ABSTRACT
Vassilios Karasmanis DPhil in Philosophy
Brasenose College Hilary 1987

The Hypothetical Method in Plato's Middle Dialogues

The purpose of this dissertation is to offer an interpretation
of Plato's hypothetical method in his middle dialogues. The
hypothetical method is given in three accounts, one in the Meno,
the Phaedo and the Republic.

These three accounts of the method, besides their affinities,
seem to present some differences. The first main problem is to
see whether we can speak of one single method, or of three
different hypothetical method. Plato, in the Meno (86e) says that
his method is similar to one which the geometers use and gives as
an elucidation of it, an obscure geometrical problem to which I

offer a new solution. The second main problem of this
dissertation 1is to examine whether there is any relation (and if
there 1is, of what kind) between Plato's accounts of the

hypothetical method and the various methodologies in Greek
geometry at that time.

I show 1in this dissertation that we have one method, in a
biCad sense, that employs hypotheses and proceeds in two ways:
firstly, a way upwards (or backwards) towards the premisses of the
argument or towards prior Questions and, secondly, a way downwards

from the premisses to the desired conclusion. The upward way iese a
heuristic process, whilst the downward one is deductive. Although
we have egssentially one method in all three dislogues, it is

somewhat differentiated from one dialogue to the next (and in
particular between the Phaedo and the Republic). In the three
accounts of the hypothetical method, 1 see three stages of an
evolutionary process similar +to a corresponding one which took
place in the evolution of <the method of indirect proof in
geometry. More precisely, I argue that the three accounts of
Plato's method reflect three corresponding stages in the evolution
of the reductive method of Hippocrates of Chios (spagoge) to the
geometrical method of analysis and synthesgis.

I argue furthermore, asg regards the relation between Plato's
philosophy and mathematics, that the axiomatization of geometry
had an impact on Plato's conception of knowledge and upon his
conception of diaslectic. Moreover, I ¢try to show that we have
good reasong to suppose that Plato proposed a programme of
reducing the principles of mathematics 1into the fewest possible
and his contribution to this programme wag decisive.

There is another problem regarding Plato's hypothetical
method. In his middle dialogues, Plato clearly speaks about a new
philosophical method of great importance and he gives extensive
theoretical accountsgs of it. The strange thing is that it seems
(and here almost all scholars agree) that nowhere does he apply
his method (with the exception of a small-scale application of it
in the Meno). However, this does not seem very likely. In
chapters VvV anda VI, I s8hall argue that we have extensive
applications of the method in both the Phaedo and the Republic.
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PREFACE

The text of the Platonic corpus used for citation is that of the
Oxford edition, edited by J. Burnet. Citations from the Aristotelian
corpus are from the Oxford edition (ed. W D Ross).

Bibliographical references are made by citing the name of the
author, the year of the edition and the page number,

Because of technical problems, it was not possible to have all Greek
citations in Greek chararters. Where the grammatical form of the word
is not relevant, Greek words are transliterated. All transliterated

words are underlined. Greek phrases, words that occur in citations by

other authors and words whose grammatical form is relevant to my discussion

are in Greek letters.
Throughout this thesis, I use the following abbreviations;

a) Platonic dialogues

Crito Cri Euthydemus Euthd
Charmides Charm Phaedo Phd
Laches Lach Symposium Symp
Lysis Lys Phaedrus Phdr
Euthyphro Euthp Republic Rep
Protagoras Prot Parmenides Parm
Gorgias Gorg Theaetetus Theaet
Meno Men Sophist Soph
Hippias Maior H Ma Politicus Pol
Hippias Minor H Mi Philebus Phil
Cratylus Crat Timaeus Tim

b) Aristotelian works

Analytica Priora An Pr
Analytica Posteriora An Post
Topica Top
Physica Phys
Metaphysica Met
Ethica Nicomachea E.N,
Ethica Eudemia E.E.
Categoriae Cat




c) Other Works

Diogenes Laertius, Vitae Philosophorum (ed. H S Long), D.L.

Proclus, In Primum Euclidis Elementorum Librum Commentarii (ed. G

Priedlein), In Eucl

Proclus, In Rempublicam (ed. Kroll), In Remp

H Diels and W Kranz, Die Fragmente Der Vorsokratiker (6 ed., Berlin
1951-2), D.K.
H G Liddell, R Scott and H S Jones, A Greek-English Lexicon (Oxford, 1940)

LSJ
d) Journals
Classical Quarterly cQ
Philosophical Review PR
Classical Review CR
Archiv fir Geschichte der Philosophie Ar. Ges. Phil.
American Journal of Philology AJP
Review of Metaphysics Rev Met
Oxford University Press OUP
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INTRODUCTION

The  purpose of this dissertation is to study Plato's
hypothetical method in the middle dialogues. Plato's early
dialogues have mainly an 'apo_retic' character and the relevant
method there is the Socratic elenchus. This method is used to

disprove and not to prove something.

The hypothetical method - characteristic of the middle
dialogues - 1is a 'positive' method that is wused to confirm or
prove something. It is given in three accounts, one in the Meno

(86dff), one in the Phaedo (100aff) and one in the Republic

(510ff). There is also a short passage in the Cratylus (436c-d)

that refers to this method.

These three accounts of the method, besides their affinities,
seem to present some differences. The first main problem is to
see whether we can speak of one single method, or of three
different hypothetical methods. Plato, in the Meno (86e), says that
his method is similar to one which the geometers use and gives as
an elucidation of it, an obscure geometrical problem to which I
offer a new solution. The second main problem of this
dissertation is to examine whether there is any relation (and if
there 1is, of what kind) Dbetween Plato's accounts of the
hypothetical method and the various methodologies in Greek
geometry at that time. To this end, I devote chapter 2 of this
thesis to the examination of the Greek geometrical method of
analysis and synthesis and the method of apagoge (reduction).

I show in this dissertation that we have one method, 1in a



broad sense, that employs hypotheses and proceeds in two ways:
firstly, a way upwards (or backwards) towards the premisses of the
argument or towards prior questions and, secondly, a way downwards
from the premisses (or principles) to the desired conclusion. The
upward way is a heuristic process, whilst the downward one is
deductive. Although we have essentially one method in all three
dialogues, it is somewhat differentiated from one dialogue to the

next (and in particular between the Phaedo and the Republic). 1In

the three accounts of the hypothetical method, I see three stages
of an evolutionary process similar to a corresponding one which
took place in the evolution of the method of indirect proof in
geometry. More precisely, I arque that the three accounts of
Plato's method reflect three corresponding stages in the evolution
of the reductive method of Hippocrates of Chios (apagoge) to the
geometrical method of analysis and synthesis.

I argue furthermore, as regards the relation between Plato's
philosophy and mathematics, that the axiomatization of geometry
had an impact on Plato's conception of knowledge and upon his
conception of dialectic. Moreover, I try to show that we have
good reasons to suppose that Plato proposed a programme of
reducing the principles of mathematics into the fewest possible
and his contribution to this programme was decisive.

There is another problem regarding Plato's hypothetical
method. In his early dialogues, Plato applies continuously the
Socratic elenchus although he does not give any theoretical
account of it. In his late dialogues, he introduces the method of
division and gives descriptions and extensive applications of it.

In his middle dialogues, Plato clearly speaks about a new



philosophical method of great importance and he gives extensive
theoretical accounts of it. The strange thing is that it seems
(and here almost all scholars agree) that nowhere does he apply
his method (with the exception of a small-scale application of it
in the Meno). However, this does not seem very 1likely. In
chapters V and VI, I shall argque that we have extensive

applications of the method in both the Phaedo and the Republic.




CHAPTER I

CHRONOLOGY - THE WORD HYPOTHESIS

1. Chronology

There is no objection to the authenticity of the Phaedo and

the Republic. Objections to the genuineness of the Meno were

raised in the 19th century by Ast and Scharschmidt [1]. Nowadays,
all scholars regard the Meno as an authentic dialogue. Its
authenticity is confirmed by some Aristotelian references,two of
them indirect (Polit.1260a14-19, cf.ﬂggg 71e-73c; and An.Pr.
69a20-9, cf. Meno 87b-d) and two direct (An.Pr. 67a21 [2] and

An.Post. 71a27-9 [3]).There is also, above all, a reference to the

Meno by Plato himself (Phaedo 72e) and a possible reference in the

Republic (506c) to Meno97a-b.

It is generally accepted that we can divide the platonic
dialogues into three groups: a) early (or Socratic) dialogues, D)
middle dialogues and c¢) late ones . The division line between the
first two groups of dialogues is taken to be Plato's first visit
to Italy and Sicily [4] that probably took place in 388-7B.C. when
Plato was forty years old [5].

It is very probable that the foundation of the Academy
followed Plato's return to Athens after his first visit to Sicily.
This is stated by the late biographers (eg D.L. 3.7). How 1long
afterwards, they do not say, but most scholars assume that it. was
not that long [6].

As regards the chronological order of platonic dialogues, four

types of aid have been invoked: a) 1literary criticism, D)
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philosophical considerations, c) stylometric and linguistics, d)
external evidence and cross-references.

Scholars unanimously put the Phaedo and the Republic among the

middle dialogues [7]. They also agree that the Meno precedes the

Phaedo’and the latter the Republic. The problem that now arises

is whether the Meno is an early or middle dialogue, that Iis,
whether it was written before of after Plato's first wvisit to
Sicily [8]. Cicero (De.Rep. 1,16) says that Plato during his
first wvisit to 1Italy and Sicily, became intimate with the
Pythagorean statesman and mathematician Archytas. Moreover,
Cicero says (De.Rep. 10) that Plato's theory of the immortality of
the soul and his interest in mathematics have their origin in the
pythagorean philosophy. If Cicero's testimony is correct, then the
Meno should have been written soon after Plato's return from
Sicily. Indeed the Meno is the most 'mathematical' of Plato's
dialogues. There are three very relevant mathematical passages
(73e-76a, 82a-85b, 86e-87a), the immortality of the soul is
stated, the distinction between knowledge and true belief is
drawn, and pythagorean ideas of reminiscence are introduced.
Moreover, Plato, in the Meno, tries for the first time to give a
positive answer to the problem of knowledge and introduces a new
method in his philosophy, besides the Socratic elenchus. Our view
is that the Meno is in fact a transitional dialogue and with it we
have the beginning of a new philosophical orientation of Plato,
that characterizes his middle period. Hence one 1is inclined to
accept Bluck's view that the Meno was written soon after Plato's
return from Sicily, probably c¢.386-5 B.C. [9].

The prominent view regarding the Symposium is that it was

written later than the Phaedo and after 385 B.C. probably a few
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years later [10]. If we accept the above view, we have to date
the Phaedo somewhere between 386 and 383 B.C.. Scholars agree

that the Symposium precedes the Republic. The Republic is a very

long dialogue that Plato probably had been writing for years.
Books VI and VII (or V, VI and VII) were probably written later
than Books II, 1III, IV, VIII and 1IX,and the same view 1is

maintained about Book X [11]. The prevailing view regarding the

Republic is that its composition occupied the greater part of the
decade 380-370 and it was finished ¢.375-70 [12].

The problems are more difficult as regards the Eu thydemus and

the Cratylus. Earlier scholars used to put the Cratylus before the

Phaedo and Symposium. However, since the fifties, the argu_ment

from apparent affinities in content (mainly Plato's preoccupation

with language) with the so called ‘critical group' (Parmenides,

Theaetetus, Sophist, Politicus) has won much more favour, though

still without unanimity [13]. On the grounds of the passage Crat
436¢c8-d7, that describes the dialectician's use of the

hypothetical method, I think that we have to put the Cratylus

among the middle dialogues and somewhere between the Meno and the

Phaedrus [14].

I also think that the Euthydemus may be later than is commmonly

supposed. We find in it a possible reference to the theory of
Forms (3004-301a) and at 290b-c, a conception of the distinction
between mathematics and dialectic very simiiar to that of the

Republic, Books VI and VII.

I am inclined to believe that, as regard the dialogues written

between the first two visits to Sicily, the following order holds

- Meno, Phaedo, Symposium, Republic, - Phaedrus, Parmenides,

Theaetetus. The Euthydemus and the Cratylus are placed somewhere
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between the Meno and the Phaedrus [15].

As far as my interpretation of Plato's hypothetical method is
concerned, the following minimum hypothesis is enough:

a) The Meno precedes the Phaedo and the latter the Republic;

b) The Phaedo was written after Plato's return from Sicily;

c) The middle books of the Republic (VI and VII) were written in

the late 370s.
d) There is at least an interval of 10 years between the Meno and

the Republic VI and VII.

This minimum hypothesis meets the criteria adopted by most

scholars.

2. The Word hypothesis

A. In Plato

The words bnéeeOIQ, 6norf@nu1 have their origin in the verb
T16nutl. This verb is very common in the platonic dialectic and
it means mainly (in reference to mental action), 'to hold', 'to
regard as' (Rep, 331a,376e, Soph, 246e), 'to assume' (Rep, 340a,
430a, Phd 79a, 100a, Theaet, 191c), 'to classify' (Soph, 235a,
267c, Rep, 475d4), 'to judge' (Pol, 257b), ‘'to define' (or better,
to put a definition) (Rep, 334e, 340b, 361b). It is often used to
characterise a proposition as a starting point of a discussion or
an argument (Phd, 79a).

The meanings of the verb GNOT{@HUI are closely related to
those of T1Onu1. According to LSJ, the verb GnOT{@nUI has the
following meanings: a) 'to place under', 'to put wunder'; b) 'to
place under as a foundation', 'to lay down', 'to lay down as a
principle or rule', 'to presuppose'; c¢) 'to propose to oneself for

discussion of argument', 'to propose (to do)'.
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The noun 6w6©€01g takes its mea_nings entirely from the verb
ONOT{GHUI. Its appearance in dialectical contexts 1is earlier
than Plato, probably dating from the late 5th century.

In the Hippocratic treatise of the late 5th century On_ the

Ancient Medicine [16], we have an early occurence of the words

hypothesis and hypotithemi. This Treatise is written in the form

of a dialectical debate against various kinds of opponents, both
'sophists' and ‘'doctors' [17]. The opening sentence runs as
follows: "All who, on attempting to speak or to write on medicine,

have assumed (hypothemenoi) for themselves a postulate

(hypothesin) as a basis for their discussion .... who narrow down

the causal principle (archen tes aities) of diseases and of death

amo_ng men, and make it the same in all cases, postulating

(hypothemenoi) one thing or two...." The author contrasts

medicine with speculative cosmology (I, 20-7) and concludes that
the former has no need of hypotheses, although in the latter -
because of its obscure and problematic subject - we are obliged to
use hypotheses (cf II, 25-6; XIII, 1-19). Here the meaniné of the
word 'hypothesis' is 'proposition assumed for the sake of an
argument' [18]. The 'hypothesis' is introduced here to prove
something else. The hypothesis is unprovable and tintested
(although not self-evident). Hence, it has rather the meaning of
'principle' (cf the archai of the cosmologists) or better, that of
'postulate’.

Another significant passage concerning the use of the word
'hypothesis' in the 5th century's dialectic is found in Thucydides
(E, 85-111) in the dialogue between the leaders of the Athenians

and the Melians. In 90, the leaders of Melos say that they are

obliged to speak within the framework of a hypothesis: "5ueTg
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[ N \ ’ \ ¢ 1] (& ‘
oUTW Tapa TO d1kalov To EVUHEPOV AEYElVv LTECeCRE ".
In platonic dialectic, we find the word 'hypothesis' in many

senses. Platonic Definitions defined a hypothesis as an

'undemonstrated principle' (arche anapodeiktos). But in Plato's

dialogues, the usual meaning of the word hypothesis is ‘'starting
point for the discussion' [19].

Sometimes, the 'hypothesis' is posited after an argument in
favour of its truth (Prot 316b). The ‘'hypothesis' is always
posited provisionally and not dogmatically. We ought always to
bear in mind that the hypothesis might be false (Rep 388e, 437a,
Phd 107b, Crat 428d, Theaet 165d). So a ‘'hypothesis' is not
necessarily an absolute principle. This which 'is posited' (or
'hypothesised') is not something known; it belongs rather to the
area of belief. There are, 1in its wuse, all the degrees of
confidence, from the simple acceptance (Phil 13b) to the strong
confidence (Rep 437a, Phd 92d) [20]. When hypothesis 1is posited

under the strong agreement of the two interlocutors, it has the

meaning of an homologema (Men 87d3).

