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ABSTRACT
Neurodegenerative diseases are driven by the accumulation of protein aggregates in the brain of affected individuals. The aggregation behavior
in vitro is well understood and driven by the equilibration of a super-saturated protein solution to its aggregated equilibrium state. However,
the situation is altered fundamentally in living systems, where active processes consume energy to remove aggregates. It remains unclear how
and why cells transition from a state with predominantly monomeric protein, which is stable over decades, to one dominated by aggregates.
Here, we develop a simple but universal theoretical framework to describe cellular systems that include both aggregate formation and removal.
Using a two-dimensional phase-plane representation, we show that the interplay of aggregate formation and removal generates cell-level
bistability, with a bifurcation structure that explains both the emergence of disease and the effects of therapeutic interventions. We explore a
wide range of aggregate formation and removal mechanisms and show that phenomena such as seeding arise robustly when a minimal set of
requirements on the mechanism are satisfied. By connecting in vitro aggregation mechanisms to changes in cell state, our framework provides
a general conceptual link between molecular-level therapeutic interventions and their impact on disease progression.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0312752

I. BACKGROUND

Protein aggregates are known to play a key role in the
onset of a variety of neurodegenerative diseases (NDDs).1,2 The
physical mechanisms governing the formation of aggregates from
monomeric proteins have been well studied using in vitro experi-
ments. Theoretical descriptions based on chemical kinetics provide
precise predictions of the rate at which the protein monomers are
converted into the aggregates. In recent decades, it has been demon-
strated that these models show good agreement with experimental
data across a wide range of proteins.3–6 Fitting these models can
determine reaction rates for the different mechanisms and which
processes dominate the conversion from the monomeric to aggre-
gated state. However, while the same processes likely still take place
in living systems, these well-established models are generally insuf-
ficient for describing aggregation in living systems: They assume
the initial state contains a supersaturated solution of monomeric
protein, and the kinetics is governed by the equilibration into the

aggregated state. To understand the transition to a disease state in
vivo, it is essential to also account for active processes present in liv-
ing systems. In particular, clearance mechanisms that remove aggre-
gates can help maintain a metastable state where toxic aggregates are
removed at the same rate at which they are produced.

Such models are essential for understanding the effect of sev-
eral therapeutic interventions currently in development: Promising
monoclonal antibody therapies, such as lecanemab,7 donanemab,8
and aducanumab,9 aim to support the body’s removal mecha-
nisms by targeting aggregates of the Aβ peptide. Other therapeutic
approaches, such as antisense therapies10–13 or other epigenetic
editing technologies,14 aim to reduce the protein concentrations
and, thus, the aggregation potential of the system. To predict the
effect of these interventions quantitatively requires robust models
of aggregation and removal in living systems.

In this work, we develop a general, theoretical framework to
describe the aggregation state of cells, imposing a minimal set of con-
ditions and determining the robust general features of behavior. The
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FIG. 1. Multiple reactions can convert a monomeric protein into an aggregated state. In addition, in living cells, aggregates are removed from cells by active processes.

binary state of systems, healthy or aggregating, naturally emerges
from this description, and we study how transitions between these
states take place when disease initiates or when cures are admin-
istered. We generalize our earlier work in which we studied the
stability of a specific minimal model of aggregate removal15 (see
Sec. III A) and introduce the two-dimensional phase-plane frame-
work as the central tool for understanding system behavior. We
uncovered universal features of these transitions by showing that
the basic bifurcation structure is preserved across a wide range of
scenarios, with minimal constraints on the mechanisms. This bifur-
cation structure provides a single explanatory framework for widely
observed phenomena, including seeding, aggregates in healthy
cells, and the disappearance of aggregates upon administration of
monomer-lowering therapies (Fig. 1).11,16,17

II. IN VITRO MODELS OF AGGREGATION
We assume that the intrinsic mechanisms of aggregate forma-

tion observed in vitro also drive the in vivo aggregation. It will form
the basis of our model, so we briefly overview these here.4,18 The
rates of these processes may be significantly different in living sys-
tems compared to test tubes, but there is significant evidence across
different proteins that in vitro mechanisms are predictive of in vivo
behavior.6

New aggregates are created by primary nucleation, secondary
nucleation, and fragmentation . Primary nucleation spontaneously
converts the nc monomers into an aggregate of length nc with a
rate constant kn. Secondary nucleation is an autocatalytic conver-
sion of n2 monomers into an aggregate of length n2, occurring on
the surface of existing aggregates with a rate constant k2. Frag-
mentation is the splitting of a longer aggregate into two smaller
aggregates, which we assume occurs with equal probability for any
monomer–monomer bonds with rate k−. In addition, aggregates
change size via the addition or removal of a protein monomer on the
end of an aggregate, which we call elongation and depolymerization,
and which occur at rates k+ and koff, respectively. We expect that
aggregates below the nucleus size nc are unstable and, thus, neglect
them in calculations of total aggregate mass. We, therefore, also
require n2 ≥ nc. The reverse reactions of nucleation and fragmenta-
tion have a negligible impact on the kinetics of aggregate formation

and are thus neglected, as is commonly done.18 Note that in most
practical applications, i.e., when experimental data are fitted, the
parameters nc and n2 become effective reaction orders of a coarse-
grained multi-step process and can no longer be easily interpreted
directly as the sizes of the nucleated species, as detailed in Refs. 5
and 19.

Defining the concentration of monomers in the system as m
and the concentration of aggregates of length i at time t as f(t, i),
we use mass action kinetics to determine the rates of the different
aggregation processes. Combining all of these processes gives the
master equation4 that describes the evolution of the population of
aggregates of a given length i,

d f (t, i)
dt

= δi,nC knmnC + δi,n2 k2mn2
⎛
⎝
∞
∑
j=nc

j f (t, j)
⎞
⎠

+ 2k+m( f (t, i − 1) − f (t, i)) + 2koff( f (t, i + 1) − f (t, i))

− k−(i − 1) f (t, i) + 2k−
⎛
⎝
∞
∑

j=i+1
f (t, j)

⎞
⎠

. (1)

In general, this infinite system of coupled ordinary differential equa-
tions is difficult to solve; however, with suitable assumptions, they
can often be approximated by a closed system of equations for
the evolution of the moments of the length distribution.4,18 The
ηth moment of the aggregate length distribution is given by Q(η)

= ∑
∞
i=nc

iη f (t, i). Two particularly important moments that are most
commonly measured experimentally are the 0th and 1st moments
of the distribution. These are the total number concentration of
aggregates, P = ∑ f (t, i), and the total aggregate mass concentration,
M = ∑ if (t, i), respectively. Assuming that depolymerization is neg-
ligible (koff = 0), the evolution of M and P is then given by a closed
system for M and P,

dM
dt
= 2k+mP − k−nc(nc − 1)P + ncknmnc + n2k2mn2 M, (2)

dP
dt
= knmnc + k−M − k−(2nc − 1)P + k2mn2 M. (3)

Typical disease relevant aggregating systems form long fib-
rils with k+ ≫ k−, and the fragmentation mainly acts via a term
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proportional to the mass. As such, the moment equations describ-
ing a system that is dominated by fragmentation can be considered
as a special case of the equations describing a system dominated by
secondary nucleation by setting n2 = 0, as shown in prior work.20,21

In subsequent analysis, we, therefore, only include the general term
(∝ k2mn2

0 ) for ease of exposition, which can account for secondary
nucleation or fragmentation (with n2 = 0). This assumes that a single
process dominates (either fragmentation or secondary nucleation),
but as previously shown, the descriptions can easily be extended
to the rare cases where both processes are relevant.19 With these
simplifications, the moment equations become

dM
dt
= 2k+mP + ncknmnc + n2k2mn2 M, (4)

dP
dt
= knmnc + k2mn2 M. (5)

