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Abstract

A longstanding goal in quantum optics has been to realize a photon-number-resolving

detector that efficiently counts the number of photons in an optical field. This goal

has been largely met with the development of transition edge sensors which can

count up to roughly 20 photons with efficiencies over 95%. This thesis presents three

experiments that employ these detectors to characterize and prepare quantum states

of light.

Firstly, we develop a weak-field homodyne detector. By replacing the photo-

diodes conventionally used in homodyne detection with transition edge sensors, we

experimentally implement a versatile measurement device that can tune between pho-

ton counting and quadrature measurements. We study the transition between these

complementary measurement regimes and determine the minimum local oscillator

strength needed to perform quadrature measurements.

Secondly, we use the weak-field homodyne detector as a quantum state engineering

tool. We propose a scheme to prepare a wide range of definite parity states, including

two- and four-component Schrödinger cat states of arbitrary size with nearly perfect

fidelity.

Thirdly, we perform optical interferometry using quantum states of light with

the aim of surpassing the maximal precision achievable with classical light, i.e. the

shot-noise limit. We propose and experimentally implement a scheme that uses high-

gain squeezed vacuum sources and transition edge sensors to prepare loss-tolerant

entangled states containing up to 8 photons. While our achieved precision does not

unconditionally (i.e. without post-selecting on certain measurement trials) surpass

the shot-noise limit, our results do demonstrate the robustness of these entangled

states to loss despite their size.
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Chapter 1

Introduction

Classical electromagnetism describes light as an oscillating electromagnetic wave.

However, this description fails to explain some of the experimental and theoretical

observations that emerged around the turn of the 20th century, notably the photoelec-

tric effect and the ultraviolet catastrophe. Planck found that the catastrophe could

be resolved by assuming that light is absorbed and emitted in packets of energy, i.e.

quanta [1]. Einstein then showed that this idea of light quanta could also explain the

photoelectric effect [2]. This was the birth of quantum physics.

The principle of discretizing the energies of fields into quanta is used in all quan-

tum field theories such as quantum optics. These theories have been tremendously

successful at explaining and predicting our observations of the world at microscopic

scales. There has not yet been an experimental result that challenges the tenets of

these theories. Rather, progress in quantum optics is mainly driven by the develop-

ment of quantum technologies such as secure communication, quantum computers,

simulators, and precise sensors. Realizing these technologies requires an increasingly

sophisticated control of light and its interaction with matter at the quantum level.

One particularly significant advance in recent years is the development of photon-

number-resolving detectors. Traditional photodetectors use large but noisy amplifi-

cation effects to detect the tiny amount of energy carried by a single photon with an

optical frequency. Like a Geiger counter, they “click” when they detect at least one

photon but cannot tell you how many. In contrast, photon-number-resolving detec-

tors have the unique ability to count the exact number of photons in an optical field.
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This technology opens the door to new ways of manipulating and characterizing light

at the quantum level, which is the subject of this thesis.

1.1 What is a quantum state of light?

After quantizing the electromagnetic field (see e.g. Ref. [3]), one finds that a general

pure quantum state of a single light mode is described by a superposition of photon-

number states |n〉:

|ψ〉 =
∞∑
n=0

cn |n〉 (1.1)

with
∑

n |cn|2 = 1. Here cn is the probability amplitude for the field to contain n

photons. Each |n〉 is a Fock state having the same properties as the energy eigenstates

of the quantum harmonic oscillator. The vector |ψ〉 describes the state of a partic-

ular mode of the electromagnetic field determined by its physical properties such as

frequency, wave vector, and polarization.

The state can be represented in phase space in terms of the conjugate quadrature

operators:

x̂ = (â+ â†)/
√

2

p̂ = i(â− â†)/
√

2
(1.2)

where â (â†) are the annihilation (creation) operators with [â, â†] = 1. The quadrature

operators are the analogue to the position and momentum of a harmonic oscillator.

Because they do not commute ([x̂, p̂] = i), they satisfy an uncertainty principle,

∆x∆p ≥ 1/2, (1.3)

where ∆x (∆p) is the standard deviation of x̂ (p̂) and ~ ≡ 1. They also determine

the in- and out-of-phase components of light’s electric field:

Ê(r, t) = E0 (x̂ cos [(k · r)− ωt] + p̂ sin [(k · r)− ωt]) (1.4)

where E0 = (ω/ε0V )1/2 and V is the mode volume. In this example, the mode is a

monochromatic plane wave with wave vector k and frequency ω. More general multi-

mode fields such as pulses of light can be described by superpositions of such plane

waves.
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The average electric field of photon-number states vanishes, i.e. 〈n|Ê(r, t)|n〉 = 0.

However, the variance of the electric field does not vanish since

〈n|Ê2(r, t)|n〉 = E2
0

(
n+

1

2

)
. (1.5)

Therefore, when measuring the electric field of a particular light mode (using e.g.

homodyne detection - see Sec. 3.2.1), one observes a spread in the measurement

outcomes due to the non-zero variance of the field operator. This phenomenon is

often referred to as electric field “fluctuations”. In particular, the electric field of the

vacuum state (n = 0) has fluctuations which is key for explaining phenomena such as

the Lamb shift, Casimir effect, and spontaneous parametric down-conversion which

we further describe in Sec. 2.2.

Coherent oscillations of the electric field arise from coherences between photon-

number states. In particular, the quintessential classical state of light is the coherent

state:

|α〉 = e−|α|
2
∞∑
n=0

αn√
n!
|n〉 , (1.6)

with complex amplitude α = |α|eiθ. This state has the unique property of being an

eigenstate of the anhiliation operator: â |α〉 = α |α〉. Using this property, its electric

field can be evaluated using Eq. (1.4) and is given by

〈α|Ê(r, t)|α〉 = 2|α|E0 cos (k · r − ωt+ θ). (1.7)

The coherent state recovers the classical property of light being an oscillating electro-

magnetic wave with an amplitude proportional to |α| and phase θ. However, certain

features that are absent in the classical theory emerge from the discrete nature of |α〉,

notably fluctuations in its electric field,

〈α|Ê2(r, t)|α〉 − 〈α|Ê(r, t)|α〉
2

= E2
0 , (1.8)

which is a consequence of the non-commutivity of x̂ and p̂. This electric field noise is

independent of the phase θ and limits the precision of measurements such as optical

interferometry using classical light. One of the motivations of preparing nonclassical
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states of light is to surpass such limits, e.g. by using squeezed states which have

reduced noise in one quadrature at the expense of increased noise in the conjugate

quadrature.

1.1.1 Nonclassical states of light

Light with properties that cannot be explained using classical notions such as oscil-

lating waves will be referred to as “nonclassical light”. In contrast, “classical light”

will refer to light with mostly classical properties, keeping in mind that all light is

quantum and thus has nonclassical features at some level.

One of the pioneering contributions to quantum optics was by R. Glauber who in-

troduced correlation functions to study statistical and coherence properties of light [4].

These functions quantify correlations in an electromagnetic field at different points

in space and time. In particular, they can be used to identify nonclassical statistical

properties. For example, the second-order correlation function quantifies correlations

in the intensity of a field. Nonclassical intensity correlations lead to effects such as

photon anti-bunching and sub-Poissonian statistics. We discuss how second-order

correlation functions can be measured in Sec. 2.3.2.

The notion of a nonclassical state of light is made rigorous in phase space. Glauber [5]

and Sudarshan [6] independently found that any quantum state of light ρ̂ can be ex-

pressed as a statistical mixture of superpositions of coherent states:

ρ̂ =

∫∫
d2αP (α) |α〉 〈α| (1.9)

where P (α) is the so-called P-representation and ρ̂ is a general mixed state describing

statistical mixtures of pure states like Eq. (1.1). The P-representation of classical

states is positive everywhere and no more singular than a Dirac delta function. In

this case, ρ̂ is statistical mixture of coherent states, i.e. a mixture of coherent waves

each having a random phase and amplitude according to the distribution P (α). This

can be used to describe partially coherent or even incoherent light, just as in classical

electromagnetism [7]. Any state whose P-representation P (α) has negativity or sharp

singularities (e.g. a derivative of a Dirac delta function) is nonclassical.
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Figure 1.1: Wigner functions. (a) Coherent state. ∆x = ∆p. Classical and Gaussian.
(b) Squeezed vacuum state. ∆x < ∆p. Nonclassical and Gaussian. Dashed lines show one
standard deviation. The area of the dashed box is equal to ∆x∆p = 1/2 (i.e. minimum
uncertainty) in both cases. (c) n = 1 photon-number state. ∆x = ∆p and ∆x∆p = 3/2.
Nonclassical and non-Gaussian.

The singular nature of the P-representation can be counter-intuitive. A friendlier

phase-space representation is the Wigner function:

W (x, p) =
1

π

∫
dy 〈x+ y|ρ̂|x− y〉 e2ipy. (1.10)

One can show that the Wigner function is equal to the convolution of the P-representation

with a Gaussian which smooths its singularities [8]. As such, the Wigner function is

a useful tool to visualize quantum states in phase space. There are a number of suf-

ficient but not necessary conditions for nonclassicality in the Wigner representation

such as negativity [9] (e.g. photon-number states), or having a marginal distribution

whose variance is smaller than that of vacuum (e.g. squeezed states). Examples are

shown in Fig. 1.1.

1.1.2 Gaussianity

Gaussianity is a characteristic of light which has become especially important due

to the development of optical quantum information processing [10, 11]. A quantum

state whose Wigner function can be represented as a Gaussian distribution is a Gaus-

sian state, and otherwise it is a non-Gaussian state. Pure non-Gaussian states are

nonclassical (e.g. photon-number states). However, non-Gaussianity does not always

imply nonclassicality nor the converse. For example, squeezed states are Gaussian
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and nonclassical while phase-averaged coherent states are non-Gaussian and classi-

cal. Generally speaking, nonclassical non-Gaussian states are valuable resources for

quantum information processing. For example, such states are essential in both gate-

based [12] and measurement-based [13] approaches to optical quantum computing.

However, “natural” sources of light (e.g. thermal sources and even lasers) produce

statistical mixtures of coherent or thermal states and hence are classical. This begs

the question of how to engineer nonclassical states of light.

1.2 Engineering the quantum state of light

Light is produced by the acceleration or deceleration of electric charges which are

themselves quantum systems. As such, quantum states of light can be engineered by

controlling matter and its interaction with the electromagnetic field at a microscopic

level. For example, the spontaneous emission of a single excited atom produces a

single photon [14]. Likewise, an excited solid-state emitter like a quantum dot [15]

or a colour center in a crystal [16] can also produce single photons. By manipulating

the state of single atoms trapped inside of cavities, the cavity field can be prepared in

other nonclassical states such as Schrödinger cat states owing to the strong interaction

between the cavity field and atoms [17–19]. Such states are further discussed in

Chapter 4.

Quantum states of light are also prepared by tailoring the interaction between an

electromagnetic field and an ensemble of atoms. Notably, through the process of stim-

ulated emission inside of a cavity containing macroscopic numbers of excited atoms,

a laser produces a coherent state of light, |α〉. Moreover, nonclassical states can be

prepared using optical nonlinearities inside nonlinear media [20]. Second-order optical

nonlinearities (e.g. spontaneous parametric down-conversion) can produce nonclassi-

cal Gaussian states such as squeezed vacuum, which is further discussed in Sec. 2.2.

However, because second-order nonlinearities have a quadratic dependence on field

amplitudes, they cannot transform Gaussian states into non-Gaussian ones. There-

fore, third-order (or higher) optical nonlinearities such as the Kerr effect are required
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for directly preparing nonclassical non-Gaussian states from classical inputs [11].

1.2.1 Measurement-based state engineering

A fundamentally different approach that is explored in this thesis is to prepare light in

a quantum state that is conditioned on the outcome of a measurement. Although this

approach is probabilistic, one can post-select onto particular measurement outcomes

to tailor the state of light in a controllable way.

Beam splitters are often employed in measurement-based state engineering schemes

since they can introduce correlations between two initially uncorrelated modes. In

this way, the measurement outcome obtained by measuring one mode can be cor-

related with the state of the unmeasured mode. For example, suppose a state of

light |ψ〉 is combined with vacuum on a beam splitter. If a photon-number-resolving

detector placed in one output port detects n photons, then the other output port

is in the n-photon-subtracted state ân |ψ〉 (omitting normalization). Even though

photon subtraction is a nonclassical operation, ân |ψ〉 is not necessarily a nonclassical

state. For instance, a photon-subtracted coherent state remains a coherent state, i.e.

ân |α〉 = αn |α〉. This can be understood intuitively by recalling that a beam splitter

transforms |α〉 |0〉 into two separable coherent states and hence the output modes are

uncorrelated. In general, combining statistical mixtures of coherent states such as

thermal states on a beam splitter produces classically-correlated fields at the beam

splitter output [21] in which case conditional measurements can only engineer classi-

cal states, e.g. photon-subtracted thermal states [22]. In contrast, nonclassical states

incident on a beam splitter are generally quantum-correlated (i.e. entangled) at the

output, in which case conditional measurements can engineer nonclassical states. For

example, photon-subtracted squeezed vacuum states approximate small Schrödinger

cat states [23]. Another archetypal example (that is further discussed in Chapter 2)

is preparing photon-number states by performing a “heralding” photon-number mea-

surement on one of the modes of an entangled two-mode squeezed vacuum state [24].

These examples also demonstrate the ability to transform Gaussian states into non-

Gaussian ones using photon-number measurements.
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Measurement-based state engineering schemes have been studied and used since

the early days of quantum optics in part due to the weakness of optical nonlinearities

at the single photon level. These schemes often employ one of two conventional

detection strategies: “click” detectors or homodyne detection, both of which are

further discussed in Chapters 2 and 3. However, the development of photon-number-

resolving detectors enables new state engineering schemes that exploit the number

resolution of such detectors [25, 26]. For example, some recent works have considered

multi-photon subtraction [27], addition [28], and catalysis [29–31]. In this thesis, we

investigate ways of using photon-number-resolving detectors to engineer nonclassical

states of light such as Schrödinger cat states (see Chapter 4) and higher-order photon-

number states (see Sec. 2.4 and Chapter 5).

1.3 Thesis outline

The thesis is structured in the following way. Chapter 2 provides an overview of the

experimental methods and presents background material that is used throughout the

thesis. Chapter 3 presents a hybrid detection strategy known as weak-field homodyne

that can tune between photon counting and quadrature measurements by employing

photon-number-resolving detectors. Chapter 4 theoretically explores the state engi-

neering capabilities of weak-field homodyne and presents a scheme to prepare states of

definite parity. Chapter 5 employs nonclassical states of light prepared with photon-

number-resolving detectors for quantum-enhanced optical interferometry. Chapter 6

summarizes the results and provides a brief outlook.
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Chapter 2

Experimental methods

This chapter provides background material to better understand the projects pre-

sented in Chapters 3, 4, and 5. The chapter begins by discussing photon-number-

resolving detectors and the physical operation of transition edge sensors. It then

presents an overview of spontaneous parametric down-conversion in waveguides and

the production of two-mode squeezed vacuum states. Finally, it discusses the imper-

fect preparation of photon-number states using photon-number-resolving detectors

and two-mode squeezed vacuum states.

2.1 Photon-number-resolving detectors

Photodetectors are devices that create a measurable electrical response to incident

light. To detect quantum states of light such as single photons, photodetectors operate

with a very large electrical gain by using processes such as avalanche breakdown [32].

Since these amplification processes tend to be noisy, information about the amount

of energy absorbed by the photodetector is lost. Instead, the device “clicks” when it

detects at least one photon and cannot discern the number of photons it absorbed in

a particular detection event.

A more versatile photodetector is able to count the number of photons in a field.

Instead of simply “clicking”, these detectors output a signal whose properties depend

on the number of photons detected. Such a device can determine the photon-number

distribution of the incident light, thereby directly measuring its statistical properties.

9



Detector type
Operation
temperature

Efficiency
(wavelength)

Operation
rate

Max photons
counted

Photomultipler
tube [33, 34]

Room 25% (400nm) [34] 10 MHz 4 [34]

Hybrid
photodetector [34]

Room 40% (550nm) 100 MHz 4

Time-multiplexed
avalanche photodiode [35, 36]

Room 66% (780nm) [35] 10 kHz 8 [35]

Space-multiplexed
avalanche photodiode [37]

Room 33% (1064nm) 25 kHz 1024

Multi-pixel
photon counter [38]

Room 25-70% (400nm) 10 MHz 100-1600

Visible light
photon counter [39–41]

6-8 K 85% (540nm) [40] 10 kHz 10

Charge integration
photon detector [42, 43]

4 K 80% (1550nm) 40 Hz 14

Quantum dot
field-effect transistor [44, 45]

4 K 68% (805nm) [44] 1 Hz 3 [45]

Parallel nanowires [46] 2 K 2% (1300nm) 1 GHz 4

Nanowire [47, 48] 2 K 85% (1550nm) 100 MHz 4 [47]

Microwave kinetic
inductance detector [49, 50]

100 mK 10% (1550nm) 10 kHz 7 [50]

Transition
edge sensor [51–55]

100 mK
98%
(850/1550nm) [52, 55]

100 kHz 29 [54]

Table 2.1: A list of photon-number-resolving detector technologies. Note that the pa-
rameters listed correspond to the best achieved in the references provided. They do not
necessarily represent the limit of the technology.
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Table 2.1 lists some of the currently available technologies for photon-number-

resolving detectors. This table includes schemes that multiplex click detectors. These

schemes probabilistically split the incident light into modes each containing ideally no

more than a single photon such that they can be measured by a click detector. The

required number of such modes (e.g. spatial or temporal) scales roughly quadratically

with the largest countable number of photons [56].

At the bottom of the list, the transition edge sensor stands out from the other

technologies due to its exceptionally high efficiency η. This is a crucial considera-

tion when measuring fields containing large numbers of photons since the detection

probability scales as ηN for N photons.

2.1.1 Transition edge sensor

Initially developed for astronomical observations [57, 58], transition edge sensors

(TESs) are superconducting photodetectors that have an exceptionally high energy

resolution and efficiency. The TESs are designed and fabricated by our collaborators

at the National Institute of Standards and Technology [51]. A TES consists of a tung-

sten film embedded inside an optical cavity designed to maximize absorption around

1550 nm. During operation, the TES is cooled to less than 100 mK in a dilution

refrigerator so that the tungsten is below its superconducting transition temperature.

The TES is then voltage-biased such that it operates in the transition region between

its superconducting and normal state. As shown in Fig. 2.1(b), this voltage bias is

achieved using a current source that is mostly shunted through Rshunt � RTES. A

single-mode optical fiber is used to guide light into the TES cavity. When light is

absorbed by the TES, the deposited energy increases the tungsten resistance via heat-

ing. This reduces the current flowing through an inductor connected in series to the

TES. The change in magnetic flux is sensed by an array of superconducting quantum

interference devices (SQUIDs) which are very sensitive low-noise magnetometers. The

SQUIDs output a µV-level voltage signal (i.e. the detection trace) that is readout

and further amplified to mV levels using conventional low-noise amplifiers at room

11



Figure 2.1: Transition edge sensors. (a) The detector operates in its transition region
between a superconducting and normal state where it is most sensitive to temperature
changes. The energy deposited by a single photon causes a significant increase in resistance.
(b) The circuit for biasing and reading-out the TES. Components inside the blue box are
held at < 100 mK. When light is absorbed, the magnetic flux generated by the inductor
L is measured by an array of SQUIDs which act as low-noise amplifiers. Since SQUIDs
have a sinusodial voltage-response to flux, they are set to their most sensitive point using
a bias flux generated by the feedback inductor coil. Further amplification is performed
at room temperature using conventional techniques. (c) Typical detection traces readout
from the amplified SQUID output. The black dashed curve is the average trace and is
used as a matched filter. (d) The histogram of the matched filter output shows clear bins
corresponding to different photon numbers. This is an experimentally measured histogram
for incident light in a thermal state.

12



temperature. Finally, the detection traces are recorded and processed on a computer

using an analogue-to-digital card.

Usually TESs are used for detecting pulses of light. In a typical experiment,

an electrical signal from the light source triggers a new acquisition of the detector

trace each time a pulse is generated. In Fig. 2.1(c), we show the detection traces of

roughly 1000 pulses of light in a thermal state1. The TESs return to their original

state after roughly 5 µs which sets the maximum repetition rate for our experiments.

The raw traces already show the quantized nature of absorbed energy, e.g. the trace

heights are bunched in groups. Although using the trace height or area (i.e. inte-

grating the traces) can be used to convert the detector output into a photon number,

these approaches are more susceptible to electronic noise than the approach presented

below [59].

