gaussian operations with â(b̂) and
â†(b̂†), the annihilation and creation operators, respectively and α, z, θ, ϕ, c constants.

quantum effects [14], with potential advantages over classical hardware in the noisy

intermediate-scale quantum (NISQ) era.

Experimental realisations of nonlinear interactions faster than decoherence mecha-

nisms are challenging, especially as interaction strength diminishes with increasing

order. Generating such interactions typically requires specific hardware designs,

such as tailored ion trap geometries [53] or superconducting microwave circuits [54,

55]. For example, while second-order interactions such as squeezing [56–58] and

beamsplitter [59–61] have been demonstrated in various systems, third-order

interactions such as trisqueezing have only recently been shown in superconducting

microwave circuits [62, 63], and higher-order interactions remain an outstanding

challenge. With our method, which relies on the spin mediating the bosonic

interaction, we achieve better scaling, enabling quadsqueezing interactions at rates

over 100 times faster than those achieved with conventional methods [57] using

equivalent parameters. To our knowledge, this is the first demonstration of fourth-

order generalised squeezing across any platform.

1.5 Thesis Outline

The structure of this thesis is as follows:

Chapter 2 provides an overview of the theoretical aspects of atom-light interactions

in trapped ions relevant to this thesis. It discusses the implications of having non-

commuting spin terms (e.g., σ̂x, σ̂y) in the Hamiltonian, which lead to an infinite

series of interactions that can be resonantly driven. This chapter also explores how

the interaction dynamics change when the light field is a standing wave.
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Chapter 3 offers a brief overview of the experimental apparatus and phase stabil-

isation techniques employed to tailor quantum dynamics in our system.

Chapter 4 presents an experimental characterisation of the spin-oscillator system used

in this work, along with the spin-dependent forces that serve as our linear spin-motion

couplings for realising spin-spin entanglement and nonlinear bosonic interactions.

Chapter 5 details experimental results on how a phase-stabilised standing wave

can be utilised to implement a universal gate set in the realm of discrete variables,

aiming to overcome the effects of spurious non-commuting terms to enable faster

entangling gates.

Chapter 6 presents experimental results on using phase stabilisation and amplitude

pulse shaping techniques to utilise non-commuting terms for creating the desired

effective nonlinear interactions in the motion of the ions.

Chapter 7 discusses potential future experiments leveraging the interactions inves-

tigated in this thesis and outlines technical upgrades.

The research presented in this thesis was conducted in close collaboration with

Sebastian Saner, particularly the findings in Chapter 5 and portions of Chapter 4,

which are published in Ref. [64] and Ref. [1], respectively. Sebastian Saner’s thesis,

to be published later, will elaborate further on the topics discussed here.



2
Theory

Contents
2.1 A spin-motional oscillator system . . . . . . . . . . . . . 10
2.2 Coherent laser-ion interactions . . . . . . . . . . . . . . 13

2.2.1 Rabi frequency . . . . . . . . . . . . . . . . . . . . . . . 13
2.2.2 Lamb-Dicke parameter . . . . . . . . . . . . . . . . . . . 14
2.2.3 Rotations . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2.4 ac Stark shift or light shift . . . . . . . . . . . . . . . . 16
2.2.5 Motional state analysis . . . . . . . . . . . . . . . . . . 17

2.3 Spin-dependent forces . . . . . . . . . . . . . . . . . . . . 18
2.3.1 Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3.2 SDF via a bichromatic field driving . . . . . . . . . . . . 22
2.3.3 SDFs in σ̂ϕ and σ̂z basis . . . . . . . . . . . . . . . . . . 24
2.3.4 Amplitude pulse shaping . . . . . . . . . . . . . . . . . . 26

2.4 Standing-wave-ion interactions . . . . . . . . . . . . . . 28
2.4.1 Dealing with non-commuting terms . . . . . . . . . . . . 28
2.4.2 Monochromatic standing-wave . . . . . . . . . . . . . . 30
2.4.3 SDFs using a bichromatic standing-wave . . . . . . . . . 32

In this chapter, we introduce the spin-oscillator system, Fig. 2.1, provided by a

trapped ion. The ion’s internal states constitute the spin states, and its motion

represents the oscillator. We discuss how we couple the spin states to the motional

oscillator using laser fields, which serves as the foundation of the work presented in

this thesis. Moreover, we describe how the interactions between the laser field and

the ion change when we use a travelling wave field versus a standing wave field.

9
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2.1 A spin-motional oscillator system
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Figure 2.1: Spin-oscillator system.

Spin

When we encode quantum information using the internal electronic states of the

ion, very often, we think of a two-level system, which we might also refer to as a

spin or a qubit. This two-level system has an energy splitting of ℏωq, with energy

eigenstates(eigenvalues) |↓⟩ (−ℏωq/2) and |↑⟩ (+ℏωq/2). The system is equivalent

to a spin-1/2 in a static magnetic field, defining the quantisation axis. We can

describe its free evolution using the Hamiltonian

Ĥq = ℏωq

2 σ̂z, (2.1)

where σ̂z is a Pauli operator with eigenstates |↓⟩ , |↑⟩ [65].

Quantum harmonic oscillator

To a very good approximation, each mode of vibration of a trapped ion can be

described as a quantum harmonic oscillator (QHO) with position operator x̂r and

momentum operator p̂r using Hamiltonian:

Ĥosc = p̂2
r

2M + 1
2Mω2x̂2

r, (2.2)

where ω is the angular frequency of the QHO, and M is the mass of a trapped

ion1 [31]. We express Eq. (2.2) in terms of the creation â† and annihilation â opera-

tors by first defining the dimensionless position x̂ and momentum operators p̂ [67]:

x̂ ≡
√
Mω

ℏ
x̂r = 1√

2
(â† + â) p̂ ≡

√
1

Mωℏ
p̂r = i√

2
(â† − â) (2.3)

1In Ref. [66], it is discussed in detail how Eq. (2.2) is modified to account for multiple modes
of vibration and multiple ions.



2. Theory 11

which results in:

Ĥosc = ℏωâ†â = ℏωn̂, (2.4)

where n̂ is the number operator and we omitted the constant term ℏω/2 representing

the vacuum fluctuation energy.

Fock state ladder

The eigenstates of n̂ are also the eigenstates of Ĥosc and are called Fock states |n⟩,

where n ∈ N0, hence the Hilbert space provided by the quantum harmonic oscillator

is infinite. Moving up and down the ladder of states is done via:

â† |n⟩ =
√
n+ 1 |n+ 1⟩ â |n⟩ =

√
n |n− 1⟩ â |0⟩ = 0. (2.5)

Wigner function representation

Due to the commutation relationship [x̂, p̂] = i, we cannot define a genuine phase

space distribution, as is possible in classical mechanics, to describe the state of

the quantum harmonic oscillator. However, we can instead use a Wigner function

W (x, p), which depends on the eigenstates of x̂ and p̂, x and p, respectively [68–70]:

W (x, p) = 1
2πℏ

∫ ∞

−∞
⟨x+ 1

2ζ| ρ̂ |x− 1
2ζ⟩ e

ipζ/ℏdζ, (2.6)

where |x± 1
2ζ⟩ are position eigenstates. The Wigner function provides a full

description of the quantum state represented by the density operator ρ̂. Some

properties of W (x, p) include that it is real-valued, and by integrating it over the

variable p or the variable x, we can compute the probability distribution of position

or momentum, respectively (marginals). However, unlike a probability distribution,

W (x, p) can take negative values and is thus referred to as a quasiprobability

distribution. Wigner negative values can be observed, for example, in the case of Fock

states, some of which are plotted in Fig. 2.2, with the Wigner function given by [65]:

Wn(γ) = 2
π

(−1)nLn(4|γ|2)e−2|γ|2 , (2.7)

where Ln is the Laguerre polynomial of degree n, and γ = x/
√

2 + ip/
√

2.
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Figure 2.2: Wigner functions W (x, p) of a few Fock states; x, p are the position and
momentum variables associated with the dimensionless position and momentum operators
x̂, p̂, respectively (see Eq. (2.3)).

A useful definition of the Wigner function, that we extensively use in Chapter 6 [71],

is that it is given by the Fourier transform of the characteristic function χ(β)

W (γ) = 1
π2

∫
χ(β)eγβ∗−γ∗βd2β, (2.8)

where χ(β) = ⟨ψosc| D̂(β) |ψosc⟩ is the expectation value of the displacement operator

D̂(α) = eαâ†−α∗â. The effect of the displacement operator is discussed in detail

in Sec. 2.3. The characteristic function also provides full information about the

oscillator state and is complex-valued [72].

In an ion trap system, there are 3N motional modes in total, where N is the

number of ions. This thesis focuses on coherent control involving the motional

mode along the trap axis (z) with angular frequency ωz. For most interactions

studied, it is a fair assumption that the other motional modes are far off resonant.

By combining the spin and the quantum harmonic oscillator, the Hamiltonian

of the system is expressed as

Ĥ0 = Ĥq + Ĥosc = ℏωq

2 σ̂z + ℏωzâ
†â.
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2.2 Coherent laser-ion interactions

A motional mode and the internal state can be coupled via a travelling wave2

electromagnetic field. The Hamiltonian describing the interaction is given as [31]:

ĤTW = ℏΩ
2 σ̂+e

iη(â+â†)ei(−δt+ϕl) + h.c., (δ ≡ ω − ωq), (2.9)

where we have adopted the interaction picture with respect to the internal state

Hamiltonian Ĥq and applied the rotating wave approximation as the terms oscillating

at 2ωq are fast, and their effect averages out over the experiment timescales

considered in this thesis. The phase ϕl is the phase of the laser at the position of

the ion, σ̂+ is the raising operator, Ω is the Rabi frequency, and η is the Lamb-Dicke

parameter, defined in the next to sections.

2.2.1 Rabi frequency

The Rabi frequency Ω hides the specifics of the interaction between the electro-

magnetic field and the ion’s charge distribution. In the experiments presented in

this work, we mainly drive an electric quadrupole (EQ) transition or a magnetic

dipole (MD) transition for coherent operations. For the quadrupole transition,

the Rabi frequency is defined as [66, 73]

ΩEQ =
∑
i,j

⟨↑|Qi,j |↓⟩
(
∂Ej

∂xi

)
rn

= ⟨↑| (ere · ê)(kl · re) |↓⟩E(rn)/2ℏ, (2.10)

where E the amplitude of the laser field, with polarisation ê and wave vector kl,

evaluated at the position of the nucleus rn, e is the fundamental charge unit and re

is the position of the single valence electron relative to the nucleus of the ion. We

see that the induced electric-quadrupolar moment with tensor elements Qij couples

to the gradient of the electric field E evaluated at the position of the nucleus rn.

The Rabi frequency for a magnetic dipole transition is defined as [74]

ΩMD = − ⟨↑|µ · b̂ |↓⟩B(re)/ℏ, (2.11)
2We will return to this in Sec. 2.4 and Chapter 5.
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where µ the magnetic dipole moment interacts directly with the magnetic field

with amplitude B and polarisation b̂.

Given that we will draw a comparison between electric quadrupole and electric

dipole transitions in Sec. 2.4, we also introduce the Rabi frequency for an electric

dipole transition [74]

ΩED = ⟨↑| ere · ê |↓⟩E(re)
ℏ

, (2.12)

which interacts directly with the electric field.

2.2.2 Lamb-Dicke parameter

The Lamb-Dicke parameter is defined as η = |kl|z0 cos (θ), where kl is the wave

vector of the laser beam, θ is the angle between the direction of oscillation of

the ion and kl, and z0 =
√
ℏ/2Mωz the extension of the oscillator’s ground state

wavefunction, with M the mass of the ion. In our experiment, we work with 88Sr+

ions, a laser beam with λl = 674 nm, θ ≈ 45 deg and ωz/2π = 1.17 MHz, which

yields z0 ≈ 7 nm and η ≈ 0.05. The Lamb-Dicke parameter is a measure of the

impact of a single photon emission or absorption on the motion of the ion. If η ̸= 0,

we are able to couple the spin to the motion of the ion.

Going back to Eq. (2.9), in the resolved-sideband limit, Ω ≪ ωz, we can drive

coherent transitions between specific energy levels of the oscillator |↓⟩ |n⟩ ↔ |↑⟩ |n′⟩

by tuning δ = (n′ − n)ωz + ∆ and ensuring that ∆ ≪ ωz so that the influence of

other motional states can be neglected, to first-order approximation. The coupling

strength of such an interaction is given analytically as:

Ωn,n′ = | ⟨n′| eiη(â+â†) |n⟩ |Ω

| ⟨n′| eiη(â+â†) |n⟩ | = e−η2/2

√√√√min(n, n′)!
max(n, n′)!η

|n′−n|L
|n′−n|
min(n,n′)(η2)

(2.13)

where Lp
n is the generalised Laguerre polynomial [31].

For the majority of the work presented in this thesis, we limit the discussion to

working in the Lamb-Dicke regime ⟨ψosc| η2(â+ â†) |ψosc⟩1/2 ≪ 1, which means that

the spread of the oscillator wavepacket is small compared to the wavelength of
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the driving field. This is a more stringent condition than assuming η ≪ 1 since

η only accounts for the ground state, while the Lamb-Dicke regime also considers

the oscillator’s energy occupation. Working in the Lamb-Dicke regime allows us to

neglect the higher orders in η when expanding the exponential in Eq. (2.9):

ĤTW = ℏΩ
2 σ̂+(1 + iη(â+ â†) + O(η2))ei(−δt+ϕl) + h.c., (2.14)

which means that we can drive the following three interactions:

• carrier n′ = n, δ = ∆

Ĥc = ℏΩn,n

2 (σ̂+e
−i(∆ t−ϕl) + σ̂−e

i(∆ t−ϕl)) (2.15)

• first red sideband n′ = n− 1, δ = −ωz + ∆

Ĥrsb = iℏΩn,n−1

2 (σ̂+âe
−i(∆ t−ϕl) − σ̂−â

†ei(∆ t−ϕl)) (2.16)

• first blue sideband n′ = n+ 1, δ = ωz + ∆

Ĥbsb = iℏΩn,n+1

2 (σ̂+â
†e−i(∆ t−ϕl) − σ̂−âe

i(∆ t−ϕl)), (2.17)

with

Ωn,n = Ω Ωn,n−1 = Ωη
√
n Ωn,n+1 = Ωη

√
n+ 1. (2.18)

Eq. (2.15), (2.16) and (2.17) were obtained by going into the interaction picture

with respect to Ĥosc and neglecting the terms oscillating at 2ωz under the RWA.

The first-order red sideband Hamiltonian is also called the Jaynes-Cummings

Hamiltonian, and the first-order blue sideband Hamiltonian is the anti-Jaynes-

Cummings Hamiltonian.

2.2.3 Rotations

The propagator describing the coherent transitions between |↓⟩ |n⟩ ↔ |↑⟩ |n′⟩

is given by [31]:

Û(t) =

e
−i∆ t

2

[
cos

(
Wn,n′t

2

)
+ i∆

Wn,n′
sin

(
Wn,n′t

2

)]
−i Ωn,n′

Wn,n′
ei( ∆

2 t−ϕl− π
2 |n′−n|) sin

(
Wn,n′t

2

)
−i Ωn,n′

Wn,n′
e−i( ∆

2 t−ϕl− π
2 |n′−n|) sin

(
Wn,n′t

2

)
e

−i∆ t
2

[
cos

(
Wn,n′t

2

)
− i∆

Wn,n′
sin

(
Wn,n′t

2

)]
 ,

(2.19)
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where Wn,n′ =
√

Ω2
n,n′ + ∆2 is the effective Rabi frequency. The propagator gives

rise to Rabi oscillations that get faster with the increase in ∆ but also prevent

the complete, coherent population transfer between the two levels. We are often

interested in the case in which the transition is driven on resonance, i.e., ∆ = 0.

Eq. (2.19) simplifies to

Û(t) = R̂(θ′, ϕ′) =
(

cos (θ′/2) −ieiϕ′ sin (θ′/2)
−ie−iϕ′ sin (θ′/2) cos (θ′/2)

)
= cos (θ′/2)Î2 − i sin(θ′/2)(σ̂x cosϕ′ + σ̂y sinϕ′)

(2.20)

with θ′ = Ωn,n′t, ϕ′ = ϕl, σ̂x,y Pauli operators and Î2 identity. In this case, the

population can be fully transferred between the two states, allowing us to implement

arbitrary rotations on the Bloch sphere [74]. Some common rotations are a π/2-pulse

or π-pulse, which can be achieved by setting θ′ to π/2 and π, respectively. By

adjusting the laser phase ϕ′, we can decide the axis of rotation.

2.2.4 ac Stark shift or light shift

Looking at Eq. (2.20), we can easily see how we can implement rotations about

axes in the equatorial plane of the Bloch sphere (σ̂x cosϕ′ + σ̂y sinϕ′). Implementing

rotations about σ̂z axis can be done by using a composite pulse comprising R̂(θ′, ϕ′)

rotations [75] or by driving the two-level system with a far off-resonant beam,

i.e., if ∆ ≫ Ω. Then, Eq. (2.19) becomes:

Û(t) =
e iWn,n′ t

2 0
0 e−

iWn,n′ t

2

 , (2.21)

where we dropped the global phase term. This results in no Rabi oscillations as

the probability of population transfer between the two levels goes to zero. The

corresponding Hamiltonian for this propagator is then:

ĤLS = −ℏWn,n′

2 σ̂z ≈ −
(ℏ∆

2 + ℏΩ2

4∆

)
σ̂z (2.22)

where the states are shifted from their unperturbed eigenenergies (±ℏ∆/2) by

the light shift or ac Stark shift ±Ω2/4∆.
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In defining our two-level system, we must not forget about the rest of the (not so

silent) spectator electronic energy levels. An electric field resonant with our qubit

will also off-resonantly couple to other transitions. Hence, the ac Stark shift of

one level will be a cumulative effect of many transitions.

Inducing a controlled ac Stark shift can be a useful experimental technique; examples

include lifting degeneracies to spectrally isolate the desired qubit [1, 76, 77] or

directly introducing a σ̂z interaction for analogue quantum simulations [78]. However,

in this work, light shifts give rise to errors as they do not commute with the

primary interaction in most cases. More on how we address its effects will be

discussed in Sec. 4.2.2.

2.2.5 Motional state analysis

We can use the Rabi frequency dependence on the phonon number to obtain

information about the ion’s motional state. If the spin-oscillator system is prepared

in |↓⟩ |ψosc⟩, we can apply the blue sideband interaction3 (Eq. (2.17)) for variable

durations t. If we then measure the probability of finding the spin state in |↓⟩,

p|↓⟩, we find, using Eq. (2.20), that

p|↓⟩(t) =
∞∑

n=0
p|n⟩ cos2

(√
n+ 1ηΩt

2

)
, (2.23)

where p|n⟩ = | ⟨n|ψosc⟩ |2 the probability of finding the harmonic oscillator in Fock

state |n⟩ before applying the blue sideband interaction.

We can modify Eq. (2.23) to include imperfections due to decoherence effects by

including decay phenomenological constants γn [36, 57, 79]:

p|↓⟩(t) = 1
2

(
1 +

∞∑
n=0

p|n⟩e
−γnt cos

(√
n+ 1ηΩt

))
, (2.24)

where we also used trigonometric identities to simplify the equation. By fitting

Eq. (2.24) to measured spin populations, we can extract the Fock state occupation

probabilities, p|n⟩. However, using this method, it is impossible to obtain a complete

description of the oscillator state, as it does not provide any information about

the coherences of the state.
3If it is prepared in |↑⟩ |ψosc⟩, we apply the red sideband interaction, instead.
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2.3 Spin-dependent forces

Another common method of coupling the spin to the motional state of the ion is

by using spin-dependent forces (SDFs). These still classify as coherent laser-ion

interactions; however, as they serve as the main workhorse in this work, they

deserve their own section. In trapped ions, spin-dependent forces are the primary

means of generating high-fidelity spin-spin entanglement, mediated by the motion

of the ions [19, 80, 81] (see Sec. 5.3.1). This method effectively overcomes the

intrinsically weak direct spin-spin interactions4.

2.3.1 Dynamics

The interaction of a spin coupled to a motional mode, with frequency ωz, via

a spin-dependent force with driving frequency ωd and phase ϕ, and no spatial

dependence is described by the Hamiltonian [83]:

ĤSDF = − σ̂αẑF (t)

= − z0F0σ̂α(âe−iωzt + â†eiωzt) cos (ωdt− ϕ) (2.25)

= − z0F0

2 σ̂α[â(ei[(ωd−ωz)t−ϕ] + e−i[(ωd+ωz)t−ϕ]) + â†(ei[(ωd+ωz)t−ϕ] + e−i[(ωd−ωz)t−ϕ])]

≈ − z0F0

2 σ̂α(âei(∆ t−ϕ) + â†e−i(∆ t−ϕ)), (2.26)

where σ̂α is a Hermitian operator and a linear combination of the Pauli operators

σ̂x,y,z, ẑ the position operator of the QHO, z0 the extension of the QHO’s ground

state wavefunction and F0 the amplitude of the driving force. Hamiltonian in

Eq. (2.25) is in the interaction picture with respect to the bare Hamiltonian Ĥ0.

To transition from Eq. (2.25) to Eq. (2.26), we defined ∆ ≡ ωd − ωz the detuning

of the driving force away from the motional mode frequency. We also dropped

the counter-rotating terms oscillating at ωz + ωd (RWA).

We want to compute the time evolution operator to understand the effect of applying

the SDF. The Hamiltonian in Eq. (2.26) often serves as an example of applying the
4This is a consequence of the Coulomb repulsion, which leads to a considerable spatial separation

between the ions [82].
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Magnus expansion (see Sec. 1.1) to compute the propagator, as the Hamiltonian

does not commute with itself at different times [4, 5].

Magnus expansion
Using Magnus expansion, the propagator is represented by an infinite series
of nested commutators

Û(t) = T
(
e

−i
ℏ

∫ t

0 Ĥ(t′)dt′
)

= exp
( ∞∑

n=1
Ωn(t)

)
(2.27)

≃ exp
(

− i

ℏ

∫ t

0
dt1Ĥ1 (2.28)

− 1
2ℏ2

∫ t

0

∫ t1

0
dt1dt2[Ĥ1, Ĥ2] (2.29)

+ i

6ℏ3

∫ t

0

∫ t1

0

∫ t2

0
dt1dt2dt3

([
Ĥ1,

[
Ĥ2, Ĥ3

]]
+
[[
Ĥ1, Ĥ2

]
, Ĥ3

])
(2.30)

+ 1
12ℏ4

∫ t

0

∫ t1

0

∫ t2

0

∫ t3

0
dt1dt2dt3dt4

(
[[[
Ĥ1, Ĥ2

]
, Ĥ3

]
, Ĥ4

]
+
[
Ĥ1,

[[
Ĥ2, Ĥ3

]
, Ĥ4

]]
+
[
Ĥ1,

[
Ĥ2,

[
Ĥ3, Ĥ4

]]]
+
[
Ĥ2,

[
Ĥ3,

[
Ĥ4, Ĥ1

]]]
)
)
, (2.31)

where T denotes the time-ordering operator and Ĥk ≡ Ĥ(tk) is the
Hamiltonian describing the system at time tk. We truncate the expression at
the fourth order.

To evaluate the second-order term in the expansion (Eq. (2.29)), we compute:

[ĤSDF(t1), ĤSDF(t2)] = i
(z0F0)2

2 σ̂2
α sin (∆(t1 − t2)) (2.32)

and to evaluate the third-order term (Eq. (2.30)),

[[ĤSDF(t1), ĤSDF(t2)], ĤSDF(t3)] = 0,

[ĤSDF(t1), [ĤSDF(t2), ĤSDF(t3)]] = 0.
(2.33)

As the nested commutators for the third-order term vanish, all the following terms

in the Magnus expansion will vanish as well. The propagator is then given by

ÛSDF(t) = exp
(
i
z0F0

ℏ
1
∆ σ̂α sin

(∆ t

2

)
[âei(∆ t/2−ϕ) + â†e−i(∆ t/2−ϕ)]

)
× exp

(
− i

(
z0F0

ℏ

)2 1
4∆2 σ̂

2
α[∆ t− sin (∆ t)]

)
= D̂(α(t)σ̂α)e−iΦ(t)σ̂2

α ,

(2.34)
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where D̂(·)5 is the displacement operator, defined as D̂(α) = eαâ†−α∗â and with

the complex displacement variable

α(t) = i
z0F0

ℏ
1
∆ sin

(∆ t

2

)
e−i(∆ t/2−ϕ). (2.35)

Assuming that the eigenstates and eigenvalues of σ̂α are |λα⟩ and λα respectively,

we can expand the last line in Eq. (2.34) as:

ÛSDF(t) =
∑
λα

D̂(α(t)λα)e−iΦ(t)λ2
α |λα⟩ ⟨λα| . (2.36)

The effect of the SDF is that it displaces the oscillator wavepacket in phase space

based on the eigenstates of the spin basis σ̂α. Also, each of the eigenstates gains

a geometric phase Φ(t)λ2
α, where

Φ(t) =
(
z0F0

ℏ

)2 1
4∆2 [∆ t− sin (∆ t)] (2.37)

and λ2
α = 1.

Figure 2.3: Phase space trajectories of the quantum harmonic oscillator state under the
effect of an off-resonant SDF, where the initial spin state is an eigenstate of the SDF spin
basis. The representations are in the interaction frame rotating at ωz. The strength of
the SDF is kept constant ΩSDF = z0F0/ℏ, and the duration for which the SDF is applied
is scanned such that ΩSDFt/2π = [0., 1.2] and we consider various values for ΩSDF/∆.
On the right-hand side, we show the Wigner function W (x, p) of the oscillator (after we
trace over the spin component) at an instant in time for parameters corresponding to
the circle indicated in the plot on the left; x, p are the position and momentum variables
associated with the dimensionless position and momentum operators x̂, p̂, respectively
(see Eq. (2.3)).

5The α in σ̂α and α(t) do not have anything in common.
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In experiments, we usually apply the SDF interaction and then read out the spin

state to evaluate its effect. Irrespective of the spin-conditioning σ̂α of the SDF,

the resulting spin dynamics is broadly the same [84]. Hence, without loss of

generality, we evaluate an SDF conditioned on σ̂α = σ̂x, with eigenstates |±⟩. In the

forthcoming chapters, SDFs conditioned on σ̂x are used extensively for measuring

the strength of the SDF (Chapters 4 and 5) and creating and probing motional

states (Chapter 6). If the spin-oscillator system is initialised in |+⟩ |0⟩ and we apply

an SDF conditioned on σ̂x, then the state of the system at time t is given as:

|ψ(t)⟩ = e−iΦ(t) |+⟩ |α(t)⟩ , (2.38)

where |α⟩ = D̂(α) |0⟩ is a coherent state. The effect of the SDF is that the oscillator

state is displaced in circles/loops in phase space, with a diameter dependent on

ΩSDF/∆, where ΩSDF = z0F0/ℏ, see Fig. 2.3. In doing so, the state also accumulates

a geometric phase Φ(t), which depends on the area enclosed by the motional

path. The loops close, i.e., the oscillator state returns to its origin α(t) = 0,

for integer multiples of 2π/∆.

If, instead, we initialise the system in state |↓⟩ |0⟩, where |↓⟩ = (|+⟩ − |−⟩)/
√

2,

applying the SDF gives rise to:

|ψ(t)⟩ = 1√
2

(e−iΦ(t) |+⟩ |α(t)⟩ − e−iΦ(t) |−⟩ |−α(t)⟩), (2.39)

which is a superposition of spatially separated oscillator wave packets and entangled

with the spin state, often referred to as a Schrödinger-cat state [6, 85, 86]. The

two wave packets are displaced in phase space in circular trajectories with the

same characteristics mentioned before; see Fig. 2.4. We observe that in both cases,

Eq. (2.38) and (2.39), the geometric phase is just a global phase.

If we make a measurement of the spin state (Eq. (2.39)), the probability of finding

the system in |↓⟩ is given by:

p|↓⟩ = 1
4

(
2 + 2 ⟨α| − α⟩

)
= 1

2

(
1 + e−2|α(t)|2

)
, (2.40)

where we used ⟨α|β⟩ = exp (α∗β − |α|2/2 − |β|2/2). This means that by measuring

p|↓⟩, we can infer the overlap between the two displaced motional states ⟨α| − α⟩.
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Figure 2.4: Phase space trajectories of the quantum harmonic oscillator state under the
effect of an off-resonant SDF, where the initial spin state is not an eigenstate of the SDF
spin basis. More specifically, we consider the case of an equal superposition of eigenstates.
The representations are in the interaction frame rotating at ωz. The strength of the SDF
is kept constant ΩSDF, and the duration for which the SDF is applied is scanned such that
ΩSDFt/2π = [0., 1.2] and we consider various values for ΩSDF/∆, where ΩSDF = z0F0/ℏ.
On the right-hand side, we show the Wigner function W (x, p) of the oscillator state (after
we trace over the spin component) at an instant in time for parameters corresponding to
the circle indicated in the plot on the left; x, p are the position and momentum variables
associated with the dimensionless position and momentum operators x̂, p̂, respectively
(see Eq. (2.3))

More often than not, in the experiment, we are not able to initialise in Fock state

|0⟩, but rather in a thermal state [65] with average phonon state occupation of

n̄osc close to 0, then Eq. (2.40) is modified to

p|↓⟩ = 1
2

(
1 + e−|2α(t)|2(n̄osc+ 1

2 )
)
. (2.41)

2.3.2 SDF via a bichromatic field driving

A common way to implement SDFs in trapped ions is by using a Mølmer-Sørensen

(MS) scheme [80, 87]. This involves applying a bichromatic field composed of

two tones symmetrically detuned from the qubit frequency ωq by ±δ. The blue-

detuned tone (δb = δ) has a coupling strength Ωb, while the red-detuned tone

(δr = −δ) has a coupling strength Ωr. Using Eq. (2.9), the Hamiltonian describing

the bichromatic field interaction is given by:

Ĥbi =
∑

i=b,r

ℏΩi

2 σ̂+e
iη(â+â†)ei(−δit+ϕi) + h.c., (2.42)
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where ϕb and ϕr are the phases of the blue and red detuned tones at the position of

the ion, respectively. Using that η ≪ 1, we Taylor expand the exponential

Ĥbi =
∑

i=b,r

ℏΩi

2 σ̂+(1 + iη(â+ â†) + O(η2))ei(−δit+ϕi) + h.c.. (2.43)

Assuming that Ωb = Ωr = Ω and neglecting the higher order terms O(η2) under the

Lamb-Dicke regime6, after some regrouping7 and moving into the interaction picture

with respect to the oscillator Hamiltonian Ĥosc, the expression can be simplified to:

Ĥbi = −ℏΩησ̂ϕs cos (δt− ϕd)(âe−iωzt + â†eiωzt) + ℏΩσ̂ϕs−π/2 cos(δt− ϕd), (2.44)

where ϕs = π/2− (ϕb +ϕr)/2 is the phase associated with the spin, ϕd = (ϕb −ϕr)/2

is the difference phase associated with the motion and σ̂ϕ = cos(ϕ)σ̂x + sin(ϕ)σ̂y.

The first term is the sought-after spin-dependent force with ΩSDF = z0F0/ℏ = ηΩ

in Eq. (2.25). The second term drives spin flips off-resonantly but does not couple

to the motional mode; hence, it is referred to as the carrier term. The carrier

term is commonly disregarded, which is a reasonable assumption in the Ω ≪ δ

regime. However, as Ω increases by, e.g., increasing the amplitude of the driving

fields, it becomes necessary to consider its effects more closely. Crucially, the

spin-dependent force and the carrier term do not commute. Therefore, spin-echo

techniques cannot be utilised [88, 89]. Amplitude pulse shaping is frequently

employed instead [90]. While amplitude shaping would reduce any off-resonant

excitation of the carrier transition by reducing the extent of the pulse in frequency

space, the effects on the non-commuting term are slightly more subtle and will

be discussed in the following section.

Thus far, the exact value of δ, which is the amount of detuning away from the

qubit frequency ωq of the two tones, has intentionally been omitted. This choice

becomes obvious in the following subsection, where we explore the effect of the

non-commuting carrier on the spin-dependent force in detail. The section is based

on the article published in Ref. [1].
6This corresponds to assuming that the force F (t) in Eq. (2.25) has no spatial dependence.
7We used σ̂+ = σ̂x + iσ̂y and σ̂− = σ̂x − iσ̂y.
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2.3.3 SDFs in σ̂ϕ and σ̂z basis

We can gain a better understanding of the interplay between the carrier and the

spin-dependent force by moving into the bichromatic interaction picture, i.e., the

interaction picture with respect to the carrier term ℏΩσ̂ϕs−π/2 cos(δt− ϕd). To do

this, we make use of the formalism developed in Refs. [90, 91] and obtain

ĤI = − ℏηΩ cos (δt− ϕd)(âe−iωzt + â†eiωzt)×[
σ̂ϕ

(
J0(2Ω/δ) + 2

∞∑
n=1

J2n(2Ω/δ) cos (2n(δt− ϕd))
)

− 2σ̂z

∞∑
n=1

J2n−1(2Ω/δ) sin ((2n− 1)(δt− ϕd))
]
,

(2.45)

where we use [σ̂ϕ−π/2, σ̂ϕ] = i2σ̂z and Jn are the Bessel functions of the first kind.

This is the main result from Ref. [91]. The derivation steps for reaching this result

are nicely presented in Ref. [92]. In contrast to Ref. [91], where laser-free interactions

are considered, here both the carrier and the spin-dependent force term oscillate

at the same frequency δ as they originate from the same source, the laser (see

Eq. (2.44)). Hence, Eq. (2.45) can be simplified by distributing the cos(δt − ϕd)

to the terms inside the parentheses and rearranging

ĤI = − ℏηΩ(âe−iωzt + â†eiωzt)×[
σ̂ϕ

∞∑
n=0

(
J2n(2Ω/δ) + J2n+2(2Ω/δ)

)
cos ((2n+ 1)(δt− ϕd))

− σ̂z

∞∑
n=1

(
J2n−1(2Ω/δ) + J2n+1(2Ω/δ)

)
sin (2n(δt− ϕd))

]
.