III. EXTENDING AGGREGATION KINETICS
TO IN VIVO ENVIRONMENTS

While in vitro the total protein concentration remains con-
stant, in living systems, there are additional processes in the “life
cycle” of a protein: in particular, how proteins are produced and
removed. Many proteins that aggregate during disease also fulfill
functional roles and, thus, will likely be subject to active homeosta-
sis mechanisms that maintain their concentration. For example, the
microtubule-associated protein tau can stabilize microtubules and
regulate transport by molecular motors,22 but its aggregation causes
tauopathies such as Alzheimer’s disease. Generally, the differential
equation for a monomer can be written as

dm
dt
= ε−1

(γ − λ1m) + aggregation kinetics, (6)

where γ and λ1 are the scaled rate constants for the production
and removal of the monomer, respectively, and ε is a parameter
that separates the timescales of monomer production and removal
and the timescales of aggregation. There are two limiting cases to
consider in modeling the kinetics of aggregation in vivo: (1) the
total protein concentration is constant and gets depleted by con-
version into aggregates, as in the in vitro case (large ε); and (2)
the free monomeric protein concentration is constant, m(t) = m0,
and is not depleted (small ε). We first consider the latter case of
a constant concentration of free monomeric protein before gener-
alizing it in Sec. IV B. In order to maintain the monomer con-
centration precisely, the cellular production and removal need to
be much faster than the aggregation kinetics, and thus ε is small.
The leading order solution to (6) is m = γ/λ1 = m0. In the sub-
sequent analysis, we only consider this leading order behavior.
The reality is likely somewhere in between the two limiting cases
where the timescales are not as well separated;23 however, the
leading order behavior is sufficient to capture key features of the
disease.

Protein synthesis can thus be addressed relatively easily. How-
ever, a more significant effect on the aggregation behavior is the fact
that in living systems, aggregates can also be removed via active pro-
cesses in the cells or surrounding tissue, for example, by autophagy
or by expulsion from the cell.24 This introduces a new term to the
master equation,

d f (t, i)
dt

= δi,nC knmnC + δi,n2 k2mn2
⎛
⎝
∞
∑
j=nc

j f (t, j)
⎞
⎠

+ 2k+m( f (t, i − 1) − f (t, i)) + 2koff( f (t, i + 1) − f (t, i))

− k−(i − 1) f (t, i) + 2k−
⎛
⎝
∞
∑

j=i+1
f (t, j)

⎞
⎠
− λi(m, f (t, j)),

(7)

where λi is the removal rate for aggregates of each size. The func-
tional form of the removal could depend on the concentration of
aggregates at each length, the monomer concentration, or other
parameters, and so we write it generally as above.

The exact mechanisms of aggregate removal and their kinetics
remain unknown in many living systems, and we thus investi-
gate broad classes of mechanisms to establish robust and common
behaviors. We make a set of minimal assumptions that will apply
throughout this work, namely, that the rate of the removal mech-
anism is independent of the monomer concentration and that the
fibril growth rate is proportional to the monomer concentration.
We first consider the simplest removal mechanism to showcase
the different regimes of cell behavior and derive the key determi-
nants of the system. In particular, we establish the behavior as a
function of both monomer and aggregate concentration as a char-
acteristic “fingerprint” of the system. We then consider increasingly
complex descriptions of removal and aggregation and use these
monomer–aggregate phase planes to demonstrate the common fea-
tures across mechanisms. The monomer–aggregate phase planes
provide a universal way to describe transitions to disease and pro-
vide a readily interpretable framework to guide the development of
future therapeutics.

A. Unbound removal describes a switch between
stable and runaway aggregation

We begin by considering the simplest removal kinetics: the
removal rate is proportional to the number of aggregates and inde-
pendent of size, so that λi = λ × f(t, i), and so the removal rate
theoretically has no upper bound; see also Thompson et al.15

When the removal is proportional to the number of aggregates,
the moment equations define a linear system, since m = m0 is also
constant. We define q = (P, M)T, and the evolution of the system is

q̇ = (
−λ k2mn2

0

2k+m0 n2k2mn2
0 − λ

)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
A

q + (
knmnc

0

ncknmnc
0
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
b

, (8)

where the dot indicates the time derivative and the matrix A and vec-
tor b are defined in the equation (note that we have applied the same
approximations as discussed above to derive the moment equations,
and fragmentation can be considered a special case with n2 = 0 and
is treated explicitly at the end of Sec. II). Since generically A is not
singular, we can write the solution of this linear system in compact
notation as

q = −A−1b + eAt
(q0 +A−1b), (9)

where q0 is a vector of the initial aggregate number and aggregate
mass concentration. The steady state behavior is determined by the
eigenvalues of A, which are
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ν± =
1
2
(k2mn2

0 n2 ±

√

8k+m0k2mn2
0 + (n2k2mn2

0 )
2
− 2λ). (10)

The system always has ν− ≤ 0; however, the sign of ν+ depends on
the rate parameters and the removal constant, λ. If ν+ > 0, then the
system has no steady state, and both the mass and the number of
aggregates increase exponentially. However, for ν+ < 0, there exists
a steady state solution for t →∞, q∗ = −A−1b.

At this steady state, we can also find the average aggregate
length, l̄ ∗, by taking the ratio of mass and number concentrations;
this is

l̄ ∗ =
M∗

P∗
=

2k+m0 + ncλ
λ + (nc − n2)k2mn2

0
. (11)

The stability and steady-state length of the system are independent
of the primary nucleation rate. However, the primary nucleation rate
does affect the steady state aggregate mass, M∗,

M∗ =
knmnc

0 (2k+m0 + ncλ)
λ2
− k2mn2

0 (2k+m0 + n2λ)
. (12)

Given a set of rate constants, we define the critical removal,
λ(crit), that determines whether or not the aggregate mass is finite as
t →∞. Solving (10) for ν+ = 0 gives

λ(crit)
=

1
2
(k2mn2

0 n2 +

√

8k+k2mn2+1
0 + (n2k2mn2

0 )
2
). (13)

For λ > λ(crit), the system approaches a finite steady state, and when
λ < λ(crit), we have runaway aggregation where the mass of aggregates
grows exponentially as M(t) ≈M(t = 0)eν+t .

However, to understand how a system switches between these
two states, a more useful interpretation is to fix the removal rate
and determine the maximum monomer concentration that leads to
a steady state solution. The rate of aggregate formation increases
as the monomer concentration increases, whereas the removal rate
is unaffected. Thus, we expect a transition from a system that has
a steady-state solution to one that undergoes runaway aggrega-
tion as the monomer concentration increases. The critical stability
condition is

− 2k2k+mn2+1
0 − n2k2λmn2

0 + λ2
= 0, (14)

FIG. 2. Exact steady states and dynam-
ics for the unbound removal model.
(a) The steady state aggregate mass
diverges as the monomer concen-
tration approaches the critical value,
m(crit)

0 ≈ 7.21 × 10−7M, and for larger
monomer concentrations the system
undergoes runaway aggregation. The
steady state aggregate mass from
the numeric scheme agrees well with
the exact solution. (b)–(d) The flow
of M and P, given by (8), at different
monomer concentrations. When m0

< m(crit)
0 , the flows approach a steady

state, shown in (b) with m0 = 3 × 10−7M
and (c) 6 × 10−7M. When m0 > m(crit)