To best extract information about the number of photons absorbed, we use a signal

processing technique known as matched filtering [60]. The technique multiplies the

noisy detection traces with a filter whose shape resembles that of the desired signal.

In practice, our matched filter is created before data acquisition by averaging over

at least 105 detection traces [black dashed line Fig. 2.1(c)]. This approach produces

nearly the optimal filter as it gives the largest weight the desired spectral components

of the signal [61]. In Fig. 2.1(d), we show a histogram of the scalar values obtained

by taking the inner product of each trace with the matched filter.

2.1.2 Imperfect photon counting

Suppose the matched filtering process described above produces the scalar value s:

how do we assign a photon number to s? The probability to obtain the outcome s

is determined by pr(s) = Tr(ρ̂Π̂s), where Π̂s is an element of the positive operator

value measure of the detector and ρ̂ is the measured signal. Ideally Π̂s is a projector

onto a single photon-number state in which case we can simply assign that photon

number to the outcome s. However, in practice Π̂s is a statistical distribution of

1The thermal light was generated by pumping a spontaneous parametric down-conversion source
using a mode-locked laser with a repetition rate of 100 kHz. See Sec. 2.2 for further details.
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Figure 2.2: Imperfect photon counting. (a) A photon-number-resolving detector of
efficiency η detecting n photons can be described by the measurement operator Π̂n(η)
[Eq. (2.2)]. (b) Plot of pr(k) = 〈k|Π̂n(η)|k〉 for η = 0.98 which is roughly the efficiency of a
TES.

photon-number states due to detector inefficiency and imperfect energy resolution.

The positive operator value measure of a TES was experimentally reconstructed using

detector tomography in Ref. [55]. Their results show that s can be converted into a

photon number using rectangular bins whose widths are determined by the intersec-

tion of adjacent Gaussians [see coloured Gaussians in Fig. 2.1(d)]. The measurement

operator for outcomes in the nth bin, Π̂n, corresponds to a good approximation to

the measurement operator of an ideal detector counting n photons but with imperfect

efficiency, which we now describe in detail.

Imperfect detection efficiency is modelled by placing a fictitious beam splitter of

tranmissivity η before the detector and tracing over the reflected mode. If a signal ρ̂

is sent to the detector, as shown in Fig. 2.2(a), the probability to detect n photons is

given by [62, 63]:

pr(n) =
∞∑
k=n

(
k

n

)
ηn(1− η)k−nTr(ρ̂ |k〉 〈k|). (2.1)

That is, when the detector outputs the outcome n, there may have in fact been k ≥ n

photons in ρ̂ and k − n photons were lost, i.e. reflected at the beam splitter. The

binomial distribution appears to include all possible ways in which n of the total k

photons could have transmitted the beam splitter.

It will be useful to define an operator describing the action of a detector of effi-
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ciency η counting n photons:

Π̂n(η) =
∞∑
k=n

(
k

n

)
ηn(1− η)k−n |k〉 〈k| (2.2)

such that pr(n) = Tr(ρ̂Π̂n(η)). The Fock representation of this operator, pr(k) =

〈k|Π̂n(η)|k〉, gives the probability for there being k photons in ρ̂ when the detection

outcome is n, assuming ρ̂ has equal probability to be in any photon-number state. In

Fig. 2.2(b), we plot pr(k) for a few examples cases of n using the estimated efficiency of

the TESs, η = 0.98. The terms with k > n determine the probability that the detector

under-counted the true number of photons. These terms become more significant

for larger n, which highlights the need for high-efficiency photon-number-resolving

detectors when large photon numbers are being counted.

2.2 Spontaneous parametric down-conversion

Spontaneous parametric down-conversion (SPDC) is a three-wave mixing nonlinear

optical process. Unlike other three-wave mixing processes, two of the three fields

involved are initially in a vacuum state. A strong pump field parametrically amplifies

vacuum fluctuations in these two fields, resulting in energy transfer from the pump

into the two lower frequency fields.

SPDC should be treated quantum mechanically to fully describe the features of

the down-converted light. A derivation from first principles is done in detail in a

number of works (e.g. Ref. [64]) - I only give an overview here. The problem can be

treated as a scattering process in which a pump photon of frequency ωp scatters into

two lower energy photons, conventionally called the signal (ωs) and idler (ωi) photons

(ωp > ωs ≥ ωi). This process must satisfy both energy and momentum conservation:

ωp = ωs + ωi

~k(ωp) = ~k(ωs) + ~k(ωi),
(2.3)

where ~k is the wavevector.

Since the pump is typically from a pulsed laser and contains billions of photons,

the pump field can be described by a classical complex spectral amplitude function
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α(ωp) whose energy is approximately unchanged by the scattering process. We assume

that all three fields propagate collinearly inside a nonlinear medium of length L. The

Hamiltonian describing the interaction between the three fields is given by:

Ĥ = ζ

∫∫
dωsdωiα(ωs + ωi)φ(ωs, ωi)â

†(ωs)â
†(ωi) + h.c., (2.4)

where ζ is the strength of the interaction that depends on the material nonlinearity

χ(2), the pump field strength2, and L. The term φ(ωs, ωi) is known as the phase-

matching function and depends on the phase mismatch between the three fields as

they travel at difference phase velocities in the material:

φ(ωs, ωi) = sinc

(
∆kL

2

)
(2.5)

with

∆k = k(ωs + ωi)− k(ωs)− k(ωi)

= n(ωs + ωi)[ωs + ωi]/c− n(ωs)ωs/c− n(ωi)ωi/c
(2.6)

being the wavevector mismatch which depends on the material refractive index n(ω).

The spectral properties of the down-converted light are determined by the so-called

joint spectral amplitude f(ωs, ωi) = α(ωs + ωi) × φ(ωs, ωi) which is the product of

the pump spectral amplitude α(ωs + ωi) and the phase-matching function φ(ωs, ωi).

Frequency components with ∆k = 0 maximize the phase-matching function amplitude

and hence are dramatically brighter than those with ∆k 6= 0.

2.2.1 Phase-matching engineering

Phase matching (∆k = 0) can be tricky to achieve because most lossless materials

have normal dispersion, i.e. n(ω1) > n(ω2) for ω1 > ω2. Usually, one employs material

birefringence to overcome this issue by ensuring that the pump polarization is aligned

with the crystal axis having the smaller refractive index. In general, the Sellmeier

equations can be used to identify a combination of polarization and frequencies that

2We assumed α(ωp) is a dimensionless normalized function and absorbed the pump amplitude
into ζ.
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Figure 2.3: Joint spectral amplitude. The product of the pump spectral amplitude
α(ωs+ωi) and the phase-matching function φ(ωs, ωi) determines the joint spectral amplitude
f(ωs, ωi). Materials with θ ∈ [0, π/2] can produce a spectrally decorrelated joint spectral
amplitude, as is approximately the case in the figure.

achieve ∆k = 0 in a given material. For additional flexibility, one can employ a quasi-

phase-matching technique by periodically reversing the crystal axis of a material (e.g.

by exposing it to a strong static electric field). To first order, this adds a term to

the wavevector mismatch ∆k = k(ωs + ωi)− k(ωs)− k(ωi)−Λ/2π, where the poling

period Λ provides a new degree of controllability.

An important consideration for SPDC are signal-idler frequency correlations in

the joint spectral amplitude f(ωs, ωi). These correlations cause the down-converted

modes to be spectrally entangled which is often undesirable. For example, a common

application of SPDC is to prepare a heralded single photon in the signal mode by

detecting the presence of a photon in the idler mode. Since this measurement is

frequency insensitive, the signal mode is projected into a mixed state whose purity

depends on the strength of the spectral correlations.

Spectrally decorrelated down-converted light can be produced if the joint spectral

amplitude can be made factorable, i.e. f(ωs, ωi) = fs(ωs)fi(ωi). The requirements to

realize this property have been well-studied [65, 66] and achieved experimentally [67].

One important quantity to consider is the phase-matching function angle θ, as shown

in Fig. 2.3. To first order in dispersion, this angle is determined by [68]:

tan θ = −
v−1
p − v−1

s

v−1
p − v−1

i

(2.7)

where vx = ∂ω/∂k(ω)|ωx is light’s group velocity at a frequency ωx. Materials for
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which vs ≤ vp ≤ vi have phase-matching functions with θ ∈ [0, π/2]. Such mate-

rials can generally be used to produce an uncorrelated joint spectral amplitude by

appropriately choosing the pump bandwidth for a given θ and L.

2.2.2 KTP waveguides

Optical waveguides are structures with an inhomogeneous refractive index that con-

fine and guide light. They are also often used to enhance the strength of nonlinear

optical processes. In the case of SPDC, this enhancement occurs for two main rea-

sons. Firstly, waveguides give rise to a discrete set of guided modes determined by

the waveguide boundary conditions. Rather than having a continuum of modes into

which the SPDC process can scatter, as would be the case with a bulk material, the

signal and idler fields in a waveguide occupy a limited number of modes. In particu-

lar, single-mode waveguides are designed to have a single guided spatial mode3 which

greatly increases the mode coupling between the pump and down-converted fields [69].

Secondly, SPDC is enhanced by confining the pump over the entire waveguide length

which can be much longer than the Rayleigh length of a strongly focused field inside

a bulk material. For these two reasons, SPDC in waveguides can be significantly

brighter than in bulk materials. While a single photon pair might be produced once

in every 25 pump pulses with bulk sources [70], the waveguide source presented below

can produce more than one photon pair every pump pulse.

The experiments carried out in the thesis use a SPDC source based on the design

in Refs. [71, 72]. The source is a 8 mm long z-cut biaxial potassium titanyl phosphate

(KTP) crystal, purchased commercially from AdVR Inc. Waveguides are formed in

the crystal by photomasking the material and exposing it to Rb vapour. Through ion-

exchange (K ↔ Rb), the refractive index of the crystal is locally modified and forms

waveguides. The waveguides are then periodically poled such that phase matching is

achieved when pumped at 775 nm and produces nearly degenerate and orthogonally

polarized signal and idler photons around 1550 nm. These wavelengths are convenient

3Waveguides also have a continuum of unguided modes where light propagates with exponen-
tially decaying energy. SPDC sometimes produces a photon in such a mode which gives rise to a
background of uncorrelated photons that degrade the purity of the SPDC source - see Sec. 2.3.2
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as a titanium sapphire laser can be used for the pump and the down-converted photons

can be coupled into telecom fibers which have low propagation losses. Moreover, at

these wavelengths the phase-matching function has an angle of θ ≈ π/3. Thus, by

choosing the appropriate pump bandwidth, the KTP waveguides can in principle

produce SPDC light with a decorrelated joint spectral amplitude.

2.2.3 Two-mode squeezed vacuum

When the joint spectrum amplitude is decorrelated, f(ωs, ωi) = fs(ωs)fi(ωi), it is

convenient to define operators that describe the creation of photons in the spectral

modes fs and fi:

â†fs =

∫
dωsfs(ωs)â

†(ωs)

â†fi =

∫
dωifi(ωi)â

†(ωi).

(2.8)

Re-writing the SPDC interaction Hamiltonian in Eq. (2.4) in terms of these operators,

we find the considerably simpler expression:

Ĥ = ζâ†fs â
†
fi

+ h.c. (2.9)

The state produced by this SPDC interaction can be obtained by applying the unitary

transformation eiĤ on the initially empty signal and idler modes |0s, 0i〉4. The result

is derived in Ref. [3] and is given by:

|Ψ〉 = e
i(ζâ†fs â

†
fi

+h.c.) |0s, 0i〉

=
∞∑
n=0

(
iζâ†fs â

†
fi

+ iζ∗âfs âfi

)n
n!

|0s, 0i〉

=
√

1− λ2

∞∑
n=0

λn |nfs , nfi〉

(2.10)

where λ = tanh (ζ). Eq. (2.10) is a two-mode squeezed vacuum state. The parameter

ζ is called the squeezing or parametric gain parameter. The average number of pho-

tons in the signal or idler mode is given by 〈n〉 = sinh2 (ζ) = λ2/(1−λ2). Importantly,

the two modes are quantum-correlated and always have the same number of photons.

4We assumed ~ ≡ 1 and absorbed the propagation time into ζ. Moreover, we are neglecting
time-ordering effects which can modify the spectral properties of the down-converted light when the
parametric gain is large [73–75].
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If f(ωs, ωi) 6= fs(ωs)fi(ωi), we can use a Schmidt decomposition to express f(ωs, ωi)

as a linear combination of decorrelated functions:

f(ωs, ωi) =
∞∑
k=0

ckφk(ωs)ψk(ωi) (2.11)

with
∑

k |ck|2 = 1 and the functions {ψk} and {φk} form an orthonormal basis that

can be determined by a singular value decomposition. The Schmidt number K =

(
∑

k |ck|4)
−1

quantifies the strength of the spectral correlations, e.g. K = 1 indicates

no spectral correlations. Following the same procedure as in Eq. (2.10), one finds

that the output state of this SPDC process is:

|Ψ〉 =
∞⊗
k=0

√
1− λ2

k

∞∑
nk=0

λnkk |nkφk , nkψk 〉 (2.12)

where λk = tanh (ckζ). Eq. (2.12) describes a tensor product state of effectively K

two-mode squeezed vacuum states each occupying a different spectral mode. Cru-

cially, since discerning between different spectral modes is not feasible with most

detection techniques, this multi-modedness manifests itself as a reduction in modal

purity Pm of the SPDC source, i.e. Pm = 1/K.

2.3 Characterizing SPDC sources

In this section we describe the techniques used to characterize and optimize the per-

formance the KTP waveguide sources. The goal is to use these sources to produce a

pure two-mode squeezed vacuum state occupying a single spectral mode (K = 1). To

do so, the pump spectrum must be adjusted until the joint spectral amplitude of the

source is decorrelated, i.e. f(ωs, ωi) = fs(ωs)fi(ωi). Unfortunately, this quantity is

rather difficult to measure directly since special interferometeric techniques are neces-

sary to retrieve its phase [76–78]. Instead, we perform various simpler measurements

that each reveal different pieces of information about f(ωs, ωi).

2.3.1 Spectral characterization

Although f(ωs, ωi) is difficult to measure, the joint spectral intensity |f(ωs, ωi)| can

be measured rather easily. Because there could be correlations in the spectral phase of
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Figure 2.4: Measuring the joint spectral intensity. (a) Stimulated emission tomog-
raphy. (b) Single photon time-of-flight spectrometer. A description of the experimental
setup is provided in the main text. Both techniques are used to determine the optimal
pump spectrum that ensures that |f(ωs, ωi)| is spectrally decorrelated. (c) A typical joint
spectral intensity measured with the latter method. The sinc sidelobes are filtered out by
broad bandpass filters placed in signal and idler modes after the waveguide. BP: band-
pass filter, DM: dichroic mirror, ppKTP: periodically poled potassium titanyl phosphate,
LP: longpass filter, PBS: polarizing beam splitter, OSA: optical spectrum analyzer, DCF:
dispersion compensation fiber.

f(ωs, ωi) due to, e.g. chirp in the pump, it is a necessary but not sufficient requirement

that |f(ωs, ωi)| be uncorrelated to ensure the single-modedness of the SPDC sources.

In practice, this measurement is used to determine the optimal pump bandwidth

and central wavelength that minimizes K. Starting with broadband pulses from a

mode-locked titanium sapphire laser, we carve out a pump spectrum using a pair of

bandpass dieletric filters whose transmission window can be adjusted by angle-tuning

the filters.

The first technique to determine |f(ωs, ωi)| is shown in Fig. 2.4(a) and is known

as stimulated emission tomography [79]. Both a strong pump and seed field are

coupled into the KTP waveguide such that difference frequency generation occurs, i.e.

the stimulated analogue to SPDC. The latter field is from a continuous-wave laser.

Looking back at Eq. (2.4), the signal mode is now a bright classical monochromatic

field and so we can invoke the approximation â†(ωs) → αδ(ωs − ωs0) where α is the

complex amplitude of the seed field of frequency ωs0 . As a result, the Hamiltonian in
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Eq. (2.4) is simplified to:

ĤDFG = ζ

∫
dωif(ωs0 , ωi)αâ

†(ωi) + h.c.

= ζαâ†
f̄(ωi)

+ ζα∗âf̄(ωi)

(2.13)

where we defined the creation operator

â†
f̄(ωi)

=

∫
dωif(ωs0 , ωi)â

†(ωi) (2.14)

which describes the creation of a photon in the spectral mode f̄(ωi), a cross-section

of the joint spectral amplitude evaluated at the seed frequency ωs0 [79]. Eq. (2.13)

describes a displacement operation in the idler mode of strength ζα. Since the idler

mode is initially in its vacuum state, the interaction prepares a coherent state of

amplitude ζα with a spectrum given by f̄(ωi). Crucially, α can be made very large

by using a bright seed laser. Moreover, the idler and seed fields are orthogonally

polarized due to the phase matching conditions and hence can be spatially separated

using a polarizing beam splitter. By scanning ωs0 and measuring the spectrum of the

idler field using a spectrometer, the entire function |f(ωs, ωi)| can be determined. In

our case, the spectral resolution of this technique was limited by the spectrometer

which had a resolution of 0.02 nm (Yokagawa AQ6370D).

Another approach is to use a spectrometer sensitive to single photons [80, 81]. This

is achieved in the lab by sending the signal and idler modes through long dispersive

fibers (Corning DCM-B-060-0) such that the light’s wavelength is mapped to its

arrival time at a single photon detector, as shown in Fig. 2.4(b). For this measurement

we employ fast nanowire click detectors. Since these have a timing resolution of

80 ps and the fiber has a dispersion of -997 ps/nm around 1550 nm, the time-of-

flight spectrometer has a resolution of approximately 0.08 nm. The joint spectral

intensity is determined by coincidence events at both detectors. The spectrometers

can be calibrated using energy conservation: by simultaneously sending both signal

and idler modes through the same dispersive fiber, the center between the two spectra

corresponds to half the pump frequency.
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Both methods were used to characterize the spectral properties of the KTP sources.

When the signal and idler modes have similar frequencies, the second method is

preferable since with the first method, light from the bright seed can leak into the

spectrometer despite the polarization filtering. A typical joint spectrum intensity

measured using the second method after optimizing the pump bandwidth is shown

in Fig. 2.4(c). The difference frequency generation technique is also used to prepare

a local oscillator for the experiment in Chapter 3.

2.3.2 Photon statistics characterization

The effective number of spectral modes K of a SPDC source can be determined by

measuring the photon statistics of the signal and idler modes. By tracing over one

of the modes of the two-mode squeezed vacuum state in Eq. (2.10) produced by a

decorrelated (K = 1) SPDC source, we find that the signal and idler modes are in a

thermal state occupying a single spectral mode:

ρ̂ = (1− λ2)
∞∑
n=0

λ2n |n〉 〈n| . (2.15)

In this case, the photon-number distribution pr(n) = Tr(ρ̂ |n〉 〈n|) = (1− λ2)λ2n is a

thermal distribution. In contrast, a spectrally-correlated SPDC source produces effec-

tively K two-mode squeezed vacuum states in orthogonal spectral modes [Eq. (2.12)],

and thus the signal and idler modes are in a product state of K thermal states like

Eq. (2.15) each occupying a different spectral mode. Since photodetectors such as

TESs simply convolve the signals from the different spectral modes, the measured

pr(n) is a convolution of K thermal distributions. In Appendix A, we show that

pr(n) tends towards a Poissonian distribution for K →∞.

In general, K can be determined from the relation between the mean 〈n〉 and

variance 〈(∆n)2〉 of pr(n). This relation is characterized by the normalized second-

order correlation function which describes intensity correlations in light [3]:

g(2) =
〈â†â†ââ〉
〈â†â〉 〈â†â〉

=

∑
n pr(n)(n2 − n)

(
∑

n pr(n)n)2 = 1 +
〈(∆n)2〉 − 〈n〉

〈n〉2
, (2.16)
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where â is a single mode of the signal of interest. Light with g(2) = 1 such as

a coherent state has Poissonian statistics, meaning the probability of detecting a

photon is independent of previous detection events but occurs at a fixed mean rate.

In contrast, a thermal state has g(2) = 2 and has “bunched” detection events.

The transformation of the signal and idler mode photon statistics from thermal

to Poissonian with increasing K can be related to the g(2) [82]. In Appendix A, we

derive that:

g(2) = 1 + 1/K = 1 + Pm. (2.17)

where Pm = 1/K is the modal purity.

Unlike pr(n), g(2) is independent of the detector efficiency [83], as we now show.

