Received: 27 March 2024 Revised: 14 June 2024 Accepted: 7 July 2024

DOI: 10.1002/rsa.21251

RESEARCH ARTICLE WILEY

Seymour’s second neighbourhood conjecture:
random graphs and reductions

Alberto Espuny Diaz! | Anténio Girdo? | Bertille Granet!® |

Gal Kronenberg?

!nstitut fiir Informatik, Universitit Heidelberg,
Heidelberg, Germany Abstract
2Mathematical Institute, University of Oxford,

A longstanding conjecture of Seymour states that in every
Oxford, United Kingdom

oriented graph there is a vertex whose second outneigh-

Correspondence . . g

Bertille Granet, Institut fiir Informatik, Universitét bourhood is at least as large as 1ts OutnelghbourhOOd'
Heidelberg, 69120 Heidelberg, Germany. In this short note we show that, for any fixed p €
Email: granet@informatik.uni-heidelberg.de [0,1/2), a.a.s. every orientation of G(n,p) satisfies Sey-
Funding information mour’s conjecture (as well as a related conjecture of Sul-
Deutsche Forschungsgemeinschaft (DFG), li This i t 1t of Botl M
Grant/Award Numbers: 447645533, 513704762, fram). VLS [Tprevies Om & mssen resill eif Billar, 1o
428212407; ERC, Grant/Award Number: 883810; and Naia. Moreover, we show that p = 1/2 is a nat-
the Alexander von Humboldt Foundation; the ural barrier for this problem, in the following sense: for

Royal Commission for the Exhibition of 1851. : : .
oyl ommssion for fhe EXADIOn o any fixed p € (1/2,1), Seymour’s conjecture is actually

equivalent to saying that, with probability bounded away
from 0, every orientation of G(n,p) satisfies Seymour’s
conjecture. This provides a first reduction of the problem.
For a second reduction, we consider minimum degrees and
show that, if Seymour’s conjecture is false, then there must
exist arbitrarily large strongly-connected counterexamples
with bounded minimum outdegree. Contrasting this, we
show that vertex-minimal counterexamples must have large
minimum outdegree.

KEYWORDS

oriented graphs, random graphs, second neighbourhood
conjecture

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and
distribution in any medium, provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
© 2024 The Author(s) Random Structures & Algorithms published by Wiley Periodicals LLC.

Random Struct Alg. 2024;1-12. wileyonlinelibrary.com/journal/rsa 1


https://orcid.org/0009-0002-6453-2295
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://wileyonlinelibrary.com/journal/RSA

2 ESPUNY DIAZ ET AL.
: L wiLEY

1 | INTRODUCTION

Given any digraph D and a vertex v € V(D), let us write Ny(v) := {w € V\ {v} : vw € E(D)} for
the outneighbourhood of v, and let Ny(v) := {w € V\ ({v} UN(v)) : E(N1(v),w) # @} denote the
second outneighbourhood of v. We say that v is a Seymour vertex if |Ny(v)| > |N1(v)|. In this note, the
word graph refers to finite, simple graphs. Seymour conjectured the following (see [8]).

Conjecture 1. Every oriented graph has a Seymour vertex.

Seymour’s conjecture, which is closely tied to a particular case of the well-known conjecture of
Caccetta and Héggkvist [4], has attracted a lot of attention due to its simplicity, and yet it remains
widely open. The statement has only been proved for some special classes of oriented graphs. Of par-
ticular interest is the case of tournaments, where the conjecture is known to hold: solving a conjecture
of Dean [8], this was first proved by Fisher [12], and later reproved by Havet and Thomassé [14]. Other
special classes of graphs or variants of the conjecture have been considered in different papers (see,
e.g., [1,5,6, 11, 13, 16, 17] and the references therein).

