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Abstract  

This paper presents an analytical methodology for calibration of the Hyperplastic Accelerated Ratcheting 

Model (HARM) [3], based on a closed-form expression for the accumulation of ratcheting strain with cyclic 

history. The proposed method requires the fit of one test response and of a few continuous cyclic tests. 

The initial motivation for this work is the calibration of models for the design of piles subjected to long-

term cyclic lateral loading,  and the test results from Abadie, Byrne [1], [2] are used for calibration and 

proofing of the model. Nevertheless, the method is applicable to other problems of similar behaviour. 
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1. Introduction  

There are numerous problems in engineering, where a system or material subjected to cyclic loading will 

exhibit accumulated permanent deformation with cycle number. For many problems, the worst scenario 

occurs when the response never reaches an accommodated or adapted state and keeps accumulating 

permanent deformation, even at very large cycle number. In this case, called ratcheting, prediction of the 

response, and in particular the residual deformation after a series of load packets, is crucial. However, 

very few models are capable of doing so.  

The most common modelling approach currently used to capture ratcheting is based on the Armstrong-

Frederick (AF) model [4-6], with many variants being published and principally used for modelling alloys 
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(e.g. [7, 8]). An example calibration of the AF model is described by Lemaitre and Chaboche [6]. Houlsby 

et al. [3] provide a review of the AF model, and the discuss the rationale for not pursuing such 

methodology further, in particular for the case where the cyclic loading response conforms approximately 

to the extended Masing rules [9], while accumulating permanent ratcheting strain under cyclic loading. 

One of the key reasons is that for the AF model it is difficult to calibrate both the initial loading response 

and the accumulated ratcheting strain (e.g. [6, 7]).  

In geomechanics, and more specifically for pile foundation design, the effects of cyclic loading has long 

been captured using so-called “degradation methods”, where the soil resistance is reduced by a factor 

that is either a constant (e.g. [10-13]) or a function of the number of cycles (e.g. [14, 15]). More recent 

modelling uses similar approaches within 3D FE analysis [16]. However, these methods are largely 

empirical, and importantly, do not enable the full load-deflection response of the foundation to be 

determined. As a result, the response to realistic multi-amplitude cyclic loading, as well as the estimation 

of the ULS response following long-term cyclic history, is impossible to predict without the use of further 

assumptions such as linear cumulative damage ([17], [18]). 

Houlsby et al. [3] present a new approach for modelling of ratcheting in a computationally efficient way, 

called the HARM model (Hyperplastic Accelerated Ratcheting Model). This model addresses the 

challenging issue of capturing accumulation of ratcheting strain with cycle number for a large number of 

cycles, while conforming approximately to the extended Masing rules [9]. Such methodology enables the 

entire load-deflection response to be predicted incrementally, and as a direct consequence the response 

to any load history of varying amplitude can be determined. An example calculation, including a set of 

parameter values, is also provided in [3], with no further explanation on calibration methodology. 

However, for use in design, calibration process is vital and the work presented here provides additional 

development on how this can be achieved.  

The primary motivation behind this work is the design of offshore wind turbine monopiles when subjected 

to many cycles of large horizontal loads. In this case, design guidance, such as by DNV, explicitly advises 



to address permanent deformations due to cyclic load history (e.g. [13] , Section 10.3.2.6, p. 173) and 

rigorous design also needs to assess (a) how the natural frequency is affected by cyclic loading, (b) 

whether the ULS capacity has changed, and (c) how the fatigue life developed during the cyclic process. 

Unfortunately, no design standard yet provides detailed guidelines as to how this issue should be 

addressed within design codes and practice. Most of the methods proposed thus far make use of empirical 

methods, similar to those described above, where empirical coefficients are employed to alter the 

monotonic response according to the number of cycles undertaken by the foundation during its lifetime, 

e.g. [16, 19, 20] and do not provide information on items (a), (b) and (c) for structural design.  

This paper describes theoretical developments for HARM that enable to (i) accommodate ratcheting 

behaviour accurately and (ii) calibrate the model to address the load-deflection relationship for a pile 

under lateral loading. The experimental test results presented in Abadie, Byrne [1, 3] are used as an 

impetus for the work, and the model accuracy is evaluated by comparing the predictions with the test 

results. The modelling approach, specific to offshore wind turbine structures, is explained at the beginning 

of the paper (Section 2). However, the mathematical developments are expressed in such a way that they 

could be applied to other mechanical problems, providing that they exhibit a similar hysteretic and 

ratcheting response.  

2. Pre-requisite modelling 

2.1. Objective cyclic behaviour: experimental evidence 

Results from laboratory tests provide fundamental insights on the foundation behaviour that determine 

the form of development of theoretical and numerical models. The work published by Abadie, Byrne [1, 

3] and Abadie [21] involves laboratory floor model tests, scaled to represent a full-scale wind-turbine 

monopile in drained sand, and elaborates clearly the important effects that need to be accounted for in 

detailed modelling:  

(0) Increase in accumulated ratcheting deformation due to cyclic loading at non-zero mean stress while 

conforming approximately to Masing behaviour [9] (kinematic hardening), 



(1) Decrease of ratcheting rate with cycle number that never decays to zero, at least for the first 

1,000,000 cycles of continuous cyclic loads at a maximum load above 20% ultimate capacity,  

(2) Dependence of the ratcheting behaviour on the cyclic load magnitude, 

(3) Change in hysteresis loop shape, including an increase in secant stiffness and reduction of the 

hysteresis loop area, mostly during the first 50 cycles of a given load magnitude. 

Item (0) is identified as the fundamental feature describing the pile response, while (1) to (3) characterise 

the ratcheting behaviour in more detail. These form the targeted features that this paper aims to capture 

in modelling and will be referred to as principles (0) to (3) in the following. The tests considered here were 

performed in dry sand, reproducing drained loading offshore. In these conditions, Abadie et al. [1] showed 

that rate effects can be neglected, allowing a focus on the development of a modelling method for 

ratcheting. This is a step towards a comprehensive modelling framework for offshore monopile design. 

