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A B S T R A C T 

Close encounters between two bodies in a disc often result in a single orbital deflection. Ho we ver, within their Jacobi volumes, 
where the gravitational forces between the two bodies and the central body become competitive, temporary captures with multiple 
close encounters become possible outcomes: a Jacobi capture. We perform three-body simulations in order to characterize the 
dynamics of Jacobi captures in the plane. We find that the phase space structure resembles a Cantor-like set with a fractal 
dimension of about 0.4. The lifetime distribution decreases exponentially, while the distribution of the closest separation follows 
a power law with index 0.5. In our first application, we consider the Jacobi capture of the Moon. We demonstrate that both tidal 
captures and giant impacts are possible outcomes. The impact speed is well approximated by a parabolic encounter, while the 
impact angles follow that of a uniform beam on a circular target. Jacobi captures at larger heliocentric distances are more likely to 

result in tidal captures. In our second application, we find that Jacobi captures with gravitational wave dissipation can result in the 
formation of binary black holes in galactic nuclei. The eccentricity distribution is approximately superthermal and includes both 

prograde and retrograde orientations. We conclude that dissipative Jacobi captures form an efficient channel for binary formation, 
which moti v ates further research into establishing the uni versality of Jacobi captures across multiple astrophysical scales. 

Key w ords: gravitational w aves – methods: numerical – planets and satellites: dynamical evolution and stability – binaries: 
general – stars: black holes. 

1

1

T  

T  

m
&  

B  

C  

s
c
L  

N  

i  

1  

(  

t  

1  

2  

o
t
2
a  

2  

�

2  

(  

s  

w  

T
(

 

t
p
t  

V  

s
o  

t  

a  

F  

&  

g  

(  

G  

s  

p  

e
f
(  

©
P

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/518/4/5653/6865375 by Bodleian Libraries of the U
niversity of O

xford user on 25 M
ay 2023
 I N T RO D U C T I O N  

.1 Binary formation channels 

here is a rich variety of formation channels for binary systems.
he Earth-Moon binary is hypothesized to have formed after one or
ore major impacts (e.g. Hartmann & Davis 1975 ; Benz, Slattery 
 Cameron 1986 ; Canup 2008 ; Ćuk & Stewart 2012 ; Mastrobuono-
attisti, Perets & Raymond 2015 ; Rufu, Aharonson & Perets 2017 ;
ano, Sharp & Shearer 2020 ). Some of the moons in the Solar

ystem with eccentric and inclined orbits are likely to have been 
aptured dynamically, such as Saturn’s moon Phoebe (Johnson & 

unine 2005 ) and Neptune’s moon Triton (Agnor & Hamilton 2006 ;
esvorn ́y, Vokrouhlick ́y & Morbidelli 2007 ). Binary stars can form

n situ in a fragmenting natal gas cloud (e.g. Bate, Bonnell & Price
995 ; Riaz et al. 2018 ), or from the fission of optically thick protostars
Lucy 1977 ). Unstable triple systems reduce to a binary when one of
he objects is dynamically ejected (e.g. Heggie 1975 ; Hut & Bahcall
983 ; Toonen, Boekholt & Portegies Zwart 2021 ; Hamers et al.
022 ). A pathway for forming exotic binaries is through the effects
f stellar evolution in hierarchical triples, leading up to mergers 
hrough mass transfer or dynamical instability (Perets & Kratter 
012 ), finally leaving a binary consisting of one original component 
nd a rejuvenated one, e.g. a blue straggler (e.g. Perets & F abryck y
009 ; Naoz & F abryck y 2014 ; Porte gies Zwart & van den Heuvel
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016 ). New binaries can also form from old ones through an exchange
Hills 1976 ). This occurs when a stellar binary is tidally disrupted by a
upermassive black hole, where one star is ejected at runaway speeds,
hile the remaining star is now bound to the black hole (Hills 1988 ).
his scenario also applies to binary asteroids encountering planets 

e.g. Philpott, Hamilton & Agnor 2010 ). 
Forming a binary system out of two single bodies on a hyperbolic

rajectory requires some form of dissipation of orbital energy during 
ericentre passage. For example, interstellar comets are captured by 
he Sun if sufficient orbital energy can be extracted by Jupiter (e.g.
altonen & Innanen 1982 ; Napier, Adams & Batygin 2021 ). For other
ystems where there are no mediating bodies present, dissipation can 
ccur by other means, such as tidal deformation. For this mechanism
o be efficient however, the two interacting bodies would need to
pproach each other up to a few times their own physical radii (e.g.
abian, Pringle & Rees 1975 ; Press & Teukolsky 1977 ; Mardling
 Aarseth 2001 ). Close approaches are also required for successful

ra vitational wa ve captures of black holes and other stellar remnants
e.g. Hansen 1972 ; Boekholt, Moerman & Portegies Zwart 2021 ;
amba et al. 2021 ). Alternatively, if the bodies are embedded in

ome g aseous medium, g as drag or friction (e.g. Ostriker 1999 ) can
otentially dissipate the orbital energy (e.g. Escala et al. 2005 ). For
xample, gas dynamical friction in protoplanetary discs can drive the 
ormation of binary planetesimals, and even their subsequent merger 
Grishin & Perets 2016 ). On top of that, gas mass accretion onto
he bodies also aids in increasing their binding energy. Irrespective 
f the dissipation mechanism, binary formation out of two single 
odies would potentially become much more efficient if they had the
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pportunity of experiencing multiple close encounters, increasing
he probability of eventually dissipating sufficient orbital energy.
o we ver, this is only possible if the two bodies are able to exchange

nergy with a background potential, such as a Keplerian disc. 

.2 The Jacobi capture channel 

ncounters in Keplerian discs have been extensively studied within
he context of (temporary) satellite capture (e.g. Heppenheimer &
orco 1977 ; Nishida 1983 ; Petit & Henon 1986 ; Murison 1989 ;
stakho v & F arrelly 2004 ; Suetsugu, Ohtsuki & Taniga wa 2011 ;
iguchi & Ida 2016 , 2017 ; Qi & de Ruiter 2018 ). If the satellite is

reated as a mass-less body, the dynamics can be studied with the
estricted three-body problem (e.g. Colombo, Lautman & Shapiro
966 ; Araujo et al. 2008 ; de Assis & Terra 2014 ). The conserved
uantity in this case is the Jacobi integral and zero-velocity contours
n the co-rotating frame distinguish a region around the planet in
hich the satellite is more strongly bound to the planet than to the

tar (e.g. Binney & Tremaine 1987 , figs 7–8). The radius of this
acobi ellipsoid, also known as the Jacobi radius or Hill radius, is
pproximately given by 

 H = r 
( m 

3 M 

) 1 
3 
, (1) 

ith r the orbital radius, M the mass of the central body, and m
he mass of the secondary. A Jacobi capture (Singer 1968 ) occurs
hen the third object is captured within the Jacobi volume of the

econdary for a prolonged duration. As discussed by Singer ( 1968 ,
986 ), a variety of trajectories exist with a distribution of Jacobi
apture lifetimes, potentially up to infinite time. 

Hill’s problem for circular and planar orbits is the simplest case,
here typically the offset in semimajor axis of the two interacting
odies, i.e. the impact parameter (Petit & Henon 1986 ), is varied
ystematically. Galleries of orbits with varying impact parameters are
resented by e.g. Nishida ( 1983 ), Petit & Henon ( 1986 ), and Iwasaki
 Ohtsuki ( 2007 ). Rather than plotting the capture orbits, one can

lso plot statistical properties, such as capture lifetime and closest
ncounter, as a function of impact parameter. These curves exhibit an
nteresting structure consisting of various baselines, islands, and su-
erposed peaks and dips, somewhat resembling emission/absorption
ine spectra. Examples of such ‘dynamical spectra’ can be found in
etit & Henon ( 1986 , fig. 4), Ida & Nakazawa ( 1989 , fig. 16), and
wasaki & Ohtsuki ( 2007 , fig. 8). High resolution sampling of the
mpact parameter space reveals the presence of ‘transitional islands’
Petit & Henon 1986 ; Iwasaki & Ohtsuki 2007 ). The origin of these
ransitional regions is thought to be the crossing of asymptotically
eriodic orbits (Petit & Henon 1986 ), i.e. infinitely long captures.
uch a crossing causes the system to enter a new orbit family,
esulting in a discontinuous change in the spectra (e.g. Petit &
enon 1986 , fig. 8). Outgoing orbits might cross multiple unstable
eriodic orbits, resulting in a hierarchical structure of transitions of
igher and higher order (Petit & Henon 1986 ). This suggests that the
rue transitions have a self-similar and Cantor-like structure (Petit
 Henon 1986 ). The chaotic nature of Jacobi captures was also

evealed by Murison ( 1989 ), who performed numerical simulations
f the phenomenon, and produced Poincar ́e surfaces of section.
hese showed both periodic orbit families, i.e. ‘islands’ in phase
pace, and chaotic regions. Self-similarity was demonstrated as
ell, indicating the fractal structure of the phase space associated
ith capture. The presence of chaotic layers which delineate single
yby orbits from periodic ones, is thought to be at the heart of the

rapping process of satellites within the Hill sphere (Astakhov &
NRAS 518, 5653–5669 (2023) 
arrelly 2004 ). Furthermore, the chaotic layer also facilitates the
eorientation of orbits between prograde and retrograde, as well as
roducing relatively high inclinations (Astakhov & Farrelly 2004 ).
eppenheimer & Porco ( 1977 ) studied another aspect of the chaotic
rbital evolution during capture, in the context of libration capture
f Jupiter’s satellites. They reveal two different orbital modes, where
n the first one, the orbit keeps approaching the zero-velocity orbit
losely, thereby maintaining a probability to escape. In the second
ode, the orbit has changed such that it remains at a distance

rom the zero-velocity orbit. The presence of the second mode can
rastically increase the capture lifetime by an order of magnitude or
ore. The chaotic nature and extended duration of Jacobi captures,

n combination with some form of orbital dissipation, forms a
otentially efficient channel for binary formation with applications
o various astrophysical systems. 