Assuming the signal mode after loss is given by ĉ =
√
ηâ + i

√
1− ηb̂ where â is the

signal mode before loss, b̂ is a vacuum mode, and η is the detector efficiency, one

finds:

g(2) =
〈ĉ†ĉ†ĉĉ〉
〈ĉ†ĉ〉 〈ĉ†ĉ〉

=
〈(√ηâ† − i

√
1− ηb̂†)2(

√
ηâ+ i

√
1− ηb̂)2〉

〈(√ηâ† − i
√

1− ηb̂†)(√ηâ+ i
√

1− ηb̂)〉
2

=
〈η2â†â†ââ〉
〈ηâ†â〉2

=
〈â†â†ââ〉
〈â†â〉 〈â†â〉

(2.18)

where in the third line we used the fact that normally-ordered terms such as b̂†b̂ vanish

since b̂ is in a vacuum state. The independence of g(2) to detector efficiency makes it

a simple way of experimentally characterizing K. Moreover, it is worth noting that

the g(2) can also be measured using click detectors by employing a Hanbury Brown

and Twiss interferometer.

We measure pr(n) of the signal and idler modes of our KTP source using a TES

from which we determine g(2) using Eq. (2.16). An example is shown in Fig. 2.5(b)

which has g(2) = 1.85 ± 0.01. With an optimal pump bandwidth and some minimal

signal/idler spectral filtering to eliminate the sinc sidelobes in the joint spectral in-

tensity, the KTP sources tend to produce g(2) values between 1.80 and 1.85. This
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Figure 2.5: Photon statistics measurement. (a) The photon-number distribution pr(n)
of the incident light can be directly measured using a transition edge sensor. This distri-
bution fully determines its photon statistics including the second order correlation function
g(2). (b) The measured pr(n) of one the down-converted modes produced by a KTP waveg-
uide after optimizing its modal purity by adjusting the pump spectrum (see Fig. 2.6(a) for
the experimental setup). Using pump pulses with a center wavelength of 783 nm and band-
width (full-width at half maximum) of 2 nm, the down-converted light has g(2) = 1.85±0.01
and shows thermal-like statistics.

spread in values is partly due to imperfections in the manufacturing process such as

non-uniform poling periods or photomasks. The main causes for the overall reduction

from the ideal value of 2 are fluorescence from colour centers and unguided SPDC

processes in the waveguides [64], which both produce uncorrelated photons.

2.3.3 Efficiency characterization

It is possible to increase the modal purity of the two-mode squeezed vacuum source

by strongly spectrally filtering the signal and idler modes. However, this comes at the

cost of introducing loss. An equally important quantity for the experiments performed

in this thesis is the end-to-end efficiency η of the source. This can be calculated via

a Klyshko measurement [84].

In the absence of loss, a two-mode squeezed vacuum state [Eq. (2.10)] has an

equal number of photons in the signal and idler mode. Klyshko measurements exploit

these photon-number correlations to estimate the total efficiency of either mode. For

example, in a simple case where the SPDC source only produces single photon pairs

(i.e. low gain), the efficiency can be determined with click detectors by measuring the

probability of detecting a photon in the signal mode conditioned on having detected
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Figure 2.6: Efficiency measurement. (a) Setup for a Klyshko measurement. (b) Theory
depiction of the setup to measure the joint photon-number distribution pr(x, y). Beam
splitters model all losses in each mode. (c) Example of a measured joint photon-number
distribution which can be fitted to Eq. (2.19) using λ = 0.74, ηs = 0.49, ηi = 0.50. (d)
Typical intensity distribution of a waveguide spatial mode. Its non-Gaussian features limit
the coupling into single-mode optical fiber to ∼ 70% efficiency. Scale bar shows dimension
in the object plane, i.e. at facet of waveguide.

one in the idler mode (and vice-versa). This is also termed the heralding efficiency.

With TESs, we are not restricted to low gain [85]. Rather, we can measure the full

joint photon-number statistics of the signal and idler mode to estimate the efficiencies.

The setup is shown in Fig. 2.6(a). The efficiency is determined by fitting the measured

joint photon-number distribution to the following5:

pr(x, y) = (1− λ2)
∞∑

n=max (x,y)

(
n

x

)(
n

y

)
λ2nηxs η

y
i (1− ηs)n−x(1− ηi)n−y, (2.19)

where ηs and ηi are the transmissivities of the beam splitters shown in Fig. 2.6(b).

These beam splitters model the combined losses in the setup, e.g. waveguide losses,

optical elements like filters and mirrors, and the imperfect detector efficiencies. The

main source of loss is in the coupling of the down-converted light into single-mode op-

tical fibers. The spatial mode of the waveguide has non-Gaussian features [Fig. 2.6(d)]

which limits fiber coupling efficiency to around 70%. The highest end-to-end efficiency

5This distribution can be obtained using Eq. (2.24) derived in the next section, i.e. pr(x, y) =

Tr(ρ̂
(y)
s |xs〉 〈xs|).
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achieved in the experiments presented in thesis was η ∼ 50%. An example of a mea-

sured joint photon-number distribution is shown in Fig. 2.6(c), which when fitted to

Eq. (2.19) yields λ = 0.74, ηs = 0.49, ηi = 0.50.

2.4 Heralding photon-number states

The use of SPDC for preparing single photons is well established. Far fewer experi-

ments [86–89] have used SPDC for heralding larger photon-numbers mainly due to a

lack of photon-number-resolving detectors and limited squeezing. In this thesis, we

take advantage of the TESs and the high gain of the KTP waveguide sources to herald

large photon-number states. These states are used for the experiments described in

Chapters 3 and 5.

The setup is shown in Fig. 2.7(a). Suppose the KTP waveguide produces a pure

two-mode squeezed vacuum state

|Ψsi〉 =
√

1− λ2

∞∑
n=0

λn |ns, ni〉 , (2.20)

where we now include mode labels for additional clarity. If the TES measures j

photons in the idler mode i, this measurement should ideally project the signal mode

s into the corresponding photon-number state:

ρ̂(j)
s = Tri (|ji〉 〈ji|Ψsi〉 〈Ψsi|) = N |js〉 〈js| (2.21)

where N = (1 − λ2)λ2j is the probability of this measurement outcome occurring.

However, losses in the signal and idler arm [Fig. 2.7(b)] cause ρ̂
(j)
s not be this straight-

forward.

Let us first consider loss in the idler mode, i.e. the heralding arm. A detector

with efficiency ηi counting j photons performs the measurement Π̂j
i (ηi) [Eq. (2.2)].

The state heralded by this measurement is

ρ̂(j)
s = Tri

(
Π̂j
i (ηi) |Ψsi〉 〈Ψsi|

)
=
(
1− λ2

) ∞∑
k=j

(
k

j

)
ηji (1− ηi)k−jλ2k |ks〉 〈ks| .

(2.22)
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This state has a binomial factor in its photon-number distribution due to the detection

inefficiency as well as a factor of (1−λ2)λ2k giving the probability to produce k photon

pairs.

Next, we consider the effect of losses in the signal mode. As before, loss is modelled

using a fictitious beam splitter of transmissivity ηs and tracing over the reflected

modes, which transforms photon-number states in the following way:

|ks〉 〈ks| →
k∑
l=0

(
k

l

)
ηls(1− ηs)k−l |ls〉 〈ls| . (2.23)

Applying this transformation to the state in Eq. (2.22), one finds

ρ̂(j)
s = (1− λ2)

∞∑
k=j

k∑
l=0

(
k

j

)(
k

l

)
λ2kηji η

l
s(1− ηi)k−j(1− ηs)k−l |ls〉 〈ls| . (2.24)

Eq. (2.24) is a statistical mixture of photon-number states whose distribution depends

on λ and the losses. The photon-number purity of ρ̂
(j)
s is quantified by Pp = Tr([ρ̂

(j)
s ]2)

and should not be confused with the previously mentioned modal purity Pm. Simul-

taneously treating both modal impurity and losses is significantly more involved [89].

2.4.1 Nonclassicality of imperfectly heralded photon-number
states

Ideal photon-number states |j〉 have sub-Poissonian statistics, as illustrated by their

second-order correlation function6:

g(2) =

{
1, for j = 0

1− 1/j, for j ≥ 1.
(2.25)

We measure the photon-number distribution pr(n) = Tr
(
ρ̂

(j)
s |ns〉 〈ns|

)
of the her-

alded state using a second TES and employ the expression in Eq. (2.16) to calculate

its g(2). The result is plotted in Fig. 2.7(c). Although the degree of nonclassicality is

degraded by the losses, the heralded ρ̂
(j)
s has sub-Poissonian statistics for j ≥ 1 and

hence is nonclassical. For example, ρ̂
(6)
s has g(2) = 0.954± 0.016.

6The second order correlation function of the vacuum state is not well defined. Here we take its
value to be 1 as a limiting case of a coherent state of vanishing amplitude.
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Figure 2.7: Photon-number state heralding. (a) Experimental setup used to prepare

a heralded photon-number state ρ̂
(j)
s . (b) Theory schematic of the setup. Due to losses

in the idler and signal arms, the resulting state ρ̂
(j)
s may be quite different than an ideal

photon-number state |j〉. (c) The measured second-order correlation function g(2) of the

state ρ̂
(j)
s [grey]. The shaded area is one standard deviation in ten measurement trials.

Despite the losses, ρ̂
(j)
s has sub-Poissonian statistics (g(2) < 1) for j ≥ 1. Blue circles show

expected values for our experimental parameters (here ηs = 0.31, ηi = 0.39, λ = 0.80) and
black crosses show the values for an ideal photon-number state [Eq. (2.25)]. The inset shows
the measured photon-number distribution used to determine the g(2) for j = 6. (d) Theory

plot showing the effect of squeezing λ on the photon-number purity Pp = Tr([ρ̂
(j)
s ]2) of the

heralded state [continuous lines] and heralding rate [dashed lines]. Note the log scale on the
right axis. We assumed ηi = 0.5 and a laser repetition rate of 100 kHz.
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There are two important remarks regarding the effect of losses on the nonclassical-

ity of ρ̂
(j)
s . Firstly, the g(2) of ρ̂

(j)
s is not affected by ηs [Eq. (2.18)], and rather depends

only on ηi and λ. Secondly, the effect of ηi < 1 on ρ̂
(j)
s can be minimized by reducing

the squeezing of the SPDC source, i.e. reducing λ [89]. The intuition is that this

minimizes the probability that the herald detector under-counted the true number of

pairs produced by the SPDC source. However, this comes at the cost of also reducing

the heralding rate. In Fig. 2.7(d), we show the trade-off between the photon-number

purity Pp = Tr([ρ̂
(j)
s ]2) and heralding rate as a function of λ for different j values,

assuming ηi = 0.5 and a laser repetition rate of 100 kHz.

2.4.2 Interfering heralded photon-number states

Nonclassical intereference can occur when nonclassical light such as photon-number

states are combined on a beam splitter. For example, two indistinguishable single

photons incident on different ports of a balanced beam splitter always exit the device

from the same port, as first observed by Hong, Ou, and Mandel in 1987 [90]. In other

words, one never detects light in both output ports simultaneously and light exits

from one of the two ports randomly. This interference phenomenon has no classical

explanation and has played a central role in the development of quantum optics [91].

The visibility of the interference between heralded photon-number states depends

on their (i) modal purity, (ii) photon-number purity, (iii) indistinguishability, and (iv)

a number of more minor experimental imperfections such as detector dark counts and

non-ideal beam splitters. Therefore, nonclassical interference measurements provide

a general benchmark of the quality of heralded photon-number states.

In Chapter 5, we study the interference of higher-order photon-number states.

For now, we focus on the single photon case where Hong-Ou-Mandel interference

occurs. We prepare two heralded single photons using the experimental setup shown

in Fig. 2.8(a). By using a small squeezing parameter, we maximize their photon-

number purity (i.e. minimize the probability of either source producing more than

one photon pair). Hence, we assume that the heralded single photons can be described

by a statistical mixture of single-photon states in various spectral modes, i.e. ρ̂1 and
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Figure 2.8: Hong-Ou-Mandel interference measurement. (a) Experimental setup.
We herald a single photon using each source and combine the two on a balanced fiber beam
splitter. (b) Measured four-fold coincidences in 30 s as a function of the delay stage position.
Errors are one standard deviation assuming Poissonian counting statistics and the contin-
uous line is a Gaussian fit. The visibility of the dip is V = 76± 2%. (c) Spectrum of each
mode in the measurement. The two signal modes have high spectral indistinguishability.
(d) and (e) Joint spectral intensity of source 1 and 2, respectively.
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ρ̂2 for sources 1 and 2, respectively. The photons are coupled into a polarization-

maintaining single-mode fiber beam splitter, and the temporal delay between the two

is adjusted using a delay stage. When the photons arrive at the beam splitter at

the same time, we observe a dip in the four-fold coincidence rate7 [Fig. 2.8(b)]. The

visibility V of the dip is given by [67]

V =
Cmax − Cmin

Cmax
= Tr(ρ̂1ρ̂2) =

1

2

(
Tr(ρ̂2

1) + Tr(ρ̂2
2)− ||ρ̂1 − ρ̂2||

)
(2.26)

where Cmin (Cmax) is the minimum (maximum) measured coincidence rate. This

equation shows the dependence of V on both the modal purity Pm = Tr(ρ̂2
i ) as well as

indistinguishability ||ρ̂1− ρ̂2|| (|| • || denotes the trace norm) of the photons. We find

that V = 76 ± 2%. This value is consistent with the modal purities obtained from

a g(2) measurement [Eq. (2.17)], i.e. 0.76 ± 0.001 for source 1 and 0.79 ± 0.001 for

source 2. Thus, the interference visibility is limited mainly by the modal purity of the

sources. Indeed, the marginal spectra in Fig. 2.8(c) show that the interfering signal

modes have a high spectral indistinguishability. Moreover, by replacing the pump

with a continuous-wave laser having the signal’s center wavelength (1567 nm) and

polarization, we measured classical interference fringes with a visibility of over 98%

which indicates high polarization and spatial indistinguishability in the interferometer

formed by the two beam splitters in Fig. 2.8(a).

How could the modal purity be improved? Although the measured joint spectral

intensities [Fig. 2.8(d)-(e)] appear well decorrelated, this measurement is insensitive

to spectral phase. Correlations in spectral phase can be reduced by eliminating pump

chirp. However, this was likely not the main issue in this measurement since our pump

laser produces nearly chirp-free pulses. Another important issue is unguided SPDC

processes in the waveguide. These produce uncorrelated photons occupying different

spectral modes and hence reduce the modal purity [64]. The rate of such unguided

processes depends on the waveguide propagation losses, which is likely the main reason

for the reduced modal purity in this measurement compared to the ∼ 0.85 obtained

7Note that this measurement employed click detectors for convenience since number resolution
was not required. For an analogous measurement using TESs, see Chapter 5.
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in Sec. 2.3.2 with a different waveguide. Reducing waveguide propagation losses is an

active area of research. For example, fabrication techniques such as diamond-blade

dicing can produce ridges in an in-diffusion waveguide, leading to stronger mode

confinement and lower propagation losses [92].
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Chapter 3

Weak-field homodyne detection

3.1 Introduction

There are two main strategies to measure a quantum optical signal. The first is to

project the signal onto discrete non-Gaussian photon-number states using click or

photon-number-resolving detectors. The second is to combine the signal with a phase

reference and perform homodyne detection which projects the signal onto continuous

Gaussian field quadrature states [93]. The complementary properties of these two

strategies are listed in Table 3.1.

In this chapter, we investigate a hybrid detection strategy known as weak-field

homodyne detection that encompasses aspects of both types of detectors. We per-

form an experiment demonstrating the ability to tune between photon counting and

quadrature measurements with a single experimental setup. The regime in-between

these two complementary measurement strategies enables novel techniques for char-

acterizing and engineering quantum states of light.

Photon counting Homodyne

Discrete outcomes Continuous outcomes

Non-Gaussian Gaussian

Phase-insensitive Phase-sensitive

Table 3.1: List of key properties of the conventional detection strategies in quantum optics.
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Figure 3.1: Homodyne detection. (a) In homodyne detection, a quantum state of light
ρ̂ is combined with a phase-reference field |α〉 on a beam splitter. Typically, photodiodes
are used to measure the difference in photocurrent which is proportional to n̂c − n̂d. When
the phase reference |α〉 is a bright classical field, this difference photocurrent determines
the quadrature distribution pr(θ), where θ is the phase of the reference field. (b) pr(θ) is
a projection of the Wigner function of ρ̂ (i.e. Wρ̂) onto an axis at an angle θ from the
origin. By repeating this measurement for various θ values, these “shadows” can be used
to unambiguously reconstruct the state ρ̂ via quantum state tomography.

3.2 Background

3.2.1 Homodyne detection

Homodyne detection is the standard experimental technique to fully characterize

quantum states of light. The idea is depicted in Fig. 3.1(a). A quantum state ρ̂

is combined with a phase-reference field (i.e. local oscillator) on a balanced beam

splitter. The output fields are then detected with photodiodes and the difference

photocurrent is recorded, which is proportional to the difference in photon number:

∆n̂ = n̂c − n̂d = i(â†b̂− âb̂†). (3.1)

where â and b̂ are the input field annihilation operators. To overcome electronic

noise in the photodiodes, one typically uses a phase-reference field in a coherent state

having a very large amplitude such as from a bright laser. In this case, we can invoke

a classical field approximation [8]

b̂→ |α|eiθ, (3.2)
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where |α| and θ are the strength and phase of the coherent state, respectively.

Eq. (3.1) becomes

∆n̂classical = i|α|(â†eiθ + âe−iθ) = i|α|X̂(θ) (3.3)

where we used the quadrature operator X̂(θ) = â†eiθ + âe−iθ. By repeating the

measurement of ∆n̂classical on an ensemble of identical copies of ρ̂, homodyne detection

determines the quadrature distribution pr(θ) = Tr(X̂(θ)ρ̂) which is the projection of

the Wigner function of ρ̂ onto an axis at an angle θ from the origin, as shown in

Fig. 3.1(b). By measuring quadrature distributions for different values of θ, the

Wigner function of ρ̂ can be reconstructed via quantum state tomography [94, 95].

Quadrature measurements are also essential for quantum information processing when

information is encoded in continuous-variable degrees of freedom of light [10, 96, 97].

3.2.2 Photon-number sensitivity in homodyne

Although homodyne detection and its variants such as heterodyne or eight-port

homodyne [98] usually employ photodetectors without photon-number resolution

(e.g. regular photodiodes), some early works investigated the potential applications

of a homodyne-like detection scheme employing photon-number-resolving detectors.

Henceforth, we refer to any such detection scheme as weak-field homodyne detection

(WFHD) with the assumption that the phase reference is weak due to the dynamic

range of photon-number-resolving detectors. The versatility of WFHD arises from

the combination of photon-number resolution and the phase-sensitivity provided by

the phase reference.

Perhaps the earliest example of work on WFHD is the Kennedy [99] and Dolinar [100]

receivers. These are designed to discriminate between two coherent states |±α〉 with

a smaller error than conventional homodyne. The idea is to use a local oscillator

to displace the incident light by +α such that the encoding is mapped onto |2α〉

and |0〉. By detecting this displaced field with a photon-number-resolving detector

and using an adaptive measurement strategy, the Dolinar receiver performs the opti-
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mal measurement. These receivers have applications in both classical and quantum

communication [11] and have recently been experimentally demonstrated [101–103].

By combining phase-sensitive displacements with photon counting, WFHD can

also directly characterize quantum states without having to perform a complete recon-

struction, e.g. by measuring the displaced parity operator [104]. This idea was used to

characterize quantum states in the microwave domain in the groups of Haroche [105]

and Wineland [106], and more recently in the optical domain [107–111].

Finally, WFHD has the unique ability to project light onto phase-sensitive non-

Gaussian states, as experimentally demonstrated in Refs. [112–114]. This provides

a powerful state engineering tool which is further explored in Chapter 4. Moreover,

phase-sensitive non-Gaussian measurements can reveal nonclassical correlations that

would be hidden from conventional detection strategies. For example, WFHD can

be used to violate a Bell inequality with entangled Gaussian states (e.g. two-mode

squeezed vacuum) while photon counting or homodyne alone cannot [115–117].

3.3 Tuning between photon-number and quadra-

ture measurements

The fact that homodyne measures the quadrature operator emerges from the classi-

cal field approximation in Eq. (3.2). When does this approximation become valid?

Refs. [118, 119] estimate the required |α| to be |α| � N , where N is the average

number of photons in ρ̂a. This condition ensures that photon-number fluctuations in

the coherent state are larger than N . If these fluctuations were smaller than N , i.e.

|α| < N , a measurement of ∆n̂ would reveal some information about â†â, the photon

number of ρ̂a. This information gained about â†â comes at the cost of disturbing the

measurement of X̂(θ) since these two operators do not commute.

The phase-reference amplitude |α| provides a knob to transition between a non-

Gaussian (|α| < N) and Gaussian (|α| � N) measurement. We briefly mention one

potential application for this tunability in optical quantum information processing.

