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Abstract

The structural and dynamic behaviour of quasi-two-dimensional monodisperse and bidisperse
colloidal hard spheres are studied by optical microscopy. Firstly, a full characterisation of the
equilibrium structure is presented through a consideration of structural correlation functions
and number fluctuations. Comparison to fundamental measure theory and Monte Carlo simu-
lations confirms both the behaviour of the system as a model for hard disks and the equation
of state. The differing structural behaviour of binary systems at different size ratios is also dis-
cussed in relation to the nonadditivity. Next, the short- and long-time self-diffusion of particles
is considered. Results for the long-time diffusion coefficient are again compared to Monte Carlo
simulations, which demonstrates that at long times the dynamic behaviour is effectively not
affected by hydrodynamic interactions. Additionally, simple theoretical expressions for the area
fraction dependence of the short- and long-time diffusion coefficients are discussed. The self-
dynamic properties of particles are probed further using the self-intermediate scattering function
and the self-van Hove correlation function. In particular, the extent to which these quantities
may be described by the Gaussian approximation is considered in relation to the relevant hydro-
dynamic limits for colloidal systems. A scaling relation to describe the crossover between these
limits at short and long times is also developed. The consideration of dynamic behaviour is then
extended to collective phenomena and, in particular, to the process of interdiffusion. Here, the
thermodynamic and kinetic drives for this process are explored for binary systems at two differ-
ent size ratios. The differing interdiffusive effects seen in the two systems are considered in light
of the predictions of the Darken equation. Finally, the melting of quasi-two-dimensional col-
loidal hard spheres is studied by considering a monolayer of particles in sedimentation-diffusion
equilibrium. Density profiles and the equation of state are used to characterise the system.
These quantities display a discontinuity, indicating a coexistence gap and hence an interface.
This interface is located and analysed using capillary wave theory, from which both the size of

the coexistence gap and the anisotropic stiffness of the interface are determined.
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Chapter 1

Introduction

No physical object satisfies the mathematical definition of ‘two-dimensional’, yet phenomena
associated with two dimensions are frequently encountered and of widespread significance. These
phenomena arise in a number of scenarios. Firstly, three-dimensional objects possess and interact
via two-dimensional surfaces, often with characteristics that are more complex than expected
by simply projecting their bulk properties to lower dimensionality. Indeed, two-dimensional
(2D) and three-dimensional (3D) studies of materials are complimentary, and both perspectives
are required to fully characterise a material. Interfaces are also effectively two-dimensional and
understanding their properties is relevant to an enormous variety of systems, particularly in
biology, where membranes define the boundaries of cells and govern many of their processes [1].
Furthermore, following the discovery of graphene and its remarkable properties [2] there is a
growing interest in materials that are almost 2D, existing as monolayers with a thickness of one

atom [3].

Many other systems exist which can be described as ‘2D’ with respect to certain, but
not all, of their properties. Adsorbed surface layers are structurally 2D and substantially alter
the chemical and physical properties of materials, including their catalytic ability and crystal
growth [4,5]. Importantly, however, while these systems can be used to study 2D phenomena,
they are highly dependent upon the nature of the surface to which they are adsorbed. A more
independent 2D system can be formed from a single layer of a smectic phase of a liquid crystal,
which can be used to study complex structural and dynamic phenomena [6, 7], in some cases

with relevance to biological systems [8,9]. A range of microfluidic devices also act as 2D systems
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and these have a variety of important applications, for example in medicine [10], as well as a
role in the study of more fundamental phenomena, such as those related to microscopic fluid

dynamics [11,12].

In geometrical terms, visualising a two-dimensional system is simpler than visualising a
3D system, however, this simplicity does not necessarily extend to the physics that governs its
behaviour. In fact, the reduced dimensionality of 2D systems can lead to phenomena which
are not seen in 3D, such as the absence of long-range positional order in 2D crystals [13] or
the non-existence of the diffusion coefficient [14]. One of the most widely studied examples of
the effect of dimensionality is that of the melting of 2D crystals, which proceeds via a hexatic
phase [15-17] unlike in 3D. Striking differences in behaviour can already be observed for relatively
modest confinement, for example by disrupting the bulk behaviour with the addition of a single
wall. This has been seen in phenomena related to heterogeneous nucleation [18,19], layering
phenomena [20] and capillary effects [21-23]. Determining whether these phenomena seen in
theory and simulation exist in experimentally realisable 2D systems is thus of enormous interest.
It is therefore highly desirable to develop effective experimental model systems in which these

phenomena can be directly probed.

1.1 Colloidal model systems

One possible source of these model systems are colloidal suspensions. These are composed of
particles with a length in at least one dimension between 10 nm and 10 pum, dispersed in a
continuous phase. The limits on lengthscale are approximate, and arise from the requirement
that the colloidal particles are large relative to the particles of the dispersing medium, but small
enough to exhibit Brownian motion — the irregular movement of solute particles resulting from
random collisions with molecules of the solvent. The suitability of colloids as models for atomic
and molecular systems follows directly from a number of their intrinsic properties. Firstly, the
similarity of Brownian motion to the thermal motion in atomic and molecular systems leads to
analogous phase behaviour [24,25]. Secondly, the size of colloidal particles allows for their study
over experimentally convenient timescales (s) and lengthscales (um) and as such, in real space
and real time. Furthermore, colloidal system are also highly tuneable. Colloidal particles with

a wide array of shapes [26-30] can be synthesized from a diverse range of materials [31-34] and
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the surface chemistry modified, or solvent varied, to create systems that exhibit a variety of
interparticle interactions [35-39]. They may also be directly manipulated, by means of optical
tweezers [40, 41], magnetic fields [42,43], or the imposition of shear [44,45]. This inherent
versatility means that many physical phenomena can be studied using colloids, including self-
assembly [46], active matter [47,48] and phase transitions [24,49-51]. Here, the ability to
study the systems directly by optical microscopy allows for detailed structural and dynamic
information to be obtained, and hence the mechanisms of these phenomena to be probed at a

single particle level.

Colloidal model systems have been widely used to consider 2D phenomena, with a range of
methods of confinement including thin cells [52-57], optical tweezers [58], or simply gravity [59—
67] employed to realise a colloidal monolayer. Here, however, the colloidal systems themselves
are more accurately described as quasi-two-dimensional. This distinction is due to the fact that
while the motion of the colloidal particles is confined to a single plane, the momentum transport
through the solvent can evolve in three spatial directions. This has a substantial effect on the
particle dynamics due to the complex, solvent-mediated, hydrodynamic interactions between
particles and this subtlety can in fact lead to surprising differences in the dynamic behaviour of

systems all described as quasi-2D, but confined by different methods [54,57, 62,65, 68,69].

1.2 Hard core systems

While colloids are used to study increasingly complex phenomena, they have long been recognised
as one of the best experimental realisations of the simplest many body interacting system, that
of particles interacting via a hard core potential [24]. For hard spheres with diameter o and at

separation r, the pair potential, v(r), has the form

oo forr<o

u(r) = (1.1)

0 forr>o,
which physically implies that particles cannot overlap or interpenetrate. This pair potential is
of relevance to many systems, due to the dominance of the interaction potential by a strong
repulsion at short distances, which for molecular and atomic systems arises from the overlap of

electron shells.
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The absence of an attractive component of the interaction potential means that the be-
haviour of hard core systems is dominated by entropy, with their phase behaviour governed only
by the packing fraction. Many interesting phenomena are associated with the latter, particularly
with respect to their entropy-driven phase transitions [70]. Specific details associated with the
transitions depend upon the shape of the particles involved, with some examples the isotropic-
nematic transition in hard rods discovered by Onsager [71], and the fluid-solid transition for
hard spheres first determined by simulation [72-74]. While there is an obvious appeal in study-
ing such simple systems from the point of view of fundamental properties, understanding the
behaviour of hard core systems is also important due to their use as reference systems, where

additional features of the interaction potential may be added as a perturbation [75].

While the behaviour of hard spheres in 3D and hard disks in 2D has been widely studied
by theory and simulation, (see for example [76-82]), there are still many outstanding questions
related to these systems. These include determining the relationship between the structural and
dynamic properties of dense fluids [66,80,83,84], understanding the underlying mechanisms that
lead to the glass transition [77,85-87] and verifying a scenario by which the melting of crystals in
2D occurs [88,89]. The inherent simplicity of their interaction potential makes hard core systems
a valuable tool to achieve a fundamental understanding of these complex many body phenomena.
For liquids in particular, it is well known that the hard core repulsion governs the observed
structure [90-93], and a hard core system thus provides valuable insight without additional
complicating factors. This is an especially relevant result, as it is the dense but disordered
nature of liquids that makes their theoretical description so challenging. Early experimental work
considering the structure of liquids in 3D utilised macroscopic systems of ball bearings to consider
hard sphere packing arrangements [94], which has more recently been extended to studying
vibrated granular matter [95-97]. For thermalised hard spheres, however, colloidal systems are
the most widely used model system [98], though the properties of two-dimensional hard spheres
have been much less well explored experimentally than their 3D equivalents. Phenomena specific

to experimental 2D hard disk fluids are therefore still a matter of much debate.
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1.3 Scope of the thesis

In this thesis, the structural and dynamic behaviour of quasi-two-dimensional colloidal hard
spheres is investigated. The colloidal particles are confined to a monolayer by gravity and
their behaviour is studied by optical microscopy over a wide range of compositions and area
fractions. From this, fundamental relations from liquid state theory may be tested and the
phase behaviour of the system probed. In the following chapters, the colloidal model system is
first characterised with respect to structural and dynamic properties in order to determine the
extent to which the particles behave as model hard disks. This system is then used to study
more complex phenomena including the link between structure and self-diffusion, the behaviour
of the intermediate scattering function as measured by microscopy, interdiffusion in binary fluids

and melting in two dimensions.

Firstly, in Chapter 2 the statistical mechanical background used to describe properties of
colloidal fluids and the experimental methods used to study them are presented. The grand
canonical ensemble and number fluctuations are described, and the structural and dynamic
correlation functions used to characterise the behaviour of the system are discussed. Then,
the experimental details of the colloidal model system, optical microscopy set-up and image

processing are presented.

In Chapter 3, a full characterisation of the equilibrium structure of the monodisperse and
bidisperse colloidal fluids is presented, using the radial distribution function, static structure
factor and an analysis of number fluctuations. Results are compared to those from fundamental
measure theory and a Monte Carlo simulation of hard disks in order to test the extent to
which the experimental system behaves as a hard disk fluid. Also the equation of state for the
monodisperse system is confirmed. The contrasting structure of binary systems at different size

ratios is considered in terms of the nonadditivity.

A characterisation of the dynamic behaviour of the monodisperse and binary quasi-two-
dimensional colloidal systems is performed in Chapter 4. Here, the central focus is the deter-
mination of the short- and long-time self-diffusion coefficients as a function of the total area
fraction, and the relation of these quantities to the structure of the system. Again, the monodis-

perse system is compared to a Monte Carlo simulation of hard disks, which is now used to clarify
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the extent to which hydrodynamic and direct interactions impact upon the behaviour of particles
at short and long times. In light of this, the applicability of simple theoretical expressions for
the dependence of the short- and long-time self-diffusion coefficients upon the total area fraction

in terms of the structure is discussed.

Following on from the study of the dynamic behaviour via the mean squared displacement,
the behaviour of the self-intermediate scattering function and self-van Hove correlation function
is considered in Chapter 5. In particular, the validity of the Gaussian approximation is probed in
detail over a range of length and timescales. Deviations from Gaussian behaviour are discussed
with respect to the hydrodynamic limits for colloidal systems and are quantified using the non-
Gaussian parameter. Additionally, a scaling relation is developed to study the crossover between

the diffusive regimes at short and long times.

Next, in Chapter 6, the study of dynamic properties is extended to collective phenomena
and, more specifically, the process of interdiffusion in binary colloidal fluids. The thermodynamic
and kinetic factors driving the process are considered separately, with the former determined
from the concentration-concentration static structure factor and the latter from mean squared
displacements of the centre of mass of a subset of particles. The extent to which interdiffusion
can be described by the Darken equation i.e. by a linear combination of self-diffusion coefficients,
is discussed in relation to the differing behaviour for systems at different compositions and size

ratios.

Finally, in Chapter 7, the melting of quasi-two-dimensional colloidal hard spheres is stud-
ied by considering a monolayer of particles in sedimentation-diffusion equilibrium. The system
is characterised by calculation of the density profile and the equation of state. The presence
of a discontinuity in these functions indicates a coexistence gap and hence an interface. This
interface is subsequently located by considering the bond-orientational order parameter. Fluctu-
ations of the interface are analysed using capillary wave theory, with the resulting height-height
correlations functions used to quantify both the size of the coexistence gap and the anisotropic

stiffness of the interface.



Chapter 2

Theoretical background and experi-

mental methods

ABSTRACT

In this thesis, the structural and dynamic behaviour of quasi-two-dimensional colloidal hard
spheres is studied. In this Chapter, the statistical mechanical background used to describe
properties of colloidal fluids and the experimental methods used to study them are presented.
Firstly, the grand canonical ensemble and number fluctuations are described. Next, correla-
tion functions used to characterise the structure of the system are considered, with emphasis
here upon the radial distribution function and static structure factor and the thermodynamic
quantities associated with them. For the dynamic properties, the van Hove correlation function,
mean squared displacement and intermediate scattering functions are discussed. Finally, the
experiments performed are described, including details of the colloidal model system, optical

microscopy set-up and image processing used.
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2.1 Statistical mechanics of colloidal liquids

In this thesis quasi-two-dimensional monolayers of particles with fixed particle number, fixed area
and at fixed temperature are considered. A full description of the state of an IN-particle system
in two dimensions (2D) requires the knowledge of the 2N spatial coordinates of the particles,
r’V, and the 2N components of their momenta, p”, which define its point in the 4 N-dimensional
phase space. From these 4N coordinates, it is possible to determine both the behaviour at a
single particle level and, through functions of these coordinates, the macroscopic thermodynamic
properties of the system. For a system at equilibrium, however, it is more convenient to consider
these properties in a more general way using probability density functions of positions and

momenta. The key problem is thus to find accurate expressions for the probability density

functions at equilibrium.

The form of these functions will depend on the type of ensemble considered. While the
experimental system as a whole has both fixed particle number and fixed area, experimental
images are only taken over a small section of the monolayer leading to fluctuations in the
particle number. Consequently, while the system as a whole would be described via the canonical
ensemble, it is more appropriate to describe the imaged part of the system through the grand

canonical ensemble.

In the grand canonical ensemble in 2D, the state of the system is defined by fixed values of
the chemical potential, u, area, A, and temperature, T' . The number of particles, N, is allowed

to fluctuate. The normalised equilibrium probability density function is [99, 100]

fO(I'N, pN7 N) — h2]\17N' eXp(_B(]E;I — NN)) ) (2.1)

Equation (2.1) expresses the probability distribution for the system having N particles at po-
sitions r" and with momenta pV. In this definition, h*¥ and N! arise from normalisation so
that > n_o [ [ fo(r,p", N)dr¥dp? = 1, where h is Planck’s constant, and 8 = 1/kgT with

kp the Boltzmann constant. The grand partition function in 2D, =, is given by

[1]

= Z h2]\1fN! //exp(—B(H— Np))drNdp?. (2.2)

N=0
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where H is the Hamiltonian, which for a system with no external field is
H(",p") = K(p") + V(™). (2.3)

Here, K (p”) accounts for the contribution from the kinetic energy and V (r") for the contribu-
tion from the potential energy. If the integration over momenta in Equation (2.2) is performed,
the kinetic part results in a contribution of (2rmkgT)" with m the particle mass. The integral

over the potential energy term leads to the configuration integral, Zy, where

ZN = /exp(—ﬁV(rN))drN. (2.4)
1
If we also define an activity, z = exp(Bu)/A?, with A = (h2/27rmk:BT) 2, then
—  ~= exp(NBp) o 2V
N=0 N=0

Links to thermodynamic quantities are then realisable via the grand potential,

Q=—kgTlnz= = —PA, (2.6)
from the relation

dQ) = —SdT — PdA — Ndp. (2.7)

Note that P refers to the 2D analogue of the pressure.

2.1.1 Number fluctuations

In this thesis, the imaged experimental system exhibits fluctuations in the number of particles,
and this is of particular interest as the variance of this quantity, (N?) — (N)? may be directly
linked to the isothermal compressibility of the system, xyp. The probability that a system has
exactly N particles, p(IN), may be calculated from Equation (2.1), as

1 N
p(N) = //fodrNde = E%ZN- (2.8)
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From this it follows that the average number of particles, (IV), is

> 1 & 2N z (02
<N>:ZNP(N):EZNWZN:E £ ; (2.9)
N=0 ~ N=0 ) - AT
with variance
ONYY _ (0(N)
Olnz) 0z
2 = ZN-1 z = ad N
==Y NI -5 () Y N=Zn
E = N! =2 \ 9z AT 5= N!
= (N?) — (N)2 (2.10)

Using the definition of the activity, z, this may also be expressed as a derivative in terms of the

chemical potential:

I(N) I(N)
— | =kgT | — ). 2.11
(81nz> B < o (2.11)
While the fluctuation in particle number is a property of the grand canonical ensemble, if the
system is made very large the fluctuations vanish. This is the thermodynamic limit, and is
defined as (N) — oo and A — oo with density, p = % held constant. In this limit, therefore,

(N) can be replaced with N and standard thermodynamic relations involving the number of

particles used.

The 2D isothermal compressibility, x7, is defined in terms of partial derivatives as

1 (0A 1 8p> 1 <8p>
wr == (24) ZL(op) _ 1 () 9.12
! A<3P>T p(é’P v PP \On/) gy (2.12)
Combining Equations (2.10), (2.11) and (2.12) with
8p> 1 <8N>
9p) _ L (ONY 2.13
<8M r A\ /) ( :

leads in the thermodynamic limit to the required link between the number fluctuations and the
compressibility

(N?) — (N)?

<N> = pkBTXT. (2.14)
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2.1.2 The radial distribution function

The radial distribution function, g(r), describes the correlation in the positions of pairs of
particles and provides the simplest characterisation of the structure of a system. It may be
interpreted as being proportional to the probability of finding a particle in an infinitesimal shell
at a distance r from another particle. It plays a central role in the statistical mechanics of
the liquid state as it often provides a sufficiently detailed description of structural correlations,
making a consideration of the full probability density functions for all particles unnecessary. This
is particularly relevant if pairwise interactions are assumed. Additionally, it is of importance

due to the ease with which it may be measured experimentally.

The radial distribution function can be calculated from the full probability density function
(Equation (2.1)) by an integration over all momentum coordinates and over N — 2 position
coordinates [99]. For a canonical ensemble, the probability of finding two particles in the area
element dr(® regardless of the positions of the remaining particles and momenta of all particles
is [99]

N!

P (&) = (N—Q)'ZlN /exp (—BV (xN)) drV=2). (2.15)

This is closely related to the 2-particle distribution function, gj(\%) (r), which is found by dividing

by the product of single particle probability densities. For homogeneous systems, this single

particle probability density is equal to the number density, p, so that

) (p) = P (r) _ A N1
IN 2 NZ(N_2)Zy

/exp (—,BV(rN)) drN=2), (2.16)

If the system is also isotropic the resulting function is the radial distribution function, g(r),

which now depends only upon the distance between particles, with

_ A2(N —1)

NZn /exp (—BV(I‘N)) drN=2), (2.17)

The radial distribution function may alternatively be expressed using definitions of the particle
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density in terms of delta functions, with the 1-particle density

N
(S0 a5

and the 2-particle density function
N N
PP 2"y = <Z 360 — ) o — rj)> . (2.19)
i=1 ji

As pg\%) (r',r”) will only be non-zero if r' = r; and r”” = r;j, Equation (2.19) may be rewritten in

terms of a single delta function for the distance between the particles, r =r' —r” =r; —rj as
| /NN
= <ZZa(r— (ri—rj))>. (2.20)
i=1 j#i

Here, a factor of 1/A must be included to account for the absolute position of the two particles

within the system. The radial distribution function simply follows from Equation (2.16) as

g(r) Np<225 rz+rj> (2.21)

1=1 j#i

The definition of the 2-particle density function, and thus g(r), can also be extended to the

grand canonical ensemble. In this ensemble,
(o @]
(r®) Z p(N @), (2.22)
N=2

where p(N) is the probability that the system has N particles (Equation (2.8)) and ,0( )( @)y is

the canonical 2-particle density function. Therefore, for a homogeneous, isotropic system

g(r) = —=—. (2.23)

As N is not fixed, the n-particle density functions in the grand canonical ensemble are normalised
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such that
0 N
/ ™) (2 gp ) — / {é 3 (NZ ; / exp(ﬁV(rN))dr(N")}dr(”)
N>n
J{E g}
N>n

(2.24)

Therefore, the radial distribution function may now be related to the variance of the number

fluctuations within the system by forming the expression

[ [ [p2@r) = o000 e2)] drades = (V2) = () = ()2 (2.25)
which for a homogeneous system may be rearranged as
(N - (V1
= s e [ [ [Pa - s0e0s e ] andr.
I 29(r) — p?] dr
= {<N>+A/[pg( ) —p*]d }
=1+ p/[g(r) — 1]dr. (2.26)
Following Equation (2.14) this implies
(2.27)

1+ p/[g(r) — 1)dr = pkpTxr,
thus allowing the isothermal compressibility to be calculated from g(r) within the grand canon-

ical ensemble.
2.1.3 The equation of state from the radial distribution function

Another key thermodynamic property which may be calculated from g¢(r) is the equation of

state via the virial function [99], where

(2.28)

pP Wﬁp/ o du(r)
r g(r)dr.