(2.46)

Equation (2.46) reveals an infinite series of resonances that can be selectively driven

by the choice of δ. When δ ≈ ωz/(2n+ 1) we drive SDFs conditioned on σ̂ϕ basis,

while δ ≈ ωz/(2n) corresponds to SDFs conditioned on σ̂z.

For δ ≈ ωz, which corresponds to the conventional Mølmer-Sørensen scheme [80,

87, 93], the near-resonant term is:

Ĥϕ = −ℏηΩ[J0(2Ω/δ) + J2(2Ω/δ)]×

cos (δt− ϕd)σ̂ϕ(âe−iωzt + â†eiωzt),
(2.47)

where we notice that the coupling strength is modulated by J0 + J2 and the spin-

dependent force is in the σ̂ϕ basis. To visualise the effect of this modulation better,
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in Fig. 2.5, we plot |J0(2Ω/δ) + J2(2Ω/δ)| and ΩSDF = ηΩ|J0(2Ω/δ) + J2(2Ω/δ)|

by setting δ/2π = ωz/2π ≈ 1.17 MHz and varying Ω.
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Figure 2.5: Effect of the non-commuting carrier on the magnitude of the spin-dependent
force for δ = ωz. (a) The magnitude is modulated by the sum of the Bessel functions of
the first kind |J0(2Ω/δ) + J2(2Ω/δ)|. (b) Spin-dependent force magnitude versus 2Ω/δ if
the non-commuting carrier term is included in the dynamics (green) and if it is excluded
(magenta).

In Fig. 2.5(b), we also plot the strength without the modulation, i.e., ΩSDF = ηΩ. For

Ω ≪ δ, the two strengths nearly coincide, as |J0 + J2| ≈ 1. Therefore, as mentioned

earlier, disregarding the effect of the carrier term is a reasonable assumption.

As Ω increases, we encounter the first peak in the modulated coupling strength,

representing a global maximum and thus limiting the achievable SDF strength.

By choosing δ ≈ ωz/2 [90, 94, 95], the near-resonant term

Ĥz =ℏηΩ(J1(2Ω/δ) + J3(2Ω/δ))×

sin (2(δt− ϕd))σ̂z(âe−iωzt + â†eiωzt),
(2.48)

drives a σ̂z interaction with a coupling strength modulated by J1 +J3. The effective

coupling strength is then ΩSDF = ηΩ(J1(2Ω/δ) + J3(2Ω/δ)). In Fig. 2.6, we plot

|J1 + J3| and ΩSDF for fixed δ/2π = ωz/2/2π ≈ 1.17/2 MHz and by varying Ω.

This interaction occurs because the spin bases of the two terms in Eq. (2.44) do

not commute, [σ̂ϕ−π/2, σ̂ϕ] ̸= 0. In this case, the carrier term is not a bug but a

feature of our interaction8. We can observe that for small values of Ω, where the

off-resonant carrier term is negligible, the strength of the effective σ̂z interaction is
8Sebastian or Raghu came up with ’not a bug, but a feature’ on a late Friday wintery evening

in the lab
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Figure 2.6: Effect of the non-commuting carrier on the magnitude of the spin-dependent
force for δ = ωz/2. (a) The magnitude is modulated by the sum of the Bessel functions of
the first kind |J1(2Ω/δ) + J3(2Ω/δ)|. (b) Spin-dependent force magnitude versus 2Ω/δ.

close to zero. However, it increases with the rise in Ω. As in the case of the σ̂ϕ SDF,

the coupling strength of the effective σ̂z SDF also saturates with the increase in Ω.

2.3.4 Amplitude pulse shaping

We have expressed the Hamiltonian in the bichromatic interaction picture, which

reveals the governing dynamics in an easily interpretable manner and provides

greater insight into the effect of the carrier term. This interpretation is only possible

if the two tones in the laser bichromatic field are adiabatically switched on and off.

This allows us to move smoothly in and out of the bichromatic interaction picture,

such that the dynamics in the interaction picture with respect to the qubit and the

motion are identical to the dynamics in the bichromatic interaction picture. In this

section, we aim to clarify the concept of ’adiabatic’ within this context, i.e., over

which duration tramp we need to slowly switch on and off the laser fields slowly.

Going back to the Hamiltonian in the interaction picture with respect to the qubit

and the motion, see Eq. (2.44), the Hamiltonian in the bichromatic interaction

picture is calculated as

ĤI(t) = Û †
c (t)Ĥm(t)Ûc(t), (2.49)

where

Ûc(t) = exp
(

− i

ℏ

∫ t

0
dt′Ĥc(t′)

)
(2.50)
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is the propagator of Ĥc(t) = ℏΩσ̂ϕs−π/2 cos(δt − ϕd) which commutes with itself

at all times. If the Hamiltonian in the interaction picture with respect to the

qubit and the motion acts on state |ψ(t)⟩, then, in the bichromatic interaction

picture, we introduce the state

|ψI(t)⟩ = Û †
c |ψ(t)⟩ . (2.51)

The time evolution of |ψI(t)⟩ is governed by

iℏ ˙|ψI(t)⟩ = ĤI(t) |ψI(t)⟩ , (2.52)

which can be solved to obtain the propagator T̂I such that

|ψI(t)⟩ = T̂I(t) |ψI(0)⟩ . (2.53)

Using Eq. (2.51) and (2.53), the final state in the interaction picture with respect

to the ion and the motion is given as

|ψ(tf )⟩ = Ûc |ψI(tf )⟩ = Ûc(tf )T̂I(tf ) |ψI(0)⟩ = Ûc(tf )T̂I(tf )Û †
c (0) |ψI(0)⟩ . (2.54)

If Ûc(tf) → Î and given that Û †
c (0) = Î, then

|ψ(tf )⟩ = T̂I(tf ) |ψI(0)⟩ , (2.55)

which means that the propagators in the two interaction pictures are equal. We can

achieve Ûc(tf ) → Î by switching on and off slowly our laser pulses over a duration

tramp. Introducing the time dependence Ĥc(t) = ℏΩg(t)σ̂ϕs−π/2 cos(δt − ϕd) and

imposing the boundary conditions on g(t)

g(0) = g(tf ) = 0,

g(tramp ≤ t ≤ tf − tramp) = 1,
(2.56)

which means that the laser tones are off at the start and end of the interaction, and

between the ramps, they have constant amplitude. We evaluate Ûc(tf)

Ûc(tf ) = exp
(

− i
∫ tf

0
dtΩg(t) cos(δt− ϕd)σ̂ϕs−π/2

)
= exp

(
iΩ
δ

( ∫ tramp

0
dt ˙g(t) sin(δt− ϕd)

+
∫ tf

tf −tramp
dt ˙g(t) sin(δt− ϕd)

)
σ̂ϕs−π/2

)
,

(2.57)
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where we integrated by parts and made use of the boundary conditions on g(t). If
˙g(t) changes slowly compared to sin(δt), then the longer tramp is relative to 2π/δ,

the smaller the integral values become. Therefore, if 2π/δ ≪ tramp, Ûc(tf ) → Î holds

true. This effect is independent of the specific shape of the pulse envelope as

long as it varies slowly.

In the experiments, we amplitude shape our pulses in the following way

g(t) =


sin2( πt

2tramp
), t < tramp

1, tramp ≤ t ≤ tf − tramp

sin2(π(tf −t)
2tramp

), tf − tramp < t < tf .

(2.58)

We integrate Ĥc(t) with the amplitude shaping included and investigate the

conditions on tramp to ensure that Ûc(tf ) → Î, as shown in Fig. 2.7. The spin state is

initialised in |↓⟩, and we measure the probability of remaining in this state, p|↓⟩. The

Hamiltonian induces oscillations in p|↓⟩ with periodicity determined by δ (Fig. 2.7(a))

and constant amplitude determined by the ratio Ω/δ and tramp (Fig. 2.7(b)).

For the two plots in Fig. 2.7(a), we used the same parameters, Ω/δ = 0.5 and

tramp = 2π/δ, resulting in the same oscillation amplitude for both cases. The

interaction duration tint is defined as the full width at half-maximum of the pulse.

In Fig. 2.7(b), we plot the amplitude of the oscillations for different values of Ω/δ

and tramp. The ramp durations are expressed as multiples of 2π/δ. We observe that

as the ramp duration increases, the oscillation amplitude is strongly suppressed,

indicating that Ûc(tf) → Î.

2.4 Standing-wave-ion interactions

2.4.1 Dealing with non-commuting terms

In Sec. 2.3.3, we examined the effects of the non-commuting off-resonant carrier

term alongside a spin-dependent force. We demonstrated that the presence of this

term enables the creation of forces conditioned both on the σ̂ϕ basis and the σ̂z

basis. The latter results from the commutator of the carrier term with the spin

conditioning of the SDF, i.e., [σ̂ϕ−π/2, σ̂ϕ] = 2iσ̂z. However, we also observed that
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Figure 2.7: Understanding Ûc(tf ) → Î as a function of tramp. (a) Plot of the oscillations
induced by the carrier term for δ = ωz and δ = ωz/2 and with Ω/δ = 0.5 and tramp = 2π/δ
for both cases. (b) Plot of the amplitude of these oscillations for different values of Ω/δ
and tramp.

the strength of this effective interaction saturates as the Rabi frequency, Ω, increases.

Given that SDFs are integral to generating other interactions, notably spin-spin

entanglement in trapped ions (see Sec. 5.3.1), the saturation of SDF magnitude

effectively imposes a speed limit on these quantum operations.

To address the issue of the carrier non-commuting term, it is helpful to understand

its origins. Utilising a travelling wave (TW) allows us to drive both carrier and spin-

motional transitions simultaneously, although not both resonantly (see Sec. 2.2.2).

Moreover, the relative coupling strength between these interactions is fixed; for

example, the ratio between the strength of the first sideband and the carrier is

given by η, the Lamb-Dicke parameter. The type of interaction we can drive

depends on how the electric field interacts with the free electron. In the context

of a quadrupole transition, which is utilised in this work, the carrier coupling is

proportional to the spatial gradient of the electric field (Eq. (2.10)), while the

coupling to motion depends on the spatial derivative of the carrier coupling along

the motional direction [96]. Considering an electric field in one dimension, this
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means that the carrier coupling is maximised where the spatial gradient is highest,

coinciding with points where the amplitude of the electric field is zero. Consequently,

driving sideband transitions is not possible at these points. Conversely, the coupling

to the sideband is maximised at the peak amplitude of the electric field, where the

coupling to the carrier goes to zero9. Thus, controlling the phase of the field at the

ion’s position enables us to select which interaction to drive and, hence, allows us to

eliminate the non-commuting carrier term. This can be achieved by using a standing

wave (SW) instead of a travelling wave. The following sections explore how the light-

ion interactions, discussed previously, change when interacting with a standing wave.

2.4.2 Monochromatic standing-wave

Starting from Eq. (2.9), to understand the interaction with a standing wave,

we want to combine two counterpropagating travelling waves with the following

characteristics. For the first travelling wave, the phase of the laser at the position of

the ion is ϕ1 (i.e., ϕl = ϕ1 in Eq. (2.9)), the Rabi frequency Ω1 = Ω and the Lamb-

Dicke parameter η1 = klẑ = η. For the second travelling wave, counterpropagating

with respect to the first one, the laser phase is ϕ2, Rabi frequency Ω2 ∝ ∂E2,j/∂xi =

−∂E1,j/∂xj ∝ −Ω and Lamb-Dicke parameter η2 = k2ẑ = −klẑ = −η. The

SW-ion interaction is then given as

ĤSW = Ĥ1
TW + Ĥ2

TW

= ℏΩ
2 σ̂+e

iη(â+â†)ei(−δt+ϕ1) − ℏΩ
2 σ̂+e

−iη(â+â†)ei(−δt+ϕ2) + h.c.
(2.59)

= iℏΩ ei(ϕ1+ϕ2
2 −δt) sin

(
η(â+ â†) + ϕ1 − ϕ2

2

)
σ̂+ + h.c.

Using sin(x + y) = cos(x) sin(y) + sin(x) cos(y), we write the equation as

ĤSW = e−iδtℏΩ eiϕ̃σ̂+ sin
(
η(â+ â†)

)
cos

(
ϕ1 − ϕ2

2

)

+ e−iδtℏΩ eiϕ̃σ̂+ cos
(
η(â+ â†)

)
sin

(
ϕ1 − ϕ2

2

)
+ h.c.,

(2.60)

9This is in contrast to a dipole transition, where the carrier coupling is maximised when the
amplitude of the electric field is at its peak (Eq. (2.12)) and the coupling to the motion is strongest
at the point of maximum spatial gradient.
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where we absorb the factor of i in the mean phase ϕ̃ = (ϕ1 + ϕ2 + π)/2. Using

the Lamb-Dicke expansion with η ≪ π, we obtain

ĤSW = e−iδtℏΩ eiϕ̃σ̂+ sin
(
ϕ1 − ϕ2

2

)

+ e−iδtℏηΩ eiϕ̃σ̂+(â+ â†) cos
(
ϕ1 − ϕ2

2

)

+ sin
(
ϕ1 − ϕ2

2

)
O
(
η2j
)

+ cos
(
ϕ1 − ϕ2

2

)
O
(
η2j+1

)
+ h.c.,

(2.61)

where O(η2j) and O(η2j+1) represent higher-order terms in the Lamb-Dicke expan-

sion, with j being a positive integer (j ≥ 1). As discussed for the travelling wave

in Sec. 2.2.2, by setting δ = 0 or δ = ±ωz, we can bring the carrier (first term in

Eq. (2.61)) or the first-order sidebands (second term in Eq. (2.61)) into resonance,

respectively. Higher orders in the Lamb-Dicke expansion can be resonantly driven

by setting δ = ±jωz for even orders and δ = ±(2j + 1)ωz for odd orders. However,

compared to the TW, the SW offers an additional degree of control through ϕ1 −ϕ2:

by setting ϕ1 − ϕ2 = 0 (ion at the anti-node of the SW), we can drive the first

order sidebands10, while suppressing all even orders in the Lamb-Dicke expansion,

including the carrier term. Conversely, setting ϕ1 − ϕ2 = π (ion at the node

of the SW) enables us to drive the carrier coupling11 while suppressing all odd

terms, including the first sidebands.

Now that we have identified how the strength of SW-ion interactions depends on

the ion’s position within the SW, we can apply any dynamics from Sec. 2.2 to the

SW context. For instance, to drive carrier Rabi flops, we set δ = 0 in Eq. (2.61) and

use Eq. (2.20) to analyse a spin state initialised in |↓⟩. The probability of finding

the state still in |↓⟩ after interacting with the SW for a duration t is given by:

p|↓⟩ = cos2
(

Ωefft

2

)
= cos2

2Ωt sin
(

ϕ1−ϕ2
2

)
2

 , (2.62)

where Ω is the Rabi frequency of the individual beams forming the SW.
10We can also drive the other odd orders in the Lamb-Dicke expansion.
11We can also drive the other even orders in the Lamb-Dicke expansion.
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2.4.3 SDFs using a bichromatic standing-wave

Understanding the interaction between an ion and a monochromatic SW sets the

foundation for exploring how a bichromatic standing wave can be used to eliminate

the non-commuting carrier term, which gives rise to the SDF magnitude suppression.

To achieve this, we combine a blue-detuned SW with detuning δb = δ and Rabi

frequency Ωb = Ω, and a red-detuned SW with δr = −δ and Ωr = Ω

Ĥbi-SW =
∑

i=b,r

e−iδitℏΩi e
iϕ̃iσ̂+ sin

(
ϕ1,i − ϕ2,i

2

)

+ e−iδitℏηΩ eiϕ̃iσ̂+(â+ â†) cos
(
ϕ1,i − ϕ2,i

2

)
+ h.c.

 (2.63)

where we used Eq. (2.61) and kept only the first two terms in the Lamb-Dicke expan-

sion. This can be simplified further by assuming that the blue and the red-detuned

SWs are in phase at the position of the ion, i.e. ϕ1,b −ϕ2,b = ϕ1,r −ϕ2,r = ϕ1 −ϕ2 to

Ĥbi−SW = 2ℏηΩσ̂ϕ̃s
cos (δt− ϕ̃d)(âe−iωzt + â†eiωzt) cos

(
ϕ1 − ϕ2

2

)

+ 2ℏΩσ̂ϕ̃s
cos (δt− ϕ̃d) sin

(
ϕ1 − ϕ2

2

)
,

(2.64)

by following the same steps as in the case of the travelling wave in Sec. 2.3.2. The

spin phase is defined as ϕ̃s = −(ϕ̃b + ϕ̃r)/2 = −(ϕ1,b + ϕ2,b + ϕ1,r + ϕ2,r + 2π)/4

and the motional phase as ϕ̃d = (ϕ̃b − ϕ̃r)/2 = (ϕ1,b + ϕ2,b − (ϕ1,r + ϕ2,r))/4. To

eliminate the carrier we could simply adjust ϕ1 − ϕ2. This may be useful, but a

more significant outcome is that the spin-basis of the SDF and the carrier term now

commute12 (whether or not the latter is suppressed). This means that the effects

of SDF magnitude saturation are no longer a concern. While dealing with a term

that commutes with the main interaction (in this case, the SDF) is simpler, one

might question the relevance of tuning the SW phase to cancel the carrier term.

However, placing the ion at the maximum electric field amplitude, where the two

counterpropagating beams constructively interfere, not only simplifies the system

by suppressing the carrier but also allows for more efficient use of laser power, see
12To understand the origin of this change, note that in comparison to Eq. (2.43), there is a

factor of i missing in front of the term that couples to the motion.
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the factor of 2 increase in Eq. (2.64) compared to Eq. (2.44).

Now, let’s head to the lab to see how we navigate this complex soup of interactions

and phase relationships.
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This chapter briefly outlines the experimental setup used for the experiments

involving the spin-oscillator system presented in the following chapters. The

spin-oscillator system in this work consists of a trapped 88Sr+ ion. An in-depth

description of the setup can be found in Refs. [97–99]. I also detail the experimental

extensions developed during my D.Phil., together with another D.Phil. student,

35
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Sebastian Saner, which enabled us to perform phase-stable coherent operations

with two bichromatic fields.

3.1 Trap and motional harmonic oscillator

The 88Sr+ ions are trapped in a linear Paul blade trap [100], designed by Sarah

Woodrow [101] and built by Keshav Thirumalai [98]. The trap consists of four

’blade’-shaped electrodes, with one pair driven by rf and the other pair grounded,

along with two cylindrical endcap electrodes to which DC is applied. This setup

is housed in a vacuum system operated at room temperature. Details of the trap

characterisation can be found in Ref. [97]. In this setup, the trapping potentials

can be well approximated by a three-dimensional harmonic potential. Thus, the

motion of a single trapped 88Sr+ ion can be described by three independent modes

of oscillation: the motion along the trap axis with ωz/2π = 1.17 MHz, which

forms the harmonic oscillator used in this work, and radial modes with ωx/2π =

1.55 MHz and ωy/2π = 1.67 MHz.

3.2 Internal states and control laser systems

The experimental setup is designed for quantum information processing using both
88Sr+ and 43Ca+ ions. Using mixed species gives access to powerful tools such as

sympathetic cooling [102, 103], individually addressing without focusing beams onto

single ions, quantum non-demolition measurement [104], and using an ion better

suited for a specific task [105]. 43Ca+ has a nuclear spin I = 7/2, which allows

for hyperfine atomic clock transitions [106]. Using a clock transition as a qubit

is advantageous because these transitions are first-order insensitive to magnetic

field fluctuations, a major source of decoherence in trapped ions. The system is

operated at B0 = 146 G as such a transition occurs in the 4S1/2 ground level of
43Ca+ for this magnetic field value [106]. However, for the experiments presented in

this thesis, we use 88Sr+ (I = 0), where the transitions are first-order dependent on

the strength of the field, which poses limitations in some cases. The advantages of
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ions with I = 0 include the simplicity of their electronic structure, which facilitates

a more straightforward cooling process.

The relevant electronic levels of 88Sr+ and the transitions addressed by lasers or rf

fields are shown in Fig. 3.1(a), while Fig. 3.1(b) indicates the beam directions and

polarisations with respect to the trap axis and magnetic field direction.
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Figure 3.1: Internal states and control laser systems. (a) Relevant atomic level structure
of 88Sr+ at magnetic field B0 = 146 G. Arrows indicate the lasers and rf fields employed
in the experiments. We show the lifetimes of the excited states [107–110]. Experiments
use the ground state qubit |⇓⟩ ↔ |⇑⟩ or the optical qubit |↓⟩ ↔ |↑⟩. (b) Beam geometry
at the trap. We indicate the trap axis and the magnetic field direction. Ion not to scale.
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3.2.1 Qubits

We use the ground-state qubit with states |⇓⟩ ≡ |5S1/2,mj = −1/2⟩ and |⇑⟩ ≡

|5S1/2,mj = 1/2⟩ and an optical qubit with states |↓⟩ ≡ |5S1/2,mj = −1/2⟩ and

|↑⟩ ≡ |4D5/2,mj = −3/2⟩.

The ground state qubit is driven using an antenna mounted inside the vacuum

system, which allows us to reach π times ≈ 3 µs. The magnetic field sensitivity

of this qubit is 2.8 MHz/G.

With the current beam geometry and polarisation choice, using Eq. (2.10), we

only have non-zero coupling for transitions with ∆mj = ±1 between 5S1/2 and

4D5/2. With |↓⟩ = |5S1/2,mj = −1/2⟩, choosing |↑⟩ = |4D5/2,mj = −3/2⟩ gives

access to the higher coupling strength and the lower magnetic field sensitivity

(1.12 MHz/G) compared to |↑⟩ = |4D5/2,mj = 1/2⟩.

3.2.2 Lasers for incoherent/dissipative operations

To load 88Sr+ in our trap, atoms originating from a resistively heated stainless

steal tube are photoionised (PI) through a two-step process [111]. The PI lasers

are at 461 nm and 378 nm.

The motion of the ions is cooled down in the first step by using the 5S1/2 ↔ 5P1/2 ↔

4D3/2 Doppler cooling cycle, which is addressed using the 422 nm and 1092 nm

beams. The 422 nm contains two different frequencies close to the resonances of 422u:

5S1/2,mj = −1/2 ↔ 5P1/2,mj = 1/2 and 422l: 5S1/2,mj = 1/2 ↔ 5P1/2,mj =

−1/2 such that we can address populations in both ground state levels and implement

frequency-selective state preparation. The spin state |5S1/2,mj = −1/2⟩ is initialised

through optical pumping by only applying one of the 422 nm frequencies (422l)

together with 1092 nm.

The Doppler cooling beams are also used for state detection. If the population has

been coherently transferred to the 4D5/2 state, which is outside the Doppler-cooling

cycle, using the 674 nm laser (see Sec. 3.2.3), it appears as ’dark’. Otherwise, it

fluoresces (’bright’). When the qubit is encoded in the two 5S1/2 Zeeman levels, the

readout step is always preceded by a ’shelving’ 674 nm π-pulse. The Doppler cooling
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beams are, then, applied for 200 µs, and for a single strontium ion we measure a

count rate of 220 kHz above the 80 kHz background. A 1033 nm laser dissipatively

returns the 4D5/2 population to the Doppler-cooling cycle.

All the lasers mentioned in this section, except the 378 nm, which is a free-running

diode1, are external cavity diode lasers2. The 422 nm and 1092 nm are frequency

stabilised to reference cavities3, while the 461 nm and 1033 nm are digitally stabilised

using a Fizeau-interferometer-based wavemeter4. We use acousto-optical modulators

(AOMs) to shift the frequency and pulse the laser beams. Once delivered to the

trap via optical fibres, the laser beams are polarisation cleaned, and their power

is stabilised by using photodiodes to measure a small portion of the light and

adjusting the amplitude of the rf signal driving the AOM accordingly, using a

Sample and Hold servo loop [32]. This is not the case for the PI lasers, where

the switching is performed using mechanical shutters.

3.2.3 674 nm laser for coherent operations

To drive the optical qubit and, hence, to implement almost all coherent operations

in this work, we use a 674 nm laser. This is a CW Ti:Sapphire laser5 with an

output of ∼ 1.4 W6, pumped by a ∼ 15 W of 532 nm diode-pumped solid-state

laser7. The wavelength of the laser is locked to a high-finesse cavity to obtain a

narrow line (∼ 1 Hz). The laser itself is located in a separate room from the ion

trap experiment, and the light is delivered to the trap table via a 15 m single-mode

optical fibre for which we use an active phase noise cancellation (FNC) system8.

A more detailed description can be found in Ref. [98].

On the trap table, the beam passes through a double-pass (DP) AOM, which is

used for intensity stabilisation and ’carving’ the pulses (Sec. 3.3.3), and a second
1Toptica iBeam smart.
2Toptica Photonics DL Pro with DLC Pro controllers.
3National Physical Laboratory (NPL) Low Drift Etalon.
4HighFinesse WS7.
5M Squared SolsTiS
6at the time of writing
7M Squared Equinox for the majority of the D.Phil., until December 2022, and changed to

Coherent Verdi starting with April 2023.
8Cavity and lock and FNC electronics provided by Stable Laser Systems.
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single-pass (SP) AOM used for driving the bichromatic field (Sec. 3.3.2) and phase

stabilisation (Sec. 3.4, 3.5). The light is then coupled into a single-mode fibre,

which brings it close to the trap. On the trap side, there are polarisation cleaning

optics, a non-polarising beam splitter picking up a small percentage of light used for

intensity stabilisation, and a servo-controlled mirror used for carefully positioning

the beam on the ion and focusing optics used to achieve a beam waist radius of

≈ 20 µm at the position of the ion. The 674 nm beam enters the vacuum system

as indicated in Fig. 3.1(b) and has a projection on all motional modes.

3.3 Experimental control system

The experimental setup is managed using ARTIQ9 (Advanced Real-Time Infrastruc-

ture for Quantum Physics), an open-source control system. The core of this system

is the ARTIQ process, which operates on a host computer and performs various

tasks, which include submitting experiments, prioritising scheduling, compiling

kernels, handling asynchronous remote procedure calls (RPCs), as well as collecting,

broadcasting, analysing, and saving data.

The kernels are programs executed on the core device field-programmable gate

array (FPGA), known as Kasli, instead of the host computer. This allows for

real-time event execution with 1 ns precision on hardware from the open-source

Sinara family [112], which includes modules with specialised functionality such as:

• digital input/output (DIO) card; used for monitoring PMT fluorescence counts

for readout, switching power profiles and rf drives for specific AOMs on and

off, and opening and closing mechanical shutters.

• direct digital synthesis (DDS) card (Urukul); primarily used for coherent

operations (see Sec. 3.3.1)

• arbitrary wave generator (AWG) card, (Phaser) used for coherent operations

and amplitude pulse shaping of pulses (see Sec. 3.3.3)
9M-Labs, Advanced Real-Time Infrastructure for Quantum Physics, version 7.0; https://m-

labs.hk/experiment-control/sinara-core/
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• analogue to digital converter (ADC) card (Sampler); used to monitor pho-

todiode output. We combine a Sampler and a Urukul board with a custom

gateware core10 for the FPGA, enabling phase-coherent phase stabilisation

(see Sec. 3.4.1).

3.3.1 Coherent control

In Sec. 3.2.2, we mentioned using AOMs to switch laser beams and shift their

frequency. By having control over the rf signal driving of the AOM, we can not

only control the intensity and frequency of the laser beam but also its phase.

Coherent experiments often require multiple rf channels. For instance, generating

two tones for a bichromatic field involves using two rf channels, where the phase

relationship between these tones impacts the resulting interaction, as described

in Eq. (2.44). Therefore, precise control over distributed rf channels is required.

To achieve this control, we utilise the AD9910 variant of the Urukul card, which

supports multi-chip synchronisation. This capability allows for precise update

timing when adjusting phase or frequency values.

Furthermore, within a single pulse sequence, a single rf channel may handle

multiple interactions, such as the following sequence: qubit rotation→red sideband

rotation→qubit rotation (see Sec. 4.1.2). Maintaining a consistent phase reference

during temporary frequency switches is important, especially for preserving the

relative phase between different interactions. Using the AD9910 variant of the

Urukul board enables us to operate in phase tracking/coherent mode, ensuring

that when a channel temporarily switches frequencies and returns, the phase offset

remains consistent as if the channel had never switched at all.

We primarily discussed these aspects of coherent control in the context of driving

AOMs with rf signals. However, the same principles apply to driving the ground

state qubit using the antenna, where the rf source is also a Urukul rf channel.

10Kindly implemented by Peter Drmota.
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3.3.2 Bichromatic field implementation

We generate the 674 nm bichromatic field by simultaneously applying two rf signals

to the SP AOM (see Sec. 3.2.3). Each one of the rf signals (tones) is provided

by one of the channels of the Urukul board.

For single qubit rotations, the SP AOM is driven at the central frequency fc,SP,

and the DP AOM at frequency fc,DP + fo,DP, using a single rf signal in both cases;

fc,DP is the central frequency of the DP AOM and fo,DP an offset frequency applied

to the DP AOM. For interactions requiring a bichromatic field, the drive for the

DP AOM remains unchanged, while the two tones applied to the SP AOM are

at fc,SP ± fo,SP, where the frequency offset is fo,SP ≈ ωz/2π or ωz/4π, depending

on the interaction type (see Sec. 2.3.2).

The same rf channel is used to drive the SP AOM for single qubit rotations (fc,SP)

or the blue-detuned tone (fc,SP + fo,SP). The rf signal from this channel is combined

with another using an rf splitter in reverse to implement the bichromatic field.

Therefore, to ensure that the same power reaches the AOM for all configurations,

the amplitude of the rf field is set to 1 for single qubit rotations and to 0.7 for

each tone of the bichromatic field.

3.3.3 Amplitude shaping of the pulses
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Figure 3.2: Amplitude pulse shaping. (a) Programming the shape of the pulse envelope.
To program a sin(πt/(2tramp))2 shape for the pulses, we send a series of amplitudes to
the Phaser with low time resolution (tres = 0.2 µs, black circles). These amplitudes follow
the sin(πt/(2tramp))2 function with tramp = 10 µs for a pulse with tFWHM = 30 µs. (b)
The resulting waveform (grey) was measured from the Phaser, where we fit the sin2

dependence (dashed line).
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In the case of the 674 nm coherent operations, we use the DP AOM to ’carve’ the

pulses (Sec. 2.3.4). During the experimental sequence, the drive for the SP AOM is

switched on first, followed by the DP AOM. The DP AOM is driven by an rf signal

generated by a Phaser board, which features two I/Q mixers. In its default gateware

configuration, the Phaser board functions as a precision rf synthesiser capable of

producing up to five tones per channel. Additionally, it can act as a short-time

Fourier transform (STFT) pulse generator, which we use to generate amplitude-

shaped pulses [113]. We apply a sin(πt/(2tramp))2 envelope to adiabatically ramp the

rf signal on and off over a duration tramp. An example of this can be seen in Fig. 3.211.

In the following chapters, when we use an amplitude-shaped pulse, we will specify

tramp and the full-width half-maximum duration tFWHM, unless stated otherwise.

3.4 Two counter-propagating 674 nm beam setup

In Sec. 2.4, we discussed how using standing waves (SWs) enables us to deal with the

effect of the non-commuting off-resonant carrier term. In this section, we describe

how we create the standing wave(s) in the laboratory and how we control the phase

of the SW field at the position of the ion. The counter-propagating 674 nm beam

setup presented in this section is used in Chapter 5.

We introduce a counter-propagating beam to create the standing wave, as shown

in Fig. 3.3(a). We refer to the two 674 nm beams as branch 1 (b1) and branch 2

(b2). Branch 2 is only activated for coherent operations using the standing wave.

For other operations, such as sideband cooling or employing a travelling wave

spin-dependent force with a bichromatic field, we use branch 1.

In Fig. 3.3(b), we present a simplified schematic of the 674 nm beam path on the

trap table. For b2, we replicate the majority of the b1 setup; this includes the SP

AOM, fibre, pico-motor mirror, polarisation cleaning, and focusing optics (the latter
11The best resolution achievable is tres = 0.04 µs. However, each amplitude update counts as

a real-time event, and there is a limited number of real-time events that can be included in an
experimental sequence. Therefore, we need to balance the smoothness of the pulse with the number
of events that can be executed. Ideally, the interpolation functionality should address this issue,
reducing the need for numerous real-time events to achieve a smooth ramp shape. Unfortunately,
we have not been able to get this to work.
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Figure 3.3: Two counter-propagating 674 nm beam setup. (a) Beam geometry at the
trap. We indicate the two 674 nm branches (b1, b2), the trap axis and the direction of
the magnetic field. The two 674 nm beams have polarisation parallel to the magnetic field
B0. (b) Simplified schematic of the 674 nm beam path on the trap table. The entire beam
path is located on an enclosed optical table. The incoming 674 nm beam is split into two
beams (b1, b2) of equal intensity at the ion(s). The acousto-optic modulators (AOMs) are
used to control the frequencies (f1, f2) and phases (ϕ1, ϕ2) of the two counter-propagating
beams. We close the resulting interferometer with a pick-off window (PW) ≈ 30 cm away
from the ion(s). For the fast feedback step (see text), we stabilise the interference fringe
intensity on a photodiode (PD) by adjusting the phase of the rf signal driving the single
pass (SP) AOM in b1. The intensity stabilisation and beam-focusing optics are omitted.

three are not included in the schematic). The DP AOM is a shared component

between the two branches. This design choice ensures minimal latency in switching

on both beams simultaneously at the ion’s position; any delays only occur from the

optical path difference between the two branches. Additionally, adding an extra
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DP AOM would result in a power loss. One potential drawback of our current

beam path setup is that the intensity stabilisation is performed by adjusting the

rf signal driving the double pass AOM. This means that we can only stabilise

the intensity of one of the branches, which, in this case, is b1. If the intensity

fluctuations are primarily due to fluctuations that occur before the PBS (that splits

the beam into the two branches), then stabilising b1 also improves the intensity

stability in b2. In the experiments considered in this work (Chapter 5 and 6),

we have not found this to be a limiting factor.

