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Phase lies at the heart of quantum physics and quantum information theory. A quantum

bit is qualitatively different from a classical bit as it allows for the coherent super-

position of possibilities, which demonstrate different behaviours depending on the

phase between them. These behaviours constitute as interference phenomena, and

lie behind the existence of algorithms in quantum computing which are arguably

faster than the best classical alternatives. The concept of phase is deeply steeped

in the structure of Hilbert spaces: the mathematical framework that underlies quan-

tum theory. What if quantum theory did not hold in all scenarios, or was only a limiting

case of some broader theory? In this case, would we still be able to meaningfully talk

about phase and interference?

In this thesis, we will adopt an operational generalisation of quantum theory known

as the framework of generalised probabilistic theories. We will provide a reasonable

definition of phase in this framework. Using this, we shall explore single-particle inter-

ferometry set-ups (particularly Mach–Zehnder interferometers): experiments whose

output is highly dependent on the phase between the spatially disjoint branches through

which a particle might be traversing. By applying physically-motivated locality consid-

erations, we identify the crucial role that the uncertainty principle and its generalisa-

tions play in quantum theory as an enabler of non-trivial interference. By taking into

account relativity of simultaneity, we will also provide a physical motivation for why

standard quantum theory provides the best description of the location of a particle

traversing such a system. Finally, we apply our generalised definition of phase in the

related context of particle exchange behaviour, and identify a method for classifying

post-quantum particles.

All of this will demonstrate that phase between possibilities and its consequences

are not uniquely quantum phenomena. Much of the behaviour we might ascribe to

phase in quantum theory in fact holds generally true for phase in probabilistic theories.
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Chapter 1

Motivation and general overview

1.1 Physics beyond quantum theory

Quantum theory has been used with phenomenal success as a tool in the laboratory

to predict the behaviour of systems observed in experiments. It has also been used

to provide explanations of complex behaviours in terms of simpler quantum concepts.

However, the foundations of quantum theory have been notoriously difficult to inter-

pret or motivate, and thus the study and discussion of them forms a broad field1 of

academic debate, both in physics and in philosophy.

As tempting as it would be to adopt the “shut up and calculate” [5] approach (often

attributed to the Copenhagen interpretation of quantum mechanics [6]), this is a very

short-sighted position to take. Throughout the history of physics, seemingly reason-

able theories have been replaced by newer alternatives where the prior theory is just

a limiting case (e.g. special and general relativity superseding Newtonian mechanics).

One would have to either be incredibly bold or stubbornly unimaginative to claim to

have finally found the ultimate description of reality. In hindsight, statements such as

those allegedly made by in 1900 by Lord Kelvin2 that “There is nothing new to be dis-

covered in physics now; all that remains is more and more precise measurement,” [7]

have proved to be very wrong indeed.

In order to even conceive of how quantum theory could change as science pro-

gresses, we cannot start from inflexible mathematical statements such as “the state

of a system can be described using a complex Hilbert space.” Instead, it is better

to motivate why we should adopt Hilbert spaces (see e.g. [8]) in the first place, by

the combination of fundamental axioms: reasonable statements about reality that we

believe are true. Not only will such statements provide a more satisfying explanation of

why quantum theory is as it is, a well-chosen axiom will also provide us with rules that

might be experimentally tested in the search for alternative theories, and falsifiable

alternatives should it not in fact be true.

1 See, for instance, the journal History & Philosophical Foundations of Physics, Springer.
2According to [7], a similar statement may have also been made by Michelson around the

same time.
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This methodology is known as the axiomatic approach to quantum theory. There

have been many attempts at this including (amongst many other notable examples)

those presented in [9–17]. In this thesis, we shall adopt the framework of generalised

probabilistic theories (see for example [9, 10, 14, 18], and chapter 2 of this text),

which provides a mathematical structure allowing us to compare quantum theory with

alternative theories on an even footing. This framework is operational in that it is

concerned with observable statistics (rather than the underlying theory that generates

them) and so allows for the imposition of an axiomatic structure on top of it (as

was done in [9]), which can be used to select specific descriptions of reality, such

as quantum and classical theory.

Although the goal of this thesis is not to provide a complete axiomatic derivation

of quantum theory, the work here is undertaken in a similar spirit. We shall impose

reasonable behaviours (e.g. axioms regarding locality, or adherence to the rules of

special relativity), and see if this causes deviation in behaviour from that predicted by

quantum mechanics in the specific context of phase.

1.2 What is phase?

The concept of phase has long-existed in physics. It pre-dates quantum theory, as

its origins lie in classical wave-mechanics, where it plays the mathematical role of

describing the current stage of a cyclic process by a real number. For instance in the

periodic solution to the wave equation Y = A cos (ωt), every value ωt, ωt + 2π, ωt + 4π

corresponds to the same value of Y . Here the value φ = ωt mod 2π gives the stage

of the wave-motion in terms of a number between 0 and 2π. This value is known as

the phase of the wave. This mathematical role of phase appears in the behaviour of

classical waves, including those of water waves and electromagnetic radiation.

Phase is responsible for the phenomenon of interference, which occurs when two

or more waves combine. In general, to predict the behaviour of two combining waves,

it is not sufficient just to know the amplitudes (in the example, A) of the waves. If

the waves are in phase (such that φ agrees between the two cases up to a multiple

of 2π), then one has constructive interference where the net effect is that of a single

wave of the sum of amplitudes [e.g. Y = A1 cosφ + A2 cosφ = (A1 + A2) cosφ]. On

the other hand, if the waves are in anti-phase such that φ differs by π, then one has

destructive interference where the net effect is a single wave of the difference of

amplitudes, or even complete cancellation if the amplitudes are the same [e.g. Y =

A1 cosφ + A2 cos (φ+ π) = (A1 − A2) cosφ, which is 0 if A1 = A2]. This vastly different

behaviour, dependent on whether two waves are in or out of phase, highlights the

importance of knowing the phase as well as the amplitude of a wave in order to predict

2



how it interacts with other waves.

In this thesis, we are specifically interested in phase as it appears in quantum

theory. The role played by phase in quantum theory is mathematically similar to that

in classical wave mechanics. However, rather than waves relating to the displacement

of water, or the strength of an electric field, in quantum theory there are waves

of probability, arising as the solutions to the Schrödinger equation (see e.g. [19]).

This allows not just for the superposition of possibilities, but also the cancellation of

possibilities. Should a system admit description of its location by the superposition of

two wave functions ψ1 (x) and ψ2 (x) that are in anti-phase at x, then there will be no

probability of detecting that system at x; even if ψ1 (x) and ψ1 (x) both independently

have some probability of being at x. This is known as coherent behaviour: if the

probabilities had just been mixed together, such as by the laws of classical probability

P (X) =
∑

i P (ψi)P (X|ψi) (where the system is described by ψi with probability P (ψi),

P (X) is the probability of finding the system at X, and P (X|ψi) is the probability of

finding the system at X given it is in ψi), then this cancellation would not occur.

This wave-like behaviour carries through when we abstract the description of the

system into the Hilbert spaces popularly used in quantum information theory (see,

e.g. [8], and discussion in § 2.2 and § 3.1). To fully describe a quantum state of

a system, not only must we associate a probabilistic weighting for how likely each

possible configuration is, we must also associate a phase that encodes how it might

interfere with the other possibilities.

This interaction between possibilities yields some of the most exciting quantum

phenomena. An extreme example lies in the famous thought-experiment of Schrödinger’s

cat [20], where there is a crucial difference between the quantum and classical cat. For

the quantum cat, whose health is in a superposition of dead and alive, these coherent

alternatives can be made to interfere with each other in order to return the cat to a

state of being wholly alive. On the other hand, for a classical cat (who might also have

a 50% chance of being alive), there will be no way to undo what might have happened

to the poor creature. Similar behaviour accounts for the arguable speed-up of quantum

computers over classical alternatives [21–27]. For a quantum computer, one can input

a superposition of every plausible classical bit string (sequence of 0s and 1s) at the

same time. The quantum computer then interferes these alternative inputs to produce

some useful result about the problem under consideration. Attempting to run such an

algorithm with a classically mixed input of bit strings would only yield a meaningless

random result.

Thus, we consider it worthy to establish whether the concept of phase transfers to

post-quantum theories, and how much of the related phenomena can be recovered in

general probabilistic theories.

3



1.3 Overview of results

We shall proceed in chapter 2 with a technical introduction. We review how the state of

a system may be described in classical and quantum theory, and from this perspective

introduce the framework of generalised probabilistic theories (GPT framework). We

shall also provide some details about Spekkens’ toy model [28, 29], a foil for quantum

theory, which has a natural adaptation into the GPT framework.

In chapter 3, we present the first novel results of this work: a general definition

of phase in the GPT framework. We show how this definition is consistent with the

quantum case, and identify instances of phase in other probabilistic theories. We will

prove how this definition is intrinsically related to ‘non-classicality’, and show how it

can be related to decoherence, as well as applied in the context of general quantum

measurements (POVMs).

In chapter 4, we apply the ideas in the preceding chapter to the physical context of

a Mach–Zehnder interferometer, and demonstrate how interference patterns might be

observed in non-quantum theories.

In chapter 5 we introduce the concept of branch locality, which identifies what

consequences can be induced by independent agents acting locally on the spatially-

disjoint branches of an interferometer. We show that this could in general place severe

restrictions on the interference observable, but that this effect is mitigated in quantum

theory by the uncertainty principle. We will consider the Deutsch-Jozsa algorithm [21,

22], a protocol for quantum computing, that solves a specific problem faster than any

known deterministic classical algorithm, and see which non-quantum theories have

the ability to execute this protocol using the Mach–Zehnder interferometer.

In chapter 6, we will also consider the consequence of relativity of simultaneity (a

concept from special relativity) [30], as applied to a single particle travelling through

the Mach–Zehnder interferometer, and demonstrate that this puts further restrictions

on physically reasonable descriptions of the state. In particular, we consider a family of

theories known as n-balls (e.g. [14]), and see that the relativistic consideration singles

out quantum dynamics (i.e. the three-dimensional Bloch sphere).

Finally, in chapter 7, we consider another application of phase in quantum theory:

the behaviour of indistinguishable particles under exchange. We introduce an oper-

ational definition of indistinguishability, and show how a quantum experiment that

identifies different particle types (e.g. bosons/fermions) can be extended into the GPT

framework. We consider how some of these post-quantum particles might behave.

All of this, taken together, shall demonstrate that phase between possibilities and

its consequences are not uniquely quantum phenomena. We will see that much of

the behaviour that we might have ascribed to quantum theory in fact holds true for

probabilistic theories in general.

4



Chapter 2

Introduction to the GPT framework
The essence of science is the elegant description of reality. Mathematical science con-

cerns itself with finding mathematical constructions that allow quantifiable predictions

about the behaviour of a physical system. For this to be possible, there must be a way

of assigning a mathematical object to the state of the system, as well as to the various

mechanisms by which the physical system evolves.

In this thesis, we shall be particularly concerned with operational descriptions of

reality, in which the state of the system is described by a set of statistics, and the

evolution of a system is represented by maps that transform these statistics into new

statistics. In such a framework, physical laws become statistical restrictions. The use

of such an approach should not be mistaken for adopting an instrumentalist philosophy

(which holds that the only valid science is the ability to make falsifiable predictions);

this framework can also be used to provide explanations within operational descrip-

tions: ways of connecting otherwise a priori unrelated physical laws to observable

phenomena via their observable statistics (see especially chapter 5 and chapter 6).

In this chapter, we shall outline this operational approach. We shall begin by

considering how a classical system might be described by probabilities (§ 2.1). We

shall then proceed through a lightning introduction to the description of a system using

quantum theory, and how this differs from the classical case (§ 2.2). We subsequently

identify shared features of these two cases, and show how they may be abstracted

into a framework of generalised probabilistic theories (GPTs) (§ 2.3). We will provide

several examples (§ 2.4), introduce an alternative representation of states (§ 2.5), and

consider in particular the behaviour of multiple systems within the framework (§ 2.6).

In the concluding section of this chapter (§ 2.7), we will introduce Spekkens’ toy

model: a thought experiment that is classical in nature but shares many properties

with quantum theory. Although this model is not a priori within the GPT framework,

we shall discuss how it can be extended such that it may be treated as if it is.
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2.1 Classical probability theory

Classical probability theory provides the simplest model for the description of any sys-

tem. A classical system admits a single largest set of mutually exclusive possibilities1

(e.g. the numbers 1 to 6 on a dice; “heads” and “tails” on a coin; or the values 0 and 1

in a bit).

When the classical system is known to be in one of these possibilities with certainty

(and thus to the exclusion of all other possibilities), then the system is said to be in a

pure state. However, pure states alone are not sufficient to describe every possible

state of knowledge about the system. Consider an experiment where one trial consists

of flipping a fair coin and hiding the result. If the observer assigned either heads or

tails to the state of the system for approximately half of the trials their description

would be correct, and the other half, their description would be incorrect.

Probability theory allows for a description of the state of the system that reflects

this uncertainty. One can describe the state of the object in terms of the relative

frequency2 with which it is to be found in one possibility over the others, in the limit

of an infinite number of repeated trials. For every possible outcome i, one may assign

a real number pi in the range [0, 1]; and provided that it is guaranteed there will be

an outcome at all (such that the system is said to be normalised), then
∑

i pi = 1.

This set of assignments of probabilities to possibilities may be written as a real vector

of dimension equal to the number of possibilities. Such a vector is known as the

probability distribution or probability vector.

For instance, for a system that can be in one of N different possibilities labelled

{z1, . . . zN}, then an assignment of probabilities to possibilities s would be written:

s =

 P (z1)
...

P (zN)

 (2.1)

where P (zi) is the probability that the system is in zi.

A particular choice of the vector s is known as the state of a system. In general, a

state is an epistemic property in that it reflects the knowledge of an agent about the

1Possibilities may be called branches if the freedom is to do with which branch of an
interferometer a particle is in; or levels if the possibilities are associated with a system having
different energies. One might also call such a possibility a state, but we will avoid using this
term in the context of possibilities.

2Discussing the philosophical nature of probability is not the purpose of this thesis (see
instead [31] and references within). Those who are dissatisfied with the relative frequency
outlook on probability may view it as a purely mathematical weighting associated with a
possibility given to options in rational betting strategies (propensity).
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system. For example, consider two agents playing a game where a fair coin is flipped

and hidden. One agent may look at the coin and see it to be definitely in a state of

heads (1, 0)T, whereas the other agent who does not have this knowledge (but knew

that the coin being flipped was fair) would assign it the state
(

1
2
, 1

2

)T
. Regardless of this

mixed distribution, if the second agent were to look at the coin, she would definitely

find the coin to be in a state of heads. It may be assumed classically that the system

has an ontic state (reflecting reality) which is always pure, regardless of what an agent

says about it. This realism is not so clear-cut for systems described by quantum and

post-quantum theories.

A transformation on a classical state is a map that changes the assignment of

probabilities in some way. The output of any transformations must itself be a valid

probability vector. When we assume that the updated state depends only on the

current state, the transformation is Markovian. In particular, the set of Markovian

linear maps (linearity will be motivated in § 2.3.5) correspond exactly to the left-

multiplication of probability vectors by (left-)stochastic matrices (see e.g. [32]): N ×N
non-negative matrices, in which each column sums to 1. If there are other restrictions,

then the set of allowed transformations will be a subset of these.

Figure 2.1: Directed graph of a 3×3 stochastic matrix For a stochastic matrix (LHS)
acting on a system with three possibilities z1, z2 and z3, with states given by the vector
s = [P (z1) , P (z2) , P (z3)]

T, we can draw the directed graph on the RHS. The red nodes
correspond to the different possibilities, and the arrows from each node correspond to
a potential transition from one possibility to another, with a probability given by the
associated numerical value.

We can use the isomorphism between non-negative matrices and directed-graphs

[33] to represent stochastic matrices by a network diagram (e.g. fig. 2.1), where the

nodes are the possibilities, and the directed-lines are labelled with the conditional

probability of transforming the state from zj → zi, given by the element Mij of a

stochastic matrix M .

Reversible transformations correspond to permutations on the labels of the mea-

surement outcomes, and so are represented by the permutation group SN . Considering
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only pure states (where the system is in one possibility with certainty) which could be

treated as ontic states, a permutation could be thought of as the map consisting of

a series of physically implementable instructions “if the system is in zi, move it to

σ(zi)” where σ maps each pure state onto a possibly different pure state. Similarly,

the evolution of an underlying ontic state for an arbitrary stochastic matrix may be

considered as a random walk on the associated network diagram.

Figure 2.2: Classical simplex state-space. The state-space of a three-level classical
system is an equilateral triangle (2-simplex). The three normalised pure states (red dots)
lie on the three axes, equidistant from each other. The red plane shows the set of all valid
normalised states.

Finally, we remark that (in the absence of any other restrictions on the allowed

states) the set of all allowed states (known as the state-space) of a classical system

is given by a regular simplex: the generalisation of point, line, triangle, tetrahedron

into arbitrary dimensions. This simplex structure can be seen by drawing the proba-

bility vector (eq. (2.1)) in Euclidean space, such that the probability of each outcome

corresponds to a different Cartesian axis (see fig. 2.2). If we consider only the states

where
∑

i P (zi) = 1 (which is the equation for a hyperplane of dimension N − 1 whose

normal is given by 1 = (1, . . . , 1)), we note that each axis only contains one point,

corresponding to one P (zi) = 1 and all other P (zj) = 0. These are the pure states of

the system, and each is exactly the same distance from all the other pure states. This

corresponds to the geometric definition of a regular simplex: a shape whose vertices

are mutually equidistant. We note that the composition (chaining) of permutations of

these vertices gives the automorphism group of the simplex SN , and there is a one-to-

one mapping of every state in the space.

A measurement in classical theory consists of checking which possibility the object

is in. When an agent measures a state s = (P (x1), . . . P (xn))T, she expects to find the

system to be in possibility xi with probability P (xi), and if this is indeed the outcome
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she gets, she would update her state to s′ = (0, . . . , 0, 1, 0, . . .)T which only has support

on the element P (xi). If a measurement was made on a system previous in state s, but

the agent either does not learn the outcome or forgets the outcome, then the state she

should assign to the system afterwards is still s.

2.2 Quantum systems

2.2.1 Quantum theory for pure states

Now let us consider describing a system with N mutually exclusive possibilities by

quantum theory, rather than by classical probability theory. Such a quantum system is

qualitatively different from an N -level classical system: in the classical case, knowing

the probability of each of these N possibilities is sufficient to determine everything

there is to know about the system (i.e. its state), but this is not the case for a quantum

system. This is because quantum theory also admits superpositions of possibilities:

descriptions of the system in which none of the possibilities occur with certainty, but

the state of the system is still considered in some way to be pure.

It is almost the definition of quantum system that its state is described by a complex

Hilbert space. A full pedagogical introduction to Hilbert spaces may be found (for

instance) in chapter 2 of [8], but here we will briefly outline the machinery we require.

In essence, a complex Hilbert space consists of a complex vector space, with an inner

product I(·, ·) that maps two vectors onto a single scalar complex number, according

to the rules: i. for any two vectors |φ〉 and |ξ〉 (written in the Dirac notation [34, 35]),

then I(|φ〉, |ξ〉) = I(|ξ〉, |φ〉)∗ where ∗ represents complex conjugation; ii. Linearity in

one argument3 I(|φ〉, c1|ξ1〉 + c2|ξ2〉) = c1I (|φ〉, |ξ1〉) + c2I (|φ〉, |ξ2〉) for vectors |φ〉, |ξ1〉,
|ξ2〉 and complex scalars c1 and c2; iii. I(|φ〉, |φ〉) ≥ 0 for all |φ〉, and equality holds if

and only if |φ〉 is zero.

For a space of vectors (“kets”) {|φ〉}, we can form a dual space of covectors (“bras”)

{〈φ|} which act as functions whose argument is a ket, and whose output is a single

complex number. In fact, from the Fréchet-Riesz theorem (see e.g. §13.3 in [36]), the

set of bras form an isomorphic Hilbert space to the kets, with a related inner product

function defined as Ī (·, ·) satisfying Ī (〈φ|, 〈ξ|) = I (|ξ〉, |φ〉) = I (|φ〉, |ξ〉)∗. This one-

to-one correspondence, taken with the fact that a bra can map a ket to a complex

number allows us to express the inner product between two kets as the application of

an associated bra onto a ket : I(|φ〉, |ξ〉) = 〈φ|ξ〉.
3i and ii together imply anti-linearity in the other argument.
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The kets of a Hilbert space can either represent finite-length vectors, or continuous

functions (such as a solution to the Schrödinger equation), which may be casually

thought of as infinite length vectors where element x is given by the value of the

function φ (x). The bra-ket notation can be used in either case. For finite vectors |φ〉 =

(φ1, . . . , φN)T and |ξ〉 = (ξ1, . . . , ξN)T, the inner product is explicitly the element-wise

sum 〈φ|ξ〉 =
∑N

i=1 φ
∗
i ξi. For a choice of continuous functions φ(x) → |φ〉 and ξ(x) → |ξ〉,

the inner product is equivalently given by the integral 〈φ|ξ〉 =
∫∞
−∞ dx φ

∗(x)ξ(x).

Let us return to the description of the state of a system. If a system has N mutu-

ally exclusive possibilities, the quantum description is via an N -dimensional complex

Hilbert space. N complex numbers naturally admit more freedom of choice than the

N real numbers of a classical probability vector, and we see that using a Hilbert space

description gives rise to the concept of additional complementary measurements

that do not exist in the equivalent classical description of the state.

Consider a pure state of a qubit (two-level quantum system), written as a two-

element complex vector:

|φ〉 =

(
α
β

)
= α|0〉+ β|1〉 α, β ∈ C, |α|2 + |β|2 = 1 (2.2)

where |0〉 = (1, 0)T and |1〉 = (0, 1)T are two vectors forming an orthonormal basis (their

inner product satisfies 〈0|1〉 = 0, and 〈0|0〉 = 〈1|1〉 = 1).

Each element of the complex vector is associated with the probability of finding

the system in a particular possibility. Explicitly, according to the Born rule [37], the

probability of finding a system described by |φ〉 to be in the level labelled by 0 is

given by |〈0|φ〉|2 = |α|2, where 〈0| = (1, 0) is the dual of the (unique) normalised state

associated with being definitely in level 0. Likewise the probability of being in 1 is

given by |〈1|φ〉|2 = |β|2. Following the measurement, the standard quantum update

rule (von Neumann projection in this case, Lüder’s rule in general; see e.g. [38]) is

that the system is now in state |0〉 if the outcome was 0, or |1〉 if it was 1.

However, under the Born rule, all states of the form |φ〉 = a|0〉 + beiθ|1〉 for a, b ∈ <
such that a2 + b2 = 1, and θ ∈ [0, 2π) will give the same probabilities of being in 0 (or in

1), regardless of the choice of θ. The state hence encodes some additional information

beyond what can be probed by a measurement of possibility 0 against possibility 1.

For this extra freedom to have an operational meaning, there must be some way of

observing a consequence if θ were to differ between two states.

The term in θ becomes important when we consider the allowed quantum trans-

formations. Quantum theory admits a more general class of reversible transformation

than just permuting elements of the vector. The reversible transformations of an N -

level quantum system correspond to pre-multiplying the ket by anN×N unitary matrix.

The unitary matrices are defined such that they must preserve the Hilbert space inner
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product I(U |ψ〉, U |ξ〉) = 〈ψ|U †U |ξ〉 = 〈ψ|ξ〉 for any choice of vectors |ξ〉 and |ψ〉. This

implies that they satisfy U †U = 1, and hence U † = U−1 (making it always possible

to find a unique transformation that reverses the effect a unitary has on any system).

Unlike the classical permutation group SN which has a finite number of elements, U(N)

is a compact Lie group (see e.g. [39, 40]) which has an infinite number of elements.

One possible transformation on a qubit would be the following unitary transforma-

tion (specifically known as a Hadamard gate):

H =
1√
2

(
1 1
1 −1

)
∈ U(2) , (2.3)

which evolves the state |φ〉 = a|0〉+beiθ|1〉 into |φ′〉 = H|φ〉 =
(
a+ beiθ

)
|0〉+

(
a− beiθ

)
|1〉.

The probability of measuring 0 or 1 in the new state |φ′〉 is given by:

P (0|φ′) = |〈0|H|φ〉|2 =
1

2
+ ab cos θ, P (1|φ′) = |〈1|H|φ〉|2 =

1

2
− ab cos θ, (2.4)

and hence the initial choice of θ is important to predict the “which possibility?” mea-

surement in |φ′〉, and thus has operational meaning.

As unitary operators do not change the inner product in a Hilbert space, I (|x〉, U |y〉)
is equivalent to I

(
U †|x〉, U †U |y〉

)
= I

(
U †|x〉, |y〉

)
, and

(
U †|x〉

)†
= 〈x|U . This allows

us to unambiguously write the expression 〈x|U |y〉 where U could either be a pre-

multiplication on |y〉 or a post-multiplication on 〈x| with the same (complex scalar)

result. Thus it is mathematically equivalent to treat the role H plays in the expressions

eq. (2.4) as acting not to change |φ〉 → |φ′〉, but rather to transform 〈0| and 〈1| to

〈+| ≡ 〈0|H = 1√
2

(〈0|+ 〈1|) and 〈−| ≡ 〈1|H = 1√
2

(〈0| − 〈1|) respectively. Mathematically,

|〈+|φ〉|2 and |〈−|φ〉|2 recover exactly the same probabilities as in eq. (2.4). Thus, we

can think of the ‘transform and measure’ operation described above as in fact just

being an alternative complementary measurement of the system in a new basis which

compares the ‘|+〉-ness’ vs. the ‘|−〉-ness’ of the state |φ〉. In this basis, the state |ψ〉
could be written

|ψ〉 =
1√
2

(
a+ beiθ

)
|+〉+

1√
2

(
a− beiθ

)
|−〉 (2.5)

and this object represents exactly the same physical state of the system as |φ〉 = a|0〉+
beiθ|1〉.

In an abstract information-theoretical context, there is little distinction between

the first approach of actively transforming a state into a new state and measuring in

a fixed basis, and the second approach of passively transforming the basis so that the

state is in a new co-ordinate system. It is implicitly assumed that there is some way of

measuring the system in whatever basis we choose. However, in physical realisations

of measurement, it may be that making the measurement in different bases does in fact
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involve an active transformation on the state. Consider the set-up in fig. 2.3 where a

photon travels down one of two channels, with the “which path?” degree of freedom

described by a qubit. The photon detectors at the end of each channel click whenever

a photon is present, and so naturally measure in the |0〉 vs |1〉 “which path?” basis.

To measure the full quantum state (a process known as tomography) requires the

insertion of a coherent quantum beam-splitter that implements a transformation on

the state (such as the unitary H above) before it enters the detectors.

Figure 2.3: Measuring a qubit state. A photon travelling down one of two branches is
described by the quantum state |φ〉 = a|0〉+ beiθ|1〉. The choice of beam-splitter inserted
(corresponding to a choice of a physical optical component), affects the statistics of the
output measurement. The expressions on the right hand side reflect the probability of a
click in that particular beam-splitter given the state started in |φ〉. In general, for a qubit
three choices (no beam-splitter whatsoever, such as in the top diagram, is a valid choice)
are required to completely determine the state, as there are multiple values of θ ∈ [0, 2π)
corresponding to the same value of cos θ.

In fact, for every complex vector in quantum theory, it is possible to come up with a

unitary matrix that allows the system to be described as a single supported possibility

of some measurement. It is this reason why quantum systems in a state described by

a complex vector are called pure, even if for most measurements the outcome cannot

be predicted with certainty.
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2.2.2 Mixed states of quantum systems

Although the pure state of an N level quantum system can be written as a complex

vector of the form |ψ〉 =
∑

i ci|i〉 for {ci} ∈ C and a choice of mutually exclusive

outcomes {|i〉}, states of this form do not encompass all possible states of knowledge

that could be held about a quantum system. There are also mixed states, which

mathematically can be thought of as the combination of classical probability with

quantum states.

Consider the scenario where with probability p, a machine will prepare a qubit

system such that it would be described by an agent by the quantum state |0〉, and with

probability 1− p by the state |1〉. The pure states which assign the correct possibilities

to finding the system in |0〉 or |1〉are of the form |ψ〉 =
√
p|0〉 + eiθ

√
1− p|1〉. We shall

demonstrate, however, that none of these are a good choice for the agent to assign to

the state output from the machine. Suppose (for clarity of the example) that p = 1
2
, so

that the candidate output state is |ψ〉 = 1√
2

(
|0〉+ eiθ|1〉

)
. The |+〉 vs |−〉 measurement

(which could be thought of as acting on the state with theH in eq. (2.3)) has probability
1
2

(1 + cos θ) associated with finding the system in |+〉, and 1
2

(1− cos θ) with |−〉. On the

other hand, a |i〉 vs. |− i〉 measurement, associated with first transforming the state by

HY = 1√
2

(
1 −i
i 1

)
, has associated probabilities given by 1

2
(1 + sin θ) and 1

2
(1− sin θ)

respectively (as in fig. 2.3).

Now suppose the system in fact outputs the state |0〉. The statistics associated with

the X measurement are both 1
2

for |+〉 and for |−〉. Likewise, for the Y measurement

one also recovers 1
2

for |i〉 and for | − i〉. The same is also true if the state output was

|1〉. By the laws of combining classical probabilities, we hence expect that if we made

the X measurement without knowing which of these two probabilities, the outcome

would be |+〉 with probability given by pP
(
|+〉 | 0 prepared

)
+ (1− p)P

(
|+〉 | 1 prepared

)
,

where P (X|Y ) is read as “the probability of outcome X given condition Y ”. Hence,

every probability associated with either outcomes of the X measurement or the Y

measurement should be 1
2
. On the other hand, no value of θ satisfies 1

2
(1 + cos θ) =

1
2

(1− cos θ) = 1
2

(1 + sin θ) = 1
2

(1− sin θ) = 1
2
. This means that no single choice of θ

can be assigned to the state |ψ〉 to ensure that it predicts the correct statistics for

any measurement made on the system. We thus have found an example of a quantum

system that cannot be described by a pure quantum state.

Although one could specify the state of systems by a probability distribution over

complex-valued kets, there is a specific quantum object that encodes this concisely.

Recall that the probability of an outcome 〈0| from a pure quantum state |ψ〉 is given

by |〈0|ψ〉|2 = 〈0|ψ〉〈ψ|0〉. Suppose there were a set of pure states |φ1〉, . . . , |φn〉 each

prepared with probability p1, . . . , pn. Classical probability theory tells us then that the

chance of measuring an outcome 〈0| from a random choice from this set is given by
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P (0) =
∑

i P (0|φi)P (φi) and hence P (0) =
∑

i pi〈0|φi〉〈φi|0〉. By linearity, we can take

the sum inside such that P (0) = 〈0|
(∑

i pi|φi〉〈φi|
)
|0〉. The same process can be done for

any measurement outcome 〈x|, and for a given preparation the object inside the 〈x|•|x〉
will be the same in each case. Thus this object, known as the density operator, is a

good candidate to use for our operational description of a mixed quantum state.

Let us remark that the outer product of two kets |φ〉 and |ξ〉 written as |φ〉〈ξ| is a

linear function that maps a vector |ξ〉 to |φ〉, such that (|φ〉〈ξ|) |ξ〉 = |φ〉, and in general

maps a vector |α〉 to a vector parallel to |φ〉 with (complex) length given by 〈ξ|α〉 (i.e.

|φ〉〈ξ|α〉 = 〈ξ|α〉 · |φ〉). For finite dimensions where |α〉 =
∑

i ai|i〉 and |β〉 =
∑

j bj|j〉, this

may explicitly be written as a matrix:

|α〉〈β| =

 a1b
∗
1 . . . a1b

∗
n

...
. . .

...
anb
∗
1 . . . anb

∗
n

 . (2.6)

The density operator of a pure state (for state |ψ〉, the associated density matrix is

|ψ〉〈ψ|) could be thought of a function that maps the that pure state to itself. Suppose

one of a set quantum pure states |φ1〉, . . . , |φn〉 was prepared according to the probabil-

ity distribution (p1, . . . , pn) such that the state was described by the density matrix

ρ =
n∑
i=1

pi|φi〉〈φi|. (2.7)

If {|φi〉} are mutually exclusive possibilities, then ρ acts on any particular choice of

|φj〉 to produce ρ|φj〉 = pj|φj〉, and we find that the density matrix has states corre-

sponding to mutually exclusive possibilities as its eigenvectors, and their associated

probabilities as its eigenvalues. More remarkably, in quantum theory every state can

be written as a probability distribution over a set of mutually exclusive outcomes:

a property known as spectrality [8]. Equivalently, all density matrices are positive

Hermitian matrices with orthogonal eigenvectors and non-negative real eigenvalues.

The density matrix is a more operational description of a system even than writing

a probability distribution over kets, in the sense that two states with no observable

distinction are described by exactly the same matrix. Consider the example at the

top of this section, for instance: an equiprobable distribution over |0〉 vs |1〉 would

yield exactly the same statistics for any conceivable quantum measurement as an

equiprobable distribution over |ψ〉 and |ψ⊥〉 = 1√
2

(
|0〉+ ei(θ+π)|1〉

)
. It would even be

possible to come up with a larger set of kets (such as a equiprobable distribution over

a set of kets with equally spaced θ ∈ [0, 2π) that yield the same statistics. On the other

hand, in all of these cases, the density matrix would be the same: 12/2 = diag
(

1
2
, 1

2

)
.

Let us consider the form of transformations within the density matrix formulation.
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In particular, reversible unitary transformations that would act as U |ψ〉 = |ψ′〉 on a

pure state written as a ket thus act as U |ψ〉〈ψ|U † = |ψ′〉〈ψ′| in the density matrix

formulation, and more generally act as ρ → ρ′ = UρU †. This can be seen by noting

that if the same operation U were applied regardless of the state, a set {|φi〉}i with

associated probability {pi} would be mapped to the set {U |φi〉}i without changing

any of the probabilities; and as U preserves inner products, the new set is also a

set of mutually exclusive possibilities, and may be written as ρ′ =
∑

i piU |φi〉〈φi|U † =

U
(∑

i pi|φi〉〈φi|
)
U † = UρU †.

Much as classical theory allows for general stochastic matrices as well as permu-

tations, there is a class of irreversible quantum operations. These incorporate the

probabilistic application of reversible operations (e.g.) ρ →
∑

j pjUjρU
†
j , as well as

more general maps (often called ‘quantum channels’) of the form ρ → ρ′ =
∑

j BjρB
†
j

where
∑
B†jBj = 1. This latter restriction imposes a property known as ‘complete

positivity’ that guarantees that not only is the output state ρ′ a valid density matrix

(with non-negative eigenvalues), but also if the map acts on a subsystem in a larger

Hilbert space, then the state of this system following the application of the map will

also always be a valid density matrix [41, 42]. For this reason, the most general

quantum operations4 are known as CP maps.

2.2.3 Quantum measurements

Let us return to the concept of measurement in quantum theory one more time, to note

that the formalism of Hilbert spaces admits a clean way of mapping density matrices

to probabilities of measurement outcomes: a process which we shall generalise when

it comes to formulating the GPT framework.

First note, in quantum theory, for a set {〈φi|} to correspond to a complete set of

mutually exclusive possibilities, for every quantum state |ψ〉 applying the Born rule to

get the probability associated with each 〈φi| must sum to unity:
∑

i |〈φi|ψ〉|2 = 1. This

means that if |ψ〉 = |φj〉, then the sum will contain a term |〈φj|φj〉|2 = 1, and as all the

other addends are non-negative, all |〈φi|φj〉|2 = 0, which requires that 〈φi|φj〉 = 0 when

i 6= j. Hence, a set of mutually exclusive possibilities corresponds to an orthonormal

set 〈φj|φi〉 = δij. Such a set obeys a property known as completeness [8] such that∑
i |φi〉〈φi| = 1.

Every quantum state can be written in terms of an arbitrary choice of orthonormal

possibilities (and it is for this reason that the choice of possibilities is often referred to

as a basis), such that a pure state would be |ψ〉 =
∑

i ci|φi〉 for {ci} ∈ C, and a density

4 This also includes maps of the form
∑

iB
†
iBi = k1 where 0 ≤ k ≤ 1, which reduce the

normalisation of the state when k < 1.
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matrix could be expressed ρ =
∑

ij ρij|φi〉〈φj|. From such an expression, it may be seen

that the diagonal elements of the density matrix may be selected by 〈φk|ρ|φk〉 = ρkk and

hence correspond to the probability of outcome |φk〉.
Hence, for any matrix M expressed in the {|φi〉} basis, an operation of the form∑
i〈φi|M |φi〉 is equivalent to calculating the trace of the matrix Tr (M). Moreover, the

same value will be obtained for any basis choice of mutually exclusive {|φi〉}. Consider

an alternative set of outcomes {|ψi〉} which will be related to the first choice by a

unitary transformation |ψi〉 = U |φi〉. For a matrix M =
∑

ijMij|φi〉〈φj|, which satisfies∑
i〈φi|M |φi〉 =

∑
iMii, we find∑

k

〈ψk|M |ψk〉 =
∑
k

〈φk|U †MU |φk〉 =
∑
k

∑
ij

Mij〈φk|U †|φi〉〈φj|U |φk〉

=
∑
ij

Mij〈φj|U

(∑
k

|φk〉〈φk|

)
U †|φi〉 =

∑
ij

Mij〈φj|UU †|φi〉

=
∑
ij

Mij〈φj|φi〉 =
∑
i

Mii, (2.8)

which is the same value. (As a direct corollary, since the unitary operation acting on

the set of possibilities could have been expressed as a transformation on the basis of

the matrix, we note that the trace of a matrix is invariant under unitary transformations.)

This means, for any outcome |φj〉 (out of mutually exclusive set of possibilities

{|φi〉}i), the trace Tr (|φi〉〈φi|ρ|φi〉〈φi|) can be written as
∑

j〈φj|φi〉〈φi|ρ|φi〉〈φi|φj〉 which

is equivalent to 〈φi|ρ|φi〉, which is exactly an expression for the probability that a

density matrix ρ assigns to the possibility 〈φi| occurring. An expression of the form

Pi = |φi〉〈φi| is known as a projector, and in quantum theory is identical to the density

matrix associated with the pure state |φi〉. Combining the Born rule for assigning

probabilities to possibilities, along with the update rule following measurements, we

note that if a state ρ is measured to be in |φi〉, then the state following the measurement

is exactly the pure state |φi〉〈φi|, which can be written in terms of the old state as

ρ→ PiρP
†
i

Tr
(
PiρP

†
i

) (2.9)

(preserving normalisation accounts for the denominator).

This may be naturally generalised beyond projectors, to form the most general

type of quantum measurement [8]. For some set of operators {Mi}, let Mi assign a

probability of an outcome labelled i according to P (M = i) = Tr
(
MiρM

†
i

)
∈ [0, 1], such

that
∑

i Tr
(
MiρM

†
i

)
= 1 for all quantum states ρ, and Mi defines an update rule on the
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state following the outcome i:

ρ→ ρi =
MiρM

†
i

Tr
(
MiρM

†
i

) . (2.10)

(We do not need to worry about cases where the denominator is zero, as these corre-

spond to outcomes that never occur.) Such operators necessarily satisfy
∑

iM
†
iMi = 1,

which is another form of completeness.

Moreover, we can use the cyclic property of the trace to note that Tr
(
MiρM

†
i

)
=

Tr
(
M †

iMiρ
)

and instead write M †
iMi = Ei, such that the object Ei assigns a probability

to ρ according to Tr (Eiρ). This formulation is particularly pleasing as it is an inner

product, known as the Hilbert-Schmidt inner product. This suggests a natural duality

between objects like Ei and between density matrices ρ (much as bras and kets had

a duality defined by an inner product). Choosing a set of {Ei} defines a very general

class of quantum measurement, known as POVMs (positive operator-valued measures).

It can be shown (e.g. §2.2.6 in [8]) that for any set of positive matrices (i.e. matrices

without negative eigenvalues) {Ei}, which satisfy
∑

iEi = 1, a set of measurement

operators Mi can always be found such that Ei = M †
iMi, and if we are predominantly

concerned with the assignment of probabilities, rather than precise post-measurement

states, then {Ei} is a sufficient specification for the measurement.