Quantum circuits containing only Gaussian elements (i.e. input states, transforma-
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Figure 3.2: Weak-field homodyne with photon-number state. A schematic of the
problem being considered.

tions, and measurements) can be efficiently simulated on a classical computer and

hence are insufficient for quantum computing [120, 121]. Certain quantum informa-

tion processing protocols introduce non-Gaussianity only in the measurement stage of

the circuit in order to enable quantum computational power, such as in measurement-

based architectures employing Gaussian cluster states [122] or Gaussian boson sam-

plers [123]. By employing WFHD as the measurement device in such circuits, |α|

provides a knob to tune the difficulty with which the circuit can be simulated clas-

sically, which could be useful for e.g. verifying the output of the circuit or studying

how quantum complexity emerges. We do not investigate this topic further in this

thesis but note that it could be interesting for future work.

While some recent experiments have performed quadrature measurements using

WFHD [124, 125], no work has yet demonstrated the full tunability of WFHD. That

is, no prior experiment achieved both photon counting and quadrature measurements

in the same setup. This is the main subject of the remainder of this chapter.

3.3.1 Theory

We investigate the transition in the photon-number difference statistics measured by

WFHD in the particular case of a pure photon-number state, ρ̂a = |ja〉 〈ja|, as shown

in Fig. 3.2. Here we will assume that ρ̂a and |αb〉 occupy the same spatio-temporal

mode and ignore optical loss. We extend the model below to include mode mismatch

and losses in Appendix B. The joint probability of detecting m photons in mode c
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and n photons in mode d [i.e. the outcome (m,n)] at the output of the beam splitter,

pr(j,α)(m,n), is given by:

pr(j,α)(m,n) = |〈mc, nd|ja, αb〉|2

=
1

m!n!

∣∣∣〈0c, 0d|ĉmd̂n|ja, αb〉∣∣∣2 , (3.4)

where ĉ (d̂) is the photon annihilation operator in mode c (d). The input and output

modes of the beam splitter are related through the following transformation:

ĉ = (â+ ib̂)/
√

2,

d̂ = (b̂+ iâ)/
√

2,
(3.5)

Inserting these expressions into Eq. (3.4), we find:

pr(j,α)(m,n) =
1

2m+nm!n!

∣∣∣〈0c, 0d|(â+ ib̂)m(b̂+ iâ)n|ja, αb〉
∣∣∣2

=
1

2m+nm!n!

∣∣∣∣∣〈0c, 0d|
m∑
l=0

n∑
k=0

(
m

l

)(
n

k

)
il+kâm−l+kb̂l+n−k|ja, αb〉

∣∣∣∣∣
2

.
(3.6)

The non-zero terms in the first sum satisfy l = m+k−j. Furthermore, b̂ |αb〉 = α |αb〉.

Using these two facts, Eq. (3.6) can be simplified to:

pr(j,α)(m,n) =
e−|α|

2
j!|α|2(m+n−j)

2m+nm!n!

∣∣∣∣∣
j∑

k=0

(
m

m+ k − j

)(
n

k

)
(−1)k

∣∣∣∣∣
2

, (3.7)

and pr(j,α)(m,n) = 0 when m + n < j. The difference photon-number statistics are

then obtained by summing over all possible outcomes yielding ∆n = m− n:

pr(j,α)(∆n) =
∞∑

m=max (0,∆n)

e−|α|
2
j!|α|2(2m−∆n−j)

22m−∆nm!(m−∆n)!

∣∣∣∣∣
j∑

k=0

(
m

m+ k − j

)(
m−∆n

k

)
(−1)k

∣∣∣∣∣
2

.

(3.8)

Evaluating the sums for some example j values, we find:

pr(j,α)(∆n) =


e−|α|

2

I∆n, for j = 0

e−|α|
2|α|−2∆nI∆n, for j = 1

e−|α|
2|α|−4

(
[∆n(1 + ∆n)) I∆n − |α|−2I(1−∆n)

]
, for j = 2

where I∆n is the modified Bessel function of the first kind of order ∆n evaluated at

|α|2. Unfortunately, we could not find a closed expression for arbitrary j.
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Figure 3.3: Experimental setup. Details can be found in the text. BS: beam splitter,
BP: bandpass filter, EOM: electro-optic modulator, ppKTP: periodically-poled potassium
titanyl phosphate (waveguide), LP: longpass filter, PBS: polarizing beam splitter, HWP:
half-wave plate, ND: neutral-density filter, FBS: fiber beam splitter, TES: transition edge
sensor.

For |α| � j, we expect that Eq. (3.8) converges to the statistics obtained by

invoking the classical field approximation b̂→ |α|eiθ, namely:

pr
(j,α)
classical(∆n) =

1√
2π|α|

1

2jj!

∣∣∣∣Hj

(
∆n√

2α

)
e−∆n2/4α2

∣∣∣∣2 , (3.9)

where Hj is a Hermite polynomial of order j. This expression is derived in Ref. [126].

Notably, Eq. (3.9) is simply the quadrature distribution of a j photon-number state

scaled by α, i.e. ∆n→ ∆n/α [127].

3.3.2 Experimental setup

The experimental setup is shown in Fig. 3.3. The pump is a titanium sapphire

oscillator followed by a regenerative amplifier that outputs ∼ 30 fs pulses (780 ±

20 nm [full width at half maximum]) at a rate of 100 kHz. This rate is chosen to

accommodate the thermal relaxation time of the TES detectors. The pump pulses

are split into two paths, labelled 1© and 2© in Fig. 3.3.

In path 1©, we prepare the signal ρ̂a. The pump is filtered to 775 ± 2 nm using

two angle-tuned bandpass filters. The filtered pump is then coupled into a ppKTP

waveguide and generates a two-mode squeezed vacuum state. The pump spectrum is
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chosen such that the down-converted signal (1554 nm) and idler (1547 nm) modes are

approximately spectrally decorrelated (g(2) = 1.849±0.007 in idler mode). The pump

is then discarded with a longpass filter and the orthogonally-polarized signal and idler

modes are spatially separated with a polarizing beam splitter. The two modes are

sent through a bandpass filter and coupled in fibers. The idler mode is sent directly

to a TES detector for heralding, whereas the signal mode is sent to a polarization-

maintaining fiber beam splitter. Due to losses and imperfect detection efficiency in

the herald mode (ηh = 0.395± 0.002), we do not herald a pure photon-number state

|ja〉. Rather, we herald a signal ρ̂
(j)
a which is a statistical mixture of photon-number

states [Eq. (2.24)]. Despite the losses, ρ̂
(j)
a is still a nonclassical signal. Namely,

we measure that ρ̂
(j)
a has sub-Poissonian photon-number statistics when j ≥ 1 (see

Sec. 2.4).

In path 2©, we prepare the coherent state |αb〉. The pump is filtered to 783 ±

2 nm and coupled into a second ppKTP waveguide. In contrast to the previous

path, we also couple 1580 nm light from a continuous-wave laser in order to seed the

down-conversion process. Through difference frequency generation (see Sec. 2.3.1),

light with Poissonian photon-number statistics (g(2) = 1.005± 0.002) is generated in

the polarization mode orthogonal to the seed, i.e. |αb〉. The seed and pump spectra

are chosen to optimize the spectral overlap between the signal ρ̂a and |αb〉 given

that there are small differences between the phase matching properties of the two

waveguides. Then, |αb〉 is separated from the bright seed light using a polarization

beam splitter and bandpass filter. To further minimize the amount of seed light

leakage, we carve 5 ns long pulses from the continuous-wave seed laser using an

electro-optic modulator. We measured the signal-to-noise ratio in |αb〉 (i.e. the total

number of photons detected with both seed and pump on divided by the number of

photons detected with only the seed on) to be 105. |αb〉 is sent through a half-wave

plate to match its polarization to that of the signal. The intensity |α|2 is adjusted

using a neutral-density filter wheel. Finally, |αb〉 is coupled into fiber and sent to the

fiber beam splitter. The pulses ρ̂
(j)
a and |αb〉 are temporally overlapped in the fiber

beam splitter using a delay stage. The output modes of this beam splitter are then
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Figure 3.4: Interference between our signal and phase reference. When combining
a single photon with a coherent state on a beam splitter, the output fields should never both
contain a single photon, i.e. pr(1,α)(1, 1) vanishes [Eq. (3.7)]. Here we measure the visibility
of this interference effect (using click detectors) to estimate the mode overlap between our
signal and phase reference. We find V = 0.800± 0.060. The temporal delay between ρ̂a and
|αb〉 is scanned by moving a stage.

sent to two TESs. We measured the total system efficiency (i.e. coupling, transmission

and detection efficiencies combined) in modes c and d to be ηc = 0.274 ± 0.001 and

ηd = 0.354 ± 0.002, respectively, using the Klyshko method outlined in Sec. 2.3.3.

Since ρ̂
(j)
a has no defined phase relative to |αb〉, pr(j,α)(∆n) and pr

(j,α)
classical(∆n) do not

depend on θ and hence we do not require control of θ.

To quantify the mode overlapM between our phase reference and signal, we mea-

sure an interference signal. In theory, when ρ̂a is a single photon, the probability to

detect only one photon at both outputs of the beam splitter, pr(1,α)(1, 1), vanishes

[Eq. (3.7)]. In practice, this probability does not vanish due to experimental imperfec-

tions such as background counts, the photon-number purity of ρ̂a, and imperfect mode

overlap between ρ̂a and |αb〉. Moreover, for this particular measurement we employed

nanowire click detectors rather than TESs and measured a three-photon coincidence

probability which does not discern between higher-photon events, i.e. pr(x,α)(y, z) for

x, y, z ≥ 1 are convolved into our interference signal. These higher-photon events

were minimized by reducing the pump power and α. For all these reasons, the vis-

ibility V of this interference signal provides a lower bound on M. By scanning the
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pr

Figure 3.5: Transition from a photon-number to a quadrature measurement. We
plot the probability pr(∆n) to measure a photon-number difference ∆n with the signal

ρ̂
(6)
a . As |α|2 increases, the agreement between the black data points and the expected

quadrature distributions (blue regions) improves, indicating that our detector is performing
a quadrature measurement. The red curves [blue curves] are calculated from pr(j,α)(∆n)

[pr
(j,α)
classical(∆n)], and include the effects of experimental imperfections (see Appendix B for

further details including the model parameters). Error bars represent one standard deviation
in 10 trials. Both the red and blue models are discrete; the lines interpolating between model
points are merely to distinguish them from the data.

temporal delay between ρ̂a and |αb〉, we measure a Hong-Ou-Mandel-type dip in the

three-photon coincidence probability from which we determined an interference vis-

ibility of V = 0.800 ± 0.060 [Fig. 3.4]. We found that our model (see Appendix B)

agrees best with the data by using M = 0.82.

3.3.3 Results

In Fig. 3.5, we show the measured photon-number difference statistics for j = 6 and

three different values of |α|2. The measured statistics [black points] can be compared

with the statistics expected from the theory model with and without the classical field

approximation, i.e. pr
(j,α)
classical(∆n) [blue curves] and pr(j,α)(∆n) [red curves], respec-

tively. Both models include the effects of experimental imperfections such as detection

inefficiencies and mode mismatch. For |α|2 = 0, pr(j,α)(∆n) is obtained by project-

ing ρ̂
(6)
a onto photon-number states. In this case, pr

(j,α)
classical(∆n) is not defined. For

|α|2 = 6.52, the data points agree with pr(j,α)(∆n) but not with pr
(j,α)
classical(∆n), indicat-
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Figure 3.6: Quantifying the transition towards a quadrature measurement. (a)
We plot Sclassical, the discrepancy between our measured data and an ideal quadrature
measurement, as a function of |α|2 for various herald outcomes j. As |α|2 increases, our
measurement becomes more quadrature-like and so Sclassical decreases. The grey box is the
threshold used to define |α|2min. Error bars are one standard deviation in 10 trials. (b)
The minimum coherent state strength, |α|2min, required for a quadrature measurement. The
black line is a linear fit of |α|2min as a function of the average photon number in the signal,
N . The error bars are obtained from the uncertainty in the fit parameters A and B.

ing that the classical field approximation is not yet valid. However, for |α|2 = 15.41,

there is good agreement between the data and both pr(j,α)(∆n) and pr
(j,α)
classical(∆n).

This suggests that we are projecting ρ̂
(6)
a onto quadrature states for a weaker |α| than

expected, i.e. before the regime where |α| � N [118, 119] (note that N = 10.4 for

j = 6 due to loss in the herald mode).

To understand why, we quantify the transition from ∆n̂ to ∆n̂classical by computing

the sum of the squared residuals,

Sclassical =
1

ν

∑
∆n

|pr(j,α)
exp (∆n)− pr

(j,α)
classical(∆n)|2, (3.10)

where ν is the number of data points. Sclassical quantifies the discrepancy between

the measured data pr
(j,α)
exp and the classical model pr

(j,α)
classical(∆n). Ideally, Sclassical

smoothly converges to zero for increasing |α|2 as the validity of the classical field

approximation improves. In Fig. 3.6(a), we plot Sclassical for four different herald

outcomes j. We found heuristically that an exponential curve adequately models

Sclassical for sufficiently large |α|2. Thus, for each j, we fit Sclassical to A exp (−B|α|2)

from which we determine |α|2min, the coherent state strength required to reach below
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Sclassical = 6.7× 10−6. This threshold corresponds to the sum of the squared residuals

obtained with the quantum model [i.e. replacing pr
(j,α)
classical(∆n) with pr(j,α)(∆n) in

Eq. (3.10)], averaged over all j and |α|. We plot |α|2min for j = 0 to 6 in Fig. 3.6(b).

Interestingly, we observe an approximately linear scaling between |α|2min and the av-

erage photon-number in the signal, N , instead of a quadratic scaling [119, 128]. We

believe this relaxed requirement on |α|2min is due to our detector inefficiency which

smooths the fine features in the quadrature distribution of ρ̂
(j)
a . This reasoning agrees

with the findings of Ref. [129], which showed that a smaller |α|2min is required for states

with smooth quadrature distributions such as coherent states. Thus, the transition

from photon-number to quadrature measurement in Fig. 3.5 occurred for a weaker

|α| than might be expected (i.e. before the regime |α| � N) since the quadrature

distribution of ρ̂
(6)
a is smooth.

3.4 State engineering

So far, we have demonstrated that WFHD can tune between performing photon-

number and quadrature measurements. Here, we show it can also be used as a state

engineering tool by projecting one part of a photon-number entangled state onto

a particular measurement basis, thus steering the possible measurement outcomes

on the other part of the entangled state. The concept is shown schematically in

Fig. 3.7(a). Mode a of the two-mode squeezed vacuum state

|Ψha〉 =
∞∑
n=0

λn |nh, na〉 (3.11)

is sent to the WFHD. The detector projects mode a onto a state |χa〉 which depends

on the detection outcome (m,n) and α [112]:

|χa〉 =
e−|α|

2/2

√
2(m+n)m!n!

(
α− iâ†

)m (
â† − iα

)n |0a〉 . (3.12)

This measurement transforms mode h to the state |ψh〉 = N 〈χa|Ψha〉, where N is

a normalization factor. Many different classes of states |ψh〉 can be heralded since

|χa〉 can be continuously tuned between photon-number and quadrature-like states.
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Figure 3.7: State engineering using weak-field homodyne. (a) A schematic of the
concept. The weak-field homodyne detector, shown in the grey circle, projects the signal ρ̂a
onto the state |χa〉 that depends on m, n, and α. (b) Measured photon-number distribution
of the state in the herald mode pr(k) = |〈kh|ψh〉|2 conditioned on obtaining the detection
outcome (m,n) = (6, 0) when |α|2 = 15.41. The blue circles are measured when ρ̂a and
|αb〉 are temporally overlapped and thus interfere at the beam splitter. The red squares are
measured when there is no temporal overlap between the two. Error bars are the standard
deviation in 10 trials. The bars are theoretical predictions.

This versatility makes WFHD a powerful state engineering tool. For example, in

Chapter 4 we show that |ψh〉 can have nearly perfect fidelity with a Schrödinger cat

state |α〉+ |−α〉 of arbitrary amplitude α.

3.4.1 Results

In our experiments, we do not have control over the phase θ of our local oscillator since

the pump and seed lasers are not phase-locked. Thus we do not have the ability to

fully characterize |ψh〉. As such, we only present a proof-of-principle demonstration of

the state engineering concept here. We consider the detection outcome (m,n) = (6, 0)

when |α|2 = 15.4. The measured photon-number distribution pr(k) = |〈kh|ψh〉|2 is

shown in Fig. 3.7(b), which we use to calculate the second-order correlation function

g(2) =
∑

k(k
2 − k)pr(k)/(

∑
k kpr(k))2. When ρ̂a and |αb〉 are not temporally over-

lapped (using a temporal delay much smaller than the detection window), the two do

not interfere and pr(k) is a thermal-like distribution (red squares, g(2) = 1.59± 0.15).

This is because the average number of photons in mode b (15.4) is much larger than

in mode a (1.74), and so the detection outcome provides little information about the
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number of photons in mode a. In contrast, when ρ̂a and |αb〉 are temporally over-

lapped, pr(k) changes drastically and resembles a Poisson distribution (blue circles,

g(2) = 1.19 ± 0.11). This demonstrates that the heralded state is strongly modified

by the interference between ρ̂a and |αb〉.

3.5 Conclusions

Weak-field homodyne detection is an old idea in quantum optics that has numerous

applications, notably in state characterization and engineering. However, experimen-

tal demonstrations of these ideas have been hindered by limitations in the efficiency,

noise, and dynamic range of photon-number-resolving detectors. By using transition

edge sensors, we were able to experimentally demonstrate the ability to tune between

photon number and quadrature measurements with quantum signals having up to 11

photons.

Another achievement of our experiment is performing state engineering using

weak-field homodyne detection for the first time. In particular, we showed that the

photon-number distribution of a state heralded using weak-field homodyne can be

modified by the interference between the local oscillator and the signal. This paves

the way towards applications in hybrid discrete- and continuous-variable quantum in-

formation processing protocols [130]. For example, in the next chapter we show that

weak field homodyne can be used to herald two and four-component Schrödinger cat

states. An exciting prospect would be to verify the nonclassical features of this her-

alded state using a second instance of a weak-field homodyne detector. This second

weak-field homodyne detector could project the heralded state directly onto nonclas-

sical phase-sensitive states thereby enabling a more efficient characterization than

with regular homodyne detection [109, 111, 131]. Moreover, the same experimental

setup (i.e. a weak-field homodyne detector in each mode of a two-mode squeezed

vacuum state) can certify the quantum nature of the correlations in an entangled

Gaussian state by testing a Bell-type inequality [114–117, 132].
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Chapter 4

An even-parity detector

4.1 Introduction

By counting the number of photons in a field, one can determine a fundamental

property of the field known as parity. If a field has an even (odd) number of pho-

tons, it is said to have even (odd) parity. With the exception of the vacuum state,

fields in classical (e.g. coherent, thermal) states possess uncertainty in their parity,

i.e. they have a non-zero probability to have both even and odd photon numbers.

Conversely, states of light with a definite parity have nonclassical features. For ex-

ample, single-mode squeezed vacuum is a superposition of only even photon num-

bers and has reduced quantum fluctuations in its electric field compared to classical

light [133]. This reduction in noise makes squeezed vacuum a valuable resource for

optical quantum information processing [10, 11] and quantum sensing [134]. Other no-

table examples of definite parity states that have found uses in quantum technologies

include Schrödinger cats [135], Holland-Burnett [136], and Gottesman-Kitaev-Preskill

states [137]. The ability to prepare these and other definite parity optical states in a

scalable and robust manner is highly desirable for developing quantum technologies.

To this end, in this chapter we discuss a novel technique for preparing a wide range

of even-parity states using photon-number-resolving detectors. The contents of this

chapter are theoretical ideas and have yet to be experimentally demonstrated.
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4.2 Parity in fault-tolerant information encoding

We briefly discuss one particularly important application of definite parity states

which is fault-tolerant information encoding. This idea is used in error-correction

schemes for both classical and quantum information encodings. Consider the following

example. A common error in both classical and quantum systems is the bit flip 0↔ 1.

A simple way to encode information in a way that is robust to the bit flip is to use

a repetition code in which a logical bit is encoded as N redundant physical bits, e.g.

0 → 00000 for N = 5. If any of the physical bits suffer a bit-flip error, the definite

parity is broken which signals that an error has occurred. The logical bit is taken to

be the dominant value of the physical bits.