0 ,
both M and P grow exponentially, as
shown in (d) with 9 × 10−7M. System
parameters: kn = 4800.0M−1 hr−1,
k+ = 1.2 × 108M−1 hr−1, n2 = 2, nc

= 2, λ = 1.0 hr−1, and k2 = 1.1
× 1010M−2 hr−1. Simulation para-
meters: dt = 0.001 hr, T = 1500.0 hr,
and N = 10 000.
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which has exactly one positive solution that defines the criti-
cal monomer concentration m(crit)

0 . At monomer concentrations
above m(crit)

0 , the system undergoes runaway aggregation; and below
m(crit)

0 , the aggregate mass approaches a steady state. Viewing the
transition in terms of the monomer concentration is a useful new
perspective, as the monomer concentration is an alternative accessi-
ble therapeutic target compared to the removal rate and corresponds
to new treatment technologies, such as antisense oligonucleotides,
that alter the expressed monomer protein m0.11,13

Figure 2(a) shows the steady state aggregate mass concentra-
tion as a function of the monomer concentration. At m(crit)

0 , the
steady state aggregate mass diverges, and the shaded region shows
the pathological state, in which the aggregates will proliferate expo-
nentially. In addition to identifying which cell systems we expect to
be healthy or in disease, this representation provides a clear visual-
ization of how transitions between these two cell states take place.
It is also a useful representation to generalize and compare different
models, and we will use it to do so extensively in the remainder of
this work (see Sec. IV). The predicted steady state aggregate mass
was verified by numerical simulations, where we evolved a popula-
tion of aggregates with a finite maximum length, according to (7)
(see Appendix A). In Figs. 2(b)–2(d), we show the flow of the first
two moments of the length distribution as they approach equilib-
rium for three specific values of m0. In particular, we note that when
a steady state exists [Figs. 2(b) and 2(c)], the fixed point is a global
attractor. When m0 > m(crit)

0 , there is no positive fixed point, and the
long time behavior of q is determined by the eigenvector of A corre-
sponding to the positive eigenvalue ν+. The ratio of the components
of this eigenvector gives the average length for high aggregate mass,
which is

l̄ =
m
− n2

2
0

√

k2n2
2mn2

0 + 8k+m0 +
√

k2n2

2
√

k2
. (15)

On average fibrils are many hundreds to thousands of monomers
long, so we expect the rate of growth of existing fibrils to be signif-
icantly faster than the nucleation of new fibrils, i.e., k2mn2

0 ≪ k+m0

and, thus, l̄ ≈
√

2k+m0/k2mn2
0 .20 When n2 = 2, the flow converges

onto the line M/P =
√

2k+/k2m0, and Fig. 2(d) begins to show this
behavior at high aggregate concentrations.

B. A maximum cellular removal capacity
reveals a cell-level bistability

The proportional removal described above gives rise to an ana-
lytically solvable model that provides insight into the role of removal
in neurodegenerative diseases. However, it is limited in its ability
to describe the reality of living systems because it assumes removal
is infinitely efficient. As the aggregate mass increases, the propor-
tional removal rate would, therefore, also increase without bound.
However, active removal requires both energy and the availability of
specific biomolecular machinery, for example, to expel aggregates
from a cell or to break the monomer–monomer bonds. Both the
energy resources and molecules of the clearance machinery available
to a cell are finite, imposing a fundamental limit on the maximum
removal rate. Furthermore, aggregates may also induce toxic effects
on the cell, creating feedback that impairs the efficiency of removal

mechanisms.25 We build on the model developed in Sec. III A by
considering more realistic kinetics and showing how these naturally
impose an upper limit on the removal rate.

The specific functional form governing the kinetics of aggre-
gate removal determines how the rate approaches its upper limit. For
now, we assume that the removal process follows enzyme-like kinet-
ics and investigate generalizations of this mechanism in Sec. IV A.
As an example, in the ubiquitin (Ub)–proteasome system, aggre-
gates are tagged with Ub, unfolded, and subsequently cleaved by
the proteasome. Similarly, in chaperone-mediated autophagy, chap-
erones deliver aggregates to lysosomes for degradation.26,27 Both
processes can be modeled as involving an essential removal compo-
nent (E), such as Ub or a chaperone, that binds to aggregates, forms
a removable complex, and is then recycled back into the system.

For an aggregate Ai of length i and a removal component E, the
removal reaction can be modeled as a typical catalytic reaction,

Ai + E
ki

b

ÐÐ⇀↽ÐÐ

ki
d

Ci
kc

i
Ð→E + RemovalProducts, (16)

where kb
i and kd

i are the binding and dissociation rates of the aggre-
gate and removal components and kc

i is the rate constant describing
the removal of the aggregate. The concentration of Ai is given by
f(t, i), and the concentration of E is fe(t). The removal component
binds to an aggregate of size i to form a complex Ci, with concen-
tration ci(t), which can either dissociate or be broken down and
removed.

This setup is similar to the Michaelis–Menten (MM) descrip-
tion for reaction kinetics, where the E component is the enzyme
and the aggregate is the substrate. However, we now have a series
of different sized aggregates that can, in principle, all compete for
the same removal component. We can calculate the expected rates in
the system in the same way as the single substrate analysis: assume
that the total E component in the system is constant, f T

e = fe(t)
+∑i ci(t), and that the aggregate binding is at equilibrium for
all lengths, kb

i fe(t) f (t, i) = kd
i ci(t). From these expressions, we

obtain

ci(t) = f T
e

kb
i

kd
i

⎛
⎜
⎜
⎜
⎝

f (t, i)

1 +∑j f (t, j)
kb

j

kd
j

⎞
⎟
⎟
⎟
⎠

. (17)

Factors that reduce the system’s ability to remove aggregates, such
as aging, can easily be modeled by a decrease in f T

e . The removal
of aggregates of size i in the master equation is λi = kc

i ci(t). In gen-
eral, this functional form will prevent us from obtaining a closed
pair of moment equations. However, if we assume that the rates are
independent of aggregate size, kc

i = kc, kb
i = kb, and kd

i = kd, then the
master equations reduce to the typical MM kinetics, as all aggregates
act effectively as the same single substrate species (generalizations
of this, for example, taking into account increased probability of
binding for larger aggregates, are discussed below). Following this
assumption, we obtain the following system of moment equations
with modified removal:

dM
dt
= ncknmnc

0 + n2k2mn2
0 M + 2k+m0P −

λM
1 + P/Kλ,P

, (18)
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dP
dt
= knmnc

0 + k2mn2
0 M −

λP
1 + P/Kλ,P

, (19)

where we have defined λ = kc f T
e (t)kb

/kd and Kλ,P = kd
/kb. At low

aggregate concentrations, when P≪ Kλ,P, the removal is propor-
tional to the concentration as before, with an equivalent number
removal rate ≈λP as in the proportional removal case. However, for
high aggregate concentrations, P≫ Kλ,P, the removal saturates with
a maximum number removal rate of λKλ,P.

Solving for the steady state of the system, dM/dt = dP/dt = 0,
gives three sets of solutions for (M∗, P∗). For typical system para-
meters at low monomer concentration, two of these sets have real
positive solutions for both M∗ and P∗. However, as the monomer
concentration increases, it reaches a critical monomer concentra-
tion where these two solutions undergo a saddle-node bifurcation
and merge, such that for monomer concentrations above this crit-
ical value, there no longer exists a positive steady state, as shown
in Fig. 3(a). This parallels the behavior described above for pro-
portional removal with no maximum rate: when the monomer
concentration is large, we expect the mass of aggregates in a system
to exhibit runaway growth. However, below this critical monomer
concentration, the introduction of a maximum removal rate alters
the behavior significantly. There are now two solutions for (M∗, P∗),
with the low-mass solution corresponding to an attractive fixed
point and the high-mass solution to a repulsive one. Panel (b) of
Fig. 3 plots the flow of M and P and shows the basin of attrac-
tion of the fixed point. Systems that are below the critical monomer
concentration but outside the basin of attraction will still display
runaway aggregation. Physically, this corresponds to a system in
which the aggregate load is so high that the limited removal rate
cannot keep up, despite the monomer concentration being below its
critical value.