[talp I
P 2 dr
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with v(r) the pair potential. For the particular case of hard spheres or hard disks, which are the
focus of this thesis, this is difficult to solve due to the discontinuous nature of the pair potential

(Equation (1.1)). As such, we require the definition of a new function,

y(r) = exp(Bo(r))g(r), (2.29)

which transforms Equation (2.28) as

1= T [ e gyl
=1+ %p /1"2 d(eXp(;fv(r)))y(r)dr. (2.30)

As v(r) is either oo for r < o or 0 for r > o, the derivative of exp(—pv(r)) is a delta function.

Hence,

P oo
PP _ 1422 r25(r — o)y(r)dr
p 2 Jo

s
=1+ Lo%(0)

=1+ 2¢g(0), (2.31)

with ¢ the area fraction. It can be seen from Equation (2.31) that for a hard disk system
the equation of state, and so the pressure, depends only upon the contact value of the radial

distribution function, i.e. the value of g(r) for r = o.

2.1.4 The static structure factor

In many experimental studies of molecular liquids [101,102] and of colloidal fluids [103, 104]
measurements are made by scattering techniques. It is, therefore, Fourier components, py, of

the microscopic density rather than particle positions in real space that are considered, where

N
Pk = Zexp(—z'k ‘1), (2.32)

=1

with k the wavevector which is related to the real space lengthscale, L, as 27/ L. The function

equivalent to the radial distribution function in Fourier space is the static structure factor, S(k),
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which can be expressed in terms of py as

1 N N
= N <Z Zexp(—ik . (I'Z' - I'j))> . (233)

The relation between the microscopic densities in real and Fourier space implies that S(k) may

also be expressed in terms of g(r) (Equation (2.17)). This relation may be determined as

1 N N
Sl =1+ <Z > exp(—ik- (ri - rj))>

i=1 j#i

=1+ ﬁ /exp(—ik - (r; — ;) exp(—=BV (x™))dr

=1+ N-1) //exp —ik - ))A;Z[g( r) )dr(l)dr()

=1+ p/exp(—ik -1)g(r)dr. (2.34)

Further manipulation of the expression leads to

Sk)=1+ p/exp(—ik -r)(g(r) —1)dr + p/exp(—ik -r)dr
~1+ p/exp(—ik -1)(g(r) — 1)dr, (2.35)

where the second line is exact for k # 0. Therefore, by comparison to Equations (2.14) and

(2.27) it can be shown that

(N?) = (N)?

Sk — 0) = pkgT'x1T = ™

(2.36)

This result is important as it demonstrates that the k — 0 limit of the static structure factor

may be approximated by a consideration of the number fluctuations.

2.1.5 Dynamics

The dynamic behaviour of single particles may be described using time-correlation functions.

These are the analogues of the structural correlation functions but now with the single particle
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density as a time dependent quantity

p(r, t) - Z (5[1‘ - ri(t)]7 (2'37)

where r; is the position of particle 7 at time ¢. In real space the most important time-dependent
correlation function is the van Hove correlation function,

N N
G(r,1) = = (p(r, 1)p(ro,0)) = <}V ST 6l ry(0) + ri<o>]> , (2.38)

1
P i=1 j=1
which probes correlations in the positions of particles over time. Here, the double sum may be

split into terms for i = j and for i # j resulting in

L T
G(r,t) = <NZ(5[I' —1;(t) +ri(0)]> + <NZZ(5[r—rj(t) +ri(0)]>
i=1

i=1 j#i

= Gy(r,t) + Ga(r, 1), (2.39)

where G4(r,t) and G4(r,t) are the self and distinct parts of the van Hove function. As a whole,
the van Hove correlation function reflects the probability that a particle will be found at position
r at time t given that there was a particle at position r(0) at ¢ = 0. The two parts differ in
that for the self part, the same particle is considered at both times whereas for the distinct part
the positions are those of different particles. As the latter probes correlations between differing

particles, for t = 0, G4(r,t = 0) = pg(r).

Of particular importance is the second moment of G,(r,t), which is the mean squared

displacement (MSD):

(Gr2(8)) = / 2 Gy (r, £)dr. (2.40)

The MSD may also be calculated directly from particle trajectories as

N

52(0) =+ 3 (i) i 0)). (2.41)

i=1

with r; the position of particle i, N the number of particles and (...) the average over different

time origins. The ability to average over different time origins arises from the assumption of
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stationarity, i.e. that to determine the change in a property after a certain time interval, any
point in the trajectory may be chosen as the time origin. If the trajectories of the particles can
be described as a random walk, the mean squared displacement can be linked directly to the

diffusion coefficient. In 2D, this is equal to
(6r2(t)) = 4Dt, (2.42)
where D is the appropriate diffusion coefficient for the process. For a single particle moving in a

three-dimensional fluid the value of this coefficient is determined from the Einstein expression,

kT

D =
3mno’

(2.43)

where 7 is the solvent viscosity and o the particle diameter. For systems of many particles,
the value of the diffusion coefficient depends upon the interparticle interactions. The result of
this is that D displays a dependence on time, arising from the timescales over which differing
interactions impact on the motion of a particle. For colloidal systems, two diffusion coefficients
may be defined: a short-time diffusion coefficient, characterising the diffusive motion of the
particle in the initial time regime where particles interact hydrodynamically but not directly,
and a long-time diffusion coefficient characterising the motion at later times when the particle
has interacted directly with many particles, and as such feels the configuration of the system
in an averaged sense. This is in contrast to the behaviour of molecular systems, where the

long-time dynamics are diffusive but the initial motion is ballistic, with <57"2 (t)> o t2.

Finally, in Fourier space the relevant correlation function is the intermediate scattering

function (ISF), F'(k,t), which is defined as

Pk, 1) =+ {p(t)p-x(0)). (2.44)

This is the spatial Fourier transform of the van Hove correlation function (Equation (2.39)), and

similarly can be split into the self- (or incoherent-) ISF

Fy(k,t) = (explik - (ri(t) —ri(0))]) , (2.45)
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which considers correlations in the behaviour of a particle with itself, and the coherent ISF

N N

Fo(k,t) = <Z > explik - (r;(t) — ri<0>>J> : (2.46)
i=1 j#£i

which considers the correlations between different particles. The self-intermediate scattering

function and the mean squared displacement both characterise the self-motion of a tagged parti-

cle, though the MSD is in general more sensitive to the faster moving particles and the self-ISF

more sensitive to slower moving particles. Consequently, the two functions provide complemen-

tary information, which is particularly useful if studying systems with heterogeneous dynamics.

2.2 Colloidal model systems

Colloidal suspensions are an experimental system for which the statistical mechanics described
in the previous section is relevant. These are systems consisting of particles with at least one
lengthscale in the range of 10 nm to 10 um dispersed in a continuous medium. The size of the
colloidal particles is small enough relative to the solvent molecules to result in Brownian motion,
which in turn leads to a phase behaviour analogous to atomic and molecular systems [24]. This

particle motion is associated with a characteristic timescale, the Brownian time, 7g, defined as

o2 . kgT
B = 5 with D = N (2.47)

Here, o is the particle diameter, D the diffusion coefficient and & the friction coefficient. As
such, 75 is the time taken for a particle to diffuse over its own diameter. Consequently, the
typical lengthscale on the order of um leads to a timescale on the order of seconds, which allows

for the study of colloidal systems in real space and time.

The scale of colloidal particles also allows for their confinement either by gravity or other
physical means. The gravitational confinement may be quantified by the gravitational height,

hg, calculated as

6kgT
hy = ———— 2.48

with g the acceleration due to gravity and Ap,_s the difference in mass density between particle
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and solvent. This quantity describes the distance a particle may move against gravity due to
thermal energy and may be tuned through the mass density mismatch between particle and

solvent or, more sensitively, by o.

Colloidal systems are also highly tunable with respect to their interaction potential, v(r).
In general v(r) displays two basic features; a strongly repulsive interaction at short distances
combined with a longer-ranged van der Waals attraction. This potential may then be modified
in a number of ways, for example by changing the refractive index mismatch between solvent
and particle or by the modification of the surface of the particle. In this thesis, the particles used
have been functionalised to include carboxylate surface groups, and thus will bear a negative
charge in the solvent used. Consequently, the interactions between particles can be modelled as

a screened Coulomb (Yukawa) potential of the form

v(r) o0 forr <o

= 2
kpT Z°\p (eXp('w)> SXP(=AT) g > 0.

1+ko r

(2.49)

Here, Z is the effective charge number of the spheres, ! is the Debye length and \p is the
Bjerrum length, which describes the thermal separation for unit charges. The form of the
potential arises from the modified distribution of ions in solution which results from the surface
charge of the particle. Equation (2.49) implies that to realise an experimental hard sphere
model system it is necessary to ensure that x~! is very small, which is achievable by a high ionic

strength of the solution.

Finally, it should also be noted that colloidal suspensions deviate from atomic systems in
a number of respects. Firstly, in contrast to molecular and atomic systems, the particles of a
colloidal suspension are not identical, displaying some degree of polydispersity. Secondly, the
presence of the solvent leads to key differences in the dynamic behaviour. This is seen both
in the fact that colloidal systems display Brownian rather than Newtonian dynamics and that
colloidal particles display solvent-mediated hydrodynamic interactions in addition to the direct

interactions, which are governed by the interaction potential.
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2.3 Experimental methods

2.3.1 Colloidal model system

In this thesis, we consider a quasi-2D colloidal system, consisting of a monolayer of particles
confined to the base of a glass sample cell. The colloidal particles are spherical, carboxylic
acid functionalized melamine formaldehyde particles (Microparticles GmbH) with mass density,
p = 1510 kg m~3, refractive index of 1.68 and diameters of ¢ = 2.79 pm, o = 4.04 um and
o = 6.10 um. The particles are highly monodisperse, with polydispersities (PD) determined
from scanning electron microscopy to be 2.1% and 1.2% for the 2.79 um and 4.04 pm particles,
respectively. Important quantities related to the colloidal particles, including their Brownian

times, 78, and gravitational heights, hy, are summarised in the Table in Figure 2.1.

The particles are dispersed in a 20/80 v/v% ethanol/water mixture to form a dilute sus-
pension, with the carboxylic acid functionalisation resulting in a negative charge on the particle
surface in solution. This leads to a short range repulsion between the particles, and between
the particles and the wall of the cell, which minimizes particle aggregation and suppresses the
tendency of particles to stick to the wall of the sample cell. Note that the Debye length was not
determined for our system as the radial distribution functions and the equation of state show
that the particles effectively behave as hard spheres (see Chapter 3). The ethanol-water mixture
has a density of 971 kg m~3 and a viscosity of 1.60 x 10% Pa s [105] and is used both to inhibit
the growth of bacteria and to lower the surface tension, enabling the suspension to be easily

loaded into the cell.

o (um) PD (%) 78 (s) hy (pm)

2.79 21 45 0.068
4.04 1.2 151 0.023

6.10 2.01 324 0.0067

Figure 2.1: A summary of the quantities used to characterise the colloidal particles, with a scan-
ning electron microscopy (SEM) image of a mixture containing 2.79 pm and 4.04 pwm particles.
1 Value from manufacturer.
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The sample cell used is a custom-made quartz glass Hellma cell with internal width of 9 mm,
internal length of 20 mm and internal height of 200 um (see Figure 2.3a inset). It is cleaned
prior to use by heating for 30 minutes at approximately 50°C in a 2% solution of Hellmanex®,
drying at 80°C on a hot plate, and then plasma cleaning. This removes any contaminants from
the surface of the cell. Following insertion of the sample, the ports of the cell are sealed using
Blu-tack to prevent contamination of the sample and evaporation. The high mass density of
the melamine particles relative to the solvent results in their rapid sedimentation onto the base
of the cell, with the concentration of the suspension tuned such that a single layer is formed.
The gravitational height of the particles (see Figure 2.1) is an extremely small fraction of their
size, resulting in negligible fluctuations out of the plane. As such, the system is structurally
two-dimensional with respect to the colloidal particles but three-dimensional with respect to the

fluid. The system is therefore described as quasi-two-dimensional.
The colloidal systems are studied at a range of total area fractions

Nro?
O = 1A

(2.50)

with N the number of particles and A the area of the system. For binary systems, this is
the sum of the area fraction of small and large particles, ¢; = ¢; + ¢s. Additionally, for the
binary systems there may also be variation with respect to the composition, i.e. the relative

area fractions of each of the two components. This is denoted by the parameter, g, where

_&

=50 (2.51)

which thus runs from ¢ = 0 for systems of only small particles to ¢ = 1 for systems of only
large particles. Two different binary mixtures are considered in this thesis: one comprised of
mixtures of 2.79 um and 4.04 pm with size ratio, v = o0;/0s = 1.45 and another comprised of
particles with diameters of 2.79 um and 6.10 wm, with size ratio, v = 2.19. These are both at
relatively small size ratio, but here we shall describe the v = 1.45 system as that at a small size
ratio and the v = 2.19 system as that at a large size ratio. Note that the centres of the large and
small particles do not lie in the same plane when sedimented. To account for this an effective
diameter for the large particles can be defined in the plane of the centres of the small particles.

For the 2.79 um and 4.04 um particles the difference between real and effective diameter is very
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Figure 2.2: State diagrams exhibiting the range of system compositions, ¢ = ¢;/¢;, studied for
the binary system with (a) v = 1.45 and (b) v = 2.19. Here the labels indicate the value of
q. Note that the two monodisperse systems are represented as the lines ¢ = 0 and ¢ = 1 in
panel (a). Typical experimental images of systems at ¢; ~ 0.5 are shown for: (c) o = 4.04 pm
monodisperse system (¢ = 1); (d) binary system with v = 1.45 and ¢ = 0.71; (e) binary system
with v = 2.19 and ¢ = 0.48.

small, however, for the 6.10 um particles the larger size ratio results in a significant difference
in effective particle diameter. Consequently, for the system at v = 2.19, the area fraction is

calculated using the effective diameter for the 6.10 um particles.

The full range of systems considered are shown in the state diagrams in Figure 2.2a and
b. A common value of ¢ = 0.5 is considered for both size ratios. It is also possible, however, to
compare the systems with respect to number concentration, ¢;, where ¢; = N;/N with N; the
number of one type of particles. The closest comparison between the large and small size ratio
systems with respect to number concentrations is between the ¢ = 0.37 small size ratio system
and the ¢ = 0.48 large size ratio system. Typical images of some of the compositions considered

at a total area fraction of ¢; ~ 0.5 are shown in Figure 2.2c-e.
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Figure 2.3: (a) A schematic of the custom-built tilting optical microscopy set-up. Inset: an
image of the sample cell used. (b) The tilting microscopy set-up.
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2.3.2 Video-microscopy

All of the data acquisition is performed using optical video-microscopy set-ups. Experiments
described in Chapter 3 to Chapter 6 utilise an Olympus inverted bright-field microscope while
those in Chapter 7 use a custom-built inverted bright field microscope instead which allows for
the set-up to be tilted to a small angle. Objectives with magnification of 20x and 40x are used
and images are recorded on a PixeLINK CMOS camera and saved as 8-bit 1280 x 1024 pixel

images. The schematic of the tilted microscope set-up is shown in Figure 2.3a.

By tilting the microscope, gravitational heights parallel and perpendicular to the base of

the sample cell are introduced, and defined as

6kpT 6kpT

h and  hg =

ol = (2.52)

Todgsinalp, To3gcos alpy_s’

with « the tilt angle (see Figure 2.4a). For small angles, the two gravitational heights can be
tuned such that fluctuations perpendicular to the base of the cell are still sufficiently suppressed,
but the gravitational height parallel to the base of the cell is on the order of the particle diameter.
This allows for significant movement of the particles up the plane and results in a wide density

gradient and interface, as shown in Figure 2.4b.
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(b)

gsina

Figure 2.4: (a) A diagram to show the effect of tilting the sample by a small angle, «, and the
resultant in-plane component of g. (b) An example of the experimental images acquired from
tilted microscopy experiments for o = 0.56°.

2.3.3 Image analysis

Tracking routines developed by Crocker and Grier [106] are used to acquire particle positions
and trajectories from the microscopy images. The processing steps involved are illustrated in
Figure 2.5. First, a bandpass filter is applied to subtract the background noise and smooth
the image. This results in an image in which there are many uniform, circular, bright features,
as shown in Figure 2.5b. Parameters used here are varied dependent upon the size of the
particles in the system, however this does not remove all of the unwanted bright signals arising
from the background and, in particular, from interstitials. Particles are then located using a
further routine in which a Gaussian fit to the bright spots determines the position of their
centres. In addition to the particle coordinates, the position finding routine also calculates the
brightness, radius of gyration and eccentricity of features. The application of conditions on these
values allows unwanted items to be eliminated and large and small particles to be distinguished
(Figure 2.5¢ and d). As the bright particle centres following the bandpass procedure are many
pixels in diameter, the error in position is very small, and is estimated from a consideration
of the mean squared displacement to be 12 + 10 nm [61]. For the determination of dynamic
properties a tracking routine is used to link coordinates into trajectories by the association of a
particle identity to each coordinate found. The subset of particles tracked may be controlled by
specifying the starting positions of particles of interest or the minimum length of trajectory. In
the work described in Chapter 7 the lower magnification makes the distinction between particles
and bright interstitials more challenging. Here, the transient interstitials may be removed using

a condition on track length, with particle positions subsequently determined from the tracked
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brightness

Figure 2.5: Sample images to illustrate the particle tracking procedure: (a) A raw experimental
image of a binary system at v = 1.45, ¢ = 0.37 and ¢; = 0.63; (b) The same image following the
bandpass procedure; (¢) A plot of radius of gyration versus brightness for all features initially
found. Small and large particle subsets are indicated, with remaining features those of the
interstitials; (d) A plot of the particle coordinates for the small and large particle subsets,
plotted in filled and open symbols respectively.

data. This results in large arrays of data comprised of the x and y positions over time for
each particle. These may be further analysed to determine properties of the system such as

correlation functions.
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Chapter 3

Structure and fluctuations of

quasi-two-dimensional binary

colloidal fluids

ABSTRACT

In this Chapter, a full characterisation of the equilibrium structure of monodisperse and
bidisperse quasi-two-dimensional colloidal fluids is presented. Firstly, the radial distribution
function, g(r), is computed and compared to results from fundamental measure theory and
Monte Carlo simulation for hard disks, demonstrating that the monodisperse and small size
ratio binary systems are excellent model hard disk systems. Next, the static structure factor,
S(k), is computed, and an analysis of number fluctuations used to obtain the S(k — 0) limit.
Further to this, an analysis of the contact value of g(r) and the & — 0 limit of S(k) is used to
confirm the equation of state. Finally, a binary system with a larger size ratio is considered,

where the enhanced negative nonadditivity leads to significantly different behaviour.

27
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3.1 Introduction

The structure of liquids is characterised by a high particle density combined with a lack of long-
range order, and thus lies between that of solids and gases. This makes a theoretical description
of liquids very difficult as neither descriptions based upon random order and low density relevant
to gases, or of well defined long-range order applicable to crystals are appropriate. Therefore, a
powerful tool in the analysis of the structure of liquids are correlation functions. Of particularly
wide-ranging use are the two-point correlation functions, the radial distribution function, g(r),

and its Fourier transform, the static structure factor, S(k).

These give an immediate indication of the degree of structural order and the softness of
the interaction potential. They also provide all the information necessary for the calculation of
many important thermodynamic quantities, including the equation of state [99]. Furthermore,
dynamic quantities, such as the diffusion coefficient and the intermediate scattering function, are
often directly linked to structural measures [66,107,108]. As such, the accurate determination of
these functions is of great importance and significant effort has been devoted to this problem, in
particular for hard sphere and hard disk systems both theoretically [109-113] and in computer
simulations [72,73,114-116].

Experimental determination of both ¢(r) and S(k) for colloidal suspensions in three di-
mensions (3D) was achieved first in scattering experiments [103], and later directly by confocal
microscopy [117-119]. Here, the choice of which function to calculate directly from experiment
is determined by the experimental method utilised. In the case of scattering experiments, only
S(k) is directly accessible, whereas for microscopy, the natural choice is the real space function

g(r), though it is possible to calculate both quantities directly from particle coordinates [120].

For the consideration of two-dimensional (2D) systems, simple scattering experiments
equivalent to those used for 3D systems are difficult. While it is possible to perform more com-
plex scattering experiments such as evanescent wave dynamic light scattering, these have only
been used to consider dynamic properties [69,121]. This implies that for quasi-two-dimensional
systems, real space measurements from microscopy dominate and the structure is primarily char-
acterised using g(r). The radial distribution function has been measured for a variety of quasi-2D

colloidal systems and compared to computer simulations and theories [53,58,120,122-127].
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The structure of quasi-2D binary systems, consisting of two sizes of particle, has also
become a subject of increasing interest due to the widespread use of these systems as model
glass-formers [67,128-130]. This is more challenging both for experiment and theory, due to
the need to account for correlations between like and unlike particles, and for the ensuing

introduction of complex packing effects.

In this Chapter an extensive structural characterisation of the monodisperse and bidisperse
quasi-2D colloidal systems used in this thesis is presented. A comparison of the radial distribu-
tion functions to both fundamental measure theory and a Monte Carlo simulation for hard disks
is used to demonstrate that the system is an excellent model hard disk system. The difficulties
in the calculation of structural correlation functions for quantitative use are discussed, and in
particular the accurate determination of the contact value of the radial distribution function that
directly leads to the equation of state. Static structure factors and their linear combinations for
the same experimental systems are also calculated directly from particle positions and presented
with the relevant fluctuation analysis necessary to calculate the & — 0 limit of these functions.
Finally, the differing behaviour of systems with a larger size ratio is discussed in relation to the

nonadditivity within the system.