While there are numerous ways of encoding quantum information in light, the

relevant method for this chapter is a continuous-variable encoding where information

is encoded in the quadratures of light. Because this is an infinite dimensional space,

fault-tolerance can be achieved without the need of multiple physical systems. Con-

sider a simple example where we encode a logical qubit as the following superposition

of photon-number states [138]:

|0L〉 := (|0〉+ |4〉)/
√

2

|1L〉 := |2〉 .
(4.1)

As before, Eq. (4.1) encodes information in definite parity states. An error caused by

e.g. single photon loss can be easily detected by counting an odd number of photons

in the field. There are of course many types of errors that can occur besides single

photon loss, and there are an infinite number of qubit encodings such as Eq. (4.1)

that can be used. Developing robust and feasible quantum error correction codes is an

active area of research that dates back to the 1990s [138–140] . The two leading pro-

posals for encoding a logical qubit in a continuous-variable space are four-component

Schrödinger cat states [141, 142] and Gottesman-Kitaev-Preskill states [137]. Such

states have been experimentally prepared in the microwave domain with trapped-

ion [143] and superconducting [144, 145] systems, but not yet in the optical domain.

We now turn to our proposal which can be used to prepare a wide range of states in
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Figure 4.1: Even-parity detector concept. Conditioned on obtaining the detection
outcome (n, n), the composite detector shown in the grey box performs the projective
measurement |χ〉 〈χ| on the input state ρ̂. The state |χ〉 contains only even photon-number
terms whose amplitudes are controlled by |φ〉.

superpositions of even-photon number states including four-component Schrödinger

cats.

4.3 Concept

We begin by describing the even-parity detector which is shown in the grey box of

Fig. 4.1(a). An “input” state ρ̂ is combined with an ancillary “control” state |φ〉 on a

balanced beam splitter. We assume that ρ̂ is arbitrary. The control state is a general

pure state, which can be written in the photon-number basis as

|φ〉 =
∞∑
m=0

cm |m〉 (4.2)

with
∑

m |cm|2 = 1. The outputs of the beam splitter are then sent to photon-

number-resolving detectors which we assume to have perfect efficiency for now. The

joint probability to measure n photons in both output ports, i.e. the outcome (n, n),

is given by

pr(n, n) =
〈
n, n

∣∣∣Û [ρ̂⊗ |φ〉 〈φ|] Û †
∣∣∣n, n〉 (4.3)

where Û is the balanced beam splitter unitary operator. Re-writing Eq. (4.3) as

pr(n, n) = 〈χ|ρ̂|χ〉, it becomes clear that the measurement device is described by a

projector |χ〉 〈χ| acting on the input state ρ̂ when the detection outcome is (n, n).
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The unnormalized projected state |χ〉 is given by

|χ〉 = 〈φ|Û †|n, n〉 =
2n∑
j=0

c∗2n−jAj,n |j〉 , (4.4)

where

Aj,n = 〈j, 2n− j|Û |n, n〉

=

{(
i
2

)n √(2n−j)!(j)!
(j/2)!(n−j/2)!

for even j

0 for odd j

(4.5)

is the matrix element of the beam splitter operator [127]. As one might expect, |χ〉

depends on the photon-number coefficients c2n−j of the control state. Perhaps more

surprisingly, |χ〉 consists only of even photon-numbers. This effect can be understood

by considering our device in reverse. When |n, n〉 impinges on a beam splitter, a pair-

ing interference effect causes both output ports to only contain even-photon numbers,

much like in Hong-Ou-Mandel interference [90]. This even-parity state Û |n, n〉 was

first discussed in Ref. [146] but is commonly referred to as the Holland-Burnett state

after the work of Ref. [136]. By post-selecting the detection outcome (n, n) at the

beam splitter output, our even-parity detector destructively projects the two-mode

input of the beam splitter onto the Holland-Burnett state with the decomposition

into the photon-number basis given by Aj,n [Eq. (4.5)].

In our case, one of the inputs of the beam splitter is the control state |φ〉. As a

result, the other input, ρ̂, is projected onto an even-parity state |χ〉 whose photon-

number coefficients are determined by c2n−j of the control state as well as Aj,n of the

Holland-Burnett state.

We now consider the effects of imperfect detection efficiency on our scheme. Sup-

pose both photon-number-resolving detectors in Fig. 4.1(a) have an efficiency η. Fol-

lowing Eq. (2.1), the joint probability pr(n, n) [Eq. (4.3)] becomes:

pr(n, n) =
∞∑
x=n

∞∑
y=n

(
x

n

)(
y

n

)
η2n(1− η)x−n(1− η)y−n

× Tr
(
|x, y〉 〈x, y| Û ρ̂⊗ |φ〉 〈φ| Û †

)
≡ Tr

(
Λ̂n(η)ρ̂

)
.

(4.6)
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Figure 4.2: Effect of imperfect detection efficiency. (a) The photon-number dis-
tribution pr(j) of the even-parity detector when the detectors have an efficiency η, i.e.
pr(j) = 〈j|Λ̂n(η)|j〉. We assume n = 20 and cm ≡ 1. For η < 1, odd photon-numbers
contribute to pr(j). (b) The fidelity F = 〈χ|Λ̂n(η)|χ〉 as a function of detection efficiency η
for various values of n.

The even-parity detector projects the input state ρ̂ no longer onto a single state |χ〉,

but rather onto a statistical mixture of states Λ̂n(η) which is given by:

Λ̂n(η) =
∞∑
x=n

∞∑
y=n

(
x

n

)(
y

n

)
η2n(1− η)x−n(1− η)y−n |χ(x,y)〉 〈χ(x,y)| , (4.7)

where |χ(x,y)〉 = 〈φ|Û †|x, y〉, which is a generalization of Eq. (4.4).

In Fig. 4.2(a), we plot the photon-number distribution of the imperfect even-

parity detector, pr(j) = 〈j|Λ̂n(η)|j〉 when n = 20 and cm = 1 for all m, i.e. a

control state with a flat photon-number distribution. Odd photon-number terms

quickly begin to contribute to pr(j) for η < 1. To further quantify the effect of loss,

we numerically compute1 the fidelity between Λ̂n(η) and the ideal projector |χ〉 〈χ|

using F = 〈χ|Λ̂n(η)|χ〉 [Fig. 4.2(b)]. We see that F depends strongly on detection

efficiency, however less so for smaller n values. This is expected since the probability

of the detectors having under-counted at least one photon scales as (1 − η)n, and

hence the effects of imperfect efficiency begin to kick in for (1 − η)n & 1. As a

reminder, transition edge sensor detectors can detect up to ∼ 20 photons with > 95%

efficiency [55].

1For the numerical computation, we used the Python packages Scipy and Qutip [147]. We
generally truncated the Hilbert space to N = 100.
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Figure 4.3: Even-parity state engineering. The even-parity detector (shown in grey
circle) projects one of the modes of a two-mode squeezed vacuum state |Ψ〉 onto the state
|ψ〉 = 〈χ|Ψ〉. Just like |χ〉, |ψ〉 is an even-parity state whose photon-number amplitudes
are controlled by |φ〉. This scheme can be viewed either as remote state preparation of the
state |χ〉 or as partial teleportation of the state |φ〉.

4.4 State engineering using the even-parity detec-

tor

In order to use the even-parity detector for quantum state engineering, we introduce

an entangled resource state |Ψ〉 and apply the detector to one of its mode [Fig. 4.3].

The goal is to remotely prepare a (possibly imperfect) copy of the state |χ〉. Consider

the photon-number-correlated two-mode squeezed vacuum state,

|Ψ〉 =
√

1− λ2

∞∑
k=0

λj |k, k〉 , (4.8)

where λ = tanh (ζ) determines the squeezing parameter ζ which we assume to be

positive-real without loss of generality. Such states can be prepared using various non-

linear optical processes such as spontaneous parametric down-conversion, as discussed

in Sec. 2.2.3. By sending one of the modes of |Ψ〉 to the even-parity detector, the

second mode is projected onto the unnormalized state

|ψ〉 = 〈χ|Ψ〉 =
√

1− λ2

2n∑
j=0

c2n−jλ
jA∗j,n |j〉 . (4.9)

Note that |ψ〉 is the same as |χ〉 [Eq. (4.4)] except for the factor of λj inside the

summation due to the finite squeezing, i.e. λ 6= 1. In some cases, it is possible to

compensate this effect of finite squeezing when λ is known by changing the control

state coefficients {cm} appropriately. In the next section, we use this idea to prepare

Schrödinger cat states.
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4.4.1 Two-component cats

Two-component even Schrödinger cat states (henceforth “cat states”) are defined by:

|catβ〉 =
1√

2(1 + e−2|β|2)
(|β〉+ |−β〉) , (4.10)

where |β〉 is a coherent state of amplitude β. In the limit of large β, |β〉 and |−β〉

play the role of the “alive” and “dead” cats in Schrödinger’s famous Gedankenex-

periment [135] in the sense that Eq. (4.10) is a superposition of two macroscopic

and distinguishable classical states. Cat states have been extensively studied in

quantum physics due to their foundational importance [17, 18, 148–154] and their

applications in quantum information processing [144, 145, 155–159]. For example,

quantum information can be encoded in the qubit |±β〉 (with non-orthogonality er-

ror |〈β| − β〉|2 = e−4|β|2) which is convenient due to the simplicity of preparing and

manipulating coherent states. However, for most tasks, including computing [157], it

is essential to also be able to prepare the qubit in superposition states like |catβ〉.

There are a number of existing schemes in the literature for preparing cat states

in the optical domain. For example, Ref. [23] showed that subtracting photons from a

single mode squeezed vacuum state prepares approximate cat states for small β. This

scheme was experimentally implemented by the group of P. Grangier in Ref. [160].

Shortly after, the same group showed that arbitrarily large cat states can be prepared

by mixing a photon-number state |n〉 with vacuum on a beam splitter and performing

a conditional homodyne measurement in one output port [161]. The size of the

photon-number state n determines the size of the cat.

Besides the probabilistic measurement-based approaches mentioned above, there

are also deterministic schemes employing optical nonlinearities. One of the earliest

proposals to prepare a cat state is to use a Kerr nonlinearity [162], but this has yet

to be experimentally demonstrated. Another scheme based on the strong coupling

between an optical cavity field and a single atom has been recently demonstrated in

Ref. [19].

In principle, our even-parity detector can be used to engineer cat states of arbitrary

size with nearly perfect fidelity. To understand why, consider the following example.
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Figure 4.4: Engineering two-component cat states. (a) Example case of n = 20 and
|φ〉 = |β〉, a coherent state with amplitude β =

√
20. The photon-number distribution

|〈j|χ〉|2 (black line) approximates that of the ancilla input |〈j|φ〉|2 (grey area) with the odd
photon-number terms eliminated. The grey line shows the Holland-Burnett coeffficients
|Aj,n|2 [Eq. (4.5)]. Note that the distributions are discrete and the lines are merely to guide
the eye. (b) The fidelity F of the cat state prepared by our scheme, |ψcat〉, with respect
to the ideal state |catβ〉. The blue circles are obtained from Eq. (4.13) for |β|2 ∈ N. The
continuous line is obtained from a numerical optimization of the parameters α and n used in
our scheme. F → 1 for increasing cat size. The dip for small cats is due to the non-flatness
of Aj,n for small n. The red dashed line shows the probability pr(n, n) of successfully
heralding |ψcat〉 using the optimal squeezing parameter. (c) The fidelity obtained with
imperfect detection efficiency η for various cat sizes when λ = 0.82 (10 dB of squeezing).
White contour lines indicate the normalized volume of negativity in the prepared cat state’s
Wigner function, a measure of its nonclassicality (see text for details).
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In Fig. 4.4(a), we plot the photon-number distribution of the detected state |χ〉 when

the control state is a coherent state |β〉 with |β|2 = n = 20. Notice that |χ〉 is

approximately determined by only the even photon-number terms in |β〉, i.e. the odd

photon-number terms vanish. This symmetrization occurs for two reasons. Firstly,

the photon-number distribution of |β〉, i.e. |cj|2 = e−nnj/j!, is centered and localized

on the flat portion of the photon-number distribution |Aj,n|2 of the Holland-Burnett

state, as shown in Fig. 4.4(a). The emergence of this flat portion can be understood

by applying Stirling’s approximation to Eq. (4.5):

Aj,n ≈
in√
π

1

[(j/2)(n− j/2)]1/4

≈
√

2

nπ
in
(

1 +
1

4n2
(j − n)2

)
+O(j − n)4,

(4.11)

where in the second line we Taylor expanded Aj,n to second order around j = n.

In other words, for j − n ∼
√
n (which is standard deviation of |cj|2), the relative

variation of Aj,n is on a scale of 1/4n.

Secondly, |cj|2 is approximately symmetric about the detection outcome n = 20,

i.e. cj ≈ c2n−j. As a result, the state |χ〉 [Eq. (4.4)] is given by eliminating the odd

photon-number terms of |β〉 while leaving the even terms approximately unchanged.

This operation results in |χ〉 ≈ |β〉+ |−β〉 since the even (odd) photon-number terms

in |β〉 and |−β〉 have equal (opposite) signs.

While |χ〉 closely resembles |catβ〉, the remotely prepared state |ψ〉 would not have

the desired photon-number distribution in the realistic scenario of finite squeezing. As

mentioned earlier, one can generally compensate for this effect by carefully choosing

the control state coefficients. For cat states this compensation is experimentally easy

since one can simply choose the coherent control state |φ〉 = |α〉 with the amplitude

α = βλ. In this case, given the detection outcome (n, n), we prepare the state

|ψcat〉 = N
2n∑
j=0

α2n−jλj√
(2n− j)!

A∗j,n |j〉

= Nλ2n

2n∑
j=0

β2n−j√
(2n− j)!

A∗j,n |j〉 ,
(4.12)
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where N is a normalization factor. To maximize the fidelity F = |〈ψcat|catβ〉|2, one

should generally post-select on the detection outcome n to be the closest integer to

|β|2. This condition ensures that the photon-number distribution of |ψcat〉 is centered

on the flat portion of Aj,n. In the particular case when the cat size |β|2 is exactly an

integer, i.e. |β|2 = n, the fidelity is given by

F =
22n+1e−n

(1 + e−2n)

(
n∑
k=0

(
n

k

)2
(2k)!

n2k

)−1

. (4.13)

This fidelity asymptotically approaches unity with increasing cat size, as shown by

blue circles in Fig. 4.4(b). For small |β|2 (and hence small n), Aj,n is not flat, causing

the dip in the fidelity. Further improvement of the fidelity for small |β|2 can be

obtained through numerical optimization2 of the parameters α and n. The optimized

fidelity is shown by the black line in Fig. 4.4(b). The small oscillations are due to

discrete nature of the parameter n.

The effect of imperfect detectors on F can be numerically calculated using Λ̂n(η).

The result is shown in Fig. 4.4(c). On the same plot, white contour lines indicate the

volume of negativity V , which is a measure of nonclassicality obtained by integrating

the negative regions of the state’s Wigner function. For a state ρ̂ with Wigner function

Wρ̂(x, p), V is given by [9]

V =
1

2

∫∫
dxdp (|Wρ̂(x, p)| −Wρ̂(x, p)) =

1

2

∫∫
dxdp|Wρ̂(x, p)| −

1

2
(4.14)

where the second line follows from the normalization of Wρ̂(x, p). We normalize V to

that of an ideal cat state of equal size, i.e. 1 is the maximum amount of negativity

for a cat state of that size, while 0 is no negativity.

Since our scheme requires post-selecting onto a single outcome (n, n), it is impor-

tant to consider the scaling of the probability of successfully preparing the cat state,

which is given by pr(n, n) = ‖〈χ|Ψ〉‖2 = |〈ψ|ψ〉|2. This probability depends on both

β and λ since these parameters determine the number of photons after the beam split-

ter. In fact, there is an optimal choice for λ that maximizes pr(n, n) given a desired

2The optimization algorithms used the function optimize.minimize (using the default Broy-
den–Fletcher–Goldfarb–Shanno method) from the Python package Scipy.
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cat size |β|2. We numerically determine this optimal λ by finding where the derivative

of pr(n, n) with respect to λ vanishes [red dashed line in Fig. 4.4(b)]. We find that

pr(n, n) scales as ∼ |β|−5/2 which sets the fundamental limit on the success rate of

our scheme. Such decrease of the success rate with the cat size is a typical feature of

post-selected schemes for large cat state preparation [161, 163, 164]. Note the comple-

mentarity of our scheme with respect to Ref. [161]: while the latter scheme requires

a non-Gaussian photon-number input state and Gaussian homodyne measurement,

our scheme requires a Gaussian input state and a non-Gaussian measurement.

4.4.2 Four-component cats

Four-component cats are superpositions of four coherent states evenly distributed in

phase-space,

|µ〉 = N (|β〉+ |−β〉+ (−1)µ |iβ〉+ |−iβ〉) , (4.15)

where N is a normalization factor and µ = {0, 1}. These provide the logical qubit

states in the “cat code” [141, 142], a quantum error correction protocol that protects

|µ〉 to photon loss. Like two-component cats, four-component cats have also been

studied in the context of quantum sensing [165–168] since they can have phase-space

features much smaller than Planck’s constant [169]. There exist schemes for preparing

four-component cat states in the microwave domain with superconducting qubits [144,

145] and in the motional state of a mechanical oscillator [168, 170]. The scheme that

we present now is one of the first proposed methods to prepare four-component cats

in the optical domain (see also Ref. [171] which appeared roughly at the same time).

Recall that in the preparation of two-component cats, the even-parity detector

acted as a symmeterization operation by heralding a state |ψ〉 which was approxi-

mately the control state with its odd photon-number terms eliminated. This moti-

vates concatenating even-parity detectors in order to engineer more complex even-

parity states, as shown in Fig. 4.5(a). For example, if we use a displaced two-

component cat state as the control for a second even-parity detector, the symme-

terization should produce the desired state as in Eq. (4.15).
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Figure 4.5: Four-component cat states. (a) We concatenate two instances of the even-
parity detector. Between the two instances, a displacement operation D̂ is performed. Using
this concatenated scheme, we prepare a four-component cat state. (b) The Wigner functions
of the signal state is displayed for different stages of the procedure (here β =

√
10). (c)

Fidelity F of the four-component cat state with respect to the ideal state in Eq. (4.17),
assuming infinite squeezing, i.e. λ = 1. The blue circles are obtained by setting n = |β|2 ∈
N, whereas the line is obtained from a numerical optimization of the post-selected photon
numbers at both stages, the amplitude of the initial coherent state and the displacement.
In this idealized case, F → for increasing cat size. The dip at small cat sizes is caused by
the non-flatness of Aj,n for small n. (d) Behaviour of the fidelity for finite squeezing, i.e.
λ < 1.
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We begin by discussing our scheme assuming infinite squeezing, i.e. λ = 1. The

finite squeezing case will be considered later. The first step is to produce a cat state

|β〉 + |−β〉 as described in the previous section. Next, we displace this cat state by

β in the direction perpendicular to the axis of the cat, i.e. apply the displacement

operator D̂(iβ):

|ψiii〉 = D̂(iβ) (|β〉+ |−β〉)

= ei2|β|
2 |β + iβ〉+ e−i2|β|

2 |−β + iβ〉 .
(4.16)

Finally, by measuring one of the modes of a fresh copy of |Ψ〉 with a second even-parity

detector that uses |ψiii〉 as its control state, we should prepare a symmetrized version

of |ψiii〉. Indeed, post-selecting on the outcome (2n, 2n), we prepare an approximate

version of the state

|ψiv〉 = |β − iβ〉+ |−β + iβ〉

+ e−i2|β|
2

(|β + iβ〉+ |−β − iβ〉) ,
(4.17)

which is the desired four-component cat state. It should be noted that the phase term

e−i2|β|
2

is determined by the size of the cat and cannot be independently controlled in

our scheme. We numerically simulated this procedure and plot the Wigner function

of the state at each step in Fig. 4.5(b).

The fidelity of the final state with |ψiv〉 as a function of its size is shown in

Fig. 4.5(c). The behaviour is similar to that of the two-component cats studied

above. That is, the fidelity asymptotically approaches unity with increasing |β|2, but

shows a dip for small |β|2 due to non-flatness of the Holland-Burnett state coefficients

Aj,n for small n.

We now consider the case of finite squeezing, i.e. λ < 1. If we were able to prepare

a perfect two-component cat at stage (iii), the effect of finite squeezing on |ψiv〉 could

be compensated by appropriately choosing the amplitude and displacement of that

cat. However, unlike the first control state, this second control state is imperfect,

which prevents the compensation from working properly for the following reason.