In practice, this means that even at a low monomer concentra-
tion, below the critical concentration, the introduction of preformed

aggregates can result in runaway aggregation. This, of course, corre-
sponds to the widely observed seeding phenomenon, where cells are
exposed to preformed aggregates, triggering the transition into the
pathological runaway aggregation state.16,28,29

The above description also allows us to understand how the
size distribution of these preformed fibrils affects whether or not
a system will transition into the unstable region. For example, the
introduction of a few long aggregates might not trigger runaway
aggregation, whereas an equivalent mass of many short aggregates
would. Aggregates of different lengths are being removed at the same
rate, but the same mass of smaller aggregates induces faster fibril
growth due to more growing ends. If removal processes display a
different length bias, it will be reflected in the length dependence of
this seeding effect. The shape of the stable region in the M − P plot
[Fig. 3(b)] highlights this fact. This length dependence is thus useful
both to understand seeding experiments in vivo and to investigate
the properties of the removal process. It is important to not only
control the total mass of aggregates added but also to control the
length distribution of aggregates that will be used to seed a system to
investigate the in vivo dynamics. A different length distribution, but
the same aggregate mass, can, in fact, alter the fate of identical cells,
and so conclusions drawn from comparing the aggregation kinetics
with uncontrolled length distributions may be misleading.

The length dependence of seeding may also have consequences
in the spreading of pathology within the brain. The prion-like
hypothesis suggests that pathological aggregates can be transported
(either actively or passively) into neighboring brain regions, seeding
these regions and causing the formation of new aggregates, leading,
for example, to Braak staging in Parkinson’s disease.30 The gen-
eral connectivity between different regions of the brain has been
explored as driving the spread of pathology.31,32 Given the length-
dependent seeding suggested here, a better understanding of the
different transport properties of different aggregate sizes will enable
a more accurate modeling of the spread of the disease through these

FIG. 3. Exact steady states and dynamics for the MM-like removal model. (a) Steady state values of M are plotted for both the full cubic system given by (18) and (19) as
well as the reduced model with l̄ =

√
2k+/k2m0, (21). The shaded region indicates the unstable region of the reduced model, and the stability boundary from numerics

is shown for two different values of l̄ of the seed. (b) The flow of M and P, given by (18) and (19), with 3.5 × 10−7M. Additional system parameters are as follows:
kn = 5000.0M−1 hr−1, k+ = 1.2 × 108M−1 hr−1, n2 = 2, nc = 2, λ = 2.5 hr−1, Kλ,P = 1.0 × 10−8M, and k2 = 4.0 × 1010M−2 hr−1. Simulation parameters: dt = 0.001 hr,
T = 100.0 hr, and N = 10 000.
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connections. For example, short aggregates might be expected to dif-
fuse faster and, thus, be transported between regions more quickly.
This length-dependent transport can significantly alter the rate at
which the disease spreads or exaggerate the spreading effects of
certain transport mechanisms. This is a similar mode of action to
dimeric enzymes that can experience enhanced reactivity by dissoci-
ating into monomers, diffusing at a faster rate, and dimerizing again
to carry out their function.33

C. Monomer–aggregate phase plane captures
key features of aggregation dynamics

The long-time dynamics of aggregates determines whether a
cell is in a low aggregate steady state, which we here call healthy,
or in a state of runaway aggregation, which we here also refer to as
pathological. Thus, understanding whether specific parameter val-
ues lead to stable or runaway aggregation is key to understanding
disease dynamics and, in particular, the onset and incidence of dis-
ease. To provide an easily interpretable overview of the possible
system behaviors, we project the full system dynamics onto a two
dimensional phase plane defined by the monomer and aggregate
concentrations, as detailed in the following.

When the aggregate removal and other rates are prescribed,
the system and its dynamics are determined by three variables: M,
P, and m0. In the current limit, we model m0 as unaffected by the
aggregation kinetics; however, we keep the monomer concentration
as a system variable so that this framework can be applied to study
monomer reducing therapies.

When the removal is proportional to the aggregate concen-
tration, the fate of the system will be entirely determined by the
monomer concentration (Sec. III A, Fig. 2). We can reduce the three
variable description (M, P, and m0) to a two parameter descrip-
tion by prescribing the average length of the aggregates, l̄ . In the
case of unbounded proportional removal, the steady state is given by
q = A−1b, and so an obvious choice for l̄ is to choose the steady state
value, l̄ ∗ =M∗/P∗, given by (11), which exactly recovers the same
steady state mass (M∗) as the full model. With this assumption, the
evolution equation for M becomes

dM
dt
= ncknmnc

0 + n2k2mn2
0 M + 2k+m0M/l̄ ∗ − λM. (20)

This system is now one dimensional, but it is useful to see it in the
plane (m0, M) by adding the equation dm0/dt = 0. This reduced
system captures the key features of the aggregation kinetics: the
approach to the steady state for m0 < m(crit)

0 and runaway aggrega-
tion for m0 > m(crit)

0 . A phase plane analysis of this model clearly
shows the dynamics and the emergence of stability, as shown in
Fig. 4(a). The average length assumption projects the two dimen-
sional M − P plane flows onto a line in M − P space, as shown by the
dotted line in Figs. 2(b) and 2(c). The key features of the dynamics
are well captured by the projection onto this line.

We can similarly reduce the system to a two-parameter
description when the removal is bounded to give

dM
dt
= ncknmnc

0 + n2k2mn2
0 M + 2k+m0M/l̄ −

λM
1 +M/l̄ Kλ,P

. (21)

However, the transition to disease occurs at high aggregate mass,
and so we use the average length for large aggregate mass given
by (15). The fixed points of this reduced system are given by a
quadratic equation in M, which leads to two steady states when m0
is low and no steady states when m0 is high. This reduced model
captures the key features of the full model, with the existence of a
stable and unstable fixed point and a critical monomer concentra-
tion. However, the exact value at which this bifurcation occurs is
slightly perturbed in the reduced model compared to the full model.
This is due to the approximation for l̄ being accurate only when the
aggregate steady state mass is large, and, indeed, Fig. 3 shows that
the two models agree well in this region.

The fate of the system now depends on both the monomer con-
centration and the aggregate mass. The system is only stable, and
therefore healthy, if both the monomer concentration and aggregate
mass are low. Intuitively, this dependence on the aggregate mass
makes sense. If there are more aggregates (number and mass) in
the system, then the rates of secondary nucleation and elongation
will increase. When the aggregate removal rate is high enough to

FIG. 4. Flow in the m0 − M plane (both expressed in molar M) from the reduced models for constant and enzyme-like removal kinetics. The background color shows the
direction of the flow. (a) Reduced model from (20) with kn = 4800.0M−1 hr−1, λ = 1.0, k2 = 1.1 × 1010M−2 hr−1, and l̄ ∗ from (11). (b) Reduced model from (21) with
kn = 5000.0M−1 hr−1, λ = 2.5 hr−1, Kλ,P = 1.0 × 10−8M, k2 = 4.0 × 1010M−2 hr−1, and l̄ =

√
2k+/k2m0. Additional system parameters in (a) and (b) are n2 = 2, nc = 2,

and k+ = 1.2 × 108M−1 hr−1.
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outcompete these effects, the aggregate mass/number is reduced and
approaches a steady state value where the production and removal
are balanced. For very large aggregate mass/number, the production
rates of aggregates continue to increase with increasing aggregate
mass/number; however, for physically realistic models of removal
mechanisms, the removal rate of aggregates will begin to saturate,
and at some point will no longer be able to balance the aggregate
production/elongation rates, leading to runaway aggregation.