2.3 The framework of generalised probabilistic
theories (GPTs)

So far we have briefly reviewed the classical description of the states of a system using

probability vectors, and contrasted this with the quantum description which uses com-

plex Hilbert spaces. In both of these descriptions, there were shared concepts such as

states, transformations and measurement; although the details of how these concepts

worked in each framework proved somewhat different. The generalised probabilistic

theory (GPT) framework, which we shall introduce throughout the remainder of this

chapter (see also [9, 10, 14, 18, 43–46]), attempts to put these theories on an even

footing by abstracting these properties in such a way that that they may be expressed

in a shared mathematical structure.
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2.3.1 The generalised experiment

We can break the operational description of an experiment into three sections [9, 14]

(broadly reflecting the divisions outlined in chapter 2 of [47]). We shall describe these

stages in general, and for didactic purposes also invoke the example of a quantum

Mach-Zehnder interferometer drawn in fig. 2.4.

Figure 2.4: A Mach–Zehnder interferometer In this set-up, a single photon may
occupy one of two branches. The photon is incident on the first beam-splitter, and enters
into a superposition of the two branches. A phase-plate (a component that changes the
path length, such as an extra coil of optical fibre, or piece of glass) is introduced on one of
the branches, which changes the phase between the branches. Finally, the two branches
recombine with a second beam-splitter, and the single photon arrives probabilistically in
one of the two detectors. In the figure drawn here, the phase induced is π, which changes
a quantum superposition |+〉 = |0〉 + |1〉 into |−〉 = |0〉 − |1〉, such that the action of the
second beamsplitter is to send the photon into the lower detector with certainty.

1. Preparation.— In the preparation stage, the experimentalist tunes some di-

als, then pushes a button to release an object, which if measured will manifest

outcomes according to a set of statistics specified by the dial settings at the

time of creation. Consider in the MZI: a photon initially produced in upper

branch is incident on a beam-splitter, such that afterwards, it is in a particular

superposition of upper and lower branches- this entire composite process may be

considered the preparation of the state |+〉.

2. Transformation.— In the transformation stage, the experimentalist acts upon

the system in a way such that the current state of the system is updated to take

this action into account. In the MZI example, this is achieved by adding a phase

plate (piece of glass) in one of the arms, to alter the relative phase between the

branches; but in general this could be any action, including inserting another

beam-splitter, or even swapping the paths around.

3. Measurement.— In the measurement stage, the experimentalist chooses a way

in which to probe the system, which results in the output of classical statistics
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(i.e. the relative frequency of possibilities). In the MZI interferometer the final

beamsplitter can be seen as part of the composite process to measure in the

basis |+〉 vs. |−〉 (see also fig. 2.3 in which different choices of beamsplitter effect

different measurements on the system); here, the relative frequency of clicks

in either detector may be described by a classical probability vector, and hence

constitutes an output of classical statistics.

2.3.2 States

Performing a measurement may be thought of as choosing a set of possibilities in a

system (e.g. {“detector one clicks”, “detector two clicks”}), and then resolving the like-

lihood of obtaining each possibility into a classical probability distribution. Suppose

we have a set of possibilities {x1, . . . xn} and label this choice of set as measurement

X. Then, we would write the probability that possibility xi (also known as an outcome

in the context of a measurement) occurs as P (X = xi) or P (xi|X).

For a particular system, it could be that choosing different measurements results

in very different output probability distributions. However, within the GPT framework,

we shall consider theories where it is possible to find enough different measurements,

such that by specifying the statistics of all these measurements, it is possible to

determine the statistics of any conceivable measurement on the system. Indeed,

in an operational approach, there is nothing else to know about the system other

than these statistics; and so this collection of statistics itself forms the mathematical

representation of the state of the system.

Definition 2.1: State

The state of a system is given by the complete set of statistics neces-

sary to completely determine the classical probability distribution for any

measurement that could be made on the system.

Recall that for a classical system (which, excepting coarse-graining, only admits

one choice of measurement), the states are represented by probability distributions,

and in the quantum case states could be represented by density matrices. In the GPT

formalism, the state can be represented as a collection of probability distributions

for the minimum number of independent measurements required to encompass every-

thing known about the system. The outcome probabilities for each measurement can

be written as a vector of real numbers, which can be combined naïvely to form a larger
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vector of real numbers [18, 48]:

s =



P (X = x1)
...

P (X = xn)
...

P (Z = z1)
...

P (Z = zm)


, (2.11)

where we have used the upper case symbols X, Z to represent (two of) the different

measurements, which in general could have a different number of outcomes.

A state is said to be normalised if any measurement performed on it is guaran-

teed to give an outcome (i.e. all the classical probability distributions assigned to the

different measurements are themselves normalised). This places the restriction on the

normalisation constant N ,

N =
∑
i

P (X=xi) = 1 (2.12)

for every measurement X. If this restriction does not hold, the state is not normalised,

and there is a chance that the state ‘disappears’ when a measurement is made on it.

Within the GPT framework, we only admit states where the value of the normalisation

constant N is independent of the choice of measurement, such that the choice of

measurement does not affect how likely a system is to exist. (Why this should be

the case is not obvious when just considering a single system, but can be motivated by

a physical restriction discussed in §2.6).

2.3.3 State-spaces

State-spaces in the GPT framework are defined much like they are in classical theory:

Definition 2.2: State-space

The state-space of a system is defined to be the set of all allowed states

of that system.

Certainly, every state must be comprised of valid probability distributions, but in

some cases this is not the only restriction on states. For example, in quantum theory,

every pure state is associated with a unique projective measurement outcome that

returns success with probability 1. This means there is only one state where (say)

P (Z = z1) = 1, and hence there is no freedom to choose how P (X = x1), P (X = x2),
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etc. could be assigned.

However, there is one rule that every system describable by the GPT framework

must satisfy: the probabilistic mixtures of allowed states are also allowed states. For

a preparation of state s1 with probability λ ∈ [0, 1] or s2 with probability (1 − λ), by

applying standard probability theory
[
P (B) =

∑
i P (Ai)P (B|Ai)

]
to each element of

the vector, the mixed state s′ is given by the convex combination5:

s′ = λs1 + (1− λ)s2. (2.13)

This implies by definition that the state-space is a convex set. It is for this reason that

the GPT formalism is sometimes known as the convex framework .

We can use this as a natural way to define the mutually-exclusive categories of pure

and mixed states within the GPT framework:

Definition 2.3: Pure state

A state is pure if it cannot be formed by the probabilistic combination of

other states in the state-space.

Definition 2.4: Mixed state

A state is mixed when it can be formed by the probabilistic combination

of other states in the state-space.

Finally we remark that when we are only concerned with binary measurements on

a normalised state6, it is possible to use an expectation value representation to

express the statistics of the state. If we label the two outcomes of each measurement

as +1 and −1, we can write

〈X〉 = P (X = +1)− P (X = −1).

and then frame the expectation values for the different choices of measurement as

a vector. Due to their binary nature, this allows us to form a meaningful geometric

representation in Euclidean space (of dimension equal to the number of measurements

used to specify the state), in which for each measurement, one outcome corresponds to

a different Cartesian axis, and each point within corresponds to a state with different

statistics [49]. Most of the diagrammatic representations of state-spaces in this thesis

will follow this procedure.

5 It is possible to formulate a more abstract definition of convexity (see §2.2 in [45]), but the
function we adopt here is particularly useful for probabilities.

6Moreover, for any measurement X with a finite number of outcomes N , one can find
dlog2Ne binary measurements that cover all the statistics of X.
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2.3.4 Effects

Let us now formalise the concept of ‘possibilities’ with a mathematical object known as

an effect. Much like how in quantum theory a bra maps a ket onto a complex number,

an effect is a functional that maps a state into a single probability. A set of possibilities

in a measurement are thus represented by a set of effects, which will map that state

onto a classical probability distribution.

Definition 2.5: Effect

Associated with a every measurement outcome is an effect: a functional

which acts on a state to assign the probability that that outcome would occur,

should that measurement be made.

When a states is expressed as a real vector, an effect associated with outcome xi
of measurement X may be expressed as a covector written xi such that the associated

measurement outcome probability for state s is given by the inner product, xi · s =

P (X = xi). (This covector is also real [48]). For example, for a state expressed in the

form of eq. (2.11), the effect associated with outcome x1 of measurement X would be

written:

x1 = [1, 0, . . . 0 | . . . | 0, . . . , 0] . (2.14)

In quantum theory, the set of states and effects are naturally duals of each other

(such that for every pure state |ψ〉, there is a single bra 〈ψ|, associated with the

outcome of a fine-grained measurement which occurs with certainty on the state |ψ〉),
this does not have to be the case in general. Hence, in the GPT framework we are

more cautious about treating states and effects as conceptually separate objects than

we would need to be in quantum or classical theory.

We remark that it is possible to coarse-grain a measurement X with n outcomes

(and hence n effects), {x1 . . .xn} into a measurement X ′ with n′ < n effects {x′1 . . .x′n′}
by generating a new set of effects by summing together combinations of elements in

the original set, such that every effect is included once and only once. For example,

x′1 = x1 + . . .+ xk1 ,

x′2 = xk1+1 + . . .+ xk2 ,
...

x′n′ = xkn′−1+1 + . . .+ xn. (2.15)

In this case, if x1 · s = p1 and x2 · s = p2, then (x1 + x2) · s = p1 + p2.

By taking coarse-graining to its ultimate extreme, one could consider a measure-

ment with a single effect outcome, such that when this effect is applied to the state, it
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returns the normalisation of the state. This effect is known as the unit effect and is

written 1. There is no unique representation of this, but because the normalisation of

states in the GPT framework are guaranteed to be the same for every measurement it

is safe to write as [18], say

1 = (1, . . . 1 | 0, . . . , 0 | · · · | 0, . . . , 0) (2.16)

such that 1 · s =
∑

i P (X = xi) = N for all s.

We can also use the formalism of effects to generate expectation values. By assign-

ing a real-valued number xi to each measurement outcome labelled by effect xi, then

for a state s:

〈X〉 =
∑
i

xiP (X = xi) =
∑
i

xixi · s (2.17)

and so the object X =
∑

i xixi is a functional which maps states onto expectation

values. This is particularly useful for binary measurements, where (choosing as the

labels +1 and −1), we find the functional E = e+ − e−. As e+ + e− = 1, knowing E · s
alongside the normalisation N is sufficient to completely determine the statistics for

that measurement.

2.3.5 Transformations

Definition 2.6: Transformation

A transformation is a map between states of a system.

As the state of the system is specified in terms of the statistics, transformations are

maps between sets of statistics.

A transformation is valid on a state-space if it maps every state in that state-space

to an allowed state (such that there are no output states not contained within the state-

space allowed for that system). More strongly, a transformation is allowed if it is valid,

and does not violate any other restriction that may have been explicitly placed.

Within the GPT framework transformations are taken to be linear, which we moti-

vate by a property known as linearity of mixing. Consider a transformation f : s→ f(s).

If the particle is in one of two states s1 or s2 with probabilities λ and (1 − λ) before

the transformation, then this transformation will act on each state s1 → f(s1) and

s2 → f(s2). Linearity of mixing means that if we were to apply the transformation to the

combined state, s = λs1 + (1− λ)s2 such that s→ f(s), then f(s) should be the same as

the result we get by taking the probabilistic mixture of the outputs λf(s1)+(1−λ)f(s2),

implying:

f(λs1 + (1− λ)s2) = λf(s1) + (1− λ)f(s2) (2.18)
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for all λ ∈ [0, 1]. This restriction implies that f is an affine transformation, meaning we

can represent transformations as matrices pre-multiplying the vectors of probabilities.

Of particular interest are the class of transformations which are reversible.

Definition 2.7: Reversible transformation

An allowed transformation T : s→ s′ is called reversible if there is also

a (possibly different) allowed transformation T−1 which maps every output

state of T back onto the corresponding input state that generated it, and

moreover T−1 is an allowed transformation for all states in the state-space.

It follows that the image of a state-space through a reversible transformation is the

same state-space, and so reversible transformations form a group under composition.

This group will be the automorphism group of the state-space, or some subgroup

thereof if there are other restrictions on which transformations are admitted.

Transformations not satisfying the criterion of reversibility are known as irreversible

transformations. We remark that although a transformation described by a singular

(non-invertible) matrix will be irreversible, singularity is not necessary for irreversibil-

ity. For instance, a uniform shrinking of the state-space may be performed in a non-

singular way by a matrix T (for example, mapping every probability in the range [0, 1]

to the range [1
4
, 3

4
] via the map p′ = 1

4
+ 1

2
p) but if the mathematical inverse T−1 of

this matrix were applied
(
mapping p = 2

(
p′ − 1

4

))
, states outside of the image of the

state-space through T would be mapped by T−1 to states outside the state-space (e.g.

a state with an element where p′ = 0 would be mapped to p = −0.5 which is not a valid

probability).

Finally, we define what it means for a transformation to be trivial.

Definition 2.8: Trivial transformation

A transformation is trivial if it maps every state within a state-space to

itself.

By its very definition, the trivial transformation corresponds to an identity operator,

and within the vector representation, this can be represented by a identity matrix

(explicitly a diagonal matrix with only 1s along the diagonal, written here as 1n where

n is the dimensionality of the matrix). However, when states are represented as in

eq. (2.11), they are over-determined because of the constraint that all measurements

normalise in the same way. Thus, much like the unit effect 1, one could construct other

matrices than the identity that have no effect on any allowed state. This definition of

trivial is much stricter than that used by Gross et al. [50], which incorporates a wide

range of reversible transformations corresponding to the relabelling of measurements,

measurement outcomes, or subsystems (discussed in § 2.6), but excludes transforma-

tions that generate correlations.
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2.3.6 Theories

Finally, we bring the above components together to form a theory.

Definition 2.9: Theory

A theory assigns to a physical system (set-up), a complete description

of its operational behaviour. This description consists of a tuple of sets of:

i. all allowed effects (every possible measurement and outcome),

ii. all allowed states (every possible combination of statistics),

iii. all allowed transformations (every allowed way in which the statistics can change).

For any given state-space, it is possible to suggest a set of valid effects (the dual

space of functionals that would map the states onto the range [0, 1]), and a set of trans-

formations (by considering every automorphism of the state-space, and the convex

combination thereof). However, the state-space alone is not sufficient to completely

define the theory, as there could be further arbitrary restrictions placed on the allowed

effects and transformations restricting the choice to a subset of the effects and trans-

formations found in the above manner. Thus, a set-up in two different theories could

share the same state-space, but admit alternative transformations.

2.4 Example theories within the GPT framework

Let us now return to a few concrete examples, to see how they fit in the GPT frame-

work. We will revisit classical and quantum theory, before moving onto a theory that

goes beyond quantum theory. So that these examples are more directly comparable,

in all cases we will consider binary systems, in which the theory describes the state of

a system with two mutually-exclusive possibilities.

2.4.1 Classical probability theory: bits

Classical theories only admit one choice of measurement, and so the states as they

might be expressed within the GPT framework (definition 2.1) are exactly the same as

the probability vectors as described in §2.1. The effects associated with the possibility

i may be written as covectors i = (0, . . . , 0, 1, 0, . . . , 0) such that all elements are 0

except column i. Transformations are exactly the set of stochastic matrices, which

map probability distributions to probability distributions.
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(a) Classical bit. The two
red points at the ends corre-
spond to pure states, where
the state of the coin is known
to be definitely heads, or def-
initely tails. The mid-point of
the line represents the max-
imally mixed state, such as
what an observer might as-
sign if a fair coin was tossed
and the result withheld.

(b) Qubit. The state-space
of a single qubit is the Bloch
sphere. Every point on the
surface corresponds to a pure
state of a qubit, and every point
inside corresponds to a mixed
state. There are three comple-
mentary choices of measure-
ment basis. The points in red
correspond to pure states asso-
ciated with the eigenvectors of
the Pauli matrices.

(c) 3-in 2-out gbit– (def-
inition 2.10) all three mea-
surements can independently
take maximal values; and so
there is a plane of states
for each definite measure-
ment outcome (e.g. 〈Z〉 = 1),
and the state-space forms a
cube. This state-space admits
non-quantum states, such as
the point in red where the out-
come of every measurement is
+1.

Figure 2.5: Three example state-spaces.

The drawn example (fig. 2.5a) shows a classical bit: a binary choice. If we label the

only measurement as Z, and associate ‘heads’ with +1 and ‘tails’ with −1, we would

write the general state of this system as:

s =

(
P (Z = +1)
P (Z = −1)

)
, (2.19)

and the effects z+ and z− associated with heads and tails respectively would be written:

z+ = (1, 0) , z− = (0, 1) . (2.20)

The allowed transformations on the states are given by 2× 2 stochastic matrices of the

form

T =

(
p 1− q

1− p q

)
, p, q ∈ [0, 1]. (2.21)

The two reversible transformations correspond to the choices p = q = 1 and p = q = 0.

The former corresponds to the trivial transformation 1, and the latter to exchanging
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+1 and −1: a bit flip. Under composition, these matrices form a group isomorphic to

the integer modulo-2 addition group Z2.

2.4.2 Quantum theory: qubits

Recall from § 2.2.3 that there was an inner product function Tr (Eiρ) that assigned

probabilities to some outcome labelled by Ei to a state labelled by ρ. This is natu-

rally isomorphic to the inner product structure between effects and states in the GPT

framework where e · s assigns a probability of an outcome labelled e to a state labelled

by s. The CP maps are the transformations.

Let us consider the specific example of a quantum binary system: the qubit. Recall

from § 2.2 that the general state of a two-level quantum system is given by a 2 × 2

density matrix, which will satisfy:

ρ =

(
ρ11 ρ12

ρ21 ρ22

)
=

(
a b− ic

b+ ic 1− a

)
, (2.22)

where the expression on the right-hand explictly shows the three real degrees of

freedom remaining after we note that ρ = ρ† and that Tr (ρ) = 1.

Let us now consider a few quantum measurements that would be sufficient to

determine the state. First, we take the ‘computational basis’ measurement, labelled

Z, with outcomes +1 and −1 associated with |0〉〈0| and |1〉〈1| respectively. For these,

P (Z=+1) = Tr (|0〉〈0|ρ) = a and P (Z = −1) = Tr (|1〉〈1|ρ) = 1− a.
Similarly, we can choose two other measurements X and Y such that:

X+ = |+〉〈+| = 1

2

(
1 1
1 1

)
X− = |−〉〈−| = 1

2

(
1 −1
−1 1

)
Y + = |i〉〈i| = 1

2

(
1 −i
i 1

)
Y − = | −i〉〈−i| = 1

2

(
1 i
−i 1

)
(2.23)

such that expressing the probabilities for all three measurements gives

s =


P (X = +1)
P (X = −1)
P (Y = +1)
P (Y = −1)
P (Z = +1)
P (Z = −1)

 =


1/2 + b
1/2− b
1/2 + c
1/2− c

a
1− a

 . (2.24)

Clearly s encodes all of a, b and c and so is sufficient to specify the qubit. Thus s

qualifies as a state in the GPT framework. The effects associated with the X, Y and Z
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measurement outcomes have obvious representations, given by

x+ = (1, 0 | 0, 0 | 0, 0) , x− = (0, 1 | 0, 0 | 0, 0) ,

y+ = (0, 0 | 1, 0 | 0, 0) , y− = (0, 0 | 0, 1 | 0, 0) ,

z+ = (0, 0 | 0, 0 | 1, 0) , z− = (0, 0 | 0, 0 | 0, 1) . (2.25)

We remark that if we combine the effects to form new functionals, X = (x+ − x−),

Y = (y+ − y−) and Z = (z+ − z−), from the linearity of the inner product we see

that these return the expectation value of the respective measurements weighting

numerically between the labels +1 and −1: Z · s = 2a− 1, X · s = b and Y · s = c. This

is exactly analogous to taking the quantum expectation value7 with the three Pauli

matrices:

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
, (2.26)

which is the motivation behind our choice of labels X, Y and Z. As the state s

can be determined completely by these three expectation values, we may draw the

(normalised) state-space of a qubit in three dimensions as in fig. 2.5b (see also the end

of §2.3.3).

The spherical shape of the qubit state-space arises from a restriction on which

statistics correspond to valid quantum states known as the (quantum) uncertainty

principle. This uncertainty principle follows as a direct consequence of the structure

of Hilbert spaces (see appendix A). For qubits, this restriction is written

〈σx〉2 + 〈σy〉2 + 〈σz〉2 ≤ 1. (2.27)

It may be seen that whenever the state has a certain outcome for one of the X, Y or

Z measurements, the outcomes for the other two measurements are totally random.

This property is deducible entirely from the restrictions on the state-space, and thus

operationally we will treat the quantum uncertainty principle as a property of the

state-space.

As a sphere, the automorphisms of the qubit state-space are given by the three-

dimensional orthogonal group O(3). Quantum theory does not admit any operation

that reflects only one of the axes (e.g. 〈Y 〉 → −〈Y 〉), as this would correspond to a

disallowed map ρ → ρ∗, which is not completely positive. Thus, the set of allowed

reversible transformations on a qubit are given by the subgroup of proper rotations:

7 Converting quantum measurement operators into an object that generates the expectation
value works just as it does for GPT effects. Noting that the trace is a linear operation, assigning
a value mi to a measurement outcome Ei for a measurement E, the quantum expectation value
is given by

∑
miP (mi|E) =

∑
miTr (Eiρ) = Tr ((

∑
imiEi) ρ) where we can write E =

∑
imiEi,

such that 〈E〉 = Tr (Eρ). If all labels mi are real numbers, then E will be Hermitian.
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the special orthogonal group SO(3). There is a homomorphism from U ∈ U(2) which

acts on the qubit Hilbert space, to T ∈ SO(3) acting on the real-valued GPT framework

state. This morphism has an additional U(1) freedom in that U and eiφU map to the

same T , but because ρ transforms as ρ→ UρU †, this extra freedom is not observable on

an isolated qubit, and hence not of operational importance for describing the allowed

qubit behaviour.

2.4.3 Beyond quantum theory: gbits

Now let us step beyond quantum theory, and consider a theory which admits the

possibility for alternative choices of measurement, but is not backed by the well-

established mathematical structure of Hilbert spaces.

A simple choice of such a theory is given by gbits. Gbits are a set of theories in

which there are no restrictions on measurement outcomes, except those intrinsic to

the GPT framework: that the measurements all normalise to the same value, and that

probabilities are bound between 0 and 1. For state-spaces where every measurement

used to specify a state has the same number of outcomes, we will borrow notation from

the device-independent cryptography community, and refer to m-in n-out gbits.

Definition 2.10: m-in n-out gbits

An m-in n-out gbit is the state-space described by m different measure-

ments, each with n mutually exclusive outcomes, with no restrictions on the

statistics each measurement can take.

The “m-in n-out” notation comes from a context in which one imagines an agent

with free will in choice of m possible inputs to a black-box device. The black-box then

returns one of n outcomes (with labels comparable between different choices of m),

which depend on the choice of input n and the current state of the system. In the GPT

framework, we associate choosing a measurement with choosing the input of such

a device. Gbits are the single system state-spaces in a larger framework known as

box-world. (The multi-partite systems in box-world will be discussed further in §2.6).

Of particular interest is the 3-in 2-out gbit, as drawn in fig. 2.5c. Such a theory

forms a natural foil to the qubit, as it is also described by three binary measurements,

but in the gbit case these measurements are not subject to an uncertainty restriction.
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This allows the states such as

s =


P (X = +1)
P (X = −1)
P (Y = +1)
P (Y = −1)
P (Z = +1)
P (Z = −1)

 =


1
0
1
0
1
0

 , (2.28)

which are not possible in a quantum state-space. The effects for X, Y and Z measure-

ments as described for the qubit in § 2.4.2 are valid on gbits, as are the expectation

values of these measurements. However, not every valid quantum effect is also a valid

gbit effect. For instance the effects associated for a qubit measurement along an axis

half way between X and Z would be invalid for gbits, because these would assign

probabilities greater than 1 or less than 0 to some gbit states (such as s in eq. (2.28)).

An interesting pair of effects for a cubic gbit is given by:

e+ =
1

3
(1, 0 | 1, 0 | 1, 0) , e− =

1

3
(0, 1 | 0, 1 | 0, 1) , (2.29)

which could be interpreted as a measure across the corners of the cube, or alterna-

tively measuring one of X, Y or Z with equal probability, recording the outcome, but

‘forgetting’ which of X, Y or Z was chosen. These effects constitute a measurement

(even in quantum theory), as e+ ·s+e− ·s = N for all s. For the gbit state s in eq. (2.28),

e+ · s = 1 and e− · s = 0. However, there are no quantum states q where e+ · q = 1, and

so {e+, e−} cannot be a projective quantum measurement.

The name gbit comes historically from ‘generalised-bit’ (in that the gbit admits

more choice of states than a qubit); but in the context we described here this name

is misleading, as the gbit is only one specific example of many in the GPT framework.

(Also, an “m-in n-out gbit” for n > 2 is technically a ‘dit’ rather than a bit, a word

which is itself a contraction of binary digit.) In some literature, 3-in 2-out gbits may be

referred to as a cubic bit (or the phonetically ambiguous contraction ‘cubit’), and 2-in

2-out gbits as a square bit (or ‘squit’). These names are in reference to the shape of the

state-space they define. In general, an m-in 2-out gbit has a m-dimensional hypercube

as its state-space.

It should be noted that whilst an m-in n-out gbit allows for more choices of state

than an n-level system in quantum theory would, it still only permits at most n mu-

tually exclusive outcomes for any choice of measurement (this distinction between

the degrees of freedom needed to specify a state, and the dimension corresponding

to mutually exclusive possibilities forms the basis of Hardy’s axiomatic derivation of

quantum theory [9]).
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Typically, we shall take the reversible transformations on a gbit to be exactly the

automorphism group of its state-space. Unlike quantum theory, this will be a finite-

group. Operations in this group include permutations of the labelling of measure-

ments, permutations of the labelling of outcomes, and combinations of the two. For

m-in 2-out gbits, this group will be the symmetries of an m-dimensional cube. Occa-

sionally for hypercubic gbits, we might consider a variant theory in which we only

admit reversible transformations corresponding to the proper rotation subgroup of

automorphisms. This would be done in order to make the gbit more similar to quantum

theory, which also disallows reflections.

2.5 Minimum-dimension representation

As discussed in §2.3.2, the GPT framework requires all measurements to normalise

to the same value. Consider the most general state, specified in terms of N mea-

surements X1 . . . XN , each with a (possibly different) number of respective outcomes

x1
1 . . . x

1
M1

to xN1 . . . x
N
MN

. Once the choice of N =
∑

i P (X1 = xi) is fixed, the other

measurements are constrained to satisfy N =
∑

i P (X2 = xi) = . . . =
∑

i P (XN = xi).

Thus if the normalisation N of a state is known, it is not necessary to specify the

probability of the final outcome of each measurement. We can therefore write the

state as a vector of the form (introduced in [1]):

s =



N
P (X1 = x1

1)
...

P (X1 = x1
M1−1)

...
P (XN = xN1 )

...
P (XN = xNMN−1)


. (2.30)

A vector of this form is useful because in the absence of further constraints, it contains

as many dimensions as real degrees of freedom in choice of state, 1 +
∑N

i=1 (Mi − 1). In

such a representation, the unit effect is expressed uniquely as:

1 = (1 | 0, . . . , 0 | · · · | 0, . . . , 0) . (2.31)

Likewise, the only matrix which (in the absence of additional constraints on the state-

space) does not change anything is the identity matrix 1, with ones in the diagonal and

zeroes elsewhere.
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As a simple example, consider a state-space describable by two binary measure-

ments X = ±1 and Z = ±1. The minimum-dimension representation of this is:

s =

 N
P (X = +1)
P (Z = +1)

 . (2.32)

By knowing such a vector, we can calculate the remaining probabilities:

P (X = −1) = N − P (X = +1),

P (Z = −1) = N − P (Z = +1), (2.33)

which would be associated with the respective effects

x− = 1− x+ = (1 | −1 | 0) ,

z− = 1− z+ = (1 | 0 | −1) . (2.34)

2.6 Multi-partite systems in the GPT framework

When considering composite or multi-partite (composed of smaller parts) systems,

there are two approaches to the problem. The first approach is from the ground up:

one considers multiple copies of single systems, and then lists the possible ways in

which the statistics of the single systems may be correlated with each other. The

second is from the top down: one considers a single system that corresponds to the

composite system in its entirety, and then identifies which parts belong to various

subsystems. The other extreme choice of multi-partite state-spaces then is the set of

all states which return valid probabilities when a joint (i.e. simultaneous) measurement

is made on the composite single systems.

When starting from the ground up, one will encounter a highly non-trivial problem,

corresponding to finding the ‘tensor product’ between convex state-spaces: the set

of allowed correlations between the two systems. Let us consider the two extremes

(known as the min and max tensor products [44], a well-studied concept in monoidal

category theory, and C∗-algebras [51]).

The smallest allowed state-space assumes that both of the subsystems can inde-

pendently take any allowed single-system state, and so the joint state-space consists

of the convex closure of these ‘product states’ over a classical probability distribution.

For example, in quantum theory such a procedure would generate the set of separable

quantum states.

On the other hand, there could be more extreme correlations than possible by this

construction. For example, in quantum theory entangled states, such as the state
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|Ψ〉 = 1√
2

(|00〉+ |11〉) on two qubits, cannot be expressed as a classical probability

distribution over independently prepared single systems [52, 53].

The other extreme choice of multi-partite state-spaces then is the set of all states

which return valid probabilities when a joint (i.e. simultaneous) measurement is made

on the composite single systems. (This is within the set of all vectors that can be

‘projected’ onto a valid single-system state-space.) In the quantum example, |Ψ〉 sat-

isfies this definition. Any measurement made on just one of the parts will be as if

the maximally mixed state ρ = 1
2
12 were measured, which is a valid quantum state.

(Moreover, these states must not violate a property known as no-signalling, which we

will discuss shortly.)

If one takes the top-down approach, it amounts to assuming that the valid state-

space has already been decided upon, and one has to identify operationally what about

that state-space constitutes being in one subsystem over another. This can be done by

choosing non-overlapping subsets of the allowed effects that correspond to the set

of measurements and outcomes that are observable by an agent in each individual

subsystem.

We are particularly interested in set-ups where one set of effects accounts for what

is measurable by an agent located at some point in space, and another set corresponds

to what might be measured by a different agent at a separate location. In such

a set-up, theories in the GPT framework follow a physical restriction known as no-

signalling: that is, they do not permit communication faster than the speed of light.

This restriction may be formalised as follows [54]: Suppose there are two spatially

disjoint agents Alice and Bob, and they both have access to a bipartite state. No choice

of measurement (A vs. A′) made by Alice should affect the outcomes of any possible

measurement B by Bob, and vice versa:∑
i

P (ai,bj|A,B) =
∑
i

P (ai,bj|A′, B) ∀bj, A,A′, B,∑
j

P (ai,bj|A,B) =
∑
j

P (ai,bj|A,B′) ∀ ai, A,B,B′, (2.35)

where P (ai, bj|A,B) is the joint probability of Alice getting outcome ai when she makes

measurement A, and Bob getting outcome bj when he makes measurement B. (A corol-

lary of this restriction is that all measurements must share the same normalisation, as

asserted in §2.3.2).

We can define the reduced states of a system (a generalisation of the partial trace

in quantum theory) as follows. For some state s of a multi-partite system, the reduced

state sA is defined such that it encodes all the statistics of s that could be measured

locally at A only.
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2.6.1 The tensor product for states and for effects

As discussed earlier, the tensor product concerns itself with the composition of subsys-

tems into a larger whole. The effect written eai ⊗ ebj represents the functional acting

on a bipartite state mapping it to the joint probability of receiving outcome ai for some

measurement A that can only be made by Alice, and outcome bj for some measurement

B that can only be made by Bob; P (ai, bj|A,B) =
(
eai ⊗ ebj

)
· s for some bipartite state

s. As the unit effect simply returns the normalisation of the state-space, if Alice makes

a measurement, but is not interested in what Bob measures, then her effects are of

the form {eai ⊗ 1}i.
Similarly, we can combine states using this notation. Expressing the state of a

multi-partite system as a tensor product of states of subsystems indicates a lack of

correlation between the subsystems. Suppose initially, there is a system sAB in which

there is absolutely no correlation between measurements made on the constituent

parts A and B. This means that the output of any measurement eA on the system

A does not change as a result of learning the outcome eB of a measurement on the

system B. This allows us to factorise the probabilities of a joint measurement on the

combined system into the two measurements on the reduced states of the constituent

systems:

P (eA, eB|sA, sB) = P (eA|sA)P (eB|sB) = (eB · sA) (eB · sB) . (2.36)

and express the joint state of sA with sB using the tensor product symbol ⊗:

sAB = sA ⊗ sB, (2.37)

and so along with the joint effect on A and B

eAB = eA ⊗ eB, (2.38)

we write

eAB · sAB = (eA ⊗ eB) · (sA ⊗ sB) = (eA · sA) (eB · sB) , (2.39)

so that the probabilities factorise as in eq. (2.36).

We can extend this notation to transformations. The tensor product TA ⊗ TB ex-

presses a transformation TA on A and TB on B applied simultaneously in such a way

that no correlations between A and B are generated. That is

(eA ⊗ eB) · (TA ⊗ TB) (sA ⊗ sB) = (eA · TAsA) (eB · TBsB) . (2.40)

Finally, we make a remark that some theories have a property knowing as being

locally tomographic.
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Definition 2.11: Locally tomographic

A theory is locally tomographic if the state of the whole system can

always be completely determined by the measurements made at local parts,

and the correlations between these locally-possible measurements.

This is not a trivial restriction (see Principle 5 in [16]). For example in ‘real quantum

mechanics’, which is quantum mechanics on a real Hilbert space, the Pauli σy matrix is

not a valid measurement, as it is a complex matrix, but the correlation σy⊗σy between

two systems is allowed, because it is a real matrix. Thus, the theory is not locally-

tomographic, and there are properties of the joint system that are not correlations

between properties of the constituent parts.

2.6.2 Example: P–R boxes

The no-signalling restriction (described above) does not limit our joint states-spaces to

quantum theory. It is possible to construct states which are more non-local8 than are

admitted in the quantum state-space, but do not violate no-signalling [54, 60, 61]. The

states that violate non-locality by the highest amount possible are commonly referred

to as P–R (Popescu–Rohrlich) boxes, and are part of the box-world framework (the

associated single system state-spaces are gbits). Such systems provide a natural

foil to quantum non-locality, sharing many of the same consequences [62] (e.g. no-

cloning and no-broadcasting theorems [63, 64]). As such, the foundational physics

community has dedicated a lot of attention to the study of these systems (see [55, 65]

and references within).

An example of a P–R box (for binary measurements A1 and A2 made by Alice, and

B1 and B2 made by Bob, each with outcomes + and −) could be written:

8 Non-locality is the concept that measurements may correlate in a way that is neither due to
exchange of a signal, nor due to prior arrangement between the parties that they will measure
in a particular way [55]. The usual quantification of this property for bipartite systems is the
CHSH-Bell inequality [53, 56–59].
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sPR =



P (+,+|A1, B1)
P (+,−|A1, B1)
P (−,+|A1, B1)
P (−,−|A1, B1)

P (+,+|A1, B2)
P (+,−|A1, B2)
P (−,+|A1, B2)
P (−,−|A1, B2)

P (+,+|A2, B1)
P (+,−|A2, B1)
P (−,+|A2, B1)
P (−,−|A2, B1)

P (+,+|A2, B2)
P (+,−|A2, B2)
P (−,+|A2, B2)
P (−,−|A2, B2)



=



1
2

0
0
1
2

1
2

0
0
1
2

1
2

0
0
1
2

0
1
2
1
2

0



. (2.41)

For such a state, the outcomes from measurements A1 and B1, A1 and B2, A2 and

B1 are all correlated; whereas the outcomes from measurements A2 and B2 are anti-

correlated. This means that the CHSH equation [57] takes its numerical maximum:

〈A1, B1〉+ 〈A1, B2〉+ 〈A2, B1〉 − 〈A2, B2〉 = 4. (2.42)

No such measurements could be found that satisfy this property for any joint quantum

state.

On the face of it, P–R boxes appear to have great computational power. The exis-

tence of P–R boxes would allow for distributed computing with trivial computational

complexity: the calculation of a function f(A,B) = {0, 1}, where A is a string known

only to Alice and B is a string known only to Bob, can be done by only sharing a

single bit of communication between Alice and Bob, if they have access to shared P–R

boxes [66–68] (cf. quantum theory which requires a number of bits at least equal to the

length of the strings [67, 69], even if Alice and Bob share arbitrarily many entangled

states).

On the other hand, the reversible dynamics available for P–R boxes (and box-

world in general) are very restricted, in that only permutations of measurements,

measurement outcomes, and subsystem labels are permitted [50]. In particular, this

means there are no correlating interactions, and so no reversible transformation exists

that could transform gbits into P–R boxes and vice versa9. Likewise, limitations on

9 If an analogous result of this strength held in quantum theory, it would prevent the
preparation of maximally entangled Bell states from product states.
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the allowed box-world measurements prevent the implementation of entanglement

swapping, teleportation or dense coding [70, 71] (all of which would be possible in

quantum theory).

2.7 Spekkens’ toy model

In the final section of this chapter, we shall introduce a toy model, first posed by

Robert Spekkens, that exhibits behaviour close to quantum behaviour in certain sce-

narios [28, 29]. (This model is not a priori part of the GPT framework, but we will show

how it can be extended so that it is.)

Spekkens initially posed this toy model in consideration of whether quantum states

should be viewed as ontic (a state of reality), or epistemic (a state of knowledge).

The model demonstrates that a lot of non-classical behaviour can be recovered by

placing epistemic restrictions (that is, a limit on what can be known) on a system

that might have some underlying ontic state, and hence was presented as evidence

in favour of an epistemtic view of quantum theory (cf. [72] arguing in favour of an

ontic interpretation). In particular, states in Spekkens’ toy model are restricted by the

principle that the amount of knowledge we have about the ontic state is exactly the

same as the amount of knowledge that is not known.

The simplest system in the toy model consists of a classical system which admits 4

possible ontic states, outlined in table 2.1.

Numerical ‘Square’ ‘Flat’
label diagram diagram

1

2

3

4

Table 2.1: Single bit ontic states of Spekkens’ toy model. Of the two diagrammatic
notations, we remark that the ‘flat’ notation is more commonly found in the literature, as
it can be extended naturally into multi-partite systems. In the parts of this thesis that are
predominantly concerned with the behaviour of single systems, we will use the square
notation which takes up less space when used in line.

None of the states in table 2.1 are allowed to represent our knowledge about the

system, as this would be in violation of the epistemic restriction: choosing 1 from 4

amounts to two bits of data, and there would be nothing left to know about the system.
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To satisfy the epistemic restriction, a state of knowledge may narrow down the system

to at most 2 of the 4 possibilities.

In this elementary system (which we call a Spekkens’ bit) selecting 2 possibilities

can be viewed as the answer to a binary question, for instance (visualising in the

concise square notation) “is the ontic state of the system in the top of the square?”. If

the answer to the above is yes, then the underlying state is either or , and we

express our state of knowledge (the epistemic state) as . On the other hand, if the

answer was no, then the ontic state would either be or , and we would express

the epistemic state as .

Combinatorics tells us that there are six binary questions we can ask about the

ontic state of the form “is it in A or B, as opposed to in C or D?” As we can assign

a unique epistemic state to each positive answer of such questions, it is convenient

to label the different epistemic states by the choice of question. Moreover, these six

questions divide in to three pairs, where in each pair one and only one question can

give a positive answer. Thus in direct analogy with how states of a qubit may be

labelled by the ±1 eigenvalues of measurement by a Pauli matrix, we can label the

three pairs of questions as X, Y and Z; and for each pair, choose one possibility to be

+1 and the other −1. The choices we shall use in this text are given by table 2.2, and

are consistent with Table II of [73].

Measurement Supported Square Flat
and outcome ontic states diagram diagram

X = +1 1 ∨ 3

X = -1 2 ∨ 4

Y = +1 1 ∨ 4

Y = -1 2 ∨ 3

Z = +1 1 ∨ 2

Z = -1 3 ∨ 4

Maximally mixed 1 ∨ 2 ∨ 3 ∨ 4

Table 2.2: Single bit epistemic states of Spekkens’ toy model. a ∨ b, the union of a
and b, is read to mean “exactly one of a or b”.