Jacobi captures with non-zero eccentricities and inclinations have
een investigated amongst others by Suetsugu et al. ( 2011 ). They
efine four different types of capture orbits depending on the pre-
apture heliocentric orbital eccentricity and energy integral. In the
egime of small eccentricities (which we will focus on in this paper),
hey find that the capture orbit is typically retrograde in the vicinity
f the planet’s Hill sphere. These retrograde bodies mostly originate
rom orbits near the planetary orbit, while prograde bodies are
aptured from further out (Higuchi & Ida 2016 ). The latter study
lso detects an asymmetry in the sense that bodies which are initially
loser to the central star are more easily captured than bodies at
arger orbital radii (Higuchi & Ida 2016 ). Also in the regime of
ear-zero relative velocities, it has been shown that mass ratio (in
he restricted problem) has no strong effect on the Jacobi capture
rajectories (Heppenheimer & Porco 1977 ). 

Another application of Jacobi captures in the Solar system is
ide binaries in the Kuiper belt (Goldreich, Lithwick & Sari 2002 ;
stakhov, Lee & Farrelly 2005 ; Lee, Astakhov & Farrelly 2007 ;
chlichting & Sari 2008a , b ). Two scenarios are provided for making

he temporary capture a permanent one. In the L3 scenario, a third
ody enters the interaction, taking away the excess orbital energy.
lternatively, in the L2s scenario, the two bodies are embedded in a

ea of planetesimals, so that dynamical friction becomes the ef fecti ve
issipation mechanism. Another example is the famous impact of the
bject Shoemaker-Levy 9 (SL-9) onto Jupiter (Benner & McKinnon
995 ). Due to its short Lyapunov time scale of about 10 yr, its past
rbit can only be determined statistically. This revealed that SL-9
pent several decades, or even longer, within Jupiter’s Jacobi volume,
efore a close encounter resulted in the tidal disruption. 
Planets embedded in protoplanetary discs might also be sus-

eptible to Jacobi captures. Depending on the specific interaction
etween the gas and the planets, various migration types can be
efined (e.g. Lin & Papaloizou 1986 ; Lubow & Ida 2010 ). As a
esult, planets can mo v e inw ards or outw ards (e.g. Papaloizou &
arwood 2000 ; T anaka, T akeuchi & Ward 2002 ), rendering close
lanetary encounters inevitable. Contrary to the restricted case,
he two encountering bodies are of similar mass, and it is often
ssumed that the outcome of the interaction is an ejection of one
f the bodies (becoming unbound and free-floating, or bound and
ery eccentric), while the other body potentially becomes a short-
eriod planet (e.g. Chatterjee et al. 2008 ). Encounters of this type are
ypothesized to have occurred between Mercury and Venus (Fang
 Deng 2020 ). Alternatively, Jacobi captures can lead to temporary

inary configurations. When tidal and/or gas dissipation is taken into
ccount during the interaction, this potentially leads to the formation
f binary planets, the capture of (large) moons, or an enhanced rate
f (giant) impacts (e.g. Nakazawa, Komuro & Hayashi 1983 ). Apart
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Figure 1. Schematic illustration of the experimental set-up. The frame is 
centralized on the central body ( M ), and corotating with the target body ( m t ). 
The target’s Hill radius ( R H ) is shaded in gre y. F or the projectile body (with 
mass m p ), we show two orbits with positive (red star) and negative (orange 
star) impact parameters, which both cross the target’s Hill radius. 
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rom orbital dissipation mechanisms, permanent capture can also 
esult from mass-change effects (Heppenheimer & Porco 1977 ). For 
xample, mass-loss from the Sun and/or mass accretion by Jupiter 
ncreases the stability of a captured satellite. 

Keplerian encounters as described abo v e are also thought to occur
n galactic nuclei. Stars and compact remnants orbit the central 
upermassive black hole and are prone to close encounters. Binary- 
ingle interactions in a Keplerian potential provide a plausible 
 xplanation for sev eral S-stars (Trani, Fujii & Spera 2019a ), but
lso play an important role in triggering the coalescence of compact 
inaries around supermassive black holes (Trani et al. 2019b ). The 
ource of dissipation in these cases comes from three-body dynamical 
nteractions and/or gra vitational wa ve emission. A potentially very 
ruitful Jacobi capture environment is provided by accretion discs in 
ctive galactic nuclei (AGN). Interactions between black holes with 
dded gas effects is thought to catalyse the formation of gravitational 
ave sources (McKernan et al. 2012 ). In this case, the two encoun-

ering bodies are stellar mass black holes or other stellar remnants, 
hich orbit the supermassive black hole. The stellar mass objects 

re thought to form in situ within the accretion disc from evolved
assive stars, or to have been captured after repeated disc crossings

Bartos et al. 2017 ; Stone, Metzger & Haiman 2017 ). The latter
ccurs naturally due to gas dynamical friction and vector resonant 
elaxation, which tends to flatten the black hole distribution within the 
uclear star cluster (e.g. Panamarev et al. 2018 ; Sz ̈olgy ́en & Kocsis
018 ; Sz ̈olgy ́en, M ́ath ́e & Kocsis 2021 ; Magnan et al. 2021 ). The
opulation of single black holes within the AGN disc is also prone
o migration (e.g. Kocsis, Yunes & Loeb 2011 ; McKernan et al.
011 ), thus naturally leading to Keplerian encounters, similar to the 
lanetary case described abo v e. Numerous single–single encounters 
ith the added ingredients of energy dissipation due to the gas or
ra vitational wa ves (e.g. Quinlan & Shapiro 1987 ; O’Leary, Kocsis &
oeb 2009 ; Tagawa, Haiman & Kocsis 2020 ; Gond ́an & Kocsis 2021 ;
i, Lai & Rodet 2022 ), are thought to naturally lead to a significant
opulation of embedded binary black holes. Subsequent evolution 
hrough binary-single encounters and gas dynamical friction further 
ardens the binary (e.g. Stone et al. 2017 ; Samsing et al. 2022 ), until
he eventual gravitational wave in-spiral and merger event detectable 
y LIGO, Virgo, and KAGRA (Abbott et al. 2016 , 2018 ), as well as
he upcoming LISA (Amaro-Seoane et al. 2017 ). The AGN channel 
aturally produces black hole mergers with a non-zero eccentricity 
 > 0.1 for the most massive black holes; Gond ́an et al. 2018 ; Samsing
t al. 2022 ; Tagawa et al. 2021a ). Furthermore, multiple generation
ergers lead to the formation of black holes in the upper mass gap,
hich cannot be explained by single stellar evolution (Secunda et al. 
020 ; Tagawa et al. 2021b ). 
The treatment of the capture process of two single black holes into

 binary is often (too) simplified. It is commonly assumed that if the
bjects approach each other within a distance of order the Hill radius,
hey will dissipate a sufficient amount of energy to become bound. On 
op of that, a single flyby should already provide sufficient opportu- 
ity for binaries to form. As described previously in this section, the
apture process in Keplerian discs is highly chaotic with an underly- 
ng fractal structure of the phase space. The orbital motions are thus
xpected to be complex and a capture is not guaranteed to be the final
utcome. This moti v ates a detailed numerical study on the contribu-
ion of Jacobi captures to the formation of binary black holes in AGN.

.3 Outline and no v elty 

his paper is the first in a series whose aim is to determine the
ni versality of dissipati ve Jacobi captures and its manifestations in a
ide variety of astrophysical systems. Here, we provide a benchmark 
tudy where we exclude dissipation in the simulations, and where we
onstrain the system to consist of point particles confined to the plane
n initially circular orbits. In later papers, we will gradually build up
he complexity of the model by adding a three-dimensional velocity 
ispersion, dissipative terms in the numerical integration, and other 
hysical ingredients in order to address specific systems. 
The experimental set-up in this work resembles that of e.g. Iwasaki
 Ohtsuki ( 2007 ), where statistical properties of Jacobi captures,

uch as closest approach and lifetime, are measured as a function
f impact parameter. Our aim is to build upon these results and
o impro v e them by using arbitrary-precision N -body calculations
Boekholt & Portegies Zwart 2015 ; Boekholt et al. 2021 ). By
educing the numerical noise in the dynamical spectra, we will 
eveal a clear self-similar structure, which provides further empirical 
vidence for the underlying Cantor set structure mentioned by Petit 
 Henon ( 1986 ). We also provide a no v el intuitiv e picture for the

ransitional islands in the Jacobi capture phase space, by correlating 
hem with three orbit families (see Figs 4 , 5 and 6 , and Section 3.4 ).
sing our new high-resolution spectra, we measure one-dimensional 

ross sections, i.e. line sections, for various statistical quantities of 
nterest, such as number of close approaches, closest separation, and 
rientation (prograde versus retrograde). We apply these results not 
nly to a planetary system with tides (Sun-Earth-Moon), but also to
lack holes in galactic nuclei in the presence of gravitational wave
mission. The latter experiment demonstrates that Jacobi captures 
an act as a formation channel for gravitational wave sources (see
lso Li et al. 2022 ). 