The challenging case of water-saturated soils under partial drainage conditions resulting in transient pore 

pressures is not considered here.  

A monotonic test (MCo) and the three long-term one-way continuous cyclic tests (CMLT1,2 and 3) from 

this work are used for calibration. The remaining tests, as well as the two critical tests from Abadie, Byrne 

[2], which involve more complicated load scenarios, are finally used for validation of the calibrated model. 

A summary of the tests used in this paper is provided in Table 1 and the detail of the testing set-up, as 

well as the limitations of the testing conditions, are discussed in [1, 21].  

2.2. Hyperplastic Accelerated Ratcheting Model (HARM) 

The HARM Model used in this paper is rooted in the “hyperplasiticity” framework, initially introduced by 

Ziegler [22, 13] and described in detail by Houlsby and Puzrin [24]. This approach enables description of 

non-linear behaviour of materials within a rigorous mathematical framework that enforces the model to 

be thermodynamically acceptable. The HARM extension enables this approach to capture the 

phenomenon of ratcheting under very many cycles, as observed during cyclic loading of rigid piles for 

offshore wind turbine applications [3]. The model is based on the multi-surface kinematic hardening 



hyperplasticity framework originally proposed by Puzrin and Houlsby [25, 15] , and therefore, complies 

with kinematic hardening rules (also called Masing rules, [9, 27]). It is supplemented by a ratcheting 

element (Figure 1(a)) that produces accumulation of deformation with cycling while still exhibiting 

approximate Masing behaviour, as shown in Figure 1(b). The model is applicable to rate-independent and 

rate-dependent materials. However, Abadie, Byrne [1] show that there is no evidence of strain rate 

affecting the pile response, and therefore, the rate-independent version of the model is used in the 

following. Alternatively, the rate-dependent form can be employed, with use of an appropriately small 

value of the viscosity .  

Table 1. Selected test from [1] and [2] for proofing of the calibrated HARM model (cyclic load packet described in terms 

of Cycle number x (load magnitude b, Equation 14)) 

Test No. Loading description  

Monotonic test 

MCo Continuous monotonic loading 

Continuous cyclic tests followed by monotonic reload 

CMLT1 100,000 x (𝜁𝑏 = 0.31) 

CMLT2 100,000 x (𝜁𝑏 = 0.42) 

CMLT3 100,000 x (𝜁𝑏 = 0.47) 

CMC1 1 x (𝜁𝑏 = 0.42) 

CMC2 10 x (𝜁𝑏 = 0.42) 

CMC3 100 x (𝜁𝑏 = 0.42) 

CMC4 1,000 x (𝜁𝑏 = 0.42) 

CMC5 10,000 x (𝜁𝑏 = 0.42) 

Multi-amplitude cyclic loading tests 

H1IM 
1 x (𝜁𝑏 = 0.25) – 1 x (𝜁𝑏 = 0.34) – 1 x (𝜁𝑏 = 0.39) – 1 x (𝜁𝑏 = 0.50) – 1 x (𝜁𝑏 = 0.59) - (𝜁𝑏 = 0.70) – 1 x 
(𝜁𝑏 = 0.86) 

MALL1 100 × (𝜁𝑏 = 0.48) − 10 × (𝜁𝑏 = 0.59) − 1 × (𝜁𝑏 = 0.69) 

MALL2 1 × (𝜁𝑏 = 0.69) − 100 × (𝜁𝑏 = 0.48) − 10 × (𝜁𝑏 = 0.59) 

MALL3 10 × (𝜁𝑏 = 0.59) − 1 × (𝜁𝑏 = 0.69) − 100 × (𝜁𝑏 = 0.48) 

MASL1 1000 × (𝜁𝑏 = 0.30) − 100 × (𝜁𝑏 = 0.48) − 1 × (𝜁𝑏 = 0.69) 

MASL2 100 × (𝜁𝑏 = 0.48) − 1 × (𝜁𝑏 = 0.69) − 1000 × (𝜁𝑏 = 0.30) 

MASL3 1 × (𝜁𝑏 = 0.69) − 100 × (𝜁𝑏 = 0.48) − 1000 × (𝜁𝑏 = 0.30) 

MA1 
900 × (𝜁𝑏 = 0.31) − 100 × (𝜁𝑏 = 0.51) − 1 × (𝜁𝑏 = 0.72) − 100 × (𝜁𝑏 = 0.51) − 900 × (𝜁𝑏 = 0.31) − 100 × 

(𝜁𝑏 = 0.51) − 1 × (𝜁𝑏 = 0.72) − 100 × (𝜁𝑏 = 0.51) − 9, 500 × (𝜁𝑏 = 0.31) 

MA2 
1, 000 × (𝜁𝑏 = 0.31) − 1 × (𝜁𝑏 = 0.41) − 500 × (𝜁𝑏 = 0.31) − 1 × (𝜁𝑏 = 0.45) − 500 × (𝜁𝑏 = 0.31) − 1 

× (𝜁𝑏 = 0.49) − 500 × (𝜁𝑏 = 0.31) − 1 × (𝜁𝑏 = 0.54)− 500 × (𝜁𝑏 = 0.31) − 1 × (𝜁𝑏 = 0.6) − 500 × 

(𝜁𝑏 = 0.31) − 1 × (𝜁𝑏 = 0.62) − 500 × (𝜁𝑏 = 0.31)−1×(𝜁𝑏 = 0.66)−6, 500×(𝜁𝑏 = 0.31) 

 



Houlsby, Abadie [3] present both a “series” and “parallel” version of the HARM model, which both lead 

to a similar hysteretic and ratcheting behaviour, and in some cases, are equivalent (see Section 2.6). 