1.1 | Orientations of random graphs

In this note, we focus primarily on the case of orientations of random graphs. The first results in
this direction are due to Cohn, Godbole, Wright Harkness and Zhang [7], who considered random
orientations of the binomial random graph G(n, p) (i.e., a graph on n vertices where each possible
edge is included independently with probability p). They showed that, when C;(logn/n)'/? < p <
1 — Cy(logn/n)'/?, a.azs. (i.e., with probability tending to 1 as n — o) a random orientation of G(n, p)
contains a Seymour vertex. This implies, in particular, that almost every oriented graph has a Seymour
vertex. A more interesting approach was taken by Botler, Moura and Naia [3], who considered all
orientations of the random graph G(n, p). They showed that a.a.s. every orientation of G(n, p) contains
a Seymour vertex whenever p < 1/4. Here we improve the range of p for which this holds.

Theorem 2. Let p < 1/2. Then, a.a.s. every orientation of G(n,p) contains a Seymour
vertex.

Our methods also apply to a related conjecture of Sullivan [18]; see Appendix A.

Moreover, it turns out that p = 1/2 is a natural barrier for this problem. Indeed, we show that, if we
could extend Theorem 2 to any value of p > 1/2, then we would prove Conjecture 1 in full generality.
This means that proving Conjecture 1 in general is as hard as proving that it holds for the random graph
G(n,p) for p € (1/2,1), providing a first reduction of the problem.

Theorem 3. Let p € (1/2,1). If Conjecture 1 is false, then a.a.s. there is an orientation
of G(n, p) with no Seymour vertex.

1.2 | Counterexamples and minimum degrees

We show that if Conjecture 1 is false, then a vertex-minimal counterexample must have high minimum
outdegree.

Proposition 4. Let D be a vertex-minimal counterexample to Conjecture 1. Then,

s+(D) > \/[V(D)|.
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On the other hand, the following result essentially says that, if there exist any counterexamples to
Conjecture 1, then there must exist arbitrarily large strongly-connected counterexamples with bounded
minimum outdegree. This gives a second reduction of Seymour’s conjecture.

Proposition 5. Suppose Conjecture 1 is false. Then, for every function d = d(n) = w(1),
there exist infinitely many n € N for which there exists an n-vertex strongly-connected
oriented graph D with 5t (D) < d which contains no Seymour vertex.

2 | PROOFS

Our notation will be standard. For any positive integer n, we write [n] := {1, ... ,n}. Throughout,
for the sake of readability, we assume that » is sufficiently large when needed and ignore rounding
for asymptotic statements. Given a graph G = (V, E), for any disjoint sets A, B C V we write e(A, B)
for the number of edges with one endpoint in A and the other in B. Given an orientation G of G, we
will write €(A, B) to denote the number of (oriented) edges from A to B. Moreover, for any vertex
v € V, we write d*(v) := |N;(v)| for the outdegree of v in G. Given a set A C V(D), we define
Ni(A) := (UVeA N1(v)) \ A. The graphs or oriented graphs to which the notation refers will always be
clear from the context.

2.1 | Orientations of random graphs
We will use the following version of Chernoff’s bound (see, e.g., [15, Corollary 2.3]).

Lemma 6. Let X ~ Bin(n, p) be a binomial random variable. Then, for all 0 < 6 < 1 we
have that P[|X — np| > énp] < 2e=9"m/3,

We begin with the proof of Theorem 2.

Proof of Theorem 2. Consider G(n,p). By the result of Botler, Moura and Naia [3,
Theorem 2], we may assume, for example, that p > 1/8 (our proof works for any con-
stant p € (0,1/2)). We will need some probabilistic estimates. Let € := 1/2 — p, so
€ €(0,3/8]. Let 6 := ¢/3. Let C = C(¢) be sufficiently large, and let C’ := 2C/e. We
will use the following properties.

Claim 1. A.a.s. G ~ G(n, p) satisfies the following properties:

1. Every vertex v € V(G) satisfies that d(v) < (1 — &)n/2.
2. For every pair of disjoint sets A, B C V(G) with |A[, |B| > Clogn we have that

(p — 6)IA||B] < e(A,B) < (1 —¢€)|A||B|/2.

Proof. Property (1) is standard, and follows by a direct application of Lemma 6 and a
union bound over all vertices. Property (2) follows similarly, though the union bound is a
bit more involved, so we include the details.