The word 'hypothesis' also has the meaning of a proposed theory
for elenchus (Theaet 183b, where the hypothesis is the theory of
flux), or a subject proposed for discussion (Parm 127d) or
generally the subject matter of a discussion (Laws 812a).
The 'hypothesis' in Plato is either a proposition to be proved
‘(or mainly disproved) (Charm 165a, 1714, 172c, Euthp 11c, Phd 94b,
Theaet 165d) or a proposition adopted to prove (or disprove)
something else (Charm 160d, Men 87d, Phd 924, Prot 339d, Rep 437a)
[21].
A 'hypothesis' can be an existential proposition (Parm 135e,

Soph 237a, Phd 100b), or a definition (Charm 163a, 172c, Euthp
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9d). But usually a 'hypothesis' is neither a definition nor an
existential proposition (Charm 160d, Phdr 236b, Rep 437a, H_Ma
286b, Prot 3394, 361b, Tim 61d).

When a hypothesis is considered arbitrary or disputable, Plato

uses the verb ¢

ouyxwpeTv’ in order to ask the cons_ent of the
interlocutor (Charm 172c, 162e, Phil 13b, Phdr 236b, Phd 91d,
100b, Theaet 183b-c).

The terms that Plato uses to denote the consequences, which

results from the hypothesis, are the verb “ouuBa{vetv' (Men 87a,

Theaet 165¢c10, 164b, Charm 164c9, Gorg 480e, Parm 142c), and the

noun 'ta ocupBaivovrta' (Gorg 495b, 496e, 479c, 508b, Meno 87b,

Rep 437a, Parm 136al, b8, 142b3). But sometimes, he uses also the

8 v ¢ U

nouns 'ta emopeva' (Crat 436d) [22]1, 'ta e€&nc' (Phd 100c)
[23], Yta Spun@évTa‘ (Phd 101d-e).

If the two interlocutors agree on an assertion, this is an

'Suokdynua ('5uokoy{a°). The homologema does not usually have

the provisional character that the hypothesis has, nor is it put
under elenchus [24]. However, this 1is not’' a general rule.
Sometimes we find it in close relationship to the word
'hypothesis' (see Rep 437a, Theaet 165c). So on occasion, an

homologema is only a provisional agreement.

B. In Mathematics

As we can see from the dialectical treatises of the

Hippocratic corpus (On_ancient Medicine, On the Art, On_Breaths)

and the above mentioned passage of Thucydides, the word hypothesis
was already in use in the dialectic of the late 5th century. We do
not know if the word hypothesis was used in the 5th century's

mathematics. In the oldest mathematical text known (the four
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quadratures of 1lunes by Hippocrates of Chios - reported by
Eudemus) [25] originating in the last third of the 5th century,
the word 'hypotH%is' does not occur. But there is an occurence of
the word arche which in post-Euclidean mathematics, is often
synonymous with the word hypothesis [26]. However we cannot Kknow
if Hippocrates himself used this word. Plato in the Meno (86e),
referring probably to Hippocrates' method (cf chapter III, section
4) says "making use of a hypothesis like the geometers". From the
above mentioned passage we might infer that, at that time the word
hypothesis was already part of the mathematical vocabulary.

We can distinguish two different meanings of the word'hypothesis'
in mathematics: a) an ad hoc selected proposition (presupposition)
that is posited at the beginning of a proof, and b) a strictly
determined principle.

In Men 86e, the word hypothesis has the first meaning. -
H.PFocraPes' arche also has +the same meﬂcm‘ma; (see chapter III, section
4), We find such propositions in Euclid and 1later mathematics
under the name 'lemma'. According to Proclus (In Eucl 2f1), when
we use a lemma for solving a problem, we asssume the lemma as
known, we solve our problem on the basis of it, and after that we
prove the lemma. So the lemma is a kind of hypothesis ‘for the
solution of our problem. Before the proof of the 1lemma, our
original problem has been solved on the basis of a hypothesis.

The second meaning of the word hypothesis is related to the
organisation of Geometry into an axiomatic system. So the first
meaning of hypothesis may be earlier than the second.

Plato, speaking in the Republic (510b-5114d) about  the

principles of mathematics [27] calls them ‘'hypotheses' although

mathematicians view them as archai (this is probably suggested at
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511b5 and c7) or as self-evident principles (510d4d1). We might then
suppose that in Plato's time, mathematicians called their first
principles archai and after Plato's attack against them in
the Republic, the word hypothesis took also the meaning of 'first
principle' in mathematics. So in Proclus the word hypothesis is
synonymous with the word arche [28].

In the language of mathematics, the term hypothesis seems to
characterize all the non-demonstrable principles, either axioms
(or postulates) or definitions [29]. Aristqrchus of Samos begins

his book On the sizes and distances of the Sun and the Moon by

stating six propositions (principles) without labelling them. But
three lines later, referring to the first principle, he labels it
'hypothesis' [30]. Aristarchus' principles are axioms or
postulates in the Euclidean sense. But very often, the word
hypothesis is used to describe definitions.

Plato, in the famous passage of the Republic (510c-d), gives

three examples of the mathematicians' principles (odd and even,
three kinds of angles, various geometrical figqures). All these

mathematical notions are introduced in Euclid's Elements with

definitions (definitions VII, 6,7 for the odd and the even,
definitions 1I1,10,11,12 for the three kinds of angles and
defintions 1I1,15,18,19,20,21,22 for the geometrical figures).
Proclus uses the word hypothesis in the same meaning (In Eucl 178)
"the first principles of Geometry are divided into three groups:
hypotheses, postulates and axioms ceresceen hypotheses or what are
called definitions, we have considered in the foregoing" (cf also
76.6). On p.76, Proclus distinguishes three kinds of principles
according to Aristotle. After giving an account of hypothesis

according to Aristotle (p76.13-5, cf An Post 76a30-77a4) he ofers
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an example of a 'hypothesis' which is clearly the case of a
definition [31]. Later on (p77.20), Proclus adds that '"often,
however, they are all (ie. first principles) called hypotheses".

Archimedes (On conoids and spheroids ed, Heib, 249.13, 253.1) uses

also the verb hypotithesthai to introduce definitions.

The terminology concerning first principles in Greek geometry
is very loose, especially in Archimedes. We can hardly find
strictly determined terms concerning the various kinds of

principles. So Archimedes, in his work De' Sphera et Cylinder,

begins by stating two different kinds of principles with the

labels axioms and postulates (lambanomena). But in the 2nd, 4th,

5th and 6th axioms, as well as the 1st postulate, are definitions.
After stating his two groups of principles, Archimedes continues
"toUTwv &e UTmokelpevwv", that is to say, "with these
hypotheses...."

In conclusion then we can say that in Greek mathematics, we
cannot find a fixed terminology. The word hypothesis wusually
characterises all kinds of geometrical principles. It is still
very probable that before the axiomization of geometry, the word
hypothesis was used to describe propositions that were useful for

proofs. After it (and probably after Plato's criticism of

mathematics in the Republic) the word ‘hypothesis' took the

meaning of 'first principle', henceforth becoming more or 1less

synonymous with the word arche.
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discipline". According to Cornford (1932/1965, 66), the
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of the interlocutors. For the meanings of the words homologein,

synchorein in Plato, see L_yons, 1963,105.

[25]. See Simplicius, In Phys A2, ed Diels, 60-8.

[26]. See Proclus, In Eucl (Friedlein), 26-7.
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always-dependent on their predecessors, and some are counted as
starting-points (archai), others as deductions from the primary
hypotheses"; p58 "...which we say is ungeometrical because it
arises from hypotheses quite different from the principles of
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[29]. Cf Szabo, 1978, 323-6; Cornford, 1932/1965, 63-5.

{30]. Cf also Archimedes, Sand-Reckoner, (Heibergqg), ii
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know by a common notion in advance of being taught, but....."
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CHAPTER II

THE GREEK GEOMETRICAL METHOD OF ANALYSIS

Because my interpretation of Plato's hypothetical method
depends heavily on the geometrical methods of apagoge and
analysis, I propose here to examine these two geometrical methods
of indirect proof. The interpretation of the geometrical method of
analysis and synthesis presents many . problems that need
clarification. Moreover no interpreter has worked systematically
on the method of apagoge. I shall devote this chapter then, to a

discussion of the above methods.

1. The term analysis

The words @&valvoilg, &vaivetv originate from the verb AVE LV

and the preposition ava. According to LSJ, AVUELV means
'loose', 'loosen', 'unfasten', ‘'untie', ‘'set free', 'release',
‘undo', 'do away with'. When it is used in compound words, the
preposition ova means 'up to', ‘'upwards', "up', 'vack’,
'backwards' or sometimes has the sense of 'strengthening’',
'improvement' or repetition.

However the verb \Ueiv denotes actions (loose, untie, set
free etc) that have not any reference to determinations of place

such as up or down. It is very difficult for a verb to mean " AOW

1Y) ’ .
avw' or 'Auw katw' (that is, loose up or down).

<

In LSJ, we find that the main and primary meanings of

> / . .
avaAlvelv are 'unloose', 'untie', ‘'undo', ‘'get rid of', 'set

free', 'do away'. Therefore we see that the two verbs (Abetv,
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AVaAVELV) are nearly identical in their meanings.

We find the word &valdeiv (mainly in the form of 'aAlveiv')
seven times in Homer, once in Hesiod, once in Pindar, once in
Sophocles, once in Euripides and once in Xenophon [1]. The word is
absent from the vocabulary of Aeschylus, Herodotus,
Thucydides,Aristophanes, Lysias, Isaeus, Isocrates and Plato(2].
The word does not appear in the index (10th volume) of the Oeuvres

completes d' Hippocrate (E.Littré, Paris, 1861), or in Diels'

Index of Presocratics. It seems then L that while the word
avaAVelV was in use in Homer, it dropped out of use later (it is
worthwhile to note here that the noun &v&k001g occurs only once
-in Sophocles- , and the adjective &vaXUTlKég is completely
absent from all the ancient texts until Aristotle ).

The words avalUelv, QVoeAuoilg, GVaAUT1KOS, occur again in
Aristotle. However it seems that it was not Aristotle who
reintroduced the word into Greek vocabulary. There are some

passages in Aristotle (eg. E.N.1112b20-4, Soph.El.175a28) in which

it seems that the term ‘'analysis' was -already used by
mathematicians. The mathematical origin of the above Aristotelian
terms was recognised long ago[3]. It is very probable that the
word analysis was in use among the mathematicians of Aristotle's
time, and Aristotle took it from them. Mathematicians reintroduced
the word analysis into Greek vocabulary (after it had been disused
for a long time) to state a demonstrative process that goes in an
opposite way to the usual, that is to say, backwards or upwards.
In this way, the preposition &vad has now got meaning in the
composite word avalvoig (&valvolg = solution backwards or
upwards).

A.Szabo [4] claims that the meaning of the words &vakﬁelv,
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avdAUOIQ is not what it is usally taken to be, which is 'taking
apart' ('analysing' in our twentieth-century sense), but it is
rather like 'untying' or 'unloosing'. The role of our modern
'analysing' he reserves for Sialpelv, Siaipeoilc [5). "...as the
antithetical concepts are: &iaipeilv and ocuvOelval exactly for

our modern 'analyse' and 'synthesize'. In any case, Greek
06v@€01g and modern 'synthesis' seem to be identical .... but I
do not think that in classical Greek the words avaAQEIv,
aVaAuols could ever be synonyms for &ialpelv, 5101pE01S
respectively" (1974, p.119).

If Szabd had said only that the original meaning of the word
avalVelv was 'untying', he would be right. But from Aristotle
onwards we also find this word in the sense of 'taking apart' [6].
In An.Pr. 49a19, 51a18, 51a32, 47a4, 50a30, 50b3, 50b30, 51a2,
etc, the words avalvoig, avalVELV are synonymous with &vaywyﬁ,

&véY81v (cf. also Soph.El. 168a19). In N.E. 1112b18-25 -a passage

in which the word analysis is used in a mathematical context -
&V&AUOIQ (b24) is almost synonymous with ESQEOIQ (b19).
Therefore we can see that the words &vdkuctg, avalvelv have a
lot of other meanings besides this of 'untying'. But even Szabo's
claim that 51a{0801§ and odv@eOIQ are antithetical concepts

and also that GtafpeOIQ and &v&XUOIg have no common meanings,

is wrong. Aristotle uses the word SIG{DEOIQ at De Caelo 299b6-11

in the same context in which he uses the word avaluoic in De

Gen.Cor. 329a23. Moreover Proclus (In Eucl., ed.Friedlein, 57)

speaks of geometrical analysis (as opposed to synthesis) as a
transition from complex matters into more simple ones. But more
characteristic is another passage (p.382.1-2) in which Proclus

uses the word avaluoi¢ as exactly synonymous to Slalpeatg ("xen
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>

TOlVuv €186éval 011 mav  oxnpa  e0OUYpaUHOV €1 TPlywva
avaAveTal").

Therefore we can distinguish three different meanings in the
word analysis as showing a demonstrative process: a) as a movement
backwards (in this sense it 1is almost synonymous to the word
&nanYﬁ), b) as a movement upwards (synonymous to &vaywyﬁ),
and c¢) as resolution (or breaking up) of a complex matter to its
simple elements.

The problem that now arises is whijch of these three
characteristics is the original one in the mathematical use of the
word analysis. The word analysis in Greek mathematics is strictly
related to a demonstrative method. Its main characteristic is that
it accepts the conclusion (or the problem to be solved) as given
and draws consequences from it. In this sense it 1s a backwards
movement and it is similar to the reductive method of Hippocrates

of Chios. But at the same time, in pre-Euclidean mathematics (as I

shall try to show later), the method of analysis was wused to
function as a movement from specific problems to moréh general
ones, or as a tool for the reduction of mathematical propositions
to their principles. In this sense, the method of analysis is a
movement upwards.

However, in early Greek mathematics, both proof and
mathematical figure are called §&iaypdupate (see Arist. Met.
998a25; An.Pr.,46a8; Ross on Met.998a25; Plato Phaedo 73b1; Crat.
436d2; Xenophon Mem.1IV,7). Moreover, as we shall see later, the
analysis of a figure is an essential characteristic of the method
of geometrical analysis. Thus we can suppose that the meaning of
avaiVerv diaypauue is probably transferred from the proofs to

the figures and it means the breaking up of a fiqure into its
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parts{7].

2. Definitions of the geometrical method of analysis and

synthesis

Two definitions of Greek geometrical analysis have been

preserved: a) the definitions of Pappus (Collectio,VII, Praef.1-3;

ed. Hultsch pp.634.3-636.30) and b) the interpolated definitions

of analysis and synthesis in Euclid's Elements XIII (together with

five alternative proofs of the propositions XIII 1-5, by means of

analysis and synthesis).
A) PAPPUS

634.10 Analysis is the way from what is sought [gntouuevou] -as if
it were admitted [duoloyouvuévoul- through its concomitants
[&koXoVBwv; the usual translation reads: consequences] in
order to reach something admitted in synthesis. For in analysis
we suppose [Umo@épevol] wthat is sought to be already done
and we inquire from what it results [ouvupuBaivel], and again
what is the antecedent of the latter, until we on our backward
634.15 way light upon something already known or having the position of
a beginning [1@dv Adn yvwpirZouévwv N Tagiv &pyxhic €xdvrtwv]. And
we call such a method analysis, as being a solution backwards
[avémaAiiv Aboiv]. In synthesis, on the other hand, we
suppose what was reached last in analysis to be already done,
634.20 and arranging in their natural order as consequents the former
antecedents [kal €mdueva T4 €keil wponyoVueva katd 6001V
TaEavTeg] and linking them one with another, we in the end
arrive at the construction of the thing sought. And this we
call synthesis. Now analysis is of two kinds. One seeks the
truth [ZnTnTikdv 10U aAn@oUg¢]l, being called theoretical. The
634.25 other serves to carry out what was desired to do [mopioTikOV
10U mpoTaPevtog], and this is called problematical. In the
theoretical kind we suppose the thing sought as being and as
636.1 being true, and then we pass through its concomitants
[consequences] in order, as though they were true and existent
by hypothesis [ka® Un09601v], to something admitted; then,
if that which is admitted is true, the thing sought is
true, too, and the proof will be the reverse of the analysis
636.5 [kal n amdder&ig avrioTpodog TN avakuoetl. But if we come
upon something admittedly false [VveVder OouoAoyovuevw], the
thing sought will be false, too. In the problematical kind
we suppose the desired thing to be known, and then we pass
through its concomitants [consequences] in order, as though
they were true, up to something admitted. If the thlng
636.10 admitted is possible or can be done [&§uvatov N kal
Top10TdV]), that is, if it is what the mathematicians call
given [600€v], the desired thing will also be possible. The
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proof will again be the reverse of analy51s. But if we come
upon something admittedly impossible [aéuvatw ouokoyouuevw],
the problem will also be impossible.