Although all six of the questions have definite answers given an ontic state, the

same questions could be asked about epistemic states. It is obvious that an epistemic

state should answer positively to the question “is it ?’ all the time, and likewise

should always answer negatively to “is it ?” However, if the question was “is it
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?”, it would a priori be impossible to answer without knowing precisely whether

the ontic state was or , which is forbidden. Naïvely, making the measurement

(taken together with prior knowledge that the state was in one of these possibilities)

would allow us to totally specify the state.

In this toy model, however, we postulate that all states which we assign the same

epistemic state are totally indistinguishable, regardless of whether they might have an

underlying ontic state. It is this postulate (above even the epistemic restriction) that

makes the toy model an epistemic model rather than ontic one: it is an express decla-

ration that our knowledge about the system is of paramount operational importance.

Thus, when we ask “is it ?” on an epistemic state , we can no longer demand

a definite answer, but rather instead accept a probabilistic one: the answer is equally

likely to be yes or no. (In general, the probability is given by the ratio of ontic states

in the epistemic state that overlap with those being considered in the measurement).

Furthermore, once the answer has been given, we must change the state, such that it

is now in a new epistemic state
(

if positive, or if negative
)
, to ensure that if the

same question is asked twice in a row, the answers are consistent.

If we wish to maintain the concept of an underlying ontic state at all (which is

effectively functioning as a hidden variable in this model), we thus introduce an update

rule that, following a measurement, the ontic state is randomly mapped to one of any

of the possibilities consistent with post-measurement epistemic state.

This behaviour is very similar to how complementary measurements on a qubit

work. Suppose a quantum state |0〉 was measured by X = |+〉〈+| − |−〉〈−|. With

probability 1/2, the output would be +1 and the post measurement state |+〉, and

with probability 1/2, the output would be −1 and the post measurement state |−〉.
Exactly the same is true for the state |1〉 being measured by X. Thus, one could make

a measurement in the Z = |0〉〈0| − |1〉〈1| basis, followed by one in the X, followed by

a third in the Z again; and with 50% probability, the two Z measurements will give

contradictory answers. This same scenario happens in Spekkens toy model when one

measures vs , followed by vs , followed by another measurement of vs

.

Finally, we remark that the state where nothing is known about a system is also

permitted. This state, the maximally mixed state, is written or .

2.7.1 Transformations

The allowed transformations in Spekkens’ toy model correspond to the maps on the

underlying ontic state that do not take valid epistemic states to invalid states. To
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calculate the action of a transformation on an epistemic state, one takes the map of

each ontic possibility supported within that state in turn, and combines them.

Many-to-one maps are not permissible, as acting on a valid epistemic state might

result in an over-specified invalid state. For instance, if both and are mapped

to , then the valid epistemic state will be mapped to the invalid state .

One-to-many maps are permissible so long as each ontic possibility occurs in the

output state the same number of times (i.e. so that in the new epistemic state, every

supported ontic possibility is equally likely). For instance, if every ontic state is

mapped to or with equal probability; this corresponds to an operation that

irreversibly prepares the state .

Of prime interest however are the reversible one-to-one maps, which are given by

the permutations on the ontic state (group S4). For the single bit systems, every per-

mutation is valid, in that every valid epistemic state will be taken to a valid epistemic

state. It is sometimes convenient to label these permutations using the numerical

value of the ontic states, and use the one-row notation for describing permutations.

In this notation wxyz represents the permutation that replaces ontic possibility 1 with

w, 2 with x, etc. where w, x, y and z are unique choices of the elements 1, 2, 3 and

4. It also sometimes convenient to to express the permutations graphically, as arrows

linking the initial and final ontic state (see fig. 2.6).

Figure 2.6: Example gate in Spekkens’ toy model. The permutation 2134 which

exchanges and is applied to the six ‘pure’ epistemic states.

2.7.2 Multi-partite systems

A bipartite system composed of two single bit systems contains 16 ontic configurations

in total (4×4). We can represent these 16 ontic possibilities on a 4×4 grid, where each

axis corresponds to the ontic possibilities of one system. For instance the ontic state
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where system A is in but system B is in would correspond to the co-ordinate

(3, 1) in this grid (we will sometimes write this as ⊗ ).

Figure 2.7: Bipartite state-space in Spekkens’ toy model The ontic state where A
is in ontic possibility and B in ontic possibility is highlighted in red.

The 16 possibilities correspond to 4 bits of data, but the epistemic restriction of the

model only allows us to know at most 2 bits of information about the state. The purest

bipartite epistemic states hence consist of just 4 ontic possibilities of the joint system.

However, unlike for a single-bit system, we cannot just pick 4 possibilities arbitrarily,

as the bipartite structure places additional requirements: namely that the epistemic

restriction must also apply on single system subspaces within the joint state.

A multi-partite system can be ‘reduced’ by flattening one axis such that all states

that only differ by their co-ordinate in that axis correspond to the same state in the

reduced system. For some epistemic states, this could potentially map multiple sup-

ported ontic states onto just one ontic in the reduced system. This is allowed, as long

as each ontic possibility in the reduced system corresponds to the same number of

supported ontic states in the full system. If this were not the case, measurements on a

reduced system would no longer satisfy the rule that every supported state contributes

equally to the probability of a particular outcome. Compliance with this rule limits

which choice of ontic possibilities can constitute a valid multi-partite epistemic state.

Moreover, reduction to a single axis is not allowed to result in an epistemic state

that itself violates the epistemic principle. In the context of the 4× 4 grid for bipartite

system, this rules out states where the four possibilities lie in a single column or row.

Finally, and more subtly, we do not permit states where the outcome of measure-

ment on one system could over-specify the state on another. For instance the example

⊗ + ⊗ , supports 4 possible ontic states (see Eq. 56 in [28], also

illustrated in fig. 2.8). If the Z measurement were made on the first system, then the

exact ontic state of the second becomes known. The subtlety of why this is a problem

this lies in how we define the post-measurement update rule on joint systems: the

‘shuffling’ that updates the state of the joint system following a local measurement is

itself a locally applied permutation (such that the way in which a joint ontic state is

changed does not depend on the ontic state of the other (not measured) system); see

caption of fig. 2.8.
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Figure 2.8: Good and bad epistemic states. The Z measurement is made on bit A
(see fig. 2.7), and the Z+ outcome obtained (highlighted in pink on the left-most grid).
The update rule means we discard out the unsupported ontic possibilities (marked with
red crosses), and then apply a random permutation in A on the remaining possibilities
(marked with arrows). For the top row this results in a clearly invalid state, which has
too few ontic possibilities. The bottom row, however, is fine.

With all these restrictions, we are limited to three classes of bipartite states (shown

in fig. 2.9): i. Product states, where each of the parties has maximal knowledge of their

own system, and any measurement made by one party does not allow for any additional

information about the outcome of measurements made by the other party. ii. Pure

correlated states, where the reduced state for both parties is maximally mixed; but

any measurement made by one party allows that party to predict the corresponding

outcome for a measurement by the other party. iii. Mixed correlated states, where

for just one measurement made by one party, an associated measurement by the other

party can be predicted.

Figure 2.9: Example allowed bipartite epistemic states. i) Product states; ii) Pure
correlated states; iii) Mixed correlated states. Full description in main text.

Combinations of product states where one (or both) sides attempt to combine non-

orthogonal (or non-identical) states are not allowed. For instance, ⊗ + ⊗
is not allowed, as the reduced state for either party would be the forbidden state

(in which the ontic possibility has twice the weighting as or ).
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2.7.3 Convex extension

Canonically, Spekkens’ toy model only admits epistemic states where the probability

of any particular ontic state being occupied is either 0 or a non-zero value that is the

same for every supported ontic state in that epistemic state. It is sufficient to know if

an ontic possibility is supported or not; and the probability of the system being in that

state can be determined directly from the number of possibilities. (This allows us to

draw epistemic states as black and white diagrams).

In the GPT framework, a state of knowledge about a classical system with N possi-

bilities could be described by a N -dimensional real vector, whose elements are in the

range [0, 1]. Recall that the normalised state-spaces of classical systems correspond

to simplices (§ 2.1), and so the state-space of a four-state system is the tetrahedron.

We could associate each ontic state in the elementary single-bit system of Spekkens’

model with one of these vertices, such that the possible state of the system is now

described by an arbitrary probability distribution. (This leads to a construction similar

to [74]). Continuing with this picture, the six valid epistemic states (table 2.2), in which

two of possibilities occur with equiprobability, can be associated with the midpoint of

each edge between the supported possibilities. The maximally mixed state lies at

the centre s =
(

1
4
, 1

4
, 1

4
, 1

4

)
.

To draw this 4-level state-space in three dimensions, we impose the restriction that

every state is normalised (reducing our 4 degrees of freedom to 3). Moreover, because

the positive and negative outcomes of the three different measurements correspond

to mutually exclusive ontic possibilities, the epistemic states corresponding to the two

outcomes of each measurement are on opposite edges, sharing no vertices. For the

tetrahedron, each edge only has one non-connected opposite edge. We can hence

orient the state-space such that states associated with positive and negative outcomes

of each measurement X, Y and Z are aligned orthogonally, and so are drawn in

alignment with the Cartesian axes of the diagram (see fig. 2.10).

The natural extension of Spekkens’ toy model into the convex framework is to admit

the convex hull of the canonically allowed states (i.e. the smallest convex set which

contains all the allowed epistemic states). By doing this on the elementary system,

we end up with an octahedral state-space, as drawn in the RHS of fig. 2.10. This

state-space is strictly a subset of the probability distributions for a normalised 4-level

classical system, which is the tetrahedral state-space as drawn on the LHS of fig. 2.10.

Equivalently (for the single-bit system), one could place the requirement that we

do not admit states where the probability of the system being in any particular ontic

possibility is greater than 0.5. Writing a choice of the four ontic states as X1,X2,X3 and

X4 such that X1 6= X2 6= X3 6= X4 and X1, X2, X3, X4 ∈
{

, , ,
}

, we have 4

different inequalities of the form P (X1) ≤ 0.5, corresponding to the facets formed by
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Figure 2.10: State-space of single bit in Spekkens’ toy model. The left-hand side
shows the tetrahedral state-space for the Spekkens bit without epistemic restriction. The
right-hand side shows the octahedral epistemic state-space, consisting only of the states
which satisfy the epistemic restriction. The RHS state-space is a strict subset of the LHS
state-space.

‘cutting off’ a corner of the tetrahedron. (The other 4 facets, which exist also in the

tetrahedron, consist of the set of normalised states that exclude one possibility, such

that P (X1) ≥ 0, which satisfy P (X2) + P (X3) + P (X4) = 1.)

We refer to the octahedral state-space as the epistemic state-space of the theory,

as it only admits states compatible with the epistemic restriction. On the other hand,

the full set of conceivable ontic states we call the ontic state-space (though we note

that in both cases, the state could be a probabilistic object!)

Drawing the state-spaces in this way invites comparison to other theories in the

GPT framework, in particular with 3-in 2-out gbits (i.e. cubic state-spaces), and the

standard quantum qubit, which both also have three complementary measurements.

For the tetrahedron, the four pure states correspond to states where the outcome of

all three measurements could be simultaneously predicted. These states violate the

uncertainty principle, and are hence not allowed states for a qubit, but are all valid

gbit states (and moreover are pure gbit states). Not every pure gbit state is realisable

in the ontic state-space, however. The tetrahedron has only 4 corners, and so 4 out

of the 8 possible gbit pure states are not allowed: the tetrahedron only admits pure

states that pairwise share one measurement outcome10.

10There are only two choices of which subset of pure gbit states are admitted in the
tetrahedron. Visually, this corresponds to there only being two distinct ways of drawing
a tetrahedron whose vertices are shared with the corners with a cube; a rotation of the
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On the other hand, the epistemic state-space is completely contained within the

Bloch sphere of quantum mechanics; and so every valid epistemic state could be pre-

pared in quantum theory. In fact, this octahedral state-space is exactly the same as the

state-space of stabilizers in quantum theory [73], and so the state-space corresponds

to a limited subset of valid qubit states.

This comparison with the stabilizer subset of quantum mechanics breaks down

when it comes to the allowed transformations [28]. This is because the octahedral

state-space suggests more symmetry than is actually allowed. In fact, the reversible

transformations are those which map the tetrahedral state-space to itself, and so are

the S4 subgroup of the full octahedral symmetries. The full octahedral automorphism

group given by S4 × Z2 admits operations such as the 90° proper rotation (also admis-

sible in quantum theory), that would map the tetrahedron onto its non-overlapping

mirror image. If such an operation were allowed on the epistemic state-space of

Spekkens’ toy model, it would correspond to an action on the epistemic states that

could not be induced by a permutation of the ontic possibilities. For this reason, we

rule it out. The implications of this transformation behaviour will be discussed further

in §3.3.4.

The simple extension of the toy model outlined in this section (mirroring that

presented in [1]) is sufficient for the purposes for which the toy model will be employed

within this thesis, where we will be predominantly concerned with the behaviour of

pure states under transformation. Other extensions of Spekkens’ toy model into the

GPT framework may be found by van Enk [74], and by Janotta and Lal [75].

tetrahedron by 90° about any of the three measurement axes, or reflecting any co-ordinate,
will result in the same (alternative) shape.
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Chapter 3

Phase in the GPT framework
At the heart of quantum theory lies the concept of phase. Phase is a key compo-

nent of quantum computing: many quantum algorithms may be expressed as phase

estimation procedures [26, 76]. There also exists a class of quantum algorithms that

consist only of operations that alter the phases between (non-entangled) inputs in

the computational basis (multiple copies of |0〉 vs. |1〉), which are argued to have

stronger computational power than classical computers [27, 77]. Phase is also the

core concept underlying various physical phenomena such as interferometry (which

we shall elaborate upon in the subsequent chapters of this thesis), thermalisation (e.g.

[78]) and decoherence (e.g. [79]).

What if phase and its related phenomena were not uniquely quantum concepts?

At first glance, the idea of phase appears to be intrinsically tied with arguments of

complex numbers in Hilbert spaces. In order to study phase in non-quantum theories

(where we might no longer be able to use the well-defined mathematical structure of

Hilbert spaces), we must first lay down the foundations for its study in a generalised

context. In this chapter1, we shall do this for the GPT framework.

First, we shall revisit the mathematics of phase in quantum theory (§ 3.1). We will

then introduce a compatible definition of phase, suitable for use in the GPT framework,

phrased in terms of the dynamics of the system with respect to a chosen measurement

(§3.2). We will show how this definition leads to a well-defined mathematical structure.

We will provide reversible (§3.3) and irreversible (§3.4) examples of this within the GPT

framework. We shall then remark on the definition with respect to a special case of

measurements known as maximal measurements (§3.5), and how this allows allows us

to highlight phase as a signifier for non-classicality. We shall also prove a few lemmata

linking the phase dynamics of related measurements (§ 3.6). Finally, taking quantum

POVMs as an example, we will show how the definition and derived results of this

chapter can be applied to a general class of measurements (§3.7).

1Some of the results in this chapter were published in [1].
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3.1 Phase in quantum systems

Before suggesting a generalisation of the concept in GPT framework, we will first

briefly review the mathematics of phase in quantum theory.

3.1.1 Phase in pure quantum states

Consider an orthonormal basis {|j〉} associated with outcomes of a (projective) mea-

surement M . In this basis, an arbitrary pure normalised quantum state is written

|ψ〉 =
∑
j

cje
iφj |j〉, (3.1)

where {cj} and {φj} are real numbers, and
∑

j cj
2 = 1. The probability of measurement

M on state |ψ〉 yielding outcome j is given by

P (M = j) = 〈j|ψ〉〈ψ|j〉 = |cj|2. (3.2)

These outcome probabilities assigned to measurement M are independent of the

choices of {φj}. In quantum parlence, these terms {φj} are known as the phases

associated with each outcome.

In any basis multiplying the entire state by a factor of eiθ will not change the

outcome probabilities of any measurement made on that state (following from |eiθ|2 =

1). This global phase has no measurable effect, and only the relative phases between

outcomes are operationally important. The self-duality of Hilbert spaces allows every

pure quantum state to be associated with an outcome that occurs with certainty of

some measurement. Thus, for every pure state, there will always be a basis where the

state effectively has no phases whatsoever (except for the unphysical global phase),

illustrating that it is meaningless to talk about the phase of a state without reference

to a choice of basis2.

Consider now a unitary transformation of the form

U =
∑
k

eiξk |k〉〈k| (3.3)

expressed also in the basis associated with M . The effect of this unitary operation is

2In a lot of contexts, this choice of basis might be implicit when one measurement is of
obvious importance; such the branches of an interferometer, or the energy levels of a two-level
system.
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to take |ψ〉 to |ψ̃〉 such that

|ψ̃〉 = U |ψ〉 =
∑
j

cje
i(φj+ξj)|j〉. (3.4)

The outcome probabilities for measurement M on state |ψ̃〉 are given by exactly the

same expression as for |ψ〉, P (M = j) = |cj|2. The only effect of such a U to change

the phases φj → φj + ξj, and for this reason is known as a phase transformation3 with

respect to measurement M .

The set of phases for all states with particular probabilities for one measurement is

isomorphic to the set of phase transformations, as can be seen by choosing a reference

state |ψ0〉 =
∑

j cj|j〉 (for real numbers cj, and all φj = 0). By writing

|ψ〉 = U |ψ0〉 =
∑
j

cje
iξj |j〉, (3.5)

we see that through choice of {ξj} in U , we cover all possible phases in the state |ψ〉.
Finally, we note that the set of all {U} forms a group of reversible transformations

under composition, which in quantum theory is U(1)⊕U(1)⊕ · · · ⊕U(1) ⊂ U(N) where

N is the dimension of the Hilbert space. This group naturally arises in the context

of an interferometer as the deterministic operations on the disjoint branches of the

interferometer, which can adjust the relative path lengths, but not cause the traversing

particle to jump from one branch to another (discussed further in chapter 4.)

3.1.2 Phase in general quantum states

Consider now a general N -dimensional quantum state ρ composed of complex ele-

ments {ρij}. The probability of projective measurement M yielding outcome j (associ-

ated with state |j〉〈j|) is given by

P (M = j) = Tr (ρ|j〉〈j|) = |ρjj|2. (3.6)

The off-diagonal terms {ρij} where i 6= j do not affect the probabilities of any of the

outcomes associated with this measurement.

For pure states (in the form eq. (3.1)), one sees for the associated density matrix

that ρij = cicj exp (i (φi − φj)). The argument of ρij gives the relative phase between the

two outcomes i and j. For mixed states, the phase between possibilities is not always

well-defined. In particular, if there is total decoherence between two possibilities, then

3Sometimes referred to as a phase operation in contexts when ‘phase transformation’ may
ambiguously refer to changes between states of matter (e.g. solid to liquid).
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the corresponding density matrix element ρij is 0, and so the argument (and hence

relative phase) is undefined.

Talking about phase transformations avoids this problem. In the context of general

quantum states, these are the set of allowed quantum operations (i.e. a subset of

completely positive maps) that do not alter the statistics associated with measurement

M . That is, for every outcome j associated with projector |j〉〈j| in the measurement M ,

we can consider maps Φ : Cn×n → Cn×n that take ρ→ σ such that

P (M = j|ρ) = Tr (|j〉〈j|ρ) = Tr (|j〉〈j|Φ(ρ)) = P (M = j|σ) ∀ ρ, j (3.7)

to be phase transformations associated with measurement M .

3.2 Defining phase in the GPT framework

We can draw on the above notion of quantum phase transformations to formulate a

generalisation of the concept in the GPT framework.

Definition 3.1: Phase transformation

For a system in a GPT with at least one measurement M (composed

of the set of effects {mi}), a phase transformation Tφ associated with

measurement M is a valid transformation on the system that does not alter

any of the statistics associated with measurement M for any allowed state s

in the system:

P (M = mi|s) = mi · s = mi · Tφs = P (M = mi|Tφs) ∀ s, i. (3.8)

This definition is an immediate generalisation of eq. (3.7) into the GPT framework.

In the quantum case, the states are density matrices, the effects are projectors, the

probabilities are calculated using the Hilbert-Schmidt inner product, and the allowed

transformations are a subset of completely positive maps. Moreover, this definition

implies that reversible phase transformations in quantum theory have the usual
⊕

U(1)

form:

Lemma 3.1. For an N -level quantum system, with a projective measurement Z, whose

outcomes may be expressed in terms of projectors
{
Zj = |j〉〈j|

}
j=1...N

(and
∑

j Zj = 1),

all reversible phase transformations (according to definition 3.1) may be written in the

form

U =
∑
j

eiφj |j〉〈j|. (3.9)
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Conversely, all matrices of this form are a phase transformation of Z according to

definition 3.1.

Proof. Using the isomorphism between density matrices and states, and effects and

measurement operators, the condition for a transformation U to be a phase transfor-

mation associated with Z (eq. (3.8) in definition 3.1) can be written in the quantum

formalism as:

Tr
(
UρU †Zj

)
= Tr (ρZj) ∀ρ, j. (3.10)

This implies that [U,Zj] = 0 for all j, and so we can write U diagonally in the basis of

Z,

U =
∑
j

eiφj |j〉〈j|. (3.11)

To show the converse, because U of the above form commutes with all elements Zj,

and U †U = 1, we may use the cyclicity of trace to write: Tr
(
ZjUρU

†) = Tr
(
U †ZjUρ

)
=

Tr
(
U †UZjρ

)
= Tr (Zjρ), which is exactly the phase condition written in eq. (3.10).

(We shall later prove a similar result in lemma 5.3, for the general form of irre-

versible quantum phase transformations.)

3.2.1 The structure of phase transformations

It will prove useful to talk about the set of phase transformations related to a par-

ticular measurement, and so we define the following term in the context of the GPT

framework:

Definition 3.2: Phase dynamics of a measurement

The set of all allowed phase transformations associated with a particular

measurement in a theory is known as the phase dynamics of that measure-

ment. This is the set of all allowed TΦ that satisfy eq. (3.8) for that choice of

measurement.

The caveat ‘allowed’ in the above definition accommodates for the possibility of

linear transformations satisfying definition 3.1 that are forbidden by a theory for some

other reason4. For example, reflections in the XZ plane of a Bloch sphere for a qubit in

quantum theory would preserve the statistics of a Z measurement (satisfying eq. (3.8)),

but correspond to a map that is not completely positive, and hence are disallowed by

4Recall the distinction between valid and allowed transformations, discussed in §2.3.5: valid
transformations do not violate any rule of the GPT framework, allowed transformations are
valid transformations that are also not ruled out by any theory-specific restriction.
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quantum theory. Such transformations thus not be considered part of a theory’s phase

dynamics, as they are not a part of its dynamics in general.

We can show that the set of phase dynamics, together with the operation of com-

position (that is, applying one transformation in the set followed by another in the set)

form a monoidal structure.

Lemma 3.2 (Monoidal structure of phase dynamics). The set of phase transformations

and the operation composition form a monoid (a semigroup with an identity element).

Proof. The proof follows by demonstrating the following properties required for a set

and operation to form a monoid:

i. Closure,

ii. Associativity,

iii. Existence of an identity element.

i. Let TA and TB both be arbitrary phase transformations (satisfying eq. (3.8)) for

some measurement M . Suppose we act first with TA on s to form s′ with the same M

statistics as s. As s′ is an allowed state, it is in the domain of TB, and so we can act

s′ with TB to form s′′, a state with the same M statistics as s′ and hence the same M

statistics as s. The same logic will follow for any choice of state s. Thus the composition

of phase transformations TA and TB is itself a transformation that satisfies eq. (3.8),

and so is a phase transformation, demonstrating closure.

ii. Recall that all linear transformations on vectors may be written as real-valued

matrices, and the composition of such transformations is matrix multiplication. The

associativity of elements within the set of phase dynamics thus follows from the as-

sociativity of matrix multiplication (see, e.g. §7.3.2 in [80]). (I.e. phase dynamics are

associative under composition because all GPT transformations are associative under

composition.)

iii. Consider the trivial transformation, T = 1 which does not change any statistics

whatsoever. This automatically satisfies mi · s = mi · 1s because 1s = s, and so 3.8

holds trivially, and 1 is itself a phase transformation.

By satisfying i, ii, and iii, the set of phase transformations forms a monoidal struc-

ture.

We can go one step further, and arrive at a group structure if we restrict our-

selves to reversible transformations (see definition 2.7). Noting that the set of all re-

versible transformations forms a group under composition, we see that the restriction

in eq. (3.8), induces a subgroup of this.
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Lemma 3.3 (Group structure of reversible phase dynamics). The set of all allowed

reversible phase transformations and the operation of composition form a group.

Proof. A group must satisfy closure, associativity, the existence of an identity element,

and the existence of an inverse element for every element within it. The first three of

these are proven in lemma 3.2, so let us now consider the final property regarding the

existence of inverse elements.

Noting that the general set of reversible transformations forms a group (the auto-

morphism group of the state-space, or a subgroup thereof), we must prove that if T

satisfies eq. (3.8) for some measurement M , then the inverse T−1 defined such that

TT−1 = 1 must also satisfy eq. (3.8) for that measurement.

First consider a phase transformation T : s → s′ = T s, such that s and s′ are valid

states sharing the same M statistics. Note that T−1 reverses the action of T such that

T−1 : s′ → s. For every s′ that can be formed by acting with T on some s, T−1 hence acts

like a phase transformation because s′ and s share the same M statistics. However,

the image of a state-space through a reversible transformation is the state-space itself(
{s} = {s′}

)
, and so when T satisfies the phase transformation requirement for all s,

T−1 satisfies it for all s′, and hence for every allowed state. This argument is made for

arbitrary T ; hence every reversible transformation T which is a phase transformation

has a T−1 which is also a phase transformation.

We conclude that the subset of reversible transformations induced by eq. (3.8) is a

group.

We call this group the phase group of a measurement:

Definition 3.3: Phase group of a measurement

The phase group associated with a measurement M on a system is the

subset of all allowed reversible transformations that are also phase transfor-

mations, with the group operation of composition.

Before we move onto a few examples, we remark on a final piece of structure that

holds for the set of phase dynamics under the probabilistic mixing of transformations.

Lemma 3.4 (Convexity of phase dynamics). Any probabilistic mixture of phase trans-

formations for a particular measurement is also a phase transformation for that mea-

surement.

Proof. Consider a measurement M with effects {mi}. Let TA and TB be two arbitrary

phase transformations of M (satisfying eq. (3.8)). Consider a convex mixture of these

transformations T = αTA + (1− α)TB for α ∈ [0, 1].

52



From the linearity of this mixing, T : s→ s′ is given by:

s′ = T s = αTAs + (1− α)TBs. (3.12)

Consider evaluating the effect mi on the initial state s:

mi · s = (1− α + α)mi · s = (1− α)mi · s + αmi · s. (3.13)

As TA and TB are both phase transformations of M , we can substitute mi · s = mi · TAs
and mi · s = mi · TBs, and write

mi · s = (1− α)mi · TAs + αmi · TBs, (3.14)

and then use linearity (of matrix multiplication and the inner product) to factor out mi

on the left hand side, and s from the right hand side:

mi · s = mi · ((1− α)TA + αTB) s = mi · T s. (3.15)

Hence, mi ·s = mi ·T s, and this holds for all mi, all s and all choices of α. This shows

that mixing phase transformations always results in another phase transformation.

3.3 Examples of phase groups

We will discuss how the above definitions apply to the reversible dynamics of a few

theories within the GPT framework.

3.3.1 Classical probability

The state of a classical system can be described by the outcome statistics of a single

measurement. The only valid phase transformation associated with such a measure-

ment is the identity operator, which changes nothing about the system at all. For this

reason, the phase group {1} associated with such a measurement is said to be trivial.

However, for classical systems larger than just a binary degree of freedom, it is

possible to find measurements that do not fully specify the system, and hence allow

non-trivial phase dynamics (a concept we will discuss further in § 3.5). An example

can be found in a system of two classical bits, with binary measurements M1 and

M2 measuring the state of the first and second bit respectively. The group of local

transformations consists of combinations of flipping (X) or leaving unchanged (1) each

bit: Z2 ⊕ Z2 = {1 ⊕ 1,1 ⊕ X,X ⊕ 1, X ⊕ X}, and (amongst other global operations)
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Figure 3.1: Phase group associated with measurement of one bit in a system
of two classical bits. The LHS shows the phase group 1 ⊕ Z2 associated with local
operations: flipping the second bit, or leaving it alone. The RHS shows the global set
of operations in this phase group. When neither arrow applies, nothing changes; when
both apply, the second bit is unconditionally flipped; when only the left (right) applies,
the second bit is flipped conditionally on the state of the first bit being 0 (1).

there are also four distinct global correlating interactions that trigger a X-flip on one

of the bits conditional on the state of the other. The phase group associated with

measurement M1 is the group of operations that only change the statistics associated

with M2; the group {1 ⊕ 1,1 ⊕ X,CZ1X2, CZ̄1X2} (where the final two elements are

classical CNOT gates that flip the second bit if the first bit is in state 1 or state 0

respectively). This group is illustrated in fig. 3.1.

3.3.2 Quantum theory: qubits

Recall from § 2.4.2 that the state-space of a qubit can be represented by the Bloch

sphere, and the allowed reversible transformations are given by the rotation group

SO(3). Consider a binary measurement with mutually exclusive outcomes made on a

qubit. These outcomes correspond to antipodes of the sphere, and the line between

them defines an axis. Restricting transformations to the phase group associated with

this measurement implies that the projection onto this axis must not be changed.
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This creates an invariant axis of rotation5, and so induces the phase-group SO(2): the

rotations of a circle (illustrated in Figure 3.2). SO(2) is isomorphic to U(1), the phase

group that would be predicted by the quantum definition in eq. (3.3) for a two-level

system, once the global phase has been taken into account.

Figure 3.2: Phase group associated with Z measurement of a qubit: SO(2)
rotations around the Z-axis of the Bloch sphere. No rotation about an axis will change
the value of the projection of the state onto the axis.

3.3.3 Box-world: 3-in 2-out gbits

Consider a cubic state-space of 3 binary measurements X, Y and Z, each with out-

comes labelled +1 and −1, with no restrictions on the statistics. Writing the state as a

column vector of probabilities in the form given by eq. (2.11) in §2.3.2, we can consider

the effects associated with the outcomes of the Z measurement:

eZ+ = (0, 0 | 0, 0 | 1, 0) , eZ− = (0, 0 | 0, 0 | 0, 1) . (3.16)

For a state s, one notes that any transformation T that only affects the statistics of

X and Y measurements will not change the values of eZ+ · s and eZ− · s. For normalised

binary measurements the probability associated with one outcome is sufficient to

determine all the statistics, and so this leaves two degrees of freedom remaining: one

for X and one for Y . Without further constraint, this corresponds to the symmetries

5In general, the subgroup of SO(N) that leaves one axis invariant is SO(N − 1) [81].
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of a square. For this reason, the phase group of a fiducial measurement in a 3-in 2-out

gbit is the dihedral group D4 (illustrated in the left-hand side of fig. 3.3).

However, this is not the only type of binary measurement that could be made on

the system. Consider if instead we chose a more complicated measurement M defined

by its effects:

eM+ =
1

3
(1, 0 | 1, 0 | 1, 0) , eM− =

1

3
(0, 1 | 0, 1 | 0, 1) . (3.17)

As discussed in § 2.4.3, these effects generate the statistics that would occur if one

measured X, Y or Z with equal probability, recorded the outcome, but not which of X,

Y or Z was measured. Thus, the group of reversible transformations that preserve the

statistics of M correspond to permutations of measurements as a whole (e.g. swapping

the X and Y statistics). Hence, the phase group associated with measurement M is

the permutation group S3, giving a significantly different set of transformations than

the phase group associated with one of the fiducial measurements. This second group

is illustrated on the right-hand side of fig. 3.3.

Figure 3.3: Two classes of phase groups for a single 3-in 2-out gbit. The LHS
shows the phase group of a Z measurement: the dihedral group of order 2, corresponding
to the automorphisms of a square (reflections and 90° rotations). The RHS shows
the phase group of the measurement defined by effects eM+ and eM+, generating the
permutation group allowing three-way rotations (and flips) about the diagonal axis from
state (1, 0|1, 0|1, 0)T to (0, 1|0, 1|0, 1)T.

Both these types of measurements generalise naturally to higher-dimension hyper-

cubic gbits (n-in 2-out). The phase group associated with a single measurement eZ+

vs. eZ− will be the automorphisms of an (n−1)-dimensional hypercube. The phase

group associated with the mixed measurement (generalising eM+ and eM− to be the
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effects associated with equiprobably choosing one of the n measurements, recording

the outcome, but not the measurement) will be the simplex group of order n, Sn.

We remark that for m-in 2-out gbits where m ≥ 2, these phase groups are non-

abelian; the order in which the phase transformations are applied has a measurable

effect on the output statistics. The potential physical consequences of this will be

discussed in chapter 6.

3.3.4 Spekkens’ toy model

Recall from §2.7.1 that the allowed transformations in Spekkens’ toy model correspond

to permutations of the ontic state, and hence the automorphisms of a tetrahedron

(§2.7.3). If we freeze the Z measurement (associated with vs. ), then we obtain

the subgroup of permutations {1234, 2134, 1243, 2143}: Z2 ⊕ Z2. The four elements of

this group correspond to operations that exchange the top two corners (2134 = X⊕1),

exchange the bottom two corners (1243 = 1 ⊕ X), exchange both (2143 = X ⊕ X), or

exchange neither (1234 = 1 ⊕ 1). Such a group is illustrated in the left hand side of

Figure 3.4.

This group is exactly the same as the group obtained by fixing the value of one

of two classical bits (described in § 3.3.1). This is because the hidden variable de-

scribing the ontic state of the model is, in fact, two classical bits. One of these bits,

corresponding to the Z measurement in Spekkens’ model, is fixed, and the second bit

corresponding to (e.g.) the X measurement) is free to change its value. The 2143 and

1234 operations locally flip (or preserve) the value of the second bit, regardless of the

value of the first. The permutations 2134 and 1243 create correlations between the two

classical bits by only flipping the X value if the Z value is in a particular state.

We remark that this group structure agrees with the allowed operations for Spekkens’

toy model, as described by Coecke et al. [82]. The phase group as introduced here, and

the phase group in their paper are not a priori connected, being defined in very differ-

ent mathematical frameworks. (For instance, their definition requires the phase group

to be abelian, whereas the one presented here does not). At this stage, the precise

connection between these two definitions has not been firmly established. However,

as both the results presented here and the results of [82] are attempting to capture

some property of the dynamical behaviour of a system, it is mutually reassuring that

the predictions are the same6.

In the manner of the gbit example in § 3.3.3, we could also consider a more exotic

6We leave it for the reader to prove that the phase group (by our definition) of a
measurement on single system stabilizer system (which has the same state-space as the
epistemic state-space of Spekkens’ toy model [73]) is Z4, in agreement with the result in [82].
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Figure 3.4: Phase groups for a single bit in Spekkens’ toy model (shown on the
ontic state-space). The LHS shows the phase-group of the Z measurement: the pair
of flips Z2 ⊕ Z2. The RHS shows the phase group of the mixed measurement eM+ vs.
eM+: the permutation group S3 about the diagonal axis between the center of one of the
triangular faces, and the opposite point.

measurement, associated with effects

eM+ =
1

3
(1, 0 | 1, 0 | 1, 0) , eM− =

1

3
(0, 1 | 0, 1 | 0, 1) . (3.18)

Unlike the gbit, there are no states that give a certain outcome when taking the dot

product with these effects. Rather, the most extremal points for eM+ are on the face

that mixes
{

, ,
}

, and for eM− are on the face that mixes
{

, ,
}

. The

statespace has three planes of reflection that do not mix between these sets, as well

as three-fold rotational symmetry around the diagonal axis defined by eM+ and eM−.

These are the symmetries of a triangle, and thus we see again that this measurement

has the associated phase group S3.

Finally, we note that for the (forbidden) measurement that distinguishes between

the four ontic states
(

, , , and
)

, the associated phase group is trivial (con-

sisting only of the identity), as this measurement completely determines the system,

and so there is nothing that can be changed (this concept will be formalised later in

theorem 3.5).
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3.4 Examples of irreversible phase dynamics

In the examples given in § 3.3, we considered reversible phase operations (phase

groups). The admitted phase groups varied dramatically according to the theory being

considered. However, it also interesting to consider irreversible phase dynamics, and

note that these too can differ between theories.

3.4.1 Decoherence

A qubit with X, Y and Z measurements (outcomes ±1) has a general state vector:

s =


P (X = +1)
P (X = −1)
P (Y = +1)
P (Y = −1)
P (Z = +1)
P (Z = −1)

 . (3.19)

Consider the quantum operation associated with the Pauli matrix σz. The effect of

this operation is a 180° rotation about the Z-axis in the Bloch sphere, exchanging the

two X eigenstates (and also exchanging the two Y eigenstates). In the real-valued

representation of eq. (3.23), this operation may be written as the (block-diagonal)

matrix:

TσZ =

(
0 1
1 0

)
⊕
(

0 1
1 0

)
⊕ 12 (3.20)

Suppose, with equal probability, we either apply this operation or do nothing (16).

In the GPT framework, the net effect of such an operation is given by convex combina-

tion TD = 1
2
TσZ + 1

2
16:

TD =

(
1
2

1
2

1
2

1
2

)
⊕
(

1
2

1
2

1
2

1
2

)
⊕ 12. (3.21)

Applying this operation to a general (normalised) quantum state of the form eq. (3.23)

gives (recalling that P (X = +1) + P (X = −1) = 1, and likewise for Y ):

TD : s→ sD = TDs =


1/2
1/2
1/2
1/2

P (Z = +1)
P (Z = −1)

 . (3.22)

Because the statistics for the Z measurement are the same for s and sD for any
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choice of s, TD is a phase transformation with respect to the Z measurement: eZ+ · s =

eZ+ · TDs and eZ− · s = eZ− · TDs for all choices of s (using the same definitions of eZ± as

in § 3.3.3). This is as we would expect from lemma 3.4, as both 16 and TσZ are phase

transformations of the Z measurement.

This operation is exactly that of perfect decoherence: as it completely randomises

the outcomes of the X and Y measurements. Consider for example the pure state

sX+ corresponding to the +1 eigenstate of the X measurement |+〉, and the maximally

mixed state smm:

sX+ =


1
0

1/2
1/2
1/2
1/2

 , smm =


1/2
1/2
1/2
1/2
1/2
1/2

 . (3.23)

In this example, TDsX+ = smm. The operation is irreversible because the same map

would also take the state sX− with opposite X statistics to the same maximally mixed

state smm. (In fact, all states in that lie in the plane of the equator of the Bloch sphere

would be mapped to smm).

As remarked upon in § 2.3.5, a transformation matrix having a determinant of 0

is sufficient7, but not necessary, for an operation to be irreversible. Even within the

example of quantum decoherence, one could have a weighted mixture of TσZ and 1 for

the partial decoherence transformation: TPD = (1− ε)16 + εTσZ for ε ∈ (0, 1). The effect

of this (for ε 6= 1
2
) is to shrink the state-space from the Bloch sphere to an ellipsoid

keeping the Z-axis unchanged (see fig. 3.5). Such a transformation is irreversible

because the inverse matrix TPD
−1 would map allowed states that are not inside the

ellipsoid to a point outside the Bloch sphere.

3.4.2 ‘Measurement setting’ in a gbit

3-in 2-out gbits admit irreversible phase operations that are not possible in quantum

theory. One such example is the transformation

TsetX =

(
1 1
0 0

)
⊕ 14, (3.24)

which sets the X statistics of any state to (1, 0). This is a phase transformation of the

Z (and also of the Y ) measurements, as these statistics are unaltered. Such an trans-

7In a geometric context, the determinant TD is obviously zero because the image of the
3-dimensional Bloch sphere is collapsed to a volumeless 1-dimensional line (the Z-axis).
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Figure 3.5: Partial decoherence transformation on a qubit. The full state-space
on the LHS is mapped into the pink ellipsoid on the RHS by the partial decoherence
transformation TD. For any state s (e.g. the red dot on the LHS) mapped onto s′ (red
dot on RHS), the projection onto the Z axis remains unchanged, and so TD is a phase
transformation.

formation is referred to as a ‘measurement setting’ operation, as it unconditionally

overrides the statistics of one measurement.

This operation is not valid in quantum theory, as it maps allowed states to disal-

lowed states. For example, the quantum state |0〉written as sZ+ = (1/2, 1/2 | 1/2, 1/2 | 1, 0)T

transforms into TsetXsZ+ = (1, 0 | 1/2, 1/2 | 1, 0)T, which is not a valid quantum state as

it violates the uncertainty principle by allowing perfect knowledge of the X and Z

simultaneously.