We describe the experimental set-up and numerical tools in Sec- 
ion 2 . We present our results on the conserv ati ve dynamics of Jacobi
aptures in Section 3 . The effects of dissipation are post-processed
n Section 4 , with applications to the Sun-Earth-Moon system and
ra vitational wa ve captures of black holes in AGN. We finish by
iscussing the caveats of the model and our conclusions in Section 5 .

 M E T H O D S  

 schematic illustration of our experimental set-up is presented in 
ig. 1 . The configuration consists of a central body with mass M ,
MNRAS 518, 5653–5669 (2023) 
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M

Figure 2. Illustrations of Jacobi captures for the Sun-Earth-Moon system. The frame is at rest with respect to the target body (Earth) located at the origin, while 
the central body (Sun) is located towards the −x direction. The projectile body (Moon) traces the orbit, which is colour coded according to time. The binary 
Hill radius is marked by the dotted circle. The number of close encounters, N e , is given in the box. 
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hich is orbited by two smaller bodies. We distinguish between the
arget body with mass m t � M , and the projectile body with mass
 p ≤ m t . Note that in a corotating frame centred on the target, the

arget is at rest, and the projectile is seen to scatter off the target
see Fig. 2 ). The target’s orbit around the central body is initially
ircular with semimajor axis a t . The projectile body is also put on
n initially circular orbit around the central body, in the same plane,
ut with semimajor axis a p = a t + p . Here, we define p to be the
mpact parameter of our scattering experiment (following Petit &
enon 1986 ), which can take on positive and ne gativ e values. A
on-zero impact parameter causes the target and projectile bodies
o have slightly different orbital periods. As a consequence, their
eparation gradually decreases in time, until it reaches a minimum.
f this minimum is much larger than the Hill radius, then the result
ill be a single flyby. If the minimum is of order the Hill radius, then

acobi captures start to manifest themselves. Since in the general
ase, the target and projectile bodies can have arbitrary mass ratios,
e define the ‘binary Hill radius’ as 

 H ≡ r 

(
m t + m p 

3 M 

) 1 
3 

, (2) 

ith r the orbital radius in the disc, and m t and m p the mass of
he target and projectile body , respectively . In the limit of m p →
, we retrieve equation ( 1 ), which we will refer to as the target’s
ill radius, or R H,t for short. To maximally resolve the gravitational

ocusing between the target and projectile, we separate them initially
y 180 deg in mean anomaly. In Fig. 1 , we show two examples of
rojectile orbits, which cross the target’s Hill radius; one for a positive
mpact parameter (in red), and one for a ne gativ e value (in orange).

e distinguish between positive and negative impact parameters
NRAS 518, 5653–5669 (2023) 
n order to determine potential asymmetries between approaching
rom the inside or outside, and consequences for prograde versus
etrograde capture. 

We choose two sets of masses based on two systems where
acobi captures are thought to be ef fecti ve: planetary discs and
ctive galactic nuclei (AGN) discs. For the planetary case, we will
dopt masses based on the Sun, Earth, and Moon. The origin of
he Moon has been under debate for decades (see re vie ws by e.g.
tevenson 1987 ; Barr 2016 ) and has been explained by models

ncluding (i) fission from a fast spinning proto-Earth (e.g. Wise
963 ), (ii) coaccretion (e.g. Morishima & Watanabe 2001 ), (iii)
idal capture (e.g. Gerstenkorn 1955 ; Opik 1955 ; Lyttleton 1967 ),
nd (iv) a Moon forming giant impact (e.g. Hartmann & Davis
975 ). The Moon’s low density and lack of Fe with respect to the
olar/chondritic composition, opposes models describing the Moon’s
o-formation near the proto-Earth, or any models assuming an intact
apture of the Moon. Similarly to terrestrial rocks, lunar minerals
ave higher oxygen content than meteorites of the asteroid belt (or
ars), indicating that their silicate shells likely interacted in the past.

hese observations fa v our the giant impact theory, where a Moon-
orming impactor called Theia followed a trajectory ending up in a
ollision with the proto-Earth, after which the Moon formed from the
rbiting debris (e.g. Canup & Asphaug 2001 ; Canup 2008 , 2012 ; Ćuk
 Stewart 2012 ). Moreo v er, a number of elements (e.g. Cr, Ti, Si, W;
ugmair & Shuk olyuk ov 1998 ; Georg et al. 2007 ; Zhang et al. 2012 ),
how identical or close to identical (e.g. O; Cano et al. 2020 ) stable
sotopic composition to the values of the terrestrial mantle, indicating
hat the mantle of the Earth must have been largely, but not completely
quilibrated with Theia (Touboul et al. 2007 ; Touboul, Puchtel &
alker 2015 ; Pahle v an 2014 ) and Theia formed at perhaps similar,

ut not completely identical heliocentric distance (Cano et al. 2020 ).

art/stac3495_f2.eps
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e will demonstrate that Jacobi captures can provide the dynamical 
ackground for both giant impacts and tidal captures. The latter is of
nterest as a proof of concept for other irregular moons in the Solar
ystem. 

For the AGN case, we adopt masses based on Sagittarius A ∗
Gillessen et al. 2009 ; Ghez et al. 2008 ) and GW190521 (Abbott
t al. 2020 ). This gra vitational wa ve source was produced by rather
assive black hole progenitors. Furthermore, the high eccentricity 

nd spin parameters estimated for GW190521 are consistent with 
ergers in AGN discs (Graham et al. 2020 ; Tagawa et al. 2021a , b ).
e define the mass ratio between the target and central body, Q =
 t / M , which takes on values of 3.0 × 10 −6 and 2.0 × 10 −5 for the
lanetary and AGN system, respectively. We also define the mass 
atio between the projectile and target bodies, q = m p / m t ≤ 1, which
akes on values of 1.2 × 10 −2 and 7.8 × 10 −1 for the planetary and
GN system, respectively. 
We adopt units in which the gravitational constant G = 1, M =

, and a t = 1. The initial orbital period of the target body is thus P t 

2 π . The impact parameter is what we will vary systematically in
nits of the Hill radius. We first vary p from 1.0 to 5 . 0 R H , t and from
5.0 to −1 . 0 R H , t with a resolution of 1000 evenly spaced sub-steps

i.e. �p = 0 . 004 R H , t , including the last value of p resulting in 1001
imulations). This coarse sampling allows us to detect the interesting 
nterval within which encounters closer than a Hill radius occur. We 
ubsequently sample this smaller window again with 1000 evenly 
paced steps. This reveals multiple sub-windows within which more 
han 1 encounter occurs. In an iterative manner, we continue to detect
he intervals of interesting sub-windows, which we then resolve with 
nother 100 or 1000 sub-steps. We halted the iteration at the fourth
evel, at which point, we performed a total of 187 460 simulations. 

We integrate the three-body systems using the brute force N -
ody code BRUTUS (Portegies Zwart & Boekholt 2014 ; Boekholt & 

ortegies Zwart 2015 ; Boekholt et al. 2021 ). This code implements
ulirsch–Stoer iteration and arbitrary-precision arithmetic. We fix 

he Bulirsch–Stoer tolerance to ε = 10 −6 and the word-length to 
 w = 128 bits. These v alues are suf ficient to smoothly integrate

hrough all close encounters, even the near-collisional trajectories. 
n in-depth analysis of the Lyapunov time-scale (e.g. Portegies 
wart et al. 2021 ) of Jacobi captures and the effect of numerical
ivergence (e.g. Miller 1964 ; Portegies Zwart & Boekholt 2014 , 
018 ; Boekholt, Portegies Zwart & Valtonen 2020 ) is left for a
uture study. Relativistic corrections and tidal effects are neglected 
n the simulations, but they are accounted for in the post-processing
nalysis in Section 4 . 

For each individual scattering experiment, we record the following 
uantities: (1) the duration, which we define as the total time that the
rojectile spends within a Hill radius from the target, (2) the number
f close encounters between the projectile and target bodies, and (3)
he separation and relative speed between the projectile and target 
odies during each close encounter. We identify close encounters 
y locating the minima in the separation versus time curve, but 
nly including those that fall within a Hill radius. The snapshot
utput interval occurs in tandem with the adaptive time steps of the
ntegration, so that close encounters are sufficiently resolved. The 
topping conditions are: (1) the true anomalies of the two bodies in
heir orbit around the central body, differ by more than 90 deg and
s increasing (e.g. large azimuthal angle in the orbital plane), or (2)
 maximum of 100 close encounters is reached. In the first case, the
wo bodies have passed each other and are now far beyond the Hill
adius. In the second case, the maximum of 100 encounters is chosen
rbitrarily in order to limit computation time. This condition does 
ot affect the main results of this paper. 
 JAC O BI  CAPTURES  IN  T H E  CONSERVATIVE  

E G I M E  

n this section, we present our results for Jacobi captures without
nergy dissipation. In Section 3.1 , we present some illustrations 
f Jacobi captures with a varying number of close encounters. In
ection 3.2 , we present the ‘Jacobi spectra’, i.e. the number of
ncounters and closest separation as a function of impact parameter. 
n Section 3.3 , we provide new empirical evidence suggesting that the 
hase space structure is self-similar, and we also present statistical 
esults related to Jacobi captures. 