These reduced dynamics show the different mechanisms
through which a system can transition from a healthy state into a
pathological state. A stable, steady state could transition to runaway

aggregation if the monomer in the system were increased beyond
the critical value. Alternatively, the sudden introduction of aggre-
gate mass would cause the system to move upwards on the phase
plane and cross into the unstable regime. This transition can only
occur when a system allows for both stable and unstable states at
the same monomer concentration. Such a system could also transi-
tion from an unstable to a stable state by removing aggregate mass
from the system (moving down on the phase plane). This is likely to
be hard to achieve therapeutically. However, changes in monomer
concentration, moving to the left on the phase plane and hopefully
into the stable region, can be achieved through monomer reducing

FIG. 5. Reduced dynamics for the generalized models.
The flows in the different plots are given by (a) (22)
with λ = 2.5 hr−1 and Kλ,M = 5.0 × 10−6M; (b) (23) with
λ = 3 hr−1, Kλ,P = 1.0 × 10−8M, and α = 2/3; (c) (24) with
λ = 2.5 hr−1, Kλ,P = 1.0 × 10−8M, and ρ = 1 × 105M−1;
and (d) (26) with λ = 250 hr−1 and Kλ,P = 2.0 × 10−8M.
Additional system parameters in (a)–(d) are
kn = 5000.0M−1 hr−1, k+ = 1.2 × 108M−1 hr−1, nc = 2,

n2 = 2, and k2 = 4.0 × 1010M−2 hr−1. l̄ =
√

2k+/k2mn2−1
0

in (a)–(c) and l̄ =
√

2k+/k2mn2−1
tot in (d). Flows

in panels (e) and (f) are given by (e) (29) with
kn = 5000M−1 hr−1, k+ = 5 × 107M−1 hr−1,
nc = 2, λ = 1 hr−1, Kλ,M = 1.5 × 10−6M, and

P =
√

Mknmnc−1
0 /k+; and (f) (30) with k− = 0.0075 hr−1,

kn = 50 000M−1 hr−1, k+ = 2 × 108M−1 hr−1, nc = 2,
λ = 2 hr−1, Kλ,P = 2.0 × 10−8M, and l̄ =

√
2k+m0/k−.
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therapies.11 How much of an intervention is required to cause a sys-
tem to change state depends on the aggregate mass in the system,
and so this suggests that such therapies would only be effective at an
early time after the transition to disease, when the aggregate mass
is still small. This reduced parameter system provides a useful per-
spective to discuss the landscape of NDDs and captures the effects of
seeding and monomer reduction therapies.

IV. PHASE-PLANE STRUCTURE IS PRESERVED
ACROSS AGGREGATION AND REMOVAL KINETICS

When developing the model of bounded removal in Sec. III B,
we focused on the kinetics of an enzyme-like mediated removal
mechanism with binding rates independent of aggregate size. Cru-
cially, this model predicts an upper unstable branch in the phase
plane of the M −m0 dynamics, i.e., that the introduction of seeds
can push the system to runaway aggregation even below the critical
monomer concentration.

This phenomenon is generic and found in a larger class of
aggregation and removal mechanisms that all share the same bifur-
cation structure. To demonstrate the wide scope of this theory, we
show that this bifurcation structure is preserved for a range of dif-
ferent removal mechanisms, with different functional dependence,
and for a variety of aggregation kinetics. We overview these differ-
ent mechanisms below and plot the resulting phase planes in Fig. 5.
Table I summarizes the different models.

A. Generalized models of aggregate removal
1. Enzyme-like kinetics saturating in aggregate mass

In Sec. III B, we assumed that the binding rate, kb
i , dissoci-

ation rate, kd
i , and breakdown rate, kc

i , were constant. With these
assumptions, the net aggregate removal followed MM kinetics, with
the rate saturating for high aggregate number concentration, P.
Different assumptions can be made about the length dependence
of the rates; we now showcase that the characteristic shape of
the phase plane is maintained also under different assumptions.
In particular, when kb

i /k
d
i ∝ i and kc

i ∝ i−1, we again recover MM
kinetics. However, in this case, the rate saturates with respect to
the aggregate mass concentration, M. This scaling is inspired by a
binding-and-removal model, where a removal component is more

likely to bind to larger aggregates. Within this model, we expect that
the monomer–monomer bonds are cleaved at a constant rate, and
the time to remove the whole aggregate is thus proportional to its
size. The removal rates for the number and mass concentrations
are now λP/(Kλ,M +M) and λM/(Kλ,M +M), respectively. Setting
kb

i /k
d
i = βi and kc

i = γi−1, we find λ = βγ f T
e (t) and Kλ,M = β−1. The

reduced model for the system is

dM
dt
= ncknmnc

0 + n2k2mn2
0 M + 2k+m0M/l̄ −

λM
1 +M/Kλ,M

. (22)

The reduced dynamics for this model are shown in Fig. 5(a) and
maintain the characteristic shape.

2. Multiple removal mechanisms
We expect that the complex regulation of living systems will

result in multiple mechanisms to remove aggregates, each with
potentially different kinetics and saturation behavior. Again, when
the aggregation rates outpace the removal mechanisms, we recover
the same bifurcation structure. Consider, for instance, the case of a
system combining a removal proportional to mass and a MM-like
removal that saturates in aggregate number [the removal mecha-
nisms in (20) and (21)]. At low aggregate mass, the rate is propor-
tional, with constant λ. We denote the relative contribution of the
saturating mechanism with α. The combination of these two removal
mechanisms means that we find that the bifurcation point moves
to a higher monomer concentration compared to each removal
mechanism separately, but that the bifurcation structure remains
unchanged, as shown in Fig. 5(b). At low monomer concentration,
we have global stability due to constant removal, which, for higher
monomer concentrations, is outpaced by aggregation, and the MM-
like removal gives the familiar stability structure. The reduced model
for this system is

dM
dt
= ncknmnc

0 + n2k2mn2
0 M + 2k+m0M/l̄

− λM((1 − α) +
α

1 +M/l̄ Kλ,P
). (23)

This combination model is shown in Fig. 5(b) and again displays the
same characteristic phase plane.

TABLE I. Summary of different systems across aggregation and removal kinetics.

