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Abstract

The asymptotic normality of the maximum likelihood estimator (MLE) under regularity
conditions is a long established and famous result. This is a qualitative result and the
assessment of such a normal approximation is our main interest. For this task we partly
use Stein’s method, which is a probabilistic technique that can be used to explicitly
measure the distributional distance between two distributions. Since its first appearance
in 1972, the method has been developed for various distributions; here we use the results

related to Stein’s method for normal approximation.

In this thesis, we derive explicit upper bounds on the distributional distance between the
distribution of the MLE and the normal distribution. First, the focus is on independent
and identically distributed random variables from both discrete and continuous single-
parameter distributions with particular attention to exponential families. For discrete
distributions, the case where the MLE can be on the boundary of the parameter space
is treated through a perturbation approach, which allows us to obtain bounds on the
distributional distance of interest. The bounds are of order Ln, where 7 is the number
of observations. Simulation-based results are given to illustrate the power of the bound.
Furthermore, often the MLE can not be obtained analytically and optimisation methods
(such as the Newton-Raphson algorithm) are used. Even in such cases, order \/%7 bounds

are given for the distributional distance related to the MLE.

The case of multi-parameter distributions follows smoothly after the detailed discussion



related to a scalar parameter. Apart from extending our approach to a multi-parameter
setting, we also cover the case of independent but not necessarily identically distributed
(i.n.i.d.) random vectors with specific focus on the widely applicable linear regression

models.

Going back to the single-parameter setting a different approach to get an upper bound
on the distributional distance between the distribution of the MLE and the normal
distribution, based on the Delta method, is also developed. The MLE for a Generalised
Gamma distribution gives an illustration of the results obtained through this Delta

method approach.

Finally, we relax the independence assumption and results for the case of locally
dependent random variables are obtained. An example of correlated sums of normally
distributed random variables illustrates the bounds. Again, results that do not require an
analytic expression of the MLE to be known are given. We end this thesis with ideas

currently in progress and further open research questions.
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Chapter 1

Introduction

1.1 Motivation for the thesis

Many statistical procedures rely on asymptotic results as exact finite-sample results are
often difficult to derive. Yet a sample size is never infinite. In recent years, there has
been a growing interest in assessing the quality of such approximations. The Central
Limit Theorem (CLT), which is considered as one of the best known asymptotic devel-
opments in the area of probability and statistics, states that the sum of a large number
of independent random variables, all of which have the same mean and variance, or
in many alternative cases, random variables with specific types of dependence, will
tend to be approximately normally distributed regardless of the random variables’ exact

distribution. The result can be extended to multidimensional random vectors.

Using the CLT, the Weak Law of Large Numbers and Taylor expansions, one is able to
show that the asymptotic distribution of the maximum likelihood estimator (MLE) is
normal under sufficient regularity conditions. This is an asymptotic result and the qual-
ity of the approximation may depend on the sample size as well as on the distribution

of the random variables. The assessment of the quality of the normal approximation
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related to the distribution of the MLE has been the motivation behind the research

presented in this thesis.

The asymptotic normality of the MLE was first discussed in Fisher (1925). It is a
fundamental qualitative result. Our aim is to find upper bounds on the distributional
distance between the distribution of the MLE and the normal distribution under various
general frameworks. We cover a variety of different scenarios related to the dimen-
sionality of the MLE and also the dependence structure of possibly heterogeneous
random variables (or vectors). Complementing the qualitative asymptotic result with a
quantitative statement obtained from our bounds can be helpful to assess whether using
the limiting distribution of the MLE is an acceptable approximation or not. From the
opposite point of view, the results presented in this thesis can save both money and
time by giving a good indication on whether a larger sample size is indeed necessary,
for a good approximation to hold. These quantitative results for the MLE which are
developed and explained in this thesis have already influenced researchers; see for

example Pinelis and Molzon (2016).

The wide applicability of the maximum likelihood estimation method adds to the
importance of our results. Among others, an MLE is used in ordinary and generalised
linear models, time series analysis and a large number of other situations related to
hypothesis testing and confidence intervals. They appear in a broad category of different
fields, such as econometrics, computational biology and data modelling in physics and
psychology. In addition to the usefulness of the MLE, in many cases its existence is
easily ensured. Also, apart from the attractive asymptotic distribution property, the MLE
satisfies many other exact sample size properties such as the functional invariance; if 6
is the MLE for 0, then the MLE for g(8) is g(8), with g(6) being any transformation
of the parameter. The numerous and useful properties of the MLE justify the fact that it

is considered to be the most powerful and thus widely used estimation method.
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1.2 Stein’s method as a useful tool

For our results, we partly employ Stein’s method, which was first introduced in 1972
by Charles Stein. It is a quite robust probabilistic technique that can measure the error
in the approximation of one known distribution by another in a wide range of metrics.
For the scope of this thesis, Stein’s method for normal approximation is applied to a

random variable
1 n
W=—) X,
s
where X;,i = 1,2,...,n are mean zero random variables such that Var(W) = 1. We will

obtain upper bounds on the quantity
[E[r(W)] —E[r(Z)]], (L.1)

where Z follows the standard normal distribution and % belongs to a class of test
functions, H. Depending on H, we get results in different metrics. Throughout this
thesis, we mainly restrict ourselves to smooth test functions. Our approach is related to
the work from Berry and Esséen for the known traditional convergence in distribution

(Kolmogorov distance) result, which is of the form

P(W<z)-P(Z< )|<CE|X1|3 (1.2)
sup <z)— <z <C——-. .
zeR \/ﬁ

Esséen’s original bound on C was 7.59, but has been decreased over the years and
the latest improvement is C < 0.4748 as shown by Shevtsova (2014) using Fourier
techniques. To see the result in (1.2) from Stein’s method perspective, just take as test
functions the class of indicator functions of half-lines {Il[,gx} , X € R}. By doing that,
the expectations in (1.1) become cumulative distribution functions leading to the result

in (1.2).
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The Stein’s method results are used here to give upper bounds on the distributional
distance related to a sum of random variables. Since the MLE is not in general a sum,
we find a way to represent the standardised MLE such that it contains a quantity which
is a sum, plus a term which we can control. For this purpose we use second-order Taylor
expansions of the first derivative of the log-likelihood function evaluated at the MLE,
about the true value of the parameter. This approach gives as sum component the first
derivative of the log-likelihood function, namely the score function, evaluated at the
true value of the unknown parameter. We need to take the dependence structure of the
random variables into account and use the appropriate results from Stein’s method to
bound the score function. The remainder terms get bounded using other techniques
based mainly on Taylor expansions, conditional expectations and known probability
inequalities, such as the Markov and Cauchy-Schwarz inequalities. This is the main
approach followed in this thesis. However, another idea based on the widely known
Delta method is also developed and used to give bounds on the required distributional
distance between the exact distribution of the MLE and its limiting normal distribution
in cases where the MLE can be expressed as a function of a sum of random variables.

Stein’s method and Taylor expansions are still our main tools.

It is reasonable to compare Stein’s method over other known techniques that can
give answers on distributional distance, such as moment generating or characteristic
functions. Although more details are given later, perhaps the biggest advantage of
Stein’s method compared to these techniques is its appropriateness on various types of
dependence structure. Another advantage of Stein’s method is the flexibility to manipu-
late the distribution using the random quantities of which the quantity under interest
is composed. In contrast, characteristic function methods are based on manipulating
distributions through their transforms, leading to loss of probabilistic intuition. The
immediate explicit upper bound on the distributional distance is another advantage

(Reinert, 1998).
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1.3 Outline of the thesis

In Chapter 2, some background information for the CLT, the MLE and Stein’s method
is provided. The notation used throughout the thesis is explained and assumptions under
which existence and uniqueness of the MLE is secured are also given; these are split
into two cases depending on whether the parameter space is open and connected, or
compact. We then explain Fisher’s original asymptotic result for the distribution of
the MLE, under its most basic form of independent and identically distributed (i.i.d.)
random variables. The sufficient regularity conditions under which this asymptotic

result holds are also discussed and briefly explained.

The work presented in Chapter 3 is an already accepted paper (with Gesine Rein-
ert) for Bernoulli. We begin the chapter presenting the bounded Wasserstein distance,
which is the metric used for the single-parameter case. The relationship of this metric
with the Kolmogorov distance, which leads to insights for confidence intervals, is given
before proceeding to the main result of the chapter for the bounds on the distributional
distance of interest. Special focus on the broad classification of exponential family
distributions is given. Simulation-based results related to the exponential distribution
illustrate the behaviour of the bounds through a graphical representation. We cover both
the canonical and non-canonical parametrisation and compare these two situations. In
some discrete distributions there is positive probability of the MLE being on the bound-
ary of the parameter space, which leads to problems related to the applicability of Taylor
expansions. We overcome this problem using a perturbation of both the parameter and
the data, forcing them to be interior to the parameter space. The Poisson distribution
with parameter space, ©, the semi-closed interval [0, o) serves as an illustration of these
results. Under further assumptions, Chapter 3 gives a procedure to get an upper bound
that does not contain any terms related to the MLE. The approach is based on finding

upper bounds for the mean squared error. The new bound obtained is still applicable
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in cases where an analytic expression of the MLE is not available. The results are
applied to the Beta distribution with one of the two shape parameters being unknown.

Simulation-based results are also given.

Chapter 4 treats the multi-parameter case for independent but not necessarily iden-
tically distributed (i.n.i.d.), high-dimensional random vectors. This is a single-author
paper submitted to the Journal of Multivariate Analysis. We explain how an adaptation
of the method developed in Chapter 3 for the case of a vector parameter is feasible. A
multivariate Stein’s method result by Reinert and Rollin (2009), multivariate Taylor
expansions and conditional expectations lead to the final upper bound. We give a general
upper bound but also a specific upper bound for linear regression models and we apply
the specific bound to the simplest case of the straight-line regression with two unknown
parameters (the intercept and the slope). The special case where the random vectors
are identically distributed is also covered; simpler regularity conditions than those for
the i.n.i.d. case are given in order for the normal approximation to hold. Following a
similar approach as the one followed in the i.n.i.d. case we obtain the required, simpler
upper bound. As an example, the normal distribution with both mean and variance
unknown is treated. Furthermore, we give an upper bound when the vector MLE is not
known explicitly. The approach is again based on firstly bounding the mean squared
error of the vector MLE. The bound might seem slightly complicated and tedious to
calculate. However, for the Beta distribution with both parameters being unknown, an

expression for the bound is easily obtained.

Chapter 5 is based on joint work with Christophe Ley which has been submitted
as a paper to the Latin American Journal of Probability and Mathematical Statistics
(ALEA). This chapter uses the Delta method to obtain an expression of the MLE as a
sum of random variables. More precisely, we use a one-to-one differentiable function in

such a way that when applied to the MLE it gives a sum of random variables, allowing
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the use of Stein’s method for this quantity. There will also be error terms and those will
be bounded through alternative techniques, based again on our main tool; Taylor expan-
sions. We give the bound for the situation of a scalar parameter; special focus is again
given to exponential families. The results are then applied to the generalised gamma
distribution, of which the exponential distribution is a special case. This example allows
a comparison of the results in this chapter with the results obtained in Chapter 3 for the

exponential distribution.

In Chapter 6, the independence assumption of the previous chapters is relaxed to
a local dependence structure between the random variables. We obtain bounds for the
distributional distance of interest under this dependence structure. In an example related
to normally distributed locally dependent random variables the bound behaves very
well. In addition, as in the previous chapters, under further assumptions we give bounds

when the MLE is not explicitly known.

Chapter 7 includes a summary of the results presented in this thesis and some ideas for
future work. We cover applications as well as further theoretical extension of the results

obtained in this thesis.



Chapter 2

Background

This chapter gives the background for the work presented in this thesis. In Section 2.1,
a brief description of the Central Limit Theorem is given as it is the main tool used
to prove the asymptotic normality of the MLE. In Section 2.2, we explain the main
asymptotic result for the distribution of the MLE, which then incites us to find a way
to assess the quality of such an approximation. For this purpose, Stein’s method for
normal approximation is employed. An introduction to the main results of this effective
probabilistic method is fundamental for the understanding of the following chapters and

is given in Section 2.3.

2.1 Central Limit theorem

The Central Limit Theorem was first discussed in its initial form related to Bernoulli
random variables in a notable article by Abraham De Moivre in 1733 and since then
it has become a cornerstone in probability and statistical theory. In general words,
it states that the suitably scaled sample mean of a large number of random variables
follows approximately the normal distribution regardless of the distribution of the

random variables. As long as the assumptions are satisfied, the CLT has a number of
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alternative versions depending on the dependence structure of the random variables,
their dimensionality as well as whether we have identically distributed random variables
(vectors) or not. From now on, N ( u, 62) denotes the normal distribution with mean u
and variance 2. Below, we give the CLT in its classical form of i.i.d. random variables,

known also as Lindeberg-Lévy CLT.

Theorem 2.1. Let X1,X>, ... be i.i.d. random variables with mean 1 € R and variance

0< 02 <o ForX = %Z?:lXi and K ~ N(O, 62),
Vi (X —p) — K, 2.1

d . .. .
where — denotes convergence in distribution.

The case 62 = 0 could be included by interpreting N(0,0) as a point mass at zero. A
flavour of the result in (2.1) could be given through Abraham De Moivre’s original
article. We take a fair coin and we flip it many times. The distribution of each trial is
Bernoulli with mean the probability to get ‘heads’, which is % We add 1 (starting from
zero) whenever the outcome of the coin is ‘heads’. Then the distribution of the resulting
sum over the total number of trials (the average) is well-approximated by the normal
distribution with mean equal to % and variance equal to ﬁ. It is notable that through the
CLT the exact distribution of the suitably scaled sum of discrete random variables can be

approximated by the normal distribution, which is a continuous probability distribution.

The CLT is an asymptotic result and provides only an approximation for finite sample
sizes. The quality of this approximation may depend on the magnitude of the sample
size as well as the distribution of the random variables of which we take the sum. A
quantification of this qualitative result is given through the celebrated Berry-Esséen

theorem, which just requires the third central moment of X;,i = 1,2,...,n to exist and

ne
N

distribution of the sample mean and the limiting normal distribution can be obtained; see

to be finite. An upper bound of order —= on the Kolmogorov distance between the exact
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(1.2) for the bound. Generalising this result, we can obtain upper bounds on a variety of

distributional distances using Stein’s method; see Section 2.3 for a review of the method.

As our main interest is the MLE, which is not in general a sum of random variables,
the CLT can not be directly applied to get the asymptotic normality of the MLE. The
next section introduces the maximum likelihood estimation method and gives sufficient

regularity conditions under which the asymptotic normality of the MLE holds.

2.2 Maximum likelihood estimation

In Statistics, maximum likelihood estimation is a widely used method of estimating d
parameters @ = (601, 60,,---,6,) found in a parametric statistical model. Having a fixed
set of data and a defined statistical model, the maximum likelihood estimation gives a
set of values @,,(X) for the parameters of the model which maximises the likelihood
function. Such a vector én(X ), whenever it exists, is called a maximum likelihood

estimator (MLE).

To set the scene in the simplest scenario, suppose that X = (X1,Xa,---,X,) is a sam-
ple of n i.i.d. random variables with a joint density function f(x|@), where 6 is an
unknown parameter. For X; = x;,i = 1,2,...,n being some observed values, we define
the so-called likelihood function by L(0;x) = f(x|@), where = (x1,x2,...,x,). If
the distribution of the random variables is discrete (instead of a density, we have a
probability mass function), then the likelihood function is the probability of observing
the given data x. Let 89 = (6y,, 60, , - - -, 60,), be the true (still unknown) value of the
parameter vector 8. The aim is to find an estimate of Oy from the data = by maximis-
ing the likelihood. Rather than maximising the likelihood function, it is often more
convenient to work with its logarithm, called the log-likelihood function and denoted

by [(8; ). The logarithmic form makes calculations easier, particularly since L(0;x)
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will often (specifically in the case of independent data points) be a product of marginal

probability density (mass) functions.

For many models the MLE exists and is unique; this is known as the ‘regular’ case. For
a number of statistical models, however, uniqueness or even existence of the MLE is
not secured. In the following proposition, we specify a number of sufficient conditions

for both existence and uniqueness of the MLE, as found in Makelainen et al. (1981).

Proposition 2.1. Let the likelihood function L(0;x) be a twice continuously differen-
tiable function with 0 varying in a connected open subset ® C R, called the parameter

space. Suppose that:
(i) HlirgQL(H; x) =0, where dO is the boundary of the parameter space ©,
ﬁ
(ii) With % denoting now partial derivatives, the Hessian matrix

1ﬂa@:{a%6ua@}

l7J:17 7d

of second partial derivatives is negative definite at every point 8 € ® for which

the gradient vector

vuwm»:{%ﬁwm§ﬁhw
vanishes. Then
1. there is a unique maximum likelihood estimate én(m) €0, and
2. the likelihood function attains
(a) no other maxima in ®;

(b) no minima or other stationary points in ©;

(c) its infimum value 0 on the boundary d® and nowhere else.
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If only V(L(6;x)) = 0 is assumed, then there may be multiple solutions (stationary

points) (Billingsley, 1961).

Remark 2.1. Condition (ii) can be translated in terms of the log-likelihood function

1(8;x). Notice that
V(L(6;x))
L(6;x)

Therefore, the vector of the first order partial derivatives of the likelihood function,

V(i(0;x)) =

vanishes whenever the respective vector related to the log-likelihood function vanishes,

as long as 0 < L(0;x) < oo. In addition, the Hessian matrix for 1(0;x) is

H(6;x)L(0;x)— [V(L(G;:c))]z.

Hy(0;z) =
H0:2) L(e:2)]
For V(L(0;x)) =0, notice that H;(0;x) = % and thus H (0;x) is negative defi-

nite whenever Hy(0;x) is a negative definite matrix and L(0,x) > 0. Therefore, for
L(6,x) > 0 we can easily express condition (ii) of Proposition 2.1 in terms of the

log-likelihood function, which simplifies the calculations. It becomes

(i)’ With 3% denoting partial derivatives, the Hessian matrix of the log-likelihood

Jfunction
2

d
H,(6;x) = {—l(@;m)}
of second partial derivatives is negative definite at every point 8 € ® for which

the gradient vector

V(1(0;x)) = {3%1(9;:1;)}

i=1,.d

vanishes.

Proposition 2.1 provides sufficient conditions for the existence and uniqueness of the
MLE when the parameter space, ®, is an open and connected subset of RY. However,

in some statistical models, the parameter space is compact. We use Kiefer (2008) for
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the following proposition related to the existence and uniqueness of the MLE when it is

obtained from parametric statistical models with compact parameter space.

Proposition 2.2. If the parameter space © is compact and if the likelihood function is
continuous on © then there exists a MLE. In addition, if the parameter space O is also

convex and the likelihood function is strictly concave in 0, then the MLE is unique.

The first result, related to the existence of the MLE, arises as a direct application of
the Weierstrass Extreme Value Theorem, which states that if a real valued function f
18 continuous in a closed and bounded set, then it attains a maximum and a minimum,

each at least once.

For this chapter and Chapters 3, 5 and 6, unless otherwise stated, the parameter 0
is assumed to be scalar. The vector-parameter case is covered in Chapter 4. In the single-
parameter setting, we denote the derivatives of the log-likelihood function with respect
to 6, by I'(0;x),I"(8;x),--- ,1U)(0;x), for j any integer greater than 2. Unless other-
wise stated, the parameter varies in an open interval (a,b), where a,b € RU {—o0,00}
and a < b. Following (Casella and Berger, 2002, p.516), we also make the following

assumptions:
(R1) the parameter is identifiable, meaning that if 6 # 6’, then 3x : f(x|0) # f(x|6');

(R2) the density f(x|0) is three times differentiable with respect to 6, the third deriva-
tive is continuous in 6 and f f(x|0)dx can be differentiated three times under

the integral sign;

(R3) for any 6y € ©® and for S denoting the support of f(x|60), there exists a positive
number &) and a function M(x) (both of which may depend on 6y) such that

d3

‘@logf(x\e)’ <M(x) VxeS, VO e Osuchthat |6 — 6| < &,

with Eeo [M(X)] < o005
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(R4) i(6y) # 0, where i(0) is the expected Fisher Information number for one random

variable.

The requirement (R2) that f f(x|@)dx can be differentiated three times under the
integral sign means that L& %f(x\@)dx = %j iéf(xl@)dx =0,/ €{1,2,3}. This con-
dition ensures that if the expressions exist, then Eg[l'(6; X )] = 0 and Varg[l'(6; X )] =
ni(0). The motivation of the work presented in this thesis are the results given in
Theorem 2.2. The efficiency and asymptotic normality of the MLE have first been
discussed in Fisher (1925). Here the i.i.d. case is presented; see Theorem 4.1 for
the case of independent but not necessarily identically distributed random vectors. In
addition, for dependent random variables the asymptotic result is given in Theorem 6.2.
Here, X = (X|,Xz,...,X,) is the random vector and the MLE, 6, (X), is of course also

random as a function of X.

Theorem 2.2. Let X1,X>,...,X, be i.i.d. random variables with probability density (or
mass) function f(x;|0), where 0 is the scalar parameter. Assume that the MLE exists, it

is unique and (R1)-(R4) are satisfied. Then for Z ~ N(0, 1)

., d . . A d
(a) %l (60; X) —— Vi(60)Z,  (b) V/ni(60)(0a(X)—60) —Z. (2.2)
Thus, in the case of i.i.d. random variables, under the regularity conditions (R1)-
(R4), the asymptotic distribution of the suitably scaled MLE is the standard normal
distribution. However, this is an asymptotic result and we will never have an infinite

sample size. We will assess the quality of this approximation using partly Stein’s

method.
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2.3 Stein’s method

Stein’s method was first introduced by Charles Stein in Stein (1972), while the mono-
graph Stein (1986) explains in detail the method and it is in our opinion the most notable
contribution. Stein’s method is a powerful technique to assess whether a random vari-
able, W, has a distribution close to a target distribution. The distance between the
distribution of W and the target one is measured using a Zolotarev-type distance. If F,G
are two random variables with values in R and H is a class of separating functions, then
a Zolotarev-type distance between the laws of F' and G, induced by H, is given by the
quantity

dt(F.G) = {[E[(F)] ~E[h(G)]| : h € H} . (2.3)

For example, taking H = Hx = {IL[.S X € R} in (2.3), gives the Kolmogorov-Smirnov
distance

dx (F,G) = sup|P(F < z) =P (G <z)|,

z€R

which is the maximum distance between two cumulative distribution functions. With
Hy ={h:R—=R:|h(x)—h(y)| < |x—y|}, (2.4)

the set of Lipschitz functions with constant equal to one, (2.3) gives the Wasserstein
distance,

di (F,G) = sup {[E[h(F)] ~E[h(G)]| : h € Hiy}. 2.5)

Apart from just giving the general results, in the thesis we also focus on the Wasserstein
as well as on the bounded Wasserstein (or Fortet-Mourier) distance, which is obtained
for

H=Hyy ={h:R—R:|hlLp+]|r]| <1}, (2.6)
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where from now on ||.|| denotes the supremum norm (||.||.) and ||2||rip = sup%.
e’
The bounded Wasserstein distance is denoted from now on by
dpw (F,G) = sup{|E[A(F)] —E[h(G)]| : h € Hpw } , (2.7)

with Hpy as in (2.6); see for example Nourdin and Peccati (2012). Using Rademacher’s
theorem, if ||A||Lip < 1, then £ is differentiable almost everywhere, with h' denoting its

derivative. Hence first-order Taylor expansion is possible.

An alternative to Stein’s method are characteristic functions, which are quite pow-
erful in examining if the distributions of two random variables are similar. Closeness
of the characteristic functions implies closeness of the distributions. However, such
methods lead to loss of probabilistic intuition as they rely on transformations of the
quantity of interest. In addition, these methods are not easy to apply in the presence of
a dependence structure; for limit theorems for sums of m—dependent random variables
see Heinrich (1982). On the other hand, Stein’s method is based on a characterisation
of the target distribution and this makes it easier to manipulate the distribution through
random quantities of which W is composed. Therefore, probabilistic intuition is not lost.
In addition, Stein’s method is quite powerful in the presence of dependence, providing
explicit upper bounds through coupling constructions such as the exchangeable pair,

the zero-bias and the size bias couplings.

Stein’s method for normal approximation—the target distribution is the normal—is based
on the well-known characterisation of the normal distribution that K ~ N(0, 6) if and
only if

E[Kt(K)] - o’E[f(K)] =0,

for all absolutely continuous and differentiable functions ¢ for which the above expec-

tations exist. If the distribution of the random variable, W, is close to the N(O, 0'2)
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distribution, then both |E [h(W)] — E[h(K)]| and |E[Wi(W)] — 6*E[r'(W)]| should be
small, where 4 is a test function. These two expressions, more precisely the functions A

and ¢, are now related through the so-called Stein equation for the N(0, 62) distribution
ot (w) —wt(w) = h(w) —E[h(K)]. (2.8)

In order to obtain (2.3) for a given function #, it suffices to find the solution ¢, of (2.8),

evaluate 0 (w) — wi,(w) at W and take the absolute value of the expectation.

Lemma 2.1. (Stein, 1972). For Z ~ N(0, 1), the unique bounded solution of the Stein

equation in (2.8) for 6> = 1 is given by

Fulw) = —e7 / e~ (h(x) —E[h(2)]) dx. (2.9)

Proof. See Chen et al. (2011). The idea is to solve a first order ordinary differential

equation. Multiplying both sides of (2.8) for 62 = 1 by the integrating factor, which is

_w?
)

e~ z,yields

dw

(700 ) =% (htw) -2,

The next step is to integrate both sides to get, for ¢ € R, that

2

:/ e~ 7 (h(x) —E[h(Z)]) dx+c

o)

w?
2

Ju(w)e™

w2 2 2

= fu(w) = / e~ (h(x) ~ E[h(Z)]) dx + ce >

[e)

Now, |f(w)| is bounded if and only if ¢ = 0. Thus, using also that

yields that the unique bounded solution is the one in (2.9). [l
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If h: R — R, is absolutely continuous and bounded then the solution f}, in (2.9) satisfies
A4 1< 201, (2.10)

see Chen et al. (2011), (2.13) in p.16. In the general case (62 not necessarily equal to 1)

the unique bounded solution, #,(w), of the Stein equation in (2.8) satisfies

1 w
th(w) = th <E>
Thus, using (2.10),
/
e <210, @1

A general result lies at the centre of our work and is given in Lemma 2.2.

Lemma 2.2. Let Y1,Y>,...,Y, be i.i.d. random variables with E(Y;) = 0, Var(Y;) =
62> 0and E|Y;]> < co. Let W = \/L,QZ?:I Y; and K ~ N(0,62). Then for any function

h:R — R, such that h is absolutely continuous and bounded

einw ) el < U0 (24 2 [mmi] ). 1)

Proof. The method of the proof is standard using the famous ‘leave one out’ approach
and follows the steps in (Chen et al., 2011, p.5), where a sketch of the proof for cr=1
is given. We will show (2.12) by finding an upper bound on |62E[t; (W)] — E[W#,(W)]].
LetW, =W — 7 \f ZHA, Y. A second-order Taylor expansion of #,(W) about W;

gives
E [Wt h

S
= L [ v = w0 w2 ov .

%I

%I
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where W* is between W and W;. Having W —W; = f’ with ¥; and W, being independent
yields

E[Y]E [t,(W))] + - ZE (Y2 E [t;,(W)] +2— ZE (Yt (W)
1 iz n2 =1

E [1,(W;)] —I——ZE (Y (W)].

2n2 =1

EWa,(W)] =

s |9, §||H

N
I
—_

(2.13)

Using (2.13),

2 n n
— |%E [1(W)] —%gE[t;,(Wz)} _2;13 ;E[Yff (W )}‘
(72 n , 3
— 7;E[th( — 11 (W; —2—ZE Y7 1 (
62 y g

[l ZE|Y| 3 HIZIH ZE|Yi3| ,
n i= n2 i=1

by first-order Taylor expansion of 7, (W) about W;. Applying the Cauchy-Schwarz

inequality to the first term and using (2.11) yields

3
<\/—||t nll+ \/—HIZHE‘YI‘

H\};;_i‘ ( +—5 [EInf D

|*E[r,(W)] — E[W,,(W)]|

]

Remark 2.2. Using Y; = % log f(X;|60), notice that (2.12) can be used to assess the
quality of (a) in (2.2).

Lemma 2.2 gives upper bounds in the case of independent random variables. However,
sometimes independence is not secured and thus we need to use results related to depen-
dent random variables. In Chapter 6 we give bounds when there is a local dependence

structure between the random variables. Below, the notion of local dependence is
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introduced before we give the Stein’s method result that is used in the case of locally

dependent random variables.

An m-dependent sequence of random variables {X;,i € N} is such that for each i € N the
sets of random variables {X < } and {X > —|—m} are independent. The Stein’s
method result for the case of locally dependent random variables is based on the local

dependence condition (LD) which is explained below.

For a set of random variables {&;,i = 1,2,...,n}, forany A C {1,2,...,n} we define

AC={ic{1,2,...n}:i¢ A}

éA:{ﬁi:ieA}

and we introduce the local dependence condition

(LD) Foreachie€ {1,2,...,n} there exist A; C B; C {1,2,...,n} such that &; is inde-

pendent of Exc and &y, is independent of Epe.

Whenever this condition holds we set

ni=Y & =Y & (2.14)

JEA; JEB;

Lemma 2.3 below gives an upper bound for the Wasserstein distance between the
distribution of a sum of m-dependent random variables satisfying (LD). The random
variables are assumed to have mean zero with the variance of their sum being equal
to one. The proof of the lemma is beyond the scope of the thesis and can be found in

(Chen et al., 2011, p.134).
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Lemma 2.3. Let {§;,i = 1,2,...,n} be a set of random variables with mean zero and

Var(W) =1, where W = Y* | &. If (LD) holds, then with 1; and T; as in (2.14),

dw(W,2) <2 (El&mim|+ [E(&mi)|Elwl)+ Y E|&m7|- (2.15)
i=1 i=1

In situations of dependent random variables, couplings turn out to be useful. Here the
exchangeable pair coupling is briefly presented. For a given random variable of interest
W, the exchangeable pair approach relies on a construction of a random variable W’
such that (W,W’) is an exchangeable pair; equivalently (W, W’) 4 (W',W), where 4
denotes equality in distribution. An exchangeable pair is called a A-Stein pair if it also

satisfies

E(W/W) = (1-2)W,

where A € (0,1). An example of such an approach for independent random variables
is given in (Chen et al., 2011, p.23), where W =Y | &, with &;, i € {1,2,...,n}, are
independent random variables with zero mean and such that Var(W) = 1. Allowing
{&/,i=1,2,...,n} to be an independent copy of {&;,i =1,2,...,n} and I to have the
uniform distribution on {1,2,...,n} we define W =W — & +§/. By construction
(W,W’) and (W’,W) have the same distribution and simple calculations show that

E(W'|W) = (1 — 1) w.

n

Hence, (W,W’) is a A-Stein pair with A = % This approach can be extended to the
multivariate setting, where W and W’ are vectors. Such an approach will be used in

Chapter 4 through a theorem by Reinert and Rollin (2009).

So far, this section considered univariate random variables. In this thesis Stein’s
method for multivariate normal approximation in R is also used. We start with the mul-

tivariate Stein equation. For g : R? — R being twice differentiable and Vg, D?g being
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the gradient vector and Hessian matrix of g, respectively, we use the Stein equation
Tr (D*g(w)) — wVg(w) = h(w) — E[h(Z)], (2.16)

where Z ~ Ny (0,1;,4) and Tr(.) denotes the trace of a matrix. The function /: RY — R,
still plays the role of the test function. Lemma 2.6 in (Chen et al., 2011, p.17) shows

that if / has three bounded derivatives then the unique bounded solution of (2.16) is

(o)

gn(w) = — [E [h (we*“+ V1 —e—2u2>] —E[h(Z)]} du

and satisfies

k 1
1| <~ (1®)]).

Here for a vector k = (ki,k2,...,kg) with k; € Z, we have AR (w) = H"a“;‘w h(w)
J=197k;
and |k| = Zle k;. The idea for the construction of exchangeable pair couplings is

similar as in the univariate case.