A similar, but valid, quantum operation is

TprepX =

(
1 1
0 0

)
⊕
(

1
2

1
2

1
2

1
2

)
⊕
(

1
2

1
2

1
2

1
2

)
. (3.25)

This operation changes any state to (1, 0 | 1/2, 1/2 | 1/2, 1/2)T (i.e. |+〉). Unlike TsetX,

the preparation transformation TprepX is not a phase transformation for the Z mea-

surement, as there are some allowed input states (e.g. |0〉) whose Z statistics are not

equiprobable, and so will be altered by the transformation.

3.5 Phase transformations of maximal measurements

Consider a two qubit system, with the binary measurement M = Z ⊗ 1. According

to definition 3.1, the phase transformations associated with this measurement include
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Z-preserving transformations on the first qubit, but also include arbitrary operations

on the second qubit. This allows a much more permissive set of operations than would

be allowed by the phase group associated with a four-outcome measurement (e.g.

measuring the output in the Z basis for both qubits).

In a more extreme example, which holds for all theories in the GPT framework, the

phase group of the measurement whose only effect is the unit effect 1 contains every

normalisation-preserving transformation. Such a groups may appear to violate the

spirit of phase by being too inclusive. Whilst we have carefully provided a definition

of phase in terms of any measurement, we now propose a particular type of measure-

ment, whose related phase-dynamics are likely to be more characteristic in any given

theory.

Definition 3.4: Maximal measurement

A measurement is described as a maximal measurement in a theory if

it can always unambiguously distinguish between the maximum number of

states possibly distinguishable by a single measurement in that theory.

In the language of [9], these are basis measurements: they distinguish a number of

mutually exclusive outcomes equal to the dimension of the system. The caveat ‘always’

is to exclude certain measurements where there is a probability of an outcomes that

in fact yields no new information about the state (as will be discussed in § 3.7.1).

The caveat ‘unambiguously’ means that for each effect ei in the measurement, there

is at least one state si such that ei · si = 1 and ej · si = 0 for all other effects in

the measurement. Such a measurement would thus be able to discriminate between

{si}, without chance of misidentification. If there are no other sets of effects in the

theory that can distinguish between more than N such states, then M is a maximal

measurement.

The two examples at the beginning of this section (as well as the two-bit classical

example in § 3.3.1) are not maximal measurements, as they only distinguish between

two outcomes in theories where one could provide a measurement that distinguishs

perfectly between four cases. These examples are all coarse-grained measurements.

Coarse-grained measurements are never maximal by their very construction: they are

formed by combining two or more effects of a finer measurement into a single outcome

in the new coarser measurement. This coarser measurement cannot distinguish as

many different states as the finer measurement could, and so is not maximal.

For the ontic states of a bit in Spekkens’ toy model, the maximal measurement dis-

tinguishes between four possibilities, and only allows the trivial phase operation (just

like a four-outcome classical system). However, such a measurement is ruled out in

the usual (epistemic) Spekkens’ toy model, where a measurement can only distinguish
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perfectly between two possibilities. We see that phase dynamics- a somewhat ‘non-

classical’ behaviour- has been recovered by imposing a restriction on knowledge. This

result is very much in line with the original conception of the toy model, illustrating

how incomplete knowledge can accommodate deviation from classical behaviour [28].

By this example, we see that the existence of phase dynamics does not rule out hidden

variable models.

Even restricting to maximal measurements is not sufficient to determine a unique

phase group for a particular theory. Recall the gbit with three binary measurements:

eZ+ vs. eZ− can distinguish perfectly between states where P (Z = 1) = 1 (any state

from the top plane of the cube) and states where P (Z = 1) = 0 (a state from the

bottom plane of the cube). By making the measurement eM+ vs. eM−, one can perfectly

distinguish between gbit states s+ = (1, 0|1, 0|1, 0)T and s− = (0, 1|0, 1|0, 1)T. There are

no measurements that can distinguish in a single trial between more than two states,

and so both these measurements are maximal, even though they are associated with

different phase groups.

In quantum theory, however, there is only one type of phase group for all maximal

measurements on a system of a particular dimension. No quantum measurement can

distinguish with certainty between more possibilities than the dimension of the Hilbert

space. Each projective quantum measurement can be transformed into any other by

a unitary operation. Thus, for a phase group {
∑

j e
iφj |j〉〈j|}, a unitary transformation

converts each |j〉〈j| → U |j〉〈j|U † = |j̃〉〈j̃| giving the phase group {
∑

j e
iφj |j̃〉〈j̃|}. These

two groups are isomorphic to each other (though they preserve different axes), and

are both representations of
⊕N U(1) where N is the Hilbert space dimension.

3.5.1 Phase and non-classicality

Using the concept of maximal measurements, we can make a couple of statements that

link phase with the concept of non-classicality.

Definition 3.5: Non-classical

A theory is non-classical if it admits maximal measurements, whose

statistics do not in general uniquely specify the state of the system.

(This definition is consistent with non-classicality being a discrepancy between the

dimension and the number of degrees of freedom of a state, as described by [9]).

Conversely, a system is classical if its state can be totally specified by the outcome

statistics of any maximal measurement on the system.

Theorem 3.5. The phase dynamics associated with a maximal measurement on a
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classical system are always trivial8.

Proof. A classical system can be completely determined by the outcome of one mea-

surement. As there is nothing else to be known about the state, there is only one

transformation that does not disturb these statistics: 1. Thus the phase dynamics of a

maximal measurement on a classical system are trivial.

We thus see it is necessary for the system to be non-classical to have non-trivial

phase dynamics. Phrasing the converse is less straight-forward, as there could be

arbitrary conditions in a theory forbidding various transformations. One construction

was phrased in §4.2 of [1], but this relies on the existence of a decoherence operation

(e.g. § 3.4.1) with respect to at least one measurement in the theory. Even requiring

that the set of transformations in a theory form a convex set is not sufficient to argue

for the existence of an allowed decoherence operation. For example, consider a highly

asymmetrical state-space whose automorphism group is {1}; mixtures of {1} are also

trivial and so to have non-trivial dynamics, the theory would need to admit some

transformations beyond the convex hull of its reversible transformations.

Without losing generality, we thus make the following (more cautious) statement:

Lemma 3.6. A non-classical system always has at least one valid phase transformation

associated with a maximal measurement (although this valid transformation may be

disallowed by some other restriction on the dynamics of the theory).

Proof. The proof follows by showing that if there is more information in a system

than encoded in a single maximal measurement, then it is possible to conceive of a

decoherence map that takes valid states to valid states.

Consider a maximal measurement M (one which determines the most possible

information about the system; see definition 3.4). Let the {ti} be a set of states

unambiguously distinguished by M with associated effects ei, such that ei · tj = δij.

We explicitly construct a map that projects the state-space onto the hull of {ti}, by

considering the function that prepares one of the state ti with probability given by the

effect of ei acting on an arbitrary input state s, ei · s:

T s = s′ =
∑
i

(ei · s) ti. (3.26)

The input of this function is an allowed state s; and as
∑

i ei · s = N , and ei · s ∈ [0,N ],

the output is also guaranteed to be a valid state in the state-space (it is in the convex

hull of known allowed states {ti}). Such an operation is also manifestly linear in its

input s.

8Definition 2.8.
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Moreover, T is a phase operation. Consider a state s where P (M = i|s) = ei · s.
The state after projection is given s′ =

∑
i (ei · s) ti, and thus we can evaluate ej · s′

as
∑

i (ei · s) ej · ti = ej · s = P (M = j|s) (where we have used ei · tj = δij, as M

unambiguously and perfectly distinguishes the set {ti}). This is true for all ej and so T

is a phase operation with respect to M .

To show that T is not trivial, we use the fact that the state of a non-classical system

cannot be determined by the outcome of a single measurement. It may be that for

some (or all) of ti, knowing the statistics of the measurement is enough to completely

specify the state (e.g. knowing P (Z = +1) specifies a unique state |0〉 in quantum

theory), but there must be at least one configuration of M -statistics where there is

ambiguity in the choice of state (at least for one choice of maximal measurement); as

if this were not the case, the system would be classical as it could be specified by the

statistics of a single measurement.

Labelling two such states with shared M statistics as s1 and s2, because state-

spaces are convex, any probabilistic combination s = λs1+(1− λ) s2 is also an admitted

state. Hence s1 and s2 can be found such that for just one λ ∈ [0, 1], the state s is in the

convex hull of ti. At least one of s1 or s2 will not be in the hull of {ti} and so will have

been transformed in a non-trivial way by T .

Thus, for non-classical theories, it is possible to find a non-trivial valid phase trans-

formation associated with a maximal measurement.

3.6 The phase dynamics of related measurements

The conditions in definition 3.1 for a transformation to be a phase transformation

form a set of linear constraints. These constraints induce a subset of the complete

dynamics: the phase dynamics (definition 3.2). Although so far, we have defined

phase dynamics with respect to a set of effects that form a measurement; as linear

constraints, the mathematics of the following lemmata will follow for arbitrary sets

of effects {ei} even when
∑

i ei 6= 1. Although more general sets of effects lose their

physical interpretation as measurement outcomes (as they will in general fail to assign

probability distributions to states), these lemmata will still prove helpful mathematical

statements to relate measurements with shared features. This will allow us to later

prove statements about specific kinds of phase groups (such as POVMs in §3.7).

We begin by formalising the intuitive concept that adding extra constraints on the

allowed transformations can only ever reduce the set of possible phase dynamics.

Lemma 3.7. Consider two sets of effects E = {ei} and F = {fj} acting on the same

system, such that the phase dynamics induced from eq. (3.8) are SE and SF respec-
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tively. The union of these sets of effects EF = E ∪ F has phase dynamics given by the

intersection of the individual sets of dynamics SEF = SE ∩ SF .

Proof. This follows as a straightforward consequence how linear constraints are com-

bined, elaborated on below for completeness.

Let T be a transformation in the ‘phase’ dynamics associated with the set of effects

E ∪ F . The constraints in E ∪ F mean that T satisfies ei · s = ei · T s for all ei and s and

hence T is an element of SE . Moreover, T also satisfies fi · s = fi · T s for all fi and s and

so T is also an element of SF . As T is an element of both SE and SF , it is by definition

in the intersection SEF = SF ∩ SF .

Suppose there was some T both in SE and in SF (and hence in the intersection SEF )

that was not a phase dynamic associated with EF . As T satisfies all the constraints of E
and F seperately, then we would require an additional constraint in EF that explicitly

rules it out, and so EF 6= E ∪ F leading to contradiction.

The linearity of the phase constraints allows us to make statements relating the

sets of phase dynamics between linearly related sets of effects.

Lemma 3.8. If a set of effects {mj} can be expressed as a linear combination of effects

{ni}, then the respective sets of phase dynamics SM and SN satisfy SN ⊆ SM . If the

mapping between {mj} and {ni} is reversible, then equality holds such that SN = SM .

Proof. When {mj} is expressed linearly in terms of effects of {ni}, we can write

mj =
∑
i

cjini (3.27)

for every j, where {cji} is a set of constant (real) scalar values.

Let T be an allowed phase transformation with respect to {ni}, such that ni · s =

ni · (T s). Multiplying both sides by cji, then summing over all i yields:∑
i

cjini · s =
∑
i

cjinj · (T s) ,

mj · s = mj · (T s) , (3.28)

where the second line follows from the linearity of the inner product. A similar ar-

gument can be made for all j, and hence T also satisfies the criteria to be a phase

transformation of {mj}. Every transformation T in SN is also in SM , and so SN ⊆ SM .

Suppose that there is a real inverse of eq. (3.27), such that there exists a set of co-

efficients {c̃ji} that allow the relationship nj =
∑

i c̃jimi. The same argument as above

can be made to show that SM ⊆ SN . Taken simultaneously with SN ⊆ SM , this implies

that SM = SN when there is a reversible mapping between {mj} and {ni}.
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From the mathematical lemma 3.8, we can make a few straight-forward corollaries

that apply to more physical measurements:

Corollary 3.9. Coarse-graining a measurement does not reduce the set of phase

dynamics.

Proof. If measurement M is a coarse-graining of measurement N , then each effect in

M can be expressed as a sum of effects in N . Hence, the first claim of lemma 3.8 is

applicable, and every transformation allowed by N is also allowed by M .

Corollary 3.10. Relabelling measurement outcomes9 does not change the associated

phase dynamics.

Proof. If M is a relabelling of N , then their effects are related by a permutation which

is inherently invertible. Hence, the second claim of lemma 3.8 is applicable, and the

phase dynamics will thus be the same.

We see this lemma and its corollaries predict a set structure consistent with the two

extremal cases of measurements possible on a system. A measurement that reveals

everything about the system (e.g. a maximum measurement on a classical system, or

a general informationally complete measurement, as will be discussed in § 3.7.2) has

only the trivial phase group {1}, and this element is included in the phase dynamics

of every measurement. At the other extreme, a measurement that reveals nothing

about the system (e.g. a single outcome measurement associated with the unit effect

1) admits every allowed normalisation-preserving transformation of the system into its

set of phase dynamics, and so is automatically a superset of the phase group of any

other measurement (all of which can always be coarse-grained into 1 by summing their

effects together).

While the existence of an inverse map between sets of effects is sufficient for the

equality of their associated phase dynamics, it is not necessary. In particular, if there

are already significant (non-phase related) restrictions on the allowed transformations

(e.g. as would be the case in a highly asymmetric state-space with no decoherence

allowed), loosening the restrictions from the phase dynamics by coarse-graining the

set of effects may still not be sufficient to enable further dynamics. In such cases, the

associated phase dynamics could be identical, regardless.

Lemma 3.8 also allows us to replace a set of effects associated with the outcomes

of a measurement into a form where they correspond to orthogonal vectors in the

minimum-dimension representation (§2.5). In particular, we can demonstrate that the

phase dynamics of a measurement with N effects is identical to the phase dynamics

associated with preserving N − 1 of those elements and the normalization of the state:

9This is always mathematically feasible, even if it is not admitted as an automorphism of the
state-space.
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Corollary 3.11. For a measurement N with effects {ni}i=1...nmax, the constraints placed

on transformations are equivalent to the phase condition on the set of effects {mi} =

{ni}i=1...nmax−1 ∪ {1}, in which we have replaced one of the measurement outcome

effects by the unit effect.

Proof. As N is a measurement, mnmax =
∑

i ni = 1. We can thus write a linear

transformation between these two sets of effects mj =
∑

i cjini, where cji = δji for

j < nmax; and when j = nmax, then cnmaxi = 1 for all i. By lemma 3.8, the dynamics

associated with this new group SM are a superset or equal to the dynamics of N , SN .

However, there also exists the reverse transformation nj =
∑

i c̃jimi where c̃ji =

δij for j < nmax and for the final row c̃nmaxi = −1 for i < nmax and c̃nmaxnmax = 1

(because nmax = 1−
∑nmax−1

i ni). Hence both parts of lemma 3.8 are applicable, and so

{ni}i=1...nmax and {ni}i=1...nmax−1 ∪ {1} generate equivalent phase dynamics.

Corollary 3.12. The phase dynamics associated with any measurement also preserve

the normalization of the state.

Proof. Follows immediately from the above.

We conclude this section by writing down one final lemma, which we will find useful

for manipulating the phase dynamics of measurements which share effects.

Lemma 3.13. For a set of effects {ei} inducing a subset of dynamics T , a linearly

dependent effect f =
∑
ciei can be freely added to the set of effects with no change in

T .

Proof. From lemma 3.8, the set of dynamics induced by f , TF is a superset of (or

equivalent to) T such that T ⊆ Tf . Consider then the union {ei} ∪ {f} and note that

from lemma 3.7, the new phase group is given by T ∩ TF . As TF is a superset of T (i.e.

containing all elements in T ), then the intersection of Tf with T is simply T . Hence,

adding a linearly dependent element to a set of effects does not change the allowed

phase dynamics of that set.

3.7 POVMs and general measurements

Let us now apply some of the above lemmata in a more specific context: positive

operator-valued measurements (POVMs). In quantum theory, POVM are a more gen-

eral type of measurement than the usual projective measurement. They are naturally

analogous to effects in the GPT framework, as they provide a means of assigning statis-

tics to states without concern for the updated state after the measurement (see Box
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2.5 in [8]). In particular, one can construct a POVM with more outcomes than possible

for a projective maximal measurement, but such a measurement cannot perfectly and

reliably distinguish between more than the maximally allowed number of states (the

dimension of the Hilbert space in quantum theory).

Just as the positive elements {Mi} in a POVM satisfy
∑

iMi = 1 so that Tr (ρ
∑

iMi) =

1 for all states ρ, the effects in a GPT measurement sum as
∑

i ei = 1 such that∑
i ei · s = 1 for all states s. At no point in lemma 3.8 did we make any assumptions

about how many (or what sort of) effects were in the measurements (cf. lemma 3.6

which only holds for maximal measurements); and so the results of § 3.6 hold as true

for POVMs as they did for projective measurements.

In this section, we will consider how our formalism for phase dynamics applies to

non-projective measurements, by way of a couple of examples from quantum theory.

3.7.1 Unambiguous quantum state discrimination

We will first consider a famous example of a non-projective POVM measurement known

as unambiguous quantum state discrimination [8, 83, 84]. For any two pure quantum

states (of the same system) |α〉 and |β〉, one can construct a POVM of three elements

{Mα,Mβ,M?} that can distinguish between these two states, but not in every attempt

of the measurement:

Mα =
1− |β〉〈β|
1 + |〈α|β〉|

, Mβ =
1− |α〉〈α|
1 + |〈α|β〉|

, M? = 1−Mα −Mβ. (3.29)

Mα will never be observed if the state was prepared in |β〉, and vice versa. However,

when 〈α|β〉 6= 0, there is some finite probability that the outcome M? will be observed,

and the measurement will have failed to determine the state either way.

Consider two projective binary measurements, one that distinguishes between |α〉
and any state |ᾱ〉 such that 〈α|ᾱ〉 = 0, and another between |β〉 and any state |β̄〉 such

that 〈β|β̄〉 = 0, with projectors given respectively by:

Pα = |α〉〈α|, Pᾱ = 1− |α〉〈α|, (3.30)

Pβ = |β〉〈β|, Pβ̄ = 1− |β〉〈β|. (3.31)

Using the isomorphism between quantum measurement elements and effects, we can

write these projectors in the GPT framework as effects {eα, eᾱ} and {eβ, eβ̄}, and using

definition 3.1, we can assign the set of phase dynamics Gα and Gβ respectively. These

dynamics consist of any allowed operations that do not change the probability of

projecting into α (or β), and so will allow more operations than the phase dynamics of
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maximal measurements10 if the dimension of the Hilbert space is greater than two. If

the Hilbert space dimension is d, Pᾱ (and Pβ̄) will be a projector of rank d − 1, and so

the associated phase groups will be of the form U(1)⊕ U(d− 1).

Using the tools provided in this chapter, we can derive a relationship between

the phase dynamics associated with the unambiguous quantum state discrimination

measurement, and these two related projective measurements.

Theorem 3.14. The set of phase dynamics admitted by a POVM that performs unam-

biguous state discrimination between |α〉 and |β〉 is given by the intersection of phase

dynamics associated with the two projective measurements that project onto |α〉 and

onto |β〉.

Proof. The two projective measurements are associated with the sets of effects {eα, eᾱ}
and {eβ, eβ̄} respectively. Using corollary 3.11, we can write down sets of effects asso-

ciated with each of these measurements, equivalent for the purposes of constraining

phase dynamics: {1, eā} and {1, eb̄} respectively. As the GPT framework does not allow

different measurements to normalise differently11, 1 is equivalent in both sets (as may

be verified by its action on all s by noting 1 from either measurement must return the

same value of 1 · s). The union of these two sets is {1, eā, eb̄}, which from lemma 3.7

has dynamics given by the intersection of the phase dynamics Gα ∩Gβ.

This set can be related to the set associated with unambiguous discrimination,

{1− k (eā + eb̄) , keā, keb̄} (3.32)

by the matrix:

C =

 1 −k −k
0 k 0
0 0 k

 , (3.33)

which admits (for k 6= 0) an inverse

C−1 =

 1 1 1
0 1

k
0

0 0 1
k

 . (3.34)

Thus, by lemma 3.8 the sets of phase dynamics are equivalent.

We hence see that the phase dynamics of a POVM that performs unambiguous

quantum state discrimination is equivalent to the intersection of phase dynamics for

10 This also illustrates that maximal measurements should not be conflated with projective
measurements; although a projective measurement whose matrix elements are all rank one
projectors will be maximal.

11This is effectively another constraint in its own right; but one placed at an even more
fundamental level in the framework.
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the two projective measurements.

Corollary 3.15. For a two-level quantum system, the phase group of an unambiguous

quantum state discrimination measurement is trivial unless 〈α|β〉 = 0

Proof. In the Bloch sphere representation, the two non-orthogonal projectors define a

fixed plane (whereas a single maximal measurement only defines a fixed axis), and so

geometrically, the only allowed operations would be the shrinking or flipping along the

single remaining orthogonal axis (in general, given by the map on the density matrix

Φ : ρ → kρT + (1− k) ρ). This map necessitates a violation of complete positivity (this

may be verified by applying Choi’s theorem [41] to Φ), and so the only geometrically

valid phase transformations are forbidden by another quantum law. Thus the phase

dynamics associated with an unambiguous quantum measurement between two non-

orthogonal states on a qubit are trivial.

3.7.2 Informationally complete measurements

We now examine a second type of non-projective POVM, which can be constructed for

all theories in the GPT framework. Consider a system whose state can be completely

determined by a set of measurements {Mi}i=1···N , each measurement Mi with the set

of effects {mij}j. We can create a new measurement by taking the union of each set of

effects, weighted by some non-zero factor (e.g. 1
N

) so that the resultant measurement

is correctly normalised.

The statistics built from this compound measurement match those that would be

found by randomly choosing a measurement, recording the measurement chosen, and

its outcome. Repeated trials of this measurement on identically prepared states would

ultimately perform full tomography of the system: every statistic described by the

state would eventually be known. For this reason, this type of measurement is known

as informationally complete (see e.g. [85, 86]).

Lemma 3.16. The phase dynamics of an informationally complete measurement are

trivial.

Proof. As the measurement contains an effect for every degree of freedom in the

state, there are no parts of the state that can change without altering the probability

associated with at least one effect.

Theorem 3.5 (that classical phase dynamics are trivial) could be seen as a corol-

lary of this lemma; for classical systems, a maximal measurement is informationally

complete.
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3.8 Conclusion

In this chapter, we have seen that it is possible to generalise the concept of phase

into the GPT framework by considering the set of transformations that preserve the

statistics associated with a particular measurement. This generalised definition re-

duces to the quantum case when applied to quantum theory, but also allows us to

discuss the phase associated with non-quantum theories such as gbits and Spekkens’

toy model. Moreover, the concept of phase was shown to be intrinsically related to

non-classicality and the existence of complementary measurements. In particular,

the phase associated with a maximal measurement helps to identify characteristic

behaviours of different theories. We examined how our definition of phase is related to

the idea of linear constraints, and derived some relationships between phase groups

of similar measurements (such as those sharing outcomes; or those which formed by

the coarse-graining of another measurement). We used these relationships to identify

the phase dynamics associated with an unusual example of a quantum measurement

known as unambiguous state discrimination.

In the following chapters, we will put the mathematical tools developed here to use

in the physical context of an interferometer.
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Chapter 4

Interference in the GPT framework
The GPT framework has typically been employed to describe abstract degrees of free-

dom, often imagined as internal degrees of freedom (such as the spin of a particle,

or the polarisation of a photon). This picture has proven useful for thinking of gener-

alisations of the EPR experiment (e.g. [54, 65]), addressing questions of information

complexity (e.g. [18, 44, 67, 87, 88]), and device-independent cryptography (e.g. [62]).

One could also directly encode spatial degrees of freedom. The choice of a particle

to follow one route over an alternative may be described by a bit of information. In

quantum theory, which admits coherent superpositions of both possibilities, informa-

tion about this “which-route?” measurement may be encoded as a qubit. Here, we

consider extending such a description to general theories within the GPT framework.

In this short chapter1, we shall explicitly consider systems that incorporate a spatial

degree of freedom throughout: interferometers. We will first revise the quantum

behaviour of a Mach–Zehnder interferometer (§ 4.1). Next, using the results of the

previous chapter, we will generalise this device into arbitrary theories (§ 4.2). In

particular, we will look at couple of non-quantum examples of interference: 3-in 2-out

gbits (§ 4.2.1), and Spekkens’ toy model (§ 4.2.2). We shall conclude this chapter with

a couple remarks on how we will further abstract the key concept of interferometry

in subsequent chapters, and how the treatment here compares with an alternative

presentation of interference [89, 90] in the GPT framework (§4.3).

4.1 The quantum Mach–Zehnder interferometer

Consider the Mach–Zehnder interferometer being traversed by a single particle (illus-

trated in fig. 4.1). Let the position of the particle (upper vs. lower branch) be expressed

by the +1 and −1 outcomes of the Z measurement, such that the quantum state |0〉
corresponds to the particle being in the upper branch with certainty. The action of the

1Some of the results in this chapter were published in [1].
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Figure 4.1: A quantum Mach–Zehnder interferometer. The top of the figure is
a schematic representation of the experiment. A photon is incident on the first beam-
splitter, and enters into a superposition of the two branches. A phase-plate introduced to
one of the branches induces a phase that transforms the state. Finally, the two branches
recombine with a second beam-splitter, and the photon arrives in one of the two detectors
with some probability. The bottom row illustrates the state of the system at each part of
the experiment, as a location in the Bloch sphere.

beam-splitter is described by the Hadamard gate

H =
1√
2

(
1 1
1 −1

)
, (4.1)

such that the action of the beam-splitter on a particle incident on the beam-splitter

from the upper branch is to place it into a super-position of both outputs |+〉 = 1√
2

(
|0〉+

|1〉
)
.

After the beam-splitter, some sample is placed in the path of the lower beam, adding

a phase φ to the system (e.g. by increasing the optical path length). This constitutes

a phase transformation with respect to the ‘which-branch?’ measurement Z, because

the operations do not alter the chance of the particle being found in the upper or

lower branch at this point. The form2 of such an operation on the lower branch may

be written

Uφ =

(
1 0
0 eiφ

)
, (4.2)

and it rotates the quantum state around the equator of the Bloch sphere by an angle φ.

The particle then enters the final beam-splitter, which performs the inverse opera-

tion of the first beam-splitter (which happens to be the same in the quantum case as

2A full justification for this form will be considered in §5.2.
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H−1 = H).

The action of the interferometer as a whole is to create the quantum state |final〉 =

HUφH|0〉 from a particle that was initially in the upper branch. We can directly

calculate this state to be

|final〉 = e
iφ
2

(
cos
(
φ
2

)
−i sin

(
φ
2

) ) . (4.3)

From this state, we find that probability of detecting the particle in the upper or lower

branch, after it has left the final beam-splitter, is given by

P (upper) = |〈0|final〉|2 =
1

2
(1 + cosφ) , P (lower) = |〈0|final〉|2 =

1

2
(1− cosφ) . (4.4)

It is reasonable to treat these Z statistics as the interference pattern produced by

the device, as varying φ (such as by extending the length of one branch) will alter them.

Furthermore, had the beam-splitters not had a coherent action (and instead mapped

the input state into the maximally-mixed classical mixture of the branches, lying at the

centre of the Bloch sphere), then the output state would itself be maximally-mixed for

all values of φ, and so the output statistics would reveal nothing about the choice of φ.

Let us now go through the above example again, this time using the GPT formalism.

The initial state |0〉 is written as

s0 =


P (X = +1)
P (X = −1)
P (Y = +1)
P (Y = −1)
P (Z = +1)
P (Z = −1)

 =


1/2
1/2
1/2
1/2
1
0

 . (4.5)

The two quantum operations H and Uφ may be expressed3 as TH and Tφ respec-

3 Because of the constraint that all measurements normalise to the same value, there are
in fact unobservable degrees of freedoms available when writing down the transformation,
corresponding to the fact that this is a six-dimensional representation of a state with only three
degrees of freedom if the state is assumed to be normalised. For example, the top row of the
Hadamard gate could have been written as (k, k,−k,−k, 1, 0) where the terms in k would always
cancel out when multiplying on a correctly normalised state. As we are only considering the
transformations on valid states, these freedoms disappear, and so here we have chosen forms
for simplicity: H to minimize the number of non-zero elements, and Tφ such that when φ = 0,
Tφ = 16 explicitly.
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tively:

TH =


0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0

 , (4.6)

Tφ =
1

2


1 + cosφ 1− cosφ − sinφ sinφ
1− cosφ 1 + cosφ sinφ − sinφ

sinφ − sinφ 1 + cosφ 1− cosφ
− sinφ sinφ 1− cosφ 1 + cosφ

⊕ 12. (4.7)

Tφ is a representation of an element of SO(2) acting on a probability vector. In the ex-

pectation value representation, where states are written by Bloch vector s = (〈X〉, 〈Y 〉, 〈Z〉)T,

Tφ may be expressed in the more familiar form

(
cosφ sinφ
− sinφ cosφ

)
⊕ 11. In both repre-

sentations, it can be seen by inspection that Tφ does not alter the statistics associated

with Z, as expected for an element of the phase group of Z.

In the probability vector representation, the final state sf is written

sf = THTφTHs0

=


1/2
1/2

1
2

(1− sinφ)
1
2

(1 + sinφ)
1
2

(1 + cosφ)
1
2

(1− cosφ)

 , (4.8)

where the Z statistics are identical to those obtained by the Hilbert space formalism.

4.2 Mach–Zehnder interferometers in the GPT framework

We shall extend the concept of interference to other theories in the GPT framework,

by analogy with the network of transformations above.

Theories that can describe a directly analogous Mach–Zehnder interferometer re-

quire the following:

i. There must be a measurement (we shall label Z) corresponding to spatial location

(and by corollary, for each branch of the interferometer, there must must be an

effect which assigns the probability of being in that branch).
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ii. We must be able to prepare at least one state where one outcome of Z is certain.

iii. There must be a ‘beam-splitter’ transformation TH , whose effect is to relate the

statistics of Z with that of some other measurement.

iv. There must be a choice of operations {Tφ} in the phase group of Z.

Without item i, it is hard to formulate any concept of “over here vs. over there”; the

existence of the effects allows us to represent the detectors at the end of the device.

Item ii allows for the initial state of the system to correspond to something in one

branch (which we will label as the upper branch), and item iii allows us to prepare the

state into a superposition of some kind.

Finally, item iv implies that there is some meaningful operation we can perform,

that might affect the output statistics. A Mach–Zehnder interferometer consists of

two spatially-disjoint branches, and so between the initial and final beam-splitter,

any applied transformations should not alter the probability of being in one branch

over the other. If this were not the case, then transformations corresponding to the

action on one branch could potentially be used for super-luminal signalling. Suppose

an agent has free choice of which transformation to employ on her branch, and this

choice could be exercised to change the probability of the particle being found in the

remote branch; if another agent is waiting there with measurement device, this can

detect if such a manipulation was performed, allowing for instantaneous signalling.

For these reasons, we restrict Tφ to be a member of the phase dynamics of the position

measurement. (Whether any particular phase operation in the phase dynamics of the

position measurement can be performed on any particular branch will be discussed in

considerable depth in chapter 5. Further relativistic considerations will be elaborated

upon in chapter 6.)

Let us, by analogy with the quantum case, restrict our discussion to reversible

phase dynamics (i.e. the phase group) for the following examples4. In this case, the

generalised Mach–Zehnder interferometer produces the following output state:

sf = T−1
H TφTHs0 (4.9)

where Tφ is an element of GZ , the phase group of the position measurement Z (effects

z+ and z−). The interference fringes are then defined by the probabilities P (Z = +1) =

z+ · sf and P (Z = −1) = z− · sf respectively. If a theory allows for differing choices of

Tφ ∈ GZ , and these choices affect the output statistics of Z, then the system is said to

exhibit non-trivial interference.

4Such a set-up could in general admit irreversible dynamics, such as a ‘measure-and-forget’
operation on the two branches, that replaces the coherent state with a mixture (see §3.4.1)
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4.2.1 Example: Interference for 3-in 2-out gbits

Let us consider the above as applied to a gbit with three binary measurements. The

TH in the quantum case (eq. (4.6)) is also a valid transformation on 3-in 2-out gbits,

and so we use this for the action of the beam-splitters (noting that T−1
H = TH).

The phase group associated with the Z measurement of a gbit consists of the eight

automorphisms of the square:

T1 =


0 0 0 1
0 0 1 0
1 0 0 0
0 1 0 0

⊕ 12, T2 = T1
2, T3 = T1

3, T4 = 16,

T5 =


0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

⊕ 12, T6 = T1T5, T7 = T1
2T5, T8 = T1

3T5. (4.10)

In this phase group, T1, T2, T3 and T4 are the proper rotations by some multiple of

90° around the Z-axis; T5, T6, T7 and T8 are a reflection in the Y Z plane followed by a

rotation by some multiple of 90°.

Unlike the quantum case, the initial state s0 is not unambiguously defined (even

setting Z = +1, still leaves the freedom to choice X and Y statistics), and so we write

the output statistics in terms of the input state. The outcome probabilities observable

for different choices of Tφ are given in table 4.1. As these outputs can be different

for different choices of Tφ, we say that the gbit MZI can potentially exhibit non-trivial

interference patterns. (Whether or not these patterns could be induced by operations

that can be meaningfully described as local to either branch in the interferometer will

form the main topic of discussion in chapter 5).

Even with the ability to also prepare arbitrary Y statistics for the input state, not

every choice of Tφ can be distinguished by this particular set-up: T1 vs. T6, T2 vs. T5,

T3 vs. T8 and T4 vs. T7 can not be resolved as they share exactly the same statistics.

This is not unique to gbit interferometry. For example, in a quantum MZI, any phase

φ ∈ [0°, 180°] would be indistinguishable from a phase φ′ = 360° − φ, as even though

(for φ 6= 0) these correspond to different elements in SO(2), they produce the same

output Z statistics.

On the other hand, a gbit interferometer might allow the ability to prepare two

different choices of initial state: s0 where Pi(Y = +1) = 1, and s0
′ where Pi(Y = −1) =

1. This is in contrast to quantum theory, where there is only one initial state as by

choosing the particle to be in the upper branch, the uncertainty restriction mandates

that Pi(Y = +1) = Pi(Y = −1) = 1
2
. This means that up to four possible choices of TΦ
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Phase group Upper branch output Lower branch output
element probability Pf (Z = +1) probability PF (Z = −1)

T1 Pi(Y = +1) Pi(Y = −1)
T2 Pi(Z = −1) Pi(Z = +1)
T3 Pi(Y = −1) Pi(Y = +1)
T4 Pi(Z = +1) Pi(Z = −1)
T5 Pi(Z = −1) Pi(Z = +1)
T6 Pi(Y = +1) Pi(Y = −1)
T7 Pi(Z = +1) Pi(Z = −1)
T8 Pi(Y = −1) Pi(Y = +1)

Table 4.1: Interference observable in a gbit MZI: the output statistics after the
final beam-splitter for each phase transformation Tφ are written in terms of the initial
statistics Pi.

could be distinguished by a gbit MZI (e.g. by varying both Z and Y for the input, one

can distinguish all the proper rotations T1–T4), whereas in quantum theory (in which

only Z could be varied) elements T2 and T4 would give the same (mixed) statistics.

Although an interferometer is typically a device that probes some unknown sample

(i.e. choice of phase group element), if it were instead Tφ that could be freely and

reliably chosen, then the MZI could be used to perform partial tomography on the input

state. However, the X statistics do not feature in the interference pattern of the device

presented here. This is because of our choice of our beam-splitter transformation TH ,

which has a degree of arbitrariness, even in quantum theory (cf. the alternative choices

in fig. 2.3). If we had chosen instead a transformation that exchanges the Z and Y

statistics (flipping X), a different version of table 4.1 would be derived, corresponding

to a slightly different experimental set-up, in which the output statistics depend on the

X and Z statistics of the input state. Thus, in this set-up, it is not sufficient to only

vary the phase transformations in order to perform state tomography.

4.2.2 Example: Interference in Spekkens’ toy model

We can similarly build the statistics for a Mach–Zehnder interferometer described by

a single bit in Spekkens’ toy model [28, 29] (see § 2.7). There is no operation in this

model that exactly implements the quantum version of TH (one could verify this by

exhaustively going over every possible permutation in S4 and noting that none give

the correct change in statistics5), but we can pick a closely related TH that swaps X

5Geometrically, the quantum Hadamard is a rotation of 180° about the axis bisecting X and
Z; such a rotation is not a symmetry of the tetrahedron of ontic states in fig. 2.10.
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and Z statistics, but does not flip Y :

T Sp
H =

(
T Sp
H

)−1

=


0 0 0 0 1 0
0 0 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0

 , (4.11)

corresponding to the permutation 1324 that swaps ontic states and .

The phase group of permutations preserving Z measurements are the four permu-

tations (12)(34), leading to a representation of Z2 ⊕ Z2 with elements

T1234 = 16 T2134 =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⊕ 12

T1243 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⊕ 12 T2143 =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

⊕ 12 (4.12)

The output statistics obtained for each of these four phase operations in the MZI

circuit T Sp
H TφT

Sp
H s0 are listed in table 4.2.

Phase group Upper branch output Lower branch output
element probability Pf (Z = +1) probability PF (Z = −1)

T1234 (1⊕ 1) Pi(Z = +1) Pi(Z = −1)
T2134 (X ⊕ 1) Pi(Y = −1) Pi(Y = +1)
T1243 (1⊕X) Pi(Y = +1) Pi(Y = −1)
T2143 (X ⊕X) Pi(Z = −1) Pi(Z = +1)

Table 4.2: Interference observable in a Spekkens’ toy model MZI: the output
statistics of the final beam-splitter in terms of the chosen phase transformation Tφ and
the statistics Pi of the incident state.

As in the quantum case (and unlike the gbit case), when the system is initially

prepared in the upper branch, there is only one allowed state with the appropriate Z

statistics, and in this state the outcomes for X and Y measurements are equally likely.

Thus, the particular set-up of the interferometer can only tell the difference between

the two possibilities T1234 and T2143 in a single measurement (or with repeated tests

between T1234, T2143, and one of T1243 or T2134).

The behaviour of a Mach–Zehnder interferometer governed by Spekkens’ toy model
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will be further discussed in the next chapter (§ 5.7.4), where we shall compare the

behaviour with and without the epistemic restriction.

4.3 Discussion of interference in the GPT framework

4.3.1 Further abstraction of the Mach–Zehnder interferometer

We remark that requirement of the existence of a Hadamard gate (iii in § 4.2) is

somewhat restrictive, as it puts a very strong symmetry restriction on the state-space.

Although it may have been didactically useful for the above examples, in general the

expression of interference in terms of measurement following Hadamard gates proves

a somewhat cumbersome notation. At the heart of the interferometer is the concept of

identifying an physical operation associated with an element of a phase group that has

the ability to change the statistics of the state of a spatially-disjoint system. Hence, for

the rest of this thesis we will abstract away the initial and final beam-splitters of the

MZI (as in §2.3.1 and fig. 2.4); and instead make the assumptions that:

i. If a theory admits superposition states, it is possible to prepare them.

ii. It is possible to measure any statistic associated with the state. (I.e. any effect can

be achieved physically.)

The reasonableness of these assumptions may be theory dependent, and could be

probed further as a way of ruling out certain physical theories (although one might be

challenged to describe as any theory that does not satisfy the above as operational.)

However, the main focus of the discussion we will present in chapter 5 and in

chapter 6 is primarily concerned with what can (and can not) be done by phase

operations, in the region of the device where the branches are separated. Freed

from the requirement of explicitly writing the beam-splitters, we shall find it easier

to generalise beyond two-branch devices, and to occasionally consider systems where

there are an arbitrary number of disjoint paths a traversing particle could take. Be-

cause the central element of applying an element of the phase dynamics over a set

of branches remains the same, we refer to such devices as n-branch Mach-Zehnder

interferometers; we implicitly imagine that there could be some set-up that prepares

the necessary superposition states, and that any change in statistics induced by the

phase transformation can be measured, and thus constitutes as interference.
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4.3.2 Other treatments of interference in the GPT framework

An alternative treatment of interference in the GPT framework has been presented by

Ududec et al. [89] and Ududec [90], extending the concept of hierarchical families of

interference introduced by Sorkin [91, 92].