Ignoring the effects of ratcheting, Beuckelaers et al. [28] show that the series and parallel forms of the 

model result in an identical response for 1-directional loading. For 2-directional loading the responses are 

not identical, but are sufficiently close that they are within the bounds of experimental error. It would be 

extremely difficult to devise an experiment that would enable a definitive choice between the two models 

to be made. Beuckelaers et al. [28] therefore advise that the choice can be made on pragmatic grounds. 

They suggest using the series model for load-controlled problems, as it is computationally simpler for this 

case. Conversely, the parallel version is better suited for strain-control, and for implementation in most 

finite element codes. Assuming that the models are also very similar once ratcheting is included, the series 

form of the HARM model is used in the following analysis of load-controlled tests. 

 

 
(a) (b) 

Figure 1. (a) Schematic representation and (b) Typical response continuous cyclic loading obtained with HARM (adapted 
from [3]) 

Mathematically, the constitutive behaviour is described in terms of “stress” and “strain” () and is 

completely defined through the derivation of two scalar functions, here the energy function 𝑓 and the 

dissipation potential 𝑑:   
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Where 𝐸0 is the elastic modulus, the 𝐻𝑛 are the kinematic hardening moduli, the 𝑘𝑛 are the kinematic 

hardening surface strengths. The mathematical developments shown in Houlsby, Abadie [3] are 

formulated using a discrete summation of a large number 𝑁𝑆 of yield surfaces (summation symbols in 

Equation 1 and Equation 2). For very large number of 𝑁𝑆, this formulation can be developed one step 

further to describe the case of a continuous field of yield surfaces in a similar fashion as the work published 

in Puzrin and Houlsby [25]. This corresponds to replacing the discrete sums by integrals, which hence 

describes a perfectly smooth elastic-plastic transition (e.g., Figure 6(c) in [29]): 
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𝜂 is the internal coordinate that replaces the index 𝑛 and the set of internal variables {𝛼1, 𝛼2, … , 𝛼𝑁𝑆
} 

becomes an internal function 𝛼̂(𝜂) of this coordinate. For large values of 𝑁𝑆, the two formulations are 

clearly equivalent, but the integral form is mathematically more rigorous and enables the developments 

described in this paper to be more concise. However, it is impractical for implementation purposes where 

a discrete formulation using a large value for 𝑁𝑆 is preferred. For computation application, a value of 𝑁𝑆 =

40 was adopted in this paper. 

Using this formulation, the  constraint defining the additional ratcheting strain 𝛼𝑟 (Equation 13 in [3]), is 

defined through the constraint: 
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Where S() is the generalised signum function (see Notation). 𝑅̂ is the family of ratcheting parameters of 

discretised form 𝑅𝑛 in Figure 1(a). The 𝑅̂ values are dimensionless fraction of unity that directly controls 



the amount of ratcheting strain. It is the most subtle of the quantities to accommodate and fit the 

ratcheting behaviour, and the objective of this paper is to demonstrate how to choose and calibrate their 

values. On the other hand, when ∀𝑛 ∈ [1, 𝑁𝑠], 𝑅𝑛 ≡ 𝑅̂(𝜂) ≡ 0, all ratcheting effects are disabled and the 

resulting response corresponds to pure kinematic hardening.  

Finally, the cyclic history is memorised through the accumulated ratcheting strain 𝛽: 

rc     Equation 6 

𝛽 is a state hardening variable that accounts for the change of behaviour with cyclic history.  Applying 

standard methods of derivation within the hyperplasticity framework (see [1- 3, 18] for methodology), 

the above yields to the expression of the yield surface: 
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And the incremental behaviour: 
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Finally, the effect of ratcheting within any group of cycles of the same load magnitude and amplitude can 

be accelerated to save computation time in a rigorous and exact way. This is a very powerful feature of 

the model, achieved by multiplying Equation 9 by a factor Rfac that corresponds to the number of cycles 

to be “skipped” or “accelerated”:  
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Implementation of Equation 7 to Equation 11 with a constant value for 𝑅̂, reproduces ratcheting 

behaviour at a constant rate, while conforming approximately to Masing rules (Figure 1(b)) and therefore 

provides the fundamental behaviour of principle (0). 



2.3. Macro-modelling approach and notation 

The objective of this paper is to model the response of an offshore wind turbine foundation to a combined 

moment and horizontal load, relevant to wind and wave loading on a monopile (Figure 2). The work done 

by this set of loads is equivalent to the work done by a load applied at an eccentricity ℎ𝑒 = 𝑀/𝐻 from the 

ground level, which allows replacement of the coupled torsional 𝑀 − 𝜃 and lateral 𝐻 − 𝑣𝐺  reactions by a 

single lateral reaction 𝐻 − 𝑣𝑇  for simplicity. 

The modelling approach followed in this paper considers the macroscopic response 𝐻 − 𝑣𝑇  of the pile 

and encapsulates its response through a single 0-D macro-element model at the ground surface (Figure 

2). The authors appreciate that the model does not address the local soil behaviour down the pile when 

the pile is subjected to cyclic loading, which is a recognised limitation of the work. Clearly, the macro-

response of the pile is the integration of the local responses down the pile, and continuation of this work 

towards a comprehensive study linking the two would provide very useful insight for design. Nevertheless, 

the approach followed here provides the basis for implementation of soil-structure interaction macro 

element models within structural analysis packages, which are very widely used and of great importance 

to the offshore engineering industry.  



 

Figure 2. Schematic representation of monopile 0-D macro-modelling 

For consistency with Houlsby, Abadie [3], the theoretical developments presented in the following are 

expressed in terms of stress 𝜎 and strain 𝜀, although in this particular application the “stress” stands for 

the lateral load on the pile and “strain” for the displacement at the point of load application. In addition, 

the lateral force and the pile top displacement are both normalised using the corresponding values at 

ultimate capacity (𝐻𝑅 and 𝑣𝑇𝑅).  