Significant progress on Stein’s method beyond normal approximation has been achieved.
General distributions can be treated via the generator approach of Barbour (1990), the
density approach of Stein et al. (2004), further developed in Ley and Swan (2013b)
and Ley and Swan (2013a), and the parsimonious Stein operator approach of Ley
et al. (2014). The most worth-mentioning extension is Stein’s method for the Poisson
distribution. This method is also known as Stein-Chen method and was first presented
in Chen (1975). An illustration through various examples of the broad applicability and
power of the Stein-Chen method for Poisson approximation can be found in Arratia et al.
(1990). In addition, using Stein-Chen method, Barbour and Holst (1989) give upper
bounds on the distributional distance between the distribution of a sum of Bernoulli
random variables and the Poisson distribution, while Barbour et al. (1992) treats in

detail the Stein-Chen method.
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Further distributions in which Stein’s method has been adapted include the uniform
(Diaconis, 1989), point mass (Reinert, 1995), geometric (Pekoz, 1996), Beta (Dobler,
2015), (Goldstein and Reinert, 2013), Laplace (Pike and Ren, 2014), binomial (Ehm,
1991), negative binomial (Barbour et al., 2015), exponential (Chatterjee et al., 2011),
(Pekoz and Rollin, 2011) and gamma distributions (Luk, 1994), (Nourdin and Peccati,
2009), (Pickett, 2004) as well as the class of variance-Gamma distributions (Gaunt,
2013). Related to the normal distribution, Barbour (1990) and Gotze (1991) study
similar results for more general Gaussian distributions. Nourdin and Peccati (2012)
generalise the results to an infinite-dimensional setting. The survey article Ross (2011)
gives the main concepts of Stein’s method for distributional approximation by the

normal, Poisson, exponential and geometric distributions.

In recent years there has been a growing interest in assessing the quality of asymptotic
results in statistical theory using Stein’s method. Recent examples include Ley et al.
(2015) where the impact of the choice of the prior distribution in Bayesian statistics
is assessed and Gaunt et al. (2015) for the chi-square approximation to the Pearson
Statistic and of course the quantitative results of this thesis for assessing the normal
approximation of the MLE. Our bounds have already influenced Pinelis and Molzon

(2016).



Chapter 3

Bounds on the distance to normal for

the MLE

In this chapter we assess the normal approximation of the MLE. Section 3.1 first briefly
relates the Kolmogorov and the bounded Wasserstein distance. In addition, insights to
conservative confidence intervals are given. Section 3.2 gives the main upper bound
on the distributional distance between the distribution of the MLE and the normal

distribution in terms of the bounded Wasserstein distance.

We specify the result for the distribution of the MLE for single-parameter exponential
family distributions. Section 3.3 provides an upper bound for the distance between the
distribution of the MLE for exponential family distributions and the normal distribution
using the results of Section 3.2. We treat the example of the exponential distribution;
simulation-based results illustrate the behaviour of the bound. In Section 3.4 we explain
how, in discrete distributions, a perturbation method solves the issue of the MLE having
positive probability of being on the boundary of the parameter space. The Poisson
distribution with parameter space [0, ) serves as an example to illustrate the results.

Finally, in Section 3.5, bounds are provided for cases where a closed-form expression
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for the MLE is not available. To achieve this task we first give bounds on the mean
squared error of the MLE. The results of this chapter form a paper with Gesine Reinert,

which is to appear in Bernoulli.

3.1 The bounded Wasserstein and the Kolmogorov dis-

tance
For Z ~ N(0, 1), the aim is to bound the bounded Wasserstein distence
dyw ( 1i(60) (6,(X) — 90),2) , 3.1)

with dpw (., .) as defined in (2.7). Recall that using Hx = {IL[.SX],X € R} as the class of

functions in (2.3) yields the Kolmogorov distance,
dK( ni(eo)(én(X)—Go),Z>.

The next proposition links our results to the Kolmogorov distance.

Proposition 3.1. Let W be any real-valued random variable and Z ~ N(0,1). Assume

that there exist 8; > 0 and & > 0, such that for any function h with ||I'|| and ||h||

bounded,
[E[(W)] —E[R(Z)]] < 81[|1[| + 82|l (3.2)
Then,
dg(W,Z) < 21/8 + &.

Proof. The proof of this proposition follows the approach explained in the proof of

Theorem 3.3 of Chen et al. (2011), p.48, where a similar result is shown that links the
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Wasserstein and the Kolmogorov distance. Let z € R and for o = /&1 (2%)%, z€ R, let

/

1, ifw<gz,

ha(W) =4 1+2% ifz<w<z+a,

0, ifw>z4+«a,

\

so that /1 is bounded Lipschitz with ||he|| < 1 and ||h},|| < &. The definition of hq(.)

gives that

P (W <z)—P(Z <z) <E[ha(W)] —Elha(Z)| +E[ha(Z)] - P (Z <2)
< |E[ha(W)] = E[ha(2)]| +E[ha(Z)] =P (Z < 2)

< 5|”h H+82Hh(x||+P(Z<Z<Z—|—a)

1 (04
% V2m
‘/_ -+ 8 <28 + 6.
(27r)
Similarly, using now
.
0, fw<z—a
hy(w) =260 g <w<y,
1, ifw>z,

we can show that P (W < z) — P (Z < z) > — (24/8 + &), which completes the proof.

O

The Kolmogorov distance relates directly to exact conservative confidence intervals.
Our bounds for the MLE (before specialising on dpy ) are of the form of the expression

in (3.2), where in our case W = /ni(6p) (én(X ) — 60), 01 and &, are explicitly given
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with 6; = O (\%) and o =0 (%) Using Proposition 3.1,

dy ( i(60)(6n(X) — 90),2) <2:/8 +8 = Bx.

Therefore, for y € R:

& ~Bx <P (v/ni(6) (0u(X)—60) <v) ~P(Z<y) <Bx.  (33)

For &~! (.) the quantile function for the standard normal distribution, applying (3.3) to

)
y=® ! ($—Bg)andtoy=®d ! (1—%+Bg) yields

P (o <%—BK) < V/ni(B) (8,(X) — 6) <@~ (1 —%—i—BK)) >1-a.

Hence, if the expected Fisher Information number for one random variable, i(6y), is

known, then

(é””‘)‘ - <1_.%+B"),én<x>—¢l(n%l+@fm)

is a conservative 100(1 — a)% confidence interval for ;. Note that By may depend on

6.

3.2 Bounds in terms of the bounded Wasserstein dis-

tance

The bounded Wasserstein distance links in well with Stein’s method because the Lips-

chitz test functions are differentiable almost everywhere and so Taylor expansions can
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be used. From now on, i5logf(X1|60) := f5logf(X1]0) oo The next two results
=%

provide a bound for (@) and (b) in (2.2), respectively.

Proposition 3.2. Suppose X1,Xs,...,X, are i.i.d. random variables with probability

density (or mass) function f(x;|0). Assume that the regularity conditions (R1)-(R4) are
satisfied and Eg, ‘%logf(Xﬂeo) }3 exists. Let Z ~ N(0,1). Then for h: R — R, such

)

(3.4)

D 35

=1,2,...,n, which are i.i.d. random vari-

that h is absolutely continuous and bounded
l/ 9(); X
Eqg, [h (gﬂ —E[h(Z)]
ni(6p)

In particular,

d
@10gf(X1|90)

] !
< 2 -~ |Eq,
‘ﬁ<ﬂmwb

d
—1 X
T ogf(X1]6)

!'(60: X) s 1
i (W ’Z> RE (“ (60 [E9°

loaf(X:
Proof. Let Y; = Y;(X;;6) = —dglog].t((;( ')‘60), '
i(6o

ables as X1, X, ..., X, areii.d. The regularity conditions (R1)-(R4) ensure that Eg, [V;] =
. _ 1 _ U(60:X _

0 and Varg)[V;] = 1. Let W = W(X;6)) = =YY= \}HOT_GO)), so that Eg [W] =0

and Varg,[W] = 1. Applying Lemma 2.2 to K =Z ~ N(0, 1) gives the result in (3.4).

Using that ||#'|| < 1 for h € Hpy, we obtain the bound in (3.5). O

The following theorem is the main result of this chapter; it is a bound on the distri-
butional distance between the exact distribution of the MLE and its limiting normal
distribution for the case of i.i.d. random variables from a single-parameter distribution.
We specify the result for the bounded Wasserstein distance. For the sake of presentation

we drop the subscript ) from the expectation and variance.

Theorem 3.1. Let X1,X3,...,X, be i.i.d. random variables with probability density
(or mass) function f(x;|0) such that the MLE, 6,(X), exists and is unique and the

regularity conditions (R1)-(R4) are satisfied. Assume that E | %logf(XﬂGo) ‘3 < oo and
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that E [(én(X) — 60)4} < oo, Let 0 < € = €(6y) = & be such that |0 — 6y| < € with &
as in (R3). Also, assume that E (( ’ (Xi))2’|én(X) — 6| < 8) < oo, with M(X) as

in (R3). Let Z~N(0,1). Then for h : R — R, such that h is absolutely continuous and

bounded,

B n( m<eo><é (X) - 60))| - ER@)]|

<||h/|| —lo f(X1160) 3
= % g 1160)

% ( dzzlogf(&leo))\/ [(6u(X) — 60)’]

+20E [ (6,(x) — &0)’]

I ’ ;
+ 5o |B <ZM > 0,X) 6o < | | [E|(8u(X)-80)"]]
In particular, for h € Hyy as in (2.6), (3.6) gives

1
[i(60)]2

- \/%T.)\/Var (%logf()ﬁ |90)> \/E [(én(X) - 9())2}

+ZE[(6.%) - eoﬂ

dyw (\/ni(eo)(én(X) - 90),2) < % (2+

(3.7

The following lemma, often known as Chebyshev’s other inequality (see Fink and Jodeit

(1984) for more information), is useful to obtain (3.7).
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Lemma 3.1. Let M > 0 be a random variable and € > 0. For every continuous

increasing function f : [0,00) — [0, 00),

E[f(M)|M < &] <E[f(M)].

Proofof Lemma 3.1. Let € > 0 and f a continuous increasing function with f(m) >0

for m > 0. Then,

E[f(M)] = E[f(M)|M < €] P (M <€) +E[f(M)|M > £]P (M > )
—E[f(M)|M < &] (1~ P (M > £)) +E[f(M)|M > &] P (M > )
— E[f(M)|M < €] +P (M > &) (E[f(M)|M > &] ~E[f(M)|M < ])

>E[f(M)|M < €] as f(m) is increasing.

U

Proof of Theorem 3.1. The regularity conditions and the definition of the MLE ensure

that 0 = '(6,(x);x). A second order Taylor expansion of I'(6,,(z);z) about 8y gives

I"(80;2) (6,(z) — 60) = —1'(6p; ) — R1(60; ), (3.8)
where
Ri(6g;x) = 3 (Ba(z) — 00)° 10 (0" ) (3.9)

is the remainder term with 6* lying between én(a:) and 6p. Rearranging (3.8) and

adding zero gives

A

—ni(60) (Bu(x) — 60) = —1'(80;) — R (80; ) — (Bu(x) — 60) [I”(B0: ) +ni(6p)] -
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As i(69) # 0,

77(60) (Ou(z) — ) = LB FRi(B:) + Ro(6h,)

Y

ni(6o)
where
Ry(60,x) = (8,(z) — 69) (I" (60; ) +1i(6)) - (3.10)

For Z ~ N(0,1) and h € H given in (2.6),

B [n(Vnilen)(8,(X) - 60)) | ~Eln(2)]| <

E [h (l'(eo, )+ Ri1(60; X) +Ra(60; X ) h( )” 3.11)

V/ni(6o)
+|E|h (%)] —E[h(Z)]‘. (3.12)

The upper bound for (3.12) is given in Proposition 3.2. With regards to (3.11), let for

ease of presentation

€\ = Gy (h. 6. X) = h (l’(@o;X)+R1(60;X)+R2(90;X)> L (1/(90;)())
o ni(6o) ni(6p)

l’(GO;X)+R1(60;X)> L (l’(GO;X)>
ni(6o) ni(6o) )

C2=C2(h,90;X):h< (3.13)

Using this notation, the triangle inequality yields

(3.11) = [E[Cy]|

. [h (l'(Go;X) +R1<90;X>+R2<90;X>) L (l'(Qo;X)+R1(90;X)> L
ni(6p) ni(6p)

E|R2(60; X)|+E|Cy], (3.14)

7]
— /ni(6)

where the last inequality is due to a first order Taylor expansion of

h (l/(e‘);XHRl(Oo;X)JrRZ(eo;X)) about LXK (0:X) he definition of R>(6p; ) in

\/ni(60) V/ni(6o)
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(3.10) and the Cauchy - Schwarz inequality give that

E[R; (60; X)| =E|(ni(60) +1"(60; X)) (8,(X) — 69) |

< \/E[ni(eo)+z"(90;X>]2\/E{(9 (X) —6o) }

= \/nVar (dd—;zlogf(X1|90)) \/E [(én(X)—OO)Z] (3.15)

To bound E|C;| with C; as in (3.13), note that the term R;(6y; X) is in general

not uniformly bounded. For all x the rather crude bound |C;| < 2||A]| is valid. If
!én(X ) — 90] < € then a better bound is available. Hence, we condition on whether
{én(X)—OO‘ > € or ‘én(X) — 90} < g, with € = g > 0 as in condition (R3). By

Markov’s inequality

(3.16)

Using the law of total expectation,

[E[Co]| < E|Co| =E(|C2|[64(X) — 60| = &) P (|6,(X) — 60| > £)

+E(|C2]][64(X) — 60| < &) P (]62(X) — 60| < ).

Using (3.16) for the first term and a first order Taylor expansion of / (l/(eo;)f/)ffé ()eo;X) )
ni(6y

about (—e)) for the second term gives

)| < 2l 2| h X)— 90)2]

( ((X))

(8(X) ~ 60)” 190" X)|[| (%) — 0] <€)

P (]6,(X)— 60| <€)

16,(X) — 6o <s>

2IIhH

ey (
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where 7(X) lies between % X) and l/(eo;X)Jle(eo;X). Using (3.14), (3.15) and the
Vi V/ni(60)
ni(6y) ni(6y

fact that for ‘én(X) — 90‘ <&,

Ry (00: )] < 2 (8,(X) — 60)  sup l“)(e;X)\ (3.17)
2 0:10— 6| <e
= L6 - a2 ¥4 g r(x10)
2 ’ e;\esflg)\@,- 1d93 o8
<L (X)—e)zf < f(X\G)'
-2 VA e\esu£)|<e de3 %
1 . n
SE 9 90 ;
then
i) <2 E [(6,(x) — )]
+ “Zl'o) Var (dd—;logf(Xl |90)) \/E [( B,(X) — 90)2]
+#;’(‘90)E [(An(X)—eo)zi:Zn‘iM(X,) 16,(X) — 60| < e] .

The next step is based on the Cauchy - Schwarz inequality and the fact that
A 4| A A 4
E [(en(X) — 60) ‘ 16,(X) — 6| < e} <E [(en(X) — 6)) } . (3.18)

due to Lemma 3.1, giving

2||h||

Efi] < =z B[ (8:(X) - &)’]

\JWTHO Var (ddeZ logf(Xl\eo)) \/ [(én(X) - 90)2]

al(gmon o) e

(3.19)

B
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The first result of the theorem in (3.6) is obtained using (3.4) and (3.19). Taking
h € Hpy as in (2.6), then ||4|| < 1 and ||| < 1 leading to the result in (3.7). O

Remark 3.1. (1) Using (3.10), if I"(6p;x) = —ni(6y) then Ry(6p;x) = 0 and the
second term of the bounds given in Theorem 3.1 vanishes.

(2) For My = M(6y) a constant that may depend on the unknown parameter 6y and for
0<e=¢(6y) =¢pasin(R3), lf‘de3 logf(x|9)‘ < M then M(x) = M, and the bound
is simpler as the conditional expectation in the last term of the bound vanishes. This is

because step (3.18) in the proof is not any more necessary since

E [iM(X,) 0,(X) —
i=1

— nM,E [(én(X) —60)” [6,(X) — 60| < s} < nME [(én(X) - 90)2} .

2116,(X) — 60 <e]

Thus, in this case the bound on the bounded Wasserstein distance becomes

2

N

1;60) \/Var (d(LZ logf(X1|90)) \/ [( (X)) — 60) ]

de< 1i(60) (8,(X) — 90),2) <L ( i [ ‘—logf (X1]60)

1)

_|_

+ ZE[(8.X) - )’
\/_Ml A
ot (X —0)’].

Furthermore, if the third derivative of the log-likelihood function is uniformly bounded

by a constant,

d93 logf(x|9)‘ < B, then we do not need to use € and with Cy as in

(3.13)
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)

leading to

de( I’ll(@o)(én(X) 90 S ! (2—|— [ ‘—ong1|90

3
2

+\/ﬁ\/Var(%long1]00>\/E 6o) }
+ %E [(é,,(X) _ 90)2] .

(3) The rate of convergence of the mean squared error, E [(é,,(X) —60)?], is O (%)

This result is obtained using that
E [(8u(X) — 60)"| = Var [6,(X)] + bias® [6,(X)] . (3.20)

Under the standard asymptotics (from the regularity conditions (R1)-(R4)) the MLE is
asymptotically efficient,

nVar[6,(X)] — [i(60)] ",

n—soo

and hence the variance of the MLE is of order l. In addition, from Theorem 2.2 the
bias of the MLE is equal to zero up to the order \f - see also Cox and Snell (1968),
where it is stated that the bias of the MLE is o ( ) but no explicit conditions are given.
Combining these two results and using (3.20) shows that the mean squared error of the
MLE is of order % In the examples that follow, the remaining terms in the bound are of

1
order at most N

(4) When the calculation of E (’ %logf(XﬂGo) ‘3> is awkward, Holder’s inequality can
3

be used, giving E (‘ %logf(Xﬂeo) |3> < [E (%logf(X1|90))4] .
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3.3 Single-parameter exponential families

This section specifies Theorem 3.1 for the distribution of the MLE for single-parameter
exponential family distributions. Many popular distributions which have the same
underlying structure based on relatively simple properties are exponential families,
such as the normal, Gamma and Laplace distributions. Generalisations of exponential

families can be found in Lauritzen (1988) and Berk (1972).

This section focuses on the simplest case of a scalar parameter. The distribution
of a random variable, X, is said to be a single-parameter exponential family distribution

if the probability density (or mass) function is of the form
f(x]6) = exp {k(6)T (x) —A(6) +S(x)} Ixep), (3.21)

where the set B = {x: f(x|0) > 0} is the support of X and does not depend on 6; k(6)
and A(0) are functions of the parameter; 7' (x) and S(x) are functions only of the data.
The choice of the functions k(6) and 7'(X) is not unique. If k(6) = 6 we have the
so-called canonical case. In this case 6 and T (X) are called the natural parameter
and natural observation (Casella and Berger, 2002). For x1,x»,...,x, the data points,
we make the following assumptions, where (Ass.Ex.1)-(Ass.Ex.3) are used to ensure
the existence and uniqueness of the MLE and (A1)-(A4) follow from the regularity

conditions in Section 2.2.
(Ass.Ex.1) ® C R is open and connected;
(Ass.Ex.2) Ol—igl@ k()Y T (xi) —nA(0)+ Y7 | S(x;)] = —oo;

(Ass.Ex.3) We have k"(0)Y" T(x;) —nA"(0) < 0 at every point 6, for which
K(0)Y! T (x;)—nA'(6)=0;

(A1) K (6)#0,V0 € ® and D(0) = ‘% is invertible;
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(A2) 1(6;x) is three times continuously differentiable with respect to 6, which
is equivalent to both £(3)(6) and A®)(8) existing and being continuous. In
addition, integration of the density function over x and differentiation with

respect to 0 are three times interchangeable;

(A3) for any 6y € O, there exists a positive number & and a function M(x) (both

of which may depend on 6)) such that
k3 (0)T (x) —AR)(0)| < M(x), VxeB, VO € ®: |6 — 6| < &,

with E[M(X)] < oo;
(A4) Var[T(X)] > 0;

(A5) E|T(X)—D(6)|’ exists. This assumption is required for meaningful

bounds.

Proposition 3.3. In the case of the single-parameter exponential family, the assumptions

(Al)-(A4) imply the regularity conditions (R1)-(R4) as expressed in Chapter 3.

Proof. First, according to (Davison, 2008, p.172), an exponential family of order p is
written in its minimal representation if the set {1,k;(0),k2(8),- - ,k,(0)} is linearly
independent. From (A1), because k'(0) # 0, then k() is not constant in 6. Therefore,
a single-parameter exponential family is always in minimal representation and thus
identifiable (Geyer, 2013). Continuing, (A2) and (A3) are just the versions of (R2) and
(R3) in the case that the random variables follow a single-parameter exponential family
distribution. Finally, using (3.21), simple steps yield

i(6p) = Var (%logf(X\Qo)) = Var(k'(69)T (X) —A'(6p)) = [k’(@o)}zVar(T(X)),
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which indicates that since, from (A1), ¥'(68) # 0, VO € ©, then
i(6p) >0 < Var(T (X)) > 0.

Thus, (A4) also implies (R4). [

Since exponential family distributions have the same structure for the probability density
(or mass) function, then it would make sense for the MLE to have a specific general

form for these distributions. This is shown in the proposition that follows.

Proposition 3.4. Let X1,X5,---, X, be i.i.d. random variables from a single-parameter
exponential family distribution. The probability density (or mass) function is given in
(3.21). Assume that (Al), (A2) and (Ass.Ex.1)-(Ass.Ex.3) hold. The MLE in this case is

unique and equal to
A 1 &
6,(X)=D""! (;ZT(X,)). (3.22)
i=1

Proof. From (A2) and (3.21),
n
19(0;x Z ) —nAY) (@), for j=1,2,3
i=1

and straightforward calculations show that /' (é,, (X); X)) = 0 has the unique solution

A'(6)
¥(6)

(Ass.Ex.1) and (Ass.Ex.3) gives that é,,(X) =D! (% " T(Xi)) is the unique MLE

6,(X)=D""'(Iy" T(X))), where D(0) = is invertible by (A1). Using now

in the case of single-parameter exponential family distributions. [

The following corollary of Theorem 3.1 gives an upper bound on the bounded Wasser-
stein distance between the distribution of the MLE as in (3.22) and the normal distribu-

tion.

Corollary 3.1. Let X{,X>,...,X, be i.i.d. random variables with the probability density

(or mass) function of a single-parameter exponential family distribution. Assume that
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(Al)-(AS) are satisfied and that (Ass.Ex.1)-(Ass.Ex.3) hold. With Z ~N(0,1), h € Hpy
as in (2.6), 0 < € = €(6y) = & such that 0 € (6y— €,0p+ €) N O where g is as in (A3)
and for E (( . M(Xi))z‘ ‘é,,(X) — 6| < 8) < oo, with M(X) as in (A3), it holds that

dyw (V/i(80) (u(X) — 80) . Z) < %(2 +E|?\£X1[)T;XD)(]?(3))|3>
ar[T (X;)]]2
-l-w,/\lar(T(Xl))\/E[(é,,(X)_e())z}
/(60

+ 82 E[(8u(X) — 0)’]

o=

2 2
R (mx,-)) 6.00-a]<e || [E[6.00-a)]]
i=1

2 nl(@o)

A :
Proof. For the first term of the bound let ¥; = Y;(X;; 6y) = w =

Proposition 3.2 requires the calculation of E|Y;|* and

d / /
G602/ (X[O)] =K (B)T(X) ~A'(0)

yields

3

—E |k (60)T(X;) —A'(6)|* = E|K'(60)(T(X;) — D(6))|’

—10gf (Xi|60)

— |K'(60)|’E|T(X;) —D(6y)]>, Vie{1,2,....n}.

In addition, i(6y) = Var [ log f(X;|60)] = [K'(60)]* Var[T (X;)] > 0 from (A1) and (A4).
These quantities can now be applied to get the first term of the bound in (3.23). For the

remaining terms, using (3.7),

d2 " " 1" 2
Var (g Toe 0 0) ) = Var (K'(80)T () ~4"(6) = [K"(60)|Var (7 (x0)

which yields the assertion of the corollary. 0
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Remark 3.2. In the canonical case, kK" (6y) = 0 and the second term of the bound van-

. 2 . .. 3
ishes. Also, % log f(x|0) =—A"(6) and i(6y) = A" (6y). In addition, dd?logf(xw) =

—A(3)(6) is independent of the random variables. Thus, using (2) of Remark 3.1 we get

>|3>

A(3)(9)‘> . (3.24)

=

[\S1|%]

o (V/i(E0)(0,(X) — ). 2) < —- <z+ EIT3) — Do

[Var[T (X1)]]
+E |:(én(X) —60)2} <3+ Vi

————  sup
€2 2./A"(60) 0:0—6y|<e

3.3.1 The exponential distribution

Here, we consider two examples using the exponential distribution, firstly, in its canon-
ical form, and then under a change of parametrisation. In each case, we check if all

necessary assumptions are satisfied in order to obtain the bound in (3.23).

The canonical case

In the case of X1, Xy, ..., X, exponentially distributed, Exp(0), i.i.d. random variables

where 0 > 0, the probability density function is

f(x]6) = Oexp{—06x} = exp{log 6 — Ox} = exp{k(0)T (x) —A(0) +S(x)} Lixepy,
(3.25)
where B = (0,), 8 € ® = (0,00), T(x) = —x, k(6) = 0, A(0) = —log 6 and S(x) = 0.

Hence Exp(0) is a single-parameter canonical exponential family distribution.

Corollary 3.2. Let X1,Xa, -+ ,X, be i.i.d. random variables that follow the Exp(6)
distribution. The MLE exists, it is unique, equal to én(X) = % and (Al)-(A5) are

satisfied. For h € Hpy as in (2.6),

___ 441456  8(n+2) 8y/n(n+2)
i (Vri(80)(B(X) — e0).z) < T2y TS WIS
(3.26)
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Proof. We check the existence and uniqueness of the MLE through the assumptions
(Ass.Ex.1)-(Ass.Ex.3). (Ass.Ex.1) holds since the parameter space ® is open and

connected. For (Ass.Ex.2),

n n n
T (x;) —nA(6 S(x;) =—6 ; log0 —— —oo.
Z Xi)—n +i—21 (xi) Zx,—l—n og ="

For (Ass.Ex.3), simple steps give
no¥ nigey 1
m)zE—;xi, l (G,m)——m. (3.27)

Thus, /(6; X)) = 0 if and only if 6 = 6,(X) = . In addition, I”(6,(X); X) <0

Z?—
and thus (Ass.Ex.3) holds. The MLE is én(X )= Zn and it is unique. To verify

the assumptions (A1)-(A5), for (A1), k(6) = 6 and thus ¥'(6) =1 #0, V6 € © and
D(0)=A'(0) = —% with D~1(8) = D(0) = —%. For (A2), the first two derivatives

for the sample are shown in (3.27). Also, 16) (0;x) = %. Using (3.25) gives

/ if(x]@)dx:/ exp{—@x}—@xexp{—@x}dx:l—E(X)zO
b de b 0
= oo
/ 2f(x|9)dx:/ —2xexp{—6x} + 0x*exp{—6x} dx
o 46 0
2 2
:—5E(X)+E(X )=0

/ @f(x|9)dx:/ 3x?exp{—6x} — Ox’ exp {—6x} dx
0 0

3 e (v2 3
:5E(X )—E(X°)=0.

Now,

K3)(0)T (x) —A(3)(9)‘ - ’—A@)(G)‘ -

, (3.28)
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which needs to get bounded in a neighbourhood of 6 in order for (A3) to hold. Let

= €(6p) = g be a positive constant such that 6 € (6y — €, 0+ €) N O. From (3.28), if
€ > 6Oy then (6) — €,0p)+ &) NO = (0, 6y + €) and the result in (3.28) can not be upper
bounded in (0, 6y +€). Therefore, 0 < € < By with (6p—€,0p+€)NO = (6y—€,0+€)

and

2

e =M,

K3 (0)T (x) —A(3)(9)’ = ’_A ‘ B ‘

with E[M(X)] = 23 < o0, and hence (A3) holds. We choose € to be in the middle

(60—¢)
of the interval (0, 6p) as there is a trade-off on its choice for the second and third term
of the bound in (3.24). The second term is a product of the mean squared error with

% indicating that we should choose € away from zero. However, the third term of the

bound includes  sup
9:‘0*90|<£
it is not close to 6y. An optimisation process with respect to € becomes quite tedious

’ = o) and a wise choice for € would be such that

and therefore we choose € to be the midpoint of (0, 6y), which is away from both zero
and 6y and also behaves very well. Now, since T (x) = x, we have that Var(T (X)) =

Var(X) = é > (0 and (A4) is also satisfied. For (AS), basic calculations of integrals show
that E|T(X) —D(6p)|* =E ‘ a —X‘ < 241456 41456 and (A5) is satisfied. We have already
showed that  sup A(3)(9)‘ = ;. For € = %, sup

0:16— 8| <e (Bo=¢)* 0:16— 8| <e
addition, since X; ~ Exp(0),Vi € {1,2,-- ,n} we have that X ~ G(n,n0), with G(a, )

(3) _ 16
A ‘_Gg.ln

being the Gamma distribution with shape parameter o and rate parameter 3. Using

now the results in pp.70-73 of Kendall and Stuart (1969) gives that

E [(én(X) - 90)2] =E [(én(X)z} - 290E [é (X)} + 9(%
_ (n6o)*  2n6; _ (n+2)6§
T (m—Dn-2) n-—-1 _(n—l)(n—Z)'

Using (3.24) we obtain the result in (3.26). [
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Remark 3.3. (1) The rate of convergence of the bound is f Note that the bound does
not depend on the value of 6.

3
(2) The calculation of E‘elo —-X ’ requires a significant amount of steps. Instead,

3
3 41 % 3
one could use Holder’s inequality with E ‘ GLO —X‘ < {E (OLO —X) ] = %—‘; using the
0

results in pp.70-73 of Kendall and Stuart (1969).

The non-canonical case

Let X1,X5,...,X, be i.i.d. random variables from Exp(%) , with p.d.f.

f(x|6) = éexp {—éx} = exp {—loge — %x}

= exp {k(6)T (x) ~A(8) +S(x)} 1 e, (3.29)

where B = (0,0), 6 € ® = (0,%), T(x) = —x, k(8) = 4, A(0) = log and S(x) = 0.

Thus, Exp(%) is a non-canonical exponential family distribution.

Corollary 3.3. Let X{,X5,---,X, be i.i.d. random variables that follow the Exp(%)
distribution. The MLE exists, it is unique, equal to én(X ) =X and (Al)-(A5) are

satisfied. For h € Hpy as in (2.6),

4.41456

de( ni(eo)(én(X)—eo)»Z) \/r—l

G

Proof. Corollary 3.2 and the invariance property of the MLE give that én(X )=X.To
check (A1)-(A5), condition (A1) holds since k'(6) = —% £0,V0 €c@®and D~1(0) =
D(0) = —6. Equation (3.29) and simple calculations show that the log-likelihood is

three times differentiable with respect to the parameter. For one observation, x, we have
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that

T d T 1 1
[ f(x]0)dx —/ —mexp{—gx}—}—%exp{—gx}dx

1 1
= — g+ 97B(X) =0

- 2 4y x2
[ d92f X|9 / CXp 93 m—’rﬁ) dx

E(X) + iE (x*)=0

92 93 94
S B 1 6 18x 9x2 X°
[y [l ) -5 5)e
6 18 9 5 1
=55 tgiEX) —gsE(X )+66E(X) 0

and thus (A2) is satisfied. Now, using the triangle inequality,

6x 2

K3 (0)T (x ] - <gitor 3.31)

9

To upper bound (3.31) in a neighbourhood of 6 so that (A3) holds, we take as in the
canonical case 0 < € < 6y, since if € > 6 then (6y — €,0p+ &) NO = (0,6 + €) and
(3.31) cannot get bounded. Thus, € < 6y and () —€,0)+€)NO = (6 —€,6p + €)

which leads to

6x n 3 < 6x n 2
- 94 63 — (9()—8)4 (90—8)3

K3(0)T(x 1— = M(x),

04

(3.32)

with E[M (X)] = (e:f%yt + (80— e)

then Var(7' (X)) = Var(X) = 63 which is positive and (A4) holds. For (A5),

s < oo showing that (A3) is satisfied. Since T'(x) = x,

E|T(X)—D(6)]> = E[6) — X]* < 2.414566; .
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The mean squared error is E [(én(X) - 90)2} =E [()_( - 90)2} = 975. Using (3.32) we

have that
1 6 2n 2n «
—— )y X; = 30,(X)+6p—¢).
LM = 5 Z T o ep (8 _ep LX) =)
Therefore,

N —

2
E (ZM(X,)) |én(X)—90‘ < €&

M R 2 R 2
- [E((W@G,,(XH—OO—E)) |6,(X) — 60| <e)]

= (90%)4 E((3]8(X) — 0] + 460 — )| | 6.(X) — 60| < ¢
< (‘902%)4 [(28 +490)2] . as4B—e>0

_ 4n(26) +¢)

T (g—e)t

B —

(S

1

The quantity [E (én(X )— 90)4] ? is calculated using the results in p.73 and the equa-
tions (3.38), p.70 of Kendall and Stuart (1969) along with the fact that
0,(X)=X~G <n, 910> We obtain that E(6,(X) — 6y)* = 390 ( +1). Therefore,

1
2 1

2
(ZM(XQ) 16,(X)— 6] <& [E (Bu(X) — 90)4] .
i=1

P (o) G ()] e

We are now in a position to apply the general result in (3.1) to the specific case of
1.i.d. random variables, which follow the exponential distribution with rate parameter

There is, as in the canonical case, a trade-off on the choice of €. On the one hand,

the bound related to the third term in (3.23) requires € to be large. On the other hand,
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1

for the upper bound of [E (( ’ M(X:)*|16,(X) — 6o| < 8)} * as shown in (3.33) it
would be better to have € away from 6. It has already been explained that € € (0, 6)

and we choose again € = %, which yields the result in (3.30). [

Remark 3.4. (1) The rate of convergence related to the sample size of the above upper
bound is f and the bound does not depend on 0.