3.2 Experimental methods and data analysis

3.2.1 Colloidal model system

The quasi-2D colloidal system used is described in Section 2.3.1. Here, the structural behaviour
of monodisperse systems of particles with diameter o = 2.79 um and o = 4.04 um and binary
systems at size ratios v = 0;/0s = 1.45 and v = 2.19 are considered. Images are recorded at two
frames per second and particle coordinates are obtained as described in Sections 2.3.1 and 2.3.3.
Correlation functions are calculated from the particle positions for at least 200 frames of data.
For all systems, the total packing fraction, ¢; = pmo?/4, is varied over the entire range of
densities characteristic of a fluid (approximately ¢; = 0.02 to 0.66). For the small size ratio
system, compositions defined by ¢ = ¢;/¢, with ¢; the area fraction of large particles, of
q=0.17, 0.37, 0.50 and 0.71 are considered. The large size ratio binary system is considered at

only ¢ = 0.48. The full range of systems studied are detailed in the state diagrams in Figure 2.2.
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3.2.2 Structural correlation functions

The total and partial radial distribution functions, g;;(r), are computed from the particle coor-

dinates via the expression [99]

1 /1385
¢icigij(r) = p <N DD st - rl,)> : (3.1)

w=lv#p

Here, N is the total number of particles, p = N/A the total number density of the system with
A the surface area, ¢; j = N; j/N the fraction of species i or j and r,, the position of particle
w of species i or v of species j, respectively. This is a more general form of g(r) than that
discussed in Section 2.1.2 and allows for the calculation of partial radial distribution functions
for bidisperse systems, describing the correlations between like, and/or unlike particles. For a
system consisting of two species, here denoted by [ for large or s for small particles, three partial

radial distribution functions may be calculated: gy (r), gis(r) = gsi(r), and gss(r).

Structure factors are also calculated directly from particle positions using the expression

for S(k) from Equation (2.33), which is now written as

N N N N
500 = <Z S cos(k - 1) cos(k - rj)> + <Z S sin(k - 1) sin(k - rj)> . (32

i=1 j=1 i=1 j=1
where r; is the position of particle i and k is the wavevector. As k is an inverse lengthscale, the
magnitude of k has a minimum value for k = |k| = 27/L, where L is the size of the system as a
whole. This minimum value sets the spacing between the vectors in k—space such that, in 2D,

2
k = %(nxi +n,¥) (3.3)

where n, and n, are integers and X and y are unit vectors in the x and y directions. From
geometical considerations, it can be seen that the number of wavevectors that are of equal or
similar magnitude increases with increasing k. This greatly improves statistics but also results
in a very large number of wavevectors for large values of k. As such, as k increases it is necessary
to reduce the sampling of k—space to improve the speed of the calculation. Importantly, this
is carried out by the removal of equal magnitude bands of wavevectors rather than by simply

increasing the spacing between wavevectors. Finally, as the system is isotropic, an azimuthal
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Figure 3.1: (a) An illustration of the gridding used for the sub-box analysis for m = 4. (b)
An example of the box size-analysis plots used to extrapolate to infinite system size. Here, the
filled symbols show JN (computed from Equation (3.5)) as a function of box length L,, for one
area fraction and the open symbols indicate the quality of the Gaussian fit as quantified by the
adjusted R%2. The dashed line shows the linear fit to the data for 1/L,, > 0.004 used for the
extrapolation.

average over wavevectors of equal magnitude is performed and as such experimental structure

factors are discussed in terms of k = |k| .

3.2.3 The limit S(k — 0) and number fluctuations

An estimate of the limit of S(k) as k& — 0 may be obtained either by an extrapolation with a
suitable function or by an analysis of number fluctuations within the system (as discussed in

Section 2.1.1). In the case of the former, an even order polynomial fit of the form
S(k) = a+ bk + ck* + ..., (3.4)

is applied to the data at small k, with a,b and ¢ constants determined from the fits.

To determine the limit S(k — 0) by a consideration of the number fluctuations a sub-box
analysis is performed [131,132], whereby the fluctuations in particle number, § NV, in a box with
a well defined lengthscale, L,,, are computed according to

(N?) = (N)?

="

(3.5)

These number fluctuations depend strongly on the box size under consideration, with the size of
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the fluctuations relative to the number of particles present increasing as the box size decreases. In
order to determine the expression in the thermodynamic limit, i.e. for an infinite system, number
fluctuations are computed as a function of box length for multiple box sizes and subsequently
0N is extrapolated to infinite box length to determine S(k) — 0. For the experimental images
with a frame size of 1280 x 1024 pixels, a square box with L = 1000 pixels positioned in the
centre of the frame defines the maximum lengthscale. To have a well defined length for the
smaller boxes, the frame is split into an m x m grid of squares where m runs from 1 to 14. The
lengths of the sides of each square are therefore L,, = 1000/m pixels and an example of this
is shown in Figure 3.1a. As a result, the number of boxes considered increases with decreasing
boxsize. As such, statistics are significantly better for the smaller box sizes providing that the
density of the system is sufficiently high to result in a significant number of particles in each
box. While the number fluctuations for each concentration and box length are calculated over
500 — 700 frames, to ensure that sufficient statistics are achieved for each box size the resulting
particle number distributions are compared to the expected Gaussian form of the distribution.
Only results with sufficiently Gaussian number distributions (as quantified by the adjusted R?

of the fit) are used for the extrapolation (see Figure 3.1b).

3.2.4 Structure factors in binary systems

As with the radial distribution functions, three partial static structure factors, S;;(k), can be
defined for a binary system: Sy(k), Sis(k) = Ss(k) and Sss(k). These relate to correlations

between the individual species, and are calculated as

1 N; Nj 1 N; Nj
Sij(k) = N <z; Z:l cos(k-r,)cos(k - ru)> + N <z; zzl sin(k - r,)sin(k - ru)> . (3.6)
v=1pu= v=1 pu=

where r,,,, is the position of particle v of species 7 or p of species j, and k is the wavevector.
Additionally, there are three important linear combinations of the partial structure factors,

known as the Bhatia-Thornton structure factors [133], which are defined as

Snn = Sll + Sss + 2Sl37 (37)
Scc = C?Sll + CZZSSS — QCZCSSZS (38)

Snc = CZSSS — CSS” =+ (Cl — Cs)Sls- (3.9)
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Here, ¢; is the concentration of component i, defined as ¢; = N;/N (i = [,s) where N; is the
number of large or small particles. Here, n and ¢ as subscripts denote number and concentra-
tion, with the three linear combinations providing information on correlations in number and

concentration of the two species.

3.3 Results and discussion

3.3.1 Structure in monodisperse systems

First, the equilibrium structure of one-component systems consisting of ¢ = 2.79 pm or of
o = 4.04 pm particles is considered, which corresponds to the lines ¢ = 0 and ¢ = 1 of Figure 2.2a.
Examples of the radial distribution functions and static structure factors for these systems are
shown in Figure 3.2. Figure 3.2a and ¢ show g(r) for various total packing fractions as a function
of the distance scaled by the particle diameter. The radial distribution functions show an initial
sharp peak at r = o followed by a decay in peak height which tends to unity at large r. As
the total area fraction increases, both the number and height of peaks increases, consistent with
increasing structural order. Even at the highest density considered, no significant evidence of
a splitting of the second peak is seen, which would be an indication of hexagonal crystalline
order [134]. The same behaviour is seen for both the monodisperse systems with o = 2.79 pm

and ¢ = 4.04 um.

Colloidal suspensions are considered to be excellent model hard sphere systems, and to
test this assumption with respect to structural measures, the radial distribution functions of
the quasi-2D monodisperse systems are compared to results for hard disk systems from both
fundamental measure theory (FMT) [135-137] and Monte Carlo simulations [138]. Examples of
this comparison for the system with ¢ = 2.79 um with MC simulations and for the system with
o = 4.04 pm with FMT are shown in Figure 3.2a and c respectively. The experimental data and
predictions both from FMT and the MC simulation are in excellent agreement, in particular
with respect to the contact value, the wavelength of oscillation and the decay length. The same
quantitative agreement is seen for all area fractions for both the 2.79 um and 4.04 um systems.
Importantly, the only input parameter used is the area fraction, which not only confirms the

experimental values of particle diameter and packing fractions, but also shows that the colloidal
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Figure 3.2: The radial distribution function, g(r), and the corresponding static structure factors,
S(k), for monodisperse systems with the results for g(r) from FMT and Monte Carlo simulation.
(a) and (b) show g(r) and S(k) for the o = 2.79 pm system at three values of total area fraction,
¢¢ as indicated in (a). Here, the experimental g(r) (symbols) are compared to the results from
MC simulation for hard disks (lines). The g(r) for ¢, = 0.51 and 0.35 are shifted upwards by
three and six units respectively. (c) and (d) show the equivalent plots for the o = 4.04 pm
system at area fractions as indicated in (c). Experimental g(r) (symbols) are now compared
with results from FMT (lines).

system is an almost perfect model system for hard disks.

The structure factors that correspond to the radial distribution functions shown in Fig-
ure 3.2a and c are shown in Figure 3.2b and d. Here, the first peak relates to structure on
the lengthscale of a particle diameter, o, with subsequent peaks in S(k) related to real space
distances smaller than o. Structure at k < 27 /0, reflects real space structure which exists over
a distance of many particle diameters, with the & — 0 limit providing information about the
system in the thermodynamic limit. In both systems, the same behaviour is seen with increasing
¢¢, with S(k) exhibiting a greater degree of structure and a lower k& — 0 limit, consistent with

the greater pressure in the system as ¢; increases. This exemplifies a strength of the static
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structure factor with respect to the radial distribution function, as an accurate extrapolation of

the S(k) for low k gives an indication of behaviour on much larger lengthscales.

3.3.2 Links to the equation of state

A key importance of the two-point correlation functions is that under certain assumptions they
may be used to directly calculate thermodynamic properties, as discussed in Chapter 2. Perhaps
one of the most important of these is the equation of state for the system, which may be

calculated from the contact value of the radial distribution function, g(o) (Section 2.1.3), as

P
5[) — 1+ 269(0) (3.10)
for hard disks. The equation of state can also be found from the k& — 0 limit of S(k) (Sec-

tion 2.1.1), as
S(k: — 0) = pkBTXT, (3.11)

with y¢ the isothermal compressibility. While both the & — 0 limit of S(k) and the contact
values of g(r) have well-defined values, the experimental determination of the relevant functions

with sufficient accuracy to be used quantitatively is more challenging.

Experimental determination of the contact value

Difficulties concerning the experimental determination of the contact value, g(r = o), arise due
to the fact that g(r) is a histogram and so must be calculated with a finite bin size. This results
in a measured ¢(r) that is the convolution of the ‘true’ g(r) for the system with the bin size used
in the measurement. As a result, the first peak is shifted to a slightly larger distance and the
height of the first peak, g1, is smaller than the ‘true’ contact value. The height of the first peak
also depends on the size [139] and the positioning of the bins. The first of these follows directly
from the fact that an integral over the first peak must equal the number of nearest neighbours,
and as such, if the bins used are smaller, the height of this peak must be larger. The second
arises because even for dense systems there will be some fluctuation in the measured distance

to the first coordination shell of particles, and if the bins are positioned in such a way that this
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Figure 3.3: (a) The variation in the value of g; with bin size and centering position for a
monodisperse system with o = 4.04 pm and (b) the variation in the contact value with ¢, for
both monodisperse systems (filled and open symbols) with the prediction from scaled particle
theory (Equation (3.13)).

first shell of particles is split between a greater number of bins the overall height of the peak

will be less.

This behaviour is shown in Figure 3.3a, where we plot g; as a function of the bin size
for three centering positions of the bins. As expected g; decreases with increasing bin size,
but is relatively independent of both the bin size and the centering position of the bins for
bin sizes in the range of 0.02 — 0.05 um. The distribution functions are therefore computed
using a binsize of 0.0425 wm, which is chosen to be at the upper end of this range to optimise
statistics. The contact value is subsequently calculated by fitting the decay of the first peak with
an exponential function and extrapolating back to the hard disk diameter [139-143]. Various
theoretical expressions for the contact value as a function of ¢; have been postulated, but
the FMT with which our results are compared predicts that for the monodisperse system the
variation in the contact value should follow that predicted by scaled particle theory [144]. In

this theory

pP_ 1 (3.12)

p (1= ¢)?

and this may be combined with Equation (3.10) to find an expression for the contact value as

_ 2

gww—ﬂl_@y- (3.13)
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Figure 3.4: The small k limit of the structure factor for monodisperse (a) ¢ = 2.79 um and
(b) 0 = 4.04 pwm particle systems. Values at & = 0 are those determined by an analysis of
fluctuations. Lines show a fit of the form S(k) = a + bk? 4 ck* + ... (Equation (3.4)). (c) A
comparison of the theoretical expression for the & — 0 limit of S(k) (Equation (3.16) shown
as a solid line) with the experimentally determined limit from an analysis of fluctuations (filled
symbols) and the fit as described in Equation (3.4) (open symbols) for the two monodisperse
systems.

Our experimentally determined values are compared with this theory in Figure 3.3b and excellent

agreement is found.

The limit of S(k) as determined from both the extrapolation and the result of the fluc-
tuation analysis are shown in Figure 3.4a and b with the original static structure factors. For
most systems, reasonable agreement is seen between the apparent limit of the measured S(k),
the limit calculated from number fluctuations and the extrapolation. The limit of S(k — 0) is

connected to the equation of state for the system via the isothermal compressibility, which is



38  STRUCTURE AND FLUCTUATIONS OF QUASI-2D BINARY COLLOIDAL FLUIDS

found by combining Equations (3.11) and (2.12) to find

_ 9p
S(k — 0) = kT <ap)T’ (3.14)
which implies
1 oP
s~ (5), o

If the equation of state is again that determined from scaled particle theory (Equation (3.12)),

it follows that

oP\ _ 1+¢_ (-9
(%), ~amer = Seo0=155 (3.16)

In Figure 3.4c¢ the prediction from Equation (3.16) is shown with the experimental values
of 1/S(k — 0) calculated using both the extrapolation and the analysis of number fluctuations.
Good agreement is found between the equation of state and the experimental estimation at low
area fractions, but this deteriorates at higher area fractions. This may be due to insufficient
statistics for the higher area fractions, where a greater length of time is required for the system

to sample enough different configurations to fully capture the fluctuations.

3.3.3 Structure in binary systems

The structure of a range of quasi-2D binary systems is now considered at two different size ratios:
a small size ratio system of o = 2.79 um and o = 4.04 pm particles, with v = 0;/05 = 1.45, and
a large size ratio system of 0 = 2.79 um and ¢ = 6.10 pm particles, with v = 2.19. To describe
these systems fully, another parameter is defined that arises from the geometry of the system.
As the gravitational height of the particles used is very small relative to the particle diameter
(see Section 2.3.1), the centres of particles of different sizes do not lie in the same plane when
sedimented as illustrated in Figure 3.5. This introduces a nonadditivity into the system, where

the nonadditivity, A, is described by the equation

~ (ou o)

o, = T (14 A), (3.17)
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Figure 3.5: The in-plane structure of the binary systems demonstrating the nonadditivity for
(a) the small size ratio (7 = 1.45) and (b) the large size ratio (7 = 2.19) systems.

The nonadditivity can have a profound effect upon the behaviour of the system due to
its implications for the free volume. For positive nonadditive systems with A > 0, the overall
free volume in the system is increased if there are more contacts between like particles, leading
to phase separation, whereas for negative nonadditive systems, the opposite effect will promote
ordering to minimise like particle contacts. While the two size ratios considered do not differ
significantly, there is a much greater variation in the nonadditivity, with A = —0.019 for the
small size ratio and A = —0.07 for the large size ratio system. In both cases, the negative sign
of the nonadditivity indicates that the closest distance between unlike particles in the binary
system is lower than the sum of their hard disk radii. One consequence of this nonadditivity is
that it is difficult to calculate the total area fraction for the binary systems; while the number
of each type of particles can be determined exactly from the images, the effective area for each
particle depends upon the composition of its shell of nearest neighbours. For the small size
ratio system, the diameter of the large particles in the plane of the small particle centres is not
significantly different and hence this effect can be neglected. For the large size ratio system,
this difference is larger, and here the diameter in the plane of the centres of the small particles

is used for the calculation of the total area fraction (see Section 2.3.1).

3.3.4 Structure in binary monolayers at small size ratio

For the small size ratio system, the three partial radial distribution functions, g;;, gis = g5 and
gss, are first considered, and are shown in Figure 3.6a-c for systems with ¢; ~ 0.66 and with
values of ¢ = 0.37, 0.50 and 0.71. These are calculated in the same manner as those for the

monodisperse system, only differing in that there is now a distinction between the two particle



40  STRUCTURE AND FLUCTUATIONS OF QUASI-2D BINARY COLLOIDAL FLUIDS

| (@) ¢=0.24,¢=0.43] °7(b) $=0.33, ¢=0.31
q=0.37, $=0.671 & b q=0.50, ¢=0.64.

s ' . |
0 2 4 6 8 10 12 14 16

r (um)
@ $r050,0.2017,
. q=0.71, ¢=0.67]
*] a o g(r) & g ()
= 6 R © g||(r) B
B{): \
24 i

0.2 0.3 0.4 0.5 0.6 0.7

r (um) ¢t

Figure 3.6: (a)-(c) Experimental partial radial distribution functions, g¢;;(r) for three binary
systems at size ratio v = 1.45 (symbols) with FMT results for hard disk mixtures (lines).
Specific values of ¢y, ¢, ¢; and ¢ are specified in the plots. g;s(r) and g;(r) are shifted upwards
by two and four units respectively. (d) The contact values of the three partial g;;(r) for the
binary systems at all studied compositions. Theory predicts a small composition dependence and
the coloured regions denote the range of values for the considered compositions from ¢ = 0.17
to g =0.71.

species. It is clear from Figure 3.6a-c, however, that for the high values of ¢; considered, g;;(r)
shows significantly less structure than in the monodisperse system, with both the number and
heights of peaks reduced. This is due to the complex packing effects arising from the mixture of
two species, which introduces new lengthscales into the correlation functions. For the small size

ratio studied here, however, the diameters are too similar to see structural crossover [145-147].

The experimental radial distribution functions are again compared to results from FMT,
this time for hard disk mixtures [78,135,136]. These are shown with the experimental data
in Figure 3.6a-c. As for the monodisperse systems, the agreement between experiments and

theory is excellent for all compositions, even at high values of the total packing fraction ¢;. For
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Figure 3.7: (a) The three partial structure factors for the small size ratio system at ¢; = 0.63
and ¢ = 0.37. For clarity, S;;(k) is scaled by (cic;)*/2. (b) The three linear combinations as
described in Equations 3.7—3.9.

the binary mixtures it is necessary to include the size ratio as an additional parameter in the
FMT calculation, and the correct value for this parameter is unclear due to the nonadditivity
present in the system. An alternative size ratio of v = 1.41 may be calculated by projecting
the centres of the particles onto the base plane and in the FMT for additive mixtures a size
ratio of 1.43, intermediate between this value and the true value of 1.45 is used for all systems.
In principle the agreement between theory and experiment may be improved slightly by using
~v = 1.45 (1.41) for systems rich in large (small) particles however the deviations from the results
for vparr = 1.43 are small. Importantly, this indicates that at this size ratio the nonadditivity
present has a negligible effect on the structure, with the experimental system behaving as a hard
disk mixture. The contact values for the three partial radial distribution functions are calculated
in the same manner as those for the monodisperse systems and are shown in Figure 3.6d for all
studied compositions (¢ = 0.17,0.37,0.5 and 0.71). For the binary system, FMT does not give a
closed expression for the variation of the contact values of g;;(r) with ¢; and previous simulation
results [148, 149] have not agreed well with scaled particle theory for binary mixtures [150].
Consequently, our data is instead compared to the prediction of Santos et al. [151], which
agrees well with simulation data [149]. This prediction is also shown in Figure 3.6d, where the
weak composition dependence of g;;(0;;) predicted by Santos is represented as a coloured region
with a width accounting for the ¢ dependence. Overall, reasonable agreement is seen with the
theoretical prediction, although the composition dependence is too mild to determine the extent

to which the contact values conform to this prediction.
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Figure 3.8: (a) The number-number structure factor, Sy, (k), for the small size ratio mixture
at ¢ = 0.37 and at a variety of total area fractions. (b) The small k region of S, (k) with the
k — 0 limit from an analysis of the number fluctuations.

The partial static structure factors, S;;(k), are now considered, which display more complex
behaviour. The normalisation is now such that Sj(k) and Sss(k) tend towards the number
concentration, ¢; = N;/N of large and small particles respectively and Sjs(k), which considers
the cross correlations, tends to 0 for large k. An example of the three partial structure factors
for the system at ¢ = 0.37 and ¢; = 0.63 are shown in Figure 3.7a, with all three functions

1/2

scaled by (c;cj)'/* so that the peaks in the minority component are easily distinguished.