R

t

H

H
  Equation 12 

T

TR

v

v
   Equation 13 

For the pile in sand used by Abadie, Byrne [1] (with L=360mm, D=77mm), the values at pile top (load 

application level) are 𝐻𝑅 = 𝑀𝑅/ ℎ𝑒 = 78𝑁 and 𝑣𝑇𝑅 = 19.51𝑚𝑚 = 0.25 × 𝐷 at an eccentricity ℎ𝑒 =

430𝑚𝑚, corresponding to a displacement of 𝑣𝐺 ≈ 0.1 × 𝐷 at ground level. Using this notation, the 

normalised load magnitude 𝜁𝑏 used in [19] and [1] and used to characterise cyclic loading test magnitude 

corresponds to: 



max ,maxb t RH Hζ σ   Equation 14 

Careful consideration needs to be applied to the appropriate dimensions for all quantities, and in 

particular for the stiffness. Special attention is hence paid to notation and definitions of strain quantities, 

and Figure 3 displays the conventions used. In particular, the initial load-unload loop is indexed "0" to 

indicate that this cycle actually corresponds to the backbone curve. Subscripts "p" and "m" are used to 

indicate (maximum) peak and minimum cyclic points respectively. Because of Masing rules, after any 

unload-reload cycle, at peak load, the accumulated strain is entirely caused by the accumulation of 

ratcheting strain (when there is no ratcheting, the loop is indeed closed), and hence: 

0 0pN p pN p       Equation 15 

   

Figure 3. Notations for calibration of the model and illustration of hardening parameter 

The calibration method proposed here requires the use of (i) a monotonic test and (ii) a small set of long-

term cyclic tests (we use 3 tests here). The use of 1-way loading tests facilitates the mathematical 

developments shown below, and is hence preferred here. The long-term continuous cyclic test results 

presented in Abadie, Byrne [1] are not perfect one-way loading, as the experimental equipment did not 

allow to unload to zero, however, the minimum load is small enough to use this approximation.  

Using this notation, Abadie, Byrne [1] demonstrate that a good fit of the backbone curve is achieved with: 
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𝐸0 is the initial stiffness of the response, measured by the slope of the tangent to the origin. 𝑘𝑈 is the 

ultimate strength for the model sliders, which can conveniently be chosen equal to the ultimate load, and, 

according to Equation 12, is equal to 1 here. Similarly, 𝜀𝑝𝑢 is the ultimate monotonic plastic strain, equal 

to 1 according to Equation 13.  Finally, 𝑚ℎ is an empirical exponent that defines the shape of the curve of 

value 𝑚ℎ = 3 [1, 21]. 

Equation 16 captures a continuing increase in strength with strain, which never reaches an ultimate limit 

state. In the particular case of application to a laterally loaded pile, this is not a problem, as the pile is 

never pushed to ultimate capacity and mostly performs within the non-linear plastic region. 

For the case of laterally loaded monopiles subjected to 1-way loading, and the test results used in this 

paper, LeBlanc, Houlsby [19] and Abadie [21] showed that principles (1) and (2) could be empirically 

approximated by: 
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 Equation 17 

where 𝑇0 is a dimensionless empirical factor equal to 0.5, 𝑚𝜎 is a load exponent equal to 4, and 𝑚𝛼 is 

equal to 0.31. 0 is a reference load, which can conveniently be chosen equal to the ultimate load and 

strength 𝑘𝑈 of the spring sliders (here equal to 1). Other published research studies in literature have 

recommended the use of a logarithmic law to capture accumulated deformation at peak load (e.g. [20, 

30-32]). However, the use of a power laws significantly simplifies the following mathematical 

developments and was hence chosen here. However, it is noted that whether power law or logarithmic 

law descriptions are used, both account for an increase in deformation with cycle number in a reasonably 

similar manner.  

The ratcheting behaviours (1) and (2) observed experimentally and summarized by Equation 17 can be 

captured in modelling through appropriate choice of the ratcheting rate function 𝑅̂. The mathematical 



developments shown above and in Houlsby, Abadie [3], will not be altered by choosing a function instead 

of a constant, providing that 𝑅̂ is a function of state (𝜎, 𝜀, 𝛼̂, 𝛼𝑟 or 𝛽) and of the internal coordinate 𝜂. 𝑅̂ 

can also be a function of 𝑘̂, providing that 𝑘̂ is itself a function of state and internal coordinate – which 

will be the case in this paper (see later Equation 22). The ratcheting rate can be a function of 𝜂, in which 

case the ratcheting rate of each surface is independent, or 𝑅̂ can be the same for each surface 

(𝑅̂(𝜂) ≡ 𝑅). The paragraph below proposes a formulation for 𝑅̂, adapted to capture principles (1) to (2). 

2.4. Decreased ratcheting rate with cyclic history 

First, the rate of ratcheting decreases with cyclic history. As the accumulated ratcheting strain 𝛽 

encapsulates the ratcheting – or cyclic – history, this translates into choosing 𝑅̂ to be a decreasing function 

of 𝛽. Equation 17 suggest the use of a decaying power-law: 
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 Equation 18 

𝑚𝑟 is the exponent that defines the dependence of the ratcheting rate on the hardening parameter. If 

𝑚𝑟 = 0, the rate of ratcheting remains constant (Figure 1(b)). 𝛽0 is the initial ratcheting strain, which is 

an arbitrarily small value and is introduced for normalisation purposes. Finally, 𝑅0 is the initial rate of 

ratcheting. When 𝑅0 = 0, ratcheting is disabled and the model produces a purely kinematic hardening 

response. Equation 18 enables the model to capture item (1). 

2.5. Increased ratcheting rate with load intensity 

An effective way of capturing the increased ratcheting rate with load magnitude is to make the ratcheting 

parameters Rn a non-linear function of the load intensity |𝜎|. Similarly, Equation 17 suggests the use of a 

power-law: 
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The exponent 𝑚𝑠 defines the dependence of the ratcheting rate on the stress and enables the model to 

capture principle (2).    