It suffices to show that a.a.s. e(A, B) = (p + 6)|A||B| for all the required pairs of sets.
Fix any disjoint sets A, B C V(G) with |A|, |B| > Clogn. By Lemma 6, we have that

Ple(A, B) # (p + 8)|A||B|] = Ple(A, B) # (1 + 5/p)plAl|BI] < 2 exp(—5°|A||B|/3p).
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We may assume without loss of generality that |A| < |B|. By a union bound over all
choices of A and B, the probability P that the statement fails satisfies

n/2 n
n\fn 52
P<2 exp(—ab)

n/2 n 52 n/2 n 52
< Z Znan/’ exp<—3pab> = Z Z exp((a +b)logn — 3pab).

a=Clognb=a a=Clognb=a

By making the constant C sufficiently large, we may ensure that alogn,blogn <
62ab/12p, and so

n/2 n

2
pP< Z Zexp(—épab) < OH)n=00em = o(1). u

a=Clognb=a

Now, let G be any n-vertex graph satisfying the properties of Claim 1, and let G be
an arbitrary orientation of G. We are going to show that, if # is sufficiently large, then G
contains a Seymour vertex. Let xy, ... ,x, be a labelling of V(G) such that for all i,j € [n]
with i < j we have that d*(x;) > d*(x;); that is, the labels are assigned by decreasing order
of the outdegrees of the vertices. Let X := @ and, foreachi € [n],letX; := {x; : j € [i]}.

Claim 2. If there is some i € [n] such that [Ny (x;) N X;_;| > C’ log n, then x; is a Seymour
vertex.

Proof. Assume there is some i € [n] satisfying the condition. Let A := N;(x;) N X;_1, so
|A] > C'logn. Let m := |Ni(x;)| (and note that m > |Al). Let S C A be the set of all
vertices v € A with é(v, N (x;)) > (1+&)m/2, and let T C A be the set of all vertices v € A
with e(v, V \ ({x;} UN1(x;))) > (1 — £)m/2. Note that, by definition,

UT, Na(x) = &T, V \ ({5} UNi () 2 |TI(1 = £)m/2. o)

Observe that |S| < Clogn (indeed, if we assume otherwise, then for any set S’ C S of size
|S’| = Clogn we have that

e, Ni() \ §) > Zé(v, N\ §) > |8'[((1 + e)m/2 = Clogn) > |S'|m/2,

ves’

which contradicts Claim 1 (2)). Since A \ S C T, this implies that |T| > Clogn. It thus
follows from Claim 1 (2) that

é(T,N2(x;)) < (1 = )| T|[|N2(x)] /2. 2
Combining (1) and (2), it follows that x; is a Seymour vertex. [
By Claim 2, we may assume that G satisfies that

for all i € [n] we have |[N1(x;) N X;_1| < C'logn. 3)
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Now let B := Xjs, be partitioned into B := X;, and B, := B\ B;. By Claim 1 (2), we
have that e(B,B,) > (p — 8)|Bi||B2| = (p — 8)6*n>. By (3), for each v € B, we have
é(v,B)) < C'logn, and so é(By, B,) > (p — 28)82n>. It follows by averaging that there is
some vertex y € By such that é(y, By) > (p — 26)én. Let Y := N;(y) N B, and let Z be the
set of vertices z € V' \ B such that é(Y, z) = 0.

We claim that |Z| < Clogn. Indeed, assume that |Z] > Clogn, let Z’ C Z with
|Z’| = Clogn, and partition Y arbitrarily into ©(n/ logn) sets of size at least Clogn. By
Claim 1 (2), there are edges of G between Z’ and each of these sets, so together e(Y,Z') =
Q(n/ logn). By averaging, there must be some vertex z € Z' with e(Y, z) = Q(n/log’n).
Since é(Y,z) = 0 by definition, we must have that é(z, Y) = Q(n/ logzn). However, this
contradicts (3).

Now, since V \ (BUZ) C N1(y) UN(y), it follows that |N;(y) UN,(y)| > (1 —36)n. By
Claim 1 (1), we have that |N;(y)| < (1—¢e)n/2, and hence |N,(y)| > (1-36)n—(1—e)n/2 >
N1 ()], so y is a Seymour vertex. n

Next, we prove Theorem 3.