Model name Reduced dM/dt Phase plane

Constant removal ncknmnc
0 + n2k2mn2

0 M + 2k+m0M/l̄ ∗ − λM Figure 4(a)
MM removal ncknmnc

0 + n2k2mn2
0 M + 2k+m0M/l̄ − λM

1+M/l̄ Kλ,P
Figure 4(b)

Mass saturating (MM) ncknmnc
0 + n2k2mn2

0 M + 2k+m0M/l̄ − λM
1+M/Kλ,M

Figure 5(a)

Combination removal ncknmnc
0 + n2k2mn2

0 M + 2k+m0M/l̄ − λM((1 − α) + α
1+M/l̄ Kλ,P

) Figure 5(b)
Overlapping aggregates ncknmnc

0 + n2k2mn2
0 (M − ρM2

) + 2k+m0(M − ρM2
)/l̄ − λM

1+M/l̄ Kλ,P
Figure 5(c)

Conserved protein nckn(mtot −M)nc + n2k2(mtot −M)n2 M + 2k+(mtot −M)M/l̄ − λM
1+M/l̄ Kλ,P

Figure 5(d)
No self-replication ncknmnc

0 + 2k+m0P(M) − λM
1+M/Kλ,M

Figure 5(e)
Fragmenting ncknmnc

0 + 2k+m0M/l̄ − λM
1+M/l̄ Kλ,P

Figure 5(f)
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B. Generalized models of aggregation
1. Finite disease steady state from aggregate
clumping

When a cell is in the pathological state, the aggregate mass
grows exponentially. However, for a cell of finite volume and limited
resources, this growth can only take place for a finite time. Autopsy
data show that diseased cells are often full of aggregates (for example,
see coronal and sagittal planes in Iba et al.34 and aggregate renders
in Guo et al.35), and so at some point the aggregate mass approaches
a cellular carrying capacity. One of the potential contributors to
this carrying capacity is the fact that, as the aggregate concentra-
tion increases, multiple aggregates may touch or overlap and disrupt
the elongation and self-replication processes. We now focus on this
process as an example to show that the key parts of the bifurcation
structure are preserved. If we assume that each aggregate is inde-
pendently distributed within the volume of the cell, then we expect
the probability of two aggregates being separated by a distance less
than some threshold be proportional to M2. Therefore, the aggrega-
tion kinetics with this correction to account for inactive aggregate
surface becomes

dM
dt
= ncknmnc

0 + n2k2mn2
0 (M − ρM2

)

+ 2k+m0(M − ρM2
)/l̄ −

λM
1 +M/l̄ Kλ,P

, (24)

where ρ is the overlap constant. Figure 5(c) shows the reduced
dynamics for this system, which appear similar to the ones found
before; however, there is now a pathological stable branch at high
aggregate concentrations. For very low monomer concentrations,
there is only one steady state, as the removal mechanisms can keep
up with the aggregation, and the steady state is determined by the
balance of aggregation and removal. For intermediate monomer
concentrations, there is still a stable steady state at low aggregate
concentrations; however, for larger aggregate concentrations, the
crowding effects slow the rate of aggregation, resulting in a second
stable steady state. Above the critical monomer concentration, there
is only a high aggregate mass, pathological steady state, which is
globally attracting. We interpret this exactly as before; however, now
the aggregate mass in the pathological state is finite at some high
aggregate mass, which is more consistent with finite-size cells and
parallels what is seen in human pathology. The kinetic model in (24)
achieves a bound on aggregate mass by considering a reduced aggre-
gate surface due to overlaps; however, other mechanisms, such as a
reduction in the monomer production rate, may reduce the aggre-
gation rate and similarly result in a maximum aggregate mass. The
exact molecular mechanisms do not affect the observed macroscopic
phenomena but might slightly alter the concentrations at which
transitions between the system states occur.

A special case to note here is the situation when the carrying
capacity is below the concentration at which removal mechanisms
become overwhelmed. In that case, the seeding effect will disap-
pear, i.e., the low aggregate stable branch smoothly becomes the high
aggregate mass stable state, with no bifurcation, and for all monomer
concentrations, there is only one steady state in the system. In the
above example of clumping, this happens when the critical point
from the balance of removal and aggregation (the lower turning
point on the “S” curve) would occur above the saturating effects due

to clumping, M ≈ ρ−1. We can approximate the aggregate mass at
which these effects occur (see Appendix C) and derive the following
condition for the seeding transition to occur:

ρ−1
>

2k+Kλ,P

λ
(

λ2

2k2k+
)

1
1+n2

. (25)

2. Constant total protein
The models of aggregation considered so far assume constant

free monomer concentration in the cell, motivated by cellular home-
ostasis regulating this concentration. The opposite limiting behavior
is to assume the aggregation kinetics are much faster than the expres-
sion of the monomer, and so the total protein in the system, mtot
=M +m, is constant. Most real cellular systems will lie on the spec-
trum between these two extremes. Assuming the MM-like removal
mechanism, the rate of change of aggregate mass is still given by
(21), and substituting m0 = mtot −M, so that Ṁ = −ṁ. This corre-
sponds to removal mechanisms converting the aggregated mass back
into monomers to conserve total protein. The dynamics of the new
reduced model can be seen in a phase plane of M and mtot , as shown
in Fig. 5(d). The equation describing the system is

dM
dt
= nckn(mtot −M)nc + n2k2(mtot −M)n2 M

+ 2k+(mtot −M)M/l̄ −
λM

1 +M/l̄ Kλ,P
, (26)

where l̄ is the average aggregate length assumed to be established
early in the aggregation dynamics, so that l̄ =

√
2k+/k2mtot .

Since Ṁ = −ṁ, the effects of the conserved total protein will be
seen when the aggregate mass concentration is of the same order
of magnitude as the monomer concentration. We choose rate para-
meters to demonstrate this coupling and show a wide range of total
aggregate mass. The, by definition, unfeasible region where M > mtot
is included but left blank. From Fig. 5(d), it can be seen that sys-
tem dynamics for conserved total protein have a similar structure
to Fig. 5(c), except with an increasing upper branch. The upper
branch for large monomer concentration has almost all the protein
in the aggregated state. Seeding this system with a mass concentra-
tion of seeds, Mseed, increases both the mass concentration (M →M
+Mseed) and the total protein concentration (mtot → mtot +Mseed)
and so corresponds to a diagonal upward-right move on the phase
plane.

The model in (26) and the model in (21) represent two distinct
regimes: the aggregation kinetics are much faster than the homeo-
static mechanisms or the inverse. The full system is likely to couple
these timescales. In this case, the arrows in the phase planes will
be tilted rather than vertical. It is harder to determine the fate of
the system from the coupled dynamics, but by considering the two
limiting regimes, we recover the same macroscopic behavior and fea-
tures of the phase plane, indicating that they will also be retained at
intermediate points.

3. Systems without self-replication
We also consider the case of aggregating systems with no

self-replication,6 corresponding to k2 = 0. In these systems, there
also exist parameter regimes that exhibit the same phenomenology
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as the models discussed above. However, the seeding behavior is
only observed when the system saturates with increasing mass con-
centration, rather than saturating by increasing aggregate number
concentration. Simply setting k2 = 0 and using the number saturat-
ing kinetics, given by Eq. (19), we find that when λ > knmnc

0 , there
exists a finite stationary aggregate number and mass concentration
given by

P∗ =
Kλ,Pknmnc

0
λ − knmnc

0
(27)

and

M∗ =
Kλ,Pkn(k+m1+nc

0 Kλ,P + 2λmn2
0 − 2knmnc+n2

0 )

(λ − knmnc
0 )

2 . (28)

This steady state is attractive for all initial values of M and P. When
λ < knmnc

0 , M and P increase without bound. Phenomenologically,
this creates a similar transition from the healthy to the pathological
state as observed in the case of unbounded, proportional removal, as
there exists a critical monomer concentration that switches the state
of the system for all values of the initial aggregate mass.

However, when the removal saturates in M as described in
Sec. IV A 1, then the model shows seeding susceptibility: the system
stability depends on the initial aggregate distribution. The equation
describing the reduced model is

dM
dt
= ncknmnc

0 + 2k+P(M) −
λM

1 +M/Kλ,M
, (29)

where P is a function of M, which is needed to reduce the dynamics.
In the other reduced models, this was done by assuming some con-
stant average length derived from the large aggregate limit. Here,
when there is no self-replication, the length distribution does not
reach a steady state and, thus, does not have a constant average

length. We use instead the approximation that P =
√

Mknmnc−1
0 /k+

(see Appendix D). Nonetheless, this still produces the same bifurca-
tion structure as before in the reduced monomer–aggregate phase
plane [see Fig. 5(e)]. Therefore, systems that lack self-replication
may not display a seeding effect.