2.6. Independent rate within surfaces 

If described by Equation 19, the ratcheting rate is independent of the internal coordinate, and the rate of 

ratcheting induced by each surface is the same. However, there is a certain advantage in making the 

ratcheting rate caused by each surface proportional to the internal coordinate, and more specifically, to 

each of the surface strengths according to:   
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 Equation 20 

As 𝑘̂(𝜂) is related to the stress level, this partly satisfies principle (2), while making the ratcheting rate 

grow in proportion to the strength of that surface.  

Moreover, when substituting Equation 20 in Equation 9 (or Equation 11), the internal variable for 

ratcheting now becomes a function of the plastic work. Ignoring ratcheting for the time being  (𝑅0 ≡ 0),  

and considering a purely kinematic hardening response for 1-directional loading, the series and parallel 

models, as described in Houlsby, Abadie [3] have a different definition of plastic strain, but can produce 

exactly the same stress-strain response (through appropriate choice of 𝑘 ̂and 𝐻̂ [24]). Consequently, the 

work done at any step within the loop is the same in both models. By expressing the ratcheting strain as 

a function of the plastic work instead of the plastic strain, the p-HARM and s-HARM models become 

indistinguishable for uniaxial loading. This option offers the opportunity of considering both strain and 

stress-controlled scenarios, while using both models for numerical efficiency, with the confidence that 

the results obtained will be identical. In addition, while the kinematic hardening parameters (𝑘̂, 𝐻̂) are 

different because their definition in each model is fundamentally different, the ratcheting parameters, on 

the other hand, (𝑅0, 𝛽0, 𝑚𝑟 , 𝑚𝑠) have the same definition and hence, the same values. Therefore, the 

results of the mathematical developments shown below for the s-HARM model, also apply to the p-HARM 

model for this particular expression of the ratcheting rate. 

For implementation purposes, the ratcheting rate may be expressed in its discrete form following:  
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 Equation 21 

Equation 20 (or Equation 21) implements principles (1) and (2) in a reasonable and efficient way. Principle 

(3) has been left aside for the time being and will be addressed in Section 5.3. 

2.7. List of parameters to calibrate 

The above framework requires the calibration of nine parameters summarized in Table 2. Some of these 

parameters are very straightforward (𝐸0, 𝑘𝑈, 𝜖𝑝𝑢) to determine. Importantly, all the parameters have a 

physical meaning and can be derived analytically, using the fit from a monotonic test (Equation 16) and 

the fit of the evolution of accumulated deformation with cycle number from a few long-term continuous 

cyclic tests (Equation 17), following the methodology described below. 

Table 2. List of parameters for calibration of HARM model: definition, analytical expressions and values  

 Definition Calibration method Value used in paper Eq. No. 

Backbone curve (kinematic hardening) Analytical Optimised  

𝑬𝟎 Initial stiffness Tangent to origin of backbone 59 - 

𝒌𝒏 Kinematic hardening strengths n U

S

n
k k

N
  𝑁𝑆 = 40 

Equation 

22 

𝑯𝒏 Kinematic hardening stiffnesses  
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


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1
ˆ 


  𝑚ℎ = 3  

𝐻𝑛 values  

recomputed  

Equation 

24 

𝒌𝑼 Ultimate strength Ultimate limit load of the pile 1 - 

𝜺𝒑𝒖 ultimate monotonic plastic strain Strain at ultimate load 1 - 

Ratcheting behaviour 

𝜷𝟎 Initial ratcheting strain Arbitrarily small value 1e-4 - 

𝒎𝒓 

Exponent defining the decrease 

of ratcheting rate with cyclic 

history 

rm
m

 
α

1
1  2.2 3.1 

Equation 

30 

𝒎𝒔 

Exponent defining the increase of 

ratcheting rate with load 

intensity 

 s r hm m m m   σ 1 1 8.9 9.5 
Equation 

31 

𝑹𝟎 Initial ratcheting rate 
r

r

m
m

pU m m

T
R R



 β β
ε κ κ

1
0

0 0
0

 1.7 1.8 
Equation 

32 

3. Closed form solution for calibration 

3.1. Expression of plastic strain on yielding 

First, we assume a specific form of the distribution of yield surfaces, the expression for 𝑘̂ is simply: 
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According to Puzrin and Houlsby [25], the expression for 𝐻̂(𝜂) is then derived from: 
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Substituting Equation 16 into Equation 23 and Equation 9, this gives:  
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Equation 20 and Equation 22 are used to calibrate the backbone curve.  

3.2. Ratcheting strain 

Calibration of the accumulation of ratcheting strain with cycle number is achieved using: 
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with: 
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where 𝐵(. , . ) is the Beta function. Demonstration of Equation 25 is provided in Appendix A. As the 𝑅0 

value is proportional to 𝛽0
−𝑚𝑟, with 𝛽0 being a very small value, the value of 𝑅0 can rapidly become a very 

large number, while the ratcheting rate 𝑅̂ still remains a small fraction. It is hence sensible to introduce 

𝑅𝛽 (Equation 26), which is invariant to the choice of 𝛽0 value and represents more closely the value of the 

initial rate of ratcheting to calibrate for design. 



4. Application to prediction of test results 

4.1. Analytical expression for parameters 

For the test results used here, the values of 𝑅𝛽 , 𝑚𝑟 and 𝑚𝑠 are typically in the range of 1, 2.5 and 8.5 

respectively, and in this paper, 𝛽0 was chosen equal to 𝛽0 = 10−4 × 𝜀𝑝𝑈, though any small quantity would 

provide the same results. In the worst case of a large cyclic load of 1, 𝛽0
𝑚𝑟+1 ≈ 10−14, 
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, which simplifies Equation 25. Equally, it is 

reasonable to assume that, at large cycle number, the amount of ratcheting strain accumulated during 

cyclic loading becomes sufficiently large that the accumulated ratcheting strain caused during the initial 

load is  negligible, and therefore: pN p pN β β β0 . Accordingly, at large cycle number, Equation 25 gives: 
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Identifying Equation 29 with Equation 15 and Equation 17 yields to: 
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With the value of 𝑚𝛼, 𝑚𝜎 and 𝑇0 provided in Section 2.3, this gives: 𝑅𝛽 = 1.7, 𝑚𝑟 = 2.2 and 𝑚𝑠 = 8.9. 