.1 Illustrations of Jacobi captures 

e consider the Sun-Earth-Moon initial condition described in 
ection 2 . We first consider an impact parameter of p / R H,t = 1.92.
n the top left-hand panel of Fig. 2 , we visualize the orbit of the
rojectile body. The frame is centred on the target body, and rotated
uch that the central body (Sun) is on the x -axis in the ne gativ e
irection. We observe the projectile body entering the Hill radius, 
fter which a single close encounter occurs. In the corresponding 
op left-hand panel of Fig. 3 , we plot the separation between the
rojectile and target bodies for the same simulation. We confirm one
inimum below the Hill radius threshold. 
Next, we slightly perturb the impact parameter to p / R H,t = 1.91.
e find that this value results in a Jacobi capture with two close

ncounters (top, middle panels of Figs 2 and 3 ). Repeating the
imulations for slightly different initial conditions, we find that for 
 / R H,t = 1.8988, we obtain a solution with 4 close encounters. For
 / R H,t = 1.89799, we get 8 close encounters, for p / R H,t = 1.8979621,
e get 16, while for p / R H,t = 1.8979619, we obtain a relatively long

ived Jacobi capture with 75 close encounters. It is such prolonged
acobi captures which provide the dynamical background for close 
ncounters, which may lead to binary formation if a source of
nergy dissipation is taken into account. Furthermore, this empirical 
equence demonstrates that there is a sensitive dependence on initial 
onditions, which we characterize further in the next two sections. 
or our second system based on black holes in AGN discs, we also
btain Jacobi captures of various duration, which we will show in
he next section. 

.2 Jacobi capture spectra 

ere, we consider two statistical properties of a Jacobi capture: the
otal number of close encounters, N e , and the closest separation
etween the target and projectile bodies during the entire interaction, 
 r . We plot these quantities as a function of impact parameter in
igs 4 and 5 . 
In Fig. 4 , we observe the broad base line for which only a single

lose encounter occurs within the Hill radius, ‘a flyby’. As expected, 
he largest portion of this impact parameter space results in a flyby.
o we ver, superposed are three distinct ‘islands’ (marked by the

olour bars) in which the number of encounters is higher. Sharp
pikes are observed reaching up to 100 encounters, which is the
llowed maximum in our experiment. Without such a constraint 
nd with a sufficient resolution, these spikes are expected to grow
o infinity, representing increasingly long lived Jacobi captures. It 
s clear from these ‘Jacobi spectra’ that there is an underlying
tructure in the parameter space of initial conditions which leads 
o multiple encounters. We will discuss this further in the next
ection. 
MNRAS 518, 5653–5669 (2023) 
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Figure 3. Complementary to Fig. 2 , we plot the time evolution of the separation between the projectile and target bodies. 

Figure 4. Number of close encounters, N e , as a function of impact parameter, p , which is in units of the binary Hill radius, R H . The top row panels give the 
‘spectra’ for the black hole (BH) system, and the lower row for the Sun-Earth-Moon (SEM) system. We also differentiate between positive (right column) and 
ne gativ e (left column) impact parameters. We rescaled the horizontal axis of each panel in order to align the spectra. The colour bars mark three characteristic 
regions in which Jacobi captures occur. 
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In Fig. 5 , we plot the closest separation, which is a continuous
ariable. The baseline is therefore not as straight as in Fig. 4 , but
he o v erall structure is the same, i.e. the dips belonging to close
ncounter trajectories are confined to the same three characteristic
slands. There is one exception, which is the deep dip outside any
olour bar (towards the middle of each spectrum), which corresponds
o a single close flyby. Most close encounter trajectories ho we ver,
NRAS 518, 5653–5669 (2023) 
re found within the three islands which are associated with Jacobi
aptures, i.e. interactions with more than one encounter. 

In order to gain an intuitive understanding on the origin of
hese three islands, we take the impact parameters at the edges of
ach island (for the Sun-Earth-Moon system with positive impact
arameters), as well as for the single dip feature in the spectrum. We
lot their associated orbital evolution in Fig. 6 . The coordinate frame

art/stac3495_f3.eps
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Figure 5. Similar to Fig. 4 , but for the closest approach between the target and projectile bodies, � r , in units of the binary Hill radius, R H . The colour bars are 
the same as in Fig. 4 . 

Figure 6. Illustration of the orbits belonging to the edges of the three sub- 
regions as well as the single dip feature in the spectra of Figs 4 –5 . The same 
colour code is adopted here. The data is for the Sun-Earth-Moon system with 
positive impact parameters. The projectile body enters the plot from the upper 
right and mo v es downwards initially. 
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s the same as in Fig. 2 . We observe that projectile bodies belonging
o re gion A e xperience strong gravitational focusing prior to the
lose passage with the target. As a consequence, they are deflected 
nw ards tow ards the central body, and encounter the target from the
nside. This results in prograde encounters, i.e. same direction as 
heir orbits around the central body (counter-clockwise in this plot). 
rojectile bodies in region C are initially further away . Consequently ,
ravitational focusing is delayed until the projectile body is trailing 
he target body. Due to the gravitational pull of the target body
o we ver, the projectile body accelerates to overtake the target again
rom the outside. These encounters are also prograde. Projectile 
odies in region B approach the target more closely. The orbit at
he inner edge encounters the target in a retrograde manner, while 
he orbit at the outer edge has a prograde encounter. Region B thus
xhibits a transition between prograde and retrograde encounters. We 
eturn to this observation in our discussion of Fig. 9 . Hence, the three
rbit families are differentiated in their type of encounter with the
arget, i.e. from the inside (prograde), from the outside (prograde), 
r approximately head-on (prograde and retrograde). Trajectories 
orresponding to the single dip feature in the spectrum also lead to
ery close encounters. The centre of the dip corresponds to an exact
ead-on collision, while slightly offset trajectories result in either 
rograde or retrograde encounters. 
For bodies with large sizes in units of their Hill radius, all four

rbit families can result in giant impacts. Ho we ver, if the sizes of the
odies are reduced, there will come a point where close approaches in
egions A and C are too wide for impacts. In that case, giant impacts
re most likely to originate from trajectories in region B or the range
f impact parameters within the single dip feature. 

.3 Self-similarity, fractal dimension, and statistical properties 
f Jacobi captures 

s described in Section 2 , we iteratively sample the phase space of
mpact parameters in order to resolve the substructures in the Jacobi
pectra. This allows us to zoom in onto the three islands and study
heir local spectral properties. In Fig. 7 , we replot the spectrum for the
umber of close encounters for the black hole system with ne gativ e
mpact parameters (top panel). The three panels below are a zoom-in
f regions A , B , and C in the panel abo v e (represented by the first
etter in the legend). We observe that the spectra are all self-similar,
ach reproducing their own three islands (see second letter in the
egend). The baseline ho we ver is raised from a single encounter to
wo encounters. In the bottom row, we present the spectra for yet
nother zoom-in of an island in the panel abo v e (again labelled by
he letters in the legend). Although small differences start to appear
ue to numerical artefacts, we can still distinguish the three islands
nd the raised baseline to three encounters. This sequence of zoom-
ns demonstrates that the Jacobi spectrum for the number of close
ncounters is expected to be self-similar. 
MNRAS 518, 5653–5669 (2023) 
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Figure 7. Number of close encounters, N e , as a function of impact parameter, p , which is in units of the binary Hill radius, R H . The data is for the black hole 
(BH) system. In the top row, we show the complete spectrum, with the three different islands marked by the shaded regions. In the subsequent rows, we zoom 

in on a shaded region in the panel abo v e it. The first letters denote the zoomed-in regions of the spectra abo v e, while the last letter denotes the islands in the 
current zoom-in. Note that in some panels, the x -axis is reversed in order to align the spectra. 
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We perform a similar e x ercise for the closest encounter spectrum
elonging to the black hole system with positive impact parameters.
n Fig. 8 , we replot the closest encounter spectrum from Fig. 5 , but
his time, we colour code the data by the index of the encounter that
as the closest one. For example, in the top panel, we confirm that

he single dip feature outside of region A , B , and C , corresponds to
he first (and only) close encounter (marked by the colour blue). In
ach panel below, we zoom in on region A of the panel above it.
e observe that each zoom-in reproduces the spectrum above it to a

arge degree. Not only the three separate islands are reproduced, but
lso the single dip feature, which is delayed to one later encounter in
ach zoom-in. Hence, the self-similarity is also evident in the Jacobi
pectra for the closest encounters. 