(the translation is taken from Hintikka and Remes 1974,pp.8-10)

B) Euclid's scholiast

T1L €0T1V dvdxuc1g Kal oVvOeo1g

avakU01g HEV ouv eor1v Anvig Tovu ZNTOUMEVOU GG OUOAOYOUUEVOV
§10 TOV &KkoAoLOwv &mi T1 aAnOe¢ ouoxoyouuevov

Analysis is an assumption of what is sought as if it were
admitted <and the passage> through its consequences [concomitants]
to something admitted <to be> true.

OUVGEOIQ > Anwlg TOU ouoxoyouuevou 510 TWV &Ko AoVOWY ET1 v
TOU ZNTOVUUEVOU KaTaAn&ilv nTOl KaTaAnyiv.

Synthesis is an assumption of what is admitted <and the
passage> through its consequences [concomitants] to the finishing
or attainment of what is sought.

(the translation is taken from T.Heath 1926,vol.I, p.138)I[8].
The problem which most of the critics of the Greek geometrical

analysis have addressed, is the problem of convertibility between
analysis and synthesis. The classical view is supported by Hankel,
Cantor, Zeuthen, Heath, Robinson and Cherniss [9].

According to this view, analysis "was a method of discovering,
a method of discovering either proofs of geometrical propositions
or the solutions of geometrical problems. It was followed by a
synthesis, and the latter constituted in the first place a check
on the analysis, to make sure that there had been no error; but
secondly, provided that there had been no error, it constituted
the actual proof or solution for the sake of which the analysis
was undertaken.......For this method to work, the implications
must be reciprocal. Not merely must (1) imply (2), but (2) must
imply (1). The chain 1-2-3-4-5 must give an unbroken series of
necessitations whichever way you proceed along it. In other words,
the propositions concerned must be convertible" (Robinson,
1936/1969, pp.1-2). Therefore, according to the —classical

interpretation, the last step in the analysis becomes the first in

24
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the synthesis, which repeats the steps of the analysis in reverse
order until the original assumption is reached and so proved.
Both, analysis and synthesis, are deductive. According to this
interpretation, reductio ad absurdum is a special case of
analysis. In this case one may conclude, without synthesis, that
the original assumption is false or the solution impossible.

According to the second interpretation ([10], the method of
analysis is not one of deduction. The procedure is not to see what
follows from the original assumption but to see from what the
original assumption follows, and, having discovered this, to
proceed backwards until a proposition p is reached independently
known to be true. Then, by synthesis, the original assumption 1is
deduced through p and so proved. It is only synthesis which is
deductive, and not analysis. Cornford renders "§i1a TGV é&ﬁg
aKoAOUOWV" of Pappus' passage, not as '"'through its successive
consequences" (Heath, 1926, p.138) but as "through the succession
of sequent steps" (Cornford, 1932/1965, p.71) [11].

Pappus' passage has given rise to this controversy. His account
seems to be self-contradictory as far as the direction of analysis
is concerned [12]. In Pappus' passage we have four accounts of
analysis: (a)634.10-12, (b)634.13-17, (c)636.1-4 (theoretical
analysis), (d)636.6-9 (problematical analysis). Accounts (a), (c),
and (d) agree with each other and with the interpolated
definitions in Euclid XIII. These accounts seem to give support to
the classical view of analysis. That is, they seem to describe
analysis as a downward movement of deduction from an initial
assumption. The classical view is also supported by passages
636.5-6 and 636.10-12 from which we may suppose that Pappus

regards reductio ad absurdum as a case of analysis.
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However, account (b) seems to give support to Cornford's view,
because it describes analysis as an upward movement to prior
assumptions from which the initial assumption follows.

N.Gulley tries to escape from this puzzling situation,
accepting that "Pappus is repeating two different formulations of
the method, one describing it as an upward movement to prior
assumptions from which the initial assumption follows; the other
as a downward movement of deduction from an initial assumption"
(1958, p.13).

Mahoney (1968-9, 13-9) claims that either Pappus contradicts
himself or passage 634.13-22 is an interpolation. Since it is
unlikely that Pappus contradicts himself, the above passage must
be spurious.

However the problem of Pappus' self-contradiction may be due to
the accepted translation of "Ta aKOAouBa as "logical
consequences". Hintikka and Remes showed that ‘'akolou@ov' does
not always mean logical consequence [13]. They supply foundation
for their claim by refering to other passages in Pappus'

Collection in which the word akoAouv@ov clearly does not have the

meaning of logical consequence [14]. They also observe that in the
passage in which Pappus describes synthesis - an apparently
deductive procedure - he does not use the word akoAouBGov (15].
Therefore if we accept that the word akdolou@ov is used by
Pappus in a loose sense, then the problem of reversibility remains
open (if we rely only upon Pappus' description). Pappus' account

can easily describe both a deductive and a non deductive analysis.

3. Aristotle and ancient commentators _omn analysis

Let us now see how Aristotle and the ancient commentators
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describe geometrical analysis.

In several passages, Aristotle indicates clearly the method
recognised as geometrical analysis. First of all, the famous
passage in Ethics (E.N. 1112b15ff) in which the process of
deliberation in the sphere of actions is compared with analysis
in Geometry. As Hintikka and Remes observe, this passage presents
many similarities with Pappus' description, both in vocabulary and
structure [16]. In both passages we have a hypothetical starting
point (analysis as an opposite movement to.synthesis) and the last
step in analysis 1is the first in synthesis. Moreover, both
passages speak about the case in which analysis ends in an
impossibility. For Aristotle, analysis is an upward movement (Ewg
av EAOwolv ETL TO TP@TOV Q1T1OV, O EV TN eLPECEl EOXATOV E0T1V)
and the analytical procedure is an heuristic one (cf.Pappus,
634.5). It séémé//fgidm 1112b15-20 - that Aristotle has a
propositional interpretation in mind. The meaning of the word
'Staypappa' in the passage is not very clear (proof or figure).
But in practising the method of geometrical analysis (éépecially
problematical analysis) one relies very much on the analysis of
the figure.

In Met 1051a21-33, Aristotle emphasizes the role of auxiliary
constructions in Geometry. However it is not certain whether in
this passage Aristotle refers to geometrical analysis [17].

In Physics 200a16ff, Aristotle observes that "a straight 1line,
being what it is, it is necessary that the angles of a triangle

should be equal to two right angles, but the converse is not

necessarily true" (cf also An,Post. 94a28-35). Therefore,

Aristotle recognizes that convertibility was not always possible

in mathematics.
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In Soph.El. 175a26-29, he says that, in Geometry, synthesis may

fail even after a successful analysis, that is, that an analysis
might not be converted in a synthesis [18].

Nevertheless there is a passage in Aristotle (An Post 78a6ff)
that shows perhaps a deductive analysis. Aristotle says that
mathematical propositions are more commonly convertible than
dialectical ones, and this is what makes analysis in mathematics
easier [19]. However, the passage says neither that (in
mathematics) we always have convertibility nor that analysis is
possible only when we employ convertible propositions, but that it
is easier. Therefore, the passage does not give us any strong
evidence that analysis is always deductive [20]. The commentators
of Aristotle explain analysis here as a geometrical method of
discovering the premiss from which a proposition assumed to be

true can be demonstrated (Themistius In An.Post. 1I,26.22-4;

Philoponus, In An.Post. 1I,162.16-28) and so they give an

interpretation of the passage which implies that analysis need not
be deductive. But however we interpret this passage of Afistotle,
. it is almost certain that in Aristotle's time there was a
recognized form of geometrical analysis which worked with non-
reciprocal relationships.

Gulley showed (1958, pp.4-12) that for the ancient
commentators, analysis had the following characteristics: a)It
can be applied to many fields by <ypauuatikol, ¢0010Adyo1,
b1 1000601 Kal Yewuérpat [21]. b) It is a process of resolution of
a whole to its parts, or an ascent to what is prior, to principles
or causes, from which the assumed proposition can be demonstrated.
It is contrasted with the downward movement of synthesis or

apodeixis. c) As a logical method, it is classified as one of




CHAPTER II 29

the four divisions of dialectic (avaivoirg, aﬂ66€1€1§, 61afp€01g,
5010u6g), a classification for which the Greek commentators find
the basis in Plato [22].

Now geometrical analysis is presented in the same terminology:
a) It is an upward movement towards the principles (Proclus,

255.12ff; Philop., In An.Post. I, 162.25ff; Alexan., In An.Pr. I

7.15-8) [23]. The distinction between mathematical and dialectical
analysis is not one of direction, but one of simplicity and

complexity in the field of inquiry (Themist., In An.Post. I,

26.24-33). b) Similarly with Aristotle and Pappus, all Greek
commentators emphasize the heuristic capacity of the analytical
method. The method helps us to find proofs, lemmas, or principles
[(24].

It seems then that in Aristotle and in Greek commentators we
have the recognition of a method of analysis in Geometry,
described as an upward movement, and according to which the
relation between premiss and conclusion is not necessarily
reversible. Moreover, as Gulley observes (1958, 9), "whaf seems to
be assumed in Aristotle, is that geometrical propositions can be
ordered in a hierarchy, and it 1is principally in its use in
furnishing such an ordered science in Geometry that the importance
of a method of non-deductive analysis would appear to 1lie; its
task would be that of systematising geometrical knowledge and
co-ordinating results by leading back to first principles - to

axioms or definitions or something already demonstrated".

4. Three examples of the geometrical method of analysis and

synthesis

Let us now examine geometrical analysis as we find it not in



CHAPTER II 30

descriptions or definitions but in geometrical demonstrations. I
shall give three examples of demonstrations with analysis and
synthesis. The first is the second of the five interpolated proofs
in Euclid XIII, and the other two examples are from Pappus'

Collectio, one of theoretical and one of problematical analysis.

I Euclid, Elements XIII,2 (interpolated)

1. ENUNCIATION

A) That which is given (8ebouevov). Let (Aa) a straight 1line

2 _ 5pa?

CAD be such that CD
and (Ab) let 2DA=AB (see fig. 1)

B) The thing sought (znTtoUuevov)

AB is divided in extreme and mean ratio at C (AC2 = CB.AB),
and AC>CB. D A C B
2. ANALYSIS fig.1

For since

1. BA=2AD therefore BA.AC = 2AD.AC, and CB.AB=AC? (zntoupevov)

2. BA.AC + CB.AB = 2AD.AC + AC2

but since BA,AC + CB.AB = AB2

2 =2AD.AC + AC2, (and since AB=2AD)

2

3. AB

4, 4AD2 = 2AD.AC + AC

2 2 2

5. 5AD 2AD.AC+AC”+AD” (and hence by Eucl.II,4)

2 2

6. SAD (AC+AD)? = ©D

3. SYNTHESIS

For since

1. cp? = 5aD%, and cp?=ac2+aD2+2AC.AD

2. 5aD% = AC%+ADZ42AC.AD

3. 4AD? = AC24+2AC.AD, and since AB=2AD or AB2=4Ap2
4. aB2 = AC242AC.AD, and since AB2=AB.AC+AB.BC
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5. AB.AC+AB.BC = ACZ242AC.AD

and since AB=2AD or AB.AC=2AD.AC

6. AB.CB=AC?

IT Pappus Collectio,Book IV,prop.4 (theorem)

1. ENUNCIATION

A) That which is given (8e8ouéva)

Let ABG be a circle with centre E. Let BG be a diameter, and AD
a tangent (that meets the circle at A); it meets the extended BG
at D. Join D and F (any point on the circumference). Draw (the
diameter) AEH. Join H and F; join H and J (where FD meets the
circumference). The diameter BG meets HF at K, and HJ at L ‘(see

fig.2).

B) The thing sought (cntoﬁuevov)

That EK=EL

2. ANALYSIS

A)Analysis proper[25]

Let it be so (yeyovétw)

1.Let a straight line JM parallel
to BG be described through J.
first auxiliary construction; the
zetoumenon assumgion is not used figure 2
2. MP=PJ (by construction and by the zetoumenon assuméﬁon'KE:EL)
3. Let a perpendicular from E to FJ be described.
2nd auxiliary construction; the zetoumenon assumption is not used
4, FN=NJ (Eucl. III,3)

5. Let N and P joined
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3rd auxiliary construction; the zetoumenon assumption is not used
6. NP and FM are parallels (Eucl.,bVI,2)
7. Let J and A be joined
4th auxiliary construction; the zetoumenon assumption is not used
8. The angle JIJNP=NFM=JAP (Eucl. I,29; III,21)
9. The points J,A,N,P are on a circle (converse of Eucl.III,21)
(the introduction of the circle JANP is based on the zetoumenon)

10. The angle ANJ=APJ=AEL (Eucl.I,29; III,21)
11. The points A,N,E,D are on a circle ‘

B) Resolution

It is really so (€otiv 6¢)
1. The angles DAE and END are both right angles (and so the points

A,N,E,D do lie on a circle)

3. SYNTHESIS

A) Construction (kaTaokeun)

In the few theoretical analyses there are in the Collectio the

construction seems to be missing. The same constructions which are
introduced in the analysis proper are used in the synthesis.
B) Proof (amodeific)
1. Because the angles DAE and END are both right, the points
A,N,E,D are on a circle.
2. Consequently the angle AND=AED
3. But because ED and PJ are parallels, the angle AED=APJ
4., Hence the points A,N,P,J are on a circle
5. Hence the angle JAP=JNP
6. But the angle JAP=JFM

7. Therefore the angle JFM=JNP
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8. Hence FM and NP are parallels

9. FN=NJ

10. Hence MP=PJ

11. Because MJ and KL are parallels, MP/KE=PJ/EL or MP/PJ=KE/EL.

Therefore, KE=EL.

A

III Pappus,Collectio,VII,prop.108(problem)

1. ENUNCIATION =

A) That which is given (8e8oueva)

Given two points D,E within a given circle

B
B) The thing sought (zntouvuevov) fig.3

To draw lines from D and E meeting the circumference at A, so that
if these lines are produced, to meet the circumference at B and C,
CB will be parallel to DE (see figure 3).

2. ANALYSIS

A) Analysis proper
Let it be so (yeyovetw) )
1. Draw BF tangent to the circle at B (auxiliafy construction)
2. Draw the line EDF (auxiliary construction)

3. DE and BC are parallels (zetoumenon assumption).
4. The angle FBA=BCA=DEA
5. B,F,A,E lie on a circle
6. Hence rectangle BD.DA=rec FD.DE; but BD.DA is given
B) Resolution
1. BD.DA is given
. Hence FD.DE is given

2
3. But DE is given; hence FD is given.

4, D is given; therefore F is given.
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5. FB has been drawn tangent from a given point to a given circle;
therefore FB is given in position.

6. But the circle is given; so point B is given.

7. Point D is also given; hence BD is given.

8. Since the circle is given, point A is given.

9. But both D and E are given; hence DA and EA are given.

3. SYNTHESIS

A) Construction (kataokeun)
1. Let ABC be the circle and D,E the two given points.
2. Let any line ADB be drawn.
3. Make rectangle ED.DF=rec AD.DB
4. From F draw FB tangent to the circle.
5. Draw lines BDA and AEC.
B) Proof (amodeir&ic)
1. AD.DB=ED.DF
2. Hence A,F,B,E are on a circle.
3. Hence angle FBA=AED
4, But because angle FBA=BCE, then angle AED=B¢E.

5. Therefore BC is parallel to DE.

5. Discussion of the method

The first of the three examples seems to justify the classical
interpretation of the method of analysis and synthesis in which
both the two processes are deductive. Indeed, Robinson's
interpretation -and Mahoney's as regards the theoretical analysis-
is based on this example [26]. In this example we have indeed a
deductive process in both directions, where the last step in the

first process is the first in the second. Both movements go
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downwards.

If we observe all the descriptions of geometrical analysis, we
shall see that in analysis we begin from the theorem to be proved
or the problem to be solved (say B), and we arrive at a
proposition C, that is true independently of our hypothesis (B).
Then synthesis starts from C and arrives at B.

However this is only half of the truth as far as the method of
analysis is concerned. Every enunciation of a theorem or a problem
has two parts; the given and the thing séught. Analysis starts
from both, the given and the thing sought (cf examples II and
IIT), and during its process we utilize other known propositions
(axioms or theorems - 1let them be K). So in the analytical
process, the ultimate premiss is the conjunction KNAAB (A=the
given, B= the required). The proposition C at which the analysis
finishes its process must be independently true. This means,
independent only of B. Hence C is either a) an axiom (that is an
element Ki of the set K), or b) a theorem (that is Kj), or c¢) a
proposition that can be proved from KNnA (in thié case we have KN A
—»C).