In Section 3.2.2, three important linear combinations of these structure factors were intro-
duced and these are shown for the same area fraction in Figure 3.7b. Here, Sy, (k) considers
the number fluctuations in the system and is similar to S(k) for the monodisperse systems, with
the function tending to unity for large k and to a value related to the number fluctuations of all
particles as k — 0. Unlike S(k), however, this limit no longer relates directly to the isothermal
compressibility. S..(k) considers concentration fluctuations and tends at large k to the product
of the concentrations of the two species, ¢jcs. The final linear combination S,.(k) considers
correlations between number and concentration. As for the monodisperse systems, a fluctuation
analysis may be used to determine the k& — 0 limit of the calculated static structure factors.
Here the focus is placed upon the calculation of the limit of Sy, (k) from a consideration of num-
ber fluctuations, which involves following the same procedure as described for the monodisperse
systems (see Section 3.2.2). Importantly, no distinction is made between the particle species. In
Figure 3.8a we show the variation of Sy, (k) with ¢; for the small size ratio system at ¢ = 0.37,

in which the similarity between Sy, (k) and S(k) for the monodisperse system in Figure 3.2 is
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Figure 3.9: The partial radial distribution functions, g;;(r), of the large size ratio binary system
at ¢ = 0.48 and; (a) ¢¢ = 0.50, (b) ¢, = 0.68. Specific values of ¢;, ¢s and ¢, are specified in
the plots. g;s(r) and gy (r) are shifted upwards by two and four units respectively.

clear. Figure 3.8b highlights behaviour of the function at small k, where it can be seen that the
fluctuation analysis again provides a good estimate of the limit as & — 0. While for Sy, (k) this
does not allow for the calculation of additional thermodynamic properties, it demonstrates that
the method of calculating the & — 0 limit of the structure factors by a fluctuation analysis is
also applicable to the binary systems. This is of significance, as for S..(k), the k& — 0 limit is

related to the thermodynamic factor of the system, defined as [152]

ClCs

d=_— 1
Sec(k — 0)

(3.18)

This quantity is of central importance in the calculation of the interdiffusive properties of the

system, and consequently, its application is discussed further in Chapter 6.

3.3.5 Structure in binary monolayers at large size ratio

The same structural analysis is now performed for the system at large size ratio with v = 2.19.
The comparison between theory and experiment presented in the previous section demonstrates
that for the small size ratio system, the behaviour is that of an almost perfect additive hard disk
mixture. This is in spite of the small nonadditivity present. For the larger size ratio system,
however, the nonadditivity is around four times greater, despite the modest increase in absolute

size ratio, and very different structural effects are seen.
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Figure 3.10: The three partial structure factors for the large size ratio system at (a) ¢, = 0.59.
(b) The three corresponding linear combinations as described by Equations 3.7—3.9.

The partial radial distribution functions for systems at two total area fractions and ¢ = 0.48
are shown in Figure 3.9. These differ from g;;(r) for the small size ratio in a number of respects.
Firstly, the relative heights of the peaks differ, showing significant enhancement of peaks related
to cross correlations. For example, the contact value of g;s(r) is larger than that of both gss(r)
and gy (r), and in addition to this, g;(r) displays a prominent second peak, corresponding to a
large-small-large arrangement of particles. Secondly, the range of the correlations at the higher
value of ¢; is much longer than that seen for the systems at small size ratio (Figure 3.6). These
changes suggest that for the large size ratio system there is a higher degree of structural order
and that this is particularly associated with structure that favours a mixing of the two species.
Here, the radial distribution functions are not compared with the predictions of FMT, as clearly

the behaviour of the system is very different to that of an additive mixture.

Similarly, different behaviour is seen in the partial static structure factors and their linear
combinations as shown in Figure 3.10. Compared to those at low size ratio, there is now a
significant peak in Sy(k) which coincides with the first peak in Ss5(k) and also a significant
pre-peak is seen in Sgs(k). The latter is an indication of significant structure within the system
at lengthscales larger than the particle diameter. As expected from the behaviour of the partial
static structure factors, Sy, shows a far more complex arrangement of peaks (see Figure 3.11)
and in contrast to the data for small size ratio (Figure 3.8), is quite unlike that seen for monodis-
perse systems (see Figure 3.2b and d). Nevertheless, the analysis of the number fluctuations for
this system also gives a good approximation of the S(k — 0) limit as shown in Figure 3.11b.

Here, the shape of S, as k — 0 shows evidence of the prepeak seen in Sgs(k) and as such the
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Figure 3.11: (a) The variation of the number-number structure factor, Sy, (k), with ¢; for the
large size ratio mixture. (b) The behaviour of Sy, (k) with the k& — 0 limit from an analysis of
the number fluctuations.

simple fitting used as a secondary estimation for the limit cannot be employed.

We believe the origins of these structural differences lie in the greater nonadditivity seen
in the large size ratio system. For these binary mixtures, the effective size of the particles
is substantially reduced if a structure is adopted in which the particles order such that there
are mainly unlike particles adjacent to each other. This increases the free area, and as such
is a more favourable configuration. This is the opposite phenomena to that seen in positive
nonadditive mixtures, for example colloid-polymer mixtures, which instead are susceptible to

phase separation into phases of high concentration of a single component.

3.4 Conclusions

In conclusion, we have presented a full structural analysis of quasi-two-dimensional monodisperse
and binary systems at two different size ratios. Results from the monodisperse system for the
radial distribution function show quantitative agreement with those from a Monte Carlo simu-
lation and fundamental measure theory calculations, confirming the experimental area fractions
and particle size and demonstrating that the system is an almost perfect experimental realisa-
tion of a hard disk system. The static structure factors for the monodisperse system are also
calculated, and an analysis of number fluctuations used to estimate the limit of this function
as k — 0. Both this limit and the contact value of the radial distribution function are used

to confirm the equation of state for the monodisperse system. The behaviour of the binary
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systems considered depends sensitively on the size ratio via the nonadditivity of the system.
Consequently, results from the small size ratio indicate that this system behaves as a hard disk

additive mixture whereas the large size ratio system shows substantially different behaviour.
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Chapter 4

Self-diffusion in quasi-two-dimensional

binary colloidal fluids

ABSTRACT

In this Chapter, the dynamic behaviour of monodisperse and binary quasi-two-dimensional
colloidal fluids at a range of compositions and area fractions is studied. In particular, the mean
squared displacement is calculated and used to determine the short- and long-time self-diffusion
coefficients. A comparison of the monodisperse system to a Monte Carlo simulation of hard
disks demonstrates that, at long times, particles move according to simple Brownian dynamics
and hence that the diffusion coefficient rescaled by the diffusion coefficient at infinite dilution
is effectively not affected by hydrodynamic interactions. This contrasts with the behaviour of
the short-time diffusion coefficient which clearly depends upon hydrodynamic interactions. As
a result, simple theoretical expressions for the dependence of the rescaled long- and short-time

self-diffusion coefficients upon the total area fraction are considered.

47
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4.1 Introduction

Understanding the relationship between the structural and dynamic properties of fluids is a
complex problem that is yet to be fully understood. This is in spite of vast attention from theory
[82,153-162] and simulation [76,163,164]. In recent years, there has been particular interest in
elucidating this link for glasses, where structurally liquid-like systems show dramatically different
dynamics [165,166]. Part of the difficulty in addressing this problem experimentally is that it
requires a system for which both the structure and dynamics may be probed in detail. As such,
the ability to study the behaviour of colloidal fluids at a single particle level over convenient

length and timescales make these attractive model systems.

The simplest transport property that may be used to characterise the dynamic behaviour
of individual particles is self-diffusion. This is quantified by the self-diffusion coefficient, D,
a property readily measured for colloidal systems in scattering and microscopy experiments
[63,65,66,84,167-170]. Here, two diffusive regimes exist; a short-time regime, characterized by
the short-time diffusion coefficient, Dg, and associated with the behaviour of particles interact-
ing hydrodynamically but not directly, and a long-time regime, characterized by the long-time

diffusion coefficient, Dy, which is only reached following many direct interactions.

This highlights a key difficulty in the description of colloidal dynamics, as both hydro-
dynamic interactions (HI) and direct interactions between large number of particles must be
accounted for [154,171,172]. It also emphasises that the dynamic behaviour of colloidal systems
is fundamentally different from that of molecular systems, which instead exhibit a short-time
ballistic regime [99]. In spite of this, colloidal systems are still used to test theories developed

to describe molecular liquids [66].

Numerous studies of dynamics in three-dimensional (3D) colloidal systems, both monodis-
perse [84,169,173-175] and bidisperse [167,176-179], have been carried out using both scat-
tering techniques and microscopy. For binary systems, which are of particular relevance to
studies of the glass transition, significantly different behaviour is expected as the size ratio is
varied [180, 181]. In quasi-two-dimensional systems, the emphasis has in general been upon
short-time behaviour [55,63,182] and in addition to this, in much of the previous work the 2D

systems have been highly confined, with the height of the cell comparable to the particle diame-
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ter. As hydrodynamic interactions are expected to play an important role in self-diffusion, quite
different behaviour may be seen in these systems compared to the system in this work, which

has a much greater height and therefore volume of surrounding fluid.

In this Chapter, a systematic characterisation of the self-diffusion of colloidal particles in
both monodisperse and bidisperse quasi-2D systems is presented. For the monodisperse systems,
the diffusive behaviour at both short and long times is characterised. A comparison to Monte
Carlo simulations is used to demonstrate that at long times, the particles behave as hard disks
moving according to simple Brownian dynamics. As such, this shows that the ¢; dependence of
the rescaled long-time diffusion coefficient, Dy /Dy , is effectively not affected by hydrodynamic
interactions. This differs from the behaviour at short-times which is clearly dependent upon HI.
Based upon this, a theoretical ansatz based only upon structural quantities, i.e. without the
inclusion of terms to describe hydrodynamic interactions, is used to account for the variation of
the long-time diffusion coefficient with ¢;. The same analysis is performed for a binary system
at a variety of compositions, where it is found that the data can be described by the same ansatz

if a variable prefactor is used to account for packing effects.

4.2 Experimental techniques and data analysis

4.2.1 Colloidal model system

The quasi-two-dimensional colloidal system used is described in detail in Section 2.3.1. Here,
the dynamic behaviour of monodisperse systems of particles, with diameters ¢ = 2.79 um and
o = 4.04 um, and of binary systems which are mixtures of these particles, with size ratio
v = 1.45, is considered. A quasi-2D system is realised by allowing the particles to sediment onto
the base of a Hellma cell which has a height of 200 pm (approximately 50 —70 o). As such, while
the colloidal system is structurally two-dimensional, the properties of the surrounding fluid are
three-dimensional. For all systems, a wide range of total packing fractions, ¢, are considered
and for the binary system all four compositions, ¢ = ¢;/¢; = 0.17, 0.37, 0.5 and 0.71 are studied.
Full details of the specific systems considered are shown in Figure 2.2a. Images are recorded at
a rate of two frames per second for up to 45 minutes and particle coordinates are obtained as

described in Sections 2.3.1 and 2.3.3. For the binary systems, particles are identified as either
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large or small based upon the brightness of the features found, with the small and large particle
subsets then tracked separately. A minimum track length is set in order to eliminate the small
percentage of bright interstitials that are identified as particles but that persist only for a short

time.

4.2.2 The mean squared displacement and diffusion coefficients

From the particle trajectories, we characterise the particle dynamics by calculating the mean

squared displacement (MSD) as

N

(5r2(1)) = 3¢ S {Iealt) — ra(O)) (1)

=1

with r; the position of particle ¢, N the number of small or large particles and (...) the average

over different time origins. The short- and long-time self-diffusion coefficients are defined as

2 2
sl _ e (or3 (1)) sl (or3(t))
Dy =l —4 and - Dyt = lim === (42)

Experimentally, these diffusion coefficients are determined from the slopes of the MSD at short
and long times, respectively. Here, the notation is such that the superscript denotes the type of
particle (i.e. small, s, or large, ) and the subscript the type of diffusion (i.e. S for short-time, L
for long-time and 0 for infinite dilution). For each binary system studied four diffusion coefficients
may therefore be calculated from the mean squared displacement; short-time diffusion for small
particles (D%), short-time diffusion for large particles (Dg), long-time diffusion for small particles
(D3 ) and long-time diffusion for large particles (D} ). The diffusion coefficient at infinite dilution,
Dy, is estimated by an extrapolation of the measured short- and long-time diffusion coefficients

at low ¢, to ¢ = 0. An estimate of this quantity is obtained for all systems studied.



4.3 RESULTS AND DISCUSSION 51

(a) T T T T T T T ""'I (b) T T T T T
1004 =0 3 93 g=1
o
0.14
= NX (I)t
S ——0.027 /5 | —0.1
S V 0.014 —0.25
v 7 ] L ——0.39
019 gZi" —v—0.517 1E3 3 ———0.56
: § 0.65
'i 1I0 1(I)0 1OI00 1EI-4' 1EI-3 061 ' 0I1 ' 1I ' 10
t (s) tD o”

Figure 4.1: (a) The mean squared displacement of o = 2.79 pum particles in a monodisperse
system (¢ = 0) as a function of time at a range of ¢;. (b) The mean squared displacement in units
of 02 from experiment (symbols) with the corresponding results from MC simulation (lines). The
MSD is shown as a function of scaled time, t Dy /o for total area fractions ¢; = 0.1, 0.25,0.39, 0.56
and 0.65. Experimental data is from the monodisperse o = 4.04 um system (¢ = 1).

4.3 Results and discussion

4.3.1 Monodisperse system

First, the self-diffusion of the monodisperse small and large particle systems is considered. These
are the two limiting cases for the binary mixtures considered later, and correspond to the lines
¢ =0 and ¢ = 1 in Figure 2.2a. Plots of the mean squared displacement (MSD) for the ¢ = 0
system is shown in Figure 4.1a for a range of total area fractions. In all cases, the MSD is
linear at short and long times, indicative of diffusive behaviour. As such, short and long-time
diffusion coeflicients can be obtained from the initial and long-time slopes of the MSD as in
Equation (4.2). At intermediate times the onset of a plateau is seen, which becomes more
prominent as the total area fraction is increased. This non-linear behaviour is related to the
period of time during which the particle has interacted directly with the surrounding particles,
but is yet to interact with enough other particles to feel the rest of the system in an averaged
way. This is consistent with the onset of caging and cage breaking behaviour at high ¢, [51,183].
Qualitatively, there is no difference in the behaviour seen for the ¢ = 2.79 um and ¢ = 4.04 um
systems. Values of Dj are calculated as described in Section 4.2.2 and are shown in Table 4.1
for all systems considered. The extrapolated values vary slightly, but are consistent with the

value of Dy as predicted by Equation (2.43) when the presence of the wall is accounted for by
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Faxen’s correction [184].

In Figure 4.1b the experimental mean squared displacements for the monodisperse particles
with ¢ = 4.04 pm are compared to MSDs obtained from a Monte Carlo (MC) simulation of hard
disks. While these simulations are usually employed for the study of equilibrium properties, this
comparison of dynamics is valid as, under certain conditions, MC simulations have been shown
to be equivalent to Brownian Dynamics simulations [79,185]. Here, in order to directly compare
the simulation and experimental data, lengths are expressed in units of o and time in units of

0’2/D0.

In the short-time regime, the MSD of the simulation is independent of the area fraction
whereas the experimental MSD clearly depends on ¢;. This ¢; dependence is also seen in the
variation of the short-time diffusion coefficient, Dy, with ¢; as shown in Figure 4.2b for both

monodisperse systems. Here, Dg can be well described by a linear expression of the form

Ds
b= L-aon (4.3)

with o a constant to be determined. Values of o are found to be 0.87 £ 0.06 and 0.84 £ 0.04
for the o = 2.79 pum and o = 4.04 um particle systems, respectively (see Table 4.1). Therefore,
Equation (4.3) is shown in Figure 4.2b with an average value of a = 0.85. There has been signifi-
cant theoretical and experimental work considering expressions of the form of Equation (4.3) for
3D systems [153,159,168,169, 174,186, 187], where theoretical calculations suggest o = 1.83. In
2D, the expected behaviour is less clear, however, it has been reported that o should be reduced
relative to its value in 3D [62,63,121], consistent with our findings. Crucially, in all cases the
variation of the short-time dynamics with ¢, is ascribed to hydrodynamic interactions between
the particles and/or with other surfaces present such as the wall of the sample container. As
the MC simulation is of a hard disk system with no solvent, there are clearly no HI, and so this

difference between the experimental and simulation MSDs at short times is unsurprising.

In contrast to the short-time behaviour, Figure 4.1b shows that at long times the MSDs
of the experiment — with solvent — and those of the simulation — without solvent — exhibit
quantitative agreement. This is also evident from Figure 4.2a where the rescaled long-time
self-diffusion coefficients, Dy /Dy, from both simulation and experiment are compared. These

results indicate that hydrodynamic interactions are effectively absent with respect to the ¢;-
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¢ Dy Dy, Dis  Diy Qs o Bs bi

0.00 0.0438 0.0420 - - 0.87+0.06 - 1.62+ 0.06 -

0.17 0.0411 0.0363 0.0260 0.0249 0.69+ 0.09 0.73+ 0.10 1.35£ 0.04 1.13+ 0.06

0.37 0.0460 0.0420 0.0271 0.0251 0.75+ 0.05 0.80+ 0.04 1.32£ 0.01 1.01+ 0.02

0.50 0.0561 0.0478 0.0339 0.0274 0.91+ 0.07 0.93£ 0.07 1.71+£ 0.10 1.25% 0.07

0.71 0.0466 0.0405 0.0289 0.0250 0.85+ 0.10 0.80£ 0.08 1.17+ 0.03 0.90% 0.04

1.00 - - 0.0266 0.0267 - 0.84+0.04 - 1.73+ 0.09

Table 4.1: Experimentally determined values of the self-diffusion coefficient at infinite dilution,
Do s/1 (um? s71), calculated from both Dy, and Dg. Also, experimental values of the parameters
a (Equation (4.3)) and  (Equation (4.5)) for both small and large particles — indicated by the
subscript s, [, respectively — across a range of values of q.

dependence of the long-time self-diffusion coefficient, i.e. that the reduction in the diffusion
coefficient with increasing ¢, is that expected by the action of direct interactions alone. The
underlying physical mechanism that leads to the agreement between simulation and experiment
for Dy, /Dy is currently unclear. A simple interpretation, however, is that the single particle
dynamics at long times are dominated by the direct hard interactions and thus do not reflect
the strong dependence of the short-time diffusion coefficient on ¢;. This would be a surprising

result, as it has been suggested that Dy, can be expressed as [154,160]

D1, = Dsfpr(¢t), (4.4)

where fpr(¢:) is a function that describes only the direct interactions, with the effect of HI on
Dy, assumed to be fully accounted for by Dg. In our system, the direct hard core interactions
in the simulation and the experiment are identical, as confirmed by the excellent agreement
between the simulated and experimental g(r) shown in Figure 3.2. This implies that fpr(¢:)
is identical for the simulation and the experiment. Hence, the quantitative agreement between
simulation and experiment for Dy /Dy and disagreement for Dg, indicates that Equation (4.4)

does not hold for our system.

An alternative explanation of this result is that hydrodynamic interactions are in fact
contributing to the long-time diffusive behaviour, but in a more complex manner than suggested
by Equation (4.4). For this to be the case, the observed agreement requires that there is an
extra multiplicative term in Equation (4.4) to account for the HI at long times that, importantly,
must exactly cancel with Dg/Dy for all area fractions. In 3D, studies on hard sphere systems

have shown that HI have a small, but measurable, effect on the long-time self-diffusion coefficient
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Figure 4.2: (a) A comparison of the experimental long-time self-diffusion coefficient for the
monodisperse systems with that calculated from MC simulations. (b) Short- and long-time
self-diffusion coefficients for the monodisperse small and large particle systems, scaled by Dg
(see Table 4.1). The dashed line shows the prediction for the short-time self-diffusion coefficient
from Equation (4.3) with o = 0.85 and the solid line the prediction from Equation (4.5) with
B = 1.675. Inset is the linear fit from Equation (4.6) used to compute the value of .

[84,188,189]. Here, while a full understanding of the mechanism is also lacking, there is evidence
that Equation (4.4) does not describe the data well. If it is the case that the long-time self-
diffusive behaviour involves a complex cancellation of hydrodynamic effects, the better agreement

observed in our quasi-2D system suggests that the geometry of the system may be of importance.

Now, the ability to describe our data using a simple theoretical expression for Dy as a
function of ¢; is considered. In light of the comparison to simulation, this expression only
describes the effect of direct interactions upon the diffusion coefficient. These interactions will
depend significantly on the structure of the system and this structural dependence has been

described by an expression of the form [154,162]

Dy

Dr=17 Brg(o)’

(4.5)

where g(o) is the contact value of the radial distribution function and g is a constant to be
determined. For 3D systems, the value of 3 is found to be two, in agreement with calculations
for the linear expression appropriate at low ¢; [161,190]. A similar analysis in 2D suggests that
the same expression may be used with § = 2 [191], again in agreement with the expression for
the low ¢y behaviour [190]. It is seen, however, that the expression fails for higher area fractions

and mode-coupling terms are required to describe the behaviour [191]. To test the applicability
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of a purely structural expression of the form of Equation (4.5) to describe the behaviour of the

long-time diffusion coefficient over the entire range of ¢;, the relationship

Dy

D, 1 = Berg(o) (4.6)

is used as a fit to the experimental data, with [ as a fitting parameter. Following from the
results in Section 3.3.2, g(o) is taken to be the scaled particle theory expression for the contact
value (Equation (3.13)) [144]. The resultant linear fits produce values of § = 1.62 £ 0.06 for the
o = 2.79 um system and 5 = 1.73£0.09 for the 0 = 4.04 pm system (Table 4.1). A comparison
of the experimental data to Equation (4.6) with an averaged value of 8 = 1.675 is shown in
the inset of Figure 4.2b, where linear behaviour is seen across the whole range of area fractions.
Although we find the general form of the expression to describe our data well, the value of
is a little lower than that predicted from theory and the origin of this difference is unclear. In
Figure 4.2b we show Dy /Dy as a function of ¢; for the two monodisperse systems, with the
prediction from Equation (4.5) calculated using 8 = 1.675. With the experimentally determined
value of B this appears to be a good estimation of the variation of the long-time diffusion
coefficient over the whole range of area fractions considered. When compared to Figure 4.2,
however, it can be seen that the theoretical expression shows different qualitative behaviour
to the simulation results for ¢; > 0.4 and as such does not fully capture the behaviour of the

long-time diffusion coefficient as a function of ¢;.