When λ < 1, the values of j corresponding to the most significant coefficients of the

heralded state’s photon-number decomposition [Eq. (4.9)] are shifted with respect to
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the center of the control state’s photon-number decomposition, towards lower j. In

other words, |ψiv〉 is mainly determined by the photon-number coefficients c2n−j in

the tail of the distribution of |ψiii〉. While the fidelity of |ψiii〉 is determined by its

most significant photon-number coefficients, and increases with its size, the errors in

the tail region of the distribution remain roughly constant. As a result, the fidelity

of the final state depends on the squeezing parameter, as shown in Fig. 4.5(d). That

is, high-fidelity compensation appears to be possible only above a squeezing level of

about 12–13 dB, independent of the cat size. Moreover, the detrimental effects of

loss and detector inefficiency will be more severe than for the two-component cat

[Fig. 4.4(c)] as there are two instances of the even-parity detector.

4.4.3 Other possibilities

One can engineer more complex states by concatenating further instances of even-

parity detectors at the cost of a reduced heralding probability with each additional

instance. For example, by varying the phase of the displacement between each in-

stance, one can prepare states with different discrete rotational symmetries in phase-

space [172] such as hypercube states [168].

Another interesting prospect is going beyond ancillas in coherent states. For

example, it is straightforward to show that using a squeezed coherent state ancilla

can produce a squeezed cat state. Such states have applications in quantum-enhanced

interferometry [173] and are one of the ingredients for preparing Gottesman-Kitaev-

Preskill states using the recipe of Ref. [174].

We also investigated preparing Gottesman-Kitaev-Preskill states directly with the

even-parity detector using the idea illustrated in Fig. 4.6(c). We studied this idea

numerically and found that the scheme up to step 2 works, i.e. we can prepare

squeezed cat states. Unfortunately, the photon-number distribution of the displaced

squeezed cat is in general asymmetric, i.e. cj 6= c2n−j, where n is the post-selected

detection outcome. Because the jth coefficient of the projected |χ〉 state is determined

by c∗2n−jAn,j [Eq. (4.4)], this asymmetry causes |χ〉 not to be a symmeterized version

of a displaced squeezed cat, i.e. step 3 fails. This emphasizes the requirement that the
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Figure 4.6: Gottesman-Kitaev-Preskill states. (a) The Wigner function and (b) wave
function of a GKP state with ∆ = 0.4 and k = 0.25 following Eq. 1 in Ref. [174]. (c) A
schematic of the recipe we considered for preparing GKP states. Step 1©: Starting with a
squeezed coherent state as the initial control state, apply the even-parity filter such that it
approximates a symmetrization operation. Step 2©: Displace the resulting state to prepare
a second control state. Step 3©: Using this second control state, apply the even-parity filter
such that it approximates a symmetrization operation. By repeating steps 1-3, it should be
possible to prepare large GKP states. Unfortunately, our numerics suggest that our even-
parity filter fails to act as a symmetrization operation in step 3© due to the photon-number
distribution of the second control state.

control state should have a symmetric photon-number distribution about its mean in

order for the even-parity detector to implement a symmetrization operation.

Finally, it is worth noting that although our scheme prepares states of even-parity

only, one can also use photon subtraction or addition operation to convert these to

odd-parity states.

4.5 Experimental realizations

We briefly discuss our scheme in the context of current experimental capabilities.

The requirements on the fidelity and size of the cat states ultimately depend on their

desired use. For instance, Fig. 4.4(b) suggests that it is possible to prepare a cat

state of size |β|2 = 20 using transition edge sensors since these can detect up to

∼ 20 photons [55]. Assuming a detection efficiency of 98%, such a large cat could

be prepared with ∼ 80% fidelity. In contrast, a smaller cat of size |β|2 = 3 could be

prepared with ∼ 90% fidelity. The detection efficiency would need to be improved
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above 99% to reach near-unity fidelities. As a point of reference, a cat state of size

|β|2 = 7 was prepared with 81% fidelity in a superconducting system [144].

Besides the detectors, another important consideration is the two-mode squeezed

vacuum source. Preparing large cats in practice requires significant squeezing to

obtain a reasonable heralding rate. At most 15 dB of squeezing is required to achieve

the optimal heralding probability for two-component cat state of sizes up to |β|2 = 50

[see red curve in Fig. 4.4(a)]. For example, at the 100 kHz experimental repetition

rate usually used with transition edge sensors, one could herald a cat state of size

|β|2 = 20 at a rate of ∼ 100 Hz using 13 dB of squeezing. Such high squeezing

levels are achievable in a continuous-wave experiment using an optical parametric

oscillator [175, 176] and potentially in a pulsed regime using optical waveguides [177,

178]. If instead only e.g. 5 dB of squeezing is available, then one could herald a cat

state of size |β|2 = 5 at a rate of ∼ 1 Hz.

Imperfections such as thermal noise and modal purity of the two-mode squeezed

vacuum source would also affect the performance of our scheme. While the former

imperfection can be modelled with optical loss [133] [see Fig. 4.4(b)], the latter is

more complicated. To minimize its effect, one would need to ensure that |Ψ〉 occupies

a pair of well-defined spatio-temporal modes, one of which is well-matched to that of

the control state |φ〉.

We note that some the requirements needed to implement this scheme experimen-

tally were achieved in the weak-field homodyne experiment of Chapter 3. In that

experiment, the coherent state was produced through difference frequency generation

in a KTP waveguide. While that approach was convenient to prepare a local oscillator

that is well mode-matched to the two-mode squeezed vacuum source, we could not

control the phase between the two lasers driving the difference frequency process. As

such, the phase of the coherent state was drifting freely which would be unsuitable

for preparing and characterizing the phase-sensitive cat state. A possible solution

would be to phase-lock the two lasers driving the difference frequency generation.

Alternatively, one can start with a single laser, tap-off some of the light for the local
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oscillator, and frequency-double the remaining light to pump the down-conversion

process with its second harmonic.

4.6 Conclusions

To summarize, we devised an even-parity detector by exploiting the interference phe-

nomenon that leads to the production of Holland-Burnett states in a time-reversed

fashion. The even-parity detector is controlled by varying the photon-number dis-

tribution of an ancillary control state. When this ancilla is in a coherent state, we

showed that one can prepare two- and four-component Schrödinger cat states of ar-

bitrary size with nearly perfect fidelity. In practice, the size of the cats is limited

by the dynamic range of photon-number resolving detectors and the linear optical

losses. Since these can detect up to ∼ 20 photons with up to 95% efficiency [51], we

believe our scheme provides a promising route for preparing larger-scale cats in an

experiment.
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Chapter 5

Interferometry with quantum
states of light

5.1 Introduction

In 1881, Michelson developed an apparatus that could resolve the length difference

between two optical paths with a precision of roughly 10−8 m [179]. His apparatus

[Fig. 5.1(a)] was also used to perform one of the first phase sensing measurements:

by sending light from a common source into two optical paths and recombining them,

Michelson measured an interference pattern containing information about the relative

phase difference between the light traveling in either paths. Michelson and Morely

used this technique to test the existence of luminiferous aether which led to one the

most well-known null results in physics [180].

In addition to being an indispensable tool for understanding the physical prop-

erties of light, optical interferometry has found many applications in tasks requiring

Figure 5.1: Michelson interferometer. (a) Michelson’s sketch of one of his first inter-
ferometer designs taken from Ref. [179]. (b) Aerial photograph of the LIGO detector in
Livingston, USA. Credit: Caltech/MIT/LIGO Lab.
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sensitive measurements of physical quantities such as length and speed. Remark-

ably, 135 years after Michelson’s experiment, the same interferometric technique is

being used by the Laser Interferometer Gravitational-Wave Observatory (LIGO) to

resolve length differences as small as 10−20 m [Fig. 5.1(b)]. Owing to this phenomenal

precision, LIGO detected gravitational waves for the first time in 2016 [181].

There are many technical reasons for LIGO’s substantial improvement in precision

compared to Michelson’s apparatus, such as the stability and quality of the mirrors.

But ultimately the precision of an interferometer is limited by the properties of the

light source. In particular, the uncertainty ∆φ in measuring the phase difference

between the two paths of an interferometer is fundamentally limited by quantum

noise in light [134]. For light in a classical coherent state, such as from a laser, the

phase uncertainty ∆φ scales as ∆φ ∝ 1/
√
N due to quantum fluctuations in the

number of detected photons N . This is known as the shot-noise limit. By using

an extremely bright laser and power-recycling cavities, LIGO reaches very large N

values to minimize shot noise relative to their signal. However, at such large N ,

radiation pressure noise causes fluctuations in the mirror position which also limits

the precision of the interferometer. In contrast to shot noise, radiation pressure noise

becomes worse as N increases. The optimal trade-off between shot noise and radiation

pressure noise is known as the standard quantum limit and represents the ultimate

precision achievable with laser light due to quantum noise [182].

In 1981, Caves proposed using squeezed vacuum states to surpass the standard

quantum limit [134]. These states have reduced quantum fluctuations compared to a

coherent state and can improve the maximal signal-to-noise ratio of an interferometer.

By injecting squeezed vacuum into the interferometer, LIGO’s sensitivity surpasses

the standard quantum limit and detects 50% more gravitational wave events as a

result of the quantum enhancement [183].

Besides gravitational wave detection, quantum-enhanced interferometery has also

been used to characterize photosensitive samples [184–188]. Such systems deteriorate

when exposed to light and hence it is desirable to maximize the amount of information

extracted about the sample per photon. To this end, in this chapter we study quantum
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(a)

(b)

Figure 5.2: Quantum metrology and interferometry. (a) Idealized single parameter
estimation problem. Further details found in text below. (b) The goal of optical interfer-
ometry is to determine the phase difference φ between the two arms of the interferometer.
Here the measurement strategy consists in recombining the interferometer arms on a beam
splitter and performing photon counting in both output modes.

states of light that can surpass the shot-noise limit by exploiting entanglement and

nonclassical photon statistics.

5.2 Background

Interferometery can be treated as a single-parameter estimation problem in the frame-

work of quantum metrology. The parameter being estimated is the phase difference

between the two paths of the interferometer. In this section, we review some key

concepts of quantum metrology including Fisher information. We then briefly re-

view previous works in quantum-enhanced interferometry before proceeding to the

proposed scheme and finally our experiment.

5.2.1 Fisher information

The task of single-parameter estimation is shown schematically in Fig. 5.2(a). A

quantum state |Ω〉, i.e. the “probe”, is subject to unitary evolution Û(φ) = eiĤφ

governed by a Hamiltonian Ĥ which depends on the parameter of interest φ. The

sensitivity of |Ω〉 to the parameter φ is determined by the rate at which |Ω(φ)〉 =

Û(φ) |Ω〉 becomes distinguishable from |Ω〉. This sensitivity can be quantified using
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the quantum Fisher information which is given by [189]

Q = 4
[
〈∂φΩ(φ)|∂φΩ(φ)〉 − |〈∂φΩ(φ)|Ω(φ)〉|2

]
= 4

[
〈Ω|Ĥ2|Ω〉 − 〈Ω|Ĥ|Ω〉

2
]
.

(5.1)

where the second line follows from |∂φΩ(φ)〉 = ∂φ

(
eiĤφ |Ω〉

)
= iĤ |Ω(φ)〉. A larger

Q indicates greater sensitivity to φ.

While Q quantifies the sensitivity of the probe |Ω〉 to φ, the precision with which

φ can be estimated also depends on the measurement used to extract information

about φ from |Ω(φ)〉. This measurement is in general described by a positive op-

erator value measure {M̂ (x)} where x labels the measurement outcome. Repeating

this measurement on identical copies of |Ω(φ)〉 produces a probability distribution

pr(x|φ) = 〈Ω(φ)|M̂ (x)|Ω(φ)〉. The amount of information about φ in pr(x|φ) can be

quantified using the classical Fisher information

F(φ) =
∑
x

(∂φ log [pr(x|φ)])2 pr(x|φ)

=
∑
x

[∂φpr(x|φ)]2

pr(x|φ)

(5.2)

where ∂φ denotes the partial derivative with respect to φ. Probability distributions

having a sharp dependency on φ contain more information about φ and hence score

a higher F . While the quantum Fisher information Q quantifies the sensitivity of

the probe to φ independent of the measurement, the classical Fisher information F

quantifies the amount of information about φ that is obtained using a particular probe

and measurement strategy.

Finally, an estimator such as maximum likelihood is used to determine the value

of φ from pr(x|φ). The standard deviation ∆φ of this estimator is bounded by [189]

∆φ ≥ 1/
√
F ≥ 1/

√
Q. (5.3)

The first (second) inequality is known as the (quantum) Cramer-Rao bound. Note

that Q = F is achieved when the optimal measurement strategy for a given probe is

used. Furthermore, the bounds are saturated when the optimal estimator is chosen.
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In the asymptotic limit of infinite measurement trials, maximum likelihood can always

saturate the Cramer-Rao bound [190].

We now apply this general framework to the practical scenario shown in Fig. 5.2(b).

The task is to estimate the phase difference between the two arms of the Mach-Zender

interferometer. We consider probes with path symmetry, i.e. |Ωcd〉 = |Ωdc〉, which en-

compasses a broad class of probes, including those prepared by injecting combinations

of squeezed vacuum, coherent, or photon-number states into the interferometer [191].

The Hamiltonian generating a relative phase shift φ between the two arms of the

interferometer is given by1

Ĥ =
(
ĉ†ĉ− d̂†d̂

)
/2. (5.4)

Our measurement consists in recombining the interferometer arms on a beam splitter

and performing photon counting in both output modes. In the absence of loss, this

measurement is optimal for path-symmetric probes, i.e. Q = F [191].

Inserting the Hamiltonian of Eq. (5.4) into Eq. (5.1), we find a more suggestive

form for the quantum Fisher information of Ω:

Q = 2 (Var(Ω)− Cov(Ω)) (5.5)

with

Var(Ω) = 〈(ĉ†ĉ)2〉 − 〈ĉ†ĉ〉2 = 〈(d̂†d̂)2〉 − 〈d̂†d̂〉
2

Cov(Ω) = 〈ĉ†ĉd̂†d̂〉 − 〈ĉ†ĉ〉 〈d̂†d̂〉 .
(5.6)

Eq. (5.5) highlights the role of two different types of quantum correlations in Ω,

namely intramode and intermode correlations [173]. Intramode correlations, quanti-

fied by Var(Ω), are enhanced by probes exhibiting super-Poissonian statistics, Var(Ω) >

N , such as squeezed vacuum. Intermode correlations, quantified by Cov(Ω), are en-

hanced by path-entanglement such as with N00N states (|N, 0〉+ |0, N〉) /
√

2. For

such path-entangled states, Cov(Ω) < 0 which increases Q and hence increases the

phase sensitivity of the probe.

1Note that using Ĥ = ĉ†ĉ can lead to an extra factor of 2 in Q due to a subtle issue having to
do with phase references [192]. To avoid this issue, we consider the relative phase shift between the
two arms of the interferometer, i.e. φ ≡ φc − φd.
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Name |Ω〉 Q(ηs = 1) Q(ηs)/N
Definite photon
number?

Classical ÛBS |α, 0〉 |α|2 ηs 7

Caves [194] ÛBS |α, ζ〉 |α|2e2ζ + sinh2 ζ e2|ζ|22 (ηs = 1) [195] 7

Holland-Burnett [136] ÛBS |n, n〉 2n2 + 2n (N/2 + 1)η
N/2+1
s [196] 3

N00N [197] |n, 0〉+ |0, n〉 n2 NηNs [196] 3

Squeezed vacuum [198] |ζ, ζ〉 sinh4 ζ + 2 sinh2 ζ (N+2)η2s
ηs+N(1−ηs)η2s

[199] 7

Table 5.1: A selection of probes |Ω〉 that have been proposed for quantum-enhanced inter-
ferometry. |Ω〉 labels the state inside the interferometer and is not necessarily normalized.
Q(ηs)/N is the quantum Fisher information per photon as a function of the efficiency ηs of
the interferometer which is assumed to be equal in both modes. ÛBS is a balanced beam
splitter transformation, N is the total average photon number before losses, |α〉 is a coherent
state, |n〉 is a Fock state, and |ζ〉 is a squeezed vacuum state.

In Table 5.1, we list some proposed probes and their quantum Fisher information.

These either have definite photon number or indefinite photon number. In both cases,

the ultimate scaling in sensitivity is determined by the Heisenberg limit ∆φ ∝ N−1

or equivalently Q/N ∝ N . This limit is determined by the linear dependence of

Eq. (5.4) on photon number [193].

5.2.2 Decoherence

An important issue which has not yet been addressed is decoherence. The main

source of decoherence in optical interferometry is loss, which can play a detrimental

role in all three stages of an interferometry experiment, namely (i) in the preparation

of the probe, (ii) inside the interferometer (e.g. absorption in a sample), (iii) in

the measurement [200]. It is also possible for the input probe to occupy more than

one spatiotemporal mode. Such sources of decoherence are treated by extending

the quantum Fisher information formalism to mixed states and general quantum

channels [201]. The sensitivity of probe after decoherence will always be less than

that of the ideal probe due to the convexity of Q. Moreover, photon counting is

2This holds when |α|2 � sinh2 ζ, i.e. there are many more photons in the coherent state than in
the squeezed vacuum, which is the regime in which LIGO operates.

70



generally no longer the optimal measurement strategy in the presence of decoherence.

Certain probes are more susceptible to loss than others. In Table 5.1, we list

Q(ηs)/N where ηs is the efficiency of the interferometer which is assumed to be equal

in both arms and N is the total average photon number before losses. Although the

N00N state is the optimal definite photon-number state in the absence of loss, the

Holland-Burnett state has better sensitivity in the regime of loss obtainable in most

experiments [200]. This is because the loss of a single photon is sufficient to collapse

the N00N state superposition to a phase-insensitive mixture.

5.2.3 Optimality

Largely speaking, quantum-enhanced interferometry is motivated by applications that

fall into one of two different regimes. The first is the high photon flux regime where

the goal is to maximize the absolute precision of an interferometer, as in gravitational

wave detectors. In this first regime, the Caves probe and homodyne detection was

shown to be optimal strategy [202], even in the presence of loss [203]. The second is

a low photon flux regime where the goal is to maximize phase sensitivity per photon

inside the interferometer, which is the regime of interest in this thesis. This regime

is useful for characterizing delicate photosensitive samples, in which case the relevant

resource is the number of times a photon interacts with the sample [184–188]. In

this case, one metric to consider is the quantum Fisher information divided by the

average number of photons inside the interferometer, Q/N .

Finding the probe with the optimal Q/N in the low flux regime is a thorny prob-

lem. In the absence of loss, the optimal definite photon-number states are the N00N

states. With loss, the optimal definite photon-number states were studied in Ref. [204]

and experimentally demonstrated in Ref. [205] for N = 2. The probes which we

propose and experimentally prepare later in the chapter approximate these optimal

states. While the optimal Gaussian state is squeezed vacuum [198], the optimal

non-Gaussian state is not known, even in the absence of loss. One notable example

of such a state is the squeezed Schrödinger cat which has been shown to be more

phase-sensitive than both squeezed vacuum and N00N states [173].
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5.2.4 Previous experiments

In the high photon flux regime, squeezed vacuum is currently being injected into grav-

itational wave detectors to improve their sensitivity beyond the standard quantum

limit, see e.g. Ref. [183].

Many experiments in the low photon flux regime focused on preparing N00N

states. Initial works focused on demonstrating “super-resolution” fringes which oscil-

late N times faster than classical fringes due to the path-entanglement of the probe.

Up to N = 5 N00N states and super-resolution fringes have been experimentally

demonstrated [206–211]. These demonstrations employed post-selection to prepare

and detect the N00N states, i.e. they only measured a subset of the photons that

were inside the interferometer. However, for many practical applications the rele-

vant resource is the number of photons inside the interferometer, in which case it

is important to also account for undetected photons [212, 213]. By avoiding post-

selection and employing high efficiency detectors, Ref. [214] achieved an improvement

of 14% to the shot-noise limit using a N = 2 N00N state while accounting for all

photons. Besides N00N states, a number of works also studied more loss-tolerant

probes [205, 215] such as Holland-Burnett states [200, 213, 216–219], though these

works had insufficient detection efficiency to unconditionally surpass the shot-noise

limit. With indefinite photon-number probes, a 15% unconditional improvement was

achieved in a continuous-wave regime using squeezed vacuum and homodyne detec-

tion [220, 221].