Conceptually, the interference in their framework may be thought of as a gener-

alization of Young’s Slit experiment in which a coherent light-source sends a particle

through a number of apertures, resulting in a diffraction pattern on the other side. In

quantum theory, there are no patterns formed by three-slit experiments that can not

be described entirely in terms of combinations of the two-slit interference patterns

formed by blocking one of the slits6. Ududec shows how this construction of ‘filters’

over slits can be expressed in the GPT framework. The largest number of slits whose

interference patterns can not be described in terms of combinations of a smaller

number of slits is known as the order of the interference in that theory; and for general

theories this could be higher than two.

This hallmark of non-quantum behaviour was put to further use in [17], where

it was shown that the non-existence of interference above second-order (alongside

the requirements of symmetry and spectrality) is enough to recover that the system

behaves as a Jordan algebra [93, 94]; and when further taken with the dimensional

constraint that arises by mandating the existence of an energy measurement that can

also be used as a generator of dynamics, one recovers the complex Hilbert space

usually associated with quantum mechanics.

This approach to interference is thus somewhat different to that presented in this

thesis, where the interference is discussed more in terms of the dynamics of a system.

Although constructed to address different questions, our treatments are not incompat-

ible. To bridge the gap, one would have to consider the set of transformations which

preserve the “which slit?” measurement as the relevant phase group, alongside some

method (e.g. chapter 5) for identifying operations that are local to a particular subset

of slits. By examining the group structure that relates the operations local to a set

of slits, with the operations local to strict subsets of that set, one should recover the

hierarchical structure which forms the core of Ududec’s discussion.

6This quantum limit can intuitively be seen as a direct consequence of the Born rule in that
evaluating some expression of the form |ψ1 +ψ2 +ψ3|2 only contains pair-wise combinations of
{ψ1, ψ2, ψ3}.
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4.4 Conclusion

In this chapter, we saw that there is a natural generalisation of the Mach–Zehnder

interferometer into post-quantum theories using the definition of phase provided in

chapter 3. We identified that the key aspect of an interference experiment is to induce

a measurable change in the output interference pattern by the insertion of an unknown

sample into the device. In the GPT framework, the sample can be associated with an

element of the phase group associated with the “which branch?” measurement, and

the interference pattern is entirely encoded in the output state of the set-up. This

observation allowed us to discuss the interference that could be seen in post-quantum

theories, including Spekkens’ toy model and gbits, and we saw that these theories

admitted different behaviour than the quantum case.

In the next chapter we will further probe the Mach–Zehnder interferometer by

considering whether it is possible in general to localise a phase operation to just one

branch of the interferometer.
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Chapter 5

Interference, locality, and uncertainty
Locality, as a general concept, is concerned with the idea of there being disjoint

regions in space. For such a statement to be meaningful, there have to be operational

consequences that cause different behaviour depending on which region a system is

associated with. The most famously successful theory to concern itself with locality

is special relativity [30]. A significant restriction that arises from special relativity

is ‘no-signalling’, which prohibits super-luminal signalling: operations that transmit

information between two points in amount of time faster than it would take light (which

itself has a finite speed) to traverse that distance.

Theories within the GPT framework are usually chosen to satisfy this restriction

(see §2.6), and as such may be described as ‘non-signalling’. Strictly, ‘no-signalling’ is

itself a slight abstraction of the restriction placed by relativity: one never allow choices

of operation or measurements on one subsystem to affect any measurable statistic on

the other subsystem. In the context of special relativity, this would be equivalent to

adding the extra assumption that the events taking place on the subsystems are sepa-

rated by a space-like interval, and that measurements are made (and the experiments

concluded) on quicker time-scale than the time it would take for light to travel from

one system to another. This abstraction allows the concept of no-signalling to be used

in contexts where relativity (or even space-time in general) is not necessarily clearly

defined.

No-signalling is a distinct concept to the Bell-violation ‘non-locality’ (e.g. [52, 54,

57–59, 61, 65]), which was discussed in §2.6.2, which refers more to the surrendering

of local realism. There are statistics of P–R boxes that exceed the CHSH-Bell inequality

by the maximum amount arithmetically possible, but still do not violate the (relativis-

tic) locality consideration of no-signalling.

In this chapter1, we shall motivate and introduce another type of physical locality

restriction, branch locality, which applies to the transformations of spatially disjoint

systems such as the branches of a Mach–Zehnder interferometer (§5.1). We will verify

that this concept is compatible with quantum theory (§ 5.2). Then, we will see that

branch locality forbids all non-trivial dynamics in a certain type of interferometry

set-up (including gbit MZIs) called fully independent (§ 5.3). We will see that by

1Some of the results in this chapter were published in [2].

84



placing a certain kind of conditional restriction on the state-space, this effect can

be mitigated (§ 5.4). We demonstrate that a slight generalisation of the quantum

uncertainty principle is one such restriction that allows us to have non-trivial dy-

namics, and still respect branch locality (§ 5.5). We will elaborate on the relation

between conditional restriction and the uncertainty principle using an operational

generalisation of mutually-unbiased bases (§ 5.6). In the second half of the chapter,

we shall present a geometric way in which to visualise the results, and then use this to

probe the behaviour of various non-quantum interferometers (§ 5.7). In particular, we

will examine the viability of executing the single-bit Deutsch’s algorithm [21, 22, 26]

in non-quantum theories (§ 5.8). Finally, using a couple of examples, we consider how

the definition of branch locality might warrant extension (§5.9).

5.1 Branch locality

We shall motivate the need for a new locality principle, similar in spirit to non-signalling,

by first returning to the example of a Mach–Zehnder interferometer. A traditional

wave-optical set-up of the MZI could be used to probe a property of an unknown mate-

rial by measuring its effect on the optical path length. The interference pattern output

from the device allows the measurement of the product of thickness and refractive

index of the unknown material. In order to take this reading, the material to be

measured is deliberately placed into just one of the two branches and the other is

left empty as a reference.

In quantum theory, a similar set-up leads to the single-qubit version of Deutsch’s

algorithm [21, 22, 26]. In this scenario we imagine ‘black boxes’ placed on each of the

branches of the interferometer. Each box might have a piece of glass in it, that will

apply a phase shift of π to traversing particles. As these phase shifts do not alter the

probability of the particle being in one branch rather than the other, their action on

the system is in the phase group of the position measurement.

Convention in quantum theory tells us that if we label the state of being in the top

branch as |up〉 and the lower |down〉, then a phase shift in the top branch is given by

Uup = eiθup |up〉〈up|+ |down〉〈down|, (5.1)

and in the lower branch by

Udown = |up〉〈up|+ eiθdown|down〉〈down|. (5.2)

In this language, the action of the two black boxes corresponds to choosing θup = {0, π}
and θdown = {0, π}. Deutsch’s algorithm can determine from the output of a single
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Figure 5.1: Deutsch’s algorithm in a Mach–Zehnder interferometer. A single particle,
initially in the top branch state |0〉, passes through a beam-splitter and enters two
branches in superposition. Each branch contains a ‘black box’ phase plate, adding a
phase of either 0 or π. The branches are then recombined with a second beam-splitter,
and the position measurement is taken as the output. If the phase plates are the same in
each branch, then the output is |0〉; if they differ, then it is |1〉.

particle passing through the interferometer whether θup = θdown or otherwise.

It seems natural that the phase term invoked at a particular branch (up or down)

should appear before the ket of that particular branch: as something is being altered

about that particular possibility. However, when we step away from the comfortable

framework of Hilbert spaces and into the abstracted picture of the GPT framework,

it is much less obvious how to assign transformations to have been performed on one

branch over another. This is particularly problematic in the single qubit example,

where because of the freedom given by the global phase in the unitary transformations,

both branches can induce the same full SO(2) group of operations. Every action on the

device can be achieved by actions taken on either branch locally. (In three or more

branches, this is no longer the case as will be discussed fully in §5.2).

It is not a priori obvious, whether it should be possible for any GPT theory to

apply every transformation via a local action on either branch of a two-level system.

Moreover, if not all operations can be done on each branch (such as is the case in three-

or-more-level quantum systems), then there needs to be some operational method of

determining whether an operation can be performed locally on any particular branch.

For this reason, we suggest the following physical condition of locality for branching
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interferometers:

Definition 5.1: Branch locality.

If a system has no probability of being detected in a particular branch,

then any operations applied on that branch must not affect any statistics of

the system. Let eb be the effect associated with measuring the particle to be

in branch b, and state s¬b be a state that is almost never2 in branch b, such

that

P (Z=b) = eb · s¬b = 0. (5.3)

All transformations Tb local to branch b satisfy

Tbs¬b = s¬b (5.4)

for all choices of s¬b with no support on branch b. This condition is known as

branch locality.

Without such a condition, it would be impossible in practice to ever construct a two-

branch (or any finite-branched!) interferometer, because even if the other paths the

particle could take were blocked (such that the particle has no chance of traversing

them), the actions performed on these paths would still affect the final outcome of the

device. The ability to divide space into sections that are part of the experiment and

sections are not are why this restriction may be considered as a locality condition:

without this condition, one would have to take into account everything in order to

make predictions about the outcomes of an experiment.

Branch locality does not follow directly from non-signalling. There is a loophole that

prevents violation of branch locality automatically violating non-signalling: changes

made on a remote system might not be directly measurable on the other branches until

all the branches have been brought back together, and so the measurement might still

have to be in causal contact (i.e. within the light cone) of whatever operations are done

on the branch. However, if branch locality was a trivial consequence of no-signalling,

we would not expect to see any new restrictions or phenomena by applying it to the

GPT framework, which is already non-signalling by construction. This is not the case,

as we shall see in the remainder of this chapter.

2In measure theory, almost never means with probability 0, and almost always with
probability 1. The ‘almost’ concedes that the outcome is conceptually plausible, and might
be included in mathematical description (e.g. corresponding to an effect), even if there is no
chance of that outcome occurring.
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5.2 Branch locality in quantum theory

Before we consider the implications of this restriction in the general case, let us first

explicitly explore the effects of branch locality on an interferometer described by

quantum theory. The simplest interesting quantum example can be seen in a three-

level system (illustrated in Figure 5.2).

Figure 5.2: Three branch interferometer (initial and final beam-splitters omitted).
According to branch locality, operation TA applied locally on branch A cannot alter the
phase φBC between branches B and C.

An operation designated as local to branch A should not alter the phase between

branches B and C, as if such an operation could be done, it could induce super-luminal

signalling. Consider the scenario in which an agent Alice has branch A, and another

agent Bob has B and C. If the state only has support on B and C, then Bob can reliably

measure the phase between them. If branch locality was not obeyed, then Alice could

induce a phase between the remote branches B and C through an action on her branch

A, even though A has no support for the state. Bob could measure this without the

need for branch A to ever converge with his other branches.

We shall show below that imposing the restriction of branch locality will rule out

such transformations. Although no single branch can implement every transformation,

it is true in quantum theory that any reversible quantum phase transformation can be

implemented by a sequence of transformations, each of which is local to some branch3.

This is also proven below.

5.2.1 Reversible quantum transformations and branch locality

For clarity of argument, we shall begin with the discussion of reversible transforma-

tions. We can justify our intuition about the form of eq. (5.1) and eq. (5.2) discussed in

§5.1.

3It is not correct to state that “every operation is local to some branch”. Consider a four-
branched interferometer: there is no operation local to a single branch that could change the
phase between branches A and B, and also between branches C and D.
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Lemma 5.1. Branch locality implies that the change induced by a reversible quantum

operation Ui on a branch i in a set of disjoint branches should be expressed by a

complex phase acting only on the ket |i〉 associated with being in that particular

branch:

Ui = eiΦ
(
eiφi |i〉〈i|+

∑
j 6=i

|j〉〈j|
)
. (5.5)

Proof. For a branch i, and a state ρ¬i that has no support on i such that

Tr (ρ¬iZi) = 0, (5.6)

then a branch local operation Ui on branch i always satisfies

Tr
(
Uiρ¬iU

†
iM
)

= Tr (ρ¬iM) (5.7)

for any observable M . This implies that

Uiρ¬iU
†
i = ρ¬i. (5.8)

The most general state that satisfies eq. (5.6) may be written in the Z basis as

ρ¬i =
∑
α,β 6=i

ραβ|α〉〈β|. (5.9)

According to lemma 3.1, we can express a general quantum phase transformation

with respect to Z as U =
∑

j e
iφj |j〉〈j|, and consider its action on ρ¬i:

Uiρ¬iU
†
i =

∑
j

∑
α,β 6=i

∑
k

eiφjραβe
−iφk|j〉〈j|α〉〈β|k〉〈k| (5.10)

=
∑
α,β 6=i

ei(φα−φβ)ραβ|α〉〈β|. (5.11)

Therefore, for the condition in eq. (5.8) to be satisfied, we require∑
α,β 6=i

ei(φα−φβ)ραβ|α〉〈β| =
∑
α,β 6=i

ραβ|α〉〈β|. (5.12)

For this to hold, it must be true for every element |α〉〈β|, and this requires φα = φβ
(or for φα and φβ to differ by an unmeasurable multiple of 2π) for all α 6= i, β 6= i. A

transformation Ui local to branch i thus has the form

Ui = eiΦ
(
eiφi |i〉〈i|+

∑
j 6=i

|j〉〈j|
)

(5.13)
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where Φ is some global phase that can be ignored.

It follows straight-forwardly that all reversible quantum dynamics can be induced

by a sequence of local transformations:

Theorem 5.2. In quantum theory, it is possible to induce every reversible operation

in the phase group of a projective measurement by a series of branch local operations

independently executed on different branches.

Proof. Because 〈i|j〉 = δij, it can be seen by inspection that

U =
∏

Ui =
∑
i

eiφj |j〉〈j| (5.14)

up to some unmeasurable global phase. This is exactly the form of the quantum phase

group, given in lemma 3.1.

5.2.2 Irreversible quantum transformations and branch locality

We shall now probe what the phase and branch locality conditions look like on the

most general possible quantum transformations. Interestingly, we find that not every

CP-map can be implemented by a series of local actions; it will transpire that there are

some types of decoherence which are intrinsically non-local, as their implementation

requires co-ordination of some random choice between agents acting on different

branches.

Let us begin by extending lemma 3.1 into a restriction on the irreversible phase

dynamics of a maximal measurement in quantum theory.

Lemma 5.3. All Kraus operators associated with a quantum phase transformation of

maximal measurement Z are diagonal in the basis associated with that measurement.

Conversely, an operation expressed by a set of Kraus operators diagonal in the basis

of measurement Z are phase transformations with respect to Z.

Proof. Consider the most general quantum operation, given by the completely-positive

trace preserving map ρ →
∑

aAaρA
†
a, where {Aa} are Kraus operators, that satisfy∑

aA
†
aAa = 1. The condition for an operation to be a phase transformation of a maximal

measurement (described by projectors {Zi}) is now written:

Tr

(
Zi
∑
a

AaρA
†
a

)
= Tr (Ziρ) ∀ρ, i. (5.15)
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After manipulating using the linearity and cyclicity of traces (and the freedom to

choose any ρ, including ρ = 1
N
1N ), we arrive at the restriction∑

a

A†aZiAa = Zi ∀i. (5.16)

The terms in this matrix equation can be expressed explicitly in the Z basis as

Aa =
∑
αβ

(Aa)αβ|α〉〈β|, A†a =
∑
αβ

(Aa)
∗
αβ|β〉〈α|, Zi = |i〉〈i|. (5.17)

The left hand side of Eq. 5.16 can thus be written explicitly as∑
a

∑
αβ

∑
γδ

(Aa)
∗
αβ(Aa)γδ|β〉〈α|i〉〈i|γ〉〈δ|

=
∑
a

∑
βδ

(Aa)
∗
iβ(Aa)iδ|β〉〈δ|, (5.18)

which we equate to the right-hand side of eq. (5.16), Zi = |i〉〈i|. We may compare

element-wise for |β〉〈δ| since 〈β|δ〉 = δij. This yields the conditions:∑
a

(Aa)
∗
ii(Aa)ii = 1 ∀i, (5.19)∑

a

(Aa)
∗
iα(Aa)iβ = 0 ∀α 6= i and β 6= i, ∀i. (5.20)

Taking the latter of these conditions, and setting α = β 6= i, we arrive at
∑

a(Aa)
∗
αi(Aa)αi =

0, which implies that all (Aa)αi = 0 when α 6= i, because (Aa)αi are complex numbers

(and hence every addend in the sum is non-negative). Thus, for phase transformations

of the Z measurement, the Kraus operators {Aa} are all diagonal in the Z basis, and

so may be written in the following form with one fewer index:

Aa =
∑
j

(Aa)j|j〉〈j|. (5.21)

The converse may be seen by noting that matrices of this form are mutually diago-

nal with Zi and hence [Aa, Zi] = 0 for all Aa. Using this,
∑

aA
†
aAa = 1, and the linearity

and cyclicity of trace we find:

Tr

(
Zi
∑
a

AaρA
†
a

)
= Tr

(∑
a

A†aZiAaρ

)
= Tr

((∑
a

A†aAa

)
Ziρ

)
= Tr (Ziρ) , (5.22)

which is exactly the form of the phase condition given in eq. (5.15).
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From this, we can find the additional restriction placed by assuming that a trans-

formation is local to branch i.

Lemma 5.4. The Kraus operators {Aa} associated with a phase transformation of Z

that can be applied locally on branch i satisfy:∑
a

(Aa)
∗
α(Aa)β = 1 ∀α 6= i, β 6= i. (5.23)

Proof. Consider the additional restriction placed by assuming that a transformation of

the form in lemma 5.3 is local to branch i:

Tr

(
M
∑
a

Aaρ¬iA
†
a

)
= Tr (Mρ¬i) ∀M, (5.24)

such that ∑
a

Aaρ¬iA
†
a = ρ¬i. (5.25)

States ρ¬i without support on i are still given by form in eq. (5.9). We can use the

form of {Aa} for phase transformations in eq. (5.21) to explicitly write out the left hand

side of eq. (5.25): ∑
a

∑
j

∑
α,β 6=i

∑
k

(Aa)
∗
jραβ(Aa)k|j〉〈j|α〉〈β|k〉〈k|

=
∑
a

∑
α,β 6=i

(Aa)
∗
α(Aa)βραβ|α〉〈β|, (5.26)

and so comparing for each |α〉〈β| to the right hand side of Eq. 5.25, we obtain the

condition ∑
a

(Aa)
∗
α(Aa)β = 1 ∀α 6= i, β 6= i. (5.27)

When there is only one Kraus operator in the set, eq. (5.23) reduces exactly to the

branch locality condition given on reversible quantum transformations in lemma 5.1.

Hence, it is reasonable to take this as the irreversible analogue of lemma 5.1 that

curtails the ability of any transformation to affect states that are not associated with

branch i.
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5.2.3 Example branch-local operation: decoherence

One irreversible operation we would like to be achievable through actions performed

on a local branch is decoherence. In particular, let us consider an operation that de-

stroys coherence in the relative phase between some branch i and the other branches,

through the probablistic application of a π phase on branch i. A possible set of Kraus

operators for this operation is given by:

Ai =
√

1− p diag (1, . . . , 1, 1, 1, . . . 1) , A2 =
√
p diag (1, . . . , 1,−1, 1, . . . 1) (5.28)

which only differ by element i, and to ensure irreversibility p ∈ (0, 1).

By inspection, we see this is a phase operation, as it satisfies the condition in

eq. (5.21), and moreover Ai satisfies the condition for branch locality on branch i

given by eq. (5.23). A physical intuition for this can be seen by considering the action

of this operation on a generic density matrix ρ

ρ → (1− p)A1ρA
†
1 + pA2ρA

†
2

ρ11 . . . ρ1i . . . ρ1N
...

. . .
...

...
ρi1 . . . ρii . . . ρiN
...

...
. . .

...
ρN1 . . . ρNi . . . ρNN

 →


ρ11 . . . (1− 2p)ρ1i . . . ρ1N
...

. . .
...

...
(1− 2p)ρi1 . . . ρii . . . (1− 2p)ρiN

...
...

. . .
...

ρN1 . . . (1− 2p)ρNi . . . ρNN


(5.29)

and noting that the density matrix is unchanged, expect for the non-diagonal elements

in row i and column i which are replaced with (1− 2p) ρij. This directly demonstrates

why this transformation is a type of decoherence: when p = 1
2
, the off-diagonal terms

involved with branch i are all set to 0. When a state ρ¬i has no support in branch i,

all these elements of the density matrix are 0. This allows us to satisfy the definition

of branch locality (definition 5.1): because the operation does not change any other

parts of the density matrix (which is an operational state), no measurable statistics of

the system are changed as a result of the action taken on the unsupported branch i.

By the same reasoning, it can be seen that any set of Kraus operators of the

form {√pa diag
(
1, . . . , 1, eiφa , 1, . . . , 1

)
}a where

∑
a pa = 1 will be a phase operation that

satisfies branch locality for a particular branch.
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5.2.4 Non-branch local quantum operations

From the above, we have seen that in a quantum interferometer, by combining (pos-

sibly probabilistic) branch local operations over the different branches, a very wide

range of dynamics are achievable. It would be tempting to conclude that all phase

operations in quantum theory satisfy branch locality. However, there are still some

irreversible dynamics that cannot be implemented by a series of branch local opera-

tions, because they implicitly require some sort of communication between agents on

different branches.

A counter-example of this can be seen in a four level system by considering the

dephasing operation that destroys the coherences between the first two and the last

two levels: 
ρ11 ρ12 ρ13 ρ14

ρ21 ρ22 ρ23 ρ24

ρ31 ρ32 ρ33 ρ34

ρ41 ρ42 ρ43 ρ44

→


ρ11 ρ12 0 0
ρ21 ρ22 0 0
0 0 ρ33 ρ34

0 0 ρ43 ρ44

 . (5.30)

This could be achieved with a coarse-grained measure-and-forget between branches

{1, 2} and branches {3, 4}, but to see it more explicitly as phase operations, we consider

the following set of Kraus operators:

A1 =
1√
2

diag (1, 1, 1, 1) , A2 =
1√
2

diag (1, 1,−1,−1) . (5.31)

Operationally, this procedure can be thought of a single random choice where the

outcome of a coin-flip must then be communicated between agents acting on branches

3 and 4 telling them whether to apply a phase gate, ensuring that both agents take

the same action. Thus, this is an intrinsically non-local operation, as communication

is required between the agents to ensure they act in such a way that does not destroy

the coherences between them.

A closely-related operation that does satisfy branch locality would be:

A1 =
1√
2

diag (1, 1, 1, 1) , A2 =
1√
2

diag (1, 1,−1, 1) , (5.32)

B1 =
1√
2

diag (1, 1, 1, 1) , B2 =
1√
2

diag (1, 1, 1,−1) . (5.33)

where operation A can be done on branch 3 and operation B on branch 4. However,

this operation will also set matrix elements ρ34 and ρ43 to 0, and so it does not achieve

exactly the transformation in eq. (5.30).
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5.2.5 The Aharanov–Bohm effect

On first inspection, the definition of branch locality may seem to contradict a quantum

phenomenon known as the Aharanov–Bohm effect [95]. This effect manifests, for ex-

ample, in a double-slit experiment in which a magnetic solenoid is positioned between

the slits. When the solenoid is activated, even though there is no magnetic field outside

the solenoid, a measurable change in the interference fringes is observed. Thus, the

remote magnet has effected a phase transformation on the system.

This is not in violation with branch locality. The switching on or off of the magnet

is an intrinsically global operation. This action changes the magnetic potential4 and

hence affects the phase on all of the branches, in contrast to the addition of a phase

plate which is localised to one particular branch.

Thus, the Aharanov–Bohm effect implements a phase transformation via a global

operation (and moreover, will still only affect the measurable statistics between branches

which have some probability of containing the particle), whereas branch locality is

concerned with operations applied to subsets of branches. Indeed, the same statistics

as turning on the solenoid could be simulated by introducing appropriately thick wave-

plates at each slit in the device (i.e. adding the same phase locally to each branch).

The difference between this sort of geometric phase (see e.g. [96]) and other types

of phase has been abstracted away by our definition in the GPT framework, which

has been set up to consider what the effect of the phase is, rather than where it arose

from. To violate branch locality, we would require that a phase plate (calculated to give

an equivalent phase as the Aharanov–Bohm effect would, or otherwise from another

origin) on a branch with no support still induces a change in statistics.

5.3 Fully independent systems

Having concluded our discussion of branch locality in quantum theory, let us now

move on to general theories in the GPT framework. The principle of branch locality

may appear at first tautological, but in this section we shall find that it has extreme

consequences on a particular type of system: those where knowing the outcome of

the position measurement does not place any constraints on any of the other statistics.

Such systems we shall call fully independent with respect to the position measurement,

as will be defined formally in definition 5.2.

4For the purpose of calculating the interference pattern, it is the magnetic potential and not
the magnetic field strength that has to be known to calculate the dynamics; and hence it is the
potential that should be of interest to us in an operational framework.
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5.3.1 Example: 2-in 2-out gbit

We shall consider a simple example before moving on to the more general case. A

2-in 2-out gbit (sometimes referred to as a square bit because of the shape of its state-

space) has two measurements each with two outcomes. Let one of these measure-

ments Z (by convention) be position, and the other measurement X be some “phase”.

The outcome statistics of these measurements are free to take any value independently

of each other, so long as they normalise to the same value. The state of such a system

s can be expressed then in terms of the normalisation N and the expectation values of

the two measurements 〈Z〉 and 〈X〉:

s =

 N
〈Z〉
〈X〉

 . (5.34)

Let T be a transformation on such a state, written as the matrix N ′
〈Z〉′
〈X〉′

 =

 tnn tnz tnx
tzn tzz tzx
txn txz txx

 N
〈Z〉
〈X〉

 . (5.35)

Consider now the phase transformations on such a state. By their very definition

(3.1) they must not alter the Z statistics for any state; which means both N and 〈Z〉
must not change5. Thus, the only freedom remaining in a phase transformation is to

change X according to 〈X〉′ = txnN + txz〈Z〉+ txx〈X〉, such that

Tphase =

 1 0 0
0 1 0
txn txz txx

 . (5.36)

We consider now the most general transformation T+1 local to the +1 branch (the

branch that is occupied with certainty when 〈Z〉 = +1). In order to apply the principle

of branch locality, we consider how T+1 acts on states of the form (n,−n, 〈X〉)T which

have no probability of being in the +1 branch. Because the X statistics must not

change in this case, we see that

〈X〉 = N (txn − txz) + txx〈X〉, (5.37)

and as this must hold for any value of 〈X〉, we see that txn = txz = t and txx = 1.

T+1 must also be a valid transformation when we apply it to more general states (i.e.

5Recall that the effect associated with normalisation 1 is the ultimate coarse-graining
of any measurement; and so from corollary 3.9 normalization is preserved by the phase
transformation of any measurement
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not restricting 〈Z〉 = −n) although these cases no longer have to obey the restriction

in eq. (5.37). T+1 transforms the allowed state (1, 1, 1)T to a state where the new

expectation value of X is given 〈X〉′ = 2t + 1, forcing t ≤ 0 as otherwise 〈X〉′ exceeds

+1. Similarly, considering the action on the allowed state (1, 0,−1)T yields 〈X〉′ = t− 1

which forces t ≥ 0 as otherwise 〈X〉′ will be lower than −1. Taken together, t = 0 and

hence the only form T+1 is allowed to take is

T+1 =

 1 0 0
0 1 0
0 0 1

 . (5.38)

There are no non-trivial transformations that can be applied locally on the +1 branch.

The same arguments can be made for the other branch, resulting also in T−1 = 1. We

therefore see that no phase transformations can be implemented locally by 2-in 2-out

gbits; square bits make for boring interferometers!

5.3.2 Fully independent systems in general

This total restriction of locally-applicable transformations can be extended to a wider

class of systems.

Definition 5.2: Fully independent

A state-space is fully independent of a measurement, if fixing the choice

of statistics for that measurement only ever reduces the number of degrees

of freedom in choice of state by the number of possible outcomes of the

measurement.

All gbits are in this category, when the measurement is taken to be one of the canon-

ical set (e.g. along an edge of the hypercube for binary measurements), the statistics

of every measurement can be chosen independently of each other. Quantum theory,

on the other hand, is not in this category. This is because it contains measurements

where knowing the outcome with certainty tells us that the system is in a particular

pure state (e.g. for a qubit, knowing that P (Z = +1) = 1 tells us that the system is

in state |0〉), and so all remaining degrees of freedom in the choice of state have been

removed.

We can now make the general statement:

Theorem 5.5 (The dynamics of fully independent systems cannot be localised.). An

interferometer described by a state-space that is fully independent with respect to the
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position measurement has no non-trivial6 dynamics that can be localised to any (strict)

subset of branches.

Proof. The proof follows from noting that the restriction placed by branch locality

(eq. (5.4)) has the form of an eigenvector equation with eigenvalue +1, and the freedom

in choice of state guaranteed in fully independent theories allows us to find a large

set of independent vectors to which this restriction can be applied. One then finds

a number of independent +1 eigenvectors of a matrix equal to the dimension of the

transformation matrix, which mandates that this matrix is identity.

Consider a fully independent state-space with a position measurement Z taking one

of N possible values, and a set of other measurements {Xi}. In the GPT framework

each measurement is normalised to the same value, and so each Xi measurement

gives one fewer degree of freedom than its number of outcomes. In total there are

M =
∑

i (outcomes (Xi)− 1) degrees of freedom associated with the X measurements,

and thus D = N + M degrees of freedom overall. It is helpful for this argument to

adopt the minimum-dimension notation introduced in §2.5, and write the most general

state s as:

s =



N
P (Z = z1)

...
P (Z = zN−1)
P (X1 = x1)

...


, (5.39)

where there are M components in the X measurement portion of the vector, and N

in the Z measurement portion (incorporating the normalisation N ). The most general

transformation can be written as a D ×D square matrix acting on such a vector.

Take a subset of 1 ≤ K < N branches, K. We associate the effect eK with the

state being in this subset (and effect e¬K with branches outside this subset, such that

eK + e¬K = 1). Let TK be a phase transformation applied within K.

Consider when TK acts on a state si with support only on branch i /∈ K (explicitly

ei ·si = 1 ·si = N and eK ·si = 0). Applying the restriction of branch locality to this state

allows us to generate the equation TKsi = si, which is an eigenvector equation with

eigenvalue +1. Because the state-space is fully independent, we can find M+1 linearly

independent choices of si satisfying the above: one for each of the M freedoms in X

statistics, and an additional one from the normalisation. (This can be best seen in the

6Non-trivial is used in the sense “other than the identity” (definition 2.8).
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minimal representation discussed in §2.5. If the statistics are free to take any value in

the range [0, 1], such as is allowed for gbits, these vectors for branch i = 1 would be,



1
1
0
...
0
1
0
...
0


. . .



1
1
0
...
0
0
...
0
1


, and



1
1
0
...
0
0
0
...
0


. (5.40)

The final vector is linearly independent of the other M , and must be included7 to fully

span the X statistics for arbitrary normalisations.)

We have spanned the entirety of X statistics within one branch. We can now turn

our attention to the remaining N − K − 1 branches, that are neither branch i nor in

the set K. Each of these contributes one more vector independent to those already

found, all of which are restricted by branch locality. This leads to a total of M +N −K
independent vectors restricted by branch locality.

There are two ways to account for the final K eigenvectors. The first is to note that,

as a topological consequence of state-spaces being described by compact convex sets,

every valid linear GPT transformation acting endomorphically on such a set must have

at least one stationary state, following from the Brouwer fixed point theorem (see e.g.

[97, 98]8). Moreover, as a phase transformation does not change the Z statistics, one

could construct another convex set from the original state-space by discarding the Z

measurement, and a new (affine) transformation TZ̄ based on the action of T for a fixed

choice of Z statistics. This transformation will also have a fixed point from Brouwer’s

theorem, and it will also be a fixed point of T on the full state-space for that particular

choice of Z statistics. Hence one can find a stationary state with support on each of the

K branches, and associate these with the final eigenvalues of the transformation T .

The second way is to explicitly show that any state with support on a branch in K
will be ultimately taken outside the valid state-space unless it is also not changed by

7 As an illustrative counter-example, using linear combination of eq. (5.40) attempt to form
the valid state that is in branch 1 with certainty, and also has both P (X1 = 1) = 1 and P (X2 =
1) = 1, but do not include the final vector of where all X elements are 0. Every attempt with
the correct X statistics will necessarily have a normalisation greater than 1.

8Cf. the Perron–Frobenius theorem applied to stochastic matrices [32, 99] with similar
consequences.
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TK. Consider a fully normalised set of independent vectors, s1 . . . sK each associated

with support on a different branch in K. We write the vectors we have found outside

of K as sK+1 . . . sD, and remember that these are all invariant under TK. Together

these form a set of D independent vectors, and any state may be expressed as a linear

combination of them:

s =
i=K∑
i=1

cisi +

j=D∑
j=K+1

cjsj, (5.41)

for real numbers c1 . . . cd.

Consider then the action of TK on some state sα where α ∈ K:

TK : sα → T sα =
i=k∑
i=1

c
(α)
i si +

j=d∑
j=k+1

c
(α)
j sj, (5.42)

We invoke the phase restriction, that Z statistics are preserved by TK, and so note

that the inner product with any effects associated with the Z measurement must be

conserved. For effect eα associated with measuring support on branch α, we note that

e · sα = 1, and for all other vectors e · si = 0 when i 6= α. Applying this effect to both

sides of the transformation in Equation 5.42, we find 1 = c
(α)
α . Furthermore, by taking

effects {eβ} associated with the remaining branches in K, we find that 0 = c
(α)
β when

α 6= β. We can thus rewrite the action of TK on some state sα as:

TK : sα → T sα = sα + s
(α)
rest, (5.43)

where s
(α)
rest =

∑j=d
j=k+1 c

(α)
j sj.

Let us now consider applying TK to this output state. s
(α)
rest is composed of linear

combinations of +1 eigenvectors of TK and so TKs
(α)
rest = s

(α)
rest. Hence, after n applications

of TK, state sα is transformed to state sα + ns
(α)
rest. For TK to be a valid transformation,

it must not take a valid state to a state outside the allowed state-space (i.e. must

not take valid state (TK)n−1sα to invalid state (TK)nsα). This will only hold for all

values of n if srest = 0, as otherwise, there will eventually be a probability above

the maximum allowed within the theory, or below the minimum. Hence, the effect

of TK on sα is TK : sα → sα and we have found another +1 eigenvector associated

with branch α. This can be repeated for each of the K branches in K to generate

K more +1 eigenvectors associated with the phase restriction. (These eigenvectors

are necessarily independent of those we have already found, as they have support on

different branches).

Because we have now found D = N + M independent vectors {si}, we can express

any state in our theory as a linear combination of such vectors s =
∑

i aisi. The effect,

however, of transformation TK is to take T : s
∑

i aiT si →
∑

i aisi = s, and hence
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there are no states that can be changed by any operation performed on the subset

of branches K. This means that the only transformation TK consistent with branch

locality is the identity.

This argument has been made for the most general strict subset K. Hence for

systems with state-spaces fully independent of the position measurement, absolutely

no non-trivial dynamics can be localised.

The above proof even works when K = N−1 (i.e. attempting to determine the oper-

ations that can be said to not involve one of the branches), as we only had to consider a

single branch of the interferometer where there was no support for the particle to span

the entire set of X statistics, and hence rule out non-trivial transformations. The proof

does not work if we take K to be the total set of branches (no longer strictly a subset),

as this is the only situation where there is nowhere in the system in which branch

locality can be applied. In this case, we can only generate N restrictions, associated

with the preservation of Z statistics, and so the capacity for meaningful dynamics is

recovered only in the most global scenario.

Thus, we have shown that branch locality, when applied to fully independent set-

ups, places extreme restrictions on dynamics that can be localised to any particular

part of the system, making the viability of meaningful gbit interference very unlikely

in a Mach–Zehnder interferometer.

5.4 Fully conditionally-restricted systems

Theorem 5.5 stated that for gbits, by imposing branch locality we completely curtail

the possible phase dynamics. On the other hand, we showed in § 5.2 that in quantum

theory, all reversible and a wide range of irreversible phase transformations can be

performed without violating branch locality. Under the same locality constraints,

these two different theories have vastly different levels of dynamics admissible in an

interferometer, and we now probe if there is an operational explanation for this.

There was one a stage in the proof of theorem 5.5 that holds true for gbits, but does

not apply to quantum theory: the ability to select many independent state vectors

associated with the particle being in the same branch of the interferometer. As the

ability to find more than one independent vectors in the form of eq. (5.40) is not

allowed in quantum theory, significantly less constraints are placed on the dynamics

as a consequence of branch locality.

We shall abstract this property into general theories. First of all, we define the

opposite of fully independent (cf. definition 5.2):
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Definition 5.3: Fully conditionally-restricted

A state-space is fully conditionally-restricted by a particular measure-

ment if fixing the measurement such that any outcome occurs with certainty

is sufficient to completely specify the state.

This property is termed conditional because whether the restriction applies de-

pends conditionally on the statistics of one of the measurements. This restriction

could also be considered as ‘partial self-duality’, in that the effects associated with

the position measurement outcomes should only correspond to one state.

In a similar manner as for the fully independent case, we can make a statement

about the localisability of phase dynamics (that is, the ability to perform phase trans-

formations with access to only a subset of branches) for systems governed by fully

conditionally-restricted theories.

Theorem 5.6. The phase dynamics of an interferometer where the state-space is fully

conditionally-restricted by the position measurement can be localised to a strict subset

of branches.

Proof. Consider a phase transformation T , and let {ei}i=1...N be the effects associated

with the position measurement between the N branches. Recall that for T to be a

phase transformation, it must satisfy N conditions of the form:

ei · s = ei · T s ∀s. (5.44)

Consider the transformation localised to a strict subset of branches K that contains all

but one of the N branches, i. Writing the set of states that have no support on any

branches in K as {s¬K}, we restate the branch locality condition:

s¬K = T s¬K (5.45)

The set of states with no support on K is exactly the set of states with support on

branch i. Because the theory is fully conditionally-restricted, specifying that the state

is in branch i with certainty is sufficient to completely determine the state, and so

there is one unique state si in this set.

This one state restricted by branch locality puts no further restrictions on the

eigenvalues of T than those already present from the phase conditions in eq. (5.44).

As discussed in theorem 5.5, we can find a stationary state (i.e. a +1 eigenvector of

T ) associated with any configuration of position statistics associated with the phase

group, and we can do this for a state localised to each of the N branches. Moreover,

as there is only one choice of state localised to that branch in a fully conditionally-

restricted theory, these stationary states are exactly those we have already already
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accounted for in eq. (5.44).

Thus, there are no additional constraints placed by branch locality on the phase

transformation T , and hence any transformation in the phase dynamics can be lo-

calised to a strict subset of branches.

This result is particularly strong when applied to two-level systems (such as the

standard Mach–Zehnder interferometer).

Corollary 5.7. For a two-level system described by a theory that is fully conditionally-

restricted by the position measurement, all phase dynamics can be induced by trans-

formations that are local to just one of the branches only, and this is true for both

branches.

Proof. For a two-level system, the two largest strict subsets are the two sets that

contain only one branch. The argument of the above theorem can then be made for

each of these sets, hence allowing all of the phase dynamics of a fully conditionally-

restricted theorem to be implementable on a single branch of the interferometer.

5.5 Quantum-like uncertainty relations

One way a state-space can be made fully conditionally restricted by a measurement

is if that measurement is included in an informationally complete set9 which obeys a

generalised uncertainty relationship (cf. appendix A).

Definition 5.4: Quantum-like uncertainty relation

A set of measurements obeys a quantum-like uncertainty relation if for

every state where one of these measurements has an outcome that occurs

with certainty, the outcomes of all other measurements are given by a uni-

form random distribution.

Lemma 5.8. If a theory imposes a quantum-like uncertainty relationship on an infor-

mationally complete set of measurements, then the state-space is fully conditionally

restricted by every measurement in that set.

Proof. When one of the measurements takes a known value, all the other measure-

ments are constricted to the uniform distributions, and so there is only one state asso-

ciated with this particular outcome of the measurement. As the set of measurements

is informationally complete, this totally specifies the state and hence the theory is fully

conditionally-restricted with respect to every measurement in the set.