4.3.2 Binary system

Next the dynamic behaviour of the same ¢ = 2.79 um and o = 4.04 um particles in a range
of binary mixtures is considered. To this end, MSDs are plotted for both the small and large
particles in systems of fixed composition and increasing total area fraction (shown for ¢ = 0.37 in
Figure 4.3) and for a fixed total area fraction (¢; ~ 0.4) and changing composition (¢ =0 — 1)
(Figure 4.3a and b inset). For the former, similar to the monodisperse system, the MSD is
linear at short and long times, indicating diffusive behaviour, and shows clearly the onset of
subdiffusive behaviour at intermediate times for the higher area fractions. The same qualitative

behaviour is seen for both the large and small particles for all compositions considered.

The comparison of MSD plots for systems of the same ¢; but different composition is more
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Figure 4.3: The mean squared displacement of (a) small and (b) large particles in a binary
system with composition ¢ = 0.37 as a function of ¢. Values of ¢; in panel (b) refer to both
panels. Insets show the mean squared displacement for (a) small and (b) large particles in
systems with varying composition (¢ = 0.17,0.37,0.50 and 0.71) but an approximately constant
area fraction of ¢; ~ 0.4.

challenging as the manner in which the samples are prepared makes it difficult to fix ¢;. As
a result, approximately the same behaviour for the large and small particles across the state
diagram is seen, with small variations in the total area fraction obscuring any differences in the

MSD due to composition change.

The short- and long-time diffusion coefficients for the binary system at ¢ = 0.37 are shown
in Figure 4.4a and b. As expected from the MSDs, similar behaviour to that of the monodisperse
system is seen, with both Dj and Dg decreasing with increasing total area fraction. The
extrapolated values for Dg for the small and large particles for short- and long-time diffusion
are also similar to those for the monodisperse systems (see Table 4.1), with all values consistent
with the Einstein expression (Equation (2.43)) when corrected for the presence of the wall [184].
The behaviour of the short-time diffusion coefficient with ¢; is again seen to be approximately
linear over the considered range of compositions, and linear fits to the data of the form of
Equation (4.3) are used to determine values of a. These are presented in Table 4.1 for both
particle species in the four binary systems with ¢ = 0.17,0.37,0.50 and 0.71. In all cases, values
of a for the large and small particles in the same system are similar, and all values do not deviate
significantly from those found for the monodisperse systems. Based upon Equation (2.43), the
values of the diffusion coefficient are expected to scale inversely with the particle diameter and
this is found to be the case for the short-time diffusion coefficients. For the long-time diffusion

coefficients, however, the values of Dy, for the large and small particles begin to converge as ¢,
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Figure 4.4: Short- and long-time self-diffusion coefficients scaled by Dy for (a) small and (b) large
particles in a binary system at ¢ = 0.37. Filled circles show the long-time self-diffusion coefficient
and open circles the short-time self-diffusion coefficients. The dashed line shows Equation (4.3)
with & = 0.8 in (a) and @ = 0.75 in (b). (c) The ratio of the long-time self-diffusion coefficients
for the large and small particles as a function of ¢;.

increases. This can be seen clearly in the ratio DlL /D3 which is shown in Figure 4.4c. At low
¢, the value of approximately 1.65 is a little higher than the ratio of particle diameters (1.45)
but is consistent with the ratio of the diffusion coefficients at infinite dilution that we find. We
believe this small difference may arise from small variations in Faxen’s corrections for the small

and large particles.

Following the approach employed for the monodisperse systems, an ansatz to describe the
long-time self-diffusion coefficient in binary systems based upon Equation (4.5) is compared to
the data. This expression is of the form

Dy 1

) _ 4.7
Dy 14 Boy[cigii(oi) + ¢jgij(0sj)] 1)
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Figure 4.5: The rescaled long-time self-diffusion coefficients, Dj: /D(iJ7 for the binary systems
at ¢ = 0.17,0.37,0.5 and 0.71 for (a) small particles and (b) large particles. Also shown is
the prediction from Equation (4.7). Here, diffusion coefficients for each component are plotted
against the area fraction of that component for clarity. The inset shows an example of the linear
plot used to calculate (3 for the (a) small and (b) large particles in the ¢ = 0.37 system.

where 7, j indicates the type of particle, ¢; is the number concentration of species 7, and g;;(0;;) is
the contact value of the partial radial distribution function with o;; = (0;+0;)/2. To account for
the interactions between different types of particle the structural dependence of the expression
is now changed to a linear combination of the contact values of the partial radial distribution
functions scaled by their respective number concentrations. As with the monodisperse case,
the contact values are well characterised (see Section 3.3.4 and [151]) allowing us to use a
rearrangement of Equation (4.7), similar to Equation (4.6), to determine values of 8 for the
small and large particles. Examples of these fits are shown in the insets of Figure 4.5 for the
large and small particle subsets of the ¢ = 0.37 system. In Figure 4.5 the long-time self-diffusion
coefficients for (a) small and (b) large particles in systems with ¢ = 0.17,0.37,0.50 and 0.71 are
shown, with the predictions from Equation (4.7). Here, Di is plotted against ¢; to more clearly

demonstrate the level of agreement. In all cases, the data is well described by Equation (4.7).

The values of 8 determined for the large and small particles in binary systems with dif-
fering compositions are presented in Table 4.1. In contrast to the value of «, S is found to
be systematically larger for the small particles. As (8 arises from an expression that considers
only direct interactions via the structure of the system (Equation (4.7)), this suggests that the
complex packing effects seen in binary systems have a substantial impact upon the particle dif-
fusion. The dependence of the self-diffusion coefficient on the differing values of 5 will be more

pronounced at high values of ¢, where the linear combination of contact values becomes larger.
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Figure 4.6: The rescaled long-time self-diffusion coefficient computed using Equation (4.7) with
the experimentally determined values of 8 for small particles. Here the expression is plotted as a
function of ¢y to demonstrate the variation with composition, g. Inset is the total area fraction
at which the scaled long time diffusion coefficient, D7 /Dy, is equal to 0.5.

As such, this suggests that the convergence in the diffusion coefficients seen in Figure 4.4¢ may

also have its origin in these packing effects.

Further to this, the variation of 5 with ¢ suggests that the particle dynamics show a weak
dependence upon composition. The effect of this composition dependence on the long-time
diffusion coefficient can be seen from a comparison of Equation (4.7) computed for the small
particles in systems with ¢ = 0.17,0.37,0.50 and 0.71. This is shown in Figure 4.6, where
the inset also shows the variation in the area fraction at which D;/Dy = 0.5 for systems at
varying values of q. While a systematic trend in the composition dependence is not clear, all
binary systems display faster dynamics at the same total area fraction than the monodisperse
systems. The complex dependence on composition seen here is consistent with previous studies
of structural relaxation in binary systems [192], where properties were seen to depend upon the

composition and size ratio in an extremely complex manner.

4.4 Conclusions

The dynamic behaviour of quasi-two-dimensional monodisperse and binary colloidal systems has
been studied over a wide range of total area fractions and for a variety of compositions. Mean
squared displacements and self-diffusion coefficients are used to quantify the particle dynamics

and show the expected trends with increasing ¢;. Comparison of the results for monodisperse
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systems with a MC simulation indicates that at long times hydrodynamic interactions have a
negligible effect upon the particle dynamics, even though hydrodynamic effects are important at
short times. Short- and long-time self-diffusion coefficients for both the large and small particles
are subsequently described using expressions based upon direct interactions alone, which provide
a good estimation of the dynamic behaviour of the system. For the binary systems, a small

dependence on the composition is seen.
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Chapter 5

The Gaussian approximation in quasi-

two-dimensional colloidal fluids

ABSTRACT

In this Chapter, the behaviour of the self-intermediate scattering function and self-van
Hove correlation function for quasi-two-dimensional colloidal systems at a range of total area
fractions is considered. The functions are computed both directly from the particle coordinates
and via the Gaussian approximation, allowing the validity of this approximation to be probed
over a range of length and timescales. Deviations from Gaussian behaviour are quantified using
the non-Gaussian parameter and by a consideration of the relaxation times for the decay of the
intermediate scattering function. These results are discussed with respect to the hydrodynamic
limits for colloidal systems. A scaling relation is subsequently developed which is used to directly
determine the combinations of wavevectors and times at which the non-Gaussian behavior is seen

and to study the crossover between the diffusive regimes at long and short times.
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5.1 Introduction

Light scattering techniques play an important role in the study of colloidal suspensions, where
they have been used to consider various phenomena related to the structure and dynamics
of these systems [168,170,187,193-196]. In dynamic light scattering experiments, the central
dynamic quantity is the intermediate scattering function (ISF), F'(k,t), which is directly related
to the fluctuations in the intensity of the scattered light as a function of time [171]. F'(k,t) can
be split into two components, which describe either the self or collective behaviour of particles,
with the self (incoherent) part of the intermediate scattering function, Fs(k,t), measurable
using systems with strongly scattering tracer particles [168]. Calculation of this function allows
a number of other properties to be determined, most importantly the self-diffusion coefficients

and the mean squared displacement (MSD).

A commonly used route to convert between the self-intermediate scattering function ob-
tained from scattering measurements and the mean squared displacement (MSD), (§r2(t)), is
the Gaussian approximation. This assumes that the self-ISF is Gaussian and related to the MSD

as

Fy(k,T) = exp(—(6r2(t))k*/2d), (5.1)

where k is the wavevector and d is the dimensionality. Equation (5.1) is seen to hold in a variety
of circumstances, including in the description of the motion of a harmonic oscillator and that of a
system of diffusing particles. In the case of diffusion, this result arises from the fact that particles
exhibit a random walk, characterised by a sequence of small independent displacements with
zero mean, and hence that the central limit theorem applies. For diffusion, the combinations
of wavevector and timescale for which Equation (5.1) holds is termed the hydrodynamic limit.
For colloidal diffusion in particular, two diffusion coefficients and thus two hydrodynamic limits

exist. These are associated with Gaussian behaviour as

Fy(k,t) = exp(—D;k*t), i=S8,L, (5.2)

where D; either corresponds to the short-time self-diffusion coefficient, Dg, or the long-time

self-diffusion coefficient, Dy,. For short-time diffusion, the hydrodynamic limit is associated with
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length and time scales that are large compared to the characteristic scales of the surrounding
solvent. This implies that values of k > k, must be considered, where k, = 27 /0 is the length
associated with the diameter, o, of the colloidal particle in reciprocal space. For long time
diffusion, the opposite limit of £ < &, has to be considered. At intermediate length and time
scales, correlated collisions for fluids at intermediate densities and the caging of particles in dense
fluids lead to a failure of Equation (5.1). While this failure may lead to only small deviations of
Fy(k,t) from the Gaussian approximation, a clear method by which to determine precisely the

regimes in which the Gaussian approximation holds is lacking.

In recent years, microscopy has become an increasingly popular alternative to light scat-
tering for the study of colloidal systems [197,198]. Here, the ability to directly obtain particle
coordinates from the experimental images has led to properties of the system being considered
mainly in terms of real space functions, such as the van Hove correlation function and the mean
squared displacement. It is clear from the definitions of functions such as Fs(k,t), however,
that these Fourier space quantities may also be calculated directly from particle coordinates.
Consequently, from microscopy it is possible to measure both the MSD and the intermediate
scattering function directly, and thus to perform a rigorous test of the Gaussian approximation

over a wide range of time and length scales.

In this Chapter, the self-intermediate scattering function, Fs(k,t), and the self-van Hove
correlation function, G4(z,t), are calculated for quasi-two-dimensional colloidal systems at a
range of total area fractions. Fs(k,t) and Gs(z,t) are computed by two methods: firstly, di-
rectly from particle coordinates and secondly, using the particle mean squared displacements
via the Gaussian approximation. A comparison of these results is used to test the validity
of the Gaussian approximation over a range of length and timescales and to probe the two
hydrodynamic limits, corresponding to the long- and short-time self-diffusion coefficients that
are defined for colloidal fluids. Deviations from Gaussian behaviour are quantified primarily
using the non-Gaussian parameter but also through a consideration of the relaxation times of
F(k,t). To this end, a scaling relation based upon the decay of the self-intermediate scattering
function is used to determine directly the combinations of wavevectors and times at which the

non-Gaussian behavior is seen and to study the crossover between the two diffusive regimes.
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5.2 Theory

The self-intermediate scattering function, Fy(k,t), for a system of N particles is defined as

N
Fy(k ) = <§, S explik (x;(1) - rj<o>>]> , (53)
j=1

where r;(t) is the position of particle j at time ¢, k is the wavevector and (...) denotes a time and
ensemble average. Note that as a homogeneous fluid is considered, only the magnitude of the
wavevector, k = |k|, is required. At small k, Fy(k,t) may be written as a cumulant expansion

of the form [199]

2
In Fy(k,t) = —W + %O&Q(t) <M> + .. (5.4)

where (672(t)) is the self-mean squared displacement. In the Gaussian approximation only the
first term of this expansion is considered, and as such, in two dimensions (2D), the intermediate

scattering function can be expressed as
Fy(k,t) = exp(—(0r%(t))k? /4). (5.5)

This implies that for perfectly Gaussian particle displacements, ao(t) and all higher order cu-
mulants in Equation (5.4) are equal to zero. As such, an estimation of the extent to which a
system deviates from the Gaussian approximation is provided by calculation of the non-Gaussian

parameter, ap(t), which is defined in 2D [200] as

Here, (67"(t)) is the n'® moment of the self-part of the van Hove distribution,

(6r™(t)) = [ r"Gs(r, t)dr.

The self-van Hove correlation function, is the real space analogue of the self-intermediate

scattering function, and is calculated as

N
Gs(r,t) = <]1f D o —ri(t) + r,-(O)]> : (5.7)
=1
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This function describes the probability that a particle, ¢, has moved to position r;, after a time
t, given that it was at a certain position at ¢ = 0. The van Hove function may also be written

in the Gaussian approximation as [99]

Gulrt) = ( -

G ) B GO, 69

with (072(t)) again the self-mean squared displacement.

5.3 Experimental methods and data analysis

5.3.1 Colloidal model system

The quasi-2D colloidal system used is described in Section 2.3.1. Here, the dynamic behaviour
of monodisperse systems of particles with diameter ¢ = 2.79 um is considered. Images are
recorded at two frames per second and particle coordinates are obtained as described in Sec-
tions 2.3.1 and 2.3.3. Correlation functions are calculated from the particle positions for at least
2000 frames of data. For all systems, the total packing fraction, ¢; = pmo?/4, is varied over
the entire range of densities characteristic of a fluid (approximately ¢; = 0.02 to 0.66). The full

range of systems considered are detailed in Figure 2.2a (line ¢ = 0).

5.3.2 Dynamic correlation functions

The self-intermediate scattering function (ISF) is calculated from particle coordinates as

Fy(k,t) = <;] Z explik - (ri(t) — ri(O))]> ; (5.9)

where k is the wavevector. Values of k = |k| are chosen to range from approximately k = 2.5 to
0.1 um~!, where the length in k—space corresponding to the particle diameter is k = 2.25 um™"
for the o = 2.79 pm system. The smallest value of k chosen is larger than the minimum
value of k set by the field of view i.e. k ~ 0.04 um~!. The self-ISF is also computed in the

Gaussian approximation via Equation (5.5), where the self-mean squared displacement, (672(t)),
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is calculated as (see Chapter 4)

1 N
= 43 w0 -

The self-van Hove function for a uniform fluid in one dimension (1D) is calculated directly from

the particle coordinates as

1 N
= <N26[x—a:i(t)+a:i(0)]>, (5.11)

where for a homogeneous, isotropic system in 2D, calculation of Equation (5.11) for movement in
the x or y direction leads to identical results. G(z,t) is also calculated from the mean squared

displacement in 1D via the Gaussian approximation as

1/2
Gl t) = (2hr«&i2(t)>> exp(—a? /2(622(1))), (5.12)

with

1 Y )
N;< )~ zi(O) ). (5.13)

The degree of non-Gaussian behaviour may be quantified by the non-Gaussian parameter, as(t),

in 1D, where

as(t) = << 6x2((t))>> 1. (5.14)

This is calculated from the MSD and the analogous measurement for (5z(¢)).

5.4 Results and discussion

Firstly, the self-intermediate scattering functions at a variety of total area fractions are con-
sidered. In Figure 5.1a and b, Fy(k,t) is shown for the monodisperse system of particles with
o =279 um at ¢ = 0.08 and 0.66. Here, the ISF has been calculated both directly from
particle coordinates as described by Equation (5.9) and from the mean squared displacements

(shown in Figure 5.1¢) via the Gaussian approximation as in Equation (5.5). For the higher area
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Figure 5.1: The self-intermediate scattering function as a function of k for (a) ¢ = 0.08 and
(b) ¢+ = 0.66. Values of k in (b) apply to both panels. Symbols show Fs(k,t) computed from
Equation (5.9) and lines are calculated from the MSD (as shown in panel (c)) using the Gaussian
approximation, Equation (5.5).

fraction, slower decay of Fs(k,t) at a particular value of k is seen. This is consistent with the
smaller particle displacements and thus slower particle motion seen at higher ¢; in the MSDs.
The Fi(k,t) calculated directly from the particle coordinates shows good agreement with Fy(k,t)
calculated via the Gaussian approximation, however, small deviations are seen at long times for

the system with ¢, = 0.66 at almost all values of k.

The self-van Hove functions, Gs(z,t), corresponding to the self-intermediate scattering
functions in Figure 5.1 are shown in Figure 5.2. For comparable time delays, clearly much smaller
particle displacements are observed at higher ¢;. This is consistent with the slower diffusion
seen at higher ¢; as discussed in Chapter 4. Data is again shown for a direct calculation

of Gs(x,t) using Equation (5.11) and for a calculation via the Gaussian approximation as in
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Figure 5.2: The variation of the self-van Hove function with time at (a) ¢ = 0.08 and (b)
¢¢ = 0.66. Symbols show G(r,t) computed from Equation (5.11) and lines are calculated from
the MSD using the Gaussian approximation as in Equation (5.12). Values of ¢ in (b) apply to
both panels.

Equation (5.12). Consistently, the Gaussian approximation is seen to be in good agreement with
Gs(x,t) calculated directly from particle coordinates, however, there are clearly some deviations

at intermediate times for the system at higher ¢;,.

Figures 5.1 and 5.2 illustrate the general trends in the behaviour of Fy(k,t) and G4(r,t).
In both cases, deviations from the Gaussian approximation are seen at certain values of ¢ and
k, which are small in overall magnitude, but larger for higher ¢;. This dependence upon total
area fraction is shown more clearly in Figure 5.3a, where the variation in the behaviour of the

L is considered.

self-intermediate scattering function with ¢; for a fixed value of k = 2.2 um™
Here, with increasing ¢;, both the slower decay and the increase in deviations to the Gaussian
approximation at intermediate times are evident. Deviations from purely Gaussian behaviour
as a function of time are now also quantified by the non-Gaussian parameter, asy(t), and the
variation of ay(t) with ¢; is shown in Figure 5.3b. The agreement exhibited in Figure 5.2 is
confirmed by the non-Gaussian parameter which shows only small deviations from zero. These
deviations are clearly largest at intermediate time and increase with increasing ¢;. The non-
Gaussian parameter, however, gives only an indication of the average behaviour with time, and

does not provide any detailed information about the lengthscale dependence of the deviations

from Gaussian behaviour seen.

To determine directly the combinations of wavevectors and times at which the non-Gaussian
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Figure 5.3: (a) The variation of the self-intermediate scattering function with total area fraction
at a fixed value of k. Symbols show Fs(k,t) computed from Equation (5.9) and lines are calcu-
lated from the MSD using the Gaussian approximation as in Equation (5.5). (b) The variation
in the non-Gaussian parameter, as(t), with ¢;.

behavior is seen, the time scale 74(k) at which Fy(k,t) decays to a given value A, is considered:
A = Fy(k,t = T4(k)). (5.15)

If Fs(k,t) is Gaussian, then in the hydrodynamic limits for the colloidal system Equation (5.2)

applies and Equation (5.15) becomes
A = exp (—Dik*1a(k)) (5.16)

where D; with ¢ = S, L is the short- or long-time self-diffusion coefficient. From the definitions
of the hydrodynamic limits, behaviour at large k and small ¢ is expected to be governed by Dy,

while that at small £ and large ¢ by Dy. It follows that

InA

— _D.12
7a(k) = —Dik”, (5.17)

and that, a scaling function, C'(k), may be defined as

Clk) = _rj%lk? . (5.18)

For a fixed value of A, C(k) approaches Dy, for small values of k and Dg for large values of k.