Other experimental implementations of standing waves involve using reflection from

a mirror or even from the surface of a trap chip [114–116]. We chose to use a

separate counter-propagating beam as it enables us to quickly switch between the

standing wave (SW) and travelling wave (TW) configurations. Additionally, having

two separate beams provides more flexibility in matching their intensities at the

ion’s position and allows for individual phase control. To optimise the overlap

between b1 and b2, we cross-couple them in the respective fibre, i.e., b1 in the fibre

of b2 and b2 in the fibre of b1, using the two-mirror setups on the trap side.

For our experiments, we need to be able to control the phase of the standing

wave with respect to the ion. Rather than moving the ions themselves [117,

118], we adjust the phase of the rf field driving the SP AOM in b1 to shift the

standing wave relative to the ions.

The two counter-propagating branches form an interferometer. Around one-fourth

of the physical length of the interferometer is in free space, while the rest is in

optical fibres. Changes in the relative optical path lengths of the branches cause

drifts in their phase difference at the position of the ion. These drifts are detrimental

to the experiments since, for example, the antinode of the standing wave drifts

away from the position of the ions. The main sources of drift arise from vibrations

in the optical setup, temperature, humidity, and air currents in the laboratory.

To mitigate these issues, we actively stabilise the relative phase between the two

branches at the ion’s position. This involves a two-stage feedback process: initially

stabilising the phase using a photodiode (PD) to address fast drifts (discussed in
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Section 3.4.1) and subsequently using the ion itself as a sensor to manage slower

drifts (detailed in Sec. 3.4.2 and 3.4.4). The closest point where we could set up a

lock point for the PD feedback was ≈ 30 cm away from the ion position. In section

3.4.3, we discuss improvements in the passive stability over this distance. To avoid

any confusion, it is important to note that both feedback stages are conducted

using a monochromatic field for each branch. In Sec. 3.4.5, we address how the

phase corrections are introduced when employing the two bichromatic fields.

3.4.1 Photodiode feedback

For observing the interference fringes using the photodiode, we pick off a small

fraction of light (≈ 6%) from each one of the branches using a glass window12. Then,

the two branches are coupled into a single-mode optical fibre, which acts as a mode

filter, and sent to the photodiode. Using the fibre ensures a high degree of mode

matching between the two branches, which enables a high-contrast interference

signal at the photodiode (PD), as the beam parts that do not interfere are rejected.

To lock the phase of the interferometer, we consider two schemes: homodyne

and heterodyne measurements. In the homodyne measurement, the frequencies

in b1 (f1) and b2 (f2) are equal. In the heterodyne measurement, f1 ̸= f2.

For the main experimental sequence, where we study the interaction between

the standing wave and the ion, we need f1 = f2. However, due to gateware

constraints13, a signal oscillating around zero is required for efficient hardware

implementation of the stabilisation. Thus, we use a heterodyne scheme14 for phase

stabilisation. To characterise the stability of our signal, we employ both heterodyne
12Thorlabs WG41010; we choose this to keep the amount of light picked off from each one of

the branches roughly the same
13We usually use the Sampler (ADC board) and the Urukul (DDS board) in tandem for

amplitude stabilisation mode. In phase stabilisation mode, the offset parameter—originally used
as the target for the amplitude stabilisation loop—is repurposed as the output amplitude to align
with the existing memory layout. As a result, we need to hard-code the target for the phase
stabilisation loop, setting it to an amplitude of zero for simplicity.

14If we were to use the homodyne setup instead, the amplitude target would be given by
(Vmax + Vmin)/2 (see below), which depends on the maximum and minimum intensity of the
interference signal. This value would require frequent calibration, hence frequent updates of the
hardcoded value in the gateware.
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and homodyne measurements, with the homodyne measurement resembling the

frequency configuration used for implementing the standing wave.

In the case of the homodyne measurement (f1 = f2), the signal measured at the PD

is:

Vhomodyne = Vmax − Vmin

2 (cosϕ+ 1) + Vmin, (3.1)

where the maximum value of the voltage, Vmax and the minimum value of the

voltage, Vmin correspond to the constructive and destructive interference points

at the position of the PD, respectively, and ϕ is the relative phase between the

two branches at the PD. The half-fringe point, where ϕ = π/2 and the voltage

is (Vmax + Vmin)/2, exhibits maximum phase sensitivity and would be the lock

point for the interferometer if we used this method. However, it is important to

note that the lock point is sensitive to intensity fluctuations in the two branches

and would require regular calibration.

For the heterodyne measurement, we set f1 ̸= f2. A diagram of the electronic setup

used for this measurement is shown in Fig. 3.4. The signal from the photodiode15

is mixed down with a local oscillator (LO) at fLO = f1 − f2, the beatnote frequency

of the two branches. After the mixer, we introduce a low pass filter16 to reduce

any high-frequency signals that cannot be compensated with our feedback setup

and higher harmonics of the beatnote frequency. The signal used for locking

the phase is then given by:

Vheterodyne = Vmax − Vmin

2 sin(ϕ− θLO), (3.2)

as mentioned before, ϕ is the relative phase between the two branches as measured

at the photodiode and θLO, the phase of the LO signal. We expect the maximum

and the minimum values of the signal to be equal, i.e., |Vmax| = |Vmin|; however,

imperfections in the mixer can introduce a DC offset. A low-noise amplifier17 (AMP)

is introduced to make this DC offset negligible compared to the amplitude of the

signal itself. Hence, the voltage at the half-fringe point, ϕ − θLO = 0, is ≈ 0 and
15Thorlabs, PDA36A2
16Minicircuits SLP-1.9+
17Minicircuits ZFL-500LN+
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does not depend on the amplitudes of the branches or the LO, which is an advantage

of the heterodyne configuration over the homodyne one.
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Figure 3.4: Simplified schematic of the phase stabilisation and characterisation setup.
The signal from the PD is split into two parts using a splitter (SPL). The arm containing
the mixer is used for stabilisation and characterisation in the heterodyne configuration,
while the other arm is used for characterisation only in the homodyne configuration.
Examples of commands sent to the FPGA that are used the most are: set_dds() is used
for setting the frequencies for the heterodyne or homodyne setup, get_adc() is used for
reading the voltages at the channels of the ADC, and enable_fb() is used for enabling
the phase stabilisation. Once enabled, the feedback process runs continuously at a rate
of ≈ 435 kHz and only writes the phase corrections to ch1, which controls the AOM in
b1. The low-pass filters (LPF) for the heterodyne and homodyne configurations are the
same. Kasli, Sampler, and Urukul are the names of the FPGA, ADC, and DDS boards,
respectively, in the ARTIQ Sinara family.

The interferometric signal, Vheterodyne, is acquired using an analog-to-digital converter

(ADC) card. The 16-bit input channels have a sampling rate of up to 700 kHz

and are combined with the FPGA, which is used for implementing the phase-

locking control loop algorithm. After comparing to zero, the error signal goes to

a proportional-integral (PI) gain circuit. The inferred correction for the phase is

then written to the direct digital synthesis (DDS) board channel that feeds the

AOM in the b1 rf signal. This process is done at a rate of ≈ 435 kHz and sets

the limit on the speed of the feedback loop.
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We use the experimental sequence shown in Fig. 3.5 to characterise the quality

of the interferometer stability. For each shot of the experimental sequence, we

apply the feedback loop with the PD for 50 µs, then cool down the motion of the

ions close to the ground state, prepare them in the desired spin state, conduct an

ion-light interaction experiment, and perform state readout. Including the ion state

preparation operations allows us to calibrate and characterise the PD feedback with

the duty cycle required for any SW-ion experiment implementation.

The stability measurement using the heterodyne method is conducted immediately

after the phase stabilisation, while the homodyne measurement is performed after

the ion state preparation operations, which take around 18 ms per shot. We show

the recorded photodiode signals for both free-drifting and locked interferometer

states in Fig. 3.6(a.i) and 3.6(b.i), respectively, for heterodyne and homodyne

stability characterisation measurements.

Figure 3.5: Experimental sequence used for characterising the phase stability at the
photodiode. During the intensity stabilisation, we ensure that the 674 nm is always at the
same power for every shot. The arrows indicate where the phase stability measurements are
performed in the heterodyne and homodyne configurations. We indicate that during the
PD feedback (white box), the two branches are at different frequencies (f1 − f2 = 2 MHz),
while in the experiment concerned with the SW-ion interaction (blue box), they are at
the same frequency.

One figure of merit for the interferometer stability quality is the ratio between

the standard deviation of the stabilised signal and the total extent of a standing

wave fringe. For the heterodyne configuration, we measure residual fluctuations in

voltage of 1% and, in the homodyne case, of 2%. At first, we thought the homodyne

case was worse because we allowed the system to free drift for some time before

recording the measurement. However, performing the homodyne measurement
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Figure 3.6: Photodiode signal measured in heterodyne, (a) and homodyne, (b)
configuration. (i) Time traces of the photodiode signal when free drifting (blue) and when
the feedback is enabled (pink). (ii) Histogram of the phase stabilised PD signal. Black
dashed line shows a Gaussian fit with µ, σ mentioned in the text box. The blue curves in
(a.i) and (b.i) were taken within the same experimental run and separated by only a few
ms (see text). The same applies to the pink curves.

immediately after the PD feedback did not result in any improvements. As of

now, this issue still requires further investigation.

It is useful to convert the measured voltage to residual phase fluctuations, σ using

Eq. (3.2) and (3.1) for the heterodyne and homodyne signals, respectively. We

plot the histogram of the obtained residual phase fluctuations for the heterodyne
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measurement ϕ − θLO in Fig. 3.6(a.ii) and for the homodyne case, ϕ in 3.6(b.ii).

The residual phase fluctuations are given by one standard deviation σ = 0.022 rad

for the heterodyne configuration and σ = 0.040 rad for the homodyne configuration.

For the heterodyne case, the distribution is centred around 0 rad, which is to be

expected as Vheterodyne = 0 V at the lock point. In the homodyne case, only used for

characterisation, the distribution is centred around a value that can be controlled

by changing θLO; this is set such that the stabilised signal is close to half-fringe

for maximum sensitivity, i.e., ϕ ≈ π/2.

The gain values for the PI circuit are optimised by minimising σ in the heterodyne

measurement, which is equivalent to minimising σ in the homodyne measurement.
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Figure 3.7: Interferometer stability evaluated using Allan deviation. Allan deviation
computed for the free drifting (blue) and locked signal (pink) in Fig. 3.6(a.i) and the
electronic noise floor (black). We fit the locked and noise floor data with a 1/

√
τ model

(dashed line). The standard deviation of the averages in the different clusters gives the
error bars.

To further investigate the phase stability of the interferometer, we compute the

Allan deviation of the time series measurements (see Fig. 3.6(a.i)). If we have N

samples with sampling time τ0, we can split the data into M clusters of duration
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τ = mτ0, where m is an integer. The Allan deviation is then defined as:

σy(τ) =

√√√√ 1
2(M − 1)

M−1∑
i=1

(ȳi+1 − ȳi)2, (3.3)

where ȳi is the average of the ith cluster [119]. We compare the locked data to

the free drift and the electronic noise floor in the heterodyne configuration by

calculating the Allan deviation, σy(τ), for different cluster sizes, m (see Fig. 3.7).

The deviation for the free drifting signal starts increasing after 100 ms, indicating

that the feedback loop should be applied at an interval shorter than this in order

to combat the drifts in the system. We apply it every ≈ 20 ms.

The electronics noise floor nearly limits the locked signal. Using a A/
√
τ model to

fit the locked and noise floor data, we find that the locked signal has approximately

1.3 times higher deviation than the noise floor. Approaching the noise floor

more closely might be possible by using a low-pass filter with a lower cut-off

frequency. The good agreement with the 1/
√
τ model indicates that the main

noise type is white noise, which justifies the Gaussian distribution observed in

Fig. 3.6(a.ii). The electronic noise floor is measured by blocking the light at the

PD and disabling the feedback loop.

3.4.2 The ion as a phase sensor

So far, we have only evaluated the quality of the phase stability measured at the

photodiode. However, we are interested in controlling the relative phase between

branches at the ion position. As shown in Fig. 3.3, the two branches co-propagate

between the PW and the PD. Thus, the interference signal is insensitive to any

vibrations or air drafts over this distance. We briefly verified this by having the

interferometer locked and tapping the mirrors in that part of the setup with a

metallic object; the interference signal remained unperturbed. This means that

the difference in phase between the branches at the PW will be the same as the

phase stabilised at the PD. From the PW to the ion position, the branches are

counter-propagating and hence maximally sensitive to any changes in the optical

path over a distance of ≈ 30 cm.
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We can use the laser-ion interaction to infer the phase difference between the

two branches at the ion position, ϕ1 − ϕ2. One method is through the direct

standing-wave-ion interaction, discussed in Chapter 5, though it is not our main

characterisation tool in this chapter. Instead, we consider applying a π/2-pulse with

b1, R̂b1(π/2, 0) = R̂b1(π/2) (see Eq. (2.20)), followed immediately by a π/2-pulse

with b2, R̂b2(π/2), with the spin state initialised in |↓⟩. A complete transfer of

population (p|↓⟩ = 0) occurs only if the phase difference between the two branches,

ϕ1 − ϕ2, is zero. Ignoring that the two pulses use different fields, this setup is

equivalent to a zero delay Ramsey experiment (see Sec. 4.1.1). Thus, the probability

of finding the spin in |↓⟩ depends on ϕ1 − ϕ2 as follows:

p|↓⟩(ϕ1 − ϕ2) = sin2
(
ϕ1 − ϕ2

2

)
= 1 − cos(ϕ1 − ϕ2)

2 . (3.4)

We use this method to characterise the stability of the relative phase between the

branches at the ion position and also to implement a feedback mechanism with the

ion.

3.4.3 Passive stability

While we achieved 0.04 rad phase stability at the photodiode, looking at the ion

signal revealed that the passive stability needed to be improved (see Fig. 3.8(a)).

For measuring this ion signal (pulse sequence shown in Fig. 3.5), we lock the

interferometer at the PD and set R̂b1(π/2, ϕ′) and R̂b2(π/2, 0) (in ’exp.’ in the

pulse sequence) such that we start from p|↓⟩ ≈ 0.5. Once this is set, we leave the

system running and keep measuring while programming the same phase relationship

between the branches. In Fig. 3.8(a.i), we measure the ion signal without any

enclosure around the free space optical paths other than the shutters of the optical

table. The signal shows abrupt random jumps, which can be translated into a phase

drift rate. This is calculated by converting the population values to phase using

Eq. (3.4) and then taking the difference of adjacent measurements and dividing

it by the time step between them. The results are plotted in Fig. 3.8(a.ii). The

normal distribution centred around zero indicates a random walk with an average
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Figure 3.8: Passive stability of relative phase between the branches at the ion position
with PD feedback enabled. We use the R̂b1(π/2), R̂b2(π/2) pulse sequence to infer the
difference in phase between the two branches at the ion position. (a.i) The change in p|↓⟩
as a consequence of the change in phase between the two branches at the ion position
is shown in the case of no enclosure around the beam paths. (a.ii) Inferred phase drift
rate based on (a.i). (b.i) Same as (a.i) but with an enclosure around the beam paths.
(b.ii) Same as (a.ii), but for the data measured with the enclosure. In both cases, the PD
feedback is enabled.

drift rate of 0.67 rad/s given by the standard deviation of the normal distribution.

Adding a sturdy enclosure18 over the 30 cm path from the pick-off to the vacuum

chamber, together with an additional cardboard enclosure around the rest of the

beam paths reduced the drifts to as low as 0.07 rad/s, as shown in Fig 3.8(b) with

a much longer time axis. This is almost an order of magnitude improvement for the

short-term changes. Removing the quick random jumps reveals a slow phase drift

between the two branches, which we can correct for by using the ion feedback.
18We used Thorlabs TB4 black hardboard for building up the enclosure. This also provides

enhanced acoustic absorption.
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3.4.4 Ion feedback

For keeping the relative phase between branches constant at the ion position, which

we call the ion feedback, we use the R̂b1(π/2), R̂b2(π/2) pulse sequence, discussed

in Sec. 3.4.2. We interleave the experiments that depend on the relative phase

between branches with the ion feedback, as shown in Fig. 3.9. The PD feedback is

applied each shot during the ion feedback and the main experimental sequence.
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Figure 3.9: Experimental sequence with the ion feedback interleaved. (a) We use a
similar experimental sequence to the one shown in Fig. 3.5 for implementing the ion
feedback. For the zero delay Ramsey experiment R̂b1(π/2), R̂b2(π/2), the motion of the
ion is not involved, hence, using only Doppler cooling for the ion feedback is sufficient.
The PD feedback (white boxes) is applied every shot for both the ion feedback and the
main experiment. (b) We show some examples of pulse sequences that can constitute the
main experiment. The R̂b1(π/2), R̂b2(π/2) sequence is also used for the ion feedback.

We aim to lock at the maximum slope point of the sinusoid, i.e. at state transfer

probability 0.5, which, when converted to phase using Eq. (3.4) yields π/2 rad, our

phase setpoint, ϕST. During the ion feedback, we estimate the current value of p|↓⟩

using a certain number of shots, usually 100. This probability value is converted

to phase, ϕnow and it is used to infer the phase correction, ϵion with:

ϵion = ϵion,previous +K(ϕST − ϕnow), (3.5)
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for maintaining the setpoint. K is the gain of the feedback loop.

In Fig. 3.10(a), we compare the difference in phase between the branches at the

ion position when the PD-ion 30 cm path is left to free drift and when the ion

feedback is interleaved. In the latter case, we can see how the difference in phase is

maintained at the set point ϕST = π/2 rad. Before starting an experiment where

the ion feedback is interleaved, we run the ion feedback ten times on its own. These

preliminary ion feedback rounds ensure that the phase is at ϕST = π/2 rad by the

time the main experimental sequence begins, avoiding any transitory effects, as

shown in Fig. 3.10(b). For this measurement, in the main experimental sequence

(see Fig. 3.9), we scan the relative phase between the branches, R̂b1(π/2, ϕ′) and

R̂b2(π/2, 0), on top of the ion feedback setpoint.

The ion feedback is applied every ≈ 2.5 s. At this ’slow’ rate, we found using the

Allan variance to optimise the gain parameter K very useful (see Fig. 3.11). With

both the PD and ion feedback enabled, we record traces as shown in Fig. 3.10 for

different K values (free drift is equivalent to K = 0). The number of shots we use

to measure the population to infer the phase corrections imposes a limit on the

phase stability. In optimising K, we try to bring the locked data as close as possible

to this shot noise limit. The shot noise trace shown in Fig. 3.10 is inferred from

simulated data, where the population value is determined by sampling a binomial

distribution with n = 100 and the success probability given by Eq. (3.4) with

ϕ1 − ϕ2 = π/2. For the timestamps of the simulated values, we use the timestamps

of the experimental data and then compute the Allan variance.

Once K is calibrated, we apply the sequence in Fig. 3.9 for ≈ 1.2 hours and look

at the population used for calculating the phase corrections in the ion feedback.

We convert these values to phase using Eq. (3.4), shown in Fig. 3.12. Similarly to

the phase stability measured at the photodiode, we can evaluate the stability at

the ion by calculating the standard deviation, σ. For the feedback data, we

obtain σ = 0.120(2) rad.
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Figure 3.10: Phase difference between the branches at the ion position. (a) The
population p|↓⟩ when the PD-ion 30 cm path is allowed to free drift, shown in Fig. 3.8(b.i),
is converted to phase (grey). This is compared to the case of having the ion feedback
enabled (blue). In both cases, the PD feedback is enabled as well. (b) Scan of the relative
phase between the branches with the ion feedback enabled; pulse sequence R̂b1(π/2, ϕ′),
R̂b2(π/2, 0). The phase difference ϕ1 − ϕ2 = ϕST + ϕ′ = π/2 + ϕ′.

Depending on the number of shots, the precision of the measurement is limited

by the shot noise error given by:

σp =
√
p(1 − p)

n
, (3.6)

where n is the number of shots, and p is the measured state transfer probability

value. The populations for correcting the phase in the ion feedback were taken with

100 shots and p ≈ 0.5. Using Eq. (3.4), we can relate σp to σ∆ϕ, where ∆ϕ small
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Figure 3.11: Allan variance for optimising the ion feedback performance. We show the
Allan variance for the data without the ion feedback applied (grey), the locked signal for
two different gain values, K (orange, blue) and simulated data (black) with shot noise
due to 100 shots. The standard deviation of the averages in the different clusters gives
the error bars.
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Figure 3.12: Phase stability at the ion position with ion feedback enabled. The
population values p|↓⟩ used for inferring the ion feedback (R̂b1(π/2), R̂b2(π/2)) corrections
are converted to phase and plotted as a histogram. The black dashed line shows a
Gaussian fit with µ, σ mentioned in the text box. Data were acquired over ≈ 1.2 hours.

phase fluctuations at the lock point π/2 such that ϕ1 − ϕ2 = π/2 + ∆ϕ by

σp =
∣∣∣∣∣dp|↓⟩(ϕ1 − ϕ2)

d∆ϕ

∣∣∣∣∣σ∆ϕ = σ∆ϕ

2 (3.7)

which yields a σ∆ϕ = 0.100 rad19 limit due to the shot noise, which needs to be
19This value is also verified through simulation by sampling a binomial distribution with n = 100
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compared to the measured σ = 0.120(2) rad. Hence, we think that the phase

measurement with the ion is mainly limited by shot noise. The precision on the

inferred phase could be further improved by increasing the number of shots or using

an adaptive Bayesian phase estimation protocol [120]. Increasing the number of

shots also reduces the repetition rate of the ion feedback loop, which should be high

enough such that the phase accumulation due to the free drift rate is not significant.

3.4.5 Phase stability with two bichromatic fields

As a result of the two-stage feedback, there are two phase corrections that are

applied to AOM in b1 using the rf ch1 in Fig. 3.4: ϕPD from the PD feedback and

ϕion from the ion feedback. The phase ϕPD is updated at every shot, while ϕion

is updated at every scan point. When using two bichromatic fields, the channels

labelled ch1 and ch2 in Fig. 3.4 are used for implementing the blue-detuned tone

in b1 and the blue-detuned tone in b2, respectively. Channels ch3 and ch4 are

used to implement the red-detuned tone in b1 and the red-detuned tone in b2,

respectively. We show this mapping in Table. 3.1.

tone phase rf-channel
(ϕb)b1 ch1
(ϕb)b2 ch2
(ϕr)b1 ch3
(ϕr)b2 ch4

Table 3.1: Phases of the different tones in the two bichromatic fields b1 and b2 mapped
to the respective rf channels. The phase of the blue-detuned tones is marked as ϕb, while
the phase of the red-detuned tones is marked as ϕr.

Channels ch1 and ch3 are combined using an inverted splitter (see Sec. 3.3.2) and

used to drive AOM in b1, while ch2 and ch4 are combined to drive the AOM in b2.

In order to make sure that the red detuned tones are phase stable, we need to push

the phase of ch3 by ϕPD + ϕion.

trials and a success probability of p = 0.5. The sampled values are converted to phase using
Eq. (3.4), and the standard deviation of the phase values is then computed.
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In this section, we mainly described how we stabilise the relative phase between

the branches at the position of the ion. The implications of this phase stabilisation

on the SW-ion interaction are discussed in Chapter 5.

3.5 Phase stability in the co-propagating setup

The two bichromatic fields counter-propagating setup can be repurposed such

that the two fields co-propagate, which we use for the experiments described in

Chapter 6. The modified setup for combining the two bichromatic fields is shown

in Fig. 3.13. In this case, the two branches are co-propagating for most of the

optical path. Consequently, the primary source of phase fluctuations between the

branches would be differential path length changes before the fibre beam splitter.

Moreover, as discussed in Sec. 3.4.2, on the trap side, the phase difference between

the branches should be highly insensitive to any changes in the optical path as

the beams co-propagate. Therefore, the phase difference that is locked at the PD

should be the same as the one at the ion. Hence, we only employ the PD feedback

to maintain the difference in phase between the branches constant at the position

of the ion. The PD feedback is applied every shot as shown in Fig. 3.5.

5 m
50 cm

88Sr+ ion

PD

FBS

PW

B₀

674 nm
DP

AOM

SP
AOM

SP
AOM

b1 b2

Figure 3.13: Two counter-propagating 674 nm beam setup. The two branches are
combined using a fibre beam splitter (FBS) and sent to the trap. For more details, see
Fig. 3.3(b) as well.
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As before, to characterise the phase difference ϕ1 − ϕ2 at the position of the ion, we

use the R̂b1(π/2), R̂b2(π/2) pulse sequence, which goes in the ’exp.’ box in Fig. 3.5.

We set the relative phase between R̂b1(π/2) and R̂b2(π/2) such that p|↓⟩ ≈ 0.5, which

is equivalent to ϕ1 −ϕ2 ≈ π/2 rad. We obtain a histogram similar to the one shown

in Fig. 3.12 to which we fit a Gaussian with µ = 1.65(1) rad and σ = 0.108(10) rad.

The Gaussian is slightly off-centred from π/2, probably due to a miscalibration of

one of the π/2-pulse durations. Moreover, we repeat the same measurement and

analysis while using the same branch R̂b1(π/2), R̂b1(π/2) and obtain µ = 1.55(1) rad

and σ = 0.097(8) rad. The two σ values are consistent with each other, suggesting

that within the precision obtained from measuring 100 shots, we cannot distinguish

between the quality of the phase stability for using the same branch for the Ramsey

sequence and using different branches, which we accept as a positive result20.

3.5.1 Relative phases between the channels

For the experiments presented in Chapter 6, we need specific phase relationships

between the tones in the two bichromatic fields to be satisfied at the position of

the ion. The various phase requirements are explained in Sec. 6.2.1. Here, we

focus on the calibrations needed to fulfil them.

Before doing these calibrations, as highlighted in Sec. 3.4.5, we have to port the

phase correction obtained through the PD feedback (ϕPD) also to the rf channels

that drive the red-detuned tones; we push the phase of ch3, which is applied

to AOM in b1, by ϕPD.

To establish all the phase relationships that we need (Sec. 6.2.1) it is enough to

20We expect a precision of 0.100 rad when using 100 shots (see Eq. (3.6) and (3.7)). Even
though the measurement is slightly off from π/2, the offset is not significant enough to change the
expected precision.
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calibrate the following phase relationships at the position of the ion21:

(ϕb)b1 − (ϕb)b2 = 0 (3.8a)

(ϕr)b1 − (ϕr)b2 = 0 (3.8b)

(ϕb)b1 − (ϕr)b2 = 0 (3.8c)

(ϕr)b1 − (ϕb)b2 = 0. (3.8d)

Each one of these phases can be adjusted by the respective rf-channel, as shown in Ta-

ble. 3.1.

Without calibration, the phase differences in Eq. (3.8) are actually not set to

zero. We can measure the different offsets using the R̂b1(π/2, ϕ′), R̂b2(π/2, 0)

pulse sequence, where we scan ϕ′. For example, in the case of measuring offset3

for the phase difference in Eq. (3.8c), the R̂b1(π/2) pulse is driven using ch1

and R̂b2(π/2) is driven using ch4. After all the offsets are measured, we can

calculate using, for example,

1 0 0 0
1 −1 0 0
0 0 1 −1
1 0 0 −1
0 −1 1 0






(ϕb)b1,0
(ϕb)b2,0
(ϕr)b1,0
(ϕr)b2,0

 =


0

offset1
offset2
offset3
offset4

 (3.9)

the phase corrections that need to be added to the individual channels, (ϕb)b1,0,

(ϕb)b2,0, (ϕr)b1,0, (ϕr)b2,0, in order to have Eq. (3.8) fulfilled. The rows circled in the

dashed rectangle form a matrix that describes the phase relationships in Eq. (3.8).

However, since it is a rank-3 matrix and we need to determine four values, we also

include an additional row (which sets (ϕb)b1,0 = 0) to ensure a unique solution.

We show an example calibration in Fig. 3.14. We find that the inferred correction

values give us the desired relationships up to a phase π, which we subsequently add.

We find that these values need to be re-calibrated only when we restart the FPGA.

21Sebastian came up with this idea on a typically warm British summer day when the best
thing we could do was to be in the basement lab.
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Figure 3.14: Example calibration of the relative phases between the differ-
ent channels. To evaluate the relative phase between the channels, we use the
R̂b1(π/2, ϕ′), R̂b2(π/2, 0) pulse sequence and we scan ϕ′. The channels involved
in each measurement are highlighted in blue in the grey boxes. (a) Calibration
scans used to infer the offsets. By fitting (dashed lines) the p|↓⟩ dynamics, we
infer (offset1, offset2, offset3, offset4) = 2π × (0.32, 0.23, 0.17, 0.38) rad, indicated
by the vertical lines. The phase corrections are then determined using Eq. (3.9) as
((ϕb)b1,0, (ϕb)b2,0, (ϕr)b1,0, (ϕr)b2,0) = 2π × (0., 0.68, 0.07, 0.83) rad. (b) Phase scans after
the phase corrections ((ϕb)b1,0, (ϕb)b2,0, (ϕr)b1,0, (ϕr)b2,0) = 2π× (0., 0.68+0.5, 0.07, 0.83+
0.5) rad are applied.
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In this chapter, we start by briefly characterising the spin-oscillator system that we

use in this work. Then, we prepare our most trustworthy tools that accompany us

for the rest of the thesis, the spin-dependent forces (SDFs). We create SDFs using

bichromatic fields. As described in Sec. 2.3.3, we generate SDFs conditioned on σ̂ϕ,

but also σ̂z, by taking advantage of the non-commuting off-resonant term that is

also part of the interaction but often neglected. We then measure the strengths

of these SDFs, which we compare to theory (Sec. 2.3.3). Moreover, we discuss

the calibration steps that happen before the strength measurements. Some of the

65
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results presented in this chapter are also published in Ref. [1, 64].

4.1 Spin-oscillator system characterisation

Although ions are levitated systems and relatively well isolated from external

perturbations, several mechanisms still prevent them from serving as perfect qubits

and perfect quantum harmonic oscillators. In this section, we characterise the

coherence of each of these subsystems.

4.1.1 Spin

To measure the coherence times (T ∗
2 ) of the qubits used in this work, we employ

a Ramsey interferometry experiment with the pulse sequence shown in Fig. 4.1.

This method allows us to examine the combined effect of the laser and qubit

transition stability. With the spin initialised in |↓⟩, the first π/2 carrier pulse,

Figure 4.1: Ramsey sequence (by excluding the π-pulse) or spin-echo sequence for
measuring the coherence time of a qubit. By scanning the relative phase between
R̂(π/2) = R̂(π/2, ϕ′ = 0) and R̂(π/2, ϕ′), ϕ′ : 0 → 2π, we obtain a Ramsey fringe. The
contrast C(td) at different delay times td of the Ramsey fringe gives us information about
the coherence of the spin superposition state.

R̂(π/2), creates the superposition

|ψs⟩ = 1√
2

(|↓⟩ − ieiϕ1 |↑⟩), (4.1)

where ϕ1 is the laser phase mapped to the spin state. The system then evolves

freely for a duration td, accumulating phase ϕion,td
, resulting in the state

|ψs⟩ = 1√
2

(|↓⟩ − iei(ϕ1+ϕion,td
) |↑⟩), (4.2)

up to a global phase. The phase ϕion,td
can be defined as

∫ t2
t1
δ(t)dt, where δ(t)

is the detuning from the qubit frequency, which varies non-trivially over time,
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and td = t2 − t1. Similarly, the phase of the field changes over td, becoming

ϕlaser,td
. When we apply the second π/2 carrier pulse with an additional controlled

phase ϕ2, the spin state becomes

|ψs⟩ = 1
2((|↓⟩ − iei(ϕlaser,td

+ϕ2) |↑⟩) − iei(ϕ1+ϕion,td
)(−ie−i(ϕlaser,td

+ϕ2) |↓⟩ + |↑⟩)). (4.3)

We can then compute the probability of finding the spin state in |↓⟩ as

p|↓⟩ = sin2
(
ϕlaser,td

− ϕion,td
+ ϕ2 − ϕ1

2

)
= 1

2(1 − cos (ϕlaser,td
− ϕion,td

+ ϕ2 − ϕ1)).

(4.4)

Scanning ϕ2 − ϕ1 (ϕ2 − ϕ1 = ϕ′1 in Fig. 4.1) produces Ramsey fringes. However,

in Eq. (4.4) we did not account for fluctuations in ϕlaser,td
− ϕion,td

that occur from

shot to shot, leading to decoherence. Averaging over these different outcomes,

a more accurate formula for p|↓⟩ is

p|↓⟩ = C(td) sin2
(
ϕ2 − ϕ1

2

)
= C(td)

2 (1 − cos (ϕ2 − ϕ1)), (4.5)

where the contrast of the Ramsey fringes, C(td), is reduced due to decoherence,

with C(td) reflecting the sources of decoherence and their time scale. The spin

coherence time can be estimated by measuring C(td) for different delay durations

td. Moreover, we can optionally introduce a spin-echo by introducing a carrier

π-pulse as indicated in Fig. 4.1 in order to reduce the effects of slow varying

offsets in the qubit frequency [88].

Since the experiment does not engage with the ion’s motional state and the carrier

interaction is sufficiently insensitive, we can perform it after the ions have only been

Doppler-cooled.

Ground state qubit

We measure the coherence for the ground state qubit (|⇓⟩ = |5S1/2, mj = −1
2⟩ and

|⇑⟩ = |5S1/2, mj = 1
2⟩) using rf carrier pulses, see Fig. 4.2. By fitting a Gaussian

model Ae−(td/τ)2/2, where A is a constant accounting for contrast reduction due to
1In the experiment, we can’t control ϕ1 and ϕ2 at the position of the ion, we can only control

the relative phase between the pulses.
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Figure 4.2: Spin coherence of the ground state qubit measured without the spin echo or
including the spin echo. The model fitted to the data is a Gaussian Ae−(td/τ)2/2, where A
is a constant.

state preparation and measurement imperfections, we obtain the coherence time

τ = 0.42(5) ms. Using the spin-echo sequence increases the coherence time to

τ = 1.7(1) ms.

Optical qubit

We measure the coherence time for the optical qubit (|↓⟩ = |5S1/2, mj = −1
2⟩ and

Figure 4.3: Spin coherence of the optical qubit measured without the spin echo or
including the spin echo. The model fitted to the data is a Gaussian ae−(td/τ)2/2, where a
is a constant.

|↑⟩ = |4D5/2, mj = −3
2⟩) using 674 nm laser carrier pulses, see Fig. 4.3. Also, in

this case, the data agree well with a Gaussian model, yielding τ = 1.02(3) ms when

using no spin echo and τ = 2.8(2) ms when introducing the spin-echo.