In example I, analysis does not start from the conjunctéon KNA

NB and does not finish in a proposition C. The enunciation of the
theorem has the form: if Aa and Ab, then B (the given has two
parts). The 'analysis' begins from Ab and B and concludes to Aa.

So we have:analysis: if Ab and B then Aa

synthesis: if Aa and Ab then B

But this obviously is not a case of geometrical analysis and
synthesis. We do not prove a theorem by analysis and synthesis but

two converse propositions only by synthesis (deductively) [27].




CHAPTER II 36

Converse propositions are often found in Euclid's Elements (ie.

I,5; I,6), sometimes under the same enunciation (ie. III,14).
Therefore it is wrong to view the five proofs interpolated in

Elements XIII as examples of analysis and synthesis, because there

is no analysis [28]. Even the two definitions at the beginning of
the interpolated proofs do not accord with them (cf. "2ri Tt
&AnOEC" and not "émi T1 Sedoudvov"). If we regard them as cases

of aﬁalysis it is impossible to find where their heuristic value
lies.

Mahoney, interpreting theoretical analysis in the 1light of
these propositions, is led to a wrong di_stinction between
theoretical and problematical analysis: "it is really this form of
analysis [the theoretical one] that demands consideration of
logical reversibility" (1968/9, p.329); and on p.330:
"problematical analysis seeks answers not proofs; hence the
problem of reversibility is of secondary importance".

Let us now examine the other two examples. First of all let us
make a preliminary note. The method of analygis is a helpful
method for solving difficult problems (or proving difficult
theorems). Its application to simple problems (or theorems) has no
meaning. The method is useless. We can understand its heuristic
value only if we apply it in difficult cases in which the wuse of
auxiliary constructions is a necessity.

The first thing we have to emphasize is the crucial role that
the auxiliary constructions play in analysis [29]. In fact
theorems that do not need auxiliary constructions, do not need
analysis either [30]. Through the auxiliary constructions we

introduce new mathematical entities in the proof and hence new
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mathematical relations in the theorem (or problem). The first task
of analysis is the discovering of these auxiliary constructions,
and after that the discovery of the proof.

We can see from the second example above mentioned, that
analysis begins from both the given (A) and the required (B) (and
perhaps other known propositions K) and arrives at a proposition C
(KNAAB — C) that is known independently of the required. On the
othef hand synthesis begins from K and A, takes the proposition C
into account, and arrives at B (KnAnC+e>B); Thus the proposition C
is one of the main premisses from which we can deduce the required
B. But C is not given. Hence, the role of analysis is to find C
{31], and finding this, to find the proof (cf. Geminus' definition
of analysis as "&no&ef&ewg e%peclg"). However in order to find
C, we have first to proceed to some auxiliary constructions (now
analysis seems to be an analysis of a figure; cf. Aristotle, Met.
1051a21£f).

The heuristic secret of the method, is to use the theorem to be
proved (or the problem to be solved), to find a.proof for it. When
we have to prove a theorem (or to solve a problem) there 1is -
besides the given figure and the given mathematical relations- a
great number of possible auxiliary constructions and an even
greater number of geometrical relations among these geometrical
entities. It is very difficult -and sometimes impossible- to
choose the suitable auxiliary constructions (and relations). With
the aid of analysis (using the required) we eliminate the number
of possible choices and we have something to guide us.
Nevertheless the method of analysis is not a mechanical procedure.

It is not a decision procedure with the help of which we can
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proceed mechanically. Although we have exploited the structure of
the theorem to be proved, a lot of choices still remain.

In analysis there is a fact of discovery. This 1is <closely
related to the experience, the intuition and the mental capacity
of the geometer [32]. The classical interpretation describes
analysis as a method in which we draw conclusions (deductively)
from the theorem to be proved until we arrive at something known.
However this description is misleading. Although it does not view
analysis as mechanical procedure, it does not pay attention to the
role that intuition, experience, and mental ability of the
gepmeter play in ‘analysis. The problem is not whether we draw
conclusions or not, but how we choose the appropriate chains of
conclusions. This is because in every step in analysis we have a
lot of choices in both auxiliary constructions and consequences
that can be drawn from the original assumpion. Thus, before one
can find a successful analysis one may have a lot of unsuccessful
ones. Moreover when one works by analysis one 1is searching to
establish one's required proposition. Hence thé question "how can
I establish it" goes together with the question "what conclusions
can I draw from it". Therefore in analysis we have two procedures
bound together: a) drawing conclusions and b) 1looking for
premisses.

For example, consider the problem: Given two points A,B and a
straight line. To find, on the line, a point M such that AM + BM

is a minimum (see figure 4). A

(The problem is solved by finding a point A1

symmetrical to A, and drawing the line A1B)

Analysis: Let M be the required point such that AM+BM = min. Let N
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be another point on the line. Then AM+MB < AN+NB. But now, how can
one compare these two broken lines? For, in order to be able to
compare two broken lines with the same ends, one must include the
other (Eucl. I,21). This is impossible in this figure. So, one
must transform it (the figure) suitably by an (or some) auxiliary
construction. However, if one find the image A1 of A then .......

All these series of thoughts in a geometer's mind are obviously
a search for premisses and auxiliary constructions rather than a
deductive series of conclusions from the aésumption to be proved.
However, when the proof (or the solution) is over and we write it,
we formulate it in a different way as a serie§ of constructions
and logical consequenses.

We may now say that the main problem of an interpretation of
the method of analysis and synthesis 1is not so much whether
analysis is deductive or not, but the process of thought of the
geometer when he practices analysis. The interpretation that
requires analysis always to be deductive assumes that the geometer
draws conclusions (deductively) from his initial asssumption (the
problem to be solved). The other interpretation requires analysis
to be non-deductive and assumes that the geometer looks for
premisses. However the above example of analysis shows that,
independently of whether or not analysis 1is deductive, the
geometer may search for auxiliary constructions and premisses for
his proof without deducing conclusions from his initial. problem.
The search for premisses does not exclude the deductiveness of the
analysis. The geometer always expects that if he succé%s in an
analysis he will be able to proceed to synthesis (although this

last sometimes might not happen). However he is mainly interested
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in finding a solution for his problem and not in carrying out
deductively all the consequences of his initial problemn.

Carpus (reported by Proclus) says that the method of analysis
is mainly applied to problems rather than to theorems [33]. We
must now see 1if there 1is any essential difference between
theoretical and problematical analysis.

In Pappus' definition of analysis and synthesis we do not see
any.crucial methodological difference between theoretical and
problematical analysis. But if we 1look ‘carefully at the two
examples mentioned above, we shall notice a lot of differences. We
have emphasized the role of the new mathematical entities that are
introduced by the auxiliary constructions. In a theoretical
analysis (cf example II) we have two kinds of mathematical
entities: a) the given ones; and b) the new ones that are
introduced in the process of analysis, through the auxiliary
constructions. In theoretical analysis the figure is given and the
zetoumenon introduces a new mathematical relation, but not new

entities. Thus, the auxiliary constructions are based on the giwven

figure The heuristic role of theoretical analysis is based only on
the fact that we exploit the new geomeg}cal relation (the
zetoumenon).

Now, in problematical analysis (cf example III) we have three
kinds of mathematical entities: a)the given ones, b)the entities
that the zetoumenon introduces, and c) those that are introduced
in the process of analysis. In problematical analysis the given
figure is different from the one that analysis begins its process

with [34]. In problematical analysis the auxiliary constructions

are based almost exclusively on the zetoumenon. The heuristic role .
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of problematical analysis is far greater than that of theoretical
analysis, because now we exploit a)the mathematical entities found
in the zetoumenon, and b)a great number of geometrical relations
in which the geometrical entities introduced by the zetoumenon
are involved. Hence in many problems it is impossible to proceed
to the solution without analysis (cf the examples of the note 3k),
while in theorems, it is always possible to proceed to their proof
without analysis [35].

We said that in problematical anélysis the auxiliary
constructions are based on the zetoumenon. Therefore two different
types of Jjustification are needed: a)justification of the
analysis, b) justification of the auxiliary constructions. We can
see (examples II and III) that analysis and synthesis each have
two parts. But while in problematical analysis the resolution is
the bigger part, in theoretical analysis it is rudimentary (if not
absent) [36]. In problematical analysis the resolution serves to
establish the independence of whatever constructions are
necessary, from the ze%umenon; ie. to establish that all the
geometrical entities needed 1in the argument  were 'given'
(resolution is opposite to construction).

The rudimentary role of resolution in theoretical analysis,
shows only that the last proposition in the analytical process
(C), is independent from the zetoumenon (cf example II) [37].

Lakatos and Szabd claim that analysis 1is a procedure of
testing conjectures [38]. This interpretation, does not take into
account the 1role of auxiliary constructions and the double
character of analysis (drawing conclusions and searching for

premisses). It is surely wrong and it cannot explain fully the



CHAPTER II 42

heuristic usefulness of the method.

When we propound a problem to solve, it is not known that the
problem is solvable (cf. Pappus, Coll. III, praef. 1, pp.30-1). We
begin from our conjecture and we draw conclusions (and we carry
out auxiliary constructions). There are three possibilities: a) we
arrive at something impossible, b) we arrive at something
constructable, or c) we arrive at something that does not help us
to solve or to reject the problem. In the third case we shall try

again through other auxiliary constructions and other series of

conclusions. So in the general procedure of ‘'testing' our
conjecture (the problem to be solved), we have other
‘subconjectures' (finding the suitable auxiliary constructions)
and 'tests'. But all these 'subconjectures' are not done at

random. We always have in mind the problem to be solved and our
auxiliary constructions are chosen in such a way as to relate the
required to the given (or other known propositions). This
procedure of conjecture and test is at the same time an . analysis
of figure and a search for premisses. The required guides us. The
same holds good when we have to prove a theorem.

In the accounts of Pappus and Aristotle(E.N.,III2b), we find
that, instead of something known, the end-point of an analysis may
be an impossibility. According to the classical interpretation, we
find here evidence that analysis proceeds downwards. The outcome
of the 'analysis proper' would be a reductio ad absurdum argument
{39]. Although such a posibility may exist, to infer that this
fact shows that analysis is always deductive is not valid. We can
easily have a non deductive analysis which ends in an

impossibility without having a reductio ad absurdum proof [40].
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Reductio ad absurdum is an indirect proof. Proclus (p. 255)
classifies analysis and reductio ad absurdum among the proofs that
proceed to the starting points, but while analysis is affirmative,
reductio is destructive. Reductio ad absurdum starts not from the
proposition to be proved (say A), but from its contradictory (-A),
and in leading us to an impossibility, proves A [41]. Although it
presents many similarities with analysis, its logic and
applicability are different. Reductio is applicable in theorems
and not in problems, while analysis is' applicable mainly in
problems. Reductio is the most effective method of proving the
converse (say B) of a theorem (say a), by admiéing -B and arriving
at an impossibility, exploiting A [42].

Reductio ad absurdum is not then a case of analysis and this
was recognised by Proclus. Analysis is always followed by
synthesis, reductio never. Reductio leads to negative proofs ,
never to affirmative ones. According to the classical
interpretation (that takes analysis to be deductive), analysis is
the real proof and synthesis is reduced to a mere confirmatory
device. But in all ancient tradition, synthesis is considered as
an integral part of the method, perhaps the most important. Only
synthesis is called also &Né&EIEIQ (cf. Pappus' definition).
Analysis discovers the premisses but only synthesis demonstrates.
For Greek mathematicians, as for Aristotle, there is a clear
differentiation between the premisses of a demonstration and its
conclusion. Premisses are prior and better known than the
conclusion. So the difference in direction between analysis and

synthesis 1is an important one. Analysis (going upwards or

backwards) is heuristic. Synthesis, on the other hand (going
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downwards) is demonstrative.

\
6. ’ATaywyn (reduction) - the early analysis

Many historians of mathematics seem to assume that the early
analysis was apagoge (reduction) [43]. Zeuthen [44] has suggested
that the first part of the late analytical proof system, which we

have called ‘analysis proper' was called apagoge. Apagoge is

earlier than analysis. Hippocrates of Chios (second half of 5th
century) was the first who systematically employed 1it. Because
apagoge 1is very relevant for our explanation of Plato's
hypothetical method, let us examine in greater detail Hippocrates
of Chios and the method he used to practise in geometry.
Hippocrates of Chios is famous, as a mathematician, for three
achievements: a) for squaring the lunes [45], b) for the reduction

of the problem of doubling the cube to the finding of two mean

proportionals [46], and c¢) for being the first - according to
Eudemus - to compile Elements [47].
However, apart from these chievements, the name of

Hippocrates is related to a geometrical method called apagoge.
Historians of mathematics have not paid sufficient atteption to
this point.

Proclus says the followi__ng regarding apagoge:

Reduction is a transition from a problem or theorem to
another which, if known or constructed, will make the
original problem or theorem evident. For example, to solve
the problem of doubling the cube, geometers shifted their
inquiry to another on which this depends, namely, the
finding of two mean proportionals; and henceforth they
devoted their efforts to discovering how to find two means
in continuous proportion between two given straight lines.
It is reported that the first to effect reduction of
difficult (perplexing) constructions (&dmopovuEvwv

S1aypduuotwv) was Hippocrates of Chios who also squared

the lunes [48].
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I shall offer some remarks on Proclus' account of apagoge: i)
Apagoge is a method that can be applied both to theorems and
problems. However, it seems that it was used mainly in problemns,
at least by Hippocrates (...the first to effect reduction of
difficult constructions...). The above passage may also imply that
apagoge is more useful in difficult than in simple cases.

ii) Proclus says that Hippocrates "effected reduction of
difficult constructions" (plural). That means that apagoge was a
method that Hippocrates often prac_tised.

iii) Proclus does not say that Hippocrates was the first to
practise (or to invent) apagoge, but he was the first to effect
reduction of difficult constructions. Heath [49] claims that we
cannot "attribute to Hippocrates the discovery of the method of
geometrical reduction" only on the strength of Proclus' passage.
However, even if Hippocrates did not discover apagoge, he was the
first who practised it systematically.

I shall now examine the method that Hippocrates used is his
famous proofs of the quaring of lunes, as Eudemus reports them.

Scholarly opinion is unanimous regarding the genuineness of
the following passage that is of great importance for the method
that Hippocrates used to practise:

He (Hippocrates) started with, and laid down as the first

of the theorems useful for his purpose (apynv uev ovv

émoinoato kal mpdtov #OeTO TAV WPOS AVTOUS XPNOoluwv), the

proposition that similar segments of circles have the same
ratio to one another as the squares on their bases have.

And this he proved by first showing that the squares on

the diameters have the same ratio as the circles [50].

The stages in Hippocrates' proofs are the following: 1) He

enuciates the problem (say B), 2) he takes as the starting point

(apXnv pev oVUv €moinoato) a proposition L, that is, "similar
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segments of circles have the same ratio as the squares on their
bases", 3) he proved L (e6eikvuev) by means of another
proposition M, that is, "the squares on the diameters have the
same ratio as the circles", 4) he proved M (8c1&a1), and 5) he
solved the four cases of the squaring of the lunes utilizing L.

In other words, Hippocrates first proposes the problem to be
solved (B), then he finds a proposition L that lets him solve the
problem (or reduces B to L). L constitutes the principle (arche)
for the construction of the o%iginal problem. Thirdly, he reduces
L to another proposition M, and he proves L via M (M is now the
principle for the proof of L). Fourthly, he proves M (presumably
deriving it from some known propositions), and finally he solves
his ?;iginal problem by means of L.

£t is easy to see that Hippocrates' demonstrative procedure is
different from the usual one known from Euclid. In fact, as
regards the first four stages, Euclid would proceed in the reverse
order, that is 4-3-2-1. It seems then that Hippocrates applied his
usual method of apagoge in the case of the squéring of the lunes.

As regards the four proofs reported by Eudemus -whgﬁer we
accept Diels' or Heath's version of the original text - there is
the problem of what is due to Eudemus and what to Hippocrates
himself. The text of the proofs is very elliptical and contains
many gaps. In the second problem, the actual squaring of the 1lune
is omitted ('"presumably as being obvious" Simplicius remarks). It
is certain that Eudemus does not quote Hippocrates word for word.

The four proofs have a direct and not an indirect form.

However, many times, proofs that are discovered indirectly

(through analysis or apagoge) are presented in their exposition in
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a direct form. If Hippocrates used apagoge in any of the four
proofs, this should have happened in the third proof which is the
most difficult. Looking at this proof (the text here 1is very
problematic) we can observe that there is in it a reduction of the
original problem to a problem of neusis ('inclination', or
‘verging') (64.18); moreover, there is a passage (genuine
according to Diels, spurious according to Heath) which clearly
remiﬁds us of the indirect method of apagoge ([51]1; furthermore,
from Eudemus' report of this squaring, we ﬁave the feeling that
although the problem had been solved indirectly, only the direct
part of the demonstration was reported.