Scaling to larger quantum states would enable greater enhancements in sensitivity,

but this requires (i) probe states that are tolerant to realistic levels of loss, (ii) sources

that can generate these probes at a reasonable rate, and (iii) detectors that can

efficiently resolve higher photon numbers. In the next section, we present a scheme

that addresses these challenges using a novel definite photon-number probe.
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Figure 5.3: Interferometric scheme. (a) Two type-II parametric down-conversion sources
each produce orthogonally-polarized pairs of beams that are separated using polarizing
beam splitters. By measuring one of the beams of each source with an ideal photon-
number-resolving detector, we herald a pair of photon-number states |h1, h2〉. We inject
this probe into an interferometer and perform photon counting at the output to estimate
the unknown phase difference φ. (b) Quantum Fisher information Q calculated for 8-photon
(N = h1 +h2 = 8) probes inside the interferometer as a function of the signal transmissivity
ηs which is assumed to be equal in both interferometer modes. Coloured curve in the main
figure plots Q of the probe with the optimal ∆ = |h1−h2| for a given ηs, while the inset show
the full curves of each probe for ηs ∈ [0.4, 0.75]. Our probe approximates the performance
of the optimal state [black line] and surpasses that of the N00N state [dashed line] for
efficiencies below ∼ 90%. The grey filled region indicates performance below the shot-noise
limit.
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5.3 Interferometry with photon-number states

The idea is illustrated in Fig. 5.3(a). Two type-II SPDC sources each produce a

two-mode squeezed vacuum state:

|Ψ〉 =
√

1− λ2

∞∑
n=0

λn |n, n〉 . (5.7)

where λ is a parameter that determines the average number of photons in each beam,

〈n〉 = λ2/(1−λ2). Measuring one of the beams with an ideal lossless photon-number-

resolving detector projects the second beam to a known photon-number state |h1〉.

Duplicating this procedure with a second independent source and detector, we herald

pairs of photon-number states that are not necessarily equal, |h1, h2〉. When these

states are combined on the first beam splitter, multiphoton interference generates a

path-entangled probe inside the interferometer [146, 222].

We quantify the phase-sensitivity of the probe inside the interferometer by cal-

culating the quantum Fisher information Q. In Appendix D, we show that in the

absence of loss, Q = 2h1h2 + h1 + h2, which exhibits Heisenberg scaling (Q ∼ N2)

and generalizes the case of Holland-Burnett states (h1 = h2). We also numerically

study the robustness of our probe to losses. In Fig. 5.3(b), we plot Q of 8-photon

probes (N = h1 + h2 = 8) having different ∆ = |h1 − h2| as a function of the signal

transmissivity ηs (assumed to be equal in both interferometer modes). Probes with a

small ∆ provide a greater advantage over the shot-noise limit but are more sensitive

to losses. Since the probe is heralded in our scheme, one can choose the optimal ∆

for a given ηs.

Also shown in Fig. 5.3(b) is Q for the optimal state that maximizes Q for a given

N and ηs [204]. For the loss-free case (ηs = 1), the optimal state is the N00N state.

However, for efficiencies below ∼ 90%, our probes significantly surpass the N00N

state in terms of Q, exhibiting performance close to optimal. Moreover, in contrast

to the N00N and Holland-Burnett states, the probe with ∆ = N performs at least as

well as the shot-noise limit for any amount of loss.
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Figure 5.4: Experimental setup. (a) Pulse picker for pump. P1/P2: Glan-Thompson
polarizers, λ/4: quarter-wave plate. (b) A schematic of the experimental setup. BS:
beam splitter, BP: bandpass filter, ppKTP: periodically-poled potassium titanyl phosphate
(waveguide), LP: longpass filter, PBS: polarizing beam splitter, VBS: variable beam splitter.

5.3.1 Experimental setup

In contrast to the experiment in Chapter 3, the pump laser is a titanium sapphire

oscillator without the regenerative amplifier3. The oscillator produces 150 fs pulses at

a 76 MHz repetition rate which is too fast for the TESs. We use a Pockels-cell-based

pulse picker to reduce its repetition rate to 100 kHz, as shown in Fig. 5.4(a). The

Pockels cell uses a 4 mm long RTP crystal and is driven by a high-voltage switch.

The pulse picker consists of the Pockels cell between a pair of cross-polarized Glan-

Thompson polarizers. Every 10 µs, a ∼ 2 kV voltage is applied across the RTP crystal

for 5 ns which modifies its retardance through the nonlinear electro-optic effect and

rotates the polarization of the incident pump pulse, ideally by π/2. A quarter-wave

plate is necessary to compensate the natural birefringence of the RTP crystal. Given

that we only want one in every 760 pump pulses, the pulse picker requires a large

extinction ratio. We use high-quality polarization optics and double-passed the pump

through the pulse picker to obtain an extinction ratio of 50 dB and a signal-to-noise

ratio of ∼ 130. The total transmission of the pulse picker is 72%.

The 100 kHz pulse train is filtered with a pair of angle-tuned bandpass filters (783

± 2 nm) and split into two paths that are matched in length using a translation stage.

3This is because we replaced the oscillator used in the experiment of Chapter 3 with a new one
which was not compatible with the regenerative amplifier.
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In each path, we pump a ppKTP waveguide. At the exit of the waveguide, the pump

light is rejected with a longpass filter and the orthogonally-polarized down-converted

modes are separated using a polarizing beam splitter. Each down-converted mode is

filtered with a bandpass filter whose bandwidth is chosen to transmit the main feature

of the down-converted spectrum but reject its side-lobes. The herald modes (1566 ± 7

nm) are coupled into single-mode fibers and sent directly to the detectors. All four

detectors are transition edge sensors. The signal modes (1567 ± 7 nm) are coupled

into polarization-maintaining single-mode fibers and sent into the interferometer. The

spectra of the sources are shown in Fig. 2.8(c)-(e).

The interferometer is a fiber-based variable beam splitter (Newport F-CPL-1550-

P-FP). This device coherently distributes light from two input fibers into two output

fibers according to some splitting ratio and thus implements the same transformation

as an interferometer with a fixed phase difference [223]. The splitting ratio can be

adjusted by controlling the distance between two evanescently-coupled fibers using

a micrometer. The mapping between the splitting ratio and interferometer phase is

made explicit below.

5.3.2 Results

We measure prs1,s2,h1,h2(φ), the joint photon-number probability per pump pulse to

obtain the herald outcome (h1, h2) and measure (s1, s2) at the output of the inter-

ferometer when the phase difference is φ. We will refer to this as the (s1, s2, h1, h2)

rate.

During data acquisition, we scan the distance x between the two evanescently-

coupled fibers. To display our data as a function of the interferometer phase, we

first calculate the transmission coefficient T (x) of the variable beam splitter using

the measured (s1, s2, h1, h2) = (1, 0, 1, 0) and (0, 1, 1, 0) rates:

T (x) =
pr1,0,1,0(x)

pr1,0,1,0(x) + pr0,1,1,0(x)
. (5.8)

At low powers, we find that the quantity T (x) typically varies within [0.02, 0.98]. To
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obtain the corresponding phase, we correct for the imperfect visibility:

Tcorr(x) =
T (x)−min [T (x)]

max [T (x)]−min [T (x)]
(5.9)

such that Tcorr(x) varies between [0,1]. For a single photon injected into a Mach-

Zender type interferometer with phase difference φ between its two arms, one expects

Tcorr(x) = [1− cos (φ)]/2. Solving for φ, we find:

φ(x) = arccos (2Tcorr(x)− 1). (5.10)

To quantify the phase sensitivity of the rates measured with a particular herald

outcome (h1, h2), we calculate the Fisher information [Eq. (5.2)]:

Fh1,h2(φ) =
∑
s1,s2

[
∂φp̃rs1,s2,h1,h2(φ)

]2
p̃rs1,s2,h1,h2(φ)

, (5.11)

where p̃rs1,s2,h1,h2(φ) is a model fitted to the measured rates (see Appendix C). Our

primary figure of merit is the Fisher information per detected signal photon condi-

tioned on measuring (h1, h2) at the heralding detectors,

F̃h1,h2(φ) = Fh1,h2(φ)/ 〈ñ〉 ,

where

〈ñ〉 =
∑
s1,s2

(s1 + s2)p̃rs1,s2,h1,h2(φ) (5.12)

is the total number of detected signal photons. Injecting a coherent state into our

interferometer would in principle yield the Fisher information F = 〈ñ〉 when the

detected mean photon is 〈ñ〉 [200]. Thus, our figure of merit can be easily compared

to the shot-noise limit which corresponds to F̃h1,h2(φ) = 1.

We measured the total efficiency of the heralding and signal modes to be between

47− 55% using the method outline in Sec. 2.3.3. This includes ∼ 60% mode coupling

efficiency into fibers, 90% interferometer transmission, and & 95% detector efficiency.

Due to the latter two losses, the detected 〈ñ〉 is 10-15% smaller than the mean photon

number inside the interferometer. As such, the Fisher information per photon inside
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Figure 5.5: The weak gain regime. (a) Rates measured with the probe |1, 1〉:
(s1, s2, h1, h2) = (2, 0, 1, 1) [blue], (1, 1, 1, 1) [orange], (0, 2, 1, 1) [green]. (b) Rates measured
with the probe |2, 1〉: (3, 0, 2, 1) [blue], (2, 1, 2, 1) [orange], (1, 2, 2, 1) [green], (0, 3, 2, 1) [red].
Error bars are one standard deviation assuming Poissonian counting statistics. Lines are a
fitted model p̃r(φ). Bottom panels show the normalized Fisher information F̃(φ) calculated
using two methods: (i) post-selecting on events where s1 + s2 = h1 + h2 [green] and (ii)
using all events [red]. Line thicknesses show 1σ confidence intervals obtained by fitting 50
simulated data sets that are calculated with a Monte Carlo method. The dashed black line
indicates the shot-noise limit.
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the interferometer (which is the relevant resource when e.g. probing a delicate sample)

is about 10-15% smaller than F̃h1,h2(φ).

We begin with low pump power to test our setup in the weak gain regime (λ ∼ 0.25,

10 µW per source). In Fig. 5.5, we show results for two different probes, (a) |1, 1〉, the

well-studied N = 2 N00N or Holland-Burnett state, and (b) |2, 1〉, a probe studied

here for the first time. We calculate F̃(φ) using two methods. In the first, we

discard events in which we know photons were lost by only including rates where

s1 + s2 = h1 + h2 in the sums of Eqs. (5.11) and (5.12). These rates are shown

in the top panels of Fig. 5.5. Using this first method, F̃(φ) [green curves] surpasses

the shot-noise limit by 0.09 ± 0.01 for |1, 1〉 and 0.10 ± 0.04 for |2, 1〉 at its highest

point. In the second method, we include all measured events. Note that this may

include events where s1 + s2 < h1 + h2 due to loss in the signal modes, but also

s1 + s2 > h1 + h2 due to loss in the herald modes. Conditioned on obtaining the

herald outcome (h1, h2), the probability of the latter occurring can be minimized by

reducing the pump power and hence λ. This increases the purity of the probe at the

cost of reducing its heralding rate. Without post-selection, F̃(φ) [red curves] drops

below the shot-noise limit mainly due to losses.

In addition to loss, the spectral purity and distinguishability of our photons are

also sources of decoherence that reduce the contrast of the fringes and hence diminish

F̃(φ). Consider the probe |1, 1〉, for example. For φ = ±π/2, the whole interferometer

acts as a balanced beam splitter in which case Hong-Ou-Mandel interference should

lead to a complete suppression in coincidences at its output. However, as can be seen

in the orange (1, 1, 1, 1) fit in Fig. 5.5(a), the visibility of this interference effect is

∼ 75%. In addition to spectral mismatch between the signal modes, the visibility

is degraded by uncorrelated background photons (∼ 5% of detected photons) and

the slight multi-mode nature of our sources, both of which reduce the purity of our

heralded photons. The finite detector energy resolution also plays a small role as the

detectors have a ∼ 1% chance to mislabel an event by ±1 photon [55].

Next, we increase the pump power to reach a high-gain regime (λ ∼ 0.75, 135 µW

per source) in which we can herald large photon numbers. We detect 16-photon events
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Figure 5.6: The high gain regime. (a) F̃(φ) of 8-photon probes (N = 8) parameterized
by ∆ = |h1−h2|. Curves are calculated using Eqs. (5.11) and (5.12) without post-selection.
Probes with a larger ∆ have a larger F̃(φ) and hence greater phase sensitivity due to their
increased robustness to loss. Line thicknesses show 1σ confidence intervals obtained by
fitting 50 simulated data sets that are calculated with a Monte Carlo method. (b) and (c)
show a subset of rates for the probe with ∆ = 8 and ∆ = 0, respectively. The lines are
a fitted model p̃r(φ). Error bars are one standard deviation assuming Poissonian counting
statistics.
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at a rate of roughly 7 Hz, which is much higher than the state-of-the-art achievable

with bulk crystal SPDC sources [224] or quantum dots [225]. In Fig. 5.6(a), we plot

F̃(φ) calculated without post-selection for all probes with N = 8. As expected given

the regime of loss in our experiment, probes with larger ∆ are more phase sensitive

due to their increased robustness to loss. In particular, the sensitivity of the ∆ = N

probe should be shot-noise limited regardless of losses. This is because with the

∆ = N probe, all photons injected into the interferometer should originate from one

source. As such, imperfections such as spectral purity and mode matching do not

affect the performance of the probe. However, in practice, the herald detection of

0 photons could occur due to photon loss in the corresponding herald mode. This

results in the contamination of the signal with photons from the second source and

degrades the performance of the ∆ = 8 probe [yellow curve in Fig. 5.6(a)]. This

issue is easily circumvented by blocking one of the sources, in which case shot-noise

limited performance is recovered. In Fig. 5.7(a), we plot F̃(φ) for the ∆ = N = 5

probe calculated without post-selection. We performed the measurement with a single

source blocked and with both sources unblockled. In the latter case, we find that

F̃(φ) reaches 0.991 ± 0.001 at its highest point, demonstrating shot-noise limited

performance. Note that the shot-noise limit is determined by the total number of

detected photons, i.e. we did not account for the < 10% interferometer and detector

losses.

5.3.3 Discussion

The fringes produced by our probes exhibit a number of different features compared

to those measured with N00N or Holland-Burnett states. For example, with these

two states, the expected signature of N -photon interference are fringe oscillations

that vary as cos(Nφ). While our measured fringes do not exhibit such oscillations

in the high gain regime, they do exhibit sharper features than classical fringes. We

show this explicitly by comparing our rates to those measured with distinguishable

photons. This is achieved by temporally delaying photons coming from the top source

with respect to photons coming from the bottom source by more than their coherence
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(b) (c)

Figure 5.7: Additional data. (a) We calculate F̃(φ) using rates measured with the ∆ =
N = 5 probe without post-selection. Bold line shows result with both sources unblocked,
whereas dashed line is result with one of the sources blocked. Line thicknesses show 1σ
confidence intervals obtained by fitting 50 simulated experiments. Dashed black line is the
shot-noise limit. (b) Two sets of rates [blue: (5, 0, 3, 2), orange: (3, 2, 3, 2)] measured when
the photons are injected inside the interferometer at the same time (data: circles, theory:
bold lines) or at different times (data: crosses, theory: dashed line). In the latter case,
the photons are well modelled by classical distinguishable particles. Error bars are one
standard deviation assuming Poissonian counting statistics. (c) F̃(φ) shows a significant
improvement in sensitivity in the former case (bold line) compared to the latter case (dashed
line), demonstrating that multiphoton improved the sensitivity of our probe. Red shaded
how 1σ confidence intervals obtained by fitting 50 simulated data sets that are calculated
with a Monte Carlo method.

time. As an example, we consider the probe |3, 2〉 in Fig. 5.7(b). When the photons

are injected inside the interferometer at the same time, the fringe contrast is signifi-

cantly higher than when they are temporally delayed [Fig. 5.7(b)]. Likewise, when we

calculate F̃3,2(φ) without post-selection, we find an improvement in the probe’s sen-

sitivity in the former case [Fig. 5.7(c)]. This demonstrates that the probe sensitivity

derives from multiphoton interference even at high photon numbers.

With any finite amount of loss, F̃h1,h2(φ) vanishes when all fringes share a common

turning point such as at φ = 0. In the case of Holland-Burnett (∆ = 0) and N00N

states, there are also common turning points at φ = ±π/2 which causes the reduction

in F̃h1,h2(φ) around these phase values [Fig. 5.6(c)]. In contrast, the probes with

∆ = 4, 6, 8 do not have a dip in F̃h1,h2(±π/2). The origin of this effect for ∆ = 8 can

be seen directly in the rates shown in Fig. 5.6(b). The region of the fringe with high

sensitivity to φ (i.e. large gradient) is different for different values of |s1 − s2|. This

feature of F̃h1,h2(φ) allows the estimation of φ without prior knowledge of the range

in which it lies, as is required for N00N or Holland-Burnett states, and thus provides
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(a) (b) (c)

Figure 5.8: (a) Effect of squeezing strength on imperfect heralding. We plot max[F̃7,1(φ)] as
a function of the efficiency η (equal in all four modes) for various SPDC gain parameters λ
and assumingM = 1. Black line shows the perfect heralding case (ηh1 = ηh2 = 1). Dashed
line shows the shot-noise limit. (b) and (c) plots max[F̃7,1(φ)] as a function of η and M
for λ = 0.35 and λ = 0.75, respectively. Blue (red) indicates a parameter regime where
expected performance is below (above) the shot-noise limit. The yellow circle in (c) shows
roughly the parameter regime achieved in the experiment.

a means for global phase estimation without using an adaptive protocol [217, 226].

5.3.4 Improvements required to surpass shot-noise limit with-
out post-selection

Since our probes have F̃h1,h2(φ) < 1 without post-selecting, our results do not un-

conditionally surpass the shot-noise limit. We employ the model developed in Ap-

pendix C to estimate the required improvements in order to achieve an advantage to

the shot-noise limit using our N = 8 probes. In particular, we focus on ∆ = 6 [i.e.

(h1, h2) = (7, 1)] as this is the most loss-tolerant probe that can surpass the shot-noise

limit in our scheme 4. For simplicity, we assume equal efficiency η in all four modes

of the experiment and equal SPDC gain parameters λ. There are three main exper-

imental parameters to consider: (i) the efficiency η, (ii) the distinguishability M of

photons between the top and bottom sources, (iii) the SPDC gain λ. Given these

parameters, we estimate the sensitivity of the probe by calculating F̃7,1(φ). Since

this quantity generally depends on φ, we focus on region in phase with the largest

possible sensitivity, i.e. max[F̃7,1(φ)].

4In practice one could ensure that this is the only probe injected into the interferometer by
placing a shutter in each signal mode. The shutters can be programmed to open and unblock the
beams only when the herald outcome is ∆ = 6.
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We first focus on the effect of the SPDC gain λ and assume M = 1 for now.

As shown in Fig. 5.8(a), a smaller λ provides a larger max[F̃7,1(φ)]. This is because

lowering λ increases the photon-number purity of the heralded probe in the presence

of loss in the heralding arms, i.e. it reduces the probability that the herald detec-

tors under-counted the true number of photon pairs produced by the sources. As

a reference, we include the perfect heralding case which is shown by the black line.

While reducing λ minimizes the detrimental effects of imperfect heralding, it also

drastically decreases the heralding rate. For example, assuming η = 0.5 and a 100

kHz laser repetition rate, λ = 0.75 would produce a N = 8 probe roughly once per

second whereas λ = 0.35 would produce such a probe only about once per day. Thus,

reducing λ is likely not a practical method to improve max[F̃7,1(φ)], which places a

stringent requirement on the efficiency needed to surpass the shot-noise limit.

Next we consider the combined effect of imperfect distinguishability and efficiency.

In Fig. 5.8(b) [(c)], we plot max[F̃7,1(φ)] as a function of η and M for λ = 0.35

[λ = 0.75]. The approximate region achieved in our experiment is shown in yellow.

Improvements in both η and M are necessary to unconditionally surpass the shot-

noise limit. As a reference point, a distinguishability of M ∼ 0.85 was achieved in

Ref. [222] using the same type of high-gain PDC sources as used in our experiment.

With such a distinguishability, the efficiency would need to be improved to ∼ 70%

[∼ 80%] when using λ = 0.35 [λ = 0.75].

Finally, we note that although we do not attain these parameters in our experi-

ment, our results do demonstrate the robustness of our probes to losses despite their

large size. For example, the Fisher information per photon calculated without post-

selection for the N = 8 probe with ∆ = 6 [Fig. 5.6(a)] is slightly higher than that of

the N = 2 N00N state [Fig. 5.5(a)]. This contradicts the usual expectation that large

entangled probes will necessarily be more fragile to noise and loss.
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5.4 Conclusions

In summary, we proposed and experimentally demonstrated a scheme for quantum-

enhanced interferometry that exploits high-gain two-mode squeezed vacuum sources

and photon-number-resolving detectors. We measured interference fringes involving

up to 16 photons which is significantly higher than the previous state-of-the-art [224,

227]. Crucially, our scheme prepares probes that are nearly optimally robust to losses

and hence addresses one of the principal challenges when scaling-up to large entangled

photonic states. With further improvements in the quality (i.e. coupling efficiency

into optical fiber and purity) of bright two-mode squeezed vacuum sources compatible

with transition edge sensors [228, 229], we believe our loss-tolerant scheme provides a

promising route towards achieving an appreciable advantage over the shot-noise limit

using entangled photonic states.
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Chapter 6

Summary and outlook

This thesis presented three projects that developed strategies for characterizing and

preparing quantum states of light using photon-number-resolving detectors.