The expression and value used for the calibration of parameters is summarized in Table 2. For 

implementation purposes, the 𝑘𝑛 and 𝐻𝑛 have been expressed in their discrete form. 



4.2. Correction of the backbone curve 

Adding ratcheting to the kinematic hardening model leads to a shift of the backbone curve due to the 

additional accumulated ratcheting deformation during initial loading, which is not accounted for in the 

calibration of 𝑘̂ and 𝐻̂ in Equation 22, Equation 23 and Equation 24. This is demonstrated in Figure 4, 

where the backbone curve obtained through pure kinematic hardening (𝑅0 ≡ 𝑅̂ ≡ 0) is compared with 

that once ratcheting is added, both of which are compared with the data of the monotonic test (MCo). To 

adjust for this effect, a corrective sub-routine can be added to balance the additional ratcheting strain by 

stiffening the backbone curve so as to precisely capture the measurements. This is also shown in Figure 

4, where the values of 𝐻̂ were optimised until the predicted backbone curve matched the test data.  

4.3. Final modelling 

An example of the prediction of the three continuous cyclic test results CMLT1, 2 and 3 using the above 

calibration procedure, without the correction of the backbone curve is shown in Figure 5(a). The graph 

displays the strain at minimum peak load, also called residual deformation following cyclic loading, which 

is of great interest for design. Comparison with experimental data proves that the mathematical 

developments leading to Equation 30, Equation 31 and Equation 32 provide accurate prediction of the 

trend and magnitude observed.  

Figure 5(a) displays the results computed incrementally, cycle by cycle, and those obtained using the 

accelerated form (Equation 11), with the acceleration programme used by Abadie, Byrne [29, Table 3] . 

The graph demonstrates that the use of a non-linear expression for the ratcheting rate (Equation 21) 

provides an exact result when used in its accelerated form. 



   

Figure 4. Prediction of the backbone curve (test MCo) without ratcheting (R=0) and with ratcheting (mr=2.2, ms=8.9, 

R=1.7), with and without optimisation correction of the Hn 

  

 

Figure 5. Prediction of the residual deformation at minimum peak load for tests CMLT1,2 and 3 with parameters 

provided by Equation 30 (mr=2.2)., Equation 31 (ms=8.9) and Equation 32 (R=1.7), (a) prior and (b) post-optimisation of 
the Hn for correction of the backbone curve (Figure 4) 

However, accurate prediction of the backbone curve is crucial to any subsequent attempt in predicting 

the response to multi-amplitude cyclic loading. This is because any load exceeding maximum past cyclic 

load will induce the response to follow that of the backbone curve (Masing behaviour). When adding the 

correction of the 𝐻̂ aforementioned in Section 4.2 (black dotted line in Figure 4), the response then 

obtained is that displayed in Figure 5(b). Clearly, the modification of 𝐻̂ changes the mathematical 



developments of Appendix A, and in particular, Equation 43, which explains the loss in accuracy observed 

in Figure 5(b).  

At this stage, there are two options: 

(i) Use the prediction with no correction of the backbone, with the understanding that any 

prediction in capacity and long-term displacement will be conservative (Figure 5(a)) or  

(ii) Use Equation 30, Equation 31 and Equation 32 with optimised values of  𝐻̂ (Figure 5(b)) as 

initial solution for further optimisation of parameters 𝑅𝛽, 𝑚𝑟 and 𝑚𝑠 

Although the second option may seem the obvious choice, it provides a less satisfactory fit for 2-way 

loading, which is not addressed in this paper. Option (ii) is hence pursued in the following and using the 

results of tests CMLT1,2 and 3, an iterative procedure is used to recompute the values of 𝑅𝛽, 𝑚𝑟 and 𝑚𝑠. 

This process is made more efficient by using the accelerated form of the model. For each new set of 𝑅𝛽, 

𝑚𝑟 and 𝑚𝑠 values tested, the values of  𝐻̂ were re-computed to enable close match of the backbone curve 

(similar to that of Figure 4) until a close prediction of test MCo and CMLT1,2,3 were obtained. This 

provided the optimised valules 𝑅𝛽 = 1.8, 𝑚𝑟 = 3.1 and 𝑚𝑠 = 9.5. Figure 6 shows the experimental test 

results compared with the HARM prediction for residual deformation and accumulated deformation at 

maximum peak load (Equation 15), demonstrating high accuracy in the prediction for large cycle numbers. 

This is in agreement with the calibration choice of section 4.1. Most importantly, Figure 6(c) and (d) 

displays the compared load-deflection curves for the three tests, showing that the load-deflection curves 

can be predicted with remarkable accuracy for use in structure design. 



 

Figure 6. Final prediction of (a) the residual deformation at minimum peak load, (b) the accumulated deformation at 

maximum peak load and (d) the load-deflection curves for (c) tests results CMLT1,2 and 3  (mr=3.1, ms=9.5, R=1.8) 

 

4.4. Evolution of ultimate capacity 

The above feature therefore enables prediction of ultimate capacity following long-term cyclic loading, 

also called monotonic re-loading. For tests CMLT1,2 and 3, this is shown in Figure 7, where the monotonic 

re-loading data from Abadie, Byrne [1] are reported and compared with the calibrated HARM response, 

showing good agreement. For clarity of the chart, the past cyclic loading history is discarded here and 

solely shown through the initial point of re-load, corresponding to the residual strain following cyclic 

loading. 



Similarly, Figure 8 shows the compared response of monotonic re-loading following cyclic loading at 

maximum load 𝜁𝑏 = 0.42 for a range of cycle numbers (Tests CMC1-5 + CMLT2, Table 1), also 

demonstrating good agreement. 