The intermediate k regime of C(k) describes the crossover between the two diffusive regimes.
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Figure 5.4: The relaxation time as defined by Equation (5.17) shown for a range of values of
A at (a) ¢ = 0.08, (b) ¢ = 0.43 and (c) ¢ = 0.62. Values of A relate to all panels. Lines
show the expected gradient from an independent measurement of the self-diffusion coefficients
using the mean squared displacement (see Chapter 4). Here, the dashed line is calculated from
the short-time self-diffusion coefficient, Dg, and the solid line from the long-time self-diffusion
coefficient, Dy,

The values of 74 for fixed values of A, ranging from 0.9 to 0.1, are calculated by performing
an interpolation upon the data for Fs(k,t). The variation of 74 with k is shown in Figure 5.4
for systems at ¢; = 0.08,0.43 and 0.62. Here, results are considered in the form described
by Equation (5.17) and thus the gradient is equal to —D;. As such, lines corresponding to
Equation (5.17) computed using the short- and long-time self-diffusion coefficients measured
from the MSDs in Chapter 4 are also shown. The comparison between the relaxation times
of Fs(k,t) and the two limiting gradients set by the self-diffusion coefficients in Figure 5.4a-c
clearly demonstrates that there is a crossover from short to long-time behaviour with decreasing
k and A. This is consistent with the fact that k is an inverse lengthscale and therefore relaxation
times measured at higher k will reflect behaviour over shorter lengthscales which is naturally

associated with shorter times. The value of A impacts upon the timescale probed; a longer
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Figure 5.5: (a) The dependence of the self-diffusion coefficient via Equation (5.17) on k for three
different values of the parameter A at ¢ = 0.62. Vertical dashed lines indicate the value of k*
for each curve. (b) The value of k* as a function of A for systems at ¢; = 0.08, 0.43 and 0.62.
(c) The variation of C'(k) (Equation (5.18)), with k rescaled by k* for ¢ = 0.08, 0.43 and 0.62.

time is required for F(k,t) to decay to a lower value of A, and this automatically results in a

consideration of behaviour at longer times.

The dependence of 74 upon A is clearly much stronger for the systems at higher ¢;. This
reflects the greater difference in the magnitude of the long- and short-time diffusion coefficients
at higher ¢, and the differing timescales associated with the two regimes. For systems at low
¢¢, a particle experiences relatively few direct interactions during a certain period of time due
to the large average distance between particles. As such, the difference between the short-time
and long-time diffusion coefficients, which arises from direct interactions, is relatively small, and
only at very long times and lengthscales is the crossover to the long-time behaviour seen (see
Figure 5.4a). In contrast, for higher area fractions, the distance a particle must travel in order
to directly interact with another particle is very short, resulting in significant number of direct

interactions at short times. This both significantly reduces the value of the long-time diffusion
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coefficient relative to its short-time value, but also results in a crossover from the short- to long-
time regime at much earlier time and lengthscales. This is illustrated in Figure 5.4c where 74
exhibits a gradient consistent with the long-time diffusion coefficient at reasonably high values

of k .

An alternative representation of the data in Figure 5.4 is presented in Figure 5.5, where
the scaling relation of Equation (5.18) is considered. Figure 5.5a shows the variation of C'(k)
with k at three values of A for the system with ¢, = 0.62. Also indicated is the value of k*
determined from the point of inflection of these lines. The value of k* indicates a crossover point
between short- and long-time behaviour, and in Figure 5.5b k* is plotted as a function of A. For
all three values of ¢, k* increases with decreasing A. This is because the behaviour at small A
corresponds to that at long times and thus long-time behaviour is seen even for large values of
k. Furthermore, k* for a fixed value of A is seen to decrease with ¢;, demonstrating that as the
total area fraction decreases, the lengthscale associated with the crossover between short- and

long-time behaviour increases.

Finally, C'(k) computed for all values of A is replotted with k& now rescaled by k*. This is
shown in Figure 5.5¢ for systems with ¢, = 0.08, 0.43 and 0.62, where data for different values
of A for each ¢; are seen to fall onto one master curve. Here, the presence of the long- and
short-time regimes for the three different area fractions is clear, with the difference in long- and
short-time behaviour seen to increase with ¢;. In addition to this, universal behaviour is seen
with respect to the scaling relation C'(k), at intermediate values of k. This is surprising, due to
the fact that the mechanisms that govern particle motion at intermediate times are complex, and
expected to differ with area fraction. As a general point, both Figure 5.4 and Figure 5.5 provide
significantly more information regarding the nature of the crossover from long- to short-time
behaviour than that available from calculation of the non-Gaussian parameter. In particular,
the quantity £* characterises the ranges of k for which the two hydrodynamic limits as a function

of ¢; are seen.

5.5 Conclusion

The self-intermediate scattering function, Fs(k,t), and the self-van Hove correlation function,

Gs(x,t), for quasi-two-dimensional colloidal systems have been considered, with a particular
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focus upon the estimation of these quantities using the Gaussian approximation. In general the
Gaussian approximation is in good agreement with a direct measurement of G¢(x,t) and Fs(k,t),
however, small deviations are seen that depend sensitively upon time, total area fraction and the
wavevector by which the system is probed. These deviations are found to disappear in the two
hydrodynamic limits defined for colloidal fluids, governed by the long- and short-time diffusion
coefficients, respectively. The relaxation times of Fy(k,t) are seen to obey a scaling relation,
C(k), which allows for the determination of the combinations of wavevectors and times at which
the non-Gaussian behavior is seen. Furthermore, as C'(k) approaches Dy, for small values of k
and Dg for large values of k, the intermediate k regime of C'(k) is used to quantify the crossover

between the two diffusive regimes.
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Chapter 6

Interdiffusion in quasi-two-dimensional

binary colloidal fluids

ABSTRACT

In this Chapter, interdiffusion in quasi-two-dimensional binary colloidal fluids at two dif-
ferent size ratios is studied. Firstly, the thermodynamic drive for interdiffusion is considered in
terms of the thermodynamic factor, which is calculated from the small wavevector limit of the
concentration-concentration structure factor using an analysis of the concentration fluctuations.
The thermodynamic factor varies substantially with the size ratio of the binary fluid, indicating
that structural ordering occurs for the large size ratio system. Next, the interdiffusion mean
squared displacement (MSD) is measured in two ways: via the Darken equation, which is based
on a linear combination of self-diffusion coefficients, and directly from the particle trajectories
by developing an expression in terms of the centre of mass MSD. The agreement between the
MSDs calculated by the two routes is found to vary with both the size ratio and the composition,

and consequently the applicability of the Darken equation to these systems is discussed.
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6.1 Introduction

Collective transport phenomena are dynamic processes which involve the movement of multiple
single interacting entities in a cooperative way [201]. Understanding these effects is of significant
interest due to their ubiquity, playing an important role in a diverse range of systems varying from
bacterial colonies [202] and flocks of birds [203] to granular matter [204] and glasses [205]. Within
this range of systems, a clear distinction is made between those at equilibrium and those that are
active, with the primary difference the momentum conservation properties of collisions between
individual units. Liquids, as considered in this thesis, clearly belong to the set of equilibrium
systems that exhibit collective behaviour, which here governs properties including their thermal
diffusivity and bulk viscosity [99]. In this case, many of the transport properties of single
particles have collective analogues, a simple example of this being collective diffusion, which
involves the movement of particles from regions of higher to lower particle number [171,206].

For systems at a certain particle density, this may in fact be faster than self-diffusion [121,171].

The process by which one species in a mixture of two types of particles moves down its
respective concentration gradient to form a more homogeneous mixture is known as interdiffusion
[152]. The key transport coefficient associated with this is the interdiffusion coefficient, D, [99].
As many physical systems are in fact made up of multiple components, understanding mixing
effects such as interdiffusion is of fundamental importance for the characterisation and design
of new materials. An obvious class of systems for which an understanding of interdiffusion is
thus particularly relevant is that of metallic alloys. Experimentally, studies of interdiffusion
in these systems are performed on set-ups with a macroscopic concentration gradient using
the long-capillary technique [207]. Here, however, various experimental difficulties, including
the possibility of convective flow or inhomogeneities in the sample [208], make the accurate
measurement of an interdiffusion coefficient very difficult. Consequently, systematic studies of

the diffusive behaviour of these systems are rare.

In simulation, it is possible to study interdiffusion by probing the relaxation of concentra-
tion fluctuations in a binary system at equilibrium [152,209,210]. In principle, similar data is
available for colloidal systems, however an equivalent analysis of an experimental system has
not yet been performed. This is primarily due to the fact that the expressions developed for

the statistical mechanical ensembles used in simulation are not applicable to an experimental
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system best described by the grand canonical ensemble. For both microscopy and simulation
the determination of collective properties is more difficult than for their self-counterparts. This
arises from a combination of the inevitably poorer statistics for collective properties, where it is
no longer possible to average over multiple particles, and the need to consider finite size effects;

i.e. the impact of the system size upon the measurement.

These difficulties associated with the measurement of the interdiffusion coefficient mean
that significant interest lies in the ability to approximate this property from the more easily
determined self-diffusion coefficients. A widely used theoretical approximation for Dy is the

empirical expression of Darken [211], where

D, = @(can + CbDa), (6.1)

with ¢; the concentration of species ¢, ® the thermodynamic factor and D; the self-diffusion
coefficient of species 7. This has been shown to be a good estimate of the interdiffusion coeflicient
in simulation, experiment and mode coupling theory studies [207,209,212], even for systems

relatively close to the glass transition [152].

In this Chapter, interdiffusion in quasi-two-dimensional binary colloidal fluids with size
ratios v = 1.45 and v = 2.19 is studied, with a focus upon the applicability of the Darken equa-
tion to these systems. Interdiffusion is characterised by the behaviour of the interdiffusion mean
squared displacement (MSD), which is calculated in two ways; firstly, via the Darken equation,
and secondly from an expression based upon the centre-of-mass MSD of a subset of particles.
For the calculation by the Darken equation, the thermodynamic factor is first determined from
the small wavevector limit of the concentration-concentration structure factor, Sc.(k), using an
analysis of the concentration fluctuations. The dependence of the thermodynamic factor upon
the total area fraction is seen to vary with -, and this is discussed in relation to the nonadditiv-
ity. Self-diffusive properties are calculated as in Chapter 4. For the computation of the centre of
mass MSD, an expression is developed that allows for a direct measurement of the interdiffusion
MSD from the centre of mass MSD of a subset of large or small particles. Experimental deter-
mination of the interdiffusion mean squared displacement by this method is discussed, and in
particular, its dependence upon the size of the particle subset. Finally, the agreement between
the interdiffusion MSDs calculated by the two methods is considered to determine the validity

of the Darken equation for systems at different size ratios.
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6.2 Theory

The most commonly used expression for describing the interdiffusion coefficient, Dy, is given

by
D, = M(I)(Can + CbDa), (62)

with ¢; = N;/N the number concentration of species i, D; the self-diffusion coefficient, M the
Manning factor and ® the thermodynamic factor. Equation (6.2) implies that the rate at which
a system will mix depends on both thermodynamic and kinetic properties of the system. In
Equation (6.2) the kinetic component is approximated by a linear combination of the weighted
self-diffusion coefficients, and the thermodynamic component by the thermodynamic factor,
® [209] , which is related to the & — 0 limit of the concentration-concentration static structure

factor as

CiCs

o=
See(k —0)

(6.3)

The thermodynamic factor accounts for the tendency of concentration fluctuations to relax over
large lengthscales. To exemplify this, for a system close to the critical point, Se.(k — 0) will
be extremely large due to large scale concentration fluctuations [210,213] and consequently the
thermodynamic factor very small. For systems which tend to order the opposite behaviour is seen
[152]. The choice of a linear combination of self-diffusion coefficients in Equation (6.2) excludes
cross-correlations between the two types of particles, and as such M acts as a correction factor
to account for these cross-correlations and other non-ideal mixing effects. If M = 1, the Darken
equation (Equation (6.1)) is recovered, and the Manning factor may therefore be used to quantify
the extent to which the Darken equation is a good approximation to the observed interdiffusive
behaviour. This may depend sensitively upon the system composition, as simulation results
suggest that both the thermodynamic and kinetic components of Equation (6.3) show complex

and differing dependencies upon composition [209].
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6.2.1 The interdiffusion coefficient

For a binary fluid consisting of N, particles of type a and N, particles of type b the interdiffusion
current, Ju(t), is defined as [152]

N, N, Ny
Tap(t) =D Vailt) = ca | D vailt) + > _via(t)]| (6.4)
=1 i=1 =1

where v; ;(t) is the velocity of a particle, i, of species j = a, b at time ¢ and ¢, is again the number
concentration of species a. The behaviour of the interdiffusion current will vary with the type
of ensemble under consideration, and a simplified form of Equation (6.4) may be obtained using

an ensemble-dependent expression to link the velocities of the two components.

The interdiffusion coefficient is now obtained by constructing the autocorrelation function

of J,p as

Cab(t) = <Jab(t) : Jab(0)>v (65)
which is related to the interdiffusion coefficient via a Green-Kubo integral [152] by

Day Cop()dL. (6.6)

1 oo
AN See(k —0) /0

with d the dimensionality. Importantly, diffusion and interdiffusion coefficients calculated by
a Green-Kubo relation must be identical to those calculated from the Einstein relation (Equa-
tion (2.42)) [99]. The equivalence of these approaches may be seen by combining (6.4) and (6.5)
with Equation (6.6). The resulting integrand is a function of the particle velocities, and thus

may be related to particle displacements by considering the relationship

t
A Vi(t,)dt, = I'i(t) — I‘Z(O) (67)

where r;(¢) is the position of particle 7 at time ¢. As such, the interdiffusion coefficient may also

be obtained from the computation of an appropriate mean squared displacement.
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Figure 6.1: An example of the particle tracking procedure used: (a) The position of a subset of
small and large particles at ¢ = 0 and (b) the positions of the same particles after 7000s with a
few tracks to illustrate the particle motion.

6.3 Experimental methods and data analysis

6.3.1 Colloidal model system

The binary quasi-2D colloidal model system used is described in Section 2.3.1. Here, the specific
systems considered are those at large size ratio, with v = 2.19 and ¢ = 0.48, and those at small
size ratio with v = 1.45 and compositions ¢ = 0.37 and ¢ = 0.5. The behaviour is considered at
a variety of total area fractions, ¢;, where for the system at v = 2.19 the area fraction of large

particles is calculated using the in-plane large particle radius (see Section 3.3.3).

Video-microscopy is used to record images at a rate of two frames per second for up to 120
minutes and particle trajectories are acquired as described in Sections 2.3.1 and 2.3.3. Static
correlation functions are calculated from particle positions for at least 200 frames of data and

self-diffusive behaviour is determined as described in Chapter 4.

6.3.2 Centre of mass coordinates

For the determination of the centre of mass coordinates, the particle tracking must be performed
such that no particles are lost over the length of the data. To achieve this, particles are selected
from within a certain region in the ¢ = 0 frame, and then only these particles are tracked

throughout the data, as illustrated in Figure 6.1. This region is selected such that no particles
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move out of view throughout the course of the experiment. Consequently, this area is smaller
for systems at lower total area fractions in which the particle displacements are larger. From

these trajectories, the centre of mass (COM) coordinates of the two components are defined as

| N L M
Ra(t) = N Z roi(t) and Ry(t) = N, Z rp,i(t), (6.8)
¢ =1 i=1

and the COM of all tagged particles, i.e. both large and small, as

1 N 1 N, Ny
R(t) = Z} rilt) = 2 rai(t) + 2 rpi(t) ] - (6.9)

6.3.3 The concentration-concentration structure factor.

Partial static structure factors for the binary systems, S;;(k) (i, = [, s), are calculated as

N; Nj N; Nj
Sij(k) = % <Z Z cos(k - r,) cos(k - r“)> + % <Z Z sin(k - r, ) sin(k - r“)> , (6.10)

where r,,;, is the position of particle v of species 7 or p of species j, and k is the wavevector.

These are used to form the linear combination related to concentration fluctuations, S..(k), as
Scc(k) = C?S“(k) + C?Sjj(k) - QCiCjS,‘j(k). (6.11)

with ¢; the number concentration. As for the monodisperse and number-number structure
factors (see Section 3.2.3), the value of the & — 0 limit of S..(k) may be estimated by an
analysis of fluctuations within the system. The variable of interest is now the fluctuation in

number concentration, dc¢;, defined as

1
0 = & [(c}) = (ei)?]

4[]

where i denotes either the large or small species. As the number of small and large particles are
linked via the total number of particles, IV, a consideration of either the small or large particle

concentration fluctuations produces equivalent results. Again, dc¢; is calculated for a range of
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box sizes with an extrapolation to infinite box size used to determine the value of ¢; for an

infinite system size (see Section 3.2.3).

6.4 Results and discussion

Firstly, an expression for the interdiffusion coefficient relevant to the experimental system con-
sidered here is developed following the approach described in Section 6.2.1. The interdiffusion

current, Jq(t), is again defined as

Ng, Ng Ny
Tap(t) =D Vailt) = ca | D vailt) + Y vii(t)] (6.13)
i=1 =1 =1

where v;;(t) is the velocity of a particle of species j = a,b at time ¢ and ¢, is the number

concentration of species a. The centre of mass velocity of species j is defined as

N.
1 J
V=D vjilt), (6.14)
N; i=1
where j = a,b, and as such Equation (6.13) may be rewritten as
Jap = No Vo (t) — ca[No Va(t) + NpVi(1)]. (6.15)

In our system the numbers of a and b particles are fixed (see Figure 6.1), so the term in square

brackets of Equation (6.13) is in fact the sum over all particles or equivalently,
N, Ny N
D Vailt) + Y vii(t) =Y vit) = NV(t), (6.16)
i=1 i=1

=1

allowing us to write Equation (6.15) as
Jab = Nava(t) - Ca[NV(t)] = Na[va(t) - V(t)} (6'17)

Here, V (t) is the centre of mass velocity of all particles. It can be seen that the interdiffusion
current is related to the centre of mass velocity of one component relative to the centre of mass

velocity of the whole system. As such, a relative centre of mass velocity is now defined for
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component a as
Va(t) = Vg(t) = V(1). (6.18)

To obtain the interdiffusion coefficient, the autocorrelation function of J,; is constructed as

Cap(t) = (Jap(t) - Tap(0)) = NZ(V4(t) - Vo (0)). (6.19)

The Green-Kubo formula for the interdiffusion coefficient in 2D is

1 o0
0

or equivalently using Equation (6.3) and Equation (6.19),

& [ o~
Dy, = N2(V,(t) - V,(0))dt
= ves | VAV V.0)
0

o0

Ndc, ~
= O/ (Va(t) - Va(0))dt. (6.21)

Finally, the relative centre of mass position, R, is defined using Equation (6.8) as

R, = R,(t) — R(?)
1 a 1 Ng Nb
= rai(t) - ~ [Z rai(t) + Y _r(t)| (6.22)
@ i=1 i=1 i=1

where Rq(t)—R, = fg Vo (t')dt’. Thus, the equivalence of the Einstein and Green-Kubo relations

(see Section 6.2.1) implies that the interdiffusion coefficient may be expressed as

D,y = lim No

= lim N2 T/ (6.23)
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Figure 6.2: The variation in the concentration-concentration structure factor, Se.(k), with ¢, for
binary systems: (a) and (b) v = 1.45 and ¢ = 0.37; (c) and (d) v = 2.19 and ¢ = 0.48. Note that
Sece(k) is rescaled by the product of the number concentrations of the two components, ¢;cs. (b)
and (d) show the small k£ behaviour with the results of the concentration fluctuation analysis.

where (5§3(t)> with 7 = a, b is the centre of mass mean squared displacement. From this the

interdiffusion MSD, (§R%(t))int.coM, is defined by

(§R%(1))int,com

Dy = (I)tllglo m , (6.24)
so that
Cq .\~
(OR*())int,com = Nc—b[<5R§(t>>]2- (6.25)

Conveniently, this expression can be directly compared to the kinetic part of the Darken equa-
tion, ¢, Dy + D, (Equation (6.1)). Note that while Equation (6.25) is written in terms of the
centre of mass of species, a, identical interdiffusion coefficients can be measured from a consid-
eration of either set of particle coordinates. Also, in the following the species a and b are the

large and small particles, and so are replaced with [ and s.
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Figure 6.3: The thermodynamic factor, ®, as a function of ¢; for the systems at v = 1.45 with
q = 0.37 and ¢ = 0.50; and for the system with v = 2.19 and ¢ = 0.48.

Now, the thermodynamic driving force for interdiffusion is considered by calculation of
the thermodynamic factor from the £ — 0 limit of the concentration-concentration structure
factor, Scc(k). The variation in S..(k) with total area fraction, ¢;, for the small size ratio system
(v = 1.45) at ¢ = 0.37 and large size ratio (y = 2.19) at ¢ = 0.48 is shown in Figure 6.2a and
¢, respectively. Equation (6.11) shows that the composition effects are here governed by the
number concentration, ¢;, not the area fraction ratio, q. Systems compared are, therefore, those
with the most similar number concentrations. The large-k limit of S..(k) is expected to tend
to the product of the number concentrations of the two components, and as such the data is
rescaled by this product and thus tends to unity for large k. This removes any variation in
the large k limit that arises from small fluctuations in the relative concentrations of the two
components, allowing for the dependence of S.. upon ¢; alone to be studied. Evident in both
plots is the increase in structure of S..(k) as the total packing fraction increases, however, for
comparable values of ¢; the amplitudes of the peaks of S..(k) are clearly much larger for the

system at v = 2.19.