The good agreement to a Gaussian model for the contrast decay suggests that deco-

herence is dominated by low-frequency noise (compared to the time scale given by td).
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4.1.2 Motional oscillator

Initialising the oscillator state

The main oscillator that we interact with in this work is the motional mode along the

trap axis with angular frequency ωz/2π = 1.17 MHz. The oscillator state is initialised

before each experimental sequence close to the ground state. This is done by first

applying the Doppler cooling sequence (2 ms), followed by continuous sideband

cooling (1 ms) and pulsed sideband cooling (50 pulses); we achieve n̄osc = 0.09(1) and

we refer to this motional state2 as |n̄osc⟩. For a single ion, this is measured by looking

at the relative excitation probabilities of the red (prsb) and blue (pbsb) sidebands,

where the mean thermal occupation n̄osc = r/(1 − r) with r = prsb/pbsb [121].

Decoherence

Decoherence in the oscillator state primarily arises from the ion interacting with the

noisy environment provided by the trapping electrodes. The two dominant effects

are heating and dephasing. Understanding the mechanisms that give rise to these

effects is a challenging experimental task, with difficulties ranging from noise varying

on different timescales to (very) specific details about trap fabrication and materials,

which are still under active investigation in the ion trapping community [122, 123].

Heating and dephasing can be modelled by considering the harmonic oscillator

being coupled to an environment [124]. Since these decoherence mechanisms lead

to irreversible incoherent errors (unlike coherent errors, which can potentially be

mitigated), it is important to quantify their effect.

Heating rate

Heating can be modelled by coupling the oscillator to an amplitude reservoir [124],

where the average phonon occupation n̄osc increases linearly (at short durations)

with time as it thermalises with a bath. The heating rate ˙̄nosc describes the rate

of change of the average phonon occupation n̄osc.
2Using the ket notation for a thermal state is not ideal since thermal states are mixed states.

However, we opted for this form for simplicity.



70 4.1. Spin-oscillator system characterisation

0 500 1000 1500 2000 2500

delay (µs)

0.25

0.50

0.75

1.00

n̄
o
sc

Figure 4.4: Heating rate measured on a single 88Sr+ ion. Measurement yields ˙̄nosc =
300(20) quanta/s at ωz/2π = 1.17 MHz.

We measure the heating rate of the axial motional mode by adding variable delays

before measuring the n̄osc through sideband asymmetry, as explained above. As

the average occupation number n̄osc increases linearly with time under the effect

of heating, we determine ˙̄nosc = 300(20) quanta/s, as shown in Fig. 4.4.

Figure 4.5: Motional coherence measured using a motional Ramsey experiment. (a)
Pulse sequence including carrier rotations R̂(θ′, ϕ′) and red sideband rotations R̂rsb(θ′, 0) =
R̂rsb(θ′). (b) The dashed line is a fit to the experimental data using A/(1 + ˙̄nt)2. The
continuous line shows the simulated decay model, including heating during the free
evolution segments and red sideband pulses, initial thermal occupation and perfect carrier
rotations.

To investigate the role of heating in the decoherence of the oscillator, we perform a

Ramsey experiment between the Fock states |0⟩ and |1⟩, as shown in Fig. 4.5(a) [124].
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To prepare the state |↓⟩ (|0⟩ + |1⟩)/
√

2, we use the fact that a spin superposition

can be mapped to a motion superposition. First, we create a spin superposition

using a carrier π/2-rotation. This spin superposition is then mapped to the motion

using a π-pulse on the red sideband, leaving us with the desired state. We can add

a spin-echo on the motion to cancel out small changes in the mode frequency. At

the end of the sequence, the motional superposition is mapped back to the spin

for readout. By scanning the phase of the final π/2-rotation on the spin, we can

measure the remaining coherence of the Fock state superposition. An example of

such a measurement, where we vary td is shown in Fig. 4.5(b).

Assuming that the decoherence we observe is only due to the heating of the ion

(amplitude reservoir), then the contrast of the Ramsey fringes is given as

C = ρ̂01(t) + ρ̂10(t) = 1
(1 + ˙̄nt)2 , (4.6)

where we kept the same notation as in Ref. [124] with ρ̂ the density matrix of

the motional state3 and ρ̂01 and ρ̂10, the two off-diagonal elements. By fitting the

experimental data with A/(1 + ˙̄nt)2, with A taking into consideration experimental

imperfections such as the initial thermal distribution, we obtain

˙̄n = 360(30) quanta/s (4.7)

This value is consistent with what we measure using the sideband asymmetry

method.

Moreover, we simulate the pulse sequence using the Lindblad master equation

and QuantumOptics.jl package in Julia [125]:

˙̂ρ = −i i
ℏ

[Ĥ, ρ̂] +
∑

i

(Ĵiρ̂Ĵ
†
i − 1

2 Ĵ
†
i Ĵiρ̂− 1

2 ρ̂Ĵ
†
i Ĵi) (4.8)

where Ĵi = √
γiÂi is a collapse operator. The heating effect is introduced in the

simulation by setting the collapse operators [126] to
√

˙̄noscâ
† and

√
˙̄noscâ.

We consider the carrier pulses as perfect, take into consideration the initial thermal

distribution with n̄osc = 0.09, and consider heating throughout the red sideband
3We truncate the motional state in the subspace of Fock states |0⟩ and |1⟩.
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pulses (70 µs each) and free evolution time. The simulation and the experimental

data show good agreement.

Based on these two considerations, we identify the heating as the dominant effect

leading to decoherence in our oscillator and focus exclusively on this effect in

our subsequent simulations.

4.2 Spin-dependent forces characterisation

4.2.1 Balancing the bichromatic tones

Figure 4.6: Example of balancing the strength of the tones in the bichromatic field.
The bichromatic field is implemented using the 674 nm laser, while the rotations in the
Ramsey sequence, R̂(θ′, 0) = R̂(θ′), are implemented on the ground state qubit. If there
is any differential light shift between |⇓⟩ and |⇑⟩, Ramsey fringes will be observed. The
grey curve indicates a light shift of 340(10) Hz. By adjusting the power in each tone, we
can suppress the Ramsey fringes (green line). The lift-off in p|⇑⟩ in the ”balanced” case is
due to the limited coherence time of the ground state qubit.

An assumption made in deriving the Hamiltonian of the SDFs is that the strengths

of the two tones are equal, i.e., Ωb = Ωr = Ω (see Sec. 2.3.2). In the experiment, we

ensure that this is the case by using the ion as a sensor, as shown in Fig. 4.6. For

this measurement, we use the ground state qubit, defined as |⇓⟩ ≡ |5S1/2, mj = −1
2⟩

and |⇑⟩ ≡ |5S1/2, mj = 1
2⟩. We employ a spin-echo Ramsey experiment, where the

bichromatic (674 nm transition) field is applied in the first arm for duration tint,
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and a delay of the same duration is used in the second arm to compensate for

other systematic frequency shifts. Given that the frequency splitting between the

Zeeman levels in the ground state is 409 MHz, and the frequency spacing to other

manifolds is much larger (the closest being ≈ 10 THz), we assume any off-resonant

coupling to these manifolds will result in an identical light shift on both qubit

states |⇓⟩ and |⇑⟩. Therefore, any differential light shift between the two ground

state levels can only originate from the imbalance of the tones, leading to Ramsey

fringes. When the tones are balanced, we expect a straight line at p|⇑⟩ = 0. An

example of calibration is shown in Fig. 4.6. However, due to the limited coherence

time of the ground state qubit (see Fig. 4.2(b)), there is still a deviation from

0 even when the tones are balanced.

For the bichromatic field configuration in this measurement, for a σ̂ϕ SDF, the

detuning of the tones is set to δ = ±(ωz + ∆), and for a σ̂z SDF, δ = ±(ωz + ∆)/2.

We set ∆/2π = 100 kHz to suppress any off-resonant driving of the motion; what

value one chooses for ∆ depends on the amount of laser power used for the

calibration experiment.

Using the ground state qubit instead of the optical qubit for this measurement

allows us to separate light shifts induced by unbalanced tones (quadrupole light

shifts) from those induced by off-resonant coupling to other levels (mainly dipole

light shifts). The latter effect is discussed in the next section.

4.2.2 ac Stark shift

The tones in the bichromatic field are detuned from the qubit frequency ωq, which

is calibrated using a low power setting and a corresponding longer pulse. This

means that the frequency measured is close to the bare qubit frequency. However,

when we apply the bichromatic field, we use higher power values, which means that

qubit frequency is light shifted by ∆LS from the bare one due to the off-resonant

coupling to the other levels becoming significant.

As shown in Sec. 2.2.4, this effect can be modeled as σ̂z term, which can be added

to the SDF bichromatic Hamiltonian, Eq. (2.44). A σ̂z SDF commutes with such a
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term, which means that we can mitigate its effect by sandwiching the interaction

in a spin-echo Ramsey sequence, see Sec. 4.2.6. However, this is not true for

the SDFs conditioned on σ̂ϕ. In this case, we search to calibrate ∆LS and then

introduce it in the control software such that the tones are symmetrically detuned

from the light-shifted qubit frequency.

Figure 4.7: Example of calibrating the qubit light shift using SDF dynamics.
The continuous lines represent the ideal dynamics inferred using Eq. (2.41) with
n̄osc = 0.09, Ω/2π = 95 kHz (0.5 mW), η = 0.049, determined through independent
measurements, and tprobe = 100 µs. (a) Dynamics without accounting for the ac Stark
shifts ∆LS introduced by off-resonant coupling of the bichromatic field. On the right-hand
side, we show the frequency configuration of the tones in the bichromatic field. Solid
lines represent the original carrier and sideband frequencies in the absence of the laser-
ion interaction. Dashed lines show the shifted frequencies for the qubit and sideband
transitions when the interaction with the laser light is switched on. (b) Dynamics after
calibrating the ac Stark shifts to ∆LS/2π = 0.5 kHz. From the light shift measurement
that we use as guidance (see text), we expect a correction of ∆LS/2π = 0.625 kHz. We
consider the two measurements to be in good agreement. We illustrate how the frequencies
of the bichromatic field tones need to be adjusted to be symmetrically detuned from the
shifted frequency of the qubit and the sidebands.

We can infer the magnitude of ∆LS by using a pulse sequence as shown in Fig. 4.6,

where we use the optical qubit (|↓⟩ ↔ |↑⟩) instead, the rotations are performed on
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this qubit as well, and the bichromatic field pulse is replaced by a single beam far-

detuned from qubit transition by δprobe. The largest contribution to the light shift

comes from being off-resonant with the qubit transition itself, 2Ω2/(4δprobe). We

can neglect the contribution of the other Zeeman transitions within the S1/2 −D1/2

due to the significant Zeeman splitting > 240 MHz and given the transitions that

we can couple within our geometry. The second largest contribution, ∆LS, arises

from the off-resonant dipole coupling of S1/2 to P1/2, P3/2 and D5/2 to P3/2 [127].

Combining the two effects, the total light shift is ∆LS,total = ∆LS + 2Ω2/(4δprobe)

and this gives the frequency of the Ramsey fringes. We measure ∆LS,total as function

of δprobe/2π ∈ [−8 MHz,−4 MHz] ∪ [4 MHz, 8 MHz] and infer ∆LS/2π ≈ 5 kHz at

4 mW laser power (Ω/2π = 375 kHz).

We use the inferred value as a guidance. However, in the experiment, we usually look

at population dynamics. An example is shown in Fig. 4.7. We initialise in |↓⟩, apply

the σ̂ϕ for a fixed pulse duration (tprobe) and vary ∆ the detuning from the motional

mode. If the tones are symmetrically detuned from the light-shifted qubit frequency,

then we expect the population to stay at p|↓⟩ = 0.5 in the centre. We shift the

frequency of the two tones in the same direction until the imbalance is suppressed.

4.2.3 Motional mode frequency calibration

To calibrate small offsets in the frequency of the oscillator, we apply a σ̂ϕ SDF to

|↓⟩ |n̄osc⟩. We use two SDF pulses; for the first, the spin conditioning is set to σ̂ϕ,

while for the second, it is set to −σ̂ϕ (achieved by shifting the phase of both tones

by π). This produces a sharp feature when scanning ∆; see Fig. 4.8. This feature

occurs when the SDF is on resonance with the harmonic oscillator, as only then

can we split the oscillator wavepacket in phase space and return perfectly to the

initial motional state4. We can calibrate offsets in the motional mode frequency

by fitting this feature using a Lorentzian.

We found that light shifts can slightly influence the calibration of the motional

mode frequency. For example, in the simulated data in Fig. 4.8, a ∆LS/2π = 1 kHz
4This is true only when assuming no motional decoherence effects, which only affects the

contrast of the feature.
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Figure 4.8: Motional mode frequency calibration using a spin-dependent force. The
calibration method involves applying two consecutive SDF pulses of the same duration,
tSDF. The first pulse is conditioned on σ̂ϕ, and the second pulse is conditioned on −σ̂ϕ.
When the SDF driving frequency matches the oscillator’s frequency, the first pulse splits
the wavefunction into two coherent states displaced in opposite directions, and the second
pulse returns the superposition to the initial state. This creates a sharp feature in the
SDF dynamics as a function of ∆. (a) Simulated dynamics of two consecutive SDF pulses,
when resonant with the motional mode, with parameters tSDF = 100 µs, Ω/2π = 95 kHz
(0.5 mW), and η = 0.049. (b) A scan over the sharp feature used to calibrate the motional
mode frequency ωz/2π = 1.173 45(8) MHz with 0.5 mW and tSDF = 130µs. The power
and probe duration can be adjusted to increase measurement accuracy.

translates to a frequency offset of the order 0.25 kHz. Therefore, using lower

intensities to drive the SDF as part of this calibration is advisable.

4.2.4 Measuring the strength of the SDF

Once all the calibrations are complete, we can measure the strength of the SDF.

Our goal is to map the strength of the SDF as a function of 2Ω/δ for both σ̂ϕ and σ̂z

SDFs created using bichromatic fields (see Sec. 2.3.2). By initialising the spin state

such that it is not an eigenstate of σ̂ϕ or σ̂z, respectively, and applying the SDF for

variable durations, we can fit the dynamics using Eq. (2.41) and infer ΩSDF.

For the σ̂z SDF, a long ramp duration tramp, compared to 2π/(ωz/2), is required (see

Sec. 4.2.6). When the SDF is on resonance we are unable to probe a significant part

of the dynamics, as shown in Fig. 4.9, leading to inaccurate calibrations of the SDF

strength. Therefore, we apply the SDF off-resonantly, i.e., with ∆ ̸= 0. Although

this is not necessary for the σ̂ϕ SDFs, to maintain consistency in comparing the

strengths of different SDF types, we use detuned SDFs for all the measurements.
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Figure 4.9: Example of SDF dynamics using amplitude-shaped pulses. The motional
mode is driven resonantly with the SDF. As the overlap between the two coherent states
decreases, p|↓⟩ → 0.5. As a result of tramp = 10 µs, we are unable to see the start of the
dynamics as the first pulse has a full width at half maximum of tSDF = 10 µs.

One consideration when using detuned SDFs is that the denominator of 2Ω/δ

changes: δ = ωz + ∆ for the σ̂ϕ SDF and δ = (ωz + ∆)/2 for the σ̂z SDF. Moreover,

as we increase the power to raise Ω, we also adjust ∆ (increasing it as well) to

keep ΩSDF/∆ constant. This allows us to explore a similar region of phase space

(see Fig. 2.4) for each measurement. Going further out in phase space makes the

dynamics more sensitive to motional mode errors.

We compare the inferred values of the SDF strength to theory (Eq. (2.47) and

Eq. (2.48)). The theory lines are inferred from calibrating ωz (Sec. 4.2.3), η and

Ω independently. By fitting carrier Rabi flops at different powers, we infer Ω/2π

values in the range 0.095 − 0.8 MHz5 using a beam waist radius of ≈ 20 µm and

0.5 − 35 mW laser powers. By cooling down the motion close to the ground state

and concurrently fitting a carrier and blue sideband Rabi flops, we infer η.

4.2.5 σ̂ϕ SDF

For setting up the σ̂ϕ SDF, the bichromatic field is applied with the configuration

shown in Fig. 4.10(a). The system is initialised in |↓⟩ |n̄osc⟩ and we apply the SDF

with various Ω and corresponding detunings from the motion ∆. The ramp for

the SDF is tramp = 3.6 µs (≈ 4 times longer than the timescale given by 2π/ωz).
5In this context, Ω represents the strength of a single tone of the bichromatic field. Since the

bichromatic field in our system is implemented by combining two such tones (see Sec. 3.3.2), the
value of Ω corresponds to that of a monochromatic field divided by

√
2.



78 4.2. Spin-dependent forces characterisation

0 1 2 3 4

2Ω/δ

0

25

50

75

Ω
S
D

F
/2
π

(k
H

z)

0 2 4

2Ω/δ

0.0

0.5

1.0

Ω
S
D

F
/
(η

Ω
)

20 40 60

tSDF (µs)

0.6

0.7

0.8

0.9

1.0

p
|↓
〉

June 14, 2024

ωz

−ωz

ω0

ωq
ωz

2
−ωz

2
−2∆
D̂(±β/2)

Re[χ(β)]

Im[χ(β)]

R̂(π/2)

R̂(π)

|⇓⟩

|⇑⟩

tint R̂(π, π/2)

∆LS R̂(π/2, 0)

ω − ωq

}
R̂rsb(π) δ

R̂(π/2, ϕ′) ∆ ∆
2

td
2 SDFz

|↓⟩ SDFϕ

|↑⟩ |n̄osc⟩

1

June 14, 2024

ωz

−ωz

ω0

ωq
ωz

2
−ωz

2
−2∆
D̂(±β/2)

Re[χ(β)]

Im[χ(β)]

R̂(π/2)

R̂(π)

|⇓⟩

|⇑⟩

tint R̂(π, π/2)

∆LS R̂(π/2, 0)

ω − ωq

}
R̂rsb(π) δ

R̂(π/2, ϕ′) ∆ ∆
2

td
2 SDFz

|↓⟩ SDFϕ

|↑⟩ |n̄osc⟩

1

June 14, 2024

ωz

−ωz

ω0

ωq
ωz

2
−ωz

2
−2∆
D̂(±β/2)

Re[χ(β)]

Im[χ(β)]

R̂(π/2)

R̂(π)

|⇓⟩

|⇑⟩

tint R̂(π, π/2)

∆LS R̂(π/2, 0)

ω − ωq

}
R̂rsb(π) δ

R̂(π/2, ϕ′) ∆ ∆
2

td
2 SDFz

|↓⟩ SDFϕ

|↑⟩ |n̄osc⟩

1

June 14, 2024

ωz

−ωz

ω0

ωq
ωz

2
−ωz

2
−2∆
D̂(±β/2)

Re[χ(β)]

Im[χ(β)]

R̂(π/2)

R̂(π)

|⇓⟩

|⇑⟩

tint R̂(π, π/2)

∆LS R̂(π/2, 0)

ω − ωq

}
R̂rsb(π) δ

R̂(π/2, ϕ′) ∆ ∆
2

td
2 SDFz

|↓⟩ SDFϕ

|↑⟩ |n̄osc⟩

1

June 14, 2024

ωz

−ωz

ω0

ωq
ωz

2
−ωz

2
−2∆
D̂(±β/2)

Re[χ(β)]

Im[χ(β)]

R̂(π/2)

R̂(π)

|⇓⟩

|⇑⟩

tint R̂(π, π/2)

∆LS R̂(π/2, 0)

ω − ωq

}
R̂rsb(π) δ

R̂(π/2, ϕ′) ∆ ∆
2

td
2 SDFz

|↓⟩ SDFϕ

|↑⟩ |n̄osc⟩

1

May 25, 2024

ωz

−ωz

ω0

ωq
ωz

2
−ωz

2
−2∆
D̂(±β/2)

Re[χ(β)]

Im[χ(β)]

1

May 25, 2024

ωz

−ωz

ω0

ωq
ωz

2
−ωz

2
−2∆
D̂(±β/2)

Re[χ(β)]

Im[χ(β)]

1

June 14, 2024

ωz

−ωz

ω0

ωq
ωz

2
−ωz

2
−2∆
D̂(±β/2)

Re[χ(β)]

Im[χ(β)]

R̂(π/2)

R̂(π)

|⇓⟩

|⇑⟩

tint R̂(π, π/2)

∆LS R̂(π/2, 0)

ω − ωq

}
R̂rsb(π) δ

R̂(π/2, ϕ′) ∆ ∆
2

td
2 SDFz

|↓⟩ SDFϕ

|↑⟩ |n̄osc⟩

1

June 14, 2024

ωz

−ωz

ω0

ωq
ωz

2
−ωz

2
−2∆
D̂(±β/2)

Re[χ(β)]

Im[χ(β)]

R̂(π/2)

R̂(π)

|⇓⟩

|⇑⟩

tint R̂(π, π/2)

∆LS R̂(π/2, 0)

ω − ωq

}
R̂rsb(π) δ

R̂(π/2, ϕ′) ∆ ∆
2

td
2 SDFz

|↓⟩ SDFϕ

|↑⟩ |n̄osc⟩

1

June 14, 2024

ωz

−ωz

ω0

ωq
ωz

2
−ωz

2
−2∆
D̂(±β/2)

Re[χ(β)]

Im[χ(β)]

R̂(π/2)

R̂(π)

|⇓⟩

|⇑⟩

tint R̂(π, π/2)

∆LS R̂(π/2, 0)

ω − ωq

}
R̂rsb(π) δ

R̂(π/2, ϕ′) ∆ ∆
2

td
2 SDFz

|↓⟩ SDFϕ

|↑⟩ |n̄osc⟩

1

(a) (b)

(c) (d)

Figure 4.10: Evaluating the strength of σ̂ϕ SDFs generated using a bichromatic field.
(a) Pulse sequence used to measure the SDF dynamics employed for determining the
strength of the SDF, ΩSDF. (b) Bichromatic field configuration for generating a detuned
σ̂ϕ SDF. (c) Example dynamics of a detuned SDF applied for variable durations tSDF,
with 2Ω/δ = 1.1 and ∆/2π = 45 kHz, where Ω is the strength of a single tone in the
bichromatic field, assuming that the tones are balanced. We fit (dashed line) the dynamics
to infer ΩSDF. (d) SDF magnitude ΩSDF (normalised by ηΩ in the inset) versus 2Ω/δ.
The solid lines show the analytical dependence; as predicted by the theory and shown
explicitly in the inset, the coupling follows the Bessel functions (|J0 + J2|).

An example of dynamics for 2Ω/δ = 1.1, with ∆/2π = 45 kHz, is shown in

Fig. 4.10(b). By fitting

p|↓⟩ = 1 + e−f(α)

2 ,

f(α) = |2α(tSDF)|2
(
n̄osc + 1

2

)
=
(

2ΩSDF

∆ sin
(∆tSDF

2

))2 (
n̄osc + 1

2

)
,

(4.9)

where we used Eq. (2.41) and (2.35), we determine ΩSDF. We compare the inferred

values to theory ΩSDF = ηΩ|J0(2Ω/δ) + J2(2Ω/δ)| as shown in Fig. 4.10(c). We

observe good agreement between theory and experiment and confirm that the effect

of the non-commuting carrier on the SDF is to suppress its magnitude.

4.2.6 σ̂z SDF

For setting up the σ̂z SDF, the bichromatic field is applied with the configuration

shown in Fig. 4.13(a). Using δ = (ωz + ∆)/2 and applying the RWA with respect
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Figure 4.11: Bichromatic field configuration for generating a detuned σ̂z SDF. The SDF
off-resonantly drives the motional mode with ωz (continuous black lines). The bichromatic
field is, however, detuned from ωz/2 (dashed black lines).

to ωz we rewrite Eq. (2.48) as

Ĥz = − iℏ
ΩSDF

2 σ̂z(âei(∆ t−2ϕd) − â†e−i(∆ t−2ϕd)), (4.10)

hence, by defining the detuning from ωz/2 as ∆/2, we are able to recover Eq. (2.26)

up to a phase and expect similar dynamics as described in Sec. 2.3.

Figure 4.12: Dynamics of a σ̂z conditioned SDF created using a bichromatic field.
(a) Example dynamics of applying the bichromatic field with δ ≈ ωz/2 on the system
initialised in |↓⟩ |n̄osc⟩. (b) Nearby spin-motion coupling resonances for a single ion with
motional modes described by ωz, ωx and ωy.

First, we want to check if the resulting effective spin-dependent force is conditioned

on σ̂z. By initialising the system in |↓⟩ |n̄osc⟩ and applying the bichromatic field in

this configuration, we expect that the spin state remains unchanged. In Fig. 4.12(a),

we apply the bichromatic field with tramp = 10 µs (≈ 6× that the time scale

given by 2π/(ωz/2); see Sec. 2.3.4 for details on the ramp duration requirements)

while scanning the detuning ∆ and measure p|↓⟩. While the population remains
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at p|↓⟩ = 1 for some detuning values, we observe a resonance. This is due to

a σ̂ϕ SDF on one of the radial modes, which comes into resonance at ωy/3, see

Eq. (2.46). By adjusting the strength of the trap rf drive providing the radial

confinement, the frequency of the radial modes can be adjusted to reduce off-

resonant driving of undesired terms. The motional mode configuration used for

subsequent experiments is shown in Fig. 4.12(b).

Figure 4.13: Evaluating the strength of σ̂z SDFs generated using a bichromatic field. (a)
Pulse sequence used to measure the SDF dynamics employed for determining the strength
of the SDF, ΩSDF. (b) Example dynamics of detuned SDF applied for variable durations
tf , full-width of the two SDF pulses (tramp = 5 µs), with 2Ω/δ = 1.1 and ∆/2π = 20 kHz,
where Ω is the strength of a single tone in the bichromatic field, assuming that the tones
are balanced. We fit (dashed line) the dynamics to infer ΩSDF. (c) SDF magnitude
ΩSDF (normalised by ηΩ in the inset) versus 2Ω/δ. The solid lines show the analytical
dependence; as predicted by the theory and shown explicitly in the inset, the coupling
follows the Bessel functions (|J1 + J3|).

Going back to measuring the magnitude of σ̂z SDF, we want, as in the case of the σ̂ϕ

SDF, to split the oscillator wavefunction. Hence, we apply R̂(π/2, 0) before the SDF

pulse, as shown in Fig. 4.13(a), such that the spin state is not an eigenstate of σ̂z.

By applying the last R̂(π/2, 0), we are able to evaluate the overlap between the two
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displaced harmonic oscillator states when measuring the spin, with the dynamics

being described by Eq. (2.41). Moreover, we can also introduce a spin-echo pulse

R̂(π, π/2), as shown in Fig. 4.13(a), allowing to echo out any light shifts or slow

magnetic field fluctuations during the SDF pulses, which would introduce systematic

offsets in the ΩSDF measurement. Alternating the phase ϕ′ of the rotations, i.e.,

0 − π/2 − 0, makes the evolution more robust to miscalibrations in the π/2-pulses,

which could cause under or over rotations [89].

The rotation R̂(π, π/2) flips the spin state, which means that if we are not careful,

we can undo the displacement. To avoid this, we push the motional phase of the

second SDF pulse by π. Moreover, while we are not applying the SDF, the oscillator

continues evolving, which potentially changes the phase relationship between the

oscillator and the SDF applied in the second pulse (in Eq. (4.10), given by 2ϕd).

As our rf channels are in phase tracking mode (see Sec. 3.3.1), if the SDF is set on

resonance with the oscillator frequency, there will be no catch-up to do. However,

here, we drive the SDF off-resonantly, so we need to adjust the motional phase of

the SDF (2ϕd)) by a phase ∆ tdelay,1, where tdelay,1 is the time elapsed from the end

of the first SDF pulse to the beginning of the second SDF pulse. Additionally, in

the experiment, we push the motional phase of the second SDF pulse by an extra

∆ tdelay,2, where tdelay,2 is the time elapsed from the beginning to the end of the first

SDF pulse, essentially making the motional phase at the beginning of two SDF

pulses match. This is reminiscent of using first-order Walsh modulation6 [128] in

implementing two-qubit gates using this SDF [129]. Overall, we push the motional

phase of the second SDF pulse by 2ϕd → 2ϕd − π − ∆(tdelay,1 + tdelay,2), which is

done by adjusting the phase of the blue detuned tone by −π − ∆(tdelay,1 + tdelay,2),

where it is useful to remember ϕd = (ϕb − ϕr)/2). We show an example of dynamics

where we scan the duration of the two SDF pulses in Fig. 4.13(b).
6In the case of the first-order Walsh modulation, we would omit to push the motional phase of

the second SDF pulse by π. This would return any phase space trajectories back to the origin
irrespective of the duration for which the SDF is applied, making the two-qubit gate robust against
loop closure errors. However, in the case of measuring the SDF strength, we want to be displaced
from the origin.
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We infer ΩSDF by fitting the dynamics using

p|↓⟩ = 1 − e−f(α)

2 ,

f(α) = |2α(tf )|2
(
n̄osc + 1

2

)
,

(4.11)

where α(tf) is inferred (up to a factor i) as

α(tf ) = ΩSDF

2

∫ tf

0
g(t)ei(∆ t−2ϕd)dt = ΩSDF

∫ tf /2

0
g(t)ei(∆t−2ϕd)dt

=
ie−i(tramp∆+2ϕd)

(
1 + eitramp∆

) (
−e

itf ∆
2 + eitramp∆

)
π2

2∆(π − tramp∆)(π + tramp∆) ,

(4.12)

where we take into into consideration the two adiabatically switched on and off

pulses and resetting the motional phase at the beginning of the second SDF pulse

to the one at the beginning of the first SDF pulse

g(t) = g(t mod (tf/2)) =


sin2( πt

2tramp
), t < tramp

1, tramp ≤ t ≤ tf/2 − tramp

sin2(π(tf /2−t)
2tramp

), tf/2 − tramp < t < tf/2.
(4.13)

We measure and fit SDF dynamics for various Ω and corresponding ∆ values and com-

pare the inferred ΩSDF values to theory ΩSDF = ηΩ|J1(2Ω/δ)+J3(2Ω/δ)| as shown in

Fig. 4.13(c). We observe good agreement between theory and experiment, confirming

that we understand the interplay between the non-commuting carrier and spin-

coupling terms in giving rise to an effective spin-dependent force conditioned on σ̂z.
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The main aim of this chapter is to present experimental results demonstrating that

using a bichromatic standing wave (SW) instead of a travelling wave (TW) can

overcome the saturation in the spin-dependent force (SDF) magnitude caused by the

non-commuting carrier off-resonant term. Achieving precise phase control of the SW

83
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at the ion’s position enabled us to explore the regime where the carrier contribution

is strongly suppressed. The theoretical background is detailed in Sec. 2.4. In

the laboratory, we create the SW using two counterpropagating 674 nm beams,

b1 and b2, and phase stabilise it at the ion’s position using both a fast feedback

stage (with a photodiode, PD, as the sensor) and a slow feedback stage (using the

ion as the sensor). The setup and the implementation of the phase stabilisation

process are described in Sec. 3.4. Our investigation begins with coherent operations

between a monochromatic SW and an ion, followed by generating an SDF using

a bichromatic SW. Finally, we use the SDF to implement a two-qubit entangling

gate. The results of this chapter are published in Ref. [64]. For further details

on these experiments, consulting Sebastian Saner’s thesis might also be beneficial,

as we collaborated closely on this project.

As a reminder, the SW is used to drive coherent interactions on the optical qubit,

|↓⟩ = |5S1/2, mj = −1
2⟩ and |↑⟩ = |4D5/2, mj = −3

2⟩, via a quadrupole transition.

5.1 Ion interacting with monochromatic standing
wave

Coherent operations between a monochromatic SW and an ion have been studied

previously in various setups involving trapped ions, such as using a cavity [96],

reflecting from the trap chip [116], integrating optics [118], and employing free-

space approaches [117]. Apart from the free-space method, which we also use, all

other setups provide good passive stability for the phase of the SW relative to the

ion. In terms of phase stabilisation, a difference between our method and that in

Ref. [117] is that we adjust the SW’s position relative to the ion using an AOM,

while they shift the ion relative to the SW by modifying the DC potentials of the

trap. Moreover, they rely solely on the ion as a sensor.

5.1.1 Ion at different points in the SW

To see the first signs of the SW interacting with the ion, we do what we call a SW

phase scan. The spin is initialised in |↓⟩. For this, we apply both counterpropagating



5. Circumventing noncommutativity by using phase-stabilised standing-waves 85

-Emax

Emax

0

(a)

(b)

π/2 π 3π/2 0 π/2

φ1 − φ2 (rad)

0.0

0.5

1.0

p
|↓
〉

R̂b1(π/2), R̂b2(π/2)

SW phase scan

π/2 π 3π/2 0 π/2

φ1 − φ2 (rad)

0.0

0.5

1.0

p
|↓
〉 t = 1.3tπ,SW

π/2 π 3π/2 0 π/2

φ1 − φ2 (rad)

0.0

0.5

1.0

p
|↓
〉

t = 0.7tπ,SW

(c)

Figure 5.1: Monochromatic standing-wave phase scan on a single ion. (a) Spin dynamics
as a function of the SW phase at the ion position while the SW is resonant with the
carrier (black). We indicate the ion positions in the SW that maximise (ϕ1 − ϕ2 = π)
or minimise (ϕ1 − ϕ2 = 0) the carrier coupling for a quadrupole transition. The SW
pulse duration t = tπ,SW is set such that complete population transfer, i.e., p|↓⟩ = 0, is
achieved at maximal carrier coupling. We also indicate the phase scan of a zero-delay
Ramsey experiment executed with the two different branches (cyan). The continuous
lines represent theory curves. (b), (c) Theory lines indicating how the dynamics of the
SW phase scan would look like for probing times t < tπ,SW and t > tπ,SW, respectively.

beams forming the SW simultaneously. We set the frequency of these laser beams

such that we are in resonance with the carrier and aim to do a π-pulse with the

standing wave while scanning the relative phase between the two counterpropagating

beams ϕ1 − ϕ2. Doing a π-pulse with the SW means that Ωt/2 = π/41 in

1This setting is equivalent to doing a π/2-pulse with an individual branch, see Eq. (2.20).
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Eq. (2.62), which becomes

p|↓⟩ = cos2
(
π

2 sin
(
ϕ1 − ϕ2

2

))
. (5.1)

As we scan ϕ1 −ϕ2, we move the SW with respect to the ion and, in doing so, modify

the coupling strength of the carrier. The interaction duration tπ,SW is calibrated

to give complete inversion, p|↓⟩ = 0 when the carrier coupling is maximised, i.e.