Proof of Theorem 3. Let D be an oriented graph for which Conjecture 1 fails, and let H be
its underlying graph. Let i := |V(H)|. We say that a graph G on n > h vertices has a good
ordering if there is a labelling x|, ... ,x, of its vertices satisfying the following properties:

(P1) G[{xi, ... ,x;}] induces a copy of H, and
(P2) foreveryie {h+1, ... ,n} we have [IN(x;) N {xq, ... ,xi—1}| > i/2.

We claim that, if G has a good ordering x1, ... ,X,, then there is an orientation of G
with no Seymour vertex. Indeed, consider the orientation G of G where a[{xl, e Xt
induces a copy of D (which is possible by (P1)) and all other edges are oriented towards the
vertex with smaller label in the ordering. It is clear that none of x, ... ,x; can be Seymour
vertices in G: by construction, their outneighbourhoods are defined only by (a subgraph
isomorphic to) D, so if they were a Seymour vertex for é, they would also be a Seymour
vertex for D. Moreover, forany i € {h+1, ... ,n}, both N;(x;) and N, (x;) are contained in
{x1, ... ,x;i_1}. By (P2), we are guaranteed that |N(x;)| > i/2, and so |N2(x;)| < [N1(x:)].

It remains to show that a.a.s. G(n, p) has a good ordering. We will make use of the
following standard properties.

Claim 3. Lete :=p—1/2. A.as. G ~ G(n, p) satisfies the following properties.

1. G contains an induced copy of H.

2. Every vertex v € V(G) satisfies d(v) > (1 + €/2)n/2.

3. Forevery set X C V(G) with |X| < (1 — £/4)n, there exists a vertex v € V(G) \ X such
that eg(v, X) > |X|/2.

Proof. Property (1) is well known (see, e.g., [9, Proposition 11.3.1]). Property (2) is stan-
dard and follows by an application of Lemma 6 to the degree of a vertex and a union bound
over all vertices. Here we only show the details for the (also simple) proof of property (3).
Let

3log 16

1 2
p(1-3)

(note that this is independent of n).
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Consider first all sets X C V(G) of size |X| < a. We first show that a.a.s. all vertices
in each such set have a common neighbour in G. Indeed, fix a set X with |[X| = k < a. The
probability that any given vertex v € V(G) \ X is a neighbour of all vertices in X is pF,
which is a constant. Thus, the probability that no vertex is a common neighbour of X is
(1 — p*y= Il < e#'1/2 = o(n=2). By a union bound over all sets X C V(G) with |X| = k
and over the possible values of k, we reach the desired conclusion.

Consider now any set X C V(G) witha < |X| < n/2. For any vertex v € V(G) \ X, we
have by Lemma 6 that Ple(v, X) < |X|/2] < 1/8. Thus, the probability that all vertices
v € V(G) \ X have fewer than |X|/2 neighbours in X is at most 8 ~XD < 273%/2 The
conclusion follows by a union bound over the at most 2" choices for X.

Lastly, fix any set X C V(G) with n/2 < |X| < (1 — £/4)n. Similarly as above, for
any vertex v € V(G) \ X we have by Lemma 6 that P[e(v, X) < |X|/2] < e7®®™, so the
probability that all vertices v € V(G) \ X have fewer than |X|/2 neighbours in X is at most
¢~©")_ One last union bound completes the proof of the claim. "

Condition now on the event that G ~ G(n, p) satisfies the properties of Claim 3, which
holds a.a.s. We construct a good ordering for G as follows. First, choose an arbitrary set of
h vertices which induces a copy of H (which exists by Claim 3 (1)) and label the vertices
X1, ... ,xy arbitrarily. Thus, (P1) is satisfied. Next, foreachi € {h+ 1, ... ,(1 — g/4)n}
in turn, by Claim 3 (3), there exists some vertex v € V(G) \ {x1, ... ,x;_1} satisfying that
INOW)N{x1, ... ,xi—1 }| = i/2; let x; be an arbitrary vertex satisfying this property. Finally,
by Claim 3 (2), all vertices v € V(G)\ {x1, ... , X(1—¢/4) ) satisfy that d(v) > (14+€/2)n/2,
and thus, [IN(V) N {x1, ... ,X(1-¢/4n }| = n/2. Thus, the remaining vertices can be labelled
arbitrarily while guaranteeing that (P2) holds. (]

2.2 | Counterexamples and minimum degrees

We begin with the simple proof of Proposition 5.