(2) The first term of the upper bound in (3.30) is the same as the one in (3.26). However,
the rest of the bound is larger in (3.30) than in (3.26) Vn € N.

(3) In the specific setting of independent, exponentially distributed random variables
with rate parameter el’ the MLE exists, it is unique and equal to 6,(X) = X. De-

fine W = f()éo b) \[Z 1Y, where Y; = 90 are independent, zero mean and

unit variance random variables. In addition, E(W) =0 and Var(W) = £ Var(X) =
0
- 62 Y, Var(X;) = L. Therefore, the result in (2.12) gives
1

iy (/TCE)(0,(X) - 60).2) < - (z+ Qigmxl - eoP) <

4.41456

NG (3.34)

The upper bound given in (3.34) as a result of the direct use of Stein’s method is
smaller than the upper bound given in (3.30) using the general method from Sec-
tion 3.2. However, in order to apply Stein’s method directly, we require the quantity

ni(60)(0,(z) — 6) to be a sum of independent random variables. The general
method, on the other hand, gives an upper bound for (3.1), whatever the MLE is, as

long as the assumptions (Al)-(AS) hold.

In the next subsection results based on simulations are presented for both the canonical
and the non-canonical parametrisation of the exponential distribution and for various

sample sizes.
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3.3.2 Empirical results

Here, we study the accuracy of our bounds by simulations. We start by generating
10,000 trials of n random independent observations, x, from the exponential distribution.
The means for the canonical and the non-canonical case are equal to 1 and 2, respectively.

The MLE, én (X)), is evaluated in each trial, which in turn gives a vector of 10,000

1

values. After these values are standardised, we apply to them the function A(x) = i)

and we calculate their sample mean, denoted by E [h ( ni(6p) (én(X ) — 90))} . The
function 4 is a member of the class Hpy as in (2.6) and ||| = 0.5, |//|| = %?. We

use these values to calculate the bound in (3.6). We define

04(60) i= |E [ (\/ni(80) (6,(X) — 60) ) | ~ Eln(2)].

where E[i(Z)] = 0.379 is the approximation of E[i(Z)] up to three decimal places. We
compare Qp(6y) with the bound in (3.6), using the difference between their values
as a measure of the error. The results presented in the following tables are based on
this particular function 4 while the bounded Wasserstein metric is a supremum over
a broader class of test functions, given in (2.6). The results from the simulations are

shown in Tables 3.1 and 3.2.

Table 3.1: Simulation results from the Exp(1) distribution

n | On(6o) | Upper bound | Error

10 | 0.008 1.955 | 1.947

100 | 0.002 0.336 | 0.334
1000 | 0.001 0.094 | 0.093
10,000 | 0.0002 0.029 | 0.0288

100,000 | 0.0001 0.009 | 0.0089
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Table 3.2: Simulation results from the Exp(0.5) distribution treated as a non-canonical exponen-
tial family

n | Qn(6y) | Upper bound | Error | Bound from Lemma 2.2

10 | 0.004 11.888 | 11.884 0.321

100 | 0.002 3401 | 3.399 0.101
1000 | 0.002 1.058 | 1.056 0.032
10,000 | 0.001 0.333 | 0.332 0.010
100,000 | 0.0005 0.105 | 0.1045 0.003

The tables indicate that Q;,(6p), the bound and the error, decrease as the sample size
gets larger. All the values in Table 3.1 are smaller than the respective ones in Table 3.2,
as expected from Remark 3.4. The bounds are not very good for n up to 100. For the
non-canonical case the bounds using directly Lemma 2.2 are, as expected, much better
than those from the general approach. The bounds are conceptual and better constants

may be possible.

As a graphical tool, both the density plots and the normal Quantile-Quantile (Q-Q) plot
(for n = 1000) for the two examples are used, in order to observe the behaviour of the
standardised values of the MLE as the sample size varies. In addition, the bar plots give
the magnitude of the error against the sample size in order to capture the performance of
Stein’s method for each example. Figures 3.1 and 3.2 show the density plots, while the
Q-Q plots with the bar plots for the canonical and the non-canonical case are presented

in Figures 3.3 and 3.4, respectively.
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The density plot of Exp(1) for each of the sample size values

0 |
o
< —  N(0,1)
o —— n=10
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‘® n=100000
c
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O r

-4 -2 . 0 2 4

Simulated data

Fig. 3.1: The density function of \/ni(6) (én(X ) — 6o) for various sample sizes. In this case
X1,Xp,- -+, X, are i.i.d. random variables which follow the Exp(1) distribution.

The density plots verify what has already been observed in Tables 3.1 and 3.2. The
distribution of the standardised MLE gets closer to the standard normal as the sample
size increases. Specifically, for both examples, the curves produced when n = 10 do not
approximate the simulated standard normal distribution well. There is a significant but
not adequate improvement when n = 100, since the density plots generated are closer
to the density of the N(0,1) distribution. Therefore, if the sample size gets greater than
100, then a significant drop in the difference between the distributional distance and the
upper bound provided by Stein’s method is expected. The ‘Error’ columns of the tables

verify this conjecture.
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The density plot of Exp(0.5) for each of the sample size values
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Fig. 3.2: The density function of \/ni(6p) (én(X ) — 6o) for various sample sizes. In this case
X1,Xa,- -+, X, are i.i.d. random variables which follow the Exp(0.5) distribution.
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Fig. 3.3: The Q-Q plot, when n = 1000, and the bar plot of the error for different sample sizes

for the exponential distribution example, Exp(1).

Figures 3.3 and 3.4 present two symmetric normal Q-Q plots, with the majority of the

observations lying on the straight line that passes through the first and third quartiles.
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There are a few extreme values in the tails of the plots, but the number of those cases is
relatively small, compared to the total of 10,000 values for the standardised MLE. The
bar plots presented in the figures show graphically what we concluded from the density

plots. When the sample size, n, is greater than 100, the error drops very quickly.

Normal Q-Q plot for Exp(0.5) when n=1000 ~ Error for Exp(0.5) as non-canonical
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Fig. 3.4: The Q-Q plot, when n = 1000, and the bar plot of the error for different sample sizes
for the exponential distribution example, Exp(0.5).

3.4 Discrete distributions: The boundary issue

In this section, we consider discrete distributions that face the problem of the MLE
having positive probability of being on the boundary of the parameter space. This issue
causes complications for results which are based on asymptotic properties that require
both the MLE and the parameter to be interior to the parameter space, such as Taylor
expansions. The idea we follow is based on a perturbation method applied both on
the parameter and the sample. The new, perturbed values of the parameter and the

MLE will be interior to ®, allowing us to apply part of the general results as explained
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in Section 3.2. The above method is assessed through the Poisson distribution with

parameter 6 and parameter space ® = [0, ).

3.4.1 The perturbation approach

A perturbation method based on a perturbation function, should be such that first of
all, the function should perturb the quantity of interest in a way that ensures it will be
interior to its domain. The second requirement is that the perturbed quantity should
be as close as possible to the initial quantity. Let X be a random variable with support
B, which is a connected, closed (or semi-closed) interval [a,b] ((a,b] or [a,])), where
—co<a<b<e. For0<od< b%“, we are looking for a perturbation function, g : B— B
(where in this case, B denotes the interior of the set B) with g(x) = kx + d, such that:

(1) g(a)=a+ 6 and q(b) =b—6.

(2) sup|g(x) — x| is minimal.

XEB

Solving this problem for k and d, gives k =1 — % andd =0+ sz“aS. There is only one

solution, which minimises sup|g(x) — x|. Thus, the second requirement is also satisfied.

XEB

We choose 6 = (n) = ¢ with0 < c < @. Finally, the perturbation function is

qc(x):)H—E—%(x_a),xeB. (3.35)

n n\b—a

In the case where B = (—oo,b] or B = [a,), then g.(x) = x — £ or g.(x) = x+ ¢, re-

spectively.

Assuming existence and uniqueness of the MLE, é,,(X ), for the parameter 6, of
a discrete distribution with parameter space as in the previous paragraph, the aim is to

find an upper bound on

dyw (Vn(6,(X) — 60).K).
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where K ~ N (0, @) The quantity to bound is not exactly the one shown in (3.1),
because the Expected Fisher Information number might not exist or not be finite when
6y lies on the boundary of the parameter space. For this purpose, the perturbation

function in (3.35) is used for both the parameter and the data.

First we introduce some notation. For S being the discrete sample space, let a := inf®,

b:=sup0, § :=infS, S = supSand 0 < ¢; < @, O0<er < @ In addition,

c 2c Oy —a
qc1(90)=90+;1——1( 0 ) (3.36)

n b—a

is the perturbed parameter and

o 2co (xi—S
oy =as 220 (329)

is the perturbed value for x;. The perturbed data is

qc, (33) = (qcz (xl )76]02 (XZ), <oy fcy (xn)) . (337)

We now assume that the domain of the MLE, én(w) can be extended so that
0,(qe,(x)) := én(y)]y:qc2 () is defined and gives values that belong to the parame-

ter space ®. The perturbed MLE is denoted by

A

é;zk(m) = én(ch(CB» = n(y)|y=qc2(m)- (3.38)

Also,

! (e, (80 e, (@) =109 |oge 0 1 (B (@)ies (@) = 1(05) g0y
Y=qc, () Y=4c, ()

1" (e, (80): e (@) == 1"(0:9) oy @y 1V (B3da(2)) = 10 (0:)
Y=4c, ()
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For ease of presentation, abbreviate

d
= = A\ —logf(U,|9) gc; (60) | > i€{1727-~'7n} (3.39)
\/ﬁl (qcl(eo)) de Uz f]cz( )

while

w1 =W (n,cl,cbeo) and wy :=w» (ngc.l)Cz?GO)

are its expectation and variance, respectively.

Theorem 3.2. Let X1,X>,...,X, be i.i.d. random variables which follow a single-
parameter discrete distribution with parameter space the connected, closed or semi-
closed interval ® C R and discrete sample space S. Assume that i(6y) > 0 and let
o) = 0 be the continuous extension of ﬁ to 6y when 0y is such that i(0) approaches

negative or positive infinity as 0 approaches 6y. Let h € Hyy and 0 < € = €(q,(60p)) =

d93 logf(qc2( )|6)‘ < M(gc,(x)), Vx € S, VO € O such that
|60 —qc,(60)| < €, where O denotes the interior of the parameter space ©. Also, assume
that B ( (£, M (e, (X ‘}0 )= e, (80)| <€) <o Let K ~ N (0, 7b5). Then
for0<cy < ( @) ,0< e < n(S— ), ge, (60) as in (3.36) and g, (x) as in (3.37),

dyw (/1 (6u(X) — 6) ,K) < =

1-2 (90 )‘+\/EE|QH(X)—QJ(X)}

Vi b—a
+ | |1— \/nwz—f— nwi)? |W16|
Wzl’ll Wzl o)
+%<2+<w EJY) - wl|3> —>0 +§2E[(A:<X>—qm<eo>)2}
1 " . ] O * 2
+aca | VE <qq<eo>,qq<x>>+m<qm<eo>>]2\/E[( (X))~ e, (60)) ]

1

2

<[E[6:0 -0 00)]] . (3:40)
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Proof. For ease of presentation, the proof of the theorem is split into three steps.

Step 1: Perturbation of 6y. Using the triangle inequality and then a first order Taylor

expansion of h(y/n(8,(X) — 6p)) about v/n (6,(X) — g, (60)) gives

[E [ (v (0a(X) = 60))] —ER(K)]| < [E [ (V71 (8x(X) = e, (80)))] — E[n(K))|
+[E[h (Vi (64(X) = 60)) — (v (64(X) — g, (60)))]]

<[E[h (v (8.(X) —gc,(60)))] — EIA(K)]| + v/l [Ege, (60) — o]

= |E[h(vn(6,(X) qcl(Go)))}—E[h(K)H—l—”hl% 1—2(%)’. (3.41)

Step 2: Perturbation of the MLE. To perturb the MLE, we perturb the data. This
construction ensures that the MLE evaluated at g, () (as defined in (3.37)) is not on
the boundary of the parameter space. Following the same process as in (3.41), using
the triangle inequality and a first order Taylor expansion of & (v/n (6,(X) —gc,(60)))
about \/n (é;l"(X) —qc,(60)), where 6;(X) is as in (3.38), gives

[E [ (v (8a(X) — g, (60)))] — E[A(K)]|
< [E[h(vn(6;(X)—qc (60)))] —E[R(K)]|
+ ‘E [h (\/E(An(X) _QC1(90)>) —h (\/E(A:(X> _CIcl(eO)))] |

< |E[h (v (8;(X) ~ e, (80)))] — EIR(K)]| + Vall1[E] 6,(X) — 6;(X)|. 3.42)

Step 3: The final bound. It remains to bound

A

[E [1 (v (6;(X) — gc,(60)))] — BIR(K)] |
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Since both g, (6p) and () are interior to ®, a second-order Taylor expansion of

(6 (@):06,(@)) = (8, (4es () 14 (@) = 0 about g, (6) yields

A

0="1"(qe,(60):qc,(2)) + (6 (@) — gc, (60)) " (dc, (60): g, () + R1 (gc, (60): e ()
(3.43)

where, similarly as in Section 3.2,

Ri (9e,(60):4e> (@) = 5 (6 () — g, (60))° 1% (B3 g, ()

1
2
with

1(3) (é;qcz(a})) = 1(3) <6ay) ‘ 0=0
Y=qc, ()

for 6 between ;" () and g, (6p). A simple rearrangement of the terms in (3.43), leads

to

1 (4e, (8019, () — R1 (g, (60): 4 ()
" (ge,(60):4cx (@) |

In general " (g, (60):qc,(x)) # —ni(qgc,(6p)) and similar steps to those used in the

é::(w) —qc,(60) =

proof of Theorem 3.1 yield

I'(qe,(60):9e, () + Ri (e, (60): 9y () + Ra (9, (60): 4y (%))
ni(qe,(60)) ’

é;:(a:) —qc,(60) =

where

Ry (qu (90);qC2 (w)) = ( Arf(w) —qc (60)) [l// (qcl (60);(']02 (:B)) +ni (qcl (60)>] .

Using that ., (X) = (¢¢,(X1),9¢, (X2),- - -1 qc,(Xn)), the triangle inequality gives
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‘E [h (\/r_l(é*(X) 901(90 E ‘

l/(QCl 90 qu
<[l (M >} ) (G40
+IE h(l (9¢,(60)3qc, (X)) + (?;1_(9((;) Q(Cez()))())‘*'lb (QCl(QO)QQCz(X))>
ni(ge, (6o
(Vg1 (60)59c,(X))
(M )] | G4

(A) To find an upper bound on (3.44) using Lemma 2.2, note that

I'(ge, (60)3ge, (X
Y,
\/ﬁl<q01(90 1_21 l

where Y; as in (3.39) and w; := wy(n,c1,¢2,60), wa := wa(n,cy,c2,6p) are its expec-
tation and variance, respectively. These quantities depend on the sample size and on

the perturbed values (g, (6p) and g, (x;)). Define ¥; = Y"_—%),Vi € {1,2,...,n} with
w) 1{ Op

E(Y;) = 0 and Var(¥;) = As a consequence of X1,X5,...,X, being i.i.d. random

1
i(60)°
variables, ¥1,Y5,...,¥, are i.i.d. random variables too. Using the triangle inequality and

that

Lo 1 l’(qcl(eo);qcz(X))_nW
ZY’ - ) ( Vni(ge, (6o)) 1> o

I ( qc,(90 qq : )))] —E[h(K)]‘ <

1 (qc1(90) 9(X) )|
E[h(vwﬁias AR 1))] EiN(K)

hc%%x%xc X»)_h ! C%%x@x%xxw_nw0>].

V1i(ge,(6)) woni(6p)
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The first term of the bound in (3.47) will be bounded using Lemma 2.2 with W =
S Y as in (3.46). Thus,

1 I (9¢,(60)3qc,(X)) Caw _
’ [h< wani(6o) ( Vni(qe (60)) 1))] He)

< LAl <2+ [i(eo)]%EmP) _ Il <2+ : 1

3
2

ElY; —w ] | . 3.48
T T o M W1|> (3.48)

When @ =0then ¥; =0,Vi € {1,2,...,n} and the first term of the bound in (3.47)
is equal to zero. For the second term of the upper bound in (3.47) a first-order Taylor

expansion and the Cauchy-Schwarz inequality yield

g (B0)iae (X)) (1 (g (@)an(X)
E[h( ) h( Wzni(90)< Vii(qe, (60)) 1))”
1 O N PR SITINTAY

Wzni(@o) \/ﬁi(QC1(90)) w2 i(QO)

<||W'[||1 - —1 (Va_r (l/ (CIC1(60);QC2(X))) + [E(V (CIC1(60);QC2(X)))]2> ’

won i(6p) \/ﬁi(%‘l (60)) n [i (4, (90))]2
|1 ||/n|w]
" w2i(6o)
= || - : nw nw M
_||h|y[1 oo (0] 2+ ( 1)2+m]. (3.49)

(B) To complete the proof, it remains to find an upper bound for (3.45). The idea is the

same as the one used for (3.19). We condition on whether |é;,"(X ) —qe,(60)| > € or

{é;f(X) — g, (60)| < & where 0 < € =€ (g, (60)) such that %logf(ﬂ@) <

U=qc, (x)

M(qc,(x)), Vx € S, VO € © with |6 —g.,(6p)| < €. Following the same process as in

Section 3.2 yields
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E h(l/(CIcl(GO);CIcz(X)>+R1 (QCl(OO);QCQ(X))+R2(QC1(90);qcz(X))>
\/ﬁi (901 (90))

_ l/ (qcl (90);6162 (X))
h( Vi(de,(60)) >

< 20E [(8: %) -4, (60))]
e s Bl e (0010 X0 oy (@) [ (05 00) -~ (00)]

x [E [(A;,“(X) —qcl(@O))“H5 . (3.50)

Combining (3.41), (3.42), (3.48), (3.49) and (3.50) and the fact that ||A]| < 1, ||| < 1

gives the result in (3.40). ]

Remark 3.5. (1) In order for the above bound to approach zero as the sample size, n,

increases we require that E | 0,(X) — é,;‘(X)‘ =0 (\%)
(2) When both endpoints of the parameter space are not finite, then parameter perturba-
tion is not necessary. In the case where one of the two endpoints of the now semi-closed

parameter space is infinite, then it suffices to change the form of the perturbed parameter,

which now becomes

ge,(60) = 6p — c—l, if the left endpoint is equal to — oo
n

ge,(60) = 6o+ ﬂ, if the right endpoint is equal to oo.
n

The same remark holds regarding the sample space and the relevant perturbation of the

data.
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3.4.2 Example: The Poisson distribution

In this subsection the Poisson distribution with parameter 8 € ® = [0, ) is treated. The
value & = 0 must be in the parameter space in order for the MLE, 6,(X) = X, to exist
and to be unique. The Poisson(0) distribution with the aforementioned parameter space
is not a single-parameter exponential family. When 6 = 0 is included in the parameter
space the requirements of an exponential family are not satisfied as the set of values x
for which the relevant probability mass function

e 96 "
f(x]8) = T 0 € [0,0), x € Zy

is positive, is different for 6 = O than for any other value of the parameter 0; the support
of the distribution depends on the parameter. As the parameter space is neither an open
and connected nor a compact subset of IR, we can not use Proposition 2.1 or Proposition
2.2, respectively. Therefore, the steps that prove existence and uniqueness of the MLE

are presented below.

Let X1,X5,- -+, X, be i.i.d. random variables from Poisson(6), 6 € [0, ). The likelihood

function is

n — Yo xi
L(0:a) = [T /(o) = S2AHOIOZT

n .
i=1 i=1%i

To maximise the likelihood function we account for whether Y | x; = 0 or not. Each
case is examined separately.

Case 1: If )7 | x; = O (equivalently x| = x, = --- = x,, = 0), then

L(6;0) =exp{—n6}

is a decreasing function of 6. It takes its maximum value on [0,0) when 0 attains its

minimum; hence ,(X)=0=X.
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Case 2: If Y/ | x; # 0, we follow the usual concept on finding the MLE. The first

derivative of the log-likelihood function with respect to 0 is

1xz

9 (3.51)

I'0;x) = —n+ ==

We can see that I'(6;z) = 0 < ’9‘ Y —ne 0 =6,(X)=X. In order to verify that

6,(X) = X is the MLE, I"(6,(x);x) < 0 is required. Simple calculations yield
1"(0;@) = — ==L = 1§, (x);x) = —— = —= < 0.

In conclusion, using the results from Cases 1 and 2 above, we deduce that for
Xi, X5, -+, X, being i.i.d. random variables that follow the Poisson(0),0 € [0,00),

the MLE exists, it is unique and equal to 6,(X) = X.

Following the steps of the proof of Theorem 3.2, using also Holder’s inequality for the
third absolute moment in the fourth term of the bound in (3.40) gives the following

result.

Corollary 3.4. Let X1,X3,...,X, bei.i.d. random variables which follow the Poisson(8)
distribution, with 6y € [0,00). For K ~N(0,6y), h € Hpy as in (2.6) and 0 < c; < ¢

positive constants and C = cy —cy; > 0,

1) if 6y > 0 then

5 (X) e e 1|, G
dpw (Vn(6a(X) 90),K)<\/_+\/ﬁ+\/ﬁ 2+ 90%
c 8 C? 1 C?
n n(e+c_1)2( +7)+\/ﬁ(9+‘;)(°+_>

(3.52)

n

1
6o 4CHy 6C?0 472
21 +3n90)+ﬂ+ Ch, <
) | n n?
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2) if 6g =0 then
dpw (vn6,(X),K) = 0.

Proof. We have already proved that the unique MLE in this case is 6,(X) = X. Using
the second result of Remark 3.5, the perturbed parameter is g., (6p) = 6o + %, while

the perturbed data are g, (x;) = x; + <2 so that the perturbed MLE is

where c¢; and ¢, are chosen such that 0 < ¢; < ¢p. It is easy to deduce that, in this
specific example, the first term of the general bound in (3.40) becomes < \[ For the

second term,

VAE|8,(X) = 6;(X)| = V|- :I

The expected Fisher information number is

1

d 1
i(6g) = Var <@logf(X|90)) = e—gVar(X) =%

To find wy := wi(n) and wy := wy(n) in the general bound, using (3.51)

Y, =

qc,(6o) <_1_|_ qcz(Xi)> qer(Xi) — e, (60) _ 1 (X + = —90—;)

\/7_1 QCl(GO) \/ﬁ \/ﬁ

results in wy = 25~ and wy = %. Thus, for the third term of the general upper bound

n2
in (3.40),
nw2+ nw1 \/_|W1\
Wznl wy i(6)
_ 1_\/70 0 +02—Cl vnlea—cil _ lea—cl
Vel VT T2 n N
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For the fourth term in (3.40), the equations (3.38), p.70 of Kendall and Stuart (1969),
and the results in p.73 of the book show that E(X; — 60)* = 6(1 +36). This result and

Holder’s inequality yield

1 1 1 1 3
(24 —EBly; —w]? — |2 E(Y; —wq)*]?
\/ﬁ(+(wz)% " 1|>§\/ﬁ(+(wz)g[<l ]”>
s A\ [ (xi—6 uk s 360+1\ 7
NV 2+(90) E( NG ] _\/ﬁ<2+< 6o ))

Denoting by C = ¢, —c; > 0, then E {( h¥(X) — qe, (90))2] = % + i_; Also,

E[(6;(X) ~ a0 (6))'] =E [(én<X> —"0+§)4

n 4
:E[(Zi_lxi_n90+c>

n
1 n 4 4C n 3 6C2 n 2
=SE|| Y Xi—n6| |+SE|[[ Y Xi—n6| | +—E|| Y Xi—n6
r i=1 r i=1 n i=1
43 [ & ct
n i—1 n

Using again the results in Kendall and Stuart (1969) and the fact that

Y X; ~ Poisson(n6y) yields

5 41 _ 6 4C6)  6C%6) C*
E[(0;(X) g (0)"] = D1+ 300+ 20 1 O

2(x+2)

We have that 53

. To find the supremum in a neigh-

&3
ilosfwie)|,_

bourhood of 6, we take 0 < € = €(q,,(6p)) such that € < g, (6p), since if € > g.,(6p)
2(x+%)

then (g, (60) — €,4c,(60) +€)NO=(0,g.,(6p) + €) and then sup o3

0:/6—qc, (60)|<e

is not finite. Thus, for 0 < € < g, (6p),

2(%+2)
03

2(X;+ 2
T @ ((60) _n2>3 =M (qc,(Xi))

sup
0:/6—qc, (60)|<e
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and

Bl —

2
(ZM<qCZ(Xi))) 16,(X) —ge, (60)] < g)]

1
2

A

;(X)_QCI(GO)‘ <8)]

N —

s [ (01830 ()] <)

:m :E((\éi[(X)—qc1(60)+qcl(60)])2‘(é;;(X)_q61(90)|<8>]%
sgzé%jagﬁ«mﬂxrwq@m+%ﬂ%nm@@g_%ﬂ%”<QF
gl - e

(‘]cl(QO) —€)

There is one last term to bound in order to apply the results of Theorem 3.2 to this

specific example of the Poisson distribution. Simple steps yield

\/E :(l” (qe,(60)3c, (X)) 4 ni (qc1(90)))2]

2
Z?:] qc, (Xl) n )
+
o)

_\E <_ (qe,(80)> e

:m\/E[(A;(X)—%(OO))Z] :m <%+%)

Using all these results to (3.40), gives

3
~ Ccl Cco 1 (39()—{—1)Z
d 0,(X)—60),K) < —=+—=—+— |2+ 1{6,>0
bMWU()wﬁ<ﬁ+ﬁ+ﬁ + o {60 >0}
C 2/(6y, C? NG 6y C?
+—ﬁ+?(7+n—z>+—(eo+%) (7*?

1
6o+ < [ 2n(e+qc,(60)) [00(1+3n90)+4C90+6C260+C_4 g
2vn \ (qe,(60) —€)° n’ ndoont
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We have already explained that € € (0,g.,(6p)). There is a trade-off on the choice of €
for the fifth and the seventh term of the general bound in (3.40). The fifth term indicates

that as the value of € gets nearer zero the quality of the bound is worse, while the

)
seventh term requires € to be as small as possible since M (¢, (X;)) = %. An
CIcl 0
s
optimisation process is quite tedious and thus we choose € = (9 ) _ 9 —5. Giving
this value to € yields the result of the Corollary. 0

Remark 3.6. (1) The upper bound in (3.52) for the distributional distance between the
actual distribution of the MLE and the normal distribution in the case of i.i.d. random
variables following the Poisson(0) distribution, with 6 € [0,0) is of order \/Lﬁ

(2) We notice that the bound in (3.52) achieves its minimum as a function of C when

C =0 (equivalently cy = cp = ¢ > 0). This yields

3
2c 1 (36)+1)3
—t—= |2+ —F—
Vn o /n o

0
860 n 6o n 12 [90
n(6+<)° vn(bo+s) vn(bo+s)

dpw (vVn(6,(X) — 60),K) <

+

(3) Since the MLE is unique and equal to é,,(X ) =X, Lemma 2.2 could be used directly
for X. Define W = \/n(X — ) = \f Y Vi, where Y; = X; — 6y are independent, zero
mean random variables. Also, E(W) =0 and Var(W) = nVar(X) = %):l’-‘:l Var(X;) = 6p.

Therefore, (2.12) for K ~ N(0, 6y) and Hélder’s inequality give for 6y > 0

de(\/ﬁ(én(X)—Bo),K)S% 2+9L§[E(Y1)4}‘3‘ :% 2+—(39"9§1)4

This bound, obtained by the direct application of Stein’s method, is smaller than the
bound given in Corollary 3.4. However the interest in the example treated in this section,
where ® = [0,0), is in adapting the approach to such cases where the MLE could be
on the boundary of the parameter space and also it is not assumed that the MLE is a

sum of random variables.
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Empirical results

As in the exponential distribution example, the accuracy of the distributional upper
bound given in (3.52) is studied using some simulated data. Similar steps as in Section
3.3 are followed. We produce 10,000 trials of n random independent observations x
from the Poisson distribution with mean equal to 2. We then take the mean (which
is the MLE) of the observations for each trial. However, these 10,000 values are not
standardised now. We just subtract the value of the parameter and multiply by +/n.
Then, the function h(x) = xz#ﬂ,‘v’x € Zg is applied to these values and we take the
sample mean, namely E [/ (1/n (6,(X) — 69))]. Since K ~ N(0,2), basic calculations
give E[h(K)] = 0.328 which is the approximation of E[#(K)] up to three decimal places.
With

02(h,60) = [ [ (v/n (8,(X) - 60))] — EIn(K)]
we compare Q;(h, 6y) with the bound in (3.52). Table 3.3 summarises the results for
each sample size, n. In the table we denote by B, the bound for ¢; = ¢ = ¢, such that

C = 0in (3.52). We present the results for ¢ € {0.1,1,2}. The error column in the table

is the difference between Q;(h, 6y) and the value of the bound for ¢ = 1, denoted by Bj.

Table 3.3: Simulation results from the Poisson(2) distribution

n | Q(h,6p) By | Error Bo.1 B, | Bound from Lemma 2.2

10 0.0008 | 1.2626 | 1.2618 | 1.1756 | 1.3642 0.4762

100 0.0006 | 0.3699 | 0.3693 | 0.3297 | 0.4147 0.1506
1000 0.0005 | 0.1130 | 0.1125 | 0.9999 | 0.1275 0.0476
10000 0.0004 | 0.0353 | 0.0349 | 0.0311 | 0.0399 0.0151
100000 0.0002 | 0.0111 | 0.0109 | 0.0098 | 0.0125 0.0048

Table 3.3 indicates that the quantity Q» (%, 6), the upper bounds and the relevant error

decrease as the sample size increases. In addition, the smaller the constant c is, the
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smaller the bound. The error (for ¢ = 1) is adequately small when the sample size is
equal to 100. The upper bound obtained by applying directly Lemma 2.2 is, as expected,

smaller than the one we get from the general perturbation method.

The accuracy of Stein’s method in the case of i.i.d. random variables that follow
the Poisson distribution is verified using some graphical tools. The behaviour of the
MLE is shown in the density and the Q-Q plots presented in Figure 3.5 and 3.6, respec-
tively. Both of these plots show that the distribution of the MLE is very close to the
normal distribution. The bar plot in Figure 3.6 gives the magnitude of the error and its

considerable decrease when the sample size gets greater than or equal to 100.

The density plot using Pois(2) presented for each of the sample size values

o

Of).,

o — N(0,2)
— n=10
— n=100

n=1000

8, ———  n=10000

o n=100000

2>

‘0

C

o)

o

o

o

o

O.,

© -6 -4 2 0 4 6

Simulated data

Fig. 3.5: The density function of /n(6,(X) — 6y) for various sample sizes. In this case
X1,Xp, -+, X, are i.i.d. random variables which follow the Poisson(2) distribution.
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Normal Q-Q plot for Pois(2) when n=1000 Error for Pois(2)
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Fig. 3.6: The Q-Q plot, when n = 1000, and the bar plot of the error for different sample sizes
for the Poisson distribution with mean equal to 2.