9I.e. a set of measurements that allow for complete tomography of any state in the theory.
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A quantum-like uncertainty relationship, whilst sufficient, is not a necessary con-

dition for a theory to be fully conditionally-restricted. If one over-defines the state

with a set of measurements (including Z, the measurement which the others are

to be conditionally-restricted by), there could still be some measurements that take

non-uniform fixed statistics when Z has a definite outcome. For example, consider

describing a qubit by four measurements: the usual X, Y , Z and the additional W

which reflects a measurement on the Bloch sphere bisecting X and Z. Consider the

state |0〉. For such a state, 〈Z〉 = +1 and 〈X〉 = 〈Y 〉 = 0. However, 〈W 〉 will not be

zero, and hence is not uniformly random. Despite this, it is still constrained to only

take one set of statistics; there are no other states which share the same X, Y and

Z statistics (or crucially, even just the same Z statistics) that are allowed differing

values of W . Hence, even when over-determined and not satisfying a quantum-like

uncertainty relationship, the theory is still fully conditionally restricted.

The above example also motivates why being fully conditionally-restricted should

be thought of as a property of a system in the theory, whereas the quantum-like

uncertainty relation is a property of a (sub)set of measurements within that theory.

Indeed, for quantum systems with a number of levels that is not prime (or a power

of a prime), the maximum number of mutually unbiased bases is not known [100], and

hence forming an informationally complete set of measurements that obey a quantum-

like uncertainty relation is not a trivial problem. The general classification of quantum

theory as a fully conditionally-restricted theory would be tricky if it relied on the states

always being expressible in a particular set of bases. Fortunately, this is not the case,

as we can see in this generalisation of the above example:

Lemma 5.9. All systems described by quantum theory are fully conditionally restricted

by any maximal measurement on that system (regardless of the other measurements

in the informationally complete set).

Proof. The proof is a straight-forward consequence of the self-duality in quantum

physics between pure states and rank-one projectors. Any maximal measurement

outcome may be associated with just one single pure state, which fixes all the other

statistics.

Thus, if an outcome of a maximal measurement is associated with some pure state

|ψ〉, any other outcomes probabilities from some POVM (M) have probabilities given

by P (m|ψ) = Tr (M |ψ〉〈ψ|), and no other degrees of freedom are admitted. Because one

maximal measurement outcome is sufficient to find a unique |ψ〉, and |ψ〉 encodes the

entire statistics of the state, by fixing the outcome of one maximal measurement the

entire state is fixed, and the theory is hence fully conditionally restricted, regardless

of the other measurements.
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5.6 Mutually unbiased measurements

In quantum theory, the uncertainty principle and the concept of mutually unbiased

bases are intrinsically linked. For a Hilbert space of dimension d, two bases {|xi〉} and

{|yj〉} (associated with X and Y measurement respectively) are said to be mutually

unbiased if

|〈xi|yj〉|2 =
1

d
∀i, j. (5.46)

One sees that for a state prepared as |xi〉, corresponding to the only state where

outcome i of the X measurement is certain, making a Y measurement could return

any outcome with equal probability. This is true for all i. Likewise, choosing a state

|yj〉 yields the same behaviour for X measurements. A set of mutually unbiased bases

is thus a collection of measurements, which pairwise satisfy this behaviour. We thus

see that quantum definition of mutually unbiased bases leads directly to a quantum-

like uncertainty relation (definition 5.4).

For GPTs in general, an uncertainty relationship might not hold (such as for gbit

state-spaces), so it is not obvious if there should be an immediate generalisation of

mutually unbiased bases.

Figure 5.3: Example non-mutually unbiased state-spaces. LHS illustrates a state-
space where 〈X〉 = 〈Y 〉 = 〈Z〉, and making any measurement is sufficient to totally
determine the state. Such a system is effectively classical. RHS illustrates a similar state-
space, but where there is some freedom in choice of all three measurement statistics.

A gbit may be described by a set of measurements where knowing the outcome

of one measurement will not reveal any information about the outcome of the other

measurements in the set if originally the state could have been any allowed state with

equal likeliness. In contrast to this, take the example on the LHS of fig. 5.3, for a

three-measurement theory where the state-space is constricted to 〈X〉 = 〈Y 〉 = 〈Z〉.
Here, it is manifestly obvious that making just one of the measurements is sufficient
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to determine the entire state. Due to the strict constraints on the states allowed,

representing states in this theory using three measurements is redundant, and one

could represent the state of a system with these freedoms with a single classical bit.

It would be fair to describe the three measurements in this system as totally biased.

Measurements can be ‘biased’ in a way that is not as clear cut as perfect corre-

lation. Consider the similar example on the RHS of fig. 5.3 with a spindle-shaped

state-space, such that the statistics of the measurements displayed are still highly

correlated, but now there is some freedom in choice of state even after fixing one of

the measurements.

Contrast this with the three Pauli measurements on a qubit. Without any prior

knowledge of the state, knowing the statistics of Z reveals nothing about what outcome

an X or Y measurement will give. Even when we know Z = +1, thus fixing the X and

Y statistics, these statistics are fixed in such a way that either outcome +1 or −1 is still

equally probable. On the other hand, for the examples in fig. 5.3 measuring Z = +1

would ensure that X = Y = +1 also.

Such a bias (or lack theoref) is a property of the measurements used to express the

state, rather than of the theory itself. Suppose for the spindle state-space, we were to

pick new measurements (ignoring normalisation) Z ′ = X+Y +Z which measures along

the diagonal, and then two extra measurements (X ′ = Y − Z and Y ′ = X − 1
2

(Y + Z)),

which are orthogonal to the diagonal in the diagram. The state-space, expressed in this

new basis, will no longer be slanted, but rather instead look like a regular quantum

state-space with a limit on the maximum coherence in a superpositions.

We now suggest a possible definition for a set of measurements to be deemed

‘unbiased’ within the GPT framework.

Definition 5.5: Mutually unbiased measurements

A set of measurements are mutually unbiased if for all allowed states,

the outcome probabilities of one measurement in the set can be permuted to

form another valid state without having to change the statistics of any other

measurement in the set.

We can see that this definition implies the quantum definition (eq. (5.46)), using

a proof similar in spirit to that of lemma 5.9, drawing on the property of quantum

theory that knowing the outcome of a maximal measurement is sufficient to completely

determine a quantum state.

Lemma 5.10. For quantum theory, the above GPT definition for mutually unbiased

measurements reduces to the quantum definition of mutually unbiased bases.

Proof. Consider a measurement X with outcome xj associated with eigenstate |xj〉.
The statistics for another measurement Y with outcomes {yi} and eigenstates {|yi〉},
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when made on the X eigenstate are uniquely given by

P (Y = yi|X = xj) = |〈xj|yi〉|2. (5.47)

If we now consider the Y statistics for another X eigenstate |xk〉, there will be a

new set of Y statistics given by

P (Y = yi|X = xk) = |〈xk|yi〉|2, (5.48)

and these will be the only Y statistics we are allowed to associate with a state corre-

sponding to X measurement outcome xk.

Suppose that X and Y are mutually unbiased, as defined by definition 5.5. Then,

we should have freedom to permute xj with xk without being forced to update any of

the other statistics. Hence, there must be a state where X = xk, but the Y statistics

for any outcome yi is given by |〈xj|yi〉|2, and because there is only one set of statistics

associated with each X outcome, we thus conclude that

|〈x1|yi〉|2 = |〈x2|yi〉|2 = . . . = |〈xd|yi〉|2 ∀yi. (5.49)

We can make exactly the same argument for pure states of the Y measurement

such that

|〈xj|y1〉|2 = |〈xj|y2〉|2 = . . . = |〈xj|yd〉|2 ∀xj, (5.50)

and hence find that the square of the inner product for every pair |xj〉, |yi〉 is the same.

For normalised states over a Hilbert space of dimension d we see that

d∑
i=1

|〈xj|yi〉|2 = 1 ∀|xj〉 (5.51)

and we can replace the different terms in the sum with any one term repeated d times,

to find that d|〈xj|yi〉|2 = 1 for all xj and yi. Thus, we arrive at the quantum statement

for two bases to be mutually unbiased:

|〈yi|xj〉|2 =
1

d
∀xj, yi (5.52)

This restriction imposes freedom to permute any measurement in the set inde-

pendently, and hence requires a high level of symmetry in the state-space. For this

reason, the measurements that form the asymmetrical state-spaces in fig. 5.3 are

ruled out. In both cases, the state (〈X〉, 〈Y 〉, 〈Z〉)T = (1, 1, 1)T is admitted, but the

state (〈X〉,−〈Y 〉, 〈Z〉)T = (1,−1, 1)T is not.
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It should be noted that this restriction is on the whole state-space as described by a

set of measurements rather than any individual states within it. For example, a square

gbit (with X and Z binary measurements) admits corner states such as (+1,+1)T,

where the outcome of either measurements could be perfectly predicted. However,

this theory also admits the states where one of the outcomes is swapped: (+1,−1)T

and (−1,+1)T, and hence X and Z still satisfy the condition of definition 5.5 to be

mutually unbiased.

Finally, we note that the definition does not require the permutation to be physically

implementable by an allowed transformation of the theory. Although we require the

permutation of any measurement statistics to map valid states to valid states, it is not

a problem if this map were to be ruled out by some other imposed restrictions. For

example, in a qubit where Pauli operators X, Y and Z form a set of mutually unbi-

ased measurements, replacing Y with −Y takes valid states to valid states, satisfying

the definition, but is not an allowed quantum operation because it violates complete

positivity.

We can relate sets of mutually unbiased measurements to the quantum-like uncer-

tainty relation.

Lemma 5.11. If there is a set of mutually unbiased measurements, each of which fully

conditionally restricts the state-space; this set of measurements will obey a quantum-

like uncertainty relation

Proof. We prove this by generalising the argument of lemma 5.10. Let {X1, X2, . . . , XN}
be a set of measurements each of which fully conditionally restricts the state-space.

Whenever one of these measurements Xi has an outcome xj that occurs with certainty,

this uniquely specifies the statistics of the other measurements in the set.

This state is unique, but recall that the definition of mutually unbiased measure-

ments allows for the outcomes of any measurement in the set to be permuted to form

another valid state. In order for the state to be unique, and for the permutation to take

valid state to valid state, the statistics of the other measurements must be described

by a distribution that is invariant under permutation: the set where every element is

the same. Normalisation then ensures that every outcome probability in this set will

be 1
Nk

where Nk is the number of outcomes to measurement Xk: the distribution with

maximum uncertainty.

The same argument can be made for every measurement outcome of every mea-

surement in the set, and hence we see that a set of such measurements obeys a

quantum-like uncertainty relation.

108



5.7 Trade-off between dynamical and state-space
freedoms

We now return to the question of branch locality, and pose the results of the preceding

sections in an intuitive, geometric way. Under branch locality, there is a trade-off in

between freedoms in the state-space and freedoms in choice of dynamics. On one

extreme, for fully independent theories such as box-world, when the position outcome

is known10, there is freedom to choose all of the other statistics, but there are no

local operations whatsoever. On the other extreme, for fully conditionally-restricted

theories, when the position is fixed such that one outcome happens with certainty, the

other statistics are totally constrained, and local operations are possible.

We can visualise this situation geometrically by considering the number of dimen-

sions lost by intersecting the state-space of a system with a hyper-plane of states

associated with a particular position outcome happening with certainty. For a d-

dimensional theory, the dimensionality of the intersection of a hyper-plane with a

fully independent state-space has dimension d− 1 (the same as the hyperplane itself).

Though there may be some restrictions on the allowed states preventing the spanning

of every single probability distribution, there will still be d − 1 degrees of freedom in

picking a point from the intersection. The rules of branch locality then dictate, for any

operation performed on another branch (without support in the chosen branch), not

only must the shape of the intersection be invariant11, but every single point in this

intersection must also be invariant, leading to the large number of restrictions as seen

formally in theorem 5.5.

On the other hand, the intersection with a fully conditionally-restricted theory will

be a point (dimension 0), reflecting that once position has been fixed, there are no free-

doms remaining whatsoever. Here, as there is only one point in the intersection and

it must be mapped to itself (by phase considerations), there are no further constraints

on the allowed transformations.

With this in mind, it is also possible to envision intermediate cases, in which some

but not all statistics are conditionally restricted (i.e. neither fully conditionally-restricted,

nor fully independent) when the position outcome is known. Here, rather than dimen-

sions of freedom in state collapsing to a point, it could collapse into some k-dimensional

shape where 1 ≤ k < d − 1. In this scenario, only transformations that act on the

freedoms not represented in the intersection will be consistent with branch locality.

An example of this partial case will be shown in §5.7.4.

10We shall take ‘known’ to mean fixed such that the statistics predict one outcome to happen
with certainty.

11For reversible transformations, this is already ensured by the fact that transformations are
automorphisms of the state-space.
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This effect is similar by analogy to the case of body attempting to spin on a surface

with perfect friction. If there is a non-zero area of contact between the bodies, then

no spinning is possible. However, if the area of contact is reduced to a point, then

the friction no longer inhibits the dynamics. (See also the example of the ballerina en

pointe in [101]).

5.7.1 Example: Qubit interferometer

Figure 5.4: Localisable dynamics in a qubit. The full SO(2) phase group can
be applied on both the bottom and top branch of a two-level qubit Mach–Zehnder
interferometer. LHS illustrates the dynamics as could be implemented through action on
the upper or lower branches. RHS illustrates the intersection of the state-space (Bloch
sphere) with the planes 〈Z〉 = ±1 (by symmetry, they are the same), showing that the
sphere touches at just a single point, such that branch locality does not place any futher
restrictions on the dynamics.

From lemma 5.9, we see that systems described by quantum theory are always

fully conditionally-restricted when the position measurement is maximal12. Thus, from

corollary 5.7, we see that the full set of SO(2) dynamics in a two-branch quantum

12A subtlety that is important; if there were also an operationally significant “internal” degree
of freedom associated with the quantum state, such as spin or polarisation, the position
measurement would no longer completely specify the state; and so the phase group of a
position measurement over n branches would instead be given by

(⊕nU(1)
)
⊕U(m) where m

is the dimensional of the internal degree of freedom.
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Mach–Zehnder interferometer can be implemented by local operations on either of

the branches interchangeably. This is illustrated on the LHS of fig. 5.4.

To visualise the restriction of branch locality on what operations can be applied to

the lower branch (Z = −1), one must consider the intersection of the state-space with

the opposite plane Z = +1 that corresponds to the upper branch, as it is is states in

this plane that have no support in the lower branch. For the quantum Bloch sphere,

these two intersections result in the same shape: a single point at 〈X〉 = 〈Y 〉 = 0 (see

RHS of fig. 5.4)

For other theories, these intersections could differ such that the dynamics imple-

mentable on the top branch will not be the same as those possible on the bottom. This

will be seen in some of the subsequent examples.

5.7.2 Example: Stabilizer interferometer

Figure 5.5: Localisable dynamics in a stabilizer-bit. The full phase group of discrete
rotations in a square Z4 can be applied on both the bottom and top branch of a two-
level interferometer. LHS illustrates the dynamics as could be implemented through
action on the upper or lower branches. RHS illustrates the intersection of the state-
space (octahedron) with the planes 〈Z〉 = ±1 (by symmetry, they are the same), showing
that as with quantum theory, the space touches at just one point, and that branch locality
does not futher restrict the dynamics.

Consider now the stabiliser subset of quantum mechanics, with probabilistic com-

binations thereof, as illustrated in fig. 5.5.
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The full phase group with respect to the Z measurement is Z4, corresponding to

rotations in increments of 90° in a square (as stablizer states are a subset of quan-

tum theory, we also mandate complete positivity on their transformations, ruling out

reflections, which would otherwise be automorphisms of the state-space).

This theory satisfies a quantum-like uncertainty relationship, and hence the right-

hand side of fig. 5.5 is identical to that of the quantum case (fig. 5.4). By satisfying

lemma 5.8 it is fully conditionally restricted, and corollary 5.7 is applicable such that

all the phase dynamics can be implemented on either the upper or lower branch. In

this way, the theory behaves in exactly the same way as quantum theory in terms of

the additional restrictions placed on it by branch locality.

5.7.3 Example: ‘Square-based pyramid bit’ interferometer

Figure 5.6: Localisable dynamics for a square-based pyramid bit. LHS illustrates
the dynamics as could be implemented through action on the upper or lower branches.
On the upper branch, no dynamics are possible (as there are states at Z = −1 with no
support on this upper branch that would be changed). On the lower branch, however,
branch locality places no restrictions on the phase operations allowed. RHS illustrates
the intersection of the state-space (octahedron) with the planes 〈Z〉 = +1 and 〈Z〉 = −1.
For 〈Z〉 = +1, the space touches at just one point, such that lower-branch dynamics are
not inhibited. However at 〈Z〉 = −1, the entire surface of states are permissible, totally
ruling out the ability to localise dynamics to the upper branch.

Now let us consider a very asymmetric example. Take a theory with three binary

measurements (one of which represents position) where when the position measure-

ment suggests the particle to be in the upper branch with certainty (Z = +1), the
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other two measurements must be maximally uncertain (giving either +1 or −1 with

equal probability); but when the position measurement suggests the particle is in the

lower branch with certainty (Z = −1), the other two measurements are free to take

any statistics.

The convex hull of these two cases results in a state-space given by a square-based

pyramid, as illustrated in fig. 5.6. This theory is clearly neither fully independent

nor fully-conditionally restricted (but rather, a mixture of both depending on the Z

statistics), but its behaviour under branch locality can be well understood by the

geometric arguments made in this section.

In absence of any other constraints, the full phase group of this state-space will

be the automorphisms of the square (drawing from the symmetries present in any

plane of fixed Z). For actions taken on the top branch of the interferometer, to probe

the constraints of branch locality we must consider the states which have no support

on the top branch: the states with support only on the lower branch. There are

two dimensions of freedom in selecting a state on this branch, and from this we can

create a sufficient number of independent constraints from branch locality to totally

restrict the set of locally-applicable dynamics to the trivial group {1}13. On the other

hand, for operations taken on the lower branch, there is but one unique state without

support (the tip of the pyramid), and under branch locality considerations, this places

no additional constraints than were already present in the phase group (by similar

arguments made in theorem 5.6). Thus any transformation in the phase group can be

implemented by action taken on this branch.

This state-space therefore makes for a very odd interferometer, where the interfer-

ence patterns (§ 4.2) can only be induced by actions on one preferred branch. This

asymmetric behaviour should come as no surprise, as it follows from the asymmetry

of the state-space. Moreover, the shape of this state-space makes it somewhat hard to

describe a coherent beam-splitter, and so this particular example likely only has use

as a toy for considering the extremes of behaviours possible under branch locality!

5.7.4 Example: Spekkens’ toy model interferometer

Consider now an interferometer where the position measurement is encoded by the

Z measurement
(

vs.
)

in Spekkens’ toy model [28, 29] (see § 2.7). Without the

epistemic restriction, the state-space corresponds to the tetrahedron drawn in fig. 5.7,

13 As the total phase group is finite, we can prove this by exhaustion. For every element in
the phase group except for 1, one can pick a point on the lower surface which according to
branch locality the statistics of which should not change under the application of an operation
on the upper branch, but in fact is changed. Thus every operation but 1 can be ruled out.
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Figure 5.7: Localisable dynamics for ontic Spekkens’-bit. LHS illustrates the
dynamics as could be implemented through action on the upper or lower branches.
On the upper branch, the permutation (12)34 is possible, corresponding to a flip in one
direction. On the lower branch, the permutation 12(34) is possible, corresponding to a
flip in the other direction. RHS illustrates the intersection of the state-space (octahedron)
with the planes 〈Z〉 = +1 and 〈Z〉 = −1. In both cases, the freedoms are reduced to a line,
such that some operations are ruled out by branch locality, and some remain possible.
However, the line is in orthogonal directions for the two planes, such that even though
not all the operations possible from either branch, between the two branches, the entire
set of transformations is possible.

and the allowed reversible phase transformations correspond to the automorphisms of

this state-space, the permutations {1234, 2134, 1243, 2143} (isomorphic to group Z2⊕Z2).

In this case, the state-space is neither fully independent nor fully conditionally

restricted, and this results in an interesting division of the dynamics. First, consider

the dynamics that may be localised to the top branch. The states without support

on this branch, are in the plane Z = −1, which admits every state where X and Y

are perfectly anti-correlated. The permutation 2134 which exchanges X with −Y (and

also −X with Y ) has no effect on any point on this line. (Another way to visualise

this invariance is to note that the transformation only swaps possibilities 1 and 2 and a

state on this surface only has support on 3 and 4 which are not affected by this). On the

other hand, the permutation 1243 (exchanging X with Y ) will map states on this line

to states with measurably different statistics, when branch locality would otherwise

forbid it. Thus, only the subgroup of permutations {1234, 2134} (alternatively written

Z2 ⊕ 1) can be localised to the top branch.

Similar arguments can be made for operations localisable to the lower branch.

However, here when one considers the intersection with Z = +1, one is restricted to
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the line of states where X and Y are perfectly correlated. The outcome is that only

permutations in the subgroup {1234, 1243} (written 1⊕Z2) may be implemented locally

on the lower branch.

Thus, we see for the tetrahedral ontic state-space, although the full group of phase

transformations may be implemented over the whole system, each branch has access

to a different subset of transformations.

Suppose now we enforce the epistemic restriction on the state-space. This re-

stricted state-space is now the octahedron embedded within the tetrahedron (by taking

the convex closure of the six midway points of each edge). Crucially now, the theory

obeys a quantum-like uncertainty relation, and is fully conditionally-restricted. The

full set of phase dynamics Z2 ⊕ Z2 may now be implemented from either the top or

the bottom branch of the interferometer. The ‘censorship’ of the information about the

ontic state, functioning like an uncertainty relationship, has enabled more dynamics on

each branch. However, the overall set of dynamics possible on either branch remains

the same.

This curiosity, in which an ‘ontic’ state seemingly violates locality considerations

but is ‘saved’ by the inability to ever measure this quantity to full precision appears

in another famous hidden-variable theory: the de Broglie-Bohm pilot-wave theory of

quantum mechanics (see e.g. [102–106]). In such a theory, it is possible [106] to

construct a set-up involving an entangled pair of particles entering Stern–Gerlach set-

ups at two different positions in space, such that if the exact initial position of the one

of the particles was known, at one detector it would be possible to determine from

the final trajectory taken by the particle whether or not a measurement had made by

the remote detector. This would thus violate non-signalling (i.e. one of the strongest

‘locality’ conditions). However, in the theory of de Broglie-Bohm mechanics, knowing

this initial position is forbidden, and the violation is avoided by epistemic restriction.

5.8 Deutsch’s algorithm beyond quantum theory

Let us now return to Deutsch’s algorithm [21, 22], previously mentioned in § 5.1. In

order to implement this in an interferometry set-up (as illustrated in fig. 5.1), we

require there to be a choice of at least two locally applicable operations (i.e. {1, Z})
at the upper branch, as well as two operations locally applicable at the lower branch,

such that either operation in isolation has the same measurable final effect, and the

application of both has no effect at all. This required behaviour (0 + 0 = 1 + 1 = 0;

0 + 1 = 1 + 0 = 1) means that we must be able to implement elements from Z2 as

transformations localised to each of the branches in order to perform the algorithm.

We can now see directly which theories will allow us to do this, and which will not.
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In quantum theory, it is possible because Z2 ⊂ SO(2) (choosing elements {0, π}), and

SO(2) can be applied from either of the branches.

Likewise, we can implement Deutsch’s single-bit algorithm using the stabilizer

subset of quantum theory, as Z2 ⊂ Z4 (which is itself a subset of SO(2)) and Z4 can

be applied from either branch. It is not a problem that there are operations in Z4 that

we would not allow for the purpose of this algorithm, or that there are multiple ways

of selecting transformations that recover the desired multiplication table (e.g. taking

either {+0°,+180°} or {+90°,+270°}), as this was also the case in quantum theory,

where any two phase parameters that differ by (2n + 1)π for integer n would have

achieved the same output statistics.

On the other hand, for a 3-in 2-out gbit interferometer where the position mea-

surement does not fix the other statistics, the only locally implementable operation is

the identity. Thus, it is not possible to perform Deutsch’s algorithm with such a set

up. Likewise, the pyramid toy model in § 5.7.3 (fig. 5.6) would not work, as it is only

possible to implement Z2 on one of the two branches, so it is impossible for the output

of the device to be a comparative function of some unknown property in each branch.

More subtle is the example of Spekkens’ toy model. For the ontic tetrahedral state-

space, the division of dynamics into Z2 ⊕ 1 for one branch and 1 ⊕ Z2 for the other

means that the required structure cannot be satisfied. Even though dynamics can be

implemented on both branches, they do not interact with each other (behaving instead

exactly like actions taken on two separate classical bits). Indeed, to reliably measure

one outcome for 1⊕Z and Z⊕1 and another for 1⊕1 and Z⊕Z would require a device

that could tell the difference between eigenstates of the X measurement
{

,
}

and eigenstates of the Y measurement
{

,
}

. This may be seen by taking the

state after the first beam-splitter to be any allowed state except for or (if it

were one of these states, then one of the branches could have no effect on the state

regardless of the choice of operation), and considering what the state is following the

application of an element of Z2 ⊕ Z2. Such a device cannot be constructed for a single

bit in Spekkens’ toy model (this can be demonstrated by exhaustively checking every

possible permutation and seeing that, as with linear quantum mechanics, there is no

operation that can map two non-orthogonal states into orthogonal states). Thus, the

tetrahedral state-space is not suitable for implementing Deutsch’s algorithm.

However, when we take the full toy model, including the epistemic restriction, noth-

ing rules out both branches choosing to implement an element of Z2⊕1 (or equivalently,

both from 1 ⊕ Z2), and once again the algorithm can be implemented with similar

statistics as in the quantum case. This example illuminates the explicit importance

of the uncertainty principle in enabling interesting dynamics in an interferometer in

Spekkens’ toy model. With the uncertainty constraint on the state-space arising from

the epistemic restriction, Deutsch’s algorithm is possible; without it, it is not.
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5.9 Extensions to branch locality

Finally, we note that whilst the postulate of branch locality combined with the require-

ment for non-trivial dynamics motivates the need for an uncertainty restriction, it does

not recover the entire quantum state-space. The restriction of branch locality, that a

transformation applied to a branch should have no effect on states with no probability

of support on that branch, can be seen to be slightly too weak from a couple of counter

examples.

First, consider the state-space illustrated in fig. 5.8: a ‘trimmed sphere’ such that

when 〈Z〉 = ±1, then 〈X〉2 + 〈Y 〉2 ≤ ε for some small ε > 0. Suppose no such trimming

occurs for the extremities of 〈X〉 and 〈Y 〉, such that the state-space retains circular

symmetry about the Z axis, and the full phase group of the system is given by SO(2).

Figure 5.8: Counter-example state-space with no localisable dynamics. LHS
shows the ‘trimmed sphere’ state-space. RHS illustrates the intersection of the state-
space with the planes 〈Z〉 = +1 and 〈Z〉 = −1 forming a small circle of allowed states.
The freedom in choice of state on these planes, for any positive ε is sufficient to rule out
the localisation of any phase dynamics, despite the fact the state-space is almost that of
a qubit.

For any ε > 0, this theory is technically fully independent: two degrees of freedom

remain in choosing the state even after fixing 〈Z〉 = ±1. For this reason by theorem 5.5

(or by the geometric argument in § 5.7), we see that no dynamics can be localised to

either the upper or lower branch of an interferometer when the particle is described by

such a state-space. Moreover, we can make ε an arbitrarily small positive number, and

this will still be the case. It is only at the limit of ε = 0, where the state-space becomes

exactly that of the qubit that dynamics are possible without violation of branch locality.
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That two state-spaces that can be made arbitrarily close to each other should have

such widely different dynamics illustrates the shortcoming of the definition of branch

locality.

The second example is to consider theories with a state-space subject to the con-

straint

|〈X〉|n + |〈Y 〉|n + |〈Z〉|n ≤ 1 n ≥ 1, (5.53)

and note that for large (but non-infinite) n, the state-space converges on that of a cubic

gbit, as illustrated in fig. 5.9. Except when n = 2 (where the example becomes exactly

the qubit), this state-space will have square symmetry about the Z axis, and so in the

absence of other constraints has the same group of reversible phase transformations

as a cubic gbit, D4. However, despite the fact this state-space can be made arbitrarily

close to that of a gbit, is in fact fully conditionally restricted. This is because for any

finite n, when 〈Z〉 = ±1, the only allowed statistics for the remaining measurements

are 〈X〉 = 〈Y 〉 = 0. Hence, it is subject to theorem 5.6, and corollary 5.7: all of the

dynamics can be implemented locally on either of the two branches.

Figure 5.9: Counter-example state-space with localisable dynamics. LHS shows
the ‘almost cubic’ state-space, where the surface has been pinched such that it almost
fills the cube, but still only has a single state associated with each certain measurement
outcome. RHS illustrates the intersection of the state-space with the planes 〈Z〉 = +1
and 〈Z〉 = −1, which is reduced to a point. Thus, the theory is still fully conditionally-
restricted and every transformation can be localised to either branch, despite the fact
that the state-space is almost that of a gbit.

Thus, we see that this state-space and that of the cubic gbit can be made arbitrarily

close to each other, but the branch locality restriction still affects them differently.
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These problematic examples arise because definition 5.1 of branch locality imposes

restrictions on a limiting case (total lack of support), without postulating any behaviour

for the system as it converges upon this limit. This allows us to construct the above

counter-intuitive examples where the behaviour changes from fully independent to

fully conditionally restricted (or vice versa) only at the asymptote.

Thus, it may be desirable to patch the definition of branch locality to also impose

restrictions on the behaviour as it tends towards states without support:

Definition 5.6: Strong branch locality

As the probability of a state being on a branch is reduced towards zero,

the measurable effect of applying an operation locally to that branch must

also diminish. If there is no support, the operation should have no effect.

The strong definition of branch locality could censor the dynamics in the almost-

cubic state-space, as in that example there are states with statistics close to 〈Z〉 = 1

which when acted on by an operation such as a flip applied at Z = −1, changes the

X statistics from almost 1 to almost −1. This would be a very noticeable change for

states with very little support on the branch in which the operation was applied.

However, this definition is much harder to quantify than the simple version of

branch locality. In definition 5.1, both the concept of support and of ‘measurable

effect’ were binary conditions: either the state has some support, or it has no support;

and either there are some statistics that change, or none of them do. Whilst level of

support can naturally be quantified by the probability of measuring it in a position, it is

less straightforward how to quantify the ’noticeability’ of a transformation. Moreover,

it is not obvious how best to motivate the exact trade-off between support and ability

to change the state in a way that would both be consistent with quantum theory, but

not a priori lead to it.

One plausible way to quantify the noticeability of a transformation is to consider

the visibility of interference fringes. Take the example in quantum theory of a two

level Mach–Zehnder interferometer. Let the state after the initial beam-splitter be

given by |ψ〉 =
√

1− p|0〉 +
√
p|1〉 (for non-negative real p) and the phase operation

U = diag
(
1, eiφ

)
is applied, one ends up with the state |ψ′〉 =

√
1− p|0〉 + eiφ

√
p|1〉.

Calculating the statistics of this state, one sees that the influence of φ can be measured

by making an X measurement, such that 〈X〉 = 2
√
p(1− p) cosφ. As p → 0 (reducing

support on the branch in which the transformation is applied), the amplitude of the

influence of φ is reduced, and at p = 0, 〈X〉 = 0 and the choice of φ is totally unde-

tectable in the statistics of the state. This behaviour is qualitatively consistent with

definition 5.6.

We cannot require a monotonic relationship between support and ‘observability of
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change’ over the entire range of p ∈ [0, 1], if we want a definition of branch locality

that is consistent with quantum mechanics. In this example, when p > 1
2
, increasing p

also reduces the visibility of the fringes (fringes are maximally visible for p = 1
2
).

Thus, we leave as an open question what, mathematically, the more precise physically-

motivated definition of strong branch locality should be.

Finally, we note that the almost-qubit example still falls afoul of the updated defi-

nition of branch locality. Its behaviour as it approaches the extremes from a distance

satisfies the definition: when there is little to no support on the branch, the circle

of possible states is small, and so the statistics do not vary by very much. However,

at and very near the limit of no support, permitting dynamics to be localised yields

incorrect behaviour because minute detectable changes can be affected on branches

with no support whatsoever.

This is not as much of a problem as it might seem: the existence of such a state-

space would require a universe that permitted some degree of violation of branch

locality. This makes for a sufficiently drastic difference between the counter-example,

and the true Bloch sphere, that it is reasonable to expect different behaviours, despite

the state-spaces being otherwise similar. Suppose we attempted by experiment to

tomographically map all allowed states in the Bloch sphere. Due to the finite precision

intrinsic to any experiment, we could not be sure if we had the perfect Bloch sphere,

or the clipped sphere as in fig. 5.8. If we believe branch locality should hold, we would

then be motivated to opt for the truly spherical state-space over the nearly-spherical

alternative.

An alternative may be to impose some fundamental limit on the precision of a single

measurement, such that there is ultimately some ε from which it will never be possible

to distinguish 〈X〉 = ε and 〈X〉 = −ε. In this theory, the small ε clipped-sphere, and

the true Bloch sphere would be indistinguishable. However, such a theory would

be intrinsically non-convex, and hence beyond the scope of description by the GPT

framework.

5.10 Conclusion

In this chapter, we introduced an operational definition for locality in the context of

branching interferometers: if a system has no probability of being in a particular

branch, then actions applied on that branch should not affect any of the statistics

of the system. This definition proved to place extreme restrictions on which trans-

formations can be localised to any subset of the interferometer, when there are not

enough restrictions on the state-space. However, we found that by imposing con-

straints such as the uncertainty principle on the state-space, interesting dynamics are
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once again possible. This highlighted the important enabling role that uncertainty

plays in an interferometer. By applying this in a more computational context, we

determined which theories could implement the Deutsch-Jozsa algorithm [21, 22, 26]

in an branching interferometer: quantum theory and stabilizers bits can, whereas

gbits can not. Spekkens’ toy model proved to be an interesting case, in that it can only

perform Deutsch’s algorithm when the epistemic principle (itself a type of uncertainty

condition) is in place.

On the other hand, we saw that the definition for branch locality is not quite strong

enough to fully recover the state-space of the quantum bit. We suggested that a good

definition must also account for the behaviour of a system as it approaches the limit of

no probability on a branch, but it remains an open question exactly how to phrase this

in the most mathematically useful way.

In the next chapter, we will consider the restriction placed by a different kind of

locality on the behaviour of generalised interferometers, which arises by considering

relativity of simultaneity [30].
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Chapter 6

Special relativity and interferometers
Relativity is the physical concept that all observers should witness the same laws of

physics, even when located at possibly different positions, facing in different direc-

tions, or moving at different speeds. In classical Galilean relativity (see e.g. [107]),

two observers observing a system would both see that system evolve according to the

laws of Newtonian physics, even if they were moving at different constant speeds.

Moreover, they would not be able to tell if they themselves were moving or standing

still just by watching that system.

In his seminal 1905 paper, Einstein reconciled the concept of relativity with classi-

cal electromagnetism by suggesting that the speed of light also has a constant value,

regardless of the speed of the observer who measures it [30, 108]. This concept, known

as special relativity, which concerns itself with the observations made by observers

in inertial reference frames (non-accelerating, non-rotating points of view) has wide-

reaching consequences. Over and above Galilean relativity, in which observers may

disagree on the position or speed of a witnessed object, in special relativity observers

may also disagree on the length of an object, and the amount of time between two

events happening to that object. When two events happen in different positions in

space (i.e. are separated by a space-like interval), observers moving at different speeds

may even disagree on the order in which these events happen, in a phenomenon known

as the relativity of simultaneity.

In this chapter1, we shall first consider which parts of the GPT framework should

not change when viewed by different observers (§ 6.1). We will then consider the

consequences that arise in the context of a Mach–Zehnder interferometer, when we

require it to be consistent with relativity of simultaneity (§6.2). Next, we shall discuss

the possibility of simulating non-quantum interferometers that are compatible with

special relativity (§6.3). Finally, we will consider a family of theories in the GPT frame-

work that describe two-level systems (n-balls), and see how the physically motivated

results in this chapter lead towards quantum theory as a reasonable description of

reality (§6.4).

1Some results of this chapter were presented in [3].
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6.1 Relativity and the GPT framework

As an operational framework, generalised probabilistic theories are primarily con-

cerned with measurement statistics, which might correspond to clicks in a detector.

Consider an experiment that is run just once, consisting of a detector that has the

possibility to click. If there is a click, the device is configured such that it triggers

sequence of events, that could be arbitrarily drastic (e.g. triggering a cascade in a

detector, flashing a light, or setting off an explosion). Two observers, differing only

in their speed or relative location, should not disagree about whether the device has

triggered or not: the existence of the event corresponds to an objective reality, even if

they observers otherwise disagree on where and when it happened.

The probability of a detector clicking, either in the interpretation corresponding

to relative frequencies of outcomes, or as weightings for a rational betting strategy,

should also not change between reference frames. In the GPT framework, probabilities

arise by taking the inner product of a state s with an effect e, such that the probability

of measurement outcome associated with e is given by P (e | s) = e·s. Thus, these inner

products e · s should not change between reference frames, and hence are Lorentz

invariant2. The statistics given by e · s can be changed by acting on the state with a

transformation T , such that P (e |T s) = e · T s, and this quantity should also be Lorentz

invariant.

Let us now consider explicitly how T might change under a change of reference

frame. Suppose there is a reference frame change α : R→ R′, and another β : R′ → R′′.

Let T , T ′ and T ′′ correspond to the same physical transformation observed in R, R′ and

R′′ respectively. Let the map Ξα take T into T ′ = Ξα (T ), and likewise Ξβ take T ′

into T ′′ = Ξβ (T ′). One can form an equivalent map that takes R straight to R′′ as

βα : R → R′′, and one should also be able to map T to T ′′ with a compound operation

Ξ = ΞβΞα. For any R and R′′, there is an infinite choice of α, β and R′ such that

R
α−→ R′

β−→ R′′. In all cases, the numerous possible Ξα and Ξβ must always combine

to form exactly the same Ξ that takes T to T ′′. For this reason, the maps {Ξ} on the

transformations must be a representation of the Lorentz group: they combine in such

a way to give exactly the same multiplication tables.

We will go one step further, and assume specifically that transformations on state-

spaces encoding the “which branch?” freedom in an interferometer do not change

between reference frames. The motivation for this arises from the the type of freedom

2 The mathematical group representing the change in observable properties following the
rotation or boost (change in velocity) of an observer is known as the Lorentz group. If
translations in space and time are also included, one has the Poincaré group. Quantities that
remain constant when viewed in different reference frames are called Lorentz invariant, as
acting on them with a member of the Lorentz group effects no change.
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described by the state-space of the interferometer. The “which branch?” measurement

discriminates between unambiguously labelled alternatives (i.e. “in branch A” or “in

branch B”), as opposed to some geometric freedom that could change under rotation

or boost (e.g. the direction which the spin of a particle points in). Even if two observers

disagree about which of the branches is on top of the other (such as would be the case

if one observer is orientated at 180° to the other), they can identify which branch is

which by some other labelling. As such, if one constructs the state of the system

explicitly in the manner of eq. (2.11) by stacking probabilities on top of each other, then

the probabilities P (in branch A) and P (in branch B) will be the same in all reference

frames. It then follows that if some physical action T is performed on the system and

possibly alters the probabilities of being in one branch or another, then all observers

must agree on how T changes the statistics associated with the “which branch?”

measurement, otherwise it would lead to disagreement about the final statistics.

This reasoning can be extended to the other measurements in the state-space, by

also considering the choice of measurement to be something that all observers agree

on. Suppose one had, for example, one of the three devices illustrated in fig. 2.3 which

measure X, Y or Z, and these three devices could all be unambiguously distinguished.

It could be taken that which of these devices is attached to the experiment (and which

detector in the device clicks) is agreed upon by all observers, regardless of their

reference frame (in contrast to a Stern-Gerlach device whose orientation in space

is an intrinsically geometric property, and could be seen differently by observers in

different reference frames). In this set-up, not only would the “which branch?” statistic

be agreed upon, but every statistic would be the same between reference frames. It

then follows that T must act on these statistics in the same way in every frame.

Thus, in this context, the action of the Lorentz group on T can be taken to be

trivial. We have argued for this in a specific interferometric setting, with unambiguous

measurements and outcomes. However, this regime laid out here is not the most

general one; it would be particularly ill-suited to describe the location or momentum

of a particle in free-space.