Proof of Proposition 5. Let Dy be a counterexample to Conjecture 1. We define ny :=
|V(Do)| and dy := 61 (Dy). Let Ny € N be such that d(n) > dy + ng for all n > Nyng. For
any N > Ny, we construct a strongly-connected counterexample D to Conjecture 1 with
Nny vertices and 61 (D) < d(Nny).

The construction is a “blow-up” of a consistently-oriented cycle where each vertex is
replaced by a copy of Dy. Formally, let Dy, Dy, ... ,Dy_; be vertex-disjoint copies of Dy
and, for each i € [N], add a complete bipartite graph between the vertices of D; and those
of D;;, with all edges oriented towards D;,; (where we take indices modulo N). Note that
the resulting oriented graph D is strongly connected (simply by considering the complete
bipartite oriented graphs between the different copies of Dy) and that 5 (D) = dy + ng <
d(Nny), as desired. By the symmetry of the construction, we now only need to verify that
no vertex in D is a Seymour vertex for D. Let us write N'(-) to denote neighbourhoods in
Dy, while we use N(-) for neighbourhoods in D. Note that, for every v € V(D;), we have
that Ny (v) = N{(v) U V(D,) and N,(v) = Ni(v) U V(D3), and so [No(v)| > |N;(v)| if and
only if |[N5(v)| > |Nj(v)|. But D; contains no Seymour vertices, so neither does D. ]

Now note that any vertex-minimal counterexample D to Conjecture 1 must be strongly con-
nected. Indeed, otherwise one may consider the auxiliary directed acyclic graph obtained from the
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strongly-connected components of D and note that any strong component which has no outneighbours
in this auxiliary graph would itself be a smaller counterexample to the conjecture.

Proof of Proposition 4. Suppose for a contradiction that the statement is false, that is, that
there is a vertex-minimal counterexample D with n vertices and d := §*(D) < \/Z Pick
a vertex x € V(D) of smallest outdegree, that is, d*(x) = d, and let A; := {x} U Ni(x),
X) 1= Ny(x),and By := V(D) \ (A; U X)). Note that, by assumption, x is not a Seymour
vertex, so |X{| < d. Moreover, E(A|,B;) = @.

Now we go through the following iterative process: while X; contains some non-empty
subset Xl, with |N] (X;)ﬂB,l < |X{|, define A;y = Al‘UXl-,, Xip1 1= (X,\X{)U(N[ (Xl,)ﬁB,)
and B4 1= B; \ Ni(X}), and proceed to the next iteration. Observe that, throughout the
process, we maintain the property that E(A;, B;) = @. In particular, since D is strongly
connected, this guarantees that, if B; # @, then E(X;, B;) # @. In the i-th iteration of the
above procedure we decrease the size of X; by at least 1, and decrease the size of B; by at
most |X;|. Hence, after at most d — 1 steps, the procedure must stop, say, at step t < d with

X, #@and |B,| >n— (g) > 1 by the choice of d.

By the minimality of D, D[A,] must contain a Seymour vertex, say z. We claim that
z is also a Seymour vertex for D. Indeed, let us write N’(+) to denote neighbourhoods in
DI[A,]. Then, using that E(A,, B;) = @, we have that

IN2(2)] = IN1(N1(2) N X2) N By > IN3(2)] > IN{(2)] = [N1(2)] = [N1(2) n Xi.