3.5 Bounds on the mean squared error

The previous sections considered models where the MLE exists, it is unique and can be
found analytically as an explicit function of the random variables X1, X>,...,X,. The
general upper bound in Section 3.2 has been proven without assuming or using an
explicit form of the MLE. The bound in (3.7) includes terms, such as the mean squared
error, E [(én(X )— 90)2} , of which the calculation requires to know the expression of
the MLE. This fact generates problems in models where no closed-form solution to the
maximization problem is known or available; in these cases, a numerical method, such
as Newton-Raphson algorithm, can often be used to approximate the MLE. Hence a

normal approximation is of interest in these cases too.

This section focuses on finding upper bounds for situations where an analytic form for

the MLE is not available. In the proof for the final upper bound in Theorem 3.1, an
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explicit form of the MLE was not used. However, if the MLE is not known, then the
mean squared error (MSE) of the MLE, appearing in the bound for (3.1) should be

bounded by a quantity which is independent of é,,(X ).

Let X1,X>,...,X, be 1.1.d. random variables. Apart from the regularity conditions,
first defined in Section 2.2, we require the following further assumptions that make the

steps and the calculations easier and ensure a meaningful upper bound:
(Fur.1) The support, S, is bounded;

(Fur.2) For all ) € O there exists &y = &(6p) > 0 such that dd—; log f(x1|0)| < M for
all 6 € © such that |0 — 6| < &, where M = M(6)) is a constant that may

depend on the unknown parameter 6y;

(Fur.3) The sample size, n, satisfies

el [+ /(102 + S[iC@0) ]

aiene Y

n>

T
niO0)esafi(an)?

This ensures that 1 — 2 > 0 for & as in (Fur.2).

Towards the aim of bounding the MSE by a quantity which is independent of the MLE,
we will use the smooth test function i (x) = x2, which under (Fur.1) is bounded, in (3.6)

of Theorem 3.1 and rearrange the bound. For ease of presentation, let

2
M
Dy =D (8p,xm) = 1~ 2L M
ni(60)€y  \/nli(6o)]2

Theorem 3.3. Let X1,X>,...,X, be i.i.d. random variables with probability density (or
mass) function f(x;|0) with bounded support. Assume that the regularity conditions
(R1) - (R4), as well as the assumptions (Fur.1) - (Fur.3) are satisfied. Also assume

that the MLE exists and that it is unique. Then A| = A|(6y,n) is an upper bound for
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\/E [(én(X) - 90)2}, where

1 |xWVar 1108 £%,|60)|
A = (3.54)

Dy+/ni(6y V/ni(6o)

1

1+2_x(2+%logf<xleo>|3>”

+ Dy

nli(6o)]?

[P ver i toe rxilen)
v i(60)]2

Proof. Using the notation for the remainder terms, the triangle inequality, conditional

expectations, Markov’s inequality and Stein’s method, as in Section 3.2, gives for

= 8(9()) =&

/ d1o 3
’E [h( ni(6) (én(X) - 90))} —E[h(Z)]’ < % (2+ [E}del[i(g;())](;go)‘ } )

. ”(!}'O) Var< dezlogf()ﬁl@o))\/ [(6.,0) — 60)

e (bu(x) -~ a0)’]

Hh’H

Ti(@o)E ((én(X) — 60)2 sup

0:10—6|<e

1%)(9; X ’

) |én(X)—90‘ <8>.

Using now (Fur.2)

7]
n

e i (Vi@ (8.(x) - o)) -z < 17 <2+E‘%1°gf<xl|eo>\3)

[i(60)]2

n ||‘h’H Var (dd_;zlogf(xl\eo)) \/E [(én(X)_90)2:|
2|l
£2

E[(6u(X)— 60)°] . (3.55)



3.5 Bounds on the mean squared error 71

Straightforward calculations and denoting by B,> the upper bound for (3.1) when

h(x) = x?, lead to

E[(6(X) — 60)’]

ni(6p)
1
< wi(60) (B2+1), (3.56)
where
Ixll (| Elgstogsxile0)*\ | [2020  Ixlvam] s or o2
B, <2\/_< o] e T e E[(en(X) 90)]
+2\/|ﬂ Var(ddezlogf(XﬂGo))\/ [(é (X)— 90)]. (3.57)

Combining the results in (3.56) and (3.57) yields

E[(é”(X)—90)2]<2M <2+E’ 5 log f(X1]60 )‘3)
< e

n2i(6o [i(60)]3
Lo(2)2] [lxllvmM A 2
ni(6) [ e i(6o) ]E[<9"<X)_90) }

[ (@ |
+2n[i(90)]g\/\7a (dezlogf(XﬂGo))\/ [( (X)) 90)}4—”1,(90). (3.58)

The next step is to solve the simple quadratic inequality in (3.58), with unknown

A=A(6) = \/E [(én(X) - 90)2]. We get

D Y O <2+E|%logf(x31!90)’3> ) [2”);2” N ||x||ﬁM] e
[i(60)]> € i(6o)

21 Var (i og 1 X1 6))
i V@)

Al,
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which yields
Il Var (& log £(X|0)
D1A? =2 . A
n[i(60)]>
3
1 Ix] E| {5 log f(X160)|
—— 14272 | 2+ . <0. 3.59
ni(6o) \/ﬁ< [i(60)]2 59

Thus, the two solutions of the above quadratic inequality are given by

]

1 d
Al,2 - Dl —nl(eo) \/Var (d92 logf(Xl|9 )> \/ﬁl(e())

][> Var <d92 10gf(X1|90)> 2|x] E|S log £(X1160)|’
£ (@) +D1<”+Tﬁ?<2+ i(60)]3 ))

1

2

(3.60)

Since D > 0, the root with the plus sign in (3.60) is positive, while the other is negative.

Therefore the inequality in (3.59) is satisfied for A = \/ E [(én(X ) — 90)2} < Ay, with
Aj asin (3.54). [

Remark 3.7. (1) Using Theorem 3.3, the final upper bound for (3.1) which is useful

when no analytic expression of the MLE is available, becomes

Vi i(60)]3
Var (2, log £(X1/60)
T [§+—2“’?(Ago)] (A1)2+\/ (& o >A1. (3.61)

(2) The order of Ay in terms of the sample size is f Hence, the order of the final upper
bound in (3.61) is also \/Lﬁ
(3) The result of the Theorem holds when (Fur.3) is satisfied, meaning that we have a

lower bound on the sample size n, as can be seen from (3.53). This lower bound can be
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quite large, and thus Theorem 3.3 is mainly of theoretical interest.

(4) The result holds only when the support of the distribution is bounded; see (Fur.1).
An approach that holds when the support of the distribution is not necessarily bounded,
but assumes boundedness of the parameter space, is explained in Theorem 6.5, where

the random variables are not necessarily independent.

Example: The Beta distribution

Consider the example of i.i.d random variables from the Beta distribution with one of
the two shape parameters being unknown. In this case, the MLE can only be expressed
in terms of the inverse of the digamma function, ¥(0) = % logI'(6). The general result
in Theorem 3.3 is used, in order to obtain an upper bound for the MSE and use it to get

an upper bound for (3.1). The following corollary gives the result.

Corollary 3.5. Let X,X>,...,X,, be i.i.d. random variables from the Beta(6y, B) distri-

bution, where B is known and 6y is the unknown parameter. Let
By = B1(60) = 8 (W3(60) + W3 (60 + B) +3[¥1(60)]* +3[F1 (60 + B)]*) ,

where ¥;(0), j € N is the j*" derivative of the digamma function, ¥(8). Also, let

96 r*
By = B(6y) = 9_f+/31_57 Dyi =Dy (60,B8) =¥1(60) —¥1(60+B)
o
and
(562802l
S
ﬁ( 3 n6zD 3
By = B3(60,n) = (l’;\"l)z P 362
w1 n63\/Dyi  /nDy
Let

> 2
528/ EE s @) (0 )

" [W1(60) — W1 (60 + B)°68
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Then for Z ~ N(0,1)

- I (By)’
d ni(6p)(6,(X)—60),Z) < — 3
o (V/ni(80) (6n(X) ~ ). 7) < — <2+ [‘1'1(90)—‘{’1(90+ﬁ)]2>
2
_’_12(83)2_’_ BZ<B3) -
n6y 2y/n[¥1(60) —¥1(60+P)]?
(3.63)
Proof. The probability density function is
f(x]6) = Fr;g)—}r(%))x‘”(l ) L (3.64)
with 6 > 0 and x € [0, 1]. Hence
1(6:x) =n[log(I'(6 + B)) —1og(I'(6)) —log(I'(B))]
+(9—1)ilogxi+(ﬁ—1)ilog(l—xi) (3.65)
i=1 i=1

and

I'(0:2) = n[®(0 + B) —¥(0)] + ilogxi
i=1

19(0:) = n(¥;-1(0+B) —W;_1(6)), j € N\ {1}.

Now we show that the conditions (R1)-(R4) and the assumptions (Fur.1)-(Fur.3) are
satisfied. For (R1) it is obvious. As for (R2), the three times differentiability of
the density function can be verified from (3.65). In addition, using (3.64) and the
expressions for the logarithmic expectations of a Beta distributed random variable, it is
easy to verify £1 %jf(x\ﬂ)dx: %bglf(x\e)dx: 0,j € {1,2,3} for (R2). Now for

(R3), a first order Taylor expansion yields

3
'%logf(ﬂ(?)‘ = [¥2(0 +B) —¥2(6)| = B [¥3(6")], (3.66)
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for 6* between 6 and 6 + 3. Using that

- 1
m+1 —
"Pm(Z):(—l) + m!kg)m,forze(j\{Zo}andm>O, (367)
gives
- 1
Y3(z2)=6) ——, (3.68)
(2) kZ()(z—Hc)“

with W3(z) being a decreasing function of z. We need to upper bound (3.66) in a
neighbourhood of 6 in order for (R3) to hold. Let € = €(6y) = &y be a positive constant
such that 6 € (6) — €,0p+ €) N O as in (R3). If € > ) then (6)—€,0)+€)NO =
(0,6 + €) and the result in (3.66) can not be upper bounded in (0,6, + €) as ¥3(6

is not bounded for 6 € (0, 6y + €). Therefore, 0 < € < ) and using that Y~ | %4 =1

gives that for 6* between 6 and 6 + 3

3

d—logf(X\G)‘z wp  [¥a(6+ ) —¥:(0)

sup
3
do 0:10—6p|<e

0:/6—6y|<e

=B sup |W3(0%)|<PB sup |¥3(0)|, as ¥3(.)is a decreasing function
0:|6—6p|<e 0:]0—6y|<e

> 1
< B[¥3(60 —¢)| =6Bk;)m

__ 6B pmt_
_(90—8)4+ 15

§6B[W+ZF
M

— M(e), (3.69)

with M < . Hence, (R3) holds as well. Also, i(6y) = ¥(6p) —¥1(6y+ B) which
is positive since it is obvious from (3.67) that ¥,(z) is a decreasing function. The
assumption (Fur.1) holds with ||x|| < 1. The assumption (Fur.2) is satisfied from (3.69).

Now, since i(6y) = ¥1(6y) —¥P1(6y+ PB) take

M+ /(Me)2 + 8%, () _\p1(90+ﬁ)]2]2

" 4€2[%, (8p) — ¥1 (80 + PP
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in order for (Fur.3) to be satisfied. To find A; as in (3.54), firstly, as E | d% log f(X1|6o) ‘3
is not straightforward to evaluate due to the absolute value in the expectation, it is easily

3
seen that using Holder’s inequality E| 5 log £(X1|6o) ‘3 < [E [(%logf(Xl ]60))4” *

we find an upper bound for

4
E [(d%logf(xl|90)) ] =E [(1ogxl+‘1'(90+ﬁ>—‘1’(90))4]

=E [(logXl —E(logXQ)ﬂ :

If Gy ~T'(6p,A) and G, ~ I'(8,2) are independent, then & er‘G ~ Beta(6p,8). Thus,

. G
with X; = G1+1G2

4
[ —10gf Xl\eo))

—E |((logGy ~ Ellog G]) + (E(log(G) + G2)) ~ log(G1 +G2)))’|

<38 {E [(log G —E(log G1))4] +E [(1og(G1 +Gy) —E(log(Gy + Gz)))4] } .

(3.70)

Now the fourth central moment of the logarithm of a Gamma distributed random

variable is calculated using that £ o O(tl)ogz) dz = F;"()g;”, for any & > 0 and k € N.

ForY ~T'(a,A) and letting z = Ay
E(logY) =¥(a) —logA.

Using again z = Ay,

E |(logY —E(logY))“] - [m Zar_(z’)_z (log (%) —E (log (%)))4 dz

/ Zar_le_z( —E( ))4
logz—E(logZ))" dz
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F//(a)
I'a)

(3)
—4¥(a) +

At this point, the digamma function can be used in order to simplify the expression

above. Following simple steps it can be easily verified that

Hence for Y ~T'(a,A)
E [(logY—E(logY))ﬂ = W3 () + 3% ()2 (3.71)

and therefore, from (3.70),

E [(%logﬂxl |90))4

<8 (Wa(680) + (60 + B) +3[¥1(60) > +3 (%1 (60 + B)) = Br.

With M = M(€) as in (3.69), taking € = 70 we conclude that

3
de3

logf(xl\e)’ < iB+B—7r = B.
0%

sup

9:‘9*90‘<€ 15

Using (3.65), gives
d2
Var (08 X1 60) ) = Var(¥1 (60 + B) — 4 (6) =0.

Having found all the necessary quantities, the upper bound in (3.54) is calculated and

multiplied by +/n. This is equal to B3 shown in (3.62), which is an upper bound for
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\/ nE [(én (X)— 90)2] in the specific case of i.1.d. random variables from the Beta

distribution. Using this bound in (3.55) gives the result in (3.63). ]

Now, we study the accuracy of our bound for the MSE of the MLE by simula-
tions. For the simulations, 6) = 1.5, B = 1 and in this case of 8 being equal to 1,
the MLE is analytically known with 6,(X) = —m. We find that n > 7398,
in order for (Fur.3) to be satisfied. The process to simulate is quite simple. Let
n € {7398,7399,...,8397} and for each n, start by generating 10,000 trials of n ran-
dom independent observations, x, from the Beta distribution with parameter values
as above. The MLE, én (X)), is evaluated in each trial, which in turn gives a vector
of 10,000 values. Thus, for each n from 7398 to 8397, we evaluate the sample MSE,
E [(én(X )— 00)2} = m 232’10 00 (én(a:) i— 60)2 and compare it with its upper bound,
(5—%) 2, where B3 is given in (3.62). The difference between their values measures the

error of our bound on the MSE. Some simulation results are shown in Table 3.4.

Table 3.4: Simulation results from the Beta(1.5, 1) distribution

n|E {(én(X )—6b) 2} Upper bound | Error
7500 0.0002 0.0999 | 0.0997
7700 0.0002 0.0333 | 0.0331
7900 0.0002 0.0197 | 0.0195
8100 0.0002 0.0139 | 0.0137
8300 0.0002 0.0107 | 0.0105

The table indicates that the bound and the error decrease as the sample size increases, as
expected, since the order of the upper bound for the MSE is % In addition, the smaller
the sample size, the larger the bound is. The bounds are considerably larger than the
estimated MSE and they are not numerically sharp. In addition, because of the relatively
strong requirement that n > 7398, these bounds on the MSE are mainly of theoretical

interest.



Chapter 4

Multi-parameter distributions

This chapter extends the work presented in Chapter 3 by focusing on the multi-parameter
case in the presence of independent but not necessarily identically distributed (i.n.i.d.)
and possibly high-dimensional random vectors. The interest is on assessing the asymp-
totic normality of the vector MLE. The approach we follow is based on Stein’s method

under a multivariate setting. Let
H= {h :R? = R : his three times differentiable with bounded derivatives} “4.1)

be the class of test functions we use in this chapter. We abbreviate ||A||; := supl| %hH,
i L
2 3 . .
|2 = SUPH#‘QX/}Z” and ||h]|3 := lSl;lIIszhH For upper bounds for the distribu-
tional distance of interest we employ Lemma 4.1 below, which is based on the notion
of exchangeability. For two random vectors W and W' in R¢, d € ZT, we say that
(W, W') is an exchangeable pair if and only if (W, W’) 4 (W', W), where 4

denotes equality in distribution.

Lemma 4.1. (Reinert and Réllin, 2009). Assume that (W ,W') is an exchangeable pair
of R?—valued random vectors such that E(W) =0, E(WWT) = X, with ¥ € R¥*¢
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symmetric and positive definite. Suppose further that
EW -W|W)=-AW+R (4.2)

for an invertible d x d matrix A and a 6(W')-measurable random vector R. Then if
Z has the d-dimensional standard normal distribution, we have for every h € H as in
4.1),

1 h h 1 1
El(W)]E[h(222)]| < wA—i— %BJr (HhHl +5d|=)? |yh||2) c,

™
&

where, with A1) :=

>

m=1 ‘ (A_l)m,i

a1 (e (0 o) ).

AVE| (W] —Wi) (W] —W)) (W —Wi) ],

>

|
™=
M-~

h.
|
~.
Il
—

i
M=~
™=
M=~

N
I
~
I
—
bl
I
_

A0\ /Var(Ry).

I
M=~

~.
—

Reinert and Rollin (2009) were not the first to use Stein’s original approach of exchange-
able pairs for multivariate normal approximation. This goes back to Chatterjee and
Meckes (2008) where three abstract normal approximation theorems using exchange-
able pairs are presented that frequently produce total variation distance bounds of the
optimal order in the univariate case. Chatterjee and Meckes (2008) also explain that
because the differential equation (2.8) in the univariate case is first order rather than
second, it allows for reducing the degree of smoothness of the test function needed by
one, over what is required in the multivariate case. This lead to obtaining bounds on
the Kolmogorov distance, as explained in Section 3.1. The multivariate Stein equation
in (2.16) is a second order differential equation and an improvement on bounds for the

total variation distance in the multivariate case is not available. Although Chatterjee
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and Meckes (2008) give in general sharper bounds, the results of Reinert and Rollin
(2009) are more widely applicable; see Meckes (2009) for a comparison of these two
different approaches. In addition, bounds for the so-called Fisher information distance

for sums of i.i.d. random vectors are given in Nourdin et al. (2014).

The chapter is organised as follows. Section 4.1 treats the case of i.n.i.d. random
vectors. After presenting the main result for the asymptotic normality of the MLE under
sufficient regularity conditions, we give an upper bound on the distributional distance
between the distribution of the vector MLE and the multivariate normal distribution.
Special attention is given to linear regression models with an application to the simplest
case of the straight-line model. In Section 4.2, under weaker regularity conditions,
we present the upper bound for the case of i.1.d. random vectors. Specific results for
independent random variables that follow the normal distribution with unknown mean
and variance are also given. Subsection 4.2.2 contains an upper bound on the distribu-
tional distance of interest, which holds even in cases where no analytic expression of
the vector MLE is available. We illustrate the results through the Beta distribution with
both shape parameters unknown. The results of this chapter have been submitted to the

Journal of Multivariate Analysis as a single-author paper.

4.1 Non-identically distributed random vectors

In this section we examine the case of i.n.i.d. ¢-dimensional random vectors, for
t € N. Apart from the assumptions set in Propositions 2.1 and 2.2 for the existence
and uniqueness of the MLE, we use some regularity conditions, first stated in Hoadley

(1971), in order to establish the asymptotic normality of the MLE.
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4.1.1 A general bound

For X1, X32,..., X, being i.n.i.d. random vectors, we denote by f;(x,8) the proba-
bility density (or mass) function for X;. Thus, the likelihood function is L(6,x) =
[T, fi(x;]0), with its logarithm still being denoted by /(0;x). Assuming that the pa-
rameter space is an open subset of R?, Proposition 2.1 is sufficient for the existence and
uniqueness of én(X ). In addition, we work under the following regularity conditions

for the asymptotic normality of the MLE to hold, (Hoadley, 1971):
(N1) én(X ) 2 09, as n — oo, where 8y is the true parameter value;
(N2) the gradient vector V(log(fi(X%|0))) € R?¥*! and the Hessian matrix

2 .
Ji(Xg,0) = {%aejlog(fk(XkW))}Lj_l2Wd € R4 exist almost surely

Vk € {1,2,...,n} with respect to the probability measure P, where IP[.] denotes

probability with respect to @g;

(N3) Ji(Xg,0) is a continuous function of 6, uniformly in &, almost surely with respect

to P and is a measurable function of X}, ;
(N4) E[V(log(fi(Xk|0)))] =0, k=1,2,...,n;

(NS) with [V(log(fi(X4]0)))]T € R'*? denoting the transpose of V (log(fi(Xk|0))),
1(6) = E[[V (log(fi(Xk|60)))] [V (log(fi(Xk|0)))]"] = —E [Je( X, 0)];

(N6) for
- 1
L(6)=-Y 1;0), (4.3)

there exists a matrix I(0) € R¢*? such that I,,(8) — I(8). In addition, I,(8),1(6)
n—soo

are symmetric matrices for all 8 and 1(6) is positive definite;

246
(N7) for some & > 0, LEATV (og(/i(Xil00))I 0 for all A € RY;

n 2 n—oo
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(N8) with ||.|| the ordinary Euclidean norm on R?, then for k,i, j € {1,2,...,d} there

exist € >0, K > 0, 6 > 0 and random variables By ;;(X}) such that

(i) Sup{‘#sejlog(fk(Xk!t)) [t = 6ol < 8} < Biij(Xk);

.. 1+6
(i) B|By;j(Xx)| ™ <K.

Assuming that 0., (X)) exists and is unique, the following theorem gives the result for
the asymptotic normality of the MLE in the i.n.i.d. case, in a slightly different way than

the result in Hoadley (1971).

Theorem 4.1. Let X1, Xa,..., X, be independent random vectors with probability
density (or mass) functions f;(x;|0), where @ € ® C RY. Assume that the MLE exists and
it is unique and that the regularity conditions (N1)-(N8) hold. Also let Z ~ Ny (0,1;xq4),

where 0 is the d x 1 zero vector and 1, is the d X d identity matrix. Then,

1

[Z Ik(eo)] (Bn(X) —00) —4 Z. (4.4)
k=1

n—oo

Proof. Hoadley (1971) proves in Theorem 2, p.1983 that under the regularity conditions
(N1)-(N8)

1

vn (én(X) - 90) — [1(80)] 2 Z.

n—roo
Using this result and (N6) we obtain that

1
. 1

Vi (8n(X) ~00) 2 [100)]" [1(60)] " Z = Z.

[% i‘, I(6o)
k=1

which is the result of the theorem. L]

Our motivation remains to assess the quality of the normal approximation in (4.4)
through explicit upper bounds on the distributional distance of interest. From now on,

unless otherwise stated, I,(0) is as in (4.3). Let the subscript (m) denote an index for
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which

0, (az)(m) - 90<m) ’ is the largest among the d components;

(m) € {1,2,...,d} is such that

> |6,(z);—60,|, Vje{1,2,...,d}

J

6(2) () — O0,,,,
and also, for ease of presentation, let

Clm) = Cim) (X, 80) := 62(X) () — 60 4.5)

(m)*

Our main result is as follows.

Theorem 4.2. Let X1, X2,..., Xy, be i.n.i.d Rl-valued, t € 7.7, random vectors with
probability density (or mass) function fi(x;|80), for which the parameter space © is an
open subset of R9. Asssume that (N1)-(N8) are satisfied and that the MLE exists and
it is unique. In addition, assume that for any Oy € © there exists 0 < € = €(0g) and
s (0,2)| < My () for all

60 € O such that |8; — 6,| <eVj e {1,2,...,d}. Also, for C,,) as in (4.5), assume that

functions Myji(x), Vk, j,1 € {1,2,...,d} such that

7

E ((Mkjv(X))z‘ ‘C(m)‘ < 8) < oo, Let {X’,i =1,2,... ,n} be an independent copy of
{X;,i=1,2,...,n}. Forh€ H, with H as in (4.1) and Z ~ Ny (0,1;y4) it holds that

E [ (Valiu(60))* (8n(X)— 60 ) )| ~Eln(2)]
d
H\};Hﬁl %Kz(eo) + %I@(@o) + @E (Z (6,(X); — Boj)2> :

Jj=1

< K1(60) +
(4.6)

where

1
2

d 2 2
x ) [E [(én(X)j— 90;)2} E [(ﬁl(eo;xwﬂ[irz(@o)]w) ”
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+% i i } [[in(eo)]*ﬂlk‘ f f [E ((én(X)j_ 6,)° (6u(X), — eov)z)}

k=11=1 j=1v=1

X [E((Mij(X))2’|C(m)| <,s)]7 , 4.7)
| 4 | d ) 2\
Ka(60) = 7 X | X Var (kz 7,(60)) ] ﬁlogwxzreo)))
j= = =1
1 d—1 d n d d _ 3 _ 1
+ﬂk_lj§k Y. var qzlvzl[weo)] Lq[[ln(eo)] .
0 I X0 0 1 X0 4.8
Xa—eq og(fi(X;| 0))8—% 0g(fi(X;|00)) (4.8)

and
1 n d

d 1
K5(600) = - YE| X | X |[h(60)) 7

i=1 \ m=1]i=1 ml

3

(55 Lloxtrx100) ~oe(s(Xloo)} ) || - 49

[

The following lemma can be seen as a multivariate extension of Chebyshev’s other
inequality in Lemma 3.1 and it is useful for bounding conditional expectations, which

sometimes can be difficult to derive.

Lemma 4.2. Let M € R¢ be a random vector with M; >0Vi=1,2,....d and € > 0.
For every continuous function f : RY — R such that f(m) is increasing and f(m) >0,

form; >0Vie{1,2,...,d}, where m = (my,my,...,my),

E[f(M)|M; < e Vi=1,2,...,d] <E[f(M)].
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Proof of Lemma 4.2. Let k € {1,2,...,d}. We set My ; = 0. It will be shown that for

k=1,2,...,d we have that

Bf(M)|M;<¢€,i=k,....d| <E[f(M)Mi<e,i=k+1,...,d.

From the law of total expectation,

E[f(M)M;<e,i=k+1,....d
—E[f(M)|M;<¢€,i=k,.. dPMc<eMi<e,i=k+1,...,d|

FE[f(M)M; <€,i=k+1,....d, M > €]P[My > elMi<e,i=k+1,....d].

Using that

PM,<eMi<e,i=k+1,....d|=1-PMy>¢eMi<e,i=k+1,...,d|

yields

E[f(M)|Mi<e,i=k+1,...,d]

—B[f(M)M;<¢,i=k,....d

+P M >eMi<e,i=k+1,....d|[RE[f(M)|M;<e,i=k+1,...,d, My > €]

—E[f(M)|M;<€,i=k,...,d|
(4.10)

Since f(m) is an increasing function,

Bf(M)M;<e,i=k+1,....d, My > €] —E[f(M)|M;<¢,i=k,...,d>0.
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Applying this to (4.10) gives that
E[f(M)Mi<e,i=k,....d <E[f(M)IM;<e,i=k+1,...,d].
A simple iteration over k gives that
E[f(M)|M; <eVi=1,2,...,d] <E[f(M)], (4.12)

which is the result of the lemma. O

Proof of Theorem 4.2. The regularity conditions and the definition of the MLE give
that

J  /a
P <9n(a:),a:> —0Vke{1,2,....d}.

Using a second-order Taylor expansion of a%kl (0, (x); ) about By,

2
0 :aiekl(é’o;m) + Y (Bu(x),;— 60)) (%991.1(90;93))

=1

: Ou(x); — 60,) (8 ] G am—
+§Z Z( h(x)j— 60;)(6n(2)g — 60,) (89k89j39q ( ’w)‘0:93)7

3
(én<x)] - 90,)(én(w)‘] o 9061) (ﬁ@jae{]l(o’w) )008) ’

Z (én(w)J — 90‘,‘) (—n[l_n(eo)]kj + WZ(OO,SD) +n[_n(90)]kj)

J 3
= _aiekl(eo;m) - % Z Z (én(:r:)j - Golj)(én(«”?)q —6o,) (mlw;w)‘eeg)
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so that
1,(0 0 0p.) = J 1(6
J;n[n( 0)]kj( n(w)]_ Oj) a—ek (6o;x)
d 3 ]
+J;(9n(-’13)j —6o;) (89kaejl(90;:c)—|—n[ n(90)]k_,~>

1 d d . . 83
+ 5 Z Z (0}1(113)] - 901)(9n(w)q - Goq) (Wl(e,ﬂ?)‘a_ea) . (413)

~
I
—_
<
I
—_

where [I,(60)]};) is the j™ column of the matrix I,,(6g). The triangle inequality gives

E[n(Val(80)* (8n(X) - 60) )] —El(2))
E [h (% 1,(60)] 2 V(1(60: X )))} —E[h(Z)]‘ (.14)
1

|8 1 (Vati 0011 (8.() ~00) )~ (= (00 V0650 ) ||

IN

n

(4.15)
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Step 1: Upper bound for (4.14). First of all, V({(0o;x)) = Y7, V (log(fi(x|60)))

due to independence. The results of Lemma 4.1 will be used for

1 _ n
W = \/_I (60)]” Z (log(fi(X;]00))) = (Wi, Ws,...,Wy)T e R (4.16)

From (4.16) we have that for all k € {1,2,...,d}, Wy =Y, &, with

1

i = fz[u (60))7F], 55 o2 Xil00). @1

From the regularity conditions, E(V(l(60;X))) = 0 and thus E(W) = 0. Also,
I,(6p) is symmetric. Therefore, [I,(09)] 2 is also symmetric. From the regularity
conditions Y, Cov [V (log (fi(X;|00)))] = nl,(60) and basic calculations show that
Cov(W) = I;.4. Since E(W) =0 and E(WWT) = [;,4, the first assumption of

Lemma 4.1 is satisfied.

The next step is to define W’ such that (W, W') is an exchangeable pair satisfy-
ing (4.2). Let {Xzf,i =1,2,... ,n} be an independent copy of { X;,i=1,2,...,n} and
let the index I € {1,2,...,n} follow the uniform distribution on {1,2,...,n}, indepen-

dently of { X;, X},i=1,2,...,n}. Let

| —

1], ai) log(fi(X7160))

,-i[

and

Wk/:Wk_élk—’—éllka Vk € {1727'-'7d}7

with E (W]~ Wi|[W) =E (&} — &l W) = —E (&x|W) = — [ X1 B (G| W) = -k,

n

Hence (4.2) is satisfied with A = %Idxd and R = 0. We conclude that the assumptions
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)

of Lemma 4.1 are satisfied and Lemma 4.1 gives that

=

E[h(W)] —Elh(2) |<"<hTZ [Var (E [(W] = W;) (W} —w)) [W])]

i=1j

~.
1~

(4.18)
2l 5~y " W — W) (W —W,) (W —W,
(3 5 5w (0 w) - ).
i=1j=1k=
(4.19)

To bound the variance of the conditional expectations in (4.18), let
o = 0(X1,X2,...,Xy). Since o(W) C &, for any random variable Y,
Var (E[Y|W]) < Var (E[Y|/]). Simple steps yield

d 1
(4.18) < n H H2 { ; 51] &Ij)2|£f})]§

d—1

d 1
+2Z [Var (B [ (& — &u) (&7~ ézj)ld})]Z}. (4.20)
J>kk=1

After straightforward calculations and using that {X Li=1,2,. n} is an independent

copy of {X;,i=1,2,...,n} and &} is independent of &7 we get that

d 1
(4.20) = 2{2 E [(&/,)*] —2E[&/|B[&r|«/] + B [&3]])]*

+2 Z Z [Var (E [§.&7,] —E [&/;] Elén| /] —E [E4] E [&1j]/ ] + B [51k51j|=52/])}% } -

=1j>k

(4.21)

Using that E [}, ] =0,
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[SIE

4.21) :n"”;”z { i [Var (E [(§))*] +E[&71])]

1YY [Var (B €8] + B [ndiyior)] }

k=1 j>k
%Var (i [élj\d) — Var (ZE é,ké,jpzf )] }
i=1

1

zgg

1
2

4 J:] i=1
7] AT (e T
- Z Var Z éij +2 Z Z Var Z 5lk§lj = K2(00)7
4 13 i=1 j>kk=1 = Vi

with K»(6g) in (4.8). For (4.19), using (4.17), after basic calculations we obtain that

h
(4.19) < ”ﬁ 3(6o),

with K3(6g) as in (4.9). Thus,
h
1715 e (). (422)

[l
(4.14) < WKZ(OO) + Jn

Step 2: Upper bound for (4.15). We will use multivariate Taylor expansions, condi-

tional expectations and Markov’s inequality. The approach is similar to the one in the

single-parameter case of Chapter 3. For ease of presentation, let

—h(i[fnwo)] LV (1(00: X >>>). (4.23)
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Using the above notation,

(4.15) = [E[73]]

Now, the triangle inequality gives that

(4.15) <E|n (\/ﬁ[in(eo)]% (60(X)—65))
—h (L[Tn(eo)]é (V(l(9o;w)))+R1(90;X)) ‘ (4.24)

+E|T]. (4.25)

The next step is based on a first order multivariate Taylor expansion. With A; denoting

the j row of a matrix A, we get that

(VG0 (9,3 60) ) = ( (G0 (1(60i0)) + R (60 X)

d B | ) . ) .
—l—j:z:l (\/ﬁ |:[In(90>]2:| U (Hn(X) — 90) — % [[1,,(00)] 2] ’ (V (Z(GO;X)))
17 | d d A
_m [[ln(OO)]if] U kZl Z:l(en(w)k — eok)(en(w)q — Qoq)
=lqg=

(o (ool ) ) apmecor

where ¢(X) is between \/lﬁ[n(eo)]_%(V(l(Go;X)))—|—R1(90;X) and
NAIACHIE (6n(X)—85). Thus,
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h(mzn<eo>ﬁ(én<X)eo))h(%vn(eon 5 (V(I(80; @ )))+R1(90;X)>'
d 1 N 1 r.- 1
<l | X | V{00 | Bu(X) ~00) = 2 [I(60)) 3] ¥ (1(00: X))

(4.26)

where for the second inequality we used Cauchy-Schwarz inequality. To bound now

. b 1 3 i
, with 73 as in (4.23), we need to take into account that 55—5—5- o 880,1 aejl(@;m) ‘9—93 is

not uniformly bounded. Therefore, with € > 0, the law of total expectation yields

= )+E(

E[T5] < 2[n][P (

6.(X) (m) — 60,

X) (m) — 90<m>’ < e) .