Hippocrates' arche is not a principle in the Euclidean sense.
It is an ordinary geometrical proposition which Hippocrates -
according to Eudemus - had proved. Euclid would never use this
word for such a proposition. Hippocrates' arche (it 1is not
certain, however, if Hippocrates himself used this word or its use
is due to Eudemus) is a proposition which helps him to solve his
problem; it is a relative starting point that itself needs proof.

In this sense it is the same as a lemma. Proclus (In Eucl 211)

defines a lemma as follows:

The term lemma is often used to designate any proposition
invoked for the purpose of establishing another, as when
we assert that a proof can be made from such-and-such a
lemma; but the specific meaning of lemma in geometry is 'a
proposition requiring confirmation'. Whenever for a
construction or a demonstration we assume something that
has not been demonstrated but needs to be proved, in such
a case, considering that the assumed proposition, though
doubtful, is worthy of inquiry on its own account, we call
it a lemma. It differs from a postulate and an axiom in
being a matter for demonstration, whereas they are invoked
in their own right without demonstration to establish
other propositions.

From Proclus' statement we can see that when we use a lemma
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for solving a problem, we assume the lemma to be known, we solve
our problem on the basis of it, and after that we prove the lemma.
So the lemma is kind of hypothesis (or relative principle) for
the solution of our problem. We find exactly the same procedure in
Euclid. Indeed, when Euclid uses a lemma for the proof of a
theorem (eg XI 23, XII 2,4) he proves first the theorem on the
basis of the lemma and afte:?ﬁg proves the lemma. Therefore before
the proof of the lemma, the theorem has been proved only on the
basis of a hypothesis. So in theorem XI 23; Euclid uses the verb
'OmoketTat " when he utilizes the - not yet demonstrated - lemma.
This is exactly what Hippocrates did when he proved that "similar
segments of circles have the same ratio to one another as the
squares on their bases" through the proposition (lemma, arche or
hypothesis) '"the squares on the diameters have the same ratio as
the circles".

"Apagoge is a transition from a problem or theorem to another,
which, if known or constructed, will make the original problem or
theorem evident'". It is now plain that the above definition of
Proclus fits exactly the method of Hippocrates. Apagoge 1is a
transition from a problem (or theorem) to another which is
probably easier to solve. The original problem is solved
hypothetically on the assumption of this second problem (or
theorem). We have a real solution of our original problem only
after the solution of the second one.

The method of Hippocrates is an indirect one. If we have to
solve a difficult problem and we cannot foresee from which

propositions (or constructions) the solution must start, we can

proceed indirectly (backwards) and reduce our problem (B) to
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another one (L). This last constitutes the arche (or lemma or
hypothesis) for the solution of B. We prove B (hypothetically) on
the basis of L and after that we try to prove L in the same way.
Thus, this method is mainly one of discovering lemmas and proofs.
Its advantages are that a) it utilizes the structure of the very
proposition that we have to prove, and b) it does not presuppose
a complete system of anterior propositions.

We can easily see that the method of reduction of a problem or
theorem to another is analogous to the later method of geometrical
analysis. Because of that some historians of mathematics thought
that Hippocrates used (or discovered) the method of analysis [52].
However we have no evidence to attribute analysis to Hippocrates
simply because he used to practise a kind of indirect proof.

Nevertheless although Hippocrates did not practise (or
discover) the method of analysis, his analytical-reductive method
was the base for the subsequent development of analysis. Both
apagoge and analysis accept the probiem to be solved _ (or the
theorem to be proved) as a starting point and -according to
Proclus' terminology- they proceed to the principles and they are
‘affirmative' (that is, they prove and not disprove something). In
the same way as analysis, apagoge is wused mainly in difficult
problems. Finally, both are methods for discovering proofs and
lemmas. In fact the method of analysis 'is nothing else other than

an evolution and elaboration of apagoge. Apagoge is very

primitive. Its only secret is that it takes the required as
conjecture and, drawing conclusions from it, works in a different
way from ordinary deductive proof. Apagoge has no place in an

elaborate post- euclidean geometrical system. Apagoge,starting
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from the problem to be solved (say B), reduces it to another
problem (or theorem -say L). The problem B is now solved
hypothetically on the basis of L. We <can solve L directly or
indirectly. If we proceed to solve L via another reduction, we may
reduce L to another geometrical proposition M (L is solved again
hypothetically on the basis of M). If we continue the same
procedure, reducing M to another proposition N and so on, we may
arrive at a proposition C that is already known independently. Now
the original problem is solved.

The similarity between the method of analysis and synthesis and
the method of successive reductions is striking. There is however
a difference in their structure. In the method of analysis and
synthesis the way up (analysis) and the way down (sythesis) are
separated. In apagoge, both ways are involved in every step of the
method. This means that every reduction (every movement backwards)
is immediately followed by a deductive movement downwards, and
only after that we proceed to a new movement backwards. We can
show the two different procedures as follows:

A. Method of analysis and synthesis
1.Analysis:B(plus A and K)=PLT=2MTPNT2 ......-=2C
2.Synthesis:C(plus A and K)...cee=—>N—>M—SL—B

B. Apagoge

B(plus A and K)ﬁLﬁMﬁNﬁ......ﬁC (53]

We can easily see now that if we separate the two procedures
(up and down) in the method of successive reductions, we have
exactly the method of analysis and synthesis.

We do not know whether Hippocates' reductions were always

deductive or not. However it seems that his main iterest was the

proof of his problem B through his principle (arche) L and not the
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manner in which we arrive at L from B. We may see this in the case

of his reduction of the Delian problem. Hippocrates reduced this

problem to that of finding two mean proportionals between a number

3

and its double. That is, he reduced the proposition x3=2a (1) to

the proposition a/x=x/y=y/2a (2), and hypothetically solved (1)
through (2).

Let us try to see what kind of analysis Hippocrates may have
used and how he arrived at proposition (2) from (1). 1If we go
from (2) to (1) the proof is very simple:

B x2=ay —Y=x2/a
a/x=x/y=y/2a x3=2a3
N y2=2ax _x4/a2=2ax

If, on the contrary, we go from (1) to (2), then the proof is
difficult because it presupposes the introduction of another
unknown variable (i.e. y). We have: x3=2a3, we posit y=x2/a and
then

—§=x2/a -—x2=ay _-x2=ay J;/x=x/y
‘a/x=x/y=y/éa
x3=2a3 __x3=2a3 _9xy=2a3 F_xy=2a2

It is very difficult to imagine that Hippocrates reduced
proposition (1) to (2) using the second procedure. It is more
probable that proposition (2) was found by him intuitively and
after that, Hippocrates tried the first procedure. This must be
done in the following way: In the epoch of Hippocrates, the

problem of the duplication of square (x2=2a2) and its reduction to
the finding of a mean proportional between a number and its double

(a/x=x/2a) was well known. It seems then that by analogy,

Hippocrates thought that the problem of duplication of cube could

be reduced to the finding of two mean proportionals.
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In Archimedes [54] we have an interesting case in which the
relation between apagoge and analysis appears clearly. Archimedes
propounds the problem "to cut a given sphere, so that the segments
of the sphere shall have, one towards the other, a given ratio",
and he proceeds to solve it analytically. In his solution we have
the following steps: a) analysis of the main problem (say A) which
is reduced to a particular case (say B1) of a general problem (say
B); b) analysis of the general problem B which ends with a

diorismos; c) synthesis of the problem B according to the three

cases that have resulted from the diorismos; d) proof that in the

particular case B1, to which the original problem has been
reduced, there is always a real solution; e) synthesis of the
original problem.

It is generally accepted that analysis is strictly related to

diorismos (condition of solvability of a problem) [55]. Indeed

analysis may well show the necessity for a diorismos by
indicating, in the final stage of its reasoning, that the problem
in question admits a solution only under certain conditions.
Diorismos 1is practised in the second part of analysis
(resolution), and it can establish only necessary and not
sufficient conditions of solvability, in advance of a synthesis
(cf. also Hintikka-Remes, 1974, pp.58-9). So Archimedes' analyses
(cf. the above example) frequently end with a diorismos. According
to Heath (1926,I, p.142) this was common in the analyses of
problems. In the Euclidean systematic form of exposition,

diorismos discovered by analysis, is incorporated into enuntiation

of the proposition (cf. Eucl. VI, 28).

Although it is possible that cases of diorismoi were known by

the Pythagoreans (cf. Heath, 1921,I, p.230) -that is, before the
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method of analysis- its systematic use and formulation is possible

only with the help of the method of analysis.

7. The role of indirect proof in the axiomatization of

geometry

We said that apagoge was the forerunner of analysis. Apagoge
is connected with the geometry of the 5th century and especially
with the name of Hippocrates. In this age, geometry was a set of
different and independent theorems and problems, and different
deductive chains. Geometrical propositions were still being
presented with proofs which were hardly standardized, since
Eudemus asserts that the order and method of arranéﬁent of the

Elements were work of Leodamas, Leon, Theaetetus, Archytas and

others- all mathematicians of the beginning of the 4th century
(see in Proclus, p.66).

In such a situation, an indirect method works more easily than
a direct one. It is easier (in difficult cases) to consider our
problem as solved and then to seek a solution by working gack from
the original assumption. In analysis (and apagoge), taking as an
assumption the proposition to be proved, it is possible to begin
without the need of other premisses. So the indirect proof does
not presuppose a complete system of anterior propositions. Here
lies the revolutionary role of apagoge and analysis in mathematics
before axiomatization. At this time the apagoge of Hippocrates
-and the early analysis later on- functioned as the tool that
related different theorems, problems and deductive chains. The
procedure of analysis leads us to the discovery of other
propositions (or hidden lemmas). Analysis treats these new

propositions as related, sets them in order and creates a



CHAPTER II 54

hierarchy among mathematical propositions, giving order to the
disorder.

We may suppose that in pre-axiomatic mathematics, analysis has
the following features:

a)It leads to an interrelation of the various mathematical
propositions and proofs. Going backwards, it often reduces
geometrical propositions to more basic theorems or more simple
constructions (cf. the reduction of the squaring of lunes to the
general theorem '"circles have the same ratio as the sguares on
their diameters'", by Hippocrates of Chios). Often geometers have
tried to show that a particular problem (or theorem) is a special
case of a more general one. The analytical method is wuseful in
such reductions (cf. the above example of Archimedes).

b) It leads to the discovery, and proof of new theorems and
problems. Apagoge and analysis lead to the discovery of hidden
lemmas (cf. Proclus, p.211.11-3).

c) Analysis 1leads to the discovery of new fields of
investigation in mathematics. The Delian problem leadsw to the
problem of finding two mean proportionals between two numbers and
from there to the conic sections. The problems of the trisection
of an angle and the squaring of lunes 1lead to the problems of
inclinations.

d) Analysis is the best method of discovering hidden assumgions
and so asking for evidence for things that appeared to be
self-evident. It is not a chance occurence that at the time when
Hippocrates used his reductive method, another eminent
mathematician, his compatriot Oenopides was working on problems of
elementary constructions (Proclus, pp.285,333), but was using

purely strict methods for the first time [56]. We may also say
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that analysis (as well as reductio ad absurdum), in asking for
reasons for things that appear evident, serves as a significant
tool for the antiempirical trend in mathematics [57].

e) Analysis leads -as we said- to diorismos.

f) Analysis plays a great role in the reduction of geometry to
its first principles, and hence its transformation into an
axiomatic system [58]. It is very probable that because of this
role which the method of analysis played in the axiomatization of
Geometry, it was viewed, even from its beginning as an upward
movement of reduction into first principles. It is this function
that Aristotle and the Greek commentators stress in their
descriptions of the method.

In the first years of the 4th century, a new generation of
mathematicians appear (Leodamas, Archytas, Theaetetus, Neoclides,
Leon, Eudoxus). These mathematicians changed the structure of the
geometrical research. According to Eudemus, geometry was
formulated into an axiomatic system by this generation of
geometers. Before the time of the axiomatization of Qeometry,
analysis had been a revolutionary method. Its primary task was not
so much to prove propositions but to discover new truths and
hidden assumpions. Its second task was to corroborate these lemmas
and to organise them hierarchically into an axiomatic system [59].
After the axiomatization, analysis changed its character. As
Lakatos says (1978, p.100): "if one suggested a geometrical
conjecture, the question was whether it follows from Euclid's
postulates and axioms and not whether it is true". The only role
of analysis was then to solve problems (to find proofs rather than
lemmas). Its heuristic capacity lay only there [60].

After the axiomatization the early analysis had a two-way
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evolution: a) It was transformed (or rather, it gave rise) to an
investigation of converse propositions in mathematics [61], and b)
mainly it became a technique of solving problems. In fact the

Treasury of Analysis was -according to Pappus- a corpus of books

"for the use of those who, after going through the usual elements,
wish to obtain power to solve problems set to them involving
curves, and for this purpose only it is useful" [62]. These books

contain problems of every kind and technigues for solving them.

8. Plato, Leodamas, and the method of analysis

The method of analysis is associated with the names of Plato
and Leodamas of Thasos. There are three passages that refer to the
birth of the method. a) Diogenes Laertius (III,24) says that
Plato “"explained [elonynoato] to Leodamas of Thasos the method
of inguiry by analysis"; b)Proclus (p.211) says that "...the best
being the method of analysis, which traces the desired result back
to an acknowledged principle. Plato, it 1is said, taught this
method to Leodamas, who also is reported to have made hany
discoveries in geometry by means of it'"; c¢) The earlier author of

the Index Herculanensis (Col. Y.,14ff; ed. Meckler p.17) speaks of

the rise of analysis in Plato's time without ascribing it to
Plato himself.

Some of the critics [63], on the basis of the first two
passages, seem to attribute the invention of the method to Plato.
However Diogenes indicates that Favorinus was the source of his
statement (besides, Diogenes does not constitute a reliable
source). Proclus clearly had some reservations about saying that
Plato transmitted the method to Leodamas, for he defended himself

with the phrase "it 1is said". Moreover the earlier Index
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Herculanensis does not ascribe the method to Plato.

Although Heath (1926, I,36) accepts that the source of Proclus'
statement is Eudemus, he claims that the method of analysis is
more ancient and probably goes back to Hippocrates; he thinks that

Proclus had in mind the philosophical method described in Republic

VII, which -according to Heath- "does not refer to mathematical
analysis at all" (1921, I,291).

Cherniss (1950-1, 417-8) observes that although Aristotle
refers to geometrical analysis several times, he does not suggest
that its formulation was the work of Plato.

I think that is very rash to ascribe the invention of the
method to Plato. Plato was good at mathematics but he was not a
mathematician. He was influenced by mathematics but there 1is no
evidence that he conducted mathematical research. Moreover there
is no reason why Plato shoéa have taught the method only to
Leodamas. The only thing we can say about the relation of Plato's
name with the method of analysis, is that Proclus and other later
authors thought that they <c¢ould find applications  of the
geometrical method of analysis in Plato's dialectic [64]. If we
want now to pay any attention to the story that Plato taught
Leodamas the method of analysis, the only conjecture we might make
is that Plato, knowing the method of Hippocrates (who flourished
in the last half of the 5th century in Athens) [65], turned the
attention of Leodamas to the method of apagoge; after that,
Leodamas developed this method to the more sophisticated method of
analysis and synthesis.

However neither can we attribute the method of analysis to
Hippocrates. Although Hippocrates' apagoge is probably the

fggunner of analysis, it is not the same as it. The method is
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analysis and synthesis, and we have consciously two opposite
processes that are related by the 'resolution'. Hippocrates'
apagoge was not such an elaborated method.

Consequently I think that it is more plausible to ascribe the
method of analysis to Leodamas "older than Neoclides, the teacher
of Leon, and Leon was himself a 1little older than Eudoxus"
(Proclus, p.66). Leodamas was a contemporary of Plato and older
than Theaetetus (if we accept that the order of the names Eudemus
gives us is chronological) who was born c.415 [66].