6.2 Relativistic behaviour of interference experiments

Consider a spatially disjoint interferometer (such as the Mach–Zehnder interferome-

ter) with two branches. Let there be independently acting agents (Alice and Bob) on

each branch, who at the extreme point of each branch can choose which action (if any

at all) they wish to take by inserting a choice of phase plates into the device. The action

of the agents, as discussed in the preceding chapters, constitutes a transformation in

the phase group of the position measurement. As illustrated in fig. 6.1, we will show
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Figure 6.1: A Mach–Zehnder interferometer viewed from two reference frames.
The dashed diagonal grey lines correspond to events judged as simultaneous by an
observer. Rachael (top) hence observes particles arriving at phase plate A before phase
plate B. On the other hand Stephen (bottom) observes particles arriving at phase plate B
before phase plate A. If the phase operations associated with A and B do not commute,
the two observers might disagree about the final statistics (i.e. interference pattern)
output from the interferometer.

that relativistic considerations place a further restriction on the phase dynamics3 that

Alice and Bob can apply.

Lemma 6.1. Phase transformations applied to spatially disjoint branches of an inter-

ferometer must commute, if they are to be consistent with relativity of simultaneity.

Proof. Let the state after the first beam-splitter be given by s, the action taken by Alice

be TA, and the action by Bob be TB. If there is some choice of TA and TB such that

[TA, TB] ≡ TATB − TBTA 6= 0, then the order in which the operations are applied will

be significant as in general TATBs 6= TBTAs, and there will hence be some measurable

difference in the output statistics.

Suppose the order in which the operations are applied is given by when the particle

(should it be in one branch) first encounters the phase plate. If Alice’s plate is encoun-

3Throughout this chapter, we shall use ‘phase dynamics’ to implicitly refer to phase
dynamics relative to the position measurement Z.
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tered before Bob’s, then the output statistics will be TBTAs, and if Bob’s is encountered

before Alice, TATBs. However, as illustrated in fig. 6.1, these phase plates are applied

at spatially-disjoint locations, and so it is possible to choose two observers (‘Rachael’

and ‘Stephen’) who disagree on the order in which the phase plates are encountered.

In Rachael’s frame, the A happens before B and the operation is given by TBTA. On

the other hand, in Stephen’s frame B happens before A and the operation is is given

by TBTA. Rachael’s frame and Stephen’s frame differ by a Lorentz transformation,

and we have assumed that transformation on an interferometer’s state-space should

be Lorentz invariant, including the compound operation formed by applying TB after

TA. Thus

TATB = TBTA. (6.1)

If the phase operations TA and TB do not commute, such that TATB 6= TBTA, then there

will be a contradiction.

If one were disinclined to make the assumption (discussed in § 6.1) that trans-

formations on the state-spaces of interferometers do not change between reference

frames, then the conclusion of this lemma, TATB = TBTA, could in itself be taken as

a reasonable assumption instead. One way to motivate this would be to consider how

actions taken in two different locations (A and B) in a bipartite system are treated in

a non-signalling theory. An action TA taken on A should not immediately affect any

statistics of the part of the system in B. Then by considering what might happen

to various product states, one concludes that the action should be written TA ⊗ 1.

Likewise, for actions taken on B, one would expect the effect on the entire system

to be 1 ⊗ TB. These two operations naturally commute (conversely, one could start

with commutativity between actions applied to subsystems and deduce no-signalling,

as per assumption 4 and corollary 1 in [18]). This behaviour can then be extended into

the assumption that actions on different branches within a single system behave in the

same way4, and must also commute.

This element-wise restriction will naturally limit the set of allowed transformations

under certain conditions. We shall make the following definition for conciseness:

Definition 6.1: Symmetrical interferometer

A (two-level) interferometer is symmetrical if the sets of phase transfor-

mations that can be applied on either branch, {TA} and {TB}, are identical.

It is important to stress this definition requires the sets be identical rather than

isomorphic. For example, an interferometer with the phase groups {TA} = 13 ⊕ SO(3)

4The link between bipartite systems, and two-branched systems is particular obvious
in standard quantum theory where one can convert between first and second quantized
descriptions of an interferometer using |in A〉 ↔ |1〉A ⊗ |0〉B and |in B〉 ↔ |0〉A ⊗ |1〉B.
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and {TB} = SO(3) ⊕ 13, would not be considered symmetrical even though there is an

obvious isomorphism between TA and TB.

Corollary 6.2. In a symmetrical interferometer, the locally applicable phase dynamics

must be abelian in order to be consistent with relativity of simultaneity.

Proof. If {TA} = {TB} = {T}, for every a, b in {T}, following from lemma 6.1 [a, b] = 0

and hence {T} is abelian.

Corollary 6.3. If a two-branch interferometer is described by a theory that is fully

conditionally-restricted with respect to the position measurement, and the only restric-

tion on the transformations come from branch locality, then the total phase dynamics

must be abelian.

Proof. Corollary 5.7 tells us that in a fully conditionally-restricted theory without other

restrictions, every element of the phase dynamics can be applied locally on either

branch and thus the interferometer is symmetrical. From corollary 6.2, the associated

phase group must be abelian.

It so transpires that there is only a limited number of distinct groups that can both

correspond to transformations within the GPT framework and that are also abelian.

As the group of reversible transformations in the GPT framework correspond to the

automorphism group of a convex set (or some subset of these automorphisms), these

groups will necessary be either finite or compact. The well-established mathematical

properties of these types of groups allow us to make a rather restrictive statement on

what phase dynamics are compatible with relativity.

Theorem 6.4. The phase group GΦ of reversible dynamics in a symmetrical interfer-

ometer, if it is to be consistent with relativity of simultaneity, is necessarily isomorphic

to a group Gab where Gab ⊆
⊕n SO(2).

Proof. Corollary 6.3 tells us that symmetrical interferometers must have abelian phase

dynamics if they are to be compatible with relativity of simultaneity.

First, we address finite groups. The fundamental theory of finite abelian groups

(see e.g. §11.12 in [109]) tells us that that every finite abelian group can be expressed

as some direct sum of cyclic groups (i.e. Zn1 ⊕ Zn2 ⊕ · · · ⊕ Znm). It can be further seen

that each Zn ⊂ SO(2) by discretising the allowed rotation angles in SO(2). (Visually,

this is like drawing a regular polygon with n edges inside a circle). Thus, finite abelian

groups are all a subset of
⊕

SO(2). The number of SO(2) addends required to form the

superset may in general be less than the number of cyclic addends, as if n and m are

co-prime, then Zn ⊕ Zm ∼= Znm, and hence Zn ⊕ Zm ⊂ SO(2).
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A similar concept known as maximal tori holds for compact abelian Lie groups.

Theorem 5.2 in [110] tells us that every compact abelian Lie group is isomorphic to

Gab =
m⊕

SO(2)⊕ F, (6.2)

where F is a finite abelian group (and could be 1 if Gab is connected5). As these finite

abelian groups have
⊕n SO(2) as a superset, we thus see that all abelian dynamics can

be expressed

Gab ⊆ Gtorus =
n⊕

SO(2) . (6.3)

Thus, the phase group GΦ must be isomorphic to the group Gab ⊆
⊕n SO(2).

6.3 Simulating interferometers

Let us consider the question of simulating a two-branch interferometer. The particu-

lars of simulation depend on the experiment being emulated, so in this instance we

will consider an experiment where an interferometer is used to probe an unknown

sample. As discussed in chapter 4, this sort of experiment involves the identification

of an element in a phase group by the observation of output statistics, and so we are

specifically interested in simulating the dynamics (rather than attempting to cover the

entire state-space of the device). Crucially, the MZI experiment with a sample on just

one branch reveals an element of a phase group that was not a priori known to the

experimenter.

A simulation of this experiment, using another interferometer (or a set of many

interferometers), is thus a game where one player knows what the hidden element of

the group is in advance, and communicates this to another player by applying some

phase operation on the interferometer they have. (If this is done with exactly the same

type and number of interferometers as the set-up being simulated, it would arguably be

a run of the experiment itself, rather than a simulation!) Thus, we see that simulation

relies on the existence of an epimorphism6 from the dynamics of the device being

simulated onto the dynamics of the simulating device.

We will show (by construction) that if an interferometer has a phase group compat-

ible with relativity of simultaneity, it is possible to build a simulation of this experiment

5Connectedness will be discussed further in §6.4.1.
6This does not need to be strictly isomorphic, as there could be different ways of simulating

the same transformation. Also, there could be dynamics of the simulating device that do not
correspond to dynamics in the thing being simulated. In general the group of dynamics possible
in the simulator must cover the dynamics of the actual device.
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using quantum interferometers.

Figure 6.2: Quantum device exhibiting toroidal abelian interference. An element
of the group Gφ =

⊕n SO(2) can be parametrised by a set of n angles (φ1, . . . , φn), and
these angles can be used to configure the above quantum device.

Theorem 6.5. Any symmetrical interferometer that is compatible with relativity of

simultaneity can be simulated using a number of quantum interferometers that scales

linearly with the number of SO(2) addends in the maximal torus of the phase group.

Proof. Recall from theorem 6.4 that the phase group of a symmetrical interferometer

Gφ that is compatible with relativity of simultaneity satisfies Gφ ⊆
⊕n SO(2). We can

build a quantum set up capable of implementing dynamics that cover this group by

taking n two-branch complex quantum interferometers, arranged such that one branch

of each goes to Alice and the other to Bob (see fig. 6.2).

Each element T ∈
⊕n SO(2) may be parametrised by a set of angles (φ1, . . . , φn).

In the simulation, these angles will correspond to putting a quantum phase plate φi
in the arm associated with the interferometer i. (If we were to simulate a subgroup

of the torus, then for some of the angles φi the agent is restricted to a finite subset

of choices.) The choice of element T and its implementation can remain entirely local

within one of the agents; once some element T has been chosen, Alice can implement

phase plates entirely local to her branch, without having to communicate her choice

to Bob.
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Let the choice Alice made be TA → (φ1, . . . , φn) and the choice by Bob be TB →
(ψ1, . . . , ψn). In this case, if the state of each interferometer in isolation is ρi, and the

total state of the system ρ is written in the basis ρ1 ⊗ . . .⊗ ρn (or a linear combination

thereof for correlated or entangled states) the set of quantum interferometers will

implement the following unitary operation:

U = U1 ⊗ · · · ⊗ Un

=

(
eiφ1 0
0 eiψ1

)
⊗ · · · ⊗

(
eiφn 0

0 eiψn

)
. (6.4)

This is a tensor product (rather than a direct sum), and it would be possible to input

arbitrarily complex states (including those that are entangled between the different

interferometers). For simplicity of argument, let us take the input to be a product

state7. The output state ρ′ will be UρU † given by

ρ → ρ′ = UρU †

= U1ρ1U
†
1 ⊗ · · · ⊗ UnρnU †n. (6.5)

Define the operator Xi as the tensor product of many 12, replacing multiplicand i

by the Pauli matrix σx:

Xi ≡ 12 ⊗ · · · ⊗ 12 ⊗ σx ⊗ 12 ⊗ 12, (6.6)

and equivalently Yi with σy in position i.

Recall that for normalised states Tr (ρ) = 1, and for unitary operators Tr
(
UρU †

)
=

Tr (ρ). Also recall that Tr (A⊗B) = Tr (A) Tr (B). We can hence write:

〈Xi〉′ = Tr
(
XiUρU

†)
= Tr

(
U1ρ1U

†
1 ⊗ · · · ⊗ σxUiρiU

†
i ⊗ · · · ⊗ UnρnU †n

)
= Tr(U †i σxUiρi). (6.7)

Likewise,

〈Yi〉′ = Tr(U †i σyUiρi). (6.8)

We can explicitly write U †i σxUi as

U †i σxUi =

(
0 exp (i (ψi − φi))

exp (−i (ψi − φi)) 0

)
, (6.9)

7The following argument extends naturally to separable states: probabilistic combinations
of product states. This extension introduces an extra sum into every equation where ρ appears,
but does not ultimately not effect the final results in eq. (6.11) and eq. (6.12) because of the
distributivity of matrix multiplication, and the linearity of trace.
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and separate the real and imaginary parts such that

U †i σxUi = cos (ψi − φi)σx − sin (ψi − φi)σy. (6.10)

Using the linearity of trace, we can thus express:

〈Xi〉′ = cos (ψi − φi) Tr(σxρi)− sin (ψi − φi) Tr(σyρi)

= cos (ψi − φi) 〈Xi〉 − sin (ψi − φi) 〈Yi〉, (6.11)

and similarly

〈Yi〉 = sin (ψi − φi) 〈Xi〉+ cos (ψi − φi) 〈Yi〉. (6.12)

Thus, we see the effect of the unitary U on each pair of measurements 〈Xi〉 and

〈Yi〉 is to transform them according to an element of SO(2), parametrised by angle

ψi−φi. These measurements can be made by applying the appropriate beam-splitter on

interferometer i (e.g. a Hadamard gate to measure Xi). Thus, using a set of quantum

interferometers, we can calculate exactly how two elements of
⊕n SO(2) interfere to

transform a state.

We do not claim at this stage that this is the most efficient simulation: indeed, a

quantum device of this dimension could be used for far more complicated dynamics

those implemented in this simulation, and so it may be possible to create a smaller

device that can implement the same dynamics.

For instance, one might recall from lemma 3.1 that the phase group of a maximal

measurement on a (n+1)-level quantum system is (n+1) copies of U(1), U(1)⊕· · ·⊕U(1):

which is itself isomorphic to a torus SO(2)⊕· · ·⊕SO(2). Thus, we can use a single (n+1)-

level quantum device to simulate
⊕n SO(2) (the extra dimension is needed because the

global phase is not measurable), and implement each difference in angle ψi − φi via

a phase plate on branch i + 1 (leaving branch 1 as a reference). This would execute

the dynamics of the torus, and the output statistics can be measured by placing an

appropriate beam-splitter between branch 1 with branch i.

This is a less satisfying simulation than the set-up presented above, because the

system no longer naturally divides into two separate agents who can independently

choose the two sets of interfering angles. Here, the simulation is more forced, in

that each ψi − φi is calculated locally (at one branch) beforehand, and the result

programmed manually into the operation of the device. The experimenter reading

the output no longer really witnesses interference between the two choices of phase

group element, but is rather just receiving direct communications from each branch

individually.
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6.3.1 Remark: Random access Deutsch’s algorithm

The phase group Gab ⊆
⊕n SO(2) is somewhat similar to the qubit phase group (for

n = 1 it is exactly the phase group of a single qubit). However, an n > 1 device can

perform an algorithm that a single qubit could not do: a random access variant of

Deutsch’s algorithm [21, 22].

Let us write the state-space of systems acted on with this toroidal phase group as

s = (〈Z〉, 〈X1〉, 〈Y1〉, . . . , 〈Xn〉, 〈Yn〉)T , (6.13)

where 〈Z〉 is the position measurement (fixed by the phase group), and each pair 〈Xi〉
and 〈Yi〉 is acted upon by one of the SO(2). Agents Alice and Bob, by restricting the

phase group choices to the subgroup Z2 ⊕ Z2 ⊕ . . . Z2, can encode a string of n bits

of their choosing on each arm of the interferometer. An experimentalist, through

cunning choice of input state or output measurement (i.e. selection of beam-splitter;

see chapter 4) can perform an experiment that identifies in one shot whether Alice and

Bob have chosen the same value for one bit in the string. For instance, to find bit i, the

experimentalist would prepare a (post-beam-splitter) input state 〈Z〉 = 0, 〈Xi〉 to +1,

and 〈Yi〉 = 0 (all other measurements are not important, though their outcomes may be

constrained by restrictions on which states are allowed in the theory). The experiment

would then transform 〈Xi〉 to +1 if the bits are the same, and −1 if they differ.

This is a random-access algorithm, as it works to determine the answer for one

of n bits encoded, but the encoding agents Alice and Bob do not need to know in

advance which bit the experimentalist will examine. Within the simulation described

in theorem 6.5, the performance of the random access Deutsch algorithm (§ 6.3.1)

becomes obvious: one makes n copies of single-qubit implementations of Deutsch’s

algorithm, and discards the output of all but the one bit of interest. On the other

hand, in the (n+1)-level quantum simulation described above, the experiment becomes

totally trivial, as in order to program the correct behaviour (i.e. select the correct

phase plate), at each branch one has to already know whether a particular bit is the

same or different for the two choices of bit-strings.

6.4 n-balls and the dimensionality of quantum theory

Let us now consider the results of § 6.2 as applied to a more specific class of theories:

those whose state-space is given by an n-ball. An n-ball is a natural generalisation of

the qubit state-space into an arbitrary number of measurements, defined as the set of
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real vectors of the form X = (X1, . . . Xn)T ∈ <n subject to the constraint

n∑
i=1

|Xi|2 ≤ 1. (6.14)

When drawn in Euclidean space, this yields a circle for n = 2 , and a sphere8 for n = 3,

both of unit radius centred around the origin.

Such shapes appear in the GPT framework as the state-space of expectation values

associated with a set of n binary measurements (with outcomes ±1), subject to a

restriction on making simultaneous predictions of the outcomes. Indeed for measure-

ments Mi, we can use the mapping P (Mi = +1) = 1
2

(1 +Xi) and P (Mi = −1) =
1
2

(1−Xi) to convert the ball vector X into a state written in terms of probabilities.

The automorphisms of the n-ball are given by the orthogonal group of dimension

n, written O(n). This consists of rotations (in up to n dimensions) and reflections.

If we only consider the portion of the group connected to the identity, then we have

the special orthogonal group SO(n) that does not admit reflections. The phase group

associated with any maximal measurement on an n-ball fixes an axis, and so is given

by O(n−1) if reflections are allowed, or SO(n−1) otherwise.

Ball state spaces arise naturally in the axiomisation of quantum mechanics (e.g. [9,

14, 17]). They correspond to set-ups where exactly two possibilities can be perfectly

distinguished, but there is an infinite number of possible such pairings (for n > 1)

which can be continuously deformed into each other. In particular, by selecting the

n = 3 ball, one arrives at the standard complex-valued quantum theory qubit.

It is also known that in general (for any dimension) ball state spaces correspond

to two-level systems described by Jordan algebras [93, 94, 111]. Alongside n = 3 for

standard complex quantum theory, we also have n = 2 corresponding to real-valued

quantum theory, n = 5 for quaternionic9 quantum theory [112, 113], and n = 9 for an

octonionic two-level system.

We shall see that there is a strong limit on how high the dimension of ball can be

for all its valid phase dynamics to be compatible with relativity of simultaneity.

Lemma 6.6. When the only constraint on locally applicable phase transformations is

8 We must take care in this section to distinguish between ‘sphere’ and ‘ball’. An n-ball is
the compact convex set defined in eq. (6.14); an (n−1)-sphere is the non-convex surface of that
set where

∑n
i=1 |Xi|2 = 1 and is labelled with one fewer dimension, reflecting the degrees of

freedom in moving around such a surface. In this terminology, what would be commonly called
the Bloch sphere should in fact be referred to as the Bloch (3-)ball.

9 The quaternions H can be thought of as an extension to the field of complex numbers such
that there are three types of imaginary number. A quaternion H ∈ H may be expressed as
H = a+ ib+ jc+ kd, where a, b, c, d ∈ < and ii = jj = kk = ijk = −1. For a lucid discussion in
a quantum context, see Graydon [112].
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that they must be compatible with branch locality, the highest dimension n-ball with

dynamics compatible with relativity of simultaneity is n = 2 if reflections are allowed,

or n = 3 otherwise.

Proof. States described by an n-ball satisfy a quantum-like uncertainty relation (defini-

tion 5.4) for any dimension. When Xi = ±1 corresponding to Mi being fully determined

such that either P (Mi = +1) = 1 or P (Mi = −1), then from eq. (6.14) all other

Xj = 0 for j 6= i, implying that all other measurements are uniformly random such

that P (Mj = +1) = P (Mj = −1) = 1
2
.

From this relation and lemma 5.8, we see that hyper-spheres are fully condition-

ally restricted with respect to any measurement. Moreover, when considered as an

interferometer (such that one of the measurements encodes the position), then from

corollary 5.7 of theorem 5.6, all of the phase dynamics are consistent with branch

locality.

However, from corollary 6.3 the phase group must also be abelian. O(1) is the

largest abelian orthogonal group, corresponding to the {1, flip} phase group of a circu-

lar state space dimension n = 2. SO(2) is the largest abelian special orthogonal group,

correspond to the rotations of a sphere around a fixed axis in dimension n = 3.

6.4.1 Subgroups of the orthogonal group

We can in fact go a step further, and also consider if there is some abelian subgroup

of O(n) (as we have been implicitly doing for SO(n) ⊂ O(n)) that would allow for state

spaces of larger dimension. For instance, the largest abelian subgroup of O(2n) and

O(2n+ 1) will be bounded by the maximal torus
⊕n

i=1 SO(2) (see e.g. [110]), and the

discussion in theorem 6.4). Inspired by the axiomatic approaches of, e.g., [9] or [14],

we might be able to rule out a lot of these theories by postulating other properties that

the dynamics of the object should satisfy.

Let us take as our first such restriction that the full group of dynamics (i.e. before

we freeze an axis to find the phase group) must be connected. This could follow from

time-continuity of dynamics [9], where for every transformation, it should be possible

(especially in the limit of small times) to find another that corresponds to doing the

same thing for a fraction of the time, thus inducing a fraction of the effect. This is

only possible when every element in the group is connected to the identity element

(corresponding to implementing an action for no time at all). As such, this restriction

rules out all the finite groups (which are naturally discrete rather than continuous), as

well as groups such as O(n) that contain reflections which cannot be subdivided.

Next, we consider the requirement that for every pair of pure states, there should

be at least one transformation that maps one pure state to the other. This is a property
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known as transitivity on the sphere (surface of the ball) [81, 114]. With this restriction,

we can rule out a lot of theories.

For orthogonal groups, one can find subgroups of the form O(n1) ⊕ · · · ⊕ O(nm) ⊆
O(n1 + . . .+nm). One might attempt to form an abelian phase group by locking out one

axis only, from a group of the form G⊕ SO(2)⊕ · · · ⊕ SO(2), where the phase condition

must induce the subgroup SO(2) from G (e.g. G could be SO(3)). However, it is easy to

see that groups with this direct-product structure cannot be transitive on the surface

of the sphere.

Lemma 6.7. Any group formed from the direct product of two or more groups, where

one group is orthogonal (O(n1)⊕G) cannot be transitive on the surface of an n-ball.

Proof. Consider an n-ball with 1 ≤ n1 < n. One can find two different valid states X

and Y on the surface:

X = (a1, . . . , an1 , . . .)
T ,

Y = (b1, . . . , bn1 , . . .)
T , (6.15)

such that a1
2 + . . .+ an1

2 6= b1
2 + . . .+ bn1

2.

From the direct-sum nature of the group, the first n1 elements of the vector are only

acted on by O(n1). However, the orthogonal group preserves the 2-norm of vectors,

such that no element of n1 acting taking the vector (a1, . . . an1)
T to

(
a′1, . . . , a

′
n1

)T
will

ever result in a′21 + . . .+ a′2n1
6= a1

2 + . . .+ an1
2. Hence, there is no operation in the group

that will transform (a1, . . . an1)
T to (b1, . . . bn1)

T. Thus O(n1)⊕G cannot be transitive on

the surface of an n-ball.

Let us now consider more sophisticated subgroups of O(n). It is known that U(n) ⊂
SO(2n), which can be seen by embedding an n × n complex unitary matrix U into a

2n× 2n real matrix

TU =

(
<e (U) =m (U)
−=m (U) <e (U)

)
(6.16)

and verifying (such as by direct multiplication) that TU is a representation of U(n)

and that TU are orthogonal matrices. Indeed, following this prescription gives us the

equivalence between U(1) = {eiφ} and TU1 ∈ SO(2) such that

TU1 =

(
cosφ sinφ
− sinφ cosφ

)
, (6.17)

which we have been using implicitly in the treatment of the qubit phase group through-

out this thesis.

Matrices of this form are in fact transitive on the sphere [81] but only U(2) has a

phase group that is non-trivial and abelian.
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Lemma 6.8. The only unitary subgroup of O(n) with a non-trivial abelian phase-group

corresponds to U(2) ⊂ SO(4) in a four-dimensional ball. This phase group is isomorphic

to SO(2).

Proof. Take the first element of the state vector to correspond to the measurement

whose phase group we want to find. In order to preserve this statistic for all states,

the top row of TU must be (1, 0 . . . 0). This implies that the top row of the unitary matrix

U must be (1, 0 . . . 0). As U is unitary, this also means that the left-most column of U

is (1, 0 . . . 0)T, and hence the phase group is given by the block-diagonal unitary matrix

1⊕ U(n− 1), which is only abelian for n ≤ 2.

• For U(1), the phase group is trivial (fixing the top row fixes every element in the

matrix, such that the phase group is {12}).

• For U(2), the phase group is given by U = diag
(
1, eiφ

)
which in the four-dimensional

real representation may be written

T =


1 0 0 0
0 cosφ 0 sinφ
0 0 1 0
0 − sinφ 0 cosφ

 , (6.18)

which is a representation of SO(2) acting on the second and fourth elements.

Alternative formulations of the representation TU in eq. (6.16) would allow us to change

which two measurements are preserved.

Similarly, there are ways of writing the hyperunitary (or symplectic) group Sp(n)

as a subgroup of real orthogonal matrices SO(4n). Hyperunitaries are the natural

generalisation of unitary operations such that they preserve the inner product of a

quaternionic Hilbert space [115]. In the same way that for an orthogonal matrix

OTO = 1, and for a (complex) unitary matrix U †U = 1, elements in the hyperunitary

group satisfy H‡H where [·]‡ is the quaternionic equivalent of hermitian conjugation

(transpose the matrix and conjugate each element such that H = a+ ib+ jc+ kd maps

to H̄ = a− ib− jc− kd).
The groups Sp(n) are connected, and transitive on the surface of the sphere of

dimension 4n [81]. However, we can see that for all n, they are either trivial or non-

abelian.

Lemma 6.9. There are no hyperunitary subgroups Sp(n) of O(4n) with a non-trivial

abelian phase-group.
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Proof. For some n×n hyperunitary matrix H, we can take the real and three imaginary

parts to form four real matrices of the same dimension: R = <e (H), I = Im (H), J =

Jm (H) and K = Km (H) (where the operations Im, Jm and Km take the components

associated with i, j and k respectively).

Quaternionic matrices can be embedded into a real matrix in such a way that

they preserve the correct form of quaternionic multiplication (verifiable by direct

multiplication):

H ∈ Hn×n ↔ TH =


<eH ImH JmH KmH
−ImH <eH −KmH JmH
−JmH KmH <eH −ImH
−KmH −JmH ImH <eH

 . (6.19)

When H ∈ Sp(n), then TH ∈ SO(4n), which may be seen by noting that the quaternionic

conjugate H‡ gives the matrix TH‡ = TH
T.

As with lemma 6.8, finding the phase group which leaves one axis invariant will

require the top row (and hence left-column) to be (1, 0, . . . , 0), thus inducing the phase

group 11 ⊕ Sp(n− 1). When n = 1, this is trivial, and when n ≥ 2, this is Sp(n− 1),

which is non-abelian.

The orthogonal, unitary and hyperunitary groups are the only groups that are

transitive on hyper-spheres of arbitrary dimension. However, there are also a few

special cases that exist for particular dimensions. An exhaustive list is given by Kerin

and Wraith [81], as well as in chapter 2 in volume II of [39]. These exceptional cases

are:

• n = 7: G2 ⊂ O(7) with phase group SU(3),

• n = 8: Spin(7) ⊂ O(8) with phase group G2,

• n = 16: Spin(9) ⊂ O(16) with phase group Spin(7),

all three of which have non-abelian phase groups.

6.4.2 Interpretation of the four-dimensional case and synopsis

Out of all the transitive connected subgroups of O(d), we have only found two examples

with non-trivial abelian phase groups: SO(3) in d = 3 and U(2) in d = 4.

At first, it appears odd that we have found a 4-dimensional ball in addition to the

usual Bloch ball. In the context of the two-level interferometer, these two examples

are identical in their dynamics: even with access to the full dynamics of the system,

every unitary operation U ∈ U(2) corresponds to a rotation RU ∈ SO(3).
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When we treat these groups more rigorously, this is not quite the full story. It is the

case that the action of every unitary matrix U ∈ U(2) on a density matrix ρ → UρU †

can be represented by a rotation RU ∈ SO(3) on the Bloch sphere. However, despite

this U(2) and SO(3) are not isomorphic. In fact, for any real φ, U ′ = eiφU will have the

same effect on ρ as U , and thus the mapping from U(2)→ SO(3) is many-to-one. As this

extra freedom is in itself a one-dimensional unitary U(1), the relationship is expressed

as the quotient U(2) /U(1) ∼= SO(3).

Thus, we see that the four-dimensional representation of the U(2) group does con-

tain more information than the SO(3) representation: it also encodes information about

the global phase. By placing only dynamical restrictions on the theories that could

describe a two-level interferometer, in both cases we have arrived at the U(2) dynamic

corresponding to complex quantum theories. That this results in two possibilities

differing by one dimension follows from whether we encode information about the

global phase. On the other hand, the phase groups of both cases, U(1) and SO(2),

are truly isomorphic and so the behaviour of interference patterns in a Mach–Zehnder

interferometer is exactly the same.

We summarise the results of this section with the following theorem:

Theorem 6.10. Suppose we have a two-branch interferometer described by an n-ball,

and make the following demands:

i. the phase group is non-trivial,

ii. the phase group is compatible with relativity of simultaneity (i.e. abelian),

iii. all elements of the phase group can be applied on either branch (as is compatible

with branch locality),

iv. the full dynamics can map any pure state to any other (i.e. are transitive on the

surface of the sphere),

v. the full dynamics respect time-continuity (i.e. are connected).

The only two allowed groups of transformations that satisfy all of the above are for:

A. n = 3 with SO(3) dynamics, and SO(2) phase group: corresponding to qubit density

matrices represented by the Bloch ball in complex quantum mechanics.

B. n = 4 with U(2) dynamics, and SO(2) phase group: where the surface corresponds

to pure states in complex quantum mechanics including global phase.
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6.5 Conclusion and outlook

In this chapter we considered how the operational description of the state of an in-

terferometer should behave in the context of special relativity. We argued that since

probabilities reflect objective reality, inner products of the form e·T s should be Lorentz

invariant. Moreover, when s represents the state of a Mach–Zehnder interferometer,

we showed that the transformations on the state must also be the same in every

reference frame.

We concluded that for this result to be consistent with relativity of simultaneity, the

phase operations local to different branches of an interferometer must commute with

each other. This places a strong restriction on the state-spaces that we can admit as

descriptions of the Mach–Zehnder interferometer, and in the specific context of n-balls

lead us to two possibilities: n = 3 corresponding to standard quantum theory, and

n = 4 which has exactly the same dynamics as quantum theory in this context, but

might allow for different measurements.

The exact interpretation of the n = 4 case (which also appeared recently in [116])

is an interesting question still to be answered. Moreover, there has been recent ex-

perimental interest in the testing for interference patterns beyond those that could be

explained by quantum theory [117–119] (in particular [119] is motived by a proposal by

Peres [120], which distinguishes between complex and quaternionic quantum theory).

However, the results in this chapter show us that one must be careful in designing the

experiment; if it involves spatially disjoint branches (as most optical set-ups will), the

rules of relativity could prevent us from observing post-quantum behaviour.
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Chapter 7

Post-quantum particle exchange
In chapter 3, we extended the notation of phase from quantum theory into the GPT

framework, and through-out chapters 4 to 6 we explored its application in the context

of interferometry. In this chapter, we apply phase to a slightly different quantum

phenomena: that of particle statistics.

In three-dimensional free space, quantum particles come in two types: bosons and

fermions. The physical behaviour of bosons and fermions can be significantly different,

especially when one considers an indistinguishable set of them. Fermions obey the

Pauli exclusion principle, with wide applications ranging from the existence of neutron

stars when applied to neutrons, to the entire field of semi-conductor physics when

applied to electrons (see e.g. [121]). On the other hand, bosons display bunching

behaviour, and at low temperatures can form unusual states of matter known as Bose-

Einstein condensates (see e.g. [122–124]).

Ultimately, these divergent behaviours follow from a subtle but crucial difference

in how the phase of the wave-function of the system changes when one swaps one

indistinguishable particle with another. As this critical difference between bosons and

fermions lies in a phase, it is natural for us to consider if any of the exotic phase

dynamics that have appeared for theories in the GPT framework might themselves be

associated with post-quantum particles.

In this chapter1, we shall begin with a mathematical review of exchanging sub-

systems within quantum theory (§ 7.1), and how this corresponds to different particle

types. We shall then define indistinguishability in the GPT framework, and provide a

physical mechanism for detecting different particle types in arbitrary theories (§ 7.2).

We shall conclude by considering a few examples of what type of post-quantum parti-

cles we might observe (§7.3).

7.1 Exchanging subsystems in quantum theory

First let us explore the concept of swapping subsystems in quantum theory. We

begin with the simple example of product states, in order to clearly define the swap

1Some of the concepts in this chapter were presented in [4].
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operation, before moving on to arbitrary quantum states in the next subsection.

Suppose there is a system, which admits description by some pure state |Ψ〉, and

another another copy of the system, described by an alternative pure state |Φ〉. In

quantum theory, we can write down the joint state of the two systems when they are

uncorrelated by using a tensor product |Ψ〉|Φ〉 ≡ |Ψ〉⊗|Φ〉. The tensor product between

two complex Hilbert spaces is well defined, and so measurements made on system 1

have the form M1 = M ⊗1, and those on system 2 are M2 = 1⊗M , such that when the

states are normalised, P (M ⊗ 1|ΨΦ) = 〈Ψ|M |Ψ〉 and P (1⊗M |ΨΦ) = 〈Φ|M |Φ〉.
Consider now an operation T (·) that swaps these two systems around, such that

M on the first system in the new state gives the same results that M on the second

system of the old did (and vice versa) thus satisfying:

P (M ⊗ 1|T (ΨΦ)) = P (1⊗M |ΨΦ) ∀M
P (1⊗M |T (ΨΦ)) = P (M ⊗ 1|ΨΦ) ∀M. (7.1)

More strictly, we even require that correlation of measurement M on system 1 with

measurement N on system 2 beforehand is transformed into the correlation of N on

system 1 and M on system 2 afterwards:

P (N ⊗M |T (ΨΦ)) = P (M ⊗N |ΨΦ) ∀M,N. (7.2)

The duality of states and measurements in quantum theory tells us that the most

general operation satisfying the above must exchange the ordering of |Ψ〉 and |Φ〉 in

the tensor product, and thus its action on product states is to take

T : |Ψ〉 ⊗ |Φ〉 → eiφ|Φ〉 ⊗ |Ψ〉. (7.3)

This extra freedom φ is a phase term that appears because there are no quantum

measurements can detect global phase.

Suppose we go a step further such that not only do the two systems share the same

state-space, but are both prepared in the same pure state (i.e. |Ψ〉 = |Φ〉). In this case,

the swap operation should cause no detectable change in statistics, and so the product

state evolves as |Ψ〉|Φ〉 → eiφ|Ψ〉|Φ〉.
When the two systems are measured in isolation, the term in φ is an unobservable

global phase, and there is no way of telling if a swap was performed or not. However,

this changes if we introduce a third system |ξ〉 as a reference. Let |ξ〉 be a qubit

control for the swap operation, such that if |ξ〉 = |0〉, then no swap is performed, and if

|ξ〉 = |1〉, the swap is executed. In this sense, |ξ〉 is the control bit for a controlled-swap

operation (also known as a Fredkin gate when the systems being exchanged are qubits

and φ = 0).
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Quantum theory allows |ξ〉 to be in a superposition, such that the controlled-swap

operation puts |Φ〉 and |Ψ〉 into a superposition of being swapped and not swapped.

Physically, this could correspond to putting the two particles into a superposition of

spatial locations, and then applying some manipulation to swap it in only one of these

locations, and leaving it unchanged in the other (see fig. 7.1).

Figure 7.1: Quantum controlled-swap device. Two particles (drawn black and white)
enter a superposition of locations. In the top location (|ξ〉 = |0〉), no action is taken;
whereas in the bottom location (|ξ〉 = |1〉) the particles are exchanged. Such a device
implements the quantum controlled-swap gate, illustrated by the circuit component on
the RHS, where the spatial location freedom |ξ〉 is used as the control bit.

Writing |ξ〉 = α|0〉+ β|1〉 (for α, β ∈ C), the action of this controlled-swap is to take:

|ξ〉|Φ〉|Ψ〉 c−swap−−−−→ α|0〉|Φ〉|Ψ〉+ eiφβ|1〉|Ψ〉|Φ〉. (7.4)

Suppose there are now no distinguishing features between the two systems being

exchanged such that |Ψ〉|Φ〉 = |Φ〉|Ψ〉. In this case, eq. (7.4) simplifies to

|ξ〉|Ψ〉|Φ〉 c−swap−−−−→
(
α|0〉+ eiφβ|1〉

)
|Ψ〉|Φ〉, (7.5)

and we see that the global phase of the swap in isolation now causes a measurable

phase transformation diag
(
1, eiφ

)
on the control bit.

7.1.1 Indistinguishable quantum states

We have identified a family of controlled-swap operations, with a U(1) freedom in

possible phase transformations effected on the control bit. However, the choice of
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control-swap gate is not the only method by which different phases may be induced on

the control bit.

The above section discussed product states, but let us now consider pure quantum

states that might also have correlations. Taking two arbitrary (pure) states of a single

system as |χ〉 and |ξ〉. Ignoring normalisation, for a bi-partite system (with subsystems

A and B), we could prepare a symmetrised state

|Ψ〉S = |χ〉|ξ〉+ |ξ〉|χ〉, (7.6)

or anti-symmetrised state:

|Ψ〉AS = |χ〉|ξ〉 − |ξ〉|χ〉. (7.7)

No local measurement made at either A or B will offer different statistics for

either of these wave-functions. Moreover, even knowing the correlations between

measurements made on A and B will not reveal a preferred labelling for A and B:

the projection onto any pure product state |m〉 ⊗ |n〉 (where |m〉 and |n〉 may be in the

same or differing bases) has the same probability as a projection onto |n〉 ⊗ |m〉. For

these wave-functions, exchanging every instance of χ with ξ only results in a change

of the wave-function by global phase (by 0 or π respectively), the effect of which is

unmeasurable for a bipartite system in isolation.

We remark that a naïve attempt to form an ‘anyonic’ (e.g. [125, 126]) symmetrisa-

tion such as

|Ψ〉any = |χ〉|ξ〉+ e−iα|ξ〉|χ〉 (7.8)

does not satisfy the above. This may seen in the following two-qubit counter-example:

take |χ〉 = |0〉 and |ξ〉 = |+〉 = 1/
√

2 (|0〉+ |1〉), and consider the projection onto |m〉|n〉
vs. |n〉|m〉 where |m〉 = 1/

√
2 (|0〉+ i|1〉) and |n〉 = |0〉. In this case, |〈mn|Ψ〉any|2 =

1
8

(3 + 2 (cosα + sinα)) whereas |〈nm|Ψ〉any|2 = 1
8

(3 + 2 (cosα− sinα)). These are only

equal for α = 0 or π. For all other α, these statistics will differ, allowing us to compare

these statistics and establish which side is A and which is B. Moreover, an attempt

to exchange χ with ξ results in the state |Ψ′〉any = e−iα (|χ〉|ξ〉+ e+iα|ξ〉|χ〉) where the

relative phase between the two orderings is taken to its complex conjugate, and hence

can correspond to a measurably different state except when eiα = 1 or −1.

In quantum theory, the type (or species) of a particle is assigned a priori, perhaps

by some other rule (the spin statistics theorem [127, 128] states that particles with

integer spin, such as photons, are bosonic, and those with half-integer spin, such

as electrons, are fermionic). Once the type has been determined, this places a rule

about which wave-functions are allowed as a valid description of a systems of identical

particles. A pair of identical bosons must be in the symmetric form |Ψ〉S, a pair of

identical fermions in the form |Ψ〉AS.

Identical particles of the same species thus have a wave-function that obeys strict

143



symmetry rules, and this lies behind some of the most drastic quantum effects, such

as the Pauli exclusion principle (i.e. identical fermions cannot share the same state

as otherwise |Ψ〉AS = 0), and form the basis of quantum particle statistics (i.e. the

Fermi-Dirac and Bose-Einstein distributions).