 

 

Figure 7. Compared (a) experimental data and (b) HARM 
prediction for monotonic reload following long-term 

continuous cyclic tests CMLT1,2 and 3  

Figure 8. Compared (a) experimental data and (b) HARM 
prediction for monotonic reload following long-term 

continuous cyclic tests at load magnitude 0.42 for a range 
of cycle number 

 
4.5. Multi-amplitude cyclic loading 

Figure 9 shows the compared response for a simple 1-way cyclic loading test of 1 cycle at increasing load 

magnitude (Test H1IM, Table 1), demonstrating that the Masing behaviour is the primary effect captured 

and that accurate prediction of the backbone curve enables close match of the cyclic responses. 



The above provides confidence that the calibrated HARM framework can be used to predict multi-

amplitude load scenarios and this is shown through prediction of selected multi-amplitude tests (Table 1): 

- A series of 3 large load events in different order, tests MALL1,2,3 from Abadie, Byrne [1]  

- A series of 3 combined long-term small and short-term large load events in different order, tests 

MASL1,2,3 from Abadie, Byrne [1] and 

- Two more complex load scenarios extracted from Abadie, Byrne [2], tests MA1 and 2 [and equivalent 

to MASL6 and 7 in 21].  

The results are shown in Figure 10, Figure 11 and Figure 12 respectively. They demonstrate that the 

calibrated HARM prediction captures the observed behaviour fairly well, except for cases MALL2 and 

MASL3, where a very large load is first applied and then followed by cyclic load packets at lower 

magnitude. In these case, the accumulated ratcheting strain generated by the cyclic load is under-

estimated. This is caused by accumulation of hardening during initial loading, which, because of the term 

(
𝛽

𝛽0
)

−𝑚𝑟

, slows down the ratcheting rate too much. Further work on this would be required in order to 

obtain a good balance between hardening and ratcheting. 



 
Figure 9. Compared (a) experimental data and (b) HARM prediction for test H1IM  

 



 
Figure 10. Compared (a,b,c) experimental data and (d,e,f) HARM prediction for test MALL1,2,3 

 
Figure 11. Compared (a,b,c) experimental data and (d,e,f) HARM prediction for test MASL1,2,3 

 



 

Figure 12. Compared (a,b) experimental data and (c,d) HARM prediction for test MA1,2 

5. Discussion 

5.1. Different ratcheting rate form 

The methodology described above can be applied and derived for a wide range of ratcheting rate forms, 

providing that 𝑅̂𝛼̂ is integrable on ℝ+ (Appendix A, Equation 41), which is facilitated by the choice of 

power-laws for the backbone curve fit and the ratcheting rate expression 𝑅̂. In particular, if one prefers 

to use Equation 19 instead of Equation 20 for 𝑅̂, Equation 25 then becomes (see Appendix A.4 for 

demonstration): 
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with: 
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Applying the same reasoning as in Section 4.1, the analytical expressions for Equation 30, Equation 31 and 

Equation 32 are:  
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These equations give: 𝑅𝛽 = 0.56, 𝑚𝑟 = 2.2 and 𝑚𝑠 = 9.9 and provide the comparable results, however, 

equivalence between s-HARM and p-HARM is then lost.  

5.2. Elasto-plastic threshold 

The above equations were derived assuming a non-linear plastic behaviour, with no elastic region and an 

elastic-plastic threshold equal to zero, which is well suited to the case studied here. It is possible however, 

to consider a non-zero threshold, which makes the mathematical developments slightly more complex. A 

framework for the introduction of such threshold is shown in Abadie [21]. 

5.3. Hardening and hysteresis loop shape evolution: prediction of stiffness and damping 

The above framework has not specifically addressed principle (3). In fact, because the model obeys Masing 

rules and the change in ratcheting rate does not affect the hysteresis loop shape, both the secant stiffness 

and loop area remain constant during long-term cyclic loading at constant load magnitude. However, for 

tests CMLT1,2 and 3, the load magnitude drops slightly over time, and may induce some of the changes 

in secant stiffness and loop area observed by Abadie, Byrne [1]. When modelling tests CMLT1,2,3 using 

the calibrated HARM model (Figure 6), the change in load magnitude was accounted for and it was 

therefore possible to compute the evolution of stiffness and area as obtained with the current version of 



the model. The results are displayed in Figure 13 and show that (i) the change in load magnitude is not 

sufficient to explain the change in hysteresis loop area, with further stiffening occurring as outlined by 

LeBlanc, Houlsby [19] and Abadie, Byrne [1], and (ii) current modelling is not sufficient to capture the 

trend accurately. Further hardening of the response with cycle number needs to be introduced through 

mechanisms similar to isotropic hardening, and this is also obvious in test MA2 (Figure 12(b)). 

An efficient option for capturing the change in hysteresis loop shape is to modify the surface strengths 𝑘̂ 

with cyclic history, as this does not change the mathematical developments shown in Houlsby, Abadie [3]. 

A natural way to achieve this is to choose an increasing function of 𝛽, which gradually stiffens the overall 

response on each unload-reload loop and both tightens the hysteresis loop shape and increases the secant 

stiffness. Using a power-law, for example, one can choose: 

 

Figure 13. Prediction of the evolution of (a) the secant stiffness and (b) the hysteresis loop area for tests CMLT1,2 and 3  

Where 𝑘̂0 is the initial kinematic hardening strengths (Equation 22) and 𝑚𝑘 is the exponent that defines 

the rate at which the hysteresis loop closes with hardening. If 𝑚𝑘 = 0, this effect is disabled and therefore 

the shape of the hysteresis loop remains unchanged. In this case, it is preferable to choose the ratcheting 

rate to be a function of 𝑘̂0 rather than 𝑘̂ (Equation 21).  
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Equation 39 is one of the many options that can be used to define the change in loop shape, and other 

hardening mechanisms could be used. Equation 39 modifies the demonstration from Appendix A and 

therefore the mathematical developments shown in this paper. In addition, any change in the hysteresis 

loop shape through modification of 𝑘̂ or 𝐻̂ implies that the accelerated form of the model is not exact and 

that further computational criteria must be introduced to enable acceleration of computation.  