Since the procedure above has ended, we have that |[N;(N1(z) N X;) N B;| > |N1(2) N X;|,
and so it follows that |N»(z)| > |N;(z)|. This contradicts the fact that D has no Seymour
vertex. [

3 | CONCLUDING REMARKS

In Theorem 2 we showed that, for fixed p < 1/2, a.a.s. G(n, p) satisfies Seymour’s conjecture, and in
Theorem 3 we showed that, for fixed p € (1/2, 1), Conjecture 1 is equivalent to knowing that, with
probability bounded away from 0, all orientations of the random graph G(n, p) contain a Seymour ver-
tex. It would be interesting to see whether the latter provides a useful avenue for tackling Conjecture 1.
We note that Botler, Moura and Naia [3] showed that, for fixed p € [1/2,2/3), a.a.s. every orientation
of G(n, p) with minimum outdegree w( \/ﬁ) has a Seymour vertex, so for p in this range it now suffices
to study orientations with small minimum outdegree.

Neither of our results applies when p = (1 +0(1))/2, which is arguably one of the more interesting
values for p. In particular, it would be interesting to understand whether every orientation of almost
all graphs (which corresponds precisely to the case p = 1/2) contains a Seymour vertex. In the spirit
of applying a similar method as in our proof of Theorem 3, we ask the following question.

Question 7. Does G(n,1/2) a.a.s. have an ordering x, ... ,x, of its vertices such that
INOG) N A{xy, ... xiz1 Y = i/2 forall i € [n]?

Theorem 3 also leaves a gap for the cases when p = 1 —o(1). It would thus be interesting to consider
orientations of G(n, p) when p tends to 1 (with the case p = 1, corresponding to tournaments, being
solved already [12, 14]).



8 ESPUNY DIAZ ET AL.
WILEY

Lastly, Propositions 4 and 5 provide information about the minimum degree of (assumed) coun-
terexamples to Conjecture 1. Proposition 5 shows that, if Conjecture 1 is false, then we must be able
to construct arbitrarily large strongly-connected counterexamples with bounded minimum outdegree.
Proposition 4, on the other hand, shows that the search for (vertex-minimal) counterexamples may be
limited to oriented graphs with large minimum outdegree.
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APPENDIX A: ON SULLIVAN’S SECOND NEIGHBOURHOOD CONJECTURE FOR
RANDOM GRAPHS

Sullivan [18] proposed multiple variants and strengthenings of Conjecture 1. Here we consider one
of them. Given any digraph D and a vertex v € V(D), let us now write N*(v) := N;(v) for the
outneighbourhood of v, N~(v) := {w € V \ {v} : wv € E(D)} for the inneighbourhood of v, and
NS (v) 1= N(v) for the second outneighbourhood of v. Given a set A C V(D), we define N*(A) :=
(U,ea Nt (1)) \ A. We say that v is a Sullivan vertex if [Ny (v)| > |[N~(v)|. (Notice that, contrary to the
definition of a Seymour vertex, N5 (v) and N~(v) may intersect.)

Conjecture 8 ([18, Conjecture 6.6]). Every oriented graph has a Sullivan vertex.

Conjecture 8 has received far less attention than Conjecture 1. Only recently, Ai, Gerke, Gutin,
Wang, Yeo and Zhou [1] showed that it holds for certain classes of graphs, including tournaments,
planar oriented graphs and some families of oriented split graphs. Moreover, they also showed that
almost all oriented graphs satisfy Conjecture 8, as a.a.s. a random orientation of G(n, p) (for p € (0, 1)
independent of n) satisfies the conjecture. Here we use similar ideas to those presented in the paper to
prove a result analogous to Theorem 2 for Sullivan’s conjecture.

Theorem 9. Let p = p(n) € [0, 1] be such that lim sup,_,, p < 1/2. Then, a.a.s. every
orientation of G(n,p) contains a Sullivan vertex.

As a difference with respect to Theorem 2, we note that here we must consider the cases when p
tends to 0; for Seymour’s conjecture, these cases were covered by the earlier results of Botler, Moura
and Naia [3].

We note first that, if a graph G has an isolated vertex, then so do all orientations of G, and isolated
vertices are Sullivan vertices. Thus, it follows from the well-known threshold for connectivity [10] that,
if p < (1 — e)logn/n, then a.a.s. every orientation of G(n, p) has a Sullivan vertex. Thus, in order to
prove Theorem 9 we only need to consider larger values of p. In particular, Theorem 9 follows directly
from the following two results.