In Fig. 9 , we further decompose the Jacobi spectrum of the closest
ncounters. Rather than focusing on the closest encounter of the
ntire Jacobi capture, we start by considering the pericentre distance
f the first encounter (top panel of Fig. 9 ). We observe two dips
orresponding to two head-on collisional trajectories (marked by the
rrows). The existence of these two orbits was already touched upon
n the discussion of Fig. 6 . In particular, the collisional trajectory with
he smaller impact parameter corresponds to the single dip feature
f the Jacobi spectrum in Fig. 5 , while the other one falls within
egion B . We colour code the data according to whether the first
ncounter is prograde or retrograde. We confirm that both head-on
ollisional trajectories serve as transition points between prograde
nd retrograde encounters. Next, we focus on the pericentre distance
NRAS 518, 5653–5669 (2023) 
f the second encounter (middle panel of Fig. 9 ). We only observe
ata points inside the three sub-regions defined previously in Figs 4
nd 5 . Each of them exhibits their own set of two head-on collisional
rajectories (we verified this for region C after zooming in). The
mpact parameters in between these two transition points correspond
o retrograde encounters, while the outer parts are prograde. This
tructure appears to be self-similar among the three sub-regions, as
ell as among the different orders of the encounter. Furthermore,

ocusing on the impact parameter near p = 2 . 25 R H , we observe
hat the first encounter is retrograde, while the second encounter is
rograde. Hence, this demonstrates that during a Jacobi capture, a
rojectile body can change its orbital orientation from one encounter
o the next. The full spectrum for the closest encounter during the
ntire Jacobi capture (bottom panel of Fig 9 ) can be thought of as
eing constructed by stacking up the head-on collisional trajectories
f increasingly higher-order encounters. 
The self-similarity of the Jacobi spectra hints towards a fractal

hase space structure. This was suggested before by e.g. Petit &
enon ( 1986 ), who explain its origin by a hierarchical build up
f higher-order transitions during which a system crosses multiple
nstable periodic orbits. Our detailed numerical results of the first
e w zoom-in le v els pro vide ne w empirical e vidence for such a fractal
tructure. By assuming that these results can be extrapolated to
ven higher levels, we are able to estimate the associated fractal
imension from the constant zoom-in factor derived from our spectra.
e start by considering the discrete spectra related to the number

art/stac3495_f7.eps
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Figure 8. Self-similarity in the spectrum of closest encounters for the BH system with positive impact parameters. The top panel is the same as the top right-hand 
panel of Fig. 5 . Here, we colour code the data by the index, N c , of the closest encounter. Note that we only consider close encounters within the Hill radius, e.g. 
N c = 0 corresponds to no encounters within the Hill radius. The panels below are a zoom in of region A in the panel above it. 

Figure 9. For the same data set as the top panel of Fig. 8 , we plot the pericentre distance between the target and projectile body during their first encounter 
(top panel). We colour code the data by the orientation of the encounter: prograde versus retrograde with respect to their orbits around the central body. The 
two arrows mark the head-on collisional trajectories of the first encounter, which correspond to transitions between prograde and retrograde encounters. The 
middle panel shows the impact parameters on the same scale leading to a second close encounter. We observe three distinct regions in impact parameter space, 
where a second close encounter occurs. Each of them exhibits a self-similar structure, including two head-on collisional trajectories. The bottom panel shows 
the spectrum for the closest encounter (regardless of which close encounter, it is in succession) during the entire Jacobi capture (same as top panel of Fig. 8 ). 
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Figure 10. Line section (i.e. 1D cross section) profile for the number of close 
encounters, N e . Up until the average resolution of the spectrum (dotted line), 
we fit an exponential decay. 
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f encounters (Figs 4 and 7 ). The base level, i.e. the flat plateau
elonging to a single encounter, has three superposed islands. These
slands are directly related to the three orbit families in Fig. 6 . Each
ndividual island in the spectrum is elevated to the next level with a
aseline of two encounters. Next, each of the three sub-islands has
heir own set of three ‘subsub-islands’, which are ele v ated to the
e xt lev el with a baseline of three encounters. The observation that
ach zoom-in level reveals three smaller islands, is a demonstration
f the fact that a system can switch between the three different
rbital families. F or e xample, in Fig. 6 , the first close encounter
ight be within region A. If the outgoing orbit manages to turn

round for the next close encounter, it might do that within each
f the three regions A, B, or C. Hence, prolonged Jacobi captures
an be viewed as random permutations between regions A, B, and C
see Section 3.4 ). We also observed in Fig. 9 , that subsequent close
ncounters can switch between prograde and retrograde. These are
oth manifestations of the transitions discussed by Petit & Henon
 1986 ). If we were to extrapolate to even higher zoom-in levels, then
he number of islands would increase exponentially, i.e. 

 islands = 3 n , (3) 

ith n , the zoom-in level and the base number 3 represent the number
f islands per level, i.e. the three orbit families visualized in Fig. 6 .
urthermore, the baseline spans a certain range in impact parameters,
hich we define as the 1D cross section or ‘line section’, λ. The

hree superposed islands together span a fraction of the baseline,
.e. λislands / λbase = 3 s , with s the average scaling factor of a single
sland. Since the three islands form the baseline for the next level, we
onclude that the line section decreases exponentially with increasing
evel: 

n = λ0 ( 3 s ) 
n . (4) 

ince the zoom-in level correlates with the number of encounters
each time, we zoom in, the baseline is increased by unity), we
xpect that the line section as a function of number of encounters
ecreases exponentially. We test this hypothesis by measuring the
ine section from the data as follows. We sort the simulations by
ncreasing impact parameter. Each data point with index i is assigned
ts own differential line section defined by �λi = 

1 
2 ( p i + 1 − p i −1 ) .

hen, the cumulative line section for having N e = n close encounters
s given by 

( N e = n ) = 

∑ 

i 

�λi δn,N e ,i , (5) 

ith δi , j , the Kronecker delta function, and N e, i the number of
ncounters for the data point with index i . The resultant profiles are
iven in Fig. 10 . We confirm that up to N e = 7 the data is consistent
ith an exponential decrease. For higher N e , the fractal regions of the

acobi spectra are unresolved, causing potential edge-effects, which
esult in the differential line section being o v erestimated. F or the
esolved part of the data ho we ver, both the black hole system and
un-Earth-Moon system, as well as both positive and negative impact
arameters, produce statistically consistent profiles: 

log 10 λ ( N e ) = αN e + β, (6) 

ith averaged values of α = −0.69 ± 0.04 and β = 0.47 ± 0.17.
e calculate the scaling factor by solving 10 αN e = ( 3 s ) N e , resulting

n s = 0.068 ± 0.006. In other words, about 80 per cent of the
aseline is cut out, while the remaining 20 per cent is ele v ated to the
e xt lev el. Furthermore, this 20 per cent is divided asymmetrically
 v er the three islands, but on average, each individual island scales
own by a factor s . A mathematically rigorous derivation of the
NRAS 518, 5653–5669 (2023) 
ractal dimension, which takes into account the asymmetric islands,
s beyond the scope of this paper. A rough estimate is obtained by
onsidering that each ne w le vel has a factor N = 3 more islands, and
here each individual island is scaled down by a factor s . This gives
 fractal dimension of about 

 = 

log N 

log 1 
s 

= 

log 3 

log 1 
0 . 068 

≈ 0 . 4 . (7) 

The line section profile for having a closest encounter of a certain
eparation, � r , is also of interest. We measure this profile directly
rom the data in a similar way as we did for the number of encounters: 
(
r p = �r 

) = 

∑ 

i 

�λi δ
(
r p ,i = �r 

)
, (8) 

here r p is the pericentre distance, � r the distance that is being
 v aluated, and in this case δ is a boolean function which is 1 if the
tatement between brackets is true or 0, if false. In practice, we define
ins in log 10 � r of size d log 10 � r = 0.25 and let the boolean function
est whether a system falls within a certain bin. Another way to
etermine the line section profile is to exploit the fractal structure of
he Jacobi spectrum. In the top panel of Fig. 9 , we observed two dips
orresponding to head-on collisional trajectories. Each higher-order
ncounter adds self-similar, but scaled down copies of these dips.
he line section profile for close encounters can then be thought of
s being determined by the shape of these features at the base level
i.e. first encounter), multiplied by a constant to take into account the
nfinite number of scaled down copies at the higher levels. This can
e expressed as a geometric series: 

∞ 

( �r ) = λ1 ( �r ) 
∞ ∑ 

i= 0 

( 3 s ) i , (9) 

ere, λ1 is the line section profile derived from the spectrum for
he first encounter (e.g. top panel of Fig. 9 ), calculated according to
quation ( 8 ). The variable s corresponds to the scaling factor derived
arlier, while the factor 3 stems from the 3 islands in the spectra. The
eometric series converges to λ1 times a prefactor given by 

∞ 

( �r ) = 

1 

1 − 3 s 
λ1 ( �r ) = 1 . 26 λ1 ( �r ) . (10) 

n other words, Jacobi captures increase the line section by about
6 per cent compared to single flybys only. In Fig. 11 , we plot the

art/stac3495_f10.eps
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Figure 11. Line section profiles for the closest separation, � r , during the 
Jacobi capture. All profiles are consistent with a slope of 0.5, i.e. a square 
root growth. The different profiles are obtained with the full data set (black 
dots), first encounter spectrum (red line), and the converged geometric series 
(blue line). 
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Figure 12. Fractional contribution of prograde and retrograde encounters to 
the line section profiles given in Fig. 11 . 
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hree line section profiles obtained by (1) equation ( 8 ) for the closest
ncounter spectrum, (2) equation ( 8 ) but only for the first encounter
pectrum, i.e. λ1 , and (3) λ1 multiplied by the prefactor of 1.26. We
o this for both the Sun-Earth-Moon system and the AGN system.
elow a hundredth of a Hill radius, the profiles are consistent with
 square-root growth, i.e. the average of both fits to the full data set
ives 

log 10 

dλ

d log 10 �r 
= μ log 10 �r + ν, (11) 

ith μ = 0.51 ± 0.02 and ν = 0.68 ± 0.13. By comparing the three
ifferent curves in each panel of Fig. 11 , we observe that the slope is
ndeed determined by the shape of the two characteristic dips in the
acobi spectrum of the first encounter. An intuitive interpretation of 
he line section profile is obtained by regarding the close encounters 
s being approximately parabolic, where the closest separation � r 
s the periapsis distance r p (see also Section 4.1 ), with a uniform
ampling of the angular momentum. The specific angular momentum 

f a parabolic orbit scales as h ∝ r 1 / 2 p . The differential line section
hen scales as dλ = ( d λ/ d h ) ( d h / d r p ) d r p ∝ r −1 / 2 

p d r p , implying that
 λ/ d log 10 r p = ( ln 10) r p d λ/ d r p ∝ r 1 / 2 p , where we assumed a uni-
orm sampling of h . 