Using Chebyshev’s inequality,
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To bound E (

( )~ 90 ) we use a first-order Taylor expansion and

lTl

1

h(—[fnwo)] L (V(1(60:))) +Rl(90;ﬂ3)):h(%[in(eo)]_z(V(I(OO;X))))

d

d
+Z(21 f (60)] 1 Y Y (Bu(@)i — 60,)(Bu(2)g — 60,)

vn [J k=1g=1

<(v(5 e‘j; 102, , ) } ) ShEX))

1

where now #(X) is between \/iﬁ[fn(eg)]*i(V(l(Hg;:c)))—|—R1(90;:c) and

L[1,(60)]"2 (V(I(B0; x))). Using again (4.13),

n

1Al & & T oL
i< o),
d . . 83
X 2121 (6a(X)j—60,) (6a(X)y GOV)WI(&X)‘H* }
j=lv= 0
(4.28)

Therefore, from (4.27) and (4.28) we have for C(m) as in (4.5) that

83

< F6:90,90, &%) )

0=0;

[e <s).

The Cauchy-Schwarz inequality and Lemma 4.2 yield
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=1
L ff\[me 1] |8 [E (6.0, - ) (6., 60)°) ]
2v/n ) S50 ’ Loy e R
: : %
x |E sup 58 ;93 58 Z(B,X)‘ }C(m)| <&
0:|6,,— 6y, |<e | ¥ VKO Ty
I Vme{12,...d}
<2l (£ 0.0, - 90_,>2>
d _ 1 d o A 3
AP L Z X [ (6000500 0000, 0)")]
x [E((Mkjv()())z‘\C(m)\<eﬂé . (4.29)

Therefore, from (4.26) and (4.29) we obtain that

h A 2
(4.15) < =1 20ln] ” (Z (6u(X); —60;) >+MK( 0), (4.30)
g2 — Vn
J
where K| (6p) is as in (4.7). Using now (4.22) and (4.30) gives the assertion. ]

Remark 4.1. (1) Assuming that I,(0¢) = O(1) in (4.3) and using Theorem 4.1 yields,
for fixed d, E <Z;{:1 (én(X)] — 90.],)2) -0 (%) To see this, use that from the asymp-
totic normality of the MLE as expressed in Theorem 4.1, \/nE <én(X ) — 00) — 0

and thus

~ 1 .
E(Gn(X)j—Goj)zo(ﬁ),VJe{l,Z,...,d}. 4.31)
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1

Theorem 4.1 shows that Cov <\/ﬁ [1,(60)]> (én(X) - 00>> — Iy« q. Therefore,
n—>o00
- 1 A - 1
nl7(60))* Cov (0(X) ) [5:(60))* ——= luxa (432)

Assuming that the matrix I,(0¢) as defined in (4.3) is O(1), it follows from (4.32) that

A

Var (6,(X);) =0 (%) ,Vjied{1,2,...,d}.

Combining these results,

A

E[(8u(X);— 60,)"| = Var (8,(X),) + [E(8,(X),— &,)]" = 0 (%) . (433)

Furthermore, using (4.31), (4.33) then if I,(69) = O(1) it can be deduced that

K1(60) =0(1)
K>(60) = 0O(1)

K3(60) = O(1), (4.34)

where K1 (60),K>2(00),K3(09) are as in (4.7), (4.8), (4.9), respectively. Hence, using
(4.33) and (4.34), if I,(6) = O(1) then the upper bound in Theorem 4.2 is O (\%)
(2) Often Holder’s inequality will be used to bound the third term as the calculation
of absolute third moments can be quite complicated, even for simple multi-parameter
distributions.

(3) In terms of the dimensionality d of the parameter, K{ (o) = O (d4) ,K2(00) =0 (d4)
and K3(0p) = O (ds) as can be deduced from (4.7), (4.8) and (4.9), respectively. The
last term of the bound in (4.6) is of order d in terms of the dimensionality of the
parameter. Thus, for d > n the bound does not behave well, but d could grow moderately

with n. For example d =o0(n%), 0 < o0 < 1]—6 would still yield a bound which goes to

zero as n goes to infinity.
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4.1.2 Linear regression

This subsection calculates the bound in (4.6) for linear regression models. The asymp-
totic normality of the MLE in linear regression models has been proven in Fahrmeir
and Kaufmann (1985). We give the example of a straight-line regression and the bound
turns out to be of order O (\%) , where n is the sample size. The following notation
is used throughout this subsection. The vector Y = (¥1,Y>,...,Y,)T € R™! denotes
the response variable for the linear regression, while 8 = (B1, B, ..., Bs)T € R is
the vector of the d parameters and € = (g1, &,...,&,)T € R™*! is the vector of the error
terms, which are i.i.d. random variables with & ~ N(0,62)Vi € {1,2,...n}. The true
value of the unknown parameter 3 is denoted by Bo = (Bo, , o, - - -, Bo,)T € R4*!. The

design matrix is

1 X172 de
1 X22 ... Xo4
X = 7 ’
I X2 ... Xpq
For the model
Y =XB+e€

the aim is to find bounds on the distributional distance between the distribution of the
MLE, B, and the normal distribution. In the case where f8;,j = 1,2,...,d are indepen-
dent random variables, then we have linear random-effects models and bounds related
to the normal approximation of variance component maximum likelihood estimators

are given in Dicker and Erdogdu (2016+).

The probability density function for Y; is

1 1
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where X;) denotes the i"" row of the design matrix. The parameter space ® = R is

open and if XTX is of full rank, the matrix XTX is invertible and the vector MLE is
B=x"X)"'xTY. (4.36)

We now bound the corresponding distributional distance.

Corollary 4.1. Let Y;,i € {1,2,...,n} be independent normal random variables with
N (X[i}ﬁ(% GZ) )

where X|; denotes the i'" row of the design matrix X and &% is known. Assume
that the d x d matrix XX is of full rank. Let {Y/,i=1,2,....,n} be an independent
copy of {Y;,i=1,2,....,n} and Z ~ Ny(0,1;.4) and I,(B) = %Z;!:llj(ﬂ). Then for

h:RY4 = R, a three times differentiable function with bounded derivatives,

E[n(valh@)1* (8- 80))| ~El(2))

D=

2
h d n Xik 1 d
< IRy g var (3 2 (] (i ) X,
j=1|i=1 =1 O Jk o
l’l 2 d d—1 n d d Xiniv N 1
— Var [[XT)(] 2]. [[XTX] z}
2 jgck—l zzzi q;v; o? ja kv
) 7
x (K— Y Xl-mﬁo,,,)
m=1
\hHs

% [ 4] (1)
ml

3
> . (4.37)

Proof. Using (4.35) and a vector representation, we get the following expressions for

P fe(f 5

the log-likelihood and its first derivative with respect to the parameter vector:
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1(Bry) = —5 log (2167) — 5 5 (y —XB)T(y —XB)

202
LBy = - L (- BTXT) (- XB)}
ag ‘YT Tos2ag WY Y
1 d
=—2—62@{yTy—BTXTy—yTXﬂJrBTXTXB}

1
= E(XTy—XTXﬂ).

The Hessian matrix for the log-likelihood function,

2

1B, - XX,
apap; P y’},,,-_],..,d

H(ﬂ;y)={

does not depend on y. Thus, I,(8o) = #XTX andso [[,(B)] 2= G\/E[XTX]_%. The

result in (4.36) gives that

(]

Viill(Bo)l* (B~ Po) = — { XX XTY — [x7X]} o}
= 2= [ovalma ] Sy —x7xg)
~ = (B

D=

d
@l(ﬂ,y))ﬁ_ﬁo. (4.38)

The expression in (4.38) is the same as W in (4.16) and therefore the quantity of interest
(E [h (ﬁ[in(ﬁg)]% (B . ﬁom _E[n(2)] ‘ is equal to (4.14) with (4.15) being equal

to zero for this specific case of the linear regression model. Therefore, using (4.22) and

2 tog(f(1180)) = & (i~ ¥ Xiup
aﬁk gl\JilLi|Po _62 i = im0,

in Theorem 4.2 yields the result of the Corollary. [
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Example: The simple linear model (d=2)

Here, we apply the results of (4.37) to the case of a straight-line regression with two

unknown parameters. The model is
Yi=B1+B(xi—%) +&, Vie{l,2,...,n}.

The unknown parameters f; and 3, are the intercept and slope of the regression,
respectively. The i.i.d. random variables & ~ N(0,62),Vi € {1,2,...,n} are as before.
It is well known that the MLE exists, it is unique and equal to B = (Y, %) T.
The following corollary of Theorem 4.2 gives, for this specific example, an upper

bound on the distributional distance between the exact distribution of B and the normal

distribution.

Corollary 4.2. Let Y,Y»,...,Y, be independent random variables with
Y; ~ N(Bi + B2 (x; — %), 62), with the case of x; =xjfori#j,i,j€{1,2,...,n} being
excluded. For Z ~ N, (0,17) and h € H as in (4.1),

En (VA8 (8- Bo) )| ~Eln(2) ShT(\/; 22,1 ;,)ix )4)+Hjl
8

( l l|xl_x| )
3
[Zz 1 X,—X :

Proof. We have that

1 x1—x
_ 1
1 xp—Xx n 0 —= 0
X = XX = XX r= | V" 1 ,
. . L_\2 —_—
R O Ve
1 x,—x
(4.39)

which shows that XTX is invertible if and only if Y7, (x; — ) # 0, which holds if x/s

are not all identical. The quantities of the bound in (4.37) are calculated for this specific
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case. We use that ¥; — B — (x; — X) B2 4 6Z;, where Z; ~ N(0, 1). For the first term in

(4.37) we obtain that

2Y 5 (xi —%)*
Yo (=52

(4.40)

For an upper bound for the second term of (4.37), since d =2 we have thatk =1, j =2

leading to

1

2 2
{ XTX]~ 1]2q [[XTx]—%] . <Yi . mz: X,-mﬁm>

n 2

ZVar qZ’ i

- ZVar( = [XTX ﬂ [[XTX] 5}“(0—2,)2)]

=Y Var z? j = !  Var (72 %)? j
Z ( Vi, (i —%)? l) nYi(xi —X)* |5 @) >]

_ % (4.41)

For the final term of (4.37), because Y/ is an independent copy of Y;, then

1

Y/ —Y; ~N(0,262), with E|Y/ —Y;|> = 8\‘} Using that

(la| +1b)* <4 (la]* +|bP), a,beR (4.42)
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yields

o (g 8 — & ) 3 ( L, Xl )
<4 3 + 3 =—|—=+ T |- (4.43)
;(m T ?:l(xz'—f)z]jx/ﬁ vE \ vn [ ?:l(xi—X)Z]z

Summarizing, in the case of Y1,Y>,...,Y, being independent random variables with
Y; ~ N (B1 + B2(xi — X),02), we apply to (4.37) the results of (4.40), (4.41) and (4.43)

to obtain the assertion of the corollary. U

Remark 4.2. The bound is O <L>
v

4.2 Identically distributed random vectors

In this section we use weaker regularity conditions than (N1)-(N8) in order to find
an upper bound in the case of independent and identically distributed random vectors.

Following Davison (2008), we make the following assumptions:
(R.C.1) The densities defined by any two different values of 0 are distinct;

(R.C.2) the log-likelihood function is three times differentiable with respect to the
unknown vector parameter, @, and the third partial derivatives are continuous
in O;

(R.C.3) forany g € © and for X denoting the support of the data « = (x1,x2,...,Zy),

there exists & > 0 and functions M, (x) (they can depend on 68y), such that
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for@ =(0,,0,,...,6;) and r,s,t,j=1,....,d,

N
; ml(@,%) SMrs,(zc),V:L'EX, ’9]—9()]’ < &,
with E(M,.4 (X)) < oo;

(R.C.4) the expected Fisher information matrix /() is finite, symmetric and positive

definite. For r,s = 1,2, ...d, its elements satisfy

1(0)),s =E { a%rzw;X) a‘Zsz(e;X)} = E{— 89‘33@1(9;)()} .

This condition implies that /(0) is the covariance matrix of the score vector.

These regularity conditions in the multi-parameter case resemble those in Section 2.2
where it is assumed that the parameter is scalar. From now on, unless otherwise stated,
the notation 1(0) stands for the expected Fisher information matrix for one random

vector. Under (R.C.1)-(R.C.4), (Davison, 2008, p.118) shows that

1

Vall(00))* (6 (X) = 80) = Na(0.4-a))-

The upper bound on the distributional distance between the distribution of a vector MLE
and the multivariate normal in the case of i.i.d. random vectors is the same as the bound
in Theorem 4.2 and thus it is not given again. The bound can be simplified due to the
fact that in the i.i.d. case I,(09) = I(09) and f;(x;) = f(x;), Vi € {1,2,...,n}. In the
next example of independent random variables from the normal distribution with both
mean and variance unknown the bound can be easily calculated and it is, as expected,

1
of the order N
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4.2.1 The normal distribution

Here, we apply Theorem 4.2 in the case of X1, X>,...,X, independent and identically
distributed random variables from N(u, 62) with 89 = (i, 62). It is well-known that
the MLE exists, it is unique and equal to 8,,(X) = (/ft, c§2> - (X, iyr x-x)1)";
see for example (Davison, 2008, p.116). In addition, the regularity conditions (R.C.1)-

(R.C.4) are satisfied.

Corollary 4.3. Let X1, X5, ..., X, be i.i.d. random variables that follow the N(u,c?)
distribution. For Z ~Ny4(0,1;4) and h € H as defined in (4.1),

1 S5\hll2 | o llAlls
_ _ < Z
E [ (Vali(60)1*(60(X) ~ 00) ) | - ElR(2)]] < 377 41987
Il 2 Ialls  4liall | I, o
+F(1+2a ) +4V2 NN, 34+16V2 —+
1
2 12
32||4||; 3 o 3
+ Vi 14648 §+T —1—; . (4.44)
Proof. The first and second-order partial derivatives are
d 1 & d n 1 &
—I(Op;) = — ] — —1l(0p;x) = ———=+— i— )2,
a‘u ( O’w) GziZI(x ,LL), G2 ( 0 ZIZ) 262+264i21(x ,u)
92 n J? n 1 & )
a—“zl(%;m)=—g, Wl(go;w)zzf“;—gi;(xi—ﬂ) ;
92 92 no_
——1(00;x) = =——=—I1(00;x)=—— (X —U). 4.45
a‘uacz ( Ow) 8628u ( ().’,U) 64( ALL) ( )

Hence the expected Fisher Information matrix for one random variable is

c O
, so that [I(6g)] 2 = . (4.46)

0 -L 0 202

204

o]
=

1(60) =
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Using (4.16), let
SR (L /ST LA I oJ VST T—(W W))T
AT = DAY= -l B

. 2
where W; = Z;le &ji with &1 = ﬁ and &p = %\/ﬂo,i =1,2,...,n. Now we
bound the terms in Theorem 4.2 in order of appearance. We start with the term

%KI(OO), where K;(60p) is given in (4.7). For the first quantity, using that

E [()_(—u)z} = %2 and E [(GAZ — 62>2} = %4 (2—1) yields

s e (5]

ez [elswrls (5o )

\/_||h||1 ( 02) \/7 \/ﬁllhﬂl [ N)Z}

2
+% E {(62—0'2>2}E [(%%;(Xiuf) ]

<l fo T V2
G %

1=

20%||h 1 22
V2ol (z__) (n_g%E
n n o (o}

i

J V2l v2o*n] D\ (2 22
B2 TR 1\/<2‘;><5—$+3<2+">)
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_ Ml (o), 1 V2Ihly |y (1 171
_.¢ﬁ( 2 n+w6>+ N 2<2 n>§4¢§V%. (4.47)

For the second quantity in (4.7), we find an upper bound for

83

S A
P 196,060,906,

6:16,,—64,, | <€

(O;X)' < nMyji( X),

where m, k, j,i € {1,2} and My j;(x) is as in (R.C.3). Below, 8 = (0, 6,) is the vector

parameter and 8o = (6y,, 60,) = (14, 02) is the true, unknown value. We have

03
sup Fl(e;X)):OZZMUl(X)
0:16,,—60,,| <€ 0;
as well as
83 n 3 i 2
sup —31(0;X)‘: sup ——=+ -7 ) (Xi—6)
6:|6,,—60,, | <& 96; 6:|6,,—60,, | <& 6, 675
« L3 n(X X+X—pt+p—6)?
sup i~ - — 0
(02 —¢)? (‘72_8)49;|9,,1790m|<e i=1

n 3 n _ _ ) )
= * sup  3Y |(Xi—X) + (X )"+ (u—6)
(0% —¢)? (62_8)40:|9m760m|<£ z_Zl[ l }
" on 220 (% )2 g2
< (62 —¢)? T (02 —e) (‘7 +(X—u) +e ) =:nM»(X). (4.48)
Moreover,
9° 93
sup —I(O;X)‘ = sup —Z(O;X)‘
0:|6,,— 60, |<¢ 061005 0:]6,,—6p,, | <& 00306,
2n ,_
= sup — (X—6y)
6:]6,,— 60, |<¢ 0;

2n ,_
= sup —X—u+u—6)
0:]6,,—60,,| <e | 72
2n



4.2 Identically distributed random vectors 107

and

93 93
Sup Z(H;X)‘ = sup l(O;X)‘
0:’9’"_90m‘<8 8612862 0:’9m_90m‘<8 392(9912
n n
= sup oy < oy =M (X). (4.50)
0:]6,,— 60, |<¢ 022 (02 —¢)?

In addition, we calculate E <(én(X)J - Ooj)z (én(X), - 90,-)2> ,Vi, j € {1,2}. For this

purpose we use that in the case of i.i.d. random variables from the Normal distribution,

_ 1 & _
Cov <X —u,— Z (X; —X)2 — 62> =0 (Casella and Berger, 2002, p.2138).
iz
(4.51)

‘We have that

and

:I'—‘

4
d 8 4 15 i
( Y (X, ) -2 (12+———><16G—2, forall n € N
n n
1=

2
1 n

and with G ~ 2 |, so that E(G) =n— 1 and Var(G) =2(n— 1),

i=1
51 04 no /X X\ 2 ?
:E[(X ,u)]?E (E( - )—n)
= CE[G— (- 1)~ 1))
0-6 6

=% (B[(G=(n—1))}] —2B[G—(n—1)] +1) = :—3(Var[G]—|—1)
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For C(,,) as in (4.5) and [/ (00)]_% in (4.46), the second quantity in K;(6o) becomes

+ef(6-0)'|]" e [B (0% —nl+ eIl <e)}2}

h|j1v202 n - 7
+ Hzl\/zc {(023)2 EB(X-p)]

% 1

e[ (=) ol <o)

oo (6] fe(omon el <0

h 2V20°3 8c* _ 3
||21\|/1ﬁo { (o;f—(;)z + (62:)3 B (0%~ 27| <) }

+h102{ \/§022—|—4\/§(626%8)3[E<(\X—H’+8)2“C(m)‘<£>r

IA

V2n | (0% —¢)

+46° [E <(M222(X ))2‘ Com | < s)] : } . (4.52)
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—_

We next bound [E ((M222(X))2“C(m)} < 8)} : and [E <(|X—,u| +8)2’|C(m)| < 8)] g

For [E <(|X—,LL|+8)2“C(m)‘ < 8)] , we have

[E ((IX—MI +s)2“C(m)\ < g)]5 < [215 <(X_“)2“C<m)\ - 8) +2€2}é
<V2 {E [(X —.U)z] Jrez]é using Lemma 4.2

=24/ —+¢€2. (4.53)

In addition, simple steps yield

M222(X) = (621—8)3 + (6238)4 <(§2_|_(X_‘u)2+82)

<<§2—62+(X—u)2+£2+02>

1 9 ~ _
< - (‘02—62‘+(X—u)2+82+62>,

which leads to

(Mo (X))* <2 ! + ik (

Using the result in (4.54) and Lemma 4.2 yields

1
2

b (007 <)

1 162 2 a2 .07
Sﬁ[(az_s)6+(c2—s)8 {(He +0°) +3n2H : (4.55)
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Using (4.52),(4.53) and (4.55), the second term in (4.7) multiplied by % becomes

D=

H(X)i=65)") |

o=
=
=
—N—
M=
M=
—
~
D
Pt
o
_
=
=
1=~
| —|
m
—~
—~
§D>
=
o
Nt
|
e
SN—
&
—~
>

- |V e F(*ﬁ_)]
\/?('Z'zhif [1+ (621628)2 {(8—1—8 +0?) +3<nf_;‘”2
\/;\(|Z|2|1i7;3 1+ (Gzlizg)z [(e+82+02)2+3z—ju é. (4.56)

Taking € = %2 yields

Al
n

14648

3,0\, 3
2 4 n?

Combining the results of (4.47) and (4.57) yields to a bound on the first term, %K 1(6o),

of the general upper bound in (4.6). The second term, %Kz(eg), is a sum of two

(4.56) = 1 Jn

X

(4.57)

1 02| 32|k
34+16v2 —+G—]+ Il
n

quantities as (4.8) shows. For the first quantity,
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Ufiﬂﬁz Jé [Vﬁr ((kil [[1( o)l ] 889 logf(X1\90)> 2)]
() ()]
_ {\f+ (xok)’ (xl—uﬂ

o o
(()())] e

Since ¥=E ~ N(0, 1), simple steps yield

47 B 87 4
Var (X1 “) _E (Xl “) _|E (Xl “) — 96
(0} (0) (o)

_
(S

—Var + Var

Applying the above results to (4.58),

|yh||2Z w((f[ o) ] 839 log. £ (Xil66 )>z)]2 IIhJHE (V2+via).

k=1
(4.59)

The second quantity in %KZ(OO) is also easily calculated. Since [/ (00)]*% is diagonal,

we obtain that
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d—1

h |2 i Z
2\/ﬁ j>kk=1

—_

d )
| XX (100002 5510831160

g=1v=1
(XIOO)) ]

:!”Jg [v ([[( ol %logﬂxneo) [[Iwo)]5]228%1%‘0(”90))}

(4.60)

1

<[ien ], 5

1

Using (4.45) for one random variable and (4.46) yields
1
v (("““)(““ = )
\V/ -
ar - NP 7
Inll> | (xl—uy
= V.
2 on _ ar .
_ 1
. HhHZ Xi—u 3 ,u X1—u 3 X1—u .
=3 o -Var p + Var —2Cov p. -

(4.60) =

_ 1
6 4172
i (o) ] (k)
2v2n o c
Ihlls s VWl
= 10 = . 4.61
For an upper bound for the third term %I@(Oo) in (4.6), with K3(6p) as in (4.9), we
use that X| is an independent copy of X;. The triangle inequality and (4.42) give that
Il (] (9 9 ’
1 X0 —1 X160
12\/— ;l;[ } (89 og f(X{|60) — 20 og f(Xi] 0)>
||h||3 Xi—p Xi—p| 1 o o 2\’
— X/ — — (X —
3
|h||3 E‘X Ak ’(X{—#)z—(xl—ﬂ)z
- 3\/_ V20?2

Sl [EXF B w)°] 8l [2v2
<WE L o | v [f f] Jills e
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_ _ 2
For the last term of (4.6), E (X — u)% = "72 and E <rll n(X—X) - 62> = 674 (2-1).
For the choice of € = &y as in (R.C.3), (4.48), (4.49) and (4.50) require that 0 < € < c2.
Again, due to a trade-off between the first and the last term of the bound in (4.6), we

2 L
choose € = - which gives that

# (Eellnn o)) -0

J

(4.63)

Using the results in (4.47), (4.57), (4.59), (4.61), (4.62) and (4.63) we get the result of

the Corollary. [

Remark 4.3. (1) The rate of convergence of the upper bound in (4.44) is \/Lﬁ
(2) There might be cases where the parameters depend on the sample size, so that
u = u(n) and 6> = 6?(n). The bound in (4.44) does not depend on p(n) and goes to

zero as long as

L
() w2y o O

(i) 55 5 O

are both satisfied. From (i), the order of 62 (n) should not be less than or equal to %
while from (ii) we see that 6*(n) should be of order smaller than \/n. For instance,
c? (n) = cn%, where ¢ € R is a constant, satisfies the above limits. The bound in (4.44)

is then of order ;.
nt
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4.2.2 Bounds when the MLE is not known explicitly

In the single-parameter case, it was possible to find an upper bound for the mean squared
error and then use it to get upper bounds on the distributional distance of interest which
can be applied when the MLE is not expressed in a closed-form. In this subsection,
we give similar bounds for the multi-parameter case with multivariate (dimensionality
t € N) i.i.d. random vectors X1, X3, ..., Xp, with X; = (Xi1, X, ..., Xir)T. We make

some extra assumptions,

(Con.1) Vj e {1,2,...,t}, the support S; of X;; is a bounded interval in R; let s; :=

sup {|x;j|} and s := max {s,s2,...,5};
x,‘jGSj

(Con.2) for all 8p € O, where O is the open parameter space, there exists an & =

&0(00) > 0 such that for all @ € © with |6, — 6y, < &,Vj=1,2,...,d

3
sup === log f(x1]0)| < Myji,
0:]0, 0, | <o 06,.00;00;
Vge{12,...d}

where My ;; = My j,-(Ho) is a constant that may depend only on the unknown

parameter O;

(Con.3) for M = sup {' [[1(90)]_1} - }, the sample size satisfies
ij

]

1

d d
1 COM (CRR N e

m=1i=

If (Con.1)-(Con.3) hold, then

d d
2d%°M +dsM/ng Y. Y |[[1(60)) 2] | Z ZMk,m neg <0

I=1k=1
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holds with & as in (Con.2). The upper bound in (4.6) can be split into terms coming
from Lemma 4.1, and terms due to Taylor expansions and conditional expectations. For
ease of presentation, since the terms coming from Lemma 4.1 are not related to 6, (X),

from now on, unless otherwise stated, we abbreviate

1

1

4 4 2\ 72
D :=D(609,h,X) := NG Y |Var <Z [[1(00)]2]jkaieklogf(X1|6’o)>

Jq

4
”thd—l d d d 1 0
tam L L Var| X X [160)] ¢ 55108 /(Xaloo)

X

1(60)) 2], 2oz £(X100)

26,

1

3
3 [i00172] (75 0w (Xi100) - 5 toes(Xalew) ) |) .

(4.64)

In order to give an upper bound when én(X ) is not known explicitly, we bound

\/ E [27:1 (6(X); — Goj)z} by a quantity which does not require knowledge of the

MLE. The result is given in the following theorem.

Theorem 4.3. Let X1, Xa2,..., X, be i.i.d. R'-valued random elements, for t € N,
with probability density (or mass) function f(x;|0), where 0 is the d-valued vector
parameter. Assume that (R.C.1)-(R.C.4) and also (Con.1)-(Con.3) are satisfied. Also
Z ~ Ny (0,1;.4) and we assume existence and uniqueness of the MLE, 0,,(X). For

€ =¢gpasin (Con.2) and using the notation
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d B M d d N 2
o (o))
M d—1 d d d B n
DL (£ o] oo,

2
d d
X8_6q10gf(X1|00>89v 10gf(X190)) ]

d d

0= T iHV“’O”_é] Y X M

m=1i=1

v 2diM Y Y [ir00n] | J f\/ar ( . ei;  log f(X1|00)) (4.65)

Remark 4.4. The quantities 7y, ® and v are O(1).
Proof. Using (4.6) and (4.64) gives that for Cim) as in (4.5),

VAll(00))F (0a(X) ~00)) | - E[h(Z)]’ <p 2hlg [zd; (Bu(X); — eoj)zl

2
£ =

{1
1
=
VS

1

. 5 82 2 2
) [E[(@,,(X),-—eoj) ]E [(ae.aekz(eo;X)+n[1(90)]kj> ” (4.67)

‘C(m)‘ < 8) }

(4.68)

33

56:06,96, 00 %)

d d
Y Y (6:(X); — 60,) (6u(X)i — 60,)
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Step 1: Upper bound for (4.67). Using that E (%Z(GO;X) +”[1(90)]kj) =0,
Vjke{1,2,....d},

d 1
@67 =[lhlly Y- Y |[11(80)] 2]

% i \/E [(én(X)j — Ooj)z] \/Var <${296j10gf<X1|00))

2

d A RS d
X Z \/E [(OH(X)J —60;) ] ;Var (39k39i 10gf(X1|00)), (4.69)

where for the last inequality the trivial bound

0?2 92
Var (57 33,0 (Xa o) ) < ZVar( Sarg 0/ (Xal6o) )

was used, since the variance of a random variable is always non-negative. Now, using

2
that <Z§? Ocj> <d (2?21 0‘]2) for o; € R, yields

Taking square roots in both sides of the above inequality and applying this result to

(4.69) gives

d d 1
(4.67) < ||h|w3k;l_21 ) [W@oﬂ Z]HJ

d

d 5 A
" ;Var (aeiaei 10gf(X1|00)> E [Z (6(X), — 90,-)2] . (4.70)

Step 2: Upper bound for (4.68). Notice that from (Con.2), if ]é,,(X )j— 6o j‘ <€,

: 3 . 3 *
Vje{1,2,...,d}, then ‘Wl(eo,m)‘ - ():7:1 mlogﬂmlwo)‘ < nMyj;. In
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addition
d A A
ZIZIKGH(X)J'_GOJ) (62(X)i — 60,) | My
j=li=
d ) d d—1 .
=Y (6u(X);—60,) Myj;+2Y ) [64(X);— 60,] |64(X)i — 60, | Mii;
j=1 j>ii=1
Using now that 28 < o + B2,Va, B € R,
d d A
Z Z ( n(X)J—G()]) (6"(X)l 90,) Mk]l
j=li=1
d dd-1_ 5 A 5
< Z( n(X)J_GOJ) MkJJ+Z Z |:(6n(X)J_60]) +(9"(X)l_901) ]Mkﬂ
j=1 j>ii=1
d d
= Zl< "(X)J'_eoj)zziMkﬂ
j= =
d d d
<Y (6.X);—60,)° Y Y M 4.71)
j=1 m=1i=1
Using (4.71) yields
IhH d -l
@os <5y l; |02 |
d d
(nZZMkUw )]—90 Hén(X)i_GO[ C(m)‘<8)
j=li=1
Al d d B d d d
<Py 3 | [neo 4] | 3 szmiElzwn(X)]—eo])z]
k=11=1 m=1i=1 j=1
“4.72)

Hence, from (4.70) and (4.72),



4.2 Identically distributed random vectors 119

1

H8,(2) - 00)| ~EIn(z)]| < 0+ L2l [f (6,(X), - eo_,->2]

d d 1
+Hnlva Y [[iroo) 4] |

1l=1

X J iVar(a i logf (X1/60) )JE [i (én(X)j_e()j)zl
i=1 =1

1

d d
N th\zn/ﬁkzz‘[ (60) 7} ‘Z ZMkmz [;(én(X)j—eojf], (4.73)

B [ (Valr(80)]

Since D as defined in (4.64), is not related to the MLE, the upper bound in (4.73)
depends on 6,,(X) only through E [Z?ZI (én(X )j— goj)z] . Our purpose is to find a
bound for E [):?:1 (6,(X); — Goj)z] that does not depend on 8, (X).