Therefore, if we suppose that Leodamas was born between 430 and
425 B.C., we may suppose that he was at his prime between 395 and
380 B.C. Again 1f we accept that the method of analysis

presupposes diorismoi, and that Leon, a 1little older than

Eudoxus'", flourished between 377 and 370 (see ch. VII, section 2),
we may suppose that analysis was in use before 377. Therefore,
although we have not strong evidence, I think that the existing
evidence points towards ascribing the invention of the method of
analysis and synthesis to Leodamas in the period between 395 and

377 B.C.

We may summarize here some of our results. Both apagoge and
the method of analysis and synthesis are indirect methods of
proof. They are useful in difficult cases (and mainly in problems)
because they utilize the structure of the proposition to be
proved. They proceed into two directions: a way upwards (or
backwards) from the proposition to be proved to its premisses; and
a way downwards which is demonstrative and contains the actual
proof. The way up (analysis or reduction) of the two methods is

mostly, but not always, deductive. Practising the way up, we have
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two processes of thought: a) searching for premisses, and b)
drawing conclusions. A deductive analysis is not incomSEible with
the fact that a geometer tries to find lemmas and premisses for
his proof. The relevaﬁ?TQ% the way up is to find premisses for the
proof rather than to draw systematically and deductively all the
conclusions from the original problem to the premiss from which
the proof (way down) will start.

Analysis is (and so it was thought by Aristotle and the
ancient commentators) a method that leads up to principles, and
because of that, its contribution to the axiomatization of
geometry was relevant. The geometrical method of analysis and

synthesis is closely related (and probably gave rise) to

diorismos. It seems that Leodamas of Thasos was the first to

practise analysis, probably somewhere between 395 and 377 B.c.

The geometrical method of apagoge is the early form of the
method of analysis and synthesis and is connected with the name
of Hippocrates of Chios. It consists in the reduction of one
geometrical proposition to another and its main difference from
the method of analysis and synthesis is that the two ways (up and
down) are not separated, but they are both involved in every step
of the method. That is, every movement backwards (or wupwards) is
immediately followed by a deductive movement downwards and only

after that do we proceed to the new movement upwards.
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1615, see in B. Einarson 1936; cf. also Hintikka and Remes 1974,
p.85; N. Gulley 1958, p.7.

[4] 1974, pp.118-9.

[5] Cf. "the so-called elements are the last things into which
the bodies can be taken apart [8iaipelTatl]" (Arist. Met.,
1014a231); and "element means a simpler part into which a - compound

can be analysed [taken apart - Siai1peitatr]" (Proclus, In Eucl.,

ed. Friedlein, p.72). The translations of Proclus' passages
reported here are taken from G.Morrow's translation.

[6] Cf. Arist. De Gen.Cor., 329a23 "T@{v OTOLYELwV OVTWY GTEPEMV

/ . ~ \ J) /
HEXP1 EMITESWY TMO1eTTAl TNV AVAAUOIV", The word &vdiuvoic here

is synonymous with SI&AUOIQ in De  Gen.Cor., 315b32; <cf. also

Meteor. 339b2, and De Caelo 270a24.
[7) Einarson (1936, p39) claims exatly the opposite.
However the analysis of figures does not presuppose the
analytic method. And since the method of analysis and the

corresponding term occur in mathematics in the first third of the
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4th century (cf section 8), although the analysis of figures is
something many years older, I think that the tern analysis 1is
transfered from the proofs to the figures.

[8] Following Heath (1926, I, p.138) I prefer the definition of
synthesis reported by the Mss B and V because it 1is the most
intelligible. Ms P, followed by Heiberg and Stamatis, gives the
following definition of synthesis: "odv@ectg ¢ AnPig TOU
OHOAOYOULEVOU §1& TRV &Ko AoUBWY EML T1 aAndcc OHOAOYOUUEVOV! . The
interpolation, being in all the 'Theonine', Mss, took place before
Theon of Alexandria (4th century A.D.) (cf Heath 1926, I ch.5;
ITI, p.442),.

[9] For Hankel, Cantor, Zeuthen and Heath see in Heath 1926,
I,p.139; Robinson 1936/1969; Cherniss 1950-1, pp.414-9. Cf also
K.Sayre 1969, pp.22-4.

[10] Cornford 1932/1965. For a similar view see Scolnicov 1973,
ch.1.

[11] Cornford (1936/1969, 72) is mistaken in saying that "you
cannot follow the same series of steps first one way, fhen the
opposite way, and arrive at logical consequences in both
directions". Working with convertible propositions is is always
possible to arrive at logical consequences in both direcions; cf
Robinson (1936/1969, p.8; cf also Lakatos 1978, p.81)

[12] Cf. Gulley 1958, P.1; Mahoney 1968-9, p.323.

[13] 1974, pp.13-9; "to akoAouBov in Pappus' description of
analysis and synthesis does not mean a logical consequence, but it
is a more vague term for whatever 'corresponds to' or better ‘goes
together with' the desired conclusion in the premisses from which
it can be deduced, perhaps in the sense of enabling one to deduce

the conclusion from them. Hence our translation ‘concomitant’
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instead of the usual 'consequence'" (p.14).

[14] Cf. Pappus -in Hultsch's ed.- 30.9-11, 84.7, 252.10, 352.3,
864.24, 90.4, 34.14-5,.

[15] Cf also Hintikka and Remes 1974, pp.81-2,90-1, for the use

of the word akolouBov in Proclus, Speusippus, Stoics and

Albinus.

[16] "The vocabulary of the two passages already witnesses to
thi; similarity. Cases in point are Tékog at 1112b15 and at
Hultsch 634.22; qpxh at 1112b28 and at 634.17; oOkomoUO1V at
1112b16 and emiokomolo1v at 1112b17 and okomoUueOa at 634.14;
eVp€oel at 1112b19 and eUPETIKAV at 634.6; INTE1V, CNINO1¢
at 1112b20 and 22 and gnInTiknv at 634.24; eviuywolv at
1112b24-5 and éVTﬁxwuev at 636.6-7; NOQIOGﬁvat at 1112b26 and
TOP10TOV at 636.11 and ToP10T1KOV at 636.25" (1974, p.86).

[17] Cf Heath 1949, p.216.

(18] Cf. also Eutocius In Archimedes, ed. Heiberg, 111,
2

P.160.10ff: "therefore D.AC is either greater than BE“.EA or equal
to it or less than it; if it 1is greater,there will be no
synthesis,as has been shown in the analysis'". On the other hand
it is always possible to have a synthesis (proof or solution)
without an analysis being possible. Of course we have no evidence
for such cases because in such problems (or theorems) the method of
analysis is not applied.

[19] It is worth mentioning that Aristotle speaks as if the
application of the method of geometrical analysis to dialectic
were a usual phenomenon in his time.

(20]) ¢cf. Ross, 1949, p.549; Gulley 1958, p.10.

(21] Alex. In An.Pr., I,7.12ff (Wallies); Ammonius, In An.Pr.

1,5.10ff (Wallies); Philoponus In_ An.Pr. 1I,5.16ff (Wallies);
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Eustratius In An.Post. II,3.10ff (Hayduck); David In Porph.Is.,

9.11ff (Busse).

[22) C£f. Ammon. In Porph.Is. 34.20ff (Busse); In An.Pr.I,

5.22ff; Philop. In An.Pr.I, 5.18ff; 1In An.Post.II, 334.24ff

(Wallies); Eustr. In An.Post. II, 3.13ff; David In Porph.Is.

88.6ff; Albinus Didaskalikos V,4 and 5 (Louis); Proclus 1In Eucl.

62.12ff. Albinus distinguishdthree kinds of philosophical analysis
in Plato. The second 1is very similar to the descriptions of
geometrical analysis by the Greek commentators.

[23] Proclus (p.255.10ff) says that all mathematical proofs are
either from principles or to principles, and the latter he divides
into those @erlKai TG% &px&$ (analysis as opposed to synthesis),
and those agvaipctikal (reductio ad absurdum).

{24] Cf.Proclus, p.211, as a method of discovering lemmas;

Geminus' definition of analysis (reported by Ammonius, In An.Pr.I

5.27-8) as "&no&eigewg ESOEOIQ"; and Philoponus' account of

geometrical analysis (In An.Post. 162.22ff) as a movement leading

to principles; similarly in Proclus, p.246. Lemma is a géometrical
proposition invoked for the purpose of establishing another (see
p.47)

[25]. Both analysis and synthesis are composed of two parts.
Although the names of the two parts of synthesis are KaraOKsuﬁ,
&n66€1€1§ we have no standard terminology for the two parts of
the analysis. Hankel wuses the names 'transformation' and
'solution'. Following Hintikka and Remes (1974, pp.24-5) I shall
use the terms 'analysis proper' and 'resolution'.

[26] The example on which Robinson's and Mahoney's
interpretations are based, is the first of the five interpolated

proofs and not the second. But all the five proofs have exactly
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the same structure.

[27) Regarding the conversion of geometrical propositions, see
Proclus, pp.69,252,409. He distinguishes four kinds of conversion:
simple conversion, '"when conclusion and hypothesis can be
interchanged as wholes", and three kinds of partial conversion
"when the whole with a part, and a part with the whole are
interchangable, and when only a part with a part" (p.69). Proclus
observes that not all geometrical prositions are convertible
(p.253.18). In our example we have conversion of the second kind,
while in the fourth proof interpolated in Euclid XIII, we have
simple conversion.

Speaking in a very general sense we can say that even the
direct proof of two converse propositions is a special case of
analysis and synthesis. But as the above passage shows, this was
not viewed in this way by the Greek mathematicians.

[28] It is surprising that none of the critics has obsé@ed this
fact. Even Hintikka and Remes regard them as cases of analysis.

[29] It is surprising that none of the critics, except -~ Hintikka
and Remes, pay attention to the role of the auxiliary
constructions in analysis. On the other hand Hintikka and Remes
base nearly all their interpretation there.

[30] Proclus (p.246) says that: '"the geometers have made
composite propositions for the purpose of analysis". This may
imply that difficult geometrical propositions are treated mainly
via the method of analysis and synthesis.

(31] Ccf. Proclus, p.211, where analysis is presented as a method
of finding lemmas; cf.also Lakatos 1978, p.72,

[32] Cf. Proclus p.211: "the best aid in the discovery of lemmas

is a mental aptitude for it. For we can see many persons who are
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keen at finding solutions but do so without method ceoes
Nevertheless there are certain methods that have been handed down,
the best being the method of analysis".

[33] "And for problems one common procedure, the method of
analysis, has been discovered, and by following it we can reach a
solution; for thus it is that even the most obscure problems are
pursued. But the handling of theorems is a difficult matter, and
no one to this day, he declares, has been able to teach a uniform
way of approaching them" (p. 242). Carpus lived in the 1st or 2nd
century A.D. (see Heath 1926, I,p.21). We know that Hippocrates of
Chios had applied his reductive method mainly in problems (see
section 6). Similarly the two analyses that Eutocius, in his
commentary on Archimedes, attributes to Menaechmus, are analyses

of problems (see Archimedes ed. Heiberg, vol.III, pp.92ff).

Moreover it seems that for Aristotle the paradigmatic kind of
analysis was the problematic one (see Hintikka and Remes, 1974,
pPp.86-7).

Through problems we construct new mathemg@ical entities' and
through theorems we prove new mathematical relations. According to

Pappus (Collectio, iii, Praef.,I; see I Thomas, 1939-41, 1II,567)

"the term problem means an inquiry in which it is proposed to do
or to construct something and the term theorem, an inquiry in
which the consequences and necesssary implications of certain
hypotheses are investigated. OO

[34] Cf.example III: a) the given figure: A

o/ \
b) the figure from which analysis begins: )B

cf. also the problem: to construct a triangle from its three

medians.
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a)the given figure:

b)the figure from which analysis begins: 3 C

[35] Problematical analysis can be more easily described as an
analysis of a figure than can theoretical analysis.

[36] We can also see that the 'analysis proper' is opposite to
'apodeixis' (proof) and now we can understand why Pappus -in his
description of theoretical an_d problematical analysis- contrasts
analysis to apodeixis.

[37] Hintikka and Remes (and also all other critics) do not
observe these crucial differences between theoretical and
problematical analysis. They think that “methodologically and
epistemologically the two kinds of analysis are on a par"
(1974,46-7). They claim that the resolution is most of the time
rundimetnary, and that in theoretical analysis its role is the
same as in problematical analysis (p.60). They base their claim

mainly on the fact that there are in Pappus' Collection three

theorems where "the resolution is also essentially like that of a
problematical analysis. As in problematical analysis, there is
also a separate construction in synthesis" (p.59). However these
three 'theorems' are surface-loci theorems. In loci theorems,
although we do not have to show (prove) the existence of new
mathematical entities, we have to construct them. So the analysis
in a locus-theorem introduces (as in problems) new mathematical
entities, and the auxiliary constructions are often based on the
zetoumenon.

In fact Pappus (Hultsch p.652; see also in Heath 1926, I,p.11)
says that loci are neither theorems nor problems but porisms

(about porisms -not in the sense of corollary- see Proclus
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pPpP.212,30). Porisms are geometrical propositions between theorems
and problems. Therefore it is wrong to base the similarity between
theoretical and problematical analysis on the assumption that loci

are theorems.

[38] Cf. Lakatos 1978, pp.72-3: "Rule of analysis and synthesis:

Draw conclusions from your conjecture, one after the other,
assuming that it is true. If you reach a false conclusion, then
your conjecture was false. If you reach an indubitably true
conclusion, your conjecture may have been true. In this case
reverse the process, work backwards and‘ try to deduce vyour
original conjecture via the inverse route from the indubitable
truth to the dubitable conjecture. If you succeed, you have- proved
your conjecture". And in p.95-6: "But if we start from a
proposition P and draw consequences from it rather than try to

look for premisses from which it follows, then what we

objectively do is test rather prove. Thus in analysis we test

conjectures". Cf. also Szabd (1974, p.123): "I think analysis is
rather merely a testing of conjecture". ‘ .

[39] Cf. Robinson 1936/1969, pp.2-3; Heath 1926, I,p.140.

[40]) Hintikka and Remes argued convincingly at this point: '"the
reference to an impossible outcome might then be interpreted in
the light of the plain but sadly negleted fact that even a search
for antecedents from which a given theorem could be proved can run
into a dead end. In principle such a contingency need not even
result in a reductive proof, as a closer logical examination
shows. That is the only legitimate conclusion might be a non
sequitur instead of a reductio proof." (1974, p.77; cf. also
pp.78-80)

[41) For definitions of reductio ad absurdum, see Proclus
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pp.254,255; Aristotle, An.Pr. 40b25, 41a24.

{42] Cf. Proclus p.295: "This 1is the method [reductio]
ordinarily used for proving the converse of a theorem although 1in
problems, at least, our geometer admits also leading
constructions".

[43] See Heath 1921, I,p.291; Sarton 1952, p.433.

{44] See in Hintikka and Remes, 1974,p.85.

{45] Simplicius In Phys, 55-9 (Diels).

[46] Pseudo-Eratosthenes to king Ptolemy, in Eutocius, Comm. on

Archimedes sphere and cylinder, ii (Archimedes, ed. Heiberg,

11T1,88).

[47] Proclus In Eucl 66.7-9 (Friedlein).

[48] Proclus In Eucl 213 (Friedlein). The translation is adapted
from Morrow 1970.

Heath (1926, I,135), I Thomas (1939-41, 1I,253) and Morrow
translate "tV &nopouuévwv 61aYpéuuarwv" as "of difficult
constructions'". This translation is poor - a better translation
would be "of perplexing demonstrations” - but I think that
Proclus' meaning comes out in either translatién.

In geometry, an "&nopoﬁuevov Staypaupa" is the case of a
proposed problem (or theorem) in which the geometer has regched an
impasseor is at a loss as regards its solution (or proof). Such a
geometrical problem (or theorem) is either a difficult one (but
solvable) or one impossible to solve. In our case, Proclus says

that Hippocrates did effect his reductions; therefore, this is not

the case of impossibility but of difficulty. Hence, I think that
we can safely translate 'amopounevwy' as 'difficult’.

'Araypauua' refers both to problems and theorems so its

translation as 'construction' (that refers only to problems) is
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not literally accurate. However, as far as we know, Hippocrates
dealt mainly with problems. So I think that it is not wrong - in
the case of Hippocrates - to translate 'Siaypauua’ as
'construction'.

[49] 1926, 1,135,

[50] Simplicius In Phys 61.5-9. Translation from Heath, 1921,
I,187. Simpicius says that quotes Eudemus word for word.

> “

[51] "gav oUv delfw ™ amo TOU Kévtpou Emi To K {onv ThHV amd
TOU KEVTPOU &mi 1O B, SMAov 9Tl T0 ypadduevov TuRua kUKAOU 51& TOU
EKE nEel «xal &ta 7100 B, kol 7eplAnbetal KUKAOU Tufpa 1o
Tpanéclov".

[52] See Sarton, 1952/1970, 433; Gow, 1884,170, where he refers
also to Bretschneider and Hankel.

the rvequued; K=

(53] A= the given; B=Lother Known propositions or axioms.

I use the symbol === to describe the way up (analysis)
accepting that it is not always deductive and that a geometer

searches mainly for premisses when he analyzes.