In Fig. 12 , we present the fractional contribution of prograde and
etrograde encounters to the line section profiles in Fig. 11 . The error
ars correspond to the uncertainty in estimating the line section, i.e. 
n equation ( 8 ), we replace �λi by the absolute value of a random
alue drawn from a Gaussian distribution with a standard deviation 
f �λi . For this figure, we only include encounters within a Hill
adius. Ho we ver, for encounters further out, we observe in Fig. 9
hat for impact parameters p > 2.5, all encounters are retrograde.
his is expected as gravitational focusing is weak in this regime. For
lightly closer encounters, the trajectories become of type C in Fig. 6 ,
nd thus mostly prograde. Ne xt, we observ e an interesting transition
rom these wide and prograde encounters, to encounter separations of 
rder 10 −2 Hill radii being predominantly retrograde. For encounter 
eparations smaller than about 10 −4 Hill radii, the curves are rather
oisy but flat, with an approximate equipartition between prograde 
nd retrograde encounters. This last observation is interesting with 
espect to potential asymmetries between prograde and retrograde 
aptures. If the dissipation mechanism depends steeply on the 
eparation between the two bodies (e.g. for tidal dissipation and 
ra vitational wa ve emission), it is most likely that the capture occurs
uring the closest encounter of the Jacobi capture. If the bodies are
elatively large in units of their Hill radius (e.g. for the Earth-Moon),
hen there is a modest preference for retrograde captures. On the other 
and, if the bodies are very small (e.g. for GW captures of black holes
n AGN), then our data suggest an even partition between prograde
nd retrograde captures. 

So far, the characterization of the closest encounters has mainly 
ocused on the separation. The relative speed also plays a crucial
ole, which is encapsulated in the eccentricity distribution. Although 
he target and projectile bodies are not orbiting on isolated and
losed Keplerian trajectories, we can nevertheless approximate 
his to be the case during very close approaches. We construct
ccentricity distributions by collecting all Jacobi captures with 
 e = n encounters, e v aluating the eccentricity of each encounter,
nd joining them into one ensemble. In Fig. 13 , we plot the
esults for n = 2, 4, 8, and 16. As expected, we find the en-
ounters to be highly eccentric. The distribution is more consis- 
ent with a superthermal eccentricity distribution than a thermal 
ne. 

.4 Building a physical picture 

ased on our Figs 6 and 7 , we are able to contribute towards the
evelopment of a physical picture of Jacobi captures. Namely, one 
an distinguish 3 orbit families, which are visualized in Fig. 6 , i.e.
he red, green, and blue families. They are different through their
rientation during the closest approach (from the left, right, or head-
n in the figure). These 3 orbit-families correspond directly to the
ame-coloured islands in the dynamical spectra (Figs 4 , 5 , and 7 ).
urthermore, the first fe w zoom-in le vels in Fig. 7 , demonstrate that

he same 3 islands are reproduced. This implies that a system can first
MNRAS 518, 5653–5669 (2023) 

art/stac3495_f11.eps
art/stac3495_f12.eps


5664 T. C. N. Boekholt, C. Rowan and B. Kocsis 

M

Figure 13. Stacked eccentricity distributions for a given total number of 
encounters specified by N e . As a benchmark, we also plot the thermal and 
superthermal distributions. 
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elong to one orbit family, but can switch during the next encounter.
s suggested by Petit & Henon ( 1986 ), an extrapolation of this result

o higher zoom-in levels would lead to the conclusion that there is a
ractal Cantor-like structure. 

For those outgoing orbits which manage to return to have another
lose encounter, it is thus possible to remain in the same orbit family
same colour), or to switch to one of the other two families. The
atter can be interpreted as the crossing of unstable periodic orbits
o another domain in phase space. Each subsequent close encounter
ncreases the order of the transition, as defined by Petit & Henon
 1986 ). The self-similarity in our dynamical spectra is thus driven by
he possibility of (1) having a next close encounter, and (2) switching
etween orbit families. This process continues until the final escape
f the two bodies from their mutual Hill radius. The exponential
ifetime distribution measured in Fig. 10 can be interpreted by
onsidering there is a fixed probability for escape after each close
ncounter during the Jacobi capture. Hence, it might be possible to
odel Jacobi captures statistically by using iterative maps, which

ake into account this escape probability, and a probability to switch
etween orbit families. Iterative maps are at the base of most famous
ractal objects. 

 B INA RY  F O R M AT I O N  BY  DISSIPATIVE  

AC O BI  CAPTU R ES  

aving studied the conserv ati ve dynamics of Jacobi captures, we
ow focus on dissipative Jacobi captures as a channel for binary
ormation. We post-process the effect of dissipation, rather than
ncluding it self-consistently during the numerical integration. In
ur first application, we regard a Jacobi capture of the Moon
y the Earth and Sun, and consider both tidal capture and giant
mpacts. In our second application, we model the gravitational wave
apture of stellar-mass black holes around a supermassive black
ole. Realistic hydrodynamics simulations of gas embedded stellar-
ass black holes in AGN discs, are discussed in our follow up

tudy by Rowan, Boekholt & Kocsis (in preparation) and references
herein. 
NRAS 518, 5653–5669 (2023) 
.1 Jacobi captures with tidal dissipation: dynamical channel 
or giant impacts and tidal captures 

rom our numerical simulations of the Sun-Earth-Moon system
ith varying impact parameters, we extract those which led to a
iant impact. Although the Moon-forming impactor, called Theia,
s thought to have been a Mars-sized body, we will still adopt the

ass and radius of the current-day Moon, in line with the tidal
apture scenario. Hence, our calculated line sections for impacts are
ower limits. For each of the giant impact events, we calculate the
mpact speed and impact angle at the moment the Earth and Moon
rst touch. The impact angle is defined as the angle between the
elativ e v elocity v ector (in the frame where the Earth is at rest),
nd the relative position vector (pointing towards Earth). The angle
anges from 0 for head-on collisions, to 90 deg for barely grazing
mpacts. In Fig. 14 , we plot the normalized histograms. The non-
niform sampling of the impact parameter space is corrected for
y using the differential line sections as weights. To first order,
e find that the impact speed (9 . 95 − 9 . 97 km s −1 ) is given by the

elative speed for a parabolic trajectory, at a distance of the sum of
he radii of the Earth and Moon. A minor de generac y is introduced
y differentiating between prograde and retrograde encounters. The
mpact angles for the various types of approaches are mutually
onsistent. The distribution is identical to that of a uniform beam
itting a circular target. Constraints on the initial conditions for a
oon-forming impact, such as (1) impact speed of order Earth’s

scape speed, and (2) impact angle of about 45 deg (Canup 2004 ),
re thus naturally produced by Jacobi captures. 

Next, we consider the relative probability for giant impacts
nd tidal capture as a function of heliocentric distance. The line
ection for giant impacts is calculated analogous to equation ( 8 ),
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xcept that the boolean function now checks whether there was a 
lose encounter separation smaller than the sum of their physical 
adii, i.e. a giant impact. To calculate the tidal capture line section,
e require a formula for the tidal dissipation in highly eccentric 
inaries. Ho we ver, the physics of tidal dissipation in rocky bodies is
till uncertain, in particular in the high eccentricity regime. We adopt 
he relatively simple prescription derived by Wisdom ( 2008 ) for the
ean energy dissipation rate per orbit due to tides, in binaries with

rbitrary eccentricity (but zero obliquity): 

d E 

d t 
= 21 π

k 2 

Q 

GM 

2 R 

5 

a 6 P 

ζ ( e) . (12) 

ere, k 2 is the potential Lo v e number of the tidally perturbed
ody, Q is its ef fecti ve tidal dissipation parameter, and R its radius.
urthermore, M is the perturber’s mass, G the gravitational constant, 
 is the semimajor axis of the orbit, P is the orbital period, and
( e ) is a function of the orbits’ eccentricity (see Wisdom 2008 ,
quations 23 and 24). In accordance with this model, we assume that
he spins are synchronous with the orbit. This assumption leads to an
pper limit as the rate of tidal dissipation for synchronous rotation is
l w ays greater than for asymptotic non-synchronous rotation, at zero 
bliquity (Wisdom 2008 ). We ignore the tidal influence of the Sun
n the Earth and the Moon. We adopt the following tidal parameters:
 2, Earth = 0.302 (Wahr 1981 ), Q Earth = 280 (Ray, Eanes & Lemoine
001 ), k 2, Moon = 0.024059 (Konopliv et al. 2013 ), and Q Moon = 37.5
Williams et al. 2014 ). These values were also tabelized by Lainey
 2016 ). We assume that the tidal parameters are constants, but there
re studies indicating that they could have been different in the past
e.g. see Williams 2000 ). Both Earth and the Moon experience tides,
nd therefore both contribute to the total energy dissipation: 

d E 

d t 
= 

d E 

d t 

∣∣∣
Earth 

+ 

d E 

d t 

∣∣∣
Moon 

. (13) 

he ratio of Earth’s dissipation to that of the Moon is 0.17, and
herefore lunar tides dominate. 