The variation of S¢.(k) in the limit k¥ — 0 is clearly much greater for the system at a large
size ratio. This can be seen more clearly in Figure 6.2b and d, where the small &k region of Sc.(k)
is shown with the results of the concentration fluctuation analysis described in Section 6.3.2. In

general, good agreement is seen between the apparent limit of the concentration-concentration
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structure factor and the limit found from the fluctuations in ¢;. The thermodynamic factor, ®,
can now be readily calculated from S..(k — 0) using Equation (6.3) and the variation of ® with
total area fraction is shown in Figure 6.3. For v = 1.45, very little variation in ® is seen for
both the systems with composition ¢ = 0.37 and ¢ = 0.50 over the entire area fraction range.
This indicates that for the small size ratio system, there are no significant mixing effects even at
high total packing fraction. In contrast to this, for v = 2.19, the thermodynamic factor exhibits
a significant increase across the range of ¢; considered. This indicates that as the total area
fraction increases, concentration fluctuations within the system are increasingly suppressed, and
this is characteristic of a system that exhibits ordering phenomena. The structural behaviour
of the two systems has already been discussed in Chapter 3 where the ordering effects displayed
by the system at v = 2.19 were ascribed to its higher nonadditivity. This is consistent with the

behaviour of the thermodynamic factor.

Next, the kinetic component of the expression for the interdiffusion coefficient is considered
by calculating the interdiffusion MSD directly from the centre of mass (COM) MSD using Equa-
tion (6.25) and comparing the result to the kinetic part predicted by the Darken approximation.
From Equation (6.25) it is seen that to probe interdiffusion in the system, any concerted move-
ment of the whole tagged subset of particles is removed by subtracting the COM of all particles
from that of each subset. In Figure 6.4a, an example of the particle trajectories over 500 s of
data for the system at v = 2.19, ¢ = 0.48 and ¢y = 0.33 is shown with, in Figure 6.4b, the corre-
sponding corrected COM trajectories for the subsets of small and large particles over the whole
length of the data. It can be seen that the tracks for the small and large particles are closely
related to each other, which is consistent with the fact that the interdiffusion of the two subsets
must balance in order for there to be no net movement of particles for a system at equilibrium.
The differing magnitude of the displacements for the two subsets arises from the mismatch in
the number of large and small particles; a greater number of small particles are involved in the
process and as such the interdiffusion current associated with them is smaller, again to balance
the effect for large and small particles. The COM mean squared displacement, <5§3(t)>, for the
large and small particle subsets may then be calculated from the corrected COM tracks. As
with the COM trajectories, (5&22 (t)) for the large and small particles are related. This is a direct
consequence of the relationship between the two COM coordinates, which follows from (6.8) and

(6.9) as R(t) = c¢,Rq4(t) + cpRp(t). Therefore, the centre of mass mean squared displacements
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Figure 6.4: Diagrams to demonstrate the particle and centre of mass (COM) tracking process.
(a) The trajectories of a subset of particles in a system at v = 2.19 and ¢; = 0.33 with the initial
and final positions of the particles indicated. (b) COM trajectories for subsets of large and small
particles relative to the COM trajectory of all particles. (c) The centre of mass MSD for the
large and small particles scaled by the number of particles as described in Equation (6.26).

are coupled as

(Ra(t) — Ra(0)]*)
({Ra(t) = R(t)} — {Ra(0) — R(0)}]*)

< { Lm0 - ari) - R} - { RO

Ca

(SRA(2))

(6.26)

< [_zb {Ry(t) — R(t) — Ry(0) + R(0)}

| I
[\
\/

This allows the interdiffusion MSD to be calculated from either component, and it also provides
a useful consistency check on the results obtained, as shown in Figure 6.4c. Note that the

calculation of (§R2(t)) is the same as for the self-MSD, however each subset only contributes one
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trajectory and as such the statistics are much poorer than for the corresponding self properties.

One way in which statistics may be improved is by varying the size of the subset used,
as this allows for multiple equivalently sized subsets to be tagged in the same initial frame and
subsequently averaged. In addition to improving the statistics, this also probes finite size effects
expected to arise due to the collective nature of interdiffusion. Therefore, <5§12(t)> is calculated
for the largest area over which all the particles may be tracked over all times, and subsequently
also for this area split into 1, 2, 4, 6, 8 and 16 equal areas. In all cases, exactly the same particle
trajectories are used; it is simply the number of these trajectories used for the calculation of the
COM coordinates which differs. Importantly, it is ensured that the smallest subsets used still
include multiple particles as collective properties are studied. Hence, for lower ¢; only smaller

numbers of larger subsets can be considered.

In Figure 6.5, examples of the interdiffusion MSDs calculated directly from <5§12(t)> (Equa-
tion (6.25)) are shown. These are compared with the interdiffusion MSD calculated from the
Darken equation, which in direct analogy to the interdiffusion coefficient from the Darken equa-

tion (Equation (6.1)), may be calculated from a linear combination of the self-MSDs as

_ . <5R2 (t)>int,Darken
Dab(t) - (I)th& At ’ (627)
with
<5R2(7f)>int,Darken = ca<5r§(t)> + cp(672(t)). (6.28)

Here, (0r2(t)) is the self-MSD of one component (see Chapter 4). The interdiffusive behaviour
of the system at large size ratio (7 = 2.19 and ¢ = 0.48) is compared to both small size ratio
systems with either a similar number concentration (y = 1.45 and ¢ = 0.37) or a similar area
fraction ratio (y = 1.45 and ¢ = 0.50). Each line is related to a different number of tagged
subsets as indicated in the legend in Figure 6.5a, with the size of the subset scaling inversely

with the number of boxes.

Figure 6.5 clearly shows that while all interdiffusion MSDs show very good agreement at
short times, there are deviations of (§R?(t)) from the Darken equation at long times. The size
of these deviations are seen to depend upon the composition and size ratio, with much larger

deviations for the system at v = 2.19. Here, at long times, the centre of mass MSD is no
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Figure 6.5: The interdiffusion mean squared displacement, (§R?(t))int, calculated from both

(5%2(15» (Equation (6.25)) and from the Darken approximation (Equation (6.28)). Results are
shown for systems with v = 1.45 and ¢ ~ 0.37 ((a) and (b)), v = 1.45 and ¢ ~ 0.50 ((c) and (d),
and v = 2.19 and ¢ ~ 0.48 ((e) and (f)). (a),(c) and (e) show MSDs at ¢; ~ 0.3 and (b),(d) and

(f) at ¢ =~ 0.5. The legend in (a) indicates the number of particle subsets used to calculate the
COM MSDs in all panels.
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longer linear with time. This is in spite of the fact that the self-MSDs of both the large and
small particles are linear at long times (see Chapter 4) as demonstrated by the linear long-time
regime of the MSD calculated from the Darken approximation (Equation (6.28)). The size of
this deviation is clearly dependent upon the size ratio, composition and size of the subset used.
The dependence on the latter suggests it arises due to collective phenomena, as the change in
subset size leads to a change in the number of particles for which the collective dynamics is
studied [132]. To quantify the deviations with the Darken approximation more thoroughly, the

ratio

(6R2(t))int,cOM
<5R2 (t) > int,Darken

Q= (6.29)
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is considered at ¢ = 1000 s and shown in Figure 6.6. Here, the differing long-time behaviour of
the systems is more clearly demonstrated. Firstly, the size of the deviations for the system at
v = 2.19 are generally larger than those for the systems at v = 1.45. A comparison of Figure 6.6a
and b, however, shows that the value of the ratio () also depends upon the composition, with
larger values of () seen for the system with ¢ = 0.37 compared to that with ¢ = 0.50. Figure 6.6¢c
also demonstrates that there is possibly some dependence upon the value of ¢;, with larger

deviations seen for lower total area fractions.

The origin of the deviation from the Darken equation is currently unclear. While it cannot
be discounted that it arises from the poorer statistics associated with the calculation of the COM
MSD, it seems unlikely that this is the sole cause due to the fact that the same behaviour is not
observed in the results for all systems considered. Additionally, there is no evidence that the
effect is caused by errors in the tracking procedure or calculation of particle trajectories in light
of the expected behaviour of the self-MSD. One possible explanation is that while the Darken
equation assumes there to be no cross-correlations, the structural behaviour of the system with
v = 2.19 clearly indicates that the negative nonadditivity leads to significant cross-correlations.
Thus it is perhaps unsurprising that the Darken equation does not hold in this case. Also, as
collective diffusion is expected to be faster than self diffusion, it is possible that the superlinear
behaviour observed in Figure 6.5 is an intermediate time regime, which represents the crossover
to another diffusive regime at longer times with a diffusion coefficient greater than that predicted

by the Darken equation.

6.5 Conclusions

In conclusion, interdiffusion in a range of binary colloidal fluids has been studied. The rate
of interdiffusion is considered in terms of both thermodynamic and kinetic factors with the
dependence of the interdiffusive behaviour upon the size ratio 7, composition ¢ and total area
fraction ¢; probed. Calculation of the thermodynamic factor, ®, from S..(k — 0) using an
analysis of concentration fluctuations is used to demonstrate that the thermodynamic drive for
interdiffusion is larger for the system at large size ratio. This is attributed to the structural
ordering caused by the higher non-additivity in these systems. The interdiffusion mean squared

displacement (MSD) is then measured via both the Darken equation, and from the centre of
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mass MSD. The Darken equation is found to describe the behaviour well at short times, but
at long times significant discrepancies are seen between the interdiffusion MSDs calculated by
different routes. This indicates that the Darken equation does not fully describe the interdiffusive
behaviour of these systems and that, for the large size ratio system in particular, non-ideal mixing

effects are important.

Acknowledgements

This work was performed in collaboration with Jiirgen Horbach and Dirk Aarts. Lia Verhoeff

and Michael Juniper are thanked for useful discussions.



Chapter 7

Melting of quasi-two-dimensional col-

loidal hard spheres

ABSTRACT

In this Chapter, the melting of quasi-two-dimensional colloidal hard spheres is studied by con-
sidering a tilted monolayer of particles in sedimentation-diffusion equilibrium. This allows the
full phase behaviour to be probed in one sample. The density profile and the equation of state
are determined and both quantities display a discontinuity upon increasing area fraction. This
indicates a first order transition and coexistence region and hence, an interface. The inter-
face between ordered and disordered phases is subsequently located using the argument of the
bond-orientational order parameter and fluctuations of the interface are analysed using capillary
wave theory. Height-height correlations are calculated and used to quantify both the size of the

coexistence gap and the anisotropic stiffness of the interface.
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7.1 Introduction

The spatial dimensionality of a system can have a profound effect upon its physical properties.
This may be observed in both structural and dynamic phenomena, with examples including the
absence of long-range positional order in a two-dimensional (2D) crystal [13] and the differing
diffusive behaviour seen in one and two dimensions [214,215]. Another notable and widely
studied example is the melting transition in 2D. Here, unlike melting in 3D, it is proposed that
an additional hexatic phase exists between the 2D liquid and crystalline phases [15-17]. This
phase is characterised by short-ranged positional and quasi-long-ranged orientational order, with

similar phases seen in smectic phases of liquid crystals and polydisperse colloidal disks [216,217].

The Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY) theory [15-17] describes sce-
narios by which the 2D crystalline phase melts to become a disordered liquid. One such scenario
involves two continuous phase transitions, via an intermediate hexatic phase, with the increas-
ing disorder upon melting described in terms of the unbinding of topological defects. More
specifically, in the first step, the unbinding of dislocation pairs changes the 2D crystal with
long-range orientational and quasi-long-ranged positional order into the hexatic phase, which
has long-range orientational and short-ranged positional order. This is followed by the transi-
tion to a liquid which possesses only short-ranged orientational and positional order due to the
unbinding of dislocations into isolated disclinations. A number of alternative scenarios have,
however, been proposed, for example, that melting is via a single solid-fluid transition [218].
Also, evidence from simulations suggest that the transition may depend very sensitively upon
specific properties of the system. This has been studied in detail for the case of the pair po-
tential [219,220], but has also been considered with respect to out-of plane fluctuations [88],
finite-size effects, pinned particles [221,222] or vacancies [223]. For experimental systems, many
aspects of KTHNY theory, including the continuous nature of the two phase transitions, have
been observed in two-dimensional systems of super-paramagnetic colloids interacting via a soft
potential [64,224,225]. Nevertheless, evidence for a range of alternative scenarios has been
seen in other experimental systems, for instance, those involving microgel particles [226,227] or

particles interacting via a Yukawa potential [120] or a short ranged repulsion [126,228].

The nature of the melting transition for the simplest possible interacting system in 2D,

hard disks, has for some time been unclear, despite the fact that the phase behaviour of these
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systems was first considered over 50 years ago [74,229-234]|. Recent simulations have shown
that, in contrast to the KTHNY scenario, melting occurs via two steps where the transition
from crystal to hexatic is continuous but that from hexatic to liquid is first order [89,219,234].
This first order transition is seen to persist even in the quasi-two-dimensional systems realisable
experimentally [88], but the nature of the transition for an experimental model hard disk system

has yet to be confirmed.

In this Chapter, melting of a quasi-two-dimensional colloidal hard sphere system is studied
by considering the sedimentation-diffusion equilibrium in a monolayer of particles tilted by a
small angle with respect to the horizontal. The behaviour of the system is probed by systemat-
ically varying the tilt angle. First, the density profile and the equation of state are measured,
where in both cases a discontinuity indicates the presence of a coexistence gap and hence an
interface. This interface between an ordered and disordered phase is subsequently located by
a consideration of the argument of the bond-orientational order parameter. Furthermore, the
fluctuations of this interface are analysed using capillary wave theory to quantify both the size

of the coexistence gap and the anisotropic stiffness of the interface.

7.2 Theory

7.2.1 The KTHNY scenario for two-dimensional melting

The KTHNY scenario [15-17], predicts that a two-dimensional crystal melts to a liquid via two
consecutive continuous transitions involving an intermediate hexatic phase. These transitions are
driven by the unbinding of topological defects, and the key types of defects found in the different

phases are dislocation pairs, dislocations and disclinations, which are illustrated in Figure 7.1.

In 2D, crystalline states do not exhibit the long-ranged positional order seen in 3D due
to long-wavelength thermal fluctuations [13]. They do, however, possess positional order that
is much longer ranged than that in liquids, combined with long-ranged orientational order.
Figure 7.1 demonstrates that the only type of defect consistent with this is a dislocation pair,
shown in Figure 7.1a, which is comprised of two five-fold and two-seven fold coordinated particles.
The diagram clearly shows that the presence of a dislocation pair in a crystal does not disrupt

the positional or orientational order of the crystal. KTHNY theory suggest that the crystalline
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Crystal Hexatic Liquid

Figure 7.1: An illustration of the defects seen in the melting of 2D crystals: (a) a dislocation
pair ; (b) a dislocation; and (c) a 5-fold disclination. Particles coloured red are those with seven
nearest neighbours and particles coloured green are those with five nearest neighbours. Arrows
indicate the bond-orientation on each side of the defect and lines mark the particle positions
expected for systems with positional order.

system melts via a two-step process where the first step is a continuous transition associated
with the unbinding of a dislocation pair to form isolated dislocations. A dislocation, consisting
of a five-fold and a seven-fold coordinated particle, is shown in Figure 7.1b, and clearly leads
to a loss of positional order but retention of orientational order. The resulting hexatic phase
is therefore characterised by short-ranged positional order and quasi-long-ranged orientational
order. In the second step, there is another continuous phase transition from the hexatic to the
liquid phase. This transition is associated with the unbinding of dislocations to form isolated
five- and seven-fold disclinations (see Figure 7.1c) which disrupt the system with respect to both
the positional and orientational order. The resulting liquid phase thus has only short-ranged

positional and orientational order.

To characterise the liquid, hexatic and crystal phases, order parameters and correlation
functions that quantify the orientational and positional order are required. The positional order

parameter may be defined as [235]

pG(r) = exp(iG - r), (7.1)

and the corresponding positional correlation function as [64]

9a(r) = (pa(r)pc(0)), (7.2)
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where G is a reciprocal lattice vector and r is the distance between two particles. This correlation
function is predicted to decay algebraically for a crystal, but exponentially for both the hexatic
and liquid phases [235]. The bond-orientational order is quantified by the bond-orientational

order parameter, v ;, as
1 n
e, = - Zl exp(160;5), (7.3)
]:

where n is the number of nearest neighbours and 6;; is the angle between the vector connecting
the central particle, ¢, with neighbouring particles, j, and a fixed reference axis. This quantifies
the degree to which the neighbouring particles adopt a regular hexagonal position, with the
modulus equal to unity for perfectly hexagonal order [236]. The range of the bond-orientational

order is quantified by the bond-orientational correlation function

96(r) = (¥6,:(r)16,:(0)). (7.4)

In the crystal gg(r) attains a constant value at large r, but in contrast to this decays algebraically
in the hexatic phase, with gg(r) ~ r~—/# at the transition between the hexatic and liquid [64].

In the liquid, the short-ranged orientational order leads to an exponential decay of gg(r).

It is also possible to use dynamic criteria to distinguish between the liquid, hexatic and
crystal [224]. These are particularly useful for the consideration of experimental systems imaged
over a finite distance for a long time. Firstly, an expression similar to Equation (7.4) can be

used which instead considers the variation in the value of 16 ; with time, as

96(t) = (vs6,i(t)6,:(0)). (7.5)

For long times, gg(t) tends towards a constant for the crystal phase, decays algebraically in the
hexatic phase and as gg(t) ~ t~/® at the hexatic-liquid transition [235], and finally exponen-
tially in the liquid phase. Additionally, a modified Lindemann parameter, 7, (t) [237], may be
considered where

((Ari(t) — Arj(1))*)
2a? ’

YL(t) = (7.6)

with a the lattice constant and Arj(t) = r;(t) — r;(0). As such, v7(¢) considers the mean square
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displacement of a particle relative to its nearest neighbours. This parameter diverges in the

liquid and hexatic phases, while tending to a constant value in the crystalline phase [224].

7.2.2 Sedimentation-diffusion equilibrium

A system of colloidal particles under gravity will establish a sedimentation-diffusion equilibrium
in which the flux of particles due to gravity is opposed by a diffusive flux driven by concentration
gradients [171]. This implies that at each height, the gravitational force must be balanced by
the osmotic pressure per unit area, which can be used to measure the number density profile,
p(z), and subsequently the equation of state [238]. Here, the sedimentation-diffusion equilibrium

considered is that of a 2D system tilted with respect to the horizontal by an angle, a.

At a certain height, z, the osmotic pressure, II(z), is the integral of the weight supported

at that point,

II(z) = /OO m*gsinap(z')d?/, (7.7)

where m* is the buoyant mass. This can be rewritten in terms of the equation of state as

ne o1 e
p(z)kBT‘p@)hg“/z pz)d
1

= ¢(Z)hg|/z o(2")d7". (7.8)

Here hy = kpgT'/(m*gsin @) is the in-plane gravitational height. The second equality arises from

the link between the number density, p(z), and the area fraction, ¢(z), via ¢(z) = p(z)70?/4A
where A is the area of the system. Using the scaled particle theory expression for the equation
of state (Equation (3.12)), which was shown to be an excellent description of our system in

Chapter 3, the following expression for ¢(z) is obtained:

1 1 o ! !
=62~ o(2)hy) | oteha (7.9)

It is also possible to find the equilibrium density profile for the system by solving this equation
iteratively. Note that in the following, the term ‘density profile’ refers to the expression in terms

of the area fraction, ¢(z).
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7.2.3 Capillary wave theory

The thermal fluctuations of a one-dimensional interface in a 2D system can be analysed using
capillary wave theory [239-242]. Note that for clarity, the following derivation is discussed in
terms of an interface between liquid and hexatic phases, as this is the interface relevant to this

Chapter. The static fluctuation spectrum is given by [59, 241, 243]

(AWE) = 22 (7.10)

(k2 + Le?)’
where A(k) is the amplitude at wavevector k = n27/L, with n an integer, L the length of the
interface and L. = \/lm the capillary length, with Ap = ppes — priq the difference in mass
densities of the liquid and hexatic phases. The interfacial stiffness, I', depends upon both the
interfacial tension v and the second derivative of this quantity with respect to the orientation of
the ordered phase, 4", as I' = v + ~”. The anisotropy in the interfacial free energy is expected
to be very small, however the presence of the second derivative can lead to large differences in

the interfacial stiffness with the orientation of the ordered phase [244,245].

The static spectrum (Equation (7.10)) is related to the real space height-height correlation

function, gn(x), via a Fourier transform as

kT 1 .
gn(x) = TT Zk: LY exp(ikx). (7.11)

C

This can be expressed in terms of sine and cosine functions and converted to an integral where
it is assumed that k= 0 and kpyer = 00 [59]. By noting the symmetry of sine and cosine, the

following expression for gy, (z) is obtained:

gn(x) = il /000 ( ! cos(kx)dk

I K2+ L)
kpT
= %Lc exp(—z/Le). (7.12)

The correlation function depends upon the difference in mass densities of the two phases, Ap,

via the capillary length, L., where Ap is expressed in terms of mass densities as

. . Npex — Nijg)m*
Ap = Phex — Plig = ( = A Zq) : (713)
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Here, N; is the number of particles in phase j, A the area of the system, m* = 7o3Ap,_s/6 the
buoyant mass of a particle, with o the particle diameter and Ap,_, the mass density difference
between a particle and the solvent. The mass density difference between the hexatic and liquid

phases, Ap, can be alternatively expressed in terms of the area fractions, ¢, by noting that

(Nhew — Niig)mo?