Proposition 10. Let 3logn/4n < p = p(n) = o(l). Then, a.a.s. every orientation of
G(n, p) contains a Sullivan vertex.

Proposition 11. Let p = p(n) € [0,1] withp = a)(log_l/3n) and lim sup,_, ., p < 1/2.
Then, a.a.s. every orientation of G(n, p) contains a Sullivan vertex.
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We will need to bound large deviations for the upper tail of some binomial random variables. For
this, we will use the following Chernoff bound (see, e.g., [2, Corollary A.1.10]).

Lemma 12. Let X ~ Bin(n, p) be a binomial random variable. Then, for all 6 > 0 we
have that P[X > (1 + 8)np] < (€% /(1 + 8)' 0y,

Proof of Proposition 10. We begin our proof by observing that a.a.s. G(n,p) satisfies
certain properties.

Claim 4. A.as. G ~ G(n, p) satisfies the following properties:

1. For each pair of distinct vertices u,v € V(G), there are fewer than np /2400 paths of
length 2 joining u and v.

2. Every vertex v € V(G) satisfies d(v) < 4np.

3. For every set A C V(G) of n/3 vertices we have e(4) > n’p/25.

Proof. All claims follow from direct applications of Lemmas 6 and 12 (with Lemma 12
being needed for (1) and (2)) and a union bound. [

Now let G be an arbitrary n-vertex graph satisfying the properties from Claim 4. Note
that, if in an orientation G of G there is some vertex v € V(G) such that |[NJ (v)| > 4np,
then trivially v must be a Sullivan vertex, since by Claim 4 (2) all vertices have indegree
at most 4np. We are going to show that, in fact, every orientation G of G contains at least
one such vertex, thus deriving the desired result.

We argue by contradiction. Suppose that there is an orientation G of G such that every
vertex v € V(G) satisfies N5 (v)| < 4np. We are going to count consistently oriented paths
of length 2 in two different ways to reach a contradiction. Let P denote the number of such
paths. First, we may count P by adding over all vertices the number of paths starting at
that vertex. For each vertex, the number of such paths is less than n’p?/300: indeed, any
such path must have its endpoint in N*(v) U N5 (v), which is a set of size at most 8np by
Claim 4 (2) and the assumption on the orientation, and by Claim 4 (1) there are fewer than
np /2400 paths joining any given pair of vertices. Thus,

P < n’p*/300. (A1)

Next, we may obtain P by adding over all vertices v € V(G) the number of paths of length
2 whose middle vertex is v. Observe that, for each fixed v, this number is d~(v)d*(v).
We claim that at least 2n/3 vertices have outdegree at least np/10. Indeed, if we assume
otherwise, there is a set A C V(G) of n/3 vertices of outdegree at most np/10, so by
Claim 4 (3) we have that

n’p nnp _ n*p
— <eA) L E d* - = —
25 © ) = . ) < 310 30

a contradiction. Similarly, at least 2n/3 vertices must have indegree at least np/10. But
this means that at least n/3 vertices have both in- and outdegree at least np/10, which
immediately implies that

P > n*p?/300.
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This results in a contradiction with (A1). =

Proof of Proposition 11. Consider G(n, p). As limsup,_, , p < 1/2, there exist np € N
and a constant € > 0 such that p < 1/2 — ¢ for all n > ngy. Let C = C(¢g) be sufficiently
large and let 6 := /5. We will use the following properties, which follow from standard
applications of Lemma 6.

Claim 5. A.a.s. G ~ G(n, p) satisfies the following properties:

1. Every vertex v € V(G) satisfies that d(v) = (1 + 6)np.
2. For every set A C V(G) with |A| > 6n we have that eg(A) = (1 + §) <|§|> »

3. For every pair of disjoint sets A, B C V(G) with |A| > Clogn and |B| > np®> we have
that e(A, B) = (1 = 6)|A||Blp.

4. For every pair of disjoint sets A, B C V(G) with |A[, |B| > n’/* we have that e(A, B) =
(1 +6)|A[|B|p.

Now, let G be any n-vertex graph satisfying the properties of Claim 5, and let G be
an arbitrary orientation of G. We are going to show that, if » is sufficiently large, then G
contains a Sullivan vertex. Let xy, ... ,x, be a labelling of V(G) such that for all i,j € [n]
with i < j we have that d*(x;) > d*(x); that is, the labels are assigned by decreasing order
of the outdegrees of the vertices. Let X, := @ and, foreachi € [n],letX; := {x; : j € [i]}.