Let us now consider what happens when we perform a controlled-swap of the

subsystems of an (anti-)symmetrised wave-function of the form |Ψ〉 = |χ〉|ξ〉+ e−iα|ξ〉|χ〉
for α ∈ {0, π}. This has the effect:

|ξ〉|Ψ〉 c−swap−−−−→
(
α|0〉+ ei(φ+α)β|1〉

)
|Ψ〉. (7.9)

The phase freedom in how the state has been symmetrised combines with the phase

freedom in the swap operation, to shift the phase of the control bit by φ+α. If φ remains

as a constant for any physical swap operation, then the wave-functions with different

α will result in different final states of the control bit. Hence, in this experiment, we

may identify a different type of symmetrisation for each element in the quantum phase

group associated with the control bit.

For example (setting φ = 0), and taking the control bit to initially be in state |+〉,
the symmetric input results in

|+〉|Ψ〉S = |0〉|Ψ〉S + |1〉|Ψ〉S
c−swap−−−−→ |0〉|Ψ〉S + |1〉|Ψ〉S = |+〉|Ψ〉S, (7.10)

and the control bit evolves as |+〉 → |+〉. For the anti-symmetric case

|+〉|Ψ〉AS = |0〉|Ψ〉AS + |1〉|Ψ〉AS
c−swap−−−−→ |0〉|Ψ〉AS − |1〉|Ψ〉AS = |−〉|Ψ〉AS, (7.11)

and the control bit evolves as |+〉 → |−〉. If the particle was guaranteed to be either

fermionic or bosonic, then a X measurement on the final state of the control bit

would deterministically reveal which of these two alternatives is the case in a single

measurement, without the need to directly measure the symmetrised wave-function.

7.2 Swapping and indistinguishability in
post-quantum theories

Although a lot of the above discussion was deeply steeped in the structure of complex

Hilbert spaces, we will now consider how much of the above quantum reasoning can

be extended to arbitrary theories within the GPT framework. We shall first probe what

it means for the subsystems of a bipartite system to be indistinguishable.

Consider a bi-partite system AB (see § 2.6) where the set of possible (reduced)

states in A are isomorphic to those in B, and likewise the possible measurement effects
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for A are isomorphic to the set for B. In direct analogy with the quantum case eq. (7.2),

let us define a transformation Tswap that acts on AB:

Definition 7.1: Swap operation

A swap operation Tswap is a transformation that satisfies

(eA ⊗ eB) · sAB = (eB ⊗ eA)TswapsAB, (7.12)

for all eA and eB, where {eA} = {eB} are the measurement effects possible

on either subsystem.

When the state-space of AB is locally tomographic, measuring the set of all eA⊗ eB
is sufficient to completely specify the state sAB (which might also include correlations

between the two subsystems). For locally tomographic theories, definition 7.1 will thus

be sufficient to define an operationally unique swap operation on any state sAB of the

joint system2. (This does not contradict the U(1) global phase freedom in quantum

theory as this degree of freedom is non-operational!)

Let us now consider an operational definition for subsystems to be indistinguishable

in general (regardless of whether or not the theory is locally tomographic).

Definition 7.2: Subsystems indistinguishable under exchange

Two subsystems A and B are defined to be indistinguishable under

exchange, if they are in a state such that exchanging them has no observ-

able effect. That is, for a swap operation Tswap (satisfying eq. (7.12)), the

state sAB represents indistinguishable A and B if

TswapsAB = sAB. (7.13)

We remark that symmetrised and anti-symmetrised quantum states will satisfy this

definition for indistinguishability. This definition will also admit the possibility of

‘anyonic’ states of quantum theory where the swap operation induces an arbitrary,

but unmeasurable, global phase on the joint system [125, 126].

7.2.1 Locally tomographic theories, and local distinguishability

For product states in a locally tomographic theory, where sAB = sA ⊗ sB, then sA =

sB ≡ s, is sufficient condition for indistinguishability. This is because (eA ⊗ eB) · sAB =

(eA · s) (eB · s) = (eB · s) (eA · s) = (eB ⊗ eA) · sAB.

2For theories that are not locally tomographic, it is also necessary to specify what happens
to the “global” freedoms that are neither local statistics or correlations.
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Even in locally tomographic theories, local distinguishability (that sA = sB) is not

sufficient to imply that a joint state sAB will not be altered under a swap operation.

We can provide a counter-example where this does not hold: a particular choice of

P–R box [54] (see also § 2.6.2). Consider a bipartite system, in which there are two

normalised measurements X1 = {e1, ẽ1} and X2 = {e2, ẽ2}, such that e1 = 1 − ẽ1 and

e2 = 1 − ẽ2. A relatively concise representation of the state would be in terms of the

statistics of the following effects:

sPR =



e1 ⊗ 1
e2 ⊗ 1
1⊗ e1

1⊗ e2

e1 ⊗ e1

e1 ⊗ e2

e2 ⊗ e1

e2 ⊗ e2


=



1/2
1/2
1/2
1/2
1/2
1/2
0

1/2


, (7.14)

where we have taken a representation in which we explicitly write out the locally

measurable statistics. (The probabilities associated with the other effects {ei ⊗ ẽj},
{ẽi ⊗ ej} and {ẽi ⊗ ẽj} can all be determined from the above, assuming normalisation

(1⊗ 1) · s = 1.) After some minor calculation, one verifies that X1⊗X1 and X2⊗X2 and

X1 ⊗X2 are all correlated, but X2 ⊗X1 is anti-correlated. Despite the marginal states

of A and B being manifestly identical, the swap operation (which exchanges e1 ⊗ e2 ↔
e2 ⊗ e1) will thus have an effect on sPR. There is hence at least one measurement

outcome e1 ⊗ e2 whose statistics could reveal to an experimentalist that the systems

had been exchanged.

We can also construct a separable quantum example

ρ =
1

3

(
|0〉〈0|⊗|+〉〈+| + |+〉〈+|⊗|−〉〈−| + |−〉〈−|⊗|0〉〈0|

)
(7.15)

where TrB (ρ) = TrA (ρ), and so no quantity measured locally on either side will reveal

which is A and which is B; but the correlations 〈Z ⊗X〉 = 1
3
, whilst 〈X ⊗Z〉 = −1

3
such

that something observable changes if the subsystems are exchanged.

Following a similar pattern, even classical theory admits a counter-example for

three-level systems (with possibilities 1, 2 and 3 associated with effects e1, e2 and e3)

prepared in such a correlated way:

s =
1

3

(
1⊗ 2 + 2⊗ 3 + 3⊗ 1

)
, (7.16)

in which the direction of permutation (1, 2, 3) can identify one side as A and the other

as B since (e1 ⊗ e2) · s 6= (e2 ⊗ e1) · s.
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7.2.2 Post-quantum controlled-swap

Let us now see if we can formulate a controlled-swap in the GPT framework. Suppose

there are two systems A and B with identical state-spaces. Let the state sAB describe

the joint state of these two systems (encapsulating all statistics of measurements on

A and B, as well as the correlation statistics between the two systems, and possibly

also non-locally-tomographic parts). Let there also be a (different, in general) two-

level system C whose state is written sC . Consider an initial state with no correlations

between AB and C, such that we might write the tensor product:

sin
ABC = sin

AB ⊗ sin
C . (7.17)

Let the subsystems A and B be indistinguishable (according to definition 7.2) such

that an unconditional swap on the first two subsystems has no effect on the state:

(Tswap ⊗ 1) sin
ABC = (TswapsAB)⊗ 1 = sin

ABC . (7.18)

When expressed in the GPT framework, even if the swap operation induces po-

tentially different global phases (such as it would for symmetric and anti-symmetric

quantum states sAB), this is unmeasurable, and the operational state sin
ABC will not be

changed by an unconditional swap.

Again, taking our lead from the quantum scenario, let us now we propose a new

reversible transformation TCSwap, in which conditionally swap A and B based on the

state of C. We do not allow this transformation to change the “should I swap?”

measurement of C, so that a series of swaps conditioned on the same subsystem C,

either all swap, or none swap. This is natural restriction for the sort of systems we

are considering (see fig. 7.1), in which there may be spatial separation between the

regions where swapping occurs and where it does not, and so we do not wish the

“swap” to cause the particles to jump from one region into the other.

We require that when AB is indistinguishable, the application of TCSwap cannot be

detected by any measurement or correlation in A and B, such that the reduced states

of AB are the same before and after the controlled-swap: sin
AB = sout

AB. (The alternative

would be that although unconditionally swapping and doing nothing have no effect on

indistinguishable sAB, some possibly coherent combination of the two could induce sAB
to change.)

Let us particularly consider the case where sAB is initially prepared in a pure indis-

tinguishable state. This allows us to use theorem 2 in [129] (which holds regardless of

whether the theory is locally tomographic), which states that if one reduced state of a

bipartite system is pure, the entire system must be in a product state. From this, we

infer that the output state must also be a product state, because sAB is unchanged by
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the operation and so remains pure. The action of the control-swap operation on such

a state will be as follows:

TCSwap

(
sin
AB ⊗ sin

C

)
= sout

AB ⊗ sout
C

= sin
AB ⊗ sout

C , (7.19)

where the only observable effect (for this input state) is to transform sin
C → sout

C .

Moreover, if TCSwap is a reversible operation, then sout
C will be a pure state if sin

C is

also pure. As TCSwap does not change the “should I swap?” measurement of C, this

means the resultant state of TCSwap when sAB is indistinguishable is the same state that

would be obtained if the transformation 1⊕ TΦ were applied3, where TΦ is an element

of the phase group associated with the “should I swap?” measurement on C.

Thus if there is any “phase kickback” such as there is in quantum theory, the only

place in this system where it could be observed will be on the control system C. This

holds regardless of whether the joint system of AB and C is locally tomographic. We

synopsise the above discussion in the following theorem:

Theorem 7.1. The observable effect of a controlled exchange of indistinguishable

systems manifests as a phase transformation associated with the control bit.

The precise relationship between the types of correlations within the system AB,

and whether exchanging labels always ‘kicks back’ a phase to the phase group of the

control bit, has not yet been answered. Thus, for the remainder of this discussion,

we will only make claims about what could be observed, should such a mechanism be

possible.

7.3 Generalised particle types

In the same way we that different particle types induce different complex phases on

the quantum control bit, we consider if there might be an associated particle type for

every different element of the (generalised) phase group on the post-quantum control

bit.

In quantum theory, by measuring the phase shift, we might identify particles as

bosonic, fermionic or anyonic. We thus present generalisations of these definitions, in

the context of arbitary GPTs (noting that they will reduce to the quantum definition for

the special case of quantum theory).

3For a non-indistinguishable state sAB, this statement will not be true in general.
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Definition 7.3: Bosonic swap

If the observable effect of a controlled-swap on indistinguishable parti-

cles is to act on the control bit with 1, then the swap behaviour is identified

as bosonic.

This is the case for quantum states where Tswap : |Ψ (ξ, χ)〉 → |Ψ (χ, ξ)〉.

Definition 7.4: Fermionic swap

If the observable effect of a controlled-swap on indistinguishable parti-

cles is to act on the control bit with a self inverse operation Tf such that

TfTf = 1 but Tf 6= 1, then the swap behaviour is identified as fermionic.

This is the case for quantum states where Tswap : |Ψ (ξ, χ)〉 → −|Ψ (χ, ξ)〉.

Definition 7.5: Anyonic swap

If the swap behaviour is neither bosonic or fermionic, it is anyonic.

This is the case for quantum states where Tswap : |Ψ (ξ, χ)〉 → eiα|Ψ (χ, ξ)〉 for α ∈
[0, 2π) and α 6= 0, π.

7.3.1 Example: classical theory

Suppose we attempt to turn the above definition on indistinguishable classical parti-

cles. In the information-theoretic approach of the GPT framework, definition 7.2 still

make sense. As classical systems only have a single measurement, the control bit for a

controlled-swap can only execute a perfect swap, no action, or a probabilistic mixture

of the two. The only phase operation on the classical control bit is 1, and hence the

only swap behaviour that could be identified would be bosonic according to the above

definitions.

For this reason (at least in the setup we are considering), it is reasonable to con-

sider bosonic behaviour as the simplest class of behaviour when indistinguishable

particles are exchanged. In particular as 1 is an element of every phase group, then it

is plausible that bosonic swap behaviour may be identified in every theory (although

whether it is actually admitted will depend exactly on which swap operations can be

found!)
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7.3.2 Example: ball state-spaces

Ball state-spaces (as discussed in § 6.4) provide a natural generalisation of two-level

quantum systems, and so we view n-balls as a likely contender for post-quantum

particles.

The n = 1 case reduces to classical bits, which (as discussed above) only admits

bosonic swap behaviour.

The n = 3 case is exactly complex quantum theory, with the phase parametrised

by a single angle φ. There is one bosonic swap corresponding to φ = 0, one fermionic

swap given by φ = π, and all other φ correspond to anyons.

A n = 2 ball with phase group O(1) ∼= Z2 admits two reversible controlled-swaps

operations. The first is associated with 1 and is hence bosonic. The second is asso-

ciated with the phase group element encapsulating reflection across the diameter of

the circle, which is a self-inverse element and hence fermionic. This particular swap

operation might be viewed as somewhat unphysical as it does not have time-continuity

(as discussed in § 6.4.1): there is no way to apply a fractional portion of the fermionic

controlled-swap operation. The phase group is a two-element finite group, and thus

we have exhausted the possible swap behaviours: there are no anyonic swaps.

Consider the n = 4 case. The existence of the reversible coherent CSWAP operation

is not trivially answered, as it depends very much on what states are in the tri-partite

state-space formed by taking the tensor product of three 4-ball state-spaces, which

is itself a mathematically complex question (see the discussion at the start of § 2.6).

For the purpose of this discussion, however, suppose a transformation satisfying the

requirements of § 7.2.2 does exist. Taking the phase group as SO(3) (by disallowing

transformations that are not time-continuous from the full automorphism group O(4)),

we still have a single bosonic swap operation 1. However, there is now in fact a set of

transformations R ∈ SO(3) satisfying RR = 1, R 6= 1: a 180° rotation about any axis

will be self inverse. Thus we will have a family of fermionic swaps.

Suppose we had swap operations associated with the three elements of SO(3)

associated with 180° rotations around the X, Y or Z axis of the sphere: there will exist

4-ball control states with statistics that change in different ways, depending on which

of these apply: resulting in a non-equivalent classes of fermions. Moreover, these

elements are non-abelian. This gives rise to what we might term non-abelian fermions.

This non-abelianicity is somewhat different from the braiding that can occur with

quantum “non-abelian anyons”, as it has not arisen from any topological constraint in

the physical space in which the exchange takes place (see e.g. [125, 126, 130, 131]),

but rather as a consequence of the state-space of the control bit. (Consider for example

if there were two X type fermions and two Y type fermions, and a control bit initially in

a coherent state. The final state of this control bit would be different if it first triggered
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the X swap then the Y swap, than if it first triggered the Y swap and then the X.)

On the other hand, if for the 4-ball we allowed only the transitive U(2) subgroup of

dynamics, we recover the U(1) quantum phase group, and the observable swap types

would be exactly as those in complex quantum theory.

Higher dimensional ball state-spaces will exhibit similar non-abelian behaviour for

the transitive groups of dynamics, in which there will be in general more than one type

of fermion, and the swaps will not commute.

Note, however, that the existence of multiple types of fermion does not in itself

guarantee non-abelian behaviour. Consider the case of toroidal dynamics
⊕n SO(2),

e.g. for n = 5 the phase group SO(2)⊕ SO(2). The group of self-inverse elements here

is Z2 ⊕ Z2, in which 1 ⊕ 1 is associated with a bosonic swap, and X ⊕ 1, 1 ⊕ X and

X ⊕ X give three observably different fermionic swap behaviours. These operations

all commute with each other.

7.3.3 Example: ‘box-world’

Not every GPT admits a controlled-swap transformation that operates exactly accord-

ing to the description in § 7.2.2. Consider ‘box-world’, which admits any (locally

tomographic) set of non-signalling statistics, and so has gbits as its single-system

state-spaces. Gross and co-authors [50] have demonstrated that box-world does not

admit any reversible dynamics other than the simple unconditional permutations of

measurements, measurement outcomes, or subsystems.

This rules out controlled-operations like the controlled-swap as a reversible dy-

namic. We can see that the controlled-swap is intrinsically correlating by considering

an initial product state sA ⊗ sB ⊗ sC , where sA 6= sB, and the “should I swap” mea-

surement on sC is not in state of definitely swapping, or definitely not swapping. The

effect of the controlled-swap will then correlate the “should I swap?” measurement

with sA ⊗ sB vs. sB ⊗ sA.

In box-world, if the “should I swap?” measurement (we will label this Z) is one of

the usual measurements along the edge of the cube for the gbit, then there are no

pure states that exist as a superposition of both swapping and not swapping (for gbits,

all pure states are the corners which will be located on the planes associated with

definite values of every measurement including Z). There are no pure superposition

states equivalent to (say) |+〉 in quantum theory, in which both outcomes of the Z

measurement have support, but the state is pure. For gbits, the other complementary

measurements may have definite outcomes, even when Z is also known. It seems

therefore feasible that a phase kickback associated with a swapping operation (which

is only visible for super-position states of the control bit in quantum physics) could

manifest itself in a control gbits, even when the control bit is in a definite state of the
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“should I swap?” measurement.

Even taking into account the stringent requirements shown in [50], an uncon-

ditional swap transformation is permissible as it corresponds to a permutation of

subsystem labels. We write this as Tswap : sAB → sBA. Likewise, not swapping (i.e.

the identity transformation) is also always permitted. We thus consider if there is a

irreversible controlled-swap Tirr which that exhibits suitable swapping behaviour. The

simplest such operation would be a classical mixture of swapping and not swapping:

Tirr : sAB ⊗ sC →
(
z+ · sC

)
sBA ⊗ s+

C +
(
z− · sC

)
sAB ⊗ s−C (7.20)

in which effect z+ is associated with swapping, and z− with not swapping, and s+
C is a

state with all the same statistics as sC except z+ · s+
C = 1 (and likewise s−C is as sC but

s−C · s
−
C = 1). Because the two addends in the sum are weighted by the Z measurement

outcomes of sC , the reduced state of C after the swap is sC .

As the two addends of eq. (7.20) are both allowed states in box-world, the convex

combination of them should also be admissible. Furthermore, Tirr is a linear map. Thus,

as a linear map from valid states to valid states, Tirr is a plausible transformation.

More interestingly, we can generalise Tirr, such that it has a non-trivial effect on the

reduced state sC:

Tirr : sAB ⊗ sC →
(
z+ · sC

)
sBA ⊗ t+

C +
(
z− · sC

)
sAB ⊗ s−C , (7.21)

where tC = TΦsC and (as above) t+
C and shares exactly the same statistics as t, save for

the outcomes of the Z measurement. Note that the phase element is only applied to C

in the instance where the particles are swapped. Take the case now when A and B are

in an indistinguishable state. The observable effect of the transformation is now only

on the control bit sC → (z+ · sC) t+
C + (z− · sC) s−C .

When TΦ = 1, there are no observable changes, and the control-swap operation

could be repeated an arbitrary number of times without mixing any sC . However,

suppose TΦ takes is a non-trivial element of the gbit phase group (see § 3.3.3), cor-

responding to the rotations of a hypercube of one dimension less than the number

of measurements in the gbit. When z+ · sC = 1, we can directly observe a different

behaviour for each distinct element in the phase group of TΦ. In this case, pure states

of C are mapped to pure states of C, and so sC will not be mixed, allowing for the

effect of the transformation to be deterministically reversed for this particular class of

input state. However, if 0 < z+ · sC < 1, then for TΦ 6= 1, system C will become mixed,

making it operationally trickier to measure what happened to C.

This behaviour is in contrast with a quantum swap, where the phase kickback is

most measurable for control bits in the equiprobable superposition |ψ〉C = 1√
2

(
|Z+〉+ eiφ|Z−〉

)
.

In the quantum case, the phase shift might also be directly associated with the +1
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eigenstate of the control bit |Z+〉, but the uncertainty principle limits how observable

this phase is. Crucially, the lack of uncertainty principle on gbits makes the observa-

tion of phase changes on the control bit plausible, even for definite states of swapping.

Let us see what sort of particles this alternative construction could reveal. As

usual, we will always find bosonic swap behaviour, associated with the element 1. The

number of fermions depends on dimension of the control bit, and which measurement

is taken as the control. For 2-in 2-out gbits, we may find a single fermion (associated

with swapping X → −X) (or an equivalent single flip for any other binary measure-

ment selected). For 3-in 2-out gbits, taking the phase group along one of the cube axes,

we have the automorphisms of the square. This gives us two fermions, 180° rotations,

and flips. There are also four anyonic swaps, corresponding to rotations 90° either way,

possibly followed by a flip. (If flips are not allowed, we only have the one fermionic

swap, and two anyonic swaps.) For higher dimensions, we find a finite number of

fermionic and anyonic swaps; and in general these fermionic swap operations do not

commute.

7.3.4 Example: Spekkens’ toy model

As a final example, we consider Spekkens’ toy model. The phase group of a Spekkens’

bit is Z2⊕Z2 (see §3.3.4), and so providing an appropriate operation exists, there would

be the potential to observe four different types of particle behaviour (one bosonic, and

three fermionic). Although these each of the phase operations will transform from one

superposition state into one of the other three in the set
(

, , or
)

, because

these states are not orthogonal, repeated runs of the experiment would be required to

distinguish which type of behaviour was being observed.

Whilst it is possible to construct an unconditional swap of a two-bit system (simply

by permuting the labels of subsystems), the epistemic restriction unfortunately pre-

vents the formulation of a reversible controlled-swap model for a three-bit system in

Spekkens’ toy model. The proof is a lengthy digression from the theme of this chapter,

and so is provided instead in appendix B

Thus, without a controlled-swap gate, the experimental set-up detailed in this chap-

ter will not possible. We remark that the non-existence of a controlled-swap gate

also means that Spekkens’ toy model is not a suitable candidate to simulate universal

quantum computing, even though it admits a controlled-not transformation and a

broad set of single-bit dynamics.

153



7.4 Conclusion and outlook

In this chapter, we discussed the operational definition of indistinguishability in the

GPT framework and outlined a hypothetical set-up that could allow us to discriminate

between different types of particles in the GPT framework beyond the bosons and

fermions of quantum theory.

The set-up proposed here works by inducing a phase on a control bit, and so the

types of particle behaviour we could observe are a function of the control bit state-

space. Thus, even if there are post-quantum particle types, if we can only observe

their exchange behaviour in a device controlled by a quantum degree of freedom

(qubit), then we would only ever be able to observe the quantum particle types. (This

is not as unusual as it at first sounds: consider exchanging quantum particles using a

classical control bit; as there is no coherence, there will be no observable difference

in statistics between the two species of particle, and hence the quantum species will

not be identifiable on a classical control bit.)

Moreover, the construction provided in this chapter discusses what could be ob-

served in a particular scenario, but does not directly address the concept of different

types of symmetrisation, which accounts for why some quantum states are bosonic

and some are fermionic. This poses a natural open question about how to abstract

the concept of symmetrisation in terms of measurement statistics (presumably corre-

lations) between two general systems in the GPT framework. In particular, if a theory

admits of more exotic possibilities4 than just symmetrisation and one type of anti-

symmetrisation; can we construct a controlled-swap operation for that theory such

that different symmetrisation classes result in different elements of the phase group

being induced on the control bit?

If this can be done, one would hope to find a controlled-swap transformation such

that for each symmetry class Φ, the effect of the transformation on all indistinguishable

states in this class is as if 1AB ⊕ TΦ were applied; much as how the usual quantum

CSWAP behaves as 1AB ⊕ 1 for symmetric bosons, and as 1AB ⊕ Z for anti-symmetric

fermions.

4We suggest that each possible symmetry class could be identified as distinct by a rule that
disconnects indistinguishable states in one class from those in another, e.g. no transformation
of the form ⊗NT (where T is an allowed transformation on a single system) acting on a state
of N indistinguishable systems should be able to map states between classes.
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Chapter 8

Conclusion
In this thesis, we have shown how phase can be taken beyond quantum Hilbert

spaces and into the framework of generalised probabilistic theories (chapter 3). We

have seen that we can describe an interference experiment in almost any non-classical

theory (chapter 4), but considerations of locality limit us to a much smaller class

of physically-viable theories (chapters 5 and 6). The GPT formulation of phase also

allowed us to describe the observable statistics for post-quantum particles (chapter 7).

Alongside the open questions posed in the conclusions of each chapter, one broad

outlook for future research would be to use the concepts laid down in this thesis

as the basis of a general derivation of quantum theory in terms of axioms solely

related to locality. For example, no-signalling (intrinsic to the GPT framework), branch

locality (chapter 5), and consistency with relativity of simultaneity (chapter 6) could

all be posited as fundamental axioms associated naturally with the concept of “over

here vs. over there”. If other axioms of a similar flavour could be found, it might

prove for a satisfying physically-motivated derivation of quantum theory, as opposed

to one that follows from abstract information-theoretical concepts. Building this sort

of locality directly into quantum theory could pave the way towards a consistent theory

of quantum gravity (see e.g. [132]).

Another direction of extension would be to consider how phase appears in an

alternative set-up: that of energy (i.e. the Hamiltonian). In quantum theory, a closed

system with energies {Ei} associated with each level evolves in time t according to the

unitary operation U =
∑

i e
iEit|Ei〉〈Ei|. This has the form of a phase transformation with

respect to the energy measurement; and so the concept might naturally generalise to

arbitrary theories1. The locality principles deployed in this thesis would no longer be

directly applicable in this context, but one might be able to impose another restriction

along the lines of “all degrees of freedom of the same dimension behave in the same

operational manner” (and this in itself might be motivated by a bolder claim that

ultimately the only thing that can be measured in an experiment reduces to a position

of some kind [133]).

1Cf. [17], which shows that only the toroidal phase group
⊕

U(1) of complex quantum theory
has a one-to-one correspondence between outcomes {Ei} and the degrees of freedom in the
choice of transformation, specifically within the set of state-spaces described by a Jordan
algebra.
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Finally, we remark that although phase is not unique to quantum theory, the study

of it in generalised probabilistic theories has allowed us to better understand its

quantum manifestation. In particular we have clarified how the features of quantum

theory collude to form a good description of reality: the quantum uncertainty principle

censors the measurement of statistics associated with dynamics that would otherwise

violate locality, and the abelian nature of quantum phase dynamics ensures that in-

terferometry experiments are compatible with relativity of simultaneity. One hopes

that continued research into this topic will yield similar insights into the fundamental

nature of reality.
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Appendix A

Uncertainty in quantum theory
The restriction on the values that complementary measurements in quantum theory

can take arises as a direct consequence of a geometric property of Hilbert spaces

known as the Cauchy-Schwarz inequality. This is an inequality for inner products such

that

〈ξ|ξ〉〈χ|χ〉 ≥ |〈ξ|χ〉|2 (A.1)

which we can use to derive a bound on the product of variances of measurement

operators.

First note that for all pure quantum states |ψ〉, and two operators A and B, the

Cauchy-Schwarz inequality implies that |〈ψ|AB|ψ〉|2 ≤ 〈ψ|A†A|ψ〉|〈ψ|B†B|ψ〉, which

when A and B are Hermitian further reduces to

|〈ψ|AB|ψ〉|2 ≤ 〈ψ|A2|ψ〉〈ψ|B2|ψ〉. (A.2)

For Hermitian A and B, (〈ψ|AB|ψ〉)† = 〈ψ|BA|ψ〉 = 〈ψ|AB|ψ〉∗, and so 〈ψ|(AB +BA)|ψ〉
is a real number equal to twice the real part of 〈ψ|AB|ψ〉. Similarly, 〈ψ|(AB−BA)|ψ〉 is

purely imaginary, equal to twice the imaginary part of 〈ψ|AB|ψ〉. Using | • |2 = <e (•)2 +

=m (•)2, we thus find that 4|〈ψ|AB|ψ〉|2 = |〈ψ|(AB + BA)|ψ〉|2 + |〈ψ|(AB − BA)|ψ〉|2.
Substituting this expression into the Cauchy-Schwarz inequality have

|〈ψ|[A,B]|ψ〉|2 + |〈ψ|{A,B}|ψ〉|2 ≤ 4〈ψ|A2|ψ〉|〈ψ|B2|ψ〉, (A.3)

where we have written the commutator [A,B] = AB − BA and the anti-commutator

{A,B} = AB + BA. If we make the substitutions A = X − 〈X〉 and B = Y − 〈Y 〉, it

may be verified that [A,B] = [X, Y ], and {A,B} = {X, Y }− 2 (X〈Y 〉+ Y 〈X〉) + 2〈X〉〈Y 〉,
such that 〈{A,B}〉 = 〈{X, Y }〉 − 2〈X〉〈Y 〉. Because |〈ψ|{A,B}|ψ〉|2 is never negative,

from eq. (A.3) we can write

|〈[X, Y ]〉|2 ≤ 4
(
〈X2〉 − 〈X〉2

) (
〈Y 2〉 − 〈Y 〉2

)
1

4
|〈[X, Y ]〉|2 ≤ ∆X2∆Y 2 (A.4)

where we have written the variance of X as ∆X2 = (〈X2〉 − 〈X〉2) (and likewise for Y ),

and all expectation values 〈•〉 are with respect to the same pure state |ψ〉. This is the
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usual expression of quantum uncertainty arising as a direct result of non-commutating

operators.

In order to get a tighter inequality (which we will need to motivate the precise

restriction on quantum state-spaces), we consider the substitution into eq. (A.3) again,

this time including the anti-commutation term to precisely write

|〈[X, Y ]〉|2 + |〈{X, Y }〉 − 2〈X〉〈Y 〉|2 ≤ 4
(
〈X2〉 − 〈X〉2

) (
〈Y 2〉 − 〈Y 〉2

)
, (A.5)

where this expression is exactly the Cauchy-Schwarz bound, as it can be applied to the

expectation values of any two Hermitian operators X and Y .

Let us now see how this inequality can be used to demonstrate that a qubit has a

spherical state-space when defined in terms of the Pauli operators

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (A.6)

We substitute any two of the Pauli matrices (say σx and σy) into eq. (A.5) for X and

Y . As σx2 = σy
2 = 1, the variances on the right-hand side are given by 1 − 〈σx〉2 and

1−〈σy〉2, and noting from direct calculation that [σx, σy] = 2iσz and {σx, σy} = 0 we may

simplify the left-hand side to find

〈σz〉2 + 〈σx〉2〈σy〉2 ≤ (1− 〈σx〉2)(1− 〈σy〉2), (A.7)

which we re-arrange into

〈σx〉2 + 〈σy〉2 + 〈σz〉2 ≤ 1. (A.8)

Thus, we see that the expectation values admissible for pure states are bounded by a

sphere of unit radius. As pure states form the points at the edge of the convex set, all

other admissible states must be within this sphere. Hence the state-space of a qubit is

bounded by a three-dimensional sphere.
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Appendix B

Non-existence of controlled-swap in
Spekkens’ toy model

First we note with the following lemma that there is a unique two-bit swap opera-

tion in Spekkens’ toy model.

Lemma B.1. The only valid swap operation in two bit Spekkens’ toy model, that

satisfies definition 7.1 for every valid epistemic state, corresponds to the unique per-

mutation on the ontic states where oA⊗oB → oB⊗oA for all oA,oB ∈
{

, , ,
}

.

Proof. Visualising a two-bit system as a 4 × 4 grid, we see that this operation is

equivalent to reflecting the grid across the diagonal. This is equivalent to relabelling

subsystems A and B. It is obvious that exchanging ontic states of the subsystems is

sufficient to guarantee that epistemic states are also exchanged.

Proving that this operation is unique is slightly more involved. A swap transforma-

tion will take the epistemic state ⊗ → ⊗ . A permutation of ontic states

that achieves this must map the subset of the four supported ontic states to itself.

However, the same is true for the state ⊗ which is also mapped to itself. As

⊗ is the only ontic state with support in both these cases, the only way for these

two requirements to simultaneously hold true is if the ontic state ⊗ is mapped

to itself. Similar logic can be used to argue that ⊗ , ⊗ and ⊗ are

also mapped to themselves.

Once we have deduced that the diagonal ontic states do not change, considering

again ⊗ , we see that the off-diagonal ontic state ⊗ must then either map

to itself, or to the state in which the subsystem labels are exchanged, ⊗ . The

same argument can be made for every off-diagonal ontic state in the grid.

Consider now when the two subsystems are now in a product state of two orthogo-

nal states, such as ⊗ which will be mapped to ⊗ . The states before and

after do not share any of the same ontic possibilities, and so the permutation induced

by the swap can not leave any ontic state supported in this state unchanged. Every

off-diagonal ontic state can be spanned by such a construction, and hence we see that

no off diagonal ontic states may be mapped to themselves by a swap.
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Thus, the only remaining possibility is that every off-diagonal ontic state is taken to

the state on the opposite side. This defines a unique permutation of ontic states that

corresponds to the swap operation.

Due to the strict epistemic restrictions on allowed states, a reversible controlled

swap operation is not permitted, as we shall now prove:

Theorem B.2. Spekkens’ toy model does not admit a three-bit controlled swap.

Proof. First, note that the combination of a valid reversible transformation with a valid

reversible transformation is also a valid reversible transformation. Moreover, the com-

bination of a valid reversible transformation with an invalid reversible transformation

is still invalid. Hence, in a search for an acceptable controlled swap operation, there

is no preferred “should I swap?” measurement, and so without loss of generality,

consider the cases where if the control bit is in state , a swap occurs, and if it is

in it does not. Likewise, the unconditional permutation of subsystems is always

allowed, and so we will choose subsystem C to be the control bit.

Any ontic state where C is or (the “upper two layers” in a 4 × 4 × 4

cubic grid visualisation) must be taken to the state where the ontic values of A and B

are exchanged, but there remains a freedom in choice of C = or C = in

the output. Likewise any state where C is or ( the “lower two layers” in

our cubic visualisation) must not change its values for A and B, but C could be cycled

between or .

Thus, consider when AB is a product state of identical A and B, and C is in a super-

position such as . If either all, or none, of the states in C = are taken to

C = , the output state projects into a valid state of C. Likewise, if either all or

none of the states in C = are taken to C = , the output state also projects

into a valid state of C. Suppose however if only some of the states are mapped across.

In order that the projection onto C be valid, we require that two of the four states in

are taken to , and two of the four in are taken to .

By considering identical product states, we can place a further restriction on the

swap operation, which is illustrated in fig. B.1. In the upper two layers, if there are

two ontic possibilities that can ‘switch’ between layers, then they must either both

share the same reduced ontic state for A and B, or both having differing A and B. If

this is not the case, after projecting onto AC or BC, there will be some measurement

on C where one outcome completely specifies A or B; as the projection is a two-to-

one map of ontic states. This is a problem independently of what happens in the

bottom layer (even if the bottom also has a two-to-one map): then there will be one

measurement of C that is guaranteed to totally determine which ontic state A (or

B), because for this particular input state, the transformation can not map any ontic

state of A to a state which did not have support in the initial epistemic state of A. A
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Figure B.1: Disallowed controlled swap. In this diagram (those following), the four
grids associated with each three-bit system represent the ontic possibilities of AB for
each of C = , C = , C = , and C = from left to right, respectively.
Here, the product state ⊗ ⊗ is mapped by a candidate CSWAP gate.
The action of the permutation on the four states in the top layer is shown. Regardless
of which mapping is applied to the bottom four (such that they stay within the same
reduced state of AB), the top two layers will be in an invalid state after the operation:
this is because when projected onto AC or BC, as one value of C corresponds to two
ontic states, whereas the other corresponds to just one.

similar argument can be made for the mapping of the bottom two layers. The effect of

this restriction, when taken over all possible product states, is that the whole CSWAP

transformation (not just its projection) must be symmetric under the exchange of A

and B labels for all ontic states. Moreover, it can be deduced from the above (by

considering different product states) that if any of the four diagonal elements
{

⊗
, ⊗ , ⊗ , ⊗

}
are switched, then they must all

be switched.

Now let us consider the operation where there is no switching in the upper two

layers whatsoever. We can rule the validity of this out by a counter-example. The state

⊗ ⊗ is mapped to ⊗ ⊗ +? ⊗ +? ⊗ ,

where the states ‘?’ in the bottom two layers are not fully determined, but are in

the support of of the swapped configuration of AB, ⊗ . Here, a single

measurement of vs. on A or B could reveal precisely the ontic state of

C. A similar argument can be made for transformations where everything switches.

Independently, the same argument can be made on the lower two layers; and so both

the top and the bottom two layers must have some states that switch, and some that

do not. By considering the maximally mixed state of AB in a product with C = ,
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we see that in order to be mapped onto a state that projects correctly onto C, there

must be exactly 8 switches in the upper two layers, and 8 switches in the lower two

layers.

To summarise the restrictions on the CSWAP candidates so far: In the top two

layers, there must be 8 choices of ontic state AB that result in the ontic state of C

being switched. These choices are arranged in a pattern that is symmetric under

the exchange of A and B. Moreover, if one diagonal element in a layer switches, all

diagonal elements switch.

We can now exhaustively go through four classes of possible controlled-swap gates

which satisfy the above, and eliminate them all by counter-example. As the choice

to switch or not is a binary one taken over the grid of ontic states, we will find

it convenient to also write the choice of which states are switched using the grid

notation. We strongly advise the reader to view the accompanying diagrams provided

for each case.

i) First (as illustrated in fig. B.2) consider the case where the 8 switches occur on

the support of a product of two identical epistemic states as well as the product of two

orthogonal identical epistemic states (e.g. states in the support of ⊗ +

⊗ ). This will result in an invalid mapping on states in a product of one of

these states with a non-orthogonal alternative state.

ii) Let us now consider the opposite scenario (as illustrated in fig. B.3), where the

only ontic states that are switched in the top layer are in the support of a product of

two orthogonal states (e.g. states in the support of ⊗ + ⊗ ). To

find a counter example for this, input a state which is a product of two states which are

not orthogonal to each other, nor orthogonal (or identical to) the states which would

all be switched to the other layer.

iii) Suppose now that the switches occur when just one product of identical states

has complete support. This necessitates that all diagonal states switch, and so taken

along with the symmetry, there is only one free choice (of three possibilities) of which

element to switch remaining. Whatever choice we make for this, we can create another

product state such that only one ontic possibility in the top two layers is switched. This

gives us an invalid output and rules out such a swap (as illustrated fig. B.5).

iv) Finally, if no diagonal elements are switched, but the pattern of switching

does not correspond to a product state of orthogonal elements, then it will always

be possible (shown by exhaustion in fig. B.5) to construct some product state of A and

B such that 3 ontic possibilities are mapped to C = , and only 1 remains in C = .

This output will be invalid, as it can not correctly project onto C.

Thus, we have exhausted every possible mapping and failed to find a controlled

swap operation in Spekkens’ toy model.
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Figure B.2: Disallowed controlled swap for case i. The state ⊗ ⊗ is
mapped by a candidate CSWAP gate. The states in the top two layers which are switched
are shown by red arrows. Regardless of which mapping is applied to the bottom four
(such that they stay within the same reduced state of AB), the projection onto one of AC
or BC results in a reduced state where one measurement of A (or B) could potentially
reveal the exact ontic state of C.

Figure B.3: Disallowed controlled swap for case ii. The state ⊗ ⊗ is
mapped by a candidate CSWAP gate. The states in the top two layers which are switched
are shown by red arrows. Regardless of which mapping is applied to the bottom four
(such that they stay within the same reduced state of AB), the projection onto at least
one of AC or BC is reduced state which can not itself be correctly projected onto C.
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Figure B.4: Disallowed swap behaviour for case iii. There are 4 possible symmetrical
choices of 8 states to swap after fixing one identical product (here ⊗ ), and
including the remaining diagonal elements. Elements that are mapped to another layer
are marked with a red cross. For each choice, a product state can be found (drawn in
grey) such that one ontic possibilities is switched, and three are not. This results in an
invalid projection onto C.

Figure B.5: Disallowed swap behaviour for case iv. There are 4C6 possible
symmetrical choices of 8 states to swap which contain no diagonal elements. Elements
that are mapped to another layer are marked with a red cross. Three of these correspond
to case ii, and are drawn (in faint) for completeness. For the rest of them, a product state
can be found (drawn in grey) such that three ontic possibilities are switched, and one is
not.
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