A¢ = (bhea: - ¢liq = 1A (714)
Combining (7.13) and (7.14) thus leads to
20 A pp—s
Ap= %, (7.15)

Importantly, this shows that a value of Ap can be used to directly measure the width of the

coexistence region, Ad.

7.3 Experimental methods and data analysis

7.3.1 Colloidal model system

The colloidal system used in this Chapter is the ¢ = 2.79 pm monodisperse system described in
Section 2.3.1. Sample cells are prepared as described in Section 2.3.1 at a total packing fraction
of ¢+ = 0.15 and are then placed upon the stage of the tilted microscopy set-up described in
Section 2.3.2 as illustrated in Figure 7.2a. Samples are left to equilibrate until the number of

particles imaged remains constant over many hours. For the initial equilibration this could take

a(®) 0(°) hy (um)
0.56  46.2 7.00
0.44 455 8.89
0.35 30.0 11.2
0.25 5H8.7 15.7
0.22a 6.6 17.8
0.22b 33.5 17.8
0.083 20.9 48.4.
0.067 14.2 55.9

Table 7.1: Experimentally determined values of the tilt angle «, the average value of orientation
of the ordered region, 6, and the gravitational height parallel to the plane, hg. Note that two
values of 6 are reported for the system at a = 0.22°, due to the presence of a grain boundary.
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(b)

gsina

X

Figure 7.2: (a) A diagram to show the effect of tilting the sample by a small angle, «, and the
resultant in-plane component of gravity. (b) An example of an experimental image for a tilt
angle of o = 0.56°.

up to a month. The angle at which the microscope is tilted is varied up to a maximum tilt
angle, «, of approximately 1°. Gravitational heights perpendicular and parallel to the plane
(see Section 2.3.2) may then be defined as

kT
m*g cos o

kT

and h _—,
m*gsin a

where g is the acceleration due to gravity and m* = 7ra3Aﬁp_s /6 the buoyant mass of the

particle. For the system considered here, Ap,_s = 540 kg m~3,

Even at the highest value
of a, hgy is effectively unchanged from that of the flat system as cosa ~ 1 and the particles
remain a monolayer confined to the 2D plane over the region of interest for all angles, av. The

value of hg describes the extent to which particles may move up the tilted plane due to kT’

gl
and varies substantially with tilt angle, from roughly two particle diameters for the largest a
to approximately 20 particle diameters at the smallest a (see Table 7.1). The tilt angle, «,
is initially estimated using a digital spirit level, which is sufficiently accurate to determine the
relative change in angle between measurements but does not provide a good absolute measure of

the tilt angle. The actual absolute angles are determined directly from the experimental density

profiles (see Section 7.2.2).

The system is imaged using a 20x objective with images recorded on a PixeLINK CMOS
camera at a resolution of 1280 x 1024 pixels. A typical image of the system at o = 0.56° is shown
in Figure 7.2b. Here, the field of view is approximately 387 x 309 pum?, which is significantly

larger than in the experiments described previously. Following equilibration, data is recorded
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at a rate of one frame per second for two hours. As the tilt angle, and therefore the in-plane
gravitational height, is varied, the width of the interface increases and thus multiple datasets at

differing z are taken to ensure that the whole density profile is imaged.

Standard particle tracking procedures [106] are used to obtain particle coordinates and
tracks as in Section 2.3.3, with approximately 9000 — 14000 particles found in each frame,
dependent on the area fraction of the region considered. A consequence of the lower magnification
used for these experiments is that it is more difficult to distinguish between particles and bright
interstitials. Conditions on the length of tracks remove these interstitials and thus particle
positions are extracted from the tracked data, rather than directly from the particle finding
routine. Note that in the following discussion, the coordinate axes are defined such that the z

axis runs parallel to the ¢(z) gradient and the z axis perpendicular to it as shown in Figure 7.2b.

7.3.2 Density profiles

Density profiles, ¢(z), are calculated for at least 1000 frames of data. These are computed
from particle positions by splitting the data into 50 bins in the z direction, with a binsize of

approximately 5.9 pum, and calculating the area fraction for each bin from the number of particles.

7.3.3 Interface localisation

To localise the interface between the ordered and disordered phase, first the hexagonal bond-
orientational order parameter, 16 ;, introduced in Equation (7.3), is computed for all particles.
To this end, the nearest neighbours of each particle are found using a Delauney triangulation

and g ; is then calculated as
P L En exp(i66;,) (7.17)
= Xp(20U55 ), .
6, n Pt b j

with n the number of nearest neighbours and 6;; the angle between a fixed reference axis and the
vector connecting the central particle ¢ with a neighbouring particle, j. The local orientation of

each particle, 6;, is then

0; = Mg(GM, (7.18)
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Figure 7.3: An illustration of the interface localisation process: (a) a Voronoi plot coloured by
the value of 6; for each particle; (b) the value of 6; as a function of height for all particles in a

single bin; (c) the tangent hyperbolic fit to values of 0, = |6; — 6| ; (d) the Voronoi plot with the
located interface.

which varies between 0 and 7/3 due to hexagonal symmetry. Figure 7.3a shows a Voronoi
construction, where the Voronoi cells are coloured according to 6;. Next, the variation of the
local orientation #; as a function of z is used to localise the interface between disordered and
ordered phases, as illustrated in Figure 7.3b and c. The values of 8; are first split into 120
bins in the x direction, where the width of each bin is approximately the particle diameter.
Plots of 6; for each bin show a clear change at the interface from an approximately constant
value, 6, indicative of the ordered phase, to a substantially varying value in the disordered phase
as shown in Figure 7.3b. Now, 6; is rescaled as ¢, = |0; — 0| and the values of ¢ are binned
in z, with only the highest value of ] kept for each bin. Importantly, the localisation of the
interface requires no assumptions to be made about the values of individual particle properties
in a certain phase, i.e. no arbitrary value of g ; or 6; is used to identify particles as belonging
to either the ordered or disordered phase. Values of ¢} as a function of z are then fitted with

a tangent hyperbolic function (see Figure 7.3c) to find the interface as shown in Figure 7.3d.
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The result of this analysis is the acquisition of the interface height as a function of position and

time, hegp(,t).

Note that Figure 7.3b shows that the random orientation of particles in the disordered
phase can lead to regions with orientation equal to that of the ordered phase. Additionally,
defects in the ordered phase may lead to 6; values in the ordered phase that are dissimilar to 6.
Thus, if these particles lie far from the interface, their orientation is rotated either to increase
the mismatch between 6; and 6 (in the disordered phase) or so that §; = 6 (in the ordered

phase), to ensure that interface localisation is accurate.

7.3.4 Height-height correlation function

Before using hegp(z,t) to compute the height-height correlation function, gp(x), it is first nec-
essary to ensure that the average height per frame, ho(t) = (hezp(z,1)),,, does not drift. If ho(t)
is calculated, however, it can be seen from Figure 7.4a, that only for the higher values of « is
the average height per frame constant over the whole dataset. Thus, the experimental data as a
function of time, hegp(z,t), is first corrected to h(z,t) = hegp(z,t) — ho(t) so that the interface

in each frame is centred around zero.

Additionally, the experimental data may display the effect of long-wavelength fluctuations
that do not relax over the timescale of the measurement. These should be removed in order
to only probe the fluctuations of the interface. To account for this, the average interface,

h(x) = (h(z,t)),, is subtracted from the data, with g,(z) then calculated as

gn(z) = <[h(az0) — B(xg)] [h(:vo + ) — h(zg + a:)] >mo’t . (7.19)

Clearly, the greater the number of frames used for the calculation of the average interface,
the smoother it will be. This will substantially change the correlation function as fluctuations
relative to the average interface will increase in size with the number of frames used to determine
h(z). To determine how many frames should be used for the calculation of h(z) the ratio

B2
o) = ) (7.20)

(h)a

is computed, where <7L?V>w and <ﬁ%>w are the mean squared widths of the average interface

=N
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Figure 7.4: (a) The average interface height, ho(t), as a function of time for the seven values of «
considered. Note that the values for interfaces at « = 0.083° and « = 0.067° have been vertically
shifted for clarity. (b) The variation in the mean squared width of the averaged interface as a
function of the number of frames, N, used for the average, quantified by the parameter @ (see
Equation (7.20)) for systems at all values of «.

calculated over N frames and a single frame, respectively.

The variation of Q(N) with the number of frames used for the average, <7L?V>x, is shown
in Figure 7.4b for all values of a. The value of @) drops significantly as the number of frames
increases, but appears to tend towards a plateau value at the maximum number of frames con-
sidered, N = 3500. As such, the averaged interface subtracted from the data is that calculated

from the full 3500 frames in order to prevent an artificial suppression of fluctuations.

7.4 Results and discussion

In Figure 7.5, typical microscopy images of the monolayer at two different tilt angles, o = 0.35°
and a = 0.083° are shown. For all values of «, the images clearly show a gradient in ¢ with
height, z. This results in a colloidal monolayer that varies in structure from that of a dilute
liquid to a dense ordered phase. Simulations of hard disks suggest that the system should display
a transition from liquid to crystal via an intermediate hexatic phase [88,89], but this cannot be
distinguished by eye. Nevertheless, the width of the regions over which these transitions occur
clearly increases with decreasing tilt angle, although the precise location of the transition from

dense fluid to hexatic to crystal can again not be determined by eye.

Next, the behaviour of the system with varying values of the tilt angle, «, is probed using
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Figure 7.5: Typical experimental images for the system at (a) a = 0.35° and (b) a = 0.083°.
Note that in (b), only a small part of the full density range is shown.

the density profile, ¢(z), which is calculated for the systems at all seven tilt angles. An example
of the density profile for the system with a = 0.083° is shown in Figure 7.6a. Qualitatively, ¢(z)
decreases slowly at small z from a value of approximately ¢(z) = 0.74, before decreasing sharply
to a value of ¢(z) = 0 for large z. Here, for this particular tilt angle, the full density profile is

stretched out over a distance equivalent to nearly 360 particle diameters.

The equation of state may now be obtained according to Equation (7.9) if the in-plane

gravitational height, h,, is known. This depends upon the tilt angle, «, and as discussed

gll>
in Section 7.3.1, the error on this value is relatively large as the tilt angle is measured only
approximately using a digital spirit level. However, as the equation of state from scaled particle

theory describes our experimental system well in the liquid range of ¢, the tilt angle can be

found from Equation (7.9). In particular Equation (7.9) is considered in the form

BRI I S AV
phaT " = T (@) ‘¢<z>/z P=)dz (7.21)

where the right hand side is directly determined from the experimental density profiles, and the
left hand side is used as a fit, with hg the only fitting parameter. In Figure 7.6b an example
of such a fit is shown for the density profile in Figure 7.6a. Qualitatively, the equation of state
(multiplied by hg|) shows complimentary behaviour to that of ¢(z), exhibiting a monotonic
increase with ¢, and the fit from scaled particle theory (Equation (7.21)) is clearly a good

description of the data for 0 < ¢ < 0.68. Importantly, this allows for the tilt angle to be
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Figure 7.6: (a) The density profile, ¢(z), and (b) the equation of state multiplied by A for the
system with a = 0.083°. The red line in (b) shows the fit according to Equation (7.21).
determined directly from the experimental data via
kT
hyj = ———, (7.22)
m*gsin «

which thus acts as a very sensitive internal calibration mechanism. The tilt angles obtained
for all datasets are reported with the effective in-plane gravitational height in Table 7.1. Also
evident in Figure 7.6Db, is a discontinuity in the equation of state at ¢ ~ 0.68. This is a signature
of a first order transition, where the coexistence between two phases over a certain range of area
fractions leads to a jump in the density profile. While the range of area fractions over which the
jump is seen to occur is small, the agreement between Equation (7.21) and the data below the

jump highlights this discontinuity.

This procedure is performed for all datasets, and thus the equation of state and the density

profiles for all values of o may be rescaled by hg| to fall onto one curve. This is shown in

gl
Figure 7.7. Here, for all systems the fit is seen to be a very good description of the data over
values of ¢ characteristic of fluids. Strikingly, a discontinuity is now more clearly seen in both
the density profile and the equation of state at ¢ ~ 0.70, which thus corroborates the possibility
of a first order phase transition. To estimate the width of the coexistence region, an empirical
equation of state of the form II(¢)/(pkT) = a/(¢ep — @) is used to describe the behaviour at
high ¢ [238]. Here, a is a constant and ¢, is the area fraction at close packing. The fit is seen to

be a reasonable description of the behaviour at higher area fractions and this clearly highlights

the existence of a density gap as shown in the inset. Using the two expressions for the equation
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Figure 7.7: (a) The density profile, ¢(z), for systems at a variety of tilt angles, c. The black
line shows the prediction of scaled particle theory for the density profile, Equation (7.9). (b)
The equation of state for systems at a variety of tilt angles, «, calculated by Equation (7.8).
The black line for ¢ < 0.69 shows the prediction of scaled particle theory (Equation (7.9)) and
the line for ¢ > 0.715 an empirical fit I1/(pkpT") = a/(¢¢p — ¢). The inset shows more clearly
the behaviour of the equation of state in the region of the discontinuity. Here, the approximate
range of area fractions of the discontinuity is indicated by dotted lines.

of state, an approximate density gap, A¢ = 0.025 is found. Results from simulations suggest
that the first order transition seen for hard disks is between the hexatic and liquid phases, with a
density gap A¢ = 0.016 [89]. This is remarkably similar to the approximation of the density gap
found in our experiments. However, it should be noted that the error in the determination of the
area fraction from microscopy can be relatively large, with small polydispersities or uncertainty
in the particle radius leading to variations in ¢ comparable in size to our density gap [246].
Thus, another method by which the density gap may be determined, which is not based upon

directly measuring ¢, is highly desirable.

The jump in the density suggests that there is a well defined interface between the disor-
dered and ordered phases of the system. This interface will display capillary fluctuations, which
directly provide access to A¢ via Equations (7.12) and (7.15) without requiring an explicit mea-
surement of ¢. Thus, in order to localise the interface, properties of single particles are now
considered. First, the local area fraction, ¢;, is calculated from the size of the corresponding
Voronoi cell, and the modulus of s ; for each particle, i, calculated from Equation (7.17). In
Figure 7.8, a typical example of the Voronoi construction for the system at « = 0.56° is shown,
where in panel (a) the cells have been coloured by local area fraction, ¢;, and in panel (b), by the

modulus of 16 ;. A small section of the experimental image is also shown for comparison. In both
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0.0 0.9

Figure 7.8: Typical Voronoi plots coloured with respect to (a) the local area fraction, ¢;, and
(b) the modulus of 16, as indicated in the colour scale. Also shown is a small section of the
corresponding experimental image.

cases, the images show the expected general behaviour of both increasing ¢; and | ;| as the
system changes from a disordered to ordered phase. Despite this, no clear interface is seen when
the local area fraction is considered for a single image despite the clear jump in the density profile
calculated from an average over many frames. While |15 ;| indicates more clearly the presence of
an interface, the precise transition point is also not clear. This is perhaps unsurprising, as sim-
ulations suggest that it is the bond-orientational order, as quantified by 6; = arg(«s,)/6, that is
the important parameter to distinguish between liquid and hexatic [219], and this information

is not found in |16 ;| as the orientation is lost by taking the modulus.

In contrast to this, if the Voronoi cells are instead coloured with respect to 6;, a clear
interface between an ordered and disordered phase is seen for systems at all tilt angles, as
illustrated in Figure 7.9. Here, the position of the interface as a function of z and ¢, determined
as described in Section 7.3.3 is also shown. Interestingly, as « decreases, the width of the
interface seen in Figure 7.9 clearly increases. While the disordered region clearly corresponds to
the liquid phase, plots of 8; do not distinguish between the hexatic and crystalline phases that
comprise the ordered region. Simulation results [88,89], however, suggest that the first order

transition is between the liquid and the hexatic state.

To analyse the interface fluctuations quantitatively, the height-height correlation function,
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Figure 7.9: Typical Voronoi plots showing the variation of 6; for systems with properties:

(a) a = 0.56°, 0 = 46.2°; (b) a = 0.44°, 0 = 45.5°; (¢) a = 0.35°, § = 30.0°; (d) o = 0.25°,
0 = 58.7° (e) a = 0.22°, § = 6.6° and 6 = 33.5° (due to the presence of a grain boundary); (f)
a =0.083° 6 =20.9° and (g) a = 0.067°, 6 = 14.2°.
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Figure 7.10: (a) The height-height correlation function for the system, gp(z), with o = 0.35°
compared with a fit based upon Equation (7.23). (b) The rescaled height-height correlation
functions for systems at all seven tilt angles. Here, the black line shows a fit to all data.

gn(x), is now computed according to Equation (7.19) as described in Section 7.3.4. In Fig-
ure 7.10a, gp(z) for the system at a = 0.35° is shown, which exhibits a monotonic decay and
approaches zero at x ~ 25 um. From capillary wave theory (Section 7.2.3), the height-height

correlation function is given by

kgT x
gn(z) = QB—FLC exp <L) , (7.23)

which is fitted to the experimental data with

kT kgT / r
gn( ) 2T 2¢/T'Apgsin « an Apgsin « ( )

as fitting parameters. This is shown in Figure 7.10a for the system at a = 0.35°, where Equa-

tion (7.23) is seen to be a very good description of the experimental data. The same fit is then
applied to the data at all values of a, and by rescaling as /L. and gp(x)/gn(z = 0), the data all
fall onto a single master curve as shown in Figure 7.10b. Here, the fit to all data is also shown,
which is seen to be a good description of all the measured correlation functions. The baseline
of the fit deviates slightly from zero, which is an artefact of the subtraction of the averaged
interface. This effect is somewhat larger for lower tilt angles, but importantly this has a very

small effect upon the values for g,(x = 0) and L. as obtained from the fit.

The fitting parameters g, (z = 0) and L, are clearly related to the two unknown parameters;

the interfacial stiffness, I, and the mass density difference, Ap (see Equation (7.24)). While,
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Figure 7.11: (a) I' as a function of 0 shown with a cosine fit. (b) The same values of I' now as
a linear plot against cos(6/3). The inset in panel (a) shows the definition of 3, 6 and .

Ap is expected to be strictly constant for all values of a due to the fact that it is related to the
phase behaviour, I' depends on the orientation of the ordered phase, 6, which is different for the
datasets at different values of «a (see Table 7.1 and Figure 7.9). Hence, to determine A¢ via Ap
it is first necessary to determine the anisotropy in the value of I'. This can be extracted from
the fitting parameters as I' = kgT'L./(2gn(x = 0)) and these values are shown in Figure 7.11a.
The data is compared to an expression for the variation of I' with the orientation of the ordered

phase as [244, 245]
I' = y9[1 — ecos(60)], (7.25)

where g is the average value of the interfacial tension, 8 the orientation of the ordered phase
with respect to 1 and € a constant to account for the small anisotropy. Note that here, 3, differs
from our angle 6 by 90° due to the definition of these angles with respect to different axes (see
inset Figure 7.11a). Hence, when the angles are reduced to account for the six-fold symmetry
of the ordered phase, they are related as = 15° — 0 and thus a straight line is obtained from
a plot of I' as a function of cos(63). Note that the same fit is also shown in Figure 7.11a.
Fitting to Equation (7.25) leads to values of ¢ = 0.52 and 79 = 1.46 x 10716 Jm™!. Here,
I' is approximately ten times smaller than the value found for grain boundaries in the same

system [59] and the value of € is similar to the value found for a 3D crystal-fluid interface [244].

Having established the anisotropy in I', it is finally possible to determine Ap by plotting the

fitting parameters, gn(z = 0) and L. against y/1/I'sina and /I'/ sin o, respectively, as shown
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Figure 7.12: Plots used to determine Ap, exhibiting the linear dependence of (a) gn(x = 0) with

V1/T'sina and (b) L, with /I'/sin a.

in Figure 7.12. In both cases a linear fit is a good description of the data and the slope is directly
related to Ap (Equation (7.24)). Importantly, the fact that the plots in Figure 7.12 are linear
confirms that g,(z = 0) and L. scale with the tilt angle, «, consistent with Equation (7.24),
which implies that Ap is non-zero, and thus that there is a coexistence gap, A¢, indicating a
first order transition between the liquid and ordered phase. The values of Ap obtained from the
slopes are converted to values of A¢ via Equation (7.15), with A¢ = 0.0204 and A¢ = 0.0201
found from the two plots. This is in remarkable agreement with both the approximate value
found from the equations of state in Figure 7.7b, and with simulations of hard disks that predict

a coexistence gap of A¢ = 0.016 for the liquid-hexatic transition [88,89].

The analysis considered here does not distinguish between the hexatic and crystal phases
that form the ordered phase. As such, in future work the presence of both the hexatic and
crystalline phases should be confirmed using suitable order parameters, for example gg(¢) and

the Lindemann parameter.

7.5 Conclusions

The melting of quasi-two-dimensional colloidal hard spheres has been studied by considering a
monolayer of particles tilted by a small and variable angle with respect to the horizontal. This
results in a density gradient over which the phase of the system changes from that of a disordered

fluid to a dense ordered phase. A jump in the density profiles and equations of state for the
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system indicates that the transition between the disordered and ordered phases occurs via a first-
order phase transition with a coexistence gap, and hence that there is a clearly defined interface.
The interface is localised by considering the variation of the argument of the bond-orientational
order parameter. The fluctuations of the interface are subsequently analysed in terms of height-
height correlation functions. The anisotropic interfacial stiffness and the coexistence gap in the
density are both directly determined from the correlation functions, confirming the first-order
nature of the transition between the liquid and ordered phase. It is yet to be determined whether

a hexatic phase is involved.
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