Step 3: The MSE test function. To this purpose define the test function
h=he, :RY = R:h(zx) =xT[(8)] . (4.74)
Then,

(Vi (80))* (0n(2)—00) )
= [Vali00)* (9n(w) —00) | 1(00))"! Vill(90)1* (9 () — 00)
=1 (6(X) ~60)" (8n(X) ~60),

B—

since ([1(60)] )T — [1(60)]* as [I(8o)]? is symmetric. Thus,

U

n (Vall(80)] (Bn(@) ~60) ) =n Y. (6.(%); - )"

Hence,
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d d d
Eln(Z) =Y [100) '] E[Z]+2Y ¥ |l1(60)] | ElzJELZ]
j=1 1] k=li=1 !
~ ¥ [i60))
= ji

1 d .
< Byt [1 0 } .
( i+ 3 |[lreo) jj)
For the calculation of By, note that with s as in (Con.1) and M as in (Con.3),
2.2 0
1]l = d”s"M, ||y = sup | 5—h(x)| = 2dM:s,
i 19%;
2 3
hil, = h =2M h||3 = —— h =0.
I7ll2 = sup| = 5 (@) = s e )

Using (4.64) and (4.73) yields

M d—1 d d B By
" Vi & ng lvar (qZIVZI [[1(90)] 2}]61 [[1(00)] z]kv
&89 logf(X1|00)886V (X1|00)) ]
2d2s§ME (Z (6u(X); — 901)2>
J=1

(4.75)
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3 d d 1
+243sM )" Y ] [[1(00)]—2}

with y as in (4.65). Solving the quadratic inequality in (4.77) (with unknown U) and

using (Con.3) related to the sample size, n, we obtain for v and ® as in (4.65) that

1 \/Lﬁ+\/§+4coy

U<U;=—
=1 n 20

: (4.78)

proving the result of the theorem. 0

Remark 4.5. As the bound (4.66) does not include én(X ), in cases where a closed-
form expression for the vector MLE is not available, we can still get an upper bound
on the distributional distance between the distribution of the MLE and the d-variate

standard normal,
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1

E [ (V/al1 (00)]% (8a(X) —00)) | ~Eln(2)]

=1

Ll 4 ¢ ddor |

s L ;;[ won A

889 10gf(X1\90)a?9 (X1/60)
3

Il (0 :
0 ﬁE@ ¥ [ion) ], (5502 X110~ 55 1ogf<xl|eo>)D
—1—2H:—2”U12

+||h|]1\/_Ulzl:i‘1H | ivar<89i%logf(X1!90)>
5[

=1

|h|h\/_ i

k=1

‘ [ M i iMkm* (4.79)

~

Example: The Beta distribution

Here, we find an upper bound for the specific example of i.i.d. random variables
from the Beta distribution with both shape parameters being unknown. An analytic
expression for the MLE is not available. Applying the result of (4.78) to bound
E (25:1 (én(X )j— 90,-)2> , gives an upper bound for the distributional distance of
interest. Some useful notations are now presented. Firstly, as in Section 3.5, ¥;(.) is
the j'* derivative of the digamma function ¥, with Y(z) = &,z > 0. From (3.67),

@)
W ;(z) can be defined through a sum. For ¢, 8,x,y > 0 and 0 < &€ < min{x,y}, let
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6 := Wi (a)¥1(B) —¥i(a+B)(¥i(a)+¥i(B)),
Ci(x,y) 1= W3(x) + W3 (x +) + 3[¥1 ()] + 3[¥1 (x + )%,
Colx,y) == W1 (x) — ) (x+) + /&,
C3(x,y) = Ci(x,)[C(3,2)]%,

6x  xmt

6
= 7.26
C4(x7y) (y—8)4 + 15 + (X—|—y—8)3 + )

My = sllsup{wl<a+ﬁ>,wl<mm{a,ﬁ}>—%<a+ﬁ>},

. 4Mp
" Ui Cala.B) + CalB o) { (@l @) Cr(ap) (ot B )

I—

+[ (@B ciB.a)+ i@+ B Ci(ep)] }

Mp\/24
+ Ve (Calee. B) + CalBa0) {[‘Pl(“’s”z(cﬁ""ﬁ)+Ca<ﬁ,a>>

L
2

+21/Ci(a, B)C1 (B, @) [[¥1 (e + B)J* + [Ca(ex, B)I*[C2(B, )] }

n ¥ (B) +Y¥i(a) —2¥(a+p)

Or ’
o Mg 2Mp{(¥1(B) +v8) Ca(B, ) + (W1 (@) + V) Ca(a, B) }
ne V18 (C(a, B) +Ca(B, @)

(4.80)

Corollary 4.4. Let X1,X,...,X, be i.i.d. random variables from the Beta(a, ) distri-

bution with 8y = (,B). Let m = min{a, B}, € =3 > 0 and

4 [ mMp (¥1(B)+ /&) Ca(B, @) + (W1 () + V&) Ca(x, B)
21/8 (Coe, B) + (B, @)

1 2
L | (M (¥1(B) + V) Ca(B.a) + (¥1(@) + VE) Caler, B) 2+8M i
2/8(Co(@, B) + Co(B, @) S

(4.81)
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Then,

a) When n satisfies (431), E [£2_, (6,(X);— 60,)"] < |/

b) For Z ~ N, (0,I7), we obtain

E [ (Valt(00))* (0(X) ~ 00) )| ~Elu(2)]] <

2|l
V6 [Co(at, B) +Co (B, a0)] { (B, @) Ci(. B) + [Wi (e + B)* Ci (B, )|

I—

1

+ () ci(B.a) + i@+ B Ci(e,B)] }

11]|2v/6

+ 8 ColsB) + CalB )] {[‘Pl(‘”ﬁ ) (Ca(@. )+ Ca(B.00)

1
2

+21/Ci(0, B)C1 (B, @) [[¥1(a+B)J* +[Ca(, B)P[C2(B. )] }

S E
3y (8 [Ca(a, B) +Ca(B, )]

Bl

+

{ [(C(B, )+ [Pi(a+B)P] [Ci(a.B)]

|

Bl

+ |[Cale, B + [ (o + B [€1(B )]

N 8|72l n 2]y { (¥1(B) +V/81) Ca(B, ) + (¥1 () + /&) Calex, B) }
nm’ o 2¢/nwp\/6 (C2(a, B) +Ca (B, @)

(4.82)

The following lemma gives a useful approach to finding a square root of a matrix. The

proof of the lemma is given in Somayya (1997).

A B
Lemma 4.3. Let M = , where A, B,C, D may be real or complex numbers. In

C D
addition, let T and & be the trace and determinant of M, respectively. Let s and t, such
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that s> = § and t* = t+2s. Then, ift # 0, a square root of M is

1|[A+s B
R=-
f C D-+s
Remark 4.6. The lemma holds for s = +v/8 and t = +/T+ 2. Using different signs

for those quantities gives different roots of the matrix M. From now on, unless otherwise

stated, we take the positive roots for s and t.

Proof of Corollary 4.4.

Part a). The probability density function is

|
£(xl0) = S8 oy e,
with @, 8 > 0 and x € [0, 1]. Hence, for j,k € Z™

aa—alogf(x|9) =¥(a+f)—¥(x)+log(x)

%log £(x|8) = ¥(a+ B) —¥(B) +log(1 )

aj-i—l

mlogf(ﬂ@) =¥j(a+p)-¥;(a)

9J+1
Wlogf(xw) =¥;(a+p)—¥;(B)

ak-i-j
Jarapi 08/ (¥10) =iy (0 +p). (4.83)

The assumptions (Con.1)-(Con.3) are satisfied. For (Con.1) notice that x € [0, 1].
For (Con.2), let gy = € = €(0p) : 0 < € <min{o,B}. In addition, };- ll4 = g—g and
Y7, l% = {(3), where {(.) is the Riemann zeta function and {(3) is known as Apery’s

constant, which is an irrational number (=~ 1.202). For the calculations that follow,
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£(3) < 1.21 is used. With @ = (6y,6,), using (3.67), (3.68) and (3.69) yields

d3 6 Br*
S ——1o 0) < + =M
oo e 207 2O = G s
|6,—B|<e
23 6a ot
—1 9) < =M
oiorb o | 063 &I IO = (g gy s = M
|6,—B|<e
3 93
1 0) = 1 0
A e S L
|6,—B|<e |6,—B|<e
2
< — —1+2((3 —_— 1242
- (oc+[3—2£)3Jr c() < (Oc+B—2£)3Jr

=M1 =Mz =My =My =M1 =M. (4.84)

Therefore, (Con.2) is also satisfied. Using (4.83), it is straightforward that the expected

Fisher Information matrix in this case becomes

160) ¥i(a)—-¥i(a+p) —¥i(a+B)
0 p—
—¥(a+B) ¥ (B) - Yi(a+B)

The inverse of this 2 x 2 matrix is

1 [¥i(B)—YPi(a+B) ¥ (a+p)

1(60)] " = 5
! ¥i(a+p) Yi(a) -Yi(a+B)

and using Lemma 4.3

) | (o) Wilat)
[6I(C2(a7ﬁ)+c2(ﬁaa))] Tl(a+ﬁ) CZ(“?B)

1(80)] (4.85)

D=

For M = Mp, as defined in (Con.3), we have that

My — ailsup{%(aw),%w)—%<a+ﬁ>,wl<ﬁ>—wl<a+ﬁ>}
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_ 6i1sup{\yl(a+/3),\yl(min{a,ﬁ}) —¥i(a+p)},

as W;(.) is a decreasing function. Having found Mp and [/ (00)]_% and using (4.84)
with the notation (4.80), (Con.3) is satisfied for

4 [ mMp (¥1(B)+ V&) Ca(B, ) + (W1 () + V&) Ca(ex, B)

nzin 2/ (G2, B) +C2(B, )

(mMB (P1(B)+ /&) C4(B, ) + (¥ () + V&) C4(a,[3)>2 vonl |

2/8 (e B) + C2(B. @)

with Cy(x,y) as in (4.80). We proceed with the bound for E [Z?ZI (én(X )j— goj)z] :
Firstly, as the second-order partial derivatives of the log-likelihood function for the Beta

distribution are not random,

2 2

92 0 0
Var (a—azlogf(Xwo)) = Var (8B2 logf(XIGO)) = Var <8a8ﬁ 10gf(X\00)> =0

and hence v = 0. Therefore, for the Beta distribution

J=1

Our focus now turns to find an upper bound for y. The first quantity of the result for y

in (4.65) is

[17(60)] ']

:Sll[tyl(ﬁ)+qll(a)—2wl(a+ﬁ)]. (4.86)

d
L
j=1

For the second term, using equations (3.70) and (3.71),

i
E (%logf(X1\90)> <8Ci(a,B)

- 5 = (4.87)
E (%mgf(xlwo)) <8C1(B, @),
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with C;(x,y) as in (4.80). Using (4.87) and (4.85) gives

[ ((k[ il —10gf(X1|90)>2)]
+[Var< Zi: 2 ﬁlogf(xleo)y)r

] %logf(X1!00))4_

M~
(S

m\~
1
(S

< [E([ireor” {2 tog fx1160) + [[160)

" _E([U(Go)]5]12%105%]‘()“90)4-[[1(90)] !t xil0n))

<V8 [([weo)]%] E (%mgf(xlwo)f
e
)G

1 )E (%1ogf<xleo>)4}

° { (B €@ )+ (¥i(a+ B Ci(B.a)]

=

/N

[ —
~
—~
D

[e=)

=
|

Nl—

(Sl

+V8 [([meo)]

)=

+ ([0

N ACTIEXAR)

+|(®i(a+ B Ci(aB)+ (Co(e B)) €1 (B, )] } .
(4.88)

For the third term of the expression for Y as in (4.65) since d = 2,
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1
2

2 2 | |
Var(Z;[vwo)rzL r60) ], 55 o213 60) 3 logf<xlreo>>]

q

1

[ 2 2 | | p) B 212
< E(Z Y [0 ], (o), ﬁ1ogf<xl|eo>ﬁlogf<xlwo>>

0
a_Ing(XIWO)%lng(Xl‘OO)

1

2
+ ([0 ] )Z%mgﬂxlem%logf(xleo))] a9

12

Using now the known inequality, (3}, a,-)2 <nY!, al2 for a; € R, and also the Cauchy-

Schwarz inequality yields

489 < {3 ( (oo =], ([ieon 4] ) e (55 roeralen)

([, ) ([iewr ] ) e (e )

o (o], ) (o] )+ ([ioor] )"
« \/E (2 toestxion)) B (%1ogf<xleo>)4) ]

{ (1 (a+B))* [Cs(et, B) +C5(B, )]

4

< V2
o SI[CZ(a’ﬁ) +C2(ﬁ7 (X)]

1

+2[(Ca(, B))*(Ca (B, 0))* + (Wi (a + B))*] V/Ci (e, B)C1 (B, 06)} :

(4.90)
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The inequalities in (4.86), (4.88) and (4.90) show that y < yp as in (4.80). To calculate

= 3 | [0 4], |+ | [0o 4], ] & 3ot

k=1
- ¥ (B)+ Vo 2, & () +V 2 &,
\/61 (C(a, B)+Cr(B, ) Ellzz‘iMher \/51 (Ca(o,B)+Cr(B,@)) mgugiMZZm
Yi(B)+V 65 i 6
\/6[ Cz(Xﬁ +C2ﬁ OC ( 4 +(a+ﬁ_8)3+7‘26)

_|_

W () + /5 ( 6at an4 6

Vo (G, B)+Co(B,ax)) + +7.26)

B-ef 15  (a+p—e)

_ (F(B)+ V) Ca(B, @) + (Y1 (@) + V&) Cu(et, B) “490)
V& (C2(, B) + C2(B, @) '

shows that ® = wp as defined in (4.80). Since wp > 0 for n satisfying (Con.3), we

conclude that

2
A VAR _ /O8Ys _ [ B
E(]);l <9n(x) ; 90]) ) < Tnon = Tron =\ ner (4.92)

Part b). For (4.82) we use the general expression of the bound in (4.79). Upper bounds

for the first two terms of (4.79) have already been obtained in (4.88) and (4.90). Now,

for ease of presentation let

d d
Ki(X1,X]) := %logf(xﬂe()) — 5—log f(X1|60)

da
P , P
K> (X1,X1) = ﬁlogf(xl 6o) — wlogf(xlwo)- (4.93)

Using (4.93) and the inequality in (4.42), we have for the third term in (4.79),
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j

2 1
¥ (16014, (55, toes(Xl60) - 55 toe X))

2 1
¥ (1160, (55108 x160) ~ 55 loe (i) )

[[1(90)]_%]21 <aiellogf(X{!00) - aiellogf(xl \90)>

)
)

2 1
., (1160 4] (210 £(X{180) — -2-1og (X o)
P 20, 26,
, 3)

. ‘ [[1(90)]_%} 12’3+ ‘ [[1(90)]_%} 3} E (‘Kz(X1,Xf)|3> )

3 [1600)74] (7108 00) 5 10 i 00)

<16 ( [[eor], [+ [weon ] ' |E (1m0a.x0 )

_ 128
[0 (Ca(a, B) + C2(B, @)1

——
oo
EN
a
B
=
T
D
S
=
2
o
+
=
B)
+
=
o
~

+8i[ci(B. @) (ICa(a B +[¥i(a+B)L) }

(4.94)
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The above inequalities are a result of (4.42). To be more specific, for the last inequality

in (4.94) we use that

3

d d
56 108 X60) ~ 5o £ (X 60

:

‘ -log f(X1/60)

d
; \—, log f(X,|60)

D iy
< (| 35, oz rxilen)

(‘ -log f (X1|60)

)

and therefore,

E a1of(X|¢9) alof(X|9)3
9g; 8/ \1lP0) T g g TORTIALITO

3
<4 E(‘—logf(xﬂao) >+E<‘_10gf(xl|90)

)
3 413
> <8 [E (aiejlogf(xlwo)) ] ~

Thus, applying the results of (4.88), (4.90), (4.91), (4.92) and (4.94) to (4.79) Corollary

0
=8E ( 8_9j10gf(X1 160)

4.4 follows. [l

Remark 4.7. Using the notation (4.80), it is straightforward that the first three terms
of the bound are O <%> In addition, since yp and wp are O (1), the fourth and the
fifth term of the bound are of order ~and —= f respectively. Combining these results for

the order of each of the terms, the order of the bound (4.82) is 75.



Chapter 5

An approach using the Delta method

The work presented in this chapter is based on a paper with Christophe Ley that has been
submitted to the Latin American Journal of Probability and Mathematical Statistics
(ALEA). We return to the single-parameter setting and our aim is still to provide sharp
explicit upper bounds on Zolotarev-type distances between the distribution of the MLE
and the normal distribution. Our approach is based on a combination of the Delta
method, Stein’s method, Taylor expansions and conditional expectations. The bounds
presented in this chapter are slightly restrictive in the sense that they are applicable only
in situations where a function of the MLE can be expressed as a sum of independent
and identically distributed terms which are functions of the observations. In these cases,

such bounds are at least as sharp as those presented in Chapter 3.

The chapter is organised as follows. In Section 5.1 the new bound in the case where
a function of the MLE is a sum of i.i.d. terms is described, proved and compared to
the bound given in Theorem 3.1. In Section 5.2, the results are applied to the class
of single-parameter exponential family distributions and some examples are treated in

detail.
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5.1 New bounds on the distance to normal for the MLE

The aim of the section is to find an upper bound for dpy ( ni(60)(0,(X) — 60),Z>.
The tools used to reach this result are now the Delta method, Stein’s method (through

Lemma 2.2) and, as in Chapter 3, Taylor expansions and conditional expectations.

Consider a sample of i.i.d. random variables X7,X>,...,X, from a single-parameter
distribution and, as in Chapter 3, 6,(X) denotes the MLE for the parameter 6 € ©,
which is as usual to exist. We are interested in settings where there exists a one-to-one

twice differentiable function ¢ : ® — R such that

9 (0n(X)) = % Y () (5.1

for some g : R — R. Some classical examples include

oV2r 202

1) The normal distribution with density f (x|u, 62) =—1_exp {—L(x — /,L)z} )
x € R, for which u € R is an unknown parameter, whereas o > 0 is considered

to be known. The MLE for u is

in this case ¢(6) = 6 and g(x) = x.

2) The normal distribution, where now the mean p is known and 62 represents the

unknown parameter, with

in this case ¢(0) = 6 and g(x) = (x — u)~.
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o o

3) The Weibull distribution with density f(x|o,0) = £ (%)* 'exp{~ (%)},
x > 0, where o is the unknown scale parameter and o > 0 is fixed. The MLE for
o is

1

o

én(X) = (lixia) 5
iz

in this case, it is easily deduced that ¢(0) = 6% and g(x) = x“.

4) The Laplace scale model with density f(x|G) = = exp {—

20

X
o

},G>O, over R,

for which
A 1 &
6,(X) =~ Y IXi:
iz
in this case ¢(6) = 6 and g(x) = |x|.

Moreover, the broad single-parameter exponential families, discussed in Section 3.3
satisfy condition (5.1); see Proposition 5.1 for details. Therefore, the results presented

in this section apply to many of the well-known distributions.

Our strategy consists in benefiting from the special form of ¢(6,(X)), which is a
sum of random variables, and thus allows us to use the sharp bound of Lemma 2.2. It
is precisely at this point that the Delta method comes into play: instead of comparing
6,(X) to Z ~ N(0, 1) we rather compare ¢(8,(X)) to Z, and then bound the distance
between 6,(X ) and ¢(6,(X)). The univariate Delta method is given in the following

theorem.

Theorem 5.1. Let 0 be the parameter with parameter space ® C R. Also, let Y, be a

sequence of random variables which satisfies

(Y, —8) 4 6Z.

n—oo
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Then, for any function g : R — R such that g'(0) exists and is not equal to zero we

obtain

Vi(g(Y,) —g(6)) —— ¢'(6)0Z. (5.2)

For a proof of the theorem see (Casella and Berger, 2002, p.243). The following lemma

is useful for the proof of the main result of this section.

Lemma 5.1. Let X1,X5,...,X, be i.i.d. random variables following a distribution with
unknown parameter 0. Its true value is denoted by 6y. Assume that (R1)-(R4) of
Section 2.2 are satisfied and that the MLE én(X ) exists and is unique. Let ¢ : ® — R
be a differentiable function such that q(8,(X)) = %Z?:l g(X;), for some function

g : R — R. With E[.] and Var|[.] the expectation and variance under 6y, then if E[g(X))]

and Var[g(X) )] exist, we have that

Elg(X1)] = q(60) and  Var[g(Xy)] = [

(5.3)

var Vg (6,(X))] = | iVar[goc,-)] — Varlg(X))].

In addition, since the regularity conditions (R1)-(R4) are satisfied then the result () in

(2.2) holds and the Delta method result in (5.2) yields

Vi(q(Bu(X)) — q(8y)) —— 2
n— 1(9())

which indicates that

Vi (E (0 (8,5)) — a(60)) —> 0 and Var (v/ig (,(X))) — XL (5

n—soo n—oo i(@o) )
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Combining the results in (5.3) and (5.4) we summarise that E [¢ (6,(X))] = E[g(X1)]

and as n goes to infinity the limit of E(g(6,(X))) is ¢(6p), meaning that E[g(X;)] =

q(60). Applying the same idea for Var [/ng(6,(X))] which is equal to Var[g(X;)] and
l¢/(00)]°

converges to i) yields the result of the Lemma. 0

We are now ready to give an upper bound on the distributional distance of interest using

the Delta method from Theorem 5.1.

Theorem 5.2. Let Xy,...,X, be i.i.d. random variables with probability density (or
mass) function f(x;|0) and let Z ~ N(0,1). Assume that the regularity conditions
(R1)-(R4) are satisfied and that the MLE, én(X ), exists and is unique. Further-
more let g : ® — R be a one-to-one twice differentiable function with q'(6) # 0
VO € O such that q (én(X)) = % " 18(X;), where the mapping g : R — R is such
that E [|g(X1) - q(60)|3] < oo, Then,

(1) if ¢"(.) is not uniformly bounded but for any 6y € © there exists 0 < € = €(6y)

such that ~ sup |q"(0)] < oo, then

0:10—6o|<e
dyw (\/W(én(X) . 90),2) < % (2+ |fo3£\23]5 [|g(X1> —q(%)ﬂ)
N ni(6
+E[(8:(X) ~ 80)°| 1g00)20) (é + W%o())i 010 bul<e |4"(6) \) .59

(2) If 4" (.) is uniformly bounded, with |¢"(0)| < B*,Y0 € O, then

T 1 i(60)]2
dpw ( ni(60)(6,(X) — 90),2) < T (2+ Iq’(go)|3E [\g(Xo —61(90)|3D
+B*2—V‘q”,2((§)°))|1~: [ (00(X) — 60)"| Ly(0)20). (5.6)
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Proof. The asymptotic normality of the MLE is explicitly stated in Theorem 2.2.

Applying (5.2) to this result in combination with the requirement ¢’'(6y) # 0 yields

' A d
70 (q(6.(X)) —q(60)) —27Z

ni(6p) A
<|E [h (W (¢ (6x(X)) —61(90)))] —E[n(Z)] (5.7)
+|E |1 (V/ni(8) (é,,(X)—Go))—h(% (q(én(X))—q(Oo)))] ‘ (5.8)

To find an upper bound for (5.7), some simple rewriting yields
vnito) i(6o) (

L (4 (6(30) ~a(on) = L) (12 )

) Vi) oy :L .
Zi{ &) (g(Xi) 61(90))} \/EZZ{YI,

where ¥; = ) (g( i) —q(60)),i=1,...,n which are i.i.d. random variables. Using

the result of Lemma 5.1 we deduce that E[Y;] = 0 and Var[¥;] = 1, as Lemma 2.2

requires, which for 6% = 1 gives

dyy (QL“’O)(MAX)) —q<eo>>,2> < <2+ MO E [le) —Q“’Oﬂ) -

(5.9)

For an upper bound on (5.8), since the case g(0) = 6 is obvious, assume from now on

that g(0) # 6. We denote by
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A:=A(h,q,60p),X) = h( ni(6o) (én(X) - 90))

ni(6p) A
—h (Tﬂo) (¢ (6(X)) —Q(Go))> :

To find an upper bound for |E (A)|, the approach is similar to the one developed in the
proof of Theorem 3.1.
Case 1: VO € O there exists 0 < € = €(6) such that sup |¢”(0)| < eo. Then,

0:/0—6p|<e
using the law of total expectation related to conditioning on én(X )— 60| > € or

!é,,(X) — 69| < € yields

A

ElA] <E[JA]| = E[JA] | |6,(X) — 60| > €] P (

n(X)_GO‘ 28)

+E[|A] | [6,(X) — 60| < €] P (

0,(X)— 60| <¢).

Markov’s inequality and the elementary results of [P (‘én(X )— 90| < 8) <1 and

|A| < 2||h]| further yield

6.(X) — 90)2}

E
[E(A)| < 2||A|| [ i +E[|A] ||6.(X) — 60| < €]. (5.10)

We now focus on the conditional expectation on the right-hand side of (5.10). A

second-order Taylor expansion of g (6,(z)) about 6y gives

2y

9 (6:(2)) = q(60) + (Bu(x) — ) ' (80) + 5 (Bu(@) ) "(67), (.1

for 8* between 6,(x) and 6. Since ¢'(0) # 06O € @ is assumed, we can multiply

o

both sides in (5.11) with #(f)o). Rearranging the terms,




5.1 New bounds on the distance to normal for the MLE 140

The above result along with another first-order Taylor expansion gives

h ( ni(6o) (6u(x) — 90)) —h (% (4 (6u(=)) —q(t%)))

_ —%g(;)q”(e*) (Bu(@)— 00)H (1), (5.12)
where t(x) is between \/ni(6p) (én(a:) —69) and —m (¢ (én(sc)) —q(60)). Equal-

ity (5.12) combined with Lemma 3.1 related to conditional expectations yield

E[|A] ] |6(X) — 60| < €]

—E ”_MQH(G*) (én(X) — Go)zh/(l<X))‘

16,(X) — 6o <e]

2q'(6o)
Hh/H\/m A .
= 2l¢(60)] “q (67)] (62(X) — 60) ‘ |6n(X)—90’<8}

< W)y e [(6,00) - 60)* | 16,00 — 6| < ]

219'(60)  g:j9—6y|<e

= 21q'(60)] 9:691())|<g}q <6)|E[(9"(X) 90)}' (5.13)

Combining the bounds in (5.9), (5.10) and (5.13) we get, for h € Hpy as in (2.6), the
result in (5.5).
Case 2: ¢’'(.) is uniformly bounded with |¢"(0)| < B*, VO € @. In this case, we do not

need to take conditional expectations. The result in (5.12) gives

E[|A]] < |17 4/ni(60) Uq//(e*)‘ (6,(X) - 00)2}

20q'(60)|

B*HhIH\/’” (6o) [( n(X)_90)2:|-

2|q'(6o)]

The above result and the bound in (5.9) give for & € Hpy as in (2.6) the bound in (5.6)

for the case where ¢”(.) is uniformly bounded in 6. O
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Remark 5.1. (1) The convergence of the second and third terms in (5.5) is governed by
the asymptotic behaviour of E [(én(X )— 90)2] , whose rate of convergence is O (%),
see Remark 3.1.

(2) Note that if "' (.) is uniformly bounded, then 0 < € = €(0y) is not needed leading to
a simpler bound; see (5.6).

(3) In the simplest possible situation where én(X ) is already a sum of i.i.d. terms,

q(x) = x and hence the upper bounds in (5.5) and (5.6) simplify to

dow (V/ni(00) (6,(X) — 60).Z) < —= (2+[i(60))E | lg(x1) — 60/’ )

-

where Lemma 2.2 has been directly used.

We now compare this bound to (3.7). The bound using Delta method is simpler. A
drawback is that in order to apply the Delta method approach an analytic expression
for the MLE is required which in addition needs to be written as a function of a sum
of independent terms. On the other hand, the approach through the score function, as
explained in Proposition 3.2 and in the proof of Theorem 3.1 holds whatever the form
of the MLE is, or even when an explicit analytic expression of the MLE is not known;
we showed that in Section 3.5. Let us now comment on the two bounds in (3.7) and

(5.5) term by term.

* For the first term of the bounds, the different positioning of the expected Fisher

information number is explained by the fact that we apply Lemma 2.2 to the

4 (60)]*

Sie) I (note

standardised version of g(X),g(X>),...,g(X,), which have variance
that i(6p) is in the denominator), while in Theorem 3.1 the result was obtained by
applying the lemma after standardising the first derivative of the log-likelihood

function for each random variable. The variance in that case is equal to i(6p);

* the second and the third terms of the bound in (5.5) vanish when ¢(6) = 6. For

q(0) # 6 the second term is the same in both bounds, whereas the third term in
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(5.5) reads

ni(90) sup {q//(e)‘ (514)

A 2
E [(Qn(X) — o) ] 219'(60)| o:0—8y|<e

and is to be compared to

\/ﬁ Var (dd—;zlogf()ﬁl@o)) \/E [(An(X) - 90)2]

2 3
+#i(90) E (;M(X,-)> 16,(X)— 60| <&

< [E [(AH(X)—GO)“Hi. (5.15)

The second derivative, ¢”(6) in (5.14) plays the role of /)(8;X), up to a
difference: in a neighbourhood of 6y, /)(8;X) is bounded by Y, M(X;).
Consequently, the second term of (5.15) has y/n in its numerator, exactly as
in (5.14). The distinct positioning of the information number i(6y) has the same
reason as for the first term. The bound in (5.14) is clearly simpler (has one less

term) and sharper than (5.15) at the level of moments of 6,(X ) — 6y since

Bl —

E [(én(X) _ 90)2} < [E [(é,,(X) _ 90)4H

by the Cauchy-Schwarz inequality.

Therefore, in the simple, but still widely applicable setting where én(X ) is a function
of a sum of i.i.d. terms, the bound using the Delta method is simpler than the one in
Theorem 3.1 and also of the same order. As already mentioned, an obvious advantage
of the approach followed in Chapter 3 is its wider applicability as it works for all MLE

settings and when no closed-form expression of the MLE is available.
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5.2 Comparison in exponential families

In this section, we give the bound using the Delta method in the case of single-parameter
exponential family distributions. The Generalised-Gamma distribution is also discussed
and an upper bound is given. To allow for a further comparison between the two bounds,
the exponential distribution both in the canonical and the non-canonical form as in

Section 3.3 is used.

5.2.1 Bounds for single-parameter exponential families

For the single-parameter exponential families framework, where the probability density
(or mass) function of a random variable is as in (3.21), it is straightforward to see that

the function ¢(.) is defined in general.

Proposition 5.1. Suppose X1, ..., X, are i.i.d. random variables with probability density
(or mass) function that can be expressed in the form of (3.21). Assume that (Ass.Ex.1)-
(Ass.Ex.3) and (Al)-(AS) (Section 3.3) are satisfied. Then, with D(0) = 2% asin (Al),
we obtain that q(6y) = D(6y) for q : ® — R as in Theorem 5.2.

Proof. Using (3.21), we have that

n n

I'(0;z) =k (0) ; T(x;) —nA'(0) =0<+= D(0) = - ; T (x;).