In the first project, we built a weak-field homodyne detector that can fully tune

between performing photon counting and quadrature measurements. We demon-

strated this tunability experimentally with nonclassical signals containing up to 11

photons and determined the minimum local oscillator strength needed to perform

quadrature measurements. We also performed a proof-of-principle demonstration of

state engineering using the weak-field homodyne detector.

In the second project, we further theoretically investigated the state engineering

capabilities of weak-field homodyne. In doing so, we developed a scheme for heralding

a wide range of definite parity states, including two- and four-component Schrödinger

cat states.

Finally, we considered a specific application of nonclassical states of light which is

quantum-enhanced interferometry. We proposed a scheme that exploits the capabili-

ties of photon-number-resolving detectors and high-gain sources of squeezed vacuum.

Although our experimentally achieved precision did not unconditionally surpass the

shot-noise limit, we increased the size of the entangled states inside the interferom-

eter compared to previous works and demonstrated that these states are robust to

losses despite their larger size. Our proposed scheme will enable quantum-enhanced

interferometry with large entangled states if the heralding efficiency and purity of the

squeezed vacuum source can be improved.
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One of the themes in this thesis has been scaling quantum optics experiments to

larger photon numbers, e.g. developing a scheme to prepare Schrödinger cats of higher

amplitude and increasing the size of the entangled states for quantum-enhanced inter-

ferometery. This scaling is enabled by two technologies: high-gain sources of squeezed

vacuum such as the KTP waveguides and transition edge sensors. Our experiments

were mostly limited by the heralding efficiency and purity of the squeezed vacuum

sources rather than by the detectors. This points towards a need to develop squeezed

vacuum sources compatible with transition edge sensors that simultaneously achieve

high modal purity, efficiency, and squeezing. Efforts are underway to improve pulsed

sources, e.g. by developing ridge waveguides [92]. However, it should be noted that

improving such sources is a challenging task due to unwanted effects caused by the

large intensities of pulsed light [230]. In fact, there have not been substantial improve-

ments in measured pulsed squeezing levels since the 5.8 dB obtained in Ref. [231] in

1994. In the short term, it could be fruitful to interface transition edge sensors with

continuous-wave sources of squeezed vacuum (e.g. as in Ref. [229]) as these currently

perform better than pulsed sources in terms of squeezing and efficiency [232, 233].
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Appendix A

Marginal photon statistics of a
spectrally correlated two-mode
squeezed vacuum source

Here we derive the photon statistics of the signal or idler mode of a spectrally cor-

related two-mode squeezed vacuum source. The state of the signal or idler mode

produced by such a source is obtained by tracing over either mode in Eq. (2.12) and

is given by:

ρ̂ =
∞⊗
k=0

√
1− λ2

k

∞∑
nk=0

λ2nk
k |nk〉 〈nk| (A.1)

where k denotes a spectral mode. As a reminder, 〈nk〉 = λ2
k/(1 − λ2

k) (where λk =

tanh (ckζ)) is the average number of photons in the kth mode, and K = (
∑

k |ck|4)
−4

is the Schmidt number which determines the effective number of modes. We will

assume that ck is small for k > K and truncate the product state above at k = K.

Each spectral mode k has thermal photon statistics, i.e. prk(n) = Trk(ρ̂ |nk〉 〈nk|) =

(1− λ2
k)λ

2n
k . However, photodetectors such as transition edge sensors cannot resolve

between the different spectral modes. As such, the measured photon statistics pr(n)

are a convolution of the statistics of every spectral mode:

pr(n) =
∑

Θ∈n`K

K∏
k=0

(1− λ2
k)λ

2Θ
k . (A.2)

where Θ is a variable defined to perform the convolution: n ` K is the set of all

partitions of n photons in K modes [234].
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Generally, Eq. (A.2) is difficult to evaluate. However, if 〈nk〉 (and hence λk) is

equal in all modes, then the convolution takes a simple form. Firstly, we re-write

Eq. (A.2) in terms of 〈nk〉 using the fact that λ2
k = 〈nk〉 /(1 + 〈nk〉) and obtain:

pr(n) =
∑

Θ∈n`K

K∏
k=0

1

(1 + 〈nk〉)(1 + 1/ 〈nk〉)Θ
. (A.3)

Since 〈nk〉 is independent of K, the total average photon-number is 〈n〉 = K 〈nk〉 and

we get:

pr(n) =
∑

Θ∈n`K

1

(1 + 〈n〉 /K)K(1 +K/ 〈n〉)KΘ
. (A.4)

On average, the n measured photons are equally partitioned across the K modes,

i.e. there are nk photons in each mode where n = Knk. Using this fact and some

combinatorics, the above sum can be evaluated (see page 680 of Ref. [235]) to arrive

at the result:

pr(n) =
(n+K − 1)!

(K − 1)!n!

1

(1 + 〈n〉 /K)K(1 +K/ 〈n〉)n
, (A.5)

which describes a multi-mode thermal distribution with K modes and mean photon

number 〈n〉, where we assumed each mode had equal mean photon-number.

The variance of Eq. (A.5) is evaluated in Ref. [235] and is given by:

〈(∆n)2〉 =
∞∑
n=0

pr(n)(n− 〈n〉)2

= 〈n〉
(

1 +
〈n〉
K

)
.

(A.6)

In the limit K → ∞, 〈(∆n)2〉 = 〈n〉 and hence the photon statistics pr(n) are

Poissonian. We can also evaluate the normalized second-order correlation function:

g(2) = 1 +
〈(∆n)2〉 − 〈n〉

〈n〉2

= 1 +
1

K

(A.7)

which is directly related to the number of spectral modes K.
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Appendix B

Detailed model for weak-field
homodyne difference statistics

Here we expand the idealized model described in Sec. 3.3.1. We start by consider-

ing the effect of mode mismatch (e.g. spatial, temporal, spectral, and polarization

mismatch) between the signal ρ̂a and phase reference |αb〉. In principle, both ρ̂a

and |αb〉 can occupy several spatio-temporal modes, thus making a full treatment of

mode mismatch quite involved [236]. However, we found that the simpler approach of

decomposing the problem into two effective orthogonal modes is sufficient to model

our data. This sort of heuristic model has been used and studied elsewhere, see e.g.

Refs. [160, 237]. Through a Gram-Schmidt process, |αb〉 can be decomposed in the

following way [238]:

|αb〉 → |
√
Mα||〉 ⊗ |

√
1−Mα⊥〉 , (B.1)

where || denotes the same mode as the signal, ⊥ denotes a mode orthogonal to the

signal, and M ∈ [0, 1] is a mode overlap parameter. Since |αb〉 remains a coherent

state when it is split across the modes || and ⊥, its amplitude is simply scaled by
√
M

and
√

1−M, respectively. We wish to determine the joint probability of measuring

the outcome (m,n) when M 6= 1, i.e. pr
(j,α)
M (m,n). We treat the detector as mode-

insensitive, and so we convolve the joint probabilities of measuring the outcome (m,n)

in mode || and mode ⊥:

pr
(j,α)
M (m,n) = pr(j,

√
Mα)(m,n) ∗ pr(0,

√
1−Mα)(m,n), (B.2)

90



where ∗ denotes a convolution operation. The term pr(j,
√
Mα)(m,n) is the joint prob-

ability of measuring the outcome (m,n) in the mode of the signal ||. Similarly, the

term pr(0,
√

1−Mα)(m,n) is the joint probability of measuring the outcome (m,n) in

the mode orthogonal to the signal, i.e. ⊥ (hence the reason why the signal is vacuum

in this mode, i.e. j = 0). Both terms are evaluated using Eq. (3.7).

Next we include the effect of optical loss in all three modes using Eq. (2.1). The

joint probability after losses becomes:

pr
(j,α)
M,ηh,ηc,ηd

(m,n) =
∞∑
x=m

∞∑
y=n

∞∑
z=j

(
z

j

)(
x

m

)(
y

n

)
× ηjhη

m
c η

n
d (1− ηh)z−j(1− ηc)x−m(1− ηd)y−nλ2zpr

(z,α)
M (x, y).

(B.3)

The difference photon-number statistics are obtained by summing over all possible

combinations of (m,n) resulting in a difference of ∆n:

pr
(j,α)
M,ηh,ηc,ηd

(∆n) =
∞∑

m=max (0,∆n)

pr
(j,α)
M,ηh,ηc,ηd

(m,m−∆n). (B.4)

Eq. (B.4) is used to calculate the red lines in Fig. 3.5.

We use a similar approach to generalize the classical field approximation model.

The effect of imperfect mode matching is given by

p
(j,α)
M (∆n) = p(j,

√
Mα)(∆n) ∗ p(0,

√
1−Mα)(∆n). (B.5)

where p(j,α) is given in Eq. (3.9) where it is referred to as pr
(j,α)
classical(∆n) (we switch

notation here for convenience). Unlike in the fully quantum model above, the effect

of imperfect detection efficiency in the signal modes has a closed expression when the

classical field approximation is invoked. In conventional homodyne, detection loss

convolves the signal with the difference statistics of the vacuum state. For potentially

imbalanced losses, this results in [126]:

p
(j,α)
M,ηc,ηd

(∆n) = p
(j,g)
M (∆ñ) ∗ 1√

2πσ
e−∆ñ2/2σ2

, (B.6)

where g = ηα, ∆ñ = ∆n − α2(ηd − ηc)/2, σ =
√
g2(1− η)/η, and η = (ηc + ηd)/2.

Finally, the effect of the imperfect heralding efficiency is treated in the same way as
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before:

p
(j,α)
M,ηhηc,ηd

(∆n) =
∞∑
f=j

(
f

j

)
ηjh(1− ηh)

f−jλ2fp
(f,α)
M,ηc,ηd

(∆n). (B.7)

Eq. (B.7) is used to calculate the blue regions in Fig. 3.5.

The efficiencies and parametric gain values for both the classical and quantum

models were determined using the Klyshko measurement described in Sec. 2.3.3. The

values are: ηh = 0.395 ± 0.002, ηc = 0.274 ± 0.001, ηd = 0.352 ± 0.002, λ = 0.797 ±

0.001. The mode overlap value, M = 0.82, was determined from the visibility of an

interference signal (see Sec. 3.3.2).
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Appendix C

Model for interference rates

Here we describe the model p̃r(s1, s2, h1, h2, φ) used to fit the experimentally measured

rates. We model optical loss by placing fictitious beam splitters (see Fig. C.1) and

tracing over the reflected modes. For now, we assume ηd1 = ηd2 = 1 and will treat

the effect of detection losses at the end.

Each source produce s two-mode squeezed vacuum state:

|Ψi〉 =
√

1− λ2
i

∞∑
n=0

λni |n, n〉 , (C.1)

where i = 1, 2 represent sources 1 and 2, respectively. The joint photon-number

distribution of this two-mode squeezed vacuum state after the losses is given by

[Eq. (2.19)]:

p̃ri(x, y) = (1− λ2
i )

∞∑
n=max (x,y)

(
n

x

)(
n

y

)
λ2n
i η

x
hi
ηysi(1− ηhi)

n−x(1− ηsi)n−y. (C.2)

In principle, n can range up to ∞, but in practice it suffices to truncate this sum at

ϕ

|h2〉〈h2|

|h1〉〈h1|

|s1〉〈s1|

|s2〉〈s2|

ηh1

ηs1
ηs2

ηh2

ηd1

ηd2

Figure C.1: Losses are modelled by placing fictitious beam splitters in all four modes. The
coefficients in red show the transmission of the beam splitters, i.e. the efficiency of the
mode.
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some value where (1− λi)2λ2n
i becomes small. In our numerics, we truncate the sum

at n = 50.

If we obtain the herald outcome (h1, h2), then the unnormalized state that is

injected into the interferometer is given by:

ρ̂ =
∞∑

m,n=0

p̃r1(h1,m)p̃r2(h2, n) |m,n〉 〈m,n| . (C.3)

Losses occurring inside the interferometer can be absorbed into ηs or ηd if they are

equal in both interferometer modes, which was approximately the case in our experi-

ment. Thus, the interferometer transformation can be described by a unitary operator

Û(φ) which depends on the phase difference φ between both arms. The probability

that we wish to calculate is given by:

p̃r(s1, s2, h1, h2, φ) = 〈s1, s2|Û(φ)ρ̂Û †(φ)|s1, s2〉 . (C.4)

Knowing that there are a total of s1 + s2 photons before the interferometer, we can

constrain n = s1 + s2 −m and truncate the sum at s1 + s2 in Eq. (C.3). Thus, we

obtain:

p̃r(s1, s2, h1, h2, φ) =

s1+s2∑
m=0

p̃r1(h1,m)p̃r2(h2, s1+s2−m)
∣∣∣〈s1, s2|Û(φ)|m, s1 + s2 −m〉

∣∣∣2 .
(C.5)

The matrix element
∣∣∣〈s1, s2|Û(φ)|m, s1 + s2 −m〉

∣∣∣2 is derived in Ref. [8] and is given

by:∣∣∣〈s1, s2|Û(φ)|m, s1 + s2 −m〉
∣∣∣2 =

m!(s1 + s2 −m)!

s1!s2!
(sin [φ/2])2(s1+m)(cos [φ/2])2(s2−m)

×

(
s1∑
k=0

(
s1

k

)(
s2

s2 + k −m

)
(−1)k tan [φ/2]−2k

)2

.

(C.6)

The model for temporally distinguishable photons follows the same approach as

above. While the description below focuses on temporal distinguishability, the same

equations are valid to describe distinguishability in any other degree of freedom. We

adopt a heuristic approach (e.g. as in Ref [239]) in which the temporal mode of

the photons produced in the top source is decomposed into a component completely
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indistinguishable (‖) to the temporal mode of the bottom source photons as well

as a component completely distinguishable (⊥). With this decomposition, Eq. C.3

becomes:

ρ̂dist =
∞∑

m,n=0

m∑
l=0

(
m

l

)
Ml(1−M)m−lp̃r1(h1,m)p̃r2(h2, n)

× |l, n〉‖ 〈l, n|‖ ⊗ |m− l, 0〉⊥ 〈m− l, 0|⊥ .
(C.7)

where M ∈ [0, 1] is a mode overlap parameter characterizing the distinguishability

of the photons. For M = 0 (M = 1), the photons from top and bottom sources are

completely distinguishable (indistinguishable). Since our detectors cannot resolve the

time difference between ⊥ and ‖, they convolve the probabilities for the photons to

have originated from either temporal mode. This measurement is described by the

following incoherent sum of projectors:

Π̂ =

s1∑
x=0

s2∑
y=0

|s1 − x, s2 − y〉‖ 〈s1 − x, s2 − y|‖ ⊗ |x, y〉⊥ 〈x, y|⊥ . (C.8)

Many of the terms in the sum of Eq. C.8 can be eliminated due to constraints on the

photon numbers. For example, a total of m− l photons are produced in mode ⊥ and

so x + y = m− l. Moreover, s1 + s2 = m + n. After applying these constraints, the

final joint probability is given by:

p̃rdist(s1, s2, h1, h2, φ) = Tr
(

Π̂Û(φ)ρ̂distÛ †(φ)
)

=

s1+s2∑
m=0

m∑
l=0

min(s1,m−l)∑
x=max(0,m−s2)

(
m

l

)
Ml(1−M)m−l

× p̃r1(h1,m)p̃r2(h2, s1 + s2 −m)

×
∣∣∣〈s1 − x, l + s2 −m+ x|Û(φ)|l, s1 + s2 −m〉

∣∣∣2
×
∣∣∣〈x,m− l − x|Û(φ)|m− l, 0〉

∣∣∣2 .

(C.9)

Finally, we can now consider the effect of the losses just before the detectors. These

losses can be modelled with a transformation analogous to Eq. (C.2). Applying this

transformation on Eq. (C.5), we obtain:

p̃r(s1, s2, h1, h2, φ; ηd1 , ηd2) =
∞∑
j=s1

∞∑
k=s2

(
j

s1

)(
k

s2

)
ηs1d1η

s2
d2

(1− ηd1)j−s1(1− ηd1)k−s2

× p̃r(j, k, h1, h2, φ)

(C.10)
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The same method is used for the distinguishable photons model, i.e. replace p̃r(j, k, h1, h2, φ)

with p̃rdist(j, k, h1, h2, φ) in Eq. (C.10). In our numerics, we truncate the sums in

Eq. (C.10) to only include the effect of losing a few photons, which is a good approx-

imation given the high efficiency of our number-resolving detectors.

The equations above are evaluated numerically and fitted to the experimentally

measured pr(s1, s2, h1, h2, φ) by varying the fit parameters ηh1 , ηh2 , ηs1 , ηs2 , ηd1 , ηd2 , λ1, λ2.

Fitting is performed using the Python package lmfit with a least squares method.

Note that, for the sake of increasing the speed of the fitting, we used M = 1 for all

data except in Fig. 5.7(b) where we used M = 0. Thus, the fit parameters generally

did not correspond to the measured efficiencies and squeezing parameters. Instead,

the fitting procedure converged on larger λ values and smaller η values to emulate

the effect of imperfect interference (i.e. reduced fringe visibility). We tested the full

model (i.e. includingM) by fitting a subset of rates measured in the high gain regime

and found the fit parameters: ηh1 = 0.50, ηh2 = 0.50, ηs1 = 0.61, ηs2 = 0.50, ηd1 = 0.9,

ηd2 = 0.99, λ1 = 0.68, λ2 = 0.68, and M = 0.73. These efficiency values are within

error to the measured values, andM = 0.73 is roughly consistent with the measured

∼ 75% quantum interference visibility of the (1, 1, 1, 1) rate.
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Appendix D

Quantum Fisher information of
generalized Holland-Burnett states

This derivation was first performed by M.E. Mycroft [240]. We wish to calculate Q

[Eq. (5.5)] for the probe |Ω〉 = ÛBS |h1, h2〉 where ÛBS is the balanced beam splitter

unitary transformation. Let â and b̂ denote the annihilation operators at the input of

the interferometer (i.e. before the beam splitter), while ĉ and d̂ denote the annihilation

operators inside the interferometer. We first calculate 〈Ω|n̂2
c |Ω〉:

〈Ω|n̂2
c |Ω〉 = 〈h1, h2|Û †BSc

†cc†c ÛBS|h1, h2〉

= 〈h1, h2|
(
Û †BSc

†ÛBS Û
†
BScÛBS

)2

|h1, h2〉

= 〈h1, h2|
(
a† + b†√

2

)2(
a+ b√

2

)2

|h1, h2〉

=
1

4
〈h1, h2|(a† + b†)2(a+ b)2|h1, h2〉

=
1

4
〈h1, h2|a†aa†a+ b†bb†b+ 4a†ab†b+ a†a+ b†b|h1, h2〉

=
1

4
(h2

1 + h2
2 + 4h1h2 + h1 + h2).

(D.1)

We then calculate 〈Ω|n̂cn̂d|Ω〉 in a similar manner:

〈Ω|n̂cn̂d|Ω〉 = 〈h1, h2|Û †BSc
†cd†dÛBS|h1, h2〉

= 〈h1, h2|
(
a† + b†√

2

)(
a+ b√

2

)(
a† − b†√

2

)(
a− b√

2

)
|h1, h2〉

=
1

4
〈h1, h2|(a†a+ b†a+ ba† + b†b)(a†a− b†a− ba† + b†b)|h1, h2〉

=
1

4
〈h1, h2|a†aa†a+ b†bb†b− a†a− b†b|h1, h2〉

=
1

4
(h2

1 + h2
2 − h1 − h2).

(D.2)
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Finally, we evaluate Q using Eq. (5.5) and the fact that 〈n̂c〉 = 〈n̂d〉:

Q = 2
(
〈n̂2

c〉 − 〈n̂cn̂d〉
)

=
1

2
(4h1h2 + 2h1 + 2h2)

= 2h1h2 + h1 + h2.

(D.3)
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[21] M. S. Kim, W. Son, V. Bužek, and P. L. Knight, Phys. Rev. A 65, 032323

(2002).

[22] Y. I. Bogdanov, K. G. Katamadze, G. V. Avosopiants, L. V. Belinsky, N. A.

Bogdanova, A. A. Kalinkin, and S. P. Kulik, Phys. Rev. A 96, 063803 (2017).
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