Claim 6. If there is some i € [n] such that d*(x;) > (1 + &)np® and |[N*(x;) N Xi_1| >
Clogn, then x; is a Sullivan vertex.

Proof. Assume there is some i € [n] satisfying the conditions. Let A C N*(x;) N X;_; be
such that |A] = Clogn, and let B := N*(A). By using the ordering of the vertices and
Claim 5 (3), it follows that

(1 = o())(1 + &)np*|A] < |A|(d*(x) — |A]) < €A, B) < (1 + 6)|A]|Blp,

where the first inequality holds by the lower bound on p. It follows that |B| > (1 + §)np.
As B\N*(x;) C NF (x;) and [N~ (x;)| < (1+6)np — |N*(x;)| by Claim 5 (1), it follows that
x; is a Sullivan vertex. n

Next we show that there exist many vertices whose outdegree must be sufficiently
large for Claim 6 to apply to them.

. 146 « )
Claim 7. For every @ € [6,1 — 6] and every f € [0, 62 dsne|’

A C V(G) of size |A| > an such that d*(v) < (1 + 36)fnp for all v € A.

there is no set

Proof. Let us assume for a contradiction that there exists a set A C V(G) of size an such
that d*(v) < (1 + 38)pnp for all v € A. By using the properties of Claim 5, we note that

(=om’p/2< Y d* () =Y d*m+ D, d*)

veV(G) vEA veV(G)\A

<(1+38)apr’p+(1 + 5)<(1 _20’)">p + (1 +8)a(l — ayp.
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By reordering, one can readily verify that this implies that

1+6 a 1)
1+362 (1+438)a’

p >
a contradiction. ]

Seta :=1-26and p := (1+¢€)p/(1+36). A standard algebraic manipulation shows

1+6 a 3 . .
that f < 11362~ (330 SO We may apply Claim 7 with these parameters to conclude that

for all i € [26n] we have d*(x;) > (1 + &)np?. (A2)
By Claim 6, we may thus assume that G satisfies that
for all i € [26n] we have [N*(x;) N X;_;| < Clogn. (A3)

Now let B := X»s, be partitioned into By := X;, and B, := B\ B;. By Claim 5 (4), we
have that e(B, By) > (1 — 6)|B;||Bz2|p = (1 — 6)8’n’p. By (A3), for each v € B, we have
é(v,B;) < Clogn, and so é(By, By) > (1 — 26)6?n’p. It follows by averaging that there is
some vertex y € B such that é(y, By) > (1 — 28)énp. Let Y € N*(y) N B; be a set with
|Y| = (1 =268)énp, and let Z := N*(Y). Observe that |Z| > np? by (A2) and (A3), and so,
by Claim 5 (4), e(Y,Z) < (1 + 6)|Y||Z|p. On the other hand, using (A2) and Claim 5 (2),
we have that é(Y,Z) > (1 + & — 6 + 26*)np?|Y|. Thus, we conclude that |Z| > (1 + &)np.
As Z\ N*(y) C NS (y) and IN~(»)| < (1 +8)np — |[N*(y)| by Claim 5 (1), it follows that y
is a Sullivan vertex. =



	{Seymour's second neighbourhood conjecture: random graphs and reductions}
	1 INTRODUCTION
	1.1 Orientations of random graphs
	1.2 Counterexamples and minimum degrees

	2 PROOFS
	2.1 Orientations of random graphs
	2.2 Counterexamples and minimum degrees

	3 CONCLUDING REMARKS

	ACKNOWLEDGMENTS
	DATA AVAILABILITY STATEMENT
	ORCID
	REFERENCES