Since D(.) is invertible (see condition (A1), 6,(X)=D"! (L ¥? | T(X;)). The claim

readily follows. 0

The broad single-parameter exponential families satisfy (5.1). Consequently, Theo-

rem 5.2 can be applied to (3.21), resulting in
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Corollary 5.1. Let Xi,...,X, be i.i.d. random variables with the probability density
(or mass) function of a single-parameter exponential family. Assume that (Ass.Ex.1)-

(Ass.Ex.3) and (Al)-(AS) are satisfied. With Z ~ N(0,1), we obtain

(1) if D"(.) is not uniformly bounded but for any 6y € © there exists 0 < € = €(6y)

such that  sup |D"(0)] < o, then
0:16—6y|<e

(. W)PE[IT(0) - D(6y)]

dyw ( 1i(60)(6n(X) — eo),z) < 2+
[A”(60) — k" (60)D(60)|

B

+E[(6:(X) = 60)"| 1(p(o)20) (8%

f)| (60) o |D,,(9))‘

2\/|A” k" (60)D(60)| 6:160—6)|<e
(5.16)
(2) If D"(.) is uniformly bounded, with |D"(0)| < B*,Y0 € ©, then
B 1 W@)PE[IT(x) - D(6y)]
de( nl(eo)(en(X)—90)72> S —= 12+ 3
" A (60) — k" (60)D(60)|>
] VK (6)| A 2
+B 6,(X)—6 1 . (5.17)
> ) tata LX) =)t

Proof. We readily have

2
(60) = E | g loe (X 60)| =A"(60) — " (BEIT(x,)
A" (B0)K'(80) — K" (80)A'(60)
k'(6p)
4(6) _ A"(60)k'(6p) — k"(60)A"(60)

[K'(69))?
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Therefore,

i(6) _ K (60)12 _ K'(60) |
4'(60)]  \/1A7(80)k'(60) — K"(80)A"(B0)] /1A (80) —K"(B0)D(80)]

This result, along with the fact that g(x) = T'(x) and ¢(6) = D(0) by definition, allows

to deduce the upper bounds from Theorem 5.2. U

Remark 5.2. It is particularly interesting to spell out this bound in the canonical case

(k(0) = 0). Since k'(0) =1, then D(6) = A’(0) and thus

E[IT(X)—A'(80)] |
A7(60)|
A<3><9>\) ,

which is exactly the same as the bound in (3.24). If ‘A(3) (9)‘ is uniformly bounded by a

i (/@) (6,(X) ~ 0).2) < == | 2+

2 Vn

-+ —F/————= sup
€2 2,/]A"(60)| 6:/0—y|<e

+E [(én(X) - 90)2] Lia(0)260} (

constant B* then

dow (V/ni(80) (,(X) — 60).Z) <

B* \/ﬁ

A 2
— VY E(6,(X)—60)*] 1iae1zer.
WA [( (X) 0)} (4(0)6}

We now proceed to give the upper bound for the generalised Gamma distribution, which
is a generalisation of the Gamma distribution with three parameters 0, p,d > 0 and
from now is denoted by GG(60,d, p). With T'(.) denoting as usual the gamma function,

the probability density function for x > 0 is

pit e (- (3)")
o

The generalised gamma distribution includes many other known distributions as special

f(x]0) =

(5.18)

cases. If d = p then the generalized gamma distribution becomes the Weibull distribu-
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tion. Furthermore, if p = 1, we get the gamma distribution (if in addition d = 1, then
the exponential distribution with mean 0 is obtained). When d and p are known and the
scale 6y is the unknown parameter of interest, the MLE for 6 exists, it is unique and

N 1
0u(X) = (L XL x))".

Corollary 5.2. Let Xy, ..., X, be i.i.d. random variables from the generalized gamma
GG(0,d, p) distribution, where the shape parameters d,p > 0 are known and the scale

parameter 6y > 0 is the unknown parameter of interest. Then,

)

p
, Vndplp—1| L e
D) 2p—2 {p<2} 2

1{;:22})] . (5.19)
Proof. Rearranging the terms in (5.18) yields

ste)=enp {- (5)" +1oap~aopo-+ 4 vpows o (15 )

and in the terminology of single-parameter exponential families, B = (0,0), ® = (0, o)

T(x)=x",k(8)= —&,A(G) =dlog6 and S(x) =logp+ (d — 1)10gx—log< <%)>

Simple steps yield

i (+/n1(00) (6,(X) — 80), 2) sin(2+(3+6§)?‘)
nd+1 nd+
+ 1—2(%)’2 F< ? > + (%)iu) Lifaz1yu(pry)
-2

i=1

n d
(60 7) = 91’ pr +nlogp—ndlogBy+ (d —1)log (Hx,) —nlog (F (1_7>)

and

1(90,

R 1 R
Thus, l’(@;zr:) =0 if and only if 6 = 6,(x) = (5 X/ x")?. Also, I"(6,(x);x) =

g ( )]2 < 0, which shows that the MLE exists and is unique. To obtain the bound,
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the results of Corollary 5.1 are employed. For the generalised gamma distribution,

1

This third absolute moment is complicated to calculate. Using the change-of-variable

D(60) = q(6) = 46 and thus

d
XP— -6y

E[IT(X) - D(6y)’| = E S

technique, it can be easily shown that if X ~ GG(6y,d, p), then X” ~ Gamma (ﬁ 91/’>

Therefore, Holder’s inequality gives

3 4
[fe-24)
p

= |E(x*) + <%)4+6 (ﬂ)zE (x?7) —4 (%)3%{”) —4%96’15 (x°7)

I P p P

- 3 3
1 i
= 95‘1’é <6+3€)} = 6" (f) (6+3§) . (5.20)
L7 P p p p

In addition, since k(8) = —45,A(0) = dlog 6 and D(0) = %61’

3

1

XP—‘—Jeg
p

E

wsl
—

3
Z

EN[S

K (60)] _ poy """
V/|A”(80) — K" (60) D (6p)| \/ 4 p(pt1)8 (P+2)dep‘

B N S
\/ + (P+1)‘ % \/geé)
2

0 0

es!
O
1=
>
~
~_—
<
+
X,
|
&}
/\
:
\_/
éb
[es!
1=
<
!
\_/
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Jp g et 2 T ( 2dt2
_ 2 12(%)”%+(%)”% . (5.22)
p P

We now check whether D”(6) is uniformly bounded. Simple steps yield
D(6)] = [d(p—1)67 ).

which is not bounded for 6 € (0,0). However for any 6y € © there exists 0 < € = €(6p)

such that  sup |D”(6)| < . Therefore, this example falls under the first case of
0:10—6p|<¢
Corollary 5.1. Below, we see that the supremum depends on the value of p:

sup ‘d(p—l)()p_z‘:d|p—1| sup ‘9p_2|
0:/6—6y|<e 0:/6—69|<e
4

(6p—¢€)P2, if0<p<?2

—dlp—1 (5.23)

(6p+€e)P2, ifp>2.

\

We now explain how 0 < € has been chosen such that ‘91”2} is bounded for all
6 € (6)—¢€,60+ &) NO. We have that |67~2| in (5.23) is bounded for p < 2 when
0 < € < 6y. In both cases of (5.23), sup ‘d(p— 1)91’_2] gets smaller as € ap-
proaches zero. On the other hand, th: :Li:;gor‘;lgterm of the bound in (5.16) becomes
smaller as € gets larger. An optimisation process with respect to € is quite complicated
and we choose € = %, which is far away from both zero and 6y. Using this value of
€ and applying the results of (5.20), (5.21), (5.22) and (5.23) to (5.16) , we obtain the

result in (5.19). [

Remark 5.3. (1) The bound in (5.19) is O <L> This is not obvious due to the term

T
(=202 G5+ 15

R C)

). Using the following Taylor expansion for a
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ratio of Gamma functions (see Tricomi and Erdélyi (1951))

e e e U)

for large z (here, %) and bounded a and b, we can see that this term is of order %,

leading to the overall order of \/sz

(2) The indicator function in (5.19) comes from the fact that q(0) = 0 < d,p = 1.

5.2.2 Bounds for the exponential distribution

In this subsection, we consider as an example one special case of the generalised
gamma distribution; the exponential distribution. This choice of distribution allows us
to compare the results of this section with those in Section 3.3. First, the canonical form

of the distribution is treated and then we will change the parameterisation.

The canonical case: Exp(6)

We start with X, ..., X, exponentially distributed i.i.d. random variables with scale

parameter 0 > (. The probability density function is given in (3.25). With this in hand,

it is easily noticed that D(6y) = g(6p) = /2,,((38)) = —Gio. Equation (5.21) shows that for
[K'(60)]

VA" (60) — k" (60)D(6)|
The rest of the quantities in the bound of Corollary 5.1 have already been calculated in

Section 3.3 and for € = %, we obtain

441456 o (n+2)
vn (n—1)(n—-2)

Vvan+2) 1
+8—(n_1)(n_2)_o(\/ﬁ). (5.24)

dbw< ni(@o)(én(X)—Go),Z) <
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N

(2) The result in (5.24) is the same as in (3.26), which is not a surprise in view of

Remark 5.4. (1) The bound is © (L)
Remark 5.2.

The non-canonical case: Exp (%)

We now examine again the case where Xi,...,X, are i.i.d. random variables from
Exp(%). The probability density function is found in (3.29). It is straightforward that
D(0)=¢q(6) =06 and |D"(0)| = 0, thus uniformly bounded, meaning that we are under
the second case of Corollary 5.1 and we will use the bound in (5.17) which does not
require to define € = £(6y) > 0. The fact that D(6) = 6 makes the last term of the
bound in (5.17) vanish. Having also that E|T (X) — D(69)|> =E|X — 6| < 2.4145663
and

|K'(60)] _ 1

V/|A"(60) —k"(60)D(60)| 6o

yields

4.41456

dbw< ni(@o)(én(X)—Oo),Z>< 7

(5.25)

Remark 5.5. (1) The order of the bound in terms of the sample size is, as expected, \/lﬁ

(2) For the same distribution, Corollary 3.3 gives

Lo 1 2 (0B )]

showing that the bound using the Delta method is an improvement of this bound. In
Remark 3.4, it is also made clear that because in this specific example the MLE is a
sum of random variables then someone can use directly Lemma 2.2 and bound the

distributional distance of interest, which also gives the bound in (5.25).



Chapter 6

Locally dependent random variables

In this chapter, we assess the normal approximation of the MLE under the presence of a
local dependence structure between the random variables. Stein’s method for normal
approximation is employed, but this time we use the results of Lemma 2.3 since they are
appropriate due to the structure of the random variables. We work under assumptions
that allow us to express the bound in terms of the Wasserstein distance which is defined
in (2.5). A general approach is first developed to get upper bounds on the Wasserstein
distance between the distribution of the suitably scaled MLE and the standard normal
distribution. An example of normally distributed locally dependent random variables
serves as an illustration of these results. After that, the asymptotic normality result is
given under rather restrictive but sufficient regularity conditions and a new bound is

obtained. Bounds are also derived when the MLE can not be expressed in a closed form.

The notion of an m-dependent sequence of random variables {X;,i € N} has already
been introduced in Section 2.3. The sets {X < } and {X > +m} are indepen-

dent. The joint density function of X1, X>,...,X) is
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f(x|0)=L(6;x) = f(x1;0)f(x2|x150) ... f(Xn|Xn—15--- s Xn—m36)

= fle0) [ | f Crilxiot, oo 2013 0), (6.1)
=2

where m} = max {i —m, 1}.

In Section 6.1 we explain the process of finding an upper bound on the Wasserstein
distance between the distribution of the suitably scaled MLE and the standard normal
distribution, that holds in a general framework. The quantity we are interested in is split
into two terms with the one being bounded using Stein’s method and the other using
alternative techniques based mainly on Taylor expansions. These results are applied in
Section 6.2 to the example of locally dependent normally distributed random variables.
In Section 6.3, we discuss on a set of sufficient regularity conditions for the asymptotic
normality of the MLE to hold. Under these, rather strict, conditions a different bound
is obtained for the Wasserstein distance between the distribution of the MLE and its
limiting normal distribution. Under further assumptions, Section 6.4 gives upper bounds

for situations where the MLE can not be defined analytically.

6.1 A general approach

Under the assumption of the parameter space being an open and connected interval,
Proposition 2.1 is sufficient for the existence and uniqueness of 6,(X ). Our purpose
is to obtain an upper bound on the Wasserstein distance between the distribution of an
appropriately scaled MLE and the standard normal distribution. The results of Lemma
2.3 will be applied to a sequence {&;,i = 1,2,...,n} of 2m-dependent random variables.

We denote by

M :=max{l,j—2m} M, :=min{n, j+2m}

Ky :=max{l,j—4m} Kyj :=min{n, j+4m}.
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In addition, the dependency neighbourhoods, A and B, as defined in (LD) on p.20 are

Aj={Mij,Myj+1,... . Mpj—1 My} (6.2)

B;=1{Kij,Kij+1,....K2;— 1,Kz;}.

Having that Vi € {1,2,...,n},|A;| and |B;| denote the number of elements in the sets A;

and B;, respectively, then

|A,~|§4m-l—1, |B,~|§8m—|—1.

Figure 6.1 below is a graphical representation of our notation related to the

2m-dependence structure.

B

Fig. 6.1: Structure of a 2m-dependent sequence.

In this section, for {X;,i = 1,2,...,n} being an m-dependent sequence, we work under

the following assumptions:
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(A.D.1) The log-likelihood function is three times differentiable with uniformly bounded

third derivative in 6 € @, (x1,x2,...,x,) € S. We denote the supremum by

Sa(n) = Zug 1(3)(0;:1:)‘ < oo, (6.3)
wGES

(AD2) E[&logf(X1]0)] =E[Llog f(Xi|Xi—1,...,Xi—m:0)] =0, fori=2,3,...,n.

(A.D.3) With 6y, as usual, denoting the true value of the unknown parameter,

VnE [6,(X) - 6] — 0. (6.4)

(A.D.4) The limit of the reciprocal of nVar (én(X )) exists and from now on, unless
otherwise stated,

0< iz(@o) = lim

A;. (6.5)
n—nVar(6,(X))

The assumption (A.D.1) is stronger than (R3) of Section 2.2 which was used in the case
of independent random variables. Using uniform boundedness of the third derivative
of the log-likelihood function in (A.D.1) allows us to get bounds on the Wasserstein

distance related to the MLE. The following theorem gives the bound.

Theorem 6.1. Ler {X;,i =1,2,...,n} be an m-dependent sequence of identically dis-
tributed random variables with probability density (or mass) function
fxilxiz1, ..o, xiem; ), where 0 € © and (x1,x2,...,X,) € S, the support of the joint
probability density (or mass) function. Assume that én(X ) exists and is unique. In

addition, assume that (A.D.1)-(A.D.4) hold and that Var [I'(6y; X )] > 0. Let

o= a(6o,n) = \/w (6.6)
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which is assumed to be finite and not equal to zero. In addition, we denote by

4 n
&= EIng(Xl‘e)‘e_eo\/W

and fori=2,3,....n,

n

d
_ 4y XilXi—1,.... Xi— ;9‘ Var(!'(6y: X))
13 T og f(Xi| Xi—1 i—m )9_90\/Var(l’(90;X)>

ForZ ~N(0,1),

\/n iz(@o)var[l/(e(); X)]
o

4 Saln) ZZiZ(GO)E [(én(X) _ 90)2}

SV, fe (6,00 0] [E[@sx) 1] 67

- ~1

Proof. By the definition of the MLE and (A.D.1), I (én(w),m) = 0. With R (6p; X)

as in (3.9), a second order Taylor expansion gives that

(6,(X) — 80) 1"(60: X) = —I'(60: X) — R1 (60: X)

(6,(X) —60) (a+1"(60; X) — ) = —I'(80; X) — R1(60; X))

A

— 0 (0,(X) —89) = —1'(60; X) —R1(60; X) — (0,(X) — 6) (I"(60: X) + )
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Multiplying both sides by —%90),
- A B ni2(90) / . .
nir(60) (6,(X)—6p) = — I'(60; X ) + Ry (60; X)
+(0,(X) —60) (I"(60: X) + )
(6.8)
Applying the triangle inequality,
E [n(Vniz(80) (6,(X) — 60) )| ~En(2)]
S [h< nizwoif/(eo;x)” ~E[h(2) (6.9)

+|E

(04

al ”iz(eo)(én(X)—eo))_h< "iZ(GO)l/(GO;X))”- (6.10)

Step 1: Bound for (6.9). Let, for ease of presentation /'(6p; X ) =Y, &, where

d
— % los f(x ‘
&1 10 og f( 1|9)9 )’

. d .
&= @logf(XﬂXi_l,...,Xi_m;e) for i=2,3,...,n.

=6y

Assumption (A.D.2) ensures that g,-,i = 1,2,...,n have mean zero. Furthermore,
for some function g : R™*! — R, it holds that & = g(X;,X;1,...,Xi—m) and taking
into account that {X;,i =1,2,...,n} is an m-dependent sequence, we conclude that

{gi,i =1,2,... ,n} forms a 2m-dependent sequence. Define now

o lenX) (&
W'_\/Var[l'(eo;X)] l;(wﬁ) .11
with
=& |— " vie{l,2,... n}

Var [I(6y; X )]
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It follows that {ff, i=1,2,. } is a random 2m-dependent sequence with mean
zero and also Var(W) = 1. In addition, (LD) is satisfied with A; and B; as in (6.2). A

simple triangle inequality gives that

(6.9) < [E[n(W)] —E[h(2)]| (6.12)
+|E h< "iZ(Oog/(eo;X)> —h(W)] ‘ (6.13)

Since the assumptions of Lemma 2.3 are satisfied for W as in (6.11), one can directly

use (2.15) in order to find an upper bound for (6.12). For (6.13), a first order Taylor

nir(6)!'(60:X)
o

expansion of & < ) about W yields

o [ V/ni2(00)l'(60: X)) I'(60; X)
o Var(l'(6p; X))

_ <\/ni2(90)l/(90;X) _ I'(60:X)
o

Var(l'(6p; X))

)h,(tl(X))7

niz(@o)l/(eo;X) l/(e ;X)

where 11 (X)) is between :
Var(!'(60;X))

Therefore,

l’liz(@o) - 1

o Var(l'(6p; X))

\/niz(GO)Var(l’(Go;X))
o

(6.13) < |1 E|!'(60: X)|

< |I7| —1].

(6.14)

Thus, for h € Hy as in (2.4), we conclude that

2 n n
<6~9>S—3[Z (ElEmi]) + Z [E(&m:)|E| 7))

n2 |i=1

1 n
+— Y E[&m?]
n2 i—i

i \/niz 9() Var(l’(@o;X))

1, (6.15)
o

with 1); and 7; as in (2.14). The absolute expectations in (6.15) can be difficult to bound

and we express the first three quantities of the above bound in terms of more easily
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calculable terms. For the first term in (6.15), using Holder’s inequality

E|&niti| =E

&Y &Y &

JEA;  keB;

<Y Y E|&&i&]

JEA; kEB;

<Y Y [E<|~§il3>E(|‘§j|3>E<|g§"|3)]§

JEA; keB;

<Y ¥ [E(@")E((&))E(E)")] " (6.16)

JEA; keB;

—_

For the second term of the bound in (6.15), the Cauchy-Schwarz inequality yields

E <§i Z fj)
JEA;
< Z E|&¢&,l Z E|&|

[E(&mi)|E|n| = E

) &

kEB;

JEA; keB;
< x L [(er)s(e)e(@n)] s e

For the third term, we also employ Jensen’s inequality to get that

Z
(Z |a,-|> <J! Z la;|*, Va; €R and z€ N

icJ icJ

and therefore

2
E|&n?| =E|& <Z 5_1')

JEA;

< |A;|E

&Y &

JEA;

<Al Y E|&&]|

JEA;

<l ¥ [E(@)E(@))] (6.18)

JEA;
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The results in (6.16), (6.17) and (6.18) yield

m'”‘%[é D ; E(&m:) Eli) +£§Elémf\
2 3
SEEEHEmE()
2 :
+l’l_%l:z‘1]€A,k§3, |:E <(€l) )E((gj) ) ((gk) >:|
+ii\Ai\ Z [E ((5,-)2)13<(§j)4>r. (6.19)

S
[\ST{9]
I
~
m
=

The bound for (6.12) is now obviously a function only of E (6 ) and E (ﬁ )

Step 2: Bound for (6.10). As in Chapter 3 where the case of independent random
variables was treated, the main tool used here is again Taylor expansions. However,
comparing (A.D.1) with (R3) from Chapter 2, we do not need to use conditional
expectations in this case as the third derivative of the log-likelihood function is assumed
to be uniformly bounded in the whole parameter space and not just in a neighbourhood

of it. This also means that no positive constant € is used. For ease of presentation, let

o

C(80) = Clh,00: X) = h (v/niz(8) (8,(X) — 60) ) — ( ”l’z(@o)l’(@o;X))

:h< ni2(00) [I'(60: X) + Ry (60: X) + (6,(X) — 90)(1”(90;X)+oc)]>
(04

Y

L <\/ni2(00)l’(60;X)>
(04

from the result in (6.8). Using now a first order Taylor expansion of
h( niy(69)|! (90;X)+R1(OO;X();(Gn(X)*OO)(l (90§X)+0‘)]) about niz(eoo)cl/(eo;X) yields

(6.10):|E[C(90)}|g%nh’u EB(@ (X)— 60) (z (6% X)”

A

+E|[(0,(X) — 60) (I"(60: X) + )|
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VRO (S [(8,(x) - 60)]

IA

+\/ E[(8u(X) — )] \/E (00 X) + | |, 620

where for the last step we used Cauchy-Schwarz inequality and Sy(n) is as in (6.3). We
conclude that (6.14), (6.19) and (6.20) yield, for 4 € Hy, the assertion of the theorem

as expressed in (6.7). ]

6.2 Locally dependent normal random variables

To illustrate the general results, as an example assume that we have a sequence

{$1,S2,...,8,} of random variables where for k € Z* and Vj € {1,2,...,n},
jk
Si= Y X,
i=(j—1)k

for X;,i = 0,1,2,...,nk ii.d. random variables from the N(u,c?) distribution with
i = 0 € R being the unknown parameter and 62 is known. It is easy to see that

{Si}i—1 2. s a 1-dependent sequence of random variables since for 6 € Z\ {0}

Var(X;) = o2, if 6] =1
Cov(S;,S;1.5) =

0, if 8] > 1.

Furthermore,

S; ~N((k+1)8,(k+1)c?) (6.21)

as it is a sum of k+ 1 independent normally distributed random variables with mean 6

and variance 2.



6.2 Locally dependent normal random variables 161

It is standard, see (Casella and Berger, 2002, p.177), that if Y;,Y, are two normally

distributed random variables with ¥; ~ N(y1,67) and ¥» ~ N(ii, 67), then

o
(Y2]Y1 =y1) ~N (.u2+ép(y1 —up), (1 —Pz)Gzz) ,

COV(Y[ ,Yz)

denotes the correlation between Y| and Y;. In our example,
Var (Y ) Var(Y,)

where p =

Cov(S;_1,S; ’ !
b= ov(Si—1,8i) __G© — ,Vie{2,3,...,n}.
\/ Var(S;_1) Var(S;) !

(k+1)62  k+
Therefore, fori =2,3,...,n

k(k+2) ,
1 o). (6.22)

1
(Si’Si—l = si—l) ~ N ((k+ 1>9+k—|——1 (S,'_l — (k—l— 1)9),

The likelihood function for the parameter 6 under S = (S1,S>,...,Sy) is

L(6:5) = £(S) |e>f!f<si\si_1;e>
(S1 — (k+1)6)?
2kt Dol T {_ 2(k+1)02 }

XrnI VEET _(k+1)(s,-—((k+1)9+k+%(5,~_1—(k+1)9)))2
i=2 \/2mk(k+2)0? P

2k(k+2)0?
_ (k+1)"7 o) (1= (Do)
V2r(k+ 1)o2(2mk(k+2)o2) T b 2(k+1)0°
n 2
2k(ll<<121)62 ; (Si— ((k+1)9+k 1(S,,l (k+ 1)9)))

(6.23)

Having this closed-form expression for the likelihood allows us to derive the MLE

under this local dependence structure. For
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1(0;5) :=1og(L(6;S))

1'(6;8) := %1(9 S)

2
"(6:8) == 1 51(6:5)
13)(6;8) := dd;z(e S),

using (6.23) we obtain that

—1
log(2mk(k +2)c?)

1(0:S) = _llog(k+1)—%log(2n(k+1)62)—

(81— (k+1)6)
~ 2(k+1)0?

:121 Gzi( <k+1 e+ki1(s, 1—(k+1)6)>)2

l’(O;S):S (k+1)9 ki+2162n{ (k+1 1(Si_1—(k+1)9))}

kZS +S1+S, —(k+1)(nk+2)9}

k+2
) (nk+2)(k+
r(6:5) = n(k+>2()
13)(6;8) =0. (6.24)

To find the solution of I(6,.S) = 0 with respect to 0, using (6.24),

n
(0:8)=0=kY Si+S +8,— (k+1)(nk+2)6 =0

i=1
n
& (nk+2)(k+1)0 =k)_ Si+S1+S,
i=1

A kY Si+S1+Sy
6 = 6,(S) = ~=i= .
< (S) = Gk+2)k+1)

(6.25)

The solution is unique and also I”(8;.8) < 0. Hence, the unique MLE for 6 is 6,(S) as
in (6.25). The following Corollary gives the upper bound on the Wasserstein distance

between the distribution of 8,,(S) and the normal distribution.
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Corollary 6.1. Let S1,S3,...S, be a 1-dependent sequence of random variables with
S; ~N((k+1)8, (k+1)0?). The conditions (A.D.1)-(A.D.4) hold. For Z ~N(0, 1) and

2
i2<90) = (]({/::1;’1))0_2’

dw (v/n12(80) (8:(S) — 80) .2

k(k+1)(k+2) F
(nk3 + (3n+2)k? + 10k +2)

<339(n—>5) [

(k+1)2(k+2)3
(nk® + (3n+2)k2 + 10k +2)2

(1 + 3%> (2\/k+—2(37k+2) +aVE(61k+ 8))

+V3 (3VET2(k+ 1)+ VE(91k+18) )

1
2

k+3+2+3+-%
k+3

+ (1 2
nk—+2

Remark 6.1. The order of the bound with respect to the sample size is \1[

e

Proof. We first check that the assumptions (A.D.1)-(A.D.4) are satisfied. The first
assumption is satisfied from (6.24). Now, from (6.21) and (6.22) the derivatives of

log f(s1]0) and log f(si|s;—1;0), i = 2,3,...,n with respect to 6 are

d _s1—(k+1)6

Jgloefl]0) = T2

d k+1 Si—1

—1 i1si_1:0) = —n-= | 5, — kO — . 6.26
10 ng(sz|sz 1, ) (k+2)62 <Sz k—|—1) ( )

Therefore,

e[ & gsisio] 5[5 417 o

d k+1 Si—1
E | tog £(Si[Si1:0)| =F | ——— ($i—k6 — —0
{de 08 f(SilSi1 )} {(k+2)c2 ( ’ k+1)]
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and thus (A.D.2) holds. The assumption (A.D.3) is also satisfied since, using (6.21) and

(6.25),
nk(k+1)60+2(k+1)6y

E[6:(8)] == 2t

To show that (A.D.4) holds, we first calculate

o 1 i
Var [9,1(5)} = (nk+2)2<k+1)2\/ar (kZ{Si—i—Sl—FSn)

1
- (nk+2)?2

M=

Si
1

+2kCov (Sn, ZS,-) . (6.27)

i=1

n
(k+1)2 k*Var (; Sz) + Var(S;) + Var(S,,) + 2kCov (Sl,

i

We know from (6.21) that Var(S;) = (k+ 1)o?,Vi € {1,2,...,n}. In addition, since

{Si}i—12.. nis @ 1-dependent sequence of random variables,

(i ) = nVar(S) +2(n—1)Cov(Sy,S2) = n(k+1)6* +2(n—1)c>

Cov (Sl,

Applying the above results of (6.28) to (6.27) gives that

M:

Si ) = Var(S1) + Cov(S1,S5,) = (k+2)02. (6.28)
1

62 (nk> + 3nk? +2k* + 10k +-2)

Var [0,(S)] = 6.29
Therefore,
2 2
i>(60) = lim ;A — Im (nk+2)*(k+1)
n=>pVar (0,(S)) e no?(nk3 + 3nk? + 2k* + 10k +2)
n(k+1)% (K2 +% 4 4 2
— lim < " ”2) _ D7 o (630)

o0 o 2
n— n262<k3+3k2+27k2+%€+%) (k+3)6
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which shows that (A.D.4) is satisfied. To obtain o as defined in (6.6), we calculate the

variance of the score function, which is

1 n
Var [l/(eo;S)} = mvar (kZSi‘f’Sl +Sn>

i=1

M:

S> + Var(Sy) + Var(S,) + 2kCov (Sl7

[ M:
-

)

1
= i*Var
(k+2)20* (l

n
+2kCov (S,,, ) S,)
i=1

Using (6.28), we conclude that

1

Var [I'(69; S)] nk* (k+1)+2k*(n— 1) +2(k+ 1) + 4k(k +2)]

NGEG

3 2 2
=127 [nk® +3nk” +2k" + 10k +2] . (6.31)

The above result and (6.29) yield

Var
o=

\/nk—|—2 (k+1)2  (nk+2)(k+1) 632

oc*k+2)2 (k+2)o?

Q)/\

For &1 = & log f(51 19)]
0=6y
i=2,3,...,n,using (6.31) and (6.26), we get that

_d .
Valr(a,s) 5 = dg 108 f(SilSi-1: 9)’9_90 Vall (68

Vn(k+2)[S1 — (k+1)60]

o= o \/nk3 + (3n+ 2)k2 + 10k +2
and therefore
(&) = n(k+2)?E(S; — (k+1)0)* n(k+2)%(k+1)
V' (nk3 4+ (3n42)k2 +10k+2)02 — nk® 4+ (3n+2)k2 + 10k +2
n?(k+2)*E(S1 — (k+1)6)* 3n?(k+2)*(k+1)?

= = . (6.33
(57) (nk3 + (3n+2)k?* + 10k + 2)%c* (nk3+(3n—|—2)k2+10k+2)2( )
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Furthermore, for i = 2,3,...,n,

Valk+1) [Si— ((k+1)0 + o (Sim1 — (k+1)6))]
0+/nk? + (3n+2)k> + 10k +2

&=

so that fori =2,3,...,n,

) _n(k+1)2E[Si—((k+1)e+k$1(S,~_1—(k+1)6))]2
E(&) = 02 (nk3 + (3n+2)k2 + 10k +2)
B nk(k+1)(k+2)
© nk3 4+ (3n+2)k% + 10k +2
(g n?(k+1)*E[Si — (k+1)0 + 1 (Sim1 — (k+1)0))]
v o4 (nk3 + (3n+2)k? + 10k + 2)2
3n?k? (k+1)%(k+2)?
(nk3 + (3n+2)k? 4+ 10k +2)%°

4

(6.34)

We are now ready to calculate the first three terms of the general bound (6.7) denoted

from now on by

Oy = Qv(kan) =

S
wiw|

{2 Y Y [E <(€V>2>E<(5J)Z>E<(§Z)2>]i

JjEA,leB,

2y ¥ [E(E@)E(E))E(E@)")] Ay [E((&)Z)E((éj)“)]é }

JEAyIEB, JEAy

We split our approach depending on whether 1 is an element of either A; or B;, for
i€{1,2,...,n}.

Case 1: i =6,7,...,n. Using the results in (6.34) and since |A;] <5,

Bi| <9,

Vie {6,7,...,n}, we obtain that

0 < i {90 E(@")]

n

EN[S)
[\STIO8)

ofs((e)

sfe(6r)e(e)] |

(90(3)7 +90+25V3)

[NSTIS]

B k(k+1)(k+2)
B [(nk3+(3n+2)k2+10k+2)}

k(k+ 1) (k+2) ]3
)

6.35
(nk3 + (3n+2)k? + 10k +2 (6.35)

<339[
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Issues arise due to &; not having the same distribution as &; fori € {2,3,...,n}. There
are hence five more special cases corresponding to i = 1,2,...,5. We treat these cases
separately.