ϕ1 − ϕ2 = π/2. We show a dynamics example in Fig. 5.1(a).

The SW scan is recorded with both feedback stages enabled, starting the phase

scan from the ion feedback setpoint ϕ1 − ϕ2 = ϕST = π/2. For comparison, we

also include a phase scan from the zero-delay Ramsey experiment, R̂b1(π/2, ϕ′) and

R̂b2(π/2, 0), as shown in Fig. 3.10(b). Both dynamics give information about the

relative phase between the counterpropagating beams at the ion’s position. The

decision to use the zero-delay Ramsey for implementing ion feedback was motivated

by p|↓⟩ showing a slightly simpler dependence on ϕ1 − ϕ2 in this case.

To understand the dynamics of the SW phase scan, we Taylor expand Eq. (5.1)

around ϕ1 −ϕ2 = 0 and ϕ1 −ϕ2 = π. Near ϕ1 −ϕ2 = 0, the carrier coupling strength,

represented by sin((ϕ1 − ϕ2)/2), is linear for small variations in ϕ1 − ϕ2, resulting

in a quadratic dependence of p|↓⟩ on ϕ1 − ϕ2 around this point. Near ϕ1 − ϕ2 = π,

the carrier coupling strength becomes quadratic2, leading to a quartic dependence

of p|↓⟩ on ϕ1 − ϕ2 around this point, as observed in Fig. 5.1(a).

At the bottom of Fig. 5.1(a), we also show where the ion is in the SW when

ϕ1 − ϕ2 = 0 and ϕ1 − ϕ2 = π.

While not shown in Fig. 5.1, it is important to note that the coupling to the first-

order sidebands (motion) is proportional to cos((ϕ1 − ϕ2)/2) (see Sec. 2.4.2), which

results in reversed-phase dependencies and sensitivities. Around ϕ1 − ϕ2 = 0, the

coupling strength (p|↓⟩) is quadratic (quartic) in ϕ1 −ϕ2. While around ϕ1 −ϕ2 = π,

the coupling strength (p|↓⟩) is linear (quadratic) in ϕ1 − ϕ2.

In Fig. 5.1(b) and Fig. 5.1(c), we show examples of applying the SW interaction

for t > tπ,SW and t < tπ,SW, respectively.
2sin (∆(ϕ1 − ϕ2)/2 + π/2) = sin(∆(ϕ1 − ϕ2)/2) cos(π/2) + cos(∆(ϕ1 − ϕ2)/2) sin(π/2) ≈ 1 −

(∆(ϕ1 − ϕ2))2/8, where ∆(ϕ1 − ϕ2) represents small variations around π.
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By controlling the phase of the SW at the position of the ion, we can realise any ratio

between the carrier and the sideband coupling. We are particularly interested in

configurations that either maximise the carrier coupling and minimise the sideband

coupling or vice versa. This is achieved by setting ϕ1 − ϕ2 = π (at the SW node)

to enhance carrier coupling, or ϕ1 − ϕ2 = 0 (at the SW anti-node) to enhance

sideband coupling. Fig. 5.2 displays detuning scans over the carrier and the first

motional sideband at these two specific points within the SW. When probing the

suppressed motional sideband, see Fig. 5.2 left, we observe only features that are

due to the off-resonant (by ≈ 1.2 MHz) carrier coupling.
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Figure 5.2: Detuning scans over the carrier (circles) and the first sideband (triangles)
with the SW while placing the ion at a field node (left column) or field anti-node (right
column). For each resonance, t is chosen such that full population transfer is reached
in the case of maximal coupling to the SW. For the carrier resonance, t = tπ,SW (see
Fig. 5.1).

5.1.2 How well can we null the carrier?

Returning to our original objective, we aim to implement a spin-dependent force

using a bichromatic field without contributions due to the off-resonant carrier term.

This requires positioning the ion at the anti-node of the bichromatic standing

wave, which we will refer to as the carrier null. Before setting up the bichromatic

standing wave, it is important to assess the precision with which we can position
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the ion at the carrier null in a monochromatic wave This section presents such

an assessment. The overall method involves using the standing wave to drive

spin flips of the ion’s internal state and inferring p|↓⟩ from n experimental runs

(typically n = 100). The observations are then compared with a numerical model

that incorporates Gaussian noise in the SW phase, with the goal of understanding

the standard deviation of that noise.

Similarly to how we investigated the phase stability at the ion’s position with the ion

feedback enabled and zero-delay Ramsey measurements (see Sec. 3.4.4), we apply

the sequence in Fig. 3.9 for ≈ 1.2 hours (≈ 1730 sequence rounds). The ion feedback

sets the lock setpoint to ϕ1 − ϕ2 = ϕST ≈ π/2. In the main experimental sequence,

we place the SW such that the ion is at one of its anti-nodes (ϕ1 − ϕ2 = ϕST + 3π/2,

see Fig. 5.1), apply a π-pulse (tπ,SW) with the SW, and measure p|↓⟩. We then

convert p|↓⟩ into ϕ1 − ϕ2 values using Eq. (5.1) and plot them as a histogram in

Fig. 5.3. We infer a standard deviation σ = 0.14(5) rad.

−π/2 0 π/2

φ1 − φ2 (2π)

µ = 0.01(7) rad
σ = 0.14(5) rad

Figure 5.3: Phase stability with the ion positioned at the anti-node (carrier null). The
SW is shifted by 3π/2 from the lock setpoint, ϕ1 − ϕ2 = ϕST ≈ π/2. After applying the
SW interaction for tπ,SW, we measure p|↓⟩ and convert it to ϕ1 − ϕ2 values for analysis.

To estimate the residual phase fluctuations due to shot noise, we simulate two

binomial distributions to model statistical fluctuations in ion state detection (see

also Sec. 3.4.4). Initially, we simulate phase fluctuations resulting from ion feedback.

This is done by sampling a binomial distribution with n = 100 trials (the number

of shots used for the readout of the ion feedback) and a success probability of

p = 0.5. The population values inferred from these simulated outcomes, p|↓⟩, are

converted to phase values using Eq. (3.4). The deviation of each phase value
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from π/2, denoted as ϕcorrection, is then added to ϕ1 − ϕ2 = 0 + ϕcorrection. The

adjusted phase differences, ϕ1 − ϕ2, are used to compute a new success probability

values p using Eq. (5.1). Subsequently, we sample from another set of binomial

distributions based on these computed p values, each with n = 100 trials. The

standard deviation of these sampled values, after converting to phase using Eq. (5.1),

is calculated to be σ = 0.100 rad. Comparing this with the experimentally measured

value (σ = 0.14(5) rad), we conclude that the phase stabilisation process and its

characterisation are close to the shot noise limit.

0 10 20 30 40

duration (µs)

0.0

0.5

1.0

p |
↓〉

Figure 5.4: Carrier duration scans with the ion at different points in the SW. The ion is
placed at a node, where the carrier coupling is maximised (black circles) or at an antinode,
where the carrier coupling is minimised (grey triangles). By fitting the Rabi flops, we
infer how the carrier coupling strength changes.

In the previous measurement, we set the probing duration to tπ,SW; we can also

place the SW such that the ion is at the node or the anti-node and vary the probing

duration. This allows us to measure Rabi flops as shown in Fig. 5.4 and infer the

coupling strength of the carrier at the two positions in the SW. The ratio that we

obtain between the two coupling strengths is 18, corresponding to a suppression

of 25 dB between maximal and minimal carrier coupling3.

Next we wish to verify if the observed carrier suppression matches our expectations.

As discussed in Ref. [117] and [118], the jitter of the SW at the position of the

ion, which changes for every shot, is associated with a decoherence effect. In the
3In Ref. [116, 130], this carrier suppression factor is discussed in the context of studying

quantum field theory on an expanding spacetime using a trapped ion processor (‘cosmology in an
ion trap’).
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case of maximum carrier coupling, this leads to a decay in the amplitude of the

Rabi oscillations, while for the carrier null configuration, it leads to the population

slowly starting to transfer from |↓⟩ to a mixture of |↓⟩ and |↑⟩.

We conduct numerical simulations to understand how the measured phase stability

influences the Rabi flops. As a reminder, the phase stabilisation is achieved through

two feedback loops consisting of a fast and a slow loop. The fast loop is engaged

every shot, while the slow loop is applied once per scan point. Hence, we believe

that the decoherence effect results from averaging over the phase corrections applied

by the fast loop (PD feedback). Moreover, during the ion feedback sequence,

the fast loop is applied for every shot as well. Owing to this, we conduct the

numerical simulation in the following way:

• ion feedback

– we sample n = 100 (number of shots) phase values from a Gaussian

distribution with µ = 0, σ; we measure σ = 0.04 rad in the experiment

for the corrections applied with the fast loop (see Sec. 3.4.1 and Fig. 3.6);

these values are then added to the ion feedback setpoint ϕST = π/2.

– each one of these values is used to calculate a success probability p using

Eq. (3.4); we use these values to define n binomial distributions, each

with a different p and with one trial; we average the sampled values and

use this to infer the ion feedback correction

• main experimental sequence

– we apply the ion feedback correction4 to ϕ1 − ϕ2; ϕ1 − ϕ2 = π at carrier

coupling and ϕ1 − ϕ2 = 0 at carrier nulling.

– in addition to this ϕ1 − ϕ2, we, once again, sample n = 100 (number of

shots) phase values from a Gaussian distribution with µ = 0, σ
4As in the experiment, we do this using Eq. (3.5), with K = 0.5
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– each one of these values is used to calculate a success probability p using

Eq. (5.1); we use these values to define n binomial distributions, each

with a different p and with one trial; we average the sampled values to

infer p|↓⟩ shown in Fig. 5.5.

In Fig. 5.5, we evaluate various values for σ that characterise the phase stability

resulting from the fast feedback. Changes in σ primarily affect the dynamics at

carrier nulling (ϕ1 − ϕ2 = 0), a consequence of the quadratic dependence of p|↓⟩ on

ϕ1 − ϕ2, as previously discussed. This contrasts with the quartic dependence, which

occurs at carrier coupling. Focusing on the behavior at carrier nulling (σ = 0 rad),

we expect the population p|↓⟩ = 1. However, there are numerous noisy data points

reaching up to p|↓⟩ = 0. The origin of this noise stems from the slow feedback loop

setting the lock point based on a value inferred from a population measurement,

which is constrained by shot noise (Sec. 3.4.4). As we increase σ, the noise initially

caused by the slow feedback loop is overtaken by the decoherence effect due to

ϕ1 − ϕ2 varying from shot to shot, resulting in p|↓⟩ → 0.5. The value σ = 0.04 rad

corresponds to our experimental measurements, as detailed in Sec. 3.4.1, with

the corresponding data shown in Fig. 3.6(b). When comparing the simulated

Rabi flops to those measured in Fig. 5.4, we observe similar noise levels; however,

p|↓⟩ approaches 0.5 more quickly in the experimental data. Furthermore, it even

surpasses 0.5, which we believe is due to an imbalance in the Rabi frequencies

of the two branches, estimated from an independent measurement to be around

5% on the day of the experiment.

5.1.3 Single qubit rotations with the SW

To evaluate the quality of the interaction with the SW further, we compare the

quality of single qubit rotations using the SW against single qubit rotations with

the TW using randomised benchmarking (RBM) [131], which allows us to verify the

error behaviour over longer computational sequences which involve the randomly

chosen single-qubit rotations. For the SW RBM, the SW is adjusted so that the

ion is positioned at one of its nodes. As for the SW, we need to interleave the
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Figure 5.5: Simulations of Rabi flops accounting for phase stability at various points
in the SW. For the column on the left, the ion is placed at a node where the carrier
coupling is maximised (black circles). For the column on the right, the ion is placed at an
antinode, where the carrier coupling is minimised (grey triangles). Each row corresponds
to a different phase stability value σ for the fast feedback loop indicated in the text box.

main experimental sequence with the ion feedback; we did the same for the TW

experiment in order to keep the same duty cycle. We obtain errors of 1.44(3) × 10−3
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and 1.73(3) × 10−3 per Clifford gate5, respectively. Thus, the use of the SW does

not compromise single-qubit control. In fact, the SW demonstrates slightly better

performance than the TW. While this has not been explored in detail, one possible

explanation could be the reduced off-resonant coupling to the motional modes in

the case of the SW, which is strongly suppressed compared to the TW.

5.2 Ion interacting with bichromatic standing
wave

Now that we have explored the monochromatic SW-ion interaction, we are ready

to study the interaction with a bichromatic SW that can be used to generate a

spin-dependent force with a tunable contribution from the off-resonant carrier

term. Details on how we set up the bichromatic SW in the experiment are

described in Sec. 3.4.5.

5.2.1 Aligning blue and red detuned standing waves

We aim to position the ion at the anti-node of both the blue and red-detuned

standing waves (SWs), i.e. ϕ1,b − ϕ2,b = ϕ1,r − ϕ2,r = ϕ1 − ϕ2 = 0 (see Sec. 2.4.3).

When using ion feedback, the frequency of the two counterpropagating beams is

such that we can drive the qubit resonantly. When doing the SW scan, as shown in

Fig. 5.1, we find that the carrier nulling occurs at 3π/2 rad away from the lock set

point ϕST = π/2 rad. However, when conducting a monochromatic SW scan off-

resonant from the qubit transition by δ = ±(ωz + ∆)—necessary for implementing

the SDF—we find that the blue and red-detuned SWs are offset relative to each

other, as depicted in Fig. 5.6. We use these scans to determine the relative offsets,

allowing us to align the blue- and red-detuned SWs with the on-resonance SW

scan by respectively adjusting the phases of the rf tones driving the SP AOM in

b1, see Sec. 3.4. The observed offset between the two was inconsistent with the
5For the chosen decomposition of the single-qubit Clifford group, the area of a physical pulse

averaged over all elements is 0.58π.
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path difference expected from the electronic chain alone. Further investigations

are needed to pinpoint the underlying reason.

π/2 π 3π/2 0 π/2

φ1 − φ2 (rad)

0.0

0.5

1.0
p
|↓
〉

BD
RD

Figure 5.6: Aligning the blue and red-detuned SWs in the bichromatic field. SW
phase scans with δ = 0 (black), δ ≈ −ωz (red, labeled RD), and δ ≈ +ωz (blue, labeled
BD). The SW phase scan on resonance is measured with 0.13 mW in each branch and
tπ,SW = 1.9 µs and the detuned phase scans with 10 mW in each branch and tπ,SW = 0.4 µs.
This adjustment is needed as the SWs are far detuned (≈ 1 MHz). A sharper feature can
be obtained by adjusting the power and tπ,SW further.

5.2.2 Standing wave spin-dependent force dynamics

Before delving into the dynamics of the SDF using a SW, we perform the following

essential calibrations:

• balance the Rabi frequency of the monochromatic counterpropagating beams

to maximise the carrier suppression.

• ensure that the strength of the tones in each of the counterpropagating

bichromatic beams is balanced, as detailed in Sec. 4.2.1.

• calibrate the motional mode frequency using an SDF created with a single

travelling wave bichromatic field, as described in Sec. 4.2.3.

• align the blue and red-detuned SWs as outlined in Sec. 5.2.1.

• with the ion positioned at the anti-node, apply the bichromatic SW with

δ = ±(ωz + ∆) for a fixed duration. While varying ∆, we perform scans to

calibrate any residual ac Stark shifts6, as shown in Sec. 4.2.2.
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Figure 5.7: SDF dynamics - detuning scan at different points in the SW. We apply the
bichromatic SW for a duration of 100 µs and scan detuning ∆ from the motional mode
frequency. (a) Ion is placed at the antinode, where the coupling to the first motional
sideband is maximised. (b) Ion is placed at the node, where the motional coupling is
minimised. In both cases, tramp = 0.2 µs.

After completing the calibrations, if we conduct a detuning scan with the ion

positioned at the anti-node of the SW as described in the last step of the calibration

process, we observe dynamics as shown in Fig. 5.7(a). We can switch off the spin-

dependent force interaction by placing the ion at the node of the SW (ϕ1 − ϕ2 = π).

Here, the coupling to the motion is suppressed (first-order in the Lamb-Dicke

expansion), as demonstrated in Fig. 5.7(b).

5.2.3 Spin-dependent force magnitude

Next, we confirm that the saturation effect caused by the non-commuting carrier

term on the magnitude of the SDF is lifted when using the bichromatic SW. We

infer the magnitude of the SDF created using the bichromatic field by applying the

interaction for variable durations and fitting the dynamics, as detailed in Sec. 4.2.5.

We repeat the measurement for different power settings7 and show the results in

Fig. 5.8. We compare the results to the measurements in Fig. 5.8 recorded using

a bichromatic TW SDF with δ ≈ ωz. We observe that in the case of the SW, the
6When compensating for the ac Stark shifts, we adjust both bichromatic fields by the same

frequency offset.
7Power settings for the SW measurement 0.25 − 14.5 mW in each branch with Rabi frequency

per tone Ω/2π = 0.048 − 0.33 MHz and a beam waist radius of ≈ 20 µm
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Figure 5.8: Spin-dependent force magnitude ΩSDF (normalised by ηΩ in the inset)
versus 2Ω/δ, measured with a bichromatic SW field (triangles) or a bichromatic TW field
(squares). The solid lines show the analytical dependence; as predicted by the theory and
shown explicitly in the inset, the TW coupling follows the Bessel functions (|J0 + J2|),
while the SW coupling remains constant. In the case of the SW, the axis is scaled by a
factor of 2 to account for this effect, i.e. we use the Rabi frequency of the ’SW’ tone.

interaction magnitude increases linearly with Ω. Hence, there is no limit on the

maximum achievable interaction strength. Moreover, we note that in the case of

the SW, we reach higher values for the 2Ω/δ than in the case of the TW. This

is a result of the constructive interference.

For both the SW and TW measurements, the pulses are amplitude-shaped with

a ramp of tramp = 3.6 µs. As discussed in Sec. 2.3.2, amplitude pulse shaping was

introduced to counteract some effects of the off-resonant non-commuting carrier.

While it is possible to reduce the ramp duration for the SW measurements, as done

in the scans shown in Fig. 5.1, we continue to use the ramp in the SDF comparison

measurements. This approach helps mitigate the effects of any residual carrier and

the off-resonant coupling to other motional modes as power increases. Additionally,

maintaining the same ramp shape across measurements simplifies the comparison

of SDF strength by ensuring consistency in the pulse area.
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5.3 Two-qubit entangling gates using a bichro-
matic standing wave

As mentioned in previous chapters, an important application of spin-dependent

forces in trapped ions involves creating effective spin-spin interactions through the

shared motion of the ions, commonly known as geometric phase gates [19, 80, 81,

83]. The necessity of using the motion as a quantum bus arises from the weak direct

spin-spin interactions due to Coulomb repulsion, which leads to a large ion-ion

spacing. The initial proposal by Cirac and Zoller, Ref. [18], for creating spin-spin

interactions involved spin-motion coupling through first-order sideband interactions

(see Sec. 2.2.2). This technique requires cooling the motion to the ground state,

n = 0, a challenging task, and also individual addressing of the ions, which is

more feasible in today’s ion-trapping setups. Geometric phase gates, with their

less stringent requirements for the initial state of motion and compatibility with

global beam addressing, have proven more feasible for experimental implementation.

Furthermore, these gates have facilitated the achievement of two-qubit gates

with record-high fidelities [26–29] when compared to other quantum computing

platforms [30]. We provide a brief overview of geometric phase gates and discuss

the advantages of implementing a two-qubit gate using SWs instead of TWs.

5.3.1 Geometric phase gates

In Sec. 2.3, we extensively discussed how a spin-dependent force displaces the

oscillator in phase space along spin-dependent trajectories for a single ion. Besides

the displacement, there is also a geometric spin-dependent phase accumulated. To im-

plement a gate, we consider applying the bichromatic field to an ion crystal with two

ions only. To account for this, we modify the spin-operator in Eq. (2.26) as follows

Ĥgate = −ℏΩSDF

2 (σ̂α,1 ± σ̂α,2)(âei(∆ t−ϕ) + â†e−i(∆ t−ϕ)), (5.2)

where σ̂α is a Hermitian operator and a linear combination of the Pauli operators

σ̂x,y,z, as before, with the index specifying a respective ion, i.e., σ̂α,1 = σ̂α ⊗ Î2 and

σ̂α,2 = Î2 ⊗ σ̂α. For two ions, there are two normal modes along each direction
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of vibration, the centre-of-mass mode and the out-of-phase mode, each one of

them having different Lamb-Dicke parameters which are hidden under the strength

of the SDF, ΩSDF. The spin-operator (σ̂α,1 + σ̂α,2) corresponds to driving the

centre-of-mass mode, while (σ̂α,1 − σ̂α,2), corresponds to driving the out-of-phase

mode [66]. The propagator derived in Eq. (2.34) still applies, with σ̂α → (σ̂α,1 ±

σ̂α,2) and the adjusted strength.

To generate spin-spin entanglement, we require the spins to be disentangled from

the motion, α = 0, at the end of the sequence; α is the complex displacement

variable (Eq. (2.35)). This is equivalent to returning to the initial motional state8,

which occurs for gate durations tg = 2Kπ/∆, where K is an integer corresponding

to the number of loops in the phase-space trajectory.

If we consider the case of (σ̂x,1 + σ̂x,2), its eigenstates are {|++⟩ , |−−⟩ , |+−⟩ , |−+⟩}

with the respective eigenvalues {2,−2, 0, 0}. Using Eq. (2.36), only |++⟩ , |−−⟩

would accumulate a geometric phase 4Φ(t) and be displaced in phase space. Hence,

if we initialise the spin state in |↓↓⟩ = (|++⟩ + |−−⟩ − |+−⟩ − |−+⟩)/2 and apply

the gate interaction (Eq. (5.2)) with the spin operator (σ̂x,1 + σ̂x,2), the spin states

acquire phases in the following way

|++⟩ → e−4Φ(t) |++⟩

|−−⟩ → e−4Φ(t) |−−⟩

|+−⟩ → |+−⟩

|−+⟩ → |−+⟩ .

(5.3)

To create the maximally entangled state9

|↓↓⟩ → 1√
2

(|↓↓⟩ − i |↑↑⟩), (5.4)

we need to set 4Φ(t) = π/2, combined with the loop closing condition (tg = 2Kπ/∆),

yields the condition ∆ = ±4
√
KΩSDF.

8Unlike the Cirac-Zoller gate, this state does not need to be the motional ground state. Instead,
the only requirement is that the motion is disentangled from the spin state at the end of the gate
operation, which can occur even for nonzero mean phonon occupation n̄. This condition remains
valid in the Lamb-Dicke regime.

9We get the state in Eq. (5.4) up to a global phase e−iπ/4.
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σ̂ϕσ̂ϕ or σ̂zσ̂z gates?

There have been many experimental implementations of geometric phase gates using

laser and laser-free schemes. A comprehensive overview is provided in Ref. [30]. I

will briefly describe the categories of geometric phase gates that arise depending

on the spin basis of the interaction using laser-based techniques. Previously, we

considered the spin operator (σ̂x,1 ± σ̂x,2) to exemplify the mechanism behind a

geometric phase gate. However, if we can create an SDF conditioned on an arbitrary

σ̂α basis, the spin operator for the gate operation can be varied accordingly.

The Mølmer-Sørensen (MS) scheme uses bichromatic fields near-resonant with the

qubit transition, and it is commonly associated with generating σ̂ϕ-type (σ̂x, σ̂y)

interactions [27, 80, 87, 93, 132]. However, with some modifications, as discussed

in Sec. 2.3.2 and Sec. 4.2.6, this scheme can also generate σ̂z-type interactions.

Traditionally, σ̂z-type gate interactions would be implemented using a space-varying

ac Stark shift, employing beams far-detuned from the qubit transition [26, 81,

133]. Each spin conditioning and field configuration offers certain advantages and

drawbacks; selecting the appropriate interaction for a system thus involves carefully

considering the desired application.

σ̂z-type gates, for instance, can be made insensitive to errors from qubit fre-

quency offsets or dephasing which commute with the interaction, using spin-echo

sequences [88, 89]. Implementations involving space-dependent ac Stark shifts that

rely on dipole transitions are generally incompatible with magnetic-field insensitive

’clock’ qubits [134], which are desirable for their long coherence times [135, 136].

However, recent experiments have adapted this approach for clock qubits using

quadrupole transitions with ground state qubits [137, 138] or dipole transitions

with optical qubits [28, 139].

Conversely, using a near-qubit-resonant bichromatic field in the MS scheme is

compatible with implementing SDFs on clock qubits and allows the same fields to

be used for single-qubit rotations. Yet, one drawback of σ̂ϕ-type gate interactions

in this scheme is their sensitivity to the phase of the driving fields, as the basis
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of the interaction depends on the sum of the phases of the two tones at the

ion’s position, see Sec. 2.3.2.

Here, we considered the implementation of a gate using a modified MS scheme in

which the two fields in the bichromatic field are SWs instead of TWs. We use the

centre-of-mass mode along the axial direction of the trap with ωz/2π = 1.17 MHz

and set the detuning of the tones in the bichromatic field to δ = ωz +∆, which yields

the σ̂ϕ,1 + σ̂ϕ,2 interaction basis (see Sec. 2.4.3 for the Hamiltonian formula of the SW

SDF acting on a single ion.). Using the loop closure (tg = 2Kπ/∆) and geometric

phase (∆ = 4
√
KΩSDF) conditions, we find that tg =

√
Kπ/(2ΩSDF). Therefore,

when implementing an SDF using a bichromatic TW field, as the magnitude of

the SDF experiences a global maximum due to the non-commuting carrier term,

this inherently limits the speed at which we can execute a two-qubit entangling

gate using the MS scheme. We can circumvent this speed limit by mitigating the

carrier’s effects with the standing wave. This is important as reducing the gate

duration also means negligible errors due to incoherent processes such as motional

heating and qubit dephasing [26, 32].

5.3.2 Two ions in a standing wave

To implement the gate interaction (Eq. (5.2)) using the SW, we need to ensure

the two ions see the same phase of the SW. This is equivalent to saying both ions

have the same coupling ratio between the carrier and the first-order sideband. In

our apparatus, we globally address the two ions with a SW, which is angled at 45◦

relative to the trap axis (z); see Fig. 3.3. To ensure that the ions see the same

phase of the SW, we adjust their spacing by changing the trapping potentials such

that the distance between the ions, projected onto the kl-vector of the SW, is an

integer multiple of the SW periodicity λ/2 = 674 nm/2.

This is calibrated by recording SW phase scans, as shown in Fig. 5.1(a), but on two

ions. If the periodicity of the SW does not match the ion spacing, then the ions

experience different carrier coupling strengths (equivalent to unequal illumination),

which depend on the phase mismatch that they see ϕsp = (ϕ1 − ϕ2)1 − (ϕ1 − ϕ2)2,
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where ϕ1 − ϕ2 the difference in phase between the two counterpropagating beams

at the position of the respective ion, whose index is indicated as a subscript

outside the bracket. With the spin state initialised in |↓↓⟩, applying the SW,

we find the following dynamics:

p|↓↓⟩ = p|↓⟩p|↓⟩ = cos2
(
π

2 sin
(
ϕscan + ϕo

2

))
cos2

(
π

2 sin
(
ϕscan + ϕo + ϕsp

2

))

p|↑↑⟩ = p|↑⟩p|↑⟩ = sin2
(
π

2 sin
(
ϕscan + ϕo

2

))
sin2

(
π

2 sin
(
ϕscan + ϕo + ϕsp

2

))
p|↓↑⟩+|↑↑⟩ = 1 − p|↓↓⟩ − p|↑↑⟩,

(5.5)

where p|↓↓⟩ the probability that both ions are in |↓⟩, p|↑↑⟩ the probability that both

ions are in |↑⟩, p|↓↑⟩+|↑↑⟩ the probability that one ion is in |↓⟩, ϕscan is the relative

phase difference between the counterpropagating beams that we program in as we

record the scan, and ϕo is a phase offset that we need to account for if the ion

feedback is not enabled. We used Eq. (5.1) in writing the equations above.

We record dynamics as we change the ion spacing and fit p|↓↓⟩ and p|↑↑⟩ simultaneously

using Eq. (5.5) to infer ϕsp, examples shown in Fig. 5.9. We aim to achieve ϕsp = 0,

which corresponds to Fig. 5.9(a.iii) and (b). The dynamics in Fig. 5.9(a) were

recorded with our initial version of the enclosure and no ion feedback, hence the

observed offsets with respect to Fig. 5.9(b). We infer that the two ions are spaced

(projected along the SW direction) by ≈ 3.8 µm · cos(45◦) = 4λ, where λ = 674 nm.

When working with two ions, the ion feedback relies on the equivalent ’one-ion

bright’ population p|↓↓⟩ + p|↓↑⟩+|↑↓⟩/2. For the gate implementation, both ions are

placed at the anti-nodes of the SW as we want to maximise the coupling to the

motion and suppress the coupling to the carrier. Moreover, the red and the blue

detuned SWs are aligned in the same manner as described in Sec. 5.2.1, but using

the p|↓↓⟩ dynamics shown in Fig. 5.9(b).

5.3.3 Gate dynamics

Finally, we can examine the gate dynamics with the SW. As in the case of the SDF

dynamics, we can implement durations or detuning scans; we show examples of
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Figure 5.9: SW phase scans on two ions. (a) Each scan corresponds to a different
spacing between the ions. By fitting the dynamics (see text), we infer the phase mismatch
ϕsp between what phase of the SW each ion sees: (i) ϕsp ≈ 0.6π rad, (ii) ϕsp ≈ π rad and
(iii) ϕsp ≈ 0 rad. These scans were recorded when the ion feedback was not enabled, and
the final version of the enclosure was not set up (2021-07-28). (b) Scan with ϕsp ≈ 0 rad,
ion feedback enabled, and the final version of the enclosure (2022-09-20). The legend
applies to all plots.

both in Fig. 5.10. We found the detuning scans useful for calibrating ac stark shifts;

one can look at the p|↓↑⟩+|↑↓⟩ and follow the calibration steps described for a single

ion in Sec. 5.2.2. For realising the maximally entangled state, the duration and

the detuning parameters are, in principle, determined by the chosen SDF strength

(Sec. 5.3.1). However, in the experiment, we fix the laser power and the detuning

and optimise for the gate duration tg, indicated in Fig. 5.10(a), bottom scan, that



5. Circumventing noncommutativity by using phase-stabilised standing-waves 103

−20 0 20

∆/2π (kHz)

0.00

0.25

0.50

0.75

1.00

p
op

u
la

ti
on

s

−20 0 20

∆/2π (kHz)

0.00

0.25

0.50

0.75

p
op

u
la

ti
on

s

p|↓↑〉+|↑↓〉 p|↑↑〉 p|↓↓〉

0 25 50 75

duration (µs)

0.00

0.25

0.50

0.75

1.00
p

op
u

la
ti

on
s

tg

0 25 50 75

duration (µs)

0.00

0.25

0.50

0.75

1.00

p
op

u
la

ti
on

s
(a) (b)

Figure 5.10: Detuning and duration scans of the gate interaction with the ions at
different points in the SW: (a) both ions at antinodes and (b) both ions at nodes. Top row
- detuning scans with 0.3 mW in each branch, tg = 100 µs and tramp = 0.2 µs. Bottom row
- duration scans with with 6.8 mW in each branch, ∆/2π = −48 kHz and tramp = 10 µs.

gives us the best quality Bell state or fidelity. Moreover, we also try to match the

dynamics to numerical simulations performed using Julia [125]. The simulations

shown in Fig. 5.10 were obtained by initialising the state in |↓↓⟩ |0⟩, i.e. Fock state

|0⟩, and numerically integrating Eq. (5.2)10 with tg and ∆ found in the experiment

and optimising ΩSDF to achieve the best overlap (fidelity) to an ideal state.

10It is possible to use this Hamiltonian as the ions are placed at the anti-nodes of the SW, where
the carrier coupling is suppressed.
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5.3.4 Measuring fidelity

As a measure of the quality of the two-qubit gate, we evaluate the fidelity of

producing a target Bell state11

|ψtarget⟩ = 1√
2

(|↓↓⟩ − eiθ |↑↑⟩). (5.6)

After initialising in |↓↓⟩ and applying the gate interaction, we assume that the state

created is described by the density matrix ρ. As |ψtarget⟩ is a pure state, the fidelity,

or the degree of overlap between the target and output state, is defined as

F (ρ, |ψtarget⟩) = ⟨ψtarget| ρ |ψtarget⟩

= 1
2(⟨↓↓| ρ |↓↓⟩ + ⟨↑↑| ρ |↑↑⟩) − 1

2(eiθ ⟨↓↓| ρ |↑↑⟩ + e−iθ ⟨↑↑| ρ |↓↓⟩)

= 1
2(⟨↓↓| ρ |↓↓⟩ + ⟨↑↑| ρ |↑↑⟩)︸ ︷︷ ︸

populations

− | ⟨↓↓| ρ |↑↑⟩ | cos (θ − arg(⟨↓↓| ρ |↑↑⟩))︸ ︷︷ ︸
coherences

(5.7)

The first two terms in the last line of the equation correspond to the diagonal elements

of the density matrix or populations, which can be measured directly by reading

out the spin state of the ions right after the gate is applied ( p|↑↑⟩, p|↓↓⟩). The last

two terms are off-diagonal elements or coherences. We can’t measure these directly.