[54] De sphaera et cyl., ii,prop.4; see in Thomas .. 1939-41,

I1,126-57; and in Heath 1921, II, 43-5.

[55] Cf. Heath 1926, I,142; Hintikka and Remes 1974,58; Lakatos
1978, 75,95; Mahoney 1968-9,328; Hankel (see in Hintikka and
Remes, 58); Cherniss 1950-1, 419; Lassere 1964, 107.

Cherniss refers to the Index Herculanensis (Col.Y., 14ff;

Meckler,p.17) in which the enunciation of diorismos is connected

with the rise of analysis. For diorismos see Proclus 202,208 and

the interpolated definition in Pappus (Hultsch, 30.14-6)
"diorismos is a preliminary distinction [npoélaorokﬁ] of when

and how and in what cases the 6bblem is possible". Proclus (66-7)

attributes the discovery of diorismos to Leon who was younger than
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Leoé;as (the discoverer of analysis).

[56] "It is clear that the geometrical reputation of Oenopides
could not have rested on the mere solution of such simple problems
as these. Nor of course could he have Seen the first to draw
perpendicular in practice; the point may be that he was the first
to solve the problem by means of ruler and compasses
only.......Similarly Oenopides may have been the first to give the
theoretical rather than the practical construction for the problem
I,23 which we find in Euclid" (Heath 1921, I,175).

[57] Szabo (1978) showed the relation between indirect proof and

antiempiricism in mathematics.

[58] It is not an accident that the only Elements of geometry

originating in the 5th century are ascribed to Hippocrates. It is

difficult to believe that Hippocrates' Elements had an axiomatic

form similar to that of Euclid. But it is certain that they were a
collection of hierarchically ordered mathematical propositions. I
shall discuss the problems of axiomatization of geometry and of

the first Elements in chapter VII, sections 1,2. .

[59] Cf. Lakatos 1978,99: "Analysis is only ‘revolutionary when
it engineers a breakthrough from a low-level naive conjecture to a
research programme"; and in p.199 "In my view the most exciting
analyses of Greek geomery were pre-euclidean and their role was to
generate Euclid's axiomatic system".

[60] See Lakatos 1978,99: "once the mathematical machinery is
established, analysis, 'working backwards' may still be applied as
a heuristic tool in puzzle-solving, but it becomes clear that its
role is only psychological. It helps the imagination to produce
valid proofs or exﬁlanations in terms of a given résearch

programme"
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[61] The first geometer known to investigate converse
propositions systematically is Menaechmus (see Proclus, 254), who
also was practiSing the method of analysis (see Eutocius, in

Archimedes ed. Heiberg, III1,92). Therefore we can say that the

method of analysis and synthesis gives rise to an inguiry into
convertibility. It seems (from Proclus, 253-4) that Menaechmus had
observed that geometrical conversion is something usual in
theorems and not in problems, and also that he had demonstrated
the.falsity of many conversions.

{62] Pappus Collectio, vii praef. 1; in Thomas 1939-41,

[63] Mugler 1948, 283-7; Sarton 1952, 433.

[64] Cf Plato Rep.510-11; Phaedrus245c-e; Phaedo 101d-e. Cf also

Arist. E.N., 1095a32-b1 (eg y&p Kol HA&va NTOPEL TOUTO Kal écﬁTel

"

TOTEPOV &m0 TOV aPX®V N €ml Tag apxdg €otiv n 080¢), and Proclus,
p.255 (maco1l ai pednuaTikal TIOTELC N 4O TGV apXQV €101v N &M
Tag apXas). Cherniss (1950-1, 419) says that "Aristotle's

reference might seem to have to do with geometrical analysis".

[65] See Philoponus In Phys (Vitelli) 31.3-9; Heath, 1921,

I,22,183. Cf Aristotle E.E. 1247a17-25.

[66] Regarding the historical problem of the chronologies of
Theaetetus, Leon and Eudoxus, see chapter VII, section 2.

It is almost certain, and generally accepted that the first
part of Proclus' 'Summary of Geometers' is taken from (or at least

is based on) Eudemus' History of Geometry (see Heath 1921,

118-120; Van der Waerden 1954, 91). Proclus, after his reference
to tﬁe geometers of the Academy, says: "All those who have written
histories bring to this point their account of this science. Not
long after these men came Euclid...." (68.5-8). Eudemus

(Aristotle's pupil) was a little older than Euclid, exactly like
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‘those who have written histories' in Proclus' passage; moreover
Eudemus is the only known person who had ever written a history of
geometry before Euclid's time. Therefore, I think that we can

safely identify Eudemus with 'those who have written histories'.



CHAPTETR IIT

THE METHOD OF HYPOTHESIS IN THE 'MENO'

1. The hypothesis

The dialogue opens with Meno's question of whether virtue is
teachable (818akToOV) or not (70a)[1]. Socrates, however, wants
them first to examine the question of what virtue itself is,
before answering the question about the teachability of virtue
(71a). This is because we cannot know a property of something,
without first knowing what it is (71b}). After three unsuccesful

attempts at giving a satisfactory definition of virtue, Meno comes

\
2

up with a sophistic paradox éoncerning the impossibility of any
inquiry. Socrates answers by introducing the theory of
recollection (81a-85b), and, at 86c, asks Meno again to give a new
definition of virtue. Meno refuses to do so, and suggests that
they exémine the first queston of the dialogue, that is to say,
whether virtue is teachable. But as we do not know what virtue is,
Socrates suggests that they employ the hypothetical method as it
is used by geometers (86e) [2].

Then a mathematical example follows as an explanation of the
method:

I mean by hypothesis the way in which the geometers often
inquire into things. When they are asked, for example,
about an area, whether it is possible for this area to be
inscribed as a triangle in this circle here. One of them
may say: I do not know yet whether this is so, but I think
I have a sort of hypothesis which is useful in this case
and is the following: if this given area is ...[such and
such] ... one thing seems to me to follow, and another
thing if it is not such. Therefore, using a hypothesis I
shall be able to tell you about the inscription of the
area in the circle, whether or not this is possible
(86e-87a)
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After that, the application of the hypothetical method to the
problem of whether virtue is teachable follows:

Let us do the same about virtue. Since we don't know
what it is or what it resembles, let us use a hypothesis
in investigating whether it is teachable or not. We shall
says: 'What Hf\‘mg amony these connecked with tue souwl weuld virfue be, to
wmake it teachable or not teachable ?2' Well, in the first place,
if it 1is anything else but knowledge, is there a
possibility of anyone teaching it - or, in the language we
used just now, reminding someone of it? We needn't worry
about which name we are to give to the process, but simply
ask: will it be teachable? 1Isn't it plain to everyone

that a man is not taught anything except knowledge?
(87b3-c2) (transloticn aio.pfed. frowm Gu thrie)

Consequently, "if virtue is knowledge, it is obvious that it is
teachable" (87c). So the problem is to search to detemine whether
virtue is knowledge or not. But Socrates, before examining this,
speaks about another hypothesis:

Well then, do we assert that virtue is good? And this
hypothesis stands, that it is good? (87d2-3)

Based on this second hypothesis (virtue is good), Socrates comes
to the conclusion that virtue is knowledge (87d-89c). Therefore:
‘SOCRATES. Since then goodness does not come by
nature, is it got by learning?
MENO. I don't see how we can escape the conclusion.

Indeed it is obvious on our assumptlons that 1f v1rtue is

knowledge, it is teachable (€1neo sn101nun EGT1V aQETn,

811 818akTOV £0T1V) (89b9-c4) (Guthrie).

Then Socrates has doubts regarding the prior proof and Meno
says: "But what has occurred to you to make you turn against it
and suspect that virtue may not be knowledge?" . And then a long
empirical arqgument follows about the fact that there are no
teachers of virtue.

There are two major problems with the interpretation of the

above passage: a) what is the main hypothesis and what is the

structure of the hypothetical method? and b) what 1is the

geometrical method that Plato refers to? This chapter is devoted
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to those two questions.

Let us first consider the geometrical example: the problem (say
r) is that of inscribing a certain rectilinear area in a given
circle (86e6-7). The geometer says that he cannot answer whether
the problem is solvable or not. But he <can answer "from a
hypothesis" (say s). If the condition that the hypothesis states
is fulfilled, then the problem is solvable; if not, the problem is
not solvable. 1In other words: if the area has a certain property
then it can be inscribed in the circle, if not, then it cannot be.
So we see that the geometer finds a proposition s (hypothesis)
that constitutes a condition of solvability of his problem r (that
is, s-»r and -s->-r).

In this way the problem is solved only hypothetically (on the
basis of s). 1In order to have a real solution to it (or proof
that it is unsolvable) we must know whether s is true or false.
That is, we have to solve the problem that the proposition s
constitutes (or to prove it impossible).

Let us now examine closer the hypothetical method: the first
question which arises is which is the (main) hypothesis of the
argument? Robinson (1953, 117) observes that there are three
propositions that may be regarded as the main ‘'hypothesis': i)
'Virtue is knowledge' (87b-c), ii) 'virtue is good' (87d41-2) and
iii) 'if virtue is knowledge, it will be teachable' (89d3-4).

But it is easy to see from 89c2-4, that 'virtue is good'
cannot be the main hypothesis [3]. Similarly, if we see passage
89c2-4 in relation to 89d1-2 (... and suspect that virtue may not
be knowledge), it seems that the proposition 'if virtue is
knowledge then it is teachable' <cannot be the hypothesis.

Consequently, the hypothesis must be 'virtue is knowledge'.
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(Moreover, if we accept one of the above ii) or iii) propositions
as the hypothesis, we can hardly find any similarity between the
hypothetical argument and the geometric example.) [4]

The basic evidence in favour of the proposition 'virtue 1is
knowledge' as the hypothesis, is passage 89c2-4. The common
reading is: "and plainly, Socrates, on our hypothesis that virtue
is knowledge, it must be teachable" (W R M Lamb, LOEB Classical
Library, 1924). Cherniss (1947, p140, n.38), notices that "the
position of 0711 before the 'it is teachable' shows that the
e?nso clause states the hypothesis [5]. I think that Cherniss'
reading of 89c2-4 is supported by passage 87c5-6 (e{ 5¢ Y EC0T1V
ETLOTNUN T1S N &perﬁ, SnAov 0T1 518aKTOV oV £€1n). Here the word
dniov before the 0Tt shows \that the two propositions are
separate and distinct and we can read it as follows: "if virtue is
a sort of knowledge, it is clear that it will be teachable".

P Friedlander cites passage 87b2-4 to support the view that
the hypothesis is 'virtue is knowledge' [6]. but this becomes
more clear if we compare the above passage with.87b7 ("if it is
other than knowedge") and 87c5 ("if wvirtue is some kind of
knowledge").

Recently, H Zyskind and R Sternfeld [7] have given a different
answer to the question 'what is the hypothesis'. They suppose
that the hypothesis is 'knowledge alone is teachable' (87c2-3) and
they read the passage 89c2-4 as follows: "and it is plain,
Socrates, on the hypothesis, since virtue is knowledge, that it is
teachable'". The argument runs as follows: "'Knowledge alone is
teachable' is a universal equivoalence expressible 1logically as:
'For any X, x is knowledge, if and only if x is teachable' ......

From this the single conditional can be detached: 'For any x, if x
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is knowledge, then x is teachable'. And by universal
instantiation with virtue as the object instantiated, one derives:
'1f vigﬁe is knowledge, then virtue is teachable'" (p132, n.12).
So we have the following hypothetical syllogism:

if virtue is knowledge, then virtue is teachable
virtue is knowledge

‘virtue is teachable

Zyskind and Sternfeld's interpretation seems to me untenable for
four reasons: a) They translate the elmep as 'since' and not as
'if', although some lines later (89d3-5: T0 uév$¥216aKT6v QUTO
E{VQI, exnep éw10Tﬁun éOT{v, OGK &vaT{@eual un 06 KO AWS Aéyeo@al)
clearly the EYNEQ means 'if'. b) The statement that ‘'only
knowledge is teachable' (87c2-3) is introduced as something 'plain
to all' and not as a hyp&thesis. c) If we accept that the
hypothesis is 'knowledge alone is teachable' then it is impossible
to find the corresponding hypothesis of the geometrical problem
[8]. d) Plato seems to believe that he introduces a new method.
But acéépting the above interpretation we <can hardly find
something new in his methodology.

I think then that linguistic evidence leads us to accept the
proposition 'virtue is knowledge' as the (main) hypothesis [9].

14

2. The argument by hypothesis

Apart fom the lingquistic argument in favour of ‘virtue 1is
knowledge' as the basic hypothesis, there are other (and probably
stronger) arguments based on the meaning of the passage. But
first of all 1let wus 1look at the internal structure of the
argument.

Socrates says that he is going to inquire into the problem of
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the teachability of virtue in the same way as the geometer did
with his problem (87b2-3). "Since we don't know what it is or its
quality, let us investigate it, whether it is teachable of not,
through a hypothesis" (87b3-4). Our problem is whether or not
virtue is teachable. Socrates asks "which of Hne (:\-.'m%) connected

with the soul must wvirtue be,”bo wio-xe it teachable or
vmttaupr&?" (87b6-7). So Socrates begins his inquiry in an
indirect manner. He starts from his problem and asks —~about a
premiss from which his original problem follows. "Well, in the
first place, if it is of another kind than knowledge, is it then
teachable or not..... Or is it at least plain to everyone that a
man is not taught anything except knowledge?" (87b6-c3). It seems
then that Plato thinks that the terms 'knowledge' and 'teachable’
are co-extensive.

"If then, virtue is some sort of knowledge, clearly it could
be taught'" (87c5-6). Hence, from our original proposition 'virtue
is teachable' (p), we reach the proposition 'virtue is knowledge'
(q). Because of the co-extensiveness of the notions ‘'knowledge'
and 'teachable' it is clear that g¢—»p (cf 98410-12). But Plato
insists not so much on the above formula of the equivalence
between p and q, as on the conjunction of the two implications
g—»p and -g-- -p (cf 87a6-7, 87b1-2, 87b4, 87b6 and 87c8-9). So
he is interested in seeing in proposition g the limiting condition
of the truth or falsity of p, and so 1in being able to decide
(according to the truth or falsity of q) whether p is true or
false [(10].

"So that (question) is easily settled .... The next thing
apparently, is to ask whether virtue is knowledge or other than

knowledge" (87c8-12). It is very clear that Plato thinks that the
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argument by hypothesis has two stages. The first one is now
finished. At this stage of the argument, we find the parallel with
the mathematical passage and Plato's clear statement that he is
applying the hypothetical method (87b2-3).

After we have found the limiting condition q (or hypothesis -
'virtue is kpowf%;ge') for virtue to be teachable (p), the next
step is to see whether the hypothesis is really true or false.

"Well now, do we assert that virtue is good? and this
hypothesis stands that it is good? (87d42-3). Beginning the second
stage of the hypothetical argument, Socrates states a new
hypothesis: 'virtue is good'. It is not clear whether we can
translate "4ya®0ov aDTO GQUEV £1val TV ®peTnv" as "virtue itself
is good" (Stock, 1904, loc.\pit.), "virtue is good in itself" or
simply "virtue itself is good" (Bluck, 1961, p327). I find the
third reading the most suitable. So we do not have to take
'virtue' and 'good' as coextensive terms (but even if we accept
the second of the above readings this does not affect the
argument).

We must also notice that the hypothesis 'virtue is good' is
introduced as something indisputable, under the complete agreement
of the two interlocutors ("and this hypothesis stands" - 87d3).
Therefore 'virtue is good' plays the role of a principle for the
subsequent proof.

The argument may be outlined as follows:
1. Virtue is good (87d2)
2. Whatever is good is useful (87e2)
-3, Virtue is useful (87e3) o N
4. If somethi ng is useful, it is knowedge (89a1-2)
5. Virtue is knowledge (89a3)

First of all we can notice that the second stase of the

hypothetical argument constitutes a direct proof of the
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proposition 'virtue is knowledge'.

Secondly, there is a problem of whether Plato considers the
notions of good and knowledge as co-extensive. From 87e2, (every
good is useful) it seems that between the terms 'good' and
'useful', there is an inclusion relationship (good < useful). The
same seems to be happening with 'useful' and 'knowledge' (89a1,
bpOVNO1IS av €1n TO é¢éxluov), that is, useful < knowedge) [11].
Hence, 'good'ec 'knowledge' (cf 87d4-8) and 'virtue' ¢ 'knowledge’
(89a3-4: "virtue is knowledge whether in whole or in part") [(12].
Hence, it seems that 'good' and 'knowledge' are not co-extensive
notions, or at least that Plato is only interested in inclusion
relationships (or one way implications) and this is enough for his
proof that wvirtue is knowledge.