Case2:i=1.ForA; ={1,2,3} and B; = {1,2,...,5}, the results in (6.33) and (6.34)

0 = n% {2 HE ((51)2>F+6E <(§1)2> [E ((52)2>]5+8E <(€2>2> [E ((51)2”%}
w2l sole(a)] ()] e )] ()]

o]

E«mﬁfﬂ(@oﬂl [«@ﬁfﬂ}
(k+1)3 (k+2)? 3 {2[(k+2)+6\/m+8k]

(kP (Bn+2)k2 + 10k +2)3

1+2(3)} [(k+2) +6/k(k+2) + Sk} +3f3(2k+2)}

2(k+1)3 (k+2)? : {<9k+2+6\/m> <1+3;>

- (nk3 + (3n+2)k? + 10k +2)2

+3V3(k+ 1)} . (6.36)

Case 3: i = 2. For Ay ={1,2,3,4} and B, = {1,2,...,6}, the results in (6.33) and
(6.34) yield

@_é{ Fgm)[Q@ﬂy+w«@§haaﬂf+wﬁa@ﬁf]

1
| — l—l
/\
—~
e
\./
\_/
—_
l—l
/\
—~
e
)
S~—
N——
| I
| —|
m
A
\_/
—_
B — | e—|
M
/\
*D‘
v
—_
—
)]
| —
/N
—~
yre
&)
SN—
N——
—_
W
| I

=
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V(D)2 (k+2)3
(k3 + (3n+2)k2 + 10k +2)3 {2 [e+2+8/k(k+2) + 15|

+2(3)i [k+2+8\/k(k+2)+ 154 +4\/§(4k+2)}

 aVk(k+1)3(k+2)? :
B (nk3+(3n+2)k2+10k+2)% { (8k+1+4 v k<k+2)> <1+3 )

+2V/3(2k+ 1)} : (6.37)

Case 4: i = 3. Following the same steps as in Case 3, now for A3 = {1,2,...,5} and

B3 ={1,2,...,7}, the results in (6.33) and (6.34) give that

VR D2 (k+2)? - ;
0= (nk3+(3n+2)k2—|—10k—|—2)% {2<25k+2+10 k(k+2)> <1+3 )

+5\/§(5k+2)} : (6.38)

Case5:i=4. ForAy={2,3,...,6} ,B4={1,2,...,8}, the results in (6.33) and (6.34)

yield

(R VL L (VI 7va] (1438) +5V3k} . (639)
(nk®+ (3n+2)k? +10k+2)2
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Case 6: i = 5. Following the same steps as in Case 5, now for As = {3,4,...,7} and

Bs ={1,2,...,9}, the results in (6.33) and (6.34) yield

3 3
0= K DIk+2)E {2 [\/H—Hgﬁ] <1+3%>+5@}. (6.40)
(nk3® 4+ (3n+2)k? + 10k +2)2

The sum of the results of (6.36), (6.37), (6.38), (6.39) and (6.40) with (n —5) times the
bound in (6.35) consists an upper bound for the first three terms of the general upper

bound as expressed in (6.7). For the fourth term of the general upper bound, (6.30),

(6.31) and (6.32) yield
1
n(k+1)?(nk>+3nk? 42k +10k+2) | 2
\/niz(eo)Var[l’(Go;X)] 1l = k+3 1
o B (nk+2)(k+1)
1
| ok [R3+2404 2] .
 |nk+2 k+3
1
(2[R R |t
nk+2 k+3 '
(6.41)

The fifth term of the bound in (6.7) involves the calculation of S;(n), which is equal to
zero from (6.24). Therefore, the fifth term of the general upper bound vanishes for this

example. For the last term we have from (6.24) that

S B T

and therefore

\/E [( 0,(S) — 90)2} E [(zﬂ(eo; S)+ a)z} - \/E [( 0,(S) — 90)2} Var [I”(60;S)] = 0.

The results of Case 1 - Case 6 and (6.41) give the assertion of the corollary. [
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6.3 An alternative bound

In this section, under stricter regularity conditions we give the asymptotic normality

result for the distribution of the MLE obtained from locally dependent random variables.

Under these new conditions, an alternative bound on the Wasserstein distance between

the exact distribution of the MLE and the normal distribution for locally dependent

random variables is given.

We work under the following regularity conditions, taken from Bhat (1974):

(R.D.1)

(R.D.2)

(R.D.3)

(R.D4)

The range of x; given xy,x,...,x;_1, for k =2,3,...,n, does not depend
on O and differentiation with respect to 6 may be carried out under the in-
tegral sign, integration being with respect to x;, up to the third order, for
log f(x|xx—1,-..,x1;0). These derivatives are also assumed to be continuous

in 6 € ©. In addition,

d
Ei_1 (Elogf(XHXkl,...,Xl;O)) ‘ =0, almost surely

=6y

and we denote by

. d 2
ix(60) := Ex—1 [(_de 10gf(Xk\Xk1,---,X1;9)) ] ‘9 o
=Y

where E;_; denotes the conditional expectation given X1, X5,..., X 1.

The third derivative dd—(;log f(Xk|Xx—1,...,X1;0) is bounded in probability

uniformly in 0 € O, (X1,X>,...,Xp).

V6 € ©,i,(6)) = %):?:1 i;(60) — i(6p) > 0asn— oo, where i(6p) is a constant

almost surely and 6y is the true value of 6.

) 2+0
— 0 a.s. for some 6 > 0.

1 n &Ing(xk‘xkfla”wxl;e
e Yi—2Ex1 96
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. 2
(R.D.5) llmsup{n%ZZ_IVar <%logf(Xk|Xk—1,...,X1;9)> ’6 o } < oo,
=00

n—o0

The condition (R.D.3) implies that }'}_, ix(6p) — oo as n — oo, which is essential for
the CLT to hold for the dependent random variables % log f (X | Xi—1,...,X1:0) ‘ g

=6
From now on, unless otherwise stated

(60) = Tim - Y i;(60). (6.42)
=1

n—oo g 4
j=

Also, if ir(6p) is an absolute constant Vk € {1,2,...,n} then (R.D.4) is not necessary

as shown in Silvey (1961).

Assuming that the MLE exists and is unique and that the conditions (R.D.1)-(R.D.5) are
satisfied, then Theorem 3 in Bhat (1974) gives the result for the asymptotic normality
of the MLE in the case of dependent random variables. The proof can be found in Bhat

(1974).

Theorem 6.2. (Bhat, 1974). Let X1,X>,...,X, be dependent and identically distributed
random variables with probability density (or mass) functions f(x1]60),
fxilxiz1,...,x1;0),i=2,3,...,n where 8 € ® C R, with © denoting the open param-
eter space. Assume that the regularity conditions (R.D.1)-(R.D.5) hold. Let Z ~ N(0, 1).
Then,

ni(60) (6a(X) —60) —— Z. (6.43)

n—yoo

The following theorem gives an upper bound on the Wasserstein distance between the
distribution of the MLE and its limiting, under (R.D.1)-(R.D.5), normal distribution in

the case of m-dependent sequence of random variables.

Theorem 6.3. Let {X;,i =1,2,...,n} be an m-dependent sequence of identically dis-
tributed random variables with probability density (or mass) functions f(x|0),
f(xilxiz1,...,x1:0), i =2,3,...,n, where 6 € ® C R and (X1,Xz,...,X,) €S, the

support of the joint probability density (or mass) function. Assume that the regularity
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conditions (R.D.1)-(R.D.5) are satisfied and also that én(X ) exists and is unique. Let
i(6p) as in (6.42), Var[l'(6y; X)] > 0,

n

d
1= 5108/ 10)| o\ e

de
and fori=2,3,...,n,

n

d
= log F(XilXi_1,..., Xi_ ;9) L —
S 08 S XXt X O]\ Var (G0 X0

do

With S4(n) as in (6.3) and for Z ~ N(0, 1),

N =
ﬁJl\)/‘\
M= 3
=
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IH S|
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o
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n
=

M () <<a~>4>r

Tr=
P

n% i=1 JEA;
Var [I(6p; X )] Sq(n) A 2
e | oy GO0 -4
+—L .k [(én(X) . 90)2} \/E ni(6) +1"(6; X)>.  (6.44)
ni(6p)

Remark 6.2. In order for the above bound to approach zero with rate /n as the sample
Var(I'(60; X)) _ 1
LIS ()

= —1
ni(6o)
Proof. By the definition of the MLE and (R.D.1), (én(a:)a:) = 0. A similar approach

size increases, we require that

as the one in Chapter 3, based on a second order Taylor expansion, yields

I'(80; ) + R (680; ) + R2(60; )
ni(6p)

ni(6o) (6,(z) — 69) = , (6.45)
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for i(6p) as in (6.42). Also, R;(6p;x) and Ry(6p;x) are as in (3.9) and (3.10), respec-

tively. The triangle inequality gives that

e[ (y/oiten) (6,0~ &) ) | - Eiaiz)|

<|E [h (%) —E[h(Z)] (6.46)
+|E h( ni(6p) (én(X)—eo)) —h (ll(zol—(fo)))] ‘ (6.47)

Step 1: Bound for (6.46). With W as in (6.11), the steps are the same as in the proof

of Theorem 6.1 and lead to

(6.46) < [E[.(W)] — E[1(2)]| (6.48)
I'(6p; X
Y RACIE. 90 BTt (6.49)
ni(6p)
The assumptions of Lemma 2.3 hold for (6.48) and thus we directly use (2.15) to bound

) . . I'(60:X)
this term. For (6.49) using a first order Taylor expansion of & ( m) about W and

the Cauchy-Schwarz inequality, we have that

1 1
6.49) < || - E|l'(80: X
(©49) S W |~ = e B (80
Var(I'(89: X
< ||| ar(ni((ez) D4, (6.50)

Step 2: Bound for (6.47). The approach is similar to the proof of Theorem 6.1. Let

l’(GO;X)>

an(Q())

_h (l'(eo;X)+R1(90;X) +R2(90;X)> L (l'(Qo;X)>
ni(6p)

Cy=Cy(h,00;X):=h < ni(60)(6,(X) — 90)) —h (




6.4 Results for not analytically known MLE 174

'(69:X) and I'(60;:X)+R1 (60:)+R, (60:X)

\/nf(ﬂo) \/nf(eo)

using (6.45). For 1(X) between , a first order

Taylor expansion of & (l/(eo;X)+R\1>z‘};(z))+R2(9°;X) about \;% yields
Ri(6g,X )+ Rr(6y, X
647 = [Eic) < ||F1C0X) T R60, X)) 5
nl(e())

1] A 2 .

< syt LG~ &) e x)

+ g [)(8,(x) - ) (ni(e0) +1"(80: ).
ni(6p)

Using now (R.D.2), the Cauchy-Schwarz inequality and (6.3) give

17'[1Sa(n) - T/a 2
(647) < T ;é GO)E [(Gn(X) — 60) ]
”h/H N 2 = " .
O E[(6,() — 60) }\/E[m(eo)ﬂ 0: X (651)

We conclude that (6.50), (6.51) and the application of Lemma 2.3 to (6.48) gives for

h € Hy the result of the theorem as expressed in (6.44). L]

Remark 6.3. The bound in (6.44) is similar to the result in (6.7) and holds under the
rather restrictive conditions (R.D.1)-(R.D.5). Notice the difference between ir(6y) used
in Theorem 6.1 with i(6y) of Theorem 6.3 as defined in (R.D.3). The limit iy (6y) requires
the calculation of Var (én(X ), while i(6o) is independent of the MLE. However; i(6)

is not necessarily easy to calculate.

6.4 Results for not analytically known MLE

The results of Theorems 6.1 and 6.3 can be used only in cases where a closed-form
expression of the MLE is available. Thus, as in Section 3.5, a solution for situations
where the MLE exists, but does not have a closed-form expression is desirable. Further

assumptions are made in order to ensure both the validity of the procedure to be followed
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and that a meaningful upper bound is obtained. Depending on these assumptions we
split the results of this section into two categories. The first category requires the support
of the distribution to be bounded, while for the second one we put the boundedness

condition on the parameter space instead of the support of the distribution.

6.4.1 Bounded support

In addition to the regularity conditions (R.D.1)-(R.D.5), the results presented in this
subsection hold under the following assumptions:

(F.A.1) The support of the distribution is bounded;

(F.A.2) The sample size, n, satisfies

[[|x]|Sa (n)]
i(6o)

WIN

This ensures that 1 — Hx_||s—d("3) > 0 for Sy(n) as in (6.3).
[ni(60)]2

For ease of presentation, we denote by

W5 3 [e(@r) e (607 ()]
2l|x)| &, | NOSE N Var(/'(60; X))
5 i:ZI|Al|j€Ai E((&)7)E(E))] +2 ||‘ - 6

The theorem that follows gives an upper bound for the MSE of the MLE, which is
then used to bound the Wasserstein distance between the distribution of the MLE and

the normal distribution in cases where the MLE is not analytically known and (F.A.1),

(F.A.2) hold.
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Theorem 6.4. Let {X;,i = 1,2,... ,n} be an m-dependent sequence of random variables

with joint probability density (or mass) function f(x|0) as in (6.1). Assume that the

regularity conditions (R.D.1)-(R.D.5), as well as the assumptions (F.A.1), (FA.2) are

satisfied. Assume that the MLE exists and is unique. Then Ay = A4(6y,n) is an upper

bound for \/E [(én(X) - 90)2], where

i ||x||\/ (07805 ) + ni(60))’]
7(60)]

[\ST[o%}

2

I6IPE [ (60: X) +0700)° ] py (14 4,)
+ ni(60)]? ni(6o)

with Dy and 'y, as in (6.52). Assuming that Var [I'(6y; X )] > 0, then for

n

d
& = —log f(X 1!9)‘990 Var [I'(60; X)]

dée
and

n

d .
(S,‘ = —logf(X,-]X,-_l,...,Xi,m;e)’ T sl = 2,3,...,}1,

de 6=6, \| Var[l’(6p; X)]

we have that

+n%i_ilj§ik€Bi[E< ) < Z)E( )]
G
\/m (\/E l// 90 _|_m(9 ))24_%)

Y

.

(6.53)
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Remark 6.4. The order of A, in terms of the sample size is \/Lﬁ Assuming that

M — 1‘ =0 <L>, then the order of the final upper bound in (6.53) is
ni(6p) vn

also \/Lﬁ

Proof. Using similar steps as in the proof of Theorem 6.3, but keeping the result in a
general form and not specifying in terms of the Wasserstein distance, we obtain that for

h: R — R being any absolutely continuous function,

<AE 3 ¥ (e e (60 @)

LA vy e (@) e (@) E (7))
n2 =1 jeA; keB;
0 3 e (127) (@] ) N
nz j= JEA; ni
+ —L'h/’LS{‘(’(egE [(én(X) —~ 90)2}
+ % E [( (X)) — 60)2} \/E [(l”(eo;X) +ni(eo>>2] : (6.54)

The bound depends on é,,(X ) only through the MSE. With 7; as in (6.52) we denote by

Do=n+ W\/E [(én(X) - 90)2] \/E [(Z/I(QOQX) +”17(90))2]

E[(én(X)—Oo)z}g (Dot 1) (6.55)
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and since D> is an expression of the mean squared error and its positive root, our next

step 1s to solve the quadratic inequality in (6.55) with unknown

Uy := Uyg(80) = \/E [(AH(X) - 90)2] (6.56)
‘We have that
2 B [0 )+ i)
2 _ [IxlSa(n) 1+7
Va = [m(@o)]% Ui+ [ni(6y ]% vat ni(6o)
2lJ /B | (1"(80: X ) + nil(60))*
- (1 ||x||sd<n3) ¢ i X - }Ud_ Lt g os)
[ni(69)]2 [ni(60)]2 ni(6p)

and the two solutions of this inequality are

2Hx||\/ l" (60; X nf(90)>2]

Uy, 3
2 [ni(60)]2
||x||2E[(l”(GO;X)—i-an(QO))Z] Dy (1+n) %
£ o) i) €0

To have meaningful results we need the quantity

(I

B L Di(1+mn)
[ni(60))?

4 ni(6p)

E [(l”(eo;X) +n17(90))2} +4
which is in the square root above, to be non-negative. This is satisfied through (F.A.2)
which ensures that D is positive. It follows that the solution with the negative square
root in (6.58) is negative, while the other with the positive square root is positive and

the solution of (6.57) is

0<U;= \/E [(én(X) - 90)2] < Ay.



6.4 Results for not analytically known MLE 179

Applying this result to the bound in (6.44) gives the second result of the theorem. [

6.4.2 Bounded parameter space

In a number of situations the support of the distribution is not bounded and (F.A.1) is
not satisfied. This subsection gives another approach to the problem of bounding the
MSE of the MLE without using (F.A.1). Apart from (R.D.1)-(R.D.5), we still make two

further assumptions though, and these are

(Fur.Ass.1) The parameter space is a closed (or semiclosed) interval of the form [a, D]

(or [a,b), (a,b]), with a < b € R. From now on, K = b —a.

(Fur.Ass.2) With x as in (Fur.Ass.1) AN € N such that Vn > N

Denote by

—~
g
<
~
\S]
N———
™
/N
—
g
>~
N—
[\S]
N———
| IS
D=

2y Y ¥ [E(@?)E

n% i=1jeA; keB;
Var [I(6p; X )]
ni(6p)

—1]. (6.59)

The following theorem gives a bound on the Wasserstein distance related to the MLE
in cases where it is not known analytically and the support of the distribution is not
necessarily bounded. The approach is again based on finding an upper bound for the

MSE of the MLE, which we then apply to the expression of the general upper bound.
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Theorem 6.5. Let {X;,i=1,2,...,n} be an m-dependent sequence of random vari-
ables with joint probability density (or mass) function f(x|0) as in (6.1). Assume
that the regularity conditions (R.D.1)-(R.D.5), as well as the assumptions (Fur.Ass. 1),

(FurAss.2) are satisfied. Assume that the MLE exists and is unique. Then Ay = A;(6p,n)

is an upper bound for \/E [(én(X) — 90)2} , where

1 K\/E[<z~<eo;X)+nf<eo>>2}

2D, m_( 6o)

’E [(1”(90;X) +m*(90))2} Dk <'y2 + \/%)
" [ni(60)] +4 TN . (6.60)

with Dy and ¥ as in (6.59) and k as in (Fur.Ass.1). Then if Var [I'(6; X )] > 0,

n

d
1= 5108/ 10)| o\ e

déo
and

d n
= —1 XilXi1,..., Xi—m; 0 ‘ ———1=2,3,...,n,
éz a0 ng( z| i—1 i—m ) 6—6, Var[l’(OO;X)] 1 n

we have that

i (/(00) 6,%) - 90),Z)§%iZAkB[ (&) E(E)") E(E)]
N2 j=1 jeA; keB;
2 & 2 3
+L T L [E(Er)E(6))E(Er)
+n%;!A,\]€AI Y [E(&7)E((E 4)] AL (ZZ’)X)]—l
\/_ <\/E 1" (60; X)) +ni(6p)) } Sd(z)A ) 6.61)
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Proof. We use (Fur.Ass.1) to get that

‘O”LK_QO‘Q = %E[(én(X)—90)2]<

= E {(é,,(X)—eo)z] < kE

6,(X) — 69| . (6.62)

For h(x) = |x|, (6.62) yields

A

< (Bx+\ﬁ), (6.63)
l’li(@o) T

where

\/E [(l”(OO;X) +ni(6o
ni(6p)

+

2
) } \/E [(én(x) - 90)2] (6.64)

is the bound in (6.54) for i(x) = |x|. Obviously, in this case ||#’|| = 1. Thus, for Uy as
in (6.56) we can easily see that (6.63) and (6.64) yield

Bl x) aita)?] k()

KkSa(n)
R TN ni(60) Vit = ey
k1 /E|(17(60; X) +ni(6p))? K(n+y/2
@(1_@(,1))[]3_ \/{ OT 0 }Ud_ < T )go
2ni(6o) ni(6o) ni(6p)
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with the solutions of this simple quadratic inequality found to be

| K\/E[(zﬂ(eo;XHni(Go))z]
2D, ni(6p)

Udl,z =

K2E [(l”(@o;X) —|—an(90))2] +4D2K (’}’2 + \/%) ’

+ ni(60)2 ni(60)

(6.66)

For meaningful results, D, has to be positive which is ensured through (Fur.Ass.2). This
leads to one of the solutions in (6.66) being negative and the other one being positive.

The positive solution of (6.65) is

0<U, = \/E [(6,(X) — 80)°] <45,

with A, as in (6.60). Using this result in the expression of the upper bound in (6.44)

gives the second result of the theorem as expressed in (6.61). ]

A prominent example where Theorem 6.5 may be useful is parameter estimation in

MA(g) time series; see Subsection 7.2.1 for more details.



Chapter 7

Conclusion

This chapter summarises the work carried out in this thesis and places the research in a
wider context. An outline of what we consider as open problems on which we plan to
work in the future is also provided. We subdivide these future work ideas into two parts.
The first one is concerned with further assessing the performance of our bounds through
various, possibly complicated applications, while in the second part we go beyond the

MLE and the derivation of new bounds for other asymptotic results is discussed.

7.1 Summary

In this thesis, we have derived under various settings upper bounds on the distributional
distance between the exact, unknown distribution of the MLE and the normal distribu-
tion. These bounds are explicit and novel. Among other famous mathematical tools,
such as Taylor expansions, our work has been partly based on an elegant probabilistic
technique; Stein’s method. The purpose and the motivation for this research project

have been set out in the Introduction.

In Chapter 2, we gave insights to the CLT; the basic theory and properties related
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to the MLE; as well as a concise introduction to Stein’s method. The assumptions ensur-
ing existence and uniqueness of the MLE along with sufficient regularity conditions for
the asymptotic normality of a scalar MLE for i.i.d. random variables were given. After
presenting and proving the asymptotic result for the distribution of the MLE, Stein’s
method was concisely reviewed with Lemma 2.2 being one of the main results we used
in Chapters 3 and 5 while Lemma 2.3 was used in Chapter 6 in order to obtain bounds

related to single-parameter distributions.

In Chapter 3, we introduced the bounded Wasserstein distance, which is the met-
ric used throughout the chapter and in Chapter 5. A connection of this metric with
the Kolmogorov distance allowed us to give insights to confidence intervals. The
main result of the chapter is given in Theorem 3.1 with the derived bound being, in
terms of the sample size, of order \/Lﬁ After the general results, we turned our focus
on single-parameter exponential families, with the bound applied on the exponential
distribution presented in both its canonical and non-canonical form. We explained
why the results in the canonical case are simpler and sharper and this is illustrated
on simulated data. A slightly more complicated case was then treated based on the
issue of the MLE having positive probability of being on the boundary of the parameter
space for discrete distributions. The solution of this problem relies on a perturbation
method which introduces a perturbed parameter and a perturbed MLE that are now
interior to the parameter space. As probably expected, this procedure created error
terms which were also bounded, leading to an upper bound for such cases of order
still \/Lﬁ The Poisson distribution with parameter space [0,00) was the example we
attacked. In the last part of Chapter 3, we focused on bounding the mean squared error,
E [(én(X )— 00)2} , by a quantity of which the calculation does not require to know the
MLE explicitly. This approach gave us the opportunity of presenting a new bound on

the bounded Wasserstein distance between the distribution of the MLE and the normal

distribution which holds even in cases where an analytic expression of the MLE is not
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available. The Beta distribution served as an illustration of these results.

In Chapter 4, our interest shifted to the multi-parameter setting. We gave upper bounds
related to the distribution of a vector MLE and the multivariate normal. We distin-
guished between two cases depending on whether the random vectors are assumed to be
heterogeneous or not. Different regularity conditions were given in each case in order
for the asymptotic normality of the MLE to hold. Keeping the dimensionality of the
parameter constant, the bounds are of the same order as those in the single-parameter
case. The general family of linear regression models was treated separately, with the
results being simple and easy to calculate as can be seen from the example of the
straight-line regression. The normal distribution with 89 = (u,0?) served as a test
case for identically distributed random variables. The idea of deriving bounds for
situations where the MLE does not have a closed-form expression has been expanded
to the multi-parameter setting. An upper bound on E [Z?:l (6,(X);— 901.)2} that
does not depend on the MLE was derived and applied on the general bound, which

gives an upper bound of which the calculation does not rely upon én(X ). As an ex-

ample we used again the Beta distribution but now with both shape parameters unknown.

Chapter 5 presents an exploration of the way that the Delta method can be used to obtain
bounds on the distributional distance of interest, constrained to the scalar parameter
case. The bounds given are of the same order and similar to those in Chapter 3. How-
ever, in some cases they have a simpler representation and are also sharper. A special
interest was again put on single-parameter exponential family distributions, which made
the comparison to the results in Chapter 3 straightforward. The generalised gamma

distribution with the scale parameter considered unknown was treated.

In Chapter 6, the independence assumption between the random variables has been

relaxed and we introduced a local dependence structure. The notion of m—dependence
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was explained and employing the results from Stein’s method as in Lemma 2.3, we
achieved to obtain bounds on the Wasserstein distance between the distribution of the
MLE and the normal distribution. An example from locally dependent normal random
variables showed that the bound behaves well in terms of simplicity and order; it is still
of order \/Lﬁ Under further assumptions that require boundedness of the support of the
distribution or of the parameter space, we obtained as in Chapter 3 an upper bound for

cases where the MLE can not be explicitly derived.

7.2 Open problems for future exploration

Having developed the theory related to upper bounds on the distributional distance
between the distribution of the MLE and the normal distribution, a next step is to cover
a number of important applications and also develop similar results for different kinds
of random variables—either estimators or not—which follow asymptotically a known
distribution that is not necessarily the normal. For ease of presentation this section is

split into two parts depending on whether we discuss further applications or theory.

7.2.1 Further applications

Time Series is the first broad area we would like to discuss. A time series can be
seen as a sequence of data, which has traditionally been of great importance when
it comes to statistical analysis and forecasting. Maximum likelihood estimation is
among the two most used estimation methods—the other one is least squares—for the
parameters in time series models. Under sufficient conditions (Theorem 10.8.1 from
Brockwell and Davis (1991)), the asymptotic normality of the MLE holds and its proof
for general ARMA(p, q) processes is given in Brockwell and Davis (1991), p.390. We

have carried out preliminary work on the MA(g) process {X;,r =0,£1,+£2,...}, where
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the relationship

Xt =Zt+912,_1 —}-...—}-Gth_q (71)

holds, with the process {Z;} ~WN(0,62). The notation WN(0, 6%) stands for white

2 and also

noise and the random variables Z; have mean zero, variance ©
Cov(Z,Zi+q) =0, for a € Z\ {0}. The MA(q) process gives g-dependent random
variables and (7.1) defines the local dependence structure between the random variables

X;. More specifically, from Brockwell and Davis (1991) for 6y = 1,

2 y4q—lal .
oY 0i0, 4, iflal<gq
Cov(X,, Xrsa) = J=0 BIRIHal (7.2)

0, if |a| > q.

For the MA(1) process, assume that Z; are normally distributed and denote by
Y. =E(XXT) the n x n covariance matrix of X = (X1,X>,...,X,). The likelihood

function of X is

. _ 1 ex _l Ty—1
L(G’X)_(zn)ﬁ[det():)]i p{ . X}'

The covariance matrix X is obtained using (7.2) and

1+6%> 6 0 0 0 0
6 1+6> 0 0 0 0
0 6 1+6*> 6 0 0
r=0c’| o0 0 6 1+62 6 0 0
0 0 0 0 6 1+6> 6
0 0 0 0 0 6 1+86?

The MLE for 6 exists but there is not an analytic expression available and numerical

methods are used to maximize the likelihood. We could employ the results of Section
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6.4 to find an upper bound on the distributional distance of interest under this time

series framework of locally dependent random variables.

Another open problem is to obtain bounds related to the popular and rapidly expand-
ing area of networks. Such a network is the Erdés-Renyi (Bernoulli) random graph,
where an edge between two vertices is drawn with probability p, independently of
the other edges. Suppose we have n vertices. The degree of a randomly picked ver-
tex follows the Binomial(n — 1, p) distribution with unknown parameter p. Thus, let
X1,X3,...,X, ~Bin(n— 1, p) be i.i.d. random variables for the degree of the vertices
1,2,...,n respectively with p € [0,1]. The MLE for the parameter p in this case is
0,(X) = n(n—!) 1 X;. Since we have a discrete distribution with compact parameter
space, there is positive probability of the MLE being on the boundary of the parameter
space. Thus, the perturbation approach as explained in Section 3.4 needs to be adapted
before finding the required upper bound. Treating this case could lead to work on more
complex examples, one of which is the geometric random graph. Two vertices are
connected if and only if the distance between them is at most a radius r. The idea would
be to estimate this radius and apply the theory for locally dependent random variables
to the distribution of the estimator. In Rai¢ (2004), relevant bounds on the distributional
distance between the distribution of W = }"?' , X; and the normal have been obtained in
the case of a dependence graph, with X;,i = 1,2,...,n the degree of the vertex i. These

results could be useful when it comes to bounding the relevant distributional distance

for the MLE which can be of any form and not restricted to a sum of random variables.

The extension of the Delta method approach in order to treat multi-parameter dis-
tributions is also an interesting idea for future work. For this purpose, let ¢ : @ — R9,
such as all the entries of the function g have continuous partial derivatives with respect to
6. In addition, we require that g(6,, (X)) = rl,):?:l g(X;), for some function g : R — R,

We use a multivariate generalisation of the Delta method on the result of Theorem 4.1 for
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the asymptotic normality of the MLE. We denote by K := [Vq(09)][I(00)] ' [Vq(80)]T,
where Vq(0y) is just the d x d Jacobian matrix of the function g evaluated at 6. The
Delta method gives

Vit (4(8a(X)) —a(60)) > K22,

n—yoo

Assuming that the Jacobian matrix of ¢ is invertible, preliminary work has shown that
the approach to be followed in order to find an upper bound for the quantity of interest

is a combination of the steps explained in Chapters 4 and 5.

7.2.2 Beyond the classical framework of the MLE

The asymptotic theory for 6,(X) allows to Taylor expand its bias and variance terms
using expressions based on the sample size, n. For instance, according to Ferrari et al.
(1996), expansions for the bias, B(6, (X)), and variance of the MLE to order n~2 can

be written as

B(6, (X)):Bl(é,;(X)) +Bz(922(X))7 Var(AAX)):vl(é;(X)) +V2(QZ§X»’

where closed formulas for the functions By, B>, V| and V, can be easily derived. Using
the above expansions, one can define various types of bias-corrected estimators, with

the most straightforward being

61(X) = A”(X)_IM’ 6,(%) = 6,(x) - Bl ,;(X)) _Bz(er,zz(X))‘

These modified estimators are bias-free to order % as shown in Ferrari et al. (1996).
An open problem raised directly from the results of the current thesis is to find upper
bounds for the distributional distance related to these bias-corrected estimators. We

would expect the constant of the bound to be better than the one linked with the MLE.
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In addition, the order of the new bounds with respect to the sample size should also be

examined; is it better than the one for the bound related to the MLE?

Another interesting idea for future work is to expand the approach explained in this
thesis to a broad family of parametric estimators, called M-estimators. These are robust
estimators defined as a root of an estimating function. This estimating function is
usually the derivative of another statistical function, p(x,0). An M-estimator is the
minimum of p(x,0). To set the scene in the case of independent random variables
X;,i=1,2,...,n, the M-estimator 8 (X) is the solution that minimises Y'*_, p(X;, 0).
The choice of the function p differs—for example p(x;,0) = —L(0;x;) in the case of the
MLE-and when it is differentiable, the computation of 6 (X) comes from deriving
the critical points of % " 1 p(xi,0). Under again some sufficient regularity conditions,
it has been shown that the distribution of the M-estimators is asymptotically normal;
see Huber (1964) for the first proof related to location parameters. The assessment
of the quality of this asymptotic result remains an open problem. One could follow
an approach based again on Taylor expansions of 0 = Y| <-p (x;, M (x)) about the
true value of the unknown parameter 6y. Then, Stein’s method for normal approxima-
tion can be employed in order to find an upper bound on the distributional distance
between the distribution of Wy = Y| <& p (X;, 6p) and the normal distribution. Alter-

native techniques can then be developed to find upper bounds for all the remainder terms.

A different, interesting direction is towards Bayesian Statistics. It has already been
shown in the statistical literature (see for example van der Vaart (1998)) that under
specific assumptions both the posterior measures and the Bayes point estimators are
asymptotically normal. Specifically, according to the Bernstein-von Mises theorem
as expressed in van der Vaart (1998), under remarkably weak conditions, the poste-
rior distribution of 1/n(®, — 6y) is under 6y asymptotically equal to N <Y , @) In

this case, Y follows the N (O, l@+o)> distribution and 0, is the “random” parameter,
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which in the Bayesian perspective is a random variable. Furthermore, under stronger
regularity conditions we obtain that the distribution of ®, is approximately equal to
N (én(X )R m), where 6,(X) is the MLE. This is again an asymptotic result of
which the quality could be assessed through upper bounds on the distributional distance
between the distribution of 1/n(®, — 6y) and the normal. We would expect that new
horizons in applications will be opened if such results in the area of Bayesian Statistics

become available in the near future.

The log-likelihood ratio statistic is used in the so-called likelihood ratio test where the
aim is to distinguish between two nested models. In the case of a scalar parameter,

aiming to test whether 6 = 6 or not, it is well known that
A d
2(1(6x(X); X) = 1(60: X)) = %7 (7.3)

In the case of a vector parameter and composite hypothesis testing of whether 8 € ©

or not, for @ a subset of the parameter space ®, we get that
A A d
2(1(02(X); X) —1(01(X); X)) = x3, (7.4)

where 81 (X) and f2(X) are the MLEs for 6 € ®) and 6 € ©, respectively. In addition,
d is the difference in the dimensionality of ® and ®¢. The result in (7.4) is known as
Wilks’s theorem and it was first proved in Wilks (1938). One could work on assessing
the quality of the asymptotic results in (7.3) and (7.4). An idea of the process we
have in mind is to split again the quantity of interest into two easier to handle terms.
The first of these two terms could be upper bounded using Stein’s method for x>
approximation; specifically the results in Gaunt et al. (2015) can be useful, where
explicit bounds of order % for smooth test functions are given. For the second term,
one could exploit further expansions and known probability inequalities, such as the

Markov and Cauchy-Schwarz inequalities.
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