We instead apply a π/2 rotation globally with variable ϕ′, R̂(π/2, ϕ′) ⊗ R̂(π/2, ϕ′),

which maps the off-diagonal terms to populations [93]. After this global rotation

is applied, we measure, using the fluorescence readout, the populations p|↑↑⟩, p|↓↓⟩

and p|↓↑⟩+|↑↓⟩. Using this, we can reconstruct the parity operator, P

P = p|↑↑⟩ + p|↓↓⟩ − p|↓↑⟩+|↑↓⟩

= ⟨↑↓| ρ |↓↑⟩ + ⟨↓↑| ρ |↑↓⟩ − 2| ⟨↓↓| ρ |↑↑⟩ | cos (2ϕ′ − arg(⟨↓↓| ρ |↑↑⟩))
(5.8)

which exhibits oscillations with periodicity 2ϕ′ and amplitude (contrast) C, which

is related to the magnitude of the coherences | ⟨↓↓| ρ |↑↑⟩ | = C/2. We then

compute the fidelity as

F = p|↑↑⟩ + p|↓↓⟩

2 + C

2 . (5.9)
11For the Mølmer-Sørensen gate θ = ±2ϕ, where ϕ is the basis of the gate interaction spin-basis

σ̂ϕ,1 ± σ̂ϕ,2 [134].
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5.3.5 Two-qubit gates - SW vs TW

We evaluate the two-qubit gates implemented using the bichromatic SW by assessing

the fidelity of the resulting Bell states, as previously described. Furthermore, we

compare the SW scheme to entangling gates implemented using the conventional

MS scheme - with a bichromatic TW field, focusing on fidelity changes as we

reduce the gate duration. Both entangling gate schemes are performed on the

axial centre-of-mass mode and using a ramp duration of tramp = 10 µs to minimise

coupling to other motional modes, this is especially relevant for the shorter gate

durations where more power is required.
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Figure 5.11: Characterisation of SW (triangles) and TW (squares) Mølmer-Sørensen
gates as a function of the effective two-qubit gate duration (2π/∆). Using the SW, we
achieve gate fidelities that are consistent with ≈ 0.95 (solid line) for all gate durations.
Using the TW, the fidelity decreases rapidly for durations ≤ 25 µs. As a guide to the eye,
we show TW MS gate simulations (dashed lines), with the maximum fidelity normalised
to 0.95.

In Fig. 5.11, we present the two-qubit fidelities achieved with both schemes as a

function of the effective gate duration (2π/∆)12. For slower gates, the fidelity of

the SW gate is comparable to that of the TW gate. However, as the gate speed

increases, the fidelity of the TW gate rapidly deteriorates. This degradation aligns

with predictions from direct numerical integration of Eq. (2.44), where we made

the substitution σ̂ϕs → (σ̂ϕs,1 + σ̂ϕs,2) and we set all parameters to experimental
12The effective gate duration is approximately equal to the full-width half maximum (FWHM)

of the pulse shape. The total pulse duration from start to end is 2π/∆ + tramp, where tramp is the
ramp duration.
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values except for the Rabi frequency Ω, which was optimised for maximum fidelity13.

We observe that measured fidelities degrade earlier (by approximately 5 µs) than

predicted, likely due to experimental imperfections (e.g., in ramp shape) not

captured in the numerical model.

In contrast, the fidelity for the SW gate remains consistently around 0.95 across the

entire available power range, indicating that the limitation from carrier coupling

has been effectively eliminated. To achieve shorter gate durations, we increase ∆,

which means that we also need to proportionally increase ΩSDF such that we still

achieve the right geometric phase 4Φ = π/2. However, this becomes impossible for

the TW bichromatic gate as the non-commuting carrier term causes a saturation in

the strength of the SDF, as discussed in Section 5.2.3, which is one way to explain

the physics behind the decline in fidelity for the TW gates. The shortest SW gate

duration is 15 µs, limited by the total available laser power of 29 mW.

We believe the main source of infidelity for entangling operations is phase noise

from the 674-nm laser, which is common to both gate implementations.

5.4 Summary

In conclusion, we implemented single- and two-qubit operations for trapped-ion

qubits using a phase-stabilised SW(s). The degree of control of the optical phase

at the position of the ion(s) enables us to tune the ratio of the field intensity and

gradient that the ions experience, which sets the relative strengths between the

first sideband and carrier. Our experiments confirmed that using the SW helps

us circumvent the effects of the non-commuting off-resonant carrier term. Firstly,

we demonstrated that the strength of the SDF no longer saturates as we increase

the power of the driving fields. Secondly, we explored two-qubit MS gates using a

bichromatic TW in a regime where the non-commuting off-resonant carrier term

typically induces significant errors that cannot be removed adiabatically through

amplitude pulse shaping. However, the bichromatic SW allowed us to exceed this

limitation without compromising the fidelity.

13Sebastian Saner conducted these simulations.
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108 6.1. Nonlinear bosonic interactions in trapped ions

This chapter reports on experimentally generating effective interactions that are

nonlinear in the amplitude of the motional (bosonic) mode of a trapped 88Sr+ ion,

based on the theory developed in Ref. [140]. The method relies on the ion being a

hybrid system comprising motional modes and an internal spin state. The main

ingredients required for implementing this technique are two spin-dependent forces

whose spin components are non-commuting. While spin-dependent forces (SDFs)

have been extensively used before in trapped ions, this method proposes a shift in

perspective, where the spin mediates the bosonic interaction, i.e., the spin is the

quantum bus instead of the usual converse (see Sec. 1.3). We demonstrate effective

nonlinear bosonic interactions, mediated by the spin, up to the fourth order; specifi-

cally, we focus on generalised squeezing [141] interactions and demonstrate squeezing

(second order), trisqueezing (third order), and quadsqueezing (fourth order). We

characterise this class of interactions, including their favourable magnitude scaling,

spin dependence, and unitarity, and perform full-state tomography by reconstructing

the Wigner function of the resulting states. Moreover, we discuss some limitations

of this technique. The results discussed in this chapter are published in Ref. [129].

6.1 Nonlinear bosonic interactions in trapped
ions

So far, we have mainly considered interactions linear in â and â†, such as (first order)

sideband interactions, Eq. (2.17) and (2.16), and spin-dependent forces, Eq. (2.25),

the latter of which we have extensively investigated.

In trapped ions, nonlinear bosonic interactions have been implemented through a va-

riety of experimental techniques. Driving higher orders in the Lamb-Dicke expansion

facilitates implementations such as squeezing and beam-splitter interactions (both

second order) [57, 60], and cross-Kerr nonlinearities (third order) [142]. Additionally,

parametrically driving the trapping potential has enabled implementations of

squeezing by driving at 2ωz [36, 143], two-mode squeezing by driving at ωx +ωy, and
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beam-splitter interactions by driving at ωx − ωy [144]. Squeezing through reservoir

engineering has also been successfully implemented [79, 145].

6.1.1 Higher orders in the Lamb-Dicke expansion

As mentioned above, one way to create interactions that contain higher-order terms,

ân and â†n, in a trapped-ion system is by driving higher-order terms in the Lamb-

Dicke expansion. In Eq. (2.43), describing the interaction of a bichromatic field

with an ion, the O(η2) terms are neglected as they have diminishing strengths

(ηn) and are off-resonant. However, we now consider driving some of these terms

resonantly [57, 146]. Looking at the second order term, (iη(â+ â†))2/2!, there are

two interactions that we can drive resonantly. If the detuning from the qubit is

set to δ = 2ωz (second motional sideband), we drive:

Ĥbi = ℏΩ(iη)2

2! σ̂ϕs−π/2 cos (δt− ϕd)(â2e−i2ωzt + â†2ei2ωzt), (6.1)

and if δ = 0 (this is also the resonance condition for the carrier), we drive:

Ĥbi = ℏΩ(iη)2

2! σ̂ϕs−π/2 cos (δt− ϕd)(ââ† + â†â), (6.2)

where we moved into the interaction picture with respect to the oscillator Hamilto-

nian Ĥosc, Eq. (2.4). Eq. (6.1) is a spin-conditioned squeezing Hamiltonian [147],

while the action of the Hamiltonian in Eq. (6.2) describes a rotation in phase

space1 [149] conditioned on the spin. We can obtain higher-order squeezing or higher-

order combinations of the creation and annihilation operators, e.g., ââ†â+ h.c., by

further expanding Eq. (2.42). Here, we focus on generalised squeezing [141]. Going

up to the fourth order and after applying the rotating wave approximation with

respect to Ĥosc, we write the generalised squeezing interaction of order n

Ĥηn = ℏΩηn

2 σ̂α(âne−iϕd + â†neiϕd), (6.3)

1If the interaction is calibrated to introduce a π/2 rotation in phase space, then the propagator
for this Hamiltonian is also referred to as a Fourier transform [148].
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where the spin-conditioning alternates based on the order

σ̂α =
σ̂ϕs− π

2
if n mod 2 = 0

σ̂ϕs otherwise,
(6.4)

and the magnitudes Ωηn are given by

Ωη2,η3,η4 =
−Ωη2

2! ,
Ωη3

3! ,
Ωη4

4!

. (6.5)

We can quickly notice that since η ∼ 0.05, every subsequent order is weaker by

more than an order of magnitude2.

6.1.2 Spin-mediated nonlinear bosonic interactions

Our proposed method for circumventing this unfavourable scaling is by introducing

an alternative method which combines two non-commuting SDFs instead. Together,

they generate a plethora of nonlinear interactions with different resonance conditions,

as proposed in Ref. [140] (see Fig. 6.1).

We start by considering two SDFs detuned from the motional mode with angular

frequency ωz, one by ∆ and the other by m∆, where m is an integer different

from zero, applied simultaneously

Ĥ = ℏΩα

2 σ̂α(âei(∆ t−ϕα) + â†e−i(∆ t−ϕα))

+ ℏΩα′

2 σ̂α′(âei(m∆ t−ϕα′ ) + â†e−i(m∆ t−ϕα′ )),
(6.6)

where the spin-bases of the two SDFs are σ̂α (SDFα) and σ̂α′ (SDFα′), respectively.

From now on, we are going to refer to SDFα and SDFα′ as the interaction SDFs.

Without loss of generality, we set ϕα = 0.

To determine the dynamics of the two SDFs, we consider the resulting unitary

propagator found via the Magnus expansion [4, 5, 140] introduced in Sec. 2.3.

2We note that in trapped ions, fourth-order sideband (bosonic) interactions have been driven
using monochromatic fields [150, 151]. In these systems, the Lamb-Dicke parameters are at
least five and ten times larger, respectively, than in our system and generally exceed the values
commonly achieved in trapped ion processors.
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Figure 6.1: Conceptual illustration of spin-mediated nonlinear interactions. (a) We
apply two spin-dependent forces detuned from the oscillator motion frequency ωz by ∆
and m∆, where m is an integer. These interactions are linear and cause a spin-dependent
displacement. We set the spin components of these forces σ̂α and σ̂α′ such that they do
not commute, i.e. [σ̂α, σ̂

′
α] ̸= 0. We show the Wigner functions of the coherent states (blue

and red blobs) that would be generated by the effective potential of the linear interactions
(blue and red dashed lines). (b) Generation of nth-order nonlinear interactions. We can
drive arbitrary nonlinear interactions by adjusting the relative detunings of the linear
interactions, and hence m. Setting m = −1 gives rise to squeezing ∼ (â†2 + â2) (second
order), m = −2 trisqueezing ∼ (â†3 + â3) (third order), and m = −3 quadsqueezing
∼ (â†4 + â4) (fourth order). Purple dashed lines indicate the effective potential for the
nonlinear interactions that are proportional to (â† + â)n; by setting m = 1 − n, we can
select the terms in the expansion of this potential that correspond to generalised squeezing
interactions. The Wigner functions corresponding to the respective generalised squeezed
states are indicated in purple. The faint arrow indicates the method can be extended
beyond the fourth order.

The first-order term in the Magnus expansion (Eq. (2.28)) leads to periodic

displacements (i.e. loops) of the oscillator in phase space:

− i

ℏ

∫ t

0
dt1Ĥ1 = − i

2

∫ t

0
dt1(Ωασ̂α(âei∆ t1 + h.c.) + Ωα′σ̂α′(âei(m∆ t1−ϕα′ ) + h.c.))

= i
Ωα

∆ σ̂α sin
(∆ t

2

)
(âei∆ t/2 + â†e−i∆ t/2) (6.7)

+ i
Ωα′

m∆ σ̂α′ sin
(
m∆ t

2

)
(âei(m∆ t/2−ϕα′ ) + â†e−i(m∆ t/2−ϕα′ )).

For integer multiples of 2π/∆ durations, the oscillator state returns to its original

position in the case of both displacements (see Sec. 2.3.1).
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Looking at the second term in more detail

− 1
2ℏ2

∫ t

0

∫ t1

0
dt1dt2[Ĥ1, Ĥ2] (6.8)

= −1
8

∫ t

0

∫ t1

0
dt1dt2[Ωασ̂α(âei∆ t1 + h.c.) + Ωα′σ̂α′(âei(m∆ t1−ϕα′ ) + h.c.),

Ωασ̂α(âei∆ t2 + h.c.) + Ωα′σ̂α′(âei(m∆ t2−ϕα′ ) + h.c.)] (6.9)

= −1
8

∫ t

0

∫ t1

0
dt1dt2Ω2

α[σ̂α(âei∆ t1 + h.c.), σ̂α(âei∆ t2 + h.c.)] (6.10)

+ ΩαΩα′ [σ̂α(âei∆ t1 + h.c.), σ̂α′(âei(m∆ t2−ϕα′ ) + h.c.)] (6.11)

+ Ωα′Ωα[σ̂α′(âei(m∆ t1−ϕα′ ) + h.c.), σ̂α(âei∆ t2 + h.c.)] (6.12)

+ Ω2
α′ [σ̂α′(âei(m∆ t1−ϕα′ ) + h.c.), σ̂α′(âei(m∆ t2−ϕα′ ) + h.c.)]. (6.13)

Lines (6.10) and (6.13) give rise to geometric phases which are dependent on the

spin state, as discussed in the case of a single SDF in Sec. 2.3. This combined with

setting σ̂α, σ̂α′ to commute, i.e., [σ̂α, σ̂α′ ] = 0, would cause all terms higher than

the second order in the Magnus expansion to vanish, as well as lines (6.11) and

(6.12). However, if the bases of the SDFs are chosen such that [σ̂α, σ̂α′ ] ̸= 0, we

obtain the sought-after nonlinear interactions. Lines (6.11) and (6.12), then lead

to driving resonantly a squeezing interaction by setting m = −1:

Ĥ2
eff = iℏΩ2

2 σ̂β(−â2e−iθ + â†2eiθ) (6.14)

or the Hamiltonian that gives rise to a rotation in phase-space by setting m = 1:

Ĥ2
eff = iℏΩ2

2 σ̂β(â†âe−iθ − ââ†eiθ + cos θ). (6.15)

By choosing the correct integer m for the detuning setting, each term can be brought

into resonance separately (i.e., have the leading contribution to the dynamics), while

the other terms in the expansion can be neglected under certain conditions, as

discussed later in this section, Sec. 6.1.2. Moreover, to clarify an important point:

although the SDFs that comprise the interaction are driven off-resonantly, the

resulting effective nonlinear interaction is driven on resonance.

While it is possible to drive terms such as shown in Eq. (6.15), we shall henceforward

restrict ourselves to investigating generalised squeezing interactions. Trisqueezing
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originates from the third order term ((2.30)) in the Magnus expansion and by

setting m = −2

Ĥ3
eff = ℏΩ3

2 σ̂β(â3e−iθ + â†3eiθ). (6.16)

Quadsqueezing originates from the fourth order term ((2.31)) in the Magnus

expansion and by setting m = −3

Ĥ4
eff = iℏΩ4

2 σ̂β(−â4e−iθ + â†4eiθ). (6.17)

We note the π/2 phase difference in the motional phase between the odd and the

even orders of the generalised squeezing. We can generate higher-order squeezing

interactions by fulfilling the m = 1 − n resonance condition; however, we stop at

the fourth order here. The axis of the interactions is defined by θ = ϕα′ , indicating

that we can fully control it by adjusting the motional phase of the SDFα′ .

The spin dependence σ̂β is given by the initial choice of σ̂α,α′ and the desired squeez-

ing order n. The spin operator corresponding to the squeezing interaction is [σ̂α, σ̂α′ ],

trisqueezing [σ̂α, [σ̂α, σ̂α′ ]] and, quadsqueezing [σ̂α, [σ̂α, [σ̂α, σ̂α′ ]]]. Simplifying the

nested commutator relationships, the spin-conditioning is given as

σ̂β ∝

[σ̂α, σ̂α′ ] if n mod 2 = 0
σ̂α′ otherwise,

(6.18)

where the preference towards σ̂α′ arises due to the relative detuning setting between

the two SDFs3, see Eq. (6.6). Hence, by being able to generate SDFs conditioned

on any Pauli operator, the spin component of the nonlinear interaction can be

arbitrarily chosen.

The magnitudes of these interactions are given by

Ω2,3,4 =
Ωα′Ωα

∆ ,
Ωα′Ω2

α

2∆2 ,
Ωα′Ω3

α

8∆3

. (6.19)

By applying the generalised squeezing Hamiltonians in Eq. (6.14), (6.16) and (6.17)
3Let’s try to understand this by taking the example of trisqueezing (m = −2). As we focus on

selecting a resonant nonlinear bosonic term from the Magnus expansion, we are going to select
terms for which the rotating terms cancel, i.e., ei∆tei∆te−i2∆t. This means that the basis of SDFα

detuned by ∆ contributes more significantly to the nested commutator [σ̂α, [σ̂α, σ̂α′ ]] ∝ σ̂α′ .
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Figure 6.2: Simulation of (a) squeezed, (b) trisqueezed, and (c) quadsqueezed states
using the ideal effective Hamiltonians. For each generalised squeezed state, we vary the
squeezing parameter, which is r for squeezed states, r3s for trisqueezed states, and r4s for
quadsqueezed states.

for a duration tsqz, we can generate nth-order squeezed states characterised by the

squeezing parameter r = Ωntsqz. To differentiate between the squeezing parameters

of squeezed, trisqueezed, and quadsqueezed states, we use the notations r, r3s, and

r4s, respectively. In the following, we shall use the term ’effective Hamiltonian’

for the Hamiltonians shown in Eq. (6.14), (6.16), and (6.17), as we temporarily
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neglect the many off-resonant terms in the full Hamiltonian. We directly compute

the time-evolution operators for squeezing, trisqueezing, and quadsqueezing using

the effective Hamiltonians in Eq. (6.14), (6.16) and (6.17), respectively, using a

Fock state cutoff of 200. These propagators are then applied to a system initialised

in |↓⟩ |0⟩ to generate squeezed, trisqueezed and quadsqueezed states with various

squeezing parameter values. We show the Wigner functions W (x, p) of the resulting

oscillator states in Fig. 6.2. In the case of the trisqueezed and quadsqueezed states,

we observe that there are areas where W (x, p) < 0 hinting at their non-Gaussian

nature [38, 39], which we briefly introduced in Sec. 1.1.

Ref. [140] discusses in detail how well the two non-commuting SDFs approach

(Eq. (6.6)) approximates the ideal effective Hamiltonians, particularly for squeezing

(Eq. (6.14)) and trisqueezing (Eq. (6.16)). We extend this discussion to more

realistic experimental settings in the following sections.

To gain further insight into the two non-commuting SDFs method, we also nu-

merically integrate the Hamiltonian in Eq. (6.6) for m = −1 (squeezing) and

show the Wigner functions of the created states at different time instances, tsqz =

{0, 10, 25} × 2π/∆, as illustrated in Fig. 6.3. These time steps are chosen as integer

multiples of 2π/∆ to ensure that no residual displacement remains. The system

is initialised in the state |↓⟩ |0⟩ and before computing the Wigner functions, we

trace out the spin degree of freedom.

Additionally, we illustrate the phase space trajectories of the quantum harmonic

oscillator due to the two non-commuting off-resonant SDFs. Without loss of

generality, we set the basis of SDFα to σ̂x and the basis of SDFα′ to σ̂y basis. We

reconstruct these trajectories by independently integrating the Hamiltonian for each

SDF. We choose the separate treatment due to their non-commutativity, which

complicates the choice of spin eigenstates for a joint representation (see Sec. 2.3.1 for

further details). It is important to note the difference in scale between the trajectory

plots and the Wigner function plots: while displacement-induced excursions are

relatively small (x ∼ 0.14), the maximum squeezing results in a much larger phase-

space spread (x ∼ 4). For this particular simulation, we use ∆/2π = 50 kHz and
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Figure 6.3: Squeezing via two non-commuting off-resonant spin-dependent forces, SDFα

and SDFα′ . The phase-space trajectories and Wigner functions are shown at different
evolution times, tsqz = {0, 10, 25} × 2π/∆. The first column shows the trajectory due to
SDFα only, applied in the σ̂x basis and with motional phase ϕα. The second column shows
the trajectory due to SDFα′ only, applied in the σ̂y basis and with motional phase ϕα′ .
The final column presents the corresponding squeezed state Wigner functions obtained by
combining SDFα and SDFα′ .
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Ωα/2π = Ωα′/2π = 4.6 kHz, values that are experimentally accessible. We also

explore the impact of different motional phases, ϕα and ϕα′ , on the squeezing axis θ.

Effective interactions and the magnitude scaling of this method

If the spin components of the SDFs do not commute, the Magnus expansion in

Eq. (2.27) contains an infinite number of terms. As discussed above, specific

terms can be brought into resonance by satisfying the appropriate resonance

conditions. The remaining terms in the Magnus expansion fall into two categories:

(1) terms that are off-resonant by ∼ ∆ relative to the leading interaction, and (2)

terms that are resonant with it and originate from higher orders of the expansion.

Category (1) includes, for example, cases where a single-mode squeezing interaction

is made resonant, while other terms, such as displacements, are detuned by ∼ ∆.

Category (2) comprises higher-order terms that satisfy the same resonance condition

as the desired interaction. For instance, when we are resonant with the single-mode

squeezing interaction (m = −1), the term â†â†ââ+ h.c., originating from the fourth

order in the Magnus expansion, also satisfies the same resonance condition4.

Just as the off-resonant displacement terms are eliminated when the interaction

duration is an integer multiple of 2π/∆, the detuned terms in category (1) can

likewise be suppressed by enforcing the same timing condition. As discussed in

Sec. 6.5, this requirement can be relaxed by employing amplitude-shaped pulses over

a period of more than 2π/∆, which reduces the contributions of these off-resonant

terms through temporal filtering.

In contrast, the spurious terms that are resonant with the leading interaction

(category (2)) cannot be removed by adjusting the interaction time or by employing

amplitude shaping. These contributions originate solely from higher-order terms in

the Magnus expansion. For a target interaction of order n, they introduce an error

4An analogous situation arises in the Lamb–Dicke expansion. For example, when the carrier
transition (a zeroth-order term) is driven by setting δ = 0 in Eq. (2.43), it is resonant with the
second-order, rotation-in-phase Hamiltonian given in Eq. (6.2).
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ϵ in the unitary evolution that scales as (Ωα/∆)n+1, under the assumption of equal-

strength SDFs (i.e. Ωα = Ωα′). This error decreases faster with ∆ than the desired

leading interaction. As such, the error can be minimised arbitrarily by increasing ∆.

Thus, provided that the off-resonant terms (category (1)) are effectively suppressed

through timing or amplitude shaping, the dynamics generated by the Hamiltonian

in Eq. (6.6) faithfully implement the desired interaction, such as the generalised

squeezing Hamiltonians in Eqs. (6.14), (6.16), and (6.17), up to an error ϵ =

(Ωα/∆)n+1 arising from higher-order on-resonant terms (category (2)), where n

denotes the order of the target term.

Examining this error term more closely provides further insight into the scaling of

the strength of the desired interactions. If we accept a fixed error ϵ = (Ωα/∆)n+1 =

const., we can express the interaction strength as Ωα = ∆ n+1
√
ϵ. Since Ωα is linear

in η, the Lamb-Dicke parameter, ∆, also effectively scales linearly with respect

to η. Consequently, the strength of the desired interaction, ∝ Ωα′Ωn−1
α /∆n−1,

can be made effectively linear in η irrespective of n. This tunable scaling is in

contrast to driving higher-order spatial derivatives of the field, where the interaction

strength scales as ηn (see Sec. 6.1.1).

We emphasise that although the formal expression for Ωn involves higher powers

of η, our scheme enables this dependence to be effectively reduced to linear in

η by experimentally controlling ∆.

To investigate this scaling in more detail, we consider two error values: ϵ = 10−3

and ϵ = 10−2. Fixing Ωα/2π = 95 kHz, a value that is accessible in our experimental

setup, we vary η and adjust the detuning ∆ to maintain a constant error in

each case. As shown in Fig. 6.4, the resulting interaction strengths for squeezing,

trisqueezing, and quadsqueezing, respectively, exhibit effective linear scaling with η.

For comparison, we also plot the corresponding interaction strengths obtained by

driving higher-order sidebands within the Lamb–Dicke expansion. We assume equal

power is available for both approaches: if the two non-commuting SDF scheme

employs 0.5 mW of laser power per SDF, then the higher-order sideband approach,

requiring only a single bichromatic field, uses a total of 2 × 0.5 mW laser power.
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Figure 6.4: Nonlinear interaction strength scaling comparison. We compare the method
demonstrated in this work, with magnitude Ωn, to the method of driving higher-order
terms in the Lamb-Dicke expansion, with magnitude Ωηn (left column). We vary the
value of the Lamb-Dicke parameter in this process while keeping the intensity of the
driving field constant. For the two non-commuting SDFs method, we keep ϵ = (Ωα/∆)n+1

constant by varying the detuning ∆ as a function of η (right column). We evaluate this
for (a) squeezing, (b) trisqueezing, and (c) quadsqueezing interactions.

As the order of the interaction increases, the corresponding interaction strength

decreases for both methods. However, for the approach based on two non-commuting

SDFs, the effective linear scaling with η leads to more favourable behaviour,

particularly at higher orders. The purpose of this analysis is to provide deeper

insights into the scaling of the two non-commuting SDFs method. To isolate this

aspect, we intentionally assume that driving higher-order terms in the Lamb–Dicke
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expansion produces ideal, error-free nonlinear interactions. In doing so, we neglect

effects such as off-resonant contributions and higher-order resonant terms, both

of which become relevant as η grows. Furthermore, the parameter ϵ used here

does not quantify the total error expected in generating a generalised squeezed

state; a full assessment would require accounting for the interaction duration. In

later sections (e.g. Sec. 6.7), we address this by evaluating the resulting infidelities

1 − F of specific target states.

6.2 Two non-commuting spin-dependent forces
in the lab

Let us consider how to implement the two non-commuting interactions in the lab.

Each SDF is generated by using a Mølmer-Sørensen scheme, i.e., each SDF is

created using a laser bichromatic field composed of two tones that are symmetrically

detuned from the qubit transition ωq by ±δ (see Sec. 2.3.2) and is described

by the following Hamiltonian:

Ĥbi = − ℏΩα

2 σ̂ϕ(âei(∆ t−ϕα) + â†e−i(∆ t−ϕα)) (6.20)

+ ℏΩσ̂ϕ−π/2 cos(δt− ϕα),

where we modified the notation in Eq. (2.44) to be easier to parse in the context

of this chapter, with Ωα = ηΩ. The setup for introducing the two bichromatic

fields is described in Sec. 3.5; the two bichromatic fields are co-propagating and

concurrently driven.

6.2.1 Many, many phases

We note again that both the spin-basis σ̂ϕ, where ϕ = π/2 − (ϕr + ϕb)/2, and

the motional phase ϕα = ((ϕb − ϕr)/2)α depend on the optical phases of the two

tones in the bichromatic field at the position of the ion. While we cannot control

the absolute phase of the tones at the position of the ion, we are interested in

establishing certain phase relations between the four tones of the two interaction

SDFs.
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The mechanism of the nonlinear interaction relies on the commutator relationship

between the spin components of the individual SDFs. This means that we need to

maintain ((ϕr + ϕb)/2)α − ((ϕr + ϕb)/2)α′ constant between different experiment

repetitions. If all four tones travelled along the same path throughout the setup,

this condition would be fulfilled at no additional cost, e.g., by creating all tones

using the same AOM. However, in our configuration, each bichromatic field is

generated by a separate AOM, and subsequently, the two fields are combined to

travel along the same path. We opted for this geometry due to concerns regarding

additional terms that might arise from mixing products caused by nonlinearities in

the AOM or rf amplifier, potentially complicating the debugging and calibrating of

the effective interactions. Hence, we actively stabilise the relative phase between

the two bichromatic fields, as described in Sec. 3.5.

To implement the effective nonlinear interactions, we need two non-commuting SDFs.

One approach is to set σ̂α = σ̂ϕ and σ̂α′ = σ̂ϕ+π/2. To achieve σ̂α′ = σ̂ϕ+π/2, we push

the phase of both rf signals driving the blue detuned and the red detuned tones of

SDFα′ , respectively, by π/2. This assumes that (ϕr + ϕb)α = (ϕr + ϕb)α′ in the first

place. Furthermore, as discussed Sec. 6.1.2, the axis of the nonlinear interaction θ is

determined by the motional phase of the SDFα′ , ϕα′ with ϕα = 0 for SDFα. Hence,

additional phase relationships between the tones of the bichromatic fields need to

be satisfied. We aim to establish the following relationships through calibrations:

(ϕr + ϕb)α = (ϕr + ϕb)α′

(ϕb − ϕr)α = 0

(ϕb − ϕr)α′ = 0,

(6.21)

as it mildly alleviates the misery of phases. The first line results from establishing

a relationship between the spin phases (spin bases) of the SDFs, while the last

two lines correspond to the motional phases of the two SDFs (see Sec. 2.3.2).

The calibration protocol5 is detailed in Sec. 3.5. Once the phases are calibrated,

implementing the nonlinear interactions becomes straightforward6. For instance,
5The labelling of the phases is different between the current chapter and Chapter 3, α

corresponds to b1 and α′ corresponds to b2.
6I am more serious than you might think.
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we can easily incorporate a π/2 phase as an offset with respect to the calibrated

values to ensure σ̂α′ = σ̂ϕ+π/2, as described earlier.

6.2.2 Arbitrary SDF basis and the elephant (carrier) in
the room

The capability to generate SDFs conditioned on various Pauli operators enables full

control over the basis of the resulting effective nonlinear interaction (see Sec. 6.1.2).

For the experiments presented in this chapter, we create forces in the σ̂ϕ basis by

setting δ ≈ ωz or σ̂z basis δ ≈ ωz/2 (see Sec. 2.3). Characterisation and calibration

of the individual SDFs are presented in Chapter 4.

We need to combine two of the non-commuting SDFs mentioned above to generate

the nonlinear interactions; see Eq. (6.6). This introduces the question of how the

carrier terms affect the dynamics. Drawing from our analysis in the case of creating

an effective σ̂z SDF (Sec. 2.3), as the carrier terms do not act on the oscillator, we

might expect that they only alter the strength of the nonlinear interaction. We

leave evaluating this further for future work. While we do not provide an analytic

analysis of the effect of the carrier terms, we include them in the simulations to

ensure their influence is appropriately accounted for (see Sec. 6.3).

Since we aim to measure and estimate the magnitude of the nonlinear interactions,

which depends on the strength of the comprising SDFs, we make a naive assumption

and check its validity as we advance. The assumption is that each carrier term solely

affects the corresponding SDF, neglecting that they may also affect each other as they

do not commute. Hence, for forces in the σ̂ϕ basis, we hypothesise that the strength

is given by Ωα → Ωα|J0(2Ω/δ) + J2(2Ω/δ)|. For the experiments presented here, we

operate in a small Ω regime where |J0 + J2| ≈ 1. This implies that, in this scenario,

we can disregard the effect of the carrier. For forces in the σ̂z basis, we hypothesise

that the strength of the effective SDF is given by Ωα → Ωα|J1(2Ω/δ) + J3(2Ω/δ)|.

In the following sections, when we mention the strength of the comprising interaction

SDFs, we will quote the laser power that we use for each of them. We find this

less cumbersome, especially in the light of the |J1(2Ω/δ) + J3(2Ω/δ)| modulation
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term for the σ̂z. However, magnitudes of SDFs Ωα,Ω′
α are calibrated every day,

with typical values shown in Table 6.1. In our setup, the beam waist radius is

20 µm, and the Lamb-Dicke parameter is η = 0.049(1).

power (mW) SDF basis Ωα,α′/2π(kHz)
0.5 σ̂ϕ 4.6
1 σ̂ϕ 6.5
2 σ̂ϕ 9.2
1 σ̂z 1.3
2 σ̂z 3

Table 6.1: Typical spin-dependent force strength depending on the power and the spin
basis.

6.3 Numerical simulations

In the forthcoming sections, we present the results of the experimental implemen-

tation and characterisation of these nonlinear bosonic interactions. We compare

the experimental results to simulations, which we compute through numerical

integration of the Lindblad master equation under time-dependent Hamiltonians

using the QuantumOptics.jl package in Julia [125]:

˙̂ρ = −i i
ℏ

[Ĥ, ρ̂] +
∑

i

(Ĵiρ̂Ĵ
†
i − 1

2 Ĵ
†
i Ĵiρ̂− 1

2 ρ̂Ĵ
†
i Ĵi) (6.22)

where Ĵi = √
γiÂi is a collapse operator. The decoherence mechanism is governed

by the operator Âi and the rate γi.

When investigating the generation of nonlinear interactions in simulation, the

Hamiltonian Ĥ in Eq. (6.22) is specified by the sum of two non-commuting SDFs

(Eq. (6.6)), where the Hamiltonian of the individual SDFs is given as Eq. (2.44),

i.e., we do not apply the RWA with respect to ωz and we include the carrier

terms. The resulting states of this simulation are often compared in the following

sections to states created using the respective ideal interactions. Specifically, in

the case of simulating the ideal interaction, Ĥ in Eq. (6.22) is replaced by one

of Eqs. (6.14), (6.16), or (6.17).
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Moreover, in Sec. 6.5, we explain that smoothly ramping on and off the interaction

SDFs is necessary. This is introduced in the simulation by modulating the interaction

strength with g(t) in Eq. (4.12). This is done for simulating both the effective

interactions and the ideal Hamiltonians to ensure that the interactions are applied

over the same durations when comparing states.

As outlined in Sec. 6.5.1, we use a probe SDF to characterise the nonlinear

interactions, which is simulated by integrating Eq. (6.20), but without making the

RWA with respect to ωz. Another characterisation tool is applying a blue sideband in-

teraction corresponding to the oscillator to extract the Fock state populations, which

is simulated by integrating the anti-Jaynes-Cummings Hamiltonian in Eq. (2.17).