As the change in hysteresis loop shape is not a primary effect of the ratcheting behaviour here, and might 

be due to the specific conditions for testing in Abadie, Byrne [29] (e.g. low relative density), it was 

therefore chosen not to include Equation 39 in the final modelling phase. However, further information 

on calibration and results are developed in Abadie [21]. 

6. Conclusion 

This paper demonstrates a methodology for calibration of the HARM model presented in [3] and the 

rationale behind the parameter values such as adopted in Abadie et al. 2017. Equation 30, Equation 31 

and Equation 32 provide analytical expressions for calibration of the ratcheting parameters, solely based 

on the fit from one monotonic test and a few continuous cyclic loading tests (Equation 16 and Equation 

17). This fit can be further improved via optimisation, with the analytical formulation used as initial value. 

Prediction of both continuous and multi-amplitude cyclic tests demonstrate high accuracy and fit to 

experimental data. 

This approach provides insights to the response at high cycle number in a computationally efficient way, 

as well as the response and capacity on re-loading following long-term cyclic loading. This is vital for 

assessment of service life of offshore wind turbine foundations and should be of great benefit to industry.  

To calibrate the model, precision in the prediction of the backbone curve is required, and approaches such 

as that proposed by Byrne, McAdam [33] or Jeanjean, Zhang [34] may be used for monopile design. 

Further work on the link between cyclic element testing and the macro-behaviour of the pile (translated 

through Equation 17) will enable the model to be calibrated through conventional in-situ and laboratory 

testing for use in industrial design. 
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8. Notation 

d - Dissipation potential 

E0 - Initial tangent shear modulus 

f FL-2 Specific Helmholtz free energy 

H F Lateral force on top of the pile 

Hn,, 𝐻̂ FL-2 Kinematic hardening modulus 

kn,, 𝑘̂ FL-2 Kinematic hardening surface stengths 

kU FL-2 Upper and Lower limit streee 

m - Empirical exponent defining evolution of accumulated rotation with cycle number 

mh - Monotonic exponent defining shape of loading curve 

mk - Exponent defining rate at which the hysteresis loop closes with hardening parameter 

ms - Exponent defining dependence of rate of ratcheting on stress 

mr - Exponent defining dependence of rate of ratcheting on hardening parameter 

N - Number of cycles 

NS - Number of kinematic hardening surfaces 

R0 - Initial ratcheting rate 

Rn, 𝑅̂ - Ratcheting parameter 

Rfac - Acceleration factor 

y, yt L Pile displacement, Pile displacement at point of load application 

𝛼𝑛 , 𝛼̂ - Internal kinematic variable 

r -  Ratcheting strain 

 - Accumulation of ratcheting strain 

0 - Initial value of hardening parameter 

 - Strain 

pU - Ultimate monotonic plastic strain defining shape of loading curve 



 - Internal coordinate 

 FL−2 Stress 

S(.) Modified/Generalised signum function   
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Appendix A: Derivation of the closed form expression for the ratcheting strain (Equation 

25) 

Substituting Equation 22 and Equation 24 into Equation 7, this provides an expression for the plastic strain 

for this particular shape of backbone curve, during the initial loading phase  0 0, p      . 
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 on initial loading only Equation 40 

A.1. Initial loading (cycle 0) 

On first loading:  
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Which can be re-arranged into: 
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From Equation 40, we have: 
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Substitution in Equation 42 and integration then gives:  
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Specifically, at peak load (Figure 3): 
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A.2. Subsequent cyclic loops 

(1) Unloading 



In the following, we suppose a continuous 1-way cyclic load from 0 to 𝜎𝑝 > 0. For any subsequent unload, 

the increment of ratcheting strain is (Equation 9 and Equation 20): 
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Which can be re-arranged into: 
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Substituting Equation 43 and integrating gives: 
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We denote the current value of the state of load as 𝜎∗. Integration from 𝜎𝑝 to 𝜎∗ gives: 
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Equation 49 

Where pt  , px  * . 

For 0*   this reduces to a Beta function 𝐵(. , . ): 
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Which rearranges for *
mσ σ 0   as: 
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(2) Re-loading 



On re-loading, we have: 
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Substituting Equation 43 and integrating from 𝜎𝑚 to 𝜎∗ gives in this case: 
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In the specific case of 1-way loading ( 0m ), this reduces to the simpler form: 
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Which hence gives the value of 𝛽𝑝 at peak load. 

A.3. Equation for calibration 

Putting together the solutions for unloading and reloading in the first cycle, we get: 

  
1

00
1

0
1

0
1

11


















hs

rrr

mm

U

p

hs

rh
pU

mmm
p

kmm

mm
R


  Equation 55 

  
 1,1

2

11001
0

1
1 





hsm

pUrh
m

m
p

m
m mm

mmR

h

r

rr


  Equation 56 

   

 

   
 ,

s hr

r r

h

s hr

r

h

m mm
h r pU pm m

p m m
Us h

m mm
h r pU pm

p s hm
U s h

R m m

km m

R m m
m m

k m m

 

 

 



   
   

   

     
       

    

β ε σ
β β

β ε σ
β

1

0 01 1
1 1

1

0 01
0

1 1

2 1

1 1 1
Β 1 1

12

 Equation 57 

By recurrence of the above procedure, we then have the remarkable result that 
1

 rm
pN  simply accumulates 

linearly with N: 
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Substituting Equation 45 and using the notations of Equation 26, Equation 27 and Equation 28, this leads 

to Equation 25. 



A.4. Case of Equation 19 

If one prefers to use Equation 19 instead of Equation 20 for 𝑅̂, then Equation 41 simply becomes: 
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Equation 43 remains unchanged and this leads to Equation 44 becoming: 
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Similarly, Equation 51 and Equation 54 become: 
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This leads to Equation 33. 