4. Systems with fragmentation
We now consider a system where the only self-replication is due

to fragmentation, setting k2 = 0 and k− ≠ 0. The reduced model for
this system becomes

dM
dt
= ncknmnc

0 + 2k+m0M/l̄ −
λM

1 +M/l̄ Kλ,P
. (30)

The fragmentation rate affects the dynamics by altering the length
distribution, with the average length being given by l̄ =

√
2k+m0/k−,

which, similarly to before, is a good approximation at large aggregate
mass. Again, these aggregation kinetics give the same bifurcation
structure as before; see Fig. 5(f).

C. Sufficient conditions for bistability
and seeding transition

The fundamental behavior of the system, described by the
conserved bifurcation structure, is a result of removal mechanisms

dominating at low aggregate loads and production mechanisms
dominating at high aggregate loads. Comparing a range of aggre-
gate production/removal kinetics reveals two sufficient conditions
that give rise to this bifurcation structure and, thus, to the observed
disease phenomena. In particular, we find bistability and the seeding
transition in systems that have:

1. A self-replicating aggregation mechanism with a monomer
concentration-dependent rate.

2. A limited capacity aggregate removal mechanism.As demon-
strated, these conditions are not tied to specific mechanis-
tic details and can be realized by different molecular pro-
cesses. (1) and (2) naturally emerge from considering the
universal features of aggregate formation6 and the physi-
cal constraints on the aggregate removal mechanisms that
cause the rate to saturate. In addition, other regimes, for
example, a system with no self-replication, as shown in
Sec. IV B 3, can still show the same stability structure.
Moreover, feedback from, for example, aggregate toxicity or
damage to vasculature25 can further limit the capacity of
aggregate removal mechanisms, similar to the removal mecha-
nisms that require an intermediary clearance component, such
as the Michaelis–Menten mechanisms discussed above. This
highlights that the decreased efficiency of removal at high
aggregate loads is likely a very general phenomenon, driven
by multiple factors, and therefore the bifurcation struc-
ture obtained here is expected to apply to a wide range of
aggregating systems.

V. LENGTH-DEPENDENT REMOVAL ALONE
DOES NOT YIELD CELLULAR BISTABILITY

Having discussed the sufficient conditions for bistability and
seeding behavior above, we now briefly investigate the degree to
which these are also necessary conditions. We have already estab-
lished that even without self-replication, some systems can show
bistability. Another obvious modification to the above models is
to allow the removal rates to depend on the size of the aggregates.
To illustrate this, we first consider a situation where the rate of
removal is reduced for longer aggregates.36 This is also a physi-
cally meaningful regime, as longer aggregates may take longer to
clear from living cells and tissue, as there are more bonds to break.
It is useful to understand if this extra mechanism will capture the
observed seeding behavior even with an unbounded removal pro-
cess; that is, whether a sudden increase in the concentration of
aggregates, including longer and more persistent fibrils, would cause
a transition to runaway aggregation even when removal processes
have no maximum capacity. Longer aggregates take more time to
clear, so one might suppose that by the time they are removed
from the system, the nucleation and subsequent elongation will
have already replenished and then increased the concentration of
longer aggregates, leading to positive feedback. However, a detailed
mathematical description shows this is not the case.

We expect the aggregate removal rate to be inversely pro-
portional to the number of bonds, which in turn is propor-
tional to aggregate length. We assume λi = λiν f(t, i), where we
choose ν = −1. For the non-fragmenting, non-depolymerizing sys-
tem discussed here (k− = 0, koff = 0), the master equation for this
model is
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d f (t, i)
dt

= δi,nC knmnC + δi,n2 k2mn2
⎛

⎝

∞
∑
j=nc

j f (t, j)
⎞

⎠

+ 2k+m( f (t, i − 1) − f (t, i)) − λi−1 f (t, i). (31)

Unlike the previous removal models, the evolution of the aggregate
number, P, depends on the −1st moment of the length distribu-
tion, Q−1

= ∑ii
−1 f(t, i). This does not result in a closed system of

moment equations that can be used to determine the transition to
disease. Instead, we can numerically evolve the system for differ-
ent initial values of M and m0 and observe the resulting dynamics.
As described in Appendix A, we simulate each aggregate population
using the master equation and a fourth-order Runge–Kutta method.
When the final aggregate mass, M, is greater than a threshold value,
we label the system as unstable, corresponding to a pathological
state. Panel (a)–(c) of Fig. 6 reports the results of these simulations
for three different removal rates, λ. It is interesting to note that this
removal mechanism does not exhibit a seeding-like transition. The

stability of a state does not depend on the initial aggregate mass
concentration but exclusively on the monomer concentration, sim-
ilar to the case of a length independent constant removal rate
(Sec. III A).

This effect can be understood mathematically. Since the evo-
lution of all the f(t, i)s defines an infinite system of linear coupled
equations, it only permits one steady state, which describes the sta-
tionary length distribution. If this steady state is positive, then it
will be attractive for all positive concentrations. If it is not positive,
then the aggregate mass concentration will increase without bound.
This argument is general for any proportional removal regard-
less of the length dependence, λi = g(i) f(i, t), where g(i) is some
length-dependent function.

For ν = −1, the moment equations are not closed, specifi-
cally because the evolution of P depends on Q−1. For a sharply
peaked distribution, we can approximate the Q−1 moment by setting
Q−1
= P2
/M, equivalent to assuming all aggregates have the same

length. The moment equations then become

FIG. 6. Comparison of the stability of aggregating systems with length-dependent removal, given by (31). (a)–(c) Summarize the results from the numeric simulation for
different removal rates, and show the stability boundary occurs at a critical monomer concentration with no seeding transition (each point is a unique simulation). (d) The
critical monomer concentration at which runaway aggregation occurs is shown for different λ for both the simulation results and the analytic approximation. The initial
aggregate mass simulated is M = 5 × 10−5M. The other system parameters are kn = 4800M−1 hr−1, k+ = 1.2 × 108M−1 hr−1, nc = 2, n2 = 2, k2 = 1.1 × 1010M−2 hr−1,
and ν = −1. The threshold to determine if the aggregation was bounded is 1 × 10−3M. The simulations used N = 10 000, dt = 0.001 hr, and T = 1000 hr.
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dM
dt
= ncknmnc

0 + n2k2mn2
0 M + 2k+m0P − λP, (32)

dP
dt
= knmnc

0 + k2mn2
0 M − λ

P2

M
. (33)

These equations permit stationary states, M∗ and P∗, which are
positive and real when the system is stable. For the specific
case of nc = n2 = 2, we find that the system is only stable when
λ > 2k+m0. Panel (d) of Fig. 6 demonstrates that this prediction
of the critical monomer concentration is a good approximation
to the numerical simulation. This model further generalizes the
necessity of a removal mechanism with limited capacity to describe
disease relevant phenomena, even for length-dependent removal
mechanisms.

VI. CONCLUSIONS
This work extends the existing in vitro models of pathological

protein aggregation to include physically realistic removal processes
that occur in vivo to describe the aggregation state of cells in living
systems. We showed that typical disease features naturally emerge
when the in vivo aggregate removal mechanisms have a limited
capacity. This is a very natural physical constraint, and we showed
that it holds for a range of specific aggregation and removal mecha-
nisms. In particular, we find that the transition to disease via seeding
is only predicted when the removal has this limited capacity—even
if the removal mechanisms depend on other system parameters such
as the aggregate length distribution. The crucial takeaway is that
aggregate removal processes can balance the aggregate production
and keep a low overall aggregate concentration indefinitely as long
as aggregate loads do not exceed a critical threshold, e.g., via seeding.
However, if the aggregate load is high and exceeds the threshold,
the removal mechanisms will begin to saturate or decrease due to
other feedback mechanisms, whereas the aggregation rates typically
increase. This leads to runaway aggregation and a sudden switch in
system behavior at this tipping point.