For the simulations which did not lead to a giant impact, we
alculate the Keplerian elements at the moment of closest approach, 
ssuming that the target and projectile bodies are approximately 
solated. If the eccentricity is larger than unity, or if the apocentre
s larger than the Hill radius, then we make an approximation by
etting the apocentre to be the Hill radius. In that case, the semimajor
xis, a , and eccentricity, e , are recalculated from the pericentre and
djusted apocentre distances. Using the values of a and e , and the
idal parameters given above, we are able to e v aluate equations ( 12 )
nd ( 13 ). We calculate the post-encounter energy by subtracting the
issipated energy from the initial orbital energy, where �E = 

d E 
d t P .

e will consider the Moon to be permanently captured if its new
emimajor axis has decreased to below a fraction of the Hill radius:
 < fR H . The value of f is varied from 0.5 to 0.25 in order to assess
ts sensitivity on the result. The present day value is approximately f
 0.26. 
The resulting line sections are presented in Fig. 15 , which are

ormalized by the Hill radius. We observe that the line section for
iant impacts decreases with heliocentric distance. While the Hill 
adius increases linearly with heliocentric distance, the physical 
adii of the bodies remain constant. At larger heliocentric distance, 
ncreasingly close encounters (in units of Hill radius) are required to 
till obtain giant impacts. The line section for impacts decreases as a
ower law with index − 1 

2 , which follows from the line section profile
or the closest separation (Fig. 11 ). We note that in the three-
imensional case, the closest separation distribution is expected to 
e steeper (power-law index of −1 instead of − 1 

2 Li et al. 2022 ). 
At heliocentric distances larger than 10 au, the line section for
idal capture dominates. The slope in this region is approximately 
capture / R H ∝ a −2/7 . At a heliocentric distance of order 10 au, there is a

ransition in the sense that at smaller distances collisions dominate, 
hile further out tidal captures dominate the line section magnitudes. 
he tidal capture line section profile peaks near a heliocentric 
istance of 1 au. Below this value, there is a sharp decrease due
o the high probability of collisions, while at larger radii, the line
ection decreases because the Hill radius increases faster than the 
idal capture radius. 

Ho we ver, the probability of capture as a function of orbital radius
n the disc, is best quantified through a relative rate, which is also
ependent on the number density of candidate Moons and their 
elativ e v elocity, which are both functions of heliocentric distance.
s a toy model, we assume relative velocities given by the Keplerian

hear ( v ∝ a −
1 
2 ), and a local number density of 1 Moon per Hill

adius ( n ∝ a −2 ). This results in a rate which scales with heliocentric
istance as R ( a ) ∝ a −

25 
14 . The rate profiles associated with the

umerical line sections and the analytical fit, are plotted in the bottom
anel of Fig. 15 . These profiles indicate that tidal captures are most
ikely to occur in the inner parts of planetary discs, but not too close
o the host star, such that collisions dominate. Concerning the giant
mpact of the Moon, we find a slight preference for a retrograde
ncounter. The sum of the radii of the Earth and Moon divided by
he binary Hill radius is about 5 × 10 −3 , and for this value, we see
n Fig. 12 , that retrograde orbits are slightly more probable (about
0 versus 40 per cent for prograde encounters). Head-on and slightly
etrograde impacts generate the most successful Moon-forming discs 
 ́Cuk & Stewart 2012 ). 
MNRAS 518, 5653–5669 (2023) 
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.2 Jacobi captures with relativistic dissipation: formation 

hannel for gravitational wave sources 

e perform a similar analysis as in the previous section, but instead
pply it to the captures and mergers of black holes in AGN. The
rst difference is that the sizes of the black holes in units of their
ill radius is much smaller than for the Sun-Earth-Moon system, i.e.
0 −9 –10 −6 for orbital radii between 10 −3 –1 parsec, for our particular
et of black hole masses (see Section 2 ). The second difference is
he source of dissipation, and therefore a different prescription for
he amount of energy loss per orbital period. From Turner ( 1977 ),
e adopt the amount of dissipated energy per orbital period due to
ra vitational wa ves: 

E = 

8 

15 

G 

7 
2 

c 5 

(
m t + m p 

) 1 
2 
(
m t m p 

)2 
r 

− 7 
2 

p g ( e ) , (14) 

ith c the speed of light, r p the closest encounter separation, and g ( e )
 function of eccentricity (see equations 29 and 31a in Turner 1977 ).
ppropriate expressions for g ( e ) are available for both bound and
nbound orbits. Contrary to equation ( 12 ), this expression includes
n explicit dependence on the pericentre distance, which we extract
irectly from the simulations. The eccentricity is calculated in the
solated two-body approximation from the pericentre distance and
peed during the closest approach. Similar to what we did for the
un-Earth-Moon experiment, we calculate the post-encounter orbital
nergy and determine if the binary is bound, and if its new semimajor
xis is less than a fraction, f , of the Hill radius. If these constraints
re met, we consider the capture to be a permanent one, and its
ifferential line section is added to the cumulative line section for
ra vitational wa v e capture. F or each post-encounter binary, we also
alculate the time to merger according to Peters & Mathews ( 1963 ).
e construct two extra line section profiles by adding the constraint

hat (1) the binary has to merge within a Hubble time, and (2) the
inary has to merge within the ionization time-scale, i.e. the time
o breakup due to an interaction with another body and which is
pproximated to be 100 Myr (Bartos et al. 2017 ). In App. A , we
onstruct a toy model for an AGN disc with the aim of determining
here in the disc dissipative Jacobi captures are most efficient. The

esultant numerical line section and relative rate profiles are given in
ig. 16 . 
Due to the fact that black holes are much more compact in units

f their Hill radius compared to the Earth-Moon system, we find
hat the line section is dominated by gravitational wave capture as
pposed to direct collisions. The slope of the line section profiles
or capture is not a constant, but a fit to the data between radii of
0 −3 to 1 parsec produces slopes of approximately −5/14. We derive
his value analytically in Appendix A . Furthermore, we observe that
he profiles with the added merger time constraints barely differ
rom the profile without time constraints. This can be understood by
onsidering the extremely high eccentricities of the captured binaries
Fig. 13 ), which reduce the gravitational wave in-spiral time-scale. 

 C O N C L U S I O N S  A N D  C AV E ATS  

n our first systematic study on the dynamics of Jacobi captures,
e introduced several simplifying assumptions. We reduced the
eometry to be confined to two dimensions, and we assumed initially
ircular orbits for the target and projectile bodies. Such a model
lready reveals a rich dynamics. The phase space structure is self-
imilar and can be described by a generalized Cantor set with a
imension of approximately 0.4 (see Section 3.3 ). The lifetime of
acobi captures is described by an exponential decay (see Fig. 10 ),
NRAS 518, 5653–5669 (2023) 
hile the line section for close approaches between the target and
rojectile bodies follows a power-law distribution with index 0.5 (see
ig. 11 ). The importance of Jacobi captures relative to single flybys

s quantified by their relative contribution to the line sections: about
0 per cent for Jacobi captures versus 80 per cent for single flybys
see Section 3.3 ). 

Asymmetries between approaches from the inner or outer disc
re negligible (see Figs 4 , 5 , and 14 ). There is ho we ver an inter-
sting asymmetry between prograde and retrograde orientations for
elatively wide encounters (see Fig. 9 and 12 ). For separations of
0 −1 < �r / R H < 1, encounters are predominantly prograde. For
0 −4 < �r / R H < 10 −1 , we find a slight preference for retrograde
ncounters (60 per cent retrograde versus 40 per cent prograde).
or closer separations ho we ver, there is an equipartition between
rograde and retrograde encounters. 
Applying these results to the Earth-Moon system, we find a

light preference for a retrograde pre-impact encounter. Furthermore,
acobi captures produce impact speeds of order Earth’s escape speed,
hile the median impact angle is 30 deg, with the 10 and 90 per cent

nterv als gi ven by 6 and 64 deg (see Fig. 14 ). These results are
n advantage for the Jacobi capture origin scenario, since head-
n and slightly retrograde impacts generate the most successful
oon-forming discs ( ́Cuk & Stewart 2012 ). Furthermore, there is a

ransition region in heliocentric distance from 1–10 au, below which
mpacts are most likely to occur, while beyond, tidal captures become
he dominant outcome (see Fig. 15 ). Jacobi captures with tidal
issipation thus form a promising scenario for explaining irregular
oons around giant planets. 
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Going beyond the Solar system, we find that Jacobi capture 
nteractions between black holes in AGN can lead to the formation 
f binary black holes. Thereby, Jacobi captures have the potential 
o contribute to the AGN channel for producing gravitational wave 
ources. Right after the capture phase, we find that the binaries can be
oth prograde and retrograde with respect to the AGN disc, with an
pproximate superthermal eccentricity distribution (see Fig. 13 ). The 
ery high eccentricities drive the rapid inspiral and circularization 
ue to gravitational wave emission. The line section for permanent 

apture scales with the total mass as λ ∝ 

(
m p + m t 

) 2 
7 and with 

he product of the masses as λ ∝ 

(
m t m p 

) 1 
7 (see App. A ), thus

lightly fa v ouring massive mergers with similar mass components. 
ur results moti v ate follo w up studies of the AGN channel, in which

ome of our assumptions should be relaxed. 
In more realistic discs than the ones considered here, bodies have 

 small but non-zero eccentricity and inclination distribution. This 
ffects not only the approach angle between the two bodies, but also
heir relative speed. If the velocity dispersion of the disc dominates 
 v er the Kepler shear, we expect the efficiency of Jacobi captures to
educe, as the projectile body would simply fly through the Hill radius
s if they were isolated. Ho we ver, if the number density of bodies in
he disc is large enough, and the relative velocity distribution exhibits 
 low-velocity tail, then a subset of bodies can still be captured. 