The motional decoherence in our system is dominated by the heating rate ˙̄nosc =

300 (20) quanta/s, see Sec. 4.1.2. The heating effect is introduced in the simulation

by setting the collapse operators [126] to
√

˙̄noscâ
† and

√
˙̄noscâ.

The Hilbert space is truncated at phonon number 50 or 200. The higher phonon

number is especially necessary when the effect of the probing SDF is simulated

(see Sec. 6.5.1).

6.4 Setting up an interaction

Once the phases are calibrated as detailed in Sec. 6.2.17, we are almost ready

to investigate some of the nonlinear interactions. Before that, we perform the

following checks:

• Ensure that the strength of the tones in the two bichromatic fields is balanced

for both interaction SDFs (and the probe SDF), as detailed in Sec. 4.2.1.

• Calibrate the motional mode frequency, as detailed in Sec. 4.2.3.

• Perform detuning scans for each of the individual SDFs to calibrate any

residual ac Stark shifts, as detailed in Sec. 4.2.2. Assuming that each SDF
7These calibrations are only conducted when the control system is restarted. The offsets are

related to how the DDS channels are initialized, which do not drift over time.



6. Non-commuting interactions for nonlinear bosonic interactions 125

has an ac Stark shift offset of δdp,1 and δdp,2, then, when both bichromatic

fields are on, we apply δdp,1 + δdp,2 for the calibration.

After these steps, we decide which nonlinear interaction to create. This is set by

changing the relative frequency of the driving fields as dictated by m.

We begin our investigation of this family of interactions, starting with squeez-

ing Eq. (6.14).

6.5 Squeezing

formulae

December 9, 2023

p̂
ẑ
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Ĥprobe SDF = ηΩσ̂ϕs
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Figure 6.5: Spin-dependent forces configuration for generating the squeezing interaction.
The two forces SDFα and SDFα′ are shown in blue and red, respectively. (a) Detuning
of the spin-dependent forces relative to the motional mode frequency ωz. (b) Frequency
configuration of the laser (drive) tones in the bichromatic fields used to implement
SDFα and SDFα′ . Continuous lines represent the blue-detuned tones, while dashed lines
represent the red-detuned tones.

For generating squeezing, we set the detunings of the interaction SDFs to be ∆ and

−∆, respectively, i.e., m = −1. The exact detunings of the bichromatic fields, from

the qubit frequency, are the δ = ωz−∆ for the SDFα′ and δ = ωz+∆ for the SDFα, as

shown in Fig. 6.5. This means we create SDFs in the σ̂ϕ basis, see Sec. 6.2.2. We set

the relative phase between the bichromatic fields such that σ̂α = σ̂ϕ and σ̂α′ = σ̂ϕ+π/2,

respectively. Thus, the expected spin basis of the squeezing is [σ̂α, σ̂α′ ] ∝ σ̂z.

The ion is initialised in |↓⟩ |n̄osc⟩, where the motional state is in a thermal state

with n̄osc = 0.09(1). We apply the two non-commuting SDFs for variable durations

tsqz and read the spin state at the end, p|↓⟩. As we expect the effective interaction

to be conditioned on σ̂z and we start in an eigenstate of it, |↓⟩, it follows that the

p|↓⟩ should ideally remain unchanged. In Fig. 6.6(a), we see that depending on the
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Figure 6.6: Example dynamics from applying the squeezing interaction generated by
two non-commuting SDFs (Eq. (6.6)) with varying ramp durations. (a) Experimental
data. While these dynamics are analysed for the effective squeezing interaction with
spin-dependence in the σ̂z basis, they will be similar to any other effective nonlinear
bosonic interaction conditioned on σ̂z. (b) We compare the experiment to simulations.
The spin state is initially prepared in |↓⟩ before we apply the SDFs for variable
durations tsqz and measure the probability of staying in the |↓⟩ state, p|↓⟩. We repeat
the measurement(simulation) for different ramp durations. The amount of residual
displacement, indicated by the relatively large oscillations in p|↓⟩, is suppressed as the
ramp duration increases. The periodicity (10 µs) of the oscillations is given by the beating
effect between the two SDFs with detunings ±∆/2π = ±50 kHz and it is predicted by
the simulation. (c) Simulated Wigner functions of two squeezed states: one at a large
excursion in phase space and one at the origin for tramp = 3.6 µs. (d) Reconstructed
phase-space trajectories of the oscillator due to SDFα for different ramp durations.
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duration over which the amplitude of the laser fields is smoothly ramped on and off,

tramp, this is not the case (see Sec. 3.3.3 and 2.3.4 for details on the ramp). This

effect is also observed in the numerical simulations, see Fig. 6.6(b).

As discussed in the context of the Mølmer-Sørensen Hamiltonian (Sec. 2.3.2), the

amplitude shaping of the pulse reduces its bandwidth in the frequency domain

and, hence, suppresses the driving of undesired off-resonant terms. In the present

case, the undesired terms are off-resonant terms in the Magnus expansion, such

as spin-dependent displacement, as well as the residual carrier term present for

each interaction SDFs (see Eq. (6.20)). Returning to Fig. 6.6(a), (b), we observe

periodic changes in population, indicating a residual displacement of the oscillator

state in phase space. In Fig. 6.6(d), we reconstruct the motional mode phase-space

trajectory due to SDFα. Residual displacement occurs when the oscillator state is far

from the origin. One way to obtain the squeezing interaction without any residual

displacement is by precisely setting the interaction duration to integer multiples of

2π/∆, where the motional state returns to the origin8. However, this duration might

change due to offsets in qubit or motional mode frequency. A more robust approach

is using a ramp duration tramp that is long compared to 2π/∆, which dictates

the periodicity (time constant) of the displacement. In Fig. 6.6(a), (b), (d), the

detuning is set to ∆/2π = 50 kHz, and we can observe that for tramp = 2×2π/∆, the

excursions in phase space are strongly suppressed. Furthermore, for tramp = 3.6 µs,

we also plot the simulated Wigner functions of two squeezed states: one at a large

excursion in phase space and one at the origin, as shown in Fig. 6.6(c). The residual

displacements are present but barely discernible in these plots, see Sec. 6.10.2 as well.

The periodicity of the excursions is 10 µs, predicted by simulation and resulting

from the interference of the two SDFs. Moreover, we observe that as we apply the

two non-commuting SDFs for longer durations, p|↓⟩ reaches lower and lower values.

The SDFs split the oscillator wavefunction, and as the state becomes increasingly

squeezed (less radially symmetric, in contrast to a thermal state), the overlap

between the two parts of the wavefunction decreases, leading to lower p|↓⟩ values.
8This same requirement applies to realising entangling gates.
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6.5.1 Probe spin-dependent force for squeezed states

We use a spin-dependent force to characterise the squeezed states. To avoid any

confusion, we refer to this as the probe SDF, while the two non-commuting SDFs

that constitute the nonlinear interaction are referred to as the interaction SDFs.

The probe SDF is implemented via an MS-type scheme; we use the same bichromatic

field employed to generate SDFα. Using an SDF to probe the squeezed state allows

us to extract information about both its magnitude and orientation in phase space,

defined by θ in Eq. (6.14), by generating a superposition in the oscillator wavepacket.

This method is analog to the one described for measuring the magnitude of the SDF

in Sec. 4.2.5, with the distinction that it leads to squeezed cat states [85, 152–154].

After applying the squeezing interaction, the ion is left in the |↓⟩ |ξth⟩ state, where

|ξth⟩ is a squeezed thermal state. We then apply the probe SDF on resonance to

the motional mode (∆ = 0 in Eq. (6.20)) for a duration tprobe and in the σ̂x basis,

for which |↓⟩ is not an eigenstate. The wavepacket is split into two squeezed states

displaced in opposite directions based on the |±⟩, eigenstates of σ̂x
9, as shown

in the insets in Fig. 6.7 and described by

|ψ⟩ = 1√
2

(|+⟩ |α, ξth⟩ − |−⟩ |−α, ξth⟩) (6.23)

where α = iΩprobee
iϕprobetprobe/2 quantifies the displacement, where Ωprobe = ηΩ.

As before, as the spin is entangled with the oscillator state, measuring the spin

allows us to gain information about the overlap between the two parts of the

oscillator wavefunction. Eq. (2.41) describes the probability of finding the spin

in |↓⟩ when splitting a thermal state. We can extend it to describe the splitting

of a squeezed thermal state [152]:

p|↓⟩ = 1 + f(α, ξth)
2 ,

f(α, ξth) = e−g(α)h(ξ),

g(α) = |2α(tprobe)|2
(
n̄osc + 1

2

)
,

h(ξ) = e2r cos (ϕprobe − θ/2)2 + e−2r sin (ϕprobe − θ/2)2.

(6.24)

9Generally speaking, we should have used σ̂ϕ, but we are not losing any important aspect by
assuming it is σ̂x.
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The overlap f(α, ξth) depends on the squeezing parameter r and the relative

orientation between the motional phase of the probe SDF ϕprobe and the squeezing

axis θ. If the two are aligned (ϕprobe − θ/2 = 0), the splitting corresponds to the

inset in Fig. 6.7(b.i), referred to as splitting about the squeezed axis. Conversely, if

ϕprobe − θ/2 = π/2, the splitting corresponds to the inset in Fig. 6.7(b.iii), referred

to as splitting about the anti-squeezed axis.

In the experiment, we calibrate the values for which ϕprobe satisfies ϕprobe−θ/2 = π/2

or ϕprobe − θ/2 = 0. We apply the probe SDF for a fixed duration while scanning

its motional phase ϕprobe, as shown in Fig. 6.7(a). We perform a fine scan over one

of the peaks, where the wavefunction is split about the anti-squeezed axis, and fit a

parabola to it. We offset the calibrated ϕprobe by π/2 to split about the squeezed

axis. Given the intended calibration described in Sec. 6.2, we expect the peaks to

occur for ϕprobe at integer multiples of π/2, which is not the case.

The origin of the offset has not been investigated in detail10. However, similar

to the standing-wave experiments (Sec. 5.2.1), we believe it might be caused by

either the phase stabilisation or the channel phase calibration in Sec. 6.2 being

conducted for the frequency ωq/2π instead of (ωq ± ωz)/2π, which is used for the

experiments. Importantly, the offset value remains constant over time and does

not change with the increase in the pulse duration for the nonlinear interaction

or probe SDF, so it can be calibrated.

Once ϕprobe is calibrated, we can investigate the dependence of p|↓⟩ as a function of

tprobe for splitting along the squeezed axis or orthogonal to it (anti-squeezed axis),

see Fig. 6.7(b). We observe that applying the probe along the squeezing axis (b.i)

reduces the overlap faster than splitting about the anti-squeezed (b.iii).

In the following sections, we investigate the characteristics of this family of nonlinear

interactions, examining them through the lens of squeezing. Our analysis will

focus on their magnitude, spin-dependence, and non-commutativity and how these

properties relate back to the interaction SDFs that make the effective interaction.

Moreover, we also evaluate the unitarity of the effective interaction.
10The Sword of Damocles/dying 674 M2 laser hanging over the heads of two students eager to

finish their D.Phil.
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Ĥprobe SDF = Ωσ̂s(âe
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−im + â†eim)
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Figure 6.7: Characterising the motional state of an ion using an SDF. Once the desired
motional state is created (squeezed (purple) or thermal close to the motional ground
state (black)), we employ a probe spin-dependent force (SDF) to map the oscillator state
to the spin state that we measure (p|↓⟩). The insets show the effect of the probe SDF
on the Wigner functions of the respective motional states in phase space. The dashed
ellipses represent the state before the probe SDF is applied. (a) Varying the motional
phase ϕprobe of the SDF. We fix the duration for applying the SDF (tprobe = 53.6 µs) and
scan ϕprobe. The dashed lines are fits to the data. (i) For the squeezed state, p|↓⟩ varies
as a function of the relationship between ϕprobe and the squeezing axis; the peaks occur
when the probe SDF is aligned with the anti-squeezed (long) axis. We use these peaks to
calibrate the relative orientation of the squeezed state with respect to the probe SDF. (ii)
Splitting the thermal state wavefunction has no dependence on ϕprobe. (b) Varying the
duration tprobe for which the probe SDF is applied for a fixed ϕprobe. As tprobe increases,
the spin-dependent displacement separates the oscillator wavefunction (insets). The probe
SDF is applied along the two principal axes of a squeezed state ((i), (iii)) and, as a
comparison, to a thermal state (ii). The dashed lines are fits to the data in (i) and (ii) and
are used to infer the squeezing parameter r (see text). We plot the numerical simulation
for the anti-squeezed axis (iii), which accounts for motional decoherence effects (see text).

6.5.2 Magnitude

From Sec. 6.1.2, the expected dependence of the squeezing interaction magnitude is

Ω2 = ΩαΩα′/∆, see Eq. (6.19), where Ωα,Ωα′ are the magnitudes of the constituent

SDFs and ∆ is the detuning from the oscillator frequency. We check that this

relationship holds in the experiment. The squeezing parameter for a squeezed state

is given as r = Ω2tsqz, where tsqz is the duration for which the squeezing interaction

is applied, and we can infer r by fitting dynamics shown in Fig 6.7(b.i, b.ii).

The model used to fit the experimental data is p|↓⟩ = (1 + Cf(α, ξth))/2, where C

accounts for experimental imperfections in the spin state preparation or readout.
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Figure 6.8: Analysis of the squeezing interaction strength. (a) We plot the squeezing
parameter r against tsqz for ∆/2π = 50 kHz and ∆/2π = 100 kHz. The theory lines
(continuous purple and cyan lines) are given by r = Ω2tsqz. The grey continuous line
illustrates the squeezing parameter that would be achieved by driving the second-order
term in the Lamb-Dicke expansion with the same laser power. (b) Probe SDF strength
calibrated independently for each of the points shown in (a).

We first fit the ground-state data (Fig 6.7(b.ii)) by setting r = 0 in Eq. (6.24)

and having Ω and C as free parameters, which allows us to extract the strength

of the probe SDF. We use this value to fit the splitting about the squeezed axis

(Fig 6.7(b.i)) by setting ϕprobe − θ/2 = 0 and having r and C as free parameters.

The squeezed state considered in Fig 6.7 is created by using 0.5 mW for driving

each interaction SDF, setting ∆/2π = 50 kHz and applying the interaction for a

pulse duration of tsqz = 400 µs with a ramp duration of tramp = 40 µs 11. This yields

r = 1.09(4), equivalent to 9.5(3) dB of squeezing12.

We record dynamics for various tsqz values and extract the respective r values,

see Fig. 6.8. Moreover, we repeat the procedure for creating squeezed states

using ∆/2π = 100 kHz. The data agree well with the theory, calculated from

independently measured values of Ωα,Ωα′ , and we observe that the magnitude

is inversely proportional to ∆.

We compare the squeezing strength generated by our method to driving the interac-

tion directly, driving the second order in the Lamb-Dicke expansion (Eq. (6.1)) [57].

As shown in Eq. (6.1), this interaction strength scales with η2. To calculate the

values shown in Fig. 6.8(a), we assume the same total power is available for both
11All pulse durations quoted in this text are measured at full-width half-maximum of the pulse

shape. The ramp shape is a sin(πt/2tramp)2 with a total rise time given by the ramp duration
tramp.

12dBsqz = 20 log10(er) [67].
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methods, i.e., if the two non-commuting SDFs method uses 0.5 mW for each SDF,

then the higher motional sideband method, which only requires one bichromatic

field, uses 2 × 0.5 mW = 1 mW. This underscores that we can adjust the free

parameter ∆ in our method to achieve a higher coupling strength than driving

the second-order interaction directly.

Note on data fitting: addressing the motional decoherence governed
by the heating rate
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n̄osc = n̄gs + ˙̄nosctsqz

n̄osc = n̄gs and heating

Figure 6.9: Verification of incorporating heating in the fitting model for extracting
the squeezing parameter r. We compare the inferred r values for two cases: starting in
the ground state with n̄osc = n̄gs and applying the squeezing interaction together with
heating (black stars), and starting in a thermal state with n̄osc = n̄gs + ˙̄nosctsqz followed
by applying only the squeezing interaction (grey triangles). The second simulated case is
equivalent to assuming that the heating and the squeezing interaction are independent.
The splitting dynamics for the two cases are simulated, and r is determined using the
same fitting procedure as the experimental data. We overlay the simulated results to the
experimental data and theory lines in Fig. 6.8(a).

Fitting the splitting about the anti-squeezed axis (see Fig. 6.7(b.iii)) by setting

ϕprobe − θ/2 = π/2 in the analytic model underestimates the value of r due to

motional decoherence, whose effect is more apparent in this case as it takes longer

to reduce the overlap completely. Simulating the dynamics while factoring in the

heating rate (see Sec. 6.3) and the initial thermal state yields excellent agreement

with the experimental data. Notably, no parameters were optimized to achieve this

agreement; all parameters were set to independently measured values.

We have observed that heating during the squeezing interaction also affects the

splitting dynamics of splitting about the squeezed axis. Particularly, for prolonged
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squeezing durations (tsqz > 400 µs), we have noticed an overstimation of r. Con-

sequently, we attempted to incorporate the heating into our fitting analysis by

assuming that the heating and the squeezing interaction are independent processes.

Instead of using an initial n̄osc = n̄gs = 0.09(1), we consider that the state before

applying the probe was a squeezed thermal state with n̄osc = n̄gs + ˙̄nosc tsqz.

We verified the validity of this assumption in simulation. We simulated the squeezing

interaction followed by applying the probe SDF (Sec. 6.3). The resulting splitting

dynamics were fit in the same way as the experimental data. In Fig. 6.9, we compare

the results for three squeezing durations, tsqz, and two magnitudes parametrised

by ∆. In one case, we start with a thermal state with n̄osc = n̄gs + ˙̄nosctsqz and

add no heating during the squeezing interaction. In the other case, we start in

n̄osc = n̄gs and apply heating during the squeezing interaction. As the squeezing

interaction duration increases, a slight discrepancy between the two models becomes

apparent. However, this discrepancy is within the uncertainty of the experimental

measurements. We plot the simulation results onto the theory and experimental

data, which show good agreement, in Fig. 6.9.

The fitting analysis did not include heating throughout the duration of applying

the probe SDF. The splitting takes, on average, around 100 µs, and heating effects

are negligible over this duration, which was checked in the simulation as well.

6.5.3 Spin-dependence

We next investigate the spin dependence of the interaction as shown in Fig. 6.10.

The spin dependence of our interaction is in contrast to spin-independent squeezing

achieved by modulating the confinement of the trapped ions [36, 143, 155].

We create squeezed states using the same parameters as in Fig. 6.7 by once starting

in |↓⟩ and once in |↑⟩. We analyse the two resulting squeezed states by scanning

the phase of the probe SDF in the same way as we did in Fig. 6.7(a). The peaks

and the dips in the population correspond to splitting about the anti-squeezed

axis and have π periodicity. There is a π/2 shift between the two curves due
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Figure 6.10: Spin dependence of the squeezing interaction. We apply the probe SDF for
a fixed duration and vary its phase ϕprobe. The dashed lines are fits to the data. Peaks
and dips occur when the probe SDF is aligned with the anti-squeezed axis. Changing the
initial spin state from |↓⟩ to |↑⟩ shifts the pattern by π/2, confirming the spin dependence
of the interaction. The insets show the effect of the probe SDF on the Wigner functions
of the respective motional states in phase space. The dashed ellipses represent the state
before the probe SDF is applied.

to squeezing about orthogonal axes in phase space introduced by the different

spin state settings (see insets).

6.5.4 Non-commutativity
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Figure 6.11: Non-commutativity of the interaction SDFs. We apply the two interaction
SDFs with bases σ̂α = σ̂ϕ and σ̂α′ = σ̂ϕ+∆ϕ and measure the squeezing parameter r as a
function of ∆ϕ. When the forces commute (∆ϕ = 0, π, and 2π) the initial state is not
squeezed r = 0 and when the forces do not commute (∆ϕ = π/2 and 3π/2), the squeezing
is maximised. The data is fit using A| sin ∆ϕ|, where A is a constant (dashed lines). The
change in marker (full to empty circles) reflects the change in the phase of the probe SDF
(see text).

To generate this family of interactions, the spin components of the SDFs must be

non-commuting. We explore this non-commutativity by varying the phase between
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the spin components of the two SDFs, i.e., one of the forces is σ̂α = σ̂ϕ and the

other is σ̂α′ = σ̂ϕ+∆ϕ. We measure r as a function of ∆ϕ, keeping the phase of

the probe SDF constant. The squeezing parameter r varies as sin (∆ϕ) following

the commutator relationship [σ̂ϕ, σ̂ϕ+∆ϕ] ∝ sin (∆ϕ)σ̂z, as shown in Fig. 6.11. If

the spin components commute, i.e., ∆ϕ = 0, π, and 2π, there is no squeezing,

while for ∆ϕ = π/2 and 3π/2, the commutator of the spin components, and hence

the squeezing, is maximised. When sin (∆ϕ) becomes negative, i.e., ∆ϕ > π, the

axis of squeezing shifts by π/2; hence, we change the phase of the probe SDF to

ϕprobe + π/2 such that we always split about the squeezed axis.

6.5.5 Unitarity
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Figure 6.12: Verifying the unitarity of the squeezing interaction. To confirm its unitarity,
we use its spin-conditioning property and our control over the basis of the squeezing.
We apply a probe SDF for a variable duration and measure the probability of the |↓⟩
state p|↓⟩. We insert a π-pulse on the spin, R̂(θ′ = π, ϕ′ = 0), between two squeezing
interactions Ŝ − R̂(π, 0) − Ŝ (orange triangles) or add a π phase to the spin basis of
the second squeezing pulse Ŝ|σ̂z − Ŝ|−σ̂z (green squares) and confirm that the resulting
splitting dynamics match that of the initial thermal state (black crosses). We also plot
the data for two consecutive squeezing pulses (purple circles), resulting in a squeezed
state.

An important aspect of our method is its unitarity, which distinguishes it from

approaches that rely on dissipative processes to generate nonlinear interactions [79].

This unitary nature allows the interaction to be concatenated or arbitrarily placed

within a single circuit.

In this section, we experimentally investigate and verify the unitarity of our

interactions (Fig. 6.12). Specifically, we demonstrate that applying the spin-

dependent squeezing interaction described by the time evolution operator Ŝ followed
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by its adjoint Ŝ† to an initial state |↑⟩ |n̄osc⟩ leaves the state unchanged. The

sequence, implemented as two consecutive pulses, is compared across three settings

against the thermal state where no squeezing pulses are applied.

In the first sequence, we apply two identical squeezing pulses for 200 µs each, i.e.

Ŝ − Ŝ, resulting in a squeezed state. In the second sequence, a π-pulse on the spin,

R̂(θ′ = π, ϕ′ = 0), is introduced between the two squeezing pulses, Ŝ − R̂(π, 0) − Ŝ.

Due to the spin-conditioning of the interaction, the spin-flip induced by the π-pulse

transforms the second squeezing interaction into its adjoint. This effectively reverses

the effect of the first squeezing interaction and restores the state to the initial

thermal state. Note, we initialise the second sequence in |↓⟩ |n̄osc⟩ to keep the

readout consistent. In the third sequence, the spin basis of the second squeezing

pulse is changed by π by changing the phase of one of the SDFs by π such that

the sequence is Ŝ|σ̂z − Ŝ|−σ̂z . Once again, this transforms the second squeezing

interaction into its adjoint, resulting in the final state returning to the initial thermal

state. Each sequence is followed by the default analysis explained in Fig. 6.7(b).

6.5.6 Fock state analysis

An alternative approach to deduce the r value involves extracting Fock state

populations by analysing the dynamics of a sideband interaction as shown in

Fig. 6.13(a). Subsequently, a model (Eq. (2.2.5)) is used to fit the Fock state

populations from the resulting dynamics and thus infer r, again using a model for

the Fock state distribution for a given squeezed state. We did not use this method

in our study due to heating which occurs during squeezing and complicates the

resulting Fock state distribution. However, we do extract the Fock state populations

and compare them to the simulation; see Fig. 6.13(b.i). We also show the Fock

state population for the case in which the interaction is applied to Fock state

|0⟩, and there is no motional decoherence due to heating, see Fig. 6.13(b.ii). In

the latter, one can observe the squeezing signature where only Fock states that

are integer multiples of two get populated. There is also clear evidence of this

signature in the experimental data, Fig. 6.13(b.i).



6. Non-commuting interactions for nonlinear bosonic interactions 137

0 50 100 150 200

blue sideband pulse duration (µs)

0.2

0.4

0.6

0.8

p
|↓
〉

(b.ii)

0 2 4 6 8 10 12

Fock state

0.0

0.2

0.4

0.6

0.8

F
o
ck

st
at

e
p

op
u

la
ti

on

fitted values

simulation

0 2 4 6 8 10 12

Fock state

0.0

0.2

0.4

0.6

0.8

F
o
ck

st
at

e
p

op
u

la
ti

on

(a)

(b.i)

Figure 6.13: Fock state analysis of a squeezed state. (a), Blue sideband dynamics.
We apply a blue sideband interaction for a variable duration for a squeezed state with
r = 1.09(4). Fock state populations are inferred by fitting an unconstrained model
to dynamics. (b) Fock state population distribution. (i) We plot the histogram of
the determined Fock state populations (purple vertical bars) and compare them to
simulation (grey vertical bars). (ii) Using the same parameters, we simulate the Fock
state distribution for a state created by applying the interaction to Fock state |0⟩ without
considering heating.

6.6 Going beyond squeezing

After using the effective squeezing interaction to debug our family of nonlinear

interactions, we want to see if it is possible to create other interactions as well.

As the representation of the states in phase space gets more and more non-trivial

and beautiful, see Fig. 6.2, the 1D analysis used for squeezing, Fig. 6.7, does

not suffice anymore. We implement the technique introduced in Ref. [71] to

reconstruct the Wigner quasi-probability function of the resulting quantum states

to obtain their full description.
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6.6.1 Reconstructing the Wigner function for motional
states

In Sec. 2.1, we introduced how the Wigner quasiprobability can be defined as the

Fourier transform of the complex-valued characteristic function χ(β) = ⟨ψosc| D̂(β) |ψosc⟩

with the displacement operator D̂(β) = eβâ†−β∗â. Writing the complex argument of

the displacement operator as β = βr + iβi, we can rewrite Eq. (2.8)

W (x, p) = 1
2π2

∫ ∫
χ(βr, βi)e−2i

xβi−pβr√
2 dβrdβi, (6.25)

where x, p are the position and momentum variables associated with the dimen-

sionless position and momentum operators x̂, p̂.

As demonstrated in Ref. [71], the real and imaginary part of the characteristic

function of a harmonic oscillator in a trapped ion system can be measured directly by

applying a probe SDF, which creates the displacement D̂(β/2). This measurement

is an extension of the method discussed in Fig. 6.7, where we scan both tprobe

and ϕprobe to measure the characteristic function as a function of βr and βi with

β/2 = α = iΩprobee
iϕprobetprobe/2.
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Figure 6.14: Circuit diagram for bosonic state preparation and tomography. The
nonlinear interaction, conditioned on σ̂z (filled circle), is applied to the system initialised
in a thermal state and spin down |↓⟩ |ψth⟩. The characteristic function χ(β) of the resulting
oscillator state |ψosc⟩ is measured during the tomography step. The rotation R̂(θ′, ϕ′ = 0)
that is applied to |↓⟩ determines if the real or the imaginary part of χ(β) is measured.
The displacement is conditioned on σ̂x (diamond), which influences its orientation (±β/2).
Finally, the spin state is measured in the σ̂z basis.

The sequence for measuring the characteristic function is shown in Fig. 6.14. After

applying the spin-dependent nonlinear interaction, the system is left in the state
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|↓⟩ |ψosc⟩. Applying the tomography part of the circuits yields:

⟨σ̂z⟩ = 1 − 2p|↓⟩ = ⟨ψosc| eiθ′D̂(−β) + e−iθ′D̂(β) |ψosc⟩
2

= cos (θ′)Re[⟨ψosc| D̂(β) |ψosc⟩] + sin (θ′)Im[⟨ψosc| D̂(β) |ψosc⟩]

= cos (θ′)Re[χ(β)] + sin (θ′)Im[χ(β)].
(6.26)

The real part of the characteristic function Re[χ(β)] is inferred by omitting the

single-qubit rotation and directly applying the SDF conditioned on σ̂x, i.e. setting

θ′ = 0 for the single-qubit rotation R̂(θ′ = 0, ϕ′ = 0) and then, measuring in the σ̂z

basis. For the imaginary part Im[χ(β)], we rotate the spin state in an eigenstate

of σ̂y with the rotation R̂(θ′ = π/2, ϕ′ = 0) and then apply the SDF followed by a

measurement in σ̂z. We vary both tprobe and ϕprobe to sample β in the complex plane.

We measure a grid of 41×41 settings for Re[χ(β)] and Im[χ(β)], which are combined

to calculate χ(β). For each setting, we use 300 shots, meaning a 41×41 grid requires

approximately 45 minutes to record. To approximate the Fourier transform of χ(β),

we zero-pad the measured data by 200 points on every side resulting in a grid size

of 441 × 441 and perform a discrete Fourier transform. We do not account for the

bias parameter that corresponds to state preparation and measurement errors in

the spin state. We measure the entire extent of the characteristic function without

making assumptions about its hermiticity, as opposed to only measuring half of the

complex plane. Our reconstruction technique could also be improved by employing

maximum-likelihood estimation directly on χ(β) or the Wigner function [156].

6.6.2 Wigner function reconstruction of squeezed states

We next return to squeezed states to reconstruct their Wigner functions. As in

Sec. 6.5, we create the squeezing interaction conditioned on σ̂z by setting the

detunings of the interaction SDFs to be ∆ and −∆ and their spin components

to be σ̂α = σ̂ϕ and σ̂α′ = σ̂ϕ+π/2, respectively. We use 0.5 mW for driving each

interaction SDF, set ∆/2π = 50 kHz and apply the interaction for a pulse duration

of tsqz = 400 µs with a ramp duration of tramp = 40 µs. We measure the real

Re[χ(β)] and the imaginary part Im[χ(β)] of the characteristic function for a
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Figure 6.15: Measured characteristic functions for squeezed states. For each state, we
measure the real Re[χ(β)] and the imaginary part Im[χ(β)]. The observed imaginary part
vanishes, as expected for a squeezed state. The parameters for the squeezing interaction
are ∆/2π = 50 kHz, tsqz = 400 µs and 0.5 mW for each SDF for both (a) and (b). (a) The
spin state is initialised in |↓⟩. (b) The spin state is initialised in |↑⟩. Hence, the states are
squeezed about orthogonal axes. The max value of |Re[χ(β)]| is diminished for (b) as a
result of the error on the single-qubit rotation used to initialise the state in |↑⟩.

squeezed prepared by having the spin state initialised in |↓⟩ |n̄osc⟩ (Fig. 6.15(a))

and in |↑⟩ |n̄osc⟩ (Fig. 6.15(b)).

Using the characteristic function data, we reconstruct the Wigner functions shown

in Fig. 6.16, column ’experiment’. We compare this reconstruction to simulations;

see Sec. 6.3. In the ’simulation interaction + tomography’ column, we simulate both

the bosonic state preparation and the measurement of the characteristic function.

The Wigner function is then computed by applying the same analysis protocol as

in the case of the experimental data. When simulating the dynamics of the probe

SDF (for measuring the characteristic function), we include the motional dephasing

due to heating as well as the shot noise for each point. The shot noise is simulated

by sampling a binomial distribution P (n, q), with n the number of shots used in

the experiment and q the success probability of being in state |↓⟩ obtained from

performing the simulation of the bosonic state preparation and the probing SDF. We
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Figure 6.16: Wigner functions of squeezed states with r = 1.09(4). The spin state
is initialised in (a) |↓⟩ and (b)|↑⟩ before the squeezing interaction is applied. The
first column shows Wigner functions W (x, p) reconstructed from experimental data.
The Wigner functions are inferred from the measured characteristic functions shown
in Fig. 6.15. We compare these to Wigner functions of numerically simulated states
with independently measured experimental parameters. For the ’simulation interaction +
tomography simulation’ column, we simulate both the generation of the squeezed states
and the effect of the probing SDF. The rotation observed in comparison to the simulation
is due to a constant offset between the squeezing axis θ and the phase of the probing SDF
ϕprobe. This offset can be calibrated out if desired.

observe that both the ’experiment’ and the ’simulation interaction + tomography’

columns show fluctuations with W (x, p) < 0, which we do not expect for a squeezed

state. These are artifacts in our measurements that result from the reduced number

of shots and not measuring the characteristic function for a large enough (βr, βi)

range, which could have been avoided. This effectively sets an aperture on the

squeezed state and leads to a diffraction-like effect in the resulting Wigner function.
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1

formulae

December 9, 2023

p̂
ẑ
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Figure 6.17: Spin-dependent forces configuration for generating the trisqueezing
interaction. The two forces SDFα and SDFα′ are shown in blue and red, respectively.
(a) Detuning of the spin-dependent forces relative to the motional mode frequency ωz.
(b) Frequency configuration of the laser bichromatic field used to implement SDFα and
SDFα′ . Continuous lines represent the blue-detuned tones, while dashed lines represent
the red-detuned tones.

6.7 Trisqueezing

At last, going beyond conventional squeezing, to set up the trisqueezing inter-

action, we simply set its resonance condition by detuning one of the SDFs by

∆ and the other by −2∆. The spin-conditioning for the two SDFs was set

initially to σ̂α = σ̂ϕ and σ̂α′ = σ̂ϕ+π/2, respectively. As the basis of the effective

trisqueezing interaction is given by [σ̂α, [σ̂α, σ̂α′ ]], we expect it to be conditioned

on σ̂ϕ+π/2. As discussed in the case of the probe SDF in Sec. 6.5.1, if the spin

is initialised in |↓⟩, i.e., not an eigenstate of σ̂ϕ+π/2, applying the trisqueezing

interaction leads to an entangled state between the spin and the motion of the form

(|+ϕ+π/2⟩ |+T ⟩ + |−ϕ+π/2⟩ |−T ⟩)/
√

2, where |±ϕ+π/2⟩ the eigenstates of σ̂ϕ+π/2 and

|±T ⟩ the trisqueezed and anti-trisqueezed states respectively. This is interesting

from the point of view of creating superpositions of trisqueezed states, which

will be discussed in detail in Ref. [154]. However, here, we focus on generating

trisqueezed states.