This description of a balance between aggregation and active
removal complements the simpler nucleation-limited descriptions,
where there is no significant removal, but the production of the
initial aggregate via primary nucleation is so slow that sponta-
neous formation essentially never occurs. Cellular systems in this
nucleation-limited regime will behave in the same way as non-
living compartmentalized systems, such as the nucleation of purified
protein in microdroplets:37,38 the dynamics are governed by the
stochastic nucleation of random cells39 and are extremely susceptible
to the introduction of seeds.40 Prion diseases are a real life example
of such a system. By contrast, in the more common aggregation-
related diseases, such as Parkinson’s and Alzheimer’s disease, our
descriptions are required as removal appears to play a central role,
as evidenced by the fact that (1) low aggregate amounts are present
even in health,17,41 (2) decline in removal mechanism with aging
is a risk factor,42,43 and (3) aggregates disappear when the aggrega-
tion rates are decreased.11,13 To provide a convenient representation
of cellular aggregation dynamics, we have developed a visual rep-
resentation of monomer–aggregate mass phase planes. Figure 7 is
a scheme showing the characteristic phase plane structure. The
stability of a cell is naturally reflected by the fixed points in this
space, and these two parameters can capture many relevant disease

FIG. 7. Schematic of the typical monomer–aggregate phase plane structure
highlighting the key features that govern transitions to disease.

associated phenomena and effects of therapies. As such, this phase
plane is a convenient map to guide dosing strategies or future ther-
apeutics, and we believe it can serve as an easily accessible, central
tool for understanding aggregation in disease. In addition, working
with this reduced dimension system will be useful in ongoing efforts
to connect molecular mechanisms to the tissue-wide spread of dis-
ease,44 without performing a full simulation of the entire master
equation.

Understanding the magnitude of the competing aggregation
and removal processes in vivo is essential to understanding disease
emergence and progression and, thus, designing effective treatment
strategies. Our model presents a unified theory that can describe dif-
ferent disease phenomena within the same mechanistic framework.
As experimental data increase in resolution and abundance, this the-
ory will enable quantification of the different parameters, allowing
comparison across diseases and predictions of the effectiveness of
therapeutic interventions.
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APPENDIX A: NUMERICAL DETAILS

Moving from the master equation to the moment description
of the kinetics, we have assumed the system can support infinite
aggregates and, for depolymerizing systems, that nc f(t, nc)≪M.
Numerical simulation of the dynamics of the system at the level
of the master equation can verify that this coarse grained descrip-
tion provides an accurate summary and prediction of the kinetics.
Simulating an infinitely large aggregate presents computational chal-
lenges, and so here, we introduce a maximum aggregate length
that does not grow by elongation but is still removed via the
removal mechanisms.15 A physical justification behind this assump-
tion is the fact that cells have a finite size and so cannot support
infinitely long aggregates. We use similar values to those from in
vitro measurements of Aβ4045 and Aβ42.46,47

We simulate the system by explicitly evolving the aggregate
population at each length i for i from nc to N + nc, where N is a
simulation parameter. We prescribe some initial length distribu-
tion at time t = 0, and the system is evolved using a fourth order
Runge–Kutta method that explicitly updates the aggregate popula-
tion at each length at time intervals of dt from t = 0 until t = T,
where again dt, T, and the initial length distribution are simula-
tion parameters. The theoretical predictions describe systems with
a maximum length significantly larger than the mean length distri-
bution, and we can additionally ensure that any differences between
the full and truncated systems are small by ensuring that αN

≪ 1.
With the values shown in Fig. 2 and for m0 = 1 × 10−6M, we find
that αN

= 8.7 × 10−19, and so we expect the truncated system to give
good agreement with the theoretical full infinite system.

APPENDIX B: EFFECT OF NUCLEATION PROCESSES
ON SIZE DISTRIBUTION

The effect of secondary nucleation on the average length ini-
tially seems confusing, and in particular, it might seem strange that
the dependence on k2 vanishes when nc = n2, so we briefly expand on
this point here. The mathematical form obtained can be explained as
aggregates are only nucleated at length nc or n2, and the population
of aggregates at other lengths decays geometrically away from these
source terms. When nc = n2, there is only one source term; there-
fore, the average aggregate length is determined entirely by the rate
of decay of the aggregate population with increasing length. If the
nucleation rate were increased, the population at length nc would
increase, and subsequently the population of aggregates of every
length would increase proportionally; however, the decay length
would remain the same, and the average aggregate length would
also be unchanged. For n2 > nc, the source term at n2 increases the
aggregate population at large lengths and so increases the average
length.

APPENDIX C: CONDITION FOR SEEDING TRANSITION
IN A SYSTEM WITH OVERLAPPING AGGREGATES.

We consider the conditions necessary for the seeding transi-
tion to occur in a system with overlapping aggregates [Eq. (24)] to
derive an order of magnitude estimate for the presence of seeding.
The transition occurs when the characteristic concentration at which
the clearance mechanisms become overwhelmed (lower bend of the
“S”) is lower than the characteristic concentration of aggregation sat-
uration (the upper bend of the “S”). The characteristic concentration
of aggregation saturation is given by

Mupper
≈ ρ−1. (C1)

The aggregate mass at which the clearance mechanisms start to
saturate and, thus, become overwhelmed is given by

Mlower
≈ Kλ,P l̄ . (C2)

The lower bend occurs at the critical monomer concentration, given
by λM ≈ 2k+m0M/l̄ (assuming that elongation is the major driver
of aggregate mass increase). Combining this with the approximate

solution for aggregate length l̄ =
√

2k+/(k2mn2−1
0 ), we find that at

m(crit)
0 the average aggregate length is

l̄ lower
=

2k+
λ
(

λ2

2k2k+
)

1
1+n2

. (C3)

Thus, we only get the two separate regimes and the S-shape
when Mupper

>Mlower. This gives the condition for the seeding
transition in this system as

ρ−1
>

2Kλ,Pk+
λ
(

λ2

2k2k+
)

1
1+n2

. (C4)

Important to note is that the left hand side of this inequality is
exclusively determined by the typical scale of the cellular carrying
capacity, so it can be easily modified to other kinetic models.

APPENDIX D: LENGTH DISTRIBUTION
WITH NO SELF-REPLICATION

We consider a system in which there is no self-replication,
new aggregates are produced only from the primary nucleation step,
and they are removed according to Michaelis–Menten kinetics that
saturate in the aggregate mass. The moment description is

dM
dt
= ncknmnc

0 + 2k+m0P −
λM

1 +M/Kλ,M
, (D1)

dP
dt
= knmnc

0 −
λP

1 +M/Kλ,M
. (D2)

When the system is unstable, due to either system parameters or the
initial aggregate concentration, then the aggregation will grow with-
out bound. When M, P, and the average aggregate length are very
large, the moment dynamics become

dM
dt
≈ 2k+m0P, (D3)
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dP
dt
≈ knmnc

0 , (D4)

which, after a long time, gives

M ≈ k+knmnc+1
0 t2, (D5)

P ≈ knmnc
0 t, (D6)

and thus P ≈
√

Mknmnc−1
0 /k+.
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