Another caveat in our model is the post-processing of the dis-
ipative forces. More realistic results can be obtained by imple- 
enting dissipation (tides, gravitational waves, etc.) directly into the 

umerical integration. Such simulations would also directly test our 
ssumption that a binary is permanently captured if its post-encounter 
emimajor axis is a small fraction of the Hill radius, or whether a
ermanent capture is a more complicated process. An example of 
uch a study is presented in an accompanying paper by Rowan et al.
), who take into account the gravitational influence and accretion 
f gas using the code PHANTOM (Price et al. 2018 ). Nevertheless,
ur post-processing method of incorporating tides and gravitational 
ave emission has shown that dissipative Jacobi captures have a 
igh potential for producing a large variety of binary systems and 
nhancing mergers and collisions. 

We applied the mechanism of dissipative Jacobi captures to two 
ifferent systems, the Sun-Earth-Moon system and black holes in 
alactic nuclei. Due to the universality of Newton’s law of gravity and 
he ubiquity of disc configurations in the Universe, we expect Jacobi 
aptures to occur in a wide variety of astrophysical systems, and 
n a large range of scales. Candidate configurations include planet–
lanet encounters in planetesimal discs, cometary flybys through 
lanetary systems in the background of a galactic potential, and 
tellar encounters with giant molecular clouds in galactic discs. 
he dissipation source varies per astrophysical system, but has a 
irect influence on the outcome of Jacobi captures. F or e xample, the
hysics of tides in stars and planets is still uncertain. By modelling
he evolution and products of Jacobi captures, we can compare and 
crutinize different dissipation models. We conclude that dissipative 
acobi captures provide a dynamical framework for explaining the 
rigin of a wide variety of binary systems. Our results moti v ate
ollow up research into the rates, universality, and other implications 
f Jacobi captures in astrophysical systems o v er a large range of
cales. 
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PPENDI X  A :  JAC O BI  C A P T U R E S  WI TH  

R A  V I TAT I O NA L  WA  V E  EMISSION  

e consider a system consisting of two stellar mass black holes in
rbit around a supermassive black hole (SMBH). The orbital energy,
 , of the two black holes during a close approach within their Hill

adius is approximated as 

 ≈ −1 

2 

Gm t m p 

R H 
, (A1) 

ith G the gravitational constant, m t and m p the mass of the target
nd projectile body , respectively , and R H the Hill radius (equation 2 ).
ubstituting the expression for the Hill radius into equation ( A1 ), we
et 

 ≈ −1 

2 

(
1 

3 

)− 1 
3 

GM 

1 
3 
(
m t + m p 

)− 1 
3 m t m p r 

−1 , (A2) 

ith r the orbital radius from the SMBH. From Turner ( 1977 ), we
dopt the amount of dissipated energy per orbital period due to
ra vitational wa ves (see equation 14 ). The absolute fractional energy
hange is the ratio of equations ( 14 ) and ( A2 ), 

∣∣∣∣�E 
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c 5 
g ( e ) M 
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m t + m p 
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6 m t m p r 

− 7 
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p r. 

(A3) 

or a gra vitational wa ve capture to occur, the two black holes need
o dissipate an amount of energy, such that the new semimajor axis
s (much) smaller than the Hill radius. Given this amount of � E c ,
e define the associated separation as the gravitational wave capture
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adius, i.e. r p in equations ( 14 ) and ( A3 ) is replaced by the capture
adius, r c . We obtain an expression for the gra vitational wa ve capture
adius by rewriting equation ( A3 ) for r c : 

 c ≈ C 1 M 

− 2 
21 

(
m t + m p 

) 5 
21 

(
m t m p 

) 2 
7 r 

2 
7 , (A4) 

here we gathered all constants (including f E ) and g ( e ) into the
refactor C 1 . In units of the Hill radius, the capture radius is given
y 

r c 

R H 
≈ C 2 M 

5 
21 

(
m t + m p 

)− 2 
21 

(
m t m p 

) 2 
7 r −

5 
7 , (A5) 

ith C 2 the new prefactor. 
Next, we require the cumulative line section for having an 

ncounter closer or equal to the capture radius. We derive the 
umulative line section profile by integrating equation ( 11 ) from
 r = 0 to � r = r c , resulting in 

log 10 

λc 

R H 
= μ log 10 

r c 

R H 
+ ν − log 10 μ. (A6) 

ubstituting in equation ( A5 ), we get 

log 10 
λc 

R H 
= μ

(
log 10 C 2 + 

5 

21 
log 10 M − 2 

21 
log 10 

(
m t + m p 

)

+ 

2 

7 
log 10 

(
m t m p 

) − 5 

7 
log 10 r 

)
+ ν − log 10 μ. 

(A7) 

he predicted power-law index for the dependence of λc / R H on r is
hus −5 μ/7 ≈ −5/14 ≈ −0.357. This value is consistent with the 
rofiles for gravitational wave capture in Fig. 16 . From this same
gure, we use the data point at a = 1 pc , for the profile with the
ildest capture constraint, a / R H = 0.5, to e v aluate the constants in

quation ( A7 ). Furthermore, adopting the black hole masses from
ur experiments, we can rewrite equation ( A7 ) as 

λc 

R H 
= 2 . 1 × 10 −3 

(
M 

4 × 10 6 [M 
] 

) 5 
42 

(
m t + m p 

83 [M 
] + 65 [M 
] 

)− 1 
21 

×
(

m t 

83 [M 
] 

m p 

65 [M 
] 

) 1 
7 
(

r 

pc 

)− 5 
14 

, (A8)

ince the Hill radius can be expressed as 

 H = 0 . 023 [pc] 

(
M 

4 × 10 6 [M 
] 

)− 1 
3 

×
(

m t + m p 

83 [M 
] + 65 [M 
] 

) 1 
3 
(

r 

pc 

)
, (A9) 
e can write the line section for capture as 

c ( r ) ≈ 5 × 10 −5 [pc] 

(
M 

4 × 10 6 [M 
] 

)− 3 
14 

×
(

m t + m p 

83 [M 
] + 65 [M 
] 

) 2 
7 

×
(

m t 

83 [M 
] 

m p 

65 [M 
] 

) 1 
7 
(

r 

pc 

) 9 
14 

. (A10) 

sing this expression for the capture line section, we are able to
alculate an ‘ n λv’ rate of gravitational wave-assisted Jacobi captures.
e require a surface number density profile for the black holes and

 relativ e v elocity profile. We assume that the projectile masses are
istributed in the disc according to a power-law profile: 

 ( r ) = 223 [pc −2 ] 

(
2 − p 

2 − 0 . 6 

)(
N p 

10 3 

) (
R out 

pc 

)p −2 ( r 

pc 

)−p 

, 

(A11) 

ith N p the number of projectile bodies, R out the outer radius of the
isc, and p the power-la w inde x. The nominal disc model will consist
f N p = 10 3 , R out = 1 pc , and p = 0.6. The relativ e v elocity between
he target and projectile bodies is estimated from the local circular
elocity shear within the binary Hill radius: 

 ( r ) = 1 . 5 [km s −1 ] 

(
M 

4 × 10 6 [M 
] 

) 1 
6 

×
(

m t + m p 

83 [M 
] + 65 [M 
] 

) 1 
3 
(

r 

pc 

)− 1 
2 

. (A12) 

y combining equations ( A10 ), ( A11 ), and ( A12 ), we are able to
stimate the rate of GW captures at a particular radius in the disc for
 single target black hole: 

 ( r ) = nλv = 1 . 7 × 10 −8 [yr −1 ] 

(
2 − p 

2 − 0 . 6 

) (
M 

4 × 10 6 [M 
] 

)− 1
21

×
(

R out 

pc 

)p−2 (
N p 

10 3 

) (
m t + m p 

83 [M 
] + 65 [M 
] 

) 13 
21 

×
(

m t 

83 [M 
] 

m p 

65 [M 
] 

) 1 
7 
(

r 

pc 

) 1 
7 −p 

. (A13

e find that the dependence of the rate, R , on the orbital radius, r , is
 power law with index 1/7 − p . For our nominal value of p = 0.6,
his gives an index of about −0.457. This value is consistent with
he profile in the bottom panel of Fig. 16 , which is obtained directly
rom the numerical line section profile. 
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