A first attempt is to sandwich the trisqueezing interaction in between two Rϕ(π/2)

rotations on the spin that take us into an eigenstate of σ̂ϕ+π/2 and back to the σ̂z,

ready for reading out the motional state. However, given the magnetic sensitivity

of our qubit and the current magnetic field stability in our setup, maintaining a
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consistent superposition state (−i |↑⟩ e−iϕ + |↓⟩)/
√

2 throughout the experiment

has proven to be unfeasible.

The solution is to create the trisqueezing interaction conditioned on σ̂z. This is

achieved by setting the spin-conditioning of the two interaction SDFs to σ̂α = σ̂ϕ and

σ̂α′ = σ̂z. The σ̂z SDF is realised by setting the detuning of the bichromatic field to

δ ≈ ωz/2. The exact detunings of the bichromatic fields, from the qubit frequency,

in order to drive the trisqueezing interaction resonance are δ = (ωz − 2∆)/2 for

the SDFα′ and δ = ωz + ∆ for the SDFα, see Fig. 6.17.

With this setup of the bichromatic fields, we intialise the ion in |↓⟩ |n̄osc⟩ and apply

the two non-commuting interaction SDFs for variable durations tsqz to check if the

effective trisqueezing interaction is in the σ̂z basis, as we did for the squeezing

interaction in Fig. 6.6. We consider two sets of parameters ∆/2π = −25 kHz, 1 mW

for each SDF in Fig. 6.18(a) and ∆/2π = 25 kHz, 2 mW in Fig. 6.18(b). We compare

the experimental data to simulation. Any residual spin-motion entanglement

from incomplete loop closures is strongly suppressed as we use a ramp duration

tramp = 80 µs, which is longer than the timescale given by 2π/∆. We observe a

decay in p|↓⟩ with the increase in tsqz for both the experimental data and simulation.

We attribute this effect to the coherent error caused by the higher order terms in

the Magnus expansion (see Sec. 6.1.2), as well as heating.

We will analyse two trisqueezed states, one created using the parameters in

Fig. 6.18(a) and applying the interaction for tsqz = 600 µs and one using the

parameters in Fig. 6.18(b) and applying the interaction for tsqz = 400 µs. For the

first state, 1 − p|↓⟩ is 5 × 10−3 in the simulation and 2 × 10−2 in the experiment. For

the second state, 1−p|↓⟩ is 9×10−3 in the simulation and 4×10−2 in the experiment.

We believe that the discrepancy between the simulation and experiment comes from

errors not considered in the simulation, such as spin coherence time.

In Fig. 6.19, we measure the real Re[χ(β)] and the imaginary part Im[χ(β)] of the

characteristic functions for the two aforementioned trisqueezed states. Features

of the trisqueezed states are also discernible in 1D scans, shown in Fig. 6.19(b.i)
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Figure 6.18: Dynamics resulting from applying the effective trisqueezing interaction
conditioned on σ̂z. We compare experimental data to simulation (continuous lines).
We consider two sets of parameters (a) ∆/2π = −25 kHz, 1 mW for each SDF and (b)
∆/2π = 25 kHz, 2 mW. As in Fig. 6.6, the spin state is initialised in |↓⟩ before the
effective trisqueezing interaction is applied for variable durations tsqz and we measure the
probability of staying in the |↓⟩ state, p|↓⟩.

and (b.ii), which served as useful diagnostics prior to undertaking the 2D-dimensional

scans.

We use the characteristic functions to reconstruct the Wigner functions of the

respective states in Fig. 6.20, which we compare to the simulation. The simulations

in the columns ’simulation interaction’ and ’simulation interaction + tomography’

are conducted in the same way as described in Sec. 6.6.2, and they show good

agreement with the experiment. For trisqueezing, the artifacts in the reconstruction

for columns ’experiment’ and ’simulation interaction + tomography’ are mainly

due to the limited number of shots.

To assess the strength of the interaction, we estimate the trisqueezing parameter

for the trisqueezed states depicted in Fig. 6.20. From theory, the strength of

the trisqueezing interaction is given as Ω3 = Ωα′Ω2
α/(2∆2), where Ωα = ηΩ and

Ωα′ = ηΩ|J1(2Ω/δ)+J3(2Ω/δ)|, see Sec. 6.1.2. In the simulation, we compare an ideal

trisqueezed state with strength Ω3 to a trisqueezed state generated using the two non-

commuting SDFs, both simulated following Sec. 6.3. Assuming that the two states

are described by the density matrices ρ and σ, respectively, their overlap is given as

F (ρ, σ) =
(

tr
√√

ρσ
√
ρ
)2
. (6.27)

For a state created using the parameters in Fig. 6.20(a), we obtain 1 −F = 4 × 10−4.

The quoted value of 1 − F is obtained without any parameter optimisation. The
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1Figure 6.19: Measured characteristic functions for trisqueezed states. For each state,
we measure the real Re[χ(β)] and the imaginary part Im[χ(β)]. The real and imaginary
parts have a star-shaped pattern with six features. The imaginary part oscillates between
positive and negative values. The parameters used for implementing the trisqueezing
interaction are (a) ∆/2π = −25 kHz, tsqz = 600 µs and 1 mW for each SDF and (b)
∆/2π = 25 kHz, tsqz = 400 µs and 2 mW for each SDF. (b.i) 1D cross-section through
Re[χ(β)] and (b.ii) 1D cross-section through Re[χ(β)], measured by fixing tprobe and
varying ϕprobe. The dashed purple circles in (b) indicate how the 1D data was recorded.
The grey dashed circles in (b.i) indicate the six peaks observed for the real part.

high degree of overlap ensures that we can use the analytic formula for Ω3 to give

an estimate for the trisqueezing parameter r3s. Combining this with the good

agreement between simulation and experimental data, we conclude r3s ≈ 0.18(1) for

the state in Fig. 6.20(a), utilising independently measured values for Ω, η, and δ.
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Figure 6.20: Wigner functions of trisqueezed states with (a) r3s ≈ 0.18(1) and (b)r3s ≈
0.24. The first column shows Wigner functions W (x, p) reconstructed from experimental
data. The Wigner functions are inferred from the measured characteristic functions shown
in Fig. 6.19. We compare these to Wigner functions of numerically simulated states
with independently measured experimental parameters. For the ’simulation interaction +
tomography’ column, we simulate both the generation of the trisqueezed states and the
effect of the probing SDF. Compared to the simulation, the observed rotation is due to a
constant offset between the squeezing axis θ and the phase of the probing SDF ϕprobe.
This offset can be calibrated out if desired.

A failed attempt at Wigner negativity

What about the state in Fig. 6.20(b)? Trisqueezed states exhibit Wigner negativity,

which becomes more apparent with the increase in r3s, see Fig. 6.2. We attempted

to observe Wigner negativity by increasing the power in each SDF to 2 mW from

1 mW. However, we also changed the detuning ∆/2π from −25 kHz to 25 kHz,

which, unexpectedly, strongly reduced the trisqueezing magnitude of Ω3.

Changing the detuning ∆ is motivated by reducing off-resonantly driving an

interaction corresponding to another motional mode of the ion. When considering

the ωz/2 resonance, the nearby terms that we can off-resonantly drive are the

ωx,y/3 resonances, which are spin-motion couplings in the σ̂ϕ basis. More details
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on this aspect can be found in Sec. 4.2.6. The data for the trisqueezed states

shown in Fig. 6.20(a) and Fig. 6.20(b) were taken on different days. During this

time, fluctuations in the frequencies of the radial modes occurred, which prompted

the adjustment of the detuning ∆.

Investigating the unexpected reduction in Ω3 further in simulation, we find that the

strong change arises from the phase of the bichromatic fields being offset by π/2

with respect to each other. To clarify, considering Eq. (6.20), when the trisqueezed

state in Fig. 6.20(b) was implemented, the bases of the terms involved were set as

outlined in Table 6.2. However, one can use a different configuration where the

spin-motion carrier δ
coupling basis basis

SDFα σ̂ϕ σ̂ϕ−π/2 ≈ ωz

SDFα′ σ̂ϕ+π/2 σ̂ϕ ≈ ωz/2

Table 6.2: Configuration of SDFs for driving trisqueezing interaction; bichromatic fields
driving the SDFs are offset by π/2. This leads to the spin-motion and carrier terms being
non-commuting, respectively.

bichromatic fields are not offset by π/2, see Table. 6.3.

spin-motion carrier δ
coupling basis basis

SDFα σ̂ϕ σ̂ϕ−π/2 ≈ ωz

SDFα′ σ̂ϕ σ̂ϕ−π/2 ≈ ωz/2

Table 6.3: Configuration of SDFs for driving trisqueezing interaction; bichromatic fields
driving the SDFs are in phase. This leads to the spin-motion and carrier terms commuting,
respectively.

In Fig. 6.21, we show simulation results investigating the effect of the two configu-

rations for the bichromatic fields. We use the same parameters as in Fig. 6.20(b).

We observe that in the case in which the bichromatic fields are not offset by π/2,

Fig. 6.21(a), the strength of the trisqueezing interaction is almost invariant under

the sign change in ∆, which is predicted by our naive hypothesis of Ωα = ηΩ and

Ωα′ = ηΩ|J1(2Ω/δ) + J3(2Ω/δ)|. Intuitively, this aligns with the hypothesis as we

assume that the carrier terms of the two SDFs do not affect each other, which is the
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Figure 6.21: Generating trisqueezed states using different bichromatic field configurations
for the comprising interaction SDFs. (a) The bichromatic fields are offset by π/2 with
respect to each other. (b) The bichromatic fields are in phase. We consider two detuning
values from the motion ∆/2π = ±25 kHz The interaction is applied for tsqz = 400 µs and
we use 2 mW for each interaction SDF.

case when they commute. We do not observe this effect for the state in Fig. 6.20(a)

because the strength of the comprising interactions was lower.

As mentioned in the theory section, Sec. 6.1.2, understanding the effects of the

non-commuting carrier terms requires further exploration, particularly with the

increase in power of the driving fields. In this case, we believe that the effect was

mainly to reduce the strength of the interaction compared to what we expected,

as we were able, in simulation, to find a low overlap error of 1 − F = 4 × 10−3

to an ideal state with r3s ≈ 0.24 instead of the naive expectation of r3s ≈ 0.53(1)

resulting from the increase in power.

Fock state distribution

We do not extract the Fock state distribution from the blue sideband dynamics as

shown in the case of a squeezed state; however, in Fig. 6.22(a), we plot the simulated

Fock state distribution for the state in Fig. 6.20(b). We also show the Fock state
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Figure 6.22: Simulated Fock state distribution of a trisqueezed state. (a) We plot the
Fock state distribution of the state simulated in Fig. 6.20(b) with r3s = 0.24. (b) We plot
the simulated distribution using the same interaction parameters but by starting in Fock
state |0⟩ and considering no heating.

population for the case in which the interaction is applied to Fock state |0⟩, and there

is no motional decoherence due to heating. We can observe the trisqueezing signature

where the only Fock states that get populated are integer multiples of three.

6.8 Quadsqueezing
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ẑ
ϕm

∆α
σ̂α

σ̂α′

∆
n∆
ωosc
−ωosc
ω
ωqubit
ωdrive
ωdrive − ωqubit
σ̂ϕs cos (δtprobe + ϕm)(â+ â†)
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Ĥprobe SDF = ηΩσ̂ϕs
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ẑ
ϕm

∆α
σ̂α

σ̂α′

∆
n∆
ωosc
−ωosc
ω
ωqubit
ωdrive
ωdrive − ωqubit
σ̂ϕs cos (δtprobe + ϕm)(â+ â†)
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Figure 6.23: Spin-dependent forces configuration for generating the quadsqueezing
interaction. The two forces SDFα and SDFα′ are shown in blue and red, respectively.
(a) Detuning of the spin-dependent forces relative to the motional mode frequency ωz.
(b) Frequency configuration of the laser bichromatic field used to implement SDFα and
SDFα′ . Continuous lines represent the blue-detuned tones, while dashed lines represent
the red-detuned tones.

Lastly, we investigate the quadsqueezing interaction. The resonance condition for

this fourth-order interaction is achieved by setting the detunings of the interaction

SDFs to be ∆ and −3∆. The exact detunings of the bichromatic fields, from

the qubit frequency, are δ = ωz + ∆ for the SDFα and δ = ωz − 3∆ for the
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SDFα′ , as shown in Fig. 6.23. The spin basis of the quadsqueezing is given by

[σ̂α, [σ̂α, [σ̂α, σ̂α′ ]]]. Thus, choosing the basis of the comprising interaction SDFs

to be σ̂α = σ̂ϕ and σ̂α′ = σ̂ϕ+π/2, we achieve a σ̂z interaction, which is favorable

given our magnetically-field sensitive qubit.

For the data presented in this section, we use ∆/2π = 25 kHz and tramp = 80 µs.

Moreover, we consider two power settings, 1 mW or 2 mW per interaction SDF.

As previously mentioned, we anticipate that the effective quadsqueezing interaction

is conditioned on σ̂z, and we verify this using a similar approach as demonstrated for

squeezing and trisqueezing in Fig. 6.6 and 6.18. We initialise the system in |↓⟩ and

apply the two non-commuting SDFs for variable durations tsqz and considering both

power settings, as shown in Fig. 6.24. In Fig. 6.24(a), the discrepancy between the

simulation and experiment appears consistent with our observations for squeezing

and trisqueezing. For example, at tsqz = 600 µs, 1 − p|↓⟩ corresponds to 5 × 10−3 in

the simulation and 4(1) × 10−2 in the experiment. However, this is not the case for

Fig. 6.24(b), where 1−p|↓⟩ decreases significantly faster in the experiment compared

to the simulation. For example, at tsqz = 400 µs, 1 − p|↓⟩ corresponds to 1 × 10−2

in the simulation and 11(2) × 10−2 in the experiment. Further investigations are

required to determine the reason for this discrepancy.
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Figure 6.24: Dynamics resulting from applying the effective quadsqueezing interaction
conditioned on σ̂z. We compare experimental data to simulation (continuous lines).
We consider two sets of parameters (a) ∆/2π = 25 kHz, 1 mW for each SDF and (b)
∆/2π = 25 kHz, 2 mW. As in Fig. 6.6 and 6.18, the spin state is initialised in |↓⟩ before the
effective quadsqueezing interaction is applied for variable durations tsqz and we measure
the probability of staying in the |↓⟩ state, p|↓⟩. The loops are strongly suppressed as we
use a ramp duration tramp = 80 µs, which is longer than the timescale given by 2π/∆.
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In Fig. 6.25, we show the experimentally measured real Re[χ(β)] and imaginary part

Im[χ(β)] of the characteristic functions for two quadsqueezed states. These states

are generated by applying the interaction for 600 µs with 1 mW of power and for

400 µs with 2 mW of power. In Fig. 6.25(b.i), we show a 1D scan, which is equivalent

to scanning the circle indicated in the real part of the characteristic function in

(b). Similar to trisqueezing, we found such a scan to be a useful diagnostic tool

before committing to the time costly 2D scans.

Figure 6.25: Measured characteristic functions for quadsqueezed states. For each
state, we measure the real Re[χ(β)] and the imaginary part Im[χ(β)]. The imaginary
part vanishes. The parameters used for implementing the quadsqueezing interaction
are (a) ∆/2π = 25 kHz, tsqz = 600 µs and 1 mW for each SDF and (b) ∆/2π = 25 kHz,
tsqz = 400 µs and 2 mW for each SDF. Features of the quadsqueezed states can also be
observed in 1D scans, four peaks in (b.i), by fixing tprobe and varying ϕprobe. The dashed
purple circles in (b) indicate how the 1D data was recorded.
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We use the characteristic functions to reconstruct the Wigner functions of the

respective states in Fig. 6.26. The simulations in the columns ’simulation interaction’

and ’simulation interaction + tomography’ are conducted in the same way as

described in Sec. 6.6.2, and they show good agreement with the experiment. For

quadsqueezing, the artifacts in the reconstruction for columns ’experiment’ and

’simulation interaction + tomography’ are mainly due to the limited number of

shots. We observe negative values for the Wigner quasiprobability for the 2 mW

power setting in Fig. 6.26(b).

Figure 6.26: Wigner functions of quadsqueezed states with (a) r4s ≈ 0.054(5) and
(b) r4s ≈ 0.15(1), showing Wigner negativity. The first column shows Wigner functions
W (x, p) reconstructed from experimental data. The Wigner functions are inferred from
the measured characteristic functions shown in Fig. 6.25. We compare these to Wigner
functions of numerically simulated states with independently measured experimental
parameters. For the ’full tomography simulation’, we simulate both the generation of
the quadsqueezed states and the effect of the probing SDF. The rotation observed in
comparison to the simulation is due to a constant offset between the squeezing axis θ and
the phase of the probing SDF ϕprobe. This offset can be calibrated out if desired.

The quadsqueezing parameters r4s for the two states are inferred similarly as it

was for the trisqueezed states; we validate that the Ω4 magnitude formula holds by
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comparing simulated states created using the ideal interaction versus states created

by simulating the full Hamiltonian. For the state in Fig. 6.26(a), the inferred overlap

is 1 − F = 1 × 10−3 and the quadsqueezing parameter r4s ≈ 0.054(5). For the state

in Fig. 6.26(b), the inferred overlap is 1 − F = 8 × 10−2 and the quadsqueezing

parameter r4s ≈ 0.15(1). This error in the overlap does not originate from the

presence of the carrier terms, as removing them does not alter the error. Instead, it

arises from the contribution of higher-order resonant terms in the Magnus expansion,

which can be mitigated, as discussed in the next section.

Fock state distribution

As for trisqueezing, we show the simulated Fock state distribution of a quadsqueezed
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Figure 6.27: Simulated Fock state distribution of a quadsqueezed state. (a) We plot
the Fock state distribution of the state simulated in Fig. 6.20(b) with r4s = 0.15. (b) We
plot the simulated distribution using the same interaction parameters by starting in Fock
state |0⟩ and considering no heating.

state. In Fig. 6.27(a), we plot the simulated Fock state distribution for the state

in Fig. 6.26(b). We also show the Fock state population for the case in which the

quadsqueezing interaction is applied to Fock state |0⟩, and there is no motional

decoherence due to heating. We can observe the quadsqueezing signature where

the only Fock states that get populated are integer multiples of four.

6.9 Scaling of the nonlinear interaction strength

In Fig. 6.28, we compare the magnitude of our interactions Ωn, Eq. (6.19) to

that of the method of directly driving higher orders in the Lamb-Dicke expansion
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Ωηn , Eq. (6.5). For our method, we consider the parameters used for creating the

squeezed state in Fig. 6.16(a) (1 −F = 1.6 × 10−3), trisqueezed state in Fig. 6.20(a),

and quadsqueezed state in Fig. 6.26(a), because they give rise to states with a high

degree of overlap when compared to ideal states. Moreover, we assume the same

power is available for both methods, i.e., if the two non-commuting SDFs method

uses 0.5 mW for each SDF, then the higher motional sideband method, which only

requires one bichromatic field, uses 2 × 0.5 mW = 1 mW.
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Figure 6.28: Comparison of the strength of generalised squeezing interactions. We
compare the method demonstrated in this work, with magnitude Ωn, to the method of
driving higher-order terms in the Lamb-Dicke expansion, magnitude Ωηn . We assume the
same total amount of laser power is used in both cases.

We observe that our trisqueezing and quadsqueezing interactions are more than 10

and a 100 times stronger, respectively, than interactions using the higher-order terms

in the Lamb-Dicke expansion. Without this increase in strength, these interactions

would have been unfeasible13 in our system due to the decoherence effects.

6.10 Some experimental considerations

In this section, we present a few notes on some experimental considerations

and limitations we observed while working on the presented results; it is not
13This work focuses on synthesising specific interactions, which are essential for applications

such as simulating nonlinear bosonic interactions in analog quantum simulations, for example, in
molecular dynamics [14]. Alternatively, to create specific states like a trisqueezed state, linear
bosonic interactions (e.g., blue and red sidebands) and numerically optimised pulses, as shown
in Ref. [156], can be employed. Although such methods are effective for achieving target states
from a given initial state, they are not well-suited for studying the evolution of a system under a
specific Hamiltonian.
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an exhaustive list.

6.10.1 Higher order terms

In Fig. 6.8(a), we observe that for ∆/2π = 50 kHz, tsqz = 1000 µs, the inferred r

of above 2 has an error bar larger than the other experimental points. Here, the

fitting model does not properly describe the splitting dynamics. In Fig. 6.29, we

show the recorded experimental data for tsqz = 1000 µs including the fitting and

simulation. The oscillations are predicted by the simulation, and they are due to the

higher-order resonant terms in the Magnus expansion becoming significant. Their

effect can be mitigated by increasing ∆, which would reduce the overall strength

of the squeezing interaction if Ωα,Ωα′ are not adjusted accordingly.

5 10 15 20

tprobe (µs)

0.3

0.4

0.5

0.6

0.7

p
|↓
〉

Figure 6.29: Splitting dynamics for applying the squeezing Hamiltonian for tsqz = 1000 µs
with ∆/2π = 50 kHz and 0.5 mW for each SDF. We show the fit to the data using the
model described above (dashed black line) and the free parameter simulation (continuous
purple line), where all parameters are fixed by independent experimental measurements.

We evaluate, in simulation, how the effects of the higher-order resonant terms in

the Magnus expansion can be mitigated by adjusting the interaction parameters.

We choose to create a squeezed state with r = 1.56 and maintain the ramp duration

constant tramp = 80 µs. By varying ∆, tsqz and the power of the interaction SDFs,

we can maintain the squeezing parameter constant for different error values 1 − F .

As before, F is the overlap between a state created using the ideal interaction with

Ω2 = ΩαΩα′/∆ and a state created by integrating the full Hamiltonian of the two

non-commuting SDFs. For these simulations, we don’t introduce any decoherence

effects. The results are shown in In Table 6.4.
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∆/2π(kHz) tsqz(µs) SDFα,α′ power (mW) 1 − F
50 600 0.5 9 × 10−3

12.5 150 0.5 0.24
12.5 600 0.125 0.05
25 300 0.5 0.06
25 600 0.25 0.02
100 300 2 0.02
100 600 1 6 × 10−3

100 1200 0.5 1 × 10−3

Table 6.4: Assessing errors arising from other terms in the Magnus expansion for
a squeezed state with r = 1.56 for different interaction parameters. We compute, in
simulation, the overlap (F ) between a squeezed state created using the ideal interaction
and one using the full simulation.

The key insight here is that unquestioningly enhancing the interaction strength by

reducing ∆ and increasing the power in the interaction SDFs rapidly leads to an

interaction that differs from the ideal one, with effects going beyond changes in

interaction magnitude. While very low errors can be achieved, this often comes at

the expense of slower interactions. It becomes a balancing act between tolerable

error levels due to terms in the Magnus expansion and the duration of the interaction,

particularly considering other sources of error such as spin and motional decoherence.

6.10.2 Ramp

We nonchalantly amplitude-shaped our pulses over durations of tramp = 80 µs without

acknowledging that this significant duration could lead to certain inconveniences,

such as difficulties in trotterising the synthesised interactions for quantum simulation

applications or generating others that are not readily available through the Magnus

expansion. In this section, we briefly investigate some consequences of using a

shorter ramp than 2π/∆. We apply the squeezing interaction, with ∆/2π = 50 kHz

and 0.5 mW in each interaction SDF for a range of durations, corresponding to

different time steps in the evolution around one loop in phase space. Fig. 6.30

shows the outcome for two choices of tramp, 10 µs and 40 µs.

We infer r for each of the interaction durations tsqz by splitting the oscillator

wavefunction about the squeezed axis as described in Sec. 6.5.2, see Fig. 6.30(a).
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Figure 6.30: Investigating the effects of a shorter ramp than 2π/∆. We create a squeezed
state using ∆/2π = 50 kHz and 0.5 mW in each interaction SDF. In the inset, we show
a diagram of dynamics occurring for tramp = 10 µs (purple) and tramp = 40 µs (blue) as
well, as the squeezing durations tsqz (crosses) for which the resulting state was analysed.
(a) The inferred squeezing parameter values r for the durations indicated in the inset.
(b) The offset between the squeezing axis and the phase of the probe SDF, which was
calibrated before recording the data used to infer r.

Before each measurement, we calibrate the offset between the probing SDF and the

squeezing axis. In the case of tramp = 10 µs, we observe that both the offset and the

r values change significantly as we sample around the loop. This is because, due to

the residual displacement, we split a squeezed cat state instead of a squeezed state

when applying the probe SDF. As the interaction SDFs are detuned, the oscillator

wavepacket is displaced in circles in phase space, which causes the change in the

offset between the probing SDF and the axis of the probed state. Moreover, even

though we can find a point where the residual displacement effect is suppressed,

this occurs at a maximum slope point, making us very sensitive to experimental

changes, such as miscalibrations in the motional mode frequency, which would

alter the loop closure periodicity.
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Thinking further about this aspect, one of the beautiful things about this method

is that it relies on spin-dependent forces to generate the nonlinear interaction.

This means that methods used to make two-qubit gates more robust to specific

errors could, in principle, be employed here. For example, we could use Walsh

modulation, which involves changing the motional phase of the SDF throughout

the interaction to end up closer to the origin in phase space. This has been shown

to improve robustness to loop closure timing errors and resilience to errors due

to heating in two-qubit gates [128].

6.10.3 Carrier terms

We have seen that keeping track of the carrier terms is cumbersome. For generating

interactions in the σ̂ϕ basis, given the same Ω range, their effect is significantly

reduced when using motional modes with higher frequencies, such as the radial

modes ωx,y in our system. This is because the argument of the Bessel functions

(J0, J2) is inversely proportional to δ ≈ ωx,y, the detuning from the qubit frequency.

The strength of the σ̂z-conditioned SDF generated using the method described in

this work would also be significantly reduced for such a mode.

6.11 Summary

This work introduces a novel method for generating nonlinear bosonic interactions

by utilising the ion’s additional degree of freedom, the spin, to mediate effective

interactions instead of creating them directly. We employ two non-commuting spin-

dependent forces; these are linear interactions in the bosonic mode. Spin-dependent

forces have been extensively used to develop boson-mediated spin-spin entanglement

that overcomes weak direct spin-spin interactions. In contrast, this work reverses

the typical roles, employing the spin as a tool to mediate boson-boson (self-boson)

interactions. This shift in approach enabled us to demonstrate up to fourth-order

generalised squeezing, which would otherwise be unattainable in our system with

conventional techniques due to their limited strength.
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Our method has no fundamental limit on the interaction order n and is applicable to

platforms that support spin-dependent linear interactions. Notably, we use the same

two linear interactions to achieve squeezing, trisqueezing, and quadsqueezing by

simply adjusting the interaction frequency. Furthermore, our method is not limited

to generalised squeezing interactions; it can also be used to create any nonlinear

bosonic interaction involving various combinations of creation and annihilation

operators, as detailed in [140].
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7
Outlook

We explored how the presence of non-commuting terms in the interactions we

studied can lead to both detrimental and advantageous outcomes. In the case of

spin-dependent forces created using a bichromatic travelling field (Mølmer-Sørensen

scheme), the presence of the off-resonant non-commuting carrier term sets a global

maximum on the achievable interaction strength. Using a bichromatic phase-

stabilised standing-wave field, instead, allowed us to circumvent the non-commuting

term and use the spin-dependent force to demonstrate two-qubit entangling gates

which are not limited by this effect.

Conversely, the presence of the non-commuting carrier term also enables us to

generate spin-dependent forces conditioned on the σ̂z, emerging from the commutator

of the spin conditioning of the carrier and spin-motional coupling term, i.e. [σ̂x, σ̂y].

Being able to generate SDFs conditioned on σ̂x, σ̂y, and σ̂z, we demonstrated a new

technique for generating nonlinear interactions in the motion of the ion with more

favourable scaling than conventional techniques. We focused on generalised squeezing

and experimentally implemented squeezing, trisqueezing, and quadsqueezing. To

our knowledge, this is the first implementation of trisqueezing in an atomic system

and the first demonstration of quadsqueezing in any platform.

How do we proceed from here?

161
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7.1 Towards fast geometric phase gates with op-
tical phase control

The proof of principle demonstrated in Chapter 5 shows that using standing waves

allows for shorter gate durations without compromising the fidelity when compared

to the traditional Mølmer-Sørensen (MS) scheme that employs travelling waves.

However, there is potential for further speed improvements. The fastest gate1

demonstration that employs the geometric phase gate mechanism and achieves

fidelities comparable to state-of-the-art values was realised by Schaefer et al.,

achieving a 1.6 µs gate with 99.8% fidelity [157]. This implementation relied on

spin-dependent forces generated by beams far-detuned from the qubit transition—a

light-shift gate σ̂zσ̂z [81, 133]—in combination with amplitude-shaped pulses [159].

As we push towards shorter gate durations, effectively increasing ∆, we encounter

errors due to coherent couplings, such as the participation of additional motional

modes. The complex amplitude-shaped pulses described in Ref. [159] and imple-

mented by Schaefer et al. [157] introduce additional degrees of freedom that can

be leveraged to mitigate the unwanted contributions of multiple motional modes

to the interaction, thereby enhancing gate fidelity and robustness.

The application of amplitude-shaped pulses, as introduced in Ref. [159], is possible

only when the terms in the Hamiltonian commute. Since the standing-wave MS

implementation results in an interaction where all terms commute (see Eq. (2.64)),

we can integrate this gate method with amplitude-shaped pulse techniques, enabling

fast, non-adiabatic σ̂ϕσ̂ϕ gates. Notably, this provides a unified approach to

implementing fast gates for both σ̂zσ̂z and σ̂ϕσ̂ϕ interactions in trapped ions.

Furthermore, employing a standing wave (SW) helps suppress undesired squeezing

terms of order O(η2), which constituted a significant source of error in previous

implementations-referred to as out-of-Lamb-Dicke effects [157].
1Excluding Ref. [157], our gate durations compare favourably with other implementations

based on the MS scheme [30], though interpreting reported gate durations can be challenging, as
definitions vary. We specify the gate duration at full width at half maximum as 15 µs, equivalent
to a pulse with a full width of 25 µs. Ref. [27] reports a gate duration of 30 µs for a Raman-based
MS scheme on beryllium ions, which yields a Lamb-Dicke parameter of η ≈ 0.25. For setups with
η values closer to ours, gate durations of ≈ 100 µs are reported [158].
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Conversely, the phase control techniques developed in this thesis could be applied

to enhance the previous Raman-based scheme [157]. This approach would stabilise

the optical phase between the two Raman beams used to implement the gate

interaction [97], facilitating the discovery of pulse shape solutions that could

counteract the effects of the squeezing term, thus enabling faster operations and

improved gate fidelities [160].

However, before introducing such a shaped-pulse technique [159], we need to

increase the laser intensity at the ions’ positions to access these fast gate regimes.

This adjustment can be achieved by singly addressing the ions with SWs, which

introduces its own set of stability challenges.

Implementing these fast MS scheme gates also creates opportunities for using laser

wavelengths that are better suited for large-scale chip integration and standard

integrated optics, such as 674 nm and 729 nm laser light. These wavelengths

experience lower losses in photonic waveguides compared to blue light, making

them more compatible with integrated photonic platforms [161–163]. Furthermore,

integrated optics offer inherent passive stability, reducing the need for active phase

stabilisation [118]. Moreover, being able to access longer wavelengths provides a

pathway for implementing fast entangling gates while circumventing the technical

challenges associated with high-power blue Raman beams [157], pulsed lasers [164,

165], and Rydberg schemes [166].

7.2 Exploring the nonlinear interactions further

We focused on demonstrating generalised squeezing interactions in this work.

However, the technique introduced can be employed to generate any nonlinear

bosonic interaction comprising other combinations of the creation and annihilation

operators and even extending to using multiple motional modes as described in

Ref. [91]. Some examples of these interactions are shown in Table 7.1, adapted

from Ref. [91]. Multi-mode interactions (e.g., beam splitters), together with single-

mode Gaussian (e.g., squeezing) and non-Gaussian (e.g., trisqueezing) operations
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demonstrated in this work, provide a universal gate set for scalable continuous-

variable quantum computing [45, 46].

effective Hamiltonian interaction name m same mode

σ̂β(â†â− ââ† + 1) parity, phase space rotation 1 yes

σ̂β(â†b̂† − âb̂) two-mode squeezing [144] -1 no

σ̂β(âb̂† − â†b̂) beamsplitter [59–61] 1 no

σ̂β(â2b̂† − â†2b̂) cross-Kerr nonlinearity [142] 2 no

Table 7.1: Some examples of other nonlinear interactions that can be created by
combining two non-commuting SDFs. For simplicity, we omitted the interaction strength
and other constant factors and set θ = 0 (see Sec. 6.1.2). For the interactions that
require two motional modes with ωa and ωb, respectively, we simply set one SDF with
δ = ωa + ∆ and the other with δ = ωb +m∆. We also added references for experimental
implementations of these interactions in trapped ions.

Furthermore, the spin dependence of these bosonic interactions can be further

explored. This dependence enables mid-circuit measurements on the spin, allowing

the creation of resourceful superposition quantum states for metrology or error

correction [44, 79, 154, 167].

Finally, our technique extends to hybrid spin-boson encodings [40], which enable

more efficient simulation of various physical models, including quantum field

theories [10, 11] and chemical dynamics [12, 14], compared to using spin-only

systems. For simulating quantum field theories, specifically lattice gauge theories,

we developed a proposal [10] with collaborators, where the internal states of the ion

serve as the gauge field and its motional modes host the charged matter. Using a spin-

dependent beamsplitter operation created via the two noncommuting SDFs method,

we can engineer real-time dynamics between the gauge field and the charged matter.

Moreover, these hybrid encodings enable computational protocols that are inherently

more robust to errors [17] while also reducing the computational requirements for

representing a boson in a collection of qubits. This reduction is particularly beneficial

for practical applications involving near-term devices with limited circuit depths.
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