So, if we put t for 'virtue is good' and g for ‘'virtue is
knowledge', we have t->qg but not gt (or -t—=-gq). Therefore t is
not a limiting condition of g. 'Virtue is good' is a proposition
posited as true (like a principle) at the beginning of the proof
of 'virtue is knowledge' and not a condition of the truth or
falsity of it [13].

Let us now examine the argument more closely. Socrates goes
on with the proof through hypothesis as geometers would (86e). The
'hypothesis' is a propositioﬂ?&hose truth or falsity depends the
truth or falsity of the problem (87b). So the hypothesis 1is a
proposition to which our problem has been reduced. The geometers
reach this proposition (hypothesis) analysing their problem (that
is, in an indirect way). They consider their first problem as
true and starting from that, they arrive, through analysis, at
another proposition. This proposition can be known or unknown. If

the final proposition which analysis reaches (that is, the one to
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which the original problem has been reduced) is not known, we must
prove it (in an indirect or direct way) so that the first problem
can also be proved.

Geometers use this method when their problem is difficult to
solve and they cannot see the point from which the proof must
start. Facing these difficulties, they proceed in a reverse way.
They start from the problem to be solved and reduce it to a
proposition which is already known or to another problem which 1is
easier to solve.

Socrates does the same. He starts from the proposition
'virtue is teachable' and analysing (or drawing conclusions from
it ), he reaches the proposition 'virtue is knowledge' (86b-c). In
this way, and because the teyms 'teachable' and ‘'knowledge' are
co-extensive, the truth or falsity of our original proposition
'virtue is teachable' depends on the truth or falsity of the
proposition 'virtue is knowledge'. This latter proposition is the
'hypothesis' through which we can prove our original proposition.

So far the similarity with the geometrical problem is obvious.
The hypothesis (virtue is knowledge) is the 'limiting condition®
for the truth or falsity of the proposition 'virtue is knowledge'.
[14]

Here ends the first step of the argument. The term ‘virtue' is
unknown and we cannot draw any direct conclusion from the
proposition 'virtue is knowledge'. 1In fact, the reduction of the
proposition 'virtue is teachable' to 'virtue is knowledge' was due
only to an analysis of the term 'teachable'.

Socrates tells us that he uses the hypothetical method because
we do not know what virtue is (87b3). However, when a

mathematician faces a problem, all the concepts are known
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(defined, or, speaking in Plato's terminology, one has some true
beliefs about them) [15]. Therefore, the hypothetical method does
not overcome the difficulty of the non-definition of virtue.

If we now want the argument by hypothesis to proceed further,
we must find a premiss (or a second hypothesis) from which to
deduce the (first) hypothesis 'virtue is knowledge'. If this
second 'hypothesis' needs proof, we have to find a third
hypothesis from which we shall be able to deduce the second one
and so on until we find a proposition (the last hypothesis) which
is known and whose truth is acceptable to both interlocutors.
This 'last hypothesis' must be a statement regarding virtue,
otherwise we shall never be able to connect the term 'virtue' with
the term 'teachable' (or with any other attribute) because we know
nothing about virtue. Therefore, this 'last hypothesis', although
not being a definition of virtue, must be a statement referring to
the essence of virtue or a 'partial' definition of it.

Socrates proceeds, indeed in the above mentioned way. He
cannot draw any direct conclusions from 'virtue is knowledge' but
he finds a premiss (second hypothesis) that is, 'virtue is good',
from which he is able to deduce the first hypothesis (virtue is
knowledge). The proposition 'virtue is good' is a premiss (or a
principle) for the proof of 'virtue is knowledge'. Plato calls it

an 'hypothesis' [16] but it is in fact a homologema because it is

posited under the complete agreement of the two interlocutors
[17]. When The proposition 'virtue is teachable' is proved once
true and once false, Socrates and Meno do not challenge the
validity of this hypothesis [18].

'Virtue is good' is not the only premiss (or hypothesis) from

which the proposition 'virtue is knowledge' has been inferred.
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But Plato names only this one as hypothesis. This happens because
of the special role of this proposition, as the hypothesis put in
order to overcome the obstacle of the unknown character of virtue.
The other 'hypotheses' (that is, 'all that is good is useful' and
'if something is wuseful :, it is KnOuNQQSE) are usual premisses
that are introduced under the agreement of the two interlocutors -
something very common in platonic dialectic [19].

As we saw earlier, while 'virtue is good' (t) entails ‘'virtue

is knowledge' (qg), the co_nverse is not true. Therefore the
relation between t and g is not biconditional (t—> g but not g-

-»>t). Therefore, t is only a sufficient condition for g and it
cannot be considered as a 1limiting condition. (As ‘'wvirtue is
knowledge' (g) is a limiting\condition for ‘'virtue is teachable'
(p)). [20]

The argu_ment by hypothesis in the Meno consists mainly in two
reductions. Firstly, Socrates reduces the proposition 'virtue is
teachable' (the original problem) to the proposition ‘'virtue is
knowledge' (the first hypothesis). Secondly, the proposition
'virtue is knowledge' is reduced to the proposition 'virtue is
good'. In both cases, after the reduction there is a proof of the
original proposition, on the basis of the 'hypothesis' to which
this last was reduced (ie g—>p, t—>qg). The first proof (that g-—=

- p) is simple and has only one step (87c5-6), the second proof
(that t=>q - 87d2-89a3) is a long one with many steps and
premisses and it employs also an empirical argument to obtain a
premiss.

The two reductions are also different. The first reduction is
deductive and we obtain the 'hypothesis' g ('virtue is knowledge')

by analysing and drawing conclusions from our original problem p
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(‘virtue is teachable'). Therefore, p implies q and the relation
between p and g is that of equivalence (p«q).

In the second reduction the 'hypothesis' (t) is not obtained
by drawing conclusions from (. We obtain the 'hypothesis' t
rather by an insight of what is prior, of what could be a premiss
for the proof of g. 1In this case, the finding of t 1is a search
for premisses, a grasp of something prior which would be
sufficient for the proof of g. What is relevant is not to draw
conclusions from the proposition to be proved (q) but to search
and find the appropriate premiss (t) from which (and together with
other premisses) we could deduce g. The second reduction is not
deductive and the argument by hypothesis does not employ
convertible propositions. \

The reduction of one proposition to another may be either
deductive or non-deductive. The two steps of the argument also
show two different processes of thought. In the first, we start
from our problem and we draw conclusions from it, arriving at
another proposition which, if we reverse the process, entails the
original. In the second, we start again from our problem, -and we
do not draw conclusions, but search to find a premiss for the
solution of our problem (that is we ask: which proposition do I
have to hypothesize in order to deduce my original one?). In the
second process, the proof from the hypothesis to the original
proposition may have many deductive steps.

It seems then that convertibility of propositions is not an
essential feature of the hypothetical method [21]. Philosophy,
unlike mathematics [22] very often employs non-convertible
propositions and a method that uses only equivalences is almost

useless. As Bluck (1961, 50) remarks, the whole hypothetical
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method in the Meno is a combination of the method of geometers and
that of Socrates. It seems that the hypothetical method in the
Meno is almost the same as the method in the Phaedo (100a, 101d-e)
[23]. In this way, the proposition 'wvirtue is knowledge' 1is a
hypothesis for the proof of 'virtue is teachable' and a conclusion
from a 'higher' hypothesis, namely 'virtue is good'.

In the above interpretation of the method, I have tacitly
assumed that the application of the hypothetical method to the
problem of the teachability of virtue stops at 89a [24]. This is
also the common view. But after the 'proof' that ‘'virtue is
teachable', Socrates reverses himself and disproves it in a long
empirical argument (89d - 97a). The argument runs as follows:
'virtue is teachable',—'there are teachers and students of
virtue' (see 89d6-8, 98e1-2); but since 'there are no teachers and
students of virtue', 'virtue is not teachable'. [25]

The argument has almost the same form as the hypothetical
argument with the terms ‘'virtue', ‘'teachable' and ‘knowledge',
with the difference that here we diprove our original proposiition
(that is: g-»p and -g—>-p, but -g, so -p). So we might infer that
Plato proceeds to a second application of the hypothetical method
[26] and the hypothesis is '"there are teachers and students of

virtue'.

3. ANALYSIS AND DIORISMOS

I shall now pass to the second problem concerning the
hypothetical method in the Meno, that is, to see which method of
the geometers Plato refers to (86e). On the evidence (in Proclus
and Diogenes Laertius, see p.56) that Plato was the first to teach

the analytic method to Leodamas of Thasos, many commentators
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maintain that the hypothetical method in the Meno coincides with
the geometrical method of analysis and synthesis [27].

The method of analysis and synthesis consists in assuming the
theorem to be proved (hypothesizing it) and reducing it to another
and so on until one comes to a proposition which one knows to be
true independently of the original problem. After that, starting
from this known proposition, one is able to deduce one's theoren.

As we have already said (p.56-7) it 1is very wunlikely that
Plato himself discovered the geometrical method of analysis and
synthesis. Moreover, it is not certain that at the time when the
Meno was written (c. 386), the method of analysis was in practice
among the mathematicians and known to Plato.

The question which now arises is whether the method mentioned
in the Meno is that of analysis and synthesis or not. The
hypothetical method in the Meno is definitely analytic, in the
sense that it starts from the problem to be sol_ved and proceeds
backwards in order to find a solution for it. But there are some
differences:

1. If the method were that of analysis, the 'hypothesis' should be
'virtue is teachable' (or in the case of the mathematical problem,
'assume a triangle inscribed in a circle'). This means that what
is accepted as being true 1is the problem itself and not the
proposition to which the problem is reduced. [28]

2. In the method of analysis and synthesis, the analysis starts
from the problem to be solved and, through subsequent intermediate
steps, arrives at a proposition known independently from the given
one. Only, when the analysis ends do we start the synthesis
(proof), beginning from the last proposition found in the course

of the analysis and proceeding in the opposite way until we reach
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(deduce) our original problem. The two ways of the method are
clearly separated (see p.50).

On the other hand, in the Meno, the process is different. We
start again indirectly from our proposition to be proved p and we
arrive at a proposition g through which we are able to deduce p.

After that, we do not continue to proceed backwards (analytically)

but we prove p via (. Only then do we try to confirm our
hypothesis g and proceed again backwards finding a new
'hypothesis' t from which we are able to deduce g. Then we

proceed again downwards and we prove g via t. Here our proof is
finished. We see then that in the Meno, the way from our problem
to its premisses and vice versa are not separated 1like in the
method of analysis and synthesis. Every step backwards (or
upwards) is followed by a demonstrative step downwards.

Therefore I can now conclude that the hypothetical method in

the Meno 1is not the geometrical method of analysis.

Almost all critics who do not accept that the hypothetical
method in the Meno coincides with analysis, assert that - the

'hypothesis' is simply a case of diorismos[29].

If the hypothesis is a diorismos, this does not necessarily

mean that the method cannot be analysis. On the contrary, in

geometry the method of analysis very often ends with a diorismos

[30]0
According to Proclus [31] "Leon, a student of Neoclides [who
was younger than Leodamas, the discoverer of the method of

analysis] ..... discovered the diorismos, that is when a problem

is solvable and when it is not".

The hypothesis in the Meno (that 1is, that ‘virtue is
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knowledge', as well as the ‘'hypothesis' of the mathematical

passage) is very similar to a diorismos. The hypothesis, as the

diorismos is a condition of solvability of the given problem.

However, I have some objections to such an interpretation.
a) As we have already said (p.52-3) although cases of

diorismoi may have been known to the Pythagoreans, the

systematization and the formal recognition of diorismos must be

subsequent to the method of analysis. Given that, and the “fact
that Leon (pupil of Plato - see chapter VII, section 2) flourished

after 380 BC, it is probable that the theory of diorismos is

subsequent to the composition of the Meno (c. 368).
b) As we saw, Plato proposes a method of proof which employs
hypotheses. Therefore, we\ have a hypothetical method. But

diorismos does not constitute a method. Diorismosﬁs simply a

proposition that asserts a condition of the solvability of a
problem.

c) ‘A diorismos is not a proposition that appears in the

deductive chain of the solution of a problem. It is outside of it.
But in our example, from the acceptance of the proposition ‘virtue
is knowledge', we can conclude that 'virtue is teachable'.

d) If we had a diorismos in the mathematical passage, it

would have consisted of the following sentence: '"the given area
must be not larger than that of the equilateral triangle which is
inscribed in the circle" (see p.109).

e) Applied to virtue: if the 'hypothesis' were a diorismos, a

further proof could not be necessary. A diorismos concerns the

final limiting conditions for the solvability of the problem and
does not constitute a new problem which needs solution.

f) Pappus Collectio VII, 2 (bracketed by Hultsch) gives a
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PR C C . . N e .
definition of diorismos. "Diorismos is a prelimiary distinction

o i
[Tpod10T0ANn] of when, how and in how many uses the problem is

possible. Therefore a diorismos must give us an advanced

specification (prelimiary distinction)" [32]. But in our

'‘hypothesis' we have no such preliminary distinction.

4. Apagoge (reduction)

In Aristotle's Prior Analytics (69a20-36) there is a passage

that probably refers to our dialogue. 1In this passage, Aristotle
talks about a demonstrative process which he calls apagoge [33]:

XXV. We have Reduction (1) when it is obvious that
the first term applies to the middle, but that the middle
applies to the last term is not obvious, yet nevertheless
is more probable or not less probable than the conclusion;
or (2) if there are not many intermediate terms between
the last and the middle; for in all such cases the effect
is to bring us nearer to knowledge. (1) E.g., let A stand
for 'that which is teachable', B for 'knowledge' and C for
'justice'. Then that knowledge can be taught is evident;
but whether virtue is knowledge is not clear. Then if BC
is not less probable or is more probable than AC, we have
reduction; for we are nearer to knowledge for having
introduced an additional term, whereas before we had no
knowledge that AC is true.

(2) Or again we have reduction if there are not many
intermediate terms between B and C; for in this case too
we are brought nearer to knowledge. E.g., suppose that D
is 'to square', E 'rectilinear figure' and F ‘circle'.
Assuming that between E and F there is only one
intermediate term - that the circle becomes equal to a
rectilinear figure by means of 1lunes - we should
approximate to knowledge. When, however, BC is not more
probable than AC, or there are several intermediate terms,
I do not use the expression 'reduction'; nor when the
proposition BC is immediate; for such a stalemate implied
knowledge. (Tredennik, LOEB Classical Library, 1938)

Aristotle's allusion to the Meno is characteristic. If in his
example we substitute in C the word virtue for the word justice,
we will have exactly the example of the Meno (a little further on,
in the same passage, Aristotle, refering to C, says instead of

justice, virtue; this reinforces our hypothesis). As Bluck
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suggests, the Meno is the only place where we know that the
question of whether virtue is teachable was made to depend on, or

was reduced to, the question of whether it is knowledge.

Aristotle distinguishes two cases in which we have apagoge. a)
"When it is obvious that the first term applies to the middle, but
that the middle applies to the 1last term is not obvious, vet
nevertheless is more probable, or not 1less probable, than the
conclusion". b) "If there are not many intermediate terms between
the last and the middle".

Indeed, if we posit, as Aristotle says, A for teachable, B for
knowledge, C for virtue (that is to say, exactly the same example
as in the Meno), then it is vbvious that AB (that is to say,
'knowledge is teachable'), whereas BC ('virtue is knowledge') is
uncertain. Moreover, BC is equally or more probable than AC -
'virtue is teachable' - (since the truth ovr the falsity of AC
depends on the truth or falsity of BC).

The type of argument by apagoge 1is, it might be said,
semi-demonstrative, semi-dialectical since it has a major premiss
(in our case AB: 'Nwwk{yeis teachable') which is known, and a
minor premiss which for the moment is only assumed (BC: 'virtue is
knowledge'). The unknown character of the minor premiss 1is the
essential feature of this kind of syllogism according to Aristotle
(see 69a35-6). Now the minor premiss is getting "more known"
(éyyUc 4v €1in ToL e€18eval, 69a34; cf 69a28) - and the argument
more probable - if we introduce a middle term (good) which 1links
the subject 'virtue' to the predicate 'knowledge'.

It is worth comparing the example of the Meno with the second

example that Aristotle gives us.
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A teachable D to sqguare

B knowledge E rectilinear
M good N lunes

C virtue FF circle

AB knowledge is teachable DE the rectilinear is squared

BC virtue is knowledge EF the circle becomes rectilinear
&C_v;rgu; ;s-g;oa o &F-tge—czrglé ;s-s;m—og Iu;e;(;)-
AC virtue is teachable DF the circle is squared
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